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b
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ra
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b
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d
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d
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b
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b
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b
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b
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b
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p
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b
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p
u
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b
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m
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p
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b
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p
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p
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b
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b
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m
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p
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p
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p
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b
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b
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ra
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√
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√
d.

3
JM

L
R

 18(150):1-30, 2018

Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

M
eth

o
d

T
im

e
S
p
a
ce

T
im

e
(op
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d

log
d
)

C
ircu

lan
t

(k
>
d
)
O

(k
log
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p
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b
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b
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b
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al.

(C
h
orom

an
ska

et
al.,

2016)
ob

tain
a

q
u
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p
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b
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b
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b
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u
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re
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d
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d
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e
area

of
sketch

in
g

an
d

d
im

en
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p
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b
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d
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∈
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p
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h
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at
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p
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b
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h
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w
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p
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se
s

of
ra

n
d
om

si
gn

fl
ip

s
fo

ll
ow

ed
b
y

m
u
lt

ip
li
ca

ti
on

b
y

a
ra

n
d
om

iz
ed

ci
rc

u
la

n
t

m
at

ri
x
.

F
or
d
-d

im
en

si
on

al
in

p
u
t,

re
d
u
ci

n
g

th
e

d
im

en
si

o
n

to
k

fo
r
k
<
d

h
as

ti
m

e
co

m
p
le

x
it

y
O

(d
lo

g
d
)

an
d

sp
ac

e
co

m
p
le

x
it

y
O

(d
),

in
d
ep

en
d
en

t
of
k
.

P
ro

v
in

g
b

ou
n
d
s

si
m

il
ar

to
L

em
m

a
1

tu
rn

s
ou

t
to

b
e

m
u
ch

m
o
re

ch
al

le
n
gi

n
g

b
ec

au
se

th
e

en
tr

ie
s

of
th

e
p
ro

je
ct

io
n

m
at

ri
x

ar
e

n
ow

h
ig

h
ly

d
ep

en
d
en

t,
an

d
th

u
s

co
n
ce

n
tr

at
io

n
b

ou
n
d
s

ar
e

h
ar

d
to

p
ro

ve
.

T
h
e

fi
rs

t
an

al
y
si

s
(H

in
ri

ch
s

an
d

V
y
b́
ır

al
,

20
11

)
sh

ow
ed

th
at

re
d
u
ci

n
g

to
O

(l
og

3
N
/ε

2
)

d
im

en
si

on
s

(c
om

p
ar

ed
to
O

(l
og
N
/ε

2
)

in
L

em
m

a
1)

p
re

se
rv

es
al

l
p
ai

rw
is

e
d
is

ta
n
ce

s
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
T

h
is

w
as

im
p
ro

v
ed

to
O

(l
og

2
N
/ε

2
)

in
(V

y
b́
ır

al
,

20
11

),
an

d
fu

rt
h
er

m
or

e
to
O

(l
og

(1
+
δ
)
N
/ε

2
)

in
(Z

h
an

g
an

d
C

h
en

g,
20

13
),

u
si

n
g

m
at

ri
x
-v

al
u
ed

B
er

n
st

ei
n

in
eq

u
al

it
ie

s.
T

h
es

e
w

or
k
s

p
ro

v
id

e
th

e
m

ot
iv

at
io

n
fo

r
ou

r
th

eo
re

ti
ca

l
re

su
lt

s,
h
ow

ev
er

th
e

ke
y

d
iff

er
en

ce
fo

r
u
s

is
th

e
bi

n
a
ri

za
ti

o
n

st
ep

,
w

h
ic

h
is

h
ig

h
ly

n
on

-l
in

ea
r.

T
h
u
s

w
e

n
ee

d
to

d
ev

el
op

n
ew

m
ac

h
in

er
y

fo
r

ou
r

an
al

y
si

s.

B
in

a
ry

e
m

b
e
d

d
in

g
s.

R
ec

en
tl

y,
st

ru
ct

u
re

d
m

at
ri

ce
s

u
se

d
in

th
e

co
n
te

x
t

of
th

e
fa

st
J
L

tr
an

sf
or

m
(a

co
m

b
in

at
io

n
of

H
ad

am
ar

d
a
n
d

sp
ar

se
ra

n
d
om

G
au

ss
ia

n
m

at
ri

ce
s)

h
av

e
al

so
b

ee
n

st
u
d
ie

d
fo

r
b
in

ar
y

em
b

ed
d
in

g
(D

as
gu

p
ta

et
al

.,
20

11
),

an
d

m
or

e
re

ce
n
tl

y
(Y

i
et

al
.,

20
15

).
In

p
ar

ti
cu

la
r,

Y
i

et
al

.
(2

01
5)

sh
ow

ed
th

at
th

e
m

et
h
o
d

ca
n

ac
h
ie

ve
ε

d
is

ta
n
ce

p
re

-
se

rv
in

g
er

ro
r

w
it

h
O

(l
og
N
/ε

2
)

b
it

s
an

d
O

(d
lo

g
d
)

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y,
fo

r
N

p
oi

n
ts

(N
�

ε√
d
).

In
th

is
w

or
k
,

w
e

st
u
d
y

th
e

ap
p
li
ca

ti
on

of
u
si

n
g

th
e

ci
rc

u
la

n
t

m
at

ri
x

fo
r

b
i-

n
ar

y
em

b
ed

d
in

g.
T

h
e

w
or

k
ex

te
n
d
s

an
d

p
ro

v
id

es
th

eo
re

ti
ca

l
ju

st
ifi

ca
ti

on
fo

r
ou

r
p
re

v
io

u
s

co
n
fe

re
n
ce

p
ap

er
on

th
is

to
p
ic

(Y
u

et
al

.,
20

14
).

T
h
e

id
ea

of
u
si

n
g

st
ru

ct
u
re

d
m

at
ri

ce
s

to
sp

ee
d

u
p

li
n
ea

r
p
ro

je
ct

io
n

h
as

al
so

b
e

ex
p
lo

it
ed

u
n
d
er

th
e

se
tt

in
gs

of
d
ee

p
n
eu

ra
l
n
et

w
or

k
s

(C
h
en

g
et

al
.,

20
15

;
Y

an
g

et
al

.,
20

15
),

an
d

ke
rn

el
ap

p
ro

x
im

at
io

n
(Y

u
et

al
.,

20
15

;
L

e
et

al
.,

20
13

)
.
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Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

3
.
C
ir
cu

la
n
t
B
in
a
ry

E
m
b
e
d
d
in
g

L
et

u
s

st
ar

t
b
y

d
es

cr
ib

in
g

ou
r

fr
am

ew
or

k
an

d
se

tt
in

g
u
p

th
e

n
ot

at
io

n
th

a
t

w
e

u
se

in
th

e
re

st
of

th
e

p
ap

er
.

3
.1

T
h

e
F
ra

m
e
w

o
rk

W
e

w
il
l
n
ow

d
es

cr
ib

e
ou

r
al

go
ri

th
m

fo
r

ge
n
er

at
in

g
k
-b

it
b
in

ar
y

co
d
es

fr
om

d
-d

im
en

si
o
n
a
l

re
al

ve
ct

or
s.

W
e

st
ar

t
b
y

d
is

cu
ss

in
g

th
e

ca
se

k
=

d
an

d
m

ov
e

to
th

e
g
en

er
a
l

ca
se

in
S
ec

ti
on

3.
3.

T
h
e

ke
y

p
la

ye
r

is
th

e
ci

rc
u
la

n
t

m
at

ri
x
,

w
h
ic

h
is

d
efi

n
ed

b
y

a
re

a
l

ve
ct

o
r

r
=

(r
0
,r

1
,·
··
,r
d
−
1
)T

(G
ra

y
,

20
06

).

C r
:=

       

r 0
r d
−
1

..
.

r 2
r 1

r 1
r 0

r d
−
1

r 2
. . .

r 1
r 0

. .
.

. . .

r d
−
2

. .
.

. .
.
r d
−
1

r d
−
1

r d
−
2

..
.

r 1
r 0

       
.

(5
)

L
et

D
b

e
a

d
ia

go
n
al

m
at

ri
x

w
it

h
ea

ch
d
ia

go
n
al

en
tr

y
σ
i,
i

=
0,
··
·,
d
−

1
,

b
ei

n
g

a
R

ad
em

ac
h
er

va
ri

ab
le

(±
1

w
it

h
p
ro

b
ab

il
it

y
1/

2)
:

D
=

      σ
0

σ
1

σ
2

. .
.

σ
d
−
1

      
.

(6
)

F
or

x
∈
R
d
,

it
s
d
-b

it
C

ir
cu

la
n
t

B
in

ar
y

E
m

b
ed

d
in

g
(C

B
E

)
w

it
h

r
∈
R
d

is
d
efi

n
ed

a
s:

h
(x

)
=

si
gn

(C
r
D

x
),

(7
)

w
h
er

e
C r

is
d
efi

n
ed

as
ab

ov
e.

N
ot

e
th

at
ap

p
ly

in
g

D
to

x
is

eq
u
iv

al
en

t
to

ap
p
ly

in
g

a
ra

n
d
om

si
gn

fl
ip

to
ea

ch
co

or
d
in

at
e

of
x

.
T

h
e

n
ec

es
si

ty
of

su
ch

an
op

er
at

io
n

is
d
is

cu
ss

ed
in

th
e

in
tr

o
d
u
ct

io
n

of
S
ec

ti
on

4.
S
in

ce
si

gn
fl
ip

p
in

g
ca

n
b

e
ca

rr
ie

d
ou

t
as

a
p
re

p
ro

ce
ss

in
g

st
ep

fo
r

ea
ch

in
p
u
t

x
,

h
er

e
on

w
ar

d
s

fo
r

si
m

p
li
ci

ty
w

e
w

il
l

d
ro

p
ex

p
li
ci

t
m

en
ti

on
of

D
.

H
en

ce
th

e
b
in

ar
y

co
d
e

is
gi

ve
n

as
h

(x
)

=
si

gn
(C

r
x

).

3
.2

C
o
m

p
u

ta
ti

o
n

a
l

C
o
m

p
le

x
it

y

T
h
e

m
ai

n
ad

va
n
ta

ge
of

a
ci

rc
u
la

n
t

b
as

ed
em

b
ed

d
in

g
is

th
at

it
ca

n
b

e
co

m
p
u
te

d
q
u
ic

k
ly

u
si

n
g

th
e

F
as

t
F

ou
ri

er
T

ra
n
sf

or
m

(F
F

T
).

T
h
e

fo
ll
ow

in
g

is
a

fo
lk

lo
re

re
su

lt
,

w
h
o
se

p
ro

o
f

w
e

in
cl

u
d
e

fo
r

co
m

p
le

te
n
es

s.

P
ro

p
o
si

ti
o
n

2
F

o
r

a
d

-d
im

en
si

o
n

a
l

ve
ct

o
r

x
a
n

d
a
n

y
r
∈
<d

,
th

e
d

-b
it

C
B

E
si

g
n
(C
r
(D

x
))

ca
n

be
co

m
p
u

te
d

u
si

n
g
O

(d
)

sp
a
ce

a
n

d
O

(d
lo

g
d
)

ti
m

e.

P
ro

o
f

T
h
e

sp
ac

e
co

m
p
le

x
it

y
co

m
es

on
ly

fr
om

th
e

st
or

ag
e

of
th

e
v
ec

to
r

r
an

d
th

e
si

g
n
s

D
(w

h
ic

h
am

ou
n
t

to
O

(d
))

.
W

e
n
ev

er
n
ee

d
to

st
or

e
th

e
fu

ll
m

at
ri

x
C r

ex
p
li
ci

tl
y.
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O
n
B
in
a
r
y
E
m
b
e
d
d
in
g

u
sin

g
C
ir
c
u
l
a
n
t
M
a
t
r
ic
e
s

T
h
e

m
a
in

p
rop

erty
of

a
circu

lan
t

m
atrix

is
th

at
for

an
y

vector
y
∈

R
d,

w
e

can
com

p
u
te

C
r y

in
tim

e
O

(d
log

d
).

T
h
is

is
b

ecau
se

C
r

=
F
−
1

d
d
iag(F

d r)F
d ,

(8)

w
h
ereF

d
is

th
e

m
atrix

corresp
on

d
in

g
to

th
e

D
iscrete

F
ou

rier
T

ran
sform

(D
F

T
)

of
p

erio
d
icity

N
,

i.e.,
w

h
o
se

(i,j)th
en

try
is

given
b
yF

d (i,j)
=
ω
ij,

(9)

w
h
ere

ω
is

th
e
N

th
ro

ot
of

u
n
ity

e −
2
π
ι/N

.
T

h
e

celeb
rated

F
ast

F
ou

rier
T

ra
n
sform

algo-
rith

m
(O

p
p

en
h
eim

et
al.,

1999)
say

s
th

at
for

an
y

z
∈

R
d,

w
e

can
com

p
u
te
F
d z

an
d
F
−
1

d
z

in
tim

e
O

(d
lo

g
d
),

u
sin

g
O

(d
)

sp
ace.

T
h
is

im
m

ed
iately

im
p
lies

th
at

w
e

can
com

p
u
te
C
r y

w
ith

in
th

e
sa

m
e

sp
ace

an
d

tim
e

com
p
lex

ity
b

ou
n
d
s.

3
.3

G
e
n

e
ra

liz
in

g
to

k
6=
d

T
h
e

com
p
u
tation

ab
ove

assu
m

ed
th

at
n
u
m

b
er

of
b
its

w
e

p
ro

d
u
ce

(k
)

is
eq

u
al

to
th

e
in

p
u
t

d
im

en
sio

n
.

L
et

u
s

n
ow

con
sid

er
th

e
gen

eral
case.

W
h
en

k
<
d
,

w
e

still
u
se

th
e

circu
lan

t
m

atrix
R
∈

R
d×
d

w
ith

d
p
aram

eters,
b
u
t

th
e

o
u
tp

u
t

is
set

to
b

e
th

e
fi
rst

k
elem

en
ts

in
(7).

T
h
is

is
eq

u
ivalen

t
to

th
e

op
eration

Φ
(x

)
:=

sign
(C

r
,k D

x
),

(10)

w
h
ere
C
r
,k

th
e

so-called
pa

rtia
l

circu
la

n
t

m
a
trix,

w
h
ich

isC
r

tru
n
cated

to
k

row
s.

W
e

n
ote

th
a
t

C
B

E
w

ith
k
<
d

is
n
ot

com
p
u
tation

ally
m

ore
effi

cien
t

th
an

th
at

w
ith

k
=
d
.

W
h
en
k
>
d
,
u
sin

g
a

sin
gle

r
cau

ses
rep

etition
of

b
its,

so
w

e
p
rop

ose
u
sin

gC
r

for
m

u
ltip

le
r,

a
n
d

co
n
ca

ten
atin

g
th

eir
ou

tp
u
t.

T
h
is

gives
th

e
com

p
u
tation

al
com

p
lex

ity
O

(k
log

d
),

an
d

sp
a
ce

co
m

p
lex

ity
O

(k
).

N
ote

th
at

as
th

e
fo

cu
s

of
th

is
p
ap

er
is

on
b
in

ary
em

b
ed

d
in

g
o
n

h
igh

-d
im

en
sio

n
al

d
ata,

from
h
ere

on
w

ard
s,

w
e

assu
m

e
k
≤
d
.

T
h
e
k
>
d

case
is

u
sefu

l
in

o
th

er
a
p
p
lica

tio
n
s

su
ch

as
n
eu

ral
n
etw

ork
(C

h
en

g
et

al.,
2015)

an
d

kern
el

ap
p
rox

im
ation

(Y
u

et
a
l.,

2
0
15

).

3
.4

C
h

o
o
sin

g
th

e
P

a
ra

m
e
te

rs
r

W
e

h
ave

p
resen

ted
th

e
gen

eral
fram

ew
ork

as
w

ell
as

its
sp

ace
an

d
com

p
u
tation

effi
cien

cy
in

th
is

sectio
n
.

O
n
e

critical
q
u
estion

left
u
n
an

sw
ered

is
h
ow

to
d
ecid

e
th

e
p
aram

eter
r.

A
s

m
en

tio
n
ed

in
th

e
in

tro
d
u
ction

,
w

e
con

sid
er

tw
o

solu
tion

s.
In

S
ection

4,
w

e
stu

d
y

th
e

ra
n
d
o
m

ized
version

,
w

h
ere

each
elem

en
t

of
r

is
in

d
ep

en
d
en

tly
sam

p
led

from
a

u
n
it

G
au

ssian
d
istrib

u
tio

n
.

T
h
is

is
in

sp
ired

b
y

th
e

p
op

u
lar

L
o
ca

lity
S
en

sitiv
e

H
ash

in
g

(sim
h
ash

)
ap

p
roach

.
S
ectio

n
5

in
tro

d
u
ces

an
op

tim
ized

version
,

w
h
ere

th
e

p
aram

eters
are

op
tim

ized
b
ased

on
tra

in
in

g
d
a
ta

an
d

an
d
istan

ce
p
reserv

in
g

ob
jective

fu
n
ction

.

4
.
R
a
n
d
o
m
ize

d
C
B
E

–
A

T
h
e
o
re
tica

l
A
n
a
ly
sis

W
e

n
ow

a
n
aly

ze
th

e
an

gle
p
reserv

in
g

p
rop

erties
of

C
B

E
w

h
en

th
e

circu
la

n
t

m
atrix

u
sed

is
g
en

era
ted

from
a

ran
d
om

d
-d

im
en

sion
al

v
ector.

F
orm

ally,
w

e
con

sid
er

th
e

p
artial

circu
lan

t
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Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

m
atrix

C
r
,k ,

for
r∼
N

(0,1)
d.

T
h
e

em
b

ed
d
in

g
w

e
con

sid
er

for
an

x
∈
R
d

is
giv

en
b
y

Φ
(x

)
:=

sign
(C

r
,k D

x
).

(11)

A
s

b
efore,

D
is

a
d
iagon

al
m

atrix
of

sign
s.

H
en

ce
th

e
em

b
ed

d
in

g
u
ses

2
d

in
d
ep

en
d
en

t
‘u

n
its’

of
ran

d
om

n
ess.

N
ow

,
for

an
y

tw
o

vectors
x
,y
∈
R
d,

w
e

h
ave

th
at

E
[

12k ‖Φ
(x

)−
Φ

(y
)‖

1 ]
=
∠

(x
,y

)

π
,

(12)

im
p
ly

in
g

th
at

th
e

ran
d
om

variab
le

(1/2
k
)‖Φ

(x
)−

Φ
(y

)‖
1

p
rov

id
es

an
estim

ate
for

θ/π
,

w
h
ere

θ
:=
∠

(x
,y

).
W

e
p
resen

t
tw

o
m

ain
resu

lts.
In

th
e

fi
rst,

w
e

b
o
u
n
d

th
e

varian
ce

of
th

e
ab

ove
an

gle
estim

ate
for

given
x
,y

.
W

e
com

p
are

w
ith

th
e

varian
ce

in
th

e
fu

lly
in

d
epen

d
en

t
case,

i.e.,
w

h
en

w
e

con
sid

er
th

e
em

b
ed

d
in

g
sign

(A
x

),
w

h
ere

A
is

a
k×

d
m

atrix
w

ith
all

en
tries

b
ein

g
in

d
ep

en
d
en

t
(an

d
u
n
it

n
orm

al).
In

th
is

case,
th

e
varian

ce
of

th
e

estim
ator

in
E

q
.

(12)
is

eq
u
al

to
1k
θπ (1−

θπ ). 4

W
e

sh
ow

th
at

u
sin

g
a

circu
lan

t
m

atrix
in

stead
of
A

ab
ove

h
as

a
sim

ilar
d
ep

en
d
en

ce
on

k
,

as
lon

g
as

th
e

vectors
are

w
ell

sp
rea

d
.

F
orm

ally,

T
h

e
o
re

m
3

L
et

x
,y
∈
R
d,

su
ch

th
a
t

m
ax{‖x‖∞

/‖x‖
2 ,‖y‖∞

/‖
y‖

2 }
≤
ρ

,
fo

r
so

m
e

pa
ra

m
-

eter
ρ
<

1,
a
n

d
set

θ
=
∠

(x
,y

).
T

h
e

va
ria

n
ce

o
f

th
e

a
vera

ged
h
a
m

m
in

g
d
ista

n
ce

o
f
k

-bit
cod

e
gen

era
ted

by
ra

n
d
o
m

ized
C

B
E

is

v
a
r [

12k ‖Φ
x −

Φ
y ‖

1 ]
≤

1k

θπ

(
1−

θπ )
+

32
ρ
.

(13)

T
h
e

va
ria

n
ce

a
bo

ve
is

o
ver

th
e

ch
o
ice

o
f

r
a
n

d
th

e
ra

n
d
o
m

sign
s

D
.

R
e
m

a
rk

.
F

or
ty

p
ical

vectors
in

R
d,

w
e

h
ave
‖x‖∞

/‖
x‖

2
to

b
e
O

(log
d
/ √

d
).

F
u
rth

er,
b
y

u
sin

g
th

e
id

ea
from

A
ilon

an
d

C
h
azelle

(A
ilon

an
d

C
h
azelle,

2006),
w

e
can

p
re-p

ro
cess

th
e

d
ata

b
y

m
u
ltip

ly
in

g
it

w
ith

a
ran

d
om

ly
sign

ed
H

ad
am

ard
m

atrix
,

an
d

gu
a
ran

tee
su

ch
an

`∞
b

ou
n
d

w
ith

h
igh

p
rob

ab
ility. 5

T
h
erefore

th
e

secon
d

term
b

ecom
es

n
egligib

le
for

large
d
.

T
h
e

ab
ov

e
resu

lt
su

ggests
th

at
th

e
an

gle
p
reservation

p
erform

an
ce

of
C

B
E

(in
term

of
th

e
varian

ce)
is

as
go

o
d

as
L

S
H

for
h
igh

-d
im

en
sion

al
d
ata.

O
u
r

secon
d

th
eorem

gives
a

large-d
ev

iation
b

ou
n
d

for
th

e
an

gle
estim

ate,
also

assu
m

in
g

th
at

th
e

vectors
are

w
ell-sp

read
.

T
h
is

w
ill

th
en

en
ab

le
u
s

to
ob

tain
a

d
im

en
sion

red
u
ction

th
eorem

w
h
ich

p
reserves

all
an

gles
u
p

to
an

ad
d
itive

error.

T
h

e
o
re

m
4

L
et

x
,y
∈

R
d

w
ith
∠

(x
,y

)
=
θ,

a
n

d
su

p
po

se
m

ax{‖x‖∞
/‖

x‖
2 ,‖

y‖∞
/‖x‖

2 }
≤

ρ
,

fo
r

so
m

e
pa

ra
m

eter
ρ

.
N

o
w

co
n

sid
er

th
e
k

-d
im

en
sio

n
a
l

C
B

E
Φ
x ,Φ

y
o
f

x
,y

respectively,

fo
r

so
m

e
k
<
d

.
S

u
p
po

se
ρ
≤

θ
2

1
6
k
lo
g
(k
/
δ
) .

F
o
r

a
n

y
δ
>

0,
w

e
h
a
ve:

P
r [ ∣∣∣∣

12
k ‖Φ

x −
Φ
y ‖

1 −
θπ ∣∣∣∣
>

4
log

(k
/δ)

√
k

]
<
δ.

(14)

4
.

W
e

a
re

co
m

p
u

tin
g

th
e

va
ria

n
ce

o
f

a
n

av
era

g
e

o
f

i.i.d
.

B
ern

o
u

lli
ra

n
d

o
m

va
ria

b
les

w
h

ich
ta

k
e

va
lu

e
1

w
ith

p
ro

b
a
b

ility
p

=
θ
/
π

.
5
.

H
ow

ev
er,

a
p

p
ly

in
g

th
is

p
re-p

ro
cessin

g
lea

d
s

to
d
en

se
v
ecto

rs,
w

h
ich

m
ay

b
e

m
em

o
ry

in
ten

siv
e

fo
r

so
m

e
a
p

p
lica

tio
n

s.
In

th
is

ca
se,

d
iv

id
in

g
th

e
co

-o
rd

in
a
tes

in
to

b
lo

ck
s

o
f

size
∼
k
2

a
n

d
p

erfo
rm

in
g

th
e

p
re-

p
ro

cessin
g

o
n

th
e

b
lo

ck
s

sep
a
ra

tely
is

b
etter

fo
r

sm
a
ll
k
.
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O
n
B
in
a
r
y
E
m
b
e
d
d
in
g

u
si
n
g

C
ir
c
u
l
a
n
t
M
a
t
r
ic
e
s

Q
u
al

it
at

iv
el

y,
th

e
co

n
d
it

io
n

on
ρ

is
si

m
il
ar

to
th

e
on

e
w

e
im

p
li
ci

tl
y

h
av

e
in

T
h
eo

re
m

3.
U

n
le

ss
ρ

=
o(

1 k
θ π
(1
−

θ π
))

,
th

e
ad

d
it

iv
e

te
rm

d
om

in
at

es
,

so
fo

r
th

e
b

ou
n
d

to
b

e
in

te
re

st
in

g,
w

e
n
ee

d
th

is
co

n
d
it

io
n

on
ρ
.

W
e

ob
se

rv
e

th
at

T
h
eo

re
m

4
im

p
li
es

a
J
oh

n
so

n
-L

in
d
en

st
ra

u
ss

ty
p

e
th

eo
re

m
.

C
o
ro

ll
a
ry

5
S

u
p
po

se
w

e
h
a
ve
N

ve
ct

o
rs

u
0
,u

1
,.
..
,u

N
−
1

in
R
d
,

a
n

d
d
efi

n
e

ρ
ij

=
m

ax
{‖

u
i‖
∞
/
‖u

i‖
2
,‖

u
j
‖ ∞

/
‖u

j
‖ 2
},

θ i
j

=
∠(

u
i,

u
j
).

(1
5)

L
et
ε
>

0
be

a
gi

ve
n

a
cc

u
ra

cy
pa

ra
m

et
er

a
n

d
le

t
k

=
C

lo
g
2
n
/ε

2
.

T
h
en

fo
r

a
ll
i,
j

su
ch

th
a
t

ρ
ij
<

θ
2 ij

1
6
k
lo
g
(2
k
N

2
)
,

w
e

h
a
ve

∣ ∣ ∣ ∣1 2
k
‖Φ

i
−

Φ
j
‖ 1
−
θ i
j π

∣ ∣ ∣ ∣<
ε,

(1
6)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

3/
4.

P
ro

o
f

W
e

ca
n

se
t
δ

=
1
/2
N

2
in

T
h
eo

re
m

4
an

d
th

en
ta

ke
a

u
n
io

n
b

ou
n
d

ov
er

al
l
( N 2

)

ch
oi

ce
s

of
p
ai

rs
i,
j

to
ob

ta
in

a
fa

il
u
re

p
ro

b
ab

il
it

y
≤

1/
4.

F
u
rt

h
er

,
fo

r
ou

r
ch

oi
ce

of
k
,

se
tt

in
g

C
=

14
4

an
d

as
su

m
in

g
N

is
la

rg
e

en
ou

gh
th

a
t
k
<
N

,
w

e
h
av

e

4
lo

g
(k
/ε

)
√
k

<
12
δ

lo
g
N

√
C
·l

og
N
<
ε.

(1
7)

In
th

e
re

m
ai

n
d
er

of
th

e
se

ct
io

n
,

w
e

w
il
l

p
ro

ve
th

e
ab

ov
e

th
eo

re
m

s.
W

e
st

ar
t

w
it

h
T

h
eo

re
m

3,
w

h
os

e
p
ro

of
w

il
l

gi
v
e

a
b
as

ic
fr

am
ew

or
k

fo
r

th
at

of
T

h
eo

re
m

4.

4
.1

V
a
ri

a
n

c
e

o
f

th
e

a
n

g
le

e
st

im
a
to

r

F
or

a
ve

ct
or

x
an

d
an

in
d
ex

i,
w

e
d
en

ot
e

b
y
s →

i(
x

)
th

e
v
ec

to
r

sh
if

te
d

b
y
i

p
os

it
io

n
s:

th
e
jt

h
en

tr
y

of
s →

i
is

th
e

((
j
−
i)

m
o
d
d
)’

th
en

tr
y

of
x

.
F

u
rt

h
er

,
le

t
u
s

d
efi

n
e

F
i

=
1
−

si
gn

(s
→
i(

r)
T
D

x
)

si
gn

(s
→
i(

r)
T
D

y
)

2
−
θ π
.

(1
8)

w
h
er

e
s →

i(
·)

is
d
efi

n
ed

as
th

e
op

er
at

or
ci

rc
u
la

rl
y

sh
if

ti
n
g

a
ve

ct
or

b
y
i

el
em

en
ts

6
.

B
y

d
efi

n
it

io
n
,

w
e

h
av

e

v
a
r

[
1 2
k
‖Φ

x
−

Φ
y
‖ 1
]

=
v
a
r

[ 1 k

k ∑ i=
1

F
i] .

(1
9)

6
.

T
h

e
a
b

ov
e

co
m

es
w

it
h

a
sl

ig
h
t

a
b

u
se

o
f

n
o
ta

ti
o
n

,
w

h
er

e
th

e
fi

rs
t

co
lu

m
n

(i
n

st
ea

d
o
f

ro
w

)
o
f

th
e

p
ro

je
ct

io
n

m
a
tr

ix
R

is
d

efi
n

ed
a
s
r.
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 1
8(

15
0)

:1
-3

0,
 2

01
8

Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
‖x
‖ 2
,‖

y
‖ 2

=
1

(s
in

ce
w

e
on

ly
ca

re
ab

o
u
t

th
e

a
n
g
le

).
T

h
e

m
ea

n
of

ea
ch

F
i

is
ze

ro
,

an
d

th
u
s
E[

1 k

∑
k i=

1
F
i]

=
0.

T
h
u
s

th
e

va
ri

an
ce

is
eq

u
a
l

to

v
a
r

[ 1 k

k
−
1

∑ i=
0

F
i]

=
E

 
1 k
2

(
k
−
1

∑ i=
0

F
i)

2
 

(2
0
)

=
E

[ ∑
k
−
1

i=
0
F

2 i
+
∑

i6=
j
F
iF
j

k
2

]

=
1 k
2

 
k
·E
F

2 1
+
∑ i6=
j

E(
F
iF
j
) 

=
1 k

θ π

( 1
−
θ π

)
+

1 k
2

∑ i6=
j

E(
F
iF
j
).

(2
1
)

T
h
e

la
st

st
ep

is
b
as

ed
on

va
ri

an
ce

of
th

e
fu

ll
y

in
d
ep

en
d
en

t
ca

se
:

th
e

va
ri

an
ce

o
f

a
B

er
n
o
u
ll
i

ra
n
d
om

va
ri

ab
le

w
h
ic

h
ta

k
es

va
lu

e
1

w
it

h
p
ro

b
ab

il
it

y
p

=
θ/
π

is
θ π

( 1
−

θ π

) .

T
o

p
ro

ve
th

e
th

eo
re

m
,

it
su

ffi
ce

s
to

sh
ow

th
at

E(
F
iF
j
)
≤

32
ρ

fo
r

al
l
i
6=
j.

W
it

h
o
u
t

lo
ss

of
ge

n
er

al
it

y,
w

e
ca

n
as

su
m

e
th

at
i

=
0,

an
d

co
n
si

d
er

E(
F
0
F
j
).

B
y

d
efi

n
it

io
n
,

it
is

eq
u
a
l

to

E
[(

1
−

si
gn

(r
T
D

x
)

si
gn

(r
T
D

y
)

2
−
θ π

)
(

1
−

si
gn

(s
→
j
(r

)T
D

x
)

si
gn

(s
→
j
(r

)T
D

y
)

2
−
θ π

)]
.

T
h
e

tr
ic

k
n
ow

is
to

ob
se

rv
e

th
at

s →
j
(r

)T
x

=
rT
s →

(d
−
j)

(x
).

(2
2
)

T
h
u
s

se
tt

in
g
t

=
d
−
j,

w
e

ca
n

w
ri

te
th

e
ab

ov
e

as

E
[(

1
−

si
gn

(r
T
D

x
)

si
gn

(r
T
D

y
)

2
−
θ π

)
(

1
−

si
gn

(r
T
s →

t(
D

x
))

si
gn

(r
T
s →

t(
D

y
))

2
−
θ π

)]
.

T
h
e

ke
y

id
ea

is
th

at
w

e
ex

p
ec

t
th

e
ve

ct
or
s →

t(
D

x
)

to
b

e
n
ea

rl
y

or
th

og
on

a
l

to
th

e
sp

a
ce

co
n
ta

in
in

g
D

x
,D

y
.

T
h
is

is
b

ec
au

se
D

is
a

d
ia

go
n
al

m
a
tr

ix
of

ra
n
d
om

si
gn

s,
a
n
d

x
a
n
d

y
ar

e
v
ec

to
rs

w
it

h
sm

al
l
` ∞

n
or

m
.

W
e

sh
ow

th
is

fo
rm

al
ly

in
L

em
m

a
7.

W
h
y

d
o
es

th
is

h
el

p
?

S
u
p
p

os
e

fo
r

a
m

om
en

t
th

at
u

:=
s →

t(
D

x
)

an
d

v
:=

s →
t(

D
y

)
a
re

b
ot

h
or

th
og

on
al

to
sp

an
{D

x
,D

y
}.

T
h
en

fo
r

a
ra

n
d
om

G
au

ss
ia

n
r,

th
e

ra
n
d
o
m

va
ri

a
b
le

s
si

gn
(r
T
u

)
si

gn
(r
T
v

)
an

d
si

gn
(r
T
D

x
)

si
gn

(r
T
D

y
)

ar
e

in
d
ep

en
d
en

t,
b

ec
au

se
th

e
fo

rm
er

d
e-

p
en

d
s

on
ly

on
th

e
p
ro

je
ct

io
n

of
r

on
to

sp
an
{u
,v
},

w
h
il
e

th
e

la
tt

er
d
ep

en
d
s

o
n
ly

o
n

th
e

p
ro

je
ct

io
n

of
r

on
to

sp
an
{D

x
,D

y
}.

N
ow

if
th

es
e

tw
o

sp
ac

es
ar

e
or

th
og

on
al

,
th

e
p
ro

je
ct

io
n
s

of
a

G
au

ss
ia

n
ve

ct
or

on
to

th
es

e
sp

ac
es

ar
e

in
d
ep

en
d
en

t
(t

h
is

is
a

fu
n
d
am

en
ta

l
p
ro

p
er

ty
o
f

m
u
lt

id
im

en
si

on
al

G
au

ss
ia

n
s)

.
T

h
is

im
p
li
es

th
at

th
e

ex
p

ec
ta

ti
on

of
th

e
p
ro

d
u
ct

a
b

ov
e

is
eq

u
al

to
th

e
p
ro

d
u
ct

of
th

e
ex

p
ec

ta
ti

on
s,

w
h
ic

h
is

ze
ro

(e
ac

h
ex

p
ec

ta
ti

on
is

ze
ro

).

T
h
e

k
ey

le
m

m
a

(s
ee

b
el

ow
)

n
ow

sa
y
s

th
at

ev
en

if
u

an
d

v
as

d
efi

n
ed

ab
ov

e
a
re

n
ea

rl
y

or
th

og
on

al
to

sp
an
{D

x
,D

y
},

w
e

st
il
l

ge
t

a
go

o
d

b
o
u
n
d

on
th

e
ex

p
ec

ta
ti

on
a
b

ov
e.
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O
n
B
in
a
r
y
E
m
b
e
d
d
in
g

u
sin

g
C
ir
c
u
l
a
n
t
M
a
t
r
ic
e
s

L
e
m

m
a

6
L

et
a
,b
,u
,v

be
u

n
it

vecto
rs

in
R
d

su
ch

th
a
t∠

(a
,b

)
=
∠

(u
,v

)
=
θ,

a
n

d
let

Π
be

th
e

p
ro

jecto
r

o
n

to
spa

n{
a
,b}

.
S

u
p
po

se
m

ax{‖Π
u‖
,‖

Π
v‖}

=
δ
<

1
.

T
h
en

w
e

h
a
ve

E
[(

1−
sign

(r
T
a

)
sign

(r
T
b

)

2
−
θπ )
(

1−
sign

(r
T
u

)
sign

(r
T
v

)

2
−
θπ )]

≤
2
δ.

(23)

H
ere,

th
e

expecta
tio

n
is

o
ver

th
e

ch
o
ice

o
f

r.

T
h
e

p
ro

of
o
f

th
e

ab
ove

lem
m

a
is

m
oved

to
A

p
p

en
d
ix

A
.1.

W
e

u
se

th
e

lem
m

a
w

ith
a

=
D

x
an

d
b

=
D

y
.

T
o

sh
ow

T
h
eorem

3,
w

e
h
ave

to
p
rove

th
a
t

E
[m

ax{‖Π
u‖,‖Π

v‖}]≤
16
ρ
,

(24)

w
h
ere

Π
,u
,v

a
re

d
efi

n
ed

as
in

th
e

statem
en

t
of

L
em

m
a

6.
T

h
e

ex
p

ectation
n
ow

is
over

th
e

ch
o
ice

o
f
D

.
T

h
is

lead
s

u
s

to
ou

r
n
ex

t
lem

m
a.

L
e
m

m
a

7
L

et
p
,q
∈
R
d

be
vecto

rs
th

a
t

sa
tisfy‖p‖

2
=

1
a
n

d
‖
q‖∞

<
ρ

fo
r

so
m

e
pa

ra
m

eter
ρ

,
a
n

d
su

p
po

se
D

:=
d
ia

g(σ
0 ,σ

1 ,...,σ
d−

1 ),
w

h
ere

σ
i

a
re

ra
n

d
o
m
±

1
sign

s.
T

h
en

fo
r

a
n

y
0
<
t
<
d

,
w

e
h
a
ve

P
r[〈D

p
,s→

t (D
q

)〉
>
γ

]≤
e −

γ
2
/
8
ρ
2.

(25)

N
o
te

th
a
t

th
e

p
ro

ba
bility

is
o
ver

th
e

ch
o
ice

o
f

D
.

T
h
e

p
ro

of
of

th
e

ab
ove

lem
m

a
is

m
oved

to
A

p
p

en
d
ix

A
.2.

W
e

rem
ark

th
at

th
e

lem
m

a
on

ly
a
ssu

m
es

th
a
t

p
is

a
u
n
it

vector,
it

n
eed

n
ot

h
ave

a
sm

all
`∞

n
orm

.
W

e
ca

n
n
ow

com
p
lete

th
e

p
ro

of
of

ou
r

th
eorem

.
A

s
n
oted

ab
ove,

w
e

n
eed

to
sh

ow
(24).

T
o

recall,
Π

is
th

e
p
ro

jector
on

to
sp

an{
D

x
,D

y}
,

an
d

w
e

n
eed

to
b

ou
n
d
:

E
[m

ax{‖Π
u‖,‖Π

v‖}]≤
E

[‖Π
u‖]+

E
[‖Π

v‖].
(26)

L
et

x
,z

b
e

an
o
rth

on
orm

al
b
asis

for
sp

an{
x
,y}

;
th

en
it

is
easy

to
see

th
at

for
a
n
y

d
iagon

al
D

w
ith
±

1
en

tries
on

th
e

d
iagon

al,
D

x
,D

z
is

a
n

orth
on

orm
al

b
asis

for
sp

an{
D

x
,D

y}
.

T
h
u
s

E
[‖Π

u‖]≤
E

[|〈u
,D

x〉|+
|〈u

,D
z〉|].

(27)

N
ow

b
y

L
em

m
a

7,

P
r[|〈u

,D
x〉|

>
tρ

]≤
e −

t
2
/
4.

(28)

In
teg

ra
tin

g
over

t,
w

e
get

E
[|〈u

,D
x〉|]≤

4ρ
.

T
h
u
s

w
e

can
b

ou
n
d

th
e

L
H

S
of

(26)
b
y

16
ρ
,

co
m

p
letin

g
th

e
p
ro

of
of

th
e

th
eorem

.

4
.2

T
h

e
J
o
h

n
so

n
-L

in
d

e
n

stra
u

ss
T

y
p

e
R

e
su

lt

N
ex

t,
w

e
tu

rn
to

th
e

p
ro

of
of

T
h
eorem

4,
w

h
ere

w
e

w
ish

to
ob

tain
a

stron
g

tail
b

ou
n
d
.

A
t

a
h
ig

h
level,

th
e

argu
m

en
t

con
sists

of
tw

o
step

s:
•

F
irst,

sh
ow

th
at

w
ith

p
rob

ab
ility

1−
ε

over
th

e
ch

oice
of

D
,

th
e
k

tran
slates

of
x
,y

satisfy
certain

orth
ogon

ality
p
rop

erties
(th

is
is

in
th

e
sam

e
sp

irit
as

L
em

m
a

7).
•

S
eco

n
d
,

con
d
ition

ed
on

orth
ogon

ality
as

ab
ov

e,
w

ith
h
igh

p
rob

ab
ility

over
th

e
ch

oice
o
f

r,
w

e
h
ave

th
e

d
esired

gu
aran

tee.

1
1
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Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

N
ex

t
w

ill
w

ill
sh

ow
th

e
tw

o
step

s
resp

ectively.
T

h
rou

gh
ou

t
th

is
section

,
w

e
d
en

ote
b
y

X
0 ,X

1 ,...,X
k−

1
th

e
k

sh
ifts

of
D

x
,

i.e.,
X
i

=
s→

(i) (D
x

);
d
efi

n
e
Y
0 ,...,Y

k−
1

an
alogou

sly

as
sh

ifts
of

D
y

.
W

e
w

ill
also

assu
m

e
th

at
ρ
<

θ
2

1
6
k
lo
g
(k
/
δ
) .

T
h
e

stru
ctu

re
w

e
req

u
ire

is
form

ally
th

e
follow

in
g.

D
e
fi

n
itio

n
8

((γ
,k

)-o
rth

o
g
o
n

a
lity

)
T

w
o

sequ
en

ces
o
f
k

u
n

it
vecto

rs
X

0 ,X
1 ,...,X

k−
1

a
n

d
Y
0 ,Y

1 ,...,Y
k−

1
a
re

sa
id

to
be

(γ
,k

)-o
rth

ogo
n

a
l

if
th

ere
exists

a
d
eco

m
po

sitio
n

(fo
r

every
i)

X
i

=
u
i
+

e
i

;
Y
i

=
v
i
+

fi
(29)

sa
tisfyin

g
th

e
fo

llo
w

in
g

p
ro

perties:
1
.

u
i

a
n

d
v
i

a
re

bo
th

o
rth

ogo
n

a
l

to
spa

n{
u
j ,v

j
:
j6=

i}.
2
.

m
ax

i {‖e
i ‖
,‖

fi ‖}
<
γ

.

T
h
e

lem
m

a
of

th
e

fi
rst

step
,

as
d
escrib

ed
earlier,

is
th

e
follow

in
g:

L
e
m

m
a

9
L

et
x
,y

be
u

n
it

vecto
rs

w
ith
‖
x‖∞

,‖y‖∞
≤
ρ

,
a
n

d
θ

=
∠

(x
,y

),
a
n

d
let

X
i ,Y

i

be
ro

ta
tio

n
s

o
f

D
x
,D

y
respectively

(a
s

d
efi

n
ed

ea
rlier).

T
h
en

w
.p

.
1−

δ
o
ver

th
e

ch
o
ice

o
f

D
,

th
e

vecto
rs

(X
i ,Y

i )
ki=

1
a
re

(γ
,k

)
o
rth

ogo
n

a
l,

fo
r
γ

=
4 √

ρ
.

T
h
e

p
ro

of
of

th
e

lem
m

a
is

q
u
ite

tech
n
ical,

an
d

is
m

ov
ed

to
A

p
p

en
d
ix

A
.3.

N
ow

su
p
p

ose
w

e
h
ave

th
at

th
e

sh
ifts

X
i ,Y

i
satisfy

(γ
,k

)-orth
ogon

ality
for

som
e
γ
>

0.
S
u
p
p

ose
u
i ,v

i ,e
i ,fi

are
as

d
efi

n
ed

earlier.
(γ
,k

)-orth
ogon

ality
gives

u
s

th
at‖e

i ‖,‖fi ‖
<
γ

,
w

h
ich

is�
1.

R
ou

gh
ly

sp
eak

in
g,

w
e

u
se

th
is

to
say

th
at

m
o
st

o
f

th
e

tim
e,

sign
(〈r,X

i 〉
=

〈r,u
i 〉).

T
h
u
s

d
eterm

in
in

g
if

sign
(〈r,X

i 〉)
=

sign
(〈r,Y

i 〉)
is

essen
tially

eq
u
ivalen

t
to

d
e-

term
in

in
g

if
sign

(〈r,u
i 〉)

=
sign

(〈r,v
i 〉).

B
u
t

th
e

latter
q
u
an

tities,
b
y

orth
ogon

ality,
are

in
d
ep

ed
en

t!
(b

ecau
se

th
e

sign
s

d
ep

en
d

on
ly

on
th

e
p
ro

jection
of

r
on

to
th

e
sp

an
of

u
i ,v

i ,
w

h
ich

is
in

d
ep

en
d
en

t
for

d
iff

eren
t
i). 7

T
h
e

m
ain

lem
m

a
of

th
e

secon
d

step
is

th
e

follow
in

g:

L
e
m

m
a

1
0

L
et

(X
i ,Y

i )
ki=

1
be

a
set

o
f

vecto
rs

sa
tisfyin

g
(γ
,k

)-o
rth

ogo
n

a
lity

a
n

d
∠

(X
i ,Y

i )
=

θ
fo

r
a
ll
i.

T
h
en

fo
r

a
n

y
δ
>

0
a
n

d
k
>

m
ax{1

/γ
,log

(4/δ)},
w

e
h
a
ve

P
r [ ∣∣∣∣∣ 1k

∑

i

(sign〈r,X
i 〉6=

sign〈r,Y
i 〉)−

θπ ∣∣∣∣∣
>
γ
·
(12

log
(2
k
/δ)) ]

<
1−

δ.
(30)

T
h
e

p
ro

ba
bility

h
ere

is
o
ver

th
e

ch
o
ice

o
f

r.

T
h
e

p
ro

of
is

d
eferred

to
A

p
p

en
d
ix

A
.4

.
W

e
can

n
ow

com
p
lete

th
e

p
ro

of
of

T
h
eorem

4.
It

essen
tially

follow
s

u
sin

g
L

em
m

a
9

an
d

L
em

m
a

10.
N

ote
th

at
w

e
can

ap
p
ly

L
em

m
a

10
b

ecau
se

th
e

an
gle

b
etw

een
X
i

an
d
Y
i

is
also

θ
for

each
i

(sin
ce

th
ey

are
sh

ifts
of

x
,y

).
F

orm
ally,

u
sin

g
th

e
valu

e
of
γ

d
efi

n
ed

in
L

em
m

a
9,

w
e

h
ave

th
at

th
e

v
ectors

X
i ,Y

i

are
(γ
,k

)
orth

ogon
al

w
ith

p
rob

ab
ility

1−
δ.

C
on

d
ition

ed
on

th
is,

th
e

p
rob

ab
ility

th
at

th
e

con
clu

sion
of

L
em

m
a

10
h
old

s
w

ith
p
rob

ab
ility

1−
δ.

T
h
u
s

th
e

overall
p
rob

ab
ility

of
su

ccess
is

at
least

1−
2δ.

T
h
e

th
eorem

is
th

u
s

easily
p
roved

b
y

p
lu

ggin
g

in
th

e
valu

e
of
γ

from
L

em
m

a
9,

togeth
er

w
ith

ρ
<

1.
T

h
is

com
p
letes

th
e

p
ro

o
f

of
th

e
T

h
eorem

.

7
.

A
g
a
in

,
u

sin
g

th
e

p
ro

p
erty

o
f

m
u

lti-va
ria

te
G

a
u

ssia
n

s
th

a
t

th
e

p
ro

jectio
n

s
o
n
to

o
rth

o
g
o
n

a
l

d
irectio

n
s

a
re

o
rth

o
g
o
n

a
l.

1
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O
n
B
in
a
r
y
E
m
b
e
d
d
in
g

u
si
n
g

C
ir
c
u
l
a
n
t
M
a
t
r
ic
e
s

5
.
O
p
ti
m
iz
e
d
B
in
a
ry

E
m
b
e
d
d
in
g

In
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

sh
ow

ed
th

e
ra

n
d
om

iz
ed

C
B

E
h
as

L
S
H

-l
ik

e
an

gl
e

p
re

se
rv

in
g

p
ro

p
er

ti
es

,
es

p
ec

ia
ll
y

fo
r

h
ig

h
-d

im
en

si
on

al
d
a
ta

.
O

n
e

p
ro

b
le

m
w

it
h

th
e

ra
n
d
om

iz
ed

C
B

E
m

et
h
o
d

is
th

at
it

d
o
es

n
ot

u
ti

li
ze

th
e

u
n
d
er

ly
in

g
d
at

a
d
is

tr
ib

u
ti

on
w

h
il
e

ge
n
er

at
in

g
th

e
m

at
ri

x
R

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

p
ro

p
os

e
to

le
ar

n
R

in
a

d
at

a-
d
ep

en
d
en

t
fa

sh
io

n
,

to
m

in
im

iz
e

th
e

d
is

to
rt

io
n
s

d
u
e

to
ci

rc
u
la

n
t

p
ro

je
ct

io
n

an
d

b
in

ar
iz

at
io

n
.

T
h
e

st
u
d
y

in
th

is
se

ct
io

n
is

cl
os

el
y

re
la

te
d

to
d
at

a-
d
ep

en
d
en

t
b
in

ar
y

em
b

ed
d
in

gs
(W

an
g

et
al

.,
20

10
;

G
on

g
et

al
.,

20
12

a,
20

13
).

D
iff

er
en

t
fr

om
th

e
ab

ov
e

w
or

k
s,

th
e

p
ro

je
ct

io
n

m
at

ri
x

h
as

a
ci

rc
u
la

n
t

st
ru

ct
u
re

in
st

ea
d

of
b

ei
n
g

u
n
st

ru
ct

u
re

d
.

T
h
e

m
et

h
o
d

is
al

so
re

la
te

d
to

d
at

a-
d
ep

en
d
en

t
d
im

en
si

on
al

it
y

re
d
u
ct

io
n

te
ch

n
iq

u
es

su
ch

as
P

C
A

.
A

lt
h
ou

gh
it

h
as

b
ee

n
sh

ow
n

th
at

th
e

J
oh

n
so

n
L

in
d
en

st
ra

u
ss

b
ou

n
d

is
ti

gh
t

ev
en

in
th

e
d
at

a-
d
ep

en
d
en

t
se

tt
in

g
(L

ar
se

n
an

d
N

el
so

n
,

20
16

),
it

is
ex

p
ec

te
d

th
at

op
ti

m
iz

at
io

n
ca

n
im

p
ro

ve
th

e
re

su
lt

of
C

B
E

:
C

B
E

d
iff

er
s

fr
om

co
n
ve

n
ti

on
al

d
im

en
si

on
al

it
y

re
d
u
ct

io
n

b
y

u
si

n
g

th
e

ci
rc

u
la

n
t

st
ru

ct
u
re

an
d

b
in

ar
iz

at
io

n
;

th
e

d
at

a
d
ep

en
d
en

t
b

ou
n
d

is
b
as

ed
on

a
w

or
st

ca
se

sc
en

ar
io

of
th

e
d
at

a,
w

h
er

ea
s

w
e

st
u
d
y

th
e

em
p
ir

ic
al

p
er

fo
rm

an
ce

on
re

al
la

rg
e-

sc
al

e
d
at

a
se

ts
.

W
e

p
ro

p
os

e
d
at

a-
d
ep

en
d
en

t
C

B
E

(C
B

E
-o

p
t)

,
b
y

op
ti

m
iz

in
g

th
e

p
ro

je
ct

io
n

m
at

ri
x

w
it

h
a

n
ov

el
ti

m
e-

fr
eq

u
en

cy
al

te
rn

at
in

g
op

ti
m

iz
at

io
n
.

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

ob
je

ct
iv

e
fu

n
ct

io
n

in
le

ar
n
in

g
th

e
d
-b

it
C

B
E

.
T

h
e

ex
te

n
si

on
of

le
ar

n
in

g
k
<
d

b
it

s
w

il
l

b
e

sh
ow

n
in

S
ec

ti
on

5.
2.

ar
gm

in
B
,r

||B
−

X
R
T
||2 F

+
λ
||R

R
T
−

I||
2 F

(3
1)

s.
t.

R
=

ci
rc

(r
),

w
h
er

e
X
∈

R
N
×
d
,

is
th

e
d
at

a
m

at
ri

x
co

n
ta

in
in

g
n

tr
ai

n
in

g
p

oi
n
ts

:
X

=
[x

0
,·
··
,x

N
−
1
]T

,
an

d
B
∈
{−

1
,1
}N
×
d

is
th

e
co

rr
es

p
on

d
in

g
b
in

ar
y

co
d
e

m
at

ri
x
.8

In
th

e
ab

ov
e

op
ti

m
iz

at
io

n
,

th
e

fi
rs

t
te

rm
m

in
im

iz
es

d
is

to
rt

io
n

d
u
e

to
b
in

ar
iz

at
io

n
.

T
h
e

se
co

n
d

te
rm

tr
ie

s
to

m
ak

e
th

e
p
ro

je
ct

io
n
s

(r
ow

s
of

R
,

an
d

h
en

ce
th

e
co

rr
es

p
on

d
in

g
b
it

s)
as

u
n
co

rr
el

at
ed

as
p

os
si

b
le

.
In

ot
h
er

w
or

d
s,

th
is

h
el

p
s

to
re

d
u
ce

th
e

re
d
u
n
d
an

cy
in

th
e

le
ar

n
ed

co
d
e.

If
R

w
er

e
to

b
e

an
or

th
og

on
al

m
at

ri
x
,

th
e

se
co

n
d

te
rm

w
il
l

va
n
is

h
an

d
th

e
op

ti
m

iz
at

io
n

w
ou

ld
fi
n
d

th
e

b
es

t
ro

ta
ti

on
su

ch
th

at
th

e
d
is

to
rt

io
n

d
u
e

to
b
in

ar
iz

at
io

n
is

m
in

im
iz

ed
.

H
ow

ev
er

,
b

ei
n
g

a
ci

rc
u
la

n
t

m
at

ri
x
,

R
,

in
ge

n
er

al
,

w
il
l

n
ot

b
e

or
th

og
on

a
l9

.
A

si
m

il
ar

ob
je

ct
iv

e
h
as

b
ee

n
u
se

d
in

p
re

v
io

u
s

w
or

k
s

in
cl

u
d
in

g
(G

on
g

et
al

.,
20

12
a,

20
13

)
an

d
(W

an
g

et
al

.,
20

10
).

5
.1

T
h

e
T

im
e
-F

re
q
u

e
n

c
y

A
lt

e
rn

a
ti

n
g

O
p

ti
m

iz
a
ti

o
n

T
h
e

ab
ov

e
is

a
d
iffi

cu
lt

n
on

-c
on

ve
x

co
m

b
in

at
or

ia
l

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

In
th

is
se

ct
io

n
w

e
p
ro

p
os

e
a

n
ov

el
ap

p
ro

ac
h

to
effi

ci
en

tl
y

fi
n
d

a
lo

ca
l

so
lu

ti
on

.
T

h
e

id
ea

is
to

al
te

rn
at

iv
el

y
op

ti
m

iz
e

th
e

ob
je

ct
iv

e
b
y

fi
x
in

g
r,

an
d

B
,

re
sp

ec
ti

ve
ly

.
F

or
a

fi
x
ed

r,
o
p
ti

m
iz

in
g

B
ca

n
b

e
ea

si
ly

p
er

fo
rm

ed
in

th
e

in
p
u
t

d
om

ai
n

(“
ti

m
e”

as
op

p
os

ed
to

“f
re

q
u
en

cy
”)

.
F

or
a

fi
x
ed

B
,

th
e

ci
rc

u
la

n
t

st
ru

ct
u
re

of
R

m
ak

es
it

d
iffi

cu
lt

to
op

ti
m

iz
e

th
e

ob
je

ct
iv

e
in

th
e

in
p
u
t

d
o
m

a
in

.

8
.

If
th

e
d

a
ta

is
` 2

n
o
rm

a
li

ze
d

,
w

e
ca

n
se

t
B
∈
{−

1
/
√
d
,1
/
√
d
}N
×
d

to
m

a
k
e
B

a
n

d
X
R
T

m
o
re

co
m

p
a
ra

b
le

.
T

h
is

d
o
es

n
o
t

em
p

ir
ic

a
ll

y
in

fl
u

en
ce

th
e

p
er

fo
rm

a
n

ce
.

9
.

W
e

n
o
te

th
a
t

th
e

ra
n

k
o
f

th
e

ci
rc

u
la

n
t

m
a
tr

ic
es

ca
n

ra
n

g
e

fr
o
m

1
(a

n
a
ll

-1
m

a
tr

ix
)

to
d

(a
n

id
en

ti
ty

m
a
tr

ix
).
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Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

H
en

ce
w

e
p
ro

p
os

e
a

n
ov

el
m

et
h
o
d
,

b
y

op
ti

m
iz

in
g

r
in

th
e

fr
eq

u
en

cy
d
om

ai
n

b
a
se

d
o
n

D
F

T
.

T
h
is

le
ad

s
to

a
v
er

y
effi

ci
en

t
p
ro

ce
d
u
re

.

F
o
r

a
fi

x
e
d

r.
T

h
e

ob
je

ct
iv

e
is

in
d
ep

en
d
en

t
on

ea
ch

el
em

en
t

of
B

.
D

en
o
te
B
ij

a
s

th
e

el
em

en
t

of
th

e
i-

th
ro

w
an

d
j-

th
co

lu
m

n
of

B
.

It
is

ea
sy

to
sh

ow
th

at
B

ca
n

b
e

u
p

d
a
te

d
as

:

B
ij

=

{
1

if
R
j·
x
i
≥

0

−
1

if
R
j·
x
i
<

0
,

(3
2
)

i
=

0,
··
·,
N
−

1.
j

=
0,
··
·,
d
−

1
.

F
o
r

a
fi

x
e
d

B
.

D
efi

n
e

r̃
as

th
e

D
F

T
of

th
e

ci
rc

u
la

n
t

ve
ct

or
r̃

:=
F

(r
).

In
st

ea
d

o
f

so
lv

in
g

r
d
ir

ec
tl

y,
w

e
p
ro

p
os

e
to

so
lv

e
r̃,

fr
om

w
h
ic

h
r

ca
n

b
e

re
co

ve
re

d
b
y

ID
F

T
.

K
ey

to
ou

r
d
er

iv
at

io
n

is
th

e
fa

ct
th

at
D

F
T

p
ro

je
ct

s
th

e
si

gn
al

to
a

se
t

o
f

o
rt

h
o
g
o
n
al

b
as

is
.

T
h
er

ef
or

e
th

e
` 2

n
or

m
ca

n
b

e
p
re

se
rv

ed
.

F
or

m
al

ly
,

ac
co

rd
in

g
to

P
ar

se
va

l’
s

th
eo

re
m

,
fo

r
an

y
t
∈
C
d

(O
p
p

en
h
ei

m
et

al
.,

19
99

),

||t
||2 2

=
(1
/d

)||
F

(t
)||

2 2
.

(3
3
)

D
en

ot
e

d
ia

g(
·)

as
th

e
d
ia

go
n
al

m
at

ri
x

fo
rm

ed
b
y

a
ve

ct
o
r.

D
en

ot
e
<(
·)

a
n
d
=(
·)

a
s

th
e

re
al

an
d

im
ag

in
ar

y
p
ar

ts
,

re
sp

ec
ti

v
el

y.
W

e
u
se

B
i·

to
d
en

ot
e

th
e
i-

th
ro

w
o
f

B
.

W
it

h
co

m
p
le

x
ar

it
h
m

et
ic

,
th

e
fi
rs

t
te

rm
in

(3
1)

ca
n

b
e

ex
p
re

ss
ed

in
th

e
fr

eq
u
en

cy
d
o
m

a
in

a
s:

||B
−

X
R
T
||2 F

=
1 d

N
−
1

∑ i=
0

||F
(B

T i·
−

R
x
i)
||2 2

(3
4
)

=
1 d

N
−
1

∑ i=
0

||F
(B

T i·
)
−

r̃
◦F

(x
i)
||2 2

=
1 d

N
−
1

∑ i=
0

||F
(B

T i·
)
−

d
ia

g(
F

(x
i)

)r̃
||2 2

=
1 d

N
−
1

∑ i=
0

( F
(B

T i·
)
−

d
ia

g(
F

(x
i)

)r̃
) T
( F

(B
T i·

)
−

d
ia

g(
F

(x
i)

)r̃
)

=
1 d

[ <
(r̃

)T
M
<(

r̃)
+
=(

r̃)
T
M
=(

r̃)
+
<(

r̃)
T
h

+
=(

r̃)
T
g
] +
||B
||2 F
,

w
h
er

e,

M
=

d
ia

g(
N
−
1

∑ i=
0

<(
F

(x
i)

)
◦<

(F
(x
i)

)
+
=(
F

(x
i)

)
◦=

(F
(x
i)

))
,

(3
5
)

h
=
−

2
N
−
1

∑ i=
0

<(
F

(x
i)

)
◦<

(F
(B

T i·
))

+
=(
F

(x
i)

)
◦=

(F
(B

T i·
))
,

(3
6
)

g
=

2
N
−
1

∑ i=
0

=(
F

(x
i)

)
◦<

(F
(B

T i·
))
−
<(
F

(x
i)

)
◦=

(F
(B

T i·
))
.

(3
7
)

T
h
e

ab
ov

e
ca

n
b

e
d
er

iv
ed

b
as

ed
on

th
e

fo
ll
ow

in
g

fa
ct

.
F

or
an

y
Q
∈
C
d
×
d
,
s,

t
∈
C
d
,

1
4
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O
n
B
in
a
r
y
E
m
b
e
d
d
in
g

u
sin

g
C
ir
c
u
l
a
n
t
M
a
t
r
ic
e
s

||s−
Q

t|| 22
=

(s−
Q

t)
H

(s−
Q

t)
(38)

=
s
H

s−
s
H

Q
t−

t
H

Q
H

s
+

t
H

Q
H

Q
t

=
<

(s)
T<

(s)
+
=

(s)
T=

(s)−
2<

(t)
T

(<
(Q

)
T<

(s)
+
=

(Q
)
T=

(s))

+
2=

(t)
T

(=
(Q

)
T<

(s)−
<

(Q
)
T=

(s))
+
<

(t)
T

(<
(Q

)
T<

(Q
)

+
=

(Q
)
T=

(Q
))<

(t)

+
=

(t)
T

(<
(Q

)
T<

(Q
)

+
=

(Q
)
T=

(Q
))=

(t)
+

2<
(t)

T
(=

(Q
)
T<

(Q
)−
<

(Q
)
T=

(Q
))=

(t).

F
o
r

th
e

seco
n
d

term
in

(31),
w

e
n
ote

th
at

th
e

circu
lan

t
m

atrix
can

b
e

d
iag

on
alized

b
y

D
F

T
m

a
trix

F
d

an
d

its
con

ju
gate

tran
sp

ose
F
Hd

.
F

orm
ally,

for
R

=
circ(r),

r∈
R
d,

R
=

(1/d
)F

Hd
d
iag(F

(r))F
d .

(39)

L
et

T
r(·)

b
e

th
e

trace
of

a
m

atrix
.

T
h
erefore,

||R
R
T
−

I|| 2F
=
|| 1d

F
Hd

(d
iag(r̃)

H
d
iag(r̃)−

I)F
d || 2F

(40)

=
T

r [
1d
F
Hd

(d
iag(r̃)

H
d
iag(r̃)−

I)
H

(d
iag(r̃)

H
d
iag(r̃)−

I)F
d ]

=
T

r [(d
iag(r̃)

H
d
iag(r̃)−

I)
H

(d
iag(r̃)

H
d
iag(r̃)−

I) ]

=
||r̃

H
◦

r̃−
1|| 22

=
||<

(r̃)
2

+
=

(r̃)
2−

1|| 22 .

F
u
rth

erm
o
re,

as
r

is
real-valu

ed
,

ad
d
ition

al
con

strain
ts

on
r̃

are
n
eed

ed
.

F
or

an
y
u
∈
C

,
d
en

o
te
u

a
s

its
com

p
lex

con
ju

gate.
W

e
h
ave

th
e

fo
llow

in
g

resu
lt

(O
p
p

en
h
eim

et
al.,

1
999):

F
o
r

a
n
y

rea
l-va

lu
ed

vector
t∈

C
d,F

(t)
0

is
real-valu

ed
,

an
d

F
(t)

d−
i

=
F

(t)
i ,

i
=

1,···
,bd

/
2c.

(41)

F
ro

m
(3

4
)−

(41),
th

e
p
rob

lem
of

op
tim

izin
g

r̃
b

ecom
es

argm
in

r̃
<

(r̃)
T
M
<

(r̃)
+
=

(r̃)
T
M
=

(r̃)
+
<

(r̃)
T
h

+
=

(r̃)
T
g

+
λ
d||<

(r̃)
2

+
=

(r̃)
2−

1|| 22
(42)

s.t.
=

(r̃
0 )

=
0

<
(r̃
i )

=
<

(r̃
d−
i ),i

=
1,···

,bd
/2c

=
(r̃
i )

=
−
=

(r̃
d−
i ),i

=
1,···

,bd
/2c.

T
h
e

a
b

ove
is

n
o
n
-con

v
ex

.
F

ortu
n
ately,

th
e

ob
jective

fu
n
ction

can
b

e
d
ecom

p
osed

,
su

ch
th

at
w

e
ca

n
so

lve
tw

o
variab

les
at

a
tim

e.
D

en
ote

th
e

d
iagon

al
v
ecto

r
of

th
e

d
iago

n
al

m
atrix

M
as

m
.

T
h
e

a
b

ove
op

tim
ization

can
th

en
b

e
d
ecom

p
osed

to
th

e
follow

in
g

sets
of

op
tim

ization
s.

a
rgm

in
r̃
0

m
0 r̃

20
+
h
0 r̃

0
+
λ
d (r̃

20 −
1 )

2
,

s.t.
r̃
0

=
r̃
0 .

(43)

a
rg

m
in

r̃
i

(m
i
+
m
d−
i )(<

(r̃
i )
2

+
=

(r̃
i )
2)

+
2
λ
d (<

(r̃
i )
2

+
=

(r̃
i )
2−

1 )
2

+
(h
i
+
h
d−
i )<

(r̃
i )

+
(g
i −

g
d−
i )=

(r̃
i ),

i
=

1,···
,bd

/
2c.
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Y
u
,
B
h
a
sk

a
r
a
,
K
u
m
a
r
,
G
o
n
g

a
n
d

C
h
a
n
g

In
(43),

w
e

n
eed

to
m

in
im

ize
a

4
th

ord
er

p
oly

n
om

ial
w

ith
on

e
variab

le,
w

ith
th

e
closed

form
solu

tion
read

ily
availab

le.
In

(44),
w

e
n
eed

to
m

in
im

ize
a

4
th

ord
er

p
oly

n
om

ial
w

ith
tw

o
variab

les.
T

h
ou

gh
th

e
closed

form
solu

tion
is

h
ard

to
fi
n
d

(req
u
irin

g
solu

tion
of

a
cu

b
ic

b
ivariate

sy
stem

),
a

lo
cal

m
in

im
u
m

can
b

e
fou

n
d

b
y

grad
ien

t
d
escen

t,
w

h
ich

in
p
ractice

h
as

con
stan

t
ru

n
n
in

g
tim

e
for

su
ch

sm
a
ll-scale

p
rob

lem
s.

T
h
e

ov
erall

ob
jective

is
gu

aran
teed

to
b

e
n
on

-in
creasin

g
in

each
step

.
In

p
ra

ctice,
w

e
fi
n
d

th
at

a
go

o
d

solu
tion

can
b

e
reach

ed
w

ith
in

ju
st

5-10
iteration

s.
T

h
erefore

in
p
ractice,

th
e

p
rop

osed
tim

e-freq
u
en

cy
altern

atin
g

op
tim

ization
p
ro

ced
u
re

h
as

ru
n
n
in

g
tim

e
O

(N
d

log
d
).

5
.2

L
e
a
rn

in
g

w
ith

D
im

e
n

sio
n

a
lity

R
e
d

u
c
tio

n

In
th

e
case

of
learn

in
g
k
<
d

b
its,

w
e

n
eed

to
solve

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

argm
in

B
,r

||B
P
k −

X
P
Tk
R
T|| 2F

+
λ||R

P
k P

Tk
R
T
−

I|| 2F
(44)

s.t.
R

=
circ(r),

in
w

h
ich

P
k

=

[
I
k

O
O

O
d−
k ]

,
I
k

is
a
k
×
k

id
en

tity
m

atrix
,

an
d

O
d−
k

is
a

(d−
k
)×

(d−
k
)

all-zero
m

atrix
.

In
fact,

th
e

righ
t

m
u
ltip

lication
of

P
k

can
b

e
u
n
d
ersto

o
d

as
a

“
tem

p
o
ral

cu
t-off

”,
w

h
ich

is
eq

u
ivalen

t
to

a
freq

u
en

cy
d
om

ain
con

volu
tion

.
T

h
is

m
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p
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p
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b
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p
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.
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p
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b
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p
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b
in

a
ry

co
d
ed

Im
ageN

et-25600.
T

h
e

b
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b
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b
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b
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b
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p
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a
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p
u
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p
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a
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b
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b
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p
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p
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p
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p
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p
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en
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p
roach
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1
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ra
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b
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p
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L
e
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P
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F
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con
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d
efi

n
e

u
⊥

=
u
−

Π
u

,
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d
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n
e
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⊥

.
F
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r
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n
a
b

o
u
t

in
d
ep

en
d
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ce,
w

e
h
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E
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sign

(r
T
a

)
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T
b

)
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−
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(

1−
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T
u
⊥

)
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T
v
⊥
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2
−
θπ )]
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(54)

B
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u
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th
e

L
H

S
is

eq
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e
p
ro

d
u
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e
ex

p
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rst
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u
s
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q
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n
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w
e

w
ish

to
b

ou
n
d

is

E
[(

1−
sig

n
(r
T
a

)
sign

(r
T
b

)

2
−
θπ )
(
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⊥
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.
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h
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a
r
a
,
K
u
m
a
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,
G
o
n
g

a
n
d

C
h
a
n
g

N
ow

b
y

u
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g
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e
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E
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Y
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e
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th
at

th
e
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T
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T
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b
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b
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)
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T
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⊥

)
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T
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⊥
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⊥
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d
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b
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∠
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P
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T
x
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th
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P
r[sign

(r
T
u

)6=
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(r
T
u
⊥

)]
=
∠
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⊥

)

π
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(57)

T
h
is

an
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can
b

e
b

ou
n
d
ed

in
ou

r
case

b
y

(π
/2)·

δ
b
y

b
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geom
etry. 1

0
T

h
u
s

b
y

a
u
n
ion

b
ou

n
d
,

w
e

h
ave

th
at

P
r[ (

sign
(r
T
u

)6=
sign

(r
T
u
⊥

) )∨
(

sign
(r
T
v

)6=
sign

(r
T
v
⊥

) )]≤
δ.

(58)

T
h
is

com
p
letes

th
e

p
ro

of.

A
.2

P
ro

o
f

o
f

L
e
m

m
a

7

D
en

otin
g

th
e
ith

en
try

of
p

b
y
p
i

(so
also

for
q

),
w

e
h
ave

th
at

S
:=
〈D

p
,s→

t (D
q

)〉
=

d−
1

∑i=
0

σ
i σ
i+
t p
i q
i+
t .

(59)

W
e

n
ote

th
atE

[S
]

=
0,

b
y

lin
earity

of
ex

p
ectation

(as
t
>

0,E
[σ
i σ
i+
t ]

=
0),

th
u
s

th
e

lem
m

a
is

essen
tially

a
tail

b
ou

n
d

on
S

.
W

h
ile

w
e

can
ap

p
eal

to
stan

d
ard

tail
b

ou
n
d
s

for
q
u
ad

ra
tic

form
s

of
su

b
-G

au
ssian

ran
d
om

variab
les

(e.g.
H

an
sen

-W
righ

t
(R

u
d
elson

an
d

V
ersh

y
n
in

,
2013)),

w
e

give
b

elow
a

sim
p
le

argu
m

en
t.

L
et

u
s

d
efi

n
e

f
(σ

0 ,σ
1 ,...,σ

d−
1 )

=
d−

1
∑i=

0

p
i q
i+
t σ
i σ
i+
t .

(60)

W
e

w
ill

v
iew

f
as

b
ein

g
ob

tain
ed

from
a

m
artin

gale
as

follow
s.

D
efi

n
e

Q
i

:=
f

(σ
0 ,σ

1 ,...,σ
i ,0,...,0)−

f
(σ

0 ,σ
1 ,...,σ

i−
1 ,0

,...,0).
(61)

In
th

is
n
otation

,
w

e
h
ave

S
=
Q

0
+
Q

1
+
···

+
Q
d−

1 .
W

e
h
ave

th
e

m
artin

gale
p
rop

erty
th

at
E

[Q
i |Q

0 ,Q
1 ,...,Q

i−
1 ]

=
0

for
all

i,
(b

ecau
se

σ
i

is
±

1
w

ith
eq

u
al

p
rob

ab
ility

).
F

u
rth

er,
w

e
h
ave

th
e

bo
u

n
d
ed

d
iff

eren
ce

p
rop

erty,
i.e.,

|Q
i |≤
|p
i q
i+
t |+
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t q
i |.

T
h
is

im
p
lies

th
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|Q
i | 2≤

2(p
2i q

2i+
t
+
p
2i−
t q

2i ).
(62)
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⊥
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Π
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n

g
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a
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m
o
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−
1(δ).
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w
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∑ i

Q
i]
|>

γ
]
<
e−

γ
2

2
·∑
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∑
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∑
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∑
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‖ ∞
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P
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>

0,

P
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b
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√
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u
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m
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√
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w
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et
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b
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τ
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m
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∑
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‖∑

i
α
iA

i‖
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( ∑
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∑
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b
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−
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b
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re
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√
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=
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+
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+
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w
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u
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∈
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b
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h
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w
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p
ro

ve
n
ow

th
at

th
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p
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p
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h
a
s

le
n
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2
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√
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d
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∈
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‖ 2

=
1}

(t
h
is

is
h
ow

th
e

p
ro

je
ct

io
n

on
to

a
su

b
sp

ac
e

ca
n

b
e

d
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b
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∈
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∑
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b
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∑
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−
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w
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p
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p
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=
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b
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l
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−
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−
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<
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<
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<
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∈
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<
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n
d
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=
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b
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p
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p
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e
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<
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b
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d
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p
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b
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√
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b
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−
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b
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i 〉
is

a
G

au
ssian

of
u
n
it

varia
n
ce),

an
d

th
e

secon
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b
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b
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F
u
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i
d
ep

en
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n
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a
n{u
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d
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en
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d
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i.
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et
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n
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d
en
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b
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E
i

a
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th
e
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d
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ran
d
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for
th

e
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t
E
i

(so
also

F
i ).

T
h
en

b
y

sta
n
d
a
rd

C
h
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off
b

ou
n
d
s,

w
e

h
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for
an

y
τ
>
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P
r [∑

i

E
i ≥

2
k
η

+
k
τ ]

<
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k
τ
2

4
η
+
τ
,

(75)

P
r [∑

i

F
i 6∈
(
k
θπ
−

3k
η−

k
τ,
k
θπ

+
k
τ ) ]

<
2
e −

k
τ
2

θ
+
τ
.

(76)

F
in

a
lly

let
H

d
en

ote
th

e
even

t:

m
ax
i
{|〈r,e

i 〉|,|〈r,fi 〉|}
≥
η
.

(77)

F
o
r

a
n
y
i,

sin
ce
‖
e
i ‖
<
γ

,
w

e
h
av

e
P

r[|〈r,e
i 〉|
>
tγ

]≤
e −

t
2
/
2.

W
e

can
u
se

th
e

sam
e

b
ou

n
d

w
ith

fi ,
a
n
d

take
a

u
n
ion

b
ou

n
d

over
all

i,
to

con
clu

d
e

th
at

P
r[H

]≤
2k·

e −
η
2
/
2
γ
2.

L
et

u
s

ca
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a
ch

oice
of

r
good

if
n
eith

er
of

th
e

even
ts

in
(75)-(76)

ab
ove

o
ccu

r,
an

d
a
d
d
ition

a
lly

H
d
o
es

n
ot

o
ccu

r.
C

learly,
th

e
p
rob

ab
ility

of
an

r
b

ein
g

g
o
o
d

is
at

least
1−

δ,
p
rov

id
ed
τ

a
n
d
η

are
ch

osen
su

ch
th

at
th

e
R

H
S

of
th

e
tail

b
ou

n
d
s

ab
ove

are
all

m
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e≤
δ/4.

B
efo

re
settin

g
th

ese
valu

es,
w

e
n
ote

th
at

for
a

go
o
d

r,

1k

∑

i

1{sign〈r,X
i 〉6=

sign〈r,Y
i 〉}
∈
(
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−

3
η−

τ,
θπ

+
2
η

+
2
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.
(78)

T
h
is

is
b
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u
se

w
h
en

ever
F
i ∧
¬
H

o
ccu

rs,
w

e
h
ave

sign〈r,X
i 〉6=

sign〈r,Y
i 〉,

an
d

th
u
s
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e

L
H

S
a
b

ove
is

a
t

least
θπ
−

3
η
−
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.

A
lso

if
w

e
h
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¬
H

,
th

en
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e
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ly
w
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w

e
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h
ave

sig
n〈r,X

i 〉6=
sign〈r,Y

i 〉
is

if
eith

er
F
i

o
ccu

rs,
or

if
E
i

o
ccu
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(in

th
e

latter
case,

it
is

n
ot

n
ecessa

ry
th

a
t

th
e

sign
s

are
u
n
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u
al).

T
h
u
s

w
e

can
u
p
p

er
b

ou
n
d

th
e

L
H

S
b
y
θπ

+
2
η

+
2
τ
.

L
et

u
s

n
ow

set
th

e
valu

es
of
η

an
d
τ
.

F
rom

th
e

ab
ove,

w
e

n
eed

to
en

su
re:

k
τ
2

4
η

+
τ
≥

log
(4/δ),

k
τ
2

θ
+
τ
≥

log
(8/δ),

an
d

η
2

2
γ
2
≥

log
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/δ).
(79)

T
h
u
s

w
e
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η

=
2γ √

log
(4k
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d

τ
≥

m
ax {

2
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k
, √

2
θ
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k
, √

8
η
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g
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k

}
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√
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b
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p
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b
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b
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p
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p
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p
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B
o

jarsk
i,

T
on

y
J
eb

ara,
S
an

jiv
K

u
-

m
ar,

an
d

Y
an

n
L

eC
u
n
.

B
in

ary
em

b
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.
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ǐŕ

ı
M

at
ou

še
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ce

p
ro

b
lem

s
w

ith
gen

eral
likelih

o
o
d
s.

C
o
n
seq

u
en

tly,
th

is
p
ap

er
aim

s
to

p
rov

id
e

an
ap

p
rox

im
ate

G
au

ssian
p
ro

cess
in

feren
ce

sch
em

e
w

h
ich

is
th

eo
retically

sou
n
d
,

h
as

stron
g

rep
resen

tativ
e

p
ow

er,
is

ex
trem

ely
fast,

an
d
—

m
ost

im
p

orta
n
tly

—
w

ork
s

w
ell

in
p
ractice.

T
h
e

rest
of

th
is

p
ap

er
is

stru
ctu

red
as

follow
s.

S
ection

2
rev

iew
s

th
e

relevan
t

b
ack

grou
n
d

rela
ted

to
G

a
u
ssian

p
ro

cess
in

feren
ce

an
d

p
rev

iou
s

w
ork

in
sp

arse
an

d
sp

ectral
ap

p
rox

im
a-

tio
n
s

to
G

P
m

o
d
els.

In
S
ection

3
th

e
core

m
eth

o
d
ology

for
V

aria
tion

al
F

ou
rier

F
eatu

res
is

p
resen

ted
fo

r
th

e
on

e-d
im

en
sion

al
case.

In
S
ection

4
th

is
is

ex
ten

d
ed

to
m

u
ltid

im
en

sion
al

ca
ses

w
ith

a
d
d
itive

an
d

p
ro

d
u
ct

stru
ctu

res.
Im

p
lem

en
tation

d
etails

an
d

com
p
u
tation

al
co

m
p
lex

ity
o
f

th
e

m
eth

o
d

are
cov

ered
in

S
ection

5.
S
ection

6
is

d
ed

icated
to

a
set

of
il-

lu
stra

tive
toy

ex
am

p
les

an
d

a
n
u
m

b
er

of
em

p
irical

ex
p

erim
en

ts,
w

h
ere

p
ractica

l
asp

ects
o
f

V
a
ria

tion
al

F
ou

rier
F

eatu
re

in
feren

ce
are

d
em

on
strated

.
F

in
a
lly,

w
e

con
clu

d
e

th
e

p
a
p

er
w

ith
a

d
iscu

ssio
n

in
S
ection

7.

2
.

B
a
ck

g
ro

u
n
d

In
th

is
sectio

n
,

w
e

fi
rst

set
u
p

th
e

fam
ily

of
G

au
ssian

p
ro

cess
m

o
d
els

th
at

w
e

w
ill

con
sid

er,
w

h
ich

allow
s

u
s

to
estab

lish
som

e
n
otation

.
N

ex
t,

w
e

rev
iew

som
e

b
asic

resu
lts

regard
in

g
th

e
sp

ectru
m

of
sta

tion
ary

G
au

ssian
p
ro

cesses,
an

d
recall

h
ow

F
ou

rier
featu

res
ap

p
rox

im
ate

th
e

kern
el.

W
e

rela
te

sp
arse

G
au

ssian
p
ro

cess
ap

p
rox

im
ation

s
an

d
F

ou
rier

ap
p
rox

im
ation

s
b
y

ex
p
lica

tin
g

th
em

as
altern

ativ
e

m
o
d
els

(Q
u
iñ

o
n
ero-C

an
d
ela

an
d

R
asm

u
ssen

,
2005).

W
e

th
en

reca
p

th
e

va
ria

tion
al

ap
p
rox

im
ation

to
G

au
ssian

p
ro

cesses,
in

clu
d
in

g
ex

p
ression

s
for

sp
arse

a
p
p
rox

im
a
tio

n
s

an
d

ap
p
rox

im
ation

s
for

n
on

-co
n
ju

gate
likelih

o
o
d
s.

T
h
e

tw
o

fi
n
al

su
b
sectio

n
s

in
th

is
sectio

n
d
iscu

ss
d
ecom

p
osition

of
G

au
ssian

p
ro

cesses:
w

e
fi
rst

lin
k

d
ecom

p
osition

an
d

co
n
d
ition

in
g

an
d

th
en

d
iscu

ss
in

ter-d
om

ain
d
ecom

p
osition

.

2
.1

G
a
u

ssia
n

p
ro

c
e
ss

m
o
d

e
ls

G
a
u
ssia

n
p
ro

cesses
are

d
istrib

u
tion

s
over

fu
n
ction

s,
d
efi

n
ed

b
y

a
m

ean
fu

n
ction

an
d

a
cova

ria
n
ce

fu
n
ction

(see
W

illiam
s

an
d

R
asm

u
ssen

,
2006,

for
an

in
tro

d
u
ction

).
In

th
is

section
w

e
co

n
sid

er
G

P
s

ov
er

th
e

real
lin

e,
x
∈
R

.
M

ak
in

g
th

e
stan

d
ard

assu
m

p
tion

th
at

th
e

m
ean

fu
n
ctio

n
is

zero
,

w
e

w
rite

f
(x

)∼
GP

(0
,
k
(x
,x
′) )

.
(1)

T
h
e

d
a
ta

y
=

[y
n
] Nn

=
1

at
lo

cation
s

X
=

[x
n
] Nn

=
1

are
con

d
ition

ed
on

th
e

fu
n
ction

evalu
ation

s
f

=
[f

(x
n
)] Nn

=
1

th
rou

gh
som

e
factorisin

g
likelih

o
o
d

p
(y
|f

(x
))

=
p
(y
|f)

=
∏

n

p
(y
n |f

(x
n
))
,

(2)

w
h
ich

w
e

d
o

n
o
t

in
gen

eral
assu

m
e

to
b

e
G

au
ssian

.
A

d
efi

n
in

g
p
rop

erty
of

G
au

ssian
p
ro-

cesses
is

th
a
t

a
n
y

fi
n
ite

n
u
m

b
er

of
fu

n
ction

evalu
ation

s
follow

a
m

u
ltivariate

n
orm

al
d
istri-

b
u
tio

n
,

so

p
(f)

=
N

(0
,
K

ff
)
,

(3)
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H
e
n
sm

a
n
,
D
u
r
r
a
n
d
e
,
a
n
d

S
o
l
in

an
d

th
e

p
ro

cess
con

d
ition

ed
on

th
ese

valu
es

is
g
iven

b
y

a
con

d
ition

al
G

au
ssian

p
ro

cess:

f
(x

)|f∼
GP

(
k

f (x
) >

K
−
1

ff
f,
k
(x
,x
′)−

k
f (x

) >
K
−
1

ff
k

f (x
′) )

.
(4)

T
o

com
p
u
te

th
e

p
osterior

ov
er

fu
n
ction

s
g
iven

th
e

d
ata

f
(x

)|y
,
it

is
p

ossib
le

to
com

p
u
te

th
e

p
osterior

on
ly

for
th

e
fi
n
ite

set
p
(f|y

)
u
sin

g
sta

n
d
ard

m
eth

o
d
ologies

like
M

arkov
C

h
ain

M
on

te
C

arlo
(M

C
M

C
)

(e.g.
M

u
rray

et
al.,

2010;
F

ilip
p

on
e

et
al.,

2013)
or

variation
a
l

B
ayes

(e.g.
O

p
p

er
an

d
A

rch
am

b
eau

,
2009;

K
h
an

et
al.,

2012,
2013).

E
valu

atin
g

th
e

fu
n
ctio

n
at

a
test

p
oin

t
m

ean
s

averagin
g

eq
u
ation

(4)
ov

er
th

is
p

osterior
p
(f|y

).

In
ou

r
n
otatio

n
,

th
e

m
atrix

K
ff

is
giv

en
b
y

eva
lu

atin
g

th
e

covarian
ce

fu
n
ctio

n
at

all
p
airs

of
d
ata

p
oin

ts
K

ff
[i,j]

=
k
(x
i ,x

j ).
T

h
e

vector
valu

ed
fu

n
ction

k
f (x

)
is

given
sim

i-
larly,

k
f (x

)
=

[k
(x

1 ,x
),k

(x
2 ,x

),...,k
(x
n
,x

)] >
.

W
e

om
it

d
ep

en
d
en

ce
on

covarian
ce

fu
n
ction

p
aram

eters
for

clarity.

2
.2

S
p

e
c
tra

l
re

p
re

se
n
ta

tio
n

s
o
f

sta
tio

n
a
ry

c
o
v
a
ria

n
c
e
s

S
tation

ary
G

au
ssian

p
ro

cesses
are

th
ose

w
ith

a
covarian

ce
fu

n
ction

th
at

can
b

e
w

ritten
as

a
fu

n
ction

of
th

e
d
istan

ce
b

etw
een

ob
servation

s,
k
(x
,x
′)

=
k
(|x−

x
′|)

=
k
(r).

O
f

p
articu

lar
in

terest
in

th
is

w
ork

w
ill

b
e

th
e

M
atérn

fam
ily

w
ith

h
alf-in

teger
ord

ers,
th

e
fi
rst

th
ree

of
w

h
ich

are
k
12
(r)

=
σ
2

ex
p
(−
r/`)

,

k
32
(r)

=
σ
2(1

+
√

3r/`)
ex

p
(−
√

3
r/`)

,

k
52
(r)

=
σ
2(1

+
√

5r/`
+

53 r
2/`

2)
ex

p
(−
√

5
r/`)

,

(5)

w
h
ere

σ
2

an
d
`

are
varian

ce
an

d
len

gth
scale

p
aram

eters
resp

ectively.

B
o
ch

n
er’s

th
eo

rem
(A

k
h
iezer

an
d

G
lazm

an
,

1993)
tells

u
s

th
at

a
n
y

con
tin

u
ou

s
p

ositiv
e

d
efi

n
ite

fu
n
ction

,
su

ch
as

a
covarian

ce
fu

n
ction

,
can

b
e

rep
resen

ted
as

th
e

F
ou

rier
tra

n
sform

of
a

p
ositive

m
easu

re.
If

th
e

m
easu

re
h
as

a
d
en

sity,
it

is
k
n
ow

n
as

th
e

sp
ectral

d
en

sity
s(ω

)
of

th
e

covarian
ce

fu
n
ction

.
T

h
is

gives
rise

to
th

e
F

ou
rier

d
u
ality

of
sp

ectral
d
en

sities
an

d
covarian

ce
fu

n
ction

s,
k
n
ow

n
as

th
e

W
ien

er-K
h
in

tch
in

th
eorem

.
It

gives
th

e
follow

in
g

relation
s:

s(ω
)

=
F
{
k
(r)}

=

∫
∞−
∞
k
(r)e −

iω
r

d
r
,

(6)

k
(r)

=
F
−
1{
s(ω

)}
=

12
π

∫
∞−
∞
s(ω

)e
iω
r

d
ω
.

(7)

S
in

ce
k
ern

els
are

sy
m

m
etric

real
fu

n
ctio

n
s,

th
e

sp
ectru

m
of

th
e

p
ro

cess
is

also
a

sy
m

m
etric

real
fu

n
ction

.
T

h
e

sp
ectra

corresp
on

d
in

g
to

th
e

M
atérn

covarian
ces

are

s
12
(ω

)
=

2σ
2λ

(λ
2

+
ω
2) −

1,
λ

=
` −

1,
(8)

s
32
(ω

)
=

4σ
2λ

3(λ
2

+
ω
2) −

2,
λ

=
√

3` −
1,

(9)

s
52
(ω

)
=

1
63
σ
2λ

5(λ
2

+
ω
2) −

3,
λ

=
√

5` −
1
.

(10)
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V
a
r
ia
t
io
n
a
l
F
o
u
r
ie
r
F
e
a
t
u
r
e
s

2
.3

M
o
d

e
l

a
p

p
ro

x
im

a
ti

o
n

s

In
or

d
er

to
ov

er
co

m
e

th
e

cu
b
ic

co
m

p
u
ta

ti
on

al
sc

al
in

g
of

G
au

ss
ia

n
p
ro

ce
ss

m
et

h
o
d
s,

m
an

y
ap

p
ro

x
im

at
io

n
s

h
av

e
b

ee
n

p
ro

p
os

ed
.

H
er

e
w

e
b
ri

efl
y

re
v
ie

w
tw

o
ty

p
es

of
ap

p
ro

x
im

a
ti

on
s,

th
os

e
b
as

ed
on

th
e

sp
ec

tr
u
m

of
th

e
p
ro

ce
ss

an
d

ot
h
er

s
re

fe
rr

ed
to

as
‘s

p
ar

se
’

ap
p
ro

x
im

a-
ti

on
s.

2
.3
.1

R
a
n
d
o
m

F
o
u
r
ie
r
f
e
a
t
u
r
e
s

R
an

d
om

F
ou

ri
er

F
ea

tu
re

s
(R

F
F

)
is

a
m

et
h
o
d

fo
r

ap
p
ro

x
im

at
in

g
ke

rn
el

s.
T

h
e

es
se

n
ti

al
el

em
en

t
of

th
e

R
F

F
ap

p
ro

ac
h

(R
ah

im
i

an
d

R
ec

h
t,

20
08

,
20

09
)

is
th

e
re

al
iz

at
io

n
th

at
th

e
W

ie
n
er

-K
h
in

tc
h
in

in
te

gr
al

(7
)

ca
n

b
e

ap
p
ro

x
im

at
ed

b
y

a
M

on
te

C
ar

lo
su

m

k
(r

)
≈
k̃
(r

)
=
σ
2

M

M ∑ m
=
1

co
s(
ω
m
r)
,

(1
1)

w
h
er

e
th

e
fr

eq
u
en

ci
es
ω
m

ar
e

d
ra

w
n

ra
n
d
om

ly
fr

om
th

e
d
is

tr
ib

u
ti

on
p
ro

p
or

ti
on

al
to
s(
ω

).
N

ot
e

th
at

th
e

im
ag

in
ar

y
p
ar

t
is

ze
ro

b
ec

au
se
s(
ω
r)

is
ev

en
a
n
d
i
si

n
(ω
r)

is
o
d
d
.

T
h
is

ap
p
ro

x
im

at
e

ke
rn

el
h
as

a
fi
n
it

e
b
as

is
fu

n
ct

io
n

ex
p
an

si
o
n

as

φ
(x

)
=

[c
os

(ω
1
x

),
co

s(
ω
2
x

),
..
.,

co
s(
ω
M
x

),
si

n
(ω

1
x

),
si

n
(ω

2
x

),
..
.,

si
n
(ω
M
x

)]
>
,

(1
2)

an
d

w
e

ca
n

w
ri

te
th

e
ap

p
ro

x
im

at
e

G
au

ss
ia

n
p
ro

ce
ss

as

f
(x

)
∼
GP

( 0
,
k̃
(x
−
x
′ )
)

or
f

(x
)
∼
GP

( 0
,
σ
2

M
φ

(x
)>
φ

(x
′ )
)

(1
3)

or
eq

u
iv

al
en

tl
y

as
a

p
ar

am
et

ri
c

m
o
d
el

,
in

th
e

fo
rm

f
(x

)
=
φ

(x
)>

w
,

(1
4)

w
∼
N
( 0

,
σ
2

M
I)

.
(1

5)

2
.3
.2

O
p
t
im

iz
e
d

F
o
u
r
ie
r
f
e
a
t
u
r
e
s

In
or

d
er

to
h
av

e
a

re
p
re

se
n
ta

ti
v
e

sa
m

p
le

of
th

e
sp

ec
tr

u
m

,
th

e
R

F
F

m
et

h
o
d
ol

og
y

ty
p
ic

al
ly

re
q
u
ir

es
th

e
n
u
m

b
er

of
sp

ec
tr

al
sa

m
p
le

p
oi

n
ts

to
b

e
la

rg
e.

In
L

áz
ar

o-
G

re
d
il
la

et
al

.
(2

01
0)

,
th

is
w

as
ad

d
re

ss
ed

b
y

th
e

at
tr

ac
ti

ve
ch

oi
ce

of
op

ti
m

iz
in

g
th

e
sp

ec
tr

al
lo

ca
ti

on
s

al
on

g
w

it
h

th
e

h
y
p

er
p
ar

am
et

er
s

(t
h
e

‘S
p
ar

se
S
p

ec
tr

u
m

G
P

’)
.

H
ow

ev
er

,
as

ar
gu

ed
b
y

th
os

e
au

th
or

s,
th

is
op

ti
on

d
o
es

n
ot

co
n
ve

rg
e

to
th

e
fu

ll
G

P
an

d
ca

n
su

ff
er

fr
om

ov
er

fi
tt

in
g

to
th

e
tr

ai
n
in

g
d
at

a.
W

e
co

n
fi
rm

th
is

em
p
ir

ic
al

ly
in

a
si

m
p
le

ex
p

er
im

en
t

in
S
ec

ti
on

6
.

N
ot

in
g

th
at

th
is

m
et

h
o
d

w
as

p
ro

n
e

to
ov

er
fi
tt

in
g
,

G
al

an
d

T
u
rn

er
(2

01
5)

so
u
gh

t
to

im
p
ro

ve
th

e
m

o
d
el

b
y

in
te

gr
at

in
g

ou
t,

ra
th

er
th

an
op

ti
m

iz
in

g
th

e
fr

eq
u
en

ci
es

.
G

al
an

d
T

u
rn

er
d
er

iv
ed

a
va

ri
at

io
n
al

ap
p
ro

x
im

at
io

n
th

at
m

ad
e

u
se

of
a

tr
ac

ta
b
le

in
te

gr
al

ov
er

th
e

fr
eq

u
en

cy
sp

ac
e.

T
h
e

re
su

lt
is

an
al

go
ri

th
m

th
at

su
ff

er
s

le
ss

ov
er

fi
tt

in
g

th
an

th
e

S
p
ar

se
S
p

ec
tr

u
m

G
P

,
y
et

re
m

ai
n
s

fl
ex

ib
le

.
W

e
em

p
h
as

iz
e

th
e

d
iff

er
en

ce
to

th
e

ap
p
ro

ac
h

in
th

is
w

or
k
:

G
al

an
d

T
u
rn

er
p
ro

p
os

ed
va

ri
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R
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p
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b
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at
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b
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p
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b
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e
d
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in

te
re

st
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d
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k
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ä,
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T
h
e

ap
p
ro

x
im

at
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n
to

th
e
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in
al
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va

ri
an

ce
fu

n
ct
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n
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ke

s
th

e
fo

rm
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a
fi
n
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e
su

m

k
(r

)
≈
k̃
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∑ m

s(
ω
m

)
co

s(
ω
m
r)

ω
m
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m

∆
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w
h
er

e
∆
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a

sm
al

l
n
u
m

b
er

w
h
ic

h
d
efi

n
es

th
e
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sp
a
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n
g.

S
im

il
ar
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to

R
a
n
d
o
m

F
o
u
ri

er
fe

at
u
re

s,
th

e
re

su
lt

in
g

ap
p
ro

x
im

at
e

G
au

ss
ia

n
p
ro

ce
ss

ca
n

b
e

w
ri

tt
en

as
a

p
ar

a
m

et
ri

c
m

o
d
el

:
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(x

)
=
φ

(x
)>
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)
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∼
N
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,
S

)
S

=
d
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s(
ω
1
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ω
M
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s(
ω
1
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.,
s(
ω
M
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.
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p
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at
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en
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t
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h
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m
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S
is

d
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go
n
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th
e
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p
u
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ed
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a
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g
u
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r
g
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d
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F
ou

ri
er

tr
an

sf
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m
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F
T

)
m

et
h
o
d
s
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n

sp
ee

d
u
p

th
e
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m

p
u
ta
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s
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g
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p
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e
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e
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at
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p
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d
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p
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u
iñ
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d
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a
an
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p
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se
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a
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o
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G
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n

p
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w
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er
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p
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im

at
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p
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c
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o
d
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te
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og
y
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p
ar

se
’
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al
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re

fe
rr

ed
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m
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o
d
s

w
h
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h
re
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m

p
u
ta
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o
n
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a
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b
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t
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th
e

d
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a
p

oi
n
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.g

.
C

sa
tó

an
d

O
p
p

er
,
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;
W

il
li
a
m

s
an

d
S
ee

g
er

,
2
0
0
1
),

u
n
ti

l
S
n
el

so
n

an
d

G
h
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ra
m

an
i
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)

re
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x
ed

th
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m
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w
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h
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e
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o
f

p
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d
o
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p
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h
e

p
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d
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p
u
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r

‘i
n
d
u
ci

n
g

p
oi

n
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=
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m
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=
1

li
e

in
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e
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m
e

d
o
m

a
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s

X
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b
u
t

w
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h
M
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T

h
e

va
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e

p
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ce
ss
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ed
w

it
h
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e
p
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n
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a
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d
en

o
te

d
u
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m

)]
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=
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p
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p
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d
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b
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c
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g
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n
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T

C
)

m
o
d
el

,
w

ri
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en
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=

k
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(x

)>
K
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u
u
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)
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N
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.
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h
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b
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h
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p
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d
el

s
th

at
ap

p
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p
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u
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p
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at
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r
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r
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G
a
u

ssia
n

p
ro

c
e
ss
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p

p
ro

x
im

a
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n
s
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e

h
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seen
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ow

F
ou
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ap

p
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im
ation
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d
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au
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p
ro

cesses
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b
e
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p
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o
d
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T
h
e
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G
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p
ro
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p
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a
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o
re

elegan
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fl
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an
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ex
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le
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tion
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at
th

e
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r
d
istribu
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o
f
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a
l
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o
d
el
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ap

p
rox

im
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er
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an
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e
m

o
d
el
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ex
istin

g
w

ork
,

th
e

varia
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n
a
l

a
p
p
roach

h
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b
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u
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e
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th
e
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arse

G
P
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e
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it
o
f
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w
o
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b
in

e
th

e
variation

al
m

eth
o
d
ology

w
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F
ou

rier
b
ased

ap
p
rox

im
ation
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W

e
p
rov

id
e

a
sh

ort
rev

iew
of

th
e

variation
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m
eth

o
d
olog

y
h
ere,

for
a

m
ore

d
etailed

d
iscu

ssion
see

M
a
tth

ew
s

(2016).
In

va
ria

tio
n
al

B
ay

es
(see

e.g.
B

lei
et

al.,
201

6,
for

a
con

tem
p

orary
rev

iew
)

th
e

id
ea

is
to

a
p
p
rox

im
a
te

th
e

p
osterior

of
a

m
o
d
el

b
y

selectin
g

th
e

op
tim

al
d
istrib

u
tion

fro
m

a
fi
x
ed

fa
m
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O

p
tim

a
lity

is
u
su

ally
d
efi

n
ed

th
rou

gh
th

e
K

u
llb

ack
-L

eib
ler

d
iverg

en
ce

K
L

[q(f
(x

))‖
p
(f

(x
)|y

)]
=

E
q
(f

(x
))

[log
q(f

(x
))−

log
p
(f

(x
)|y

)]
.

(21)

T
h
is

eq
u
a
tio

n
is

a
sligh

t
ab

u
se

of
n
otation

,
sin

ce
it

is
n
ot

legitim
ate

to
w

rite
p
(f

(x
)).

N
o
n
eth

eless,
th

e
in

tu
ition

is
go

o
d
,

an
d

ou
r

overv
iew

h
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th
e

sam
e
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lt

as
given

b
y

a
m

ore
tech

n
ica

l
d
eriva

tion
(M

atth
ew

s
et

a
l.,

2016).

2
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T
h
e
a
p
p
r
o
x
im

a
t
in
g

st
o
c
h
a
st

ic
p
r
o
c
e
ss

W
e

a
re

ta
sk

ed
w

ith
d
efi

n
in

g
a

fam
ily

of
variation

al
d
istrib

u
tion

s
q.

S
im

ilarly
to

th
e

sp
arse

G
P

m
o
d
els,

w
e

in
tro

d
u
ce

a
set

of
p
seu

d
o

in
p
u
ts

(or
‘in

d
u
cin

g
p

oin
ts’)

Z
=

[z
m

] Mm
=
1 ,

w
h
ich

lie
in

th
e

sa
m

e
d
om

ain
as

X
,

b
u
t

w
ith

M
<
N

.
N

ote
th

at
Z

d
o

n
ot

fo
rm

p
art

of
th

e
m

o
d
el,

b
u
t

o
n
ly

th
e

va
riation

al
ap

p
rox

im
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g
d
istrib

u
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q(f
(x
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w

e
m

ay
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o
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freely,
a
n
d

w
e

a
ssu

m
e

h
ere

th
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X
an

d
Z

d
o

n
ot

in
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W
e

collect
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e
valu

es
of

th
e

fu
n
ction

a
t

Z
in

to
a

vector
u

=
[f

(z
m

)] Mm
=
1 ,

an
d

w
rite

th
e

p
ro

cess
con

d
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ed
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valu
es

as

f
(x

)|u
∼
GP

(
k

u
(x

) >
K
−
1

u
u
u
,
k
(x
,x
′)−

k
u
(x

) >
K
−
1

u
u
k

u
(x
′) )

,
(22)

ech
o
in

g
th

e
tru

e
p

osterior
of

th
e

p
ro

cess,
eq

u
ation

(4).
W

e
em

p
h
asize

th
at

w
e

h
ave

selected
th

is
p
a
rticu

la
r

form
of

d
istrib

u
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for
q(f

(x
)|u
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a
n
d

th
e

join
t

ap
p
rox

im
ation

for
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e
p

o
sterio

r
is
q(u

)q(f
(x

)|u
).

W
h
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m
ost

of
th

e
fl
ex

ib
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of
th

e
ap

p
rox

im
ation
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es

from
q(u
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u
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g
th

is
form

of
con

d
ition

al
G

P
for

q(f
(x

)|u
)

m
ean

s
th
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e
ap
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rox

im
ation
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n
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b
e
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p
aram
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m

o
d
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a
n
d

d
o
es

n
ot

su
ff

er
th

e
d
egen

erate
b

eh
av

iou
r
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w
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th
e

D
T

C
ap

p
rox

im
ation

(20).
W

e
m

u
st

also
ch

o
ose

som
e

ap
p
rox

im
ate

p
osterior

d
istrib

u
tion

q(u
),

w
h
ose

ex
act

form
w
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d
ep

en
d

on
th

e
likelih

o
o
d
p
(y
|f

(x
))
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w

e
sh

all
d
iscu

ss
m

om
en

tarily.

2
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T
h
e
E
L
B
O

V
a
ria

tio
n
a
l

B
ayes

p
ro

ceed
s

b
y

m
ax

im
izin

g
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e
E

v
id

en
ce

L
ow

er
B

ou
n
d
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L

B
O

),
w

h
ich

in
-

d
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m
in
im

izes
th

e
K

u
llb

ack
-L

eib
ler

ob
jective.

B
y

ex
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an

d
in

g
th

e
tru

e
p

osterior
u
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g
B

ayes’
ru

le,
a
n
d
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b
stitu
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g

th
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in
to

eq
u
ation

(21),
w

e
h
ave

K
L

[q(f
(x

))‖
p
(f

(x
)|y

)]
=
−
E
q
(f

(x
)) [

log
p
(y
|f

(x
))
p
(f

(x
))

q(f
(x

))

]
+

log
p
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)

,
−
E
L
B
O

+
log

p
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)
.

(23)
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,
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u
r
r
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n
d
e
,
a
n
d
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o
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ob
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E
L
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O

for
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a
u
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p
ro
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w

e
factor

b
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p
rior
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ap
p
rox
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p
osterior

p
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d
ition
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G

P
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con
d
ition
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g
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:

th
e
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d
u
cin

g
in

p
u
t

p
oin

ts
an

d
valu

es
(Z
,u

);
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e
d
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p
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(X
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th
e

rem
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d
er

of
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e
p
ro

cess
f

(x
).

T
h
e

p
rior

d
istrib

u
tion

on
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e
p
ro

cess
p
(f

(x
))

can
b

e
w

ritten
p
(u

)p
(f|u

)p
(f|f,u

),
w

ith

p
(u

)
=
N

(0
,
K

u
u
)

p
(f|u

)
=
N
(
K

fu
K
−
1

u
u
u
,
K

ff
−

K
fu

K
−
1

u
u
K
>fu )

p
(f

(x
)|f,u

)
=
GP

(m
?(x

),
k
?(x

,x
′) )

.

(24)

w
h
ere

m
?(x

)
an

d
k
?(x

,x
′)

are
th

e
u
su

al
G

au
ssian

p
ro

cess
con

d
ition

al
m

ean
an

d
varian

ce,
con

d
ition

ed
on

b
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f
an

d
u

.
T

h
e

ap
p
rox

im
ate

p
osterior

p
ro

cess
can

b
e

factored
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:
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)

=
N
(
K

fu
K
−
1

u
u
u
,
K

ff
−

K
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K
−
1

u
u
K
>fu )

,

q(f
(x

)|f,u
)

=
GP

(m
?(x
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k
?(x
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.
(25)
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e
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o
p
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e
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d
iff

eren
t

d
ecom

p
osition

of
th

e
p
ro

cess
b
y

co
n
stru

ctin
g

lin
ear

co
m

b
in

a
tio

n
s

o
f

th
e

p
ro

cess
valu

es
as

p
ro

jection
s,

in
stead

of
sim

p
le

evalu
atio

n
s.

P
rev

io
u
s

w
o
rk

th
at

h
as

con
sid

ered
in

ter-d
om

ain
ap

p
roach

es
h
as

su
ggested

th
at

th
e

cor-
resp

o
n
d
in

g
fea

tu
res

h
ave

b
etter

ab
ility

to
rep

resen
t

com
p
licated

fu
n
ction

s
(F

igu
eiras-V

id
al

a
n
d

L
á
za

ro
-G

red
illa,

2009)
th

an
th

e
in

d
u
cin

g
p

oin
ts

ap
p
roach

,
an

d
h
ave

p
rom

ise
for

a
p
p
li-

ca
tio

n
s

in
m

u
ltip

le-ou
tp

u
t

settin
gs

(A
lvarez

an
d

L
aw

ren
ce,

2009).

In
in

ter-d
o
m

ain
G

au
ssian

p
ro

cess
ap

p
rox

im
ation

s,
th

e
id

ea
is

to
ch

an
ge

u
m

=
f

(z
m

)
(36)

to
a

p
ro

jectio
n

u
m

=

∫
f

(x
)

d
µ
m

(x
)
,

(37)

so
th

at
th

e
va

riab
le
u
m

is
m

ore
in

form
ative

ab
ou

t
th

e
p
ro

cess,
an

d
in

tu
rn

th
e

p
ro

jectio
n

on
to

u
is

ab
le

to
cap

tu
re

m
ore

in
form

ation
ab

ou
t

th
e

p
osterior.

T
h
e

u
tility

of
th

e
variab

le
u
m

d
ep

en
d
s

m
ostly

on
its

covarian
ce

w
ith

th
e

rem
a
in

d
er

of
th

e
p
ro

cess,
w

h
ich

is
en

cap
su

lated
in

th
e

vector-valu
ed

fu
n
ction

k
u
(x

).
T

h
is

vector
p
lay

s
a

sim
ilar

ro
le

in
th

e
variation

al
m

eth
o
d

to
th

e
featu

re
vector

φ
(x

)
in

th
e

F
ou

rier-b
a
sed

a
p
p
rox

im
ate

m
o
d
els

of
S
ection

s
2.3.1

an
d

2.3.2.
T

h
e

rem
it

of
th

is
w

ork
is

to
con

stru
ct

in
d
u
cin

g
va

ria
b
les

u
su

ch
th

at
k

u
(x

)
con

tain
s

sin
u
soid

al
fu

n
ction

s
as

is
φ

(x
),

w
h
ich

w
e

w
ill

d
o

b
y

u
sin

g
F

o
u
rier

p
ro

jection
s

of
th

e
p
ro

cess.

T
h
e

cen
tra

l
ch

allen
ge

is
th

at
th

e
F

ou
rier

tran
sform

of
th

e
p
ro

cess
d
o
es

n
ot

m
ak

e
a

va
lid

in
d
u
cin

g
variab

le
b

ecau
se

its
varia

n
ce

w
ou

ld
b

e
in

fi
n
ite.

T
o

m
ake

valid
an

d
u
sefu

l
in

d
u
cin

g
va

ria
b
les,

M
atth

ew
s

et
al.

(2016)
h
ave

sh
ow

n
th

at
th

e
in

d
u
cin

g
variab

les
u
m

m
u
st

b
e

“d
eterm

in
istic,

con
d
ition

ed
on

th
e

w
h
o
le

laten
t

fu
n
ction

”.
In

th
e

follow
in

g
section

,
w

e
co

n
stru

ct
va

lid
in

d
u
cin

g
variab

les
an

d
ex

am
in

e
th

eir
p
rop

erties.
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H
e
n
sm

a
n
,
D
u
r
r
a
n
d
e
,
a
n
d

S
o
l
in

3
.

V
a
ria

tio
n
a
l

F
o
u
rie

r
F
e
a
tu

re
s

O
u
r

goal
is

to
com

b
in

e
th

e
variation

al
sp

arse
G

P
id

ea
w

ith
F

ou
rier

featu
res,

so
th

at
th

e
ap

p
rox

im
atin

g
p
ro

cess
in

(22)
con

tain
s

a
m

ean
fu

n
ction

w
h
ich

is
b
u
ilt

from
sin

u
soid

s,
like

th
e
φ

(x
)

featu
res

in
th

e
F

ou
rier-featu

res
ap

p
rox

im
ate

m
o
d
el

(15).
T

h
is

is
m

ore
trick

y
th

an
it

fi
rst

ap
p

ears.
A

n
in

itial
id

ea
w

ou
ld

b
e

to
d
efi

n
e
u
m

as
th

e
F

ou
rier

tran
sform

of
th

e
p
ro

cess,
so

th
at

k
u
(x

)
=

cov
(u
,x

)∝
φ

(x
).

T
h
e

q
u
estion

is,
w

h
at

w
ou

ld
th

e
K

u
u

m
atrix

b
e?

O
n
e

m
igh

t
h
o
p

e
for

a
d
iagon

al
m

atrix
related

to
th

e
sp

ectral
con

ten
t

of
th

e
kern

el
s(ω

),
b
u
t

as
w

e
d
iscu

ss
in

S
ection

3
.1,

th
e

F
ou

rier
tran

sform
of

a
station

ary
G

P
h
as

d
ivergin

g
varian

ce,
i.e.

th
is

m
atrix

is
n
ot

d
efi

n
ed

.
T

o
p
ro

ceed
,

w
e

n
eed

to
m

ake
tw

o
alteratio

n
s

to
th

e
in

itial
id

ea,
w

h
ich

w
e

o
u
tlin

e
in

S
ection

s
3.2

an
d

3.3.
F

irst
w

e
m

u
st

w
in

d
ow

th
e

d
om

ain
,

in
o
rd

er
to

ob
tain

variab
les

w
ith

fi
n
ite

varian
ce

(S
ection

3.2).
S
econ

d
,

sin
ce

th
ese

varia
b
les

d
o

n
ot

h
ave

an
elegan

t
form

,
w

e
sw

itch
from

an
L
2

in
tegral

to
on

e
u
n
d
er

th
e

R
K

H
S

n
orm

(S
ection

3
.3).

S
u
b
seq

u
en

tly,
w

e
sh

ow
th

at
ou

r
ap

p
roach

h
as

covarian
ce

stru
ctu

res
th

at
m

a
ke

for
effi

cien
t

com
p
u
tation

s
(S

ection
3.4),

an
d

con
clu

d
e

th
is

section
b
y

ex
p
lain

in
g

th
e

b
eh

av
iou

r
of

ou
r

ap
p
rox

im
ation

ou
tsid

e
th

e
w

in
d
ow

in
g

b
ox

(S
ection

3.5).

3
.1

T
h

e
tro

u
b

le
w

ith
F
o
u

rie
r

fe
a
tu

re
s

In
th

e
variation

al
sp

arse
G

P
(S

ection
2.4)

w
e

m
ad

e
u
se

of
th

e
ran

d
om

variab
les

u
m

=
f

(z
m

).
T

o
ob

tain
a

F
ou

rier-b
ased

ap
p
rox

im
ation

,
w

e
m

igh
t

con
sid

er
th

e
in

ter-d
om

ain
va

riab
les

u
m

=
∫
∞−∞

f
(t)e −

iω
m
td
t.

It
is

straigh
tforw

ard
to

sh
ow

th
at

su
ch

variab
les

h
ave

zero
m

ean
an

d
in

fi
n
ite

varian
ce,

an
d

so
w

ill
n
ot

b
e

u
sefu

l
in

th
e

variation
al

fram
ew

ork
;

n
on

eth
eless

th
e

p
rop

erties
of

th
e

variab
les

are
in

terestin
g

as
w

e
n
ow

d
em

on
strate.

In
ord

er
to

u
se
u
m

as
an

in
d
u
cin

g
variab

le,
w

e
w

ou
ld

req
u
ire

b
oth

cov
(u
m
,f

(x
))

an
d

cov
(u
m
,u

m
′)

w
h
ich

m
ake

u
p

th
e

en
tries

in
k

u
(x

)
an

d
K

u
u

resp
ectively.

If
f

is
d
raw

n
from

a
G

P
w

ith
zero

m
ean

an
d

covarian
ce
k
(x
,x
′),

th
en

form
ally

w
e

m
ay

w
rite

cov
(u
m
,f

(x
))

=
E

[u
m
f

(x
)]

=

∫
∞−
∞
E

[f
(t)f

(x
)]e −

iω
m
td
t

=

∫
∞−
∞
k
(t,x

)e −
iω
m
td
t
.

(38)

T
o

solve
th

is
in

tegral,
w

e
can

fi
rst

p
lu

g
in

th
e

d
efi

n
ition

of
th

e
kern

el
fu

n
ction

in
term

s
of

th
e

sp
ectru

m
(7),

an
d

th
en

ch
an

ge
th

e
ord

er
of

in
tegration

,
giv

in
g

cov
(u
m
,f

(x
))

=

∫
∞−
∞

∫
∞−
∞
s(ω

)e
iω

(t−
x
)
d
ω
e −

iω
m
td
t

=
s(ω

m
)e −

iω
m
x
.

(39)

T
h
is

in
itially

ap
p

ears
p
rom

isin
g:

th
e

covarian
ce

fu
n
ctio

n
is

a
sin

u
soid

rescaled
b
y

th
e

rele-
van

t
sp

ectru
m

an
d

th
e

elem
en

ts
of

k
u
(x

)
h
av

e
th

e
d
esired

form
.

T
h
e

corresp
on

d
in

g
elem

en
ts

of
K

u
u

are
given

b
y

th
e

(co)varian
ce

of
u
m

.
It

is
h
ere

th
at

p
rob

lem
s

a
rise.

D
en

otin
g

th
e

com
p
lex

con
ju

gate
of
u
m

as
ū
m

,

cov
(u
m
,u

m
′)

=
E

[u
m
ū
m
′]

=

∫
∞−
∞

∫
∞−
∞
k
(t,t ′)e −

iω
m
td
t
e
iω
m
′ t ′d

t ′
=
s(ω

m
)δ(ω

m
−
ω
m
′)
,(40)

w
h
ere

δ(·)
is

D
irac’s

d
elta.

T
h
is

im
p
lies

th
at

th
e

m
atrix

K
u

u
is

d
iagon

al,
b
u
t

w
ith

u
n
d
efi

n
ed

en
tries

on
th

e
d
iagon

al.
T

h
is

resu
lt

sh
ow

s
th

at
it

is
sim

p
ly

n
ot

p
o
ssib

le
to

u
se

th
e

F
ou

rier
tran

sform
of

th
e

w
h
ole

G
P

as
a

valid
in

d
u
cin

g
variab

le.
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V
a
r
ia
t
io
n
a
l
F
o
u
r
ie
r
F
e
a
t
u
r
e
s

O
n
e

ap
p
ro

ac
h

to
ad

d
re

ss
th

is
is

su
e

m
ig

h
t

b
e

to
ta

ke
a

p
ow

er
-a

ve
ra

ge
d

F
ou

ri
er

tr
an

sf
or

m
of

th
e

fo
rm

u
m

=
li
m

a
→
∞

1 a

∫
a
/
2

−
a
/
2
f

(t
)e
−
iω
m
t
d
t
.

(4
1)

U
n
fo

rt
u
n
at

el
y,

th
is

st
il
l

d
o
es

n
ot

y
ie

ld
u
se

fu
l

fe
at

u
re

s,
b

ec
au

se
th

e
va

ri
ab

le
s

u
m

ar
e

n
ow

in
d
ep

en
d
en

t
of

th
e

fu
n
ct

io
n

at
an

y
p
ar

ti
cu

la
r

va
lu

e.
W

ri
ti

n
g

fo
rm

al
ly

:

co
v
(u
m
,f

(x
))

=
E[
u
m
f

(x
)]

=
li
m

a
→
∞

1 a

∫
a
/
2

−
a
/
2
k
(x
,t

)e
−
iω
m
r

d
t

=
0
.

(4
2)

A
s

re
co

gn
is

ed
b
y

F
ig

u
ei

ra
s-

V
id

al
an

d
L

áz
ar

o-
G

re
d
il
la

(2
00

9)
,

th
e

on
ly

w
ay

to
ob

ta
in

va
li
d

fe
at

u
re

s
is

to
sp

ec
if

y
an

in
p
u
t

d
en

si
ty

(c
f.

W
il
li
am

s
an

d
S
ee

ge
r,

20
00

).
W

e
p
ro

ce
ed

b
y

co
n
si

d
er

in
g

a
u
n
if

or
m

in
p
u
t

d
en

si
ty

on
th

e
in

te
rv

al
[a
,b

].

3
.2

L
2

F
o
u

ri
e
r

fe
a
tu

re
s

o
n

[a
,b

]

T
h
e

re
as

on
th

at
th

e
F

ou
ri

er
tr

an
sf

or
m

of
a

G
P

b
eh

av
es

so
st

ra
n
ge

ly
is

th
a
t

it
m

u
st

ex
p
la

in
th

e
b

eh
av

io
u
r

ov
er

th
e

w
h
ol

e
re

al
li
n
e.

O
n
e

m
ig

h
t

in
te

rp
re

t
th

e
F

ou
ri

er
tr

an
sf

or
m

at
a

p
ar

ti
cu

la
r

fr
eq

u
en

cy
as

a
su

m
of

al
l

th
e

ra
n
d
om

va
ri

ab
le

s
in

th
e

G
P

(i
.e

.
in

te
gr

at
in

g
ov

er
th

e
re

al
li
n
e)

m
u
lt

ip
li
ed

b
y

a
si

n
u
so

id
al

w
ei

gh
t.

T
h
e

re
su

lt
is

a
G

au
ss

ia
n

ra
n
d
om

va
ri

ab
le

,
b
u
t

u
n
le

ss
th

e
w

ei
gh

t
d
ec

ay
s

to
ze

ro
at

in
fi
n
it

y,
th

e
re

su
lt

h
as

in
fi
n
it

e
va

ri
an

ce
.

O
u
r

so
lu

ti
on

to
th

is
d
iv

er
gi

n
g

in
te

gr
al

is
to

w
in

d
ow

th
e

in
te

gr
al

.
F

ig
u
ei

ra
s-

V
id

al
an

d
L

áz
ar

o-
G

re
d
il
la

(2
00

9)
al

so
u
se

a
w

in
d
ow

to
en

su
re

co
n
ve

rg
en

ce
of

th
e

in
te

gr
al

,
b
u
t

th
ei

r
ch

oi
ce

of
a

G
au

ss
ia

n
w

in
d
ow

in
g

fu
n
ct

io
n

m
ea

n
s

th
at

th
e

re
su

lt
is

tr
a
ct

ab
le

on
ly

fo
r

G
au

ss
ia

n
(s

q
u
ar

ed
ex

p
on

en
ti

al
)

co
va

ri
an

ce
fu

n
ct

io
n
s,

an
d

d
o
es

n
ot

ad
m

it
a

d
ia

go
n
al

fo
rm

fo
r

K
u

u
.

W
e

w
il
l

ap
p
ly

a
sq

u
ar

e
w

in
d
ow

,
eff

ec
ti

ve
ly

ch
an

gi
n
g

th
e

in
te

gr
at

io
n

li
m

it
s

to
a

an
d
b:

u
m

=

∫
b

a
f

(t
)e
−
iω
m
(t
−
a
)
d
t
.

(4
3)

In
ad

d
it

io
n
,

w
e

w
il
l

as
su

m
e

th
at

th
e

fr
eq

u
en

cy
ω
m

is
h
ar

m
on

ic
on

th
e

in
te

rv
al

[a
,b

];
th

at
is

ω
m

=
2π
m

b
−
a
.

(4
4)

F
or
x
∈

[a
,b

],
th

e
co

va
ri

an
ce

b
et

w
ee

n
su

ch
in

d
u
ci

n
g

va
ri

ab
le

s
an

d
th

e
G

P
a
t
x

is

co
v
(u
m
,f

(x
))

=
E

[u
m
f

(x
)]

=

∫
b

a
E[
f

(t
)f

(x
)]
e−

iω
m
(t
−
a
)
d
t

=

∫
b

a
k
(t
,x

)e
−
iω
m
(t
−
a
)
d
t
.

(4
5)

T
h
es

e
in

te
gr

al
s

ar
e

tr
ac

ta
b
le

fo
r

M
at

ér
n

ke
rn

el
s.

A
s

d
et

ai
le

d
in

A
p
p

en
d
ix

A
,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

re
su

lt
s

fo
r

M
at

ér
n
-1 2

ke
rn

el
s:

co
v
(u
m
,f

(x
))

=
s 1
/
2
(ω
m

)e
iω
m
(x
−
a
)

+
s 1
/
2
(ω
m

)
1 2λ

( λ
[−
ea
−
x
−
ex
−
b
]+

iω
m

[e
a
−
x
−
ex
−
b
])
.

(4
6)

1
3
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1)
:1

-5
2,

 2
01

8

H
e
n
sm

a
n
,
D
u
r
r
a
n
d
e
,
a
n
d

S
o
l
in

S
im

il
ar

ly
,

th
e

co
va

ri
an

ce
b

et
w

ee
n

tw
o

in
d
u
ci

n
g

va
ri

ab
le

s
al

so
h
as

a
cl

os
ed

fo
rm

ex
p
re

ss
io

n
.

A
co

m
p
le

te
d
er

iv
at

io
n

is
gi

ve
n

in
A

p
p

en
d
ix

A
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p
re

ss
io

n
s

fo
r

co
v
(u
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p
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p
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p
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d
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u
i

=
〈f
,s

in
(ω

(x
a
)〉 L

2
re

su
lt

ed
in

fe
at

u
re

s
th

at
ar

e
ve

ry
d
is

ti
n
ct

fr
o
m

co
si

n
e

an
d

si
n
e

fu
n
ct

io
n
s.

In
th

is
se

ct
io

n
,

w
e

re
p
la

ce
th

e
L
2

in
n
er

p
ro

d
u
ct

b
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−
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in
(ω
M

(x
−
a
))

]>
,

(4
7
)

w
h
er

e
w

e
in

cl
u
d
e

th
e

co
n
st

an
t

b
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=
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d
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p
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th

a
t

if
F

=
sp

an
(φ

)
is

a
su

b
sp

ac
e

of
a

R
K

H
S
H

,
th

en
F

h
as

th
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ra
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φ
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=
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h

(x
)
.
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d
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b
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b
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b
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con
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p
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e

ex
p
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d
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at
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d
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∫
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=

∫
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∫
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x
)

(55)

=
g
(x

)−
g
(a

)e
λ
(a−
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.

(57)

A
n
oth

er
p
rop

erty
of

th
is

in
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p
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b
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d
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p
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d
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b
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is

a
p
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p
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p
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d
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.
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of

th
e

in
d
u
ci

n
g

va
ri

ab
le

s
w

it
h

th
e

fu
n
ct

io
n

va
lu

es
is

gi
ve

n
b
y

co
v
(u
m
,f

(x
))

=
E[
u
m
f

(x
)]

=
E[
P φ

m
(f

)f
(x

)]
=
P φ

m
(k

(x
,·)

)
=
φ
m

(x
)

(6
0)

w
h
ic

h
is

va
li
d

fo
r
a
≤
x
≤
b.

T
h
is

m
ea

n
s

th
at

k
u
(x

)
=
φ

(x
)

w
h
en

x
∈

[a
,b

].
S
im

il
ar

ly
th

e
co

va
ri

an
ce

of
th

e
fe

at
u
re

s
is

gi
v
en

b
y

co
v
(u
m
,u

m
′ )

=
E[
u
m
u
m
′ ]

=
E[
P φ

m
(f

)P
φ
m
′(
f

)]
=
P φ

m
(φ
m
′ )

=
〈φ
m
,φ

m
′ 〉 H

,
(6

1)

an
d

so
w

e
h
av

e
K

u
u

=
K
φ
φ
.

3
.4

C
o
v
a
ri

a
n

c
e

st
ru

c
tu

re
s

fo
r

R
K

H
S

F
o
u

ri
e
r

fe
a
tu

re
s

T
o

co
m

p
u
te

th
e

co
va

ri
an

ce
m

at
ri

x
K

u
u
,

w
e

re
tu

rn
ag

ai
n

to
th

e
cl

os
ed

-f
or

m
ex

p
re

ss
io

n
s

fo
r

th
e

in
n
er

p
ro

d
u
ct

p
ro

v
id

ed
b
y

D
u
rr

an
d
e

et
al

.
(2

01
6)

,
su

b
st

it
u
ti

n
g

th
e

b
as

is
fu

n
ct

io
n
s

φ
m

an
d
φ
m
′

ap
p
ro

p
ri

at
el

y.
T

h
e

so
lu

ti
on

s
ar

e
tr

ac
ta

b
le

,
an

d
w

e
d
et

ai
l

in
th

e
ap

p
en

d
ix

th
e

ex
p
re

ss
io

n
s

of
K

u
u

fo
r

th
e

fi
rs

t
th

re
e

h
al

f-
in

te
ge

r
M

at
ér

n
k
er

n
el

s.
O

n
e

st
ri

k
in

g
p
ro

p
er

ty
of

th
e

re
su

lt
in

g
K

u
u

is
th

at
th

ey
ca

n
b

e
w

ri
tt

en
as

a
d
ia

go
n
al

m
at

ri
x

p
lu

s
a

fe
w

ra
n
k

o
n
e

m
at

ri
ce

s.
F

or
ex

am
p
le

in
th

e
M

at
ér

n
-1 2

ca
se

w
e

fi
n
d

th
at

K
u

u
is

eq
u
al

to
a

d
ia

go
n
al

m
at

ri
x

p
lu

s
a

ra
n
k

on
e

m
at

ri
x
,

K
u

u
=

d
ia

g(
α

)
+
β
β
>
,

(6
2)

w
it

h

α
=
b
−
a

2

[ 2s
(0

)−
1
,s

(ω
1
)−

1
,
..
.,
s(
ω
M

)−
1
,s

(ω
1
)−

1
,
..
.,
s(
ω
M

)−
1
] >
,

(6
3)

β
=

[ σ
−
1

,
σ
−
1

,
..
.,
σ
−
1

,
0

,
..
.,

0
] >
.

(6
4)

A
s

sh
ow

n
in

th
e

ap
p

en
d
ix

,
K

u
u

st
il
l
h
as

a
si

m
il
ar

st
ru

ct
u
re

fo
r

h
ig

h
er

o
rd

er
M

at
ér

n
ke

rn
el

s:
in

th
e

M
at

ér
n
-3 2

ca
se

,
it

is
th

e
su

m
of

a
d
ia

go
n
al

m
at

ri
x

an
d

tw
o

ra
n
k

on
e

m
a
tr

ic
es

a
n
d

in
th

e
M

at
ér

n
-5 2

ca
se

,
it

is
th

e
su

m
of

a
d
ia

go
n
al

m
at

ri
x

an
d

th
re

e
ra

n
k

on
e

m
at

ri
ce

s.

S
in

ce
K

u
u

h
as

a
lo

w
-r

an
k

p
lu

s
d
ia

go
n
al

fo
rm

,
on

e
of

th
e

u
su

al
co

m
p
u
ta

ti
on

al
b

ot
tl

en
ec

k
s

in
th

e
va

ri
at

io
n
al

fr
am

ew
or

k
,

so
lv

in
g

K
−
1

u
u
K

u
f
,

ca
n

b
e

d
on

e
in
O

(N
M

)
op

er
at

io
n
s,

ra
th

er
th

an
th

e
st

an
d
ar

d
O

(N
M

2
),

b
y

a
st

ra
ig

h
tf

or
w

ar
d

ap
p
li
ca

ti
on

of
th

e
W

o
o
d
b
u
ry

m
at

ri
x

id
en

ti
ty

.

T
h
is

lo
w

-r
an

k
p
lu

s
d
ia

go
n
al

st
ru

ct
u
re

w
as

n
ot

p
u
b
li
sh

ed
p
re

v
io

u
sl

y
in

D
u
rr

an
d
e

et
al

.
(2

01
6)

;
w

e
b

el
ie

ve
th

at
w

e
ar

e
th

e
fi
rs

t
to

m
ak

e
u
se

of
th

is
re

su
lt

fo
r

co
m

p
u
ta

ti
o
n
al

effi
ci

en
cy

an
d

w
e

ex
p

ec
t

it
to

p
ro

v
id

e
si

m
il
ar

su
p

er
io

r
co

m
p
u
ta

ti
on

al
b

en
efi

ts
as

th
e

p
u
re

d
ia

go
n
al

st
ru

ct
u
re

in
S
ol

in
an

d
S
är

k
k
ä

(2
01

4)
.
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H
e
n
sm

a
n
,
D
u
r
r
a
n
d
e
,
a
n
d

S
o
l
in

φ
m

(x
),
x
∈

[a
,b

]
M

at
ér

n
-1 2

M
at

ér
n
-3 2

M
at

ér
n
-5 2

co
s(
ω
m

(x
−
a
))

e−
λ
r

(1
+
λ
r)
e−

λ
r

(1
+
λ
r

+
1 2
(λ

2
−
ω
2 m

)r
2
)e
−
λ
r

si
n
(ω
m

(x
−
a
))

0
sr
ω
m
e−

λ
r

sr
ω
m

(1
+
λ
r)
e−

λ
r

T
ab

le
1:

T
h
e

co
va

ri
an

ce
co

v
(u
m
,f

(x
))

fo
r
x

ou
ts

id
e

th
e

in
te

rv
a
l

[a
,b

].
H

er
e,

w
e

d
efi

n
e
r

a
s

th
e

ab
so

lu
te

d
is

ta
n
ce

to
th

e
cl

os
es

t
ed

ge
(a

or
b)

,
an

d
s

to
b

e
1

fo
r
x
<
a

a
n
d
−

1
fo

r
x
>
b.

3
.5

P
re

d
ic

ti
n

g
o
u

ts
id

e
th

e
in

te
rv

a
l

[a
,b

]

In
th

e
p
re

ce
d
in

g
se

ct
io

n
s,

w
e

h
av

e
d
efi

n
ed

ou
r

in
d
u
ci

n
g

va
ri

ab
le

s
an

d
h
ow

th
ey

co
va

ry
w

it
h

th
e

fu
n
ct

io
n
;

w
e

h
av

e
as

su
m

ed
th

ro
u
gh

ou
t

th
at

w
e

w
is

h
to

ex
am

in
e

a
p

oi
n
t

o
n

th
e

la
te

n
t

fu
n
ct

io
n

in
th

e
p
re

-d
efi

n
ed

in
te

rv
al

[a
,b

].
T

h
is

d
o
es

n
ot

p
os

e
a

p
ro

b
le

m
at

tr
a
in

in
g

ti
m

e,
si

n
ce

w
e

ca
n

ea
si

ly
d
efi

n
e

[a
,b

]
to

co
n
ta

in
al

l
th

e
d
at

a.
F

or
p
re

d
ic

ti
on

w
e

m
ay

n
ee

d
to

p
re

d
ic

t
ou

ts
id

e
th

is
in

te
rv

al
.

F
or

a
p

oi
n
t

on
th

e
fu

n
ct

io
n
f

(x
)

ou
ts

id
e

th
e

in
te

rv
a
l

[a
,b

],
th

e
co

va
ri

an
ce

w
it

h
th

e
in

d
u
ci

n
g

va
ri

ab
le

s
is

st
il
l

w
el

l
d
efi

n
ed

,
th

ou
gh

th
e

fo
rm

is
sl

ig
h
tl

y
m

o
re

co
m

p
li
ca

te
d

th
an

th
e

si
m

p
le

si
n
u
so

id
s

in
si

d
e

th
e

in
te

rv
al

.

T
o

ob
ta

in
th

e
ex

p
re

ss
io

n
s

fo
r

th
e

co
va

ri
an

ce
b

ey
on

d
[a
,b

],
w

e
ap

p
ly

th
e

cl
o
se

d
-f

o
rm

ex
p
re

ss
io

n
fo

r
th

e
co

va
ri

an
ce

(5
8)

,
th

is
ti

m
e

fo
r

co
v
(u
m
,f

(x
))

=
co

v
(P

φ
m

(f
),
f

(x
))

w
it

h
x
>
b

an
d
x
<
a
.

A
ft

er
so

m
e

fa
ir

ly
el

em
en

ta
ry

si
m

p
li
fi
ca

ti
on

s,
th

e
re

su
lt

s
a
re

sh
ow

n
in

T
ab

le
1,

an
d

il
lu

st
ra

te
d

in
F

ig
u
re

2.
T

h
e

re
su

lt
is

th
at

th
e

co
va

ri
an

ce
fu

n
ct

io
n

co
v
(u
m
,f

(x
))

re
tu

rn
s

to
ze

ro
b

ey
on

d
th

e
b

ou
n
d
ar

y,
w

it
h

sm
o
ot

h
n
es

s
th

at
d
ep

en
d
s

on
th

e
o
rd

er
o
f

th
e

ke
rn

el
.

4
.

E
x
te

n
d
in

g
th

e
a
p
p
li
ca

b
le

k
e
rn

e
l

fa
m

il
y

In
th

e
ab

ov
e

w
e

h
av

e
fo

cu
se

d
on

th
e

M
a
té

rn
fa

m
il
y

of
ke

rn
el

s
in

on
e

d
im

en
si

o
n
.

In
th

is
se

ct
io

n
w

e
w

il
l

ex
p
an

d
th

e
ap

p
ro

ac
h

to
h
ig

h
er

-d
im

en
si

on
al

in
p
u
ts

u
si

n
g

su
m

s
a
n
d

p
ro

d
u
ct

s
of

ke
rn

el
s.

4
.1

A
d

d
it

iv
e

k
e
rn

e
ls

A
st

ra
ig

h
tf

or
w

ar
d

w
ay

to
p
ro

d
u
ce

a
G

au
ss

ia
n

p
ro

ce
ss

p
ri

or
on

m
u
lt

ip
le

in
p
u
ts

(s
ay

D
)

is
to

u
se

a
su

m
of

in
d
ep

en
d
en

t
G

au
ss

ia
n

p
ro

ce
ss

es
,

on
e

fo
r

ea
ch

in
p
u
t:

f
(x

)
=

D ∑ d
=
1

f d
(x
d
)
,

f d
∼
GP

( 0,
k
d
(x
d
,x
′ d)
)
,

(6
5
)

w
h
er

e
x
d

is
th

e
d
th

el
em

en
t

in
x

an
d
k
d
(·,
·)

is
a

k
er

n
el

d
efi

n
ed

on
a

sc
al

ar
in

p
u
t

sp
a
ce

.
T

h
is

co
n
st

ru
ct

io
n

le
ad

s
to

a
G

au
ss

ia
n

p
ro

ce
ss

w
it

h
an

ad
d
it

iv
e

ke
rn

el
,

th
at

is
w

e
ca

n
w

ri
te

f
(x

)
∼
GP

(
0,

D ∑ d
=
1

k
d
(x
d
,x
′ d)

)
.

(6
6
)
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V
a
r
ia
t
io
n
a
l
F
o
u
r
ie
r
F
e
a
t
u
r
e
s

A
d
d
itive

k
ern

el
stru

ctu
res

h
ave

b
een

ex
p
lored

b
y

D
u
rran

d
e

et
al.

(2012)
an

d
D

u
v
en

au
d

et
al.

(2
0
1
1
),

w
h
o

h
av

e
sh

ow
n

th
at

th
ese

k
ern

els
are

w
ell

su
ited

to
h
igh

-d
im

en
sion

al
p
rob

lem
s.

T
o

u
se

o
u
r

V
a
riation

al
F

ou
rier

F
eatu

res
ap

p
roach

w
ith

an
ad

d
itiv

e
kern

el,
w

e
assu

m
e

th
at

ea
ch

fu
n
ctio

n
f
d (x

d )
h
as

a
M

atérn
covarian

ce
fu

n
ction

,
an

d
d
ecom

p
ose

each
of

th
ese

G
P

s.
W

e
co

n
stru

ct
a

m
atrix

of
featu

res,
w

ith
elem

en
ts

u
m
,d

=
P
φ
m

(f
d )
.

(67)

T
h
e

resu
lt

is
th

at
w

e
h
ave

D
M

featu
res.

B
y

con
stru

ction
,
w

e
see

th
at

featu
res

from
d
iff

eren
t

G
P

s
a
re

in
d
ep

en
d
en

t,
cov

(u
m
,d ,u

m
,d ′)

=
0,

an
d

th
at

th
e

covarian
ce

b
etw

een
featu

res
for

th
e

sa
m

e
d
im

en
sion

follow
s

th
e

con
stru

ction
for

a
sin

gle
d
im

en
sion

.
It

is
straig

h
tforw

ard
to

ex
p
lo

it
th

ese
in

d
ep

en
d
en

ce
stru

ctu
res

for
com

p
u
tation

al
scalab

ility
d
u
rin

g
in

feren
ce.

4
.2

S
e
p

a
ra

b
le

k
e
rn

e
ls

A
kern

el
is

sa
id

to
b

e
sep

arab
le

if
it

can
b

e
w

ritten
as

a
p
ro

d
u
ct

of
k
ern

els
w

ith
n
o

sh
ared

in
p
u
ts.

T
h
is

m
ean

s
th

at
for

an
y
D

-d
im

en
sion

al
in

p
u
t

x
,

w
e

can
w

rite

k
(x
,x
′)

=
D∏d
=
1

k
d (x

d ,x
′d )
.

(68)

W
e

ca
n

co
n
stru

ct
V

ariation
al

F
ou

rier
F

eatu
res

for
su

ch
a

p
ro

d
u
ct

kern
el

if
each

su
b
-kern

el
is

in
th

e
M

a
térn

fam
ily.

T
h
is

fo
rm

u
lation

of
sep

arab
ility

h
as

b
een

ex
ten

sively
u
sed

in
sp

eed
in

g
u
p

G
P

in
feren

ce
(see,

e.g
.,

S
a
a
tçi,

2012;
S
tegle

et
al.,

20
11)

b
y

w
ritin

g
th

e
cova

rian
ce

m
atrix

as
a

K
ron

ecker
p
ro

d
u
ct

of
th

e
in

d
iv

id
u
al

covarian
ce

m
atrices.

T
h
ese

sp
eed

-u
p
s

u
su

ally
req

u
ire

th
e

d
ata

to
b

e
a
lign

ed
w

ith
a

regu
lar

or
rectilin

ea
r

grid
s

(see,
e.g.,

S
olin

et
a
l.,

2016),
th

ou
gh

som
e

a
p
p
ro

a
ch

es
ex

ist
to

ex
ten

d
to

ob
servation

s
b

ey
on

d
th

e
grid

(W
ilson

et
al.,

2014;
N

ick
son

et
a
l.,

2
0
1
5
),

req
u
irin

g
ad

d
ition

al
ap

p
rox

im
ation

s.
In

co
n
tra

st,
ou

r
ap

p
roach

of
d
ecom

p
osin

g
th

e
kern

el
n
atu

rally
lead

s
to

a
K

ron
eck

er

stru
ctu

re,
even

for
irregu

larly
sp

aced
d
ata.

L
et
f

(x
)∼
GP
(

0
, ∏

d
k
d (x

d ,x
′d ) )

,
an

d
d
efi

n
e

a

vecto
r

o
f

fea
tu

res
as

th
e

K
ron

ecker
p
ro

d
u
ct

of
featu

res
over

each
d
im

en
sion

,

φ
(x

)
=

D
⊗d
=
1

[φ
1 (x

d ),...,φ
M

(x
d )] >

,
(69)

so
th

a
t

each
o
f

th
e
M

D
elem

en
ts

of
φ

(x
)

is
a

p
ro

d
u
ct

of
on

e-d
im

en
sion

al
fu

n
ction

s
∏
d
φ
(d
)

i
(x
d ).

W
e

d
efi

n
e

a
h
y
p

er-rectan
gu

lar
b

ou
n
d
ary

given
b
y
∏
d [a

d ,b
d ],

an
d

d
efi

n
e

th
e

in
d
u
cin

g
va

riab
les

u
u
sin

g
a

p
ro

jection
sim

ilar
to

th
e

o
n
e-d

im
en

sion
al

case

u
m

=
P
φ
m

(f
)
,

(70)

w
h
ere

w
e

u
se

th
e

n
orm
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b
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b
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p
er

it
er

at
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b
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p
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p
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=
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b
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[ d
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=
d
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>
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e
ex

tr
a

co
lu

m
n
s

fo
r

M
at

ér
n
-3 2

an
d
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p
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p
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p
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p
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e.
W

e
fi
rs

t
co

ve
r

so
m

e
il
lu

st
ra

ti
ve

to
y

ex
am

p
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p
le

s
fo

r
G

P
re

gr
es

si
o
n

(f
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e
g
r
e
ssio

n

T
o

p
erfo

rm
G

P
regression

w
ith

V
ariation

al
F

ou
rier

F
eatu

res,
on

e
sim

p
ly

takes
th

e
ex

p
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p
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p
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e

in
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p
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Ve
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ng
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M
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M
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=
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M
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=

26
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:
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e
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te
ri
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d
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u
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e
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o
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n
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h
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p
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s
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r

th
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p
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b
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m
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F
ig

u
re
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),
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m
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ed
u
si

n
g

ke
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d
en
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h
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o
n
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e

M
C

M
C
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e.
A

s
m
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e
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u
en
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e

u
se

d
,

th
e

p
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ri
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d
is
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u
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n
ve
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.
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e
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ot
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r-
la
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u
re
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ro

b
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n
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b
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u
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n
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er
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(F

F
T

)
m

et
h
o
d
s

(e
.g

.
T

ay
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r
an

d
D

ig
g
le

,
2
0
1
4
).

H
ow

ev
er

,
ou

r
ap

p
ro
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h
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er

s
se

ve
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l
ad

va
n
ta

ge
s.

F
ir
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,
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r
m

et
h
o
d
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e

n
u
m

b
er

o
f

fr
e-

q
u
en

ci
es

u
se

d
is

a
va

ri
at

io
n
al

p
ar

am
et

er
:

w
e

h
av

e
d
is

cu
ss

ed
h
ow
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se

le
ct
M

a
b

ov
e.

S
in
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th

e
d
im

en
si
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of

th
e

ve
ct

or
w

h
ic

h
is

su
b

je
ct

to
M

C
M

C
d
ep

en
d
s

on
th

e
n
u
m

b
er

o
f

fr
eq

u
en

-
ci

es
,

it
is

d
es

ir
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le
to

d
ec

ou
p
le

it
fr

om
th

e
gr

id
d
en

si
ty

:
fi
n
e

gr
id

s
ar

e
d
es

ir
ed

to
re

so
lv

e
th

e
sp

at
ia

l
n
at

u
re

of
th

e
p
ro

ce
ss

,
w

h
il
st

th
e

le
n
gt

h
of

th
e

v
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to
r

u
is

d
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ir
ed

to
b

e
sh

o
rt
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r
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m

p
u
ta
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on
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re
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s.
S
ec

on
d
,

ou
r

ap
p
ro

ac
h

d
o
es

n
ot

re
q
u
ir

e
th

e
em

b
ed

d
in

g
o
f

th
e

k
er

n
el

m
at

ri
x

in
to

a
ci

rc
u
la

n
t

m
at

ri
x

w
h
ic

h
ca

n
o
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n
al
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su

ff
er

fr
om

n
on

-p
os

it
iv

e-
d
efi

n
it

en
es

s.
T

h
ir

d
an

d
m

os
t

im
p

or
ta

n
tl

y,
ou

r
m

et
h
o
d

is
n
ot
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st

ri
ct

ed
to

p
ro

b
le

m
s
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a

re
g
u
la

r
g
ri

d
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7
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D
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ss

io
n
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n
d

fu
tu

re
d
ir

e
ct

io
n
s

In
th

is
p
ap

er
w

e
h
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e
p
re

se
n
te

d
a

m
et

h
o
d

w
h
ic

h
w

e
re

fe
r

to
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th
e

V
ar

ia
ti

o
n
a
l

F
o
u
ri

er
F
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s

(V
F

F
)

ap
p
ro

ac
h

to
G

au
ss

ia
n

p
ro

ce
ss

m
o
d
el

li
n
g.

It
co

m
b
in

es
th

e
va

ri
a
ti

o
n
a
l

ap
-

p
ro

ac
h

to
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se

ap
p
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at
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n
s

in
G
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n

p
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es
w

it
h

a
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p
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n
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o
n

b
a
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d
o
n
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e
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u
m
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e
p
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.
T

h
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ap
p
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h
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h
er
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ap
p
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n
g
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p
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x
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e
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n
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th
e
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at
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n
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ap
p
ro
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h
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b
u
t

w
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h
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e
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p
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se
n
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p
ow

er
an

d
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m
p
u
ta

ti
o
n
a
l
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a
l-
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il
it

y
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sp
ec

tr
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re
p
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se
n
ta

ti
on

s.

W
e

ge
n
er

al
iz

ed
th

e
m

et
h
o
d

to
se

ve
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l
d
im

en
si

on
s

in
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se
s

w
h
er

e
th

e
k
er

n
el

ex
h
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s

sp
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ia
l

st
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u
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th

e
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d
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e
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p
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a
b
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(p
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d
u
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)
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ri

an
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fu
n
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n
s.

T
h
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m
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e

it
p
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si

b
le

to
ap

p
ly
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e
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h
em

e
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h
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h
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im
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o
n
al

te
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p
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b
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m
s
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e
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p
er
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r

w
h
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h
w

e
d
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st

ra
te
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o
d

p
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an
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b
ot

h
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s
of
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m

p
u
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o
n
a
l
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d
p
re

d
ic
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V
a
r
ia
t
io
n
a
l
F
o
u
r
ie
r
F
e
a
t
u
r
e
s

O
u
r

ex
am

p
le

ap
p
lication

of
p
red

ictin
g

airlin
e

d
elay

s
su

ggested
th

at
th

e
ad

d
itive

stru
c-

tu
re

w
o
rked

w
ell

for
th

at
p
rob

lem
:

for
d
ata

su
b
sets

w
h
ere

th
e

fu
ll

m
o
d
el

cou
ld

b
e

fi
tted

,
th

ere
w

a
s

little
p

erform
an

ce
d
iff

eren
ce

b
etw

een
th

e
ad

d
itiv

e
an

d
isotrop

ic
case,

a
n
d

in
d
eed

th
e

V
F

F
m

eth
o
d

w
as

com
p

etitive
w

ith
b

oth
,

su
ggestin

g
th

at
th

e
p

osterior
w

as
very

w
ell

a
p
p
rox

im
a
ted

.
It

seem
s

im
p
lau

sib
le

th
at

th
is

stru
ctu

re
cou

ld
w

ork
w

ell
for

all
p
ro

b
lem

s,
a
n
d

clea
rly

it
w

ill
n
ot

w
ork

w
ell

w
h
ere

in
terestin

g
in

teraction
s

o
ccu

r
b

etw
een

covariates.

T
h
e

m
eth

o
d

is
cap

ab
le

of
m

o
d
ellin

g
in

teraction
s

b
etw

een
covariates

u
sin

g
sep

arab
le

k
er-

n
el

stru
ctu

res.
A

s
w

as
n
oted

in
th

e
tex

t,
th

e
com

p
u
ta

tion
al

scalab
ility

in
th

is
case

lim
its

th
e

m
eth

o
d

to
low

-d
im

en
sion

al
p
rob

lem
s,

b
ecau

se
th

e
n
u
m

b
er

of
in

d
u
cin

g
freq

u
en

cies
scales

ex
p

o
n
en

tially
w

ith
th

e
in

p
u
t

d
im

en
sion

.
In

th
is

sen
se

th
is

ap
p
roach

is
n
ot

a
sp

arse
a
p
p
rox

i-
m

atio
n
,

b
u
t

rath
er

b
ased

on
a

‘d
en

se’
b
asis

fu
n
ction

p
ro

jection
.

L
ike

related
ap

p
rox

im
ation

sch
em

es
(S

o
lin

an
d

S
ärk

k
ä,

2014;
W

ilson
an

d
N

ick
isch

,
2015;

N
ick

son
et

al.,
2015),

V
F

F
sca

les
w

ell
a
s

th
e

n
u
m

b
er

of
d
ata

in
creases,

w
ith

th
e

d
raw

b
ack

of
d
iffi

cu
lty

in
d
ealin

g
w

ith
h
ig

h
-d

im
en

sio
n
al

p
rob

lem
s

ou
t-of-th

e-b
ox

.

T
o

fu
rth

er
im

p
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e
th

e
com

p
u
tation
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scalin

g
in

h
igh

-d
im

en
sion

al
p
rob

lem
s,

th
ere

are
severa

l
a
p
p
ro

a
ch

es
w

h
ich

cou
ld

ap
p
ly.

W
ilson

et
al.
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p
resen
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a

p
ro
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n

ap
p
roach
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a
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o
n

th
e
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W

ilson
an

d
N

ick
isch

,
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T
h
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ld

b
e

ex
p
a
n
d
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r
a
p
p
ro

a
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a
s

w
ell,

an
d

w
e

m
igh

t
ex

p
ect
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e

variation
al

p
rop
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th
e

ap
p
rox

im
ation

to
b

e
u
sefu

l
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th
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A
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g
th

e
d
en

se
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sp
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m
w
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a

set
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sp
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w
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o
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sp
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p
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—
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least
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m
o
d
els

or
d
ata

w
ith

su
itab

le
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—
p
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id
e

com
p
u
tation
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ed
y

in
h
igh

in
p
u
t

d
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en
sion

s.
F

u
tu

re
w

ork
m

ig
h
t
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o
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te
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m
e

id
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th

e
sp
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m

m
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o
d

(L
áza
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illa
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al.,
20
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w

h
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th
e
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u
en
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,

th
ou

gh
w

e
m

igh
t

h
op

e
th

at
th

e
variation

a
l
form

u
lation

co
u
ld

p
reven

t
over-fi

ttin
g.

W
e

n
o
te

th
at

on
e

of
th

e
key

com
p
u
tation

s
in

ou
r

m
eth

o
d
,

th
e

m
u
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lication
K

u
f y

,
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p
recisely

a
n
on

-u
n
iform

F
F

T
(N

U
F

F
T

,
see

D
u
tt

an
d

R
ok

h
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,
1993

;
G

reen
g
ard

an
d

L
ee,

2
0
0
4
;

B
ern

stein
et

al.,
2004),

w
h
ich

can
b

e
ap

p
rox

im
ated

in
O

(N
log

N
)

op
eratio

n
s.

A
lth

o
u
g
h

w
e

h
ave

so
far

avoid
ed

u
sin

g
th

is
tech

n
ology
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ou

r
im

p
lem

en
tation

s,
som

e
in

itial
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p
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en
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su
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th
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rth

er
sp

eed
-u

p
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p
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le
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th
e
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a
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a
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ra
cy.

In
th

e
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ecial
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w
h
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th
e
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lie
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it

is
p
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le
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com

p
u
te

th
e

p
ro

d
u
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u
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(N
log

N
)
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s

u
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g
an

F
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T
.

A
gain

w
e

h
ave

n
ot

ex
p
lo

ited
th

is
in

ou
r

p
resen

tation
so

far,
an

d
fu

tu
re

w
ork

m
ay

con
sid

er
th

e
relation

s
b

etw
een

V
F

F
a
n
d

F
F

T
m

eth
o
d
s

b
ased

on
th

e
circu
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t

em
b

ed
d
in

g
trick

(T
ay
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an

d
D

iggle,
2014;

T
u
rn

er,
20

1
0
).

A
fu

rth
er

lim
itation

of
ou

r
cu

rren
t

p
resen

tation
is

th
at

w
e

h
ave

on
ly
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sid

ered
M

atérn
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n
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fu
n
ction

s
w

ith
h
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ers.
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p
ro

d
u
ctive

fu
tu

re
d
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w
ill

b
e

to
ex

p
a
n
d
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e

n
u
m

b
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w

h
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b

e
d
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p
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u
sin

g
V

ariation
al

F
ou

rier
F

eatu
res.

A
n

in
terestin

g
class

of
k
ern

els
m

ay
b

e
th

e
sp

ectral
m
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tu

re
kern

el
(W

ilso
n

a
n
d

A
d
am

s,
2
0
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).
A

lth
o
u
g
h

th
at

w
ork

w
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b
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on
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u
en
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-sh

ifted
version

s
of

th
e

R
B

F
covarian

ce,
w

e
a
n
ticip

a
te
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at

freq
u
en

cy
-sh

ifted
M

atérn
kern

els
w

ou
ld

w
ork
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st
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w

ell,
a
n
d

m
ay

b
e

m
o
re

a
m

en
a
b
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to
th

e
V

F
F

fram
ew

ork
.
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o
u
r

d
erivation

s,
w

e
h
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e
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u
n
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p
u
t

d
en
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e

b
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n
d
ed
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,b].
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o
f

con
sid
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p
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b
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n
d
ed
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b
sets
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,
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t
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e
p
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o
u
r

m
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o
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ology
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eral
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p
u
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d
en
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W
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s
an

d
S
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lead
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a
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d
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o
l
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F
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ex
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p
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R
B

F
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b
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s
an

d
R
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.
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b
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h
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ou

rier
ap

p
rox

im
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d
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u
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T
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b
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S
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v
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ry
an

d
is
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er
d
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ssed
in

S
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an
d

S
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k
ä

(2014).
F

in
ally,

w
e
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th
at

V
F

F
m

ay
b

e
p
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w

ell-su
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m

ach
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e
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m
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o
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w
h
ere

G
au
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e
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rth
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m
o
d
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p
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d
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L
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L
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d
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a
n
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L
aw
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w
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as
d
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G
au
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p
ro
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(D
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ou
an

d
L

aw
ren

ce,
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A
s

d
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ed
b
y

D
am
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et
al.
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in
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ce

in
th
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m

o
d
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in
volves

p
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g

u
n
certain

ty
b
y

con
volv

in
g

th
e

K
u

f
m

atrix
w
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G

au
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-

p
rox

im
ation

s
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th
e

in
p
u
t

d
istrib

u
tion

.
S
in

ce
th

e
V

F
F

m
eth

o
d

h
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p
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u
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al
K

u
f

m
atrices,

th
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té

rn
in

n
e
r

p
ro

d
u
cts

T
h
e

ex
p
ression

s
of

in
n
er

p
ro

d
u
cts

for
M

atérn
R

K
H

S
on

[a
,b]

can
b

e
fo

u
n
d

in
D

u
rran

d
e

et
a
l.

(2
01

6
).

W
e

ad
op

t
h
ere

th
e

follow
in

g
n
otation

s
to

ob
tain

com
p
act

ex
p
ression

s:
for

an
y

fu
n
ctio

n
h
∈
H

,I
:
h
→

h
is

th
e

id
en

tity
op

erator
an

d
D

:
g
→

g ′
is

th
e

d
iff

eren
tiation

o
p

era
to

r.
A

s
a

con
seq

u
en

ce,
(λI

+
D

)
2(h

)
is

a
sh

orth
an

d
for

λ
2h

+
2
λ
h
′+

h
′′.

M
a
térn

-
12 :〈g

,h〉H
1
/
2

=
1

2λ
σ
2 ∫

b

a
(λI

+
D

)(g
)(λI

+
D

)(h
)

d
t

+
1σ
2
g
(a

)h
(a

)
,

(107)

M
a
térn

-
32 :〈g

,h〉H
3
/
2

=
1

4λ
3σ

2 ∫
b

a
(λI

+
D

)
2(g

)(λI
+
D

)
2(h

)
d
t

+
1σ
2
g
(a

)h
(a

)
+

1

λ
2σ

2
g ′(a

)h
′(a

)
,

(108)

M
a
térn

-
52 :〈g

,h〉H
5
/
2

=
3

16λ
5σ

2 ∫
b

a
(λI

+
D

)
3(g

)(λI
+
D

)
3(h

)
d
t

+
9

8σ
2
g
(a

)h
(a

)
+

9

8λ
4σ

2
g
(a

) ′′h
′′(a

)

+
3

λ
2σ

2 (
g ′(a

)h
′(a

)
+

18
g ′′(a

)h
(a

)
+

18
g
(a

)h
′′(a

) )
.

(109)

B
.1

G
ra

m
m

a
trix

b
e
tw

e
e
n

F
o
u

rie
r

fe
a
tu

re
s

fo
r

th
e

e
x
p

o
n

e
n
tia

l
k
e
rn

e
l

W
e

d
eta

il
h
ere

th
e

com
p
u
tation

s
of

K
u

u
[i,j]

=
〈φ
i ,φ

j 〉H
for

th
e

ex
p

on
en

tial
kern

el.
W

e
reca

ll
th

at
φ
0

=
1

an
d

th
at
φ
i

=
cos(ω

i (x−
a
))

an
d
φ
i+
M

=
sin

(ω
i (x−

a
))

for
i∈
{1,...,M

}
.

F
u
rth

erm
o
re,

th
e

freq
u
en

cies
ω
i

are
h
arm

o
n
ic

on
[a
,b].

c
a
se

1
:
i,j≤

M
(cosin

e
b
lo

ck
)

K
u

u
[i,j]

=
1

2σ
2λ

∫
b−
a

0
(λ

cos(ω
i s)−

ω
i sin

(ω
i s))(λ

cos(ω
j s)−

ω
j

sin
(ω
j s))

d
s

+
1σ
2
.

(110)

T
h
e

in
tegra

l
is

zero
for

all
n
on

-d
iagon

a
l

term
s

(i6=
j).

A
s

a
con

seq
u
en

ce,
th

e
b
lo

ck
of

K
u

u

a
sso

cia
ted

w
ith

th
e

cosin
e

b
asis

fu
n
ction

s
are

d
iag

(α
co
s )

+
σ
−
2,

w
h
ere

α
co
s [i]

=
1

2σ
2λ

∫
b−
a

0
λ
2

cos(ω
i s)

2
+
ω
2i

sin
(ω
i s)

2
d
s

=



λ
(b−

a
)

2
σ
2

if
i

=
0
,

b−
a

4
σ
2λ

(λ
2

+
ω
2i )

if
i6=

0
,

(111)

w
h
ich

lea
d
s

to
α
co
s

=
12 (b−

a
) [2s(0) −

1,s(ω
1 ) −

1,...,s(ω
M

) −
1 ].

c
a
se

2
:
i,j

>
M

(sin
e

b
lo

ck
)

K
u

u
[i,j]

=
1

2
σ
2λ

∫
b−
a

0
(λ

sin
(ω
i s)−

ω
i cos(ω

i s))(λ
sin

(ω
j s)−

ω
j

cos(ω
j s))

d
s
.

(112)

T
h
e

K
u

u
b
lo

ck
asso

ciated
to

th
e

sin
e

b
asis

fu
n
ction

s
is

ex
actly

a
d
iagon

al
m

atrix
w

ith
:

K
u

u
[i,i]

=
1

2
σ
2λ

∫
b−
a

0
(λ

2
sin

(ω
i s)

2
+
ω
2i

cos(ω
i s))

d
s

=
b−

a

4
σ
2λ

(λ
2

+
ω
2i )
.

(113)

43
JM

L
R

 18(151):1-52, 2018

H
e
n
sm

a
n
,
D
u
r
r
a
n
d
e
,
a
n
d

S
o
l
in

S
im

ilarly
to

th
e

cosin
e

b
lo

ck
,

w
e

can
w

rite
th

e
sin

e
b
lo

ck
as

d
iag

(α
sin

)
w

ith
α
sin

=
12 (b−

a
) [s(ω

1 ) −
1,...,s(ω

M
) −

1 ].

c
a
se

3
:
i≤

2
M

+
1
<
j

(off
-d

iagon
al

b
lo

ck
)

lead
s

to
K
φ
φ
[i,j]

=
0.

B
.2

G
ra

m
m

a
trix

a
sso

c
ia

te
d

to
F
o
u

rie
r

fe
a
tu

re
s

fo
r

th
e

M
a
té
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a
ta

o
n
to

3
d

im
en

sio
n

s
u

sin
g

th
e

t-S
N

E
a
lg

o
rith

m
,

a
lig

n
s

th
e

d
a
ta

m
a
trices

in
th

e
g
iv

en
list

o
f

a
rray

s
in

to
a

co
m

m
o
n

sp
ace

u
sin

g
h
y
p

eralign
m

en
t,

an
d

p
ro

d
u

ces
a

3D
p

lot
an

alogou
s

to
th

ose
sh

ow
n

in
F

igu
re

1.
T

h
ese

h
y
p

erp
lo

t
v
isu

a
liza

tio
n

s
p

rov
id

e
a
n

in
tu

itiv
e

m
ea

n
s

o
f

u
n

d
ersta

n
d

in
g

h
ow

d
ifferen

t
ob

servation
s

relate
to

each
oth

er
or

h
ow

th
ose

ob
servation

s
ch

an
ge

over
tim

e.
T

h
ese

in
sigh

ts
ca

n
g
u

id
e

a
lg

o
rith

m
d

esig
n

d
ecisio

n
s,

o
r

h
elp

p
ra

ctitio
n

ers
to

u
n

d
ersta

n
d

w
h

ich
a
sp

ects
o
f

th
e

d
a
ta

m
ay

b
e

easy
(or

d
ifficu

lt)
to

m
o
d

el
or

m
easu

re.

2
.
O
v
e
rv

ie
w

o
f
th

e
T
o
o
lb
o
x

H
y
p
e
r
T
o
o
l
s

is
o
p

en
-so

u
rce,

in
sta

lla
b

le
fro

m
G

itH
u

b
o
r

p
ip

(p
i
p

i
n
s
t
a
l
l

h
y
p
e
r
t
o
o
l
s
),

an
d

is
d

istrib
u

ted
w

ith
th

e
M

IT
L

icen
se.

T
h

e
to

olb
ox

d
ep

en
d

s
on

th
e

follow
in

g
op

en
-sou

rce
softw

are
p

ackages:
M
a
t
p
l
o
t
l
i
b

(H
u

n
ter,

2007)
for

p
lottin

g
fu

n
ction

ality,
S
e
a
b
o
r
n

(W
askom

et
a
l.,

2
0
1
6
)

fo
r

p
lo

t
sty

lin
g
,
S
c
i
k
i
t
-
l
e
a
r
n

(P
ed

reg
o
sa

et
a
l.,

2
0
1
1
)

fo
r

d
a
ta

a
n

a
ly

sis
(d

i-
m

en
sio

n
a
lity

red
u

ctio
n

,
clu

sterin
g
,

etc.),
a
n

d
P
P
C
A

fo
r

in
ferrin

g
m

issin
g

d
a
ta

(T
ip

p
in

g
a
n

d
B

ish
o
p

,
1
9
9
9
).

T
h

e
to

o
lb

ox
a
lso

in
clu

d
es

a
p

o
rt

o
f

th
e

h
y
p

era
lig

n
m

en
t

a
lg

o
rith

m
(H

a
x
b
y

et
al.,

2011)
from

th
e
P
y
M
V
P
A

lib
rary,

as
w

ell
as

th
e

sh
ared

resp
on

se
m

o
d

el
from

th
e
B
r
a
i
n
I
A
K

to
o
lb

ox
(C

a
p

o
ta

et
a
l.,

2
0
1
7
),

a
s

a
n

a
ltern

a
tiv

e
d

a
ta

a
lig

n
m

en
t

tech
n

iq
u

e.
A

t
th

e
tim

e
o
f

w
ritin

g
th

is
m

an
u

scrip
t,

th
e

to
olb

ox
in

corp
orates
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o

gen
eral

classes
of

algorith
m

s:
d
im

en
-

sio
n
a
lity

red
u
ctio

n
(P

C
A

,
in

crem
en

ta
l

P
C

A
,

sp
a
rse

P
C

A
,

k
ern

el
P

C
A

,
p

ro
b

a
b

ilistic
P

C
A

,
t-S

N
E

,
M

D
S

,
IC

A
,
factor

an
aly

sis,
tru

n
cated

S
V

D
,
d

iction
ary

learn
in

g,
m

in
i-b

atch
d

iction
ary

lea
rn

in
g
,

iso
m

a
p

,
sp

ectra
l

em
b

ed
d

in
g
,

a
n

d
lo

ca
l

lin
ea

r
em

b
ed

d
in

g
)

a
n

d
a
lign

m
en

t
(h

y
p

er-
a
lig

n
m

en
t,

sh
ared

resp
on

se
m

o
d

el,
an

d
p

ro
cru

stean
tran

sform
ation

).
H
y
p
e
r
T
o
o
l
s

p
rov

id
es

a
sim

p
le

in
terface
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th
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fu

n
ction

s,
w

ith
su

p
p

ort
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a
variety

of
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ven
ien

t
d

ata
form

ats
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clu
d

in
g
N
u
m
P
y
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s
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d
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W
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P
a
n
d
a
s

d
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cK
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n
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H
e
u
sse

r
,
Z
im

a
n
e
t
a
l
.

m
ix

ed
lists

of
array

s
an

d
d

atafram
es.

[E
ach

to-b
e-an

aly
zed

(or
to-b

e
v
isu

alized
)

d
ataset

m
u

st
b

e
form

ated
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a
n
u

m
b

er-of-ob
servation

s
(S

)
b
y

n
u

m
b

er-of-featu
res

(F
)

array
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d
atafram

e.]
H
y
p
e
r
T
o
o
l
s

a
lso

a
d

d
s

a
n
u

m
b

er
o
f
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m
a
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u
m

en
ts
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cilita
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d
a
ta

v
isu

a
liza

tio
n

a
n

d
m
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n

ip
u

la
tio

n
o
f

h
ig

h
-d

im
en

sio
n
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l

d
a
ta
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ll

o
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e
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y
p
e
r
T
o
o
l
s

fu
n

ctio
n

s
m

ay
b

e
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th

e
p
l
o
t

fu
n

ction
(E

x
.

2).
T

h
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d
esign

en
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les
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p
lex

d
ata

an
aly
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an

d
p

lo
ttin

g
to

b
e
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rried

o
u

t
in

a
sin

g
le

fu
n

ctio
n

ca
ll.

T
h

e
sa

m
e

fu
n

ctio
n

ca
ll

a
lso
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s
th

e
an

aly
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d
ata

(an
d

th
e

tran
sform

ation
s
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p

lied
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it)
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p
oten
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-u
p

an
aly

ses.
T

h
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are
tw
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p
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p

lots
su

p
p

orted
b
y

th
e

to
olb

ox
:
sta

tic
p
lo
ts

an
d
a
n
im

a
ted

p
lo
ts.

2
.1

S
ta

tic
P
lo
ts

B
y

d
efa

u
lt,

th
e
p
l
o
t

fu
n

ctio
n

w
ill

p
erfo

rm
d

im
en

sio
n

a
lity

red
u

ctio
n

(u
sin

g
in

crem
en

ta
l

P
C

A
),

co
n
v
ertin

g
th

e
S
×
F

d
a
ta

m
a
trix

(o
r

m
a
trices)

in
to

a
n
S
×

3
m

a
trix

(o
r

m
a
trices),

an
d

th
en

create
an

in
teractive

3D
lin

e
p

lot
th
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can

b
e

ex
p

lored
b
y

u
sin

g
th

e
m

ou
se

to
rotate

th
e

p
lot.

If
th

ere
are

N
a
N
s

p
resen

t
in

th
e

d
ataset,

th
ese

m
issin

g
valu

es
w

ill
b

e
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tom
atically

in
terp

o
la

ted
u

sin
g

P
P

C
A

(T
ip

p
in

g
a
n

d
B

ish
o
p

,
1
9
9
9
)

(p
reserv

in
g

th
e

d
im

en
sio

n
a
lity

o
f

th
e

o
rig

in
a
l

d
a
ta

)
p

rio
r

to
red

u
cin

g
th

e
d

im
en

sio
n

a
lity

o
f

th
e

d
a
ta

u
sin

g
th

e
u

ser-sp
ecified

a
lg

o
rith

m
.

T
h

e
p
l
o
t

fu
n

ctio
n

a
lso

a
ccep

ts
fo

rm
a
t

strin
g
s

to
sp

ecify
lin

e
sty

lin
g

(fo
llow

in
g

M
a
t
p
l
o
t
l
i
b

con
ven

tion
s):

h
y
p
.
p
l
o
t
(
d
a
t
a
)

(3)

h
y
p
.
p
l
o
t
(
[
d
a
t
a
1
,

d
a
t
a
2
,

d
a
t
a
3
]
,

‘
.
’
)

(4)

2
.2

A
n
im

a
te
d

T
ra

je
c
to

ry
P
lo
ts

A
n

im
ated

3D
p

lots
(created

u
sin

g
th

e
a
n
i
m
a
t
e

flag)
are

u
sefu

lfor
v
isu

alizin
g

h
igh

-d
im

en
sion

al
tim

eseries
d

ata:

h
y
p
.
p
l
o
t
(
d
a
t
a
,

a
n
i
m
a
t
e
=
T
r
u
e
)
.

(5)

T
h

is
fu

n
ction

call
creates

a
3D

tra
jectory

an
im

ated
over

th
e

row
s

of
th

e
d
a
t
a

m
atrix

.
E

ach
fram

e
of

th
e

an
im

ation
d

isp
lay

s
a

p
ortion

of
th

e
total

d
ata

tra
jectory

en
closed

in
a

cu
b

e.
In

su
ccessive

fram
es,

th
e

d
isp

layed
p

ortion
of

th
e

d
ata

tra
jectory

in
crem

en
tally

ad
van

ces,
an

d
th

e
cam

era
an

gle
rotates

arou
n

d
th

e
cu

b
e,

p
rov

id
in

g
v
isu

al
access

to
d

ifferen
t

asp
ects

of
th

e
d

ata
as

th
e

an
im

ation
p

rogresses.

2
.3

A
lig

n

T
w

o
o
r

m
o
re

d
a
ta

sets
m

ay
sh

a
re

g
eo

m
etric

stru
ctu

re,
b

u
t

resid
e

in
d

ifferen
t

co
o
rd

in
a
te

sy
stem

s.
T

h
e
a
l
i
g
n

fu
n

ctio
n

a
ccep

ts
a

list
o
f

a
rray

s
a
s

in
p

u
t

a
n

d
retu

rn
s

a
h
y
p

era
lig

n
ed

list
of

array
s

in
a

com
m

on
geom

etric
sp

ace:

h
y
p
.
p
l
o
t
(
[
a
r
r
a
y
1
,

a
r
r
a
y
2
,

a
r
r
a
y
3
]
,

a
l
i
g
n
=
‘
h
y
p
e
r
’
)

(6)

h
y
p
e
r
a
l
i
g
n
e
d
l
i
s
t

=
h
y
p
.
a
l
i
g
n
(
[
a
r
r
a
y
1
,

a
r
r
a
y
2
,

a
r
r
a
y
3
]
)

(7)

2
.4

R
e
d
u
c
e

U
sers

ca
n

a
ccess

a
va

riety
o
f

d
im

en
sio

n
a
lity

red
u

ctio
n

a
lg

o
rith

m
s

b
y

p
a
ssin

g
th

e
r
e
d
u
c
e

k
ey

w
o
rd

a
rg

u
m

en
t

to
th

e
p
l
o
t

fu
n

ctio
n

.
W

e
a
lso

p
rov

id
e

A
P

I
a
ccess

to
th

e
r
e
d
u
c
e
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H
y
p
e
r
T
o
o
l
s

fu
n

ct
io

n
th

a
t

u
n

d
er

li
es

th
es

e
tr

a
n

sf
o
rm

a
ti

o
n

s.
A

t
it

s
co

re
,

th
e
r
e
d
u
c
e

fu
n

ct
io

n
w

ra
p

s
m

an
y

of
s
c
i
k
i
t
-
l
e
a
r
n
’s

d
im

en
si

on
al

it
y

re
d

u
ct

io
n

al
go

ri
th

m
s,

al
on

g
w

it
h

th
e
P
P
C
A

li
b

ra
ry

.
H
y
p
e
r
T
o
o
l
s

ex
te

n
d

s
th

e
fu

n
ct

io
n

a
li

ty
o
f

th
es

e
to

o
ls

b
y

p
ro

v
id

in
g

a
st

re
a
m

li
n

ed
sy

n
ta

x
th

a
t

a
cc

ep
ts

d
a
ta

m
a
tr

ic
es

in
a

la
rg

er
va

ri
et

y
o
f

fo
rm

a
ts

(e
.g

.
N
u
m
P
y

a
rr

ay
s

a
n

d
P
a
n
d
a
s

d
a
ta

fr
a
m

es
,

o
r

li
st

s
o
f

a
rr

ay
s

a
n

d
d

a
ta

fr
a
m

es
,

m
ay

a
ll

b
e

a
n

a
ly

ze
d

u
si

n
g

th
e

sa
m

e
sy

n
ta

x
).

T
h

e
fu

n
ct

io
n

m
ay

b
e

u
se

d
as

fo
ll

ow
s:

h
y
p
.
p
l
o
t
(
d
a
t
a
,

r
e
d
u
c
e
=
‘
M
D
S
’
)

(8
)

r
e
d
u
c
e
d
d
a
t
a

=
h
y
p
.
r
e
d
u
c
e
(
d
a
t
a
,

r
e
d
u
c
e
=
‘
T
S
N
E
’
,

n
d
i
m
s
=
5
)

(9
)

3
.
C
o
n
cl
u
d
in
g
R
e
m
a
rk

s

T
h

e
H
y
p
e
r
T
o
o
l
s

to
o
lb

ox
is

d
es

ig
n

ed
to

p
ro

v
id

e
g
eo

m
et

ri
c

in
si

g
h
ts

in
to

h
ig

h
-d

im
en

si
o
n

a
l

d
at

as
et

s
w

it
h

a
si

n
gl

e
fu

n
ct

io
n

ca
ll

.
W

e
al

so
p

ro
v
id

e
a

co
n
ve

n
ie

n
t

sy
n
ta

x
to

ac
ce

ss
a

va
ri

et
y

o
f

d
im

en
si

o
n

a
li

ty
re

d
u

ct
io

n
a
n

d
d

a
ta

a
li

g
n

m
en

t
a
lg

o
ri

th
m

s.
T

h
e

a
b

ov
e

ov
er

v
ie

w
o
f

th
e

to
ol

b
ox

h
ig

h
li

gh
ts

it
s

p
ri

m
ar

y
fe

at
u

re
s;

ad
d

it
io

n
al

fu
n

ct
io

n
al

it
y

an
d

a
d

et
ai

le
d

d
es

cr
ip

ti
on

of
th

e
A

P
I

m
ay

b
e

fo
u

n
d

h
er

e.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

a
re

g
ra

te
fu

l
to

L
u

k
e

J
.

C
h

a
n

g
a
n

d
M

a
tt

h
ij

s
va

n
d

er
M

ee
r

fo
r

u
se

fu
l

d
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cu
ss

io
n

s,
a
n

d
to
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.

S
w

a
ro

o
p

G
u

n
ta

p
a
ll

i
fo

r
h

el
p

im
p

le
m

en
ti

n
g

o
u

r
a
l
i
g
n

fu
n

ct
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n
.

W
e

a
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o
th

a
n

k
R

y
a
n

A
rr

ed
o
n

d
o
,

A
ly

S
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a
n

d
S

te
p

h
W

ri
g
h
t

fo
r

th
ei

r
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d
e

co
n
tr
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u

ti
o
n

s
d

u
ri

n
g
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e

M
o
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a
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b
a
l

S
p

ri
n
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u

n
e
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1
7
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a
n

d
w

e
th

a
n

k
M

o
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ll
a
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r

o
rg

a
n

iz
in

g
th

e
G

lo
b

a
l

S
p

ri
n
t.

W
e
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so

th
an

k
C

h
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e
W
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am
s

fo
r

co
n
tr
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u
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n
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d
e.

O
u

r
w
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k
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su
p
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te
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t

b
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S

F
E
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o
R

A
w
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N
u

m
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er
1
6
3
2
7
3
8
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T
h

e
co

n
te

n
t
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so

le
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th
e
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o
n
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b

il
it

y
o
f

th
e
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u

th
o
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o
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re
p
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n
t

th
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v
ie

w
s
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r
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p
p
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n
g
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n
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at
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n
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R
e
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D
M

B
le
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A

Y
N
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an
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M

I
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or
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L
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le
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o
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u
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h
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j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
4
6
8
.
h
t
m
l
.
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
is
k
in
d

1
.

In
tr

o
d
u
ct

io
n

M
et

h
o
d
s

fo
r

th
e

co
m

p
u
ta

ti
on

of
d
er

iv
at

iv
es

in
co

m
p
u
te

r
p
ro

gr
am

s
ca

n
b

e
cl

as
si

fi
ed

in
to

fo
u
r

ca
te

go
ri

es
:

(1
)

m
an

u
al

ly
w

or
k
in

g
ou

t
d
er

iv
at

iv
es

an
d

co
d
in

g
th

em
;

(2
)

n
u

m
er

ic
a
l

d
iff

er
en

-
ti

a
ti

o
n

u
si

n
g

fi
n
it

e
d
iff

er
en

ce
ap

p
ro

x
im

at
io

n
s;

(3
)

sy
m

bo
li

c
d
iff

er
en

ti
a
ti

o
n

u
si

n
g

ex
p
re

ss
io

n
m

an
ip

u
la

ti
on

in
co

m
p
u
te

r
al

ge
b
ra

sy
st

em
s

su
ch

as
M

at
h
em

at
ic

a,
M

ax
im

a,
a
n
d

M
a
p
le

;
a
n
d

(4
)

a
u

to
m

a
ti

c
d
iff

er
en

ti
a
ti

o
n

,
al

so
ca

ll
ed

a
lg

o
ri

th
m

ic
d
iff

er
en

ti
a
ti

o
n

,
w

h
ic

h
is

th
e

su
b

je
ct

m
at

te
r

of
th

is
p
ap

er
.

C
on

ve
n
ti

on
al

ly
,

m
an

y
m

et
h
o
d
s

in
m

ac
h
in

e
le

ar
n
in

g
h
av

e
re

q
u
ir

ed
th

e
ev

a
lu

a
ti

o
n

of
d
er

iv
at

iv
es

an
d

m
os

t
of

th
e

tr
ad

it
io

n
al

le
ar

n
in

g
al

go
ri

th
m

s
h
av

e
re

li
ed

on
th

e
co

m
p
u
ta

-
ti

on
of

gr
ad

ie
n
ts

an
d

H
es

si
an

s
of

an
ob

je
ct

iv
e

fu
n
ct

io
n

(S
ra

et
al

.,
20

11
).

W
h
en

in
tr

o
d
u
ci

n
g

n
ew

m
o
d
el

s,
m

ac
h
in

e
le

ar
n
in

g
re

se
ar

ch
er

s
h
av

e
sp

en
t

co
n
si

d
er

ab
le

eff
or

t
o
n

th
e

m
a
n
u
a
l

d
er

iv
at

io
n

of
an

al
y
ti

ca
l

d
er

iv
at

iv
es

to
su

b
se

q
u
en

tl
y

p
lu

g
th

es
e

in
to

st
an

d
ar

d
o
p
ti

m
iz

a
ti

o
n

p
ro

ce
d
u
re

s
su

ch
as

L
-B

F
G

S
(Z

h
u

et
al

.,
19

97
)

or
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

(B
o
tt

o
u
,
1
9
9
8
).

M
an

u
al

d
iff

er
en

ti
at

io
n

is
ti

m
e

co
n
su

m
in

g
an

d
p
ro

n
e

to
er

ro
r.

O
f

th
e

ot
h
er

al
te

rn
a
ti

ve
s,

n
u
-

m
er

ic
al

d
iff

er
en

ti
at

io
n

is
si

m
p
le

to
im

p
le

m
en

t
b
u
t

ca
n

b
e

h
ig

h
ly

in
ac

cu
ra

te
d
u
e

to
ro

u
n
d
-o

ff
an

d
tr

u
n
ca

ti
on

er
ro

rs
(J

er
re

ll
,

19
97

);
m

or
e

im
p

or
ta

n
tl

y,
it

sc
al

es
p

o
or

ly
fo

r
g
ra

d
ie

n
ts

,
re

n
-

d
er

in
g

it
in

ap
p
ro

p
ri

at
e

fo
r

m
ac

h
in

e
le

ar
n
in

g
w

h
er

e
gr

ad
ie

n
ts

w
it

h
re

sp
ec

t
to

m
il
li
o
n
s

o
f

p
ar

am
et

er
s

ar
e

co
m

m
on

ly
n
ee

d
ed

.
S
y
m

b
ol

ic
d
iff

er
en

ti
at

io
n

ad
d
re

ss
es

th
e

w
ea

k
n
es

se
s

o
f

b
ot

h
th

e
m

an
u
al

an
d

n
u
m

er
ic

al
m

et
h
o
d
s,

b
u
t

of
te

n
re

su
lt

s
in

co
m

p
le

x
an

d
cr

y
p
ti

c
ex

p
re

s-
si

on
s

p
la

gu
ed

w
it

h
th

e
p
ro

b
le

m
of

“e
x
p
re

ss
io

n
sw

el
l”

(C
or

li
ss

,
19

88
).

F
u
rt

h
er

m
o
re

,
m

a
n
u
a
l

an
d

sy
m

b
ol

ic
m

et
h
o
d
s

re
q
u
ir

e
m

o
d
el

s
to

b
e

d
efi

n
ed

as
cl

os
ed

-f
or

m
ex

p
re

ss
io

n
s,

ru
li
n
g

o
u
t

or
se

v
er

el
y

li
m

it
in

g
al

go
ri

th
m

ic
co

n
tr

o
l

fl
ow

an
d

ex
p
re

ss
iv

it
y.

W
e

ar
e

co
n
ce

rn
ed

w
it

h
th

e
p

ow
er

fu
l

fo
u
rt

h
te

ch
n
iq

u
e,

au
to

m
at

ic
d
iff

er
en

ti
a
ti

o
n

(A
D

).
A

D
p

er
fo

rm
s

a
n
o
n
-s

ta
n
d
ar

d
in

te
rp

re
ta

ti
o
n

of
a

gi
ve

n
co

m
p
u
te

r
p
ro

gr
am

b
y

re
p
la

ci
n
g

th
e

d
om

ai
n

of
th

e
va

ri
ab

le
s

to
in

co
rp

or
at

e
d
er

iv
at

iv
e

va
lu

es
an

d
re

d
efi

n
in

g
th

e
se

m
a
n
ti

cs
of

th
e

op
er

at
or

s
to

p
ro

p
ag

at
e

d
er

iv
at

iv
es

p
er

th
e

ch
ai

n
ru

le
of

d
iff

er
en

ti
al

ca
lc

u
lu

s.
D

es
p
it

e
it

s
w

id
es

p
re

ad
u
se

in
ot

h
er

fi
el

d
s,

g
en

er
al

-p
u
rp

os
e

A
D

h
as

b
ee

n
u
n
d
er

u
se

d
b
y

th
e

m
a
ch

in
e

le
ar

n
in

g
co

m
m

u
n
it

y
u
n
ti

l
ve

ry
re

ce
n
tl

y.
1

F
ol

lo
w

in
g

th
e

em
er

ge
n
ce

of
d
ee

p
le

a
rn

in
g

(L
eC

u
n

et
al

.,
20

15
;

G
o
o
d
fe

ll
ow

et
al

.,
20

16
)

as
th

e
st

at
e-

o
f-

th
e-

ar
t

in
m

an
y

m
ac

h
in

e
le

a
rn

in
g

ta
sk

s
an

d
th

e
m

o
d
er

n
w

or
k
fl
ow

b
as

ed
on

ra
p
id

p
ro

to
ty

p
in

g
an

d
co

d
e

re
u
se

in
fr

am
ew

o
rk

s
su

ch
a
s

T
h
ea

n
o

(B
as

ti
en

et
al

.,
20

12
),

T
or

ch
(C

ol
lo

b
er

t
et

al
.,

20
11

),
an

d
T

en
so

rF
lo

w
(A

b
a
d
i

et
a
l.
,

20
16

),
th

e
si

tu
at

io
n

is
sl

ow
ly

ch
an

gi
n
g

w
h
er

e
p
ro

je
ct

s
su

ch
as

au
to

gr
ad

2
(M

a
cl

a
u
ri

n
,

2
0
1
6
),

C
h
ai

n
er

3
(T

ok
u
i

et
al

.,
20

15
),

an
d

P
y
T

or
ch

4
(P

as
zk

e
et

al
.,

20
17

)
ar

e
le

ad
in

g
th

e
w

ay
in

b
ri

n
gi

n
g

ge
n
er

al
-p

u
rp

os
e

A
D

to
th

e
m

ai
n
st

re
am

.

T
h
e

te
rm

“a
u
to

m
at

ic
”

in
A

D
ca

n
b

e
a

so
u
rc

e
of

co
n
fu

si
on

,
ca

u
si

n
g

m
a
ch

in
e

le
a
rn

-
in

g
p
ra

ct
it

io
n
er

s
to

p
u
t

th
e

la
b

el
“a

u
to

m
at

ic
d
iff

er
en

ti
at

io
n
”,

or
ju

st
“a

u
to

d
iff

”
,

o
n

a
n
y

m
et

h
o
d

or
to

ol
th

at
d
o
es

n
ot

in
vo

lv
e

m
an

u
al

d
iff

er
en

ti
at

io
n
,

w
it

h
ou

t
gi

v
in

g
d
u
e

a
tt

en
ti

on
to

th
e

u
n
d
er

ly
in

g
m

ec
h
an

is
m

.
W

e
w

ou
ld

li
ke

to
st

re
ss

th
at

A
D

as
a

te
ch

n
ic

a
l

te
rm

re
fe

rs
to

a
sp

ec
ifi

c
fa

m
il
y

of
te

ch
n
iq

u
es

th
at

co
m

p
u
te

d
er

iv
at

iv
es

th
ro

u
gh

ac
cu

m
u
la

ti
o
n

o
f

va
lu

es
d
u
ri

n
g

co
d
e

ex
ec

u
ti

on
to

ge
n
er

at
e

n
u
m

er
ic

al
d
er

iv
at

iv
e

ev
al

u
at

io
n
s

ra
th

er
th

a
n

d
er

iv
a
ti

ve

1
.

S
ee

,
e.

g
.,
h
t
t
p
s
:
/
/
j
u
s
t
i
n
d
o
m
k
e
.
w
o
r
d
p
r
e
s
s
.
c
o
m
/
2
0
0
9
/
0
2
/
1
7
/
a
u
t
o
m
a
t
i
c
-
d
i
f
f
e
r
e
n
t
i
a
t
i
o
n
-
t
h
e
-
m
o
s
t
-

c
r
i
m
i
n
a
l
l
y
-
u
n
d
e
r
u
s
e
d
-
t
o
o
l
-
i
n
-
t
h
e
-
p
o
t
e
n
t
i
a
l
-
m
a
c
h
i
n
e
-
l
e
a
r
n
i
n
g
-
t
o
o
l
b
o
x
/

2
.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
H
I
P
S
/
a
u
t
o
g
r
a
d

3
.
h
t
t
p
s
:
/
/
c
h
a
i
n
e
r
.
o
r
g
/

4
.
h
t
t
p
:
/
/
p
y
t
o
r
c
h
.
o
r
g
/
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A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

ex
p
ressio

n
s.

T
h
is

allow
s

accu
rate

evalu
ation

of
d
erivatives

at
m

ach
in

e
p
recision

w
ith

o
n
ly

a
sm

a
ll

co
n
sta

n
t

factor
of

overh
ead

an
d

id
eal

asy
m

p
totic

effi
cien

cy.
In

con
trast

w
ith

th
e

eff
o
rt

in
vo

lv
ed

in
arran

gin
g

co
d
e

as
closed

-form
ex

p
ression

s
u
n
d
er

th
e

sy
n
tactic

an
d

sem
an

-
tic

co
n
stra

in
ts

of
sy

m
b

olic
d
iff

eren
tiation

,
A

D
can

b
e

ap
p
lied

to
regu

lar
co

d
e

w
ith

m
in

im
al

ch
a
n
g
e,

allow
in

g
b
ran

ch
in

g,
lo

op
s,

a
n
d

recu
rsion

.
B

ecau
se

of
th

is
gen

erality,
A

D
h
a
s

b
een

a
p
p
lied

to
co

m
p
u
ter

sim
u
lation

s
in

in
d
u
stry

a
n
d

acad
em

ia
an

d
fou

n
d

ap
p
lication

s
in

fi
eld

s
in

clu
d
in

g
en

g
in

eerin
g

d
esign

op
tim

ization
(F

orth
an

d
E

van
s,

2002;
C

asan
ova

et
al.,

2002),
co

m
p
u
ta

tio
n
a
l
fl
u
id

d
y
n
am

ics
(M

ü
ller

an
d

C
u
sd

in
,
2005

;
T

h
om

as
et

al.,
20

06;
B

isch
of

et
al.,

2
0
0
6
),

p
h
y
sica

l
m

o
d
elin

g
(E

k
ström

et
al.,

2010),
op

tim
al

con
trol

(W
alth

er,
2007),

stru
ctu

ral
m

ech
a
n
ics

(H
a
a
se

et
al.,

2002),
atm

osp
h
eric

scien
ces

(C
arm

ich
ael

an
d

S
a
n
d
u
,

1997;
C

h
ar-

p
en

tier
an

d
G

h
em

ires,
2000),

an
d

com
p
u
tation

al
fi
n
an

ce
(B

isch
of

et
al.,

2002;
C

ap
riotti,

2
0
1
1
).

In
m

a
ch

in
e

learn
in

g,
a

sp
ecialized

cou
n
terp

art
of

A
D

k
n
ow

n
as

th
e

b
ack

p
rop

agation
al-

g
o
rith

m
h
a
s

b
een

th
e

m
ain

stay
for

train
in

g
n
eu

ral
n
etw

ork
s,

w
ith

a
colorfu

l
h
istory

of
h
av

in
g

b
een

rein
ven

ted
at

variou
s

tim
es

b
y

in
d
ep

en
d
en

t
research

ers
(G

riew
an

k
,

2012;
S
ch

m
id

h
u
-

b
er,

2
0
1
5
).

It
h
as

b
een

on
e

of
th

e
m

ost
stu

d
ied

an
d

u
sed

train
in

g
algorith

m
s

sin
ce

th
e

d
ay

it
b

eca
m

e
p

op
u
lar

m
ain

ly
th

rou
gh

th
e

w
ork

of
R

u
m

elh
art

et
al.

(1986).
In

sim
p
lest

term
s,

b
a
ck

p
ro

p
agation

m
o
d
els

learn
in

g
as

grad
ien

t
d
escen

t
in

n
eu

ral
n
etw

ork
w

eigh
t

sp
ace,

lo
o
k
in

g
fo

r
th

e
m

in
im

a
of

an
ob

jectiv
e

fu
n
ction

.
T

h
e

req
u
ired

grad
ien

t
is

ob
tain

ed
b
y

th
e

b
a
ck

w
a
rd

p
ro

p
agation

of
th

e
sen

sitiv
ity

of
th

e
ob

jective
valu

e
at

th
e

ou
tp

u
t

(F
igu

re
1),

u
tilizin

g
th

e
ch

ain
ru

le
to

com
p
u
te

p
artial

d
erivatives

of
th

e
o
b

jective
w

ith
resp

ect
to

each
w

eig
h
t.

T
h
e

resu
ltin

g
algorith

m
is

essen
tially

eq
u
ivalen

t
to

tran
sform

in
g

th
e

n
etw

ork
evalu

-
a
tio

n
fu

n
ction

com
p

osed
w

ith
th

e
ob

jective
fu

n
ction

u
n
d
er

rev
erse

m
o
d
e

A
D

,
w

h
ich

,
as

w
e

sh
a
ll

see,
a
ctu

a
lly

gen
eralizes

th
e

b
ack

p
rop

agation
id

ea.
T

h
u
s,

a
m

o
d
est

u
n
d
erstan

d
in

g
of

th
e

m
a
th

em
a
tics

u
n
d
erly

in
g

b
ack

p
rop

agation
p
rov

id
es

on
e

w
ith

su
ffi

cien
t

b
ack

grou
n
d

for
g
ra

sp
in

g
A

D
tech

n
iq

u
es.

In
th

is
p
a
p

er
w

e
rev

iew
A

D
from

a
m

ach
in

e
learn

in
g

p
ersp

ective,
cov

erin
g

its
origin

s,
a
p
p
lica

tio
n
s

in
m

ach
in

e
learn

in
g,

an
d

m
eth

o
d
s

of
im

p
lem

en
tation

.
A

lon
g

th
e

w
ay,

w
e

also
a
im

to
d
isp

el
so

m
e

m
iscon

cep
tion

s
th

at
w

e
b

elieve
h
av

e
im

p
ed

ed
w

id
er

recogn
ition

of
A

D
b
y

th
e

m
a
ch

in
e

lea
rn

in
g

com
m

u
n
ity.

In
S
ection

2
w

e
start

b
y

ex
p
licatin

g
h
ow

A
D

d
iff

ers
from

n
u
m

erica
l
a
n
d

sy
m

b
olic

d
iff

eren
tiation

.
S
ection

3
giv

es
a
n

in
tro

d
u
ction

to
th

e
A

D
tech

n
iq

u
e

a
n
d

its
fo

rw
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e

en
d

.
R

o
u

n
d

-o
ff

er
ro

r
is

in
v
er

se
ly

p
ro

p
o
rt

io
n

a
l

to
a

p
ow

er
o
f
h

.
8
.

T
h

is
d

o
es

n
o
t

av
o
id

ei
th

er
o
f

th
e

ca
rd

in
a
l

si
n

s,
a
n

d
is

st
il

l
h

ig
h

ly
in

a
cc

u
ra

te
d

u
e

to
tr

u
n

ca
ti

o
n

.
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A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

O
th

er
tech

n
iq

u
es

for
im

p
rov

in
g

n
u
m

erical
d
iff

eren
tiation

,
in

clu
d
in

g
h
igh

er-ord
er

fi
n
ite

d
iff

eren
ces,

R
ich

ard
son

ex
trap

olation
to

th
e

lim
it

(B
rezin

sk
i

an
d

Z
aglia,

1991),
an

d
d
if-

feren
tia

l
q
u
a
d
ratu

re
m

eth
o
d
s

u
sin

g
w

eigh
ted

su
m

s
(B

ert
an

d
M

alik
,

1
996),

h
ave

in
creased

co
m

p
u
ta

tio
n
a
l

com
p
lex

ity,
d
o

n
ot

com
p
letely

elim
in

ate
ap

p
rox

im
ation

erro
rs,

an
d

rem
ain

h
ig

h
ly

su
scep

tib
le

to
fl
oatin

g
p

oin
t

tru
n
cation

.

T
h
e
O

(n
)

com
p
lex

ity
of

n
u
m

erical
d
iff

eren
tiation

for
a

grad
ien

t
in
n

d
im

en
sion

s
is

th
e

m
ain

o
b
stacle

to
its

u
sefu

ln
ess

in
m

ach
in

e
learn

in
g,

w
h
ere

n
can

b
e

as
large

as
m

illion
s

o
r

b
illio

n
s

in
state-of-th

e-art
d
eep

learn
in

g
m

o
d
els

(S
h
azeer

et
al.,

2017).
In

con
trast,

a
p
p
rox

im
a
tio

n
errors

w
ou

ld
b

e
tolerated

in
a

d
eep

learn
in

g
settin

g
th

a
n
k
s

to
th

e
w

ell-
d
o
cu

m
en

ted
error

resilien
cy

of
n
eu

ral
n
etw

ork
arch

itectu
res

(G
u
p
ta

et
al.,

2015
).

2
.2

A
D

Is
N

o
t

S
y
m

b
o
lic

D
iff

e
re

n
tia

tio
n

S
y
m

b
o
lic

d
iff

eren
tiation

is
th

e
au

tom
atic

m
an

ip
u
latio

n
of

ex
p
ression

s
for

ob
tain

in
g

d
eriva-

tive
ex

p
ressio

n
s

(G
rab

m
eier

an
d

K
altofen

,
2003)

(F
igu

re
2,

cen
ter

righ
t),

carried
ou

t
b
y

a
p
p
ly

in
g

tra
n
sform

ation
s

rep
resen

tin
g

ru
les

of
d
iff

eren
tiation

su
ch

as

dd
x

(f
(x

)
+
g
(x

)) 
dd
x
f

(x
)

+
dd
x
g
(x

)

dd
x

(f
(x

)
g
(x

)) 
(
dd
x
f

(x
) )
g
(x

)
+
f

(x
) (

dd
x
g
(x

) )
.

(3)

W
h
en

fo
rm

u
lae

are
rep

resen
ted

as
d
ata

stru
ctu

res,
sy

m
b

olically
d
iff

eren
tiatin

g
an

ex
-

p
ressio

n
tree

is
a

p
erfectly

m
ech

an
istic

p
ro

cess,
con

sid
ered

su
b

ject
to

m
ech

an
ical

au
tom

a-
tio

n
ev

en
a
t

th
e

very
in

cep
tion

of
ca

lcu
lu

s
(L

eib
n
iz,

1685).
T

h
is

is
realized

in
m

o
d
ern

co
m

p
u
ter

a
lgeb

ra
sy

stem
s

su
ch

as
M

ath
em

atica,
M

ax
im

a,
an

d
M

ap
le

an
d

m
ach

in
e

learn
in

g
fra

m
ew

o
rk

s
su

ch
as

T
h
ean

o.

In
o
p
tim

iza
tion

,
sy

m
b

olic
d
erivativ

es
can

give
valu

ab
le

in
sigh

t
in

to
th

e
stru

ctu
re

of
th

e
p
ro

b
lem

d
o
m

a
in

an
d
,

in
som

e
cases,

p
ro

d
u
ce

an
aly

tical
solu

tio
n
s

of
ex

trem
a

(e.g.,
solv

in
g

fo
r

ddx
f

(x
)

=
0
)

th
at

can
elim

in
ate

th
e

n
eed

for
d
erivative

calcu
lation

altogeth
er.

O
n

th
e

o
th

er
h
a
n
d
,

sy
m

b
olic

d
erivativ

es
d
o

n
ot

len
d

th
em

selves
to

effi
cien

t
ru

n
tim

e
calcu

lation
of

d
eriva

tiv
e

va
lu

es,
as

th
ey

can
get

ex
p

on
en

tially
larger

th
an

th
e

ex
p
ression

w
h
ose

d
erivativ

e
th

ey
rep

resen
t.

C
o
n
sid

er
a

fu
n
ction

h
(x

)
=
f

(x
)g

(x
)

an
d

th
e

m
u
ltip

lication
ru

le
in

E
q
.

3
.

S
in

ce
h

is
a

p
ro

d
u
ct,

h
(x

)
an

d
ddx
h

(x
)

h
ave

som
e

com
m

on
com

p
on

en
ts,

n
am

ely
f

(x
)

an
d
g
(x

).
N

ote

a
lso

th
a
t

o
n

th
e

righ
t

h
an

d
sid

e,
f

(x
)

an
d

ddx
f

(x
)

ap
p

ear
sep

arately.
If

w
e

ju
st

p
ro

ceed
ed

to
sy

m
b

o
lica

lly
d
iff

eren
tiate

f
(x

)
an

d
p
lu

gged
its

d
erivative

in
to

th
e

ap
p
rop

riate
p
lace,

w
e

w
o
u
ld

h
ave

n
ested

d
u
p
lication

s
of

an
y

com
p
u
tation

th
at

ap
p

ears
in

com
m

on
b

etw
een

f
(x

)
a
n
d

ddx
f

(x
).

H
en

ce,
careless

sy
m

b
olic

d
iff

eren
tiation

can
easily

p
ro

d
u
ce

ex
p

on
en

tially
large

sy
m

b
o
lic

ex
p
ression

s
w

h
ich

take
corresp

on
d
in

g
ly

lon
g

to
evalu

a
te.

T
h
is

p
rob

lem
is

k
n
ow

n
a
s

exp
ressio

n
sw

ell
(T

ab
le

1).

W
h
en

w
e

a
re

con
cern

ed
w

ith
th

e
accu

rate
n
u
m

erical
evalu

ation
of

d
eriva

tives
an

d
n
ot

so
m

u
ch

w
ith

th
eir

actu
al

sy
m

b
olic

form
,

it
is

in
p
rin

cip
le

p
ossib

le
to

sign
ifi

can
tly

sim
p
lify

co
m

p
u
ta

tion
s

b
y

storin
g

on
ly

th
e

valu
es

of
in

term
ed

iate
su

b
-ex

p
ression

s
in

m
em

ory.
M

ore-
over,

fo
r

fu
rth

er
effi

cien
cy,

w
e

can
in

terleave
as

m
u
ch

as
p

o
ssib

le
th

e
d
iff

eren
tiation

an
d

sim
p
lifi

catio
n

step
s.

T
h
is

in
terleav

in
g

id
ea

form
s

th
e

b
asis

of
A

D
an

d
p
rov

id
es

an
accou

n
t
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
isk

in
d

T
ab

le
1:

Iteration
s

of
th

e
logistic

m
ap

ln
+

1
=

4
ln

(1
−
ln

),
l1

=
x

an
d

th
e

co
rresp

on
d
in

g
d
erivativ

es
of
ln

w
ith

resp
ect

to
x

,
illu

stratin
g

ex
p
ression

sw
ell.

n
ln

dd
x
ln

dd
x
ln

(S
im

p
lifi

ed
form

)

1
x

1
1

2
4
x

(1−
x

)
4
(1−

x
)−

4x
4−

8x

3
16
x

(1−
x

)(1−
2
x

)
2

1
6(1−

x
)(1−

2x
)
2−

16
x

(1−
2x

)
2−

64
x

(1−
x

)(1−
2x

)
16(1−

10x
+

2
4
x
2−

16
x
3)

4
6
4
x

(1−
x

)(1−
2
x

)
2

(1−
8
x

+
8
x
2)

2
128

x
(1−

x
)(−

8
+

16x
)(1−

2x
)
2(1−

8
x

+
8
x
2)+

64
(1−

x
)(1−

2
x

)
2(1−

8
x

+
8
x
2)

2−
64
x

(1−
2x

)
2(1−

8
x

+
8x

2)
2−

2
56
x

(1−
x

)(1−
2x

)(1−
8x

+
8
x
2)

2

64(1
−

42x
+

5
0
4x

2
−

2640x
3

+
7040x

4−
9
9
84x

5
+

716
8
x
6−

20
48x

7)

of
its

sim
p
lest

form
:

a
p
p
ly

sym
bo

lic
d
iff

eren
tia

tio
n

a
t

th
e

elem
en

ta
ry

o
pera

tio
n

level
a
n

d
keep

in
term

ed
ia

te
n

u
m

erica
l

resu
lts,

in
lockstep

w
ith

th
e

eva
lu

a
tio

n
o
f

th
e

m
a
in

fu
n

ctio
n

.
T

h
is

is
A

D
in

th
e

forw
ard

accu
m

u
lation

m
o
d
e,

w
h
ich

w
e

sh
all

in
tro

d
u
ce

in
th

e
follow

in
g

section
.

3
.

A
D

a
n
d

Its
M

a
in

M
o
d
e
s

A
D

can
b

e
th

ou
gh

t
of

as
p

erform
in

g
a

n
on

-stan
d
ard

in
terp

retation
of

a
com

p
u
ter

p
rogram

w
h
ere

th
is

in
terp

retation
in

volves
au

gm
en

tin
g

th
e

stan
d
ard

com
p
u
tation

w
ith

th
e

calcu
la-

tion
of

variou
s

d
erivativ

es.
A

ll
n
u
m

erical
com

p
u
tation

s
are

u
ltim

ately
com

p
osition

s
of

a
fi
n
ite

set
of

elem
en

tary
op

eration
s

for
w

h
ich

d
erivatives

are
k
n
ow

n
(V

erm
a
,

2000;
G

riew
an

k
an

d
W

alth
er,

2008),
an

d
com

b
in

in
g

th
e

d
erivatives

of
th

e
con

stitu
en

t
op

eratio
n
s

th
rou

gh
th

e
ch

ain
ru

le
gives

th
e

d
erivative

of
th

e
overall

com
p

osition
.

U
su

ally
th

ese
elem

en
tary

op
-

eration
s

in
clu

d
e

th
e

b
in

ary
arith

m
etic

op
eration

s,
th

e
u
n
ary

sign
sw

itch
,
an

d
tran

scen
d
en

tal
fu

n
ction

s
su

ch
as

th
e

ex
p

on
en

tial,
th

e
logarith

m
,

an
d

th
e

trigon
om

etric
fu

n
ction

s.

O
n

th
e

left
h
an

d
sid

e
of

T
ab

le
2

w
e

see
th

e
rep

resen
tation

of
th

e
com

p
u
tation

y
=

f
(x

1 ,x
2 )

=
ln

(x
1 )

+
x

1 x
2 −

sin
(x

2 )
as

an
eva

lu
a
tio

n
tra

ce
of

elem
en

tary
op

eration
s—

also
called

a
W

en
gert

list
(W

en
gert,

1964).
W

e
a
d
op

t
th

e
th

ree-p
art

n
otation

u
sed

b
y

G
riew

an
k

an
d

W
alth

er
(200

8),
w

h
ere

a
fu

n
ction

f
:
R
n
→

R
m

is
con

stru
cted

u
sin

g
in

term
ed

iate
variab

les
v
i

su
ch

th
at

•
variab

les
v
i−
n

=
x
i ,
i

=
1,...,n

are
th

e
in

p
u
t

variab
les,

•
variab

les
v
i
i

=
1,...,l

are
th

e
w

ork
in

g
(in

term
ed

iate)
variab

les,
an

d
•

variab
les

y
m
−
i

=
v
l−
i ,
i

=
m
−

1
,...,0

are
th

e
ou

tp
u
t

variab
les.

F
igu

re
4

sh
ow

s
th

e
giv

en
trace

of
elem

en
tary

op
eration

s
rep

resen
ted

as
a

com
p
u
tation

al
grap

h
(B

au
er,

1974),
u
sefu

l
in

v
isu

alizin
g

d
ep

en
d
en

cy
relation

s
b

etw
een

in
term

ed
iate

vari-
ab

les.

E
valu

ation
traces

form
th

e
b
asis

of
th

e
A

D
tech

n
iq

u
es.

A
n

im
p

ortan
t

p
oin

t
to

n
ote

h
ere

is
th

at
A

D
can

d
iff

eren
tiate

n
ot

on
ly

closed
-fo

rm
ex

p
ression

s
in

th
e

cla
ssical

sen
se,

b
u
t

also
algorith

m
s

m
ak

in
g

u
se

of
con

trol
fl
ow

su
ch

as
b
ran

ch
in

g
,

lo
op

s,
recu

rsion
,

an
d

p
ro

ced
u
re

8
JM

L
R

 18(153):1-43, 2018



A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

v −
1

v 0

v 1 v 2

v 3v 4

v 5

x
1

x
2

f
(x

1
,x

2
)

F
ig

u
re

4:
C

om
p
u
ta

ti
on

al
gr

ap
h

of
th

e
ex

am
p
le
f

(x
1
,x

2
)

=
ln

(x
1
)

+
x

1
x

2
−

si
n
(x

2
).

S
ee

th
e

p
ri

m
al

tr
ac

e
in

T
ab

le
s

2
or

3
fo

r
th

e
d
efi

n
it

io
n
s

of
th

e
in

te
rm

ed
ia

te
va

ri
a
b
le

s
v −

1
..
.v

5
.

ca
ll
s,

gi
v
in

g
it

an
im

p
or

ta
n
t

ad
va

n
ta

ge
ov

er
sy

m
b

ol
ic

d
iff

er
en

ti
at

io
n

w
h
ic

h
se

ve
re

ly
li
m

it
s

su
ch

ex
p
re

ss
iv

it
y.

T
h
is

is
th

an
k
s

to
th

e
fa

ct
th

at
an

y
n
u
m

er
ic

co
d
e

w
il
l

ev
en

tu
al

ly
re

su
lt

in
a

n
u
m

er
ic

ev
al

u
at

io
n

tr
ac

e
w

it
h

p
ar

ti
cu

la
r

va
lu

es
of

th
e

in
p
u
t,

in
te

rm
ed

ia
te

,
an

d
ou

tp
u
t

va
ri

ab
le

s,
w

h
ic

h
ar

e
th

e
on

ly
th

in
gs

on
e

n
ee

d
s

to
k
n
ow

fo
r

co
m

p
u
ti

n
g

d
er

iv
at

iv
es

u
si

n
g

ch
ai

n
ru

le
co

m
p

os
it

io
n
,

re
ga

rd
le

ss
of

th
e

sp
ec

ifi
c

co
n
tr

ol
fl
ow

p
at

h
th

at
w

as
ta

ke
n

d
u
ri

n
g

ex
ec

u
ti

on
.

A
n
ot

h
er

w
ay

of
ex

p
re

ss
in

g
th

is
is

th
at

A
D

is
b
li
n
d

w
it

h
re

sp
ec

t
to

an
y

o
p

er
at

io
n
,

in
cl

u
d
in

g
co

n
tr

ol
fl
ow

st
at

em
en

ts
,

w
h
ic

h
d
o

n
ot

d
ir

ec
tl

y
al

te
r

n
u
m

er
ic

va
lu

es
.

3
.1

F
o
rw

a
rd

M
o
d

e

A
D

in
fo

rw
ar

d
ac

cu
m

u
la

ti
on

m
o
d
e9

is
th

e
co

n
ce

p
tu

al
ly

m
os

t
si

m
p
le

ty
p

e.
C

on
si

d
er

th
e

ev
al

u
at

io
n

tr
ac

e
of

th
e

fu
n
ct

io
n
f

(x
1
,x

2
)

=
ln

(x
1
)

+
x

1
x

2
−

si
n
(x

2
)

gi
ve

n
on

th
e

le
ft

-h
an

d
si

d
e

in
T

ab
le

2
an

d
in

gr
ap

h
fo

rm
in

F
ig

u
re

4.
F

o
r

co
m

p
u
ti

n
g

th
e

d
er

iv
at

iv
e

of
f

w
it

h
re

sp
ec

t
to
x

1
,

w
e

st
ar

t
b
y

as
so

ci
at

in
g

w
it

h
ea

ch
in

te
rm

ed
ia

te
va

ri
ab

le
v i

a
d
er

iv
at

iv
e

v̇ i
=
∂
v i

∂
x

1
.

A
p
p
ly

in
g

th
e

ch
ai

n
ru

le
to

ea
ch

el
em

en
ta

ry
op

er
at

io
n

in
th

e
fo

rw
ar

d
p
ri

m
a
l

tr
ac

e,
w

e
ge

n
er

at
e

th
e

co
rr

es
p

on
d
in

g
ta

n
ge

n
t

(d
er

iv
at

iv
e)

tr
ac

e,
gi

ve
n

on
th

e
ri

gh
t-

h
an

d
si

d
e

in
T

a-
b
le

2.
E

va
lu

at
in

g
th

e
p
ri

m
al

s
v i

in
lo

ck
st

ep
w

it
h

th
ei

r
co

rr
es

p
on

d
in

g
ta

n
ge

n
ts
v̇ i

gi
ve

s
u
s

th
e

re
q
u
ir

ed
d
er

iv
at

iv
e

in
th

e
fi
n
al

va
ri

ab
le
v̇ 5

=
∂
y

∂
x

1
.

T
h
is

ge
n
er

al
iz

es
n
at

u
ra

ll
y

to
co

m
p
u
ti

n
g

th
e

J
ac

ob
ia

n
of

a
fu

n
ct

io
n
f

:
R
n
→

R
m

w
it

h
n

in
d
ep

en
d
en

t
(i

n
p
u
t)

va
ri

ab
le

s
x
i

an
d
m

d
ep

en
d
en

t
(o

u
tp

u
t)

va
ri

ab
le

s
y j

.
In

th
is

ca
se

,
ea

ch
fo

rw
ar

d
p
as

s
of

A
D

is
in

it
ia

li
ze

d
b
y

se
tt

in
g

on
ly

on
e

of
th

e
va

ri
ab

le
s
ẋ
i

=
1

an
d

se
tt

in
g

th
e

re
st

to
ze

ro
(i

n
ot

h
er

w
or

d
s,

se
tt

in
g

ẋ
=

e
i,

w
h
er

e
e
i

is
th

e
i-

th
u
n
it

ve
ct

or
).

A
ru

n
of

th
e

co
d
e

w
it

h
sp

ec
ifi

c
in

p
u
t

va
lu

es
x

=
a

th
en

co
m

p
u
te

s

ẏ j
=
∂
y j
∂
x
i

∣ ∣ ∣ ∣ x
=
a

,
j

=
1,
..
.,
m
,

9
.

A
ls

o
ca

ll
ed

ta
n

ge
n

t
li

n
ea

r
m

o
d

e.
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
is
k
in
d

T
ab

le
2:

F
or

w
ar

d
m

o
d
e

A
D

ex
am

p
le

,
w

it
h
y

=
f

(x
1
,x

2
)

=
ln

(x
1
)+

x
1
x

2
−

si
n
(x

2
)

ev
a
lu

a
te

d
at

(x
1
,x

2
)

=
(2
,5

)
an

d
se

tt
in

g
ẋ

1
=

1
to

co
m

p
u
te

∂
y

∂
x

1
.

T
h
e

or
ig

in
a
l

fo
rw

a
rd

ev
al

u
at

io
n

of
th

e
p
ri

m
al

s
on

th
e

le
ft

is
au

gm
en

te
d

b
y

th
e

ta
n
ge

n
t

o
p

er
a
ti

o
n
s

o
n

th
e

ri
gh

t,
w

h
er

e
ea

ch
li
n
e

co
m

p
le

m
en

ts
th

e
or

ig
in

al
d
ir

ec
tl

y
to

it
s

le
ft

.

F
o
rw

a
rd

P
ri

m
a
l

T
ra

ce

v −
1

=
x

1
=

2

v 0
=
x

2
=

5

v 1
=

ln
v −

1
=

ln
2

v 2
=
v −

1
×
v 0

=
2
×

5

v 3
=

si
n
v 0

=
si

n
5

v 4
=
v 1

+
v 2

=
0
.6

9
3

+
1
0

v 5
=
v 4
−
v 3

=
1
0
.6

9
3

+
0
.9

5
9

y
=
v 5

=
1
1
.6

5
2

F
o
rw

a
rd

T
a
n

g
en

t
(D

er
iv

a
ti

v
e)

T
ra

ce

v̇ −
1

=
ẋ

1
=

1

v̇ 0
=
ẋ

2
=

0

v̇ 1
=
v̇ −

1
/
v −

1
=

1
/
2

v̇ 2
=
v̇ −

1
×
v 0

+
v̇ 0
×
v −

1
=

1
×

5
+

0
×

2

v̇ 3
=
v̇ 0
×

co
s
v 0

=
0
×

co
s

5

v̇ 4
=
v̇ 1

+
v̇ 2

=
0
.5

+
5

v̇ 5
=
v̇ 4
−
v̇ 3

=
5
.5
−

0

ẏ
=

v̇
5

=
5
.5

gi
v
in

g
u
s

on
e

co
lu

m
n

of
th

e
J
ac

ob
ia

n
m

at
ri

x

J
f

=

  

∂
y
1

∂
x

1
··
·

∂
y
1

∂
x
n

. . .
. .

.
. . .

∂
y
m

∂
x

1
··
·

∂
y
m

∂
x
n

  ∣ ∣ ∣ ∣ ∣ ∣ ∣ x
=

a

ev
al

u
at

ed
at

p
oi

n
t

a
.

T
h
u
s,

th
e

fu
ll

J
ac

ob
ia

n
ca

n
b

e
co

m
p
u
te

d
in
n

ev
al

u
at

io
n
s.

F
u
rt

h
er

m
or

e,
fo

rw
ar

d
m

o
d
e

A
D

p
ro

v
id

es
a

v
er

y
effi

ci
en

t
an

d
m

at
ri

x
-f

re
e

w
ay

o
f

co
m

-
p
u
ti

n
g

J
ac

ob
ia

n
–v

ec
to

r
p
ro

d
u
ct

s

J
f

r
=

  

∂
y
1

∂
x

1
··
·

∂
y
1

∂
x
n

. . .
. .

.
. . .

∂
y
m

∂
x

1
··
·

∂
y
m

∂
x
n

  

  r 1 . . . r n

  
,

(4
)

si
m

p
ly

b
y

in
it

ia
li
zi

n
g

w
it

h
ẋ

=
r.

T
h
u
s,

w
e

ca
n

co
m

p
u
te

th
e

J
ac

ob
ia

n
–v

ec
to

r
p
ro

d
u
ct

in
ju

st
on

e
fo

rw
ar

d
p
as

s.
A

s
a

sp
ec

ia
l

ca
se

,
w

h
en

f
:
R
n
→

R
,

w
e

ca
n

ob
ta

in
th

e
d
ir

ec
ti

o
n
a
l

d
er

iv
at

iv
e

al
on

g
a

gi
ve

n
ve

ct
or

r
as

a
li
n
ea

r
co

m
b
in

at
io

n
of

th
e

p
ar

ti
al

d
er

iv
a
ti

ve
s

∇
f
·r

b
y

st
ar

ti
n
g

th
e

A
D

co
m

p
u
ta

ti
on

w
it

h
th

e
va

lu
es

ẋ
=

r.
F

or
w

ar
d

m
o
d
e

A
D

is
effi

ci
en

t
an

d
st

ra
ig

h
tf

or
w

ar
d

fo
r

fu
n
ct

io
n
s
f

:
R
→

R
m

,
a
s

a
ll

th
e

d
er

iv
at

iv
es

d
y
i

d
x

ca
n

b
e

co
m

p
u
te

d
w

it
h

ju
st

on
e

fo
rw

ar
d

p
as

s.
C

on
ve

rs
el

y,
in

th
e

o
th

er
ex

tr
em

e
of
f

:
R
n
→

R
,

fo
rw

ar
d

m
o
d
e

A
D

re
q
u
ir

es
n

ev
al

u
at

io
n
s

to
co

m
p
u
te

th
e

g
ra

d
ie

n
t

∇
f

=

(
∂
y

∂
x

1
,.
..
,
∂
y

∂
x
n

)
,

w
h
ic

h
al

so
co

rr
es

p
on

d
s

to
a

1
×
n

J
ac

ob
ia

n
m

at
ri

x
th

at
is

b
u
il
t

on
e

co
lu

m
n

a
t

a
ti

m
e

w
it

h
th

e
fo

rw
ar

d
m

o
d
e

in
n

ev
al

u
at

io
n
s.

In
ge

n
er

al
,

fo
r

ca
se

s
f

:
R
n
→

R
m

w
h
er

e
n
�
m

,
a

d
iff

er
en

t
te

ch
n
iq

u
e

is
o
ft

en
p
re

fe
rr

ed
.

W
e

w
il
l

d
es

cr
ib

e
A

D
in

re
ve

rs
e

a
cc

u
m

u
la

ti
o
n

m
od

e
in

S
ec

ti
on

3
.2

.
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A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

3
.1
.1

D
u
a
l
N
u
m
b
e
r
s

M
a
th

em
a
tica

lly,
forw

ard
m

o
d
e

A
D

(rep
resen

ted
b
y

th
e

left-
an

d
righ

t-h
an

d
sid

es
in

T
ab

le
2)

ca
n

b
e

v
iew

ed
as

evalu
atin

g
a

fu
n
ction

u
sin

g
d
u
al

n
u
m

b
ers, 1

0
w

h
ich

can
b

e
d
efi

n
ed

as
tru

n
ca

ted
T

ay
lo

r
series

of
th

e
form

v
+
v̇
ε
,

w
h
ere

v
,v̇
∈

R
an

d
ε

is
a

n
ilp

oten
t

n
u
m

b
er

su
ch

th
a
t
ε
2

=
0

an
d
ε
6=

0.
O

b
serve,

for
ex

a
m

p
le,

th
a
t

(v
+
v̇
ε)

+
(u

+
u̇
ε)

=
(v

+
u

)
+

(v̇
+
u̇

)ε

(v
+
v̇
ε)(u

+
u̇
ε)

=
(v
u

)
+

(v
u̇

+
v̇
u

)ε
,

in
w

h
ich

th
e

co
effi

cien
ts

of
ε

con
ven

ien
tly

m
irror

sy
m

b
olic

d
iff

eren
tiation

ru
les

(e.g.,
E

q
.

3).
W

e
ca

n
u
tilize

th
is

b
y

settin
g

u
p

a
reg

im
e

w
h
ere

f
(v

+
v̇
ε)

=
f

(v
)

+
f
′(v

)v̇
ε

(5)

a
n
d

u
sin

g
d
u
a
l

n
u
m

b
ers

as
d
ata

stru
ctu

res
fo

r
carry

in
g

th
e

tan
gen

t
valu

e
tog

eth
er

w
ith

th
e

p
rim

a
l. 1

1
T

h
e

ch
ain

ru
le

w
ork

s
as

ex
p

ected
on

th
is

rep
resen

tation
:

tw
o

a
p
p
lication

s
of

E
q
.

5
g
ive

f
(g

(v
+
v̇
ε))

=
f

(g
(v

)
+
g ′(v

)v̇
ε)

=
f

(g
(v

))
+
f
′(g

(v
))g ′(v

)v̇
ε
.

T
h
e

co
effi

cien
t

of
ε

on
th

e
righ

t-h
an

d
sid

e
is

ex
actly

th
e

d
erivative

of
th

e
com

p
osition

of
f

a
n
d
g
.

T
h
is

m
ean

s
th

at
sin

ce
w

e
im

p
lem

en
t

elem
en

tary
op

eration
s

to
resp

ect
th

e
in

varian
t

E
q
.

5
,

a
ll

com
p

osition
s

of
th

em
w

ill
a
lso

d
o

so.
T

h
is,

in
tu

rn
,

m
ean

s
th

a
t

w
e

can
ex

tract
th

e
d
eriva

tive
o
f

a
fu

n
ction

b
y

in
terp

retin
g

an
y

n
on

-d
u
al

n
u
m

b
er
v

as
v

+
0ε

an
d

evalu
atin

g
th

e
fu

n
ctio

n
in

th
is

n
on

-stan
d
ard

w
ay

on
an

in
itial

in
p
u
t

w
ith

a
co

effi
cien

t
1

for
ε:

df
(x

)

d
x

∣∣∣∣x
=
v

=
ep

silon
-co

effi
cien

t(d
u
al-version

(f
)(v

+
1
ε))

.

T
h
is

also
ex

ten
d
s

to
arb

itrary
p
rogram

con
stru

cts,
sin

ce
d
u
al

n
u
m

b
ers,

as
d
ata

ty
p

es,
ca

n
b

e
co

n
ta

in
ed

in
an

y
d
ata

stru
ctu

re.
A

s
lon

g
as

a
d
u
al

n
u
m

b
er

rem
ain

s
in

a
d
ata

stru
ctu

re
w

ith
n
o

a
rith

m
etic

op
eration

s
b

ein
g

p
erform

ed
on

it,
it

w
ill

ju
st

rem
ain

a
d
u
al

n
u
m

b
er;

an
d

if
it

is
ta

k
en

o
u
t

of
th

e
d
ata

stru
ctu

re
an

d
op

erated
on

again
,

th
en

th
e

d
iff

eren
tiatio

n
w

ill
co

n
tin

u
e.

In
p
ractice,

a
fu

n
ction

f
co

d
ed

in
a

p
rogram

m
in

g
lan

gu
age

of
ch

oice
w

ou
ld

b
e

fed
in

to
a
n

A
D

to
o
l,

w
h
ich

w
ou

ld
th

en
au

gm
en

t
it

w
ith

corresp
on

d
in

g
ex

tra
co

d
e

to
h
an

d
le

th
e

d
u
al

o
p

era
tio

n
s

so
th

at
th

e
fu

n
ction

an
d

its
d
erivativ

e
are

sim
u
ltan

eou
sly

com
p
u
ted

.
T

h
is

can
b

e
im

p
lem

en
ted

th
rou

gh
calls

to
a

sp
ecifi

c
lib

rary,
in

th
e

form
o
f

sou
rce

co
d
e

tran
sform

ation
w

h
ere

a
g
iv

en
sou

rce
co

d
e

w
ill

b
e

au
tom

atically
m

o
d
ifi

ed
,

or
th

rou
gh

op
erato

r
overload

in
g,

m
a
k
in

g
th

e
p
ro

cess
tran

sp
aren

t
to

th
e

u
ser.

W
e

d
iscu

ss
th

ese
im

p
lem

en
tation

tech
n
iq

u
es

in
S
ectio

n
5
.

1
0
.

F
irst

in
tro

d
u

ced
b
y

C
liff

o
rd

(1
8
7
3
),

w
ith

im
p

o
rta

n
t

u
ses

in
lin

ea
r

a
lg

eb
ra

a
n

d
p

h
y
sics.

1
1
.

J
u

st
a
s

th
e

co
m

p
lex

n
u

m
b

er
w

ritten
x

+
y
i

is
rep

resen
ted

in
th

e
co

m
p

u
ter

a
s

a
p

a
ir

in
m

em
o
ry

(x
,y

)
w

h
o
se

tw
o

slo
ts

a
re

rea
ls,

th
e

d
u

a
l

n
u

m
b

er
w

ritten
x

+
ẋ
ε

is
rep

resen
ted

a
s

th
e

p
a
ir

(x
,ẋ

).
S

u
ch

p
a
irs

a
re

so
m

etim
es

ca
lled

A
rg

a
n

d
p

a
irs

(H
a
m

ilto
n

,
1
8
3
7
,

p
1
0
7

E
q
s.

(1
5
7
)

a
n

d
(1

5
8
)).

1
1
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
isk

in
d

3
.2

R
e
v
e
rse

M
o
d

e

A
D

in
th

e
reverse

accu
m

u
lation

m
o
d
e

1
2

corresp
on

d
s

to
a

gen
eralized

b
ack

p
rop

agatio
n

al-
gorith

m
,

in
th

at
it

p
rop

agates
d
erivatives

b
ack

w
ard

from
a

given
ou

tp
u
t.

T
h
is

is
d
on

e
b
y

com
p
lem

en
tin

g
each

in
term

ed
iate

variab
le
v
i

w
ith

an
ad

join
t

v̄
i

=
∂
y
j

∂
v
i
,

w
h
ich

rep
resen

ts
th

e
sen

sitiv
ity

of
a

con
sid

ered
ou

tp
u
t
y
j

w
ith

resp
ect

to
ch

an
ges

in
v
i .

In
th

e
case

of
b
ack

p
rop

agation
,
y

w
ou

ld
b

e
a

scalar
co

rresp
on

d
in

g
to

th
e

error
E

(F
igu

re
1).

In
reverse

m
o
d
e

A
D

,
d
erivativ

es
are

com
p
u
ted

in
th

e
secon

d
p
h
ase

of
a

tw
o-p

h
ase

p
ro-

cess.
In

th
e

fi
rst

p
h
ase,

th
e

origin
al

fu
n
ction

co
d
e

is
ru

n
fo

rw
a
rd

,
p

op
u
latin

g
in

term
ed

iate
variab

les
v
i

an
d

record
in

g
th

e
d
ep

en
d
en

cies
in

th
e

com
p
u
tatio

n
al

grap
h

th
rou

gh
a

b
o
ok

-
keep

in
g

p
ro

ced
u
re.
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th

e
d
iff

er
en

ti
ab

le
p
ro

gr
am

m
in

g
p

er
sp

ec
ti

ve
on

d
ee

p
le

ar
n
in

g
is

n
ew

,
w

e
n
o
te

th
a
t

1
8
.

T
h

ea
n

o
is

a
co

m
p

u
ta

ti
o
n

a
l

g
ra

p
h

o
p

ti
m

iz
er

a
n

d
co

m
p

il
er

w
it

h
G

P
U

su
p

p
o
rt

a
n

d
it

cu
rr

en
tl

y
h

a
n

d
le

s
d

er
iv

a
ti

v
es

in
a

h
ig

h
ly

o
p
ti

m
iz

ed
fo

rm
o
f

sy
m

b
o
li

c
d

iff
er

en
ti

a
ti

o
n

.
T

h
e

re
su

lt
ca

n
b

e
in

te
rp

re
te

d
a
s

a
h
y
b

ri
d

o
f

sy
m

b
o
li

c
d

iff
er

en
ti

a
ti

o
n

a
n

d
re

v
er

se
m

o
d

e
A

D
,

b
u

t
T

h
ea

n
o

d
o
es

n
o
t

u
se

th
e

g
en

er
a
l-

p
u

rp
o
se

re
v
er

se
a
cc

u
m

u
la

ti
o
n

a
s

w
e

d
es

cr
ib

e
in

th
is

p
a
p

er
.

(P
er

so
n

a
l

co
m

m
u

n
ic

a
ti

o
n

w
it

h
th

e
a
u

th
o
rs

.)
1
9
.

N
o
te

th
a
t

th
e

te
rm

s
“
st

a
ti

c”
a
n

d
“
d

y
n

a
m

ic
”

h
er

e
a
re

u
se

d
in

th
e

se
n

se
o
f

h
av

in
g

a
fi

x
ed

v
er

su
s

n
o
n

-fi
x
ed

co
m

p
u

ta
ti

o
n

a
l

g
ra

p
h

to
p

o
lo

g
y

a
n

d
n

o
t

in
th

e
se

n
se

o
f

d
a
ta

fl
ow

a
rc

h
it

ec
tu

re
s.

2
0
.

A
te

rm
a
d

v
o
ca

te
d

b
y

C
h

ri
st

o
p

h
er

O
la

h
(h
t
t
p
:
/
/
c
o
l
a
h
.
g
i
t
h
u
b
.
i
o
/
p
o
s
t
s
/
2
0
1
5
-
0
9
-
N
N
-
T
y
p
e
s
-
F
P
/
),

D
av

id
D

a
lr

y
m

p
le

(h
t
t
p
s
:
/
/
w
w
w
.
e
d
g
e
.
o
r
g
/
r
e
s
p
o
n
s
e
-
d
e
t
a
i
l
/
2
6
7
9
4
),

a
n

d
Y

a
n

n
L

eC
u

n
(h
t
t
p
s
:
/
/
w
w
w
.

f
a
c
e
b
o
o
k
.
c
o
m
/
y
a
n
n
.
l
e
c
u
n
/
p
o
s
t
s
/
1
0
1
5
5
0
0
3
0
1
1
4
6
2
1
4
3
)

fr
o
m

a
d

ee
p

le
a
rn

in
g

p
o
in

t
o
f

v
ie

w
.

N
o
te

th
e

d
iff

er
en

ce
fr

o
m

d
iff

er
en

ti
a

l
d

y
n

a
m

ic
p

ro
g
ra

m
m

in
g

(M
ay

n
e

a
n

d
J
a
co

b
so

n
,

1
9
7
0
)

in
o
p

ti
m

a
l

co
n
tr

o
l.

1
8
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L
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A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

p
ro

g
ra

m
m

in
g

w
ith

d
iff

eren
tiab

le
fu

n
ction

s
an

d
h
av

in
g

d
iff

eren
tiation

as
a

lan
gu

age
in

fras-
tru

ctu
re

h
a
s

b
een

th
e

m
ain

research
su

b
ject

of
th

e
A

D
com

m
u
n
ity

for
m

an
y

d
ecad

es
an

d
rea

lized
in

a
w

id
e

ran
ge

of
sy

stem
s

an
d

lan
gu

ages
as

w
e

sh
all

see
in

S
ection

5.

T
h
ere

a
re

in
stan

ces
in

n
eu

ral
n
etw

ork
literatu

re—
alb

eit
few

—
w

h
ere

ex
p
licit

referen
ce

h
a
s

b
een

m
a
d
e

to
A

D
for

com
p
u
tin

g
error

grad
ien

ts,
su

ch
a
s

E
rik

sson
et

al.
(1

998)
u
sin

g
A

D
fo

r
la

rg
e-sca

le
feed

-forw
ard

n
etw

ork
s,

an
d

th
e

w
ork

b
y

Y
an

g
et

al.
(2008),

w
h
ere

th
e

au
th

ors
u
se

A
D

to
tra

in
a

n
eu

ral-n
etw

ork
-b

ased
p
rop

ortion
al-in

tegral-d
erivative

(P
ID

)
co

n
troller.

S
im

ila
rly,

R
o
llin

s
(2009)

u
ses

reverse
m

o
d
e

A
D

in
con

ju
n
ction

w
ith

n
eu

ral
n
etw

ork
s

for
th

e
p
ro

b
lem

o
f

op
tim

al
feed

b
ack

con
trol.

A
n
oth

er
ex

am
p
le

is
given

for
con

tin
u
ou

s
tim

e
recu

rren
t

n
eu

ra
l

n
etw

ork
s

(C
T

R
N

N
)

b
y

A
l

S
ey

a
b

an
d

C
ao

(2008),
w

h
ere

th
e

au
th

ors
ap

p
ly

A
D

fo
r

th
e

tra
in

in
g

of
C

T
R

N
N

s
p
red

ictin
g

d
y
n
am

ic
b

eh
av

ior
of

n
o
n
lin

ear
p
ro

cesses
in

real
tim

e
a
n
d

rep
o
rt

sign
ifi

can
tly

red
u
ced

train
in

g
tim

e
com

p
ared

w
ith

oth
er

m
eth

o
d
s.

4
.3

C
o
m

p
u

te
r

V
isio

n

S
in

ce
th

e
in

fl
u
en

tial
w

ork
b
y

K
rizh

ev
sk

y
et

al.
(2012),

com
p
u
ter

v
ision

h
a
s

b
een

d
om

in
ated

b
y

d
eep

lea
rn

in
g,

sp
ecifi

cally,
variation

s
of

con
vo

lu
tion

al
n
eu

ral
n
etw

ork
s

(L
eC

u
n

et
al.,

1
9
9
8
).

T
h
ese

m
o
d
els

are
train

ed
en

d
-to-en

d
,

m
ean

in
g

th
at

a
m

ap
p
in

g
from

raw
in

p
u
t

d
ata

to
corresp

o
n
d
in

g
ou

tp
u
ts

is
learn

ed
,

au
tom

atically
d
iscoverin

g
th

e
rep

resen
tation

s
n
eed

ed
fo

r
fea

tu
re

d
etection

in
a

p
ro

cess
called

rep
resen

tation
learn

in
g

(B
en

gio
et

al.,
2013).

B
esid

es
d
eep

learn
in

g,
an

in
terestin

g
area

w
h
ere

A
D

ca
n

b
e

ap
p
lied

to
com

p
u
ter

v
ision

p
ro

b
lem

s
is

in
verse

grap
h
ics

(H
orn

,
197

7;
H

in
ton

an
d

G
h
ah

ram
an

i,
19

97)—
or

an
aly

sis-b
y
-

sy
n
th

esis
(Y

ild
irim

et
al.,

2015)—
w

h
ere

v
ision

is
seen

as
th

e
in

feren
ce

of
p
aram

eters
for

a
g
en

era
tive

m
o
d
el

of
a

scen
e.

U
sin

g
grad

ien
t-b

ased
op

tim
ization

in
in

verse
grap

h
ics

req
u
ires

p
ro

p
a
g
a
tin

g
d
erivatives

th
rou

gh
w

h
ole

im
age

sy
n
th

esis
p
ip

elin
es

in
clu

d
in

g
th

e
ren

d
erer.

E
sla

m
i

et
a
l.

(2
016)

u
se

n
u
m

erical
d
iff

eren
tiation

for
th

is
p
u
rp

ose.
L

op
er

an
d

B
lack

(2014)
im

p
lem

en
t

th
e

O
p

en
D

iff
eren

tiab
le

R
en

d
erer

(O
p

en
D

R
),

w
h
ich

is
a

scen
e

ren
d
erer

th
at

also
su

p
p
lies

d
erivatives

of
th

e
im

age
p
ix

els
w

ith
resp

ect
to

scen
e

p
aram

eters,
an

d
d
em

on
strate

it
in

th
e

ta
sk

o
f

fi
ttin

g
an

articu
lated

an
d

d
eform

ab
le

3D
m

o
d
el

of
th

e
h
u
m

an
b

o
d
y

to
im

a
g
e

a
n
d

ra
n
g
e

d
ata

from
a

K
in

ect
d
ev

ice.
S
im

ilarly,
K

u
lkarn

i
et

al.
(20

15)
im

p
lem

en
t

a
d
iff

eren
tia

b
le

ap
p
rox

im
ate

ren
d
erer

for
th

e
task

o
f

in
feren

ce
in

p
rob

ab
ilistic

p
rogram

s
d
escrib

in
g

scen
es.

S
ra

jer
et

a
l.

(2016)
in

vestigate
th

e
u
se

of
A

D
for

th
ree

task
s

in
com

p
u
ter

v
ision

an
d

m
ach

in
e

lea
rn

in
g,

n
am

ely
b
u
n
d
le

ad
ju

stm
en

t
(T

riggs
et

al.,
1999),

G
au

ssian
m

ix
tu

re
m

o
d
el

fi
ttin

g
,

a
n
d

h
a
n
d

track
in

g
(T

ay
lor

et
al.,

2014),
an

d
p
rov

id
e

a
com

p
reh

en
siv

e
b

en
ch

m
a
rk

of
vario

u
s

A
D

to
o
ls

for
th

e
com

p
u
tation

of
d
erivatives

in
th

ese
task

s.

P
o
ck

et
a
l.

(2007)
m

ake
u
se

of
A

D
in

ad
d
ressin

g
th

e
p
rob

lem
s

of
d
en

oisin
g,

segm
en

tation
,

a
n
d

recovery
of

in
form

ation
from

stereoscop
ic

im
age

p
airs,

an
d

n
ote

th
e

u
sefu

ln
ess

of
A

D
in

id
en

tify
in

g
sp

arsity
p
attern

s
in

large
J
acob

ian
an

d
H

essian
m

atrices.
In

an
oth

er
stu

d
y,

G
ra

b
n
er

et
a
l.

(2008)
u
se

reverse
m

o
d
e

A
D

fo
r

G
P

U
-accelerated

m
ed

ical
2
D

/3D
registration

,
a

ta
sk

in
volv

in
g

th
e

align
m

en
t

of
d
ata

from
d
iff

eren
t

sou
rces

su
ch

as
X

-ray
im

ages
or

co
m

p
u
ted

to
m

ograp
h
y.

T
h
e

au
th

ors
rep

ort
a

six
-fold

in
crease

in
sp

eed
com

p
ared

w
ith

n
u
m

erica
l

d
iff

eren
tiation

u
sin

g
cen

ter
d
iff

eren
ce

(cf.
ou

r
b

en
ch

m
ark

w
ith

th
e

H
elm

h
o
ltz

fu
n
ctio

n
,

F
ig

u
re

5
an

d
T

ab
le

4).
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L
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
isk

in
d

B
arrett

an
d

S
isk

in
d

(2013)
p
resen

t
a

u
se

of
gen

eral-p
u
rp

ose
A

D
for

th
e

task
of

v
id

eo
even

t
d
etection

u
sin

g
h
id

d
en

M
arkov

m
o
d
els

(H
M

M
s)

an
d

D
alal

an
d

T
riggs

(2005)
ob

ject
d
etectors,

p
erform

in
g

train
in

g
on

a
corp

u
s

of
p
re-tracked

v
id

eo
u
sin

g
an

ad
ap

tiv
e

step
size

grad
ien

t
d
escen

t
w

ith
reverse

m
o
d
e

A
D

.
In

itially
im

p
lem

en
ted

w
ith

th
e

R
6R

S
-A

D
p
ackage

2
1

w
h
ich

p
rov

id
es

forw
ard

an
d

reverse
m

o
d
e

A
D

in
S
ch

em
e,

th
e

resu
ltin

g
grad

ien
t

co
d
e

w
as

later
p

orted
to

C
an

d
h
igh

ly
op

tim
ized

. 2
2

4
.4

N
a
tu

ra
l

L
a
n

g
u

a
g
e

P
ro

c
e
ssin

g

N
atu

ral
lan

gu
age

p
ro

cessin
g

(N
L

P
)

con
stitu

tes
on

e
of

th
e

areas
w

h
ere

rap
id

p
rogress

is
b

e-
in

g
m

ad
e

b
y

ap
p
ly

in
g

d
eep

learn
in

g
tech

n
iq

u
es

(G
old

b
erg,

2016),
w

ith
ap

p
lication

s
in

task
s

in
clu

d
in

g
m

ach
in

e
tran

slation
(B

ah
d
an

au
et

al.,
2014),

lan
gu

age
m

o
d
elin

g
(M

ikolov
et

al.,
2010),

d
ep

en
d
en

cy
p
arsin

g
(C

h
en

an
d

M
an

n
in

g,
2014),

an
d

q
u
estion

an
sw

erin
g

(K
u
m

ar
et

al.,
2016).

B
esid

es
d
eep

learn
in

g
ap

p
roach

es,
statistical

m
o
d
els

in
N

L
P

are
com

m
o
n
ly

train
ed

u
sin

g
gen

eral
p
u
rp

ose
or

sp
ecialized

grad
ien

t-b
ased

m
eth

o
d
s

an
d

m
ostly

rem
ain

ex
p

en
sive

to
train

.
Im

p
rov

em
en

ts
in

train
in

g
tim

e
can

b
e

realized
b
y

u
sin

g
on

lin
e

or
d
is-

trib
u
ted

train
in

g
algorith

m
s

(G
im

p
el

et
al.,

2010).
A

n
ex

am
p
le

u
sin

g
sto

ch
a
stic

grad
ien

t
d
escen

t
for

N
L

P
is

given
b
y

F
in

kel
et

al.
(2008)

op
tim

izin
g

con
d
ition

al
ran

d
om

fi
eld

p
a
rsers

th
rou

gh
an

ob
jective

fu
n
ction

.
R

elated
w

ith
th

e
w

ork
on

v
id

eo
even

t
d
etection

in
th

e
p
re-

v
iou

s
section

,
Y

u
an

d
S
isk

in
d

(2013)
rep

o
rt

th
eir

w
ork

on
sen

ten
ce

track
in

g,
rep

resen
tin

g
an

in
stan

ce
of

grou
n
d
ed

lan
gu

age
learn

in
g

p
aired

w
ith

com
p
u
ter

v
isio

n
,

w
h
ere

th
e

sy
stem

learn
s

w
ord

m
ean

in
gs

from
sh

ort
v
id

eo
clip

s
p
aired

w
ith

d
escrip

tive
sen

ten
ces.

T
h
e

m
eth

o
d

u
ses

H
M

M
s

to
rep

resen
t

ch
an

ges
in

v
id

eo
fram

es
an

d
m

ean
in

gs
of

d
iff

eren
t

p
arts

of
sp

eech
.

T
h
is

w
ork

is
im

p
lem

en
ted

in
C

an
d

com
p
u
tes

th
e

req
u
ired

grad
ien

ts
u
sin

g
A

D
th

rou
gh

th
e

A
D

O
L

-C
to

ol. 2
3

4
.5

P
ro

b
a
b

ilistic
M

o
d

e
lin

g
a
n

d
In

fe
re

n
c
e

In
feren

ce
in

p
rob

ab
ilistic

m
o
d
els

can
b

e
static,

su
ch

as
com

p
ilin

g
a

given
m

o
d
el

to
B

ay
esian

n
etw

ork
s

an
d

u
sin

g
algorith

m
s

su
ch

as
b

elief
p
rop

agation
for

in
feren

ce;
or

th
ey

can
b

e
d
y
n
am

ic,
ex

ecu
tin

g
a

m
o
d
el

forw
ard

m
an

y
tim

es
an

d
com

p
u
tin

g
statistics

on
ob

served
valu

es
to

in
fer

p
osterior

d
istrib

u
tion

s.
M

arkov
ch

ain
M

on
te

C
arlo

(M
C

M
C

)
(N

eal,
1993)

m
eth

o
d
s

are
often

u
sed

for
d
y
n
am

ic
in

feren
ce,

su
ch

as
th

e
M

etrop
olis–H

astin
gs

algorith
m

b
ased

on
ran

d
om

sam
p
lin

g
(C

h
ib

an
d

G
reen

b
erg,

1995).
M

eyer
et

al.
(2003)

giv
e

an
ex

am
p
le

of
h
ow

A
D

can
b

e
u
sed

to
sp

eed
u
p

B
ayesian

p
osterior

in
feren

ce
in

M
C

M
C

,
w

ith
an

ap
p
lication

in
sto

ch
astic

volatility.
A

m
ortized

in
feren

ce
(G

ersh
m

an
an

d
G

o
o
d
m

an
,

2014;
S
tu

h
lm

ü
ller

et
al.,

2013)
tech

n
iq

u
es

b
ased

on
d
eep

learn
in

g
(L

e
et

al.,
201

7;
R

itch
ie
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it

h
m

et
ic

,
an

d
ca

n
so

m
et

im
es

in
tr

o
d
u
ce

n
u
m

er
ic

is
su

es
w

h
ic

h
w

er
e

n
ot

p
re

se
n
t

in
th

e
p
ri

m
al

ca
lc

u
la

ti
on

.
Is

su
es

of
n
u
m

er
ic

an
al

y
si

s
ar

e
ou

ts
id

e
o
u
r

p
re

se
n
t

sc
op

e,
b
u
t

th
er

e
is

a
ro

b
u
st

li
te

ra
tu

re
on

th
e

n
u
m

er
ic

s
o
f

A
D

(e
.g

.,
G

ri
ew

an
k

et
a
l.

(2
0
1
2)

)
in

vo
lv

in
g

u
si

n
g

su
b
gr

ad
ie

n
ts

to
al

lo
w

op
ti

m
iz

at
io

n
to

p
ro

ce
ed

d
es

p
it

e
n
on

-d
iff

er
en

ti
a
b
il
it

y
of

th
e

ob
je

ct
iv

e,
ap

p
ro

p
ri

at
e

su
b
gr

ad
ie

n
ts

an
d

ap
p
ro

x
im

at
io

n
s

fo
r

fu
n
ct

io
n
s

li
ke
|·|

a
n
d
‖·
‖ 2

an
d
√
·n

ea
r

ze
ro

,
an

d
a

sp
at

e
of

re
la

te
d

is
su

es
.

O
n
e

sh
ou

ld
al

so
b

e
ca

u
ti

ou
s

ab
ou

t
ap

p
ro

x
im

at
ed

fu
n
ct

io
n
s

a
n
d

A
D

(S
ir

ke
s

a
n
d

T
zi

p
er

-
m

an
,
19

97
).

In
th

is
ca

se
,

if
on

e
h
as

a
p
ro

ce
d
u
re

a
p
p
ro

xi
m

a
ti

n
g

an
id

ea
l
fu

n
ct

io
n
,

A
D

a
lw

ay
s

gi
ve

s
th

e
d
er

iv
at

iv
e

of
th

e
p
ro

ce
d
u
re

th
at

w
as

ac
tu

al
ly

p
ro

gr
am

m
ed

,
w

h
ic

h
m

ay
n
o
t

b
e

a
go

o
d

ap
p
ro

x
im

at
io

n
of

th
e

d
er

iv
at

iv
e

of
th

e
id

ea
l

fu
n
ct

io
n

th
at

th
e

p
ro

ce
d
u
re

w
a
s

a
p
p
ro

x
i-

m
at

in
g.

F
or

in
st

an
ce

,
co

n
si

d
er
ex

co
m

p
u
te

d
b
y

a
p
ie

ce
w

is
e-

ra
ti

on
al

ap
p
ro

x
im

a
ti

o
n

ro
u
ti

n
e.

U
si

n
g

A
D

on
th

is
ro

u
ti

n
e

w
ou

ld
p
ro

d
u
ce

an
ap

p
ro

x
im

at
ed

d
er

iv
at

iv
e

in
w

h
ic

h
ea

ch
p
ie

ce
o
f

th
e

p
ie

ce
w

is
e

fo
rm

u
la

w
il
l

ge
t

d
iff

er
en

ti
at

ed
.

E
ve

n
if

th
is

w
ou

ld
re

m
ai

n
an

a
p
p
ro

x
im

a
ti

o
n

of
th

e
d
er

iv
at

iv
e

of
ex

,
w

e
k
n
ow

th
at

d
ex d
x

=
ex

an
d

th
e

or
ig

in
al

ap
p
ro

x
im

at
io

n
it

se
lf

w
a
s

a
l-

re
ad

y
a

b
et

te
r

ap
p
ro

x
im

at
io

n
fo

r
th

e
d
er

iv
at

iv
e

of
ex

.2
8

U
se

rs
of

A
D

im
p
le

m
en

ta
ti

o
n
s

m
u
st

b
e

th
er

ef
or

e
ca

u
ti

ou
s

to
a
p
p
ro

xi
m

a
te

th
e

d
er

iv
a
ti

ve
,

n
o
t

d
iff

er
en

ti
a
te

th
e

a
p
p
ro

xi
m

a
ti

o
n

.
T

h
is

w
ou

ld
re

q
u
ir

e
ex

p
li
ci

tl
y

ap
p
ro

x
im

at
in

g
a

k
n
ow

n
d
er

iv
at

iv
e,

in
ca

se
s

w
h
er

e
a

m
a
th

e-

2
6
.

T
h

e
im

p
le

m
en

ta
ti

o
n

o
f

fo
rw

a
rd

m
o
d

e
in

J
u

li
a

(R
ev

el
s

et
a
l.

,
2
0
1
6
b

)
a
tt

em
p

ts
to

av
o
id

th
is

,
a
n

d
so

m
e

cu
rr

en
t

co
m

p
il

er
s

ca
n

av
o
id

th
is

ex
p

en
se

b
y

u
n
b

ox
in

g
d

u
a
l

n
u

m
b

er
s

(L
er

oy
,

1
9
9
7
;

J
o
n

es
et

a
l.

,
1
9
9
3
b

;
J
o
n

es
a
n

d
L

a
u

n
ch

b
u

ry
,

1
9
9
1
;

S
is

k
in

d
a
n

d
P

ea
rl

m
u

tt
er

,
2
0
1
6
).

T
h

is
m

et
h

o
d

is
a
ls

o
u

se
d

to
re

d
u

ce
th

e
m

em
o
ry

-a
cc

es
s

ov
er

h
ea

d
in

th
e

im
p

le
m

en
ta

ti
o
n

s
o
f
fo

rw
a
rd

m
o
d

e
in

S
ta

li
n

g
ra

d
a
n

d
th

e
H

a
sk

el
l

a
d

li
b

ra
ry

.
2
7
.

F
lo

w
a
n

a
ly

si
s

(S
h

iv
er

s,
1
9
9
1
)

a
n

d
/
o
r

p
a
rt

ia
l

ev
a
lu

a
ti

o
n

(J
o
n

es
et

a
l.

,
1
9
9
3
a
),

to
g
et

h
er

w
it

h
ta

g
st

ri
p

-
p

in
g

(A
p

p
el

,
1
9
8
9
;

P
et

er
so

n
,

1
9
8
9
),

ca
n

re
m

ov
e

th
is

m
et

h
o
d

d
is

p
a
tc

h
.

T
h

es
e,

to
g
et

h
er

w
it

h
u

n
b

ox
in

g
,

ca
n

o
ft

en
m

a
k
e

it
p

o
ss

ib
le

to
co

m
p

le
te

ly
el

im
in

a
te

th
e

m
em

o
ry

a
cc

es
s,

m
em

o
ry

a
ll

o
ca

ti
o
n

,
m

em
o
ry

re
cl

a
m

a
ti

o
n

,
a
n

d
m

et
h

o
d

d
is

p
a
tc

h
ov

er
h

ea
d

o
f

d
u

a
l

n
u

m
b

er
s

(S
is

k
in

d
a
n

d
P

ea
rl

m
u

tt
er

,
2
0
1
6
).

2
8
.

In
m

o
d

er
n

sy
st

em
s

th
is

is
n

o
t

a
n

is
su

e,
b

ec
a
u

se
ex

is
a

p
ri

m
it

iv
e

im
p

le
m

en
te

d
in

h
a
rd

w
a
re

.
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A
u
t
o
m
a
t
ic

D
if
f
e
r
e
n
t
ia
t
io
n
in

M
a
c
h
in
e
L
e
a
r
n
in
g
:
a
S
u
r
v
e
y

m
atica

l
fu

n
ction

can
on

ly
b

e
com

p
u
ted

ap
p
rox

im
ately

b
u
t

h
a
s

a
w

ell-d
efi

n
ed

m
ath

em
atical

d
eriva

tiv
e.

W
e

n
o
te

th
a
t

th
ere

are
sim

ilarities
as

w
ell

as
d
iff

eren
ces

b
etw

een
m

ach
in

e
learn

in
g

w
ork

-
lo

a
d
s

a
n
d

th
o
se

stu
d
ied

in
th

e
trad

ition
al

A
D

literatu
re

(B
ay

d
in

et
al.,

2016b
).

D
eep

lea
rn

in
g

sy
stem

s
are

gen
erally

com
p
u
te-b

o
u
n
d

an
d

sp
en

d
a

con
sid

erab
le

a
m

ou
n
t

of
com

-
p
u
ta

tio
n

tim
e

in
h
igh

ly
-op

tim
ized

n
u
m

erical
kern

els
for

m
a
trix

op
eratio

n
s

(H
ad

jis
et

al.,
2
0
1
5
;

C
h
etlu

r
et

al.,
2014).

T
h
is

is
a

situ
ation

w
h
ich

is
argu

ab
ly

am
en

ab
le

to
op

era
tor-

overlo
a
d
in

g
-b

a
sed

A
D

im
p
lem

en
tation

s
on

h
igh

-level
op

eration
s,

as
is

co
m

m
on

ly
fou

n
d

in
cu

rren
t

m
a
ch

in
e

learn
in

g
fram

ew
ork

s.
In

con
trast,

n
u
m

erical
sim

u
lation

w
ork

load
s

in
tra-

d
itio

n
a
l

A
D

a
p
p
lication

s
can

b
e

b
an

d
w

id
th

-b
ou

n
d
,

m
a
k
in

g
so

u
rce

co
d
e

tran
sform

ation
an

d
co

m
p
iler

o
p
tim

ization
ap

p
roach

es
m

ore
releva

n
t.

A
n
oth

er
d
iff

eren
ce

w
orth

n
otin

g
is

th
at

w
h
erea

s
h
ig

h
n
u
m

erical
p
recision

is
d
esirab

le
in

trad
ition

al
ap

p
lication

d
om

ain
s

of
A

D
su

ch
a
s

co
m

p
u
tatio

n
al

fl
u
id

d
y
n
am

ics
(C

oh
en

an
d

M
olem

aker,
2009),

in
d
eep

learn
in

g
low

er-
p
recisio

n
is

su
ffi

cien
t

an
d

even
d
esirab

le
in

im
p
rov

in
g

com
p
u
tation

al
effi

cien
cy,

th
an

k
s

to
th

e
erro

r
resilien

cy
of

n
eu

ral
n
etw

ork
s

(G
u
p
ta

et
al.,

2015;
C

ou
rb

ariau
x

et
al.,

2015).

T
h
ere

are
in

stan
ces

in
recen

t
literatu

re
w

h
ere

im
p
lem

en
tation

-related
ex

p
erien

ce
from

th
e

A
D

fi
eld

h
a
s

b
een

p
u
t

to
u
se

in
m

ach
in

e
learn

in
g

settin
gs.

O
n
e

p
articu

lar
area

of
re-

cen
t

in
terest

is
im

p
licit

an
d

iterative
A

D
tech

n
iq

u
es

(G
riew

an
k

an
d

W
alth

er,
2008),

w
h
ich

h
a
s

fo
u
n
d

u
se

in
w

ork
in

corp
oratin

g
con

stra
in

ed
op

tim
ization

w
ith

in
d
eep

learn
in

g
(A

m
os

a
n
d

K
o
lter,

2
0
1
7)

an
d

p
rob

ab
ilistic

grap
h
ical

m
o
d
els

an
d

n
eu

ral
n
etw

ork
s

(J
oh

n
son

et
al.,

2
0
1
6
).

A
n
o
th

er
ex

am
p
le

is
ch

eck
p

oin
tin

g
strategies

(D
a
u
vergn

e
an

d
H

asco
ët,

2006;
S
isk

in
d

a
n
d

P
ea

rlm
u
tter,

2017),
w

h
ich

allow
b
alan

cin
g

of
ap

p
lication

-sp
ecifi

c
trad

e-off
s

b
etw

een
tim

e
a
n
d

sp
a
ce

com
p
lex

ities
of

reverse
m

o
d
e

A
D

b
y

n
ot

storin
g

th
e

fu
ll

tap
e

of
in

term
e-

d
ia

te
va

ria
b
les

in
m

em
ory

an
d

recon
stru

ctin
g

th
ese

as
n
eed

ed
b
y

re-ru
n
n
in

g
p
arts

of
th

e
fo

rw
a
rd

co
m

p
u
tation

from
in

term
ed

iate
ch

eck
p

oin
ts.

T
h
is

is
h
igh

ly
relevan

t
in

d
eep

learn
in

g
w

o
rk

lo
a
d
s

ru
n
n
in

g
on

G
P

U
s

w
ith

lim
ited

m
em

ory
b
u
d
gets.

A
recen

t
ex

a
m

p
le

in
th

is
area

is
th

e
w

o
rk

b
y

G
ru

sly
s

et
al.

(2016),
w

h
ere

th
e

au
th

ors
con

stru
ct

a
ch

eck
p

oin
tin

g
variety

o
f

th
e

b
a
ck

p
ro

p
agation

th
rou

gh
tim

e
(B

P
T

T
)

a
lgorith

m
for

recu
rren

t
n
eu

ra
l

n
etw

ork
s

an
d

d
em

o
n
stra

te
it

sav
in

g
u
p

to
95%

m
em

ory
u
sage

a
t

th
e

cost
of

a
33%

in
crease

in
com

p
u
tation

tim
e

in
o
n
e

in
stan

ce.

In
T

a
b
le

5
w

e
p
resen

t
a

rev
iew

of
n
otab

le
gen

eral-p
u
rp

ose
A

D
im

p
lem

en
ta

tion
s. 2

9
A

th
o
ro

u
g
h

ta
x
o
n
om

y
of

im
p
lem

en
tation

tech
n
iq

u
es

w
as

in
tro

d
u
ced

b
y

J
u
ed

es
(1991

),
w

h
ich

w
a
s

la
ter

rev
isited

b
y

B
isch

of
et

al.
(2008)

an
d

sim
p
lifi

ed
in

to
elem

en
ta

l,
o
pera

to
r

o
verloa

d
-

in
g,

co
m

p
iler-ba

sed
,

an
d

h
ybrid

m
eth

o
d
s.

W
e

ad
op

t
a

sim
ilar

classifi
catio

n
for

th
e

follow
in

g
p
a
rt

o
f

th
is

section
.

5
.1

E
le

m
e
n
ta

l
L

ib
ra

rie
s

T
h
ese

im
p
lem

en
tation

s
form

th
e

m
ost

b
asic

category
an

d
w

ork
b
y

rep
lacin

g
m

ath
em

atical
o
p

era
tio

n
s

w
ith

calls
to

an
A

D
-en

ab
led

lib
rary.

M
eth

o
d
s

ex
p

osed
b
y

th
e

lib
rary

a
re

th
en

u
sed

in
fu

n
ction

d
efi

n
ition

s,
m

ean
in

g
th

at
th

e
d
ecom

p
osition

of
an

y
fu

n
ction

in
to

elem
en

tary
o
p

era
tio

n
s

is
d
o
n
e

m
an

u
ally

w
h
en

w
ritin

g
th

e
co

d
e.

T
h
e

a
p
p
ro

a
ch

h
as

b
een

u
tilized

sin
ce

th
e

early
d
ay

s
of

A
D

,
w

ith
p
rototy

p
ical

ex
am

p
les

b
ein

g
th

e
W

C
O

M
P

an
d

U
C

O
M

P
p
ackages

of
L

aw
son

(1
971),

th
e

A
P

L
p
ackage

of
N

eid
in

ger

2
9
.

A
lso

see
th

e
w

eb
site

h
t
t
p
:
/
/
w
w
w
.
a
u
t
o
d
i
f
f
.
o
r
g
/

fo
r

a
list

o
f

to
o
ls

m
a
in

ta
in

ed
b
y

th
e

A
D

co
m

m
u

n
ity.
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B
a
y
d
in
,
P
e
a
r
l
m
u
t
t
e
r
,
R
a
d
u
l
,
a
n
d

S
isk

in
d

Table5:SurveyofADimplementations.Toolsdevelopedprimarilyformachinelearningarehighlightedinbold.

LanguageToolTypeModeInstitution/ProjectReferenceURL

AMPLAMPLINTF,RBellLaboratoriesFoureretal.(2002)http://www.ampl.com/

C,C++ADICSTF,RArgonneNationalLaboratoryBischofetal.(1997)http://www.mcs.anl.gov/research/projects/adic/

ADOL-COOF,RComputationalInfrastructureforOperationsResearchWaltherandGriewank(2012)https://projects.coin-or.org/ADOL-C

C++CeresSolverLIBFGooglehttp://ceres-solver.org/

CppADOOF,RComputationalInfrastructureforOperationsResearchBellandBurke(2008)http://www.coin-or.org/CppAD/

FADBAD++OOF,RTechnicalUniversityofDenmarkBendtsenandStauning(1996)http://www.fadbad.com/fadbad.html

MxyzptlkOOFFermiNationalAcceleratorLaboratoryOstiguyandMichelotti(2007)

C#AutoDiffLIBRGeorgeMasonUniv.,Dept.ofComputerScienceShtofetal.(2013)http://autodiff.codeplex.com/

F#,C#DiffSharpOOF,RMaynoothUniversity,MicrosoftResearchCambridgeBaydinetal.(2016a)http://diffsharp.github.io

FortranADIFORSTF,RArgonneNationalLaboratoryBischofetal.(1996)http://www.mcs.anl.gov/research/projects/adifor/

NAGWareCOMF,RNumericalAlgorithmsGroupNaumannandRiehme(2005)http://www.nag.co.uk/nagware/Research/ad_overview.asp

TAMCSTRMaxPlanckInstituteforMeteorologyGieringandKaminski(1998)http://autodiff.com/tamc/

Fortran,CCOSYINTFMichiganStateUniv.,BiomedicalandPhysicalSci.Berzetal.(1996)http://www.bt.pa.msu.edu/index_cosy.htm

TapenadeSTF,RINRIASophia-AntipolisHascoëtandPascual(2013)http://www-sop.inria.fr/tropics/tapenade.html

HaskelladOOF,RHaskellpackagehttp://hackage.haskell.org/package/ad

JavaADiJaCSTF,RUniversityPolitehnicaofBucharestSlusanschiandDumitrel(2016)http://adijac.cs.pub.ro

DerivaLIBRJava&Clojurelibraryhttps://github.com/lambder/Deriva

JuliaJuliaDiffOOF,RJuliapackagesRevelsetal.(2016a)http://www.juliadiff.org/

Luatorch-autogradOORTwitterCortexhttps://github.com/twitter/torch-autograd

MATLABADiMatSTF,RTechnicalUniversityofDarmstadt,ScientificComp.WillkommandVehreschild(2013)http://adimat.sc.informatik.tu-darmstadt.de/
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áš
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=
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∆ i
=

µ
∗ −

µ i
>

0.
It

is
ad

di
tio

na
lly

co
nv

en
ie

nt
to

de
fin

e
σ

2 ∗
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=
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µ
∗
σ

2 i
.
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∑
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∑
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∑
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ro
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=
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=
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w
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ra
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=
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pr
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ra
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=
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at
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at
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ra
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as
the

policiesπ
forw

hich:

R
π
(n)

=
o
(n

α
),

forallα
>

0
forall

(µ
,σ

2).

For
clarification,itis

w
orth

noting
here

thatw
hile

a
naive

policy
such

as
‘alw

ays
activate

bandit
1’

w
ill

have
0

regret
for

som
e

choices
of

(µ
,σ

2)
(in

particular,
those

for
w

hich
µ

1
=

µ
∗),such

a
policy

w
illhave

linear
regretfor

any
other

choice
of

(µ
,σ

2)
and

hence
cannotbe

a
U

FC
policy.

T
he

existence
of

U
FC

policies
in

the
case

considered
here

is
w

ellestablished,e.g.,A
uer

etal.(2002)(Fig.4
therein)presented

the
follow

ing
U

FC
policy

π
A

C
F :

Policy
π

A
C

F
(U

C
B

1-N
O

R
M

A
L

).A
teach

n
=

1,2
,...:

i)
Sam

ple
from

any
banditiforw

hich
T

iπ
A

C
F (n

)
<
d8

ln
n e
.

ii)
IfT

iπ
A

C
F (n

)
>
d8

ln
n e,foralli=

1
,...,N

,sam
ple

from
banditπ

A
C

F (n
+

1)
w

ith

π
A

C
F (n

+
1)

=
arg

m
ax

i {
X̄

iT
iπ
(n) +

4·S
i (T

iπ
(n

)) √
ln

n
T

iπ
(n) }

.
(3)

(Taking,in
this

case,S
2i (k)

as
the

unbiased
estim

ator.)

A
dditionally,A

ueretal.(2002)(in
T

heorem
4

therein)gave
the

follow
ing

bound:

R
π

A
C

F (n
)6

M
A

C
F (µ

,σ
2)ln

n
+

C
A

C
F (µ

),
foralln

and
all

(µ
,σ

2),
(4)

w
ith

M
A

C
F (µ

,σ
2)

=
256

∑i:µ
i 6=

µ
∗ σ

2i
∆

i
+

8
N∑i=

1 ∆
i ,

(5)

C
A

C
F (µ

)
=

(1
+

π
22
)

N∑i=
1 ∆

i .
(6)

Ineq.(4)
readily

im
plies

that
R

π
A

C
F (n

)6
M

A
C

F (µ
,σ

2)ln
n

+
o
(ln

n).
T

hus,
since

ln
n

=
o
(n

α
)

forallα
>

0
and

R
π

A
C

F (n
)>

0
,itfollow

s
thatπ

A
C

F
is

uniform
ly

fastconvergent.

G
iven

thatU
FC

policies
exist,the

question
im

m
ediately

follow
s:justhow

fastcan
they

be?
T

he
prim

ary
m

otivation
of

this
paper

is
the

follow
ing

general
result,

from
B

urnetas
and

K
atehakis

(1996b),
w

hich
leveraged

the
U

FC
property

to
establish

an
asym

ptotic
low

er
bound

on
the

grow
th

of
regret

for
any

such
policy

π
,

as
w

ell
as

determ
ining

a
constant

associated
w

ith
thatgrow

th,i.e,thatforany
U

FC
policy

π
,the

follow
ing

holds:

lim
inf

n→
∞

R
π
(n

)

ln
n
>
M

B
K

(µ
,σ

2),
forall

(µ
,σ

2),
(7)
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D
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A
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E
H

A
K
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w
here

the
bound

itselfM
B

K
(µ
,σ

2)
is

determ
ined

by
the

specific
distributions

ofthe
popu-

lations,in
this

case

M
B

K
(µ
,σ

2)
=

∑i:µ
i 6=

µ
∗

2∆
i

ln (1
+

∆
2i

σ
2i )

.
(8)

Forcom
parison,depending

on
the

specifics
ofthe

banditdistributions,there
can

be
consid-

erable
distance

betw
een

the
logarithm

ic
term

of
the

upper
bound

of
E

q.
(4)

and
the

low
er

bound
im

plied
by

Ineq.(7).

T
he

derivation
ofIneq.(7)im

plies
thatin

orderto
guarantee

thata
policy

is
uniform

ly
fast

convergent,sub-optim
alpopulations

have
to

be
sam

pled
atleasta

logarithm
ic

num
ber

of
tim

es.
T

he
above

bound
is

a
specialcase

of
a

m
ore

generalresultderived
in

B
urnetas

and
K

atehakis
(1996b)(part1

ofT
heorem

1
therein)fordistributions

w
ith

m
ulti-param

etersθ
being

unknow
n:

M
B

K
(θ

)
=

∑i:µ
i 6=

µ
∗

∆
i

K
(θ

i,µ
∗) ,

(9)

w
here

K
(θ
,µ
∗)

=
infθ
′ {I(fθ ;fθ

′)
:µ

(θ
′)
>

µ
∗}
,

(10)

taking
I(f;g)

to
representthe

K
ullback-L

eiblerdivergence
betw

een
densities

f
and

g.For
the

case
of

norm
aldistributions

w
ith

unknow
n

m
eans

and
variances,the

derivation
of

E
q.

(8)from
E

q.(9)is
given

as
Proposition

7
in

the
A

ppendix.

Previously,L
aiand

R
obbins

(1985)had
obtained

a
low

erbound
fordistributions

w
ith

one-
param

eter
(such

as
in

the
current

problem
of

N
orm

al
populations

w
ith

unknow
n

m
ean

but
know

n
variance),

policies
that

achieved
the

low
er

bound
w

ere
called

asym
ptotically

efficientorasym
ptotically

optim
al.

Ineq.(7)
m

otivates
the

definition
of

a
uniform

ly
fastconvergentpolicy

π
as

having
a

uni-
form

ly
m

axim
alconvergence

rate
(U

M
)

or
sim

ply
being

asym
ptotically

optim
al,w

ithin
the

class
ofuniform

ly
fastconvergentpolicies,iflim

n→
∞

R
π
(n

)/
ln

n
=
M

B
K

(µ
,σ

2),since
then

V
π
(n)

=
nµ
∗−

M
B

K
(µ
,σ

2)ln
n

+
o(ln

n
).

B
urnetas

and
K

atehakis
(1996b)proposed

the
follow

ing
index

policy
π

B
K

as
one

thatcould
achieve

this
low

erbound:

Policy
π

B
K

(ISM
-N

O
R

M
A

L
0)

i)
Forn

=
1,2

,...,2N
sam

ple
each

bandittw
ice,and

ii)
forn>

2N
,sam

ple
from

banditπ
B

K
(n

+
1
)

w
ith

π
B

K
(n

+
1)

=
arg

m
ax

i {
X̄

iT
iπ
(n) +

S
i (T

iπ
(n

)) √
n

2
T

iπ
(n

)−
1 }

.
(11)
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e
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th

e
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di
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ei
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pr
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re
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fe
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tr
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ε
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∞
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S i
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√
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µ i
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ε
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6
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=
o(
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.
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th

e
A

pp
en

di
x.
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ed
to

on
e

th
at

is
pr

ov
ab

ly
as

ym
pt

ot
ic

al
ly

op
tim

al
.W

e
in

tr
od

uc
e

in
th

is
pa

pe
rt

he
po

lic
y

π C
H

K
de

fin
ed

as
fo

llo
w

s

Po
lic

y
π C

H
K

(I
SM

-N
O

R
M

A
L

2 )

i)
Fo

rn
=

1,
2,
..
.,

3N
sa

m
pl

e
ea

ch
ba

nd
it

th
re

e
tim

es
,a

nd

ii)
fo

rn
>

3N
,s

am
pl

e
fr

om
ba

nd
it

π C
H

K
(n

+
1)

w
ith

π C
H

K
(n

+
1)

=
ar

g
m

ax
i{

X̄
i T

i π
(n

)
+

S i
(T

i π
(n

))

√
n

2
T

i π
(n

)−
2
−

1

}
.

(1
3)

N
ot

e
th

at
th

e
po

lic
y

π C
H

K
is

on
ly

a
sl

ig
ht

m
od

ifi
ca

tio
n

of
π B

K
,

in
tr

od
uc

in
g

a
−

2
in

th
e

po
w

er
of

n
un

de
r

th
e

ra
di

ca
l.

T
hi

s
ch

an
ge

is
se

em
in

gl
y

as
ym

pt
ot

ic
al

ly
ne

gl
ig

ib
le

,
as

in
pr

ac
tic

e,
T

i π B
K
(n

)
→

∞
(a

.s
.)

w
ith

n.
It

w
ill

be
sh

ow
n

th
at

no
to

nl
y

is
π C

H
K

as
ym

pt
ot

ic
al

ly
op

tim
al

(T
he

or
em

5
be

lo
w

),
bu

ta
ls

o:

T
he

or
em

2
C

on
si

de
r

a
po

lic
y

π (
a,

b)
,w

ith
a
>

b,
th

at
in

iti
al

ly
sa

m
pl

es
ea

ch
ba

nd
it

a
tim

es
,

th
en

su
cc

es
si

ve
ly

ac
tiv

at
es

ba
nd

its
ac

co
rd

in
g

to
th

e
m

ax
im

al
in

de
x

ar
g

m
ax

iu
i(

n,
T

i π (
a,

b)
(n

))

w
he

re

u i
(n
,k

)
=

X̄
i k
+

S i
(k

)√
n

2
k−

b
−

1.
(1

4)

Th
en

,i
ft

he
op

tim
al

ba
nd

it
is

un
iq

ue
,f

or
b
<

1,

R
π (

a,
b)
>

O
(n

1−
b

a−
b
).

(1
5)

T
he

pr
oo

fi
s

gi
ve

n
in

th
e

A
pp

en
di

x.

R
em

ar
k

1.
1)

W
e

no
te

th
at

th
e

in
di

ce
so

fp
ol

ic
y

π C
H

K
ar

e
a

si
gn

ifi
ca

nt
m

od
ifi

ca
tio

n
of

th
os

e
of

th
e

op
tim

al
al

lo
ca

tio
n

po
lic

y
π σ

2
fo

r
th

e
ca

se
of

no
rm

al
ba

nd
its

w
ith

kn
ow

n
va

ri
an

ce
s,
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C
O

W
A

N
,H

O
N

D
A

A
N

D
K

A
T

E
H

A
K

IS

cf
.B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
6b

)a
nd

K
at

eh
ak

is
an

d
R

ob
bi

ns
(1

99
5)

,w
hi

ch
ar

e:

π σ
2
(n

+
1)

=
ar

g
m

ax
i{

X̄
i T

i π
(n

)
+

σ i

√
2

ln
n

T
i π
(n

)

}

th
e

di
ff

er
en

ce
be

in
g

re
pl

ac
in

g
th

e
te

rm
σ i
√

2
ln

n
T

i π
(n

)
in

π σ
2

by
S i

(T
i π
(n

))

√
n

2
T

i π
(n

)−
2
−

1
in

π C
H

K
.

H
ow

ev
er

,
th

e
up

pe
r

co
nfi

de
nc

e
bo

un
ds

us
ed

in
po

lic
y

π A
C

F
ar

e
a

m
in

or
m

od
ifi

-
ca

tio
n

of
th

e
op

tim
al

po
lic

y
π σ

2
th

e
di

ff
er

en
ce

be
in

g
re

pl
ac

in
g

th
e

te
rm

σ i
√

2
ln

n
T

i π
(n

)
in

π σ
2

by

S i
(T

i π
(n

))
√

16
ln

n
T

i π
(n

)
in

π A
C

F
.

2)
T

he
π B

K
an

d
π σ

2
po

lic
ie

s
ca

n
be

se
en

as
co

nn
ec

te
d

in
th

e
fo

llo
w

in
g

w
ay

,
ho

w
ev

er
,

ob
se

rv
in

g
th

at
2

ln
n/

T
i π
(n

)
is

a
fir

st
-o

rd
er

ap
pr

ox
im

at
io

n
of

n2/
T

i π
(n

)
−

1
=

e2
ln

n/
T

i π
(n

)
−

1.

Fo
llo

w
in

g
R

ob
bi

ns
(1

95
2)

,
an

d
ad

di
tio

na
lly

G
itt

in
s

(1
97

9)
,

L
ai

an
d

R
ob

bi
ns

(1
98

5)
an

d
W

eb
er

(1
99

2)
th

er
e

is
a

la
rg

e
lit

er
at

ur
e

on
ve

rs
io

ns
of

th
is

pr
ob

le
m

,c
f.

B
ur

ne
ta

s
an

d
K

at
e-

ha
ki

s
(2

00
3)

,B
ur

ne
ta

s
an

d
K

at
eh

ak
is

(1
99

7b
)

an
d

re
fe

re
nc

es
th

er
ei

n.
Fo

r
re

ce
nt

w
or

k
in

th
is

ar
ea

w
e

re
fe

r
to

A
ud

ib
er

te
ta

l.
(2

00
9)

,A
ue

r
an

d
O

rt
ne

r
(2

01
0)

,G
itt

in
s

et
al

.(
20

11
),

B
ub

ec
k

an
d

Sl
iv

ki
ns

(2
01

2)
,C

ap
pé

et
al

.(
20

13
),

K
au

fm
an

n
(2

01
5)

,L
ie

ta
l.

(2
01

4)
,C

ow
an

an
d

K
at

eh
ak

is
(2

01
5b

),
C

ow
an

an
d

K
at

eh
ak

is
(2

01
5c

),
an

d
re

fe
re

nc
es

th
er

ei
n.

Fo
r

m
or

e
ge

ne
ra

l
dy

na
m

ic
pr

og
ra

m
m

in
g

ex
te

ns
io

ns
w

e
re

fe
r

to
B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
7a

),
B

ut
en

ko
et

al
.(

20
03

),
Te

w
ar

ia
nd

B
ar

tle
tt

(2
00

8)
,A

ud
ib

er
te

ta
l.

(2
00

9)
,L

itt
m

an
(2

01
2)

,
A

bb
as

i
et

al
.

(2
01

3)
,F

ei
nb

er
g

et
al

.
(2

01
4)

an
d

re
fe

re
nc

es
th

er
ei

n.
O

th
er
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la

te
d

w
or

k
in

th
is

ar
ea

in
cl

ud
es

:
B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
3)

,
B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
6a

),
L

ag
ou

da
ki

s
an

d
Pa

rr
(2

00
3)

,B
ar

tle
tt

an
d

Te
w

ar
i(

20
09

),
Te

ki
n

an
d

L
iu

(2
01

2)
,J

ou
in

ie
ta

l.
(2

00
9)

,D
ay

an
ik

et
al

.(
20

13
),

Fi
lip

pi
et

al
.(

20
10

),
O

sb
an

d
an

d
V

an
R

oy
(2

01
4)

,D
en

ar
do

et
al

.(
20

13
).

To
ou

r
kn

ow
le

dg
e,

ou
ts

id
e

th
e

w
or

k
in

L
ai

an
d

R
ob

bi
ns

(1
98

5)
,B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
6b

)
an

d
B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
7a

),
as

ym
pt

ot
ic

al
ly

op
tim

al
po

lic
ie

s
ha

ve
on

ly
be

en
de

ve
lo

pe
d

in
in

H
on

da
an

d
Ta

ke
m

ur
a

(2
01

1)
,a

nd
in

H
on

da
an

d
Ta

ke
m

ur
a

(2
01

0)
fo

r
th

e
pr

ob
le

m
of

fin
ite

kn
ow

n
su

pp
or

tw
he

re
op

tim
al

po
lic

ie
s,

cy
cl

ic
an

d
ra

nd
om

iz
ed

,t
ha

t
ar

e
si

m
pl

er
to

im
pl

em
en

tt
ha

n
th

os
e

co
ns

id
er

in
B

ur
ne

ta
s

an
d

K
at

eh
ak

is
(1

99
6b

)w
er

e
co

n-
st

ru
ct

ed
.

R
ec

en
tly

in
C

ow
an

an
d

K
at

eh
ak

is
(2

01
5a

),
an

as
ym

pt
ot

ic
al

ly
op

tim
al

po
lic

y
fo

r
un

if
or

m
ba

nd
its

of
un

kn
ow

n
su

pp
or

tw
as

co
ns

tr
uc

te
d.

T
he

qu
es

tio
n

of
w

he
th

er
as

ym
pt

ot
-

ic
al

ly
op

tim
al

po
lic

ie
s

ex
is

ti
n

th
e

ca
se

di
sc

us
se

d
he

re
in

of
no

rm
al

ba
nd

its
w

ith
un

kn
ow

n
m

ea
ns

an
d

un
kn

ow
n

va
ri

an
ce

s
w

as
re

ce
nt

ly
re

so
lv

ed
in

th
e

po
si

tiv
e

by
H

on
da

an
d

Ta
ke

-
m

ur
a

(2
01

3)
w

ho
de

m
on

st
ra

te
d

th
at

a
fo

rm
of

T
ho

m
ps

on
sa

m
pl

in
g

w
ith

ce
rt

ai
n

pr
io

rs
on

(µ
,σ

2 )
ac

hi
ev

es
th

e
as

ym
pt

ot
ic

lo
w

er
bo

un
d
M

B
K

(µ
,σ

2 )
.

T
he

st
ru

ct
ur

e
of

th
e

re
st

of
th

e
pa

pe
r

is
as

fo
llo

w
s.

In
Se

ct
io

n
2,

T
he

or
em

4
es

ta
bl

is
he

s
a

fin
ite

ho
ri

zo
n

bo
un

d
on

th
e

re
gr

et
of

π C
H

K
.F

ro
m

th
is

bo
un

d,
it

fo
llo

w
s

th
at

π C
H

K
is

as
ym

p-
to

tic
al

ly
op

tim
al

(T
he

or
em

5)
,a

nd
w

e
pr

ov
id

e
a

bo
un

d
on

th
e

re
m

ai
nd

er
te

rm
(T

he
or

em
6)
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O
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N
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E
A

N
S

A
N

D
V

A
R

IA
N

C
E

S

A
dditionally,in

Section
3,the

T
hom

pson
sam

pling
policy

ofH
onda

and
Takem

ura
(2013)

and
π

C
H

K
are

com
pared

and
discussed,as

both
achieve

asym
ptotic

optim
ality.

2.T
he

O
ptim

ality
T

heorem
and

Finite
Tim

e
B

ounds

T
he

m
ain

resultsofthispaper,thatC
onjecture

1
isfalse

(cf.Proposition
9

in
the

A
ppendix),

the
asym

ptotic
optim

ality,
and

the
bounds

on
the

behavior
of

π
C

H
K ,

all
depend

on
the

follow
ing

probability
bounds;

w
e

note
that

tighter
bounds

seem
possible,

but
these

are
sufficientforthe

proofofthe
m

ain
T

heorem
.

Proposition
3

LetZ
,U

be
independentrandom

variables,Z
∼

N
(0
,1)

a
standard

norm
al,

and
U
∼

χ
2d

a
chi-squared

distribution
w

ith
d

degrees
offreedom

,w
here

d
>

2.

Forδ
>

0,
p
>

0,the
follow

ing
holds

for
allk>

1:

12 P (
14

Z
2>

U
>

δ
2 )

k −
d
/p6

P (δ
+
√

U
√

k
2
/p−

1
<

Z )
6

e −
(1+

δ
2)/2p

2δ
2 √

d
k

(1−
d
)/p

ln
k

.
(16)

T
he

proof
is

given
in

the
A

ppendix.
T

he
bounds

provided
by

this
proposition

are
hardly

intuitive,and
itis

notclearthatthey
are

ofany
particularinterestin

theirow
n

right.H
ow

-
ever,the

orderresults
forthe

dependence
on

k,p,and
d

allow
the

analysis
ofthis

paperto
go

through.

T
heorem

4
For

policy
π

C
H

K
as

defined
above,under

any
choice

ofbanditparam
eters,the

follow
ing

bounds
hold

for
alln>

3N
and

allε∈
(0
,1):

R
π

C
H

K (n
)6

∑i:µ
i 6=

µ
∗ 

2
ln

n

ln (1
+

∆
2i

σ
2i

(1−
ε
) 2

(1+
ε
) )

+

√
π2e

8σ
3∗

∆
3i ε

3
ln

ln
n

+
8ε
2

+
8σ

2i

∆
2i ε

2
+

3 
∆

i .
(17)

B
efore

giving
the

proof
of

this
bound,w

e
presenttw

o
results,the

firstdem
onstrating

the
asym

ptotic
optim

ality
of

π
C

H
K ,

the
second

giving
an

ε-free
version

of
the

above
bound,

w
hich

gives
a

bound
on

the
sub-logarithm

ic
rem

ainder
term

.
It

is
w

orth
noting

the
fol-

low
ing:

the
bounds

ofT
heorem

4
can

actually
be

im
proved,through

the
use

ofa
m

odified
version

of
Proposition

3,to
elim

inate
the

ln
ln

n
dependence,so

the
only

dependence
on

n
is

through
the

initialln
n

term
.T

he
costofthis,how

ever,is
a

dependence
on

a
largerpow

er
of

1
/ε.

T
he

particular
form

of
the

bound
given

in
E

q.
(17)

w
as

chosen
to

sim
plify

the
follow

ing
tw

o
results,cf.R

em
ark

5
in

the
proofofProposition

3.

T
heorem

5
For

a
policy

π
C

H
K

as
defined

above,π
C

H
K

is
asym

ptotically
optim

al
in

the
sense

thatfor
any

choice
ofbanditparam

eters,

lim
n→

∞

R
π

C
H

K (n
)

ln
n

=
M

B
K
(µ
,σ

2).
(18)
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C
O

W
A

N
,H

O
N

D
A

A
N

D
K

A
T

E
H

A
K

IS

ProofForany
ε

such
that0

<
ε
<

1,w
e

have
from

T
heorem

4
thatthe

follow
ing

holds:

lim
sup

n→
∞

R
π

C
H

K
(n)

ln
n
6

∑i:µ
i 6=

µ
∗

2∆
i

ln (1
+

∆
2i

σ
2i

(1−
ε
) 2

(1+
ε
) )
.

(19)

Taking
the

infim
um

overallsuch
ε,

lim
sup

n→
∞

R
π

C
H

K
(n

)

ln
n
6

∑i:µ
i 6=

µ
∗

2∆
i

ln (1
+

∆
2i

σ
2i )

=
M

B
K

(µ
,σ

2),
(20)

and
observing

the
low

erbound
ofIneq.(7)com

pletes
the

result.

H
aving

established
the

prim
ary

grow
th

order
of

the
regretunder

policy
π

C
H

K ,in
the

fol-
low

ing
theorem

w
e

give
a

bound
on

the
grow

th
of

the
rem

ainder
term

.
T

he
utility

of
this

bound
depends

to
som

e
extenton

the
specific

banditparam
eters,butw

e
view

this
particular

form
ofthe

rem
ainderterm

as
an

artifactofthe
analysis

given
here,ratherthan

an
inherent

property
of

the
policy

itself.
A

lternative
analyses

m
ight

yield
tighter

bounds,w
e

sim
ply

establish
a

convenientbound
on

the
grow

th
orderofthe

rem
ainder.

T
heorem

6
Fora

policyπ
C

H
K

asdefined
above,R

π
C

H
K (n)6

M
B

K
(µ
,σ

2)ln
n

+
O

((ln
n
) 3/4ln

ln
n),

and
m

ore
concretely

R
π

C
H

K (n
)6

M
0C

H
K
(µ
,σ

2)ln
n
+

M
1C

H
K
(µ
,σ

2)(ln
n
) 3
/4ln

ln
n

+
M

2C
H

K
(µ
,σ

2)(ln
n
) 3
/4

+
M

3C
H

K
(µ
,σ

2)(ln
n
) 1
/2

+
M

4C
H

K
(µ
,σ

2),

(21)

w
here

M
0C

H
K
(µ
,σ

2)
=
M

B
K
(µ
,σ

2)

M
1C

H
K
(µ
,σ

2)
=

64 √
π2e

∑i:µ
i 6=

µ
∗ (

σ
3∗

∆
2i )

M
2C

H
K
(µ
,σ

2)
=

10
∑i:µ
i 6=

µ
∗ 

∆
3i

(σ
2i

+
∆

2i ) (ln (1
+

∆
2i

σ
2i ))

2 

M
3C

H
K
(µ
,σ

2)
=

32
∑i:µ
i 6=

µ
∗ (

∆
i +

σ
2i

∆
i )

M
4C

H
K
(µ
,σ

2)
=

3
∑i:µ
i 6=

µ
∗ ∆

i .

(22)
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W
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e
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d
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a
m
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e

co
m

pl
ex

fo
rm

th
an

su
ch

a
bo

un
d

as
in

E
q.

(4
),

it
de

m
on

st
ra

te
s

th
e

as
ym

pt
ot

ic
op

tim
al

ity
of

th
e

do
m

in
at
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g

te
rm

,a
nd

bo
un

ds
th

e
su
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lo

ga
ri

th
m

ic
re

m
ai

nd
er

te
rm

.

Pr
oo

fT
he

bo
un

d
fo

llo
w

s
di

re
ct

ly
fr

om
T

he
or

em
4,

ta
ki

ng
ε

=
1 2
(l

n
n)
−

1/
4

fo
r

n
>

3,
an

d
ob

se
rv

in
g

th
e

fo
llo

w
in

g
bo

un
d,

th
at

fo
rε

su
ch

th
at

0
<

ε
<

1/
2,

1

ln
( 1

+
∆2 i
σ

2 i

(1
−

ε)
2

1+
ε

)
6

1

ln
( 1

+
∆2 i
σ

2 i

)
+

10
∆2 i

( σ
2 i

+
∆2 i)(

ln
( 1

+
∆2 i
σ

2 i

))
2

ε.
(2

3)

T
hi

s
in

eq
ua

lit
y
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pr

ov
en

se
pa

ra
te

ly
as

Pr
op

os
iti

on
10

in
th

e
A

pp
en

di
x.

W
e

m
ak

e
no

cl
ai

m
th

at
th

e
re

su
lts

of
T

he
or

em
s

4,
6

ar
e

th
e

be
st

ac
hi

ev
ab

le
fo

r
th

is
po

lic
y

π C
H

K
.

A
ts

ev
er
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po

in
ts

in
th

e
pr

oo
fs
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ho

ic
es

of
co

nv
en

ie
nc

e
w

er
e

m
ad

e
in

th
e

bo
un

di
ng

of
te

rm
s,

an
d

di
ff

er
en

tt
ec

hn
iq

ue
s

m
ay

yi
el

d
tig

ht
er

bo
un

ds
st

ill
.

B
ut

th
ey

ar
e

su
ffi

ci
en

tt
o

de
m

on
st

ra
te

th
e

as
ym

pt
ot

ic
op

tim
al

ity
of

π C
H

K
,a

nd
gi

ve
us

ef
ul

bo
un

ds
on

th
e

gr
ow

th
of

R
π C

H
K
(n

).

Pr
oo

f
[o

f
T

he
or

em
3]

In
th

is
pr

oo
f,

w
e

ta
ke

π
=

π C
H

K
as

de
fin

ed
ab

ov
e.

Fo
r

no
ta

tio
na

l
co

nv
en

ie
nc

e,
w

e
de

fin
e

th
e

in
de

x
fu

nc
tio

n

u i
(k
,

j)
=

X̄
i j+

S i
(

j)

√
k

2 j−
2
−

1.
(2

4)

T
he

st
ru

ct
ur

e
of

th
is

pr
oo

fw
ill

be
to

bo
un

d
th

e
ex

pe
ct

ed
va

lu
e

of
T

i π
(n

)
fo

ra
ll

su
b-

op
tim

al
ba

nd
its

i,
an

d
us

e
th

is
to

bo
un

d
th

e
re

gr
et

R
π
(n

).
T

he
ba

si
c

te
ch

ni
qu

es
fo

llo
w

th
os

e
in

K
at

eh
ak

is
an

d
R

ob
bi

ns
(1

99
5)

fo
rt

he
kn

ow
n

va
ri

an
ce

ca
se

,m
od

ifi
ed

ac
co

rd
in

gl
y

he
re

fo
r

th
e

un
kn

ow
n

va
ri

an
ce

ca
se

an
d

as
si

st
ed

by
th

e
pr

ob
ab

ili
ty

bo
un

d
of

Pr
op

os
iti

on
3.

Fo
ra

ny
is

uc
h

th
at

µ i
6=

µ
∗ ,

w
e

de
fin

e
th

e
fo

llo
w

in
g

qu
an

tit
ie

s:
L

et
1
>

ε
>

0
an

d
de

fin
e

ε̃
=

∆ i
ε/

2.
Fo

rn
>

3N
,

ni 1(
n,

ε)
=

n ∑ t=
3N
1
{π

(t
+

1)
=

i,
u i

(t
,T

i π
(t

))
>

µ
∗ −

ε̃,
X̄

i T
i π
(t

)
6

µ i
+

ε̃,
S2 i(

T
i π
(t

))
6

σ
2 i
(1

+
ε)
}

ni 2(
n,

ε)
=

n ∑ t=
3N
1
{π

(t
+

1)
=

i,
u i

(t
,T

i π
(t

))
>

µ
∗ −

ε̃,
X̄

i T
i π
(t

)
6

µ i
+

ε̃,
S2 i(

T
i π
(t

))
>

σ
2 i
(1

+
ε)
}

ni 3(
n,

ε)
=

n ∑ t=
3N
1
{π

(t
+

1)
=

i,
u i

(t
,T

i π
(t

))
>

µ
∗ −

ε̃,
X̄

i T
i π
(t

)
>

µ i
+

ε̃}

ni 4(
n,

ε)
=

n ∑ t=
3N
1
{π

(t
+

1)
=

i,
u i

(t
,T

i π
(t

))
<

µ
∗ −

ε̃}
.

(2
5)

H
en

ce
,w

e
ha

ve
th

e
fo

llo
w

in
g

re
la

tio
ns

hi
p

fo
rn
>

3N
,t

ha
t

T
i π
(n

+
1)

=
3

+
n ∑ t=
3N
1
{π

(t
+

1)
=

i}
=

3
+

ni 1(
n,

ε)
+

ni 2(
n,

ε)
+

ni 3(
n,

ε)
+

ni 4(
n,

ε)
.

(2
6)
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un

di
ng
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at
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n,

ea
ch
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th

e
fo

ur
te

rm
s.

O
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er
ve

th
at

,b
y

th
e

st
ru

ct
ur

e
of

th
e

in
de

x
fu

nc
tio

n
u i

,

ni 1(
n,

ε)
6

n ∑ t=
3N
1

{
π(

t+
1)

=
i,

(µ
i+

ε̃)
+

σ i
√

1
+

ε√
t

2
T

i π
(t

)−
2
−

1
>

µ
∗ −

ε̃}

=
n ∑ t=
3N
1

    
π(

t+
1)

=
i,

T
i π
(t

)
6

2
ln

t

ln
( 1

+
1 σ
2 i

(∆
i−

2ε̃
)2

(1
+

ε)

)
+

2    

=
n ∑ t=
3N
1

    
π(

t+
1)

=
i,

T
i π
(t

)
6

2
ln

t

ln
( 1

+
∆2 i
σ

2 i

(1
−

ε)
2

(1
+

ε)

)
+

2    

6
n ∑ t=
3N
1

    
π(

t+
1)

=
i,

T
i π
(t

)
6

2
ln

n

ln
( 1

+
∆2 i
σ

2 i

(1
−

ε)
2

(1
+

ε)

)
+

2    

6
2

ln
n

ln
( 1

+
∆2 i
σ

2 i

(1
−

ε)
2

(1
+

ε)

)
+

2
+

1
−

3

=
2

ln
n

ln
( 1

+
∆2 i
σ

2 i

(1
−

ε)
2

(1
+

ε)

).

(2
7)

T
he

la
st

in
eq

ua
lit

y
fo

llo
w

s,
ob

se
rv

in
g

th
at

T
i π
(n

)
m

ay
be

ex
pr

es
se

d
as

th
e

su
m

of
π(

t)
=

i
in

di
ca

to
rs

,a
nd

se
ei

ng
th

at
th

e
ad

di
tio

na
lc

on
di

tio
n

bo
un

ds
th

e
nu

m
be

r
of

no
n-

ze
ro

te
rm

s
in

th
is

su
m

.
T

he
ad

di
tio

na
l+

1
te

rm
ac

co
un

ts
fo

r
th

e
po

te
nt

ia
lπ

(n
+

1)
=

it
er

m
be

yo
nd

th
e

co
nd

iti
on

on
T

i π
(t

),
an

d
th

e
−

3
ac

co
un

ts
fo

r
th

e
in

iti
al

th
re

e
ac

tiv
at

io
ns

of
ba

nd
it

i,
w

hi
ch

ar
e

no
tc

ou
nt

ed
w

ith
in

th
e

bo
un

ds
of

th
e

su
m

.
N

ot
e,

th
is

bo
un

d
ho

ld
s

su
re

ly
,o

ve
r

al
lo

ut
co

m
es

.

Fo
rt

he
se

co
nd

te
rm

,

ni 2(
n,

ε)
6

n ∑ t=
3N
1
{π

(t
+

1)
=

i,
S2 i(

T
i π
(t

))
>

σ
2 i
(1

+
ε)
}

=
n ∑ t=
3N

t ∑ k=
3
1
{π

(t
+

1)
=

i,
S2 i(

k)
>

σ
2 i
(1

+
ε)
,T

i π
(t

)
=

k}

=
n ∑ t=
3N

t ∑ k=
3
1
{π

(t
+

1)
=

i,
T

i π
(t

)
=

k}
1
{S

2 i(
k)
>

σ
2 i
(1

+
ε)
}

6
n ∑ k=

3
1
{S

2 i(
k)
>

σ
2 i
(1

+
ε)
}

n ∑ t=
k
1
{π

(t
+

1)
=

i,
T

i π
(t

)
=

k}

6
n ∑ k=

3
1
{S

2 i(
k)
>

σ
2 i
(1

+
ε)
}.

(2
8)
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T
he

last
inequality

follow
s

as,
for

fixed
k,{π

(t
+

1
)

=
i,T

iπ
(t)

=
k}

m
ay

be
true

for
at

m
ostone

value
oft.

R
ecallthatkS

2i (k)/σ
2i

has
the

distribution
ofa

χ
2k−

1
random

variable.
L

etting
U

k ∼
χ

2k ,from
the

above
w

e
have

E
[n

i2 (n
,ε

) ]6
n∑k=

3 P (S
2i (k)

>
σ

2i
(1

+
ε
) )

=
∞∑k=

3 P
(U

k−
1 /k

>
(1

+
ε
))

6
∞∑k=

3 P
(U

k−
1 /

(k−
1
)
>

(1
+

ε
))

6
∞∑k=

1 P
(U

k
>

k(1
+

ε
))

6
1

√
e ε

1+
ε −

1
6

8ε
2
<

∞
.

(29)

T
he

penultim
ate

step
is

a
C

hernoff
bound

on
the

term
s,

P
(U

k
>

k(1
+

ε
))6

(e −
ε(1

+
ε
)) k/2.A

s
this

bound
is

notcom
m

on,itis
verified

in
the

A
ppendix

as
Proposition

8.

To
bound

the
third

term
,a

sim
ilarrearrangem

entto
E

q.(28)(using
the

sam
ple

m
ean

instead
ofthe

sam
ple

variance)yields:

n
i3 (n,ε

)6
n∑t=
3N
1{π

(t+
1
)

=
i,X̄

iT
iπ
(t)
>

µ
i +

ε̃}6
n∑k=

3
1{X̄

ik
>

µ
i +

ε̃}.
(30)

R
ecalling

thatX̄
ik −

µ
i ∼

Zσ
i / √

k
forZ

a
standard

norm
al,

E
[n

i3 (n
,ε

) ]6
n∑k=

3 P (X̄
ik
>

µ
i +

ε̃ )6
∞∑k=

1 P (Zσ
i / √

k
>

ε̃ )
6

1

e
ε̃ 2

2σ
2i−

1

6
2σ

2i
ε̃

2
<

∞
.

(31)

T
he

penultim
ate

step
isthe

standard
C

hernoffbound
on

the
term

s,P (Z
>

δ √
k )
6

e −
kδ

2/2.

To
bound

the
n

i4
term

,
observe

that
in

the
event

π
(t

+
1
)

=
i,

from
the

structure
of

the
policy

itm
ustbe

true
thatu

i (t,T
iπ
(t))

=
m

ax
j u

j (t,T
jπ
(t)).

T
hus,if

i ∗
is

som
e

banditsuch
thatµ

i ∗
=

µ
∗,u

i ∗(t,T
i ∗π

(t))6
u

i (t,T
iπ
(t)).

In
particular,w

e
take

i ∗
to

be
a

banditthatnot
only

achieves
the

m
axim

alm
ean

µ
∗,butalso

the
m

inim
alvariance

am
ong

optim
albandits,

σ
2i ∗

=
σ

2∗ .W
e

have
the

follow
ing

bound,

n
i4 (n,ε

)6
n∑t=
3N
1{π

(t+
1
)

=
i,u

i ∗(t,T
i ∗π

(t))
<

µ
∗−

ε̃}

6
n∑t=
3N
1{u

i ∗(t,T
i ∗π

(t))
<

µ
∗−

ε̃}

6
n∑t=
3N
1{u

i ∗(t,s)
<

µ
∗−

ε̃
forsom

e
36

s6
t}.

(32)
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T
he

laststep
follow

s
as

fortin
this

range,36
T

i ∗π
(t)6

t.H
ence

E
[n

i4 (n
,ε

) ]6
n∑t=
3N P

(u
i ∗(t,s)

<
µ
∗−

ε̃
forsom

e
36

s6
t).

(33)

A
s

an
aside,this

is
essentially

the
pointatw

hich
the

conjectured
E

q.(12)w
ould

have
com

e
into

play
forthe

proofofthe
optim

ality
ofπ

B
K ,bounding

the
grow

th
ofthe

corresponding
term

forthatpolicy.W
e

w
illessentially

prove
a

successfulversion
ofthatconjecture

here.
D

efine
the

events
A
∗s,t,ε̃

=
{u

i ∗(t,s)
<

µ
∗−

ε̃}.
O

bserving
that √

s(X̄
i ∗s
−

µ
∗)/σ

∗ ∼
Z

and
S

2i ∗ (s)∼
σ

2∗ U
s−

1 /sw
here

Z
hasa

standard
norm

aldistribution
and

U
s−

1 ∼
χ

2s−
1 ,Z

and
U

s−
1

independent,

P (A
∗s,t,ε̃ )

=
P (

X̄
i ∗s

+
S

i ∗(s) √
t

2s−
2−

1
<

µ
∗−

ε̃ )

=
P (

µ
∗

+
Z

σ
∗
√

s
+

σ
∗ √

U
s−

1
√

s

√
t

2s−
2−

1
<

µ
∗−

ε̃ )

=
P (

Z
+
√

U
s−

1 √
t

2s−
2−

1
<
−

ε̃σ
∗ √

s )
.

(34)

O
bserving

the
sym

m
etry

ofthe
standard

norm
aldistribution,the

above
m

ay
be

rew
ritten

as

P (A
∗s,t,ε̃ )

=
P (

ε̃σ
∗ √

s
+
√

U
s−

1 √
t

2s−
2−

1
<

Z )

6
e −

(ε̃
/σ
∗ ) 2s/2(s−

2
)

2
(ε̃
/σ
∗ ) 2s √

e(s−
1
) (

t −
1

lnt )

6
e −

(ε̃
/σ
∗ ) 2s/2

2(ε̃
/σ
∗ ) 2

1√es (
t −

1

lnt )

=

(
1

2
(ε̃
/σ
∗ ) 2 √

e )
e −

(ε̃
/σ
∗ ) 2s/2
√

s

(
t −

1

lnt )
,

(35)

w
here

the
firstinequality

follow
s

as
an

application
of

Proposition
3,and

the
second

since
s>

3.
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A
pp
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g
a
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n
bo

un
d
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E

q.
(3

3)
,

E
[ ni 4(

n,
ε)
] 6

n ∑ t=
3N

t ∑ s=
3
P
( A
∗ s,

t,
ε̃)

6
n ∑ t=
3N

t ∑ s=
3

(
1

2(
ε̃/

σ ∗
)2√

e)
e−

(ε̃
/

σ ∗
)2 s/

2
√

s

(
t−

1

ln
t)

6
(

1

2(
ε̃/

σ ∗
)2√

e)
∫

∞ s=
0

e−
(ε̃
/σ
∗)

2 s/
2

√
s

ds
∫

n t=
e

(
t−

1

ln
t)

dt

=

(
1

2(
ε̃/

σ ∗
)2√

e)
√

2π
(ε̃
/

σ ∗
)

ln
ln

n

=

√
π 2e

σ
3 ∗ ε̃3

ln
ln

n.

(3
6)

T
he

bo
un

ds
fo

llo
w

,r
em

ov
in

g
th

e
de

pe
nd

en
ce

of
th

e
s-

su
m

on
t

by
ex

te
nd

in
g

it
to

∞
,a

nd
bo

un
di

ng
th

e
su

m
s

by
in

te
gr

al
s

of
th

e
(d

ec
re

as
in

g)
su

m
m

an
ds

by
sl

ig
ht

ly
ex

te
nd

in
g

th
e

ra
ng

e
of

ea
ch

.

Fr
om

th
e

ab
ov

e
re

su
lts

,a
nd

ob
se

rv
in

g
th

at
T

i π
(n

)
6

T
i π
(n

+
1)

,i
tf

ol
lo

w
s

fr
om

E
q.
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m

ax(2,3−
b2αc)

tim
es.

ii)
Forn>

ñ
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+
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−
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√
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<
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com
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the
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W
e

additionally
plotthe

variance
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regretassociated
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previous
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(Fig.
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dditional
num

erical
experim

ents,not
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policy
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case
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question
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vá
ri

.O
n-

lin
e

le
ar

ni
ng

in
M

ar
ko

v
de

ci
si

on
pr

oc
es

se
s

w
ith

ad
ve

rs
ar

ia
lly

ch
os

en
tr

an
si

tio
n

pr
ob

ab
il-

ity
di

st
ri

bu
tio

ns
.

In
A

dv
an

ce
s

in
N

eu
ra

lI
nf

or
m

at
io

n
P

ro
ce

ss
in

g
Sy

st
em

s,
pa

ge
s

25
08

–
25

16
,2

01
3.

Je
an

-Y
ve

s
A

ud
ib

er
t,

R
ém

iM
un

os
,a

nd
C

sa
ba

Sz
ep

es
vá
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O
n

m
inim

ax
optim

aloffline
policy

evalu-
ation.

arX
iv

preprintarX
iv:1409.3653,2014.

M
ichael

L
L

ittm
an.

Inducing
partially

observable
M

arkov
decision

processes.
In

IC
G

I,
pages

145
–

148,2012.

19
JM

L
R

 18(154):1-28, 2018

C
O

W
A

N
,H

O
N

D
A

A
N

D
K

A
T

E
H

A
K

IS

Ian
O

sband
and

B
enjam

in
V

an
R

oy.N
ear-optim

alreinforcem
entlearning

in
factored

m
dps.

In
A

dvances
in

N
euralInform

ation
P

rocessing
System

s,pages
604

–
612,2014.

H
erbertR

obbins.Som
e

aspects
ofthe

sequentialdesign
ofexperim

ents.B
ull.A

m
er.M

ath.
M

onthly,58:527–536,1952.

C
em

Tekin
and

M
ingyan

L
iu.

A
pproxim

ately
optim

aladaptive
learning

in
opportunistic

spectrum
access.

In
IN

F
O

C
O

M
,

2012
P

roceedings
IE

E
E

,
pages

1548
–

1556.
IE

E
E

,
2012.

A
m

bujTew
ariand

PeterL
B

artlett.O
ptim

istic
linearprogram

m
ing

giveslogarithm
ic

regret
forirreducible

m
dps.In

A
dvancesin

N
euralInform

ation
P

rocessing
System

s,pages1505
–

1512,2008.

R
ichard

R
W

eber.
O

n
the

G
ittins

index
for

m
ultiarm

ed
bandits.

The
A

nnals
of

A
pplied

P
robability,2(4):1024

–
1033,1992.

A
cknow

ledgem
ent:

W
e

are
gratefulfor

the
com

m
ents

of
three

review
ers,especially

one
rem

ark
by

D
avid

Palw
hich

allow
ed

us
to

drop
an

unnecessary
additionalconstantterm

in
E

q.(27).

W
e

acknow
ledge

supportfor
this

w
ork

from
the

N
ationalScience

Foundation
(N

SF
grant

C
M

M
I-14-50743)and

the
Japan

Society
forthe

Prom
otion

ofScience
(JSPS

G
rant-in-A

id
forScientific

R
esearch

N
o.26106506).

A
ppendix

A
.A

dditionalProofs

Proof
[of

Proposition
3]

L
et

P
=

P (δ
+
√

U
√

k
2/p−

1
<

Z ).
N

ote
im

m
ediately,

P
>

P (δ
+
√

U
k

1/p
<

Z ).Further,

P
>
P (δ

+
√

U
k

1/p
<

Z
and √

U
k

1/p>
δ )

>
P (2 √

U
k

1/p
<

Z
and √

U
k

1/p>
δ )

=
∫

∞δ
2

k 2
/p ∫

∞2 √
uk 1

/p e −
z 2/2
√

2π
fd (u

)dzdu
.

(39)

20
JM

L
R

 18(154):1-28, 2018



N
O

R
M

A
L

B
A

N
D

IT
S

O
F

U
N

K
N

O
W

N
M

E
A

N
S

A
N

D
V

A
R

IA
N

C
E

S

W
he

re
f d

(u
)

is
ta

ke
n

to
be

th
e

de
ns

ity
of

a
χ2 d

-r
an

do
m

va
ri

ab
le

.L
et

tin
g

ũ
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ũ 2
dz

dũ
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)
,

(4
6)

w
he

re
ag

ai
n
I(

f;
g)

is
th

e
K

ul
lb

ac
k-

L
ei

bl
er

di
ve

rg
en

ce
be

tw
ee

n
de

ns
iti

es
f

an
d

g.
Ta

ki
ng

th
e

de
ns

iti
es

he
re

as
no

rm
al

,w
e

ha
ve

I(
f (

µ i
,σ

2 i
);

f (
µ̃
,σ̃

2 )
)

=
∫

∞ −
∞

ln

(
f (

µ i
,σ

2 i
)(

x)

f (
µ̃
,σ̃

2 )
(x

)

)
f (

µ i
,σ

2 i
)(

x)
dx

=
∫

∞ −
∞

( −
(x
−

µ i
)2

2σ
2 i

+
(x
−

µ̃
)2

2σ̃
2

+
ln
(

σ̃ σ i

))
1

σ i
√

2π
e−

(x
−

µ i
)2

2σ
2 i

dx

=
(µ̃
−

µ i
)2

+
(σ

2 i
−

σ̃
2 )

2σ̃
2

+
ln
(

σ̃ σ i

)
.

(4
7)

R
es

tr
ic

tin
g

to
µ̃
>

µ
∗

an
d

σ̃
2
>

0,
th

e
in

fim
um

is
re

al
iz

ed
(s

in
ce

µ
∗
>

µ i
)

ta
ki

ng
µ̃

=
µ
∗

an
d

σ̃
2

=
(µ
∗ −

µ i
)2

+
σ

2 i
,y

ie
ld

in
g

K
((

µ i
,σ

2 i
),

µ
∗ )

=
1 2

ln
( 1

+
(µ
∗ −

µ i
)2

σ
2 i

)
=

1 2
ln
( 1

+
∆2 i

σ
2 i

)
.

(4
8)

Pr
op

os
iti

on
8

Fo
r

a
χ2 k

ra
nd

om
va

ri
ab

le
U

k,
an

d
ε
>

0,

P(
U

k
>

k(
1

+
ε)

)
6

(e
−

ε (1
+

ε)
)k/

2 .
(4

9)
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ProofL
etr

>
0,and

letZ
be

a
standard

norm
alrandom

variable.W
e

have
that

P
(U

k
>

k(1
+

ε
))

=
P

(e rU
k
>

e rk(1+
ε
))6

E
[e rU

k ]

e rk(1+
ε
)

=
E
[e rZ

2 ]
k

e rk(1+
ε
)
,

(50)

the
laststep

follow
ing

from
view

ing
the

U
k

as
the

sum
of

k
independentsquared

standard
norm

als.H
ence,P

(U
k
>

k(1
+

ε
))6


E
[e rZ

2 ]

e r(1+
ε
) 

k

=

(
1

e r(1+
ε
) √

1−
2r )

k,
(51)

if0
<

r
<

1
/2.Taking

r
=

(1
/2

)(ε
/
(1

+
ε
))

com
pletes

the
result.

Proposition
9

C
onjecture

1
isfalse

and
for

each
i,forε

>
0,

P (X̄
ij +

S
i (j) √

k
2/

j−
1
<

µ
i −

ε
for

som
e

26
j6

k )

1
/k

→
∞

as
k→

∞
.

(52)

.Proof
D

efine
the

events
A

ij,k,ε
=
{X̄

ij +
S

i (j) √
k

2
/

j−
1
<

µ
i −

ε}.A
s

the
sam

ples
are

taken
to

be
norm

ally
distributed

w
ith

m
ean

µ
i and

variance
σ

2i ,w
e

have
thatX̄

ij −
µ

i ∼
Zσ

i / √
j

and
S

2i (j)∼
σ

2i U
/

j,w
here

Z
isa

standard
norm

al,U
∼

χ
2j−

1 ,and
Z
,U

independent.H
ence,

P
(A

ij,k,ε )
=
P 

Z
σ

i
√

j
+

√
U

σ
2ij √

k
2/

j−
1
<
−

ε 
=
P (

εσ
i √

j+
√

U
√

k
2/

j−
1
<

Z )
.

(53)

T
he

laststep
is

sim
ply

a
re-arrangem

ent,and
an

observation
on

the
sym

m
etry

of
the

dis-
tribution

of
Z

.
For

j>
3,w

e
m

ay
apply

Proposition
3

here
for

d
=

j−
1,

p
=

j,to
yield

P
(A

ij,k,ε )>
12

k
1/

j

k
P (

14
Z

2>
U
>

ε
2

σ
2i

j )
.

(54)

Fora
fixed

j0 >
3,fork>

j0
w

e
have

P (A
ij,k,ε

forsom
e

26
j6

k )
>
P

(A
ij0 ,k,ε )>

O
(1/k)k

1/
j0.

(55)

T
he

proposition
follow

s
im

m
ediately.
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Proposition
10

For
G
>

0,06
ε
<

1
/2,the

follow
ing

holds:

1

ln (1
+

G
(1−

ε
) 2

1+
ε

)
6

1
ln

(1
+

G
)

+
10G

(1
+

G
)(ln

(1
+

G
)) 2 ε

.
(56)

Proof
Forany

G
>

0,the
function

1
/

ln (1
+

G
(1−

ε
) 2

1
+

ε

)
is

positive,increasing,and
convex

on
ε∈

[0
,1)

(Proposition
11).Fora

given
G
>

0,noting
thatthe

above
inequality

holds
(as

equality)atε
=

0,due
to

the
convexity

itsuffices
to

show
thatthe

inequality
is

satisfied
at

ε
=

1/2,or
1

ln (1
+

G6 )
6

5G

(1
+

G
)(ln

(1
+

G
)) 2

+
1

ln(1
+

G
) .

(57)

E
quivalently,w

e
considerthe

inequality

06
5G

(1
+

G
)

+
ln(1

+
G

)−
(ln

(1
+

G
)) 2

ln (1
+

G6 )
.

(58)

D
efine

the
function

F
(G

)
to

be
the

R
H

S
ofIneq.(58).N

ote
thatas

G
→

0,F
(G

)→
0,and

in
sim

plified
form

w
e

have
(forG

>
0

and
the

lim
itas

G
→

0),

F
′(G

)
=

((1
+

G
)ln(1

+
G

)−
(6

+
G

)ln (1
+

G6 ))
2

(1
+

G
) 2(6

+
G

)ln (1
+

G6 )
2

>
0.

(59)

Itfollow
s

thatF
(G

)>
0,and

hence
the

desired
inequality

holds
atε

=
1/2.T

his
com

pletes
the

proof.

Proposition
11

The
function

H
G

(ε
)

=
1/

ln (1
+

G
(1−

ε
) 2

1+
ε

)
ispositive,increasing,and

con-
vex

in
ε∈

[0,1
),for

any
constantG

>
0
.

Proof
T

hatH
G

(ε
)

is
positive

and
increasing

in
ε,follow

s
im

m
ediately

from
inspection

of
H

G
and

H
′G ,given

the
hypotheses

on
G
,and

ε.

To
dem

onstrate
convexity,by

inspection
ofthe

term
s

of
H
′′G
(ε

),itsuffices
to

show
thatfor

allrelevantG
,and

ε,the
follow

ing
inequality

holds.

2G
(1−

ε
) 2(3

+
ε
) 2

+
(−

8
(1

+
ε
)
+

G
(1−

ε
) 2(1

+
ε
(6

+
ε
)) )ln (

1
+

G
(1−

ε
) 2

1
+

ε

)
>

0.

(60)
D

efining
C

=
G

(1−
ε
) 2/(1

+
ε
),itis

sufficientto
show

thatfor
allC

>
0

and
ε
∈

[0,1
)

(elim
inating

a
factorof

(1
+

ε
)

from
the

above),

2C
(3

+
ε
) 2

+
(−

8
+

C
(1

+
ε
(6

+
ε
)))ln

(1
+

C
)>

0
.

(61)
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D
efi

ni
ng

J C
(ε

)
as

th
e

L
H

S
of

th
e

ab
ov

e,
no

te
th

at
J′ C

(ε
)

=
2C

(3
+

ε)
(2

+
ln

(1
+

C
))
>

0.
It

su
ffi

ce
s

th
en

to
sh

ow
J C

(0
)
>

0,
or

18
C

+
(C
−

8)
ln

(1
+

C
)
>

0.
N

ot
e

th
is

ho
ld

s
at

C
=

0,
an

d
d/

dC
[J

C
(0

)]
=

(1
0

+
19

C
)/

(1
+

C
)
+

ln
(1

+
C

)
>

0
fo

rC
>

0.
H

en
ce

,J
C

(ε
)
>

0,
an

d
H
′′ G
(ε

)
>

0.

Pr
oo

f[
of

T
he

or
em

2]
In

th
e

in
te

re
st

so
fc

om
pa

ri
ng

π B
K

an
d

π C
H

K
,c

on
si

de
ra

ge
ne

ra
lp

ol
ic

y
π

de
pe

nd
in

g
on

a
>

b
th

at
in

iti
al

ly
sa

m
pl

es
ea

ch
ba

nd
it

a
tim

es
,t

he
n

fo
rt

im
es

gr
ea

te
rt

ha
n

aN
,s

am
pl

es
ac

co
rd

in
g

to
th

e
m

ax
im

al
in

de
x

u i
(n
,k

)
=

X̄
i k
+

S i
(k

)√
n

2
k−

b
−

1.

N
ot

e,
π B

K
co

rr
es

po
nd

s
to

th
e

ch
oi

ce
s

a
=

2,
b

=
0,

an
d

π C
H

K
co

rr
es

po
nd

s
to

th
e

ch
oi

ce
s

a
=

3,
b

=
2.

L
et

i∗
be

th
e

op
tim

al
ba

nd
it,

an
d

le
t

jb
e

su
ch

th
at

µ
∗

=
µ i
∗
>

µ
j=

m
ax

k:
µ k
6=

µ
∗ .

L
et

ε̃
=

2σ
j.

Fi
rs

t,
fo

rn
>

aN
,w

e
ha

ve
th

e
fo

llo
w

in
g

bo
un

d:

n ∑ t=
aN
1
{π

(t
+

1)
6=

i∗
}>

1

{
∞ ⋂ k=

1{
X̄

j k
>

µ
j−

ε̃}
}

n−
aN

+
1

∑ m
=

1
1

{
aN

+
m
−

1
⋂ t=

aN

{ u i
∗ (

t,
a)
<

µ
j−

ε̃}
}
.

(6
2)

T
he

ab
ov

e
in

eq
ua

lit
y

ca
n

be
se

en
in

th
e

fo
llo

w
in

g
w

ay
:

In
at

te
m

pt
in

g
to

bo
un

d
th

e
su

b
op

tim
al

ac
tiv

at
io

ns
of

π
be

yo
nd

tim
e

t=
aN

fr
om

be
lo

w
,w

e
m

ay
re

st
ri

ct
ou

rs
el

ve
s

to
th

e
ev

en
t

th
at

th
e

sa
m

pl
e

m
ea

n
fo

r
j6=

i∗
is

ne
ve

r
be

lo
w

µ
j−

ε̃
(a

nd
he

nc
e,

th
e

in
de

x
fo

r
j

is
ne

ve
r

be
lo

w
µ

j−
ε̃)

an
d

co
un

to
nl

y
th

e
in

iti
al

co
ns

ec
ut

iv
e

no
n-

ac
tiv

at
io

ns
of

i∗
be

yo
nd

tim
e

t=
aN

.T
he

nu
m

be
ro

ft
he

se
in

iti
al

co
ns

ec
ut

iv
e

no
n-

ac
tiv

at
io

ns
,r

es
tr

ic
te

d
in

th
is

w
ay

,
is

bo
un

d
fr

om
be

lo
w

by
th

e
nu

m
be

ro
ft

im
es

th
e

in
de

x
fo

ri
∗

is
co

ns
ec

ut
iv

el
y

be
lo

w
µ

j−
ε̃,

co
un

te
d

by
th

e
ri

gh
th

an
d

su
m

.
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N
ot

in
g

th
at

u i
∗ (

t,
a)

is
an

in
cr

ea
si

ng
fu

nc
tio

n
of

t,
w

e
ha

ve
th

at

n−
aN

+
1

∑ m
=

1
1

{
aN

+
m
−

1
⋂ t=

aN

{ u i
∗ (

t,
a)
<

µ
j−

ε̃}
}

=
n−

aN
+

1

∑ m
=

1
1
{ u i

∗ (
aN

+
m
−

1,
a)
<

µ
j−

ε̃}

=
n−

aN
+

1

∑ m
=

1
1

{ X̄
i∗ a

+
S i
∗ (

a)
√

(a
N

+
m
−

1)
2

a−
b
−

1
<

µ
j−

ε̃}

=
1

{ X̄
i∗ a
<

µ
j−

ε̃}
n−

aN
+

1

∑ m
=

1
1

    
m
<

 
(

(µ
j−

ε̃)
−

X̄
i∗ a

S i
∗ (

a)

)
2

+
1 

a−
b

2

+
1
−

aN

    

>
1

{ X̄
i∗ a
<

µ
j−

ε̃}
m

in

    
n
−

aN
+

1,

 
(

(µ
j−

ε̃)
−

X̄
i∗ a

S i
∗ (

a)

)
2

+
1 

a−
b

2

−
aN

    

>
1

{ X̄
i∗ a
<

µ
j−

ε̃}
m

in

    
n,

 
(

(µ
j−

ε̃)
−

X̄
i∗ a

S i
∗ (

a)

)
2

+
1 

a−
b

2
    
−

aN
.

(6
3)

Fr
om

th
e

ab
ov

e,
w

e
ha

ve
th

at

n ∑ t=
aN
1
{π

(t
+

1)
6=

i∗
}

>
1

{
∞ ⋂ k=

1{
X̄

j k
>

µ
j−

ε̃}
}
1

{ X̄
i∗ a
<

µ
j−

ε̃}
m

in

    
n,

 
(

(µ
j−

ε̃)
−

X̄
i∗ a

S i
∗ (

a)

)
2

+
1 

a−
b

2
    
−

aN
.

(6
4)

To
co

m
pu

te
th

e
re

le
va

nt
ex

pe
ct

at
io

ns
,n

ot
e

th
at

(r
ec

yc
lin

g
th

e
bo

un
d

fr
om

E
q.

(3
1)

),

P

(
∞ ⋂ k=

1{
X̄

j k
>

µ
j−

ε̃}
)

=
1
−
P

(
∞ ⋃ k=

1{
X̄

j k
<

µ
j−

ε̃}
)
>

1
−

∞ ∑ k=
1
P
( X̄

j k
<

µ
j−

ε̃)
>

1 2. (6
5)
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H
ence,

E

[
n∑t=
aN
1{π

(t+
1)6=

i ∗} ]
+

aN

>
12 E


1 {

X̄
i ∗a
<

µ
j −

ε̃ }
m

in 
n
, 
(

(µ
j −

ε̃
)−

X̄
i ∗a

S
i ∗(a

)

)
2

+
1 

a−
b

2




=
12 E


1 {∆

j +
ε̃

+
σ

i ∗Z
/ √

a
<

0 }
m

in 
n
, (
(

∆
j +

ε̃
+

σ
i ∗Z
/ √

a
σ

i ∗ √
U
/ √

a

)
2

+
1 )

a−
b

2




=
12 E


1 {∆̃

+
Z
<

0 }
m

in 
n
, (
(

∆̃
+

Z
√

U

)
2

+
1 )

a−
b

2



,

(66)

recalling
that

X̄
i ∗a
∼

µ
∗

+
σ

i ∗Z
/ √

a
and

S
i ∗(a

)∼
σ

2i ∗ U
/a

w
here

Z
,U

are
independent,

Z
a

standard
norm

al
and

U
a

χ
2a−

1
random

variable,
and

taking
∆̃

=
√

a
(∆

j +
ε̃
)/σ

i ∗
>

0.
Taking

d
=

a−
1,

E

[
n∑t=
aN
1{π

(t+
1)6=

i ∗} ]
+

aN

>
O

(1
) ∫

∞0

∫
−

∆̃

−
∞

m
in 

n
, (
(

∆̃
+

z
√

u

)
2

+
1 )

a−
b

2


e −
z 2/2u

d2 −
1e −

u/2dzdu.

(67)

Taking
the

transform
ation

(z,u)
=

(−
∆̃−

cos(θ
) √

r,rsin(θ
) 2),forr∈

[0,∞
),θ
∈

[0
,π
/2

],
w

e
have

dzdu
=

2
sin

(θ
) √

rdrdθ
,and

∫
∞0

∫
−

∆̃

−
∞

m
in 

n
, (
(

∆̃
+

z
√

u

)
2

+
1 )

a−
b

2


e −
z 2/2−

u/2u
d2 −

1dzdu

=
2 ∫

π
/2

0

∫
∞0

m
in {

n
,csc(θ

) a−
b }

e −
r2 −

∆̃
cos(θ

) √
r−

∆̃
22
r

d−
1

2
sin

(θ
) d−

1drdθ

>
2 ∫

π
/2

0

∫
∞0

m
in {

n,csc(θ
) a−

b }
e −

r2 −
∆̃ √

r−
∆̃

22
r

d−
1

2
sin

(θ
) d−

1drdθ

=
2 (
∫

∞0
e −

12
(∆̃
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K

IS

From
the

above,
for

b
>

2,
the

above
integral

converges
to

a
constant

as
n→

∞
,

and
in

thatsense
the

bound
is

uninform
ative,giving

an
O

(1)
low

er
bound.

For
b
<

2,taking
the

bounds
thatθ

>
sin(θ

)
on

the
indicated

range,and
arcsin

(x)6
π
/2x

forx∈
[0
,1],w

e
have

E

[
n∑t=
aN
1{π

(t+
1
)6=

i ∗} ]
+

aN
>

O
(1) ∫

π
/2

π2 n −
1

a−
b θ

b−
2dθ

=
O

(1
) ∫

1n −
1

a−
b τ

b−
2dτ

.
(69)

N
oting

thatR
π
(n

)>
∆

j E
[∑

nt=
aN
1{π

(t+
1)6=

i ∗}],w
e

m
ay

therefore
sum

m
arize

as

R
π
(n)>



O
(1)

ifb
>

1,
O

(ln
n
)

ifb
=

1,

O
(

n
1−

b
a−

b−
1

1−
b

)
ifb

<
1.

(70)

W
hile

the
above

bound
is

uninform
ative

in
the

case
of

π
=

π
C

H
K

(w
ith

a
=

3
,b

=
2),

it
follow

s
thatπ

=
π

B
K

(w
ith

a
=

2
,b

=
0)suffers

from
atleastO

( √
n
)

regret.
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at

u
ra

l
an

d
si

m
p
le

r
fo

rm
al

is
m

fo
r

la
b

el
n
oi

se
,

w
h
er

e
a

ra
n
d
om

n
oi

se
p
ro

ce
ss

co
r-

ru
p
ts

th
e

la
b

el
s

(B
ig

gi
o

et
al

.,
20

11
),

w
h
ic

h
ot

h
er

w
is

e
ar

is
e

fr
om

so
m

e
“c

le
an

”
d
is

tr
ib

u
ti

o
n
.

T
h
er

e
h
as

b
ee

n
a

lo
n
g

li
n
e

of
w

or
k

in
th

e
th

eo
re

ti
ca

l
m

ac
h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y
o
n

su
ch

fo
rm

al
is

m
s.

S
o
on

af
te

r
th

e
in

tr
o
d
u
ct

io
n

of
th

e
n
oi

se
-f

re
e

P
A

C
m

o
d
el

,
A

n
g
lu

in
a
n
d

L
a
ir

d
(1

98
8)

p
ro

p
os

ed
th

e
ra

n
d
o
m

cl
a
ss

ifi
ca

ti
o
n

n
o
is

e
(R

C
N

)
m

o
d
el

w
h
er

e
ea

ch
la

b
el

is
fl
ip

p
ed

in
d
ep

en
d
en

tl
y

w
it

h
so

m
e

p
ro

b
ab

il
it

y
ρ
∈

[0
,1
/2

).
It

is
k
n
ow

n
(A

sl
am

an
d

D
ec

a
tu

r,
1
9
9
6;

C
es

a-
B

ia
n
ch

i
et

al
.,

19
99

)
th

at
fi
n
it

en
es

s
o
f

th
e

V
C

d
im

en
si

on
ch

ar
ac

te
ri

ze
s

le
a
rn

a
b
il
it

y
in

th
e

R
C

N
m

o
d
el

.
S
im

il
ar

ly
,

in
th

e
on

li
n
e

m
is

ta
ke

b
ou

n
d

m
o
d
el

,
th

e
p
ar

am
et

er
th

a
t

ch
a
ra

c-
te

ri
ze

s
le

ar
n
ab

il
it

y
w

it
h
ou

t
n
oi

se
—

th
e

L
it

tl
es

to
n
e

d
im

en
si

on
—

co
n
ti

n
u
es

to
ch

a
ra

ct
er

iz
e

le
ar

n
ab

il
it

y
ev

en
in

th
e

p
re

se
n
ce

of
ra

n
d
om

la
b

el
n
oi

se
(B

en
-D

av
id

et
al

.,
2
0
0
9
).

T
h
es

e
re

su
lt

s
ar

e
fo

r
th

e
so

-c
al

le
d

0-
1

lo
ss

:
if

th
e

tr
u
e

la
b

el
is
y
∈
{−

1,
+

1}
an

d
th

e
p
re

d
ic

ti
o
n

is
t,

th
e

0-
1

lo
ss

d
efi

n
ed

as
` 0

-1
(y
,t

)
=

1
{y
t≤

0
}

(w
h
er

e
1 {
P
}

d
en

o
te

s
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

th
at

ta
ke

s
va

lu
e

1
if

th
e

p
re

d
ic

at
e
P

is
tr

u
e

or
0

ot
h
er

w
is

e)
,

is
a

n
on

-c
on

ve
x

fu
n
ct

io
n

of
th

e
p
re

d
ic

ti
on

t.
O

n
th

e
ot

h
er

h
an

d
,

le
ar

n
in

g
w

it
h

co
n
ve

x
lo

ss
es

h
as

b
ee

n
a
d
d
re

ss
ed

o
n
ly

u
n
d
er

li
m

it
in

g
as

su
m

p
ti

on
s

li
ke

se
p
ar

ab
il
it

y
or

u
n
if

or
m

n
oi

se
ra

te
s

(M
an

w
a
n
i

a
n
d

S
a
st

ry
,

2
JM

L
R

 1
8(

15
5)
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C
o
st

-S
e
n
sit

iv
e
L
e
a
r
n
in
g

w
it
h
N
o
isy

L
a
b
e
l
s

2
0
1
3
).

A
g
rea

t
d
eal

of
p
ractical

w
ork

h
as

also
b

een
d
on

e
on

th
e

p
rob

lem
;

see,
for

in
stan

ce,
th

e
su

rvey
a
rticle

b
y

N
ettleton

et
al.

(2010).

In
th

is
p
ap

er,
w

e
con

sid
er

th
e

cla
ss-co

n
d
itio

n
a
l

ran
d
om

lab
el

n
oise

(a
b
b
rev

iated
C

C
N

)
settin

g
.

H
ere,

th
e

d
ata

con
sists

of
iid

sam
p
les

d
raw

n
from

a
n
oisy

version
D
ρ

of
an

u
n
d
er-

ly
in

g
“
clea

n
”

d
istrib

u
tion

D
,

an
d

w
h
ere

th
e

n
oise

rates
d
ep

en
d

on
th

e
class

lab
el.

T
o

th
e

b
est

o
f

o
u
r

k
n
ow

led
ge,

gen
eral

resu
lts

in
th

is
settin

g
h
ave

n
ot

b
een

ob
tain

ed
b

efore.
W

e
n
o
te

th
a
t

d
evelop

in
g

gu
aran

tees
in

th
e

p
resen

ce
of

C
C

N
lab

el
n
oise

also
h
as

im
p
licatio

n
s

in
va

ried
p
a
rtia

lly
-su

p
erv

ised
settin

gs
su

ch
as

learn
in

g
from

on
ly

p
ositive

an
d

u
n
lab

eled
d
a
ta

(E
lka

n
a
n
d

N
oto,

2008),
w

h
ich

can
b

e
cast

u
n
d
er

th
is

settin
g.

F
or

th
e

th
eoretical

resu
lts

p
resen

ted
in

th
is

w
ork

,
w

e
assu

m
e

th
at

th
e

tru
e

n
oise

rates
(th

at
ch

aracterize
D
ρ )

a
re

k
n
ow

n
.

In
p
ractice,

on
e

m
ay

u
se

th
e

d
om

ain
k
n
ow

led
ge

to
p
rov

id
e

a
n

estim
a
te

for
n
o
ise

ra
tes

(see
S
ection

6.3),
or

u
se

a
p
lu

g-in
estim

ator
for

n
oise

rates
su

ch
as

th
e

on
e

p
rescrib

ed
b
y

S
co

tt
(2

0
1
5
).

A
key

fa
cet

of
th

e
classifi

cation
p
rob

lem
is

th
e

evalu
ation

m
etric

w
h
ich

cap
tu

res
d
iscrep

-
a
n
cy

b
etw

een
th

e
p
red

icted
lab

el
an

d
th

e
tru

e
lab

el,
an

d
w

h
ich

w
e

w
ou

ld
w

an
t

to
m

in
im

ize
(o

r
co

rresp
o
n
d
in

gly,
an

evalu
ation

u
tility

m
easu

re
w

h
ich

w
e

w
ou

ld
w

a
n
t

to
m

ax
im

ize).
W

h
ile

cla
ssifi

ca
tion

accu
racy

is
a

p
op

u
lar

u
tility

m
easu

re,
m

an
y

o
th

er
p

erform
an

ce
m

ea-
su

res
h
av

e
a
lso

b
een

con
sid

ered
in

p
ractice.

O
n
e

im
p

ortan
t

fam
ily

of
m

easu
res

con
stitu

tes
co

st-sen
sitive

learn
in

g,
an

d
is

m
otivated

b
y

ap
p
lication

s
an

d
d
om

ain
s

w
h
ere

m
isclassifi

ca-
tio

n
co

st
co

u
ld

d
ep

en
d

on
th

e
category

of
th

e
ex

am
p
le.

F
or

ex
am

p
le,

in
d
isease

d
iagn

osis,
fa

lse
p

o
sitives

a
n
d

false
n
egatives

often
h
ave

very
d
iff

eren
t

asso
ciated

im
p
acts.

M
ost,

if
n
ot

a
ll,

o
f

th
e

ex
istin

g
th

eoretical
w

ork
on

classifi
cation

fo
cu

ses
on

ob
ta

in
in

g
co

n
sisten

t
learn

in
g

a
lg

o
rith

m
s

fo
r

th
e

0-1
loss

or
its

su
rrogates.

In
th

is
p
ap

er,
w

e
con

sid
er

a
g
en

eral
class

of
u
til-

ity
m

easu
res

th
at

can
b

e
ex

p
ressed

as
a

lin
ear

com
b
in

ation
of

th
e

en
tries

of
th

e
“con

fu
sion

m
atrix

,”
n
am

ely,
tru

e
p

ositives,
tru

e
n
egatives,

false
p

ositives
an

d
fa

lse
n
egatives.

T
ow

a
rd

s
th

is
p
rob

lem
of

learn
in

g
classifi

ers
w

ith
resp

ect
to

gen
eral

u
tility

m
easu

res
a
n
d

cla
ss

co
n
d
ition

al
lab

el
n
oise,

w
e

d
evelop

tw
o

m
eth

o
d
s

for
su

itab
ly

m
o
d
ify

in
g

a
n

y
given

su
rroga

te
lo

ss
fu

n
ctio

n
`,

an
d

sh
ow

th
at

m
in

im
izin

g
th

e
sam

p
le

average
of

th
e

m
o
d
ifi

ed
p
rox

y
lo

ss
fu

n
ction

˜̀
lead

s
to

p
rovab

le
u
tility

b
ou

n
d
s

w
h
ere

th
e

u
tility

is
calcu

lated
on

th
e

clea
n

d
istrib

u
tion

.

In
o
u
r

fi
rst

ap
p
roach

,
th

e
m

o
d
ifi

ed
or

p
rox

y
loss

is
a
n

u
n
b
iased

estim
ate

of
th

e
loss

fu
n
c-

tio
n

a
sso

cia
ted

w
ith

th
e

u
tility

m
easu

re
of

in
terest.

T
h
e

id
ea

of
u
sin

g
u
n
b
iased

estim
ators

is
w

ell-k
n
ow

n
in

sto
ch

astic
op

tim
ization

(N
em

irov
sk

i
et

al.,
2009).

N
on

eth
eless,

w
e

b
rin

g
ou

t
so

m
e

im
p

o
rta

n
t

asp
ects

of
u
sin

g
u
n
b
iased

estim
ators

of
loss

fu
n
ction

s
for

em
p
irical

u
tility

m
ax

im
izatio

n
u
n
d
er

C
C

N
.

In
p
articu

lar,
w

e
giv

e
a

sim
p
le

sy
m

m
etry

con
d
ition

on
th

e
loss

(en
joyed

,
fo

r
in

stan
ce,

b
y

th
e

H
u
b

er,
logistic,

an
d

sq
u
ared

losses)
to

en
su

re
th

at
th

e
p
rox

y
lo

ss
is

a
lso

co
n
vex

.
H

in
ge

loss
d
o
es

n
ot

satisfy
th

e
sy

m
m

etry
con

d
ition

,
an

d
th

u
s

lead
s

to
a

n
o
n
-co

n
vex

p
rob

lem
.

W
e

n
on

eth
eless

p
rov

id
e

a
con

vex
su

rrogate,
lev

eragin
g

th
e

fact
th

a
t

th
e

n
o
n
-co

n
vex

h
in

ge
p
rob

lem
is

“close”
to

a
con

vex
p
rob

lem
(T

h
eo

rem
12).

T
h
is

is
strik

in
g
ly

d
iff

eren
t

from
th

e
on

lin
e

learn
in

g
settin

g
(ex

am
in

ed
in

S
ection

4)
th

at
req

u
ires

o
n
ly

th
e

ex
p

ected
loss

to
b

e
con

vex
.

O
u
r

seco
n
d

ap
p
roach

is
b
ased

on
th

e
fu

n
d
am

en
tal

ob
servation

th
a
t

th
e

m
in

im
izer

of
th

e
risk

(i.e.
p
ro

b
ab

ility
of

m
isclassifi

cation
)

u
n
d
er

th
e

n
oisy

d
istrib

u
tion

d
iff

ers
from

th
at

of
th

e
clea

n
d
istrib

u
tion

o
n

ly
in

w
h
ere

it
th

resh
old

s
η
(x

)
=
P

(Y
=

1|x
)

to
d
ecid

e
th

e
lab

el.
In

o
rd

er
to

co
rrect

for
th

e
th

resh
old

,
w

e
th

en
p
rop

ose
a

sim
p
le

w
eigh

ted
loss

fu
n
ction

,
w

h
ere

3
JM

L
R

 18(155):1-33, 2018

N
a
t
a
r
a
ja

n
e
t
a
l
.

th
e

w
eigh

ts
are

lab
el-d

ep
en

d
en

t,
as

th
e

p
rox

y
loss

fu
n
ctio

n
.

O
u
r

an
aly

sis
b
u
ild

s
on

th
e

n
otion

of
con

sisten
cy

of
w

eigh
ted

loss
fu

n
ction

s
stu

d
ied

b
y

S
cott

(2012).
T

h
is

ap
p
roach

lead
s

to
a

rem
arka

b
le

resu
lt

th
at

ap
p
rop

riately
w

eigh
ted

losses
lik

e
b
iased

S
V

M
s

stu
d
ied

b
y

L
iu

et
al.

(2003)
are

rob
u
st

to
C

C
N

.

T
h
e

k
ey

con
trib

u
tion

s
of

th
e

p
ap

er
are

su
m

m
arized

b
elow

:

1.
W

e
d
evelop

m
eth

o
d
s

for
learn

in
g,

th
at

are
p
rovab

ly
con

sisten
t,

(a)
in

th
e

p
resen

ce
of

asy
m

m
etric

lab
el

n
oise,

an
d

(b
)

w
ith

resp
ect

to
gen

eral
cost-sen

sitive
u
tility

m
easu

res
b

eyon
d

th
e

classical
0-1

loss.

2.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

w
e

are
th

e
fi
rst

to
p
rov

id
e

gu
aran

tees
for

cost-sen
sitive

learn
in

g
u
n
d
er

ran
d
om

lab
el

n
oise

in
th

e
gen

eral
settin

g
of

con
vex

su
rrogates,

w
ith

ou
t

an
y

assu
m

p
tion

s
on

th
e

tru
e

d
istrib

u
tion

.

3.
A

s
on

e
con

seq
u
en

ce
of

ou
r

resu
lts,

w
e

resolve
an

elu
sive

th
eoretical

gap
in

th
e

u
n
d
er-

stan
d
in

g
of

p
ractical

m
eth

o
d
s

like
b
iased

S
V

M
an

d
w

eigh
ted

logistic
regression

:
as

w
e

sh
ow

,
th

ey
are

p
rovab

ly
n
oise-toleran

t
(T

h
eorem

18).
W

e
ob

tain
th

e
resu

lt
as

a
con

seq
u
en

ce
of

b
ein

g
ab

le
to

lin
early

relate
th

e
risk

w
.r.t.

a
w

eigh
ted

0-1
lo

ss
u
n
d
er

th
e

n
oisy

d
istrib

u
tion

to
th

at
w

.r.t.
th

e
0-1

loss
u
n
d
er

th
e

clean
d
istrib

u
tion

(T
h
eorem

16).

4.
O

u
r

p
rox

y
losses

are
easy

to
com

p
u
te:

th
e

p
rop

osed
ap

p
roach

es
y
ield

effi
cien

t
algo-

rith
m

s.

5.
E

x
p

erim
en

ts
on

b
en

ch
m

ark
d
ata

sets
sh

ow
th

at
th

e
m

eth
o
d
s

are
rob

u
st

even
a
t

h
igh

n
oise

rates,
for

m
ax

im
izin

g
d
iff

eren
t

p
erform

an
ce

m
easu

res
from

ou
r

fam
ily.

In
a

p
relim

in
ary

version
of

th
e

p
ap

er
(N

atara
jan

et
al.,

20
13),

w
e

p
rov

id
ed

gu
aran

tees
for

risk
m

in
im

ization
(u

sin
g

th
e

0-1
loss)

in
th

e
p
resen

ce
of

class-co
n
d
ition

al
lab

el
n
oise.

In
th

is
p
ap

er,
w

e
p
rov

id
e

a
m

ore
gen

eral
an

d
d
etailed

treatm
en

t
of

th
e

th
eory,

b
y

ch
aracter-

izin
g

th
e

op
tim

al
classifi

ers
u
n
d
er

m
ore

g
en

eral
p

erform
an

ce
m

easu
res

u
sed

in
p
ractice

(in
S
ection

s
4

an
d

5).
W

e
ex

ten
d

ou
r

earlier
ap

p
roach

(N
atara

jan
et

al.,
20

13)
to

cost-sen
sitive

learn
in

g
(S

ection
3.2).

O
u
r

resu
lts

in
th

is
p
ap

er
also

serve
to

gen
eralize

som
e

of
th

e
k
n
ow

n
con

sisten
cy

resu
lts

for
p

erform
an

ce
m

easu
res

su
ch

as
th

e
A

M
m

easu
re,

even
in

th
e

n
oise-free

settin
g.

W
e

n
ow

ex
p
an

d
on

th
e

organ
ization

of
th

e
p
ap

er.
W

e
b

egin
b
y

d
iscu

ssin
g

som
e

closely
related

w
ork

in
S
ection

2.
W

e
in

tro
d
u
ce

an
d

set
th

e
p
rob

lem
u
p

form
a
lly

in
S
ection

3.
T

h
e

class-con
d
ition

al
n
oise

m
o
d
el

is
sp

ecifi
ed

b
y

tw
o

p
aram

eters
ρ
+
1

an
d
ρ−

1
w

h
ich

corresp
on

d
to

th
e

rates
at

w
h
ich

p
ositive

an
d

n
egative

lab
els

are
fl
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n
oi

se
m

o
d
el

.
H

ow
ev

er
,
th

ey
ap

p
ro

ac
h

th
e

p
ro

b
le

m
fr

om
a

d
iff

er
en

t
se

t
of

as
su

m
p
ti

o
n
s

—
th

e
n
oi

se
ra

te
s

ar
e

n
o
t

k
n
ow

n
,

an
d

th
e

tr
u
e

d
is

tr
ib

u
ti

on
sa

ti
sfi

es
a

ce
rt

ai
n

“m
u
tu

a
l

ir
re

d
u
ci

b
il
-

it
y
”

p
ro

p
er

ty
.

T
h
ey

m
o
d
el

th
e

ob
se

rv
ed

n
oi

sy
in

st
an

ce
s

as
ar

is
in

g
fr

om
“
co

n
ta

m
in

a
te

d
”

m
ix

tu
re

s
of

p
os

it
iv

e
an

d
n
eg

at
iv

e
cl

as
se

s
an

d
sh

ow
th

at
th

e
m

ix
tu

re
p
ro

p
or

ti
o
n
s

ca
n

b
e

co
n
-

si
st

en
tl

y
es

ti
m

at
ed

b
y

m
a
xi

m
a
l

d
en

o
is

in
g

of
th

e
n
oi

sy
d
is

tr
ib

u
ti

on
s.

B
la

n
ch

a
rd

a
n
d

S
co

tt
(2

01
4)

es
ta

b
li
sh

si
m

il
ar

re
su

lt
s

fo
r

th
e

m
u
lt

i-
cl

as
s

cl
a
ss

ifi
ca

ti
on

p
ro

b
le

m
.

S
co

tt
(2

0
1
5
)

p
ro

-
v
id

es
a

co
n
si

st
en

t
es

ti
m

at
or

w
it

h
co

n
v
er

ge
n
ce

ra
te

s
fo

r
th

e
co

st
p
ar

am
et

er
α

in
o
u
r

w
ei

g
h
te

d
su

rr
og

at
e

lo
ss

(E
q
u
at

io
n

2)
.

In
th

is
p
ap

er
,

h
ow

ev
er

,
w

e
se

le
ct
α

b
y

cr
os

s-
va

li
d
a
ti

o
n

a
n
d

a
ls

o
ex

am
in

e
th

e
se

n
si

ti
v
it

y
of

se
le

ct
in

g
α

(i
n

S
ec

ti
on

6.
3)

.

3
.
P
re
li
m
in
a
ri
e
s

L
et
D

b
e

th
e

u
n
d
er

ly
in

g
tr

u
e

d
is

tr
ib

u
ti

on
ge

n
er

at
in

g
(X
,Y

)
∈
X
×
{±

1
}

p
a
ir

s
fr

o
m

w
h
ic

h
n

ii
d

sa
m

p
le

s
(X

1
,Y

1
),
..
.,

(X
n
,Y

n
)

ar
e

d
ra

w
n
.

L
et
η
(X

)
=
P

(Y
=

1|
X

)
u
n
d
er
D

.

3
.1

C
la

ss
-c

o
n

d
it

io
n

a
l

N
o
is

e

A
ft

er
in

je
ct

in
g

ra
n
d
om

cl
as

si
fi
ca

ti
on

n
oi

se
(i

n
d
ep

en
d
en

tl
y

fo
r

ea
ch

i)
in

to
th

es
e

sa
m

p
le

s,
co

rr
u
p
te

d
sa

m
p
le

s
(X

1
,Ỹ

1
),
..
.,

(X
n
,Ỹ

n
)

ar
e

ob
ta

in
ed

.
T

h
e

cl
as

s-
co

n
d
it

io
n
a
l

ra
n
d
o
m

n
o
is

e
m

o
d
el

(C
C

N
,

fo
r

sh
or

t)
is

gi
v
en

b
y
:

P
(Ỹ

=
−

1
|Y

=
+

1)
=
ρ
+
1
,

P
(Ỹ

=
+

1|
Y

=
−

1)
=
ρ
−
1
,

an
d

ρ
+
1

+
ρ
−
1
<

1
.
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C
o
st

-S
e
n
sit

iv
e
L
e
a
r
n
in
g

w
it
h
N
o
isy

L
a
b
e
l
s

T
h
e

corru
p
ted

sam
p
les

are
w

h
at

th
e

learn
in

g
algorith

m
sees.

W
e

w
ill

assu
m

e
th

at
th

e
n
oise

ra
tes

ρ
+
1

a
n
d
ρ−

1
are

k
n
ow

n
to

th
e

learn
er.

L
et

th
e

d
istrib

u
tion

o
f

(X
,Ỹ

)
b

e
D
ρ .

N
oisy

la
b

els
a
re

d
en

o
ted

b
y
ỹ
.

L
et
η̃
(X

)
=
P

(Ỹ
=

1|X
)

u
n
d
er
D
ρ .

3
.2

C
o
st-se

n
sitiv

e
C

la
ssifi

c
a
tio

n

L
et
f

:X
→

R
d
en

ote
a

real-valu
ed

d
ecision

fu
n
ction

.
T

h
e

goal
in

classifi
ca

tion
is

to
learn

f
fro

m
a

tra
in

in
g

sam
p
le,

su
ch

th
at

som
e

cost
or

loss
m

easu
re

is
m

in
im

ized
.

T
h
e

m
ost

co
m

m
o
n

m
ea

su
re

is
th

e
p
rob

ab
ility

of
m

isclassifi
cation

,
also

called
th

e
risk

,
w

h
ich

is
sim

p
ly

th
e

ex
p

ected
0
-1

loss
d
efi

n
ed

as

R
(f

)
:=

R
D

(f
)

:=
E
(X
,Y

)∼
D

[1{
sig

n
(f

(X
))6=

Y
} ]
.

M
in

im
izin

g
th

e
0-1

loss
on

a
train

in
g

sam
p
le,

over
som

e
class

of
d
ecision

fu
n
ction

s,
is

often
in

tra
cta

b
le.

In
p
ractice,

it
is

com
m

on
to

m
in

im
ize

a
su

rroga
te

loss
fu

n
ction

th
at

is
ch

osen
for

its
co

m
p
u
ta

tion
al

ad
van

tages
su

ch
as

con
vex

ity.
M

in
im

izin
g

risk
(or

eq
u
ivalen

tly,
m

ax
im

iz-
in

g
th

e
a
ccu

ra
cy

)
of

a
classifi

er
is

h
ow

ever
n
ot

alw
ay

s
ap

p
rop

riate,
an

d
in

fact
p
ractitio

n
ers

h
ave

d
ev

ised
m

an
y

altern
ative

p
erform

an
ce

m
etrics

to
ad

d
ress

sp
ecifi

c
n
eed

s
of

a
target

d
o
m

a
in

.
C

la
ss

im
b
alan

ce
is

an
im

p
orta

n
t

scen
ario

w
h
ere

accu
racy

of
classifi

er
is

n
ot

a
go

o
d

m
etric

to
o
p
tim

ize:
a

triv
ial

classifi
er

th
at

assign
s

all
th

e
ex

am
p
les

to
th

e
m

a
jority

class
w

ill
h
ave

a
h
igh

a
ccu

racy.
H

ow
ev

er,
little

is
k
n
ow

n
ab

ou
t

op
tim

al
classifi

cation
or

con
sisten

t
a
lg

o
rith

m
s

fo
r

b
in

ary
classifi

cation
w

.r.t.
gen

eral
p

erform
an

ce
m

easu
res,

even
w

h
en

th
e

o
b
servatio

n
s

are
n
oise-free.

A
n

im
p

ortan
t

fam
ily

of
p

erform
an

ce
m

easu
res

th
a
t

is
p
referred

in
m

a
n
y

scen
a
rios

in
clu

d
in

g
h
eav

y
class

im
b
alan

ce
an

d
asy

m
m

etry
in

real-w
orld

costs
asso-

cia
ted

w
ith

sp
ecifi

c
classes

con
stitu

tes
co

st-sen
sitive

learn
in

g.
C

ost-sen
sitive

p
erform

an
ce

m
ea

su
res

a
re

g
iven

b
y

a
w

eigh
ted

co
m

b
in

atio
n

of
th

e
fou

r
fu

n
d
am

en
tal

p
op

u
lation

q
u
an

-
tities

a
sso

cia
ted

w
ith

th
e

“con
fu

sion
m

atrix
”

-
tru

e
p

ositives,
false

p
ositives

(also
k
n
ow

n
a
s

ty
p

e-I
erro

r),
false

n
egativ

es
(also

k
n
ow

n
as

ty
p

e-II
error)

an
d

tru
e

n
ega

tives
as

d
efi

n
ed

b
elow

:T
P

(f
;D

)
=
E

(X
,Y

)∼
D

[1{
f
(X

)=
1
,Y

=
1} ],

T
N

(f
;D

)
=
E

(X
,Y

)∼
D

[1{
f
(X

)=
−
1
,Y

=
−
1} ]

F
P

(f
;D

)
=
E

(X
,Y

)∼
D

[1{
f
(X

)=
1
,Y

=
−
1} ],

F
N

(f
;D

)
=
E

(X
,Y

)∼
D

[1{
f
(X

)=
−
1
,Y

=
1} ].

W
e

co
n
sid

er
th

e
fam

ily
of

m
easu

resU
d
efi

n
ed

b
y
:

U
(f

;D
)

=
a
1
1 T
P

(f
;D

)
+
a
1
0 F
P

(f
;D

)
+
a
0
1 F
N

(f
;D

)
+
a
0
0 T
N

(f
;D

),
(1)

g
iven

co
n
sta

n
ts
a
0 ,a

1
1 ,a

1
0 ,a

0
1 ,a

0
0

(th
at

cou
ld

d
ep

en
d

on
D

).
In

th
e

rem
ain

d
er

of
th

e
p
a
p

er,U
refers

to
a

m
easu

re
in

th
is

fam
ily,

u
n
less

sp
ecifi

ed
oth

erw
ise.

W
e

w
ill

u
se

th
e

term
s

perfo
rm

a
n

ce
m

easu
re

an
d

u
tility

m
easu

re
in

terch
an

geab
ly

in
th

is
p
ap

er.
N

ex
t,

w
e

state
tw

o
im

p
ortan

t,
com

m
on

ly
-u

sed
m

easu
res

in
th

is
fam

ily.

P
ro

p
o
sitio

n
1

1
.

T
h
e

A
ccu

ra
cy

m
ea

su
reU

A
cc (f

;D
)

belo
n

gs
in

th
e

fa
m

ily
(1)

w
ith

a
1
1

=
a
0
0

=
1

a
n

d
a
1
0

=
a
0
1

=
0.

2
.

T
h
e

A
M

(A
rith

m
etic

M
ea

n
o
f

T
P

R
a
n

d
T

N
R

)
m

ea
su

re
d
efi

n
ed

a
s

U
A
M

(f
;D

)
:=

12 (T
P
R

(f
;D

)
+
T
N
R

(f
;D

) ),

7
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N
a
t
a
r
a
ja

n
e
t
a
l
.

w
h
ere

T
P
R

(f
;D

)
=
P

(f
(X

)
=

1|Y
=

1)
is

th
e

tru
e

po
sitive

ra
te

a
n

d
T
N
R

(f
;D

)
=

P
(f

(X
)

=
−

1|Y
=
−

1)
is

th
e

tru
e

n
ega

tive
ra

te,
belo

n
gs

in
th

e
fa

m
ily

(1
)

w
ith

co
n

sta
n

ts
a
1
0

=
a
0
1

=
0,
a
1
1

=
1

2
(1−

π
)

a
n

d
a
0
0

=
12
π

,
w

h
ere

π
=
P

(Y
=

1)
u

n
d
er
D

.

3
.2
.1

C
o
st

-se
n
sit

iv
e
C
l
a
ssif

ic
a
t
io
n
w
it
h
o
u
t
L
a
b
e
l
N
o
ise

B
efore

w
e

p
resen

t
ou

r
ap

p
roach

es
for

cost-sen
sitiv

e
classifi

cation
u
n
d
er

class-con
d
ition

al
lab

el
n
oise,

it
w

ill
b

e
u
sefu

l
to

con
sid

er
th

e
settin

g
w

ith
ou

t
su

ch
lab

el
n
oise,

an
d

setu
p

ap
p
rop

riate
n
otation

.
G

iven
a

u
tility

m
ea

su
re
U

an
d

train
in

g
d
ata,

ou
r

goal
is

to
learn

a
d
ecision

fu
n
ctio

n
f

th
at

m
ax

im
izes
U

w
ith

resp
ect

to
th

e
clean

d
istrib

u
tion

.
T

h
e

op
ti-

m
al

d
ecision

fu
n
ction

(called
B

ayes
op

tim
al)

th
at

m
ax

im
izesU

over
all

real-valu
ed

d
ecision

fu
n
ction

s
is

d
en

oted
as
f
?(x

)
:=

arg
m

a
x
f U

(f
;D

).
W

e
d
en

ote
b
y
U
∗

th
e

op
tim

a
l

u
tility

valu
e,

i.e.
U
∗

=
U

(f
?).

It
is

n
ot

alw
ay

s
p

ossib
le

to
ch

aracterize
th

e
B

ayes
op

tim
a
l

of
ar-

b
itrary

p
erform

an
ce

m
easu

res.
C

ost-sen
sitive

m
easu

res
are

p
articu

larly
in

terestin
g

b
ecau

se
th

eir
B

ayes
op

tim
al

ex
h
ib

its
a

sim
p
le

form
,

an
d

as
a

con
seq

u
en

ce,
con

sisten
t

algorith
m

s
are

read
ily

ob
tain

ed
in

p
ractice

in
th

e
n
oise-free

case.
B

ayes
op

tim
al

classifi
er

for
th

e
fam

ily
(1)

is
ch

aracterized
in

th
e

follow
in

g
L

em
m

a.
R

ecall
th

a
t
η
(x

)
=
P

(Y
=

1|x
)

u
n
d
er
D

.

L
e
m

m
a

2
T

h
e

B
a
yes

o
p
tim

a
l

o
f

a
n

y
m

ea
su

re
U

in
fa

m
ily

(1)
is

given
by

arg
m

ax
f
U

(f
;D

)
=

sign
(η

(x
)−

δ ∗D
),

w
h
ere

th
e

th
resh

o
ld

is
d
efi

n
ed

a
sδ ∗D

=
a
0
0 −

a
1
0

a
0
0 −

a
1
0 −

a
0
1

+
a
1
1
.

T
h
e

p
ro

of
is

sim
p
le

an
d

can
b

e
fou

n
d

elsew
h
ere

(E
lkan

,
20

01).
It

is
w

ell-k
n
ow

n
th

at
accu

racy
U
A
cc (f

;D
)

is
m

ax
im

ized
b
y

sign
(η

(x
)−

1
/2)

w
h
ich

is
also

read
ily

ob
tain

ed
b
y

ap
p
ly

in
g

th
e

ab
ove

lem
m

a.
F

or
th

e
A

M
m

easu
re
U
A
M

(f
;D

),
on

e
easily

verifi
es

th
at

th
e

th
resh

old
is

π
=
P

(Y
=

1).

F
or

an
y

gen
eral

m
easu

re
U

,
w

e
are

in
terested

in
co

n
trollin

g
th

e
d
efi

cit
u

tility
w

h
ich

is
U
∗−
U

(f
;D

).
T

h
e

follow
in

g
sim

p
le

lem
m

a
relates

th
e

d
efi

cit
u
tility

for
th

e
fam

ily
(1)

to
th

at
of

a
certain

w
eigh

ted
0-1

risk
.

L
e
m

m
a

3
D

efi
n

e
α

-w
eigh

ted
risk

u
n

d
er

d
istribu

tio
n
D

a
s:

R
α
(f

)
:=

R
α
,D

(f
)

:=
E

(X
,Y

)∼
D [

(1−
α

)1{
Y
=
1} 1{

f
(X

)≤
0}

+
α

1{
Y
=
−
1} 1{

f
(X

)>
0} ]

.

F
o
r

a
n

y
m

ea
su

re
U

in
th

e
fa

m
ily

(1):

R
δ ∗D

(f
)−

R
∗δ ∗D

=
1

(a
1
1

+
a
0
0 )−

(a
1
0

+
a
0
1 ) (U

∗−
U

(f
;D

)),

w
h
ere

R
∗δ ∗D

=
m

in
f
R
δ ∗D

(f
).
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C
o
st

-S
e
n
si
t
iv
e
L
e
a
r
n
in
g

w
it
h
N
o
is
y
L
a
b
e
l
s

P
ro

o
f

L
et
c 1

=
(a

1
1
+
a
0
0
)−

(a
1
0
−
a
0
1
)

an
d
c 2

=
a
0
0
−
a
1
0
.

F
ro

m
L

em
m

a
2,

w
e

k
n
ow

δ∗ D
=

c 2 c 1
.

N
ot

e
th

at
1
>
c 1
>

0
fo

r
ot

h
er

w
is

e
m

ax
im

iz
in

g
U

w
ou

ld
n
ot

m
ak

e
se

n
se

(S
ee

R
em

ar
k

4)
,

an
d

th
er

ef
or

e
0
≤
δ∗ D
≤

1.
F

or
an

y
f

,
le

t
θ

d
en

ot
e

th
e

cl
as

si
fi
er
θ(
x

)
=

si
g
n
(f

(x
))

.
W

e
ca

n
re

w
ri

te
U(
θ)

as
U(
θ)

=
c 1

[(
1
−
δ∗ D

)T
P

+
δ∗ D
T
N

]+
Ã

,
w

h
er

e
Ã

is
a

co
n
st

an
t.

W
e

h
av

e:

R
δ
∗ D

(θ
)

=
E

(X
,Y

)∼
D

[ (
(1
−
δ∗ D

)1
{Y

=
1
}

+
δ∗ D

1 {
Y
=
0
})
.1
{θ

(X
)6=
Y
}]

=
(1
−
δ∗ D

)P
(Y

=
1,
θ(
X

)
=
−

1)
+
δ∗ D
P

(Y
=
−

1,
θ(
X

)
=

1)

=
(1
−
δ∗ D

)F
N

+
δ∗ D
F
P

=
(1
−
δ∗ D

)(
π
−
T
P

)
+
δ∗ D

(1
−
π
−
T
N

)

=
(1
−
δ∗ D

)π
+
δ∗ D

(1
−
π

)
−
( (1
−
δ∗ D

)T
P

+
δ∗ D
T
N
)

=
(1
−
δ∗ D

)π
+
δ∗ D

(1
−
π

)
+
Ã c 1
−

1 c 1
U(
θ)
.

O
b
se

rv
in

g
th

at
(1
−
δ∗ D

)π
+
δ∗ D

(1
−
π

)
+

Ã c 1
is

a
co

n
st

an
t

in
d
ep

en
d
en

t
of
θ,

th
e

p
ro

of
is

co
m

p
le

te
.

R
e
m

a
rk

4
N

o
te

th
a
t

w
e

ca
n

a
ss

u
m

e
(a

1
1

+
a
0
0
)
−

(a
1
0

+
a
0
1
)
>

0,
o
th

er
w

is
e

m
a
xi

m
iz

in
g

U
w

o
u

ld
n

o
t

m
a
ke

se
n

se
.

If
in

d
ee

d
,

(a
1
1

+
a
0
0
)
−

(a
1
0

+
a
0
1
)
<

0,
th

en
L

em
m

a
3

st
il

l
h
o
ld

s
bu

t
w

it
h
U∗

in
te

rp
re

te
d

a
s
U∗

=
m

in
f
U(
f

;D
).

O
f

co
u
rs

e,
m

in
im

iz
in

g
th

e
α

-w
ei

gh
te

d
ri

sk
on

a
tr

ai
n
in

g
sa

m
p
le

is
n
ot

tr
ac

ta
b
le

.
S
co

tt
(2

01
2)

ex
te

n
d
s

th
e

n
ot

io
n

of
th

e
cl

as
si

fi
ca

ti
on

ca
li
b
ra

ti
o
n

d
efi

n
ed

b
y

B
ar

tl
et

t
et

al
.

(2
00

6)
fo

r
th

e
(u

n
w

ei
gh

te
d
)

0-
1

lo
ss

.
T

h
e

fo
ll
ow

in
g

re
su

lt
of

S
co

tt
(2

01
2)

te
ll
s

u
s

th
at

b
y

u
si

n
g

a
si

m
il
ar

ly
w

ei
gh

te
d

su
rr

og
at

e
lo

ss
fu

n
ct

io
n
` α

,
on

e
ca

n
co

n
tr

ol
th

e
ex

ce
ss
α

-w
ei

gh
te

d
ri

sk
.

D
efi

n
e
` α

-r
is

k
,
R
` α
,D

(f
)

=
E

(X
,Y

)∼
D

[`
α
(f

(X
),
Y

)]
,

an
d
R
∗ ` α

=
m

in
f
R
` α
,D

(f
).

L
e
m

m
a

5
(α

-c
la

ss
ifi

c
a
ti

o
n

c
a
li
b

ra
ti

o
n

(S
c
o
tt

,
2
0
1
2
))

G
iv

en
a

lo
ss

fu
n

ct
io

n
`(
t,
y
),

a
n

d
α
∈

(0
,1

),
d
efi

n
e

th
e
α

-w
ei

gh
te

d
lo

ss
:

` α
(t
,y

)
=
( (1
−
α

)1
{y

=
1
}

+
α

1
{y

=
−
1
})
`(
t,
y
)
.

(2
)

` α
is
α

-c
la

ss
ifi

ca
ti

o
n

ca
li

br
a
te

d
(o

r
α

-C
C

)
iff

th
er

e
ex

is
ts

a
co

n
ve

x,
n

o
n

-d
ec

re
a
si

n
g

a
n

d
in

ve
rt

ib
le

tr
a
n

sf
o
rm

a
ti

o
n
ψ
`,
α

,
w

it
h
ψ
`,
α
(0

)
=

0,
su

ch
th

a
t

ψ
`,
α
(R

α
(f

)
−
R
∗ α)
≤
R
` α
,D

(f
)
−
R
∗ ` α
.

In
o
th

er
w

o
rd

s,
co

n
si

st
en

cy
w

it
h

re
sp

ec
t

to
` α

-r
is

k
im

p
li

es
co

n
si

st
en

cy
w

it
h

re
sp

ec
t

to
α

-
w

ei
gh

te
d

(0
-1

)
ri

sk
fo

r
α

-C
C

lo
ss

es
.

A
ls

o
,

fo
r

a
n

y
`

th
a
t

is
cl

a
ss

ifi
ca

ti
o
n

-c
a
li

br
a
te

d
(B

a
rt

le
tt

et
a
l.

,
2
0
0
6
)

(s
u

ch
a
s

lo
gi

st
ic

,
h
in

ge
a
n

d
sq

u
a
re

d
lo

ss
es

),
th

e
co

rr
es

po
n

d
in

g
` α

is
α

-C
C

.

If
w

e
ch

o
os

e
α

=
δ∗ D

,
L

em
m

as
3

an
d

5
to

ge
th

er
gu

ar
an

te
e

th
e

co
n
si

st
en

cy
of

u
si

n
g

a
w

ei
gh

te
d

su
rr

og
at

e
lo

ss
fu

n
ct

io
n

in
p
ra

ct
ic

e,
w

h
en

w
e

ob
ta

in
sa

m
p
le

s
fr

om
th

e
cl

ea
n

d
is

tr
i-

b
u
ti

on
D

.
H

ow
ev

er
,

if
th

e
la

b
el

s
ar

e
n
oi

sy
,

th
e

ou
tl

in
ed

p
ro

ce
d
u
re

is
n
o

lo
n
ge

r
co

n
si

st
en

t.
O

n
e

n
ec

es
sa

ri
ly

h
as

to
ch

an
ge

th
e

lo
ss

fu
n
ct

io
n
`

or
ra

th
er
` α

to
b

e
ab

le
to

to
le

ra
te

th
e

n
oi

se
,

as
d
es

cr
ib

ed
in

th
e

n
ex

t
tw

o
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ct
io

n
s.
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N
a
t
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r
a
ja

n
e
t
a
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R
e
m

a
rk

6
M

o
st

co
m

m
o
n

ly
u

se
d

lo
ss

fu
n

ct
io

n
s

su
ch

a
s

h
in

ge
a
n

d
lo

gi
st

ic
lo

ss
es

a
re

(e
ve

n
)

m
a
rg

in
lo

ss
es

,
i.

e.
`(
t,
y
)

=
φ

(t
y
),

fo
r

so
m

e
φ

:
R
→

[0
,∞

).
W

e
co

u
ld

a
ls

o
co

n
si

d
er

a
n

u
n
ev

en
m

ar
gi

n
lo

ss
fu

n
ct

io
n

o
f

th
e

fo
rm

:

`(
t,
y
)

=
1
{y

=
1
}φ

(t
)

+
1
{y

=
−
1
}β
φ

(−
γ
t)
,

fo
r
β
,γ

>
0.

S
co

tt
(2

0
1
2
)

sh
o
w

ed
th

a
t

fo
r

co
n

ve
x
φ

,
th

e
a
bo

ve
d
efi

n
ed

u
n

ev
en

m
a
rg

in
lo

ss
`

is
cl

a
ss

ifi
ca

ti
o
n

-c
a
li

br
a
te

d
,

a
n

d
in

tu
rn

,
th

e
co

rr
es

po
n

d
in

g
` α

is
α

-C
C

,
w

h
en

β
=

1 γ
.

S
u

ch
u

n
ev

en
m

a
rg

in
lo

ss
es

h
a
ve

be
en

u
se

d
in

p
ra

ct
ic

e
m

o
st

ly
a
s

h
eu

ri
st

ic
s

a
s

po
in

te
d

o
u

t
in

(S
co

tt
,

2
0
1
2
).

T
h
u

s,
in

p
ri

n
ci

p
le

,
w

e
co

u
ld

u
se

u
n

ev
en

m
a
rg

in
lo

ss
es

,
a
n

d
a
ll

th
e

re
su

lt
s

in
th

is
m

a
n

u
sc

ri
p
t

w
il

l
h
o
ld

ju
st

th
e

sa
m

e.

N
o
ta

ti
o
n

.
W

e
u
se

le
tt

er
s

w
it

h
th

e
‘t

il
d
e’

a
cc

en
t

to
d
en

ot
e

n
oi

sy
ve

rs
io

n
s

o
f

q
u
a
n
ti

ti
es

o
r

va
ri

ab
le

s,
e.

g.
˜̀

is
th

e
lo

ss
fu

n
ct

io
n

to
b

e
u
se

d
o
n

th
e

n
oi

sy
d
at

a,
an

d
ỹ

d
en

o
te

s
a

n
o
is

y
la

b
el

.
W

e
u
se
F

:
X
→

R
to

d
en

ot
e

a
fi
x
ed

cl
as

s
of

re
al

-v
al

u
ed

d
ec

is
io

n
fu

n
ct

io
n
s.

If
f

is
n
ot

q
u
an

ti
fi
ed

in
a

m
in

im
iz

at
io

n
,

th
en

it
is

im
p
li
ci

t
th

at
th

e
m

in
im

iz
at

io
n

is
ov

er
a
ll

m
ea

su
ra

b
le

fu
n
ct

io
n
s.

In
st

an
ce

s
ar

e
d
en

ot
ed

b
y

x
∈
X
⊆

R
d
.

T
h
ou

gh
m

os
t

of
ou

r
re

su
lt

s
a
p
p
ly

to
a

ge
n
er

al
fu

n
ct

io
n

cl
as

s
F

,
w

e
in

st
an

ti
at

e
F

to
b

e
th

e
se

t
of

h
y
p

er
p
la

n
es

of
b

ou
n
d
ed
L
2

n
o
rm

,
W

=
{w
∈
R
d

:
‖w
‖ 2
≤
W

2
}

fo
r

ce
rt

ai
n

sp
ec

ifi
c

re
su

lt
s.

4
.
A
p
p
ro

a
ch

o
f
U
n
b
ia
se
d
S
u
rr
o
g
a
te
s

T
h
e

m
et

h
o
d

of
u
n
b
ia

se
d

su
rr

og
at

es
u
se

s
th

e
n
oi

se
ra

te
s

to
co

n
st

ru
ct

an
u
n
b
ia

se
d

es
ti

m
a
to

r
˜̀ (
t,
ỹ
)

fo
r

th
e

lo
ss
`(
t,
y
).

T
h
e

fo
ll
ow

in
g

ke
y

le
m

m
a

te
ll
s

u
s

h
ow

to
co

n
st

ru
ct

u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

lo
ss

fr
om

n
oi

sy
la

b
el

s.

L
e
m

m
a

7
L

et
`(
t,
y
)

be
a
n

y
bo

u
n

d
ed

lo
ss

fu
n

ct
io

n
.

T
h
en

,
if

w
e

d
efi

n
e,

˜̀ (
t,
y
)

:=
(1
−
ρ
−
y
)
`(
t,
y
)
−
ρ
y
`(
t,
−
y
)

1
−
ρ
+
1
−
ρ
−
1

w
e

h
a
ve

,
fo

r
a
n

y
t,
y

,
E ỹ
[ ˜̀ (
t,
ỹ
)]

=
`(
t,
y
)

.
In

pa
rt

ic
u

la
r,

fo
r

a
n

y
gi

ve
n
α
∈

(0
,1

),

E ỹ
[ ˜̀ α

(t
,ỹ

)] =
` α

(t
,y

),
w

h
er

e
` α

(t
,y

)
is

d
efi

n
ed

a
s

in
(2

).

P
ro

o
f

O
n
e

co
u
ld

d
ir

ec
tl

y
co

m
p
u
te

an
d

se
e

th
at

˜̀
is

u
n
b
ia

se
d
.

B
u
t

to
gi

ve
a

li
tt

le
m

o
re

in
si

gh
t

in
to

w
h
at

m
ot

iv
at

es
th

e
d
efi

n
it

io
n

of
˜̀ ,

co
n
si

d
er

th
e

co
n
d
it

io
n
s

th
a
t

u
n
b
ia

se
d
n
es

s
im

p
os

es
on

it
.

W
e

sh
ou

ld
h
av

e,
fo

r
ev

er
y
t,

E ỹ
ρ ∼
y

[ ˜̀ (
t,
ỹ
)] =

`(
t,
y
)
.

C
on

si
d
er

in
g

th
e

ca
se

s
y

=
+

1
an

d
y

=
−

1
se

p
ar

at
el

y,
gi

v
es

th
e

eq
u
at

io
n
s

(1
−
ρ
+
1
)˜̀

(t
,+

1)
+
ρ
+
1
˜̀ (
t,
−

1)
=
`(
t,

+
1)
,

(1
−
ρ
−
1
)˜̀

(t
,−

1)
+
ρ
−
1
˜̀ (
t,

+
1)

=
`(
t,
−

1)
.
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C
o
st

-S
e
n
sit

iv
e
L
e
a
r
n
in
g

w
it
h
N
o
isy

L
a
b
e
l
s

S
o
lv

in
g

th
ese

tw
o

eq
u
ation

s
for

˜̀(t,+
1)

an
d

˜̀(t,−
1)

gives

˜̀(t,+
1)

=
(1−

ρ−
1 )`(t,+

1)−
ρ
+
1 `(t,−

1)

1−
ρ
+
1 −

ρ−
1

,

˜̀(t,−
1)

=
(1−

ρ
+
1 )`(t,−

1
)−

ρ−
1 `(t,+

1)

1−
ρ
+
1 −

ρ−
1

.

T
h
e

seco
n
d

p
a
rt

of
th

e
lem

m
a

follow
s

b
y

ob
serv

in
g

th
at
`
α

is
b

o
u
n
d
ed

to
o.

In
S
ectio

n
3
,

w
e

saw
th

at
in

th
e

n
oise-free

case
o
n
e

can
b

ou
n
d

th
e

d
efi

cit
u
tility

U
∗−

U
(f

;D
)

b
y

u
sin

g
a

w
eigh

ted
su

rrogate
loss

ap
p
roach

w
ith

α
=
δ ∗D

.
In

th
e

p
resen

ce
of

n
oisy

la
b

els,
w

e
ca

n
try

to
learn

a
go

o
d

p
red

ictor
th

at
op

tim
izes

th
e

m
easu

re
U

of
th

e
form

(1)
b
y

m
in

im
izin

g
th

e
sam

p
le

average

f̂
←

argm
in

f∈F
R̂

˜̀α
(f

)
:=

n
∑i=

1

˜̀α
(f

(X
i ),Ỹ

i )
.

(3)

w
h
ere

α
=
δ ∗D

as
b

efore.
B

y
u
n
b
iased

n
ess

of
˜̀α

(L
em

m
a

7),
w

e
k
n
ow

th
at,

for
an

y
fi
x
ed

f
∈
F

,
th

e
a
b

ove
sam

p
le

average
con

verges
to
R
`
α
,D

(f
)

ev
en

th
ou

gh
th

e
form

er
is

com
p
u
ted

u
sin

g
n
o
isy

la
b

els
w

h
ereas

th
e

latter
d
ep

en
d
s

on
th

e
tru

e
lab

els.
T

h
e

fo
llow

in
g

resu
lt

gives
a

p
erfo

rm
a
n
ce

gu
aran

tee
for

th
is

p
ro

ced
u
re

in
term

s
of

th
e

R
ad

em
ach

er
com

p
lex

ity
of

th
e

fu
n
ctio

n
class

F
.

T
h
e

m
ain

id
ea

in
th

e
p
ro

of
is

to
u
se

th
e

con
tractio

n
p
rin

cip
le

for
R

ad
em

a
ch

er
com

p
lex

ity
to

get
rid

of
th

e
d
ep

en
d
en

ce
on

th
e

p
rox

y
loss

˜̀α
.

T
h
e

p
rice

to
p
ay

fo
r

th
is

is
L
ρ ,

th
e

L
ip

sch
itz

con
stan

t
of

˜̀α
.

L
e
m

m
a

8
L

et
`(t,y

)
be

L
-L

ip
sch

itz
in

t
(fo

r
every

y
).

T
h
en

,
fo

r
a
n

y
α
∈

(0,1),
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

m
ax

f∈F
|R̂

˜̀α
(f

)−
R

˜̀α
,D
ρ (f

)|≤
2
L
ρ R

(F
)

+

√
log

(1/δ)

2
n

w
h
ere

R
(F

)
:=

E
X
i ,ε
i [su

p
f∈F

1n
ε
i f

(X
i ) ]

is
th

e
R

a
d
em

a
ch

er
co

m
p
lexity

o
f

th
e

fu
n

ctio
n

cla
ss

F
a
n

d
L
ρ
≤

2L
/(1
−
ρ
+
1 −

ρ−
1 )

is
th

e
L

ip
sch

itz
co

n
sta

n
t

o
f

˜̀α
.

N
o
te

th
a
t
ε
i ’s

a
re

iid
R

a
d
em

a
ch

er
(sym

m
etric

B
ern

o
u

lli)
ra

n
d
o
m

va
ria

bles.

P
ro

o
f

B
y

th
e

b
asic

R
ad

em
ach

er
b

ou
n
d

on
th

e
m

ax
im

a
l

d
ev

iation
b

etw
een

risk
s

an
d

em
p
irica

l
risk

s
over

f
∈
F

,
w

e
get

m
ax

f∈F
|R̂

˜̀α
(f

)−
R

˜̀α
,D
ρ (f

)|≤
2·

R
( ˜̀α ◦F

)
+

√
log

(1/δ)

2n

w
h
ere

R
( ˜̀α ◦F

)
:=

E
X
i ,Ỹ

i ,ε
i [

su
p

f∈F
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ỹ
1
:n [

n
∑i=

1

`
α
(〈w

i−
1 ,x

i 〉
,y
i ) ]
−

m
in

‖
w
‖
2 ≤
W

2

n
∑i=

1

`
α
(〈w

,x
i 〉
,y
i )≤

L
ρ X

2 W
2 √
n
,

w
h
ere

L
ρ

:=
(1

+
|ρ

+
1 −

ρ−
1 |)L

/(1−
ρ
+
1 −

ρ−
1 )

a
n

d
it

is
a
ssu

m
ed

th
a
t‖x

i ‖
≤
X

2
fo

r
a
ll

i∈
[n

].

P
ro

o
f

L
et

u
s

u
se

th
e

ab
b
rev

iation
g
i

for
g
(〈w

i−
1 ,x

i 〉
,ỹ
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d
en

t
o
f
f

su
ch

th
a
t,

fo
r

a
ll

fu
n

ct
io

n
s
f

,

R
α
∗ ,
D
ρ
(f

)
=
A
ρ
R
δ,
D

(f
)

+
B
X
.
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N
a
t
a
r
a
ja

n
e
t
a
l
.

P
ro

o
f

F
or

si
m

p
li
ci

ty
,

le
t

u
s

th
in

k
o
f
f

as
{±

1}
-v

al
u
ed

.
W

e
h
av

e,

C
δ,
D

(f
)

=
E Y
[ (1
−
δ)

1 {
Y
=
1
}1
{f

(X
)6=

1
}

+
δ1
{Y

=
−
1
}1
{f

(X
)6=
−
1
}]

an
d

C
α
,D
ρ
(f

)
=

E Ỹ
[ (1
−
α

)1
{Ỹ

=
1
}1
{f

(X
)6=

1
}

+
α

1
{Ỹ

=
−
1
}1
{f

(X
)6=
−
1
}] .

N
ot

e
th

at
R
δ,
D

(f
)

=
E X

[C
δ,
D

(f
)]

,
an

d
R
α
,D
ρ
(f

)
=

E X
[ C

α
,D
ρ
(f

)]
.

A
ls

o
n
ot

e
th

a
t
C
δ,
D

(f
)

=
(1
−
δ)
η
(X

)
if
f

(X
)

=
−

1,
an

d
C
δ,
D

(f
)

=
δ(

1
−
η
(X

))
ot

h
er

w
is

e.
S
im

il
ar

ly
,
C
α
,D
ρ
(f

)
=

(1
−
α

)η̃
(X

)
if
f

(X
)

=
−

1
an

d
C
α
,D
ρ
(f

)
=
α

(1
−
η̃
(X

))
o
th

er
w

is
e.

W
e

w
an

t
to

fi
n
d
A

an
d
B

su
ch

th
at

th
e

fo
ll
ow

in
g

eq
u
at

io
n
s

h
ol

d
si

m
u
lt

an
eo

u
sl

y
:

(1
−
α

)η̃
(X

)
=
A

(1
−
δ)
η
(X

)
+
B

α
(1
−
η̃
(X

))
=
A
δ(

1
−
η
(X

))
+
B

U
si

n
g

th
e

re
la

ti
on

b
et

w
ee

n
η
(X

)
an

d
η̃
(X

)
an

d
so

lv
in

g
fo

r
A

w
e

ge
t,

A
=

(1
−
ρ
+
1
−
ρ
−
1
)η

(X
)

+
ρ
−
1
−
α

η
(X

)
−
δ

.

C
h
o
os

in
g
α

=
α
∗

=
ρ
−
1

+
(1
−
ρ
+
1
−
ρ
−
1
)δ

,
an

d
si

m
p
li
fy

in
g,

w
e

ge
t

a
co

n
st

a
n
t
A

th
a
t

d
ep

en
d
s

on
ly

on
th

e
n
oi

se
ra

te
s:

A
=
A
ρ

=
1
−
ρ
+
1
−
ρ
−
1
.

C
on

se
q
u
en

tl
y,

B
=
ρ
−
1
(1
−
α
∗ )

+
(δ
−
α
∗ )

(1
−
ρ
+
1
−
ρ
−
1
)η

(X
).

T
ak

in
g

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to
X

,
w

e
co

n
cl

u
d
e:

R
α
∗ ,
D
ρ
(f

)
=
A
ρ
R
δ,
D

(f
)

+
B
X
,

w
h
er

e
B
X

=
E X

[B
].

C
o
ro

ll
a
ry

1
7

L
et
α
∗

=
ρ
−
1

+
(1
−
ρ
+
1
−
ρ
−
1
)δ
∗ D

.
T

h
e
α
?
-w

ei
gh

te
d

B
a
ye

s
o
p
ti

m
a
l

cl
a
ss

ifi
er

u
n

d
er

n
o
is

y
d
is

tr
ib

u
ti

o
n

co
in

ci
d
es

w
it

h
th

a
t

o
f
U

m
ea

su
re

u
n

d
er

cl
ea

n
d
is

tr
ib

u
ti

o
n

:

ar
gm

in
f

R
α
∗ ,
D
ρ
(f

)
=

ar
gm

in
f

R
δ
∗ D
,D

(f
)

=
ar

gm
in

f
U(
f

;D
).

W
e

ar
e

n
ow

re
ad

y
to

st
at

e
ou

r
n
ex

t
m

ai
n

re
su

lt
—

a
ce

rt
ai

n
w

ei
gh

te
d

E
R

M
is

co
n
si

st
en

t:
i.
e.

th
e

“t
ru

e”
p

er
fo

rm
an

ce
of

th
e

em
p
ir

ic
a
l

m
in

im
iz

er
w

.r
.t

.
th

e
n
oi

sy
d
is

tr
ib

u
ti

o
n

co
n
-

ve
rg

es
to

th
e

op
ti

m
al

p
er

fo
rm

an
ce
U∗

at
a

st
ea

d
y

ra
te

.
T

h
e

re
su

lt
in

g
b

ou
n
d

h
a
s

a
st

ri
k
in

g
re

se
m

b
la

n
ce

to
th

at
of

ou
r

fi
rs

t
re

su
lt

in
T

h
eo

re
m

9.
T

h
e

p
ro

of
te

ch
n
iq

u
e

is
si

m
il
a
r

to
th

a
t

of
T

h
eo

re
m

9,
an

d
cr

u
ci

al
ly

re
li
es

on
u
si

n
g

th
e

re
la

ti
o
n
sh

ip
es

ta
b
li
sh

ed
in

T
h
eo

re
m

1
6
.
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C
o
st

-S
e
n
sit

iv
e
L
e
a
r
n
in
g

w
it
h
N
o
isy

L
a
b
e
l
s

T
h

e
o
re

m
1
8

G
iven

a
co

n
vex

lo
ss

fu
n

ctio
n
`

:R
→

[0,∞
)

w
ith

L
ip

sch
itz

co
n

sta
n

t
L

su
ch

th
a
t

it
is

cla
ssifi

ca
tio

n
-ca

libra
ted

(i.e.
` ′(0)

<
0),

co
n

sid
er

th
e

em
p
irica

l
risk

m
in

im
iza

tio
n

p
ro

blem
w

ith
n

o
isy

la
bels:

f̂
α

=
argm

in
f∈F

1n

n
∑i=

1

`
α
(f

(X
i ),Ỹ

i ).
(8)

w
h
ere

`
α

is
d
efi

n
ed

a
s

in
(2).

T
h
en

,
fo

r
th

e
ch

o
ice

o
f
α
∗

in
C

o
ro

lla
ry

1
7
,

th
ere

exists
a

n
o
n

d
ecrea

sin
g

fu
n

ctio
n
ζ
`
α
?

w
ith

ζ
`
α
? (0)

=
0
,

su
ch

th
a
t

th
e

fo
llo

w
in

g
bo

u
n

d
h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ:

U
∗−
U

(f̂
α
∗;D

)≤
1A
ρ
ζ
`
α
? (

m
in

f∈F
R
α
∗
,D
ρ (f

)−
m

in
f
R
α
∗
,D
ρ (f

)
+

4
L
R

(F
)

+
2 √

log
(1/δ)

2n

)
,

w
h
ere

A
ρ

=
1−

ρ
+
1 −

ρ−
1 .

P
ro

o
f

F
rom

C
orollary

4.1
of

S
cott

(20
12),

w
e

can
in

fer
th

at
`
α

is
α

-C
C

for
given

α
∈

(0,1),
a
s
`

is
co

n
vex

,
classifi

cation
-calib

rated
an

d
` ′(0)

<
0.

T
h
en

,
from

T
h
eorem

3
.1

of
S
cott

(2
0
1
2
),

th
ere

ex
ists

an
in

vertible,
n

o
n

-d
ecrea

sin
g

con
vex

tran
sfo

rm
ation

ψ
`
α

w
ith

ψ
`
α
(0)

=
0

su
ch

th
a
t,

fo
r

an
y
f

an
d

an
y

d
istrib

u
tion

D
,

ψ
`
α
(R

α
,D

(f
)−

m
in
f
R
α
,D

(f
))≤

R
`
α
,D

(f
)−

m
in
f
R
`
α
,D

(f
).

F
ix

d
istrib

u
tio

n
to

b
e
D
ρ ,

an
d

let
f

=
f̂
α
.

T
h
e

R
H

S
of

th
e

a
b

ove
in

eq
u
ality

can
th

en
b

e
co

n
trolled

sim
ilarly

as
in

th
e

p
ro

of
of

T
h
eorem

9.
It

is
easy

to
see

th
at

th
e

L
ip

sch
itz

co
n
sta

n
t

o
f
`
α

is
sam

e
as

th
at

of
`,

d
en

oted
L

.
W

ith
p
rob

ab
ility

at
least

1−
δ:

R
`
α
,D
ρ (f̂

α
)−

m
in

f∈F
R
`
α
,D
ρ (f

)≤
4
L
R

(F
)

+
2 √

log
(1/δ)

2n
.

N
ow

co
n
sid

er
R
α
,D
ρ (f

)−
m

in
f
R
α
,D
ρ (f

).
U

sin
g

th
e

lin
ear

relation
sh

ip
b

etw
een

R
α
,D
ρ

an
d

R
δ ∗D
,D

a
t
α
∗

(T
h
eorem

16),
w

e
get

R
α
∗
,D
ρ (f

)−
m

in
f
R
α
∗
,D
ρ (f

)
=
A
ρ (R

δ ∗D
,D

(f
)−

R
∗δ ∗D

).
B
X

va
n
ish

es
b

eca
u
se

it
is

con
stan

t
for

th
e

d
istrib

u
tion

D
ρ .

N
ote

th
a
t
ψ
−
1

`
α
∗

is
n
on

d
ecrea

sin
g

as

w
ell

a
n
d
ψ
−
1

`
α
∗ (0

)
=

0.
S
u
b
tractin

g
m

in
f
R
α
∗
,D
ρ (f

)
from

b
oth

sid
es

of
th

e
secon

d
in

eq
u
ality

a
b

ove,
w

e
g
et:

W
ith

p
rob

ab
ility

at
least

1−
δ,

R
δ ∗D
,D

(f̂
α
∗)−

R
∗δ ∗D
≤
A
−
1

ρ
ψ
−
1

`
α
? (

m
in

f∈F
R
α
∗
,D
ρ (f

)−
m

in
f
R
α
∗
,D
ρ (f

)
+

4
L
R

(F
)

+
2 √

log
(1/

δ)

2
n

)
.

In
vo

k
in

g
L

em
m

a
3

an
d

settin
g
ζ
`
α
?

=
(a

1
1

+
a
0
0 −

a
1
0 −

a
0
1 )ψ
−
1

`
α
? ,

th
e

p
ro

of
is

com
p
lete.

6
.
E
x
p
e
rim

e
n
ts

In
ou

r
fi
rst

set
of

ex
p

erim
en

ts,
w

e
d
em

on
strate

th
e

rob
u
stn

ess
of

th
e

p
rop

osed
algorith

m
s

to
in

crea
sin

g
ra

tes
of

lab
el

n
oise

on
sy

n
th

etic
an

d
real-w

orld
d
ata

sets.
In

ou
r

secon
d

set
of
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N
a
t
a
r
a
ja

n
e
t
a
l
.

ex
p

erim
en

ts,
w

e
also

con
d
u
ct

a
com

p
arison

of
th

e
p

erform
an

ce
of

ou
r

tw
o

p
rop

osed
m

eth
o
d
s

w
ith

state-of-th
e-art

m
eth

o
d
s

for
d
ealin

g
w

ith
ran

d
om

lab
el

n
oise.

In
ou

r
ex

p
erim

en
ts,

w
e

u
se

th
e

tw
o

u
tility

m
easu

res
listed

in
P

rop
osition

1,
i.e.U

A
cc

an
d
U
A
M

;
n
ote

th
a
t

th
e

u
tility

m
easu

res
are

com
p
u
ted

w
ith

resp
ect

to
th

e
clean

d
istrib

u
tion

.
F

or
given

n
oise

rates
ρ
+
1

an
d
ρ−

1 ,
lab

els
are

fl
ip

p
ed

accord
in

gly.
T

o
a
ccou

n
t

for
ran

d
om

n
ess

in
th

e
fl
ip

s
to

sim
u
late

a
given

n
oise

rate,
w

e
rep

eat
each

ex
p

erim
en

t
3

tim
es,

w
ith

in
d
ep

en
d
en

t
corru

p
tion

s
of

th
e

d
ata

set
for

sam
e

settin
g

of
ρ
+
1

an
d
ρ−

1 ,
an

d
p
resen

t
th

e
m

ean
accu

racy
over

th
e

trials.
S
p

ecifi
cally,

w
e

d
iv

id
e

each
d
ata

set
ran

d
om

ly
in

to
th

ree
train

in
g

a
n
d

test
sets,

an
d

com
p
u
te

average
u
tility

over
3

train
-test

sp
lits.

W
e

u
se

cross-valid
ation

to
tu

n
e

p
aram

eters
sp

ecifi
c

to
th

e
algorith

m
s.

N
ote

th
at

w
e

p
erform

cross-valid
ation

on
a

sep
arate

valid
ation

set
w

ith
n

o
isy

lab
els.

In
ou

r
fi
n
al

set
of

ex
p

erim
en

ts,
w

e
ad

d
ress

a
p
ractical

q
u
estion

of
sp

ecify
in

g
tru

e
n
oise

rates
to

th
e

algorith
m

s,
an

d
stu

d
y

h
ow

m
issp

ecifi
cation

of
n
oise

rates
aff

ects
th

e
p

erform
an

ce
of

th
e

algorith
m

s.

P
ro

po
sed

m
eth

od
s.

F
or

evalu
ation

,
w

e
ch

o
ose

th
e

follow
in

g
rep

resen
tative

algorith
m

s
b
ased

on
each

of
th

e
tw

o
p
rop

osed
m

eth
o
d
s:

F
or

th
e

m
eth

o
d

in
S
ection

4,
w

e
u
se

u
n
b
iased

estim
ator

of
th

e
logistic

loss.
H

ere,
th

e
resu

ltin
g

E
R

M
,

i.e.
(3)

w
ith

`
lo
g ,

is
solv

ed
u
sin

g
a

grad
ien

t
d
escen

t
p
ro

ced
u
re.

W
e

refer
to

th
is

as
˜̀lo

g
for

ease
in

th
e

rem
ain

d
er

of
th

e
section

.
F

or
th

e
m

eth
o
d

in
S
ection

5
w

e
u
se

th
e

w
id

ely
-u

sed
C

-S
V

M
(L

iu
et

al.,
2003;

M
ord

elet
an

d
V

ert,
2014)

m
eth

o
d

as
w

ell
as

w
eig

h
ted

logistic
reg

ression
,

w
h
erein

w
e

ap
p
ly

d
iff

eren
t

costs
on

p
ositive

a
n
d

n
egativ

e
ex

am
p
les

in
th

e
resp

ective
loss

fu
n
ction

s.
W

e
u
se

th
e
l
i
b
s
v
m

lib
rary

to
solv

e
th

e
resu

ltin
g

E
R

M
p
rob

lem
s,

i.e.
(8

)
w

ith
`
h
in

or
`
lo
g

resp
ectively.

In
all

th
e

cases,
w

e
tu

n
e

th
e

p
aram

eters
α

,
ρ
+
1

an
d
ρ−

1
b
y

cross-va
lid

ation
(on

n
oisy

valid
ation

set).

6
.1

S
y
n
th

e
tic

d
a
ta

F
irst,

w
e

u
se

th
e

sy
n
th

etic
2D

lin
early

sep
arab

le
d
ata

set
sh

ow
n

in
F

igu
re

1(a
).

W
e

ob
serve

from
ex

p
erim

en
ts

th
at

ou
r

m
eth

o
d
s

ach
ieve

ov
er

90%
accu

racy
even

w
h
en
ρ
+
1

=
ρ−

1
=

0.4.
F

igu
re

1
sh

ow
s

th
e

p
erform

an
ce

of
˜̀lo

g
on

th
e

d
ata

set
for

d
iff

eren
t

n
oise

rates.
N

ex
t,

w
e

u
se

a
2D

U
C

I
b

en
ch

m
ark

n
on

-sep
arab

le
d
ata

set
(‘b

an
an

a’).
T

h
e

d
ata

set
an

d
classifi

cation
resu

lts
u
sin

g
C

-S
V

M
(w

h
ich

corresp
on

d
s

to
van

illa
S
V

M
for

u
n
iform

n
oise

rates,
α
∗

=
1
/
2)

are
sh

ow
n

in
F

igu
re

2.
T

h
e

resu
lts

for
h
igh

er
n
oise

rates
are

im
p
ressive

as
ob

serv
ed

from
F

igu
res

2(d
)

an
d

2(e).
T

h
e

‘b
an

an
a’

d
ata

set
h
as

b
een

u
sed

in
p
rev

iou
s

research
on

classifi
ca

tion
w

ith
n
oisy

lab
els.

In
p
articu

lar,
th

e
R

an
d
om

P
ro

jection
classifi

er
(S

tem
p
fel

an
d

R
alaivola,

2007)
th

at
learn

s
a

kern
el

p
ercep

tron
in

th
e

p
resen

ce
o
f

n
oisy

lab
els

ach
ieves

ab
ou

t
84%

accu
racy

at
ρ
+
1

=
ρ−

1
=

0.3
as

ob
serv

ed
from

ou
r

ex
p

erim
en

ts
(as

w
ell

as
sh

ow
n

b
y

S
tem

p
fel

an
d

R
alaivola,

2007),
an

d
th

e
ran

d
o
m

h
y
p

erp
lan

e
sam

p
lin

g
m

eth
o
d

(S
tem

p
fel

et
al.,

2007)
gets

ab
ou

t
th

e
sam

e
accu

racy
at

(ρ
+
1 ,ρ−

1 )
=

(0
.2,0.4)

(as
rep

orted
b
y

S
tem

p
fel

et
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lò
C

esa
-B

ia
n
ch

i,
S
h
ai

S
h
alev

-S
h
w

artz,
a
n
d

O
h
ad

S
h
am

ir.
O

n
lin

e
learn

in
g

of
n
oisy

d
ata.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
57(12):7907–7931,

20
11.

E
d
ith

C
o
h
en

.
L

earn
in

g
n
oisy

p
ercep

tron
s

b
y

a
p

ercep
tron

in
p

oly
n
om

ial
tim

e.
In

F
o
u

n
d
a
-

tio
n

s
o
f

C
o
m

p
u

ter
S

cien
ce,

p
ages

514–5
23.

IE
E

E
,

1997.

K
.

C
ra

m
m

er
an

d
D

.
L

ee.
L

earn
in

g
v
ia

G
au

ssian
H

erd
in

g.
In

N
eu

ra
l

In
fo

rm
a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

451–459,
2010.

K
o
b
y

C
ra

m
m

er,
O

fer
D

ekel,
J
osep

h
K

esh
et,

S
h
ai

S
h
alev

-S
h
w

artz,
an

d
Y

ora
m

S
in

ger.
O

n
lin

e
p
a
ssive-a

g
g
ressiv

e
algorith

m
s.

J
.

M
a
ch

.
L

ea
rn

.
R

es.
(J

M
L

R
),

7:551–585,
2006.

K
o
b
y

C
ram

m
er,

A
lex

K
u
lesza,

an
d

M
ark

D
red

ze.
A

d
ap

tiv
e

regu
larization

of
w

eigh
t

vectors.
In

N
eu

ra
l

In
fo

rm
a

tio
n

P
rocessin

g
S

ystem
s

(N
IP

S
),

p
ages

414–422,
2009

.

M
a
rk

D
red

ze,
K

ob
y

C
ram

m
er,

an
d

F
ern

an
d
o

P
ereira.

C
on

fi
d
en

ce-w
eigh

ted
lin

ear
cla

ssifi
-

ca
tio

n
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

264–271,
2008.

C
.

E
lka

n
a
n
d

K
.

N
oto.

L
earn

in
g

classifi
ers

from
on

ly
p

ositive
an

d
u
n
lab

eled
d
ata.

In
In

tl.
C

o
n

f.
o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

p
ages

21
3–220,

2008
.

3
1

JM
L

R
 18(155):1-33, 2018

N
a
t
a
r
a
ja

n
e
t
a
l
.

C
h
arles

E
lkan

.
T

h
e

fou
n
d
ation

s
of

cost-sen
sitive

learn
in

g.
In

In
tern

a
tio

n
a
l

J
o
in

t
C

o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
(IJ

C
A

I),
IJ

C
A

I’01,
p
ages

973–978,
2001.

Y
oav

F
reu

n
d
.

A
m

ore
rob

u
st

b
o
ostin

g
algorith

m
,

2009.
p
rep

rin
t
a
r
X
i
v
:
0
9
0
5
.
2
1
3
8

[
s
t
a
t
.
M
L
]

availab
le

at
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
0
9
0
5
.
2
1
3
8
.

A
ritra

G
h
osh

,
N

aresh
M

an
w

an
i,

an
d

P
.

S
.

S
astry.

M
ak

in
g

risk
m

in
im

ization
toleran

t
to

lab
el

n
oise.

C
o
R

R
,

ab
s/1403.3610,

2014.
U

R
L
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
1
4
0
3
.
3
6
1
0
.

T
.

G
raep

el
an

d
R

.
H

erb
rich

.
T

h
e

kern
el

G
ib

b
s

sam
p
ler.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

514–520,
2000.

R
on

i
K

h
ard

on
an

d
G

ab
riel

W
ach

m
an

.
N

oise
toleran

t
varian

ts
of

th
e

p
ercep

tron
algorith

m
.

J
.

M
a
ch

.
L

ea
rn

.
R

es.
(J

M
L

R
),

8:227–248,
2
007.

O
lu

w
asan

m
i
O

K
oy

ejo,
N

agara
jan

N
a
tara

jan
,
P

rad
eep

K
R

av
ik

u
m

ar,
an

d
In

d
erjit

S
D

h
illon

.
C

on
sisten

t
b
in

ary
classifi

cation
w

ith
gen

eralized
p

erform
an

ce
m

etrics.
In

N
eu

ra
l

In
fo

r-
m

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

2744–2752,
201

4.

N
eil

D
.

L
aw

ren
ce

an
d

B
ern

h
ard

S
ch

ölkop
f.

E
stim

atin
g

a
kern

el
F

ish
er

d
iscrim

in
an

t
in

th
e

p
resen

ce
of

lab
el

n
oise.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

306–313,
2001.

B
in

g
L

iu
,

Y
an

g
D

ai,
X

iaoli
L

i,
W

ee
S
u
n

L
ee,

an
d

P
h
ilip

S
Y

u
.

B
u
ild

in
g

tex
t

classifi
ers

u
sin

g
p

ositive
an

d
u
n
lab

eled
ex

am
p
les.

In
IC

D
M

2
0
0
3
.,

p
ages

179–186.
IE

E
E

,
2003.

P
h
ilip

M
.

L
on

g
an

d
R

o
cco

A
.

S
erved

io.
R

an
d
om

cla
ssifi

cation
n
oise

d
efeats

all
con

vex
p

oten
tial

b
o
osters.

M
a
ch

.
L

ea
rn

.,
78(3):287–304,

2010.

Y
ves

L
u
cet.

W
h
at

sh
ap

e
is

you
r

con
ju

gate?
a

su
rvey

of
co

m
p
u
tation

al
con

vex
an

aly
sis

an
d

its
ap

p
lication

s.
S

IA
M

R
ev.,

52(3):50
5–542,

A
u
gu

st
2010.

IS
S
N

0036-1445.

N
aresh

M
an

w
an

i
an

d
P

.
S
.

S
astry.

N
oise

toleran
ce

u
n
d
er

risk
m

in
im

ization
.

IE
E

E
T

ra
n

s.
S

yst.
M

a
n

a
n

d
C

ybern
.

P
a
rt

B
,

201
3.

U
R

L
:
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
1
1
0
9
.
5
2
3
1
.

A
d
itya

M
en

on
,

H
arik

rish
n
a

N
arasim

h
an

,
S
h
ivan

i
A

garw
al,

a
n
d

S
an

jay
C

h
aw

la.
O

n
th

e
statistical

con
sisten

cy
of

algorith
m

s
for

b
in

ary
classifi

cation
u
n
d
er

class
im

b
alan

ce.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

603–611,
2013.

F
an

tin
e

M
ord

elet
an

d
J
-P

V
ert.

A
b
aggin

g
S
V

M
to

learn
from

p
ositiv

e
an

d
u
n
lab

eled
ex

am
p
les.

P
a
ttern

R
ecogn

itio
n

L
etters,

37:201–2
09,

2014.

H
arik

rish
n
a

N
arasim

h
an

,
R

oh
it

V
aish

,
an

d
S
h
ivan

i
A

garw
al.

O
n

th
e

statistical
con

sisten
cy

of
p
lu

g-in
classifi

ers
for

n
on

-d
ecom

p
osab

le
p

erform
an

ce
m

easu
res.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

149
3–1501,

2014.

N
agara

jan
N

atara
jan

,
In

d
erjit

D
h
illon

,
P

rad
eep

R
av

ik
u
m

ar,
an

d
A

m
b
u
j

T
ew

ari.
L

earn
in

g
w

ith
n
oisy

lab
els.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

1196–120
4,

2013.

32
JM

L
R

 18(155):1-33, 2018



C
o
st

-S
e
n
si
t
iv
e
L
e
a
r
n
in
g

w
it
h
N
o
is
y
L
a
b
e
l
s

A
.

N
em

ir
ov

sk
i,

A
.

J
u
d
it

sk
y,

G
.

L
an

,
an

d
A

.
S
h
ap

ir
o
.

R
ob

u
st

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
ap

p
ro

ac
h

to
st

o
ch

as
ti

c
p
ro

gr
am

m
in

g.
S

IA
M

J
.

o
n

O
p
t.

,
19

(4
):

1
57

4–
16

09
,

20
09

.

D
av

id
F

.
N

et
tl

et
on

,
A

.
O

rr
io

ls
-P

u
ig

,
an

d
A

.
F

or
n
el

ls
.

A
st

u
d
y

of
th

e
eff

ec
t

o
f

d
iff

er
en

t
ty

p
es

of
n
oi

se
on

th
e

p
re

ci
si

on
of

su
p

er
v
is

ed
le

ar
n
in

g
te

ch
n
iq

u
es

.
A

rt
if

.
In

te
ll

.
R

ev
.,

33
(4

):
27

5–
30

6,
20

10
.

C
.

S
co

tt
.

A
ra

te
of

co
n
ve

rg
en

ce
fo

r
m

ix
tu

re
p
ro

p
or

ti
on

es
ti

m
at

io
n
,

w
it

h
ap

p
li
ca

ti
on

to
le

ar
n
in

g
fr

om
n
oi

sy
la

b
el

s.
In

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

vo
lu

m
e

38
of

J
M

L
R

W
o
rk

sh
o
p

a
n

d
C

o
n

fe
re

n
ce

P
ro

ce
ed

in
gs

,
p
ag

es
83

8–
84

6,
20

15
.

C
la

y
to

n
S
co

tt
.

C
al

ib
ra

te
d

as
y
m

m
et

ri
c

su
rr

og
at

e
lo

ss
es

.
E

le
ct

ro
n

ic
J

.
o
f

S
ta

t.
,

6:
95

8–
9
92

,
20

12
.

C
la

y
to

n
S
co

tt
,

G
il
le

s
B

la
n
ch

ar
d
,

an
d

G
re

go
ry

H
an

d
y.

C
la

ss
ifi

ca
ti

on
w

it
h

as
y
m

m
et

ri
c

la
b

el
n
oi

se
:

C
on

si
st

en
cy

an
d

m
ax

im
al

d
en

oi
si

n
g.

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
(C

O
L

T
),

30
:

48
9–

51
1,

20
13

.

G
.

S
te

m
p
fe

l
an

d
L

.
R

al
ai

vo
la

.
L

ea
rn

in
g

ke
rn

el
p

er
ce

p
tr

on
s

on
n
oi

sy
d
at

a
u
si

n
g

ra
n
d
om

p
ro

je
ct

io
n
s.

In
A

lg
o
ri

th
m

ic
L

ea
rn

in
g

T
h
eo

ry
(A

L
T

),
p
ag

es
32

8–
34

2.
S
p
ri

n
ge

r,
20

07
.

G
.

S
te

m
p
fe

l,
L

.
R

al
ai

vo
la

,
an

d
F

.
D

en
is

.
L

ea
rn

in
g

fr
om

n
oi

sy
d
at

a
u
si

n
g

h
y
p

er
p
la

n
e

sa
m

-
p
li
n
g

an
d

sa
m

p
le

av
er

ag
es

.
20

07
.

G
u
il
la

u
m

e
S
te

m
p
fe

l
an

d
L

iv
a

R
al

ai
vo

la
.

L
ea

rn
in

g
S
V

M
s

fr
om

sl
op

p
il
y

la
b

el
ed

d
at

a.
In

A
rt

ifi
ci

a
l

N
eu

ra
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p
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p
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p
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p
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p
re

p
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p
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d
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n
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5
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;
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ev
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9
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;

P
u

b
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ro
v
a
b
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o
rr
e
ct
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o
ri
th
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s
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r
M
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tr
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C
o
lu
m
n
S
u
b
se
t
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e
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io
n
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S
e
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m
p
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.e
d
u

A
a
rt

i
S

in
g
h

a
a
r
t
i@

c
s.
c
m
u
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S
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o
f

C
o
m

p
u

te
r

S
ci
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C
a
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n

U
n

iv
er
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ty

5
0
0
0

F
o
rb

es
A

ve
n

u
e,

P
it

ts
bu

rg
h
,

P
A

1
5
2
1
3
,

U
S

A

E
d

it
o
r:

S
u
ja

y
S
an

gh
av

i

A
b
st
ra

ct

W
e

co
n
si

d
er

th
e

p
ro

b
le

m
o
f

m
a
tr

ix
co

lu
m

n
su

b
se

t
se

le
ct

io
n
,

w
h
ic

h
se

le
ct

s
a

su
b
se

t
of

co
lu

m
n
s

fr
om

an
in

p
u
t

m
at

ri
x

su
ch

th
at

th
e

in
p
u
t

ca
n

b
e

w
el

l
ap

p
ro

x
im

at
ed

b
y

th
e

sp
an

of
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e
se

le
ct

ed
co

lu
m

n
s.

C
o
lu

m
n

su
b
se

t
se

le
ct

io
n

h
as

b
ee

n
ap

p
li
ed

to
n
u
m

er
ou

s
re

al
-w

or
ld

d
a
ta

a
p
p
li
ca

ti
on

s
su

ch
as

p
op

u
la

ti
on

ge
n
et

ic
s

su
m

m
ar

iz
at

io
n
,
el

ec
tr

on
ic

ci
rc

u
it

s
te

st
in

g
an

d
re

co
m

m
en

d
at

io
n

sy
st

em
s.

In
m

a
n
y

a
p
p
li
ca

ti
on

s
th

e
co

m
p
le

te
d
a
ta

m
at

ri
x

is
u
n
av

ai
la

b
le

an
d

o
n
e

n
ee

d
s

to
se

le
ct

re
p
re

se
n
ta

ti
ve

co
lu

m
n
s

b
y

in
sp

ec
ti

n
g

on
ly

a
sm

al
l

p
or

ti
on

of
th

e
in

p
u
t

m
at

ri
x
.

In
th

is
p
ap

er
w

e
p
ro

p
os

e
th

e
fi
rs

t
p
ro

va
b
ly

co
rr

ec
t

co
lu

m
n

su
b
se

t
se

le
ct

io
n

al
go

ri
th

m
s

fo
r

p
ar

ti
al

ly
ob

se
rv

ed
d
at

a
m

a
tr

ic
es

.
O

u
r

p
ro

p
os

ed
al

go
ri

th
m

s
ex

h
ib

it
d
iff

er
en

t
m

er
it

s
an

d
li
m

it
a
ti

on
s

in
te

rm
s

of
st

at
is

ti
ca

l
a
cc

u
ra

cy
,

co
m

p
u
ta

ti
on

al
effi

ci
en

cy
,

sa
m

p
le

co
m

p
le

x
it

y
a
n
d

sa
m

p
li
n
g

sc
h
em

es
,
w

h
ic

h
p
ro

v
id

es
a

n
ic

e
ex

p
lo

ra
ti

o
n

of
th

e
tr

ad
eo

ff
b

et
w

ee
n

th
es

e
d
es

ir
ed

p
ro

p
er

ti
es

fo
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n
.

T
h
e

p
ro

p
o
se

d
m

et
h
o
d
s

em
p
lo

y
th

e
id

ea
of

fe
ed

b
ac

k
d
ri

ve
n

sa
m

p
li
n
g

an
d

ar
e

in
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ir
ed

b
y

se
ve

ra
l

sa
m

p
li
n
g

sc
h
em

es
p
re

v
io

u
sl

y
in

tr
o
d
u
ce

d
fo

r
lo

w
-r

a
n
k

m
at

ri
x

a
p
p
ro

x
im

at
io

n
ta

sk
s

(D
ri

n
ea

s
et

al
.,

20
0
8;

F
ri

ez
e

et
al

.,
20

0
4;

D
es

h
p
a
n
d
e

an
d

V
em

p
a
la

,
2
00

6
;
K

ri
sh

n
a
m

u
rt

h
y

an
d

S
in

gh
,
20

14
).

O
u
r

an
al

y
si

s
sh

ow
s

th
a
t,

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
th

e
in

p
u
t

d
a
ta

m
at

ri
x

h
as

in
co

h
er

en
t

ro
w

s
b
u
t

p
os

si
b
ly

co
h
er

en
t

co
lu

m
n
s,

al
l

a
lg

or
it

h
m

s
p
ro

va
b
ly

co
n
ve

rg
e

to
th

e
b

es
t

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
of

th
e

or
ig

in
a
l
d
at

a
as

n
u
m

b
er

of
se

le
ct

ed
co

lu
m

n
s

in
cr

ea
se

s.
F

u
rt

h
er

m
or

e,
tw

o
of

th
e

p
ro

p
os

ed
al

go
ri

th
m

s
en

jo
y

a
re

la
ti

ve
er

ro
r

b
o
u
n
d
,

w
h
ic

h
is

p
re

fe
rr

ed
fo

r
co

lu
m

n
su

b
se

t
se

le
ct

io
n

an
d

m
at

ri
x

ap
p
ro

x
im

at
io

n
p
u
rp

os
es

.
W

e
al

so
d
em

on
st

ra
te

th
ro

u
gh

b
o
th

th
eo

re
ti

ca
l

an
d

em
p
ir

ic
al

a
n
al

y
si

s
th

e
p

ow
er

of
fe

ed
b
ac

k
d
ri

ve
n

sa
m

p
li
n
g
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m

p
ar

ed
to

u
n
if

or
m

ra
n
d
om

sa
m

p
li
n
g

on
in

p
u
t

m
a
tr

ic
es

w
it

h
h
ig

h
ly

co
rr

el
at

ed
co

lu
m

n
s.

K
e
y
w

o
rd

s:
C

ol
u
m

n
su

b
se

t
se

le
ct

io
n
,

a
ct

iv
e

le
ar

n
in

g,
le

ve
ra

ge
sc

o
re

s

1
.
In

tr
o
d
u
ct
io
n

G
iv

en
a

m
at

ri
x

M
∈

R
n

1
×
n

2
,

th
e

co
lu

m
n

su
bs

et
se

le
ct

io
n

p
ro

b
le

m
a
im

s
to

fi
n
d
s

ex
ac

t
co

lu
m

n
s

in
M

th
at

ca
p
tu

re
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m
u
ch
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M
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p
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si

b
le

.
M

or
e
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ifi
ca

ll
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w
e

w
an

t
to

se
le

ct
s

co
lu

m
n
s
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M

to
fo

rm
a
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lu

m
n
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b
-m

at
ri

x
C
∈

R
n

1
×
s

to
m

in
im

iz
e

th
e

n
or

m
o
f

th
e

fo
ll
ow

in
g

re
si

d
u
e

m
in

X
∈R

s
×
n

2
‖M
−

C
X
‖ ξ

=
‖M
−

C
C
† M
‖ ξ
,

(1
)

w
h
er

e
C
†
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e
M

o
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e-
P

en
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se
p
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d
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n
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e
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C
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d
ξ
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F

d
en

ot
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th
e

sp
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al
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F

ro
b

en
iu

s
n
or

m
.

In
th

is
p
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er
w

e
m
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n
ly
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s
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e

F
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b
en
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s
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o
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,
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e
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8
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g
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d
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i
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.

L
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en
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C

C
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Y
4
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,
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e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
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0
/
.

A
tt
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b
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n
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q
u
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en
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a
t
h
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p
:
/
/
j
m
l
r
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o
r
g
/
p
a
p
e
r
s
/
v
1
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/
1
5
-
2
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.
h
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.

JM
L

R
 1

8(
15

6)
:1

-4
2,

 2
01

8

W
a
n
g

a
n
d

S
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h
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v
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u
s
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s
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r
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m
p
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n
g

b
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m

n
su

b
se

t
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io
n

a
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o
ri

th
m

s
(D

ri
n
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s
et
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.,
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;
F

ri
ez

e
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.,

20
04

;
D
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h
p
an

d
e

an
d

V
em

p
al

a,
20

06
;

D
es

h
p
a
n
d
e

et
a
l.
,

20
06

).
T

o
ev

al
u
at

e
th

e
p

er
fo

rm
an

ce
of
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lu

m
n

su
b
se

t
se

le
ct

io
n
,

on
e

co
m

p
a
re

s
th

e
re

si
d
u
e

n
or

m
d
efi

n
ed

in
E

q
.

(1
)

w
it

h
‖M
−

M
k
‖ ξ

,
w

h
er

e
M

k
is
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e

b
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t
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n
k
-k

ap
p
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x
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a
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o
n
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M

.
U
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e
n
u
m

b
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m

n
s
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u
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e
ta
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ra
n
k
k
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w

o
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s
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r
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an
te

e
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e
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m
m
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:
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d
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iv
e
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r
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e
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E

q
.

(2
)

a
n
d

re
la

ti
ve

er
ro

r
gu

ar
an

te
e

in
E

q
.

(3
),

w
it

h
0
<
ε
<

1
an

d
c
>

1
(i

d
ea

ll
y
c

=
1

+
ε)

.

‖M
−

C
C
† M
‖ ξ
≤
‖M
−

M
k
‖ ξ

+
ε‖

M
‖ F

;
(2

)

‖M
−

C
C
† M
‖ ξ
≤

c‖
M
−

M
k
‖ ξ
.
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)

In
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v
e
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r
b
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n
d
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m

u
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b
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‖ ξ

is
u
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b
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p
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.
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d
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M
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x
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.
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p
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p
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n
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w
h
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e
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e
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r
in

E
q
.
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n
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T

h
e
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m
n
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b
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b
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n
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h
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a
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b
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g
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n
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m
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d
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n
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c.
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te
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o
u
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is

et
al

.,
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;

B
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n
o

et
al

.,
20
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a)
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r
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rt

h
er

m
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iv
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io
n
s.

M
an

y
m

et
h
o
d
s

h
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e
b

ee
n

p
ro

p
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r
th

e
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lu
m

n
su

b
se

t
se
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n

p
ro

b
le

m
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h
a
n
,
1
9
87

;
G

u
an

d
E
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en

st
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,
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;

F
ri

ez
e

et
al

.,
20

04
;

D
es

h
p
an

d
e

et
al

.,
20

06
;

D
ri

n
ea

s
et

a
l.
,

2
0
0
8
;

B
ou

ts
id

is
et

al
.,

20
14

).
A

n
ex

ce
ll
en

t
su

m
m

ar
iz

at
io

n
of

th
es

e
m

et
h
o
d
s

an
d

th
ei

r
th

eo
re

ti
ca

l
gu

ar
an

te
e

is
av

ai
la

b
le

in
T
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le

1
in

(B
ou

ts
id

is
et

al
.,

20
09

).
M

os
t

of
th

es
e

m
et

h
o
d
s

ca
n

b
e

ro
u
gh

ly
ca

te
go

ri
ze

d
in
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o
cl

as
se

s.
O

n
e
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as

s
of

al
go

ri
th

m
s

ar
e

b
as

ed
on

ra
n

k-
re

ve
a
li

n
g

Q
R

(R
R

Q
R

)
d
ec

om
p

os
it

io
n

(C
h
an

,
19

87
;

G
u

an
d

E
is

en
st

at
,

19
96

)
an

d
it

h
a
s

b
ee

n
sh

ow
n

in
(B

ou
ts

id
is

et
al

.,
20

09
)

th
at

R
R

Q
R

is
n
ea

rl
y

op
ti

m
al

in
te

rm
s

of
re

si
d
u
e

n
o
rm

u
n
d
er

th
e

s
=
k

se
tt

in
g,

th
at

is
,

ex
ac

t
k

co
lu

m
n
s

ar
e

se
le

ct
ed

to
re

co
n
st

ru
ct

an
in

p
u
t

m
a
tr

ix
.

O
n

th
e

ot
h
er

h
an

d
,
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m

p
li
n
g

b
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ed
m

et
h
o
d
s

(F
ri

ez
e

et
al

.,
20

04
;

D
es

h
p
an

d
e

et
al

.,
2
0
0
6
;

D
ri

n
ea

s
et

al
.,

20
08

)
tr

y
to

se
le
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co

lu
m

n
s

b
y

sa
m

p
li
n
g
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om

ce
rt

ai
n

d
is

tr
ib

u
ti

on
s

ov
er

a
ll

co
lu

m
n
s

of
an

in
p
u
t

m
at

ri
x
.

E
x
te

n
si

on
of

sa
m

p
li
n
g

b
as

ed
m

et
h
o
d
s

to
ge

n
er

al
lo

w
-r

a
n
k

m
a
tr

ix
ap

p
ro

x
im

at
io

n
p
ro

b
le

m
s

is
al

so
in

ve
st

ig
at

ed
(C

oh
en

et
al

.,
20

15
;

B
h
o
ja

n
ap

al
li

et
a
l.
,

2
0
1
5
).

T
h
es

e
al

go
ri

th
m

s
ar

e
m

u
ch

fa
st

er
th

an
R

R
Q

R
an

d
a
ch

ie
v
es

co
m

p
ar

ab
le

p
er

fo
rm

a
n
ce

if
th

e
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
is

ca
re

fu
ll
y

se
le

ct
ed

an
d

sl
ig

h
t

ov
er

-s
a
m

p
li
n
g

(i
.e

.,
s
>
k
)

is
a
ll
ow

ed
(D

es
h
p
an

d
e

et
al

.,
20

06
;

D
ri

n
ea

s
et

al
.,

20
08

).
In

(B
ou

ts
id

is
et

al
.,

20
09

)
sa

m
p
li
n
g

b
a
se

d
an

d
R

R
Q

R
b
as

ed
al

go
ri

th
m

s
ar

e
u
n
ifi

ed
to

ar
ri

ve
at

an
effi

ci
en

t
co

lu
m

n
su

b
se

t
se

le
ct

io
n

m
et

h
o
d

th
at

u
se

s
ex

ac
tl

y
s

=
k

co
lu

m
n
s

an
d

is
n
ea

rl
y

op
ti

m
al

.
A

lt
h
ou

gh
th

e
co

lu
m

n
su

b
se

t
se

le
ct

io
n

p
ro

b
le

m
w

it
h

ac
ce

ss
to

th
e

fu
ll

in
p
u
t

m
a
tr

ix
h
as

b
ee

n
ex

te
n
si

ve
ly

st
u
d
ie

d
,

of
te

n
in

p
ra

ct
ic

e
it

is
h
ar

d
or

ev
en

im
p

os
si

b
le

to
o
b
ta

in
th

e
co

m
p
le

te
d
at

a.
F

or
ex

am
p
le

,
fo

r
th

e
ge

n
et

ic
va

ri
at

io
n

d
et

ec
ti

on
p
ro

b
le

m
it

co
u
ld

b
e

ex
p

en
si

ve
an

d
ti

m
e-

co
n
su

m
in

g
to

ob
ta

in
fu

ll
D

N
A

se
q
u
en

ce
s

of
an

en
ti

re
p

op
u
la

ti
o
n
.

S
ev

er
a
l

h
eu

ri
st

ic
al

go
ri

th
m

s
h
av

e
b

ee
n

p
ro

p
os

ed
re

ce
n
tl

y
fo

r
co

lu
m

n
su

b
se

t
se

le
ct

io
n

w
it

h
m

is
si

n
g

d
at

a,
in

cl
u
d
in

g
th

e
B

lo
ck

O
M

P
al

go
ri

th
m

(B
al

za
n
o

et
al

.,
20

10
a)

a
n
d

th
e

g
ro

u
p

L
a
ss

o
fo

rm
u
la

ti
on

ex
p
lo

re
d

in
(B

ie
n

et
al

.,
20

10
).

N
ev

er
th

el
es

s,
n
o

th
eo

re
ti

ca
l

gu
a
ra

n
te

e
o
r

er
ro

r
b

ou
n
d
s

h
av

e
b

ee
n

d
er

iv
ed

fo
r

th
es

e
m

et
h
o
d
s.

T
h
e

p
re

se
n
ce

of
m

is
si

n
g

d
a
ta

p
o
se

s
n
ew

ch
al

le
n
ge

s
fo

r
co

lu
m

n
su

b
se

t
se

le
ct

io
n
,

as
m

an
y

w
el

l-
es

ta
b
li
sh

ed
al

go
ri

th
m

s
se

em
in

ca
p
a
b
le

2
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C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
issin

g
D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

o
f

h
a
n
d
lin

g
m

issin
g

d
ata

in
an

elegan
t

w
ay.

B
elow

w
e

id
en

tify
a

few
key

ch
allen

ges
th

at
p
reven

t
a
p
p
lica

tion
of

p
rev

iou
s

th
eoretical

resu
lts

on
colu

m
n

su
b
set

selection
u
n
d
er

th
e

m
issin

g
d
a
ta

settin
g:

•
C

o
h

e
re

n
t

m
a
trix

d
e
sig

n
:

m
ost

p
rev

iou
s

resu
lts

on
th

e
com

p
letion

or
recovery

of
low

ra
n
k

m
a
trices

w
ith

in
com

p
lete

d
ata

assu
m

e
th

e
u
n
d
erly

in
g

d
ata

m
a
trix

is
in

co
h
eren

t
(R

ech
t,

2
0
11;

C
an

d
es

an
d

P
lan

,
2010;

K
esh

avan
et

al.,
2010),

w
h
ich

in
tu

itively
assu

m
es

a
ll

row
s

a
n
d

colu
m

n
s

in
th

e
d
ata

m
atrix

are
w

eak
ly

correlated
.

1
O

n
th

e
oth

er
h
an

d
,

p
rev

io
u
s

algorith
m

s
on

colu
m

n
su

b
set

selectio
n

an
d

m
atrix

C
U

R
d
ecom

p
osition

sp
en

t
m

o
st

eff
o
rts

on
d
ealin

g
w

ith
coh

eren
t

m
atrices

(D
esh

p
an

d
e

et
al.,

2006
;

D
rin

eas
et

al.,
2
0
0
8;

B
o
u
tsid

is
et

al.,
2009;

B
ou

tsid
is

an
d

W
o
o
d
ru

ff
,

2014).
In

fact,
on

e
can

sh
ow

th
a
t

u
n
d
er

stan
d
ard

in
coh

eren
ce

assu
m

p
tion

s
of

m
atrix

com
p
letion

a
lgorith

m
s

a
h
igh

-
q
u
a
lity

colu
m

n
su

b
set

can
b

e
ob

tain
ed

b
y

sam
p
lin

g
each

co
lu

m
n

u
n
iform

ly
a
t

ran
d
om

,
w

h
ich

triv
ializes

th
e

p
rob

lem
(X

u
et

a
l.,

201
5).

S
u
ch

ga
p

in
p
rob

lem
assu

m
p
tio

n
s

ren
d
ers

co
lu

m
n

su
b
set

selection
on

in
com

p
lete

coh
eren

t
m

atrices
p
articu

larly
d
iffi

cu
lt.

In
th

is
p
ap

er,
w

e
ex

p
lore

th
e

p
ossib

ility
of

a
w

eaker
in

coh
eren

ce
a
ssu

m
p
tion

th
at

b
rid

g
es

th
e

gap
.

W
e

p
resen

t
an

d
d
iscu

ss
d
etailed

assu
m

p
tion

s
con

sid
ered

in
th

is
p
a
p

er
in

S
ec.

1.1.

•
L

im
ita

tio
n

o
f

e
x
istin

g
sa

m
p

lin
g

sch
e
m

e
s:

p
rev

iou
s

m
atrix

com
p
letion

m
eth

o
d
s

u
su

a
lly

a
ssu

m
e

th
e

ob
served

d
ata

are
sam

p
led

u
n
ifo

rm
ly

a
t

ran
d
om

.
H

ow
ever,

in
(K

rish
n
a
m

u
rth

y
an

d
S
in

gh
,

2014)
it

is
p
rov

ed
th

at
u
n
iform

sam
p
lin

g
(in

fact
an

y
sa

m
p
lin

g
sch

em
e

w
ith

ap
riori

fi
x
ed

sam
p
lin

g
d
istrib

u
tion

)
is

n
ot

su
ffi

cien
t

to
co

m
p
lete

a
co

h
eren

t
m

atrix
.

T
h
ou

gh
in

(C
h
en

et
al.,

2013)
a

p
rovab

ly
correct

sam
p
lin

g
sch

em
e

w
a
s

p
ro

p
o
sed

for
an

y
m

atrix
b
ased

on
statistical

lev
erage

scores,
w

h
ich

is
a
lso

th
e

key
in

g
red

ien
t

of
m

an
y

p
rev

iou
s

colu
m

n
su

b
set

selection
an

d
m

atrix
C

U
R

d
ecom

p
osition

a
lg

o
rith

m
s

(D
rin

eas
et

al.,
2008;

B
ou

tsid
is

et
al.,

2009;
B

ou
tsid

is
an

d
W

o
o
d
ru

ff
,
2014),

it
is

very
d
iffi

cu
lt

to
ap

p
rox

im
ate

th
e

leverage
sco

res
of

an
in

com
p
lete

coh
eren

t
m

a
trix

.
C

o
m

m
o
n

p
ertu

rb
ation

resu
lts

on
sin

gu
lar

vector
sp

ace
(e.g.,

W
ed

in
’s

th
eorem

)
fail

b
eca

u
se

closen
ess

b
etw

een
tw

o
su

b
sp

aces
d
o
es

n
ot

im
p
ly

closen
ess

in
th

eir
lev

erage
sco

res
sin

ce
th

e
latter

are
d
efi

n
ed

in
an

in
fi
n
ity

n
orm

m
an

n
er

(see
S
ection

2.1
for

d
eta

ils).

•
L

im
ita

tio
n

o
f

z
e
ro

fi
llin

g
:

A
straigh

tforw
ard

algorith
m

for
m

issin
g

d
ata

colu
m

n
su

b
set

selection
is

to
fi
rst

fi
ll

all
u
n
ob

served
en

tries
w

ith
zero

an
d

th
en

p
rop

erly
scale

th
e

o
b
serv

ed
on

es
so

th
at

th
e

com
p
leted

m
atrix

is
con

sisten
t

w
ith

th
e

u
n
d
erly

in
g

d
a
ta

m
a
trix

in
ex

p
ectation

(A
ch

liop
tas

an
d

M
cS

h
erry

,
200

7;
A

ch
liop

tas
et

al.,
2013).

C
o
lu

m
n

su
b
set

selection
algorith

m
s

d
esign

ed
for

fu
lly

ob
serv

ed
d
ata

cou
ld

b
e

ap
p
lied

a
fterw

a
rd

s
on

th
e

zero-fi
lled

m
atrix

.
H

ow
ever,

th
e

zero
fi
llin

g
p
ro

ced
u
re

ca
n

ch
an

ge
th

e
u
n
d
erly

in
g

su
b
sp

ace
of

a
m

atrix
d
rastically

(B
alzan

o
et

al.,
2010b

)
an

d
u
su

ally
lea

d
s

to
ad

d
itiv

e
error

b
ou

n
d
s

as
in

E
q
.

(2).
T

o
ach

ieve
stron

ger
relativ

e
error

b
ou

n
d
s

w
e

n
eed

a
n

algorith
m

th
at

go
es

b
eyon

d
th

e
zero

fi
llin

g
id

ea.

In
th

is
p
a
p

er,
w

e
p
rop

ose
th

ree
colu

m
n

su
b
set

selection
algorith

m
s

b
ased

o
n

th
e

id
ea

o
f

a
ctive

sa
m

p
lin

g
of

th
e

in
p
u
t

m
atrix

.
In

ou
r

algorith
m

s,
ob

served
m

atrix
en

tries
are

1
.

T
h

e
p

recise
d

efi
n

itio
n

o
f

in
co

h
eren

ce
is

g
iv

en
in

S
ectio

n
1
.3

.
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W
a
n
g

a
n
d

S
in
g
h

ch
osen

seq
u
en

tially
an

d
in

a
feed

b
ack

-d
riven

m
an

n
er.

W
e

m
otivate

th
is

sam
p
lin

g
settin

g
from

b
oth

p
ractical

an
d

th
eoretical

p
ersp

ectives.
In

ap
p
lication

s
w

h
ere

each
en

try
of

a
d
ata

m
atrix

M
rep

resen
ts

resu
lts

from
an

ex
p

en
sive

or
tim

e-con
su

m
in

g
ex

p
erim

en
t,

it
m

akes
sen

se
to

carefu
lly

select
w

h
ich

en
try

to
q
u
ery

(ex
p

erim
en

t),
p

ossib
ly

in
a

feed
b
ack

-d
riven

m
an

n
er,

so
as

to
red

u
ce

ex
p

erim
en

tal
cost.

F
or

ex
am

p
le,

if
M

h
as

d
ru

gs
as

its
colu

m
n
s

an
d

targets
(p

rotein
s)

as
its

row
s,

it
m

ak
es

sen
se

to
cau

tiou
sly

select
d
ru

g-target
p
airs

for
seq

u
en

tial
ex

p
erim

en
tal

stu
d
y

in
ord

er
to

fi
n
d

im
p

ortan
t

d
ru

gs/targets
w

ith
ty

p
ical

d
ru

g-target
in

tera
ction

s.
F

rom
a

th
eoretical

p
ersp

ective,
w

e
sh

ow
in

S
ection

7.1
th

at
n
o

p
assive

sam
p
lin

g
sch

em
e

is
cap

ab
le

of
ach

iev
in

g
relative-error

colu
m

n
su

b
set

selection
w

ith
h
igh

p
rob

ab
ility,

even
if

th
e

colu
m

n
sp

ace
of

M
is

in
coh

eren
t.

S
u
ch

resu
lts

su
ggest

th
at

active/ad
ap

tive
sam

p
lin

g
is

to
som

e
ex

ten
t

u
n
avoid

ab
le,

u
n
less

b
oth

row
an

d
colu

m
n

sp
aces

of
M

are
in

coh
eren

t.

W
e

also
rem

ark
th

at
th

e
algorith

m
s

w
e

con
sid

er
m

ake
very

few
m

easu
rem

en
ts

of
th

e
in

p
u
t

m
atrix

,
w

h
ich

d
iff

ers
from

p
rev

iou
s

feed
b
ack

-d
riven

re-sam
p
lin

g
m

eth
o
d
s

in
th

e
th

e-
oretical

com
p
u
ter

scien
ce

literatu
re

(e.g.,
(W

an
g

an
d

Z
h
an

g,
2013))

th
a
t

req
u
ires

access
to

th
e

en
tire

in
p
u
t

m
atrix

.
A

ctive
sam

p
lin

g
h
as

b
een

sh
ow

n
to

ou
tp

erform
all

p
assive

sch
em

es
in

sev
eral

settin
gs

(cf.
(H

au
p
t

et
al.,

2011;
K

olar
et

al.,
2
011)),

an
d

fu
rth

erm
ore

it
w

ork
s

for
com

p
letion

of
m

atrices
w

ith
in

coh
eren

t
row

s/colu
m

n
s

u
n
d
er

w
h
ich

p
assive

learn
in

g
p
rova

b
ly

fails
(K

rish
n
am

u
rth

y
an

d
S
in

gh
,

2013,
2014).

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
e

algorith
m

s
p
rop

osed
in

th
is

p
ap

er
are

th
e

fi
rst

colu
m

n
su

b
set

selection
alg

orith
m

s
for

coh
eren

t
m

a-
trices

th
at

en
joy

th
eoretical

error
gu

aran
tee

w
ith

m
issin

g
d
ata,

w
h
eth

er
p
assive

or
active.

F
u
rth

erm
ore,

tw
o

of
ou

r
p
rop

osed
m

eth
o
d
s

ach
ieve

relative
error

b
ou

n
d
s.

1
.1

A
ssu

m
p

tio
n

s

C
om

p
letin

g/ap
p
rox

im
atin

g
p
artially

ob
served

low
-ran

k
m

atrices
u
sin

g
a

su
b
set

of
colu

m
n
s

req
u
ires

certain
assu

m
p
tion

s
on

th
e

in
p
u
t

d
ata

m
atrix

M
(C

an
d
es

an
d

P
lan

,
2010;

C
h
en

et
al.,

2013;
R

ech
t,

2011;
X

u
et

al.,
201

5).
T

o
see

th
is,

con
sid

er
th

e
ex

trem
e-case

ex
am

p
le

w
h
ere

th
e

in
p
u
t

d
ata

m
atrix

M
con

sists
of

exa
ctly

on
e

n
on

-zero
elem

en
t

(i.e.,
M

ij
=

1{
i

=
i ∗,j

=
j ∗}

for
som

e
i ∗∈

[n
1 ]

an
d
j ∗∈

[n
2 ]).

In
th

is
case,

th
e

relative
ap

p
rox

im
ation

q
u
ality

c
=
‖
M
−

C
C
†M
‖
ξ /‖

M
−

M
1 ‖
ξ

in
E

q
.

(3)
w

ou
ld

b
e

in
fi
n
ity

if
colu

m
n
j ∗

is
n
ot

selected
in

C
.

In
ad

d
ition

,
it

is
clearly

im
p

ossib
le

to
correctly

id
en

tify
j ∗

u
sin

g
o(n

1 n
2 )

ob
servatio

n
s

even
w

ith
active

sam
p
lin

g
strategies.

T
h
erefore,

ad
d
ition

al
assu

m
p
tion

s
on

M
are

req
u
ired

to
p
rovab

ly
ap

p
rox

im
ate

a
p
artially

ob
served

m
atrix

u
sin

g
colu

m
n

su
b
sets.

In
th

is
w

ork
w

e
con

sid
er

th
e

assu
m

p
tion

th
at

th
e

top
-k

co
lu

m
n

spa
ce

of
th

e
in

p
u
t

m
atrix

M
is

in
coh

eren
t

(d
etailed

m
ath

em
atical

d
efi

n
ition

given
in

S
ec.

2.1),
w

h
ile

p
lacin

g
n
o

in
coh

eren
ce

or
sp

ik
in

ess
assu

m
p
tion

s
on

th
e

actu
al

co
lu

m
n

s,
row

s
or

th
e

row
sp

ace
of

M
.

In
ad

d
ition

to
th

e
n
ecessity

of
in

coh
eren

ce
assu

m
p
tion

s
for

in
com

p
lete

m
atrix

ap
p
rox

im
ation

p
rob

lem
s

d
iscu

ssed
ab

ove,
w

e
fu

rth
er

m
otivate

th
e

“on
e-sid

ed
”

in
coh

eren
ce

assu
m

p
tion

from
tw

o
p

ersp
ectiv

es:

-
C

olu
m

n
su

b
set

selection
w

ith
in

com
p
lete

ob
servation

rem
ain

s
a

n
on

-triv
ial

p
rob

lem
even

if
th

e
colu

m
n

sp
ace

is
assu

m
ed

to
b

e
in

coh
eren

t.
D

u
e

to
th

e
p

ossib
le

h
eterogen

eity
of

th
e

colu
m

n
s,

n
aive

m
eth

o
d
s

su
ch

as
co

lu
m

n
su

b
sets

sam
p
led

u
n
iform

ly
at

ran
d
om

are
in

gen
eral

b
ad

ap
p
rox

im
ation

s
of

th
e

origin
al

d
ata

m
atrix

M
.
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m
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C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
is
si
n
g

D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

su
b
se

t
se

le
ct

io
n

al
go

ri
th

m
s

fo
r

fu
ll
y
-o

b
se

rv
ed

m
at

ri
ce

s
al

so
n
ee

d
to

b
e

m
a
jo

rl
y

re
v
is

ed
to

ac
co

m
m

o
d
at

e
m

is
si

n
g

m
at

ri
x

co
m

p
on

en
ts

.

-
C

om
p
ar

ed
to

ex
is

ti
n
g

w
or

k
on

ap
p
ro

x
im

at
in

g
lo

w
-r

an
k

in
co

m
p
le

te
m

at
ri

ce
s,

ou
r

as
-

su
m

p
ti

on
s

(o
n
e-

si
d
ed

in
co

h
er

en
ce

)
ar

e
ar

gu
ab

ly
w

ea
ke

r.
X

u
et

a
l.

(2
01

5)
an

al
y
ze

d
m
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ri

x
C

U
R

ap
p
ro

x
im

at
io

n
of

p
a
rt

ia
ll
y

ob
se

rv
ed

m
at

ri
ce

s,
b
u
t

as
su

m
ed

th
at

b
ot

h
co

lu
m

n
an

d
ro

w
sp

ac
es

ar
e

in
co

h
er

en
t;

K
ri

sh
n
am

u
rt

h
y

an
d

S
in

gh
(2

01
4)

d
er

iv
ed

an
ad

ap
ti

ve
sa

m
p
li
n
g

p
ro

ce
d
u
re

to
co

m
p
le

te
a

lo
w

-r
an

k
m

at
ri

x
w

it
h

on
ly

on
e-

si
d
ed

in
-

co
h
er

en
ce

as
su

m
p
ti

on
s,

b
u
t

on
ly

ac
h
ie

v
ed

ad
d
it

iv
e

er
ro

r
b

ou
n
d
s

fo
r

n
oi

sy
lo

w
-r

an
k

m
at

ri
ce

s.

-
F

in
al

ly
,

th
e

on
e-

si
d
ed

in
co

h
er

en
ce

as
su

m
p
ti

o
n

is
re

as
on

ab
le

in
a

n
u
m

b
er

of
p
ra

ct
ic

al
sc

en
ar

io
s.

F
or

ex
am

p
le

,
in

th
e

ap
p
li
ca

ti
on

of
d
ru

g-
ta

rg
et

in
te

ra
ct

io
n

p
re

d
ic

ti
on

,
th

e
on

e-
si

d
ed

in
co

h
er

en
ce

as
su

m
p
ti

on
al

lo
w

s
fo

r
h
ig

h
ly

sp
ec

ia
li
ze

d
or

d
iv

er
se

d
ru

gs
w

h
il
e

as
su

m
in

g
so

m
e

p
re

d
ic

ta
b
il
it

y
b

et
w

ee
n

ta
rg

et
p
ro

te
in

re
sp

on
se

s.

1
.2

O
u

r
c
o
n
tr

ib
u

ti
o
n

s

T
h
e

m
ai

n
co

n
tr

ib
u
ti

on
of

th
is

p
ap

er
is

th
re

e
p
ro

va
b
ly

co
rr

ec
t

al
go

ri
th

m
s

fo
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n
,

w
h
ic

h
ar

e
in

sp
ir

ed
b
y

ex
is

ti
n
g

w
or

k
on

co
lu

m
n

su
b
se

t
se

le
ct

io
n

fo
r

fu
ll
y
-o

b
se

rv
ed

m
at

ri
ce

s,
b
u
t

on
ly

in
sp

ec
t

a
sm

al
l

p
o
rt

io
n

of
th

e
in

p
u
t

m
at

ri
x
.

T
h
e

sa
m

p
li
n
g

sc
h
em

es
fo

r
th

e
p
ro

p
os

ed
al

go
ri

th
m

s
an

d
th

ei
r

m
ai

n
m

er
it

s
an

d
d
ra

w
b
ac

k
s

ar
e

su
m

m
ar

iz
ed

b
el

ow
:

1.
N

o
rm

sa
m

p
li
n

g
:

T
h
e

al
go

ri
th

m
is

si
m

p
le

an
d

w
or

k
s

fo
r

an
y

in
p
u
t

m
at

ri
x

w
it

h
in

co
h
er

en
t

co
lu

m
n

su
b
sp

ac
e.

H
ow

ev
er

,
it

on
ly

ac
h
ie

ve
s

an
ad

d
it

iv
e

er
ro

r
b

ou
n
d

as
in

E
q
.

(2
).

It
is

al
so

in
fe

ri
or

th
an

th
e

ot
h
er

tw
o

p
ro

p
os

ed
m

et
h
o
d
s

in
te

rm
s

of
re

si
d
u
e

er
ro

r
on

b
ot

h
sy

n
th

et
ic

an
d

re
al

-w
or

ld
d
at

a
se

ts
.

2.
It

e
ra

ti
v
e

n
o
rm

sa
m

p
li
n

g
:

T
h
e

it
er

at
iv

e
n
or

m
sa

m
p
li
n
g

al
go

ri
th

m
en

jo
y
s

re
la

ti
ve

er
ro

r
gu

ar
an

te
es

as
in

E
q
.

(3
)

at
th

e
ex

p
en

se
of

b
ei

n
g

m
u
ch

m
or

e
co

m
p
li
ca

te
d

an
d

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
.

In
ad

d
it

io
n
,

it
s

co
rr

ec
tn

es
s

is
on

ly
p
ro

ve
d

fo
r

lo
w

-r
an

k
m

at
ri

ce
s

w
it

h
in

co
h
er

en
t

co
lu

m
n

sp
ac

e
co

rr
u
p
te

d
w

it
h

i.
i.
d
.

G
au

ss
ia

n
n
oi

se
.

3.
A

p
p

ro
x
im

a
te

le
v
e
ra

g
e

sc
o
re

sa
m

p
li
n

g
:

T
h
e

al
go

ri
th

m
en

jo
y
s

re
la

ti
ve

er
ro

r
g
u
ar

-
an

te
e

fo
r

ge
n
er

al
(h

ig
h
-r

an
k
)

in
p
u
t

m
at

ri
ce

s
w

it
h

in
co

h
er

en
t

co
lu

m
n

sp
ac

e.
H

ow
ev

er
,

it
re

q
u
ir

es
m

or
e

ov
er

-s
am

p
li
n
g

an
d

it
s

er
ro

r
b

ou
n
d

is
w

or
se

th
a
n

th
e

on
e

fo
r

it
er

a-
ti

ve
n
or

m
sa

m
p
li
n
g

on
n
oi

sy
lo

w
-r

an
k

m
at

ri
ce

s.
M

or
eo

ve
r,

to
ac

tu
al

ly
re

co
n
st

ru
ct

th
e

d
at

a
m

at
ri

x
2

th
e

ap
p
ro

x
im

at
e

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g

sc
h
em

e
re

q
u
ir

es
sa

m
p
li
n
g

a
su

b
se

t
of

b
ot

h
en

ti
re

ro
w

s
an

d
co

lu
m

n
s,

w
h
il
e

b
ot

h
n
or

m
b
as

ed
al

go
ri

th
m

s
on

ly
re

q
u
ir

e
sa

m
p
li
n
g

of
so

m
e

en
ti

re
co

lu
m

n
s.

In
su

m
m

ar
y,

ou
r

p
ro

p
os

ed
al

go
ri

th
m

s
o
ff

er
a

ri
ch

,
p
ro

va
b
ly

co
rr

ec
t

to
ol

se
t

fo
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n

w
it

h
m

is
si

n
g

d
at

a.
F

u
rt

h
er

m
or

e,
a

co
m

p
re

h
en

si
ve

u
n
d
er

st
an

d
in

g
of

th
e

d
e-

si
gn

tr
ad

eo
ff

s
am

on
g

st
at

is
ti

ca
l

ac
cu

ra
cy

,
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
,

sa
m

p
le

co
m

p
le

x
it

y,
an

d
sa

m
p
li
n
g

sc
h
em

e,
et

c.
is

ac
h
ie

ve
d

b
y

an
al

y
zi

n
g

d
iff

er
en

t
as

p
ec

ts
of

th
e

p
ro

p
o
se

d
m

et
h
o
d
s.

O
u
r

an
al

y
si

s
co

u
ld

p
ro

v
id

e
fu

rt
h
er

in
si

gh
ts

in
to

o
th

er
m

at
ri

x
co

m
p
le

ti
on

/a
p
p
ro

x
im

at
io

n
ta

sk
s

on
p
ar

ti
al

ly
ob

se
rv

ed
d
at

a.

2
.

S
ee

S
ec

ti
o
n

1
.3

fo
r

th
e

d
is

ti
n

ct
io

n
b

et
w

ee
n

se
le

ct
io

n
a
n

d
re

co
n

st
ru

ct
io

n
.

5
JM

L
R

 1
8(

15
6)
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-4

2,
 2

01
8

W
a
n
g

a
n
d

S
in
g
h

W
e

al
so

p
er

fo
rm

co
m

p
re

h
en

si
v
e

ex
p

er
im

en
ta

l
st

u
d
y

of
co

lu
m

n
su

b
se

t
se

le
ct

io
n

w
it

h
m

is
si

n
g

d
at

a
u
si

n
g

th
e

p
ro

p
os

ed
al

go
ri

th
m

s
as

w
el

l
as

m
o
d
ifi

ca
ti

on
s

of
h
eu

ri
st

ic
a
lg

o
ri

th
m

s
p
ro

p
os

ed
re

ce
n
tl

y
(B

al
za

n
o

et
al

.,
20

10
a;

B
ie

n
et

al
.,

20
10

)
on

sy
n
th

et
ic

m
a
tr

ic
es

a
n
d

tw
o

re
al

-w
or

ld
ap

p
li
ca

ti
on

s:
ta

gg
in

g
S
in

g
le

N
u
cl

eo
ti

d
e

P
ol

y
m

or
p
h
is

m
s

(t
S
N

P
)

se
le

ct
io

n
a
n
d

co
lu

m
n

b
as

ed
im

ag
e

co
m

p
re

ss
io

n
.

O
u
r

em
p
ir

ic
al

st
u
d
y

ve
ri

fi
es

m
os

t
of

ou
r

th
eo

re
ti

ca
l

re
-

su
lt

s
an

d
re

ve
al

s
a

fe
w

in
te

re
st

in
g

ob
se

rv
at

io
n
s

th
at

ar
e

p
re

v
io

u
sl

y
u
n
k
n
ow

n
.

F
o
r

in
st

a
n
ce

,
th

ou
gh

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g

is
w

id
el

y
co

n
si

d
er

ed
as

th
e

st
at

e-
of

-t
h
e-

ar
t

fo
r

m
a
tr

ix
C

U
R

ap
p
ro

x
im

at
io

n
an

d
co

lu
m

n
su

b
se

t
se

le
ct

io
n
,

ou
r

ex
p

er
im

en
ta

l
re

su
lt

s
sh

ow
th

a
t

u
n
d
er

ce
r-

ta
in

lo
w

-n
oi

se
re

gi
m

es
(m

ea
n
in

g
th

at
th

e
in

p
u
t

m
at

ri
x

is
ve

ry
cl

o
se

to
lo

w
ra

n
k
)

it
er

a
ti

ve
n
or

m
sa

m
p
li
n
g

is
m

or
e

p
re

fe
rr

ed
an

d
ac

h
ie

ve
s

sm
al

le
r

er
ro

r.
T

h
es

e
ob

se
rv

at
io

n
s

o
p

en
n
ew

q
u
es

ti
on

s
an

d
su

g
ge

st
th

e
n
ee

d
fo

r
n
ew

an
al

y
si

s
in

re
la

te
d

fi
el

d
s,

ev
en

fo
r

th
e

fu
ll
y

o
b
se

rv
ed

ca
se

.

1
.3

N
o
ta

ti
o
n

s

F
or

an
y

m
at

ri
x

M
w

e
u
se

M
(i

)
to

d
en

ot
e

th
e
i-

th
co

lu
m

n
of

M
.

S
im

il
ar

ly
,
M

(i
)

d
en

o
te

s
th

e
i-

th
ro

w
of

M
.

A
ll

n
or

m
s
‖·
‖

ar
e
` 2

n
or

m
s

or
th

e
m

at
ri

x
sp

ec
tr

al
n
or

m
u
n
le

ss
o
th

er
w

is
e

sp
ec

ifi
ed

.
W

e
as

su
m

e
th

e
in

p
u
t

m
at

ri
x

is
of

si
ze
n

1
×
n

2
,
n

=
m

ax
(n

1
,n

2
).

W
e

fu
rt

h
er

a
ss

u
m

e
th

at
n

1
≤
n

2
.

W
e

u
se
x
i

=
M

(i
)
∈
R
n

1
to

d
en

ot
e

th
e
i-

th
co

lu
m

n
of

M
.

F
u
rt

h
er

m
o
re

,
fo

r
an

y
co

lu
m

n
ve

ct
or
x
i
∈
R
n

1
an

d
in

d
ex

su
b
se

t
Ω
⊆

[n
1
],

d
efi

n
e

th
e

su
b
sa

m
p
le

d
v
ec

to
r
x
i,

Ω

an
d

th
e

sc
al

ed
su

b
sa

m
p
le

d
ve

ct
or
R

Ω
(x

i)
as

x
i,

Ω
=

1
Ω
◦x

i,
R

Ω
(x

i)
=
n

1 |Ω
|1

Ω
◦x

i,
(4

)

w
h
er

e
1

Ω
∈
{0
,1
}n

1
is

th
e

in
d
ic

at
or

ve
ct

or
of

Ω
an

d
◦

is
th

e
H

ad
am

ar
d

p
ro

d
u
ct

(e
n
tr

y
w

is
e

p
ro

d
u
ct

).
W

e
al

so
ge

n
er

al
iz

e
th

e
d
efi

n
it

io
n

in
E

q
.

(4
)

to
m

a
tr

ic
es

b
y

ap
p
ly

in
g

th
e

sa
m

e
op

er
at

or
on

ea
ch

co
lu

m
n
.

W
e

u
se
‖M
−

C
C
† M
‖ ξ

to
d
en

ot
e

th
e

se
le

ct
io

n
er

ro
r

an
d
‖M
−

C
X
‖ ξ

to
d
en

o
te

th
e

re
co

n
st

ru
ct

io
n

er
ro

r.
T

h
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

ty
p

es
of

er
ro

r
is

th
a
t

fo
r

se
le

ct
io

n
er

ro
r

an
al

go
ri

th
m

is
on

ly
re

q
u
ir

ed
to

ou
tp

u
t

in
d
ic

es
of

th
e

se
le

ct
ed

co
lu

m
n
s

w
h
il
e

fo
r

re
co

n
st

ru
ct

io
n

er
ro

r
an

al
go

ri
th

m
n
ee

d
s

to
ou

tp
u
t

b
ot

h
th

e
se

le
ct

ed
co

lu
m

n
s

C
a
n
d

th
e

co
effi

ci
en

t
m

at
ri

x
X

so
th

at
C

X
is

cl
os

e
to

M
.

W
e

re
m

ar
k

th
at

th
e

re
co

n
st

ru
ct

io
n

er
ro

r
al

w
ay

s
u
p
p

er
b

ou
n
d
s

th
e

se
le

ct
io

n
er

ro
r

d
u
e

to
E

q
.

(1
).

O
n

th
e

ot
h
er

h
an

d
,

th
er

e
is

n
o

si
m

p
le

p
ro

ce
d
u
re

to
co

m
p
u
te

C
† M

w
h
en

M
is

n
ot

fu
ll
y

ob
se

rv
ed

.

1
.4

O
u

tl
in

e
o
f

th
e

p
a
p

e
r

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s:
in

S
ec

ti
on

2
w

e
p
ro

v
id

e
b
ac

k
g
ro

u
n
d

k
n
ow

le
d
g
e

a
n
d

re
v
ie

w
se

ve
ra

l
co

n
ce

p
ts

th
at

ar
e

im
p

or
ta

n
t

to
ou

r
an

al
y
si

s.
W

e
th

en
p
re

se
n
t

m
ai

n
re

su
lt

s
o
f

th
e

p
ap

er
,

th
e

th
re

e
p
ro

p
os

ed
al

go
ri

th
m

s
an

d
th

ei
r

th
eo

re
ti

ca
l

gu
ar

an
te

es
in

S
ec

ti
o
n

3
.

P
ro

o
fs

fo
r

m
ai

n
re

su
lt

s
gi

v
en

in
S
ec

ti
on

3
ar

e
sk

et
ch

ed
in

S
ec

ti
on

4
an

d
so

m
e

te
ch

n
ic

a
l

le
m

m
as

an
d

co
m

p
le

te
p
ro

of
d
et

ai
ls

ar
e

d
ef

er
re

d
to

th
e

ap
p

en
d
ix

.
In

S
ec

ti
on

5
w

e
b
ri

efl
y

d
es

cr
ib

e
p
re

v
io

u
sl

y
p
ro

p
os

ed
h
eu

ri
st

ic
b
as

ed
al

go
ri

th
m

fo
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n

w
it

h
m

is
si

n
g

d
a
ta

an
d

th
ei

r
im

p
le

m
en

ta
ti

on
d
et

ai
ls

.
E

x
p

er
im

en
ta

l
re

su
lt

s
ar

e
p
re

se
n
te

d
in

S
ec

ti
o
n

6
a
n
d

w
e

d
is

cu
ss

se
ve

ra
l

as
p

ec
ts

in
cl

u
d
in

g
th

e
li
m

it
at

io
n

of
p
as

si
ve

sa
m

p
li
n
g

an
d

ti
m

e
co

m
p
le

x
it

y
o
f

p
ro

p
os

ed
al

go
ri

th
m

s
in

S
ec

ti
on

7.
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C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
issin

g
D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

2
.
P
re
lim

in
a
rie

s

T
h
is

section
p
rov

id
es

n
ecessary

b
ack

grou
n
d

k
n
ow

led
ge

fo
r

th
e

an
aly

sis
in

th
is

p
ap

er.
W

e
fi
rst

rev
iew

th
e

con
cep

t
of

co
h
eren

ce,
w

h
ich

p
lay

s
an

im
p

ortan
t

row
in

sam
p
lin

g
b
ased

m
atrix

a
lg

o
rith

m
s.

W
e

th
en

su
m

m
arize

th
ree

m
atrix

sam
p
lin

g
sch

em
es

p
ro

p
osed

in
p
rev

iou
s

litera
tu

re.

2
.1

S
u

b
sp

a
c
e

a
n

d
v
e
c
to

r
in

c
o
h

e
re

n
c
e

In
co

h
eren

ce
p
lay

s
a

cru
cial

role
in

variou
s

m
atrix

com
p
letion

an
d

ap
p
rox

im
ation

task
s

(R
ech

t,
2
0
1
1
;

K
rish

n
am

u
rth

y
an

d
S
in

gh
,

2014;
C

an
d
es

an
d

P
lan

,
2010;

K
esh

avan
et

al.,
2
0
1
0
).

F
or

a
n
y

m
atrix

M
∈

R
n

1 ×
n

2
of

ran
k
k
,

sin
gu

lar
valu

e
d
ecom

p
osition

y
ield

s
M

=
U

Σ
V
>

,
w

h
ere

U
∈

R
n

1 ×
k

an
d

V
∈

R
n

2 ×
k

h
ave

orth
on

orm
al

colu
m

n
s.

L
etU

=
sp

an
(U

)
a
n
d
V

=
sp

a
n
(V

)
b

e
th

e
colu

m
n

an
d

row
sp

ace
of

M
.

T
h
e

co
lu

m
n

spa
ce

co
h
eren

ce
is

d
efi

n
ed

a
s

µ
(U

)
:=

n
1k

n
1

m
ax

i=
1
‖U
>
e
i ‖

22
=
n

1k

n
1

m
ax

i=
1
‖
U

(i) ‖
22 .

(5)

N
o
te

th
a
t
µ

(U
)

is
alw

ay
s

b
etw

een
1

an
d
n

1 /k
.

S
im

ilarly,
th

e
ro

w
spa

ce
co

h
eren

ce
is

d
efi

n
ed

a
s

µ
(V

)
:=

n
2k

n
2

m
ax

i=
1
‖
V
>
e
i ‖

22
=
n

2k

n
2

m
ax

i=
1
‖
V

(i) ‖
22 .

(6)

In
th

is
p
ap

er
w

e
also

m
ak

e
u
se

of
in

coh
eren

ce
level

of
v
ectors,

w
h
ich

p
rev

iou
sly

a
p
p

eared
in

(B
a
lza

n
o

et
al.,

2010b
;

K
rish

n
am

u
rth

y
an

d
S
in

gh
,

2013,
20

14).
F

or
a

colu
m

n
vector

x
∈
R
n

1,
its

in
coh

eren
ce

is
d
efi

n
ed

asµ
(x

)
:=

n
1 ‖
x‖

2∞
‖
x‖

22

.
(7)

It
is

a
n

ea
sy

ob
servation

th
at

if
x

lies
in

th
e

su
b
sp

ace
U

th
en

µ
(x

)≤
k
µ

(U
).

In
th

is
p
a
p

er
w

e
a
d
o
p
t

in
coh

eren
ce

assu
m

p
tion

s
on

th
e

colu
m

n
sp

aceU
,

w
h
ich

su
b
seq

u
en

tly
y
ield

s
in

co
h
eren

t
row

vectors
x
i .

N
o

in
coh

eren
ce

assu
m

p
tion

on
th

e
row

sp
ace
V

or
row

v
ectors

M
(i)

is
m

a
d
e.

2
.2

M
a
trix

sa
m

p
lin

g
sch

e
m

e
s

N
o
rm

sa
m

p
lin

g
:

N
orm

sam
p
lin

g
for

colu
m

n
su

b
set

selection
w

as
p
rop

osed
in

(F
rieze

et
al.,

2
0
0
4
)

a
n
d

h
a
s

fou
n
d

ap
p
lication

s
in

a
n
u
m

b
er

of
m

atrix
com

p
u
tation

task
s,

e.g.,
ap

p
rox

-
im

a
te

m
a
trix

m
u
ltip

lication
(D

rin
eas

et
al.,

2
006a)

an
d

low
-ran

k
or

com
p
ressed

m
atrix

a
p
p
rox

im
a
tio

n
(D

rin
eas

et
al.,

2006c,b
).

T
h
e

id
ea

is
to

sam
p
le

each
colu

m
n

w
ith

p
rob

a-
b
ility

p
ro

p
o
rtio

n
al

to
its

sq
u
ared

`
2

n
orm

,
i.e.,

P
r[i∈

C
]∝
‖
M

(i)‖
22

fo
r
i∈
{
1,2,···

,n
2 }

.
T

h
ese

ty
p

es
o
f
a
lgorith

m
s

u
su

ally
com

e
w

ith
an

ad
d
itive

error
b

ou
n
d

o
n

th
eir

ap
p
rox

im
a
tion

p
erfo

rm
a
n
ce.

V
o
lu

m
e

sa
m

p
lin

g
:

F
or

volu
m

e
sam

p
lin

g
(D

esh
p
an

d
e

et
al.,

2006),
a

su
b
set

of
colu

m
n
s
C

is
p
icked

w
ith

p
rob

ab
ility

p
rop

ortion
al

to
th

e
v
olu

m
e

of
th

e
sim

p
lex

sp
an

n
ed

b
y

colu
m

n
s

in
C

.
T

h
a
t

is,
P

r[C
]∝

vol(∆
(C

))
w

h
ere

∆
(C

)
is

th
e

sim
p
lex

sp
an

n
ed

b
y{M

(C
(1

)),···
,M

(C
(k

))}
.

C
o
m

p
u
ta

tio
n
a
lly

effi
cien

t
volu

m
e

sam
p
lin

g
algorith

m
s

ex
ist

(D
esh

p
an

d
e

an
d

R
ad

em
ach

er,
2
0
1
0
;

A
n
a
ri

et
al.,

2016).
T

h
ese

m
eth

o
d
s

are
b
ased

on
th

e
com

p
u
tation

of
ch

aracteris-
tic

p
oly

n
o
m

ia
ls

of
th

e
p
ro

jected
d
ata

m
atrix

(D
esh

p
an

d
e

an
d

R
ad

em
ach

er,
2010)

or
an
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W
a
n
g

a
n
d

S
in
g
h

T
ab

le
1:

S
u
m

m
ary

of
th

eoretical
gu

aran
tees

of
p
rop

osed
algorith

m
s.
s

d
en

otes
th

e
n
u
m

-
b

er
of

selected
colu

m
n
s

an
d
m

d
en

otes
th

e
ex

p
ected

n
u
m

b
er

of
ob

served
m

atrix
en

tries.
D

ep
en

d
en

cy
on

failu
re

p
rob

ab
ility

δ
an

d
oth

er
p

oly
-logarith

m
ic

d
ep

en
d
en

cy
is

om
itted

.U
rep

resen
ts

th
e

colu
m

n
sp

ace
of

A
.

E
rror

ty
p

e
E

rror
b

ou
n

d
s

m
A

ssu
m

p
tion

s

N
o
r
m

‖
M
−

C
C
†M
‖
F

‖M
−

M
k ‖
F

+
ε‖M
‖
F

Ω
(k
/ε

2)
Ω̃

(µ
1 n

)
m

ax
n

2
i=

1
µ

(M
(i) )≤

µ
1

‖M
−

C
X
‖
F

‖
M
−

M
k ‖
F

+
2
ε‖M
‖
F

Ω
(k
/ε

2)
Ω̃

(k
µ

1 n
/ε

4)
sam

e
as

ab
ov

e

It
e
r
.
n
o
r
m
‖
M
−

C
C
†M
‖
F

√
2
.5
k(k

+
1)!‖

M
−

M
k ‖
F

k
Ω̃

(k
2µ

0 n
)

M
=

A
+

R
;
µ

(U
)≤

µ
0

‖
M
−

C
C
†M
‖
F

√
1

+
3
ε‖M

−
M

k ‖
F

Θ
(k

2
log

k
+
k
/ε)

Ω̃
(
k
µ

0
n

ε

(k
+

1ε ) )
sam

e
as

ab
ove

‖
M
−

C
X
‖
F

√
1

+
3
ε‖M

−
M

k ‖
F

Θ
(k

2
log

k
+
k
/ε)

Ω̃
(
k
µ

0
n

ε

(k
+

1ε ) )
sam

e
as

ab
ove

L
e
v
.
sc

o
r
e
‖
M
−

C
C
†M
‖
F

3(1
+
ε)‖M

−
M

k ‖
F

Ω
(k

2/ε
2)

Ω
(k

2µ
0 n
/ε

2)
µ

(U
)≤

µ
0

M
C

M
C

sam
p
lin

g
p
ro

ced
u
re

(A
n
ari

et
al.,

2016).
U

n
d
er

th
e

p
artially

ob
served

settin
g,

b
oth

ap
p
roach

es
are

d
iffi

cu
lt

to
ap

p
ly.

F
or

th
e

ch
aracteristic

p
oly

n
om

ials
ap

p
roa

ch
,

on
e

h
as

to
estim

ate
th

e
ch

aracteristic
p

oly
n
om

ial
an

d
essen

tially
th

e
least

sin
gu

lar
valu

e
of

th
e

target
m

atrix
M

u
p

to
relative

error
b

ou
n
d
s.

T
h
is

is
n
ot

p
ossib

le
u
n
less

th
e

m
atrix

is
very

w
ell-

con
d
ition

ed
,

w
h
ich

v
iolates

th
e

settin
g

th
at

M
is

ap
p
rox

im
ately

low
-ra

n
k
.

F
or

th
e

M
C

M
C

sam
p
lin

g
p
ro

ced
u
re,

it
w

as
sh

ow
n

in
(A

n
ari

et
al.,

2016)
th

a
t
O

(k
n

2 )
iteration

s
are

n
eed

ed
for

th
e

sam
p
lin

g
M

arkov
ch

ain
to

m
ix

.
A

s
each

sam
p
lin

g
iteration

req
u
ires

ob
serv

in
g

on
e

en
tire

colu
m

n
,

p
erform

in
g
O

(k
n

2 )
iteration

s
essen

tially
req

u
ires

ob
serv

in
g
O

(k
n

2 )
colu

m
n
s,

i.e.,
th

e
en

tire
m

atrix
M

.
O

n
th

e
oth

er
h
a
n
d
,

an
iterative

n
orm

sam
p
lin

g
p
ro

ced
u
re

is
k
n
ow

n
to

p
erform

a
p
p
ro

xim
a
te

vo
lu

m
e

sa
m

p
lin

g
an

d
th

erefore
en

joy
s

m
u
ltip

licativ
e

ap
-

p
rox

im
ation

b
ou

n
d
s

for
colu

m
n

su
b
set

selection
(D

esh
p
an

d
e

an
d

V
em

p
ala,

2006).
In

th
is

p
ap

er
w

e
gen

eralize
th

e
iterative

n
orm

sam
p
lin

g
sch

em
e

to
th

e
p
artially

o
b
served

settin
g

an
d

d
em

on
strate

sim
ilar

m
u
ltip

licative
ap

p
rox

im
ation

error
gu

aran
tees.

L
evera

ge
sco

re
sa

m
p
lin

g
:

T
h
e

leverage
score

sam
p
lin

g
sch

em
e

w
as

in
tro

d
u
ced

in
(D

rin
eas

et
al.,

2008)
to

get
relative

error
b

ou
n
d
s

for
C

U
R

m
atrix

ap
p
rox

im
ation

an
d

h
as

later
b

een
ap

p
lied

to
coh

eren
t

m
atrix

com
p
letion

(C
h
en

et
al.,

2013).
F

or
each

row
i∈
{
1
,···

,n
1 }

an
d

colu
m

n
j
∈
{
1
,···

,n
2 }

d
efi

n
e
µ
i

:=
n

1k ‖U
>
e
i ‖

22
an

d
ν
j

:=
n

2k ‖V
>
e
j ‖

22
to

b
e

th
eir

u
n

n
o
rm

a
lized

levera
ge

sco
res,

w
h
ere

U
∈

R
n

1 ×
k

an
d

V
∈

R
n

2 ×
k

are
th

e
top

-k
left

an
d

righ
t

sin
gu

lar
vectors

of
an

in
p
u
t

m
atrix

M
.

It
w

as
sh

ow
n

in
(D

rin
eas

et
al.,

2008)
th

at
if

row
s

an
d

colu
m

n
s

are
sam

p
led

w
ith

p
rob

ab
ility

p
rop

ortion
al

to
th

eir
leverage

scores
th

en
a

relative
error

gu
aran

tee
is

p
ossib

le
for

m
atrix

C
U

R
a
p
p
rox

im
ation

an
d

colu
m

n
su

b
set

selection
.

3
.
C
o
lu
m
n
su

b
se
t
se
le
ctio

n
v
ia

a
ctiv

e
sa
m
p
lin

g

In
th

is
section

w
e

p
rop

ose
th

ree
colu

m
n

su
b
set

selection
alg

orith
m

s
th

at
on

ly
ob

serv
e

a
sm

all
p

ortion
of

an
in

p
u
t

m
atrix

.
A

ll
algorith

m
s

em
p
loy

th
e

id
ea

of
activ

e
sam

p
lin

g
to

h
an

d
le

m
atrices

w
ith

coh
eren

t
row

s.
W

h
ile

A
lgorith

m
1

ach
ieves

an
ad

d
itive

recon
stru

ction
error

gu
aran

tee
for

an
y

m
atrix

,
A

lgorith
m

2
ach

ieves
a

relative-error
reco

n
stru

ction
gu

aran
tee

w
h
en

th
e

in
p
u
t

m
atrix

h
as

certain
stru

ctu
re.

F
in

a
lly,

A
lgorith

m
3

ach
iev

es
a

relativ
e-

error
selection

error
b

ou
n
d

for
an

y
gen

eral
in

p
u
t

m
atrix

at
th

e
ex

p
en

se
of

slow
er

error
rate
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C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
is
si
n
g

D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

A
lg

o
ri

th
m

1
A

ct
iv

e
n
or

m
sa

m
p
li
n
g

fo
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n

w
it

h
m

is
si

n
g

d
at

a

1
:

In
p

u
t:

si
ze

of
co

lu
m

n
su

b
se

t
s,

ex
p

ec
te

d
n
u
m

b
er

of
sa

m
p
le

s
p

er
co

lu
m

n
m

1
an

d
m

2
.

2
:

N
o
rm

e
st

im
a
ti

o
n

:
F

or
ea

ch
co

lu
m

n
i,

sa
m

p
le

ea
ch

in
d
ex

in
Ω

1
,i
⊆

[n
1
]

i.
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∑
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∈
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∈
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b
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=
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∈
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⊆
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.
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.
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=
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p
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s.

T
ab

le
1

su
m

m
ar

iz
es

th
e

m
ai

n
th
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p
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p
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p
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b
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b
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p
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b
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b
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at
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b
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in
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at
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b
y

u
n
if

or
m

su
b
sa

m
p
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d
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p
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p
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p
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at
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b
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p
li
n
g

ea
ch

m
at

ri
x

en
tr

y
w

it
h

p
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p
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p
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at
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h
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b
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h
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n
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p
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M
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+
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>
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p
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=
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=
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p
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p
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b
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b
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p
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b
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p
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⊆

[n
1
]

i.
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b
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p
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p
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∈
{1
,·
··
,n

2
},

co
m

p
u
te
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∑
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p
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b
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∪
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t}

,
U
←

sp
an

(U
,{

M
(i
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p
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=
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> Ω
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∑
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p
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∈
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=
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m
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d
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p
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p
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+
k
µ

1
n

2
lo
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=
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p
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p
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p
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p
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r
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p
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p
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r
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p
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o
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b
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l
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p
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b
y
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b
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p
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a
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p
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g
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e
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is
k
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ow
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h
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p
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T

h
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2
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e
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A
a
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m
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b
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ex
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k
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g
itera
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sam
p
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p
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u
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‖
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b
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k ‖
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m
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b
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ab
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fact,

w
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u
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b
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u
rth

y
an

d
S
in

gh
,
2013,

2014)
for

m
atrix

a
n
d
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ex
actly

o
n
to

th
e

sp
a
n

o
f
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p
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b
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b
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p
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p
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d
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p
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d
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p
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d
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p
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p
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0 .
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e
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‖
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=
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e
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w
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p
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p
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p
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p
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‖M
−

M
k ‖
F

(39)

b
eca

u
se
Q
S

(M
k )

h
as

ran
k

at
m

ost
k
.

C
on

seq
u
en

tly,
th

e
selection

error
‖
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b
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‖
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‖
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‖
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k ‖
F
.

5
.
R
e
la
te
d
w
o
rk

o
n
co

lu
m
n
su

b
se
t
se
le
ctio

n
w
ith

m
issin

g
d
a
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b
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∈
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=
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;
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∈
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∅
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∅
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p
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=
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∪
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p
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⊆
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∈
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s
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e-con
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m
at

ri
x

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
T

h
is

re
su

lt
sh

ow
s

co
lu

m
n

su
b
se

t
se

le
ct

io
n

is
ea

si
er

th
an

m
at

ri
x

co
m

p
le

ti
on

w
h
en

on
ly

in
d
ic

es
of

th
e

se
le

ct
ed

co
lu

m
n

su
b
se

t
ar

e
re

q
u
ir

ed
.

It
d
o
es

n
ot

v
io

la
te

T
h
eo

re
m

7,
h
ow

ev
er

,
b

ec
au

se
k
n
ow

in
g

w
h
ic

h
co

lu
m

n
s

sp
an

th
e

co
lu

m
n

sp
ac

e
of

an
in

p
u
t

m
at

ri
x

d
o
es

n
ot

im
p
ly

w
e

ca
n

co
m

p
le

te
th

e
m

at
ri

x
w

it
h
ou

t
fu

rt
h
er

sa
m

p
le

s.

R
e
m

a
rk

3
A

lt
h
ou

gh
R

em
ar

k
2

an
d

T
h
eo

re
m

3
sh

ow
s

th
at

it
is

p
os

si
b
le

to
ac

h
ie

v
e

re
la

ti
ve

‖M
−

C
C
† M
‖ F

er
ro

r
b

ou
n
d

fo
r

ro
w

co
h
er

en
t

m
at

ri
ce

s
v
ia

p
as

si
ve

sa
m

p
li
n
g,

w
e

sh
ow

in
th

is
se

ct
io

n
th

at
p
as

si
v
e

sa
m

p
li
n
g

is
in

su
ffi

ci
en

t
u
n
d
er

a
sl

ig
h
tl

y
w

ea
k
er

n
ot

io
n

of
co

lu
m

n
in

co
h
er

en
ce

.
In

p
ar

ti
cu

la
r,

in
st

ea
d

of
as

su
m

in
g
µ

(U
)
≤
µ

0
on

th
e

co
lu

m
n

sp
ac

e
as

in
E

q
.

(5
),

w
e

as
su

m
e
µ

(x
i)
≤
µ

1
w

h
er

e
µ

1
is

in
d
ep

en
d
en

t
of
k

fo
r

ev
er

y
co

lu
m

n
x
i

as
in

E
q
.

(7
).

N
ot

e
th

at
if

ra
n
k
(U

)
=
k

an
d
x
i
∈
U

th
en

µ
(x

i)
≤
k
µ

(U
).

S
o

fo
r

ex
ac

t
lo

w
ra

n
k

m
at

ri
ce

s
th

e
ve

ct
or

-b
as

ed
in

co
h
er

en
ce

as
su

m
p
ti

on
in

E
q
.

(7
)

is
w

ea
ke

r
th

an
th

e
su

b
sp

ac
e-

b
as

ed
in

co
h
er

en
ce

as
su

m
p
ti

on
in

E
q
.

(5
).

W
e

th
en

h
av

e
th

e
fo

ll
ow

in
g

th
eo

re
m

,
w

h
ic

h
is

p
ro

ve
d

in
A

p
p

en
d
ix

C
.

T
h

e
o
re

m
8

L
et
X
′

d
en

o
te

a
ll
n

1
×
n

2
m

a
tr

ic
es

w
h
o
se

ra
n

k
is

n
o

m
o
re

th
a
n
k

a
n

d
in

-
co

h
er

en
ce

µ
1
≥

1
+

1
n

1
−

1
a
s

d
efi

n
ed

in
E

q.
(7

)
fo

r
ea

ch
co

lu
m

n
.

F
ix
m
<
n

1
n

2
a
n

d
le

t
Q

d
en

o
te

a
ll

pa
ss

iv
e

sa
m

p
li

n
g

d
is

tr
ib

u
ti

o
n

s
o
ve

r
m

sa
m

p
le

s
o
f
n

1
n

2
m

a
tr

ix
en

tr
ie

s.
L

et
F
′

=
{f

:
R
m
→

[n
2
]k
}

be
th

e
co

ll
ec

ti
o
n

o
f

(p
o
ss

ib
ly

ra
n

d
o
m

)
co

lu
m

n
su

bs
et

se
le

ct
io

n
a
lg

o
ri

th
m

s.
W

e
th

en
h
a
ve

R
∗ cs

s
:=

in
f

f
∈F
′

in
f

q
∈Q

su
p

X
∈X
′

P
r

Ω
∼
q
;f

[X
6=

X
C

X
† C

X
]
≥

1 2
−

m

2n
1
(n

2
−
k
),

(4
2)

2
9
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L

R
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8

W
a
n
g

a
n
d

S
in
g
h

w
h
er

e
C

=
f

(X
,X

Ω
)

is
th

e
o
u

tp
u

t
co

lu
m

n
su

bs
et

o
f
f

.
A

s
a

re
m

a
rk

,
th

e
fa

il
u

re
p
ro

ba
bi

li
ty

R
∗ cs

s
sa

ti
sfi

es
R
∗ cs

s
=

Ω
(1

)
w

h
en

ev
er
m

=
o(
n

1
(n

2
−
k
))

.

T
h
eo

re
m

8
co

m
b
in

ed
w

it
h

T
h
eo

re
m

7
sh

ow
s

a
se

p
ar

a
ti

on
of

h
ar

d
n
es

s
b

et
w

ee
n

co
lu

m
n

su
b
se

t
se

le
ct

io
n

an
d

m
at

ri
x

co
m

p
le

ti
on

.
It

al
so

fo
rm

al
iz

es
th

e
in

tu
it

iv
e

li
m

it
ed

p
ow

er
o
f

p
as

si
ve

sa
m

p
li
n
g

ov
er

co
h
er

en
t

m
at

ri
ce

s.

7
.2

T
im

e
c
o
m

p
le

x
it

y

In
th

is
se

ct
io

n
w

e
re

p
or

t
th

e
th

eo
re

ti
ca

l
ti

m
e

co
m

p
le

x
it

y
of

ou
r

p
ro

p
os

ed
al

go
ri

th
m

s
a
s

w
el

l
as

th
e

op
ti

m
iz

at
io

n
b
as

ed
m

et
h
o
d
s

fo
r

co
m

p
ar

is
o
n

in
T

ab
le

4.
W

e
as

su
m

e
th

e
in

p
u
t

m
a
tr

ix
M

is
sq

u
ar

e
n
×
n

an
d

w
e

ar
e

u
si

n
g
s

co
lu

m
n
s

to
ap

p
ro

x
im

at
e

th
e

to
p
-k

co
m

p
o
n
en

t
o
f

M
.

L
et
α

=
m
/n

2
b

e
th

e
p

er
ce

n
ta

ge
of

ob
se

rv
ed

d
at

a.
s
v
d
(a
,b
,c

)
d
en

ot
es

th
e

ti
m

e
fo

r
co

m
p
u
ti

n
g

th
e

to
p
-c

tr
u
n
ca

te
d

S
V

D
of

an
a
×
b

m
at

ri
x
.

S
u
p
p

os
e

th
e

ob
se

rv
at

io
n

ra
ti

o
α

is
a

co
n
st

an
t

an
d

th
e
s
v
d

op
er

at
io

n
ta

ke
s

q
u
a
d
ra

ti
c

ti
m

e.
T

h
en

th
e

ti
m

e
co

m
p
le

x
it

y
fo

r
al

l
al

go
ri

th
m

s
ca

n
b

e
so

rt
ed

as

N
o
r
m

;O
(n

2
)
<

L
e
v
.
sc

o
r
e

;O
(k
n

2
)
<

It
e
r
.
n
o
r
m
,B

l
o
c
k

O
M
P

;O
(s
n

3
)

<
g
L
a
ss
o
,O

(T
(n

3
+
s2
n

2
))
.

(4
3
)

P
er

h
ap

s
n
ot

su
rp

ri
si

n
gl

y,
in

S
ec

ti
on

6.
2

an
d

6.
3

on
re

al
-w

or
ld

d
at

a
se

ts
w

e
sh

ow
th

e
re

ve
rs

e
h
ol

d
s

fo
r

se
le

ct
io

n
er

ro
r

fo
r

th
e

fi
rs

t
th

re
e

al
go

ri
th

m
s

in
E

q
.

(4
3)

.

7
.3

S
a
m

p
le

c
o
m

p
le

x
it

y
,

c
o
lu

m
n

su
b

se
t

si
z
e

a
n

d
se

le
c
ti

o
n

e
rr

o
r

W
e

re
m

ar
k

on
th

e
co

n
n
ec

ti
on

of
sa

m
p
le

co
m

p
le

x
it

y
(i

.e
.,

n
u
m

b
er

of
ob

se
rv

ed
m

a
tr

ix
en

tr
ie

s)
,

si
ze

of
co

lu
m

n
su

b
se

ts
an

d
re

co
n
st

ru
ct

io
n

er
ro

r
fo

r
co

lu
m

n
su

b
se

t
se

le
ct

io
n
.

F
o
r

co
lu

m
n

su
b
se

t
se

le
ct

io
n

w
h
en

th
e

ta
rg

et
co

lu
m

n
su

b
se

t
si

ze
is

fi
x
ed

th
e

sa
m

p
le

co
m

p
le

x
it

y
a
ct

s
m

or
e

li
ke

a
th

re
sh

ol
d
:

if
n
ot

en
ou

gh
n
u
m

b
er

of
m

a
tr

ix
en

tr
ie

s
ar

e
ob

se
rv

ed
th

en
th

e
a
lg

o
ri

th
m

fa
il
s

si
n
ce

th
e

co
lu

m
n

n
or

m
s

ar
e

n
ot

ac
cu

ra
te

ly
es

ti
m

at
ed

,
b
u
t

w
h
en

a
su

ffi
ci

en
t

n
u
m

b
er

of
ob

se
rv

at
io

n
s

ar
e

av
ai

la
b
le

th
e

re
co

n
st

ru
ct

io
n

er
ro

r
d
o
es

n
ot

d
iff

er
m

u
ch

.
S
u
ch

p
h
a
se

tr
an

si
ti

on
w

as
al

so
ob

se
rv

ed
in

ot
h
er

m
at

ri
x

co
m

p
le

ti
on

/a
p
p
ro

x
im

at
io

n
ta

sk
s

a
s

w
el

l,
fo

r
ex

am
p
le

,
in

(K
ri

sh
n
am

u
rt

h
y

an
d

S
in

gh
,

20
14

).
In

fa
ct

,
th

e
gu

a
ra

n
te

e
in

E
q
.

(8
),

fo
r

ex
am

p
le

,
is

ex
ac

tl
y

th
e

sa
m

e
as

in
(F

ri
ez

e
et

al
.,

20
04

)
u
n
d
er

th
e

fu
ll
y

ob
se

rv
ed

se
tt

in
g
,

i.
e.

,
m

1
=
n

1
.

T
h
e

b
ot

to
m

th
re

e
p
lo

ts
in

F
ig

u
re

2
ar

e
a
n

ex
ce

ll
en

t
il
lu

st
ra

ti
on

of
th

is
p
h
en

o
m

en
o
n
.

W
h
en

α
=

0.
3

th
e

se
le

ct
io

n
er

ro
r

of
A

lg
or

it
h
m

2
is

ve
ry

h
ig

h
,

w
h
ic

h
m

ea
n
s

th
e

a
lg

o
ri

th
m

T
ab

le
4:

T
im

e
co

m
p
le

x
it

y
of

p
ro

p
os

ed
an

d
b
as

el
in

e
al

go
ri

th
m

s.
k

d
en

ot
es

th
e

in
tr

in
si

c
ra

n
k

an
d
s

d
en

ot
es

th
e

n
u
m

b
er

of
se

le
ct

ed
co

lu
m

n
s.

D
ep

en
d
en

cy
on

fa
il
u
re

p
ro

b
a
b
il
it

y
δ

a
n
d

ot
h
er

p
ol

y
-l

og
ar

it
h
m

ic
d
ep

en
d
en

cy
is

om
it

te
d
.

A
lg

or
it

h
m

N
o
r
m

It
e
r
.
n
o
r
m

*
L
e
v
.
sc

o
r
e

B
l
o
c
k

O
M
P

*
g
L
a
ss
o
†

T
im

e
C

om
p
le

x
it

y
O

(α
n

2
)

O
(α

2
sn

3
)

O
(s

v
d
(α
n
,n
,k

))
O

(α
2
sn

3
)

O
(T

(n
3

+
s2
n

2
))

*
A

ss
u

m
e
α
n
>
s

a
n

d
α

2
n
>

1
.

† U
si

n
g

so
lu

ti
o
n

p
a
th

im
p

le
m

en
ta

ti
o
n

;
T

is
th

e
d

es
ir

ed
n
u

m
b

er
o
f
λ

va
lu

es
.

3
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C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
issin

g
D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

d
o
es

n
o
t

h
ave

en
ou

gh
sam

p
les.

H
ow

ev
er,

for
α

=
0
.6

an
d
α

=
0
.9

th
e

p
erform

an
ce

of
A

lg
o
rith

m
2

is
very

sim
ilar.

7
.4

S
a
m

p
le

c
o
m

p
le

x
ity

o
f

th
e

ite
ra

tiv
e

n
o
rm

sa
m

p
lin

g
a
lg

o
rith

m

W
e

try
to

verify
th

e
sam

p
le

com
p
lex

ity
d
ep

en
d
en

ce
on

th
e

in
trin

sic
m

atrix
ran

k
k

for
th

e
itera

tive
n
o
rm

sam
p
lin

g
algorith

m
(A

lgorith
m

2).
T

o
d
o

th
is,

w
e

ru
n

A
lgorith

m
2

u
n
d
er

va
rio

u
s

settin
g
s

of
in

trin
sic

d
im

en
sion

k
an

d
th

e
sam

p
lin

g
p
rob

ab
ility

α
(w

h
ich

is
b
asically

p
ro

p
o
rtio

n
a
l

to
th

e
ex

p
ected

n
u
m

b
er

of
p

er-colu
m

n
sam

p
les

m
).

W
e

th
en

p
lot

th
e

selection
erro

r‖M
−

C
C
†M
‖
F

again
st
α

,
α
/k

an
d
α
/k

2
in

F
ig

u
re

7.

T
h
eo

rem
2

states
th

at
th

e
d
ep

en
d
en

ce
of
m

on
k

sh
ou

ld
b

e
m

=
Õ

(k
2)

ign
orin

g
logarith

-
m

ic
facto

rs.
H

ow
ever,

in
F

igu
re

7
on

e
can

ob
serv

e
th

at
w

h
en

th
e

selection
error

is
p
lotted

a
g
a
in

st
α
/
k

th
e

d
iff

eren
t

cu
rv

es
coin

cid
e.

T
h
is

su
ggests

th
at

th
e

actu
al

d
ep

en
d
en

ce
of
m

o
n
k

sh
o
u
ld

b
e

close
to

lin
ear

in
stead

of
q
u
ad

ratic.
It

is
an

in
terestin

g
q
u
estion

w
h
eth

er
w

e
ca

n
g
et

rid
o
f

th
e

u
se

of
u
n
ion

b
ou

n
d
s

over
all

n
2 -ch

o
ose-k

colu
m

n
su

b
sets

in
th

e
p
ro

o
f

of
T

h
eo

rem
2

in
o
rd

er
to

get
a

n
ear

lin
ear

d
ep

en
d
en

ce
over

k
.

N
ote

th
at

th
e

cu
rves

co
n
verge

to
d
iff

eren
t

valu
es

for
d
iff

eren
t
k

settin
gs

b
ecau

se
selection

error
d
ecreases

w
h
en

m
ore

colu
m

n
s

a
re

u
sed

to
reco

n
stru

ct
th

e
in

p
u
t

m
atrix

.

7
.5

S
a
m

p
lin

g
w

ith
a
n

d
w

ith
o
u

t
re

p
la

c
e
m

e
n
t

In
th

e
ex

p
erim

en
ts

w
e

ob
serve

th
at

for
n
orm

sam
p
lin

g
(A

lgorith
m

1)
an

d
ap

p
rox

im
ate

levera
g
e

sco
re

sam
p
lin

g
(A

lgorith
m

3)
th

e
tw

o
colu

m
n

sam
p
lin

g
sch

em
es,

i.e.,
sam

p
lin

g
w

ith
a
n
d

w
ith

o
u
t

rep
lacem

en
t,

m
akes

a
b
ig

d
iff

eren
ce

in
p
ractice

(e.g.,
see

F
igu

re
1,

2,
an

d
4
).

In
fact,

sam
p
lin

g
w

ith
ou

t
rep

lacem
en

t
alw

ay
s

ou
tp

erform
s

sa
m

p
lin

g
w

ith
rep

lacem
en

t
b

eca
u
se

u
n
d
er

th
e

latter
sch

em
e

th
ere

is
a

p
ositive

p
rob

ab
ility

of
sam

p
lin

g
th

e
sam

e
colu

m
n

m
o
re

th
a
n

o
n
ce.

T
h
ou

gh
w

e
an

aly
zed

b
oth

algorith
m

u
n
d
er

th
e

sam
p
lin

g
w

ith
rep

lacem
en

t
sch

em
e,

in
p
ra

ctice
sam

p
lin

g
w

ith
ou

t
rep

lacem
en

t
sh

ou
ld

alw
ay

s
b

e
u
sed

sin
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‖ã
‖2 2

+
3
n

1
‖r̃
‖2 ∞
‖r̃
‖2 2

≤
3
k
µ

0
+

6
σ

2
n

1
lo

g
(2
n

1
n

2
/δ

)

σ
2
(n

1
−
k
−
s)
−

2
σ

2
√

(n
1
−
k
−
s)

lo
g
(n

2
/δ

).

F
or

th
e

se
co

n
d

in
eq

u
al

it
y

w
e

u
se

th
e

fa
ct

th
at

∑
i
a
i

∑
i
b i
≤
∑

i
a
i
b i

w
h
en

ev
er
a
i,
b i
≥

0
.

F
o
r

th
e

la
st

in
eq

u
al

it
y

w
e

u
se

L
em

m
a

13
on

th
e

en
u
m

er
at

or
an

d
L

em
m

a
12

on
th

e
d
en

o
m

in
a
to

r.
F

in
al

ly
,

n
ot

e
th

at
w

h
en

m
ax

(s
,k

)
≤
n

1
/
4

an
d

lo
g
(n

2
/δ

)
≤
n

1
/6

4
th

e
d
en

om
in

a
to

r
ca

n
b

e
lo

w
er

b
ou

n
d
ed

b
y
σ

2
n

1
/4

;
su

b
se

q
u
en

tl
y,

w
e

ca
n

b
ou

n
d
µ

(x̃
)

as

µ
(x̃

)
≤

3
k
µ

0
+

24
σ

2
n

1
lo

g
(2
n

1
n

2
/δ

)

σ
2
n

1
≤

3
k
µ

0
+

24
lo

g
(2
n

1
n

2
/δ

).
(5

1
)

T
ak

in
g

a
u
n
io

n
b

ou
n
d

ov
er

al
l
n

2
−
s

co
lu

m
n
s

y
ie

ld
s

th
e

re
su

lt
.

T
o

p
ro

ve
th

e
n
or

m
es

ti
m

at
io

n
co

n
si

st
en

cy
re

su
lt

in
L

em
m

a
5

w
e

fi
rs

t
ci

te
a

se
m

in
a
l

th
eo

re
m

fr
om

(K
ri

sh
n
am

u
rt

h
y

an
d

S
in

gh
,

20
14

)
w

h
ic

h
p
ro

v
id

es
a

ti
gh

t
er

ro
r

b
o
u
n
d

o
n

a
su

b
sa

m
p
le

d
p
ro

je
ct

ed
ve

ct
or

in
te

rm
s

of
th

e
n
or

m
of

th
e

tr
u
e

p
ro

je
ct

ed
ve

ct
o
r.

T
h

e
o
re

m
9

L
et
U

be
a
k

-d
im

en
si

o
n

a
l

su
bs

pa
ce

o
f
R
n

a
n

d
y

=
x

+
v

,
w

h
er

e
x
∈
U

a
n

d
v
∈
U⊥

.
F

ix
δ′
>

0,
m
≥

m
ax
{8 3
k
µ

(U
)

lo
g
( 2
k δ
′
) ,

4µ
(v

)
lo

g
(1
/δ
′ )
}

a
n

d
le

t
Ω

be
a
n

in
d
ex

se
t

w
it

h
en

tr
ie

s
sa

m
p
le

d
u

n
if

o
rm

ly
w

it
h

re
p
la

ce
m

en
t

w
it

h
p
ro

ba
bi

li
ty
m
/n

.
T

h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4δ
′ : m

(1
−
α

)
−
k
µ

(U
)
β

1
−
γ

n
‖v
‖2 2
≤
‖y

Ω
−
P U

Ω
y

Ω
‖2 2
≤

(1
+
α

)m

n
‖v
‖2 2
,

(5
2
)

w
h
er

e
α

=

√
2
µ

(v
)

m
lo

g
(1
/δ
′ )

+
2
µ

(v
)

3
m

lo
g
(1
/δ
′ )

,
β

=
(1

+
2√

lo
g
(1
/δ
′ )

)2
a
n

d
γ

=

√
8
k
µ

(U
)

3
m

lo
g
(2
k
/δ
′ )

.

W
e

ar
e

n
ow

re
ad

y
to

p
ro

ve
L

em
m

a
5.

P
ro

o
f

[P
ro

of
of

L
em

m
a

5]
B

y
A

lg
or

it
h
m

2,
w

e
k
n
ow

th
at

d
im

(S
t)

=
t

w
it

h
p
ro

b
a
b
il
it

y
1
.

L
et
y

=
M

(i
)

d
en

ot
e

th
e
i-

th
co

lu
m

n
of

M
an

d
le

t
v

=
P S

t
y

b
e

th
e

p
ro

je
ct

ed
ve

ct
o
r.

W
e

ca
n

ap
p
ly

T
h
eo

re
m

9
to

b
ou

n
d

th
e

es
ti

m
at

io
n

er
ro

r
b

et
w

ee
n
‖v
‖

an
d
‖y

Ω
−
P S

t
(Ω

)y
Ω
‖.

F
ir

st
,

w
h
en

m
is

se
t

as
in

E
q
.

(2
0)

it
is

cl
ea

r
th

at
th

e
co

n
d
it

io
n
s
m
≥

8 3
tµ

(U
)

lo
g
( 2
t δ
′)

=
Ω

(k
µ

0
lo

g
(n
/δ

)
lo

g
(k
/δ
′ )

)
an

d
m
≥

4µ
(v

)
lo

g
(1
/δ
′ )

=
Ω

(k
µ

0
lo

g
(n
/δ

)
lo

g
(1
/δ
′ )

)
a
re

sa
ti

sfi
ed

.
W

e
n
ex

t
tu

rn
to

th
e

an
al

y
si

s
of
α

,
β

an
d
γ

.
M

or
e

sp
ec

ifi
ca

ll
y,

w
e

w
an

t
α

=
O

(1
),
γ

=
O

(1
)

an
d
tµ

(U
)

m
β

=
O

(1
).

F
or
α

,
α

=
O

(1
)

im
p
li
es
m

=
Ω

(µ
(v

)
lo

g
(1
/δ
′ )

)
=

Ω
(k
µ

0
lo

g
(n
/δ

)
lo

g
(1
/δ
′ )

).
T

h
er

ef
o
re

,
b
y

ca
re

fu
ll
y

se
le

ct
in

g
co

n
st

an
ts

in
Ω

(·)
w

e
ca

n
m

ak
e
α
≤

1/
4
.

3
4

JM
L

R
 1

8(
15

6)
:1

-4
2,

 2
01

8



C
o
l
u
m
n
S
u
b
se

t
S
e
l
e
c
t
io
n
w
it
h
M
issin

g
D
a
t
a
v
ia

S
e
l
e
c
t
iv
e
S
a
m
p
l
in
g

F
o
r
γ

,
γ

=
O

(1)
im

p
lies

m
=

Ω
(tµ

(U
)

log
(t/δ ′))

=
Ω

(k
µ

0
log

(n
/δ)

log
(k
/δ ′)).

B
y

care-
fu

lly
selectin

g
con

stan
ts

in
Ω

(·)
w

e
can

m
ak

e
γ
≤

0
.2.

F
o
r
β

,
tµ

(U
)

m
β

=
O

(1)
im

p
lies

m
=
O

(tµ
(U

)β
)

=
O

(k
µ

0
log

(n
/δ)

log
(1/δ ′)).

B
y

carefu
lly

selectin
g

co
n
sta

n
ts

w
e

can
h
ave

β
≤

0.2.
F

in
ally,

com
b
in

in
g

b
ou

n
d
s

on
α

,
β

a
n
d
γ

w
e

p
rove

th
e

d
esired

resu
lt.

B
efo

re
p
rov

in
g

L
em

m
a

6,
w

e
fi
rst

cite
a

lem
m

a
from

(D
esh

p
an

d
e

et
al.,

2006)
th

at
co

n
n
ects

th
e

vo
lu

m
e

of
a

sim
p
lex

to
th

e
p

erm
u
tation

su
m

o
f

sin
gu

lar
valu

es.

L
e
m

m
a

9
((D

e
sh

p
a
n

d
e

e
t

a
l.,

2
0
0
6
))

F
ix

A
∈
R
m
×
n

w
ith

m
≤
n

.
S

u
p
po

se
σ

1 ,···
,σ

m

a
re

sin
gu

la
r

va
lu

es
o
f

A
.

T
h
en

∑

S⊆
[n

],|S|=
k

vol(∆
(S

))
2

=
1

(k
!)

2

∑

1≤
i1
<
i2
<
···<

ik ≤
m

σ
2i1 σ

2i2 ···σ
2ik .

(53)

N
ow

w
e

a
re

read
y

to
p
rov

e
L

em
m

a
6.

P
ro

o
f

[P
ro

o
f

of
L

em
m

a
6]

L
et

M
k

d
en

ote
th

e
b

est
ran

k
-k

ap
p
rox

im
ation

of
M

an
d

a
ssu

m
e

th
e

sin
g
u
la

r
va

lu
es

of
M

are
{
σ
i }
n

1
i=

1 .
L

et
C

=
{
i1 ,···

,ik }
b

e
th

e
selected

colu
m

n
s.

L
et

τ
∈

Π
k ,

w
h
ere

Π
k

d
en

otes
all

p
erm

u
tation

s
w

ith
k

elem
en

ts.
B

y
H
τ
,t

w
e

d
en

ote
th

e
lin

ea
r

su
b
sp

a
ce

sp
an

n
ed

b
y{

M
(τ

(i1
)),···

,M
(τ

(it ))}
an

d
let

d
(M

(i),H
τ
,t )

d
en

ote
th

e
d
istan

ce
b

etw
een

co
lu

m
n

M
(i)

an
d

su
b
sp

ace
H
τ
,t .

W
e

th
en

h
ave

p̂
C
≤

∑τ∈
Π
k (

52 )
k‖M

(τ
(i1

))‖
22

‖
M
‖

2F

d
(M

(τ
(i2

)),H
τ
,1 )

2

∑
n

2
i=

1
d
(M

(i),H
τ
,1 )

2 ···
d
(M

(τ
(ik

)),H
τ
,k−

1 )
2

∑
n

2
i=

1
d
(M

(i),H
τ
,k−

1 )
2

≤
2
.5
k· ∑

τ∈
Π
k ‖M

(τ
(i1

))‖
2d

(M
(τ

(i2
)),H

τ
,1 )

2···d
(M

(τ
(ik

)),H
τ
,k−

1 )
2

‖
M
‖

2F ‖M
−

M
1 ‖

2F
···‖M

−
M

k−
1 ‖

2F

=
2
.5
k·

∑
τ∈

Π
k

(k
!)

2vol(∆
(C

))
2

‖
M
‖

2F ‖
M
−

M
1 ‖

2F
···‖M

−
M

k−
1 ‖

2F

=
2
.5
k·

(k
!)

3vol(∆
(C

))
2

∑
n

1
i=

1
σ

2i ∑
n

1
i=

2
σ

2i ··· ∑
n

1
i=
k
σ

2i

≤
2
.5
k·

(k
!)

3vol(∆
(C

))
2

∑
1≤
i1
<
i2
<
···<

ik ≤
n

1
σ

2i1 σ
2i2 ···σ

2ik

=
2
.5
k·

k
!vol(∆

(C
))

2

∑
T

:|T|=
k

vol(∆
(T

))
2

=
2.5

kk
!p
C
.

F
o
r

th
e

fi
rst

in
eq

u
ality

w
e

ap
p
ly

E
q
.

(23)
an

d
for

th
e

secon
d

to
last

in
eq

u
ality

w
e

ap
p
ly

L
em

m
a

9
.

L
em

m
a

7
ca

n
b

e
p
roved

b
y

ap
p
ly

in
g

T
h
eorem

5
for

T
rou

n
d
s,

given
th

e
n
orm

estim
ation

a
ccu

ra
cy

b
o
u
n
d

in
P

rop
osition

1.
P

ro
o
f

[P
ro

o
f

o
f

L
em

m
a

7]
F

irst
n
ote

th
at

‖
M
−
P
U∪S

1 ∪···∪S
T

(M
)‖

2F
≤
‖M
−
P
U∪S

1 ∪···∪S
T
,k (M

)‖
2F
.

35
JM

L
R

 18(156):1-42, 2018

W
a
n
g

a
n
d

S
in
g
h

A
p
p
ly

in
g

T
h
eorem

5
w

ith
1
+
α

1−
α

=
52 ,

w
e

h
ave

E
[‖

M
−
P
U∪S

1 ∪···∪S
T

(M
)‖

2F ]

≤
‖
M
−

M
k ‖

2F
+

5
k

2
s
T
E
[‖

M
−
P
U∪S

1 ∪···S
T
−

1 (M
)‖
F ]

2

≤
‖
M
−

M
k ‖

2F
+

5
k

2
s
T

(‖
M
−

M
k ‖

2F
+

5k

2s
T−

1 E
[‖M

−
P
U∪S

1 ∪···S
T
−

2 (M
)‖

2F ] )

≤
···

≤
(

1
+

52

ks
T

+

(
52 )

2
k

2

s
T
s
T−

1
+
···

+

(
52 )

T−
1

k
T−

1

s
T−

1 ···s
1 )
‖
M
−

M
k ‖

2F

+

(
52 )

T
k
T

s
T
s
T−

1 ···s
1 ‖

M
−
P
U

(M
)‖

2F

≤
(

1
+

ε4δ
+

ε

20δ
+
··· )‖M

−
M

k ‖
2F

+
ε/2

2
T
δ ‖

E‖
2F

≤
(

1
+

ε2δ )‖
M
−

M
k ‖

2F
+
ε/

2

2
T
δ ‖E‖

2F
.

F
in

ally
ap

p
ly

in
g

M
arkov

’s
in

eq
u
ality

w
e

com
p
lete

th
e

p
ro

of.

T
o

p
rove

th
e

recon
stru

ction
error

b
ou

n
d

in
L

em
m

a
8

w
e

n
eed

th
e

follow
in

g
tw

o
tech

n
ical

lem
m

as,
cited

from
(K

rish
n
am

u
rth

y
an

d
S
in

gh
,

2013;
B

alzan
o

et
al.,

2010b
).

L
e
m

m
a

1
0

((K
rish

n
a
m

u
rth

y
a
n

d
S

in
g
h

,
2
0
1
3
))

S
u

p
po

se
U
⊆

R
n

h
a
s

d
im

en
sio

n
k

a
n

d
U
∈

R
n×

k
is

th
e

o
rth

ogo
n

a
l

m
a
trix

a
ssocia

ted
w

ith
U

.
L

et
Ω
⊆

[n
]

be
a

su
bset

o
f

in
d
ices

ea
ch

sa
m

p
led

fro
m

i.i.d
.

B
ern

o
u

lli
d
istribu

tio
n

s
w

ith
p
ro

ba
bility

m
/n

1 .
T

h
en

fo
r

so
m

e
vecto

r
y
∈
R
n

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ:

‖
U
>Ω
y

Ω ‖
22 ≤

β
mn

1

k
µ

(U
)

n
1
‖y‖

22 ,
(54)

w
h
ere

β
is

d
efi

n
ed

in
T

h
eo

rem
9
.

L
e
m

m
a

1
1

((B
a
lz

a
n

o
e
t

a
l.,

2
0
1
0
b

))
W

ith
th

e
sa

m
e

n
o
ta

tio
n

in
L

em
m

a
1
0

a
n

d
T

h
eo

-
rem

9
.

W
ith

p
ro

ba
bility

≥
1−

δ
o
n

e
h
a
s

‖(U
>Ω

U
Ω

) −
1‖
≤

n
1

(1−
γ

)m
,

(55)

p
ro

vid
ed

th
a
t
γ
<

1.

N
ow

w
e

can
p
rove

L
em

m
a

8.
P

ro
o
f

[P
ro

of
of

L
em

m
a

8]
L

etU
=
U

(S
)

an
d

U
∈
R
n

1 ×
s

b
e

th
e

orth
ogon

al
m

atrix
asso

ci-
ated

w
ith
U

.
F

ix
a

colu
m

n
i

an
d

let
x

=
M

(i)
=
a

+
r

,
w

h
ere

a
∈
U

an
d
r
∈
U
⊥

.
W

h
at

w
e

w
an

t
is

to
b

ou
n
d
‖
x
−

U
(U
>Ω

U
Ω

) −
1U
>Ω
x

Ω ‖
22

in
term

s
of‖r‖

22 .
W

rite
a

=
U
ã
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sed

in
th

e
low

-d
im

en
sion

al
d
om

ain
of

em
b

ed
d
in

g.
T

h
ese

co
n
d
itio

n
s

en
force

th
e

L
ip

sch
itz

con
stan

t
of

th
e

in
terp

olator
to

b
e

su
ffi

cien
tly

sm
all,

in
co

m
p
ariso

n
w

ith
th

e
sep

aration
m

argin
b

etw
een

train
in

g
sam

p
les

from
d
iff

eren
t

classes
in

th
e

low
-d

im
en

sion
al

d
om

ain
of

em
b

ed
d
in

g.
T

h
e

p
ractical

valu
e

of
th

ese
resu

lts
resid

es
in

th
eir

im
p
lica

tion
s

ab
ou

t
w

h
at

m
u
st

really
b

e
taken

in
to

accou
n
t

w
h
en

d
esign

in
g

a
su

-
p

erv
ised

d
im

en
sion

ality
red

u
ction

algorith
m

:
A

ch
iev

in
g

a
go

o
d

sep
aration

m
argin

d
o
es

n
ot

su
ffi

ce
b
y

itself;
th

e
geom

etric
stru

ctu
re

m
u
st

also
b

e
p
reserved

so
as

to
en

su
re

th
at

a
su

ffi
-

cien
tly

reg
u
lar

in
terp

olator
can

b
e

fou
n
d

to
gen

eralize
th

e
em

b
ed

d
in

g
to

th
e

w
h
ole

am
b
ien

t
sp

a
ce.

W
e

th
en

p
articu

larly
con

sid
er

G
au

ssian
R

B
F

kern
els

an
d

sh
ow

th
e

ex
isten

ce
of

an
o
p
tim

a
l

va
lu

e
for

th
e

kern
el

scale
b
y

stu
d
y
in

g
th

e
con

d
ition

in
ou

r
m

ain
resu

lt
th

at
lin

k
s

th
e

sep
ara

tion
w

ith
th

e
L

ip
sch

itz
con

stan
t

of
th

e
kern

el.

O
u
r

resu
lts

in
S
ection

2
also

p
rov

id
e

b
ou

n
d
s

on
th

e
rate

of
con

vergen
ce

of
th

e
classifi

-
ca

tio
n

erro
r

of
su

p
erv

ised
em

b
ed

d
in

gs.
W

e
sh

ow
th

at
th

e
m

isclassifi
cation

error
p
rob

ab
ility

d
ecay

s
a
t

a
n

ex
p

on
en

tial
rate

w
ith

th
e

n
u
m

b
er

of
sam

p
les,

p
rov

id
ed

th
at

th
e

in
terp

olation
fu

n
ctio

n
is

su
ffi

cien
tly

regu
lar

w
ith

resp
ect

to
th

e
sep

aration
m

argin
of

th
e

em
b

ed
d
in

g.
T

h
ese

co
n
v
erg

en
ce

rates
are

h
igh

er
th

an
th

ose
rep

orted
in

p
rev

iou
s

resu
lts

on
R

B
F

n
et-

w
o
rk

s
(N

iyo
gi

a
n
d

G
irosi,

1996),
(L

in
et

al.,
2014),

(H
ern

án
d
ez-A

gu
irre

et
al.,

200
2),

an
d

reg
u
la

rized
lea

st-sq
u
ares

regression
algorith

m
s

(C
ap

on
n
etto

an
d

D
e

V
ito,

20
07),

(S
tein

w
art

et
al.,

2
0
0
9
).

T
h
e

essen
tial

d
iff

eren
ce

b
etw

een
ou

r
resu

lts
an

d
su

ch
p
rev

iou
s

w
ork

s
is

th
at

th
o
se

a
ssu

m
e

a
gen

eral
settin

g
an

d
d
o

n
ot

fo
cu

s
on

a
p
articu

lar
d
ata

m
o
d
el,

w
h
ereas

ou
r

resu
lts

a
re

ra
th

er
relevan

t
to

settin
gs

w
h
ere

th
e

su
p
p

ort
of

each
class

ad
m

its
som

e
certain

stru
ctu

re,
so

a
s

to
allow

th
e

ex
isten

ce
of

an
in

terp
olator

th
at

is
su

ffi
cien

tly
regu

lar
on

th
e

su
p
p

o
rt

of
ea

ch
class.

M
oreover,

in
con

trast
w

ith
th

ese
p
rev

iou
s

w
ork

s,
ou

r
b

ou
n
d
s

are
in

d
ep

en
d
en

t
of

th
e

am
b
ien

t
sp

ace
d
im

en
sion

an
d

vary
on

ly
w

ith
th

e
in

trin
sic

d
im

en
sion

s
of

th
e

cla
ss

su
p
p

o
rts

as
th

ey
ch

aracterize
th

e
error

in
term

s
of

th
e

cov
erin

g
n
u
m

b
ers

o
f

th
e

su
p
p

o
rts.

T
h
e

resu
lts

in
S
ection

2
assu

m
e

an
em

b
ed

d
in

g
th

at
m

akes
train

in
g

sam
p
les

from
d
iff

eren
t

cla
sses

lin
ea

rly
sep

arab
le.

E
ven

if
m

ost
n
on

lin
ear

d
im

en
sion

ality
red

u
ction

m
eth

o
d
s

a
re

o
b
served

to
y
ield

sep
arab

le
em

b
ed

d
in

gs
in

p
ractice,

w
e

aim
to

verify
th

is
th

eoretically
in

S
ectio

n
3
.

In
p
articu

lar,
w

e
fo

cu
s

on
th

e
n
on

lin
ear

version
of

th
e

su
p

erv
ised

L
ap

lacian
eig

en
m

a
p
s

em
b

ed
d
in

gs
(R

ad
u
can

u
an

d
D

o
rn

a
ika

,
2012),

(H
u
a

et
al.,

201
2),

(Y
an

g
et

al.,
2
0
1
1
),

(Z
h
a
n
g

et
al.,

2012).
S
u
p

erv
ised

L
ap

lacian
eigen

m
ap

s
m

eth
o
d
s

em
b

ed
th

e
d
a
ta

w
ith

th
e

eig
en

v
ecto

rs
of

th
e

lin
ear

com
b
in

ation
of

tw
o

grap
h

L
ap

lacian
m

atrices
th

a
t

en
co

d
e

th
e

lin
k
s

b
etw

een
n
eigh

b
orin

g
sam

p
les

from
th

e
sam

e
class

a
n
d

d
iff

eren
t

classes.
In

su
ch

a
d
ata

rep
resen

ta
tio

n
,

th
e

co
ord

in
ates

of
n
eigh

b
orin

g
d
ata

sam
p
les

ch
an

ge
slow

ly
w

ith
in

th
e

sam
e
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

class
an

d
rap

id
ly

across
d
iff

eren
t

classes.
W

e
stu

d
y

th
e

con
d
ition

s
fo

r
th

e
lin

ea
r

sep
arab

ility
of

th
ese

em
b

ed
d
in

gs
an

d
ch

aracterize
th

eir
sep

aration
m

argin
in

term
s

of
som

e
grap

h
an

d
algorith

m
p
aram

eters.
In

S
ection

4,
w

e
evalu

ate
ou

r
resu

lts
w

ith
ex

p
erim

en
ts

on
several

real
d
ata

sets.
W

e
stu

d
y

th
e

im
p
lication

s
of

th
e

con
d
ition

d
erived

in
S
ection

2
on

th
e

sep
arab

ility
m

argin
-

in
terp

olator
reg

u
larity

trad
eoff

.
T

h
e

ex
p

erim
en

tal
com

p
arison

of
several

su
p

erv
ised

d
i-

m
en

sion
ality

red
u
ction

algorith
m

s
sh

ow
s

th
at

th
is

com
p
rom

ise
b

etw
een

th
e

sep
aration

an
d

in
terp

olator
regu

larity
can

in
d
eed

b
e

related
to

th
e

p
ractical

classifi
cation

p
erform

an
ce

of
a

su
p

erv
ised

m
an

ifold
learn

in
g

algorith
m

.
T

h
is

su
ggests

th
at,

on
e

can
p

ossib
ly

im
p
rov

e
th

e
accu

racy
of

su
p

erv
ised

d
im

en
sion

ality
red

u
ction

algorith
m

s
b
y

co
n
sid

erin
g

m
ore

carefu
lly

th
e

gen
eralization

cap
ab

ility
of

th
e

em
b

ed
d
in

g
d
u
rin

g
th

e
learn

in
g.

W
e

th
en

stu
d
y

th
e

vari-
ation

of
th

e
classifi

cation
p

erform
an

ce
w

ith
p
aram

eters
su

ch
as

th
e

sam
p
le

size,
th

e
R

B
F

kern
el

scale,
an

d
th

e
d
im

en
sion

of
th

e
em

b
ed

d
in

g,
in

v
iew

of
th

e
gen

eralization
b

ou
n
d
s

p
resen

ted
in

S
ection

2.
F

in
ally,

w
e

con
clu

d
e

in
S
ectio

n
5.

2
.

P
e
rfo

rm
a
n
ce

B
o
u
n
d
s

fo
r

S
u
p

e
rv

ise
d

M
a
n
ifo

ld
L

e
a
rn

in
g

M
e
th

o
d
s

2
.1

N
o
ta

tio
n

a
n

d
P

ro
b

le
m

F
o
rm

u
la

tio
n

C
on

sid
er

a
settin

g
w

ith
M

d
ata

classes
w

h
ere

th
e

sam
p
les

of
each

class
m
∈
{1
,...,M

}
are

d
raw

n
from

a
p
rob

ab
ility

m
easu

re
ν
m

in
a

H
ilb

ert
sp

ace
H

su
ch

th
at
ν
m

h
as

a
b

ou
n
d
ed

su
p
p

ort
M

m
⊂
H

.
L

et
X

=
{x

i }
Ni=

1
⊂
H

b
e

a
set

of
N

tra
in

in
g

sam
p
les

su
ch

th
at

each
x
i

is
d
raw

n
from

on
e

of
th

e
p
ro

b
ab

ility
m

ea
su

res
ν
m

,
an

d
th

e
sa

m
p
les

d
raw

n
from

each
ν
m

are
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

.
W

e
d
en

ote
th

e
class

lab
el

of
x
i

b
y

C
i ∈
{1
,2
,...,M

}.
L

et
Y

=
{y
i }
Ni=

1 ⊂
R
d

b
e

a
d
-d

im
en

sion
al

em
b

ed
d
in

g
ofX

,
w

h
ere

each
y
i

corresp
on

d
s

to
x
i .

W
e

con
sid

er
su

p
erv

ised
em

b
ed

d
in

gs
su

ch
th

at
Y

is
lin

early
sep

arab
le.

L
in

ea
r

sep
arab

ility
is

d
efi

n
ed

as
follow

s:

D
e
fi

n
itio

n
1

T
h
e

d
a
ta

rep
resen

ta
tio

n
Y

is
lin

ea
rly

sepa
ra

ble
w

ith
a

m
a
rgin

o
f
γ
>

0,
if

fo
r

a
n

y
tw

o
cla

sses
k
,l
∈
{1,2,...,M

}
,

th
ere

exists
a

sepa
ra

tin
g

h
yperp

la
n

e
d
efi

n
ed

by
ω
k
l ∈

R
d,‖

ω
k
l ‖

=
1

a
n

d
b
k
l ∈

R
su

ch
th

a
t

ω
Tk
l y
i
+
b
k
l ≥

γ
/2

if
C
i

=
k

ω
Tk
l y
i
+
b
k
l ≤
−
γ
/2

if
C
i

=
l.

(1)

T
h
e

ab
ove

d
efi

n
ition

of
sep

arab
ility

im
p
lies

th
e

follow
in

g.
F

or
an

y
given

class
m

,
th

ere
ex

ists
a

set
of

h
y
p

erp
lan

es
{ω

m
k }
k6=

m
⊂

R
d,
‖ω

m
k ‖

=
1,

an
d

a
set

of
real

n
u
m

-
b

ers
{
b
m
k }
k6=

m
⊂

R
th

at
sep

arate
cla

ss
m

from
oth

er
classes,

su
ch

th
at

for
all

y
i

of
class

C
i

=
m

ω
Tm
k
y
i
+
b
m
k
>
γ
/
2
,
∀
k
6=
m

(2)

an
d

for
all

y
i

of
class

C
i 6=

m
,

th
ere

ex
ists

a
k

su
ch

th
at

ω
Tm
k
y
i
+
b
m
k
<
−
γ
/2
.

(3)

T
h
ese

h
y
p

erp
lan

es
are

ob
tain

ed
b
y

settin
g
ω
k
m

=
−
ω
m
k ,
b
k
m

=
−
b
m
k .
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

M
 1

M
 2

X

Y

F
ig

u
re

1:
Il

lu
st

ra
ti

on
of

a
li
n
ea

rl
y

se
p
ar

ab
le

em
b

ed
d
in

g.
D

at
a

in
X

a
re

sa
m

p
le

d
fr

om
tw

o
d
iff

er
en

t
cl

as
se

s
w

it
h

su
p
p

or
ts
M

1
,
M

2
.

T
h
e

sa
m

p
le

s
X

ar
e

m
ap

p
ed

to
th

e
co

or
d
in

at
es
Y

w
it

h
a

lo
w

-d
im

en
si

on
al

em
b

ed
d
in

g,
w

h
er

e
th

e
tw

o
cl

as
se

s
b

ec
om

e
li
n
ea

rl
y

se
p
ar

ab
le

w
it

h
m

ar
gi

n
γ

w
it

h
th

e
h
y
p

er
p
la

n
e

gi
ve

n
b
y
ω

,
b.

F
ig

u
re

1
sh

ow
s

an
il
lu

st
ra

ti
on

of
a

li
n
ea

rl
y

se
p
ar

ab
le

em
b

ed
d
in

g
of

d
a
ta

sa
m

p
le

s
fr

om
tw

o
cl

as
se

s.
M

an
if

ol
d

le
ar

n
in

g
m

et
h
o
d
s

ty
p
ic

al
ly

co
m

p
u
te

a
lo

w
-d

im
en

si
on

al
em

b
ed

d
in

g
Y

of
tr

ai
n
in

g
d
at

a
X

in
a

p
oi

n
tw

is
e

m
an

n
er

,
i.
e.

,
th

e
co

or
d
in

at
es
y i

a
re

co
m

p
u
te

d
on

ly
fo

r
th

e
in

it
ia

ll
y

av
ai

la
b
le

tr
ai

n
in

g
sa

m
p
le

s
x
i.

H
ow

ev
er

,
in

a
cl

a
ss

ifi
ca

ti
on

p
ro

b
le

m
,

in
or

d
er

to
es

ti
m

at
e

th
e

cl
as

s
la

b
el

of
a

n
ew

d
at

a
sa

m
p
le
x

of
u
n
k
n
ow

n
cl

as
s,
x

n
ee

d
s

to
b

e
m

ap
p

ed
to

th
e

lo
w

-d
im

en
si

on
al

d
om

ai
n

of
em

b
ed

d
in

g
as

w
el

l.
T

h
e

co
n
st

ru
ct

io
n

of
a

fu
n
ct

io
n

f
:
H
→

R
d

th
at

ge
n
er

al
iz

es
th

e
le

ar
n
t

em
b

ed
d
in

g
to

th
e

w
h
ol

e
sp

ac
e

is
k
n
ow

n
as

th
e

ou
t-

of
-s

am
p
le

ge
n
er

al
iz

at
io

n
p
ro

b
le

m
.

S
m

o
ot

h
fu

n
ct

io
n
s

ar
e

co
m

m
on

ly
u
se

d
fo

r
ou

t-
of

-s
am

p
le

in
te

rp
ol

at
io

n
,

e.
g.

as
in

(Q
ia

o
et

al
.,

20
13

),
(P

eh
er

st
or

fe
r

et
a
l.
,

20
11

).
N

ow
le

t
x

b
e

a
te

st
sa

m
p
le

d
ra

w
n

fr
om

th
e

p
ro

b
ab

il
it

y
m

ea
su

re
ν m

,
h
en

ce
,

th
e

tr
u
e

cl
as

s
la

b
el

of
x

is
m

.
In

ou
r

st
u
d
y,

w
e

co
n
si

d
er

tw
o

b
as

ic
cl

as
si

fi
ca

ti
on

sc
h
em

es
in

th
e

d
om

ai
n

of
em

b
ed

d
in

g:
L

in
ea

r
cl

a
ss

ifi
er

.
T

h
e

em
b

ed
d
in

g
s

of
th

e
tr

ai
n
in

g
sa

m
p
le

s
ar

e
u
se

d
to

co
m

p
u
te

th
e

se
p
ar

at
in

g
h
y
p

er
p
la

n
es

,
i.
e.

,
th

e
cl

as
si

fi
er

p
ar

am
et

er
s
{ω

m
k
}

an
d
{b
m
k
}.

T
h
en

,
m

ap
p
in

g
x

to
th

e
lo

w
-d

im
en

si
on

al
d
om

ai
n

as
f

(x
)
∈
R
d
,

th
e

cl
as

s
la

b
el

of
x

is
es

ti
m

at
ed

a
s
Ĉ

(x
)

=
l

if
th

er
e

ex
is

ts
l
∈
{1
,.
..
,M
}

su
ch

th
a
t

ω
T lk
f

(x
)

+
b l
k
>

0
,
∀k
∈
{1
,.
..
,M
}\
{l
}.

(4
)

N
ot

e
th

at
th

e
ex

is
te

n
ce

of
su

ch
an

l
is

n
ot

gu
ar

an
te

ed
in

ge
n
er

al
fo

r
an

y
x

,
b
u
t

fo
r

a
gi

ve
n

x
th

er
e

ca
n
n
ot

b
e

m
or

e
th

an
on

e
l

sa
ti

sf
y
in

g
th

e
ab

ov
e

co
n
d
it

io
n
.

T
h
en

x
is

cl
as

si
fi
ed

co
rr

ec
tl

y
if

th
e

es
ti

m
at

ed
cl

as
s

la
b

el
ag

re
es

w
it

h
th

e
tr

u
e

cl
as

s
la

b
el

,
i.
e.

,
Ĉ

(x
)

=
l

=
m

.
N

ea
re

st
n

ei
gh

bo
r

cl
a
ss

ifi
ca

ti
o
n

.
T

h
e

te
st

sa
m

p
le
x

is
as

si
gn

ed
th

e
cl

as
s

la
b

el
of

th
e

cl
os

es
t

tr
ai

n
in

g
p

oi
n
t

in
th

e
d
om

ai
n

of
em

b
ed

d
in

g,
i.
e.

,
Ĉ

(x
)

=
C
i′

,
w

h
er

e

i′
=

ar
g

m
in

i=
1
,.
..
,N
‖y
i
−
f

(x
)‖
.

In
th

e
re

st
of

th
is

se
ct

io
n
,

w
e

st
u
d
y

th
e

ge
n
er

al
iz

at
io

n
p

er
fo

rm
an

ce
of

su
p

er
v
is

ed
d
im

en
-

si
on

al
it

y
re

d
u
ct

io
n

m
et

h
o
d
s.

W
e

fi
rs

t
co

n
si

d
er

in
S
ec

ti
on

2.
2

in
te

rp
ol

at
io

n
fu

n
ct

io
n
s

th
at
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

va
ry

re
gu

la
rl

y
on

ea
ch

cl
as

s
su

p
p

or
t

an
d

w
e

se
ar

ch
fo

r
a

lo
w

er
b

ou
n
d

on
th

e
p
ro

b
a
b
il
it

y
of

co
rr

ec
tl

y
cl

as
si

fy
in

g
a

n
ew

d
at

a
sa

m
p
le

in
te

rm
s

of
th

e
re

gu
la

ri
ty

of
f

,
th

e
se

p
a
ra

ti
o
n

o
f

th
e

em
b

ed
d
in

g,
an

d
th

e
sa

m
p
li
n
g

d
en

si
ty

.
T

h
en

in
S
ec

ti
on

2.
3,

w
e

st
u
d
y

th
e

cl
a
ss

ifi
ca

ti
o
n

p
er

fo
rm

an
ce

fo
r

a
p
ar

ti
cu

la
r

ty
p

e
of

in
te

rp
ol

at
io

n
fu

n
ct

io
n
s,

n
am

el
y

R
B

F
in

te
rp

o
la

to
rs

,
w

h
ic

h
is

on
e

of
th

e
m

os
t

p
op

u
la

r
on

es
(P

eh
er

st
or

fe
r

et
a
l.
,

20
11

),
(C

h
in

an
d

S
u
te

r,
2
0
0
8
).

W
e

fo
cu

s
p
ar

ti
cu

la
rl

y
on

G
au

ss
ia

n
R

B
F

in
te

rp
ol

at
or

s
in

S
ec

ti
on

2
.4

an
d

d
er

iv
e

so
m

e
re

su
lt

s
re

ga
rd

in
g

th
e

ex
is

te
n
ce

of
an

op
ti

m
al

ke
rn

el
sc

al
e

p
ar

am
et

er
.

L
as

tl
y,

w
e

d
is

cu
ss

o
u
r

re
su

lt
s

in
co

m
p
ar

is
on

w
it

h
p
re

v
io

u
s

li
te

ra
tu

re
in

S
ec

ti
on

2.
5.

In
th

e
re

su
lt

s
in

S
ec

ti
on

s
2.

2-
2.

4,
w

e
k
ee

p
a

ge
n
er

ic
fo

rm
u
la

ti
on

an
d

si
m

p
ly

tr
ea

t
th

e
su

p
p

or
ts
{M

m
}a

s
ar

b
it

ra
ry

b
ou

n
d
ed

su
b
se

ts
o
f
H

,
ea

ch
of

w
h
ic

h
re

p
re

se
n
ts

a
d
iff

er
en

t
d
a
ta

cl
as

s.
N

ev
er

th
el

es
s,

fr
om

th
e

p
er

sp
ec

ti
ve

of
m

an
if

ol
d

le
ar

n
in

g,
ou

r
re

su
lt

s
a
re

o
f

in
te

re
st

es
p

ec
ia

ll
y

w
h
en

th
e

d
at

a
is

as
su

m
ed

to
h
av

e
an

u
n
d
er

ly
in

g
lo

w
-d

im
en

si
on

a
l

st
ru

ct
u
re

.
In

S
ec

ti
on

2.
5,

w
e

st
u
d
y

th
e

im
p
li
ca

ti
on

s
of

ou
r

re
su

lt
s

fo
r

th
e

se
tt

in
g

w
h
er

e
M

m
a
re

lo
w

-
d
im

en
si

on
al

m
an

if
ol

d
s.

W
e

th
en

ex
am

in
e

h
ow

th
e

p
ro

p
o
se

d
b

ou
n
d
s

va
ry

in
re

la
ti

o
n

to
th

e
in

tr
in

si
c

d
im

en
si

o
n
s

of
{M

m
}.

2
.2

O
u

t-
o
f-

S
a
m

p
le

In
te

rp
o
la

ti
o
n

w
it

h
R

e
g
u

la
r

F
u

n
c
ti

o
n

s

L
et
f

:
H
→

R
d

b
e

an
ou

t-
of

-s
am

p
le

in
te

rp
ol

a
ti

on
fu

n
ct

io
n

su
ch

th
at
f

(x
i)

=
y i

fo
r

ea
ch

tr
ai

n
in

g
sa

m
p
le
x
i,
i

=
1,
..
.,
N

.
A

ss
u
m

e
th

at
f

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
w

it
h

co
n
st

a
n
t

L
>

0
w

h
en

re
st

ri
ct

ed
to

an
y

on
e

of
th

e
su

p
p

or
ts
M

m
;

i.
e.

,
fo

r
an

y
m
∈
{1
,.
..
,M
}

a
n
d

an
y
u
,v
∈
M

m

‖f
(u

)
−
f

(v
)‖
≤
L
‖u
−
v
‖,

w
h
er

e
‖·
‖

d
en

ot
es

ab
ov

e
th

e
` 2

-n
or

m
if

th
e

ar
gu

m
en

t
is

in
R
d
,

an
d

th
e

n
or

m
in

d
u
ce

d
fr

o
m

th
e

in
n
er

p
ro

d
u
ct

in
H

if
th

e
ar

gu
m

en
t

is
in
H

.

W
e

w
il
l

fi
n
d

a
re

la
ti

on
b

et
w

ee
n

th
e

cl
as

si
fi
ca

ti
on

a
cc

u
ra

cy
a
n
d

th
e

n
u
m

b
er

o
f

tr
a
in

in
g

sa
m

p
le

s
v
ia

th
e

co
v
er

in
g

n
u
m

b
er

of
th

e
su

p
p

or
ts
M

m
.

L
et
B
ε(
x

)
⊂
H

d
en

ot
e

a
n

o
p

en
b
a
ll

of
ra

d
iu

s
ε

ar
ou

n
d
x

B
ε(
x

)
=
{u
∈
H

:
‖x
−
u
‖
<
ε}
.

T
h
e

co
v
er

in
g

n
u
m

b
er
N

(ε
,A

)
of

a
se

t
A
⊂
H

is
d
efi

n
ed

as
th

e
sm

al
le

st
n
u
m

b
er

o
f

o
p

en
b
al

ls
B
ε

of
ra

d
iu

s
ε

w
h
os

e
u
n
io

n
co

n
ta

in
s
A

(K
u
lk

ar
n
i

an
d

P
os

n
er

,
19

95
)

N
(ε
,A

)
=

in
f{
k

:
∃u

1
,.
..
,u

k
∈
H

s.
t.
A
⊂

k ⋃ i=
1

B
ε(
u
i)
}.

W
e

as
su

m
e

th
at

th
e

su
p
p

or
ts
M

m
ar

e
to

ta
ll
y

b
ou

n
d
ed

,
i.
e.

,
M

m
h
as

a
fi
n
it

e
co

v
er

in
g

n
u
m

b
er
N

(ε
,M

m
)

fo
r

an
y
ε
>

0.

W
e

st
at

e
b

el
ow

a
lo

w
er

b
ou

n
d

fo
r

th
e

p
ro

b
a
b
il
it

y
of

co
rr

ec
tl

y
cl

as
si

fy
in

g
a

sa
m

p
le
x

d
ra

w
n

fr
om

ν m
,

in
te

rm
s

of
th

e
n
u
m

b
er

of
tr

ai
n
in

g
sa

m
p
le

s
d
ra

w
n

fr
o
m
ν m

,
th

e
se

p
a
ra

ti
o
n

of
th

e
em

b
ed

d
in

g
an

d
th

e
re

gu
la

ri
ty

of
f

.

T
h

e
o
re

m
2

F
o
r

so
m

e
ε

w
it

h
0
<
ε
≤
γ
/(

2L
),

le
t

th
e

tr
a
in

in
g

se
t
X

co
n

ta
in

a
t

le
a
st
N
m

sa
m

p
le

s
d
ra

w
n

i.
i.

d
.

a
cc

o
rd

in
g

to
a

p
ro

ba
bi

li
ty

m
ea

su
re
ν m

su
ch

th
a
t

N
m
≥
N

(ε
/
2,
M

m
).
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

L
et
Y

be
a
n

em
bed

d
in

g
o
f

th
e

tra
in

in
g

sa
m

p
lesX

th
a
t

is
lin

ea
rly

sepa
ra

ble
w

ith
m

a
rgin

la
rger

th
a
n
γ

,
a
n

d
let

f
be

a
n

in
terpo

la
tio

n
fu

n
ctio

n
th

a
t

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith
co

n
sta

n
t
L

o
n

th
e

su
p
po

rtM
m

.
T

h
en

th
e

p
ro

ba
bility

o
f

co
rrectly

cla
ssifyin

g
a

test
sa

m
p
le
x

d
ra

w
n

fro
m

ν
m

in
d
epen

d
en

tly
fro

m
th

e
tra

in
in

g
sa

m
p
les

w
ith

th
e

lin
ea

r
cla

ssifi
er

(4)
is

lo
w

er
bo

u
n

d
ed

a
s

P
(
Ĉ

(x
)

=
m
)
≥

1−
N

(ε/
2,M

m
)

2
N
m

.

T
h
e

p
ro

o
f

of
th

e
th

eorem
is

given
in

A
p
p

en
d
ix

A
.1.

T
h
eorem

2
estab

lish
es

a
lin

k
b

etw
een

th
e

cla
ssifi

cation
p

erform
an

ce
an

d
th

e
sep

ara
tion

of
th

e
em

b
ed

d
in

g
of

th
e

train
in

g
sa

m
p
les.

In
p
a
rticu

lar,
d
u
e

to
th

e
con

d
ition

ε≤
γ
/(2L

),
th

e
in

crease
in

th
e

sep
aration

γ
a
llow

s
a

larg
er

valu
e

for
ε,

p
rov

id
ed

th
at

th
e

in
terp

olator
regu

larity
is

n
ot

aff
ected

m
u
ch

.
T

h
is

red
u
ces

th
e

cov
erin

g
n
u
m

b
er
N

(ε/
2
,M

m
)

in
retu

rn
an

d
in

creases
th

e
p
rob

ab
ility

of
co

rrect
cla

ssifi
cation

.
S
im

ilarly,
from

th
e

con
d
ition

ε≤
γ
/(2L

),
on

e
can

a
lso

ob
serv

e
th

at
a
t

a
g
iv

en
sep

a
ration

γ
,

a
sm

aller
L

ip
sch

itz
con

stan
t
L

for
th

e
in

terp
olatio

n
fu

n
ctio

n
allow

s
th

e
p
a
ra

m
eter

ε
to

take
a

larger
valu

e.
T

h
is

red
u
ces

th
e

coverin
g

n
u
m

b
er
N

(ε/2
,M

m
)

a
n
d

th
erefo

re
in

creases
th

e
correct

classifi
cation

p
rob

ab
ility.

T
h
u
s,

ch
o
osin

g
a

m
ore

regu
lar

in
terp

o
la

to
r

a
t

a
given

sep
aration

h
elp

s
im

p
rove

th
e

classifi
cation

p
erform

an
ce.

If
th

e
ε

p
a
ra

m
eter

is
fi
x
ed

,
th

e
L

ip
sch

itz
con

stan
t

of
th

e
in

terp
olato

r
is

allow
ed

to
in

crease
on

ly
p
ro

p
o
rtio

n
a
lly

to
th

e
sep

aration
m

argin
.

T
h
e

con
d
ition

th
at

th
e

in
terp

olato
r

m
u
st

b
e

su
ffi

cien
tly

reg
u
lar

in
com

p
arison

w
ith

th
e

sep
aration

su
ggests

th
at

in
creasin

g
th

e
sep

aration
to

o
m

u
ch

a
t

th
e

cost
of

im
p
airin

g
th

e
in

terp
olator

regu
larity

m
ay

d
egrad

e
th

e
classifi

er
p

erfo
rm

a
n
ce.

In
th

e
case

th
at

th
e

su
p
p

o
rtsM

m
are

low
-d

im
en

sion
al

m
an

ifold
s,

th
e

coverin
g

n
u
m

b
er
N

(ε/2
,M

m
)

in
creases

at
a

geom
etric

rate
w

ith
th

e
in

trin
sic

d
im

en
sio

n
D

of
th

e
m

a
n
ifo

ld
,

sin
ce

a
D

-d
im

en
sion

al
m

an
ifold

is
lo

cally
h
om

eom
orp

h
ic

to
R
D

.
T

h
erefore,

from
th

e
co

n
d
itio

n
o
n

th
e

n
u
m

b
er

of
sam

p
les,

N
m

sh
ou

ld
in

crease
at

a
geom

etric
rate

w
ith

D
.

In
T

h
eo

rem
2

th
e

p
rob

ab
ility

of
m

isclassifi
cation

d
ecreases

w
ith

th
e

n
u
m

b
er

N
m

of
tra

in
in

g
sa

m
p
les

at
a

rate
of
O

(N
−
1

m
).

In
th

e
rest

of
th

is
section

,
w

e
sh

ow
th

at
it

is
in

fa
ct

p
o
ssib

le
to

ob
tain

an
ex

p
on

en
tial

con
v
ergen

ce
rate

w
ith

lin
ear

an
d

N
N

-classifi
ers

u
n
d
er

certa
in

a
ssu

m
p
tion

s.
W

e
fi
rst

p
resen

t
th

e
follow

in
g

lem
m

a.

L
e
m

m
a

3
L

etX
=
{
x
i }
Ni=

1
⊂
H

be
a

set
o
f

tra
in

in
g

sa
m

p
les

su
ch

th
a
t

ea
ch

x
i

is
d
ra

w
n

i.i.d
.

fro
m

o
n

e
o
f

th
e

p
ro

ba
bility

m
ea

su
res{

ν
m }

Mm
=
1 .

L
et
x

be
a

test
sa

m
p
le

ra
n

d
o
m

ly
d
ra

w
n

a
cco

rd
in

g
to

th
e

p
ro

ba
bility

m
ea

su
re
ν
m

o
f

cla
ss
m

.
L

et

A
=
{
x
i ∈
X

:
x
i ∈

B
δ (x

),x
i ∼

ν
m }

(5)

be
th

e
set

o
f

sa
m

p
les

in
X

th
a
t

a
re

in
a
δ-n

eigh
bo

rh
ood

o
f
x

a
n

d
a
lso

d
ra

w
n

fro
m

th
e

m
ea

su
re

ν
m

.
A

ssu
m

e
th

a
t
A

co
n

ta
in

s|A|
=
Q

sa
m

p
les.

T
h
en

P


‖f

(x
)−

1Q

∑x
j ∈
A

f
(x
j )‖
≤
L
δ

+
√
d
ε 
≥

1−
2d

ex
p (−

Q
ε
2

2L
2δ

2 )
.

(6)

L
em

m
a

3
is

p
roved

in
A

p
p

en
d
ix

A
.2.

T
h
e

in
eq

u
ality

in
(6)

sh
ow

s
th

at
as

th
e

n
u
m

b
er
Q

o
f

tra
in

in
g

sa
m

p
les

fallin
g

in
a

n
eigh

b
orh

o
o
d

of
a

test
p

oin
t
x

in
creases,

th
e

p
rob

ab
ility

of
th

e
d
ev

ia
tio

n
o
f
f

(x
)

from
its

av
erage

w
ith

in
th

e
n
eig

h
b

orh
o
o
d

d
ecreases.

T
h
e

p
a
ram

eter
ε

ca
p
tu

res
th

e
relation

b
etw

een
th

e
am

ou
n
t

an
d

th
e

p
rob

ab
ility

o
f

d
ev

iation
.

7
JM

L
R

 18(157):1-55, 2018

V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

W
h
en

stu
d
y
in

g
th

e
classifi

cation
accu

racy
in

th
e

m
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b
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con
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p
le
x

is
classifi

ed
w

ith
th

e
lin

ear
classifi

er
(4)

in
th

e
low

-d
im

en
sion

al
d
om

ain
,

d
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b
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con
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b
eforeh

an
d

a
p
aram

eter
d
ep

en
d
in

g
on

δ,
w

h
ich

gives
th
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x∈M

m

ν
m

(B
δ (x

)).

T
h

e
o
re

m
5

L
etX

=
{x

i }
Ni=

1 ⊂
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bility

m
ea

su
res
{ν
m }

Mm
=
1 .

L
et
Y

be
a
n

em
bed

d
in

g
o
fX

in
R
d

th
a
t

is
lin

ea
rly

sepa
ra

ble
w

ith
a
Q

-m
ea

n
sepa

ra
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>
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>
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√
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p
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Ĉ
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=
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−
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.
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th

e
sa

m
e

cl
a
ss

in
th

e
a
m

b
ie

n
t

sp
ac

e
to

n
ea

rb
y

p
oi

n
ts

.
In

th
is

se
ct

io
n
,

w
e

h
av

e
ch

ar
ac

te
ri

ze
d

th
e

re
gu

la
ri

ty
of

th
e

in
te

rp
ol

at
io

n
fu

n
ct

io
n
s

v
ia

th
ei

r
ra

te
s

of
va

ri
at

io
n

w
h
en

re
st

ri
ct

ed
to

th
e

su
p
p

or
ts
M

m
.

W
h
il
e

th
e

re
su

lt
s

o
f

th
is

se
ct

io
n

ar
e

ge
n
er

ic
in

th
e

se
n
se

th
at

th
ey

ar
e

va
li
d

fo
r

an
y

in
te

rp
ol

at
io

n
fu

n
ct

io
n

w
it

h
th

e
d
es

cr
ib

ed
re

gu
la

ri
ty

p
ro

p
er

ti
es

,
w

e
h
av

e
n
ot

ex
am

in
ed

th
e

co
n
st

ru
ct

io
n

of
su

ch
fu

n
ct

io
n
s.

In
a

p
ra

ct
ic

al
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
w

h
er

e
on

e
u
se

s
a

p
ar

ti
cu

la
r

ty
p

e
of

in
te

rp
o
la

ti
o
n

fu
n
c-

ti
on

s,
on

e
w

ou
ld

al
so

b
e

in
te

re
st

ed
in

th
e

ad
ap

ta
ti

on
o
f

th
es

e
re

su
lt

s
to

o
b
ta

in
p

er
fo

rm
a
n
ce

gu
ar

an
te

es
fo

r
th

e
p
ar

ti
cu

la
r

ty
p

e
of

fu
n
ct

io
n

u
se

d
.

H
en

ce
,

in
th

e
fo

ll
ow

in
g

se
ct

io
n

w
e

fo
cu

s
on

a
p

op
u
la

r
fa

m
il
y

of
sm

o
ot

h
fu

n
ct

io
n
s;

ra
d
ia

l
b
as

is
fu

n
ct

io
n

(R
B

F
)

in
te

rp
o
la

to
rs

,
a
n
d

st
u
d
y

th
e

cl
as

si
fi
ca

ti
on

p
er

fo
rm

an
ce

of
th

is
p
ar

ti
cu

la
r

ty
p

e
of

in
te

rp
ol

at
or

s.

2
.3

O
u

t-
o
f-

S
a
m

p
le

In
te

rp
o
la

ti
o
n

w
it

h
R

B
F

In
te

rp
o
la

to
rs

H
er

e
w

e
co

n
si

d
er

an
R

B
F

in
te

rp
ol

at
io

n
fu

n
ct

io
n
f

:
H
→

R
d

of
th

e
fo

rm

f
(x

)
=

[f
1
(x

)
f
2
(x

)
..
.f

d
(x

)]
,

su
ch

th
at

ea
ch

co
m

p
on

en
t
f
k

of
f

is
gi

ve
n

b
y

f
k
(x

)
=

N ∑ i=
1

ck i
φ

(‖
x
−
x
i‖

),

w
h
er

e
φ

:
R
→

R
+

is
a

ke
rn

el
fu

n
ct

io
n
,
ck i
∈

R
ar

e
co

effi
ci

en
ts

,
an

d
x
i

ar
e

ke
rn

el
ce

n
te

rs
.

In
in

te
rp

ol
at

io
n

w
it

h
R

B
F

fu
n
ct

io
n
s,

it
is

co
m

m
on

to
ch

o
os

e
th

e
se

t
of

ke
rn

el
ce

n
te

rs
a
s

th
e

se
t

of
av

ai
la

b
le

d
at

a
sa

m
p
le

s.
H

en
ce

,
w

e
as

su
m

e
th

at
th

e
se

t
of

ke
rn

el
ce

n
te

rs
{x

i}
N i=

1

is
se

le
ct

ed
to

b
e

th
e

sa
m

e
as

th
e

se
t

of
tr

ai
n
in

g
sa

m
p
le

s
X

.
W

e
co

n
si

d
er

a
se

tt
in

g
w

h
er

e
th

e
co

effi
ci

en
ts
ck i

ar
e

se
t

su
ch

th
at
f

(x
i)

=
y i

,
i.
e.

,
f

m
ap

s
ea

ch
tr

ai
n
in

g
p

o
in

t
in
X

to
it

s
em

b
ed

d
in

g
p
re

v
io

u
sl

y
co

m
p
u
te

d
w

it
h

su
p

er
v
is

ed
m

an
if

ol
d

le
ar

n
in

g.
W

e
co

n
si

d
er

th
e

R
B

F
ke

rn
el
φ

to
b

e
a

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
fu

n
ct

io
n

w
it

h
co

n
st

a
n
t

L
φ
>

0,
h
en

ce
,

fo
r

an
y
u
,v
∈
R

|φ
(u

)
−
φ

(v
)|
≤
L
φ
|u
−
v
|.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

A
lso

,
letC

b
e

a
n

u
p
p

er
b

ou
n
d

on
th

e
co

effi
cien

t
m

agn
itu

d
es

su
ch

th
at

for
all

k
=

1,...,d

N
∑i=

1 |c
ki |≤

C
.

In
th

e
follow

in
g,

w
e

an
aly

ze
th

e
classifi

cation
accu

racy
an

d
ex

ten
d

th
e

resu
lts

in
S
ection

2
.2

to
th

e
case

of
R

B
F

in
terp

olators.
W

e
fi
rst

give
th

e
follow

in
g

resu
lt,

w
h
ich

p
rob

ab
ilisti-

ca
lly

b
o
u
n
d
s

h
ow

m
u
ch

th
e

valu
e

of
th

e
in

terp
olato

r
f

at
a

p
oin

t
x

ran
d
o
m

ly
d
raw

n
from

ν
m

m
ay

d
ev

ia
te

from
th

e
average

in
terp

olator
valu

e
of

th
e

train
in

g
p

oin
ts

o
f

th
e

sa
m

e
class

w
ith

in
a

n
eig

h
b

orh
o
o
d

of
x

.

L
e
m

m
a

7
L

etX
=
{
x
i }
Ni=

1
⊂
H

be
a

set
o
f

tra
in

in
g

sa
m

p
les

su
ch

th
a
t

ea
ch

x
i

is
d
ra

w
n

i.i.d
.

fro
m

o
n

e
o
f

th
e

p
ro

ba
bility

m
ea

su
res{

ν
m }

Mm
=
1 .

L
et
x

be
a

test
sa

m
p
le

ra
n

d
o
m

ly
d
ra

w
n

a
cco

rd
in

g
to

th
e

p
ro

ba
bility

m
ea

su
re
ν
m

o
f

cla
ss
m

.
L

et

A
=
{
x
i ∈
X

:
x
i ∈

B
δ (x

),x
i ∼

ν
m }

(12)

be
th

e
set

o
f

sa
m

p
les

in
X

th
a
t

a
re

in
a
δ-n

eigh
bo

rh
ood

o
f
x

a
n

d
a
lso

d
ra

w
n

fro
m

th
e

m
ea

su
re

ν
m

.
A

ssu
m

e
th

a
t
A

co
n

ta
in

s|A|
=
Q

sa
m

p
les.

T
h
en

P


‖
f

(x
)−

1Q

∑x
j ∈
A

f
(x
j )‖
≤
√
dC

(L
φ
δ

+
ε) 
≥

1−
2N

ex
p (
−

(Q
−

1
)
ε
2

2L
2φ
δ
2

)
.

(13)

T
h
e

p
ro

o
f

o
f

L
em

m
a

7
is

given
in

A
p
p

en
d
ix

A
.5.

T
h
e

lem
m

a
states

a
resu

lt
sim

ilar
to

th
e

o
n
e

in
L

em
m

a
3;

h
ow

ever,
is

sp
ecialized

to
th

e
case

w
h
ere

f
is

an
R

B
F

in
terp

olator.

W
e

a
re

n
ow

read
y

to
p
resen

t
th

e
follow

in
g

m
ain

resu
lt.

T
h

e
o
re

m
8

L
etX

=
{x

i }
Ni=

1 ⊂
H

be
a

set
o
f

tra
in

in
g

sa
m

p
les

su
ch

th
a
t

ea
ch

x
i

is
d
ra

w
n

i.i.d
.

fro
m

o
n

e
o
f

th
e

p
ro

ba
bility

m
ea

su
res
{ν
m }

Mm
=
1 .

L
et
Y

be
a
n

em
bed

d
in

g
o
fX

in
R
d

th
a
t

is
lin

ea
rly

sepa
ra

ble
w

ith
a
Q

-m
ea

n
sepa

ra
bility

m
a
rgin

la
rger

th
a
n
γ
Q

.
F

o
r

a
given

ε
>

0
a
n

d
δ
>

0
,

let
f

be
a
n

R
B

F
in

terpo
la

to
r

su
ch

th
a
t

√
dC

(L
φ
δ

+
ε)≤

γ
Q2
.

(14)

C
o
n

sid
er

a
test

sa
m

p
le
x

ra
n

d
o
m

ly
d
ra

w
n

a
cco

rd
in

g
to

th
e

p
ro

ba
bility

m
ea

su
re
ν
m

o
f

cla
ss

m
.

IfX
co

n
ta

in
s

a
t

lea
st
N
m

tra
in

in
g

sa
m

p
les

d
ra

w
n

i.i.d
.

fro
m
ν
m

su
ch

th
a
t

N
m
>

Q

η
m
,δ
,

th
en

th
e

p
ro

ba
bility

o
f

co
rrectly

cla
ssifyin

g
x

w
ith

th
e

lin
ea

r
cla

ssifi
er

given
in

(4)
is

lo
w

er
bo

u
n

d
ed

a
s

P
(
Ĉ

(x
)

=
m
)
≥

1−
ex

p (−
2

(N
m
η
m
,δ −

Q
)
2

N
m

)
−

2
N

ex
p (
−

(Q
−

1)
ε
2

2
L
2φ
δ
2

)
.

(15)
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

T
h
e

th
eorem

is
p
roved

in
A

p
p

en
d
ix

A
.6.

T
h
e

th
eorem

b
ou

n
d
s

th
e

classifi
cation

accu
racy

in
term

s
of

th
e

sm
o
oth

n
ess

of
th

e
R

B
F

in
terp

olation
fu

n
ction

an
d

th
e

n
u
m

b
er

of
sam

p
les.

T
h
e

con
d
ition

in
(14)

ch
aracterizes

th
e

com
p
rom

ise
b

etw
een

th
e

sep
aration

a
n
d

th
e

reg-
u
larity

of
th

e
in

terp
olator,

w
h
ich

d
ep

en
d
s

on
th

e
L

ip
sch

itz
co

n
stan

t
of

th
e

R
B

F
kern

els
an

d
th

e
co

effi
cien

t
m

agn
itu

d
e.

A
s

th
e

L
ip

sch
itz

con
stan

t
L
φ

an
d

th
e

co
effi

cien
t

m
agn

itu
d
e

p
aram

eter
C

in
crease

(i.e.,
f

b
ecom

es
less

“regu
lar”),

a
h
igh

er
sep

aration
γ
Q

is
req

u
ired

to
p
rov

id
e

a
p

erform
an

ce
gu

aran
tee.

W
h
en

th
e

sep
aration

m
argin

of
th

e
em

b
ed

d
in

g
an

d
th

e
in

terp
olator

satisfy
th

e
con

d
ition

in
(14),

th
e

m
isclassifi

cation
p
rob

ab
ility

d
ecay

s
ex

-
p

on
en

tially
as

th
e

n
u
m

b
er

of
train

in
g

sam
p
les

in
creases,

sim
ilarly

to
th

e
resu

lts
in

S
ection

2.2.T
h
eorem

8
stu

d
ies

th
e

m
isclassifi

cation
p
rob

ab
ility

w
h
en

th
e

class
lab

els
in

th
e

low
-

d
im

en
sion

al
d
om

ain
are

estim
ated

w
ith

a
lin

ear
classifi

er.
W

e
also

p
resen

t
b

elow
a

b
ou

n
d

on
th

e
m

isclassifi
cation

p
rob

ab
ility

w
h
en

th
e

n
earest-n

eigh
b

or
classifi

er
is

u
sed

in
th

e
low

-
d
im

en
sion

al
d
om

ain
.

T
h

e
o
re

m
9

L
etX

=
{x

i }
Ni=

1 ⊂
H

be
a

set
o
f

tra
in

in
g

sa
m

p
les

su
ch

th
a
t

ea
ch

x
i

is
d
ra

w
n

i.i.d
.

fro
m

o
n

e
o
f

th
e

p
ro

ba
bility

m
ea

su
res
{
ν
m }

Mm
=
1 .

L
et
Y

be
a
n

em
bed

d
in

g
o
fX

in
R
d

su
ch

th
a
t

‖y
i −

y
j ‖
<
D
δ ,

if‖
x
i −

x
j ‖
≤
δ

a
n

d
C
i

=
C
j

‖y
i −

y
j ‖
>
γ
,

if
C
i 6=

C
j .

F
o
r

given
ε
>

0
a
n

d
δ
>

0,
let

f
be

a
n

R
B

F
in

terpo
la

to
r

su
ch

th
a
t

√
dC

(L
φ
δ

+
ε)

+
D

2
δ ≤

γ2
.

(16)

C
o
n

sid
er

a
test

sa
m

p
le
x

ra
n

d
o
m

ly
d
ra

w
n

a
cco

rd
in

g
to

th
e

p
ro

ba
bility

m
ea

su
re
ν
m

o
f

cla
ss
m

.
IfX

co
n

ta
in

s
a
t

lea
st
N
m

tra
in

in
g

sa
m

p
les

d
ra

w
n

i.i.d
.

fro
m
ν
m

su
ch

th
a
t

N
m
>

Q

η
m
,δ
,

th
en

th
e

p
ro

ba
bility

o
f

co
rrectly

cla
ssifyin

g
x

w
ith

n
ea

rest-n
eigh

bo
r

cla
ssifi

ca
tio

n
in

R
d

is
lo

w
er

bo
u

n
d
ed

a
s

P
(
Ĉ

(x
)

=
m
)
≥

1−
ex

p (−
2

(N
m
η
m
,δ −

Q
)
2

N
m

)
−

2
N

ex
p (
−

(Q
−

1)
ε
2

2
L
2φ
δ
2

)
.

(17)

T
h
eorem

9
is

p
rov

ed
in

A
p
p

en
d
ix

A
.7.

W
h
ile

it
p
rov

id
es

th
e

ex
act

con
vergen

ce
rate

as
in

T
h
eorem

8,
th

e
n
ecessary

con
d
ition

in
(16)

in
clu

d
es

also
th

e
p
aram

eter
D

2
δ .

H
en

ce,
if

th
e

em
b

ed
d
in

g
m

ap
s

n
earb

y
sam

p
les

from
th

e
sam

e
class

to
n
earb

y
p

oin
ts,

an
d

a
com

p
rom

ise
is

ach
iev

ed
b

etw
een

th
e

sep
aration

an
d

th
e

in
terp

olator
regu

larity,
th

e
m

isclassifi
cation

p
rob

ab
ility

can
b

e
u
p
p

er
b

ou
n
d
ed

.
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

2
.4

O
p

ti
m

iz
in

g
th

e
S

c
a
le

o
f

G
a
u

ss
ia

n
R

B
F

K
e
rn

e
ls

In
d
at

a
in

te
rp

ol
at

io
n

w
it

h
R

B
F

s,
it

is
k
n
ow

n
th

a
t

th
e

ac
cu

ra
cy

of
in

te
rp

ol
at

io
n

is
q
u
it

e
se

n
si

ti
ve

to
th

e
ch

oi
ce

of
th

e
sh

ap
e

p
ar

am
et

er
fo

r
se

v
er

al
ke

rn
el

s
in

cl
u
d
in

g
th

e
G

au
ss

ia
n

ke
rn

el
(B

ax
te

r,
19

92
).

T
h
e

re
la

ti
on

b
et

w
ee

n
th

e
sh

ap
e

p
ar

am
et

er
an

d
th

e
p

er
fo

rm
an

ce
of

in
te

rp
ol

at
io

n
h
as

b
ee

n
an

im
p

or
ta

n
t

p
ro

b
le

m
of

in
te

re
st

(P
ir

et
,

20
07

).
In

th
is

se
ct

io
n
,

w
e

fo
cu

s
on

th
e

G
au

ss
ia

n
R

B
F

ke
rn

el
,

w
h
ic

h
is

a
p

op
u
la

r
ch

oi
ce

fo
r

R
B

F
in

te
rp

ol
at

io
n

d
u
e

to
it

s
sm

o
ot

h
n
es

s
an

d
go

o
d

sp
at

ia
l

lo
ca

li
za

ti
on

p
ro

p
er

ti
es

.
W

e
st

u
d
y

th
e

ch
oi

ce
of

th
e

sc
al

e
p
ar

am
et

er
of

th
e

ke
rn

el
w

it
h
in

th
e

co
n
te

x
t

of
cl

as
si

fi
ca

ti
on

.

W
e

co
n
si

d
er

th
e

R
B

F
ke

rn
el

gi
ve

n
b
y φ
(r

)
=
e−

r
2

σ
2
,

w
h
er

e
σ

is
th

e
sc

al
e

p
ar

am
et

er
of

th
e

G
au

ss
ia

n
fu

n
ct

io
n
.

W
e

fo
cu

s
on

th
e

co
n
d
it

io
n

(1
4
)

in
T

h
eo

re
m

8
√
d
C(
L
φ
δ

+
ε)
≤
γ
Q
/
2,

(o
r

eq
u
iv

al
en

tl
y

th
e

co
n
d
it

io
n

(1
6)

if
th

e
n
ea

re
st

n
ei

gh
b

or
cl

as
si

fi
er

is
u
se

d
),

w
h
ic

h
re

la
te

s
th

e
in

te
rp

ol
at

io
n

fu
n
ct

io
n

p
ro

p
er

ti
es

w
it

h
th

e
se

p
ar

a
ti

on
.

In
p
ar

ti
cu

la
r,

fo
r

a
gi

ve
n

se
p
ar

at
io

n
m

ar
gi

n
,

th
is

co
n
d
it

io
n

is
sa

ti
sfi

ed
m

or
e

ea
si

ly
w

h
en

th
e

te
rm

on
th

e
le

ft
h
an

d
si

d
e

of
th

e
in

eq
u
al

it
y

is
sm

al
le

r.
T

h
u
s,

in
th

e
fo

ll
ow

in
g,

w
e

d
er

iv
e

an
ex

p
re

ss
io

n
fo

r
th

e
le

ft
h
an

d
si

d
e

of
th

e
ab

ov
e

in
eq

u
al

it
y

b
y

d
er

iv
in

g
th

e
L

ip
sc

h
it

z
co

n
st

an
t
L
φ

an
d

th
e

co
effi

ci
en

t
b

ou
n
d
C

in
te

rm
s

of
th

e
sc

al
e

p
ar

am
et

er
σ

of
th

e
G

au
ss

ia
n

k
er

n
el

.
W

e
th

en
st

u
d
y

th
e

sc
al

e
p
ar

am
et

er
th

at
m

in
im

iz
es
√
d
C(
L
φ
δ

+
ε)

.

W
ri

ti
n
g

th
e

co
n
d
it

io
n
f

(x
i)

=
y i

in
a

m
a
tr

ix
fo

rm
fo

r
ea

ch
d
im

en
si

on
k

=
1
,.
..
,d

,
w

e
h
av

e

Φ
ck

=
y
k
,

(1
8)

w
h
er

e
Φ
∈
R
N
×
N

is
a

m
at

ri
x

w
h
os

e
(i
,j

)-
th

en
tr

y
is

gi
ve

n
b
y

Φ
ij

=
φ

(‖
x
i
−
x
j
‖)

,
ck
∈
R
N
×
1

is
th

e
co

effi
ci

en
t

ve
ct

or
w

h
os

e
i-

th
en

tr
y

is
ck i

,
an

d
y
k
∈
R
N
×
1

is
th

e
d
at

a
co

or
d
in

at
e

ve
ct

or
gi

v
in

g
th

e
k
-t

h
d
im

en
si

on
s

of
th

e
em

b
ed

d
in

gs
of

al
l

sa
m

p
le

s,
i.
e.

,
y
k i

=
Y
ik

.
A

ss
u
m

in
g

th
at

th
e

em
b

ed
d
in

g
is

co
m

p
u
te

d
w

it
h

th
e

u
su

al
sc

al
e

co
n
st

ra
in

t
Y
T
Y

=
I
,

w
e

h
av

e
‖y

k
‖

=
1.

T
h
e

n
or

m
of

th
e

co
effi

ci
en

t
ve

ct
or

ca
n

th
en

b
e

b
ou

n
d
ed

as

‖c
k
‖
≤
‖Φ
−
1
‖‖
y
k
‖

=
‖Φ
−
1
‖.

(1
9)

In
th

e
re

st
of

th
is

se
ct

io
n
,

w
e

as
su

m
e

th
at

th
e

d
at

a
X

ar
e

sa
m

p
le

d
fr

o
m

th
e

E
u
cl

id
ea

n
sp

ac
e,

i.
e.

,
H

=
R
n
.

W
e

fi
rs

t
u
se

a
re

su
lt

b
y

N
ar

co
w

ic
h

et
al

.
(1

99
4)

in
or

d
er

to
b

ou
n
d

th
e

n
or

m
‖Φ
−
1
‖

of
th

e
in

ve
rs

e
m

at
ri

x
.

F
ro

m
(N

ar
co

w
ic

h
et

al
.,

19
9
4,

T
h
eo

re
m

4.
1)

w
e

ge
t1

‖Φ
−
1
‖
≤
β
σ
−
n
eα
σ
2
,

(2
0)

w
h
er

e
α
>

0
an

d
β
>

0
ar

e
co

n
st

an
ts

d
ep

en
d
in

g
o
n

th
e

d
im

en
si

on
n

an
d

th
e

m
in

im
u
m

d
is

ta
n
ce

b
et

w
ee

n
th

e
tr

ai
n
in

g
p

oi
n
ts
X

(s
ep

ar
at

io
n

ra
d
iu

s)
(N

ar
co

w
ic

h
et

al
.,

19
94

).
A

s
th

e

1
.

T
h

e
re

su
lt

st
a
te

d
in

(N
a
rc

ow
ic

h
et

a
l.

,
1
9
9
4
,

T
h

eo
re

m
4
.1

)
is

a
d

a
p

te
d

to
o
u

r
st

u
d

y
b
y

ta
k
in

g
th

e
m

ea
su

re
a
s
β

(ρ
)

=
δ(
ρ
−
ρ
0
)

so
th

a
t

th
e

R
B

F
k
er

n
el

d
efi

n
ed

in
(N

a
rc

ow
ic

h
et

a
l.

,
1
9
9
4
,

(1
.1

))
co

rr
es

p
o
n

d
s

to
a

G
a
u

ss
ia

n
fu

n
ct

io
n

a
s
F

(r
)

=
ex

p
(−
ρ
0
r2

).
T

h
e

sc
a
le

o
f

th
e

G
a
u

ss
ia

n
k
er

n
el

is
th

en
g
iv

en
b
y
σ

=
ρ
0
−
1
/
2
.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

` 1
-n

or
m

of
th

e
co

effi
ci

en
t

v
ec

to
r

ca
n

b
e

b
ou

n
d
ed

as
‖c
k
‖ 1
≤
√
N
‖c
k
‖,

fr
om

(1
9
)

o
n
e

ca
n

se
t

th
e

p
ar

am
et

er
C

th
at

u
p
p

er
b

ou
n
d
s

th
e

co
effi

ci
en

ts
m

ag
n
it

u
d
es

as

C
=
a
σ
−
n
eα
σ
2
,

w
h
er

e
a

=
β
√
N

.
N

ex
t,

w
e

d
er

iv
e

a
L

ip
sc

h
it

z
co

n
st

an
t

fo
r

th
e

G
au

ss
ia

n
ke

rn
el
φ

(r
)

in
te

rm
s

o
f
σ

.
S
et

ti
n
g

th
e

se
co

n
d

d
er

iv
at

iv
e

of
φ

to
ze

ro d
2
φ

d
r2

=
e−

r
2

σ
2

(
4r

2

σ
4
−

2 σ
2

)
=

0,

w
e

ge
t

th
at

th
e

m
ax

im
u
m

va
lu

e
of
|d
φ
/d
r|

is
at

ta
in

ed
at
r

=
σ
/√

2.
E

va
lu

a
ti

n
g
|d
φ
/
d
r|

at
th

is
va

lu
e,

w
e

ob
ta

in

L
φ

=
√

2e
−

1 2
σ
−
1
.

N
ow

re
w

ri
ti

n
g

th
e

co
n
d
it

io
n

(1
4)

of
th

e
th

eo
re

m
,

w
e

h
av

e

√
d
C(
L
φ
δ

+
ε)

=
a
1
σ
−
n
−
1
eα
σ
2

+
a
2
σ
−
n
eα
σ
2
≤
γ
Q
/
2,

w
h
er

e
a
1

=
√

2
d
a
e−

1
/
2
δ

an
d
a
2

=
√
d
a
ε.

W
e

th
u
s

d
et

er
m

in
e

th
e

G
au

ss
ia

n
sc

a
le

p
a
ra

m
et

er
σ

th
at

m
in

im
iz

es
F

(σ
)

=
a
1
σ
−
n
−
1
eα
σ
2

+
a
2
σ
−
n
eα
σ
2
.

F
ir

st
,

n
ot

ic
e

th
at

as
σ
→

0
an

d
σ
→
∞

,
th

e
fu

n
ct

io
n
F

(σ
)
→
∞

.
T

h
er

ef
or

e,
it

h
a
s

a
t

le
a
st

on
e

m
in

im
u
m

.
S
et

ti
n
g

d
F d
σ

=
eα
σ
2
σ
−
n
−
2
( 2α

a
2
σ
3

+
2
α
a
1
σ
2
−
a
2
n
σ
−
a
1
(n

+
1)
) =

0,

w
e

n
ee

d
to

so
lv

e
2α
a
2
σ
3

+
2
α
a
1
σ
2
−
a
2
n
σ
−
a
1
(n

+
1)

=
0.

(2
1
)

T
h
e

le
ad

in
g

an
d

th
e

se
co

n
d
-d

eg
re

e
co

effi
ci

en
ts

ar
e

p
os

it
iv

e,
w

h
il
e

th
e

fi
rs

t-
d
eg

re
e

a
n
d

th
e

co
n
st

an
t

co
effi

ci
en

ts
ar

e
n
eg

at
iv

e
in

th
e

ab
ov

e
cu

b
ic

p
ol

y
n
om

ia
l.

T
h
en

,
th

e
su

m
o
f

th
e

ro
o
ts

is
n
eg

at
iv

e
an

d
th

e
p
ro

d
u
ct

of
th

e
ro

ot
s

is
p

os
it

iv
e.

T
h
er

ef
or

e,
th

er
e

is
on

e
a
n
d

o
n
ly

o
n
e

p
os

it
iv

e
ro

ot
σ
o
p
t,

w
h
ic

h
is

th
e

u
n
iq

u
e

m
in

im
iz

er
of
F

(σ
).

T
h
e

ex
is

te
n
ce

of
an

op
ti

m
al

sc
al

e
p
ar

am
et

er
0
<
σ
o
p
t
<
∞

fo
r

th
e

R
B

F
ke

rn
el

ca
n

b
e

in
tu

it
iv

el
y

ex
p
la

in
ed

as
fo

ll
ow

s.
W

h
en

σ
ta

ke
s

to
o

sm
al

l
va

lu
es

,
th

e
su

p
p

o
rt

o
f

th
e

R
B

F
fu

n
ct

io
n

co
n
ce

n
tr

at
ed

ar
ou

n
d

th
e

tr
ai

n
in

g
p

oi
n
ts

d
o
es

n
ot

su
ffi

ci
en

tl
y

co
ve

r
th

e
w

h
o
le

cl
a
ss

su
p
p

or
ts
M

m
.

T
h
is

m
an

if
es

ts
it

se
lf

in
(1

4)
w

it
h

th
e

in
cr

ea
se

in
th

e
te

rm
L
φ
,
w

h
ic

h
in

d
ic

a
te

s
th

at
th

e
in

te
rp

ol
at

io
n

fu
n
ct

io
n

is
n
ot

su
ffi

ci
en

tl
y

re
gu

la
r.

T
h
is

w
ea

ke
n
s

th
e

g
u
a
ra

n
te

e
th

a
t

a
te

st
sa

m
p
le

w
il
l

b
e

in
te

rp
ol

at
ed

su
ffi

ci
en

tl
y

cl
os

e
to

it
s

n
ei

gh
b

or
in

g
tr

ai
n
in

g
sa

m
p
le

s
fr

o
m

th
e

sa
m

e
cl

as
s

an
d

m
ap

p
ed

to
th

e
co

rr
ec

t
si

d
e

of
th

e
h
y
p

er
p
la

n
e

in
th

e
li
n
ea

r
cl

a
ss

ifi
er

.
O

n
th

e
ot

h
er

h
an

d
,

w
h
en

σ
in

cr
ea

se
s

to
o

m
u
ch

,
th

e
st

ab
il
it

y
of

th
e

li
n
ea

r
sy

st
em

(1
8
)

is
im

p
ai

re
d

an
d

th
e

co
effi

ci
en

ts
c

in
cr

ea
se

to
o

m
u
ch

.
T

h
is

re
su

lt
s

in
an

ov
er

fi
tt

in
g

o
f

th
e

in
te

rp
ol

at
or

an
d
,

th
er

ef
or

e,
d
ec

re
as

es
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

a
n
ce

.
H

en
ce

,
th

e
a
n
a
ly

si
s

in
th

is
se

ct
io

n
p
ro

v
id

es
a

th
eo

re
ti

ca
l

ju
st

ifi
ca

ti
on

of
th

e
co

m
m

o
n

k
n
ow

le
d
ge

th
a
t
σ

sh
o
u
ld

b
e

se
t

to
a

su
ffi

ci
en

tl
y

la
rg

e
va

lu
e

w
h
il
e

av
oi

d
in

g
ov

er
fi
tt

in
g.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

R
e
m

a
rk

:
It

is
also

in
terestin

g
to

ob
serve

h
ow

th
e

op
tim

al
scale

p
a
ram

eter
ch

a
n
ges

w
ith

th
e

n
u
m

b
er

of
sam

p
les

N
.

In
th

e
stu

d
y

(N
arcow

ich
et

al.,
1994),

th
e

con
stan

ts
α

a
n
d
β

in
(2

0
)

are
sh

ow
n

to
vary

w
ith

th
e

sep
aration

rad
iu

s
q

at
rates

α
=
O

(q −
2)

an
d

β
=
O

(q
n
),

w
h
ere

th
e

sep
aration

rad
iu

s
q

is
p
rop

ortion
al

to
th

e
sm

a
llest

d
istan

ce
b

etw
een

tw
o

d
istin

ct
tra

in
in

g
sam

p
les.

T
h
en

a
reason

ab
le

assu
m

p
tion

is
th

at
th

e
sep

aration
rad

iu
s

q
sh

o
u
ld

ty
p
ica

lly
d
ecrease

at
rate

O
(N
−
1
/
n
)

as
N

in
creases.

U
sin

g
th

is
relation

,
w

e
g
et

th
a
t
α

a
n
d
β

sh
ou

ld
vary

at
rates

α
=
O

(N
2
/
n
)

an
d
β

=
O

(N
−
1)

w
ith

N
.

It
fo

llow
s

th
at

a
=
β √

N
=
O

(N
−
1
/
2),

an
d

th
e

p
aram

eters
a
1 ,
a
2

of
th

e
cu

b
ic

p
oly

n
om

ial
in

(21)
also

va
ry

w
ith

N
at

rates
a
1

=
O

(N
−
1
/
2),

a
2

=
O

(N
−
1
/
2).

T
h
e

eq
u
ation

(21)
in
σ

can
th

en
b

e
rea

rra
n
g
ed

a
s

b
3 σ

3
+
b
2 σ

2−
b
1 σ
−
b
0

=
0,

su
ch

th
at

th
e

con
stan

ts
vary

w
ith

N
at

ra
tes

b
3

=
O

(N
2
/
n
),
b
2

=
O

(N
2
/
n
),
b
1

=
O

(1),
b
0

=
O

(1
).

W
e

can
th

en
in

sp
ect

h
ow

th
e

ro
ots

of
th

is
eq

u
ation

ch
an

ge
w

ith
N

as
N

in
crea

ses.
S
in

ce
b
3

an
d
b
2

d
om

in
ate

th
e

oth
er

co
effi

cien
ts

for
large

N
,

th
ree

real
ro

ots
w

ill
ex

ist
if
N

is
su

ffi
cien

tly
large,

tw
o

of
w

h
ich

are
n
egativ

e
a
n
d

on
e

is
p

ositive.
T

h
e

su
m

of
th

e
p
a
irw

ise
p
ro

d
u
cts

of
th

e
ro

ots
is

n
egativ

e
an

d
it

d
ecay

s
w

ith
N

at
rate

O
(N
−
2
/
n
),

an
d

th
e

p
ro

d
u
ct

o
f

th
e

ro
ots

also
d
ecay

s
w

ith
N

.
T

h
en

at
lea

st
tw

o
of

th
e

ro
ots

m
u
st

d
ecay

w
ith

N
.

M
ea

n
w

h
ile,

th
e

su
m

of
th

e
th

ree
ro

ots
is
O

(1)
an

d
n
egative.

T
h
is

sh
ow

s
th

at
on

e
of

th
e

n
eg

a
tive

ro
o
ts

is
O

(1),
i.e.,

d
o
es

n
ot

d
ecay

w
ith

N
.

F
rom

th
e

p
ro

d
u
ct

of
th

ree
ro

ots,
w

e
th

en
o
b
serv

e
th

at
th

e
p
ro

d
u
ct

of
th

e
tw

o
d
ecay

in
g

ro
ots

is
O

(N
−
2
/
n
).

H
ow

ever,
th

eir
su

m
a
lso

d
ecay

s
a
t

th
e

sam
e

rate
(from

th
e

su
m

of
th

e
p
airw

ise
p
ro

d
u
cts),

w
h
ich

is
p

ossib
le

if
th

eir
d
o
m

in
a
n
t

term
s

h
ave

th
e

sam
e

rate
an

d
can

cel
each

oth
er.

W
e

con
clu

d
e

th
at

b
oth

of
th

e
d
ecay

in
g

ro
ots

vary
at

rate
O

(N
−
1
/
n
),

on
e

of
w

h
ich

is
th

e
p

ositive
ro

o
t

an
d

th
e

op
tim

al
valu

e
σ
o
p
t

o
f

th
e

scale
p
aram

eter.

T
h
is

a
n
a
ly

sis
sh

ow
s

th
at

th
e

scale
p
aram

eter
of

th
e

G
au

ssian
kern

el
sh

ou
ld

b
e

ad
ap

ted
to

th
e

n
u
m

b
er

of
train

in
g

sam
p
les,

an
d

a
sm

aller
kern

el
scale

m
u
st

b
e

p
referred

for
a

la
rger

n
u
m

b
er

o
f

tra
in

in
g

sam
p
les.

In
fact,

th
e

relation
σ
o
p
t

=
O

(N
−
1
/
n
)

is
q
u
ite

in
tu

itive,
as

th
e

avera
g
e

o
r

ty
p
ical

d
istan

ce
b

etw
een

tw
o

sam
p
les

w
ill

also
d
ecrea

se
at

rate
O

(N
−
1
/
n
)

as
th

e
n
u
m

b
er

o
f

sa
m

p
les

N
in

creases
in

an
n

-d
im

en
sion

al
sp

ace.
T

h
en

th
e

ab
ove

resu
lt

sim
p
ly

su
g
g
ests

th
a
t

th
e

kern
el

scale
sh

ou
ld

b
e

ch
osen

as
p
rop

ortion
al

to
th

e
average

d
istan

ce
b

etw
een

th
e

tra
in

in
g

sam
p
les.

2
.5

D
isc

u
ssio

n
o
f

th
e

R
e
su

lts
in

R
e
la

tio
n

w
ith

P
re

v
io

u
s

R
e
su

lts

In
T

h
eo

rem
s

8
an

d
9,

w
e

h
ave

p
resen

ted
a

resu
lt

th
at

ch
aracterizes

th
e

p
erform

an
ce

of
cla

ssifi
ca

tio
n

w
ith

R
B

F
in

terp
olation

fu
n
ction

s.
In

p
articu

lar,
w

e
h
ave

con
sid

ered
a

settin
g

w
h
ere

a
n

R
B

F
in

terp
olator

is
fi
tted

to
each

d
im

en
sion

of
a

low
-d

im
en

sion
al

em
b

ed
d
in

g
w

h
ere

d
iff

eren
t

classes
are

sep
arab

le.
O

u
r

stu
d
y

h
as

several
lin

k
s

w
ith

R
B

F
n
etw

ork
s

or
lea

st-sq
u
ares

regression
algorith

m
s.

In
th

is
section

,
w

e
in

terp
ret

ou
r

fi
n
d
in

g
s

in
relation

w
ith

p
rev

io
u
sly

estab
lish

ed
resu

lts.

S
evera

l
p
rev

iou
s

w
ork

s
stu

d
y

th
e

p
erform

an
ce

of
learn

in
g

b
y

con
sid

erin
g

a
p
rob

ab
ility

m
ea

su
re
ρ

d
efi

n
ed

on
X
×
Y

,
w

h
ere

X
an

d
Y

are
tw

o
sets.

T
h
e

“
lab

el”
set

Y
is

often
taken

a
s

a
n

in
terval

[−
L
,L

].
G

iven
a

set
of

d
ata

p
airs{

(x
j ,y

j )}
Nj=

1
sam

p
led

from
th

e
d
istrib

u
tion
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

ρ
,

th
e

R
B

F
n
etw

ork
estim

ates
a

fu
n
ction

f̂
of

th
e

fo
rm

f̂
(x

)
=

R
∑i=

1

c
i φ (

‖
x
−
ti ‖

σ
i

)
.

(22)

T
h
e

n
u
m

b
er

of
R

B
F

term
s
R

m
ay

b
e

d
iff

eren
t

from
th

e
n
u
m

b
er

of
sam

p
les

N
in

gen
eral.

T
h
e

fu
n
ction

f̂
m

in
im

izes
th

e
em

p
irical

error

f̂
=

arg
m

in
f

N
∑j=

1

(f
(x
j )−

y
j )

2
.

T
h
e

fu
n
ction

f̂
estim

ated
from

a
fi
n
ite

collection
of

d
ata

sam
p
les

is
often

com
p
ared

to
th

e
regression

fu
n
ction

(C
u
cker

an
d

S
m

ale,
2002)

f
o (x

)
=

∫

Y
y
d
ρ
(y|x

),

w
h
ere

d
ρ
(y|x

)
is

th
e

con
d
ition

al
p
rob

ab
ility

m
easu

re
on

Y
.

T
h
e

reg
ression

fu
n
ction

f
o

m
in

im
izes

th
e

ex
p

ected
risk

as

f
o

=
arg

m
in
f

∫

X
×
Y

(f
(x

)−
y )

2d
ρ
.

A
s

th
e

p
rob

ab
ility

m
easu

re
ρ

is
n
ot

k
n
ow

n
in

p
ractice,

th
e

estim
ate

f̂
of
f
o

is
ob

tain
ed

from
d
ata

sam
p
les.

S
everal

p
rev

iou
s

w
ork

s
h
ave

ch
aracterized

th
e

p
erform

an
ce

of
learn

in
g

b
y

stu
d
y
in

g
th

e
ap

p
rox

im
ation

error
(N

iyogi
an

d
G

irosi,
1996

),
(L

in
et

al.,
2014)

E
[(f

o −
f̂

)
2]

=

∫

X
(f
o (x

)−
f̂

(x
))

2d
ρ
X

(x
),

(23)

w
h
ere

ρ
X

is
th

e
m

argin
al

p
rob

ab
ility

m
easu

re
on

X
.

T
h
is

d
efi

n
ition

of
th

e
ap

p
rox

im
ation

error
can

b
e

ad
ap

ted
to

ou
r

settin
g

as
follow

s.
In

ou
r

p
rob

lem
th

e
d
istrib

u
tion

of
each

cla
ss

is
assu

m
ed

to
h
ave

a
b

ou
n
d
ed

su
p
p

ort,
w

h
ich

is
a

sp
ecial

case
of

m
o
d
elin

g
th

e
d
ata

w
ith

an
overall

p
rob

ab
ility

d
istrib

u
tion

ρ
.

If
th

e
su

p
p

ortsM
m

are
assu

m
ed

to
b

e
n
on

in
tersectin

g,
th

e
regression

fu
n
ction

f
o

is
giv

en
b
yf
o (x

)
=

M∑m
=
1

m
I
m

(x
),

w
h
ich

corresp
on

d
s

to
th

e
class

lab
els

m
=

1
,...,M

,
w

h
ere

I
m

is
th

e
in

d
icato

r
fu

n
ction

of
th

e
su

p
p

ortM
m

.
It

is
th

en
easy

to
sh

ow
th

at
th

e
ap

p
rox

im
ation

error
E

[(f
o −

f̂
)
2]

can
b

e
b

ou
n
d
ed

as
a

con
stan

t
tim

es
th

e
p
rob

ab
ility

of
m

isclassifi
cation

P
(Ĉ

(x
)6=

m
).

H
en

ce,
w

e
can

com
p
are

ou
r

m
isclassifi

cation
p
rob

ab
ility

b
ou

n
d
s

in
S
ection

2.3
w

ith
th

e
ap

p
rox

im
ation

error
in

oth
er

w
ork

s.

T
h
e

stu
d
y

in
(N

iyogi
an

d
G

irosi,
1996

)
assu

m
es

th
at

th
e

regression
fu

n
ction

is
an

elem
en

t
of

th
e

B
essel

p
oten

tial
sp

ace
of

a
su

ffi
cien

tly
h
igh

ord
er

an
d

th
at

th
e

su
m

of
th

e
co

effi
cien

ts

1
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

|c i
|i

s
b

ou
n
d
ed

.
It

is
th

en
sh

ow
n

th
at

fo
r

d
at

a
sa

m
p
le

d
fr

om
R
n
,

w
it

h
p
ro

b
ab

il
it

y
gr

ea
te

r
th

an
1
−
δ

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

in
(2

3)
ca

n
b

e
b

ou
n
d
ed

as

E[
(f
o
−
f̂

)2
]
≤
O

(
1 R

)
+
O

(
√
R
n

lo
g
(R
N

)
−

lo
g
(δ

)

N

)
,

(2
4)

w
h
er

e
R

is
th

e
n
u
m

b
er

of
R

B
F

te
rm

s.
T

h
e

an
al

y
si

s
b
y

L
in

et
al

.
(2

01
4)

co
n
si

d
er

s
fa

m
il
ie

s
of

R
B

F
ke

rn
el

s
th

at
in

cl
u
d
e

th
e

G
au

ss
ia

n
fu

n
ct

io
n
.

S
u
p
p

os
in

g
th

at
th

e
re

gr
es

si
on

fu
n
ct

io
n
f o

is
of

S
ob

ol
ev

cl
as

s
W

r 2
,

an
d

th
at

th
e

n
u
m

b
er

of
R

B
F

te
rm

s
is

gi
ve

n
b
y
R

=
N

n
n
+
2
r

in
te

rm
s

of
th

e
n
u
m

b
er

of
sa

m
p
le

s
N

,
th

e
ap

p
ro

x
im

at
io

n
er

ro
r

is
b

ou
n
d
ed

as

E[
(f
o
−
f̂

)2
]
≤
O

(N
−

2
r

n
+
2
r

lo
g
2
(N

))
.

(2
5)

N
ex

t,
w

e
ov

er
v
ie

w
th

e
st

u
d
y

b
y

H
er

n
án

d
ez

-A
gu

ir
re

et
al

.
(2

00
2)

,
w

h
ic

h
st

u
d
ie

s
th

e
p

er
fo

rm
an

ce
of

R
B

F
s

in
a

P
ro

b
ab

ly
A

p
p
ro

x
im

at
el

y
C

or
re

ct
(P

A
C

)-
le

ar
n
in

g
fr

am
ew

or
k
.

F
or

X
⊂

R
n
,

a
fa

m
il
y
F

of
m

ea
su

ra
b
le

fu
n
ct

io
n
s

fr
om

X
to

[0
,1

]
is

co
n
si

d
er

ed
an

d
th

e
p
ro

b
le

m
of

ap
p
ro

x
im

at
in

g
a

ta
rg

et
fu

n
ct

io
n
f 0

k
n
ow

n
on

ly
th

ro
u
gh

ex
am

p
le

s
w

it
h

a
fu

n
ct

io
n

in
f̂
∈
F

is
st

u
d
ie

d
.

T
h
e

au
th

or
s

u
se

a
p
re

v
io

u
s

re
su

lt
fr

om
(V

id
y
as

ag
ar

,
19

97
)

th
at

re
la

te
s

th
e

ac
cu

ra
cy

of
em

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
to

th
e

co
ve

ri
n
g

n
u
m

b
er

o
f
F

a
n
d

th
e

n
u
m

b
er

of
sa

m
p
le

s.
C

om
b
in

in
g

th
is

re
su

lt
w

it
h

th
e

b
ou

n
d
s

on
co

ve
ri

n
g

n
u
m

b
er

es
ti

m
at

es
of

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

(K
ol

m
og

or
ov

an
d

T
ih

om
ir

ov
,
19

61
),

th
e

fo
ll
ow

in
g

re
su

lt
is

ob
ta

in
ed

fo
r

P
A

C
fu

n
ct

io
n

le
ar

n
in

g
w

it
h

R
B

F
n
eu

ra
l
n
et

w
or

k
s

w
it

h
G

au
ss

ia
n

ke
rn

el
.

L
et

th
e

co
effi

ci
en

ts
b

e
b

ou
n
d
ed

as
|c i
|≤

A
,

a
co

m
m

on
sc

al
e

p
ar

am
et

er
b

e
ch

os
en

as
σ
i

=
σ

,
an

d
E[
|f 0
−
f̂
|]

b
e

co
m

p
u
te

d
u
n
d
er

a
u
n
if

or
m

p
ro

b
ab

il
it

y
m

ea
su

re
ρ
.

T
h
en

if
th

e
n
u
m

b
er

of
sa

m
p
le

s
sa

ti
sfi

es

N
≥

8 ε2
lo

g

(
√

2
R
n
A

e−
1
/
2
σ
ζ

) ,
(2

6)

an
ap

p
ro

x
im

at
io

n
of

th
e

ta
rg

et
fu

n
ct

io
n

is
ob

ta
in

ed
w

it
h

ac
cu

ra
cy

p
ar

am
et

er
ε

an
d

co
n
fi
-

d
en

ce
p
ar

am
et

er
ζ
:

P
(E

[|f
0
−
f̂
|]
>
ε)
≤
ζ
.

(2
7)

In
th

e
ab

ov
e

ex
p
re

ss
io

n
,

th
e

ex
p

ec
ta

ti
on

is
ov

er
th

e
te

st
sa

m
p
le

s,
w

h
er

ea
s

th
e

p
ro

b
ab

il
it

y
is

ov
er

th
e

tr
ai

n
in

g
sa

m
p
le

s;
i.
e.

,
ov

er
al

l
p

os
si

b
le

d
is

tr
ib

u
ti

on
s

of
tr

ai
n
in

g
sa

m
p
le

s,
th

e
p
ro

b
ab

il
it

y
of

h
av

in
g

th
e

av
er

ag
e

ap
p
ro

x
im

at
io

n
er

ro
r

la
rg

er
th

an
ε

is
b

ou
n
d
ed

.
N

ot
e

th
at

,
ou

r
re

su
lt

s
in

T
h
eo

re
m

s
8

an
d

9,
w

h
en

tr
an

sl
at

ed
in

to
th

e
ab

ov
e

P
A

C
-l

ea
rn

in
g

fr
am

ew
or

k
,

co
rr

es
p

on
d

to
a

co
n
fi
d
en

ce
p
ar

am
et

er
of
ζ

=
0.

T
h
is

is
b

ec
au

se
th

e
m

is
cl

as
si

fi
ca

ti
on

p
ro

b
-

ab
il
it

y
b

ou
n
d

of
a

te
st

sa
m

p
le

is
va

li
d

fo
r

an
y

ch
oi

ce
of

th
e

tr
ai

n
in

g
sa

m
p
le

s,
p
ro

v
id

ed
th

at
th

e
co

n
d
it

io
n

(1
4)

(o
r

th
e

co
n
d
it

io
n

(1
6)

)
h
ol

d
s.

T
h
u
s,

in
ou

r
re

su
lt

th
e

p
ro

b
ab

il
it

y
ru

n
n
in

g
ov

er
th

e
tr

ai
n
in

g
sa

m
p
le

s
in

(2
7)

h
as

n
o

co
u
n
te

rp
ar

t.
W

h
en

w
e

ta
ke
ζ

=
0,

th
e

ab
ov

e
re

su
lt

d
o
es

n
ot

p
ro

v
id

e
a

u
se

fu
l

b
ou

n
d

si
n
ce
N
→
∞

as
ζ
→

0.
B

y
co

n
tr

as
t,

ou
r

re
su

lt
is

va
li
d

on
ly

if
th

e
co

n
d
it

io
n
s

(1
4)

,
(1

6)
on

th
e

in
te

rp
ol

at
io

n
fu

n
ct

io
n

h
o
ld

s.
It

is
ea

sy
to

sh
ow

th
at

,
as

su
m

in
g

n
on

in
te

rs
ec

ti
n
g

cl
as

s
su

p
p

or
ts
M

m
,

th
e

ex
p
re

ss
io

n
E[
|f 0
−
f̂
|]

is
gi

v
en

b
y

a
co

n
st

an
t

ti
m

es
th

e
p
ro

b
ab

il
it

y
of

m
is

cl
as

si
fi
ca

ti
on

.
T

h
e

ac
cu

ra
cy

p
ar

am
et

er
ε

ca
n

th
en

b
e

se
en

as
th

e
co

u
n
te

rp
ar

t
of

th
e

m
is

cl
as

si
fi
ca

ti
on

p
ro

b
ab

il
it

y
u
p
p

er
b

o
u
n
d

gi
ve

n
on

th
e

ri
g
h
t

h
an

d
si

d
es

of
(1

5)
an

d
(1

7)
(t

h
e

ex
p
re

ss
io

n
su

b
tr

ac
te

d
fr

om
1)

.
A

t
fi
x
ed
N

,
th

e
d
ep

en
d
en

ce
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8

V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

of
th

e
ac

cu
ra

cy
on

th
e

ke
rn

el
sc

al
e

p
ar

am
et

er
is

m
on

ot
on

ic
in

th
e

b
ou

n
d

(2
6
);
ε

d
ec

re
a
se

s
as
σ

in
cr

ea
se

s.
T

h
er

ef
or

e,
th

is
b

ou
n
d

d
o
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th
e

fi
rs

t
d

ei
ge

n
ve

ct
o
rs

o
f

th
e

m
at

ri
x

L
w
−
µ
L
b

co
rr

es
p

on
d
in

g
to

it
s

sm
al

le
st

ei
ge

n
va

lu
es

.
O

u
r

p
u
rp

os
e

in
th

is
se

ct
io

n
is

th
en

to
th

eo
re

ti
ca

ll
y

st
u
d
y

th
e

li
n
ea

r
se

p
a
ra

b
il
it

y
o
f

th
e

le
ar

n
t

co
or

d
in

at
es

of
tr

ai
n
in

g
d
at

a,
w

it
h

re
sp

ec
t

to
th

e
d
efi

n
it

io
n

of
li
n
ea

r
se

p
a
ra

b
il
it

y
gi

ve
n

in
(1

).
In

th
e

fo
ll
ow

in
g,

w
e

d
et

er
m

in
e

so
m

e
co

n
d
it

io
n
s

on
th

e
gr

ap
h

p
ro

p
er

ti
es

a
n
d

th
e

w
ei

gh
t

p
ar

am
et

er
µ

th
at

en
su

re
th

e
li
n
ea

r
se

p
ar

ab
il
it

y.
W

e
d
er

iv
e

lo
w

er
b

o
u
n
d
s

o
n

th
e

m
ar

gi
n
γ

an
d

st
u
d
y

it
s

d
ep

en
d
en

ce
on

th
e

m
o
d
el

p
ar

am
et

er
s.

L
et

u
s

gi
v
e

b
ef

o
re

h
a
n
d

th
e

fo
ll
ow

in
g

d
efi

n
it

io
n
s

ab
ou

t
th

e
gr

ap
h
s
G
w

an
d
G
b
.

D
e
fi

n
it

io
n

1
0

T
h
e

vo
lu

m
e

o
f

th
e

su
bg

ra
p
h

o
f
G
w

th
a
t

co
rr

es
po

n
d
s

to
th

e
co

n
n

ec
te

d
co

m
-

po
n

en
t

co
n

ta
in

in
g

sa
m

p
le

s
fr

o
m

cl
a
ss
k

is

V
k

:=
∑

i:
C
i
=
k

d
w

(i
).

W
e

d
efi

n
e

th
e

m
a
xi

m
a
l

w
it

h
in

-c
la

ss
vo

lu
m

e
a
s

V
m
a
x

:=
m

ax
k
=
1
,.
..
,M
V
k
.

T
h
e

vo
lu

m
e

o
f

th
e

co
m

po
n

en
t

o
f
G
b

co
n

ta
in

in
g

th
e

ed
ge

s
be

tw
ee

n
th

e
sa

m
p
le

s
o
f

cl
a
ss

es
k

a
n

d
l

is
3

V
b k
l

:=
∑ i∼
b
j

C
i
=
k
,C
j
=
l

2
w
ij
.

W
e

th
en

d
efi

n
e

th
e

m
a
xi

m
a
l

pa
ir

w
is

e
be

tw
ee

n
-c

la
ss

vo
lu

m
e

a
s

V
b m
a
x

:=
m

a
x

k
6=
l
V
b k
l.

In
a

co
n
n
ec

te
d

gr
ap

h
,

th
e

d
is

ta
n
ce

b
et

w
ee

n
tw

o
v
er

ti
ce

s
x
i

an
d
x
j

is
th

e
n
u
m

b
er

o
f

ed
ge

s
in

a
sh

or
te

st
p
at

h
jo

in
in

g
x
i

an
d
x
j
.

T
h
e

d
ia

m
et

er
of

th
e

gr
ap

h
is

th
en

g
iv

en
b
y

th
e

m
ax

im
u
m

d
is

ta
n
ce

b
et

w
ee

n
an

y
tw

o
ve

rt
ic

es
in

th
e

gr
ap

h
(C

h
u
n
g,

19
9
6)

.
W

e
d
efi

n
e

th
e

d
ia

m
et

er
of

th
e

co
n
n
ec

te
d

co
m

p
on

en
t

of
G
w

co
rr

es
p

on
d
in

g
to

cl
as

s
k

as
fo

ll
ow

s.

D
e
fi

n
it

io
n

1
1

F
o
r

a
n

y
tw

o
ve

rt
ic

es
x
i

a
n

d
x
j

su
ch

th
a
t
C
i

=
C
j

=
k

,
co

n
si

d
er

a
w

it
h
in

-
cl

a
ss

sh
o
rt

es
t

pa
th

jo
in

in
g
x
i

a
n

d
x
j
,

w
h
ic

h
co

n
ta

in
s

sa
m

p
le

s
o
n

ly
fr

o
m

cl
a
ss
k

.
T

h
en

th
e

d
ia

m
et

er
D
k

o
f

th
e

co
n

n
ec

te
d

co
m

po
n

en
t

o
f
G
w

co
rr

es
po

n
d
in

g
to

cl
a
ss
k

is
th

e
m

a
xi

m
u

m
n

u
m

be
r

o
f

ed
ge

s
in

th
e

w
it

h
in

-c
la

ss
sh

o
rt

es
t

pa
th

jo
in

in
g

a
n

y
tw

o
ve

rt
ic

es
x
i

a
n

d
x
j

fr
o
m

cl
a
ss
k

.

D
e
fi

n
it

io
n

1
2

T
h
e

m
in

im
u

m
ed

ge
w

ei
gh

t
w

it
h
in

cl
a
ss
k

is
d
efi

n
ed

a
s

w
m
in
,k

:=
m

in
i∼
w
j

C
i
=
C
j
=
k

w
ij
.

3
.

In
o
rd

er
to

k
ee

p
th

e
a
n

a
lo

g
y

w
it

h
th

e
d

efi
n

it
io

n
o
f
V
k
,

a
2

fa
ct

o
r

is
in

tr
o
d

u
ce

d
in

th
is

ex
p

re
ss

io
n

a
s

ea
ch

ed
g
e

is
co

u
n
te

d
o
n

ly
o
n

ce
in

th
e

su
m

.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

3
.2

S
e
p

a
ra

b
ility

B
o
u

n
d

s
fo

r
T

w
o

C
la

sse
s

W
e

n
ow

p
resen

t
a

low
er

b
ou

n
d

for
th

e
lin

ear
sep

arab
ility

of
th

e
em

b
ed

d
in

g
ob

ta
in

ed
b
y

so
lv

in
g

(3
0
)

in
a

settin
g

w
ith

tw
o

classes
C
i ∈
{1,2}

.
W

e
fi
rst

sh
ow

th
at

an
em

b
ed

d
in

g
o
f

d
im

en
sio

n
d

=
1

is
su

ffi
cien

t
to

ach
ieve

lin
ea

r
sep

arab
ility

for
th

e
case

of
tw

o
classes.

W
e

th
en

d
erive

a
low

er
b

ou
n
d

on
th

e
sep

aration
in

term
s

of
th

e
grap

h
p
aram

eters
an

d
th

e
a
lg

o
rith

m
p
a
ra

m
eter

µ
.

C
o
n
sid

er
a

on
e-d

im
en

sion
al

em
b

ed
d
in

g
Y

=
y

=
[y

1
y
2
...

y
N

] T
∈
R
N
×
1,

w
h
ere

y
i ∈

R
is

th
e

co
o
rd

in
a
te

of
th

e
d
ata

sam
p
le
x
i

in
th

e
on

e-d
im

en
sion

al
sp

ace.
T

h
e

co
ord

in
ate

vector
y

is
g
iven

b
y

th
e

eigen
v
ector

of
L
w −

µ
L
b

corresp
on

d
in

g
to

its
sm

allest
eigen

valu
e.

W
e

b
egin

w
ith

p
resen

tin
g

th
e

follow
in

g
resu

lt,
w

h
ich

states
th

at
th

e
sam

p
les

from
th

e
tw

o
classes

are
a
lw

ay
s

m
a
p
p

ed
to

d
iff

eren
t

h
alves

(n
on

n
ega

tive
or

n
on

p
ositive)

of
th

e
real

lin
e.

L
e
m

m
a

1
3

T
h
e

lea
rn

t
em

bed
d
in

g
y

o
f

d
im

en
sio

n
d

=
1

sa
tisfi

es

y
i ≤

0
if
C
i

=
1

(o
r

respectively
C
i =

2
)

y
i ≥

0
if
C
i

=
2

(o
r

respectively
C
i =

1
)

fo
r

a
n

y
µ
>

0
a
n

d
fo

r
a
n

y
ch

o
ice

o
f

th
e

gra
p
h

pa
ra

m
eters.

L
em

m
a

13
is

p
roved

in
A

p
p

en
d
ix

B
.1.

T
h
e

lem
m

a
states

th
at

in
on

e-d
im

en
sion

al
em

b
ed

-
d
in

g
s

o
f

tw
o

classes,
sam

p
les

from
d
iff

eren
t

classes
alw

ay
s

h
ave

co
ord

in
ates

w
ith

d
iff

eren
t

sig
n
s.

T
h
erefo

re,
th

e
h
y
p

erp
lan

e
given

b
y
ω

=
1,
b

=
0

sep
arates

th
e

d
ata

a
s
ω
T
y
i ≤

0
for

C
i

=
1

a
n
d
ω
T
y
i ≥

0
for

C
i

=
2

(sin
ce

th
e

em
b

ed
d
in

g
is

on
e

d
im

en
sion

al,
th

e
vecto

r
ω

is
a

sca
la

r
in

th
is

case).
H

ow
ever,

th
is

d
o
es

n
ot

g
u
aran

tee
th

at
th

e
d
ata

is
sep

arab
le

w
ith

a
p

o
sitive

m
a
rg

in
γ
>

0.
In

th
e

follow
in

g
resu

lt,
w

e
sh

ow
th

at
a

p
ositive

m
argin

ex
ists

an
d

g
ive

a
low

er
b

o
u
n
d

on
it.

In
th

e
rest

of
th

is
section

,
w

e
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
a
t

cla
sses

1
a
n
d

2
are

resp
ectiv

ely
m

ap
p

ed
to

th
e

n
egative

an
d

p
ositive

h
alves

of
th

e
real

a
x
is.

T
h

e
o
re

m
1
4

D
efi

n
in

g
th

e
n

o
rm

a
lized

d
a
ta

coo
rd

in
a
tes

z
=
D
−
1
/
2

w
y

,
let

z
1
,m
a
x

:=
m

ax
i:C

i =
1
z
i

z
2
,m
in

:=
m

in
i:C

i =
2
z
i

d
en

o
te

th
e

m
a
xim

u
m

a
n

d
m

in
im

u
m

coo
rd

in
a
tes

th
a
t

cla
sses

1
a
n

d
2

a
re

respectively
m

a
p
ped

to
w

ith
a

o
n

e-d
im

en
sio

n
a
l

em
bed

d
in

g
lea

rn
t

w
ith

su
pervised

L
a
p
la

cia
n

eigen
m

a
p
s.

W
e

a
lso

d
efi

n
e

th
e

pa
ra

m
eters

w
m
in

=
m

in
k∈{

1
,2}
w
m
in
,k

D
k

,
β
i

=
d
w

(i)

d
b (i)

,
β
m
a
x

=
m

ax
i
β
i ,

w
h
ere

D
k

is
th

e
d
ia

m
eter

o
f

th
e

gra
p
h

co
rrespo

n
d
in

g
to

cla
ss
k

a
s

d
efi

n
ed

in
D

efi
n

itio
n

1
1
.

T
h
en

,
if

th
e

w
eigh

t
pa

ra
m

eter
is

ch
o
sen

su
ch

th
a
t

0
<
µ
<
w
m
in
/
(β
m
a
x V

bm
a
x ),

a
n

y
su

pervised
L

a
p
la

cia
n

em
bed

d
in

g
o
f

d
im

en
sio

n
d
≥

1
is

lin
ea

rly
sepa

ra
ble

w
ith

a
po

sitive
m

a
rgin

lo
w

er
bo

u
n

d
ed

a
s

belo
w

:

z
2
,m
in −

z
1
,m
a
x ≥

1
√
V
m
a
x 

1−
√
µ
β
m
a
x V

bm
a
x

w
m
in


.

(31)
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

T
h
e

p
ro

of
of

T
h
eorem

14
is

given
in

A
p
p

en
d
ix

B
.2.

T
h
e

p
ro

of
is

b
ased

on
a

varia
tion

al
ch

aracterization
of

th
e

eigen
vector

of
L
w
−
µ
L
b

corresp
on

d
in

g
to

its
sm

allest
eigen

valu
e,

w
h
ose

elem
en

ts
a
re

th
en

b
ou

n
d
ed

in
term

s
of

th
e

p
aram

eters
of

th
e

grap
h

su
ch

as
th

e
d
iam

eters
an

d
volu

m
es

of
its

con
n
ected

com
p

on
en

ts.

T
h
eorem

14
states

th
at

an
em

b
ed

d
in

g
learn

t
w

ith
th

e
su

p
erv

ised
L

ap
lacian

eigen
m

ap
s

m
eth

o
d

m
ak

es
tw

o
classes

lin
early

sep
arab

le
if

th
e

w
eigh

t
p
aram

eter
µ

is
ch

osen
su

ffi
cien

tly
sm

all.
In

p
articu

lar,
th

e
th

eorem
sh

ow
s

th
at,

for
an

y
0
<
δ
<
V
m
a
x −

1
/
2,

a
ch

oice
of

th
e

w
eigh

t
p
aram

eter
µ

satisfy
in

g

0
<
µ
≤

w
m
in

β
m
a
x
V
bm
a
x (

1−
√
V
m
a
x
δ )

2

gu
aran

tees
a

sep
aration

of
z
2
,m
in −

z
1
,m
a
x
≥
δ

b
etw

een
classes

1
an

d
2

at
d

=
1.

H
ere,

w
e

u
se

th
e

sy
m

b
ol
δ

to
d
en

ote
th

e
sep

aration
in

th
e

n
orm

alized
co

ord
in

ates
z
.

In
p
ractice,

eith
er

on
e

of
th

e
n
orm

alized
eigen

vectors
z

or
th

e
origin

al
eig

en
vectors

y
can

b
e

u
sed

for

em
b

ed
d
in

g
th

e
d
ata.

If
th

e
origin

al
eigen

vectors
y

are
u
sed

,
d
u
e

to
th

e
relation

y
=
D

1
/
2

w
z
,

w
e

can
low

er
b

ou
n
d

th
e

sep
aration

as
y
2
,m
in
−
y
1
,m
a
x
≥
√
d
w
,m
in

(z
2
,m
in
−
z
1
,m
a
x )

w
h
ere

d
w
,m
in

=
m

in
i d
w

(i).
T

h
u
s,

for
an

y
em

b
ed

d
in

g
of

d
im

en
sion

d
≥

1,
th

ere
ex

ists
a

h
y
p

erp
lan

e
th

at
resu

lts
in

a
lin

ear
sep

aration
w

ith
a

m
argin

γ
of

at
least

γ
≥
√
d
w
,m
in

V
m
a
x


1−

√
µ
β
m
a
x V

bm
a
x

w
m
in


.

N
ex

t,
w

e
com

m
en

t
on

th
e

d
ep

en
d
en

ce
of

th
e

sep
aration

on
µ

.
T

h
e

in
eq

u
a
lity

in
(31)

sh
ow

s
th

at
th

e
low

er
b

ou
n
d

on
th

e
sep

aration
z
2
,m
in −

z
1
,m
a
x

h
as

a
variation

of
O

(1−
√
µ

)
w

ith
th

e
w

eigh
t

p
aram

eter
µ

.
T

h
e

fact
th

a
t

th
e

sep
aration

d
ecreases

w
ith

th
e

in
crease

in
µ

seem
s

cou
n
terin

tu
itive

at
fi
rst;

th
is

p
aram

eter
w

eig
h
ts

th
e

b
etw

een
-class

d
issim

ilarity
in

th
e

ob
jective

fu
n
ction

.
T

h
is

can
b

e
ex

p
lain

ed
as

follow
s.

W
h
en
µ

is
h
igh

,
th

e
algorith

m
tries

to
in

crease
th

e
d
istan

ce
b

etw
een

n
eigh

b
orin

g
sam

p
les

from
d
iff

eren
t

classes
as

m
u
ch

as
p

ossib
le

b
y

m
ov

in
g

th
em

aw
ay

from
th

e
origin

(rem
em

b
er

th
at

d
iff

eren
t

classes
are

m
ap

p
ed

to
th

e
p

ositive
an

d
th

e
n
egative

sid
es

of
th

e
rea

l
lin

e).
H

ow
ever,

sin
ce

th
e

n
orm

alized
co

ord
in

ate
vector

z
h
as

to
resp

ect
th

e
eq

u
ality

z
T
D
w
z

=
1,

th
e

total
sq

u
ared

n
orm

of
th

e
co

ord
in

ates
can

n
ot

b
e

arb
itrarily

large.
D

u
e

to
th

is
con

strain
t,

settin
g
µ

to
a

h
igh

valu
e

cau
ses

th
e

algorith
m

to
m

ap
n
on

-n
eigh

b
orin

g
sam

p
les

from
d
iff

eren
t

classes
to

n
earb

y
co

ord
in

ates
close

to
th

e
origin

.
T

h
is

o
ccu

rs
sin

ce
th

e
in

crease
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t,

2
0
1
6
a
),

w
h

er
e

th
e

sa
m

p
le

s
o
f

o
n

ly
fe

w
cl

a
ss

es
st

re
tc

h
o
u

t
a
lo

n
g

ea
ch

d
im

en
si

o
n

a
n
d

a
ll

th
e

o
th

er
cl

a
ss

es
a
re

m
a
p
p

ed
cl

o
se

to
ze

ro
.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

m
ar

gi
n

of
th

e
em

b
ed

d
in

g,
th

e
re

gu
la

ri
ty

of
th

e
in

te
rp

ol
a
ti

on
fu

n
ct

io
n
,

th
e

n
u
m

b
er

o
f

tr
a
in

-
in

g
sa

m
p
le

s,
an

d
th

e
in

tr
in

si
c

d
im

en
si

o
n
s

of
th

e
cl

as
s

su
p
p

or
ts

(m
an

if
ol

d
s)

.
O

u
r

re
su

lt
s

su
gg

es
t

th
at

em
b

ed
d
in

gs
of

tr
ai

n
in

g
d
a
ta

w
it

h
go

o
d

ge
n
er

al
iz

at
io

n
ca

p
ac

it
ie

s
m

u
st

a
ll
ow

th
e

co
n
st

ru
ct

io
n

of
su

ffi
ci

en
tl

y
re

gu
la

r
in

te
rp

ol
at

io
n

fu
n
ct

io
n
s

th
at

ex
te

n
d

th
e

m
a
p
p
in

g
to

n
ew

d
at

a.
W

e
h
av

e
th

en
ex

am
in

ed
w

h
et

h
er

th
e

as
su

m
p
ti

on
of

li
n
ea

r
se

p
a
ra

b
il
it

y
is

ea
sy

to
sa

ti
sf

y
fo

r
st

ru
ct

u
re

-p
re

se
rv

in
g

su
p

er
v
is

ed
em

b
ed

d
in

g
al

g
or

it
h
m

s.
W

e
h
av

e
ta

ke
n

th
e

su
p

er
v
is

ed
L

ap
la

ci
an

ei
ge

n
m

ap
s

al
go

ri
th

m
s

as
re

fe
re

n
ce

,
an

d
sh

ow
ed

th
at

th
es

e
m

et
h
o
d
s

ca
n

y
ie

ld
li
n
ea

rl
y

se
p
ar

ab
le

em
b

ed
d
in

gs
.

P
ro

v
id

in
g

in
si

gh
t

ab
ou

t
th

e
ge

n
er

a
li
za

ti
o
n

ca
p
a
-

b
il
it

ie
s

of
su

p
er

v
is

ed
d
im

en
si

on
al

it
y

re
d
u
ct

io
n

al
go

ri
th

m
s,

ou
r

fi
n
d
in

gs
ca

n
b

e
h
el

p
fu

l
in

th
e

cl
as

si
fi
ca

ti
on

of
lo

w
-d

im
en

si
on

al
d
at

a
se

ts
.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

w
ou

ld
li
k
e

to
th

an
k

P
as

ca
l
F

ro
ss

ar
d

an
d

A
lh

u
ss

ei
n

F
aw

zi
fo

r
th

e
h
el

p
fu

l
d
is

cu
ss

io
n
s

th
at

co
n
tr

ib
u
te

d
to

th
is

st
u
d
y.

A
p
p

e
n
d
ix

A
.

P
ro

o
f

o
f

th
e

R
e
su

lt
s

in
S
e
ct

io
n

2

A
.1

P
ro

o
f

o
f

T
h

e
o
re

m
2

P
ro

o
f

G
iv

en
x

,
le

t
x
i
∈
X

b
e

th
e

n
ea

re
st

n
ei

gh
b

or
of
x

in
X

th
at

is
sa

m
p
le

d
fr

o
m
ν m

i
=

ar
g

m
in j
‖x
−
x
j
‖

s.
t.
x
j
∼
ν m
.

D
u
e

to
th

e
se

p
ar

at
io

n
h
y
p

ot
h
es

is
,

ω
T m
k
y i

+
b m

k
>
γ
/
2,
∀k

=
1,
..
.,
M
−

1
.

W
e

h
av

e

ω
T m
k
f

(x
)

+
b m

k
=
ω
T m
k
f

(x
i)

+
b m

k
+
ω
T m
k

(f
(x

)
−
f

(x
i)

)

≥
ω
T m
k
y i

+
b m

k
−
∣ ∣ ω
T m
k

(f
(x

)
−
f

(x
i)

)∣ ∣
>
γ
/
2
−
‖f

(x
)
−
f

(x
i)
‖
≥

γ
/2
−
L
‖x
−
x
i‖
.

T
h
en

if
th

e
co

n
d
it

io
n
L
‖x
−
x
i‖
≤
γ
/2

is
sa

ti
sfi

ed
,

fr
om

th
e

ab
ov

e
in

eq
u
a
li
ty

w
e

h
av

e
ω
T m
k
f

(x
)

+
b m

k
>

0
fo

r
al

l
k

=
1,
..
.,
M
−

1.
T

h
is

gi
ve

s
Ĉ

(x
)

=
m

an
d

th
u
s

en
su

re
s

th
a
t
x

is
cl

as
si

fi
ed

co
rr

ec
tl

y.

In
th

e
se

q
u
el

,
w

e
lo

w
er

b
ou

n
d

th
e

p
ro

b
ab

il
it

y
th

at
th

e
d
is

ta
n
ce
‖x
−
x
i‖

b
et

w
ee

n
x

a
n
d

it
s

n
ea

re
st

n
ei

gh
b

or
fr

om
th

e
sa

m
e

cl
as

s
is

sm
al

le
r

th
an

γ
/2

.
W

e
em

p
lo

y
th

e
fo

ll
ow

in
g

re
su

lt
b
y

K
u
lk

ar
n
i

an
d

P
os

n
er

(1
99

5)
.

It
is

d
em

o
n
st

ra
te

d
in

th
e

p
ro

of
of

T
h
eo

re
m

1
in

(K
u
lk

a
rn

i
an

d
P

os
n
er

,
19

95
)

th
at

,
if
X

co
n
ta

in
s

at
le

as
t
N
m

sa
m

p
le

s
d
ra

w
n

i.
i.
d
.

fr
om

ν m
su

ch
th

at
N
m
≥
N

(ε
/2
,M

m
)

fo
r

so
m

e
ε
>

0,
th

en
th

e
p
ro

b
ab

il
it

y
of
‖x
−
x
i‖

b
ei

n
g

la
rg

er
th

a
n
ε

ca
n

b
e

u
p
p

er
b

ou
n
d
ed

in
te

rm
s

of
th

e
co

ve
ri

n
g

n
u
m

b
er

of
M

m
as

P
(‖
x
−
x
i‖
>
ε)
≤
N

(ε
/
2,
M

m
)

2N
m

.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

T
h
erefo

re,
fo

r
a
n
y
ε

su
ch

th
at
ε≤

γ
/(2L

)
an

d
N
m
≥
N

(ε/
2,M

m
),

w
ith

p
rob

ab
ility

at
least

1−
N

(ε/2
,M

m
)/

(2N
m

),
w

e
h
ave‖x

−
x
i ‖
≤
ε≤

γ
/(2L

),

th
u
s,

th
e

cla
ss

lab
el

of
x

is
correctly

estim
ated

as
Ĉ

(x
)

=
m

d
u
e

to
th

e
ab

ove
d
iscu

ssio
n
.

A
.2

P
ro

o
f

o
f

L
e
m

m
a

3

P
ro

o
f

W
e

fi
rst

b
ou

n
d

th
e

d
ev

iation
of
f

(x
)

from
th

e
sam

p
le

average
of
f

in
th

e
n
eigh

b
or-

h
o
o
d

o
f
x

a
s
∥∥∥∥∥∥
f

(x
)−

1Q

∑x
j ∈
A

f
(x
j ) ∥∥∥∥∥∥
≤
‖f

(x
)−

m
f ‖

+

∥∥∥∥∥∥
1Q

∑x
j ∈
A

f
(x
j )−

m
f ∥∥∥∥∥∥
,

(35)

w
h
ere

m
f

is
th

e
con

d
ition

al
ex

p
ectation

of
f

(u
),

given
u
∈
B
δ (x

)

m
f

=
E
u [f

(u
)|u
∈
B
δ (x

) ]
=

1

ν
m (B

δ (x
) ) ∫

B
δ
(x

)
f

(u
)
d
ν
m

(u
).

T
h
e

fi
rst

term
in

(35)
can

b
e

b
ou

n
d
ed

as

‖f
(x

)−
m
f ‖

=

∥∥∥∥∥
1

ν
m (B

δ (x
) ) ∫

B
δ
(x

) (f
(x

)−
f

(u
) )
d
ν
m

(u
) ∥∥∥∥∥

≤
1

ν
m (B

δ (x
) ) ∫

B
δ
(x

) ‖
f

(x
)−

f
(u

)‖
d
ν
m

(u
)≤

1

ν
m (B

δ (x
) ) ∫

B
δ
(x

)
L‖
x
−
u‖
d
ν
m

(u
)

≤
1

ν
m (B

δ (x
) ) ∫

B
δ
(x

)
L
δ
d
ν
m

(u
)

=
L
δ,

(36)

w
h
ere

th
e

seco
n
d

in
eq

u
ality

follow
s

from
th

e
fact

th
at

f
is

L
ip

sch
itz

con
tin

u
ou

s
on

th
e

su
p
p

o
rtM

m
,

w
h
ere

th
e

m
easu

re
ν
m

is
n
on

zero.
T

h
e

seco
n
d

term
in

(35)
is

given
b
y

∥∥∥∥∥∥
1Q

∑x
j ∈
A

f
(x
j )−

m
f ∥∥∥∥∥∥

=


d
∑k
=
1 ∣∣∣∣

1Q

∑x
j ∈
A

f
k(x

j )−
m
kf ∣∣∣∣ 2 

1
/
2

,
(37)

w
h
ere

m
kf

d
en

o
tes

th
e
k
-th

com
p

on
en

t
of
m
f ,

for
k

=
1
,...,d

.
C

on
sid

er
th

e
ran

d
om

varia
b
les

f
k(x

j ).
D

efi
n
in

g

f
km
in

=
in

f
u∈
B
δ
(x

) f
k(u

),
f
km
a
x

=
su

p
u∈
B
δ
(x

) f
k(u

),

it
fo

llow
s

th
a
t
f
km
a
x −

f
km
in ≤

2
L
δ

d
u
e

to
th

e
L

ip
sch

itz
con

tin
u
ity

of
f

.
T

h
en

from
H

o
eff

d
in

g’s
in

eq
u
a
lity,

w
e

h
ave

P


∣∣∣∣

1Q

∑x
j ∈
A

f
k(x

j )−
m
kf ∣∣∣∣ ≥

ε 
≤

2
ex

p (−
2Q
ε
2

(f
km
a
x −

f
km
in )

2 )
≤

2
ex

p (−
Q
ε
2

2
L
2δ

2 )
.
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V
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a
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G
u
il
l
e
m
o
t

F
rom

th
e

u
n
ion

b
ou

n
d
,

w
e

get
th

at
w

ith
p
rob

ab
ility

at
least

1−
2d

ex
p (−

Q
ε
2

2
L
2
δ
2 )

,
for

all
k

∣∣∣∣
1Q

∑x
j ∈
A

f
k(x

j )−
m
kf ∣∣∣∣ ≤

ε,

w
h
ich

y
ield

s
from

(37)
∥∥∥∥∥∥

1Q

∑x
j ∈
A

f
(x
j )−

m
f ∥∥∥∥∥∥
≤
√
d
ε.

C
om

b
in

in
g

th
is

resu
lt

w
ith

th
e

b
ou

n
d

in
(36),

w
e

con
clu

d
e

th
at

w
ith

p
rob

ab
ility

at
least

1−
2d

ex
p (−

Q
ε
2

2
L
2
δ
2 )

∥∥∥∥∥∥
f

(x
)−

1Q

∑x
j ∈
A

f
(x
j ) ∥∥∥∥∥∥
≤
L
δ

+
√
d
ε.

A
.3

P
ro

o
f

o
f

T
h

e
o
re

m
5

P
ro

o
f

G
iven

th
e

test
sam

p
le
x

an
d

a
train

in
g

sam
p
le
x
i

d
raw

n
i.i.d

.
w

ith
resp

ect
to
ν
m

,
th

e
p
rob

ab
ility

th
at
x
i

lies
w

ith
in

a
δ-n

eigh
b

orh
o
o
d

of
x

is
giv

en
b
y

P
(x
i ∈

B
δ (x

))
=
ν
m

(B
δ (x

))≥
η
m
,δ .

T
h
en

,
am

on
g

th
e
N
m

sam
p
les

d
raw

n
w

ith
resp

ect
to
ν
m

,
th

e
p
rob

ab
ility

th
at
B
δ (x

)
con

tain
s

at
least

Q
sam

p
les

is
given

b
y

P
(|A|≥

Q
)

=

N
m
∑q
=
Q

(
N
mq

)(
ν
m

(B
δ (x

)) )
q (

1−
ν
m

(B
δ (x

)) )
N
m
−
q

≥
N
m
∑q
=
Q

(
N
mq

)
(η
m
,δ )

q
(1−

η
m
,δ )

N
m
−
q,

w
h
ere

th
e

set
A

is
d
efi

n
ed

as
in

(5).
T

h
e

last
ex

p
ressio

n
ab

ove
is

th
e

p
rob

ab
ility

of
h
av

in
g

at
least

Q
su

ccesses
ou

t
of
N
m

realization
s

of
a

B
ern

ou
lli

ran
d
om

variab
le

w
ith

p
rob

ab
ility

p
aram

eter
η
m
,δ .

T
h
is

p
rob

ab
ility

can
b

e
low

er
b

ou
n
d
ed

u
sin

g
a

tail
b

ou
n
d

for
b
in

om
ial

d
istrib

u
tion

s.
W

e
th

u
s

h
ave

P
(|A|≥

Q
)≥

1−
ex

p (
−

2
(N

m
η
m
,δ −

Q
)
2

N
m

)
,

w
h
ich

sim
p
ly

follow
s

from
in

terp
retin

g
|A|

as
th

e
su

m
of

of
N
m

i.i.d
.

ob
servation

s
of

a
B

ern
ou

lli
d
istrib

u
ted

ran
d
om

variab
le

an
d

th
en

ap
p
ly

in
g

H
o
eff

d
in

g’s
in

eq
u
ality

as
sh

ow
n

b
y

H
erb

rich
(1999),

u
n
d
er

th
e

h
y
p

oth
esis

th
at
N
m
>
Q
/η
m
,δ .
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

A
ss

u
m

in
g

th
at
B
δ
(x

)
co

n
ta

in
s

at
le

as
t
Q

sa
m

p
le

s,
L

em
m

a
3

st
at

es
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t

1
−

2
d

ex
p

( −
|A
|ε2

2L
2
δ2

)
≥

1
−

2
d

ex
p

( −
Q
ε2

2L
2
δ2

)

th
e

d
ev

ia
ti

on
b

et
w

ee
n
f

(x
)

an
d

th
e

sa
m

p
le

av
er

ag
e

of
it

s
n
ei

gh
b

or
s

is
b

ou
n
d
ed

as
∥ ∥ ∥ ∥ ∥ ∥f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)∥ ∥ ∥ ∥ ∥ ∥
≤
L
δ

+
√
d
ε.

H
en

ce
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t

( 1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

))
( 1
−

2
d

ex
p

( −
Q
ε2

2
L
2
δ2

))

≥
1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2
d

ex
p

( −
Q
ε2

2L
2
δ2

)

w
e

h
av

e
∥ ∥ ∥ ∥ ∥ ∥f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)∥ ∥ ∥ ∥ ∥ ∥
≤
L
δ

+
√
d
ε.

(3
8)

T
h
e

cl
as

s
la

b
el

of
a

te
st

sa
m

p
le
x

d
ra

w
n

fr
om

ν m
is

co
rr

ec
tl

y
es

ti
m

at
ed

w
it

h
re

sp
ec

t
to

th
e

cl
as

si
fi
er

(4
)

if

ω
T m
k
f

(x
)

+
b m

k
>

0
,
∀k

=
1,
..
.,
M
−

1
,
k
6=
m
.

If
th

e
co

n
d
it

io
n

in
(3

8)
is

sa
ti

sfi
ed

,
fo

r
al

l
k
6=
m

,
w

e
h
av

e

ω
T m
k
f

(x
)

+
b m

k
=
ω
T m
k

1 |A
|
∑ x
j
∈A
f

(x
j
)

+
b m

k
+
ω
T m
k

 
f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
) 

≥
ω
T m
k

1 |A
|
∑ x
j
∈A
f

(x
j
)

+
b m

k
−
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖

>
γ
Q
/
2
−
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖
≥
γ
Q
/
2
−
L
δ
−
√
d
ε
≥

0.

H
er

e,
w

e
ob

ta
in

th
e

se
co

n
d

in
eq

u
al

it
y

fr
om

th
e

h
y
p

ot
h
es

is
th

at
th

e
em

b
ed

d
in

g
is
Q

-m
ea

n
se

p
ar

ab
le

w
it

h
m

ar
gi

n
la

rg
er

th
an

γ
Q

,
w

h
ic

h
im

p
li
es

th
at

th
e

em
b

ed
d
in

g
is

al
so
R

-m
ea

n
se

p
ar

ab
le

w
it

h
m

ar
gi

n
la

rg
er

th
an

γ
Q

,
fo

r
R
>
Q

.
T

h
en

th
e

la
st

in
eq

u
al

it
y

is
d
u
e

to
th

e
co

n
d
it

io
n

(8
)

on
th

e
in

te
rp

ol
at

io
n

fu
n
ct

io
n

in
th

e
th

eo
re

m
.

W
e

th
u
s

ge
t

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t

1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2
d

ex
p

( −
Q
ε2

2
L
2
δ2

)
,

ω
T m
k
f

(x
)
+
b m

k
>

0
fo

r
al

l
k
6=
m

,
h
en

ce
,

th
e

sa
m

p
le
x

is
co

rr
ec

tl
y

cl
as

si
fi
ed

.
T

h
is

co
n
cl

u
d
es

th
e

p
ro

of
of

th
e

th
eo

re
m

.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

A
.4

P
ro

o
f

o
f

T
h

e
o
re

m
6

P
ro

o
f

R
em

em
b

er
fr

om
th

e
p
ro

of
of

T
h
eo

re
m

5
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
a
st

1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2
d

ex
p

( −
Q
ε2

2L
2
δ2

)

th
e
δ-

n
ei

gh
b

or
h
o
o
d
B
δ
(x

)
of

a
te

st
sa

m
p
le
x

fr
om

cl
as

s
m

co
n
ta

in
s

at
le

as
t
Q

sa
m

p
le

s
fr

o
m

cl
as

s
m

,
an

d
∥ ∥ ∥ ∥ ∥ ∥f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)∥ ∥ ∥ ∥ ∥ ∥
≤
L
δ

+
√
d
ε,

(3
9
)

w
h
er

e
A

is
th

e
se

t
of

tr
ai

n
in

g
sa

m
p
le

s
in
B
δ
(x

)
fr

om
cl

as
s
m

.
L

et
x
i,
x
j
∈
A

b
e

tw
o

tr
ai

n
in

g
sa

m
p
le

s
fr

om
cl

as
s
m

in
B
δ
(x

).
A

s
‖x

i
−
x
j
‖
≤

2δ
,

b
y

th
e

h
y
p

ot
h
es

is
on

th
e

em
b

ed
d
in

g,
w

e
h
av

e
‖y
i
−
y j
‖

=
‖f

(x
i)
−
f

(x
j
)‖
≤
D

2
δ
,

w
h
ic

h
g
iv

es

‖f
(x
i)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖

=

∥ ∥ ∥ ∥ ∥ ∥
1 |A
|
∑ x
j
∈A

( f
(x
i)
−
f

(x
j
))
∥ ∥ ∥ ∥ ∥ ∥
≤

1 |A
|
∑ x
j
∈A
‖f

(x
i)
−
f

(x
j
)‖
≤
D

2
δ
.

T
h
en

,
fo

r
an

y
x
i
∈
B
δ
(x

),

‖f
(x

)
−
f

(x
i)
‖

=
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)

+
1 |A
|
∑ x
j
∈A
f

(x
j
)
−
f

(x
i)
‖

≤
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖

+
D

2
δ
.

C
om

b
in

in
g

th
is

w
it

h
(3

9)
,

w
e

ge
t

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t

1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2
d

ex
p

( −
Q
ε2

2L
2
δ2

)

B
δ
(x

)
w

il
l

co
n
ta

in
at

le
as

t
Q

sa
m

p
le

s
x
i

fr
om

cl
as

s
m

su
ch

th
at

‖f
(x

)
−
f

(x
i)
‖
≤
L
δ

+
√
d
ε

+
D

2
δ
.

(4
0
)

N
ow

,
as

su
m

in
g

(4
0)

,
le

t
x
′ i

b
e

a
tr

ai
n
in

g
sa

m
p
le

fr
om

an
ot

h
er

cl
as

s
(o

th
er

th
a
n
m

).
W

e
h
av

e

‖f
(x

)
−
f

(x
′ i)
‖
≥
‖f

(x
i)
−
f

(x
′ i)
‖−
‖f

(x
)
−
f

(x
i)
‖
>
γ
−

(L
δ

+
√
d
ε

+
D

2
δ
),

w
h
ic

h
fo

ll
ow

s
fr

om
(4

0)
an

d
th

e
h
y
p

ot
h
es

is
on

th
e

em
b

ed
d
in

g
th

at
‖f

(x
i)
−
f

(x
′ i)
‖
>
γ

.
It

fo
ll
ow

s
fr

om
th

e
co

n
d
it

io
n

(1
0)

th
at
γ
≥

2L
δ

+
2
√
d
ε

+
2
D

2
δ
.

U
si

n
g

th
is

in
th

e
a
b

ov
e

eq
u
at

io
n
,

w
e

ge
t

‖f
(x

)
−
f

(x
′ i)
‖
>
L
δ

+
√
d
ε

+
D

2
δ
.

T
h
is

m
ea

n
s

th
at

th
e

d
is

ta
n
ce

of
f

(x
)

to
th

e
em

b
ed

d
in

g
of

an
y

ot
h
er

sa
m

p
le

fr
o
m

a
n
o
th

er
cl

as
s

is
m

or
e

th
an

L
δ

+
√
d
ε

+
D

2
δ
,

w
h
il
e

th
er

e
ar

e
sa

m
p
le

s
fr

om
it

s
ow

n
cl

a
ss

w
it

h
in

a
d
is

ta
n
ce

of
L
δ

+
√
d
ε+

D
2
δ

to
f

(x
).

T
h
er

ef
or

e,
x

is
cl

as
si

fi
ed

co
rr

ec
tl

y
w

it
h

n
ea

re
st

-n
ei

g
h
b

o
r

cl
as

si
fi
ca

ti
on

in
th

e
lo

w
-d

im
en

si
on

al
d
o
m

ai
n

of
em

b
ed

d
in

g.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

A
.5

P
ro

o
f

o
f

L
e
m

m
a

7

P
ro

o
f

T
h
e

d
ev

iation
of

each
com

p
on

en
t
f
k(x

)
of

th
e

in
terp

o
lator

from
th

e
sam

p
le

avera
ge

in
th

e
n
eig

h
b

o
rh

o
o
d

of
x

is
giv

en
b
y

∣∣∣∣∣∣ f
k(x

)−
1Q

∑x
j ∈
A

f
k(x

j ) ∣∣∣∣∣∣
=

∣∣∣∣∣∣

N
∑i=

1

c
ki 

φ
(‖x
−
x
i ‖)−

1Q

∑x
j ∈
A

φ
(‖
x
j −

x
i ‖

) 
∣∣∣∣∣∣ .

(41)

W
e

th
u
s

p
ro

ceed
b
y

stu
d
y
in

g
th

e
term

φ
(‖
x
−
x
i ‖

)−
1Q

∑x
j ∈
A

φ
(‖x

j −
x
i ‖),

(42)

w
h
ich

w
ill

th
en

b
e

u
sed

in
th

e
ab

ove
ex

p
ression

to
arrive

at
th

e
stated

resu
lt.

N
ow

let
x
i ∈
X

b
e

an
y

train
in

g
sam

p
le.

In
ord

er
to

stu
d
y

th
e

term
in

(42),
w

e
fi
rst

lo
ok

a
t

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
E
u [φ

(‖
u
−
x
i ‖

)|u
∈
B
δ (x

) ] ∣∣∣∣ ,

w
h
ere

E
u [φ

(‖u
−
x
i ‖)|u

∈
B
δ (x

) ]
d
en

otes
th

e
con

d
ition

al
ex

p
ectation

of
φ

(‖u
−
x
i ‖)

over
u

,
g
iven

u
∈
B
δ (x

).
T

h
e

con
d
ition

al
ex

p
ectation

is
giv

en
b
y

E
u [φ

(‖
u
−
x
i ‖

)|u
∈
B
δ (x

) ]
=

1

ν
m (B

δ (x
) ) ∫

B
δ
(x

)
φ

(‖
u
−
x
i ‖

)
d
ν
m

(u
).

W
e

h
ave

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
E
u [φ

(‖
u
−
x
i ‖

)|u
∈
B
δ (x

) ] ∣∣∣∣

=
1

ν
m (B

δ (x
) )
∣∣∣∣ ∫

B
δ
(x

) (φ
(‖x
−
x
i ‖)−

φ
(‖
u
−
x
i ‖

) )
d
ν
m

(u
) ∣∣∣∣

≤
1

ν
m (B

δ (x
) ) ∫

B
δ
(x

) ∣∣φ
(‖x
−
x
i ‖

)−
φ

(‖
u
−
x
i ‖) ∣∣

d
ν
m

(u
).

T
h
e

term
in

th
e

in
tegral

is
b

ou
n
d
ed

as
∣∣φ

(‖x
−
x
i ‖)−

φ
(‖
u
−
x
i ‖

) ∣∣≤
L
φ ∣∣‖x

−
x
i ‖−

‖
u
−
x
i ‖ ∣∣≤

L
φ ‖
x
−
u‖.

U
sin

g
th

is
in

th
e

ab
ove

term
,

w
e

get
∣∣∣∣ φ

(‖x
−
x
i ‖

)−
E
u [φ

(‖
u
−
x
i ‖

)|u
∈
B
δ (x

) ] ∣∣∣∣

≤
L
φ

ν
m (B

δ (x
) ) ∫

B
δ
(x

) ‖
x
−
u‖
d
ν
m

(u
)

=
L
φ
E
u [‖

u
−
x‖|u

∈
B
δ (x

) ]

≤
L
φ
δ.

(43)

W
e

n
ow

a
n
a
ly

ze
th

e
term

in
(42)

for
a

giv
en
x
i

for
tw

o
d
iff

eren
t

cases,
i.e.,

for
x
i
/∈
B
δ (x

)
a
n
d
x
i ∈

B
δ (x

).
W

e
fi
rst

lo
ok

at
th

e
case

x
i
/∈
B
δ (x

).
F

or
x
j ∈

B
δ (x

),
let

ζ
j

:=
φ

(‖
x
j −

x
i ‖

).

43
JM

L
R
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

T
h
e

ob
servation

s
ζ
j

are
i.i.d

.
(sin

ce
x
j

are
i.i.d

.)
w

ith
m

ean
m
ζ

=
E
u [φ

(‖u−
x
i ‖

)|u
∈
B
δ (x

) ]

an
d

take
valu

es
in

th
e

in
terval

ζ
m
in ≤

ζ
j ≤

ζ
m
a
x ,

w
h
ere

ζ
m
in

:=
in

f
u∈
B
δ
(x

) φ
(‖
u
−
x
i ‖

),
ζ
m
a
x

:=
su

p
u∈
B
δ
(x

) φ
(‖
u
−
x
i ‖

).

S
in

ce
for

an
y
u
1 ,u

2 ∈
B
δ (x

),‖
u
1 −

u
2 ‖
≤

2δ,
it

follow
s

from
th

e
L

ip
sch

itz
con

tin
u
ity

of
φ

th
at
ζ
m
a
x −

ζ
m
in ≤

2
L
φ
δ.

U
sin

g
th

is
togeth

er
w

ith
th

e
H

o
eff

d
in

g’s
in

eq
u
ality,

w
e

get

P

( ∣∣∣∣
1Q

∑x
j ∈
A

ζ
j −

m
ζ ∣∣∣∣ ≥

ε )
≤

2
ex

p (−
2
Q
ε
2

(ζ
m
a
x −

ζ
m
in )

2 )
≤

2
ex

p (
−
Q
ε
2

2L
2φ
δ
2 )

.
(44)

W
e

h
ave

∣∣∣∣ φ
(‖x
−
x
i ‖

)−
1Q

∑x
j ∈
A

φ
(‖
x
j −

x
i ‖) ∣∣∣∣ ≤

∣∣φ
(‖
x
−
x
i ‖

)−
m
ζ ∣∣

+

∣∣∣∣ m
ζ −

1Q

∑x
j ∈
A

φ
(‖
x
j −

x
i ‖

) ∣∣∣∣ .

U
sin

g
(43)

an
d

(44)
in

th
e

ab
ove

eq
u
ation

,
it

h
old

s
w

ith
p
rob

ab
ility

at
lea

st

1−
2

ex
p (
−
Q
ε
2

2L
2φ
δ
2 )

th
at

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
1Q

∑x
j ∈
A

φ
(‖x

j −
x
i ‖

) ∣∣∣∣ ≤
L
φ
δ

+
ε.

N
ex

t,
w

e
stu

d
y

th
e

case
x
i ∈

B
δ (x

).
F

or
an

y
fi
x
ed

x
i ∈

B
δ (x

),
h
en

ce
x
i ∈

A
,

w
e

h
ave

∣∣∣∣ φ
(‖x
−
x
i ‖

)−
1Q

∑x
j ∈
A

φ
(‖x

j −
x
i ‖) ∣∣∣∣

=

∣∣∣∣
1Q
φ

(‖
x
−
x
i ‖

)
+
Q
−

1

Q
φ

(‖x
−
x
i ‖)−

1Q
φ

(‖x
i −

x
i ‖)−

1Q

∑

x
j ∈
A
\{
x
i }
φ

(‖
x
j −

x
i ‖

) ∣∣∣∣

≤
1Q

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
φ

(‖x
i −

x
i ‖) ∣∣∣∣

+
Q
−

1

Q

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
1

Q
−

1

∑

x
j ∈
A
\{
x
i }
φ

(‖x
j −

x
i ‖

) ∣∣∣∣ .

T
h
e

fi
rst

term
ab

ove
is

b
ou

n
d
ed

as

1Q

∣∣∣∣ φ
(‖
x
−
x
i ‖

)−
φ

(‖x
i −

x
i ‖) ∣∣∣∣ ≤

L
φ
δ

Q
.

N
ex

t,
sim

ilarly
to

th
e

an
aly

sis
of

th
e

case
x
i 6=

B
δ (x

),
w

e
get

th
at

for
x
i ∈

B
δ (x

)
w

ith
p
rob

ab
ility

at
least

1−
2

ex
p (
−

(Q
−

1)
ε
2

2L
2φ
δ
2

)

it
h
old

s
th

at
∣∣∣∣ φ

(‖x
−
x
i ‖)−

1

Q
−

1

∑

x
j ∈
A
\{
x
i }
φ

(‖
x
j −

x
i ‖

) ∣∣∣∣ ≤
L
φ
δ

+
ε,

4
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

h
en

ce
∣ ∣ ∣ ∣φ

(‖
x
−
x
i‖

)
−

1 Q

∑ x
j
∈A
φ

(‖
x
j
−
x
i‖

)∣ ∣ ∣ ∣≤
L
φ
δ

Q
+
Q
−

1

Q
(L

φ
δ

+
ε)
≤
L
φ
δ

+
ε.

C
om

b
in

in
g

th
e

an
al

y
se

s
of

th
e

ca
se

s
x
i
6=
B
δ
(x

)
an

d
x
i
∈
B
δ
(x

),
w

e
co

n
cl

u
d
e

th
at

fo
r

an
y

gi
ve

n
x
i
∈
X

,

P

 
∣ ∣ ∣ ∣φ

(‖
x
−
x
i‖

)
−

1 Q

∑ x
j
∈A
φ

(‖
x
j
−
x
i‖

)∣ ∣ ∣ ∣≤
L
φ
δ

+
ε 
≥

1
−

2
ex

p

(
−

(Q
−

1
)
ε2

2L
2 φ
δ2

)
.

T
h
er

ef
or

e,
ap

p
ly

in
g

th
e

u
n
io

n
b

ou
n
d

on
al

l
N

sa
m

p
le

s
x
i

in
X

,
w

e
ge

t
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t

1
−

2N
ex

p

(
−

(Q
−

1)
ε2

2
L
2 φ
δ2

)

it
h
ol

d
s

th
at

∣ ∣ ∣ ∣φ
(‖
x
−
x
i‖

)
−

1 Q

∑ x
j
∈A
φ

(‖
x
j
−
x
i‖

)∣ ∣ ∣ ∣≤
L
φ
δ

+
ε

(4
5)

fo
r

al
l
x
i
∈
X

.

W
e

ca
n

n
ow

u
se

th
is

in
(4

1)
to

b
ou

n
d

th
e

d
ev

ia
ti

on
of
f
k
(x

)
fr

om
th

e
em

p
ir

ic
al

m
ea

n
of
f
k

in
th

e
n
ei

gh
b

ou
rh

o
o
d

of
x

.
A

ss
u
m

in
g

th
at

th
e

co
n
d
it

io
n

(4
5)

h
ol

d
s

fo
r

a
ll
x
i
∈
X

,
w

e
ob

ta
in

∣ ∣ ∣ ∣ ∣ ∣f
k
(x

)
−

1 Q

∑ x
j
∈A
f
k
(x
j
)∣ ∣ ∣ ∣ ∣ ∣=

∣ ∣ ∣ ∣ ∣ ∣N ∑ i=
1

ck i

 
φ

(‖
x
−
x
i‖

)
−

1 Q

∑ x
j
∈A
φ

(‖
x
j
−
x
i‖

) 
∣ ∣ ∣ ∣ ∣ ∣

≤
(L

φ
δ

+
ε)

N ∑ i=
1

|ck i
|≤
C(
L
φ
δ

+
ε)
,

w
h
ic

h
gi

v
es

‖f
(x

)
−

1 Q

∑ x
j
∈A
f

(x
j
)‖

=

 
d ∑ k
=
1

( f
k
(x

)
−

1 Q

∑ x
j
∈A
f
k
(x
j
)) 2
 

1
/
2

≤
√
d
C(
L
φ
δ

+
ε)
.

W
e

th
u
s

ge
t

P

 
‖f

(x
)
−

1 Q

∑ x
j
∈A
f

(x
j
)‖
≤
√
d
C(
L
φ
δ

+
ε)

 
≥

1
−

2N
ex

p

(
−

(Q
−

1
)
ε2

2L
2 φ
δ2

)
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

A
.6

P
ro

o
f

o
f

T
h

e
o
re

m
8

P
ro

o
f

R
em

em
b

er
fr

om
th

e
p
ro

of
of

T
h
eo

re
m

5
th

at

P
(|A
|≥

Q
)
≥

1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
.

L
em

m
a

7
st

at
es

th
at

,
if
B
δ
(x

)
co

n
ta

in
s

at
le

as
t
Q

sa
m

p
le

s
fr

om
cl

as
s
m

,
i.
e.

,
|A
|≥

Q
,

th
en

P

 
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖
≤
√
d
C(
L
φ
δ

+
ε)

 
≥

1
−

2N
ex

p

(
−

(|A
|−

1
)
ε2

2
L
2 φ
δ2

)

≥
1
−

2N
ex

p

(
−

(Q
−

1
)
ε2

2
L
2 φ
δ2

)
.

H
en

ce
,

co
m

b
in

in
g

th
es

e
tw

o
re

su
lt

s
(m

u
lt

ip
ly

in
g

b
ot

h
p
ro

b
ab

il
it

ie
s)

,
w

e
g
et

th
a
t

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
( 1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

))
(

1
−

2
N

ex
p

(
−

(Q
−

1)
ε2

2L
2 φ
δ2

)
)

≥
1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2N
ex

p

(
−

(Q
−

1)
ε2

2
L
2 φ
δ2

)

it
h
ol

d
s

th
at

‖f
(x

)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖
≤
√
d
C(
L
φ
δ

+
ε)
.

(4
6
)

A
te

st
sa

m
p
le
x

d
ra

w
n

fr
om

ν m
is

cl
as

si
fi
ed

co
rr

ec
tl

y
w

it
h

th
e

li
n
ea

r
cl

as
si

fi
er

if

ω
T m
k
f

(x
)

+
b m

k
>

0
,
∀k

=
1,
..
.,
M
−

1
,
k
6=
m
.

If
th

e
co

n
d
it

io
n

in
(4

6)
is

sa
ti

sfi
ed

,
fo

r
al

l
k
6=
m

,
w

e
h
av

e

ω
T m
k
f

(x
)

+
b m

k
=
ω
T m
k

1 |A
|
∑ x
j
∈A
f

(x
j
)

+
b m

k
+
ω
T m
k

 
f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
) 

≥
ω
T m
k

1 |A
|
∑ x
j
∈A
f

(x
j
)

+
b m

k
−
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖

>
γ
Q
/
2
−
‖f

(x
)
−

1 |A
|
∑ x
j
∈A
f

(x
j
)‖
≥
γ
Q
/
2
−
√
d
C(
L
φ
δ

+
ε)
≥

0
.

W
e

th
u
s

co
n
cl

u
d
e

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t

1
−

ex
p

(
−

2
(N

m
η m

,δ
−
Q

)2

N
m

)
−

2
N

ex
p

(
−

(Q
−

1)
ε2

2L
2 φ
δ2

)
,

ω
T m
k
f

(x
)

+
b m

k
>

0
fo

r
al

l
k
6=
m

,
h
en

ce
,

th
e

cl
as

s
la

b
el

of
x

is
es

ti
m

at
ed

co
rr

ec
tl

y.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

A
.7

P
ro

o
f

o
f

T
h

e
o
re

m
9

P
ro

o
f

F
irst,

recall
from

th
e

p
ro

of
of

T
h
eorem

8
th

at,
w

ith
p
rob

ab
ility

at
least

1−
ex

p (
−

2
(N

m
η
m
,δ −

Q
)
2

N
m

)
−

2N
ex

p (
−

(Q
−

1)
ε
2

2L
2φ
δ
2

)

th
e
δ-n

eig
h
b

o
rh

o
o
d
B
δ (x

)
of

a
test

sam
p
le
x

from
class

m
con

tain
s

at
least

Q
sam

p
les

from
cla

ss
m

,
a
n
d

‖
f

(x
)−

1|A|
∑x
j ∈
A

f
(x
j )‖
≤
√
dC

(L
φ
δ

+
ε),

(47)

w
h
ere

A
is

th
e

set
of

train
in

g
sam

p
les

in
B
δ (x

)
from

class
m

.

T
h
en

it
is

easy
to

sh
ow

th
at

(as
in

th
e

p
ro

of
of

T
h
eorem

6),
w

ith
p
rob

ab
ility

at
least

1−
ex

p (
−

2
(N

m
η
m
,δ −

Q
)
2

N
m

)
−

2
N

ex
p (
−

(Q
−

1)
ε
2

2L
2φ
δ
2

)
,

B
δ (x

)
w

ill
co

n
tain

at
least

Q
sam

p
les

x
i

from
class

m
su

ch
th

at

‖
f

(x
)−

f
(x
i )‖
≤
√
dC

(L
φ
δ

+
ε)

+
D

2
δ .

(48)

H
en

ce,
fo

r
a

train
in

g
sam

p
le
x
′i

from
an

oth
er

class
(oth

er
th

an
m

),
w

e
h
ave

‖f
(x

)−
f

(x
′i )‖
≥
‖
f

(x
i )−

f
(x
′i )‖−

‖
f

(x
)−

f
(x
i )‖

>
γ
−

( √
dC

(L
φ
δ

+
ε)

+
D

2
δ ),

w
h
ich

fo
llow

s
from

(48)
an

d
th

e
h
y
p

oth
esis

o
n

th
e

em
b

ed
d
in

g
th

at‖f
(x
i )−

f
(x
′i )‖

>
γ

.

D
u
e

to
th

e
con

d
ition

(16),
w

e
h
ave

γ
≥

2 √
dC

(L
φ
δ

+
ε)

+
2D

2
δ .

U
sin

g
th

is
ab

ove
eq

u
a
tio

n
,

w
e

o
b
tain

‖
f

(x
)−

f
(x
′i )‖

>
√
dC

(L
φ
δ

+
ε)

+
D

2
δ .

T
h
erefo

re,
th

e
d
istan

ce
of
f

(x
)

to
th

e
em

b
ed

d
in

g
of

th
e

sam
p
les

from
oth

er
cla

sses
is

m
ore

th
a
n
√
dC

(L
φ
δ

+
ε)

+
D

2
δ ,

w
h
ile

th
ere

are
sam

p
les

from
its

ow
n

class
w

ith
in

a
d
istan

ce
o
f √

dC
(L

φ
δ

+
ε)

+
D

2
δ

to
f

(x
).

W
e

th
u
s

con
clu

d
e

th
at

th
e

class
la

b
el

of
x

is
estim

ated
co

rrectly
w

ith
n
earest-n

eigh
b

or
classifi

cation
in

th
e

low
-d

im
en

sion
al

d
om

ain
of

em
b

ed
d
in

g.

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

th
e

R
e
su

lts
in

S
e
ctio

n
3

B
.1

P
ro

o
f

o
f

L
e
m

m
a

1
3

P
ro

o
f

T
h
e

co
ord

in
ate

vector
y

is
th

e
eigen

vector
of

th
e

m
atrix

L
w
−
µ
L
b

co
rresp

o
n
d
in

g
to

its
m

in
im

u
m

eigen
valu

e.
H

en
ce,

y
=

arg
m

inξ
‖
ξ‖

=
1

ξ
T

(L
w
−
µ
L
b )ξ.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

E
q
u
ivalen

tly,
d
efi

n
in

g
th

e
d
egree-n

orm
alized

co
ord

in
ates

z
=
D
−
1
/
2

w
y
,

an
d

th
u
s

rep
la

cin
g

th
e

ab
ove

ξ
b
y
D

1
/
2

w
ξ,

w
e

h
ave

z
=

arg
m

inξ
ξ
T
D
w
ξ
=
1

N
(ξ)

N
(ξ)

=
ξ
T
D

1
/
2

w
(L

w
−
µ
L
b )D

1
/
2

w
ξ

=
ξ
T

(D
w
−
W
w

)ξ−
µ
ξ
T

(D
w
D
−
1

b
)
1
/
2

(D
b −

W
b )

(D
−
1

b
D
w

)
1
/
2ξ.

(49)

T
h
en

,
d
en

otin
g
β
i

=
d
w

(i)/d
b (i),

th
e

term
N

(ξ)
can

b
e

rearran
ged

as

N
(ξ)

=
∑

i

ξ
i (
d
w

(i)
ξ
i −

∑j∼
w
i ξ
j
w
ij )
−
µ ∑

i

ξ
i (
d
w

(i)
ξ
i −

∑j∼
b i ξ

j
w
ij √

β
i β
j )

=
∑

i

ξ
i ∑j∼

w
i (ξ

i −
ξ
j )w

ij −
µ ∑

i

ξ
i ∑j∼

b i (β
i ξ
i −
√
β
i β
j
ξ
j )w

ij

=
∑

i

∑j∼
w
i (ξ

2i −
ξ
i ξ
j )w

ij −
µ ∑

i

∑j∼
b i (β

i ξ
2i −

√
β
i β
j ξ
i ξ
j )w

ij ,

w
h
ich

giv
es

6

N
(ξ)

=
∑i∼
w
j (ξ

i −
ξ
j )

2
w
ij −

µ
∑i∼
b j (√

β
i ξ
i −
√
β
j ξ
j )

2
w
ij

(50)

b
y

grou
p
in

g
th

e
n
eigh

b
orin

g
(i,j)

p
airs

in
th

e
in

n
er

su
m

s.
N

ow
,

for
an

y
ξ
∈

R
N
×
1

su
ch

th
at
ξ
T
D
w
ξ

=
1,

w
e

d
efi

n
e
ξ ∗

as
follow

s

ξ ∗i
=

{
−
|ξ
i |

if
C
i

=
1

|ξ
i |

if
C
i

=
2.

(51)

C
learly,

ξ ∗
also

satisfi
es

(ξ ∗)
T
D
w
ξ ∗

=
1.

F
rom

(50),
it

can
b

e
easily

ch
ecked

th
at
N

(ξ ∗)≤
N

(ξ)
for

an
y
ξ,

T
h
en

,
a

m
in

im
izer

z
of

th
e

p
rob

lem
(49)

h
as

to
b

e
of

th
e

sep
arab

le
form

d
efi

n
ed

in
(51);

oth
erw

ise
z ∗

w
ou

ld
y
ield

a
sm

aller
valu

e
for

th
e

fu
n
ction

N
,

w
h
ich

w
ou

ld
con

trad
ict

th
e

fact
th

at
z

is
a

m
in

im
izer.

N
ote

th
at

th
e

eq
u
ality

N
(z ∗)

=
N

(z
)

h
old

s
on

ly
if
z

=
z ∗

or
z

=
−
z ∗,

th
u
s

w
h
en

z
is

sep
arab

le.
T

h
erefore,

th
e

em
b

ed
d
in

g
z

sa
tisfi

es
th

e
con

d
ition

z
i ≤

0
if
C
i

=
1,

z
i ≥

0
if
C
i

=
2,

or
th

e
eq

u
ivalen

t
con

d
ition

z
i ≤

0
if
C
i

=
2,

z
i ≥

0
if
C
i

=
1.

F
in

ally,
sin

ce
y
i

=
√
d
w

(i)
z
i ,

th
e

sam
e

p
rop

erty
also

h
old

s
for

th
e

em
b

ed
d
in

g
y
.

6
.

In
o
u

r
n

o
ta

tio
n

,
th

e
term

s
i∼

w
j

a
n

d
i∼

b
j

in
th

e
su

m
m

a
tio

n
in

d
ices

a
s

in
(5

0
)

refer
to

ed
g
es

ra
th

er
th

a
n

n
eig

h
b

o
rin

g
(i,j)-p

a
irs;

i.e.,
ea

ch
p

a
ir

is
co

u
n
ted

o
n

ly
o
n

ce
in

th
e

su
m

m
a
tio

n
.
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

B
.2

P
ro

o
f

o
f

T
h

e
o
re

m
1
4

P
ro

o
f

F
ro

m
(4

9)
an

d
(5

0)
,

w
e

h
av

e

z
=

ar
g

m
in ξ

ξ
T
D
w
ξ
=
1

∑ i∼
w
j(ξ

i
−
ξ j

)2
w
ij
−
µ
∑ i∼
b
j

( √
β
iξ
i
−
√
β
j
ξ j

) 2
w
ij
.

(5
2)

T
h
u
s,

at
th

e
op

ti
m

al
so

lu
ti

on
z

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

ta
ke

s
th

e
va

lu
e

N
(z

)
=
∑ i∼
w
j(z

i
−
z j

)2
w
ij
−
µ
∑ i∼
b
j

( √
β
iz
i
−
√
β
j
z j

) 2
w
ij
.

(5
3)

In
th

e
fo

ll
ow

in
g,

w
e

d
er

iv
e

a
lo

w
er

b
ou

n
d

fo
r

th
e

fi
rs

t
su

m
a
n
d

an
u
p
p

er
b

ou
n
d

fo
r

th
e

se
co

n
d

su
m

in
(5

3)
.

W
e

b
eg

in
w

it
h

th
e

fi
rs

t
su

m
.

L
et
i 1
,m
in

,
i 1
,m
a
x
,
i 2
,m
in

an
d
i 2
,m
a
x

d
en

ot
e

th
e

in
d
ic

es
of

th
e

d
at

a
sa

m
p
le

s
in

cl
as

s
1

an
d

cl
as

s
2

th
at

a
re

re
sp

ec
ti

v
el

y
m

ap
p

ed
to

th
e

ex
tr

em
al

co
or

d
in

at
es
z 1
,m
in

,
z 1
,m
a
x
,
z 2
,m
in

,
z 2
,m
a
x
,

w
h
er

e

z k
,m
in

=
m

in
i:
C
i
=
k
z i
,

z k
,m
a
x

=
m

ax
i:
C
i
=
k
z i
.

L
et
P
1

=
{(
x
k
i−

1
,x

k
i
)}
L
1

i=
1

b
e

a
sh

or
te

st
p
at

h
of

le
n
gt

h
L
1

jo
in

in
g
x
i 1
,m
in

an
d
x
i 1
,m
a
x

an
d

P
2

=
{(
x
n
i−

1
,x

n
i
)}
L
2

i=
1

b
e

a
sh

or
te

st
p
at

h
of

le
n
gt

h
L
2

jo
in

in
g
x
i 2
,m
in

an
d
x
i 2
,m
a
x
.

W
e

h
av

e

∑ i∼
w
j(z

i
−
z j

)2
w
ij
≥

L
1

∑ i=
1

(z
k
i
−
z k
i−

1
)2
w
k
i−

1
k
i

+

L
2

∑ i=
1

(z
n
i
−
z n

i−
1
)2
w
n
i−

1
n
i

≥
w
m
in
,1

L
1

∑ i=
1

(z
k
i
−
z k
i−

1
)2

+
w
m
in
,2

L
2

∑ i=
1

(z
n
i
−
z n

i−
1
)2
,

(5
4)

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

si
m

p
ly

fo
ll
ow

s
fr

om
th

e
fa

ct
th

at
th

e
se

t
of

ed
ge

s
m

ak
in

g
u
p

P
1
∪
P
2

ar
e

co
n
ta

in
ed

in
th

e
se

t
of

al
l

ed
ge

s
in
G
w

.
F

or
a

se
q
u
en

ce
{a

i}
L i=

0
,

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y

h
ol

d
s

(a
L
−
a
0
)2

=
L ∑ i=
1

(a
i
−
a
i−

1
)2

+
L ∑ i,
j=

1
i6=
j

(a
i
−
a
i−

1
)(
a
j
−
a
j−

1
)

≤
L ∑ i=
1

(a
i
−
a
i−

1
)2

+
1 2

L ∑ i,
j=

1
i6=
j

( (a
i
−
a
i−

1
)2

+
(a
j
−
a
j−

1
)2
) =

L
L ∑ i=
1

(a
i
−
a
i−

1
)2
.

H
en

ce
,

L ∑ i=
1

(a
i
−
a
i−

1
)2
≥

1 L
(a
L
−
a
0
)2
.

U
si

n
g

th
is

in
eq

u
al

it
y

in
(5

4)
,

w
e

ge
t

∑ i∼
w
j(z

i
−
z j

)2
w
ij
≥
w
m
in
,1

L
1

(z
1
,m
a
x
−
z 1
,m
in

)2
+
w
m
in
,2

L
2

(z
2
,m
a
x
−
z 2
,m
in

)2
.
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

S
in

ce
th

e
p
at

h
le

n
gt

h
s
L
1

an
d
L
2

ar
e

u
p
p

er
b

o
u
n
d
ed

b
y

th
e

d
ia

m
et

er
s
D

1
an

d
D

2
,
w

e
fi
n
a
ll
y

ob
ta

in
th

e
lo

w
er

b
ou

n
d

∑ i∼
w
j(z

i
−
z j

)2
w
ij
≥
w
m
in
,1

D
1

(z
1
,m
a
x
−
z 1
,m
in

)2
+
w
m
in
,2

D
2

(z
2
,m
a
x
−
z 2
,m
in

)2
.

(5
5
)

N
ex

t,
w

e
fi
n
d

an
u
p
p

er
b

ou
n
d

fo
r

th
e

se
co

n
d

su
m

in
(5

3)
.

U
si

n
g

L
em

m
a

13
,

w
e

o
b
ta

in
th

e
fo

ll
ow

in
g

in
eq

u
al

it
y

∑ i∼
b
j

( √
β
iz
i
−
√
β
j
z j

) 2
w
ij
≤
∑ i∼
b
j(z

2
,m
a
x
−
z 1
,m
in

)2
β
m
a
x
w
ij

=
1 2

(z
2
,m
a
x
−
z 1
,m
in

)2
β
m
a
x
V
b m
a
x
.

(5
6
)

N
ow

,
si

n
ce

th
e

so
lu

ti
on

z
in

(5
2)

m
in

im
iz

es
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
N

(ξ
),

w
e

h
av

e

N
(z

)
=
λ
m
in

(L
w
−
µ
L
b
),

w
h
er

e
λ
m
in

(·)
an

d
λ
m
a
x
(·)

re
sp

ec
ti

v
el

y
d
en

ot
e

th
e

m
in

im
u
m

an
d

th
e

m
ax

im
u
m

ei
g
en

va
lu

es
of

a
m

at
ri

x
.

F
or

tw
o

H
er

m
it

ia
n

m
at

ri
ce

s
A

a
n
d
B

,
th

e
in

eq
u
al

it
y
λ
m
in

(A
+
B

)
≤
λ
m
in

(A
)
+

λ
m
a
x
(B

)
h
ol

d
s.

A
s
L
w

an
d
L
b

ar
e

gr
ap

h
L

ap
la

ci
an

m
at

ri
ce

s,
w

e
h
av

e
λ
m
in

(L
w

)
=
λ
m
in

(L
b
)

=
0

an
d

th
u
s

N
(z

)
=
λ
m
in

(L
w
−
µ
L
b
)
≤
λ
m
in

(L
w

)
+
λ
m
a
x
(−
µ
L
b
)

=
λ
m
in

(L
w

)
−
µ
λ
m
in

(L
b
)

=
0
.

U
si

n
g

in
(5

3)
th

e
ab

ov
e

in
eq

u
al

it
y

an
d

th
e

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

in
(5

5
)

a
n
d

(5
6
),

w
e

ob
ta

in

0
≥
N

(z
)

=
∑ i∼
w
j(z

i
−
z j

)2
w
ij
−
µ
∑ i∼
b
j

( √
β
iz
i
−
√
β
j
z j

) 2
w
ij

≥
w
m
in
,1

D
1

(z
1
,m
a
x
−
z 1
,m
in

)2
+
w
m
in
,2

D
2

(z
2
,m
a
x
−
z 2
,m
in

)2

−
1 2
µ

(z
2
,m
a
x
−
z 1
,m
in

)2
β
m
a
x
V
b m
a
x
.

H
en

ce

w
m
in
,1

D
1

(z
1
,m
a
x
−
z 1
,m
in

)2
+
w
m
in
,2

D
2

(z
2
,m
a
x
−
z 2
,m
in

)2
≤

1 2
µ

(z
2
,m
a
x
−
z 1
,m
in

)2
β
m
a
x
V
b m
a
x
.

(5
7
)

T
h
e

R
H

S
of

th
e

ab
ov

e
in

eq
u
al

it
y

is
re

la
te

d
to

th
e

ov
er

al
l

su
p
p

or
t
z 2
,m
a
x
−
z 1
,m
in

o
f

th
e

d
at

a,
w

h
er

ea
s

th
e

te
rm

s
on

th
e

L
H

S
ar

e
re

la
te

d
to

th
e

in
d
iv

id
u
al

su
p
p

o
rt

s
z 1
,m
a
x
−
z 1
,m
in

an
d
z 2
,m
a
x
−
z 2
,m
in

of
th

e
tw

o
cl

as
se

s
in

th
e

le
ar

n
t

em
b

ed
d
in

g.
M

ea
n
w

h
il
e,

th
e

se
p
a
ra

ti
o
n

z 2
,m
in
−
z 1
,m
a
x

b
et

w
ee

n
th

e
tw

o
cl

as
se

s
is

gi
ve

n
b
y

th
e

ga
p

b
et

w
ee

n
th

e
ov

er
a
ll

su
p
p

o
rt

a
n
d

th
e

su
m

s
of

th
e

in
d
iv

id
u
al

su
p
p

or
ts

.
In

or
d
er

to
u
se

th
e

ab
ov

e
in

eq
u
al

it
y

in
v
ie

w
o
f

th
is

ob
se

rv
at

io
n
,

w
e

fi
rs

t
d
er

iv
e

a
lo

w
er

b
ou

n
d

o
n

th
e

R
H

S
te

rm
.

S
in

ce
z
T
D
w
z

=
1
,

w
e

h
av

e

1
=
∑ i

z
2 i
d
w

(i
)

=
∑

i:
C
i
=
1

z
2 i
d
w

(i
)

+
∑

i:
C
i
=
2

z
2 i
d
w

(i
)

≤
z
2 1
,m
in

∑

i:
C
i
=
1

d
w

(i
)

+
z
2 2
,m
a
x

∑

i:
C
i
=
2

d
w

(i
)

=
z
2 1
,m
in
V
1

+
z
2 2
,m
a
x
V
2
.
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C
l
a
ssif

ic
a
t
io
n
W

it
h
S
u
p
e
r
v
ise

d
M
a
n
if
o
l
d

L
e
a
r
n
in
g

T
h
is

g
iv

es

z
21
,m
in

+
z
22
,m
a
x ≥

1

V
m
a
x
.

H
en

ce,
w

e
o
b
ta

in
th

e
follow

in
g

low
er

b
ou

n
d

on
th

e
overall

su
p
p

ort

(z
2
,m
a
x −

z
1
,m
in

)
2≥

z
22
,m
a
x

+
z
21
,m
in
≥

1

V
m
a
x
.

(58)

D
en

o
tin

g
th

e
su

p
p

orts
of

class
1

an
d

class
2

an
d

th
e

ov
erall

su
p
p

ort
as

S
1

=
z
1
,m
a
x −

z
1
,m
in
,

S
2

=
z
2
,m
a
x −

z
2
,m
in
,

S
=
z
2
,m
a
x −

z
1
,m
in
,

w
e

h
ave

fro
m

(57)

w
m
in

(S
21

+
S
22 )≤

12
µ
S
2
β
m
a
x V

bm
a
x ,

w
h
ich

y
ield

s
th

e
follow

in
g

u
p
p

er
b

ou
n
d

on
th

e
total

su
p
p

ort
of

th
e

tw
o

classes

S
1

+
S
2 ≤

√
2(S

21
+
S
22 )≤

S √
µ
β
m
a
x V

bm
a
x

w
m
in

.

W
e

ca
n

th
u
s

low
er

b
ou

n
d

th
e

sep
aration

z
2
,m
in −

z
1
,m
a
x

as

z
2
,m
in −

z
1
,m
a
x

=
S
−

(S
1

+
S
2 )≥

S


1−

√
µ
β
m
a
x V

bm
a
x

w
m
in


,

p
rov

id
ed

th
at
µ
<
w
m
in
/(β

m
a
x V

bm
a
x ).

F
rom

th
e

low
er

b
ou

n
d

on
th

e
overall

su
p
p

ort
in

(58),
w

e
low

er
b

o
u
n
d

th
e

sep
aration

as
follow

s

z
2
,m
in −

z
1
,m
a
x ≥

1
√
V
m
a
x 

1−
√
µ
β
m
a
x V

bm
a
x

w
m
in


.

F
in

a
lly,

sin
ce

th
e

sep
aration

of
an

y
em

b
ed

d
in

g
w

ith
d
im

en
sion

d
≥

1
is

at
least

as
m

u
ch

as
th

e
sep

a
ra

tion
z
2
,m
in −

z
1
,m
a
x

of
th

e
em

b
ed

d
in

g
of

d
im

en
sion

d
=

1,
th

e
ab

ove
low

er
b

ou
n
d

h
o
ld

s
fo

r
a
n
y
d
≥

1
as

w
ell.

B
.3

P
ro

o
f

o
f

C
o
ro

lla
ry

1
5

P
ro

o
f

T
h
e

o
n
e-d

im
en

sion
al

em
b

ed
d
in

g
z

is
given

as
th

e
solu

tion
of

th
e

con
strain

ed
op

ti-
m

iza
tio

n
p
ro

b
lem

z
=

arg
m

in
N

(ξ)
s.t.

D
(ξ)

=
1,

w
h
ere

N
(ξ)

=
ξ
T
D

1
/
2

w
(L

w
−
µ
L
b )D

1
/
2

w
ξ,

D
(ξ)

=
ξ
T
D
w
ξ.

D
efi

n
in

g
th

e
L

a
gran

gian
fu

n
ction

Λ
(ξ,λ

)
=
N

(ξ)
+
λ

(D
(ξ)−

1)

5
1
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L

R
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V
u
r
a
l
a
n
d

G
u
il
l
e
m
o
t

at
th

e
op

tim
al

solu
tion

z
,

w
e

h
ave

∇
ξ Λ

=
∇
λ Λ

=
0,

w
h
ere
∇
ξ

an
d
∇
λ

resp
ectively

d
en

ote
th

e
d
erivatives

of
Λ

w
ith

resp
ect

to
ξ

an
d
λ

.
T

h
u
s,

at
ξ

=
z
,

∂
Λ

∂
ξ
i

=
∂
N

(ξ)

∂
ξ
i

+
λ
∂
D

(ξ)

∂
ξ
i

=
0

for
all

i
=

1,...,N
.

F
rom

(50),
th

e
d
eriva

tiv
es

of
N

(ξ)
an

d
D

(ξ)
at
z

are
giv

en
b
y

∂
N

(ξ)

∂
ξ
i

∣∣∣∣ξ
=
z

=
∑j∼
w
i 2(z

i −
z
j )w

ij −
µ
∑j∼
b i 2 (√

β
i z
i −
√
β
j z
j )
√
β
i w

ij

∂
D

(ξ)

∂
ξ
i

∣∣∣∣ξ
=
z

=
2
d
w

(i)
z
i ,

w
h
ich

y
ield

s∑j∼
w
i (z

i −
z
j )w

ij −
µ
∑j∼
b i (√

β
i z
i −
√
β
j z
j )
√
β
i w

ij
+
λ
d
w

(i)
z
i

=
0

(59)

for
all

i.
A

t
i

=
i1
,m
a
x ,

as
z

attain
s

its
m

ax
im

al
valu

e
z
1
,m
a
x

for
cla

ss
1,

w
e

h
ave

λ
d
w

(i1
,m
a
x )
z
1
,m
a
x

=
∑

j∼
w
i1
,m
a
x (z

j −
z
1
,m
a
x )w

i1
,m
a
x
j

+
µ

∑

j∼
b i1

,m
a
x ( √

β
i1
,m
a
x z

1
,m
a
x −

√
β
j z
j ) √

β
i1
,m
a
x
w
i1
,m
a
x
j

≤
−
µ
β
m
in

(z
2
,m
in −

z
1
,m
a
x )
d
b (i1

,m
a
x ).

H
en

ce

|z
1
,m
a
x |

=
−
z
1
,m
a
x ≥

µ
β
m
in

(z
2
,m
in −

z
1
,m
a
x )d

b (i1
,m
a
x )

λ
d
w

(i1
,m
a
x )

≥
µ
β
m
in

(z
2
,m
in −

z
1
,m
a
x )

λ
β
m
a
x

.
(60)

W
e

p
ro

ceed
b
y

d
eriv

in
g

an
u
p
p

er
b

ou
n
d

for
λ

.
T

h
e

grad
ien

ts
of
N

(ξ)
an

d
D

(ξ)
are

given
b
y

∇
ξ N

=
2D

1
/
2

w
(L

w
−
µ
L
b )D

1
/
2

w
ξ,

∇
ξ D

=
2D

w
ξ.

F
rom

th
e

con
d
ition

∇
ξ Λ

=
0

at
ξ

=
z
,

w
e

h
ave

D
1
/
2

w
(L

w
−
µ
L
b )D

1
/
2

w
z

+
λ
D
w
z

=
0

(L
w
−
µ
L
b )y

+
λ
y

=
0.

S
in

ce
y

=
D

1
/
2

w
z

is
th

e
u
n
it-n

orm
eigen

vector
of
L
w
−
µ
L
b

corresp
on

d
in

g
to

its
sm

allest
eigen

valu
e,

th
e

L
agran

gian
m

u
ltip

lier
λ

is
giv

en
b
y

λ
=
−
λ
m
in (L

w
−
µ
L
b ).

5
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C
l
a
ss
if
ic
a
t
io
n
W

it
h
S
u
p
e
r
v
is
e
d

M
a
n
if
o
l
d

L
e
a
r
n
in
g

W
e

ca
n

lo
w

er
b

ou
n
d

th
e

m
in

im
u
m

ei
ge

n
va

lu
e

as

λ
m
in

(L
w
−
µ
L
b
)
≥
λ
m
in

(L
w

)
+
λ
m
in

(−
µ
L
b
)

=
0
−
µ
λ
m
a
x
(L

b
)
≥
−

2µ

si
n
ce

th
e

ei
ge

n
va

lu
es

of
a

gr
ap

h
L

ap
la

ci
an

ar
e

u
p
p

er
b

ou
n
d
ed

b
y

2.
T

h
is

gi
ve

s
λ
≤

2µ
.

U
si

n
g

th
is

u
p
p

er
b

ou
n
d

on
λ

in
(6

0)
,

w
e

ob
ta

in

|z 1
,m
a
x
|≥

1 2

β
m
in

β
m
a
x

(z
2
,m
in
−
z 1
,m
a
x
).

R
ep

ea
ti

n
g

th
e

sa
m

e
st

ep
s

fo
r
i

=
i 2
,m
in

fo
ll
ow

in
g

(5
9)

,
on

e
ca

n
si

m
il
ar

ly
sh

ow
th

at

z 2
,m
in
≥

1 2

β
m
in

β
m
a
x

(z
2
,m
in
−
z 1
,m
a
x
).

R
e
fe

re
n
ce

s

B
.

J
.

C
.

B
ax

te
r.

T
h
e

in
te

rp
o
la

ti
o
n

th
eo

ry
o
f

ra
d
ia

l
ba

si
s

fu
n

ct
io

n
s.

P
h
D

th
es

is
,

C
am

b
ri

d
ge

U
n
iv

er
si

ty
,

T
ri

n
it

y
C

ol
le

ge
,

19
92

.

M
.

B
el

k
in

an
d

P
.

N
iy

og
i.

L
ap

la
ci

an
ei

ge
n
m

ap
s

fo
r

d
im

en
si

on
al

it
y

re
d
u
ct

io
n

an
d

d
at

a
re

p
-

re
se

n
ta

ti
on

.
N

eu
ra

l
C

o
m

p
u

ta
ti

o
n

,
15

(6
):

13
73

–1
39

6,
J
u
n
e

20
03

.

P
.

J
.

B
ic

ke
l

an
d

B
.

L
i.

L
o
ca

l
p

ol
y
n
om

ia
l

re
gr

es
si

on
on

u
n
k
n
ow

n
m

an
if

ol
d
s.

L
ec

tu
re

N
o
te

s-
M

o
n

og
ra

p
h

S
er

ie
s,

54
:1

77
–1

86
,

20
07

.

A
.

C
ap

on
n
et

to
an

d
E

.
D

e
V
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lt

y
of

th
is

m
et

h
o
d

is
th

e
u
se

of
gr

ad
ie

n
t

o
p
ti

m
iz

a
-

ti
on

in
a

n
on

-c
on

ve
x

p
ro

b
le

m
(w

h
ic

h
ca

n
le

ad
to

lo
ca

l
op

ti
m

a)
,

an
d

th
e

so
m

ew
h
a
t

a
rb

it
ra

ry
w

ay
of

im
p
u
ti

n
g

m
is

si
n
g

ra
n
k
s.

C
om

p
a
re

d
to

th
e

P
L

m
o
d
el

,
th

e
M

al
lo

w
s

m
o
d
el

h
a
s

th
e

ad
va

n
ta

ge
of

b
ei

n
g

fl
ex

ib
le

in
th

e
ch

oi
ce

o
f

th
e

d
is

ta
n
ce

fu
n
ct

io
n

b
et

w
ee

n
p

er
m

u
ta

ti
o
n
s.

It
is

al
so

ve
rs

at
il
e

in
it

s
ab

il
it

y
to

ad
ap

t
to

d
iff

er
en

t
k
in

d
s

of
d
at

a
(p

ai
rw

is
e

co
m

p
a
ri

so
n
s,

p
ar

ti
al

ra
n
k
in

gs
).

H
ow

ev
er

,
fo

r
so

m
e

d
is

ta
n
ce

s
ex

ac
t

in
fe

re
n
ce

is
ve

ry
d
em

a
n
d
in

g
,

b
ec

a
u
se

th
e

p
ar

ti
ti

on
fu

n
ct

io
n

n
or

m
al

iz
in

g
th

e
m

o
d
el

is
ve

ry
ex

p
en

si
ve

to
co

m
p
u
te

.
T

h
er

ef
o
re

m
o
st

w
or

k
on

th
e

M
al

lo
w

s
h
as

b
ee

n
li
m

it
ed

to
a

fe
w

p
a
rt

ic
u
la

r
d
is

ta
n
ce

s,
li
ke

th
e

K
en

d
a
ll

d
is

-
ta

n
ce

,
fo

r
w

h
ic

h
th

e
p
ar

ti
ti

on
fu

n
ct

io
n

ca
n

b
e

co
m

p
u
te

d
an

al
y
ti

ca
ll
y.

M
ax

im
u
m

L
ik

el
ih

o
o
d

in
fe

re
n
ce

ab
ou

t
th

e
co

n
se

n
su

s
ra

n
k
in

g
in

th
e

M
a
ll
ow

s
m

o
d
el

is
ge

n
er

al
ly

ve
ry

d
iffi

cu
lt

,
a
n
d

in
m

an
y

ca
se

s
N

P
-h

ar
d
,

w
h
ic

h
le

ad
to

th
e

d
ev

el
op

m
en

t
of

h
eu

ri
st

ic
al

go
ri

th
m

s.
T

h
e

in
te

r-
es

ti
n
g

p
ro

p
os

al
of

L
u

an
d

B
ou

ti
li
er

(2
01

4)
m

ak
es

u
se

of
th

e
G

en
er

al
iz

ed
R

ep
ea

te
d

In
se

rt
io

n
M

o
d
el

(G
R

IM
),

b
as

ed
on

th
e

E
M

al
go

ri
th

m
,

an
d

al
lo

w
s

al
so

fo
r

d
at

a
in

th
e

fo
rm

o
f

p
a
ir

w
is

e
p
re

fe
re

n
ce

s.
T

h
ei

r
m

o
d
el

fo
cu

se
s

on
th

e
K

en
d
al

l
d
is

ta
n
ce

on
ly

,
an

d
it

p
ro

v
id

es
n
o

u
n
ce

r-
ta

in
ty

q
u
an

ti
fi
ca

ti
on

.
A

n
ot

h
er

in
te

re
st

in
g

E
M

-b
as

ed
ap

p
ro

ac
h

is
K

h
an

et
al

.
(2

0
1
4
),

w
h
ic

h

2
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P
r
o
b
a
b
il

ist
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

is
d
riven

b
y

ex
p

ectation
p
rop

agation
a
p
p
rox

im
ate

in
feren

ce,
an

d
scales

to
very

large
d
ata

sets
w

ith
o
u
t

req
u
irin

g
stron

g
factorization

assu
m

p
tion

s.
A

m
o
n
g

p
rob

ab
ilistic

ap
p
roach

es,
M

eilǎ
a
n
d

C
h
en

(2010)
u
se

D
irich

let
p
ro

cess
m

ix
tu

res
to

p
erform

B
ayesian

clu
sterin

g
of

a
ssesso

rs
in

th
e

M
allow

s
m

o
d
el,

b
u
t

th
ey

again
fo

cu
s

on
th

e
K

en
d
all

d
istan

ce
on

ly.
J
acq

u
es

a
n
d

B
iern

a
ck

i
(2014)

also
p
rop

ose
clu

sterin
g

b
ased

on
p
artial

ran
k
in

gs,
b
u
t

in
th

e
con

tex
t

o
f

th
e

In
sertio

n
S
ortin

g
R

an
k

(IS
R

)
m

o
d
el.

H
en

ce,
th

e
ap

p
roach

is
p
rob

ab
ilistic

b
u
t

it
is

fa
r

fro
m

th
e

gen
eral

form
of

th
e

M
allow

s,
even

th
ou

gh
it

h
as

con
n
ection

s
w

ith
th

e
M

al-
low

s
w

ith
K

en
d
all

d
istan

ce.
S
ee

S
ection

5
for

a
m

ore
d
etailed

p
resen

tation
of

rela
ted

w
ork

.
F

o
r

th
e

g
en

era
l

b
ack

grou
n
d

on
statistical

m
eth

o
d
s

for
ran

k
d
ata,

w
e

refer
to

th
e

ex
cellen

t
m

on
o
g
ra

p
h

b
y

M
ard

en
(1995),

an
d

to
th

e
b

o
ok

b
y

A
lv

o
an

d
Y

u
(2

014).

T
h
e

co
n
trib

u
tion

s
of

th
is

p
ap

er
are

su
m

m
arized

as
follow

s.
W

e
d
evelop

a
B

ayesian
fra

m
ew

o
rk

fo
r

in
feren

ce
in

M
allow

s
m

o
d
els

th
at

w
ork

s
w

ith
an

y
righ

t-in
varian

t
m

etric.
In

p
a
rticu

la
r,

th
e

m
eth

o
d

is
ab

le
to

h
an

d
le

som
e

of
th

e
righ

t-in
varian

t
d
istan

ces
p

o
o
rly

con
-

sid
ered

in
th

e
ex

istin
g

literatu
re,

b
ecau

se
of

th
eir

w
ell-k

n
ow

n
in

tractab
ility.

In
th

is
w

ay
th

e
m

ain
ad

va
n
ta

g
e

of
th

e
M

allow
s

m
o
d
els,

n
am

ely
its

fl
ex

ib
ility

in
th

e
ch

o
ice

of
th

e
d
istan

ce,
is

fu
lly

ex
p
lo

ited
.

W
e

p
rop

ose
a

M
etrop

olis-H
astin

g
s

iterative
algorith

m
,

w
h
ich

con
v
erges

to
th

e
B

ayesia
n

p
osterior

d
istrib

u
tion

,
if

th
e

ex
act

p
a
rtition

fu
n
ction

is
availab

le.
In

case
th

e
ex

act
p
a
rtition

fu
n
ction

is
n
ot

availab
le,

w
e

p
rop

ose
to

ap
p
rox

im
ate

it
u
sin

g
an

off
-lin

e
im

p
o
rta

n
ce

sa
m

p
lin

g
sch

em
e,

an
d

w
e

d
o
cu

m
en

t
th

e
q
u
ality

an
d

effi
cien

cy
of

th
is

ap
p
rox

-
im

a
tio

n
.

U
sin

g
d
ata

au
gm

en
tation

tech
n
iq

u
es,

ou
r

m
eth

o
d

h
an

d
les

in
com

p
lete

ran
k
in

gs,
like

th
e

im
p

o
rta

n
t

cases
of

top
-k

ran
k
in

gs,
p
airw

ise
com

p
arison

s,
an

d
ran

k
s

m
issin

g
a
t

ran
-

d
o
m

.
F

o
r

th
e

com
m

on
situ

ation
w

h
en

th
e

p
o
ol

of
assessors

is
h
eterogen

eou
s,

an
d

can
n
ot

b
e

a
ssu

m
ed

to
sh

are
a

com
m

on
con

sen
su

s,
w

e
d
evelop

a
B

ayesian
clu

sterin
g

sch
em

e
w

h
ich

em
b

ed
s

th
e

M
a
llow

s
m

o
d
el.

O
u
r

ap
p
roach

u
n
ifi

es
clu

sterin
g,

classifi
cation

an
d

p
referen

ce
p
red

iction
in

a
sin

gle
in

feren
tial

p
ro

ced
u
re,

th
u
s

lead
in

g
to

coh
eren

t
p

o
sterior

cred
ib

ility
levels

o
f

lea
rn

ed
ran

k
in

gs
an

d
p
red

iction
s.

T
h
e

p
rob

ab
ilistic

B
ayesian

settin
g

allow
s

u
s

to
n
a
tu

ra
lly

co
m

p
u
te

com
p
lex

p
rob

ab
ilities

of
in

terest,
like

th
e

p
rob

ab
ility

th
at

an
item

h
as

co
n
sen

su
s

ra
n
k

h
igh

er
th

an
a

given
level,

or
th

e
p
rob

ab
ility

th
at

th
e

con
sen

su
s

ran
k

o
f

an
item

is
h
ig

h
er

th
an

th
at

of
an

oth
er

item
of

in
terest.

F
or

in
com

p
lete

ra
n
k
in

gs
th

is
can

b
e

d
o
n
e

also
a
t

th
e

in
d
iv

id
u
al

assessor
level,

allow
in

g
fo

r
in

d
iv

id
u
al

recom
m

en
d
ation

s.

In
S
ectio

n
2
,

w
e

in
tro

d
u
ce

th
e

B
ayesian

M
allow

s
m

o
d
el

for
ran

k
d
ata.

In
S
ection

2.1,
w

e
d
iscu

ss
h
ow

th
e

ch
oice

of
th

e
d
ista

n
ce

fu
n
ction

in
fl
u
en

ces
th

e
calcu

latio
n

of
th

e
p
artition

fu
n
ctio

n
,

a
n
d

S
ection

2.2
is

d
evoted

to
th

e
ch

oice
of

th
e

p
rior

d
istrib

u
tion

s.
In

S
ection

s
2
.3

a
n
d

2.4
,

w
e

sh
ow

h
ow

effi
cien

t
B

ay
esian

com
p
u
tation

can
b

e
p

erform
ed

for
th

is
m

o
d
el,

u
sin

g
a

n
ovel

leap
-an

d
-sh

ift
p
rop

osal
d
istrib

u
tion

.
T

h
e

tu
n
in

g
of

th
e

h
y
p

erp
aram

eters
is

d
iscu

ssed
in

th
e

S
u
p
p
lem

en
tary

M
aterial,

S
ectio

n
1
.

In
S
ection

3
w

e
d
evelop

an
d

test
a
n

im
p

orta
n
ce

sam
p
lin

g
sch

em
e

for
com

p
u
tin

g
th

e
p
artition

fu
n
ction

,
b
ased

on
a

p
seu

d
o-

likelih
o
o
d

a
p
p
rox

im
ation

of
th

e
M

allow
s

m
o
d
el.

W
e

carefu
lly

test
an

d
stu

d
y

th
is

im
p

ortan
ce

sa
m

p
lin

g
estim

ation
of

th
e

p
artition

fu
n
ction

(S
ection

3.1),
an

d
th

e
eff

ect
of

th
is

estim
atio

n
o
n

in
feren

ce,
b

oth
th

eoretically
(S

ection
3.2)

an
d

b
y

sim
u
lation

s
(S

ection
3.3).

S
ection

4
is

d
ed

ica
ted

to
p
artial

ran
k
in

gs
an

d
clu

sterin
g

of
assessors.

In
S
ection

4.1
w

e
ex

ten
d

th
e

B
ayesia

n
M

allow
s

ap
p
roach

to
p
artial

ran
k
in

gs,
an

d
w

e
p
rove

som
e

resu
lts

on
th

e
eff

ects
o
f

u
n
ra

n
ked

item
s

on
th

e
con

sen
su

s
ran

k
in

g
(S

ection
4.1.1).

S
ection

4.2
con

sid
ers

d
a
ta

in
th

e
form

of
ord

ered
su

b
sets

or
p
airw

ise
com

p
a
rison

s
o
f

item
s.

In
S
ection

4.3
w

e
d
escrib

e
a

m
ix

tu
re

m
o
d
el

to
d
eal

w
ith

th
e

p
ossib

le
h
eterogen

eity
of

assessors,
fi
n
d
in

g
clu

ster-

3
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V
it

e
l
l
i,

S
ø
r
e
n
se

n
,

C
r
isp

in
o
,

F
r
ig

e
ssi

a
n
d

A
r
ja

s

sp
ecifi

c
con

sen
su

s
ran

k
in

gs.
S
ection

4.4
is

d
ed

icated
to

p
red

iction
in

a
realistic

setu
p
,

w
h
ich

req
u
ires

b
oth

th
e

clu
ster

assign
m

en
t

an
d

p
erson

alized
p
referen

ce
learn

in
g.

W
e

sh
ow

th
at

ou
r

ap
p
roach

w
ork

s
w

ell
in

a
sim

u
lation

con
tex

t.
In

S
ection

5
w

e
rev

iew
related

m
eth

o
d
s

w
h
ich

h
ave

b
een

p
rop

osed
in

th
e

literatu
re,

an
d

com
p
are

b
y

sim
u
latio

n
som

e
algo

rith
m

s
w

ith
ou

r
p
ro

ced
u
re

(S
ection

5.1).
In

S
ection

6,
w

e
th

en
m

ove
to

th
e

illu
stration

of
th

e
p

erform
an

ce
of

ou
r

m
eth

o
d

on
real

d
a
ta:

th
e

selected
case

stu
d
ies

illu
strate

th
e

d
iff

eren
t

in
com

p
lete

d
ata

situ
ation

s
con

sid
ered

.
T

h
is

in
clu

d
es

th
e

S
u
sh

i
(S

ection
6.3)

an
d

M
ov

ielen
s

(S
ection

6.4)
b

en
ch

m
ark

d
ata.

S
ection

7
p
resen

ts
som

e
con

clu
sion

s
an

d
ex

ten
sion

s.

2
.

A
B

a
y
e
sia

n
M

a
llo

w
s

M
o
d
e
l

fo
r

C
o
m

p
le

te
R

a
n
k
in

g
s

A
ssu

m
e

w
e

h
av

e
a

set
of
n

item
s,

lab
elled

A
=
{A

1 ,A
2 ,...,A

n }
.

W
e

fi
rst

assu
m

e
th

at
each

of
N

assessors
ran

k
s

all
item

s
in

d
iv

id
u
ally

w
ith

resp
ect

to
a

con
sid

ered
featu

re.
T

h
e

ord
erin

g
p
rov

id
ed

b
y

assessor
j

is
rep

resen
ted

b
y

X
j ,

w
h
ose

n
com

p
on

en
ts

are
item

s
in
A

.
T

h
e

item
w

ith
ran

k
1

ap
p

ears
as

th
e

fi
rst

elem
en

t,
u
p

to
th

e
item

w
ith

ran
k
n

ap
p

earin
g

as
th

e
n

-th
elem

en
t.

T
h
e

ob
servation

s
X

1 ,...,X
N

are
h
en

ce
N

p
erm

u
tation

s
of

th
e

lab
els

in
A

.
L

et
R
ij

=
X
−

1
j

(A
i ),

i
=

1,...,n
,
j

=
1,...,N

,
d
en

ote
th

e
ran

k
given

to
item

A
i

b
y

assessor
j,

an
d

let
R
j

=
(R

1
j ,R

2
j ,...,R

n
j ),

j
=

1
,...,N

,
d
en

ote
th

e
ran

k
in

g
(th

at
is

th
e

fu
ll

set
of

ran
k
s

given
to

th
e

item
s),

of
assessor

j.
L

ettin
g
P
n

b
e

th
e

set
of

all
p

erm
u
tation

s
of{

1,...,n}
,

w
e

h
av

e
R
j ∈
P
n
,
j

=
1,...,N

.
F

in
ally,

let
d
(·,·)

:P
n ×
P
n
→

[0,∞
)

b
e

a
d
istan

ce
fu

n
ction

b
etw

een
tw

o
ran

k
in

gs.
T

h
e

M
allow

s
m

o
d
el

(M
allow

s,
1957)

is
a

class
of

n
on

-u
n
iform

join
t

d
istrib

u
tion

s
for

a
ran

k
in

g
r

on
P
n
,

of
th

e
form

P
(r|α

,ρ
)

=
Z
n
(α
,ρ

) −
1

ex
p{−

(α
/n

)d
(r,ρ

)}1P
n
(r),

w
h
ere

ρ
∈

P
n

is
th

e
laten

t
con

sen
su

s
ran

k
in

g,
α

is
a

scale
p
aram

eter,
assu

m
ed

p
ositive

for
id

en
tifi

cation
p
u
rp

oses,
Z
n
(α
,ρ

)
=
∑

r∈P
n
e −

αn
d
(r
,ρ

)
is

th
e

p
a
rtition

fu
n
ction

,
an

d
1
S

(·)
is

th
e

in
d
icator

fu
n
ction

of
th

e
set

S
.

W
e

assu
m

e
th

at
th

e
N

ob
served
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m
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e
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p
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−
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p
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co
m

p
le

x
it

y
of

th
e

d
at

a,
th

u
s

im
p
ly

in
g

a
p
ri

o
r

d
en

si
ty

fo
r
α

w
h
ic

h
is

q
u
it

e
fl
at

in
th

e
re

gi
on

su
p
p

or
te

d
in

p
ra

ct
ic

e
b
y

th
e

li
ke

li
h
o
o
d
.

If
a

m
o
re

el
ab

or
at

e
el

ic
it

at
io

n
of

th
e

p
ri

or
fo

r
α

fo
r

so
m

e
re

as
on

w
er

e
p
re

fe
rr

ed
,

th
is

co
u
ld

b
e

a
ch

ie
v
ed

b
y

co
m

p
u
ti

n
g,

b
y

n
u
m

er
ic

al
in

te
gr

at
io

n
,

va
lu

es
of

th
e

fu
n
ct

io
n
E
π

(α
)(
g n

(α
)|λ

),
se

le
ct

in
g

a
re

al
is

ti
c

ta
rg

et
τ
,

an
d

so
lv

in
g
E
π

(α
)(
g n

(α
)|λ

)
=
τ

fo
r
λ

.
In

a
si

m
il
ar

fa
sh

io
n

a
s

ea
rl

ie
r,

a
ls

o
E
π

(α
)(
g n

(α
)|λ

)
ca

n
b

e
in

te
rp

re
te

d
as

an
ex

p
ec

te
d

(a
v
er

a
ge

,
p

er
it

em
)

er
ro

r
in

th
e

ra
n
k
in

g
,

b
u
t

n
ow

b
y

er
ro

rs
is

m
ea

n
t

th
os

e
m

ad
e

b
y

th
e

as
se

ss
or

s,
re

la
ti

ve
to

th
e

co
n
se

n
su

s,
a
n
d

ex
p

ec
ta

ti
on

is
w

it
h

re
sp

ec
t

to
th

e
p
ri

or
π

(α
|λ

).

2
.3

In
fe

re
n

c
e

G
iv

en
th

e
p
ri

or
d
is

tr
ib

u
ti

on
s
π

(ρ
)

an
d
π

(α
),

an
d

a
ss

u
m

in
g

p
ri

or
in

d
ep

en
d
en

ce
o
f

th
es

e
va

ri
ab

le
s,

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
fo

r
ρ

an
d
α

is
gi

v
en

b
y

P
(ρ
,α
|R

1
,.
..
,R

N
)
∝
π

(ρ
)
π

(α
)

Z
n

(α
)N

ex
p

  
−
α n

N ∑ j=
1

d
(R

j
,ρ

)  
.

(4
)

O
ft

en
on

e
is

in
te

re
st

ed
in

co
m

p
u
ti

n
g

p
os

te
ri

or
su

m
m

ar
ie

s
of

th
is

d
is

tr
ib

u
ti

o
n
.

O
n
e

su
ch

su
m

m
ar

y
is

th
e

m
ar

gi
n
al

p
os

te
ri

or
m

o
d
e

of
ρ

(t
h
e

m
ax

im
u
m

a
p

o
st

er
io

ri
,

M
A

P
)

fr
o
m

(4
),

w
h
ic

h
d
o
es

n
ot

d
ep

en
d

on
α

,
an

d
in

ca
se

of
u
n
if

or
m

p
ri

or
fo

r
ρ

co
in

ci
d
es

w
it

h
th

e
M

L
es

ti
m

at
or

of
ρ

in
(2

).
T

h
e

m
ar

gi
n
al

p
os

te
ri

or
d
is

tr
ib

u
ti

on
of
ρ

is
gi

v
en

b
y

P
(ρ
|R

1
,.
..
,R

N
)
∝
π

(ρ
)

∫
∞

0

π
(α

)

Z
n

(α
)N

ex
p

  
−
α n

N ∑ j=
1

d
(R

j
,ρ

)  
d
α
.

(5
)

G
iv

en
th

e
d
at

a,
R

=
{R

1
,.
..
,R

N
}

an
d

th
e

co
n
se

n
su

s
ra

n
k
in

g
ρ

,
th

e
su

m
o
f

d
is

ta
n
ce

s,
T

(ρ
,

R
)

=
∑

N j=
1
d

(R
j
,ρ

),
ta

ke
s

on
ly

a
fi
n
it

e
se

t
of

d
is

cr
et

e
va

lu
es
{t

1
,t

2
,.
..
t m
},

w
h
er

e
m
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P
r
o
b
a
b
il

ist
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

d
ep

en
d
s

o
n

th
e

d
istan

ce
d
(·,·),

on
th

e
sam

p
le

size
N

,
an

d
on

n
.

T
h
erefore,

th
e

set
of

all
p

erm
u
ta

tio
n
sP

n
can

b
e

p
artition

ed
in

to
th

e
sets

H
i

=
{r
∈
P
n

:
T

(r
,

R
)

=
ti }

for
each

d
ista

n
ce

ti .
T

h
ese

sets
are

lev
el

sets
of

th
e

p
osterior

m
argin

al
d
istrib

u
tion

in
(5),

as
all

r
∈
H
i

h
ave

th
e

sam
e

p
osterior

m
arg

in
al

p
rob

ab
ility.

T
h
e

level
sets

d
o

n
ot

d
ep

en
d

on
α

b
u
t

th
e

p
o
sterior

d
istrib

u
tion

sh
ared

b
y

th
e

p
erm

u
tation

s
in

each
set

d
o
es.

In
a
p
p
lica

tion
s,

th
e

in
terest

often
lies

in
com

p
u
tin

g
p

osterior
p
rob

ab
ilities

of
m

ore
com

-
p
lex

fu
n
ctio

n
s

o
f

th
e

con
sen

su
s
ρ

,
for

ex
am

p
le

th
e

p
osterior

p
rob

ab
ility

th
at

a
certain

item
h
a
s

co
n
sen

su
s

ran
k

low
er

th
an

a
given

level
(“am

on
g

th
e

top
5”,

say
),

or
th

at
th

e
con

sen
su

s
ran

k
o
f

a
certa

in
item

is
h
igh

er
th

an
th

e
co

n
sen

su
s

ran
k

of
an

oth
er

o
n
e.

T
h
ese

p
rob

ab
ilities

ca
n
n
o
t

b
e

rea
d
ily

ob
tain

ed
w

ith
in

th
e

m
ax

im
u
m

likelih
o
o
d

ap
p
roach

,
w

h
ile

th
e

B
ayesian

settin
g

very
n
a
tu

rally
allow

s
to

ap
p
rox

im
ate

an
y

p
osterior

su
m

m
ary

of
in

terest
b
y

m
ean

s
of

a
M

a
rkov

C
h
a
in

M
on

te
C

arlo
algorith

m
,

w
h
ich

at
con

vergen
ce

sam
p
les

fro
m

th
e

p
osterior

d
istrib

u
tio

n
(4).

2
.4

M
e
tro

p
o
lis-H

a
stin

g
s

A
lg

o
rith

m
fo

r
C

o
m

p
le

te
R

a
n

k
in

g
s

In
o
rd

er
to

o
b
ta

in
sam

p
les

from
th

e
p

osterior
in

eq
u
atio

n
(4),

w
e

iterate
b

etw
een

tw
o

step
s.

In
o
n
e

step
w

e
u
p

d
ate

th
e

con
sen

su
s

ran
k
in

g.
S
tartin

g
w

ith
α
≥

0
an

d
ρ
∈
P
n
,

w
e

fi
rst

u
p

d
a
te
ρ

b
y

p
rop

osin
g
ρ
′

accord
in

g
to

a
d
istrib

u
tion

w
h
ich

is
cen

tered
aro

u
n
d

th
e

cu
rren

t
ra

n
k
ρ

.

D
e
fi

n
itio

n
1

L
ea

p
-a

n
d
-S

h
ift

P
ro

po
sa

l
(L

&
S
).

F
ix

a
n

in
teger

L
∈
{1
,...,b(n

−
1
)/2c}

a
n

d
d
ra

w
a

ra
n

d
o
m

n
u

m
ber

u
∼
U{1,...,n}

.
D

efi
n

e,
fo

r
a

given
ρ

,
th

e
set

o
f

in
tegers

S
=

{
m

a
x
(1
,ρ
u
−
L

),m
in

(n
,ρ
u

+
L

)}
\
{ρ

u },S
⊆
{1
,...,n}

,
a
n

d
d
ra

w
a

ra
n

d
o
m

n
u

m
ber

r
u

n
ifo

rm
ly

in
S

.
L

et
ρ
∗∈
{1
,2
,...n}

n
h
a
ve

elem
en

ts
ρ ∗u

=
r

a
n

d
ρ ∗i

=
ρ
i

fo
r
i∈
{1
,...,n}\

{u}
,

co
n

stitu
tin

g
th

e
lea

p
step

.
N

o
w

,
d
efi

n
e

∆
=
ρ ∗u −

ρ
u

a
n

d
th

e
p
ro

po
sed

ρ
′∈
P
n

w
ith

elem
en

ts

ρ ′i
=



ρ ∗u
if
ρ
i

=
ρ
u

ρ
i −

1
if
ρ
u
<
ρ
i ≤

ρ ∗u
a
n

d
∆
>

0

ρ
i
+

1
if
ρ
u
>
ρ
i ≥

ρ ∗u
a
n

d
∆
<

0

ρ
i

else
,

fo
r
i

=
1,...,n

,
co

n
stitu

tin
g

th
e

sh
ift

step
.

T
h
e

p
rob

a
b
ility

m
ass

fu
n
ction

asso
ciated

to
th

e
tran

sition
is

given
b
y

P
L

(ρ
′|ρ

)
=

n
∑u

=
1

P
L

(ρ
′|U

=
u
,ρ

)P
(U

=
u

)

=
1n

n
∑u

=
1 {

1{
ρ
−
u } (ρ

∗−
u )·

1{
0
<
|ρ
u −
ρ
∗u |≤

L} (ρ
∗u )· [

1{
L

+
1
,...,n−

L} (ρ
u )

2
L

+
L
∑l=

1

1{
l} (ρ

u )
+

1{
n−

l+
1} (ρ

u )

L
+
l−

1

]}

+
1n

n
∑u

=
1 {

1{
ρ
−
u } (ρ

∗−
u )·1{|ρ

u −
ρ
∗u |=

1} (ρ
∗u )· [

1{
L

+
1
,...,n−

L} (ρ
∗u )

2L
+

L
∑l=

1

1{
l} (ρ

∗u )
+

1{
n−

l+
1} (ρ

∗u )

L
+
l−

1

]}
,

w
h
ere

ρ
−
u

=
{ρ

i ;
i6=

u}
.
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V
it

e
l
l
i,

S
ø
r
e
n
se

n
,

C
r
isp

in
o
,

F
r
ig

e
ssi

a
n
d

A
r
ja

s

P
ro

p
o
sitio

n
1

T
h
e

lea
p
-a

n
d
-sh

ift
p
ro

po
sa

l
ρ
′∈
P
n

is
a

loca
l

pertu
rba

tio
n

o
f
ρ

,
sepa

ra
ted

fro
m
ρ

by
a

U
la

m
d
ista

n
ce

1
.

P
ro

o
f

F
rom

th
e

d
efi

n
ition

an
d

b
y

con
stru

ction
,
ρ
∗
/∈
P
n
,

sin
ce

th
ere

ex
ist

tw
o

in
d
ices

i6=
j

su
ch

th
at
ρ ∗i

=
ρ ∗j .

T
h
e

sh
ift

of
th

e
ran

k
s

b
y

∆
b
rin

gs
ρ
∗

to
ρ
′

b
ack

in
to
P
n
.

T
h
e

U
lam

d
istan

ce
d
(ρ
,ρ
′)

is
th

e
n
u
m

b
er

of
ed

it
op

eration
s

n
eed

ed
to

co
n
vert

ρ
to
ρ
′,

w
h
ere

each
ed

it
op

eration
in

v
olves

d
eletin

g
a

ch
aracter

an
d

in
sertin

g
it

in
a

n
ew

p
lace.

T
h
is

is
eq

u
al

to
1,

follow
in

g
G

op
alan

et
al.

(2006).

T
h
e

accep
tan

ce
p
rob

ab
ility

w
h
en

u
p

d
atin

g
ρ

in
th

e
M

etrop
olis-H

astin
gs

algorith
m

is

m
in 

1,
P
L

(ρ|ρ
′)π

(ρ
′)

P
L

(ρ
′|ρ

)π
(ρ

)
ex

p −
αn

N
∑j=

1 {
d (R

j ,ρ
′ )−

d
(R

j ,ρ
) }  

.
(6)

T
h
e

leap
-an

d
-sh

ift
p
rop

osal
is

n
ot

sy
m

m
etric,

th
u
s

th
e

ratio
P
L

(ρ|ρ
′)/P

L
(ρ
′|ρ

)
d
o
es

n
ot

can
cel

in
(6).

T
h
e

p
aram

eter
L

is
u
sed

for
tu

n
in

g
th

is
a
ccep

tan
ce

p
rob

ab
ility.

T
h
e

term
∑

Nj=
1 {
d

(R
j ,ρ
′)−

d
(R

j ,ρ
)}

in
(6)

can
b

e
com

p
u
ted

effi
cien

tly,
sin

ce
m

ost
elem

en
ts

of
ρ

an
d
ρ
′

are
eq

u
al.

L
et
ρ
i

=
ρ ′i

for
i∈

E
⊂
{1
,...,n}

,
an

d
ρ
i 6=

ρ ′i
for

i∈
E
c.

F
or

th
e

fo
otru

le
an

d
S
p

earm
an

d
istan

ces,
w

e
th

en
h
ave

N
∑j=

1 {
d (R

j ,ρ
′ )−

d
(R

j ,ρ
) }

=
N
∑j=

1 {
∑i∈
E
c ∣∣R

ij −
ρ ′i ∣∣ p−

∑i∈
E
c |R

ij −
ρ
i | p }

,
(7)

for
p
∈
{1
,2}.

F
or

th
e

K
en

d
all

d
istan

ce,
in

stead
,

w
e

get

N
∑j=

1 {
d (R

j ,ρ
′ )−

d
(R

j ,ρ
) }

=

=
N
∑j=

1 
∑

1≤
k
<
l≤
n

1 [(R
k
j −

R
lj ) (ρ ′k −

ρ ′l )
>

0 ]−
1

[(R
k
j −

R
lj )

(ρ
k −

ρ
l )
>

0] 

=
N
∑j=

1 
∑

k∈
E
c\{

n}

∑

l∈{
E
c∩{

l>
k}}

1 [(R
k
j −

R
lj ) (ρ ′k −

ρ ′l )
>

0 ]−
1

[(R
k
j −

R
lj )

(ρ
k −

ρ
l )
>

0] 
.

H
en

ce,
b
y

storin
g

th
e

set
E
c

at
each

M
C

M
C

iteratio
n
,

th
e

com
p
u
tation

of
(6)

in
volv

es
a

su
m

over
few

er
term

s,
sp

eed
in

g
u
p

th
e

algorith
m

con
sisten

tly.
T

h
e

secon
d

step
of

th
e

algorith
m

u
p

d
ates

th
e

valu
e

of
α

.
W

e
sam

p
le

a
p
rop

osal
α
′
from

a
logn

orm
al

d
istrib

u
tion

logN
(log

(α
),σ

2α
)

a
n
d

accep
t

it
w

ith
p
rob

ab
ility

m
in 

1
,
Z
n

(α
)
N
π

(α
′)
α
′

Z
n

(α
′)
N
π

(α
)
α

ex
p −

(α
′−

α
)

n

N
∑j=

1

d
(R

j ,ρ
)  

,
(8)

w
h
ere

σ
2α

can
b

e
tu

n
ed

to
ob

tain
a

d
esired

accep
tan

ce
p
rob

ab
ility.

A
fu

rth
er

p
aram

eter,
n
am

ed
α

ju
m

p ,
can

b
e

u
sed

to
u
p

d
ate

α
on

ly
every

α
ju

m
p

u
p

d
ates

of
ρ

:
th

e
p

ossib
ility

to
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P
r
o
b
a
b
il

is
t
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

tu
n
e

th
is

p
ar

am
et

er
en

su
re

s
a

b
et

te
r

m
ix

in
g

of
th

e
M

C
M

C
in

th
e

d
iff

er
en

t
sp

ar
se

d
at

a
ap

p
li
ca

ti
on

s.
T

h
e

ab
ov

e
d
es

cr
ib

ed
M

C
M

C
al

go
ri

th
m

is
su

m
m

ar
iz

ed
a
s

A
lg

or
it

h
m

1
of

A
p
p

en
d
ix

B
.

N
ot

e
th

at
th

e
M

C
M

C
A

lg
or

it
h
m

1
u
si

n
g

th
e

ex
ac

t
p
ar

ti
ti

on
fu

n
ct

io
n
Z
n

(α
)

sa
m

p
le

s
fr

om
th

e
M

al
lo

w
s

p
os

te
ri

o
r

in
eq

u
at

io
n

(4
),

as
th

e
n
u
m

b
er

of
M

C
M

C
it

er
at

io
n
s

te
n
d
s

to
in

fi
n
it

y.

S
ec

ti
on

3
in

v
es

ti
ga

te
s

ap
p
ro

x
im

at
io

n
s

of
Z
n

(α
)
,

an
d

h
ow

th
ey

aff
ec

t
th

e
M

C
M

C
an

d
th

e
es

ti
m

at
e

of
th

e
co

n
se

n
su

s
ρ

.
In

S
ec

ti
on

1
of

th
e

S
u
p
p
le

m
en

ta
ry

M
at

er
ia

l
w

e
in

st
ea

d
fo

cu
s

on
as

p
ec

ts
re

la
te

d
to

th
e

p
ra

ct
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Ẑ
Kn

(α
)

w
ith

K
=

10
8,

w
ith

th
e

IS
ap

p
rox

im
ation

Ẑ
Kn

(α
)

w
ith

K
=

10
4,

an
d

w
ith

Z
lim

(α
).

F
irst

row
:
N

=
50;

secon
d

row
:
N

=
500.

ap
p
rox

im
ation

s.
W

e
kep

t
th

e
sam

e
M

C
M

C
settin

gs
as

for
n

=
50,

b
oth

in
d
ata

gen
eration

an
d

an
aly

sis.
T

h
e

resu
lts

are
sh

ow
n

in
F

igu
res

3
an

d
4

of
th

e
S
u
p
p
lem

en
tary

M
aterial,

S
ection

3.
A

lso
in

th
is

case,
w

e
ob

serve
su

b
stan

tially
m

ore
accu

ra
te

estim
ates

w
ith

larger
valu

es
of
N

an
d
α

tru
e ,

estab
lish

in
g

an
overall

stab
le

p
erform

an
ce

of
th

e
m

eth
o
d
.

H
ere,

u
sin

g
th

e
sm

all
n
u
m

b
er

K
=

10
4

of
sam

p
les

in
th

e
IS

ap
p
rox

im
ation

h
as

v
irtu

a
lly

n
o

eff
ect

on
th

e
accu

racy
of

th
e

m
argin

al
p

osterio
r

for
α

,
w

h
ile

a
sm

all
eff

ect
can

b
e

d
etected

from
u
sin

g
th

e
asy

m
p
totic

ap
p
rox

im
ation

(F
igu

re
3

of
th

e
S
u
p
p
lem

en
tary

M
aterial,

left
p
an

els).
H

ow
ev

er,
again

,
th

e
m

argin
al

p
osterior

for
ρ

ap
p

ears
com

p
letely

u
n
aff

ected
b
y

th
e

con
sid

ered
ap

p
rox

im
ation

s
in

th
e

p
artition

fu
n
ction

(F
igu

re
3,

righ
t

p
an

els,
an

d
F

igu
re

4
of

th
e

S
u
p
p
lem

en
tary

M
aterial).

In
con

clu
sion

,
th

e
m

ain
p

ositiv
e

resu
lt

from
th

e
p

ersp
ective

of
p
ra

ctical
ap

p
lication

s
w

as
th

e
relativ

e
lack

of
sen

sitiv
ity

of
th

e
p

osterior
in

feren
ces

to
th

e
sp

ecifi
cation

of
th

e
p
rior

for
th

e
scale

p
aram

eter
α

,
an

d
th

e
ap

p
aren

t
rob

u
stn

ess
of

th
e

m
argin

al
p

osterior
in

feren
ces

on
ρ

on
th

e
ch

oice
of

th
e

ap
p
rox

im
ation

of
th

e
p
artition

fu
n
ction

Z
n
(α

).
T

h
e

form
er

p
ro

p
erty

w
as

n
ot

an
actu

al
su

rp
rise,

as
it

can
b

e
u
n
d
ersto

o
d

to
b

e
a

con
seq

u
en

ce
of

th
e

w
ell-k

n
ow

n
B

ern
stein

-von
M

ises
p
rin

cip
le:

w
ith

su
ffi

cien
t

am
ou

n
ts

of
d
ata,

th
e

likelih
o
o
d

d
om

in
ates

th
e

in
fl
u
en

ce
of

th
e

p
rior.

16
JM

L
R

 18(158):1-49, 2018



P
r
o
b
a
b
il

is
t
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

T
h
e

se
co

n
d

ob
se

rv
at

io
n

d
es

er
v
es

a
so

m
ew

h
at

cl
os

er
in

sp
ec

ti
on

,
h
ow

ev
er

.
T

h
e

m
ar

gi
-

n
al

p
os

te
ri

or
P

(α
|R

),
co

n
si

d
er

ed
in

F
ig

u
re

s
2

an
d

4
(l

ef
t)

,
an

d
in

F
ig

u
re

3
(l

ef
t)

of
th

e
S
u
p
p
le

m
en

ta
ry

M
at

er
ia

l,
is

ob
ta

in
ed

fr
o
m

th
e

jo
in

t
p

os
te

ri
or

(4
)

b
y

si
m

p
le

su
m

m
at

io
n

ov
er

ρ
,

th
en

ge
tt

in
g

th
e

ex
p
re

ss
io

n P
(α
|R

)
∝
π

(α
)C

(α
;R

)/
(Z

n
(α

))
N
,

(1
4)

w
h
er

e
C

(α
;R

)
=
∑
ρ
∈P

n
π

(ρ
)

ex
p
{ −

α n

∑
N j=

1
d
(R

j
,ρ

)} .
F

or
a

p
ro

p
er

u
n
d
er

st
an

d
in

g
of

th
e

st
ru

ct
u
re

of
th

e
jo

in
t

p
os

te
ri

or
an

d
it

s
m

o
d
ifi

ca
ti

on
(1

1)
,

it
is

h
el

p
fu

l
to

fi
rs

t
fa

ct
or

iz
e

(4
)

in
to

th
e

p
ro

d
u
ct

P
(α
,ρ
|R

)
=
P

(α
|R

)P
(ρ
|α
,R

),
(1

5)

w
h
er

e
th

en

P
(ρ
|α
,R

)
=

[C
(α

;R
)]
−

1
π

(ρ
)

ex
p

  
−
α n

N ∑ j=
1

d
(R

j
,ρ

)  
.

(1
6)

T
h
e

jo
in

t
p

os
te

ri
or

(1
1)

,
w

h
ic

h
ar

is
es

fr
om

re
p
la

ci
n
g

th
e

p
ar

ti
ti

on
fu

n
ct

io
n
Z
n
(α

)
b
y

it
s

ap
p
ro

x
im

at
io

n
Ẑ
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u
n
k
n
ow

n
,

ex
ce

p
t

fo
r

th
e

co
n
st

ra
in

t
R
ij
>
n
j
,
j

=
1
,.
..
,N
,

an
d

fo
ll
ow

s
a

sy
m

m
et

ri
c

p
ri

or
on

th
e

p
er

m
u
ta

ti
on

s
of

(n
j
+

1,
..
.,
n

).
W

e
d
efi

n
e

au
gm

en
te

d
d
at

a
ve

ct
o
rs

R̃
1
,.
..
,R̃

N

b
y

as
si

gn
in

g
ra

n
k
s

to
th

es
e

n
on

-r
an

ke
d

it
em

s
ra

n
d
om

ly
,

u
si

n
g

an
M

C
M

C
a
lg

o
ri

th
m

,
a
n
d

d
o

th
is

in
a

w
ay

w
h
ic

h
is

co
m

p
at

ib
le

w
it

h
th

e
re

st
of

th
e

d
a
ta

.
L

et
S j

=
{R̃

j
∈
P n

:
R̃
ij

=

1
8
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P
r
o
b
a
b
il

ist
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

X
−

1
j

(A
i )

if
A
i ∈
A
j }
,
j

=
1,...,N

,
b

e
th

e
set

o
f

p
ossib

le
au

gm
en

ted
ran

d
om

v
ecto

rs,
th

at
is

th
e

o
rig

in
a
l

p
artially

ran
ked

item
s

togeth
er

w
ith

th
e

allow
ab

le
“fi

ll-in
s”

of
th

e
m

issin
g

ra
n
k
s.

O
u
r

g
oa

l
is

to
sam

p
le

from
th

e
p

osterior
d
istrib

u
tion

P
(α
,ρ|R

1 ,...,R
N

)
=
∑R̃
1 ∈S

1 ···
∑R̃
N
∈S

N

P
(
α
,ρ
,R̃

1 ,...,R̃
N |R

1 ,...,R
N )

.

O
u
r

M
C

M
C

a
lg

orith
m

altern
ates

b
etw

een
sam

p
lin

g
th

e
au

gm
en

ted
ran

k
s

giv
en

th
e

cu
rren

t
va

lu
es

o
f
α

a
n
d
ρ
,

an
d

sam
p
lin

g
α

an
d
ρ

given
th

e
cu

rren
t

valu
es

of
th

e
au

gm
en

ted
ran

k
s.

F
or

th
e

la
tter,

w
e

sam
p
le

from
th

e
p

osterior
P

(α
,ρ|R̃

1 ,...,R̃
N

)
as

in
S
ection

2.4.
F

or
th

e
fo

rm
er,

fi
x
in

g
α

an
d
ρ

an
d

th
e

ob
served

ran
k
s

R
1 ,...,R

N
,

w
e

see
th

at
R̃

1 ,...,R̃
N

are
co

n
d
itio

n
a
lly

in
d
ep

en
d
en

t,
an

d
m

oreover,
th

at
each

R̃
j

on
ly

d
ep

en
d
s

on
th

e
corresp

on
d
in

g
R
j .

T
h
is

en
a
b
les

u
s

to
con

sid
er

th
e

sam
p
lin

g
of

n
ew

au
gm

en
ted

vecto
rs

R̃
′j

sep
arately

fo
r

ea
ch

j,j
=

1
,...,N

.
S
p

ecifi
ca

lly,
given

th
e

cu
rren

t
R̃
j

(w
h
ich

em
b

ed
s

in
form

atio
n

co
n
ta

in
ed

in
R
j )

an
d

th
e

cu
rren

t
valu

es
for

α
an

d
ρ

,
R̃
′j

is
sam

p
led

in
S
j

from
a

u
n
ifo

rm
p
ro

p
o
sa

l
d
istrib

u
tion

,
m

ean
in

g
th

at
th

e
h
igh

est
ran

k
s

from
1

to
n
j

h
ave

b
een

reserved
for

th
e

item
s

in
A
j ,

w
h
ile

com
p
atib

le
ran

k
s

are
ran

d
o
m

ly
d
raw

n
for

item
s

in
A
cj .

T
h
e

p
rop

osed

R̃
′j

is
th

en
a
ccep

ted
w

ith
p
rob

ab
ility

m
in {

1
,ex

p [−
αn

(
d
(R̃
′j ,ρ

)−
d
(R̃

j ,ρ
) )]}

.
(21)

T
h
e

M
C

M
C

a
lgorith

m
d
escrib

ed
ab

ove
an

d
u
sed

in
th

e
case

of
p
artial

ran
k
in

gs
is

given
in

A
lgo

rith
m

3
of

A
p
p

en
d
ix

B
.

O
u
r

algorith
m

can
also

h
an

d
le

situ
ation

s
of

g
en

eric
p
artial

ran
k
in

g
,

w
h
ere

each
assessor

is
asked

to
p
rov

id
e

th
e

m
u
tu

a
l

ran
k
in

g
of

so
m

e
su

b
setA

j ⊂
{
A

1 ,...,A
n }

co
n
sistin

g
of
n
j ≤

n
item

s,
n
ot

n
ecessarily

th
e

top
-n
j .

In
th

is
case,

w
e

ca
n

on
ly

say
th

a
t

in
R̃
j

=
(R̃

1
j ,...,R̃

n
j )

th
e

ord
er

b
etw

een
item

s
A
i ∈
A
j

m
u
st

b
e

p
reserved

as
in

R
j ,

w
h
erea

s
th

e
ran

k
s

of
th

e
au

gm
en

ted
“fi

ll-in
s”
A
i ∈
A
cj

are
left

op
en

.
M

ore
ex

actly,
th

e

la
ten

t
ra

n
k

vector
R̃
j

takes
valu

es
in

th
e

setS
j

=
{R̃

j ∈
P
n

:
if
R
i1
j
<
R
i2
j ,

w
ith

A
i1 ,A

i2 ∈
A
j ⇒

R̃
i1
j
<
R̃
i2
j }.

T
h
e

M
C

M
C

is
th

en
easily

ad
ju

sted
so

th
at

th
e

sam
p
lin

g
of

ea
ch

R̃
j

is
restricted

to
th

e
corresp

on
d
in

g
S
j ,

th
u
s

resp
ectin

g
th

e
m

u
tu

al
ran

k
ord

erin
gs

in
th

e
d
ata.

4
.1

.1
E

f
f
e
c
t
s

o
f

U
n
r
a
n
k
e
d

It
e
m

s
o
n

t
h
e

t
o
p
-k

C
o
n
se

n
su

s
R

a
n
k
in

g

In
a
p
p
lica

tio
n
s

in
w

h
ich

th
e

n
u
m

b
er

of
item

s
is

large
th

ere
are

often
item

s
w

h
ich

n
on

e
of

th
e

a
ssessors

in
clu

d
ed

in
th

eir
top

-list.
W

h
at

is
th

e
ex

act
role

of
su

ch
“left-over”

item
s

in
th

e
to

p
-k

co
n
sen

su
s

ran
k
in

g
of

all
item

s?
C

an
w

e
ign

ore
su

ch
“left-ov

er”
item

s
a
n
d

con
sid

er
o
n
ly

th
e

item
s

ex
p
licitly

ran
ked

b
y

at
least

on
e

assessor?
In

th
e

follow
in

g
w

e
fi
rst

sh
ow

th
a
t

o
n
ly

item
s

ex
p
licitly

ran
ked

b
y

th
e

assessors
ap

p
ear

in
top

p
osition

s
of

th
e

con
sen

su
s

ra
n
k
in

g.
W

e
th

en
sh

ow
th

at,
w

h
en

con
sid

erin
g

th
e

M
A

P
con

sen
su

s
ran

k
in

g
,

ex
clu

d
in

g
th

e
left-over

item
s

from
th

e
ran

k
in

g
p
ro

ced
u
re

alread
y

at
th

e
start

h
as

n
o

eff
ect

on
h
ow

th
e

rem
a
in

in
g

o
n
es

w
ill

ap
p

ear
in

su
ch

co
n
sen

su
s

ra
n
k
in

g.
F

or
a

p
recise

statem
en

t
of

th
ese

resu
lts,

w
e

n
eed

som
e

n
ew

n
otatio

n
.

S
u
p
p

ose
th

at
a
ssesso

r
j

h
a
s

ran
ked

a
su

b
setA

j
of
n
j

item
s.

L
etA

=
⋃
j=

1
,...,N
A
j ,

an
d

d
en

ote
n

=
|A
|.

L
et
n
∗

b
e

th
e

to
tal

n
u
m

b
er

of
item

s,
in

clu
d
in

g
left-over

item
s

w
h
ich

h
ave

n
ot

b
een

ex
p
licitly

ra
n
ked

b
y

a
n
y

assessor.
D

en
ote

b
y
A
∗

=
{
A
i ;i

=
1,...,n

∗}
th

e
collection

of
all

item
s,

an
d

b
y
A
c

=
A
∗\A

th
e

left-over
item

s.
E

ach
ra

n
k

vecto
r

R
j

for
assessor

j
con

tain
s,

in
som

e
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V
it

e
l
l
i,

S
ø
r
e
n
se

n
,

C
r
isp

in
o
,

F
r
ig

e
ssi

a
n
d

A
r
ja

s

ord
er,

th
e

ran
k
s

from
1

to
n
j

given
to

item
s

in
A
j .

In
th

e
origin

al
d
ata

th
e

ran
k
s

of
all

rem
ain

in
g

item
s

a
re

left
u
n
sp

ecifi
ed

,
ap

art
from

th
e

fact
th

at
im

p
licitly,

for
assessor

j,
th

ey
w

ou
ld

h
ave

valu
es

w
h
ich

are
at

least
as

large
as
n
j

+
1
.

T
h
e

resu
lts

b
elow

are
form

u
lated

in
term

s
of

th
e

tw
o

d
iff

eren
t

m
o
d
es

of
an

aly
sis,

w
h
ich

w
e

n
eed

to
com

p
are

an
d

w
h
ich

corresp
on

d
to

d
iff

eren
t

n
u
m

b
ers

of
item

s
b

ein
g

in
clu

d
ed

.
T

h
e

fi
rst

altern
ative

is
to

in
clu

d
e

in
th

e
a
n
aly

sis
th

e
com

p
lete

set
A
∗

o
f
n
∗

item
s,

an
d

to
com

p
lem

en
t

each
d
ata

v
ector

R
j

b
y

assign
in

g
(origin

ally
m

issin
g)

ran
k
s

to
all

item
s

w
h
ich

are
n
ot

in
clu

d
ed

in
A
j ;

th
eir

ran
k
s

w
ill

th
en

form
som

e
p

erm
u
tation

of
th

e
seq

u
en

ce
(n
j

+
1
,...,n

∗).
W

e
call

th
is

m
o
d
e

of
an

aly
sis

fu
ll

a
n

a
lysis,

an
d

d
en

ote
th

e
corresp

on
d
in

g
p
rob

ab
ility

m
easu

re
b
y
P
n
∗.

T
h
e

secon
d

altern
ative

is
to

in
clu

d
e

in
th

e
an

aly
sis

on
ly

th
e

item
s

w
h
ich

h
ave

b
een

ex
p
licitly

ran
ked

b
y

at
least

on
e

assessor,
th

at
is,

item
s

b
elon

g
in

g
to

th
e

set
A
.

W
e

call
th

is
secon

d
m

o
d
e

restricted
a
n

a
lysis,

an
d

d
en

ote
th

e
corresp

on
d
in

g
p
rob

ab
ility

m
easu

re
b
y
P
n
.

T
h
e

p
rob

ab
ility

m
easu

re
P
n

is
sp

ecifi
ed

as
b

efore,
in

clu
d
in

g
th

e
u
n
iform

p
rior

on
th

e
con

sen
su

s
ran

k
in

g
ρ

across
all

n
!

p
erm

u
tation

s
of

(1,2,...,n
),

an
d

th
e

u
n
iform

p
rior

of
th

e
u
n
sp

ecifi
ed

ran
k
s
R
ij

of
item

s
A
i ∈
A
cj

across
th

e
p

erm
u
tation

s
of

(n
j

+
1
,...,n

).
T

h
e

d
efi

n
ition

of
P
n
∗

is
sim

ilar,
ex

cep
t

th
at

th
en

th
e

u
n
iform

p
rior

d
istrib

u
tion

s
are

assu
m

ed
to

h
old

in
th

e
com

p
lete

setA
∗

of
item

s,
th

at
is,

over
p

erm
u
tation

s
of

(1,2,...,n
∗)

an
d

(n
j

+
1,...,n

∗),
resp

ectively.
In

th
e

p
osterior

in
feren

ce
carried

ou
t

in
b

oth
m

o
d
es

of
an

aly
sis,

th
e

au
gm

en
ted

ran
k
s,

w
h
ich

w
ere

n
ot

record
ed

in
th

e
origin

al
d
ata,

are
treated

as
ran

d
om

variab
les,

w
ith

valu
es

b
ein

g
u
p

d
ated

as
p
art

o
f

th
e

M
C

M
C

sam
p
lin

g.

P
ro

p
o
sitio

n
4

C
o
n

sid
er

tw
o

la
ten

t
co

n
sen

su
s

ra
n

k
vecto

rs
ρ

a
n

d
ρ
′

su
ch

th
a
t

(i)
in

th
e

ra
n

kin
g
ρ

a
ll

item
s

in
A

h
a
ve

been
in

clu
d
ed

a
m

o
n

g
th

e
to

p
-n

-ra
n

ked
,

w
h
ile

th
o
se

in
A
c

h
a
ve

been
a
ssign

ed
ra

n
ks

betw
een

n
+

1
a
n

d
n
∗,

(ii)
ρ
′

is
o
bta

in
ed

fro
m
ρ

by
a

perm
u

ta
tio

n
,

w
h
ere

th
e

ra
n

k
in
ρ

o
f

a
t

lea
st

o
n

e
item

belo
n

gin
g

to
A

h
a
s

been
tra

n
spo

sed
w

ith
th

e
ra

n
k

o
f

a
n

item
in
A
c.

T
h
en

,
P
n
∗(ρ|d

a
ta

)≥
P
n
∗(ρ
′|d

a
ta

),
fo

r
th

e
foo

tru
le,

K
en

d
a
ll

a
n

d
S

pea
rm

a
n

d
ista

n
ces

in
th

e
fu

ll
an

aly
sis

m
od

e.

R
e
m

a
rk

.
T

h
e

ab
ove

p
rop

osition
say

s,
in

essen
ce,

th
at

an
y

con
sen

su
s

lists
of

top
-n

ran
ked

item
s,

w
h
ich

con
tain

s
on

e
or

m
ore

item
s

w
ith

th
eir

ra
n
k
s

com
p
letely

m
issin

g
in

th
e

d
ata

(th
at

is,
th

e
item

w
as

n
ot

ex
p
licitly

ran
k
ed

b
y

an
y

of
th

e
assessors),

can
b

e
im

p
roved

loca
lly,

in
th

e
sen

se
of

in
creasin

g
th

e
a
sso

ciated
p

o
sterior

p
rob

ab
ility

w
ith

resp
ect

to
P
n
∗.

T
h
is

h
ap

p
en

s
b
y

trad
in

g
su

ch
an

item
in

th
e

to
p
-n

list
again

st
an

oth
er,

w
h
ich

h
ad

b
een

ran
ked

b
u
t

w
h
ich

h
ad

n
ot

yet
b

een
selected

to
th

e
list.

In
p
articu

lar,
th

e
M

A
P

estim
ate(s)

for
con

sen
su

s
ran

k
in

g
assign

n
h
igh

est
ran

k
s

to
ex

p
licitly

ran
k
ed

item
s

in
th

e
d
ata

(w
h
ich

corresp
on

d
s

to
th

e
resu

lt
in

M
eilǎ

an
d

B
ao

(2010)
for

K
en

d
all

d
istan

ce).
T

h
e

follow
in

g
statem

en
t

is
an

im
m

ed
iate

im
p
lication

of
P

rop
ositio

n
4,

follow
in

g
from

a
m

argin
alization

w
ith

resp
ect

to
P
n
∗.

C
o
ro

lla
ry

1
C

o
n

sid
er,

fo
r
k
≤
n

,
co

llectio
n

s{
A
i1 ,A

i2 ,...,A
ik }

o
f
k

item
s

a
n

d
th

e
co

rre-
spo

n
d
in

g
ra

n
ks
{ρ

i1 ,ρ
i2 ,...,ρ

ik }
.

In
fu

ll
an

aly
sis

m
od

e,
th

e
m

a
xim

a
l

po
sterio

r
p
ro

ba
bility

P
n
∗({ρ

i1 ,ρ
i2 ,...,

ρ
ik }

=
{
1,2,...,k}|d

a
ta

),
is

a
tta

in
ed

w
h
en
{A

i1 ,A
i2 ,...,A

ik }
⊂
A
.
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P
r
o
b
a
b
il

is
t
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

A
n
ot

h
er

co
n
se

q
u
en

ce
of

P
ro

p
os

it
io

n
4

is
th

e
co

in
ci

d
en

ce
of

th
e

M
A

P
es

ti
m

a
te

s
u
n
d
er

th
e

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s
P
n

an
d
P
n
∗
.

C
o
ro

ll
a
ry

2
D

en
o
te

by
ρ
M
A
P
∗

th
e

M
A

P
es

ti
m

a
te

fo
r

co
n

se
n

su
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ü
llerm

eier,
2
010),

b
ein

g
a

step
tow

ard
s

perso
n

a
lized

reco
m

m
en

d
a
tio

n
.

T
h
ere

is
a

large
an

d
rap

id
ly

ex
p
a
n
d
in

g
literatu

re
d
escrib

in
g

a
d
iversity

of
m

eth
o
d
s

in
th

is
area.

O
u
r

fra
m

ew
ork

,
b
ased

on
th

e
B

ayesian
M

allow
s

m
o
d
el,

an
d

its
estim

ation
algorith

m
s

as
d
escrib

ed
in

th
e

p
rev

iou
s

S
ection

s,
form

a
p
rin

cip
led

ap
p
roach

for
h
an

d
lin

g
su

ch
p
rob

lem
s.

A
ssu

m
in

g
a

certain
d
egree

of
sim

ilarity
in

th
e

in
d
iv

id
u
a
l

p
referen

ces,
an

d
w

ith
d
iff

eren
t

as-
sesso

rs
p
rov

id
in

g
p
artly

com
p
lem

en
tary

in
form

ation
,

it
is

n
atu

ral
to

try
to

b
orrow

stren
gth

fro
m

su
ch

p
a
rtial

p
referen

ce
in

form
ation

from
d
iff

eren
t

assessors
for

form
in

g
a

con
sen

su
s.

E
x
p
a
n
d
in

g
th

e
m

o
d
el

to
in

clu
d
e

clu
sters

allow
s

h
a
n
d
lin

g
h
etero

gen
eity

th
a
t

m
ay

b
e

p
resen

t
in

th
e

a
ssessm

en
t

d
ata

(F
ran

cis
et

al.,
2010).

T
h
e

B
ay

esian
estim

ation
p
ro

ced
u
re

p
rov

id
es

th
en

th
e

jo
in

t
p

osterior
d
istrib

u
tion

,
ex

p
ressed

n
u
m

erically
in

term
s

of
th

e
M

C
M

C
ou

t-
p
u
t

co
n
sistin

g
of

sam
p
led

valu
es

of
all

clu
ster

m
em

b
ersh

ip
in

d
icators,

z
j ,

an
d

o
f

com
p
lete

in
d
iv

id
u
a
l

ra
n
k
in

gs,
R̃
j .

F
or

ex
am

p
le,

if
assessor

j
d
id

n
ot

com
p
are

A
1

to
A

2 ,
w

e
m

igh
t

b
e

in
terested

in
com

p
u
tin

g
P

(A
1 ≺

j
A

2 |d
ata),

th
e

p
red

ictive
p
rob

ab
ility

th
at

th
is

assessor
w

ou
ld

h
ave

p
referred

item
A

2
to

item
A

1 .
T

h
is

p
rob

ab
ility

is
th

en
read

ily
ob

tain
ed

from
th

e
M

C
M

C
o
u
tp

u
t,

as
a

m
argin

al
of

th
e

p
osterior

P
(R̃

j |d
ata).

T
o

illu
stra

te
h
ow

th
is

is
p

ossib
le

w
ith

ou
r

ap
p
roach

,
w

e
p
resen

t
a

sm
all

sim
u
lated

ex
-

p
erim

en
t,

co
rresp

on
d
in

g
to

a
h
eterogen

eou
s

collection
of

assessors
ex

p
ressin

g
som

e
of

th
eir

p
a
irw

ise
p
referen

ces,
an

d
th

en
w

an
t

to
p
red

ict
th

e
fu

ll
in

d
iv

id
u
al

ran
k
in

g
R̃
j

of
all

item
s,

fo
r

a
ll
j.

F
or

th
is,

w
e

gen
erated

p
airw

ise
p
referen

ce
d
a
ta

from
a

m
ix

tu
re

o
f

M
allow

s
m

o
d
-

els
w

ith
fo

o
tru

le
d
istan

ce,
u
sin

g
th

e
p
ro

ced
u
re

ex
p
lain

ed
in

A
p
p

en
d
ix

C
.

W
e

gen
era

ted
th

e
d
a
ta

w
ith

N
=

200,
n

=
15,

C
=

3,
α

1 ,...,α
C

=
4,
ψ

1 ,...,ψ
C

=
5
0,

ob
tain

in
g

th
e

tru
e

R̃
j,tru

e
for

every
assessor.

T
h
en

,
w

e
assign

ed
to

each
assessor

j
a

d
iff

eren
t

n
u
m

b
er,

T
j ∼

T
ru

n
cP

o
iss(λ

T
,T

m
a
x ),

of
p
air

com
p
arison

s,
sam

p
led

from
a

tru
n
cated

P
oisson

d
istri-

b
u
tio

n
w

ith
λ
T

=
20,

d
en

otin
g

b
y
T

m
a
x

=
n

(n
−

1)/2
th

e
total

n
u
m

b
er

of
p

ossib
le

p
airs

23
JM

L
R

 18(158):1-49, 2018

V
it

e
l
l
i,

S
ø
r
e
n
se

n
,

C
r
isp

in
o
,

F
r
ig

e
ssi

a
n
d

A
r
ja

s

C

within−cluster sum of footrule distance

1
2

3
4

5
6

7000 8000 9000 10000 11000

C

within−cluster mis−fit to data

1200 1400 1600 1800 2000 2200 24001200 1400 1600 1800 2000 2200 24001200 1400 1600 1800 2000 2200 24001200 1400 1600 1800 2000 2200 24001200 1400 1600 1800 2000 2200 24001200 1400 1600 1800 2000 2200 2400

1
2

3
4

5
6

F
igu

re
6:

R
esu

lts
of

th
e

sim
u
lation

in
S
ection

4.4.
B

ox
p
lots

of
th

e
p

osterior
d
istrib

u
tion

of
th

e
w

ith
in

-clu
ster

su
m

of
fo

otru
le

d
istan

ces
(left),

an
d

of
th

e
w

ith
in

-clu
ster

in
d
icator

of
m

is-fi
t

to
th

e
d
ata

(righ
t),

fo
r

d
iff

eren
t

ch
oices

of
C

.

from
n

item
s.

E
ach

p
air

com
p
arison

w
as

th
en

ord
ered

accord
in

g
to

th
e

tru
e

R̃
j,tru

e .
T

h
e

average
n
u
m

b
er

of
p
airs

p
er

assessor
w

as
arou

n
d

20,
less

th
an

20%
o
f
T

m
a
x .

In
th

e
an

aly
sis,

w
e

ru
n

A
lgorith

m
4

of
A

p
p

en
d
ix

B
on

th
ese

d
ata,

u
sin

g
th

e
ex

act
p
artition

fu
n
ction

,
for

10
5

iteration
s

(of
w

h
ich

10
4

w
ere

for
b
u
rn

-in
).

S
ep

arate
an

aly
ses

w
ere

p
erform

ed
for

C
∈
{1
,...,6}.

T
h
en

,
in

ord
er

to
in

sp
ect

if
ou

r
m

eth
o
d

correctly
id

en
tifi

ed
th

e
tru

e
n
u
m

b
er

of
clu

sters
w

e
com

p
u
ted

tw
o

q
u
an

tities:
th

e
w

ith
in

-clu
ster

su
m

of
fo

otru
le

d
istan

ces,
given

b
y
∑

Cc=
1 ∑

j:z
j =
c
d
(R̃

j ,ρ
c ),

an
d

a
w

ith
in

-clu
ster

in
d
icator

of
m

is-fi
t

to
th

e

d
ata, ∑

Cc=
1 ∑

j:z
j =
c |{B

∈
tc(B

j )
:
B

is
n
ot

con
sisten

t
w

ith
ρ
c }|,

w
h
ere

a
p
air

com
p
arison

B
∈

tc(B
j ),B

=
(A

r ≺
A
s )

is
n
ot

con
sisten

t
w

ith
ρ
c

if
ρ
c,s
>
ρ
c,r .

T
h
e

n
u
m

b
er

of
su

ch
n
on

-
con

sisten
t

p
airs

in
B
j

gives
an

in
d
ication

of
th

e
m

is-fi
t

of
th

e
j-th

assessor
to

its
clu

ster.
N

otice
th

at,
w

h
ile

th
e

latter
m

easu
re

takes
in

to
accou

n
t

th
e

d
ata

d
irectly,

th
e

form
er

is
b
ased

on
th

e
au

gm
en

ted
ran

k
s

R̃
j

on
ly.

H
en

ce,
th

e
w

ith
in

-clu
ster

su
m

of
fo

otru
le

d
istan

ces
cou

ld
b

e
m

ore
sen

sitive
to

p
ossib

le
m

issp
ecifi

cation
s

in
R̃
j

w
h
en

th
e

d
ata

are
very

sp
a
rse.

N
otice

also
th

at
th

e
secon

d
m

easu
re

is
a

‘m
o
d
ifi

ed
’

version
of

th
e

K
en

d
all

d
istan

ce
b

etw
een

th
e

d
ata

an
d

th
e

clu
ster

cen
ters.

T
h
e

b
ox

p
lots

o
f

th
e

p
osterior

d
istrib

u
tion

s
of

th
ese

tw
o

q
u
an

tities
are

sh
ow

n
in

F
igu

re
6:

th
e

tw
o

m
easu

res
are

very
con

sisten
t

in
in

d
icatin

g
a

clear
elb

ow
at
C

=
3,

th
u
s

correctly
id

en
tify

in
g

th
e

valu
e

w
e

u
sed

to
gen

erate
th

e
d
ata.

W
e

th
en

stu
d
ied

th
e

su
ccess

rates
of

correctly
p
red

ictin
g

m
issin

g
in

d
iv

id
u
al

p
airw

ise
p
referen

ces.
A

p
airw

ise
p
referen

ce
b

etw
een

item
s
A
i1

an
d
A
i2

w
as

con
sid

ered
m

issin
g

for
assessor

j
if

it
w

as
n
ot

am
on

g
th

e
sa

m
p
led

p
airw

ise
com

p
arison

s
in

clu
d
ed

in
th

e
d
ata

as
eith

er
A
i1 ≺

j,tru
e
A
i2

or
A
i2 ≺

j,tru
e
A
i1 ,

n
or

co
u
ld

su
ch

ord
erin

g
b

e
con

clu
d
ed

from
th

e
d
ata

in
d
irectly

b
y

tran
sitiv

ity.
T

h
u
s

w
e

com
p
u
ted

,
for

all
assessors

j,
th

e
p
red

ictiv
e

p
rob

ab
ilities

P
(A

i1
≺
j
A
i2 |d

ata)
for

all
p
airs

of
item

s
{A

i1 ,A
i2 }

n
ot

ord
ered

in
tc(B

j ).
T

h
e

ru
le

for
p
ractical

p
red

iction
w

as
to

alw
ay

s
b

et
on

th
e

ord
erin

g
w

ith
th

e
larger

p
red

ictiv
e

p
rob

ab
ility

of
th

ese
tw

o
p
rob

ab
ilities,

th
en

at
least

0.5.
E

ach
resu

ltin
g

p
red

ictive
p
rob

ab
ility

is
a

d
irect

24
JM

L
R

 18(158):1-49, 2018



P
r
o
b
a
b
il

is
t
ic

P
r
e
f
e
r
e
n
c
e

L
e
a
r
n
in

g
w

it
h

t
h
e

M
a
l
l
o
w

s
R

a
n
k

M
o
d
e
l

[0.5,0.55]

(0.55,0.6]

(0.6,0.65]

(0.65,0.7]

(0.7,0.75]

(0.75,0.8]

(0.8,0.85]

(0.85,0.9]

(0.9,0.95]

(0.95,1]

 C
 =

  1

0

50
0

10
00

15
00

20
00

25
00

pr
ed

ic
tiv

e 
pr

ob
ab

ili
ty

fa
ilu

re
su

cc
es

s

.4
7

.5
9

.6
1

.6
9

.7
4

.7
9

.8
4

.8
8

.9
4

.9
9

.5
3

.4
1

.3
9

.3
1

.2
6

.2
1

.1
6

.1
2

.0
6

.0
1

[0.5,0.55]

(0.55,0.6]

(0.6,0.65]

(0.65,0.7]

(0.7,0.75]

(0.75,0.8]

(0.8,0.85]

(0.85,0.9]

(0.9,0.95]

(0.95,1]

 C
 =

  3

0

50
0

10
00

15
00

20
00

25
00

pr
ed

ic
tiv

e 
pr

ob
ab

ili
ty

fa
ilu

re
su

cc
es

s

.4
9

.5
7

.6
3

.7
0

.7
3

.7
9

.8
4

.9
1

.9
5

.9
8

.5
1

.4
3

.3
7

.3
0

.2
7

.2
1

.1
6

.0
9

.0
5

.0
2

[0.5,0.55]

(0.55,0.6]

(0.6,0.65]

(0.65,0.7]

(0.7,0.75]

(0.75,0.8]

(0.8,0.85]

(0.85,0.9]

(0.9,0.95]

(0.95,1]

 C
 =

  5

0

50
0

10
00

15
00

20
00

25
00

pr
ed

ic
tiv

e 
pr

ob
ab

ili
ty

fa
ilu

re
su

cc
es

s

.4
7

.5
8

.6
2

.6
9

.7
5

.7
8

.8
4

.9
1

.9
4

.9
8

.5
3

.4
2

.3
8

.3
1

.2
5

.2
2

.1
6

.0
9

.0
6

.0
2

F
ig

u
re

7:
R

es
u
lt

s
of

th
e

si
m

u
la

ti
on

in
S
ec

ti
on

4.
4.

B
ar

p
lo

ts
of

th
e

fr
eq

u
en

cy
of

su
cc

es
se

s
(r

ed
co

lu
m

n
s)

an
d

fa
il
u
re

s
(b

lu
e

co
lu

m
n
s)

ob
ta

in
ed

fi
x
in

g
C

=
1

(l
ef

t)
,
3

(m
id

d
le

),
an

d
5

(r
ig

h
t)

,
fo

r
th

e
d
at

a
ge

n
er

at
ed

w
it

h
λ
T

=
20
.

F
or
C

=
1,

75
%

of
al

l
p
re

d
ic

ti
on

s
w

er
e

co
rr

ec
t,

fo
r
C

=
3,

79
.1

%
,

an
d

fo
r
C

=
5,

79
%

.

q
u
an

ti
fi
ca

ti
on

of
th

e
u
n
ce

rt
ai

n
ty

in
m

ak
in

g
th

e
b

et
:

a
va

lu
e

cl
os

e
to

0.
5

ex
p
re

ss
es

a
h
ig

h
d
eg

re
e

of
u
n
ce

rt
ai

n
ty

,
w

h
il
e

a
va

lu
e

cl
os

e
to

1
w

ou
ld

si
gn

al
gr

ea
te

r
co

n
fi
d
en

ce
in

th
at

th
e

b
et

w
ou

ld
tu

rn
ou

t
ri

gh
t.

In
th

e
ex

p
er

im
en

t,
th

es
e

b
et

s
w

er
e

fi
n
al

ly
co

m
p
ar

ed
to

th
e

or
d
er

in
gs

of
th

e
sa

m
e

p
ai

rs
in

th
e

si
m

u
la

te
d

tr
u
e

ra
n
k
in

gs
R̃
j,

tr
u

e
.
If

th
ey

m
a
tc

h
ed

,
th

is
w

as
re

gi
st

er
ed

as
a

su
cc

es
s,

an
d

if
n
ot

,
th

en
as

a
fa

il
u
re

.

In
F

ig
u
re

7
ar

e
sh

ow
n

th
e

b
ar

p
lo

ts
of

th
e

re
su

lt
s

fr
om

th
is

ex
p

er
im

en
t,

ex
p
re

ss
ed

in
te

rm
s

of
th

e
fr

eq
u
en

cy
of

su
cc

es
se

s
(r

ed
co

lu
m

n
s)

an
d

fa
il
u
re

s
(b

lu
e

co
lu

m
n
s)

,
ob

-
ta

in
ed

b
y

co
m

b
in

in
g

th
e

ou
tc

om
es

fr
om

a
ll

in
d
iv

id
u
al

as
se

ss
or

s.
F

or
th

is
p
re

se
n
ta

ti
on

,
th

e
p
re

d
ic

ti
v
e

p
ro

b
ab

il
it

ie
s

u
se

d
fo

r
b

et
ti

n
g

w
er

e
gr

ou
p

ed
in

to
th

e
re

sp
ec

ti
ve

in
te

rv
al

s
[0
.5

0,
0.

55
],

(0
.5

5,
0
.6

0]
,.
..
,(

0.
95
,1
.0

0]
on

th
e

h
or

iz
o
n
ta

l
ax

is
,

so
th

at
p
ai

r
p
re

fe
re

n
ce

s
b

e-
co

m
e

m
or

e
d
iffi

cu
lt

to
p
re

d
ic

t
th

e
m

or
e

on
e

m
ov

es
to

th
e

le
ft

,
al

on
g

th
e

x
-a

x
is

.
O

n
to

p
of

ea
ch

co
lu

m
n

th
e

p
er

ce
n
ta

ge
of

su
cc

es
se

s,
or

fa
il
u
re

s,
of

th
e

co
rr

es
p

on
d
in

g
b

et
s

is
sh

ow
n
.

F
or

th
e

re
su

lt
s

co
n
si

d
er

ed
on

th
e

le
ft

,
th

e
p
re

d
ic

ti
on

s
w

er
e

m
ad

e
w

it
h
ou

t
as

su
m

in
g

a
cl

u
st

er
st

ru
ct

u
re

(C
=

1)
in

th
e

an
al

y
si

s,
in

th
e

m
id

d
le

gr
ap

h
th

e
sa

m
e

n
u
m

b
er

(C
=

3)
of

cl
u
st

er
s

w
as

as
su

m
ed

in
th

e
an

al
y
si

s
as

in
th

e
d
at

a
g
en

er
at

io
n
,

an
d

on
th

e
ri

gh
t,

w
e

w
an

te
d

to
st

u
d
y

w
h
et

h
er

as
su

m
in

g
an

ev
en

la
rg

er
n
u
m

b
er

(C
=

5)
of

cl
u
st

er
s

in
th

e
an

al
y
si

s
m

ig
h
t

in
fl
u
en

ce
th

e
p

er
fo

rm
an

ce
of

ou
r

m
et

h
o
d

fo
r

p
re

d
ic

ti
n
g

m
is

si
n
g

p
re

fe
re

n
ce

s.

T
w

o
im

p
or

ta
n
t

co
n
cl

u
si

on
s

ca
n

b
e

m
ad

e
fr

om
th

e
re

su
lt

s
of

th
is

ex
p

er
im

en
t.

F
ir

st
,

fr
om

co
m

p
ar

in
g

th
e

th
re

e
gr

ap
h
s,

w
e

ca
n

se
e

th
at

n
ot

as
su

m
in

g
a

cl
u
st

er
st

ru
ct

u
re

(C
=

1)
in

th
e

d
at

a
an

al
y
si

s
le

d
to

an
ov

er
al

l
in

cr
ea

se
d

p
ro

p
or

ti
on

of
u
n
ce

rt
ai

n
b

et
s,

in
th

e
se

n
se

of
b

ei
n
g

b
as

ed
on

p
re

d
ic

ti
ve

p
ro

b
ab

il
it

ie
s

cl
os

er
to

th
e

0.
5

en
d

of
th

e
h
or

iz
on

ta
l

ax
is

,
th

an
if

ei
th

er
C

=
3

or
C

=
5

w
as

as
su

m
ed

.
O

n
th

e
ot

h
er

h
an

d
,

th
er

e
is

al
m

os
t

n
o

d
iff

er
en

ce
b

et
w

ee
n

th
e

gr
ap

h
s

co
rr

es
p

on
d
in

g
to
C

=
3

an
d
C

=
5.

T
h
u
s,

m
o
d
er

at
e

ov
er

fi
tt

in
g

of
cl

u
st

er
s

n
ei

th
er

im
p
ro

ve
d

n
or

d
et

er
io

ra
te

d
th

e
q
u
al

it
y

of
th

e
p
re

d
ic

ti
on

s
(t

h
is

se
em

s
co

n
si

st
en

t
w

it
h

th
e

ve
ry

si
m

il
ar

w
it

h
in

-c
lu

st
er

d
is

ta
n
ce

s
in

th
es

e
tw

o
ca

se
s,

sh
ow

n
in

F
ig

u
re

6)
.

A
se

co
n
d
,

an
d

m
or

e
in

te
re

st
in

g,
ob

se
rv

at
io

n
is

th
at

,
in

al
l

th
re

e
ca

se
s

co
n
si

d
er

ed
,

th
e

p
re

d
ic

ti
ve

p
ro

b
ab

il
it

ie
s

25
JM

L
R

 1
8(

15
8)

:1
-4

9,
 2

01
8

V
it

e
l
l
i,

S
ø
r
e
n
se

n
,

C
r
is

p
in

o
,

F
r
ig

e
ss

i
a
n
d

A
r
ja

s

u
se

d
fo

r
b

et
ti

n
g

tu
rn

ed
ou

t
to

b
e

em
p
ir

ic
al

ly
ve

ry
w

el
l

ca
li
b
ra

te
d

(s
ee

,
fo

r
ex

a
m

p
le

,
D

aw
id

(1
98

2)
an

d
L

it
tl

e
(2

01
1)

).
F

or
ex

am
p
le

,
of

th
e

b
et

s
b
as

ed
on

p
re

d
ic

ti
ve

p
ro

b
a
b
il
it

ie
s

in
th

e
in

te
rv

al
(0
.7

0,
0.

75
],

74
%

w
er

e
su

cc
es

sf
u
l

fo
r
C

=
1,

7
3%

w
h
en

C
=

3,
a
n
d

7
5
%

w
h
en

C
=

5.
B

y
in

sp
ec

ti
on

,
su

ch
co

rr
es

p
on

d
en

ce
ca

n
b

e
se

en
to

h
ol

d
q
u
it

e
w

el
l

on
a
ll

in
te

rv
a
ls

in
al

l
th

re
e

gr
ap

h
s.

T
h
at

th
e

sa
m

e
d
eg

re
e

o
f

em
p
ir

ic
al

ca
li
b
ra

ti
on

h
ol

d
s

al
so

w
h
en

a
n

in
co

rr
ec

t
n
u
m

b
er

of
cl

u
st

er
s

w
as

fi
tt

ed
to

th
e

d
at

a
as

w
it

h
th

e
co

rr
ec

t
on

e,
si

g
n
al

s
a

ce
rt

a
in

a
m

o
u
n
t

of
ro

b
u
st

n
es

s
of

th
is

as
p

ec
t

to
w

ar
d
s

va
ri

at
io

n
s

in
th

e
m

o
d
el

in
g.

W
e

re
p

ea
te

d
th

e
sa

m
e

ex
p

er
im

en
t

w
it

h
le

ss
d
at

a,
n
am

el
y

u
si

n
g
λ
T

=
1
0
.

T
h
is

g
iv

es
an

av
er

ag
e

n
u
m

b
er

of
p
ai

rs
p

er
as

se
ss

o
r

ar
ou

n
d

10
%

of
T

m
a
x
.

R
es

u
lt

s
ar

e
d
is

p
la

ye
d

in
F

ig
u
re

5
of

th
e

S
u
p
p
le

m
en

ta
ry

M
at

er
ia

l,
S
ec

ti
on

3
.

P
re

d
ic

ti
ve

p
ro

b
ab

il
it

ie
s

a
re

st
il
l

ve
ry

w
el

l
ca

li
b
ra

te
d
,

b
u
t

of
co

u
rs

e
th

e
q
u
al

it
y

of
p
re

d
ic

ti
on

is
w

or
se

.
N

on
et

h
el

es
s,

fo
r
C

=
3
,

76
.8

%
of

al
l

p
re

d
ic

ti
on

s
w

er
e

co
rr

ec
t.

5
.

R
e
la

te
d

W
o
rk

W
e

b
ri

efl
y

re
v
ie

w
th

e
li
te

ra
tu

re
w

h
ic

h
u
se

s
th

e
M

al
lo

w
s

m
o
d
el

,
or

is
b
as

ed
o
n

o
th

er
p
ro

b
a
-

b
il
is

ti
c

ap
p
ro

ac
h
es

,
as

th
es

e
ar

e
m

os
t

cl
os

el
y

re
la

te
d

to
ou

r
m

et
h
o
d
.

T
h
e

M
al

lo
w

s
m

o
d
el

w
as

st
u
d
ie

d
al

m
os

t
ex

h
au

st
iv

el
y

in
th

e
ca

se
o
f

K
en

d
a
ll

d
is

ta
n
ce

,
o
f

w
h
ic

h
th

e
p
ar

ti
ti

on
fu

n
ct

io
n

is
ea

sy
to

co
m

p
u
te

.
A

m
on

g
p
ro

b
ab

il
is

ti
c

ap
p
ro

ac
h
es

,
o
n
e

o
f

th
e

m
os

t
in

te
re

st
in

g
is

M
ei

lǎ
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d
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d
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p
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ra
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d
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lign
er

an
d

V
erd

u
cci

(1
9
86),

for
K

en
d
all

a
n
d

C
ay

ley
d
istan

ces,
an

d
fu

rth
er

ex
ten

d
ed

in
M

eilǎ
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.
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d
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’s,
m

ostly
b

ecau
se

of
th

e
o
b
v
io

u
s

co
m

p
u
tation

al
d
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ew
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ap

p
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n
o
w

le
d
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e
n
ts
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a
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an
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to
th
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p
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er
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a
u
th
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C
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to
th

e
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t
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d
w

as
p
artially

fu
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ed

b
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au
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eir
h
elp

w
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l
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p
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o
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u
tation
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con
sen

su
s

ran
k
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∑
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h
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h
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p
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=
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d
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b
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e
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r
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h
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b
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rem
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d
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b
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con
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h
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P
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.
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i ∈
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b
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P
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d
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∈
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∈
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b
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=
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p
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p
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at
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w
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P
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=
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P
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p
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b
il
it

ie
s
P
n
∗
(ρ
A

=
π
|ρ
A
c

=
π
′ ,

d
a
ta

)
co

in
ci

d
e

w
it

h
P
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e
re

st
ri

ct
ed

a
n

a
ly

si
s

es
ti

m
at

e
ρ
M
A
P
,

an
d

co
n
ve

rs
el

y,
ρ
M
A
P

ca
n

b
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p
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p
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b
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=
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d
ep

en
d
en

tl
y,

ea
ch

im
p

o
si

n
g

a
u
n
if

or
m

p
ri

or
on

th
ei

r
u
n
ra

n
ke

d
it

em
s,

al
so

th
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p
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b
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b
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b
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p
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p
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b
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C
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p
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e
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b
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p
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d
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p
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u
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p
u
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.
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h
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←
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p
le
:
ρ
′
∼

L
&
S
(ρ
m
−

1
,
L
)
a
n
d
u
∼
U
(0
,
1
)

c
o
m
p
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←
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←
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←
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ra
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←
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←
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p
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.
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=
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p
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p
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P
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p
u
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.
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u
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.
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←
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p
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←
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←
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←
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p
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c
e
n
te

re
d

a
t
R̃
m
−

1
j

e
ls
e

sa
m
p
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.
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p
u
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u
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.
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.
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.
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e

m
u
ltiscale

top
ological

in
form

ation
ab

ou
t
S

.
A

s
t

va
ries

fro
m

zero
to
∞

,
top

ological
featu

res
—

con
n
ected

com
p

on
en

ts,
lo

op
s,

void
s

—
a
re

b
o
rn

a
n
d

d
ie.

P
ersisten

t
h
om

ology
q
u
a
n
tifi

es
th

e
evolu

tion
of

th
ese

top
ological

featu
res

a
s

a
fu

n
ctio

n
o
f
t.

S
ee

F
igu

re
2.

E
ach

p
oin

t
on

th
e

p
ersisten

ce
d
iagram

rep
resen

ts
th

e
b
irth

a
n
d

d
ea

th
tim

e
of

a
top

ological
featu

re.
G

iven
a

sam
p
le
X

1 ,...,X
n
∼
P

,
th

e
em

p
irical

d
istan

ce
fu

n
ction

is
d
efi

n
ed

b
y

∆̂
(x

)
=

m
in
X
i

‖x
−
X
i ‖.

(2)

If
P

is
su

p
p

o
rted

on
S

,
an

d
h
as

a
d
en

sity
b

ou
n
d
ed

aw
ay

from
zero

an
d

in
fi
n
ity,

th
en

∆̂
is

a
co

n
sisten

t
estim

ator
of

∆
S

,
i.e.,

su
p
x |∆̂

(x
)−

∆
S

(x
)|

P→
0.

H
ow

ev
er,

if
th

ere
are

ou
tliers,

o
r

n
o
ise,

th
en

∆̂
(x

)
is

n
o

lon
ger

con
sisten

t.
F

igu
re

3
(b

ottom
)

sh
ow

s
th

at
a

few
ou

tliers
co

m
p
letely

ch
a
n
ge

th
e

d
istan

ce
fu

n
ction

.
In

th
e

lan
gu

age
of

rob
u
st

statistics,
th

e
em

p
irical

d
ista

n
ce

fu
n
ctio

n
h
as

b
reak

d
ow

n
p

oin
t

zero.
A

m
o
re

ro
b
u
st

ap
p
roach

is
to

estim
ate

th
e

p
ersisten

t
h
om

ology
of

th
e

su
p

er-level
sets

o
f

th
e

d
en

sity
p

of
P

.
A

s
lon

g
as

P
is

con
cen

trated
n
ear

S
,

w
e

ex
p

ect
th

e
level

sets
of

p
to

p
rov

id
e

u
sefu

l
top

ological
in

form
ation

ab
ou

t
S

.
S
p

ecifi
cally,

som
e

level
sets

of
p

are
h
o
m

o
to

p
ic

to
S

u
n
d
er

w
eak

con
d
ition

s,
an

d
th

is
im

p
lies

th
at

w
e

can
estim

ate
th

e
h
om

ology
o
f
S

.
N

o
te

th
a
t,

in
th

is
case,

w
e

are
u
sin

g
th

e
p

ersisten
t

h
om

ology
o
f

th
e

su
p

er-level
sets

of
p
,

to
estim

ate
th

e
h
om

ology
of
S

.
T

h
is

is
th

e
ap

p
roach

su
ggested

b
y

B
u
b

en
ik

(2015),
F

asy
et

a
l.

(2
0
1
4b

)
a
n
d

B
ob

row
sk

i
et

al.
(2014).

A
related

id
ea

is
to

u
se

p
ersisten

t
h
om

ology
b
a
sed

o
n

a
kern

el
d
istan

ce
(P

h
illip

s
et

al.,
2014).

In
fact,

th
e

su
b
level

sets
of

th
e

kern
el

d
istan

ce
a
re

a
rescalin

g
of

th
e

su
p

er-lev
el

sets
of
p
,

so
th

ese
tw

o
id

eas
are

essen
tially

eq
u
ivalen

t.
W

e
d
iscu

ss
th

is
a
p
p
roach

in
S
ection

5.
A

d
iff

eren
t

a
p
p
roach

,
m

ore
closely

related
to

th
e

d
istan

ce
fu

n
ction

,
b
u
t

rob
u
st

to
n
oise,

is
to

u
se

th
e

d
ista

n
ce-to

-a
-m

ea
su

re
(D

T
M

),
δ≡

δ
P
,m

,
from

C
h
azal

et
al.

(2011);
see

S
ection

2.

A
n

estim
ate

δ̂
o
f
δ

is
ob

tain
ed

b
y

rep
lacin

g
th

e
tru

e
p
rob

ab
ility

m
easu

re
w

ith
th

e
em

p
irical

p
ro

b
a
b
ility

m
easu

re
P
n
,

or
w

ith
a

d
econ

volv
ed

v
ersion

of
th

e
ob

served
m

easu
re

C
aillerie

et
a
l.

(2
0
1
1
).

O
n
e

th
en

con
stru

cts
a

p
ersisten

ce
d
iag

ram
b
ased

on
th

e
su

b
-level

sets
of

th
e

D
T

M
.

S
ee

F
ig

u
re

1.
T

h
is

ap
p
roach

is
aim

ed
at

estim
atin

g
th

e
p

ersisten
t

h
om

ology
of
S

.
(T

h
e

D
T

M
a
lso

su
ggests

n
ew

ap
p
roach

es
to

d
en

sity
estim

ation
;

see
B

iau
et

al.
(2011).)

T
h
e

d
en

sity
estim

ation
ap

p
roach

an
d

th
e

D
T

M
are

b
oth

try
in

g
to

p
rob

e
th

e
top

ology
o
f
S

.
B

u
t

th
e

fo
rm

er
is

u
sin

g
p

ersisten
t

h
om

ology
to

estim
ate

th
e

h
om

ology
of
S

,
w

h
ile

th
e

D
T

M
is

d
irectly

try
in

g
to

estim
ate

th
e

p
ersisten

t
h
om

ology
o
f

d
istan

ce
fu

n
ction

of
S

.
W

e
d
iscu

ss
th

is
p

o
in

t
in

d
etail

in
S
ection

9.1.
In

th
is

p
a
p

er,
w

e
ex

p
lore

som
e

statistical
p
rop

erties
o
f

th
ese

m
eth

o
d
s.

In
p
articu

lar:

3
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
sse

r
m
a
n

1.
W

e
sh

ow
th

at √
n

(δ̂
2(x

)−
δ

2(x
))

con
verges

to
a

G
au

ssian
p
ro

cess.
(T

h
eorem

5).

2.
W

e
sh

ow
th

at
th

e
b

o
otstrap

p
rov

id
es

asy
m

p
totically

valid
con

fi
d
en

ce
b
an

d
s

for
δ.

T
h
is

allow
s

u
s

to
id

en
tify

sign
ifi

can
t

top
ological

featu
res.

(T
h
eorem

19).

3.
W

e
fi
n
d

th
e

lim
itin

g
d
istrib

u
tion

of
a

key
top

ological
q
u
an

tity
called

th
e

b
ottlen

eck
d
istan

ce.
(S

ection
4.1).

4.
W

e
also

sh
ow

th
at,

u
n
d
er

ad
d
ition

al
a
ssu

m
p
tion

s,
th

ere
is

an
oth

er
v
ersion

of
th

e
b

o
otstrap

—
w

h
ich

w
e

call
th

e
b

ottlen
eck

b
o
otstrap

—
th

at
p
rov

id
es

m
ore

p
recise

in
fer-

en
ces.

(S
ection

6).

5.
W

e
sh

ow
sim

ilar
resu

lts
for

th
e

kern
el

d
istan

ce.
(S

ection
5).

6.
W

e
p
rop

ose
a

m
eth

o
d

for
ch

o
osin

g
th

e
tu

n
in

g
p
ara

m
eter

m
for

D
T

M
an

d
th

e
b
an

d
-

w
id

th
h

for
th

e
kern

el
d
istan

ce.
(S

ection
7.1).

7.
W

e
sh

ow
th

at
th

e
D

T
M

an
d

th
e

kern
el

d
en

sity
estim

ator
(K

D
E

)
b

oth
su

ff
er

from
b

ou
n
d
ary

b
ias

an
d

w
e

su
ggest

a
m

eth
o
d

for
red

u
cin

g
th

e
b
ias.

(S
ection

7.2).

N
o
ta

tio
n

.
B

(x
,ε)

is
a

E
u
clid

ean
b
all

of
rad

iu
s
ε,

cen
tered

at
x

.
W

e
d
efi

n
e
A
⊕
ε

=
⋃
x∈
A
B

(x
,ε),

th
e

u
n
ion

of
ε-b

alls
cen

tered
at

p
oin

ts
in
A

.
If
x

is
a

vector
th

en
||x||∞

=
m

ax
j |x

j |.
S
im

ilarly,
if
f

is
a

real-valu
ed

fu
n
ction

th
en
||f||∞

=
su

p
x |f

(x
)|.

W
e

w
rite

X
n
 
X

to
m

ean
th

at
X
n

con
verges

in
d
istrib

u
tion

to
X

,
an

d
w

e
u
se

sy
m

b
ols

like
c,C

,...,
as

gen
eric

p
ositiv

e
con

stan
ts.

R
e
m

a
rk

:
T

h
e

com
p
u
tin

g
for

th
e

ex
am

p
les

in
th

is
p
ap

er
w

ere
d
on

e
u
sin

g
th

e
R

p
ack

-
age

T
D

A
.

S
ee

F
asy

et
al.

(2014a).
T

h
e

p
ackage

can
b

e
d
ow

n
load

ed
from

h
t
t
p
:
/
/
c
r
a
n
.

r
-
p
r
o
j
e
c
t
.
o
r
g
/
w
e
b
/
p
a
c
k
a
g
e
s
/
T
D
A
/
i
n
d
e
x
.
h
t
m
l
.

R
e
m

a
rk

:
In

th
is

p
ap

er,
w

e
d
iscu

ss
th

e
D

T
M

w
h
ich

u
ses

a
sm

o
oth

in
g

p
aram

eter
m

an
d

th
e

kern
el

d
en

sity
estim

ator
w

h
ich

u
ses

a
sm

o
oth

in
g

b
an

d
w

id
th

h
.

U
n
like

in
trad

itio
n
al

fu
n
ction

estim
atio

n
,

w
e

d
o

n
ot

sen
d

th
ese

p
aram

eters
to

zero
as
n

in
creases.

In
T

D
A

,
th

e
top

ological
featu

res
created

w
ith

a
fi
x
ed

sm
o
oth

in
g

p
a
ram

eter
are

of
in

terest.
T

h
u
s,

all
th

e
th

eory
in

th
is

p
ap

er
treats

th
e

sm
o
oth

in
g

p
aram

eters
as

b
ein

g
b

ou
n
d
ed

aw
ay

from
0.

S
ee

also
S
ection

4.4
in

F
asy

et
al.

(2014b
).

In
S
ection

7.1
,

w
e

d
iscu

ss
th

e
ch

oice
of

th
ese

sm
o
oth

in
g

p
aram

eters.

2
.

B
a
ck

g
ro

u
n
d

In
th

is
section

,
w

e
d
efi

n
e

several
d
istan

ce
fu

n
ction

s
an

d
d
istan

ce-like
fu

n
ction

s,
an

d
w

e
in

tro
d
u
ce

th
e

relevan
t

con
cep

ts
from

com
p
u
tation

al
top

ology.
F

or
m

ore
d
etail,

w
e

refer
th

e
read

er
to

E
d
elsb

ru
n
n
er

an
d

H
arer

(2010).

2
.1

D
ista

n
c
e

F
u

n
c
tio

n
s

a
n

d
P

e
rsiste

n
t

H
o
m

o
lo

g
y

L
et
S
⊂

R
d

b
e

a
com

p
act

set.
T

h
e

h
o
m

o
logy

of
S

ch
aracterizes

certain
top

ological
featu

res
of
S

,
su

ch
as

its
con

n
ected

com
p

on
en

ts,
h
oles,

an
d

void
s.

P
ersisten

t
h
o
m

o
logy

is
a

m
u
ltiscale

version
of

h
om

ology.
R

ecall
th

at
th

e
d
istan

ce
fu

n
ction

∆
S

for
S

is

∆
S

(x
)

=
in

f
y∈
S ‖x
−
y‖
.

(3)
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se
n
te

d
as

a
p

oi
n
t

in
th

e
p
la

n
e

w
it

h
co

or
d
in

at
es

(u
,v

)
=

(t
b

ir
th
,t

d
ea

th
).

T
h
e

se
t

of
p

oi
n
ts

(w
it

h
m

u
lt

ip
li
ci

ty
)

re
p
re

se
n
ti

n
g

th
e

in
te

rv
al

s
is

ca
ll
ed

th
e

pe
rs

is
te

n
ce

d
ia

gr
a
m

of
∆
S

.
N

ot
e

th
at

th
e

d
ia

gr
am

is
en

ti
re

ly
co

n
ta

in
ed

in
th

e
h
al

f-
p
la

n
e

ab
ov

e
th

e
d
ia

go
n
al

d
efi

n
ed

b
y
u

=
v
,

si
n
ce

d
ea

th
al

w
ay

s
o
cc

u
rs

af
te

r
b
ir

th
.

T
h
is

d
ia

gr
am

is
w

el
l-

d
efi

n
ed

fo
r

an
y

co
m

p
ac

t
se

t
S

(C
h
az

al
et

al
.

(2
01

2)
,

T
h
eo

re
m

2.
22

).
T

h
e

m
os

t
p

er
si

st
en

t
fe

at
u
re

s
(s

u
p
p

os
ed

ly
th

e
m

os
t

im
p

or
ta

n
t)

ar
e

th
os

e
re

p
re

se
n
te

d
b
y

th
e

p
oi

n
ts

fu
rt

h
es

t
fr

om
th

e
d
ia

go
n
al

in
th

e
d
ia

gr
am

,
w

h
er

ea
s

p
oi

n
ts

cl
os

e
to

th
e

d
ia

go
n
al

ca
n

b
e

in
te

rp
re

te
d

as
(t

op
ol

og
ic

al
)

n
oi

se
.

F
ig

u
re

2
sh

ow
s

a
si

m
p
le

ex
am

p
le

.
H

er
e,

th
e

p
oi

n
ts

on
th

e
ci

rc
le

ar
e

re
ga

rd
ed

as
a

su
b
se

t
of

R
2
.

A
t

ti
m

e
ze

ro
,

th
er

e
is

on
e

co
n
n
ec

te
d

co
m

p
on

en
t

an
d

on
e

lo
op

.
A

s
t

in
cr

ea
se

s,
th

e
lo

op
d
ie

s.
L

et
S

1
an

d
S

2
b

e
co

m
p
ac

t
se

ts
w

it
h

d
is

ta
n
ce

fu
n
ct

io
n
s

∆
1

an
d

∆
2

an
d

d
ia

gr
a
m

s
D

1

an
d
D

2
.

T
h
e

b
ot

tl
en

ec
k

d
is

ta
n
ce

b
et

w
ee

n
D

1
an

d
D

2
is

d
efi

n
ed

b
y

W
∞

(D
1
,D

2
)

=
m

in
g
:
D

1
→
D

2

su
p

z
∈D

1

‖z
−
g
(z

)‖
∞
,

(4
)

w
h
er

e
th

e
m

in
im

u
m

is
ov

er
al

l
b
ij

ec
ti

on
s

b
et

w
ee

n
D

1
an

d
D

2
.

In
w

or
d
s,

th
e

b
ot

tl
en

ec
k

d
is

ta
n
ce

is
th

e
m

ax
im

u
m

d
is

ta
n
ce

b
et

w
ee

n
th

e
p

oi
n
ts

of
th

e
tw

o
d
ia

gr
am

s,
af

te
r

m
in

im
iz

in
g

ov
er

al
l

p
os

si
b
le

p
ai

ri
n
gs

of
th

e
p

oi
n
ts

(i
n
cl

u
d
in

g
th

e
p

oi
n
ts

on
th

e
d
ia

go
n
al

s)
.
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 2

01
8

C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
ss
e
r
m
a
n

A
fu

n
d
am

en
ta

l
p
ro

p
er

ty
of

p
er

si
st

en
ce

d
ia

gr
am

s
is

th
ei

r
st

a
bi

li
ty

.
A

cc
o
rd

in
g

to
th

e
P

er
si

st
en

ce
S
ta

b
il
it

y
T

h
eo

re
m

(C
oh

en
-S

te
in

er
et

al
.

(2
00

5)
;

C
h
az

al
et

al
.

(2
0
1
2
))

W
∞

(D
1
,D

2
)
≤
||∆

1
−

∆
2
|| ∞

=
H

(S
1
,S

2
).

(5
)

H
er

e,
H

is
th

e
H

au
sd

or
ff

d
is

ta
n
ce

,
n
am

el
y,

H
(A
,B

)
=

in
f{ ε

:
A
⊂
B
⊕
ε

an
d
B
⊂
A
⊕
ε}
,

w
h
er

e
w

e
re

ca
ll

th
at
A
⊕
ε

=
⋃
x
∈A

B
(x
,ε

).
M

or
e

ge
n
er

al
ly

,
th

e
d
efi

n
it

io
n

o
f

p
er

si
st

en
ce

d
ia

gr
am

s
an

d
th

e
ab

ov
e

st
ab

il
it

y
th

eo
re

m
d
o

n
ot

re
st

ri
ct

to
d
is

ta
n
ce

fu
n
ct

io
n
s

b
u
t

a
ls

o
ex

te
n
d

to
fa

m
il
ie

s
of

su
b
le

ve
l

se
ts

(r
es

p
.

u
p
p

er
-l

ev
el

se
ts

)
of

fu
n
ct

io
n
s

d
efi

n
ed

o
n
R
d

u
n
d
er

ve
ry

w
ea

k
as

su
m

p
ti

on
.

W
e

re
fe

r
th

e
re

a
d
er

to
E

d
el

sb
ru

n
n
er

an
d

H
ar

er
(2

01
0
);

C
h
a
za

l
et

a
l.

(2
00

9,
20

12
)

fo
r

a
d
et

ai
le

d
ex

p
os

it
io

n
of

th
e

th
eo

ry
.

G
iv

en
a

sa
m

p
le
X

1
,.
..
,X

n
∼
P

,
th

e
em

p
ir

ic
al

d
is

ta
n
ce

fu
n
ct

io
n

is
d
efi

n
ed

b
y

∆̂
(x

)
=

m
in
X
i

‖x
−
X
i‖
.

(6
)

L
e
m

m
a

1
(L

e
m

m
a

4
in

F
a
sy

e
t

a
l.
,

2
0
1
4
b

)
S

u
p
po

se
th

a
t
P

is
su

p
po

rt
ed

o
n
S

,
a
n

d
h
a
s

a
d
en

si
ty

bo
u

n
d
ed

a
w

a
y

fr
o
m

ze
ro

a
n

d
in

fi
n

it
y.

T
h
en

su
p
x
|∆̂

(x
)
−

∆
S

(x
)|

P →
0
.

S
ee

al
so

C
u
ev

as
an

d
R

o
d
ŕı

gu
ez

-C
as

al
(2

00
4)

.
T

h
e

p
re

v
io

u
s

le
m

m
a

ju
st

ifi
es

u
si

n
g

∆̂
to

es
ti

m
at

e
th

e
p

er
si

st
en

t
h
om

ol
og

y
of

su
b
le

ve
l

se
ts

of
∆
S

.
In

fa
ct

,
th

e
su

b
le

v
el

se
ts

o
f

∆̂
a
re

ju
st

u
n
io

n
s

of
b
al

ls
ar

ou
n
d

th
e

ob
se

rv
ed

d
at

a.
T

h
at

is
,

L
t

=
{ x

:
∆̂

(x
)
≤
t}

=
n ⋃ i=

1

B
(X

i,
t)
.

T
h
e

p
er

si
st

en
t

h
om

ol
og

y
of

th
e

u
n
io

n
of

th
e

b
al

ls
as

t
in

cr
ea

se
s

m
ay

b
e

co
m

p
u
te

d
b
y

cr
ea

ti
n
g

a
co

m
b
in

at
or

ia
l

re
p
re

se
n
ta

ti
on

(c
al

le
d

a
C

ec
h

co
m

p
le

x
)

of
th

e
u
n
io

n
o
f

b
a
ll
s,

a
n
d

th
en

ap
p
ly

in
g

b
as

ic
op

er
at

io
n
s

fr
om

li
n
ea

r
al

ge
b
ra

(E
d
el

sb
ru

n
n
er

a
n
d

H
ar

er
,

2
0
1
0
,

S
ec

ti
o
n
s

V
I.

2
an

d
V

II
.1

).
H

ow
ev

er
,

as
so

on
as

th
er

e
is

n
oi

se
or

ou
tl

ie
rs

,
th

e
em

p
ir

ic
al

d
is

ta
n
ce

fu
n
ct

io
n

b
ec

o
m

es
u
se

le
ss

,
as

il
lu

st
ra

te
d

in
F

ig
u
re

3.
M

or
e

sp
ec

ifi
ca

ll
y,

su
p
p

os
e

th
at

P
=
π
R

+
(1
−
π

)(
Q
?

Φ
σ
),

(7
)

w
h
er

e
π
∈

[0
,1

],
R

is
an

ou
tl

ie
r

d
is

tr
ib

u
ti

on
(s

u
ch

a
s

a
u
n
if

or
m

on
a

la
rg

e
se

t)
,
Q

is
su

p
p

or
te

d
on

S
,
?

d
en

ot
es

co
n
vo

lu
ti

on
,

an
d

Φ
σ

is
a

co
m

p
ac

tl
y

su
p
p

or
te

d
n
oi

se
d
is

tr
ib

u
ti

o
n

w
it

h
sc

al
e

p
ar

am
et

er
σ

.
R

ec
ov

er
in

g
th

e
p

er
si

st
en

t
h
om

ol
o
gy

of
∆
S

ex
ac

tl
y

(o
r

ev
en

th
e

h
om

ol
og

y
o
f
S

)
is

n
o
t

p
os

si
b
le

in
ge

n
er

al
si

n
ce

th
e

p
ro

b
le

m
is

u
n
d
er

-i
d
en

ti
fi
ed

.
B

u
t

w
e

w
ou

ld
st

il
l

li
k
e

to
fi
n
d

a
fu

n
ct

io
n

th
at

is
si

m
il
ar

to
th

e
d
is

ta
n
ce

fu
n
ct

io
n

fo
r
S

.
T

h
e

em
p
ir

ic
al

d
is

ta
n
ce

fu
n
ct

io
n

fa
il
s

m
is

er
ab

ly
ev

en
w

h
en

π
an

d
σ

ar
e

sm
al

l.
In

st
ea

d
,

w
e

n
ow

tu
rn

to
th

e
D

T
M

.
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

F
ig

u
re

3
:

T
op

:
d
ata

on
th

e
C

assin
i

cu
rve,

th
e

d
istan

ce
fu

n
ction

∆̂
,

a
ty

p
ical

su
b
level

set
{x

:
∆̂

(x
)
≤
t}

an
d

th
e

resu
ltin

g
p

ersisten
ce

d
iag

ram
.

B
ottom

:
th

e
eff

ect
of

a
d
d
in

g
a

few
ou

tliers.
N

ote
th

at
th

e
d
istan

ce
fu

n
ction

an
d

p
ersisten

ce
d
iagra

m
a
re

d
ram

atically
d
iff

eren
t.

2
.2

D
ista

n
c
e

to
a

M
e
a
su

re

G
iven

a
p
rob

ab
ility

m
easu

re
P

,
for

0
<
m
<

1,
th

e
d
ista

n
ce-to

-m
ea

su
re

(D
T

M
)

at
resolu

-
tio

n
m

(C
h
a
za

l
et

al.,
2011)

is
d
efi

n
ed

b
y

δ(x
)≡

δ
P
,m

(x
)

=

√
1m

∫
m

0
(G
−

1
x

(u
))

2d
u
,

(8)

w
h
ere

G
x (t)

=
P

(‖X
−
x‖
≤
t).

A
ltern

atively,
th

e
D

T
M

can
b

e
d
efi

n
ed

u
sin

g
th

e
cd

f
of

th
e

sq
u
a
red

d
istan

ces,
as

in
th

e
follow

in
g

lem
m

a
:

L
e
m

m
a

2
(C

h
a
z
a
l

e
t

a
l.,

2
0
1
5
)

L
et
F
x (t)

=
P

(‖X
−
x‖

2≤
t).

T
h
en

δ
2P
,m

(x
)

=
1m

∫
m

0
F
−

1
x

(u
)d
u
.

P
ro

o
f

F
o
r

a
n
y

0
<
u
<

1,

[G
−

1
x

(u
) ]

2
=

in
f {
t 2

:
G
x (t)≥

u }
=

in
f {
t 2

:
P

(‖X
−
x‖
≤
t)≥

u }

=
in

f {
t

:
P

(‖
X
−
x‖

2≤
t)≥

u }
=

in
f{
t

:
F
x (t)≥

u}
=
F
−

1
x

(u
).
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
sse

r
m
a
n

T
h
erefore

δ
2P
,m

(x
)

=
1m

∫
m

0
(G
−

1
x

(u
))

2d
u

=
1m

∫
m

0
F
−

1
x

(u
)d
u
.

G
iven

a
sam

p
le
X

1 ,...,X
n
∼
P

,
let

P
n

b
e

th
e

p
rob

ab
ility

m
easu

re
th

at
p
u
ts

m
ass

1
/n

on
each

X
i .

It
is

easy
to

see
th

at
th

e
d
ista

n
ce

to
th

e
m

easu
re
P
n

at
resolu

tion
m

is

δ̂
2(x

)≡
δ

2P
n
,m

(x
)

=
1k

∑

X
i ∈
N
k
(x

) ‖
X
i −

x‖
2,

(9)

w
h
ere

k
=
dm

ne
an

d
N
k (x

)
is

th
e

set
con

tain
in

g
th

e
k

n
earest

n
eigh

b
ors

of
x

am
on

g
X

1 ,...,X
n
.

W
e

w
ill

u
se
δ̂

to
estim

ate
δ.

N
ow

w
e

su
m

m
arize

som
e

im
p

ortan
t

p
rop

erties
of

th
e

D
T

M
,

all
of

w
h
ich

are
p
roved

in
C

h
azal

et
al.

(2011)
an

d
B

u
ch

et
et

al.
(2013).

F
irst,

recall
th

at
th

e
W

a
sserstein

d
ista

n
ce

o
f

o
rd

er
p

b
etw

een
tw

o
p
rob

ab
ility

m
easu

res
P

an
d
Q

is
giv

en
b
y

W
p (P

,Q
)

=
in

fJ (∫
‖x
−
y‖

p
d
J

(x
,y

) )
1
/
p

,
(10)

w
h
ere

th
e

in
fi
m

u
m

is
ov

er
all

join
t

d
istrib

u
tion

s
J

for
(X
,Y

)
su

ch
th

at
X
∼
P

an
d
Y
∼
Q

.
W

e
say

th
at
P

satisfi
es

th
e

(a
,b)-co

n
d
itio

n
if

th
ere

ex
ist

a
,b
>

0
su

ch
th

at,
for

every
x

in
th

e
su

p
p

ort
of
P

an
d

ev
ery

ε
>

0,

P
(
B

(x
,ε) )

≥
a
ε
b.

(11)

T
h
is

m
ean

s
th

at
th

e
su

p
p

ort
d
o
es

n
ot

h
ave

lon
g,

th
in

com
p

on
en

ts.

T
h

e
o
re

m
3

(P
ro

p
e
rtie

s
o
f

D
T

M
)

T
h
e

fo
llo

w
in

g
p
ro

perties
h
o
ld

:

1
.

T
h
e

d
ista

n
ce

to
m

ea
su

re
is

1
-L

ip
sch

itz:
fo

r
a
n

y
p
ro

ba
bility

m
ea

su
re

P
o
n

R
d

a
n

d
a
n

y
(x
,x
′)∈

R
d,

|δ
P
,m

(x
)−

δ
P
,m

(x
′)|≤

‖x
−
x
′‖.

2
.

If
Q

sa
tisfi

es
(1

1
)

a
n

d
is

su
p
po

rted
o
n

a
co

m
pa

ct
set

S
,

th
en

su
px
|δ
Q
,m

(x
)−

∆
S

(x
)|≤

a −
1
/
bm

1
/
b.

(12)

In
pa

rticu
la

r,
su

p
x |δ

Q
,m

(x
)−

∆
S

(x
)|→

0
a
s
m
→

0
.

3
.

If
P

a
n

d
Q

a
re

tw
o

d
istribu

tio
n

s,
th

en

su
px
|δ
P
,m

(x
)−

δ
Q
,m

(x
)|≤

1
√
m
W

2 (P
,Q

).
(13)

4
.

If
Q

sa
tisfi

es
(1

1
)

a
n

d
is

su
p
po

rted
o
n

a
co

m
pa

ct
set

S
a
n

d
P

is
a
n

o
th

er
d
istribu

tio
n

(n
o
t

n
ecessa

rily
su

p
po

rted
o
n
S

),
th
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)
is

sa
tisfi

ed
.

T
h
en

th
ere

exists
a

u
n

ifo
rm

m
od

u
lu

s
o
f

co
n

tin
u

ity
fo

r
th

e
fa

m
ily

o
f

qu
a
n

tile
fu

n
ctio

n
s
F
−

1
x

o
ver
X

.

P
ro

o
f

L
et

x
∈
X

.
A

ccord
in

g
to

P
rop

osition
s

A
.7

an
d

A
.12

in
B

ob
kov

an
d

L
ed

ou
x

(2014),
A

ssu
m

p
tion

(H
ω
,X

)
is

eq
u
ivalen

t
to

assu
m

in
g

th
e

ex
isten

ce
of

a
u
n
iform

m
o
d
u
lu

s
of

con
tin

u
ity

of
F
−

1
x

(it
ten

d
s

to
zero

at
zero).

W
e

can
th

en
d
efi

n
e
ω
x

on
(0
,1)

b
y

u
∈

(0,1)
7→

ω
x (u

)
:=

su
p

(m
,m
′)∈

(0
,1

)
2
,|m
′−
m
|<
u ∣∣F

−
1

x
(m
′)−

F
−

1
x

(m
) ∣∣.

A
ccord

in
g

to
L

em
m

a
8,

w
e

h
ave

th
at

for
an

y
(x
,x
′)∈
X

2:

∣∣F
−

1
x
′

(m
)−

F
−

1
x

(m
) ∣∣≤

C
‖x
′−

x‖
,

(19)

w
h
ere

C
on

ly
d
ep

en
d
s

on
P

an
d
X

.
A

ccord
in

g
to

(19),
for

an
y

(m
,m
′)∈

(0,1)
2,

an
d

for
an

y
(x
,x
′)∈
X

2:∣∣F
−

1
x

(m
′)−

F
−

1
x

(m
) ∣∣≤

∣∣F
−

1
x
′

(m
′)−

F
−

1
x
′

(m
) ∣∣

+
2
C
‖
x
′−

x‖.

B
y

tak
in

g
th

e
su

p
rem

u
m

over
th

e
m

an
d

th
e
m
′

su
ch

th
at|m

′−
m
|
<
u

,
it

y
ield

s:

ω
x (u

)≤
ω
x
′(u

)
+

2
C
‖x
′−

x‖
,

an
d
x
7→
ω
x (u

)
is

th
u
s

L
ip

sch
itz

at
an

y
u

.
F

or
an

y
u
∈

(0,1),
let

ω
X

(u
)

:=
su

p
x∈X

ω
x (u

),

w
h
ich

is
fi
n
ite

b
ecau

se
th

e
fu

n
ction

x
7→

ω
x (u

)
is

con
tin

u
ou

s
on

th
e

com
p
act
X

for
an

y
u
∈

(0,1).
W

e
o
n
ly

n
eed

to
p
rove

th
at

ω
X

is
co

n
tin

u
ou

s
at

0.
L

et
(u
n
)
∈

(0,1) N
b

e
a

d
ecreasin

g
seq

u
en

ce
to

zero.
S
in

ce
ω
X

is
a

n
on

d
ecreasin

g
fu

n
ction

,
ω
X

(u
n
)

h
as

a
lim

it.
F

or
an

y
n
∈

N
,

th
ere

ex
ists

a
p

oin
t
x
n
∈
X

su
ch

th
at
ω
X

(u
n
)

=
ω
x
n
(u
n
).

L
et
x
φ

(n
)

b
e

a
su

b
seq

u
en

ce
w

h
ich

con
verges

to
x̄
∈
X

.
A

ccord
in

g
to

(19),

ω
X

(u
φ

(n
) )
≤

∣∣∣ ω
x
φ
(n

) (u
φ

(n
) )−

ω
x̄ (u

φ
(n

) ) ∣∣∣
+
∣∣ω
x̄ (u

φ
(n

) ) ∣∣

≤
C
∥∥
x
φ

(n
) −

x̄ ∥∥
+
∣∣ω
x̄ (u

φ
(n

) ) ∣∣

w
h
ich

gives
th

at
ω
X

(u
φ

(n
) )

an
d
ω
X

(u
n
)

b
oth

ten
d

to
zero

b
ecau

se
ω
x̄

is
con

tin
u
ou

s
at

zero.
T

h
u
s
ω
X

is
con

tin
u
ou

s
at

zero
an

d
th

e
L

em
m

a
is

p
roved

.

W
e

w
ill

also
n
eed

th
e

th
e

follow
in

g
resu

lt,
w

h
ich

sh
ow

s
th

at
on

an
y

com
p
act

d
om

ain
X

,
th

e
fu

n
ction

x
7→

F
−

1
x

(m
)

is
L

ip
sch

itz.
F

or
a

d
om

ain
X
∈
R
d,

a
p
rob

ab
ility

P
an

d
a

level
m

,
w

e
in

tro
d
u
ce

th
e

q
u
an

tity
q
P
,X

(m
)∈

R̄
,

d
efi

n
ed

b
y

q
P
,X

(m
)

:=
su

p
x∈X

F
−

1
x

(m
).
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

L
e
m

m
a

8
(L

ip
sc

h
it

z
L

e
m

m
a
)

L
et
P

be
a

m
ea

su
re

o
n
R
d

a
n

d
le

t
m
∈

(0
,1

).
T

h
en

,
fo

r
a
n

y
(x
,x
′ )
∈
R
d
,

∣ ∣ ∣ ∣√
F
−

1
x
′

(m
)
−
√
F
−

1
x

(m
)∣ ∣ ∣ ∣≤

‖x
′ −

x
‖.

M
o
re

o
ve

r,
if
X

is
a

co
m

pa
ct

d
o
m

a
in

in
R
d
,

th
en

q P
,X

(m
)
<
∞

a
n

d
fo

r
a
n

y
(x
,x
′ )
∈
X

2
:

∣ ∣ F
−

1
x
′

(m
)
−
F
−

1
x

(m
)∣ ∣
≤

2
√
q P
,X

(m
)
‖x
′ −

x
‖.

P
ro

o
f

L
et

(x
,a

)
∈
R

2
,

n
ot

e
th

at

B

( x
,√

F
−

1
x

(m
))
⊆
B

( x
+
a
,√

F
−

1
x

(m
)

+
‖a
‖)

,

w
h
ic

h
im

p
li
es

m
=

P
[ B

( x
,√

F
−

1
x

(m
))]
≤

P
[ B

( x
+
a
,√

F
−

1
x

(m
)

+
‖a
‖)]

.

T
h
er

ef
or

e
√
F
−

1
x

+
a
(m

)
≤
√
F
−

1
x

(m
)

+
‖a
‖.

S
im

il
ar

ly
,

m
=

P
[ B

( x
+
a
,√

F
−

1
x

+
a
(m

))]
≤

P
[ B

( x
,√

F
−

1
x

+
a
(m

)
+
‖a
‖)]

,

w
h
ic

h
im

p
li
es
√
F
−

1
x

(m
)
≤
√
F
−

1
x

+
a
(m

)
+
‖a
‖.

L
et
X

b
e

a
co

m
p
ac

t
d
om

ai
n

of
R
d
,

th
en

ac
co

rd
in

g
to

th
e

p
re

v
io

u
s

re
su

lt
fo

r
so

m
e

fi
x
ed

x
∈
X

an
d

fo
r

an
y
x
′ ∈
X

,
√
F
−

1
x
′

(m
)
≤
‖x
′ −

x
‖+

√
F
−

1
x

(m
)

w
h
ic

h
is

b
ou

n
d
ed

o
n
X

.
T

h
e

la
st

st
at

em
en

t
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
|x
−
y
|=
|√
x
−
√
y
||
√
x

+
√
y
|.

W
e

ar
e

n
ow

in
p

os
it

io
n

to
st

at
e

th
e

fu
n
ct

io
n
al

li
m

it
of

th
e

d
is

ta
n
ce

to
m

ea
su

re
to

th
e

em
p
ir

ic
al

m
ea

su
re

.

T
h

e
o
re

m
9

(F
u

n
c
ti

o
n

a
l

L
im

it
)

L
et
P

be
a

m
ea

su
re

o
n
R
d

w
it

h
co

m
pa

ct
su

p
po

rt
.

L
et
X

be
a

co
m

pa
ct

d
o
m

a
in

o
n
R
d

a
n

d
m
∈

(0
,1

).
A

ss
u

m
e

th
a
t

th
er

e
ex

is
ts

a
u

n
if

o
rm

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
ω
X

fo
r

th
e

fa
m

il
y

(F
−

1
x

) X
.

T
h
en
√
n

(δ̂
2
(x

)
−
δ2

(x
))
 

B(
x

)
fo

r
a

ce
n

te
re

d
G

a
u

ss
ia

n
p
ro

ce
ss

B(
x

)
w

it
h

co
va

ri
a
n

ce
ke

rn
el

κ
(x
,y

)
=

1 m
2

∫
F
−
1

x
(m

)

0

∫
F
−
1

y
(m

)

0

(
P
[ B

(x
,√
t)
∩
B

(y
,√
s)
] −

F
x
(t

)F
y
(s

)

)
d
s
d
t.

R
e
m

a
rk

1
0

N
o
te

th
a
t

th
e

fu
n

ct
io

n
a
l

li
m

it
is

va
li

d
fo

r
a
n

y
va

lu
e

o
f
m
∈

(0
,1

).
A

lo
ca

l
ve

rs
io

n
o
f

th
is

re
su

lt
co

u
ld

be
a
ls

o
p
ro

po
se

d
by

co
n

si
d
er

in
g

th
e

(l
oc

a
l)

m
od

u
li

i
o
f

co
n

ti
n

u
it

y
o
f

th
e

qu
a
n

ti
le

fu
n

ct
io

n
s

a
t
m

.
F

o
r

th
e

sa
ke

o
f

cl
a
ri

ty
,

w
e

p
re

fe
r

to
gi

ve
a

gl
o
ba

l
ve

rs
io

n
.

R
e
m

a
rk

1
1

B
y

th
e

d
el

ta
m

et
h
od

(a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

4
)

a
si

m
il

a
r

re
su

lt
h
o
ld

s
fo

r
√
n

(δ̂
(x

)
−
δ(
x

))
a
s

lo
n

g
a
s

in
f x
δ(
x

)
>

0
.
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e
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,
R
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a
l
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o
,
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d

W
a
ss
e
r
m
a
n

P
ro

o
f

In
th

e
p
ro

of
of

T
h
eo

re
m

5
w

e
sh

ow
ed

th
at
√
n

(δ̂
2
(x

)
−
δ2

(x
))

=
A
n
(x

)
+
R
n
(x

)
w

h
er

e

A
n
(x

)
=

1 m

∫
F
−
1

x
(m

)

0

√
n

[F
x
(t

)
−
F̂
x
(t

)]
d
t

R
n
(x

)
=

1 m

∫
F̂
−
1

x
(m

)

F
−
1

x
(m

)

√
n

[m
−
F̂
x
(t

)]
d
t.

F
ir

st
,

w
e

sh
ow

th
at

su
p
x
∈X
|R

n
(x

)|
=
o P

(1
).

T
h
en

w
e

p
ro

v
e

th
at

A
n
(x

)
co

n
ve

rg
es

to
a

G
au

ss
ia

n
p
ro

ce
ss

.

N
ot

e
th

at
|R

n
(x

)|
≤
√
n
m
|S
n
(x

)||
T
n
(x

)|
w

h
er

e

S
n
(x

)
=
∣ ∣ ∣F
−

1
x

(m
)
−
F̂
−

1
x

(m
)∣ ∣ ∣,

T
n
(x

)
=

su
p t

∣ ∣ ∣F
x
(t

)
−
F̂
x
(t

)∣ ∣ ∣.

L
et
ξ i
∼

U
n
if

or
m

(0
,1

),
fo

r
i

=
1
,.
..
,n

an
d

le
t
H
n

b
e

th
ei

r
em

p
ir

ic
al

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n
.

D
efi

n
e
k

=
m
n

.
T

h
en

F̂
−

1
x

(m
)
d =
F
−

1
x

(ξ
(k

))
=
F
−

1
x

( H
−

1
n

(m
))

,
w

h
er

e
ξ (
k
)

is
th

e
k
th

o
rd

er
st

at
is

ti
c.

T
h
u
s,

fo
r

an
y
m
>

0
an

d
an

y
x
∈
X

:

P
(|S

n
(x

)|
>
ε)

=
P
( |F
−

1
x

(H
−

1
n

(m
))
−
F
−

1
x

(m
)|
>
ε)

≤
P
( ω
X

(|m
−
H
−

1
n

(m
)|)

>
ε)

≤
P
( |m
−
H
−

1
n

(m
)|
>
ω
−

1
X

(ε
))

≤
2

ex
p

  
−
n
[ ω
−

1
X

(ε
)]

2

m

1

1
+

2
ω
−
1
X

(ε
)

3
m

  
(2

0
)

In
th

e
la

st
li
n
e

w
e

u
se

d
in

eq
u
al

it
y

1
p
ag

e
45

3
an

d
P

oi
n
t

(1
2)

of
P

ro
p

o
si

ti
on

1
p
a
g
e

4
5
5

o
f

S
h
or

ac
k

an
d

W
el

ln
er

(2
00

9)
.

N
ot

e
th

at
ω
−

1
X

(ε
)
>

0
fo

r
an

y
ε
>

0
b

ec
au

se
ω
X

is
a
ss

u
m

ed
to

b
e

co
n
ti

n
u
ou

s
at

ze
ro

b
y

d
efi

n
it

io
n
.

F
ix
ε
>

0.
T

h
er

e
ex

is
ts

an
ab

so
lu

te
co

n
st

an
t
C
X

su
ch

th
at

th
er

e
ex

is
ts

a
n

in
te

g
er

N
≤
C
X
ε−

d
an

d
N

p
oi

n
ts

(x
1
,.
..
,x

N
)

la
y
in

g
in
X

su
ch

th
at
⋃
j=

1
..
.N
B
j
⊇
X

,
w

h
er

e
B
j

=
B

(x
j
,ε

).
N

ow
,

w
e

ap
p
ly

L
em

m
a

8
w

it
h
P

,
an

d
w

it
h
P
n

an
d

w
e

fi
n
d

th
a
t

fo
r

a
n
y

x
∈
B
j
:

∣ ∣ ∣F
−

1
x

(m
)
−
F
−

1
x
j

(m
)∣ ∣ ∣≤

2
√
q P
,X

(m
)
ε

an
d

∣ ∣ ∣F̂
−

1
x

(m
)
−
F̂
−

1
x
j

(m
)∣ ∣ ∣≤

2
√
q P

n
,X

(m
)
ε.

T
h
u
s,

fo
r

an
y
x
∈
B
j
,

∣ ∣ ∣F
−

1
x

(m
)
−
F̂
−

1
x

(m
)∣ ∣ ∣≤

∣ ∣ ∣F
−

1
x

(m
)
−
F
−

1
x
j

(m
)∣ ∣ ∣+

∣ ∣ ∣F
−

1
x
j

(m
)
−
F̂
−

1
x
j

(m
)∣ ∣ ∣+

∣ ∣ ∣F̂
−

1
x
j

(m
)
−
F̂
−

1
x

(m
)∣ ∣ ∣

≤
2

[ √
q P
,X

(m
)

+
√
q P

n
,X

(m
)]
ε

+
|F
−

1
x
j

(m
)
−
F̂
−

1
x
j

(m
)|

≤
C
ε

+
|F
−

1
x
j

(m
)
−
F̂
−

1
x
j

(m
)|
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T
o
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o
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l
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f
e
r
e
n
c
e

w
h
ere

C
is

a
p

ositive
con

stan
t

w
h
ich

on
ly

d
ep

en
d
s

on
X

an
d
P

.
U

sin
g

a
u
n
io

n
b

ou
n
d

to
g
eth

er
w

ith
(20)

,
w

e
fi
n
d

th
at

P

(
su

p
x∈X
|S
n
(x

)|
>

2C
ε )
≤
P

(
su

p
j=

1
...N
|S
n
(x
j )|

>
C
ε )

≤
2
C
X
ε −

d
ex

p 
−
n [ω

−
1
X

(C
ε) ]

2

m

1

1
+

2
ω
−
1
X

(C
ε)

3
m


.

T
h
u
s,

su
p
x∈X
|S
n
(x

)|
=
o
P

(1).
T

h
en

su
p

x∈X
|T
n
(x

)|
=

su
p

x∈X
su

pt
|F̂
x (t)−

F
x (t)|

=
su

p
x∈X

su
pt

∣∣∣ P
n (
B

(x
, √
t )
−

P
(
B

(x
, √
t ) ∣∣∣

≤
su

p
B
∈B

d |P
n
(B

)−
P

(B
)|

=
O
P

(
√
dn )

(22)

w
h
ere
B
d

is
th

e
set

of
b
alls

in
R
d

an
d

w
e

u
sed

th
e

V
ap

n
ik

-C
h
ervon

en
k
is

th
eorem

.
F

in
ally,

w
e

o
b
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con
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p
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√
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=
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∫
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‖
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t d
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∈
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y‖ ]

≤
2 [
r(X

)
+
‖y‖

+
√
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=
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=
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=
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∫
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=
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∫
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r
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b
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d
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∩
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∈
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d
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d
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.
In

fact,
th

e
p
ro

of
fu

rth
er

sh
ow

s
th

at
th

e
p
ro

cess

x
∈
X
7→
√
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∈
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∫
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m
ea

su
re
µ

su
ch

th
at

,
th

er
e

ex
is

ts
a

va
lu

e
of
r
>

0
fo

r
w

h
ic

h
in

f x
∈X

µ
(B

(x
,√
r)

)
≥
m

.
T

h
u
s,

fo
r

an
y
µ
∈
M

m
an

d
x
∈
X

,
F
−

1
µ
,x

(m
)
<
∞

.
L

et
D m

b
e

th
e

im
ag

e
o
f
M

m
b
y

th
e

m
ap

p
in

g
(2

6)
.

L
et
E

th
e

se
t

of
b

ou
n
d
ed

,
re

al
-v

al
u
ed

fu
n
ct

io
n

on
X

,
a

n
or

m
ed

sp
ac

e
w

it
h

re
sp

ec
t

to
th

e
su

p
n
or

m
.

F
in

al
ly

,
w

e
d
efi

n
e
φ

:
D m
→
E

to
b

e
th

e
m

ap
p
in

g

µ
∈
D m
7→
φ

(µ
)(
x

)
=
F
−

1
µ
,x

(m
)
−

1 m

∫
F
−
1

µ
,x

(m
)

0
F
µ
,x

(u
)d
u
,

x
∈
X

(2
7
)

N
ot

ic
e

th
at

if
P

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
,

si
m

p
le

al
ge

b
ra

sh
ow

s
th

at
φ

(P
)(
x

)
is

th
e

sq
u
a
re

va
lu

e
of

th
e

d
is

ta
n
ce

to
m

ea
su

re
of
P

a
t

th
e

p
oi

n
t
x

,
i.
e.
δ2 p

(x
);

se
e

F
ig

u
re

5
.

B
el

ow
w

e
w

il
l

sh
ow

th
at

,
fo

r
an

y
p
ro

b
ab

il
it

y
m

ea
su

re
P

,
th

e
m

ap
p
in

g
(2

7
)

is
H

a
d
a
m

a
rd

d
iff

er
en

ti
ab

le
at
P

.
F

or
an

ar
b
it

ra
ry

Q
∈
D

,
le

t
{Q

t}
t>

0
⊂
D

b
e

a
se

q
u
en

ce
of

si
gn

ed
m

ea
su

re
su

ch
th

a
t

li
m
t→

0
‖Q

t
−
Q
‖ B

=
0

an
d

su
ch

th
at
P

+
tQ

t
∈
D m

fo
r

al
l
t.

S
eq

u
en

ce
s

of
th

is
fo

rm
ex

is
t:

si
n
ce
‖t
Q
t‖
B
→

0
as
t
→

0,
fo

r
an

y
ar

b
it

ra
ry

0
<
ε
<

1
−
m

an
d

al
l
t

sm
al

l
en

o
u
g
h
,

in
f

x
∈X

(P
+
tQ

t)
( B
( x
,F
−

1
P
,x

(m
+
ε)
))
≥
m

+
ε/

2
.

B
y

th
e

b
ou

n
d
ed

n
es

s
of
X

an
d

co
m

p
a
ct

n
es

s
of
S

,
th

is
im

p
li
es

th
at

th
er

e
ex

is
ts

a
n
u
m

b
er

r
>

0
su

ch
th

at
in

f
x

(P
+
tQ

t)
(B

(x
,r

))
≥
m
,

so
th

e
im

ag
e

of
P

+
tQ

t
b
y

(2
7)

is
an

el
em

en
t

of
E

(i
.e

.
it

is
a

b
ou

n
d
ed

fu
n
ct

io
n
).

u

u

F
ig

u
re

5:
T

h
e

in
te

gr
al
∫ m 0

F
−

1
P
,x

(u
)d
u

is
eq

u
iv

al
en

t
to
m
F
−

1
P
,x

(m
)
−
∫ F
−
1

P
,x

(m
)

0
F
P
,x

(u
)d
u

.

F
or

sa
ke

of
re

ad
ab

il
it

y,
b

el
ow

w
e

w
il
l
w

ri
te
F
x
,t

an
d
F
−

1
x
,t

(m
)

fo
r
F
P

+
tQ
t
,x

an
d
F
−

1
P

+
tQ
t
,x

(m
),

re
sp

ec
ti

ve
ly

,
an

d
F
x

fo
r
F
P
,x

.
A

ls
o,

fo
r

ea
ch

x
∈
X

an
d
z
∈

R
+

w
e

th
e

se
t
A
x
,z

=
{y

:
‖y
−
x
‖2
≤
z
}

an
d
F
x
,t
(z

)
=

(P
+
tQ

t)
(A

x
,z

). 1
8
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

T
h
u
s,

φ
(P

)(x
)

=
δ

2P
(x

)
=
F
−

1
x

(m
)−

1m

∫
F
−
1

x
(m

)

0
F
x (u

)d
u

a
n
d

φ
(P

+
tQ

t )(x
)

=
F
−

1
x
,t

(m
)−

1m

∫
F
−
1

x
,t

(m
)

0
F
x
,t (u

)d
u
.

S
o
m

e
a
lg

eb
ra

sh
ow

th
at,

for
an

y
x

,

φ
(P

)(x
)−

φ
(P

+
tQ

t )(x
)

t
=
F
−

1
x

(m
)−

F
−

1
x
,t

(m
)

t
−
A

(x
,t)

m
t

,
(28)

w
h
ere

A
(x
,t)

=



∫
F
−
1

x
(m

)
0

[F
x (u

)−
F
x
,t (u

)]d
u
−
∫
F
−
1

x
,t

(m
)

F
−
1

x
(m

)
F
x
,t (u

)d
u

if
F
−

1
x

(m
)≤

F
−

1
x
,t

(m
)

∫
F
−
1

x
(m

)
0

[F
x (u

)−
F
x
,t (u

)]d
u

+
∫
F
−
1

x
(m

)

F
−
1

x
,t

(m
)
F
x
,t (u

)d
u

if
F
−

1
x

(m
)
>
F
−

1
x
,t

(m
).

T
o

d
em

o
n
stra

te
H

ad
am

ard
d
iff

eren
tiab

ility
(see

25
),

w
e

w
ill

p
rove

th
at,

as
t
→

0
,

th
e

ex
p
ressio

n
in

(28),
as

a
b

ou
n
d
ed

fu
n
ction

of
x
∈
X

,
w

ill
con

verge
in
E

to
th

e
b

ou
n
d
ed

fu
n
ctio

n

x
∈
X
7→
−

1m

∫
F
−
1

x
(m

)

0
Q

(A
x
,u )d

u
.

T
ow

a
rd

s
th

at
en

d
,

w
e

h
ave,

for
a
ll
t

an
d

a
n
y
x
∈
X

,

A
(x
,t)

t
=

1t [∫
F
−
1

x
(m

)

0
tQ

t (A
x
,u )d

u
−
∫
F
−
1

x
,t

(m
)

F
−
1

x
(m

)
(P

+
tQ

t )(A
x
,u )d

u ]

=

∫
F
−
1

x
(m

)

0
Q
t (A

x
,u )d

u
−

1t ∫
F
−
1

x
,t

(m
)

F
−
1

x
(m

)
P

(A
x
,u )d

u
−
∫
F
−
1

x
,t

(m
)

F
−
1

x
(m

)
(Q

t )(A
x
,u )d

u

≡
A

1 (x
,t)−

A
2 (x

,t)−
A

3 (x
,t),

w
h
ere,

fo
r
a
<
b,

w
e

w
rite

∫
ab

=
−
∫
ba
.

T
o

h
a
n
d
le

th
e

th
ree

term
s

ap
p

earin
g

in
th

e
last

d
isp

lay,
w

e
u
se

L
em

m
a

15
b

elow
w

h
ich

sh
ow

s
th

a
t

su
p
x∈X

∣∣m
−
F
x (F

−
1

x
,t

(m
) ) ∣∣

=
O

(t)
an

d
th

at
su

p
x∈X
|F
−

1
x

(m
)−

F
−

1
x
,t

(m
)|

=
O

(t)
a
s

a
s
t→

0
.

W
e

n
ow

a
n
aly

ze
th

e
term

s
A

1 (x
,t),

A
2 (x

,t)
an

d
A

3 (x
,t)

sep
arately.

•
T

e
rm

A
1 (x

,t).
A

s
t→

0,
Q
t →

Q
an

d
,

u
n
iform

ly
in
x
∈
X

an
d
z
>

0,|Q
t (A

x
,z )|≤

|Q
t (S

)|
=
|Q

(S
)|

+
o(1)

<
∞

.
F

u
rth

erm
ore,

su
p
x∈X

F
−

1
x

(m
)
<
∞

b
y

com
p
actn

ess
of

X
an

d
S

.
T

h
erefore,

u
sin

g
th

e
d
om

in
ated

con
vergen

ce
th

eorem
,

lim
t→

0
su

p
x∈X

∣∣∣∣∣ A
1 (x

,t)

m
−

1m

∫
F
−
1

x
(m

)

0
Q

(A
x
,u )d

u ∣∣∣∣∣
=

0.
(29)
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
sse

r
m
a
n

•
T

e
rm

A
2 (x

,t).
S
in

ce
P

(A
x
,u )

is
n
on

-d
ecreasin

g
in
u

for
all

x
,

w
e

h
ave

F
−

1
x
,t

(m
)−

F
−

1
x

(m
)

t
×

m
in {

m
,F

x (F
−

1
x
,t

(m
)) }
≤
A

2 (x
,t)≤

F
−

1
x
,t

(m
)−

F
−

1
x

(m
)

t
×

m
ax {

m
,F

x (F
−

1
x
,t

(m
)) }

.

U
sin

g
(32),

w
e

con
clu

d
e

th
at

lim
t→

0
su

p
x∈X

∣∣∣ F
−

1
x

(m
)−

F
−

1
x
,t

(m
)

t
−
A

2 (x
,t)

m

∣∣∣
=

0.
(30)

•
T

e
rm

A
3 (x

,t).
F

in
ally,

sin
ce
|Q

t (S
)|≤

|Q
(S

)|
+
o(1)

as
t→

0
an

d
u
sin

g
(35),

w
e

ob
tain

su
px
|A

3 (x
,t)|

=
O
(

su
px

∣∣F
−

1
x
,t

(m
)−

F
−

1
x

(m
) ∣∣ )

=
o(1)

(31)

as
t→

0.

T
h
erefore,

from
(28),

(29),
(30),

an
d

(31),

lim
t→

0
su

px

∣∣∣ φ
(P

)(x
)−

φ
(P

+
tQ

t )(x
)

t
+

1m

∫
F
−
1

x
(m

)

0
Q

(A
x
,u )d

u ∣∣∣
=

0,

w
h
ich

sh
ow

s
th

at

x
∈
X
7→
−

1m

∫
F
−
1

x
(m

)

0
Q

(A
x
,u )d

u

is
th

e
H

ad
am

ard
d
erivative

of
δ

2
at
P

.
T

h
e

statem
en

t
of

th
e

th
eorem

n
ow

follow
s

from
an

ap
p
lication

of
T

h
eorem

3.9.11
in

van
d
er

V
aart

an
d

W
elln

er
(1996)

an
d

th
e

fact
th

at,
sin

ce
B

is
a

D
on

sker
class,

th
e

em
p
ir-

ical
p
ro

cess
( √
n

(P
n
(B

)−
P

(B
))

:
B
∈
B

)
con

v
erges

to
th

e
B

row
n
ia

n
b
rid

ge
B

on
B

w
ith

covarian
ce

kern
el
κ

(B
,C

)
=
P

(B
∩
C

)−
P

(B
)P

(C
).

L
e
m

m
a

1
4

(N
o
rm

e
d

S
p

a
c
e
)

T
h
e

pa
ir

(M
,‖·‖B

)
is

a
n

o
rm

ed
spa

ce.

P
ro

o
f

It
is

clear
th

atM
is

closed
u
n
d
er

ad
d
ition

an
d

scalar
m

u
ltip

lication
,

an
d

so
it

is
a

lin
ear

sp
ace.

W
e

th
en

n
eed

to
sh

ow
th

at
th

e
m

ap
p
in

g
‖·‖B

is
a

n
orm

.
It

is
im

m
ed

iate
to

see
th

at
it

ab
solu

tely
h
om

ogen
eo

u
s

an
d

satisfi
es

th
e

trian
gle

in
eq

u
ality

:
for

an
y
µ

an
d

ν
in
M

an
d
c
∈

R
,‖cµ‖B

=
|c|‖µ‖B

an
d
‖
µ

+
ν‖B

≤
‖µ‖B

+
‖ν‖B

.
It

rem
ain

s
to

p
rov

e
th

at‖µ‖B
=

0
if

an
d

on
ly

if
µ

is
id

en
tica

lly
zero,

i.e.
µ

(A
)

=
0

for
all

B
orel

sets
A

.
O

n
e

d
irection

is
im

m
ed

iate:
if‖

µ‖B
>

0,
th

en
th

ere
ex

ists
a

b
all

B
su

ch
th

at
µ

(B
)
6=

0,
so

th
at
µ
6=

0.
F

or
th

e
oth

er
d
irection

,
assu

m
e

th
at
µ
∈
M

is
su

ch
th

at
‖
µ‖B

=
0.

B
y

th
e

J
ord

an
d
ecom

p
osition

,
µ

can
b

e
rep

resen
ted

as
th

e
d
iff

eren
ce

o
f

tw
o

sin
gu

lar,
n
on

-n
egative

fi
n
ite

m
easu

res:
µ

=
µ

+
−
µ
−

.
T

h
e

con
d
ition

µ
(B

)
=

0
for

all
B
∈
B

is
eq

u
ivalen

t
to

µ
+

(B
)

=
µ
−

(B
)

for
all

B
∈
B

.
W

e
w

ill
sh

ow
th

at
th

is
fu

rth
er

im
p
lies

th
at

th
e

su
p
p

orts
of
µ

+
an

d
µ
−

,
d
en

oted
w

ith
S

+
an

d
S
−

resp
ectively,

are
b

oth
em

p
ty,

an
d

th
erefore

th
at
µ

is
id

en
tically

zero.
In

d
eed

,
recall

th
a
t

th
e

su
p
p

ort
of

a
B

orel
m

easu
re
λ

over
a

top
ological

sp
ace

X
is

th
e

set
of

p
oin

ts
x
∈
X

all
of

w
h
ose

op
en

n
eigh

b
orh

o
o
d
s

h
ave

p
ositive

λ
-m

easu
re.

2
0
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

In
ou

r
se

tt
in

g
th

is
is

eq
u
iv

al
en

t
to

th
e

se
t

of
p

oi
n
ts

in
R
d

su
ch

th
at

al
l

op
en

b
al

ls
ce

n
te

re
d

at
th

os
e

p
oi

n
ts

h
av

e
p

os
it

iv
e

m
ea

su
re

,
w

h
ic

h
in

tu
rn

is
eq

u
iv

al
en

t
to

th
e

se
t

of
p

oi
n
ts

su
ch

th
at

al
l

cl
os

ed
b
al

ls
ce

n
te

re
d

at
th

os
e

p
o
in

ts
h
av

e
p

os
it

iv
e

m
ea

su
re

.
T

h
er

ef
or

e,
u
si

n
g

th
e

fa
ct

th
at
µ

+
(B

)
=
µ
−

(B
),

fo
r

al
l
B
∈
B,

S
+

=
{ x
∈
R
d

:
µ

+
(B

(x
,r

))
>

0
,∀
r
>

0}
=
{ x
∈
R
d

:
µ
−

(B
(x
,r

))
>

0
,∀
r
>

0
}

=
S
−
.

w
h
er

e
B

(X
,r

)
=
{y
∈
R
d

:
‖y
−
x
‖
≤
r}

.
It

th
en

fo
ll
ow

s
th

at
S

+
an

d
S
−

m
u
st

b
e

em
p
ty

,
fo

r
ot

h
er

w
is

e
µ

+
an

d
µ
−

w
ou

ld
b

e
m

u
tu

al
ly

si
n
gu

la
r,

n
on

-z
er

o
m

ea
su

re
s

w
it

h
th

e
sa

m
e

su
p
p

or
t,

a
co

n
tr

ad
ic

ti
on

.

L
e
m

m
a

1
5

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

th
e

th
eo

re
m

a
n

d
a
s
t
→

0
,

su
p

x
∈X

∣ ∣ m
−
F
x

( F
−

1
x
,t

(m
))
∣ ∣ =

O
(t

),
(3

2)

a
n

d
su

p
x
∈X
|F
−

1
x

(m
)
−
F
−

1
x
,t

(m
)|

=
O

(t
).

(3
3)

P
ro

o
f

S
et
A
x
,t

=
{y

:
‖y
−
x
‖2
≤
F
−

1
x
,t

(m
)}

an
d

le
t
γ
t

b
e

an
y

p
os

it
iv

e,
d
ec

re
as

in
g

fu
n
ct

io
n

of
t

su
ch

th
at

γ
t

=
o(
t)

as
t
→

0.
T

h
en

,
fo

r
al

l
sm

al
l

en
ou

gh
t

an
d

al
l
x
∈
X

,
th

e
se

t
A
x
,t
,γ
t

=
{y

:
‖y
−
x
‖2
≤
F
−

1
x
,t

(m
)
−
γ
t}

is
n
on

-e
m

p
ty

an
d

F
x

( F
−

1
x
,t

(m
)
−
γ
t)

+
tQ

t(
A
x
,t
,γ
t
)
≤
m
≤
F
x

( F
−

1
x
,t

(m
))

+
tQ

t(
A
x
,t
),

(3
4)

b
ec

au
se
P

(A
x
,t
)

=
F
x
(F
−

1
x
,t

(m
))

an
d
P

(A
x
,t
,γ

)
=
F
x
(F
−

1
x
,t

(m
)
−
γ
t)

.
R

ea
rr

a
n
gi

n
g

an
d

u
si

n
g

th
e

b
ou

n
d

su
p
x
∈X

F
x
(F
−

1
x
,t

(m
)−

γ
t)

=
su

p
x
∈X

F
x
(F
−

1
x
,t

(m
))

+
O

(γ
t)

,
w

h
ic

h
h
ol

d
s

fo
r

a
ll

sm
al

l
en

ou
gh

t,
w

e
ob

ta
in

th
at

,
fo

r
al

l
su

ch
va

lu
es

of
t,

su
p

x
∈X

∣ ∣ m
−
F
x

( F
−

1
x
,t

(m
))
∣ ∣ ≤

t
su

p
x
∈X

m
ax
{|
Q
t(
A
x
,t
)|,
|Q

t(
A
x
,t
,γ
t
)|}

+
o(
t)

=
tO

(|Q
(S

)|)
,

si
n
ce
|Q

t(
S

)|
=
|Q

(S
)|

+
o(

1)
as
t
→

0.
T

h
is

es
ta

b
li
sh

es
(3

2)
.

N
ex

t,
b
y

th
e

m
on

ot
on

ic
it

y
of
F
x

fo
r

ea
ch

x
∈
X

an
d

th
e

fa
ct

s
–

b
ot

h
im

p
li
ed

b
y

(2
4)

–
th

at
m

=
F
x
(F
−

1
x

(m
))

an
d

in
f x
∈X

F
′ x(
F
−

1
x

(m
))

is
b

ou
n
d
ed

aw
ay

fr
om

0,
(3

2)
y
ie

ld
s

th
a
t

li
m

t→
0

su
p

x
∈X
|F
−

1
x

(m
)
−
F
−

1
x
,t

(m
)|

=
0.

(3
5)

C
om

b
in

in
g

th
e

la
st

d
is

p
la

y
w

it
h

th
e

b
ou

n
d

su
p

x
∈X

∣ ∣ ∣F
x

( F
−

1
x

(m
))
−
F
x

( F
−

1
x
,t

(m
))
∣ ∣ ∣=

tO
(|Q

(S
)|)

an
d

as
su

m
p
ti

on
(2

4)
ag

ai
n
,

w
e

ob
ta

in
th

at

su
p

x
∈X

∣ ∣ F
−

1
x

(m
)
−
F
−

1
x
,t

(m
)∣ ∣
≤
C
tO

(|Q
(S

)|)
=
O

(t
),

fo
r

al
l
t

sm
al

l
en

ou
gh

,
w

h
er

e
C

is
th

e
co

n
st

an
t

in
(2

4)
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

(3
3)

.
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
ss
e
r
m
a
n

4
.1

S
ig

n
ifi

c
a
n

c
e

o
f

T
o
p

o
lo

g
ic

a
l

F
e
a
tu

re
s

F
as

y
et

al
(2

01
4)

sh
ow

ed
h
ow

to
u
se

th
e

b
o
ot

st
ra

p
to

te
st

th
e

si
gn

ifi
ca

n
ce

o
f

a
to

p
o
lo

g
ic

a
l

fe
at

u
re

.
T

h
ey

d
id

th
is

fo
r

d
is

ta
n
ce

fu
n
ct

io
n
s

an
d

d
en

si
ty

es
ti

m
at

or
s

b
u
t

th
e

sa
m

e
id

ea
w

o
rk

s
fo

r
D

T
M

as
w

e
n
ow

ex
p
la

in
.

W
e

as
su

m
e

in
th

is
se

ct
io

n
th

at
th

e
su

p
p

or
t

of
th

e
d
is

tr
ib

u
ti

o
n

is
co

n
ta

in
ed

in
a

co
m

p
ac

t
se

t.
T

h
e

su
p
re

m
u
m

n
or

m
re

fe
rs

to
th

e
su

p
re

m
u
m

ov
er

th
is

se
t.

G
iv

en
a

fe
at

u
re

w
it

h
b
ir

th
an

d
d
ea

th
ti

m
e

(u
,v

),
w

e
w

il
l
sa

y
th

at
th

e
fe

at
u
re

is
si

g
n
ifi

ca
n
t

if
|v
−
u
|>

2c
α
/
√
n

w
h
er

e
c α

is
d
efi

n
ed

b
y

P(
√
n
‖δ̂

(x
)
−
δ(
x

)‖
∞
>
c α

)
=
α
.

In
p
ar

ti
cu

la
r,
c α

ca
n

b
e

es
ti

m
at

ed
fr

om
th

e
b

o
ot

st
ra

p
as

w
e

sh
ow

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

S
p

ec
ifi

ca
ll
y,

d
efi

n
e
ĉ α

b
y P(
√
n
‖δ̂
∗ (
x

)
−
δ̂(
x

)‖
∞
>
ĉ α
|X

1
,.
..
,X

n
)

=
α
.

T
h
en

ĉ α
is

a
co

n
si

st
en

t
es

ti
m

at
e

of
c α

.

T
o

se
e

w
h
y

th
is

m
ak

es
se

n
se

,
le

t
D

b
e

th
e

se
t

of
al

l
p

er
si

st
en

ce
d
ia

gr
am

s.
L

et
D
≡
D
δ

b
e

th
e

tr
u
e

d
ia

gr
am

an
d

le
t
D̂
≡
D
δ̂

b
e

th
e

es
ti

m
at

ed
d
ia

gr
am

.
L

et

C n
=

{ E
∈
D

:
W
∞

(D̂
,E

)
≤

ĉ α √
n

}
.

T
h
en

P(
D
∈
C n

)
=

P
( W

∞
(D
,D̂

)
≤

ĉ α √
n

)
≥

P(
√
n
||δ̂

(x
)
−
δ(
x

)||
∞
≤
ĉ α

)
→

1
−
α

as
n
→
∞

.
N

ow
|v
−
u
|>

2
ĉ α
/√

n
if

an
d

on
ly

if
th

e
fe

at
u
re

ca
n
n
ot

b
e

m
a
tc

h
ed

to
th

e
d
ia

go
n
al

fo
r

an
y

d
ia

gr
am

in
C.

(R
ec

al
l

th
at

th
e

d
ia

go
n
al

co
rr

es
p

on
d
s

to
fe

at
u
re

s
w

it
h

ze
ro

li
fe

ti
m

e.
)

W
e

ca
n

v
is

u
al

iz
e

th
e

si
gn

ifi
ca

n
t

fe
at

u
re

s
b
y

p
u
tt

in
g

a
b
an

d
of

si
ze

2
c α
/√

n
a
ro

u
n
d

th
e

d
ia

go
n
al

of
D̂

.
S
ee

F
ig

u
re

6.

5
.

T
h
e
o
ry

fo
r

K
e
rn

e
ls

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

an
al

te
rn

at
iv

e
to

th
e

D
T

M
,

n
am

el
y,

k
er

n
el

b
as

ed
m

et
h
o
d
s.

T
h
is

in
cl

u
d
es

th
e

ke
rn

el
d
is

ta
n
ce

an
d

th
e

ke
rn

el
d
en

si
ty

es
ti

m
at

or
.

P
h
il
li
p
s

et
al

.
(2

01
4)

su
gg

es
t

u
si

n
g

th
e

ke
rn

el
d
is

ta
n
ce

fo
r

to
p

ol
og

ic
al

in
fe

re
n
ce

.
G

iv
en

a
k
er

n
el
K

(x
,y

),
th

e
ke

rn
el

d
is

ta
n
ce

b
et

w
ee

n
tw

o
p
ro

b
ab

il
it

y
m

ea
su

re
s
P

an
d
Q

is

D
K

(P
,Q

)
=

√
∫∫

K
(x
,y

)d
P

(x
)d
P

(y
)

+

∫∫
K

(x
,y

)d
Q

(x
)d
Q

(y
)
−

2

∫∫
K

(x
,y

)d
P

(x
)d
Q

(y
).

It
ca

n
b

e
sh

ow
n

th
at

D
K

(P
,Q

)
=
‖µ

P
−
µ
Q
‖

fo
r

ve
ct

or
s
µ
P

an
d
µ
Q

in
a
n

a
p
p
ro

p
ri

a
te

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
).

S
u
ch

d
is

ta
n
ce

s
ar

e
p

op
u
la

r
in

m
a
ch

in
e

le
a
rn

in
g;

se
e

S
ri

p
er

u
m

b
u
d
u
r

et
al

.
(2

00
9)
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u
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6
:

T
h
e

left
p
lot

sh
ow

s
a

sam
p
le

from
th

e
C

assin
i

cu
rve

togeth
er

w
ith

a
few

ou
tliers.

T
h
e

secon
d

p
lot

is
th

e
em

p
irical

D
T

M
.

T
h
e

th
ird

p
lot

is
on

e
su

b
-level

set
of

th
e

D
T

M
.

T
h
e

last
p
lot

is
th

e
p

ersisten
ce

d
iagram

.
P

oin
ts

n
ot

in
th

e
sh

ad
ed

b
a
n
d

are
sign

ifi
can

t
featu

res.
T

h
u
s,

th
is

m
eth

o
d

d
etects

on
e

sign
ifi

can
t

con
n
ected

co
m

p
on

en
t

an
d

tw
o

sign
ifi

can
t

lo
op

s
in

th
e

su
b
level

set
fi
ltration

of
th

e
em

p
irical

D
T

M
fu

n
ction

.

G
iven

a
sa

m
p
le
X

1 ,...,X
n
∼
P

,
let

P
n

b
e

th
e

p
rob

ab
ility

m
easu

re
th

at
p
u
ts

m
ass

1
/n

o
n

ea
ch

X
i .

L
et
ϑ
x

b
e

th
e

D
irac

m
easu

re
th

at
p
u
ts

m
ass

on
e

on
x

.
P

h
illip

s
et

al.
(2014)

su
g
g
est

u
sin

g
th

e
d
iscrete

k
ern

el
d
istan

ce

D̂
K

(x
)≡

D
K

(P
n
,ϑ

x )
=

√√√√
1n
2

n
∑i=

1

n
∑j=

1

K
(X

i ,X
j )

+
K

(x
,x

)−
2n

n
∑i=

1

K
(x
,X

i )
(36)

fo
r

to
p

o
lo

g
ica

l
in

feren
ce.

T
h
is

is
an

estim
ate

of
th

e
p

op
u
lation

q
u
an

tity

D
K

(x
)≡

D
K

(P
,ϑ

x )
=

√
∫∫

K
(z
,y

)d
P

(z
)d
P

(y
)

+
K

(x
,x

)−
2 ∫

K
(x
,y

)d
P

(y
).

T
h
e

m
o
st

com
m

on
ch

oice
of

kern
elis

th
e

G
au

ssian
kern

elK
(x
,y

)≡
K
h (x

,y
)

=
ex

p (−
‖
x−

y‖
2

2
h
2

)
,

w
h
ich

h
a
s

o
n
e

tu
n
in

g
p
aram

eter
h

.
W

e
recall

th
at,

in
top

ological
in

feren
ce,

w
e

gen
erally

d
o

n
o
t

let
h

ten
d

to
zero.

T
h
e

reason
is

th
at

top
ological

featu
res

can
b

e
d
etected

w
ith

h
>

0
a
n
d

keep
in

g
h

b
ou

n
d
ed

w
ay

from
0

red
u
ces

th
e

varian
ce

of
th

e
estim

ator.
S
ee

th
e

related
d
iscu

ssio
n

in
S
ection

4.4
of

F
asy

et
al.

(2014b
).

R
ecall

th
a
t

th
e

kern
el

d
en

sity
estim

ator
is

d
efi

n
ed

b
y

p̂
h (x

)
=

1

n
( √

2
π
h

)
d ∑

i

K
(x
,X

i ).

2
3
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
sse

r
m
a
n

L
et
p
h (x

)
=

E
[p̂
h (x

)].
W

e
see

th
at

D̂
2K

(x
)

=
h
d (

( √
2π

)
d

n

∑

i

p̂
h (X

i )
+
h
−
dK

(0,0)−
2( √

2π
)
dp̂
h (x

) )

=
h
d (

( √
2π

)
d

n

∑

i

[p̂
h (X

i )−
p
h (X

i )]+
( √

2
π

)
d

n

∑

i

p
h (X

i )
+
h
−
dK

(0,0)−
2( √

2
π

)
dp̂
h (x

) )

=
( √

2π
)
dh

d(c
+
o
P

(1))
+
O
P

(
√

log
n

n

)
+
K

(0,0
)−

2( √
2π
h

)
dp̂
h (x

).

H
ere,

w
e

u
sed

th
e

fact
th

at
n
−

1 ∑
ni=

1
p
h (X

i )
=
c

+
o
P

(1)
an

d
||p̂

h −
p
h ||∞

=
O
P

( √
log

n
/n

)
w

h
ere

c
=
∫
p
h p

.

W
e

see
th

at
u
p

to
sm

all
ord

er
term

s,
th

e
su

b
level

sets
of
D
K

(x
)

are
a

rescaled
version

of
th

e
su

p
er-level

sets
of

th
e

k
ern

el
d
en

sity
estim

ator.
H

en
ce,

th
e

k
ern

el
d
istan

ce
ap

p
roach

an
d

th
e

d
en

sity
estim

ator
ap

p
roach

are
essen

tially
th

e
sam

e,
u
p

to
a

rescalin
g.

H
ow

ev
er,

D
2K

h
as

som
e

n
ice

p
rop

erties;
see

P
h
illip

s
et

al.
(2014).

T
h
e

lim
itin

g
p
rop

erties
of
D̂

2K
(x

)
follow

im
m

ed
iately

from
w

ell-k
n
ow

n
p
rop

erties
of

kern
el

d
en

sity
estim

ators.
In

fact,
th

e
con

d
ition

s
n
eed

ed
for

D̂
2K

are
w

eak
er

th
an

for
th

e
D

T
M

.

T
h

e
o
re

m
1
6

(L
im

itin
g

B
e
h

a
v
io

r
o
f

K
e
rn

e
l

D
ista

n
c
e
)

W
e

h
a
ve

th
a
t

√
n

(D̂
2K
−
D

2K
) 

B
,

w
h
ere

B
is

a
B

ro
w

n
ia

n
brid

ge.
T

h
e

boo
tstra

p
versio

n
co

n
verges

to
th

e
sa

m
e

lim
it,

co
n

d
i-

tio
n

a
lly

a
lm

o
st

su
rely.

T
h
e

p
ro

of
of

th
e

ab
ov

e
th

eorem
is

b
ased

on
th

e
aforem

en
tion

ed
eq

u
ivalen

ce
of
D
K

to
th

e
rescaled

d
en

sity
fu

n
ction

an
d

th
e

w
ell

k
n
ow

n
fact

th
at √

n
(p̂
h (x

)−
p
h (x

))
con

verges
to

a
B

row
n
ian

b
rid

ge.
T

h
is

th
eorem

ju
stifi

es
u
sin

g
th

e
b

o
otstra

p
to

con
stru

ct
L
∞

b
an

d
s

for
p
h

=
E

(p̂
h )

or
D
K

.

A
s

w
e

m
en

tion
ed

b
efore,

for
top

ological
in

feren
ce,

w
e

keep
th

e
b
an

d
w

id
th
h

fi
x
ed

.
T

h
u
s,

it
is

im
p

ortan
t

to
keep

in
m

in
d

th
at

w
e

v
iew

p̂
h

as
an

estim
ate

of
p
h (x

)
=

E
[p̂
h (x

)]
=

∫
K
h (x

,u
)d
P

(u
).

6
.

T
h
e

B
o
ttle

n
e
ck

B
o
o
tstra

p

M
ore

p
recise

in
feren

ces
can

b
e

ob
tain

ed
b
y

d
irectly

b
o
otstrap

p
in

g
th

e
p

ersisten
ce

d
iagram

.
L

et
X
∗1
,...,X

∗n
b

e
as

b
efore

a
sam

p
le

from
th

e
em

p
irical

m
easu

re
P
n

an
d

let
D̂
∗

b
e

th
e

(ran
d
om

)
p

ersisten
ce

d
iagram

d
efi

n
ed

on
th

is
p

oin
t

clou
d
.

D
efi

n
e
t̂α

b
y

P
( √
n
W
∞

(D̂
∗,D̂

)
>
t̂α |X

1 ,...,X
n
)

=
α
.

(37)

T
h
e

q
u
an

tile
t̂α

can
b

e
estim

ated
b
y

M
on

te
C

arlo.
W

e
th

en
u
se

a
b
an

d
of

size
2
t̂α

on
th

e
d
iagram

D
.

2
4
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

In
th

e
fo

ll
ow

in
g,

w
e

sh
ow

th
at
t̂ α

co
n
si

st
en

tl
y

es
ti

m
at

es
th

e
p

op
u
la

ti
on

va
lu

e
t α

d
efi

n
ed

b
y

P(
√
n
W
∞

(D̂
,D

)
>
t α

)
=
α
.

(3
8)

T
h
e

re
as

on
w

h
y

th
e

b
ot

tl
en

ec
k

b
o
ot

st
ra

p
ca

n
le

ad
to

m
or

e
p
re

ci
se

in
fe

re
n
ce

s
th

an
th

e
fu

n
ct

io
n
al

b
o
ot

st
ra

p
fr

om
th

e
p
re

v
io

u
s

se
ct

io
n

is
th

at
th

e
fu

n
ct

io
n
al

b
o
ot

st
ra

p
u
se

s
th

e
fa

ct
th

at
W
∞

(D̂
,D

)
≤
||δ̂
−
δ||
∞

an
d

fi
n
d
s

an
u
p
p

er
b

ou
n
d

fo
r
||δ̂
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e
cr

it
ic

al
p

oi
n
ts

.
S
in

ce
p

is
a

M
o
rs

e
fu

n
ct

io
n
,

th
e

m
at

ri
x
H
i

is
fu

ll
ra

n
k

an
d
λ

m
in

is
p

os
it

iv
e.

A
s

a
co

n
se

q
u
en

ce
,

fo
r

al
l
x
∈
S
\∪

k i=
1
B

(c
i,
ε)

an
d
ε

sm
al

l
en

ou
gh

,
‖∇

p
(x

)‖
≥

λ
m
in

2
ε.

S
in

ce
η 1

is
a

n
on

-i
n
cr

ea
si

n
g

fu
n
ct

io
n

o
f
ε,

w
e

h
av

e

th
at

,
fo

r
ε

sm
al

l
en

ou
gh

,
η

=
η 2
≥

λ
m
in

2
ε.

T
o

co
n
cl

u
d
e

th
e

p
ro

of
of

th
e

le
m

m
a,

w
e

n
ee

d
to

p
ro

ve
th

at
ea

ch
b
al

l
B

(c
i,
ε)

co
n
ta

in
s

ex
-

ac
tl

y
on

e
cr

it
ic

al
p

oi
n
t

of
q.

In
d
ee

d
,

fo
r
t
∈

[0
,1

],
th

e
fu

n
ct

io
n
s
q t

(x
)

=
p
(x

)
+
t(
q(
x

)
−
p
(x

))
ar

e
M

or
se

fu
n
ct

io
n
s

sa
ti

sf
y
in

g
th

e
sa

m
e

p
ro

p
er

ti
es

as
q.

N
ow

,
si

n
ce

ea
ch

c i
is

a
n
on

-
d
eg

en
er

at
e

p
oi

n
t

of
p
,

it
fo

ll
ow

s
fr

om
th

e
co

n
ti

n
u
it

y
of

th
e

cr
it

ic
al

p
oi

n
ts

(s
ee

,
e.

g
.

P
ro

p
.

4.
6.

1
in

D
em

az
u
re

(2
01

3)
)

th
at

,
re

st
ri

ct
in

g
ε

if
n
ec

es
sa

ry
,

th
er

e
ex

is
t

sm
o
o
th

fu
n
ct

io
n
s

c i
:

[0
,1

]
→

S
,
c i

(0
)

=
c i
,c
i(

1)
=
c′ i

su
ch

th
at

c i
(t

)
is

th
e

u
n
iq

u
e

cr
it

ic
al

p
o
in

t
o
f
q t

in
B

(c
i,
ε)

.
M

or
eo

ve
r,

si
n
ce

al
l

th
e
q t

ar
e

M
or

se
fu

n
ct

io
n
s

an
d

si
n
ce

th
e

H
es

si
a
n

o
f
q t

a
t
c i

(t
)

is
a

co
n
ti

n
u
ou

s
fu

n
ct

io
n

of
t,

th
en

fo
r

an
y
t
∈

[0
,1

],
c i

(t
)

is
a

n
on

-d
eg

en
er

at
e

cr
it

ic
a
l

p
o
in

t
of
q t

w
it

h
sa

m
e

in
d
ex

as
c i

.
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

F
ig

u
re

8
:

T
h
is

fi
gu

re
illu

strates
th

e
assu

m
p
tion

s
of

L
em

m
a

18.
T

h
e

fu
n
ction

s
p

an
d
q

are
sh

ow
n

in
solid

b
lu

e
an

d
d
ash

ed
p
in

k
,

resp
ectiv

ely.
T

h
e

grey
region

s
on

th
e
y
-ax

is
rep

resen
t

th
e

sets
p
(c)±

b
for

critical
p

oin
ts
c

of
p
.

C
o
n
sid

er
n
ow

tw
o

sm
o
oth

fu
n
ction

s
su

ch
th

at
th

e
critical

p
oin

ts
are

close,
a
s

illu
strated

in
F

igu
re

8
.

N
ex

t
w

e
sh

ow
th

at,
in

th
is

circu
m

stan
ce,

th
e

b
ottlen

eck
d
istan

ce
takes

a
sim

p
le

fo
rm

.

L
e
m

m
a

1
8

(C
ritic

a
l

D
ista

n
c
e
s)

L
et
p

a
n

d
q

be
tw

o
M

o
rse

fu
n

ctio
n

s
a
s

in
L

em
m

a
1
7
,

w
ith

fi
n

itely
m

a
n

y
critica

l
po

in
ts
C

=
{
c

1 ,...,c
k }

a
n

d
C
′
=
{
c ′1 ,...,c ′k }

respectively.
L

et
D
p

a
n

d
D
q

be
th

e
persisten

ce
d
ia

gra
m

s
fro

m
th

e
u

p
per

level
set

(i.e.
su

per
level

sets)
fi

ltra
tio

n
s

o
f
p

a
n

d
q

respectively
a
n

d
let

a
=

m
in
i6=
j |p

(c
i )−

p
(c
j )|

a
n

d
b

=
m

a
x
j |p

(c
j )−

q(c ′j )|.
If

b≤
a
/2−

||p−
q||∞

a
n

d
a
/2
>

2||p−
q||∞

,
th

en
W
∞

(D
p ,D

q )
=
b.

P
ro

o
f

T
h
e

to
p

ology
of

th
e

u
p
p

er
level

sets
of

th
e

M
o
rse

fu
n
ctio

n
s
p

an
d
q

on
ly

ch
an

ges
a
t

critica
l

va
lu

es
(T

h
eorem

3.1
in

M
iln

or
(1963)).

A
s

a
con

seq
u
en

ce
th

e
n
on

-d
iagon

al
p

o
in

ts
o
f
D
p

(resp
.
D
q )

h
ave

th
eir

co
ord

in
ates

am
on

g
th

e
set
{p

(c
1 ),...,p

(c
k )}

(resp
.

{
q(c ′1 ),...,p

(c ′k )})
an

d
each

p
(c
i )

is
th

e
co

ord
in

ate
of

ex
actly

on
e

p
oin

t
in
D
p .

M
oreover,

th
e

p
a
irw

ise
d
istan

ces
b

etw
een

th
e

p
oin

ts
o
f
D
p

are
low

er
b

ou
n
d
ed

b
y
a

an
d

all
n
on

-d
iagon

al
p

o
in

ts
o
f
D
p

a
re

at
d
istan

ce
at

least
a

from
th

e
d
iago

n
al.

F
rom

th
e

p
ersisten

ce
stab

ility
th

eo
rem

C
o
h
en

-S
tein

er
et

al.
(2005);

C
h
azal

et
al.

(2
012),

W
∞

(D
p ,D

q )≤
||p−

q||∞
.

S
in

ce
a
>

4||p−
q||∞

an
d
a
≥

2
b

+
2||p−

q||∞
,

th
e

(u
n
iq

u
e)

op
tim

al
m

atch
in

g
realizin

g
th

e
b

ot-
tlen

eck
d
ista

n
ce
W
∞

(D
p ,D

q )
is

su
ch

th
at

if
(p

(c
i ),p

(c
j ))∈

D
p

th
en

it
is

m
atch

ed
to

th
e

p
o
in

t
(q(c ′i ),q(c ′j ))

w
h
ich

th
u
s

h
ave

to
b

e
in
D
q .

It
follow

s
th

at
W
∞

(D
p ,D

q )
=
b.

N
ow

w
e

estab
lish

th
e

lim
itin

g
d
istrib

u
tion

of √
n
W
∞

(D̂
,D

).

T
h

e
o
re

m
1
9

(L
im

itin
g

D
istrib

u
tio

n
)

L
et
p
h (x

)
=

E
[p̂
h (x

)],
w

h
ere

p̂
h (x

)
is

th
e

K
ern

el
D

en
sity

E
stim

a
to

r
eva

lu
a
ted

in
x

.
A

ssu
m

e
th

a
t
p
h

is
a

M
o
rse

fu
n

ctio
n

w
ith

tw
o

u
n

ifo
rm

ly
bo

u
n

d
ed

co
n

tin
u

o
u

s
d
eriva

tives
a
n

d
fi

n
itely

m
a
n

y
critica

l
po

in
ts
c

=
{c

1 ,...,c
k }.

L
et
D

be
th

e
persisten

ce
d
ia

gra
m

o
f

th
e

u
p
per

level
sets

o
f
p
h

a
n

d
let

D̂
be

th
e

d
ia

gra
m

o
f

u
p
per

level
sets

o
f
p̂
h .

T
h
en

√
n
W
∞

(D̂
,D

) 
||Z||∞

27
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C
h
a
z
a
l
,
F
a
sy

,
L
e
c
c
i,
M
ic
h
e
l
,
R
in
a
l
d
o
,
a
n
d

W
a
sse

r
m
a
n

w
h
ere

Z
=

(Z
1 ,...,Z

k )∼
N

(0,Σ
)

a
n

d

Σ
jk

=

∫
K
h (c

j ,u
)K

h (c
k ,u

)d
P

(u
)−

∫
K
h (c

j ,u
)d
P

(u
) ∫

K
h (c

k ,u
)d
P

(u
).

P
ro

o
f

L
et

ĉ
=
{ĉ

1 ,ĉ
2 ,...}

b
e

th
e

set
of

critical
p

oin
ts

of
p̂
h .

L
et

g
an

d
H

b
e

th
e

grad
ien

t
an

d
H

essian
of
p
h .

L
et
ĝ

an
d
Ĥ

b
e

th
e

grad
ien

t
an

d
H

essian
of
p̂
h .

B
y

a
stan

d
ard

con
cen

tration
of

m
easu

re
argu

m
en

t
(an

d
recallin

g
th

at
th

e
su

p
p

ort
is

com
p
act),

for
an

y
η
>

0
th

ere
is

an
ev

en
t
A
n
,η

su
ch

th
at,

on
A
n
,η ,

su
px
||p̂

(i)
h

(x
)−

p
(i)
h

(x
)||
<
η

(39)

for
i

=
0,1,2,

an
d
P

(A
cn
,η )
≤
e −

n
cη

2.
T

h
is

is
p
roved

for
i

=
0

in
R

ao
(1983),

G
in

é
an

d
G

u
illou

(2002),
Y

u
k
ich

(1985),
an

d
th

e
sam

e
p
ro

o
f

giv
es

th
e

resu
lts

for
i

=
1,2.

It
follow

s
th

at
su

p
x ||g

(x
)−

ĝ
(x

)||
=
O
P

(1/ √
n

)
an

d
su

p
x ||H

(x
)−

Ĥ
(x

)||m
a
x

=
O
P

(1/ √
n

).
F

or
η

sm
aller

th
an

a
fi
x
ed

valu
e
η

0 ,
w

e
can

ap
p
ly

L
em

m
a

17,
w

e
get

th
at

on
A
n
,η ,
ĉ

an
d

c
h
ave

th
e

sam
e

n
u
m

b
er

of
elem

en
ts

an
d

can
b

e
in

d
ex

ed
so

th
at

m
ax

j=
1
,...,k ‖

ĉ
j −

c
j ‖
≤

ηC

w
h
ere

C
is

th
e

sam
e

con
stan

t
is

in
L

em
m

a
17

.
W

e
th

en
take

η
n

:=
√

lo
g
n

n
an

d
w

e
con

sid
er

th
e

ev
en

ts
A
n

:=
A
n
,η
n
.

T
h
en

,
for

n
large

en
ou

gh
,

on
A
n

w
e

get

m
ax

j=
1
,...,k ‖ĉ

j −
c
j ‖

=
O

(
√

log
n

n

)

w
h
ereas

P
(A

cn
)

=
o(1).

In
th

e
follow

in
g,

w
e

th
u
s

can
restrict

to
A
n
.

T
h
e

critical
valu

es
of
p
h

are
v

=
(v

1
≡
p
h (c

1 ),...,v
k
≡
p
h (c

k ))
an

d
th

e
critical

valu
es

of
p̂
h

are
v̂

=
(v̂

1
≡
p̂
h (ĉ

1 ),...,v̂
k
≡
p̂
h (ĉ

k )).
N

ow
w

e
u
se

L
em

m
a

18
to

con
clu

d
e

th
at

W
∞

(D̂
,D

)
=

m
ax

j ‖
v̂
j −

v
j ‖∞

for
n

large
en

ou
gh

.
H

en
ce,

W
∞

(D̂
,D

)
=

m
ax

j=
1
,...,k |p̂

h (ĉ
j )−

p
h (c

j )|.

T
h
en

,
u
sin

g
a

T
ay

lor
ex

p
an

sion
,

for
each

j,

p̂
h (ĉ

j )
=
p̂
h (c

j )
+

(ĉ
j −

c
j )
T
ĝ
(c
j )

+
O

(||ĉ
j −

c
j || 2).

S
in

ce
g
(c
j )

=
(0,...,0)

w
e

can
w

rite
th

e
last

eq
u
ation

as

p̂
h (ĉ

j )
=
p̂
h (c

j )
+

(ĉ
j −

c
j )
T

(ĝ
(c
j )−

g
(c
j ))

+
O

(||ĉ
j −

c
j || 2).

S
o,

√
n

(v̂
j −

v
j )

=
√
n

(p̂
h (ĉ

j )−
p
h (c

j ))

=
√
n

(p̂
h (c

j )−
p
h (c

j ))
+
√
n

(ĉ
j −

c
j )
T

(ĝ
(c
j )−

g
(c
j ))

+
O

(||ĉ
j −

c
j || 2)

=
√
n

(p̂
h (c

j )−
p
h (c

j ))
+
√
n

(ĉ
j −

c
j )
T

(ĝ
(c
j )−

g
(c
j ))

+
o(1/ √

n
).
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R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

F
or

th
e

se
co

n
d

te
rm

,
n
ot

e
th

at
√
n

(ĉ
j
−
c j

)
=
O

(l
og
n

)
an

d
(ĝ

(c
j
)
−
g
(c
j
))

=
O
P

(1
/
√
n

).
S
o

√
n

(v̂
j
−
v j

)
=
√
n

(p̂
h
(c
j
)
−
p
h
(c
j
))

+
o P

(1
).

T
h
er

ef
or

e, √
n
W
∞

(D̂
,D

)
=
√
n

m
ax j
|v̂ j
−
v j
|=

m
ax j
|√
n

(p̂
h
(c
j
)
−
p
h
(c
j
))
|+

o P
(1

).

B
y

th
e

m
u
lt

iv
ar

ia
te

B
er

ry
-E

ss
ee

n
th

eo
re

m
(B

en
tk

u
s,

20
03

),

su
p
A
|P

(√
n

(p̂
h
(c

)
−
p
h
(c

))
∈
A

)
−

P(
Z
∈
A

)|
≤

C
1
√
n

w
h
er

e
th

e
su

p
re

m
u
m

is
ov

er
al

l
co

n
v
ex

se
ts
A
∈

R
k
,
C

1
>

0
d
ep

en
d
s

on
k

an
d

th
e

th
ir

d
m

om
en

t
of
h
−
d
K

(x
−
X
/h

)
(w

h
ic

h
is

fi
n
it

e
si

n
ce
h

is
fi
x
ed

an
d

th
e

su
p
p

or
t

is
co

m
p
ac

t)
,

Z
=

(Z
1
,.
..
,Z

k
)
∼
N

(0
,Σ

)
an

d

Σ
jk

=

∫
K
h
(c
j
,u

)K
h
(c
k
,u

)d
P

(u
)
−
∫
K
h
(c
j
,u

)d
P

(u
)

∫
K
h
(c
k
,u

)d
P

(u
).

H
en

ce
,

su
p t

∣ ∣ ∣ ∣ ∣P
( m

ax j
|√
n

(p̂
h
(c
j
)
−
p
h
(c
j
))
|≤

t)
−

P(
||Z
|| ∞
≤
t)

∣ ∣ ∣ ∣ ∣≤
C

1
√
n
.

B
y

L
em

m
a

18
,
W
∞

(D̂
,D

)
=

m
ax

j
|v̂ j
−
v j
|.

T
h
e

re
su

lt
fo

ll
ow

s.

L
et

F̂
n
(t

)
=

P(
√
n
W
∞

(D̂
,D

)
≤
t)
.

L
et
X
∗ 1
,.
..
,X
∗ n
∼
P
n

w
h
er

e
P
n

is
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
.

L
et
D̂
∗

b
e

th
e

d
ia

gr
am

fr
om

p̂
∗ h

an
d

le
t

F̂
n
(t

)
=

P(
√
n
W
∞

(D̂
∗ ,
D̂

)
≤
t
∣ ∣ ∣
X

1
,.
..
,X

n

)

b
e

th
e

b
o
ot

st
ra

p
ap

p
ro

x
im

at
io

n
to
F
n
.

N
ex

t
w

e
sh

ow
th

at
th

e
b

o
ot

st
ra

p
q
u
an

ti
ty
F
n
(t

)
co

n
ve

rg
es

to
th

e
sa

m
e

li
m

it
as
F
n
(t

).

C
o
ro

ll
a
ry

2
0

A
ss

u
m

e
th

e
sa

m
e

co
n

d
it

io
n

s
a
s

th
e

la
st

th
eo

re
m

.
T

h
en

,

su
p t
|F̂
n
(t

)
−
F
n
(t

)|
P →

0
.

P
ro

o
f

T
h
e

p
ro

of
is

es
se

n
ti

al
ly

th
e

sa
m

e
as

th
e

p
ro

of
of

T
h
eo

re
m

19
ex

ce
p
t

th
at
p̂
h

re
p
la

ce
s

p
h

an
d
p̂
∗ h

re
p
la

ce
s
p̂
h
.

U
si

n
g

th
e

sa
m

e
n
ot

at
io

n
s

as
in

th
e

p
ro

of
of

T
h
eo

re
m

19
,

w
e

n
ot

e
th

at
on

th
e

se
t
A
n
,

fo
r
n

la
rg

er
th

an
a

fi
x
ed

va
lu

e
n

0
,

th
e

fu
n
ct

io
n
p̂
h

is
a

M
or

se
fu

n
ct

io
n

w
it

h
tw

o
u
n
if

or
m

ly
b

ou
n
d
ed

co
n
ti

n
u
ou

s
d
er

iv
at

iv
es

an
d

fi
n
it

el
y

m
an

y
cr

it
ic

al
p

oi
n
ts
ĉ

=
{ĉ

1
,.
..
,ĉ
k
}.

W
e

ca
n

re
st

ri
ct

th
e

an
al

y
si

s
to

th
e

se
q
u
en

ce
of

ev
en

ts
A
n

si
n
ce
P
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n
)
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n
d
s
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h
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,
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n
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A
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u
m

in
g

th
at
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n
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ed
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u
si

n
g

th
e
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m

e
ar

gu
m

en
t
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in
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h
eo

re
m

1
9
,

w
e

g
et

th
at

:

su
p t

∣ ∣ ∣ ∣ ∣P
( m

ax j
|√
n

(p̂
∗ h(
ĉ j

)
−
p̂
h
(ĉ
j
))
|≤

t
∣ ∣ ∣
X

1
,.
..
,X

n

)
−

P(
||Z̃
|| ∞
≤
t)

∣ ∣ ∣ ∣ ∣≤
C
∗ 2
√
n

w
h
er

e
Z̃
∼
N

(0
,Σ̂

)
w

it
h

Σ̂
jk

=
1 n

∑ i

K
h
(ĉ
j
,X

i)
K
h
(ĉ
k
,X

i)
−

1 n

∑ i

K
h
(ĉ
j
,X

i)
1 n

∑
K
h
(ĉ
k
,X

i)

an
d
C
∗ 2

d
ep

en
d
s

on
th

e
em

p
ir

ic
al

th
ir

d
m

om
en

ts
of
h
−
d
K

((
x
−
X
∗ )
/h

).
T

h
er

e
ex

is
ts

a
n

u
p
p

er

b
ou

n
d
C

2
on

C
∗ 2

th
at

on
ly

d
ep

en
d
s

on
K

an
d
P

.
S
in

ce
m

ax
j,
k
|Σ̂
j,
k
−

Σ
j,
k
|=

O
P

(l
o
g
n
/
√
n

)
an

d
m

ax
j
‖ĉ
j
−
c j
‖

=
O
P

(l
og
n
/
√
n

),
w

e
co

n
cl

u
d
e

th
at

su
p t
|P

(||
Z̃
|| ∞
≤
t)
−

P(
||Z
|| ∞
≤
t)
|=

O
P

(
lo

g
n

√
n

)
.

T
h
en

su
p t
|F̂
n
(t

)
−
F
n
(t

)|
≤

su
p t
|F̂
n
(t

)
−

P(
||Z̃
|| ∞
≤
t)
|

+
su

p t
|P

(||
Z̃
|| ∞
≤
t)
−

P(
||Z
|| ∞
≤
t)
|+

su
p t
|F
n
(t

)
−

P(
||Z
|| ∞
≤
t)
|=

O
P

(
lo

g
n

√
n

)
.
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E
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s
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io

n
,

w
e

d
is

cu
ss

h
ow

to
d
ea

l
w

it
h

th
re

e
is

su
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th
at

ca
n

ar
is

e:
ch

o
o
si

n
g

th
e

p
a-

ra
m

et
er

s,
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rr
ec
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n
g

fo
r

b
ou

n
d
ar

y
b
ia

s,
an

d
d
ea
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n
g

w
it

h
n
oi
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d
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a.
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A
M

e
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o
d
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r

C
h

o
o
si

n
g
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e

S
m

o
o
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in
g

P
a
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m
e
te

r

A
n

u
n
so
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ed

p
ro

b
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m
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to
p
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in
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n
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h
ow
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o
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e
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e
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o
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h
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g
p
a
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m
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m

(o
r
h

).
G

u
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al
.

(2
01

3)
su
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d

tr
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k
in

g
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e
ev
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u
ti
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e

p
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si
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en
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o
f
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e
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o
-

m
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og
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fe
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u
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e
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n
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g
p
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.
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e
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e
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m
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d
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o
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b
y
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p
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er
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m
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th
e
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l
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ou
n
t
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gn
ifi
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n
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p
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L
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` 1
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` 2
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..
.,

b
e
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e
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m
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e

fe
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u
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s
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sc
al

e
m

.
L

et
c α

(m
)/
√
n

b
e
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e
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n
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e
m

.
W

e
d
efi
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e
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ti
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m
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e
a
m

o
u
n
t

o
f

si
gn
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n
t
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n

u
si

n
g

p
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et

er
m

:

N
(m

)
=

#

{ i
:
`(
i)
>
c α

(m
)

√
n

}
,

S
(m

)
=
∑ i

[ ` i
−
c α

(m
)

√
n

] +

.

T
h
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t.
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d
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.

W
e
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m
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e
N
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)
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).
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h
e
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m

e
id
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b
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p
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d
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d
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m
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b
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u
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:

M
a
x

P
ersisten
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M
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d

w
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B
ottlen

eck
B

o
otstrap

B
an

d
s
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1-d

im
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fea
tu

res.
D

T
M

:
argm

ax
m
N

(m
)

=
{
0
.05,0

.10,0.15,0
.20}

,
argm

ax
m
S

(m
)

=
0.0

5
;

K
ern

el
D

istan
ce:

argm
ax

h
N

(h
)

=
{0
.25,0.30,0.35,0

.40,0.45,0
.5

0}
,

a
rg

m
ax

h
S

(h
)

=
0
.35;

K
D

E
:

argm
ax

h
N

(h
)

=
{0
.25,0.30,0.35,0

.40,0.45,0
.50}

,
a
rg

m
ax

h
S

(h
)

=
0.3

T
h
e

p
lots

sh
ow

h
ow

to
ch

o
ose

th
e

sm
o
oth

in
g

p
a
ram

eters
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m
a
x
im

ize
th

e
n
u
m

b
er

of
sign

ifi
can

t
featu

res.
T

h
e

red
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are
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e
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o
f
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e

featu
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v
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n
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g
p
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h
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e
is
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B
o
u

n
d

a
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B
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s

It
is

w
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k
n
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n
th
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kern
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d
en

sity
estim

ators
su

ff
er

from
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ou
n
d
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b
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F
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b
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m
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a

p
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form
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d

th
e
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e

p
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ects
th

e
D

T
M

.
C

o
n
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er
F
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10.
B
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of
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e
b
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n
d
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g
b
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,

m
an

y
of

th
e

lo
o
p
s

are
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p
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T
h
e
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at,
u
sin

g
eith

er
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e
D

T
M

or
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e
K

D
E

w
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w
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m
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y
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e
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s.
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h
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u
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g
b
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n
d
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b
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e
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d
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P
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s
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e
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p
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p
roach
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e

d
ata
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n
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b
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n
d
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r
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a
m

p
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S
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u
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(1958)).
B

u
t
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p
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w
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m
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e
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s
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e
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n
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h
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b
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u
n
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o
u
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T
w

o
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e
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o
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s
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r
Im

p
ro

v
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g
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e
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a
n

c
e

W
e
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p

erform
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e
m

eth
o
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o
d
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d
o

th
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W
e
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o
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d
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F
irst,

a
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p
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m
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o
d
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u
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e

n
u
m

b
er
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tliers
is
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tru

n
cate

th
e

d
en

sity,
th

at
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w
e
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in

a
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{
X
i

:
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(X

i )
<
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e
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T

h
en

w
e
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ate
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e

d
en

sity.

S
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n
d
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w
e

sh
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e
d
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d
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C
h
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d

H
all
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9
)

an
d

H
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an
d

M
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n
o
tte
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0
0
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).

T
h
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g

is
to

m
ove

each
d
a
ta

p
oin

t
X
i

sligh
tly

in
th

e
d
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d
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h
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b
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eak
s

in
th

e
d
en

sity
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h
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n
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o
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n
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n
n
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m
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ré

d
ér

ic
C

h
az

al
,

D
av

id
C

oh
en

-S
te

in
er

,
an

d
Q

u
en

ti
n

M
ér

ig
ot

.
G

eo
m

et
ri

c
in

fe
re

n
ce

fo
r

p
ro

b
-

ab
il
it

y
m

ea
su

re
s.

F
o
u

n
d
a
ti

o
n

s
o
f

C
o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
,

11
(6

):
7
33

–
7
5
1
,

2
0
1
1
.

F
ré
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ŕı

gu
ez

-C
as

al
.

O
n

b
ou

n
d
ar

y
es

ti
m

at
io

n
.

A
d
va

n
ce

s
in

A
p
-

p
li

ed
P

ro
ba

bi
li

ty
,

36
(2

):
34

0–
35

4,
20

04
.

M
.

D
em

az
u
re

.
B

if
u

rc
a
ti

o
n

s
a
n

d
C

a
ta

st
ro

p
h
es

:
G

eo
m

et
ry

o
f

S
o
lu

ti
o
n

s
to

N
o
n

li
n

ea
r

P
ro

b-
le

m
s.

S
p
ri

n
ge

r-
V

er
la

g,
20

13
.

H
er

b
er

t
E

d
el

sb
ru

n
n
er

an
d

J
oh

n
H

ar
er

.
C

o
m

p
u

ta
ti

o
n

a
l

T
o
po

lo
gy

:
A

n
In

tr
od

u
ct

io
n

.
A

m
er

i-
ca

n
M

at
h
em

at
ic

al
S
o
ci

et
y,

20
10

.

B
ri

tt
an

y
T

er
es

e
F

as
y,

J
is

u
K

im
,

F
ab

ri
zi

o
L

ec
ci

,
an

d
C

le
m

en
t

M
ar

ia
.

In
tr

o
d
u
ct

io
n

to
th

e
R

p
ac

ka
ge

T
D

A
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:

1
4
1
1
.1

8
3
0
,

20
14

a.

3
8

JM
L

R
 1

8(
15

9)
:1

-4
0,

 2
01

8



R
o
b
u
st

T
o
p
o
l
o
g
ic
a
l
In

f
e
r
e
n
c
e

B
ritta

n
y

T
erese

F
asy,

F
ab

rizio
L

ecci,
A

lessan
d
ro

R
in

ald
o,

L
arry

W
asserm

an
,

S
ivaram

an
B

a
la

k
rish

n
a
n
,

an
d

A
arti

S
in

gh
.

C
on

fi
d
en

ce
sets

for
p

ersisten
ce

d
iagram

s.
T

h
e

A
n

n
a
ls

o
f

S
ta

tistics,
4
2
(6):2301–2339,

2014b
.

E
va

rist
G

in
é
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t
X

=
{x

1
,.
..
,x

n
}
⊂

R
d

w
e

co
n
si

d
er

fi
tt

in
g

a
m

ix
tu

re
of

G
a
u
ss

ia
n
s
θ

=
[(
w

1
,µ

1
,Σ

1
),
..
.,

(w
k
,µ

k
,Σ

k
)]

,
th

at
is

,
th

e
d
is

tr
ib

u
ti

on

P
(x
|θ

)
=

k ∑ i=
1

w
iN

(x
;µ

i,
Σ
i)

w
h
er

e
w

1
,.
..
,w

k
≥

0
ar

e
th

e
m

ix
tu

re
w

ei
gh

ts
an

d
∑

i
w
i

=
1.

T
h
e
i-

th
m

ix
tu

re
co

m
p

o
n
en

t
is

m
o
d
el

le
d

as
a

m
u
lt

iv
ar

ia
te

N
or

m
al

d
is

tr
ib

u
ti

on
p
ar

am
et

ri
ze

d
b
y

m
ea

n
µ
i
∈

R
d

a
n
d

co
va

ri
an

ce
Σ
i
∈
R
d
×
d
,

N
(x

;µ
i,

Σ
i)

=
1

√
|2
π

Σ
i|ex

p

( −
1 2

(x
−
µ
i)
T

Σ
−

1
i

(x
−
µ
i)

)
.

A
ss

u
m

in
g

th
e

d
at

a
w

as
ge

n
er

at
ed

i.
i.
d
.,

th
e

n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d

of
th

e
d
a
ta

is

L(
X
|θ

)
=
−
∑ j

ln
P

(x
j
|θ

),

an
d

w
e

w
is

h
to

ob
ta

in
th

e
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
(M

L
E

)
of

th
e

p
ar

a
m

et
er

s

θ∗
=

ar
gm

in
θ
∈C
L(
X
|θ

),

w
h
er

e
C

is
a

se
t

of
co

n
st

ra
in

ts
en

su
ri

n
g

th
at

d
eg

en
er

at
e

so
lu

ti
o
n
s

a
re

av
o
id

ed
.

H
er

eb
y,

fo
r

a
sy

m
m

et
ri

c
m

at
ri

x
A

,
le

t
sp

ec
(A

)
b

e
th

e
se

t
o
f

al
l

ei
ge

n
va

lu
es

of
A

.
W

e
d
efi

n
e

C
=

C
λ

=
{θ

=
[(
w
i,
µ
i,

Σ
i)

]k i
=

1
|∀

i
:

sp
ec

(Σ
i)
⊆

[λ
,1
/λ

]}
fo

r
so

m
e

sm
al

l
λ
∈

(0
,1

).
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T
r
a
in
in
g

G
a
u
ssia

n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

2
.2

A
p

p
ro

x
im

a
tin

g
th

e
L

o
g
-lik

e
lih

o
o
d

Id
ea

lly,
w

e
w

o
u
ld

like
to

ob
tain

(1
+
ε)-m

u
ltip

licative
ap

p
rox

im
ation

for
th

e
likelih

o
o
d

∏x∈X
P

(x
|
θ)

w
h
ich

im
p
lies

a
n

ad
d
itive

ε
error

for
th

e
su

m
of

log-likelih
o
o
d
s.

W
h
at

k
in

d
of

ap
p
rox

im
ation

a
ccu

ra
cy

m
ay

w
e

h
op

e
to

ex
p

ect?
N

otice
th

at
th

ere
is

a
n
on

-triv
ial

issu
e

of
scale:

S
u
p
p

ose
w

e
h
av

e
a

M
L

E
θ ∗

forX
,

an
d

let
α
>

0.
T

h
en

straigh
tforw

ard
lin

ear
algeb

ra
sh

ow
s

th
at

w
e

ca
n

o
b
ta

in
a

M
L

E
θ ∗α

for
a

scaled
d
ata

set
α
D

=
{α
x

:
x
∈
X
}

b
y

sim
p
ly

scalin
g

all
m

ea
n
s

b
y
α

,
a
n
d

covarian
ce

m
atrices

b
y
α

2.
F

or
th

e
log-likelih

o
o
d
,

h
ow

ever,
it

h
old

s
th

at
1n L

(α
D
|
θ ∗α

)
=
d

ln
α

+
1n L

(X
|
θ ∗).

T
h
erefore,

op
tim

al
solu

tion
s

on
on

e
scale

ca
n

b
e

effi
cien

tly
tra

n
sform

ed
to

op
tim

al
solu

tion
s

on
a

d
iff

eren
t

scale,
w

h
ile

m
ain

tain
in

g
th

e
sa

m
e

a
d
d
itive

erro
r.

T
h
u
s,

w
e

can
n
ot

ex
p

ect
to

ob
tain

a
(1

+
ε)-m

u
ltip

licative
a
p
p
rox

im
ation

to
th

e
lik

elih
o
o
d

sin
ce

an
y

algorith
m

w
h
ich

ach
ieves

ab
so

lu
te

error
ε

a
t

an
y

scale
cou

ld
b

e
u
sed

to
co

m
p
u
te

p
a
ram

eter
estim

ates
(for

m
ean

s,
covarian

ces)
w

ith
arb

itrarily
sm

all
error,

sim
p
ly

b
y

a
p
p
ly

in
g

th
e

algorith
m

to
a

scaled
d
ata

set
an

d
tran

sform
in

g
b
ack

th
e

o
b
tain

ed
solu

tion
.

A
n

altern
a
tive,

scale-in
varian

t
ap

p
roach

,
m

ay
b

e
to

strive
tow

ard
s

a
m

u
ltip

lica
tive

erro
r

(1
+
ε)

fo
r

th
e

su
m

of
log-lik

elih
o
o
d
s.

U
n
fortu

n
ately,

th
is

goal
is

also
h
ard

to
ach

ieve:
C

h
o
o
sin

g
a

sca
lin

g
p
aram

eter
α

su
ch

th
at
d

ln
α

+
L

(X
|
θ ∗)

=
0

w
o
u
ld

req
u
ire

an
y

algorith
m

th
a
t

a
ch

ieves
an

y
b

ou
n
d
ed

m
u
ltip

licativ
e

error
to

essen
tially

in
cu

r
n

o
erro

r
a
t

a
ll

w
h
en

eva
lu

a
tin

g
L

(αX
|
θ ∗).

T
h
e

ab
ove

ob
servation

s
h
old

even
fo

r
th

e
case

k
=

1
an

d
Σ

=
I
,

w
h
ere

th
e

m
ix

tu
re
θ

con
sists

of
a

sin
gle

G
au

ssian
,

an
d

th
e

log-likelih
o
o
d

is
th

e
su

m
of

sq
u
a
red

d
ista

n
ces

to
a

p
oin

t
µ

an
d

an
a
d
d
itiv

e
term

.
M

o
tiva

ted
b
y

th
e

scalin
g

issu
es

d
iscu

ssed
ab

ove,
ou

r
goal

is
to

ap
p
rox

im
ate

th
e

d
ata

set
X

b
y

a
w

eig
h
ted

set
C

=
{
(γ

1 ,x
′1 ),...,(γ

m
,x
′m

)}
⊆

R
+
×
R
d

su
ch

th
atL

(X
|
θ)≈

L
(C
|
θ)

fo
r

a
ll
θ
∈
C
λ ,

w
h
ere

w
e

d
efi

n
eL

(C
|
θ)

=
−
∑

i

γ
i ln

P
(x
′i |
θ).

T
h
e

key
id

ea
is

to
d
ecom

p
ose

th
e

n
egative

log-lik
elih

o
o
d

in
to

a
d
ata-d

ep
en

d
en

t
term

,
an

d
a

d
a
ta

-in
d
ep

en
d
en

t
term

,
w

ith
th

e
goal

of
ap

p
rox

im
atin

g
th

e
latter

w
ith

a
coreset.

T
o

th
is

en
d
,

w
e

a
p
p
ly

th
e

follow
in

g
d
ecom

p
ositio

n
su

ggested
b
y

A
rora

an
d

K
an

n
an

(2005):

L
(X
|
θ)

=
−

n
∑j=

1

ln
k
∑i=

1

w
i

√
|2π

Σ
i | ex

p (−
12

(x
j −

µ
i )
T

Σ
−

1
i

(x
j −

µ
i ) )

=
−
n

ln
Z

(θ)
+

cost(X
,θ),

w
h
ere

Z
(θ)

=
∑

i
w
i

√
|2
π

Σ
i |

is
a

n
orm

alizer,
an

d
th

e
fu

n
ction

cost
is

d
efi

n
ed

as

co
st(X

,θ)
=
−

n
∑j=

1

ln
k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i | ex

p (−
12

(x
j −

µ
i )
T

Σ
−

1
i

(x
j −

µ
i ) )

.

H
ereb

y,
Z

(θ)
is

a
n
orm

alizin
g

term
w

h
ich

can
b

e
com

p
u
ted

exa
ctly

an
d

in
d
ep

en
d
en

tly
of

th
e

setX
.

F
u
rth

erm
ore,

fu
n
ction

cost(X
,θ)

cap
tu

res
all

d
ep

en
d
en

cies
ofL

(X
|
θ)

on
X

.
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

(a
)
S
im

p
le

fa
ilu

re
ca
se

(b
)
F
u
ll
d
a
ta

set
(c)

U
n
ifo

rm
sa
m
p
le

(d
)
C
o
reset

F
igu

re
1:

F
igu

re
(a

)
illu

strates
a

sim
p
le

ex
a
m

p
le

of
w

ell-sep
arated

G
a
u
ssian

s
fo

r
w

h
ich

u
n
ifo

rm

su
b
sam

p
lin

g
fails

arb
itrarily

b
ad

ly.
C

on
sid

er
tw

o
sp

h
erica

l
G

au
ssian

m
ix

tu
res

w
ith

w
eigh

ts
w

1
=

1/ √
n

an
d
w

2
=

1
−

1
/ √

n
.

U
n
less

th
e

n
u
m

b
er

of
sa

m
p
les

m
∈

Θ
( √
n

),
th

e
u
n
iform

sam
p
le

w
ill

con
sist

on
ly

of
p

oin
ts

from
th

e
fi
rst

G
au

ssian
,

w
ith

h
igh

p
rob

ab
ility.

H
en

ce,
m

ov
in

g
th

e
m

ea
n
s

of
th

e

G
au

ssian
s

ap
art,

th
e

d
iff

eren
ce

in
M

L
E

s
o
n

th
e

fu
ll

d
a
ta

set
an

d
th

e
o
n
e

o
n

th
e

u
n
iform

su
b
sa

m
p
le

can
b

e
m

ad
e

arb
itrarily

h
igh

.
F

ig
u
re

(b
)

sh
ow

s
a

G
M

M
w

ith
3

com
p

on
en

ts
fi
t

o
n

th
e

fu
ll

d
a
ta

set,
(c)

th
e

m
o
d
el

fi
t

on
th

e
u
n
ifo

rm
su

b
sam

p
le,

an
d

(d
)

th
e

m
o
d
el

fi
t

o
n

a
co

reset.
T

h
e

u
n
iform

su
b
sam

p
le

is
likely

to
m

iss
sm

all
clu

sters
in

p
resen

ce
o
f

u
n
b
alan

ced
d
a
ta.

2
.3

C
o
re

se
ts

fo
r

S
e
m

i-sp
h

e
ric

a
l

G
a
u

ssia
n

M
ix

tu
re

s

W
e

p
ro

ceed
b
y

sh
ow

in
g

th
at

it
su

ffi
ces

to
ap

p
rox

im
ate

cost(X
,θ)

u
n
iform

ly
over

θ
∈
C

.

D
e
fi

n
itio

n
1

W
e

ca
ll

a
w

eigh
ted

d
a
ta

setC
a

(k
,ε)-coreset

fo
r

a
n

o
th

er
(po

ssibly
w

eigh
ted

)
setX

⊂
R
d,

if
fo

r
a
ll

m
ixtu

res
θ∈

C
o
f
k

G
a
u

ssia
n

s
it

h
o
ld

s
th

a
t

(1−
ε)

cost(X
,θ)≤

cost(C
,θ)≤

(1
+
ε)

cost(X
,θ).

H
ereb

y,
cost(C

,θ)
is

gen
eralized

to
w

eig
h
ted

d
ata

setsC
in

th
e

n
atu

ral
w

ay
(w

eigh
in

g
th

e
con

trib
u
tion

of
each

su
m

m
an

d
x
′j ∈
C

b
y

its
w

eigh
t
γ
j ).

T
h
u
s,

as
ε→

0,
for

a
seq

u
en

ce
of

(k
,ε)-coresetsC

ε
w

e
h
ave

th
at

su
p

θ∈
C |L

(C
ε |
θ)−

L
(X
|
θ)|

=
su

p
θ∈

C |cost(C
ε ,θ)−

co
st(X

|
θ)|→

0

w
h
ich

im
p
lies

th
atL

(C
ε |
θ)

u
n
iform

ly
ap

p
rox

im
atesL

(X
|
θ)

(over
θ
∈
C

).

T
h
e

m
ain

m
otivation

for
con

stru
ctin

g
a

(k
,ε)-coreset

C
is

to
red

u
ce

th
e

p
rob

lem
of

fi
ttin

g
a

m
ix

tu
re

m
o
d
el

on
X

to
on

e
of

fi
ttin

g
a

m
o
d
el

o
n
C

,
sin

ce
th

e
op

tim
al

solu
tio

n
θC

is
a

go
o
d

ap
p
rox

im
ation

(in
term

s
of

log-lik
elih

o
o
d
)

of
θ ∗.

W
h
ile

fi
n
d
in

g
th

e
op

tim
al

θC
is

a
d
iffi

cu
lt

p
rob

lem
,

on
e

can
u
se

a
(w

eigh
ted

)
varian

t
of

th
e

E
M

algorith
m

to
fi
n
d

a
go

o
d

solu
tion

.
M

oreover,
if|C|�

|X
|,

ru
n
n
in

g
E

M
on
C

is
ord

ers
of

m
agn

itu
d
e

faster
th

an
ru

n
n
in

g
E

M
on
X

.

3
.

E
ffi

cie
n
t

C
o
re

se
t

C
o
n
stru

ctio
n

W
e

start
b
y

con
trastin

g
th

e
coreset

ap
p
roach

w
ith

th
e

“n
aive”

ap
p
roach

of
fi
ttin

g
th

e
m

o
d
el

on
a

u
n
iform

su
b
sam

p
le.

W
e

sh
ow

th
at

th
e

u
n
iform

su
b
sam

p
lin

g
ap

p
roa

ch
can

p
erform

arb
itrarily

b
ad

ly,
w

h
ile

ex
p
licit

w
orst-case

gu
aran

tees
can

b
e

given
for

th
e

coreset
b
ased

ap
p
roach

.
W

e
th

en
p
resen

t
a

sim
p
le

coreset
con

stru
ction

algorith
m

an
d

con
clu

d
e

w
ith

a
b

ou
n
d

on
th

e
su

ffi
cien

t
coreset

size.
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T
r
a
in
in
g

G
a
u
ss
ia
n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

(a
)
D
a
ta

se
t

(b
)
k
-m

ea
n
s
a
p
p
ro
x
im

a
ti
o
n

(c
)
D
is
tr
ib
u
ti
o
n
q(
x
)

F
ig

u
re

2:
Il

lu
st

ra
ti

o
n

o
f

th
e

co
re

se
t

co
n
st

ru
ct

io
n

o
n

a
sy

n
th

et
ic

d
a
ta

se
t.

F
ig

u
re

(a
)

sh
ow

s
th

e
or

ig
in

al
d
a
ta

se
t

a
n
d

(b
)

th
e
k
-m

ea
n
s

b
ic

ri
te

ri
a

a
p
p
ro

x
im

at
io

n
.

F
ig

u
re

(c
)

il
lu

st
ra

te
s

th
e

co
m

p
u
te

d
se

n
si

ti
v
it

y
(b

lu
e-

lo
w

,
o
ra

n
ge

-h
ig

h
).

T
h
e

co
re

se
t

sa
m

p
li
n
g

p
ro

b
a
b
il
it

ie
s

ar
e

in
ve

rs
el

y
p
ro

p
or

ti
on

al
to

th
e

si
ze

of
th

e
cl

u
st

er
w

h
ic

h
re

su
lt

s
in

m
o
re

re
p
re

se
n
ta

ti
ve

sa
m

p
le

s.

3
.1

N
a
iv

e
A

p
p

ro
a
ch

v
ia

U
n

if
o
rm

S
a
m

p
li
n

g

A
n
ai

ve
ap

p
ro

ac
h

to
w

ar
d
s

ap
p
ro

x
im

at
in

g
th

e
lo

g-
li
ke

li
h
o
o
d

of
X

is
to

ju
st

p
ic

k
a

su
b
se

t
C

u
n
if

or
m

ly
at

ra
n
d
om

.
U

n
fo

rt
u
n
at

el
y,

su
ch

a
si

m
p
le

st
ra

te
gy

m
ay

re
su

lt
in

ar
b
it

ra
ry

b
ad

ap
p
ro

x
im

at
io

n
s

of
th

e
lo

g-
li
k
el

ih
o
o
d

as
il
lu

st
ra

te
d

b
y

th
e

fo
ll
ow

in
g

ex
am

p
le

.
S
u
p
p

os
e

th
e

d
at

a
se

t
is

ge
n
er

at
ed

fr
om

a
m

ix
tu

re
of

tw
o

sp
h
er

ic
al

G
au

ss
ia

n
s

(Σ
i

=
I)

w
it

h
w

ei
gh

ts
w

1
=

1 √
n

an
d
w

2
=

1
−

1 √
n

.
U

n
le

ss
m

=
Ω

(√
n

)
p

oi
n
ts

ar
e

sa
m

p
le

d
,
w

it
h

co
n
st

an
t

p
ro

b
ab

il
it

y

n
o

d
at

a
p

oi
n
t

ge
n
er

at
ed

fr
om

th
e

se
co

n
d

G
au

ss
ia

n
is

sa
m

p
le

d
.

B
y

m
ov

in
g

th
e

m
ea

n
s

of
th

e
G

au
ss

ia
n
s

ap
ar

t,
L(
X
|θ
C)

ca
n

b
e

m
ad

e
ar

b
it

ra
ri

ly
w

or
se

th
an
L(
X
|θ
X

),
w

h
er

e
θ C

an
d
θ X

ar
e

M
L

E
s

on
C

an
d
X

re
sp

ec
ti

ve
ly

.
T

h
u
s,

ev
en

fo
r

tw
o

w
el

l-
se

p
ar

at
ed

G
au

ss
ia

n
s,

u
n
if

or
m

su
b
sa

m
p
li
n
g

ca
n

p
er

fo
rm

ar
b
it

ra
ri

ly
p

o
or

ly
w

h
ic

h
is

il
lu

st
ra

te
d

in
F

ig
u
re

2.
T

h
e

p
ro

b
le

m
b

ec
om

es
ev

en
m

or
e

p
ro

n
ou

n
ce

d
as
k

an
d
d

gr
ow

.

T
h
is

ex
am

p
le

al
re

ad
y

su
gg

es
ts

th
at

w
e

m
u
st

d
ev

is
e

a
sa

m
p
li
n
g

sc
h
em

e
th

at
ad

ap
ti

ve
ly

se
le

ct
s

re
p
re

se
n
ta

ti
ve

p
oi

n
ts

fr
om

al
l

“c
lu

st
er

s”
p
re

se
n
t

in
th

e
d
at

a
se

t.
H

ow
ev

er
,

th
is

im
p
li
es

th
at

ob
ta

in
in

g
a

co
re

se
t

re
q
u
ir

es
so

lv
in

g
a

ch
ic

k
en

-a
n
d
-e

gg
p
ro

b
le

m
,

w
h
er

e
w

e
n
ee

d
to

u
n
d
er

st
an

d
th

e
d
en

si
ty

of
th

e
d
at

a
to

ob
ta

in
th

e
co

re
se

t,
b
u
t

si
m

u
lt

an
eo

u
sl

y
w

ou
ld

li
ke

to
u
se

th
e

co
re

se
t

fo
r

d
en

si
ty

es
ti

m
at

io
n
.

3
.2

B
e
tt

e
r

A
p

p
ro

x
im

a
ti

o
n

v
ia

Im
p

o
rt

a
n

c
e

S
a
m

p
li
n

g

T
h
e

ke
y

id
ea

b
eh

in
d

th
e

co
re

se
t

co
n
st

ru
ct

io
n

is
th

at
w

e
ca

n
b
re

ak
th

e
ch

ic
ke

n
-a

n
d
-e

gg
p
ro

b
le

m
b
y

fi
rs

t
ob

ta
in

in
g

a
ro

u
gh

ap
p
ro

x
im

at
io

n
o
f

th
e

p
ro

b
le

m
on
X

an
d

u
se

it
to

co
n
-

st
ru

ct
a

n
on

-u
n
if

or
m

sa
m

p
li
n
g

sc
h
em

e.
T

h
is

n
on

-u
n
if

or
m

sa
m

p
li
n
g

ca
n

b
e

u
n
d
er

st
o
o
d

as
an

im
p

or
ta

n
ce

-w
ei

gh
te

d
es

ti
m

at
e

of
th

e
lo

g-
li
ke

li
h
o
o
d
L(
X
|θ

),
w

h
er

e
th

e
w

ei
gh

ts
ar

e
op

ti
-

m
iz

ed
in

or
d
er

to
re

d
u
ce

th
e

va
ri

an
ce

.
F

el
d
m

an
an

d
L

an
gb

er
g

(2
01

1)
su

cc
es

sf
u
ll
y

u
se

d
th

e
sa

m
e

id
ea

to
co

n
st

ru
ct

co
re

se
ts

fo
r

ge
om

et
ri

c
cl

u
st

er
in

g
p
ro

b
le

m
s.

T
h
e

cr
it

ic
al

in
si

gh
t

is
th

at
,

ev
en

th
ou

gh
w

e
se

ek
to

fi
t

G
M

M
s,

it
su

ffi
ce

s
to

co
n
si

d
er

ap
p
ro

x
im

at
e

so
lu

ti
on

s
to

th
e
k
-m

ea
n
s

cl
u
st

er
in

g
of
X

to
co

n
st

ru
ct

a
go

o
d

sa
m

p
li
n
g

st
ra

te
gy

.
In

tu
it

iv
el

y,
su

ch
a

so
lu

ti
on

p
ar

ti
ti

on
s
X

in
to

V
or

o
n
oi

ce
ll
s

fo
r

w
h
ic

h
w

e
ca

n
co

m
p
u
te

th
e

d
en

si
ty

an
d

th
e

va
ri

an
ce

.
H

en
ce

,
on

e
ca

n
b
ia

s
th

e
sa

m
p
li
n
g

to
w

ar
d
s

le
ss

d
en

se
re

gi
on

s
of

X
.

W
e

p
ro

ve
th

at
th

e
re

su
lt

in
g

sa
m

p
li
n
g

st
ra

te
gy

y
ie

ld
s

va
li
d

co
re

se
ts

in
A

p
p

en
d
ix

A
.3

.
O

u
r

m
ai

n
re

su
lt

is
th

e
fo

ll
ow

in
g

T
h
eo

re
m

w
h
ic

h
es

ta
b
li
sh

es
th

e
su

ffi
ci

en
t

sa
m

p
le

si
ze

w
h
ic

h
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

A
lg

o
ri

th
m

1
C
o
r
e
se

t

1
:

re
q
u

ir
e
:

D
at

a
se

t
X

,
b
ic

ri
te

ri
a

a
p
p
ro

x
im

at
io

n
B,

a
p
p
ro

x
im

at
io

n
fa

ct
o
r
α

,
co

re
se

t
si

ze
m

.

2
:

fo
r
j
←

1
to
|B
|

3
:

X j
←

S
et

of
p

o
in

ts
fr

om
X

cl
os

es
t

to
p

oi
n
t
B j

.
T

ie
s

m
ay

b
e

b
ro

k
en

ar
b
it

ra
ri

ly
.

4
:

fo
r
j
←

1
to
|B
|,

fo
r

e
a
ch

x
∈
X j

5
:

s(
x

)
←
α

d
(x
,B

)2
+

2
α
|X

j
|∑

x
′ ∈
X

j
d
(x
′ ,
B)

2
+

2 |X
j
|∑

x
′ ∈
X

d
(x
′ ,
B)

2

6
:

fo
r

e
a
ch

x
∈
X

7
:

q(
x

)
←

s
(x

)
∑

x
′ ∈

X
s
(x

′ )

8
:
C
←

S
am

p
le
m

w
ei

gh
te

d
p

o
in

ts
fr

om
X

,
w

h
er

e
ea

ch
p

oi
n
t
x

is
sa

m
p
le

d
w

it
h

p
ro

b
ab

il
it

y

9
:

q(
x

)
an

d
as

si
gn

ed
a

w
ei

gh
t

1
m
·q
(x

)
.

1
0
:

re
tu

rn
C

A
lg

o
ri

th
m

2
K
-M

e
a
n
s+

+

1
:

re
q
u

ir
e
:

D
at

a
se

t
X

,
n
u
m

b
er

of
cl

u
st

er
s
k
.

2
:
B
←
{S

am
p
le
x
∈
X

u
n
if

or
m

ly
at

ra
n
d
om
}

3
:

fo
r
j
←

2
to

k

4
:

fo
r
x

in
X

5
:

p
(x

)
←

d
2
(x
,B

)
∑

x
′ ∈

X
d
2
(x

′ ,
B)

6
:

S
am

p
le
x
∈
X

w
it

h
p
ro

b
a
b
il
it

y
p
(x

)

an
d

ad
d

it
to
B.

7
:

re
tu

rn
B

A
lg

o
ri

th
m

3
A
d
a
p
t
iv
e
sa

m
p
l
in
g

1
:

re
q
u

ir
e
:
X

,
k
,

fa
il
u
re

p
ro

b
ab

il
it

y
δ.

2
:
R
←
D
,B
←
∅,
c
←
d1

0d
k

ln
(1
/
δ)
e

3
:

w
h

il
e
|R
|>

c

4
:

S
←

S
am

p
le
c

p
o
in

ts
u
n
if

o
rm

ly
fr

o
m
R

5
:

P
←
d|R
|/

2e
p

oi
n
ts

fr
om

R
cl

o
se

st
to
S

6
:

R
←
R
\P

7
:

B
←
B
∪
S

8
:
B
←
B
∪
R

9
:

re
tu

rn
B

is
in

d
ep

en
d
en

t
of
n

,
an

d
on

ly
p

ol
y
n
om

ia
l

in
k
,
d

an
d
ε.

F
or

cl
ar

it
y,

w
e

d
efi

n
e

d
(x
,B

)
=

m
in
b∈
B
||x
−
b||

an
d
φ

(X
,B

)
=
∑

x
∈X

d
(x
,B

)2
.

T
h

e
o
re

m
2

L
et
X
⊂

R
d
,
δ
∈

(0
,1

),
ε
∈

(0
,1
/2

),
k
∈

N
,

a
n

d
λ
∈

(0
,1

).
L

et
B 1
,.
..
,B

p

be
th

e
o
u

tp
u

ts
o
f
p

=
dlo

g
2

1
/δ
e

in
d
ep

en
d
en

t
ru

n
s

o
f

A
lg

o
ri

th
m

2
w

it
h

in
p
u

t
X

a
n

d
k

.
L

et
C

be
th

e
o
u

tp
u

t
o
f

A
lg

o
ri

th
m

1
w

it
h
α

=
16

(l
og

2
k

+
2)

,
B?

=
ar

gm
in
i∈
{1
,.
..
,p
}
φ

(X
,B

i)
a
n

d
co

re
se

t
si

ze

m
≥
c
·d

4
k

6
+
k

2
lo

g
1 δ

λ
4
ε2

,

w
h
er

e
c
>

0
is

a
n

a
bs

o
lu

te
co

n
st

a
n

t.
T

h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

se
t
C

is
a

(k
,ε

)-
co

re
se

t
o
f
X

.

T
o

es
ta

b
li
sh

th
e

re
su

lt
w

e
fi
rs

t
re

d
u
ce

th
e

M
L

E
p
ro

b
le

m
to

th
e

E
u
cl

id
ea

n
sp

a
ce

w
h
er

e
th

e
lo

g-
li
ke

li
h
o
o
d

co
n
tr

ib
u
ti

on
of

a
d
at

a
p

oi
n
t

gi
v
en

a
m

o
d
el
θ
∈

C
ca

n
b

e
ex

p
re

ss
ed

in
a

p
u
re

ly
ge

om
et

ri
c

m
an

n
er

.
W

e
th

en
ap

p
ly

a
co

re
se

t
co

n
st

ru
ct

io
n

fr
a
m

ew
o
rk

in
tr

o
d
u
ce

d
b
y

F
el

d
m

an
an

d
L

an
gb

er
g

(2
01

1)
,

w
h
ic

h
fo

rm
al

iz
es

th
e

in
tu

it
io

n
th

at
on

e
sh

o
u
ld

sa
m

p
le

th
e

p
oi

n
ts

w
it

h
a

p
ot

en
ti

al
ly

la
rg

e
im

p
ac

t
m

or
e

of
te

n
.

W
e

th
en

sh
ow

th
at

to
co

m
p
u
te

th
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
q(
x

)
it

su
ffi

ce
s

to
co

n
si

d
er

a
ro

u
gh

ap
p
ro

x
im

at
io

n
so

th
e
k
-m

ea
n
s

cl
u
st

er
in

g
of
X

.
T

o
gu

ar
an

te
e

u
n
if

or
m

co
n
v
er

ge
n
ce

ov
er

C
w

e
b

ou
n
d

th
e

co
m

b
in

a
to

ri
al

co
m

p
le

x
it

y
of

th
e

fa
m

il
y

of
fu

n
ct

io
n
s

in
d
u
ce

d
b
y

th
e

M
L

E
of

G
M

M
s

an
d

sh
ow

th
a
t

it
h
a
s

a
p

ol
y
n
om

ia
l

d
ep

en
d
en

cy
on

k
an

d
d
.

T
h
e

fu
ll

p
ro

of
is

p
re

se
n
te

d
in

th
e

A
p
p

en
d
ix

.
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T
r
a
in
in
g

G
a
u
ssia

n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

S
evera

l
im

p
lem

en
tation

ch
oices

are
availab

le.
F

irstly,
w

e
p
rove

th
at

on
e

can
u
se

an
y

(α
,β

)-bicriteria
so

lu
tio

n
to
k
-m

ean
s

(α
ap

p
rox

im
ate

w
ith

resp
ect

to
th

e
op

tim
al
k
-m

ean
s

clu
sterin

g
,

u
sin

g
β
k

cen
ters).

T
h
e

su
ggested

algorith
m

,
k
-
m
e
a
n
s
+
+
,

p
rov

id
es

a
solu

tion
B

of
size

k
w

ith
a
p
p
rox

im
ation

O
(log

2
k
)

in
ex

p
ectation

in
tim

e
O

(n
k
d
)

an
d

resu
lts

in
coresets

o
f

size
in

d
epen

d
en

t
of

th
e

d
ata

set
size

(T
h
eorem

2).
F

or
oth

er
b
icriteria

ap
p
rox

im
ation

a
lg

o
rith

m
s

o
ff

erin
g

d
iff

eren
t

trad
eoff

s
in

term
s

of
com

p
u
tation

al
com

p
lex

ity
an

d
th

e
a
p
p
rox

-
im

a
tio

n
g
u
a
ra

n
tee

w
e

refer
th

e
read

er
to

B
ach

em
et

al.
(2016a,b

),
M

akary
ch

ev
et

al.
(2016)

a
n
d

F
eld

m
a
n

a
n
d

L
an

gb
erg

(2011)
p
resen

ted
in

A
lgorith

m
3.

F
u
rth

erm
ore,

all
step

s
of

th
e

a
lg

o
rith

m
a
re

p
arallelizab

le.
T

h
e

b
icriteria

ap
p
rox

im
ation

can
b

e
com

p
u
ted

v
ia
k
-m

ean
s||

(B
a
h
m

a
n
i

et
a
l.,

2012)
an

d
oth

er
q
u
an

tities
(i.e.

s(x
),
q(x

))
can

b
e

com
p
u
ted

in
p
arallel.

F
in

a
lly,

th
e

im
p

ortan
ce

sam
p
lin

g
step

ca
n

b
e

im
p
lem

en
ted

to
ru

n
in

con
stan

t-tim
e

p
er

p
oin

t
w

ith
lin

ea
r-tim

e
p
rep

ro
cessin

g
(V

ose,
1991).

4
.

F
ittin

g
a

G
M

M
o
n

th
e

C
o
re

se
t

u
sin

g
W

e
ig

h
te

d
E

M

O
n
ce

th
e

co
resetC

is
con

stru
cted

,
w

e
n
eed

to
fi
t

a
m

ix
tu

re
m

o
d
el

th
a
t

ta
k
es

in
to

accou
n
t

th
e

p
o
in

t
w

eig
h
ts.

S
in

ce
th

e
coreset

size
is

in
d
ep

en
d
en

t
of

th
e

card
in

ality
ofX

w
e

can
(a

t
lea

st
fro

m
th

e
p

ersp
ective

of
d
evelop

in
g

a
p

oly
n
om

ial
tim

e
algorith

m
)

aff
ord

to
u
se

a
m

o
re

“
ex

p
en

siv
e”

m
eth

o
d
.

In
geom

etric
clu

sterin
g

p
rob

lem
s

su
ch

as
k
-m

ea
n
s

or
k
-m

ed
ian

,
w

h
ere

d
a
ta

p
o
in

ts
are

h
ard

-assign
ed

to
th

e
closest

clu
ster

(p
oin

t,
su

b
sp

ace,
etc.),

it
is

p
o
ssib

le
to

fi
n
d

th
e

o
p
tim

a
l

clu
sterin

g
v
ia

ex
h
au

stiv
e

search
,

b
y

sim
p
ly

con
sid

erin
g

all
p

o
ssib

le
p
a
rtition

s
of

th
e

coreset,
an

d
p
ick

in
g

th
e

b
est

on
e.

T
h
is

p
ro

ced
u
re

–
con

stru
ctin

g
a

co
reset

o
f

size
in

d
ep

en
d
en

t
of
n

,
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1
,l

og
n
,l

og
(1
/δ

))
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

In
or

d
er

to
co

n
st

ru
ct

a
co

re
se

t
fo

r
th

e
u
n
io

n
of

tw
o

(w
ei

gh
te

d
)

co
re

se
ts

,
w

e
u
se

w
ei

g
h
te

d
ve

rs
io

n
s

of
A

lg
or

it
h
m

s
1

an
d

2,
w

h
er

e
w

e
co

n
si

d
er

a
w

ei
gh

te
d

p
oi

n
t

as
co

p
ie

s
o
f

a
n
o
n
-

w
ei

gh
te

d
p

oi
n
t

(p
os

si
b
ly

w
it

h
fr

ac
ti

on
al

w
ei

gh
t)

.

5
.2

D
is

tr
ib

u
te

d
C

o
m

p
u

ta
ti

o
n

U
si

n
g

th
e

sa
m

e
id

ea
s

fr
om

th
e

st
re

am
in

g
m

o
d
el

,
a

(n
on

-p
ar

al
le

l)
co

re
se

t
co

n
st

ru
ct

io
n

ca
n

b
e

tr
an

sf
or

m
ed

in
to

a
p
ar

al
le

l
on

e.
W

e
p
ar

ti
ti

on
th

e
d
a
ta

an
d

co
m

p
u
te

a
co

re
se

t
fo

r
ea

ch
p
ar

ti
ti

on
in

d
ep

en
d
en

tl
y.

W
e

th
en

in
p
ar

al
le

l
m

er
ge

v
ia

p
ro

p
er

ty
(1

)
tw

o
co

re
se

ts
,

a
n
d

co
m

-
p
u
te

a
si

n
gl

e
co

re
se

t
fo

r
ev

er
y

p
ai

r
of

su
ch

co
re

se
ts

ex
p
lo

it
in

g
th

e
p
ro

p
er

ty
(2

).
C

o
n
ti

n
u
in

g
in

th
is

m
an

n
er

y
ie

ld
s

a
p
ro

ce
ss

th
at

ta
ke

s
O

(l
og
n

)
it

er
at

io
n
s

of
p
ar

al
le

l
co

m
p
u
ta

ti
o
n
.

T
h
is

co
m

p
u
ta

ti
on

is
n
at

u
ra

ll
y

su
it

ed
fo

r
m

ap
-r

ed
u
ce

(D
ea

n
an

d
G

h
em

aw
at

,
20

04
)

st
y
le

co
m

p
u
-

ta
ti

on
s,

w
h
er

e
th

e
m

ap
ta

sk
s

co
m

p
u
te

co
re

se
ts

fo
r

d
is

jo
in

t
p
ar

ts
of
X

,
an

d
th

e
re

d
u
ce

ta
sk

s
p

er
fo

rm
th

e
m

er
ge

-a
n
d
-c

om
p
re

ss
op

er
a
ti

on
s.

F
ig

u
re

3
il
lu

st
ra

te
s

th
is

p
ar

al
le

l
co

n
st

ru
ct

io
n
.

T
h

e
o
re

m
4

A
(k
,ε

)-
co

re
se

t
fo

r
a

se
t

o
f
n

po
in

ts
in

R
d

ca
n

be
co

m
p
u

te
d

fo
r

th
e
λ

-s
em

i-
sp

h
er

ic
a
l

G
M

M
u

si
n

g
m

m
a
ch

in
es

in
ti

m
e

(n
/m

)
·p

ol
y
(d
,k
,λ
−

1
,ε
−

1
,l

og
(1
/
δ)
,l

o
g
n

)
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

F
u
rt

h
er

m
or

e,
if

w
e

h
av

e
en

ou
gh

m
em

or
y

on
on

e
of

th
e

m
ac

h
in

es
w

e
ca

n
a
p
p
ly

a
si

m
p
le

r
al

go
ri

th
m

.
F

ir
st

,
p
ar

ti
ti

on
th

e
d
at

a
to
m

m
ac

h
in

es
an

d
co

m
p
u
te

a
(ε
/3

)-
co

re
se

t
o
n

ea
ch

,
p
ro

d
u
ci

n
g

co
re

se
ts
C 1
,C

2
,.
..
,C
m

.
T

h
en

th
e

u
n
io

n
C

=
∪m i

=
1
C i

is
a

(ε
/
3)

-c
o
re

se
t

fo
r

th
e

w
h
ol

e
d
at

a
se

t
an

d
it

s
si

ze
is

b
ou

n
d
ed

b
y
m
·m

ax
i
|C
i|.

T
o

ob
ta

in
a

co
re

se
t

of
si

ze
in

d
ep

en
d
en

t
of

th
e

n
u
m

b
er

of
m

ac
h
in

es
m

,
it

su
ffi

ce
s

to
co

n
st

ru
ct

a
(ε
/
3)

-c
o
re

se
t

of
C.

F
in

al
ly

,
F

el
d
m

an
an

d
T

as
sa

(2
01

5)
u
n
ifi

ed
th

e
st

re
am

in
g

an
d

d
is

tr
ib

u
te

d
a
p
p
ro

a
ch

es
w

h
en

th
e

d
at

a
se

t
si

ze
is

u
n
k
n
ow

n
ap

ri
or

i.
T

h
ey

p
ro

p
os

e
sp

li
tt

in
g

th
e

in
p
u
t

st
re

a
m

in
to

se
ve

ra
l

sm
al

le
r

st
re

am
s

w
h
er

eb
y

ea
ch

m
a
ch

in
e

p
ro

ce
ed

s
to

co
n
st

ru
ct

th
e

co
re

se
t

tr
ee

fo
r

it
s

ow
n

st
re

am
.

6
.

E
x
p

e
ri

m
e
n
ta

l
E

v
a
lu

a
ti

o
n

T
h
e

go
al

of
th

is
se

ct
io

n
is

to
d
em

on
st

ra
te

th
e

eff
ec

ti
ve

n
es

s
of

u
si

n
g

co
re

se
ts

fo
r

tr
a
in

in
g

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

s.
T

o
th

is
en

d
,

w
e

co
m

p
ar

e
ou

r
co

re
se

t
b
as

ed
ap

p
ro

a
ch

to
th

e
“n

ai
ve

”
ap

p
ro

ac
h

of
u
n
if

or
m

ly
su

b
sa

m
p
li
n
g

th
e

d
at

a
u
si

n
g

m
o
d
el

s
tr

ai
n
ed

o
n

th
e

fu
ll

d
at

a
se

t
as

a
b
as

el
in

e.

W
e

co
n
st

ru
ct

co
re

se
ts

an
d

u
n
if

or
m

su
b
sa

m
p
le

s
of

si
ze

s
ra

n
gi

n
g

fr
om

1’
0
0
0

to
1
0
’0

0
0
.

F
or

u
n
if

or
m

su
b
sa

m
p
li
n
g,

w
e

su
b
sa

m
p
le

th
e

d
at

a
se

t
an

d
fi
t

th
e

m
o
d
el

u
si

n
g

A
lg

o
ri

th
m

4
w

h
er

e
w

e
se

t
th

e
w

ei
gh

t
of

ea
ch

p
oi

n
t

to
on

e.
F

or
th

e
co

re
se

t
b
as

ed
ap

p
ro

a
ch

w
it

h
k

m
ix

tu
re

co
m

p
on

en
ts

w
e

fi
rs

t
co

n
st

ru
ct

a
b
ic

ri
te

ri
a

ap
p
ro

x
im

a
ti

on
u
si

n
g

A
lg

o
ri

th
m

2
a
n
d

co
n
st

ru
ct

th
e

co
re

se
t

u
si

n
g

A
lg

or
it

h
m

1.
F

in
al

ly
,
w

e
fi
t

a
G

M
M

on
th

e
w

ei
gh

ed
co

re
se

t
u
si

n
g

A
lg

or
it

h
m

4.
W

e
st

op
it

er
at

in
g

b
et

w
ee

n
E

M
st

ep
s

if
th

e
n
u
m

b
er

of
it

er
at

io
n
s

is
g
re

a
te

r
th

a
n

10
0,

or
th

e
re

la
ti

ve
lo

g-
li
ke

li
h
o
o
d

ch
an

ge
d

is
sm

al
le

r
th

an
10
−

3
an

d
ap

p
ly

p
ri

o
r

th
re

sh
o
ld

in
g

w
it

h
λ

=
0.

00
1

(S
ec

ti
on

4)
.

W
e

co
m

p
ar

e
th

e
m

ed
ia

n
re

su
lt

s
fr

om
20

0
ru

n
s

fo
r

th
e

su
b
sa

m
p
li
n
g

m
et

h
o
d
s

a
n
d

be
st

ou
t

of
10

0
ru

n
s

on
th

e
fu

ll
d
at

a
se

t.
F

or
ea

ch
ru

n
w

e
st

or
e

th
e

sa
m

p
li
n
g

ti
m

e,
so

lv
in

g
ti

m
e

an
d

th
e

lo
g-

li
ke

li
h
o
o
d
C

on
th

e
te

st
se

t.
F

in
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,

w
e
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lc

u
la

te
th

e
re

la
ti

ve
er

ro
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T
r
a
in
in
g

G
a
u
ssia

n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

η
=
|(C
−
C
f
u
ll )/C

f
u
ll |

for
b

oth
u
n
iform

su
b
sam

p
lin

g
an

d
coresets.

F
or

each
d
ata

set
w

e
u
se

8
0
%

o
f

th
e

d
ata

for
train

in
g

an
d

th
e

rem
ain

in
g

20%
fo

r
com

p
u
tin

g
th

e
error.

W
e

p
erfo

rm
th

e
evalu

ation
on

fou
r

real-w
orld

d
ata

sets
an

d
su

m
m

arize
ou

r
ob

servation
s

as
fo

llow
s:

1
.
H
ig
g
s.

C
on

tain
s

11’000’000
in

stan
ces

d
escrib

in
g

sign
al

p
ro

cesses
w

h
ich

p
ro

d
u
ce

H
iggs

b
o
so

n
s

a
n
d

b
ack

grou
n
d

p
ro

cesses
w

h
ich

d
o

n
ot

(B
ald

i
et

al.,
2014).

W
e

con
sid

er
th

e
fi
rst

tw
o

p
rin

cip
al

com
p

on
en

ts
com

p
on

en
ts

an
d

fi
t

G
M

M
s

w
ith

150
co

m
p

on
en

ts.
F

or
m

=
1
0
’000

th
e

coreset
b
ased

ap
p
roach

lead
s

to
a

sp
eed

u
p

of
57.5×

w
ith

a
relative

erro
r

o
f

4
%

.
A

t
th

e
sam

e
tim

e,
u
n
iform

su
b
sam

p
lin

g
lead

s
to

a
relative

error
o
f

12
.2%

.

2
.
c
sn

.
C

o
n
tain

s
80’000

in
stan

ces
w

ith
17

featu
res

ex
tracted

from
acceleration

d
ata

reco
rd

ed
from

volu
n
teers

carry
in

g
an

d
op

eratin
g

th
eir

p
h
on

e
in

n
orm

al
con

d
ition

s
(F

a
u
lk

n
er

et
al.,

2011).
W

e
fi
t

G
M

M
w

ith
100

com
p

on
en

ts.
F

or
m

=
10’000

th
e

co
reset

b
ased

ap
p
roach

lead
s

to
a

sp
eed

u
p

of
7×

w
ith

a
relativ

e
error

of
6.6%

.
A

t
th

e
sa

m
e

tim
e,

u
n
iform

su
b
sam

p
lin

g
lead

s
to

a
relative

error
of

58
.7%

.

3
.
K
d
d
.

C
o
n
tain

s
145’000

in
stan

ces
w

ith
7
4

featu
res

m
easu

rin
g

th
e

m
atch

b
etw

een
a

p
rotein

a
n
d

a
n
ativ

e
seq

u
en

ce.
W

e
fi
t

G
M

M
s

w
ith

10
com

p
on

en
ts.

F
or
m

=
1
0’000

th
e

co
reset

b
ased

ap
p
roach

lead
s

to
a

sp
eed

u
p

of
8
.3×

w
ith

a
relative

error
of

2.7%
.

A
t

th
e

sam
e

tim
e,

u
n
iform

su
b
sam

p
lin

g
lead

s
to

a
relative

error
of

16
.8%

.
W

e
ob

serv
e

th
a
t

m
o
d
els

train
ed

on
th

e
u
n
iform

su
b
sam

p
le

m
ay

b
e

m
ore

sen
sitiv

e
to

in
itialization

.

4
.
m
sy

p
.

C
on

tain
s

515’345
in

stan
ces

w
ith

90
featu

res
w

h
ich

rep
resen

t
tim

b
re

av
erage

a
n
d

tim
b
re

covarian
ce

for
m

ostly
w

estern
,

com
m

ercial
track

s
ran

gin
g

from
1922–

2011.
W

e
con

sid
er

th
e

top
25

p
rin

cip
al

com
p

on
en

ts
an

d
fi
t

G
M

M
s

w
ith

50
com

p
on

en
ts.

F
or

m
=

5’0
0
0

th
e

coreset
b
ased

ap
p
roach

lead
s

to
a

sp
eed

u
p

of
78×

w
ith

a
relativ

e
error

o
f

2
.3

%
.

A
t

th
e

sam
e

tim
e,

u
n
iform

su
b
sam

p
lin

g
lead

s
to

a
relative

error
o
f

3.9
%

.

W
e

o
b
serve

th
a
t,

for
a

fi
x
ed

su
b
sam

p
le

size,
coresets

en
joy

sm
aller

ap
p
rox

im
ation

errors
a
n
d

o
b
ta

in
sig

n
ifi

can
t

sp
eed

u
p
s

w
ith

resp
ect

to
solv

in
g

th
e

p
rob

lem
on

th
e

fu
ll

d
ata

set.

7
.

R
e
la

te
d

W
o
rk

T
h
is

p
ap

er
is

a
n

ex
ten

d
ed

version
of

F
eld

m
an

et
al.

(2011)
an

d
p
rov

id
es

sign
ifi

can
t

im
p
rove-

m
en

ts
over

th
e

p
rior

w
ork

.
T

h
e

th
eoretical

an
a
ly

sis
is

ex
ecu

ted
d
irectly

o
n

th
e

n
egative

log-
likelih

o
o
d

fu
n
ction

.
T

h
is

in
tu

rn
lead

s
to

a
n
ov

el
im

p
ortan

ce
sam

p
lin

g
sam

p
lin

g
strategy

a
s

w
ell

a
s

a
m

ore
p
ractical

algorith
m

w
ith

lin
ear

ru
n
n
in

g
tim

e
in
n

.
F

u
rth

erm
o
re,

w
e

p
rov

e
th

a
t

o
n
e

ca
n

u
se

a
n

y
b
icriteria

ap
p
rox

im
ation

for
th

e
k
-m

ean
s

clu
sterin

g
p
rob

lem
as

a
b
asis

fo
r

th
e

im
p

o
rta

n
ce

sam
p
lin

g
sch

em
e.

O
verall,

w
e

a
re

ab
le

to
con

stru
ct

larger
co

resets
in

less
tim

e
(a

p
p
rox

im
ately

tw
o

ord
ers

of
m

agn
itu

d
e)

an
d

sign
ifi

can
tly

im
p
rove

th
e

ex
p

erim
en

tal
resu

lts.
T

o
en

su
re

th
e

u
n
iform

con
vergen

ce
over

C
,

w
e

p
resen

t
n
ew

p
ro

of
for

th
e

com
p
lex

ity
(p

seu
d
o
-d

im
en

sion
)

of
a

m
ix

tu
re

of
G

au
ssian

s
b
y

forgin
g

a
lin

k
to

V
C

an
aly

sis
of

n
eu

ral
n
etw

o
rk

s.
T

h
e

em
p
irical

evalu
ation

con
sid

ers
d
ata

sets
tw

o
ord

ers
of

m
agn

itu
d
e

larger
th

an
th

o
se

in
p
rio

r
w

ork
.
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

2
1
0

2
1
1

2
1
2

2
1
3

S
u

b
sam

p
le

size

-5 -3 -1 1

log2 η

C
o
r
e
se

t U
n
if

o
r
m

h
ig

g
s

2
1
0

2
1
1

2
1
2

2
1
3

S
u

b
sa

m
p

le
size

-3 -1 1 3

C
o
r
e
se

t U
n
if

o
r
m

c
sn

2
1
0

2
1
1

2
1
2

2
1
3

S
u

b
sa

m
p

le
size

-5 -4 -3 -2 -1 0

C
o
r
e
se

t U
n
if

o
r
m

k
d

d

2
1
0

2
1
1

2
1
2

2
1
3

S
u

b
sa

m
p

le
size

-6 -5 -4 -3 -2

C
o
r
e
se

t U
n
if

o
r
m

m
sy

p

F
igu

re
4:

M
ed

ian
relative

erro
r
η

w
ith

resp
ect

to
th

e
b

est
m

o
d
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p
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p
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si

ti
vi

ty
is

d
efi

n
ed

a
s
S

=
1 |X
|∑

x
∈X

σ
C
(x

).

F
or

th
e

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

,
th

e
qu

er
y

sp
a
ce

C
is

th
e

sp
ac

e
of

al
l
p

os
si

b
le

G
M

M
s

w
it

h
k

co
m

p
on

en
ts

in
d

d
im

en
si

on
s.

W
h
il
e

th
e

ex
ac

t
se

n
si

ti
v
it

y
is

h
ar

d
to

co
m

p
u
te

,
L

a
n
g
b

er
g

a
n
d

S
ch

u
lm

an
(2

01
0)

sh
ow

th
at

an
y

u
n
if

or
m

u
p
p

er
b

ou
n
d
s C

(x
)

to
σ
C
(x

)
ca

n
b

e
u
se

d
.

L
o
o
se

r
b

ou
n
d
s

w
il
l
le

ad
to

la
rg

er
co

re
se

ts
,
so

on
e

sh
ou

ld
ai

m
to

p
ro

v
id

e
th

e
ti

gh
te

st
b

o
u
n
d

p
o
ss

ib
le

.

A
.1

T
o
ta

l
S

e
n

si
ti

v
it

y
b
y

R
e
d

u
c
ti

o
n

to
th

e
E

u
c
li
d

e
a
n

S
p

a
c
e

T
h
e

fo
ll
ow

in
g

le
m

m
a

b
ou

n
d
s

th
e

d
iff

er
en

ce
in

lo
g-

li
ke

li
h
o
o
d

co
n
tr

ib
u
ti

on
of

tw
o

p
o
in

ts
fo

r
an

y
fi
x
ed

λ
-s

em
i-

sp
h
er

ic
al

G
M

M
.

L
e
m

m
a

6
L

et
C
λ

be
th

e
fa

m
il

y
o
f
λ

-s
em

i-
sp

h
er

ic
a
l

G
a
u

ss
ia

n
m

ix
tu

re
s

o
f
k

co
m

po
n

en
ts

.
F

o
r

a
fi

xe
d
θ
∈
C
λ

d
efi

n
e
f θ

:
X
→

[0
,+
∞

)
a
s

f θ
(x

)
=
−

ln
k ∑ i=

1

w
i

Z
(θ

)√
|2
π

Σ
i|ex

p

( −
1 2

(x
−
µ
i)
T

Σ
−

1
i

(x
−
µ
i)

)
,

w
h
er

e
Z

(θ
)

=
∑

k i=
1

w
i

√
|2
π

Σ
i
|.

T
h
en

,
fo

r
ev

er
y
x
,y
∈
R
d

it
h
o
ld

s
th

a
t

f θ
(x

)
≤

1 λ
‖x
−
y
‖2 2

+
2
f θ

(y
).

P
ro

o
f

L
et
a
,x
∈
R
d
.

B
y

th
e

w
ea

k
tr

ia
n
gl

e
in

eq
u
al

it
y

fo
r

a
fi
x
ed

i
∈

[k
],

∥ ∥ ∥Σ
−

1
/
2

i
(x
−
µ
i)
∥ ∥ ∥2 2
≤

2
∥ ∥ ∥Σ
−

1
/
2

i
(x
−
a
)∥ ∥ ∥2 2

+
2
∥ ∥ ∥Σ
−

1
/
2

i
(a
−
µ
i)
∥ ∥ ∥2 2
.
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)
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T
r
a
in
in
g

G
a
u
ssia

n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

L
et
U
D
U
T

d
en

ote
th

e
S
V

D
of

Σ
i

an
d

n
ote

th
at
U

is
an

orth
ogon

al
m

a
trix

.
A

s
su

ch
,

∥∥∥
Σ
−

1
/
2

i
(x
−
a
) ∥∥∥

2
=
∥∥∥
U
D
−

1
/
2U

T
(x
−
a
) ∥∥∥

2
=
∥∥∥
D
−

1
/
2U

T
(x
−
a
) ∥∥∥

2

≤
∥∥
U
T

(x
−
a
) ∥∥

2
√
λ

≤
‖
x
−
a‖

2
√
λ

,

w
h
ich

co
m

b
in

ed
w

ith
(1)

y
ield

s
∥∥∥
Σ
−

1
/
2

i
(x
−
µ
i ) ∥∥∥

22 ≤
2λ
‖
x
−
a‖

22
+

2 ∥∥∥
Σ
−

1
/
2

i
(a−

µ
i ) ∥∥∥

22
.

A
s

su
ch

,f
θ (x

)≤
−

ln (
k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i | ex

p (−
1λ
‖
x
−
a‖

22 −
∥∥∥
Σ
−

1
/
2

i
(a−

µ
i ) ∥∥∥

22 ) )

=
1λ
‖x
−
a‖

22 −
ln (

k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i | ex

p (−
12

∥∥∥
Σ
−

1
/
2

i
(a−

µ
i ) ∥∥∥

22 )
2 )

≤
1λ
‖x
−
a‖

22 −
ln (

k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i | ex

p (−
12

∥∥∥
Σ
−

1
/
2

i
(a−

µ
i ) ∥∥∥

22 ) )
2

=
1λ
‖x
−
a‖

22
+

2
f
θ (a

),

b
y

J
en

sen
’s

in
eq

u
ality

an
d

th
e

fact
th

at

k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i |

=
1

Z
(θ)

k
∑i=

1

w
i

√
|2
π

Σ
i |

=
1.

T
h
e

critica
l

in
sigh

t
n
ecessary

to
com

p
u
te

an
u
p
p

er-b
ou

n
d

on
th

e
sen

sitiv
ity

of
each

p
oin

t
is

to
n
o
te

th
a
t

th
e

d
en

om
in

ator
in

(5)
can

b
e

low
er-b

ou
n
d
ed

b
y

a
rou

gh
ap

p
rox

im
ation

to
th

e
o
p
tim

a
l
k
-m

ean
s

clu
sterin

g
ofX

.

L
e
m

m
a

7
L

et
C
λ

be
th

e
fa

m
ily

o
f
λ

-sem
i-sp

h
erica

l
G

a
u

ssia
n

m
ixtu

res
w

ith
k

co
m

po
n

en
ts.

L
etX

⊂
R
d,

a
n

d
C
?

=
m

in
C
⊂
R
d×
k
φ

(X
,C

).
L

etB
⊂

R
d×
β

su
ch

th
a
t
φ

(X
,B

)≤
α
φ

(X
,C

?).
T

h
e

sen
sitivity

o
f
x
∈
X

w
ith

respect
to

C
λ ,

σ
(x

)
=

su
p

θ∈
C
λ

f
θ (x

)
1|X| ∑

x
′∈X

f
θ (x
′) ,

is
bo

u
n

d
ed

by

σ
(x

)≤
s(x

)
=
|X
|

2λ
2 (

α
d
(x
,B

)
2

∑
x
′∈X

d
(x
′,B

)
2

+
2
α

|X
j | ∑

x
′∈X

j
d
(x
′,B

)
2

∑
x
′∈X

d
(x
′,B

)
2

+
2

|X
j | )

.

F
u

rth
erm

o
re,

it
h
o
ld

s
th

a
t

S
≤

1|X
| ∑x∈X

s(x
)

=
1λ
2
(6α

+
4
β

).
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

P
ro

o
f

S
et
B

p
artition

s
X

in
to
β

V
oron

oi
cells,X

1 ,...,X
β
.

C
o
n
sid

er
som

e
x
∈
X
j

an
d

θ
∈
C
λ .

B
y

L
em

m
a

6
it

h
old

s
th

at

f
θ (x

)
∑

x
′∈X

f
θ (x
′)
≤

1λ

d
(x
,B

)
2

∑
x
′∈X

f
θ (x
′)

︸
︷︷

︸
u

+
2f
θ (y

)
∑

x
′∈X

f
θ (x
′)

︸
︷︷

︸
v

.
(2)

W
e

n
ow

u
p
p

er-b
ou

n
d

th
e

righ
t

h
an

d
sid

e.
T

o
b

ou
n
d
u
,

let
Σ
i

=
U
D
U
T

b
e

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
Σ
i

an
d
µ
i

th
e

corresp
on

d
in

g
m

ean
.

S
in

ce
U

is
a

rotation
m

atrix
∥∥∥
Σ
−

1
/
2

i
(x
−
µ
i ) ∥∥∥

2
=
∥∥∥
U
D
−

1
/
2U

T
(x
−
µ
i ) ∥∥∥

2
=
∥∥∥
D
−

1
/
2U

T
(x
−
µ
i ) ∥∥∥

2

≥
√
λ ∥∥

U
T

(x
−
µ
i ) ∥∥

2
=
√
λ‖
x
−
µ
i ‖

2 ≥
√
λ

d
(x
,µ

)

w
h
ere

µ
=
{
µ

1 ,...,µ
k }.

N
otin

g
th

at
Z

(θ)
is

a
n
orm

alization
con

sta
n
t

it
follow

s
th

at

f
θ (x

)≥
−

ln (
k
∑i=

1

w
i

Z
(θ) √

|2
π

Σ
i | ex

p (−
λ2

d
(x
,µ

)
2 ) )

=
λ2

d
(x
,µ

)
2

S
u
m

m
in

g
ov

er
x
′∈
X

y
ield

s

∑x
′∈X

f
θ (x
′)≥

λ2

∑x
′∈X

d
(x
,µ

)
2≥

λ2
m

in
C
⊂
R
d×
k

∑x
′∈X

d
(x
′,C

)
2≥

λ2α

∑x
′∈X

d
(x
′,B

)
2,

w
h
ere

th
e

last
in

eq
u
ality

follow
s

b
y

th
e

d
efi

n
ition

ofB
.

T
h
u
s,

u
=

1λ

d
(x
,B

)
2

∑
x
′∈X

f
θ (x
′)
≤

2αλ
2

d
(x
,B

)
2

∑
x
′∈X

d
(x
′,B

)
2
.

(3)

T
o

u
p
p

er-b
ou

n
d
v

con
sid

er
again

th
e

V
oron

oi
p
artition

in
g

ofX
in

d
u
ced

b
y
B

.
L

et
x
∈
X

w
ith

th
e

corresp
on

d
in

g
cellX

j ⊆
X

,
an

d
y

=
B
j

su
ch

th
at

d
(x
,B

)
=
‖
x
−
y‖

2
(y

in
d
u
ced

th
e

cellX
j ).

B
y

sw
ap

p
in

g
x

an
d
y

in
L

em
m

a
6

w
e

h
ave

f
θ (y

)≤
1λ

d
(x
,B

)
2

+
2
f
θ (x

)

an
d

su
m

m
in

g
over

x
′∈
X
j

y
ield

s

|X
j |f

θ (y
)≤

1λ

∑x
′∈X

j

d
(x
′,B

)
2

+
2
∑x
′∈X

j

f
θ (x
′)

≤
1λ

∑x
′∈X

j

d
(x
′,B

)
2

+
2
∑x
′∈X

f
θ (x
′).

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
f
θ (x

)≥
0.

H
en

ce,

f
θ (y

)
∑

x
′∈X

f
θ (x
′)
≤

1λ

∑
x
′∈X

j
d
(x
′,B

)
2

|X
j | ∑

x
′∈X

f
θ (x
′)

+
2

|X
j |

≤
2αλ

2

∑
x
′∈X

j
d
(x
′,B

)
2

|X
j | ∑

x
′∈X

d
(x
′,B

)
2

+
2

|X
j | .

(4)
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T
r
a
in
in
g

G
a
u
ss
ia
n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

S
in

ce
th

e
ch

oi
ce

of
θ

w
as

ar
b
it

ra
ry

,
b
y

ap
p
ly

in
g

th
e

ob
ta

in
ed

b
ou

n
d
s

(3
)

an
d

(4
)

to
(2

)
it

fo
ll
ow

s
th

at

σ
(x

)
≤
|X
|2 λ

2

(
α

d
(x
,B

)2

∑
x
′ ∈
X

d
(x
′ ,
B)

2
+

2
α |X
j
|∑

x
′ ∈
X j

d
(x
′ ,
B)

2

∑
x
′ ∈
X

d
(x
′ ,
B)

2
+

2λ
2

|X
j
|)

≤
|X
|2 λ

2

(
α

d
(x
,B

)2

∑
x
′ ∈
X

d
(x
′ ,
B)

2
+

2
α |X
j
|∑

x
′ ∈
X j

d
(x
′ ,
B)

2

∑
x
′ ∈
X

d
(x
′ ,
B)

2
+

2 |X
j
|)

:=
s(
x

)

si
n
ce
λ
∈

(0
,1

).
H

en
ce

,
th

e
to

ta
l

se
n
si

ti
v
it

y
m

ay
b

e
b

ou
n
d
ed

b
y

S
≤

1 |X
|∑ x
∈X

s(
x

)
=

1 λ
2
(6
α

+
4
β

).

A
n

at
tr

ac
ti

ve
p
ro

p
er

ty
of

th
is

re
su

lt
is

th
at

th
e

to
ta

l
se

n
si

ti
v
it

y
is

in
d
ep

en
d
en

t
of
|X
|.

F
u
rt

h
er

m
or

e,
to

co
m

p
u
te

th
e

b
ou

n
d

w
e

on
ly

n
ee

d
a

b
ic

ri
te

ri
a

ap
p
ro

x
im

at
io

n
to

th
e
k
-

m
ea

n
s

ob
je

ct
iv

e
w

h
ic

h
ca

n
b

e
co

m
p
u
te

d
in

li
n
ea

r
ti

m
e

w
it

h
th

e
p

op
u
la

r
k
-M

e
a
n
s+

+
al

go
ri

th
m

(A
rt

h
u
r

an
d

V
as

si
lv

it
sk

ii
,

20
07

)
fo

r
w

h
ic

h
α

=
O

(l
og

2
k
)

an
d
β

=
k

re
su

lt
in

g
in

to
ta

l
se

n
si

ti
v
it

y
of
O
( k
/λ

2
) .

A
s

sh
ow

n
in

L
u
ci

c
et

al
.

(2
01

6a
),

th
is

b
ou

n
d

on
th

e
to

ta
l

se
n
si

ti
v
it

y
is

ti
gh

t
(u

p
to

a
co

n
st

an
t)

as
th

er
e

ex
is

ts
a

d
at

a
se

t
X

fo
r

w
h
ic

h
S
∈

Θ
(k

).

A
.2

P
se

u
d

o
-d

im
e
n

si
o
n

o
f

G
a
u

ss
ia

n
M

ix
tu

re
s

T
h
e

ot
h
er

ke
y

fa
ct

or
in

b
ou

n
d
in

g
th

e
co

re
se

t
si

ze
is

th
e

co
m

b
in

at
or

ia
l

co
m

p
le

x
it

y
of

th
e

fu
n
ct

io
n

fa
m

il
y
F

in
d
u
ce

d
b
y

th
e

m
ax

im
u
m

li
k
el

ih
o
o
d

es
ti

m
at

io
n

of
th

e
G

au
ss

ia
n

m
ix

tu
re

.
M

or
e

co
m

p
le

x
m

o
d
el

s
re

q
u
ir

e
m

or
e

sa
m

p
le

s
fo

r
u
n
if

or
m

co
n
v
er

ge
n
ce

.
W

e
fi
rs

t
in

tr
o
d
u
ce

th
e

re
q
u
ir

ed
d
efi

n
it

io
n
s

to
en

su
re

th
at

th
e

ex
p

os
it

io
n

is
se

lf
-c

on
ta

in
ed

.

D
e
fi

n
it

io
n

8
(V

C
d

im
e
n

si
o
n

)
L

et
X

be
a

gr
o
u

n
d

se
t

a
n

d
F

be
a

se
t

o
f

fu
n

ct
io

n
s

fr
o
m

X
to
{0
,1
}.

F
ix

a
se

t
S

=
{x

1
,.
..
,x

n
}
⊂
X

a
n

d
a

fu
n

ct
io

n
f
∈
F

.
W

e
ca

ll
S
f

=
{x

i
∈
S
|

f
(x
i)

=
1}

th
e

in
d
u

ce
d

su
bs

et
o
f
S

by
f

.
A

su
bs

et
S

=
{x

1
,.
..
,x

n
}

o
f
X

is
sh

a
tt

er
ed

by
F

if
|{
S
f
|f
∈
F
}|

=
2n

.
V

C
d
im

en
si

o
n

o
f
F

is
th

e
si

ze
o
f

th
e

la
rg

es
t

su
bs

et
o
f
X

sh
a
tt

er
ed

by
F

.
If
F

ca
n

sh
a
tt

er
se

ts
o
f

a
rb

it
ra

ry
si

ze
V

C
d
im

en
si

o
n

o
f
F

is
∞

.

T
h
es

e
n
ot

io
n
s

n
at

u
ra

ll
y

ex
te

n
d

to
fu

n
ct

io
n
s

m
ap

p
in

g
to

R
(o

r
a

su
b
se

t
th

er
eo

f)
.

D
e
fi

n
it

io
n

9
(P
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u

d
o
-d

im
e
n
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o
n

)
L

et
X
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a

gr
o
u

n
d

se
t

a
n

d
F
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a

se
t

o
f

fu
n

ct
io

n
s
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o
m
X

to
th

e
in
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rv

a
l

[0
,1

].
F
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a

se
t
S

=
{x

1
,.
..
,x

n
}
⊂
X

,
a

se
t

o
f

re
a
ls
R

=
{r

1
,.
..
,r
n
},
r i
∈

[0
,1

]
a
n

d
a

fu
n

ct
io

n
f
∈
F

.
W

e
ca

ll
S
f

=
{x

i
∈
S
|f

(x
i)
≥
r i
}

th
e

in
d
u

ce
d

su
bs

et
o
f
S

fo
rm

ed
by

f
a
n

d
R

.
S

u
bs

et
S

w
it

h
a
ss

oc
ia

te
d

va
lu

es
R

is
sh

a
tt

er
ed

by
F

if
|{
S
f
|f
∈
F
}|

=
2
n

.
P

se
u

d
o
-d

im
en

si
o
n

o
f
F

is
th

e
ca

rd
in

a
li

ty
o
f

th
e
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rg

es
t

sh
a
tt

er
ed

su
bs

et
o
f
X

.
If
F

ca
n

sh
a
tt

er
se

ts
o
f

a
rb

it
ra

ry
si

ze
p
se

u
d
o
-d

im
en

si
o
n

o
f
F

is
∞

.

C
le
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ly

,
fo

r
ev

er
y

sp
ac

e
of

a
gi

ve
n

p
se

u
d
o-

d
im

en
si

on
w

e
ca

n
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n
st

ru
ct
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sp

ac
e
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th
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m
e

V
C
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im

en
si
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fo
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iz

ed
b
y

th
e
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ow
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g
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m

m
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L
u
c
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,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

L
e
m

m
a

1
0

F
o
r

a
n

y
f
∈
F

le
t
B
f

be
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

o
f

th
e

re
gi

o
n

be
lo

w
o
r

o
n

th
e

gr
a
p
h

o
f
f

,
i.

e.
B
f
(x
,y

)
=

sg
n
(f

(x
)
−
y
).

T
h
e

p
se

u
d
o
-d

im
en

si
o
n

o
f
F

is
p
re

ci
se

ly
th

e
V

C
-d

im
en

si
o
n

o
f

th
e

su
bg

ra
p
h

cl
a
ss
B
F

=
{B

f
|f
∈
F
}.

F
or

th
e

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

,
ea

ch
f θ

co
n
si

st
s

ex
cl

u
si

ve
ly

of
a
p
p
li
ca

ti
o
n
s

o
f

th
e

ex
p

on
en

ti
al

fu
n
ct

io
n

an
d

ar
it

h
m

et
ic

op
er

at
io

n
s

on
re

al
n
u
m

b
er

s.
T

h
e

p
ro

b
le

m
o
f

b
o
u
n
d
in

g
th

e
co

m
b
in

at
or

ia
l

co
m

p
le

x
it

y
of

su
ch

fu
n
ct

io
n

cl
as

se
s

h
as

re
ce

iv
ed

a
gr

ea
t

d
ea

l
o
f

in
te

re
st

w
h
ic

h
cu

lm
in

at
ed

in
th

e
fo

ll
ow

in
g

re
su

lt
(A

n
th

on
y

an
d

B
ar

tl
et

t,
20
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,

T
h
eo

re
m

8
.1

4
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T
h

e
o
re

m
1
1

L
et
h

be
a

fu
n

ct
io

n
fr

o
m

R
m
×

R
d

to
{0
,1
},

d
et

er
m

in
in

g
th

e
cl

a
ss

H
=
{x
7→
h

(
x

)
:
θ
∈
R
m
}.

S
u

p
po

se
th

a
t
h

ca
n

be
co

m
p
u

te
d

by
a
n

a
lg

o
ri

th
m

th
a
t

ta
ke

s
a
s

in
p
u

t
th

e
pa

ir
(θ
,x

)
∈
R
m
×
R
d

a
n

d
re

tu
rn

s
h

(θ
,x

)
a
ft

er
n

o
m

o
re

th
a
n
t

o
f

th
e

fo
ll

o
w

in
g

o
pe

ra
ti

o
n

s:
(i

)
th

e
ex

po
n

en
ti

a
l

fu
n

ct
io

n
α
7→
eα

o
n

re
a

l
n

u
m

be
rs

,

(i
i)

th
e

a
ri

th
m

et
ic

o
pe

ra
ti

o
n

s
+
,−
,×
,

a
n

d
/

o
n

re
a
l

n
u

m
be

rs
,

(i
ii

)
ju

m
p
s

co
n

d
it

io
n

ed
o
n
>
,≥
,<
,≤
,=
,

a
n

d
6=

co
m

pa
ri

so
n

s
o
f

re
a
l

n
u

m
be

rs
,

a
n

d

(i
v)

o
u

tp
u

t
0,

1.
If

th
e
t

o
pe

ra
ti

o
n

s
in

cl
u

d
e

n
o

m
o
re

th
a
n
p

in
w

h
ic

h
th

e
ex

po
n

en
ti

a
l

fu
n

ct
io

n
is

ev
a
lu

a
te

d
,

th
en

th
e

V
C

-d
im

en
si

o
n

o
f
H

is
O
( m

2
p

2
+
m
p
(t

+
lo

g
m
p
))

.

T
h

e
o
re

m
1
2

L
et

C
λ

be
th

e
fa

m
il

y
o
f
λ

-s
em

i-
sp

h
er

ic
a
l

G
a
u

ss
ia

n
m

ix
tu

re
s

w
it

h
k

co
m

po
-

n
en

ts
.

L
et
X
⊂

R
d

a
n

d
m

=
k
(d

+
1)

(d
+

2
)/

2
−

1.
D

efi
n

e
f θ

:
X
→

[0
,∞

)
a
s

f θ
(x

)
=
−

ln

(
k ∑ i=

1

w
i

Z
(θ

)√
|2
π

Σ
i|ex

p

( −
1 2

∥ ∥ ∥Σ
i−

1
/
2
(x
−
µ
i)
∥ ∥ ∥2 2

))
,

w
h
er

e
Z

(θ
)

=
∑

i
w
i

√
|2
π

Σ
i
|.

L
et
F

=
{f
θ
(x

)
|θ
∈
C
λ
⊂

R
m
}.

T
h
en

,
d
im
F
∈
O
( d

4
k

4
) .

P
ro

o
f

L
et
θ
∈

C
λ

an
d
r
∈

R
.

D
efi

n
e
h

:
R
m

+
1
×

R
d
→
{0
,1
}

su
ch

th
at
h
θ
,r

(x
)

=
1

iff
f θ

(x
)
≥
r.

L
et

th
e

co
rr

es
p

on
d
in

g
fu

n
ct

io
n

cl
as

s
b

e
d
efi

n
ed

as

H
=
{h

θ
,r

(·)
|h

θ
,r

:
X
→
{0
,1
}
|θ
∈
C
λ
⊂

R
m
,r
∈
R
}.

F
or

a
fi
x
ed

q
u
er

y
θ,

al
l

Σ
−

1
i
,∀
i
∈

[k
]

ar
e

w
el

l
d
efi

n
ed

as
θ
∈

C
λ
.

F
u
rt

h
er

m
o
re

,
w̃
i

=

w
i/

(Z
(θ

)√
|2
π

Σ
i|)
∈

R
,∀
i
∈

[k
]

an
d
∑

k i=
1
w̃
i

=
1.

A
s

sh
ow

n
in

F
ig

u
re

5
th

e
fu

n
ct

io
n

h
θ
,r

(x
)

ca
n

b
e

ev
al

u
at

ed
u
si

n
g
t

=
O

(m
)

ar
it

h
m

et
ic

op
er

at
io

n
s

ou
t

of
w

h
ic

h
ex

a
ct

ly
k

+
1

ar
e

ev
al

u
at

io
n
s

of
th

e
ex

p
on

en
ti

al
fu

n
ct

io
n
.

F
u
rt

h
er

m
or

e,
it

ca
n

b
e

ev
al

u
at

ed
w

it
h
o
u
t

u
si

n
g

th
e

n
at

u
ra

l
lo

ga
ri

th
m

b
y

co
m

p
u
ti

n
g
e−

r
.

B
y

L
em

m
a

10
an

d
T

h
eo

re
m

11
w

e
h
av

e

d
im
F

=
d
im

V
C
H
∈
O
( m

2
k

2
+
m
k
(t

+
lo

g
m
k
))
∈
O
( k

4
d

4
) .

T
h
e

lo
w

er
-b

ou
n
d

o
f

Ω
(k
d

2
)

w
as

es
ta

b
li
sh

ed
b
y

A
ka

m
a

an
d

Ir
ie

(2
01

1)
.

It
is

an
o
p

en
p
ro

b
le

m
w

h
et

h
er

th
is

ga
p

ca
n

b
e

cl
os

ed
fu

rt
h
er

in
th

e
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n
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tt
in

g.
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T
r
a
in
in
g

G
a
u
ssia

n
M
ix
t
u
r
e
M
o
d
e
l
s
a
t
S
c
a
l
e
v
ia

C
o
r
e
se

t
s

...

e
d
1

...

e
d
k

Σ e
x

≤
0

h
θ
,r (x

)

−
r−

1

x
1

x
2

x
3

x
d

w̃
1

w̃
k

F
ig

u
re

5
:

F
eed

-forw
a
rd

n
etw

o
rk

w
h
ich

calcu
lates

h
θ
,r (x

)
w

h
ereb

y
th

e
im

m
ed

iate
n
o
d
es

com
p
u
te

th
e

ex
p

o
n
en

ts
of

q
u
ad

ra
tic

form
s,

a
n
d

th
e

resu
ltin

g
su

m
is

co
m

p
a
red

to
zero.

A
.3

S
u

ffi
c
ie

n
t

C
o
re

se
t

S
iz

e

G
iven

th
e

p
seu

d
o-d

im
en

sion
d
im
F

an
d

som
e

u
p
p

er
b

ou
n
d

on
th

e
total

sen
sitiv

ity
S

w
e

m
ay

b
o
u
n
d

th
e

coreset
size

b
y

u
sin

g
th

e
follow

in
g

th
eorem

from
B

ach
em

et
al.

(2017b
).

T
h

e
o
re

m
1
3

(C
o
re

se
t

siz
e
)

L
et
ε
>

0
a
n

d
δ
∈

(0,1).
L

etX
be

a
w

eigh
ted

d
a
ta

set,Q
th

e
set

o
f

a
ll

po
ssible

qu
eries

a
n

d
f
Q

(x
)

:X
×
Q
→

R
≥

0
a

co
st

fu
n

ctio
n

.
L

et
s(x

)
:X
→

R
≥

0

d
en

o
te

a
n

y
u

p
per

bo
u

n
d

o
n

th
e

sen
sitivity

σ
(x

)
a
n

d
d
efi

n
e
S

=
∑

ni=
1
µ
X

(x
)s(x

).
L

et
C

be
a

sa
m

p
le

o
f
m

po
in

ts
fro

m
X

w
ith

rep
la

cem
en

t
w

h
ere

ea
ch

po
in

t
x
∈
X

is
sa

m
p
led

w
ith

p
ro

ba
bility

q(x
)

=
µ
X

(x
)s(x

)
S

a
n

d
ea

ch
po

in
t
x
∈
C

is
a
ssign

ed
th

e
w

eigh
t
µ
C (x

)
=

µ
X

(x
)

m
q
(x

) .
L

et

F
=
{

µ
X

(·)f
Q

(·)
co

st(X
,Q

)S
q
(·) |

Q
∈
Q
}

a
n

d
d ′

=
d
im
F

.
T

h
en

,
th

e
set

C
is

a
n
ε-co

reset
o
fX

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

fo
r

m
≥
cS

2

ε
2

(
d ′+

log
1δ )

,

w
h
ere

c
>

0
is

a
n

a
bso

lu
te

co
n

sta
n

t.

A
b

o
u
n
d

o
n

th
e

coreset
size

can
also

b
e

ob
tain

ed
b
y

ap
p
ly

in
g

th
e

m
ain

th
eorem

of
F

eld
m

an
an

d
L

a
n
gb

erg
(2011),

w
h
ere

on
e

n
eed

s
to

b
ou

n
d

th
e

p
rim

al
sh

atterin
g

d
im

en
sion

in
stead

of
th

e
p
seu

d
o
-d

im
en

sion
.

F
or

a
d
etailed

d
iscu

ssion
of

th
e

eff
ects

in
tro

d
u
ced

b
y

th
is

d
iff

eren
ce

w
e

refer
th

e
rea

d
er

to
B

ach
em

et
al.

(2017a).

N
ow

w
e

are
read

y
to

p
resen

t
th

e
p
ro

of
of

th
e

T
h
eorem

2
w

h
ich

states
th

a
t,

u
n
d
er

n
atu

ral
a
ssu

m
p
tio

n
s,

w
e

can
u
n
iform

ly
ap

p
rox

im
ate

th
e

log-likelih
o
o
d

of
th

e
m

o
d
el

train
ed

on
th

e
co

reset
a
n
d

th
e

likelih
o
o
d

of
th

e
m

o
d
el

train
ed

on
th

e
fu

ll
d
ata

set
as
ε→

0.

T
h

e
o
re

m
2

L
etX

⊂
R
d,
δ
∈

(0,1
),
ε
∈

(0,1
/2),

k
∈

N
,

a
n

d
λ
∈

(0,1
).

L
etB

1 ,...,B
p

be
th

e
o
u

tp
u

ts
o
f
p

=
dlog

2
1
/δe

in
d
epen

d
en

t
ru

n
s

o
f

A
lgo

rith
m

2
w

ith
in

p
u

tX
a
n

d
k

.
L

et
C

be
th

e
o
u

tp
u

t
o

f
A

lgo
rith

m
1

w
ith

α
=

16(log
2
k

+
2),B

?
=

argm
in
i∈{

1
,...,p}

φ
(X
,B

i )
a
n

d
co

reset
size

m
≥
c·
d

4k
6

+
k

2
log

1δ

λ
4ε

2
,

1
9
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L
u
c
ic
,
F
a
u
l
k
n
e
r
,
K
r
a
u
se

a
n
d

F
e
l
d
m
a
n

w
h
ere

c
>

0
is

a
n

a
bso

lu
te

co
n

sta
n

t.
T

h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

th
e

setC
is

a
(k
,ε)-co

reset
o
fX

.

P
ro

o
f

S
in

ce
all

p
ru

n
s

are
in

d
ep

en
d
en

t,
it

h
old

s
th

at

P
[φ

(X
,B

?)
>
t]

=
P
[

m
in

i∈{
1
,...,p}

φ
(X
,B

i )
>
t ]

=
Π
pi=

1 P
[φ

(X
,B

i )
>
t]≤

(
E

[φ
(X
,B

1 )]

t

)
p

b
y

M
ark

ov
’s

in
eq

u
ality.

B
y

T
h
eorem

5
of

A
rth

u
r

an
d

V
assilv

itsk
ii

(2007),
it

h
old

s
th

at

E
[φ

(X
,B

1 )]≤
8(log

2
k

+
2
)φ

(X
,O
P
T

).

H
en

ce,
for

p
=
dlo

g
2

1
/δe,

w
ith

p
rob

ab
ility

a
t

least
1−

δ,

φ
(X
,B

?)≤
1
6(log

2
k

+
2)φ

(X
,O
P
T

).

B
y

L
em

m
a

7
w

e
h
ave

th
at

s(x
)

=
|X
|

2λ
2 (

α
d
(x
,B

)
2

∑
x
′∈X

d
(x
′,B

)
2

+
2
α

|X
j | ∑

x
′∈X

j
d
(x
′,B

)
2

∑
x
′∈X

d
(x
′,B

)
2

+
2

|X
j | )
≥
σ

(x
)

for
each

x
∈
X

an
d

S
≤

1|X
| ∑x∈X

s(x
)

=
4α

+
2
β

λ
2

∈
O
(
kλ
2 )

(5)

sin
ce
α

=
O

(log
2
k
)

an
d
β

=
k
.

W
e

con
clu

d
e

th
e

p
ro

of
b
y

in
stan

tiatin
g

T
h
eorem

13
w

ith
µ
X

(x
)

=
1/|X

|,
T

h
eorem

12
an

d
th

e
total

sen
sitiv

ity
b

o
u
n
d

(5).

A
.4

D
ire

c
tly

A
p

p
ro

x
im

a
tin

g
th

e
L

o
g
-L

ik
e
lih

o
o
d

U
n
d
er

ad
d
ition

al
assu

m
p
tion

s
on

th
e

eigen
valu

es
w

e
can

d
erive

a
stron

ger
resu

lt
d
irectly

relatin
g

th
e

ap
p
rox

im
ated

log-likelih
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p
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rau
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rau
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b
ig

on
e:

D
etectin

g
earth

q
u
akes

an
d

oth
er

rare
even

ts
from

co
m

m
u
n
ity

-b
ased

sen
sors.

In
A

C
M

/
IE

E
E

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n
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g
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a
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p
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p
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b
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p
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F
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m
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p
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c
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rau
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P
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p
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p
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a
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p
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p
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p
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p
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a
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d
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n
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on

com
p
ressiv

e
sen

sin
g.

W
e

state
all

th
e

resu
lts

fo
r

vectors
in

R
n
.

A
ll

of
th

ese
resu

lts
also

h
old

for
vectors

over
C

.
W

e
start

b
y

d
efi

n
in

g
w

h
a
t

w
e

m
ean

b
y

sp
arse

v
ectors.

D
e
fi

n
itio

n
1

(S
p

a
rsity

)
T

h
e

su
p
po

rt
o
f

a
vecto

r
x
∈
R
n

is
d
efi

n
ed

a
s:

su
p
p
(x

)
:=
{j∈

[n
]

:
x
j 6=

0}.

w
h
ere

[n
]

=
{1
,2
,...,n}

.
T

h
e

vecto
r
x
∈
R
n

is
ca

lled
s-spa

rse
if

a
t

m
o
st
s

o
f

its
en

tries
a
re

n
o
n

zero
,

i.e.,
if

‖
x‖

0
:=

ca
rd

(su
p
p
(x

))≤
s.

W
e

a
ssu

m
e

th
at

th
e

ob
served

d
ata

y
∈

R
m

is
related

to
th

e
origin

al
v
ector

x
∈

R
n

v
ia
A
x

=
y

fo
r

som
e

m
atrix

A
∈

R
m
×
n
,

w
h
ere

m
<
n

.
In

oth
er

w
ord

s,
w

e
h
av

e
a

lin
ear

m
ea

su
rem

en
t

p
ro

cess
for

ob
serv

in
g
x

.
T

h
e

th
eory

of
com

p
ressive

sen
sin

g
tells

u
s

th
at

if
x

is
sp

a
rse,

th
en

it
can

b
e

recovered
from

y
b
y

solv
in

g
a

con
v
ex

op
tim

iza
tion

p
ro

b
lem

.
In

p
a
rticu

la
r,

g
iven

a
su

itab
le

m
atrix

A
an

d
ap

p
rop

riate
m

,
th

e
follow

in
g
l1 -m

in
im

ization
p
ro

b
lem

recovers
x

ex
actly.

m
in

z∈
R
n ‖
z‖

1
su

b
ject

to
y

=
A
z

(1)

w
h
ere

y
=
A
x

are
th

e
m

ob
servation

s.
T

h
ese

id
eas

w
ere

in
tro

d
u
ced

b
y

E
.

C
an

d
és

an
d

T
.

T
a
o

in
th

eir
sem

in
al

p
ap

er
on

n
ear-op

tim
al

sig
n
al

recon
stru

ctio
n

(C
an

d
és

an
d

T
ao,

2
0
0
6
).

In
th

is
p
ap

er,
th

e
au

th
ors

p
roved

th
at

th
e

m
atrices

su
itab

le
for

th
e

recovery
n
eed

to
h
ave

w
h
at

is
called

th
e

restricted
isom

etry
p
rop

erty
(R

IP
).

A
large

class
of

ran
d
om

m
a
trices

sa
tisfy

th
e

R
IP

w
ith

q
u
an

tifi
ab

le
‘h

igh
p
rob

ab
ility

’
an

d
are

th
erefore

su
itab

le
for

reco
n
stru

ctio
n

v
ia
l1 -m

in
im

ization
.

In
p
articu

lar,
su

b
ga

u
ssian

m
atrices

h
av

e
b

een
sh

ow
n

to
h
ave

R
IP

w
ith

h
igh

p
rob

ab
ility

an
d

are
su

itab
le

for
th

e
aforem

en
tio

n
ed

recon
stru

ction
sch

em
e

for
m
∼
s

log
(n
/s).

T
h
is

gives
th

e
ex

p
licit

relation
sh

ip
b

etw
een

th
e

sp
arsity

level
s,

th
e

d
im

en
sio

n
o
f

th
e

origin
al

vector
n

an
d

th
e

d
im

en
sion

of
th

e
ob

served
d
ata

m
.

In
recen

t
tim

es
so

m
e

w
o
rk

h
as

b
een

d
on

e
to

con
stru

ct
d
eterm

in
istic

m
atrices

w
ith

th
is

restricted
iso

m
etry

p
ro

p
erty

(B
an

d
eira

et.
al,

2013).
T

h
e

cu
rren

t
k
n
ow

n
low

er
b

ou
n
d

on
m

for
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B
o
r
k
a
r
,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
sr

a
b
u
d
h
e

d
eterm

in
istic

m
atrices

is
of

th
e

ord
er

of
s

2
w

h
ere

s
is

th
e

sp
arsity.

T
h
u
s

ran
d
om

m
atrices

are
a

b
etter

ch
oice

for
lin

ear
m

easu
rem

en
t

for
recon

stru
ction

v
ia

com
p
ressive

sen
sin

g
if

o
n
e

is
w

illin
g

to
settle

for
p
rob

ab
ilistic

gu
aran

tees.
F

or
th

e
scop

e
of

th
is

p
ap

er,
w

e
con

sid
er

rob
u
st

recov
ery

op
tion

s
u
sin

g
G

au
ssian

ran
-

d
om

m
atrices,

i.e.,
m

atrices
w

h
ose

en
tries

are
realization

s
of

in
d
ep

en
d
en

t
stan

d
ard

n
orm

al
ran

d
om

variab
les.

R
e
m

a
rk

2
M

a
trices

w
ith

m
o
re

stru
ctu

re
su

ch
a
s

ra
n

d
o
m

pa
rtia

l
F

o
u

rier
m

a
trix

o
r

m
o
re

gen
era

lly,
bo

u
n

d
ed

o
rth

o
n

o
rm

a
l

system
s
{
φ
i }
Ni=

1
ca

n
a
lso

be
u

sed
a
s

m
ea

u
rem

en
t

m
a
trices

fo
r

co
m

p
ressive

sen
sin

g
tech

n
iqu

es.
G

iven
a

ra
n

d
o
m

d
ra

w
o
f

su
ch

a
m

a
trix

w
ith

a
ssocia

ted
co

n
sta

n
t
K

0
≥

1
(w

h
ere

K
0

is
th

e
bo

u
n

d
o
n
‖φ

i ‖∞
),

a
fi

xed
s-spa

rse
vecto

r
x

ca
n

be
reco

n
stru

cted
via

l1 -m
in

im
iza

tio
n

w
ith

h
igh

p
ro

ba
bility

p
ro

vid
ed
m
≥
C
K

20
s

log
n

.
F

o
r

m
o
re

d
eta

ils
o
n

ra
n

d
o
m

sa
m

p
lin

g
m

a
trices

in
co

m
p
ressive

sen
sin

g
(see

F
o
u

ca
rt

a
n

d
R

a
u

h
u

t,
2
0
1
3
,

C
h
a
p
.

1
2
).

T
h
e

cru
cial

p
oin

t
h
ere

is
th

at
it

is
en

ou
gh

th
at

th
e

given
vector

is
sp

arse
in

som
e

b
asis.

A
m

ore
d
etailed

d
iscu

ssion
on

variou
s

asp
ects

o
f

com
p
ressive

sen
sin

g
can

b
e

fou
n
d

in
F

ou
cart

an
d

R
au

h
u
t

(2013).
In

real-life
situ

ation
s

th
e

m
easu

rem
en

ts
are

alm
ost

alw
ay

s
n
oisy.

A
m

ore
gen

eral
statem

en
t

of
p
rob

lem
in

(1),
th

at
takes

in
to

accou
n
t

b
ou

n
d
ed

n
oise

in
m

easu
rem

en
t,

b
ou

n
d
ed

in
n
orm

b
y
η
,

is
given

b
y
:

m
in

z∈
R
n ‖
z‖

1
su

b
ject

to
‖A
z−

y‖
≤
η

(2)

It
m

ay
also

h
ap

p
en

th
at

th
e

origin
al

vector
x

is
n
ot

sp
arse

b
u
t

is
close

to
a

sp
arse

vec-
tor.

In
oth

er
w

ord
s,

w
e

w
ou

ld
like

th
e

recon
stru

ction
sch

em
e

to
b

e
rob

u
st

an
d

stab
le.

F
ou

cart
an

d
R

au
h
u
t

(2013,
T

h
eorem

9.13)
gives

ex
p
licit

error
b

ou
n
d
s

for
stab

le
an

d
ro-

b
u
st

recovery
w

h
ere

A
is

a
su

b
gau

ssian
m

atrix
.

T
h
e

b
ou

n
d

is
ex

p
ressed

in
term

s
of

σ
s (x

)
:=

in
f{‖x

−
z‖

:
z
∈

R
n

is
s-sp

a
rse}

,
th

e
d
istan

ce
of
x

from
th

e
n
ea

rest
s-sp

arse
vector,

an
d

th
e

m
easu

rem
en

t
error.

S
ee

C
an

d
és,

R
om

b
erg

an
d

T
ao

(2006);
C

an
d
és

et.
al

(2005);
K

ab
an

ava
an

d
R

au
h
u
t

(2015)
for

m
ore

on
rob

u
st

a
n
d

stab
le

recov
ery

v
ia

com
p
res-

sive
sen

sin
g.

W
e

assu
m

e
th

at
ou

r
ob

servation
s
y

=
(y

1 ,...,y
m

)
are

n
oisy.

T
h
e

follow
in

g
th

eorem
gives

an
error

b
ou

n
d

on
th

e
recon

stru
ction

from
n
oisy

m
easu

rem
en

ts
u
sin

g
a

G
au

ssian
m

atrix
.

T
h

e
o
re

m
3

(T
h

e
o
re

m
9
.2

0
in

(F
o
u

c
a
rt

a
n

d
R

a
u

h
u

t,
2
0
1
3
))

L
et
x
∈
R
n

be
a
s-spa

rse
vecto

r.
L

et
M
∈

R
m
×
n

be
a

ra
n

d
o
m

ly
d
ra

w
n

G
a
u

ssia
n

.
A

ssu
m

e
th

a
t

n
o
isy

m
ea

su
rem

en
ts

y
=
M
x

+
ξ

a
re

ta
ken

w
ith
‖
ξ‖
≤
η

.
If

fo
r

0
<
ε
<

1
a
n

d
so

m
e
τ
>

0
,

m
2

m
+

1
≥

2s (
√

log
(en

/s)
+

√
log

(ε −
1)

s
+

τ√s )
2

,
(3)

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
ε

every
m

in
im

izer
x̂

o
f‖
z‖

1
su

bject
to
‖M

z−
M
x‖
≤
η

sa
tisfi

es

‖
x
−
x
∗‖
≤

2
ητ
.

S
ee

T
h
eorem

9.29
in

F
ou

cart
an

d
R

au
h
u
t

(2013)
for

a
statem

en
t

for
stab

le
an

d
rob

u
st

recovery
v
ia

G
au

ssian
m

atrices.
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G
r
a
d
ie
n
t
E
st

im
a
t
io
n

2
.2

S
im

u
lt

a
n

e
o
u

s
P

e
rt

u
rb

a
ti

o
n

S
to

ch
a
st

ic
A

p
p

ro
x
im

a
ti

o
n

A
s

d
is

cu
ss

ed
ab

ov
e

w
e

h
av

e
a

fa
ir

ly
go

o
d

re
co

n
st

ru
ct

io
n

of
a

sp
ar

se
gr

ad
ie

n
t
∇
f

gi
ve

n
a

su
ffi

ci
en

t
n
u
m

b
er

of
ob

se
rv

at
io

n
s
{y
i}

.
H

ow
ev

er
,

as
m

en
ti

on
ed

b
ef

or
e,

th
e

p
ro

b
le

m
of

te
n

is
th

e
u
n
av

ai
la

b
il
it

y
of

th
es

e
ob

se
rv

at
io

n
s.

E
ve

n
th

ou
gh

ob
se

rv
at

io
n
s

fo
r
∇
f

ar
e

n
ot

re
ad

il
y

av
ai

la
b
le

,
on

e
m

ay
co

m
p
u
te
y i

’s
u
si

n
g

th
e

av
ai

la
b
le

in
fo

rm
at

io
n
,
th

at
is

,
n
oi

sy
m

ea
su

re
m

en
ts

of
th

e
fu

n
ct

io
n
f

.
N

ot
e

th
at

w
e

h
av

e,
h
ow

ev
er

,
as

su
m

ed
th

at
th

e
fu

n
ct

io
n

ev
al

u
at

io
n
s

ar
e

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
.

W
e

w
il
l

n
ow

ad
d
re

ss
th

is
is

su
e

of
es

ti
m

a
ti

n
g
∇
f

w
it

h
lo

w
co

m
-

p
u
ta

ti
on

al
ov

er
h
ea

d
s.

L
et
e i

d
en

ot
e

th
e
it
h

co
or

d
in

at
e

d
ir

ec
ti

on
fo

r
1
≤
i
≤
n

.
W

e
co

n
si

d
er

th
e

fi
n
it

e
d
iff

er
en

ce
ap

p
ro

x
im

at
io

n
∂
f

(x
(k

))

∂
x
i
≈
f

(x
(k

)
+
δe
i)
−
f

(x
(k

)
−
δe
i)

2
δ

w
h
er

e
x

(k
)

=
(x

1
(k

),
..
.,
x
n
(k

))
an

d
δ
>

0.
B

y
T

ay
lo

r’
s

th
eo

re
m

,
th

e
er

ro
r

of
es

ti
m

at
io

n
is
O

(δ
‖∇

2
f

(x
(k

))
‖)

w
h
er

e
∇

2
f

d
en

ot
es

th
e

H
es

si
an

.
T

h
is

es
ti

m
at

e
re

q
u
ir

es
2
n

fu
n
ct

io
n

ev
al

u
at

io
n
s.

R
ep

la
ci

n
g

th
e

‘t
w

o
si

d
ed

d
iff

er
en

ce
s’

(f
(x

(k
)

+
δe
i)
−
f

(x
(k

)
−
δe
i)

)/
2

ab
ov

e
b
y

‘o
n
e

si
d
ed

d
iff

er
en

ce
s’

(f
(x

(k
)

+
δe
i)
−
f

(x
(k

))
)

re
d
u
ce

s
th

is
to
n

+
1,

w
h
ic

h
is

st
il
l

la
rg

e
fo

r
la

rg
e
n

.
G

iv
en

th
at

w
e

h
av

e
as

su
m

ed
f

to
b

e
su

ch
th

at
th

e
fu

n
ct

io
n

ev
al

u
at

io
n
s

ar
e

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
,

an
al

te
rn

at
iv

e
m

et
h
o
d

is
d
es

ir
ab

le
.

W
e

u
se

th
e

m
et

h
o
d

d
ev

is
ed

b
y

S
p
al

l
(S

p
al

l,
19

92
)

in
th

e
co

n
te

x
t

of
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t,

k
n
ow

n
as

S
im

u
lt

an
eo

u
s

P
er

tu
rb

at
io

n
S
to

ch
as

ti
c

A
p
p
ro

x
im

at
io

n
(S

P
S
A

).

R
ec

al
l

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

sc
h
em

e
(B

or
ka

r,
20

08
)

x
(k

+
1)

=
x

(k
)

+
a
(k

)
[−
∇
f

(x
(k

))
+
M

(k
+

1)
],

(4
)

w
h
er

e: •
{M

(k
)}

is
a

sq
u
ar

e-
in

te
gr

ab
le

m
ar

ti
n
ga

le
d
iff

er
en

ce
se

q
u
en

ce
,

v
iz

.,
a

se
q
u
en

ce
of

ze
ro

m
ea

n
ra

n
d
om

va
ri

ab
le

s
w

it
h

fi
n
it

e
se

co
n
d

m
om

en
t

sa
ti

sf
y
in

g

E
[M

(k
+

1)
|x

(m
),
M

(m
),
m
≤
k
]

=
0
∀
k
≥

0,

i.
e.

,
it

is
u
n
co

rr
el

at
ed

w
it

h
th

e
p
as

t.
W

e
as

su
m

e
th

a
t

it
al

so
sa

ti
sfi

es

su
p
k
E
[ ‖
M

(k
+

1)
‖2
|x

(m
),
M

(m
),
m
≤
k
] <
∞
,

(5
)

•
{a

(k
)}

ar
e

st
ep

-s
iz

es
sa

ti
sf

y
in

g

a
(k

)
>

0
∀k
,
∑ k

a
(k

)
=
∞
,
∑ k

a
(k

)2
<
∞
.

(6
)

T
h
e

te
rm

in
sq

u
ar

e
b
ra

ck
et

in
(4

)
st

an
d
s

fo
r

a
n
oi

sy
m

ea
su

re
m

en
t

of
th

e
gr

ad
ie

n
t.

U
n
-

d
er

m
il
d

te
ch

n
ic

al
co

n
d
it

io
n
s,
x

(k
)

ca
n

b
e

sh
ow

n
to

co
n
ve

rg
e

a.
s.

to
a

lo
ca

l
m

in
im

u
m

of
f

(B
or

ka
r,

20
08

).
T

h
e

id
ea

is
th

at
th

e
in

cr
em

en
ta

l
ad

ap
ta

ti
on

d
u
e

to
th

e
sl

ow
ly

d
ec

re
as

-
in

g
st

ep
-s

iz
e
a
(k

)
av

er
ag

es
ou

t
th

e
n
oi

se
{M

(k
)}

,
re

n
d
er

in
g

th
is

a
cl

os
e

ap
p
ro

x
im

at
io

n
of
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B
o
r
k
a
r
,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
sr

a
b
u
d
h
e

th
e

cl
as

si
ca

l
gr

ad
ie

n
t

d
es

ce
n
t

w
it

h
va

n
is

h
in

g
er

ro
r

(B
or

ka
r,

20
08

).
In

p
ra

ct
ic

e
th

e
n
o
is

y

gr
ad

ie
n
t

is
of

te
n

u
n
av

ai
la

b
le

an
d

on
e

h
as

to
u
se

an
ap

p
ro

x
im

at
io

n
∇̂
f

th
er

eo
f

u
si

n
g

n
o
is

y
ev

al
u
at

io
n
s

of
f

,
e.

g.
,

th
e

af
or

em
en

ti
on

ed
fi
n
it

e
d
iff

er
en

ce
ap

p
ro

x
im

at
io

n
s,

w
h
ic

h
le

a
d

to
th

e
K

ie
fe

r-
W

ol
fo

w
it

z
sc

h
em

e.
T

h
at

is
w

h
er

e
th

e
S
P

sc
h
em

e
co

m
es

in
.

W
e

d
es

cr
ib

e
th

is
n
ex

t.

L
et
{∆

i(
k
),

1
≤
i
≤
n
,k
≥

0
}

b
e

i.
i.
d
.

ze
ro

m
ea

n
ra

n
d
om

va
ri

ab
le

s
su

ch
th

a
t

•
∆

(k
)

=
(∆

1
(k

),
..
.∆

n
(k

))
is

in
d
ep

en
d
en

t
of
M

(`
),
`
≤
k

+
1.

•
P

(∆
i(
k
)

=
1)

=
P

(∆
i(
k
)

=
−

1)
=

1/
2.

T
h
en

b
y

T
ay

lo
r’

s
th

eo
re

m
,

w
e

h
av

e
th

at
fo

r
δ
>

0:

f
(x

(k
)

+
δ∆

(k
))
−
f

(x
(k

))

δ∆
i(
k
)

≈
∂
f

∂
x
i
(x

(k
))

+
∑ j6=

i

∂
f

∂
x
i
(x

(k
))

∆
j

∆
i
.

(7
)

N
ot

e
th

at
si

n
ce

∆
j
’s

ar
e

i.
i.
d
.

ze
ro

m
ea

n
ra

n
d
om

va
ri

ab
le

s,
w

e
h
av

e
fo

r
j
6=
i,

E
[
∂
f

∂
x
i
(x

(k
))

∆
j

∆
i

∣ ∣ ∣x
(m

),
M

(m
),
m
≤
k
−

1]
=

0.

H
en

ce
fo

r
th

e
p
u
rp

os
e

of
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t,

th
e

se
co

n
d

te
rm

in
(7

)
a
ct

s
a
s

a
ze

ro
m

ea
n

n
oi

se
(i

.e
.,

m
ar

ti
n
ga

le
d
iff

er
en

ce
)

te
rm

th
at

ca
n

b
e

cl
u
b
b

ed
w

it
h
M

(k
+

1
)

a
s

m
ar

ti
n
ga

le
d
iff

er
en

ce
n
oi

se
an

d
ge

ts
av

er
ag

ed
ou

t
b
y

th
e

it
er

at
io

n
.

T
h
is

se
rv

es
o
u
r

p
u
rp

o
se

,
si

n
ce

th
e

ab
ov

e
sc

h
em

e
re

q
u
ir

es
on

ly
tw

o
fu

n
ct

io
n

ev
al

u
at

io
n
s

p
er

it
er

at
e

gi
ve

n
b
y

x
i(
k

+
1)

=
x
i(
k
)

+
a
(k

)

[ −
f

(x
(k

)
+
δ∆

(k
))
−
f

(x
(k

))

δ∆
i(
k
)

] +
M
i(
k

+
1
).

O
u
r

id
ea

is
to

ge
n
er

at
e
∇̃
f

ac
co

rd
in

g
to

th
e

sc
h
em

e
d
is

cu
ss

ed
ab

ov
e.

It
sh

ou
ld

b
e

m
en

ti
on

ed
th

at
S
p
al

l
al

so
in

tr
o
d
u
ce

d
an

ot
h
er

ap
p
ro

x
im

at
io

n
b
a
se

d
o
n

a
si

n
gl

e
fu

n
ct

io
n

ev
al

u
at

io
n

(s
ee

B
or

ka
r,

20
08

,
ch

a
p
.

10
).

B
u
t

th
is

su
ff

er
s

fr
o
m

n
u
m

er
ic

a
l

is
su

es
d
u
e

to
th

e
‘s

m
al

l
d
iv

is
or

’
p
ro

b
le

m
,

so
w

e
d
o

n
ot

p
u
rs

u
e

it
h
er

e.

2
.3

M
a
in

re
su

lt

A
s

m
en

ti
on

ed
in

th
e

in
tr

o
d
u
ct

io
n
,

th
e

id
ea

is
to

co
m

b
in

e
th

e
S
P

an
d

co
m

p
re

ss
iv

e
se

n
si

n
g

to
ob

ta
in

a
sp

ar
se

ap
p
ro

x
im

at
io

n
of
∇
f

.
N

ot
e

th
at

w
h
il
e

S
P

g
iv

es
an

es
ti

m
at

e
w

it
h

ze
ro

-m
ea

n
er

ro
r,

th
e

fi
n
al

es
ti

m
at

e
of

gr
ad

ie
n
t

ob
ta

in
ed

af
te

r
co

m
p
re

ss
iv

e
se

n
si

n
g

m
ay

n
o
t

b
e

u
n
b
ia

se
d
.

T
o

av
oi

d
th

e
er

ro
r

fr
om

p
il
in

g
u
p

w
e

n
ee

d
to

av
er

ag
e

ou
t

th
e

er
ro

r
at

S
P

st
a
g
e.

W
e

p
ro

-
p

os
e

th
e

fo
ll
ow

in
g

al
go

ri
th

m
fo

r
es

ti
m

at
in

g
gr

ad
ie

n
t

of
f

.
L

et
a
i
d
en

ot
e

th
e

ro
w

ve
ct

o
rs

o
f
A

.
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G
r
a
d
ie
n
t
E
st

im
a
t
io
n

A
lg

o
rith

m
1

G
rad

ien
t

E
stim

ation
at

som
e
x
∈
R
n

w
ith

S
P

an
d

C
om

p
ressive

S
en

sin
g

In
itia

liz
a
tio

n
:

A
=

(a
ij )

m
×
n
←

ran
d
om

G
au

ssian
m

atrix
.

δ←
sm

a
ll

p
o
sitive

scalar.

•
y
`i

=
f

(x
+
δ
m∑j

∆
`j a
j )−

f
(x

)

δ
∆
`i

for
i

=
1,...,m

;
`

=
1,...,k

,

w
h
ere

∆
`j

a
re

i.i.d
.

zero
m

ean
B

ern
ou

lli
ran

d
om

variab
les

tak
in

g
valu

es
in
{−

1,1}
.

•
S
et
ȳ
i

:=
∑
k`
=
1
y
`i

k
,
i

=
1,...,m

.

•
y

=
(ȳ

1 ,...,ȳ
m

)
=
A∇

f
(x

)+
ζ

w
h
ere

ζ
d
en

otes
th

e
b

ou
n
d
ed

erro
r

w
ith

b
ou

n
d
‖
ζ‖
≤
η
.

•
S
o
lve

th
e
l1 -m

in
im

ization
p
rob

lem
stated

b
elow

to
ob

tain
∇̃
f

:

m
in

im
ize
‖
z‖

1
su

b
ject

to
‖A
z−

y‖
≤
η

O
u

tp
u

t:
e
stim

a
te

d
g
ra

d
ie

n
t
∇̃
f

(x
).

T
h
ere

a
re

several
algorith

m
s

for
th

e
l1 -m

in
im

ization
p
rob

lem
th

at
ap

p
ears

in
th

e
last

step
o
f

th
e

a
lg

o
rith

m
ab

ove.
A

d
etailed

d
iscu

ssion
of

th
ese

algorith
m

s,
in

clu
d
in

g
th

e
H

om
otop

y
m

eth
o
d

(u
sed

in
S
ection

3
for

th
e
l1 -m

in
im

ization
step

),
can

b
e

fou
n
d

in
Y

an
g

et.
al

(20
10)

a
n
d

F
o
u
ca

rt
an

d
R

au
h
u
t

(2013,
C

h
ap

.
15).

T
h
e

fo
llow

in
g

th
eorem

states
th

at
w

ith
h
igh

p
rob

ab
ility

su
ch

an
ap

p
rox

im
ation

is
“close”

to
th

e
a
ctu

a
l

g
rad

ien
t.

T
h

e
o
re

m
4

L
et
f

:R
n
7→

R
be

a
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
fu

n
ctio

n
w

ith
bo

u
n

d
ed

spa
rse

gra
d
ien

t.
T

h
en

fo
r
m
∈

N
su

ch
th

a
t

it
sa

tisfi
es

th
e

bo
u

n
d

in
(3),

0
<
ε
<
<

1m
,

a
n

d
given

δ
>

0
(a

s
in

(7))
a
n

d
τ
>

0
(a

s
in

T
h
eo

rem
3
),∇

f
ca

n
be

estim
a
ted

by
a

spa
rse

vecto
r∇̃

f
su

ch
th

a
t

w
ith

p
ro

ba
bility

a
t

lea
st

1−
εm

,

‖∇̃
f
−
∇
f‖

<
2
tτ

w
h
ere

t
>

2m
O

(δ).

P
ro

o
f

L
et
A
∈
R
m
×
n

b
e

a
G

au
ssian

m
atrix

su
ch

th
at
m

satisfi
es

(3).
T

h
en

,
follow

in
g

th
e

sa
m

e
id

ea
a
s

in
(7),

w
e

h
ave:

y
i

=

f
(x

+
δ
m∑j=

1
∆
j a
j )−

f
(x

)

δ∆
i

=
〈∇
f

(x
),a

i 〉
+
∑j6=

i

∆
j 〈∇

f
,a
i 〉

∆
i

+
O

(δ).
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B
o
r
k
a
r
,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
sr

a
b
u
d
h
e

S
o

w
e

get

y
=
A∇

f
+

‘error’,
(8)

w
h
ere

w
e

q
u
an

tify
th

e
‘error’

b
elow

.

T
h
e

ab
ove

com
p
u
tation

is
carried

ou
t
k

tim
es

in
d
ep

en
d
en

tly,
k
eep

in
g

th
e

m
atrix

A
fi
x
ed

an
d

ch
o
osin

g
th

e
ran

d
om

vector
∆

acco
rd

in
g

to
th

e
d
istrib

u
tion

d
efi

n
ed

in
S
ection

2.2.
T

h
e

reason
for

th
is

ad
d
ition

al
averagin

g
is

as
follow

s.
T

h
e

recon
stru

ction
in

com
p
ressive

sen
sin

g
n
eed

n
ot

give
an

u
n
b
iased

estim
ate,

sin
ce

it
p

erform
s

a
n
on

lin
ear

(m
in

im
ization

)
op

eration
.

T
h
u
s

it
is

b
etter

to
d
o

som
e

p
re-p

ro
cessin

g
of

th
e

S
P

estim
a
te

(w
h
ich

is
n
ea

rly,
i.e.,

m
o
d
u
lo

th
e
O

(δ)
term

,
u
n
b
iased

)
to

red
u
ce

its
varian

ce.
W

e
d
o

so
b
y

rep
eatin

g
it
k

tim
es

w
ith

in
d
ep

en
d
en

t
p

ertu
rb

ation
s

an
d

tak
in

g
its

arith
m

etic
m

ean
.

T
h
is

m
ay

seem
to

d
efeat

ou
r

origin
al

ob
jective

of
red

u
cin

g
fu

n
ction

evalu
ation

s,
b
u
t

th
e
k

req
u
ired

to
get

reason
ab

le
error

b
ou

n
d
s

is
n
ot

large
as

ou
r

an
aly

sis
sh

ow
s

later,
an

d
th

e
com

p
u
tation

al
sav

in
g

is
still

sign
ifi

can
t

(see
‘R

em
ark

5’
b

elow
).

D
en

ote
b
y
y
l

th
e

m
easu

rem
en

t
ob

tain
ed

a
t
l th

iteration
of

S
P

.
T

h
e

error
fo

r
a

sin
gle

iteration
is

given
b
y

η
l

=


∑j6=

1

∆
lj 〈∇

f
,a

1 〉
∆
l1

+
O

(δ),..., ∑j6=
m

∆
lj 〈∇

f
,a
m 〉

∆
lm

+
O

(δ) 
.

D
en

ote
b
y
X
lij

=
∆
lj 〈∇

f
,a
i 〉

∆
li

,
j
6=
i.
X
lij

are
zero-m

ean
con

d
ition

ally
(given

p
ast

iterates)

in
d
ep

en
d
en

t
ran

d
om

variab
les.

T
h
e

error
vector

after
k

iteration
s

is
given

b
y

η
=

1k

k
∑l=

1

η
l

=
1k

k
∑l=

1 
∑j6=

1

X
l1
j

+
O

(δ),..., ∑j6=
m

X
lm
j

+
O

(δ) 

=


1k

k
∑l=

1 ∑j6=
1

X
l1
j

+
O

(δ),...,
1k

k
∑l=

1 ∑j6=
m

X
lm
j

+
O

(δ) 
.

(9)

In
ord

er
to

ap
p
ly

th
e

id
eas

from
com

p
ressiv

e
sen

sin
g

as
in

T
h
eo

rem
3,

w
e

n
eed

to
h
ave

a
b

ou
n
d

on
th

e
error‖

η‖
.

T
h
is

is
ob

tain
ed

as
follow

s.
L

et
K
>

0
b

e
a

con
stan

t
su

ch
th

at
th

e
O

(δ)
term

ab
ov

e
is

b
ou

n
d
ed

in
ab

solu
te

valu
e

b
y
K
δ.
K

can
,

e.g.,
b

e
a

b
ou

n
d

on
‖∇

2f‖‖A‖
b
y

th
e

m
ean

valu
e

th
eorem

,
w

h
ere

w
e

u
se

th
e

F
rob

en
iu

s
n
orm

.
C

h
o
ose

C
≥

su
p|〈∇

f
,a
i 〉|
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G
r
a
d
ie
n
t
E
st

im
a
t
io
n

an
d
t
>

2m
K
δ.

T
h
en

,
b
y

H
o
eff

d
in

g’
s

in
eq

u
al

it
y

w
e

h
av

e,

P
(‖
η
‖
≥
t)
≤

m ∑ i=
1

P

 
∣ ∣ ∣1 k

k ∑ l=
1

∑ j6=
i

X
l ij

+
O

(δ
)∣ ∣ ∣>

t/
m

 

≤
m ∑ i=

1

P

 
∣ ∣ ∣
k ∑ l=

1

∑ j6=
i

X
l ij

∣ ∣ ∣>
k
t/

2m

 

≤
2m

e−
k
t2

2
m

2
(m
−
1
)C

2
.

C
h
o
os

e
th

e
n
u
m

b
er

of
it

er
at

io
n
s,
k
>

2
m

3
C

2

t2
lo

g
( 2 ε

) .
T

h
en

,

P
(‖
η
‖
≥
t)
≤
εm
.

(1
0)

W
e

d
efi

n
e
∇̃
f

to
b

e
th

e
re

co
n
st

ru
ct

io
n

of
th

e
gr

ad
ie

n
t

u
si

n
g
m

m
ea

su
re

m
en

ts
.

T
h
at

is
,
∇̃
f

so
lv

es
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
:

m
in

z
∈R

n
‖z
‖ 1

su
b

je
ct

to
‖A
z
−
y
‖
≤
t,

w
h
er

e
y

is
as

in
(8

).
O

u
r

cl
ai

m
th

en
fo

ll
ow

s
fr

om
th

e
b

ou
n
d

in
(1

0)
an

d
T

h
eo

re
m

3.

R
e
m

a
rk

5
N

o
te

th
a
t

th
e

m
in

im
u

m
n

u
m

be
r

o
f

it
er

a
ti

o
n

s
o
f

S
P

re
qu

ir
ed

to
o
bt

a
in

a
“

go
od

”
es

ti
m

a
te

o
f
∇
f

is
gi

ve
n

by

k
>

2m
3
C

2

t2
lo

g

(
2 ε

)

≥
m
C

2

2K
2
δ2

lo
g

(
2 ε

)

≥
sC̃ δ2

lo
g
( n
s

) lo
g

(
2 ε

)
.

fo
r

a
su

it
a
bl

e
co

n
st

a
n

t
C̃

.

T
h
e

ab
ov

e
∇̃
f

ca
n

n
ow

b
e

u
se

d
as

an
eff

ec
ti

v
e

gr
ad

ie
n
t

in
va

ri
ou

s
p
ro

b
le

m
s

in
vo

lv
in

g
gr

ad
ie

n
ts

of
h
ig

h
-d

im
en

si
on

al
fu

n
ct

io
n
s.

T
h
re

e
su

ch
ap

p
li
ca

ti
on

s
ar

e
d
is

cu
ss

ed
in

th
e

n
ex

t
se

ct
io

n
.

3
.
A
p
p
li
ca

ti
o
n
s

W
e

co
n
si

d
er

th
e

ap
p
li
ca

ti
on

of
ou

r
m

et
h
o
d

to
m

an
if

ol
d

le
ar

n
in

g
an

d
op

ti
m

iz
at

io
n

p
ro

b
le

m
s.

T
h
e

gr
ad

ie
n
t

es
ti

m
at

es
ob

ta
in

ed
u
si

n
g

ou
r

m
et

h
o
d

ca
n

b
e

u
se

d
to

es
ti

m
at

e
th

e
gr

ad
ie

n
t

ou
te

r
p
ro

d
u
ct

m
at

ri
x

or
ca

n
b

e
p
lu

gg
ed

in
to

an
op

ti
m

iz
at

io
n

sc
h
em

e.
In

th
e

fo
rm

er
ca

se
,

al
on

g
w

it
h

an
ex

am
p
le

,
w

e
al

so
p
ro

v
id

e
er

ro
r

b
ou

n
d
s

on
th

e
es

ti
m

at
ed

an
d

ac
tu

al
gr

ad
ie

n
t

ou
te

r
p
ro

d
u
ct

m
at

ri
x
.

F
or

th
e

la
tt

er
ca

se
,

w
e

lo
ok

at
an

ex
am

p
le

a
n
d

p
ro

v
id

e
su

it
ab

le

9
JM

L
R

 1
8(

16
1)

:1
-2

7,
 2

01
8

B
o
r
k
a
r
,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
sr

a
b
u
d
h
e

m
o
d
ifi

ca
ti

on
s

to
ex

is
ti

n
g

al
go

ri
th

m
s

to
ac

h
ie

v
e

fa
st

er
co

n
ve

rg
en

ce
.

A
lg

or
it

h
m

1
d
es

cr
ib

ed
in

S
ec

ti
on

2.
3

is
u
se

d
fo

r
gr

ad
ie

n
t

es
ti

m
at

io
n
.

A
s

m
en

ti
on

ed
b

ef
or

e,
th

er
e

ar
e

va
ri

ou
s

al
go

ri
th

m
s

av
ai

la
b
le

fo
r

ca
rr

y
in

g
o
u
t

th
e
l 1

-
m

in
im

iz
at

io
n
.

H
er

e
w

e
u
se

th
e

h
om

ot
op

y
m

et
h
o
d

(s
ee

D
o
n
oh

o
an

d
T

sa
ig

,
20

0
8
;
F

o
u
ca

rt
a
n
d

R
au

h
u
t,

20
13

;
Y

an
g

et
.

al
,

20
10

).
H

om
ot

op
y

m
et

h
o
d

so
lv

es
th

e
q
u
ad

ra
ti

ca
ll
y

co
n
st

ra
in

ed
l 1

-m
in

im
iz

at
io

n
p
ro

b
le

m
(2

)
b
y

co
n
si

d
er

in
g

th
e

fo
ll
ow

in
g
l 1

-r
eg

u
la

ri
ze

d
le

as
t

sq
u
a
re

s
fu

n
c-

ti
on

al
:

F
λ
(x

)
=

1 2
‖A
z
−
y
‖+

λ
‖z
‖ 1

fo
r
λ
>

0
(1

1)

T
h
e

al
go

ri
th

m
tr

ac
es

th
e

p
ie

ce
-w

is
e

li
n
ea

r
an

d
co

n
ti

n
u
ou

s
so

lu
ti

on
p
at

h
λ
7→
x
λ

a
n
d

a
t

ea
ch

st
ep

,
an

el
em

en
t

is
ad

d
ed

or
re

m
ov

ed
fr

om
th

e
su

p
p

or
t

se
t

of
th

e
cu

rr
en

t
m

in
im

iz
er

.
If

th
e

m
in

im
iz

er
x
∗

of
(1

)
is

u
n
iq

u
e

th
en

th
e

m
in

im
iz

er
x
λ

of
(1

1)
co

n
v
er

ge
s

to
x
∗ .

T
h
e

id
ea

is
to

st
ar

t
w

it
h

a
la

rg
e
λ

su
ch

th
at

th
e

m
in

im
iz

er
x
λ

of
(1

1)
is

ze
ro

an
d

th
en

tr
a
ce

th
e

so
lu

ti
o
n

tr
a
je

ct
or

y
in

th
e

d
ir

ec
ti

on
of

d
ec

re
as

in
g
λ

.

W
e

co
n
si

d
er

a
G

au
ss

ia
n

m
at

ri
x
A

an
d

ge
t
y
(n

)
←

A
∇
f

(x
(n

))
+

er
ro

r
a
s

o
b
ta

in
ed

in
eq

u
at

io
n

(8
).

T
h
e

la
st

st
ep

is
to

ob
ta

in
∇̃
f

(x
)

v
ia
l 1

-r
ec

ov
er

y
fr

o
m

o
b
se

rv
a
ti

o
n
s
y

an
d

G
au

ss
ia

n
ra

n
d
om

m
at

ri
x
A

u
si

n
g

th
e

h
om

ot
op

y
m

et
h
o
d

d
es

cr
ib

ed
a
b

ov
e.

A
ll

th
e

si
m

u
la

ti
on

s
w

er
e

p
er

fo
rm

ed
on

M
A

T
L

A
B

u
si

n
g

th
e

av
ai

la
b
le

to
ol

b
ox

fo
r
l 1

-m
in

im
iz

a
ti

o
n
.

(B
er

ke
le

y
d
at

ab
as

e:
h
tt

p
:/

/w
w

w
.e

ec
s.

b
er

ke
le

y.
ed

u
/

ya
n
g/

so
ft

w
ar

e/
l1

b
en

ch
m

a
rk

/
).

C
on

si
d
er

a
fu

n
ct

io
n
f

:
R

2
5
0
0
0
7→

R
gi

ve
n

b
y
f

(x
)

=
x
T
M
M

T
x

w
h
er

e,
M

is
2
5
0
0
0
×

3
-

d
im

en
si

on
al

m
at

ri
x

w
it

h
3

n
on

-z
er

o
el

em
en

ts
p

er
co

lu
m

n
.

L
et
A

b
e

a
ra

n
d
o
m

G
a
u
ss

ia
n

m
at

ri
x

th
at

is
u
se

d
fo

r
m

ea
su

re
m

en
t.

W
e

co
n
si

d
er
m

=
50

m
ea

su
re

m
en

ts
.

F
ig

u
re

1
sh

ow
s

th
e

p
er

fo
rm

an
ce

of
th

e
p
ro

p
os

ed
m

et
h
o
d

w
it

h
va

ry
in

g
n
u
m

b
er

o
f

S
P

it
er

at
io

n
s.

F
ig

u
re

s
2

an
d

3
sh

ow
th

e
co

m
p
ar

is
on

b
et

w
ee

n
ou

r
m

et
h
o
d

an
d

n
a
iv

e
S
P

fo
r

es
ti

m
at

in
g

gr
ad

ie
n
t

w
it

h
gr

ad
u
al

ly
in

cr
ea

si
n
g

n
u
m

b
er

of
it

er
at

io
n
s

fo
r

av
er

a
g
in

g
ov

er
S
P

(T
h
e

q
u
an

ti
ty

‘k
’

in
(9

))
.

A
s

m
en

ti
on

ed
ea

rl
ie

r,
si

n
ce

th
e

gr
ad

ie
n
t

is
as

su
m

ed
to

b
e

sp
a
rs

e,
u
si

n
g

n
ai

ve
S
P

to
co

m
p
u
te

d
er

iv
at

iv
e

in
ea

ch
d
ir

ec
ti

on
se

em
s

w
as

te
fu

l.
A

lt
h
o
u
g
h

th
e

er
ro

r
d
im

in
is

h
es

as
th

e
n
u
m

b
er

of
it

er
at

io
n
s

fo
r

S
P

in
cr

ea
se

,
th

e
p
ro

p
os

ed
m

et
h
o
d

co
m

b
in

in
g

co
m

p
re

ss
iv

e
se

n
si

n
g

w
it

h
S
P

co
n
si

st
en

tl
y

p
er

fo
rm

s
b

et
te

r.

F
ig

u
re

s
4

an
d

5
sh

ow
th

at
th

e
p
ro

p
os

ed
m

et
h
o
d

w
or

k
s

w
el

l
w

it
h

h
ig

h
er

sp
a
rs

it
y

le
ve

ls
to

o.
It

al
so

sh
ow

s
th

at
w

it
h

h
ig

h
er
s,

p
er

fo
rm

an
ce

of
n
ai

v
e

S
P

im
p
ro

ve
s.

T
h
is

is
ex

p
ec

te
d
.

T
h
e

ex
tr

em
el

y
h
ig

h
er

ro
r

in
th

e
n
a
iv

e
S
P

m
et

h
o
d

(e
sp

ec
ia

ll
y

fo
r

sm
al

l
s)

is
ow

in
g

to
th

e
fa

ct
th

at
th

e
ac

tu
al

gr
ad

ie
n
t

is
ex

tr
em

el
y

sp
ar

se
an

d
in

th
e

b
eg

in
n
in

g
S
P

m
et

h
o
d

en
d
s

u
p

p
op

u
la

ti
n
g

al
m

os
t

al
l

th
e

co
or

d
in

at
es

.
T

h
at

co
n
tr

ib
u
te

s
to

th
e

h
ig

h
p

er
ce

n
ta

g
e

o
f

er
ro

r
a
s

se
en

in
th

e
af

or
em

en
ti

on
ed

fi
gu

re
s.

10
JM

L
R

 1
8(

16
1)

:1
-2

7,
 2

01
8



G
r
a
d
ie
n
t
E
st

im
a
t
io
n

F
ig

u
re

1
:

P
ercen

tage
error

of‖∇
f−
∇̃
f‖

in
ou

r
m

eth
o
d
,

w
ith

vary
in

g
n
u
m

b
er

of
iteration

s
k

fo
r

S
P

.
H

ere,
n

=
25000,s

=
3

an
d
m

=
50.

F
ig

u
re

2
:

P
erfo

rm
an

ce
of

th
e

p
rop

osed
al-

g
o
rith

m
v
s.

th
e

S
P

m
eth

o
d

w
ith

vary
in

g
n
u
m

b
er

iteration
s
k

at
S
P

step
.

H
ere

n
=

25000
,s

=
3

an
d

m
=

50

F
igu

re
3:

A
closer

lo
ok

at
F

igu
re

2
:

P
erfor-

m
an

ce
of

th
e

p
ro

p
osed

algorith
m

v
s.

th
e

S
P

m
eth

o
d

w
ith

vary
in

g
n
u
m

b
er

iteration
s
k

at
S
P

step
.

H
ere

n
=

25000
,s

=
3

an
d
m

=
50.

1
1

JM
L

R
 18(161):1-27, 2018

B
o
r
k
a
r
,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
sr

a
b
u
d
h
e

F
igu

re
4:

P
erform

an
ce

of
th

e
p
rop

osed
al-

gorith
m

v
s.

th
e

S
P

m
eth

o
d

w
ith

vary
in

g
n
u
m

b
er

iteration
s
k

at
S
P

step
.

H
ere

s
=

50
an

d
m

=
500

.

F
igu

re
5:

A
closer

lo
ok

at
F

igu
re

4:
P

erfor-
m

an
ce

of
th

e
p
rop

osed
algorith

m
v
s.

th
e

S
P

m
eth

o
d

w
ith

vary
in

g
n
u
m

b
er

iteration
s
k

at
S
P

step
.

H
ere

s
=

50
an

d
m

=
500.

B
efore

w
e

con
sid

er
sp

ecifi
c

ap
p
lication

s,
w

e
illu

strate
h
ow

th
e

p
ercen

tage
error

of
esti-

m
ated

grad
ien

t
w

ith
vary

in
g
k

for
d
iff

eren
t

sp
arsity

lev
els

s.
F

or
ap

p
rop

riately
large

m
,

for
sm

all
k

th
e

error
is

h
igh

(th
is

m
atch

es
w

ith
th

e
d
iscu

ssion
in

R
em

ark
5).

A
s
k

in
crea

ses
th

e
error

is
m

u
ch

less.
A

s
lon

g
as

m
satisfi

es
(3),

th
e

com
p
ressive

sen
sin

g
resu

lts
ap

p
ly.

F
igu

res
6

an
d

7
sh

ow
th

e
b

eh
av

iou
r

of
th

e
p
rop

osed
m

eth
o
d

w
ith

variation
in

th
e

sp
ar-

sity,
b
u
t

w
ith

con
stan

t
n
u
m

b
er

of
ob

servation
s.

W
e

con
sid

er
10000-d

im
en

sion
al

vector
w

ith
m

=
50

ob
servation

s.
A

s
ex

p
ected

,
for

a
fi
x
ed

m
,

as
th

e
sp

arsity
in

creases,
in

creasin
g
k

n
o

lon
ger

h
elp

s
as

th
e

com
p
ressive

sen
sin

g
resu

lts
d
o

n
ot

ap
p
ly

a
n
d

th
e

error
in

creases.
f

(x
)

=
x

(1)
2

+
...

+
x

(s)
2

w
as

u
sed

as
a

test
fu

n
ction

for
b

oth
th

e
sim

u
lation

s.

N
u
m

b
e
r o

f tria
ls

 o
f S

P

0
2
0

4
0

6
0

8
0

1
0
0

Percentage error w.r.t actual gradient

0

1
0

2
0

3
0

4
0

s
=

1

s
=

1
0

s
=

2
0

s
=

3
0

s
=

4
0

s
=

5
0

F
igu

re
6:

P
erform

an
ce

of
th

e
p
rop

osed
algorith

m
w

ith
varia

tion
k

for
d
iff

eren
t

sp
arsity

levels.

1
2

JM
L

R
 18(161):1-27, 2018



G
r
a
d
ie
n
t
E
st

im
a
t
io
n

S
p
a
rs
it
y
s

0
2
0

4
0

6
0

8
0

1
0
0

Percentage error w.r.t actual gradient

2
0

4
0

6
0

8
0

1
0
0

1
2
0

F
ig

u
re

7:
P

er
fo

rm
an

ce
of

th
e

p
ro

p
os

ed
al

go
ri

th
m

w
it

h
va

ri
at

io
n

in
sp

ar
si

ty
.

3
.1

M
a
n

if
o
ld

L
e
a
rn

in
g
:

E
st

im
a
ti

n
g

e
.d

.r
.

sp
a
c
e

C
on

si
d
er

th
e

fo
ll
ow

in
g

se
m

i-
p
ar

am
et

ri
c

m
o
d
el

Y
=
f

(X
)

+
ε

w
h
er

e
ε

is
n
oi

se
an

d
f

is
a

sm
o
ot

h
fu

n
ct

io
n
R
n
7→

R
m

of
th

e
fo

rm
f

(X
)

=
g
(b
T 1
X
,.
..
,b
T d
X

).
D

efi
n
e

b
y
B

th
e

m
at

ri
x

(b
1
,b

2
,.
..
,b
d
)T

.
B

m
ap

s
th

e
d
at

a
to

a
d
-d

im
en

si
on

al
re

le
va

n
t

su
b
sp

ac
e.

T
h
is

m
ea

n
s

th
at

th
e

fu
n
ct

io
n
f

d
ep

en
d
s

on
a

su
b
sp

ac
e

of
sm

al
le

r
d
im

en
si

on
gi

ve
n

b
y

R
an

ge
(B

)
(N

ot
e

th
at

th
is

is
es

se
n
ti

al
ly

th
e

lo
ca

l
v
ie

w
in

m
an

if
ol

d
le

ar
n
in

g
:
B

ca
n

va
ry

w
it

h
lo

ca
ti

on
.)

.
T

h
e

ve
ct

or
s

or
th

e
d
ir

ec
ti

on
s

gi
ve

n
b
y

th
e

ve
ct

or
s
b i

ar
e

ca
ll
ed

th
e

eff
ec

ti
ve

d
im

en
si

on
re

d
u
ci

n
g

d
ir

ec
ti

on
s

or
e.

d
.r

.
T

h
e

q
u
es

ti
on

is
:

h
ow

to
fi
n
d

th
e

m
at

ri
x
B

?
It

tu
rn

s
ou

t
th

at
if
f

d
o
es

n
’t

va
ry

in
so

m
e

d
ir

ec
ti

on
v
,

th
en

v
∈
N
u
ll

(E
X

[G
])

w
h
er

e
G

is
th

e
gr

ad
ie

n
t

ou
te

r
p
ro

d
u
ct

m
at

ri
x

d
efi

n
ed

as

G
=

[[
G
ij

]]
w

h
er

e
G
ij

=
〈
∂
f

∂
x
i
(X

),
∂
f

∂
x
j
(X

)〉

an
d
E
X

[
·]

d
en

ot
es

th
e

ex
p

ec
ta

ti
on

ov
er
X

.
L

em
m

a
1

fr
om

(W
u

et
.

al
,

20
10

)
st

at
ed

b
el

ow
im

p
li
es

th
at

to
fi
n
d

th
e

e.
d
.r

.
d
ir

ec
ti

on
s

it
is

en
ou

gh
to

co
m

p
u
te
E
X

[G
].

L
e
m

m
a

6
C

o
n

si
d
er

th
e

se
m

i-
pa

ra
m

et
ri

c
m

od
el

Y
=
g
(b
T 1
X
,.
..
,b
T d
X

)
+
ε,

(1
2)

w
h
er

e
ε

re
p
re

se
n

ts
ze

ro
m

ea
n

fi
n

it
e

va
ri

a
n

ce
n

o
is

e.
T

h
en

th
e

ex
pe

ct
ed

gr
a
d
ie

n
t

o
u

te
r

p
ro

d
u

ct
(E

G
O

P
)

m
a
tr

ix
G

is
o
f

ra
n

k
a
t

m
o
st
d

.
F

u
rt

h
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d
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is
m

at
ri

x
.

S
ev

er
al

m
et

h
o
d
s

ar
e

k
n
ow

n
fo

r
es

ti
m

at
in

g
th

e
E

G
O

P
an

d
th

is
h
a
s

b
ee

n
a

ve
ry

p
op

u
la

r
p
ro

b
le

m
in

st
at

is
ti

cs
fo

r
a

w
h
il
e.

T
h
e

id
ea

of
u
si

n
g

E
G

O
P

fo
r

o
b
ta

in
in

g
e.

d
.r

.
or

ig
in

at
ed

in
L

i
(1

99
1)

.
W

h
il
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p
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p
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b
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≥
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p
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p
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p
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ra
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p
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Ĝ
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Ĝ
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∂
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Ĝ
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p
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p
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h
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p
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b
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s
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〈Ĝ
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b
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=
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b
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/
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th
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th
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th

e
eq
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ri
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∇
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p
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th
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it
er
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w

il
l
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n
v
er
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e
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eq

u
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ri
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d
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b
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eq
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a
p
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h
e
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o
ch
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ti
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gr
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ie
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h
em

e
re
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u
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∇
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it
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n
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h
e

p
ro
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of

te
n

is
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e
u
n
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b
il
it

y
of
∇
f

(x
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re
a
d
y

n
ot

ed
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is

th
er

ef
or

e
im

p
or
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n
t
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h
av

e
a

go
o
d

m
et

h
o
d

fo
r

es
ti
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at
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g

th
e
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ie
n
t.

T
y
p
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e

w
ou
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in
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oi
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su

re
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en
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d

h
en
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th

e
es

ti
m

at
e

w
il
l

h
av

e
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o
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ro
r
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.

It
is

k
n
ow

n
th

at
if

th
e

er
ro

r
re

m
ai

n
s

sm
al

l,
th

e
it

er
at
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n
ve

rg
e
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s.

to
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sm
al

l
n
ei

gh
b

ou
rh

o
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d
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e
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oi

n
t

in
th

e
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t
of

eq
u
il
ib

ri
a
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e

an
al
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b
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o,
th

e
er

ro
r
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ta

in
ed
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S
P
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-

m
ea

n
m

o
d
u
lo

h
ig

h
er

or
d
er

te
rm

s,
so

on
e

ca
n

ev
en

ta
ke

an
em

p
ir

ic
al

av
er

ag
e

ov
er

a
fe

w
se

p
ar

at
e

es
ti

m
at
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in

or
d
er

to
re

d
u
ce

va
ri

an
ce

.
F

or
h
ig

h
d
im

en
si

on
al

p
ro

b
le

m
s,

th
e

n
u
m

b
er

of
fu

n
ct

io
n

ev
al

u
at

io
n
s

re
m

ai
n
s

st
il
l

sm
a
ll

as
co

m
p
ar

ed
w

it
h
,

e.
g.

,
th

e
cl

as
si

ca
l

K
ie

fe
r-

W
ol

fo
w

it
z

sc
h
em

e.
W

e
u
se

T
h
eo

re
m

4
to

ju
st

if
y

u
si

n
g

S
P

(S
im

u
lt

an
eo

u
s

P
er

tu
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at
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n
S
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ch
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c

A
p
p
ro

x
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at
io

n
)
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m

b
in

ed
w

it
h
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m

p
re
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ed

se
n
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n
g

to
ob

ta
in

an
ap

p
ro

x
im

at
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n
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r
th

e
gr

ad
ie

n
t

an
d

th
en

u
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th
e

ab
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e
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h
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e
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m
in

im
iz

e
f
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C
on

si
d
er

th
e

fo
ll
ow

in
g

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
sc

h
em

e:

x
n

+
1

=
x
n

+
a
(n
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−
∇
f

(x
n
)

+
M
n

+
1

+
η
(n

)]
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4)

w
h
er

e
{η

(n
)}

is
th

e
ad

d
it

io
n
al

er
ro

r
ar

is
in

g
d
u
e

to
th

e
er

ro
r

in
gr

ad
ie

n
t

es
ti

m
at

io
n
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T
h
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,
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n
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=
∇
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n
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−
η
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).
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p
n
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r

so
m

e
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al
l
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,
th

en
th

e
it

er
at

es
of
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co
n
ve

rg
e

to
a

sm
al

l
n
ei

gh
b

ou
rh

o
o
d
A

of
so

m
e

p
o
in

t
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=
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:
∇
f
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=
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}
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T
ad

ic
an

d
D

ou
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or

ka
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.
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b
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∇
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B
o
r
k
a
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,
D
w
a
r
a
c
h
e
r
l
a
a
n
d

S
a
h
a
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a
b
u
d
h
e

fo
r

so
m

e
m

ea
su
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b
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η̆
(·)

w
it

h
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≤
ε 0
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T

h
en

d d
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(x
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))
=
−
‖∇

f
(x

(t
))
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+
〈∇
f

(x
(t

))
,η̆

(t
)〉
,

w
h
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h
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<

0
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lo
n
g

as
‖∇

f
(x

(t
))
‖2

>
|〈∇

f
(x

(t
))
,η̆

(t
)〉
|.

T
h
er

ef
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e
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(t
)

w
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l
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ve
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e
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e
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t
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‖∇

f
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≤
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e
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at
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e
H
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∇

2
f
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is
p

os
it
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e

d
efi

n
it
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w

h
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h
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ge
n
er
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a
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y
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r
is

o
-
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te

d
lo
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l

m
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im
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h
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r
A
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∇
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y
m
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va
lu

e
th

eo
re

m
,
∇
f

(x
)

=
∇
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‖∇
f

(x
)‖
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m

(x
′ )
‖x
−
x
∗ ‖

.
T

h
u
s

th
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e
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n
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a

b
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n
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th
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b
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w
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h
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ra
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∇
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d
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w
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d
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c
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b
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e
sc

h
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d
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re
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at
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p
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h
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s
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a
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b
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b
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b
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b
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u
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b
er

of
ad

d
it

io
n
a
l

st
ep

s,
th

e
it

er
at

es
re

m
ai

n
in

a
sm

al
l

tu
b

e
ar

ou
n
d

th
e

d
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p
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r
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b
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b
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b
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p
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p
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G
r
a
d
ie
n
t
E
st

im
a
t
io
n

fo
rm

u
la

.
W

e
h
ave

om
itted

th
e

d
etails

of
b

oth
th

e
cases
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it

n
eed

s
m

u
ch

a
d
d
ition

a
l

n
ota-

tio
n

to
rep

lica
te

th
em

h
ere.

T
h
ese

w
ou

ld
,

h
ow

ever,
ap

p
ly

to
th

e
ex

act
sto

ch
astic

g
rad

ien
t

d
escen

t.
S
in

ce
w

e
h
ave

an
ad

d
ition

al
error

d
u
e

to
ap

p
rox

im
ate

grad
ien

t
as

in
th

e
p
reced

in
g

th
eo
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,

w
e

n
eed

to
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b
in

e
th

e
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lts
of

ibid
.

w
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th
e

ab
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e
th

eorem
to

m
ake

a
w

eaker
cla

im
reg

a
rd

in
g

h
ow

sm
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th
e

n
eigh

b
orh

o
o
d

o
f
x
∗
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q
u
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b

e.
F

u
rth
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ore,

th
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cla
im

s
a
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a
b

o
u
t
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w

h
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th
e

d
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ain
of
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a
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u
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m
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h
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h
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n
o
t
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p
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resu

lts
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B
orkar

(2008)
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lso
see

B
en

a
im

,
1996;

B
ran

d
iére

an
d

D
u
fl
o,

1996;
P

em
an

tle,
1990)

en
su

re
th

at
if

th
e

n
oise

is
rich

en
o
u
g
h

in
a

certain
p
recise

sen
se,

u
n
stab

le
eq

u
ilib

ria
are

avoid
ed

w
ith

p
rob

ab
ility

o
n
e.

R
e
m

a
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9
N

o
te

th
a
t

th
e

gra
d
ien

t
d

escen
t

is
a

stoch
a
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a
p
p
ro

xim
a
tio

n
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e

w
h
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a
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ges
o
u

t
th

e
n

o
ise.

S
o

in
p
rin

cip
le

th
e

a
vera

gin
g

o
ver

k
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s
a
t

th
e

S
P
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th

e
o
rigin

a
l

a
lgo

rith
m
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n
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skip

ped
.

T
h
is

m
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n
s

th
a
t
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r

a
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a
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gra
d
ien

t
d
escen

t
sch

em
e,

w
e

cu
t

d
o
w

n
th

e
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st
o
f

fu
n
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n
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a
tio

n
even

fu
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er.
T

h
e

sim
u
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n
s

in
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e
n

ext
sectio

n
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n
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rm
th

a
t
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a
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o
bta
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w
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o
u

t
a
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gin
g

o
ver

S
P
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tio

n
s.

T
h
ere

is,
h
o
w

ever,
a

sta
n

d
a
rd

tra
d
e-o

ff
in

vo
lved

betw
een

per
step

co
m

p
u

ta
tio

n
/

speed
o
f

co
n

vergen
ce,

a
n

d
fl

u
ctu

a
tio

n
s

(equ
iva

len
tly,

va
ria

n
ce)
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=
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+
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iè

ge
s?

,
A

n
-

n
a
ls

d
e

l’
In

st
it

u
t

H
en

ri
P

o
in

ca
ré
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).

T
he

nu
m

be
r

of
to

pi
cs

,K
,i

s
fin

ite
an

d
kn

ow
n.

B
y

de
fin

iti
on

,a
to

pi
c

is
a

di
st

ri
bu

tio
n

ov
er
V,

i.e
.a

po
in

ti
n

th
e

si
m

pl
ex

S V
=
{a
∈
R
V

:
a
1
,.
..
,a
V
≥

0
,
∑

V j=
1
a
j

=
1
}.

Fo
r
d

=
1
,.
..
,D

,f
or

ea
ch

w
or

d
w
d
i,

z d
i

is
an

in
de

x
ve

ct
or

of
di

m
en

si
on

K
w

hi
ch

re
pr

es
en

ts
th

e
la

te
nt

va
ri

ab
le

th
at

de
no

te
s

th
e

to
pi

c
fr

om
w

hi
ch
w
d
i

is
dr

aw
n.

T
he

di
st

ri
bu

tio
n

of
z d

1
,.
..
,z
d
n
d

w
ill

de
pe

nd
on

a
do

cu
m

en
t-

sp
ec

ifi
c

va
ri

ab
le
θ d

w
hi

ch
in

di
ca

te
s

a
di

st
ri

bu
tio

n
on

th
e

to
pi

cs
fo

rd
oc

um
en

td
.

W
e

w
ill

us
e

D
ir
L

(a
1
,.
..
,a
L

)
to

de
no

te
th

e
fin

ite
-d

im
en

si
on

al
D

ir
ic

hl
et

di
st

ri
bu

tio
n

on
th

e
si

m
-

pl
ex

S L
.

A
ls

o,
w

e
w

ill
us

e
M

u
lt
L

(b
1
,.
..
,b
L

)
to

de
no

te
th

e
m

ul
tin

om
ia

ld
is

tr
ib

ut
io

n
w

ith
nu

m
be

r
of

tr
ia

ls
eq

ua
l

to
1

an
d

pr
ob

ab
ili

ty
ve

ct
or

(b
1
,.
..
,b
L

).
W

e
w

ill
fo

rm
a
K
×
V

m
at

ri
x
β

,w
ho

se
tt

h
ro

w
is

th
e
tt

h
to

pi
c

(h
ow

β
is

fo
rm

ed
w

ill
be

de
sc

ri
be

d
sh

or
tly

).
T

hu
s,
β

w
ill

co
ns

is
t

of
ve

c-
to

rs
β
1
,.
..
,β
K

,a
ll

ly
in

g
in

S V
.

T
he

L
D

A
m

od
el

is
in

de
xe

d
by

hy
pe

rp
ar

am
et

er
s
η
∈

(0
,∞

)
an

d
α
∈

(0
,∞

)K
.

It
is

re
pr

es
en

te
d

gr
ap

hi
ca

lly
in

Fi
gu

re
1,

an
d

de
sc

ri
be

d
fo

rm
al

ly
by

th
e

fo
llo

w
in

g
hi

er
ar

ch
ic

al
m

od
el

:

1.
β
t

iid ∼
D

ir
V

(η
,.
..
,η

),
t

=
1,
..
.,
K

.

2.
θ d

iid ∼
D

ir
K

(α
),
d

=
1,
..
.,
D

,a
nd

th
e
θ d

’s
ar

e
in

de
pe

nd
en

to
ft

he
β
t’

s.

3.
G

iv
en

θ 1
,.
..
,θ
D

,
z d
i

iid ∼
M

u
lt
K

(θ
d
),
i

=
1,
..
.,
n
d
,
d

=
1,
..
.,
D

,
an

d
th

e
D

m
at

ri
ce

s
(z

1
1
,.
..
,z

1
n
1
),
..
.,

(z
D
1
,.
..
,z
D
n
D

)
ar

e
in

de
pe

nd
en

t.

4.
G

iv
en
β

an
d

th
e
z d
i’s

,t
he
w
d
i’s

ar
e

in
de

pe
nd

en
tly

dr
aw

n
fr

om
th

e
ro

w
of
β

in
di

ca
te

d
by
z d
i,
i

=
1
,.
..
,n

d
,
d

=
1,
..
.,
D

.

Fr
om

th
e

de
sc

ri
pt

io
n

of
th

e
m

od
el

,w
e

se
e

th
at

th
er

e
is

a
la

te
nt

to
pi

c
va

ri
ab

le
fo

r
ev

er
y

w
or

d
th

at
ap

pe
ar

s
in

th
e

co
rp

us
.

T
hu

s
it

is
po

ss
ib

le
th

at
a

do
cu

m
en

ts
pa

ns
se

ve
ra

lt
op

ic
s.

A
ls

o,
be

ca
us

e
β

is
ch

os
en

on
ce

,a
tt

he
to

p
of

th
e

hi
er

ar
ch

y,
it

is
sh

ar
ed

am
on

g
th

e
D

do
cu

m
en

ts
.

T
hu

s
th

e
m

od
el

en
co

ur
ag

es
di

ff
er

en
td

oc
um

en
ts

to
sh

ar
e

th
e

sa
m

e
to

pi
cs

,a
nd

m
or

eo
ve

r,
al

lt
he

do
cu

m
en

ts
in

th
e

co
rp

us
sh

ar
e

a
si

ng
le

se
to

ft
op

ic
s

de
fin

ed
by
β

.

w
d
i

z d
i

θ dα
β
t

η

i
=

1
,.
..
,n
d

d
=

1
,.
..
,D

t
=

1
,.
..
,K

Fi
gu

re
1:

G
ra

ph
ic

al
m

od
el

re
pr

es
en

ta
tio

n
fo

r
L

D
A

.
N

od
es

de
no

te
ra

nd
om

va
ri

-
ab

le
s,

sh
ad

ed
no

de
s

de
no

te
ob

se
rv

ed
va

ri
ab

le
s,

ed
ge

s
de

no
te

co
nd

iti
on

al
de

pe
nd

en
ci

es
,a

nd
pl

at
es

de
no

te
re

pl
i-

ca
te

d
pr

oc
es

se
s.

L
et
θ

=
(θ

1
,.
..
,θ
D

),
z
d

=
(z
d
1
,.
..
,z
d
n
d
)

fo
r
d

=
1
,.
..
,D

,
z

=
(z

1
,.
..
,z
D

),
an

d
le

t
ψ

=
(β
,θ
,z

).
T

he
m

od
el

is
in

de
xe

d
by

th
e

hy
pe

rp
ar

am
et

er
ve

ct
or
h

=
(η
,α

)
∈

(0
,∞

)K
+
1
.

Fo
r

an
y

gi
ve

n
h

,l
in

es
1

–3
in

du
ce

a
pr

io
r

di
st

ri
bu

tio
n

on
ψ

,w
hi

ch
w

e
w

ill
de

no
te

by
ν h

.
L

in
e

4
gi

ve
s

th
e

lik
el

ih
oo

d.
T

he
w

or
ds
w

ar
e

ob
se

rv
ed

,a
nd

w
e

ar
e

in
te

re
st

ed
in
ν h
,w

,t
he

po
st

er
io

r
di

st
ri

bu
tio

n
of
ψ

gi
ve

n
w

co
rr

es
po

nd
in

g
to
ν h

.
In

st
ep

2
it

is
co

m
m

on
to

ta
ke

th
e

di
st

ri
bu

tio
n

of
th

e
θ d

’s
to
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H
Y

P
E

R
PA

R
A

M
E

T
E

R
S

E
L

E
C

T
IO

N
IN

L
D

A
M

O
D

E
L

be
a

sym
m

etric
D

irichlet,although
arbitrary

D
irichlets

are
som

etim
es

used.
O

ur
m

odelallow
s

for
arbitrary

D
irichlets,forthe

sake
ofgenerality,butin

allourexam
ples

w
e

use
sym

m
etric

D
irichlets

because
a

high-dim
ensionalhyperparam

eter
can

cause
serious

problem
s.

W
e

return
to

this
pointat

the
end

ofSection
2.1.

T
he

hyperparam
eter

vector
h

is
notrandom

,and
m

ustbe
selected

in
advance.

Ithas
a

strong
effecton

the
distribution

of
the

param
eters

of
the

m
odel.

For
exam

ple,w
hen

η
is

large,the
topics

tend
to

be
probability

vectors
w

hich
spread

theirm
ass

evenly
am

ong
m

any
w

ords
in

the
vocabulary,

w
hereas

w
hen

η
is

sm
all,the

topics
tend

to
putm

ostof
their

m
ass

on
only

a
few

w
ords.

A
lso,in

the
specialcase

w
here

α
=

(α
,...,α

),so
that

D
ir
K

(α
)

is
a

sym
m

etric
D

irichletindexed
by

the
single

param
eter

α
,w

hen
α

is
large,each

docum
enttends

to
involve

m
any

differenttopics;on
the

otherhand,in
the

lim
iting

case
w

here
α
→

0,each
docum

entinvolves
a

single
topic,and

this
topic

is
random

ly
chosen

from
the

setofalltopics.

T
he

preceding
paragraph

is
aboutthe

effectof
h

on
the

priordistribution
ofthe

param
eters.W

e
m

ay
think

aboutthe
role

of
h

on
statisticalinference

by
considering

posteriordistributions.L
et
g

be
a

function
ofthe

param
eter

ψ
.Forexam

ple,g
(ψ

)
m

ightbe
the

indicatorofthe
event‖

θ
i −

θ
j ‖
≤
ε,

w
here

i
and

j
are

the
indices

of
tw

o
particular

docum
ents,

ε
is

som
e

user-specified
sm

allnum
ber,

and
‖·‖

denotes
ordinary

E
uclidean

distance
in

R
K

.
In

this
case,the

value
of
g
(ψ

)
gives

a
w

ay
of

determ
ining

w
hether

the
topics

for
docum

ents
i

and
j

are
nearly

the
sam

e
(g

(ψ
)

=
1),or

not
(g

(ψ
)

=
0).

O
f

interestthen
is

the
posterior

probability
ν
h
,w

(‖θ
i −

θ
j ‖
≤
ε),w

hich
is

given
by

the
integral ∫

g
(ψ

)
d
ν
h
,w

(ψ
).

In
another

exam
ple,the

function
g

m
ightbe

taken
to

m
easure

the
distance

betw
een

tw
o

topics
ofinterest.In

Section
2.4

w
e

dem
onstrate

em
pirically

thatthe
posterior

expectation
given

by
the

integral ∫
g
(ψ

)
d
ν
h
,w

(ψ
)

can
vary

considerably
w

ith
h.

To
sum

m
arize:

the
hyperparam

eter
h

can
have

a
strong

effectnotonly
on

the
priordistribution

of
the

param
eters

in
the

m
odel,

but
also

on
their

posterior
distribution;

therefore
it

is
im

portant
to

choose
it

carefully.
Y

et
in

spite
of

the
very

w
idespread

use
of

L
D

A
,

there
is

no
m

ethod
for

choosing
the

hyperparam
eter

that
has

a
firm

theoretical
basis.

In
the

literature,
h

is
som

etim
es

selected
in

som
e

ad-hoc
or

arbitrary
m

anner.
A

principled
w

ay
of

selecting
it

is
via

m
axim

um
likelihood:

w
e

let
m
w

(h
)

denote
the

m
arginal

likelihood
of

the
data

as
a

function
of
h,

and
use

ĥ
=

a
rg

m
a
x
h
m
w

(h
)

w
hich

is,
by

definition,
the

em
pirical

B
ayes

choice
of
h.

W
e

w
ill

w
rite

m
(h

)
instead

of
m
w

(h
)

unless
w

e
need

to
em

phasize
the

dependence
on
w

.
U

nfortunately,
the

function
m

(h
)

is
analytically

intractable:
m

(h
)

is
the

likelihood
ofthe

data
w

ith
alllatentvariables

integrated
or

sum
m

ed
out,

and
from

the
hierarchical

nature
of

the
m

odel,
w

e
see

that
m

(h
)

is
a

very
large

sum
,because

w
e

are
sum

m
ing

over
allpossible

values
of
z.

B
leietal.(2003)

propose
estim

ating
a
rg

m
ax

h
m

(h
)

via
a

com
bination

ofthe
E

M
algorithm

and
“variationalinference”

(V
I-

E
M

).V
ery

briefly,
w

is
view

ed
as

“observed
data,”

and
ψ

is
view

ed
as

“m
issing

data.”
B

ecause
the

“com
plete

data
likelihood”

p
h (ψ

,w
)

is
available,the

E
M

algorithm
is

a
naturalcandidate

for
estim

ating
a
rg

m
ax

h
m

(h
),since

m
(h

)
is

the
“incom

plete
data

likelihood.”
B

utthe
E

-step
in

the
algorithm

is
infeasible

because
itrequires

calculating
an

expectation
w

ith
respectto

the
intractable

distribution
ν
h
,w

.
B

leietal.(2003)substitute
an

approxim
ation

to
this

expectation.
U

nfortunately,
because

there
are

no
usefulbounds

on
the

approxim
ation,and

because
the

approxim
ation

is
used

atevery
iteration

of
the

algorithm
,there

are
no

results
regarding

the
theoreticalproperties

of
this

m
ethod.W

allach
(2006)(see

also
W

allach
(2008))proposed

a
“G

ibbs-E
M

”
algorithm

,in
w

hich
the

E
-step

is
approxim

ated
by

a
M

arkov
chain

M
onte

C
arlo

estim
ate.

T
his

m
ethod

can
perform

w
ell

em
pirically

but,as
for

the
V

I-E
M

algorithm
,its

theoreticalvalidity
has

notbeen
established.

T
he

3
JM

L
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G
E

O
R

G
E

A
N

D
D

O
S

S

advantages
and

disadvantages
of

these
tw

o
approxim

ations
to

the
E

M
algorithm

are
discussed

in
Section

5.1.
W

allach
etal.(2009)

give
an

overview
of

a
class

of
m

ethods
for

estim
ating

a
com

bination
of

som
e

param
eter

com
ponents

and
som

e
hyperparam

eter
com

ponents
and,

in
principle,

these
pro-

cedures
could

be
adapted

to
the

problem
of

estim
ating

h.
T

he
m

ethods
they

present
differ

from
E

M
-based

approaches
in

tw
o

fundam
entalrespects:(1)they

w
ork

w
ith

an
objective

function
w

hich
is

notthe
m

arginallikelihood
function

m
(h

),butrather
a

m
easure

of
the

“predictive
perform

ance
of

the
L

D
A

m
odelindexed

by
h,”

and
(2)

evaluation
of

their
objective

function
athyperparam

eter
value

h
requires

running
a

M
arkov

chain,and
this

has
to

be
done

“foreach
value

of
h”

before
doing

the
m

axim
ization

ofthe
objective

function,w
hich

can
im

pose
a

heavy
com

putationalburden.
T

his
paperis

discussed
furtherin

Section
5.

A
notherapproach

fordealing
w

ith
the

problem
ofhaving

to
m

ake
a

choice
ofthe

hyperparam
e-

tervectoris
the

fully
B

ayes
approach,in

w
hich

w
e

sim
ply

puta
prioron

the
hyperparam

etervector,
thatis,add

one
layer

to
the

hierarchicalm
odel.

Forexam
ple,w

e
can

eitherputa
flatprioron

each
com

ponentofthe
hyperparam

eter,orputa
gam

m
a

priorinstead.W
hile

this
approach

can
be

useful,
there

are
reasons

w
hy

one
m

ay
w

antto
avoid

it.
O

n
the

one
hand,if

w
e

puta
flatprior

then
one

problem
is

thatw
e

are
effectively

skew
ing

the
results

tow
ards

large
values

of
the

hyperparam
eter

com
ponents.

A
m

ore
serious

problem
is

that
the

posterior
m

ay
be

im
proper.

In
this

case,insidi-
ously,ifw

e
use

G
ibbs

sam
pling

to
estim

ate
the

posterior,itis
possible

thatallconditionals
needed

to
im

plem
ent

the
sam

pler
are

proper;
but

H
obert

and
C

asella
(1996)

have
show

n
that

the
G

ibbs
sam

pler
outputm

ay
notgive

a
clue

thatthere
is

a
problem

.
O

n
the

other
hand,if

w
e

use
a

gam
m

a
prior,then

atleastin
the

case
of

a
sym

m
etric

D
irichleton

the
θ
d ’s,w

e
have

notm
ade

things
any

easier:
w

e
have

to
specify

four
gam

m
a

hyperparam
eters.

A
nother

reason
to

avoid
the

fully
B

ayes
approach

is
that,in

broad
term

s,the
generalinterestin

em
piricalB

ayes
m

ethods
arises

in
partfrom

a
desire

to
selecta

specific
value

of
the

hyperparam
eter

vector
because

this
gives

a
m

odelthatis
m

ore
parsim

onious
and

interpretable.
T

his
pointis

discussed
m

ore
fully

(in
a

generalcontext)
in

G
eorge

and
Foster(2000)and

R
obert(2001,C

hapter7).
In

the
presentpaperw

e
show

thatw
hile

itis
notpossible

to
com

pute
m

(h
)

itself,itis
neverthe-

less
possible,w

ith
a

single
M

C
M

C
run,to

estim
ate

the
entire

function
m

(h
)

up
to

a
m

ultiplicative
constant.B

efore
proceeding,w

e
note

thatif
c

is
a

constant,then
the

inform
ation

regarding
h

given
by

the
tw

o
functions

m
(h

)
and

cm
(h

)
is

the
sam

e:
the

sam
e

value
of
h

m
axim

izes
both

functions,
and

the
second

derivative
m

atrices
ofthe

logarithm
ofthese

tw
o

functions
are

identical.In
particu-

lar,the
H

essians
of

the
logarithm

of
these

tw
o

functions
atthe

m
axim

um
(i.e.the

observed
Fisher

inform
ation)are

the
sam

e
and,therefore,the

standard
pointestim

ates
and

confidence
regions

based
on
m

(h
)

and
cm

(h
)

are
identical.L

et
g

be
a

function
of
ψ

and
let
I
(h

)
=
∫
g
(ψ

)
d
ν
h
,w

(ψ
)

denote
the

posterior
expectation

of
g
(ψ

).
W

e
also

show
thatitis

possible
to

estim
ate

the
entire

function
I
(h

)
w

ith
a

single
M

C
M

C
run.

A
s

w
e

w
ill

see
in

Section
2,

our
approach

for
estim

ating
m

(h
)

up
to

a
single

m
ultiplicative

constantand
I
(h

)
has

tw
o

requirem
ents:(i)w

e
need

a
form

ula
forthe

ratio
ν
h
1 (ψ

)/ν
h
2 (ψ

)
forany

tw
o

hyperparam
etervalues

h
1

and
h
2 ,and

(ii)forany
hyperparam

etervalue
h,w

e
need

an
ergodic

M
arkov

chain
w

hose
invariantdistribution

is
the

posterior
ν
h
,w

.T
his

paperis
organized

as
follow

s.
In

Section
2

w
e

explain
our

m
ethod

for
estim

ating
the

function
m

(h
)

up
to

a
single

m
ultiplicative

constant(and
hence

its
argm

ax)and
forestim

ating
the

fam
ily

ofposteriorexpectations{
I
(h

),
h
∈

H
};

and
w

e
also

explain
how

to
form

error
m

argins
for

our
estim

ates,paying
particular

attention
to

theoretical
underpinnings.

A
dditionally,

w
e

provide
the

form
ula

for
the

ratio
ν
h
1 (ψ

)/ν
h
2 (ψ

).
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Se
ct

io
n

A
.2

of
th

e
A

pp
en

di
x.
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W
e

now
discuss

C
onditions

C
1–C

4.
C

ondition
C

1
is

satisfied
by

the
L

D
A

m
odel,and

in
Sec-

tion
A

.1
ofthe

A
ppendix

w
e

show
thatthe

ratio
ofdensities

ν
h /ν

h
∗

is
given

by

ν
h (ψ

)

ν
h
∗ (ψ

)
=

[
D∏d
=
1 (

Γ (∑
Kj=

1
α
j )

∏
Kj=

1
Γ

(α
j )

∏
Kj=

1
Γ

(α
∗j )

Γ (∑
Kj=

1
α
∗j )

K∏j=
1

θ
α
j −
α
∗j

dj

)
][

K∏j=
1 (

Γ
(V
η
)

Γ
(η

)
V

Γ
(η ∗)

V

Γ
(V
η ∗)

V∏t=
1

β
η−

η ∗
jt

) ]
,

(2.2)
w

here
h
∗

=
(η ∗,α

∗).
T

here
are

m
any

extensions
and

variants
ofthe

L
D

A
m

odeldescribed
in

Section
1—

too
m

any
to

even
listthem

allhere—
and

versions
of(2.2)can

be
obtained

forthese
m

odels.T
his

has
to

be
done

separately
for

each
case.

T
he

features
of

the
L

D
A

m
odelthatm

ake
itpossible

to
obtain

a
ratio

of
densities

form
ula

are
thatitis

a
hierarchicalm

odel,and
atevery

stage
the

distributions
are

explicitly
finite

dim
ensional.

For
other

m
odels,a

ratio
of

densities
form

ula
is

obtainable
routinely

as
long

as
these

features
exist:

w
hen

they
do,

w
e

have
a

closed-form
expression

for
the

prior
distribution

ν
h (ψ

),and
hence

a
closed-form

expression
forthe

ratio
ν
h (ψ

)/ν
h
∗ (ψ

).
U

nfortunately,
a

ratio
of

densities
form

ula
is

not
alw

ays
available.

A
prom

inent
exam

ple
is

the
“H

ierarchical
D

irichlet
Processes”

m
odel

introduced
in

Teh
et

al.
(2006),

w
hich

effectively
allow

s
infinitely

m
any

topics
butw

ith
finitely

m
any

realized
in

any
given

docum
ent.

V
ery

briefly,
in

this
m

odel,for
w

ord
i

in
docum

ent
d,there

is
an

unobserved
topic

ψ
d
i .

T
he

latenttopic
vector

ψ
d

=
(ψ

d
1 ,...,ψ

d
n
d )hasa

com
plicated

jointdistribution
w

ith
strength

ofdependence
governed

by
a

hyperparam
eter

h
1

(the
precision

param
eterofthe

D
irichletprocessin

the
m

iddle
ofthe

hierarchy),
and

the
D

vectors
ψ

1 ,...,ψ
D

also
have

a
com

plicated
dependence

structure,
w

ith
strength

of
dependence

governed
by

a
hyperparam

eter
h
2

(the
precision

param
eter

of
the

D
irichlet

process
at

the
top

of
the

hierarchy).
T

he
param

eter
vector

for
the

m
odel

is
ψ

=
(ψ

1 ,...,ψ
D

)
and

the
hyperparam

eteris
h

=
(h

1 ,h
2 ).U

nfortunately,the
joint(prior)distribution

of
ψ

is
notavailable

in
closed

form
,and

ourefforts
to

obtain
a

form
ula

for
ν
h (ψ

)/ν
h
∗ (ψ

)
have

been
fruitless.

R
egarding

C
ondition

C
2,w

e
note

thatG
riffiths

and
Steyvers

have
developed

a
“collapsed

G
ibbs

sam
pler”

(C
G

S)
w

hich
runs

over
the

vector
z.

T
he

invariant
distribution

of
the

C
G

S
is

the
con-

ditional
distribution

of
z

given
w

.
T

he
C

G
S

cannot
be

used
directly,

because
to

apply
(2.1)

w
e

need
a

M
arkov

chain
on

the
triple

(β
,θ
,z

),
w

hose
invariant

distribution
is
ν
h
∗
,w

.
In

Section
4

w
e

obtain
the

conditionaldistribution
of

(β
,θ

)
given

z
and

w
,and

w
e

show
how

to
sam

ple
from

this
distribution.

T
herefore,given

a
M

arkov
chain

z
(1
),...,z

(n
)

generated
via

the
C

G
S,w

e
can

form
triples

(z
(1
),β

(1
),θ

(1
)),...,(z

(n
),β

(n
),θ

(n
)),and

itis
easy

to
see

thatthis
sequence

form
s

a
M

arkov
chain

w
ith

invariantdistribution
ν
h
∗
,w

.
W

e
w

illrefer
to

this
M

arkov
chain

as
the

A
ug-

m
ented

C
ollapsed

G
ibbsSam

pler,and
use

the
acronym

A
C

G
S.In

Section
4

w
e

show
thatthe

A
C

G
S

is
notonly

geom
etrically

ergodic,butactually
is

uniform
ly

ergodic.
W

e
also

show
how

to
sam

ple
from

the
conditionaldistribution

of
z

given
(β
,θ

)
and

w
.T

his
enables

us
to

constructa
tw

o-cycle
G

ibbs
sam

plerw
hich

runs
on

the
pair

(z
,(β

,θ
)).W

e
w

illreferto
this

chain
as

the
G

rouped
G

ibbs
Sam

pler,and
use

the
acronym

G
G

S.
E

ither
the

A
C

G
S

or
the

G
G

S
m

ay
be

used,and
w

e
see

that
C

ondition
C

2
is

satisfied
forthe

L
D

A
m

odel.
T

he
theorem

below
pertains

to
the

L
D

A
m

odeland
states

thatfor
this

m
odel,

arg
m

a
x
h
B
n
(h

)
converges

to
arg

m
ax

h
m

(h
)

alm
ostsurely,and

that
arg

m
ax

h
B
n
(h

)
satisfies

a
C

LT
.T

he
theorem

also
gives

a
procedure

for
constructing

confidence
sets

for
arg

m
ax

h
m

(h
).

T
he

resultis
explicit.

T
herefore,given

a
desired

levelof
precision,w

e
can

determ
ine

the
M

arkov
chain

length
needed

to
estim

ate
a
rg

m
a
x
h
m

(h
)

w
ith

thatlevelof
precision.

T
he

proof
of

the
theorem

is
in

Section
A

.2
of

the
A

ppendix.
T

he
theorem

is
valid

under
som

e
natural

and
m

ild
regularity

conditions
w

hich

7
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G
E

O
R

G
E

A
N

D
D

O
S

S

are
given

in
the

A
ppendix.

(W
e

have
relegated

the
regularity

conditions
and

a
discussion

of
their

significance
to

the
A

ppendix
in

order
to

avoid
m

aking
the

presentsection
too

technical.)
L

et
p

be
the

dim
ension

of
h.So

p
=

2
ifw

e
take

the
distribution

ofthe
θ
d ’s

to
be

a
sym

m
etric

D
irichlet,and

p
=
K

+
1

ifw
e

allow
this

distribution
to

be
an

arbitrary
D

irichlet.

T
heorem

1
Let

ψ
1 ,ψ

2 ,...
be

generated
according

to
the

Augm
ented

C
ollapsed

G
ibbs

Sam
pling

algorithm
described

above,
let

B
n
(h

)
be

the
estim

ate
on

the
left

side
of

(2.1),
and

assum
e

that
C

onditions
A

1–A
6

in
Section

A
.2

ofthe
A

ppendix
hold.Then:

1.
arg

m
ax

h
B
n
(h

)
a.s.
−−→

arg
m

ax
h
m

(h
).

2.
n
1
/
2 (arg

m
ax

h
B
n
(h

)−
arg

m
ax

h
m

(h
) )

d→
N
p (0,Σ

)
for

som
e

positive
definite

m
atrix

Σ
.

3.
Let

Σ̂
n

be
the

estim
ate

of
Σ

obtained
by

the
m

ethod
ofbatching

described
in

Section
A

.2
ofthe

A
ppendix.

Then
Σ̂
n

a.s.
−−→

Σ
,and

in
particular

Σ̂
n

is
invertible

for
large

n
.

C
onsequently,the

ellipseE
given

by

E
=
{
h

:
(arg

m
ax

u
B
n
(u

)−
h

) >
Σ̂
−
1

n
(arg

m
ax

u
B
n
(u

)−
h

)≤
χ
2p
,.9

5 /
n }

is
an

asym
ptotic

95%
confidence

setfor
arg

m
ax

h
m

(h
).H

ere,χ
2p
,.9

5
denotes

the
.95

quantile
of

the
chi-square

distribution
w

ith
p

degrees
offreedom

.

R
em

ark
2

The
m

athem
aticaldevelopm

entin
the

proofrequires
a

stipulation
(C

ondition
A

5)w
hich

says
that

the
distinguished

point
h
∗

is
not

quite
arbitrary:

if
w

e
specify

H
=

[η
(L

),η
(U

)]×
[α

(L
)

1
,α

(U
)

1
]×
···×

[α
(L

)
K
,α

(U
)

K
],then

h
∗

m
ustsatisfy

η ∗
<

2η
(L

)
and

α
∗j
<

2
α
(L

)
j
,
j

=
1,...,K

.
(2.3)

(C
ondition

(2.3)
is

replaced
by

the
obvious

sim
pler

analogue
in

the
case

ofsym
m

etric
D

irichlets.)
Thus,C

ondition
A

5
provides

guidelines
regarding

the
user-selected

value
of
h
∗ .

R
em

ark
3

Part3
suggests

thatone
should

notuse
arbitrary

D
irichlets

w
hen

K
is

large.The
ellipse

is
centered

at
arg

m
ax

u
B
n
(u

)
and

the
lengths

ofits
principalaxes

are
governed

by
the

term
χ
2p
,.9

5 .
W

hen
p

=
K

+
1

and
K

is
large,

χ
2K
+
1
,.9

5
is

on
the

order
of
K

+
1,and

the
confidence

setfor
the

em
piricalB

ayes
estim

ate
of
h

is
then

huge.In
other

w
ords,w

hen
w

e
use

an
arbitrary

D
irichlet,our

estim
ates

are
very

inaccurate.
A

ctually,the
problem

thatarises
w

hen
d
im

(h
)

=
K

is
notlim

ited
to

our
M

onte
C

arlo
schem

e
for

estim
ating

arg
m

ax
h
m

(h
).

There
is

a
fundam

entalproblem
,w

hich
has

to
do

w
ith

the
factthat

there
is

notenough
inform

ation
in

the
corpus

to
estim

ate
a

high-dim
ensional

h.
Suppose

w
e

view
the

D
docum

ents
as

being
draw

n
from

som
e

idealized
population

generated
according

to
the

LD
A

m
odelindexed

by
h
0 .

Leaving
aside

com
putationalissues,suppose

w
e

are
able

to
calculate

ĥ
=

arg
m

ax
h
m

(h
),the

m
axim

um
likelihood

estim
ate

of
h
0 ,to

infinite
accuracy.Standard

asym
ptotics

give
D

1
/
2(ĥ−

h
0 )

d→
N
p (0,Ω

−
1)

as
D
→
∞

,w
here

Ω
is

the
Fisher

inform
ation

m
atrix.Therefore,

a
95%

confidence
setfor

h
0

is
given

by
the

ellipse {
h

:
(ĥ−

h
) >

Ω
(ĥ−

h
)≤

χ
2K
+
1
,.9

5 /D
},and

w
e

see
thatfor

high-dim
ensional

h,D
m

ustbe
very

large
for

us
to

be
able

to
accurately

estim
ate

h
0 .
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2.
2

E
st

im
at

io
n

of
th

e
Fa

m
ily

of
Po

st
er

io
r

E
xp

ec
ta

tio
ns

L
et
g

be
a

fu
nc

tio
n

of
ψ

,a
nd

le
t
I
(h

)
=
∫
g
(ψ

)
d
ν h
,w

(ψ
)

be
th

e
po

st
er

io
r

ex
pe

ct
at

io
n

of
g
(ψ

)
w

he
n

th
e

pr
io

r
is
ν h

.
Su

pp
os

e
th

at
w

e
ar

e
in

te
re

st
ed

in
es

tim
at

in
g
I
(h

)
fo

r
al

lh
∈
H

.
Pr

oc
ee

di
ng

as
w

e
di

d
fo

r
es

tim
at

io
n

of
th

e
fa

m
ily

of
ra

tio
s
{m

(h
)/
m

(h
∗)
,
h
∈
H
},

le
t
h
∗
∈
H

be
fix

ed
bu

ta
rb

itr
ar

y,
an

d
le

tψ
1
,ψ

2
,.
..

be
an

er
go

di
c

M
ar

ko
v

ch
ai

n
w

ith
in

va
ri

an
td

is
tr

ib
ut

io
n
ν h
∗,
w

.
To

es
tim

at
e
∫
g
(ψ

)
d
ν h
,w

(ψ
),

th
e

ob
vi

ou
s

ap
pr

oa
ch

is
to

w
ri

te

∫
g
(ψ

)
d
ν h
,w

(ψ
)

=

∫
g
(ψ

)
ν h
,w

(ψ
)

ν h
∗,
w

(ψ
)
d
ν h
∗,
w

(ψ
)

(2
.4

)

an
d

th
en

us
e

th
e

im
po

rt
an

ce
sa

m
pl

in
g

es
tim

at
e

(1
/n

)
∑

n i=
1
g
(ψ

i)
[ν
h
,w

(ψ
i)
/ν
h
∗,
w

(ψ
i)

].
T

hi
s

w
ill

no
tw

or
k

be
ca

us
e

w
e

do
no

tk
no

w
th

e
no

rm
al

iz
in

g
co

ns
ta

nt
s

fo
r
ν h
,w

an
d
ν h
∗,
w

.
T

hi
s

di
ffi

cu
lty

is
ha

nd
le

d
by

re
w

ri
tin

g
∫
g
(ψ

)
d
ν h
,w

(ψ
),

vi
a

(2
.4

),
as

∫
g
(ψ

)
` w

(ψ
)ν
h
(ψ

)/
m

(h
)

` w
(ψ

)ν
h
∗
(ψ

)/
m

(h
∗)
d
ν h
∗,
w

(ψ
)

=
m

(h
∗)

m
(h

)

∫
g
(ψ

)
ν h

(ψ
)

ν h
∗
(ψ

)
d
ν h
∗,
w

(ψ
)

=

m
(h
∗)

m
(h

)

∫
g
(ψ

)
ν
h
(ψ

)
ν
h
∗
(ψ

)
d
ν h
∗,
w

(ψ
)

m
(h
∗)

m
(h

)

∫
ν
h
(ψ

)
ν
h
∗
(ψ

)
d
ν h
∗,
w

(ψ
)

(2
.5

a)

=

∫
g
(ψ

)
ν
h
(ψ

)
ν
h
∗
(ψ

)
d
ν h
∗,
w

(ψ
)

∫
ν
h
(ψ

)
ν
h
∗
(ψ

)
d
ν h
∗,
w

(ψ
)

,
(2

.5
b)

w
he

re
in

(2
.5

a)
w

e
ha

ve
us

ed
th

e
fa

ct
th

at
th

e
in

te
gr

al
in

th
e

de
no

m
in

at
or

is
ju

st
1

,i
n

or
de

rt
o

ca
nc

el
th

e
un

kn
ow

n
co

ns
ta

nt
m

(h
∗)
/m

(h
)

in
(2

.5
b)

.T
he

id
ea

to
ex

pr
es

s∫
g
(ψ

)
d
ν h
,w

(ψ
)

in
th

is
w

ay
w

as
pr

op
os

ed
in

a
di

ff
er

en
tc

on
te

xt
by

H
as

tin
gs

(1
97

0)
.

E
xp

re
ss

io
n

(2
.5

b)
is

th
e

ra
tio

of
tw

o
in

te
gr

al
s

w
ith

re
sp

ec
tt

o
ν h
∗,
w

,e
ac

h
of

w
hi

ch
m

ay
be

es
tim

at
ed

fr
om

th
e

se
qu

en
ce
ψ

1
,ψ

2
,.
..
,ψ

n
.W

e
m

ay
es

tim
at

e
th

e
nu

m
er

at
or

an
d

th
e

de
no

m
in

at
or

by

1 n

n ∑ i=
1

g
(ψ

i)
[ν
h
(ψ

i)
/ν
h
∗
(ψ

i)
]

an
d

1 n

n ∑ i=
1

[ν
h
(ψ

i)
/ν
h
∗
(ψ

i)
]

re
sp

ec
tiv

el
y.

T
hu

s,
if

w
e

le
t

w
(h

)
i

=
ν h

(ψ
i)
/ν
h
∗
(ψ

i)
∑

n e=
1
[ν
h
(ψ

e
)/
ν h
∗
(ψ

e
)]
,

th
en

th
es

e
ar

e
w

ei
gh

ts
,

an
d

w
e

se
e

th
at

th
e

de
si

re
d

in
te

gr
al

m
ay

be
es

tim
at

ed
by

th
e

w
ei

gh
te

d
av

er
ag

e

Î
(h

)
=

n ∑ i=
1

g
(ψ

i)
w

(h
)

i
.

(2
.6

)

T
he

si
gn

ifi
ca

nc
e

of
th

is
de

ve
lo

pm
en

ti
s

th
at

it
sh

ow
s

th
at

w
ith

a
si

ng
le

M
ar

ko
v

ch
ai

n
ru

n,
w

e
ca

n
es

tim
at

e
th

e
en

tir
e

fa
m

ily
of

po
st

er
io

re
xp

ec
ta

tio
ns
{I

(h
),
h
∈
H
}.

A
s

w
as

th
e

ca
se

fo
rt

he
es

tim
at

e
on

th
e

le
ft

si
de

of
(2

.1
),

th
e

es
tim

at
e

(2
.6

)i
s

re
m

ar
ka

bl
e

in
its

si
m

pl
ic

ity
.T

o
co

m
pu

te
it,

w
e

ne
ed

to
kn

ow
on

ly
th

e
ra

tio
of

th
e

pr
io

rs
,a

nd
no

tt
he

po
st

er
io

rs
.
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2.
3

Se
ri

al
Te

m
pe

ri
ng

U
nf

or
tu

na
te

ly
,(

2.
6)

su
ff

er
s

a
se

ri
ou

s
de

fe
ct

:
un

le
ss
h

is
cl

os
e

to
h
∗,
ν h

ca
n

be
ne

ar
ly

si
ng

ul
ar

w
ith

re
sp

ec
tt

o
ν h
∗

ov
er

th
e

re
gi

on
w

he
re

th
e
ψ
i’s

ar
e

lik
el

y
to

be
,r

es
ul

tin
g

in
a

ve
ry

un
st

ab
le

es
tim

at
e.

A
si

m
ila

rr
em

ar
k

ap
pl

ie
s

to
th

e
es

tim
at

e
on

th
e

le
ft

si
de

of
(2

.1
).

In
ot

he
rw

or
ds

,t
he

re
is

ef
fe

ct
iv

el
y

a
“r

ad
iu

s”
ar

ou
nd
h
∗

w
ith

in
w

hi
ch

on
e

ca
n

sa
fe

ly
m

ov
e.

To
st

at
e

th
e

pr
ob

le
m

m
or

e
ex

pl
ic

itl
y:

th
er

e
do

es
no

te
xi

st
a

si
ng

le
h
∗

fo
r

w
hi

ch
th

e
ra

tio
s
ν h

(ψ
)/
ν h
∗
(ψ

)
ha

ve
sm

al
lv

ar
ia

nc
e

si
m

ul
ta

ne
ou

sl
y

fo
r

al
lh
∈
H

.
O

ne
w

ay
of

de
al

in
g

w
ith

th
is

pr
ob

le
m

is
to

se
le

ct
J

fix
ed

po
in

ts
h
1
,.
..
,h

J
∈
H

th
at

“c
ov

er
”
H

in
th

e
se

ns
e

th
at

fo
r

ev
er

y
h
∈
H

,
ν h

is
“c

lo
se

to
”

at
le

as
t

on
e

of
ν h

1
,.
..
,ν
h
J

.
W

e
th

en
re

pl
ac

e
ν h
∗

in
th

e
de

no
m

in
at

or
by

(1
/J

)
∑

J j=
1
b j
ν h

j
,f

or
so

m
e

su
ita

bl
e

ch
oi

ce
of

po
si

tiv
e

co
ns

ta
nt

s
b 1
,.
..
,b
J

.O
pe

ra
tin

g
in

tu
iti

ve
ly

,w
e

sa
y

th
at

fo
ra

ny
h
∈
H

,b
ec

au
se

th
er

e
ex

is
ts

at
le

as
t

on
e
j

fo
rw

hi
ch
ν h

is
cl

os
e

to
ν h

j
,t

he
va

ri
an

ce
of
ν h

(ψ
)/

[(
1/
J

)
∑

J j=
1
b j
ν h

j
(ψ

)]
is

sm
al

l;
he

nc
e

th
e

va
ri

an
ce

of
ν h

(ψ
)/

[(
1/
J

)
∑

J j=
1
b j
ν h

j
(ψ

)]
is

sm
al

ls
im

ul
ta

ne
ou

sl
y

fo
ra

ll
h
∈
H

.W
he

re
as

fo
rt

he
es

tim
at

es
(2

.1
)a

nd
(2

.6
)w

e
ne

ed
a

M
ar

ko
v

ch
ai

n
w

ith
in

va
ri

an
td

is
tr

ib
ut

io
n

is
ν h
∗,
w

,i
n

th
e

pr
es

en
t

si
tu

at
io

n
w

e
ne

ed
a

M
ar

ko
v

ch
ai

n
w

ho
se

in
va

ri
an

t
di

st
ri

bu
tio

n
is

th
e

m
ix

tu
re

(1
/
J

)
∑

J j=
1
ν h

j
,w

.
T

hi
s

ap
pr

oa
ch

m
ay

be
im

pl
em

en
te

d
by

a
m

et
ho

do
lo

gy
ca

lle
d

se
ri

al
te

m
pe

ri
ng

(M
ar

in
ar

ia
nd

Pa
ri

si
(1

99
2)

;
G

ey
er

an
d

T
ho

m
ps

on
(1

99
5)

),
or

ig
in

al
ly

de
ve

lo
pe

d
fo

r
th

e
pu

rp
os

e
of

im
pr

ov
in

g
m

ix
in

g
ra

te
s

of
ce

rt
ai

n
M

ar
ko

v
ch

ai
ns

th
at

ar
e

us
ed

to
si

m
ul

at
e

ph
ys

ic
al

sy
st

em
s

in
st

at
is

tic
al

m
ec

ha
ni

cs
.

H
ow

ev
er

,i
tc

an
be

us
ed

fo
r

a
ve

ry
di

ff
er

en
tp

ur
po

se
,n

am
el

y
to

in
cr

ea
se

th
e

ra
ng

e
of

va
lu

es
ov

er
w

hi
ch

im
po

rt
an

ce
sa

m
pl

in
g

es
tim

at
es

ha
ve

sm
al

lv
ar

ia
nc

e.
W

e
no

w
su

m
m

ar
iz

e
th

is
m

et
ho

do
lo

gy
,

in
th

e
pr

es
en

tc
on

te
xt

,a
nd

sh
ow

ho
w

it
ca

n
be

us
ed

to
pr

od
uc

e
es

tim
at

es
th

at
ar

e
st

ab
le

ov
er

a
w

id
e

ra
ng

e
of
h

va
lu

es
.

O
ur

ex
pl

an
at

io
ns

ar
e

de
ta

ile
d,

be
ca

us
e

th
e

m
at

er
ia

l
is

no
t

tr
iv

ia
l

an
d

be
ca

us
e

w
e

w
is

h
to

de
al

w
ith

es
tim

at
es

of
bo

th
m

ar
gi

na
ll

ik
el

ih
oo

d
an

d
po

st
er

io
r

ex
pe

ct
at

io
ns

.
T

he
re

ad
er

w
ho

is
no

ti
nt

er
es

te
d

in
th

e
de

ta
ile

d
ex

pl
an

at
io

ns
ca

n
sk

ip
th

e
re

st
of

th
is

su
bs

ec
tio

n
w

ith
no

lo
ss

re
ga

rd
in

g
un

de
rs

ta
nd

in
g

th
e

re
st

of
th

e
m

at
er

ia
li

n
th

is
pa

pe
r,

an
d

si
m

pl
y

re
ga

rd
se

ri
al

te
m

pe
ri

ng
as

a
bl

ac
k

bo
x

th
at

pr
od

uc
es

es
tim

at
es

of
th

e
m

ar
gi

na
ll

ik
el

ih
oo

d
(u

p
to

a
co

ns
ta

nt
)

an
d

of
po

st
er

io
r

ex
pe

ct
at

io
ns

(c
f.

(2
.1

)a
nd

(2
.6

))
th

at
ar

e
st

ab
le

ov
er

a
w

id
e
h

-r
eg

io
n.

To
si

m
pl

if
y

th
e

di
sc

us
si

on
,s

up
po

se
th

at
in

lin
e

2
of

th
e

L
D

A
m

od
el

w
e

ta
ke
α

=
(α
,.
..
,α

),
i.e

.D
ir
K

(α
)

is
a

sy
m

m
et

ri
c

D
ir

ic
hl

et
,s

o
th

at
H

is
ef

fe
ct

iv
el

y
tw

o-
di

m
en

si
on

al
,a

nd
su

pp
os

e
th

at
w

e
ta

ke
H

to
be

a
bo

un
de

d
se

to
ft

he
fo

rm
H

=
[η
L
,η
U

]×
[α
L
,α

U
].

O
ur

go
al

is
to

ge
ne

ra
te

a
M

ar
ko

v
ch

ai
n

w
ith

in
va

ri
an

td
is

tr
ib

ut
io

n
(1
/J

)
∑

J j=
1
ν h

j
,w

.T
he

up
da

te
s

w
ill

sa
m

pl
e

di
ff

er
en

tc
om

po
ne

nt
s

of
th

is
m

ix
tu

re
,w

ith
ju

m
ps

fr
om

on
e

co
m

po
ne

nt
to

an
ot

he
r.

W
e

no
w

de
sc

ri
be

th
is

ca
re

fu
lly

.
L

et
Ψ

de
no

te
th

e
st

at
e

sp
ac

e
fo

r
ψ

.
R

ec
al

lt
ha

tψ
ha

s
so

m
e

co
nt

in
uo

us
co

m
po

ne
nt

s
an

d
so

m
e

di
sc

re
te

co
m

po
ne

nt
s.

To
pr

oc
ee

d
ri

go
ro

us
ly

,w
e

w
ill

ta
ke
ν h

an
d
ν h
,w

to
al

lb
e

de
ns

iti
es

w
ith

re
sp

ec
tt

o
a

m
ea

su
re
µ

on
Ψ

.
D

efi
ne
L

=
{1
,.
..
,J
},

an
d

fo
r
j
∈
L,

su
pp

os
e

th
at

Φ
j

is
a

M
ar

ko
v

tr
an

si
tio

n
fu

nc
tio

n
on

Ψ
w

ith
in

va
ri

an
td

is
tr

ib
ut

io
n

eq
ua

lt
o

th
e

po
st

er
io

rν
h
j
,w

.O
n

oc
ca

si
on

w
e

w
ill

w
ri

te
ν j

in
st

ea
d

of
ν h

j
.T

hi
s

no
ta

tio
n

is
so

m
ew

ha
ti

nc
on

si
st

en
t,

bu
tw

e
us

e
it

in
or

de
rt

o
av

oi
d

ha
vi

ng
do

ub
le

an
d

tr
ip

le
su

bs
cr

ip
ts

.W
e

ha
ve
ν h
,w

=
` w
ν h
/m

(h
)

an
d
ν h

j
,w

=
` w
ν j
/m

(h
j
),
j

=
1,
..
.,
J

.
Se

ri
al

te
m

pe
ri

ng
in

vo
lv

es
co

ns
id

er
in

g
th

e
st

at
e

sp
ac

e
L
×

Ψ
,a

nd
fo

rm
in

g
th

e
fa

m
ily

of
di

st
ri

-
bu

tio
ns
{P

ζ
,
ζ
∈
R
J
}o

n
L
×

Ψ
w

ith
de

ns
iti

es

p
ζ
(j
,ψ

)
∝
` w

(ψ
)ν
j
(ψ

)/
ζ j
.

(2
.7

)

(T
o

be
pe

da
nt

ic
,t

he
se

ar
e

de
ns

iti
es

w
ith

re
sp

ec
tt

o
µ
×
σ

,w
he

re
σ

is
co

un
tin

g
m

ea
su

re
on
L.

)
T

he
ve

ct
or
ζ

is
a

tu
ni

ng
pa

ra
m

et
er

,w
hi

ch
w

e
di

sc
us

s
sh

or
tly

.
Fo

r
an

y
va

lu
e

of
ζ

,b
y

st
an

da
rd

m
et

ho
ds

in
vo

lv
in

g
th

e
M

et
ro

po
lis

-H
as

tin
gs

al
go

ri
th

m
,w

e
ca

n
ge

ne
ra

te
a

M
ar

ko
v

ch
ai

n
ha

vi
ng

in
va

ri
an

td
is

-
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H
Y

P
E

R
PA

R
A

M
E

T
E

R
S

E
L

E
C

T
IO

N
IN

L
D

A
M

O
D

E
L

tribution
equalto

(2.7).Ifw
e

take
ζ
j

=
a
m

(h
j )

for
j

=
1
,...,J

,w
here

a
is

an
arbitrary

constant,
then

the
ψ

-m
arginalof

p
ζ

is
exactly

(1/J
) ∑

Jj=
1
ν
h
j ,w

,so
w

e
can

generate
a

M
arkov

chain
w

ith
the

desired
invariantdistribution.

U
nfortunately,the

values
m

(h
1 ),...,m

(h
J
)

are
unknow

n
(our

objective
is

precisely
to

estim
ate

them
).Itw

illturn
outthatforany

value
of
ζ,a

M
arkov

chain
w

ith
invariantdistribution

(2.7)
enables

us
to

estim
ate

the
vector

(m
(h

1 ),...,m
(h
j ))

up
to

a
constant,

and
the

closer
ζ

is
to

a
constantm

ultiple
of

(m
(h

1 ),...,m
(h
j )),the

better
is

our
estim

ate.
T

his
gives

rise
to

a
natural

iterative
procedure

for
estim

ating
(m

(h
1 ),...,m

(h
j )).

W
e

now
give

the
details.

L
et

Γ
(j,·)

be
a

M
arkov

transition
function

onL
.In

ourcontext,w
e

w
ould

typically
take

Γ
(j,·)

to
be

the
uniform

distribution
on
N
j ,w

hereN
j

is
a

setconsisting
of

the
indices

of
the

h
l ’s

w
hich

are
close

to
h
j .Serialtem

pering
is

a
M

arkov
chain

onL
×

Ψ
w

hich
can

be
view

ed
as

a
tw

o-block
M

etropolis-H
astings

(i.e.M
etropolis-w

ithin-G
ibbs)

algorithm
,and

is
run

as
follow

s.
Suppose

that
the

currentstate
ofthe

chain
is

(L
i−

1 ,ψ
i−

1 ).

•
A

new
value

j∼
Γ

(L
i−

1 ,·)
is

proposed.W
e

set
L
i

=
j

w
ith

the
M

etropolis
probability

ρ
=

m
in {

1
,

Γ
(j,L

i−
1 )

Γ
(L

i−
1 ,j)

ν
j (ψ

i−
1 )/ζ

j

ν
L
i−

1 (ψ
i−

1 )/ζ
L
i−

1 }
,

(2.8)

and
w

ith
the

rem
aining

probability
w

e
set

L
i

=
L
i−

1 .

•
G

enerate
ψ
i ∼

Φ
L
i (ψ

i−
1 ,·).

B
y

standard
argum

ents,the
density

(2.7)
is

an
invariantdensity

for
the

serialtem
pering

chain.
A

key
observation

is
thatthe

ψ
-m

arginaldensity
of
p
ζ

is

f
ζ (ψ

)
=

(1
/c
ζ )

J
∑j=

1

`
w

(ψ
)ν
j (ψ

)/ζ
j ,

w
here

c
ζ

=
J
∑j=

1

m
(h
j )/ζ

j .
(2.9)

Suppose
that

(L
1 ,ψ

1 ),(L
2 ,ψ

2 ),...is
a

serialtem
pering

chain.To
estim

ate
m

(h
),consider

M̂
ζ (h

)
=

1n

n
∑i=

1

ν
h (ψ

i )

(1/J
) ∑

Jj=
1
ν
j (ψ

i )/ζ
j

.
(2.10)

N
ote

thatthis
estim

ate
depends

only
on

the
ψ

-partofthe
chain.A

ssum
ing

thatw
e

have
established

thatthe
chain

is
ergodic,w

e
have

M̂
ζ (h

)
a.s.
−−→

∫
ν
h (ψ

)

(1/J
) ∑

Jj=
1
ν
j (ψ

)/ζ
j ∑

Jj=
1
`
w

(ψ
)ν
j (ψ

)/ζ
j

c
ζ

d
µ

(ψ
)

=

∫
`
w

(ψ
)ν
h (ψ

)

c
ζ /J

d
µ

(ψ
)

=
m

(h
)

c
ζ /J

.

(2.11)

T
his

m
eans

that
for

any
ζ,

the
fam

ily
{
M̂
ζ (h

),
h
∈
H
}

can
be

used
to

estim
ate

the
fam

ily
{
m

(h
),
h
∈
H
},up

to
a

single
m

ultiplicative
constant.
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To
estim

ate
the

fam
ily

ofintegrals {∫
g
(ψ

)
d
ν
h
,w

(ψ
),
h
∈
H
},w

e
proceed

as
follow

s.L
et

Û
ζ (h

)
=

1n

n
∑i=

1

g
(ψ

i )ν
h (ψ

i )

(1/J
) ∑

Jj=
1
ν
j (ψ

i )/ζ
j

.
(2.12)

B
y

ergodicity
w

e
have

Û
ζ (h

)
a.s.
−−→

∫
g
(ψ

)ν
h (ψ

)

(1/J
) ∑

Jj=
1
ν
j (ψ

)/ζ
j ∑

Jj=
1
`
w

(ψ
)ν
j (ψ

)/ζ
j

c
ζ

d
µ

(ψ
)

=

∫
`
w

(ψ
)g

(ψ
)ν
h (ψ

)

c
ζ /J

d
µ

(ψ
)

=
m

(h
)

c
ζ /J

∫
g
(ψ

)
d
ν
h
,w

(ψ
).

(2.13)

C
om

bining
the

convergence
statem

ents
(2.13)and

(2.11),w
e

see
that

Î
stζ (h

)
:=

Û
ζ (h

)

M̂
ζ (h

)

a.s.
−−→

∫
g
(ψ

)
d
ν
h
,w

(ψ
).

(2.14)

Suppose
thatforsom

e
constant

a,w
e

have

(ζ
1 ,...,ζ

J
)

=
a
(m

(h
1 ),...,m

(h
J
)).

(2.15)

T
hen

c
ζ

=
J
/a,

and
as

noted
earlier,

f
ζ (ψ

)
=

(1/J
) ∑

Jj=
1
ν
h
j ,w

(ψ
),

i.e.the
ψ

-m
arginal

of
p
ζ

(see
(2.9))

gives
equal

w
eight

to
each

of
the

com
ponent

distributions
in

the
m

ixture.
(E

xpress-
ing

this
slightly

differently,if
(2.15)

is
true,then

the
invariant

density
(2.7)

becom
es
p
ζ (j,ψ

)
=

(1/J
)ν
h
j ,w

(ψ
),so

the
L

-m
arginaldistribution

of
p
ζ

gives
m

ass
(1/J

)
to

each
pointinL

.)
T

here-
fore,

for
large

n,
the

proportions
of

tim
e

spent
in

the
J

com
ponents

of
the

m
ixture

are
about

the
sam

e,
a

feature
w

hich
is

essential
if

serial
tem

pering
is

to
w

ork
w

ell.
In

practice,
w

e
can-

not
arrange

for
(2.15)

to
be

true,
because

m
(h

1 ),...,m
(h
J
)

are
unknow

n.
H

ow
ever,

the
vector

(m
(h

1 ),...,m
(h
J
))

m
ay

be
estim

ated
(up

to
a

m
ultiplicative

constant)iteratively
as

follow
s.Ifthe

currentvalue
is
ζ
(t),then

set

(ζ
(t+

1
)

1
,...,ζ

(t+
1
)

J

)
=
(M̂

ζ
(t) (h

1 ),...,M̂
ζ
(t) (h

J
) ).

(2.16)

From
the

convergence
result(2.11),w

e
get

M̂
ζ
(t) (h

j )
a.s.
−−→

m
(h
j )/a

ζ
(t) ,w

here
a
ζ
(t)

is
a

constant,

i.e.(2.15)is
nearly

satisfied
by (ζ

(t+
1
)

1
,...,ζ

(t+
1
)

J

).To
determ

ine
the

num
berofiterations

needed,
ateach

iteration
w

e
record

the
proportions

of
tim

e
spentin

the
J

differentcom
ponents

of
the

m
ix-

ture,i.e.the
vector ((1/n

) ∑
ni=

1
I
(L

i
=

1),...,(1/n
) ∑

ni=
1
I
(L

i
=
J

) ),and
w

e
stop

the
iteration

w
hen

this
vector

is
nearly

uniform
.

In
all

our
exam

ples,
three

or
four

iterations
w

ere
sufficient.

Pseudocode
is

given
in

A
lgorithm

1.
To

sum
up,w

e
estim

ate
the

fam
ily

of
m

arginallikelihoods
(up

to
a

constant)
and

the
fam

ily
of

posteriorexpectations
as

follow
s.First,w

e
obtain

the
vectoroftuning

param
eters

ζ
via

the
iterative

schem
e

given
by

(2.16).
To

estim
ate

the
fam

ily
of

m
arginallikelihoods

(up
to

a
constant)

w
e

use
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H
Y

P
E

R
PA

R
A

M
E

T
E

R
S

E
L

E
C

T
IO

N
IN

L
D

A
M

O
D

E
L

A
lg

or
ith

m
1:

Se
ri

al
te

m
pe

ri
ng

.S
ee

th
e

di
sc

us
si

on
in

Se
c.

2.
3

an
d

A
pp

en
di

ce
s

A
.1

an
d

4.
D

at
a:

O
bs

er
ve

d
w

or
ds
w

R
es

ul
t:

A
M

ar
ko

v
ch

ai
n

on
L
×

Ψ

1
sp

ec
if

y
h
1
,.
..
,h

J
∈
H

;
2

in
iti

al
iz

e
ζ
(1
)

1
,.
..
,ζ

(1
)

J
;

3
in

iti
al

iz
e
ψ

0
=

(β
(0
) ,
θ
(0
) ,
z
(0
) )

,L
0
;

4
co

m
pu

te
co

un
ts

ta
tis

tic
s
n
d
k

an
d
m
d
k
v
,f

or
d

=
1,
..
.,
D
,
k

=
1,
..
.,
K
,
v

=
1,
..
.,
V

;
5

fo
r

tu
ni

ng
ite

ra
tio

n
t

=
1,
..
.

do
6

fo
r

M
C

M
C

ite
ra

tio
n
i

=
1,
..
.

do
/
/
T
h
e
M
e
t
r
o
p
o
l
i
s
-
H
a
s
t
i
n
g
s
u
p
d
a
t
e

/
/
S
e
t
L
i
v
i
a
t
h
e
p
r
o
b
a
b
i
l
i
t
y
ρ
g
i
v
e
n
b
y

(2
.8

)
7

pr
op

os
e

in
de

x
j
∼

Γ
(L

i−
1
,·)

;
8

sa
m

pl
e
U
∼

U
ni

fo
rm

(0
,1

);
9

if
U
<
ρ

th
en

10
se

tL
i

=
j;

11
el

se
12

se
tL

i
=
L
i−

1
;

/
/
G
e
n
e
r
a
t
e
ψ
i

=
(β

(i
) ,
θ
(i
) ,
z
(i
) )
∼

Φ
L

i
(ψ

i−
1
,·)

13
fo

r
do

cu
m

en
td

=
1,
..
.,
D

do
14

fo
r

w
or

d
w
d
r
,r

=
1,
..
.,
n
d

do
15

sa
m

pl
e

to
pi

c
in

de
x
z
(i
)

d
r

vi
a

th
e

C
G

S
(G

ri
ffi

th
s

an
d

St
ey

ve
rs

,2
00

4)
;

16
up

da
te

co
un

ts
ta

tis
tic

s
n
d
k

an
d
m
d
k
v

ac
co

rd
in

g
to
z
(i
)

d
r

an
d
w
d
r
;

17
fo

r
to

pi
c
k

=
1,
..
.,
K

do
18

sa
m

pl
e

to
pi

c
β
(i
)

k
vi

a
(4

.5
);

19
fo

r
do

cu
m

en
td

=
1,
..
.,
D

do
20

sa
m

pl
e

th
e

di
st

ri
bu

tio
n

on
to

pi
cs
θ(
i) d

vi
a

(4
.5

);

/
/
U
p
d
a
t
e
t
u
n
i
n
g
p
a
r
a
m
e
t
e
r
s
ζ 1
,.
..
,ζ
J

21
co

m
pu

te
th

e
es

tim
at

es
M̂
ζ
(
t
)
(h

1
),
..
.,
M̂
ζ
(
t
)
(h
J
)

vi
a

(2
.1

0)
us

in
g
ψ
i

an
d
ζ
(t
)

1
,.
..
,ζ

(t
)

J
;

22
se

t(
ζ
(t
+
1
)

1
,.
..
,ζ

(t
+
1
)

J

) =
( M̂

ζ
(
t
)
(h

1
),
..
.,
M̂
ζ
(
t
)
(h
J
))

;

M̂
ζ
(h

)
de

fin
ed

in
(2

.1
0)

,
an

d
to

es
tim

at
e

th
e

fa
m

ily
of

po
st

er
io

r
ex

pe
ct

at
io

ns
w

e
us

e
Î

st ζ
(h

)
=

Û
ζ
(h

)/
M̂
ζ
(h

)
(s

ee
(2

.1
2)

an
d

(2
.1

0)
).

W
e

po
in

to
ut

th
at

it
is

po
ss

ib
le

to
es

tim
at

e
th

e
fa

m
ily

of
m

ar
gi

na
ll

ik
el

ih
oo

ds
(u

p
to

a
co

ns
ta

nt
)

by

M̃
ζ
(h

)
=

1 n

n ∑ i=
1

ν h
(ψ

i)

ν L
i
(ψ

i)
/ζ
L
i

.
(2

.1
7)
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01
8

G
E

O
R

G
E

A
N

D
D

O
S

S

N
ot

e
th

at
M̃
ζ
(h

)
us

es
th

e
se

qu
en

ce
of

pa
ir

s
(L

1
,ψ

1
),

(L
2
,ψ

2
),
..
.,

an
d

no
t

ju
st

th
e

se
qu

en
ce

ψ
1
,ψ

2
,.
..

.T
o

se
e

w
hy

(2
.1

7)
is

a
va

lid
es

tim
at

or
,o

bs
er

ve
th

at
by

er
go

di
ci

ty
w

e
ha

ve

M̃
ζ
(h

)
a.

s. −−→
∫∫

ν h
(ψ

)

ν L
(ψ

)/
ζ L
·[

1 c ζ
` w

(ψ
)ν
L

(ψ
)/
ζ L

] d
µ

(ψ
)
d
σ

(L
)

=

∫∫
m

(h
)

c ζ
ν h
,w

(ψ
)
d
µ

(ψ
)
d
σ

(L
)

=
J
m

(h
)

c ζ
.

(2
.1

8)

(N
ot

e
th

at
th

e
lim

it
in

(2
.1

8)
is

th
e

sa
m

e
as

th
e

lim
it

in
(2

.1
1)

.)
Si

m
ila

rl
y,

w
e

m
ay

es
tim

at
e

th
e

in
te

gr
al
∫
g
(ψ

)
d
ν h
,w

(ψ
)

by
th

e
ra

tio

Ĩ
st ζ
(h

)
=

n ∑ i=
1

g
(ψ

i)
ν h

(ψ
i)

ν L
i
(ψ

i)
/ζ
L
i

/
n ∑ i=
1

ν h
(ψ

i)

ν L
i
(ψ

i)
/ζ
L
i

.

T
he

es
tim

at
e
Ĩ

st ζ
(h

)
is

al
so

ba
se

d
on

th
e

pa
ir

s
(L

1
,ψ

1
),

(L
2
,ψ

2
),
..
.,

an
d

it
is

ea
sy

to
sh

ow
th

at
Ĩ

st ζ
(h

)
a.

s. −−→
∫
g
(ψ

)
d
ν h
,w

(ψ
).

T
he

es
tim

at
es
M̃
ζ
(h

)
an

d
Ĩ

st ζ
(h

)
ar

e
th

e
on

es
th

at
ar

e
us

ed
by

M
ar

in
ar

ia
nd

Pa
ri

si
(1

99
2)

an
d

G
ey

er
an

d
T

ho
m

ps
on

(1
99

5)
,b

ut
M̂
ζ
(h

)
an

d
Î

st ζ
(h

)
ap

pe
ar

to
si

gn
ifi

ca
nt

ly
ou

tp
er

fo
rm

M̃
ζ
(h

)
an

d
Ĩ

st ζ
(h

)
in

te
rm

s
of

ac
cu

ra
cy

.W
e

de
m

on
st

ra
te

th
is

in
Se

ct
io

n
2.

4.

R
em

ar
k

4
Th

eo
re

m
1

co
nt

in
ue

s
to

be
tr

ue
w

he
n

w
e

us
e

th
e

se
ri

al
te

m
pe

ri
ng

ch
ai

n,
as

op
po

se
d

to
th

e
si

m
pl

e
AC

G
S.

Th
e

ne
ed

ed
ch

an
ge

s
ar

e
th

at
in

th
e

st
at

em
en

to
ft

he
th

eo
re

m
B
n

is
re

pl
ac

ed
w

ith
M̂
ζ
,

an
d

C
on

di
tio

n
A

5
is

re
pl

ac
ed

by
th

e
fo

llo
w

in
g.

If
h
(1
) ,
..
.,
h
(J

)
ar

e
th

e
gr

id
po

in
ts

us
ed

in
ru

nn
in

g
th

e
se

ri
al

te
m

pe
ri

ng
ch

ai
n,

th
en

th
e

st
ip

ul
at

io
n

on
h
∗

gi
ve

n
by

(2
.3

)i
s

sa
tis

fie
d

by
h
(j
)

fo
r

at
le

as
to

ne
in

de
x
j.

Se
e

th
e

pr
oo

fo
fT

he
or

em
1

in
th

e
A

pp
en

di
x.

G
lo

ba
lly

-V
al

id
C

on
fid

en
ce

B
an

ds
fo

r
{I

(h
),
h

∈
H
}

B
as

ed
on

Se
ri

al
Te

m
pe

ri
ng

H
er

e
w

e
ex

pl
ai

n
ho

w
to

fo
rm

co
nfi

de
nc

e
ba

nd
s

fo
r

th
e

fa
m

ily
{I

(h
),
h
∈
H
}

ba
se

d
on
{Î

st ζ
(h

),
h
∈
H
}.

O
ur

ar
gu

m
en

ts
ar

e
in

fo
rm

al
,a

nd
w

e
fo

cu
s

pr
im

ar
ily

on
th

e
al

go
ri

th
m

fo
r

co
ns

tr
uc

tin
g

th
e

ba
nd

s.
T

he
pr

oo
f

th
at

th
e

m
et

ho
d

w
or

ks
is

gi
ve

n
in

Se
ct

io
n

A
.3

of
th

e
A

pp
en

di
x.

W
e

w
ill

w
ri

te
Î

in
st

ea
d

of
Î

st ζ
to

lig
ht

en
th

e
no

ta
tio

n.
Su

pp
os

e
th

at
su

p
h
∈H

n
1
/
2
|Î

(h
)
−
I
(h

)|
ha

s
a

lim
iti

ng
di

st
ri

bu
tio

n
as

n
→
∞

(i
n

th
e

A
pp

en
di

x
w

e
ex

pl
ai

n
w

hy
su

ch
a

re
su

lt
is

tr
ue

),
an

d
su

pp
os

e
th

at
w

e
kn

ow
th

e
.9

5
qu

an
til

e
of

th
is

di
st

ri
bu

tio
n,

i.e
.w

e
kn

ow
th

e
va

lu
e
c .
9
5

su
ch

th
at

P

(
su

p
h
∈H

n
1
/
2
|Î

(h
)
−
I
(h

)|
≤
c .
9
5

)
=
.9

5.
(2

.1
9)

In
th

is
ca

se
w

e
m

ay
re

w
ri

te
(2

.1
9)

as

P
( Î

(h
)
−
c .
9
5
/n

1
/
2
≤
I
(h

)
≤
Î
(h

)
+
c .
9
5
/n

1
/
2

fo
ra

ll
h
∈
H
)

=
.9

5,

m
ea

ni
ng

th
at

th
e

ba
nd
Î
(h

)
±
c .
9
5
/n

1
/
2

is
a

gl
ob

al
ly

-v
al

id
co

nfi
de

nc
e

ba
nd

fo
r{
I
(h

),
h
∈
H
}.

(I
n

co
nt

ra
st

,f
or

a
po

in
tw

is
e

ba
nd

(L
(h

),
U

(h
))
,
h
∈
H

,w
e

ca
n

on
ly

m
ak

e
th

e
st

at
em

en
tP
( L

(h
)
≤
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L
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A
M

O
D

E
L

I
(h

)≤
U

(h
) )

=
.95

for
each

h
∈
H

,and
w

e
cannotm

ake
any

statem
entregarding

sim
ultaneous

coverage.)
T

he
difficulty

is
in

obtaining
c
.9
5 ,and

w
e

now
show

how
this

quantity
can

be
estim

ated
through

the
m

ethod
ofbatching,w

hich
is

described
as

follow
s.T

he
sequence

ψ
1 ,...,ψ

n
is

broken
up

into
J

consecutive
pieces

ofequallengths
called

batches.For
j

=
1
,...,J

,let
Î
j (h

)
be

the
estim

ate
of

I
(h

)
produced

by
batch

j.N
ow

the
Î
j (h

)’s
are

each
form

ed
from

a
sam

ple
ofsize

n
/J

.Inform
ally,

if
n

is
large

and
n
/J

is
also

large,
then

for
j

=
1,...,J

,
su

p
h∈H

(n
/J

)
1
/
2|Î

j (h
)−

I
(h

)|
and

su
p
h∈H

n
1
/
2|Î

(h
)−

I
(h

)|have
approxim

ately
the

sam
e

distribution.
T

herefore,to
estim

ate
c
.9
5 ,

w
e

let
S
j

=
su

p
h∈H

(n
/J

)
1
/
2|Î

j (h
)−

I
(h

)|,and
as

ourestim
ate

of
c
.9
5

w
e

use
the

95
th

percentile
of

the
sequence

S
1 ,...,S

J .
U

nfortunately,the
S
j ’s

are
notavailable,because

they
involve

I
(h

),
w

hich
is

unknow
n.

So
instead

w
e

use
S
j

=
su

p
h∈H

(n
/J

)
1
/
2|Î

j (h
)−

Î
(h

)|,
in

w
hich

w
e

have
substituted

Î
(h

)
for

I
(h

).
To

conclude,letS
[1
] ≤
S
[2
] ≤
···≤

S
[J
] denote

the
ordered

values
of

the
sequenceS

1 ,...,S
J .W

e
estim

ate
c
.9
5

viaS
[.9

5
J
] ,and

our
95%

globally-valid
confidence

band
for{I

(h
),
h
∈
H
}

is {
Î
(h

)±
S
[.9

5
J
] /n

1
/
2,
h
∈
H
}.In

the
A

ppendix
w

e
show

thatthe
probability

thatthe
entire

function{
I
(h

),
h
∈
H
}

lies
inside

the
band

converges
to
.95

as
n
→
∞

.
T

here
are

conditions
on
J

:
w

e
need

that
J
→
∞

and
n
/J
→
∞

;a
good

choice
is
J

=
n
1
/
2.

T
he

M
arkov

chain
length

n
should

be
chosen

such
thatthe

band
is

acceptably
narrow

.

Iterative
Schem

e
for

C
hoosing

the
G

rid
T

he
perform

ance
ofserialtem

pering
depends

crucially
on

the
choice

of
grid

points
h
1 ,...,h

J ,and
itis

essentialthat
arg

m
ax

h
m

(h
)

be
close

to
atleast

one
of

the
grid

points,
for

the
reason

discussed
at

the
beginning

of
this

section.
T

his
creates

a
circular

problem
:

the
ideal

grid
is

one
that

is
centered

or
nearly

centered
at

arg
m

ax
h
m

(h
),

but
a
rg

m
a
x
h
m

(h
)

is
unknow

n.T
he

problem
is

com
pounded

by
the

factthatthe
grid

has
to

be
“tight,”

i.e.the
points

h
1 ,...,h

J
need

to
be

close
together.

T
his

is
because

w
hen

the
corpus

is
large,if

h
j

and
h
j ′are

notclose,then
for

j
6=
j ′,
ν
h
j

and
ν
h
j ′

are
nearly

singular
(each

is
a

productof
a

large
num

berofterm
s—

see
(2.2)).In

the
serialtem

pering
chain,this

nearsingularity
causes

the
proposal

j
∼

Γ
(L

i−
1 ,·)

(see
(2.8))

to
have

high
probability

of
being

rejected,and
the

chain
does

notm
ix

w
ell.To

dealw
ith

thisproblem
,w

e
use

an
iterative

schem
e

w
hich

proceedsasfollow
s.W

e
initialize

the
experim

entw
ith

a
fixed

h
(0
)

(for
exam

ple
h
(0
)

=
(1,1))

and
a

subgrid
that“covers”

h
(0
)

(for
exam

ple
a

subgrid
w

ith
convex

hullequalto
[1/

2,2]×
[1/2

,2]).
W

e
then

subsam
ple

a
sm

allsetof
docum

ents
from

the
corpus

and
run

the
serialtem

pering
chain

to
find

the
estim

ate
ofthe

m
axim

izer
of

the
m

arginallikelihood
for

the
subsam

pled
corpus,using

the
currentgrid

setting.
W

e
iterate:

at
iteration

t,w
e

set
h
(t)to

be
the

estim
ate

ofthe
m

axim
izerobtained

from
the

previous
iteration,and

selecta
subgrid

thatcovers
h
(t).A

s
the

iteration
num

ber
t

increases,the
grid

is
m

ade
m

ore
narrow

,
and

the
num

ber
of

subsam
pled

docum
ents

is
increased.

T
his

schem
e

w
orks

because
in

the
early

iterations
the

num
berofdocum

ents
is

sm
all,so

the
near-singularity

problem
does

notarise,and
w

e
can

use
a

w
ide

grid.
In

our
experience,decreasing

the
dim

ensions
of

the
α

-
and

η-grids
by

10%
and

increasing
the

num
berofsubsam

pled
docum

ents
by

1
0%

ateach
iteration

w
orks

w
ell.Itis

very
interesting

to
note

that
convergence

m
ay

occur
before

the
subsam

ple
size

is
equal

to
the

num
ber

of
docum

ents
in

the
corpus,in

w
hich

case
there

is
no

need
to

ever
dealw

ith
the

entire
corpus,and

in
factthis

is
typically

w
hathappens,unless

the
corpus

is
sm

all.
(B

y
“convergence”

w
e

m
ean

that
h
(t)

is
nearly

the
sam

e
as

the
values

from
the

previous
iterations.)

O
fcourse,forsm

allcorpora
the

near-singularity
problem

does
notarise,and

the
iterative

schem
e

can
be

skipped
entirely.

To
illustrate

the
schem

e,w
e

generated
a

corpus
according

to
the

L
D

A
m

odelw
ith

D
=

10
5,

K
=

50,
V

=
500,

n
d

=
80

for
all

d,and
h

true
=

(η
,α

)
=

(.8,.2),and
ran

the
schem

e
using
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G
E

O
R

G
E

A
N

D
D

O
S

S

M
arkov

chains
oflength

n
=

50,000
and

grids
ofsize

J
=

100.A
s

w
illbe

clearshortly,ourresults
w

ould
have

been
identicalif

D
had

been
any

num
berbiggerthan

10
5.Figure

2
show

s
the

m
arginal

likelihood
surfaces

as
the

iterations
progress.A

titeration
1,the

α
-value

ofthe
m

axim
izeris

outside
the

convex
hullof

the
grid,and

atthe
second

iteration,the
grid

is
centered

atthatpoint.
Figure

3
gives

precise
inform

ation
on

the
num

ber
of

subsam
pled

docum
ents

(leftpanel),and
the

low
er

and
upper

endpoints
of

the
α

-
and

η-values
used

in
the

grids,
as

the
iterations

progress
(right

panel).
T

he
rightpanelalso

gives
α

-
and

η-values
of

the
estim

ate
of

the
argm

ax
as

the
iterations

progress.
A

s
can

be
seen

from
Figure

3,the
schem

e
has

effectively
converged

afterabout
18

iterations,and
at

convergence
the

num
berofsubsam

pled
docum

ents
is

only
200.
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(e)
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Figure
2:

V
alues

of
M̂

(h
)

foriterations
1,2,4,8,12,18

using
a

synthetic
corpus

generated
accord-

ing
to

the
L

D
A

m
odelw

ith
K

=
20,n

d
=

100
foreach

d,V
=

100,and
h

true
=

(.8
,.2).

Serialtem
pering

is
a

m
ethod

for
enhancing

the
sim

ple
estim

ator
(2.1)

w
hich

w
orks

w
ellw

hen
d
im

(h
)

is
low

.
T

he
m

ethod
does

notscale
w

ellw
hen

d
im

(h
)

increases.
In

Section
6

w
e

discuss
this

issue
and

presentan
idea

on
a

differentw
ay

to
enhance

(2.1)w
hen

h
is

high
dim

ensional.

2.4
Illustration

on
a

W
ikipedia

C
orpus

In
Section

1
w

e
m

entioned
thatthe

hyperparam
eter

h
has

a
strong

effecton
the

priordistribution
of

the
param

eters
in

the
m

odel.
H

ere
w

e
show

em
pirically

thatithas
a

strong
im

pacton
the

posterior
distribution,and

hence
on

inference
based

on
this

posteriordistribution.To
this

end,w
e

considered
a

corpus
ofarticles

from
W

ikipedia,constructed
as

follow
s.W

hen
a

W
ikipedia

article
is

created,it
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gn

ifi
ca

nt
ly

sm
al

le
rt

ha
n

th
at

of
Ĩ

st ζ
(h

),
th

e
fig

ur
es

pe
rh

ap
s

do
n’

ts
ho

w
th

is
ve

ry
cl

ea
rl

y
be

ca
us

e
a

vi
su

al
co

m
pa

ri
so

n
of

tw
o

su
rf

ac
es

is
no

te
as

y.
T

he
re

fo
re

,w
e

ex
tr

ac
te

d
tw

o
on

e-
di

m
en

si
on

al
sl

ic
es

fr
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ea
ch

pa
ne

li
n

Fi
gu

re
5,

w
hi

ch
w

e
us

ed
to

cr
ea

te
Fi

gu
re

6.
T

he
fig

ur
e

sh
ow

s
th

e
va

lu
es

of
th

e
tw

o
ve

rs
io

ns
of
Î

st ζ
(η
,α

)
an

d
th

e
tw

o
ve

rs
io

ns
of
Ĩ

st ζ
(η
,α

)
w

he
n

η
is

fix
ed

at
.7

0
(t

w
o

le
ft

pa
ne

ls
);

an
d

it
sh

ow
s

th
es

e
pl

ot
s

w
he

n
η

is
fix

ed
at

1.
00

(t
w

o
ri

gh
tp

an
el

s)
.

T
he

su
pe

ri
or

ity
of
Î

st ζ
ov

er
Ĩ

st ζ
is

st
ri

ki
ng

.
W

e
m

en
tio

n
th

at
,o

st
en

si
bl

y,
M̂
ζ
(h

)
an

d
Î

st ζ
(h

)
re

qu
ir

e

m
or

e
co

m
pu

ta
tio

n,
bu

tt
he

qu
an

tit
ie

s
(1
/J

)
∑

J j=
1
ν j

(ψ
i)
/ζ
j
,
i

=
1,
..
.,
n

ar
e

ca
lc

ul
at

ed
on

ce
,a

nd
st

or
ed

.D
oi

ng
th

is
es

se
nt

ia
lly

el
im

in
at

es
th

e
in

cr
ea

se
d

co
m

pu
tin

g
co

st
.
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Figure
5:

C
om

parison
ofthe

variability
of
Î

stζ and
Ĩ

stζ .L
eftpanelshow

s
tw

o
independentestim

ates
of
I
(η
,α

)
=
ν
h
,w

(‖
θ
7 −

θ
8 ‖
≤
.07)

using
Î

stζ (η
,α

).R
ightpaneluses

Ĩ
stζ instead

of
Î

stζ .

3.E
m

piricalA
ssessm

entofthe
E

stim
ator

ofthe
A

rgm
ax

C
onsider

the
L

D
A

m
odel

w
ith

a
given

hyperparam
eter

value,w
hich

w
e

w
illdenote

by
h

true ,and
suppose

w
e

carry
out

steps
1–

4
of

the
m

odel,
w

here
in

the
final

step
w

e
generate

the
corpus

w
.

T
he

m
axim

um
likelihood

estim
ate

of
h

is
ĥ

=
arg

m
ax

h
m

(h
)

and,as
w

e
m

entioned
earlier,for

any
constant

a,
know

n
or

unknow
n,

arg
m

ax
h
m

(h
)

=
arg

m
ax

h
a
m

(h
).

A
s

noted
earlier,

the
fam

ily
{
M̂
ζ (h

),
h
∈
H
},

w
here

M̂
ζ (h

)
is

given
by

(2.10),
m

ay
be

used
to

estim
ate

the
fam

ily
{m

(h
),
h
∈
H
}

up
to

a
m

ultiplicative
constant.So

w
e

m
ay

use
arg

m
ax

h
M̂
ζ (h

)
to

estim
ate

ĥ.
R

ecallthat
B
n
(h

)
is

the
estim

ate
of
m

(h
)/m

(h
∗ )

given
by

the
leftside

of
equation

(2.1).
In

theory,
a
rg

m
a
x
h
B
n
(h

)
can

also
be

used.
H

ow
ever,

as
w

e
pointed

out
earlier,

B
n
(h

)
is

stable
only

for
h

close
to
h
∗ —

a
sim

ilarrem
ark

applies
to
Î
(h

)—
and

unless
the

region
ofhyperparam

eter
values

of
interestis

sm
all,w

e
w

ould
notuse

B
n
(h

)
and

Î
(h

),and
w

e
w

ould
use

estim
ates

based
on

serial
tem

pering
instead.

W
e

have
included

the
derivations

of
B
n
(h

)
and

Î
(h

)
prim

arily
for

m
otivation,asthese

m
akesiteasierto

understand
the

developm
entofthe

serialtem
pering

estim
ates.

In
Section

2.4
w

e
presented

an
experim

ent
w

hich
strongly

suggested
that

Î
stζ (h

)
is

significantly
betterthan

Ĩ
stζ (h

)in
term

sofvariance.G
eorge

(2015)givesexperim
entalevidence

that,analogously,

M̂
ζ (h

)
is

significantly
better

than
M̃
ζ (h

).
T

herefore,for
the

restof
this

paper,w
e

use
only

M̂
ζ (h

)

and
Î

stζ (h
).

H
ere

w
e

presentthe
results

ofsom
e

experim
ents

w
hich

dem
onstrate

good
perform

ance
of

ˆ̂h
:=

a
rg

m
a
x
h
M̂
ζ (h

)
as

an
estim

ate
of
h

true .
W

e
took

α
=

(α
,...,α

),i.e.
D

ir
K

(α
)

is
a

sym
m

etric
D

irichlet,so
thatthe

hyperparam
eterin

the
m

odelreducesto
h

=
(η
,α

)∈
(0,∞

)
2.O

urexperim
ent

is
set

up
as

follow
s:

the
vocabulary

size
is
V

=
40,

the
num

ber
of

docum
ents

is
D

=
400,

the
docum

entlengths
are

n
d

=
80
,
d

=
1
,...,D

,and
the

num
ber

of
topics

is
K

=
8.

W
e

used
four

settings
for

the
hyperparam

eter
under

w
hich

w
e

generate
the

m
odel:

h
true

is
taken

to
be

(.25,.25),
(.2

5
,4),(4,.2

5
),and

(4,4).W
e

estim
ated

the
m

arginallikelihood
surfaces

(up
to

a
constant)on

an
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Figure
6:

Tw
o

one-dim
ensionalview

s
of

the
plots

in
Figure

5.
E

ach
of

the
top

tw
o

panels
show

s
tw

o
independentestim

ates
of
I
(η
,α

),using
Î

stζ (η
,α

).
For

the
leftpanel,

η
=

0
.70,and

for
the

right
panel,

η
=

1
.00.

T
he

bottom
tw

o
panels

use
Ĩ

stζ instead
of
Î

stζ .
T

he
plots

show
thatthe

variability
of
Î

stζ is
m

uch
sm

allerthan
thatof

Ĩ
stζ .

evenly-spaced
50×

50
grid

of
2500

values
using

M̂
ζ (h

)
calculated

from
a

serialtem
pering

chain
im

plem
ented

as
follow

s.
T

he
size

of
the

subgrid
w

as
taken

to
be

11×
1
1

=
121,and

w
e

used
ten

iterations
of

the
iterative

schem
e

described
in

Section
2.3

to
form

the
final

subgrid.
T

he
subgrid

for
each

of
the

four
corpora

is
show

n
in

the
first

section
of

the
supplem

entary
docum

ent
G

eorge
and

D
oss.

For
each

hyperparam
eter

value
h
j

(j
=

1
,...,1

21),
w

e
took

Φ
j

to
be

the
M

arkov
transition

function
of

the
A

ugm
ented

C
ollapsed

G
ibbs

sam
pler.

W
e

took
the

M
arkov

transition
function

K
(j,·)

onL
=
{1
,...,121}

to
be

the
uniform

distribution
onN

j
w

hereN
j

is
the

subset
ofL

consisting
of

the
indices

of
the

h
l ’s

thatare
neighbors

of
the

point
h
j .

W
e

obtained
the

value
ζ

finalvia
three

iterations
of

the
schem

e
given

by
(2.16),in

w
hich

w
e

ran
the

serialtem
pering

chain
in

each
tuning

iteration
for

100,000
iterations

aftera
shortburn-in

period,and
w

e
initialized

ζ
(0
)

=
(ζ

(0
)

1
,...,ζ

(0
)

1
2
1 )

=
(1,...,1).

U
sing

ζ
final,

w
e

ran
the

final
serial

tem
pering

chain
for

the
sam

e
num

berofiterations
as

in
the

tuning
stage.

Figure
7

gives
plots

of
the

estim
ates

M̂
ζ (h

)
and

also
of

their
M

onte
C

arlo
standard

errors
(M

C
SE

)
for

the
four

specifications
of
h

true .
W

e
com

puted
these

standard
error

estim
ates

using
the

m
ethod

of
batch

m
eans,w

hich
is

im
plem

ented
in

the
R

package
m
c
m
c
s
e

(Flegaletal.,2016);
they

are
valid

pointw
ise,as

opposed
to

globally,over
the

h-region
of

interest.
T

hey
indicate

that
the

accuracy
of
M̂
ζ (·)

is
adequate

over
the

entire
h-range

for
each

of
the

four
cases

of
h

true .
(W

e
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at
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=
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at
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g

th
at
∑

i∈
S
d
j
w
d
it

=
∑

n
d
i=

1
z d
ij
w
d
it

,w
e

se
e

th
at

m
dj
t

=

n
d ∑ i=
1

z d
ij
w
d
it

an
d

V ∑ t=
1

m
dj
t

=
n
dj
.

(4
.3

)
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al
ph

a

0.
1

0.
2

0.
3

0.
4

0.
5

eta

0.
10.

20.
30.

40.
5

Estimate of m(h)

05
1015202530

(a
)
M̂
ζ
(h
):
h

tr
ue
=

(.
2
5
,.
2
5
),
ˆ̂ h
=

(.
2
4
,.
2
4
)

al
ph

a

0.
1

0.
2

0.
3

0.
4

0.
5

eta

0.
10.

20.
30.

40.
5

MCSE of the Estimate of m(h)

0.
0

0.
5

1.
0

1.
5

(b
)

M
C

SE
of
M̂
ζ
(h
):
h

tr
ue
=

(.
2
5
,.
2
5
)

al
ph

a

2
3

4

5

6

eta

0.
10.

20.
30.

40.
5

Estimate of m(h)

0.
0

0.
5

1.
0

(c
)
M̂
ζ
(h
):
h

tr
ue
=

(.
2
5
,4
),
ˆ̂ h
=

(.
1
9
,4
.2
)

al
ph

a

2
3

4

5

6

eta

0.
10.

20.
30.

40.
5

MCSE of the Estimate of m(h)0.
00

0.
05

0.
10

0.
15 (d
)

M
C

SE
of
M̂
ζ
(h
):
h

tr
ue
=

(.
2
5
,4
)

al
ph

a

0.
1

0.
2

0.
3

0.
4

0.
5

eta

2

3

4

5

6

Estimate of m(h)

0

10203040

(e
)
M̂
ζ
(h
):
h

tr
ue
=

(4
,.
2
5
),
ˆ̂ h
=

(4
.2
,.
2
7
)

al
ph

a

0.
1

0.
2

0.
3

0.
4

0.
5

eta

2

3

4

5

6

MCSE of the Estimate of m(h)

02468
1012 (f

)
M

C
SE

of
M̂
ζ
(h
):
h

tr
ue
=

(4
,.
2
5
)

al
ph

a

3
4

5

6

7

eta

3

4

5

6

7

Estimate of m(h)

0.
0

0.
5

1.
0

(g
)
M̂
ζ
(h
):
h

tr
ue
=

(4
,4
),
ˆ̂ h
=

(4
.9
,4
.2
)

al
ph

a

3
4

5

6

7

eta

3

4

5

6

7

MCSE of the Estimate of m(h)

0.
0

0.
1

0.
2

0.
3 (h

)
M

C
SE

of
M̂
ζ
(h
):
h

tr
ue
=

(4
,4
)

Fi
gu

re
7:
M̂
ζ
(h

)
an

d
M

C
SE

of
M̂
ζ
(h

)
fo

rf
ou

rv
al

ue
s

of
h

tr
ue

.I
n

ea
ch

ca
se

,ˆ̂ h
is

cl
os

e
to
h

tr
ue

.
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Plugging
the

likelihood
(4.2)

and
the

prior
(A

.1)
into

(4.1),
and

absorbing
D

irichlet
norm

alizing
constants

into
an

overallconstantofproportionality,w
e

have

ν
h
,w

(ψ
)∝

[
D∏d
=
1

K∏j=
1

V∏t=
1

β
m
d
j
t

jt

][
D∏d
=
1

K∏j=
1

θ
n
d
j

dj

][
D∏d
=
1

K∏j=
1

θ
α
j −

1
dj

][
K∏j=
1

V∏t=
1

β
η−

1
jt

]
.

(4.4)

T
he

expression
for

ν
h
,w

(ψ
)

above
also

appears
in

the
unpublished

reportFuentes
etal.(2011).

T
he

C
onditionalD

istributionsof
(β
,θ

)
G

iven
z

and
of
z

G
iven

(β
,θ

)

A
ll

distributions
below

are
conditional

distributions
given

w
,

w
hich

is
fixed,

and
henceforth

this
conditioning

is
suppressed

in
the

notation.
N

ote
thatin

(4.4),the
term

s
m
djt and

n
dj

depend
on
z.

B
y

inspection
of(4.4),w

e
see

thatgiven
z,

θ
1 ,...,θ

D
and

β
1 ,...,β

K
are

allindependent,

θ
d ∼

D
ir
K (n

d
1

+
α
1 ,...,n

d
K

+
α
K ),

β
j ∼

D
ir
V (∑

Dd
=
1
m
dj1

+
η
,..., ∑

Dd
=
1
m
djV

+
η ).

(4.5)

From
(4.4)w

e
also

see
that

p
(h

)
z
|θ
,β

(z|θ
,β

)∝
D∏d
=
1

K∏j=
1 (
[
V∏t=
1

β
m
d
j
t

jt

]
θ
n
d
j

dj

)

=
D∏d
=
1

n
d
∏i=

1

K∏j=
1 [

V∏t=
1

β
z
d
ij w

d
it

jt
θ
z
d
ij w

d
it

dj

]
(4.6)

=
D∏d
=
1

n
d
∏i=

1

K∏j=
1 [

V∏t=
1 (β

jt θ
dj )

w
d
it ]

z
d
ij,

(4.7)

w
here

(4.6)
follow

s
from

(4.3).
L

et
p
d
ij

=
∏
Vt=

1 (β
jt θ

dj )
w
d
it.

B
y

inspection
of

(4.7)
w

e
see

im
m

ediately
thatgiven

(θ
,β

),

z
1
1 ,...,z

1
n
1 ,z

2
1 ,...,z

2
n
2 ,...,z

D
1 ,...,z

D
n
D

are
allindependent,

z
d
i ∼

M
u
lt
K

(p
d
i1 ,...,p

d
iK

).
(4.8)

T
he

conditionaldistribution
of

(β
,θ

)
given

by
(4.5)

can
be

used,in
conjunction

w
ith

the
C

G
S

of
G

riffiths
and

Steyvers
(2004),

to
create

a
M

arkov
chain

on
ψ

w
hose

invariant
distribution

is
ν
h
,w

:if
z
(1
),z

(2
),...is

the
C

G
S,then

for
l

=
1,2,...,w

e
generate

(β
(l),θ

(l))
from

p
(h

)
θ
,β
|z

(·|z
(l))

given
by

(4.5)
and

form
(z

(l),β
(l),θ

(l))—
this

is
w

hat
w

e
have

called
the

A
ugm

ented
C

G
S.

T
he

C
G

S
is

uniform
ly

ergodic
(T

heorem
1

ofC
hen

and
D

oss
(2017))and

an
easy

argum
entshow

s
that

the
resulting

A
C

G
S

is
therefore

also
uniform

ly
ergodic

(and
in

fact,the
rate

of
convergence

of
the

A
C

G
S

is
exactly

the
sam

e
as

thatofthe
C

G
S;see

D
iaconis

etal.(2008,L
em

m
a

2.4)).
T

he
tw

o
conditionals

(4.5)
and

(4.8)
also

enable
a

direct
construction

of
a

tw
o-cycle

G
ibbs

sam
plerthatruns

on
the

pair
(z
,(β

,θ
))—

this
is

w
hatw

e
have

called
the

G
rouped

G
ibbs

Sam
pler.

T
his

G
ibbs

sam
plerhas

the
very

attractive
feature

thatitcan
be

parallelized:From
(4.5),w

e
see

that
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G
E

O
R

G
E

A
N

D
D

O
S

S

given
z

and
w

,the
θ
d ’s

and
β
t ’s

are
allindependent,so

can
be

updated
sim

ultaneously
by

different
processors;and

from
(4.8),w

e
see

thatgiven
(β
,θ

)and
w

,allthe
com

ponentsof
z

are
independent,

so
can

also
be

updated
sim

ultaneously
by

differentprocessors.
T

his
schem

e
w

as
noted

earlier
by

N
ew

m
an

et
al.

(2009),
w

ho
dism

issed
it

on
the

grounds
that

the
C

ollapsed
G

ibbs
Sam

pler
has

superiorm
ixing

properties
because,according

to
L

iu
etal.(1994),collapsing

im
proves

the
m

ixing
rate.

H
ow

ever,the
theorem

from
L

iu
et

al.(1994)
that

N
ew

m
an

et
al.(2009)

are
citing

does
not

apply
to

the
presentsituation.

To
be

specific,L
iu

etal.(1994)
consider

a
G

ibbs
sam

pling
situation

involving
three

variables
X

,
Y

,and
Z

.
T

hey
show

thata
G

ibbs
sam

pler
on

the
pair

(X
,Y

)
(w

ith
Z

integrated
out),w

hich
they

calla
collapsed

G
ibbs

sam
pler,is

superiorto
a

G
ibbs

sam
pleron

the
triple

(X
,Y
,Z

).
B

utfor
the

L
D

A
m

odel,the
C

G
S

on
z

=
(z

1
1 ,...,z

1
n
1 ,...,z

D
1 ,...,z

D
n
D

)
is

nota
collapsed

version
ofthe

G
ibbs

sam
plerthatruns

on
the

pair (z
,(β

,θ
) )

in
any

sense,so
w

hich
of

the
tw

o
G

ibbs
sam

plers
is

superior
in

term
s

of
m

ixing
rate

is
an

open
question.

G
eorge

(2015)
com

pared
the

m
ixing

rates
for

various
param

eters
em

pirically,and
found

thatthe
m

ixing
rate

for
the

C
G

S
is

faster,butnotm
uch

faster.
A

paper
based

on
G

eorge
(2015)

thatstudies
this

G
rouped

G
ibbs

Sam
pler,including

its
m

ixing
rate

and
com

putationalcom
plexity,is

underpreparation
(D

oss
and

G
eorge,2017).

5.E
valuation:C

hoice
ofE

stim
ator

of
a
rg

m
a
x
h
m

(h
)

and
R

esulting
M

odelFit

T
he

m
axim

izer
of

the
m

arginallikelihood,
ĥ

=
arg

m
ax

h
m

(h
),m

ay
be

estim
ated

via
the

M
C

M
C

schem
e

described
in

the
presentpaper,or

by
som

e
version

of
the

E
M

algorithm
(V

I-E
M

or
G

ibbs-
E

M
).O

ur
m

ain
goalin

this
section

is
tw

o-fold.
(1)

W
e

show
em

pirically
thatneither

the
V

I-E
M

nor
the

G
ibbs-E

M
m

ethod
provides

estim
ates

of
ĥ

that
are

as
accurate

as
ours,

and
w

e
briefly

discuss
w

hy
theoretically

neitherV
I-E

M
norG

ibbs-E
M

,atleastin
its

currentim
plem

entation,can
be

expected
to

w
ork

correctly.
W

e
also

com
pare

V
I-E

M
to

G
ibbs-E

M
in

term
s

of
accuracy,w

hich
to

the
bestof

our
know

ledge
has

notbeen
done

before,and
com

pare
V

I-E
M

,G
ibbs-E

M
,and

our
estim

ator
in

term
s

of
speed.

T
his

is
done

in
Section

5.1.
(2)

W
e

consider
som

e
of

the
default

choices
of
h

used
in

the
literature

thatuse
ad-hoc

(i.e.non-principled)criteria.W
e

look
atm

odelfit
and

show
em

pirically
thatw

hen
w

e
use

any
of

the
three

estim
ates

of
ĥ

(V
I-E

M
,G

ibbs-E
M

,or
our

serialtem
pering

m
ethod),m

odelfitis
betterthan

ifw
e

use
any

ofthe
ad-hoc

choices.T
his

is
done

in
Section

5.2.

5.1
C

om
parison

ofM
ethodsfor

E
stim

ating
a
rg

m
a
x
h
m

(h
)

Foruniform
ity

ofnotation,let
ˆ̂h

ST ,
ˆ̂h

V
E

M
,and

ˆ̂h
G

E
M

be
the

estim
ates

of
ĥ

form
ed

from
serialtem

-
pering

M
C

M
C

,V
I-E

M
,and

G
ibbs-E

M
,respectively,and

recallthat
ˆ̂h

ST
=

ˆ̂h
=

arg
m

ax
h
M̂
ζ (h

).

V
I-E

M
T

he
estim

ate
ˆ̂h

V
E

M
proposed

by
B

lei
et

al.(2003)
is

obtained
as

follow
s.

If
h
(k
)

is
the

current
value

of
h,

the
E

-step
of

the
E

M
algorithm

is
to

calculate
E
h
(k

) (log
(p
h (ψ

,w
)) ),

w
here

p
h (ψ

,w
)

is
the

jointdistribution
of

(ψ
,w

)
under

the
L

D
A

m
odelindexed

by
h,and

the
subscript

to
the

expectation
indicates

thatthe
expectation

is
taken

w
ith

respectto
ν
h
(k

),w
.

T
his

step
is

infea-
sible

because
ν
h
(k

),w
is

analytically
intractable.

W
e

consider{q
φ
,
φ
∈

Φ},a
(finite-dim

ensional)
param

etric
fam

ily
of

analytically
tractable

distributions
on
ψ

,and
w

ithin
this

fam
ily,w

e
find

the
distribution,say

q
φ
∗ ,w

hich
is“closest”

to
ν
h
(k

),w
.L

etQ
(h

)be
the

expected
value

of
log

(p
h (ψ

,w
))
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w
ith

re
sp

ec
tt

o
q φ
∗
.W

e
vi

ew
Q

(h
)

as
a

pr
ox

y
fo

rE
h
(k

)

( lo
g
(p
h
(ψ
,w

))
) ,a

nd
th

e
M

-s
te

p
is

th
en

to
m

ax
im

iz
e
Q

(h
)

w
ith

re
sp

ec
tt

o
h

,t
o

pr
od

uc
e
h
(k
+
1
) .

T
he

m
ax

im
iz

at
io

n
is

do
ne

an
al

yt
ic

al
ly

.
T

he
im

pl
em

en
ta

tio
n

of
th

e
E

M
al

go
ri

th
m

th
ro

ug
h

va
ri

at
io

na
li

nf
er

en
ce

m
et

ho
ds

ou
tli

ne
d

ab
ov

e
de

sc
ri

be
s

w
ha

tB
le

ie
ta

l.
(2

00
3)

do
co

nc
ep

tu
al

ly
,b

ut
no

te
xa

ct
ly

.A
ct

ua
lly

,B
le

ie
ta

l.
(2

00
3)

ap
pl

y
V

I-
E

M
to

a
m

od
el

th
at

is
di

ff
er

en
tf

ro
m

ou
rs

.
In

th
at

m
od

el
,β

is
vi

ew
ed

as
a

fix
ed

bu
tu

nk
no

w
n

pa
ra

m
et

er
,t

o
be

es
tim

at
ed

,a
nd

th
e

la
te

nt
va

ri
ab

le
is
ϑ

=
(θ
,z

).
T

hu
s,

th
e

ob
se

rv
ed

an
d

m
is

si
ng

da
ta

ar
e,

re
sp

ec
tiv

el
y,
w

an
d
ϑ

,a
nd

th
e

m
ar

gi
na

ll
ik

el
ih

oo
d

is
a

fu
nc

tio
n

of
tw

o
va

ri
ab

le
s,
h

an
d
β

.
A

bs
tr

ac
tly

sp
ea

ki
ng

,t
he

de
sc

ri
pt

io
n

of
V

I-
E

M
gi

ve
n

ab
ov

e
is

ex
ac

tly
th

e
sa

m
e.

W
e

im
pl

em
en

te
d

V
I-

E
M

to
th

e
ve

rs
io

n
of

th
e

L
D

A
m

od
el

co
ns

id
er

ed
in

th
is

pa
pe

r,
by

m
od

if
yi

ng
th

e
B

le
i

et
al

.
(2

00
3)

co
de

.W
hi

le
V

I-
E

M
ca

n
ha

nd
le

ve
ry

la
rg

e
co

rp
or

a
w

ith
m

an
y

to
pi

cs
,t

he
re

ar
e

no
th

eo
re

tic
al

re
su

lts
re

ga
rd

in
g

co
nv

er
ge

nc
e

of
th

e
se

qu
en

ce
h
(k
)

to
ar

g
m

ax
h
m

(h
),

an
d

V
I-

E
M

ha
st

he
fo

llo
w

in
g

pr
ob

le
m

s:
it

m
ay

ha
ve

po
or

pe
rf

or
m

an
ce

if
th

e
ap

pr
ox

im
at

io
n

of
ν h

(k
)
,w

by
q φ
∗

is
no

tg
oo

d;
an

d
if

th
e

lik
el

ih
oo

d
su

rf
ac

e
is

m
ul

tim
od

al
,a

s
in

Fi
gu

re
7(

e)
,t

he
n

it
ca

n
fa

il
to

fin
d

th
e

gl
ob

al
m

ax
im

um
(a

s
is

th
e

ca
se

fo
ra

ll
E

M
-t

yp
e

al
go

ri
th

m
s

an
d

al
so

gr
ad

ie
nt

-b
as

ed
ap

pr
oa

ch
es

).

G
ib

bs
-E

M
M

on
te

C
ar

lo
E

M
(M

C
-E

M
),

in
w

hi
ch

th
e

E
-s

te
p

is
re

pl
ac

ed
by

a
M

on
te

C
ar

lo
es

tim
at

e,
da

te
s

ba
ck

to
W

ei
an

d
Ta

nn
er

(1
99

0)
,a

nd
w

as
in

tr
od

uc
ed

to
th

e
m

ac
hi

ne
le

ar
ni

ng
co

m
m

un
ity

in
A

nd
ri

eu
et

al
.(

20
03

).
A

s
m

en
tio

ne
d

ea
rl

ie
r,

si
nc

e
an

er
ro

r
is

in
tr

od
uc

ed
at

ev
er

y
ite

ra
tio

n,
th

er
e

is
no

re
as

on
to

ex
pe

ct
th

at
th

e
al

go
ri

th
m

w
ill

co
nv

er
ge

at
al

l,
le

ta
lo

ne
to

th
e

tr
ue

m
ax

im
iz

er
of

th
e

lik
el

ih
oo

d.
In

fa
ct

,W
ei

an
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Figure
8:

Plots
ofestim

ates
of
ĥ

forthe
6

corpora
described

in
text.Points

m
arked×

are
estim

ates
form

ed
by

G
ibbs-E

M
,points

m
arked

+
are

estim
ates

form
ed

by
V

I-E
M

.A
pointm

arked
•

is
the

average
of

10
independentestim

ates
of
ĥ

form
ed

via
ST

chains,and
the

ellipse
is

a
9
5
%

confidence
setfor

ĥ
form

ed
from

the
10

estim
ates.T

he
three

plots
in

row
2

are
zoom

ed-in
versions

of
the

three
plots

in
row

1,m
agnifying

a
region

w
hich

contains
the

ST
estim

ate,so
the

ellipse
becom

es
visible.

Sim
ilarly,the

plots
in

row
4

are
zoom

ed-in
versions

ofthe
plots

in
row

3.
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G
E

O
R

G
E

A
N

D
D

O
S

S

w
e

see
thatthe

tim
e

for
ˆ̂h

ST
is

aboutseven
tim

es
the

tim
e

for
ˆ̂h

G
E

M
,and

the
tim

e
for

ˆ̂h
G

E
M

is
about

55
tim

es
the

tim
e

for
ˆ̂h

V
E

M
.T

hese
num

bers
are

notas
extrem

e
as

they
look,because

forboth
ˆ̂h

G
E

M

and
ˆ̂h

ST
w

e
could

have
gotten

com
parable

results
w

ith
m

uch
sm

allerchain
lengths.

K
D

Tim
e

for
ˆ̂h

V
E

M
Tim

e
for

ˆ̂h
G

E
M

Tim
e

for
ˆ̂h

ST

8
100

.34
11
.64

90.55
8

40
.12

6
.08

45.87
8

20
.04

2
.96

31.35
4

100
.19

10
.73

49.75
4

40
.08

4
.88

25.71
4

20
.04

2
.23

16.72

Table
1:

L
ength

oftim
e,in

m
inutes,ittakes

to
com

pute
the

V
I-E

M
,G

ibbs-E
M

,and
serialtem

per-
ing

estim
ates

of
ĥ

forsix
corpora.

5.2
C

om
parison

ofM
odelFit:E

m
piricalB

ayesC
hoice

vs.A
d-H

oc
C

hoicesofthe
H

yperparam
eter

In
the

literature,the
follow

ing
choices

for
h

=
(η
,α

)
have

been
presented:

h
D

G
=

(0.1
,50/K

),
used

in
G

riffiths
and

Steyvers
(2004);

h
D

A
=

(0
.1,0.1),used

in
A

suncion
etal.(2009);and

h
D

R
=

(1/K
,1
/K

),
used

in
the

G
e
n
s
i
m

topic
m

odelling
package

(Ř
ehůřek

and
Sojka,

2010),
a

w
ell-

know
n

package
used

in
the

topic
m

odelling
com

m
unity.

T
hese

choices
are

ad-hoc,and
notbased

on
any

particularprinciple.

C
riterion

for
M

odelFit
T

he
criterion

w
e

use
is

a
score

thatis
inversely

related
to

the
so-called

“perplexity”
score

w
hich

is
som

etim
es

used
in

the
m

achine
learning

literature.
W

hen
applied

to
the

L
D

A
context,the

score
is

obtained
as

follow
s.

For
d

=
1,...,D

,let
w

(−
d
)

denote
the

corpus
consisting

of
allthe

docum
ents

exceptfor
docum

ent
d.

To
evaluate

a
given

m
odel(in

our
case

the
L

D
A

m
odelindexed

by
a

given
h),in

essence
w

e
see

how
w

ellthe
m

odelbased
on
w

(−
d
)

predicts
docum

ent
d,the

held-outdocum
ent.

W
e

do
this

for
d

=
1
,...,D

,and
take

the
geom

etric
m

ean
(W

allach
etal.,2009).W

e
form

alize
this

as
follow

s.T
he

predictive
likelihood

of
h

forthe
held-out

docum
entis

L
d (h

)
=

∫
`
w
d (ψ

)
d
ν
h
,w

(−
d
) (ψ

),
(5.1)

w
here

`
w
d (ψ

)
is

the
likelihood

of
ψ

for
the

held-out
docum

ent
d,

and
ν
h
,w

(−
d
)

is
the

posterior

distribution
of
ψ

given
w

(−
d
) .W

e
form

the
score

S
(h

)
=
[∏

Dd
=
1
L
d (h

) ]
1
/
D

.Tw
o

differentvalues
of

hyperparam
eter

h
are

com
pared

via
their

scores.
C

onceptually,itis
easy

to
estim

ate
L
d (h

)
by

directM
onte

C
arlo:let

ψ
1 ,ψ

2 ,...be
an

ergodic
M

arkov
chain

w
ith

invariantdistribution
ν
h
,w

(−
d
) .

W
e

then
approxim

ate
the

integral
by

(1/n
) ∑

ni=
1
`
w
d (ψ

i ).
C

are
needs

to
be

exercised,how
ever,

because
in

(5.1),the
variable

ψ
in

the
term

`
w
d (ψ

)
has

a
dim

ension
thatis

differentthan
thatofthe

variable
ψ

in
the

restofthe
integral.C

hen
(2015)gives

a
carefuldescription

ofan
M

C
M

C
schem

e
forestim

ating
the

integralin
(5.1).
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D
A
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xe
d
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ˆ̂ h
G

E
M

,ˆ̂ h
V

E
M

,h
D

R
,h

D
A

,a
nd
h

D
G

fo
rc

or
po

ra
C

-1
–C

-9
,u

si
ng

th
e

es
tim

at
e

of
th

e
sc

or
e
S

(h
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w
hi

ch
w

e
de

no
te

by
Ŝ

(h
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de
sc

ri
be

d
in

th
e

be
gi

nn
in

g
of

th
is

su
bs

ec
tio

n.
D

et
ai

ls
re

ga
rd

in
g

ho
w

ˆ̂ h
ST

w
as

co
m

pu
te

d
an

d
re

ga
rd

in
g

its
ac

cu
ra

cy
ar

e
gi

ve
n

in
th

e
su

pp
le

m
en

ta
ry

do
cu

m
en

tG
eo

rg
e

an
d

D
os

s.
T

he
ac

tu
al

va
lu

es
of

ˆ̂ h
ST

,ˆ̂ h
G

E
M

,a
nd

ˆ̂ h
V

E
M

,a
re

al
so

gi
ve

n
in

G
eo

rg
e

an
d

D
os

s.
To

co
m

pu
te
Ŝ

(h
)

fo
r

a
co

rp
us

,
fo

r
ev

er
y

he
ld

-o
ut

do
cu

m
en

t,
w

e
us

ed
C

he
n’

s
(2

01
5)

m
et

ho
d

w
ith

a
fu

ll
G

ib
bs

sa
m

pl
in

g
ch

ai
n

of
le

ng
th

2
,0

00
,a

ft
er

di
sc

ar
di

ng
a

sh
or

tb
ur

n-
in

pe
ri

od
.

Ta
bl

e
3

gi
ve

s
th

e
ra

tio
s
Ŝ

(h
)/
Ŝ

(ˆ̂ h
ST

),
w

he
re
h

is
ˆ̂ h

G
E

M
,

ˆ̂ h
V

E
M

,h
D

R
,h

D
A

,a
nd

h
D

G
,f

or
al

l
ni

ne
co

rp
or
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Fr

om
th

e
ta

bl
e,

w
e

m
ak

e
th

re
e

m
ai

n
ob

se
rv

at
io

ns
:(

1)
A

ny
of

th
e

es
tim

at
es

of
ĥ

ar
e

be
tte

rt
ha

n
an

y
of

th
e

ad
-h

oc
ch

oi
ce

s,
un

if
or

m
ly

,a
nd

by
w

id
e

m
ar

gi
ns

.(
2)

W
ith

in
th

e
es

tim
at

es
of
ĥ

,S
T

do
es

be
tte

r
th

an
ei

th
er

G
E

M
or

V
E

M
on

th
e

w
ho

le
,a

lth
ou

gh
no

ti
n

ev
er

y
ca

se
,a

nd
w

he
n

it
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ou
tp

er
fo

rm
ed

,i
t
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tb
y

m
uc

h.
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)A
s

a
ge

ne
ra

lp
at

te
rn
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he

la
ck

of
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of
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e
m

od
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s
in
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xe

d
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th
e

ad
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s
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h
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w
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W
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20

N
ew

sg
ro

up
s

co
rp
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W
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p
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.

Im
pl

em
en

ta
tio

n
D

et
ai

ls
To

co
m

pu
te
M̂
ζ
(h

),
w

e
im

pl
em

en
te

d
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be

7
×

13
=
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ra
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e
ru

n
us

in
g

th
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ra
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H
Y

P
E

R
PA

R
A

M
E

T
E

R
S

E
L

E
C

T
IO

N
IN

L
D

A
M

O
D

E
L

C
orpus

ˆ̂h
G

E
M

ˆ̂h
V

E
M

h
D

R
h

D
A

h
D

G

C
-1

6
.78×

10 −
0
1

4
.83×

10 −
0
1

3
.54×

10 −
0
1

1
.11×

10
+
0
0

8
.24×

10 −
0
4

C
-2

5
.11×

10 −
0
1

8
.19×

10 −
0
1

5
.23×

10 −
0
1

2
.52×

10 −
0
2

7
.21×

10 −
0
5

C
-3

9
.86×

10 −
0
1

5
.58×

10 −
0
1

2
.98×

10 −
0
1

1
.41×

10 −
0
1

1
.33×

10 −
0
2

C
-4

8
.21×

10 −
0
1

7
.71×

10 −
0
1

3
.48×

10 −
0
1

1
.2

2×
10 −

0
1

6
.66×

1
0 −

0
2

C
-5

9
.98×

10 −
0
1

1
.62×

10
+
0
0

4
.58×

10 −
0
1

1
.61×

10 −
0
1

9
.36×

10 −
0
2

C
-6

2
.48×

10
+
0
0

1
.12×

10
+
0
1

7
.31×

10 −
0
3

5
.71×

1
0 −

0
6

6
.57×

10 −
0
8

C
-7

4
.39×

10 −
0
1

7
.82×

10
+
0
0

5
.34×

10 −
0
3

1
.51×

10 −
1
0

1
.8

9×
10 −

1
4

C
-8

2
.04×

10
+
0
0

6
.40×

10 −
0
1

9
.90×

10 −
0
4

1
.77×

10 −
0
9

3
.29×

10 −
1
2

C
-9

1
.04×

10
+
0
0

1
.75×

10 −
0
2

2
.17×

10 −
0
2

7
.04×

10 −
0
3

5
.56×

10 −
0
9

Table
3:

R
atios

ofthe
estim

ates
ofthe

fitcriterion
S

(h
)

to
estim

ate
of
S

( ˆ̂h
ST )

forfive
choices

of
h,

forallnine
corpora.A

sm
allnum

berindicates
a

lack
offit,thus

a
poorchoice

of
h,and

by
this

criterion,allad-hoc
choices

perform
poorly.

chain
m

ixes
adequately

are
given

in
the

supplem
entary

docum
entG

eorge
and

D
oss.

Table
4

gives
the

tim
e

ittook
to

com
pute

ˆ̂h
V

E
M

,
ˆ̂h

G
E

M
,and

ˆ̂h
ST ,forthree

ofthe
realcorpora

used
in

this
section.

C
orpus

K
ˆ̂h

V
E

M
ˆ̂h

G
E

M
ˆ̂h

ST

C
-2

4
0
.18

7.72
409.75

C
-4

2
0
.10

3.78
195.90

C
-9

8
1
.20

59.12
287.97

Table
4:

E
xecution

tim
es,in

m
inutes,for

three
corpora,on

a
3.70G

H
z

quad
core

IntelX
eon

Pro-
cessorE

5-1630V
3.

It
is

natural
to

ask
w

hy
it

has
not

been
noted

before
that

V
I-E

M
and

G
ibbs-E

M
som

etim
es

perform
poorly.

E
valuations

have
been

typically
done

through
a

m
odel

fit
criterion

such
as

the
one

w
e

used
in

this
subsection,

and
to

the
best

of
our

know
ledge

the
literature

has
not

given
an

assessm
ent

of
how

close
ˆ̂h

V
E

M
and

ˆ̂h
G

E
M

are
to
h

true
for

corpora
generated

from
an

L
D

A
m

odel
indexed

by
h

true ,as
is

done
in

Section
5.1.

6.D
iscussion

Inference
from

L
D

A
depends

heavily
on

the
choice

of
hyperparam

eters
used

to
fitthe

m
odel.

To
estim

ate
the

hyperparam
eters,w

e
view

the
analytically

intractable
ĥ

=
arg

m
ax

h
m

(h
),w

hich
is

a
function

ofthe
docum

entcorpus
itself,as

the
gold

standard,and
w

e
have

developed
a

m
ethodology

for
estim

ating
ĥ.

T
he

basis
for

our
approach

is
a

stable
m

ethod,based
on

a
single

serialtem
pering

M
arkov

chain,for
estim

ating
the

entire
m

arginallikelihood
function

m
(h

)
(up

to
a

constant).
For

a
given

function
of

the
param

eters
of

the
m

odel,
essentially

the
sam

e
m

ethod
enables

us
to

esti-
m

ate
the

entire
fam

ily
ofposteriorexpectations

ofthe
param

eters
as

the
hyperparam

etervaries,and
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G
E

O
R

G
E

A
N

D
D

O
S

S

this
feature

enables
us

to
carry

out
an

analysis
of

sensitivity
of

our
inference

w
ith

respect
to

the
hyperparam

eters.
H

yperparam
eterselection

isa
sim

ple
form

ofm
odelselection

and
w

e
note

that,generally
speak-

ing,in
carrying

outm
odelselection

there
are

tw
o

com
peting

goals.O
ne

goalis
to

selectthe
correct

m
odel,and

the
othergoalis

to
selectthe

m
odelthat“provides

the
bestinference.”

T
hese

tw
o

goals
are

notthe
sam

e.
T

he
second

goalis
particularly

relevantw
hen

the
docum

entcorpus
is

a
realdata

set,i.e.the
corpus

is
notnecessarily

generated
from

the
L

D
A

m
odel,and

w
e

use
L

D
A

as
a

conve-
nientm

odelthrough
w

hich
to

m
ake

inference.
Selection

of
the

hyperparam
eter

via
m

axim
ization

of
the

m
arginallikelihood

is
akin

to
m

axim
um

likelihood
estim

ation
and,as

such,should
have

the
standard

properties
of

m
axim

um
likelihood

estim
ates.

W
e

w
ill

avoid
giving

a
technical

explana-
tion

of
this

lastfact,and
instead

state
itinform

ally
as

follow
s:

for
a

corpus
generated

according
to

the
L

D
A

m
odel

indexed
by

h
true ,if

the
corpus

is
large,then

ĥ
is

close
to
h

true .
So

the
em

pirical
B

ayes
m

ethod
achieves

the
first

goal
by

its
very

nature,
and

w
e

have
verified

this
em

pirically
in

Section
3.T

he
evaluation

in
Section

5
show

s
(atleastem

pirically)thatthe
em

piricalB
ayes

m
ethod

also
accom

plishes
the

second
goal.

A
Fully

B
ayes

A
pproach

to
E

m
piricalB

ayes
Inference

Forserialtem
pering

to
w

ork,itis
necessary

forthe
grid

points
h
1 ,...,h

J
to

coverH
.U

nfortunately,w
hen

d
im

(H
)

is
large,the

value
of
J

that
is

needed
is

huge,and
the

approach
breaks

dow
n.

H
ere

w
e

discuss
an

entirely
different

m
ethod.

A
lthough

there
is

no
inherentlim

itation
on

d
im

(H
)

for
the

m
ethod

to
w

ork,w
e

view
itas

useful
forthe

case
w

here
d
im

(H
)

is
m

oderate:w
e

re-iterate
ourcaution

stated
in

R
em

ark
3

ofSection
2.1

thatitis
notadvisable

to
use

a
high-dim

ensional
h.

SupposeH
isa

bounded
hyper-rectangle.W

e
puta

uniform
distribution

onH
,denoted

u
(h

),and
in

this
fully-B

ayes
situation

the
param

eter
is

now
(β
,θ
,z
,h

).
T

he
m

arginalposterior
distribution

of
h

is
then

π
(h

)∝
m
w

(h
)u

(h
)∝

m
w

(h
),and

w
e

see
that

arg
m

ax
h
m
w

(h
)

=
arg

m
ax

h
π

(h
).

Suppose
that

(β
(1
),θ

(1
),z

(1
),h

(1
)),...,(β

(n
),θ

(n
),z

(n
),h

(n
))

is
a

M
arkov

chain
w

hose
invari-

ant
distribution

is
the

posterior
distribution

of
(β
,θ
,z
,h

)
given

w
[see

W
allach

(2008)].
From

the
m

arginal
sequence

h
(1
),...,h

(n
)

w
e

m
ay

estim
ate

π
(h

)
via

a
m

ultivariate
density

estim
ator,

and
hence

arg
m

ax
h
π

(h
).

C
all

this
estim

ate
h̄.

W
e

then
use

(2.1),
w

ith
h̄

as
the

value
of
h
∗ ,

to
estim

ate
m
w

(h
)

in
a

sm
all

neighborhood
of
h̄,

w
hich

is
all

that
w

e
need

in
order

to
estim

ate
arg

m
ax

h
m
w

(h
).

In
effect,

h̄
is

an
initialcoarse

estim
ate

of
a
rg

m
ax

h
m
w

(h
),and

(2.1)
is

then
used

to
fine-tune

it.W
e

hope
to

develop
this

idea
fully

in
future

w
ork.
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m
om

entcondition

forevery
h
∈
H

there
exists

ε
>

0
such

that ∫
(
g
ν
h

ν
ζ )

2
+
ε

df
ζ
<
∞
.

N
ote

thatA
8

is
autom

atically
satisfied

ifA
7

holds
and

g
is

bounded
(forexam

ple
if
g

is
an

indicator
function,as

in
Section

2.4).In
the

follow
ing,w

e
w

illassum
e

C
onditions

A
1,A

7,and
A

8.
T

he
heartofthe

proofisthe
assertion

thatsu
p
h∈H

n
1
/
2 ∣∣Î

stζ (h
)−

I
(h

) ∣∣hasa
lim

iting
distribution

as
n
→
∞

,and
w

e
show

this
in

three
steps:

1.
W

e
observe

thatforeach
h,n

1
/
2 (Î

stζ (h
)−

I
(h

) )
has

an
asym

ptotic
norm

aldistribution.

2.
W

e
show

thatm
ore

can
be

said,and
thatthe

stochastic
process {

n
1
/
2 (Î

stζ (h
)−

I
(h

) ),
h
∈
H
}

converges
in

distribution
to

a
m

ean-zero
G

aussian
process

indexed
by
h.

3.
W

e
conclude

from
Step

2
that

su
p
h∈H

n
1
/
2 ∣∣Î

stζ (h
)−

I
(h

) ∣∣has
a

lim
iting

distribution
as
n
→
∞

.

W
e

now
provide

the
details.

1.
N

ote
that

Î
stζ (h

),
defined

in
(2.14),

is
a

ratio
of
M̂
ζ (h

)
and

Û
ζ (h

),
w

hich
are

given
by

(2.10)
and

(2.12),respectively.
E

ach
of

these
is

an
average

of
a

function
of
ψ

1 ,...,ψ
n ,so

w
e

have
a

bivariate
centrallim

ittheorem
,as

follow
s.

For
econom

y
of

notation,let
U

(h
)

i
be

the
sum

m
ands

in
(2.12)and

let
M

(h
)

i
be

the
sum

m
ands

in
(2.10).W

e
have

n
1
/
2 

1n

n
∑i=

1

U
(h

)
i
−
m

(h
)

c
ζ /J

∫
g
d
ν
h
,w

1n

n
∑i=

1

M
(h

)
i
−
m

(h
)

c
ζ /J


d→
N

2 (0,Σ
h ),

w
here

Σ
h

is
a

covariance
m

atrix.
(If

the
ψ

’s
w

ere
an

iid
sequence,then

Σ
h

w
ould

be
sim

ply
the

covariance
m

atrix
ofthe

pair
(U

(h
)

1
,M

(h
)

1
);how

ever,in
the

presentsituation,Σ
h

is
the

m
ore

com
plicated

covariance
m

atrix
thatarises

in
the

M
arkov

chain
centrallim

ittheorem
.)

T
herefore,

by
the

delta
m

ethod
applied

to
the

function
ϕ

:R
2→

R
defined

by
ϕ

(u
,m

)
=
u
/m

,w
e

have

n
1
/
2 (
∑

ni=
1
U

(h
)

i
∑

ni=
1
M

(h
)

i

−
∫
g
d
ν
h
,w )

d→
N
(0,(∇

ϕ
) >

Σ
h ∇

ϕ ),
(A

.4)
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G
E

O
R

G
E

A
N

D
D

O
S

S

w
here

the
gradient∇

ϕ
is

evaluated
at ((1/n

) ∑
ni=

1
U

(h
)

i
,(1/n

) ∑
ni=

1
M

(h
)

i

).N
ow

note
thatthe

quantity
to

the
leftofthe

“
d→

”
sign

in
(A

.4)is
precisely

n
1
/
2 (Î

stζ (h
)−

I
(h

) ).

2.
To

extend
convergence

in
distribution

for
each

fixed
h

to
convergence

as
a

stochastic
process,

w
e

use
Part4

of
T

heorem
6

of
D

oss
and

Park
(2018).

B
ecause

w
e

assum
e

C
onditions

A
1,A

7,
and

A
8

and
because

the
distributions

of
the

latent
param

eters
in

the
L

D
A

m
odel

form
an

ex-
ponentialfam

ily,the
regularity

conditions
for

thattheorem
are

satisfied,and
w

e
conclude

that
n
1
/
2 (Î

stζ (·)−
I
(·) )

d→
G

(·),w
here

G
(·)

is
a

m
ean-zero

G
aussian

process
indexed

by
h.

H
ere,

convergence
in

distribution
takes

place
in
C

(H
),the

space
of

continuous
real-valued

functions
defined

onH
,endow

ed
w

ith
the

sup-norm
topology.

3.
T

he
m

ap
T

:
C

(H
)→

[0,1]defined
by
T

(f
)

=
su

p
h∈H
|f

(h
)|is

continuous,so
from

Step
2

w
e

conclude
that

su
p
h∈H

n
1
/
2 ∣∣Î

stζ (h
)−

I
(h

) ∣∣
d→

su
p
h∈H
|G

(h
)|.

Substitution
of

the
S
j ’s

for
the

S
j ’s

is
valid

under
the

assum
ption

that
J
→
∞

,
convergence

in
probability

ofS
[.9

5
J
] to

c
.9
5

is
a

consequence
of

the
condition

n
/J
→
∞

,and
the

validity
of

the
bands

now
follow

s.T
he

literature’s
recom

m
endation

of
J

=
n
1
/
2

is
m

ade
in

the
differentcontextof

estim
ating

the
variance

ofan
average,notforform

ing
globally-valid

confidence
bands;nevertheless,

in
ourexperience

this
choice

w
orks

w
ellalso

in
the

presentsituation.
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at
iv

e
m

o
d
el

li
n
g

on
n
et

w
or

k
d
ep

th
d
ir

ec
tl

y
fo

r
th

e
p
ro

to
ty

p
ic

al
p
h
y
si

ca
l

sy
st

em
of

th
e

tw
o-

d
im

en
si

on
al

(2
D

)
la

tt
ic

e
Is

in
g

m
o
d
el

.
T

h
e

m
o
st

im
p

or
ta

n
t

fe
at

u
re

of
th

is
sy

st
em

is
th

e
ex

is
te

n
ce

of
a

p
h
as

e
tr

an
si

ti
on

(o
r

cr
it

ic
a
l

po
in

t)
,

w
it

h
su

b
tl

e
p
h
y
si

ca
l

fe
at

u
re

s
th

at
ar

e
th

eo
re

ti
ca

ll
y

k
n
ow

n
to

re
q
u
ir

e
a

n
on

-t
ri

v
ia

l
m

u
lt

i-
sc

al
e

d
es

cr
ip

ti
on

.
W

e
d
efi

n
e

cr
it

er
ia

fo
r

th
e

ac
cu

ra
cy

of
a

ge
n
er

at
iv

e
m

o
d
el

,
b
a
se

d
o
n

th
e

co
n
ve

rg
en

ce
of

th
e

en
er

gy
an

d
en

er
gy

fl
u
ct

u
at

io
n
s

of
sa

m
p
le

s
ge

n
er

at
ed

fr
om

it
,

to
th

e
ex

-
ac

t
p
h
y
si

ca
l

va
lu

es
ca

lc
u
la

te
d

n
ea

r
th

e
p
h
as

e
tr

an
si

ti
on

.
U

si
n
g

va
ri

ou
s

ty
p

es
o
f

g
en

er
a
ti

ve
n
eu

ra
l

n
et

w
or

k
s

w
it

h
a

m
u
lt

it
u
d
e

of
w

id
th

s
an

d
d
ep

th
s,

w
e

fi
n
d

th
e

su
rp

ri
si

n
g

re
su

lt
th

at
ac

cu
ra

te
m

o
d
el

li
n
g

d
ep

en
d
s

on
ly

on
th

e
a
rc

h
it

ec
tu

re
of

th
e

n
et

w
or

k
—

d
efi

n
ed

a
s

th
e

se
t

of
in

te
ge

rs
sp

ec
if

y
in

g
th

e
n
u
m

b
er

of
n
eu

ro
n
s

in
ea

ch
n
et

w
or

k
la

ye
r.

F
u
rt

h
er

m
o
re

,
w

e
sh

ow
th

at
th

e
ac

cu
ra

cy
of

th
e

n
eu

ra
l

n
et

w
or

k
on

ly
d
ep

en
d
s

si
gn

ifi
ca

n
tl

y
on

th
e

n
u
m

b
er

o
f

h
id

d
en

u
n
it

s
in

th
e

fi
rs

t
h
id

d
en

la
ye

r.
T

h
is

il
lu

st
ra

te
s

th
at

in
th

is
p
h
y
si

ca
l

ex
am

p
le

,
d
ep

th
d
o
es

n
ot

co
n
tr

ib
u
te

to
th

e
re

p
re

se
n
ta

ti
on

al
effi

ci
en

cy
of

a
ge

n
er

at
iv

e
n
eu

ra
l

n
et

w
o
rk

,
ev

en
n
ea

r
a

n
on

-t
ri

v
ia

l
sc

al
e-

in
va

ri
an

t
p
h
as

e
tr

an
si

ti
on

.

2
.
T
h
e
2
D

Is
in
g
S
y
st
e
m

N
e
a
r
C
ri
ti
ca

li
ty

In
or

d
er

to
b

en
ch

m
ar

k
th

e
re

p
re

se
n
ta

ti
on

al
p

ow
er

of
ge

n
er

a
ti

ve
n
eu

ra
l

n
et

w
o
rk

s,
w

e
re

p
la

ce
n
at

u
ra

ll
y

o
cc

u
rr

in
g

d
at

a
co

m
m

on
to

m
ac

h
in

e
le

ar
n
in

g
ap

p
li
ca

ti
on

s
w

it
h

sy
n
th

et
ic

d
a
ta

fo
r

a
sy

st
em

in
ti

m
at

el
y

fa
m

il
ia

r
to

st
at

is
ti

ca
l

p
h
y
si

ci
st

s,
th

e
2D

Is
in

g
m

o
d
el

.
T

h
is

sy
st

em
is

d
efi

n
ed

on
an

N
-s

it
e

sq
u
ar

e
la

tt
ic

e,
w

it
h

b
in

ar
y

va
ri

ab
le

s
(s

p
in

s)
x
i
∈
{0
,1
}

a
t

ea
ch

la
tt

ic
e

2
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D
e
e
p
L
e
a
r
n
in
g

t
h
e
Isin

g
M
o
d
e
l
N
e
a
r
C
r
it
ic
a
l
it
y

(a)
T
<
T
c

(b
)
T
≈
T
c

(c)
T
>
T
c

F
ig

u
re

1
:

R
ep

resen
tativ

e
Isin

g
sp

in
con

fi
gu

ratio
n
s

on
a
N

=
20×

2
0

site
lattice.

In
(a)

is
th

e
ferrom

agn
etic

p
h
ase

b
elow

T
c ;

(b
)

is
th

e
critical

p
oin

t
or

p
h
ase

tran
sition

;
a
n
d

(c)
is

ab
ove

T
c

in
th

e
p
aram

agn
etic

p
h
ase.

S
u
ch

con
fi
gu

ration
s

p
lay

th
e

role
o
f

2
D

im
ages

for
th

e
train

in
g

of
gen

erative
n
eu

ral
n
etw

ork
s

in
th

is
p
ap

er.

site
i.

T
h
e

p
h
y
sical

p
rob

ab
ility

d
istrib

u
tion

d
efi

n
in

g
th

e
Isin

g
m

o
d
el

is
th

e
B

oltzm
an

n
d
istrib

u
tio

n

q(x
)

=
1Z

ex
p
(−
β
H

(x
))

(1)

d
eterm

in
ed

b
y

th
e

H
am

ilton
ian

(or
p
h
y
sical

en
ergy

)
H

(x
)

=
−
∑
〈i,j〉

σ
i σ
j ,

w
h
ere

σ
i

=
2
x
i −

1
.

H
ere,

Z
is

th
e

n
orm

alization
factor

(or
p
artition

fu
n
ction

),
a
n
d
〈i,j〉

d
en

otes
n
ea

rest-n
eigh

b
ou

r
sites.

A
s

a
fu

n
ction

of
in

verse
tem

p
eratu

re
β

=
1/k

B
T

(w
ith

k
B

=
1),

th
e

Isin
g

sy
stem

d
isp

lay
s

tw
o

d
istin

ct
p
h
ases,

w
ith

a
p
h
ase

tran
sition

at
T
c

=
2/

log (1
+
√

2 )≈
2
.2

6
9
3

in
th

e
th

erm
o
d
y
n
am

ic
lim

it
w

h
ere

N
→
∞

(K
ram

ers
an

d
W

an
n
iers,

19
41;

O
n
sager,

1
9
4
4
).

In
th

is
lim

it,
th

e
len

gth
scale

govern
in

g
fl
u
ctu

a
tion

s—
called

th
e

co
rrela

tio
n

len
gth

ξ—
d
iverg

es
to

in
fi
n
ity

resu
ltin

g
in

em
ergen

t
m

acrosco
p
ic

b
eh

av
ior

su
ch

as
sin

gu
larities

in
m

ea
su

red
o
b
servab

les
lik

e
h
eat

cap
acity

or
m

agn
etic

su
scep

tib
ility.

P
h
ase

tran
sition

s
w

ith
a

d
iverg

in
g
ξ

are
called

critica
l

po
in

ts.
C

riticality
m

akes
u
n
d
erstan

d
in

g
m

acroscop
ic

p
h
en

o
m

en
a

(o
r

featu
res)

from
th

e
m

icroscop
ic

in
teraction

s
en

co
d
ed

in
H

(x
)

h
igh

ly
n
on

-
triv

ia
l.

T
h
e

m
o
st

su
ccessfu

l
th

eoretical
ap

p
roach

is
th

e
ren

orm
alization

grou
p

(R
G

),
w

h
ich

is
a

m
u
li-sca

le
d
escrip

tion
w

h
ere

featu
res

are
sy

stem
atically

ex
am

in
ed

at
su

ccessively
d
eep

er
co

a
rse-g

ra
in

ed
lev

els
of

scale
(W

ilson
an

d
F

ish
er,

1972).
P

h
y
sicists

h
av

e
b

egu
n

to
ex

p
lore

in
ern

est
th

e
co

n
cep

tu
al

con
n
ection

b
etw

een
d
eep

learn
in

g
an

d
th

e
R

G
(M

eh
ta

an
d

S
ch

w
ab

,
2
0
1
4
;

K
o
ch

-J
a
n
u
sz

an
d

R
in

gel,
2017).

W
e

co
n
cen

trate
on

tw
o-d

im
en

sion
al

lattices
w

ith
fi
n
ite

N
,

w
h
ere

rem
n
an

ts
of

th
e

tru
e

th
erm

o
d
y
n
am

ic
(N
→
∞

)
p
h
ase

tran
sition

are
m

an
ifest

in
p
h
y
sical

q
u
an

tities.
W

e
are

in
terested

in
a
p
p
rox

im
ately

m
o
d
ellin

g
th

e
p
h
y
sical

d
istrib

u
tion

q(x
),

b
oth

at
an

d
n
ear

th
is

p
h
a
se

tra
n
sition

,
u
sin

g
gen

erativ
e

n
eu

ral
n
etw

ork
s.

R
eal-sp

ace
sp

in
con

fi
gu

ration
s

a
t

fi
x
ed

tem
p

era
tu

res
p
lay

th
e

role
of

d
ata

sets
for

train
in

g
an

d
testin

g
th

e
gen

erative
m

o
d
els

of
th

e
n
ex

t
sectio

n
.

C
on

fi
gu

ration
s—

su
ch

as
th

ose
illu

strated
in

F
igu

re
1—

are
sam

p
led

from
E

q
u
a
tio

n
1

u
sin

g
stan

d
ard

M
ark

ov
C

h
ain

M
on

te
C

arlo
tech

n
iq

u
es

d
escrib

ed
elsew

h
ere;

see
fo

r
ex

a
m

p
le,

N
ew

m
an

an
d

B
ark

em
a

(1999).
F

or
a

given
tem

p
eratu

re
T

an
d

lattice
size

N
,

tra
in

in
g

a
n
d

testin
g

sets
of

arb
itrary

size
can

b
e

p
ro

d
u
ced

w
ith

relative
ease,

allow
in

g
u
s

3
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L
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M
o
r
n
in
g
st
a
r
a
n
d

M
e
l
k
o

1.00
2.25

3.50

T

−
2

−
1

〈E
〉

N

(a)
E

n
ergy

p
er

Isin
g

sp
in

.

1.00
2.25

3.50

T

0 1
〈C〉
N

(b
)

H
eat

cap
acity

p
er

Isin
g

sp
in

.

F
igu

re
2:

P
h
y
sica

l
d
ata

for
th

e
en

ergy
an

d
h
eat

cap
acity

of
a
n
N

=
64

sq
u
are-lattice

Isin
g

sy
stem

,
calcu

lated
u
sin

g
M

a
rkov

C
h
ain

M
on

te
C

arlo.

to
ex

p
lore

th
e

rep
resen

tation
al

p
ow

er
of

d
iff

eren
t

gen
erative

m
o
d
els

w
ith

ou
t

th
e

con
cern

of
regu

larization
d
u
e

to
lim

ited
d
ata.

In
ord

er
to

q
u
an

tify
th

e
rep

resen
tation

al
p

ow
er

of
a

given
n
eu

ral
n
etw

ork
,

w
e

u
se

th
e

stan
d
ard

recen
tly

in
tro

d
u
ced

b
y

T
orlai

an
d

M
elk

o
(2016),

w
h
ich

is
th

e
faith

fu
l

recreation
of

p
h
y
sical

ob
servab

les
from

sam
p
les

of
th

e
v
isib

le
layer

of
a

fu
lly

-train
ed

gen
erativ

e
n
eu

ral
n
etw

ork
.

A
s

a
referen

ce,
ob

servab
les

su
ch

as
average

en
ergy

E
an

d
h
eat

cap
acity

C
=

∂
E
/∂
T

are
calcu

lated
from

th
e

p
h
y
sical

d
istrib

u
tion

,
th

at
is,〈E

〉
=
Z
−
1 ∑

x
q(x

)H
(x

)
an

d
〈C
〉

=
(〈E

2〉−
〈E
〉
2)/T

2.
U

sin
g

sh
allow

R
B

M
s,

T
orlai

an
d

M
elko

ex
am

in
ed

th
e

con
vergen

ce
of

th
ese

an
d

oth
er

p
h
y
sical

ob
servab

les
for

2D
Isin

g
sy

stem
s

on
d
iff

eren
t

size
lattices.

F
or

a
lattice

of
N

Isin
g

sp
in

s,
th

e
n
u
m

b
er

of
h
id

d
en

n
eu

ron
s

in
th

e
R

B
M

,
N
h
1

(see
b

elow
),

w
as

in
creased

u
n
til

th
e

ob
servab

les
m

o
d
elled

b
y

th
e

R
B

M
ap

p
roach

ed
th

e
ex

act,
p
h
y
sica

l
valu

es
calcu

lated
b
y

M
on

te
C

arlo.
In

th
e

R
B

M
,
N

also
rep

resen
ts

th
e

n
u
m

b
er

of
v
isib

le
u
n
its.

T
h
u
s,

th
e

ratio
α
≡
N
h
1 /N

—
d
escrib

in
g

th
e

n
etw

ork
resou

rces
p

er
la

ttice
site—

serves
a
s

a
con

vergen
ce

p
aram

eter
m

easu
rin

g
th

e
overa

ll
effi

cien
cy

of
th

is
m

ach
in

e
learn

in
g

ap
p
roa

ch
.

It
w

as
sh

ow
n

b
y

C
h
en

et
al.

(2017)
th

a
t

th
is

ratio
is

b
ou

n
d
ed

ab
ove

b
y
α

=
2

for
th

e
sam

e
2D

Isin
g

m
o
d
el

w
e

con
sid

er
in

th
is

p
ap

er,
a

b
ou

n
d

con
sisten

t
w

ith
th

e
resu

lts
of

n
u
m

erical
sim

u
lation

s
d
etailed

in
section

s
b

elow
.

In
F

igu
re

2
w

e
illu

strate
th

e
en

ergy
E

an
d

h
eat

cap
acity

C
calcu

lated
v
ia

M
on

te
C

arlo
for

th
e
N

=
64

sq
u
are-lattice

Isin
g

m
o
d
el.

N
ear

th
e

critical
p

oin
t
T
c ≈

2
.2

693,
C

retain
s

a
fi
n
ite-

size
rem

n
an

t
of

th
e

d
ivergen

ce
ex

p
ected

w
h
en

N
→
∞

.
A

s
ob

served
b
y

T
orlai,

it
is

h
ere

w
h
ere

th
e

accu
racy

of
th

e
m

o
d
elled

n
eu

ra
l

n
etw

ork
d
ata

su
ff

ers
m

ost
from

an
in

su
ffi

cien
t

n
u
m

b
er

of
h
id

d
en

u
n
its.

In
th

is
p
ap

er,
w

e
th

erefore
con

cen
trate

on
th

e
con

vergen
ce

of
E

an
d
C

n
ear

T
c

as
a

fu
n
ction

of
m

o
d
el

p
aram

eters.

3
.
G
e
n
e
ra

tiv
e
G
ra

p
h
ica

l
M

o
d
e
ls

In
th

is
section

,
w

e
b
riefl

y
in

tro
d
u
ce

th
e

sh
allow

an
d

d
eep

sto
ch

astic
n
eu

ral
n
etw

ork
s

th
at

serve
as

gen
erativ

e
grap

h
ical

m
o
d
els

for
rep

ro
d
u
cin

g
Isin

g
ob

serva
b
les.

T
h
ese

sto
ch

astic
n
eu

ral
n
etw

ork
s

are
m

ad
e

u
p

of
a

set
of

b
in

a
ry

n
eu

ron
s

(n
o
d
es)

w
h
ich

can
b

e
in

th
e

state
0
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D
e
e
p
L
e
a
r
n
in
g

t
h
e
Is
in
g

M
o
d
e
l
N
e
a
r
C
r
it
ic
a
l
it
y

or
1,

ea
ch

w
it

h
an

as
so

ci
at

ed
b
ia

s,
an

d
w

ei
gh

te
d

co
n
n
ec

ti
on

s
(e

d
ge

s)
to

ot
h
er

n
eu

ro
n
s.

F
or

th
is

ty
p

e
of

m
o
d
el

,
n
eu

ro
n
s

ar
e

p
ar

ti
ti

on
ed

in
to

tw
o

cl
as

se
s,

v
is

ib
le

an
d

h
id

d
en

n
eu

ro
n
s,

su
ch

th
at

th
e

m
o
d
el

d
efi

n
es

a
jo

in
t

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
p
(v
,h

)
ov

er
th

e
v
is

ib
le

an
d

h
id

d
en

n
eu

ro
n
s,
v

an
d
h

re
sp

ec
ti

ve
ly

(o
r
h
1
,
h
2
,

a
n
d

so
on

fo
r

m
u
lt

ip
le

h
id

d
en

la
ye

rs
).

T
h
e

w
ei

g
h
ts

an
d

b
ia

se
s

of
a

m
o
d
el

—
co

ll
ec

ti
ve

ly
re

fe
rr

ed
to

as
“m

o
d
el

p
ar

am
et

er
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w
e

lab
el
v
,h

1 ,h
2 ,···

(F
ig

u
re

4).
It

is
a

d
eep

g
en

era
lizatio

n
o
f

th
e

restricted
B

oltzm
an

n
m

ach
in

e,
an

d
is

sim
ilarly

an
en

ergy
-b

ased
m

o
d
el,

w
ith

th
e

en
erg

y
for

th
e

tw
o-h

id
d
en

-layer
ca

se
b

ein
g

E
D
B
M

(v
,h

1 ,h
2 )

=
−
b
T
v−

c
T
h
1 −

d
T
h
2 −

v
T
W

0 h
1 −

h
T1
W

1 h
2 .

S
a
m

p
lin

g
p
(h

1 ,h
2 |v

)
can

n
ot

b
e

d
on

e
ex

actly
as

in
th

e
case

of
th

e
R

B
M

.
T

h
is

is
b

eca
u
se

th
e

co
n
d
itio

n
al

p
ro

b
ab

ilities
of

th
e

n
eu

ron
s

are

p
(v
i

=
1|h

1 )
=

σ
((b

T
+
W

0 h
1 )
i )

p
((h

1 )
i

=
1|v
,h

2 )
=

σ
((c

T
+
v
T
W

0
+
W

1 h
2 )
i )

p
((h

2 )
i

=
1|h

1 )
=

σ
((d

T
+
h
T1
W

1 )
i )
.

H
ow

ev
er,

n
o
tice

th
at

th
e

even
an

d
o
d
d

layers
are

con
d
ition

ally
in

d
ep

en
d
en

t.
T

h
a
t

is,
for

a
th

ree
lay

er
D

B
M

,
h
1

m
ay

b
e

sam
p
led

given
k
n
ow

led
ge

of{
v
,h

2 }
,

an
d
{v
,h

2 }
m

ay
b

e
sa

m
p
led

g
iv

en
th

e
state

of
h
1 .

T
h
erefore,

in
ord

er
to

ap
p
rox

im
ately

sam
p
le
p
(h

1 ,h
2 |v

0 )
fo

r
so

m
e
v
0 ,

su
ccessive

G
ib

b
s

sam
p
lin

g
of

even
an

d
o
d
d

layers
w

ith
th

e
v
isib

le
n
eu

ron
s

cla
m

p
ed

to
v
0

is
p

erform
ed

.
U

n
d
er

su
ch

con
d
ition

s,
th

e
state

of
th

e
h
id

d
en

n
eu

ron
s

w
ill

eq
u
ilib

ra
te

to
sam

p
les

of
p
(h

1 ,h
2 |v

0 ).
T

h
is

is
h
ow

th
e

in
feren

ce
v
0
7→

h
1 ,h

2
is

p
erform

ed
in

o
u
r

tra
in

in
g

p
ro

ced
u
re.

In
ord

er
to

g
en

erate
m

o
d
el-d

ep
en

d
en

t
correla

tio
n
s,

th
e

v
isib

le
n
eu

ro
n
s

a
re

u
n
clam

p
ed

an
d

G
ib

b
s

sam
p
lin

g
p
ro

ceed
s

for
k

step
s.

T
h
e

p
aram

eter
u
p

d
ates

fo
r

th
e

D
B

M
are

sim
ilar

to
th

e
C

D
-k

algorith
m

for
th

e
R

B
M

d
escrib

ed
in

S
ection

3.1
an

d
ex

p
licitly

g
iven

in
A

p
p

en
d
ix

A
(S

alak
h
u
td

in
ov

an
d

H
in

ton
,

2009).
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M
o
r
n
in
g
st
a
r
a
n
d

M
e
l
k
o

P
re-train

in
g

th
e

D
B

M
p
rov

id
es

a
reason

ab
le

in
itialization

of
th

e
w

eigh
ts

an
d

b
iases

b
y

train
in

g
a

stack
of

R
B

M
’s

an
d

feed
in

g
th

eir
w

eigh
ts

an
d

b
iases

in
to

th
e

D
B

M
.

O
u
r

p
re-

train
in

g
p
ro

ced
u
re

w
as

in
sp

ired
b
y

H
in

ton
an

d
S
alak

h
u
td

in
ov

(2012),
h
ow

ever
it

varies
sligh

tly
from

th
eir

ap
p
roach

b
ecau

se
th

e
tw

o-lay
er

n
etw

ork
s

u
sed

in
ou

r
n
u
m

erical
resu

lts
b

elow
are

sm
all

en
ou

gh
to

b
e

train
ed

fu
lly

w
ith

ou
t

id
eal

p
re-train

in
g.

O
u
r

p
ro

ced
u
re

go
es

as
follow

s
for

a
tw

o-layer
D

B
M

.
F

irst,
an

R
B

M
is

train
ed

on
th

e
train

in
g

d
ata

setD
,

an
d

is
th

en
u
sed

to
in

fer
a

h
id

d
en

d
ata

setH
v
ia

sam
p
lin

g
th

e
d
istrib

u
tion

p
(h|v

∈
D

).
A

secon
d

R
B

M
is

th
en

train
ed

on
H

.
W

eigh
ts

from
th

e
fi
rst

an
d

secon
d

R
B

M
s

in
itialize

th
e

w
eigh

ts
in

th
e

fi
rst

an
d

secon
d

layers
of

th
e

D
B

M
resp

ectiv
ely.

D
B

M
b
iases

are
sim

ilarly
in

itialized
from

th
e

R
B

M
stack

,
h
ow

ever
in

th
e

case
w

h
ere

th
e

b
iases

in
th

e
fi
rst

h
id

d
en

lay
er

of
th

e
D

B
M

can
b

e
taken

from
eith

er
th

e
h
id

d
en

layer
in

th
e

fi
rst

R
B

M
,

or
th

e
v
isib

le
layer

in
th

e
secon

d
R

B
M

,
th

ese
tw

o
op

tion
s

are
averaged

.
W

e
em

p
h
asize

th
at

th
is

p
ro

ced
u
re

is
n
ot

id
eal

for
D

B
M

s
w

ith
m

ore
th

an
th

ree
lay

ers.

O
n
ce

fu
lly

train
ed

,
th

e
p
rob

ab
ility

d
istrib

u
tion

asso
ciated

to
th

e
D

B
M

can
b

e
sam

p
led

,
sim

ilarly
to

th
e

R
B

M
,

b
y

in
itializin

g
all

n
eu

ron
s

ran
d
om

ly,
th

en
ru

n
n
in

g
th

e
M

arkov
ch

ain
even

layers7→
o
d
d

layers7→
even

layers···
etc.

u
n
til

th
e

sam
p
les

g
en

erated
on

th
e

v
isib

le
n
eu

ron
s

are
u
n
correlated

w
ith

th
e

in
itial

con
d
ition

s
of

th
e

M
ark

ov
ch

ain
.

3
.3

D
e
e
p

B
e
lie

f
N
e
tw

o
rk

T
h
e

d
eep

belief
n

etw
o
rk

(D
B

N
)

of
F

igu
re

4
is

an
oth

er
d
eep

gen
eralization

of
th

e
R

B
M

.
It

is
n
ot

a
tru

e
en

ergy
-b

ased
m

o
d
el,

an
d

on
ly

th
e

d
eep

est
layer

of
con

n
ection

s
are

u
n
d
irected

.
T

h
e

d
eep

est
tw

o
h
id

d
en

layers
of

th
e

D
B

N
form

an
R

B
M

,
w

ith
th

e
lay

ers
con

n
ectin

g
th

e
h
id

d
en

R
B

M
to

th
e

v
isib

le
u
n
its

form
in

g
a

feed
forw

ard
n
eu

ral
n
etw

ork
.

T
h
e

D
B

N
is

train
ed

b
y

fi
rst

p
erform

in
g

layer-w
ise

train
in

g
of

a
stack

of
R

B
M

s
as

d
etailed

b
y

H
in

ton
et

al.
(2006),

an
d

sim
ilarly

to
th

e
aforem

en
tion

ed
p
re-train

in
g

p
ro

ced
u
re

in
S
ection

3.2.
T

h
e

m
o
d
el

p
aram

eters
of

th
e

d
eep

est
h
id

d
en

R
B

M
are

u
sed

to
in

itialize
th

e
d
eep

est
tw

o
layers

of
th

e
D

B
N

.
T

h
e

rem
ain

in
g

layers
of

th
e

D
B

N
take

th
eir

w
eigh

ts
an

d
b
iases

from
th

e
w

eigh
ts

an
d

v
isib

le
b
iases

of
th

e
corresp

on
d
in

g
R

B
M

s
in

th
e

p
re-train

in
g

stack
.

N
ote,

th
ere

ex
ists

a
fi
n
e

tu
n
in

g
p
ro

ced
u
re

called
th

e
w

a
ke-sleep

a
lgo

rith
m

(H
in

ton
et

al.,
1995),

w
h
ich

fu
rth

er
ad

ju
sts

th
e

m
o
d
el

p
aram

eters
of

th
e

D
B

N
in

a
n
on

-layer-w
ise

fash
ion

.
H

ow
ever,

p
erform

in
g

fi
n
e

tu
n
in

g
of

th
e

D
B

N
w

as
fou

n
d

to
h
ave

n
o

in
fl
u
en

ce
on

th
e

resu
lts

d
escrib

ed
b

elow
.

O
n
ce

train
ed

,
a

D
B

N
can

b
e

u
sed

to
gen

erate
sam

p
les

b
y

in
itializin

g
th

e
h
id

d
en

R
B

M
ran

d
om

ly,
ru

n
n
in

g
G

ib
b
s

sam
p
lin

g
in

th
e

h
id

d
en

R
B

M
u
n
til

con
v
ergen

ce
to

th
e

m
o
d
el

d
istrib

u
tion

is
ach

ieved
,
th

en
p
rop

agatin
g

th
e

con
fi
gu

ration
of

th
e

R
B

M
n
eu

ron
s

d
ow

n
w

ard
s

to
th

e
v
isib

le
n
eu

ron
s

of
th

e
D

B
N

u
sin

g
th

e
sam

e
con

d
ition

al
p
rob

ab
ilities

u
sed

in
an

R
B

M
,

E
q
u
ation

2.

3
.4

D
e
e
p

R
e
stric

te
d

B
o
ltz

m
a
n
n

N
e
tw

o
rk

T
h
e

d
eep

restricted
B

o
ltzm

a
n

n
n

etw
o
rk

(D
R

B
N

)
of

F
igu

re
4

is
a

sim
p
le,

d
eep

gen
eralization

of
th

e
R

B
M

w
h
ich

,
like

th
e

D
B

N
,

is
also

n
o
t

a
tru

e
en

ergy
-b

ased
m

o
d
el

(H
u

et
al.,

2016).
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D
e
e
p
L
e
a
r
n
in
g

t
h
e
Is
in
g

M
o
d
e
l
N
e
a
r
C
r
it
ic
a
l
it
y

In
fe

re
n
ce

in
th

e
D

R
B

N
is

ex
ac

tl
y

th
e

sa
m

e
as

in
th

e
R

B
M

,
b
u
t

w
it

h
m

an
y

la
y
er

s,

p
((
x
l)
i|x

l−
1
)

=
σ
((
bT l

+
x
T l−

1
W
l−

1

) i)

p
((
x
l−

1
) i
|x
l)

=
σ
((
bT l
−
1

+
W
l−

1
x
l) i) ,

w
h
er

e
x
0
≡
v
,
x
1
≡
h
1

et
c.

H
ow

ev
er

,
G

ib
b
s

sa
m

p
li
n
g

in
th

e
D

R
B

N
is

p
er

fo
rm

ed
b
y

d
oi

n
g

a
co

m
p
le

te
u
p

(d
ow

n
)

p
as

s,
w

h
er

e
th

e
st

at
e

of
n
eu

ro
n
s

in
al

l
la

ye
rs

of
th

e
D

R
B

N
ar

e
in

fe
rr

ed
se

q
u
en

ti
al

ly
gi

ve
n

th
e

st
at

e
of

th
e

b
ot

to
m

(t
op

)
n
eu

ro
n
s.

T
h
e

C
D

-k
al

g
o
ri

th
m

is
ap

p
li
ed

to
tr

ai
n

th
e

D
R

B
N

,
as

it
w

as
fo

r
th

e
R

B
M

,
b
y

fi
rs

t
in

fe
rr

in
g

d
at

a
-d

ep
en

d
en

t
co

rr
el

at
io

n
s

fr
om

so
m

e
in

it
ia

l
d
at

a
v 0

,
th

en
p

er
fo

rm
in

g
k

st
ep

s
of

G
ib

b
s

sa
m

p
li
n
g

in
or

d
er

to
ge

n
er

at
e

th
e

m
o
d
el

-d
ep

en
d
en

t
co

rr
el

at
io

n
s.

O
n
ce

tr
ai

n
ed

,
th

e
D

R
B

N
is

sa
m

p
le

d
b
y

in
it

ia
li
zi

n
g

th
e

v
is

ib
le

n
eu

ro
n
s

ra
n
d
om

ly
,

th
en

p
er

fo
rm

in
g

G
ib

b
s

sa
m

p
li
n
g

u
n
ti

l
th

e
v
is

ib
le

sa
m

p
le

s
co

n
ve

rg
e

to
sa

m
p
le

s
of

th
e

m
o
d
el

d
ep

en
d
en

t
d
is

tr
ib

u
ti

on
p
(v

).

4
.
T
ra

in
in
g
a
n
d
R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

in
ve

st
ig

at
e

th
e

ab
il
it

y
of

th
e

ge
n
er

at
iv

e
gr

ap
h
ic

al
m

o
d
el

s,
in

tr
o
d
u
ce

d
in

th
e

p
re

v
io

u
s

se
ct

io
n
,

to
re

p
re

se
n
t

cl
as

si
ca

l
st

at
is

ti
ca

l
m

ec
h
an

ic
al

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s,

w
it

h
a

p
ar

ti
cu

la
r

in
te

re
st

in
th

e
co

m
p
ar

is
on

b
et

w
ee

n
d
ee

p
an

d
sh

al
lo

w
m

o
d
el

s
n
ea

r
th

e
p
h
as

e
tr

an
si

ti
on

of
th

e
tw

o-
d
im

en
si

on
al

Is
in

g
sy

st
em

.
In

or
d
er

to
p
ro

d
u
ce

tr
ai

n
in

g
d
at

a,
w

e
u
se

st
a
n
d
ar

d
M

ar
ko

v
ch

ai
n

M
on

te
C

ar
lo

te
ch

n
iq

u
es

w
it

h
a

co
m

b
in

at
io

n
of

si
n
gl

e-
si

te
M

et
ro

p
ol

is
an

d
W

ol
ff

cl
u
st

er
u
p

d
at

es
,

w
h
er

e
on

e
M

on
te

C
ar

lo
st

ep
co

n
si

st
s

of
N

si
n
gl

e-
si

te
u
p

d
at

es
an

d
o
n
e

cl
u
st

er
u
p

d
at

e,
an

d
N

is
th

e
n
u
m

b
er

of
si

te
s

on
th

e
la

tt
ic

e.
Im

p
or

ta
n
ce

sa
m

p
li
n
g

th
u
s

ob
ta

in
ed

10
5

in
d
ep

en
d
en

t
sp

in
co

n
fi
gu

ra
ti

on
s

fo
r

ea
ch
T
∈

[1
.0
,3
.5

]
in

st
ep

s
of

∆
T

=
0.

1.
A

n
eq

u
il
ib

ra
ti

on
ti

m
e

of
N

3
M

on
te

C
a
rl

o
st

ep
s

an
d

a
d
ec

or
re

la
ti

on
ti

m
e

of
N

st
ep

s
w

er
e

u
se

d
,

w
h
er

e
in

th
is

p
ap

er
w

e
co

n
ce

n
tr

at
e

on
N

=
64

on
ly

.
U

si
n
g

th
es

e
d
at

a
se

ts
,

w
e

tr
ai

n
ed

sh
al

lo
w

(R
B

M
)

an
d

d
ee

p
(D

B
M

,
D

B
N

,
D

R
B

N
)

g
en

-
er

at
iv

e
m

o
d
el

s
to

le
ar

n
th

e
u
n
d
er

ly
in

g
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
of

th
e

M
on

te
C

ar
lo

d
at

a
fo

r
ea

ch
va

lu
e

of
T

.
S
im

il
ar

to
th

e
w

or
k

d
on

e
b
y

T
or

la
i
an

d
M

el
ko

(2
01

6)
,

re
st

ri
ct

ed
B

o
lt

zm
a
n
n

m
ac

h
in

es
of

ar
ch

it
ec

tu
re

(N
,N

h
1
)

fo
r
N

=
64

an
d

va
ri

ou
s
N
h
1

w
er

e
tr

ai
n
ed

.
F

u
rt

h
er

,
w

e
tr

ai
n
ed

tw
o-

h
id

d
en

-l
ay

er
d
ee

p
m

o
d
el

s
of

ar
ch

it
ec

tu
re

(N
,N

h
1
,N

h
2
)

in
or

d
er

to
in

ve
st

ig
at

e
th

e
effi

ci
en

cy
w

it
h

w
h
ic

h
d
ee

p
ar

ch
it

ec
tu

re
s

ca
n

re
p
re

se
n
t

th
e

th
er

m
al

d
is

tr
ib

u
ti

on
of

Is
in

g
sy

st
em

s.
N

et
w

or
k
s

w
it

h
tw

o
h
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m
eg
ra
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w
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g
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ra
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at
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at
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at
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ra
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ra
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w
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n
be

us
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t
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e
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od
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s.

T
he
re

ar
e
se
ve
ra
la

lr
ea
dy

ex
is
ti
ng

P
yt
ho

n
lib

ra
ri
es

th
at

im
pl
em

en
t
B
ay
es
ia
n
m
et
ho

ds
fo
r
pr
ob

-
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ili
st
ic

m
od

el
in
g.

T
he
se

in
cl
ud
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bu

t
ar
e
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t
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ed
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yM
C
3
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et
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16
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ta
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en
t
Te
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ar
d
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ra
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17
),
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d
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ce
e
(F
or
em

an
-

M
ac
ke
y
et

al
.,
20

13
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B
ay
es
ia
n
ap

pr
oa

ch
es

ty
pi
ca
lly

re
pr
es
en
t
ea
ch

m
od

el
pa

ra
m
et
er

as
it
s
ow

n
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

,i
nh

er
en
tl
y
ca
pt
ur
in
g
th
e
un

ce
rt
ai
nt
y
in

th
at

pa
ra
m
et
er
,w

he
re
as

m
ax

im
um

lik
el
ih
oo

d
ap

pr
oa

ch
es

ty
pi
ca
lly

re
pr
es
en
t
ea
ch

m
od

el
pa

ra
m
et
er

as
a
si
ng

le
va
lu
e.

A
n
ex
am

pl
e
of

th
is

di
st
in
ct
io
n
is
th
at

a
m
ix
tu
re

m
od

el
ca
n
ei
th
er

be
re
pr
es
en
te
d
as

a
se
t
of

pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

s
an

d
a
ve
ct
or

of
pr
io
r
pr
ob

ab
ili
ti
es
,o

r
as

a
se
t
of

pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

s
th
at

th
em

se
lv
es

ha
ve

pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

s
ov
er

th
ei
r
re
sp
ec
ti
ve

pa
ra
m
et
er
s
(s
uc
h
as

th
e
m
ea
n
an

d
st
an

da
rd

de
vi
at
io
n,

sh
ou

ld
th
es
e
di
st
ri
bu

ti
on

s
be

no
rm

al
di
st
ri
bu

ti
on

s)
an

d
as

a
di
ri
ch
le
t
di
st
ri
bu

ti
on

re
pr
es
en
ti
ng

th
e
pr
io
r

pr
ob

ab
ili
ti
es
.
T
he

fir
st

re
pr
es
en
ta
ti
on

ty
pi
ca
lly

sp
ec
ifi
es

m
od

el
s
th
at

ar
e
fa
st
er

to
bo

th
tr
ai
n
an

d
pe

rf
or
m

in
fe
re
nc
e
w
it
h,

w
hi
le

th
e
se
co
nd

is
ill
us
tr
at
iv
e
of

th
e
ty
pe

of
m
od

el
s
on

e
co
ul
d
bu

ild
w
it
h

pa
ck
ag
es

th
at

im
pl
em

en
t
B
ay
es
ia
n
m
et
ho

ds
,s

uc
h
as

P
yM

C
3.

B
ot
h
re
pr
es
en
ta
ti
on

s
ha

ve
st
re
ng

th
s

an
d
w
ea
kn

es
se
s,

bu
t
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m
eg
ra
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te
im

pl
em

en
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m
od

el
s
fa
lli
ng

so
le
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in
th
e
fir
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re
pr
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en
ta
ti
on
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po

m
eg
ra
na

te
w
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de
si
gn

ed
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be
ea
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to
us
e
w
hi
le

no
t
sa
cr
ifi
ci
ng

on
co
m
pu

ta
ti
on

al
effi

ci
en
cy
.

M
od

el
s
ca
n
ei
th
er

be
sp
ec
ifi
ed

by
w
ri
ti
ng

ou
t
ea
ch

of
th
e
co
m
po

ne
nt
s
in
di
vi
du

al
ly

if
kn

ow
n
be

fo
re
ha

nd
,

or
le
ar
ne

d
di
re
ct
ly

fr
om

da
ta

if
no

t.
K
ey

fe
at
ur
es
,s
uc
h
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ou
t-
of
-c
or
e
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ra
lle
liz
at
io
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ca
n

be
to
gg
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ch
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el
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de
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n
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m
et
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ca
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ra
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et
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d
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2.
T

h
e

A
P

I

po
m
eg
ra
na

te
pr
ov
id
es

a
si
m
pl
e
an

d
co
ns
is
te
nt

A
P
I
fo
r
al
l
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em

en
te
d
m
od

el
s
th
at

m
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rs

th
e

sc
ik
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ar
n
A
P
I
as

cl
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el
y
as

po
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ib
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.
T
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t
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po
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an

t
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ic
t
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po
m
eg

r
a
n
at

e:
F
a
st

a
n
d

F
lex

ible
P
ro

ba
bilist

ic
M

o
d
elin

g
in

P
y
t
h
o
n

the
m
odelfor

each
sam

ple.
T
he

probability
m
ethod

returns
the

likelihood
of

the
data

given
the

m
odel

P
(D
|M

).
T
he

other
m
ethods

include
predict_proba

w
hich

returns
the

probability
of

each
com

ponent
for

each
sam

ple
P

(M
|D

),
predict_log_proba

w
hich

returns
the

log
of

the
previous

value,and
summarize

and
from_summaries

that
jointly

im
plem

ent
the

learning
strategies

detailed
below

.

3.
K

ey
Featu

res

pom
egranate

supports
m
any

learning
strategies

that
can

be
em

ployed
during

training,
including

out-of-core
learning

for
m
assive

data
sets,sem

i-supervised
learning

for
data

sets
w
ith

a
m
ixture

of
labeled

and
unlabeled

data,
and

m
inibatch

learning.
In

addition,
one

can
em

ploy
m
ultithreaded

parallelism
or

a
G
P
U

for
data-parallelspeedups.

T
hese

features
are

m
ade

possible
by

separating
out

the
collection

of
suffi

cient
statistics

from
a
data

set
(using

the
summarize

m
ethod)

from
the

actual
param

eter
update

step
(using

the
from_summaries

m
ethod).

Suffi
cient

statistics
are

the
sm

allest
set

of
num

bers
needed

to
calculate

som
e
statistic

on
a
data

set.
A
s
an

exam
ple,fitting

a
norm

aldistribution
to

data
involves

the
calculation

of
the

m
ean

and
the

variance.
T
he

suffi
cient

statistics
for

the
m
ean

and
the

variance
are

the
sum

of
the

w
eights

of

the
points

seen
so

far (
n∑i=
1

w
i )

,the
sum

of
the

w
eighted

sam
ples (

n∑i=
1

w
i X

i )
,and

the
sum

of
the

w
eighted

sam
ples

squared
(

n∑i=
1

w
i X

2i )
.
T
he

m
ean

and
variance

can
then

be
directly

calculated
from

these
three

num
bers

using
the

follow
ing

tw
o
equations:

µ
=

n∑i=
1

w
i X

i

n∑i=
1

w
i

σ
2

=

n∑i=
1

w
i X

2i

n∑i=
1

w
i

−



n∑i=
1

w
i X

i

n∑i=
1

w
i



2

(1)

O
u
t-of-core

L
earn

in
g:

T
he

additive
nature

of
the

suffi
cient

statistics
m
eans

that
if
one

w
ere

to
sum

m
arize

tw
o
batches

ofdata
successively

and
then

add
the

suffi
cient

statistics
together,they

w
ould

get
the

sam
e
suffi

cient
statistics

as
if
they

w
ere

calculated
from

the
full

data
set.

T
his

presents
an

intuitive
w
ay

to
handle

data
sets

that
are

too
large

to
fit

in
m
em

ory,
by

chunking
the

data
set

into
batches

that
do

fit
in

m
em

ory
and

sum
m
arizing

them
successively,

adding
the

calculated
suffi

cient
statistics

together
afterw

ards.
T
his

can
be

done
by

passing
in

a
batch_size

param
eter

to
your

training
m
ethod,for

exam
ple

model.fit(X,
batch_size=10000)

w
ould

train
a
pre-initialized

m
odelon

m
ore

data
than

can
fit

in
m
em

ory
by

successively
sum

m
arizing

batches
of

size
10,000

until
the

fulldata
set

has
been

seen.
T
he

summarize
and

from_summaries
m
ethods

can
also

be
used

independently
to

im
plem

ent
custom

out-of-core
strategies.

M
in

ib
atch

L
earn

in
g:

A
naturalextension

of
the

out-of-core
strategy

is
m
inibatch

learning,w
here

a
param

eter
update

is
done

after
one

or
a
few

batches,instead
ofthe

fulldata
set.

T
his

is
in

contrast
to

batch
m
ethods

that
calculate

an
update

using
the

entire
data

set,and
stochastic

m
ethods

that
typically

update
using

only
a
single

sam
ple.

M
inibatching

can
be

specified
by

passing
values

to
both

batch_size
and

batches_per_epoch
param

eters
w
hen

using
fit

or
from_summaries

,w
here

the
batches_per_epoch

is
the

num
ber

of
batches

to
consider

before
m
aking

an
update.

S
em

i-su
p
ervised

L
earn

in
g:

Sem
i-supervised

learning
is

the
task

of
fitting

a
m
odelto

a
m
ixture

of
both

labeled
and

unlabeled
data.

T
ypically

this
arises

in
situations

w
here

labeled
data

is
sparse,

but
unlabeled

data
is

plentiful,and
one

w
ould

like
to

m
ake

use
of

both
to

learn
an

inform
ed

m
odel.
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S
c
h
r
eiber

pom
egranate

supports
sem

i-supervised
learning

for
HiddenMarkovModel

,
BayesClassifier

,and
NaiveBayes

m
odels

as
a
com

bination
of

E
M

and
M
L
E
.M

odels
are

initialized
using

M
L
E

on
the

labeled
data.

N
ext,a

version
of

E
M

is
used

that
com

bines
the

suffi
cient

statistics
calculated

from
the

labeled
data

using
M
L
E

w
ith

the
suffi

cient
statistics

calculated
from

the
unlabeled

data
using

E
M

at
each

iteration
untilconvergence.

T
his

is
autom

atically
toggled

w
henever

-1
is

present
in

the
labelset,follow

ing
scikit-learn

conventions.
T
his

E
M
-based

approach
com

pares
favorably

to
scikit-learn.

To
dem

onstrate,w
e
generate

a
data

set
of

100k
sam

ples
in

10
dim

ensions
from

2
overlapping

G
aussian

ellipses
w
ith

m
eans

of
0
and

1
respectively

and
standard

deviations
of

2.
It

took
pom

egranate
∼
0.04s

to
learn

a
G
aussian

naive
B
ayes

m
odelw

ith
10

iterations
of

E
M
,∼

0.2s
to

learn
a
m
ultivariate

G
aussian

B
ayes

classifier
w
ith

a
fullcovariance

m
atrix

w
ith

10
iterations

of
E
M
,w

hereas
the

scikit-learn
labelpropagation

m
odel

w
ith

a
R
B
F
kerneldid

not
converge

after∼
220s

and
1000

iterations,and
took

∼
2s

w
ith

a
knn

kernel
w
ith

7
neighbors.

B
oth

pom
egranate

m
odels

achieved
validation

accuracies
over

0.75,w
hereas

the
scikit-learn

m
odels

did
no

better
than

chance.

P
arallelism

:
A
nother

benefit
of

the
use

of
additive

suffi
cient

statistics
is

that
it

presents
a
clear

data-parallelw
ay

to
parallelize

m
odelfitting.

Sim
ply,one

w
ould

divide
the

data
into

severalbatches
and

calculate
the

suffi
cient

statistics
for

each
batch

locally.
T
hese

suffi
cient

statistics
can

then
be

added
together

back
on

the
m
ain

job
and

allparam
eters

updated
accordingly.

T
his

is
im

plem
ented

by
dividing

the
data

into
batches

and
running

summarize
on

each
of

them
using

separate
threads

and
then

running
from_summaries

after
allthreads

finish.
T
ypically,the

globalinterpreter
lock

(G
IL)

in
P
ython

prevents
m
ultiple

threads
from

running
in

parallelin
the

sam
e
python

process.
H
ow

ever,
since

the
com

putationally
intensive

aspects
are

w
ritten

in
C
ython

the
G
IL

can
be

released,allow
ing

for
m
ultiple

threads
to

run
at

once.
O
n
a
synthetic

data
set

w
ith

3M
sam

ples
w
ith

1K
dim

ensions
it

takes∼
65

seconds
to

train
a
G
aussian

naive
B
ayes

classifier
using

pom
egranate

w
ith

1
thread,

but
only

∼
17

seconds
w
ith

8
threads.

For
com

parison,
it

takes
∼
53

seconds
to

train
a
G
aussian

naive
B
ayes

classifier
using

scikit-learn.
O
n
another

synthetic
data

set
w
ith

2M
sam

ples
and

150
dim

ensions
it
takes

pom
egranate

∼
470s

to
learn

a
G
aussian

m
ixture

m
odelw

ith
a
fullcovariance

m
atrix

w
ith

1
thread,∼

135s
w
ith

4
threads,∼

57s
w
ith

16
threads,and

∼
200s

using
a
G
P
U
.Lastly,

w
e
com

pared
the

speed
at

w
hich

pom
egranate

and
hm

m
learn

could
train

a
10

state
dense

G
aussian

hidden
M
arkov

m
odelw

ith
diagonalcovariance

m
atrices.

O
n
a
synthetic

data
set

of
100

sequences,
each

containing
1,000

10
dim

ensionalobservations,it
took

hm
m
learn

∼
25s

to
run

five
iterations

of
B
aum

-W
elch

training,w
hile

it
only

took
pom

egranate
∼
13s

w
ith

1
thread,∼

4s
w
ith

4
threads,and

∼
2s

w
ith

16
threads.

4.
D

iscu
ssion

pom
egranate

aim
s
to

filla
niche

in
the

P
ython

ecosystem
that

exists
betw

een
classic

m
achine

learning
m
ethods

and
B
ayesian

m
ethods

by
serving

as
an

im
plem

entation
of

flexible
probabilistic

m
odels.

T
he

design
choices

that
w
ere

m
ade

early
on

w
hile

building
pom

egranate
allow

ed
for

a
great

num
ber

of
usefulfeatures

to
be

added
later

on
w
ithout

significant
effort.

A
clear

area
of

im
provem

ent
in

the
future

is
the

handling
of

m
issing

values,
because

m
any

probabilistic
m
odels

can
intuitively

m
odify

the
E
M

algorithm
to

infer
these

m
issing

values.
For

exam
ple,w

hen
trying

to
learn

a
B
ayesian

netw
ork

over
a
data

set
w
ith

m
issing

values,one
can

identify
the

best
structure

over
the

incom
plete

data
set,infer

the
m
issing

values,and
relearn

the
structure,

iterating
until

convergence.
G
iven

the
prevalence

of
m
issing

data
in

the
real

w
orld,

extending
pom

egranate
to

handle
m
issing

data
effi

ciently
is

a
priority.
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n
ction

of
th

e
in

itial
state

(in
p
u
t)
x
i

an
d

th
e

con
trol

p
aram

eters
(w

eig
h
ts)

θ.
T

h
e

d
y
n
am

ics
(1)

are
d
ecou

p
led

across
sam

p
les

ex
cep

t
for

th
e

d
ep

en
d
en

ce
on

th
e

co
n
tro

l
θ.

W
e

sh
all

con
sid

er
q
u
ite

a
gen

eral
sp

ace
of

con
trols

U
:=
{
θ

:
[0,T

]→
Θ

:
θ

is
L

eb
esgu

e
m

easu
rab

le}
.

T
h
e

a
im

is
to

select
θ

from
U

so
th

at
g
(X

iT
)

m
ost

closely
resem

b
les

y
i

for
i

=
1,...,K

.
T

o
th

is
en

d
,

w
e

d
efi

n
e

a
loss

fu
n
ction

Φ
:Y
×
Y
→

R
w

h
ich

is
m

in
im

ized
w

h
en

its
argu

m
en

ts
a
re

eq
u
a
l,

a
n
d

w
e

con
sid

er
m

in
im

izin
g
∑

i Φ
(g

(x
iT

),y
i).

S
in

ce
g

is
fi
x
ed

,
w

e
sh

all
ab

sorb
it

in
to

th
e

d
efi

n
ition

of
th

e
loss

fu
n
ction

b
y

d
efi

n
in

g
Φ
i (·)

:=
Φ

(·,y
i ).

T
h
en

,
th

e
su

p
erv

ised
lea

rn
in

g
p
ro

b
lem

in
ou

r
fram

ew
ork

is

m
in

θ∈U

K
∑i=

1

Φ
i (X

iT
)

+

∫
T

0
L

(θ
t )d
t,

Ẋ
it

=
f

(t,X
it ,θ

t ),
X
i0

=
x
i,

0
≤
t≤

T
,

i
=

1,...,K
,

(2)

w
h
ere

L
:

Θ
→

R
is

a
ru

n
n
in

g
cost,

or
th

e
regu

larizer
1.

W
e

n
ote

h
ere

th
at

altern
atively,

w
e

ca
n

fo
rm

u
la

te
th

e
su

p
erv

ised
learn

in
g

p
rob

lem
m

ore
gen

erally
in

term
s

o
f

op
tim

a
l

con
trol

in
fu

n
ctio

n
sp

a
ces,

see
A

p
p

en
d
ix

A
.

P
rob

lem
(2

)
is

a
sp

ecial
case

of
a

class
of

gen
eral

op
tim

al
con

tro
l

p
rob

lem
for

ord
in

ary
d
iff

eren
tia

l
eq

u
ation

s
(B

ertsekas,
199

5;
A

th
an

s
an

d
F

alb
,

20
13).

T
h
e

a
d
van

tage
of

th
is

fo
rm

u
la

tio
n

is
th

at
w

e
can

w
rite

d
ow

n
an

d
stu

d
y

th
e

op
tim

ality
con

d
itio

n
s

of
(2)

en
tirely

in
co

n
tin

u
o
u
s

tim
e

an
d

d
eriv

e
n
u
m

erical
algorith

m
s

th
at

can
su

b
seq

u
en

tly
b

e
d
iscretized

.
In

o
th

er
w

o
rd

s,
w

e
o
p
tim

ize,
th

en
d
iscretize,

as
o
p
p

osed
to

th
e

trad
ition

al
reverse

a
p
p
roach

in
d
eep

lea
rn

in
g.

A
s

w
as

su
gg

ested
in

E
(2017),

d
eep

resid
u
a
l
n
etw

ork
s

(H
e

et
al.,

2016)
can

b
e

con
sid

ered
a
s

th
e

fo
rw

a
rd

E
u
ler

d
iscretization

of
th

e
con

tin
u
ou

s
ap

p
roach

d
escrib

ed
ab

ove.
In

th
is

co
n
n
ectio

n
,

th
e

algorith
m

s
p
resen

ted
in

th
is

p
ap

er
can

also
b

e
form

u
lated

in
th

e
con

tex
t

of
d
eep

resid
u
a
l

n
etw

ork
s.

F
or

gen
eral

d
eep

n
eu

ral
n
etw

ork
s,

alth
o
u
gh

on
e

can
also

fo
rm

u
late

sim
ila

r
a
lg

o
rith

m
s,

it
is

n
ot

clear
at

th
is

m
om

en
t

th
at

P
M

P
h
old

s
an

d
th

ese
alg

orith
m

s
are

va
lid

(e.g
.

co
n
verge

to
th

e
righ

t
solu

tion
)

in
th

e
gen

eral
settin

g.
T

h
is

issu
e

w
ill

b
e

stu
d
ied

in
fu

tu
re

w
o
rk

.

1
.
W
e
ca
n
a
lso

m
a
k
e
L

d
ep

en
d
o
n
X
t ,

b
u
t
fo
r
sim

p
licity

o
f
p
resen

ta
tio

n
a
n
d
th
e
fa
ct

th
a
t
m
o
st

cu
rren

t
m
a
ch
in
e
lea

rn
in
g
m
o
d
els

d
o
n
o
t
reg

u
la
rize

th
e
sta

tes,
w
e
sh
a
ll
o
m
it

th
is

g
en

era
l
ca
se.
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

T
h
e

op
tim

ization
p
rob

lem
(2)

can
b

e
solv

ed
b
y

fi
rst

d
iscretizin

g
it

in
to

a
d
iscrete

p
rob

lem
(a

feed
-forw

ard
n
eu

ral
n
etw

ork
)

an
d

th
en

ap
p
ly

in
g

b
ack

p
rop

agation
an

d
grad

ien
t

d
escen

t
ap

p
roach

es
com

m
on

ly
u
sed

in
d
eep

learn
in

g.
H

ow
ever,

h
ere

w
e

w
ill

p
resen

t
an

altern
ative

ap
p
roach

.
H

ereafter,
for

sim
p
licity

of
n
otation

w
e

sh
all

set
K

=
1

d
rop

th
e

scrip
ts
i

on
all

fu
n
ction

s,
n
otin

g
th

at
an

alogou
s

resu
lts

can
b

e
ob

tain
ed

in
th

e
gen

eral
case

sin
ce

th
e

d
y
n
am

ics
an

d
loss

fu
n
ction

s
are

d
ecou

p
led

across
sam

p
les.

E
q
u
ivalen

tly,
w

e
can

th
in

k
of

th
is

as
eff

ectively
con

caten
atin

g
all

K
sam

p
le

in
p
u
ts

in
to

a
sin

gle
in

p
u
t

vector
of

d
im

en
sion

d×
K

an
d

red
efi

n
e

ou
r

d
y
n
am

ics
accord

in
gly.

H
en

ce,
all

resu
lts

rem
ain

valid
if

w
e

p
erform

fu
ll-b

atch
train

in
g
.

T
h
e

case
of

m
in

i-b
atch

train
in

g
is

d
iscu

ssed
in

S
ection

4.3.

2
.1

P
o
n
try

a
g
in
’s

M
a
x
im

u
m

P
rin

c
ip
le

In
th

is
section

,
w

e
in

tro
d
u
ce

a
set

of
n
ecessary

con
d
ition

s
for

op
tim

al
solu

tion
s

of
(2),

k
n
ow

n
as

th
e

P
on

try
agin

’s
M

ax
im

u
m

P
rin

cip
le

(P
M

P
)

(B
oltyan

sk
ii

et
al.,

1960;
P

on
tryagin

,
1987).

T
h
is

sh
all

p
av

e
w

ay
for

an
altern

ative
n
u
m

erical
algorith

m
to

train
(2)

an
d

its
d
iscrete-tim

e
cou

n
ter-p

art.
T

o
b

egin
w

ith
,

w
e

d
efi

n
e

th
e

H
a
m

ilto
n

ia
n
H

:
[0,T

]×
R
d×

R
d×

Θ
→

R
given

b
y

H
(t,x

,p
,θ)

:=
p·f

(t,x
,θ)−

L
(θ).

T
h
e
o
re

m
1
(P

o
n
try

a
g
in
’s

M
a
x
im

u
m

P
rin

c
ip
le
)

L
et
θ ∗∈

U
be

a
n

essen
tia

lly
bo

u
n

d
ed

o
p
tim

a
l

co
n

tro
l,

i.e.
a

so
lu

tio
n

to
(2)

w
ith

ess
su

p
t∈

[0
,T

] ‖
θ ∗t ‖∞

<
∞

(ess
su

p
d
en

o
tes

th
e

essen
tia

l
su

p
rem

u
m

).
D

en
o
te

by
X
∗

th
e

co
rrespo

n
d
in

g
o
p
tim

a
lly

co
n

tro
lled

sta
te

p
rocess.

T
h
en

,
th

ere
exists

a
n

a
bso

lu
tely

co
n

tin
u

o
u

s
co

-sta
te

p
rocess

P
∗

:
[0,T

]→
R
d

su
ch

th
a
t

th
e

H
a
m

ilto
n’s

equ
a
tio

n
s

Ẋ
∗t

=
∇
p H

(t,X
∗t ,P

∗t ,θ ∗t ),
X
∗0

=
x
,

(3)

Ṗ
∗t

=
−
∇
x H

(t,X
∗t ,P

∗t ,θ ∗t ),
P
∗T

=
−
∇

Φ
(X
∗T
),

(4)

a
re

sa
tisfi

ed
.

M
o
reo

ver,
fo

r
ea

ch
t∈

[0,T
],

w
e

h
a
ve

th
e

H
a
m

ilto
n

ia
n

m
a
xim

iza
tio

n
co

n
d
itio

n

H
(t,X

∗t ,P
∗t ,θ ∗t )≥

H
(t,X

∗t ,P
∗t ,θ)

fo
r

a
ll
θ
∈

Θ
.

(5)

T
h
e

p
ro

of
of

th
e

P
M

P
an

d
its

varian
ts

can
b

e
fou

n
d

in
an

y
o
p
tim

al
con

trol
th

eory
referen

ce,
e.g.

A
th

an
s

an
d

F
alb

(2013
);

B
ertsekas

(1995);
L

ib
erzo

n
(2012

).
S
om

e
g
en

er-
alization

s
can

b
e

fou
n
d

in
C

larke
(2005)

an
d

referen
ces

th
erein

.
F

or
ex

am
p
le,

th
e

re-
q
u
irem

en
t

of
th

e
con

tin
u
ity

of
f

w
ith

resp
ect

to
t

ca
n

b
e

rep
laced

b
y

a
m

u
ch

w
eaker

m
easu

rab
ility

req
u
irem

en
t

if
on

e
assu

m
es

m
o
re

con
d
ition

s
on
∇
x f

.
In

th
e

statem
en

t
of

T
h
eorem

1,
w

e
om

itted
a

tech
n
icality

in
v
olv

in
g

an
ab

n
orm

al
m

u
ltip

lier:
th

e
term

in
al

con
-

d
ition

for
P
∗

sh
ou

ld
b

e
P
∗T

=
−
λ∇

Φ
(X
∗T
)

an
d

th
e

H
a
m

ilton
ian

sh
ou

ld
b

e
d
efi

n
ed

as
H

(t,x
,p
,θ)

=
p
·
f

(t,x
,θ)−

λ
L

(θ)
for

som
e
λ
≥

0
(ab

n
orm

al
m

u
ltip

lier)
th

at
w

e
can

ch
o
ose.

W
h
en

w
e

are
forced

to
alw

ay
s

take
λ

=
0,

th
e

p
rob

lem
is

sin
gu

la
r

an
d

in
a

sen
se

ill-p
osed

(A
th

an
s

an
d

F
alb

,
2013).

O
n

th
e

con
trary,

if
w

e
can

tak
e

a
p

ositive
λ

,
w

e
can

th
en

rescale
th

e
eq

u
ation

for
P
∗

so
th

at
w

e
can

take
λ

=
1

w
ith

ou
t

loss
of

gen
erality.

W
e

sh
a
ll

h
ereafter

assu
m

e
th

at
th

is
is

th
e

case.
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M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

A
fe

w
re

m
ar

k
s

ar
e

in
or

d
er

.
F

ir
st

,
E

q
u
at

io
n

3,
4

an
d

5
al

lo
w

u
s

to
so

lv
e

fo
r

th
e

u
n
k
n
ow

n
s

X
∗ ,
P
∗ ,
θ∗

si
m

u
lt

an
eo

u
sl

y
as

a
fu

n
ct

io
n

of
t.

In
th

is
se

n
se

,
th

e
re

su
lt

in
g

op
ti

m
al

co
n
tr

ol
θ∗

is
o
pe

n
-l

oo
p

an
d

is
n
ot

in
a

fe
ed

-b
ac

k
fo

rm
θ∗ t

=
θ∗

(X
∗ t)

.
T

h
e

la
tt

er
is

of
cl

os
ed

-l
o
op

ty
p

e
an

d
ar

e
ty

p
ic

al
ly

ob
ta

in
ed

fr
om

d
y
n
am

ic
p
ro

gr
am

m
in

g
an

d
th

e
H

am
il
to

n
-J

a
co

b
i-

B
el

lm
an

fo
rm

al
is

m
(B

el
lm

an
,

20
13

).
In

th
is

se
n
se

,
th

e
P

M
P

gi
ve

s
a

w
ea

k
er

co
n
tr

ol
.

H
ow

ev
er

,
op

en
-

lo
op

so
lu

ti
on

s
ar

e
su

ffi
ci

en
t

fo
r

n
eu

ra
l

n
et

w
or

k
ap

p
li
ca

ti
on

s,
w

h
er

e
th

e
tr

a
in

ed
w

ei
gh

ts
an

d
b
ia

se
s

ar
e

fi
x
ed

an
d

on
ly

d
ep

en
d

on
th

e
la

y
er

n
u
m

b
er

an
d

n
o
t

th
e

in
p
u
ts

.

P
M

P
ca

n
b

e
re

ga
rd

ed
as

a
(h

ig
h
ly

n
on

-t
ri

v
ia

l)
ge

n
er

al
iz

at
io

n
of

th
e

ca
lc

u
lu

s
of

va
ri

at
io

n
s

to
n
on

-s
m

o
ot

h
se

tt
in

gs
(s

in
ce

w
e

on
ly

as
su

m
e
θ∗

to
b

e
m

ea
su

ra
b
le

).
P

er
h
ap

s
m

or
e

fa
m

il
ia

r
to

th
e

op
ti

m
iz

at
io

n
co

m
m

u
n
it

y,
th

e
P

M
P

is
re

la
te

d
to

th
e

K
ar

u
sh

-K
u
h
n
-T

u
ck

er
(K

K
T

)
co

n
d
it

io
n
s

fo
r

n
on

-l
in

ea
r

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n
.

In
d
ee

d
,

w
e

ca
n

v
ie

w
(2

)
as

a
n
on

-
li
n
ea

r
p
ro

gr
am

ov
er

th
e

fu
n
ct

io
n

sp
ac

e
U

w
h
er

e
th

e
co

n
st

ra
in

t
is

th
e

O
D

E
(1

).
In

th
is

se
n
se

,
th

e
co

-s
ta

te
p
ro

ce
ss
P
∗

p
la

y
s

th
e

ro
le

of
a

co
n
ti

n
u
ou

s-
ti

m
e

an
al

o
gu

e
of

L
ag

ra
n
g
e

m
u
lt

ip
li
er

s.
T

h
e

ke
y

d
iff

er
en

ce
b

et
w

ee
n

th
e

P
M

P
an

d
th

e
K

K
T

co
n
d
it

io
n
s

(b
es

id
es

th
e

la
ck

of
in

eq
u
al

it
y

co
n
st

ra
in

ts
on

th
e

st
at

e)
is

th
e

H
am

il
to

n
ia

n
m

ax
im

iz
at

io
n

co
n
d
it

io
n

(5
),

w
h
ic

h
is

st
ro

n
ge

r
th

an
a

ty
p
ic

al
fi
rs

t-
or

d
er

co
n
d
it

io
n

th
at

as
su

m
es

sm
o
ot

h
n
es

s
w

it
h

re
sp

ec
t

to
θ

(e
.g

.
∇
θ
H

=
0)

.
In

p
ar

ti
cu

la
r,

th
e

P
M

P
sa

y
s

th
at
H

is
n
ot

on
ly

st
at

io
n
ar

y,
b
u
t

gl
ob

al
ly

m
ax

im
iz

ed
at

an
op

ti
m

al
co

n
tr

ol
-

w
h
ic

h
is

a
m

u
ch

st
ro

n
ge

r
st

at
em

en
t

if
H

is
n
ot

co
n
ca

ve
.

M
or

eo
ve

r,
th

e
P

M
P

m
ak

es
m

in
im

al
as

su
m

p
ti

on
s

on
th

e
p
ar

am
et

er
sp

ac
e

Θ
;

th
e

P
M

P
h
ol

d
s

ev
en

w
h
en

f
is

n
on

-s
m

o
ot

h
w

it
h

re
sp

ec
t

to
θ,

or
w

or
se

,
w

h
en

Θ
is

a
d
is

cr
et

e
su

b
se

t
of

R
p
.

L
as

t,
w

e
em

p
h
as

iz
e

th
at

th
e

P
M

P
is

on
ly

a
n
ec

es
sa

ry
co

n
d
it

io
n
,

h
en

ce
th

er
e

ca
n

b
e

ca
se

s
w

h
er

e
so

lu
ti

on
s

to
th

e
P

M
P

is
n
ot

ac
tu

al
ly

gl
ob

al
ly

op
ti

m
a
l

fo
r

(2
).

N
ev

er
th

el
es

s,
in

p
ra

ct
ic

e
th

e
P

M
P

is
of

te
n

st
ro

n
g

en
ou

gh
to

gi
ve

go
o
d

so
lu

ti
on

ca
n
d
id

a
te

s,
an

d
w

h
en

ce
rt

ai
n

co
n
ve

x
it

y
as

su
m

p
ti

on
s

ar
e

sa
ti

sfi
ed

th
e

P
M

P
b

ec
om

es
su

ffi
ci

en
t

(B
re

ss
an

an
d

P
ic

co
li
,
20

07
).

In
th

e
n
ex

t
se

ct
io

n
,

w
e

w
il
l

d
is

cu
ss

n
u
m

er
ic

al
m

et
h
o
d
s

th
at

ca
n

b
e

u
se

d
to

so
lv

e
th

e
P

M
P

.

3
.
M

e
th

o
d
o
f
S
u
cc
e
ss
iv
e
A
p
p
ro
x
im

a
ti
o
n
s

N
ow

,
ou

r
st

ra
te

gy
is

to
d
ev

is
e

n
u
m

er
ic

al
al

go
ri

th
m

s
fo

r
tr

ai
n
in

g
(2

)
v
ia

so
lv

in
g

th
e

P
M

P
(E

q
u
at

io
n

3,
4

an
d

5)
.

W
e

d
er

iv
e

an
d

an
al

y
ze

al
go

ri
th

m
s

en
ti

re
ly

in
co

n
ti

n
u
ou

s
ti

m
e,

w
h
ic

h
al

lo
w

s
u
s

to
ch

ar
ac

te
ri

ze
er

ro
rs

es
ti

m
at

es
an

d
co

n
ve

rg
en

ce
in

a
m

or
e

tr
a
n
sp

ar
en

t
fa

sh
io

n
.

T
h
er

e
ar

e
m

an
y

m
et

h
o
d
s

fo
r

th
e

n
u
m

er
ic

al
so

lu
ti

on
of

th
e

P
M

P
,

in
cl

u
d
in

g
tw

o-
p

oi
n
t

b
ou

n
d
ar

y
va

lu
e

p
ro

b
le

m
m

et
h
o
d

(B
ry

so
n
,

19
75

;
R

ob
er

ts
an

d
S
h
ip

m
an

,
19

7
2)

,
an

d
co

ll
o
ca

-
ti

on
m

et
h
o
d
s

(B
et

ts
,

19
98

)
co

u
p
le

d
w

it
h

ge
n
er

al
n
on

-l
in

ea
r

p
ro

gr
am

m
in

g
te

ch
n
iq

u
es

(B
er

t-
se

ka
s,

19
99

;
B

az
ar

aa
et

al
.,

20
13

).
S
ee

(R
ao

,
20

09
)

fo
r

a
m

or
e

re
ce

n
t

re
v
ie

w
.

H
ow

ev
er

,
m

an
y

of
th

es
e

m
et

h
o
d
s

co
n
ce

rn
sm

al
l-

sc
al

e
p
ro

b
le

m
s

ty
p
ic

al
ly

en
co

u
n
te

re
d

in
co

n
tr

ol
ap

p
li
-

ca
ti

on
s

(e
.g

.
tr

a
je

ct
or

y
op

ti
m

iz
at

io
n

of
sp

ac
ec

ra
ft

s)
an

d
d
o

n
ot

sc
al

e
w

el
l
to

m
o
d
er

n
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

w
it

h
a

la
rg

e
n
u
m

b
er

of
st

at
e

an
d

co
n
tr

ol
va

ri
ab

le
s.

O
n
e

ex
ce

p
ti

on
is

th
e

m
et

h
o
d

of
su

cc
es

si
ve

ap
p
ro

x
im

at
io

n
s

(M
S
A

)
(C

h
er

n
ou

sk
o

an
d

L
y
u
b
u
sh

in
,

19
82

),
w

h
ic

h
is

an
it

er
at

iv
e

m
et

h
o
d

b
as

ed
on

al
te

rn
at

in
g

p
ro

p
ag

at
io

n
an

d
op

ti
m

iz
at

io
n

st
ep

s.
W

e
fi
rs

t
in

tr
o
d
u
ce

th
e

si
m

p
le

st
fo

rm
of

th
e

M
S
A

.
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

3
.1

B
a
si
c
M

S
A

O
b
se

rv
e

th
at

(3
)

is
si

m
p
ly

th
e

eq
u
at

io
n

Ẋ
∗ t

=
f

(t
,X
∗ t,
θ∗ t

),

an
d

is
in

d
ep

en
d
en

t
of

th
e

co
-s

ta
te
P
∗ .

T
h
er

ef
or

e,
w

e
m

ay
p
ro

ce
ed

in
th

e
fo

ll
ow

in
g

m
a
n
n
er

.
F

ir
st

,
w

e
m

ak
e

an
in

it
ia

l
gu

es
s

of
th

e
op

ti
m

al
co

n
tr

ol
θ0
∈
U.

F
or

ea
ch

k
=

0
,1
,2
,.
..

,
w

e
fi
rs

t
so

lv
e

(3
)

Ẋ
θ
k

t
=
f

(t
,X

θ
k

t
,θ
k t
),

X
θ
k

0
=
x
.

(6
)

fo
r
X
θ
k
,

w
h
ic

h
th

en
al

lo
w

s
u
s

to
so

lv
e

(4
)

Ṗ
θ
k

t
=
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
),

P
θ
k

T
=
−
∇

Φ
(X

θ
k

T
),

(7
)

to
ge

t
P
θ
k
.

F
in

al
ly

,
w

e
u
se

th
e

m
ax

im
iz

at
io

n
co

n
d
it

io
n

(5
)

to
se

t

θk
+

1
t

=
ar

g
m

ax
θ
∈Θ

H
(t
,X

θ
k

t
,P

θ
k

t
,θ

),

fo
r
t
∈

[0
,T

].
T

h
e

al
go

ri
th

m
is

su
m

m
ar

iz
ed

in
A

lg
or

it
h
m

1.

A
lg
o
ri
th

m
1
:

B
as

ic
M

S
A

1
In

it
ia

li
ze

:
θ0
∈
U

;
2
fo
r
k

=
0
to

#
It

er
a
ti

o
n

s
d
o

3
S
ol

ve
Ẋ
θ
k

t
=
f

(t
,X

θ
k

t
,θ
k t
),

X
θ
k

0
=
x

;

4
S
ol

ve
Ṗ
θ
k

t
=
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
),

P
θ
k

T
=
−
∇

Φ
(X

θ
k

T
);

5
S
et
θk

+
1

t
=

ar
g

m
ax

θ
∈Θ

H
(t
,X

θ
k

t
,P

θ
k

t
,θ

)
fo

r
ea

ch
t
∈

[0
,T

];

6
e
n
d

A
s

is
th

e
ca

se
w

it
h

th
e

m
ax

im
u
m

p
ri

n
ci

p
le

,
M

S
A

co
n
si

st
s

of
tw

o
m

a
jo

r
co

m
p

o
n
en

ts
:

th
e

fo
rw

ar
d
-b

ac
k
w

ar
d

H
am

il
to

n
ia

n
d
y
n
am

ic
s

an
d

th
e

m
ax

im
iz

at
io

n
fo

r
th

e
o
p
ti

m
a
l

p
a
ra

m
-

et
er

s
at

ea
ch

ti
m

e.
A

n
im

p
or

ta
n
t

fe
at

u
re

of
M

S
A

is
th

at
th

e
H

am
il
to

n
ia

n
m

a
x
im

iz
a
ti

on
st

ep
is

d
ec

ou
p
le

d
fo

r
ea

ch
t
∈

[0
,T

].
In

th
e

la
n
gu

ag
e

of
d
ee

p
le

ar
n
in

g,
th

e
o
p
ti

m
iz

a
ti

o
n

st
ep

is
d
ec

ou
p
le

d
fo

r
d
iff

er
en

t
n
et

w
or

k
la

ye
rs

an
d

on
ly

th
e

H
am

il
to

n
ia

n
O

D
E

s
(S

te
p

3
,4

o
f

A
lg

or
it

h
m

1)
in

v
o
lv

e
p
ro

p
ag

at
io

n
th

ro
u
gh

th
e

la
ye

rs
.

T
h
is

al
lo

w
s

th
e

p
ar

al
le

li
za

ti
o
n

o
f

th
e

m
ax

im
iz

at
io

n
st

ep
,

w
h
ic

h
is

ty
p
ic

al
ly

th
e

m
os

t
ti

m
e-

co
n
su

m
in

g
st

ep
.

It
h
as

b
ee

n
sh

ow
n

th
at

th
e

b
as

ic
M

S
A

co
n
ve

rg
es

fo
r

a
re

st
ri

ct
ed

cl
as

s
o
f

li
n
ea

r
q
u
a
d
ra

ti
c

re
gu

la
to

rs
(A

le
k
sa

n
d
ro

v
,

19
68

).
H

ow
ev

er
,

in
ge

n
er

al
it

te
n
d
s

to
d
iv

er
ge

,
es

p
ec

ia
ll
y

if
a

b
ad

in
it

ia
l
θ0

is
ch

os
en

(A
le

k
sa

n
d
ro

v
,

19
68

;
C

h
er

n
ou

sk
o

an
d

L
y
u
b
u
sh

in
,

19
8
2
).

O
u
r

g
o
al

n
ow

is
to

m
o
d
if

y
th

e
b
as

ic
M

S
A

to
co

n
tr

ol
it

s
d
iv

er
ge

n
t

b
eh

av
io

r.
B

ef
or

e
w

e
d
o

so
,

it
is

im
p

or
ta

n
t

to
u
n
d
er

st
an

d
w

h
y

th
e

M
S
A

d
iv

er
ge

s,
an

d
in

p
ar

ti
cu

la
r,

th
e

re
la

ti
o
n
sh

ip
b

et
w

ee
n

th
e

m
ax

im
iz

at
io

n
st

ep
in

A
lg

or
it

h
m

1
a
n
d

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
(2

).
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M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

3
.2

E
rro

r
E
stim

a
te

fo
r
th

e
B
a
sic

M
S
A

F
o
r

ea
ch

θ
∈
U

,
let

u
s

d
en

ote

J
(θ)

:=
Φ

(X
θT
)

+

∫
T

0
L

(θ
t )d
t,

w
h
ere

X
θ

satisfi
es

(6).
O

u
r

goal
is

to
m

in
im

ize
J

(θ).
W

e
sh

ow
in

th
e

follow
in

g
L

em
m

a
th

e
rela

tio
n
sh

ip
b

etw
een

th
e

valu
es

of
J

an
d

th
e

H
am

ilton
ian

m
ax

im
ization

step
.

W
e

sta
rt

b
y

m
a
k
in

g
th

e
fo

llow
in

g
assu

m
p
tion

s.

(A
1
)

Φ
is

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le,
w

ith
Φ

an
d
∇

Φ
satisfy

in
g

a
L

ip
sch

itz
con

d
ition

,
i.e.

th
ere

ex
ists

K
>

0
su

ch
th

at

|Φ
(x

)−
Φ

(x
′)|

+
‖∇

Φ
(x

)−
∇

Φ
(x
′)‖
≤
K
‖x
−
x
′‖
,

fo
r

all
x
,x
′∈

R
d.

(A
2
)
f

(t,·,θ)
is

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le
in
x

,
w

ith
f
,∇

x f
satisfy

in
g

a
L

ip
sch

itz
co

n
d
itio

n
in
x

u
n
iform

ly
in
θ

an
d
t,

i.e.
th

ere
ex

ists
K
>

0
su

ch
th

at

‖
f

(t,x
,θ)−

f
(t,x

′,θ)‖
+
‖∇

x f
(t,x

,θ)−
∇
x f

(t,x
′,θ)‖

2 ≤
K
‖
x
−
x
′‖,

fo
r

a
ll
x
,x
′∈

R
d

an
d
t∈

[0,T
].

N
ote

th
at‖·‖

2
d
en

otes
th

e
in

d
u
ced

2-n
orm

.

W
ith

th
ese

a
ssu

m
p
tion

s,
w

e
h
ave

th
e

fo
llow

in
g

estim
a
te:

L
e
m
m
a
2

S
u

p
po

se
(A

1
)-(A

2
)

h
o
ld

s.
T

h
en

,
th

ere
exists

a
co

n
sta

n
t
C
>

0
su

ch
th

a
t

fo
r

a
n

y
θ,φ
∈
U

,

J
(φ

)≤
J

(θ)−
∫
T

0
∆
φ
,θ H

(t)d
t

+
C

∫
T

0
‖f

(t,X
θt ,φ

t )−
f

(t,X
θt ,θ

t )‖
2d
t

+
C

∫
T

0
‖∇

x H
(t,X

θt ,P
θt ,φ

t )−
∇
x H

(t,X
θt ,P

θt ,θ
t )‖

2d
t,

w
h
ere

X
θ,
P
θ

sa
tisfy

E
qu

a
tio

n
s

6
,

7
respectively

a
n

d
∆
H
φ
,θ

d
en

o
tes

th
e

ch
a
n

ge
in

H
a
m

il-
to

n
ia

n
∆
H
φ
,θ (t)

:=
H

(t,X
θt ,P

θt ,φ
t )−

H
(t,X

θt ,P
θt ,θ

t ).

P
ro

o
f

S
ee

A
p
p

en
d
ix

B
for

th
e

p
ro

of
an

d
d
iscu

ssion
on

relax
in

g
th

e
assu

m
p
tion

s.

In
essen

ce,
L

em
m

a
2

say
s

th
at

th
e

H
am

ilton
ian

m
ax

im
ization

step
in

M
S
A

(step
5

in
A

lg
o
rith

m
1
)

is
in

som
e

sen
se

th
e

op
tim

al
d
escen

t
d
irectio

n
for

J
.

H
ow

ever,
th

e
last

tw
o

term
s

o
n

th
e

righ
t

h
an

d
sid

e
in

d
ica

tes
th

at
th

is
d
escen

t
can

b
e

n
u
llifi

ed
if

su
b
stitu

tin
g
φ

fo
r
θ

in
cu

rs
to

o
m

u
ch

error
in

th
e

H
am

ilton
ian

d
y
n
am

ics
(step

3,4
in

A
lgorith

m
1).

In
o
th

er
w

o
rd

s,
th

e
last

tw
o

in
tegrals

m
easu

re
th

e
d
egree

of
satisfaction

of
th

e
H

am
ilton

ian
d
y
n
a
m

ics
(3

),
(4),

w
h
ich

can
b

e
v
iew

ed
as

a
feasib

ility
con

d
ition

,
w

h
en

o
n
e

rep
laces

θ
b
y

φ
.

H
en

ce,
w

e
sh

all
h
ereafter

refer
to

th
ese

errors
as

fea
sibility

erro
rs.

T
h
e

d
iverg

en
ce

of
th

e
b
a
sic

M
S
A

h
a
p
p

en
s

w
h
en

th
e

feasib
ility

errors
b
low

u
p
.

A
rm

ed
w

ith
th

is
u
n
d
erstan

d
in

g,
w

e
ca

n
th

en
m

o
d
ify

th
e

b
asic

M
S
A

to
en

su
re

con
vergen

ce.
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

3
.3

E
x
te
n
d
e
d

P
M

P
a
n
d

E
x
te
n
d
e
d

M
S
A

A
s

d
iscu

ssed
p
rev

iou
sly

in
L

em
m

a
2,

th
e

d
ecrem

en
t

of
J

is
en

su
red

if
w

e
can

con
trol

th
e

feasib
ility

errors
in

th
e

H
am

ilton
ian

d
y
n
am

ics
in

step
s

3,4
of

A
lgorith

m
1.

T
o

th
is

en
d
,

w
e

em
p
loy

a
sim

ilar
id

ea
to

au
gm

en
ted

L
agra

n
gian

s
(H

esten
es,

1969).
F

ix
som

e
ρ
>

0
an

d
in

tro
d
u
ce

th
e

au
g
m

en
ted

H
am

ilton
ian

H̃
(t,x

,p
,θ,v

,q)
:=
H

(t,x
,p
,θ)−

12
ρ‖
v−

f
(t,x

,θ)‖
2

−
12
ρ‖
q

+
∇
x H

(t,x
,p
,θ)‖

2.
(8)

T
h
en

,
w

e
h
ave

th
e

follow
in

g
set

of
altern

ative
n
ecessary

con
d
ition

s
for

op
tim

ality
:

P
ro

p
o
sitio

n
3
(E

x
te
n
d
e
d

P
M

P
)

S
u

p
po

se
th

a
t
θ ∗

is
a
n

essen
tia

lly
bo

u
n

d
ed

so
lu

tio
n

to
th

e
o
p
tim

a
l

co
n

tro
l

p
ro

blem
(2).

T
h
en

,
th

ere
exists

a
n

a
bso

lu
tely

co
n

tin
u

o
u

s
co

-sta
te

p
rocess

P
∗

su
ch

th
a
t

th
e

tu
p
le

(X
∗t ,P

∗t ,θ ∗t )
sa

tisfi
es

th
e

n
ecessa

ry
co

n
d
itio

n
s

Ẋ
∗t

=
∇
p H̃

(t,X
∗t ,P

∗t ,θ ∗t ,Ẋ
∗t ,Ṗ

∗t ),
X
∗0

=
x
,

(9)

Ṗ
∗t

=
−
∇
x H̃

(t,X
∗t ,P

∗t ,θ ∗t ,Ẋ
∗t ,Ṗ

∗t ),
P
∗T

=
−
∇
x Φ

(X
∗T
),

(10)

H̃
(t,X

∗t ,P
∗t ,θ ∗t ,Ẋ

∗t ,Ṗ
∗t )≥

H̃
(t,X

∗t ,P
∗t ,θ,Ẋ

∗t ,Ṗ
∗t ),

θ
∈

Θ
,t∈

[0,T
].

(11)

P
ro

o
f

If
θ ∗

is
op

tim
al,

th
en

b
y

th
e

P
M

P
th

ere
ex

ists
a

co-state
p
ro

cess
P
∗

su
ch

th
at

(3),
(4)

an
d

(5)
are

satisfi
ed

.
T

h
en

,
for

all
t∈

[0,T
]

an
d
θ∈

Θ
w

e
h
ave

∇
x H̃

(t,X
∗t ,P

∗t ,θ,Ẋ
∗t ,Ṗ

∗t )
=
∇
x H

(t,X
∗t ,P

∗t ,θ),

∇
p H̃

(t,X
∗t ,P

∗t ,θ,Ẋ
∗t ,Ṗ

∗t )
=
∇
p H

(t,X
∗t ,P

∗t ,θ),

w
h
ich

im
p
lies

th
a
t

(9)
an

d
(10)

are
satisfi

ed
.

L
astly,

w
e

can
w

rite

H̃
(t,X

∗t ,P
∗t ,θ,Ẋ

∗t ,Ṗ
∗t )

=
H

(t,X
∗t ,P

∗t ,θ)−
12
ρ‖
Ẋ
∗t −

f
(t,X

∗t ,θ)‖
2−

12
ρ‖
Ṗ
∗t

+
∇
x H

(t,X
∗t ,P

∗t ,θ)‖
2.

F
or

each
t,
θ ∗

m
ax

im
izes

all
th

ree
term

s
on

th
e

R
H

S
sim

u
ltan

eou
sly,

an
d

h
en

ce
(11)

is
also

satisfi
ed

.

C
om

p
ared

w
ith

th
e

u
su

al
P

M
P

,
th

e
ex

ten
d
ed

P
M

P
is

a
w

eaker
n
ecessary

con
d
ition

.
H

ow
-

ever,
th

e
ad

van
tage

is
th

at
m

ax
im

ization
of
H̃

n
atu

rally
p

en
alizes

errors
in

th
e

H
am

ilton
ian

d
y
n
am

ical
eq

u
ation

s,
an

d
h
en

ce
w

e
sh

ou
ld

ex
p

ect
M

S
A

ap
p
lied

to
th

e
ex

ten
d
ed

P
M

P
to

con
verge

for
large

en
ou

gh
ρ
.

N
ote

th
at

th
e

H
am

ilton
ian

eq
u
ation

step
s

d
o

n
ot

ch
an

ge
(sin

ce
th

e
ad

d
ed

term
s

h
av

e
n
o

eff
ect

on
op

tim
al

solu
tion

s)
an

d
th

e
on

ly
ch

an
ge

is
th

e
m

ax
im

ization
step

.
T

h
e

ex
ten

d
ed

M
S
A

(E
-M

S
A

)
algorith

m
is

su
m

m
arized

in
A

lgorith
m

2.
T

o
estab

lish
con

vergen
ce,

d
efi

n
e

µ
k

:=

∫
T

0
∆
H
θ
k
+
1
,θ
k (t)d

t≥
0
.

If
µ
k

=
0,

th
en

from
th

e
H

am
ilton

ian
m

ax
im

ization
step

(11)
w

e
m

u
st

h
ave

8
JM

L
R

 18(165):1-29, 2018



M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

0
=
−
µ
k
≤
−

1 2
ρ

∫
T

0
‖f

(t
,X

θ
k

t
,θ
k
+

1
t

)
−
f

(t
,X

θ
k

t
,θ
k t
)‖

2
d
t

−
1 2
ρ

∫
T

0
‖∇

x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k
+

1
t

)
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
)‖

2
d
t.
≤

0
.

an
d

so
m

ax θ
H̃

(X
θ
k

t
,P

θ
k

t
,θ
,Ẋ

θ
k

t
,Ṗ

θ
k

t
)

=
H̃

(X
θ
k

t
,P

θ
k

t
,θ
k
,Ẋ

θ
k

t
,Ṗ

θ
k

t
),

i.
e.

(X
θ
k
,P

θ
k
,θ
k
)

sa
ti

sf
y

th
e

ex
te

n
d
ed

P
M

P
.

In
ot

h
er

w
or

d
s,

th
e

q
u
a
n
ti

ty
µ
k
≥

0
m

ea
su

re
s

th
e

d
is

ta
n
ce

fr
om

a
so

lu
ti

on
of

th
e

ex
te

n
d
ed

P
M

P
,
an

d
if

it
eq

u
al

s
0
,
th

en
w

e
h
av

e
a

so
lu

ti
on

.
W

e
n
ow

p
ro

ve
th

e
fo

ll
ow

in
g

re
su

lt
th

at
gu

ar
an

te
es

th
e

co
n
ve

rg
en

ce
of

th
e

ex
te

n
d
ed

M
S
A

(A
lg

or
it

h
m

2)
.

T
h
e
o
re

m
4

L
et

(A
1
)-

(A
2

)
be

sa
ti

sfi
ed

a
n

d
θ0
∈
U

be
a
n

y
in

it
ia

l
m

ea
su

ra
bl

e
co

n
tr

o
l

w
it

h
J

(θ
0
)
<

+
∞

.
S

u
p
po

se
a
ls

o
th

a
t

in
f θ
∈U
J

(θ
)
>
−
∞

.
T

h
en

,
fo

r
ρ

la
rg

e
en

o
u

gh
,

w
e

h
a
ve

u
n

d
er

A
lg

o
ri

th
m

2
,

J
(θ
k
+

1
)
−
J

(θ
k
)
≤
−
D
µ
k
.

fo
r

so
m

e
co

n
st

a
n

t
D
>

0
a
n

d
li
m

k
→

0
µ
k

=
0,

i.
e.

th
e

ex
te

n
d
ed

M
S

A
a
lg

o
ri

th
m

co
n

ve
rg

es
to

th
e

se
t

o
f

so
lu

ti
o
n

s
o
f

th
e

ex
te

n
d
ed

P
M

P
.

P
ro

o
f

U
si

n
g

L
em

m
a

2
w

it
h
θ
≡
θk
,φ
≡
θk

+
1
,

w
e

h
av

e

J
(θ
k
+

1
)
−
J

(θ
k
)
≤
−
µ
k

+
C

∫
T

0
‖f

(t
,X

θ
k

t
,θ
k
+

1
t

)
−
f

(t
,X

θ
k

t
,θ
k t
)‖

2
d
t

+
C

∫
T

0
‖∇

x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k
+

1
t

)
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
)‖

2
d
t.

F
ro

m
th

e
H

am
il
to

n
ia

n
m

ax
im

iz
at

io
n

st
ep

in
A

lg
or

it
h
m

2,
w

e
k
n
ow

th
at

H
(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
)
≤
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k
+

1
t

)

−
1 2
ρ
‖f

(t
,X

θ
k

t
,θ
k
+

1
t

)
−
f

(t
,X

θ
k

t
,θ
k t
)‖

2

−
1 2
ρ
‖∇

x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k
+

1
t

)
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
)‖

2
.

H
en

ce
,

w
e

h
av

e

J
(θ
k
+

1
)
−
J

(θ
k
)
≤
−

(1
−

2C ρ
)µ
k
.

P
ic

k
ρ
>

2C
,

th
en

w
e

in
d
ee

d
h
av

e
J

(θ
k
+

1
)
−
J

(θ
k
)
≤
−
D
µ
k

w
it

h
D

=
(1
−

2
C ρ

)
>

0.
M

or
eo

ve
r,

w
e

ca
n

re
ar

ra
n
ge

an
d

su
m

th
e

ab
ov

e
ex

p
re

ss
io

n
to

ge
t

M ∑ k
=

0

µ
k
≤
D
−

1
(J

(θ
0
)
−
J

(θ
M

+
1
))
≤
D
−

1
(J

(θ
0
)
−

in
f

θ
∈U
J

(θ
))
,
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9,
 2

01
8

L
i,
C
h
e
n
,
T
a
i
a
n
d

E

an
d

h
en

ce
∑
∞ k=

0
µ
k
<

+
∞

,
w

h
ic

h
im

p
li
es
µ
k
→

0
an

d
th

e
ex

te
n
d
ed

M
S
A

co
n
v
er

g
es

to
a

so
lu

ti
on

of
th

e
ex

te
n
d
ed

P
M

P
.

A
lg
o
ri
th

m
2
:

E
x
te

n
d
ed

M
S
A

1
In

it
ia

li
ze

:
θ0
∈
U.

H
y
p

er
-p

ar
am

et
er

:
ρ

;
2
fo
r
k

=
0
to

#
It

er
a
ti

o
n

s
d
o

3
S
ol

ve
Ẋ
θ
k

t
=
f

(t
,X

θ
k

t
,θ
k t
),

X
θ
k

0
=
x

;

4
S
ol

ve
Ṗ
θ
k

t
=
−
∇
x
H

(t
,X

θ
k

t
,P

θ
k

t
,θ
k t
),

P
θ
k

T
=
−
∇

Φ
(X

θ
k

T
);

5
S
et
θk

+
1

t
=

ar
g

m
ax

θ
∈Θ

H̃
(t
,X

θ
k

t
,P

θ
k

t
,θ
,Ẋ

θ
k

t
,Ṗ

θ
k

t
)

fo
r

ea
ch

t
∈

[0
,T

];

6
e
n
d

4
.
D
is
cr
e
te
-T

im
e
F
o
rm

u
la
ti
o
n

In
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

d
is

cu
ss

ed
th

e
P

M
P

an
d

M
S
A

in
th

e
co

n
ti

n
u
ou

s-
ti

m
e

se
tt

in
g
,

w
h
er

e
w

e
sh

ow
ed

th
at

an
ap

p
ro

p
ri

at
el

y
ex

te
n
d
ed

ve
rs

io
n

(E
-M

S
A

)
co

n
ve

rg
es

to
a

so
lu

ti
on

of
an

ex
te

n
d
ed

P
M

P
.

H
er

e,
w

e
sh

al
l

d
is

cu
ss

th
e

d
is

cr
et

iz
ed

ve
rs

io
n
s

of
P

M
P

,
M

S
A

a
n
d

E
-M

S
A

,
as

w
el

l
as

th
ei

r
co

n
n
ec

ti
on

s
to

d
ee

p
re

si
d
u
al

n
et

w
or

k
s

an
d

b
ac

k
-p

ro
p
a
g
a
ti

o
n
.

4
.1

D
is
c
re

te
-T

im
e
P
M

P
a
n
d

D
is
c
re

te
-T

im
e
M

S
A

A
p
p
ly

in
g

E
u
le

r-
d
is

cr
et

iz
at

io
n

to
E

q
u
at

io
n

1,
w

e
ge

t

x
n

+
1

=
x
n

+
δf
n
(x
n
,ϑ

n
),

x
0

=
x
,

fo
r
n

=
0
,.
..
,N
−

1,
w

it
h
δ

=
T
/N

(s
te

p
-s

iz
e)

,
x
n

:=
X
n
δ
,
ϑ
n

:=
θ n
δ

an
d
f n

(·)
:=

f
(n
δ,
·).

T
h
en

,
th

e
d
is

cr
et

e-
ti

m
e

an
al

og
u
e

of
th

e
co

n
tr

ol
p
ro

b
le

m
(2

)
is

m
in

{ϑ
0
,.
..
,ϑ
N
−
1
}∈

Θ
N

Φ
(x
N

)
+
δ
N
−

1
∑ n

=
0

L
(ϑ
n
),

x
n

+
1

=
x
n

+
δf
n
(x
n
,ϑ

n
),

x
0

=
x
,

0
≤
n
≤
N
−

1
.

(1
2
)

O
b
se

rv
e

th
at

b
ar

ri
n
g

th
e

co
n
st

an
t
δ,

th
is

is
ex

ac
tl

y
th

e
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

b
le

m
fo

r
d
ee

p
re

si
d
u
al

n
et

w
or

k
s2

.
T

h
er

ef
or

e,
w

h
en

su
it

ab
ly

d
is

cr
et

iz
ed

,
on

e
ex

p
ec

ts
th

a
t

th
e

E
-M

S
A

p
ro

v
id

es
a

m
ea

n
s

to
tr

ai
n

re
si

d
u
al

n
eu

ra
l

n
et

w
or

k
s

v
ia

th
e

so
lu

ti
on

o
f

th
e

ex
te

n
d
ed

P
M

P
.

W
e

n
ow

w
ri

te
d
ow

n
fo

rm
al

ly
th

e
d
is

cr
et

iz
ed

fo
rm

of
th

e
P

M
P

.
L

et
u
s

u
se

th
e

sh
o
rt

h
a
n
d

g n
(x
n
,ϑ

n
)

:=
x
n

+
δf
n
(x
n
,ϑ

n
).

D
efi

n
e

th
e

sc
al

ed
d
is

cr
et

e
H

am
il
to

n
ia

n

H
n
(x
,p
,ϑ

)
=
p
·g
n
(x
,ϑ

)
−
δL

(ϑ
).

T
h
en

,
a

d
is

cr
et

e-
ti

m
e

P
M

P
is

th
e

fo
ll
ow

in
g

se
t

of
co

n
d
it

io
n
s:

x
∗ n+

1
=
g n

(x
∗ n,
ϑ
∗ n)
,

x
∗ 0

=
x
,

p
∗ n

=
∇
x
H
n
(x
∗ n,
p
∗ n+

1
,ϑ

n
),

p
∗ N

=
−
∇
x
Φ

(x
∗ N

),

H
n
(x
∗ n,
p
∗ n+

1
,ϑ
∗ n)
≥
H
n
(x
∗ n,
p
∗ n+

1
,ϑ

),
ϑ
∈

Θ
,

n
=

0,
..
.,
N
−

1.

2
.
If

w
e
p
ic
k
R
eL

U
a
ct
iv
a
ti
o
n
s
(H

a
h
n
lo
se
r
et

a
l.
,
2
0
0
0
),

th
en

δ
ca
n
b
e
a
b
so
rb

ed
in
to
ϑ
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M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

T
h
e

issu
e

o
f

w
h
eth

er
th

e
P

M
P

h
old

s
for

d
iscrete

tim
e

d
y
n
am

ical
sy

stem
s

is
a

d
elicate

on
e

a
n
d

th
ere

a
re

k
n
ow

n
cou

n
terex

am
p
les

(B
u
tkov

sk
y
,

1963
;

J
ack

son
an

d
H

orn
,

1965;
N

ah
orsk

i
et

a
l.,

1
9
8
4
).

N
everth

eless,
th

ey
m

u
st

h
old

ap
p
rox

im
ately

for
sm

a
ll

tim
e

step
size

an
d

th
is

is
th

e
situ

ation
w

e
w

ill
con

sid
er

in
th

e
cu

rren
t

p
ap

er.
W

e
ex

p
ect

L
em

m
a

2,
w

h
ich

im
p
lies

m
o
n
o
to

n
icity

of
th

e
E

-M
S
A

algorith
m

,
to

h
old

in
th

e
d
iscrete-tim

e
case

u
n
d
er

a
p
p
ro

p
ria

te
co

n
d
ition

s.
W

e
leave

a
rigorou

s
an

aly
sis

of
th

ese
statem

en
ts

to
fu

tu
re

w
ork

.
F

o
r

n
u
m

erica
l

ex
p

erim
en

ts
p
resen

ted
in

th
e

n
ex

t
section

,
w

e
sh

all
alm

ost
alw

ay
s

w
ork

w
ith

resid
u
a
l

n
etw

o
rk

s
th

at
can

b
e

regard
ed

as
d
iscretiza

tion
s

of
con

tin
u
ou

s
n
etw

o
rk

s
so

th
at

th
e

P
M

P
h
o
ld

s
ap

p
rox

im
ately

at
least

(H
alk

in
,

1966).

F
o
r

com
p
leten

ess,
w

e
su

m
m

arize
th

e
d
iscrete-tim

e
v
ersion

of
E

-M
S
A

in
A

lgorith
m

3.
N

o
te

th
a
t

fo
r

resid
u
al

n
etw

ork
s

(g
n

=
x
n

+
δf
n
),

th
is

is
eq

u
ivalen

t
to

a
forw

ard
E

u
ler

d
iscretiza

tio
n

o
n

th
e

state
eq

u
ation

an
d

a
b
ack

w
ard

E
u
ler

d
iscretizatio

n
on

th
e

co-state
eq

u
a
tio

n
in

A
lg

orith
m

2.
A

s
b

efore,
th

e
H

a
m

ilton
ian

m
ax

im
ization

step
is

d
ecou

p
led

across
layers

a
n
d

ca
n

b
e

carried
ou

t
in

p
arallel.

A
lg
o
rith

m
3
:

D
iscrete-tim

e
E

-M
S
A

1
In

itia
lize:

In
itialize:

ϑ
0n
∈

Θ
n
,
n

=
0,...,N

−
1.

H
y
p

er-p
aram

eter:
ρ

;
2
fo
r
k

=
0
to

#
Itera

tio
n

s
d
o

3
S
et
x
θ
k

0
=
x

;
4

fo
r
n

=
0
to

N
−

1
d
o

5
x
ϑ
k

n
+

1
=
g
n
(x
ϑ
k

n
,ϑ

kn
)

;
6

e
n
d

7
S
et
p
ϑ
k

N
=
−
∇

Φ
(x
ϑ
k

N
)

;
8

fo
r
n

=
N
−

1
to

0
d
o

9
p
ϑ
k

n
=
∇
x H

n
(x
ϑ
k

n
,p
ϑ
k

n
+

1 ,ϑ
kn
)

;
1
0

e
n
d

1
1

fo
r
n

=
0
to

N
−

1
d
o

1
2

S
et
ϑ
k
+

1
n

=
arg

m
ax

ϑ∈
Θ
n
H
n
(x
ϑ
k

n
,p
ϑ
k

n
+

1 ,ϑ
)−

12 ρ‖
x
ϑ
k

n
+

1 −
g
n
(x
ϑ
k

n
,ϑ

)‖
22 −

12 ρ‖p
ϑ
k

n
−
∇
x H

n
(x
ϑ
k

n
,p
ϑ
k

n
+

1 ,ϑ
)‖

22 ;

1
3

e
n
d

1
4
e
n
d

4
.2

R
e
la
tio

n
sh

ip
to

G
ra

d
ie
n
t
D
e
sc
e
n
t
w
ith

B
a
ck

-p
ro

p
a
g
a
tio

n

W
e

n
o
te

a
n

in
terestin

g
relation

sh
ip

of
th

e
M

S
A

w
ith

classical
grad

ien
t

d
escen

t
w

ith
b
ack

-
p
ro

p
a
g
a
tio

n
(K

elley
,

1960;
B

ry
son

,
197

5;
L

eC
u
n

et
al.,

1998).
W

e
h
ave

sh
ow

n
in

L
em

m
a

2
th

a
t

th
e

d
iverg

en
ce

of
M

S
A

can
b

e
attrib

u
ted

to
th

e
large

errors
in

th
e

H
am

ilton
ian

d
y
-

n
a
m

ics
term

s
cau

sed
b
y

th
e

m
ax

im
ization

step
,

w
h
ich

in
volve

d
rastic

ch
an

g
es

in
p
aram

eter
valu

es.
A

ssu
m

in
g

each
Θ
n

is
a

con
tin

u
u
m

an
d
g
n
,
L

are
d
iff

eren
tiab

le
in
ϑ
n
,

a
sim

p
le

fi
x

is
to

m
a
ke

th
e

m
ax

im
ization

step
“soft”:

w
e

rep
lace

step
12

in
A

lgorith
m

3
w

ith
a

grad
ien

t
a
scen

t
step

:

ϑ
k
+

1
n

=
ϑ
kn

+
η∇

ϑ
H
n
(x
ϑ
k

n
,p
ϑ
k

n
+

1 ,ϑ
kn
),

(13)
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

for
som

e
sm

all
learn

in
g

rate
η
.

W
e

n
ow

sh
ow

th
at

in
th

e
d
iscrete-tim

e
settin

g,
th

is
is

eq
u
ivalen

t
to

th
e

classical
grad

ien
t

d
escen

t
w

ith
b
ack

-p
rop

agation
.

P
ro

p
o
sitio

n
5

T
h
e

ba
sic

M
S

A
in

d
iscrete-tim

e
(A

lgo
rith

m
3

w
ith

ρ
=

0)
w

ith
step

1
2

rep
la

ced
by

(13)
is

equ
iva

len
t

to
gra

d
ien

t
d
escen

t
w

ith
ba

ck-p
ro

pa
ga

tio
n

.

P
ro

o
f

R
ecall

th
a
t

th
e

H
am

ilton
ian

is

H
n

:=
p
n

+
1 ·
g
n
(x
n
,ϑ

n
)−

δL
(ϑ
n
),

an
d

th
e

total
loss

fu
n
ction

is
J

(ϑ
)

=
Φ

(x
N

)
+
δ ∑

N
−

1
n

=
0
L

(ϑ
n
).

It
is

ea
sy

to
see

th
at
p
n

=
−
∇
x
n
Φ

(x
N

)
b
y

w
ork

in
g

b
ack

w
ard

s
from

n
=
N

an
d

th
e

fact
th

at∇
x
n
x
n

+
1

=
∇
x g
n
(x
n
,ϑ

n
).

T
h
en

,

∇
ϑ
n
J

(ϑ
)

=
∇
x
n
+
1 Φ

(x
N

)·∇
ϑ
n
x
n

+
1

+
δ∇

ϑ
n
L

(ϑ
n
)

=
−
p
n

+
1 ·∇

ϑ
n
g
n
(x
n
,ϑ

n
)

+
δ∇

ϑ
n
L

(ϑ
n
)

=
−
∇
ϑ
n
H
n
.

H
en

ce,
(13)

is
sim

p
ly

th
e

grad
ien

t
d
escen

t
step

ϑ
k
+

1
n

=
ϑ
kn −

η∇
ϑ
n
J

(ϑ
k).

A
s

th
e

p
rop

osition
sh

ow
s,

grad
ien

t
d
escen

t
w

ith
b
ack

-p
rop

agation
can

b
e

seen
as

a
m

o
d
ifi

-
cation

of
th

e
b
asic

M
S
A

b
y

rep
lacin

g
th

e
H

am
ilton

ian
m

ax
im

ization
step

w
ith

a
grad

ien
t

ascen
t

step
.

H
ow

ever,
w

e
n
ote

th
at

th
e

P
M

P
(an

d
M

S
A

con
vergen

ce)
h
old

s,
at

least
in

con
tin

u
ou

s-tim
e,

even
w

h
en

d
iff

eren
tiab

ility
w

ith
resp

ect
to
ϑ

is
n
ot

satisfi
ed

,
an

d
h
en

ce
is

m
ore

gen
eral

th
an

th
e

classical
b
ack

-p
rop

agation
.

In
fact,

th
e

P
M

P
form

alism
sh

ow
s

th
at

th
e

b
ack

-p
rop

aga
tion

of
in

form
ation

th
rou

gh
a

d
eep

n
etw

ork
is

h
an

d
led

b
y

th
e

co-state
eq

u
ation

an
d

th
ere

is
n
o

req
u
irem

en
t

or
relation

sh
ip

to
th

e
grad

ien
ts

w
ith

resp
ect

to
th

e
train

ab
le

p
aram

eters.
In

oth
er

w
ord

s,
op

tim
ization

is
p

erfo
rm

ed
at

each
layer

sep
arately

(w
ith

or
w

ith
ou

t
grad

ien
t

in
form

ation
),

an
d

p
rop

agation
is

in
d
ep

en
d
en

t
of

op
tim

ization
.

4
.3

A
R
e
m
a
rk

o
n

M
in
i-b

a
tch

A
lg
o
rith

m
s

S
o

far,
ou

r
d
iscu

ssion
h
as

fo
cu

sed
on

fu
ll-b

atch
algorith

m
s,

w
h
ere

th
e

in
p
u
t
x

rep
resen

ts
th

e
fu

ll
set

of
train

in
g

in
p
u
ts.

A
s

m
o
d
ern

su
p

erv
ised

learn
in

g
task

s
ty

p
ically

in
volv

e
a

large
n
u
m

b
er

of
train

in
g

sam
p
les,

u
su

ally
th

e
op

tim
ization

p
rob

lem
h
as

to
b

e
solv

ed
in

m
in

i-b
atch

es,
w

h
ere

at
each

iteration
w

e
su

b
-sam

p
le
m

in
p
u
t-lab

el
p
airs

an
d

op
tim

ize
th

e
p
aram

eters
θ

(or
ϑ

in
d
iscrete

tim
e)

b
ased

on
losses

evalu
ated

on
th

ese
p
airs.

In
th

e
con

tex
t

of
con

tin
u
ou

s-tim
e

P
M

P
,

w
e

can
w

rite
th

e
b
atch

version
of

th
e

th
ree

n
ecessary

con
d
ition

s
as

Ẋ
i,∗t

=
∇
p H

(t,X
i,∗t ,P

i,∗
t
,θ ∗t ),

X
i,∗0

=
x
i,

Ṗ
i,∗
t

=
−
∇
x H

(t,X
i,∗t ,P

i,∗
t
,θ ∗t ),

P
i,∗
T

=
−
∇

Φ
i(X

i,∗T ),

θ ∗t
=

arg
m

ax
θ∈

Θ

M∑i=
1

H
(t,X

i,∗t ,P
i,∗
t
,θ),

t∈
[0,T

],
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M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

fo
r

sa
m

p
le

s
i

=
1
,.
..
,M

.
W

e
om

it
fo

r
b
re

v
it

y
th

e
eq

u
iv

al
en

t
ex

p
re

ss
io

n
s

fo
r

d
is

cr
et

e-
ti

m
e.

In
p
ar

ti
cu

la
r,

n
ot

ic
e

th
at

th
e

p
ro

p
ag

at
io

n
st

ep
s

ar
e

d
ec

ou
p
le

d
ac

ro
ss

sa
m

p
le

s,
an

d
h
en

ce
ca

n
b

e
ca

rr
ie

d
ou

t
in

d
ep

en
d
en

tl
y.

T
h
e

on
ly

d
iff

er
en

ce
is

th
e

m
ax

im
iz

at
io

n
st

ep
,

w
h
er

e
in

a
m

in
i-

b
at

ch
se

tt
in

g
w

e
w

ou
ld

ev
al

u
at

e
in

st
ea

d

ar
g

m
ax

θ
∈Θ

m ∑ i=
1

H
(t
,X

i,
∗

t
,P

i,
∗

t
,θ

).

If
m

is
la

rg
e

en
ou

gh
an

d
th

e
sa

m
p
le

s
ar

e
in

d
ep

en
d
en

tl
y

an
d

id
en

ti
ca

ll
y

d
ra

w
n
,

th
en

u
n
if

or
m

la
w

of
la

rg
e

n
u
m

b
er

s
(J

en
n
ri

ch
,
19

69
)

h
ol

d
s

u
n
d
er

fa
ir

ly
ge

n
er

al
co

n
d
it

io
n
s

an
d

en
su

re
s

th
at

th
e

m
in

i-
b
at

ch
m

ea
n

of
H

am
il
to

n
ia

n
s

co
n
v
er

ge
s

u
n
if

or
m

ly
in
θ

to
th

e
fu

ll
-b

a
tc

h
su

m
.

H
en

ce
,

m
ax

im
iz

at
io

n
p

er
fo

rm
ed

on
th

e
m

in
i-

b
at

ch
su

m
sh

ou
ld

b
e

cl
os

e
to

th
e

ac
tu

al
m

ax
im

iz
at

io
n

on
th

e
fu

ll
H

am
il
to

n
ia

n
.

R
ig

or
ou

s
er

ro
r

es
ti

m
at

es
fo

r
th

e
m

in
i-

b
at

ch
ve

rs
io

n
of

ou
r

al
go

ri
th

m
is

ou
t

of
th

e
sc

op
e

of
th

e
cu

rr
en

t
w

or
k
,

an
d

w
e

u
se

in
st

ea
d

n
u
m

er
ic

al
re

su
lt

s
in

S
ec

ti
o
n

5
to

d
em

on
st

ra
te

th
at

th
e

al
go

ri
th

m
ca

n
al

so
b

e
ca

rr
ie

d
ou

t
in

a
m

in
i-

b
at

ch
fa

sh
io

n
.

5
.
N
u
m
e
ri
ca

l
E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,
w

e
in

ve
st

ig
at

e
th

e
p

er
fo

rm
an

ce
of

E
-M

S
A

co
m

p
ar

ed
w

it
h

th
e

u
su

al
gr

ad
ie

n
t-

b
as

ed
ap

p
ro

ac
h
es

,
n
am

el
y

st
o
ch

as
ti

c
gr

a
d
ie

n
t

d
es

ce
n
t

an
d

it
s

va
ri

an
ts

:
A

d
a
gr

ad
(D

u
ch

i
et

al
.,

20
11

)
an

d
A

d
am

(K
in

gm
a

an
d

B
a,

20
14

).
T

o
il
lu

st
ra

te
ke

y
p
ro

p
er

ti
es

of
E

-M
S
A

,
w

e
sh

al
l

b
eg

in
b
y

in
ve

st
ig

at
in

g
so

m
e

sy
n
th

et
ic

ex
am

p
le

s.
F

ir
st

,
w

e
co

n
si

d
er

a
si

m
p
le

on
e-

d
im

en
si

on
al

fu
n
ct

io
n

ap
p
ro

x
im

at
io

n
p
ro

b
le

m
w

h
er

e
w

e
w

an
t

to
ap

p
ro

x
im

at
e
F

(x
)

=
si

n
(x

)
fo

r
x
∈

[−
π
,π

]
u
si

n
g

a
co

n
ti

n
u
ou

s
ti

m
e

d
y
n
am

ic
al

sy
st

em
.

L
et
T

=
5

an
d

co
n
si

d
er

Ẋ
t

=
f

(X
t,
θ t

)
=

ta
n
h
(W

tX
t
+
b t

),

w
h
er

e
θ t

=
(W

t,
b t

)
∈
R

5
×

5
×
R

5
,

i.
e.

a
co

n
ti

n
u
ou

s
an

al
og

u
e

of
a

fu
ll
y

co
n
n
ec

te
d

fe
ed

fo
rw

a
rd

n
eu

ra
l

n
et

w
or

k
s

w
it

h
5

n
o
d
es

p
er

la
ye

r.
T

o
m

at
ch

d
im

en
si

on
s,

w
e

sh
al

l
co

n
ca

te
n
at

e
th

e
in

p
u
t
x

to
fo

rm
a

fi
ve

d
im

en
si

on
al

ve
ct

o
r

of
id

en
ti

ca
l

co
m

p
on

en
ts

,
w

h
ic

h
is

n
ow

th
e

in
it

ia
l

co
n
d
it

io
n

to
th

e
d
y
n
am

ic
al

sy
st

em
on

R
d
.

T
h
e

ou
tp

u
t

of
th

e
n
et

w
or

k
is
∑

5 i=
1
X
i T
.

an
d

w
e

d
efi

n
e

th
e

lo
ss

fu
n
ct

io
n

d
u
e

to
o
n
e

sa
m

p
le

to
b

e
Φ

(X
T

)
=

(∑
5 i=

1
X
i T
−

si
n
(x

))
2
.

F
or

m
u
lt

ip
le

sa
m

p
le

s,
w

e
av

er
ag

e
th

e
lo

ss
fu

n
ct

io
n

ov
er

al
l

sa
m

p
le

s
in

th
e

u
su

al
w

ay
.

W
e

ap
p
ly

E
-M

S
A

w
it

h
d
is

cr
et

iz
at

io
n

si
ze
δ

=
0.

25
(g

iv
in

g
20

la
ye

rs
)

an
d

co
m

p
u
te

th
e

H
am

il
to

n
ia

n
m

ax
im

iz
at

io
n

st
ep

u
si

n
g

10
it

er
at

io
n
s

of
li
m

it
ed

m
em

or
y

B
F

G
S

m
et

h
o
d

(L
-B

F
G

S
)

(L
iu

an
d

N
o
ce

d
al

,
19

89
).

In
F

ig
u
re

1(
a)

,
w

e
co

m
p
ar

e
th

e
re

su
lt

s
w

it
h

gr
ad

ie
n
t

d
es

ce
n
t

b
a
se

d
op

ti
m

iz
at

io
n

ap
p
ro

ac
h
es

,
w

h
er

e
w

e
ob

se
rv

e
th

at
E

-M
S
A

h
as

fa
vo

ra
b
le

co
n
ve

rg
en

ce
ra

te
p

er
-i

te
ra

ti
on

.
M

or
e

in
te

re
st

in
gl

y,
it

is
w

el
l-

k
n
ow

n
th

at
gr

ad
ie

n
t

d
es

ce
n
t

m
ay

su
ff

er
sl

ow
co

n
ve

rg
en

ce
at

fl
at

re
gi

on
s

or
n
ea

r
sa

d
d
le

-p
oi

n
ts

,
w

h
er

e
th

e
gr

ad
ie

n
ts

b
ec

om
e

ve
ry

sm
al

l
an

d
op

ti
m

iz
at

io
n

m
ay

st
al

l
fo

r
a

lo
n
g

ti
m

e.
T

h
is

of
te

n
o
cc

u
rs

as
a

re
su

lt
of

p
o
or

in
it

ia
li
za

ti
on

of
w

ei
gh

ts
an

d
b
ia

se
s

(S
u
ts

ke
ve

r
et

al
.,

20
13

).
H

er
e,

w
e

si
m

u
la

te
th

is
sc

en
ar

io
b
y

in
it

ia
li
zi

n
g

al
l

w
ei

gh
ts

an
d

b
ia

se
s

(W
t,
b t

)
to

b
e

0
an

d
ob

se
rv

e
th

e
op

ti
m

iz
at

io
n

p
ro

ce
ss

.
W

e
se

e
fr

om
F

ig
u
re

1(
b
)

th
at

gr
ad

ie
n
t

d
es

ce
n
t

b
as

ed
m

et
h
o
d
s

ar
e

m
or

e
ea

si
ly

st
al
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p
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at
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ra
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0.
1

an
d

b
ia

se
s

ar
e

in
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ra
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p
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d
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=
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+
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p
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n
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p
ro

je
ct

io
n

la
ye

rs
at

th
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p
u
t

(c
on

si
st

in
g

of
co

n
vo

lu
ti

on
,

p
oi

n
t-

w
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P
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c
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b
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p
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p
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b
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w
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w
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e

layers
th

rou
gh

th
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p
a
ram

eters
th

an
d
irectly

m
in

im
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p
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p
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m
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b
y

th
e

ru
n
n
in

g
tim

e.
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d
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w
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p
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.
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a
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is

m
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b
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d
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h
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p
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d
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w
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er’s

p
aram

eters
in

d
ep

en
d
en

t
of

oth
er

layers.
T

h
e

p
ro

p
agation

m
ay

also
p

oten
tially

b
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m
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m
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p
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m
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b
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m
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d
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p
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w
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b
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b
e

d
ev

el
op

ed
fo

r
E

-M
S
A

to
ou

t-
p

er
fo

rm
gr

ad
ie

n
t-

b
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d
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d
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d
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b
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b
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m
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b
e

u
se

d
to

p
er

fo
rm

th
is

.
A

ll
th

es
e

ar
e

w
or

th
y

of
fu

tu
re

ex
p
lo

ra
ti

on
in

or
d
er

to
m

ak
e

E
-M

S
A

tr
u
ly

co
m

p
et

it
iv

e.

N
ex

t,
w

e
p
u
t

ou
r

w
or

k
in

p
er

sp
ec

ti
v
e

b
y

d
is

cu
ss

in
g

re
la

te
d

w
or

k
in

th
e

op
ti

m
al

co
n
tr

o
l,

op
ti

m
iz

at
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p
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m
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ra
in

an
d

te
st

L
o
ss

v
s

ep
o
ch

.
(b

)
T

ra
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s
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at
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h
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slate
n
u
m

erical
algorith

m
s

for
th

e
P

M
P

in
to

tra
in

in
g

algorith
m

s
for

d
eep

learn
in

g
th

at
go

es
b

ey
on

d
grad

ien
t

d
escen

t.
T

h
e

trea
tm

en
t

o
f

m
ach

in
e

learn
in

g
as

fu
n
ction

ap
p
rox

im
ation

v
ia

a
d
y
n
am

ical
sy

stem
h
as

b
een

p
resen

ted
in

E
(2017).

T
h
e

recen
t

w
ork

of
H

ab
er

an
d

R
u
th

otto
(2017);

C
h
a
n
g

et
al.

(2017)
a
lso

p
ro

p
o
se

th
e

d
y
n
am

ical
sy

stem
s

v
iew

p
oin

t,
an

d
th

e
a
u
th

ors
u
sed

con
tin

u
ou

s-tim
e

to
ols

to
a
d
d
ress

sta
b
ility

issu
es.

In
con

trast,
ou

r
w

ork
fo

cu
ses

on
th

e
op

tim
izatio

n
asp

ects
cen

-
tered

a
ro

u
n
d

th
e

P
M

P
.

W
e

also
m

en
tion

oth
er

recen
t

ap
p
roach

es
to

d
ecou

p
le

op
tim

ization
in

d
eep

n
eu

ra
l
n
etw

ork
s,

su
ch

as
sy

n
th

etic
grad

ien
ts

(J
ad

erb
erg

et
al.,

2016
;
C

zarn
eck

i
et

al.,
2
0
1
7
)

a
n
d

p
rox

im
al

b
ack

-p
rop

agation
(F

rerix
et

al.,
2017).

7
.
C
o
n
clu

sio
n
a
n
d
O
u
tlo

o
k

In
th

is
p
a
p

er,
w

e
d
iscu

ss
th

e
v
iew

p
oin

t
th

at
d
eep

resid
u
al

n
eu

ral
n
etw

ork
s

can
b

e
v
iew

ed
as

d
iscretiza

tio
n

o
f

a
con

tin
u
ou

s-tim
e

d
y
n
am

ical
sy

stem
,

an
d

h
en

ce
su

p
erv

ised
d
eep

learn
in

g
ca

n
b

e
reg

a
rd

ed
as

solv
in

g
an

op
tim

al
con

trol
p
rob

lem
in

con
tin

u
ou

s
tim

e.
W

e
ex

p
lore

a
co

n
crete

co
n
seq

u
en

ce
of

th
is

con
n
ection

,
b
y

m
o
d
ify

in
g

th
e

classical
m

eth
o
d

of
su

ccessive
a
p
p
rox

im
a
tio

n
s

for
solv

in
g

op
tim

al
con

trol
p
rob

lem
s

(in
p
articu

lar
th

e
P

M
P

)
in

to
a

m
eth

o
d

fo
r

so
lv

in
g

a
w

eaker
su

ffi
cien

t
con

d
ition

(ex
ten

d
ed

P
M

P
).

W
e

p
rove

th
e

con
vergen

ce
of

th
e

resu
ltin

g
a
lg

o
rith

m
(E

-M
S
A

)
an

d
test

it
on

variou
s

b
en

ch
m

ark
p
ro

b
lem

s,
w

h
ere

w
e

ob
serve

th
a
t

th
e

E
-M

S
A

algorith
m

p
erform

s
favorab

ly
on

a
p

er-iteration
b
asis,

esp
ecially

at
early

sta
g
es

o
f

train
in

g,
com

p
ared

w
ith

grad
ien

t-b
ased

ap
p
roach

es
su

ch
as

S
G

D
,

A
d
ag

rad
an

d
A

d
a
m

.

T
h
ere

a
re

m
an

y
aven

u
es

of
fu

tu
re

research
.

O
n

th
e

algorith
m

ic
sid

e,
it

is
n
ecessary

to
fu

rth
er

im
p
rov

e
th

e
com

p
u
tation

al
effi

cien
cy

of
th

e
E

-M
S
A

,
in

p
articu

lar
th

e
H

am
ilton

ian
m

ax
im

izatio
n

step
.

M
oreover,

ad
ap

tiv
e

selection
of
ρ

d
ep

en
d
in

g
on

iteration
n
u
m

b
er

an
d
/or

layer
ca

n
b

e
ex

p
lored

,
e.g.

b
y

d
esign

in
g

ad
ap

tive
tu

n
in

g
sch

em
es

u
sin

g
con

trol
th

eoretic
to

o
ls

(L
i

et
a
l.,

2017).
A

lso,
it

is
d
esirab

le
to

fo
rm

u
late

an
d

an
aly

ze
th

e
P

M
P

a
n
d

E
-M

S
A

fro
m

a
d
iscrete-tim

e
p

ersp
ective

in
ord

er
to

b
road

en
th

e
m

eth
o
d
’s

ap
p
lication

.
F

rom
a

m
o
d
elin

g
p

ersp
ective,

v
iew

in
g

d
eep

n
eu

ral
n
etw

ork
s

as
con

tin
u
ou

s-tim
e

d
y
n
am

ical
sy

stem
s

is
u
sefu

l
in

th
e

sen
se

th
at

it
allow

s
on

e
to

th
in

k
of

n
eu

ral
n
etw

ork
arch

itectu
res

as
d
y
n
am

ical
o
b

jects.
In

d
eed

,
at

each
train

in
g

iteration
of

th
e

E
-M

S
A

,
w

e
d
o

n
o
t

h
av

e
to

u
se

th
e

sam
e

d
iscretiza

tio
n

sch
em

e
to

com
p
u
te

th
e

H
am

ilton
ian

d
y
n
am

ical
eq

u
ation

s.
A

lso
,

as
th

e
P

M
P

a
n
d

E
-M

S
A

a
ssu

m
e

little
stru

ctu
re

on
th

e
p
aram

eter
sp

ace
Θ

,
it

w
ill

also
b

e
in

terestin
g

to
a
p
p
ly

th
e

E
-M

S
A

to
train

n
eu

ral
n
etw

ork
s

th
a
t

h
ave

d
iscrete

w
eigh

ts
(e.g

.
th

ose
th

at
ca

n
o
n
ly

ta
ke

o
n

b
in

ary
valu

es).
S
u
ch

n
etw

ork
s

h
ave

th
e

ad
van

tage
of

fast
in

feren
ce

sp
eed

a
n
d

sm
a
ll

m
em

ory
req

u
irem

en
t.

H
ow

ever,
train

in
g

su
ch

n
etw

ork
s

is
a

ch
allen

ge
an

d
m

ost
ex

istin
g

tech
n
iq

u
es

rely
on

ap
p
rox

im
atin

g
or

th
resh

old
in

g
th

e
d
erivativ

es
(C

ou
rb

ariau
x

et
a
l.,

2
0
1
5
,

2
0
16).

W
ith

th
e

P
M

P
an

d
M

S
A

,
w

e
m

ay
b

e
ab

le
to

d
irectly

train
d
iscrete

n
etw

o
rk

s
in

a
p
rin

cip
led

w
ay.
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

w
ork

of
W

.
E

is
su

p
p

orted
in

p
art

b
y

M
a
jor

P
rogra

m
of

N
N

S
F

C
u
n
d
er

gran
t

91130005,
O

N
R

gran
t

N
00014-13-1-0338,

D
O

E
gran

ts
D

E
-S

C
0008626

a
n
d

D
E

-S
C

0009248
Q

.
L

i
is

su
p
p

orted
b
y

th
e

A
gen

cy
for

S
cien

ce,
T

ech
n
ology

an
d

R
esea

rch
,

S
in

gap
ore.

A
p
p
e
n
d
ix

A
.
F
u
n
ctio

n
S
p
a
ce

F
o
rm

u
la
tio

n

In
th

is
section

,
w

e
give

an
altern

ative,
n
on

-rigorou
s

form
u
lation

of
th

e
su

p
erv

ised
learn

in
g

p
rob

lem
as

an
op

tim
al

con
trol

p
rob

lem
on

fu
n
ction

sp
aces.

T
h
is

p
rov

id
es

an
altern

ative
form

u
lation

of
(con

tin
u
ou

s-tim
e)

d
eep

learn
in

g
th

at
d
o
es

n
ot

m
ake

referen
ce

to
a

sp
ecifi

c
set

of
in

p
u
t-ou

tp
u
ts,

b
u
t

rath
er

th
eir

con
d
ition

al
d
istrib

u
tion

s.
T

h
e

id
ea

is
to

con
sid

er
th

e
con

trol
of

a
con

tin
u
ity

eq
u
ation

th
at

d
escrib

es
th

e
evolu

tion
of

p
rob

ab
ility

d
en

sities.
H

ereafter,
w

e
p
ro

ceed
form

ally
b
y

assu
m

in
g

all
d
iff

eren
tiab

ility
an

d
in

tegrab
ility

con
d
ition

s
are

satisfi
ed

.

W
e

w
ou

ld
like

to
ap

p
rox

im
ate,

u
sin

g
a

d
y
n
am

ica
l

sy
stem

s
ap

p
roach

,
som

e
target

join
t

p
rob

ab
ility

d
en

sity
ρ
(x
,y

),
w

h
ere

x
∈
X
⊂

R
d

is
a

sam
p
le

in
p
u
t

an
d
y
∈
Y

is
th

e
corre-

sp
on

d
in

g
lab

el.
In

th
e

case
w

h
ere

th
e

lab
els

are
d
eterm

in
istically

d
eterm

in
ed

b
y

th
e

sam
p
les,

i.e.
th

ere
ex

ists
F

:X
→
Y

su
ch

th
at
y

=
F

(x
),

w
e

w
ou

ld
h
av

e
ρ
(x
,y

)
=
ρ
(x

)δ(F
(x

)−
y
).

H
ere,

ρ
(x

)
is

th
e

m
argin

al
d
en

sity
of
ρ
(x
,y

).
In

gen
eral,

w
e

can
w

rite
ρ
(x
,y

)
=
ρ
(y|x

)ρ
(x

).

A
s

b
efore,

th
e

id
ea

is
to

con
sid

er
p
assin

g
th

e
in

p
u
ts

th
rou

gh
a

d
y
n
am

ical
sy

stem

Ẋ
t

=
f

(t,X
t ,θ

t ),
X

0
=
x
.

(14)

W
e

b
egin

w
ith

a
gu

ess
of

a
con

d
ition

al
d
en

sity
ρ

0 (y|x
)

of
y

given
x

.
In

th
e

d
eterm

in
istic

case,
w

e
m

ay
set

ρ
0 (y|x

)
=
δ(y−

F
0 (x

))
for

som
e
F

0
:X
→
Y

(th
is

is
lik

e
th

e
last

layer
of

th
e

n
eu

ral
n
etw

ork
,

b
e

it
a

regressor
or

a
classifi

er).
N

ote
th

at
F

0
is

p
oten

tially
very

d
iff

eren
t

from
F

,
so

th
at
ρ

0 (·|x
)

is
far

from
ou

r
target

ρ
(·|x

).

T
o

im
p
rove

th
is

ap
p
rox

im
ation

,
w

e
d
rive

th
e

in
itial

con
d
ition

b
y

th
e

con
trollab

le
d
y
-

n
am

ical
sy

stem
(14).

T
h
at

is,
w

e
d
efi

n
e

th
e

ap
p
rox

im
ation

at
tim

e
t

of
ρ
(y|x

)
to

b
e

ρ
t (y|x

)
:=
〈ρ

0 (y|·),u
t 〉,

w
ith

u
t

d
en

otin
g

th
e

p
rob

ab
ility

d
en

sity
of
X
t

at
tim

e
t

(p
u
sh

-
forw

ard
d
istrib

u
tion

of
X
t

accord
in

g
to

(14)).
It

is
w

ell-k
n
ow

n
th

at
u
t

follow
s

th
e

con
tin

u
ity

eq
u
ation

,
or

L
iou

v
ille

eq
u
ation

(G
ib

b
s,

2
014);

or
forw

ard
K

olm
ogorov

eq
u
ation

in
sto

ch
astic

p
ro

cesses,
b
u
t

w
ith

zero
n
oise

(R
isken

,
1996),

dd
t u

t
=
−

d
iv

(f
(t,·,θ

t )u
t ),

u
0

=
δ
x ,

(15)

w
h
ere

d
iv
u

=
∑

i ∂
u
/∂
x
i

is
th

e
d
ivergen

ce
op

erator
a
n
d
δ
x (x
′)

=
δ(x
−
x
′)

is
a

p
oin

t-m
ass

at
x

.
W

e
sh

all
assu

m
e

th
at
u
t ∈
H
⊂
L

2(R
d)

for
som

e
fu

n
ction

sp
ace
H

,
for

all
t∈

(0,T
].

T
h
e

goal
n
ow

is
to

ad
ju

st
θ∈
U

so
th

at
ρ
t (·|x

)
is

close
to
ρ
(·|x

).
T

o
th

is
en

d
,

w
e

d
efi

n
e

a
d
iff

eren
tiab

le
loss

fu
n
ction

Φ
(ρ

1 ,ρ
2 )

th
at

m
easu

res
d
istan

ces
b

etw
een

tw
o

con
d
ition

al
d
en

sities
ρ

1 ,ρ
2

(e.g.,
L

2
loss,

K
-L

d
ivergen

ce).
T

h
en

,
th

e
learn

in
g

p
rob

lem
can

b
e

form
u
lated
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M
a
x
im

u
m

P
r
in
c
ip
l
e
B
a
se

d
A
l
g
o
r
it
h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

as
th

e
fo

ll
ow

in
g

op
ti

m
al

co
n
tr

ol
p
ro

b
le

m
:

m
in

θ
∈U

E x
∼
ρ

[ Φ
(ρ
t(
·|x

),
ρ
(·|
x

))
+

∫
T

0
L

(θ
t)
d
t] ,

d d
tu

t
=
−

d
iv

(f
(t
,·,
θ t

)u
t)
,

u
0

=
δ x
.

(1
6)

A
s

b
ef

or
e,
L

is
a

re
gu

la
ri

ze
r

on
th

e
tr

ai
n
ab

le
p
ar

am
et

er
s.

N
ow

,
(1

6)
is

an
op

ti
m

al
co

n
tr

ol
p
ro

b
le

m
on

th
e

fu
n
ct

io
n

sp
ac

e
H

.
W

e
n
ow

w
ri

te
d
ow

n
fo

rm
al

ly
a

se
t

of
n
ec

es
sa

ry
co

n
d
it

io
n
s

fo
r

op
ti

m
al

it
y,

in
th

e
fo

rm
of

th
e

P
on

tr
y
ag

in
’s

m
ax

im
u
m

p
ri

n
ci

p
le

,
fo

r
th

e
p
re

se
n
t

fu
n
ct

io
n
-s

p
ac

e
co

n
tr

ol
p
ro

b
le

m
(1

6)
.

D
efi

n
e

th
e

H
am

il
to

n
ia

n
fu

n
ct

io
n
al
H

:
[0
,T

]
×
H
×
H
×

Θ
→

R

H
(t
,u
,v
,θ

)
:=
−
〈v
,d

iv
(f

(t
,·,
θ)
u

)〉
−
L

(θ
)

=
−
∫ R

d

v
(x

)
d ∑ i=

1

∂ ∂
x
i
(f

(t
,x
,θ

)u
(x

))
d
x
−
L

(θ
).

T
h
en

,
th

e
P

on
tr

y
ag

in
’s

m
ax

im
u
m

p
ri

n
ci

p
le

fo
r

th
is

sy
st

em
is

ex
p

ec
te

d
to

ta
ke

th
e

fo
rm

:
le

t
θ∗
∈
U

b
e

an
op

ti
m

al
co

n
tr

ol
,

th
en

th
er

e
ex

is
ts

a
co

-s
ta

te
p
ro

ce
ss
v t
∈
H

su
ch

th
at

d d
tu
∗ t

=
D
v
H

(t
,u
∗ t,
v
∗ t,
θ∗ t

),
u
∗ 0

=
δ x
,

d d
tv
∗ t

=
−
D
u
H

(t
,u
∗ t,
v
∗ t,
θ∗ t

),
v
∗ T

=
−
D
u
Φ

(〈
ρ

0
,u
∗ T
〉,
ρ
(·|
x

))

E x
∼
ρ
H

(t
,u
∗ t,
v
∗ t,
θ∗ t

)
≥

E x
∼
ρ
H

(t
,u
∗ t,
v
∗ t,
θ)
,

θ
∈

Θ
,t
∈

[0
,T

],

w
h
er

e
D

d
en

ot
es

th
e

u
su

al
F

ré
ch

et
d
er

iv
at

iv
e.

N
ot

e
th

at
b
y

d
efi

n
it

io
n
,

w
e

h
av

e
D
v
H

=
−

d
iv

(f
u

)
an

d
D
u
H

=
f
·∇

x
v
.

O
b
se

rv
e

th
a
t

th
e

co
-s

ta
te
v
∗

sa
ti

sfi
es

th
e

(t
im

e-
re

ve
rs

ed
)

ad
jo

in
t

L
io

u
v
il
le

’s
eq

u
at

io
n

w
it

h
a

sp
ec

ifi
ed

te
rm

in
al

co
n
d
it

io
n
.

T
h
e

P
M

P
fo

r
si

m
il
ar

fu
n
c-

ti
on

al
op

ti
m

al
co

n
tr

ol
p
ro

b
le

m
s

h
as

b
ee

n
st

u
d
ie

d
in

,
am

on
g

ot
h
er

s,
P

og
o
d
ae

v
(2

01
6)

;
R

oy
an

d
B

or
z

(2
01

7)
,

al
b

ei
t

w
it

h
ou

t
th

e
ex

p
ec

ta
ti

on
ov

er
in

it
ia

l
d
en

si
ty

.
In

su
m

m
ar

y,
th

e
ad

va
n
ta

ge
of

th
is

fo
rm

u
la

ti
on

is
th

at
w

e
m

ak
e

n
o

ex
p
li
ci

t
re

fe
re

n
ce

to
th

e
tr

ai
n
in

g
d
at

a
or

ta
rg

et
fu

n
ct

io
n
s

an
d

fo
rm

u
la

te
th

e
en

ti
re

p
ro

b
le

m
as

a
co

n
tr

o
l

p
ro

b
le

m
on

p
ro

b
ab

il
it

y
d
en

si
ti

es
.

O
f

co
u
rs

e,
in

p
ra

ct
ic

e,
to

im
p
le

m
en

t
an

M
S
A

-l
ik

e
al

go
ri

th
m

,
th

e
te

rm
in

al
co

n
d
it

io
n

of
th

e
co

-s
ta

te
w

il
l

d
ep

en
d

on
th

e
ta

rg
et

jo
in

t
d
en

si
ty

,
w

h
ic

h
w

e
ca

n
on

ly
ac

ce
ss

th
ro

u
gh

th
e

sa
m

p
le

d
d
at

a.
A

ri
go

ro
u
s

an
al

y
si

s
of

th
is

fu
n
ct

io
n

sp
a
ce

co
n
tr

ol
fo

rm
u
la

ti
on

an
d

it
s

co
n
se

q
u
en

ce
s

w
il
l

b
e

ex
p
lo

re
d

in
fu

tu
re

w
or

k
.

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
L
e
m
m
a
2

F
ir

st
,

ob
se

rv
e

th
at

as
su

m
p
ti

on
s

(A
1)

-(
A

2)
in

th
e

m
ai

n
te

x
t

im
p
li
es

th
at

th
e

se
co

n
d

d
er

iv
a-

ti
ve

s
of
f

an
d

Φ
ar

e
b

ou
n
d
ed

b
y
K

.
P

ro
v
id

ed
th

at
P
θ t

is
b

ou
n
d
ed

,
th

ey
al

so
im

p
ly

th
a
t

th
e

se
co

n
d

d
er

iv
at

iv
es

of
H

w
it

h
re

sp
ec

t
to
x

an
d
p

ar
e

b
ou

n
d
ed

w
h
en

ev
al

u
at

ed
on

X
θ t
,P

θ t
,θ
t.

W
e

fi
rs

t
es

ta
b
li
sh

th
e

b
ou

n
d
ed

n
es

s
of
P
θ t
.

L
e
m
m
a
6

A
ss

u
m

e
th

a
t

(A
1
)-

(A
2
)

h
o
ld

.
T

h
en

,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
K
′
>

0
su

ch
th

a
t

fo
r

a
n

y
θ,

‖P
θ t
‖
≤
K
′ ,
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

fo
r

a
ll
t
∈

[0
,T

].

P
ro

o
f

U
si

n
g

(7
)

an
d

se
tt

in
g
τ

:=
T
−
t,
P̃
θ τ

:=
P
θ T
−
τ

w
e

ge
t

˙̃ P
θ τ

=
P̃
θ τ
·∇

x
f

(t
,X

θ T
−
τ
,T
−
τ
),

P̃
θ 0

=
−
∇

Φ
(X

θ T
).

U
si

n
g

(A
1)

-(
A

2)
,

w
e

h
av

e
‖P

θ T
‖

=
‖∇

x
Φ

(X
θ T
)‖
≤
K

a
n
d
‖∇

x
f

(t
,X

θ t
,θ
t)
‖ 2
≤
K

.
H

en
ce

,

‖
˙̃ P
θ τ
‖
≤
K
‖P̃

θ τ
‖,

an
d

b
y

G
ro

n
w

al
l’
s

in
eq

u
al

it
y,

‖P̃
θ τ
‖
≤
K
eK

T
=

:
K
′ .

T
h
is

p
ro

v
es

th
e

cl
ai

m
si

n
ce

it
h
ol

d
s

fo
r

an
y
τ
.

W
e

n
ow

p
ro

ve
L

em
m

a
2.

T
h
e

ap
p
ro

a
ch

h
er

e
is

si
m

il
ar

to
th

at
em

p
lo

ye
d

in
R

o
zo

n
o
er

(1
95

9)
.

P
ro

o
f

[P
ro

of
of

L
em

m
a

2]
F

ro
m

(6
)

an
d

th
e

d
efi

n
it

io
n

of
th

e
H

am
il
to

n
ia

n
,

w
e

h
av

e
fo

r
a
n
y

θ
∈
U,

I
(X

θ
,P

θ
,θ

)
:=

∫
T

0
P
θ t
·Ẋ

θ t
−
H

(t
,X

θ t
,P

θ t
,θ
t)
−
L

(θ
t)
d
t
≡

0
.

D
en

ot
e
δX

t
=
X
φ t
−
X
θ t

an
d
δP

t
=
P
φ t
−
P
θ t
,

th
en

w
e

h
av

e

0
≡
I
(X

φ
,P

φ
,φ

)
−
I
(X

θ
,P

θ
,θ

)

=

∫
T

0
P
θ t
·δ
Ẋ
t
+
δP

t
·Ẋ

θ t
+
δP

t
·δ
Ẋ
td
t

−
∫
T

0
H

(t
,X

φ t
,P

φ t
,φ

t)
−
H

(t
,X

θ t
,P

θ t
,θ
t)
d
t

−
∫
T

0
L

(φ
t)
−
L

(θ
t)
d
t.

(1
7
)

N
ow

,
b
y

in
te

gr
at

io
n

b
y

p
ar

ts

∫
T

0
P
θ t
·δ
Ẋ
td
t

=
P
θ t
·δ
X
t∣ ∣ ∣T 0
−
∫
T

0
Ṗ
θ t
·δ
X
td
t,

(1
8
)

∫
T

0
δP

t
·δ
Ẋ
td
t

=
δP

t
·δ
X
t∣ ∣ ∣T 0
−
∫
T

0
δṖ

t
·δ
X
td
t.

(1
9
)

U
si

n
g

(6
),

(7
)

an
d

(1
8)

,
w

e
h
av

e

∫
T

0
P
θ t
·δ
Ẋ
t
+
δP

t
·Ẋ

θ t
d
t

=
P
θ t
·δ
X
t∣ ∣ ∣T 0

+

∫
T

0

( f
(t
,X

θ t
;θ
t)
·δ
P

+
∇
x
H

(t
,X

θ t
,P

θ t
,θ
t)
·δ
X
) d
t

=
P
θ t
·δ
X
t∣ ∣ ∣T 0

+

∫
T

0

( ∇
z
H

(t
,Z

θ t
,θ
t)
·δ
Z
) d
t.

(2
0
)
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h
m
s
f
o
r
D
e
e
p
L
e
a
r
n
in
g

w
h
ere

in
th

e
la

st
lin

e
w

e
d
efi

n
ed

Z
θ

:=
(X

θ,P
θ).

S
im

ilarly,
from

(19
)

w
e

get

∫
T

0
δP

t ·
δẊ

t d
t

=
12

∫
T

0
δP

t ·
δẊ

t d
t

+
12

∫
T

0
δP

t ·δẊ
t d
t

=
12
δP

t ·δX
t ∣∣∣ T0

+
12

∫
T

0

(
[∇

z H
(t,Z

φt
,φ

t )−
∇
z H

(t,Z
θt ,θ

t )]·
δZ

t )
d
t

=
12
δP

t ·δX
t ∣∣∣ T0

+
12

∫
T

0
[∇

z H
(t,Z

θt ,φ
t )−
∇
z H

(t,Z
θt ,θ

t )]·δZ
t d
t

+
12

∫
T

0
δZ

t ·∇
2z H

(t,Z
θt

+
r

1 (t)δZ
t ,φ

t )·
δZ

t d
t.

(21)

w
h
ere

w
e

h
ave

u
sed

T
ay

lor’s
th

eorem
in

th
e

last
step

w
ith

r
1 (t)∈

[0,1].
W

e
n
ow

rew
rite

th
e

b
o
u
n
d
a
ry

term
s.

S
in

ce
δX

0
=

0,
w

e
h
ave

(P
θt

+
12
δP

t )·
δX

t ∣∣∣ T0
=

(P
θT

+
12
δP

T
)·
δX

T

=
−
∇

Φ
(X

θT
)·δX

T
−

12
(∇

Φ
(X

φT
)−
∇

Φ
(X

θT
))·

δX
T

=
−
∇

Φ
(X

θT
)·δX

T
−

12
δX

T
·∇

2Φ
(X

θT
+
r

2 δX
T

)·δX
T

=
−

(Φ
(X

φT
)−

Φ
(X

θT
))−

12
δX

T
·(∇

2Φ
(X

θT
+
r

2 δX
T

)
+
∇

2Φ
(X

θT
+
r

3 δX
T

))·
δX

T
,

(22)

fo
r

so
m

e
r

2 ,r
3 ∈

[0,1].
L

astly,
for

each
t∈

[0,T
]

w
e

h
ave

H
(t,Z

φt
,φ

t )−
H

(t,Z
θt ,θ

t )
=
H

(t,Z
θt ,φ

t )−
H

(t,Z
θt ,θ

t )

+
∇
z H

(t,Z
θt ,φ

t )·
δZ

t

+
12
δZ

t ·∇
2z H

(t,Z
θt

+
r

4 (t)δZ
t ,φ

t )·
δZ

t ,
(23)

w
h
ere

r
4 (t)∈

[0,1].
S
u
b
stitu

tin
g

(20),
(21),

(22),
(23)

in
to

(1
7),

w
e

ob
tain

[
Φ

(X
φT
)

+

∫
T

0
L

(φ
t ) ]−

[
Φ

(X
θT
)

+

∫
T

0
L

(θ
t ) ]

=
12
δX

T
·(∇

2Φ
(X

θT
+
r

2 δX
T

)
+
∇

2Φ
(X

θT
+
r

3 δX
T

))·
δX

T

−
∫
T

0
∆
H
φ
,θ (t)d

t

+
12

∫
T

0
(∇

z H
(t,Z

θt ,φ
t )−
∇
z H

(t,Z
θt ,θ

t ))·δZ
t d
t

+
12

∫
T

0

(
δZ

t ·[∇
2z H

(t,Z
θt

+
r

1 (t)δZ
t ,φ

t )−
∇

2z H
(t,Z

θt
+
r

4 (t)δZ
t ,φ

t )]·δZ
t )
d
t.

(24)
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L
i,
C
h
e
n
,
T
a
i
a
n
d

E

T
h
e

left
h
an

d
sid

e
is

sim
p
ly
J

(φ
)−

J
(θ),

an
d

so
it

rem
ain

s
to

estim
ate

th
e

righ
t

h
an

d
sid

e
term

s.
F

irst,
let

u
s

estim
ate

δX
an

d
δP

.
B

y
d
efi

n
ition

,

δẊ
t

=
f

(t,X
φt
,φ

t )−
f

(t,X
θt ,θ

t ).

In
tegratin

g,
w

e
get

δX
t

=

∫
t

0
f

(t,X
φs
,φ

s )−
f

(t,X
θs ,θ

s )d
s,

an
d

so

‖
δX

t ‖
≤
∫
t

0
‖
f

(t,X
φs
,φ

s )−
f

(t,X
θs ,θ

s )‖d
s

≤
∫
t

0
‖
f

(t,X
φs
,φ

s )−
f

(t,X
θs ,φ

s )‖d
s

+

∫
t

0
‖
f

(t,X
θs ,φ

s )−
f

(t,X
θs ,θ

s )‖d
s

≤
∫
T

0
‖
f

(t,X
θs ,φ

s )−
f

(t,X
θs ,θ

s )‖
d
s

+
K

∫
t

0
‖δX

s ‖d
t.

(25)

B
y

G
ron

w
all’s

in
eq

u
ality,

w
e

h
ave

‖δX
t ‖
≤
e
K
T ∫

T

0
‖
f

(t,X
θs ,φ

s )−
f

(t,X
θs ,θ

s )‖d
s.

(26)

T
o

estim
ate

δP
,

w
e

u
se

th
e

sam
e

su
b
stitu

tion
as

in
L

em
m

a
6

w
ith

τ
=
T
−
t

an
d
·̃τ

=
·T−

t .
W

e
get

δP̃
τ

=
δP̃

0
+

∫
τ

0
∇
x H

(t,X̃
φs
,P̃

φs
,φ̃

s )−
∇
x H

(t,X̃
θs ,P̃

θs ,θ̃
s )d

s,

an
d

h
en

ce
u
sin

g
L

em
m

a
6

an
d

assu
m

p
tion

s
(A

1)-(A
2),

‖δP̃
τ ‖
≤
‖δP̃

0 ‖
+

∫
τ

0
‖∇

x H
(t,X̃

φs
,P̃

φs
,φ̃

s )−
∇
x H

(t,X̃
θs ,P̃

θs ,θ̃
s )‖
d
s

≤
K
‖
δX

T ‖
+
K
K
′ ∫

T

0
‖δX

s ‖d
s

+
K

∫
τ

0
‖δP̃

s ‖
d
s

+

∫
T

0
‖∇

x H
(t,X

θs ,P
θs ,φ

s )−
∇
x H

(t,X
θs ,P

θs ,θ
s )‖
d
s

≤
e
K
T
K

(‖
δX

T ‖
+
K
′ ∫

T

0
‖δX

s ‖
d
s)

+
e
K
T ∫

T

0
‖∇

x H
(t,X

θs ,P
θs ,φ

s )−
∇
x H

(t,X
θs ,P

θs ,θ
s )‖
d
s.

(27)
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e
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n
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g

U
si

n
g

es
ti

m
at

e
(2

6)
,

w
e

ob
ta

in

‖δ
P
t‖
≤
e2
K
T
K

(1
+
K
′ T

)

∫
T

0
‖f

(t
,X

θ s
,φ

s
)
−
f

(t
,X

θ s
,θ
s
)‖
d
s

+
eK

T

∫
T

0
‖∇

x
H

(t
,X

θ s
,P

θ s
,φ

s
)
−
∇
x
H

(t
,X

θ s
,P

θ s
,θ
s
)‖
d
s.

(2
8)

N
ow

,
w

e
su

b
st

it
u
te

es
ti

m
at

es
(2

6)
an

d
(2

8)
in

to
(2

4)
an

d
re

n
am

e
co

n
st

an
ts

fo
r

si
m

p
li
ci

ty
.

N
ot

e
th

at
b
y

as
su

m
p
ti

on
s

(A
1)

-(
A

2)
an

d
L

em
m

a
6,

al
l

th
e

se
co

n
d

d
er

iv
at

iv
e

te
rm

s
ar

e
b

ou
n
d
ed

el
em

en
t-

w
is

e
b
y

so
m

e
co

n
st

an
t
K
′′ .

H
en

ce
,

w
e

h
av

e
|δZ

t
·A
·δ
Z
t|
≤
K
′′ ‖
δZ
‖2

fo
r

ea
ch

A
b

ei
n
g

a
se

co
n
d

d
er

iv
at

iv
e

m
at

ri
x
.

T
h
u
s

w
e

ob
ta

in

J
(φ

)
−
J

(θ
)
≤
−
∫
T

0
∆
H
φ
,θ

(t
)d
t

+
1 2
K
′′ ‖
δX

T
‖2

+
K
′′
∫
T

0
(‖
δX

t‖
2

+
‖δ
P
t‖

2
)d
t

+
1 2

∫
T

0
‖δ
X
t‖
‖f

(t
,X

θ t
,φ

t)
−
f

(t
,X

θ t
,θ
t)
‖d
t

+
1 2

∫
T

0
‖δ
P
t‖
‖∇

x
H

(t
,X

θ t
,P

θ t
,φ

t)
−
∇
x
H

(t
,X

θ t
,P

θ t
,θ
t)
‖d
t

≤
−
∫
T

0
∆
H
φ
,θ

(t
)d
t

+
C

( ∫
T

0
‖f

(t
,X

θ t
,φ

t)
−
f

(t
,X

θ t
,θ
t)
‖d
t) 2

+
C

( ∫
T

0
‖∇

x
H

(t
,X

θ t
,P

θ t
,φ

t)
−
∇
x
H

(t
,X

θ t
,P

θ t
,θ
t)
‖2
d
t) 2

(2
9)

≤
−
∫
T

0
∆
H
φ
,θ

(t
)d
t

+
C

∫
T

0
‖f

(t
,X

θ t
,φ

t)
−
f

(t
,X

θ t
,θ
t)
‖2
d
t

+
C

∫
T

0
‖∇

x
H

(t
,X

θ t
,P

θ t
,φ

t)
−
∇
x
H

(t
,X

θ t
,P

θ t
,θ
t)
‖2
d
t.

R
e
m
a
rk

7
F

o
r

a
p
p
li

ca
ti

o
n

s,
th

e
gl

o
ba

l
L

ip
sc

h
it

z
co

n
d
it

io
n

(A
2
)

w
.r

.t
.
x

o
n
f

m
a
y

be
re

st
ri

ct
iv

e.
N

o
te

th
a
t

th
is

ca
n

be
re

p
la

ce
d

by
a

lo
ca

l
L

ip
sc

h
it

z
co

n
d
it

io
n

if
w

e
ca

n
sh

o
w

th
a
t

X
t,
t
∈

[0
,T

]
is

bo
u

n
d
ed

fo
r

a
ll
θ
∈
U.

T
h
is

is
tr

u
e

if
th

e
pa

ra
m

et
er

sp
a
ce

Θ
is

bo
u

n
d
ed

,
w

h
ic

h
w

e
ca

n
sa

fe
ly

a
ss

u
m

e
in

p
ra
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ic

e,
a
s

lo
n

g
a
s

a
su
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a
bl

e
re

gu
la

ri
za

ti
o
n

is
u

se
d
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a
t

p
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n
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e
pa

ra
m
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ti
on

al
co

st
of

th
e

d
eb

ia
si

n
g

st
ep

(S
3

),
w

e
ca

n
ta

ke
a

re
st

ri
ct

ed
N

ew
to

n
st

ep
or

a
re

st
ri

ct
ed

gr
ad

ie
n
t

d
es

ce
n
t

st
ep

to
ca

lc
u
la

te
x

(t
) .

W
e

cl
os

e
th

is
se

ct
io

n
b
y

p
oi

n
ti

n
g

ou
t

th
at

,
in

th
e

sp
ec

ia
l

ca
se

w
h
er

e
th

e
sq

u
a
re

s
er

ro
r

f
(x

)
=

1 2
‖y
−
A
x
‖2

is
th

e
co

st
fu

n
ct

io
n
,

G
ra

H
T

P
re

d
u
ce

s
to

H
T

P
(F

ou
ca

rt
,

2
0
1
1
).

S
p

ec
ifi

-

ca
ll
y,

th
e

gr
ad

ie
n
t

d
es

ce
n
t

st
ep

(S
1

)
re

d
u
ce

s
to
x̃

(t
)

=
x

(t
−

1
)
+
η
A
>

(y
−
A
x

(t
−

1
) )

a
n
d

th
e

d
e-

b
ia

si
n
g

st
ep

(S
3

)
re

d
u
ce

s
to

th
e

or
th

og
on

al
p
ro

je
ct

io
n
x

(t
)

=
ar

g
m

in
{1 2
‖y
−
A
x
‖2
,s

u
p
p
(x

)
⊆

F
(t

) }
.

In
th

e
m

ea
n
w

h
il
e,

F
G

ra
H

T
P

re
d
u
ce

s
to

IH
T

(B
lu

m
en

sa
th

&
D

av
ie

s,
2
0
0
9
),

w
h
ic

h
is

al
so

k
n
ow

n
as

G
ra

d
ie

n
t

D
es

ce
n
t

w
it

h
S
p
ar

si
fi
ca

ti
on

(G
ar

g
&

K
h
an

d
ek

ar
,

2
0
0
9
),

o
f

w
h
ic

h
th

e
it

er
at

io
n

is
d
efi

n
ed

as
x

(t
)

=
(x

(t
−

1
)

+
η
A
>

(y
−
A
x

(t
−

1
) )

) k
.

A
lg

o
ri

th
m

1
:

G
ra

d
ie

n
t

H
ar

d
T

h
re

sh
ol

d
in

g
P

u
rs

u
it

(G
ra

H
T

P
).

In
it

ia
li
z
a
ti

o
n

:
x

(0
)

w
it

h
‖x

(0
) ‖

0
≤
k

(t
yp

ic
a
ll

y
x

(0
)

=
0)

,
t

=
1.

O
u

tp
u

t:
x

(t
) .

re
p

e
a
t

(S
1

)
C

om
p
u
te
x̃

(t
)

=
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) )

;
(S

2
)

L
et
F

(t
)

=
su

p
p
(x̃

(t
) ,
k
)

b
e

th
e

in
d
ic

es
of
x̃

(t
)

w
it

h
th

e
la

rg
es

t
k

a
b
so

lu
te

va
lu

es
;

(S
3

)
C

om
p
u
te
x

(t
)

=
ar

g
m

in
{f

(x
);

su
p
p
(x

)
⊆
F

(t
) }

;
t

=
t

+
1;

u
n
ti

l
h
a
lt

in
g

co
n

d
it

io
n

h
o
ld

s;
—

—
—

—
—

—
—

—
—

—
—

—
—

—
F

F
a
st

G
ra

H
T

P
F

—
—

—
—

—
—

—
—

—
—

—
—

—
—

–
re

p
e
a
t

C
om

p
u
te
x̃

(t
)

=
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) )

;

C
om

p
u
te
x

(t
)

=
x̃

(t
)

k
as

th
e

tr
u
n
ca

ti
on

of
x̃

(t
)

w
it

h
to

p
k

(i
n

m
ag

n
it

u
d
e)

en
tr

ie
s

p
re

se
rv

ed
;

t
=
t

+
1;

u
n
ti

l
h
a
lt

in
g

co
n

d
it

io
n

h
o
ld

s;

3
.
P
a
ra

m
e
te
r
E
st
im

a
ti
o
n
A
n
a
ly
si
s

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

th
e

p
ar

am
et

er
es

ti
m

at
io

n
ac

cu
ra

cy
of

G
ra

H
T

P
/
F

G
ra

H
T

P
.

T
o

si
m

p
li
fy

n
ot

at
io

n
,

w
e

ab
b
re

v
ia

te
∇
F
f

=
(∇
f

) F
an

d
∇
s
f

=
(∇
f

) s
.

O
u
r

an
a
ly

si
s

re
li
es

o
n

th
e

co
n
d
it

io
n
s

of
R

es
tr

ic
te

d
S
tr

on
g

C
on

ve
x
it

y
/S

m
o
ot

h
n
es

s
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S
C
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S
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h
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h
a
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n
v
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-

6
JM

L
R

 1
8(

16
6)

:1
-4

3,
 2

01
8



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

tio
n
a
lly

u
sed

in
th

e
an

aly
sis

of
greed

y
sp

arse
op

tim
ization

m
eth

o
d
s

(S
h
alev

-S
h
w

artz
et

al.,
2
0
1
0
;

B
a
h
m

a
n
i

et
al.,

2013;
J
ain

et
al.,

2014).

D
e
fi

n
itio

n
1

(R
e
stric

te
d

S
tro

n
g

C
o
n
v
e
x
ity

/
S

m
o
o
th

n
e
ss)

F
o
r

a
n

y
in

teger
s
>

0,
w

e
sa

y
f

(x
)

is
restricted

m
s -stro

n
gly

co
n

vex
a
n

d
M
s -sm

oo
th

if
th

ere
exist

m
s ,M

s
>

0
su

ch
th

a
t

m
s

2
‖
x
−
y‖

2≤
f

(x
)−

f
(y

)−
〈∇
f

(y
),x
−
y〉≤

M
s

2
‖
x
−
y‖

2,
∀‖x
−
y‖

0 ≤
s.

(2)

T
h
e

ra
tio

n
u
m

b
er
M
s /m

s ,
w

h
ich

m
easu

res
th

e
cu

rvatu
re

of
th

e
loss

fu
n
ction

over
sp

arse
su

b
sp

a
ces,

w
ill

b
e

referred
to

as
restricted

stro
n

g
co

n
d
itio

n
n

u
m

ber
in

th
is

article.

3
.1

M
a
in

R
e
su

lts

T
h
e

fo
llow

in
g

th
eorem

is
ou

r
m

ain
resu

lt
on

th
e

p
aram

eter
estim

ation
accu

ra
cy

of
G

raH
T

P
a
n
d

F
G

ra
H

T
P

w
ith

resp
ect

to
arb

itrary
k
-sp

arse
target

solu
tion

s.
A

p
ro

o
f

of
th

is
th

eorem
is

p
rov

id
ed

in
A

p
p

en
d
ix

B
.1.

T
h

e
o
re

m
2

A
ssu

m
e

th
a
t
f

is
M

3
k -sm

oo
th

a
n

d
m

3
k -stro

n
gly

co
n

vex.
L

et
x̄

be
a
n

a
rbitra

ry

k
-spa

rse
vecto

r
a
n

d
ρ

=
√

1−
2η
m

3
k

+
η

2M
23
k .

(a
)

A
ssu

m
e

th
a
t
M

3
k /m

3
k
<

2 √
3
/3

a
n

d
th

e
step

-size
η

is
ch

o
sen

su
ch

th
a
t
ρ
<

0
.5

.
T

h
en

G
ra

H
T

P
o
u

tp
u

ts
x

(t)
sa

tisfyin
g

‖
x

(t)−
x̄‖
≤
µ
t1 ‖
x

(0
)−

x̄‖
+

2.83
η √

k

1−
2
ρ
‖∇

f
(x̄

)‖∞
,

w
h
ere

µ
1

=
ρ
/(1−

ρ
)∈

(0,1).

(b)
A

ssu
m

e
th

a
t
M

3
k /m

3
k
<

1
.26

a
n

d
th

e
step

-size
η

is
ch

o
sen

su
ch

th
a
t
ρ
<

0
.62.

T
h
en

F
G

ra
H

T
P

o
u

tp
u

ts
x

(t)
sa

tisfyin
g

‖
x

(t)−
x̄‖
≤
µ
t2 ‖x

(0
)−

x̄‖
+

2.81η √
k

1−
1
.62ρ ‖∇

f
(x̄

)‖∞
,

w
h
ere

µ
2

=
1.62ρ

∈
(0,1).

In
th

e
p
a
rt

(a
)

of
T

h
eorem

2,
th

e
con

traction
factor

µ
1
<

1
con

trols
th

e
con

vergen
ce

rate
o
f

G
ra

H
T

P
.

T
h
e

con
d
ition

ρ
<

0
.5

req
u
ires

th
e

step
-size

to
b

e
selected

acco
rd

in
g

to

2m
3
k −

√
4
m

23
k −

3
M

23
k

2
M

23
k

<
η
<

2m
3
k

+
√

4
m

23
k −

3
M

23
k

2
M

23
k

,
(3)

fro
m

w
h
ich

w
e

can
see

th
at
M

3
k /m

3
k
<

2 √
3
/3

is
a

n
ecessary

con
d
ition

to
gu

aran
tee

th
e

ex
isten

ce
o
f
η

su
ch

th
at

ρ
<

0
.5

an
d
µ

1
<

1.
T

h
e

con
d
ition

of
ρ
<

0
.5

is
an

alog
ou

s
to

th
e

R
IP

co
n
d
ition

for
estim

ation
from

n
oisy

m
ea

su
rem

en
ts

in
com

p
ressed

sen
sin

g
(C

an
d
ès

et
a
l.,

2
0
0
6;

N
eed

ell
&

T
rop

p
,
2009;

F
ou

cart,
2011).

In
d
eed

,
in

com
p
ressed

sen
sin

g
,
G

raH
T

P
red

u
ces

to
H

T
P

w
h
ich

req
u
ires

w
eaker

R
IP

con
d
ition

th
an

p
rior

com
p
ressed

sen
sin

g
algo-

rith
m

s.
T

h
e

con
d
ition

in
(3)

also
su

ggests
th

at
th

e
valu

e
of
η

sh
ou

ld
b

e
b

ou
n
d
ed

from
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n
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a
n
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Z
h
a
n
g

1
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M
3
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3
k

Contraction factor

 

 
μ
1

μ
2(a

)
T
h
eo
rem

2

1
2

3
4

0.7

0.8

0.9 1

1.1

M
3
k /
m

3
k

Contraction factor

 

 

μ̄
1

μ̄
2(b

)
T
h
eo
rem

5

F
igu

re
1:

E
vo

lv
in

g
cu

rves
of

th
e

con
traction

factors
in

T
h
eorem

2
a
n
d

T
h
eorem

5.

ab
ove

to
gu

aran
tee

con
v
ergen

ce,
an

d
b

e
b

ou
n
d
ed

aw
ay

from
zero

to
avoid

ea
rly

stop
p
in

g
as

w
ell.

S
im

ilarly,
M

3
k /m

3
k
<

1.26
in

th
e

p
art(b

)
is

a
n
ecessary

co
n
d
ition

to
gu

aran
tee

th
e

ex
isten

ce
of
η

su
ch

th
at
ρ
<

0
.62

an
d
µ

2
<

1.
F

igu
re

1(a)
sh

ow
s

th
e

ev
olv

in
g

cu
rves

of
con

traction
factors

µ
1

an
d
µ

2
as

fu
n
ction

s
of
M

3
k /m

3
k

in
th

e
in

terval
[1,1.26).

It
can

b
e

seen
from

th
is

fi
gu

re
th

at
µ

1
<
µ

2
w

h
en

M
3
k /m

3
k
→

1
an

d
µ

1
>
µ

2
for

relativ
ely

larger
M

3
k /m

3
k .

T
h
e

n
on

-van
ish

in
g

term
s

in
th

e
error

b
ou

n
d
s

o
f

T
h
eorem

2
in

d
icate

th
at

th
e

estim
ation

errors
of

G
raH

T
P

an
d

F
G

raH
T

P
are

con
trolled

b
y

th
e

m
u
ltip

lier
of √

k‖∇
f

(x̄
)‖∞

.
P

artic-
u
larly

if
th

e
sp

arse
vector

x̄
is

su
ffi

cien
tly

close
to

an
u
n
con

strain
ed

m
in

im
u
m

of
f

,
th

en
th

e
estim

ation
error

fl
o
or

is
n
egligib

le
b

ecau
se
‖∇

f
(x̄

)‖∞
h
as

sm
all

m
agn

itu
d
e.

T
h
e

follow
in

g
corollary

is
a

d
irect

con
seq

u
en

ce
of

T
h
eorem

2
w

h
ich

sh
ow

s
th

at
ex

act
su

p
p

ort
recov

ery
is

p
ossib

le
w

h
en

x̄
m

in
is

sign
ifi

can
tly

larger
th

an
√
k‖∇

f
(x̄

)‖∞
.

C
o
ro

lla
ry

3
A

ssu
m

e
th

e
co

n
d
itio

n
s

in
T

h
eo

rem
2

h
o
ld

.

(a
)

L
et

x̄
be

a
n

a
rbitra

ry
k

-spa
rse

vecto
r

sa
tisfyin

g
x̄

m
in
>

5
.6

6
η √

k
1−

2
ρ
‖∇

f
(x̄

)‖∞
.

T
h
en

G
ra

H
T

P
w

ill
o
u

tp
u

t
x

(t)
sa

tisfyin
g

su
p
p
(x

(t))
=

su
p
p
(x̄

)
a
fter

t
=
⌈

1µ
1

ln (
2‖
x
(0

)−
x̄‖

x̄
m
in

)⌉

step
s

o
f

itera
tio

n
.

(b)
L

et
x̄

be
a
n

a
rbitra

ry
k

-spa
rse

vecto
r

sa
tisfyin

g
x̄

m
in
>

5
.6

2
η √

k
1−

1
.6

2
ρ ‖∇

f
(x̄

)‖∞
.

T
h
en

F
G

ra
H

T
P

w
ill

o
u

tp
u

t
x

(t)
sa

tisfyin
g

su
p
p
(x

(t))
=

su
p
p
(x̄

)
a
fter

t
=
⌈

1µ
2

ln (
2‖
x
(0

)−
x̄‖

x̄
m
in

)⌉

step
s

o
f

itera
tio

n
.

In
d
eed

,
given

th
e

con
d
ition

s
in

C
orollary

3
,

for
b

oth
G

raH
T

P
an

d
F

G
raH

T
P

w
e

can
sh

ow
th

at
‖
x

(t)−
x̄‖

<
x̄

m
in

an
d

th
u
s

su
p
p
(x

(t))
=

su
p
p
(x̄

)
m

u
st

h
old

as
x

(t)
an

d
x̄

are
b

oth
k
-sp

arse
v
ectors.
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R
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4
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3
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re
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yp
e

co
n

d
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2
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a
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re
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ry
.

A
s

a
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m
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n
,

th
e

ex
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ti
n

g
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rs

it
y

re
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ve

ry
re

su
lt

s
fo

r
` 1

-e
st

im
a
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rs
(W

a
in

w
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gh
t,

2
0
0
9
;

L
i

et
a
l.

,
2
0
1
5
)

a
re

fr
ee

o
f

R
IP

-t
yp

e
co

n
-

d
it

io
n

s
bu

t
in

st
ea

d
re

ly
in

g
o
n

th
e

ir
re

p
re

se
n
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il
it

y
co

n
d
it

io
n

w
h
ic

h
is

kn
o
w

n
to

be
st

ro
n

ge
r.

F
o
r

ex
a
m

p
le

,
a

ca
se

w
h
er

e
th

e
R

IP
-t

yp
e

co
n

d
it

io
n

h
o
ld

s
w

h
il

e
th

e
ir

re
p
re

se
n

ta
bi

li
ty

co
n

d
it

io
n

d
oe

s
n

o
t

w
a
s

gi
ve

n
by

V
a
n

D
e

G
ee

r
&

B
ü

h
lm

a
n

n
(2

0
0
9
,

E
xa

m
p
le

1
0
.4

).

T
h
e

R
IP

-t
y
p

e
co

n
d
it

io
n
s

as
su

m
ed

in
T

h
eo

re
m

2
co

u
ld

st
il
l
b

e
re

st
ri

ct
iv

e
in

re
al

-l
if

e
h
ig

h
-

d
im

en
si

on
al

st
at

is
ti

ca
l

se
tt

in
gs

w
h
er
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h
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d
it

io
n

s
in

T
h
eo

re
m

5
(a

),
if
x̄

m
in
>

5
.6

6
√
k

m
2
k
‖∇

f
(x̄

)‖
∞

,
th

en
G

ra
H

T
P

w
il

l
o
u

tp
u

t
x

(t
)

sa
ti

sf
yi

n
g

su
p
p
(x̄

)
⊆

su
p
p
(x

(t
) )

a
ft

er
t

=
⌈

1 µ̄
1

ln
(

8
4̄

(0
)

m
2
k
x̄
2 m
in

)⌉
st

ep
s

o
f

it
er

a
ti

o
n

.

(b
)

U
n

d
er

th
e

co
n

d
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d
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3)
.

•
x
-m

in
c
o
n

d
it

io
n

:
C

om
p
ar

in
g

to
th

e
x

-m
in

co
n
d
it

io
n

d
er

iv
ed

b
y

L
i

et
al

.
(2

01
5,

T
h
eo

re
m

5.
1,

C
on

d
it

io
n

4)
w

h
ic

h
is

of
or

d
er
O

(√
k
‖∇

f
(x̄

)‖
∞

),
th

e
x

-m
in

co
n
d
it

io
n

(1
)

in
T

h
eo

re
m

10
is

co
m

p
ar

ab
le

at
th

e
sa

m
e

or
d
er

w
h
il
e

th
e
x

-m
in

co
n
d
it

io
n

(2
)

is
sh

ar
p

er
si

n
ce
√
f

(x̄
)
−
f

(x
?
)/
m

2
k
≤
√
k
‖∇

f
(x̄

)‖
∞
/m

2
k
.

W
e

co
m

m
en

t
th

at
th

e
ab

ov
e

ke
y

d
iff

er
en

ce
s

al
so

ap
p
ly

to
th

e
co

m
p
a
ri

so
n

b
et

w
ee

n
T

h
eo

re
m

8
fo

r
G

ra
H

T
P

an
d

th
e

sp
ar

si
ty

re
co

ve
ry

re
su

lt
s

fo
r
` 1

-r
eg

u
la

ri
ze

d
es

ti
m

a
to

rs
.

In
S
ec

ti
on

5.
1,

w
e

w
il
l

fu
rt

h
er

sp
ec

if
y

ou
r

re
su

lt
s

to
th

e
se

tt
in

g
of

sp
ar

se
li
n
ea

r
re

gr
es

si
on

an
d

m
ak

e
a

co
m

p
ar

is
on

ag
ai

n
st

th
os

e
sp

ar
si

ty
re

co
v
er

y
re

su
lt

s
fo

r
L

as
so

-t
y
p

e
es

ti
m

at
or

s
(W

ai
n
w

ri
gh

t,
20

09
).

5
.
A
p
p
li
ca

ti
o
n
s
to

S
p
a
rs
it
y
-C

o
n
st
ra

in
e
d
M

-e
st
im

a
ti
o
n

W
e

n
ow

sp
ec

if
y

G
ra

H
T

P
an

d
it

s
an

al
y
si

s
to

th
e

M
-e

st
im

at
io

n
p
ro

b
le

m
w

h
ic

h
is

a
p

op
u
la

r
fo

rm
u
la

ti
on

in
st

at
is

ti
ca

l
m

ac
h
in

e
le

ar
n
in

g.
G

iv
en

a
se

t
of
n

in
d
ep

en
d
en

tl
y

d
ra

w
n

d
at

a
sa

m
-

p
le

s
{x

(i
) }
n i=

1
,

th
e

M
-e

st
im

at
io

n
p
ro

b
le

m
is

d
efi

n
ed

as
to

m
in

im
iz

e
th

e
fo

ll
ow

in
g

em
p
ir

ic
al

ri
sk

fu
n
ct

io
n

av
er

ag
ed

ov
er

th
e

sa
m

p
le

s:

f
(w

)
=

1 n

n ∑ i=
1

φ
(x

(i
)
|w

),
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8

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

w
h
er

e
φ

is
a

lo
ss

fu
n
ct

io
n

an
d
w

is
a

se
t

of
ad

ju
st

ab
le

p
ar

am
et

er
s.

T
h
e

sp
ar

si
ty

-c
o
n
st

ra
in

ed
M

-e
st

im
at

io
n

p
ro

b
le

m
is

th
en

gi
ve

n
b
y

m
in w
f

(w
),

su
b

je
ct

to
‖w
‖ 0
≤
k
.

(5
)

In
th

e
su

b
se

ct
io

n
s

to
fo

ll
ow

,
w

e
w

il
l
co

n
si

d
er

th
re

e
in

st
an

ce
s

o
f

th
is

m
o
d
el

:
li
n
ea

r
re

g
re

ss
io

n
,

lo
gi

st
ic

re
gr

es
si

on
an

d
G

au
ss

ia
n

p
re

ci
si

on
m

at
ri

x
es

ti
m

at
io

n
.

5
.1

S
p

a
rs

it
y
-c

o
n

st
ra

in
e
d

L
in

e
a
r

R
e
g
re

ss
io

n

G
iv

en
a
k̄
-s

p
ar

se
p
ar

am
et

er
ve

ct
or
w̄

,
w

e
as

su
m

e
th

e
sa

m
p
le

s
ar

e
ge

n
er

at
ed

a
cc

o
rd

in
g

to
th

e
li
n
ea

r
m

o
d
el
v

(i
)

=
w̄
>
u

(i
)

+
ε(
i)

w
h
er

e
ε(
i)

ar
e
n

i.
i.
d
.

su
b
-G

au
ss

ia
n

ra
n
d
o
m

va
ri

a
b
le

s
w

it
h

p
ar

am
et

er
σ

.
T

h
e

sp
ar

si
ty

-c
on

st
ra

in
ed

le
as

t
sq

u
ar

es
re

gr
es

si
on

m
o
d
el

is
th

en
g
iv

en
b
y

m
in w
f

(w
)

=
1 2
n

n ∑ i=
1

‖v
(i

)
−
w
>
u

(i
) ‖

2
,

su
b

je
ct

to
‖w
‖ 0
≤
k
.

(6
)

In
th

is
ca

se
,

G
ra

H
T

P
(a

n
d

F
G

ra
H

T
P

)
re

d
u
ce

s
to

th
e

co
n
ve

n
ti

on
al

H
T

P
(a

n
d

IH
T

)
of

w
h
ic

h
th

e
p
ar

am
et

er
es

ti
m

at
io

n
p

er
fo

rm
an

ce
h
as

b
ee

n
ex

te
n
si

ve
ly

st
u
d
ie

d
in

co
m

p
re

ss
ed

se
n
si

n
g

(F
ou

ca
rt

,
20

11
;

B
lu

m
en

sa
th

&
D

av
ie

s,
20

09
).

H
er

e
w

e
il
lu

st
ra

te
th

e
sp

a
rs

it
y

re
co

v
-

er
y

re
su

lt
s

w
e

es
ta

b
li
sh

ed
in

S
ec

ti
on

4
an

d
co

m
p
ar

e
th

em
ag

ai
n
st

th
os

e
fo

r
` 1

-e
st

im
a
to

rs
.

S
u
p
p

os
e
u

(i
)

ar
e

d
ra

w
n

fr
om

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
w

it
h

co
va

ri
an

ce
m

at
ri

x
Σ
�

0
.

T
h
en

it
h
ol

d
s

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
th

at
f

(w
)

h
as

R
S
C

co
n
st

a
n
t
m

2
k
≥
λ

m
in

(Σ
)
−
O

(k̄
lo

g
p
/
n

)
a
n
d

R
S
S

co
n
st

an
t
M

2
k
≤
λ

m
a
x
(Σ

)
+
O

(k̄
lo

g
p
/n

),
an

d
‖∇

f
(w̄

)‖
∞

=
O
( σ
√

lo
g
p
/
n
) .

A
ss

u
m

e

th
at

k
≥
k̄
.

W
e

su
m

m
ar

iz
e

in
b

el
ow

th
e

im
p
li
ca

ti
on

s
of

ou
r

sp
ar

si
ty

re
co

ve
ry

re
su

lt
s

in
sp

ar
se

li
n
ea

r
re

gr
es

si
on

:

•
S
p
ar

si
ty

re
co

ve
ry

of
G

ra
H

T
P

.
C

or
ol

la
ry

3
sh

ow
s

th
at

if
w̄

m
in
>
O
(
σ
√
k

lo
g
p
/
n

λ
m
in

(Σ
)

)
a
n
d

λ
m
a
x
(Σ

)
λ
m
in

(Σ
)

is
w

el
l

u
p
p

er
b

ou
n
d
ed

,
th

en
af

te
r

su
ffi

ci
en

t
it

er
at

io
n

G
ra

H
T

P
a
n
d

F
G

ra
H

T
P

w
it

h
k

=
k̄

w
il
l
gu

ar
an

te
e

su
p
p

or
t

re
co

ve
ry

su
p
p
(x

(t
) )

=
su

p
p
(x̄

)
w

it
h

h
ig

h
p
ro

b
a
b
il
it

y.

C
or

ol
la

ry
7

in
d
ic

at
es

th
at

w
h
en

u
si

n
g

ce
rt

ai
n

re
la

x
ed

sp
ar

si
ty

le
v
el
k

=
O
( λ

2 m
a
x
(Σ

)
λ
2 m
in

(Σ
)
k̄
) ,

G
ra

H
T

P
an

d
F

G
ra

H
T

P
ar

e
ab

le
to

gu
ar

an
te

e
su

p
p
(x

(t
) )
⊇

su
p
p
(x̄

)
w

it
h
o
u
t

a
s-

su
m

in
g

b
ou

n
d
ed

co
n
d
it

io
n

n
u
m

b
er

.
S
in

ce
f

(x̄
)
−
f

(x
?
)
≤

l̄‖
∇
f

(x̄
)‖

2 ∞
2
m

2
k

w
h
er

e
l̄

=

‖x̄
−
x
?
‖2 1
/
‖x̄
−
x
?
‖2
∈

[1
,k

+
k̄
],

T
h
eo

re
m

8
im

p
li
es

th
at

if
w̄

m
in
>
O
(
σ
√
l̄
lo

g
p
/
n

λ
m
in

(Σ
)

)
a
n
d

k
=
O
( λ

2 m
a
x
(Σ

)
λ
2 m
in

(Σ
)
k̄
) ,

th
en

af
te

r
fi
n
it

e
it

er
at

io
n

G
ra

H
T

P
w

il
l

gu
ar

an
te

e
su

p
p
(x

(t
) ,
k̄
)

=

su
p
p
(x̄

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.

•
S
p
ar

si
ty

re
co

ve
ry

of
th

e
le

as
t

sq
u
ar

es
es

ti
m

at
or

(6
).

L
et
w
?

b
e

th
e

g
lo

b
a
l
k
-s

p
a
rs

e
m

in
im

iz
er

of
(6

).
T

h
eo

re
m

10
sh

ow
s

th
at

su
p
p
(w

?
,k̄

)
=

su
p
p
(w̄

)
h
o
ld

s
w

it
h

h
ig

h

p
ro

b
ab

il
it

y
if
w̄

m
in
>
O
(
σ
√
k

lo
g
p
/
n

λ
m
in

(Σ
)

) .
T

o
co

m
p
ar

e
ou

r
sp

ar
si

ty
re

co
ve

ry
re

su
lt

s
fo

r

` 0
-e

st
im

at
or

s
ag

ai
n
st

th
os

e
es

ta
b
li
sh

ed
b
y

W
ai

n
w

ri
gh

t
(2

00
9,

T
h
eo

re
m

1
)

fo
r

L
a
ss

o
-

ty
p

e
es

ti
m

at
or

s,
th

e
si

gn
al

-n
oi

se
-r

at
io

co
n
d
it

io
n

of
w̄

m
in
>
O
(
σ
√
k

lo
g
p
/
n

λ
m
in

(Σ
)

)
is

sh
a
re

d

1
4
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G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

in
th

a
t

p
ap

er.
T

h
e

key
d
iff

eren
ce

is
th

at
ou

r
an

aly
sis

is
valid

w
ith

ou
t

im
p

osin
g

th
e

irrep
resen

tab
lility

con
d
ition

on
d
esign

m
atrix

w
h
ich

is
req

u
ired

in
th

e
sp

arsity
recovery

a
n
aly

sis
o
f

L
asso-ty

p
e

estim
ators.

5
.2

S
p

a
rsity

-c
o
n

stra
in

e
d

L
o
g
istic

R
e
g
re

ssio
n

L
o
g
istic

regression
is

on
e

of
th

e
m

ost
p

op
u
lar

m
o
d
els

in
statistical

m
ach

in
e

learn
in

g
(B

ish
op

,
2
0
0
6
).

In
th

is
m

o
d
el

th
e

relation
b

etw
een

th
e

ran
d
om

featu
re

vector
u
∈

R
p

an
d

its
a
sso

cia
ted

ra
n
d
om

b
in

ary
lab

el
v
∈
{−

1
,+

1}
is

d
eterm

in
ed

b
y

th
e

con
d
ition

al
p
rob

a
b
ility

P
(v|u

;w̄
)

=
ex

p
(2v

w̄
>
u

)

1
+

ex
p
(2
v
w̄
>
u

) ,
(7)

w
h
ere

w̄
∈

R
p

d
en

otes
p
aram

eter
v
ector.

G
iven

a
set

of
n

in
d
ep

en
d
en

tly
d
raw

n
d
ata

sa
m

p
les
{
(u

(i),v
(i))}

ni=
1 ,

logistic
regression

learn
s

th
e

p
aram

eters
so

as
to

m
in

im
ize

th
e

fo
llow

in
g

lo
g
istic

loss
fu

n
ction

:

l(w
)

:=
−

1n
log ∏

i

P
(u

(i)|
v

(i);w
)

=
1n

n
∑i=

1

log
(1

+
ex

p
(−

2
v

(i)w
>
u

(i))),

w
h
ich

is
k
n
ow

n
to

b
e

con
vex

.
U

n
fortu

n
ately,

in
h
igh

-d
im

en
sion

al
settin

g
,

i.e.,
n
<
p
,

th
e

p
ro

b
lem

ca
n

b
e

u
n
d
erd

eterm
in

ed
an

d
th

u
s

its
m

in
im

u
m

is
n
ot

u
n
iq

u
e.

A
con

ven
tio

n
al

w
ay

to
h
a
n
d
le

th
is

issu
e

is
to

im
p

ose
`
2 -regu

larization
to

th
e

logistic
loss

to
avoid

sin
gu

larity.
T

h
e
`
2 -p

en
a
lty,

h
ow

ev
er,

d
o
es

n
ot

p
rom

ote
sp

arse
solu

tion
s

w
h
ich

are
often

d
esirab

le
in

h
ig

h
-d

im
en

sio
n
al

learn
in

g
task

s.
T

h
e

sp
arsity

-con
strain

ed
`
2 -regu

larized
logistic

regression
is

th
en

g
iven

b
y

m
in
w
f

(w
)

=
l(w

)
+
λ2 ‖
w‖

2,
su

b
ject

to
‖w‖

0 ≤
k
,

(8)

w
h
ere

λ
>

0
is

th
e

regu
larization

stren
gth

p
aram

eter.
O

b
v
iou

sly
f

(w
)

is
λ

-stron
gly

con
vex

.
T

h
e

ca
rd

in
a
lity

con
strain

t
en

forces
th

e
solu

tion
to

b
e

sp
arse.

V
e
rify

in
g

re
stric

te
d

sm
o
o
th

n
e
ss

a
n

d
stro

n
g

c
o
n
v
e
x
ity

.
L

et
U

=
[u

(1
),...,u

(n
)]∈

R
p×
n

b
e

th
e

d
esign

m
atrix

an
d
σ

(z
)

=
1/

(1
+

ex
p
(−
z
))

b
e

th
e

sigm
oid

fu
n
ctio

n
.

In
th

e
case

o
f
`
2 -reg

u
la

rized
logistic

loss
con

sid
ered

in
th

is
section

w
e

h
ave∇

f
(w

)
=
U
a
(w

)/n
+
λ
w

in
w

h
ich

th
e

vecto
r
a
(w

)∈
R
n

is
given

b
y

[a
(w

)]i
=
−

2
v

(i)(1−
σ

(2v
(i)w

>
u

(i))),
a
n
d

th
e

H
essian

∇
2f

(w
)

=
U

Λ
(w

)U
>
/n

+
λ
I

w
h
ere

Λ
(w

)
is

an
n×

n
d
iag

on
al

m
atrix

w
h
ose

d
iagon

al
en

tries
[Λ

(w
)]ii

=
4σ

(2v
i w
>
u
i )(1−

σ
(2v

i w
>
u
i )).

G
iven

a
n

in
teger

s,
recall

th
at
λ

m
a
x (A

,s)
d
en

otes
th

e
la

rg
est

s-sp
arse

eigen
valu

e
of

a
p

ositive
sem

i-d
efi

n
ite

m
atrix

A
an

d
λ

m
in (A

,s)
d
en

otes
th

e
sm

a
llest

s-sp
arse

eigen
valu

e
of
A

.
A

ssu
m

e
th

at
th

e
algorith

m
is

in
itialized

w
ith

all-zero
vecto

r.
T

h
en

it
can

b
e

v
erifi

ed
th

at
f

(w
)

is
(λ

m
a
x (U

U
>
,s)+

λ
)-sm

o
oth

an
d

(γ
s +
λ

)-stron
gly

co
n
vex

w
h
ere

γ
s

:=
m

in
f

(w
)≤
f

(0
)
λ

m
in (U

Λ
(w

)U
>
,s).

B
o
u

n
d

in
g

th
e

v
a
lu

e
o
f
‖∇

f
(w̄

)‖∞
.

W
e

n
ow

b
ou

n
d

th
e

in
fi
n
ity

n
orm

‖∇
f

(w̄
)‖∞

w
h
ich

co
n
trols

th
e

estim
ation

error
an

d
sp

aristy
recovery

b
ou

n
d
s

of
G

raH
T

P
/F

G
raH

T
P

.
In

th
e

follow
in

g
d
erivation

,
w

e
assu

m
e

th
at

th
e

join
t

d
en

sity
of

th
e

ran
d
om

vector
(u
,v

)∈
R
p
+

1

is
giv

en
b
y

th
e

follow
in

g
ex

p
on

en
tial

fam
ily

d
istrib

u
tion

:

P
(u
,v

;w̄
)

=
ex

p (
v
w̄
>
u

+
B

(u
)−

A
(w̄

) )
,

(9)

15
JM

L
R

 18(166):1-43, 2018

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

w
h
ere

A
(w̄

)
:=

log
∑

v
=
{−

1
,1} ∫

R
p

ex
p (

v
w̄
>
u

+
B

(u
) )
d
u

is
th

e
log-p

artition
fu

n
ction

.
T

h
e

term
B

(u
)

ch
aracterizes

th
e

m
argin

al
b

eh
av

ior
of
u

.
O

b
v
iou

sly,
th

e
con

d
ition

al
d
istrib

u
tion

of
v

given
u

,P
(v
|
u

;w̄
),

is
given

b
y

th
e

B
ern

ou
lli

d
istrib

u
tion

in
(7).

B
y

d
oin

g
som

e
elem

en
tary

m
a
n
ip

u
lation

s
(see,

e.g.,
W

a
in

w
righ

t
&

J
or-

d
an

,
2008)

w
e

can
ob

tain
th

e
follow

in
g

stan
d
ard

resu
lt

w
h
ich

sh
ow

s
th

at
th

e
fi
rst

d
erivative

of
th

e
logistic

log-likelih
o
o
d
l(w

)
y
ield

s
th

e
cu

m
u
lan

ts
of

th
e

ran
d
om

varia
b
les

v
[u

]j :

∂
l

∂
[w

]j
=

1n

n
∑i=

1 {−
v

(i)[u
(i)]j

+
E
v [v

[u
(i)]j |

u
(i)] }

.
(10)

H
ere

th
e

ex
p

ectation
E
v [·|

u
]

is
taken

over
th

e
con

d
ition

al
d
istrib

u
tion

(7).
W

e
in

tro
d
u
ce

th
e

follow
in

g
su

b
-G

au
ssian

con
d
ition

o
n

th
e

ran
d
om

variate
v
[u

]j .

A
ssu

m
p

tio
n

1
F

o
r

a
ll
j,

w
e

a
ssu

m
e

th
a
t

th
ere

exists
co

n
sta

n
t
σ
>

0
su

ch
th

a
t

fo
r

a
ll
ζ

,

E
[ex

p
(ζ
v
[u

]j )]≤
ex

p (σ
2ζ

2/2 )
.

T
h
is

assu
m

p
tion

h
old

s
w

h
en

[u
]j

are
su

b
-G

au
ssian

(e.g.,
G

au
ssian

or
b

ou
n
d
ed

)
ran

d
om

variab
les.

T
h
e

follow
in

g
resu

lt
estab

lish
es

th
e

b
ou

n
d

of‖∇
f

(w̄
)‖∞

.

P
ro

p
o
sitio

n
1
2

If
A

ssu
m

p
tio

n
1

h
o
ld

s,
th

en
w

ith
p
ro

ba
bility

a
t

lea
st

1−
4
p −

1,

‖∇
f

(w̄
)‖∞
≤

4
σ √

ln
p
/n

+
λ‖w̄‖∞

.

A
p
ro

of
of

th
is

resu
lt

is
p
rov

id
ed

in
A

p
p

en
d
ix

D
.1.

If
w

e
ch

o
ose

λ
=
O

( √
ln
p
/n

),
th

en
w

ith
overw

h
elm

in
g

p
rob

ab
ility

‖∇
f

(w̄
)‖∞

van
ish

es
at

th
e

rate
of
O

( √
ln
p
/n

).
T

h
is

b
ou

n
d

is
su

p
erior

to
th

e
b

ou
n
d

ob
tain

ed
b
y

B
ah

m
an

i
et

al.
(20

13,
S
ection

4.2)
w

h
ich

is
n
ot

van
-

ish
in

g
as

sam
p
le

size
in

creases.
B

ased
on

th
e

a
b

ove
d
iscu

ssion
,

w
e

can
sim

ilarly
sp

ecify
o
u
r

p
aram

eter
estim

ation
an

d
sp

arsity
recov

ery
resu

lts
to

sp
arse

logistic
regression

.
H

ere
w

e
om

it
th

e
d
etailed

sp
ecifi

cation
of

resu
lts

for
th

e
sak

e
of

red
u
n
d
an

ce
red

u
cin

g
.

5
.3

S
p

a
rsity

-c
o
n

stra
in

e
d

G
a
u

ssia
n

P
re

c
isio

n
M

a
trix

E
stim

a
tio

n

A
s

an
im

p
ortan

t
class

of
sp

arse
learn

in
g

p
rob

lem
s

for
ex

p
lorin

g
th

e
in

terrelation
sh

ip
am

on
g

a
large

n
u
m

b
er

of
ran

d
om

variab
les,

th
e

sp
arse

G
au

ssian
p
recision

(in
verse

covarian
ce)

m
atrix

estim
ation

p
rob

lem
h
as

received
sign

ifi
can

t
in

terest
in

a
variety

of
scien

tifi
c

an
d

en
gin

eerin
g

d
om

ain
s,

in
clu

d
in

g
com

p
u
tation

al
b
iology,

n
atu

ral
lan

gu
age

p
ro

cessin
g

an
d

d
o
cu

m
en

t
an

aly
sis.

L
et
x

b
e

a
p
-variate

ran
d
om

vector
w

ith
zero-m

ean
G

au
ssian

d
istrib

u
tion

N
(0,Σ̄

).
Its

d
en

sity
is

p
aram

eterized
b
y

th
e

p
recision

m
atrix

Ω̄
=

Σ̄
−

1�
0

as

φ
(x

;Ω̄
)

=
1

√
(2π

)
p(d

et
Ω̄

) −
1

ex
p (−

12
x
>

Ω̄
x )

.

It
is

w
ell

k
n
ow

n
th

at
th

e
con

d
ition

al
in

d
ep

en
d
en

ce
b

etw
een

th
e

variab
les

[x
]i

an
d

[x
]j

given
{
[x

]k ,k
6=
i,j}

is
eq

u
ivalen

t
to

[Ω̄
]ij

=
0.

T
h
e

con
d
ition

al
in

d
ep

en
d
en

ce
relation

s
b

etw
een

1
6

JM
L

R
 18(166):1-43, 2018



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

co
m

p
on

en
ts

of
x

,
on

th
e

ot
h
er

h
an

d
,

ca
n

b
e

re
p
re

se
n
te

d
b
y

a
gr

ap
h
G

=
(V
,E

)
in

w
h
ic

h
th

e
ve

rt
ex

se
t
V

h
as
p

el
em

en
ts

co
rr

es
p

on
d
in

g
to

[x
] 1
,.
..
,[
x

] p
,

an
d

th
e

ed
g
e

se
t
E

co
n
si

st
s

of
ed

ge
s

b
et

w
ee

n
n
o
d
e

p
ai

rs
{[
x

] i
,[
x

] j
}.

T
h
e

ed
g
e

b
et

w
ee

n
[x

] i
an

d
[x

] j
is

ex
cl

u
d
ed

fr
om

E
if

an
d

on
ly

if
[x

] i
an

d
[x

] j
ar

e
co

n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
gi

ve
n

ot
h
er

va
ri

a
b
le

s.
T

h
is

gr
ap

h
ic

al
m

o
d
el

is
k
n
ow

n
as

G
au

ss
ia

n
M

ar
ko

v
ra

n
d
om

fi
el

d
(G

M
R

F
)

(E
d
w

ar
d
s,

20
00

).
T

h
u
s

fo
r

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
,

es
ti

m
a
ti

n
g

th
e

su
p
p

or
t

of
th

e
p
re

ci
si

on
m

at
ri

x
Ω̄

is
eq

u
iv

al
en

t
to

le
ar

n
in

g
th

e
st

ru
ct

u
re

of
G

M
R

F
G.

G
iv

en
i.
i.
d
.

sa
m

p
le

s
X
n

=
{x

(i
) }
n i=

1
d
ra

w
n

fr
om
N

(0
,Σ̄

),
th

e
n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d
,

u
p

to
a

co
n
st

an
t,

ca
n

b
e

w
ri

tt
en

in
te

rm
s

of
th

e
p
re

ci
si

on
m

at
ri

x
as

L(
X
n
;Ω̄

)
:=
−

lo
g

d
et

Ω̄
+
〈Σ

n
,Ω̄
〉,

w
h
er

e
Σ
n

is
th

e
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
.

W
e

ar
e

in
te

re
st

ed
in

th
e

p
ro

b
le

m
of

es
ti

m
at

in
g

a
sp

ar
se

p
re

ci
si

on
Ω̄

w
it

h
n
o

m
or

e
th

an
a

p
re

-s
p

ec
ifi

ed
n
u
m

b
er

o
f

off
-d

ia
go

n
al

n
on

ze
ro

en
tr

ie
s.

F
or

th
is

p
u
rp

os
e,

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

ca
rd

in
al

it
y

co
n
st

ra
in

ed
lo

g-
d
et

er
m

in
an

t
p
ro

gr
am

:

m
in

Ω
�

0
L

(Ω
)

:=
−

lo
g

d
et

Ω
+
〈Σ

n
,Ω
〉,

s.
t.
‖Ω
−
‖ 0
≤

2k
,

(1
1)

w
h
er

e
Ω
−

is
th

e
re

st
ri

ct
io

n
of

Ω
on

th
e

off
-d

ia
go

n
al

en
tr

ie
s,
‖Ω
−
‖ 0

=
|su

p
p
(Ω
−

)|
is

th
e

ca
rd

in
al

it
y

of
th

e
su

p
p

or
ti

n
g

se
t

of
Ω
−

an
d

th
e

in
te

ge
r
k
>

0
co

n
tr

ol
s

th
e

n
u
m

b
er

of
ed

g
es

,
i.
e.

,
|E
|,

in
th

e
gr

ap
h
.

V
e
ri

fy
in

g
re

st
ri

c
te

d
sm

o
o
th

n
e
ss

a
n

d
st

ro
n

g
c
o
n
v
e
x
it

y
.

It
ca

n
b

e
ve

ri
fi
ed

th
at

th
e

H
es

si
an

m
at

ri
x

of
L

(Ω
)

is
gi

v
en

b
y
∇

2
L

(Ω
)

=
Ω
−

1
⊗

Ω
−

1
,

w
h
er

e
⊗

d
en

ot
es

th
e

K
ro

n
ec

ke
r

p
ro

d
u
ct

op
er

at
or

.
S
u
p
p

os
e

th
at
‖Ω
−
‖ 0
≤
s

an
d
α
s
I
�

Ω
�
β
s
I

fo
r

so
m

e
0
<
α
s
≤
β
s
.

D
u
e

to
th

e
fa

ct
th

at
th

e
ei

ge
n
va

lu
es

of
K

ro
n
ec

ke
r

p
ro

d
u
ct

s
o
f

sy
m

m
et

ri
c

m
at

ri
ce

s
ar

e
th

e
p
ro

d
u
ct

s
of

th
e

ei
ge

n
va

lu
es

of
th

ei
r

fa
ct

or
s,

it
h
ol

d
s

th
a
t
β
−

2
s
I
�

Ω
−

1
⊗

Ω
−

1
�
α
−

2
s
I
.

T
h
er

ef
or

e
w

e
h
av

e
β
−

2
s
≤
‖∇

2
L

(Ω
)‖
≤
α
−

2
s

w
h
ic

h
im

p
li
es

th
at
L

(Ω
)

is
β
−

2
s

-s
tr

on
gl

y
co

n
v
ex

an
d
α
−

2
s

-s
m

o
ot

h
.

In
sp

ir
ed

b
y

th
is

p
ro

p
er

ty
,

w
e

co
n
si

d
er

ap
p
ly

in
g

G
ra

H
T

P
to

th
e

fo
ll
ow

in
g

va
ri

an
t

of
p
ro

b
le

m
(1

1)
:

m
in

α
I
�

Ω
�
β
I
L

(Ω
),

s.
t.
‖Ω
−
‖ 0
≤

2k
,

(1
2)

w
h
er

e
0
<
α
≤
β

ar
e

tw
o

co
n
st

an
ts

w
h
ic

h
re

sp
ec

ti
v
el

y
lo

w
er

a
n
d

u
p
p

er
b

ou
n
d

th
e

ei
ge

n
va

l-
u
es

of
th

e
d
es

ir
ed

so
lu

ti
on

.
T

o
ro

u
gh

ly
es

ti
m

at
e
α

an
d
β

,
w

e
em

p
lo

y
a

ru
le

p
ro

p
os

ed
b
y

L
u

(2
00

9,
P

ro
p

os
it

io
n

3.
1)

fo
r

th
e
` 1

-r
eg

u
la

ri
ze

d
lo

g-
d
et

er
m

in
a
n
t

p
ro

gr
am

.
S
p

ec
ifi

ca
ll
y,

w
e

se
t

α
=

(‖
Σ
n
‖ 2

+
n
ξ)
−

1
,

β
=
ξ−

1
(n
−
α

T
r(

Σ
n
))
,

w
h
er

e
ξ

is
a

sm
al

l
en

ou
gh

p
os

it
iv

e
n
u
m

b
er

(e
.g

.,
ξ

=
10
−

2
as

u
se

d
in

ou
r

im
p
le

m
en

ta
ti

on
).

B
o
u

n
d

in
g

th
e

v
a
lu

e
o
f
|∇
L

(Ω̄
)| ∞

.
It

is
st

an
d
ar

d
to

k
n
ow

th
at
|∇
L

(Ω̄
)| ∞

=
|Σ
n
−

Σ̄
| ∞

=
O

(√
lo

g
p
/n

)
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
c 0
p
−
c 1

fo
r

so
m

e
p

os
it

iv
e

co
n
st

an
ts
c 0

an
d

c 1
an

d
su

ffi
ci

en
tl

y
la

rg
e
n

(s
ee

,
e.

g.
,

R
av

ik
u
m

a
r

et
al

.,
20

11
,

L
em

m
a

1)
.

T
h
er

ef
or

e,
w

it
h

ov
er

w
h
el

m
in

g
p
ro

b
ab

il
it

y
w

e
h
av

e
|∇
L

(Ω̄
)| ∞

=
O

(√
lo

g
p
/n

)
w

h
en

n
is

su
ffi

ci
en

tl
y

la
rg

e.

A
M

o
d

ifi
e
d

G
ra

H
T

P
.

N
ot

e
th

at
G

ra
H

T
P

is
n
ot

d
ir

ec
tl

y
ap

p
li
ca

b
le

to
th

e
p
ro

b
-

le
m

(1
2)

d
u
e

to
th

e
p
re

se
n
ce

of
th

e
co

n
st

ra
in

t
α
I
�

Ω
�
β
I

in
ad

d
it

io
n

to
th

e
sp

ar
si

ty

17
JM

L
R

 1
8(

16
6)

:1
-4

3,
 2

01
8

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

co
n
st

ra
in

t.
T

o
ad

d
re

ss
th

is
is

su
e,

w
e

n
ee

d
to

ac
co

rd
in

gl
y

m
o
d
if

y
th

e
d
eb

ia
si

n
g

st
ep

(S
3

)
o
f

G
ra

H
T

P
to

m
in

im
iz

e
L

(Ω
)

ov
er

th
e

co
n
st

ra
in

ts
α
I
�

Ω
�
β
I

an
d

su
p
p
(Ω

)
⊆
F

(t
) :

m
in

α
I
�

Ω
�
β
I
L

(Ω
),

s.
t.

su
p
p
(Ω

)
⊆
F

(t
) .

(1
3
)

S
in

ce
th

is
p
ro

b
le

m
is

co
n
v
ex

,
an

y
off

-t
h
e-

sh
el

f
co

n
ve

x
so

lv
er

ca
n

b
e

ap
p
li
ed

fo
r

o
p
ti

m
iz

a-
ti

on
.

In
ou

r
im

p
le

m
en

ta
ti

on
,

w
e

re
so

rt
to

th
e

al
te

rn
at

in
g

d
ir

ec
ti

on
m

et
h
o
d

o
f

m
u
lt

ip
li
er

s
(A

D
M

M
)

(B
oy

d
et

al
.,

20
10

;
Y

u
an

,
20

12
)

w
h
ic

h
h
a
s

b
ee

n
ob

se
rv

ed
to

b
e

effi
ci

en
t

in
o
u
r

n
u
m

er
ic

al
p
ra

ct
ic

e.
T

h
e

im
p
le

m
en

ta
ti

on
d
et

ai
ls

of
A

D
M

M
fo

r
so

lv
in

g
th

e
su

b
p
ro

b
le

m
(1

3
)

ar
e

d
ef

er
re

d
to

A
p
p

en
d
ix

D
.2

.
T

h
e

m
o
d
ifi

ed
G

ra
H

T
P

fo
r

sp
ar

se
G

au
ss

ia
n

p
re

ci
si

o
n

m
a
tr

ix
es

ti
m

at
io

n
is

ou
tl

in
ed

in
A

lg
or

it
h
m

2.

A
lg

o
ri

th
m

2
:

A
M

o
d
ifi

ed
G

ra
H

T
P

fo
r

S
p
ar

se
G

au
ss

ia
n

P
re

ci
si

on
M

at
ri

x
E

st
im

a
ti

o
n
.

In
it

ia
li
z
a
ti

o
n

:
Ω

(0
)

w
it

h
‖(

Ω
(0

) )
−
‖ 0
≤

2k
a
n

d
α
I
�

Ω
(0

)
�
β
I

(t
yp

ic
a
ll

y
Ω

(0
)

=
α
I

),
t

=
1.

O
u

tp
u

t:
Ω

(t
) .

re
p

e
a
t

(S
1

)
C

om
p
u
te

Ω̃
(t

)
=

Ω
(t
−

1
)
−
η
∇
L

(Ω
(t
−

1
) )

;
(S

2
)

L
et
F̃

(t
)

=
su

p
p
((

Ω̃
(t

) )
−
,2
k
)

b
e

th
e

in
d
ic

es
of

(Ω̃
(t

) )
−

w
it

h
th

e
la

rg
es

t
2k

ab
so

lu
te

va
lu

es
an

d
F

(t
)

=
F̃

(t
)
∪
{(

1,
1)
,.
..
,(
p
,p

)}
;

(S
3

)
C

om
p
u
te

Ω
(t

)
=

ar
g

m
in
{ L

(Ω
);
α
I
�

Ω
�
β
I
,s

u
p
p
(Ω

)
⊆
F

(t
)}

;
t

=
t

+
1;

u
n
ti

l
h
a
lt

in
g

co
n

d
it

io
n

h
o
ld

s;

6
.
E
x
p
e
ri
m
e
n
ta
l
R
e
su

lt
s

T
h
is

se
ct

io
n

is
d
ev

ot
ed

to
il
lu

st
ra

ti
n
g

th
e

em
p
ir

ic
al

p
er

fo
rm

an
ce

of
G

ra
H

T
P

/
F

G
ra

H
T

P
w

h
en

ap
p
li
ed

to
sp

ar
se

le
ar

n
in

g
ta

sk
s.

O
u
r

al
go

ri
th

m
s

ar
e

im
p
le

m
en

te
d

in
M

a
tl

a
b

7
.1

2
ru

n
n
in

g
on

a
d
es

k
to

p
w

it
h

In
te

l
C

or
e

i7
3.

2G
C

P
U

an
d

16
G

R
A

M
.

6
.1

S
p

a
rs

it
y
-c

o
n

st
ra

in
e
d

L
in

e
a
r

R
e
g
re

ss
io

n

W
e

co
n
d
u
ct

a
gr

ou
p

of
M

on
te

-C
ar

lo
si

m
u
la

ti
on

ex
p

er
im

en
ts

on
sp

ar
se

li
n
ea

r
re

g
re

ss
io

n
m

o
d
el

to
v
er

if
y

th
e

sp
ar

si
ty

re
co

ve
ry

re
su

lt
s

p
re

se
n
te

d
in

S
ec

ti
on

4.

D
a
ta

g
e
n

e
ra

ti
o
n

.
W

e
co

n
si

d
er

a
sy

n
th

et
ic

d
at

a
m

o
d
el

in
w

h
ic

h
th

e
sp

a
rs

e
p
a
ra

m
et

er
w̄

is
a
p

=
50

0
d
im

en
si

on
al

ve
ct

or
th

at
h
as
k̄

=
50

n
on

ze
ro

en
tr

ie
s

d
ra

w
n

in
d
ep

en
d
en

tl
y

fr
o
m

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
w

it
h

si
gn

ifi
ca

n
t

m
ea

n
.

E
ac

h
d
at

a
sa

m
p
le
u

is
a

n
or

m
a
ll
y

d
is

tr
ib

u
te

d
d
en

se
ve

ct
or

.
T

h
e

re
sp

on
se

s
ar

e
ge

n
er

a
te

d
b
y
v

=
w̄
>
u

+
ε

w
h
er

e
ε

is
a

st
an

d
a
rd

G
a
u
ss

ia
n

n
oi

se
.

W
e

al
lo

w
th

e
sa

m
p
le

si
ze
n

to
b

e
va

ry
in

g
an

d
fo

r
ea

ch
n

,
w

e
ge

n
er

a
te

1
0
0

ra
n
d
o
m

co
p
ie

s
of

d
at

a
in

d
ep

en
d
en

tl
y.

B
a
se

li
n

e
s

a
n

d
e
v
a
lu

a
ti

o
n

m
e
tr

ic
.

W
e

te
st

G
ra

H
T

P
an

d
F

G
ra

H
T

P
w

it
h

va
ry

in
g

sp
ar

si
ty

le
ve

l
k
≥
k̄

an
d

co
m

p
ar

e
th

ei
r

p
er

fo
rm

an
ce

w
it

h
th

re
e

st
at

e-
of

-t
h
e-

ar
t

g
re

ed
y

se
le

c-
ti

on
m

et
h
o
d
s:

G
ra

S
P

(B
ah

m
an

i
et

a
l.
,

20
13

),
F

B
S

(Y
u
an

&
Y

an
,

20
13

)
an

d
F

o
B

a
(Z

h
a
n
g,

20
08

).
A

s
w

e
h
av

e
m

en
ti

on
ed

,
G

ra
S
P

is
al

so
a

h
ar

d
-t

h
re

sh
ol

d
in

g-
ty

p
e

m
et

h
o
d
.

T
h
is

m
et

h
o
d

18
JM

L
R

 1
8(

16
6)

:1
-4

3,
 2

01
8



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

200
300

400
500

0 20 40 60 80

100

n

Perc. of exact success (%)

k=50

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

200
300

400
500

0 20 40 60 80

100

n

Perc. of exact success (%)

k=70

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

200
300

400
500

0 20 40 60 80

100

n

Perc. of exact success (%)

k=110

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

(a
)
E
x
a
ct

su
p
p
o
rt

recov
ery

200
300

400
500

0 20 40 60 80

100

n

Perc. of relaxed success (%)

k=50

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

200
300

400
500

0 20 40 60 80

100

n

Perc. of relaxed success (%)
k=70

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

200
300

400
500

0 20 40 60 80

100

n

Perc. of relaxed success (%)

k=110

 

 

G
raH

T
P

FG
raH

T
P

G
raSP

FB
S

FoB
a

(b
)
R
ela

x
ed

su
p
p
o
rt

recov
ery

F
ig

u
re

2:
S
p
a
rse

lin
ear

regression
on

sim
u
lated

d
ata:

ch
an

ce
of

su
ccess

cu
rves

for
su

p
p

ort
recovery

u
n
d
er

vary
in

g
sam

p
le

size
an

d
sp

arsity
level.

sim
u
lta

n
eo

u
sly

selects
at

each
iteration

k
n
on

zero
en

tries
an

d
u
p

d
ate

th
eir

valu
es

v
ia

ex
-

p
lo

rin
g

th
e

to
p
k

en
tries

in
th

e
p
rev

iou
s

iterate
as

w
ell

as
th

e
top

2
k

en
tries

in
th

e
p
rev

io
u
s

g
ra

d
ien

t.
F

B
S

is
a

forw
ard

-selection
-ty

p
e

m
eth

o
d

w
h
ich

iteratively
selects

an
atom

from
th

e
d
ictio

n
a
ry

a
n
d

m
in

im
izes

th
e

ob
jective

fu
n
ction

over
th

e
lin

ear
com

b
in

ation
s

of
a
ll

th
e

selected
a
to

m
s.

F
oB

a
is

an
ad

ap
tive

forw
ard

-b
ack

w
ard

greed
y

selection
algorith

m
w

h
ich

al-
low

s
elim

in
a
tion

of
selected

variab
les

w
h
en

th
e

ob
jective

valu
e

d
o
es

n
ot

in
crease

sign
ifi

can
tly.

W
e

u
se

tw
o

m
etrics

to
m

easu
re

th
e

su
p
p

ort
recovery

p
erform

an
ce.

W
e

say
a

rela
xed

su
p
po

rt
reco

very
is

su
ccessfu

l
if

su
p
p
(w̄

)⊆
su

p
p
(w

(t))
an

d
an

exa
ct

su
p
po

rt
reco

very
is

su
ccessfu

l
if

su
p
p
(w̄

)
=

su
p
p
(w

(t),k̄
).

W
e

rep
licate

th
e

ex
p

erim
en

t
ov

er
th

e
100

trials
an

d
record

th
e

p
ercen

ta
g
e

of
relax

ed
su

ccess
an

d
p

ercen
tage

of
ex

act
su

ccess
for

each
co

n
fi
gu

ration
o
f

th
e

p
a
ir

(n
,k

).
R

e
su

lts.
F

igu
re

2
sh

ow
s

th
e

p
ercen

tage
of

ex
act

(rela
x
ed

)
su

ccess
cu

rves
as

fu
n
ction

s
o
f

sa
m

p
le

size
n

,
u
n
d
er

d
iff

eren
t

sp
arsity

levels
k
∈
{50,70,110}

.
F

rom
th

ese
cu

rves
w

e
can

m
a
ke

th
e

follow
in

g
ob

servation
s:

•
F

or
ea

ch
cu

rve,
th

e
ch

an
ce

of
su

ccess
in

creases
as

sam
p
le

size
n

in
creases.

T
h
is

is
a
s

ex
p

ected
b

ecau
se

th
e

larger
sam

p
le

size
is,

th
e

easier
th

e
x

-m
in

con
d
ition

s
can

b
e

fu
lfi

lled
so

as
to

gu
aran

tee
ex

act
su

p
p

ort
recov

ery
;

•
G

ra
H

T
P

is
su

p
erior

to
F

G
raH

T
P

for
sp

arsity
recovery,

esp
ecia

lly
w

h
en

u
sin

g
sp

a
rsity

level
k
>
k̄

an
d

relatively
sm

all
sam

p
le

size.
T

h
is

in
d
icates

th
at

th
e

d
eb

iasin
g

step

19
JM

L
R

 18(166):1-43, 2018

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

con
d
u
cted

in
G

raH
P

T
can

sign
ifi

can
tly

im
p
rove

th
e

accu
racy

of
sp

arsity
recov

ery,
esp

ecially
in

n
oisy

settin
gs.

•
T

h
e

left
p
an

el
of

F
igu

re
2

sh
ow

s
th

at
w

h
en

k
=
k̄
,

G
raH

T
P

/F
G

raH
T

P
an

d
G

raS
P

are
com

p
arab

le
an

d
th

ey
all

sign
ifi

can
tly

ou
tp

erfo
rm

F
B

S
an

d
F

oB
a,

esp
ecially

w
h
en

th
e

sam
p
le

size
is

relatively
sm

all.
T

h
is

ob
servation

su
ggests

th
at

h
ard

-th
resh

old
in

g-
ty

p
e

m
eth

o
d
s

are
m

ore
accu

rate
th

an
forw

ard
an

d
/or

b
ack

w
ard

selection
m

eth
o
d
s

for
sp

arsity
recovery

w
ith

ex
act

sp
arsity

lev
el.

T
h
e

m
id

d
le

p
an

el
sh

ow
s

th
at

for
sligh

tly
in

creased
sp

arsity
level

k
=

70,
G

raH
T

P
an

d
G

raS
P

still
ex

h
ib

it
su

p
erior

p
erform

an
ce,

w
h
ile

th
e

p
erform

an
ce

gap
am

on
g

all
th

e
con

sid
ered

algorith
m

s
d
ecreases.

F
rom

th
e

righ
t

p
an

el
w

e
can

see
th

at
for

rela
tiv

ely
large

k
>
k̄
,

F
B

S
,

F
ob

a
an

d
G

raH
T

P
h
av

e
m

u
ch

b
etter

p
erform

an
ce

th
an

F
G

raH
T

P
an

d
G

raS
P

.

F
rom

th
e

ab
ov

e
ob

servation
s

w
e

con
clu

d
e

th
at

G
raH

T
P

is
ab

le
to

ach
ieve

b
etter

trad
e-off

b
etw

een
accu

racy
an

d
stab

ility
of

sp
arsity

recovery
th

an
th

e
o
th

er
co

n
sid

ered
m

eth
o
d
s.

6
.2

S
p

a
rsity

-c
o
n

stra
in

e
d

L
o
g
istic

R
e
g
re

ssio
n

W
e

p
resen

t
in

th
is

su
b
section

th
e

ex
p

erim
en

tal
resu

lts
on

several
sy

n
th

etic
an

d
real-d

ata
sp

arse
logistic

reg
ression

task
s.

6
.2
.1

M
o
n
t
e
-C

a
r
l
o

sim
u
l
a
t
io
n

In
th

is
grou

p
of

M
on

te-C
arlo

ex
p

erim
en

ts,
w

e
u
se

a
sim

u
lated

d
ata

to
verify

th
e

sp
ar-

sity
recovery

p
erform

an
ce

of
G

raH
T

P
an

d
F

G
raH

T
P

on
logistic

regressio
n

m
o
d
el.

T
h
e

sp
arse

p
aram

eter
an

d
d
esign

m
atrix

are
gen

erated
in

an
id

en
tical

w
ay

to
th

at
of

th
e

lin
-

ear
regression

m
o
d
el.

T
h
e

d
ata

lab
els,

v
∈
{−

1
,1},

are
g
en

erated
ran

d
om

ly
accord

in
g

to
th

e
B

ern
ou

lli
d
istrib

u
tion

P
(v

=
1|u

;w̄
)

=
ex

p
(2w̄

>
u

)/
(1

+
ex

p
(2
w̄
>
u

)).
T

h
e

sam
e

ex
-

p
erim

en
t

p
roto

col
as

u
sed

in
th

e
p
rev

iou
s

lin
ear

regression
settin

g
ap

p
lies

h
ere.

In
sp

ired
b
y

T
h
eorem

8
an

d
th

e
d
iscu

ssion
in

S
ection

5.2
,

w
e

set
th

e
step

-size
η

=
1

2
M

2
k

w
h
ere

M
2
k

=
λ

m
a
x (U

U
>
,2k

)
+
λ

.
T

h
e

sp
arse

eigen
valu

e
λ

m
a
x (U

U
>
,2k

)
can

b
e

com
p
u
ted

u
sin

g
th

e
tru

n
cated

p
ow

er
m

eth
o
d

(Y
u
an

&
Z

h
an

g,
20

13).

R
e
su

lts.
F

or
d
iff

eren
t

sp
arsity

levels
k
≥
k̄
,
F

igu
re

3
sh

ow
s

th
e

ch
an

ce
of

ex
act

(relax
ed

)
su

ccess
cu

rves
as

fu
n
ction

s
of

sam
p
le

size
n

.
A

gain
,

from
th

ese
cu

rves
w

e
can

ob
serve

th
at:

1)
in

a
w

id
e

ran
ge

of
sp

arsity
lev

el,
G

raH
P

ach
ieves

b
etter

trad
e-off

b
etw

een
accu

racy
an

d
stab

ility
th

an
th

e
oth

er
con

sid
ered

sp
arsity

recovery
m

eth
o
d
s;

an
d

2)
G

raH
T

P
con

sisten
tly

ou
tp

erform
s

F
G

raH
T

P
in

n
oisy

settin
gs

w
h
en

u
sin

g
k
>
k̄
.

6
.2
.2

R
e
a
l
d
a
t
a
e
x
p
e
r
im

e
n
t
s

W
e

fu
rth

er
illu

strate
th

e
p

erform
an

ce
of

G
raH

T
P

/F
G

raH
T

P
on

real
d
ata

for
b
in

ary
lo

gistic
regression

.
T

h
e

d
ata

u
sed

for
evalu

ation
in

clu
d
e

tw
o

d
en

se
d
ata

sets
gisette

(G
u
yon

et
al.,

2005)
an

d
breast

can
cer

(H
ess

et
al.,

2006),
an

d
tw

o
spa

rse
d
ata

sets
rcv1.b

in
ary

(L
ew

is
et

al.,
2005)

an
d
n
ew

s20.b
in
ary

(K
eerth

i
&

D
eC

oste,
2005).

T
ab

le
3

su
m

m
aries

th
e

statistics
of

th
ese

d
ata

sets.
F

or
each

d
ata

set,
w

e
test

w
ith

sp
arsity

p
aram

eters
k
∈
{100,20

0,...,1000}
an

d
fi
x

th
e

regu
larization

p
aram

eter
λ

=
10 −

5.
W

e
in

itialize
w

(0
)

=
0

an
d

set
th

e
stop

p
in

g
criterion

as‖w
(t)−

w
(t−

1
)‖/‖

w
(t−

1
)‖
≤

10 −
4.20

JM
L

R
 18(166):1-43, 2018



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of exact success (%)

k=
50

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of exact success (%)

k=
70

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of exact success (%)

k=
11

0

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(a
)
E
x
a
ct

su
p
p
o
rt

re
co
v
er
y

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of relaxed success (%)

k=
50

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of relaxed success (%)
k=

70

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

02040608010
0

n

Perc. of relaxed success (%)

k=
11

0

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(b
)
R
el
a
x
ed

su
p
p
o
rt

re
co
v
er
y

F
ig

u
re

3:
S
p
ar

se
lo

gi
st

ic
re

gr
es

si
on

on
si

m
u
la

te
d

d
at

a:
ch

an
ce

of
su

cc
es

s
cu

rv
es

fo
r

su
p
p

or
t

re
co

ve
ry

u
n
d
er

va
ry

in
g

sa
m

p
le

si
ze

an
d

sp
ar

si
ty

le
ve

l.

D
at

as
et

s
T

ra
in

in
g

S
iz

e
T

es
ti

n
g

S
iz

e
D

im
en

si
on

a
li
ty

gi
se
tt
e

6,
00

0
1,

00
0

5,
00

0
br
ea
st

ca
n
ce
r

54
79

22
,2

83
rc
v1
.b
in
ar
y

20
,2

42
20

,0
00

47
,2

36
n
ew

s2
0.
b
in
ar
y

10
,0

00
9,

9
96

1,
35

5,
19

1

T
ab

le
3:

S
ta

ti
st

ic
s

of
d
at

a
se

ts
u
se

d
in

b
in

ar
y

lo
gi

st
ic

re
gr

es
si

o
n

ex
p

er
im

en
t.

R
e
su

lt
s.

T
h
e

ob
je

ct
iv

e
va

lu
e,

te
st

cl
as

si
fi
ca

ti
on

er
ro

r
an

d
C

P
U

ru
n
n
in

g
ti

m
e

cu
rv

es
u
n
d
er

va
ry

in
g

sp
ar

si
ty

le
ve

l
k

ar
e

p
lo

t
in

F
ig

u
re

4.
F

ro
m

th
es

e
cu

rv
es

w
e

h
av

e
th

e
fo

ll
ow

in
g

ob
se

rv
at

io
n
s:

•
O

n
op

ti
m

al
it

y
:

G
ra

H
T

P
is

su
p

er
io

r
to

th
e

ot
h
er

co
n
si

d
er

ed
al

go
ri

th
m

s
in

m
os

t
ca

se
s.

F
G

ra
H

T
P

is
le

ss
op

ti
m

al
on

gi
se
tt
e

d
at

a,
w

h
il
e

it
is

co
m

p
ar

ab
le

to
th

e
ot

h
er

al
go

ri
th

m
s

on
th

e
ot

h
er

th
re

e
d
at

a
se

ts
.

•
O

n
cl

as
si

fi
ca

ti
on

ac
cu

ra
cy

:
G

ra
H

T
P

an
d

G
ra

S
P

ar
e

co
m

p
ar

ab
le

to
ea

ch
ot

h
er

an
d

th
ey

ar
e

sl
ig

h
tl

y
su

p
er

io
r

to
th

e
ot

h
er

al
go

ri
th

m
s

in
m

os
t

ca
se

s;
F

G
ra

H
T

P
is

av
er

ag
e

in
cl

as
si

fi
ca

ti
on

ac
cu

ra
cy

in
m

os
t

ca
se

s. 2
1

JM
L

R
 1

8(
16

6)
:1

-4
3,

 2
01

8

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

20
0

40
0

60
0

80
0

10
00

10
−

2

k

Logistic Loss

O
pt

im
al

it
y

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

0.
02

0.
03

0.
04

0.
05

0.
06

k

Classification error

P
re

di
ct

io
n 

E
rr

or

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

10
2

10
3

k

CPU time (in second)

R
un

ni
ng

 T
im

e

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(a
)
g
is
et
te

20
0

40
0

60
0

80
0

10
00

10
−

4

k

Logistic Loss

O
pt

im
al

it
y

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

0.
2

0.
250.
3

k

Classification error

P
re

di
ct

io
n 

E
rr

or

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

10
0

10
1

10
2

k

CPU time (in second)

R
un

ni
ng

 T
im

e

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(b
)
br
ea
st

ca
n
ce
r

20
0

40
0

60
0

80
0

10
00

0.
1

0.
150.
2

0.
25

k

Logistic Loss

O
pt

im
al

it
y

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

0.
04

0.
06

0.
080.
1

k

Classification error

P
re

di
ct

io
n 

E
rr

or

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

02040608010
0

k

CPU time (in second)

R
un

ni
ng

 T
im

e

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(c
)
rc
v1
.b
in
ar
y

20
0

40
0

60
0

80
0

10
00

0.
150.
2

0.
250.
3

0.
350.
4

k
Logistic Loss

O
pt

im
al

it
y

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

0.
06

0.
080.
1

0.
12

0.
14

0.
16

k

Classification error

P
re

di
ct

io
n 

E
rr

or

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

20
0

40
0

60
0

80
0

10
00

10
2

10
3

10
4

k

CPU time (in second)

R
un

ni
ng

 T
im

e

 

 

G
ra

H
T

P
FG

ra
H

T
P

G
ra

SP
FB

S
Fo

B
a

(d
)
n
ew

s2
0
.b
in
ar
y

F
ig

u
re

4:
S
p
ar

se
lo

gi
st

ic
re

gr
es

si
on

on
re

al
d
at

a:
ob

je
ct

iv
e

va
lu

e,
cl

as
si

fi
ca

ti
o
n

er
ro

r
a
n
d

C
P

U
ru

n
n
in

g
ti

m
e

cu
rv

es
u
n
d
er

va
ry

in
g

sp
a
rs

it
y

le
ve

l.

22
JM

L
R

 1
8(

16
6)

:1
-4

3,
 2

01
8



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

0.02
0.04

0.06
0.08

0.1
0

0.05

0.1

λ

Classification error

P
rediction E

rror

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

0.02
0.04

0.06
0.08

0.1

10
2

10
3

λ

CPU time (in second)

R
unning T

im
e

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

(a
)
g
isette

2
4

6
8

10

x 10
−

3

0.22

0.24

0.26

0.28

0.3

0.32

λ

Classification error

P
rediction E

rror

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

2
4

6
8

10

x 10
−

3

10
1

10
2

λ

CPU time (in second)

R
unning T

im
e

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

(b
)
breast

can
cer

2
4

6
8

10

x 10
−

5

0.04

0.045

0.05

λ

Classification error

P
rediction E

rror

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

2
4

6
8

10

x 10
−

5

10
1

10
2

λ

CPU time (in second)

R
unning T

im
e

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

(c)
rcv1

.b
in
ary

1
2

3
4

5

x 10
−

4

0.05

0.1

0.15

0.2

λ

Classification error

P
rediction E

rror

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

1
2

3
4

5

x 10
−

4

10
2

10
3

λ

CPU time (in second)

R
unning T

im
e

 

 

G
raH

T
P

FG
raH

T
P

L
asso−

A
PG

(d
)
n
ew

s2
0
.b
in
ary

F
ig

u
re

5:
S
p
a
rse

logistic
regression

on
rea

l
d
ata:

com
p
arison

b
etw

een
G

raH
T

P
/F

G
raH

T
P

a
n
d

L
asso-ty

p
e

estim
ator

in
classifi

cation
error

an
d

C
P

U
ru

n
n
in

g
tim

e.

•
O

n
ex

ecu
tion

tim
e:

F
G

raH
T

P
is

th
e

m
ost

effi
cien

t
on

e
an

d
G

raH
T

P
is

th
e

ru
n
n
er-u

p
ex

cep
t

o
n

breast
can

cer.
P

articu
larly,

as
sh

ow
n

in
F

igu
re

4(d
)

th
at

th
e

com
p
u
ta-

tio
n
a
l

a
d
van

tage
of

F
G

raH
T

P
/G

raH
T

P
over

th
e

oth
er

con
sid

ered
m

eth
o
d
s

b
ecom

es
sig

n
ifi

ca
n
t

on
n
ew

s20.b
in
ary

w
h
ich

is
relatively

large
in

scale.

T
o

su
m

m
arize,

G
raH

T
P

an
d

F
G

raH
T

P
are

ab
le

to
ach

ieve
d
esirab

le
tra

d
e-off

b
etw

een
a
ccu

ra
cy

a
n
d

effi
cien

cy
on

th
e

con
sid

ered
d
ata

sets.

C
o
m

p
a
riso

n
a
g
a
in

st
L

a
sso

-ty
p

e
e
stim

a
to

r.
W

e
h
ave

also
con

d
u
cted

a
set

of
ex

-
p

erim
en

ts
to

com
p
are

G
raH

T
P

/F
G

raH
T

P
again

st
th

e
L

asso-ty
p

e
estim

ator
(4)

for
`
1 -

reg
u
la

rized
sp

a
rse

learn
in

g.
T

o
m

ake
a

fair
com

p
arison

,
w

e
fi
rst

solve
th

e
L

asso-ty
p

e
esti-

m
a
to

r
(4

)
u
sin

g
an

accelerated
p
rox

im
al

grad
ien

t
m

eth
o
d

(B
eck

&
T

eb
ou

lle,
2009),

w
h
ich

w
e

ca
ll

L
a
sso

-A
P

G
,

an
d

th
en

ru
n

G
raH

T
P

w
ith

th
e

sp
arsity

level
of

th
e

L
asso-A

P
G

so-
lu

tio
n
.

F
ig

u
re

5
sh

ow
s

th
e

test
classifi

cation
error

an
d

C
P

U
ru

n
n
in

g
tim

e
cu

rves
u
n
d
er

va
ry

in
g

reg
u
la

rization
p
aram

eter
λ

.
W

e
can

ob
serve

from
th

is
grou

p
of

resu
lts

th
a
t:

(1)
G

ra
H

T
P

a
n
d

F
G

raH
T

P
ou

tp
erform

L
asso-A

P
G

in
classifi

cation
accu

racy
o
n

th
ree

ou
t

of
th

e
fo

u
r

d
a
ta

sets
in

u
se;

an
d

(2)
F

G
raH

T
P

is
th

e
m

ost
effi

cien
t

on
e

on
all

th
e

d
ata

sets
a
n
d

G
ra

H
T

P
is

fa
ster

th
an

L
asso-A

P
G

on
th

ree
o
f

th
e

d
ata

sets.
B

ased
on

th
ese

ob
servation

s,
w

e
ca

n
co

n
clu

d
e

th
at

G
raH

T
P

an
d

F
G

raH
T

P
ten

d
to

b
e

m
ore

accu
rate

a
n
d

effi
cien

t
th

an
L

a
sso

-ty
p

e
estim

ator
w

h
en

th
eir

ou
tp

u
t

solu
tion

s
are

at
th

e
sam

e
sp

arsity
level.

6
.3

S
p

a
rsity

-c
o
n

stra
in

e
d

G
a
u

ssia
n

P
re

c
isio

n
M

a
trix

E
stim

a
tio

n

W
e

fu
rth

er
a
ssess

th
e

p
erform

an
ce

of
G

raH
T

P
/F

G
raH

T
P

w
h
en

ap
p
lied

to
sp

arse
p
recision

m
a
trix

estim
a
tion

.

23
JM

L
R

 18(166):1-43, 2018

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

50
100

150
200

0 20 40 60 80

100

D
im

ensionality p

Frobenius norm

E
stim

ation E
rror

 

 

G
raH

T
P

G
raSP

FB
S

FoB
a

G
L

asso

50
100

150
200

0.2

0.4

0.6

0.8 1

D
im

ensionality p

F−Score

Structure R
ecovery

 

 

G
raH

T
P

G
raSP

FB
S

FoB
a

G
L

asso

50
100

150
200

10
−

2

10
0

10
2

D
im

ensionality p

CPU time (in second)

R
unning T

im
e

 

 

G
raH

T
P

G
raSP

FB
S

FoB
a

G
L

asso

F
igu

re
6:

S
p
arse

p
recision

m
atrix

estim
ation

on
sim

u
lated

d
ata:

M
atrix

F
rob

en
iu

s
n
orm

loss,
su

p
p

ort
recovery

F
-score

an
d

C
P

U
ru

n
n
in

g
tim

e
cu

rves
u
n
d
er

vary
in

g
d
ata

d
im

en
sion

ality.
T

h
e

larger
th

e
F

-score,
th

e
b

etter
th

e
su

p
p

ort
recovery

p
erfor-

m
an

ce.

6
.3
.1

M
o
n
t
e
-C

a
r
l
o

S
im

u
l
a
t
io
n

O
u
r

sim
u
lation

stu
d
y

em
p
loy

s
th

e
sp

arse
p
recision

m
atrix

m
o
d
el

Ω̄
=

Θ
+
σ
I

w
h
ere

each
off

-d
iagon

al
en

try
in

Θ
is

gen
erated

in
d
ep

en
d
en

tly
an

d
eq

u
als

1
w

ith
p
rob

a
b
ility

P
=

0.1
or

0
w

ith
p
rob

ab
ility

1−
P

=
0
.9.

Θ
h
as

zeros
on

th
e

d
iagon

al,
an

d
σ

is
ch

osen
so

th
at

th
e

con
d
ition

n
u
m

b
er

of
Ω̄

is
p
.

L
et

Σ̄
=

Ω̄
−

1
b

e
th

e
covarian

ce
m

atrix
.

W
e

gen
erate

a
train

in
g

sam
p
le

of
size

n
=

100
from

N
(0,Σ̄

),
an

d
an

in
d
ep

en
d
en

t
sam

p
le

of
size

100
from

th
e

sam
e

d
istrib

u
tion

for
tu

n
in

g
th

e
p
aram

eter
k
.

T
h
e

n
u
m

erical
p

erform
an

ce
is

evalu
ated

w
ith

d
iff

eren
t

valu
es

of
p
∈
{30,60,120

,200},
rep

licated
100

tim
es

each
.

W
e

com
p
are

th
e

m
o
d
ifi

ed
G

raH
T

P
(as

ou
tlin

ed
in

A
lgorith

m
2)

w
ith

G
raS

P
,

F
B

S
an

d
F

oB
a.

T
o

ad
op

t
G

raS
P

to
sp

arse
p
recision

m
atrix

estim
ation

,
w

e
m

o
d
ify

th
e

algorith
m

w
ith

a
sim

ilar
tw

o-stage
strategy

as
u
sed

in
th

e
m

o
d
ifi

ed
G

raH
T

P
su

ch
th

at
it

can
h
an

-
d
le

th
e

eigen
valu

e
b

ou
n
d
in

g
con

strain
t

in
ad

d
ition

to
th

e
sp

arsity
con

strain
t.

F
B

S
an

d
F

oB
a

h
ave

alread
y

b
een

ap
p
lied

to
sp

arse
p
recision

m
atrix

estim
ation

p
rob

lem
s

in
litera-

tu
re

(Y
u
an

&
Y

an
,

2013;
J
alali

et
al.,

2011).
A

lso,
w

e
com

p
are

G
raH

T
P

w
ith

G
rap

h
ical

L
asso

(G
L

asso)
w

h
ich

is
on

e
of

th
e

rep
resen

tative
L

asso-ty
p

e
con

vex
estim

ators
for

`
1 -

p
en

alized
log-d

eterm
in

an
t

p
rogram

(F
ried

m
an

et
al.,

2008).
T

h
e

q
u
ality

of
p
recision

m
atrix

estim
ation

is
m

easu
red

b
y

its
d
istan

ce
to

th
e

tru
th

in
F

rob
en

iu
s

n
orm

an
d

th
e

su
p
p

ort
recovery

F
-score.

T
h
e

larger
th

e
F

-score,
th

e
b

etter
th

e
su

p
p

ort
recovery

p
erform

an
ce.

F
igu

re
6

com
p
ares

th
e

m
atrix

error
in

F
rob

en
iu

s
n
orm

,
su

p
p

ort
recovery

F
-score

an
d

C
P

U
ru

n
n
in

g
tim

e
ach

ieved
b
y

each
of

th
e

con
sid

ered
algorith

m
s

fo
r

d
iff

eren
t
p
.

T
h
e

resu
lts

sh
ow

th
at

G
raH

T
P

p
erform

s
favorab

ly
in

term
s

of
estim

a
tion

error
an

d
su

p
p

ort
recovery

accu
racy.

W
e

n
ote

from
th

e
error

b
ars

in
th

e
cu

rves
th

at
th

e
sta

n
d
ard

error
(in

100
rep

lica-
tion

)
of

G
raH

T
P

is
relatively

larger
th

an
G

lasso.
T

h
is

is
b

ecau
se

G
raH

T
P

ap
p
rox

im
ately

solves
a

n
on

con
vex

p
rob

lem
v
ia

greed
y

selection
at

each
iteration

;
th

e
p
ro

ced
u
re

is
less

sta-
b
le

th
an

th
ose

con
vex

solvers
su

ch
as

G
L

asso.
S
im

ilar
p
h
en

om
en

on
of

in
stab

ility
h
as

also
b

een
ob

served
for

th
e

oth
er

con
sid

ered
`
0 -estim

ators.
T

h
e

righ
t

p
an

el
of

F
igu

re
6

sh
ow

s
th

e
com

p
u
tation

al
tim

e
of

th
e

con
sid

ered
algorith

m
s.

W
e

can
see

th
at

G
L

a
sso

is
m

ore
effi

cien
t

th
an

th
e

fou
r

greed
y

selection
m

eth
o
d
s.

A
lth

ou
gh

in
ferior

to
G

L
asso,

G
raH

T
P

is
still

com
p
u
tation

a
lly

m
ore

attractive
th

an
th

e
oth

er
con

sid
ered

greed
y

selection
solv

ers.

24
JM

L
R

 18(166):1-43, 2018



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

M
et

h
o
d
s

S
p

ec
ifi

ci
ty

S
en

si
ti

v
it

y
M

C
C

C
P

U
T

im
e

(s
ec

.)

G
ra

H
T

P
0.

77
(0

.1
1)

0.
77

(0
.1

9)
0
.4

9
(0

.1
9)

1.
92

G
ra

S
P

0.
73

(0
.1

0)
0
.7

8
(0

.1
8)

0.
45

(0
.1

7)
4.

06
F

B
S

0.
78

(0
.1

1)
0.

74
(0

.1
8)

0.
48

(0
.1

9)
8.

73
F

oB
a

0.
72

(0
.1

1)
0
.7

8
(0

.1
8)

0.
44

(0
.1

8)
6.

73
G

L
as

so
0
.8

1
(0

.1
1)

0.
64

(0
.2

1)
0.

45
(0

.1
9)

1
.1

9

T
ab

le
4:

S
p
ar

se
p
re

ci
si

on
m

at
ri

x
es

ti
m

at
io

n
on

br
ea
st

ca
n
ce
r

d
at

a:
co

m
p
ar

is
on

of
av

er
ag

e
(s

td
)

cl
as

si
fi
ca

ti
on

ac
cu

ra
cy

an
d

av
er

ag
e

C
P

U
ru

n
n
in

g
ti

m
e

ov
er

10
0

re
p
li
ca

ti
on

s.

6
.3
.2

R
e
a
l
D
a
t
a

W
e

co
n
si

d
er

th
e

ta
sk

of
L

D
A

(l
in

ea
r

d
is

cr
im

in
an

t
an

al
y
si

s)
cl

as
si

fi
ca

ti
on

of
tu

m
o
rs

u
si

n
g

th
e

br
ea
st

ca
n
ce
r

d
at

a
se

t.
T

h
is

d
at

a
co

n
si

st
s

of
13

3
su

b
je

ct
s,

ea
ch

of
w

h
ic

h
is

as
so

ci
at

ed
w

it
h

22
,2

83
ge

n
e

ex
p
re

ss
io

n
le

v
el

s.
A

m
on

g
th

es
e

su
b

je
ct

s,
34

ar
e

w
it

h
p
at

h
o
lo

gi
ca

l
co

m
p
le

te
re

sp
on

se
(p

C
R

)
an

d
99

ar
e

w
it

h
re

si
d
u
al

d
is

ea
se

(R
D

).
T

h
e

p
C

R
su

b
je

ct
s

ar
e

co
n
si

d
er

ed
to

h
av

e
a

h
ig

h
ch

an
ce

of
ca

n
ce

r
fr

ee
su

rv
iv

al
in

th
e

lo
n
g

te
rm

.
B

as
ed

on
th

e
es

ti
m

at
ed

p
re

ci
si

on
m

at
ri

x
of

th
e

ge
n
e

ex
p
re

ss
io

n
le

ve
ls

,
w

e
ap

p
ly

L
D

A
to

p
re

d
ic

t
w

h
et

h
er

a
su

b
je

ct
ca

n
ac

h
ie

ve
th

e
p
C

R
st

at
e

or
th

e
R

D
st

at
e.

E
x
p

e
ri

m
e
n
t

p
ro

to
c
o
l.

In
th

is
ex

p
er

im
en

t,
w

e
fo

ll
ow

th
e

sa
m

e
p
ro

to
co

l
as

w
h
at

w
as

u
se

d
in

th
e

p
ap

er
of

C
ai

et
al

.
(2

01
1)

.
T

h
e

d
at

a
ar

e
ra

n
d
om

ly
d
iv

id
ed

in
to

th
e

tr
ai

n
in

g
an

d
te

st
se

ts
.

In
ea

ch
ra

n
d
om

d
iv

is
io

n
,

5
p
C

R
su

b
je

ct
s

an
d

16
R

D
su

b
je

ct
s

ar
e

ra
n
-

d
om

ly
se

le
ct

ed
to

co
n
st

it
u
te

th
e

te
st

d
at

a
,

an
d

th
e

re
m

ai
n
in

g
su

b
je

ct
s

fo
rm

th
e

tr
ai

n
in

g
se

t
w

it
h

si
ze

n
=

11
2.

B
y

u
si

n
g

tw
o-

sa
m

p
le
t

te
st

,
p

=
11

3
m

os
t

si
gn

ifi
ca

n
t

ge
n
es

ar
e

se
le

ct
ed

as
co

va
ri

at
es

.
F

ol
lo

w
in

g
th

e
L

D
A

fr
am

ew
or

k
,

w
e

as
su

m
e

th
a
t

th
e

n
or

m
al

iz
ed

ge
n
e

ex
p
re

ss
io

n
d
at

a
ar

e
n
or

m
al

ly
d
is

tr
ib

u
te

d
as
N

(µ
l,

Σ̄
),

w
h
er

e
th

e
tw

o
cl

as
se

s
ar

e
as

-
su

m
ed

to
h
av

e
th

e
sa

m
e

co
va

ri
an

ce
m

a
tr

ix
,

Σ̄
,

b
u
t

d
iff

er
en

t
m

ea
n
s,
µ
l,
l

=
1

fo
r

p
C

R
st

at
e

an
d
l

=
2

fo
r

R
D

st
at

e.
G

iv
en

a
te

st
d
at

a
sa

m
p
le
x

,
w

e
ca

lc
u
la

te
it

s
L

D
A

sc
o
re

s,
δ l

(x
)

=
x
>

Ω̂
µ̂
l
−

1 2
µ̂
> l

Ω̂
µ̂
l
+

lo
g
π̂
l,
l

=
1,

2,
u
si

n
g

th
e

p
re

ci
si

on
m

at
ri

x
Ω̂

es
ti

m
at

ed
b
y

th
e

co
n
si

d
er

ed
m

et
h
o
d
s.

H
er

e
µ̂
l

=
(1
/n

l)
∑

i∈
cl

a
ss
l
x
i

is
th

e
w

it
h
in

-c
la

ss
m

ea
n

in
th

e
tr

ai
n
in

g
se

t
an

d
π̂
l

=
n
l/
n

is
th

e
p
ro

p
or

ti
on

of
cl

as
s
l

su
b

je
ct

s
in

th
e

tr
a
in

in
g

se
t.

T
h
e

cl
a
ss

ifi
ca

ti
on

ru
le

is
l̂(
x

)
=

ar
g

m
ax

l=
1
,2
δ l

(x
).

C
le

ar
ly

,
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

is
d
ir

ec
tl

y
aff

ec
te

d

b
y

th
e

es
ti

m
at

io
n

q
u
al

it
y

of
Ω̂

.
H

en
ce

,
w

e
as

se
ss

th
e

p
re

ci
si

on
m

at
ri

x
es

ti
m

at
io

n
p

er
fo

r-
m

an
ce

on
th

e
te

st
d
at

a
an

d
co

m
p
ar

e
G

ra
H

T
P

w
it

h
G

ra
S
P

,
F

B
S
,

F
oB

a
an

d
G

L
as

so
.

W
e

u
se

a
6-

fo
ld

cr
os

s-
va

li
d
at

io
n

on
th

e
tr

ai
n
in

g
d
at

a
fo

r
tu

n
in

g
th

e
sp

ar
si

ty
le

ve
l

p
ar

am
et

er
in
` 0

-e
st

im
at

or
s

an
d

th
e

re
gu

la
ri

za
ti

on
st

re
n
gt

h
p
ar

am
et

er
in

G
L

as
so

.
W

e
re

p
li
ca

te
th

e
ex

p
er

im
en

t
10

0
ti

m
es

.

E
v
a
lu

a
ti

o
n

m
e
tr

ic
a
n

d
re

su
lt

s.
T

o
ev

al
u
at

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

,
w

e
u
se

th
e

fo
ll
ow

in
g

d
efi

n
ed

sp
ec

ifi
ci

ty
,

se
n
si

ti
v
it

y
(o

r
re

ca
ll
),

an
d

M
at

h
ew

s
co

rr
el

at
io

n
co

effi
ci

en
t

2
5

JM
L

R
 1

8(
16

6)
:1

-4
3,

 2
01

8

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

(M
C

C
)

cr
it

er
ia

as
u
se

d
b
y

C
ai

et
al

.
(2

01
1)

:

S
p

ec
ifi

ci
ty

=
T

N

T
N

+
F

P
,

S
en

si
ti

v
it

y
=

T
P

T
P

+
F

N
,

M
C

C
=

T
P
×

T
N
−

F
P
×

F
N

√
(T

P
+

F
P

)(
T

P
+

F
N

)(
T

N
+

F
P

)(
T

N
+

F
N

),

w
h
er

e
T

P
an

d
T

N
st

an
d

fo
r

tr
u
e

p
os

it
iv

es
(p

C
R

)
an

d
tr

u
e

n
eg

at
iv

es
(R

D
),

re
sp

ec
ti

ve
ly

,
an

d
F

P
an

d
F

N
st

an
d

fo
r

fa
ls

e
p

os
it

iv
es

/n
eg

at
iv

es
,

re
sp

ec
ti

ve
ly

.
T

h
e

la
rg

er
th

e
cr

it
er

io
n

va
lu

e,
th

e
b

et
te

r
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

.
S
in

ce
on

e
ca

n
ad

ju
st

d
ec

is
io

n
th

re
sh

ol
d

in
an

y
sp

ec
ifi

c
al

go
ri

th
m

to
tr

ad
e-

off
sp

ec
ifi

ci
ty

an
d

se
n
si

ti
v
it

y
(i

n
cr

ea
se

on
e

w
h
il
e

re
d
u
ce

th
e

ot
h
er

),
th

e
M

C
C

is
m

or
e

m
ea

n
in

gf
u
l

a
s

a
si

n
gl

e
p

er
fo

rm
an

ce
m

et
ri

c.
T

a
b
le

4
li
st

s
th

e
av

er
ag

es
an

d
st

an
d
ar

d
d
ev

ia
ti

on
s,

in
th

e
p
ar

en
th

es
es

,
of

th
e

th
re

e
cl

as
si

fi
ca

ti
o
n

cr
it

er
ia

ov
er

10
0

re
p
li
ca

ti
on

s.
It

ca
n

b
e

ob
se

rv
ed

th
at

G
ra

H
T

P
is

q
u
it

e
co

m
p

et
it

iv
e

to
th

e
le

a
d
in

g
m

et
h
o
d
s

in
al

l
th

e
th

re
e

m
et

ri
cs

.
T

h
e

av
er

ag
e

C
P

U
ru

n
n
in

g
ti

m
e

of
ea

ch
co

n
si

d
er

ed
m

et
h
o
d

is
li
st

ed
in

th
e

ri
gh

tm
os

t
co

lu
m

n
of

T
ab

le
4.

7
.
C
o
n
cl
u
si
o
n

In
th

is
ar

ti
cl

e,
w

e
p
ro

p
os

ed
G

ra
H

T
P

as
a

ge
n
er

al
iz

at
io

n
of

H
T

P
fr

om
co

m
p
re

ss
ed

se
n
si

n
g

to
th

e
ge

n
er

ic
p
ro

b
le

m
of

sp
ar

si
ty

-c
on

st
ra

in
ed

lo
ss

m
in

im
iz

at
io

n
.

T
h
e

m
ai

n
id

ea
is

to
fo

rc
e

th
e

gr
ad

ie
n
t

d
es

ce
n
t

it
er

at
io

n
to

b
e

sp
ar

se
v
ia

h
ar

d
th

re
sh

ol
d
in

g
.

T
h
eo

re
ti

ca
ll
y,

w
e

p
ro

ve
d

th
at

u
n
d
er

m
il
d

co
n
d
it

io
n
s,

G
ra

H
T

P
co

n
ve

rg
es

ge
om

et
ri

ca
ll
y

an
d

it
s

es
ti

m
a
ti

o
n

er
ro

r
is

co
n
tr

ol
le

d
b
y

th
e

re
st

ri
ct

ed
n
or

m
of

gr
ad

ie
n
t

at
th

e
ta

rg
et

sp
ar

se
so

lu
ti

on
.

U
n
d
er

p
ro

p
-

er
ly

st
re

n
gt

h
en

ed
co

n
d
it

io
n
s,

w
e

fu
rt

h
er

es
ta

b
li
sh

ed
th

e
sp

ar
si

ty
re

co
ve

ry
p

er
fo

rm
a
n
ce

of
G

ra
H

T
P

w
h
ic

h
to

ou
r

k
n
ow

le
d
ge

h
as

n
ot

b
ee

n
sy

st
em

at
ic

al
ly

an
al

y
ze

d
el

se
w

h
er

e
in

li
te

r-
at

u
re

.
A

ls
o,

w
e

h
av

e
p
ro

p
os

ed
an

d
an

al
y
ze

d
th

e
F

G
ra

H
T

P
al

go
ri

th
m

as
a

fa
st

va
ri

a
n
t

o
f

G
ra

H
T

P
w

it
h
ou

t
ap

p
ly

in
g

th
e

d
eb

ia
si

n
g

op
er

at
io

n
a
ft

er
tr

u
n
ca

ti
on

.
E

m
p
ir

ic
a
ll
y,

w
e

sh
ow

ed
th

at
G

ra
H

T
P

an
d

F
G

ra
H

T
P

ar
e

su
p

er
io

r
or

co
m

p
et

it
iv

e
to

th
e

st
at

e-
o
f-

th
e-

a
rt

g
re

ed
y

p
u
r-

su
it

m
et

h
o
d
s

w
h
en

ap
p
li
ed

to
sp

ar
se

le
ar

n
in

g
p
ro

b
le

m
s

in
cl

u
d
in

g
li
n
ea

r
re

gr
es

si
o
n
,

lo
g
is

ti
c

re
gr

es
si

on
an

d
p
re

ci
si

on
m

at
ri

x
es

ti
m

at
io

n
.

T
o

co
n
cl

u
d
e,

si
m

p
ly

co
m

b
in

in
g

gr
a
d
ie

n
t

d
es

ce
n
t

w
it

h
h
ar

d
th

re
sh

ol
d
in

g
le

ad
s

to
an

ac
cu

ra
te

an
d

co
m

p
u
ta

ti
on

al
ly

tr
ac

ta
b
le

p
ro

ce
d
u
re

fo
r

so
lv

in
g

sp
ar

si
ty

-c
on

st
ra

in
ed

lo
ss

m
in

im
iz

at
io

n
p
ro

b
le

m
s.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

au
th

or
s

w
ou

ld
li
ke

to
th

an
k

th
e

an
on

y
m

ou
s

re
fe

re
es

fo
r

th
ei

r
co

n
st

ru
ct

iv
e

co
m

m
en

ts
w

h
ic

h
ar

e
ex

tr
em

el
y

h
el

p
fu

l
fo

r
im

p
ro

v
in

g
th

is
w

or
k
.

X
ia

o-
T

on
g

Y
u
an

an
d

P
in

g
L

i
w

er
e

p
ar

ti
al

ly
su

p
p

or
te

d
b
y

N
S
F

-B
ig

d
at

a-
14

19
21

0,
N

S
F

-I
II

-1
36

09
7
1,

O
N

R
-N

00
0
1
4
-1

3
-1

-0
7
64

,
an

d
A

F
O

S
R

-F
A

95
50

-1
3-

1-
01

37
.

X
ia

o
-T

on
g

Y
u
an

is
al

so
p
ar

ti
al

ly
su

p
p

or
te

d
b
y

N
S
F

C
-

61
52

23
08

an
d

T
en

ce
n
t

A
I

L
ab

R
h
in

o-
B

ir
d

J
oi

n
t

R
es

ea
rc

h
P

ro
gr

am
(N

o.
J
R

2
0
1
8
0
1
).

T
o
n
g

Z
h
an

g
w

as
su

p
p

or
te

d
b
y

N
S
F

-I
IS

-1
40

79
39

an
d

N
S
F

-I
IS

-1
25

09
85

.

A
p
p
e
n
d
ix

A
.
T
e
ch

n
ic
a
l
L
e
m
m
a
s

W
e

p
re

se
n
t

in
th

is
ap

p
en

d
ix

se
ct

io
n

a
fe

w
te

ch
n
ic

al
le

m
m

as
to

b
e

u
se

d
in

th
e

p
ro

o
fs

o
f

m
a
in

re
su

lt
s.

26
JM

L
R

 1
8(

16
6)

:1
-4

3,
 2

01
8



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

L
e
m

m
a

1
3

L
et
x

be
a
k

-spa
rse

vecto
r

a
n

d
y

=
x
−
η∇

f
(x

).
If
f

is
M

2
k -sm

oo
th

,
th

en
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s:

f
(y
k )≤

f
(x

)−
1−

η
M

2
k

2η
‖
y
k −

x‖
2.

P
ro

o
f

S
in

ce
f

is
M

2
k -sm

o
oth

,
it

follow
s

th
at

f
(y
k )−

f
(x

)≤
〈∇
f

(x
),y

k −
x〉

+
M

2
k

2
‖y
k −

x‖
2

ξ
1

≤
−

12
η ‖
y
k −

x‖
2

+
M

2
k

2
‖y
k −

x‖
2

=
−

1−
η
M

2
k

2
η

‖y
k −

x‖
2,

w
h
ere

“ξ
1 ”

fo
llow

s
from

th
e

fact
th

at
y
k

is
th

e
b

est
k
-su

p
p

ort
ap

p
rox

im
ation

to
y

su
ch

th
at

‖
y
k −

y‖
2

=
‖y
k −

x
+
η∇

f
(x

)‖
2≤
‖x
−
x

+
η∇

f
(x

)‖
2

=
‖
η∇

f
(x

)‖
2,

w
h
ich

im
p
lies

2η〈∇
f

(x
),y

k −
x〉≤

−
‖y
k −

x‖
2.

L
e
m

m
a

1
4

A
ssu

m
e

th
a
t
f

is
m
s -stro

n
gly

co
n

vex.
T

h
en

fo
r

a
n

y
‖x−

x
′‖

0 ≤
s

it
h
o
ld

s
th

a
t

‖x
−
x
′‖
≤
√

2
m

ax{f
(x

)−
f

(x
′),0}

m
s

+
2‖∇

F
∪
F
′f

(x
′)‖

m
s

,

w
h
ere

F
=

su
p
p
(x

)
a
n

d
F
′
=

su
p
p
(x
′).

P
ro

o
f

S
in

ce
f

is
m
s -stron

gly
con

vex
,

w
e

h
ave

f
(x

)≥
f

(x
′)

+
〈∇
f

(x
′),x
−
x
′〉

+
m
s

2
‖x
−
x
′‖

2

≥
f

(x
′)−
‖∇

F
∪
F
′f

(x
′)‖‖x

−
x
′‖

+
m
s

2
‖
x
−
x
′‖

2,

w
h
ere

th
e

secon
d

in
eq

u
ality

follow
s

from
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality.

F
rom

th
is

a
b

ove
in

eq
u
a
lity

w
e

can
see

th
at

if
f

(x
)≤

f
(x
′),

th
en

‖
x
−
x
′‖
≤

2‖∇
F
∪
F
′f

(x
′)‖

m
s

.

If
o
th

erw
ise

f
(x

)
>
f

(x
′),

th
en

w
e

h
av

e

‖x
−
x
′‖
≤
‖∇

F
∪
F
′f

(x
′)‖

+
√
‖∇

F
∪
F
′f

(x
′)‖

2
+

2
m
s (f

(x
)−

f
(x
′))

m
s

≤
2‖∇

F
∪
F
′f

(x
′)‖

+
√

2
m
s (f

(x
)−

f
(x
′))

m
s

.

B
y

com
b
in

in
g

th
e

ab
ove

tw
o

cases
w

e
get

th
e

d
esired

b
ou

n
d
.

27
JM

L
R

 18(166):1-43, 2018

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

L
e
m

m
a

1
5

A
ssu

m
e

th
a
t
f

is
m
s -stro

n
gly

co
n

vex
a
n

d
M
s -sm

oo
th

.
F

o
r

a
n

y
in

d
ex

set
F

w
ith

ca
rd

in
a
lity
|F
|≤

s
a
n

d
a
n

y
x
,y

w
ith

su
p
p
(x

)∪
su

p
p
(y

)⊆
F

,
if
η
∈

(0,2m
s /M

2s ),
th

en

‖
x
−
y−

η∇
F
f

(x
)

+
η∇

F
f

(y
)‖
≤
√

1−
2
η
m
s

+
η

2M
2s ‖
x
−
y‖,

a
n

d
√

1−
2η
m
s

+
η

2M
2s
<

1.

P
ro

o
f

B
y

ad
d
in

g
tw

o
cop

ies
of

th
e

in
eq

u
ality

(2)
w

ith
x

an
d
y

in
terch

an
ged

an
d

ap
p
ly

in
g

T
h
eorem

2.1.5
in

th
e

tex
tb

o
ok

(N
esterov

,
2004)

on
th

e
su

p
p

ortin
g

set
F

,
w

e
can

sh
ow

th
at

(x
−
y
) >

(∇
f

(x
)−
∇
f

(y
))≥

m
s ‖
x
−
y‖

2,
‖∇

F
f

(x
)−
∇
F
f

(y
)‖
≤
M
s ‖
x
−
y‖.

T
h
en

for
an

y
η
>

0
w

e
h
ave

‖
x
−
y−

η∇
F
f

(x
)

+
η∇

F
f

(y
)‖

2≤
(1−

2η
m
s

+
η

2M
2s )‖x

−
y‖

2.

It
is

clear
th

at
1−

2
η
m
s

+
η

2M
2s ≥

1−
m

2s /M
2s ≥

0.
T

h
e

con
d
ition

η
<

2m
s /M

2s
im

p
lies

√
1−

2η
m
s

+
η

2M
2s
<

1.
T

h
is

p
roves

th
e

lem
m

a.

L
e
m

m
a

1
6

A
ssu

m
e

th
a
t
f

is
M
s -sm

oo
th

a
n

d
m
s -stro

n
gly

co
n

vex.
L

et
F

a
n

d
F
′

be
tw

o
in

d
ex

sets
w

ith
ca

rd
in

a
lity
|F
∪
F
′|

=
s.

L
et
x

=
arg

m
in

su
p
p
(y

)⊆
F
f

(y
)

a
n

d
su

p
p
(x
′)⊆

F
′.

T
h
en

fo
r

a
n

y
η
∈

(0,2m
s /M

2s ),
th

e
fo

llo
w

in
g

tw
o

in
equ

a
lities

h
o
ld

:

‖
(x
−
x
′)
F ‖

≤
ρ‖
x
′F
′\
F ‖

1−
ρ

+
η‖∇

F
∪
F
′f

(x
′)‖

1−
ρ

,
(14)

‖
x
−
x
′‖
≤
‖
x
′F
′\
F ‖

1−
ρ

+
η‖∇

F
∪
F
′f

(x
′)‖

1−
ρ

,
(15)

w
h
ere

ρ
=
√

1−
2
η
m
s

+
η

2M
2s
<

1
.

P
ro

o
f

S
in

ce
x

is
th

e
m

in
im

u
m

of
f

(y
)

restricted
over

th
e

su
p
p

ortin
g

set
F

,
w

e
h
av

e
〈∇
f

(x
),z〉

=
0

w
h
en

ever
su

p
p
(z

)⊆
F

.
T

h
en

‖(x
−
x
′)
F ‖

2

=
〈x
−
x
′,(x
−
x
′)
F 〉

=
〈x
−
x
′−

η∇
F
∪
F
′f

(x
)

+
η∇

F
∪
F
′f

(x
′),(x

−
x
′)
F 〉−

η〈∇
F
∪
F
′f

(x
′),(x

−
x
′)
F 〉

ξ
1

≤
√

1−
2η
m
s

+
η

2M
2s ‖x
−
x
′‖‖(x

−
x
′)
F ‖

+
η‖∇

F
∪
F
′f

(x
′)‖‖(x

−
x
′)
F ‖
,

w
h
ere

“ξ
1 ”

follow
s

from
L

em
m

a
15.

L
et

u
s

ab
b
rev

iate
ρ

=
√

1−
2η
m
s

+
η

2M
2s .

A
fter

sim
p
lifi

cation
,

w
e

h
ave

‖(x
−
x
′)
F ‖
≤
ρ‖x
−
x
′‖

+
η‖∇

F
∪
F
′f

(x
′)‖
.

(16)

It
follow

s
th

at

‖x
−
x
′‖
≤
‖(x
−
x
′)
F ‖

+
‖(x
−
x
′)
F
′\
F ‖

≤
ρ‖
x
−
x
′‖

+
η‖∇

F
∪
F
′f

(x
′)‖

+
‖(x
−
x
′)
F
′\
F ‖
.

28
JM

L
R

 18(166):1-43, 2018



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

A
ft

er
re

ar
ra

n
ge

m
en

t
w

e
ob

ta
in

‖x
−
x
′ ‖
≤
‖(
x
−
x
′ )
F
′ \
F
‖

1
−
ρ

+
η
‖∇

F
∪F
′ f

(x
′ )
‖

1
−
ρ

=
‖x
′ F
′ \
F
‖

1
−
ρ

+
η
‖∇

F
∪F
′ f

(x
′ )
‖

1
−
ρ

.

(1
7)

B
y

co
m

b
in

in
g

(1
6)

an
d

(1
7)

w
e

ge
t

‖(
x
−
x
′ )
F
‖
≤
ρ
‖x
′ F
′ \
F
‖

1
−
ρ

+
η
‖∇

F
∪F
′ f

(x
′ )
‖

1
−
ρ

.

T
h
is

p
ro

v
es

th
e

d
es

ir
ed

b
ou

n
d
s

in
th

is
le

m
m

a.

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
es

ta
b
li
sh

ed
b
y

S
h
en

&
L

i
(2

01
6,

T
h
eo

re
m

1)
fo

r
b

ou
n
d
in

g
th

e
es

ti
m

at
io

n
er

ro
r

of
h
ar

d
-t

h
re

sh
ol

d
in

g
op

er
at

io
n
.

T
h
is

re
su

lt
w

il
l

b
e

ex
te

n
si

ve
ly

u
se

d
in

ou
r

an
al

y
si

s.

L
e
m

m
a

1
7

L
et
b
∈

R
p

be
a
n

a
rb

it
ra

ry
p
-d

im
en

si
o
n

a
l

ve
ct

o
r

a
n

d
a
∈

R
p

be
a
n

y
k

-s
pa

rs
e

ve
ct

o
r.

D
en

o
te
k̄

=
‖a
‖ 0
≤
k

.
T

h
en

,
w

e
h

a
ve

th
e

fo
ll

o
w

in
g

u
n

iv
er

sa
l

bo
u

n
d
:

‖b
k
−
a
‖2
≤
ν
‖b
−
a
‖2
,

ν
=

1
+
β

+
√

(4
+
β

)β

2
,

β
=

m
in
{k̄
,p
−
k
}

k
−
k̄

+
m

in
{k̄
,p
−
k
}.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

o
f
M

a
in

T
h
e
o
re
m
s
in

S
e
ct
io
n
3

T
h
e

te
ch

n
ic

al
p
ro

of
s

of
m

ai
n

re
su

lt
s

in
S
ec

ti
on

3
ar

e
co

ll
ec

te
d

in
th

is
ap

p
en

d
ix

se
ct

io
n
.

B
.1

P
ro

o
f

o
f

T
h

e
o
re

m
2

B
ef

or
e

p
ro

v
in

g
T

h
eo

re
m

2,
w

e
fi
rs

t
p
re

se
n
t

tw
o

le
m

m
as

w
h
ic

h
ar

e
re

sp
ec

ti
ve

ly
ke

y
to

th
e

p
ro

of
of

p
ar

t(
a)

an
d

p
ar

t(
b
)

of
T

h
eo

re
m

2.

L
e
m

m
a

1
8

A
ss

u
m

e
th

a
t
f

is
M

3
k
-s

m
oo

th
a
n

d
m

3
k
-s

tr
o
n

gl
y

co
n

ve
x.

L
et
x̄

be
a
n

a
rb

it
ra

ry
k

-s
pa

rs
e

ve
ct

o
r.

T
h
en

a
t

ti
m

e
in

st
a
n

ce
t,

fo
r

a
n

y
η
∈

(0
,2
m

3
k
/M

2 3
k
),

G
ra

H
T

P
w

il
l

o
u

tp
u

t
x

(t
)

sa
ti

sf
yi

n
g

‖x
(t

)
−
x̄
‖
≤

ρ

1
−
ρ
‖x

(t
−

1
)
−
x̄
‖+

2η
‖∇

2
k
f

(x̄
)‖

1
−
ρ

,

w
h
er

e
ρ

=
√

1
−

2
η
m

3
k

+
η

2
M

2 3
k
<

1
.

P
ro

o
f

D
en

ot
e
F̄

=
su

p
p
(x̄

).
S
in

ce
x

(t
)

is
th

e
m

in
im

u
m

of
f

(x
)

re
st

ri
ct

ed
ov

er
th

e
su

p
-

p
or

ti
n
g

se
t
F

(t
) ,

it
is

d
ir

ec
tl

y
k
n
ow

n
fr

om
th

e
in

eq
u
al

it
y

(1
5)

in
L

em
m

a
16

th
at

‖x
(t

)
−
x̄
‖
≤
‖(
x

(t
)
−
x̄

) F̄
\F

(t
)
‖

1
−
ρ

+
η
‖∇

F
(t
)
f

(x̄
)‖

1
−
ρ

.
(1

8)

2
9

JM
L

R
 1

8(
16

6)
:1

-4
3,

 2
01

8

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

A
cc

or
d
in

g
to

th
e

d
efi

n
it

io
n

of
F

(t
) ,

‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F̄
‖
≤
‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F
(t
)
‖.

B
y

el
im

in
at

in
g

th
e

co
n
tr

ib
u
ti

on
on

F̄
∩
F

(t
)

w
e

ge
t

‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F̄
\F

(t
)
‖
≤
‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F
(t
)
\F̄
‖.

(1
9
)

F
or

th
e

ri
gh

t-
h
an

d
si

d
e,

w
e

ca
n

d
er

iv
e

‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F
(t
)
\F̄
‖

≤
‖(
x

(t
−

1
)
−
x̄
−
η
∇
f

(x
(t
−

1
) )

+
η
∇
f

(x̄
))
F

(t
)
\F̄
‖+

η
‖∇

F
(t
)
\F̄
f

(x̄
)‖
.

(2
0
)

A
s

fo
r

th
e

le
ft

-h
an

d
si

d
e,

w
e

ca
n

se
e

th
at

‖(
x

(t
−

1
)
−
η
∇
f

(x
(t
−

1
) ))

F̄
\F

(t
)
‖

≥
‖(
x

(t
−

1
)
−
x̄
−
η
∇
f

(x
(t
−

1
) )

+
η
∇
f

(x̄
))
F̄
\F

(t
)
−

(x
(t

)
−
x̄

) F̄
\F

(t
)
−
η
∇
F̄
\F

(t
)
f

(x̄
)‖

≥
‖(
x

(t
)
−
x̄

) F̄
\F

(t
)
‖−
‖(
x

(t
−

1
)
−
x̄
−
η
∇
f

(x
(t
−

1
) )

+
η
∇
f

(x̄
))
F̄
\F

(t
)
‖

−
η
‖∇

F̄
\F

(t
)
f

(x̄
)‖
.

(2
1
)

D
en

ot
e
F̄

∆
F

(t
)

th
e

sy
m

m
et

ri
c

d
iff

er
en

ce
of
F̄

an
d
F

(t
)

an
d

le
t
F

=
F̄
∪
F

(t
)
∪
F

(t
−

1
) .

It
ca

n
b

e
sh

ow
n

fr
om

(1
9)

,
(2

0)
an

d
(2

1)
th

at

‖(
x

(t
)
−
x̄

) F̄
\F

(t
)
‖

≤
‖(
x

(t
−

1
)
−
x̄
−
η
∇
f

(x
(t
−

1
) )

+
η
∇
f

(x̄
))
F̄

∆
F

(t
)
‖+

η
‖∇

F̄
∆
F

(t
)
f

(x̄
)‖

≤
‖x

(t
−

1
)
−
x̄
−
η
∇
F
f

(x
(t
−

1
) )

+
η
∇
F
f

(x̄
)‖

+
η
‖∇

F
(t
)
∆
F̄
f

(x̄
)‖

ξ 1 ≤
ρ
‖x

(t
−

1
)
−
x̄
‖+

η
‖∇

F
(t
)
∆
F̄
f

(x̄
)‖
,

(2
2)

w
h
er

e
“
ξ 1

”
fo

ll
ow

s
fr

om
L

em
m

a
15

.
A

s
a

fi
n
al

st
ep

,
co

m
b
in

in
g

(1
8)

an
d

(2
2
)

g
iv

es
u
s

‖x
(t

)
−
x̄
‖
≤

ρ

1
−
ρ
‖x

(t
−

1
)
−
x̄
‖+

2η
‖∇

F
(t
)
∪F̄
f

(x̄
)‖

1
−
ρ

≤
ρ

1
−
ρ
‖x

(t
−

1
)
−
x̄
‖+

2η
‖∇

2
k
f

(x̄
)‖

1
−
ρ

.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

L
e
m

m
a

1
9

L
et
x̄

be
a
n

a
rb

it
ra

ry
k̄

-s
pa

rs
e

ve
ct

o
r.

A
ss

u
m

e
th

a
t
s

=
2
k

+
k̄
≤
p

a
n

d
f

is
M
s
-s

m
oo

th
a
n

d
m
s
-s

tr
o
n

gl
y

co
n

ve
x.

T
h
en

a
t

ti
m

e
in

st
a
n

ce
t,

fo
r

a
n

y
η
∈

(0
,2
m
s
/M

2 s
),

F
G

ra
H

T
P

w
il

l
o
u

tp
u

t
x

(t
)

sa
ti

sf
yi

n
g

‖x
(t

)
−
x̄
‖
≤
γ
ρ
‖x

(t
−

1
)
−
x̄
‖+

γ
η
‖∇

s
f

(x̄
)‖
,

w
h
er

e
ρ

=
√

1
−

2
η
m
s

+
η

2
M

2 s
<

1
a
n

d
γ

=

√
1

+
( k̄
/k

+
√

(4
+
k̄
/k

)k̄
/k
) /2

.

3
0

JM
L

R
 1

8(
16

6)
:1

-4
3,

 2
01

8



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

P
ro

o
f

R
eca

ll
th

at
F

(t)
=

su
p
p
(x

(t))
an

d
F

=
F

(t−
1
)∪
F

(t)∪
su

p
p
(x̄

).
C

on
sid

er
th

e
follow

in
g

vecto
r

y
=
x

(t−
1
)−

η∇
F
f

(x
(t−

1
)).

B
y

u
sin

g
tria

n
g
u
lar

in
eq

u
ality,

‖
y−

x̄‖
=
‖x

(t−
1
)−

η∇
F
f

(x
(t−

1
))−

x̄‖
≤
‖
x

(t−
1
)−

x̄
−
η∇

F
f

(x
(t−

1
))

+
η∇

F
f

(x̄
)‖

+
η‖∇

F
f

(x̄
)‖

≤
ρ‖x

(t−
1
)−

x̄‖
+
η‖∇

s f
(x̄

)‖
,

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
L

em
m

a
15

an
d
‖∇

F
f

(x̄
)‖
≤
‖∇

s f
(x̄

)‖
.

W
e

n
ote

th
at

x
(t)

=
y
k

in
F

G
raH

T
P

.
T

h
en

,
b
y

in
v
ok

in
g

L
em

m
a

17
w

e
get

‖
x

(t)−
x̄‖
≤
γ‖
y−

x̄‖,

w
h
ere

γ
=

√
1

+
(
k̄
/k

+
√

(4
+
k̄
/k

)k̄
/k )

/
2.

It
fo

llow
s

th
at

‖
x

(t)−
x̄‖
≤
γ
ρ‖
x

(t−
1
)−

x̄‖
+
γ
η‖∇

s f
(x̄

)‖.

T
h
is

p
rov

es
th

e
d
esired

b
ou

n
d
.

E
q
u
ip

p
ed

w
ith

L
em

m
a

18
an

d
L

em
m

a
19,

w
e

can
n
ow

p
rove

T
h
eorem

2
in

a
straigh

t-
fo

rw
a
rd

w
ay.

P
ro

o
f

[o
f

T
h
eo

rem
2]

P
a
rt(a

):
S
in

ce
M

3
k /m

3
k
<

2 √
3
/3,

th
ere

ex
ists

η
∈

(0,2
m

3
k /M

23
k )

su
ch

th
at

ρ
=

√
1−

2η
m

3
k

+
η

2M
23
k
<

0
.5

an
d

th
u
s
ρ
/
(1−

ρ
)
<

1.
B

y
recu

rsively
ap

p
ly

in
g

L
em

m
a

18

a
n
d

n
o
tin

g
th

e
fact‖∇

s f
(x

)‖
≤
√
s‖∇

f
(x

)‖∞
w

e
ob

tain
th

e
d
esired

b
ou

n
d

in
th

is
p
a
rt.

P
a
rt(b

):
N

ote
th

at
γ

=
1.62

w
h
en

k̄
=
k

in
L

em
m

a
19.

S
in

ce
M

3
k /m

3
k
<

1
.26,

th
ere

ex
ists

η
∈

(0,2
m

3
k /M

23
k )

su
ch

th
at

ρ
<

0
.6

2
an

d
th

u
s

1.62ρ
<

1.
T

h
en

b
y

recu
rsively

a
p
p
ly

in
g

L
em

m
a

19
w

ith
k̄

=
k

w
e

ob
tain

th
e

d
esired

b
ou

n
d

in
th

is
p
a
rt.

B
.2

P
ro

o
f

o
f

T
h

e
o
re

m
5

W
e

n
eed

th
e

fo
llow

in
g

lem
m

a
to

p
rove

T
h
eorem

5.

L
e
m

m
a

2
0

A
ssu

m
e

th
a
t
f

is
M

2
k -sm

oo
th

a
n

d
m

2
k -stro

n
gly

co
n

vex.
A

ssu
m

e
th

e
step

-size

η
<

1/M
2
k .

L
et
x̄

be
a
n

a
rbitra

ry
k̄

-spa
rse

vecto
r

w
ith

k
≥
(

2
+

4
η
2
m

22
k )
k̄

.
T

h
en

G
ra

H
T

P

o
u

tp
u

ts
x

(t)
sa

tisfyin
g

f
(x

(t))≤
f

(x̄
)

+
(1−

ν̄
)
t4̄

(0
),

w
h
ere

ν̄
=
η
m

2
k (1−

η
M

2
k )/

2
∈

(0,0.125m
2
k /M

2
k )

a
n

d
4̄

(0
)

=
f

(x
(0

))−
f

(x̄
).

P
ro

o
f

F
ro

m
th

e
d
efi

n
ition

of
x̃

(t)
w

e
k
n
ow

th
at

th
e

fo
llow

in
g

in
eq

u
ality

h
old

s:

‖x̃
(t)

F
(t) −

x
(t−

1
)‖
≥
η‖∇

F
(t)\

F
(t−

1
) f

(x
(t−

1
))‖.

(23)

3
1

JM
L

R
 18(166):1-43, 2018

Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

F
rom

L
em

m
a

13
w

e
get

f
(x

(t))−
f

(x
(t−

1
))≤

f
(x̃

(t)

F
(t) )−

f
(x

(t−
1
))≤

−
1−

η
M

2
k

2
η

‖x̃
(t)

F
(t) −

x
(t−

1
)‖

2.
(24)

C
om

b
in

in
g

th
e

ab
ove

tw
o

in
eq

u
alities

(23)
an

d
(24)

gives
u
s

f
(x

(t))−
f

(x
(t−

1
))≤

−
(1−

η
M

2
k )η

2
‖∇

F
(t)\

F
(t−

1
) f

(x
(t−

1
))‖

2.
(25)

L
et
F̄

=
su

p
p
(x̄

).
U

n
d
er

th
e

con
d
ition

s
in

th
e

th
eorem

,
w

e
claim

‖∇
F

(t)\
F

(t−
1
) f

(x
(t−

1
))‖

2≥
m

2
k [f

(x
(t−

1
))−

f
(x̄

) ]
.

(26)

T
o

p
rove

th
is

,
let

u
s

d
istin

gu
ish

th
e

follow
in

g
tw

o
m

u
tu

ally
com

p
lem

en
tary

cases:

•
C

ase
I:|F

(t)\
F

(t−
1
)|≥

k̄
.

In
th

is
case,

w
e

h
av

e
|F

(t)\
F

(t−
1
)|≥

|F̄
\
F

(t−
1
)|.

F
rom

th
e
m

2
k -stron

g
con

vex
ity

of
f

w
e

h
ave

m
2
k

2
‖x̄
−
x

(t−
1
)‖

2

≤
f

(x̄
)−

f
(x

(t−
1
))−

(x̄
−
x

(t−
1
)) >∇

f
(x

(t−
1
))

ξ
1

≤
f

(x̄
)−

f
(x

(t−
1
))

+
m

2
k

2
‖
x̄
−
x

(t−
1
)‖

2
+

1

2m
2
k ‖∇

F̄
\
F

(t−
1
) f

(x
(t−

1
))‖

2,

w
h
ere

“ξ
1 ”

follow
s

from
C

au
ch

y
-S

ch
w

artz
in

eq
u
ality,

a
b
asic

in
eq

u
ality

m
a

2/
2

+
b
2/

(2m
)≥

a
b

for
an

y
m
>

0,
an

d
∇
F

(t−
1
) f

(x
(t−

1
))

=
0.

T
h
is

im
p
lies

‖∇
F̄
\
F

(t−
1
) f

(x
(t−

1
))‖

2≥
2
m

2
k [f

(x
(t−

1
))−

f
(x̄

) ]
.

(27)

S
in

ce
F

(t)\
F

(t−
1
)

con
tain

s
th

e
top
|F

(t)\
F

(t−
1
)|

(in
m

agn
itu

d
e)

en
tries

in
∇
f

(x
(t−

1
))

an
d
|F

(t)\
F

(t−
1
)|≥
|F̄
\
F

(t−
1
)|,

it
follow

s
th

at

‖∇
F

(t)\
F

(t−
1
) f

(x
(t−

1
))‖

2≥
‖∇

F̄
\
F

(t−
1
) f

(x
(t−

1
))‖

2≥
2m

2
k [f

(x
(t−

1
))−

f
(x̄

) ]
.

•
C

ase
II:|F

(t)\
F

(t−
1
)|
<
k̄
.

In
th

is
case,

from
th

e
step

(S
2

)
w

e
k
n
ow

th
at

each
elem

en
t

of
x̃

(t)
over

F̄
\

(F
(t)∪

F
(t−

1
))

h
as

sm
aller

m
agn

itu
d
e

th
an

th
at

over
F

(t)∩
F

(t−
1
).

T
h
is

im
p
lies

‖
x̃

(t)

F̄
\
(F

(t)∪
F

(t−
1
)) ‖

2

|F̄
\

(F
(t)∪

F
(t−

1
))| ≤

‖
x̃

(t)

(F
(t)∩

F
(t−

1
))\
F̄ ‖

2

|(F
(t)∩

F
(t−

1
))\

F̄
| .

S
in

ce
x̃

(t)

F̄
\
(F

(t)∪
F

(t−
1
))

=
−
η∇

F̄
\
(F

(t)∪
F

(t−
1
)) f

(x
(t−

1
)),
x̃

(t)

(F
(t)∩

F
(t−

1
))\
F̄

=
x

(t−
1
)

(F
(t)∩

F
(t−

1
))\
F̄

,

|F̄
\

(F
(t)∪

F
(t−

1
))|≤

k̄
an

d
|(F

(t)∩
F

(t−
1
))\

F̄
|≥

k−
2k̄

,
w

e
h
ave

η
2‖∇

F̄
\
(F

(t)∪
F

(t−
1
)) f

(x
(t−

1
))‖

2≤
k̄

k−
2k̄ ‖

x
(t−

1
)

(F
(t)∩

F
(t−

1
))\
F̄ ‖

2.

32
JM

L
R

 18(166):1-43, 2018



G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

F
ro

m
th

e
m

2
k
-s

tr
on

g
co

n
ve

x
it

y
of
f

w
e

h
av

e

m
2
k

2
‖x̄
−
x

(t
−

1
) ‖

2

≤
f

(x̄
)
−
f

(x
(t
−

1
) )
−

(x̄
−
x

(t
−

1
) )>
∇
f

(x
(t
−

1
) )

ξ 1 ≤
f

(x̄
)
−
f

(x
(t
−

1
) )

+
m

2
k

4
‖x̄
−
x

(t
−

1
) ‖

2
+

1

m
2
k
‖∇

F̄
\F

(t
−
1
)
f

(x
(t
−

1
) )‖

2

≤
f

(x̄
)
−
f

(x
(t
−

1
) )

+
m

2
k

4
‖x̄
−
x

(t
−

1
) ‖

2
+

1

m
2
k
‖∇

F̄
\(
F

(t
)
∪F

(t
−
1
)
)f

(x
(t
−

1
) )‖

2

+
1

m
2
k
‖∇

(F
(t
)
\F

(t
−
1
)
)∩
F̄
f

(x
(t
−

1
) )‖

2

ξ 2 ≤
f

(x̄
)
−
f

(x
(t
−

1
) )

+
m

2
k

4
‖x̄
−
x

(t
−

1
) ‖

2
+

k̄

η
2
(k
−

2k̄
)m

2
k
‖x

(t
−

1
)

(F
(t
)
∩F

(t
−
1
)
)\
F̄
‖2

+
1

m
2
k
‖∇

F
(t
)
\F

(t
−
1
)
f

(x
(t
−

1
) )‖

2

ξ 3 ≤
f

(x̄
)
−
f

(x
(t
−

1
) )

+
m

2
k

4
‖x̄
−
x

(t
−

1
) ‖

2
+

k̄

η
2
(k
−

2k̄
)m

2
k
‖x̄
−
x

(t
−

1
) ‖

2

+
1

m
2
k
‖∇

F
(t
)
\F

(t
−
1
)
f

(x
(t
−

1
) )‖

2
,

w
h
er

e
“ξ

1
”

fo
ll
ow

s
fr

om
C

au
ch

y
-S

ch
w

ar
tz

in
eq

u
al

it
y,
m
a

2
/
4

+
b2
/(
m

)
≥
a
b

fo
r

an
y

m
>

0,
an

d
∇
F

(t
−
1
)
f

(x
(t
−

1
) )

=
0,

“
ξ 2

”
fo

ll
ow

s
fr

om
th

e
p
re

ce
d
in

g
in

eq
u
al

it
y,

an
d

“ξ
3
”

is
d
u
e

to
‖x

(t
−

1
)

(F
(t
)
∩F

(t
−
1
)
)\
F̄
‖
≤
‖x̄
−
x

(t
−

1
) ‖

.
S
in

ce
k
≥
( 2

+
4

η
2
m

2 2
k

) k̄
,

th
e

ab
ov

e

in
eq

u
al

it
y

le
ad

s
to

‖∇
F̄
\F

(t
−
1
)
f

(x
(t
−

1
) )‖

2
≥
m

2
k

[ f
(x

(t
−

1
) )
−
f

(x̄
)] .

S
in

ce
η
<

1/
M

2
k
,

fr
om

(2
5)

an
d

(2
6)

w
e

ge
t

th
at

f
(x

(t
) )
≤
f

(x
(t
−

1
) )
−
η
m

2
k
(1
−
η
M

2
k
)

2

[ f
(x

(t
−

1
) )
−
f

(x̄
)]

=
f

(x
(t
−

1
) )
−
ν̄
[ f

(x
(t
−

1
) )
−
f

(x̄
)] .

T
h
er

ef
or

e,
w

e
ge

t

f
(x

(t
) )
−
f

(x̄
)
≤

(1
−
ν̄

)(
f

(x
(t
−

1
) )
−
f

(x̄
))
.

S
in

ce
m

2
k
≤
M

2
k

an
d
η
∈

(0
,1
/M

2
k
),

it
ca

n
b

e
ve

ri
fi
ed

th
at
ν̄
∈

(0
,0
.1

25
m

2
k
/M

2
k
).

B
y

re
cu

rs
iv

el
y

ap
p
ly

in
g

th
e

ab
ov

e
in

eq
u
al

it
y

w
e

ob
ta

in
th

e
d
es

ir
ed

re
su

lt
.

W
e

ar
e

n
ow

in
th

e
p

os
it

io
n

to
p
ro

ve
T

h
eo

re
m

5.

P
ro

o
f

[o
f

T
h
eo

re
m

5]
P

a
rt

(a
):

S
in

ce
η
<

1
/M

2
k
,

it
is

d
ir

ec
tl

y
k
n
ow

n
fr

om
L

em
m

a
13

th
at

{f
(x

(t
) )
}

is
m

on
ot

on
ic

al
ly

d
ec

re
as

in
g.

F
ro

m
L

em
m

a
14

w
e

k
n
ow

th
at

th
e

re
su

lt
h
ol

d
s

w
h
en

3
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Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

f
(x

(t
) )
≤
f

(x̄
).

T
h
er

ef
or

e,
w

e
on

ly
n
ee

d
to

co
n
si

d
er

th
e

ca
se

w
h
en

f
(x

(t
) )
>
f

(x̄
).

In
th

is
ca

se
,

fr
om

L
em

m
a

14
an

d
L

em
m

a
20

w
e

ge
t

‖x
(t

)
−
x̄
‖
≤
√

2(
f

(x
(t

) )
−
f

(x̄
))

m
2
k

+
2
‖∇

2
k
f

(x̄
)‖

m
2
k

≤
√

2(
1
−
ν̄

)t
4̄

(0
)

m
2
k

+
2√

2
k
‖∇

f
(x̄

)‖
∞

m
2
k

.

T
h
is

p
ro

v
es

th
e

re
su

lt
in

p
ar

t(
a)

.
P

a
rt

(b
):

F
ro

m
th

e
co

n
d
it

io
n
k
≥
ρ
k̄
/
(1
−
ρ
)2

w
e

ca
n

ve
ri

fy
th

at
µ̄

2
=
ρ
γ
<

1
.

T
h
u
s,

th
e

re
su

lt
ca

n
b

e
d
ir

ec
tl

y
p
ro

ve
d

b
y

re
cu

rs
iv

el
y

ap
p
ly

in
g

L
em

m
a

19
.

A
p
p
e
n
d
ix

C
.
P
ro

o
fs

o
f
M

a
in

T
h
e
o
re
m
s
in

S
e
ct
io
n
4

T
h
e

te
ch

n
ic

al
p
ro

of
s

of
m

ai
n

re
su

lt
s

in
S
ec

ti
on

4
ar

e
co

ll
ec

te
d

in
th

is
ap

p
en

d
ix

se
ct

io
n
.

C
.1

P
ro

o
f

o
f

T
h

e
o
re

m
8

B
ef

or
e

co
m

m
en

ci
n
g

w
it

h
th

e
ac

tu
al

p
ro

of
,
w

e
fi
rs

t
p
re

se
n
t

an
ov

er
v
ie

w
of

th
e

p
ro

o
f
p
ro

ce
d
u
re

w
h
ic

h
co

n
si

st
s

of
th

e
fo

ll
ow

in
g

th
re

e
k
ey

in
gr

ed
ie

n
ts

:

(a
)

W
e

fi
rs

t
p
ro

ve
th

at
u
n
d
er

th
e

gi
v
en

co
n
d
it

io
n
s,

G
ra

H
T

P
w

il
l

n
ot

te
rm

in
a
te

(i
.e

.,
F

(t
)
6=
F

(t
−

1
) )

w
h
en

ev
er

su
p
p
(x̄

)
*

su
p
p
(x

(t
−

1
) )

.

(b
)

W
e

th
en

sh
ow

th
at

su
p
p
(x̄

)
=

su
p
p
(x

(t
) ,
k̄
)

w
h
en

G
ra

H
T

P
te

rm
in

at
es

a
t
x

(t
) .

(c
)

F
in

al
ly

w
e

sh
ow

th
at

th
e

co
n
d
it

io
n
s

in
th

e
th

eo
re

m
gu

ar
an

te
e

fi
n
it

e
te

rm
in

a
ti

o
n

o
f

G
ra

H
T

P
an

d
an

al
y
ze

it
s

it
er

at
io

n
co

m
p
le

x
it

y
b

ef
or

e
te

rm
in

at
io

n
.

P
ro

o
f

[o
f

T
h
eo

re
m

8]
W

e
fi
rs

t
sh

ow
th

at
F

(t
)
6=
F

(t
−

1
)

w
h
en

ev
er

su
p
p
(x̄

)
*

su
p
p
(x

(t
−

1
) )

.
T

o
th

is
en

d
,

le
t

u
s

as
su

m
e

su
p
p
(x̄

)
*

su
p
p
(x

(t
−

1
) )

.
R

ec
al

l
x
?

=
ar

g
m

in
‖x
‖ 0
≤
k
f

(x
).

T
h
en

x̄
m

in
+
‖x

(t
−

1
)

F
(t
−
1
)
\F̄
‖
≤
‖x̄
−
x

(t
−

1
) ‖

ξ 1 ≤
√

2
m

ax
{ f

(x̄
)
−
f

(x
(t
−

1
) )
,0
}

m
2
k

+
2
‖∇

F̄
\F

(t
−
1
)
f

(x
(t
−

1
) )
‖

m
2
k

ξ 2 ≤
√

2(
f

(x̄
)
−
f

(x
?
))

m
2
k

+
2‖
∇
F̄
\F

(t
−
1
)
f

(x
(t
−

1
) )
‖

m
2
k

,

w
h
er

e
“ξ

1
”

fo
ll
ow

s
fr

om
L

em
m

a
14

an
d

“ξ
2
”

is
d
u
e

to
th

e
fa

ct
of
f

(x
(t
−

1
) )
≥
f

(x
?
).

S
in

ce

it
is

as
su

m
ed

x̄
m

in
>

1.
62
√

2
(f

(x̄
)−
f

(x
?
))

m
2
k

,
th

e
ab

ov
e

in
eq

u
a
li
ty

im
p
li
es

‖x
(t
−

1
)

F
(t
−
1
)
\F̄
‖
<

2
‖∇

F̄
\F

(t
−
1
)
f

(x
(t
−

1
) )
‖

m
2
k

,
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G
r
a
d
ie
n
t
H
a
r
d

T
h
r
e
sh

o
l
d
in
g

P
u
r
su

it

w
h
ich

th
en

g
ives

u
s

√
k−

k̄
x

(t−
1
)

m
in

<
2 √

k̄

m
2
k ‖∇

f
(x

(t−
1
))‖∞

.

S
in

ce
η

=
1

2
M

2
k

an
d
k
≥
(

1
+

1
6
M

22
k

m
22
k

)
k̄
,

w
e

th
en

h
av

e

η‖∇
f

(x
(t−

1
))‖∞

>
x

(t−
1
)

m
in
.

T
h
is

m
ea

n
s

th
at

at
least

th
e

sm
allest

n
on

zero
en

try
of
x

(t−
1
)

a
n
d

th
e

largest
en

try
of

∇
f

(x
(t−

1
))

ca
n

b
e

sw
ap

p
ed

in
step

(S
2

)
of

A
lgorith

m
1,

an
d

th
u
s
F

(t)6=
F

(t−
1
).

T
h
ere-

fo
re,

w
h
en

th
e

algorith
m

term
in

ates
at

tim
e

in
stan

ce
t,

i.e.,
F

(t)
=
F

(t−
1
),

w
e

m
u
st

h
ave

su
p
p
(x̄

)⊆
su

p
p
(x

(t)).
N

ex
t

w
e

sh
ow

th
at

su
p
p
(x̄

)
=

su
p
p
(x

(t),k̄
)

w
h
en

G
raH

T
P

term
in

ates
at

tim
e

in
stan

ce
t

w
ith

su
p
p
(x̄

)⊆
su

p
p
(x

(t)).
A

ssu
m

e
oth

erw
ise

su
p
p
(x̄

)6=
su

p
p
(x

(t),k̄
).

T
h
en

x̄
m

in ≤
‖x̄
−
x

(t)

k̄
‖

ξ
1

≤
1
.62‖

x̄
−
x

(t)‖
ξ
2

≤
1
.62 

√
2(f

(x̄
)−

f
(x
?))

m
2
k

+
2‖∇

F̄
\
F

(t) f
(x

(t))‖
m

2
k



ξ
3

=
1.62 √

2(f
(x̄

)−
f

(x
?))

m
2
k

,

w
h
ere

“ξ
1 ”

is
b
ased

on
th

e
tru

n
cation

error
b

ou
n
d

given
b
y

S
h
en

&
L

i
(2016,

T
h
eorem

1),
“
ξ

2 ”
fo

llow
s

fro
m

L
em

m
a

14
an

d
th

e
fact

of
f

(x
(t))≥

f
(x
?),

an
d

“
ξ

3 ”
is

th
e

con
seq

u
en

ce
o
f
F̄
⊆
F

(t).
T

h
is

ab
ove

in
eq

u
ality

con
trad

icts
th

e
assu

m
p
tion

on
x̄

m
in .

T
h
erefore,

it
m

u
st

h
o
ld

th
a
t

su
p
p
(x̄

)
=

su
p
p
(x

(t),k̄
).

N
ow

w
e

cla
im

th
at

G
raH

T
P

is
fi
n
ite

u
n
d
er

th
e

assu
m

ed
con

d
ition

s.
In

d
eed

,
b
ased

on
L

em
m

a
1
3

it
is

easy
to

verify
th

at
w

h
en

η
=

1
2
M

2
k
,

th
e

seq
u
en

ce
{
f

(x
(t))}

gen
erated

b
y

A
lg

o
rith

m
1

is
m

on
oton

ically
d
ecreasin

g.
S
in

ce
th

e
n
u
m

b
er

o
f
k
-su

p
p

ort
in

d
ex

sets
is

fi
n
ite,

th
e

seq
u
en

ce{f
(x

(t))}
w

ill
b

e
even

tu
ally

p
erio

d
ic,

an
d

th
u
s

m
u
st

b
e

ev
en

tu
ally

a
con

stan
t.

T
h
erefo

re
w

e
d
ed

u
ce

th
at
x̃

(t)
k

=
x

(t−
1
),

i.e.,
F

(t)
=
F

(t−
1
),

w
h
en

t
is

su
ffi

cien
tly

en
o
u
gh

.
F

in
a
lly,

w
e

estim
ate

th
e

iteration
com

p
lex

ity
b

ou
n
d

b
efore

algorith
m

term
in

a
tion

.
S
u
p
-

p
o
se

th
a
t
F

(t)6=
F

(t−
1
)

(oth
erw

ise
G

raH
T

P
term

in
ates

at
tim

e
in

stan
ce
t).

F
rom

th
e

step
(S

3
)

w
e

k
n
ow

th
at∇

F
(t−

1
) f

(x
(t−

1
))

=
0.

B
y

d
efi

n
ition

of
F

(t)
w

e
m

ay
d
ecom

p
ose

F
(t)

=
G

1 ∪
(F

(t−
1
)\

G
2 )

w
ith

G
1
⊆

su
p
p
(∇
f

(x
(t−

1
))),

G
2
⊆
F

(t−
1
)

an
d
|G

1 |
=
|G

2 |
=
k ′≤

k
.

H
ere,

G
1

co
n
ta

in
s

th
e

top
k ′

(in
m

agn
itu

d
e)

en
tries

in
∇
f

(x
(t−

1
))

w
h
ile

G
2

con
tain

s
th

e
b

o
tto

m
k ′

n
o
n
zero

en
tries

in
x

(t−
1
).

S
in

ce
F

(t)6=
F

(t−
1
),

w
e

h
av

e
k ′≥

1.
F

rom
th

e
step

(S
2

)
w

e
k
n
ow

th
at

‖
x

(t−
1
)

G
2
‖
<
η‖∇

G
1 f

(x
(t−

1
))‖.

(28)

L
et
F

=
F

(t−
1
)∪

su
p
p
(x
?).

F
rom

th
e

con
d
ition

s
in

th
e

th
eorem

w
e

h
ave

m
2
k

2
‖x

?−
x

(t−
1
)‖

2≤
f

(x
?)−

f
(x

(t−
1
))−

(x
?−

x
(t−

1
)) >∇

f
(x

(t−
1
))

≤
f

(x
?)−

f
(x

(t−
1
))

+
m

2
k

2
‖
x
?−

x
(t−

1
)‖

2
+

1

2
m

2
k ‖∇

F
f

(x
(t−

1
))‖

2,
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Y
u
a
n
,
L
i
a
n
d

Z
h
a
n
g

w
h
ere

th
e

secon
d

in
eq

u
ality

follow
s

from
C

au
ch

y
-S

ch
w

artz
in

eq
u
ality

a
n
d

a
b
asic

in
eq

u
ality

m
a

2/
2

+
b
2/(2m

)≥
a
b

for
an

y
m
>

0.
T

h
is

im
p
lies

‖∇
F
f

(x
(t−

1
))‖

2≥
2
m

2
k [f

(x
(t−

1
))−

f
(x
?) ]

.

L
et
F
?

=
su

p
p
(x
?)

an
d
k ′′

=
|F

?\
F

(t−
1
)|.

O
b
v
iou

sly,
w

e
h
ave

k ′′≤
k
.

B
ased

on
th

e
ab

ov
e

argu
m

en
ts,

it
can

b
e

verifi
ed

th
at

k‖∇
G

1 f
(x

(t−
1
))‖

2
≥

(k ′′/k ′)‖∇
G

1 f
(x

(t−
1
))‖

2

≥
‖∇

F
f

(x
(t−

1
))‖

2

≥
2m

2
k [f

(x
(t−

1
))−

f
(x
?) ]

.
(29)

N
ow

let
y

(t)
:=

x
(t−

1
)

+
δ

(t−
1
)

in
w

h
ich

δ
(t−

1
)

=
−
η∇

G
1 f

(x
(t−

1
))−

x
(t−

1
)

G
2

.

F
rom

th
e

step
s

(S
1

)
an

d
(S

3
)

in
A

lgorith
m

1
w

e
get

f
(x

(t))≤
f

(y
(t))

≤
f

(x
(t−

1
))

+
〈∇
f

(x
(t−

1
)),∆

(t−
1
)〉

+
M

2
k

2
‖
∆

(t−
1
)‖

2

≤
f

(x
(t−

1
))

+
M

2
k

2
‖
x

(t−
1
)

G
2
‖

2−
2η−

η
2M

2
k

2
‖∇

G
1 f

(x
(t−

1
))‖

2

ξ
1

≤
f

(x
(t−

1
))−

(η−
η

2M
2
k )‖∇

G
1 f

(x
(t−

1
))‖

2

ξ
2

≤
f

(x
(t−

1
))−

m
2
k

2k
M

2
k

(f
(x

(t−
1
))−

f
(x
?)),

w
h
ere

“
ξ

1 ”
follow

s
from

(28)
an

d
“ξ

2 ”
u
ses

(29)
an

d
η

=
1

M
2
k

as
w

ell.
T

h
erefore,

w
e

get

f
(x

(t))−
f

(x
?)≤

(
1−

m
2
k

2
k
M

2
k )

(f
(x

(t−
1
))−

f
(x
?)).

N
ote

th
at
f

(x
(t))≥

f
(x
?)

for
all

t≥
0.

B
y

recu
rsively

u
sin

g
th

e
ab

ove
in

eq
u
ality

w
e

get

f
(x

(t))−
f

(x
?)≤

(
1−

m
2
k

2
k
M

2
k )

t(f
(x

(0
))−

f
(x
?)).

L
et

u
s

d
efi

n
e

th
e

follow
in

g
q
u
an

tity

4
−
?

=
m

in
‖
x‖

0 ≤
k
,su

p
p

(x
)6=

su
p

p
(x
?
),f

(x
)>
f

(x
?
) f

(x
)−

f
(x
?).

T
h
en

f
(x

(t))−
f

(x
?)≤

4
−
?

w
h
en

t≥
2
k
M

2
k

m
2
k

ln
4

(0
)

4
−
?

(n
o
te

th
at4

−
?
>

0
b
y

d
efi

n
ition

).
A

f-

ter
th

at,
w

e
h
ave

f
(x

(t))
=
f

(x
?),

i.e.,
x

(t)
is

also
a
k
-sp

arse
m

in
im

izer.
T

h
en

accord
in

g
to

L
em

m
a

21
w

e
h
ave

x
(t)
m

in ≥
‖∇

f
(x

(t))‖∞
M

2
k

>
η‖∇

f
(x

(t))‖∞
,

an
d

th
u
s

th
e

algorith
m

term
in

ates

at
x

(t).
B

ased
on

th
e

ab
ove

argu
m

en
ts,

w
e

can
con

clu
d
e

th
at

G
raH

T
P

term
in

ates
after

at

m
ost

t
=
⌈

2
k
M

2
k

m
2
k

ln
4

(0
)

4
−
? ⌉

step
s

of
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R
isk-C

onstrained
R

L
and

PaperC
ontributions:D

espite
the

ratherlarge
literature

on
risk-sensitive

M
D

Ps
and

R
L

,risk-constrained
form

ulations
have

largely
gone

unaddressed,w
ith

only
a

few
ex-

ceptions,
e.g.,

C
how

and
Pavone

(2013);
B

orkar
and

Jain
(2014).

Y
et

constrained
form

ulations
naturally

arise
in

severaldom
ains,including

engineering,finance,and
logistics,and

provide
a

prin-
cipled

approach
to

address
m

ulti-objective
problem

s.
T

he
objective

of
this

paper
is

to
fillthis

gap
by

devising
policy

gradient
and

actor-critic
algorithm

s
for

risk-constrained
M

D
Ps,

w
here

risk
is

represented
via

a
constrainton

the
conditionalvalue-at-risk

(C
V

aR
)

of
the

cum
ulative

costor
as

a
chance

constraint.Specifically,the
contribution

ofthis
paperis

fourfold.

1.
W

e
form

ulate
tw

o
risk-constrained

M
D

P
problem

s.T
he

firstone
involves

a
C

V
aR

constraint
and

the
second

one
involves

a
chance

constraint.
For

the
C

V
aR

-constrained
optim

ization
problem

,w
e

considerboth
discrete

and
continuous

costdistributions.B
y

re-w
riting

the
prob-

lem
s

using
a

L
agrangian

form
ulation,w

e
derive

forboth
problem

s
a

B
ellm

an
optim

ality
con-

dition
w

ith
respectto

an
augm

ented
M

D
P

w
hose

state
consists

oftw
o

parts,w
ith

the
firstpart

capturing
the

state
of

the
originalM

D
P

and
the

second
partkeeping

track
of

the
cum

ulative
constraintcost.

2.
W

e
devise

a
trajectory-based

policy
gradientalgorithm

forboth
C

V
aR

-constrained
and

chance-
constrained

M
D

Ps.T
he

key
novelty

ofthis
algorithm

lies
in

an
unbiased

gradientestim
ation

procedure
under

M
onte

C
arlo

sam
pling.

U
sing

an
ordinary

differentialequation
(O

D
E

)
ap-

proach,w
e

establish
convergence

ofthe
algorithm

to
locally

optim
alpolicies.

3.
U

sing
the

aforem
entioned

B
ellm

an
optim

ality
condition,w

e
derive

severalactor-critic
algo-

rithm
s

to
optim

ize
policy

and
value

function
approxim

ation
param

eters
in

an
online

fashion.
A

s
for

the
trajectory-based

policy
gradientalgorithm

,w
e

show
thatthe

proposed
actor-critic

algorithm
s

converge
to

locally
optim

alsolutions.

4.
W

e
dem

onstrate
the

effectiveness
of

our
algorithm

s
in

an
optim

alstopping
problem

as
w

ell
as

in
a

realistic
personalized

advertisem
entrecom

m
endation

(ad
recom

m
endation)

problem
(see

D
erfer

etal.(2007)
for

m
ore

details).
For

the
latter

problem
,w

e
em

pirically
show

that
our

C
V

aR
-constrained

R
L

algorithm
s

successfully
guarantee

that
the

w
orst-case

revenue
is

low
er-bounded

by
the

pre-specified
com

pany
yearly

target.

T
he

rest
of

the
paper

is
structured

as
follow

s.
In

Section
2

w
e

introduce
our

notation
and

rigorously
state

the
problem

w
e

w
ish

to
address,

nam
ely

risk-constrained
R

L
.T

he
next

tw
o

sec-
tions

provide
various

R
L

m
ethods

to
approxim

ately
com

pute
(locally)

optim
al

policies
for

C
V

aR
constrained

M
D

Ps.
A

trajectory-based
policy

gradientalgorithm
is

presented
in

Section
3

and
its

convergence
analysis

is
provided

in
A

ppendix
A

(A
ppendix

A
.1

provides
the

gradientestim
ates

of
the

C
V

aR
param

eter,the
policy

param
eter,and

the
L

agrange
m

ultiplier,and
A

ppendix
A

.2
gives

theirconvergence
proofs).A

ctor-critic
algorithm

s
are

presented
in

Section
4

and
theirconvergence

analysisisprovided
in

A
ppendix

B
(A

ppendix
B

.1
derivesthe

gradientofthe
L

agrange
m

ultiplieras
a

function
ofthe

state-action
value

function,A
ppendix

B
.2.1

analyzes
the

convergence
ofthe

critic,
and

A
ppendix

B
.2.2

provides
the

m
ulti-tim

escale
convergence

results
of

the
C

V
aR

param
eter,the

policy
param

eter,
and

the
L

agrange
m

ultiplier).
Section

5
extends

the
above

policy
gradient

and
actor-critic

m
ethods

to
the

chance-constrained
case.

E
m

piricalevaluation
of

our
algorithm

s
is

the
subjectofSection

6.Finally,w
e

conclude
the

paperin
Section

7,w
here

w
e

also
provide

directions
forfuture

w
ork.

T
his

paper
generalizes

earlier
results

by
the

authors
presented

in
C

how
and

G
havam

zadeh
(2014).

3
JM

L
R

 18(167):1-51, 2018

C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

2.Prelim
inaries

W
e

begin
by

defining
som

e
notation

thatis
used

throughoutthe
paper,as

w
ellas

defining
the

prob-
lem

addressed
herein

and
stating

som
e

basic
assum

ptions.

2.1
N

otation

W
e

consider
decision-m

aking
problem

s
m

odeled
as

a
finite

M
D

P
(an

M
D

P
w

ith
finite

state
and

action
spaces).

A
finite

M
D

P
is

a
tuple

(X
,A
,C
,D
,P
,P

0 )
w

hereX
=
{
1,...,n

,x
Tar }

and
A

=
{
1,...,m

}
are

the
state

and
action

spaces,
x

Tar is
a

recurrenttargetstate,and
for

a
state

x
and

an
action

a,
C

(x
,a

)
is

a
costfunction

w
ith
|C

(x
,a

)|≤
C

m
a
x ,
D

(x
,a

)
is

a
constraintcostfunction

w
ith|D

(x
,a

)|≤
D

m
a
x

1,
P

(·|x
,a

)
is

the
transition

probability
distribution,and

P
0 (·)

is
the

initial
state

distribution.
For

sim
plicity,in

this
paper

w
e

assum
e
P

0
=

1{
x

=
x

0}
for

som
e

given
initial

state
x

0∈
{
1
,...,n}.

G
eneralizations

to
non-atom

ic
initialstate

distributions
are

straightforw
ard,

for
w

hich
the

details
are

om
itted

for
the

sake
of

brevity.
A

stationary
policy

µ
(·|x

)
for

an
M

D
P

is
a

probability
distribution

overactions,conditioned
on

the
currentstate.In

policy
gradientm

ethods,
such

policies
are

param
eterized

by
a
κ-dim

ensionalvector
θ,so

the
space

ofpolicies
can

be
w

ritten
as {

µ
(·|x

;θ),x
∈
X
,θ
∈

Θ
⊆
R
κ }.

Since
in

this
setting

a
policy

µ
is

uniquely
defined

by
its

param
eter

vector
θ,policy-dependentfunctions

can
be

w
ritten

as
a

function
of
µ

or
θ,and

w
e

use
µ

(·|x
;θ)

to
denote

the
policy

and
θ

to
denote

the
dependency

on
the

policy
(param

eter).
G

iven
a

fixed
γ
∈

(0,1),w
e

denote
by
d
µγ
(x|x

0)
=

(1−
γ

) ∑
∞k
=

0
γ
kP

(x
k

=
x|x

0
=
x

0;µ
)

and
π
µγ
(x
,a|x

0)
=
d
µγ
(x|x

0)µ
(a|x

),
the

γ-discounted
occupation

m
easure

of
state

x
and

state-action
pair

(x
,a

)
under

policy
µ

,
respectively.

T
his

occupation
m

easure
is

a
γ-discounted

probability
distribution

for
visiting

each
state

and
action

pair,and
itplays

an
im

portantrole
in

sam
pling

states
and

actions
from

the
realsystem

in
policy

gradientand
actor-critic

algorithm
s,and

in
guaranteeing

their
convergence.

B
ecause

the
state

and
action

spaces
are

finite,T
heorem

3.1
in

A
ltm

an
(1999)

show
s

thatthe
occupation

m
easure

d
µγ
(x|x

0)
is

a
w

ell-defined
probability

distribution.O
n

the
other

hand,w
hen

γ
=

1
the

occupation
m

easure
ofstate

x
and

state-action
pair

(x
,a

)
underpolicy

µ
are

respectively
defined

by
d
µ
(x|x

0)
=
∑
∞t=

0 P
(x
t

=
x|x

0;µ
)

and
π
µ
(x
,a|x

0)
=
d
µ
(x|x

0)µ
(a|x

).
In

this
case

the
occupation

m
easures

characterize
the

totalsum
s

of
visiting

probabilities
(although

they
are

notin
generalprobability

distributions
them

selves)
of

state
x

and
state-action

pair
(x
,a

).
To

study
the

w
ell-posednessofthe

occupation
m

easure,w
e

define
the

follow
ing

notion
ofa

transient
M

D
P.

D
efinition

1
D

efineX
′
=
X
\{x

Tar }
=
{1
,...,n}

as
a

state
space

oftransientstates.A
n

M
D

P
is

said
to

be
transientif,

1. ∑
∞k
=

0 P
(x
k

=
x|x

0,µ
)
<
∞

for
every

x
∈
X
′and

every
stationary

policy
µ

,

2.
P

(x
Tar |x

Tar ,a
)

=
1

for
every

adm
issible

controlaction
a
∈
A

.

Furtherm
ore

let
T
µ
,x

be
the

first-hitting
tim

e
ofthe

targetstate
x

Tar from
an

arbitrary
initialstate

x
∈
X

in
the

M
arkov

chain
induced

by
transition

probability
P

(·|x
,a

)
and

policy
µ

.
A

lthough
transience

im
plies

the
first-hitting

tim
e

is
square

integrable
and

finite
alm

ostsurely,w
e

w
illm

ake
the

stronger
assum

ption
(w

hich
im

plies
transience)

on
the

uniform
boundedness

of
the

first-hitting
tim

e.

1.W
ithout

loss
of

generality,
w

e
set

the
cost

function
C
(x
,a

)
and

constraint
cost

function
D
(x
,a

)
to

zero
w

hen
x
=
x

Tar .
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2
Th

e
fir

st
-h

itt
in

g
tim

e
T
µ
,x

is
bo

un
de

d
al

m
os

t
su

re
ly

ov
er

al
l

st
at

io
na

ry
po

lic
ie

s
µ

an
d

al
li

ni
tia

ls
ta

te
s
x
∈
X

.W
e

w
ill

re
fe

r
to

th
is

up
pe

r
bo

un
d

as
T

,i
.e

.,
T
µ
,x
≤
T

al
m

os
ts

ur
el

y.

T
he

ab
ov

e
as

su
m

pt
io

n
ca

n
be

ju
st

ifi
ed

by
th

e
fa

ct
th

at
sa

m
pl

e
tr

aj
ec

to
ri

es
co

lle
ct

ed
in

m
os

t
re

-
in

fo
rc

em
en

t
le

ar
ni

ng
al

go
ri

th
m

s
(i

nc
lu

di
ng

po
lic

y
gr

ad
ie

nt
an

d
ac

to
r-

cr
iti

c
m

et
ho

ds
)

co
ns

is
t

of
bo

un
de

d
fin

ite
st

op
pi

ng
tim

e
(a

ls
o

kn
ow

n
as

a
tim

e-
ou

t)
.

N
ot

e
th

at
al

th
ou

gh
a

bo
un

de
d

st
op

pi
ng

tim
e

w
ou

ld
se

em
to

co
nfl

ic
t

w
ith

th
e

tim
e-

st
at

io
na

ri
ty

of
th

e
tr

an
si

tio
n

pr
ob

ab
ili

tie
s,

th
is

ca
n

be
re

so
lv

ed
by

au
gm

en
tin

g
th

e
st

at
e

sp
ac

e
w

ith
a

tim
e-

co
un

te
rs

ta
te

,a
na

lo
go

us
to

th
e

ar
gu

m
en

ts
gi

ve
n

in
Se

ct
io

n
4.

7
in

B
er

ts
ek

as
(1

99
5)

.
Fi

na
lly

,
w

e
de

fin
e

th
e

co
ns

tr
ai

nt
an

d
co

st
fu

nc
tio

ns
.

L
et
Z

be
a

fin
ite

-m
ea

n
(E

[|Z
|]
<
∞

)
ra

nd
om

va
ri

ab
le

re
pr

es
en

tin
g

co
st

,w
ith

th
e

cu
m

ul
at

iv
e

di
st

ri
bu

tio
n

fu
nc

tio
n
F
Z

(z
)

=
P(
Z
≤
z
)

(e
.g

.,
on

e
m

ay
th

in
k

of
Z

as
th

e
to

ta
lc

os
to

fa
n

in
ve

st
m

en
ts

tr
at

eg
y
µ

).
W

e
de

fin
e

th
e

va
lu

e-
at

-r
is

k
at

co
nfi

de
nc

e
le

ve
lα
∈

(0
,1

)
as

V
aR

α
(Z

)
=

m
in
{ z
|F

Z
(z

)
≥
α
} .

H
er

e
th

e
m

in
im

um
is

at
ta

in
ed

be
ca

us
e
F
Z

is
no

n-
de

cr
ea

si
ng

an
d

ri
gh

t-
co

nt
in

uo
us

in
z

.W
he

n
F
Z

is
co

nt
in

uo
us

an
d

st
ri

ct
ly

in
cr

ea
si

ng
,V

aR
α
(Z

)
is

th
e

un
iq

ue
z

sa
tis

fy
in

g
F
Z

(z
)

=
α

.
A

s
m

en
tio

ne
d,

w
e

re
fe

rt
o

a
co

ns
tr

ai
nt

on
th

e
V

aR
as

a
ch

an
ce

co
ns

tr
ai

nt
.

A
lth

ou
gh

V
aR

is
a

po
pu

la
rr

is
k

m
ea

su
re

,i
ti

s
no

ta
co

he
re

nt
ri

sk
m

ea
su

re
(A

rt
zn

er
et

al
.,

19
99

)
an

d
do

es
no

tq
ua

nt
if

y
th

e
co

st
s

th
at

m
ig

ht
be

su
ff

er
ed

be
yo

nd
its

va
lu

e
in

th
e
α

-t
ai

lo
f

th
e

di
st

ri
-

bu
tio

n
(R

oc
ka

fe
lla

ra
nd

U
ry

as
ev

,2
00

0)
,R

oc
ka

fe
lla

ra
nd

U
ry

as
ev

(2
00

2)
.I

n
m

an
y

fin
an

ci
al

ap
pl

i-
ca

tio
ns

su
ch

as
po

rt
fo

lio
op

tim
iz

at
io

n
w

he
re

th
e

pr
ob

ab
ili

ty
of

un
de

si
ra

bl
e

ev
en

ts
co

ul
d

be
sm

al
l

bu
tt

he
co

st
in

cu
rr

ed
co

ul
d

st
ill

be
si

gn
ifi

ca
nt

,b
es

id
es

de
sc

ri
bi

ng
ri

sk
as

th
e

pr
ob

ab
ili

ty
of

in
cu

rr
in

g
co

st
s,

it
w

ill
be

m
or

e
in

te
re

st
in

g
to

st
ud

y
th

e
co

st
in

th
e

ta
il

of
th

e
ri

sk
di

st
ri

bu
tio

n.
In

th
is

ca
se

,a
n

al
te

rn
at

iv
e

m
ea

su
re

th
at

ad
dr

es
se

s
m

os
to

ft
he

V
aR

’s
sh

or
tc

om
in

gs
is

th
e

co
nd

iti
on

al
va

lu
e-

at
-r

is
k,

de
fin

ed
as

(R
oc

ka
fe

lla
ra

nd
U

ry
as

ev
,2

00
0)

C
V

aR
α
(Z

)
:=

m
in

ν
∈R

{ ν
+

1

1
−
α
E[

(Z
−
ν

)+
]}
,

(1
)

w
he

re
(x

)+
=

m
ax

(x
,0

)
re

pr
es

en
ts

th
e

po
si

tiv
e

pa
rt

of
x

.
W

hi
le

it
m

ig
ht

no
t

be
an

im
m

ed
ia

te
ob

se
rv

at
io

n,
it

ha
s

be
en

sh
ow

n
in

T
he

or
em

1
of

R
oc

ka
fe

lla
r

an
d

U
ry

as
ev

(2
00

0)
th

at
th

e
C

V
aR

of
th

e
lo

ss
ra

nd
om

va
ri

ab
le
Z

is
eq

ua
lt

o
th

e
av

er
ag

e
of

th
e

w
or

st
-c

as
e
α

-f
ra

ct
io

n
of

lo
ss

es
.

W
e

de
fin

e
th

e
pa

ra
m

et
er
γ
∈

(0
,1

]
as

th
e

di
sc

ou
nt

in
g

fa
ct

or
fo

r
th

e
co

st
an

d
co

ns
tr

ai
nt

co
st

fu
nc

tio
ns

.
W

he
n
γ
<

1
,w

e
ar

e
ai

m
in

g
to

so
lv

e
th

e
M

D
P

pr
ob

le
m

w
ith

m
or

e
fo

cu
s

on
op

tim
iz

in
g

cu
rr

en
t

co
st

s
ov

er
fu

tu
re

co
st

s.
Fo

r
a

po
lic

y
µ

,
w

e
de

fin
e

th
e

co
st

of
a

st
at

e
x

(s
ta

te
-a

ct
io

n
pa

ir
(x
,a

))
as

th
e

su
m

of
(d

is
co

un
te

d)
co

st
s

en
co

un
te

re
d

by
th

e
de

ci
si

on
-m

ak
er

w
he

n
it

st
ar

ts
at

st
at

e
x

(s
ta

te
-a

ct
io

n
pa

ir
(x
,a

))
an

d
th

en
fo

llo
w

s
po

lic
y
µ

,i
.e

.,

Gθ
(x

)
=

T
−

1
∑ k

=
0

γ
k
C

(x
k
,a
k
)
|x

0
=
x
,
µ

(·|
·,θ

),
J
θ
(x

)
=

T
−

1
∑ k

=
0

γ
k
D

(x
k
,a
k
)
|x

0
=
x
,
µ

(·|
·,θ

),

an
d

Gθ
(x
,a

)
=

T
−

1
∑ k

=
0

γ
k
C

(x
k
,a
k
)
|x

0
=
x
,
a

0
=
a
,
µ

(·|
·,θ

),

J
θ
(x
,a

)
=

T
−

1
∑ k

=
0

γ
k
D

(x
k
,a
k
)
|x

0
=
x
,
a

0
=
a
,
µ

(·|
·,θ

).
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

T
he

ex
pe

ct
ed

va
lu

es
of

th
e

ra
nd

om
va

ri
ab

le
s
Gθ

(x
)

an
d
Gθ

(x
,a

)
ar

e
kn

ow
n

as
th

e
va

lu
e

an
d

ac
tio

n-
va

lu
e

fu
nc

tio
ns

of
po

lic
y
µ

,a
nd

ar
e

de
no

te
d

by

V
θ
(x

)
=

E[
Gθ

(x
)]
,

Q
θ
(x
,a

)
=

E[
Gθ

(x
,a

)]
.

2.
2

Pr
ob

le
m

St
at

em
en

t

T
he

go
al

fo
rs

ta
nd

ar
d

di
sc

ou
nt

ed
M

D
Ps

is
to

fin
d

an
op

tim
al

po
lic

y
th

at
so

lv
es

θ∗
=

ar
gm

in
θ

V
θ
(x

0
).

Fo
r

C
Va

R
-c

on
st

ra
in

ed
op

tim
iz

at
io

n
in

M
D

Ps
,

w
e

co
ns

id
er

th
e

di
sc

ou
nt

ed
co

st
op

tim
iz

at
io

n
pr

ob
le

m
w

ith
γ
∈

(0
,1

),
i.e

.,
fo

ra
gi

ve
n

co
nfi

de
nc

e
le

ve
lα
∈

(0
,1

)
an

d
co

st
to

le
ra

nc
e
β
∈
R

,

m
in θ
V
θ
(x

0
)

su
bj

ec
tt

o
C

V
aR

α

( J
θ
(x

0
))
≤
β
.

(2
)

U
si

ng
th

e
de

fin
iti

on
of
H
α
(Z
,ν

),
on

e
ca

n
re

fo
rm

ul
at

e
(2

)a
s:

m
in

θ
,ν
V
θ
(x

0
)

su
bj

ec
tt

o
H
α

( J
θ
(x

0
),
ν
) ≤

β
,

(3
)

w
he

re
H
α
(Z
,ν

)
:=

ν
+

1

1
−
α
E[

(Z
−
ν

)+
] .

T
he

eq
ui

va
le

nc
e

be
tw

ee
n

pr
ob

le
m

(2
)

an
d

pr
ob

le
m

(3
)

ca
n

be
sh

ow
n

as
fo

llo
w

s.
L

et
θ 2
∈

Θ
be

an
y

ar
bi

tr
ar

y
fe

as
ib

le
po

lic
y

pa
ra

m
et

er
of

pr
ob

le
m

(2
).

W
ith

θ 2
,

on
e

ca
n

al
w

ay
s

co
ns

tr
uc

t
ν 2

=
V

aR
α
(J

θ 2
(x

0
))

,s
uc

h
th

at
(θ

2
,ν

2
)

is
fe

as
ib

le
to

pr
ob

le
m

(3
).

T
hi

s
in

tu
rn

im
pl

ie
s

th
at

th
e

so
lu

tio
n

of
(3

)
is

le
ss

th
an

th
e

so
lu

tio
n

of
(2

).
O

n
th

e
ot

he
r

ha
nd

,t
he

fo
llo

w
in

g
ch

ai
n

of
in

eq
ua

lit
ie

s
ho

ld
s

fo
r

an
y
ν
∈

R
:

C
V

aR
α

( J
θ
(x

0
))
≤
H
α

( J
θ
(x

0
),
ν
)
≤
β

.
T

hi
s

im
pl

ie
s

th
at

th
e

fe
as

ib
le

se
to

f
θ

in
pr

ob
le

m
(3

)
is

a
su

bs
et

of
th

e
fe

as
ib

le
se

to
f
θ

in
pr

ob
le

m
(2

),
w

hi
ch

fu
rt

he
r

in
di

ca
te

s
th

at
th

e
so

lu
tio

n
of

pr
ob

le
m

(2
)i

s
le

ss
th

an
th

e
so

lu
tio

n
of

pr
ob

le
m

(3
).

B
y

co
m

bi
ni

ng
bo

th
ar

gu
m

en
ts

,o
ne

co
nc

lu
de

s
th

e
eq

ui
va

le
nc

e
re

la
tio

n
of

th
es

e
tw

o
pr

ob
le

m
s.

It
is

sh
ow

n
in

R
oc

ka
fe

lla
r

an
d

U
ry

as
ev

(2
00

0)
an

d
R

oc
ka

fe
lla

r
an

d
U

ry
as

ev
(2

00
2)

th
at

th
e

op
tim

al
ν

ac
tu

al
ly

eq
ua

ls
V

aR
α

,
so

w
e

re
fe

r
to

th
is

pa
ra

m
et

er
as

th
e

V
aR

pa
ra

m
et

er
.

H
er

e
w

e
ch

oo
se

to
an

al
yz

e
th

e
di

sc
ou

nt
ed

-c
os

t
C

V
aR

-c
on

st
ra

in
ed

op
tim

iz
at

io
n

pr
ob

le
m

,
i.e

.,
w

ith
γ
∈

(0
,1

),
as

in
m

an
y

fin
an

ci
al

an
d

m
ar

ke
tin

g
ap

pl
ic

at
io

ns
w

he
re

C
V

aR
co

ns
tr

ai
nt

s
ar

e
us

ed
,i

ti
s

m
or

e
in

tu
iti

ve
to

pu
t

m
or

e
em

ph
as

is
on

cu
rr

en
t

co
st

s
ra

th
er

th
an

on
fu

tu
re

co
st

s.
T

he
an

al
ys

is
ca

n
be

ea
si

ly
ge

ne
ra

liz
ed

fo
rt

he
ca

se
w

he
re
γ

=
1.

Fo
rc

ha
nc

e-
co

ns
tr

ai
ne

d
op

tim
iz

at
io

n
in

M
D

Ps
,w

e
co

ns
id

er
th

e
st

op
pi

ng
co

st
op

tim
iz

at
io

n
pr

ob
-

le
m

w
ith

γ
=

1,
i.e

.,
fo

ra
gi

ve
n

co
nfi

de
nc

e
le

ve
lβ
∈

(0
,1

)
an

d
co

st
to

le
ra

nc
e
α
∈
R

,

m
in θ
V
θ
(x

0
)

su
bj

ec
tt

o
P(
J
θ
(x

0
)
≥
α
) ≤

β
.

(4
)

H
er

e
w

e
ch

oo
se
γ

=
1

be
ca

us
e

in
m

an
y

en
gi

ne
er

in
g

ap
pl

ic
at

io
ns

,w
he

re
ch

an
ce

co
ns

tr
ai

nt
sa

re
us

ed
to

en
su

re
ov

er
al

ls
af

et
y,

th
er

e
is

no
no

tio
n

of
di

sc
ou

nt
in

g
si

nc
e

fu
tu

re
th

re
at

s
ar

e
of

te
n

as
im

po
rt

an
t

as
th

e
cu

rr
en

to
ne

.S
im

ila
rl

y,
th

e
an

al
ys

is
ca

n
be

ea
si

ly
ex

te
nd

ed
to

th
e

ca
se

w
he

re
γ
∈

(0
,1

).
T

he
re

ar
e

a
nu

m
be

ro
fm

ild
te

ch
ni

ca
la

nd
no

ta
tio

na
la

ss
um

pt
io

ns
w

hi
ch

w
e

w
ill

m
ak

e
th

ro
ug

h-
ou

tt
he

pa
pe

r,
so

w
e

st
at

e
th

em
he

re
:

A
ss

um
pt

io
n

3
(D

iff
er

en
tia

bi
lit

y)
Fo

r
an

y
st

at
e-

ac
tio

n
pa

ir
(x
,a

),
µ

(a
|x

;θ
)

is
co

nt
in

uo
us

ly
di

ffe
r-

en
tia

bl
e

in
θ

an
d
∇
θ
µ

(a
|x

;θ
)

is
a

Li
ps

ch
itz

fu
nc

tio
n

in
θ

fo
r

ev
er

y
a
∈
A

an
d
x
∈
X

.2

2.
In

ac
to

r-
cr

iti
c

al
go

ri
th

m
s,

th
e

as
su

m
pt

io
n

on
co

nt
in

uo
us

di
ff

er
en

tia
bi

lit
y

ho
ld

s
fo

r
th

e
au

gm
en

te
d

st
at

e
M

ar
ko

vi
an

po
lic

ie
s
µ
(a
|x
,s
;θ
).
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R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

A
ssum

ption
4

(StrictFeasibility)
There

exists
a

transientpolicy
µ

(·|x
;θ)

such
that

H
α (J

θ(x
0),ν )

<
β

in
the

C
VaR

-constrained
optim

ization
problem

,and
P
(J

θ(x
0)≥

α )
<
β

in
the

chance-constrained
problem

.

In
the

rem
ainder

of
the

paper
w

e
first

focus
on

studying
stochastic

approxim
ation

algorithm
s

for
the

C
V

aR
-constrained

optim
ization

problem
(Sections

3
and

4)
and

then
adapt

the
results

to
the

chance-constrained
optim

ization
problem

in
Section

5.
O

ur
solution

approach
relies

on
a

L
a-

grangian
relaxation

procedure,w
hich

is
discussed

next.

2.3
L

agrangian
A

pproach
and

R
eform

ulation

To
solve

(3),w
e

em
ploy

a
L

agrangian
relaxation

procedure
(C

hapter3
ofB

ertsekas
(1999)),w

hich
leads

to
the

unconstrained
problem

:

m
ax

λ≥
0

m
in

θ
,ν

(
L

(ν
,θ,λ

)
:=

V
θ(x

0)
+
λ (
H
α (J

θ(x
0),ν )−

β ) )
,

(5)

w
here

λ
isthe

L
agrange

m
ultiplier.N

otice
thatL

(ν
,θ,λ

)isa
linearfunction

in
λ

and
H
α (J

θ(x
0),ν )

is
a

continuous
function

in
ν.

T
he

saddle
pointtheorem

from
C

hapter
3

of
B

ertsekas
(1999)

states
thata

localsaddle
point(ν ∗,θ ∗,λ

∗)forthe
m

axim
in

optim
ization

problem
m

ax
λ≥

0
m

in
θ
,ν
L

(ν
,θ,λ

)
is

indeed
a

locally
optim

alpolicy
θ ∗

forthe
C

V
aR

-constrained
optim

ization
problem

.To
furtherex-

plore
this

connection,w
e

firsthave
the

follow
ing

definition
ofa

saddle
point:

D
efinition

5
A

local
saddle

point
of

L
(ν
,θ,λ

)
is

a
point

(ν ∗,θ ∗,λ
∗)

such
that

for
som

e
r
>

0,
∀
(θ,ν

)∈
Θ
×
[−

D
m
a
x

1−
γ
,
D

m
a
x

1−
γ

]∩
B

(θ ∗
,ν ∗

) (r)
and∀

λ
≥

0,w
e

have

L
(ν
,θ,λ

∗)≥
L

(ν ∗,θ ∗,λ
∗)≥

L
(ν ∗,θ ∗,λ

),
(6)

w
hereB

(θ ∗
,ν ∗

) (r)
is

a
hyper-dim

ensionalballcentered
at

(θ ∗,ν ∗)
w

ith
radius

r
>

0.

In
C

hapter7
ofO

tt(2010)and
in

B
äuerle

and
O

tt(2011)itis
show

n
thatthere

exists
a

determ
in-

istic
history-dependentoptim

alpolicy
for

C
V

aR
-constrained

optim
ization.

T
he

im
portantpointis

thatthis
policy

does
notdepend

on
the

com
plete

history,butonly
on

the
currenttim

e
step

k,current
state

ofthe
system

x
k ,and

accum
ulated

discounted
constraintcost ∑

ki=
0
γ
iD

(x
k ,a

k ).
In

the
follow

ing
tw

o
sections,

w
e

present
a

policy
gradient

(PG
)

algorithm
(Section

3)
and

several
actor-critic

(A
C

)
algorithm

s
(Section

4)
to

optim
ize

(5)
(and

hence
find

a
locally

optim
al

solution
to

problem
(3)).

W
hile

the
PG

algorithm
updates

its
param

eters
after

observing
several

trajectories,the
A

C
algorithm

s
are

increm
entaland

update
theirparam

eters
ateach

tim
e-step.

3.A
Trajectory-based

Policy
G

radientA
lgorithm

In
this

section,w
e

presenta
policy

gradientalgorithm
to

solve
the

optim
ization

problem
(5).

T
he

idea
ofthe

algorithm
is

to
descend

in
(θ,ν

)
and

ascend
in
λ

using
the

gradients
of
L

(ν
,θ,λ

)
w

.r.t.θ,
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

ν,and
λ,i.e., 3

∇
θ L

(ν
,θ,λ

)
=
∇
θ V

θ(x
0)

+
λ

(1−
α

) ∇
θ E [(J

θ(x
0)−

ν )
+ ],

(7)

∂
ν L

(ν
,θ,λ

)
=
λ (

1
+

1

(1−
α

) ∂
ν E [(J

θ(x
0)−

ν )
+ ] )

3
λ (

1−
1

(1−
α

) P (J
θ(x

0)≥
ν ) )

,(8)

∇
λ L

(ν
,θ,λ

)
=
ν

+
1

(1−
α

) E [(J
θ(x

0)−
ν )

+ ]−
β
.

(9)

T
he

unitofobservation
in

thisalgorithm
isa

trajectory
generated

by
follow

ing
the

currentpolicy.
A

teach
iteration,the

algorithm
generates

N
trajectories

by
follow

ing
the

currentpolicy,uses
them

to
estim

ate
the

gradients
in

(7)–(9),and
then

uses
these

estim
ates

to
update

the
param

eters
ν
,θ,λ.

L
et
ξ

=
{x

0 ,a
0 ,c

0 ,x
1 ,a

1 ,c
1 ,...,x

T−
1 ,a

T−
1 ,c

T−
1 ,x

T }
be

a
trajectory

generated
by

follow
-

ing
the

policy
θ,

w
here

x
T

=
x

Tar
is

the
target

state
of

the
system

.
T

he
cost,

constraint
cost,

and
probability

of
ξ

are
defined

asG
(ξ)

=
∑

T−
1

k
=

0
γ
kC

(x
k ,a

k ),J
(ξ)

=
∑

T−
1

k
=

0
γ
kD

(x
k ,a

k ),and
P
θ (ξ)

=
P

0 (x
0 ) ∏

T−
1

k
=

0
µ

(a
k |x

k ;θ)P
(x
k
+

1 |x
k ,a

k ),respectively.
B

ased
on

the
definition

ofP
θ (ξ),

one
obtains∇

θ
log

P
θ (ξ)

=
∑

T−
1

k
=

0 ∇
θ

log
µ

(a
k |x

k ;θ).
A

lgorithm
1

contains
the

pseudo-code
ofourproposed

policy
gradientalgorithm

.W
hatappears

inside
the

parentheses
on

the
right-hand-side

ofthe
update

equations
are

the
estim

ates
ofthe

gradi-
ents

of
L

(ν
,θ,λ

)
w

.r.t.
θ,ν

,λ
(estim

ates
of(7)–(9)).G

radientestim
ates

ofthe
L

agrangian
function

can
be

found
in

A
ppendix

A
.1.In

the
algorithm

,
Γ

Θ
is

an
operatorthatprojects

a
vector

θ
∈
R
κ

to
the

closestpointin
a

com
pactand

convex
set

Θ
⊂

R
κ,i.e.,

Γ
Θ

(θ)
=

arg
m

in
θ̂∈

Θ
‖
θ−

θ̂‖
22 ,

Γ
N

is
a

projection
operator

to
[−

D
m
a
x

1−
γ
,
D

m
a
x

1−
γ

],i.e.,
Γ
N

(ν
)

=
arg

m
in
ν̂∈

[−
D
m
a
x

1−
γ
,
D
m
a
x

1−
γ

] ‖ν
−
ν̂‖

22 ,and
Γ

Λ

is
a

projection
operator

to
[0,λ

m
a
x ],i.e.,

Γ
Λ

(λ
)

=
arg

m
in
λ̂∈

[0
,λ

m
a
x
] ‖λ
−
λ̂‖

22 .
T

hese
projection

operators
are

necessary
to

ensure
the

convergence
of

the
algorithm

;
see

the
end

of
A

ppendix
A

.2
for

details.
N

extw
e

introduce
the

follow
ing

assum
ptions

for
the

step-sizes
of

the
policy

gradient
m

ethod
in

A
lgorithm

1.

A
ssum

ption
6

(Step
Sizesfor

Policy
G

radient)
The

step
size

schedules
{ζ

1 (k
)},{

ζ
2 (k

)},
and

{
ζ

3 (k
)}

satisfy

∑

k

ζ
1 (k

)
=
∑

k

ζ
2 (k

)
=
∑

k

ζ
3 (k

)
=
∞
,

(10)

∑

k

ζ
1 (k

)
2,

∑

k

ζ
2 (k

)
2,

∑

k

ζ
3 (k

)
2
<
∞
,

(11)

ζ
1 (k

)
=
o (ζ

2 (k
) ),

ζ
2 (k

)
=
o (ζ

3 (k
) ).

(12)

T
hese

step-size
schedules

satisfy
the

standard
conditions

for
stochastic

approxim
ation

algo-
rithm

s,
and

ensure
that

the
ν

update
is

on
the

fastest
tim

e-scale
{
ζ

3 (k
) },

the
policy

θ
update

is
on

the
interm

ediate
tim

e-scale
{
ζ

2 (k
) },

and
the

L
agrange

m
ultiplier

λ
update

is
on

the
slow

est
tim

e-scale {
ζ

1 (k
) }.T

his
results

in
a

three
tim

e-scale
stochastic

approxim
ation

algorithm
.

In
the

follow
ing

theorem
,

w
e

prove
that

our
policy

gradient
algorithm

converges
to

a
locally

optim
alpolicy

forthe
C

V
aR

-constrained
optim

ization
problem

.

3.T
he

notation3
in

(8)m
eans

thatthe
right-m

ostterm
is

a
m

em
berofthe

sub-gradientset
∂
ν
L
(ν
,θ
,λ

).

8
JM

L
R

 18(167):1-51, 2018



R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

T
he

or
em

7
U

nd
er

A
ss

um
pt

io
ns

2–
6,

th
e

se
qu

en
ce

of
po

lic
y

up
da

te
s

in
A

lg
or

ith
m

1
co

nv
er

ge
s

al
-

m
os

ts
ur

el
y

to
a

lo
ca

lly
op

tim
al

po
lic

y
θ∗

fo
r

th
e

C
Va

R
-c

on
st

ra
in

ed
op

tim
iz

at
io

n
pr

ob
le

m
as
k

go
es

to
in

fin
ity

.

W
hi

le
w

e
re

fe
r

th
e

re
ad

er
to

A
pp

en
di

x
A

.2
fo

r
th

e
te

ch
ni

ca
l

de
ta

ils
of

th
is

pr
oo

f,
a

hi
gh

le
ve

l
ov

er
vi

ew
of

th
e

pr
oo

ft
ec

hn
iq

ue
is

gi
ve

n
as

fo
llo

w
s.

1.
Fi

rs
tw

e
sh

ow
th

at
ea

ch
up

da
te

of
th

e
m

ul
ti-

tim
e

sc
al

e
di

sc
re

te
st

oc
ha

st
ic

ap
pr

ox
im

at
io

n
al

-
go

ri
th

m
(ν
k
,θ
k
,λ

k
)

co
nv

er
ge

s
al

m
os

ts
ur

el
y,

bu
ta

td
iff

er
en

ts
pe

ed
s,

to
th

e
st

at
io

na
ry

po
in

t
(ν
∗ ,
θ∗
,λ
∗ )

of
th

e
co

rr
es

po
nd

in
g

co
nt

in
uo

us
tim

e
sy

st
em

.

2.
T

he
n

by
us

in
g

Ly
ap

un
ov

an
al

ys
is

,w
e

sh
ow

th
at

th
e

co
nt

in
uo

us
tim

e
sy

st
em

is
lo

ca
lly

as
ym

p-
to

tic
al

ly
st

ab
le

at
th

e
st

at
io

na
ry

po
in

t(
ν
∗ ,
θ∗
,λ
∗ )

.

3.
Si

nc
e

th
e

Ly
ap

un
ov

fu
nc

tio
n

us
ed

in
th

e
ab

ov
e

an
al

ys
is

is
th

e
L

ag
ra

ng
ia

n
fu

nc
tio

n
L

(ν
,θ
,λ

),
w

e
fin

al
ly

co
nc

lu
de

th
at

th
e

st
at

io
na

ry
po

in
t(
ν
∗ ,
θ∗
,λ
∗ )

is
al

so
a

lo
ca

ls
ad

dl
e

po
in

t,
w

hi
ch

by
th

e
sa

dd
le

po
in

tt
he

or
em

(s
ee

e.
g.

,C
ha

pt
er

3
of

B
er

ts
ek

as
(1

99
9)

),
im

pl
ie

s
th

at
θ∗

is
a

lo
ca

lly
op

tim
al

so
lu

tio
n

of
th

e
C

V
aR

-c
on

st
ra

in
ed

M
D

P
pr

ob
le

m
(t

he
pr

im
al

pr
ob

le
m

).

T
hi

s
co

nv
er

ge
nc

e
pr

oo
f

pr
oc

ed
ur

e
is

st
an

da
rd

fo
r

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

al
go

ri
th

m
s,

se
e

(B
ha

t-
na

ga
re

ta
l.,

20
09

;B
ha

tn
ag

ar
an

d
L

ak
sh

m
an

an
,2

01
2;

Pr
as

ha
nt

h
an

d
G

ha
va

m
za

de
h,

20
13

)f
or

m
or

e
de

ta
ils

,a
nd

re
pr

es
en

ts
th

e
st

ru
ct

ur
al

ba
ck

bo
ne

fo
rt

he
co

nv
er

ge
nc

e
an

al
ys

is
of

th
e

ot
he

rp
ol

ic
y

gr
a-

di
en

ta
nd

ac
to

r-
cr

iti
c

m
et

ho
ds

pr
ov

id
ed

in
th

is
pa

pe
r.

N
ot

ic
e

th
at

th
e

di
ff

er
en

ce
in

co
nv

er
ge

nc
e

sp
ee

ds
be

tw
ee

n
θ k

,
ν k

,
an

d
λ
k

is
du

e
to

th
e

st
ep

-
si

ze
sc

he
du

le
s.

H
er

e
ν

co
nv

er
ge

s
fa

st
er

th
an

θ
an

d
θ

co
nv

er
ge

s
fa

st
er

th
an

λ
.

T
hi

s
m

ul
ti-

tim
e

sc
al

e
co

nv
er

ge
nc

e
pr

op
er

ty
al

lo
w

s
us

to
si

m
pl

if
y

th
e

co
nv

er
ge

nc
e

an
al

ys
is

by
as

su
m

in
g

th
at
θ

an
d

λ
ar

e
fix

ed
in
ν

’s
co

nv
er

ge
nc

e
an

al
ys

is
,a

ss
um

in
g

th
at
ν

co
nv

er
ge

s
to
ν
∗ (
θ)

an
d
λ

is
fix

ed
in
θ’

s
co

nv
er

ge
nc

e
an

al
ys

is
,a

nd
fin

al
ly

as
su

m
in

g
th

at
ν

an
d
θ

ha
ve

al
re

ad
y

co
nv

er
ge

d
to
ν
∗ (
λ

)
an

d
θ∗

(λ
)

in
λ

’s
co

nv
er

ge
nc

e
an

al
ys

is
.T

o
ill

us
tr

at
e

th
is

id
ea

,c
on

si
de

rt
he

fo
llo

w
in

g
tw

o-
tim

e
sc

al
e

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

al
go

ri
th

m
fo

ru
pd

at
in

g
(x
k
,y
k
)
∈
X
×

Y
:

x
k
+

1
=
x
k

+
ζ 1

(k
)(
f

(x
k
,y
k
)

+
M
k
+

1

) ,
(1

3)

y k
+

1
=
y k

+
ζ 2

(k
)(
g
(x
k
,y
k
)

+
N
k
+

1

) ,
(1

4)

w
he

re
f

(x
k
,y
k
)

an
d
g
(x
k
,y
k
)

ar
e

L
ip

sc
hi

tz
co

nt
in

uo
us

fu
nc

tio
ns

,
M
k
+

1
,
N
k
+

1
ar

e
sq

ua
re

in
te

-
gr

ab
le

M
ar

tin
ga

le
di

ff
er

en
ce

s
w

.r.
t.

th
e
σ

-fi
el

ds
σ

(x
i,
y i
,M

i,
i
≤
k
)

an
d
σ

(x
i,
y i
,N

i,
i
≤
k
),

an
d

ζ 1
(k

)
an

d
ζ 2

(k
)

ar
e

no
n-

su
m

m
ab

le
,s

qu
ar

e
su

m
m

ab
le

st
ep

si
ze

s.
If
ζ 2

(k
)

co
nv

er
ge

s
to

ze
ro

fa
st

er
th

an
ζ 1

(k
),

th
en

(1
3)

is
a

fa
st

er
re

cu
rs

io
n

th
an

(1
4)

af
te

rs
om

e
ite

ra
tio

n
k

0
(i

.e
.,

fo
rk
≥
k

0
),

w
hi

ch
m

ea
ns

(1
3)

ha
s

un
if

or
m

ly
la

rg
er

in
cr

em
en

ts
th

an
(1

4)
.S

in
ce

(1
4)

ca
n

be
w

ri
tte

n
as

y k
+

1
=
y k

+
ζ 1

(k
)( ζ

2
(k

)

ζ 1
(k

)( g
(x
k
,y
k
)

+
N
k
+

1

))
,

an
d

by
th

e
fa

ct
th

at
ζ 2

(k
)

co
nv

er
ge

s
to

ze
ro

fa
st

er
th

an
ζ 1

(k
),

(1
3)

an
d

(1
4)

ca
n

be
vi

ew
ed

as
no

is
y

E
ul

er
di

sc
re

tiz
at

io
ns

of
th

e
O

D
E

s
ẋ
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io

n:
po

lic
y
θ

=
θ 0

,V
aR

pa
ra

m
et

er
ν

=
ν 0

,a
nd

th
e

L
ag

ra
ng

ia
n

pa
ra

m
et

er
λ

=
λ

0

w
hi

le
T

R
U

E
do

fo
r
k

=
0,

1
,2
,.
..

do
G

en
er

at
e
N

tr
aj

ec
to

ri
es
{ξ
j,
k
}N j

=
1

by
st

ar
tin

g
at
x

0
=
x

0
an

d
fo

llo
w

in
g

th
e

cu
rr

en
tp

ol
ic

y
θ k

.

ν
U

pd
at

e:
ν k

+
1

=
Γ
N

[ ν k
−
ζ 3

(k
)( λ

k
−

λ
k

(1
−
α

)N

N ∑ j=
1

1
{ J

(ξ
j,
k
)
≥
ν k
})
]

θ
U

pd
at

e:
θ k

+
1

=
Γ

Θ

[ θ k
−
ζ 2

(k
)(

1 N

N ∑ j=
1

∇
θ

lo
g
P θ

(ξ
j,
k
)| θ

=
θ k
G(
ξ j
,k

)

+
λ
k

(1
−
α

)N

N ∑ j=
1

∇
θ

lo
g
P θ

(ξ
j,
k
)| θ

=
θ k

( J
(ξ
j,
k
)
−
ν k
) 1
{ J

(ξ
j,
k
)
≥
ν k
})
]

λ
U

pd
at

e:
λ
k
+

1
=

Γ
Λ

[ λ
k

+
ζ 1

(k
)( ν k

−
β

+
1

(1
−
α

)N

N ∑ j=
1

( J
(ξ
j,
k
)
−
ν k
) 1
{ J

(ξ
j,
k
)
≥
ν k
})
]

en
d

fo
r

if
{λ

k
}c

on
ve

rg
es

to
λ

m
a
x
,i

.e
.,
|λ
i∗
−
λ

m
a
x
|≤

ε
fo

rs
om

e
to

le
ra

nc
e

pa
ra

m
et

er
ε
>

0
th

en
Se

tλ
m

a
x
←

2λ
m

a
x
.

el
se re

tu
rn

pa
ra

m
et

er
s
ν
,θ
,λ

an
d

br
ea

k
en

d
if

en
d

w
hi

le

4.
A

ct
or

-C
ri

tic
A

lg
or

ith
m

s

A
s

m
en

tio
ne

d
in

Se
ct

io
n

3,
th

e
un

it
of

ob
se

rv
at

io
n

in
ou

r
po

lic
y

gr
ad

ie
nt

al
go

ri
th

m
(A

lg
or

ith
m

1)
is

a
sy

st
em

tr
aj

ec
to

ry
.

T
hi

s
m

ay
re

su
lt

in
hi

gh
va

ri
an

ce
fo

r
th

e
gr

ad
ie

nt
es

tim
at

es
,e

sp
ec

ia
lly

w
he

n
th

e
le

ng
th

of
th

e
tr

aj
ec

to
ri

es
is

lo
ng

.
To

ad
dr

es
s

th
is

is
su

e,
in

th
is

se
ct

io
n

w
e

pr
op

os
e

tw
o

ac
to

r-
cr

iti
c

al
go

ri
th

m
s

th
at

ap
pr

ox
im

at
e

so
m

e
qu

an
tit

ie
s

in
th

e
gr

ad
ie

nt
es

tim
at

es
by

lin
ea

rc
om

bi
na

tio
ns

of
ba

si
s

fu
nc

tio
ns

an
d

up
da

te
th

e
pa

ra
m

et
er

s
(l

in
ea

r
co

ef
fic

ie
nt

s)
in

cr
em

en
ta

lly
(a

ft
er

ea
ch

st
at

e-
ac

tio
n

tr
an

si
tio

n)
.

W
e

pr
es

en
tt

w
o

ac
to

r-
cr

iti
c

al
go

ri
th

m
s

fo
ro

pt
im

iz
in

g
(5

).
T

he
se

al
go

ri
th

m
s

ar
e

ba
se

d
on

th
e

gr
ad

ie
nt

es
tim

at
es

of
Se

ct
io

ns
4.

1-
4.

3.
W

hi
le

th
e

fir
st

al
go

ri
th

m
(S

PS
A

-b
as

ed
)i

s
fu

lly
in

cr
em

en
ta

l
an

d
up

da
te

s
al

l
th

e
pa

ra
m

et
er

s
θ,
ν
,λ

at
ea

ch
tim

e-
st

ep
,

th
e

se
co

nd
on

e
up

da
te

s
θ

at
ea

ch
tim

e-
st

ep
an

d
up

da
te

s
ν

an
d
λ

on
ly

at
th

e
en

d
of

ea
ch

tr
aj

ec
to

ry
,t

hu
s

is
re

ga
rd

ed
as

a
se

m
i-

tr
aj

ec
to

ry
-b

as
ed

m
et

ho
d.

A
lg

or
ith

m
2

co
nt

ai
ns

th
e

ps
eu

do
-c

od
e

of
th

es
e

al
go

ri
th

m
s.

T
he

pr
oj

ec
tio

n
op

er
at

or
s

Γ
Θ

,Γ
N

,a
nd

Γ
Λ

ar
e

de
fin

ed
as

in
Se

ct
io

n
3

an
d

ar
e

ne
ce

ss
ar

y
to

en
su

re
th

e
co

nv
er

ge
nc

e
of

th
e

al
go

ri
th

m
s.

A
te

ac
h

st
ep

of
ou

r
ac

to
r

cr
iti

c
al

go
ri

th
m

s
(s

te
ps

in
de

xe
d

by
k

in
A

lg
or

ith
m

1
an

d
in

A
lg

or
ith

m
2)

th
er

e
ar

e
tw

o
pa

rt
s:

•
In

ne
rl

oo
p

(c
ri

tic
up

da
te

):
Fo

ra
fix

ed
po

lic
y

(g
iv

en
as
θ
∈

Θ
),

ta
ke

ac
tio

n
a
k
∼
µ

(·|
x
k
,s
k
;θ
k
),

ob
se

rv
e

th
e

co
st
c(
x
k
,a
k
),

th
e

co
ns

tr
ai

nt
co

st
d
(x
k
,a
k
),

an
d

th
e

ne
xt

st
at

e
(x
k
+

1
,s
k
+

1
).

U
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R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

ing
the

m
ethod

of
tem

poral
differences

(T
D

)
from

C
hapter

6
of

Sutton
and

B
arto

(1998),
estim

ate
the

value
function

V
θ(x

,s).

•
O

uter
loop

(actor
update):

E
stim

ate
the

gradient
of
V
θ(x

,s)
for

policy
param

eter
θ,and

hence
the

gradient
of

the
L

agrangian
L

(ν
,θ,λ

),
using

the
unbiased

sam
pling

based
point

estim
ator

for
gradients

w
ith

respectto
θ

and
λ

and
either:

(1)
using

the
SPSA

m
ethod

(20)
to

obtain
an

increm
entalestim

ator
for

gradientw
ith

respectto
ν

or
(2)

only
calculating

the
gradientestim

ator
w

ith
respectto

ν
atthe

end
of

the
trajectory

(see
(23)

for
m

ore
details).

U
pdate

the
policy

param
eter

θ
∈

Θ
in

the
descentdirection,the

V
aR

approxim
ation

ν
∈
N

in
the

descentdirection,and
the

L
agrange

m
ultiplier

λ
∈

Λ
in

the
ascentdirection

on
specific

tim
escales

thatensure
convergence

to
locally

optim
alsolutions.

N
ext,

w
e

introduce
the

follow
ing

assum
ptions

for
the

step-sizes
of

the
actor-critic

m
ethod

in
A

lgorithm
2.

A
ssum

ption
8

(Step
Sizes)

The
step

size
schedules{

ζ
1 (k

)},{ζ
2 (k

)},{
ζ

3 (k
)},and{ζ

4 (k
)}

satisfy
∑

k

ζ
1 (k

)
=
∑

k

ζ
2 (k

)
=
∑

k

ζ
3 (k

)
=
∑

k

ζ
4 (k

)
=
∞
,

(15)

∑

k

ζ
1 (k

)
2,

∑

k

ζ
2 (k

)
2,

∑

k

ζ
3 (k

)
2,

∑

k

ζ
4 (k

)
2
<
∞
,

(16)

ζ
1 (k

)
=
o (ζ

2 (k
) ),

ζ
2 (k

)
=
o (ζ

3 (k
) ),

ζ
3 (k

)
=
o (ζ

4 (k
) ).

(17)

F
urtherm

ore,the
SP

SA
step

size{∆
k }

in
the

actor-critic
algorithm

satisfies
∆
k
→

0
as
k
→
∞

and ∑
k (ζ

2 (k
)/∆

k )
2
<
∞

.

T
hese

step-size
schedules

satisfy
the

standard
conditions

for
stochastic

approxim
ation

algo-
rithm

s,and
ensure

thatthe
critic

update
is

on
the

fastesttim
e-scale {

ζ
4 (k

) },the
policy

and
V

aR
pa-

ram
eterupdates

are
on

the
interm

ediate
tim

e-scale,w
ith

the
ν-update {

ζ
3 (k

) }
being

fasterthan
the

θ-update {
ζ

2 (k
) },and

finally
the

L
agrange

m
ultiplierupdate

is
on

the
slow

esttim
e-scale {

ζ
1 (k

) }.
T

his
results

in
fourtim

e-scale
stochastic

approxim
ation

algorithm
s.

4.1
G

radientw
.r.t.the

Policy
Param

eters
θ

T
he

gradientofthe
objective

function
w

.r.t.the
policy

θ
in

(7)m
ay

be
rew

ritten
as

∇
θ L

(ν
,θ,λ

)
=
∇
θ (

E [G
θ(x

0) ]
+

λ

(1−
α

) E [(J
θ(x

0)−
ν )

+ ] )
.

(24)

G
iven

the
originalM

D
P
M

=
(X
,A
,C
,D
,P
,P

0 )
and

the
param

eter
λ,w

e
define

the
augm

ented
M

D
P
M̄

=
(X̄
,Ā
,C̄

λ ,P̄
,P̄

0 )
asX̄

=
X
×
S

,Ā
=
A

,
P̄

0 (x
,s)

=
P

0 (x
)1{s

0
=
s},and

C̄
λ (x

,s,a
)

=

{
λ

(−
s)

+
/
(1−

α
)

if
x

=
x

Tar ,
C

(x
,a

)
otherw

ise,

P̄
(x
′,s ′|x

,s,a
)

=

{
P

(x
′|x
,a

)1{
s ′

=
(s−

D
(x
,a

) )/γ}
if
x
∈
X
′,

1{
x
′
=
x

Tar ,s ′
=

0}
if
x

=
x

Tar ,

w
here

x
Tar is

the
targetstate

ofthe
originalM

D
P
M

,S
and

s
0

are
respectively

the
finite

state
space

and
the

initialstate
ofthe

s
partofthe

state
in

the
augm

ented
M

D
P
M̄

.Furtherm
ore,w

e
denote

by
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

A
lgorithm

2
A

ctor-C
ritic

A
lgorithm

s
forC

V
aR

M
D

P
Input:

Param
eterized

policy
µ

(·|·;θ)
and

value
function

feature
vector

φ
(·)

(both
over

the
augm

ented
M

D
P
M̄

),confidence
level

α
,and

costtolerance
β

Initialization:
policy

θ
=
θ

0 ;
V

aR
param

eter
ν

=
ν

0 ;
L

agrangian
param

eter
λ

=
λ

0 ;
value

function
w

eightvector
v

=
v

0
;initialcondition

(x
0 ,s

0 )
=

(x
0,ν

)
w

hile
T

R
U

E
do

//(1)SPSA
-based

A
lgorithm

:
for

k
=

0,1,2,...do
D

raw
action

a
k ∼

µ
(·|x

k ,s
k ;θ

k );
O

bserve
cost

C̄
λ
k (x

k ,s
k ,a

k );
O

bserve
nextstate

(x
k
+

1 ,s
k
+

1 )∼
P̄

(·|x
k ,s

k ,a
k );

//note
that

s
k
+
1
=

(s
k −

D
(x
k
,a
k
) )/

γ

//A
C

A
lgorithm

:
T

D
E

rror:
δ
k (v

k )
=
C̄
λ
k (x

k ,s
k ,a

k )
+
γ
v >k
φ

(x
k
+

1 ,s
k
+

1 )−
v >k
φ

(x
k ,s

k )
(18)

C
ritic

U
pdate:

v
k
+

1
=
v
k

+
ζ
4 (k

)δ
k (v

k )φ
(x
k ,s

k )
(19)

ν
U

pdate:
ν
k
+

1
=

Γ
N

(
ν
k −

ζ
3 (k

) (
λ
k
+
v >k [φ (x

0,ν
k

+
∆
k )−

φ
(x

0,ν
k −

∆
k ) ]

2∆
k

) )

(20)

θ
U

pdate:
θ
k
+

1
=

Γ
Θ (
θ
k −

ζ
2 (k

)

1−
γ ∇

θ
lo

g
µ

(a
k |x

k ,s
k ;θ)·δ

k (v
k ) )

(21)

λ
U

pdate:
λ
k
+

1
=

Γ
Λ (
λ
k

+
ζ
1 (k

) (ν
k −

β
+

1

(1−
α

)(1−
γ

)
1{
x
k

=
x

Tar }(−
s
k )

+ ) )(22)
if
x
k

=
x

Tar
(reach

a
targetstate),

then
set

(x
k
+

1 ,s
k
+

1 )
=

(x
0,ν

k
+

1 )
end

for
//(2)Sem

iTrajectory-based
A

lgorithm
:

Initialize
t

=
0

for
k

=
0,1,2,...do

D
raw

action
a
k
∼
µ

(·|x
k ,s

k ;θ
k ),

observe
cost

C̄
λ
k (x

k ,s
k ,a

k ),
and

next
state

(x
k
+

1 ,s
k
+

1 )
∼

P̄
(·|x

k ,s
k ,a

k );
U

pdate
(δ
k ,v

k ,θ
k ,λ

k )
using

E
qs.(18),(19),(21),and

(22)
if
x
k

=
x

Tar then
U

pdate
ν

as

ν
U

pdate:
ν
k
+

1
=

Γ
N

(
ν
k −

ζ
3 (k

) (
λ
k −

λ
k

1−
α
1 {
x
k

=
x

Tar ,s
k ≤

0 } ) )
(23)

Set
(x
k
+

1 ,s
k
+

1 )
=

(x
0,ν

k
+

1 )
and

t
=

0
elset←

t
+

1
end

if
end

for
if{λ

k }
converges

to
λ

m
a
x ,i.e.,|λ

i ∗−
λ

m
a
x |≤

ε
forsom

e
tolerance

param
eter

ε
>

0
then

Set
λ

m
a
x ←

2
λ

m
a
x .

elsereturn
param

eters
v
,w
,ν
,θ,λ,and

break
end

if
end

w
hile
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C
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IL
E

R
IS

K
C

R
IT

E
R

IA

s T
ar

th
e
s

pa
rt

of
th

e
st

at
e

in
M̄

w
he

n
a

po
lic

y
θ

re
ac

he
s

a
ta

rg
et

st
at

e
x

Ta
r

(w
hi

ch
w

e
as

su
m

e
oc

cu
rs

be
fo

re
an

up
pe

r-
bo

un
d
T

nu
m

be
ro

fs
te

ps
),

i.e
.,

s T
ar

=
1 γ
T

(
ν
−
T
−

1
∑ k

=
0

γ
k
D

(x
k
,a
k
))

,

su
ch

th
at

th
e

in
iti

al
st

at
e

is
gi

ve
n

by
s 0

=
ν

.
W

e
w

ill
no

w
us

e
n

=
|X̄
|t

o
in

di
ca

te
th

e
si

ze
of

th
e

au
gm

en
te

d
st

at
e

sp
ac

e
X̄

in
st

ea
d

of
th

e
si

ze
of

th
e

or
ig

in
al

st
at

e
sp

ac
e
X

.
It

ca
n

be
la

te
r

se
en

th
at

th
e

au
gm

en
te

d
st

at
e
s

in
th

e
M

D
P
M̄

ke
ep

s
tr

ac
k

of
th

e
cu

m
ul

at
iv

e
C

V
aR

co
ns

tr
ai

nt
co

st
.

Si
m

ila
r

to
th

e
an

al
ys

is
in

B
äu

er
le

an
d

O
tt

(2
01

1)
,t

he
m

aj
or

m
ot

iv
at

io
n

of
in

tr
od

uc
in

g
th

e
af

or
em

en
tio

ne
d

au
gm

en
te

d
M

D
P
M̄

is
th

at
,

by
ut

ili
zi

ng
th

e
au

gm
en

te
d

st
at

e
s
∈
S

th
at

m
on

ito
rs

th
e

ru
nn

in
g

co
ns

tr
ai

nt
co

st
an

d
th

us
th

e
fe

as
ib

ili
ty

re
gi

on
of

th
e

or
ig

in
al

C
V

aR
co

ns
tr

ai
ne

d
M

D
P,

on
e

is
ab

le
to

de
fin

e
a

B
el

lm
an

op
er

at
or

on
M̄

(w
ho

se
ex

ac
td

efi
ni

tio
n

ca
n

be
fo

un
d

in
T

he
or

em
10

),
w

ho
se

fix
ed

po
in

ts
ol

ut
io

n
is

eq
ua

lt
o

th
e

so
lu

tio
n

of
th

e
or

ig
in

al
C

V
aR

L
ag

ra
ng

ia
n

pr
ob

le
m

.
T

he
re

fo
re

by
co

m
bi

ni
ng

th
es

e
pr

op
er

tie
s,

th
is

re
fo

rm
ul

at
io

n
al

lo
w

s
on

e
to

tr
an

sf
or

m
th

e
C

V
aR

L
ag

ra
ng

ia
n

pr
ob

le
m

to
a

st
an

da
rd

M
D

P
pr

ob
le

m
.

W
e

de
fin

e
a

cl
as

s
of

pa
ra

m
et

er
iz

ed
st

oc
ha

st
ic

po
lic

ie
s
{ µ

(·|
x
,s

;θ
),

(x
,s

)
∈
X̄
,θ
∈

Θ
⊆
R
κ
1
}

fo
r

th
is

au
gm

en
te

d
M

D
P.

R
ec

al
l

th
at
Gθ

(x
)

is
th

e
di

sc
ou

nt
ed

cu
m

ul
at

iv
e

co
st

an
d
J
θ
(x

)
is

th
e

di
sc

ou
nt

ed
cu

m
ul

at
iv

e
co

ns
tr

ai
nt

co
st

.
T

he
re

fo
re

,t
he

to
ta

l(
di

sc
ou

nt
ed

)
co

st
of

a
tr

aj
ec

to
ry

ca
n

be
w

ri
tte

n
as

T ∑ k
=

0

γ
k
C̄
λ
(x
k
,s
k
,a
k
)
|x

0
=
x
,s

0
=
s,
µ

=
Gθ

(x
)

+
λ

(1
−
α

)( J
θ
(x

)
−
s)

+
.

(2
5)

Fr
om

(2
5)

,i
ti

s
cl

ea
rt

ha
tt

he
qu

an
tit

y
in

th
e

pa
re

nt
he

si
s

of
(2

4)
is

th
e

va
lu

e
fu

nc
tio

n
of

th
e

po
lic

y
θ

at
st

at
e

(x
0
,ν

)
in

th
e

au
gm

en
te

d
M

D
P
M̄

,i
.e

.,
V
θ
(x

0
,ν

).
T

hu
s,

it
is

ea
sy

to
sh

ow
th

at
4

∇
θ
L

(ν
,θ
,λ

)
=
∇
θ
V
θ
(x

0
,ν

)
=

1

1
−
γ

∑ x
,s
,a

π
θ γ
(x
,s
,a
|x

0
,ν

)
∇

lo
g
µ

(a
|x
,s

;θ
)
Q
θ
(x
,s
,a

),
5 (2

6)
w

he
re
π
θ γ

is
th

e
di

sc
ou

nt
ed

oc
cu

pa
tio

n
m

ea
su

re
(d

efi
ne

d
in

Se
ct

io
n

2)
an

d
Q
θ

is
th

e
ac

tio
n-

va
lu

e
fu

nc
tio

n
of

po
lic

y
θ

in
th

e
au

gm
en

te
d

M
D

P
M̄

.W
e

ca
n

sh
ow

th
at

1
1
−
γ
∇

lo
g
µ

(a
k
|x
k
,s
k
;θ

)
·δ
k

is
an

un
bi

as
ed

es
tim

at
e

of
∇
θ
L

(ν
,θ
,λ

),
w

he
re

δ k
=
C̄
λ
(x
k
,s
k
,a
k
)

+
γ
V̂

(x
k
+

1
,s
k
+

1
)
−
V̂

(x
k
,s
k
)

is
th

e
te

m
po

ra
l-

di
ff

er
en

ce
(T

D
)

er
ro

r
in

th
e

M
D

P
M̄

fr
om

(1
8)

,
an

d
V̂

is
an

un
bi

as
ed

es
tim

at
or

of
V
θ

(s
ee

e.
g.

,B
ha

tn
ag

ar
et

al
.(

20
09

))
.

In
ou

r
ac

to
r-

cr
iti

c
al

go
ri

th
m

s,
th

e
cr

iti
c

us
es

lin
ea

r
ap

-
pr

ox
im

at
io

n
fo

r
th

e
va

lu
e

fu
nc

tio
n
V
θ
(x
,s

)
≈
v
>
φ

(x
,s

)
=
Ṽ
θ
,v

(x
,s

),
w

he
re

th
e

fe
at

ur
e

ve
ct

or
φ

(·)
be

lo
ng

s
to

a
lo

w
-d

im
en

si
on

al
sp

ac
e
R
κ
1

w
ith

di
m

en
si

on
κ

1
.

T
he

lin
ea

r
ap

pr
ox

im
at

io
n
Ṽ
θ
,v

be
lo

ng
s

to
a

lo
w

-d
im

en
si

on
al

su
bs

pa
ce
S
V

=
{Φ
v
|v
∈
R
κ
1
},

w
he

re
Φ

is
th

e
n
×
κ

1
m

at
ri

x
w

ho
se

4.
N

ot
e

th
at

th
e

se
co

nd
eq

ua
lit

y
in

E
qu

at
io

n
(2

6)
is

th
e

re
su

lt
of

th
e

po
lic

y
gr

ad
ie

nt
th

eo
re

m
(S

ut
to

n
et

al
.,

20
00

;P
et

er
s

et
al

.,
20

05
).

5.
N

ot
ic

e
th

at
th

e
st

at
e

an
d

ac
tio

n
sp

ac
es

of
th

e
or

ig
in

al
M

D
P

ar
e

fin
ite

,a
nd

th
er

e
is

on
ly

a
fin

ite
nu

m
be

r
of

ou
tc

om
es

in
th

e
tr

an
si

tio
n

of
s

(d
ue

to
th

e
as

su
m

pt
io

n
of

a
bo

un
de

d
fir

st
hi

tti
ng

tim
e)

.T
he

re
fo

re
th

e
au

gm
en

te
d

st
at

e
s

be
lo

ng
s

to
a

fin
ite

st
at

e
sp

ac
e

as
w

el
l.
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

ro
w

s
ar

e
th

e
tr

an
sp

os
ed

fe
at

ur
e

ve
ct

or
s
φ
>

(·)
.

To
en

su
re

th
at

th
e

se
t

of
fe

at
ur

e
ve

ct
or

s
fo

rm
s

a
w

el
l-

po
se

d
lin

ea
ra

pp
ro

xi
m

at
io

n
to

th
e

va
lu

e
fu

nc
tio

n,
w

e
im

po
se

th
e

fo
llo

w
in

g
as

su
m

pt
io

n
on

th
e

ba
si

s
fu

nc
tio

ns
.

A
ss

um
pt

io
n

9
(I

nd
ep

en
de

nt
B

as
is

Fu
nc

tio
ns

)
Th

e
ba

si
s

fu
nc

tio
ns
{ φ

(i
)}
κ
1

i=
1

ar
e

lin
ea

rl
y

in
de

-
pe

nd
en

t.
In

pa
rt

ic
ul

ar
,κ

1
≤
n

an
d

Φ
is

fu
ll

co
lu

m
n

ra
nk

.
M

or
eo

ve
r,

fo
r

ev
er

y
v
∈

R
κ
1
,Φ
v
6=
e,

w
he

re
e

is
th

e
n

-d
im

en
si

on
al

ve
ct

or
w

ith
al

le
nt

ri
es

eq
ua

lt
o

on
e.

T
he

fo
llo

w
in

g
th

eo
re

m
sh

ow
s

th
at

th
e

cr
iti

c
up

da
te
v k

co
nv

er
ge

s
al

m
os

ts
ur

el
y

to
v
∗ ,

th
e

m
in

i-
m

iz
er

of
th

e
B

el
lm

an
re

si
du

al
.D

et
ai

ls
of

th
e

pr
oo

fc
an

be
fo

un
d

in
A

pp
en

di
x

B
.2

.

T
he

or
em

10
D

efi
ne
v
∗
∈

ar
g

m
in
v
‖B

θ
[Φ
v
]
−

Φ
v
‖2 d

θ γ
as

th
e

m
in

im
iz

er
to

th
e

B
el

lm
an

re
si

du
al

,
w

he
re

th
e

B
el

lm
an

op
er

at
or

is
gi

ve
n

by

B
θ
[V

](
x
,s

)
=
∑ a

µ
(a
|x
,s

;θ
)

  
C̄
λ
(x
,s
,a

)
+
∑ x
′ ,
s′
γ
P̄

(x
′ ,
s′
|x
,s
,a

)V
(x
′ ,
s′

)  

an
d
Ṽ
∗ (
x
,s

)
=

(v
∗ )
>
φ

(x
,s

)
is

th
e

pr
oj

ec
te

d
B

el
lm

an
fix

ed
po

in
t

of
V
θ
(x
,s

),
i.e

.,
Ṽ
∗ (
x
,s

)
=

Π
B
θ
[Ṽ
∗ ]

(x
,s

).
Su

pp
os

e
th

e
γ

-o
cc

up
at

io
n

m
ea

su
re
π
θ γ

is
us

ed
to

ge
ne

ra
te

sa
m

pl
es

of
(x
k
,s
k
,a
k
)

fo
r

an
y
k
∈
{0
,1
,.
..
,}

.
Th

en
un

de
r

A
ss

um
pt

io
ns

8–
9,

th
e
v

-u
pd

at
e

in
th

e
ac

to
r-

cr
iti

c
al

go
ri

th
m

co
nv

er
ge

s
to
v
∗

al
m

os
ts

ur
el

y.

4.
2

G
ra

di
en

tw
.r.

t.
th

e
L

ag
ra

ng
ia

n
Pa

ra
m

et
er
λ

W
e

m
ay

re
w

ri
te

th
e

gr
ad

ie
nt

of
th

e
ob

je
ct

iv
e

fu
nc

tio
n

w
.r.

t.
th

e
L

ag
ra

ng
ia

n
pa

ra
m

et
er

s
λ

in
(9

)a
s

∇
λ
L

(ν
,θ
,λ

)
=
ν
−
β

+
∇
λ

( E[
Gθ

(x
0
)]

+
λ

(1
−
α

)E
[ (
J
θ
(x

0
)
−
ν
) +
])

(a
)

=
ν
−
β

+
∇
λ
V
θ
(x

0
,ν

).

(2
7)

Si
m

ila
r

to
Se

ct
io

n
4.

1,
eq

ua
lit

y
(a

)
co

m
es

fr
om

th
e

fa
ct

th
at

th
e

qu
an

tit
y

in
pa

re
nt

he
si

s
in

(2
7)

is
V
θ
(x

0
,ν

),
th

e
va

lu
e

fu
nc

tio
n

of
th

e
po

lic
y
θ

at
st

at
e

(x
0
,ν

)
in

th
e

au
gm

en
te

d
M

D
P
M̄

.
N

ot
e

th
at

th
e

de
pe

nd
en

ce
of
V
θ
(x

0
,ν

)
on
λ

co
m

es
fr

om
th

e
de

fin
iti

on
of

th
e

co
st

fu
nc

tio
n
C̄
λ

in
M̄

.W
e

no
w

de
riv

e
an

ex
pr

es
si

on
fo

r∇
λ
V
θ
(x

0
,ν

),
w

hi
ch

in
tu

rn
w

ill
gi

ve
us

an
ex

pr
es

si
on

fo
r∇

λ
L

(ν
,θ
,λ

).

L
em

m
a

11
Th

e
gr

ad
ie

nt
of
V
θ
(x

0
,ν

)
w.

r.t
.t

he
La

gr
an

gi
an

pa
ra

m
et

er
λ

m
ay

be
w

ri
tte

n
as

∇
λ
V
θ
(x

0
,ν

)
=

1

1
−
γ

∑ x
,s
,a

π
θ γ
(x
,s
,a
|x

0
,ν

)
1

(1
−
α

)1
{x

=
x

Ta
r}

(−
s)

+
.

(2
8)

P
ro

of
.

Se
e

A
pp

en
di

x
B

.1
.

�
Fr

om
L

em
m

a
11

an
d

(2
7)

,
it

is
ea

sy
to

se
e

th
at
ν
−
β

+
1

(1
−
γ

)(
1
−
α

)
1
{x

=
x

Ta
r}

(−
s)

+
is

an
un

bi
as

ed
es

tim
at

e
of
∇
λ
L

(ν
,θ
,λ

).
A

n
is

su
e

w
ith

th
is

es
tim

at
or

is
th

at
its

va
lu

e
is

fix
ed

to
ν k
−
β

al
la

lo
ng

a
tr

aj
ec

to
ry

,a
nd

on
ly

ch
an

ge
s

at
th

e
en

d
to
ν k
−
β

+
1

(1
−
γ

)(
1
−
α

)
(−
s T

ar
)+

.
T

hi
s

m
ay

af
fe

ct
th

e
in

cr
em

en
ta

l
na

tu
re

of
ou

r
ac

to
r-

cr
iti

c
al

go
ri

th
m

.
To

ad
dr

es
s

th
is

is
su

e,
C

ho
w

an
d

G
ha

va
m

za
de

h
(2

01
4)

pr
ev

io
us

ly
pr

op
os

ed
a

di
ff

er
en

ta
pp

ro
ac

h
to

es
tim

at
e

th
e

gr
ad

ie
nt

s
w

.r.
t.
θ

an
d

λ
w

hi
ch

in
vo

lv
es

an
ot

he
rv

al
ue

fu
nc

tio
n

ap
pr

ox
im

at
io

n
to

th
e

co
ns

tr
ai

nt
.H

ow
ev

er
th

is
ap

pr
oa

ch
is

le
ss

de
si

ra
bl

e
in

m
an

y
pr

ac
tic

al
ap

pl
ic

at
io

ns
as

it
in

cr
ea

se
s

th
e

ap
pr

ox
im

at
io

n
er

ro
ra

nd
im

pe
de

s
th

e
sp

ee
d

of
co

nv
er

ge
nc

e.
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R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

A
nother

im
portantissue

is
thatthe

above
estim

ator
is

unbiased
only

if
the

sam
ples

are
gener-

ated
from

the
distribution

π
θγ (·|x

0,ν
).

If
w

e
justfollow

the
policy

θ,then
w

e
m

ay
use

ν
k −

β
+

γ
k

(1−
α

) 1{x
k

=
x

Tar }(−
s
k )

+
as

an
estim

ate
for∇

λ L
(ν
,θ,λ

).
N

ote
thatthis

is
an

issue
for

alldis-
counted

actor-critic
algorithm

s:
their

(likelihood
ratio

based)
estim

ate
for

the
gradientis

unbiased
only

if
the

sam
ples

are
generated

from
π
θγ ,and

notw
hen

w
e

sim
ply

follow
the

policy.
T

his
m

ight
also

be
the

reason
w

hy,to
the

bestofourknow
ledge,no

rigorous
convergence

analysis
can

be
found

in
the

literature
for

(likelihood
ratio

based)
discounted

actor-critic
algorithm

s
under

the
sam

pling
distribution. 6

4.3
Sub-G

radientw
.r.t.the

VaR
Param

eter
ν

W
e

m
ay

rew
rite

the
sub-gradientofourobjective

function
w

.r.t.the
V

aR
param

eter
ν

in
(8)as

∂
ν L

(ν
,θ,λ

)3
λ (

1−
1

(1−
α

) P (
∞∑k
=

0

γ
kD

(x
k ,a

k )≥
ν
|
x

0
=
x

0;θ ) )
.

(29)

From
the

definition
of

the
augm

ented
M

D
P
M̄

,the
probability

in
(29)

m
ay

be
w

ritten
asP

(s
Tar ≤

0
|
x

0
=
x

0,s
0

=
ν

;θ),w
here

s
Tar

is
the

s
partof

the
state

in
M̄

w
hen

w
e

reach
a

targetstate,
i.e.,x

=
x

Tar (see
Section

4.1).T
hus,w

e
m

ay
rew

rite
(29)as

∂
ν L

(ν
,θ,λ

)3
λ (

1−
1

(1−
α

) P (s
Tar ≤

0
|
x

0
=
x

0,s
0

=
ν

;θ ) )
.

(30)

From
(30),itiseasy

to
see

thatλ−
λ
1{
s

Tar ≤
0}
/(1−

α
)isan

unbiased
estim

ate
ofthe

sub-gradient
of
L

(ν
,θ,λ

)
w

.r.t.ν.A
n

issue
w

ith
this

(unbiased)estim
atoris

thatitcan
only

be
applied

atthe
end

ofa
trajectory

(i.e.,w
hen

w
e

reach
the

targetstate
x

Tar ),and
thus,using

itprevents
us

from
having

a
fully

increm
entalalgorithm

.In
fact,this

is
the

estim
atorthatw

e
use

in
oursem

i-trajectory-based
actor-critic

algorithm
.

O
ne

approach
to

estim
ate

thissub-gradientincrem
entally

isto
use

the
sim

ultaneousperturbation
stochastic

approxim
ation

(SPSA
)m

ethod
(C

hapter5
ofB

hatnagaretal.(2013)).T
he

idea
ofSPSA

is
to

estim
ate

the
sub-gradient

g
(ν

)
∈
∂
ν L

(ν
,θ,λ

)
using

tw
o

values
of
g

at
ν −

=
ν
−

∆
and

ν
+

=
ν

+
∆

,w
here

∆
>

0
is

a
positive

perturbation
(see

C
hapter

5
of

B
hatnagar

etal.(2013)
or

Prashanth
and

G
havam

zadeh
(2013)forthe

detailed
description

of
∆

). 7
In

orderto
see

how
SPSA

can
help

us
to

estim
ate

oursub-gradientincrem
entally,note

that

∂
ν L

(ν
,θ,λ

)
=
λ

+
∂
ν (

E [J
θ(x

0) ]
+

λ

(1−
α

) E [(J
θ(x

0)−
ν )

+ ] )
(a)
=
λ

+
∂
ν V

θ(x
0,ν

).
(31)

Sim
ilarto

Sections
4.1–4.3,equality

(a)com
es

from
the

factthatthe
quantity

in
parenthesis

in
(31)

is
V
θ(x

0,ν
),the

value
function

ofthe
policy

θ
atstate

(x
0,ν

)
in

the
augm

ented
M

D
P
M̄

.Since
the

critic
uses

a
linear

approxim
ation

for
the

value
function,i.e.,

V
θ(x

,s)≈
v >
φ

(x
,s),in

our
actor-

critic
algorithm

s
(see

Section
4.1

and
A

lgorithm
2),the

SPSA
estim

ate
of

the
sub-gradientw

ould
be

ofthe
form

g
(ν

)≈
λ

+
v > [φ

(x
0,ν

+
)−

φ
(x

0,ν −
) ]/

2∆
.

6.N
ote

thatthe
discounted

actor-critic
algorithm

w
ith

convergence
proofin

(B
hatnagar,2010)is

based
on

SPSA
.

7.SPSA
-based

gradientestim
ate

w
as

firstproposed
in

Spall(1992)and
has

been
w

idely
used

in
various

settings,espe-
cially

those
involving

a
high-dim

ensionalparam
eter.

T
he

SPSA
estim

ate
described

above
is

tw
o-sided.

Itcan
also

be
im

plem
ented

single-sided,w
here

w
e

use
the

values
ofthe

function
at
ν

and
ν
+

.W
e

referthe
readers

to
C

hapter5
ofB

hatnagaretal.(2013)form
ore

details
on

SPSA
and

to
Prashanth

and
G

havam
zadeh

(2013)forits
application

to
learning

in
m

ean-variance
risk-sensitive

M
D

Ps.
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O
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A
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D
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A
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O
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4.4
C

onvergence
ofA

ctor-C
ritic

M
ethods

In
this

section,w
e

w
illprove

thatthe
actor-critic

algorithm
s

converge
to

a
locally

optim
alpolicy

for
the

C
V

aR
-constrained

optim
ization

problem
.D

efine

ε
θ (v

k )
=
‖B

θ [Φ
v
k ]−

Φ
v
k ‖∞

as
the

residual
of

the
value

function
approxim

ation
at

step
k,

induced
by

policy
µ

(·|·,·;θ).
B

y
the

triangle
inequality

and
fixed

point
theorem

B
θ [V
∗]

=
V
∗,

it
can

be
easily

seen
that‖V

∗−
Φ
v
k ‖∞

≤
ε
θ (v

k )
+
‖
B
θ [Φ

v
k ]−

B
θ [V
∗]‖∞

≤
ε
θ (v

k )
+
γ‖

Φ
v
k −

V
∗‖∞

.T
he

lastinequality
follow

s
from

the
contraction

property
ofthe

B
ellm

an
operator.

T
hus,one

concludes
that‖

V
∗−

Φ
v
k ‖∞

≤
ε
θ (v

k )/
(1−

γ
).N

ow
,w

e
state

the
m

ain
theorem

forthe
convergence

ofactor-critic
m

ethods.

T
heorem

12
Suppose

ε
θ
k (v

k )→
0

and
the

γ-occupation
m

easure
π
θγ

is
used

to
generate

sam
ples

of
(x
k ,s

k ,a
k )

for
any

k
∈
{0,1,...}.

For
the

SP
SA

-based
algorithm

s,suppose
the

feature
vector

satisfies
the

technicalA
ssum

ption
21

(provided
in

A
ppendix

B
.2.2)

and
suppose

the
SP

SA
step-size

satisfies
the

condition
ε
θ
k (v

k )
=
o(∆

k ),i.e.,
ε
θ
k (v

k )/
∆
k
→

0.
Then

under
A

ssum
ptions

2–4
and

8–9,
the

sequence
of

policy
updates

in
A

lgorithm
2

converges
alm

ost
surely

to
a

locally
optim

al
policy

for
the

C
VaR

-constrained
optim

ization
problem

.

D
etails

ofthe
proofcan

be
found

in
A

ppendix
B

.2.

5.E
xtension

to
C

hance-C
onstrained

O
ptim

ization
ofM

D
Ps

In
m

any
applications,in

particularin
engineering

(see,forexam
ple,O

no
etal.(2015)),chance

con-
straints

are
im

posed
to

ensure
m

ission
success

w
ith

high
probability.

A
ccordingly,in

this
section

w
e

extend
the

analysis
of

C
V

aR
-constrained

M
D

Ps
to

chance-constrained
M

D
Ps

(i.e.,(4)).
A

s
for

C
V

aR
-constrained

M
D

Ps,w
e

em
ploy

a
L

agrangian
relaxation

procedure
(C

hapter
3

of
B

ertsekas
(1999))

to
convert

a
chance-constrained

optim
ization

problem
into

the
follow

ing
unconstrained

problem
:

m
ax
λ

m
in

θ
,α

(
L

(θ,λ
)

:=
G
θ(x

0)
+
λ (P (J

θ(x
0)≥

α )−
β ) )

,
(32)

w
here

λ
is

the
L

agrange
m

ultiplier.R
ecallA

ssum
ption

4
w

hich
assum

ed
strictfeasibility,i.e.,there

exists
a

transientpolicy
µ

(·|x
;θ)

such
thatP (J

θ(x
0)≥

α )
<
β

.
T

his
is

needed
to

guarantee
the

existence
ofa

localsaddle
point.

5.1
Policy

G
radientM

ethod

In
this

section
w

e
propose

a
policy

gradientm
ethod

forchance-constrained
M

D
Ps

(sim
ilarto

A
lgo-

rithm
1).Since

w
e

do
notneed

to
estim

ate
the

ν-param
eterin

chance-constrained
optim

ization,the
corresponding

policy
gradientalgorithm

can
be

sim
plified

and
ateach

innerloop
ofA

lgorithm
1

w
e

only
perform

the
follow

ing
updates

atthe
end

ofeach
trajectory:

θ
U

pdate:
θ
k
+

1
=

Γ
Θ [
θ
k −

ζ
2 (k

)

N

(
N
∑j=

1 ∇
θ

log
P

(ξ
j,k )G

(ξ
j,k )

+
λ
k ∇

θ
log

P
(ξ
j,k )1 {J

(ξ
j,k )≥

α } )]

λ
U

pdate:
λ
k
+

1
=

Γ
Λ [
λ
k

+
ζ

1 (k
) (−

β
+

1N

N
∑j=

1

1 {J
(ξ
j,k )≥

α } )]

16
JM

L
R

 18(167):1-51, 2018



R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

C
on

si
de

ri
ng

th
e

m
ul

ti-
tim

e-
sc

al
e

st
ep

-s
iz

e
ru

le
s

in
A

ss
um

pt
io

n
6,

th
e
θ

up
da

te
is

on
th

e
fa

st
tim

e-
sc

al
e
{ ζ

2
(k

)}
an

d
th

e
L

ag
ra

ng
e

m
ul

tip
lie

rλ
up

da
te

is
on

th
e

sl
ow

tim
e-

sc
al

e
{ ζ

1
(k

)}
.T

hi
s

re
su

lts
in

a
tw

o
tim

e-
sc

al
e

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

al
go

ri
th

m
.I

n
th

e
fo

llo
w

in
g

th
eo

re
m

,w
e

pr
ov

e
th

at
ou

r
po

lic
y

gr
ad

ie
nt

al
go

ri
th

m
co

nv
er

ge
s

to
a

lo
ca

lly
op

tim
al

po
lic

y
fo

rt
he

ch
an

ce
-c

on
st

ra
in

ed
pr

ob
le

m
.

T
he

or
em

13
U

nd
er

A
ss

um
pt

io
ns

2–
6,

th
e

se
qu

en
ce

of
po

lic
y

up
da

te
s

in
A

lg
or

ith
m

1
co

nv
er

ge
s

to
a

lo
ca

lly
op

tim
al

po
lic

y
θ∗

fo
r

th
e

ch
an

ce
-c

on
st

ra
in

ed
op

tim
iz

at
io

n
pr

ob
le

m
al

m
os

ts
ur

el
y.

P
ro

of
.

[S
ke

tc
h]

B
y

ta
ki

ng
th

e
gr

ad
ie

nt
of
L

(θ
,λ

)
w

.r.
t.
θ,

w
e

ha
ve

∇
θ
L

(θ
,λ

)
=
∇
θ
Gθ

(x
0
)+
λ
∇
θ
P(
J
θ
(x

0
)
≥
α
) =

∑ ξ

∇
θ
P θ

(ξ
)G

(ξ
)+
λ
∑ ξ

∇
θ
P θ

(ξ
)1
{ J

(ξ
)
≥
α
} .

O
n

th
e

ot
he

rh
an

d,
th

e
gr

ad
ie

nt
of
L

(θ
,λ

)
w

.r.
t.
λ

is
gi

ve
n

by

∇
λ
L

(θ
,λ

)
=

P(
J
θ
(x

0
)
≥
α
) −

β
.

O
ne

ca
n

ea
si

ly
ve

ri
fy

th
at

th
e
θ

an
d
λ

up
da

te
s

ar
e

th
er

ef
or

e
un

bi
as

ed
es

tim
at

es
of
∇
θ
L

(θ
,λ

)
an

d
∇
λ
L

(θ
,λ

),
re

sp
ec

tiv
el

y.
T

he
n

th
e

re
st

of
th

e
pr

oo
ff

ol
lo

w
s

an
al

og
ou

sl
y

fr
om

th
e

co
nv

er
ge

nc
e

pr
oo

f
of

A
lg

or
ith

m
1

in
st

ep
s

2
an

d
3

of
T

he
or

em
7.

�

5.
2

A
ct

or
-C

ri
tic

M
et

ho
d

In
th

is
se

ct
io

n,
w

e
pr

es
en

ta
n

ac
to

r-
cr

iti
c

al
go

ri
th

m
fo

rt
he

ch
an

ce
-c

on
st

ra
in

ed
op

tim
iz

at
io

n.
G

iv
en

th
e

or
ig

in
al

M
D

P
M

=
(X
,A
,C
,D
,P
,P

0
)

an
d

pa
ra

m
et

er
λ

,
w

e
de

fin
e

th
e

au
gm

en
te

d
M

D
P

M̄
=

(X̄
,Ā
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3.
1

in
B

er
ts

ek
as

(1
99

5)
,

it
ca

n
be

ea
si

ly
se

en
th

at
‖V
∗
−

Φ
v k
‖ ∞
≤
ε θ

(v
k
)

+
‖B

θ
[Φ
v k

]
−
B
θ
[V
∗ ]
‖ ∞
≤
ε θ

(v
k
)

+
κ
‖Φ
v k
−
V
∗ ‖
∞

fo
r

so
m

e
κ
∈

(0
,1

).
Si

m
ila

r
to

th
e

ac
to

r-
cr

iti
c

al
go

ri
th

m
fo

r
C

V
aR

-c
on

st
ra

in
ed

op
tim

iz
at

io
n,

th
e

la
st

in
eq

ua
lit

y
al

so
fo

llo
w

sf
ro

m
th

e
co

nt
ra

ct
io

n
m

ap
pi

ng
pr

op
er

ty
of
B
θ

fr
om

T
he

or
em

3.
2

in
B

er
ts

ek
as

(1
99

5)
.N

ow
,w

e
st

at
e

th
e

m
ai

n
th

eo
re

m
fo

rt
he

co
nv

er
ge

nc
e

of
th

e
ac

to
r-

cr
iti

c
m

et
ho

d.

T
he

or
em

15
U

nd
er

A
ss

um
pt

io
ns

2–
9,

if
ε θ
k
(v
k
)
→

0
,

th
en

th
e

se
qu

en
ce

of
po

lic
y

up
da

te
s

co
n-

ve
rg

es
al

m
os

ts
ur

el
y

to
a

lo
ca

lly
op

tim
al

po
lic

y
θ∗

fo
r

th
e

ch
an

ce
-c

on
st

ra
in

ed
op

tim
iz

at
io

n
pr

ob
le

m
.

P
ro

of
.

[S
ke

tc
h

]
Fr

om
T

he
or

em
14

,t
he

cr
iti

c
up

da
te

co
nv

er
ge

s
to

th
e

m
in

im
iz

er
of

th
e

B
el

lm
an

re
si

du
al

.
Si

nc
e

th
e

cr
iti

c
up

da
te

co
nv

er
ge

s
on

th
e

fa
st

es
ts

ca
le

,a
s

in
th

e
pr

oo
f

of
T

he
or

em
12

,o
ne

ca
n

re
pl

ac
e
v k

by
v
∗ (
θ k

)
in

th
e

co
nv

er
ge

nc
e

pr
oo

f
of

th
e

ac
to

r
up

da
te

.
Fu

rt
he

rm
or

e,
by

sa
m

pl
in

g
th

e
se

qu
en

ce
of

st
at

es
{(
x
h
,s
h
)}
T h

=
0

w
ith

th
e
h

-s
te

p
tr

an
si

tio
n

di
st

ri
bu

tio
n
P(
x
h
,s
h
|x

0
,s

0
,θ

),
∀h
≤

T
,

th
e

un
bi

as
ed

es
tim

at
or

of
th

e
gr

ad
ie

nt
of

th
e

lin
ea

r
ap

pr
ox

im
at

io
n

to
th

e
L

ag
ra

ng
ia

n
fu

nc
tio

n
is

gi
ve

n
by

∇
θ
L̃
v
(θ
,λ

)
:=

∑

(x
,s

)∈
X̄
′ ,
a
∈A

π
θ
(x
,s
,a
|x

0
=
x

0
,s

0
=
ν

)∇
θ

lo
g
µ

(a
|x
,s

;θ
)Ã

θ
,v

(x
,s
,a

),
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R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

w
here

Q̃
θ
,v(x

,s,a
)−

v >
φ

(x
,s)

is
given

by
∑

Th
=

0 ∇
θ

log
µ

(a
h |x

h ,s
h ;θ)|θ

=
θ
k
·
δ
h (v ∗)

and
the

unbiased
estim

ator
of∇

λ L
(θ,λ

)
=
−
β

+
P

(s
Tar ≤

0)
is

given
by−

β
+

1{
s

Tar ≤
0}.

A
nalogous

to
equation

(77)
in

the
proof

of
T

heorem
24,by

convexity
of

quadratic
functions,w

e
have

for
any

value
function

approxim
ation

v,
∑

(y
,s ′)∈X̄

′,a ′∈A
π
θ(y

,s ′,a ′|x
,s)(A

θ (y
,s ′,a ′)−

Ã
vθ (y

,s ′,a ′))≤
2
T
ε
θ (v

)

1−
κ
,

w
hich

furtherim
plies

that∇
θ L

(θ,λ
)−
∇
θ L̃

v(θ,λ
)→

0
w

hen
ε
θ (v

)→
0

at
v

=
v ∗(θ

k ).
T

he
rest

ofthe
prooffollow

s
identicalargum

ents
as

in
steps

3
to

5
ofthe

proofofT
heorem

12.
�

6.E
xam

ples

In
this

section
w

e
illustrate

the
effectiveness

ofourrisk-constrained
policy

gradientand
actor-critic

algorithm
s

by
testing

them
on

an
A

m
erican

option
stopping

problem
and

on
a

long-term
personal-

ized
advertisem

ent-recom
m

endation
(ad-recom

m
endation)problem

.

6.1
T

he
O

ptim
alStopping

Problem

W
e

consider
an

optim
alstopping

problem
of

purchasing
certain

types
of

goods,in
w

hich
the

state
ateach

tim
e

step
k
≤
T

consists
of

a
purchase

cost
c
k

and
tim

e
k,i.e.,

x
=

(c
k ,k

),w
here

T
is

the
determ

inistic
upper

bound
of

the
random

stopping
tim

e.
T

he
purchase

costsequence{c
k }
Tk
=

0
is

random
ly

generated
by

a
M

arkov
chain

w
ith

tw
o

m
odes.

Specifically,due
to

future
m

arketun-
certainties,attim

e
k

the
random

purchase
costatthe

nexttim
e

step
c
k
+

1
either

grow
s

by
a

factor
f
u
>

1,
i.e.,

c
k
+

1
=
f
u c
k ,

w
ith

probability
p,

or
drops

by
a

factor
f
d
<

1,
i.e.,

c
k
+

1
=
f
d c
k ,

w
ith

probability
1−

p.H
ere

f
u

and
f
d

are
constants

thatrepresentthe
rates

ofappreciation
(due

to
anticipated

shortage
ofsupplies

from
vendors)and

depreciation
(due

to
reduction

ofdem
ands

in
the

m
arket)respectively.

T
he

agent(buyer)should
decide

eitherto
acceptthe

presentcost(u
k

=
1)or

w
ait(u

k
=

0).Ifhe/she
accepts

the
costorw

hen
the

system
term

inates
attim

e
k

=
T

,the
purchase

cost
is

set
at

m
a
x
(K
,c
k ),

w
here

K
is

the
m

axim
um

cost
threshold.

O
therw

ise,
to

account
for

a
steady

rate
of

inflation,ateach
tim

e
step

the
buyer

receives
an

extra
costof

p
h

thatis
independent

to
the

purchase
cost.

M
oreover,there

is
a

discountfactor
γ
∈

(0,1)
to

accountfor
the

increase
in

the
buyer’s

affordability.
N

ote
thatifw

e
change

costto
rew

ard
and

m
inim

ization
to

m
axim

ization,
this

is
exactly

the
A

m
erican

option
pricing

problem
,

a
standard

testbed
to

evaluate
risk-sensitive

algorithm
s

(e.g.,see
Tam

ar
etal.(2012)).

Since
the

state
space

size
n

is
exponentialin

T
,finding

an
exactsolution

via
dynam

ic
program

m
ing

(D
P)quickly

becom
es

infeasible,and
thus

the
problem

requires
approxim

ation
and

sam
pling

techniques.
T

he
optim

alstopping
problem

can
be

reform
ulated

as
follow

s

m
inθ

E
[G

θ(x
0) ]

subjectto
C

V
aR

α (G
θ(x

0) )≤
β

or
P
(G

θ(x
0)≥

β )
≤

1−
α

9,(37)
w

here
the

discounted
costfunction

is
given

by

G
θ(x

)
=

T
∑k

=
0

γ
k

(1{
u
k

=
1}

m
ax

(K
,c
k )

+
1{
u
k

=
0}p

h )|
x

0
=
x
,
µ
.

9.
To

ensure
thatthe

notation
is

consistentbetw
een

the
C

V
aR

and
chance

constraints,in
the

chance
constraintdefinition

the
confidence

levelis
denoted

by
α

and
the

tolerance
threshold

ofG
θ(x

0)
is

denoted
by
β

.
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

W
e

setthe
param

eters
of

the
M

D
P

as
follow

s:
x

0
=

[1;0],
p
h

=
0.1,

T
=

20,
K

=
5,
γ

=
0.95,

f
u

=
2,
f
d

=
0
.5,and

p
=

0
.65.

T
he

confidence
leveland

constraintthreshold
are

given
by
α

=
0
.95

and
β

=
3.

T
he

num
ber

ofsam
ple

trajectories
N

is
setto

500
,000

and
the

param
eter

bounds
are

λ
m

a
x

=
5,000

and
Θ

=
[−

20,20] κ
1,w

here
the

dim
ension

ofthe
basis

functions
is
κ

1
=

102
4.

W
e

im
plem

entthe
standard

G
aussian

radialbasis
functions

(R
B

Fs)as
feature

functions
and

search

overthe
class

ofB
oltzm

ann
policies {

θ
:
θ

=
{θ
x
,a }

x∈X
,a∈A

,
µ
θ (a|x

)
=

ex
p

(θ >x
,a
x

)
∑
a∈
A

ex
p

(θ >x
,a
x

) }
.

W
e

considerthe
follow

ing
trajectory-based

algorithm
s:

1.
PG

:T
his

is
a

policy
gradientalgorithm

thatm
inim

izes
the

expected
discounted

costfunction
w

ithoutconsidering
any

risk
criteria.

2.
PG

-C
VaR

/PG
-C

C
:T

hese
are

the
C

V
aR

/chance-constrained
sim

ulated
trajectory-based

pol-
icy

gradientalgorithm
s

given
in

Section
3.

T
he

experim
ents

foreach
algorithm

com
prise

the
follow

ing
tw

o
phases:

1.
Tuning

phase:
W

e
run

the
algorithm

and
update

the
policy

until
(ν
,θ,λ

)
converges.

2.
C

onverged
run:

H
aving

obtained
a

converged
policy

θ ∗
in

the
tuning

phase,in
the

converged
run

phase,w
e

perform
a

M
onte

C
arlo

sim
ulation

of
10,000

trajectories
and

reportthe
results

as
averages

overthese
trials.

W
e

also
considerthe

follow
ing

increm
entalalgorithm

s:

1.
A

C
:

T
his

is
an

actor-critic
algorithm

that
m

inim
izes

the
expected

discounted
cost

function
w

ithoutconsidering
any

risk
criteria.T

his
is

sim
ilarto

A
lgorithm

1
in

B
hatnagar(2010).

2.
A

C
-C

VaR
/A

C
-C

C
:

T
hese

are
the

C
V

aR
/chance-constrained

sem
i-trajectory

actor-critic
al-

gorithm
s

given
in

Section
4.

3.
A

C
-C

VaR
-SPSA

:T
hisisthe

C
V

aR
-constrained

SPSA
actor-critic

algorithm
given

in
Section

4.

Sim
ilarto

the
trajectory-based

algorithm
s,w

e
use

R
B

F
featuresfor

[x
;s]and

considerthe
fam

ily
of

augm
ented

state
B

oltzm
ann

policies.
Sim

ilarly,
the

experim
ents

com
prise

tw
o

phases:
1)

the
tuning

phase,w
here

the
setofparam

eters
(v
,ν
,θ,λ

)
is

obtained
afterthe

algorithm
converges,and

2)the
converged

run,w
here

the
policy

is
sim

ulated
w

ith
10,000

trajectories.
W

e
com

pare
the

perform
ance

ofPG
-C

V
aR

and
PG

-C
C

(given
in

A
lgorithm

1),and
A

C
-C

V
aR

-
SPSA

,A
C

-C
V

aR
,and

A
C

-C
C

(given
in

A
lgorithm

2),w
ith

PG
and

A
C

,theirrisk-neutralcounter-
parts.Figures

1
and

2
show

the
distribution

ofthe
discounted

cum
ulative

costG
θ(x

0)
forthe

policy
θ

learned
by

each
of

these
algorithm

s.
T

he
results

indicate
that

the
risk-constrained

algorithm
s

yield
a

higher
expected

cost,butless
w

orst-case
variability,com

pared
to

the
risk-neutralm

ethods.
M

ore
precisely,the

costdistributionsofthe
risk-constrained

algorithm
shave

low
erright-tail(w

orst-
case)distribution

than
theirrisk-neutralcounterparts.Table

1
sum

m
arizes

the
perform

ance
ofthese

algorithm
s.T

he
num

bers
reiterate

w
hatw

e
concluded

from
Figures

1
and

2.
N

otice
that

w
hile

the
risk

averse
policy

satisfies
the

C
V

aR
constraint,

it
is

not
tight

(i.e.,
the

constraintis
notm

atched).
In

factthis
is

a
problem

of
localoptim

ality,and
other

experim
ents

in
the

literature
(for

exam
ple

see
the

num
ericalresults

in
Prashanth

and
G

havam
zadeh

(2013)
and

in

20
JM

L
R

 18(167):1-51, 2018



R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

B
ha

tn
ag

ar
an

d
L

ak
sh

m
an

an
(2

01
2)

)h
av

e
th

e
sa

m
e

pr
ob

le
m

of
pr

od
uc

in
g

so
lu

tio
ns

w
hi

ch
ob

ey
th

e
co

ns
tr

ai
nt

s
bu

t
no

t
tig

ht
ly

.
H

ow
ev

er
,

si
nc

e
bo

th
th

e
ex

pe
ct

at
io

n
an

d
th

e
C

V
aR

ri
sk

m
et

ri
c

ar
e

su
b-

ad
di

tiv
e

an
d

co
nv

ex
,o

ne
ca

n
al

w
ay

s
co

ns
tr

uc
ta

po
lic

y
th

at
is

a
lin

ea
r

co
m

bi
na

tio
n

of
th

e
ri

sk
ne

ut
ra

lo
pt

im
al

po
lic

y
an

d
th

e
ri

sk
av

er
se

po
lic

y
su

ch
th

at
it

m
at

ch
es

th
e

co
ns

tr
ai

nt
th

re
sh

ol
d

an
d

ha
s

a
lo

w
er

co
st

co
m

pa
re

d
to

th
e

ri
sk

av
er

se
po

lic
y.

0
2

4
6

0

2
0

0
0

4
0

0
0

6
0

0
0

8
0

0
0

1
0

0
0

0

C
o

s
t

Frequency

 

 

E
x
p

e
c
ta

ti
o

n
C

V
a

R
(0

.9
5

)

0
2

4
6

0

2
0

0
0

4
0

0
0

6
0

0
0

8
0

0
0

1
0

0
0

0

C
o

s
t

Frequency

 

 

E
x
p

e
c
ta

ti
o

n
C

V
a

R
(0

.9
5

)
C

V
a

R
(0

.9
5

) 
S

P
S

A

Fi
gu

re
1:

C
os

td
is

tr
ib

ut
io

ns
fo

rt
he

po
lic

ie
sl

ea
rn

ed
by

th
e

C
V

aR
-c

on
st

ra
in

ed
an

d
ri

sk
-n

eu
tr

al
po

lic
y

gr
ad

ie
nt

an
d

ac
to

r-
cr

iti
c

al
go

ri
th

m
s.

T
he

le
ft

fig
ur

e
co

rr
es

po
nd

s
to

th
e

PG
m

et
ho

ds
an

d
th

e
ri

gh
tfi

gu
re

co
rr

es
po

nd
s

to
th

e
A

C
al

go
ri

th
m

s.

0
2

4
6

8
0

2
0

0
0

4
0

0
0

6
0

0
0

8
0

0
0

1
0

0
0

0

C
o

s
t

Frequency

 

 

E
x
p

e
c
ta

ti
o

n
V

a
R

(0
.9

5
)

0
2

4
6

8
0

2
0

0
0

4
0

0
0

6
0

0
0

8
0

0
0

C
o

s
t

Frequency

 

 

E
x
p

e
c
ta

ti
o

n
V

a
R

(0
.9

5
)

Fi
gu

re
2:

C
os

td
is

tr
ib

ut
io

ns
fo

rt
he

po
lic

ie
s

le
ar

ne
d

by
th

e
ch

an
ce

-c
on

st
ra

in
ed

an
d

ri
sk

-n
eu

tr
al

po
l-

ic
y

gr
ad

ie
nt

an
d

ac
to

r-
cr

iti
c

al
go

ri
th

m
s.

T
he

le
ft

fig
ur

e
co

rr
es

po
nd

s
to

th
e

PG
m

et
ho

ds
an

d
th

e
ri

gh
tfi

gu
re

co
rr

es
po

nd
s

to
th

e
A

C
al

go
ri

th
m

s.

21
JM

L
R

 1
8(

16
7)

:1
-5

1,
 2

01
8

C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

E(
Gθ

(x
0
))

σ
( G

θ
(x

0
))

C
V

aR
( G

θ
(x

0
))

V
aR
( G

θ
(x

0
))

PG
1.

17
7

1.
06

5
4.

46
4

4.
00

5
PG

-C
V

aR
1.

99
7

0.
06

0
2.

00
0

2.
00

0
PG

-C
C

1.
99

4
0.

12
1

2.
05

8
2.

00
0

A
C

1.
11

3
0.

60
7

3.
33

1
3.

22
0

A
C

-C
V

aR
-S

PS
A

1.
32

6
0.

32
2

2.
14

5
1.

28
3

A
C

-C
V

aR
1.

34
3

0.
34

6
2.

20
8

1.
29

0
A

C
-C

C
1.

81
7

0.
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sl
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ri
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ra
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ed
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eu
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re
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re
is

to
ge

ne
ra

te
a

st
ra

te
gy

th
at

fo
r

ea
ch

us
er

of
th

e
w

eb
si

te
se

le
ct

s
an

ad
th

at
w

he
n

it
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su
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ar

ni
ng

or
co

nt
ex

tu
al

ba
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T

he
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ar
e
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th
e

i.i
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ss

um
pt
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n
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si
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w
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si
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)
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d
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no
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n
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th
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su
lt,

th
es

e
al

go
ri

th
m
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m

yo
pi
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e
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th
e

lo
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m
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.

D
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pi
te

th
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r
su
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s,
th

es
e

m
et

ho
ds

se
em

to
be

in
su

ffi
ci

en
ta

s
us

er
s

es
ta

bl
is

h
lo

ng
er

-t
er

m
re

la
tio

ns
hi

p
w

ith
th

e
w
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si

te
s
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vi
si
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i.e
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e
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m
m

en
da

tio
n
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em
s

sh
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ld
de

al
w

ith
m
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e
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d

m
or

e
re

tu
rn
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g

vi
si

to
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.
T

he
in

cr
ea

se
in
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-

tu
rn

in
g

vi
si

to
rs

vi
ol

at
es

(m
or

e)
th

e
m

ai
n
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su

m
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io
n

un
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ng
th

e
su

pe
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d
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m
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i.e
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th
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e
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di
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ee

n
a

vi
si

ta
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a
vi

si
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r,
an

d
th

us
,s

ho
w

s
th

e
ne

ed
fo

r
a

ne
w

cl
as

s
of

so
lu

tio
ns

.
T

he
re

in
fo

rc
em

en
tl

ea
rn

in
g

(R
L

)a
lg

or
ith

m
s

th
at

ha
ve

be
en

de
si

gn
ed

to
op

tim
iz

e
th

e
lo

ng
-t

er
m

pe
rf

or
m

an
ce

of
th

e
sy

st
em

(e
xp

ec
te

d
su

m
of

re
w

ar
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/c
os
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)

se
em

to
be

su
ita

bl
e

ca
nd

id
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es
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r
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m
m

en
da

tio
n

sy
st

em
s

(S
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ni
et
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.,

20
02
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T

he
na
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of
th
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e

al
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ri
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m
s

al
lo

w
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th
em
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e
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m
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c
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R
IS

K
-C

O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

available
inform

ation
about

a
user.

T
he

advertisem
ents

are
clustered

into
four

high-level
classes

thatthe
agentm

ustselectbetw
een.

A
fter

the
agentselects

an
advertisem

ent,the
user

either
clicks

(rew
ard

of
+

1)ordoes
notclick

(rew
ard

of
0)and

the
feature

vectordescribing
the

useris
updated.

In
this

case,w
e

testour
algorithm

by
m

axim
izing

the
custom

ers’
life-tim

e
value

in
15

tim
e

steps
subjectto

a
bounded

tailrisk.
Instead

of
using

the
cost-m

inim
ization

fram
ew

ork
from

the
problem

statem
entin

Section
2.2,

by
defining

the
return

random
variable

(under
a

fixed
policy

θ)R
θ(x

0)
as

the
(discounted)

total
num

ber
of

clicks
along

a
user’s

trajectory,here
w

e
form

ulate
the

personalized
ad-recom

m
endation

problem
as

a
return

m
axim

ization
problem

w
here

the
tailrisk

corresponds
to

the
w

orstcase
return

distribution:

m
ax
θ

E
[R

θ(x
0) ]

subjectto
C

V
aR

1−
α (−

R
θ(x

0) )≤
β
.

(38)

W
e

setthe
param

eters
of

the
M

D
P

as
T

=
15

and
γ

=
0
.98,the

confidence
leveland

constraint
threshold

as
α

=
0.05

and
β

=
−

0.12,the
num

ber
of

sam
ple

trajectories
N

to
1
,00

0
,000,and

the
param

eter
bounds

as
λ

m
a
x

=
5,000

and
Θ

=
[−

60,60] κ
1,w

here
the

dim
ension

of
the

basis
functions

is
κ

1
=

4096.Sim
ilarto

the
optim

alstopping
problem

,w
e

im
plem

entboth
the

trajectory
based

algorithm
(PG

,PG
-C

V
aR

)
and

the
actor-critic

algorithm
s

(A
C

,A
C

-C
V

aR
)

for
risk-neutral

and
risk

sensitive
optim

al
control.

H
ere

w
e

used
the

3
rd

order
Fourier

basis
w

ith
cross-products

in
K

onidarisetal.(2011)asfeaturesand
search

overthe
fam

ily
ofB

oltzm
ann

policies.W
e

com
pared

the
perform

ance
ofPG

-C
V

aR
and

A
C

-C
V

aR
,ourrisk-constrained

policy
gradient(A

lgorithm
1)and

actor-critic
(A

lgorithm
s

2)
algorithm

s,w
ith

their
risk-neutralcounterparts

(PG
and

A
C

).Figure
3

show
s

the
distribution

ofthe
discounted

cum
ulative

returnR
θ(x

0)
forthe

policy
θ

learned
by

each
ofthese

algorithm
s.T

he
results

indicate
thatthe

risk-constrained
algorithm

s
yield

a
low

erexpected
rew

ard,buthave
higherlefttail(w

orst-case)rew
ard

distributions.Table
2

sum
m

arizes
the

findings
ofthis

experim
ent.
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Figure
3:

R
ew

ard
distributions

for
the

policies
learned

by
the

C
V

aR
-constrained

and
risk-neutral

policy
gradientand

actor-critic
algorithm

s.T
he

leftfigure
correspondsto

the
PG

m
ethods

and
the

rightfigure
corresponds

to
the

A
C

algorithm
s.
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

E (R
θ(x

0) )
σ (R

θ(x
0) )

C
V

aR (R
θ(x

0) )
V

aR (R
θ(x

0) )

PG
0.396

1.898
0.037

1.000
PG

-C
V

aR
0.287

0.914
0.126

1.795
A

C
0.581

2.778
0

0
A

C
-C

V
aR

0.253
0.634

0.137
1.890

Table
2:

Perform
ance

com
parison

of
the

policies
learned

by
the

C
V

aR
-constrained

and
risk-neutral

algo-
rithm

s.In
this

table
σ (R

θ(x
0) )

stands
forthe

standard
deviation

ofthe
totalrew

ard.

7.C
onclusionsand

Future
W

ork

W
e

proposed
novelpolicy

gradientand
actor-critic

algorithm
s

for
C

V
aR

-constrained
and

chance-
constrained

optim
ization

in
M

D
Ps,and

proved
theirconvergence.U

sing
an

optim
alstopping

prob-
lem

and
a

personalized
ad-recom

m
endation

problem
,

w
e

show
ed

that
our

algorithm
s

resulted
in

policies
w

hose
costdistributions

have
low

er
right-tailcom

pared
to

their
risk-neutralcounterparts.

T
his

is
im

portantfor
a

risk-averse
decision-m

aker,especially
if

the
right-tailcontains

catastrophic
costs.

Future
w

ork
includes:

1)
Providing

convergence
proofs

for
our

A
C

algorithm
s

w
hen

the
sam

ples
are

generated
by

follow
ing

the
policy

and
notfrom

its
discounted

occupation
m

easure
,2)

U
sing

im
portance

sam
pling

m
ethods

(B
ardou

etal.,2009;Tam
ar

etal.,2015)
to

im
prove

gradient
estim

ates
in

the
right-tailofthe

costdistribution
(w

orst-case
events

thatare
observed

w
ith

low
prob-

ability),and
3)A

pplying
the

algorithm
s

presented
in

this
paperto

a
variety

ofapplications
ranging

from
operations

research
to

robotics
and

finance.
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A
ppendix

A
.C

onvergence
ofPolicy

G
radientM

ethods

A
.1

C
om

puting
the

G
radients

i)∇
θ L

(ν
,θ,λ

):
G

radientof
L

(ν
,θ,λ

)
w

.r.t.
θ

B
y

expanding
the

expectations
in

the
definition

of
the

objective
function

L
(ν
,θ,λ

)
in

(5),w
e

obtain

L
(ν
,θ,λ

)
=
∑

ξ

P
θ (ξ)G

(ξ)
+
λ
ν

+
λ

1−
α

∑

ξ

P
θ (ξ) (J

(ξ)−
ν )

+
−
λ
β
.

B
y

taking
the

gradientw
ith

respectto
θ,w

e
have

∇
θ L

(ν
,θ,λ

)
=
∑

ξ

∇
θ P

θ (ξ)G
(ξ)

+
λ

1−
α

∑

ξ

∇
θ P

θ (ξ) (J
(ξ)−

ν )
+
.
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T
hi

s
gr

ad
ie

nt
ca

n
be

re
w

ri
tte

n
as

∇
θ
L

(ν
,θ
,λ

)
=

∑

ξ
:P
θ
(ξ

)6=
0

P θ
(ξ

)
·∇

θ
lo

g
P θ

(ξ
)

( G
(ξ

)
+

λ

1
−
α

( J
(ξ

)
−
ν
) 1
{ J

(ξ
)
≥
ν
})

,
(3

9)

w
he

re
in

th
e

ca
se

of
P θ

(ξ
)
6=

0,
th

e
te

rm
∇
θ

lo
g
P θ

(ξ
)

is
gi

ve
n

by
:

∇
θ

lo
g
P θ

(ξ
)

=
∇
θ

{
T
−

1
∑ k

=
0

lo
g
P

(x
k
+

1
|x
k
,a
k
)

+
lo

g
µ

(a
k
|x
k
;θ

)
+

lo
g
1
{x

0
=
x

0
}}

=
T
−

1
∑ k

=
0

∇
θ

lo
g
µ

(a
k
|x
k
;θ

)

=
T
−

1
∑ k

=
0

1

µ
(a
k
|x
k
;θ

)∇
θ
µ

(a
k
|x
k
;θ

).

ii)
∂
ν
L

(ν
,θ
,λ

):
Su

b-
di

ff
er

en
tia

lo
f
L

(ν
,θ
,λ

)
w

.r.
t.
ν

Fr
om

th
e

de
fin

iti
on

of
L

(ν
,θ
,λ

),
w

e
ca

n
ea

si
ly

se
e

th
at
L

(ν
,θ
,λ

)
is

a
co

nv
ex

fu
nc

tio
n

in
ν

fo
r

an
y

fix
ed
θ
∈

Θ
.

N
ot

e
th

at
fo

re
ve

ry
fix

ed
ν

an
d

an
y
ν
′ ,

w
e

ha
ve

( J
(ξ

)
−
ν
′) +
−
( J

(ξ
)
−
ν
) +
≥
g
·(
ν
′ −

ν
),

w
he

re
g

is
an

y
el

em
en

ti
n

th
e

se
to

fs
ub

-d
er

iv
at

iv
es

:

g
∈
∂
ν

( J
(ξ

)
−
ν
) +

:=

    

−
1

if
ν
<
J

(ξ
),

−
q

:
q
∈

[0
,1

]
if
ν

=
J

(ξ
),

0
ot

he
rw

is
e.

Si
nc

e
L

(ν
,θ
,λ

)
is

fin
ite

-v
al

ue
d

fo
ra

ny
ν
∈
R

,b
y

th
e

ad
di

tiv
e

ru
le

of
su

b-
de

riv
at

iv
es

,w
e

ha
ve

∂
ν
L

(ν
,θ
,λ

)
=

  
−

λ

1
−
α

∑ ξ

P θ
(ξ

)1
{ J

(ξ
)
>
ν
}
−

λ
q

1
−
α

∑ ξ

P θ
(ξ

)1
{ J

(ξ
)

=
ν
}

+
λ
|q
∈

[0
,1

]  
.

(4
0)

In
pa

rt
ic

ul
ar

fo
rq

=
1,

w
e

m
ay

w
ri

te
th

e
su

b-
gr

ad
ie

nt
of
L

(ν
,θ
,λ

)
w

.r.
t.
ν

as

∂
ν
L

(ν
,θ
,λ

)| q
=

0
=
λ
−

λ

1
−
α

∑ ξ

P θ
(ξ

)
·1
{ J

(ξ
)
≥
ν
}

or

λ
−

λ

1
−
α

∑ ξ

P θ
(ξ

)
·1
{ J

(ξ
)
≥
ν
}
∈
∂
ν
L

(ν
,θ
,λ

).

iii
)∇

λ
L

(ν
,θ
,λ

):
G

ra
di

en
to

fL
(ν
,θ
,λ

)
w

.r.
t.
λ

Si
nc

e
L

(ν
,θ
,λ

)
is

a
lin

ea
rf

un
ct

io
n

in
λ

,o
ne

ca
n

ex
pr

es
s

th
e

gr
ad

ie
nt

of
L

(ν
,θ
,λ

)
w

.r.
t.
λ

as
fo

llo
w

s:

∇
λ
L

(ν
,θ
,λ

)
=
ν
−
β

+
1

1
−
α

∑ ξ

P θ
(ξ

)
·(
J

(ξ
)
−
ν
) 1
{ J

(ξ
)
≥
ν
} .

(4
1)
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C
H
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V

A
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Z
A

D
E

H
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A
N

S
O

N
A

N
D

PA
V

O
N

E

A
.2

Pr
oo

fo
fC

on
ve

rg
en

ce
of

th
e

Po
lic

y
G

ra
di

en
tA

lg
or

ith
m

In
th

is
se

ct
io

n,
w

e
pr

ov
e

th
e

co
nv

er
ge

nc
e

of
th

e
po

lic
y

gr
ad

ie
nt

al
go

ri
th

m
(A

lg
or

ith
m

1)
.

B
ef

or
e

go
in

g
th

ro
ug

h
th

e
de

ta
ils

of
th

e
co

nv
er

ge
nc

e
pr

oo
f,

a
hi

gh
le

ve
lo

ve
rv

ie
w

of
th

e
pr

oo
f

te
ch

ni
qu

e
is

gi
ve

n
as

fo
llo

w
s.

1.
Fi

rs
t,

by
co

nv
er

ge
nc

e
pr

op
er

tie
s

of
m

ul
ti-

tim
e

sc
al

e
di

sc
re

te
st

oc
ha

st
ic

ap
pr

ox
im

at
io

n
al

go
-

ri
th

m
s,

w
e

sh
ow

th
at

ea
ch

up
da

te
(ν
k
,θ
k
,λ

k
)

co
nv

er
ge

s
al

m
os

ts
ur

el
y

to
a

st
at

io
na

ry
po

in
t

(ν
∗ ,
θ∗
,λ
∗ )

of
th

e
co

rr
es

po
nd

in
g

co
nt

in
uo

us
tim

e
sy

st
em

.I
n

pa
rt

ic
ul

ar
,b

y
ad

op
tin

g
th

e
st

ep
-

si
ze

ru
le

s
de

fin
ed

in
A

ss
um

pt
io

n
6,

w
e

sh
ow

th
at

th
e

co
nv

er
ge

nc
e

ra
te

of
ν

is
fa

st
es

t,
fo

llo
w

ed
by

th
e

co
nv

er
ge

nc
e

ra
te

of
θ,

w
hi

le
th

e
co

nv
er

ge
nc

e
ra

te
of
λ

is
th

e
sl

ow
es

ta
m

on
g

th
e

se
to

f
pa

ra
m

et
er

s.

2.
B

y
us

in
g

Ly
ap

un
ov

an
al

ys
is

,w
e

sh
ow

th
at

th
e

co
nt

in
uo

us
tim

e
sy

st
em

is
lo

ca
lly

as
ym

pt
ot

i-
ca

lly
st

ab
le

at
th

e
st

at
io

na
ry

po
in

t(
ν
∗ ,
θ∗
,λ
∗ )

.

3.
Si

nc
e

th
e

Ly
ap

un
ov

fu
nc

tio
n

us
ed

in
th

e
ab

ov
e

an
al

ys
is

is
th

e
L

ag
ra

ng
ia

n
fu

nc
tio

n
L

(ν
,θ
,λ

),
w

e
co

nc
lu

de
th

at
th

e
st

at
io

na
ry

po
in

t(
ν
∗ ,
θ∗
,λ
∗ )

is
a

lo
ca

ls
ad

dl
e

po
in

t.
Fi

na
lly

by
th

e
lo

ca
l

sa
dd

le
po

in
tt

he
or

em
,w

e
de

du
ce

th
at
θ∗

is
a

lo
ca

lly
op

tim
al

so
lu

tio
n

fo
rt

he
C

V
aR

-c
on

st
ra

in
ed

M
D

P
pr

ob
le

m
.

T
hi

s
co

nv
er

ge
nc

e
pr

oo
f

pr
oc

ed
ur

e
is

st
an

da
rd

fo
r

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

al
go

ri
th

m
s,

se
e

(B
ha

t-
na

ga
re

ta
l.,

20
09

;B
ha

tn
ag

ar
an

d
L

ak
sh

m
an

an
,2

01
2)

fo
rf

ur
th

er
re

fe
re

nc
es

.
Si

nc
e
ν

co
nv

er
ge

s
on

th
e

fa
st

er
tim

es
ca

le
th

an
θ

an
d
λ

,t
he
ν

-u
pd

at
e

ca
n

be
re

w
ri

tte
n

by
as

su
m

-
in

g
(θ
,λ

)
as

in
va

ri
an

tq
ua

nt
iti

es
,i

.e
.,

ν k
+

1
=

Γ
N

[ ν k
−
ζ 3

(k
)( λ
−

λ

(1
−
α

)N

N ∑ j=
1

1
{ J

(ξ
j,
k
)
≥
ν k
})
] .

(4
2)

C
on

si
de

rt
he

co
nt

in
uo

us
tim

e
dy

na
m

ic
s

of
ν

de
fin

ed
us

in
g

di
ff

er
en

tia
li

nc
lu

si
on

ν̇
∈

Υ
ν

[−
g
(ν

)]
,

∀g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

),
(4

3)

w
he

re

Υ
ν
[K

(ν
)]

:=
li
m

0
<
η
→

0

Γ
N

(ν
+
η
K

(ν
))
−

Γ
N

(ν
)

η
.

H
er

e
Υ
ν
[K

(ν
)]

is
th

e
le

ft
di

re
ct

io
na

l
de

riv
at

iv
e

of
th

e
fu

nc
tio

n
Γ
N

(ν
)

in
th

e
di

re
ct

io
n

of
K

(ν
).

B
y

us
in

g
th

e
le

ft
di

re
ct

io
na

ld
er

iv
at

iv
e

Υ
ν

[−
g
(ν

)]
in

th
e

su
b-

gr
ad

ie
nt

de
sc

en
ta

lg
or

ith
m

fo
r
ν

,t
he

gr
ad

ie
nt

w
ill

po
in

ti
n

th
e

de
sc

en
td

ir
ec

tio
n

al
on

g
th

e
bo

un
da

ry
of
ν

w
he

ne
ve

r
th

e
ν

-u
pd

at
e

hi
ts

its
bo

un
da

ry
.

Fu
rt

he
rm

or
e,

si
nc

e
ν

co
nv

er
ge

s
on

a
fa

st
er

tim
es

ca
le

th
an
θ,

an
d
λ

is
on

th
e

sl
ow

es
tt

im
e-

sc
al

e,
th

e
θ-

up
da

te
ca

n
be

re
w

ri
tte

n
us

in
g

th
e

co
nv

er
ge

d
ν
∗ (
θ)

,a
ss

um
in

g
λ

as
an

in
va

ri
an

tq
ua

nt
ity

,i
.e

.,

θ k
+

1
=

Γ
Θ

[ θ k
−
ζ 2

(k
)(

1 N

N ∑ j=
1

∇
θ

lo
g
P θ

(ξ
j,
k
)| θ

=
θ k
G(
ξ j
,k

)

+
λ

(1
−
α

)N

N ∑ j=
1

∇
θ

lo
g
P θ

(ξ
j,
k
)| θ

=
θ k

( J
(ξ
j,
k
)
−
ν
) 1
{ J

(ξ
j,
k
)
≥
ν
∗ (
θ k

)}
)]
.
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R
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N
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P
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C
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N
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R
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K
C

R
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E
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C
onsiderthe

continuous
tim

e
dynam

ics
of
θ
∈

Θ
:

θ̇
=

Υ
θ

[−
∇
θ L

(ν
,θ,λ

)]|ν
=
ν ∗

(θ
) ,

(44)

w
here

Υ
θ [K

(θ)]
:=

lim
0
<
η→

0

Γ
Θ

(θ
+
η
K

(θ))−
Γ

Θ
(θ)

η
.

Sim
ilar

to
the

analysis
of
ν,

Υ
θ [K

(θ)]
is

the
left

directional
derivative

of
the

function
Γ

Θ
(θ)

in
the

direction
of
K

(θ).
B

y
using

the
leftdirectionalderivative

Υ
θ

[−
∇
θ L

(ν
,θ,λ

)]in
the

gradient
descent

algorithm
for

θ,the
gradient

w
ill

point
in

the
descent

direction
along

the
boundary

of
Θ

w
heneverthe

θ-update
hits

its
boundary.

Finally,since
the

λ-update
converges

in
the

slow
esttim

e-scale,the
λ-update

can
be

rew
ritten

using
the

converged
θ ∗(λ

)
and

ν ∗(λ
),i.e.,

λ
k
+

1
=

Γ
Λ 

λ
k

+
ζ

1 (k
) (
ν ∗(λ

k )
+

1

1−
α

1N

N
∑j=

1 (J
(ξ
j,k )−

ν ∗(λ
k ) )

+
−
β ) 

.
(45)

C
onsiderthe

continuous
tim

e
system

λ̇
(t)

=
Υ
λ [∇

λ L
(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
) ]
,

λ
(t)≥

0
,

(46)

w
here

Υ
λ [K

(λ
)]

:=
lim

0
<
η→

0

Γ
Λ (λ

+
η
K

(λ
) )−

Γ
Λ

(λ
)

η
.

A
gain,sim

ilar
to

the
analysis

of
(ν
,θ),

Υ
λ [K

(λ
)]is

the
leftdirectionalderivative

of
the

function
Γ

Λ
(λ

)
in

the
direction

of
K

(λ
).

B
y

using
the

left
directional

derivative
Υ
λ

[∇
λ L

(ν
,θ,λ

)]
in

the
gradientascentalgorithm

for
λ,the

gradientw
illpointin

the
ascentdirection

along
the

boundary
of

[0,λ
m

a
x ]w

heneverthe
λ-update

hits
its

boundary.
D

efine
L
∗(λ

)
=
L

(ν ∗(λ
),θ ∗(λ

),λ
),

for
λ
≥

0
w

here
(θ ∗(λ

),ν ∗(λ
))∈

Θ
×

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]is
a

localm
inim

um
of
L

(ν
,θ,λ

)
for

fixed
λ
≥

0,i.e.,L
(ν
,θ,λ

)≥
L

(ν ∗(λ
),θ ∗(λ

),λ
)

forany
(θ,ν

)∈
Θ
×

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]∩
B

(θ ∗
(λ

),ν ∗
(λ

)) (r)
forsom

e
r
>

0.
N

ext,w
e

w
antto

show
thatthe

O
D

E
(46)isactually

a
gradientascentofthe

L
agrangian

function
using

the
envelope

theorem
from

m
athem

aticaleconom
ics

(M
ilgrom

and
Segal,2002).

T
he

enve-
lope

theorem
describes

sufficientconditions
for

the
derivative

of
L
∗

w
ith

respectto
λ

to
equalthe

partialderivative
of

the
objective

function
L

w
ith

respectto
λ,holding

(θ,ν
)

atits
localoptim

um
(θ,ν

)
=

(θ ∗(λ
),ν ∗(λ

)).
W

e
w

illshow
that∇

λ L
∗(λ

)
coincides

w
ith
∇
λ L

(ν
,θ,λ

)|θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
)

as
follow

s.

T
heorem

16
The

value
function

L
∗

is
absolutely

continuous.F
urtherm

ore,

L
∗(λ

)
=
L
∗(0)

+

∫
λ

0
∇
λ
′L

(ν
,θ,λ

′) ∣∣∣θ
=
θ ∗

(s),ν
=
ν ∗

(s),λ
′=
s d
s,
λ
≥

0
.

(47)
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P
roof.

T
he

proof
follow

s
from

analogous
argum

ents
to

L
em

m
a

4.3
in

B
orkar

(2005).
From

the
definition

of
L
∗,observe

thatforany
λ
′,λ
′′≥

0
w

ith
λ
′
<
λ
′′,

|L
∗(λ
′′)−

L
∗(λ
′)|≤

su
p

θ∈
Θ
,ν∈

[−
D
m
a
x

1−
γ
,
D
m
a
x

1−
γ

] |L
(ν
,θ,λ

′′)−
L

(ν
,θ,λ

′)|

=
su

p
θ∈

Θ
,ν∈

[−
D
m
a
x

1−
γ
,
D
m
a
x

1−
γ

] ∣∣∣∣∣ ∫
λ
′′

λ
′
∇
λ L

(ν
,θ,s)d

s ∣∣∣∣∣

≤
∫
λ
′′

λ
′

su
p

θ∈
Θ
,ν∈

[ −
D
m
a
x

1−
γ

,
D
m
a
x

1−
γ

] |∇
λ L

(ν
,θ,s)|d

s≤
3
D

m
a
x

(1−
α

)(1−
γ

) (λ
′′−

λ
′).

T
his

im
plies

that
L
∗

is
absolutely

continuous.
T

herefore,
L
∗

is
continuous

everyw
here

and
differ-

entiable
alm

osteveryw
here.

B
y

the
M

ilgrom
–Segalenvelope

theorem
in

m
athem

aticaleconom
ics

(T
heorem

1
of

M
ilgrom

and
Segal

(2002)),
one

concludes
that

the
derivative

of
L
∗(λ

)
coincides

w
ith

the
derivative

of
L

(ν
,θ,λ

)
at

the
point

of
differentiability

λ
and

θ
=
θ ∗(λ

),
ν

=
ν ∗(λ

).
A

lso
since

L
∗

is
abso-

lutely
continuous,

the
lim

it
of

(L
∗(λ

)−
L
∗(λ
′))/

(λ
−
λ
′)

at
λ
↑
λ
′

(or
λ
↓
λ
′)

coincides
w

ith
the

low
er/upperdirectionalderivatives

if
λ
′is

a
pointofnon-differentiability.

T
hus,there

is
only

a
countable

num
ber

of
non-differentiable

points
in
L
∗

and
the

setof
non-differentiable

points
of
L
∗

has
m

easure
zero.T

herefore,expression
(47)holds

and
one

concludes
that∇

λ L
∗(λ

)
coincides

w
ith

∇
λ L

(ν
,θ,λ

)|θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
) .

�
B

efore
getting

into
the

m
ain

result,w
e

have
the

follow
ing

technical
proposition

w
hose

proof
directly

follow
s

from
the

definition
of

log
P
θ (ξ)

and
A

ssum
ption

3
that∇

θ µ
(a
k |x

k ;θ)
is

L
ipschitz

in
θ.

Proposition
17
∇
θ L

(ν
,θ,λ

)
is

Lipschitz
in
θ.

P
roof.

R
ecallthat

∇
θ L

(ν
,θ,λ

)
=
∑

ξ

P
θ (ξ)·∇

θ
log

P
θ (ξ) (G

(ξ)
+

λ

1−
α (J

(ξ)−
ν )1 {J

(ξ)≥
ν } )

and
∇
θ

log
P
θ (ξ)

=
∑

T−
1

k
=

0 ∇
θ µ

(a
k |x

k ;θ)/µ
(a
k |x

k ;θ)
w

henever
µ

(a
k |x

k ;θ)
∈

(0,1].
N

ow
A

s-
sum

ption
(A

1)
im

plies
that∇

θ µ
(a
k |x

k ;θ)
is

a
L

ipschitz
function

in
θ

for
any

a
∈
A

and
k
∈

{0
,...,T

−
1}

and
µ

(a
k |x

k ;θ)
is

differentiable
in
θ.T

herefore,by
recalling

that

P
θ (ξ)

=
T−

1
∏k
=

0

P
(x
k
+

1 |x
k ,a

k )µ
(a
k |x

k ;θ)1{
x

0
=
x

0}

and
by

com
bining

these
argum

ents
and

noting
that

the
sum

of
products

of
L

ipschitz
functions

is
L

ipschitz,one
concludes

that∇
θ L

(ν
,θ,λ

)
is

L
ipschitz

in
θ.

�

R
em

ark
18

The
factthat∇

θ L
(ν
,θ,λ

)
is

Lipschitz
in
θ

im
plies

that

‖∇
θ L

(ν
,θ,λ

)‖
2≤

2(‖∇
θ L

(ν
,θ

0 ,λ
)‖

+
‖
θ

0 ‖
)
2

+
2‖
θ‖

2

w
hich

further
im

plies
that

‖∇
θ L

(ν
,θ,λ

)‖
2≤

K
1 (1

+
‖θ‖

2).
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fo
r
K

1
=

2
m

ax
(1
,(
‖∇

θ
L

(ν
,θ

0
,λ

)‖
+
‖θ

0
‖)

2
)
>

0
.

Si
m

ila
rl

y,
th

e
fa

ct
th

at
∇
θ

lo
g
P θ

(ξ
)

is
Li

ps
-

ch
itz

im
pl

ie
s

th
at

‖∇
θ

lo
g
P θ

(ξ
)‖

2
≤
K

2
(ξ

)(
1

+
‖θ
‖2

)

fo
r

a
po

si
tiv

e
ra

nd
om

va
ri

ab
le
K

2
(ξ

).
F

ur
th

er
m

or
e,

si
nc

e
T
<
∞

w.
p.

1
,µ

(a
k
|x
k
;θ

)
∈

(0
,1

]
an

d
∇
θ
µ

(a
k
|x
k
;θ

)
is

Li
ps

ch
itz

fo
r

an
y
k
<
T

,K
2
(ξ

)
<
∞

w.
p.

1
.

R
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k
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Fo

r
an

y
gi

ve
n
θ
∈

Θ
,λ
≥

0,
an

d
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

),
w

e
ha

ve

|g
(ν

)|
≤

3λ
(1

+
|ν
|)/

(1
−
α

).
(4

8)

To
se

e
th

is
,r

ec
al

lt
ha

tt
he

se
to

fg
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)
ca

n
be

pa
ra

m
et

er
iz

ed
by
q
∈

[0
,1

]
as

g
(ν

;q
)

=
−

λ

(1
−
α

)

∑ ξ

P θ
(ξ

)1
{J

(ξ
)
>
ν
}−

λ
q

1
−
α

∑ ξ

P θ
(ξ

)1
{J

(ξ
)

=
ν
}+

λ
.

It
is

ob
vi

ou
s

th
at
|1
{J

(ξ
)

=
ν
}|
,|1
{J

(ξ
)
>
ν
}|
≤

1
+
|ν
|.

Th
us

,∣ ∣ ∣∑
ξ
P θ

(ξ
)1
{J

(ξ
)
>
ν
}∣ ∣ ∣
≤

su
p
ξ
|1
{J

(ξ
)
>
ν
}|
≤

1
+
|ν
|,

an
d
∣ ∣ ∣∑

ξ
P θ

(ξ
)1
{J

(ξ
)

=
ν
}∣ ∣ ∣
≤

1
+
|ν
|.

R
ec

al
lin

g
th

at
0
<

(1
−
q)
,

(1
−
α

)
<

1,
th

es
e

ar
gu

m
en

ts
im

pl
y

th
e

cl
ai

m
of

(4
8)

.

W
e

ar
e

no
w

in
a

po
si

tio
n

to
pr

ov
e

th
e

co
nv

er
ge

nc
e

an
al

ys
is

of
T

he
or

em
7.

P
ro

of
.

[P
ro

of
of

T
he

or
em

7]
W

e
sp

lit
th

e
pr

oo
fi

nt
o

th
e

fo
llo

w
in

g
fo

ur
st

ep
s:

St
ep

1
(C

on
ve

rg
en

ce
of
ν

-u
pd

at
e)

Si
nc

e
ν

co
nv

er
ge

s
on

a
fa

st
er

tim
e

sc
al

e
th

an
θ

an
d
λ

,a
cc

or
d-

in
g

to
L

em
m

a
1

in
C

ha
pt

er
6

of
B

or
ka

r(
20

08
),

on
e

ca
n

an
al

yz
e

th
e

co
nv

er
ge

nc
e

pr
op

er
tie

s
of
ν

in
th

e
fo

llo
w

in
g

up
da

te
ru

le
fo

ra
rb

itr
ar

y
qu

an
tit

ie
s

of
θ

an
d
λ

(i
.e

.,
he

re
w

e
ha

ve
θ

=
θ k

an
d
λ

=
λ
k
):

ν k
+

1
=

Γ
N

 
ν k

+
ζ 3

(k
)

 
λ

(1
−
α

)N

N ∑ j=
1

1
{ J

(ξ
j,
k
)
≥
ν k
}
−
λ

+
δν
k
+

1

 
 
,

(4
9)

an
d

th
e

M
ar

tin
ga

le
di

ff
er

en
ce

te
rm

w
ith

re
sp

ec
tt

o
ν

is
gi

ve
n

by

δν
k
+

1
=

λ

1
−
α

 
−

1 N

N ∑ j=
1

1
{ J

(ξ
j,
k
)
≥
ν k
}

+
∑ ξ

P θ
(ξ

)1
{J

(ξ
)
≥
ν k
} 

.
(5

0)

Fi
rs

t,
on

e
ca

n
sh

ow
th

at
δν
k
+

1
is

sq
ua

re
in

te
gr

ab
le

,i
.e

.,

E[
‖δ
ν k

+
1
‖2
|F

ν
,k

]
≤

4

(
λ

m
a
x

1
−
α

) 2

w
he

re
F ν

,k
=
σ
( ν
m
,
δν
m
,
m
≤
k
) is

th
e

fil
tr

at
io

n
of
ν k

ge
ne

ra
te

d
by

di
ff

er
en

ti
nd

ep
en

de
nt

tr
aj

ec
-

to
ri

es
.

Se
co

nd
,

si
nc

e
th

e
hi

st
or

y
tr

aj
ec

to
ri

es
ar

e
ge

ne
ra

te
d

ba
se

d
on

th
e

sa
m

pl
in

g
pr

ob
ab

ili
ty

m
as

s
fu

nc
tio

n
P θ

(ξ
),

ex
pr

es
si

on
(4

0)
im

pl
ie

s
th

at
E

[δ
ν k

+
1
|F

ν
,k

]
=

0
.

T
he

re
fo

re
,

th
e
ν

-u
pd

at
e

is
a

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

of
th

e
O

D
E

(4
3)

w
ith

a
M

ar
tin

ga
le

di
ff

er
en

ce
er

ro
rt

er
m

,i
.e

.,

λ

1
−
α

∑ ξ

P θ
(ξ

)1
{J

(ξ
)
≥
ν k
}−

λ
∈
−
∂
ν
L

(ν
,θ
,λ

)| ν
=
ν
k
.

29
JM

L
R

 1
8(

16
7)

:1
-5

1,
 2

01
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

T
he

n
on

e
ca

n
in

vo
ke

C
or

ol
la

ry
4

in
C

ha
pt

er
5

of
B

or
ka

r
(2

00
8)

(s
to

ch
as

tic
ap

pr
ox

im
at

io
n

th
eo

ry
fo

r
no

n-
di

ff
er

en
tia

bl
e

sy
st

em
s)

to
sh

ow
th

at
th

e
se

qu
en

ce
{ν
k
},

ν k
∈

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
co

nv
er

ge
s

al
m

os
ts

ur
el

y
to

a
fix

ed
po

in
tν
∗
∈

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
of

th
e

di
ff

er
en

tia
li

nc
lu

si
on

(4
3)

,w
he

re

ν
∗
∈
N
c

:=

{ ν
∈
[ −

D
m

a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
:

Υ
ν
[−
g
(ν

)]
=

0,
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)}
.

To
ju

st
if

y
th

e
as

su
m

pt
io

ns
of

th
is

co
ro

lla
ry

,1
)f

ro
m

R
em

ar
k

19
,t

he
L

ip
sc

hi
tz

pr
op

er
ty

is
sa

tis
fie

d,
i.e

.,
su

p
g
(ν

)∈
∂
ν
L

(ν
,θ
,λ

)
|g

(ν
)|
≤

3
λ

(1
+
|ν
|)/

(1
−
α

),
2)

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
an

d
∂
ν
L

(ν
,θ
,λ

)
ar

e
co

nv
ex

co
m

pa
ct

se
ts

by
de

fin
iti

on
,

w
hi

ch
im

pl
ie

s
{(
ν
,g

(ν
))
|g

(ν
)
∈
∂
ν
L

(ν
,θ
,λ

)}
is

a
cl

os
ed

se
t,

an
d

fu
rt

he
r

im
pl

ie
s
∂
ν
L

(ν
,θ
,λ

)
is

an
up

pe
r

se
m

i-
co

nt
in

uo
us

se
tv

al
ue

d
m

ap
pi

ng
,3

)
th

e
st

ep
-s

iz
e

ru
le

fo
llo

w
s

fr
om

A
ss

um
pt

io
n

6,
4)

th
e

M
ar

tin
ga

le
di

ff
er

en
ce

as
su

m
pt

io
n

fo
llo

w
s

fr
om

(5
0)

,
an

d
5)

ν k
∈

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

],
∀i

im
pl

ie
s

th
at

su
p
k
‖ν
k
‖
<
∞

al
m

os
ts

ur
el

y.
C

on
si

de
rt

he
O

D
E

fo
rν
∈
R

in
(4

3)
,w

e
de

fin
e

th
e

se
t-

va
lu

ed
de

riv
at

iv
e

of
L

as
fo

llo
w

s:

D
tL

(ν
,θ
,λ

)
=
{ g

(ν
)Υ

ν

[ −
g
(ν

)]
|∀
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)}
.

O
ne

ca
n

co
nc

lu
de

th
at

m
ax

g
(ν

)
D
tL

(ν
,θ
,λ

)
=

m
ax
{ g

(ν
)Υ

ν

[ −
g
(ν

)]
|g

(ν
)
∈
∂
ν
L

(ν
,θ
,λ

)}
.

W
e

no
w

sh
ow

th
at

m
ax

g
(ν

)
D
tL

(ν
,θ
,λ

)
≤

0
an

d
th

is
qu

an
tit

y
is

no
n-

ze
ro

if
Υ
ν

[ −
g
(ν

)]
6=

0
fo

r
ev

er
y
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)
by

co
ns

id
er

in
g

th
re

e
ca

se
s.

To
di

st
in

gu
is

h
th

e
la

tte
r

tw
o

ca
se

s,
w

e
ne

ed
to

de
fin

e,

J
(ν

)
:=

{ g
(ν

)
∈
∂
L
ν
(ν
,θ
,λ

)∣ ∣ ∣∀
η 0
>

0
,
∃η
∈

(0
,η

0
]

su
ch

th
at
θ
−
η
g
(ν

)
6∈
[ −

D
m

a
x

1
−
γ
,
D

m
a
x

1
−
γ

]}
.

C
as

e
1:
ν
∈

(−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

).
Fo

r
ev

er
y
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

),
th

er
e

ex
is

ts
a

su
ffi

ci
en

tly
sm

al
l
η 0

>
0

su
ch

th
at
ν
−
η 0
g
(ν

)
∈

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
an

d
Γ
N
( θ
−
η 0
g
(ν

))
−
θ

=
−
η 0
g
(ν

).

T
he

re
fo

re
,t

he
de

fin
iti

on
of

Υ
θ
[−
g
(ν

)]
im

pl
ie

s

m
ax

g
(ν

)
D
tL

(ν
,θ
,λ

)
=

m
ax
{
−
g

2
(ν

)
|g

(ν
)
∈
∂
ν
L

(ν
,θ
,λ

)}
≤

0
.

(5
1)

T
he

m
ax

im
um

is
at

ta
in

ed
be

ca
us

e
∂
ν
L

(ν
,θ
,λ

)
is

a
co

nv
ex

co
m

pa
ct

se
t

an
d
g
(ν

)Υ
ν

[ −
g
(ν

)]

is
a

co
nt

in
uo

us
fu

nc
tio

n.
A

t
th

e
sa

m
e

tim
e,

w
e

ha
ve

m
ax

g
(ν

)
D
tL

(ν
,θ
,λ

)
<

0
w

he
ne

ve
r

0
6∈

∂
ν
L

(ν
,θ
,λ

).
C

as
e

2:
ν
∈
{−

D
m
a
x

1
−
γ
,
D

m
a
x

1
−
γ
}a

nd
J

(ν
)

is
em

pt
y.

T
he

co
nd

iti
on
ν
−
η
g
(ν

)
∈

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

]
im

pl
ie

s
th

at

Υ
ν

[ −
g
(ν

)]
=
−
g
(ν

).

T
he

n
w

e
ob

ta
in

m
a
x

g
(ν

)
D
tL

(ν
,θ
,λ

)
=

m
ax
{
−
g

2
(ν

)
|g

(ν
)
∈
∂
ν
L

(ν
,θ
,λ

)}
≤

0.
(5

2)
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R
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E
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E
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W
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H
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E
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Furtherm
ore,w

e
have

m
ax

g
(ν

)
D
t L

(ν
,θ,λ

)
<

0
w

henever
0
6∈
∂
ν L

(ν
,θ,λ

).
C

ase
3:
ν
∈
{−

D
m
a
x

1−
γ
,
D

m
a
x

1−
γ
}

andJ
(ν

)
is

nonem
pty.

First,consider
any

g
(ν

)
∈
J

(ν
).

For
any

η
>

0,define
ν
η

:=
ν
−
η
g
(ν

).
T

he
above

condition
im

pliesthatw
hen

0
<
η
→

0,Γ
N
[ν
η ]

isthe
projection

of
ν
η

to
the

tangentspace
of

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

].
Forany

elem
ent

ν̂
∈

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

],since
the

set{
ν
∈

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]
:‖ν
−
ν
η ‖

2 ≤
‖
ν̂
−
ν
η ‖

2 }
is

com
pact,the

projection
of
ν
η

on
[−

D
m
a
x

1−
γ
,
D

m
a
x

1−
γ

]exists.Furtherm
ore,since

f
(ν

)
:=

12 (ν−
ν
η )

2
is

a
strongly

convex
function

and∇
f

(ν
)

=
ν−

ν
η ,by

the
firstorderoptim

ality
condition,one

obtains

∇
f

(ν ∗η )(ν
−
ν ∗η )

=
(ν ∗η −

ν
η )(ν

−
ν ∗η )≥

0
,
∀
ν
∈
[−

D
m

a
x

1−
γ
,
D

m
a
x

1−
γ ]

w
here

ν ∗η
is

the
unique

projection
of
ν
η

(the
projection

is
unique

because
f

(ν
)

is
strongly

convex
and

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]is
a

convex
com

pactset).Since
the

projection
(m

inim
izer)is

unique,the
above

equality
holds

ifand
only

if
ν

=
ν ∗η .

T
herefore,forany

ν
∈

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]and
η
>

0,

g
(ν

)Υ
ν [−

g
(ν

) ]
=
g
(ν

) (
lim

0
<
η→

0

ν ∗η −
ν

η

)

=

(
lim

0
<
η→

0

ν
−
ν
η

η

)
(

lim
0
<
η→

0

ν ∗η −
ν

η

)
=

lim
0
<
η→

0 −
‖ν ∗η −

ν‖
2

η
2

+
lim

0
<
η→

0 (ν ∗η −
ν
η ) (

ν ∗η −
ν

η
2

)
≤

0
.

Second,for
any

g
(ν

)
∈
∂
ν L

(ν
,θ,λ

)∩
J

(ν
)
c,one

obtains
ν
−
η
g
(ν

)
∈

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

],for
any

η
∈

(0,η
0 ]

and
som

e
η

0
>

0.
In

this
case,the

argum
ents

follow
from

case
2

and
the

follow
ing

expression
holds:

Υ
ν [−

g
(ν

) ]
=
−
g
(ν

).
C

om
bining

these
argum

ents,one
concludes

that

m
ax

g
(ν

)
D
t L

(ν
,θ,λ

)

≤
m

ax {
m

a
x {
g
(ν

)
Υ
ν [−

g
(ν

) ]|
g
(ν

)∈
J

(ν
) }
,m

ax {
−
g

2(ν
)|
g
(ν

)∈
∂
ν L

(ν
,θ,λ

)∩
J

(ν
)
c }}
≤

0.

(53)

T
hisquantity

isnon-zero
w

henever
0
6∈
{g

(ν
)

Υ
ν [−

g
(ν

) ]|∀
g
(ν

)∈
∂
ν L

(ν
,θ,λ

)}
(thisisbecause,

forany
g
(ν

)∈
∂
ν L

(ν
,θ,λ

)∩
J

(ν
)
c,one

obtains
g
(ν

)
Υ
ν [−

g
(ν

) ]
=
−
g
(ν

)
2).

T
hus,by

sim
ilar

argum
ents

one
m

ay
conclude

that
m

ax
g
(ν

)
D
t L

(ν
,θ,λ

)≤
0

and
itis

non-zero
if

Υ
ν [−

g
(ν

) ]6=
0

forevery
g
(ν

)∈
∂
ν L

(ν
,θ,λ

).
N

ow
forany

given
θ

and
λ,define

the
follow

ing
Lyapunov

function

L
θ
,λ (ν

)
=
L

(ν
,θ,λ

)−
L

(ν ∗,θ,λ
)

w
here

ν ∗
is

a
m

inim
um

point(for
any

given
(θ,λ

),
L

is
a

convex
function

in
ν).

T
hen
L
θ
,λ (ν

)
is

a
positive

definite
function,i.e.,L

θ
,λ (ν

)≥
0.

O
n

the
other

hand,by
the

definition
of

a
m

inim
um

point,
one

easily
obtains

0
∈
{g

(ν ∗)
Υ
ν [−

g
(ν ∗) ]|ν

=
ν ∗
|∀
g
(ν ∗)

∈
∂
ν L

(ν
,θ,λ

)|ν
=
ν ∗}

w
hich

m
eans

that
ν ∗

is
also

a
stationary

point,i.e.,ν ∗∈
N
c .

N
ote

that
m

ax
g
(ν

)
D
t L

θ
,λ (ν

)
=

m
a
x
g
(ν

)
D
t L

(ν
,θ,λ

)
≤

0
and

this
quantity

is
non-zero

if
Υ
ν [−

g
(ν

) ]6=
0

forevery
g
(ν

)∈
∂
ν L

(ν
,θ,λ

).
T

herefore,by
the

Lyapunov
theory

forasym
ptot-

ically
stable

differentialinclusions
(see

T
heorem

3.10
and

C
orollary

3.11
in

B
enaim

etal.(2006),
w

here
the

Lyapunov
functionL

θ
,λ (ν

)
satisfies

H
ypothesis

3.1
and

the
property

in
(53)is

equivalent
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

to
H

ypothesis
3.9

in
the

reference),the
above

argum
ents

im
ply

thatw
ith

any
initialcondition

ν
(0),

the
state

trajectory
ν

(t)
of

(43)
converges

to
ν ∗,i.e.,

L
(ν ∗,θ,λ

)
≤
L

(ν
(t),θ,λ

)
≤
L

(ν
(0),θ,λ

)
forany

t≥
0.

A
s

stated
earlier,the

sequence{ν
k },

ν
k
∈

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]constitutes
a

stochastic
approxim

a-
tion

to
the

differentialinclusion
(43),and

thus
converges

alm
ostsurely

its
solution

(B
orkar,2008),

w
hich

further
converges

alm
ostsurely

to
ν ∗
∈
N
c .

A
lso,itcan

be
easily

seen
that

N
c

is
a

closed
subsetofthe

com
pactset

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

],and
therefore

a
com

pactsetitself.

Step
2

(C
onvergence

of
θ-update)

Since
θ

converges
on

a
faster

tim
e

scale
than

λ
and

ν
con-

verges
faster

than
θ,according

to
L

em
m

a
1

in
C

hapter
6

of
B

orkar
(2008)

one
can

prove
conver-

gence
of

the
θ

update
for

any
arbitrary

λ
(i.e.,

λ
=
λ
k ).

Furtherm
ore,

in
the

θ-update,
w

e
have

that‖ν
k −

ν ∗(θ
k )‖
→

0
alm

ostsurely.
B

y
the

continuity
condition

of∇
θ L

(ν
,θ,λ

),this
also

im
-

plies‖∇
θ L

(ν
,θ,λ

)|θ
=
θ
k
,ν

=
ν
k −
∇
θ L

(ν
,θ,λ

)|θ
=
θ
k
,ν

=
ν ∗

(θ
k
) ‖
→

0.
T

herefore,the
θ-update

can
be

rew
ritten

as
a

stochastic
approxim

ation,i.e.,

θ
k
+

1
=

Γ
Θ

(
θ
k

+
ζ

2 (k
) (
−
∇
θ L

(ν
,θ,λ

)|θ
=
θ
k
,ν

=
ν ∗

(θ
k
)

+
δθ
k
+

1 ))
,

(54)

w
here

δθ
k
+

1
=
∇
θ L

(ν
,θ,λ

)|θ
=
θ
k
,ν

=
ν ∗

(θ
k
) −

1N

N
∑j=

1 ∇
θ

log
P
θ (ξ

j,k )|θ
=
θ
k G

(ξ
j,k )

−
λ

(1−
α

)N

N
∑j=

1 ∇
θ

log
P
θ (ξ

j,k )|θ
=
θ
k (J

(ξ
j,k )−

ν ∗(θ
k ) )1 {J

(ξ
j,k )≥

ν ∗(θ
k ) }

+
λ

(1−
α

)N

N
∑j=

1 ∇
θ

log
P
θ (ξ

j,k )|θ
=
θ
k (ν ∗(θ

k )−
ν
k )1 {J

(ξ
j,k )≥

ν ∗(θ
k ) }

+
λ

(1−
α

)N

N
∑j=

1 ∇
θ

log
P
θ (ξ

j,k )|θ
=
θ
k (J

(ξ
j,k )−

ν
k )(1 {J

(ξ
j,k )≥

ν
k }
−

1 {J
(ξ
j,k )≥

ν ∗(θ
k ) }).

(55)

First,
w

e
consider

the
last

tw
o

com
ponents

in
(61).

R
ecall

that‖ν
k −

ν ∗(θ
k )‖
→

0
alm

ost
surely.

Furtherm
ore

by
noticing

that∇
θ

log
P
θ (ξ

j,k )
is

L
ipschitz

in
θ,
θ

lies
in

a
com

pact
set

Θ
,

bothJ
(ξ
j,k )

and
ν
k

are
bounded,and

ν
,ν ∗(θ

k )
lie

in
a

com
pactsetN

,one
im

m
ediately

concludes
thatas

i→
∞

,

(ν ∗(θ
k )−

ν
k )1 {J

(ξ
j,k )≥

ν ∗(θ
k ) }
→

0
,

alm
ostsurely

(J
(ξ
j,k )−

ν
k )(1 {J

(ξ
j,k )≥

ν
k }
−

1 {J
(ξ
j,k )≥

ν ∗(θ
k ) })→

0,
alm

ostsurely
(56)

Second,one
can

show
that

δθ
k
+

1
is

square
integrable,i.e.,E

[‖
δθ
k
+

1 ‖
2|

F
θ
,k ]≤

K
k (1

+
‖
θ
k ‖

2)
for

som
e
K
k
>

0,w
hereF

θ
,k

=
σ (θ

m
,
δθ
m
,
m
≤
k )

is
the

filtration
of
θ
k

generated
by

different

32
JM

L
R

 18(167):1-51, 2018



R
IS

K
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O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

in
de

pe
nd

en
tt

ra
je

ct
or

ie
s.

To
se

e
th

is
,n

ot
ic

e
th

at

‖δ
θ k

+
1
‖2

≤
2
( ∇

θ
L

(ν
,θ
,λ

)| θ
=
θ k
,ν

=
ν
∗ (
θ k

))
2

+
2 N

2

(
C

m
a
x

1
−
γ

+
2
λ
D

m
a
x

(1
−
α

)(
1
−
γ

)) 2
 

N ∑ j=
1

∇
θ

lo
g
P θ

(ξ
j,
k
)
| θ=

θ k

 
2

≤
2K

1
,k

(1
+
‖θ
k
‖2

)
+

2N N
2

(
C

m
a
x

1
−
γ

+
2λ

m
a
x
D

m
a
x

(1
−
α

)(
1
−
γ

)) 2
 

N ∑ j=
1

‖∇
θ

lo
g
P θ

(ξ
j,
k
)
| θ=

θ k
‖2
 

≤
2K

1
,k

(1
+
‖θ
k
‖2

)
+

2N N
2

(
C

m
a
x

1
−
γ

+
2λ

m
a
x
D

m
a
x

(1
−
α

)(
1
−
γ

)) 2
 

N ∑ j=
1

K
2
(ξ
j,
k
)(

1
+
‖θ
k
‖2

) 

≤
2(
K

1
,k

+
2N
−

1

N

(
C

m
a
x

1
−
γ

+
2
λ

m
a
x
D

m
a
x

(1
−
α

)(
1
−
γ

)) 2
m

ax
1
≤
j≤
N
K

2
(ξ
j,
k
))

(1
+
‖θ
k
‖2

).

T
he

L
ip

sc
hi

tz
up

pe
rb

ou
nd

s
ar

e
du

e
to

th
e

re
su

lts
in

R
em

ar
k

18
.S

in
ce
K

2
(ξ
j,
k
)
<
∞

w
.p

.1
,t

he
re

ex
is

ts
K

2
,k
<
∞

su
ch

th
at

m
ax

1
≤
j≤
N
K

2
(ξ
j,
k
)
≤
K

2
,k

.B
y

co
m

bi
ni

ng
th

es
e

re
su

lts
,o

ne
co

nc
lu

de
s

th
at
E[
‖δ
θ k

+
1
‖2
|F

θ
,k

]
≤
K
k
(1

+
‖θ
k
‖2

)
w

he
re

K
k

=
2

(
K

1
,k

+
2
N
−

1
K

2
,k

N

(
C

m
a
x

1
−
γ

+
2λ

m
a
x
D

m
a
x

(1
−
α

)(
1
−
γ

)) 2
)
<
∞
.

T
hi

rd
,s

in
ce

th
e

hi
st

or
y

tr
aj

ec
to

ri
es

ar
e

ge
ne

ra
te

d
ba

se
d

on
th

e
sa

m
pl

in
g

pr
ob

ab
ili

ty
m

as
s

fu
nc

-
tio

n
P θ

k
(ξ

),
ex

pr
es

si
on

(3
9)

im
pl

ie
s

th
at
E

[δ
θ k

+
1
|F

θ
,k

]
=

0
.T

he
re

fo
re

,t
he
θ-

up
da

te
is

a
st

oc
ha

s-
tic

ap
pr

ox
im

at
io

n
of

th
e

O
D

E
(4

4)
w

ith
a

M
ar

tin
ga

le
di

ff
er

en
ce

er
ro

r
te

rm
.

In
ad

di
tio

n,
fr

om
th

e
co

nv
er

ge
nc

e
an

al
ys

is
of

th
e
ν

-u
pd

at
e,
ν
∗ (
θ)

is
an

as
ym

pt
ot

ic
al

ly
st

ab
le

eq
ui

lib
ri

um
po

in
t

fo
r

th
e

se
qu

en
ce
{ν
k
}.

Fr
om

(4
0)

,
∂
ν
L

(ν
,θ
,λ

)
is

a
L

ip
sc

hi
tz

se
t-

va
lu

ed
m

ap
pi

ng
in
θ

(s
in

ce
P θ

(ξ
)

is
L

ip
sc

hi
tz

in
θ)

,a
nd

th
us

it
ca

n
be

ea
si

ly
se

en
th

at
ν
∗ (
θ)

is
a

L
ip

sc
hi

tz
co

nt
in

uo
us

m
ap

pi
ng

of
θ.

N
ow

co
ns

id
er

th
e

co
nt

in
uo

us
tim

e
dy

na
m

ic
s

fo
rθ
∈

Θ
,g

iv
en

in
(4

4)
.W

e
m

ay
w

ri
te

d
L

(ν
,θ
,λ

)

d
t

∣ ∣ ∣ ∣ ν=
ν
∗ (
θ
)

=
( ∇

θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
))
>

Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)] .

(5
7)

B
y

co
ns

id
er

in
g

th
e

fo
llo

w
in

g
ca

se
s,

w
e

no
w

sh
ow

th
at
d
L

(ν
,θ
,λ

)/
d
t| ν

=
ν
∗ (
θ
)
≤

0
an

d
th

is
qu

an
tit

y
is

no
n-

ze
ro

w
he

ne
ve

r∥ ∥
Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]∥ ∥
6=

0.

C
as

e
1:

W
he

n
θ
∈

Θ
◦

=
Θ
\∂

Θ
.

Si
nc

e
Θ
◦

is
th

e
in

te
ri

or
of

th
e

se
tΘ

an
d

Θ
is

a
co

nv
ex

co
m

pa
ct

se
t,

th
er

e
ex

is
ts

a
su

ffi
ci

en
tly

sm
al

l
η 0
>

0
su

ch
th

at
θ
−
η 0
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)
∈

Θ
an

d

Γ
Θ

( θ
−
η 0
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
))
−
θ

=
−
η 0
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
).

T
he

re
fo

re
,t

he
de

fin
iti

on
of

Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]

im
pl

ie
s

d
L

(ν
,θ
,λ

)

d
t

∣ ∣ ∣ ∣ ν=
ν
∗ (
θ
)

=
−
∥ ∥ ∇

θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)∥ ∥2
≤

0
.

(5
8)
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1,
 2

01
8

C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

A
tt

he
sa

m
e

tim
e,

w
e

ha
ve
d
L

(ν
,θ
,λ

)/
d
t| ν

=
ν
∗ (
θ
)
<

0
w

he
ne

ve
r‖
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)‖
6=

0.

C
as

e
2:

W
he

n
θ
∈
∂

Θ
an

d
θ
−
η
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)
∈

Θ
fo

r
an

y
η
∈

(0
,η

0
]

an
d

so
m

e
η 0
>

0
.

T
he

co
nd

iti
on
θ
−
η
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)
∈

Θ
im

pl
ie

s
th

at

Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]

=
−
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
).

T
he

n
w

e
ob

ta
in

d
L

(ν
,θ
,λ

)

d
t

∣ ∣ ∣ ∣ ν=
ν
∗ (
θ
)

=
−
∥ ∥ ∇

θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)∥ ∥2
≤

0
.

(5
9)

Fu
rt

he
rm

or
e,
d
L

(ν
,θ
,λ

)/
d
t| ν

=
ν
∗ (
θ
)
<

0
w

he
n
‖∇

θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)‖
6=

0.

C
as

e
3:

W
he

n
θ
∈
∂

Θ
an

d
θ
−
η
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)
6∈

Θ
fo

r
so

m
e
η
∈

(0
,η

0
]

an
d

an
y
η 0
>

0
.

Fo
r

an
y
η
>

0
,d

efi
ne
θ η

:=
θ
−
η
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
).

T
he

ab
ov

e
co

nd
iti

on
im

pl
ie

s
th

at
w

he
n

0
<
η
→

0
,Γ

Θ

[ θ
η

] is
th

e
pr

oj
ec

tio
n

of
θ η

to
th

e
ta

ng
en

ts
pa

ce
of

Θ
.F

or
an

y
el

em
en

tθ̂
∈

Θ
,s

in
ce

th
e

se
t{
θ
∈

Θ
:
‖θ
−
θ η
‖ 2
≤
‖θ̂
−
θ η
‖ 2
}i

s
co

m
pa

ct
,t

he
pr

oj
ec

tio
n

of
θ η

on
Θ

ex
is

ts
.F

ur
th

er
m

or
e,

si
nc

e
f

(θ
)

:=
1 2
‖θ
−
θ η
‖2 2

is
a

st
ro

ng
ly

co
nv

ex
fu

nc
tio

n
an

d
∇
f

(θ
)

=
θ
−
θ η

,b
y

th
e

fir
st

or
de

r
op

tim
al

ity
co

nd
iti

on
,o

ne
ob

ta
in

s

∇
f

(θ
∗ η)
>

(θ
−
θ∗ η

)
=

(θ
∗ η
−
θ η

)>
(θ
−
θ∗ η

)
≥

0,
∀θ
∈

Θ
,

w
he

re
θ∗ η

is
th

e
un

iq
ue

pr
oj

ec
tio

n
of
θ η

(t
he

pr
oj

ec
tio

n
is

un
iq

ue
be

ca
us

e
f

(θ
)

is
st

ro
ng

ly
co

nv
ex

an
d

Θ
is

a
co

nv
ex

co
m

pa
ct

se
t)

.S
in

ce
th

e
pr

oj
ec

tio
n

(m
in

im
iz

er
)i

su
ni

qu
e,

th
e

ab
ov

e
eq

ua
lit

y
ho

ld
s

if
an

d
on

ly
if
θ

=
θ∗ η

.
T

he
re

fo
re

,f
or

an
y
θ
∈

Θ
an

d
η
>

0,

( ∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
))
>

Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]

=
( ∇

θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
))
>
(

li
m

0
<
η
→

0

θ∗ η
−
θ

η

)

=

(
li
m

0
<
η
→

0

θ
−
θ η

η

) >
(

li
m

0
<
η
→

0

θ∗ η
−
θ

η

)
=

li
m

0
<
η
→

0

−
‖θ
∗ η
−
θ‖

2

η
2

+
li
m

0
<
η
→

0

( θ
∗ η
−
θ η
) >
(
θ∗ η
−
θ

η
2

)
≤

0.

B
y

co
m

bi
ni

ng
th

es
e

ar
gu

m
en

ts
,o

ne
co

nc
lu

de
s

th
at
d
L

(ν
,θ
,λ

)/
d
t| ν

=
ν
∗ (
θ
)
≤

0
an

d
th

is
qu

an
tit

y
is

no
n-

ze
ro

w
he

ne
ve

r∥ ∥
Υ
θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]∥ ∥
6=

0.
N

ow
,f

or
an

y
gi

ve
n
λ

,d
efi

ne
th

e
Ly

ap
un

ov
fu

nc
tio

n

L λ
(θ

)
=
L

(ν
∗ (
θ)
,θ
,λ

)
−
L

(ν
∗ (
θ∗

),
θ∗
,λ

),

w
he

re
θ∗

is
a

lo
ca

lm
in

im
um

po
in

t.
T

he
n

th
er

e
ex

is
ts

a
ba

ll
ce

nt
er

ed
at
θ∗

w
ith

ra
di

us
r

su
ch

th
at

fo
r

an
y
θ
∈
B θ
∗
(r

),
L λ

(θ
)

is
a

lo
ca

lly
po

si
tiv

e
de

fin
ite

fu
nc

tio
n,

i.e
.,
L λ

(θ
)
≥

0
.O

n
th

e
ot

he
rh

an
d,

by
th

e
de

fin
iti

on
of

a
lo

ca
lm

in
im

um
po

in
t,

on
e

ob
ta

in
s

Υ
θ
[−
∇
θ
L

(θ
∗ ,
ν
,λ

)| ν
=
ν
∗ (
θ
∗ )

]| θ
=
θ
∗

=
0

w
hi

ch
m

ea
ns

th
at
θ∗

is
a

st
at

io
na

ry
po

in
t,

i.e
.,
θ∗
∈

Θ
c
.

N
ot

e
th

at
d
L λ

(θ
(t

))
/d
t

=
d
L

(θ
(t

),
ν
∗ (
θ(
t)

),
λ

)/
d
t
≤

0
an

d
th

e
tim

e-
de

riv
at

iv
e

is
no

n-
ze

ro
w

he
ne

ve
r
∥ ∥ Υ

θ

[ −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
)]∥ ∥
6=

0.
T

he
re

fo
re

,b
y

th
e

Ly
ap

un
ov

th
eo

ry
fo

r
as

ym
pt

ot
i-

ca
lly

st
ab

le
sy

st
em

s
fr

om
C

ha
pt

er
4

of
K

ha
lil

an
d

G
ri

zz
le

(2
00

2)
,t

he
ab

ov
e

ar
gu

m
en

ts
im

pl
y

th
at

w
ith

an
y

in
iti

al
co

nd
iti

on
θ(

0)
∈
B θ
∗
(r

),
th

e
st

at
e

tr
aj

ec
to

ry
θ(
t)

of
(4

4)
co

nv
er

ge
s

to
θ∗

,
i.e

.,
L

(θ
∗ ,
ν
∗ (
θ∗

),
λ

)
≤
L

(θ
(t

),
ν
∗ (
θ(
t)

),
λ

)
≤
L

(θ
(0

),
ν
∗ (
θ(

0)
),
λ

)
fo

ra
ny
t
≥

0
.
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B
ased

on
the

above
properties

and
noting

that1)
from

Proposition
17,∇

θ L
(ν
,θ,λ

)
is

a
L

ips-
chitz

function
in
θ,2)the

step-size
rule

follow
s

from
A

ssum
ption

6,3)expression
(61)im

plies
that

δθ
k
+

1
is

a
square

integrable
M

artingale
difference,and

4)
θ
k
∈

Θ
,∀
i

im
plies

that
su

p
k ‖θ

k ‖
<
∞

alm
ostsurely,one

can
invoke

T
heorem

2
in

C
hapter6

ofB
orkar(2008)(m

ulti-tim
e

scale
stochastic

approxim
ation

theory)
to

show
that

the
sequence

{θ
k }
,
θ
k
∈

Θ
converges

alm
ost

surely
to

the
solution

ofthe
O

D
E

(44),w
hich

furtherconverges
alm

ostsurely
to
θ ∗∈

Θ
.

Step
3

(L
ocalM

inim
um

)
N

ow
,w

e
w

antto
show

thatthe
sequence{θ

k ,ν
k }

converges
to

a
local

m
inim

um
of
L

(ν
,θ,λ

)
for

any
fixed

λ.
R

ecallthat{
θ
k ,ν

k }
converges

to
(θ ∗,ν ∗)

:=
(θ ∗,ν ∗(θ ∗)).

Previous
argum

ents
on

the
(ν
,θ)-convergence

im
ply

thatw
ith

any
initialcondition

(θ(0),ν
(0)),the

state
trajectories

θ(t)
and

ν
(t)

of(43)and
(44)converge

to
the

setofstationary
points

(θ ∗,ν ∗)
in

the
positive

invariantset
Θ
c ×

N
c

and
L

(θ ∗,ν ∗,λ
)≤

L
(θ(t),ν ∗(θ(t)),λ

)≤
L

(θ(0),ν ∗(θ(0)),λ
)≤

L
(θ(0

),ν
(t),λ

)≤
L

(θ(0),ν
(0),λ

)
forany

t≥
0.

B
y

contradiction,
suppose

(θ ∗,ν ∗)
is

not
a

local
m

inim
um

.
T

hen
there

exists
(θ̄,ν̄

)
∈

Θ
×

[−
D

m
a
x

1−
γ
,
D

m
a
x

1−
γ

]∩
B

(θ ∗
,ν ∗

) (r)
such

that

L
(θ̄,ν̄

,λ
)

=
m

in
(θ
,ν

)∈
Θ
×

[−
D
m
a
x

1−
γ
,
D
m
a
x

1−
γ

]∩B
(θ ∗

,ν ∗
) (r

) L
(ν
,θ,λ

).

T
he

m
inim

um
is

attained
by

the
W

eierstrass
extrem

e
value

theorem
.B

y
putting

θ(0)
=
θ̄,the

above
argum

ents
im

ply
that

L
(θ̄,ν̄

,λ
)

=
m

in
(θ
,ν

)∈
Θ
×

[−
D
m
a
x

1−
γ
,
D
m
a
x

1−
γ

]∩B
(θ ∗

,ν ∗
) (r

) L
(ν
,θ,λ

)
<
L

(θ ∗,ν ∗,λ
)≤

L
(θ̄,ν̄

,λ
)

w
hich

is
a

contradiction.
T

herefore,the
stationary

point
(θ ∗,ν ∗)

is
a

localm
inim

um
of
L

(ν
,θ,λ

)
as

w
ell.

Step
4

(C
onvergence

of
λ-update)

Since
the

λ-update
converges

in
the

slow
esttim

e
scale,ac-

cording
to

previous
analysis,w

e
have

that‖θ
k −

θ ∗(ν ∗(λ
k ),λ

k )‖
→

0,‖ν
k −

ν ∗(λ
k )‖
→

0
alm

ost
surely.B

y
continuity

of∇
λ L

(ν
,θ,λ

),w
e

also
have

the
follow

ing:
∥∥∥∥∥ ∇

λ L
(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
k
),ν

=
ν ∗

(λ
k
),λ

=
λ
k −
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ
k
,ν

=
ν
k
,λ

=
λ
k ∥∥∥∥∥
→

0,
alm

ostsurely.

T
herefore,the

λ-update
rule

can
be

re-w
ritten

as
follow

s:

λ
k
+

1
=

Γ
Λ (

λ
k

+
ζ

1 (k
) (∇

λ L
(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
k
),ν

=
ν ∗

(λ
k
),λ

=
λ
k

+
δλ

k
+

1 ) )
(60)

w
here

δλ
k
+

1
=
−
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
),λ

=
λ
k +

(
ν ∗(λ

k )
+

1

1−
α

1N

N
∑j=

1 (J
(ξ
j,k )−

ν ∗(λ
k ) )

+
−
β )

+
(ν
k −

ν ∗(λ
k ))

+
1

1−
α

1N

N
∑j=

1 ((J
(ξ
j,k )−

ν
k )

+
−
(J

(ξ
j,k )−

ν ∗(λ
k ) )

+ )
.

(61)
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From
the

factthat‖θ
k −

θ ∗(ν ∗(λ
k ),λ

k )‖
→

0
alm

ostsurely
as
i→
∞

,one
can

conclude
that

the
lastcom

ponentofthe
above

expression
vanishes,i.e.,both‖

ν
k −

ν ∗(λ
k )‖
→

0
and‖ (J

(ξ
j,k )−

ν
k )

+
−
(J

(ξ
j,k )−

ν ∗(λ
k ) )

+‖
→

0
alm

ostsurely.
M

oreover,from
(41),w

e
see

that∇
λ L

(ν
,θ,λ

)
is

a
constant

function
of
λ.

Sim
ilar

to
the

θ-update,
one

can
easily

show
that

δλ
k
+

1
is

square
integrable,i.e.,

E
[‖
δλ

k
+

1 ‖
2|F

λ
,k ]≤

2 (
β

+
3D

m
a
x

(1−
γ

)(1−
α

) )
2

,

w
hereF

λ
,k

=
σ (λ

m
,
δλ

m
,
m
≤
k )

is
the

filtration
of
λ

generated
by

differentindependenttra-
jectories.

Furtherm
ore,expression

(41)im
plies

thatE
[δλ

k
+

1 |F
λ
,k ]

=
0.

T
herefore,the

λ-update
is

a
stochastic

approxim
ation

of
the

O
D

E
(46)

w
ith

a
M

artingale
difference

error
term

.
In

addi-
tion,from

the
convergence

analysis
ofthe

(θ,ν
)-update,

(θ ∗(λ
),ν ∗(λ

))
is

an
asym

ptotically
stable

equilibrium
pointforthe

sequence{
θ
k ,ν

k }.From
(39),∇

θ L
(ν
,θ,λ

)
is

a
linearm

apping
in
λ,and

(θ ∗(λ
),ν ∗(λ

))
is

a
L

ipschitz
continuous

m
apping

of
λ.

C
onsider

the
O

D
E

for
λ
∈

[0,λ
m

a
x ]in

(46).
A

nalogous
to

the
argum

ents
for

the
θ-update,w

e
can

w
rite

d
(−
L

(ν
,θ,λ

))

d
t

∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
)

=
−
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
) Υ
λ [∇

λ L
(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
) ]
,

and
show

that−
d
L

(ν
,θ,λ

)/d
t|θ

=
θ ∗

(λ
),ν

=
ν ∗

(λ
) ≤

0.T
his

quantity
is

non-zero
w

henever

∥∥
Υ
λ [d

L
(ν
,θ,λ

)/d
λ|θ

=
θ ∗

(λ
),ν

=
ν ∗

(λ
) ] ∥∥
6=

0.

C
onsiderthe

Lyapunov
function

L
(λ

)
=
−
L

(θ ∗(λ
),ν ∗(λ

),λ
)

+
L

(θ ∗(λ
∗),ν ∗(λ

∗),λ
∗)

w
here

λ
∗

is
a

localm
axim

um
point.

T
hen

there
exists

a
ballcentered

at
λ
∗

w
ith

radius
r

such
that

forany
λ
∈
B
λ
∗(r),L

(λ
)

is
a

locally
positive

definite
function,i.e.,L

(λ
)≥

0.
O

n
the

otherhand,
by

the
definition

ofa
localm

axim
um

point,one
obtains

Υ
λ [d

L
(ν
,θ,λ

)/d
λ|θ

=
θ ∗

(λ
),ν

=
ν ∗

(λ
),λ

=
λ
∗ ]|λ

=
λ
∗

=
0

w
hich

m
eans

that
λ
∗

is
also

a
stationary

point,i.e.,λ
∗∈

Λ
c .Since

dL
(λ

(t))

d
t

=
−
d
L

(θ ∗(λ
(t)),ν ∗(λ

(t)),λ
(t))

d
t

≤
0

and
the

tim
e-derivative

is
non-zero

w
henever ∥∥

Υ
λ [∇

λ L
(ν
,θ,λ

)|ν
=
ν ∗

(λ
),θ

=
θ ∗

(λ
) ] ∥∥
6=

0,the
Lya-

punov
theory

forasym
ptotically

stable
system

s
im

plies
that

λ
(t)

converges
to
λ
∗.

G
iven

the
above

results
and

noting
that

the
step

size
rule

is
selected

according
to

A
ssum

p-
tion

6,one
can

apply
the

m
ulti-tim

e
scale

stochastic
approxim

ation
theory

(T
heorem

2
in

C
hapter

6
of

B
orkar

(2008))
to

show
thatthe

sequence{
λ
k }

converges
alm

ostsurely
to

the
solution

of
the

O
D

E
(46),w

hich
further

converges
alm

ostsurely
to
λ
∗
∈

[0,λ
m

a
x ].

Since
[0,λ

m
a
x ]is

a
com

pact
set,

follow
ing

the
sam

e
lines

of
argum

ents
and

recalling
the

envelope
theorem

(T
heorem

16)
for

localoptim
a,one

furtherconcludes
that

λ
∗

is
a

localm
axim

um
of
L

(θ ∗(λ
),ν ∗(λ

),λ
)

=
L
∗(λ

).
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St
ep

5
(L

oc
al

Sa
dd

le
Po

in
t)

B
y

le
tti

ng
θ∗

=
θ∗
( ν
∗ (
λ
∗ )
,λ
∗)

an
d
ν
∗

=
ν
∗ (
λ
∗ )

,
w

e
w

ill
sh

ow
th

at
(θ
∗ ,
ν
∗ ,
λ
∗ )

is
a

lo
ca

ls
ad

dl
e

po
in

to
ft

he
L

ag
ra

ng
ia

n
fu

nc
tio

n
L

(ν
,θ
,λ

)
if
λ
∗
∈

[0
,λ

m
a
x
),

an
d

th
us

by
th

e
lo

ca
ls

ad
dl

e
po

in
tt

he
or

em
,θ
∗

is
a

lo
ca

lly
op

tim
al

so
lu

tio
n

fo
r

th
e

C
V

aR
-c

on
st

ra
in

ed
op

tim
iz

at
io

n.
Su

pp
os

e
th

e
se

qu
en

ce
{λ

k
}g

en
er

at
ed

fr
om

(6
0)

co
nv

er
ge

s
to

a
st

at
io

na
ry

po
in

tλ
∗
∈

[0
,λ

m
a
x
).

Si
nc

e
st

ep
3

im
pl

ie
s

th
at

(θ
∗ ,
ν
∗ )

is
a

lo
ca

lm
in

im
um

of
L

(ν
,θ
,λ
∗ )

ov
er

th
e

fe
as

ib
le

se
t(
θ,
ν

)
∈

Θ
×

[−
D

m
a
x

1
−
γ
,
D

m
a
x

1
−
γ

],
th

er
e

ex
is

ts
a
r
>

0
su

ch
th

at

L
(θ
∗ ,
ν
∗ ,
λ
∗ )
≤
L

(ν
,θ
,λ
∗ )
,
∀(
θ,
ν

)
∈

Θ
×
[ −

D
m

a
x

1
−
γ
,
D

m
a
x

1
−
γ

] ∩
B (
θ
∗ ,
ν
∗ )

(r
).

In
or

de
rt

o
co

m
pl

et
e

th
e

pr
oo

f,
w

e
m

us
ts

ho
w

ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] ≤

β
,

(6
2)

an
d

λ
∗
( ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] −

β

)
=

0.
(6

3)

T
he

se
tw

o
eq

ua
tio

ns
im

pl
y

L
(θ
∗ ,
ν
∗ ,
λ
∗ )

=
V
θ
∗
(x

0
)+
λ
∗
( ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] −

β

)

=
V
θ
∗
(x

0
)

≥
V
θ
∗
(x

0
)+
λ

( ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] −

β

)
=
L

(θ
∗ ,
ν
∗ ,
λ

),

w
hi

ch
fu

rt
he

r
im

pl
ie

s
th

at
(θ
∗ ,
ν
∗ ,
λ
∗ )

is
a

sa
dd

le
po

in
t

of
L

(ν
,θ
,λ

).
W

e
no

w
sh

ow
th

at
(6

2)
an

d
(6

3)
ho

ld
.

R
ec

al
lt

ha
t

Υ
λ

[ ∇
λ
L

(ν
,θ
,λ

)| θ
=
θ
∗ (
λ

),
ν
=
ν
∗ (
λ

),
λ

=
λ
∗
] |
λ

=
λ
∗

=
0.

W
e

sh
ow

(6
2)

by
co

nt
ra

di
ct

io
n.

Su
pp

os
e

ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] >

β
.

T
hi

s
im

pl
ie

s
th

at
fo

rλ
∗
∈

[0
,λ

m
a
x
),

w
e

ha
ve

Γ
Λ

( λ
∗
−
η

( β
−
( ν
∗

+
1

1
−
α
E[
( J

θ
∗
(x

0
)
−
ν
∗)

+
])
))

=
λ
∗ −
η

( β
−
( ν
∗ +

1

1
−
α
E[
( J

θ
∗
(x

0
)−
ν
∗)

+
])
)

fo
ra

ny
η
∈

(0
,η

m
a
x
],

fo
rs

om
e

su
ffi

ci
en

tly
sm

al
lη

m
a
x
>

0.
T

he
re

fo
re

,

Υ
λ

[ ∇
λ
L

(ν
,θ
,λ

)∣ ∣ ∣ ∣ θ=
θ
∗ (
λ

),
ν
=
ν
∗ (
λ

),
λ

=
λ
∗

]∣ ∣ ∣ ∣ ∣
λ

=
λ
∗

=
ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] −

β
>

0
.

T
hi

s
is

in
co

nt
ra

di
ct

io
n

w
ith

th
e

fa
ct

th
at

Υ
λ

[ ∇
λ
L

(ν
,θ
,λ

)| θ
=
θ
∗ (
λ

),
ν
=
ν
∗ (
λ

),
λ

=
λ
∗
] |
λ

=
λ
∗

=
0.

T
he

re
-

fo
re

,(
62

)h
ol

ds
.
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

To
sh

ow
th

at
(6

3)
ho

ld
s,

w
e

on
ly

ne
ed

to
sh

ow
th

at
λ
∗

=
0

if

ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] <

β
.

Su
pp

os
e
λ
∗
∈

(0
,λ

m
a
x
),

th
en

th
er

e
ex

is
ts

a
su

ffi
ci

en
tly

sm
al

lη
0
>

0
su

ch
th

at

1 η 0

( Γ
Λ

( λ
∗
−
η 0

( β
−
( ν
∗

+
1

1
−
α
E[
( J

θ
∗
(x

0
)
−
ν
∗)

+
])
))
−

Γ
Λ

(λ
∗ )
)

=
ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] −

β
<

0
.

T
hi

s
ag

ai
n

co
nt

ra
di

ct
s

th
e

as
su

m
pt

io
n

Υ
λ

[ ∇
λ
L

(ν
,θ
,λ

)| θ
=
θ
∗ (
λ

),
ν
=
ν
∗ (
λ

),
λ

=
λ
∗
] |
λ

=
λ
∗

=
0

.
T

he
re

-
fo

re
(6

3)
ho

ld
s.

W
he

n
λ
∗

=
λ

m
a
x

an
d
ν
∗

+
1

1
−
α
E
[ (
J
θ
∗
(x

0
)
−
ν
∗)

+
] >

β
,

Γ
Λ

( λ
∗
−
η

( β
−
( ν
∗

+
1

1
−
α
E[
( J

θ
∗
(x

0
)
−
ν
∗)

+
])
))

=
λ

m
a
x

fo
ra

ny
η
>

0
an

d

Υ
λ

[ ∇
λ
L

(ν
,θ
,λ

)| θ
=
θ
∗ (
λ

),
ν
=
ν
∗ (
λ

),
λ

=
λ
∗
] |
λ

=
λ
∗
=

0.

In
th

is
ca

se
on

e
ca

nn
ot

gu
ar

an
te

e
fe

as
ib

ili
ty

us
in

g
th

e
ab

ov
e

an
al

ys
is

,a
nd

(θ
∗ ,
ν
∗ ,
λ
∗ )

is
no

ta
lo

ca
l

sa
dd

le
po

in
t.

Su
ch

a
λ
∗

is
re

fe
rr

ed
to

as
a

sp
ur

io
us

fix
ed

po
in

t(
se

e
e.

g.
,C

ha
pt

er
8

of
K

us
hn

er
an

d
Y

in
(1

99
7)

).
N

ot
ic

e
th

at
λ
∗

is
bo

un
de

d
(o

th
er

w
is

e
w

e
ca

n
co

nc
lu

de
th

at
th

e
pr

ob
le

m
is

in
fe

as
ib

le
),

so
th

at
by

in
cr

em
en

ta
lly

in
cr

ea
si

ng
λ

m
a
x

in
A

lg
or

ith
m

1,
w

e
ca

n
al

w
ay

s
pr

ev
en

t
ou

rs
el

ve
s

fr
om

ob
ta

in
in

g
a

sp
ur

io
us

fix
ed

po
in

ts
ol

ut
io

n.

C
om

bi
ni

ng
th

e
ab

ov
e

ar
gu

m
en

ts
,w

e
fin

al
ly

co
nc

lu
de

th
at

(θ
∗ ,
ν
∗ ,
λ
∗ )

is
a

lo
ca

ls
ad

dl
e

po
in

to
f

L
(ν
,θ
,λ

).
T

he
n

by
th

e
sa

dd
le

po
in

tt
he

or
em

,θ
∗

is
a

lo
ca

lly
op

tim
al

po
lic

y
fo

rt
he

C
V

aR
-c

on
st

ra
in

ed
op

tim
iz

at
io

n
pr

ob
le

m
.

�

A
pp

en
di

x
B

.C
on

ve
rg

en
ce

of
A

ct
or

-C
ri

tic
A

lg
or

ith
m

s

R
ec

al
l

fr
om

A
ss

um
pt

io
n

6
th

at
th

e
SP

SA
st

ep
si

ze
{∆

k
}

sa
tis

fie
s

∆
k
→

0
as
k
→
∞

an
d

∑
k
(ζ

2
(k

)/
∆
k
)2
<
∞

.
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R
IS

K
-C

O
N

S
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R
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IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

B
.1

G
radientw

ith
R

espectto
λ

(ProofofL
em

m
a

11)

B
y

taking
the

gradientof
V
θ(x

0,ν
)

w
.r.t.λ

(recallthatboth
V

and
Q

depend
on
λ

through
the

cost
function

C̄
ofthe

augm
ented

M
D

P
M̄

),w
e

obtain

∇
λ V

θ(x
0,ν

)
=
∑a∈Ā

µ
(a|x

0,ν
;θ)∇

λ Q
θ(x

0,ν
,a

)

=
∑a∈Ā

µ
(a|x

0,ν
;θ)∇

λ [C̄
(x

0,ν
,a

)
+

∑

(x
′,s ′)∈X̄

γ
P̄

(x
′,s ′|x

0,ν
,a

)V
θ(x
′,s ′) ]

=
∑

a

µ
(a|x

0,ν
;θ)∇

λ C̄
(x

0,ν
,a

)

︸
︷︷

︸
h

(x
0
,ν

)

+
γ
∑a
,x
′,s ′ µ

(a|x
0,ν

;θ)P̄
(x
′,s ′|x

0,ν
,a

)∇
λ V

θ(x
′,s ′)

=
h

(x
0,ν

)
+
γ
∑a
,x
′,s ′ µ

(a|x
0,ν

;θ)P̄
(x
′,s ′|x

0,ν
,a

)∇
λ V

θ(x
′,s ′)

(64)

=
h

(x
0,ν

)
+
γ
∑a
,x
′,s ′ µ

(a|x
0,ν

;θ)P̄
(x
′,s ′|x

0,ν
,a

) [h
(x
′,s ′)

+
γ
∑a ′,x
′′,s ′′ µ

(a ′|x
′,s ′;θ)P̄

(x
′′,s ′′|x

′,s ′,a ′)∇
λ V

θ(x
′′,s ′′) ].

B
y

unrolling
the

lastequation
using

the
definition

of∇
λ V

θ(x
,s)

from
(64),w

e
obtain

∇
λ V

θ(x
0,ν

)
=
∞∑k
=

0

γ
k ∑x

,s

P
(x
k

=
x
,s
k

=
s|
x

0
=
x

0,s
0

=
ν

;θ)h
(x
,s)

=
1

1−
γ

∑x
,s

d
θγ (x

,s|x
0,ν

)h
(x
,s)

=
1

1−
γ

∑x
,s,a

d
θγ (x

,s|x
0,ν

)µ
(a|x

,s)∇
λ C̄

(x
,s,a

)

=
1

1−
γ

∑x
,s,a

π
θγ (x

,s,a|x
0,ν

)∇
λ C̄

(x
,s,a

)

=
1

1−
γ

∑x
,s,a

π
θγ (x

,s,a|x
0,ν

)
1

1−
α
1{x

=
x

Tar }
(−
s)

+
.

T
his

com
pletes

the
proof.

B
.2

ProofofC
onvergence

ofthe
A

ctor-C
ritic

A
lgorithm

s

B
efore

going
through

the
details

ofthe
convergence

proof,a
high

leveloverview
ofthe

prooftech-
nique

is
given

as
follow

s.

1.
B

y
utilizing

tem
poral

difference
techniques,

w
e

show
the

critic
update

converges
(in

the
fastest

tim
e

scale)
alm

ost
surely

to
a

fixed
point

solution
v ∗

of
the

projected
form

of
B

ell-
m

an’s
equation,w

hich
is

defined
on

the
augm

ented
M

D
P
M̄

.

2.
Sim

ilar
to

the
analysis

of
the

policy
gradientalgorithm

,by
convergence

properties
of

m
ulti-

tim
e

scale
discrete

stochastic
approxim

ation
algorithm

s,w
e

show
thateach

update
(ν
k ,θ

k ,λ
k )

converges
alm

ost
surely

to
a

stationary
point

(ν ∗,θ ∗,λ
∗)

of
the

corresponding
continuous

39
JM

L
R

 18(167):1-51, 2018

C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

tim
e

system
.In

particular,by
adopting

the
step-size

rules
defined

in
A

ssum
ption

8,w
e

show
thatthe

convergence
rate

of
v

is
fastest,follow

ed
by

the
convergence

rate
of
ν

and
the

conver-
gence

rate
of
θ,w

hile
the

convergence
rate

of
λ

is
the

slow
estam

ong
the

setof
param

eters.
D

ifferentfrom
the

policy
gradientalgorithm

,the
param

eters
of

the
actor-critic

algorithm
are

updated
increm

entally.To
adjustforthisdifference

in
the

convergence
analysis,m

odifications
to

the
gradientestim

ate
of
ν

are
introduced,eithervia

the
SPSA

m
ethod

orthe
sem

i-trajectory
m

ethod,to
ensure

the
gradientestim

ates
are

unbiased.Follow
ing

from
the

argum
ents

ofLya-
punov

analysis,w
e

prove
thatthe

continuous
tim

e
system

is
locally

asym
ptotically

stable
at

the
stationary

point
(ν ∗,θ ∗,λ

∗).

3.
Follow

ing
the

sam
e

line
of

argum
ents

from
the

proof
of

the
policy

gradient
algorithm

,
w

e
conclude

thatthe
stationary

point
(v ∗,ν ∗,θ ∗,λ

∗)
is

a
localsaddle

point.
Finally,by

the
the

local
saddle

point
theorem

,
w

e
deduce

that
θ ∗

is
a

locally
optim

al
solution

for
the

C
V

aR
-

constrained
M

D
P

problem
.

T
hisconvergence

proofprocedure
isratherstandard

forstochastic
approxim

ation
algorithm

s,see
(B

hat-
nagaretal.,2009;B

hatnagarand
L

akshm
anan,2012)forfurtherreferences.

B
.2.1

P
R

O
O

F
O

F
T

H
E

O
R

E
M

10:
C

R
IT

IC
U

P
D

A
T

E
(v-U

P
D

A
T

E)

B
y

the
step

size
conditions,one

notices
that{

v
k }

converges
on

a
fastertim

e
scale

than{
ν
k },{θ

k },
and
{λ

k }.
A

ccording
to

L
em

m
a

1
in

C
hapter

6
of

B
orkar

(2008),one
can

take
(ν
,θ,λ

)
in

the
v-

update
as

arbitrarily
fixed

quantities
(in

this
case

w
e

have
(ν
,θ,λ

)
=

(ν
k ,θ

k ,λ
k )).

T
hus

the
critic

update
can

be
re-w

ritten
as

follow
s:

v
k
+

1
=
v
k

+
ζ

4 (k
)φ

(x
k ,s

k )δ
k (v

k ),
(65)

w
here

the
scalar

δ
k

(v
k )

=
−
v >k
φ

(x
k ,s

k )
+
γ
v >k
φ

(x
k
+

1 ,s
k
+

1 )
+
C̄
λ (x

k ,s
k ,a

k )

is
the

tem
poraldifference

(T
D

)from
(18).D

efine

A
:=
∑y
,a ′,s ′ π

θγ (y
,s ′,a ′|x

,s)φ
(y
,s ′) 

φ
>

(y
,s ′)−

γ ∑z
,s ′′ P̄

(z
,s ′′|y

,s ′,a
)φ
>
(z
,s ′′ ) 

,
(66)

and
b

:=
∑y
,a ′,s ′ π

θγ (y
,s ′,a ′|x

,s)φ
(y
,s ′)C̄

λ (y
,s ′,a ′).

(67)

Itis
easy

to
see

thatthe
critic

update
v
k

in
(65)can

be
re-w

ritten
as

the
follow

ing
stochastic

approx-
im

ation
schem

e:
v
k
+

1
=
v
k

+
ζ

4 (k
)(b−

A
v
k

+
δA

k
+

1 ),
(68)

w
here

the
noise

term
δA

k
+

1
is

a
square

integrable
M

artingale
difference,i.e.,E

[δA
k
+

1 |F
k ]

=
0

if
the

γ-occupation
m

easure
π
θγ

is
used

to
generate

sam
ples

of
(x
k ,s

k ,a
k )w

ithF
k

being
the

filtration
generated

by
differentindependenttrajectories.B

y
w

riting

δA
k
+

1
=
−

(b−
A
v
k )

+
φ

(x
k ,s

k )δ
k (v

k )
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an
d

no
tin

g
E π

θ γ
[φ

(x
k
,s
k
)δ
k
(v
k
)
|F

k
]

=
−
A
v k

+
b,

on
e

ca
n

ea
si

ly
ve

ri
fy

th
at

th
e

st
oc

ha
st

ic
ap

-
pr

ox
im

at
io

n
sc

he
m

e
in

(6
8)

is
eq

ui
va

le
nt

to
th

e
cr

iti
c

ite
ra

te
s

in
(6

5)
an

d
δA

k
+

1
is

a
M

ar
tin

ga
le

di
ff

er
en

ce
,i

.e
.,
E π

θ γ
[δ
A
k
+

1
|F

k
]

=
0

.L
et h

(v
)

:=
−
A
v

+
b.

B
ef

or
e

ge
tti

ng
in

to
th

e
co

nv
er

ge
nc

e
an

al
ys

is
,

w
e

pr
es

en
t

a
te

ch
ni

ca
l

le
m

m
a

w
ho

se
pr

oo
f

ca
n

be
fo

un
d

in
L

em
m

a
6.

10
of

B
er

ts
ek

as
an

d
T

si
ts

ik
lis

(1
99

6)
.

L
em

m
a

20
E

ve
ry

ei
ge

nv
al

ue
of

th
e

m
at

ri
x
A

ha
s

po
si

tiv
e

re
al

pa
rt

.

W
e

no
w

tu
rn

to
th

e
an

al
ys

is
of

th
e

cr
iti

c
ite

ra
tio

n.
N

ot
e

th
at

th
e

fo
llo

w
in

g
pr

op
er

tie
s

ho
ld

fo
r

th
e

cr
iti

c
up

da
te

sc
he

m
e

in
(6

5)
:

1)
h

(v
)

is
L

ip
sc

hi
tz

,
2)

th
e

st
ep

si
ze

sa
tis

fie
s

th
e

pr
op

er
tie

s
in

A
ss

um
pt

io
n

8,
3)

th
e

no
is

e
te

rm
δA

k
+

1
is

a
sq

ua
re

in
te

gr
ab

le
M

ar
tin

ga
le

di
ff

er
en

ce
,4

)t
he

fu
nc

tio
n

h
c
(v

)
:=

h
(c
v
)
/c

,
c
≥

1
co

nv
er

ge
s

un
if

or
m

ly
to

a
co

nt
in

uo
us

fu
nc

tio
n
h
∞

(v
)

fo
r

an
y
v

in
a

co
m

pa
ct

se
t,

i.e
.,
h
c
(v

)
→

h
∞

(v
)

as
c
→
∞

,
an

d
5)

th
e

or
di

na
ry

di
ff

er
en

tia
l

eq
ua

tio
n

(O
D

E
)

v̇
=

h
∞

(v
)

ha
s

th
e

or
ig

in
as

its
un

iq
ue

lo
ca

lly
as

ym
pt

ot
ic

al
ly

st
ab

le
eq

ui
lib

ri
um

.
T

he
fo

ur
th

pr
op

er
ty

ca
n

be
ea

si
ly

ve
ri

fie
d

fr
om

th
e

fa
ct

th
at

th
e

m
ag

ni
tu

de
of
b

is
fin

ite
an

d
h
∞

(v
)

=
−
A
v

.
T

he
fif

th
pr

op
er

ty
fo

llo
w

s
di

re
ct

ly
fr

om
th

e
fa

ct
s

th
at
h
∞

(v
)

=
−
A
v

an
d

al
le

ig
en

va
lu

es
of
A

ha
ve

po
si

tiv
e

re
al

pa
rt

s.
B

y
T

he
or

em
3.

1
in

B
or

ka
r(

20
08

),
th

es
e

fiv
e

pr
op

er
tie

s
im

pl
y:

T
he

cr
iti

c
ite

ra
te

s
{v
k
}a

re
bo

un
de

d
al

m
os

ts
ur

el
y,

i.e
.,

su
p
k
‖v
k
‖
<
∞

al
m

os
ts

ur
el

y.

T
he

co
nv

er
ge

nc
e

of
th

e
cr

iti
c

ite
ra

te
s

in
(6

5)
ca

n
be

re
la

te
d

to
th

e
as

ym
pt

ot
ic

be
ha

vi
or

of
th

e
O

D
E

v̇
=
h

(v
)

=
b
−
A
v
.

(6
9)

Sp
ec

ifi
ca

lly
,T

he
or

em
2

in
C

ha
pt

er
2

of
B

or
ka

r
(2

00
8)

an
d

th
e

ab
ov

e
co

nd
iti

on
s

im
pl

y
v k
→

v
∗

w
ith

pr
ob

ab
ili

ty
1

,
w

he
re

th
e

lim
it
v
∗

de
pe

nd
s

on
(ν
,θ
,λ

)
an

d
is

th
e

un
iq

ue
so

lu
tio

n
sa

tis
fy

in
g

h
(v
∗ )

=
0,

i.e
.,
A
v
∗

=
b.

T
he

re
fo

re
,t

he
cr

iti
c

ite
ra

te
s

co
nv

er
ge

to
th

e
un

iq
ue

fix
ed

po
in

tv
∗

al
m

os
t

su
re

ly
,a

s
k
→
∞

.

B
.2

.2
P

R
O

O
F

O
F

T
H

E
O

R
E

M
12

St
ep

1
(C

on
ve

rg
en

ce
of
v

-u
pd

at
e)

T
he

pr
oo

f
of

co
nv

er
ge

nc
e

fo
r

th
e

cr
iti

c
pa

ra
m

et
er

fo
llo

w
s

di
re

ct
ly

fr
om

T
he

or
em

10
.

St
ep

2
(C

on
ve

rg
en

ce
of

SP
SA

B
as

ed
ν

-u
pd

at
e)

In
th

is
se

ct
io

n,
w

e
an

al
yz

e
th

e
ν

-u
pd

at
e

fo
rt

he
in

cr
em

en
ta

la
ct

or
-c

ri
tic

m
et

ho
d.

T
hi

su
pd

at
e

is
ba

se
d

on
th

e
SP

SA
pe

rt
ur

ba
tio

n
m

et
ho

d.
T

he
id

ea
of

th
is

m
et

ho
d

is
to

es
tim

at
e

th
e

su
b-

gr
ad

ie
nt
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)
us

in
g

tw
o

si
m

ul
at

ed
va

lu
e

fu
nc

tio
ns

co
rr

es
po

nd
in

g
to
ν
−

=
ν
−

∆
an

d
ν

+
=
ν

+
∆

.H
er

e
∆
≥

0
is

a
po

si
tiv

e
ra

nd
om

pe
rt

ur
ba

tio
n

th
at

va
ni

sh
es

as
ym

pt
ot

ic
al

ly
.T

he
SP

SA
-b

as
ed

es
tim

at
e

fo
ra

su
b-

gr
ad

ie
nt
g
(ν

)
∈
∂
ν
L

(ν
,θ
,λ

)
is

gi
ve

n
by

g
(ν

)
≈
λ

+
1 2∆

( φ
>
( x

0
,ν

+
∆
) −

φ
>
( x

0
,ν
−

∆
))
v
.

Fi
rs

t,
w

e
co

ns
id

er
th

e
fo

llo
w

in
g

as
su

m
pt

io
n

on
th

e
fe

at
ur

e
fu

nc
tio

ns
in

or
de

r
to

pr
ov

e
th

at
th

e
SP

SA
ap

pr
ox

im
at

io
n

is
as

ym
pt

ot
ic

al
ly

un
bi

as
ed
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,J

A
N

S
O

N
A

N
D

PA
V

O
N

E

A
ss

um
pt

io
n

21
Fo

r
an

y
v
∈
R
κ
1
,t

he
fe

at
ur

e
fu

nc
tio

ns
sa

tis
fy

th
e

fo
llo

w
in

g
co

nd
iti

on
s

|φ
>
( x

0
,ν

+
∆
) v
−
φ
>
( x

0
,ν
−

∆
) v
|≤

K
1
(v

)(
1

+
∆

).

F
ur

th
er

m
or

e,
th

e
Li

ps
ch

itz
co

ns
ta

nt
s

ar
e

un
ifo

rm
ly

bo
un

de
d,

i.e
.,

su
p
v
∈R

κ
1
K

2 1
(v

)
<
∞

.

T
hi

s
as

su
m

pt
io

n
is

m
ild

as
th

e
ex

pe
ct

ed
ut

ili
ty

ob
je

ct
iv

e
fu

nc
tio

n
im

pl
ie

s
th

at
L

(ν
,θ
,λ

)
is

L
ip

sc
hi

tz
in
ν

,a
nd
φ
> V
( x

0
,ν
) v

is
ju

st
a

lin
ea

rf
un

ct
io

n
ap

pr
ox

im
at

io
n

of
V
θ
(x

0
,ν

).
N

ex
t,

w
e

tu
rn

to
th

e
co

nv
er

ge
nc

e
an

al
ys

is
of

th
e

su
b-

gr
ad

ie
nt

es
tim

at
io

n
an

d
ν

-u
pd

at
e.

Si
nc

e
ν

co
nv

er
ge

s
fa

st
er

th
an
θ

an
d
λ

.C
on

si
de

rt
he
ν

-u
pd

at
e

in
(2

0)
:

ν k
+

1
=

Γ
N

( ν k
−
ζ 3

(k
)

( λ
+

1

2∆
k

( φ
>
( x

0
,ν
k

+
∆
k

) −
φ
>
( x

0
,ν
k
−

∆
k

))
v k

))
,

(7
0)

w
he

re
ac

co
rd

in
g

to
L

em
m

a
1

in
C

ha
pt

er
6

of
B

or
ka

r(
20

08
),

(θ
k
,λ

k
)i

n
th

is
ex

pr
es

si
on

ar
e

vi
ew

ed
as

co
ns

ta
nt

qu
an

tit
ie

s.
Si

nc
e
v

co
nv

er
ge

s
fa

st
er

th
an
ν

,L
em

m
a

1
in

C
ha

pt
er

6
of

B
or

ka
r(

20
08

)a
ls

o
im

pl
ie

s
‖v
k
−
v
∗ (
ν k

)‖
→

0
al

m
os

ts
ur

el
y,

w
he

re
v
∗ (
ν

)
is

th
e

co
nv

er
ge

d
cr

iti
c

pa
ra

m
et

er
.T

og
et

he
r

w
ith

th
e

ab
ov

e
as

su
m

pt
io

n
th

at
th

e
fe

at
ur

e
fu

nc
tio

n
is

bo
un

de
d,

on
e

ca
n

re
w

ri
te

th
e
ν

-u
pd

at
e

in
(2

0)
as

fo
llo

w
s:

ν k
+

1
=

Γ
N

( ν k
−
ζ 3

(k
)

( λ
+

1

2∆
k

( φ
>
( x

0
,ν
k

+
∆
k

) −
φ
>
( x

0
,ν
k
−

∆
k

))
v
∗ (
ν k

)
+
ε k

))
,

(7
1)

w
he

re ε k
=

1

2∆
k

( φ
>
( x

0
,ν
k

+
∆
k

) −
φ
>
( x

0
,ν
k
−

∆
k

))
(v
k
−
v
∗ (
ν k

))
→

0
,

al
m

os
ts

ur
el

y.

E
qu

ip
pe

d
w

ith
th

is
in

te
rm

ed
ia

te
re

su
lt,

w
e

es
ta

bl
is

h
th

e
bi

as
an

d
co

nv
er

ge
nc

e
of

th
e

st
oc

ha
st

ic
su

b-
gr

ad
ie

nt
es

tim
at

e.
L

et

g
(ν
k
)
∈

ar
g

m
ax
{g

:
g
∈
∂
ν
L

(ν
,θ
,λ

)| ν
=
ν
k
},

an
d

Λ
1
,k

+
1

=

(
( φ
>
( x

0
,ν
k

+
∆
k

) −
φ
>
( x

0
,ν
k
−

∆
k

))
v
∗ (
ν k

)

2∆
k

−
E
M

(k
))

,

Λ
2
,k

=
λ
k

+
E
L M

(k
)
−
g
(ν
k
),

Λ
3
,k

=
E
M

(k
)
−
E
L M

(k
),

w
he

re

E
M

(k
)

:=
E
[

1

2∆
k

( φ
>
( x

0
,ν
k

+
∆
k

) −
φ
>
( x

0
,ν
k
−

∆
k

))
v
∗ (
ν k

)
|∆

k

] ,

E
L M

(k
)

:=
E
[

1

2∆
k

( V
θ
( x

0
,ν
k

+
∆
k

) −
V
θ
( x

0
,ν
k
−

∆
k

))
|∆

k

] .

N
ot

e
th

at
(7

1)
is

eq
ui

va
le

nt
to

ν k
+

1
=

Γ
N

(ν
k
−
ζ 3

(k
)

( g
(ν
k
)

+
Λ

1
,k

+
1

+
Λ

2
,k

+
Λ

3
,k

))
.

(7
2)
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E
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E
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R
N
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W
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H
P

E
R

C
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N
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K
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R
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E
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First,itis
clearthat

Λ
1
,k

+
1

is
a

M
artingale

difference
asE

[Λ
1
,k

+
1 |F

k ]
=

0,w
hich

im
plies

that

M
k
+

1
=

k
∑j=

0

ζ
3 (j)Λ

1
,j+

1

is
a

M
artingale

w
.r.t.the

filtration
F
k .

B
y

the
M

artingale
convergence

theorem
,w

e
can

show
that

if
su

p
k≥

0 E
[M

2k ]
<
∞

,w
hen

k
→
∞

,
M
k

converges
alm

ostsurely
and

ζ
3 (k

)Λ
1
,k

+
1
→

0
alm

ost
surely.To

show
that

su
p
k≥

0 E
[M

2k ]
<
∞

,forany
t≥

0
one

observes
that

E
[M

2k+
1 ]

=
k
∑j=

0

(ζ
3 (j))

2E
[E

[Λ
21
,j+

1 |
∆
j ]]

≤
2

k
∑j=

0 E [(
ζ

3 (j)

2∆
j )

2 {
E
[((

φ
>
(x

0,ν
j

+
∆
j )−

φ
>
(x

0,ν
j −

∆
j ) )

v ∗(ν
j ) )

2|
∆
j ]

+
E
[(φ
>
(x

0,ν
j

+
∆
j )−

φ
>
(x

0,ν
j −

∆
j ))v ∗(ν

j )|
∆
j ]

2 }
]
.

N
ow

based
on

A
ssum

ption
21,the

above
expression

im
plies

E
[M

2k+
1 ]≤

2
k
∑j=

0 E

[(
ζ

3 (j)

2∆
j )

2

2K
21
(1

+
∆
j )

2 ]
.

C
om

bining
the

above
results

w
ith

the
step

size
conditions,there

exists
K

=
4K

21
>

0
such

that

su
p

k≥
0 E

[M
2k+

1 ]≤
K
∞∑j=

0 E

[(
ζ

3 (j)

2∆
j )

2 ]
+

(ζ
3 (j))

2
<
∞
.

Second,
by

the
M

in
C

om
m

on/M
ax

C
rossing

theorem
in

C
hapter

5
of

B
ertsekas

(2009),
one

can
show

that
∂
ν L

(ν
,θ,λ

)|ν
=
ν
k

is
a

non-em
pty,convex,and

com
pactset.

T
herefore,by

duality
of

directionaldirectives
and

sub-differentials,i.e.,

m
a
x{
g

:
g
∈
∂
ν L

(ν
,θ,λ

)|ν
=
ν
k }

=
limξ↓0

L
(ν
k

+
ξ,θ,λ

)−
L

(ν
k −

ξ,θ,λ
)

2
ξ

,

one
concludes

thatfor
λ
k

=
λ

(w
e

can
treat

λ
k

as
a

constantbecause
itconverges

on
a

slow
ertim

e
scale

than
ν
k ),

λ
+
E
LM

(k
)

=
g
(ν
k )

+
O

(∆
k ),

alm
ostsurely.T

his
furtherim

plies
that

Λ
2
,k

=
O

(∆
k ),

i.e.,
Λ

2
,k →

0
as

k
→
∞
,

alm
ostsurely.
T

hird,since
d
θγ (x

0,ν|x
0,ν

)
=

1,from
the

definition
of
ε
θ (v ∗(ν

k )),

|Λ
3
,k |≤

2
ε
θ (v ∗(ν

k ))/∆
k .
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C
H

O
W

,G
H

A
V

A
M

Z
A

D
E

H
,JA

N
S

O
N

A
N

D
P

A
V

O
N

E

A
s
t

goes
to

infinity,ε
θ (v ∗(ν

k ))/∆
k →

0
by

assum
ption

and
Λ

3
,k →

0.
Finally,since

ζ
3 (k

)Λ
1
,k

+
1 →

0,
Λ

2
,k →

0,and
Λ

3
,k →

0
alm

ostsurely,the
ν-update

in
(72)is

a
noisy

sub-gradientdescentupdate
w

ith
vanishing

disturbance
bias.T

hus,the
ν-update

in
(20)can

be
view

ed
as

an
E

ulerdiscretization
ofan

elem
entofthe

follow
ing

differentialinclusion,

ν̇
∈

Υ
ν

[−
g
(ν

)],
∀
g
(ν

)∈
∂
ν L

(ν
,θ,λ

),
(73)

and
the

ν-convergence
analysis

is
analogous

to
Step

1
ofthe

proofofT
heorem

7.

Step
2 ′(C

onvergence
ofSem

i-trajectory
ν-update)

Since
ν

convergeson
a

fastertim
escale

than
θ

and
λ,according

to
L

em
m

a
1

in
C

hapter6
ofB

orkar(2008),the
convergence

property
of
ν

in
(23)

can
be

show
n

forany
arbitrarily

fixed
pairof

(θ,λ
)

(in
this

case
w

e
have

(θ,λ
)

=
(θ
k ,λ

k )),i.e.,

ν
k
+

1
=

Γ
N

(
ν
k −

ζ
3 (k

) (
λ
−

λ

1−
α

(P
(s

Tar ≤
0
|
x

0
=
x

0,s
0

=
ν
k ,θ )

+
δν
M
,k

+
1 ) ))

,
(74)

w
here

δν
M
,k

+
1

=
−
P
(s

Tar ≤
0
|
x

0
=
x

0,s
0

=
ν
k ,µ )

+
1{
x
k

=
x

Tar ,s
k ≤

0}
(75)

is
a

square
integrable

stochastic
term

,specifically,

E
[(δν

M
,k

+
1 )

2|F
ν
,k ]≤

2
,

w
hereF

ν
,k

=
σ

(ν
m
,
δν
m
,
m
≤
k
)

is
the

filtration
generated

by
ν.

Since
E

[δν
M
,k

+
1 |F

ν
,k ]

=
0,

δν
M
,k

+
1

is
a

M
artingale

difference
and

the
ν-update

in
(74)

is
a

stochastic
approxim

ation
of

an
elem

entofthe
differentialinclusion

λ

1−
α
P
(s

Tar ≤
0
|
x

0
=
x

0,s
0

=
ν
k ,θ )−

λ
∈
−
∂
ν L

(ν
,θ,λ

)|ν
=
ν
k .

T
hus,

the
ν-update

in
(23)

can
be

view
ed

as
an

E
uler

discretization
of

the
differential

inclusion
in

(73),and
the

ν-convergence
analysis

is
analogous

to
Step

1
ofthe

proofofT
heorem

7.

Step
3

(C
onvergence

of
θ-update)

W
e

first
analyze

the
actor

update
(θ-update).

Since
θ

con-
verges

on
a

fastertim
e

scale
than

λ,according
to

L
em

m
a

1
in

C
hapter6

ofB
orkar(2008),one

can
take

λ
in

the
θ-update

as
a

fixed
quantity

(i.e.,here
w

e
have

that
λ

=
λ
k ).Furtherm

ore,since
v

and
ν

converge
on

a
fasterscale

than
θ,one

also
have‖

v
k −

v ∗(θ
k )‖
→

0,‖ν
k −

ν ∗(θ
k )‖
→

0
alm

ost
surely,and

since
convergence

alm
ostsurely

of
the

ν
sequence

im
plies

convergence
in

distribution,
w

e
have‖

π
θ
k
γ

(x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν
k )−

π
θ
k
γ

(x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν ∗(θ

k ))‖
→

0.
In

the
follow

ing
analysis,w

e
assum

e
thatthe

initialstate
x

0∈
X

is
given.C

onsiderthe
θ-update

in
(21)

θ
k
+

1
=

Γ
Θ

(
θ
k −

ζ
2 (k

) (∇
θ

log
µ

(a
k |x

k ,s
k ;θ)|θ

=
θ
k

δ
k (v

k )

1−
γ

))
.

(76)

U
tilizing

the
above

convergence
properties,(76)can

be
rew

ritten
as

follow
s:

θ
k
+

1
=

Γ
Θ

(
θ
k −

ζ
2 (k

) (∇
θ

lo
g
µ

(a
k |x

k ,s
k ;θ)|θ

=
θ
k (

δ
k (v ∗(θ

k ))

1−
γ

+
ε
k )))

,

w
here

w
e

show
ed

in
the

convergence
analysis

ofthe
ν

sequence
that

ε
k

=
δ
k (v

k )

1−
γ
−
δ
k (v ∗(θ

k ))

1−
γ
→

0
,

alm
ostsurely.
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C
on

si
de

r
th

e
ca

se
in

w
hi

ch
th

e
va

lu
e

fu
nc

tio
n

fo
r

a
fix

ed
po

lic
y
θ

(i
.e

.,
θ

=
θ k

)
is

ap
pr

ox
im

at
ed

by
a

le
ar

ne
d

fu
nc

tio
n

ap
pr

ox
im

at
io

n,
φ
>

(x
,s

)v
∗ (
θ k

).
If

th
e

ap
pr

ox
im

at
io

n
is

su
ffi

ci
en

tly
go

od
,w

e
m

ig
ht

ho
pe

to
us

e
it

in
pl

ac
e

of
V
θ
(x
,s

)
an

d
st

ill
po

in
tr

ou
gh

ly
in

th
e

di
re

ct
io

n
of

th
e

tr
ue

gr
ad

ie
nt

.
R

ec
al

lt
he

te
m

po
ra

ld
iff

er
en

ce
er

ro
r(

ra
nd

om
va

ri
ab

le
)f

or
a

gi
ve

n
pa

ir
(x
k
,s
k
)
∈
X
×

R
:

δ k
(v

)
=
−
v
>
φ

(x
k
,s
k
)

+
γ
v
>
φ

(x
k
+

1
,s
k
+

1
)

+
C̄
λ
(x
k
,s
k
,a
k
).

D
efi

ne
th

e
v

-d
ep

en
de

nt
ap

pr
ox

im
at

ed
ad

va
nt

ag
e

fu
nc

tio
n

Ã
θ
,v

(x
,s
,a

)
:=

Q̃
θ
,v

(x
,s
,a

)
−
v
>
φ

(x
,s

),

w
he

re
Q̃
θ
,v

(x
,s
,a

)
=
γ
∑ x
′ ,
s′
P̄

(x
′ ,
s′
|x
,s
,a

)v
>
φ

(x
′ ,
s′

)
+
C̄
λ
(x
,s
,a

).

T
he

fo
llo

w
in

g
le

m
m

a,
w

ho
se

pr
oo

ff
ol

lo
w

s
fr

om
th

e
pr

oo
fo

fL
em

m
a

3
in

B
ha

tn
ag

ar
et

al
.(

20
09

),
sh

ow
s

th
at
δ k

(v
)

is
an

un
bi

as
ed

es
tim

at
or

of
Ã
θ
,v

.

L
em

m
a

22
Fo

r
an

y
gi

ve
n

po
lic

y
µ

an
d
v
∈
R
κ
1
,w

e
ha

ve

Ã
θ
,v

(x
,s
,a

)
=

E[
δ k

(v
)
|x

k
=
x
,s
k

=
s,
a
k

=
a
].

D
efi

ne ∇
θ
L̃
v
(ν
,θ
,λ

)
:=

1

1
−
γ

∑ x
,a
,s

π
θ γ
(x
,s
,a
|x

0
=
x

0
,s

0
=
ν

)∇
θ

lo
g
µ

(a
|x
,s

;θ
)Ã

θ
,v

(x
,s
,a

)

as
th

e
lin

ea
r

fu
nc

tio
n

ap
pr

ox
im

at
io

n
of
∇
θ
L̃

(ν
,θ
,λ

).
Si

m
ila

r
to

Pr
op

os
iti

on
17

,
w

e
pr

es
en

t
th

e
fo

llo
w

in
g

te
ch

ni
ca

ll
em

m
a

on
th

e
L

ip
sc

hi
tz

pr
op

er
ty

of
∇
θ
L̃
v
(ν
,θ
,λ

).

Pr
op

os
iti

on
23
∇
θ
L̃
v
(ν
,θ
,λ

)
is

a
Li

ps
ch

itz
fu

nc
tio

n
in
θ.

P
ro

of
.

C
on

si
de

r
th

e
fe

at
ur

e
ve

ct
or
v

.
R

ec
al

l
th

at
th

e
fe

at
ur

e
ve

ct
or

sa
tis

fie
s

th
e

lin
ea

r
eq

ua
tio

n
A
v

=
b,

w
he

re
A

an
d
b

ar
e

gi
ve

n
by

(6
6)

an
d

(6
7)

,
re

sp
ec

tiv
el

y.
Fr

om
L

em
m

a
1

in
B

ha
tn

ag
ar

an
d

L
ak

sh
m

an
an

(2
01

2)
,

by
ex

pl
oi

tin
g

th
e

in
ve

rs
e

of
A

us
in

g
C

ra
m

er
’s

ru
le

,
on

e
m

ay
sh

ow
th

at
v

is
co

nt
in

uo
us

ly
di

ff
er

en
tia

bl
e

in
θ.

N
ow

co
ns

id
er

th
e
γ

-o
cc

up
at

io
n

m
ea

su
re
π
θ γ
.

B
y

ap
pl

yi
ng

T
he

or
em

2
in

A
ltm

an
et

al
.

(2
00

4)
(o

r
T

he
or

em
3.

1
in

Sh
ar

dl
ow

an
d

St
ua

rt
(2

00
0)

),
it

ca
n

be
se

en
th

at
th

e
oc

cu
pa

tio
n

m
ea

su
re
π
θ γ

of
th

e
pr

oc
es

s
(x
k
,s
k
)

is
co

nt
in

uo
us

ly
di

ff
er

en
tia

bl
e

in
θ.

R
ec

al
lf

ro
m

A
ss

um
pt

io
n

3
in

Se
ct

io
n

2.
2

th
at
∇
θ
µ

(a
k
|x
k
,s
k
;θ

)
is

a
L

ip
sc

hi
tz

fu
nc

tio
n

in
θ

fo
ra

ny
a
∈
A

an
d
k
∈
{0
,.
..
,T
−

1
},

an
d
µ

(a
k
|x
k
,s
k
;θ

)
is

di
ff

er
en

tia
bl

e
in
θ.

B
y

co
m

bi
ni

ng
th

es
e

ar
gu

m
en

ts
an

d
no

tin
g

th
at

th
e

su
m

of
pr

od
uc

ts
of

L
ip

sc
hi

tz
fu

nc
tio

ns
is

L
ip

sc
hi

tz
,o

ne
co

nc
lu

de
s

th
at
∇
θ
L̃
v
(ν
,θ
,λ

)
is

L
ip

sc
hi

tz
in
θ.

�
W

e
tu

rn
to

th
e

co
nv

er
ge

nc
e

pr
oo

fo
fθ

.

T
he

or
em

24
Th

e
se

qu
en

ce
of
θ-

up
da

te
s

in
(2

1)
co

nv
er

ge
s

al
m

os
t

su
re

ly
to

an
eq

ui
lib

ri
um

po
in

t
θ̂∗

th
at

sa
tis

fie
s

Υ
θ

[ −
∇
θ
L̃
v
∗ (
θ
)(
ν
∗ (
θ)
,θ
,λ

)]
=

0
,

fo
r

a
gi

ve
n
λ
∈

[0
,λ

m
a
x
].

F
ur

th
er

m
or

e,
if

th
e

fu
nc

tio
n

ap
pr

ox
im

at
io

n
er

ro
r
ε θ

(v
k
)

va
ni

sh
es

as
th

e
fe

at
ur

e
ve

ct
or
v k

co
nv

er
ge

s
to
v
∗ ,

th
en

th
e

se
qu

en
ce

of
θ-

up
da

te
s

co
nv

er
ge

s
to
θ∗

al
m

os
t

su
re

ly
,

w
he

re
θ∗

is
a

lo
ca

l
m

in
im

um
po

in
t

of
L

(ν
∗ (
θ)
,θ
,λ

)
fo

r
a

gi
ve

n
λ
∈

[0
,λ

m
a
x
].
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P
ro
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.

W
e

w
ill

m
ai

nl
y

fo
cu

s
on

pr
ov

in
g

th
e

co
nv

er
ge

nc
e

of
θ k
→
θ∗

(s
ec

on
d

pa
rt

of
th

e
th

eo
re

m
).

Si
nc

e
w

e
ju

st
sh

ow
ed

in
Pr

op
os

iti
on

23
th

at
∇
θ
L̃
v
∗ (
θ
)(
ν
∗ (
θ)
,θ
,λ

)
is

L
ip

sc
hi

tz
in
θ,

th
e

co
nv

er
ge

nc
e

pr
oo

fo
fθ

k
→
θ̂∗

(fi
rs

tp
ar

to
ft

he
th

eo
re

m
)f

ol
lo

w
s

fr
om

id
en

tic
al

ar
gu

m
en

ts
.

N
ot

e
th

at
th

e
θ-

up
da

te
in

(7
6)

ca
n

be
re

w
ri

tte
n

as
:

θ k
+

1
=

Γ
Θ

( θ
k

+
ζ 2

(k
)
( −
∇
θ
L

(ν
,θ
,λ

)| ν
=
ν
∗ (
θ
),
θ
=
θ k

+
δθ
k
+

1
+
δθ
ε)
) ,

w
he

re

δθ
k
+

1
=
∑

x
′ ,
a
′ ,
s′
π
θ k γ

(x
′ ,
s′
,a
′ |x

0
=
x

0
,s

0
=
ν
∗ (
θ k

))
∇
θ

lo
g
µ

(a
′ |x
′ ,
s′

;θ
)| θ

=
θ k

Ã
θ k
,v
∗ (
θ k

) (
x
′ ,
s′
,a
′ )

1
−
γ

−
∇
θ

lo
g
µ

(a
k
|x
k
,s
k
;θ

)| θ
=
θ k

δ k
(v
∗ (
θ k

))

1
−
γ

.

an
d

δθ
ε

=
∑

x
′ ,
a
′ ,
s′
π
θ k γ

(x
′ ,
s′
,a
′ |x

0
=
x

0
,s

0
=
ν
∗ (
θ k

))
·

∇
θ

lo
g
µ

(a
′ |x
′ ,
s′

;θ
)| θ

=
θ k

1
−
γ

(A
θ k

(x
′ ,
s′
,a
′ )
−
Ã
θ k
,v
∗ (
θ k

) (x
′ ,
s′
,a
′ )

)

Fi
rs

t,
on

e
ca

n
sh

ow
th

at
δθ
k
+

1
is

sq
ua

re
in

te
gr

ab
le

,s
pe

ci
fic

al
ly

,

E[
‖δ
θ k

+
1
‖2
|F

θ
,k

]

≤
2

1
−
γ
‖∇

θ
lo

g
µ

(u
|x
,s

;θ
)| θ

=
θ k
1
{µ

(u
|x
,s

;θ
k
)
>

0}
‖2 ∞
( ‖
Ã
θ k
,v
∗ (
θ k

) (x
,s
,a

)‖
2 ∞

+
|δ k

(v
∗ (
θ k

))
|2)

≤
2

1
−
γ
·

‖∇
θ
µ

(u
|x
,s

;θ
)| θ

=
θ k
‖2 ∞

m
in
{µ

(u
|x
,s

;θ
k
)
|µ

(u
|x
,s

;θ
k
)
>

0}
2

( ‖
Ã
θ k
,v
∗ (
θ k

) (x
,s
,a

)‖
2 ∞

+
|δ k

(v
∗ (
θ k

))
|2)

≤
64
K

2
‖θ
k
‖2

1
−
γ

( m
ax

x
,s
,a
|C̄
λ
(x
,s
,a

)|2
+

2
m

ax
x
,s
‖φ

(x
,s

)‖
2

su
p
k
‖v
k
‖2
)

≤
64
K

2
‖θ
k
‖2

1
−
γ

(
∣ ∣ ∣ ∣m

ax

{ C
m

a
x
,

2
λ
D

m
a
x

γ
T

(1
−
α

)(
1
−
γ

)}∣ ∣ ∣ ∣
2

+
2

m
ax
x
,s
‖φ

(x
,s

)‖
2

su
p
k
‖v
k
‖2
)
,

fo
rs

om
e

L
ip

sc
hi

tz
co

ns
ta

nt
K

,w
he

re
th

e
in

di
ca

to
rf

un
ct

io
n

in
th

e
se

co
nd

lin
e

ca
n

be
ex

pl
ai

ne
d

by
th

e
fa

ct
th

at
π
θ k γ

(x
,s
,u

)
=

0
w

he
ne

ve
rµ

(u
|x
,s

;θ
k
)

=
0

an
d

be
ca

us
e

th
e

ex
pe

ct
at

io
n

is
ta

ke
n

w
ith

re
sp

ec
tt

o
π
θ k γ

.
T

he
th

ir
d

in
eq

ua
lit

y
us

es
A

ss
um

pt
io

n
3

an
d

th
e

fa
ct

th
at
µ

ta
ke

s
on

fin
ite

ly
-m

an
y

va
lu

es
(a

nd
th

us
its

no
nz

er
o

va
lu

es
ar

e
bo

un
de

d
aw

ay
fr

om
ze

ro
).

Fi
na

lly
,s

u
p
k
‖v
k
‖
<
∞

fo
llo

w
s

fr
om

th
e

Ly
ap

un
ov

an
al

ys
is

in
th

e
cr

iti
c

up
da

te
.

Se
co

nd
,n

ot
e

th
at

δθ
ε
≤

(1
+
γ

)‖
ψ
θ k
‖ ∞

(1
−
γ

)2
ε θ
k
(v
∗ (
θ k

))
,

(7
7)
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R
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K
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O
N

S
T

R
A

IN
E

D
R

E
IN

F
O

R
C

E
M

E
N

T
L

E
A

R
N

IN
G

W
IT

H
P

E
R

C
E

N
T

IL
E

R
IS

K
C

R
IT

E
R

IA

w
here

ψ
θ (x

,s,a
)

=
∇
θ

log
µ

(a|x
,s;θ)

is
the

“com
patible

feature.”
T

he
lastinequality

is
due

to
the

factthatsince
π
θγ

is
a

probability
m

easure,convexity
ofquadratic

functions
im

plies
∑x
′,a ′,s ′ π

θγ (x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν ∗(θ))(A

θ(x
′,s ′,a ′)−

Ã
θ
,v(x

′,s ′,a ′))

≤
∑x
′,a ′,s ′ π

θγ (x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν ∗(θ))(Q

θ(x
′,s ′,a ′)−

Q̃
θ
,v(x

′,s ′,a ′))

+
∑x
′,s ′ d

θγ (x
′,s ′|x

0
=
x

0,s
0

=
ν ∗(θ))(V

θ(x
′,s ′)−

Ṽ
θ
,v(x

′,s ′))

=
γ
∑x
′,a ′,s ′ π

θγ (x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν ∗(θ))

∑x
′′,s ′′ P̄

(x
′′,s ′′|x

′,s ′,a ′)(V
θ(x
′′,s ′′)−

φ
>

(x
′′,s ′′)v

)

+

√
∑x
′,s ′ d

θγ (x
′,s ′|x

0
=
x

0,s
0

=
ν ∗(θ))(V

θ(x
′,s ′)−

Ṽ
θ
,v(x

′,s ′))
2

≤
γ √

∑x
′,a ′,s ′ π

θγ (x
′,s ′,a ′|x

0
=
x

0,s
0

=
ν ∗(θ))

∑x
′′,s ′′ P̄

(x
′′,s ′′|x

′,s ′,a ′)(V
θ(x
′′,s ′′)−

φ
>

(x
′′,s ′′)v

)
2

+
ε
θ (v

)

1−
γ

≤
√
∑x
′′,s ′′ (d

θγ (x
′′,s ′′|x

0,ν ∗(θ))−
(1−

γ
)1{x

0
=
x
′′,ν

=
s ′′} )

(V
θ(x
′′,s ′′)−

φ
>

(x
′′,s ′′)v

)
2

+
ε
θ (v

)

1−
γ

≤
(

1
+
γ

1−
γ )

ε
θ (v

).

T
hen

by
L

em
m

a
22,if

the
γ-occupation

m
easure

π
θγ

is
used

to
generate

sam
ples

(x
k ,s

k ,a
k ),

one
obtainsE

[δθ
k
+

1 |F
θ
,k ]

=
0,w

hereF
θ
,k

=
σ

(θ
m
,
δθ
m
,
m
≤
k
)

is
the

filtration
generated

by
differentindependenttrajectories.O

n
the

otherhand,|δθ
ε |→

0
as
ε
θ
k (v ∗(θ

k ))→
0.T

herefore,the
θ-update

in
(76)is

a
stochastic

approxim
ation

ofthe
continuous

system
θ(t),described

by
the

O
D

E

θ̇
=

Υ
θ [−
∇
θ L

(ν
,θ,λ

)|ν
=
ν ∗

(θ
) ]
,

w
ith

an
error

term
thatis

a
sum

of
a

vanishing
bias

and
a

M
artingale

difference.
T

hus,the
conver-

gence
analysis

of
θ

follow
s

analogously
from

Step
2

in
the

proofofT
heorem

7,i.e.,the
sequence

of
θ-updates

in
(21)converges

to
θ ∗

alm
ostsurely,w

here
θ ∗

is
the

equilibrium
pointofthe

continuous
system

θ
satisfying

Υ
θ [−
∇
θ L

(ν
,θ,λ

)|ν
=
ν ∗

(θ
) ]

=
0.

(78)�
Step

4
(L

ocalM
inim

um
)

T
he

proof
that

(θ ∗,ν ∗)
is

a
localm

inim
um

follow
s

directly
from

the
argum

ents
in

Step
3

in
the

proofofT
heorem

7.

Step
5

(λ-update
and

C
onvergence

to
L

ocalSaddle
Point)

N
ote

that
the

λ-update
converges

on
the

slow
esttim

e
scale,according

to
previous

analysis,w
e

have
that‖θ

k −
θ ∗(λ

k )‖
→

0,‖ν
k −

ν ∗(λ
k )‖
→

0
alm

ostsurely.B
y

continuity
of∇

λ L
(ν
,θ,λ

),w
e

also
have

the
follow

ing:
∥∥∥∥∥ ∇

λ L
(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
k
),ν

=
ν ∗

(λ
k
),λ

=
λ
k −
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ
k
,ν

=
ν
k
,λ

=
λ
k ∥∥∥∥∥
→

0.
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T
hus,(20)m

ay
be

rew
ritten

as

λ
k
+

1
=

Γ
Λ (

λ
k

+
ζ

1 (k
) (
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
),λ

=
λ
k

+
δλ

k
+

1 )
)
,

(79)

w
here

δλ
k
+

1
=
−
∇
λ L

(ν
,θ,λ

) ∣∣∣∣θ
=
θ ∗

(λ
),ν

=
ν ∗

(λ
),λ

=
λ
k +


(ν
k −

ν ∗(λ
k ))

︸
︷︷

︸
‖
ν
k −

ν ∗
(λ
k
)‖→

0

+
ν ∗(λ

k )
+

(−
s
k )

+

(1−
α

)(1−
γ

) 1{
x
k

=
x

Tar }−
β 

.

(80)

From
(41),∇

λ L
(ν
,θ,λ

)
does

notdepend
on
λ.

Sim
ilar

to
the

θ-update,one
can

easily
show

that
δλ

k
+

1
is

square
integrable,specifically,

E
[‖
δλ

k
+

1 ‖
2|F

λ
,k ]≤

8 (
β

2
+

(
D

m
a
x

1−
γ )

2

+

(
2D

m
a
x

(1−
γ

)
2(1−

α
) )

2 )
,

w
hereF

λ
,k

=
σ (λ

m
,
δλ

m
,
m
≤
k )

is
the

filtration
of
λ

generated
by

differentindependenttrajec-
tories.Sim

ilarto
the

θ-update,using
the

γ-occupation
m

easure
π
θγ ,one

obtainsE
[δλ

k
+

1 |F
λ
,k ]

=
0.

A
s

above,the
λ-update

is
a

stochastic
approxim

ation
for

the
continuous

system
λ

(t)
described

by
the

O
D

E

λ̇
=
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sa

ry
in

th
e

se
n

se
th

a
t

if
th

e
re

ve
rs

ed
st

ri
ct

in
eq

u
a
li

ti
es

h
o
ld

,
th

en
D

0
is

n
o
t

lo
ca

ll
y

id
en

ti
fi

a
bl

e.
O

n
th

e
o
th

er
h
a
n

d
,

if
s

=
K

o
r
p

=
1,

th
en

D
0

is
n

o
t

lo
ca

ll
y

id
en

ti
fi

a
bl

e
w

it
h

re
sp

ec
t

to
L
S
G
(s
)

o
r
L
B
G
(p
).

P
ro

o
f

sk
e
tc

h
.

L
et
{D

t}
t∈

R
b

e
a

co
ll
ec

ti
on

of
d
ic

ti
on

ar
ie

s
D
t
∈
D

in
d
ex

ed
b
y
t
∈

R
an

d
L

(D
)

=
E
l(

x
1
,D

)
b

e
th

e
p

op
u
la

ti
on

ob
je

ct
iv

e
fu

n
ct

io
n
.

T
h
e

re
fe

re
n
ce

d
ic

ti
o
n
a
ry

D
0

is
a

st
ri

ct
lo

ca
l

m
in

im
u
m

of
L

(D
)

on
th

e
m

an
if

ol
d
D

if
an

d
on

ly
if

th
e

fo
ll
ow

in
g

st
a
te

m
en

t
h
ol

d
s:

fo
r

an
y
{D

t}
t∈

R
th

at
is

a
sm

o
ot

h
fu

n
ct

io
n

of
t

w
it

h
n
on

-v
an

is
h
in

g
d
er

iv
a
ti

v
e

a
t

t
=

0,
L

(D
t)

h
as

a
st

ri
ct

lo
ca

l
m

in
im

u
m

at
t

=
0.

F
or

a
fi
x
ed
{D

t}
t∈

R
,

to
en

su
re

th
a
t

L
(D

t)
ac

h
ie

ve
s

a
st

ri
ct

lo
ca

l
m

in
im

u
m

at
t

=
0,

it
su

ffi
ce

s
to

h
av

e
th

e
fo

ll
ow

in
g

o
n
e-

si
d
ed

d
er

iv
at

iv
e

in
eq

u
al

it
ie

s:

li
m

t↓
0
+

L
(D

t)
−
L

(D
0
)

t
>

0
an

d
li
m

t↑
0
−

L
(D

t)
−
L

(D
0
)

t
<

0.

It
ca

n
b

e
sh

ow
n

th
at

th
e

ab
ov

e
in

eq
u
al

it
ie

s
ar

e
eq

u
iv

al
en

t
to

:

m
ax

j∈
JK

K∣ ∣ ∣M
0
[−
j,
j]
T
w
∣ ∣ ∣<

{
1
−

s−
1

K
−
1

fo
r
S
G

(s
)

1
−
p

fo
r
B
G

(p
)

w
h
er

e
w
∈
R
K
−
1

is
a

u
n
it

ve
ct

or
u
n
d
er

n
or

m
|||.
||| s

or
|||.
||| p

an
d

co
rr

es
p

on
d
s

to
th

e
d
ir

ec
ti

on
in

w
h
ic

h
D
t

ap
p
ro

ac
h
es

D
0

as
t

te
n
d
s

to
ze

ro
.

S
in

ce
t

=
0

h
as

to
b

e
a

st
ri

ct
lo

ca
l

m
in

im
u
m

fo
r

al
l

sm
o
ot

h
{D

t}
t∈

R
or

ap
p
ro

ac
h
in

g
d
ir

ec
ti

on
s,

b
y

ta
k
in

g
th

e
su

p
re

m
u
m

ov
er

a
ll

su
ch

u
n
it

v
ec

to
rs

th
e

L
H

S
of

th
e

ab
ov

e
in

eq
u
al

it
y

b
ec

om
es

th
e

d
u
al

n
or

m
of
|||.
||| s

o
r
|||.
||| p

.
O

n
th

e
ot

h
er

h
an

d
,
D

0
is

n
ot

a
lo

ca
l

m
in

im
u
m

if
li
m
t↓
0
+

(L
(D

t)
−
L

(D
0
))
/
t
<

0
or

li
m
t↑
0
−

(L
(D

t)
−

L
(D

0
))
/t
>

0
fo

r
so

m
e
{D

t}
t∈

R
.

T
h
u
s

th
e

su
ffi

ci
en

t
co

n
d
it

io
n

is
al

so
al

m
os

t
n
ec

es
sa

ry
.

W
e

re
fe

r
re

ad
er

s
to

S
ec

ti
on

A
.1

.2
fo

r
th

e
d
et

ai
le

d
p
ro

of
.

L
o
c
a
l

id
e
n
ti

fi
a
b

il
it

y
p

h
a
se

b
o
u

n
d

a
ry

.
T

h
eo

re
m

1
in

d
ic

a
te

s
th

at
p

o
p
u
la

ti
o
n

lo
ca

l
id

en
ti

fi
ab

il
it

y
u
n
d
er

go
es

a
p
h
as

e
tr

an
si

ti
on

.
T

h
e

fo
ll
ow

in
g

eq
u
at

io
n
s

m
ax

j∈
JK

K||
|M

0
[−
j,
j]
|||∗ s

=
1
−

s
−

1

K
−

1
an

d
m

ax
j∈

JK
K||
|M

0
[−
j,
j]
|||∗ p

=
1
−
p
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

d
efi

n
e

th
e

p
h
a
se

b
ou

n
d
aries

w
h
ich

sep
arate

th
e

region
s

of
lo

cal
id

en
tifi

ab
ility

an
d

n
on

-
id

en
tifi

a
b
ility

u
n
d
er

resp
ective

m
o
d
els.

It
is

u
n
clear

w
h
eth

er
D

0
is

lo
cally

id
en

tifi
a
b
le

on
th

e
p
h
a
se

b
o
u
n
d
ary.

If
eith

er
eq

u
ality

in
(6)

h
old

s,
th

e
d
irection

al
d
erivativ

e
of

th
e

ob
jective

fu
n
ctio

n
at

D
0

b
ecom

e
zero

in
certain

d
irection

s.
H

en
ce

an
aly

zin
g

lo
cal

id
en

tifi
ab

ility
in

th
is

ca
se

req
u
ires

h
igh

er
ord

er
d
erivative

com
p
u
tation

s
th

at
q
u
ick

ly
b

ecom
e

com
p
lica

ted
.

C
o
llin

e
a
rity

a
n

d
sp

a
rsity

.
T

h
ese

are
th

e
tw

o
factors

th
at

d
eterm

in
e

lo
cal

id
en

tifi
-

a
b
ility.

In
tu

itively,
for

D
0

to
b

e
lo

cally
id

en
tifi

ab
le,

n
eith

er
can

th
e

atom
s

of
D

0
b

e
to

o
lin

ea
rly

d
ep

en
d
en

t,
n
or

can
th

e
ran

d
o
m

lin
ear

co
effi

cien
ts

b
e

to
o

d
en

se.
F

or
th

e
s-sp

arse
G

a
u
ssia

n
m

o
d
el,

th
e

q
u
an

tity
m

ax
j∈JK

K |||M
0 [−

j,j]||| ∗s
m

easu
res

th
e

size
of

th
e

off
-d

iagon
al

en
tries

o
f
M

0
an

d
h
en

ce
th

e
collin

earity
of

th
e

d
iction

ary
atom

s.
In

ad
d
ition

,
th

at
q
u
an

tity
d
ep

en
d
s

o
n

th
e

sp
arsity

p
aram

eter
s.

B
y

L
em

m
a

7
in

th
e

A
p
p

en
d
ix

,
m

ax
j∈JK

K |||M
0 [−

j,j]||| ∗s
is

in
crea

sin
g

w
ith

resp
ect

to
s.

S
im

ilar
con

clu
sion

h
old

s
for

th
e

B
ern

ou
lli-G

au
ssian

m
o
d
el.

T
h
erefo

re,
sp

a
rser

lin
ear

co
effi

cien
ts

w
ill

lead
to

less
restrictive

req
u
irem

en
t

on
d
iction

ary
a
tom

co
llin

ea
rity.

S
ee,

for
ex

am
p
le,

th
e

p
h
ase

b
ou

n
d
aries

in
F

igu
re

1.

N
ex

t,
w

e
w

ill
p
resen

t
a

few
ex

am
p
les

to
ga

in
m

ore
in

tu
ition

for
th

e
lo

cal
id

en
tifi

ab
ility

co
n
d
ition

s.

E
x
a
m

p
le

1
(1

-spa
rse

G
a
u

ssia
n

m
od

el)
A

fu
ll

ra
n

k
D

0
is

a
lw

a
ys

loca
lly

id
en

tifi
a
ble

a
t

th
e

po
p
u

la
tio

n
level

u
n

d
er

a
1
-spa

rse
G

a
u

ssia
n

m
od

el.
In

d
eed

,
by

C
o
ro

lla
ry

7
in

th
e

A
p
pen

d
ix,

|||M
0 [−

j,j]||| ∗1
=

m
ax

i6=
j |M

0 [i,j]|
<

1
fo

r
a
ll
j
∈

JK
K.

T
h
u

s,
a

fu
ll

ra
n

k
d
ictio

n
a
ry

D
0

a
lw

a
ys

sa
tisfi

es
th

e
su

ffi
cien

t
co

n
d
itio

n
.

E
x
a
m

p
le

2
((K
−

1)-spa
rse

G
a
u

ssia
n

m
od

el)
F

o
r
j∈

JK
K,

by
C

o
ro

lla
ry

7
,

|||M
0 [−

j,j]||| ∗K
−
1

=
‖
M

0 [−
j,j]‖

2 .

T
h
erefo

re
th

e
p
h
a
se

bo
u

n
d
a
ry

u
n

d
er

th
e

(K
−

1)-spa
rse

m
od

el
is

m
ax

j∈JK
K ‖M

0 [−
j,j]‖

2
=

1

K
−

1
.

E
x
a
m

p
le

3
(O

rth
ogo

n
a
l

d
ictio

n
a
ries)

If
M

0
=

I,
th

en

m
ax

j∈JK
K |||M

0 [−
j,j]||| ∗s

=
m

ax
j∈JK

K |||M
0 [−

j,j]||| ∗p
=

0.

T
h
erefo

re
o
rth

ogo
n

a
l

d
ictio

n
a
ries

a
re

a
lw

a
ys

loca
lly

id
en

tifi
a
ble

if
s
<
K

o
r
p
<

1.

E
x
a
m

p
le

4
(M

in
im

a
lly

d
epen

d
en

t
d
ictio

n
a
ry

a
to

m
s)

L
et
µ
∈

(−
1
,1).

C
o
n

sid
er

a
d
ictio

-
n

a
ry

a
to

m
co

llin
ea

rity
m

a
trix

M
0

su
ch

th
a
t

M
0 [1,2]

=
M

0 [2,1]
=
µ

a
n

d
M

0 [i,j]
=

0
fo

r
a
ll

o
th

er
i6=

j.
B

y
C

o
ro

lla
ry

8
,

m
ax

j∈JK
K |||M

0 [−
j,j]||| ∗s

=
m

ax
j∈JK

K |||M
0 [−

j,j]||| ∗p
=
|µ|.

T
h
u

s
th

e
p
h

a
se

bo
u

n
d
a
ries

u
n

d
er

respective
m

od
els

a
re

|µ|
=

1−
s−

1

K
−

1
a
n

d
|µ|

=
1−

p
.

N
o
tice

th
a
t

fo
r

th
e

B
ern

o
u

lli-G
a
u

ssia
n

m
od

el
w

ith
K

=
2
,

th
e

p
h
a
se

bo
u

n
d
a
ry

a
grees

w
ith

th
e

em
p
irica

l
p
h
a
se

bo
u

n
d
a
ry

in
F

igu
re

3
o
f

G
S

.
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W
u
a
n
d

Y
u

E
x
a
m

p
le

5
(C

o
n

sta
n

t
in

n
er-p

rod
u

ct
d
ictio

n
a
ries)

L
et

M
0

=
µ
1
1
T

+
(1−

µ
)I,

i.e.,
D

0 [,i] T
D

0 [,j]
=

µ
fo

r
1
≤
i
<
j
≤
K

.
N

o
te

th
a
t

M
0

is
po

sitive
d
efi

n
ite

if
a
n

d
o
n

ly
if
µ
∈

(−
1

K
−
1 ,1

).
B

y
C

o
ro

lla
ry

9
,

w
e

h
a
ve

|||M
0 [−

j,j]||| ∗s
=
√
s|µ|.

T
h
u

s
fo

r
th

e
s-spa

rse
m

od
el,

th
e

p
h
a
se

bo
u

n
d
a
ry

is

√
s|µ|

=
1−

s−
1

K
−

1
.

S
im

ila
rly

fo
r

th
e

B
ern

o
u

lli(p
)-G

a
u

ssia
n

m
od

el,
w

e
h
a
ve

|||M
0 [−

j,j]||| ∗p
=
|µ|p

(K
−

1) (
K
−
1

∑k
=
0

p
b
i
n
o
m
(k
,K
−

1,p
) √
k )
−
1.

T
h
u

s
th

e
p
h
a

se
bo

u
n

d
a
ry

is

|µ|
=

1−
p

p
(K
−

1)

K
−
1

∑k
=
0

p
b
i
n
o
m
(k
,K
−

1
,p

) √
k
.

F
igu

res
3

sh
o
w

s
th

e
p
h
a
se

bo
u

n
d
a
ries

fo
r

d
iff

eren
t

d
ictio

n
a
ry

sizes
u

n
d
er

th
e

tw
o

m
od

els.
A

s
K

in
crea

ses,
th

e
p
h
a
se

bo
u

n
d
a
ry

m
o
ves

to
w

a
rd

th
e

lo
w

er
left

o
f

th
e

regio
n

.
T

h
is

o
bserva

tio
n

in
d
ica

tes
th

a
t

reco
verin

g
th

e
referen

ce
d
ictio

n
a
ry

loca
lly

beco
m

es
in

crea
sin

gly
d
iffi

cu
lt

fo
r

la
rger

d
ictio

n
a
ry

size.
S

ee
a
lso

A
p
pen

d
ix

F
igu

res
B

.1
a
n

d
B

.2
fo

r
sim

u
la

tio
n

resu
lts

w
ith

la
rger

K
’s.

T
h

e
e
ff

e
c
t

o
f

n
o
n

-sp
a
rse

o
u

tlie
rs.

E
x
am

p
le

5
d
em

on
stra

tes
h
ow

th
e

p
resen

ce
of

n
on

-
sp

arse
ou

tliers
in

th
e

B
ern

ou
lli-G

au
ssian

m
o
d
el

(F
igu

re
2

R
igh

t)
aff

ects
th

e
req

u
irem

en
ts

for
lo

cal
id

en
tifi

ab
ility.

S
et
p

=
sK

in
ord

er
to

h
av

e
th

e
sam

e
level

of
sp

arsity
w

ith
th

e
S
G

(s)
m

o
d
el.

A
p
p
ly

in
g

J
en

sen
’s

in
eq

u
ality,

on
e

can
sh

ow
th

at

1−
p

p
(K
−

1)

K
−
1

∑k
=
0

p
b
i
n
o
m
(k
,K
−

1
,p

) √
k
<

1√s
(1−

s−
1

K
−

1
),

w
h
ich

in
d
icates

th
at

th
e

p
h
ase

b
ou

n
d
ary

of
th

e
s-sp

arse
m

o
d
els

is
alw

ay
s

ab
ove

th
at

of
th

e
B

ern
ou

lli-G
au

ssian
m

o
d
el

w
ith

th
e

sam
e

level
of

sp
arsity.

T
h
e

gap
b

etw
een

th
e

tw
o

p
h
ase

b
ou

n
d
aries

is
th

e
ex

tra
cost

in
term

s
of

th
e

collin
earity

p
aram

eter
µ

for
lo

cally
recoverin

g
th

e
d
iction

ary
in

th
e

p
resen

ce
of

n
on

-sp
arse

ou
tliers.

O
n
e

ex
trem

e
ex

am
p
le

is
th

e
case

w
h
ere

s
=

1
an

d
corresp

on
d
in

gly
p

=
1K

.
B

y
E

x
am

p
le

1,
u
n
d
er

a
1-sp

arse
m

o
d
el

th
e

referen
ce

d
iction

ary
D

0
is

alw
ay

s
lo

cally
id

en
tifi

ab
le

if|µ|
<

1.
B

u
t

for
th

e
B
G

(
1K

)
m

o
d
el,

b
y

th
e

rem
ark

s
u
n
d
er

C
orollary

1,
D

0
is

n
ot

lo
cally

id
en

tifi
ab

le
if|µ|

>
1−

1K
.

H
en

ce,
th

e
req

u
irem

en
t

for
µ

in
th

e
p
resen

ce
of

ou
tliers

is
a
t

least
1K

m
ore

strin
gen

t
th

an
th

at
in

th
e

case
of

n
o

ou
tliers.

H
ow

ever,
su

ch
a

d
iff

eren
ce

d
im

in
ish

es
as

th
e

n
u
m

b
er

of
d
iction

ary
atom

s
K

in
creases.

In
d
eed

,
b
y

L
em

m
a

2,
on

e
can

estab
lish

th
e

follow
in

g
low

er
b

o
u
n
d

for
th

e
p
h
ase

b
ou

n
d
ary

u
n
d
er

th
e
B
G

(p
)
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p
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th
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p
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at
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d
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re
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}∪

Jm
K.

D
en

o
te

by
L
m

(d
,k

)
th

e
h
yp

er
ge

o
m

et
ri

c
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=
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∈
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∈
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√
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−
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∈
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∈
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⊂
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√
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⊂
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⊂

Jm
K,|
S
|=
s
‖z

[S
]‖

2
.

13
JM

L
R

 1
8(

16
8)

:1
-5

6,
 2

01
8

W
u
a
n
d

Y
u

2
.

F
o
r
p
∈
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‖ ∞
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⊂
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√
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⊂
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⊂
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=
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∅
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b
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∈
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∈
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−
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−
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R
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b
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h

re
sp

ec
t

to
L
N

(D
)

w
it

h
p
ro

ba
bi

li
ty

ex
ce

ed
in

g

1
−
K

2
(P

1
(ε
,N

;µ
1
(M

0
),
K
p
)

+
P 2

(ε
,N

;p
,K

p
)

+
P 3

(ε
,N

;p
,K

))
.

2
.

If

m
ax

j∈
JK

K||
|M

0
[−
j,
j]
|||∗ p
≥

1
−
p

+

√
π 2
ε,

th
en

D
0

is
n

o
t

lo
ca

ll
y

id
en

ti
fi

a
bl

e
w

it
h

re
sp

ec
t

to
L
N

(D
)

w
it

h
p
ro

ba
bi

li
ty

ex
ce

ed
in

g

1
−
K

(P
1
(ε
,N

;µ
1
(M

0
),
K
p
)

+
P 2

(ε
,N

;p
,K

p
)

+
P 3

(ε
,N

;p
,K

))
.

R
e
m

a
rk

s:
T

h
e

co
n
d
it

io
n
s

fo
r

fi
n
it

e
sa

m
p
le

lo
ca

l
id

en
ti

fi
ab

il
it

y
ar

e
es

se
n
ti

a
ll
y

id
en

ti
ca

l
to

th
ei

r
p

op
u
la

ti
on

co
u
n
te

rp
ar

ts
.

T
h
e

m
ai

n
d
iff

er
en

ce
is

an
m

ar
gi

n
of
√

π 2
ε

on
th

e
R

H
S

o
f

th
e

in
eq

u
al

it
ie

s.
S
u
ch

a
m

ar
gi

n
ap

p
ea

rs
as

a
re

su
lt

of
ou

r
p
ro

of
te

ch
n
iq

u
es

:
w

e
sh

ow
th

a
t

th
e

d
er

iv
at

iv
e

of
L
N

is
w

it
h
in
O

(ε
)

of
it

s
ex

p
ec

ta
ti

on
an

d
th

en
ap

p
ly

lo
ca

l
id

en
ti

fi
a
b
il
it

y
re

su
lt

s
fo

r
th

e
p

op
u
la

ti
on

ca
se

.
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

S
a
m

p
le

siz
e

re
q
u

ire
m

e
n
t.

T
h
e

th
eorem

s
in

d
icate

th
at

if
th

e
n
u
m

b
er

of
sig

n
als

is
a

m
u
ltip

le
o
f

th
e

follow
in

g
q
u
an

tity,

F
or
S
G

(s):
1ε
2

m
ax {

µ
1 (M

0 )K
log

K
,
s

log
K
,
Ks
K

log (
Kεs )}

F
o
r
B
G

(p
):

1ε
2

m
ax {

µ
1 (M

0 )K
log

K
,
p
K

log
K
,

1p
K

log (
1εp )}

th
en

w
ith

h
ig

h
p
rob

ab
ility

w
e

can
d
eterm

in
e

th
e

con
d
ition

s
for

lo
cal

id
en

tifi
ab

ility.
T

h
u
s,

in
th

e
w

o
rst

ca
se,

th
e

sam
p
le

size
req

u
irem

en
ts

for
th

e
tw

o
m

o
d
els

are
resp

ectively

O
( K

log
K

sK

)
an

d
O

( K
log

K

p
).

O
u
r

sa
m

p
le

size
req

u
irem

en
t

is
sim

ilar
to

th
at

of
G

S
,

w
h
o

sh
ow

s
th

at
O

(
K

lo
g
K

p
(1−

p
)

)
sign

als
is

en
o
u
g
h

fo
r

lo
cally

recoverin
g

an
in

coh
eren

t
referen

ce
d
iction

ary.
O

u
r

resu
lt

in
d
icates

th
e

1−
p

fa
cto

r
in

th
eir

d
en

om
in

ator
is

n
ot

n
ecessary.

T
h
e

fo
llow

in
g

tw
o

corollaries
are

th
e

fi
n
ite

sam
p
le

cou
n
terp

arts
of

C
orollary

1.

C
o
ro

lla
ry

3
U

n
d
er

th
e

sa
m

e
a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
2
,

1
.

(S
u

ffi
cien

t
co

n
d
itio

n
fo

r
S
G

(s))
If

µ
s (M

0 )≤
1−

s−
1

K
−

1
−
√
π2
ε,

th
en

D
0

is
loca

lly
id

en
tifi

a
ble

w
ith

respect
to
L
N

(D
),

w
ith

th
e

sa
m

e
p
ro

ba
bility

bo
u

n
d

in
th

e
fi

rst
pa

rt
o
f

T
h
eo

rem
2
.

2
.

(N
ecessa

ry
co

n
d
itio

n
fo

r
S
G

(s))
If

s

K
−

1
ν
s (M

0 )≥
1−

s−
1

K
−

1
+

√
π2
ε,

th
en

D
0

is
n

o
t

loca
lly

id
en

tifi
a
ble

w
ith

respect
to
L
N

(D
),

w
ith

th
e

sa
m

e
p
ro

ba
bility

bo
u

n
d

in
th

e
seco

n
d

pa
rt

o
f

T
h
eo

rem
2
.

C
o
ro

lla
ry

4
U

n
d
er

th
e

sa
m

e
a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
3
,

1
.

(S
u

ffi
cien

t
co

n
d
itio

n
fo

r
B
G

(p
))

L
et
k

=
dp

(K
−

1)
+

1e.
If

µ
k (M

0 )≤
1−

p−
√
π2
ε,

th
en

D
0

is
loca

lly
id

en
tifi

a
ble

w
ith

respect
to
L
N

(D
),

w
ith

th
e

sa
m

e
p
ro

ba
bility

bo
u

n
d

in
th

e
fi

rst
pa

rt
o
f

T
h
eo

rem
3
.
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W
u
a
n
d

Y
u

2
.

(N
ecessa

ry
co

n
d
itio

n
fo

r
B
G

(p
))

L
et
k

=
p
(K
−

1).
If

p
ν
k (M

0 )≥
1−

p
+

√
π2
ε,

th
en

D
0

is
n

o
t

loca
lly

id
en

tifi
a
ble

w
ith

respect
to
L
N

(D
),

w
ith

th
e

sa
m

e
p
ro

ba
bility

bo
u

n
d

in
th

e
seco

n
d

pa
rt

o
f

T
h
eo

rem
3
.

R
e
m

a
rk

s:
A

s
b

efore,
d
en

ote
b
y
µ
∈

[0,1)
th

e
coh

eren
ce

of
th

e
referen

ce
d
iction

ary.
T

h
e

ab
ove

tw
o

corollaries
in

d
icate

th
at

th
e

referen
ce

d
iction

ary
is

lo
cally

id
en

tifi
ab

le
w

ith
h
igh

p
rob

ab
ility

for
sp

arsity
level

s
or
p
K

u
p

to
th

e
ord

er
O

(µ
−
2).

P
ro

o
f

sk
e
tch

fo
r

T
h

e
o
re

m
2

a
n

d
3
.

S
im

ilar
to

th
e

p
op

u
lation

case,
b
y

tak
in

g
on

e-
sid

ed
d
erivatives

of
L
N

(D
t )

w
ith

resp
ect

to
t

at
t

=
0

for
all

sm
o
oth
{
D
t }
t∈

R
,

w
e

can
d
erive

a
su

ffi
cien

t
an

d
alm

ost
n
ecessary

algeb
raic

con
d
ition

for
th

e
referen

ce
d
iction

ary
D

0
to

b
e

a
strict

lo
cal

m
in

im
u
m

of
L
N

(D
).

U
sin

g
th

e
con

cen
tration

in
eq

u
alities

in
L

em
m

a
3—

5,
w

e
sh

ow
th

at
th

e
sto

ch
astic

term
s

in
th

e
algeb

raic
con

d
ition

are
close

to
th

eir
ex

p
ectation

s
w

ith
h
igh

p
rob

ab
ility.

T
h
e

p
op

u
lation

resu
lts

for
lo

cal
id

en
tifi

ab
ility

can
th

en
b

e
ap

p
lied

.
T

h
e

p
ro

ofs
for

th
e

tw
o

sign
al

gen
eration

m
o
d
els

are
con

cep
tu

ally
th

e
sam

e
after

estab
lish

in
g

L
em

m
a

8
to

relate
th

e
|||.||| ∗p

n
orm

to
th

e
|||.||| ∗s

n
orm

.
T

h
e

d
etailed

p
ro

of
can

b
e

fou
n
d

in
S
ection

A
.2.

C
o
m

p
a
riso

n
w

ith
th

e
p

ro
o
f

b
y

G
S

.
T

h
e

k
ey

d
iff

eren
ce

b
etw

een
ou

r
an

aly
sis

an
d

th
at

of
G

S
is

th
at

w
e

u
se

an
altern

ativ
e

b
u
t

eq
u
ivalen

t
form

u
lation

of
d
iction

ary
learn

in
g.

In
stead

of
(2),

G
S

stu
d
ied

th
e

follow
in

g
p
rob

lem
:

m
in

D
∈D

,α αα
i

1N

N
∑i=

1 ‖α αα
i ‖

1
(8)

su
b

ject
to

x
i

=
D
α αα
i

for
all

i∈
JN

K.

N
ote

th
at

th
e

ab
ove

form
u
lation

op
tim

izes
join

tly
over

D
an

d
α αα
i

for
i∈

JN
K,

as
op

p
osed

to
op

tim
izin

g
w

ith
resp

ect
to

th
e

on
ly

p
aram

eter
D

in
ou

r
case.

F
or

com
p
lete

d
iction

aries,
th

is
form

u
lation

is
eq

u
ivalen

t
to

th
e

form
u
lation

in
(2)

in
th

e
sen

se
th

at
D̂

is
a

lo
cal

m
in

im
u
m

of
(2)

if
an

d
on

ly
if

(D̂
,D̂
−
1[x

1 ,...,x
N

])
is

a
lo

cal
m

in
im

u
m

of
(8),

see
R

em
ark

3.1
of

G
S
.

T
h
e

n
u
m

b
er

of
p
aram

eters
to

b
e

estim
ated

in
(8)

is
O

(K
2

+
K
N

),
com

p
ared

to
O

(K
2)

free
p
aram

eters
in

(2).
T

h
e

grow
in

g
n
u
m

b
er

of
p
ara

m
eters

m
ake

th
e

G
S

form
u
lation

less
tractab

le
to

an
aly

ze
u
n
d
er

a
sign

al
gen

eration
m

o
d
el.

G
S

d
id

n
ot

d
irectly

stu
d
y

th
e

p
op

u
lation

case.
T

h
ey

fi
rst

ob
tain

ed
an

algeb
raic

con
d
ition

for
lo

cal
id

en
tifi

ab
ility

th
at

is
su

ffi
cien

t
an

d
alm

ost
n
ecessary.

H
ow

ever,
th

e
con

d
ition

is
con

volu
ted

an
d

h
ard

to
in

terp
ret

d
u
e

to
its

d
irect

d
ep

en
d
en

ce
on

th
e

sign
als

x
i ’s.

In
ord

er
to

d
eterm

in
e

th
e

n
u
m

b
er

of
sign

als
req

u
ired

for
su

ccessfu
l

lo
cal

recovery,
th

ey
fu

rth
er

in
vestigated

th
eir

con
d
ition

u
n
d
er

th
e

B
ern

ou
lli-G

a
u
ssian

m
o
d
el.

D
u
rin

g
th

e
p
rob

ab
ilistic

an
aly

sis,
th

e
sh

arp
algeb

raic
con

d
ition

w
as

w
eaken

ed
,

resu
ltin

g
in

a
su

ffi
cien

t
con

d
ition

th
at

is
far

from
b

ein
g

n
ecessary.

In
con

trast,
w

e
start

w
ith

p
rob

ab
ilistic

gen
erativ

e
m

o
d
els.

T
h
e

n
u
m

b
er

of
p
aram

eters
rem

ain
s

con
stan

t
as
N

in
creases.

T
h
is

a
llow

s
u
s

to
stu

d
y

th
e

p
o
p
u
lation

p
ro

b
lem

d
irectly
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

an
d

to
ap

p
ly

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
fo

r
th

e
fi
n
it

e
sa

m
p
le

p
ro

b
le

m
.

T
h
er

ef
or

e,
st

u
d
y
in

g
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(2

)
in

st
ea

d
of

(8
)

is
th

e
ke

y
to

es
ta

b
li
sh

in
g

an
in

te
rp

re
ta

b
le

su
ffi

ci
en

t
an

d
al

m
os

t
n
ec

es
sa

ry
lo

ca
l

id
en

ti
fi
ab

il
it

y
co

n
d
it

io
n
.

5
.

C
o
n
cl

u
si

o
n
s

a
n
d

F
u
tu

re
W

o
rk

W
e

h
av

e
es

ta
b
li
sh

ed
su

ffi
ci

en
t

an
d

al
m

os
t

n
ec

es
sa

ry
co

n
d
it

io
n
s

fo
r

lo
ca

l
d
ic

ti
o
n
ar

y
id

en
ti

fi
a-

b
il
it

y
u
n
d
er

b
ot

h
th

e
s-

sp
ar

se
G

au
ss

ia
n

m
o
d
el

an
d

th
e

B
er

n
ou

ll
i-

G
au

ss
ia

n
m

o
d
el

in
th

e
ca

se
of

n
oi

se
le

ss
si

gn
al

s
an

d
co

m
p
le

te
d
ic

ti
on

ar
ie

s.
F

or
fi
n
it

e
sa

m
p
le

s
w

it
h

a
fi
x
ed

sp
ar

si
ty

le
ve

l,
w

e
h
av

e
sh

ow
n

th
at

as
lo

n
g

as
th

e
n
u
m

b
er

of
i.
i.
d
.

si
gn

al
s

sc
al

es
as
O

(K
lo

g
K

),
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
w

e
ca

n
d
et

er
m

in
e

th
e

lo
ca

l
id

en
ti

fi
ab

il
it

y
co

n
d
it

io
n
s

of
a

re
fe

re
n
ce

d
ic

ti
o
n
ar

y.

T
h
er

e
ar

e
se

ve
ra

l
d
ir

ec
ti

on
s

fo
r

fu
tu

re
re

se
ar

ch
.

In
th

is
p
ap

er
,

w
e

fo
cu

se
d

m
ai

n
ly

on
th

e
lo

ca
l

b
eh

av
io

rs
of

th
e
` 1

-n
or

m
ob

je
ct

iv
e

fu
n
ct

io
n
.

A
s

w
e

p
re

v
io

u
sl

y
d
is

cu
ss

ed
,

in
ve

st
ig

at
in

g
gl

ob
al

id
en

ti
fi
ab

il
it

y
co

n
d
it

io
n
s

is
a

n
at

u
ra

l
n
ex

t
st

ep
.

S
im

u
la

ti
on

s
in

G
S

su
gg

es
t

a
cl

os
e

co
n
n
ec

ti
on

b
et

w
ee

n
lo

ca
l

an
d

gl
ob

al
id

en
ti

fi
ab

il
it

y.
T

o
u
n
d
er

st
an

d
th

is
p
ro

b
le

m
fu

rt
h
er

,
w

e
n
ee

d
to

ch
ar

ac
te

ri
ze

gl
ob

al
op

ti
m

a
of

th
e

n
on

-c
on

v
ex

ob
je

ct
iv

e
fu

n
ct

io
n
.

In
an

on
-g

oi
n
g

w
or

k
of

Y
.

W
an

g
an

d
th

e
au

th
or

s,
w

e
ar

e
d
ev

el
op

in
g

p
ro

m
is

in
g

te
ch

n
iq

u
es

to
an

al
y
ze

gl
ob

al
p
ro

p
er

ti
es

of
` 1

-m
in

im
iz

at
io

n
d
ic

ti
on

ar
y

le
ar

n
in

g
in

th
e

n
on

-o
rt

h
og

on
al

ca
se

.

M
or

eo
ve

r,
on

e
ca

n
ex

te
n
d

ou
r

re
su

lt
s

to
a

w
id

er
cl

a
ss

of
su

b
-G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s

ot
h
er

th
an

th
e

st
an

d
ar

d
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
co

n
si

d
er

ed
in

th
is

p
a
p

er
.

W
e

fo
re

se
e

li
tt

le
te

ch
n
ic

al
d
iffi

cu
lt

y
fo

r
th

is
ex

te
n
si

on
.

H
ow

ev
er

,
it

sh
ou

ld
b

e
n
ot

ed
th

at
th

e
q
u
an

ti
ti

es
in

-
vo

lv
ed

in
ou

r
lo

ca
l
id

en
ti

fi
ab

il
it

y
co

n
d
it

io
n
s,

i.
e.

,
th

e
|||.
|||∗ s

an
d
|||.
|||∗ p

n
or

m
s,

ar
e

co
n
se

q
u
en

ce
s

of
th

e
st

an
d
ar

d
G

au
ss

ia
n

as
su

m
p
ti

on
.

U
n
d
er

a
d
iff

er
en

t
d
is

tr
ib

u
ti

on
,

it
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p
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n
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b
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p
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re
st

in
g

im
p
li
ca

ti
on

of
ou

r
re

su
lt

s
is

th
at

lo
ca

l
re

co
ve

ry
is

p
os

si
b
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d
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p
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r
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b
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d
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d
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p
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b
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H

G
00

70
31

,
N

S
F

gr
an

ts
D

M
S
-1

10
70

00
,

C
D

S
&
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R
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re
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r-
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p

e
n
d
ix

A
.

P
ro

o
fs

L
et
L

(D
)

b
e

th
e

d
ic

ti
on

ar
y

le
ar

n
in

g
ob

je
ct

iv
e

fu
n
ct

io
n

an
d
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t∈

R
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e
th

e
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ll
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ti
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n
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f
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D
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∈
D

p
ar
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b
y
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∈

R
.

B
y
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efi

n
it
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n
,
{D
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t∈

R
p
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s
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u
g
h

th
e
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d
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ti
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D
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0.
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im
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G
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b
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va

l
an

d
S
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n
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s
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D

0
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lo
ca

l
m
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u
m
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L
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su
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s
to

h
av

e
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m

t↓
0
+

L
(D

t)
−
L

(D
0
)

t
>

0
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d
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m

t↑
0
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−
L

(D
0
)
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fo
r
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l
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R
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at
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h
fu

n
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io
n
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t
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f
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p
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D
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n
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O

n
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h
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e
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eq
u
al
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s
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s
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d
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e
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h
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t}
t∈
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D
0
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a
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l

m
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m

o
f
L
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S
in

ce
D

0
is

fu
ll
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n
k

b
y
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su

m
p
ti
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,

th
e

m
in

im
u
m
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ge

n
va

lu
e
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M

0
=

D
T 0
D

0
is

st
ri

ct
ly
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ea

te
r

th
an

ze
ro

.
B

y
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n
ti

n
u
it

y
of
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e

m
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u
m
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D
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t
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e.
g
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e

B
a
u
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-
F
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e

T
h
eo
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m
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D
t
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al
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b

e
fu
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n
k

w
h
en

t
is

su
ffi

ci
en
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y
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al
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T

h
u
s

w
it

h
o
u
t

lo
ss

of
ge

n
er
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it

y
w

e
ca

n
on

ly
co

n
si

d
er

fu
ll

ra
n
k

d
ic

ti
on

ar
ie

s
D
t.

F
or

an
y

fu
ll

ra
n
k

D
∈
D

,
th

er
e

is
an

in
ve
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ib

le
m

at
ri

x
A
∈
R
K
×
K

su
ch

th
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D
=

D
0
A
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F

or
an

y
k
∈
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K,

b
y

th
e
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n
st

ra
in

t
‖D

[,
k
]‖

2
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A

[,
k
]T

M
0
A

[,
k
]
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D
efi

n
e

th
e

se
t

fo
r

al
l

su
ch

A
’s
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A
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∈
R
K
×
K

:
A
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in
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ib
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an
d

A
[,
k
]T

M
0
A
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k
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1
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r
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l
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∈
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fo
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s
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m
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te
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th
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e
se
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0
A

:
A
∈
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e
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D
∈
D
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a
t

D
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ra
n
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T
h
u
s,

to
en
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th
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D
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a
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ct
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u
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L
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s
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∆
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A
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0
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L
(D

0
A
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−
L
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0
)

t
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0
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∆
−
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A
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: =
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m
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0
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L
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0
A
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−
L
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0
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<
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r
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l
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R
w
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h

A
t
∈
A
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A
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I
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d
n
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ro

d
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iv
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a
t
t
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.
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ad

d
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io
n
,

to
d
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at

D
0
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n
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a
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l

m
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u
m
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L
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),

it
su
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ce

s
to

h
av

e
(1

0)
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(1
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h
ol

d
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e
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d
ir
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r
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p
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b
e

u
si

n
g

th
is

ch
ar

ac
te

ri
za

ti
on

of
lo

ca
l

m
in

im
u
m

to
p
ro

ve
lo

ca
l

id
en

ti
fi
a
b
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R
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P
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1
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∑
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u
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H
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b
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b
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t
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⊂
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d
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b
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m
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d
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u
ti
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w
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n
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d
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d
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]‖
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√
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L
o
c
a
l
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e
n
t
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b
il
it
y
o
f
d
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t
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n
a
r
y
l
e
a
r
n
in
g

(1
)

U
n
d
er

th
e
s-sp

arse
G

au
ssian

m
o
d
el,P

(S
1

=
S

)
=
(
Ks )−

1
for

an
y
|S|

=
s.

T
h
u
s

w
e

h
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E‖H
[j,S

1 ]‖
2

=

(
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−
1
∑S
:|S|=

s ‖H
[j,S

]‖
2

=
sK
|||H

[j,]|||s .

H
en

ce
th

e
o
b

jective
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n
ction

for
th

e
s-sp
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G
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m
o
d
el
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L
S
G
(s) (D

)
=

K
∑j=

1 E
|H
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1 |

=

√
2π

sK

K
∑j=

1 |||H
[j,]|||s .
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a
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r
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=
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‖
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L
S
G
(s) (D

)
=

√
2π

K
∑j=
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H

[j,]‖
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)

U
n
d
er
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e

B
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m

o
d
el,P
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=
S

)
=
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)
K
−
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S
o

w
e

h
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E
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H
[j,S
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=
K
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∑S
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k

p
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p
)
K
−
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H
[j,S
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2

=
p
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−
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∑k
=
0

p
b
i
n
o
m
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−
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)|||H

[j,]|||k
+
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h
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∈
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e
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n
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B
G
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=

√
2π

K
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H

[j,]‖
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o
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h
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r
e
m

1

P
ro

o
f
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)
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et

u
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con
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th

e
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arse
G
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m
o
d
el.

B
y

(10)
an

d
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en
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a
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D
0
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a
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m
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im
u
m
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L
S
G
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∆
+

(L
S
G
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A
t }
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0
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d
∆
−
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S
G
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t }
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<

0,
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r

a
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o
o
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n
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w
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A
t ∈
A

,
A

0
=

I
an

d
n
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d
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N
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th
a
t

b
y

L
em

m
a

1,

∆
+
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S
G
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t }
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=

√
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K
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1
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t↓
0
+
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1

t
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|||I[j,]|||s )
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W
u
a
n
d

Y
u

F
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j∈
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K,

w
e

h
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(
K
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1
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1

t
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∑

S
:|S|=
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A
−
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t
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]‖
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∑

S
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S ‖
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]‖
2

(14)

D
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b
y

Ȧ
0 ∈

R
K
×
K
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e

d
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t
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S
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A
t ∈
A
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b
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Ȧ
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K.

(15)
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e
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n
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d
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d
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=
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0
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−
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0 .
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C
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b
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a
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d
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]‖
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‖
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]‖
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=

{
−

Ȧ
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j∈

S

‖Ȧ
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S

T
h
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|||I[j,]|||s )
=
−

Ȧ
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S ‖Ȧ
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om
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∆
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∑
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S ‖Ȧ
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√
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∆
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0 [j,i]−
(
K
−

1

s−
1 )
−
1

∑
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S ‖

Ȧ
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]‖
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.

T
h
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for
s∈
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−

1K,
to
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(12)
it
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u
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for
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j∈
JK

K,
∣∣∣ ∑i6=

j

M
0 [i,j]Ȧ

0 [j,i] ∣∣∣
<
K
−
s

K
−

1 (
K
−

2

s−
1 )
−
1

∑

S
:|S|=

s,j6∈
S ‖

Ȧ
0 [j,S

]‖
2

=
K
−
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K
−

1 ∣∣∣ ∣∣∣ ∣∣∣ Ȧ
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j] ∣∣∣ ∣∣∣ ∣∣∣s .(19)
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0.
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0
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a
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ee
va

ri
ab

le
fo

r
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j,

(1
9)

is
eq

u
iv

al
en

t
to

∣ ∣ ∣M
0
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w
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K
−
s

K
−

1
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fo
r

al
l
w
∈
R
K
−
1
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ch

th
at
|||w
||| s

=
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T
h
u
s

b
y

th
e

d
efi

n
it

io
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th

e
d
u
al

n
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it
su

ffi
ce

s
to
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j]
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∣ ∣ ∣
<
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h
er

ef
or
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th

e
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n
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m
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|||M
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D
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e
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e
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h
ol

d
s,

D
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lo
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S
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h
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p
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th
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d
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∈
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∆
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=
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∑
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−
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p
b
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0
[j
,−
j]
T
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T
h
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il
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sp
ar

se
G
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n
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b
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a
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n
d
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y
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0
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j,
j]
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1
−
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r
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l
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∈
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d
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l
w
∈
R
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1
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h
e
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n
d
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n
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m
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d
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p
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1.

In
th

is
ca

se
,

si
n
ce

th
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b
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d
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d
el

.
If
s

=
K

,
th

e
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H
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q
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re
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∈
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∈
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T
h
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d
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.
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∈
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b
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=
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=
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e
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D

=
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L
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D
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L
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an
y

or
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fu
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e
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ro
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h
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ef
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ot
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ri
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l
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im

u
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L
S
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n
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si
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ot
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ca
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id
en
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w
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en
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p
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P
r
o
o
f
o
f
C
o
r
o
l
l
a
r
y
2

P
ro

o
f
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∈
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b
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=
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a
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d
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b
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b
e

a
st

ri
ct

gl
ob

al
m

in
im

u
m

.

N
ow

su
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b
y
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m
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1
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d
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L
S
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√
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D
0
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D
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√
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w
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p
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e
|||W

[j
,]

D
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‖ 2

fo
r

al
l
j,

im
p
ly

in
g

th
at

th
e

v
ec

to
r

W
[j
,]

D
0

h
as
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e
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F
or

th
e

se
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n
d

in
eq

u
al

it
y

to
h
o
ld

,
W
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T

=
±

D
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,
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e
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en
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P

ar
t
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th

e
T

h
eo

re
m

1
p
ro

of
.

C
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b
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g
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e
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o
co

n
d
it
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n
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‖W
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D
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=
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ro

en
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b
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h
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p
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p
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p
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d
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F
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p
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R
e
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d
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h
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m
3
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o
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W
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l

fi
rs

t
re

ca
ll

th
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at
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b
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∈
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b
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ra
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b
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L
o
c
a
l
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e
n
t
if
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b
il
it
y
o
f
d
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t
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n
a
r
y
l
e
a
r
n
in
g

α αα
i [j]

=
z
i [j]ξ ξξ

i [j].
F

or
S
⊂

JK
K,

d
efi

n
e

χ
i (S

)
=

{
1

if
ξ ξξ
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]
=

1
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k
∈
S

an
d
ξ ξξ
i [k

]
=

0
for
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k
∈
S
c,

0
oth

erw
ise.

A
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in
th

e
p
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u
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e
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in

g
an
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w
e

w
ill
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w
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fu
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k

d
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a
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F
irst

o
f

a
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n
o
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at
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,x

i )
=
‖D
−
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‖
D
−
1D

0 α αα
i ‖

1
=

K
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1 ∣∣A
−
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i ∣∣
=

K
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∑S
:|S|=

k |A
−
1[j,S

]z
i [S

]|χ
i (S

) 
.

N
ex
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w

e
h
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∆
+

(l(.,x
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A
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t ,x

i )−
l(D
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=
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−
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S
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S
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k

Ȧ
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∑l∈
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∈
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=
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−

1
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<
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Y
u

w
h
ereas

F
[j,j]

=
G

[j,j]
=

0.
F

or
each

j∈
JK

K,
also

d
efi

n
e

t
i [j](w

)
=

K
−
1

∑k
=
1

∑

S
:j6∈

S
,|S|=

k |w
[S

] T
z
i [S

]|χ
i (S

).
(24)

L
et

F̄
,

Ḡ
an

d
t̄

b
e

th
e

sam
p
le

av
erage

of
F
i ,

G
i

an
d

t
i

resp
ectively.

W
ith

th
e

d
efi

n
ition

s
(22)—

(24),
w

e
h
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∆
+

(L
N
,{A

t }
t )

=
1N

N
∑i=

1

∆
+

(l(.,x
i ),{

A
t }
t )

=
K
∑j=

1

1N

N
∑i=

1 (
Ȧ

0 [j,]F
i [,j]+

Ȧ
0 [j,]G

i [,j]+
t
i [j](Ȧ

0 [j,]) )

=
K
∑j=

1 (
Ȧ

0 [j,]F̄
[,j]−

Ȧ
0 [j,]Ḡ

[,j]+
t̄[j](Ȧ

0 [j,]) )

O
n

th
e
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er

h
an

d
,

∆
−

(L
N
,{

A
t }
t )

=
K
∑j=

1 (
Ȧ

0 [j,]F̄
[,j]−

Ȧ
0 [j,]Ḡ

[,j]−
t̄[j](Ȧ

0 [j,]) )
.

N
ow

for
j∈

JK
K,
s∈

JK
−

1K
an

d
p
∈

(0,1),
d
efi

n
e

E
j (s)

=
{w
∈
R
K
,|||w

[−
j]|||s

=
1,w

[j]
=

0}
,

F
j (p

)
=
{w
∈
R
K
,|||w

[−
j]|||p

=
1,w

[j]
=

0}.
T

h
u
s

to
en

su
re

th
at

D
0

is
a

lo
cal

m
in

im
u
m
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it

su
ffi
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to

h
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for
each

j∈
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H
j (w
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:=
∣∣w

T
F̄

[,j]−
w
T
Ḡ

[,j] ∣∣−
t̄[j](w

)
<

0
,

for
all

w
∈
E
j (s)

for
th

e
s-sp

arse
G

au
ssian

m
o
d
el
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a
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w
∈
F
j (p

)
for
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e

B
ern

ou
lli(p

)-
G

au
ssian

m
o
d
el.

(1)
F

or
th

e
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arse
G
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ssian

m
o
d
el,

let
j∈

JK
K

an
d

d
efi

n
e

h
j (w

)
=

√
2π

sK

(∣∣w
T
M

0 [,j] ∣∣−
K
−
s

K
−

1 )
,

w
h
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b

e
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gh

t
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e
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p
ected
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e

of
H
j (w

).
N

ote
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a
t

b
y
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u
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su
p

w
∈E

j (s) |H
j (w
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h
j (w
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≤
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p
w
∈E

j (s) ∣∣∣∣∣ w
T
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√

2π

sK
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∣∣∣∣∣
+

su
p

w
∈E

j (s) ∣∣w
T
Ḡ

[,j] ∣∣
+
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p

w
∈E

j (s) ∣∣∣∣∣ t̄[j](w
)−

√
2π

sK

K
−
s

K
−

1 ∣∣∣∣∣

=

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄
[−
j,j]−

√
2π

sK
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗s

+
∣∣ ∣∣ ∣∣Ḡ

[−
j,j] ∣∣ ∣∣ ∣∣ ∗s

+
su

p
w
∈E

j (s) ∣∣∣∣∣ t̄[j](w
)−

√
2π

sK

K
−
s

K
−

1 ∣∣∣∣∣ .

(25)

28
JM

L
R

 18(168):1-56, 2018



L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

T
h
u
s,

su
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S
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.
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g
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ou
n
d

an
d
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y
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em

m
a
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5,

w
e

h
av

e

P

{
su

p
w
∈E

j
(s
)
|H

j
(w

)
−
h
j
(w

)|
>

s K
ε}
≤

2K
ex

p

( −
N
ε2

10
8
K
‖M

0
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j,
j]
‖ ∞

)

+
2
K

ex
p
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s K

N
ε2

18
(s
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)s
+

9
√

2
s

)

+
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(
24
K εs

+
1

) K
ex

p

( −
s K

N
ε2

36
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)
.
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6)

It
is

ea
sy

to
se

e
th

at
th

e
ev

en
t
{ su

p
w
∈E

j
(s
)
|H

j
(w

)
−
h
j
(w
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≤

s K
ε}

im
p
li
es

su
p

w
∈E

j
(s
)
h
j
(w

)
−

s K
ε
≤

su
p

w
∈E

j
(s
)
H
j
(w

)
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su
p

w
∈E

j
(s
)
h
j
(w

)
+

s K
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O
n

th
e

ot
h
er

h
an

d
,

su
p

w
∈E

j
(s
)
h
j
(w

)
=

√
2 π

s K

( |
||M

0
[−
j,
j]
|||∗ s
−
K
−
s

K
−

1

)
.

T
h
u
s,

if
|||M

0
[−
j,
j]
|||∗ s

<
K
−
s

K
−
1
−
√

π 2
ε,

su
p
w
∈E

j
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)
H
j
(w

)
<

0
ex

ce
p
t

w
it

h
p
ro

b
ab

il
it

y
at

m
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t
th

e
b

ou
n
d

in
(2

6)
.

T
o

en
su

re
D

0
to

b
e

a
lo

ca
l

m
in

im
u
m

,
it

su
ffi

ce
s

to
h
av

e
su

p
w
∈E

j
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)
H
j
(w

)
<

0
fo

r
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l
j
∈
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T
h
u
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K
−
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1
−
√

π 2
ε
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r
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l
j
∈

JK
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w
e

h
av

e P
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0
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ll
y
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≥

P

{
m
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p
w
∈E

j
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H
j
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)
<
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1
−

P

{
m

ax j
su

p
w
∈E

j
(s
)
H
j
(w

)
≥

0}

≥
1
−

K ∑ j=
1

P

{
su

p
w
∈E

j
(s
)
H
j
(w

)
≥

0

}

≥
1
−

K ∑ j=
1

P

{
su

p
w
∈E

j
(s
)
|H

j
(w

)
−
h
j
(w
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>

s K
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≥
1
−

2K
2

ex
p

( −
N
ε2

10
8
K

m
ax
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j
|M

0
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]|)

−
2
K

2
ex

p

( −
s K

N
ε2

18
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/K

)s
+

9
√

2s

)

−
3
K

(
24
K εs

+
1

) K
ex

p

( −
s K

N
ε2

36
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0
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n
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ll
y
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fi
ab

le
w

it
h

h
ig

h
p
ro

b
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il
it

y,
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su
ffi

ce
s

to
h
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e
|||M

0
[−
j,
j]
|||∗ s

>
K
−
s

K
−
1

+
√

π 2
ε
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r
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m

e
j
∈
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K.
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d
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u
n
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n
d
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)
H
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0
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1
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)
≤

0
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1
−

P

{
su

p
w
∈E

j
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)
|H

j
(w

)
−
h
j
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>

s K
ε}

≥
1
−
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p
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ε2
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8
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‖ ∞
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ex
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+
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√
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24
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+
1

) K
ex

p

( −
s K

N
ε2

36
0

)
.

(2
)

F
or

th
e

B
er

n
ou

ll
i(
p
)-

G
au

ss
ia

n
m

o
d
el

,
d
efi

n
e

ν j
(w

)
=

√
2 π
p
(∣ ∣

w
T
M

0
[,
j]
∣ ∣ −

(1
−
p
))
.

S
im

il
ar

to
(2

5)
,

b
y

tr
ia

n
gl

e
in

eq
u
al

it
y,

su
p

w
∈F

j
(p
)
|H

j
(w

)
−
ν j

(w
)|

≤
∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣F̄

[−
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−
√

2 π
p
M

0
[−
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∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∗ p
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∣ ∣∣ ∣∣ ∣

Ḡ
[−
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∣ ∣∣ ∣∣ ∣
∗ p

+
su

p
w
∈F

j
(p
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∣ ∣ ∣ ∣ ∣t̄[
j]

(w
)
−
√

2 π
p
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−
p
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T
h
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th
e

an
al

y
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n
b

e
ca
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t
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a
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ar
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n
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e

p
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l
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o
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e
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n
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n
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n
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u
al
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i.
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,
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ar
t

2
of

L
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m
a

3—
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A
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o
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c
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n
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o
n
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e
q
u
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W
e
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m
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e
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n

o
f

B
er
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n
’s
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u
al

it
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T
h
e

p
ro

o
f

o
f

th
e

in
eq

u
al

it
y

ca
n

b
e
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u
n
d

in
,

e.
g.

,
C

h
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te
r

1
4

of
B

ü
h
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an
n
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d
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n

d
e

G
ee

r
(2

0
1
1
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T
h

e
o
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m
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er

n
st
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s
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a
li
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L
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Y
1
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d
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t
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n
d
o
m
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a
bl

es
th

a
t
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sf
y

th
e

m
o
m

en
t

co
n

d
it

io
n

EY
m i
≤

1 2
×
V
×
m

!×
B
m
−
2
,

fo
r

in
te

ge
rs
m
≥

2
.

T
h
en

P

{
1 N

∣ ∣ ∣ ∣ ∣N ∑ i=
1

Y
i
−

EY
i∣ ∣ ∣ ∣ ∣>

ε}
≤

2
ex

p

( −
N
ε2

2
V

+
2
B
ε

)
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o
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id
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if
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b
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y
o
f
d
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t
io
n
a
r
y
l
e
a
r
n
in
g

L
e
m

m
a

3
(U

n
ifo

rm
co

n
cen

tra
tio

n
o
f

F̄
[−
j,j])

F
o
r
i∈

JN
K,

let
F
i ∈

R
K
×
K

be
d
efi

n
ed

a
s

in
(2

2
)

a
n

d
F̄

=
(1/N

) ∑
Ni=

1
F
i .

1
.

U
n

d
er

th
e
s-spa

rse
G

a
u

ssia
n

m
od

el
w

ith
s∈

JK
−

1K,

P

{
∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄

[−
j,j]−

√
2π

sK
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗s

>
sK
ε }
≤

2K
ex

p (−
N
ε
2

12K
‖M

0 [−
j,j]‖∞

)
,

fo
r

0
<
ε≤

1
.

2
.

U
n

d
er

th
e

B
ern

o
u

lli-G
a
u

ssia
n

m
od

el
w

ith
pa

ra
m

eter
p
∈

(0,1),

P



∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄
[−
j,j]−

√
2π
p
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗p

>
p
ε 
≤

2K
ex

p (−
N
ε
2

12(K
+

2
p −

1)‖
M

0 [−
j,j]‖∞

)
,

fo
r

0
<
ε≤

1
.

In
pa

rticu
la

r,
if‖

M
0 [−

j,j]‖∞
=

0,
th

en
th

e
R

H
S

bo
u

n
d

is
trivia

lly
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.

P
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o
f
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)

F
irst

of
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w
e

w
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p
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th
e
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eq

u
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th

e
s-sp

a
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m
o
d
el.

N
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th
a
t

b
y

L
em

m
a

2
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w
e

h
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∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄
[−
j,j]−

√
2π

sK
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗s ≤

m
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|S|=
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√
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sK
M
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√
s

m
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√
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M
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F
o
r
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n
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d
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n
e

v
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=
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,l∈
S

χ
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√
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r
i∈
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K

a
n
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S
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χ
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1
w
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p
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ab
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1
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1 )

=
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h
u
s
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K
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∑
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S

χ
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=
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r
m
≥

1
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J
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’s
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a
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b
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≤
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)
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d
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≥
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m
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w
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Z
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a
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d
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G
au
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d
itio

n
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≤
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−
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H
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ce

E|v
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2
m
−
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( √
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√
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√
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=
0

th
e

L
H

S
p
rob

ab
ility

is
triv

ially
zero.

U
sin

g
a

u
n
ion

b
ou

n
d
,

w
e

h
ave

P

{
‖
F̄

[−
j,j]−
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1

v
i [l]|

>
ε }

≤
2
K

ex
p (−

sK

N
ε
2

12‖M
0 [−

j,j]‖∞

)
.

T
h
erefore

P

{
∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄

[−
j,j]−

√
2π

sK
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗s

>
sK
ε }
≤

P

{
√
s‖

F̄
[,j]−

√
2π

sK
M

0 [,j]‖∞
>

sK
ε }

≤
2
K

ex
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N
ε
2

12K
‖
M

0 [−
j,j]‖∞

)
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(2)
N
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let
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s
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er
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e
B
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m

o
d
el.

N
otice
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at

b
y
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em

m
a

8,
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s−
1

K
−
1
≥

p
,

w
e

h
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∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄
[−
j,j]−

√
2π
p
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗p ≤

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ F̄
[−
j,j]−

√
2π
p
M

0 [−
j,j] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∗s

≤
√
s ∥∥∥∥∥

F̄
[−
j,j]−

√
2π
p
M

0 [−
j,j] ∥∥∥∥∥∞

.

N
ow

let
s

=
dp
K
−
p

+
1e≤

p
K

+
2.

F
or
i∈

JN
K

an
d
l∈

JK
K,

d
efi

n
e

u
i [l]

=
|z
i [l]|

K
∑k
=
1

∑

|S|=
s,l∈

S

χ
i (S

)−
√

2π
p
.

32
JM

L
R

 18(168):1-56, 2018



L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

N
ot

e
th

at
th

e
ev

en
t
{ ∑
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∈S
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u
s

E
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=
1

∑

|S
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k
,l
∈S
χ
i(
S

) 
m

=
p
.

S
im

il
ar
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se
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s-

sp
ar

se
m

o
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el
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E
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i[
l]
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≤

1 2
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) m
−
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.
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y
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er
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st
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n
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al

it
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w
e
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av
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∣ ∣ ∣ ∣ ∣1 N
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u
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ε}
≤

2
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p

( −
N
ε2

2(
4p
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√

2
ε)
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.
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h
er

ef
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e

P

  

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣F̄
[−
j,
j]
−
√

2 π
p
M

0
[−
j,
j]

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∗ p

>
p
ε  
≤

P

{
√
s‖

F̄
[,
j]
−
√

2 π
p
M

0
[,
j]
‖ ∞

>
p
ε}

≤
2K

ex
p

( −
p s

N
ε2

2
‖M

0
[−
j,
j]
‖ ∞

(4
+
√

2
ε)

)

≤
2K

ex
p

( −
N
ε2

12
(K

+
2
p
−
1
)‖

M
0
[−
j,
j]
‖ ∞

)
,
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r
ε
≤

1.

L
e
m

m
a

4
(U

n
if

o
rm

co
n

ce
n

tr
a
ti

o
n

o
f

Ḡ
[−
j,
j]

)
F

o
r
i
∈

JN
K,

le
t

G
i
∈
R
K
×
K

be
d
efi

n
ed

a
s

in
(2

3
)

a
n

d
Ḡ

=
(1
/N

)
∑

N i=
1
G
i.

1
.

U
n

d
er

th
e
s-

sp
a
rs

e
G

a
u

ss
ia

n
m

od
el

w
it

h
s
∈

JK
−

1
K,

P
{ ∣ ∣
∣ ∣∣ ∣ Ḡ

[−
j,
j]
∣ ∣∣ ∣∣ ∣
∗ s
>

s K
ε}
≤

2K
ex

p

( −
s K

N
ε2

2(
s/
K

)s
+
√

2s

)
,

fo
r

0
<
ε
≤

1
.

2
.

U
n

d
er

th
e

B
er

n
o
u

ll
i-

G
a
u

ss
ia

n
m

od
el

w
it

h
pa

ra
m

et
er
p
∈

(0
,1
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P
{ ∣ ∣
∣ ∣∣ ∣ Ḡ

[−
j,
j]
∣ ∣∣ ∣∣ ∣
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>
p
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≤

2
K

ex
p

(
−
p

N
ε2

p
(p
K

+
2)

+
√
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)
,
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0
<
ε
≤

1
.
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s.
(1

)
W

e
fi
rs

t
p
ro

ve
th
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at
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d
el

.
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e
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∣ ∣∣ ∣∣ ∣
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∣ ∣∣ ∣∣ ∣
∗ s
≤
√
s

m
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|Ḡ
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,j

]|.
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ad

d
it

io
n
, E

 
K ∑ k
=
2

∑

{j
,l
}∈
S
,|S
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k

χ
i(
S

) 
m

=
E

 
K ∑ k
=
2

∑

|S
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,{
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l}
∈S
χ
i(
S

) 

=

( K
s

) −
1
( K
−

2

s
−

2

)
=

s(
s
−

1)

K
(K
−

1)
≤

(
s K

)2
.

T
h
u
s

E|
G
i[
l,
j]
|m
≤

2
−
m
/
2
m

!
×

(
s K

)2
=

1 2
×

(
s K

)2
×
m

!
×

(
1 √
2

)m
−
2
.

B
y

B
er

n
st

ei
n

in
eq

u
al

it
y
:

P

{
∣ ∣ ∣ ∣ ∣1 N

N ∑ i=
1

G
i[
l,
j]

∣ ∣ ∣ ∣ ∣>
ε}
≤

2
ex

p

( −
N
ε2

2(
s/
K

)2
+
√

2
ε)

)
.

T
h
u
s

w
e

h
av

e P
{ ∣ ∣
∣ ∣∣ ∣ Ḡ

[−
j,
j]
∣ ∣∣ ∣∣ ∣
∗ s
>

s K
ε}
≤

P
{ √

s
m

ax
l6=
j
|Ḡ

[l
,j

]|
>

s K
ε}

≤
2K

ex
p

( −
(s
/K

)2
N

(ε
2
/s

)

2(
s/
K

)2
+
√

2(
s/
K

)(
ε/
√
s)

))

≤
2K

ex
p

( −
s K

N
ε2

2(
s/
K

)s
+
√

2s
ε

)

≤
2K

ex
p

( −
s K

N
ε2

2(
s/
K

)s
+
√

2s

)
,

fo
r
ε
≤

1.
(2

)
F
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B

er
n
ou

ll
i-

G
au

ss
ia

n
m

o
d
el

,
n
ot

ic
e

th
at

∣ ∣∣ ∣∣ ∣
Ḡ

[−
j,
j]
∣ ∣∣ ∣∣ ∣
∗ p
≤
∣ ∣∣ ∣∣ ∣

Ḡ
[−
j,
j]
∣ ∣∣ ∣∣ ∣
∗ s
≤
√
s

m
ax
l6=
j
|Ḡ

[l
,j

]|,

fo
r
s

=
dp
K
−
p

+
1
e≤

p
K

+
2.

A
ls

o,

E|
G
i[
l,
j]
|m
≤

2−
m
/
2
m

!
×
p
2

=
1 2
×
p
2
×
m

!
×

(
1 √
2

)m
−
2
.

T
h
u
s

P
{∣ ∣
∣ ∣∣ ∣ Ḡ

[−
j,
j]
∣ ∣∣ ∣∣ ∣
∗ s
>
p
ε}
≤

P
{ √

s
m

ax
l6=
j
|Ḡ

[l
,j

]|
>
p
ε}

≤
2
K

ex
p
(−
p

N
(ε

2
)

2
p
s

+
√

2
s

)

≤
2
K

ex
p

(
−
p

N
ε2

p
(p
K

+
2)

+
√

2(
p
K

+
2)

)
,
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L
e
m

m
a

5
(U

n
ifo

rm
co

n
cen

tra
tio

n
o
f

t̄[j](w
))

F
o
r
i∈

JN
K,

let
t
i

be
th

e
fu

n
ctio

n
fro

m
R
K

to
R
K

d
efi

n
ed

a
s

in
(2

4
)

a
n

d
t̄

=
(1
/N

) ∑
Ni=

1
t
i .

R
eca

ll
th

a
t

fo
r
j∈

JK
K,
s∈

JK
−

1K
a
n

d
p
∈

(0,1
),

E
j (s)

=
{w
∈
R
K
,|||w

[−
j]|||s

=
1,w

[j]
=

0}
,

F
j (p

)
=
{
w
∈
R
K
,|||w

[−
j]|||p

=
1,w

[j]
=

0}.

1
.

U
n

d
er

th
e
s-spa

rse
G

a
u

ssia
n

m
od

el
w

ith
s∈

JK
−

1K,

P

{
su

p
w
∈E

j (s) ∣∣∣∣∣ t̄[j](w
)−

√
2π

sK

K
−
s

K
−

1 ∣∣∣∣∣
>

sK
ε }
≤

3 (
8Kεs

+
1 )

K

ex
p (−

sK

N
ε
2

40

)
,

fo
r

0
<
ε≤

12 .

2
.

U
n

d
er

th
e

B
ern

o
u

lli-G
a
u

ssia
n

m
od

el
w

ith
pa

ra
m

eter
p
∈

(0,1),

P

{
su

p
w
∈F

j (p
) ∣∣∣∣∣ t̄[j](w

)−
√

2π
p
(1−

p
) ∣∣∣∣∣
>
p
ε }
≤

3 (
8εp

+
1 )

K

ex
p (−

p
N
ε
2

40

)
,

fo
r

0
<
ε≤

12 .

P
ro

o
f

(1
)

U
n
d
er

th
e
s-sp

arse
m

o
d
el,

w
e

h
ave

E|t
i [j](w

)| m
=

E


∑
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s,j6∈

S |w
[S

] T
z
i [S

]|χ
i (S

) 
m

=
∑

|S|=
s,j6∈

S

E|w
[S

] T
z
i [S

]| m
E
χ
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)

=

(
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−
1

∑
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s,j6∈

S

E|w
[S

] T
z
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.

N
o
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t

w
e
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e
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χ
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)’s
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u
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an
d

th
at

z
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]
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n
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)
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S
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d
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w
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z
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]
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u
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N
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w
[S

]‖
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] T

z
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=
‖
w
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]‖
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m
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T

h
erefore
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≤

2 −
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m
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−
1

∑

j6∈
S
,|S|=

s ‖w
[S

]‖
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.

N
o
te

th
at

b
y

L
em

m
a

7,|||w
[−
j]|||s ≥

‖w
[−
j]‖

2
≥
‖w

[S
]‖

2
for

all
S

su
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j
6∈
S

.
F
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w
∈
E
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=

1
an

d
so
‖w

S ‖
2 ≤
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w

h
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,
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]‖
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‖
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K
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F
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a
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n
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U
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=

t
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√
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−
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−
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.

N
otice
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E
U
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=
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( √
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√
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let{w
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b
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∈
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∑
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h
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(a

)
=
|||z
||| i

+
(|||

z
||| i

+
1
−
|||z
||| i

)(
a
−
i)
.

It
is

cl
ea

r
th

at
f

is
p
ie

ce
w

is
e

li
n
ea

r
b
y

co
n
st

ru
ct

io
n
.

In
ad

d
it

io
n
,

b
y

L
em

m
a

1
2
,
f

is
a
ls

o
co

n
ve

x
.

N
ot

ic
e

th
at
|||z
||| p

=
E|
||z
||| Y

+
1

=
Ef

(Y
+

1)
,

w
h
er

e
Y

is
a

ra
n
d
om

va
ri

a
b
le

fr
o
m

th
e

b
in

om
ia

l
d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
s
m
−

1
an

d
p
.

B
y

J
en

se
n
’s

in
eq

u
al

it
y,

Ef
(Y

+
1)
≥
f

(E
Y

+
1)

=
f

((
m
−

1)
p

+
1)
.

T
h
u
s

b
y

L
em

m
a

7,
|||z
||| p
≥
|||z
||| k

fo
r

a
ll
k
≥

(m
−

1)
p

+
1.

S
o

th
e

fi
rs

t
p
ar

t
fo

ll
ow

s.

T
o

u
p
p

er
b

ou
n
d
|||z
|||∗ p

,
n
ot

ic
e

th
at

if
k
≥

(m
−

1)
p

+
1,

|||z
|||∗ p

=
su

p
w
6=
0

w
T
z

|||w
||| p
≤

su
p

w
6=
0

w
T
z

|||w
||| k

=
|||z
|||∗ k
.

F
or

th
e

fo
ll
ow

in
g

le
m

m
as

,
th

e
q
u
an

ti
ti

es
τ m

(d
,a

)
an

d
L
m

(d
,k

)
ar

e
d
efi

n
ed

a
s

in
D

efi
n
i-

ti
on

3.

L
e
m

m
a

9
(A

p
p
ro

xi
m

a
ti

n
g
τ m

(d
,a

))
F

o
r
d
∈

Jm
Ka

n
d
a
∈

(0
,m

],

τ m
(d
,a

)
≤
√
d
a m
.

P
ro

o
f

F
or
k
∈

Jm
K,

b
y

J
en

se
n
’s

in
eq

u
al

it
y,

E√
L
m

(d
,k

)
≤
√

EL
m

(d
,k

)
=

√
d
k m
.

N
ot

e
th

at
th

e
la

st
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
ex

p
ec

ta
ti

on
of

a
h
y
p

er
ge

om
et

ri
c

ra
n
d
o
m

va
ri

-
ab

le
.

N
ow

su
p
p

os
e
a
∈

(k
−

1,
k
].

B
y

th
e

ab
ov

e
in

eq
u
a
li
ty

an
d

ap
p
ly

J
en

se
n
’s

in
eq

u
a
li
ty

on
e

m
or

e
ti

m
e,

w
e

h
av

e

τ m
(d
,a

)
=

(k
−
a
)E
√
L
m

(d
,k
−

1)
+

(1
−

(k
−
a
))
E√

L
m

(d
,k

)

≤
(k
−
a
)√

d
(k
−

1)

m
+

(1
−

(k
−
a
))

√
d
k m

=

√
d
a m
.

L
e
m

m
a

1
0

(L
o
w

er
bo

u
n

d
s

fo
r
|||z
|||∗ s

a
n

d
|||z
|||∗ p

)
L

et
z
∈
R
m

.
W

e
h
a
ve
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

1
.

F
o
r
s∈

Jm
K,

|||z||| ∗s ≥
sm

m
ax

T⊂Jm
K
‖z

[T
]‖

1

τ
m

(|T|,s)
≥

m
ax (
‖z‖∞

, √
sm

m
ax

T⊂Jm
K ‖

z
[T

]‖
1

√
|T|

)
.

2
.

F
o
r
p
∈

(0,1),

|||z||| ∗p ≥
p

m
ax

T⊂Jm
K {
(

m
∑k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(|T|,k
) )
−
1‖

z
[T

]‖
1 }

≥
p

m
ax

T⊂Jm
K
‖
z
[T

]‖
1

τ
m

(|T|,p
m

)
=

m
ax (
‖z‖∞

, √
p

m
ax

T⊂Jm
K ‖

z
[T

]‖
1

√
|T|

)
.

P
ro

o
f

(1
)

N
o
te

th
at

b
y

d
efi

n
ition

,|||z||| ∗s
=

su
p

w

z
T
w

|||w
|||s

L
et
d
∈

Jm
K

a
n
d
T
⊂

Jm
K

su
ch

th
at|T|

=
d
.

D
efi

n
e

w
∈
R
m

su
ch

th
at

w
[i]

=
1

for
i∈

T
a
n
d

w
[i]

=
0

fo
r
i∈

T
c.

W
e

h
ave:

|||w
|||s

=

(
m
−

1

s−
1 )
−
1
∑|S|=

s ‖w
[S

]‖
2

=

(
m
−

1

s−
1 )
−
1

m
in
(s,d

)
∑

l=
m
a
x
(0
,s+

d−
m
)

∑

|S|=
s,|S∩

T|=
l ‖

w
[S

]‖
2

=

(
m
−

1

s−
1 )
−
1

m
in
(s,d

)
∑

l=
m
a
x
(0
,s+

d−
m
)

∑

|S|=
s,|S∩

T|=
l √
l

=

(
m
−

1

s−
1 )
−
1

m
in
(s,d

)
∑

l=
m
a
x
(0
,s+

d−
m
) (
dl )(

m
−
d

s−
l )√

l

=
ms
E √

L
m

(d
,s)

=
ms
τ
m

(d
,s).

T
h
u
s

fo
r

all
d
∈

Jm
K

an
d

an
y

su
b
set

T
su

ch
th

at|T|
=
d
,

w
e

h
ave

sh
ow

n

|||z||| ∗s ≥
sm

‖z
[T

]‖
1

τ
m

(d
,s) .

N
o
te

th
a
t

if
d

=
1,E √

L
m

(d
,s)

=
sm

.
T

h
erefore

sm

‖
z
[T

]‖
1

τ
m

(d
,s)
≥
‖z‖∞

,

M
o
reover,

b
y

L
em

m
a

9,

τ
m

(d
,s)≤

√
d
sm
.
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W
u
a
n
d

Y
u

H
en

ce
w

e
h
ave

sm

‖
z
[T

]‖
1

τ
m

(d
,s)
≥
√

sm

‖
z
[T

]‖
1

√
d

,

an
d

th
e

fi
rst

p
art

of
th

e
claim

follow
s.

(2)
F

or
th

e
sam

e
w
∈
R
m

d
efi

n
ed

p
rev

iou
sly,

|||w
|||p

=
m
−
1

∑k
=
0

p
b
i
n
o
m
(k
,m
−

1
,p

)|||w
|||k

+
1

=
m

m
−
1

∑k
=
0

p
b
i
n
o
m
(k
,m
−

1,p
) τ
m

(d
,k

+
1
)

k
+

1

=
m

m
−
1

∑k
=
0 (

m
−

1

k

)
p
k(1−

p
)
m
−
k−

1
1

k
+

1
τ
m

(d
,k

+
1)

=
1p

m
−
1

∑k
=
0 (

m

k
+

1 )
p
k
+
1(1−

p
)
m
−
(k
+
1
)τ
m

(d
,k

+
1)

=
1p

m
∑k
=
0 (

mk )
p
k(1−

p
)
m
−
kτ
m

(d
,k

).

T
h
u
s

for
all

d
∈

Jm
K

an
d

an
y

su
b
set

T
su

ch
th

at|T|
=
d
,

w
e

h
ave

sh
ow

n

|||z||| ∗p ≥
p (

m
∑k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(d
,k

) )
−
1‖

z
[T

]‖
1 .

N
ex

t,
w

e
w

ill
sh

ow
m
∑k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(d
,k

)≤
τ
m

(d
,p
m

).

T
o

th
is

en
d
,

let
u
s

fi
rst

n
otice

th
at

th
e

L
H

S
q
u
an

tity
is

a
b
in

om
ial

av
erage

of
τ
m

(d
,k

)
w

ith
resp

ect
to

k
.

B
y

con
stru

ction
,
τ
m

(d
,.)

is
p
iecew

ise
lin

ear.
F

u
rth

erm
ore,

τ
m

(d
,.)

is
also

con
cave

b
y

L
em

m
a

13.
N

ow
let

Y
b

e
a

ran
d
om

variab
le

h
av

in
g

th
e

b
in

om
ial

d
istrib

u
tion

w
ith

p
aram

eters
m

an
d
p
.

B
y

J
en

sen
’s

in
eq

u
ality,

m
∑k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(d
,k

)
=

E
τ
m

(d
,Y

)≤
τ
m

(d
,E
Y

)
=
τ
m

(d
,m

p
).

In
p
articu

lar,
if
d

=
1,

it
is

easy
to

see
th

at
τ
m

(d
,m

p
)

=
p
.

S
o

p (
m

ax
T⊂Jm

K,|T|=
1 (

m
∑k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(|T|,k
) )
−
1‖z

[T
]‖

1 )
≥
‖z‖∞

.

O
n

th
e

oth
er

h
an

d
,

b
y

L
em

m
a

9,

τ
m

(d
,p
m

)≤
√
dm

√
p
m

=
√
p
d
.
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

T
h
er

ef
or

e

p
(

m ∑ k
=
0

p
b
i
n
o
m
(k
,m

,p
)τ
m

(d
,k

)) −
1
‖z

[T
]‖

1
≥
√
p
‖z

[T
]‖

1
√
d

,

an
d

th
e

p
ro

of
is

co
m

p
le

te
.

L
e
m

m
a

1
1

(U
p
pe

r
bo

u
n

d
s

fo
r
|||z
|||∗ s

a
n

d
|||z
|||∗ p

)
L

et
z
∈
R
m

.

1
.

F
o
r
s
∈

Jm
K,

|||z
|||∗ s
≤

m
ax

|S
|=
s
‖z

[S
]‖

2
.

2
.

F
o
r
p
∈

(0
,1

),

|||z
|||∗ p
≤

m
ax

|S
|=
k
‖z

[S
]‖

2
,

w
h
er

e
k

=
dp

(m
−

1)
+

1
e.

P
ro

o
f

T
o

es
ta

b
li
sh

th
e

u
p
p

er
b

ou
n
d
,

w
e

w
il
l

u
se

th
e

eq
u
iv

al
en

t
fo

rm
u
la

ti
o
n

of
|||.
|||∗ s

in
C

or
ol

la
ry

5.
F

or
S
⊂

Jm
Ko

f
si

ze
s,

as
in

C
or

ol
la

ry
5,

le
t

E
S

=
I[
S
,]
/
( m
−
1

s−
1

) w
h
er

e
I
∈
R
m
×
m

is
th

e
id

en
ti

ty
m

at
ri

x
.

If
w

e
se

t
y
S

=
z
[S

],
th

en
∑
|S
|=
s
E
T S
y
S

=
z

an
d

so
{y

S
}

is
fe

as
ib

le
.

T
h
er

ef
or

e

|||z
|||∗ s
≤

m
ax

|S
|=
s
‖z

[S
]‖

2
.

T
h
e

u
p
p

er
b

ou
n
d

of
|||z
|||∗ p

fo
ll
ow

s
fr

om
th

e
in

eq
u
al

it
y
|||z
|||∗ p
≤
|||z
|||∗ k

fo
r
k

=
dp

(m
−

1)
+

1
e

b
y

th
e

se
co

n
d

p
ar

t
of

L
em

m
a

8.

C
o
ro

ll
a
ry

8
(1

-s
pa

rs
e

ve
ct

o
rs

)
L

et
z

=
(z
,0
,.
..
,0

)T
∈
R
m

.
W

e
h
a
ve

|||z
|||∗ s

=
|||z
|||∗ p

=
|z
|.

P
ro

o
f

T
h
es

e
ar

e
d
ir

ec
t

co
n
se

q
u
en

ce
s

of
L

em
m

a
10

an
d

L
em

m
a

11
.

C
o
ro

ll
a
ry

9
(A

ll
-c

o
n

st
a
n

t
ve

ct
o
rs

)
L

et
z
∈
R
m

be
su

ch
th

a
t

z
[i

]
=
z

fo
r

a
ll
i
∈

Jm
K.

W
e

h
a
ve 1

.
|||z
|||∗ s

=
√
s|z
|.

2
.
|||z
|||∗ p

=
m
p
( ∑

m k
=
0
p
b
i
n
o
m
(k
,m

,p
)√
k
) −

1
|z
|.

P
ro

o
f

F
ir

st
of

al
l,

n
ot

e
th

at
L
m

(m
,k

)
=
k

an
d
E√

L
m

(m
,k

)
=
√
k
.

T
h
u
s

b
y

L
em

m
a

10
an

d
11

,
w

e
h
av

e

|||z
|||∗ s

=
√
s|z
|.

4
5

JM
L

R
 1

8(
16

8)
:1

-5
6,

 2
01

8

W
u
a
n
d

Y
u

S
o

th
e

fi
rs

t
p
ar

t
of

th
e

cl
ai

m
is

v
er

ifi
ed

.
N

ex
t,

b
y

L
em

m
a

10
,

|||z
|||∗ p
≥
m
p
(

m ∑ k
=
0

p
b
i
n
o
m
(k
,m

,p
)√
k
) −

1
|z
|.

O
n

th
e

ot
h
er

h
an

d
,

fo
r
S

su
ch

th
at
|S
|=

s,
w

e
ca

n
d
efi

n
e

y
S

=
m
p
√
s

(
m ∑ k
=
0

p
b
i
n
o
m
(k
,m

,p
)√
k
) −

1
(z
,.
..
,z

)T
∈
R
s
,

F
or

n
ot

at
io

n
si

m
p
li
ci

ty
,

le
t
c

=
1 m
p

( ∑
m k
=
0
p
b
i
n
o
m
(k
,m

,p
)√
k
) .

A
s

in
C

o
ro

ll
a
ry

5
,

fo
r

S
⊂

Jm
K,

le
t

E
S

=
I[
S
,]
/
( m
−
1

|S
|−

1

) .
F

or
i
∈

Jm
K,

w
e

h
av

e

m
−
1

∑ k
=
0

p
b
i
n
o
m
(k

;m
−

1
,p

)
∑

|S
|=
k
+
1

(E
T S
y
S

)[
i]

=
c−

1
m
−
1

∑ k
=
0

p
b
i
n
o
m
(k

;m
−

1,
p
)

1
√
k

+
1

=
c−

1
z m
p

m ∑ k
=
0

p
b
i
n
o
m
(k

;m
,p

)√
k

=
z
.

T
h
u
s

b
y

C
or

ol
la

ry
5, |||z
|||∗ p
≤

m
ax S
‖y

S
‖ 2

=
m
p
(

m ∑ k
=
0

p
b
i
n
o
m
(k
,m

,p
)√
k
) −

1
|z
|,

an
d

th
e

p
ro

of
is

co
m

p
le

te
.

L
e
m

m
a

1
2

(C
o
n

ve
xi

ty
o
f
|||z
||| k

)
L

et
z
∈
R
m

,
w

h
er

e
m
≥

3
.

F
o
r
k
∈

Jm
−

2
K,

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty

|||z
||| k

+
|||z
||| k

+
2
≥

2
|||z
||| k

+
1
.

(2
8
)

P
ro

o
f

W
e

w
il
l

fi
rs

t
sh

ow
th

at
th

e
cl

ai
m

is
tr

u
e

fo
r
k

=
m
−

2.
N

ot
ic

e
th

a
t

in
th

is
ca

se
|||z
||| k

+
2

=
|||z
||| m

=
‖z
‖ 2

.
If
‖z
‖ 2

=
0,

th
e

in
eq

u
al

it
y

(2
8)

is
tr

iv
ia

ll
y

tr
u
e.

N
ow

su
p
p

o
se

‖z
‖ 2
>

0,
d
iv

id
in

g
b

ot
h

si
d
es

of
th

e
in

eq
u
al

it
y

b
y
‖z
‖ 2

,
w

e
h
av

e

( m
−

1

m
−

3) −
1
∑

|S
|=
m
−
2

‖z
[S

]‖
2

‖z
‖ 2

+
1
≥

2

( m
−

1

m
−

2) −
1
∑

|S
|=
m
−
1

‖z
[S

]‖
2

‖z
‖ 2

.

N
ow

le
t

x
=

(x
1
,.
..
,x

m
)T
∈
R
m

b
e

su
ch

th
at
x
i

=
z
[i

]2
/
‖z
‖2 2

.
It

su
ffi

ce
s

to
sh

ow

∑

|S
|=
m
−
2

(
∑ i∈
S

x
i)

1
/
2

+
(m
−

1)
(m
−

2)

2
≥

(m
−

2)
m ∑ i=
1

√
1
−
x
i,

(2
9
)
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

fo
r

a
ll

x
≥

0
en

try
-w

ise
su

ch
th

at ∑
i x

i
=

1.
W

e
w

ill
n
ow

p
rove

th
e

ab
ove

in
eq

u
ality

b
y

in
d
u
ctio

n
o
n
m

.
F

irst
of

all,
n
otice

th
at

for
th

e
b
ase

case
w

h
ere

m
=

3,
w

e
n
eed

to
sh

ow
:

√
x
1

+
√
x
2

+
√
x
3

+
1
≥
√

1−
x
1

+
√

1−
x
2

+
√

1−
x
3 ,

w
ith

th
e

co
n
strain

ts
x
i ≥

0
an

d
x
1

+
x
2

+
x
3

=
1.

F
or

fi
x
ed

x
3 ,

let

f
(x

1 )
=
√
x
1

+
√

1−
x
1 −

x
3

+
√
x
3

+
1−
√
x
1

+
x
3 −
√

1−
x
1 −
√

1−
x
3 .

W
e

w
ill

sh
ow

th
at

f
(x

1 )
is

m
in

im
ized

at
x
1

=
0

or
x
1

=
1
−
x
3 .

S
u
p
p

ose
n
ow

x
1
>

0.
T

a
k
in

g
d
eriva

tive
w

ith
resp

ect
to
x
1 :

f
′(x

1 )
=

12
(

1
√
x
1 −

1
√

1−
x
1 −

x
3 −

1
√
x
1

+
x
3

+
1

√
1−

x
1
).

L
et
l(x

1 )
=

1
√
x
1 −

1
√
x
1
+
x
3 .

N
ote

th
at
f
′(x

1 )
=

12 l(x
1 )−

12 l(1−
x
3 −

x
1 ).

N
ow

w
e

h
ave

l ′(x
1 )

=
12

(x
1

+
x
3 ) −

3
/
2−

12
x
1 −

3
/
2.

S
o
l(x

1 )
is

d
ecreasin

g
on

(0,1−
x
3 )

an
d

b
y

sy
m

m
etry

th
e

fu
n
ction

l(1−
x
3 −

x
1 )

is
in

creasin
g

o
n

(0,1−
x
3 ).

O
n

th
e

oth
er

h
an

d
,

sin
ce

lim
x
1 ↓

0
+
l(x

1 )
=

+
∞

a
n
d

lim
x
1 ↓

0
+
l(1−

x
3 −

x
1 )

=
−
∞

,
w

e
k
n
ow

th
at
f
′(x

1 )
>

0
on

(0,
1−
x
3

2
)

an
d
<

0
on

(
1−
x
3

2
,1−

x
3 ).

T
h
u
s,

th
e

m
in

im
u
m

o
f
f

ca
n

on
ly

b
e

attain
ed

at
th

e
b

ou
n
d
a
ries,

i.e.,
x
1

=
0

or
x
1

=
1−

x
3 .

In
eith

er
case

w
e

h
ave

√
x
1

+
√
x
2

+
√
x
3

+
1−
√

1−
x
1 −
√

1−
x
2 −
√

1−
x
3

≥
√
x
2

+
√
x
3 −
√

1−
x
2 −
√

1−
x
3

=
0,

a
s
x
2

+
x
3

=
1
.

S
o

w
e

estab
lish

(29)
for

m
=

3.
S
u
p
p

ose
(2

9
)

is
also

tru
e

for
m

=
n
−

1.
F

or
m

=
n

,
sim

ilar
to

th
e
m

=
3

case,
for

fi
x
ed

x
3 ,...,x

n
,

d
efi

n
e

f
(x

1 )
=

∑

|S|=
n−

2 (
∑i∈
S

x
i )

1
/
2

+
(n
−

1)(n
−

2)

2
−

(n
−

2)
n
∑i=

1 √
1−

x
i ,

su
b

ject
to

x
i ≥

0
an

d
∑

i x
i

=
1.

A
gain

,
w

e
w

ill
sh

ow
f

atta
in

s
its

m
in

im
u
m

at
eith

er
x
1

=
0

o
r
x
1

=
1−

∑
ni=

3
x
i .

N
otice

th
at

∑

|S|=
n−

2 (∑j∈
S

x
j )

1
/
2

=
∑

|S|=
n−

3
,1
,26∈

S (
x
1

+
∑j∈
S

x
j )

1
/
2

+
∑

|S|=
n−

4
,1
,26∈

S (
x
1

+
x
2

+
∑j∈
S

x
j )

1
/
2

+
∑

|S|=
n−

3
,1
,26∈

S (
x
2

+
∑j∈
S

x
j )

1
/
2

+
(

n
∑j=

3

x
j )

1
/
2

=
n
∑i=

3 (
x
1

+
n
∑j=

3

x
j −

x
i )

1
/
2

+
∑

3≤
i<
j≤
n (1−

x
i −

x
j )

1
/
2

+
n
∑i=

3 (1−
x
1 −

x
i )
1
/
2

+
(

n
∑j=

3

x
j )

1
/
2.
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W
u
a
n
d

Y
u

In
ad

d
ition

,

n
∑i=

1 (1−
x
i )
1
/
2

=
(1−

x
1 )

1
/
2

+
(
x
1

+
n
∑j=

3

x
j )

1
/
2

+
n
∑i=

3 (1−
x
i )
1
/
2.

T
ak

in
g

d
erivative

w
ith

resp
ect

to
x
1 ,

f
′(x

1 )
=

12 (
n
∑i=

3 (
x
1

+
n
∑j=

3

x
j −

x
i )
−
1
/
2−

n
∑i=

3 (1−
x
1 −

x
i ) −

1
/
2

+
(n
−

2)(1−
x
1 ) −

1
/
2−

(n
−

2) (
x
1

+
n
∑i=

3

x
i )
−
1
/
2 )
.

N
ow

let

l(x
1 )

=
n
∑i=

3 (
x
1

+
n
∑j=

3

x
j −

x
i )
−
1
/
2−

(n
−

2) (
x
1

+
n
∑j=

3

x
j )
−
1
/
2.

S
o

2
f
′(x

1 )
=
l(x

1 )−
l(1−

∑
ni=

3
x
i −

x
1 ).

A
gain

l ′(x
1 )

=
−

12

n
∑i=

3 (
x
1

+
n
∑j=

3

x
j −

x
i )
−
3
/
2

+
n
−

2

2

(
x
1

+
n
∑j=

3

x
j )
−
3
/
2.

It
is

easy
to

see
th

at
l ′(x

1 )
<

0
an

d
so
l(x

1 )
is

d
ecreasin

g
o
n

(0,1−
∑

ni=
3
x
i −

x
1 ).

O
n

th
e

oth
er

h
an

d
lim

x
1 ↓

0
+
l(x

1 )
=

+
∞

.
B

y
sy

m
m

etry
f
′(x

1 )
>

0
on
(0,

12 (1−
∑

ni=
3
x
i −

x
1 ) )

an
d

<
0

on
(0
,
12 (1−

∑
ni=

3
x
i −

x
1 ) ).

S
o
f

attain
s

its
m

in
im

u
m

a
t
x
1

=
0

or
x
1

=
1−

∑
ni=

3
x
i .

H
en

ce
w

e
h
ave

∑

|S|=
n−

2 (∑i∈
S

x
i )

1
/
2

+
(n
−

1)(n
−

2)

2
−

(n
−

2)
n
∑i=

1 (1−
x
i )
1
/
2

≥
(

∑

|S|=
n−

3
,16∈

S

+
∑

|S|=
n−

2
,16∈

S )(∑j∈
S

x
j )

1
/
2

+
(n
−

2)(n
−

3)

2
−

(n
−

2)
n
∑i=

2 (1−
x
i )
1
/
2.

(30)

B
y

th
e

in
d
u
ction

assu
m

p
tion

th
at

(29)
h
old

s
w

h
en

m
=
n
−

1,
w

e
h
ave

∑

|S|=
n−

3
,16∈

S (∑j∈
S

x
j )

1
/
2

+
(n
−

2)(n
−

3)

2
≥

(n
−

3)
n
∑i=

2 (1−
x
i )
1
/
2.

T
h
u
s

(30)
is

greater
th

an
or

eq
u
al

to

−
(n
−

2)(n
−

3)

2
+

∑

|S|=
n−

2
,16∈

S (∑j∈
S

x
j )

1
/
2

+
(n
−

1)(n
−

2)

2
−

(n
−

2)−
n
∑i=

2 (1−
x
i )
1
/
2

=
∑

|S|=
n−

2
,16∈

S (∑j∈
S

x
j )

1
/
2−

n
∑i=

2 (1−
x
i )
1
/
2

=
n
∑i=

2 (1−
x
i )
1
/
2−

n
∑i=

2 (1−
x
i )
1
/
2

=
0.

4
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L
o
c
a
l
id
e
n
t
if
ia
b
il
it
y
o
f
d
ic
t
io
n
a
r
y
l
e
a
r
n
in
g

T
h
u
s

w
e

h
av

e
ve

ri
fi
ed

th
e

cl
ai

m
th

at
(2

9)
an

d
h
en

ce
(2

8)
h
ol

d
s

fo
r
k

=
m
−

2
fo

r
al

l
m
≥

3.
T

o
es

ta
b
li
sh

th
e

ca
se

fo
r

ge
n
er

al
1
≤
k
≤
m
−

2,
w

e
ag

ai
n

p
er

fo
rm

in
d
u
ct

io
n

on
th

e
(m
,k

)-
tu

p
le

.
N

ot
e

th
at

th
e

b
as

e
ca

se
m

=
3

an
d
k

=
1

h
as

b
ee

n
p
re

v
io

u
sl

y
p
ro

ve
d
.

S
u
p
p

os
e

(2
8)

h
ol

d
s

fo
r
m

=
n
−

1
an

d
1
≤
k
≤
n
−

3.
N

ow
co

n
si

d
er
m

=
n

an
d

1
≤
k
<
n
−

2.
N

ot
ic

e
th

at

|||z
||| k

=
1

n
−
k

( n
−

1

k
−

1

) −
1
∑

|T
|=
n
−
1

∑

|S
|=
k
,S
⊂
T

‖z
[S

]‖
2

=
(n
−

1)

( n
−

2

k
−

1

) −
1
∑

|T
|=
n
−
1

∑

|S
|=
k
,S
⊂
T

‖z
[S

]‖
2

=
(n
−

1)
∑

|T
|=
n
−
1

|||z
[T

]|||
k
.

B
y

th
e

in
d
u
ct

io
n

as
su

m
p
ti

on
,

fo
r

al
l
T

su
ch

th
at
|T
|=

n
−

1,
w

e
h
av

e:

|||z
[T

]|||
k

+
|||z

[T
]|||
k
+
2
≥

2
|||z

[T
]|||
k
+
1
.

T
h
er

ef
or

e

|||z
||| k

+
|||z
||| k

+
2
−

2
|||z
||| k

+
1

=
(n
−

1)
∑

|T
|=
n
−
1

(|||
z
[T

]|||
k

+
|||z

[T
]|||
k
+
2
−

2||
|z

[T
]|||
k
+
1
)
≥

0.

T
h
u
s

th
e

cl
ai

m
al

so
h
ol

d
s

fo
r
m

=
n

an
d

1
≤
k
<
n
−

2,
co

m
p
le

ti
n
g

th
e

p
ro

of
.

A
.6

M
is

c
e
ll
a
n

e
o
u

s

L
e
m

m
a

1
3

(C
o
n

ca
vi

ty
o
f
E√

L
m

(d
,k

))
L

et
d
∈

Jm
K.

F
o
r
k
∈

Jm
−

2K
,

w
e

h
a
ve

E√
L
m

(d
,k

)
+

E√
L
m

(d
,k

+
2)
≤

2
E√

L
m

(d
,k

+
1)
.

(3
1)

w
h
er

e
th

e
ge

o
m

et
ri

c
ra

n
d
o
m

va
ri

a
bl

e
L
m

(d
,k

)
is

d
efi

n
ed

a
s

in
D

efi
n

it
io

n
3
.

P
ro

o
f

S
u
p
p

os
e

w
e

ar
e

n
ow

sa
m

p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t

fr
om

a
p

o
ol

o
f

n
u
m

b
er

s
w

it
h
d

1’
s

an
d
m
−
d

0’
s.

F
or
i
∈

Jm
K,

d
en

ot
e

b
y
X
i
∈
{0
,1
}

th
e
i-

th
ou

tc
om

e.
It

is
ea

sy
to

se
e

th
at
L
m

(d
,k

)
an

d
∑

k i=
1
X
i

h
av

e
th

e
sa

m
e

d
is

tr
ib

u
ti

on
.

T
o

sh
ow

(3
1)

,
it

su
ffi

ce
s

to
p
ro

ve
th

e
fo

ll
ow

in
g

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

in
eq

u
al

it
y
:

√
L
m

(d
,k

)
+

E[
√
L
m

(d
,k

+
2)
|L

m
(d
,k

)]
≤

2
E[
√
L
m

(d
,k

+
1)
|L

m
(d
,k

)]

N
ot

e
th

at
th

e
ab

ov
e

in
eq

u
al

it
y

fo
ll
ow

s
if

fo
r

al
l

0
≤
a
≤

m
in

(d
,k

):
√
a

+
E√

a
+
X
k
+
1

+
X
k
+
2
≤

2E
√
a

+
X
k
+
1

It
is

ea
sy

to
se

e
th

at

E√
a

+
X
k
+
1

=
d
−
a

m
−
k

√
a

+
1

+
(1
−
d
−
a

m
−
k

)√
a
.

E√
a

+
X
k
+
1

+
X
k
+
2

=
d
−
a

m
−
k
×
d
−
a
−

1

m
−
k
−

1

√
a

+
2

+
2
×
d
−
a

m
−
k
×
m
−
k
−

(d
−
a
)

m
−
k
−

1

√
a

+
1

+
m
−
k
−

(d
−
a
)

m
−
k

×
m
−
k
−

(d
−
a
)
−

1

m
−
k
−

1

√
a
.
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W
u
a
n
d

Y
u

B
y

el
em

en
ta

ry
al

ge
b
ra

,
it

ca
n

b
e

sh
ow

n
th

at

2E
√
a

+
X
k
+
1
−
√
a
−

E√
a

+
X
k
+
1

+
X
k
+
2

=
d
−
a

m
−
k
×
d
−
a
−

1

m
−
k
−

1
×

(2
√
a

+
1
−
√
a

+
2
−
√
a
)
≥

0
,

T
h
e

in
eq

u
al

it
y

fo
ll
ow

s
si

n
ce
f

(x
)

=
√
x

is
a

co
n
ca

ve
fu

n
ct

io
n
.

T
h
u
s

th
e

p
ro

of
is

co
m

p
le

te
.

L
e
m

m
a

1
4

L
et

x
(t

)
=

(x
1
(t

),
..
.,
x
m

(t
))
T
∈

R
m

be
a
n
m

-d
im

en
si

o
n

a
l

fu
n

ct
io

n
o
n

[0
,ε

)
su

ch
th

a
t:

(1
)
x
1
(0

)
=

1
a
n

d
fo

r
a
ll
i
≥

2
,
x
i(

0)
=

0;
(2

)
T

h
e

d
er

iv
a
ti

ve
ẋ
i(
t)

ex
is

ts
a
n

d
is

bo
u

n
d
ed

fo
r

a
ll
t
∈

(0
,ε

).
W

e
h
a
ve

li
m

t↓
0
+

‖x
(t

)‖
2
−
‖x

(0
)‖

2

t
=

li
m

t↓
0
+
ẋ
1
(t

).

P
ro

o
f

li
m

t↓
0
+

‖x
(t

)‖
2
−
‖x

(0
)‖

2

t
=

li
m

t↓
0
+

(∑
m i=

1
x
2 i
(t

))
1
/
2
−

1

t

=
li
m

t↓
0
+

∑
m i=

1
x
2 i
(t

)
−

1

t

(
(
m ∑ i=
1

x
2 i
(t

))
1
/
2

+
1

)
−
1

=
1 2

li
m

t↓
0
+

∑
m i=

1
x
2 i
(t

)
−

1

t

=
1 2

(
li
m

t↓
0
+

x
2 1
(t

)
−

1

t
+

m ∑ i=
2

li
m

t↓
0
+

x
2 i
(t

)

t

)

=
1 2

(
li
m

t↓
0
+

x
1
(t

)
−

1

t
(x

1
(t

)
+

1)
+

m ∑ i=
2

li
m

t↓
0
+

x
2 i
(t

)

t

)

=
li
m

t↓
0
+

x
1
(t

)
−

1

t
+

1 2

m ∑ i=
2

li
m

t↓
0
+

x
2 i
(t

)

t
.

B
y

m
ea

n
va

lu
e

th
eo

re
m

,
fo

r
ea

ch
t
∈

(0
,ε

),
th

er
e

ex
is

ts
δ t
∈
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p
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at
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b
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w
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e
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p
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p
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te

go
ri

es
,

th
u
s,

h
ig

h
to

p
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n
se
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if
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er
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p
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co
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te
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p
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b
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b
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p
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p
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b
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b
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ra
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en
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h
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te

x
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th
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b
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d
M
o
rs
ta
tt
er

a
n
d
H
u
a
n
L
iu
.
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c
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b
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b
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p
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.
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r
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t
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T
u
m
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n
et
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an

d
u
se

r
h
om

e
lo

ca
ti

on
d
et

ec
ti

on
(M

ah
m

u
d

et
a
l.
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2
0
1
2
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an
d

to
fi
n
d

u
se

rs
in

cr
is

is
si

tu
at

io
n
s

(M
or

st
at

te
r

et
al

.,
20

14
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T
op

ic
m

o
d
el

in
g

is
o
n
e

of
th

e
p
ro

m
in

en
t

te
x
t

an
al

y
si

s
te

ch
n
iq

u
es

.
F

or
m

al
ly

,
to

p
ic

s
ar

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
s

ov
er

th
e

w
or

d
s,

b
u
t

u
su

al
ly

re
se

ar
ch

er
s

tr
ea

t
th

em
as

li
st

s
o
f

th
e

m
os

t
p
ro

b
ab

le
ke

y
w

o
rd

s.
T

h
is

p
ro

ce
ss

is
ak

in
to

or
ga

n
iz

in
g

n
ew

sp
ap

er
ar

ti
cl

es
b
y

th
e

“s
ec

ti
on

”
in

w
h
ic

h
th

ey
a
p
p

ea
r,

a
n
d

si
m

u
lt

an
eo

u
sl

y
ra

n
k
in

g
w

or
d
s

fo
r

th
at

se
ct

io
n
.

T
op

ic
m

o
d
el

s
h
av

e
b

ee
n

w
id

el
y

u
se

d
fo

r
m

an
y

ta
sk

s
in

so
ci

al
m

ed
ia

re
se

ar
ch

,
su

ch
as

u
si

n
g

te
x
t

to
d
is

co
ve

r
to

p
ic
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o
f

d
is

cu
ss

io
n

in
cr

is
is

sc
en

ar
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s
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ev
et
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.,
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09
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ev

en
t

d
et

ec
ti
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an
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an

al
y
si

s
(H

u
et

a
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2
0
1
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a
n
d

fi
n
d
in

g
a

T
w

it
te

r
u
se

r’
s

h
om

e
lo

ca
ti

on
(E

is
en

st
ei

n
et

al
.,

20
10
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T
op

ic
m

o
d
el

in
g

d
es

cr
ib

es
a

fa
m

il
y

of
ap

p
ro

ac
h
es

w
h
ic

h
w

or
k

to
w

ar
d

th
e

a
b

ov
e

ta
sk
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L

at
en

t
D

ir
ic

h
le

t
A

ll
o
ca

ti
on

(B
le

i
et

al
.,

20
03
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co

m
m

on
ly

k
n
ow

n
as

L
D
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,

is
o
n
e

ex
a
m

p
le

of
a

ve
ry

p
op

u
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r
to

p
ic

m
o
d
el
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D
A
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an

d
m

o
d
el

s
li
ke

it
,

ar
e

u
se

d
fr

om
tw

o
p

er
sp

ec
ti

v
es
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T

h
e

fi
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is
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p
re

d
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ti
ve

m
o
d
el
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h
en

L
D
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is

u
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d
in
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w
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th

e
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p
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n
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ea
r:

th
er

e
ar

e
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an
y
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ti
n
g
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ea
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to
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th

e
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d
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ve

p
er
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an
ce
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h
e
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e
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h
e
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p
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b
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b
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p
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d
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n
d
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p
ic

s
is

of
te

n
in

te
rp

re
te

d
b
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b
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p
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p
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p
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w
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p
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b
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b
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e
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S
e
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r
c
h
o
f
C
o
h
e
r
e
n
c
e
a
n
d
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o
n
se

n
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s

w
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ely
a
p
p
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to
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cial
m

ed
ia

d
ata.

In
th

e
con

tex
t

of
d
isaster-related

tw
eets,

K
irey

ev
et

al.
(2

0
0
9)

tries
to

fi
n
d

d
isaster-related

tw
eets,

m
o
d
elin

g
tw

o
ty

p
es

o
f
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ics:
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form

atio
n
al

a
n
d

em
o
tio

n
a
l.

J
osep

h
et

al.
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stu
d
ies

th
e

relation
b

etw
een

u
sers’

p
osts

an
d

th
eir

g
eo

lo
ca

tio
n
.

S
everal

w
ork

s
(Y

in
et

al.,
2011;

H
on

g
et

al.,
2012;

P
ozd

n
ou

k
h
ov

an
d

K
aiser,

2
0
1
1
)

fo
cu

s
o
n

id
en

tify
in

g
top

ics
in
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h
ical

T
w

itter
d
atasets,
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ok

in
g

for
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th
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p
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in
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th

in
g
s

su
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lo
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con
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d
p
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d
s
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m

ass
u
n
rest.

T
op

ic
m

o
d
elin

g
w

as
also

u
sed

to
fi
n
d

in
d
ication

of
b
ias

in
T

w
itter

stream
s

(M
orstatter

et
al.,

2013).
T

op
ic

m
o
d
els

ex
ist

h
ave

b
een

d
evelop

ed
to

m
eet

th
e

u
n
iq

u
e

n
eed

s
of

w
eb

d
ata

(L
in

et
al.,

2
014).

W
ith

su
ch

a
w

id
e

accep
tan

ce,
it

is
im

p
ortan

t
th

at
th

e
top

ics
p
ro

d
u
ced

b
y
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m
o
d
els

a
re
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lu

a
ted

.
A

p
p
roach

es
to

evalu
atin

g
top

ic
m

o
d
els

follow
tw

o
m

ain
aven

u
es:
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g
th

e
p
red

ictive
p

erform
an

ce
of

th
e

m
o
d
el,
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d

evalu
atin

g
its

in
terp

retab
ility.

W
h
ile

w
e

on
ly

fo
cu

s
o
n

th
e

la
tter

in
th

is
w

ork
,

w
e

w
ill

cover
th

e
rela

ted
w

o
rk
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e
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b
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v
a
lu

a
tin

g
th

e
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re
d

ic
tiv

e
P

o
w

e
r

o
f

T
o
p

ic
M

o
d

e
ls

In
th

e
m

o
st

g
en

eral
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m
o
d
els

are
ru

n
over

large
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ora
of

d
ata

th
a
t

d
o

n
ot

co
n
ta

in
a

“
g
rou

n
d

tru
th

”
d
efi

n
ition

of
th

e
top

ics
in

th
e

tex
t.

B
ecau

se
o
f

th
is,

w
e

can
n
ot

a
p
p
ly

su
p

erv
ised

m
ach

in
e

learn
in

g
m

easu
res

su
ch

as
accu

racy,
p
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,
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d
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to
th

e
ta

sk
.

In
stea

d
,

th
e

m
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often
u
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m
easu

re
for

th
e

p
red

ictive
p

erform
an

ce
of
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ic

m
o
d
els

is
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p

erp
lex

ity
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(J
elin

ek
et

al.,
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J
u
ra

fsk
y

an
d
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w
h
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e
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p
ics

m
a
tch

a
set

of
h
eld

-ou
t

d
o
cu

m
en

ts
(B

lei
et

al.,
2003;

G
riffi

th
s

an
d

S
tey

vers,
2004;

K
aw

a
m

a
e,

2
0
1
6;

A
su

n
cion

et
al.,

20
09).

P
erp

lex
ity

is
d
efi

n
ed

as:

p
erp

(q,x
)

=
2 −

1|x| ∑
|x|
i=

1
lo
g
2
q
(x
i ),

(1)

w
h
ere

q
is

th
e

m
o
d
el

w
e

are
testin

g,
an

d
x

is
th

e
set

of
h
eld

-ou
t

d
o
cu

m
en

ts.
T

h
e

in
tu

ition
is

th
a
t

w
e

a
re

m
easu

rin
g

h
ow

p
erp

lex
ed

,
or

su
rp

rised
,

th
e

m
o
d
el

is.
If

th
e

d
o
cu

m
en

ts
in

x
h
ave

a
h
ig

h
p
rob

ab
ility

of
o
ccu

rrin
g,

th
en

th
e

su
m

m
ation

in
th

e
ex

p
on

en
t

w
ill

h
ave

a
g
rea

ter
valu

e,
a
n
d

th
u
s

th
e

ov
erall

p
erp

lex
ity

score
w

ill
h
ave

a
low

er
valu

e.

S
o
m

e
sp

ecia
lized

top
ic

m
o
d
els

can
leverage

grou
n
d

tru
th

lab
els.

O
n
e

su
ch

case
is

“L
a-

b
eled

L
D

A
”

(R
am

age
et

al.,
2009a),

w
h
ich

is
a

d
iff

eren
t

ap
p
roach

th
at

takes
lab

els
in

to
a
cco

u
n
t

w
h
en

b
u
ild

in
g

th
e

m
o
d
el.

W
h
en

evalu
atin

g
its

p
erform

an
ce,

trad
ition

al
m

easu
res

fo
r

su
p

erv
ised

m
ach

in
e

learn
in

g
are

a
p
p
lied

su
ch

a
s

F
1

(F
rakes

an
d

B
aeza-Y

ates,
1992),

w
h
ich

is
ca

lcu
la

ted
as:

F
1

=
2π
ρ

π
+
ρ
,

(2)

w
h
ere

π
=

T
P

T
P
+
F
P

is
th

e
p
recision

an
d
ρ

=
T
P

T
P
+
F
N

is
th

e
recall.

O
b
tain

in
g

“tru
e

p
ositiv

es”,
“
fa

lse
p

o
sitives”,

“tru
e

n
egatives”,

an
d

“false
n
egatives”

req
u
ires

d
ata

w
ith

grou
n
d

tru
th

,
w

h
ich

is
w

h
y

w
e

cou
ld

n
ot

ap
p
ly

it
w

h
en

n
o

lab
els

a
re

availab
le.

2
.2

E
v
a
lu

a
tin

g
th

e
In

te
rp

re
ta

b
ility

o
f

T
o
p

ic
M

o
d

e
ls

In
terp

reta
b
ility

is
largely

a
h
u
m

an
issu

e.
P

eop
le

gen
erally

rea
d

top
ics

in
ord

er
to

assign
m

ea
n
in

g
to

th
em

.
B

ecau
se

of
th

is,
it

is
n
atu

ral
th

at
h
u
m

an
s

w
ou

ld
rea

d
top

ics
in

ord
er

to
eva

lu
a
te

th
eir

in
terp

retab
ility.

T
h
is

issu
e

h
as

b
een

ad
d
ressed

largely
b
y

tw
o

sch
o
ols

of

3
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M
o
r
st
a
t
t
e
r
a
n
d

L
iu

th
ou

gh
t.

T
h
e

fi
rst

sch
o
ol

of
th

ou
gh

t
is

ad
-h

o
c,

w
h
ere

research
ers

m
an

u
ally

rea
d

top
ics

in
ord

er
to

ju
d
ge

th
eir

q
u
ality.

In
th

e
secon

d
,

research
ers

take
a

m
ore

p
rin

cip
led

ap
p
roach

,
em

p
loy

in
g

m
easu

res
th

at
can

ju
d
ge

th
e

q
u
ality

of
top

ics
in

a
m

ore
au

tom
ated

m
an

n
er.

In
th

e
su

b
seq

u
en

t
su

b
section

s,
w

e
p
rov

id
e

m
ore

d
etails

regard
in

g
each

ap
p
roach

an
d

th
e

related
w

ork
th

at
em

p
loy

s
it.

2
.2
.1

E
y
e
b
a
l
l
in
g

T
h
e

m
ost

com
m

on
ap

p
roach

to
assessin

g
th

e
q
u
ality

of
top

ics
is

th
e

“eyeb
allin

g”
ap

p
roach

,
w

h
ere

top
ics

are
in

sp
ected

carefu
lly

an
d

m
a
n
u
ally

assign
ed

a
lab

el.
A

fter
th

e
top

ics
are

read
,

a
“title”

is
assign

ed
to

each
on

e
b
ased

u
p

on
th

e
top

key
w

ord
s

in
th

e
tex

t.
In

G
rim

m
er

an
d

S
tew

art
(2013),

th
e

au
th

ors
m

an
u
ally

lab
el

top
ics

b
a
sed

u
p

on
th

e
top

w
ord

s
in

th
e

top
ic.

T
h
ese

m
an

u
al

top
ic

lab
els

are
su

p
p
lem

en
ted

w
ith

au
tom

a
tic

la
b

elin
g

ap
p
roach

es
su

ch
as

A
letras

an
d

S
tev

en
son

(2014);
L

au
et

al.
(2011);

M
aiya

et
al.

(2013);
M

ao
et

al.
(2012),

h
ow

ever
th

e
fi
n
al

call
is

m
ad

e
b
y

a
h
u
m

an
.

In
oth

er
w

ork
,

top
ic

m
o
d
els

w
ere

verifi
ed

on
scien

tifi
c

corp
ora

to
sh

ow
th

a
t

th
e

top
ics

th
at

w
ere

p
ro

d
u
ced

b
y

th
e

m
o
d
el

m
ad

e
sen

se
(B

lei
et

al.,
2003;

G
riffi

th
s

an
d

S
tey

vers,
2004

).
B

y
d
isp

lay
in

g
th

e
top

w
ord

s
from

th
e

top
ics

to
th

e
read

er,
th

ey
m

ake
th

e
case

th
at

th
e

top
ics

th
ey

fi
n
d

are
of

h
igh

q
u
ality.

In
th

e
con

tex
t

of
d
isaster-related

tw
eets,

K
irey

ev
et

al.
(2

009)
try

to
fi
n
d

d
isaster-

related
tw

eets,
lab

elin
g

tw
o

ty
p

es
of

top
ics:

in
form

ation
al

an
d

em
otion

al.
T

h
is

w
as

d
on

e
b
y

in
terp

retin
g

a
v
isu

alization
of

th
e

top
ic

clu
sters

an
d

m
an

u
a
lly

assign
in

g
m

ean
in

g
to

th
e

top
ic

grou
p
s.

O
th

er
form

s
of

v
isu

alization
h
av

e
b

een
p
rop

osed
to

id
en

tify
in

terp
reta

b
le

top
ics,

su
ch

as
th

at
p
rop

osed
in

L
e

an
d

L
au

w
(2016)

w
h
ere

th
e

au
th

ors
sh

ow
top

ics
in

a
low

-d
im

en
sion

al
em

b
ed

d
in

g.
A

n
oth

er
v
isu

alization
ap

p
roach

is
p
rop

o
sed

in
S
ievert

an
d

S
h
irley

(2014),
w

h
ere

th
e

au
th

ors
sh

ow
top

ics,
th

eir
top

w
ord

s,
an

d
th

e
size

of
th

e
top

ic
to

th
e

u
ser

to
h
elp

th
em

d
iff

eren
tiate

in
terp

retab
le

top
ics.

S
im

ilarly,
H

u
et

al.
(2014)

created
an

ap
p
roach

to
iteratively

ad
d

con
strain

ts
to

gen
erate

b
etter

top
ics.

T
h
e

m
an

u
al

lab
elin

g
of

top
ics

go
es

b
ey

on
d

m
ere

tex
t.

F
or

ex
am

p
le,

S
ch

m
id

t
(2012)

u
ses

L
D

A
to

clu
ster

1820’s
sh

ip
voyages.

B
y

trea
tin

g
trip

s
as

d
o
cu

m
en

ts
an

d
n
igh

tly
latitu

d
e/lon

gitu
d
e

ch
eck

in
s

as
w

ord
s,

th
e

au
th

ors
gen

erate
top

ics
b
ased

u
p

on
th

ese
trip

s.
U

sin
g

m
an

u
al

in
sp

ection
of

top
ics,

th
e

au
th

ors
are

ab
le

to
lab

el
top

ics
as

“trad
in

g”
an

d
“w

h
alin

g”
top

ics,
am

on
gst

oth
ers.

O
th

er
w

ork
s

fo
cu

s
on

id
en

tify
in

g
top

ics
in

geograp
h
ical

T
w

itter
d
atasets,

lo
ok

in
g

for
top

ics
th

at
p

ertain
to

th
in

gs
su

ch
as

lo
cal

con
certs

an
d

p
erio

d
s

of
m

ass
u
n
rest

(Y
in

et
al.,

2011;
H

on
g

et
al.,

20
12).

W
h
ile

th
e

m
an

u
al

in
sp

ection
of

top
ics

is
often

u
sed

fo
r

top
ic

lab
elin

g,
it

can
also

b
e

u
sed

for
top

ic
fi
lterin

g.
In

K
u
m

ar
et

al.
(2013),

th
e

au
th

ors
em

p
loy

su
b

ject-m
atter

ex
p

erts
to

lab
el

th
e

top
ics

for
th

em
.

In
th

is
case

th
e

au
th

o
rs

h
ad

th
e

lab
elers

m
ark

th
e

top
ics

as
“relevan

t”
to

th
eir

stu
d
y,

or
“n

ot
relevan

t”.
U

ltim
ately

th
ose

top
ics

th
at

w
ere

n
o
t

d
eem

ed
relevan

t
w

ere
rem

oved
.

T
h
is

m
eth

o
d

of
evalu

ation
,

w
h
ile

com
m

on
,

h
as

th
e

issu
e

th
at

it
is

ad
-h

o
c.

T
h
is

is
a

m
a

jor
p
rob

lem
in

top
ic

assessm
en

t
as

th
is

evalu
ation

can
b

e
su

b
jective,

som
etim

es
com

in
g

d
ow

n
to

ju
st

on
e

research
er

w
h
o

assign
s

d
efi

n
ition

s
to

th
e

top
ics

learn
ed

from
th

e
m

o
d
el.

T
o

m
itigate

th
is

issu
e,

research
ers

h
ave

in
vestigated

im
p

osin
g

p
rin

cip
led

m
ea

su
res

for
top

ic
in

terp
retab

ility.
A

d
d
ition

ally,
th

is
h
as

im
p
lication

s
for

rep
ro

d
u
cib

ility,
as

a
d
iff

eren
t

re-
search

er
m

ay
h
av

e
a

d
iff

eren
t

in
terp

retation
of

th
e

top
w

ord
s.
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S
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a
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c
h
o
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C
o
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e
n
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e
a
n
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C
o
n
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n
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E
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F
ir
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O
ri

g
in

C
o
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n
tr

y

F
ig

u
re

1:
D

em
og

ra
p
h
ic

b
re

ak
d
ow

n
of

th
e

T
u
rk

er
s

w
h
o

p
ar

ti
ci

p
at

ed
.

2
.2
.2

P
r
in
c
ip
l
e
d

E
v
a
l
u
a
t
io
n
o
f
T
o
p
ic

In
t
e
r
p
r
e
t
a
b
il
it
y

T
h
is

m
et

h
o
d

of
as

se
ss

in
g

to
p
ic

q
u
al

it
y

em
p
lo

y
s

fo
rm

al
ap

p
ro

ac
h
es

an
d

m
ea

su
re

s
to

as
se

ss
th

e
in

te
rp

re
ta

b
il
it

y
of

st
at

is
ti

ca
l

to
p
ic

s,
ge

n
er

al
ly

th
ro

u
gh

cr
ow

d
so

u
rc

in
g
.

W
h
il
e

ag
gr

eg
at

-
in

g
th

e
re

su
lt

s
of

cr
ow

d
so

u
rc

ed
ta

sk
s

is
ch

al
le

n
gi

n
g,

so
m

e
w

or
k

h
as

fo
cu

se
d

on
le

v
er

a
gi

n
g

cr
ow

d
so

u
rc

in
g

to
as

se
ss

h
u
m

an
in

te
rp

re
ta

b
il
it

y
(Z

h
ou

et
al

.,
20

14
).

C
h
an

g
et

al
.
(2

00
9)

p
ro

-
p

os
ed

th
e

fi
rs

t
su

ch
fr

am
ew

or
k

fo
r

to
p
ic

m
o
d
el

s
in

w
h
ic

h
a

h
y
b
ri

d
ap

p
ro

ac
h

w
as

em
p
lo

ye
d
.

T
h
is

ap
p
ro

ac
h

fo
cu

se
s

on
cr

ow
d
so

u
rc

in
g

in
or

d
er

to
as

se
ss

to
p
ic

in
te

rp
re

ta
b
il
it

y.
T

h
e

re
su

lt
s

of
th

e
cr

ow
d

ar
e

th
en

ag
gr

eg
at

ed
th

ro
u
gh

d
iff

er
en

t
m

ea
su

re
s

to
gi

v
e

a
“s

co
re

”,
w

h
ic

h
is

a
n
u
m

er
ic

al
va

lu
e

in
d
ic

at
in

g
th

e
to

p
ic

’s
in

te
rp

re
ta

b
il
it

y.
W

h
il
e

n
ot

tr
u
ly

au
to

m
at

ed
,

it
p
ro

-
v
id

es
a

re
p
ro

d
u
ci

b
le

fr
am

ew
or

k
th

a
t

ca
n

b
e

u
se

d
b
y

re
se

ar
ch

er
s

to
p

er
fo
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th

is
as

se
ss

m
en

t.
In

th
ei

r
p
ap

er
,

th
e
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th

or
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on
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o

m
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n
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d
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sc
h
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p
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d
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b
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w
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b
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w
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u
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p
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p
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b
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b
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p
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b
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p
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at
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b
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b
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p
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t.
In

al
l
ca

se
s,

ea
ch

H
IT

w
as

so
lv

ed
8

ti
m

es
to

ov
er

co
m

e
is

su
es

th
at

ar
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p
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t
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p
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b
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p
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d
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p
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p
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at
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p
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en
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w
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h
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m
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s

th
at
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ow
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rc
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m
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w
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b
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n
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e

H
IT

s
w

e
cr

ea
te

.
P

ri
or
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d
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d
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or
ig

in
,

an
d

h
ig

h
es

t
le

v
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d
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eu
p
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r
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rk
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b
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ig
u
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1
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n
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1
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n
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b
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p
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b
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2
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p
ar

ti
ci

p
a
n
ts

a
re

la
rg

el
y

E
n
gl

is
h

sp
ea

ke
rs

,
an

d
w

e
ca

n
n
ot

at
tr

ib
u
te

p
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p
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p
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d
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d
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d
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b
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b
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p
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b
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In
S
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r
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o
f
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o
h
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r
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c
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3
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p
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r
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b
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d
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b
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b
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b
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irich
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d
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d
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d
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a
n
d

M
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W
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L

D
A
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L
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e
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p
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p
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p
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elin

g
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D
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,

each
to
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b
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b
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con
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b
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d
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d
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∈
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ab
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b
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b
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p
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lei

et
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ro
u
g
h
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b
s
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p
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(G

riffi
th
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an
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p
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p
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b
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n
d
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g
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q
u
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an
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et

al.,
2
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9
),
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e

au
th
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p
rop
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a

h
y
b
rid

fram
ew

ork
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top

ic
q
u
ality,
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ile
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n
o

et
al.,

2
01

1
)
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p
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d
o

it
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atically.

T
h
e

th
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of
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is

w
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to
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th

e
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istin
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p
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ork
in

ord
er
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w
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th
e
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m
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rk
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a 
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Ca
te
go
ry
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te
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ry
		

F
ig

u
re

7:
A

n
ov

er
v
ie

w
of

th
e

se
tu

p
of

th
e

to
p
ic

co
n
se

n
su

s
fr

am
ew

or
k
.

T
h
e

le
ft

st
a
ck

ed
b
a
r

co
m

es
fr

om
th

e
ca

te
go

ri
es

of
th

e
d
o
cu

m
en

ts
in

w
h
ic

h
to

ke
n
s

ap
p

ea
r.

T
h
e

ri
g
h
t

st
a
ck

ed
b
a
r

co
m

es
fr

om
th

e
ag

gr
eg

at
e

of
th

e
T

u
rk

er
an

sw
er

s.

5
.
T
o
p
ic

C
o
n
se
n
su

s

U
n
d
er

st
an

d
in

g
th

e
u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
o
f

co
n
ce

p
ts

in
a

to
p
ic

is
im

p
or

ta
n
t.

S
in

ce
L

D
A

is
a

m
ix

tu
re

m
o
d
el

,
w

e
ca

n
ex

p
ec

t
so

m
e

of
th

e
to

p
ic

s
id

en
ti

fi
ed

b
y

th
is

m
o
d
el

to
co

n
ta

in
a

m
ix

tu
re

of
d
iff

er
en

t
to

p
ic

s.
T

h
is

p
h
en

om
en

on
h
as

b
ee

n
d
o
cu

m
en

te
d

in
th

e
li
te

ra
tu

re
a
s

“c
h
im

er
a”

to
p
ic

s
(S

ch
m

id
t,

20
12

).
B

ei
n
g

ab
le

to
id

en
ti

fy
th

es
e

to
p
ic

s
eff

ec
ti

ve
ly

is
im

p
o
r-

ta
n
t,

b
u
t

w
e

cu
rr

en
tl

y
d
o

n
ot

k
n
ow

h
ow

w
el

l
cr

ow
d
so

u
rc

ed
w

or
ke

rs
w

il
l

b
e

a
b
le

to
id

en
ti

fy
th

em
.

In
th

is
se

ct
io

n
w

e
p
ro

p
os

e
a

m
ea

su
re

,
“t

op
ic

co
n
se

n
su

s,
”

w
h
ic

h
m

ea
su

re
s

h
ow

w
el

l
th

e
m

ix
tu

re
of

th
e

d
o
cu

m
en

ts
in

th
e

L
D

A
to

p
ic

m
at

ch
es

th
e

m
ix

tu
re

of
la

b
el

s
fr

o
m

th
e

w
or

ke
rs

.

U
n
li
ke

to
p
ic

co
h
er

en
ce

,
to

p
ic

co
n
se

n
su

s
m

ea
su

re
s

h
ow

w
el

l
th

e
re

su
lt

s
o
f

a
m

ix
tu

re
of

la
b

el
s

gi
ve

n
b
y

a
g
ro

u
p

of
h
u
m

an
su

b
je

ct
s

m
at

ch
th

os
e

gi
ve

n
ca

te
go

ri
es

of
to

p
ic

s,
o
r

h
u
m

a
n

la
b

el
s

of
to

p
ic

s.
T

h
e

“e
ye

b
al

li
n
g”

ap
p
ro

ac
h

to
to

p
ic

in
te

rp
re

ta
b
il
it

y,
a
s

d
is

cu
ss

ed
in

S
ec

-
ti

on
2.

2.
1

is
th

e
p
ro

ce
ss

of
m

an
u
al

ly
re

ad
in

g
a

to
p
ic

an
d

as
si

gn
in

g
it

a
ti

tl
e.

T
h
es

e
a
re

ex
p
li
ci

t
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In
S
e
a
r
c
h
o
f
C
o
h
e
r
e
n
c
e
a
n
d

C
o
n
se

n
su

s

titles
su

ch
a
s

“
E

n
v
iron

m
en

t”,
an

d
“J

u
d
iciary

”
categories

from
co

n
gression

al
reco

rd
s

(G
rim

-
m

er
a
n
d

S
tew

a
rt,

2013),
or

“d
isaster-related

”
categories

from
so

cial
m

ed
ia

(K
ireyev

et
al.,

2
0
0
9
).

E
a
ch

title
req

u
ires

a
h
u
m

an
b

ein
g

to
m

an
u
ally

rea
d

th
ese

top
ics

an
d

to
assign

th
ese

ca
teg

o
ry

la
b

els.
P

resu
m

ab
ly,

go
o
d

top
ics

sh
ou

ld
lead

to
go

o
d

categories,
th

u
s,

h
igh

top
ic

co
n
sen

su
s.

T
h
erefore,

if
th

ere
is

low
top

ic
con

sen
su

s
in

term
s

of
categories,

top
ics

cou
ld

b
e

o
f

low
in

terp
retab

ility.

5
.1

A
N

e
w

M
e
a
su

re
fo

r
T

o
p

ic
C

o
n

se
n

su
s

W
e

d
iscu

ss
h
ow

w
ell

th
e

top
ics

from
top

ic
m

o
d
elin

g
con

form
to

th
e

n
atu

ral
ca

teg
ories

u
n
d
erly

in
g

th
e

tex
t.

E
x
p
licit

top
ic

categories
are

often
p
resen

t
in

m
an

y
corp

ora,
su

ch
as

n
ew

sp
a
p

er
a
rticles,

d
u
e

to
th

eir
m

an
u
al

categorization
b
y

“section
s”

or
categ

ories.
F

or
ex

a
m

p
le,

o
u
r

E
R

C
ab

stracts
w

h
ich

ex
p
licitly

lab
el

each
ab

stract
w

ith
an

E
R

C
catego

ry,
a
n
d

w
e

m
easu

re
th

is
con

form
ity

to
th

e
u
n
d
erly

in
g

top
ic

d
istrib

u
tion

b
y

lev
eragin

g
th

e
g
ro

u
n
d
-tru

th
top

ic
category

lab
els

availab
le

as
th

e
E

R
C

categories
w

h
en

th
e

ab
stract

is
su

b
m

itted
.

T
h
e

T
u
rkers’

an
sw

ers
reveal

th
e

lab
els

th
at

are
assign

ed
to

top
ics.

B
y

sh
ow

in
g

th
e

ca
teg

o
ries

to
th

e
T

u
rk

ers
as

m
u
ltip

le
ch

oice
q
u
estion

s
w

e
can

see
th

e
ca

tegory
la

b
el

th
at

a
h
u
m

a
n

w
o
u
ld

a
ssign

to
th

e
top

ic.
Id

eally,
w

e
w

ou
ld

ad
d
ition

ally
ask

th
e

T
u
rk

ers
to

assign
co

n
fi
d
en

ce
sco

res
to

th
eir

lab
els

to
b

etter
u
n
d
erstan

d
th

eir
lab

elin
g

strategy
an

d
to

get
a

b
etter

d
istrib

u
tion

of
th

e
category

lab
els.

H
ow

ev
er,

sin
ce

h
u
m

an
s

are
b
ad

a
t

an
sw

erin
g

q
u
estio

n
s

a
b

o
u
t

th
em

selves
(i.e.

th
eir

ow
n

in
tern

al
co

n
fi
d
en

ce)
(B

ern
a
rd

a
n
d

R
yan

,
2009),

w
e

in
stea

d
a
sk

m
an

y
T

u
rkers

th
e

sam
e

q
u
estion

ab
ou

t
th

e
sam

e
top

ic
an

d
agg

regate
th

e
resp

o
n
ses.

B
y

a
ggregatin

g
th

e
category

assign
m

en
t

of
T

u
rk

ers,
w

e
can

ob
tain

a
d
istrib

u
tion

b
a
sed

o
n

th
eir

u
n
d
erstan

d
in

g
of

th
e

top
ic.

T
o

u
n
d
ersta

n
d

h
ow

w
ell

th
e

statistical
top

ics
m

im
ic

th
e

u
n
d
erly

in
g

top
ics,

w
e

sh
ow

th
e

T
u
rkers

th
e

top
20

w
ord

s
of

a
statistical

top
ic

an
d

ask
th

em
to

ch
o
ose

w
h
ich

of
th

e
th

ree
ca

tego
ries

from
th

at
corp

u
s

th
e

top
ic

d
escrib

es.
F

or
ex

am
p
le,

for
a

given
E

R
C

top
ic,

w
e

sh
ow

th
e

to
p

20
w

ord
s

alon
g

w
ith

op
tio

n
s

for
“L

ife
S
cien

ces”,
“P

h
y
sical

S
cien

ces”,
or

“
S
o
cia

l
S
cien

ces”.
W

e
also

p
rov

id
e

a
fou

rth
op

tion
,

“N
o

T
op

ic
M

atch
ed

”,
in

case
th

at
an

y
o
f

th
e

th
ree

ca
tegories

d
o

n
ot

m
ake

sen
se

to
th

e
T

u
rk

er.
T

h
is

is
d
ep

icted
in

th
e

rig
h
t

h
alf

o
f

F
ig

u
re

7
,

w
h
ere

T
u
rkers

are
sh

ow
n

th
e

H
IT

in
clu

d
in

g
top

3
w

ord
s

w
ith

2
categories,

a
n
d

th
eir

a
n
sw

ers
are

aggregated
to

m
ake

th
e

d
istrib

u
tion

of
T

u
rker

an
sw

ers.
In

th
e

fi
gu

re,
in

stea
d

o
f
2
0

to
p

w
ord

s,
top

3
w

ord
s

“a”,
“b

”
,
an

d
“c”

are
ch

osen
to

b
e

p
resen

ted
to

T
u
rkers.

T
o

co
m

p
u
te

top
ic

con
sen

su
s,

w
e

com
p
are

th
e

d
istrib

u
tion

of
th

e
T

u
rk

ers’
resp

on
ses

for
th

a
t

to
p
ic

w
ith

th
e

d
istrib

u
tion

of
th

e
top

ic
over

th
e

E
R

C
categories.

T
o

p
erform

th
is

a
n
a
ly

sis,
w

e
co

n
stru

ct
an

L
D

A
T

op
ic
×

C
ategory

m
atrix

R
,

w
h
ere

R
i,c

in
d
icates

top
ic

i’s
p
ro

b
a
b
ility

of
o
ccu

rrin
g

in
E

R
C

category
c.

T
h
is

can
b

e
seen

in
th

e
lefth

an
d

sid
e

of
F

ig
u
re

7,
w

h
ere

th
e

token
s

th
at

are
lab

eled
w

ith
th

e
top

ic
are

aggregated
b
ased

u
p

on
th

e
ca

teg
o
ry

lab
el

o
f

th
e

d
o
cu

m
en

t
th

ey
ap

p
ear

in
to

form
th

e
catego

ry
d
istrib

u
tio

n
.

T
h
e

stru
ctu

re
of

each
row

of
R

is
d
ep

en
d
en

t
on

th
e

ty
p

e
of

top
ic

grou
p

it
com

es
from

.
W

e
co

n
stru

ct
th

e
row

of
R

,
w

h
ich

corresp
on

d
to

th
e

au
tom

ated
d
istrib

u
tio

n
s,

as
follow

s
for

ea
ch

to
p
ic

g
ro

u
p
:

•
E

R
C

-*
/

N
e
w

s-*
—

T
h
e

R
i

row
vector

for
an

E
R

C
top

ic
is

created
b
y

tak
in

g
th

e
su

m
o
f

th
e

colu
m

n
s

of
th

e
D

m
atrix

,
as

d
efi

n
ed

in
S
ection

3.1.
T

h
is

su
m

is
taken

1
9
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L
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M
o
r
st
a
t
t
e
r
a
n
d

L
iu

for
each

row
(d

o
cu

m
en

t)
of

D
lab

eled
w

ith
th

e
corresp

on
d
in

g
E

R
C

category.
T

h
is

is
d
efi

n
ed

as:

R
i,c

=

∑
j∈
M
c
D
j,i

∑
D
∗
,i

,
(5)

w
h
ere

M
c

is
th

e
set

of
d
o
cu

m
en

ts
con

tain
in

g
th

e
lab

el
corresp

on
d
in

g
to

th
e

colu
m

n
of

R
,

e.g.,
“S

H
”,

“L
S
”,

or
“P

E
”.

T
h
is

gives
u
s

an
u
n
d
erstan

d
in

g
of

th
e

category
m

akeu
p

for
each

L
D

A
top

ic.

•
E

R
C

S
a
n

ity
S

H
-0

1
0

/
N

e
w

sS
a
n

ity
S

-0
1
0

—
T

h
e

R
i

row
vector

for
an

S
H

to
p
ic

con
tain

s
a

1
for

th
e

san
ity

category
an

d
a

0
for

th
e

oth
ers.

T
h
is

is
d
u
e

to
th

e
w

ay
th

e
top

ics
are

gen
erated

,
th

ey
con

tain
p
u
rely

w
ord

s
from

th
at

top
ic.

•
E

R
C

R
a
n

d
-0

1
0

/
N

e
w

sR
a
n

d
-0

1
0

—
T

u
rk

ers
sh

ou
ld

n
ot

b
e

ab
le

to
rea

d
an

y
d
efi

n
i-

tion
from

a
ran

d
om

top
ic

as
it

con
sists

of
ran

d
om

w
ord

s
from

th
e

vo
cab

u
lary.

T
h
u
s,

th
e

row
vector

for
each

top
ic

in
th

is
set

is
a

1
for

th
e

“N
/A

”
category,

an
d

a
0

for
th

e
oth

er
categories.

U
sin

g
th

e
resp

on
ses

from
th

e
T

u
rkers,

w
e

b
u
ild

a
sep

arate
T
op
ic×

C
a
teg

ory
m

atrix
,

R
A
M

T
w

h
ere

R
A
M

T
i,j

rep
resen

ts
th

e
T

u
rkers’

p
rob

ab
ility

of
ch

o
osin

g
category

j
w

h
en

p
resen

ted
w

ith
top

ic
i.

In
th

is
w

ay,
R

A
M

T
is

th
e

rep
resen

tation
of

R
ob

tain
ed

from
th

e
T

u
rkers’

resp
on

ses.
A

row
in

R
A
M

T
in

d
icates

th
e

d
istrib

u
tion

over
categories

for
a

given
L

D
A

top
ic

from
th

e
T

u
rker’s

resp
on

ses.

T
h
e

con
sen

su
s

b
etw

een
th

e
resp

on
ses

from
th

e
crow

d
sou

rced
w

orkers
an

d
th

e
d
ata

is
d
efi

n
ed

as:

con
sen

su
s
mt

=
1−

J
S

(R
A
M

T
t ||R

t )

log
2 (|c|

+
1)

,
(6)

w
h
ere
|c|

is
th

e
n
u
m

b
er

of
categories

in
th

e
d
ata

sets
(b

oth
th

e
E

R
C

an
d

N
ew

s
d
atasets

h
ave
|c|

=
3

categories).
W

e
ad

d
1

to
accou

n
t

for
th

e
p
resen

ce
of

th
e

N
/A

an
sw

er.
J
S

is
th

e
J
en

sen
-S

h
an

n
on

d
iv

ergen
ce

(L
in

,
1991)

b
etw

een
th

e
tw

o
d
istrib

u
tion

s
J
S

(R
A
M

T
t ||R

t ),
d
efi

n
ed

as:

J
S

(R
A
M

T
t ||R

t )
=
K

(R
A
M

T
t ||M

)
+
K

(R
t ||M

)

2
,

(7)

w
h
ere

K
is

K
u
llb

ack
-L

eib
ler

d
ivergen

ce
(J

oy
ce,

2011),
an

d
M

=
12 (R

A
M

T
t
+

R
t ).

J
en

sen
-

S
h
an

n
on

is
a

n
atu

ral
ch

oice
as

th
e

row
s

of
R

an
d

R
A
M

T
are

p
rob

ab
ility

d
istrib

u
tion

s
over

th
e

3
E

R
C

or
N

ew
s

categories
an

d
J
en

sen
-S

h
an

n
on

is
a

m
easu

re
of

th
e

sim
ilarity

of
tw

o
d
istrib

u
tion

s.
J
en

sen
S
h
an

n
on

is
b

ou
n
d
ed

from
[0
,log

2 (|c|
+

1)];
w

e
d
iv

id
e

b
y

th
e

u
p
p

er
b

ou
n
d

to
y
ield

a
n
u
m

b
er

from
[0
,1].

F
in

ally,
J
en

sen
S
h
an

n
on

is
a

m
ea

su
re

of
d
ivergen

ce,
m

ean
in

g
th

at
a

low
er

score
m

ean
s

th
at

th
e

d
istrib

u
tion

s
a
re

m
ore

align
ed

.
T

h
u
s,

w
e

su
b
tract

th
e

J
en

sen
S
h
an

n
on

d
ivergen

ce
from

1
in

ord
er

to
stay

con
sisten

t
w

ith
a

con
sen

su
s

m
easu

re,
w

h
ere

greater
con

sen
su

s
m

ean
s

a
b

etter
top

ic.

5
.2

T
o
p

ic
C

o
n
se

n
su

s
R

e
su

lts

T
h
e

resu
lts

of
th

e
top

ic
con

sen
su

s
ex

p
erim

en
t

are
sh

ow
n

in
F

igu
re

8
.

T
h
e

resu
lts

of
b

o
th

d
atasets

in
d
icate

th
at

th
e

ran
d
om

top
ics

p
erform

w
orse

th
an

an
d
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ü
rgen

P
feff

er,
K

atja
M

ayer,
an

d
H

u
an

L
iu

.
T

ex
t,

top
ics,

an
d

tu
rkers:

A
co

n
sen

su
s

m
easu

re
for

statistica
l

top
ics.

In
H

ypertext
&

S
ocia

l
M

ed
ia

,
p
ages

123–
131.

A
C

M
,

2
0
1
5.

D
av

id
N

ew
m

a
n
,

J
ey

H
an

L
au

,
K

arl
G

rieser,
an

d
T

im
oth

y
B

ald
w

in
.

A
u
tom

atic
evalu

ation
o
f

to
p
ic

co
h
eren

ce.
In

A
C

L
,

p
ages

100–108,
2010.

B
o

P
a
n
g

a
n
d

L
illian

L
ee.

O
p
in

ion
m

in
in

g
an

d
sen

tim
en

t
an

aly
sis.

F
o
u

n
d
a
tio

n
s

a
n

d
tren

d
s

in
in

fo
rm

a
tio

n
retrieva

l,
2(1-2):1–135,

2008.

A
lex

ei
P

o
zd

n
o
u
k
h
ov

an
d

C
h
ristian

K
aiser.

S
p
ace-tim

e
d
y
n
am

ics
of

top
ics

in
stream

in
g

tex
t.

In
P

roc.
o
f

th
e

3
rd

A
C

M
S

IG
S

P
A

T
IA

L
In

t’l
W

o
rksh

o
p

o
n

L
oca

tio
n

-B
a
sed

S
ocia

l
N

etw
o
rks,

L
B

S
N

’11,
p
ages

1–8,
N

ew
Y

ork
,

N
Y

,
U

S
A

,
2011.

A
C

M
.

IS
B

N
978-1

-4503-
1
0
3
3
-8

.
d
oi:

10.1145/2063212.2063
223.

U
R

L
h
t
t
p
:
/
/
d
o
i
.
a
c
m
.
o
r
g
/
1
0
.
1
1
4
5
/
2
0
6
3
2
1
2
.

2
0
6
3
2
2
3
.

D
a
n
iel

R
a
m

a
g
e,

D
av

id
H

all,
R

am
esh

N
allap

ati,
an

d
C

h
ristop

h
er

D
M

an
n
in

g.
L

ab
eled

L
D

A
:

A
su

p
erv

ised
top

ic
m

o
d
el

for
cred

it
attrib

u
tion

in
m

u
lti-lab

eled
corp

o
ra.

In
E

M
N

L
P

,
p
a
g
es

2
4
8
–2

5
6,

2009a.

3
1

JM
L

R
 18(169):1-32, 2018

M
o
r
st
a
t
t
e
r
a
n
d

L
iu

D
an

iel
R

am
age,

E
van

R
osen

,
J
ason

C
h
u
an

g,
C

h
ristop

h
er

D
M

an
n
in

g,
a
n
d

D
an

iel
A

M
c-

F
arlan

d
.

T
op

ic
m

o
d
elin

g
for

th
e

so
cial

scien
ces.

In
N

IP
S

2
0
0
9

W
o
rksh

o
p

o
n

A
p
p
lica

tio
n

s
fo

r
T

o
p
ic

M
od

els:
T

ext
a
n

d
B

eyo
n

d
,

volu
m

e
5,

2009b
.

M
ich

ael
R

öd
er,

A
n
d
reas

B
oth

,
an

d
A

lex
a
n
d
er

H
in

n
eb

u
rg.

E
x
p
lorin

g
th

e
S
p
ace

of
T

op
ic

C
oh

eren
ce

M
easu

res.
In

W
S

D
M

,
p
ages

399
–408,

2015.

B
en

jam
in

M
S
ch

m
id

t.
W

ord
s

A
lon

e:
D

ism
an

tlin
g

T
op

ic
M

o
d
els

in
th

e
H

u
m

an
ities.

J
o
u

rn
a
l

o
f

D
igita

l
H

u
m

a
n

ities,
2(1):49–65,

2012.

C
arson

S
ievert

an
d

K
en

n
eth

E
S
h
irley.

L
D

A
v
is:

A
m

eth
o
d

for
v
isu

alizin
g

an
d

in
terp

retin
g

top
ics.

In
P

roceed
in

gs
o
f

th
e

w
o
rksh

o
p

o
n

in
tera

ctive
la

n
gu

a
ge

lea
rn

in
g,

visu
a
liza

tio
n

,
a
n

d
in

terfa
ces,

p
ages

63–70,
2014.

R
ion

S
n
ow

,
B

ren
d
an

O
’C

on
n
or,

D
an

iel
J
u
rafsk

y,
an

d
A

n
d
rew

Y
N

g.
C

h
eap

an
d

F
ast—

B
u
t

is
it

G
o
o
d
?

E
valu

atin
g

N
on

-E
x
p

ert
A

n
n
otation

s
fo

r
N

atu
ral

L
an

gu
age

T
ask

s.
In

E
M

N
L

P
,

p
ages

254–263,
2008.

C
h
arles

S
p

earm
an

.
T

h
e

P
ro

of
an

d
M

easu
rem

en
t

of
A

sso
ciation

b
etw

een
T

w
o

T
h
in

gs.
T

h
e

A
m

erica
n

J
o
u

rn
a
l

o
f

P
sych

o
logy,

15(1):72–101,
1904.

Y
ee

W
h
y
e

T
eh

,
M

ich
ael

I
J
ord

an
,

M
atth

ew
J

B
eal,

an
d

D
av

id
M

B
lei.

H
ierarch

ical
D

irich
let

P
ro

cesses.
J

o
u

rn
a
l

o
f

th
e

A
m

erica
n

S
ta

tistica
l

A
ssocia

tio
n

,
101(476),

2006.

A
.

T
u
m

asjan
,

T
.

O
.

S
p
ren

ger,
P

.
G

.
S
an

d
n
er,

an
d

I.
M

.
W

elp
e.

P
red

ictin
g

E
lection

s
w

ith
T

w
itter:

W
h
at

140
C

h
aracters

R
eveal

ab
ou

t
P

olitical
S
en

tim
en

t.
In

IC
W

S
M

,
p
ages

178–185,
2010.

H
ad

ley
W

ick
h
am

an
d

L
isa

S
try

jew
sk

i.
40

years
of

b
ox

p
lots.

A
m

erica
n

S
ta

tisticia
n

,
2011.

Z
h
iju

n
Y

in
,

L
ian

glian
g

C
ao,

J
iaw

ei
H

an
,

C
h
en

gx
ian

g
Z

h
ai,

an
d

T
h
om

as
H

u
a
n
g.

G
eograp

h
-

ical
T

op
ic

D
iscovery

an
d

C
om

p
arison

.
In

W
W

W
,

p
ages

247–256
,

2011.

D
en

gyon
g

Z
h
ou

,
Q

ian
g

L
iu

,
J
oh

n
C

P
latt,

an
d

C
h
ristop

h
er

M
eek

.
A

ggregatin
g

ord
in

al
lab

els
from

crow
d
s

b
y

m
in

im
ax

con
d
ition

al
en

trop
y.

In
IC

M
L

,
volu

m
e

14,
p
ages

262–270,
2014.

3
2

JM
L

R
 18(169):1-32, 2018



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
8
)

1
-6

0
S

u
b

m
it

te
d

3
/
1
7
;

R
ev

is
ed

2
/
1
8
;

P
u

b
li

sh
ed

4
/
1
8

O
n
th

e
B
e
h
a
v
io
r
o
f
In

tr
in
si
ca

ll
y
H
ig
h
-D

im
e
n
si
o
n
a
l
S
p
a
ce

s:
D
is
ta
n
ce

s,
D
ir
e
ct

a
n
d
R
e
v
e
rs
e
N
e
a
re
st

N
e
ig
h
b
o
rs
,
a
n
d

H
u
b
n
e
ss

F
a
b

ri
z
io

A
n

g
iu

ll
i

fa
b
r
iz
io
.a
n
g
iu
l
l
i@

u
n
ic
a
l
.i
t

D
IM

E
S

–
D

ep
t.

o
f

C
o
m

p
u

te
r,

M
od

el
in

g,
E

le
ct

ro
n

ic
s,

a
n

d
S

ys
te

m
s

E
n

gi
n

ee
ri

n
g

U
n

iv
er

si
ty

o
f

C
a
la

br
ia

8
7
0
3
6

R
en

d
e

(C
S

),
It

a
ly

E
d

it
o
r:

S
an

ji
v

K
u
m

ar

A
b
st
ra

ct

O
ve

r
th

e
ye

ar
s,

d
iff

er
en

t
ch

ar
a
ct

er
iz

a
ti

on
s

of
th

e
cu

rs
e

of
d
im

en
si

on
a
li
ty

h
av

e
b

ee
n

p
ro

-
v
id

ed
,
u
su

a
ll
y

st
at

in
g

th
e

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
,
in

th
e

li
m

it
o
f

th
e

in
fi
n
it

e
d
im

en
si

on
al

it
y,

d
is

ta
n
ce

s
b

ec
om

e
in

d
is

ti
n
gu

is
h
a
b
le

.
H

ow
ev

er
,

th
es

e
ch

a
ra

ct
er

iz
at

io
n
s

al
m

os
t

n
ev

er
ad

d
re

ss
th

e
fo

rm
o
f

as
so

ci
a
te

d
d
is

tr
ib

u
ti

on
s

in
th

e
fi
n
it

e,
al

th
ou

gh
h
ig

h
-d

im
en

si
on

al
,

ca
se

.
T

h
is

w
o
rk

ai
m

s
to

co
n
tr

ib
u
te

in
th

is
re

sp
ec

t
b
y

in
ve

st
ig

at
in

g
th

e
d
is

tr
ib

u
ti

o
n

of
d
is

ta
n
ce

s,
an

d
of

d
ir

ec
t

a
n
d

re
ve

rs
e

n
ea

re
st

n
ei

g
h
b

or
s,

in
in

tr
in

si
ca

ll
y

h
ig

h
-d

im
en

si
o
n
al

sp
ac

es
.

In
d
ee

d
,

w
e

d
er

iv
e

a
cl

os
ed

fo
rm

fo
r

th
e

d
is

tr
ib

u
ti

o
n

of
d
is

ta
n
ce

s
fr

om
a

g
iv

en
p

oi
n
t,

fo
r

th
e

ex
p

ec
te

d
d
is

ta
n
ce

fr
om

a
gi

ve
n

p
o
in

t
to

it
s
k
th

n
ea

re
st

n
ei

gh
b

o
r,

a
n
d

fo
r

th
e

ex
p

ec
te

d
si

ze
of

th
e

ap
-

p
ro

x
im

a
te

se
t

of
n
ei

gh
b

o
rs

of
a

g
iv

en
p

oi
n
t

in
fi
n
it

e
h
ig

h
-d

im
en

si
on

al
sp

ac
es

.
A

d
d
it

io
n
al

ly
,

th
e

h
u
b
n
es

s
p
ro

b
le

m
is

co
n
si

d
er

ed
,

w
h
ic

h
is

re
la

te
d

to
th

e
fo

rm
of

th
e

fu
n
ct

io
n

N
k

re
p
re

-
se

n
ti

n
g

th
e

n
u
m

b
er

of
p

oi
n
ts

th
a
t

h
av

e
a

g
iv

en
p

oi
n
t

as
o
n
e

of
th

ei
r
k

n
ea

re
st

n
ei

gh
b

or
s,

w
h
ic

h
is

al
so

ca
ll
ed

th
e

n
u
m

b
er

of
k
-o

cc
u
rr

en
ce

s.
D

es
p
it

e
th

e
ex

te
n
si

ve
u
se

o
f

th
is

fu
n
ct

io
n
,

th
e

p
re

ci
se

ch
ar

a
ct

er
iz

at
io

n
of

it
s

fo
rm

is
a

lo
n
gs

ta
n
d
in

g
p
ro

b
le

m
.

W
e

d
er

iv
e

a
cl

os
ed

fo
rm

fo
r

th
e

n
u
m

b
er

of
k
-o

cc
u
rr

en
ce

s
as

so
ci

at
ed

w
it

h
a

gi
ve

n
p

oi
n
t

in
fi
n
it

e
h
ig

h
-d

im
en

si
on

al
sp

ac
es

,
to

g
et

h
er

w
it

h
th

e
as

so
ci

at
ed

li
m

it
in

g
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

on
.

B
y

in
ve

st
ig

at
in

g
th

e
re

la
ti

on
sh

ip
s

w
it

h
th

e
h
u
b
n
es

s
p
h
en

o
m

en
on

em
er

gi
n
g

in
n
et

w
or

k
sc

ie
n
ce

,
w

e
fi
n
d

th
at

th
e

d
is

tr
ib

u
ti

o
n

of
n
o
d
e

(i
n
-)

d
eg

re
es

o
f

so
m

e
re

al
-l

if
e,

la
rg

e-
sc

al
e

n
et

w
or

k
s

h
as

co
n
n
ec

ti
on

s
w

it
h

th
e

d
is

tr
ib

u
ti

on
of
k
-o

cc
u
rr

en
ce

s
d
es

cr
ib

ed
h
er

ei
n
.

K
e
y
w

o
rd

s:
h
ig

h
-d

im
en

si
on

a
l

d
at

a,
d
is

ta
n
ce

co
n
ce

n
tr

a
ti

o
n
,

d
is

tr
ib

u
ti

o
n

of
d
is

ta
n
ce

s,
n
ea

re
st

n
ei

gh
b

or
s,

re
ve

rs
e

n
ea

re
st

n
ei

gh
b

or
s,

h
u
b
n
es

s

1
.
In

tr
o
d
u
ct
io
n

A
lt

h
ou

gh
th

e
si

ze
an

d
th

e
d
im

en
si

on
al

it
y

of
co

ll
ec

te
d

d
at

a
a
re

st
ea

d
il
y

gr
ow

in
g,

tr
ad

it
io

n
al

te
ch

n
iq

u
es

u
su

al
ly

sl
ow

d
ow

n
ex

p
on

en
ti

al
ly

w
it

h
th

e
n
u
m

b
er

of
at

tr
ib

u
te

s
to

b
e

co
n
si

d
er

ed
an

d
ar

e
of

te
n

ov
er

co
m

e
b
y

li
n
ea

r
sc

an
s

of
th

e
w

h
ol

e
d
at

a.
In

p
ar

ti
cu

la
r,

th
e

te
rm

cu
rs

e
o
f

d
im

en
si

o
n

a
li

ty
(B

el
lm

an
n
,

19
61

),
is

u
se

d
to

re
fe

r
to

d
iffi

cu
lt

ie
s

ar
is

in
g

w
h
en

ev
er

h
ig

h
-

d
im

en
si

on
al

d
at

a
h
as

to
b

e
ta

k
en

in
to

ac
co

u
n
t.

O
n
e

of
th

e
m

ai
n

as
p

ec
ts

of
th

is
cu

rs
e

is
k
n
ow

n
as

d
is

ta
n

ce
co

n
ce

n
tr

a
ti

o
n

(D
em

ar
ti

n
es

,
19

94
),

w
h
ic

h
is

th
e

te
n
d
en

cy
fo

r
d
is

ta
n
ce

s
to

b
ec

om
e

al
m

os
t

in
d
is

ce
rn

ib
le

in
h
ig

h
-d

im
en

si
on

al
sp

ac
es

.
T

h
is

p
h
en

om
en

on
m

ay
gr

ea
tl

y
aff

ec
t

th
e

q
u
al

it
y

an
d

p
er

fo
rm

an
ce

s
of

m
ac

h
in

e
le

ar
n
-

in
g,

d
at

a
m

in
in

g,
an

d
in

fo
rm

at
io

n
-r

et
ri

ev
al

te
ch

n
iq

u
es

.
T

h
is

eff
ec

t
re

su
lt

s
b

ec
au

se
al

m
os

t

c ©
2
0
1
8

F
a
b

ri
zi

o
A

n
g
iu

ll
i.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
1
5
1
.
h
t
m
l
.

JM
L

R
 1

8(
17

0)
:1

-6
0,

 2
01

8

A
n
g
iu
l
l
i

al
l

th
es

e
te

ch
n
iq

u
es

re
ly

on
th

e
co

n
ce

p
t

of
d
is

ta
n
ce

,
or

d
is

si
m

il
ar

it
y,

am
on

g
d
a
ta

it
em

s
in

or
d
er

to
re

tr
ie

v
e

or
an

al
y
ze

in
fo

rm
at

io
n
.

H
ow

ev
er

,
w

h
er

ea
s

lo
w

-d
im

en
si

on
a
l

sp
a
ce

s
sh

ow
go

o
d

ag
re

em
en

t
b

et
w

ee
n

ge
om

et
ri

c
p
ro

x
im

it
y

an
d

th
e

n
ot

io
n

of
si

m
il
ar

it
y,

a
s

d
im

en
si

o
n
a
l-

it
y

in
cr

ea
se

s,
d
iff

er
en

t
co

u
n
te

ri
n
tu

it
iv

e
p
h
en

om
en

a
ar

is
e

th
at

m
ay

b
e

h
ar

m
fu

l
to

tr
a
d
it

io
n
a
l

te
ch

n
iq

u
es

.

O
ve

r
ti

m
e,

d
iff

er
en

t
ch

ar
ac

te
ri

za
ti

on
s

of
th

e
cu

rs
e

of
d
im

en
si

on
al

it
y

an
d

re
la

te
d

p
h
e-

n
om

en
a

h
av

e
b

ee
n

p
ro

v
id

ed
(D

em
ar

ti
n
es

,
1
99

4;
B

ey
er

et
al

.,
19

99
;

A
gg

ar
w

a
l

et
a
l.
,

2
0
0
1;

H
in

n
eb

u
rg

et
al

.,
20

00
;

F
ra

n
ço

is
et

al
.,

20
0
7)

.
T

h
es

e
ch

ar
ac

te
ri

za
ti

on
s

u
su

a
ll
y

st
a
te

co
n
-

d
it

io
n
s

u
n
d
er

w
h
ic

h
,

ac
co

rd
in

g
to

th
e

li
m

it
s

of
in

fi
n
it

e
d
im

en
si

o
n
al

it
y,

d
is

ta
n
ce

s
b

ec
o
m

e
in

d
is

ti
n
gu

is
h
ab

le
.

H
ow

ev
er

,
al

m
os

t
n
ev

er
d
o

th
es

e
co

n
d
it

io
n
s

ad
d
re

ss
th

e
fo

rm
o
f

a
ss

o
ci

-
at

ed
d
is

tr
ib

u
ti

on
s

in
fi
n
it

e,
al

b
ei

t
h
ig

h
-d

im
en

si
on

al
,

ca
se

s.

T
h
is

w
or

k
ai

m
s

to
co

n
tr

ib
u
te

in
th

is
ar

ea
b
y

in
ve

st
ig

at
in

g
th

e
d
is

tr
ib

u
ti

o
n

o
f

d
is

ta
n
ce

s
an

d
of

so
m

e
re

la
te

d
m

ea
su

re
s

in
in

tr
in

si
ca

ll
y

h
ig

h
-d

im
en

si
on

a
l

d
at

a.
In

p
a
rt

ic
u
la

r,
th

e
an

al
y
si

s
is

co
n
d
u
ct

ed
b
y

ap
p
ly

in
g

th
e

ce
n
tr

al
li
m

it
th

eo
re

m
to

th
e

E
u
cl

id
ea

n
d
is

ta
n
ce

ra
n
-

d
om

va
ri

ab
le

to
ap

p
ro

x
im

at
e

th
e

d
is

ta
n
ce

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
b

et
w

ee
n

p
a
ir

s
o
f

ra
n
d
o
m

ve
ct

or
s,

b
et

w
ee

n
a

ra
n
d
om

v
ec

to
r

an
d

re
al

iz
at

io
n
s

of
a

ra
n
d
om

ve
ct

or
,

an
d

to
o
b
ta

in
th

e
ex

p
ec

te
d

d
is

ta
n
ce

fr
om

a
gi

ve
n

p
oi

n
t

to
it

s
k
th

n
ea

re
st

n
ei

gh
b

o
r.

It
is

th
en

sh
ow

n
th

a
t

a
n

u
n
d
er

st
an

d
in

g
of

th
es

e
d
is

tr
ib

u
ti

on
s

ca
n

b
e

ex
p
lo

it
ed

to
ga

in
k
n
ow

le
d
ge

of
th

e
b

eh
av

io
r

o
f

h
ig

h
-d

im
en

si
on

al
sp

ac
es

,
sp

ec
ifi

ca
ll
y

th
e

n
u
m

b
er

of
ap

p
ro

x
im

at
e

n
ea

re
st

n
ei

g
h
b

o
rs

a
n
d

th
e

n
u
m

b
er

of
re

ve
rs

e
n
ea

re
st

n
ei

gh
b

or
s

th
at

ar
e

al
so

in
ve

st
ig

at
ed

h
er

ei
n
.

N
ea

re
st

n
ei

gh
b

or
s

ar
e

tr
an

sv
er

sa
l

to
m

an
y

d
is

ci
p
li
n
es

(P
re

p
ar

at
a

an
d

S
h
a
m

o
s,

1
9
8
5;

D
as

ar
at

h
y
,

19
90

;
B

ey
er

et
al

.,
19

99
;

D
u
d
a

et
al

.,
20

00
;

C
h
áv

ez
et

al
.,

20
01

;
S
h
a
k
h
n
a
ro

v
ic

h
et

al
.,

20
06

).
In

or
d
er

to
tr

y
to

ov
er

co
m

e
th

e
d
iffi

cu
lt

y
of

an
sw

er
in

g
n
ea

re
st

n
ei

g
h
b

o
r

q
u
er

ie
s

in
h
ig

h
-d

im
en

si
on

al
sp

ac
es

(W
eb

er
et

al
.,

19
9
8;

B
ey

er
et

al
.,

19
99

;
P

es
to

v
,

20
0
0
;

G
ia

n
n
el

la
,

20
09

;
K

ab
án

,
20

12
),

th
e

co
n
ce

p
t

of
th

e
ε-

ap
p
ro

x
im

at
e

n
ea

re
st

n
ei

gh
b

or
(I

n
d
y
k

a
n
d

M
o
tw

a
n
i,

19
98

;
A

ry
a

et
al

.,
19

98
)

h
as

b
ee

n
in

tr
o
d
u
ce

d
.

T
h
e
ε-

n
ei

gh
b

or
h
o
o
d

of
a

q
u
er

y
p

o
in

t
is

th
e

se
t

of
p

oi
n
ts

lo
ca

te
d

at
a

d
is

ta
n
ce

n
ot

gr
ea

te
r

th
an

(1
+
ε)

ti
m

es
th

e
d
is

ta
n
ce

se
p
a
ra

ti
n
g

th
e

q
u
er

y
fr

om
it

s
tr

u
e

n
ea

re
st

n
ei

gh
b

or
.

R
el

at
ed

to
th

e
n
ot

io
n

of
th

e
ε-

ap
p
ro

x
im

at
e

n
ea

re
st

n
ei

gh
b

or
is

th
e

n
o
ti

o
n

o
f

n
ei

g
h
-

b
or

h
o
o
d

or
q
u
er

y
in

st
ab

il
it

y
(B

ey
er

et
al

.,
19

99
):

a
q
u
er

y
is

sa
id

to
b

e
u
n
st

a
b
le

if
th

e
ε-

n
ei

gh
b

or
h
o
o
d

of
th

e
q
u
er

y
p

oi
n
t

co
n
si

st
s

of
m

os
t

of
th

e
d
at

a
p

oi
n
ts

.
A

lt
h
ou

g
h

a
sy

m
p
to

ti
c

re
su

lt
s,

su
ch

as
th

at
re

p
or

te
d

b
y

B
ey

er
et

al
.
(1

99
9)

,
te

ll
w

h
at

h
ap

p
en

s
w

h
en

d
im

en
si

o
n
a
li
ty

is
ta

k
en

to
in

fi
n
it

y,
n
ot

h
in

g
is

sa
id

ab
ou

t
th

e
d
im

en
si

on
al

it
y

at
w

h
ic

h
th

e
n
ea

re
st

n
ei

gh
-

b
or

s
b

ec
om

e
u
n
st

ab
le

.
P

u
rs

u
an

t
to

th
is

sc
en

ar
io

,
th

is
p
ap

er
d
er

iv
es

a
cl

os
ed

fo
rm

fo
r

th
e

ex
p

ec
te

d
si

ze
of

th
e
ε-

n
ei

gh
b

or
h
o
o
d

in
fi
n
it

e
h
ig

h
-d

im
en

si
on

a
l

sp
ac

es
,

an
ex

p
re

ss
io

n
th

a
t

is
th

en
ex

p
lo

it
ed

to
d
et

er
m

in
e

th
e

cr
it

ic
al

d
im

en
si

on
al

it
y.

A
ls

o,
to

q
u
an

ti
fy

th
e

d
iffi

cu
lt

y
of

(a
p
p
ro

x
im

at
e)

n
ea

re
st

n
ei

gh
b

or
se

ar
ch

,
H

e
et

al
.

(2
01

2)
in

tr
o
d
u
ce

d
th

e
co

n
ce

p
t

o
f

re
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ve
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n
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a
m

ea
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of

se
p
ar

ab
il
it

y
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e

n
ea
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st

n
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gh
b
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e
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y
p

o
in
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o
m
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re
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e
d
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v
id
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es
ti
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e
w
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p
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b
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r
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y
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ra
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n
g
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n
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g
d
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n
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d
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u
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n
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p
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er
d
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a
m

o
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a
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u
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m
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e
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r

th
e

re
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ti
ve

co
n
tr
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t
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ea

su
re

.
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h
e

n
u
m

b
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N
k
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v
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n
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n
ei

gh
b
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th
e

n
u
m

b
er

of
k
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u
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en
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s
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th
e
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ve
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e

n
ea

re
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n
ei

gh
b
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co

u
n
t,
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th

e
n
u
m

b
er
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d
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a
p
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n
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r

w
h
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h
a

g
iv

en
p
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n
t
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g
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r
k
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n
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b
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b
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at
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n
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m

p
u
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ra
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s
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c
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a
o
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C

h
eon

g
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al.,
2
0
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Y
an

g
et
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2
0
1
5
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w
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u
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h
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in
g

b
een

p
rop

osed
in

th
e

d
ata

m
in

in
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e
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fi
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H
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äk
i

et
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R
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et
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om

asev
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2
0
14
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R

a
d
ovan

ov
ic

et
al.,

2015;
T

om
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an
d

B
u
za,

20
15),

b
eyon

d
b

ein
g

th
e

ob
jects

of
stu

d
y

in
a
p
p
lied

p
rob

ab
ility

an
d

m
ath
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sy

ch
ology
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ew
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et
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M
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ey
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;
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v
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y
et
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N
ew

m
an

an
d

R
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d

S
im

on
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D
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ite
th

e
u
sefu

ln
ess
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d

th
e

ex
ten

siv
e

u
se

of
th

is
con
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ct,

th
e

p
recise

ch
aracteri-

za
tio

n
o
f

th
e

form
of

th
e

fu
n
ction

N
k

b
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in
th

e
fi
n
ite

an
d

in
fi
n
ite

d
im

en
sion

al
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is
a

lo
n
g
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n
d
in

g
p
rob
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W
h
at

is
a
lread

y
k
n
ow

n
is

th
at
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r

th
e

in
fi
n
ite
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it
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size

an
d

d
im

en
sio

n
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N
k

m
u
st

con
verge
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d
istrib

u
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n
to
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ow

ever,
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lt
an

d
its
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ter-

p
reta

tio
n
s
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b
e
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t
to
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b
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av

ior
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n
ite
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p
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an
d

d
im
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sio

n
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C
o
n
seq

u
en
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th

is
p
ap

er
d
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a
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form
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th
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n
u
m

b
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of
k
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ccu
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ces
a
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w
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p
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t
in

fi
n
ite

h
igh

-d
im

en
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al
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togeth

er
w

ith
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gen
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clo
sed

fo
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o
f

th
e
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lim
itin

g
p
rob
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ility

d
istrib

u
tion

th
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en
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p
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iou
s
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lts

a
n
d

p
rov

id
es

in
terp

retab
ility

o
f
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b

eh
av
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an

d
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th
e
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h
u
b
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ess

p
h
en

om
en
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T
h
e

resu
lts,

w
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ich
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rst

illu
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for
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

d
ata,

a
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su
b
seq

u
en
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ex
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d
ed
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d
ep

en
d
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t
n
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en
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d
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u
ted

d
ata

satisfy
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g
certain
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n
d
itio

n
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a
n
d

th
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,
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w
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n
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d
ep
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d
en

t
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.

F
in

ally,
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d
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ssed
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e
ap
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d
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g
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era
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d
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g
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d
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s
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B
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h
u
b
n
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p
h
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on
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p
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p
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ce
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n
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w

e
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th
e
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n
d
in
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th

e
d
istrib

u
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e
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n
earest

n
eigh

b
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an
d

th
e
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en
ce

o
f

h
u
b
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trin
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h
igh

-d
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en
sion
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tex
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n
ected

to
an
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s
p
h
en

o
m

en
o
n

o
ccu

rrin
g

in
th

e
con

tex
t

of
n
etw

ork
s.

T
h
e

in
vestigation

reveals
th

at
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som
e
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l-life

la
rg

e-scale
n
etw

ork
s,

th
e

d
istrib

u
tion

of
th

e
in

com
in

g
n
o
d
e

d
eg

rees
is
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n
ected

to
th

e
h
erein

-d
erived

d
istrib

u
tion

of
th

e
in

fi
n
ite-d

im
en

sion
a
l
k
-o

ccu
rren

ces
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n
ction

,
w

h
ich

m
o
d
els

th
e

n
u
m

b
er

of
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erse
k
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earest
n
eigh

b
ors

in
an
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re
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ace
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in
d
ep

en
d
en

t
d
im

en
sion

s.
H

en
ce,

th
e

p
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id
ed

d
istrib

u
tion
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p
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to
b

e
su

itab
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for
m

o
d
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g
n
o
d
e-d

egree
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u
tion

s
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com
p
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n
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T
h
e

cu
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t
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d
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b

e
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w
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s
an

d
in

d
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eren
t

con
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su
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in
d
irect

a
n
d

reverse
n
earest

n
eigh

b
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search
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d
en

sity
estim

ation
,

an
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aly
an

d
n
ovelty

d
etectio

n
,

d
en

sity
-b

ased
clu

sterin
g,

an
d

n
etw

ork
an

aly
sis,

am
on

g
oth

ers.
W

ith
regard

to
its

p
o
ssib

le
a
p
p
lication

s,
w

e
can

h
igh

ligh
t

ap
p
rox

im
ation

s
of

m
easu

res
related

to
d
istan

ce
d
istrib

u
tion

s,
w

orst-case
scen
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for

d
ata

an
aly

sis
an

d
retrieval

tech
n
iq

u
es,

d
esign

strate-
g
ies

th
a
t

try
to

m
itigate

th
e

cu
rse

of
d
im

en
sion

ality,
an

d
m

o
d
els

of
com

p
lex

n
etw

ork
s.

W
e

refer
to

th
e

co
n
clu

d
in

g
section

for
a

m
ore

ex
ten

sive
d
iscu

ssion
.

T
h
e

rest
o
f

th
e

w
ork

is
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as

follow
s.

S
ection

2
d
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sses
related

w
ork

con
cern

in
g

th
e

co
n
cen

tra
tion

of
d
istan

ces,
in

trin
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d
im

en
sion

ality,
an

d
th

e
n
u
m

b
er

of
k
-o

ccu
rren

ces
a
n
d

th
e

asso
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ted
h
u
b
n
ess

p
h
en

om
en

on
.

S
ection

3
p
resen

ts
th

e
n
otatio

n
u
sed

to
p
rov

id
e

resu
lts.

S
ectio

n
4

in
tro

d
u
ces

th
e

m
ain

resu
lts

of
th

e
p
ap

er.
S
ection

5
d
iscu

sses
rela

tion
sh

ip
s

b
etw

een
th

e
stu

d
y

of
th

e
h
u
b
n
ess

p
h
en

om
en

a
o
ccu

rrin
g

in
h
igh

-d
im

en
sion

al
sp

aces
w

ith
th

e
a
n
a
lo

g
o
u
s

p
h
en

om
en

a
ob

served
in

real-life,
large-scale,

com
p
lex

n
etw

ork
s.

S
ection

6
co

n
clu

d
es

th
e

w
ork

.
F

in
ally,

th
e

A
p
p

en
d
ix

con
tain

s
th

e
p
ro

ofs
th

at
are

n
ot
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orted

w
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in
th

e
m

a
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t.

3
JM

L
R

 18(170):1-60, 2018

A
n
g
iu
l
l
i

2
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R
e
la
te
d
W

o
rk

A
s

alread
y

n
oted

,
th

e
term

cu
rse

o
f

d
im

en
sio

n
a
lity

is
u
sed

to
refer

to
d
iffi

cu
lties

arisin
g

w
h
en

h
igh

-d
im

en
sion

al
d
ata

m
u
st

b
e

tak
en

in
to

accou
n
t,

an
d

on
e

of
th

e
m

ain
asp

ects
of

th
is

cu
rse

is
d
ista

n
ce

co
n

cen
tra

tio
n

.
In

th
is

regard
,

D
em

artin
es

(19
94)

h
as

sh
ow

n
th

at
th

e
ex

p
ectation

o
f

th
e

E
u
clid

ean
n
orm

of
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.)

ran
d
om

vectors
in

creases
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th
e

sq
u
are

ro
ot

of
th

e
d
im

en
sion

,
w

h
ereas

its
varian

ce
ten

d
s

tow
ard

a
con

stan
t

an
d
,

h
en

ce,
d
o
es

n
ot

d
ep

en
d

on
th

e
d
im

en
sion

ality.
S
p

ecifi
cally

:

T
h

e
o
re

m
1

(D
e
m

a
rtin

e
s,

1
9
9
4
,

c
f.

T
h

e
o
re

m
2
.1

)
L

et
X

d
be

a
n

i.i.d
.
d

-d
im

en
sio

n
a
l

ra
n

d
o
m

vecto
r

w
ith

co
m

m
o
n

cd
f
F
X

.
T

h
en

E
[‖
X

d ‖
2 ]

=
√
a
d−

b
+
O

(1/d
)

a
n

d
σ

2(‖
X

d ‖
2 )

=
b

+
O

(1/ √
d
),

w
h
ere

a
a
n

d
b

a
re

co
n

sta
n

ts
d
epen

d
in

g
o
n

th
e

cen
tra

l
m

o
m

en
ts

o
f
F
X

u
p

to
th

e
fo

u
rth

o
rd

er
bu

t
d
o

n
o
t

d
epen

d
o
n

th
e

d
im

en
sio

n
a
lity

d
.

D
em

artin
es

n
oticed

th
at,

b
ecau

se
th

e
E

u
clid

ean
d
istan

ce
corresp

on
d
s

to
th

e
n
orm

of
th

e
d
iff

eren
ce

of
tw

o
vectors,

th
e

d
istan

ce
b

etw
een

th
e

i.i.d
.

ran
d
o
m

v
ectors

m
u
st

also
ex

h
ib

it
th

e
sam

e
b

eh
av

ior.
T

h
is

in
sigh

tfu
l

resu
lt

ex
p
lain

s
w

h
y

h
igh

-d
im

en
sion

al
vectors

ap
p

ear
to

b
e

d
istrib

u
ted

arou
n
d

th
e

su
rface

of
a

sp
h
ere

of
rad

iu
s

E
[‖X

d ‖
]
an

d
w

h
y,

b
ecau

se
th

ey
seem

to
b

e
n
orm

alized
,

th
e

d
istan

ces
b

etw
een

p
a
irs

of
h
igh

-d
im

en
sion

al
ran

d
om

v
ectors

ten
d

to
b

e
sim

ilar.

T
h
e

d
istan

ce
con

cen
tration

p
h
en

om
en

on
is

u
su

ally
ch

aracterized
in

th
e

literatu
re

b
y

m
ean

s
of

a
ratio

b
etw

een
som

e
m

easu
re

related
to

th
e

sp
read

an
d

som
e

m
easu

re
related

to
th

e
m

agn
itu

d
e

of
th

e
n
orm

,
som

etim
es

p
resen

ted
as

th
e

d
istan

ce
from

a
p

oin
t

lo
cated

in
th

e
origin

of
th

e
sp

ace.
In

p
articu

lar,
th

e
con

clu
sion

is
th

at
th

ere
is

a
con

cen
tratio

n
of

d
istan

ces
w

h
en

th
e

ab
ove

ratio
con

verges
to

0
as

th
e

d
im

en
sion

ality
ten

d
s

to
in

fi
n
ity.

S
om

e
au

th
ors

h
ave

stu
d
ied

th
e

con
cen

tratio
n

p
h
en

om
en

on
b
y

rep
resen

tin
g

a
d
ata

set

as
a

set
of
n
d
-d

im
en

sion
al

i.i.d
.

ran
d
om

vectors
X

(j)
d

(1
≤
j
≤
n

)
w

ith
n
ot-n

ecessarily
com

m
on

p
d
fs
f
X

(j
) .

S
p

ecifi
cally,

th
e

co
n

tra
st

is
d
efi

n
ed

as
th

e
d
iff

eren
ce

b
etw

een
th

e
largest

an
d

th
e

sm
allest

ob
served

n
orm

,
or

rath
er

th
e

d
istan

ce
from

a
q
u
ery

p
oin

t
lo

cated
at

th
e

origin
,

w
h
ereas

th
e

rela
tive

co
n

tra
st

is
d
efi

n
ed

as

R
C
d

=
m

ax
j ‖
X

(j)
d
‖
p −

m
in
j ‖X

(j)
d
‖
p

m
in
j ‖
X

(j)
d
‖
p

,

w
h
ere
‖·‖

p
d
en

otes
th

e
p
-n

orm
‖
x
d ‖
p

=
(∑

di=
1 |x

i | p )
1
/
p,

is
th

e
con

trast
n
orm

alized
w

ith

resp
ect

to
th

e
sm

allest
n
orm

/d
istan

ce.

T
h

e
o
re

m
2

(A
d

a
p

te
d

fro
m

B
e
y
e
r

e
t

a
l.,

1
9
9
9
,
c
f.

T
h

e
o
re

m
1
)

L
et
X

(j)
d

(1
≤
j≤

n
)

be
n
d

-d
im

en
sio

n
a
l

ra
n

d
o
m

vecto
rs

w
ith

co
m

m
o
n

cd
fs.

If

lim
d→
∞
σ

2 (
‖
X

(j)
d
‖
p

E
[‖
X

(j)
d
‖
p ] )

=
0,

th
en

,
fo

r
a
n

y
ε
>

0,
lim
d→
∞
P
r

[R
C
d ≤

ε]
=

1.
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ra
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ős

an
d

R
én

y
i,

1
9
5
9
).

H
ow

ev
er

,
it

h
as

b
ee

n
ob

se
rv

ed
th

at
as

d
im

en
si

on
al

it
y

in
cr

ea
se

s,
th

e
d
is

tr
ib

u
ti

o
n

o
f

N
k

b
ec

om
es

sk
ew

ed
to

th
e

ri
gh

t,
re

su
lt

in
g

in
th

e
em

er
ge

n
ce

of
h
u

bs
,

w
h
ic

h
ar

e
p

o
in

ts
w

h
os

e
re

ve
rs

e
k
-n

ea
re

st
n
ei

gh
b

or
co

u
n
ts

te
n
d

to
b

e
m

ea
n
in

gf
u
ll
y

la
rg

er
th

an
th

at
a
ss

o
ci

a
te

d
w

it
h

an
y

ot
h
er

p
oi

n
t.

T
h
e

d
is

tr
ib

u
ti

on
of

N
k

h
as

b
ee

n
ex

p
li
ci

tl
y

st
u
d
ie

d
in

th
e

ap
p
li
ed

p
ro

b
ab

il
it

y
a
n
d

m
a
th

e-
m

at
ic

al
p
sy

ch
ol

og
y

co
m

m
u
n
it

ie
s

(N
ew

m
a
n

et
al

.,
19

83
;
M

al
on

ey
,
19

83
;
N

ew
m

a
n

a
n
d

R
in

o
tt

,
19

85
;

T
ve

rs
k
y

an
d

H
u
tc

h
in

so
n
,

19
86

;
Y

ao
an

d
S
im

on
s,

19
96

).
A

lm
os

t
al

l
th

e
re

su
lt

s
p
ro

-
v
id

ed
co

n
ce

rn
a

P
oi

ss
on

p
ro

ce
ss

th
at

sp
re

ad
s

th
e

v
ec

to
rs

u
n
if

or
m

ly
ov

er
R
d
,

le
a
d
in

g
to

th
e

co
n
cl

u
si

on
th

at
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of

N
k

co
n
ve

rg
es

to
th

e
P

oi
ss

o
n

d
is

tr
ib

u
ti

on
w

it
h

m
ea

n
k
.

T
h
e

ca
se

of
co

n
ti

n
u
ou

s
d
is

tr
ib

u
ti

on
s

w
it

h
i.
i.
d
.

co
m

p
on

en
ts

h
a
s

b
ee

n
co

n
-

si
d
er

ed
in

(N
ew

m
an

et
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p
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e
in

fi
n
it

e-
d
im

en
si

on
al

d
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c
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ra
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v
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c
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∞
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∞
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∞
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∞
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∞
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reta
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b
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b
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b
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is

ex
p

ected
for

p
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d
icates

th
at

th
is

ten
d
en

cy
is

a
m

p
lifi

ed
b
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b
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b
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b
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b
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d
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c
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∈
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≤
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e

ch
i

d
istribu

tio
n

w
ith

d
d
egrees

o
f

freed
o
m

,
respectively.

D
efi

n
e

∆
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w
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ra
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∈
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∆
µ
d (λ

d
,1 ,λ

d
,2 )

>
0,

a
n

d
∆
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∆
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p
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∆
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d
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b
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b
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p
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b
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p
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p
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b
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u
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ab
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ab
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b
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=
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d
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d
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d
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con
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>

0)
µ
k

=
E

[X
k]
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=
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e
com

m
on

cd
f

of
th

e
ran

d
om

vector(s)
o
ccu

rrin
g

in
th

e
d
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=
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con
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It

is
k
n
ow

n
th

at
o
d
d

cen
tral

m
om

en
ts,

p
rov

id
ed

th
ey

ex
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u
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d
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u
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d
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u
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d
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d
f,

resp
.)

of
th

e
stan

d
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b
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d
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u
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d
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d ‖
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n
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∞
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d
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d
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d
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≈

Φ
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oléan
s-D

ad
e,

1999
),

th
e

stan
d
a
rd

score
of
W
i

is
su

ch
th

a
t,

a
s
d
→
∞

,
∑

di=
1
W
i −

d
µ
W

√
d
σ
W

=

∑
di=

1
Y

2i −
d
µ

2
√
d
(µ

4 −
µ

22 )
→
N

(0,1),

fro
m

w
h
ich

th
e

resu
lt

follow
s.

P
ro

p
o
sitio

n
9
〈X

d ,Y
d 〉'

N
(d
µ

2,d
(µ

22 −
µ

4) ).

P
ro

o
f

o
f

P
ro

p
o
sitio

n
9
.

B
ecau

se
〈X

d ,Y
d 〉

=
∑

di=
1
X
i Y
i

=
∑

di=
1
W
i

is
th

e
su

m
of

a
seq

u
en

ce
W

1 ,W
2 ,W

3 ,...
of

i.i.d
.

ran
d
om

variab
les

w
ith

m
ean

E
[W

i ]
=

E
[X

i Y
i ]

=
E

[X
i ]E

[Y
i ]

=
µ

2
an

d
varian

ce
σ

2[W
i ]

=
E

[W
2i ]−

E
[W

i ] 2
=

E
[X

2i Y
2i ]−

(µ
2)

2
=

E
[X

2i ]E
[Y

2i ]−
µ

4
=
µ

22 −
µ

4,
from

th
e

C
L
T

th
e

resu
lt

follow
s.

P
ro

p
o
sitio

n
1
0

A
s
d
→
∞

,‖
X

d ‖
2,‖

Y
d ‖

2
a
n

d
〈X

d ,Y
d 〉

a
re

jo
in

tly
n

o
rm

a
lly

d
istribu

ted
.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1
0
.

T
h
e

statem
en

t
h
old

s
p
rov

id
ed

th
at

all
lin

ear
com

b
in

ation
s

W
=
a‖
X

d ‖
2

+
b‖Y

d ‖
2

+
c〈X

d ,Y
d 〉

are
n
orm

al.
N

otice
th

at

W
=
a (

d
∑i=

1

X
2i )

+
b (

d
∑i=

1

Y
2i )

+
c (

d
∑i=

1

X
i Y
i )

=
d
∑i=

1 (a
X

2i
+
bY

2i
+
cX

i Y
i )

=
d
∑i=

1

W
i ,

w
h
ere

W
i

=
a
X

2i
+
bY

2i
+
cX

i Y
i

is
a

n
ovel

ran
d
om

variab
le.

B
ecau

se
W

1 ,W
2 ,W

3 ,...
is

a
seq

u
en

ce
o
f

i.i.d
.

ran
d
om

variab
les,

th
e

resu
lt

fo
llow

s
from

th
e

C
L
T

.

11
JM

L
R

 18(170):1-60, 2018

A
n
g
iu
l
l
i

P
ro

p
o
sitio

n
1
1

cov (‖Y
d ‖

2,〈X
d ,Y

d 〉 )
=
d
µ

(µ
3 −

µ
2 µ

)
(a

n
d
cov (‖

X
d ‖

2,〈X
d ,Y

d 〉 )
=
d
µ

(µ
3 −

µ
2 µ

),
fo

r
sym

m
etry )

.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1
1
.

S
ee

th
e

ap
p

en
d
ix

.

P
ro

o
f

o
f

L
e
m

m
a

7
(c

o
n
tin

u
e
d

).
B

ecau
se

th
e

ran
d
om

varia
b
les
‖
X

d ‖
2,‖Y

d ‖
2,

an
d

〈X
d ,Y

d 〉
are

join
tly

n
orm

ally
d
istrib

u
ted

(see
P

rop
osition

10),
th

eir
lin

ear
com

b
in

ation
‖
X

d −
Y
d ‖

2
=
‖X

d ‖
2
+
‖
Y
d ‖

2−
2〈X

d ,Y
d 〉

is
n
orm

ally
d
istrib

u
ted

w
ith

m
ean

µ
‖
X
d −
Y
d ‖

2
=

µ
‖
X
d ‖

2
+
µ
‖
Y
d ‖

2 −
2
µ
〈X

d
,Y

d 〉
=

2d
(µ

2 −
µ

2),
an

d
varian

ce

σ
2‖X

d −
Y
d ‖

2
=

2
σ

2‖Y
d ‖

2
+

(−
2)

2σ
2〈X

d
,Y

d 〉
+

4(−
2)cov

(‖
Y
d ‖

2,〈X
d ,Y

d 〉)
=

=
2
d
(µ

4 −
µ

22 )
+

4
d
(µ

22 −
µ

4)−
8
d
µ

(µ
3 −

µ
2 µ

)
=

=
2
d (
µ

4
+
µ

22
+

2
µ (µ

(2µ
2 −

µ
2)−

2
µ

3 ) )
.

P
ro

o
f

o
f

T
h

e
o
re

m
6

(c
o
n
tin

u
e
d

).
T

o
con

clu
d
e

th
e

p
ro

of:
P
r

[d
ist(X

d ,Y
d )≤

δ]
=

P
r [d

ist(X
d ,Y

d )
2≤

δ
2 ]

=
P
r [‖

X
d −

Y
d ‖

2≤
δ

2 ]≈
Φ
‖
X
d −
Y
d ‖

2 (δ
2).

N
ote

th
at,

if
X

d
an

d
Y
d

h
ave

a
com

m
on

p
d
f

w
ith

n
u
ll

m
ea

n
(µ

=
0),‖Y

d ‖
2

(‖
X

d ‖
2

eq
u
ivalen

tly
)

an
d
〈X

d ,Y
d 〉

are
u
n
correlated

,
an

d
b

ein
g

join
tly

n
orm

al
d
istrib

u
ted

,
th

ey
are

also
in

d
ep

en
d
en

t.
In

su
ch

a
case,

th
e

p
aram

eters
of

th
e

d
istrib

u
tion

can
b

e
ex

p
ressed

in
th

e
follow

in
g

sim
p
lifi

ed
form

.

C
o
ro

lla
ry

1
2

L
et
X

d
a
n

d
Y
d

be
tw

o
d

-d
im

en
sio

n
a
l

i.i.d
.

ra
n

d
o
m

vecto
rs

w
ith

co
m

m
o
n

cd
f
F
X

h
a
vin

g
m

ea
n
µ

.
T

h
en

‖X̂
d −

Ŷ
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(Ŷ
d

=
Y
d −

µ
,

resp
.)

a
n

d
µ̂
k

=
E

[(X
−
µ

)
k]

(k
>

0)
a
re

th
e

cen
tra

l
m

o
m

en
ts

o
f
f
X

(th
e

m
o
m

en
ts

o
f
f
X̂

,
resp

.).

P
ro

o
f

o
f

C
o
ro

lla
ry

1
2
.

Im
m

ed
iate

from
T

h
eorem

7.

T
h
e

n
otab

ility
of

th
e

ab
ov

e
ex

p
ression

also
stem

s
from

th
e

follow
in

g
fact.

P
ro

p
o
sitio

n
1
3
P
r[d

ist(X
d ,Y

d )≤
δ]

=
P
r[d

ist(X̂
d ,Ŷ
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d
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b
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p
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b
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con
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∈
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=
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b
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p
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.
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e
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p
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con
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d
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is

p
o
ssib

le
to

form
ally

see
th

at
C

F
O

F
ou

tliers
are

few
in

n
u
m

b
er

an
d

sep
arated

from
in

liers
even

in
in

trin
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b
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=

=
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=
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∑
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b
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∑
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∞
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∑j=

1

α
j X

ji 
=

q
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α
2j µ

2j
+

q
∑j=

1

q
∑k6=

j

α
j α

k µ
j µ
k 

=

=

q
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α
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α
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2
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−
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+
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+
d
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h
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=
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=
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b
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]
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]
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−
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∞
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∞
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∞
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∞
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∞
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∞
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ős

an
d

A
lf

rè
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ad

ie
n
t

d
es

ce
n
t

en
-

jo
y
s

co
m

p
ar

ab
le

p
er

fo
rm

an
ce

as
co

m
p
ar

ed
to

it
s

b
at

ch
co

u
n
te

rp
ar

t
su

ch
as

g
ra

d
ie

n
t

d
es

ce
n
t

(Z
h
an

g,
20

04
;
Y

ao
,
20

10
;
S
h
al

ev
-S

h
w

ar
tz

et
al

.,
20

11
),

w
h
il
e

at
ta

in
in

g
a

gr
ea

t
co

m
p
u
ta

ti
o
n
a
l

sp
ee

d
-u

p
si

n
ce

it
s

gr
ad

ie
n
t

ca
lc

u
la

ti
on

in
vo

lv
es

on
ly

a
si

n
gl

e
ex

am
p
le

.
A

s
a

co
m

p
a
ri

so
n
,

th
e

gr
ad

ie
n
t

ca
lc

u
la

ti
on

in
gr

ad
ie

n
t

d
es

ce
n
t

re
q
u
ir

es
to

tr
av

er
se

al
l
tr

ai
n
in

g
ex

am
p
le

s.
R

ec
en

tl
y,

on
li
n
e

gr
ad

ie
n
t

d
es

ce
n
t

h
as

re
ce

iv
ed

re
n
ew

ed
at

te
n
ti

on
d
u
e

to
th

e
w

id
e

ap
p
li
ca

ti
o
n
s

o
f

it
s

st
o
ch

as
ti

c
an

al
og

u
e,

i.
e.

,
st

o
ch

as
ti

c
gr

a
d
ie

n
t

d
es

ce
n
t,

in
tr

ai
n
in

g
d
ee

p
n
eu

ra
l

n
et

w
o
rk

s
(B

o
t-

to
u
,

19
91

;
N

gi
am

et
al

.,
20

11
;

S
u
ts

ke
ve

r
et

al
.,

20
13

).
In

th
is

p
ap

er
,

w
e

ar
e

in
te

re
st

ed
in

th
e

se
tt

in
g

th
at

tr
ai

n
in

g
ex

am
p
le

s
{z
t

=
(x
t,
y t

)}
t∈

N
ar

e
se

q
u
en

ti
al

ly
an

d
id

en
ti

ca
ll
y

d
ra

w
n

fr
om

a
p
ro

b
ab

il
it

y
m

ea
su

re
ρ

d
efi

n
ed

in
th

e
sa

m
p
le

sp
ac

e
Z

=
X
×
Y,

w
h
er

e
X
⊂

R
d

is
th

e
in

p
u
t

sp
ac

e
an

d
Y
⊂

R
is

th
e

ou
tp

u
t

sp
a
ce

.
W

e
fo

cu
s

on
th

e
n
on

p
ar

am
et

ri
c

se
tt

in
g,

w
h
er

e
th

e
le

ar
n
in

g
p
ro

ce
ss

is
im

p
le

m
en

te
d

in
a

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
)
H
K

as
so

ci
at

ed
w

it
h

a
M

er
ce

r
ke

rn
el
K

:
X
×
X
→

R
w

h
ic

h
is

as
su

m
ed

to
b

e
co

n
ti

n
u
ou

s,
sy

m
m

et
ri

c
an

d
p

os
it

iv
e

se
m

i-
d
efi

n
it

e.
T

h
e

sp
ac

e
H
K

is
d
efi

n
ed

as
th

e
co

m
p
le

ti
on

of
th

e
li
n
ea

r
sp

an
of

th
e

se
t

of
fu

n
ct

io
n
s
{K

x
(·)

:=
K

(x
,·)

:
x
∈
X
}

w
it

h
th

e
in

n
er

p
ro

d
u
ci

n
g

sa
ti

sf
y
in

g
th

e
re

p
ro

d
u
ci

n
g

p
ro

p
er

ty
f

(x
)

=
〈f
,K

x
〉f

o
r

a
n
y
x
∈
X

an
d
f
∈
H
K

.
In

th
is

se
tt

in
g,

th
e

u
se

of
M

er
ce

r
k
er

n
el

s
p
ro

v
id

es
a

u
n
if

y
in

g
w

ay
to

m
ea

su
re

si
m

il
ar

it
ie

s
b

et
w

ee
n

p
ai

rs
of

ob
je

ct
s

(C
or

te
s

an
d

V
ap

n
ik

,
19

95
;
M

ü
ll
er

et
al

.,
2
0
0
1
;
S
te

in
w

a
rt

,
20

01
;

S
ch

öl
k
op

f
an

d
S
m

ol
a,

20
01

),
w

h
ic

h
tu

rn
s

ou
t

to
b

e
a

ke
y

to
th

e
gr

ea
t

su
cc

es
s

o
f

ke
rn

el
m

et
h
o
d
s

in
m

an
y

p
ra

ct
ic

al
le

ar
n
in

g
p
ro

b
le

m
s.

W
e

w
is

h
to

b
u
il
d

a
p
re

d
ic

ti
o
n

ru
le
f
∈
H
K

af
te

r
se

ei
n
g

a
se

q
u
en

ce
of

tr
ai

n
in

g
ex

am
p
le

s,
th

e
p

er
fo

rm
an

ce
of

w
h
ic

h
at

an
ex

a
m

p
le

(x
,y

)
ca

n
b

e
q
u
an

ti
ta

ti
ve

ly
m

ea
su

re
d

b
y

a
lo

ss
fu

n
ct

io
n
φ

:
Y
×

R
→

R
+

as
φ

(y
,f

(x
))

.
W

it
h

a
se

q
u
en

ce
{η
t}
t∈

N
of

p
os

it
iv

e
st

ep
si

ze
s

an
d
f 1

=
0,

o
n
li
n
e

gr
ad

ie
n
t

d
es

ce
n
t

is
a

re
a
li
za

ti
o
n

of
le

ar
n
in

g
sc

h
em

es
b
y

ke
ep

in
g

a
se

q
u
en

ce
of

it
er

at
es

as
fo

ll
ow

s

f t
+

1
=
f t
−
η t
φ
′ (
y t
,f
t(
x
t)

)K
x
t
,
∀t
∈
N
,

(1
.1

)

w
h
er

e
φ
′

d
en

ot
es

th
e

d
er

iv
at

iv
e

of
φ

w
it

h
re

sp
ec

t
to

th
e

se
co

n
d

ar
gu

m
en

t.
A

lt
h
o
u
g
h

o
u
r

fo
cu

s
is

on
th

e
n
on

p
ar

am
et

ri
c

se
tt

in
g,

it
sh

ou
ld

b
e

m
en

ti
on

ed
th

at
th

e
ab

ov
e

a
lg

o
ri

th
m

al
so

re
co

v
er

s
th

e
p
ar

am
et

ri
c

ca
se

in
w

h
ic

h
th

e
ke

rn
el

is
ta

ke
n

to
b

e
th

e
li
n
ea

r
ke

rn
el

w
it

h
K
x
(x
′ )

=
〈x
,x
′ 〉,
∀x
,x
′ ∈
X

,
to

w
h
ic

h
ou

r
re

su
lt

s
al

so
a
p
p
ly

.
D

es
p
it

e
it

s
w

id
es

p
re

ad
ap

p
li
ca

ti
on

s,
th

e
th

eo
re

ti
ca

l
u
n
d
er

st
an

d
in

g
of

th
e

o
n
li
n
e

g
ra

-
d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
s

is
st

il
l

n
ot

sa
ti

sf
ac

to
ry

in
th

e
fo

ll
ow

in
g

th
re

e
as

p
ec

ts
.

F
ir

st
ly

,
b

ou
n
d
ed

n
es

s
as

su
m

p
ti

on
s

on
th

e
it

er
at

es
ar

e
of

te
n

im
p

os
ed

in
th

e
li
te

ra
tu

re
,

w
h
ic

h
m

ay
b

e
v
io

la
te

d
in

p
ra

ct
ic

al
im

p
le

m
en

ta
ti

o
n
s

if
th

e
u
n
d
er

ly
in

g
d
om

ai
n

is
n
ot

b
ou

n
d
ed

.
A

lt
h
o
u
g
h

a
p
ro

je
ct

io
n

of
it

er
at

es
on

to
a

b
ou

n
d
ed

d
om

ai
n

gu
ar

an
te

es
th

e
b

ou
n
d
ed

n
es

s
a
ss

u
m

p
ti

o
n
,

th
e

p
ro

je
ct

io
n

op
er

at
or

m
ay

b
e

ti
m

e-
co

n
su

m
in

g
an

d
th

is
in

tr
o
d
u
ce

s
a
n

a
d
d
it

io
n
a
l

ch
a
ll
en

g
-

in
g

p
ro

b
le

m
of

tu
n
in

g
th

e
si

ze
of

th
e

d
om

ai
n
.

S
ec

on
d
ly

,
m

os
t

of
th

e
th

eo
re

ti
ca

l
re

su
lt

s
ar

e
st

at
ed

in
ex

p
ec

ta
ti

on
,

w
h
il
e

w
e

ar
e

so
m

et
im

es
m

or
e

in
te

re
st

ed
in

ei
th

er
a
lm

o
st

su
re

co
n
ve

rg
en

ce
or

co
n
ve

rg
en

ce
ra

te
s

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
In

d
ee

d
,

a
n

al
go

ri
th

m
m

ay
su

ff
er

fr
om

a
h
ig

h
va

ri
ab

il
it

y
an

d
sh

ou
ld

b
e

u
se

d
w

it
h

ca
u
ti

on
if

n
ei

th
er

al
m

os
t

su
re

co
n
ve

rg
en

ce
n
or

h
ig

h
-p

ro
b
ab

il
it

y
b

ou
n
d
s

h
ol

d
(S

h
am

ir
an

d
Z

h
an

g,
20

13
).

In
p
ar

ti
cu

la
r,

a
n

a
lm

o
st

su
re

co
n
ve

rg
en

ce
is

st
il
l

la
ck

in
g

fo
r

on
li
n
e

gr
a
d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
s

a
p
p
li
ed

to
g
en

er
a
l

co
n
v
ex

p
ro

b
le

m
s

(Y
in

g
an

d
Z

h
ou

,
20

17
).

L
as

tl
y,

m
os

t
ex

is
ti

n
g

co
n
v
er

ge
n
ce

ra
te

s
a
re

st
a
te

d
fo

r
so

m
e

av
er

ag
e

of
it

er
at

es
.

T
h
ou

gh
ta

k
in

g
av

er
ag

e
o
f

it
er

at
es

ca
n

im
p
ro

ve
th

e
ro

b
u
st

n
es

s

2
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L
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

o
f

th
e

so
lu

tio
n

(N
em

irov
sk

i
et

al.,
2009),

it
can

eith
er

d
estroy

th
e

sp
arsity

of
th

e
solu

tion
w

h
ich

is
cru

cia
l

for
a

p
rop

er
in

terp
retation

of
m

o
d
els

in
m

an
y

ap
p
lication

s,
or

slow
d
ow

n
th

e
tra

in
in

g
sp

eed
in

p
ractical

im
p
lem

en
tation

s
(R

a
k
h
lin

et
al.,

2012).
In

th
is

p
ap

er,
w

e
aim

to
take

a
fu

rth
er

step
to

tack
le

th
e

ab
ove

m
en

tion
ed

p
ro

b
lem

s.
W

e
esta

b
lish

a
gen

eral
su

ffi
cien

t
con

d
ition

an
d

a
n
ecessary

con
d
ition

o
n

th
e

step
sizes

fo
r

th
e

co
n
verg

en
ce

of
on

lin
e

grad
ien

t
d
escen

t
algo

rith
m

s
in

ex
p

ectation
.

W
ith

D
o
o
b
’s

m
artin

g
a
le

con
v
ergen

ce
th

eorem
an

d
th

e
B

orel-C
an

telli
lem

m
a,

a
su

ffi
cien

t
con

d
ition

for
th

e
a
lm

o
st

su
re

con
vergen

ce
an

d
ex

p
licit

con
vergen

ce
rates

w
ith

p
rob

ab
ility

on
e

are
also

esta
b
lish

ed
.

F
u
rth

erm
ore,

w
e

p
resen

t
h
igh

-p
rob

ab
ility

b
ou

n
d
s

for
b

oth
averaged

iterates
a
n
d

th
e

la
st

iterate
of

on
lin

e
grad

ien
t

d
escen

t
algorith

m
s.

T
o

ou
r

b
est

k
n
ow

led
ge,

th
is

is
th

e
fi
rst

h
ig

h
-p

rob
ab

ility
con

v
ergen

ce
rate

for
th

e
last

iterate
of

on
lin

e
grad

ien
t

d
escen

t
a
lg

o
rith

m
s

in
th

e
gen

eral
con

v
ex

settin
g.

O
u
r

an
aly

sis
d
o
es

n
ot

im
p

ose
an

y
b

ou
n
d
ed

n
ess

a
ssu

m
p
tio

n
s

o
n

th
e

iterates.
In

d
eed

,
w

e
sh

ow
th

at,
alth

ou
gh

im
p
lem

en
ted

in
an

u
n
b

ou
n
d
ed

d
o
m

a
in

,
th

e
iterates

p
ro

d
u
ced

b
y

(1.1)
fall

in
to

a
b

ou
n
d
ed

d
om

ain
w

ith
h
igh

p
rob

ab
ility

(u
p

to
lo

ga
rith

m
ic

factors).
O

u
r

an
aly

sis
is

p
erform

ed
b
y

v
iew

in
g

th
e

on
e-step

p
rogress

of
o
n
lin

e
g
rad

ien
t

d
escen

t
algorith

m
s

from
d
iff

eren
t

yet
u
n
ifi

ed
p

ersp
ectives:

on
e

in
term

s
of

g
en

era
liza

tio
n

errors
an

d
on

e
in

term
s

of
R

K
H

S
d
istan

ces.
F

or
b

oth
v
iew

p
oin

ts,
w

e
relate

th
e

o
n
e-step

p
rogress

to
a

m
artin

gale
d
iff

eren
ce

seq
u
en

ce
an

d
a

n
egative

term
d
u
e

to
th

e
d
escen

t
n
atu

re
of

th
e

algorith
m

.
O

u
r

n
ovelty

is
to

sh
ow

th
at

th
e

d
om

in
an

t
varian

ce
term

a
p
p

earin
g

in
th

e
ap

p
lication

of
a

B
ern

stein
-ty

p
e

in
eq

u
ality

to
th

ese
m

artin
gales

can
b

e
ca

n
celled

o
u
t

b
y

th
e

n
egative

term
s

in
th

e
on

e-step
p
rogress

in
eq

u
alities.

B
oth

v
iew

p
oin

ts
o
f

th
e

o
n
e-step

p
rogress

are
in

d
isp

en
sab

le
in

ou
r

an
aly

sis.
T

h
e

rem
a
in

in
g

p
arts

of
th

is
p
ap

er
are

organ
ized

as
follow

s.
W

e
p
resen

t
m

ain
resu

lts
in

S
ectio

n
2
.

D
iscu

ssion
s

an
d

com
p
a
rison

s
w

ith
related

w
ork

are
given

in
S
ection

3.
T

h
e

p
ro

o
fs

o
f

m
a
in

resu
lts

are
giv

en
in

S
ection

4.

2
.
M

a
in

R
e
su

lts

O
u
r

co
n
vergen

ce
rates

are
stated

for
gen

eralization
errors,

w
h
ich

,
for

a
p
red

iction
ru

le
f

:X
→

R
,

a
re

d
efi

n
ed

as
th

e
ex

p
ected

errorE
(f

)
=
∫Z
φ

(y
,f

(x
))d
ρ

in
cu

rred
from

u
sin

g
f

to
p

erform
p
red

iction
.

O
u
r

an
aly

sis
req

u
ires

to
im

p
ose

m
ild

assu
m

p
tion

s
on

th
e

loss
fu

n
ctio

n
s.

A
ssu

m
p
tio

n
1

W
e

a
ssu

m
e

th
e

lo
ss

fu
n

ctio
n
φ

:Y
×

R
→

R
+

is
co

n
vex

a
n

d
d
iff

eren
tia

ble
w

ith
respect

to
th

e
seco

n
d

a
rgu

m
en

t.
L

et
α
∈

(0,1]
a
n

d
L
>

0
be

tw
o

co
n

sta
n

ts.
W

e
a
ssu

m
e

th
a
t

th
e

gra
d
ien

ts
o
f
φ

a
re

(α
,L

)-H
ö
ld

er
co

n
tin

u
o
u

s
in

th
e

sen
se

|φ
′(y
,s)−

φ
′(y
,s̃)|≤

L|s−
s̃| α
,
∀
s,s̃∈

R
,∀
y
∈
Y
.

(2.1)

W
e

say
φ

is
sm

o
oth

if
it

satisfi
es

(2.1)
w

ith
α

=
1.

L
oss

fu
n
ction

s
satisfy

in
g

A
ssu

m
p
tion

1
a
re

w
ild

ly
u
sed

in
m

ach
in

e
learn

in
g.

S
m

o
oth

loss
fu

n
ction

s
in

clu
d
e

th
e

least
sq

u
ares

loss
φ

(y
,a

)
=

12 (y−
a
)
2

an
d

th
e

H
u
b

er
loss

φ
(y
,a

)
=

12 (y−
a
)
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=
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=

m
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∈

(1,2],
b

o
th

th
e
p
-n

o
rm

h
in

ge
loss

φ
(y
,a

)
=

m
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m
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r
th

e
u
n
if

or
m

av
er

ag
e

of
it

er
at

es
f̄ T

:=
1 T

∑
T t=

1
f t

(P
ro

p
os

it
io

n
24

).

T
h
eo

re
m

10
es

ta
b
li
sh

es
a

ge
n
er

al
h
ig

h
-p

ro
b
ab

il
it

y
b

ou
n
d

fo
r

th
e

ex
ce

ss
g
en

er
a
li
za

ti
o
n

er
ro

r
of

th
e

la
st

it
er

at
e

in
te

rm
s

of
th

e
st

ep
si

ze
se

q
u
en

ce
.

T
h
e
o
re

m
1
0

S
u

p
po

se
th

a
t

th
e

a
ss

u
m

p
ti

o
n

s
in

T
h
eo

re
m

7
h
o
ld

.
T

h
en

,
th

er
e

ex
is

ts
a

co
n

-
st

a
n

t
C̃
′

in
d
ep

en
d
en

t
o
f
T

(e
xp

li
ci

tl
y

gi
ve

n
in

th
e

p
ro

o
f)

su
ch

th
a
t

fo
r

a
n

y
δ
∈

(0
,1

)
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

E(
f T

+
1
)
−
E(
f H

)
≤
C̃
′ m

ax
{ [

T ∑

t=
bT 2
cη t
] −

1
,η
bT 2
c,

T ∑

t=
bT 2
cη

1
+
α

t

}
lo

g
2

3
T δ
,

(2
.6

)

w
h
er

e
bT 2
c

d
en

o
te

s
th

e
la

rg
es

t
in

te
ge

r
n

o
t

gr
ea

te
r

th
a
n

T 2
.

T
o

es
ta

b
li
sh

h
ig

h
-p

ro
b
ab

il
it

y
er

ro
r

b
ou

n
d
s

fo
r

th
e

la
st

it
er

at
e

of
on

li
n
e

gr
a
d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
is

an
in

te
re

st
in

g
p
ro

b
le

m
w

h
ic

h
is

n
ot

w
el

l
st

u
d
ie

d
,

to
ou

r
b

es
t

k
n
ow

le
d
g
e,

in
th

e
ge

n
er

al
co

n
ve

x
se

tt
in

g.
T

h
e

ke
y

in
gr

ed
ie

n
t

in
ou

r
a
n
al

y
si

s
is

th
e

fo
ll
ow

in
g

on
e-

st
ep

p
ro

g
re

ss
in

eq
u
al

it
y

in
te

rm
s

of
ge

n
er

al
iz

at
io

n
er

ro
rs

(s
ee

(4
.4

7)
)

Â
t+

1
≤
Â
t
−
η t
‖∇
E(
f t

)‖
2

+
ξ̄ t

+
C
η

1
+
α

t
,

w
h
er

e
C

is
a

co
n
st

an
t

an
d
{ξ̄
t}

is
a

m
ar

ti
n
ga

le
d
iff

er
en

ce
se

q
u
en

ce
.

A
ke

y
ob

se
rv

a
ti

o
n

o
f

o
u
r

an
al

y
si

s
is

th
at

th
e

va
ri

an
ce

of
th

e
m

ar
ti

n
ga

le
∑

T t=
1
ξ̄ t

ca
n

b
e

ca
n
ce

ll
ed

ou
t

b
y

th
e

n
eg

a
ti

ve

te
rm
−
∑

T t=
1
η t
‖∇
E(
f t

)‖
2

in
th

e
ab

ov
e

o
n
e-

st
ep

p
ro

gr
es

s
in

eq
u
al

it
y

(s
ee

(4
.4

8
)

a
n
d

(4
.5

2
))

,
p
av

in
g

th
e

w
ay

fo
r

th
e

ap
p
li
ca

ti
on

of
a

B
er

n
st

ei
n
-t

y
p

e
in

eq
u
al

it
y

fo
r

m
ar

ti
n
g
a
le

s.

W
e

ca
n

d
er

iv
e

ex
p
li
ci

t
co

n
ve

rg
en

ce
ra

te
s

in
C

or
ol

la
ry

1
1

b
y

co
n
si

d
er

in
g

p
o
ly

n
o
m

ia
ll
y

d
ec

ay
in

g
st

ep
si

ze
s

in
T

h
eo

re
m

10
.

C
o
ro

ll
a
ry

1
1

L
et
{f
t}
t∈

N
be

th
e

se
qu

en
ce

gi
ve

n
by

(1
.1

)
w

it
h
η t

=
η 1
t−
θ
,θ
∈

(1 2
,1

)
a
n

d
η 1
≤

1
A
κ
2

If
A

ss
u

m
p
ti

o
n

1
h
o
ld

s
a
n

d
δ
∈

(0
,1

),
th

en
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

1
−
δ

E(
f T

+
1
)
−
E(
f H

)
=
O
( T

m
a
x
{ θ
−

1
,1
−

(1
+
α

)θ
}

lo
g

2
T δ

) .

If
w

e
ch

oo
se

θ
=

2
2
+
α

,
th

en
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
e

d
er

iv
e
E(
f T

+
1
)
−
E(
f H

)
=

O
( T
−

α
2
+
α

lo
g

2
T δ

) .
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

R
e
m
a
rk

1
2

It
sh

o
u

ld
be

m
en

tio
n

ed
th

a
t,

u
n

like
T

h
eo

rem
7
,

th
e

co
n

vergen
ce

ra
tes

in
C

o
ro

l-
la

ry
1
1

d
epen

d
o
n

th
e

sm
oo

th
n

ess
pa

ra
m

eter
α

a
n

d
a
re

n
o
t

a
ble

to
a
tta

in
th

e
m

in
im

a
x

o
p
-

tim
a
l

co
n

vergen
ce

ra
te
O

(T
−

12)
(A

ga
rw

a
l

et
a
l.,

2
0
0
9
).

In
d
eed

,
fo

r
sm

oo
th

lo
ss

fu
n

ctio
n

s,

C
o
ro

lla
ry

1
1

esta
blish

es
th

e
co

n
vergen

ce
ra

te
O
(T
−

13
log

2
Tδ )

w
ith

h
igh

p
ro

ba
bility,

w
h
ich

m
a
tch

es
th

e
bo

u
n

d
s

in
-expecta

tio
n
A
T

=
O

(T
−

13)
u

p
to

loga
rith

m
ic

fa
cto

rs
esta

blish
ed

in
M

o
u

lin
es

a
n

d
B

a
ch

(2
0
1
1
);

Y
in

g
a
n

d
Z

h
o
u

(2
0
1
7
).

It
rem

a
in

s
a

ch
a
llen

gin
g

p
ro

blem
to

fu
rth

er
im

p
ro

ve
th

e
h
igh

-p
ro

ba
bility

bo
u

n
d
s

fo
r
Â
T

.

3
.
D
iscu

ssio
n
s

In
th

is
sectio

n
,

w
e

d
iscu

ss
related

w
ork

on
con

vergen
ce

of
on

lin
e/sto

ch
astic

grad
ien

t
d
escen

t
a
lg

o
rith

m
s

fro
m

th
ree

v
iew

p
oin

ts:
co

n
v
erg

en
ce

in
ex

p
ectation

,
alm

ost
su

re
con

vergen
ce

an
d

co
n
verg

en
ce

ra
tes

w
ith

h
igh

p
rob

ab
ility.

3
.1

R
e
la
te
d

W
o
rk

o
n

C
o
n
v
e
rg

e
n
c
e
in

E
x
p
e
c
ta

tio
n

M
o
st

stu
d
ies

o
f

on
lin

e
grad

ien
t

d
escen

t
a
lgorith

m
s

fo
cu

s
on

con
v
ergen

ce
in

ex
p

ectation
(Z

h
a
n
g
,

2
0
0
4
;

Y
in

g
an

d
Z

h
ou

,
2006;

D
u
ch

i
an

d
S
in

ger,
2009;

S
h
am

ir
an

d
Z

h
an

g,
2013;

L
in

et
al.,

2
0
1
6;

H
a
rd

t
et

al.,
2016;

Y
in

g
an

d
Z

h
ou

,
2017).

C
on

vergen
ce

rates
O

(T
−

12)
w

ere
esta

b
lish

ed
fo

r
som

e
averaged

iterates
p
ro

d
u
ced

b
y

(1.1)
in

a
p
aram

etric
settin

g
w

ith
th

e
lin

ea
r

k
ern

el
K
x

=
x

(Z
h
an

g,
2004).

T
h
ese

resu
lts

w
ere

ex
ten

d
ed

to
on

lin
e

grad
ien

t
d
escen

t
alg

o
rith

m
s

in
R

K
H

S
s

w
ith

th
e

sp
ecifi

c
least

sq
u
ares

loss
fu

n
ction

(Y
in

g
an

d
P

on
til,

2008;
D

ieu
leveu

t
a
n
d

B
ach

,
2016;

G
u
o

an
d

S
h
i,

2017),
an

d
on

lin
e

m
irror

d
escen

t
alg

orith
m

s
p

er-
form

in
g

u
p

d
a
tes

in
B

an
ach

sp
aces

(D
u
ch

i
et

al.,
2010).

U
n
d
er

b
ou

n
d
ed

n
ess

assu
m

p
tion

s
on

th
e

itera
tes

a
n
d

(su
b
)grad

ien
ts,

th
e

con
vergen

ce
rate

O
(T
−

12
log

T
)

w
as

estab
lish

ed
for

th
e

ex
p

ected
ex

cess
gen

eralization
error

of
th

e
last

iterate
(S

h
am

ir
an

d
Z

h
an

g,
20

13).
R

ecen
tly,

a
g
en

era
l
co

n
d
ition

on
th

e
step

sizes
as

(2.3)
w

as
estab

lish
ed

for
th

e
con

vergen
ce

of
th

e
algo-

rith
m

(1.1
),

in
th

e
sen

se
lim

t→
∞
A
t

=
0,

w
ith

loss
fu

n
ction

s
satisfy

in
g

A
ssu

m
p
tion

1
(Y

in
g

a
n
d

Z
h
o
u
,

2
0
1
7
).

T
h
is

su
ffi

cien
t

con
d
ition

is
stricter

th
an

ou
r

con
d
ition

(2.2).
T

o
see

th
is

clea
rly,

w
e

co
n
sid

er
th

e
p

oly
n
om

ially
d
ecay

in
g

step
sizes

η
t

=
η

1 t −
θ,

for
w

h
ich

th
e

con
d
ition

(2
.3

)
req

u
ires

θ∈
(

1
1
+
α
,1]

w
h
ile

ou
r

con
d
ition

(2.2)
req

u
ires

θ∈
(

1
2
+
α
,1].

F
u
rth

erm
ore,

ou
r

d
iscu

ssio
n

a
lso

im
p
lies

a
n
ecessary

con
d
ition

for
th

e
con

vergen
ce

in
ex

p
ectation

.

Im
p
lem

en
ted

in
eith

er
a

p
aram

etric
or

a
n
on

p
aram

etric
settin

g,
regu

larized
on

lin
e

learn
-

in
g

a
lg

o
rith

m
s

h
ave

also
received

con
sid

erab
le

atten
tion

(K
iv

in
en

et
al.,

2004;
S
m

ale
an

d
Y

a
o
,

2
0
0
6
;

Y
in

g
an

d
Z

h
ou

,
2006;

S
m

ale
an

d
Z

h
ou

,
20

09),
w

h
ich

d
iff

er
from

(1.1)
b
y

in
tro-

d
u
cin

g
a

regu
la

rization
term

to
av

oid
overfi

ttin
g.

T
h
is

algorith
m

u
p

d
ates

iterates
as

follow
s

f
t+

1
=

(1−
λ
η
t )f

t −
η
t φ
′(y

t ,f
t (x

t ))K
x
t ,

(3.1)

w
h
ere

λ
>

0
is

a
regu

larization
p
aram

eter
an

d
th

e
term

λ
f
t

+
φ
′(y

t ,f
t (x

t ))K
x
t

is
u
sed

a
s

a
n

u
n
b
ia

sed
estim

ator
of

th
e

grad
ien

t
for

th
e

regu
larized

gen
eralization

errorE
λ(f

)
:=

E
(f

)
+

λ2 ‖
f‖

2
at

f
=
f
t .

C
on

vergen
ce

rates
in

ex
p

ectation
can

b
e

stated
for

eith
er

th
e

ex
cess

reg
u
la

rized
gen

eralization
error

E
λ(f

T
)−
E
λ(f

λ )
(S

h
am

ir
an

d
Z

h
an

g,
2013)

or
th

e
R

K
H

S
d
ista

n
ce
‖
f
T
−
f
λ ‖

(S
m

ale
an

d
Y

ao,
2006;

Y
in

g
an

d
Z

h
ou

,
2006;

Y
ao,

2010),
w

h
ere

f
λ

=
arg

m
in
f∈
H
K
E
λ(f

)
is

th
e

m
in

im
izer

o
f

th
e

regu
larized

gen
eralization

error.
W

h
en

th
e

7
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L
e
i,
S
h
i
a
n
d

G
u
o

loss
fu

n
ction

is
sm

o
oth

,
a

su
ffi

cien
t

an
d

n
ecessary

con
d
ition

as

lim
t→
∞
η
t

=
0

an
d

∞∑t=
1

η
t

=
∞

(3.2)

w
as

recen
tly

estab
lish

ed
for

th
e

con
v
ergen

ce
of{E

[‖f
t −

f
λ ‖

2]}
t∈

N
to

zero
in

th
e

p
aram

etric
case

(L
ei

an
d

Z
h
ou

,
2017).

A
d
isad

van
tage

of
th

e
regu

larization
sch

em
e

(3.1)
is

th
at

it
req

u
ires

to
tu

n
e

tw
o

seq
u
en

ces
of

h
y
p

er-p
aram

eters:
a

regu
larization

p
aram

eter
an

d
th

e
step

sizes.
A

s
a

com
p
arison

,
an

im
p
licit

regu
larization

can
b

e
attain

ed
in

th
e

u
n
regu

larized
sch

em
e

(1.1)
b
y

tu
n
in

g
on

ly
th

e
step

sizes.

3
.2

R
e
la
te
d

W
o
rk

o
n

A
lm

o
st

S
u
re

C
o
n
v
e
rg

e
n
c
e

E
x
istin

g
alm

ost
su

re
con

vergen
ce

of
on

lin
e

learn
in

g
algorith

m
is

m
ain

ly
sta

ted
for

th
e

R
K

H
S

d
istan

ces,
w

h
ich

req
u
ires

to
im

p
ose

som
e

ty
p

e
of

stron
g

con
v
ex

ity
assu

m
p
tion

on
th

e
ob

-
jective

fu
n
ction

E
(f

).
In

th
e

p
aram

etric
settin

g
w

ith
th

e
learn

in
g

sch
em

e
(1.1),

a
su

ffi
cien

t
con

d
ition

as
∞∑t=

1

η
t

=
∞

an
d

∞∑t=
1

η
2t
<
∞

w
as

estab
lish

ed
for

th
e

alm
ost

su
re

con
v
ergen

ce
of‖f

t −
f
H ‖

2
if

th
e

ob
jective

fu
n
ction

attain
s

a
u
n
iq

u
e

m
in

im
izer

an
d

satisfi
es

(B
ottou

,
1998)

in
f

‖
f−

f
H
‖
2
>
ε 〈f
−
f
H
,∇
E

(f
)〉
>

0
,
∀
ε
>

0
,

E
Z [‖φ

′(Y
,f

(X
))K

X ‖
2 ]≤

Ã
+
B̃
‖
f
−
f
H ‖

2,
∀
f
∈
H
K
,

w
h
ere

Ã
an

d
B̃

are
tw

o
con

stan
ts.

T
h
is

resu
lt

w
as

ex
ten

d
ed

to
th

e
on

lin
e

m
irror

d
escen

t
settin

g
u
n
d
er

som
e

con
vex

ity
assu

m
p
tion

on
th

e
ob

jective
fu

n
ction

m
easu

red
b
y

B
regm

an
d
istan

ces
in

d
u
ced

b
y

th
e

asso
ciated

m
irror

m
ap

(L
ei

an
d

Z
h
ou

,
20

17).
F

or
p

oly
n
om

ially
d
ecay

in
g

step
sizes

η
t

=
η

1 t −
θ

w
ith

θ
∈

(0,1),
alm

ost
su

re
con

verg
en

ce
of‖

f
t −

f
λ ‖

w
as

sh
ow

n
for

regu
larized

on
lin

e
learn

in
g

algorith
m

s
(3.1)

sp
ecifi

ed
to

th
e

least
sq

u
ares

loss
fu

n
ction

(Y
ao,

2010).
T

h
e

an
aly

sis
in

Y
ao

(2010)
ro

ots
its

fou
n
d
a
tion

on
th

e
m

artin
gale

d
ecom

p
osition

s
of

th
e

rem
in

d
ers

f
t −

f
λ ,

w
h
ich

on
ly

h
old

s
in

th
e

least
sq

u
ares

regu
lariza-

tion
settin

g.
A

lm
ost

su
re

con
vergen

ce
w

as
recen

tly
stu

d
ied

for
th

e
ran

d
om

ized
K

aczm
arz

algorith
m

(L
in

an
d

Z
h
ou

,
2015),

w
h
ich

is
an

in
stan

tiation
of

(1.1)
w

ith
φ
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α
‖∇
G(
f

)
−
∇
G(
f̃

)‖
1
+
α
α

(1
+
α

)L
1 α

≤
G(
f

)
−
[ G

(f̃
)

+
〈f
−
f̃
,∇
G(
f̃

)〉
] ≤

L
‖f
−
f̃
‖1

+
α

1
+
α

.
(4

.1
)
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

W
ith

L
em

m
a

13,
w

e
can

d
erive

th
e

follow
in

g
lem

m
a

on
grad

ien
ts

of
loss

fu
n
ction

s
at

itera
tes

of
th

e
a
lgorith

m
(1.1).

Its
p

ow
er

con
sists

in
b

ou
n
d
in

g
th

e
g
rad

ien
ts

fo
r

th
e

p
ossib

ly
u
n
b

o
u
n
d
ed

iterates
{
f
t }
t∈

N
b
y

th
e

grad
ien

ts
fo

r
f
H

an
d

th
e

ex
cess

gen
era

lization
errors,

th
e

fi
rst

o
f

w
h
ich

can
b

e
con

sid
ered

as
a

con
stan

t
w

h
ile

th
e

secon
d

o
f

w
h
ich

are
ex

actly
th

e
term

s
w

e
a
re

in
terested

in
.

F
or

a
ran

d
om

variab
le
z
,

w
e

u
se

E
z [·]

to
d
en

ote
th

e
con

d
ition

al
ex

p
ecta

tio
n

w
ith

resp
ect

to
z
.

L
e
m
m
a
1
4

S
u

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s
a
n

d
β
∈

(0,1].
T

h
en

,

E
z
t [|φ

′(y
t ,f

t (x
t ))| 1

+
β ]≤

2
β
L

1α
(1

+
β

) [E
(f
t )−
E

(f
H

) ]+

2
β
(1−

α
β

)

1
+
α

+
2
βE

z
t [|φ

′(y
t ,f

H
(x
t ))| 1

+
β ],

∀
t∈

N
.

(4.2)

P
ro

o
f

W
ith

th
e

elem
en

tary
in

eq
u
ality

|u
+
v| 1

+
β
≤

2
β
[|u| 1

+
β

+
|v| 1

+
β
]

an
d

th
e

Y
ou

n
g’s

in
eq

u
a
lity

u
v
≤
p −

1|u| p
+
q −

1|v| q,
∀
u
,v
∈
R
,p −

1
+
q −

1
=

1,p
≥

0,
(4.3)

th
e

term
|φ
′(y

t ,f
t (x

t ))| 1
+
β

can
b

e
con

trolled
b
y

|φ
′(y

t ,f
t (x

t ))| 1
+
β
≤
[|φ
′(y

t ,f
t (x

t ))−
φ
′(y

t ,f
H

(x
t ))|

+
|φ
′(y

t ,f
H

(x
t ))| ]

1
+
β

≤
2
β|φ
′(y

t ,f
t (x

t ))−
φ
′(y

t ,f
H

(x
t ))| 1

+
β

+
2
β|φ
′(y

t ,f
H

(x
t ))| 1

+
β

≤
2
β
α

(1
+
β

)

1
+
α
|φ
′(y

t ,f
t (x

t ))−
φ
′(y

t ,f
H

(x
t ))|

1
+
α
α

+
2
β
(1−

α
β

)

1
+
α

+
2
β|φ
′(y

t ,f
H

(x
t ))| 1

+
β
.

(4.4)

It
fo

llow
s

fro
m

th
e

fi
rst

in
eq

u
ality

of
(4.1)

th
at

α

1
+
α |φ

′(y
t ,f

t (x
t ))−

φ
′(y

t ,f
H

(x
t ))|

1
+
α
α
≤

L
1α [φ

(y
t ,f

t (x
t ))−

φ
(y
t ,f

H
(x
t ))−

φ
′(y

t ,f
H

(x
t ))(f

t (x
t )−

f
H

(x
t )) ].

P
lu

g
g
in

g
th

e
a
b

ove
in

eq
u
ality

in
to

(4.4)
an

d
tak

in
g

ex
p

ectation
s

w
ith

resp
ect

to
z
t

(n
o
te
f
t

is
in

d
ep

en
d
en

t
of
z
t ),

w
e

get

E
z
t [|φ

′(y
t ,f

t (x
t ))| 1

+
β ]≤

2
β
L

1α
(1

+
β

) [E
(f
t )−
E

(f
H

)−
〈f
t −

f
H
,E

z
t [φ
′(y

t ,f
H

(x
t ))K

x
t ]〉 ]

+
2
β
(1−

α
β

)

1
+
α

+
2
βE

z
t [|φ

′(y
t ,f

H
(x
t ))| 1

+
β ]

=
2
β
L

1α
(1

+
β

) [E
(f
t )−
E

(f
H

) ]
+

2
β
(1−

α
β

)

1
+
α

+
2
βE

z
t [|φ

′(y
t ,f

H
(x
t ))| 1

+
β ].

H
ere

th
e

la
st

id
en

tity
h
old

s
sin

ce

∇
E

(f
H

)
=

E
z [φ
′(y
,f
H

(x
))K

x ]
=

0.

T
h
e

p
ro

o
f

is
co

m
p
lete.
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L
e
i,
S
h
i
a
n
d

G
u
o

4
.1

P
ro

o
fs

fo
r
C
o
n
v
e
rg

e
n
c
e
in

E
x
p
e
c
ta

tio
n

B
efore

p
rov

in
g

T
h
eorem

1
an

d
T

h
eorem

2
on

con
vergen

ce
in

ex
p

ectation
,

w
e

fi
rst

p
resen

t
som

e
p
rep

aratory
resu

lts.
O

u
r

fi
rst

p
relim

in
ary

resu
lt

is
a

w
eak

resu
lt

on
con

v
ergen

ce
in

ex
p

ectation
u
n
d
er

a
w

eak
con

d
ition

on
th

e
step

size
seq

u
en

ce
(4.5).

E
q
.

(4.6)
im

p
lies

th
e

ex
isten

ce
of

a
su

b
-in

d
ex

seq
u
en

ce
{it }

t∈
N

satisfy
in

g
lim

t→
∞
A
it

=
0,

w
h
ile

(4.7
)

sh
ow

s
th

e
con

vergen
ce

of
a

w
eigh

ted
av

erage
of

th
e

ex
p

ected
ex

cess
gen

eralization
errors.

T
h
is

resu
lt

is
d
erived

b
ased

on
a

on
e-step

p
rogress

in
eq

u
ality

in
term

s
of

d
istan

ces
in

R
K

H
S
s

(see
(4.10

)).

P
ro

p
o
sitio

n
1
5

L
et
{
f
t }
t∈

N
be

th
e

sequ
en

ce
given

by
(1.1)

a
n

d
su

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s.
If

lim
t→
∞
η
t

=
0

a
n

d

∞∑t=
1

η
t

=
∞
,

(4.5)

th
en

lim
in

f
t→
∞

E
[E

(f
t )−
E

(f
H

)]
=

0
(4.6)

a
n

d

lim
T→
∞

[
T
∑t=

1

η
t ]−

1
T
∑t=

1

η
t E

[E
(f
t )−
E

(f
H

)]
=

0.
(4.7)

L
e
m
m
a
1
6

L
et{

η
t }
t∈

N
be

a
sequ

en
ce

o
f

po
sitive

n
u

m
bers.

If
lim

t→
∞
η
t

=
0

a
n

d
∑
∞t=

1
η
t

=

∞
,

th
en

lim
t→
∞
[∑

tk
=

1
η
k ]−

1 ∑
tk
=

1
η

2k
=

0.

P
ro

o
f
o
f
P
ro

p
o
sitio

n
1
5

A
ccord

in
g

to
th

e
iteration

strategy
(1.1),

w
e

d
erive

‖
f
t+

1 −
f
H ‖

2
=
‖f
t −

η
t φ
′(y

t ,f
t (x

t ))K
x
t −

f
H ‖

2

≤
‖f
t −

f
H ‖

2
+
η

2t |φ
′(y

t ,f
t (x

t ))| 2κ
2−

2
η
t 〈f

t −
f
H
,φ
′(y

t ,f
t (x

t ))K
x
t 〉

(4.8)

≤
‖f
t −

f
H ‖

2
+
η

2t |φ
′(y

t ,f
t (x

t ))| 2κ
2

+
2
η
t [φ

(y
t ,f

H
(x
t ))−

φ
(y
t ,f

t (x
t )) ].(4.9)

N
ote

th
at
f
t

is
in

d
ep

en
d
en

t
of
z
t .

T
ak

in
g

ex
p

ectation
s

w
ith

resp
ect

to
z
t

on
b

oth
sid

es
an

d
u
sin

g
(4.2)

w
ith

β
=

1,
w

e
d
erive

E
z
t [‖
f
t+

1 −
f
H ‖

2 ]≤
‖f
t −

f
H ‖

2
+
η

2t κ
2E

z
t [|φ

′(y
t ,f

t (x
t ))| 2 ]

+
2
η
t [E

(f
H

)−
E

(f
t )]

≤
‖
f
t −

f
H ‖

2
+

4
η

2t κ
2L

1α
[E

(f
t )−
E

(f
H

)]+
2(1−

α
)η

2t κ
2

1
+
α

+
2
η

2t κ
2E

z
t [|φ

′(y
t ,f

H
(x
t ))| 2 ]

+
2
η
t [E

(f
H

)−
E

(f
t )]

=
‖f
t −

f
H ‖

2
+

2
η
t (1−

2
η
t κ

2L
1α )[E

(f
H

)−
E

(f
t )]+

2
η

2t κ
2 (E

z
t [|φ

′(y
t ,f

H
(x
t ))| 2 ]

+
1−

α

1
+
α )

.

S
in

ce
lim

t→
∞
η
t

=
0,

w
e

can
fi
n
d

an
in

teger
t1
∈

N
su

ch
th

at
η
t ≤

1

4
κ
2
L

1α
,∀
t≥

t1 .
T

h
is

togeth
er

w
ith
E

(f
H

)≤
E

(f
t )

im
p
lies

η
t [E

(f
t )−
E

(f
H

)]≤
‖f
t −

f
H ‖

2−
E
z
t [‖
f
t+

1 −
f
H ‖

2 ]
+
γ
η

2t ,
∀
t≥

t1 ,
(4.10)
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

w
h
er

e
w

e
in

tr
o
d
u
ce
γ

=
2κ

2
( E z

t

[ |φ
′ (
y t
,f
H

(x
t)

)|2
] +

1
−
α

1
+
α

) .
T

ak
in

g
ex

p
ec

ta
ti

on
s

fo
ll
ow

ed

w
it

h
a

su
m

m
at

io
n

fr
om

t
=
t 1

to
t

=
T

gi
ve

s

T ∑ t=
t 1

η t
A
t
≤

E[
‖f
t 1
−
f H
‖2

]+
γ

T ∑ t=
t 1

η
2 t
.

It
th

en
fo

ll
ow

s
th

at

li
m

T
→
∞

[
T ∑ t=

1

η t
] −

1
T ∑ t=

1

η t
A
t

=
li
m

T
→
∞

[
T ∑ t=

1

η t
] −

1
t 1
−

1
∑ t=

1

η t
A
t
+

li
m

T
→
∞

[
T ∑ t=

1

η t
] −

1
T ∑ t=
t 1

η t
A
t

≤
li
m

T
→
∞

[
T ∑ t=

1

η t
] −

1
[ E[
‖f
t 1
−
f H
‖2

]+
γ

T ∑ t=
t 1

η
2 t

] =
0,

w
h
er

e
w

e
h
av

e
u
se

d
li
m
t→
∞
[ ∑

t k
=

1
η k
] −

1
∑

t k
=

1
η

2 k
=

0
es

ta
b
li
sh

ed
in

L
em

m
a

16
.

T
h
is

es
ta

b
li
sh

es
(4

.7
).

W
e

n
ow

p
ro

ve
(4

.6
)

b
y

co
n
tr

ad
ic

ti
on

st
ra

te
gy

.
S
u
p
p

os
e

to
th

e
co

n
tr

ar
y

th
at

li
m

in
f

t→
∞

A
t

=

ã
>

0.
T

h
en

,
th

er
e

ex
is

ts
t̃
∈

N
su

ch
th

at
A
t
≥

2
−

1
ã
,∀
t
≥
t̃,

fr
om

w
h
ic

h
w

e
d
er

iv
e

fr
om

(4
.7

)
th

at

0
=

li
m

T
→
∞

∑
T t=

1
η t
A
t

∑
T t=

1
η t
≥
ã 2

li
m

T
→
∞

∑
T t=
t̃+

1
η t

∑
T t=

1
η t

=
ã 2
−
ã 2

li
m

T
→
∞

∑
t̃ t=

1
η t

∑
T t=

1
η t

=
ã 2
.

T
h
is

le
ad

s
to

a
co

n
tr

ad
ic

ti
on

.
T

h
er

ef
or

e,
li
m

in
f t
→
∞
A
t

=
0

an
d

th
e

p
ro

of
is

co
m

p
le

te
.

A
s

ou
r

se
co

n
d

p
re

li
m

in
ar

y
re

su
lt

,
L

em
m

a
17

es
ta

b
li
sh

es
an

u
p
p

er
b

ou
n
d

on
E[
‖f
t
−
f H
‖2 2

]
in

te
rm

s
of

th
e

st
ep

si
ze

se
q
u
en

ce
,

as
w

el
l

as
a

lo
w

er
b

ou
n
d

on
E[
‖∇
E(
f t

)‖
2
]

in
te

rm
s

of
th

e
st

ep
si

ze
se

q
u
en

ce
an

d
th

e
ex

p
ec

te
d

ex
ce

ss
ge

n
er

al
iz

at
io

n
er

ro
rs

.

L
e
m
m
a
1
7

L
et
{f
t}
t∈

N
be

th
e

se
qu

en
ce

gi
ve

n
by

(1
.1

).
If

A
ss

u
m

p
ti

o
n

1
h
o
ld

s
a
n

d
li
m
t→
∞
η t

=
0,

th
en

th
er

e
ex

is
t

co
n

st
a
n

ts
Ĉ
,γ

>
0

in
d
ep

en
d
en

t
o
f
t

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ti
es

h
o
ld

fo
r

a
n

y
t
∈
N

E[
‖f
t
−
f H
‖2

]
≤
Ĉ

+
γ

t ∑ k
=

1

η
2 k

(4
.1

1)

a
n

d

E[
‖∇
E(
f t

)‖
2
]
≥
( E

[E
(f
t)
−
E(
f H

)]
) 2

Ĉ
+
γ
∑

t k
=

1
η

2 k

.
(4

.1
2)

P
ro

o
f

S
in

ce
E(
f t

)
≥
E(
f H

)
fo

r
al

l
t
∈
N

,
(4

.1
0)

im
p
li
es

E[
‖f
t+

1
−
f H
‖2

]
≤

E[
‖f
t
−
f H
‖2

]+
η

2 t
γ
,
∀t
≥
t 1
,
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L
e
i,
S
h
i
a
n
d

G
u
o

w
h
er

e
γ

an
d
t 1

ar
e

d
efi

n
ed

in
th

e
p
ro

of
of

P
ro

p
os

it
io

n
15

.
T

ak
in

g
a

su
m

m
at

io
n

o
f

th
e

a
b

ov
e

in
eq

u
al

it
y

fr
om

t
=
t 1

to
t

=
T

sh
ow

s

E[
‖f
T

+
1
−
f H
‖2

]
≤

E[
‖f
t 1
−
f H
‖2

]+
γ

T ∑ t=
t 1

η
2 t
≤
Ĉ

+
γ

T ∑ t=
1

η
2 t
,

w
h
er

e
w

e
in

tr
o
d
u
ce
Ĉ

=
E[
‖f
t 1
−
f H
‖2

].
T

h
is

es
ta

b
li
sh

es
(4

.1
1)

.
W

e
n
ow

tu
rn

to
(4

.1
2)

.
A

cc
or

d
in

g
to

th
e

co
n
ve

x
it

y
of
E

an
d

S
ch

w
ar

tz
in

eq
u
a
li
ty

,
w

e
g
et

E[
E(
f t

)]
−
E(
f H

)
≤

E[
〈 ∇
E(
f t

),
f t
−
f H
〉]
≤

E[
‖∇
E(
f t

)‖
‖f
t
−
f H
‖]

≤
( E
[ ‖
∇
E(
f t

)‖
2
])

1 2
( E
[ ‖
f t
−
f H
‖2
])

1 2
.

T
h
e

ab
ov

e
in

eq
u
al

it
y

to
ge

th
er

w
it

h
(4

.1
1)

gi
ve

s

E[
∥ ∥ ∇
E(
f t

)∥ ∥
2
]
≥
( E
[ E

(f
t)
−
E(
f H

)]
) 2

E[
‖f
t
−
f H
‖2

]
≥
( E
[ E

(f
t)
−
E(
f H

)]
) 2

Ĉ
+
γ
∑

t k
=

1
η

2 k

.

T
h
is

es
ta

b
li
sh

es
(4

.1
2)

an
d

co
m

p
le

te
s

th
e

p
ro

of
.

R
e
m
a
rk

1
8

E
q.

(4
.1

1)
w

a
s

d
er

iv
ed

in
Y

in
g

a
n

d
Z

h
o

u
(2

0
1
7
)

u
n

d
er

a
n

a
d
d
it

io
n

a
l

a
ss

u
m

p
-

ti
o
n
∑
∞ k=

1
η

1
+
α

k
<
∞

,
w

h
ic

h
is

re
m

o
ve

d
in

L
em

m
a

1
7
.

F
o
r

st
ep

si
ze

s
o
f

th
e

fo
rm

η t
=
η 1
t−
θ

w
it

h
1 2
<
θ
≤

1,
it

w
a
s

sh
o
w

n
E[
‖f
t
−
f H
‖2

]
=
O
( t

1
−
θ
( E

(f
H

)
−

in
f f
E(
f

))
)

(L
in

a
n

d
Z

h
o
u

,
2
0
1
8
).

A
s

co
m

pa
re

d
w

it
h

th
e

re
su

lt
s

in
Y

in
g

a
n

d
Z

h
o
u

(2
0
1
7
);

L
in

a
n

d
Z

h
o
u

(2
0
1
8
),

o
u

r
d
is

cu
ss

io
n

im
p
li

es
bo

u
n

d
ed

n
es

s
o
f
E[
‖f
t‖

2
]

u
n

d
er

a
m

il
d
er

co
n

d
it

io
n
∑
∞ k=

1
η

2 k
<
∞

.

W
e

ar
e

n
ow

in
a

p
os

it
io

n
to

p
ro

ve
T

h
eo

re
m

1
fo

r
th

e
co

n
ve

rg
en

ce
in

ex
p

ec
ta

ti
o
n
.

L
et

ε
>

0
b

e
an

ar
b
it

ra
ry

sm
al

l
n
u
m

b
er

.
O

u
r

id
ea

is
to

u
se

P
ro

p
os

it
io

n
15

,
b
a
se

d
o
n

o
n
e-

st
ep

p
ro

gr
es

s
in

te
rm

s
of

th
e

d
is

ta
n
ce

s
in

R
K

H
S
s,

to
sh

ow
th

at
{A

t}
t∈

N
ca

n
b

e
sm

a
ll
er

th
an

ε
in

fi
n
it

el
y

o
ft

en
.

O
n
ce
A
t̃
≤
ε

fo
r

a
su

ffi
ci

en
tl

y
la

rg
e
t̃,

w
e

ca
n

u
se

th
e

a
ss

u
m

p
ti

o
n

li
m
t→
∞
η
α t

∑
t k
=

1
η

2 k
=

0
an

d
th

e
on

e-
st

ep
p
ro

gr
es

s
in

eq
u
al

it
y

(4
.1

5)
in

te
rm

s
of

g
en

er
a
li
za

ti
on

er
ro

rs
to

sh
ow

A
t
≤
ε

fo
r

an
y
t
≥
t̃.

P
ro

o
f
o
f
T
h
e
o
re

m
1

S
in

ce
φ
′ (
y
,·)

is
(α
,L

)-
H

öl
d
er

co
n
ti

n
u
ou

s,
w

e
ca

n
ap

p
ly

th
e

se
co

n
d

in
eq

u
al

it
y

of
(4

.1
)

to
sh

ow
th

at

φ
(y
,f
t+

1
(x

))
≤
φ

(y
,f
t(
x

))
+

(f
t+

1
(x

)
−
f t

(x
))
φ
′ (
y
,f
t(
x

))
+

L

1
+
α
|f t

+
1
(x

)
−
f t

(x
)|1

+
α
.

A
cc

or
d
in

g
to

th
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
f

(x
)

=
〈f
,K

x
〉,
∀f
∈
H

an
d

th
e

it
er

a
ti

o
n

sc
h
em

e
(1

.1
),

w
e

k
n
ow

φ
(y
,f
t+

1
(x

))
≤
φ

(y
,f
t(
x

))
+
〈f
t+

1
−
f t
,φ
′ (
y
,f
t(
x

))
K
x
〉+

L

1
+
α
|〈f

t+
1
−
f t
,K

x
〉|1

+
α

≤
φ

(y
,f
t(
x

))
−
η t
〈φ
′ (
y t
,f
t(
x
t)

)K
x
t
,φ
′ (
y
,f
t(
x

))
K
x
〉+

L
κ

1
+
α

1
+
α
‖f
t+

1
−
f t
‖1

+
α

≤
φ

(y
,f
t(
x

))
−
η t
〈φ
′ (
y t
,f
t(
x
t)

)K
x
t
,φ
′ (
y
,f
t(
x

))
K
x
〉+

L
κ

2
(1

+
α

) η
1
+
α

t

1
+
α

|φ
′ (
y t
,f
t(
x
t)

)|1
+
α
.

(4
.1

3
)
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

P
u
ttin

g
(4

.2
)

w
ith

β
=
α

b
ack

in
to

(4.13)
fo

llow
ed

w
ith

a
con

d
ition

al
ex

p
ectation

w
ith

resp
ect

to
z
t

an
d
z

y
ield

s

E
z
t [E

(f
t+

1 )]
=

E
z
t ,z [φ

(y
,f
t+

1 (x
))]≤

E
z [φ

(y
,f
t (x

))]−
η
t 〈E

z
t [φ
′(y

t ,f
t (x

t ))K
x
t ],E

z [φ
′(y
,f
t (x

))K
x ] 〉

+
L
κ

2
(1

+
α

)η
1
+
α

t

1
+
α

[2
α
L

1α
(1

+
α

)(E
(f
t )−
E

(f
H

))
+

2
α
(1−

α
)

+
2
αE

z [|φ
′(y
,f
H

(x
))| 1

+
α
] ]

≤
E

(f
t )−

η
t ‖∇
E

(f
t )‖

2+
L
κ

2
(1

+
α

)2
α
η

1
+
α

t

[L
1α
(1

+
α

)(E
(f
t )−
E

(f
H

))+
(1−

α
)+

E
z [|φ

′(y
,f
H

(x
))| 1

+
α
] ]

1
+
α

.

S
u
b
tra

ctin
g
E

(f
H

)
from

b
oth

sid
es

of
th

e
ab

ove
in

eq
u
ality

gives

E
z
t [E

(f
t+

1 )]−
E

(f
H

)≤
[1

+
L

1
+

1α
κ

2
(1

+
α

)2
α
η

1
+
α

t

](E
(f
t )−
E

(f
H

))−
η
t ‖∇
E

(f
t )‖

2

+
L
κ

2
(1

+
α

)2
α
η

1
+
α

t

1
+
α

[(1−
α

)
+

E
z [|φ

′(y
,f
H

(x
))| 1

+
α
] ].

(4
.14)

T
a
k
in

g
ex

p
ecta

tion
s

over
b

oth
sid

es,
th

e
ab

ove
in

eq
u
ality

can
b

e
w

ritten
as

A
t+

1 ≤
(1

+
a
η

1
+
α

t
)A

t
+
bη

1
+
α

t
−
η
t E

[‖∇
E

(f
t )‖

2],
(4.15)

w
h
ere

w
e

in
tro

d
u
ce

th
e

n
otation

s

a
=
L

1
+

1α
κ

2
(1

+
α

)2
α

an
d

b
=
L
κ

2
(1

+
α

)2
α

1
+
α

[(1−
α

)
+

E
z [|φ

′(y
,f
H

(x
))| 1

+
α
] ].

(4
.16)

P
lu

g
g
in

g
(4.1

2
)

in
to

th
e

ab
ove

in
eq

u
ality

gives

A
t+

1 ≤
(1

+
a
η

1
+
α

t
)A

t
+
bη

1
+
α

t
−

η
t A

2t

Ĉ
+
γ ∑

tk
=

1
η

2k

,
(4.17)

w
h
ere

Ĉ
a
n
d
γ

are
d
efi

n
ed

in
th

e
p
ro

of
of

L
em

m
a

17.
T

h
e

assu
m

p
tion

lim
t→
∞
η
αt ∑

tk
=

1
η

2k
=

0
im

p
lies

lim
t→
∞
η
t

=
0

an
d

th
erefore

th
e

assu
m

p
tion

s
of

P
rop

osition
15

h
old

.
L

et
ε∈

(0,1)
b

e
a
n

a
rb

itra
ry

n
u
m

b
er.

A
ccord

in
g

to
lim

in
f
t→
∞
A
t

=
0

esta
b
lish

ed
in

P
rop

ositio
n

15,
w

e
ca

n
fi
n
d

a
t̃∈

N
(t̃

can
b

e
su

ffi
cien

tly
large)

su
ch

th
at
A
t̃ ≤

ε
an

d

η
αt (Ĉ

+
γ

t
∑k

=
1

η
2k )≤

ε
2

4(a
+
b) ,

η
1
+
α

t
≤

ε

2(a
+
b)
∀
t≥

t̃.
(4.18)

W
e

n
ow

p
rove

b
y

in
d
u
ction

th
at
A
t ≤

ε
fo

r
all

t≥
t̃.

It
su

ffi
ces

to
sh

ow
th

at
A
t+

1 ≤
ε

u
n
d
er

th
e

a
ssu

m
p
tio

n
A
t ≤

ε
an

d
t≥

t̃.
S
in

ce
A
t ≤

1,
w

e
d
erive

from
(4.17)

th
at

A
t+

1 ≤
A
t
+

(a
+
b)η

1
+
α

t
−

η
t A

2t

Ĉ
+
γ ∑

tk
=

1
η

2k

.

W
e

n
ow

co
n
sid

er
tw

o
cases.

If
A

2t ≥
(a

+
b)η

αt (Ĉ
+
γ ∑

tk
=

1
η

2k ),
th

en
w

e
k
n
ow

A
t+

1 ≤
A
t ≤

ε.
O

th
erw

ise,
w

e
d
erive

from
(4.18)

th
at

A
t+

1 ≤
A
t
+

(a
+
b)η

1
+
α

t
≤

√√√√
(a

+
b)η

αt (Ĉ
+
γ

t
∑k

=
1

η
2k )

+
(a

+
b)η

1
+
α

t
≤
ε.
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L
e
i,
S
h
i
a
n
d

G
u
o

P
u
ttin

g
th

e
ab

ove
tw

o
cases

togeth
er

w
e

d
eriv

e
A
t+

1
≤
ε.

T
h
at

is,
A
t ≤

ε
for

all
t≥

t̃.
S
in

ce
ε∈

(0,1)
is

arb
itrarily

ch
osen

,
w

e
get

lim
t→
∞
A
t

=
0.

T
h
e

n
ecessary

con
d
ition

in
T

h
eorem

2
is

estab
lish

ed
b
y

ap
p
ly

in
g

th
e

co-co
erciv

ity
giv

en
in

L
em

m
a

13
to

b
ou

n
d
E

(f
t+

1 )
in

term
s

ofE
(f
t )

from
b

elow
.

P
ro

o
f
o
f
T
h
e
o
re

m
2

S
in

ce
φ
′(y
,·)

is
(1,L

)-H
öld

er
con

tin
u
ou

s
for

an
y
y
∈
Y

,
w

e
h
ave

‖∇
E

(f
)−
∇
E

(f̃
)‖

=
∥∥E

[φ
′(y
,f

(x
))K

x −
φ
′(y
,f̃

(x
))K

x ] ∥∥
≤

E [|φ
′(y
,f

(x
))−

φ
′(y
,f̃

(x
))|‖K

x ‖ ]

≤
L
E [|〈f

−
f̃
,K

x 〉|‖K
x ‖ ]≤

L
κ

2‖
f
−
f̃‖.

(4.19)

T
h
at

is,∇
E

is
(1
,L
κ

2)-H
öld

er
con

tin
u
ou

s.
L

em
m

a
13

w
ith

α
=

1
an

d
∇
E

(f
H

)
=

0
th

en
y
ield

th
e

follow
in

g
in

eq
u
ality

E
(f
t )≥

E
(f
H

)
+
〈f
t −

f
H
,∇
E

(f
H

)〉
+
‖∇
E

(f
t )−
∇
E

(f
H

)‖
2

2L
κ

2
=
E

(f
H

)
+
‖∇
E

(f
t )‖

2

2L
κ

2
.

(4.20)

It
follow

s
from

th
e

con
vex

ity
ofE

an
d

(1.1)
th

at

E
(f
t+

1 )≥
E

(f
t )

+
〈∇
E

(f
t ),f

t+
1 −

f
t 〉

=
E

(f
t )−

η
t 〈∇
E

(f
t ),φ

′(y
t ,f

t (x
t ))K

x
t 〉.

T
ak

in
g

ex
p

ectation
s

over
b

oth
sid

es
an

d
u
sin

g
(4.20),

w
e

d
erive

th
e

follow
in

g
in

eq
u
ality

for
all

t∈
NE

[E
(f
t+

1 )]≥
E

[E
(f
t )]−

η
t E

[‖∇
E

(f
t )‖

2]≥
E

[E
(f
t )]−

2
L
κ

2η
t E

[E
(f
t )−
E

(f
H

)].

H
en

ce,
A
t+

1 ≥
(1−

2
L
κ

2η
t )A

t ,
∀
t∈

N
.

T
h
e

assu
m

p
tion

η
t
≤

1/
(6L

κ
2)

an
d

th
e

elem
en

ta
ry

in
eq

u
ality

1
−
η
≥

ex
p
(−

2η
),∀

η
∈

(0,1
/3)

(L
in

an
d

Z
h
ou

,
2015)

th
en

sh
ow

A
t+

1 ≥
ex

p (−
4
L
κ

2η
t )A

t ≥
t
∏k
=

1

ex
p (−

4
L
κ

2η
k )A

1
=

ex
p (
−

4
L
κ

2
t
∑k

=
1

η
k )
A

1 ,

w
h
ich

,
togeth

er
w

ith
th

e
con

d
ition

lim
t→
∞
A
t

=
0

a
n
d
A

1 6=
0,

th
en

estab
lish

es
th

e
n
eces-

sary
con

d
ition

∑
∞t=

1
η
t

=
∞

.

4
.2

P
ro

o
fs

fo
r
A
lm

o
st

S
u
re

C
o
n
v
e
rg

e
n
c
e

W
e

u
se

th
e

follow
in

g
D

o
ob

’s
m

artin
gale

con
v
ergen

ce
th

eorem
(see,

e.g.,
D

o
ob

,
1994,

p
age

195)
to

p
rove

T
h
eorem

4
on

alm
ost

su
re

con
v
ergen

ce.
S
p

ecifi
cally,

w
e

w
ill

u
se

th
e

on
e-step

p
rogress

in
eq

u
ality

in
term

s
of

gen
eralization

errors
to

con
stru

ct
a

su
p

erm
artin

gale,
w

h
ose

alm
ost

su
re

con
vergen

ce
w

ou
ld

im
p
ly

th
e

alm
ost

su
re

con
vergen

ce
of{Â

t }
t∈

N
.

L
e
m
m
a
1
9

L
et{

X̃
t }
t∈

N
be

a
sequ

en
ce

o
f

n
o
n

-n
ega

tive
ra

n
d
o
m

va
ria

bles
w

ith
E

[X̃
1 ]
<
∞

a
n

d
let{F

t }
t∈

N
be

a
n

ested
sequ

en
ce

o
f

sets
o
f

ra
n

d
o
m

va
ria

bles
w

ith
F
t ⊂
F
t+

1
fo

r
a
ll

t∈
N

.
If

E
[X̃

t+
1 |F

t ]≤
X̃
t

fo
r

every
t∈

N
,

th
en

X̃
t

co
n

verges
to

a
n

o
n

n
ega

tive
ra

n
d
o
m

va
ria

ble
X̃

a
lm

o
st

su
rely.

F
u

rth
erm

o
re,

X̃
<
∞

a
lm

o
st

su
rely.

1
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

P
ro

o
f
o
f
T
h
e
o
re

m
4

E
q
.

(4
.1

4)
gi

ve
s

E z
t
[Â

t+
1
]
≤

(1
+
a
η

1
+
α

t
)Â

t
+
bη

1
+
α

t
,
∀t
∈
N
,

(4
.2

1)

w
it

h
a

an
d
b

ar
e

d
efi

n
ed

in
th

e
p
ro

of
of

T
h
eo

re
m

1.
D

en
ot

e
c

=
∏
∞ k=

1
(1

+
a
η

1
+
α

k
),

w
h
ic

h
,

ac
co

rd
in

g
to

th
e

el
em

en
ta

ry
in

eq
u
al

it
y

1
+
τ
≤

ex
p
(τ

),
τ
≥

0
an

d
(2

.3
),

sa
ti

sfi
es

c
≤
∞ ∏ k
=

1

ex
p
(a
η

1
+
α

k
)

=
ex

p
( a
∞ ∑ k
=

1

η
1
+
α

k

) <
∞
.

M
u
lt

ip
ly

in
g

b
ot

h
si

d
es

of
(4

.2
1)

b
y
∏
∞ k=

t+
1
(1

+
a
η

1
+
α

k
),

w
e

d
er

iv
e

∞ ∏

k
=
t+

1

(1
+
a
η

1
+
α

k
)E

z t

[ Â
t+

1

] ≤
∞ ∏ k
=
t(1

+
a
η

1
+
α

k
)Â

t
+
bη

1
+
α

t

∞ ∏

k
=
t+

1

(1
+
a
η

1
+
α

k
)

≤
∞ ∏ k
=
t(1

+
a
η

1
+
α

k
)Â

t
+
bc
η

1
+
α

t
.

(4
.2

2)

In
tr

o
d
u
ce

th
e

st
o
ch

as
ti

c
p
ro

ce
ss

X̂
t

=
∞ ∏ k
=
t(1

+
a
η

1
+
α

k
)Â

t
+
bc
∞ ∑ k
=
t

η
1
+
α

k
,

t
∈
N

(4
.2

3)

A
cc

or
d
in

g
to

(2
.3

),
w

e
k
n
ow

E[
X̂

1
]
<
∞

.
E

q
.

(4
.2

2)
im

p
li
es

E z
t
[X̂

t+
1
]
≤

X̂
t

fo
r

al
l

t
∈

N
,

th
at

is
,
{X̂

t}
t∈

N
is

a
su

p
er

m
ar

ti
n
ga

le
ta

k
in

g
n
on

-n
eg

at
iv

e
va

lu
es

.
L

em
m

a
19

th
en

im
p
li
es

th
at

li
m
t→
∞
X̂
t

=
X̂

fo
r

a
n
on

-n
eg

at
iv

e
ra

n
d
om

va
ri

ab
le
X̂

al
m

os
t

su
re

ly
.

L
et

Ω
=
{ω

=
{z
t}
t∈

N
}

b
e

th
e

se
t

fo
r

w
h
ic

h
{X̂

t(
ω

)}
t

co
n
ve

rg
es

to
X̂

(ω
)

a
s
t
→
∞

an
d

X̂
(ω

)
<
∞

.
T

h
en

,
P

r{
Ω
}

=
1,

w
h
er

e
P

r{
Ω
}

d
en

ot
es

th
e

p
ro

b
ab

il
it

y
w

it
h

w
h
ic

h
th

e
ev

en
t

Ω
h
ap

p
en

s.
L

et
ω
∈

Ω
an

d
ε
>

0.
S
in

ce
∑
∞ t=

1
η

1
+
α

t
<
∞

,
w

e
ca

n
fi
n
d
t̃
∈
N

su
ch

th
at

∞ ∑ t=
t̃

η
1
+
α

t
<

ε 3
bc
,

∞ ∏ k
=
t̃(1

+
a
η

1
+
α

k
)
<

1
+

ε

3X̂
(ω

)
+
ε

an
d
|X̂

t(
ω

)
−
X̂

(ω
)|
<
ε 3
,
∀t
≥
t̃.

It
th

en
fo

ll
ow

s
fr

om
(4

.2
3)

th
at

Â
t(
ω

)
≤
X̂
t(
ω

)
≤
( 1

+
ε

3
X̂

(ω
)

+
ε

) Â
t(
ω

)
+
ε 3
≤
Â
t(
ω

)
+

εX̂
t(
ε)

3X̂
(ω

)
+
ε

+
ε 3

≤
Â
t(
ω

)
+
ε(
X̂

(ω
)

+
ε 3

)

3
X̂

(ε
)

+
ε

+
ε 3
≤
Â
t(
ω

)
+

2
ε 3
,
∀t
≥
t̃,

fr
om

w
h
ic

h
w

e
d
er

iv
e

X̂
(ω

)
−
ε
≤
X̂
t(
ω

)
−

2
ε 3
≤
Â
t(
ω

)
≤
X̂

(ω
)

+
ε,
∀t
≥
t̃.

T
h
at

is
,

li
m
t→
∞
Â
t(
ω

)
=
X̂

(ω
)

fo
r

an
y
ω
∈

Ω
,

i.
e.

,
li
m
t→
∞
Â
t

=
X̂

al
m

os
t

su
re

ly
.

S
in

ce
∑
∞ t=

1
η

1
+
α

t
<
∞

,
w

e
k
n
ow
∑
∞ t=

1
η

2 t
<
∞

an
d

li
m
t→
∞
η t

=
0.

T
h
is

fu
rt

h
er

im
p
li
es

li
m

t→
∞
η
α t

t ∑ k
=

1

η
2 k

=
0
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G
u
o

an
d

th
er

ef
or

e
th

e
as

su
m

p
ti

on
s

in
T

h
eo

re
m

1
h
ol

d
.

T
h
eo

re
m

1
sh

ow
s

th
at

li
m
t→
∞
E[
Â
t]

=
0
.

B
y

F
at

ou
’s

le
m

m
a,

w
e

ge
t

0
≤

E[
X̂

]
=

E[
li
m

t→
∞
Â
t]
≤

li
m

in
f

t→
∞

E[
Â
t]

=
0
,

w
h
ic

h
im

p
li
es

th
at

E[
X̂

]
=

0
an

d
th

er
ef

or
e
X̂

=
0

al
m

os
t

su
re

ly
si

n
ce
X̂

is
n
o
n
-n

eg
a
ti

ve
.

C
om

b
in

in
g

th
e

ab
ov

e
d
ed

u
ct

io
n
s

to
ge

th
er

,
w

e
k
n
ow

th
at

li
m
t→
∞
Â
t

=
0

al
m

o
st

su
re

ly
.

O
u
r

p
ro

of
of

T
h
eo

re
m

6
is

b
as

ed
on

th
e

fo
ll
ow

in
g

le
m

m
a

w
h
ic

h
ca

n
b

e
fo

u
n
d

in
L

in
a
n
d

Z
h
ou

(2
01

5)
as

an
ea

sy
co

n
se

q
u
en

ce
of

th
e

B
or

el
-C

an
te

ll
i

L
em

m
a.

L
e
m
m
a
2
0

L
et
{ξ
t}
t∈

N
be

a
se

qu
en

ce
o
f

n
o
n

-n
eg

a
ti

ve
ra

n
d
o
m

va
ri

a
bl

es
a
n

d
{ε
t}
t∈

N
be

a
se

qu
en

ce
o
f

po
si

ti
ve

n
u

m
be

rs
sa

ti
sf

yi
n

g
li
m
t→
∞
ε t

=
0.

If
∑
∞ t=

1
P

r{
ξ t
>
ε t
}
<
∞

,
th

en
ξ t

co
n

ve
rg

es
to

0
a
lm

o
st

su
re

ly
.

P
ro

o
f
o
f
T
h
e
o
re

m
6

In
tr

o
d
u
ce
δ t

=
t−

2
fo

r
al

l
t
∈
N

.
A

cc
or

d
in

g
to

C
or

o
ll
a
ry

1
1
,

th
er

e
ex

is
ts

a
co

n
st

an
t
C̃

1
su

ch
th

at

P
r{ tm

in
{1
−
θ
,(
α

+
1
)θ
−

1
}−
ε Â

t
≥
C̃

1
t−
ε
lo

g
2
t δ t

}
≤
δ t
.

S
in

ce
∑
∞ t=

1
δ t
<
∞

an
d

li
m
t→
∞
t−
ε
lo

g
2
t δ t

=
0,

w
e

ca
n

ap
p
ly

L
em

m
a

20
h
er

e
to

sh
ow

(2
.4

).
T

h
e

p
ro

of
is

co
m

p
le

te
.

4
.3

P
ro

o
fs

fo
r
C
o
n
v
e
rg

e
n
c
e
R
a
te
s
w
it
h

H
ig
h

P
ro

b
a
b
il
it
y

O
u
r

d
is

cu
ss

io
n

on
h
ig

h
-p

ro
b
ab

il
it

y
co

n
ve

rg
en

ce
ra

te
s

ro
ot

s
it

s
fo

u
n
d
at

io
n

o
n

th
e

fo
ll
ow

-
in

g
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
of

m
ar

ti
n
ga

le
s.

P
ar

t
(a

)
is

th
e

A
zu

m
a-

H
o
eff

d
in

g
in

eq
u
a
li
ty

fo
r

m
ar

ti
n
ga

le
s

w
it

h
b

ou
n
d
ed

d
iff

er
en

ce
s

(H
o
eff

d
in

g,
19

63
),

w
h
il
e

P
ar

t
(b

)
is

a
B

er
n
st

ei
n
-

ty
p

e
in

eq
u
al

it
y

w
h
ic

h
ex

p
lo

it
s

in
fo

rm
at

io
n

on
va

ri
an

ce
s

to
d
er

iv
e

im
p
ro

ve
d

co
n
ce

n
tr

a
ti

o
n

in
eq

u
al

it
ie

s
fo

r
m

ar
ti

n
ga

le
s

(Z
h
an

g,
20

05
).

A
re

m
ar

ka
b
le

p
ro

p
er

ty
of

th
is

B
er

n
st

ei
n
-t

y
p

e
in

eq
u
al

it
y

is
th

at
it

in
v
ol

ve
s

a
co

n
d
it

io
n
al

va
ri

an
ce

w
h
ic

h
it

se
lf

is
a

ra
n
d
om

va
ri

a
b
le

.

L
e
m
m
a
2
1

L
et
z 1
,.
..
,z
n

be
a

se
qu

en
ce

o
f

ra
n

d
o
m

va
ri

a
bl

es
su

ch
th

a
t
z k

m
a
y

d
ep

en
d

o
n

th
e

p
re

vi
o
u

s
ra

n
d
o
m

va
ri

a
bl

es
z 1
,.
..
,z
k
−

1
fo

r
a
ll
k

=
1,
..
.,
n

.
C

o
n

si
d
er

a
se

qu
en

ce
o
f

fu
n

ct
io

n
a
ls
ξ k

(z
1
,.
..
,z
k
),
k

=
1,
..
.,
n

.

(a
)

A
ss

u
m

e
th

a
t
|ξ k
−
E z

k
[ξ
k
]|
≤
b k

fo
r

ea
ch
k

.
L

et
δ
∈

(0
,1

).
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
e

h
a
ve

n ∑ k
=

1

ξ k
−

n ∑ k
=

1

E z
k
[ξ
k
]
≤
( 2

n ∑ k
=

1

b2 k
lo

g
1 δ

)1 2
.

(4
.2

4
)

(b
)

A
ss

u
m

e
th

a
t
ξ k
−

E z
k
[ξ
k
]
≤
b

fo
r

ea
ch

k
.

L
et
ρ
>

0
a
n

d
δ
∈

(0
,1

).
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
e

h
a
ve

n ∑ k
=

1

ξ k
−

n ∑ k
=

1

E z
k
[ξ
k
]
≤

(e
ρ
−
ρ
−

1)
σ

2 n

ρ
b

+
b

lo
g

1 δ

ρ
,

(4
.2

5
)

w
h
er

e
σ

2 n
=
∑

n k
=

1
E z

k
(ξ
k
−

E z
k
ξ k

)2
is

th
e

co
n

d
it

io
n

a
l

va
ri

a
n

ce
.
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C
o
n
v
e
r
g
e
n
c
e
o
f
U
n
r
e
g
u
l
a
r
iz
e
d

O
n
l
in
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

S
in

ce
φ
′(y
,·)

is
(α
,L

)-H
öld

er
con

tin
u
ou

s,
con

vex
an

d
n
on

-n
egative,

P
rop

osition
1

in
Y

in
g

a
n
d

Z
h
o
u

(2017)
sh

ow
s

th
at
φ

(y
,·)

satisfi
es

th
e

follow
in

g
self-b

ou
n
d
in

g
p
rop

erty

|φ
′(y
,s)|

1
+
α
α
≤

(1
+
α

)
1
+

1α

α
L

1α
φ

(y
,s),

∀
y
∈
Y
,s∈

R
.

T
h
e

Y
o
u
n
g
’s

in
eq

u
ality

(4.3)
th

en
im

p
lies

|φ
′(y
,s)| 2≤

α
−

2
α

1
+
α

(1
+
α

)
2L

2
1
+
α
φ

(y
,s)

2
α

1
+
α

≤
α
−

2
α

1
+
α
L

2
1
+
α

(1
+
α

) (
2α
φ

(y
,s)

+
1−

α )
=
A
φ

(y
,s)

+
B
,

(4.26)

w
h
ere

A
=

2α
1−
α

1
+
α
L

2
1
+
α

(1
+
α

)
an

d
B

=
α
−

2
α

1
+
α
L

2
1
+
α

(1−
α

2).
(4.27)

B
elow

w
e

w
ill

u
se

P
art

(b
)

of
L

em
m

a
21

to
sh

ow
a
lm

ost
b

ou
n
d
ed

n
ess

of{
f
t }
t∈

N
w

ith
h
ig

h
p
rob

a
b
ility

(P
rop

osition
9).

T
o

th
is

aim
,

w
e

fi
rst

estab
lish

a
cru

d
e

b
ou

n
d

on
th

e
itera

tes{f
t }
t∈

N
in

term
s

of
th

e
step

size
seq

u
en

ce.

L
e
m
m
a
2
2

L
et{

f
t }
t∈

N
be

th
e

sequ
en

ce
given

by
(1.1

).
A

ssu
m

e
η
t ≤

1
A
κ
2

fo
r

a
ll
t∈

N
.

T
h
en

,
th

e
fo

llo
w

in
g

in
equ

a
lities

h
o
ld

fo
r

a
ll
t∈

N

‖f
t+

1 −
f
H ‖

2≤
C

1

t
∑k

=
0

η
k

a
n

d
‖
f
t+

1 ‖
2≤

C
1

t
∑k

=
1

η
k ,

(4.28)

w
h
ere

w
e

in
trod

u
ce

fo
r

brevity
η

0
=

1
a
n

d

C
1

=
‖f
H ‖

22
+
A
−

1B
+

2
m

ax {
su

p
y∈Y

φ
(y
,0),su

p
z∈Z

φ
(y
,f
H

(x
)) }

.
(4.29)

F
u

rth
erm

o
re,

if
η
t ≤

1
A
κ
2

a
n

d
η
t+

1 ≤
η
t

fo
r

a
ll
t∈

N
,

w
e

h
a
ve

t
∑k

=
1

η
2k φ

(y
k ,f

k (x
k ))≤

η
1 ‖
f
H ‖

2
+
C

2

t
∑k

=
1

η
2k ,

(4
.30)

w
h
ere

w
e

in
trod

u
ce

C
2

=
2

su
p

z∈Z
φ

(y
,f
H

(x
))

+
η

1 κ
2B
.

(4.31)

P
ro

o
f

P
lu

g
g
in

g
(4.26)

in
to

(4.9)
gives

‖f
t+

1 −
f
H ‖

2≤
‖f
t −

f
H ‖

2
+
η

2t κ
2[A

φ
(y
t ,f

t (x
t ))

+
B

]+
2
η
t [φ

(y
t ,f

H
(x
t ))−

φ
(y
t ,f

t (x
t ))]

=
‖
f
t −

f
H ‖

2
+

2
η
t φ

(y
t ,f

H
(x
t ))

+
η

2t κ
2B

+
η
t (A

η
t κ

2−
2)φ

(y
t ,f

t (x
t ))

(4.32)

≤
‖f
t −

f
H ‖

2
+

2
η
t φ

(y
t ,f

H
(x
t ))

+
η

2t κ
2B
≤
‖f
t −

f
H ‖

2
+
η
t (2
φ

(y
t ,f

H
(x
t ))

+
A
−

1B
),

w
h
ere

th
e

la
st

tw
o

in
eq

u
alities

follow
from

th
e

assu
m

p
tion

η
t
≤

1
A
κ
2 .

A
ccord

in
g

to
th

e
d
efi

n
itio

n
s

o
f
C

1
in

(4.29)
an

d
η

0 ,
it

th
en

follow
s

th
at

‖f
t+

1 −
f
H ‖

2
=
‖f
H ‖

2
+

t
∑k

=
1 [‖

f
k
+

1 −
f
H ‖

2−
‖
f
k −

f
H ‖

2 ]≤
C

1

t
∑k

=
0

η
k .
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L
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G
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o

T
h
is

estab
lish

es
th

e
fi
rst

in
eq

u
ality

in
(4.28).

W
e

n
ow

p
rove

th
e

secon
d

in
eq

u
ality

in
(4.28).

N
otice

th
at

(4.9)
also

h
old

s
if

w
e

rep
lace

f
H

w
ith

0.
T

h
is,

togeth
er

w
ith

(4.26)
an

d
η
t ≤

1
A
κ
2 ,

gives

‖
f
t+

1 ‖
2≤
‖f
t ‖

2
+
η

2t κ
2[A

φ
(y
t ,f

t (x
t ))

+
B

]+
2
η
t [φ

(y
t ,0)−

φ
(y
t ,f

t (x
t ))]

=
‖
f
t ‖

2
+

2
η
t φ

(y
t ,0)

+
η

2t κ
2B

+
η
t (A

η
t κ

2−
2)φ

(y
t ,f

t (x
t ))

≤
‖f
t ‖

2
+

2
η
t φ

(y
t ,0)

+
η
t A
−

1B
.

It
is

n
ow

clear

‖f
t+

1 ‖
2

=
t
∑k

=
1 [‖

f
k
+

1 ‖
2−
‖
f
k ‖

2 ]≤
C

1

t
∑k

=
1

η
k .

W
e

n
ow

sh
ow

(4.30).
A

p
p
ly

in
g
η
t ≤

1
A
κ
2

in
(4.32)

gives

η
t φ

(y
t ,f

t (x
t ))≤

‖f
t −

f
H ‖

2−
‖
f
t+

1 −
f
H ‖

2
+

2
η
t φ

(y
t ,f

H
(x
t ))

+
η

2t κ
2B
.

(4.33)

M
u
ltip

ly
in

g
b

oth
sid

es
of

th
e

ab
ove

in
eq

u
ality

b
y
η
t

an
d

u
sin

g
η
t+

1 ≤
η
t ,

w
e

d
erive

η
2t φ

(y
t ,f

t (x
t ))≤

η
t [‖f

t −
f
H ‖

2−
‖
f
t+

1 −
f
H ‖

2 ]
+

2
η

2t φ
(y
t ,f

H
(x
t ))

+
η

3t κ
2B

≤
η
t ‖
f
t −

f
H ‖

2−
η
t+

1 ‖
f
t+

1 −
f
H ‖

2
+

2
η

2t φ
(y
t ,f

H
(x
t ))

+
η

3t κ
2B
.

T
ak

in
g

a
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Â
t+

1
≤
Â
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Â
t

=
E

(f
t )−
E

(f
H

)≤
L
κ

1
+
α‖f

t −
f
H ‖

1
+
α

1
+
α

.
(4.50)

P
lu

g
g
in

g
th

e
a
b

ov
e

in
eq

u
ality

in
to

(4.49)
sh

ow
s

T
∑t=

t̄ E
z
t (ξ̄ ′t −

E
z
t [ξ̄ ′t ] )

2≤
C

8
log

3Tδ

T
∑t=

t̄

η
2t ‖∇
E

(f
t )‖

2≤
η
T̃
C

8
log

3
Tδ

T
∑t=

t̄

η
t ‖∇
E

(f
t )‖

2,
(4.51)

w
h
ere

w
e

h
ave

u
sed

t̄≥
T̃

an
d

in
tro

d
u
ced

C
8

=
4κ

3
+
α
L

1
+

1α
C̄

1
+
α

+
C

4 .

A
cco

rd
in

g
to

(4
.39),

th
ere

h
old

s

ξ̄ ′t −
E
z
t [ξ̄ ′t ]≤

η
t ∣∣ 〈φ

′(y
t ,f

t (x
t ))K

x
t −
∇
E

(f
t ),∇
E

(f
t ) 〉 ∣∣I{‖

f
t −
f
H
‖
2≤
C̄

lo
g

3
Tδ
}

≤
η
t ‖∇
E

(f
t )‖ ∥∥

φ
′(y

t ,f
t (x

t ))K
x
t −

E
z
t [φ
′(y

t ,f
t (x

t ))K
x
t ] ∥∥I{‖

f
t −
f
H
‖
2≤
C̄

lo
g

3
Tδ
}

≤
(C

3
+

2
L‖
f
t −

f
H ‖

α
κ
α

+
1 )η

t ‖∇
E

(f
t )‖I{‖

f
t −
f
H
‖
2≤
C̄

lo
g

3
Tδ
} ,
∀
t≥

t̄.

D
u
e

to
th

e
(α
,L
κ

1
+
α
)-H
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ez

et
al

.,
20

07
).

C
on

ve
rg

en
ce

of
o
th

er
fo

rm
s

o
f

lo
op

y
B

P
ar

e
an

al
y
ze

d
b
y

Ih
le

r
et

al
.

(2
00

5)
,

M
o
oi

j
an

d
K

ap
p

en
(2

00
5,

20
0
7
),

N
o
o
rs

h
a
m

s
an

d
W

ai
n
w

ri
gh

t
(2

01
3)

,
an

d
R

av
an

b
ak

h
sh

an
d

G
re

in
er

(2
01

5)
,

b
u
t

th
ei

r
an

a
ly

se
s

a
re

n
ot

d
ir

ec
tl

y
ap

p
li
ca

b
le

to
G

au
ss

ia
n

B
P

.
S
u
ffi

ci
en

t
co

n
ve

rg
en

ce
co

n
d
it

io
n
s

fo
r

G
au

ss
ia

n
B

P
h
av

e
b

ee
n

d
ev

el
op

ed
in

W
ei

ss
an

d
F

re
em

an
(2

00
1a

);
M

al
io

u
to

v
et

al
.

(2
00

6)
;

M
oa

ll
em

i
a
n
d

R
oy

(2
00

9a
);

S
u

an
d

W
u

(2
01

5)
w

h
en

th
e

u
n
d
er

ly
in

g
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
is

ex
p
re

ss
ed

in
te

rm
s

of
p
ai

rw
is

e
co

n
n
ec

ti
on

s
b

et
w

ee
n

sc
a
la

r
va

ri
ab

le
s,

i.
e.

,
it

is
a

M
ar

ko
v

ra
n
d
o
m

fi
el

d
(M

R
F

).
H

ow
ev

er
,

d
ep

en
d
in

g
on

h
ow

th
e

u
n
d
er

ly
in

g
jo

in
t

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
is

fa
ct

o
ri

ze
d
,

G
a
u
s-

si
an

B
P

m
ay

ex
h
ib

it
d
iff

er
en

t
co

n
ve

rg
en

ce
p
ro

p
er

ti
es

as
d
iff

er
en

t
fa

ct
or

iz
at

io
n
s

(d
iff

er
en

t
G

au
ss

ia
n

m
o
d
el

s)
le

ad
to

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t
re

cu
rs

iv
e

u
p

d
at

e
st

ru
ct

u
re

s.
In

th
is

p
a-

p
er

,
w

e
st

u
d
y

th
e

co
n
ve

rg
en

ce
of

G
au

ss
ia

n
B

P
d
er

iv
ed

fr
om

th
e

d
is

tr
ib

u
te

d
li
n
ea

r
G

a
u
ss

ia
n

m
o
d
el

.
T

h
e

m
ot

iv
at

io
n

is
tw

of
ol

d
.

F
ro

m
th

e
fa

ct
or

iz
at

io
n

v
ie

w
p

oi
n
t,

b
y

sp
ec

ifi
ca

ll
y

em
-

p
lo

y
in

g
a

fa
ct

or
iz

at
io

n
b
as

ed
on

th
e

li
n
ea

r
G

au
ss

ia
n

m
o
d
el

,
w

e
ar

e
a
b
le

to
b
y
p
a
ss

d
iffi

cu
lt

ie
s

in
ex

is
ti

n
g

co
n
v
er

ge
n
ce

an
al

y
se

s
((

M
al

io
u
to

v
et

al
.,

20
06

)
an

d
re

fe
re

n
ce

s
th

er
ei

n
)

b
a
se

d
o
n

G
au

ss
ia

n
M

ar
ko

v
ra

n
d
om

fi
el

d
fa

ct
or

iz
at

io
n
.

F
ro

m
th

e
d
is

tr
ib

u
te

d
in

fe
re

n
ce

v
ie

w
p

o
in

t,
th

e
li
n
ea

r
G

au
ss

ia
n

m
o
d
el

an
d

as
so

ci
at

ed
m

es
sa

ge
p
as

si
n
g

re
q
u
ir

em
en

ts
fo

r
im

p
le

m
en

ti
n
g

th
e

G
au

ss
ia

n
B

P
re

ad
il
y

co
n
fo

rm
to

th
e

p
h
y
si

ca
l

n
et

w
or

k
to

p
ol

og
y

ar
is

in
g

in
la

rg
e-

sc
a
le

n
et

-
w

or
k
s

su
ch

as
in

(H
u

et
al

.,
20

11
;

N
g

et
al

.,
20

08
;

D
u

an
d

W
u
,

20
13

b
;

S
h
en

ta
l

et
a
l.
,

2
0
0
8
a;

Z
h
an

g
et

al
.,

20
10

;
F

re
y
,

19
99

;
T

an
an

d
L

i,
20

10
;

L
eh

m
an

n
,

20
12

;
B

ic
k
so

n
a
n
d

M
a
lk

h
i,

20
08

),
th

u
s

it
is

p
ra

ct
ic

al
ly

im
p

or
ta

n
t.

R
ec

en
tl

y,
G

is
ca

rd
et

al
.

(2
01

2,
20

13
,

20
16

)
p
re

se
n
t

a
p
at

h
-s

u
m

m
et

h
o
d

to
co

m
p
u
te

th
e

in
fo

rm
at

io
n

m
at

ri
x

in
ve

rs
e

of
a

jo
in

t
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
.

T
h
en

,
th

e
m

a
rg

in
a
l

m
ea

n
is

ob
ta

in
ed

u
si

n
g

th
e

in
fo

rm
at

io
n

m
at

ri
x

in
ve

rs
e.

T
h
e

p
at

h
-s

u
m

m
et

h
o
d

co
n
v
er

g
es

fo
r

a
n
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G
u
a
ssia

n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

sis

a
rb

itra
ry

va
lid

G
au

ssian
m

o
d
el,

h
ow

ever,
it

is
n
ot

clear
h
ow

to
a
d
ap

t
it

to
th

e
d
istrib

u
ted

a
n
d

p
a
ra

llel
in

feren
ce

setu
p
.

In
con

trast,
G

au
ssian

B
P

is
a

p
arallel

an
d

fu
lly

d
istrib

u
ted

m
eth

o
d

th
a
t

co
m

p
u
tes

th
e

m
argin

al
m

ean
s

b
y

com
p
u
tin

g
on

ly
th

e
b
lo

ck
d
ia

gon
al

elem
en

ts
of

th
e

in
fo

rm
a
tio

n
m

atrix
in

v
erse.

T
h
ou

gh
th

e
b
lo

ck
d
iagon

al
elem

en
ts

com
p
u
ted

b
y

G
au

ssian
B

P
m

ay
n
o
t

b
e

correct,
it

is
sh

ow
n

th
at

th
e

b
elief

m
ean

still
con

verges
to

th
e

correct
va

lu
e

o
n
ce

G
a
u
ssia

n
B

P
con

v
erges.

T
h
is

ex
p
lain

s
th

e
p

op
u
larity

of
G

au
ssian

B
P

in
d
istrib

u
ted

in
feren

ce
a
p
p
lication

s,
even

th
ou

gh
its

con
vergen

ce
p
rop

erties
are

n
ot

fu
lly

u
n
d
ersto

o
d
.

T
o

fi
ll

th
is

gap
,

th
is

p
ap

er
stu

d
ies

th
e

con
verg

en
ce

of
G

au
ssian

B
P

fo
r

lin
ear

G
au

ssian
m

o
d
els.

S
p

ecifi
cally,

for
th

e
fi
rst

tim
e,

b
y

estab
lish

in
g

certain
con

tractiv
e

p
rop

erties
of

th
e

d
istrib

u
ted

in
form

ation
m

atrix
(in

v
erse

covarian
ce

m
atrix

)
u
p

d
ates

w
ith

resp
ect

to
th

e
B

irk
h
o
ff

m
etric,

w
e

sh
ow

th
at,

w
ith

arb
itrary

p
ositive

sem
id

efi
n
ite

(p
.s.d

.)
in

itial
m

essage
in

fo
rm

a
tio

n
m

a
trix

,
th

e
b

elief
covarian

ce
for

each
lo

cal
variab

le
con

verges
to

a
u
n
iq

u
e

p
osi-

tive
d
efi

n
ite

lim
it,

an
d

it
ap

p
roach

es
an

arb
itrarily

sm
a
ll

n
eigh

b
orh

o
o
d

of
th

is
lim

it
m

atrix
a
t

a
n

ex
p

o
n
en

tial
rate.

C
on

seq
u
en

tly,
th

e
recu

rsiv
e

eq
u
ation

for
th

e
m

essage
m

ean
,

w
h
ich

d
ep

en
d
s

o
n

th
e

in
form

ation
m

atrix
,

ca
n

b
e

red
u
ced

to
a

lin
ear

recu
rsive

eq
u
ation

.
F

u
rth

er,
w

e
d
erive

a
n
ecessary

an
d

su
ffi

cien
t

con
vergen

ce
con

d
ition

for
th

is
lin

ea
r

recu
rsive

eq
u
ation

u
n
d
er

th
e

a
ssu

m
p
tion

th
at

th
e

in
itial

m
essage

in
fo

rm
ation

m
atrix

is
p
.s.d

.
F

u
rth

erm
ore,

w
e

sh
ow

th
at,

w
h
en

th
e

stru
ctu

re
of

th
e

factor
grap

h
is

th
e

u
n
ion

of
a

sin
gle

lo
op

an
d

a
fo

rest,
G

a
u
ssia

n
B

P
alw

ay
s

con
verges.

F
in

ally,
it

is
d
em

on
strated

th
at

th
e

p
rop

osed
con

ver-
g
en

ce
co

n
d
ition

for
th

e
lin

ear
G

au
ssian

m
o
d
el

en
com

p
asses

th
e

w
alk

-su
m

m
ab

le
con

vergen
ce

co
n
d
itio

n
fo

r
G

au
ssian

M
R

F
s

(M
aliou

tov
et

al.,
2006).

N
o
te

th
a
t

th
ere

ex
ist

oth
er

d
istrib

u
ted

estim
ation

fram
ew

ork
s,

e.g.,
con

sen
su

s+
in

n
-

ova
tio

n
s

(K
a
r

a
n
d

M
ou

ra,
2013;

K
ar

et
al.,

2013)
an

d
d
iff

u
sion

algorith
m

s
(C

attivelli
an

d
S
ayed

,
2
01

0
)

th
at

en
ab

le
d
istrib

u
ted

estim
ation

of
p
aram

eters
an

d
p
ro

cesses
in

m
u
lti-agen

t
n
etw

o
rk

ed
en

v
iron

m
en

ts.
T

h
e

con
sen

su
s+

in
n
ovation

algorith
m

s
con

verge
in

m
ean

sq
u
are

sen
se

to
th

e
cen

tralized
op

tim
al

solu
tion

u
n
d
er

th
e

assu
m

p
tion

of
glob

al
ob

servab
ility

of
th

e
(a

g
g
reg

ate)
sen

sin
g

m
o
d
el

an
d

con
n
ectiv

ity
(on

th
e

average)
o
f

th
e

in
ter-agen

t
com

-
m

u
n
ica

tio
n

n
etw

ork
.

In
p
articu

lar,
th

ese
algorith

m
s

allow
th

e
co

m
m

u
n
ication

or
m

essage
ex

ch
a
n
g
e

n
etw

o
rk

to
b

e
d
iff

eren
t

from
th

e
p
h
y
sica

l
cou

p
lin

g
n
etw

ork
of

th
e

fi
eld

b
ein

g
es-

tim
a
ted

w
h
ere

eith
er

n
etw

ork
s

can
b

e
arb

itrarily
con

n
ected

w
ith

cy
cles.

T
h
e

resu
lts

in
K

a
r

a
n
d

M
ou

ra
(2013);

K
ar

et
al.

(2013)
im

p
ly

th
at

th
e

u
n
k
n
ow

n
fi
eld

or
p
a
ram

eter
can

b
e

reco
n
stru

cted
com

p
letely

at
each

agen
t

in
th

e
n
etw

ork
.

F
or

large-sca
le

n
etw

ork
s

w
ith

h
ig

h
d
im

en
sio

n
al

u
n
k
n
ow

n
variab

le,
it

m
ay

b
e

im
p
ractical

th
ou

gh
to

estim
ate

a
ll

th
e

u
n
-

k
n
ow

n
s

a
t

ev
ery

agen
t.

R
eferen

ce
(K

ar,
2010,

section
3.4)

d
evelop

s
ap

p
roach

es
to

ad
d
ress

th
is

p
rob

lem
,

w
h
ere

u
n
d
er

ap
p
rop

riate
con

d
ition

s,
each

agen
t

can
estim

ate
on

ly
a

su
b
set

o
f

th
e

u
n
k
n
ow

n
p
aram

eter
variab

les.
T

h
is

p
ap

er
stu

d
ies

a
d
iff

eren
t

d
istrib

u
ted

in
feren

ce
p
ro

b
lem

w
h
ere

each
agen

t
learn

s
on

ly
its

ow
n

u
n
k
n
ow

n
ran

d
om

va
riab

les;
th

is
lea

d
s

to
low

er
d
im

en
sio

n
a
l

d
a
ta

ex
ch

an
ges

b
etw

een
n
eigh

b
ors.

T
h
e

rest
o
f

th
is

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
p
resen

ts
th

e
sy

stem
m

o
d
el

for
d
istrib

u
ted

in
feren

ce.
S
ection

3
d
erives

th
e

vector-va
lu

ed
d
istrib

u
ted

in
feren

ce
alg

orith
m

b
a
sed

o
n

G
a
u
ssian

B
P

.
S
ection

4
estab

lish
es

con
v
ergen

ce
con

d
ition

s,
an

d
S
ection

5
d
iscloses

th
e

rela
tio

n
sh

ip
b

etw
een

th
e

d
erived

resu
lts

an
d

ex
istin

g
con

v
ergen

ce
con

d
ition

s
of

G
au

ssian
B

P
.

F
in

a
lly,

S
ection

6
p
resen

ts
ou

r
con

clu
sion

s.

N
o
ta

tio
n

:
B

old
face

u
p
p

ercase
an

d
low

ercase
letters

rep
resen

t
m

atrices
an

d
vectors,

re-
sp

ectively.
F

o
r

a
m

atrix
A

,
A
−

1
an

d
A
T

d
en

ote
its

in
verse

(if
it

ex
ists)

an
d

tran
sp

ose,

3
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L
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D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

resp
ectively.

T
h
e

sy
m

b
ol

I
N

d
en

otes
th

e
N
×
N

id
en

tity
m

atrix
,

an
d
N

(x|µ
,R

)
stan

d
s

for
th

e
p
rob

ab
ility

d
en

sity
fu

n
ction

(P
D

F
)

of
a

G
au

ssian
ran

d
om

vector
x

w
ith

m
ean

µ
an

d
covarian

ce
m

atrix
R

.
T

h
e

n
otation

||x
−

y|| 2W
stan

d
s

for
(x
−

y
)
T

W
(x
−

y
).

T
h
e

sy
m

b
ol

∝
rep

resen
ts

th
e

lin
ear

scalar
relatio

n
sh

ip
b

etw
een

tw
o

real
valu

ed
fu

n
ction

s.
F

or
H

erm
itian

m
atrices

X
an

d
Y

,
X
�

Y
(X
�

Y
)

m
ean

s
th

a
t

X
−

Y
is

p
ositive

sem
id

efi
n
ite

(d
efi

n
ite).

T
h
e

sets
[A
,B

]
are

d
efi

n
ed

b
y

[A
,B

]
=
{
X

:
B
�

X
�

A
}.

T
h
e

sy
m

b
ol

B
d
i
a
g{·}

stan
d
s

for
b
lo

ck
d
iagon

al
m

atrix
w

ith
elem

en
ts

listed
in

sid
e

th
e

b
racket;⊗

d
en

otes
th

e
K

ron
ecker

p
ro

d
u
ct;

an
d

X
i,j

d
en

otes
th

e
com

p
on

en
t

of
m

atrix
X

on
th

e
i-th

row
an

d
j-th

colu
m

n
.

2
.
P
ro

b
le
m

S
ta
te
m
e
n
t
a
n
d
M

a
rk

o
v
R
a
n
d
o
m

F
ie
ld

C
on

sid
er

a
gen

era
l

con
n
ected

n
etw

ork
1

o
f
M

agen
ts,

w
ith
V

=
{
1,...,M

}
d
en

otin
g

th
e

set
of

agen
ts,

an
d
E

N
et ⊂

V
×
V

th
e

set
of

all
u
n
d
irected

com
m

u
n
ica

tion
lin

k
s

in
th

e
n
etw

ork
,

i.e.,
if
i

an
d
j

can
com

m
u
n
icate

or
ex

ch
an

ge
in

form
ation

d
irectly,

(i,j)∈
E

N
et .

A
t

ev
ery

agen
t
n
∈
V

,
th

e
lo

cal
ob

servation
s

are
given

b
y

a
lin

ear
G

au
ssian

m
o
d
el:

y
n

=
∑

i∈
n∪I

(n
) A

n
,i x

i
+

z
n
,

(1)

w
h
ereI

(n
)

d
en

otes
th

e
set

of
n
eigh

b
ors

of
agen

t
n

(i.e.,
all

agen
ts
i

w
ith

(n
,i)∈

E
N

et ),
A
n
,i

is
a

k
n
ow

n
co

effi
cien

t
m

atrix
w

ith
fu

ll
colu

m
n

ran
k
,
x
i

is
th

e
lo

cal
u
n
k
n
ow

n
p
aram

eter
at

agen
t
i

w
ith

d
im

en
sion

N
i ×

1
an

d
w

ith
p
rior

d
istrib

u
tion

x
i ∼
N

(x
i |0
,W

i )
(W

i �
0

),
an

d
z
n

is
th

e
ad

d
itiv

e
n
oise

w
ith

d
istrib

u
tion

z
n
∼
N

(z
n |0

,R
n
),

w
h
ere

R
n
�

0.
It

is
assu

m
ed

th
at
p

(x
i ,x

j )
=
p

(x
i )
p

(x
j )

an
d
p

(z
i ,z

j )
=
p

(z
i )
p

(z
j )

for
i6=

j,
an

d
th

e
x
i ’s

an
d
z
j ’s

are
in

d
ep

en
d
en

t
for

all
i

an
d
j.

T
h
e

goal
is

to
learn

x
i ,

b
a
sed

on
y
n
,
p

(x
i ),

an
d
p

(z
n
). 2

In
cen

tralized
estim

ation
,

all
th

e
ob

servation
s

y
n
’s

at
d
iff

eren
t

ag
en

ts
are

forw
ard

ed
to

a
cen

tral
p
ro

cessin
g

u
n
it.

D
efi

n
e

vectors
x

,
y

,
an

d
z

as
th

e
stack

in
g

of
x
n
,

y
n
,

an
d

z
n

in
ascen

d
in

g
ord

er
w

ith
resp

ect
to
n

,
resp

ectively
;

th
en

,
w

e
o
b
tain

y
=

A
x

+
z
,

(2)

w
h
ere

A
is

con
stru

cted
from

A
n
,i ,

w
ith

sp
ecifi

c
arra

n
gem

en
t

d
ep

en
d
en

t
on

th
e

n
etw

ork
top

ology.
A

ssu
m

in
g

A
is

of
fu

ll
co

lu
m

n
ran

k
,

an
d

sin
ce

(2)
is

a
stan

d
ard

lin
ear

m
o
d
el,

th
e

op
tim

al
m

in
im

u
m

m
ean

sq
u
ared

error
estim

ate
x̂
,
[x̂

T1
,...,x̂

TM

]
T

of
x

is
giv

en
b
y

(M
u
rp

h
y
,

2012)

x̂
=

∫
x

p
(x

)
p

(y|x
)

∫
p

(x
)
p

(y|x
)

d
x

d
x

=
(W

−
1

+
A
T
R
−

1A
)−

1
A
T
R
−

1y
,

(3)

w
h
ere

W
an

d
R

a
re

b
lo

ck
d
iagon

al
m

atrices
con

tain
in

g
W

i
a
n
d

R
i

a
s

th
eir

d
iagon

al
b
lo

ck
s,

resp
ectively.

A
lth

ou
gh

w
ell-estab

lish
ed

,
cen

tralized
estim

ation
in

large-scale
n
etw

ork
s

h
as

1
.

A
co

n
n

ected
n

etw
o
rk

is
o
n

e
w

h
ere

a
n
y

tw
o

d
istin

ct
a
g
en

ts
ca

n
co

m
m

u
n

ica
te

w
ith

ea
ch

o
th

er
th

ro
u

g
h

a
fi

n
ite

n
u

m
b

er
o
f

h
o
p

s.
2
.

B
y

slig
h
tly

m
o
d

ify
in

g
(1

),
th

e
lo

ca
l

m
o
d

el
w

o
u

ld
a
llow

tw
o

n
eig

h
b

o
rin

g
a
g
en

ts
to

sh
a
re

a
co

m
m

o
n

o
b

serva
tio

n
a
n

d
th

e
a
n

a
ly

ses
in

th
e

fo
llow

in
g

sectio
n

s
still

a
p

p
ly.

P
lea

se
refer

to
D

u
et

a
l.

(2
0
1
7
b

)
fo

r
d

eta
ils,

a
n

d
D

u
et

a
l.

(2
0
1
7
a
)

fo
r

th
e

co
rresp

o
n

d
in

g
m

o
d

els
a
n

d
a
sso

cia
ted

(d
istrib

u
ted

)
co

n
v
erg

en
ce

co
n

d
itio

n
s.
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G
u
a
ss
ia
n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

si
s

se
ve

ra
l

d
ra

w
b
ac

k
s

in
cl

u
d
in

g:
1)

th
e

tr
an

sm
is

si
on

of
y
n
,
A
n
,i

an
d

R
n

fr
om

p
er

ip
h
er

al
ag

en
ts

to
th

e
co

m
p
u
ta

ti
on

ce
n
te

r
im

p
os

es
la

rg
e

co
m

m
u
n
ic

at
io

n
ov

er
h
ea

d
;

2)
k
n
ow

le
d
ge

of
gl

o
b
al

n
et

w
or

k
to

p
ol

og
y

is
n
ee

d
ed

in
or

d
er

to
co

n
st

ru
ct

A
;

3)
th

e
co

m
p
u
ta

ti
o
n

b
u
rd

en
a
t

th
e

co
m

p
u
ta

ti
on

ce
n
te

r
sc

al
es

u
p

d
u
e

to
th

e
m

at
ri

x
in

ve
rs

io
n

re
q
u
ir

ed
in

(3
)

w
it

h
co

m
p
le

x
it

y

or
d
er
O
( (
∑
|V
|

i=
1
N
i) 3
) ,

i.
e.

,
cu

b
ic

in
th

e
d
im

en
si

on
in

ge
n
er

al
.

O
n

th
e

ot
h
er

h
an

d
,

G
au

ss
ia

n
B

P
ru

n
n
in

g
ov

er
gr

ap
h
ic

al
m

o
d
el

s
re

p
re

se
n
ti

n
g

th
e

jo
in

t
p

os
te

ri
or

d
is

tr
ib

u
ti

on
of

al
l

x
i’

s
p
ro

v
id

es
a

d
is

tr
ib

u
te

d
w

ay
to

le
ar

n
x
i

lo
ca

ll
y,

th
er

eb
y

m
it

ig
at

in
g

th
e

d
is

ad
va

n
ta

ge
s

of
th

e
ce

n
tr

al
iz

ed
ap

p
ro

ac
h
.

In
p
ar

ti
cu

la
r,

w
it

h
G

a
u
ss

ia
n

M
R

F
,

th
e

jo
in

t
d
is

tr
ib

u
ti

on
p

(x
)
p

(y
|x

)
is

ex
p
re

ss
ed

in
a

p
ai

rw
is

e
fo

rm
(M

al
io

u
to

v
et

al
.,

20
06

):

p
(x

)
p

(y
|x

)
=
∏ n
∈V
ψ
n

( x
n
,{

y
i}
i∈
{n
∪I

(n
)}
)

∏

(n
,i

)∈
E M

R
F

ψ
n
,i

(x
n
,x

i)
,

(4
)

w
h
er

e E M
R

F
,
E N

et
∪
{(
n
,i

)
|∃
k
,k
6=
n
,k
6=
i,

su
ch

th
at

(n
,k

)
∈
E N

et
,a

n
d

(i
,k

)
∈
E N

et
};

(5
)

ψ
n

( x
n
,{

y
i}
i∈
n
∪I

(n
))

=
ex

p

  
1 2

 
x
T n
W
−

1
n

x
n

+
∑

i∈
n
∪I

(n
)

y
T i
R
−

1
i

x
n

 
  

(6
)

is
th

e
p

ot
en

ti
al

fu
n
ct

io
n

at
ag

en
t
n

,
an

d

ψ
n
,i
(x
n
,x

i)
=

ex
p
−
{

1 2

[ (A
n
,n

x
n
)T

R
−

1
n

(A
n
,i
x
i)

+
(A

i,
n
x
n
)T

R
−

1
i

(A
i,
ix
i)

+
∑

k
∈{
k̃
|(k̃
,i

)∈
E N

e
t
,

(k̃
,n

)∈
E N

e
t
}

(A
k
,n

x
n
)T

R
−

1
k

(A
k
,i
x
i)
]}

(7
)

is
th

e
ed

ge
p

ot
en

ti
al

b
et

w
ee

n
x
n

an
d

x
i.

A
ft

er
se

tt
in

g
u
p

th
e

gr
ap

h
ic

al
m

o
d
el

re
p
re

se
n
ti

n
g

th
e

jo
in

t
d
is

tr
ib

u
ti

on
in

(4
),

m
es

sa
ge

s
a
re

ex
ch

an
ge

d
b

et
w

ee
n

p
ai

rs
of

ag
en

ts
n

an
d
i

w
it

h
(n
,i

)
∈
E M

R
F
.

M
or

e
sp

ec
ifi

ca
ll
y,

ac
co

rd
in

g
to

th
e

st
an

d
ar

d
d
er

iv
at

io
n

of
G

a
u
ss

ia
n

B
P

,
at

th
e
`-

th
it

er
at

io
n
,

th
e

m
es

sa
ge

p
as

se
d

fr
om

ag
en

t
n

to
ag

en
t
i

is

w
(`

)
n
→
i
(x
i)

=

∫
ψ
n

( x
n
,{

y
k
} k
∈n
∪I

(n
)) ψ

n
,i

(x
n
,x

i)
∏

k
∈I

(n
)\
i

w
(`
−

1
)

k
→
n

(x
n
)

d
x
n
.

(8
)

A
s

sh
ow

n
b
y

(8
),

G
au

ss
ia

n
B

P
is

it
er

a
ti

v
e

w
it

h
ea

ch
ag

en
t

al
te

rn
at

iv
el

y
re

ce
iv

in
g

m
es

-
sa

ge
s

fr
om

it
s

n
ei

gh
b

or
s

an
d

fo
rw

ar
d
in

g
ou

t
u
p

d
at

ed
m

es
sa

ge
s.

A
t

ea
ch

it
er

at
io

n
,

ag
en

t
i

co
m

p
u
te

s
it

s
b

el
ie

f
on

va
ri

ab
le

x
i

as

b(`
)

M
R

F
(x
i)
∝
ψ
i

( x
i,
{y

n
} n
∈i
∪I

(i
))

∏

k
∈I

(n
)

w
(`

)
k
→
i
(x
i)
.

(9
)

It
is

k
n
ow

n
th

at
,

as
th

e
m

es
sa

ge
s

(8
)

co
n
v
er

ge
,

th
e

m
ea

n
of

th
e

b
el

ie
f

(9
)

is
th

e
ex

ac
t

m
ea

n
of

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
of

x
i

(W
ei

ss
an

d
F

re
em

an
,

20
01

a)
.

5
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L
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 1
8(

17
2)

:1
-3

8,
 2

01
8

D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

It
m

ig
h
t

se
em

th
at

ou
r

d
is

tr
ib

u
te

d
in

fe
re

n
ce

p
ro

b
le

m
is

n
ow

so
lv

ed
,

as
a

so
lu

ti
o
n

is
re

a
d
-

il
y

av
ai

la
b
le

.
H

ow
ev

er
,

th
er

e
ar

e
tw

o
se

ri
ou

s
li
m

it
at

io
n
s

fo
r

th
e

G
au

ss
ia

n
M

R
F

a
p
p
ro

a
ch

.

F
ir

st
,

m
es

sa
ge

s
ar

e
p
as

se
d

b
et

w
ee

n
p
ai

rs
of

ag
en

ts
in
E M

R
F
,

w
h
ic

h
ac

co
rd

in
g

to
th

e
d
efi

n
it

io
n

(5
)

in
cl

u
d
es

n
ot

on
ly

th
os

e
d
ir

ec
t

n
ei

gh
b

or
s,

b
u
t

al
so

p
a
ir

s
th

at
a
re

tw
o

h
o
p
s

aw
ay

b
u
t

sh
ar

e
a

co
m

m
on

n
ei

gh
b

or
.

T
h
is

is
il
lu

st
ra

te
d

in
F

ig
.

1,
w

h
er

e
F

ig
.

1
(a

)
sh

ow
s

a
n
et

w
or

k
of

4
ag

en
ts

w
it

h
a

li
n
e

b
et

w
ee

n
tw

o
n
ei

g
h
b

or
in

g
ag

en
ts

in
d
ic

at
in

g
th

e
av

a
il
a
b
il
it

y
of

a
p
h
y
si

ca
l

co
m

m
u
n
ic

at
io

n
li
n
k
,

an
d

F
ig

.
1(

b
)

sh
ow

s
th

e
eq

u
iv

al
en

t
p
ai

rw
is

e
g
ra

p
h
.

F
o
r

th
is

ex
am

p
le

,
in

th
e

p
h
y
si

ca
l

n
et

w
or

k
,

th
er

e
is

n
o

d
ir

ec
t

co
n
n
ec

ti
on

b
et

w
ee

n
a
g
en

ts
1

a
n
d

4,
n
or

b
et

w
ee

n
ag

en
ts

1
an

d
3.

B
u
t

in
th

e
p
ai

rw
is

e
re

p
re

se
n
ta

ti
on

,
th

os
e

co
n
n
ec

ti
o
n
s

ar
e

p
re

se
n
t.

W
e

su
m

m
ar

iz
e

th
e

ab
ov

e
ob

se
rv

at
io

n
s

in
th

e
fo

ll
ow

in
g

re
m

ar
k
.

R
e
m

a
rk

1
F

o
r

a
n

et
w

o
rk

w
it

h
co

m
m

u
n

ic
a
ti

o
n

ed
ge

se
t
E N

et
a
n

d
lo

ca
l

o
bs

er
va

ti
o
n

s
fo

ll
o
w

-
in

g
(1

),
th

e
co

rr
es

po
n

d
in

g
M

R
F

gr
a
p
h

ed
ge

se
t

sa
ti

sfi
es
E M

R
F
⊇
E N

et
.

T
h
u

s,
G

a
u

ss
ia

n
B

P
fo

r
G

a
u

ss
ia

n
M

R
F

s
ca

n
n

o
t

be
a
p
p
li

ed
to

th
e

d
is

tr
ib

u
te

d
in

fe
re

n
ce

p
ro

bl
em

w
it

h
th

e
lo

ca
l

o
bs

er
va

ti
o
n

m
od

el
(1

).
3

T
h
e

co
n
se

q
u
en

ce
of

th
e

ab
ov

e
fi
n
d
in

gs
is

th
at

,
n
ot

on
ly

d
o
es

in
fo

rm
at

io
n

n
ee

d
to

b
e

sh
ar

ed
am

on
g

ag
en

ts
tw

o
h
op

s
aw

ay
fr

om
ea

ch
ot

h
er

to
co

n
st

ru
ct

th
e

ed
ge

p
o
te

n
ti

a
l

fu
n
c-

ti
on

in
(7

),
b
u
t

al
so

th
e

m
es

sa
ge

s
(8

)
m

ay
b

e
re

q
u
ir

ed
to

b
e

ex
ch

an
ge

d
am

o
n
g

n
o
n
-d

ir
ec

t
n
ei

gh
b

or
s,

w
h
er

e
a

p
h
y
si

ca
l

co
m

m
u
n
ic

at
io

n
li
n
k

is
n
ot

av
ai

la
b
le

.
T

h
is

co
m

p
li
ca

te
s

si
g
n
ifi

-
ca

n
tl

y
th

e
m

es
sa

ge
ex

ch
an

ge
sc

h
ed

u
li
n
g.

S
ec

on
d
ly

,
ev

en
if

th
e

m
es

sa
ge

sc
h
ed

u
li
n
g

b
et

w
ee

n
n
on

-n
ei

gh
b

o
ri

n
g

ag
en

ts
ca

n
b

e
re

-
al

iz
ed

,
th

e
co

n
ve

rg
en

ce
of

(8
)

is
n
ot

gu
ar

an
te

ed
in

lo
op

y
n
et

w
or

k
s.

F
or

G
a
u
ss

ia
n

M
R

F
w

it
h

sc
al

ar
va

ri
ab

le
s,

su
ffi

ci
en

t
co

n
ve

rg
en

ce
co

n
d
it

io
n
s

h
av

e
b

ee
n

p
ro

p
os

ed
in

(W
ei

ss
a
n
d

F
re

em
an

,
20

01
a;

M
al

io
u
to

v
et

al
.,

20
06

;
S
u

an
d

W
u
,

20
15

).
H

ow
ev

er
,

d
ep

en
d
in

g
o
n

h
ow

th
e

fa
ct

or
iz

at
io

n
of

th
e

u
n
d
er

ly
in

g
jo

in
t

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
is

p
er

fo
rm

ed
,

G
a
u
ss

ia
n

B
P

m
ay

ex
h
ib

it
d
iff

er
en

t
co

n
v
er

ge
n
ce

p
ro

p
er

ti
es

as
d
iff

er
en

t
fa

ct
or

iz
at

io
n
s

(d
iff

er
en

t
G

a
u
ss

ia
n

m
o
d
el

s)
le

ad
to

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t
re

cu
rs

iv
e

u
p

d
at

e
st

ru
ct

u
re

s.
F

u
rt

h
er

m
o
re

,
th

es
e

re
su

lt
s

ap
p
ly

on
ly

to
sc

al
ar

G
au

ss
ia

n
B

P
,

an
d

ex
te

n
si

on
to

ve
ct

or
-v

al
u
ed

G
a
u
ss

ia
n

B
P

is
n
on

tr
iv

ia
l

as
w

e
sh

ow
in

th
is

p
ap

er
.
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u
tion

p
(x

)
p

(y|x
)

is
fi
rst

w
ritten

as
th

e
p
ro

d
u
ct

of
th

e
p
rior

d
istrib

u
tion

an
d

th
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sc
al

ar
ca

se
)

is
se

t
to

b
e

0
,

i.
e.

,
J

(0
)

f
n
→
i

=
0

(W
ei

ss
an

d
F

re
em

an
,

20
01

a;
M

al
io

u
to

v
et

al
.,

20
06

).
T

h
eo

re
m

1
2

re
ve

al
s

th
a
t

th
er

e
is

a
b

et
te

r
ch

oi
ce

to
gu

ar
an

te
e

fa
st

er
co

n
ve

rg
en

ce
.

4
.2

C
o
n
v
e
rg

e
n

c
e

o
f

M
e
ss

a
g
e

M
e
a
n

V
e
c
to

r

A
cc

or
d
in

g
to

T
h
eo

re
m

s
6

an
d

11
,

as
lo

n
g

as
w

e
ch

o
os

e
J

(0
)

f
k
→
j
�

0
fo

r
al

l
j
∈
V

an
d

f k
∈
B

(j
),

th
e

d
is

ta
n
ce

b
et

w
ee

n
J

(`
)

f
k
→
j

an
d

J
∗ f k
→
j

d
ec

re
as

es
ex

p
on

en
ti

al
ly

fa
st

b
ef

o
re

J
(`

)
f
k
→
j

en
te

rs
J
∗ f k
→
j
’s

n
ei

gh
b

or
h
o
o
d
,

w
h
ic

h
ca

n
b

e
ch

os
en

to
b

e
ar

b
it

ra
ri

ly
sm

al
l.

F
u
rt

h
er

m
or

e,
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D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

ac
co

rd
in

g
to

(1
6)

,
[ J

(`
)

j→
f
n

] −
1

al
so

co
n
ve

rg
es

to
a

p
.d

.
m

at
ri

x
on

ce
J

(`
)

f
k
→
j

co
n
ve

rg
es

,
a
n
d

th
e

co
n
ve

rg
ed

va
lu

e
fo

r
[ J

(`
)

j→
f
n

] −
1

is
d
en

ot
ed

b
y
[ J
∗ j→

f
n

] −
1
.

T
h
en

fo
r

ar
b
it

ra
ry

in
it

ia
l

va
lu

e

v
(0

)
f
k
→
j
,

th
e

ev
ol

u
ti

on
of

v
(`

)
j→

f
n

in
(1

7)
ca

n
b

e
w

ri
tt

en
in

te
rm

s
of

th
e

co
n
ve

rg
ed

m
es

sa
g
e

in
fo

rm
at

io
n

m
at

ri
ce

s,
w

h
ic

h
is

v
(`

)
j→

f
n

=
[ J
∗ j→

f
n

] −
1

∑

f
k
∈B

(j
)\
f
n

J
∗ f k
→
j
v

(`
−

1
)

f
k
→
j
.

(4
0)

U
si

n
g

(2
0)

,
an

d
re

p
la

ci
n
g

in
d
ic

es
j,
i,
n

w
it

h
z
,
j,
k

re
sp

ec
ti

ve
ly

,
v

(`
−

1
)

f
k
→
j

is
gi

v
en

b
y

v
(`
−

1
)

f
k
→
j

=
[J
∗ f k
→
j
]−

1
A
T k
,j

[ R
k

+
∑

z
∈B

(f
k
)\
j

A
k
,z

[ J
∗ z→

f
k

] −
1
A
T k
,z

︸
︷︷

︸
,
M
k
,j

] −
1
 

y
k
−

∑

z
∈B

(f
k
)\
j

A
k
,z

v
(`
−

1
)

z
→
f
k

 
.

(4
1
)

P
u
tt

in
g

(4
1)

in
to

(4
0)

,
w

e
h
av

e

v
(`

)
j→

f
n

=
b
j→

f
n
−

∑

f
k
∈B

(j
)\
f
n

∑

z
∈B

(f
k
)\
j[J
∗ j→

f
n
]−

1
A
T k
,j
M
−

1
k
,j
A
k
,z

v
(`
−

1
)

z
→
f
k
,

(4
2
)

w
h
er

e
b
j→

f
n

=
[J
∗ j→

f
n
]−

1
∑

f
k
∈B

(j
)\
f
n

A
T k
,j
M
−

1
k
,j
y
k
.

T
h
e

ab
ov

e
eq

u
at

io
n

ca
n

b
e

fu
rt

h
er

w
ri

tt
en

in
co

m
p
ac

t
fo

rm
as

v
(`

)
j→

f
n

=
b
j→

f
n
−

Q
j→

f
n
v

(`
−

1
) ,

w
it

h
th

e
co

lu
m

n
v
ec

to
r

v
(`
−

1
)

co
n
ta

in
in

g
v

(`
−

1
)

z
→
f
k

fo
r

al
l
z
∈
V

an
d
f k
∈
B

(z
)

a
s

su
b
ve

ct
o
r

w
it

h
as

ce
n
d
in

g
in

d
ex

fi
rs

t
on

z
an

d
th

en
on

k
.

T
h
e

m
at

ri
x

Q
j→

f
n

is
a

ro
w

b
lo

ck
m

a
tr

ix

w
it

h
co

m
p

on
en

t
b
lo

ck
[J
∗ j→

f
n
]−

1
A
T k
,j
M
−

1
k
,j
A
k
,z

if
f k
∈
B

(j
)
\f

n
an

d
z
∈
B

(f
k
)
\j

,
a
n
d

0
ot

h
er

w
is

e.
L

et
Q

b
e

th
e

b
lo

ck
m

at
ri

x
th

at
st

ac
k
s

Q
j→

f
n

w
it

h
th

e
or

d
er

fi
rs

t
o
n
j

a
n
d

th
en

on
n

,
an

d
b

b
e

th
e

ve
ct

or
co

n
ta

in
in

g
b
j→

f
n

w
it

h
th

e
sa

m
e

st
ac

k
in

g
or

d
er

a
s

Q
j→

f
n
.

W
e

h
av

e

v
(`

)
=
−

Q
v

(`
−

1
)

+
b
,

`
≥

1
,2
,.
..
.

(4
3
)

It
is

k
n
ow

n
th

at
fo

r
ar

b
it

ra
ry

in
it

ia
l

va
lu

e
v

(0
) ,

v
(`

)
co

n
ve

rg
es

if
an

d
on

ly
if

th
e

sp
ec

tr
a
l

ra
d
iu

s
ρ

(Q
)
<

1
(D

em
m

el
,

19
97

,
p
p
.

28
0)

.
S
in

ce
th

e
el

em
en

ts
of

v
(0

) ,
i.
e.

,
v

(0
)

j→
f
n
,

d
ep

en
d
s

on
v

(0
)

f
k
→
j
,

w
e

ca
n

ch
o
os

e
ar

b
it

ra
ry

v
(0

)
f
k
→
j
.

F
u
rt

h
er

m
or

e,
as

v
(`

)
d
ep

en
d
s

on
th

e
co

n
v
er

g
en

ce

of
J

(`
) ,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
1
3

T
h
e

ve
ct

o
r

se
qu

en
ce
{ v

(`
)}
l=

1
,2
,.
..

d
efi

n
ed

by
(4

3
)

co
n

ve
rg

es
to

a
u

n
iq

u
e

va
lu

e

u
n

d
er

a
n

y
in

it
ia

l
va

lu
e
{ v

(0
)

f
k
→
j

} k
∈V

,j
∈B

(f
k
)

a
n

d
in

it
ia

l
m

es
sa

ge
in

fo
rm

a
ti

o
n

m
a
tr

ix
J

(0
)
�

0

if
a
n

d
o
n

ly
if
ρ

(Q
)
<

1
.
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G
u
a
ssia

n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

sis

T
h
e

row
b
lo

ck
m

atrix
Q
j ,

a
row

b
lo

ck
of

Q
,

con
tain

s
on

ly
b
lo

ck
en

tries
0

a
n
d

Q
j→

f
n
.

W
h
en

th
e

o
b
servation

m
o
d
el

(1)
red

u
ces

to
th

e
p
airw

ise
m

o
d
el,

w
h
ere

on
ly

tw
o

u
n
k
n
ow

n
va

ria
b
les

a
re

in
volved

in
each

lo
cal

ob
servation

,
it

ca
n

b
e

sh
ow

n
th

at
Q
j

an
d

Q
i

are
or-

th
o
g
o
n
a
l

if
i6=

j.
A

d
istrib

u
ted

con
vergen

ce
con

d
ition

is
ob

ta
in

ed
u
tilizin

g
th

is
orth

ogon
al

p
ro

p
erty

in
D

u
et

al.
(2017a).

H
ow

ever,
for

th
e

m
ore

gen
eral

case
stu

d
ied

in
th

is
p
ap

er,
p
ro

p
erties

o
f

Q
j

an
d

Q
n
eed

to
b

e
fu

rth
er

ex
p
loited

to
sh

ow
w

h
en

ρ
(Q

)
<

1
is

satisfi
ed

.

In
th

e
seq

u
el,

w
e

w
ill

sh
ow

th
at
ρ

(Q
)
<

1
is

satisfi
ed

for
a

sin
gle

lo
op

factor
g
rap

h
w

ith
m

u
ltip

le
ch

a
in

s/trees
(an

ex
am

p
le

is
sh

ow
n

in
F

ig.
2),

th
u
s

G
a
u
ssia

n
B

P
con

v
erges

in
su

ch
a

to
p

o
lo

g
y.

A
lth

ou
gh

W
eiss

(2000)
sh

ow
s

th
e

con
vergen

ce
of

G
au

ssian
B

P
on

th
e

M
R

F
w

ith
a

sin
g
le

lo
op

,
th

e
an

aly
sis

can
n
ot

b
e

ap
p
lied

h
ere

sin
ce

th
e

lo
cal

ob
servation

s
m

o
d
el

(1
)

is
d
iff

eren
t

from
th

e
p
airw

ise
m

o
d
el

in
(W

eiss,
2000).

T
h

e
o
re

m
1
4

F
o
r

a
n

y
fa

cto
r

gra
p
h

th
a
t

is
th

e
u

n
io

n
o
f

a
sin

gle
loo

p
a
n

d
a

fo
rest,

w
ith

a
rbitra

ry
po

sitive
sem

i-d
efi

n
ite

in
itia

l
in

fo
rm

a
tio

n
m

a
trix,

i.e.,
J

(0
)

f
n →

i �
0

fo
r

a
ll
i∈
V

a
n

d

f
n
∈
B

(i),
th

e
m

essa
ge

in
fo

rm
a
tio

n
m

a
trix

J
(`)
f
n →

i
a
n

d
m

ea
n

vecto
r
v

(`)
i→

f
n

is
gu

a
ra

n
teed

to
co

n
verge

to
th

eir
co

rrespo
n

d
in

g
u

n
iqu

e
po

in
ts.

P
ro

o
f

In
th

is
p
ro

of,
F

ig.
2

is
b

ein
g

u
sed

as
a

referen
ce

th
rou

gh
ou

t.
F

or
a

sin
gle

lo
op

facto
r

grap
h

w
ith

ch
ain

s/trees
as

sh
ow

n
in

F
ig.

2
(a),

th
ere

are
tw

o
k
in

d
s

of
n
o
d
es.

O
n
e

is
th

e
fa

cto
rs/

variab
les

in
th

e
lo

op
,

an
d

th
ey

are
d
en

oted
b
y
f
n
/
x
j .

T
h
e

oth
er

is
th

e

fa
cto

rs/
va

ria
b
les

on
th

e
ch

ain
s/trees

b
u
t

ou
tsid

e
th

e
lo

o
p
,

d
en

oted
as
f̃
k /

z̃
i .

T
h
en

m
essage

fro
m

a
va

ria
b
le

n
o
d
e

to
a

n
eigh

b
orin

g
factor

n
o
d
e

on
th

e
grap

h
can

b
e

categ
orized

in
to

th
ree

g
ro

u
p
s:

1
)

m
essa

ge
o
n

a
tree/ch

ain
p
assin

g
tow

ard
s

th
e

lo
op

,
e.g.,

m
∗z̃→

f
k

(x̃
z )

an
d
m
∗s̃→

f̃
k

(x̃
s )

;

2
)

m
essa

ge
o
n

a
tree/ch

ain
p
assin

g
aw

ay
fro

m
th

e
lo

op
,

e.g.,
m

(`)

j→
f̃
k

(x
j ),

m
(`)

s̃→
f̃
s

(x
s )

an
d

m
(`)

z̃→
f̃
z

(x
z );

3
)

m
essag

e
in

th
e

lo
op

,
e.g.,

m
(`)
j→

f
n

(x
j ),

m
(`)
z→

f
k

(x
z )

an
d
m

(`)
i→

f
n

(x
i ).

A
cco

rd
in

g
to

(11),
com

p
u
tation

of
th

e
m

essages
in

th
e

fi
rst

grou
p

d
o
es

n
ot

d
ep

en
d

on
m

essag
es

in
th

e
lo

op
an

d
is

th
u
s

con
vergen

ce
gu

aran
teed

.
T

h
erefore,

th
e

m
essage

itera
tion

n
u
m

b
er

is
rep

la
ced

w
ith

a
∗

to
d
en

ote
th

e
con

verged
m

essage.
A

lso,
from

th
e

d
efi

n
ition

o
f

m
essa

ge
co

m
p
u
tation

in
(11),

if
m

essages
in

th
e

th
ird

grou
p

con
verge,

th
e

secon
d

grou
p

m
essa

g
es

sh
ou

ld
also

con
verge.

T
h
erefore,

w
e

n
ex

t
fo

cu
s

on
sh

ow
in

g
th

e
co

n
vergen

ce
of

m
essa

g
es

in
th

e
th

ird
grou

p
.

F
o
r

a
fa

cto
r

n
o
d
e
f
k

in
th

e
lo

op
w

ith
x
z

an
d

x
j

b
ein

g
its

tw
o

n
eigh

b
orin

g
variab

le
n
o
d
es

in
th

e
lo

o
p

a
n
d

x̃
z

b
ein

g
its

n
eigh

b
o
rin

g
variab

le
n
o
d
e

ou
tsid

e
th

e
lo

op
,

accord
in

g
to

th
e

d
efi

n
itio

n
o
f

m
essage

com
p
u
tation

in
(12),

w
e

h
ave

m
(`)
f
k →

j
(x
j )

=

∫
∫
f
k ×

m
(`)
z→

f
k

(x
z )

∏

z̃∈B
(f
k
)\
j

m
∗z̃→

f
k

(x̃
z )

d{
x̃
z }
z̃∈B

(f
k
)\
j

d
x
z ,

=

∫
m

(`)
z→

f
k

(x
z )  ∫

f
k ×

∏

z̃∈B
(f
k
)\
j

m
∗z̃→

f
k

(x̃
z )

d{
x̃
z }
z̃∈B

(f
k
)\
j 

d
x
z .

(44)
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D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

(a
)

(b
)

F
igu

re
2:

(a)
A

n
ex

am
p
le

of
factor

grap
h

w
ith

a
sin

gle
lo

op
an

d
ch

ain
s/trees

top
ology,

w
h
ere

th
e

d
ash

ed
lin

e
in

d
icates

p
ossib

le
ch

ain
s/trees;

(b
)

T
h
e

eq
u
ivalen

t
factor

grap
h

o
f

F
ig

2
(a)

w
ith

n
ew

factor
fu

n
ction

s
th

at
d
o

n
ot

h
ave

n
eigh

b
orin

g
varia

b
le

n
o
d
es

ex
cep

t
th

ose
in

th
e

lo
op

.
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G
u
a
ss
ia
n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

si
s

A
s

sh
ow

n
in

L
em

m
a

2,
m
∗ z̃→

f
k

(x̃
z
)

m
u
st

b
e

in
G

au
ss

ia
n

fu
n
ct

io
n

fo
rm

,
w

h
ic

h
is

d
en

ot
ed

b
y

m
∗ z̃→

f
k

(x̃
z
)
∝
N
( x̃

z
|v
∗ z̃→

f
k
,[

J
∗ z̃→

f
k

] −
1
) .

B
es

id
es

,
fr

om
(1

)
w

e
ob

ta
in

f k
=
N

 
y
k
|A

k
,z

x
z

+
A
k
,j
x
j

+
∑

z̃
∈B

(f
k
)

A
k
,z̃

x̃
z
,R

k

 
.

It
ca

n
b

e
sh

ow
n

th
at

th
e

in
n
er

in
te

gr
at

io
n

in
th

e
se

co
n
d

li
n
e

of
(4

4)
is

gi
ve

n
b
y

N
( y

k
|A

k
,z

x
z

+
A
k
,j
x
j
,R

k

) ,
f
k
,

w
h
er

e
th

e
ov

er
b
ar

is
u
se

d
to

d
en

ot
e

th
e

n
ew

co
n
st

an
t

m
at

ri
x

or
ve

ct
or

.
T

h
en

(4
4
)

ca
n

b
e

w
ri

tt
en

as

m
(`

)
f
k
→
j

(x
j
)

=

∫
f
k
×
m

(`
)

z
→
f
k

(x
z
)

d
x
z
.

(4
5)

C
om

p
ar

in
g

(4
5)

w
it

h
(1

2)
,

w
e

ob
ta

in
m

(`
)

f
k
→
j

(x
j
)

as
if
m

(`
)

f
k
→
j

(x
j
)

is
b

ei
n
g

p
as

se
d

to
a

fa
ct

or

n
o
d
e
f
k
.

T
h
er

ef
or

e,
a

fa
ct

or
gr

ap
h

w
it

h
a

si
n
gl

e
lo

op
an

d
m

u
lt

ip
le

tr
ee

s/
ch

ai
n
s

is
eq

u
iv

al
en

t
to

a
si

n
gl

e
lo

op
fa

ct
or

gr
ap

h
in

w
h
ic

h
ea

ch
fa

ct
or

n
o
d
e

h
as

n
o

n
ei

g
h
b

or
in

g
va

ri
a
b
le

n
o
d
e

ou
ts

id
e

th
e

lo
op

.
A

s
a

re
su

lt
,

th
e

ex
am

p
le

of
F

ig
.

2
(a

)
is

eq
u
iv

al
en

t
to

F
ig

.
2

(b
).

In
th

e
fo

ll
ow

in
g,

w
e

fo
cu

s
on

th
is

eq
u
iv

al
en

t
to

p
ol

o
gy

fo
r

th
e

co
n
v
er

ge
n
ce

an
al

y
si

s.
N

ot
e

th
at

,
fo

r
ar

b
it

ra
ry

va
ri

ab
le

n
o
d
e
j

in
th

e
lo

op
,

th
er

e
ar

e
tw

o
n
ei

gh
b

or
in

g
fa

ct
or

n
o
d
es

in
th

e
lo

op
.

F
u
rt

h
er

,
u
si

n
g

th
e

n
ot

a
ti

on
fo

r
th

e
eq

u
iv

al
en

t
to

p
ol

og
y,

(4
2)

is
re

d
u
ce

d
to

v
(`

)

j→
f
n

=
−
[ J
∗ j→

f
n

] −
1
A
T k
,j
T
−

1
k
,j
A
k
,z

v
(`
−

1
)

z
→
f
k

+
b
j→

f
n
−

∑

f̃
k
∈B

(j
)\
f
n

∑

s̃∈
B (
f̃
k
)\
j

[ J
∗ j→

f
n

] −
1
A
T k
,j
M
−

1
k
,j
A
k
,s̃
v
∗ s̃→

f̃
k

︸
︷︷

︸
,
c
j
→
f
n

,
(4

6)

w
h
er

e
v
∗ s̃→

f̃
k

is
th

e
co

n
ve

rg
ed

m
ea

n
ve

ct
or

on
th

e
ch

ai
n
/t

re
e;

b
j→

f
n

=
[ J
∗ j→

f
n

] −
1

∑

f
k
∈B

(j
)\
f
n

A
T k
,j
M
−

1
k
,j
y
k

w
it

h
M

k
,j

=
R
k

+
∑

s̃∈
B (
f̃
k
)\
j
A
k
,s̃

[ J
∗ s̃→

f̃
k

] −
1
A
T k
,s̃

,
an

d

T
k
,j

=
R
k

+
A
k
,z

[ J
∗ z
→
f
k

] −
1
A
T k
,z
,

(4
7)

w
it

h
x
z

an
d
f
k

in
th

e
lo

op
w

h
er

e
f
k
∈
B

(j
)
\
f
n

an
d

x
z
∈
B
( f

k

) \
j.

B
y

m
u
lt

ip
ly

in
g

[ J
∗ j→

f
n

] 1
/
2

on
b

ot
h

si
d
es

of
(4

6)
,

an
d

d
efi

n
in

g
β

(`
)

j→
f
n

=
[ J
∗ j→

f
n

] 1
/
2
v

(`
)

j→
f
n
,

w
e

h
av

e

β
(`

)

j→
f
n

=
−
[ J
∗ j→

f
n

] −
1
/
2
A
T k
,j
T
−

1
k
,j
A
k
,z

[ J
∗ z
→
f
k

] −
1
/
2
β

(`
−

1
)

z
→
f
k

+
[ J
∗ j→

f
n

] 1
/
2
c
j→

f
n
,

(4
8)
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D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

L
et
β

(`
−

1
)

co
n
ta

in
β

(`
−

1
)

z
→
f
k

fo
r

al
l
x
z

w
it

h
z
∈
B
( f

k

) an
d
f
k

b
ei

n
g

in
th

e
lo

op
,

a
n
d

th
e

in
d
ex

is
ar

ra
n
ge

d
fi
rs

t
on

k
an

d
th

en
on

z
.

T
h
en

,
th

e
ab

ov
e

eq
u
at

io
n

is
w

ri
tt

en
in

a
co

m
p
a
ct

fo
rm

as

β
(`

)

j→
f
n

=
−

Q
j→

f
n
β

(`
−

1
)

+
[ J
∗ j→

f
n

] 1
/
2
c
j→

f
n
,

(4
9
)

w
h
er

e
Q
j→

f
n

is
a

ro
w

b
lo

ck
m

at
ri

x
w

it
h

th
e

on
ly

n
on

ze
ro

b
lo

ck

[ J
∗ j→

f
n

] −
1
/
2
A
T k
,j
T
−

1
k
,j
A
k
,z

[ J
∗ z
→
f
k

] −
1
/
2

lo
ca

te
d

at
th

e
p

os
it

io
n

co
rr

es
p

on
d
in

g
to

th
e

p
os

it
io

n
β

(`
)

z
→
f
k

in
β

(`
) .

T
h
en

le
t

Q
b

e
a

m
a
tr

ix

th
at

st
ac

k
s

Q
j→

f
n

as
it

s
ro

w
,

w
h
er

e
j

an
d
f
n

ar
e

in
th

e
lo

op
w

it
h
j
∈
B
( f

n

) .
B

es
id

es
,

le
t

c
b

e
th

e
ve

ct
or

co
n
ta

in
in

g
th

e
su

b
ve

ct
or
[ J
∗ j→

f
n

] 1
/
2
c
j→

f
n

w
it

h
th

e
sa

m
e

o
rd

er
a
s

Q
j→

f
n

in
Q

.
W

e
h
av

e
β

(`
)

=
−

Q
β

(`
−

1
)

+
c
.

(5
0
)

S
in

ce
Q

is
a

sq
u
ar

e
m

at
ri

x
,
ρ

(Q
)
≤
√
ρ
( Q

Q
T
) an

d
th

er
ef

or
e
ρ
( Q

Q
T
) <

1
is

th
e

su
ffi

ci
en

t

co
n
d
it

io
n

fo
r

th
e

co
n
ve

rg
en

ce
of
β

(`
) .

W
e

n
ex

t
in

ve
st

ig
at

e
th

e
el

em
en

ts
in

Q
Q
T

.

D
u
e

to
th

e
si

n
gl

e
lo

op
st

ru
ct

u
re

of
th

e
gr

ap
h
,

ev
er

y
β

(`
)

j→
f
n

in
(4

8)
w

ou
ld

b
e

d
ep

en
d
en

t

on
a

u
n
iq

u
e
β

(`
)

z
→
f
k
,

w
h
er

e
f
k
∈
B

(j
)
\f

n
an

d
z
∈
B
( f

k

) \
j

(i
.e

.,
th

e
m

es
sa

g
e

tw
o

h
o
p
s

b
ac

k
w

ar
d

al
on

g
th

e
lo

op
in

th
e

fa
ct

or
gr

ap
h
).

T
h
u
s,

th
e

p
os

it
io

n
of

th
e

n
o
n
-z

er
o

b
lo

ck
in

Q
j→

f
n

w
il
l

b
e

d
iff

er
en

t
an

d
n
on

-o
v
er

la
p
p
in

g
fo

r
d
iff

er
en

t
co

m
b
in

at
io

n
s

o
f

(j
,f

n
).

A
s

a
re

su
lt

,
th

er
e

ex
is

ts
a

co
lu

m
n

p
er

m
u
ta

ti
on

m
at

ri
x

Ξ
su

ch
th

at
Q

Ξ
is

a
b
lo

ck
d
ia

g
o
n
a
l

m
at

ri
x
.

T
h
er

ef
or

e,
(Q

Ξ
)

(Q
Ξ

)T
=

Q
Q
T

is
al

so
a

d
ia

go
n
al

m
at

ri
x
,

an
d

w
e

ca
n

w
ri

te

Q
Q
T

=
B
d
i
a
g
{ Q

j→
f
n
Q
T j→

f
n

} j
∈
B
( f

n

) .

A
s

a
co

n
se

q
u
en

ce
,
ρ
( Q

Q
T
) <

1
is

eq
u
iv

al
en

t
to
ρ
( Q

j→
f
n
Q
T j→

f
n

)
<

1
fo

r
a
ll
j

a
n
d
f
n

in

th
e

lo
op

w
it

h
j
∈
B
( f

n

) .
F

ol
lo

w
in

g
th

e
d
efi

n
it

io
n

of
Q
j→

f
n

b
el

ow
(4

9)
,

w
e

o
b
ta

in

Q
j→

f
n
Q
T j→

f
n

=
[ J
∗ j→

f
n

] −
1
/
2
A
T k
,j
T
−

1
k
,j
A
k
,z

[ J
∗ z
→
f
k

] −
1
A
T k
,z

T
−

1
k
,j
A
k
,j

[ J
∗ j→

f
n

] −
1
/
2

=
[ J
∗ j→

f
n

] −
1
/
2
A
T k
,j
T
−

1
k
,j

( T
k
,j
−

R
k

) T
−

1
k
,j
A
k
,j

[ J
∗ j→

f
n

] −
1
/
2
,

(5
1
)

w
h
er

e
th

e
se

co
n
d

eq
u
at

io
n

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
T
k
,j

in
(4

7)
.

B
es

id
es

,
si

n
ce

R
k
�

0
,

w
e

h
av

e
T
k
,j
−

R
k
≺

T
k
,j

.
F

ol
lo

w
in

g
P

B
.2

in
A

p
p

en
d
ix

B
,

an
d

d
u
e

to
T
k
,j

=
T
T k
,j

,
w

e
h
av

e

T
−

1
/
2

k
,j

( T
k
,j
−

R
k

) T
−

1
/
2

k
,j
≺

I.
(5

2
)

A
p
p
ly

in
g

P
B

.2
in

A
p
p

en
d
ix

B
ag

ai
n

to
(5

2)
,

an
d

m
ak

in
g

u
se

of
(5

1)
,

w
e

ob
ta

in

Q
j→

f
n
Q
T j→

f
n
≺
[ J
∗ j→

f
n

] −
1
/
2
A
T k
,j
T
−

1
k
,j
A
k
,j

[ J
∗ j→

f
n

] −
1
/
2
.

(5
3
)
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G
u
a
ssia

n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

sis

A
cco

rd
in

g
to

(47),
w

e
h
ave

A
Tk
,j T
−

1
k
,j A

k
,j

=
A
Tk
,j [

R
k

+
A
k
,z [J

∗z→
f
k ]−

1
A
Tk
,z ]−

1

A
k
,j .

(54)

O
n

th
e

o
th

er
h
an

d
,

u
sin

g
(19),

d
u
e

to
B
(f

k )\
j

=
x
z

in
th

e
con

sid
ered

top
ology,

th
e

righ
t

h
a
n
d

sid
e

of
(5

4)
is

J
∗f
k →

j .
T

h
erefore,

(53)
is

fu
rth

er
w

ritten
as

Q
j→

f
n
Q
Tj→

f
n
≺
[J
∗j→

f
n ]−

1
/
2
J
∗f
k →

j [J
∗j→

f
n ]−

1
/
2
.

(55)

F
ro

m
(1

6
),

J
∗j→

f
n

=
W
−

1
j

+
J
∗f
k →

j
+
∑

f̃
k ∈B

(j)\
f
n

J
∗f̃
k →

j ,
th

u
s

J
∗f
k →

j �
J
∗j→

f
n
.

T
h
erefore,

[J
∗j→

f
n ]−

1
/
2
J
∗f
k →

j [J
∗j→

f
n ]−

1
/
2�

I,
an

d
,

togeth
er

w
ith

(55),
w

e
h
ave

Q
j→

f
n
Q
Tj→

f
n
≺

I.

H
en

ce
ρ (

Q
j→

f
n
Q
Tj→

f
n )

<
1

for
all

j
an

d
f
n

in
th

e
lo

op
an

d
j∈
B
(f

n ),
an

d
eq

u
ivalen

tly

ρ
(Q

)
<

1
.

T
h
is

com
p
letes

th
e

p
ro

of.

4
.3

C
o
n
v
e
rg

e
n

c
e

o
f

B
e
lie

f
C

o
v
a
ria

n
c
e

a
n

d
M

e
a
n

V
e
c
to

r

A
s

th
e

co
m

p
u
tation

of
th

e
b

elief
covarian

ce
P

(`)
i

d
ep

en
d
s

on
th

e
m

essage
in

form
ation

m
atrix

J
(`)
f
n →

i ,
u
sin

g
T

h
eorem

s
6

an
d

11,
w

e
can

d
erive

th
e

con
vergen

ce
an

d
u
n
iq

u
en

ess
p
rop

erties

o
f

P
(`)
i

.

B
efo

re
w

e
p
resen

t
th

e
m

ain
resu

lt,
w

e
fi
rst

p
resen

t
som

e
p
rop

erties
of

th
e

p
art

m
etric

d
(X
,Y

),
w

ith
p

ositive
d
efi

n
ite

argu
m

en
ts

X
,

Y
,

an
d
4

X
.

T
h
e

p
ro

ofs
are

p
rov

id
ed

in
A

p
p

en
d
ix

D
.

P
ro

p
o
sitio

n
1
5

T
h
e

pa
rt

m
etric

d
(X
,Y

)
sa

tisfi
es

th
e

fo
llo

w
in

g
p
ro

perties

P
1
5
.1

:
d

(X
1

+
X

2 ,Y
1

+
Y

2 )≤
d

(X
1 ,Y

1 )
+

d
(X

2 ,Y
2 );

P
1
5.2

:
d

(X
,Y

)
=

d (X
−

1,Y
−

1 )
.

W
e

n
ow

h
ave

th
e

follow
in

g
resu

lt.

C
o
ro

lla
ry

1
6

W
ith

a
rbitra

ry
in

itia
l

m
essa

ge
in

fo
rm

a
tio

n
m

a
trix

J
(0

)
f
n →

i �
0

fo
r

a
ll
i∈
V

a
n

d
f
n
∈
B

(i),
th

e
belief

co
va

ria
n

ce
m

a
trix

P
(`)
i

co
n

verges
to

a
u

n
iqu

e
p
.d

.
m

a
trix

a
t

a
n

expo
n

en
tia

l
ra

te
w

ith
respect

to
a
n

y
m

a
trix

n
o
rm

befo
re

P
(`)
i

en
ters

P
∗i ’s

n
eigh

bo
rh

ood
,

w
h
ich

ca
n

be
ch

o
sen

to
be

a
rbitra

rily
sm

a
ll.

P
ro

o
f

S
in

ce
J

(`)
f
n →

i
con

verges
to

a
p
.d

.
m

atrix
,

an
d

accord
in

g
to

(23),
P

(`)
i

also
con

verges.

B
elow

,
w

e
stu

d
y

th
e

con
vergen

ce
rate

of
P

(`)
i

.
A

ccord
in

g
to

th
e

d
efi

n
ition

of
P

(`)
i

in
(23)
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D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

an
d

p
art

m
etric

in
D

efi
n
ition

9,
w

e
h
av

e

d (
[P

(`)
i

] −
1,[P

∗i ] −
1 )

=
d 

W
−

1
i

+
∑f
n ∈B

(i) J
(`)
f
n →

i ,W
−

1
i

+
∑f
n ∈B

(i) J
∗f
n →

i 
.

B
y

ap
p
ly

in
g

P
15.1

to
th

e
ab

ove
eq

u
ation

,
w

e
ob

tain

d (
[P

(`)
i

] −
1,[P

∗i ] −
1 )
≤

d (W
−

1
i
,W

−
1

i

)+
∑f
n ∈B

(i) d (
J

(`)
f
n →

i ,J
∗f
n →

i )
=

∑f
n ∈B

(i) d (
J

(`)
f
n →

i ,J
∗f
n →

i )
.

A
ccord

in
g

to
(36),

for
all

i∈
V

an
d
f
n
∈
B

(i),
th

ere
ex

ist
a
c
<

1
su

ch
th

at

d (
J

(`)
f
n →

i ,J
∗f
n →

i )
<
c
`d (

J
(0

)
f
n →

i ,J
∗f
n →

i )
.

A
p
p
ly

in
g

th
e

ab
ov

e
in

eq
u
ality

to
com

p
u
te
[P

(`)
i

]−
1

in
(24),

w
e

ob
tain

d (
[P

(`)
i

] −
1,[P

∗i ] −
1 )

<
c
`
∑f
n ∈B

(i) d (
J

(0
)

f
n →

i ,J
∗f
n →

i )
.

F
ollow

in
g

P
15.2,

th
e

ab
ove

in
eq

u
ality

is
eq

u
ivalen

t
to

d (
P

(`)
i
,P
∗i )

<
c
`
∑f
n ∈B

(i) d (
J

(0
)

f
n →

i ,J
∗f
n →

i )
,

w
h
ere ∑

f
n ∈B

(i)
d (

J
(0

)
f
n →

i ,J
∗f
n →

i )
is

a
con

stan
t.

F
ollow

in
g

th
e

sam
e
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−
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u
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−
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−
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=
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=
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.
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d
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∝
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−
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p
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∝
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b
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︸
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M∏n
=

1 N
(0|V

n
,n
i x
n
i

+
V
n
,n
j x
n
j ,1)

︸
︷︷

︸
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d
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b
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con
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d
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b
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con
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con
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d
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b
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d
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d
el.
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d
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fails
to

satisfy
th

e
w

alk
-su

m
m

ab
le

con
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b
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a
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√
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√
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√
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√
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√
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I−
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d
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b
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d
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b
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d
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2√6
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1√2
1√3

1√6
1√3

0
0

0
1√3

0
1√3 

,
W

=



6
0

0
0

0
3

0
0

0
0

2
0

0
0

0
3 

,

a
n
d

R
=

I.
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F
ig.
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M
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d
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b
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is

sh
ow

n
in

C
o
ro

llary
1
7
,

for
a

factor
grap

h
th

at
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con
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d
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n
d
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d
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)
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h
e
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d
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iagram

su
m

m
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con
d
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con
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con
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d
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w
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d
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d
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con
d
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con
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d
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b
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b
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con
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con
d
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p
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d
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b
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d
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d
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d
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P
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p
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b
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∝
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→
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to
(1

1)
an

d
,

af
te

r
a
lg

eb
ra

ic
m

a
-

n
ip

u
la

ti
on

s,
w

e
ob

ta
in

m
(1

)
j→

f
n

(x
j
)
∝
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b
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b
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∝
∫
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∑
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∏
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b
e

st
ac

ke
d

ve
ct

or
s

co
n
ta

in
in

g
x
j

an
d

v
(1

)
j→

f
n

a
s

ve
ct

o
r

el
em

en
ts

fo
r

al
l
j
∈
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v
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∈
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b
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p
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re
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P
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+
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�
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�
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�

0
,

A
T
Z

A
�
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�
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ist,

an
d

are
in

G
au

ssian
form

as
in

(15)
an

d
(18).

A
p
p
e
n
d
ix

C
.

F
irst,

P
rop

osition
4,

P
4.1

is
p
roved

.
S
u
p
p

ose
th

at
J

(`)�
J

(`−
1
)�

0
,

i.e.,
J

(`)
f
k →

j �
J

(`−
1
)

f
k →

j �
0

for
all

(f
k ,j)∈

B̃
(f
n
,i),

w
e

h
ave

W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`)
f
k →

j �
W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`−

1
)

f
k →

j �
0
.

T
h
en

,
accord

in
g

to
th

e
fact

th
at

if
X
�

Y
�

0
,
Y
−

1�
X
−

1�
0

,
w

e
h
ave


W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`−

1
)

f
k →

j 
−

1�


W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`)
f
k →

j 
−

1�
0
.

S
in

ce
A
n
,j

is
of

fu
ll

colu
m

n
ran

k
an

d
follow

in
g

P
B

.2
in

A
p
p

en
d
ix

B
,

w
e

h
ave

A
n
,j 

W
−

1
j

+
∑

f
k ∈B

(j)\
f
n J

(`−
1
)

f
k →

j 
−

1A
Tn
,j �

A
n
,j 

W
−

1
j

+
∑

f
k ∈B

(j)\
f
n J

(`)
f
k →

j 
−

1A
Tn
,j �

0
.

F
ollow

in
g

th
e

sam
e

p
ro

ced
u
re

of
th

e
p
ro

of
ab

ove
an

d
d
u
e

to
R
�

0
,

w
e

can
fu

rth
er

p
rove

th
at

A
Tn
,i 

R
n

+
∑

j∈B
(f
n

)\
i A

n
,j 

W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`)
f
k →

j 
−

1

A
Tn
,j 
−

1

A
n
,i

�
A
Tn
,i 

R
n

+
∑

j∈B
(f
n

)\
i A

n
,j 

W
−

1
j

+
∑

f
k ∈B

(j)\
f
n

J
(`−

1
)

f
k →

j 
−

1

A
Tn
,j 
−

1

A
n
,i ,

32
JM

L
R

 18(172):1-38, 2018



G
u
a
ss
ia
n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

si
s

w
h
ic

h
is

eq
u
iv

al
en

t
to

F n
→
i

( {
J

(`
)

f
k
→
j

} (f
k
,j

)∈
B̃(
f
n
,i

))
�
F n
→
i

( {
J

(`
−

1
)

f
k
→
j

} (f
k
,j

)∈
B̃(
f
n
,i

))
.

S
in

ce
F

co
n
ta

in
s
F n
→
i
(·)

as
it

s
co

m
p

on
en

t,
P

ro
p

os
it

io
n

4,
P

4.
1

is
p
ro

ve
d
.

N
ex

t,
P

ro
p

os
it

io
n

4,
P

4.
2

is
p
ro

ve
d
.

S
u
p
p

os
e

th
at

J
(`

)
f
k
→
j
�

0
fo

r
al

l
(f
k
,j

)
∈
B̃

(f
n
,i

).
A

s
α
>

1,
w

e
h
av

e

α
W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

α
J

(`
)

f
k
→
j
�

W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

α
J

(`
)

f
k
→
j
�

0
,

w
h
er

e
th

e
eq

u
al

it
y

h
ol

d
s

w
h
en

W
−

1
j

=
0

,
w

h
ic

h
co

rr
es

p
on

d
s

to
n
on

-i
n
fo

rm
at

iv
e

p
ri

or
fo

r

x
j
.

A
p
p
ly

in
g

th
e

fa
ct

th
at

if
X
�

Y
�

0
,

Y
−

1
�

X
−

1
�

0
,

an
d
,

ac
co

rd
in

g
to

P
B

.2
in

A
p
p

en
d
ix

B
,

w
e

ob
ta

in

A
n
,j

  W
−

1
j

+
∑

f
k
∈B

(j
)\
f
nα
J

(`
)

f
k
→
j

 −
1 A
T n
,j
�

A
n
,j

  α
W
−

1
j

+
∑

f
k
∈B

(j
)\
f
nα
J

(`
)

f
k
→
j

 −
1 A
T n
,j
�

0
.

S
in

ce
R
n
�

1 α
R
n
�

0
,

w
e

h
av

e

 
1 α

R
n

+
∑

j∈
B(
f
n

)\
i

A
n
,j

  α
W
−

1
j

+
∑

f
k
∈B

(j
)\
f
nα
J

(`
)

f
k
→
j

 −
1

A
T n
,j

 −
1

�

  R
n

+
∑

j∈
B(
f
n

)\
i

A
n
,j

  W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

α
J

(`
)

f
k
→
j

 −
1

A
T n
,j

 −
1

.

F
in

al
ly

,
ap

p
ly

in
g

P
B

.2
in

A
p
p

en
d
ix

B
to

th
e

ab
ov

e
eq

u
at

io
n

an
d

ta
k
in

g
ou

t
th

e
co

m
m

on
fa

ct
or
α

,
w

e
ob

ta
in

α
A
T n
,i

  R
n

+
∑

j∈
B(
f
n

)\
i

A
n
,j

  W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

J
(`

)
f
k
→
j

 −
1

A
T n
,j

 −
1

A
n
,i

�
A
T n
,i

  R
n

+
∑

j∈
B(
f
n

)\
i

A
n
,j

  W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

α
J

(`
)

f
k
→
j

 −
1

A
T n
,j

 −
1

A
n
,i
.

T
h
er

ef
or

e,
α
F n
→
i(
{ J

(`
)

f
k
→
j

} (f
k
,j

)∈
B̃(
f
n
,i

)

)
�
F n
→
i

( {
α

J
(`

)
f
k
→
j

} (f
k
,j

)∈
B̃(
f
n
,i

))
if

J
(`

)
f
k
→
j
�

0

fo
r

al
l

(f
k
,j

)
∈
B̃

(f
n
,i

)
an

d
α
>

1.
A

s
F

co
n
ta

in
s
F n
→
i
(·)

a
s

it
s

co
m

p
on

en
t,

P
ro

p
os

it
io

n

4,
P

4.
2

is
p
ro

ve
d
.

In
th

e
sa

m
e

w
ay

,
w

e
ca

n
p
ro

v
e
F
( α
−

1
J

(`
))
�
α
−

1
F
( J

(`
))

if
J

(`
)
�

0

an
d
α
>

1.
A

t
la

st
,

P
ro

p
os

it
io

n
4,

P
4.

3
is

p
ro

ve
d
.

F
ro

m
L

em
m

a
2
,

if
w

e
h
av

e
in

it
ia

l
m

es
sa

ge

in
fo

rm
at

io
n

m
at

ri
x

J
(0

)
f
k
→
j
�

0
fo

r
al

l
j
∈
V

an
d
f k
∈
B

(j
),

th
en

w
e

h
av

e
J

(`
)

f
k
→
j
�

0
fo

r
al

l

3
3

JM
L

R
 1

8(
17

2)
:1

-3
8,

 2
01

8

D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

j
∈
V

an
d
f k
∈
B

(j
).

In
su

ch
ca

se
,

ob
v
io

u
sl

y,
J

(`
)
�

0
.

A
p
p
ly

in
g
F

to
b

ot
h

si
d
es

o
f

th
is

eq
u
at

io
n
,

an
d

u
si

n
g

P
ro

p
os

it
io

n
4,

P
4.

1,
w

e
h
av

e
F
( J

(`
))
�
F

(0
).

O
n

th
e

o
th

er
h
a
n
d
,

u
si

n
g

(2
7)

,
it

ca
n

b
e

ea
si

ly
ch

ec
k
ed

th
at
F

(0
)

=
A
T
[ Ω

+
H

Ψ
−

1
H
T
] −

1
A
�

0
,

w
h
er

e
th

e
in

eq
u
al

it
y

is
fr

om
L

em
m

a
2.

F
or

p
ro

v
in

g
th

e
u
p
p

er
b

ou
n
d
,

w
e

st
ar

t
fr

om
th

e
fa

ct
th

a
t

∑

j∈
B(
f
n

)\
i

A
n
,j

  W
−

1
j

+
∑

f
k
∈B

(j
)\
f
n

J
(`
−

1
)

f
k
→
j

 −
1

A
T n
,j

in
(2

5)
,

an
d

eq
u
iv

al
en

tl
y

th
e

co
rr

es
p

on
d
in

g
te

rm

H
n
,i

[ W
n
,i

+
K
n
,i

( I |
B(
f
n

)|−
1
⊗

J
(`
−

1
))

K
T n
,i

] −
1
H
T n
,i

in
(2

6)
,

ar
e

p
.s

.d
.

m
at

ri
ce

s.
In

(2
7)

,
si

n
ce

H
[ Ψ

+
K
( I∑

M n
=
1
|B

(f
n

)|(
|B

(f
n

)|−
1
)
⊗

J
(`
−

1
))

K
T
] −

1
H
T

co
n
ta

in
s

H
n
,i

[ W
n
,i

+
K
n
,i

( I |
B(
f
n

)|−
1
⊗

J
(`
−

1
))

K
T n
,i

] −
1
H
T n
,i

as
it

s
b
lo

ck
d
ia

g
o
n
a
l
el

em
en

ts
,

it
is

al
so

a
p
.s

.d
.

m
at

ri
x
.

W
it

h
Ω
�

0
,

ad
d
in

g
to

th
e

ab
ov

e
re

su
lt

gi
ve

s

Ω
+

H
[ Ψ

+
K
( I ϕ
⊗

J
(`

))
K
T
] −

1
H
T
�

Ω
�

0
.

In
ve

rt
in

g
b

ot
h

si
d
es

,
w

e
ob

ta
in

Ω
−

1
�
[ Ω

+
H
[ Ψ

+
K
( I ϕ
⊗

J
(`

))
K
T
] −

1
H
T

] −
1

.
F

in
a
ll
y,

ap
p
ly

in
g

P
B

.2
ag

ai
n

gi
ve

s

A
T
Ω
−

1
A
�

A
T

[ Ω
+

H
[ Ψ

+
K
( I ϕ
⊗

J
(`

))
K
T
] −

1
H
T

] −
1

A
T

=
F
( J

(`
))
.

T
h
er

ef
or

e,
w

e
h
av

e
A
T
Ω
−

1
A
�
F
( J

(`
))
�

A
T
[ Ω

+
H

Ψ
−

1
H
T
] −

1
A
�

0
.

A
p
p
e
n
d
ix

D
.

L
et

d
(X

1
,Y

1
)

=
ex

p
{a

1
}a

n
d

d
(X

2
,Y

2
)

=
ex

p
{a

2
},

a
n
d

d
(X

1
+

X
2
,Y

1
+

Y
2
)

=
ex

p
{a

3
}.

F
ir

st
,

P
15

.1
is

p
ro

ve
d
.

A
cc

or
d
in

g
to

th
e

d
efi

n
it

io
n

of
p
ar

t
m

et
ri

c
in

D
efi

n
it

io
n

9
,

fo
r

ar
b
it

ra
ry

sy
m

m
et

ri
c

p
.d

m
at

ri
x

X
1
,
X

2
,
Y

1
,

an
d

Y
2
,

w
e

h
av

e
d

(X
1
,Y

1
),

d
(X

2
,Y

2
),

a
n
d

d
(X

1
+

X
2
,Y

1
+

Y
2
)

co
rr

es
p

on
d

to

a
1
X

1
�

Y
1
�

1 a
1
X

1
,

a
2
X

2
�

Y
2
�

1 a
2
X

2
,

(6
7
)

a
3
(X

1
+

X
2
)
�

Y
1

+
Y

2
�

1 a
3

(X
1

+
X

2
)
.

(6
8
)

3
4

JM
L

R
 1

8(
17

2)
:1

-3
8,

 2
01

8



G
u
a
ssia

n
B
P

C
o
n
v
e
r
g
e
n
c
e
A
n
a
ly

sis

S
in

ce
d

(X
1 ,Y

1 )
>

0
an

d
d

(X
2 ,Y

2 )
>

0,
w

e
h
ave

a
1 ,a

2 ≥
1.

A
n
d

th
erefore

a
1

+
a

2
>
a

1

a
n
d
a

1
+
a

2
>
a

2 .
T

h
en

,
accord

in
g

to
(67),

w
e

h
av

e

(a
1

+
a

2 )
(X

1
+

X
2 )�

Y
1

+
Y

2 �
1

a
1

+
a

2
(X

1
+

X
2 ).

(69)

F
o
llow

in
g

th
e

d
efi

n
ition

of
p
art

m
atric,

a
3

is
th

e
sm

allest
valu

e
satisfy

th
e

in
eq

u
ality

in
(6

8).
T

h
u
s,

b
y

co
m

p
a
rin

g
(69)

w
ith

(68),
w

e
ob

ta
in
a

1
+
a

2 ≥
a

3
H

en
ce,

d
(X

1
+

X
2 ,Y

1
+

Y
2 )≤

d
(X

1 ,Y
1 )

+
d

(X
2 ,Y

2 ).
N

ex
t,

P
15

.2
is

p
roved

.
F

ollow
in

g
th

e
p
art

m
etric

d
efi

n
ition

of
d

(X
1 ,Y

1 ),
a

1 X
1
�

Y
1
�

1a
1 X

1 ,
w

h
ich

is
eq

u
ivalen

t
to

Y
−

1
1
�

1a
1 X
−

1
1

an
d
a

1 X
−

1
1
�

Y
−

1
1

.
T

h
u
s,

d
(X
,Y

)
=

d (X
−

1,Y
−

1 )
.

R
e
fe
re
n
ce

s

D
.

B
ick

son
an

d
D

.
M

alk
h
i.

A
u
n
ify

in
g

fram
ew

ork
for

ratin
g

u
sers

an
d

d
ata

item
s

in
p

eer-
to

-p
eer

a
n
d

so
cial

n
etw

ork
s.

P
eer-to

-P
eer

N
etw

o
rkin

g
a
n

d
A

p
p
lica

tio
n

s
(P

P
N

A
)

J
o
u

rn
a
l,

1
(2

):9
3
–
1
03

,
2008.

E
.

G
.

B
o
m

a
n
,

D
.

C
h
en

,
O

.
P

arek
h
,

an
d

S
.

T
oled

o.
O

n
factor

w
id

th
an

d
sy

m
m

etric
H

-
m

a
trices.

L
in

ea
r

a
lgebra

a
n

d
its

a
p
p
lica

tio
n

s,
4
05:239–248,

200
5.

F
.

S
.

C
attivelli

an
d

A
.

H
.

S
ayed

.
D

iff
u
sion

L
M

S
strategies

for
d
istrib

u
ted

estim
ation

.
IE

E
E

T
ra

n
s.

S
ign

a
l

P
rocessin

g,
58(3):1035–1048,

201
0.

M
.

C
h
ertkov

a
n
d

V
.

Y
.

C
h
ern

yak
.

L
o
op

series
for

d
iscrete

statistical
m

o
d
els

on
grap

h
s.

J
o
u

rn
a
l

o
f

S
ta

tistica
l

M
ech

a
n

ics:
T

h
eo

ry
a
n

d
E

xperim
en

t,
2006(06):P

06009,
20

06.

I.
C

h
u
esh

ov
.

M
o
n

o
to

n
e

R
a
n

d
o
m

S
ystem

s
T

h
eo

ry
a
n

d
A

p
p
lica

tio
n

s.
N

ew
Y

ork
:

S
p
rin

ger,
2
0
0
2
.

P
.

G
.

C
ia

rlet.
In

trod
u

ctio
n

to
N

u
m

erica
l

L
in

ea
r

A
lgebra

a
n

d
O

p
tim

isa
tio

n
.

C
am

b
rid

ge
U

n
iversity

P
ress,

1989.

J
.

W
.

D
em

m
el.

A
p
p
lied

N
u

m
erica

l
L

in
ea

r
A

lgebra
.

S
IA

M
,

199
7.

J
.

D
u

a
n
d

Y
.

C
.

W
u
.

N
etw

ork
-w

id
e

d
istrib

u
ted

carrier
freq

u
en

cy
off

sets
estim

ation
an

d
co

m
p

en
sa

tio
n

v
ia

b
elief

p
rop

agation
.

IE
E

E
T

ra
n

s.
S

ign
a
l

P
rocessin

g,
61(23):5868–5877,

D
ecem

b
er

2
013a.

J
.

D
u

a
n
d

Y
.

C
.

W
u
.

D
istrib

u
ted

clo
ck

sk
ew

an
d

off
set

estim
ation

in
w

ireless
sen

sor
n
et-

w
o
rk

s:
A

sy
n
ch

ron
ou

s
algorith

m
an

d
con

vergen
ce

an
aly

sis.
IE

E
E

T
ra

n
s.

W
ireless

C
o
m

-
m

u
n

.,
1
2(1

1
):5908–5917,

N
ov

2013b
.

J
.

D
u
,

S
.

K
a
r,

a
n
d

J
.

M
.

F
.

M
ou

ra.
D

istrib
u
ted

con
vergen

ce
verifi

cation
for

G
au

ssian
b

elief
p
ro

p
a
g
a
tio

n
.

In
A

silo
m

a
r

C
o
n

feren
ce

o
n

S
ign

a
ls,

S
ystem

s,
a
n

d
C

o
m

p
u

ters,
2017a.

J
.

D
u
,

S
.

M
a
,

Y
.

C
.

W
u
,

S
.

K
ar,

an
d

J
.

M
.

F
.

M
ou

ra.
C

on
v
ergen

ce
an

a
ly

sis
of

b
elief

p
ro

p
ag

a
tio

n
for

p
airw

ise
lin

ear
G

au
ssian

m
o
d
els.

In
IE

E
E

G
lo

ba
l

C
o
n

feren
ce

o
n

S
ign

a
l

a
n

d
In

fo
rm

a
tio

n
P

rocessin
g,

2017b
.

3
5

JM
L

R
 18(172):1-38, 2018

D
u
,
M
a
,
W

u
,
K
a
r
,
a
n
d

M
o
u
r
a

B
.

J
.

F
rey.

L
o
cal

p
rob

ab
ility

p
rop

agation
for

factor
an

aly
sis.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

ro
-

cessin
g

S
ystem

s
(N

IP
S

),
p
ages

442–448,
D

ecem
b

er
1999.

P
.-L

.
G

iscard
,

S
.

T
h
w

aite,
an

d
D

.
J
ak

sch
.

W
alk

-su
m

s,
con

tin
u
ed

fraction
s

an
d

u
n
iq

u
e

factorisation
on

d
igrap

h
s.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
2
0
2
.5

5
2
3
,

2012.

P
.-L

.
G

iscard
,

S
.

T
h
w

aite,
an

d
D

.
J
ak

sch
.

E
valu

atin
g

m
atrix

fu
n
ction

s
b
y

resu
m

m
ation

s
on

grap
h
s:

th
e

m
eth

o
d

of
p
ath

-su
m

s.
S

IA
M

J
o
u

rn
a
l

o
n

M
a
trix

A
n

a
lysis

a
n

d
A

p
p
lica

tio
n

s,
34(2):445–469,

2013.

P
.-L

.
G

iscard
,

Z
.

C
h
o
o,

S
.

T
h
w

aite,
an

d
D

.
J
ak

sch
.

E
x
act

in
feren

ce
on

G
au

ssian
grap

h
ical

m
o
d
els

of
arb

itrary
top

ology
u
sin

g
p
ath

-su
m

s.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
7

(2):1–19,
F

eb
ru

ary
2016.

V
.

G
óm
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re
co

m
m

en
d

a
u

gm
en

ti
n

g
st

a
ti

st
ic

a
l

fe
a
tu

re
se

le
ct

io
n

m
et

h
od

s
w

it
h

co
n

cu
rr

en
t

a
n

a
ly

si
s

o
n

st
a
bi

li
ty

a
n

d
re

p
ro

d
u

ci
bi

li
ty

to
im

p
ro

ve
th

e
qu

a
li

ty
o
f

th
e

se
le

ct
ed

fe
a
tu

re
s

p
ri

o
r

to
ex

pe
ri

m
en

ta
l

va
li

d
a
ti

o
n

.”

T
h
is

is
th

e
in

tu
it

iv
e

co
n
ce

p
t

an
d

m
ot

iv
at

io
n

to
st

u
d
y

st
ab

il
it

y.
H

ow
ev

er
in

tu
it

iv
e,

p
re

ci
se

ly
qu

a
n

ti
fy

in
g

it
h
as

p
ro

v
en

so
m

ew
h
at

ch
al

le
n
gi

n
g.

In
a

li
te

ra
tu

re
se

ar
ch

,
co

n
d
u
ct

ed
in

ea
rl

y
20

18
,

w
e

id
en

ti
fi
ed

at
le

as
t

15
d
iff

er
en

t
m

ea
su

re
s

u
se

d
to

q
u
an

ti
fy

th
e

st
ab

il
it

y
o
f

fe
a
tu

re
se

le
ct

io
n

al
go

ri
th

m
s

(D
u
n
n
e

et
al

.,
20

02
;

S
h
i

et
al

.,
20

06
;

D
av

is
et

al
.,

20
06

;
K

a
lo

u
si

s
et

a
l.
,

20
07

;
K

ŕı
ze

k
et

al
.,

20
07

;
K

u
n
ch

ev
a,

20
07

;
Y

u
et

a
l.
,
20

08
;
Z

u
ck

n
ic

k
et

al
.,

20
0
8
;
Z

h
a
n
g

et
a
l.
,

20
09

;
L

u
st

ga
rt

en
et

al
.,

20
09

;
S
om

ol
an

d
N

ov
ov

ič
ov

á,
20

10
;

G
u
zm

án
-M

ar
t́ı

n
ez

a
n
d

A
la

iz
-

R
o
d
ŕı

gu
ez

,
20

11
;
W

al
d

et
al

.,
20

13
;
L

au
ss

er
et

al
.,

20
13

;
G

oh
an

d
W

on
g,

20
16

).
M

o
st

o
f
th

es
e
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O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

w
ere

ju
stifi

ed
a
n
d

evalu
ated

,
th

ou
gh

th
ere

h
as

b
een

little
cross-com

p
arison

.
T

h
e

q
u
estion

a
rises:

w
h
ich

sh
ou

ld
w

e
tru

st,
in

w
h
ich

situ
ation

?
If

w
e

d
o

n
ot

u
n
d
ersta

n
d

th
e

p
rop

erties
o
f

th
ese

m
easu

res,
it

lead
s

to
a

q
u
estion

ab
le

in
terp

retation
of

th
e

stab
ility

valu
es

ob
tain

ed
,

a
n
d

q
u
estio

n
a
b
le

research
in

gen
era

l.
A

s
ack

n
ow

led
ged

b
y

B
ou

lesteix
an

d
S
law

sk
i

(2009),
a

m
u
ltip

licity
1

of
m

eth
o
d
s

for
stab

ility
assessm

en
t

m
ay

lead
to

p
u
b
lication

b
ias—

in
th

at
resea

rch
ers

m
ay

(h
op

efu
lly

u
n
in

ten
tio

n
ally

)
b

e
d
raw

n
tow

ard
th

e
m

etric
th

at
rep

orts
th

eir
fea

tu
re

selectio
n

algorith
m

as
m

ore
stab

le.
F

u
rth

erm
ore,

rarely
d
o

au
th

ors
ack

n
ow

led
ge

th
a
t

th
e

stab
ility

valu
e

ob
tain

ed
is

a
n

estim
a
te

o
f

a
tru

e
sta

bility,
b
ased

on
th

e
n
u
m

b
er

o
f

fea
tu

re
sets

sam
p
led

.
A

n
y

m
easu

re
is

an
estim

a
to

r
o
f

a
n

u
n

d
erlyin

g
ra

n
d
o
m

va
ria

ble—
th

erefo
re

w
e

sh
ou

ld
b

e
ab

le
to

d
iscu

ss
statistical

con
cep

ts
su

ch
as

th
e

p
op

u
la

tion
p
aram

eter
b

ein
g

estim
ated

an
d

th
e

con
vergen

ce
p
rop

erties
of

th
e

estim
ator.

In
th

is
p
ap

er,
w

e
p
rov

id
e

su
ch

a
n

estim
a
tor

an
d

a
th

eoretical
an

aly
sis

of
its

p
rop

erties.

1
.2

O
u

r
A

p
p

ro
a
ch

to
th

e
P

ro
b

le
m

O
u
r

a
p
p
roa

ch
to

th
is

p
rob

lem
is

to
p
rop

ose
a

sm
all

set
of

p
rop

erties,
d
escrib

in
g

d
esirab

le
b

eh
av

io
u
rs

from
a

stab
ility

m
easu

re.
W

e
w

ill
arg

u
e

th
at

th
e

p
rop

erties
are

gen
eric

en
ou

gh
to

b
e

d
esirab

le
in

all
reason

ab
le

featu
re

selection
scen

arios,
an

d
th

at
th

ey
are

critical
for

u
sefu

l
co

m
p
a
rison

an
d

in
terp

retation
of

stab
ility

valu
es.

W
e

p
ro

ceed
to

p
rove

w
h
eth

er
th

e
5

p
ro

p
erties

h
o
ld

for
each

of
15

m
easu

res
alread

y
p
rop

osed
in

th
e

literatu
re,

an
d

fi
n
d

n
o

m
ea-

su
re

satisfy
in

g
all.

W
e

th
en

p
rop

ose
a

n
ov

el
m

easu
re

for
w

h
ich

all
p
rop

erties
p
rovab

ly
h
o
ld

,
in

S
ectio

n
4
.

T
h
e

p
rop

osed
m

easu
re

h
as

several
d
esirab

le
ch

aracteristics
w

h
ich

d
istin

g
u
ish

it
fro

m
p
rev

io
u
s

p
rop

osals:

1
.

It
is

b
a
sed

on
5

w
ell-d

efi
n
ed

p
rop

erties
(S

ection
3)

w
h
ich

w
e

w
ill

a
rgu

e
are

essen
tial

req
u
irem

en
ts

for
a

stab
ility

m
easu

re
in

m
ost

(if
n
ot

all)
featu

re
selection

scen
arios.

2
.

It
h
a
s

a
clean

statistical
in

terp
retation

in
term

s
of

th
e

sam
p
le

va
rian

ce
of

a
set

of
B

ern
o
u
lli

variab
les.

T
h
e

clean
in

terp
retation

allow
s

u
s

to
d
erive

a
set

o
f

to
ols

for
p
ra

ctitio
n
ers

in
clu

d
in

g

•
con

fi
d
en

ce
in

tervals
for

th
e

tru
e

stab
ility

;

•
a

h
y
p

oth
esis

test
to

ch
eck

if
th

e
tru

e
stab

ility
is

ab
ove

a
u
ser-d

efi
n
ed

th
resh

old
;

•
a

h
y
p

oth
esis

test
to

com
p
are

th
e

stab
ility

of
tw

o
alg

orith
m

s
on

a
given

d
ata

set.

3
.

It
is

a
p
rop

er
gen

eralization
of

several
ex

istin
g

m
easu

res
(an

d
th

erefore
th

e
statistical

to
o
ls

w
e

d
evelop

are
also

ap
p
licab

le
to

th
ose

m
easu

res).

4
.

It
is

co
m

p
u
tab

le
in

lin
ear

tim
e

as
op

p
osed

to
q
u
ad

ratic,
as

is
th

e
case

for
m

ost
m

easu
res

in
th

e
literatu

re.

5
.

G
iven

th
e

th
eoretical

an
d

com
p
u
tation

al
p
rop

erties
ab

ov
e,

it
can

reliab
ly

b
e

u
sed

to
select

h
y
p

erp
aram

eters
for

featu
re

selection
algorith

m
s,

su
ch

a
s

L
A

S
S
O

or
S
tab

ility
S
electio

n
(M

ein
sh

au
sen

an
d

B
ü
h
lm

an
n
,

2010).

1
.

T
h

e
R

p
a
cka

g
e
O
m
i
c
s
M
a
r
k
e
R

p
rov

id
es

7
d

iff
eren

t
o
p

tio
n

s
fo

r
m

ea
su

rin
g

sta
b

ility,
w

ith
n

o
g
u

id
a
n

ce
fo

r
w

h
ich

to
u

se,
in

w
h

ich
situ

a
tio

n
(c.f.

w
w
w
.
r
d
o
c
u
m
e
n
t
a
t
i
o
n
.
o
r
g
/
p
a
c
k
a
g
e
s
/
O
m
i
c
s
M
a
r
k
e
R
).
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N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

In
th

e
follow

in
g

section
s

w
e

ex
p
lain

ou
r

fram
ew

ork
,

fi
rst

em
b
a
rk

in
g

on
a

b
rief

rev
iew

of
ex

istin
g

literatu
re.

F
or

a
m

ore
th

orou
gh

rev
iew

an
d

an
ex

ten
d
ed

version
of

th
is

w
ork

,
refer

to
N

ogu
eira

(2018).
W

e
also

p
rov

id
e:

•
T

h
e

co
d
e

in
R

an
d

M
atlab

at
g
i
t
h
u
b
.
c
o
m
/
n
o
g
u
e
i
r
s
/
J
M
L
R
2
0
1
8

for
th

e
p
rop

osed
m

easu
re

an
d

asso
ciated

statistical
to

ols.
T

h
e

co
d
e

for
all

ex
p

erim
en

ts
is

also
availab

le,
en

ab
lin

g
rep

ro
d
u
cib

le
research

.

•
A

P
y
th

on
p
ackage

an
d

a
d
em

on
stration

n
o
teb

o
ok

u
sin

g
th

e
p
ackage

at
g
i
t
h
u
b
.
c
o
m
/

n
o
g
u
e
i
r
s
/
J
M
L
R
2
0
1
8
/
t
r
e
e
/
m
a
s
t
e
r
/
p
y
t
h
o
n
/

•
A

d
em

on
stration

w
eb

p
age

at
w
w
w
.
c
s
.
m
a
n
.
a
c
.
u
k
/
~
g
b
r
o
w
n
/
s
t
a
b
i
l
i
t
y

2
.
B
a
ck

g
ro

u
n
d

W
e

assu
m

e
a

d
ata

set
of
n

ex
am

p
les
{x

i ,y
i }
ni=

1
w

h
ere

each
x
i

is
a
d
-d

im
en

sion
al

featu
re

vector
an

d
y
i

is
th

e
asso

ciated
lab

el.
T

h
e

task
of

featu
re

su
b
set

selection
is

to
id

en
tify

a
su

b
set

of
th

e
d
im

en
sion

s,
of

size
k
<
d
,

th
a
t

con
vey

s
th

e
m

ax
im

u
m

in
form

ation
ab

ou
t

th
e

lab
el
y
.

T
h
e

ch
allen

ge
of

featu
re

selection
can

b
e

tack
led

in
variou

s
w

ay
s,

com
m

on
ly

grou
p

ed
in

th
ree

fam
ilies:

fi
lters,

w
rap

p
ers,

an
d

em
b

ed
d
ed

m
eth

o
d
s

(G
u
yon

an
d

E
lisseeff

,
2003).

F
ilters

assign
a

score
to

a
featu

re
su

b
set

(or
a

featu
re)

b
ased

on
statistics

of
th

e
d
ata,

in
d
epen

d
en

tly
of

an
y

p
articu

lar
classifi

er—
for

ex
am

p
le

m
u
tu

al
in

form
ation

-b
ased

m
eth

o
d
s.

W
rap

p
ers,

on
th

e
oth

er
h
an

d
,

evalu
ate

a
su

b
set

b
ased

on
an

error
criterion

(an
d

th
erefore

are
classifi

er-sp
ecifi

c).
B

ecau
se

th
ere

are
2
d−

1
p

ossib
le

featu
re

su
b
sets,

fi
lters

an
d

w
rap

p
ers

often
u
se

a
search

p
ro

ced
u
re

su
ch

as
a

fo
rw

ard
or

b
ack

w
ard

search
to

on
ly

evalu
ate

som
e

of
th

e
su

b
sets.

F
in

ally,
em

b
ed

d
ed

m
eth

o
d
s

sit
in

b
etw

een
th

ese
tw

o,
ch

o
osin

g
a

su
b
set

as
an

in
tegral

p
art

of
learn

in
g

a
p
red

iction
m

o
d
el—

for
ex

am
p
le

L
A

S
S
O

an
d

o
th

er
p

en
al-

ized
lik

elih
o
o
d

m
eth

o
d
s.

T
h
e

ou
tp

u
t

of
a

featu
re

selection
algorith

m
is

th
erefore

eith
er

a
w

eigh
tin

g
(or

scorin
g)

on
th

e
featu

res,
a

ran
k
in

g
on

th
e

featu
res

or
a

su
b
set

of
th

e
featu

res.
S
ortin

g
th

e
w

eigh
ts

n
atu

rally
gives

a
ran

k
in

g
on

th
e

featu
res,

a
n
d

selectin
g

th
e

top
-k

ran
ked

featu
res

giv
es

a
su

b
set

of
th

e
featu

res.
T

h
is

w
ay,

th
e

ou
tp

u
t

of
an

y
w

eigh
tin

g
or

ran
k
in

g
featu

re
selection

tech
n
iq

u
e

can
b

e
treated

as
a

su
b
set

selection
on

e
(w

h
ile

th
e

reverse
is

n
ot

tru
e).

T
h
e

in
p
u
t

to
an

y
given

p
ro

ced
u
re

is
th

e
d
ata

set,
w

h
ich

itself
is

assu
m

ed
to

b
e

a
fi
n
ite

sam
p
le

from
a

gen
eratin

g
d
istrib

u
tion

.
If

th
e

sam
p
le

varies,
logically

th
e

selected
featu

re
su

b
set

m
ay

vary
—

th
is

variation
is

th
e

sta
bility.

It
is

im
p

ortan
t

to
n
ote

w
h
y

in
stab

ility
m

ay
o
ccu

r,
an

d
w

h
at

is
com

m
on

ly
d
on

e
ab

ou
t

it—
th

e
sou

rces
of,

an
d

solu
tion

s
to

in
stab

ility.
S
everal

a
u
th

ors
stu

d
y

h
ow

stab
ility

is
in

fl
u
en

ced
b
y

d
ata

ch
aracteristics,

su
ch

as
n
oise

(S
h
an

ab
et

al.,
2011),

d
ata

d
im

en
sion

ality,
sam

p
le

size
(A

lelyan
i,

2013),
im

b
alan

ce
of

th
e

d
ata

set
(D

ittm
an

et
al.,

2012)
or

featu
re

red
u
n
d
an

cy
(G

u
lgezen

et
al.,

2009;
W

ald
et

al.,
2
013).

A
d
d
ition

ally,
several

w
ork

s
h
ave

b
een

p
rop

osed
to

in
crea

se
stab

ility.
T

h
ese

in
clu

d
e

varian
ce

red
u
ction

fram
ew

ork
s

(H
an

an
d

Y
u
,

2012),
sam

p
le

w
eigh

tin
g

(Y
u

et
al.,

2012),
en

sem
b
le

featu
re

selection
(D

itzler
et

al.,
2
015;

S
aey

s
et

al.,
2008)

an
d

m
u
lti-ob

jectiv
e

op
tim

ization
(B

ald
assarre

et
al.,

2017;
G

u
lgezen

et
al.,

2009;
K

alou
sis

et
al.,

2007).

It
can

b
e

n
oted

th
at

each
of

th
ese

w
ork

s,
b
y

d
efi

n
ition

,
m

an
d
ates

th
e

au
th

ors
to

m
ea

su
re

stab
ility

—
to

k
n
ow

w
h
eth

er
th

ey
h
ave

in
creased

it,
or

d
ecreased

it.
A

ty
p
ical

ap
p
roach

to
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O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

m
ea

su
re

st
ab

il
it

y
is

to
fi
rs

t
ta

ke
M

b
o
ot

st
ra

p
sa

m
p
le

s
o
f

th
e

p
ro

v
id

ed
d
at

a
se

t,
to

ap
p
ly

fe
at

u
re

se
le

ct
io

n
to

ea
ch

on
e

of
th

em
,

an
d

th
en

to
m

ea
su

re
th

e
va

ri
ab

il
it

y
in

th
e
M

fe
at

u
re

se
ts

ob
ta

in
ed

.
A

p
p
ro

ac
h
es

ot
h
er

th
an

ta
k
in

g
b

o
ot

st
ra

p
s

h
av

e
b

ee
n

co
n
si

d
er

ed
,

su
ch

as
n
oi

se
in

je
ct

io
n

(W
al

d
et

al
.,

20
12

b
;

A
lt

id
or

et
a
l.
,

20
11

)
o
r

ra
n
d
om

su
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g
le
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a
m

ew
o
rk
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O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

1
.

F
u

lly
d
efi

n
ed

.
T

h
e

stab
ility

estim
a
tor

Φ̂
sh

ou
ld

b
e

d
efi

n
ed

fo
r

an
y

collection
Z

of
featu

re
sets,

th
u
s

allow
in

g
for

th
e

total
n
u
m

b
er

of
featu

res
selected

to
vary.

2
.

S
trict

M
o
n

o
to

n
icity.

T
h
e

stab
ility

estim
ator

Φ̂
sh

ou
ld

b
e

a
strictly

d
ecreasin

g
fu

n
ction

of
th

e
sam

p
le

varian
ces

s
2f

of
th

e
variab

les
Z
f .

3
.

B
o
u

n
d
s.

T
h
e

stab
ility

Φ̂
sh

ou
ld

b
e

u
p
p

er/low
er

b
ou

n
d
ed

b
y

con
-

stan
ts

n
ot

d
ep

en
d
en

t
on

th
e

overall
n
u
m

b
er

of
featu

res
or

th
e

n
u
m

-
b

er
of

featu
res

selected
.

4
.

M
a
xim

u
m

S
ta

bility
↔

D
eterm

in
istic

S
electio

n
.

A
m

easu
re

sh
o
u
ld

ach
ieve

its
m

ax
im

u
m

if-an
d
-on

ly
-if

all
featu

re
sets

in
Z

are
id

en
tical.

5
.

C
o
rrectio

n
fo

r
C

h
a
n

ce.
U

n
d
er

th
e

N
u
ll

M
o
d
el

of
F

ea
tu

re
S
election

H
0 ,

th
e

ex
p

ected
valu

e
of

Φ̂
sh

ou
ld

b
e

con
stan

t.

T
ab

le
1:

P
rop

osed
P

rop
erties

for
a

S
tab

ility
M

easu
re.

3
.1

F
u

lly
D

e
fi

n
e
d

T
h
e

fi
rst

p
ro

p
erty,

F
u

lly
D

efi
n

ed
,

is
th

at
a

stab
ility

m
easu

re
Φ̂

sh
ou

ld
b

e
ab

le
to

cop
e

w
ith

a
n
y

co
llectio

n
Z

of
featu

re
sets.

W
e

ob
serv

ed
th

at
som

e
of

th
e

stab
ility

m
easu

res
d
o

n
ot

o
b

ey
th

is
p
ro

p
erty.

M
ore

sp
ecifi

cally,
th

e
m

easu
res

p
rop

osed
b
y

K
u
n
ch

eva
(2007),

K
ŕızek

et
a
l.

(2
00

7
),

G
u
zm

án
-M

art́ın
ez

an
d

A
laiz-R

o
d
ŕıgu

ez
(2011)

an
d

L
au

sser
et

al.
(2013)

are
o
n
ly

d
efi

n
ed

fo
r

a
featu

re
selection

algorith
m

th
at

w
ou

ld
alw

ay
s

retu
rn

a
con

stan
t

n
u
m

b
er

o
f

fea
tu

res
(c.f.

d
efi

n
ition

s
in

A
p
p

en
d
ix

A
).

S
tab

ility
m

easu
res

n
ot

h
av

in
g

th
is

p
rop

erty
w

ill
n
ot

b
e

d
efi

n
ed

for
a

w
id

e
class

of
featu

re
selection

algorith
m

s,
su

ch
a
s
L

1-regu
larization

,
a
n
d

th
erefo

re
su

ch
stab

ility
m

easu
res

can
n
ot

b
e

u
sed

to
com

p
are

th
e

sta
b
ility

of
featu

re
selectio

n
a
lg

o
rith

m
s

of
d
iff

eren
t

ty
p

es.

3
.2

S
tric

t
M

o
n

o
to

n
ic

ity

B
y

d
efi

n
itio

n
,
a
ll

9
sim

ilarity
m

easu
res

p
rop

osed
to

q
u
an

tify
stab

ility
are

a
strictly

in
creasin

g
fu

n
ctio

n
o
f

th
e

size
of

th
e

in
tersection

|s
i ∩
s
j |

b
etw

een
th

e
tw

o
sets

s
i

an
d
s
j

given
as

in
p
u
t

(c.f.
A

p
p

en
d
ix

A
.1).

K
u
n
ch

eva
(200

7)
ex

p
licitly

states
th

is
as

a
req

u
ired

p
rop

erty
for

a
sim

ila
rity

m
easu

re.
T

h
is

p
rop

erty
is

im
p
licitly

d
efi

n
in

g
w

h
at

sim
ilarity

(an
d

th
erefore

sta
b
ility

)
is.

S
in

ce
th

e
stab

ility
is

d
efi

n
ed

as
th

e
average

p
airw

ise
sim

ilarities,
in

th
e

m
ore

g
en

era
l

ca
se,

th
is

p
rop

erty
w

ou
ld

n
atu

rally
tran

slate
to:

F
o
r

a
given

co
llectio

n
o
f

fea
tu

re
setsZ

,
th

e
sta

bility
Φ̂

sh
o
u

ld
be

a
n

in
crea

sin
g

fu
n

ctio
n

o
f

th
e

a
vera

ge
pa

irw
ise

in
tersectio

n
size

1
M

(M
−

1
) ∑

Mi=
1 ∑

Mj
=

1
j6=
i |s

i ∩
s
j |.

E
ven

th
ou

g
h

th
is

p
ro

p
erty

can
b

e
ap

p
licab

le
to

an
y

sta
b
ility

m
ea

su
re

(as
it

is
n
ot

p
h
rased

in
term

s
of

a
sim

ilarity
m

easu
re

an
y

m
ore),

it
is

n
ot

stra
ig

h
tfo

rw
a
rd

to
com

p
reh

en
d

th
e

m
ean

in
g

of
th

is
p
rop

erty,
n
eith

er
to

verify
if

a
stab

ility
m

ea
su

re
p

ossesses
th

is
p
rop

erty,
esp

ecially
for

freq
u
en

cy
-b

ased
m

easu
res.

W
e

can
th

erefore
w

o
n
d
er

w
h
a
t

th
is

d
o
es

tran
slate

to
in

th
e

freq
u
en

cy
-b

ased
rep

resen
tation

a
n
d

h
ow

can
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N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

w
e

verify
th

at
n
on

-p
airw

ise
m

easu
res

p
ossess

th
is

p
rop

erty
?

T
h
eorem

1
b
rid

ges
th

e
tw

o
ap

p
roach

es
an

d
ju

stifi
es

ou
r

secon
d

p
rop

erty,
S

trict
M

o
n

o
to

n
icity

4.

T
h

e
o
re

m
1

T
h
e

a
vera

ge
pa

irw
ise

in
tersectio

n
betw

een
th

e
M

fea
tu

re
sets

is
a
s

a
lin

ea
r

fu
n

ctio
n

o
f

th
e

sa
m

p
le

va
ria

n
ces

o
f

th
e

selectio
n

o
f

ea
ch

fea
tu

re.
M

o
re

p
recisely,

1

M
(M
−

1)

M∑i=
1

M∑j
=

1
j6=
i |s

i ∩
s
j |

=
k̄−

d
∑f

=
1

s
2f ,

(1)

w
h
ere

s
2f

=
M
M
−

1 p̂
f (1
−
p̂
f )

is
th

e
u

n
bia

sed
sa

m
p
le

va
ria

n
ce

o
f

th
e

selectio
n

o
f

th
e
f
th

fea
tu

re
5

a
n

d
w

h
ere

k̄
=

1M

∑
Mi=

1 ∑
df

=
1
z
i,f

is
th

e
a
vera

ge
n

u
m

ber
o
f

fea
tu

res
selected

o
ver

th
e
M

fea
tu

re
sets.

A
s

w
e

can
see

from
T

h
eorem

1,
p
h
rasin

g
M

on
oton

icity
in

term
s

of
th

e
average

p
airw

ise
in

tersection
s

is
eq

u
ivalen

t
to

p
h
rasin

g
it

in
term

s
of

th
e

average
varian

ce
of

th
e

selection
of

each
featu

re,
w

h
ich

led
to

th
e

d
efi

n
ition

of
th

is
p
rop

erty
as

stated
in

T
ab

le
1.

T
h
is

p
rop

erty
d
efi

n
es

w
h
a
t

a
stab

ility
m

easu
re

sh
ou

ld
m

easu
re,

rath
er

th
an

statin
g

a
n
ecessary

con
d
ition

for
a

stab
ility

m
easu

re;
th

erefore
oth

er
p
rop

osals
cou

ld
b

e
m

a
d
e

for
th

is
p
u
rp

ose.
F

or
th

is
reason

,
w

e
w

ill
n
ot

d
iscard

th
e

m
easu

res
n
ot

h
av

in
g

th
is

p
rop

erty.
H

ow
ever,

it
is

in
terestin

g
to

n
ote

th
at,

as
w

e
can

see
in

T
ab

le
2,

m
ost

stab
ility

m
easu

res
h
ave

th
is

p
rop

erty,
sh

ow
in

g
som

e
agreem

en
t

u
p

on
th

e
d
efi

n
ition

of
stab

ility
across

th
e

literatu
re,

even
if

n
ever

stated
as

su
ch

.
In

som
e

w
ay,

w
e

can
say

th
at

m
ost

ex
istin

g
m

easu
res

of
th

e
literatu

re
im

p
licitly

aim
at

m
easu

rin
g

th
e

sam
e

q
u
an

tity.
In

su
m

m
ary,

w
e

sh
ow

ed
th

at:
(1)

in
terestin

gly,
m

ost
stab

ility
m

easu
res

of
th

e
literatu

re
p

ossess
th

is
p
rop

erty,
even

th
ou

gh
th

ey
w

ere
n
ot

ex
p
licitly

b
u
ilt

to
th

at
en

d
,

(2)
th

e
varian

ce
of

th
e

selection
o
f

each
featu

re
is

an
in

tu
itive

an
d

sim
p
le

w
ay

of
m

easu
rin

g
th

e
variab

ility
in

th
e

ch
oice

featu
res

an
d

(3)
su

ch
a

d
efi

n
ition

w
ill

allow
u
s

to
d
erive

a
statistical

fram
ew

ork
for

stab
ility

estim
ates,

as
w

e
w

ill
later

see
in

S
ection

4.2.

3
.3

B
o
u

n
d

s

T
h
is

p
rop

erty
w

as
stated

as
n
ecessary

in
several

w
ork

s.
S
om

ol
an

d
N

ovov
ičov

á
(20

10);
Z

u
ck

n
ick

et
al.

(2008);
G

u
zm

án
-M

art́ın
ez

an
d

A
laiz-R

o
d
ŕıgu

ez
(2011)

req
u
ire

a
stab

ility
m

easu
re

to
b

e
b

ou
n
d
ed

b
y

con
stan

ts,
w

h
ile

K
u
n
ch

eva
(2007)

ex
p
ress

th
e

sam
e

req
u
irem

en
t

b
u
t

for
a

sim
ilarity

m
easu

re.
S
om

e
of

th
e

m
easu

res
su

ch
as

K
ŕızek

et
al.

(2007)
d
o

n
ot

p
ossess

th
is

p
rop

erty,
sin

ce
its

m
ax

im
u
m

valu
e

d
ep

en
d
s

on
th

e
n
u
m

b
er

of
featu

res
selected

k
an

d
on

th
e

tota
l

n
u
m

b
er

of
featu

res
d

(c.f.
A

p
p

en
d
ix

A
.2).

U
n
b

ou
n
d
ed

m
easu

res
d
o

n
ot

allow
for

m
ean

in
gfu

l
in

terp
retation

of
stab

ility
valu

es
across

p
rob

lem
s

or
for

d
iff

eren
t

n
u
m

b
er

of
featu

res
selected

,
w

h
ich

can
b

e
restrictive

in
m

an
y

a
p
p
lication

s.

4
.

T
o

cla
rify

:
strict

m
o
n

o
to

n
icity

is
su

ch
th

a
t

fo
r

a
fu

n
ctio

n
g

d
efi

n
ed

o
n

a
set

D
g ,
g

is
a

strictly
m

o
n

o
-

to
n

ica
lly

(d
ecrea

sin
g
)

fu
n

ctio
n

if∀
x

1 ,x
2
∈
D
g ,x

1
<
x

2
⇒

g
(x

1 )
>
g
(x

2 ).
A

co
u
n
ter-ex

a
m

p
le

sh
ow

in
g

th
e

n
eed

fo
r
strict

m
o
n

o
to

n
icity

(a
s

o
p

p
o
sed

to
m

o
n

o
to

n
icity

o
n

ly
)

is
to

ta
k
e

a
n
y

co
n

sta
n
t

fu
n

ctio
n

:
it

w
ill

b
e

m
o
n

o
to

n
ic

a
s

it
w

ill
b

e
a
n

n
o
n

-d
ecrea

sin
g

fu
n

ctio
n

o
f|s

i ∩
s
j |

b
u

t
ca

n
n

o
t

b
e

in
terp

reted
a
s

th
e

sim
ila

rity
b

etw
een

tw
o

fea
tu

re
sets.

5
.

T
h

is
ex

p
ressio

n
o
f

th
e

sa
m

p
le

va
ria

n
ce

is
d

eriv
ed

fro
m

a
B

ern
o
u

lli
d

istrib
u

tio
n

.
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O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

(a
)

F
o
rw

a
rd

im
p

li
ca

ti
o
n

(b
)

B
a
ck

w
a
rd

im
p

li
ca

ti
o
n

F
ig

u
re

1:
Il

lu
st

ra
ti

on
of

th
e

M
ax

im
u
m

p
ro

p
er

ty
.

O
n

th
e

le
ft

,
d
em

on
st

ra
ti

on
th

at
W

al
d
’s

m
ea

su
re

an
d
C
W
r
el

(S
om

ol
an

d
N

ov
ov

ič
ov

á,
20

10
)

v
io

la
te

th
e

fo
rw

ar
d

im
p
li
ca
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ti

on
.

O
n

th
e

ri
gh
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em
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st

ra
ti

on
th

at
L

u
st

ga
rt

en
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u
st

ga
rt

en
et

al
.,

20
09

)
an

d
G

oh
’s

(G
oh

an
d

W
on

g,
20
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)

m
ea

su
re

s
v
io

la
te

th
e

b
ac

k
w

ar
d

im
p
li
ca

ti
on

7
.

3
.4

M
a
x
im

u
m

S
ta

b
il
it

y
↔

D
e
te

rm
in

is
ti

c
S

e
le

c
ti

o
n

F
or

m
ea

n
in

gf
u
l

in
te

rp
re

ta
ti

o
n

of
a

st
ab

il
it

y
m

ea
su

re
an

d
co

m
p
ar

is
on

ac
ro

ss
p
ro

b
le

m
s,

th
e

ra
n
ge

of
va

lu
es

of
a

st
ab

il
it

y
m

ea
su

re
sh

ou
ld

b
e

k
n
ow

n
an

d
fi
n
it

e.
K

u
n
ch

ev
a

(2
00

7)
st

at
es

th
at

IF
tw

o
fe

at
u
re

se
ts
s i

an
d
s j

ar
e

id
en

ti
ca

l
T

H
E

N
th

ei
r

si
m

il
a
ri

ty
is

m
ax

im
al

,
a

d
es

ir
ab

le
b

eh
av

io
u
r.

S
im

il
ar

ly
,

G
u
zm

án
-M

ar
t́ı

n
ez

an
d

A
la

iz
-R

o
d
ŕı

gu
ez

(2
01

1)
al

so
re

q
u
ir

e
th

a
t

Φ̂
(Z

)
re

ac
h
es

it
s

m
ax

im
u
m

w
h
en

ev
er

al
l
th

e
fe

at
u
re

se
ts
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Z

ar
e

id
en

ti
ca

l.
W

e
m

ak
e

th
is

re
q
u
ir

e-
m

en
t

a
b
i-

im
p
li
ca

ti
on

,
w

h
ic

h
tr

an
sl

at
es

in
th

e
ge

n
er

al
ca

se
to

:
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(Z
)
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h
es
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s

m
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im
u
m

,
if

-a
n

d
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n
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f
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l

fe
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u
re
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Z

ar
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en
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l,
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T
ab

le
1.

W
e
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e
n
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d
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r
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b
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p
li
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b
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.

W
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o
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d
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n
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h
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e
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p
li
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e

b
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k
w

ar
d
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p
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.
F

ir
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,
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e
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n
er

at
ed
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ll
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ti
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of
fe
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of
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e
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u
re
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h
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S
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ič
ov

á,
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ŕı

gu
ez

(2
0
1
1
).

W
h
en

th
e

n
u
m

b
er

of
fe

at
u
re

s
se

le
ct

ed
is

co
n
st

an
t,

th
e

n
ot

io
n

of
p
u
re

ly
ra

n
d
o
m

fe
at

u
re

se
le

ct
io

n
is

in
tu

it
iv

e:
it

m
ea

n
s

th
at

on
ea

ch
sa

m
p
le

,
gi

ve
n

th
e

n
u
m

b
er

of
se

le
ct

ed
fe

at
u
re

s
k
,

ea
ch

o
n
e

o
f

th
e
( d k

) fe
at

u
re

se
ts

is
eq

u
al

ly
li
k
el

y
to

b
e

ch
os

en
b
y

th
e

p
ro

ce
d
u
re

.
N

ow
,

le
t

u
s

ta
k
e

th
e

ca
se

w
h
en

th
e

p
ro

ce
d
u
re

d
o
es

n
o
t

gu
a
ra

n
te

e
to

re
tu

rn
a

co
n
st

an
t

n
u
m

b
er

of
fe

at
u
re

s,
a
n
d

th
u
s

p
ro

d
u
ce

s
a

co
ll
ec

ti
on
Z

of
fe

at
u
re

se
ts

,
of

va
ry

in
g

si
ze

.
W

e
ca

n
st

il
l

d
efi

n
e

th
e

co
n
ce

p
t

o
f

ra
n

d
o
m

n
es

s
in

th
at

ca
se

:
gi

ve
n

th
e

ca
rd

in
al

it
y
k
i

of
th

e
it
h

se
t,

ea
ch

on
e

of
th

e
( d k
i

) p
o
ss

ib
le

fe
at

u
re

se
ts

h
as

an
eq

u
al

p
ro

b
ab

il
it

y
of

b
ei

n
g

se
le

ct
ed

.
W

e
n
ot

e
th

at
th

is
is

th
e

a
ss

u
m

p
ti

o
n

(s
om

et
im

es
im

p
li
ci

tl
y
)

m
ad

e
b
y

d
iff

er
en

t
au

th
or

s
u
si

n
g

th
e

co
n
ce

p
t

of
co

rr
ec

ti
o
n

fo
r

ch
a
n
ce

,
e.

g.
K

u
n
ch

ev
a

(2
00

7)
;

L
u
st

ga
rt

en
et

al
.

(2
00

9)
;

Z
h
an

g
et

al
.

(2
00

9)
;

G
u
zm

án
-M

a
rt́

ın
ez

a
n
d

A
la

iz
-R

o
d
ŕı
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b
y
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u
n
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y
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b
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rop
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6
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g

m
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e

tab
le
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u
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e
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C
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an
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á,
2010)
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is

asy
m

p
totically

(as
M

a
p
p
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p
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p
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p
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b
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b
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recog
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Φ̂
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d
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p
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con
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h
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b
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In
th

e
rem

ain
d
er

of
th

e
p
ap

er,
w

e
refer

to
th

e
stab

ility
m

easu
re

as
th

e
sta

bility
estim

a
to

r
an

d
to

th
e

p
aram

eter
b

ein
g

estim
a
ted

as
th

e
po

p
u

la
tio

n
sta
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b
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e
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b
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g
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p
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e
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req
u
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b
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C
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b
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F
in
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con
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8
.

A
n

o
th

er
p

ro
p
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m
etim
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a
s

d
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b
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e
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tu
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n
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s
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e
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m

m
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o
f

th
e
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ila

r-
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m
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φ

(i.e.
φ

(s
i ,s

j )
=
φ

(s
j ,s

i ))
(A

lely
a
n

i,
2
0
1
3
;

P
.

a
n

d
P

eru
m

a
l,

2
0
1
6
;

Z
u

ck
n

ick
et

a
l.,

2
0
0
8
).

W
e

n
o
te

th
a
t

fo
r

a
n
y

n
o
n

-sy
m

m
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sim
ila

rity
m

ea
su
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φ

,
ta

k
in

g
th

e
a
rith

m
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m
ea

n
o
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φ

(s
i ,s

j )
a
n

d
φ

(s
j ,s

i )
g
iv
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a

sy
m

m
etric

sim
ila

rity
m

ea
su

re
h

o
ld

in
g

th
e

sa
m

e
av

era
g
e

p
a
irw

ise
va

lu
e.

T
h
u

s,
th

e
sy

m
m

e-
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o
f

a
sim

ila
rity
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ea

su
re
φ
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o
f

little
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p
o
rta

n
ce

w
h

en
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m
p

a
rin

g
th

e
p

ro
p

erties
o
f

th
e
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o
n

d
in

g
sta

b
ility

m
ea

su
re

Φ̂
.
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b
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ta
ti

on
,

w
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b
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p
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b
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h
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H
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p
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−
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e
a
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W
e

d
efi

n
e

th
e

st
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ty

es
ti
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∑
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∑
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−
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∑
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k̄ d

) ,
(2

)

w
h
er

e
s2 f

=
M
M
−

1
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p
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p
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p
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b
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re
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d
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p
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h
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h
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e
M

fe
at

u
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b
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p
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p
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b
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b
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p
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p
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b
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p
le

va
ri

an
ce

s
s2 f

w
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h
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p
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b
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re
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p

er
b

ou
n
d

is
1.

F
or

th
e

lo
w

er
b

ou
n
d
,

A
p
p

en
d
ix

D
sh

ow
s

th
at

th
e

m
in

im
u
m

of
Φ̂
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Φ̂
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b
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b
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b
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m
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h
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∑
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in
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h
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d
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re
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p
ro

p
o
se

d
m

ea
su

re
of

st
ab

il
it

y
Φ̂

is
a

ge
n
er

al
iz

at
io

n
of

so
m

e
ot

h
er

w
id

el
y

u
se

d
m

ea
su

re
s

to
fe

at
u
re

se
ts

of
va

ry
in

g
ca

rd
in

al
it

y,
h
en

ce
b

ei
n
g

co
n
si

st
en

t
w

it
h

p
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at
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d
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h
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t
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h
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u
n
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y
in

g
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m
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e
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e
m

ea
su
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en
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h
e
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u
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u
n
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ev
a
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m
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su
re

u
si

n
g
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r

d
efi

n
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al
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p
ro

v
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a
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p
u
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va
n
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b
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n
g
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st

ea
d
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2
d
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h
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h
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th
e
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m

p
u
ta

ti
on
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m
p
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it
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of
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w
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W
h
en

th
e

n
u
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o
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a
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h
e

st
a
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a
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Φ̂

is
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u
a
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u
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e
c
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Φ̂
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vá
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p
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p
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b
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Φ̂
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p
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u
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d
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p
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p
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p
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el

d
s

d
ea

l
w

it
h

si
m

il
ar

p
ro

b
le

m
s.

T
h
is

se
ct

io
n

d
em

on
st

ra
te

s
an

d
ex

p
lo

it
s

a
re

la
ti

o
n
sh

ip
b

et
w

ee
n

st
a
b
il
it

y
an

d
in

te
r-

ra
te

r
ag

re
em

en
t

(F
le

is
s,

19
71

).

4
.2

.1
V

ie
w

in
g

S
t
a
b
il

it
y

a
s

In
t
e
r
-r

a
t
e
r

A
g

r
e
e
m

e
n
t

Im
ag

in
e

a
m

ed
ic

al
sc

en
ar

io
—

w
e

h
av

e
M

d
o
ct

o
rs

(m
or

e
fo

rm
al

ly
ca

ll
ed

ra
te

rs
)

a
ss

ig
n
in

g
a

n
om

in
al

ca
te

go
ry
{1
,2
,.
..
,q
}

to
ea

ch
m

em
b

er
of

a
se

t
of
d

p
at

ie
n
ts

(c
a
ll
ed

su
bj

ec
ts

).
A

u
se

fu
l

in
d
ic

at
io

n
of

th
e

ag
re

em
en

t
of

th
e
M

ra
te

rs
is

gi
ve

n
b
y

in
te

r-
ra

te
r

a
gr

ee
m

en
t

co
effi

ci
en

ts
.

W
e

ca
n

v
ie

w
st

ab
il
it

y
in

th
is

li
gh

t—
w

h
en

th
e

n
u
m

b
er

of
ca

te
go

ri
es
q

is
eq

u
a
l

to
2,

an
d

ea
ch

ro
w

of
Z

re
p
re

se
n
ts

a
ra

te
r,

p
la

ci
n
g

th
e
d

su
b

je
ct

s
in

to
ca

te
g
o
ry

0
o
r

1
.

In
te

re
st

in
gl

y
9
,

in
th

is
sp

ec
ia

l
ca

se
,

w
e

p
ro

ve
w

it
h

T
h
eo

re
m

6
th

at
a

p
op

u
la

r
m

ea
su

re
o
f

in
te

r-
ra

te
r

ag
re

em
en

t,
F

le
is

s’
K

ap
p
a

(F
le

is
s,

19
71

)
re

d
u
ce

s
to

ou
r

es
ti

m
at

or
,

D
efi

n
it

io
n

4
.

A
s

a
re

su
lt

,
an

y
st

at
is

ti
ca

l
re

su
lt

p
re

v
io

u
sl

y
d
er

iv
ed

fo
r

F
le

is
s’

K
ap

p
a

al
so

h
ol

d
s

fo
r

Φ̂
.

U
si

n
g

th
is

re
la

ti
on

sh
ip

,
w

e
ca

n
u
se

th
e

w
or

k
of

G
w

et
(2

00
8)

w
h
ic

h
sh

ow
s

th
e

as
y
m

p
to

ti
c

n
o
rm

a
li
ty

of
F

le
is

s’
K

ap
p
a,

h
en

ce
gu

ar
an

te
ei

n
g

th
e

va
li
d
it

y
of

co
n
fi
d
en

ce
in

te
rv

al
s

an
d

h
y
p

o
th

es
is

te
st

s
fo

r
la

rg
e

sa
m

p
le

s.

T
h

e
o
re

m
6

W
h
en

th
er

e
a
re

o
n

ly
tw

o
ca

te
go

ri
es

(0
/
1
),

F
le

is
s’

K
a
p
pa

is
eq

u
a
l

to
Φ̂

(Z
).

4
.2

.2
T

h
e

S
a
m

p
l
in

g
D

is
t
r
ib

u
t
io

n
o
f

S
t
a
b
il

it
y

L
et

u
s

as
su

m
e

ea
ch

ro
w

of
th

e
m

at
ri

x
Z

is
an

in
d
ep

en
d
en

t
sa

m
p
le

fr
om

th
e

jo
in

t
d
is

tr
ib

u
ti

o
n

(Z
1
,.
..
,Z

d
),

w
h
er

e
Z
f

is
a

B
er

n
ou

ll
i

va
ri

ab
le

w
it

h
u
n
k
n
ow

n
p

op
u
la

ti
on

p
ar

am
et

er
p
f
,

w
h
er

e
w

e
m

ak
e

n
o

as
su

m
p
ti

on
of

in
d
ep

en
d
en

ce
b

et
w

ee
n
d

co
va

ri
at

es
.

In
th

e
or

ig
in

a
l

p
a
p

er
,

F
le

is
s

(1
97

1)
d
er

iv
es

th
e

va
ri

an
ce

of
F

le
is

s’
K

ap
p
a,

b
u
t

on
ly

w
h
en

Φ
is

eq
u
al

to
0,

w
h
ic

h
is

o
f

li
tt

le
u
se

in
ou

r
ca

se
.

L
at

er
on

,
G

w
et

(2
00

8)
p
ro

v
id

es
a

va
ri

an
ce

es
ti

m
at

e
an

d
th

e
a
sy

m
p
to

ti
c

d
is

tr
ib

u
ti

on
of

F
le

is
s’

K
ap

p
a

in
th

e
ge

n
er

al
ca

se
.

In
h
is

w
or

k
,

G
w

et
(2

00
8)

a
ss

u
m

es
th

a
t

th
e

ra
te

rs
(s

am
p
le

s)
an

d
su

b
je

ct
s

(f
ea

tu
re

s)
ar

e
sa

m
p
le

d
fr

om
a

la
rg

er
p

op
u
la

ti
o
n

a
n
d

th
en

d
er

iv
es

th
e

va
ri

an
ce

d
u
e

to
th

e
sa

m
p
li
n
g

of
ra

te
rs

an
d

th
e

va
ri

an
ce

d
u
e

to
th

e
sa

m
p
li
n
g

o
f

su
b

je
ct

s.
U

si
n
g

th
e

m
u
lt

iv
ar

ia
te

C
en

tr
al

L
im

it
T

h
eo

re
m

an
d

a
li
n
ea

r
ap

p
ro

x
im

a
ti

o
n

o
f

Φ̂
,

G
w

et
(2

00
8)

sh
ow

s
th

at
Φ̂

is
as

y
m

p
to

ti
ca

ll
y

n
or

m
al

.
G

w
et

(2
00

8)
al

so
ve

ri
fi
es

th
e

va
li
d
it

y
of

th
is

re
su

lt
fo

r
th

e
co

n
st

ru
ct

io
n

of
co

n
fi
d
en

ce
in

te
rv

al
s

w
it

h
M

on
te

C
ar

lo
si

m
u
la

ti
o
n
s.

In
o
u
r

ca
se

,
w

e
as

su
m

e
th

at
th

er
e

is
n
o

sa
m

p
li
n
g

o
f

th
e

su
b

je
ct

s
an

d
th

at
th

e
n
u
m

b
er

o
f

ca
te

g
o
ri

es

9
.

A
n

o
th

er
in

te
re

st
in

g
re

la
ti

o
n

sh
ip

th
a
t

co
u

ld
b

e
u

se
d

in
fu

tu
re

w
o
rk

is
th

a
t

F
le

is
s’

K
a
p

p
a

h
a
s

a
ls

o
b

ee
n

li
n

k
ed

to
th

e
In

tr
a
-C

la
ss

C
o
rr

el
a
ti

o
n

C
o
effi

ci
en

t
(I

C
C

)
in

th
e

b
in

a
ry

ca
se

(F
le

is
s

et
a
l.

,
2
0
0
4
),

so
a
n
y

re
su

lt
th

a
t

a
p

p
li

es
to

th
e

IC
C

ca
n

a
ls

o
b

e
a
p

p
li

ed
to

th
e

p
ro

p
o
se

d
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a
b

il
it

y
es

ti
m

a
to

r.
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O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

q
=

2
.

U
n
d
er

th
ese

assu
m

p
tion

s,
th

e
varian

ce
d
u
e

to
th

e
sam

p
lin

g
of

su
b

jects
d
erived

b
y

G
w

et
(2

0
0
8
)

b
ecom

es
zero

an
d

th
e

asy
m

p
totic

d
istrib

u
tion

of
th

e
stab

ility
estim

ator
Φ̂

b
eco

m
es

th
e

o
n
e

given
b
y

T
h
eorem

7.

T
h

e
o
re

m
7

(A
sy

m
p

to
tic

D
istrib

u
tio

n
)

A
s
M
→
∞

,
th

e
sta

tistic
Φ̂

w
ea

kly
co

n
verges

to
a

n
o
rm

a
l

d
istribu

tio
n

,
th

a
t

is

Φ̂
−

Φ
√
v
(Φ̂

)

L−→
N

(0,1),

w
h
ere:

•
Φ

=
1−

1d

∑
df

=
1
p
f

(1−
p
f

)

p̄
(1−

p̄
)

is
th

e
m

ea
n

o
f

th
e

estim
a
to

r
Φ̂

in
w

h
ich

p̄
=

1d ∑
df

=
1
p
f

is
th

e
a
vera

ge
m

ea
n

pa
ra

m
eter

o
f

th
e
d

B
ern

o
u

lli
va

ria
bles;

•
v
(Φ̂

)
=

4
M

2 ∑
Mi=

1 (Φ̂
(i) −

ˆ̄Φ
(.) )

2
is

a
n

estim
a
te

o
f

th
e

va
ria

n
ce

o
f

Φ̂
in

w
h
ich

:

–
Φ̂

(i)
=

1
k̄d (

1−
k̄d ) [

1d ∑
df

=
1
z
i,f p̂

f −
k
i k̄
d

2
+

Φ̂2 (
2
k̄
k
i

d
2
−

k
id −

k̄d
+

1 )];

–
a
n

d
ˆ̄Φ

(.)
is

th
e

a
vera

ge
va

lu
e

o
f

Φ̂
(i) ,

th
a
t

is
1M

∑
Mi=

1
Φ̂

(i) .

T
h
is

a
sy

m
p
totic

d
istrib

u
tion

allow
s

u
s

to
id

en
tify

Φ̂
as

b
ein

g
an

estim
ator

of
an

u
n
k
n
ow

n
p

o
p
u
la

tion
q
u
a
n
tity

Φ
.

In
th

e
rem

ain
d
er

of
th

e
p
ap

er,
w

e
refer

to
Φ̂

a
s

b
ein

g
th

e
sam

p
le

sta
b
ility

a
n
d

to
Φ

as
b

ein
g

th
e

p
op

u
lation

(or
tru

e)
stab

ility.
T

h
e

asy
m

p
totic

con
v
ergen

ce
sh

ow
s

th
a
t

Φ̂
is

a
con

sisten
t

estim
ator

of
th

e
p

op
u
lation

stab
ility

Φ
.

T
h
is

m
ean

s
th

at
as
M

a
p
p
ro

a
ch

es
in

fi
n
ity,

w
e

are
assu

red
th

at
th

e
stab

ility
estim

ator
Φ̂

w
ill

con
verge

in
p
rob

ab
ility

to
th

e
p

o
p
u
la

tion
stab

ility
Φ

.

4
.2

.3
C

o
n
f
id

e
n
c
e

In
t
e
r
v
a
l
s

T
h
e

a
sy

m
p
totic

con
v
ergen

ce
to

a
n
orm

al
d
istrib

u
tion

allow
s

u
s

to
d
erive

ap
p
rox

im
ate

con
-

fi
d
en

ce
in

tervals
for

th
e

p
op

u
lation

stab
ility

Φ
,

given
b

elow
in

C
orollary

8.
T

h
ou

gh
th

e
p
rov

id
ed

co
n
fi
d
en

ce
in

tervals
are

on
ly

ap
p
rox

im
ate,

w
e

w
ill

see
in

S
ection

5.2
th

at
even

for
relatively

sm
a
ll

valu
es

of
M

,
th

e
given

in
tervals

still
h
ave

a
go

o
d

coverage
p
rob

ab
ility.

C
o
ro

lla
ry

8
(C

o
n

fi
d

e
n

c
e

In
te

rv
a
ls)

A
(1−

α
)%

-a
p
p
ro

xim
a
te

co
n

fi
d
en

ce
in

terva
l

fo
r

Φ
is

[
Φ̂
−
z ∗(

1−
α2 ) √

v
(Φ̂

),Φ̂
+
z ∗(

1−
α2 ) √

v
(Φ̂

) ]
,

w
h
ere

z ∗(
1−

α2 )
is

th
e

in
verse

cu
m

u
la

tive
o
f

a
sta

n
d
a
rd

n
o
rm

a
l

d
istribu

tio
n

a
t

1−
α2

.

4
.2

.4
H

y
p
o
t
h
e
sis

T
e
st

in
g

In
a

fi
rst

scen
a
rio,

let
u
s

assu
m

e
a

p
ractitio

n
er

ap
p
lies

a
featu

re
selection

p
ro

ced
u
re

to
M

b
o
otstra

p
sa

m
p
les,

gen
eratin

g
a

m
atrix

Z
of

size
M
×
d
,

an
d

co
m

p
u
tes

th
e

stab
ility

esti-
m

a
te

Φ̂
(Z

).
H

ow
can

w
e

k
n
ow

w
h
eth

er
th

e
tru

e
stab

ility
Φ

is
sign

ifi
ca

n
tly

g
reater

th
an
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N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

a
fi
x
ed

valu
e

Φ
0 ?

T
h
is

can
b

e
d
efi

n
ed

form
ally

in
term

s
of

a
n
u
ll

h
y
p

oth
esis

sign
ifi

can
ce

test.

Is
th

e
P

o
p

u
la

tio
n

S
ta

b
ility

Φ
G

re
a
te

r
th

a
n

a
G

iv
e
n

V
a
lu

e
Φ

0 ?
In

th
is

ca
se

th
e

h
y
p

oth
esis

tested
is

{
H

0
:

Φ
=

Φ
0

H
1

:
Φ
>

Φ
0

U
n
d
er
H

0 ,
Φ

=
Φ

0
an

d
th

erefore
th

e
statistic

V
M

=
Φ̂−

Φ
0

√
v
(Φ̂

)
is

asy
m

p
totically

stan
d
ard

n
orm

al
(c.f.

T
h
eorem

7).
T

h
erefore

w
e

can
ap

p
ly

a
on

e-tail
test

as
follow

s:

1.
C

om
p
u
te

th
e

statistic
V
M

.

2.
R

eject
H

0
if
V
M
≥
z ∗(1−

α
) ,

w
h
ere

th
e

critical
valu

e
z ∗(1−

α
)

is
th

e
(1−

α
)th

p
ercen

tile
of

th
e

stan
d
ard

n
orm

al
d
istrib

u
tion

.

In
ad

d
ition

,
it

is
very

com
m

on
to

com
p
are

stab
ility

valu
es

b
etw

een
algorith

m
s.

F
or

ex
-

am
p
le,

S
aey

s
et

al.
(2008)

con
clu

d
e

th
at

“
R

E
L

IE
F

is
o
n

e
o
f

th
e

less
sta

ble
a
lgo

rith
m

s”
an

d
“

R
a
n

d
o
m

F
o
rests

clea
rly

o
u

tperfo
rm

o
th

er
fea

tu
re

selectio
n

m
eth

od
s

rega
rd

in
g

ro
bu

stn
ess”

.
S
o

giv
en

tw
o

stab
ility

estim
ates

Φ̂
(Z

1 )
an

d
Φ̂

(Z
2 ),

can
w

e
con

clu
d
e

th
at

th
e

tru
e

sta
b
ility

of
th

e
fi
rst

is
sign

ifi
can

tly
d
iff

eren
t

th
an

th
e

secon
d
?

D
o

T
w

o
F
e
a
tu

re
S

e
le

c
tio

n
A

lg
o
rith

m
s

H
a
v
e

Id
e
n
tic

a
l

S
ta

b
ilitie

s?
L

etZ
1

an
d

Z
2

b
e

th
e

ou
tp

u
t

of
tw

o
featu

re
selection

p
ro

ced
u
res.

In
th

is
case,

w
e

w
ish

to
test

th
e

follow
in

g
h
y
p

oth
esis

{
H

0
:

Φ
1

=
Φ

2

H
1

:
Φ

1 6=
Φ

2

U
sin

g
th

e
asy

m
p
totic

d
istrib

u
tion

of
Φ̂

(Z
1 )

an
d

of
Φ̂

(Z
2 )

giv
en

b
y

T
h
eorem

7,
w

e
can

d
erive

T
h
eorem

9.
U

sin
g

th
e

given
test

statistic
T
M

,
w

e
reject

H
0

if|T
M
|≥

θ,
w

h
ere

θ
is

th
e
(1−

α2 )
th

p
ercen

tile
of

th
e

stan
d
ard

n
orm

al
d
istrib

u
tion

.

T
h

e
o
re

m
9

T
h
e

test
sta

tistic
fo

r
co

m
pa

rin
g

sta
bilities

is

T
M

=
Φ̂

(Z
2 )−

Φ̂
(Z

1 )
√
v
(Φ̂

(Z
1 ))

+
v
(Φ̂

(Z
2 )) .

U
n

d
er

H
0 ,

th
e

sta
tistic

T
M

a
sym

p
to

tica
lly

(a
s
M

a
p
p
roa

ch
es

in
fi

n
ity)

fo
llo

w
s

a
sta

n
d
a
rd

n
o
rm

a
l

d
istribu

tio
n

.

5
.
E
m
p
irica

l
V
a
lid

a
tio

n
o
f
th

e
S
ta
tistica

l
T
o
o
ls

F
leiss

et
al.

(2004)
p
rop

ose
a

b
en

ch
m

ark
scale

for
in

terp
retation

of
th

e
valu

e
of

F
leiss’

K
ap

p
a.

W
e

w
ill

u
se

th
e

sam
e

scale
for

Φ̂
(Z

),
p
rov

id
ed

in
T

a
b
le

3.
S
tab

ility
valu

es
ab

ove
0
.75

rep
resen

t
an

ex
cellen

t
agreem

en
t

of
th

e
featu

re
sets

b
ey

on
d

ch
an

ce,
w

h
ile

valu
es

b
elow

0
.4

rep
resen

t
a

p
o
or

agreem
en

t
b

etw
een

sam
p
led

featu
re

sets.
In

th
e

rem
ain

d
er

of
th

is
section

,
w

e
verify

th
e

to
ols

of
th

e
p
rev

iou
s

section
,

u
sin

g
toy

d
ata

for
a

p
op

u
lation

stab
ility

Φ
in

each
on

e
of

th
e

categories.
T

o
b

e
ab

le
to

g
en

erate

1
6

JM
L

R
 18(174):1-54, 2018



O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

Φ
S

tr
e
n

g
th

o
f

A
g
re

e
m

e
n
t

<
0.

40
P

o
or

0
.4

0
to

0.
75

In
te

rm
ed

ia
te

to
go

o
d

>
0.

75
E

x
ce

ll
en

t

T
ab

le
3:

B
en

ch
m

ar
k

sc
al

e
fo

r
st

ab
il
it

y.

(a
)

C
a
se

1
:

Φ
=

0
.8

(b
)

C
a
se

2
:

Φ
=

0
.5

(c
)

C
a
se

3
:

Φ
=

0
.3

F
ig

u
re

3:
C

on
si

st
en

cy
of

th
e

st
ab

il
it

y
es

ti
m

at
e

Φ̂
(Z

)
fo

r
th

e
3

to
y

ca
se

s.
A

s
M

in
cr

ea
se

s,
th

e
va

lu
e

of
Φ̂

(Z
)

ge
ts

cl
os

er
to

th
e

p
op

u
la

ti
on

p
ar

am
et

er
Φ

.

B
er

n
ou

ll
i
va

ri
ab

le
s

w
it

h
a

sp
ec

ifi
ed

p
op

u
la

ti
o
n

st
a
b
il
it

y
Φ

0
,
w

e
fi
rs

t
n
ee

d
to

ch
os

e
d

B
er

n
ou

ll
i

p
ar

am
et

er
s
p

1
,.
..
,p
d

su
ch

th
at

Φ
=

Φ
0
.

W
e

p
ic

ke
d

3
te

st
ca

se
s

fo
r

th
e

va
lu

es
of

Φ
eq

u
al

0.
8,

0
.5

an
d

0.
3

an
d

fo
r
d

=
10

0.

5
.1

V
a
li
d

a
ti

o
n

o
f

C
o
n

si
st

e
n

c
y

o
f

th
e

E
st

im
a
to

r

In
th

is
se

ct
io

n
,

w
e

em
p
ir

ic
al

ly
sh

ow
th

e
co

n
si

st
en

cy
of

th
e

st
ab

il
it

y
es

ti
m

at
or

Φ̂
in

th
e

3
te

st
ca

se
s

d
es

cr
ib

ed
.

In
ea

ch
ca

se
,

w
e

ta
ke
M

sa
m

p
le

s
fr

om
th

e
d

=
10

0
B

er
n
ou

ll
i

va
ri

ab
le

s
w

it
h

m
ea

n
p
ar

am
et

er
s

(p
1
,.
..
,p
d
).

T
h
is

gi
ve

s
u
s

a
b
in

ar
y

m
at

ri
x
Z

o
f

si
ze
M
×
d
.

W
e

th
en

p
lo

t
th

e
va

lu
e

of
th

e
st

ab
il
it

y
es

ti
m

at
e

Φ̂
(Z

)
as

w
e

in
cr

ea
se

th
e

n
u
m

b
er

of
sa

m
p
le

s
M

in
F

ig
u
re

3.
A

s
w

e
ca

n
se

e,
as

th
e

n
u
m

b
er

of
sa

m
p
le

s
M

in
cr

ea
se

s,
th

e
va

lu
e

of
Φ̂

(Z
)

a
p
p
ro

ac
h
es

th
e

tr
u
e

st
ab

il
it

y
Φ

.
W

e
ch

os
e

si
m

il
ar

sc
al

es
fo

r
th

e
3

te
st

ca
se

s.
W

e
ob

se
rv

e
th

at
fo

r
re

la
ti

ve
ly

sm
al

l
va

lu
es

of
M

,
(g

en
er

al
ly

fo
r
M
≤

10
),

th
e

a
b
so

lu
te

va
lu

e
of

th
e

d
iff

er
en

ce
|Φ̂

(Z
)
−

Φ
|i

s
w

it
h
in

5%
an

d
fo

r
M
≤

10
0,

w
it

h
in

1%
.

O
f

co
u
rs

e,
th

es
e

ca
n
n
ot

b
e

u
se

d
a
s

a
ge

n
er

a
l
ru

le
of

th
u
m

b
fo

r
ot

h
er

ch
os

en
p
ar

am
et

er
s
p
f

an
d
d

b
u
t

it
gi

ve
s

an
id

ea
of

th
e

ra
te

of
co

n
ve

rg
en

ce
of

th
e

st
ab

il
it

y
es

ti
m

at
es

.
In

re
al

a
p
p
li
ca

ti
on

s,
th

e
p

op
u
la

ti
on

st
ab

il
it

y
is

u
n
k
n
ow

n
an

d
w

e
n
ee

d
to

ol
s

to
b

e
ab

le
to

d
et

er
m

in
e

w
h
ic

h
in

te
rv

al
of

va
lu

es
th

e
p

op
u
la

ti
on

st
ab

il
it

y
ta

ke
s.

T
h
is

is
th

e
to

p
ic

of
th

e
n
ex

t
se

ct
io

n
w

h
er

e
w

e
st

u
d
y

th
e

co
n
fi
d
en

ce
in

te
rv

al
s.

1
7

JM
L

R
 1

8(
17

4)
:1

-5
4,

 2
01

8

N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

(a
)

C
a
se

1
:

Φ
=

0
.8

(b
)

C
a
se

2
:

Φ
=

0
.5

(c
)

C
a
se

3
:

Φ
=

0
.3

F
ig

u
re

4:
C

ov
er

ag
e

p
ro

b
ab

il
it

ie
s

fo
r

th
e

3
te

st
ca

se
s.

W
e

se
t

th
e

n
om

in
al

le
ve

l
to

b
e

0
.9

0
(9

0%
-c

on
fi
d
en

ce
in

te
rv

al
).

T
h
e

x
-a

x
is

re
p
re

se
n
ts

th
e

sa
m

p
le

si
ze
M

a
n
d

th
e

y
-a

x
is

th
e

es
ti

m
at

ed
co

ve
ra

ge
p
ro

b
ab

il
it

y
w

it
h

10
0
00

re
p

ea
ts

.

5
.2

V
a
li
d

a
ti

o
n

o
f

C
o
n

fi
d

e
n

c
e

In
te

rv
a
ls

T
h
e

co
ve

ra
ge

p
ro

b
ab

il
it

y
of

a
co

n
fi
d
en

ce
in

te
rv

al
fo

r
Φ

is
th

e
p
ro

p
o
rt

io
n

of
ti

m
e

th
e

in
te

rv
a
l

b
u
il
t

fr
om

th
e

d
at

a
w

il
l

ac
tu

al
ly

co
n
ta

in
th

e
p

op
u
la

ti
on

st
ab

il
it

y
Φ

.
T

o
ve

ri
fy

th
e

re
su

lt
s

o
f

T
h
eo

re
m

8
p
ro

v
id

in
g

th
e

co
n
fi
d
en

ce
in

te
rv

al
s,

w
e

ad
o
p
te

d
th

e
fo

ll
ow

in
g

p
ro

ce
d
u
re

:

1.
C

om
p
u
te

th
e

p
op

u
la

ti
on

st
ab

il
it

y
Φ

u
si

n
g

th
e

tr
u
e

B
er

n
o
u
ll
i

p
ar

am
et

er
s

(p
1
,.
..
,p
d
).

2.
R

ep
ea

t
10

,0
00

ti
m

es
:

•
T

ak
e
M

sa
m

p
le

s
fr

om
th

e
d

va
ri

ab
le

s
Z

1
,.
..
,Z

d
w

it
h

m
ea

n
p

1
,.
..
,p
d
.

•
C

om
p
u
te

th
e

(1
−
α

)-
ap

p
ro

x
im

at
e

co
n
fi
d
en

ce
in

te
rv

al
u
si

n
g

C
or

o
ll
a
ry

8
.

3.
T

h
e

es
ti

m
at

ed
co

ve
ra

ge
p
ro

b
ab

il
it

y
is

th
e

fr
ac

ti
on

of
ti

m
es

(f
ro

m
10

,0
00

)
th

a
t

th
e

tr
u
e

st
ab

il
it

y
Φ

w
as

w
it

h
in

th
e

co
n
fi
d
en

ce
in

te
rv

al
s.

If
w

e
h
ad

ex
ac

t
co

n
fi
d
en

ce
in

te
rv

al
s,

w
e

sh
ou

ld
h
av

e
an

ex
ac

t
co

v
er

ag
e

p
ro

b
ab

il
it

y
o
f

(1
−
α

).
H

ow
ev

er
,
th

e
co

n
fi
d
en

ce
in

te
rv

al
s

d
er

iv
ed

a
re

on
ly

ap
p
ro

x
im

at
e.

F
ig

u
re

4
gi

ve
s

th
e

es
ti

m
a
te

d
co

ve
ra

ge
p
ro

b
ab

il
it

ie
s

in
th

e
3

te
st

ca
se

s
fo

r
α

=
10

%
,

i.
e.

a
90

%
-c

on
fi
d
en

ce
in

te
rv

a
l.

A
s

w
e

ca
n

se
e,

th
e

es
ti

m
at

ed
p
ro

b
ab

il
it

y
q
u
ic

k
ly

ap
p
ro

ac
h
es

(1
−
α

)
=

0.
9

a
s

ex
p

ec
te

d
.

In
T

ab
le

4,
w

e
fu

rt
h
er

sh
ow

th
e

ob
se

rv
ed

co
ve

ra
ge

p
ro

b
ab

il
it

ie
s

in
th

e
3

te
st

ca
se

s
fo

r
M

=
1
00

an
d

fo
r

d
iff

er
en

t
va

lu
es

of
α

.
T

h
e

sa
m

e
b

eh
av

io
u
r

ca
n

b
e

se
en

in
th

is
ta

b
le

:
th

e
va

lu
es

g
et

ve
ry

cl
os

e
to

th
e

ex
p

ec
te

d
co

v
er

ag
e

p
ro

b
ab

il
it

y
of

(1
−
α

).
W

e
ob

se
rv

ed
th

e
sa

m
e

b
eh

av
io

u
r

fo
r

a
la

rg
er

n
u
m

b
er

of
fe

at
u
re

s
(d

=
10

00
0)

an
d

a
sa

m
e

n
u
m

b
er

of
fe

at
u
re

se
ts
M

.

5
.3

V
a
li
d

a
ti

o
n

o
f

th
e

S
e
c
o
n

d
H

y
p

o
th

e
si

s
T

e
st

In
th

is
se

ct
io

n
,

w
e

ve
ri

fy
th

e
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of

th
e

te
st

st
at

is
ti

c
T
M

a
s

g
iv

en
b
y

T
h
eo

re
m

9.
T

o
ve

ri
fy

th
is

re
su

lt
w

e
p
ro

ce
ed

as
fo

ll
ow

s:

1.
P

ic
k

tw
o

se
t

of
p
ar

am
et

er
s
p

1
,.
..
,p
d

w
it

h
th

e
d
es

ir
ed

va
lu

es
of

Φ
1

an
d

Φ
2
.

2.
R

ep
ea

t
10

00
ti

m
es

:

18
JM

L
R

 1
8(

17
4)

:1
-5

4,
 2

01
8



O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

C
ase

1
Φ

=
0.8

98.5%
94.3%

89.0%

C
ase

2
Φ

=
0.5

98.6%
93.8%

89.0%

C
ase

3
Φ

=
0.3

98.6%
94.0%

89.3%

Id
eal

99%
95%

90%

T
a
b
le

4
:

C
overage

p
rob

ab
ilities

for
th

e
3

test
cases

w
ith

M
=

100,
d

=
100,

estim
a
ted

v
ia

1
0,0

00
rep

eats
for

d
iff

eren
t

n
om

in
al

con
fi
d
en

ce
in

tervals.

(a
)

Φ
1

=
Φ

2
=

0
.8

(b
)

Φ
1

=
0
.8

a
n

d
Φ

2
=

0
.7

5

F
ig

u
re

5
:

Q
Q

-p
lots

illu
stratin

g
th

e
con

v
ergen

ce
of

th
e

statistic
T
M

to
a

stan
d
ard

n
orm

al
d
istrib

u
tion

w
h
en

Φ
1

=
Φ

2
=

0.8
[L

E
F

T
]

an
d

th
e

con
vergen

ce
to

a
n
on

-stan
d
ard

G
a
u
ssian

w
h
en

Φ
1 6=

Φ
2

[R
IG

H
T

].
W

e
to

ok
d

=
100,

M
=

1000
an

d
1000

rep
eats.

W
e

n
ote

th
at

th
e

ran
ge

of
valu

es
on

th
e

y
-ax

is
of

th
e

righ
t

p
lot

is
n
ot

th
e

sam
e

a
s

th
e

on
e

of
th

e
left

p
lot.

•
T

a
ke
M

sam
p
les

from
th

e
d

variab
les,

for
each

ofZ
1

an
d
Z

2

•
C

o
m

p
u
te

th
e

corresp
on

d
in

g
statistic

T
M

.

W
e

th
en

o
rd

er
th

e
1000

estim
ates

of
T
M

an
d

p
lot

th
e

q
u
an

tiles
again

st
th

at
of

a
stan

d
a
rd

n
o
rm

a
l

d
istrib

u
tion

in
a

Q
u
an

tile-Q
u
an

tile
p
lot

(Q
Q

-p
lot).

F
igu

re
5

p
rov

id
es

th
e

resu
lt

for
tw

o
test

ca
ses.

In
th

e
left

su
b
-fi

gu
re,

th
e

p
op

u
lation

stab
ilities

are
taken

to
b

e
id

en
tical

(i.e.
Φ

1
=

Φ
2 ).

In
th

at
situ

ation
,

th
e

Q
Q

-p
lot

sh
ow

s
th

at
th

e
q
u
a
n
tiles

of
th

e
test

statistic
T
M

a
re

id
en

tica
l

to
th

e
on

es
of

a
stan

d
ard

n
orm

al
d
istrib

u
tion

,
w

h
ich

is
th

e
resu

lt
w

e
ex

p
ected

.
O

n
th

e
rig

h
t

su
b
-fi

gu
re,

w
e

ch
ose

d
iff

eren
t

p
o
p
u
lation

sta
b
ilities

(i.e.
Φ

1 6=
Φ

2 ).
In

th
is

case,
th

e
Q

Q
-p

lo
t

sh
ow

s
th

at
th

e
q
u
an

tiles
are

still
th

e
on

es
of

a
n
orm

al
d
istrib

u
tion

b
u
t

w
ith

a
m

ea
n

d
iff

eren
t

from
0.

In
d
eed

,
if

w
e

h
ave

a
closer

lo
ok

at
th

e
righ

t
su

b
-fi

g
u
re,

w
e

can
see

th
a
t

th
e

ra
n
g
e

of
valu

es
taken

on
th

e
y
-ax

is
are

a
ll

n
egativ

e.
T

h
e

ob
served

m
ed

ian
of

th
e

sta
tistic

T
M

in
th

at
case

is
of−

3.8
an

d
th

e
statistic

takes
valu

es
in

th
e

in
terval

[−
7
.6
,−

0
.4].

T
h
erefo

re
th

e
statistic

T
M

is
n
ot

stan
d
ard

n
orm

al
in

th
at

situ
ation

.

1
9

JM
L

R
 18(174):1-54, 2018

N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

6
.
E
x
p
e
rim

e
n
ts

T
h
e

ex
p

erim
en

ts
of

th
is

section
illu

strate
h
ow

th
e

to
ols

p
resen

ted
in

th
is

p
ap

er
can

b
e

u
sed

b
y

p
ractition

ers
to

select
h
y
p

erp
aram

eters
w

ith
h
igh

er
stab

ility
or

to
com

p
are

th
e

stab
ility

of
d
iff

eren
t

featu
re

selection
algorith

m
s.

T
h
is

section
co

n
tain

s
tw

o
sets

o
f

ex
p

erim
en

ts
1
0:

•
S
ection

6.1
fo

cu
ses

on
th

e
L

A
S
S
O

an
d

th
e

E
lastic

N
et,

w
h
ich

are
b

oth
regu

larized
regression

m
o
d
els

th
at

select
featu

res
as

p
art

of
th

e
train

in
g

p
ro

cess.
T

h
e

E
lastic

N
et

is
k
n
ow

n
to

y
ield

m
ore

stab
le

co
effi

cien
ts

th
an

th
e

L
A

S
S
O

in
th

e
p
resen

ce
of

red
u
n
d
an

t
featu

res
(Z

h
ou

,
2013).

T
h
is

section
sh

ow
s

th
at

th
e

p
rop

osed
stab

ility
m

easu
re

cap
tu

res
th

is
an

d
th

at
ch

o
osin

g
a

go
o
d

trad
e-off

b
etw

een
sta

b
ility

an
d

accu
racy

can
red

u
ce

th
e

n
u
m

b
er

of
irrelevan

t
featu

res
in

th
e

m
o
d
el

w
ith

n
egligib

le
loss

in
accu

racy.

•
S
ection

6.2
fo

cu
ses

on
a

p
op

u
lar

tech
n
iq

u
e,

S
ta

bility
S

electio
n

(M
ein

sh
a
u
sen

an
d

B
ü
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p
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p
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b
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re
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ca
ll
ed

“
S

ta
bi

li
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p
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p
ar

am
et

er
s
λ
∈

Λ
,

w
h
er

e
Λ

is
a

su
b
se

t
of

R
+

.
T

h
is

m
et

h
o
d

co
n
si

d
er

s
th

e
fr

eq
u
en

ci
es

o
f

se
le

ct
io

n
of

ea
ch

fe
at

u
re
p̂
f

fo
r

ea
ch

va
lu

e
of
λ
∈

Λ
an

d
d
efi

n
es

th
e

se
t

o
f

st
a
b

le
v
a
ri

a
b

le
s

as
th

e
se

t
o
f

a
ll

va
ri

a
bl

es
h
a
vi

n
g

a
fr

eq
u

en
cy

o
f

se
le

ct
io

n
p̂
f
≥
π
th
r

fo
r

a
t

le
a
st

o
n

e
o
f

th
e

re
gu

la
ri

zi
n

g
pa

ra
m

et
er

s
λ
∈

Λ
(w

h
er

e
π
th

is
a

u
se

r-
d
efi

n
ed

th
re

sh
ol

d
).

T
h
en

th
ey

p
ro

p
o
se

to
u
se

th
e

id
en

ti
fi
ed

st
ab

le
se

t
as

an
ap

p
ro

x
im

at
io

n
of

th
e

tr
u
e

re
le

va
n
t

se
t.

T
h
e

p
ro

p
os

ed
te

ch
n
iq

u
e

is
eff

ec
ti

ve
ly

an
en

se
m

b
le

fe
at

u
re

se
le

ct
io

n
te

ch
n
iq

u
e

w
h
er

e
th

e
fi
n
al

se
t

is
m

ad
e

of
al

l
fe

at
u
re

s
h
av

in
g

a
h
ig

h
fr

eq
u
en

cy
of

se
le

ct
io

n
p̂
f

fo
r

a
t

le
as

t

26
JM

L
R

 1
8(

17
4)

:1
-5

4,
 2

01
8



O
n

t
h
e

S
t
a
b
il

it
y

o
f

F
e
a
t
u
r
e

S
e
l
e
c
t
io

n
A

l
g

o
r
it

h
m

s

o
n
e

th
e

ch
o
sen

regu
larizin

g
p
aram

eter.
T

h
e

m
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con
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p
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.
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e
follow

in
g

in
terestin

g
fa

cts
ab

ou
t

th
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f
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e

sta
ble

set
d
o
es

n
ot

on
ly

h
elp

recoverin
g

th
e

tru
e

featu
re

set
b
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m
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p
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b
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b
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b
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con
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p
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d
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b
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b
y

S
tab

ility
S
elec-

tio
n

va
ries

in
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w
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b
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b
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p
erim

en
ts

are
p
u
rely

illu
stra

tiv
e

of
th

e
co

n
cep

ts
d
iscu

ssed
in

th
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b
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b
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b
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∈
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b
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.9)

an
d
q

Λ
arou

n
d
√
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b
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p
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h
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servation

is
th

at,
n
o

m
atter

th
e

p
a
ra

m
etrisa

tio
n
,

th
e

average
stab

ility
of

sta
b
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b
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p
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h
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d
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b
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b
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b
y

th
e

la
rg

e
co

n
fi
d
en

ce
in
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n
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p
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d
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p
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d
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p
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∈
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d
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p
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p
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p
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p
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b
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p
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p
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d
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h
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r
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h
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b
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P
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G
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P
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ti
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n
P
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ll
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P
O
G
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P
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as
th

ey
b

ot
h

re
d
u
ce

to
th

ei
r

or
ig

in
al

ve
rs

io
n

in
th

e
ca

se
of

n
o

re
d
u
n
d
an

cy
.

T
h
is

ca
se

st
u
d
y

is
n
ot

in
th

e
sc

op
e

of
th

is
p
ap

er
.

N
ev

er
th

el
es

s,
w

e
n
ot

e
th

at
si

n
ce

th
ey

re
d
u
ce

to
P
O
G

an
d
n
P
O
G

,
th

es
e

tw
o

m
ea

su
re

s
w

il
l

al
so

n
ot

p
os

se
ss

th
e

5
p
ro

p
er

ti
es

.
F

u
tu

re
w

o
rk

m
ig

h
t

co
n
si

d
er

ex
te

n
d
in

g
th

e
m

ea
su

re
w

e
p
ro

p
os

e
to

ta
k
e

re
d
u
n
d
an

cy
in

to
ac

co
u
n
t.

A
n
ot

h
er

av
en

u
e

of
in

v
es

ti
ga

ti
on

co
u
ld

b
e

th
e

ex
te

n
si

on
of

th
e

p
re

se
n
t

w
or

k
to

ot
h
er

ty
p

es
of

fe
at

u
re

se
le

ct
io

n
ou

tp
u
ts

—
su

ch
as

fe
at

u
re

ra
n
k
in

gs
or

fe
at

u
re

w
ei

gh
ts

.
A

p
op

u
la

r
m

ea
su

re
to

q
u
an

ti
fy

th
e

st
ab

il
it

y
of

fe
at

u
re

ra
n
k
in

gs
is

th
e

p
ai

rw
is

e
S
p

ea
rm

an
’s

R
h
o.

In
th

e
ca

se
of

u
n
ti

ed
ra

n
k
s,

N
og

u
ei

ra
et

al
.

(2
01

7)
sh

ow
th

at
th

is
m

ea
su

re
ca

n
b

e
re

-w
ri

tt
en

as

1
−

1 d

∑
d f

=
1
s2 f

V
r
a
n
k

,

w
h
er

e
s2 f

is
th

e
sa

m
p
le

va
ri

an
ce

of
th

e
ra

n
k

of
fe

at
u
re
X
f

an
d

w
h
er

e
V
r
a
n
k

is
th

e
ex

p
ec

te
d

va
ri

an
ce

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
ea

ch
ra

n
k
in

g
w

as
ge

n
er

at
ed

at
ra

n
d
om

(i
.e

.
ea

ch
ra

n
k
in

g
is

eq
u
al

ly
li
ke

ly
).

T
h
e

ab
ov

e
eq

u
at

io
n

h
as

a
si

m
il
ar

fo
rm

to
th

e
m

ea
su

re
p
ro

p
os

ed
in

th
is

p
ap

er
an

d
p
ro

v
id

es
a

p
ro

m
is

in
g

d
ir

ec
ti

on
fo

r
u
n
if

y
in

g
st

ab
il
it

y
of

ra
n
k
in

g
an

d
su

b
se

t
se

le
ct

io
n
.
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N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
is

re
se

ar
ch

w
as

co
n
d
u
ct

ed
w

it
h

su
p
p

or
t

fr
om

th
e

C
en

tr
e

fo
r

D
o
ct

or
al

T
ra

in
in

g
(C

D
T

)
in

C
om

p
u
te

r
S
ci

en
ce

,
fu

n
d
ed

b
y

E
n
gi

n
ee

ri
n
g

an
d

P
h
y
si

ca
l
S
ci

en
ce

s
R

es
ea

rc
h

C
o
u
n
ci

l
(E

P
S
R

C
)

gr
an

t
[E

P
/I

02
80

99
/1

].
G

B
w

as
su

p
p

or
te

d
b
y

th
e

E
P

S
R

C
L

A
M

B
D

A
p
ro

je
ct

[E
P

/
N

0
3
5
1
2
7
/
1
].

W
e

w
ou

ld
li
k
e

to
th

an
k

D
r.

A
d
am

P
o
co

ck
fo

r
h
is

va
lu

ab
le

fe
ed

b
ac

k
on

ou
r

w
o
rk

.

A
p
p
e
n
d
ix

A
.
E
x
is
ti
n
g
S
ta
b
il
it
y
M

e
a
su

re
s

In
th

e
re

m
ai

n
d
er

of
th

e
ap

p
en

d
ic

es
,

w
e

w
il
l

ad
d

a
su

b
sc

ri
p
t

to
th

e
st

ab
il
it

y
Φ̂

g
iv

in
g

th
e

au
th

or
or

th
e

n
am

e
of

th
e

m
ea

su
re

fo
r

d
is

am
b
ig

u
at

io
n
.

W
h
en

ev
er

th
e

su
b
sc

ri
p
t

is
o
m

it
te

d
,

w
e

re
fe

r
to

ou
r

p
ro

p
os

ed
st

ab
il
it

y
m

ea
su

re
as

gi
ve

n
b
y

D
efi

n
it

io
n

4.

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
re

v
ie

w
th

e
ex

is
ti

n
g

si
m

il
ar

it
y
-b

as
ed

st
ab

il
it

y
m

ea
su

re
s

a
n
d

th
en

w
e

fo
cu

s
on

th
e

fr
eq

u
en

cy
-b

as
ed

on
es

.

A
.1

S
im

il
a
ri

ty
-b

a
se

d
M

e
a
su

re
s

W
e

re
m

in
d

th
e

re
ad

er
th

at
gi

ve
n

a
si

m
il
ar

it
y

m
ea

su
re
φ

b
et

w
ee

n
tw

o
fe

at
u
re

se
ts
s i

a
n
d
s j

,
th

e
re

su
lt

in
g

st
ab

il
it

y
Φ̂

(Z
)

is
ta

ke
n

as
th

e
av

er
ag

e
p
ai

rw
is

e
si

m
il
ar

it
ie

s
b

et
w

ee
n

th
e

fe
a
tu

re
se

ts
in
Z

,
th

at
is

Φ̂
(Z

)
=

1

M
(M
−

1)

M ∑ i=
1

M ∑ j
=

1
j
6=
i

φ
(s
i,
s j

).

F
or

si
m

p
li
ci

ty
,

w
e

in
tr

o
d
u
ce

n
ot

at
io

n
s

th
at

w
il
l

b
e

u
se

d
in

th
e

re
m

ai
n
d
er

of
th

e
a
p
p

en
d
ic

es
.

L
et
r i
,j

b
e

th
e

sh
or

t
n
ot

at
io

n
fo

r
|s i
∩
s j
|,

th
e

si
ze

of
th

e
in

te
rs

ec
ti

on
b

et
w

ee
n

fe
a
tu

re
se

ts
s i

an
d
s j

.
L

et
k
i

d
en

ot
e

th
e

si
ze

of
fe

at
u
re

se
t
s i

(w
h
en

th
e

si
ze

of
th

e
fe

at
u
re

se
t

is
a
ss

u
m

ed
co

n
st

an
t,

w
e

w
il
l

si
m

p
ly

d
en

ot
e

it
k
).

T
ab

le
6

p
ro

v
id

es
al

l
9

si
m

il
ar

it
y

m
ea

su
re

s
u
se

d
in

th
e

li
te

ra
tu

re
in

th
e

co
n
te

x
t

of
st

ab
il
it

y
al

on
g

w
it

h
th

ei
r

m
in

im
u
m

an
d

m
ax

im
u
m

va
lu

e.
T

h
es

e
d
efi

n
it

io
n
s

w
il
l

b
e

la
te

r
u
se

d
in

th
e

p
ro

of
of

p
ro

p
er

ti
es

in
A

p
p

en
d
ix

C
.

A
.2

F
re

q
u

e
n

c
y
-b

a
se

d
M

e
a
su

re
s

In
th

is
se

ct
io

n
,

w
e

gi
ve

th
e

d
efi

n
it

io
n
s

of
th

e
fr

eq
u
en

cy
-b

as
ed

m
ea

su
re

s.
A

s
th

es
e

re
q
u
ir

e
to

in
tr

o
d
u
ce

a
lo

t
of

n
ew

n
ot

at
io

n
s,

w
e

d
o

n
ot

su
m

m
ar

iz
e

th
em

in
a

ta
b
le

li
ke

w
e

d
id

fo
r

si
m

il
ar

it
y
-b

as
ed

m
ea

su
re

s.

A
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G

o
h
’s

M
e
a
su

r
e

G
oh

an
d

W
on

g
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p
ro

p
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e
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u
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e

fr
eq

u
en

cy
of

se
le

ct
io

n
,

av
er

ag
ed

ov
er

a
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fe
a
tu
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Φ̂
G
o
h
(Z

)
=

1 d

∑
d f

=
1
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f
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T
h
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m
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va
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b
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F
irst

u
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d
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N
a
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e
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a
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u
n
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al.
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)
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a
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m
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s
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K
a
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u
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J
a
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r
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i ∪
s
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Y
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a
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D

ice-S
ø
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2
r
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k
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k
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,1]

Z
u
ck

n
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al.

(2
008)

O
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iai
r
i,j
√
k
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j
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,1]

S
h
i

et
al.

(20
06

)
P

O
G

r
i,j

k
i

[0
,1]

K
u
n
ch

eva
(2

007)
C

on
sisten

cy
r
i,j −

k
2d

k−
k
2d

[−
1
,1]

L
u
stg

arten
et

al.
(2

00
9)

L
u
stg

arten
r
i,j −

k
i
k
j

d
m
in

(k
i ,k

j )−
m
a
x

(0
,k
i +
k
j −
d
)

[−
1
,1]

W
ald

et
a
l.

(20
13

)
W

ald
r
i,j −

k
i
k
j

d

m
in

(k
i ,k

j )−
k
i
k
j

d

[1−
d
,1]

Z
h
a
n
g

et
a
l.

(200
9)

n
P

O
G

r
i,j −

k
i
k
j

d

k
i −

k
i
k
j

d

[1−
d
,1]

T
a
b
le

6
:

S
im

ila
rity

m
easu

res
p
rop

osed
in

th
e

literatu
re

2002–2
018,

u
sin

g
th

e
p
airw

ise
for-

m
u
la

tion
.

In
som

e
cases

th
e

m
easu

re
is

ex
trem

ely
sim

p
le,

(e.g.
p

ercen
tage

overlap
o
f

fea
tu

res)
an

d
au

th
ors

are
ch

osen
sim

p
ly

as
th

e
fi
rst

k
n
ow

n
u
sag

e
of

th
e

m
easu

res
in

th
e

con
tex

t
of

stab
ility.

W
e

n
ote

th
at

as
op

p
osed

as
w

h
at

can
b

e
fou

n
d

in
som

e
literatu

re
(A

lelyan
i,

2013;
P

.
an

d
P

eru
m

al,
2016),

th
e

m
in

im
u
m

for
W

ald
’s

an
d

n
P
O
G

sim
ilarity

m
easu

res
is

eq
u
al

to
1−

d
an

d
n
ot

0
(a

n
d

is
reach

ed
for

k
i

=
1,

k
j

=
d−

1
an

d
r
i,j

=
0).

A
.2

.2
D

a
v
is’

M
e
a
su

r
e

D
av

is
et

a
l.

(2
006,

p
g2)

p
en

alize
th

e
freq

u
en

cy
to

“
a
cco

u
n

t
fo

r
th

e
a
rtifi

cia
l

in
crea

se
in

sta
bility

th
a
t

occu
rs

w
ith

in
crea

sin
gly

lo
n

g
gen

e
sign

a
tu

res”
,

as
follow

s

Φ̂
D
a
v
is (Z

)
=

m
ax 

0
,

1F

d
∑f

=
1

p̂
f −

α
m
ed
ia
n

(k
1 ,...,k

M
)

d


,
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N
o
g

u
e
ir

a
,

S
e
c
h
id

is
a
n
d

B
r
o
w

n

w
h
ere

F
is

th
e

n
u
m

b
er

of
featu

res
selected

at
least

in
on

e
of

th
e
M

featu
re

sets
(in

oth
er

w
ord

s,
F

=
|∪

i∈{
1
,...,M

}
s
i |)

an
d

w
h
ere

α
is

a
h
y
p

erp
aram

eter
ch

osen
b
y

th
e

u
ser.

T
h
is

m
easu

re
also

takes
valu

es
in

th
e

in
terval

[0,1].

A
.2

.3
K

r
iz

e
k
’s

M
e
a
su

r
e

K
ŕızek

et
al.

(2007)
treat

each
p

ossib
le

of
th

e
(
dk )

featu
re

sets
of
k

featu
res

as
a

ran
d
om

variab
le

an
d

estim
ate

its
S
h
an

n
on

en
trop

y
as

Φ̂
K
r
iz
ek (Z

)
=
−
∑s
i ∈Z

p̂
(s
i )

log
2
p̂
(s
i ),

w
h
ere

p̂
(s
i )

is
th

e
freq

u
en

cy
of

o
ccu

rren
ce

of
su

b
set

s
i

in
Z

over
all

th
e (

dk )
p

ossib
le

com
b
i-

n
ation

s
of
k

featu
res

tak
en

am
on

gst
d

featu
res.

It
takes

valu
es

in
[0
,log

(m
in

(M
, (
dk ))) ]

.

A
.2

.4
G

u
z
m

á
n
’s

M
e
a
su

r
e

A
m

easu
re

is
p
rop

osed
b
y

G
u
zm

án
-M

art́ın
ez

an
d

A
la

iz-R
o
d
ŕıgu

ez
(2011),

u
sin

g
freq

u
en

-
cies

to
com

p
u
te

J
en

sen
-S

h
an

n
on

d
ivergen

ces.
O

rigin
ally

created
for

featu
re

ran
k
in

gs,
th

ey
ex

ten
d

it
to

featu
re

sets
of
k

featu
res

(top
-k

lists
of

gen
es

in
th

e
literatu

re),
u
sin

g
th

e
J
S
-d

ivergen
ce,

as
follow

s

Φ̂
(Z

)
=

1−
D
J
S

(q
1 ,...,q

M
)

D
∗J
S

(q
1 ,...,q

M
) .

H
ere,

each
q
i

is
a

d
istrib

u
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b
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b
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b
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D
∗J
S

is
a

n
orm
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e
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a
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a
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p
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ra
n
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o
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”
.

T
h
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e
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e
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b
u
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re
for
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an

ce,
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d
u
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b
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K
u
n
ch

eva.

A
.2

.5
R

e
l
a
t
iv

e
W

e
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h
t
e
d

C
o
n
sist

e
n
c
y
C
W
r
el

W
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a
p
rop

erty
-b

ased
an
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S
om

ol
an

d
N

ovov
ičov

á
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con
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re
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(C
W
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(Z

)
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d (
M
k̄−

D
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∑
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=

1
M
p̂
f (M

p̂
f −

1) )
−

(M
k̄
)
2

+
D

2

d (H
2

+
M

(M
k̄−

H
)−

D
)−

(M
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)
2

+
D

2
,

(4)

w
h
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D
=

(M
k̄
)
m
od
d

an
d
H

=
(M

k̄
)
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od
M

.

A
.2

.6
L

a
u
sse

r
’s

M
e
a
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r
e

F
in

ally,
L
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sser

et
al.
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re
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=
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∑
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1
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1
z
j,f

=
i}
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th

e
n
u
m

b
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ex
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i
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es.
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∑
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p
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p
le

to
cl

ar
if

y
w

h
at

is
th

e
sa

m
p
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H
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=
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d
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p
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b
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=
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p
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=
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M∑j
=

1
j6=
i

r
i,j 
−

k
2d

k−
k

2d

.

U
sin

g
T

h
eorem

1,
w

e
can

rep
lace

th
e

term
b

etw
een

p
aren

th
esis

in
th

e
latter

eq
u
ation

b
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∑
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=
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.
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n
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b
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r
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∑
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b
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0.

T
h
erefore

th
e

a
b

ove
eq

u
ation

b
ecom

es

Φ̂
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∑
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p
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h
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n
it
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d
efi

n
es

K
ap

p
a

as

κ
=
P̄
−
P̄
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∑
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b
er

of
ca

te
go

ri
es

;

–
p
j

=
1
M
d

∑
d f

=
1
n
f
j
;

–
n
f
j

is
th

e
n
u
m

b
er

of
sa

m
p
le

s
th

a
t

as
si

gn
f

to
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∑
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at
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∑
d f

=
1
n
f

1
=

1
M
d

∑
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∑
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k̄ d
;

•
p

0
=

1
M
d

∑
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∑
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∑
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k̄ d
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=
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k̄ d
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=
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k̄ d
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b
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b
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∑
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∑
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k̄ d

)

k̄ d

( 1
−

k̄ d

)

κ
=

1
−

1 d

∑
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k̄ d

( 1
−

k̄ d
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P
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h
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Φ̂
−

Φ
√
v
(Φ̂
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∑
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p̄
)

is
th

e
m

ea
n

o
f

th
e

es
ti

m
a
to

r
Φ̂
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∑
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∑
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ˆ̄ Φ
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Φ̂
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∑
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i d
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ra
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∑
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p
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−

Φ
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−
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p
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∂
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ositive.
T

h
erefore,

all
sim

ilarity
-

b
a
sed

sta
b
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P
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d
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√
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d
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(c.f.

A
p
p

en
d
ix

A
.2)

an
d

E
q
u
ation

(5),
w

e
h
ave

th
at

Φ̂
G
o
h (Z

)
=

1d

d
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m
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p
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=
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p
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p
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ŕ
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p
le.
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d
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u
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b
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atricesZ
1

an
d
Z

2
illu

strate
tw

o
d
iff

eren
t

scen
arios

w
ith

M
=
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1
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1
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0
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0
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1
1

0
0

1
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=



1
0

1
0

1
0

1
0

0
0

1
1

0
0

1
1 
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b
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∑
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d
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G
u
z
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S

(q
1 ,...,q
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•
D
∗J
S

(q
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∑
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=
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∑
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r
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∑
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∑
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∑
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b
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h
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Φ̂
C
W
r
e
l
(Z

)
is

a
li
n
ea

r
an

d
st

ri
ct

ly
d
ec

re
as

in
g

fu
n
ct

io
n

of
s2 f

.
T

h
er

ef
or

e,
C
W
r
el

p
os

se
ss

es
th

e
M

on
ot

on
ic

it
y

p
ro

p
er

ty
.

C
.2

.7
L

a
u
ss

e
r
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=
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h
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d
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’s

M
ea

su
re

ca
n

b
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p
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d ∑ f
=

1

p̂
f
(1
−
p̂
f
)

=
d ∑ f
=

1

p̂
f
−

d ∑ f
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∈
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e

co
rr

es
p

on
d
in

g
st

ab
il
it

y
m

ea
su

re
w

il
l

al
so

b
e

b
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⇒
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⇒
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ŕızek
’s

m
easu

re
is

n
ot

corrected
fo

r
ch

an
ce.

F
o
r

G
u
zm

á
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d
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∈
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log-likelih
o
o
d

o
f

a
m

ix
tu

re
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trib

u
tion

of
each

d
ata

p
oin

t
x
i

to
L
L

(π
,µ
,σ

)
is

ln 
k
∑j=

1

π
j N

(x
i ;µ

j ,σ
2j ) 

.

F
or

x
i
∈
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b
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−

Φ
(µ

)

2σ
2

≤
n

ln
k

+
n
d 2

ln

(
n
d

2
π

Φ
(µ

))
−
n
d 2
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

co
m

es
fr

om
so

lv
in

g
fo

r
th

e
op

ti
m

al
va

lu
e

of
σ
2

(n
am

el
y,

Φ
(µ

)/
n
d
)

in
th

e
p
re

ce
d
in

g
li
n
e.

S
u
p
p

os
e

th
e

op
ti

m
al
k
-m

ea
n
s

so
lu

ti
on

is
re

al
iz

ed
b
y

ce
n
te

rs
µ
∗

=
(µ
∗ 1,
..
.,
µ
∗ k)

.
L

et
π
∗ 1

=
··
·=
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−
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+
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Φ
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≥
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−
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Φ
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−
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w
it

h
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h
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P
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h
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.
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≤
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+
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≤
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P
ro

o
f

o
f

T
h
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n
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p
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h
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<
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e

ca
n

se
e

th
at

th
e

p
ar

ti
cu

la
r

ch
oi

ce
of

or
ie

n
ta

ti
on

d
o
es

n
ot

aff
ec

t
th

e
va

lu
e
‖∇

G
θ‖

1
,

w
h
ic

h
w

e
re

fe
r

to
as

th
e

to
ta

l
va

ri
a
ti

o
n

of
θ

ov
er

th
e

gr
ap

h
G

.
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T
h
e
D
F
S
F
u
se

d
L
a
sso

1
.1

S
u
m
m
a
ry

o
f
re

su
lts

W
e

w
ill

w
a
it

u
n
til

S
ection

1.3
to

give
a

d
etailed

rev
iew

of
literatu

re,
b

oth
com

p
u
tation

al
an

d
th

eo
retica

l,
o
n

th
e

fu
sed

lasso.
H

ere
w

e
sim

p
ly

h
igh

ligh
t

a
key

com
p
u
tation

a
l

asp
ect

of
th

e
fu

sed
la

sso
to

m
otivate

th
e

m
ain

resu
lts

in
ou

r
p
ap

er.
T

h
e

fu
sed

lasso
solu

tion
in

(2),
for

a
g
ra

p
h
G

o
f

arb
itrary

stru
ctu

re,
is

h
igh

ly
n
on

triv
ial

to
com

p
u
te.

F
or

a
ch

ain
gra

p
h
,

h
ow

ever,
th

e
fu

sed
la

sso
solu

tion
can

b
e

com
p
u
ted

in
lin

ear
tim

e
(e.g.,

u
sin

g
d
y
n
am

ic
p
rog

ram
m

in
g

o
r

sp
ecia

lized
tau

t-strin
g

m
eth

o
d
s).

T
h
e

q
u
estio

n
w

e
ad

d
ress

is:
h
ow

can
w

e
u
se

th
is

fa
ct

to
ou

r
ad

van
ta

ge,
w

h
en

seek
in

g
to

so
lve

(2
)

over
an

arb
itrary

grap
h
?

G
iven

a
gen

eric
grap

h
stru

ctu
re
G

th
at

h
as
m

ed
ges

a
n
d
n

n
o
d
es,

it
is

ob
v
iou

s
th

at
w

e
can

d
efi

n
e

a
ch

ain
grap

h
b
ased

on
th

e
ord

erin
g

of
n
o
d
es

p
ro

d
u
ced

b
y

d
ep

th
-fi

rst
search

(D
F

S
).

F
ar

less
ob

v
iou

s
is

th
at

for
an

y
sign

al,
its

total
va

ria
tio

n
a
lo

n
g

th
e

D
F

S
-in

d
u
ced

ch
ain

grap
h

n
ev

er
ex

ceed
s

tw
ice

its
total

varia
tion

over
th

e
o
rig

in
a
l

g
ra

p
h
.

T
h
is

fact
follow

s
closely

fro
m

a
sim

ilar
resu

lt
fou

n
d

in
th

e
o
n
lin

e
grap

h
-

stru
ctu

red
cla

ssifi
cation

literatu
re

(H
erb

ster
et

al.,
2
009;

C
esa-B

ian
ch

i
et

a
l.,

2013),
an

d
for

o
u
r

p
u
rp

o
ses,

it
h
as

th
ree

n
otab

le
co

n
seq

u
en

ces,
d
escrib

ed
b

elow
.

1
.

N
o

m
atter

th
e

stru
ctu

re
of
G

,
w

e
can

d
en

oise
an

y
sign

al
d
efi

n
ed

over
th

is
g
rap

h
in

O
(m

+
n

)
op

eration
s:
O

(m
)

op
eration

s
for

D
F

S
an

d
O

(n
)

op
eration

s
for

th
e

1d
fu

sed
la

sso
on

th
e

in
d
u
ced

ch
ain

.
W

e
call

th
e

corresp
on

d
in

g
estim

ator—
th

e
1d

fu
sed

lasso
ru

n
on

th
e

D
F

S
-in

d
u
ced

ch
ain

—
th

e
D

F
S

fu
sed

la
sso

.

2
.

F
o
r

a
n

u
n
d
erly

in
g

sign
al
θ
0

th
at

gen
erates

th
e

d
ata,

as
in

(1),
su

ch
th

at
θ
0 ∈

B
V
G

(t),
w

h
ere

B
V
G

(t)
is

th
e

class
of

sign
als

w
ith

total
variation

at
m

ost
t,

d
efi

n
ed

in
(4

),
th

e
D

F
S

fu
sed

lasso
estim

ator
h
as

m
ean

sq
u
ared

error
(M

S
E

)
on

th
e

ord
er

of
t 2
/
3n
−
2
/
3.

3
.

F
o
r

a
n

u
n
d
erly

in
g

sign
al
θ
0 ∈

B
V
G

(t),
th

e
fu

sed
lasso

estim
ator

over
th

e
origin

al
g
ra

p
h
,

in
(2),

also
h
as

M
S
E

on
th

e
ord

er
of
t 2
/
3n
−
2
/
3.

T
h
e

fact
th

at
su

ch
a

fast
rate,

t 2
/
3n
−
2
/
3,

ap
p
lies

for
th

e
fu

sed
lasso

estim
ator

over
a
n

y
co

n
n
ected

grap
h

stru
ctu

re
is

som
ew

h
at

su
rp

risin
g.

It
im

p
lies

th
at

th
e

ch
ain

g
rap

h
rep

resen
ts

th
e

h
a
rd

est
g
ra

p
h

stru
ctu

re
for

d
en

oisin
g

sign
als

of
b

ou
n
d
ed

variation
—

a
t

least,
h
ard

est
fo

r
th

e
fu

sed
la

sso,
sin

ce
as

w
e

h
ave

sh
ow

n
,

error
rates

o
n

gen
eral

con
n
ected

grap
h
s

can
b

e
n
o

w
o
rse

th
a
n

th
e

ch
ain

rate
of
t 2
/
3n
−
2
/
3.

W
e

a
lso

co
m

p
lem

en
t

th
ese

M
S
E

u
p
p

er
b

ou
n
d
s

w
ith

th
e

follow
in

g
m

in
im

ax
low

er
b

ou
n
d

over
trees.

4
.

W
h
en

G
is

a
tree

of
b

ou
n
d
ed

m
ax

d
egree,

th
e

m
in

im
ax

M
S
E

over
th

e
cla

ss
B

V
G

(t)
sca

les
a
t

th
e

rate
t 2
/
3n
−
2
/
3.

H
en

ce,
in

th
is

settin
g
,

th
e

D
F

S
fu

sed
lasso

estim
ator

a
ttain

s
th

e
op

tim
al

rate,
as

d
o
es

th
e

fu
sed

lasso
estim

a
tor

ov
er
G

.

L
a
stly,

w
e

p
rove

th
e

follow
in

g
for

sign
als

w
ith

a
b

ou
n
d
ed

n
u
m

b
er

of
n
on

zero
ed

ge
d
if-

feren
ces.

5
.

F
o
r

a
n

u
n
d
erly

in
g

sign
al
θ
0 ∈

B
D
G

(s),
w

h
ere

B
D
G

(s)
is

th
e

class
of

sign
als

w
ith

at
m

o
st
s

n
o
n
zero

ed
ge

d
iff

eren
ces,

d
efi

n
ed

in
(5),

th
e

D
F

S
fu

sed
lasso

(u
n
d
er

a
con

d
ition

o
n

th
e

sp
acin

g
of

n
on

zero
d
iff

eren
ces

over
th

e
D

F
S
-in

d
u
ced

ch
ain

)
h
as

M
S
E

on
th

e
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

ord
er

of
s(lo

g
s

+
log

log
n

)
log

n
/n

+
s
3
/
2/
n

.
W

h
en

G
is

a
tree,

th
e

m
in

im
ax

M
S
E

over
th

e
class

B
D
G

(s)
scales

as
s

log
(n
/s)/n

.
T

h
u
s,

in
th

is
settin

g,
th

e
D

F
S

fu
sed

lasso
estim

ator
is

on
ly

off
b
y

a
log

log
n

factor
p
rov

id
ed

th
at
s

is
sm

all.

T
h
u
s

D
F

S
fu

sed
lasso

gives
u
s

an
O

(n
)

tim
e

algorith
m

for
n
early

m
in

im
ax

ra
te-op

tim
al

d
en

oisin
g

over
trees.

O
n

p
ap

er,
th

is
on

ly
saves

a
factor

of
O

(log
n

)
op

eration
s,

as
recen

t
w

ork
(to

b
e

d
escrib

ed
in

S
ection

1.3)
h
as

p
ro

d
u
ced

a
n
O

(n
log

n
)

tim
e

algorith
m

for
th

e
fu

sed
lasso

over
trees,

b
y

ex
ten

d
in

g
earlier

d
y
n
am

ic
p
rogram

m
in

g
id

eas
ov

er
ch

ain
s.

H
ow

ever,
d
y
n
am

ic
p
rogram

m
in

g
on

a
tree

is
(a)

m
u
ch

m
ore

com
p
lex

th
an

d
y
n
am

ic
p
rogram

m
in

g
on

a
ch

ain
(sin

ce
it

relies
on

sop
h
isticated

d
a
ta

stru
ctu

res),
an

d
(b

)
n
oticeab

ly
slow

er
in

p
ractice

th
an

d
y
n
am

ic
p
rogram

m
in

g
over

a
ch

ain
,

esp
ecially

for
large

p
rob

lem
sizes.

H
en

ce
th

ere
is

still
a

m
ean

in
gfu

l
d
iff

eren
ce—

b
oth

in
term

s
of

sim
p
licity

an
d

p
ractical

com
p
u
tation

al
effi

cien
cy

—
b

etw
een

th
e

D
F

S
fu

sed
la

sso
estim

ator
an

d
th

e
fu

sed
lasso

over
a

gen
eric

tree.

F
or

a
gen

eral
grap

h
stru

ctu
re,

w
e

can
n
ot

claim
th

a
t

th
e

statistical
rates

attain
ed

b
y

th
e

D
F

S
fu

sed
lasso

estim
ator

are
op

tim
al,

n
or

can
w

e
claim

th
at

th
ey

m
atch

th
ose

of
fu

sed
lasso

ov
er

th
e

origin
al

grap
h
.

A
s

an
ex

am
p
le,

recen
t

w
ork

(to
b

e
d
iscu

ssed
in

S
ection

1.3)
stu

d
y
in

g
th

e
fu

sed
lasso

over
grid

grap
h
s

sh
ow

s
th

at
estim

ation
error

rates
for

th
is

p
rob

lem
can

b
e

m
u
ch

faster
th

an
th

ose
attain

ed
b
y

th
e

D
F

S
fu

sed
lasso

(an
d

th
u
s

th
e

m
in

im
ax

rates
over

trees).
W

h
at

sh
ou

ld
b

e
em

p
h
asized

,
h
ow

ever,
is

th
at

th
e

D
F

S
fu

sed
lasso

ca
n

still
b

e
a

p
ractically

u
sefu

l
m

eth
o
d

for
an

y
gra

p
h
,

ru
n
n
in

g
in

lin
ear

tim
e

(in
th

e
n
u
m

b
er

of
ed

ges)
n
o

m
atter

th
e

grap
h

stru
ctu

re,
a

scalin
g

th
at

is
b

en
efi

cial
for

tru
ly

large
p
rob

lem
sizes.

1
.2

A
ssu

m
p
tio

n
s
a
n
d

n
o
ta

tio
n

O
u
r

th
eory

w
ill

b
e

p
rim

arily
p
h
rased

in
term

s
of

th
e

m
ean

sq
u
ared

error
(M

S
E

)
for

an
estim

ator
θ̂

of
th

e
m

ean
p
aram

eter
θ
0

in
(1),

assu
m

in
g

th
at
ε

=
(ε

1 ,...,ε
n
)

h
as

i.i.d
.

m
ean

zero
su

b
-G

au
ssian

com
p

on
en

ts,
i.e.,

E
(ε
i )

=
0
,

an
d

P
(|ε

i |
>
t)≤

M
ex

p (−
t 2/(2σ

2) ),
all

t≥
0
,

for
i

=
1,...,n

,
(3)

for
con

stan
ts
M
,σ

>
0.

T
h
e

M
S
E

of
θ̂

w
ill

b
e

d
en

oted
,

w
ith

a
sligh

t
a
b
u
se

of
n
otation

,
b
y

‖
θ̂−

θ
0 ‖

2n
=

1n ‖
θ̂−

θ
0 ‖

22 .

(In
gen

eral,
for

a
vector

x
∈

R
n
,

w
e

d
en

ote
its

scaled
`
2

n
orm

b
y
‖
x‖

n
=
‖x‖

2 / √
n

.)
O

f
cou

rse,
th

e
M

S
E

w
ill

d
ep

en
d

n
ot

on
ly

on
th

e
estim

ator
θ̂

in
q
u
estion

b
u
t

also
on

th
e

assu
m

p
tion

s
th

at
w

e
m

ake
ab

ou
t
θ
0 .

W
e

w
ill

fo
cu

s
ou

r
stu

d
y

on
tw

o
classes

of
sign

als.
T

h
e

fi
rst

is
th

e
bo

u
n

d
ed

va
ria

tio
n

cla
ss,

d
efi

n
ed

w
ith

resp
ect

to
th

e
grap

h
G

,
an

d
a

rad
iu

s
p
aram

eter
t
>

0,
as

B
V
G

(t)
=
{
θ∈

R
n

:‖∇
G
θ‖

1 ≤
t}
.

(4)

T
h
e

secon
d

is
th

e
bo

u
n

d
ed

d
iff

eren
ces

cla
ss,

d
efi

n
ed

again
w

ith
resp

ect
to

th
e

grap
h
G

,
an

d
a

n
ow

a
sp

arsity
p
aram

eter
s
>

0,
as

B
D
G

(s)
=
{
θ∈

R
n

:‖∇
G
θ‖

0 ≤
s}
.

(5)
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T
h
e
D
F
S
F
u
se

d
L
a
ss
o

W
e

ca
ll

m
ea

su
re

of
ro

u
gh

n
es

s
u
se

d
in

th
e

b
ou

n
d
ed

d
iff

er
en

ce
s

cl
as

s
th

e
cu

t
m

et
ri

c,
gi

ve
n

b
y

re
p
la

ci
n
g

th
e
` 1

n
or

m
u
se

d
to

d
efi

n
e

th
e

to
ta

l
va

ri
at

io
n

m
et

ri
c

b
y

th
e
` 0

n
or

m
,

i.
e.

,

‖∇
G
θ‖

0
=
∑ e∈
E

1
{θ
e+
6=
θ e
−
},

w
h
ic

h
co

u
n
ts

th
e

n
u
m

b
er

of
n
on

ze
ro

ed
ge

d
iff

er
en

ce
s

th
at

ap
p

ea
r

in
θ.

H
en

ce
,

w
e

m
ay

th
in

k
of

th
e

fo
rm

er
cl

as
s

in
(4

)
as

re
p
re

se
n
ti

n
g

a
ty

p
e

o
f

w
ea

k
sp

ar
si

ty
ac

ro
ss

th
es

e
ed

ge
d
iff

er
en

ce
s,

an
d

th
e

la
tt

er
cl

as
s

in
(5

)
as

re
p
re

se
n
ti

n
g

a
ty

p
e

of
st

ro
n
g

sp
ar

si
ty

in
ed

g
e

d
iff

er
en

ce
s.

W
h
en

d
ea

li
n
g

w
it

h
th

e
ch

ai
n

gr
ap

h
,
on

n
ve

rt
ic

es
,
w

e
w

il
l
u
se

th
e

fo
ll
ow

in
g

m
o
d
ifi

ca
ti

on
s

to
ou

r
n
ot

at
io

n
.

W
e

w
ri

te
∇

1
d
∈
R
(n
−
1
)×
n

fo
r

th
e

ed
ge

in
ci

d
en

ce
m

at
ri

x
of

th
e

ch
ai

n
,

i.
e.

,

∇
1
d

=

    

−
1

1
0

..
.

0
0
−

1
1

..
.

0
. . .

. .
.

. .
.

0
0

..
.
−

1
1

    
.

(6
)

W
e

al
so

w
ri

te
θ̂ 1

d
fo

r
th

e
so

lu
ti

on
of

th
e

fu
se

d
la

ss
o

p
ro

b
le

m
in

(2
)

ov
er

th
e

ch
ai

n
,

a
ls

o
ca

ll
ed

th
e

1
d

fu
se

d
la

ss
o

so
lu

ti
on

,
i.
e.

,
to

b
e

ex
p
li
ci

t,

θ̂ 1
d

=
ar

gm
in

θ
∈R

n

1 2
‖y
−
θ‖

2 2
+
λ
n
−
1

∑ i=
1

|θ i
+
1
−
θ i
|.

(7
)

W
e

w
ri

te
B

V
1
d
(t

)
an

d
B

D
1
d
(s

)
fo

r
th

e
b

ou
n
d
ed

va
ri

at
io

n
an

d
b

ou
n
d
ed

d
iff

er
en

ce
s

cl
a
ss

es
w

it
h

re
sp

ec
t

to
th

e
ch

ai
n
,

i.
e.

,
to

b
e

ex
p
li
ci

t,

B
V

1
d
(t

)
=
{θ
∈
R
n

:
‖∇

1
d
θ‖

1
≤
t}
,

B
D

1
d
(s

)
=
{θ
∈
R
n

:
‖∇

1
d
θ‖

0
≤
s}
.

L
as

tl
y,

in
ad

d
it

io
n

to
th

e
st

an
d
ar

d
n
o
ta

ti
on

a
n

=
O

(b
n
),

fo
r

se
q
u
en

ce
s
a
n
,b
n

su
ch
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w
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R
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u
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b
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b
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b
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p
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r
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b
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b
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b
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p
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p
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d
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b
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p
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p
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d
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d
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p
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p
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b
le

m
on

a
tr

ee
.

T
h
ei

r
al

go
ri

th
m

is
th

eo
re

ti
ca

ll
y

ve
ry

effi
ci

en
t,

w
it

h
O

(n
lo

g
n

)
ru

n
n
in

g
ti

m
e,

b
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b
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p
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b
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h
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p
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b
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e
sa

m
e

d
ir

ec
t

m
an

n
er

)
fa

st
1
d

fu
se

d
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s
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p
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b
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b
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b
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p
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p
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ra
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b
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v
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p
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d
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p
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p
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d
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p
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g
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d
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w
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d
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d
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w
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+
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T
h
is

m
akes

th
e

ra
te

ach
ieved

b
y

th
e

fu
sed

lasso
in

(1
1
)

n
ea

rly
o
p
tim

al
for

b
ou

n
d
ed

variation
sign

als,
off

b
y

at
m

ost
a

log
3
/
2
n

factor
w

h
en

d
=

2
,

a
n
d

a
lo

g
n

factor
w

h
en

d
≥

3.

W
a
n
g

et
a
l.

(2016);
H

u
tter

an
d

R
igollet

(2016)
also

d
erived

M
S
E

rates
for

th
e

fu
sed

la
sso

over
several

oth
er

grap
h

stru
ctu

res,
su

ch
as

E
rd

os-R
en

y
i

ran
d
om

grap
h
s,

R
a
m

a
n
u
jan

d
-reg

u
lar

g
ra

p
h
s,

star
grap

h
s,

an
d

com
p
lete

grap
h
s.

A
s

it
is

p
erh

ap
s

th
e

m
ost

relevan
t

to
o
u
r

g
o
a
ls

in
th

is
p
ap

er,
w

e
h
igh

ligh
t

th
e

M
S
E

b
ou

n
d

from
W

an
g

et
al.

(2016
)

th
at

a
p
p
lies

to
a
rb

itra
ry

co
n
n
ected

grap
h
s.

T
h
eir

T
h
eorem

3
im

p
lies,

for
a

gen
eric

co
n
n
ected

gra
p
h
G

,
θ
0 ∈

B
V
G

(t),
th

at
th

e
fu

sed
lasso

estim
a
tor

θ̂
G

over
G

w
ith

λ
�
√
n

log
n

satisfi
es

‖
θ̂
G
−
θ
0 ‖

2n
=
O

P (
t √

log
n

n

)
.

(12)

(S
ee

A
p
p

en
d
ix

A
.1

for
d
etails.)

In
T

h
eorem

4,
w

e
sh

ow
th

a
t

th
e

u
n
iversal

tn
−
1
/
2

rate
(ig

n
o
rin

g
lo

g
term

s)
in

(12)
for

th
e

fu
sed

lasso
over

an
arb

itrary
con

n
ected

grap
h

can
b

e
im

p
roved

to
t 2
/
3n
−
2
/
3.

In
T

h
eorem

3,
w

e
sh

ow
th

at
th

e
sam

e
rate

can
in

d
eed

b
e

ach
ieved

b
y

a
sim

p
le,

lin
ear-tim

e
algorith

m
:

th
e

D
F

S
fu

sed
lasso.
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

1
.4

O
u
tlin

e

In
S
ection

2,
w

e
rev

iew
a

sim
p
le

b
u
t

key
lem

m
a

relatin
g

th
e
`
1

n
orm

(an
d
`
0 )

n
orm

of
d
iff

eren
ces

on
a

tree
an

d
a

ch
ain

in
d
u
ced

b
y

ru
n
n
in

g
D

F
S
.

(T
h
is

follow
s

closely
from

an
an

alogou
s

resu
lt

on
b
in

ary
sign

als,
in

H
erb

ster
et

al.
(2009).)

W
e

th
en

d
efi

n
e

th
e

D
F

S
fu

sed
lasso

estim
ator.

In
S
ection

3,
w

e
d
erive

M
S
E

rates
for

th
e

D
F

S
fu

sed
la

sso,
an

d
th

e
fu

sed
lasso

ov
er

th
e

origin
al

grap
h
G

u
n
d
er

con
sid

eration
,
for

sign
als

of
b

ou
n
d
ed

variation
.

W
e

also
d
erive

low
er

b
ou

n
d
s

for
th

e
m

in
im

ax
M

S
E

ov
er

trees.
In

S
ection

4,
w

e
p
ro

ceed
sim

ilarly
b
u
t

for
sign

als
in

th
e

b
ou

n
d
ed

d
iff

eren
ces

class.
In

S
ection

5,
w

e
p
resen

t
n
u
m

erical
ex

p
erim

en
ts.

In
S
ection

6,
w

e
su

m
m

arize
ou

r
w

ork
an

d
also

d
escrib

e
som

e
p

oten
tial

ex
ten

sion
s.

2
.

T
h
e

D
F

S
fu

se
d

la
sso

In
th

is
section

,
w

e
d
efi

n
e

th
e

D
F

S
-in

d
u
ced

ch
ain

g
rap

h
an

d
th

e
D

F
S

fu
sed

lasso.

2
.1

T
re

e
a
n
d

ch
a
in

e
m
b
e
d
d
in
g
s

W
e

start
b
y

stu
d
y
in

g
som

e
of

th
e

fu
n
d
am

en
tal

p
rop

erties
asso

ciated
w

ith
total

variation
on

gen
eral

grap
h
s,

an
d

em
b

ed
d
ed

trees
an

d
ch

ain
s.

G
iven

a
grap

h
G

=
(V
,E

),
let

T
=

(V
,E

T
)

b
e

an
arb

itrary
sp

an
n
in

g
tree

of
G

.
It

is
clear

th
at

for
an

y
sign

a
l,

its
total

variation
over

T
is

n
o

larger
th

an
its

total
variation

over
G

,

‖∇
T
θ‖

1
=
∑e∈
E
T |θ

e
+
−
θ
e − |≤

∑e∈
E

|θ
e
+
−
θ
e − |

=
‖∇

G
θ‖

1 ,
for

all
θ∈

R
n
.

(13)

T
h
e

ab
ove

in
eq

u
ality,

alb
eit

very
sim

p
le,

reveals
to

u
s

th
e

follow
in

g
im

p
ortan

t
fact:

if
th

e
u
n
d
erly

in
g

m
ean

θ
0

in
(1)

is
assu

m
ed

to
b

e
sm

o
oth

w
ith

resp
ect

to
th

e
grap

h
G

,
in

asm
u
ch

as‖∇
G
θ
0 ‖

1 ≤
t,

th
en

it
m

u
st

also
b

e
sm

o
oth

w
ith

resp
ect

to
an

y
sp

an
n
in

g
tree

T
of
G

,
sin

ce
‖∇

T
θ
0 ‖

1 ≤
t.

R
ou

gh
ly

sp
eak

in
g,

com
p
u
tin

g
th

e
fu

sed
lasso

solu
tion

in
(2)

ov
er

a
sp

an
n
in

g
tree

T
,

in
stead

of
G

,
w

ou
ld

th
erefore

still
b

e
reason

ab
le

for
th

e
d
en

oisin
g

p
u
rp

oses,
as

th
e

m
ean

θ
0

w
ou

ld
still

b
e

sm
o
oth

over
T

accord
in

g
to

th
e

total
variation

m
etric.

T
h
e

sam
e

p
rop

erty
as

in
(14)

also
h
old

s
if

w
e

rep
lace

total
variatio

n
b
y

th
e

cu
t

m
etric:

‖∇
T
θ‖

0
=
∑e∈
E
T

1{
θ
e
+
6=
θ
e − }
≤
∑e∈
E

1{θ
e
+
6=
θ
e − }

=
‖∇

G
θ‖

0 ,
for

a
ll
θ∈

R
n
.

(14)

T
h
u
s

for
th

e
m

ean
θ
0 ,

th
e

p
rop

erty‖∇
G
θ
0 ‖

0 ≤
s

again
im

p
lies‖∇

T
θ
0 ‖

0 ≤
s

for
an

y
sp

an
n
in

g
tree

T
of
G

,
an

d
th

is
w

ou
ld

again
ju

stify
so

lv
in

g
th

e
fu

sed
lasso

over
T

,
in

p
lace

of
G

,
assu

m
in

g
sm

o
oth

n
ess

of
θ
0

w
ith

resp
ect

to
th

e
cu

t
m

etric
in

th
e

fi
rst

p
lace.

H
ere

w
e

go
on

e
step

fu
rth

er
th

an
(13),

(14),
an

d
assert

th
at

an
alogou

s
p
ro

p
erties

actu
ally

h
old

for
sp

ecially
em

b
ed

d
ed

ch
ain

grap
h
s.

T
h
e

n
ex

t
lem

m
a

gives
th

e
key

resu
lt.

L
e
m
m
a
1

L
et
G

=
(V
,E

)
be

a
co

n
n

ected
gra

p
h
,

w
h
ere

reca
ll

w
e

w
rite

V
=
{1
,...,n}

.
C

o
n

sid
er

d
ep

th
-fi

rst
sea

rch
(D

F
S

)
ru

n
o
n
G

,
a
n

d
d
en

o
te

by
v
1 ,...,v

n
th

e
n

od
es

in
th

e
o
rd

er
in

w
h
ich

th
ey

a
re

rea
ch

ed
by

D
F

S
.

H
en

ce,
D

F
S

fi
rst

visits
v
1 ,

th
en

v
2 ,

th
en

v
3 ,

etc.
T

h
is

in
d
u

ces
a

bijectio
n
τ

:{1
,...,n}

→
{1,...,n},

su
ch

th
a
t

τ
(i)

=
v
i ,

fo
r

a
ll
i

=
1,...,n

.
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T
h
e
D
F
S
F
u
se

d
L
a
ss
o

L
et
P
∈
R
n
×
n

d
en

o
te

th
e

pe
rm

u
ta

ti
o
n

a
ss

oc
ia

te
d

w
it

h
τ

.
T

h
en

it
h
o
ld

s
th

a
t

‖∇
1
d
P
θ‖

1
≤

2‖
∇
G
θ‖

1
,

fo
r

a
ll
θ
∈
R
n
,

(1
5)

a
s

w
el

l
a
s

‖∇
1
d
P
θ‖

0
≤

2‖
∇
G
θ‖

0
,

fo
r

a
ll
θ
∈
R
n
.

(1
6)

P
ro

o
f

T
h
e

p
ro

of
is

si
m

p
le

.
O

b
se

rv
e

th
at

‖∇
1
d
P
θ‖

1
=

∑

i=
1
,.
..
,n
−
1

|θ τ
(i
+
1
)
−
θ τ

(i
)|,

(1
7)

an
d

co
n
si

d
er

an
ar

b
it

ra
ry

su
m

m
an

d
|θ τ

(i
+
1
)
−
θ τ

(i
)|.

T
h
er

e
ar

e
n
ow

tw
o

ca
se

s
to

ex
am

in
e.

F
ir

st
,

su
p
p

os
e
τ
(i

)
is

n
ot

a
le

af
in

th
e

sp
an

n
in

g
tr

ee
co

n
st

ru
ct

ed
b
y

D
F

S
;

th
en

th
er

e
is

an
ed

ge
e
∈
E

su
ch

th
at
{e
−
,e

+
}

=
{τ

(i
),
τ
(i

+
1)
},

an
d
|θ τ

(i
+
1
)
−
θ τ

(i
)|

=
|θ e

+
−
θ e
−
|.

S
ec

on
d
,

su
p
p

os
e

th
at
τ
(i

)
is

a
le

af
n
o
d
e

in
th

e
D

F
S

tr
ee

;
th

en
th

er
e

is
a

p
at

h
p

=
{p

1
,.
..
,p
r
}

in
th

e
gr

ap
h

su
ch

th
at
p
1

=
τ
(i

),
p
r

=
τ
(i

+
1)

,
an

d
ea

ch
{p
j
,p
j+

1
}
∈
E

,
j

=
1,
..
.,
r
−

1,
so

th
at

b
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y |θ τ

(i
+
1
)
−
θ τ

(i
)|
≤

r
−
1

∑ j=
1

|θ p
j
+
1
−
θ p
j
|.

A
p
p
ly

in
g

th
is

lo
gi

c
ov

er
al

l
te

rm
s

in
th

e
su

m
in

(1
7)

,
an

d
in

vo
k
in

g
th

e
fu

n
d
am

en
ta

l
p
ro

p
er

ty
th

at
D

F
S

v
is

it
s

ea
ch

ed
ge

ex
ac

tl
y

tw
ic

e
(e

.g
.,

C
h
ap

te
r

22
of

C
or

m
en

et
al

.
(2

00
1)

),
w

e
h
av

e
es

ta
b
li
sh

ed
(1

5)
.

T
h
e

p
ro

of
fo

r
(1

6)
fo

ll
ow

s
fr

om
p
re

ci
se

ly
th

e
sa

m
e

ar
gu

m
en

ts
.

R
e
m
a
rk

2
L

em
m

a
1

h
a
s

es
se

n
ti

a
ll

y
a
lr

ea
d
y

a
p
pe

a
re

d
in

th
e

li
te

ra
tu

re
,

in
a

fo
rm

fo
r

bi
n

a
ry

si
gn

a
ls

a
n

d
a

ro
u

gh
n

es
s

m
et

ri
c

gi
ve

n
by

th
e

qu
a
d
ra

ti
c

fo
rm

in
th

e
gr

a
p
h

L
a
p
la

ci
a
n

(i
n

p
la

ce
th

e
to

ta
l

va
ri

a
ti

o
n

m
et

ri
c

o
r

cu
t

m
et

ri
c)

,
se

e
H

er
bs

te
r

et
a
l.

(2
0
0
9
).

T
h
e

ke
y

id
ea

be
h
in

d
th

is
re

su
lt

a
n

d
o
u

rs
is

th
e

sa
m

e,
a
n

d
th

e
p
ro

o
f

o
f

L
em

m
a

1
o
n

ly
re

qu
ir

es
m

in
o
r

m
od

ifi
ca

ti
o
n

s.
F

o
r

co
m

p
le

te
n

es
s,

w
e

h
a
ve

p
re

se
n

te
d

L
em

m
a

1
a
n

d
it

s
p
ro

o
f

a
n

yw
a
y.

M
o
re

ge
n

er
a
ll

y,
w

e
sh

o
u

ld
n

o
te

th
a
t

gr
a
p
h

em
be

d
d
in

gs
—

in
pa

rt
ic

u
la

r,
u

si
n

g
ch

a
in

s
a
n

d
tr

ee
s—

a
re

w
el

l-
kn

o
w

n
in

th
e

o
n

li
n

e
gr

a
p
h
-b

a
se

d
cl

a
ss

ifi
ca

ti
o
n

se
tt

in
g.

S
ee

,
e.

g.
,

H
er

bs
te

r
et

a
l.

(2
0
0
9
);

C
es

a
-B

ia
n

ch
i

et
a
l.

(2
0
1

3
),

a
n

d
re

fe
re

n
ce

s
th

er
ei

n
.

E
x
a
m
p
le

1
T

h
e

id
ea

be
h
in

d
L

em
m

a
1

ca
n

a
ls

o
be

cl
ea

rl
y

d
em

o
n

st
ra

te
d

th
ro

u
gh

a
n

ex
a
m

p
le

.
W

e
co

n
si

d
er

G
to

be
a

bi
n

a
ry

tr
ee

gr
a
p
h

w
it

h
n

=
7

n
od

es
,

sh
o
w

n
be

lo
w

,
w

h
er

e
w

e
h
a
ve

la
be

le
d

th
e

n
od

es
a
cc

o
rd

in
g

to
th

e
o
rd

er
in

w
h
ic

h
th

ey
a
re

vi
si

te
d

by
D

F
S

(i
.e

.,
so

th
a
t

h
er

e
P

is
th

e
id

en
ti

ty
).

1

2

3
4

5

6
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 1
8(

17
6)

:1
-3

6,
 2

01
8

M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

In
th

is
ca

se
,

‖∆
1
d
θ‖

1
=

6 ∑ i=
1

|θ i
+
1
−
θ i
|

≤
|θ 2
−
θ 1
|+
|θ 3
−
θ 2
|+
( |θ

3
−
θ 2
|+
|θ 4
−
θ 2
|)

+
( |θ

4
−
θ 2
|+
|θ 2
−
θ 1
|+
|θ 5
−
θ 1
|)

+
|θ 6
−
θ 5
|+
( |θ

6
−
θ 5
|+
|θ 7
−
θ 5
|)

≤
2
∑ e∈
G

|θ e
+
−
θ e
−
|=

2‖
∇
G
θ‖

1
,

w
h
er

e
in

th
e

in
eq

u
a
li

ty
a
bo

ve
,

w
e

h
a
ve

u
se

d
tr

ia
n

gl
e

in
eq

u
a
li

ty
fo

r
ea

ch
te

rm
in

pa
re

n
th

es
es

in
d
iv

id
u

a
ll

y.

2
.2

T
h
e
D
F
S

fu
se
d

la
ss
o

W
e

d
efi

n
e

th
e

D
F

S
fu

se
d

la
ss

o
es

ti
m

at
or

,
θ̂ D

F
S
,

to
b

e
th

e
fu

se
d

la
ss

o
es

ti
m

a
to

r
ov

er
th

e
ch

ai
n

gr
ap

h
in

d
u
ce

d
b
y

ru
n
n
in

g
D

F
S

on
G

.
F

or
m

al
ly

,
if
τ

d
en

ot
es

th
e

b
ij

ec
ti

o
n

a
ss

o
ci

a
te

d
w

it
h

th
e

D
F

S
or

d
er

in
g

(a
s

d
es

cr
ib

ed
in

L
em

m
a

1)
,

th
en

th
e

D
F

S
-i

n
d
u
ce

d
ch

a
in

g
ra

p
h

ca
n

b
e

ex
p
re

ss
ed

as
C

=
(V
,E

C
)

w
h
er

e
V

=
{1
,.
..
,n
}

an
d
E
C

=
{{
τ
(1

),
τ
(2

)}
,.
..
,{
τ
(n
−

1)
,τ

(n
)}
}.

D
en

ot
in

g
b
y
P

th
e

p
er

m
u
ta

ti
on

m
at

ri
x

as
so

ci
at

ed
w

it
h
τ
,

th
e

ed
g
e

in
ci

d
en

ce
m

at
ri

x
of
C

is
si

m
p
ly
∇
C

=
∇

1
d
P

,
an

d
th

e
D

F
S

fu
se

d
la

ss
o

es
ti

m
at

or
is

gi
ve

n
b
y

θ̂ D
F
S

=
ar

gm
in

θ
∈R

n

1 2
‖y
−
θ‖

2 2
+
λ
‖∇

1
d
P
θ‖

1

=
P
>
(

ar
gm

in
θ
∈R

n

1 2
‖P
y
−
θ‖

2 2
+
λ
n
−
1

∑ i=
1

|θ i
+
1
−
θ i
|)
.

(1
8
)

T
h
er

ef
or

e,
w

e
on

ly
n
ee

d
to

co
m

p
u
te

th
e

1d
fu

se
d

la
ss

o
es

ti
m

at
or

on
a

p
er

m
u
te

d
d
a
ta

ve
ct

or
P
y
,

an
d

ap
p
ly

th
e

in
ve

rs
e

p
er

m
u
ta

ti
on

op
er

at
or
P
>

,
in

or
d
er

to
co

m
p
u
te
θ̂ D

F
S
.

G
iv

en
th

e
p

er
m

u
ta

ti
on

m
at

ri
x
P

,
th

e
co

m
p
u
ta

ti
on

al
co

st
of

(1
8)

is
O

(n
),

si
n
ce

,
to

re
ca

ll
th

e
d
is

cu
ss

io
n

in
S
ec

ti
on

1.
3,

th
e

1d
fu

se
d

la
ss

o
p
ro

b
le

m
(7

)
ca

n
b

e
so

lv
ed

in
O

(n
)

o
p

er
a
ti

o
n
s

w
it

h
d
y
n
am

ic
p
ro

gr
am

m
in

g
or

ta
u
t

st
ri

n
g

al
go

ri
th

m
s.

T
h
e

p
er

m
u
ta

ti
on

P
is

o
b
ta

in
ed

b
y

ru
n
n
in

g
D

F
S
,

w
h
ic

h
re

q
u
ir

es
O

(m
)

op
er

at
io

n
s,

an
d

m
ak

es
th

e
to

ta
l

co
m

p
u
ta

ti
o
n

co
st

o
f

th
e

D
F

S
fu

se
d

la
ss

o
es

ti
m

at
or
O

(m
+
n

).
It

sh
ou

ld
b

e
n
ot

ed
th

at
,

w
h
en

m
u
lt

ip
le

es
ti

m
at

es
ar

e
d
es

ir
ed

ov
er

th
e

sa
m

e
g
ra

p
h
G

,
w

e
m

u
st

on
ly

ru
n

D
F

S
on

ce
,

an
d

al
l

su
b
se

q
u
en

t
es

ti
m

at
es

on
th

e
in

d
u
ce

d
ch

a
in

re
q
u
ir

e
ju

st
O

(n
)

op
er

at
io

n
s.

T
h
e

b
ou

n
d
s

in
(1

5)
,

(1
6)

fo
r

th
e

D
F

S
ch

ai
n

a
re

li
ke

th
os

e
in

(1
3)

,
(1

4
)

fo
r

sp
a
n
n
in

g
tr

ee
s,

an
d

ca
rr

y
th

e
sa

m
e

m
ot

iv
at

io
n

as
th

at
d
is

cu
ss

ed
ab

ov
e

fo
r

sp
an

n
in

g
tr

ee
s,

b
en

ea
th

(1
3)

,
(1

4)
:

if
th

e
m

ea
n
θ 0

is
as

su
m

ed
to

b
e

sm
o
ot

h
w

it
h

re
sp

ec
t

to
t,

in
so

fa
r

a
s

it
s

to
ta

l
va

ri
at

io
n

sa
ti

sfi
es
‖∇

G
θ 0
‖ 1
≤
t,

th
en

d
en

oi
si

n
g

w
it

h
re

sp
ec

t
to
C

w
ou

ld
al

so
b

e
re

a
so

n
a
b
le

,
in

th
at
‖∇

1
d
P
θ 0
‖ 1
≤

2t
;

th
e

sa
m

e
ca

n
b

e
sa

id
fo

r
th

e
cu

t
m

et
ri

c.
H

ow
ev

er
,

it
is

th
e

ra
p
id

O
(m

+
n

)
co

m
p
u
ta

ti
on

al
co

st
of

th
e

D
F

S
fu

se
d

la
ss

o,
an

d
al

so
th

e
si

m
p
li
ci

ty
o
f

th
e

d
y
n
a
m

ic
p
ro

gr
am

m
in

g
an

d
ta

u
t

st
ri

n
g

al
go

ri
th

m
s

fo
r

th
e

1d
fu

se
d

la
ss

o
p
ro

b
le

m
(7

),
th

a
t

m
a
ke

(1
5
),

(1
6)

p
ar

ti
cu

la
rl

y
ap

p
ea

li
n
g

co
m

p
ar

ed
to

(1
3)

,
(1

4)
.

T
o

re
ca

ll
th

e
d
is

cu
ss

io
n

in
S
ec

ti
o
n

1
.3

,
th

e
fu

se
d

la
ss

o
ca

n
in

p
ri

n
ci

p
le

b
e

co
m

p
u
te

d
effi

ci
en

tl
y

ov
er

a
tr

ee
,

in
O

(n
lo

g
n

)
o
p

er
a
ti

o
n
s
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T
h
e
D
F
S
F
u
se

d
L
a
sso

u
sin

g
d
y
n
a
m

ic
p
rogram

m
in

g,
b
u
t

th
is

req
u
ires

a
m

u
ch

m
ore

cu
m

b
ersom

e
im

p
lem

en
tation

a
n
d

in
p
ra

ctice
w

e
h
ave

fou
n
d

it
to

b
e

n
oticeab

ly
slow

er.

2
.3

R
u
n
n
in
g
D
F
S

o
n

a
sp

a
n
n
in
g
tre

e

W
e

ca
n

th
in

k
o
f

th
e

in
d
u
ced

ch
ain

grap
h
,
as

d
escrib

ed
in

th
e

last
section

,
a
s

b
ein

g
com

p
u
ted

in
tw

o
step

s:

(i)
ru

n
D

F
S

to
com

p
u
te

a
sp

an
n
in

g
tree

T
of
G

;

(ii)
ru

n
D

F
S

on
th

e
sp

an
n
in

g
tree

T
to

d
efi

n
e

th
e

ch
ain

C
.

C
lea

rly,
th

is
is

th
e

sam
e

as
ru

n
n
in

g
D

F
S

on
G

to
d
efi

n
e

th
e

in
d
u
ced

ch
ain

C
,
so

d
ecom

p
osin

g
th

is
p
ro

cess
in

to
tw

o
step

s
as

w
e

h
ave

d
on

e
ab

ove
m

ay
seem

o
d
d
.

B
u
t

th
is

d
ecom

p
osition

p
rov

id
es

a
u
sefu

l
p

ersp
ective

b
ecau

se
it

lead
s

to
th

e
id

ea
th

at
w

e
cou

ld
com

p
u
te

th
e

sp
an

n
in

g
tree

T
in

S
tep

(i)
in

an
y

fash
ion

,
an

d
th

en
p
ro

ceed
w

ith
D

F
S

on
T

in
S
tep

(ii)
in

ord
er

to
d
efi

n
e

th
e

ch
a
in
C

.
In

d
eed

,
an

y
sp

an
n
in

g
tree

in
S
tep

(i)
w

ill
lead

to
a

ch
ain

C
th

at
h
as

th
e

p
ro

p
erties

(15),
(16)

as
gu

aran
teed

b
y

L
em

m
a

1.
T

h
is

m
ay

b
e

of
in

terest
if

w
e

cou
ld

co
m

p
u
te

a
sp

a
n
n
in

g
tree

T
th

at
b

etter
rep

resen
ts

th
e

top
olo

gy
of

th
e

origin
al

gra
p
h
G

,
so

th
at

th
e

d
iff

eren
ces

over
th

e
even

tu
al

ch
ain

C
b

etter
m

im
ick

s
th

ose
ov

er
G

.
A

n
ex

a
m

p
le

of
a

sp
an

n
in

g
tree

w
h
ose

to
p

ology
is

d
esign

ed
to

refl
ect

th
at

of
th

e
origin

al
g
ra

p
h

is
a

low
-stretch

sp
an

n
in

g
tree.

C
u
rren

t
in

terest
on

low
-stretch

sp
an

n
in

g
trees

b
egan

w
ith

th
e

b
rea

k
th

rou
gh

resu
lts

in
E

lk
in

et
al.

(2008);
m

ost
recen

tly,
A

b
rah

am
an

d
N

eim
a
n

(2
0
1
2
)

sh
ow

ed
th

at
a

sp
an

n
in

g
tree

w
ith

average
stretch

O
(log

n
log

log
n

)
can

b
e

com
p
u
ted

in
O

(m
lo

g
n

lo
g

log
n

)
op

eration
s.

In
S
ection

6
.4,

w
e

d
iscu

ss
a

settin
g

in
w

h
ich

th
e

fu
sed

lasso
p
rob

lem
(2)

h
as

arb
itrary

p
en

a
lty

w
eig

h
ts,

w
h
ich

gives
rise

to
a

w
eigh

ted
grap

h
G

.
In

th
is

settin
g,

an
ex

a
m

p
le

of
a

sp
a
n
n
in

g
tree

th
at

can
b

e
crafted

so
th

at
its

ed
ges

rep
resen

t
im

p
ortan

t
d
iff

eren
ces

in
th

e
orig

in
a
l

g
ra

p
h

is
a

m
ax

im
u
m

sp
an

n
in

g
tree.

P
rim

’s
an

d
K

ru
skal’s

m
in

im
u
m

sp
an

n
in

g
tree

a
lgo

rith
m

s,
each

of
w

h
ich

take
O

(m
log

n
)

tim
e

(C
orm

en
et

al.,
2001),

can
b

e
u
sed

to
co

m
p
u
te

a
m

a
x
im

u
m

sp
an

n
in

g
tree

after
w

e
n
egate

all
ed

ge
w

eigh
ts.

2
.4

A
v
e
ra

g
in
g
m
u
ltip

le
D
F
S

e
stim

a
to

rs

N
o
tice

th
a
t

several
D

F
S
-in

d
u
ced

ch
ain

s
can

b
e

form
ed

from
a

sin
gle

seed
g
rap

h
G

,
b
y

ru
n
n
in

g
D

F
S

itself
on

G
w

ith
d
iff

eren
t

ran
d
om

starts
(or

ran
d
om

d
ecision

s
ab

ou
t

w
h
ich

ed
g
e

to
fo

llow
a
t

ea
ch

step
in

D
F

S
),

or
b
y

com
p
u
tin

g
d
iff

eren
t

sp
a
n
n
in

g
trees

T
of
G

(p
ossib

ly
th

em
selves

ra
n
d
om

ized
)

on
w

h
ich

w
e

ru
n

D
F

S
,

or
b
y

so
m

e
com

b
in

ation
,

etc.
D

en
otin

g
b
y
θ̂
(1
)

D
F
S ,θ̂

(2
)

D
F
S ,...,θ̂

(K
)

D
F
S

th
e

D
F

S
fu

sed
lasso

estim
ators

fi
t

to
K

d
iff

eren
t

in
d
u
ced

ch
ain

s,
w

e
m

ig
h
t

b
elieve

th
at

th
e

average
estim

ator,
(1
/K

) ∑
Kk
=
1
θ̂
(k
)

D
F
S ,

w
ill

h
ave

go
o
d

d
en

oisin
g

p
erfo

rm
a
n
ce,

a
s

it
in

corp
orates

fu
sion

at
each

n
o
d
e

in
m

u
ltip

le
d
irection

s.
In

S
ectio

n
5,

w
e

d
em

o
n
stra

te
th

at
th

is
in

tu
ition

h
old

s
tru

e
(at

least,
across

th
e

set
of

ex
p

erim
en

ts
w

e
co

n
sid

er).

3
.

A
n
a
ly

sis
fo

r
sig

n
a
ls

o
f

b
o
u
n
d
e
d

v
a
ria

tio
n

T
h
ro

u
g
h
o
u
t

th
is

section
,
w

e
assu

m
e

th
at

th
e

u
n
d
erly

in
g

m
ean

θ
0

in
(1)

satisfi
es
θ
0 ∈

B
V
G

(t)
fo

r
a

g
en

eric
co

n
n
ected

grap
h
G

.
W

e
d
erive

u
p
p

er
b

ou
n
d
s

o
n

th
e

M
S
E

rates
of

th
e

D
F

S

11
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

fu
sed

lasso
an

d
th

e
fu

sed
lasso

ov
er
G

.
W

e
also

d
eriv

e
a

tigh
t

low
er

b
ou

n
d

on
th

e
m

in
im

ax
M

S
E

w
h
en

G
is

a
tree

th
at

h
as

b
ou

n
d
ed

d
egree.

3
.1

T
h
e
D
F
S

fu
se
d

la
sso

T
h
e

an
aly

sis
for

th
e

D
F

S
fu

sed
lasso

estim
ator

is
rath

er
straigh

tfo
rw

ard
.

B
y

assu
m

p
tion

,
‖∇

G
θ
0 ‖

1 ≤
t,

an
d

th
u
s‖∇

1
d P
θ
0 ‖

1 ≤
2
t

b
y

(15)
in

L
em

m
a

1.
H

en
ce,

w
e

m
ay

th
in

k
of

ou
r

m
o
d
el

(1)
as

giv
in

g
u
s

i.i.d
.

d
ata

P
y

arou
n
d
P
θ
0 ∈

B
V

1
d (2t),

an
d

w
e

m
ay

ap
p
ly

ex
istin

g
resu

lts
from

M
am

m
en

an
d

van
d
e

G
eer

(1997)
on

th
e

1d
fu

sed
lasso

for
b

ou
n
d
ed

variation
sign

als,
as

d
escrib

ed
in

(8)
in

S
ection

1.3.
T

h
is

estab
lish

es
th

e
follow

in
g.

T
h
e
o
re

m
3

C
o
n

sid
er

a
d
a
ta

m
od

el
(1

),
w

ith
i.i.d

.
su

b-G
a
u

ssia
n

erro
rs

a
s

in
(3),

a
n

d
θ
0 ∈

B
V
G

(t),
w

h
ere

G
is

a
gen

eric
co

n
n

ected
gra

p
h
.

T
h
en

fo
r

a
n

y
D

F
S

o
rd

erin
g

o
f
G

yield
in

g
a

perm
u

ta
tio

n
m

a
trix

P
,

th
e

D
F

S
fu

sed
la

sso
estim

a
to

r
θ̂
D
F
S

in
(18),

w
ith

a
ch

o
ice

o
f

tu
n

in
g

pa
ra

m
eter

λ
�
t −

1
/
3n

1
/
3,

h
a
s

M
S

E
co

n
vergin

g
in

p
ro

ba
bility

a
t

th
e

ra
te

‖θ̂
D
F
S −

θ
0 ‖

2n
=
O

P (t 2
/
3n
−
2
/
3).

(19)

W
e

n
ote

th
at,

if
m

u
ltip

le
D

F
S

fu
sed

lasso
estim

ators
θ̂
(1
)

D
F
S ,θ̂

(2
)

D
F
S ,...,θ̂

(K
)

D
F
S

are
com

p
u
ted

across
m

u
ltip

le
d
iff

eren
t

D
F

S
-in

d
u
ced

ch
ain

s
on

G
,

th
en

th
e

average
estim

ator
clearly

sat-
isfi

es
th

e
sam

e
b

ou
n
d

as
in

(19),

∥∥∥∥∥
1K

K
∑k
=
1

θ̂
(k
)

D
F
S −

θ
0 ∥∥∥∥∥

2n

=
O

P (t 2
/
3n
−
2
/
3),

p
rov

id
ed

th
at
K

is
h
eld

con
stan

t,
b
y

th
e

tria
n
gle

in
eq

u
ality.

3
.2

T
h
e
g
ra

p
h

fu
se
d

la
sso

In
terestin

gly,
th

e
ch

ain
em

b
ed

d
in

g
resu

lt
(15)

in
L

em
m

a
1

is
n
ot

on
ly

h
elp

fu
l
for

estab
lish

in
g

th
e

M
S
E

rate
for

th
e

D
F

S
fu

sed
lasso

estim
ator

in
T

h
eorem

3,
b
u
t

it
can

also
b

e
u
sed

to
im

p
rove

th
e

b
est

k
n
ow

n
rate

for
th

e
origin

al
fu

sed
lasso

estim
ator

over
th

e
gra

p
h
G

.
In

S
ection

1.3,
w

e
d
escrib

ed
a

resu
lt

(12)
th

at
fo

llow
s

from
W

an
g

et
al.

(2016),
estab

lish
in

g
an

M
S
E

rate
of
tn
−
1
/
2

rate
(ign

orin
g

log
term

s)
for

th
e

fu
sed

lasso
estim

ator
ov

er
a

con
n
ected

grap
h
G

,
w

h
en
‖∇

G
θ
0 ‖

1 ≤
t.

In
fact,

as
w

e
w

ill
n
ow

sh
ow

,
th

is
can

b
e

im
p
roved

to
a

rate
of
t 2
/
3n
−
2
/
3,

ju
st

as
in

(19)
for

th
e

D
F

S
fu

sed
lasso.

W
an

g
et

al.
(2016)

p
resen

t
a

fram
ew

ork
for

d
eriv

in
g

fast
M

S
E

rates
for

fu
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to
th

e
D

F
S
-in

d
u
ced

ch
a
in

,
a
s

w
e

m
u
st

in
ord

er
to

estab
lish

(24),
is

p
erh

ap
s

n
ot.

E
ven

if
th

e
d
iff

eren
ces

ap
p
aren

t
in
θ
0

over
ed

g
es

in
G

are
som

eh
ow

(lo
osely

sp
eak

in
g)

sp
aced

far
ap

art,
ru

n
n
in

g
D

F
S

cou
ld

w
ell

p
ro

d
u
ce

a
n

ord
erin

g
su

ch
th

at
ju

m
p
s

in
P
θ
0

o
ccu

r
at

p
osition

s
very

close
togeth

er.
W

e
reitera

te
th

at
th

e
M

S
E

b
ou

n
d
s

for
th

e
D

F
S

fu
sed

lasso
for

b
ou

n
d
ed

variation
sign

als,
in

T
h
eo

rem
3
,

d
o

n
ot

su
ff

er
from

an
y

su
ch

com
p
lica

tion
s.

4
.2

G
ra

p
h

w
a
v
e
le
t
d
e
n
o
isin

g

W
e

co
m

p
a
re

th
e

p
erform

an
ces

of
th

e
D

F
S

fu
sed

lasso
an

d
w

avelet
d
en

oisin
g

u
sin

g
sp

an
n
in

g
tree

w
avelets,

for
sign

als
w

ith
b

ou
n
d
ed

d
iff

eren
ces.

F
or

sp
an

n
in

g
tree

w
avelets,

th
e

con
-

stru
ctio

n
sta

rts
w

ith
a

sp
an

n
in

g
tree

an
d

carefu
lly

d
efi

n
es

a
h
ierarch

ical
d
ecom

p
osition

b
y

recu
rsively

fi
n
d
in

g
an

d
sp

littin
g

arou
n
d

a
b
alan

cin
g

vertex
,
w

h
ich

is
a

vertex
w

h
ose

ad
jacen

t
su

b
trees

are
of

size
at

m
ost

h
alf

of
th

e
origin

al
tree;

th
is

d
ecom

p
osition

is
u
sed

to
co

n
stru

ct
a
n

u
n
b
a
la

n
ced

H
aar

w
avelet

b
asis,

as
in

S
in

g
h

et
a
l.

(2010).
In

S
h
arp

n
ack

et
a
l.

(2013),
it

w
a
s

sh
ow

n
th

at
for

an
y

con
n
ected

grap
h
G

,
th

e
con

stru
cted

w
av

elet
b
asis

W
∈

R
n×

n

sa
tisfi

es
‖W

θ‖
0 ≤
dlog

d
m
a
x edlog

ne‖∇
G
θ‖

0 ,
fo

r
all

θ
∈
R
n
,

(25)

w
h
ere

d
m
a
x

is
th

e
m

ax
im

u
m

d
egree

of
G

,
an

d
th

e
ab

ove
h
old

s
regard

less
of

ch
oice

of
sp

an
n
in

g
tree

in
th

e
w

av
elet

con
stru

ction
.

N
ow

con
sid

er
th

e
w

avelet
d
en

oisin
g

estim
ator

θ̂
W

=
argm

in
θ∈

R
n

12 ‖
y−

θ‖
22

+
λ‖W

θ‖
1 .

(26)

T
h
e

fo
llow

in
g

is
an

im
m

ed
iate

con
seq

u
en

ce
of

(25),
th

e
fact

th
at

th
e

w
av

elet
b
asis

W
is

o
rth

o
n
o
rm

a
l,

an
d

stan
d
ard

resu
lts

ab
ou

t
soft-th

resh
old

in
g

(e.g.,
L

em
m

a
2.8

in
(J

oh
n
ston

e,
2
0
1
1
)).

T
h
e
o
re

m
7

C
o
n

sid
er

a
d
a
ta

m
od

el
(1),

w
ith

i.i.d
.

G
a
u

ssia
n

erro
rs
ε
i
∼
N

(0,σ
2),

i
=

1
,...,n

,
a
n

d
w

ith
θ
0 ∈

B
V
G

(t),
w

h
ere

G
is

a
co

n
n

ected
gra

p
h
,

h
a
vin

g
m

a
xim

u
m

d
egree

d
m
a
x .

T
h
en

th
e

spa
n

n
in

g
tree

w
a
velet

estim
a
to

r
θ̂
W

in
(26),

w
ith

a
ch

o
ice

λ
�
√

log
n

,
h
a
s

M
S

E
co

n
vergin

g
in

expecta
tio

n
a
t

th
e

ra
te

E‖
θ̂
W
−
θ
0 ‖

2n
=
O

(
s

log
d
m
a
x

log
2
n

n

)
.

(27)

T
h
e

resu
lt

in
(27)

h
as

th
e

ad
van

tage
over

th
e

D
F

S
fu

sed
lasso

resu
lt

in
(23)

th
at

it
d
o
es

n
o
t

d
ep

en
d

on
a

h
ard

-to-in
terp

ret
q
u
an

tity
lik

e
W
n
,

th
e

m
in

im
u
m

sp
acin

g
b

etw
een

ju
m

p
s

alo
n
g

th
e

D
F

S
-in

d
u
ced

ch
ain

.
B

u
t

w
h
en

(say
)
d
m
a
x �

1,
s
�

1,
an

d
w

e
are

w
illin

g
to

a
ssu

m
e

th
a
t
W
n
�
n

(m
ean

in
g

th
e

ju
m

p
s

of
θ
0

o
ccu

r
at

p
osition

s
ev

en
ly

sp
aced

ap
art

o
n

th
e

D
F

S
ch

ain
),

w
e

can
see

th
at

th
e

sp
an

n
in

g
tree

w
avelet

ra
te

in
(27

)
is

ju
st

sligh
tly

slow
er

th
a
n

th
e

D
F

S
fu

sed
lasso

rate
in

(24),
b
y

a
factor

of
log

n
/

log
log

n
.

W
h
ile

th
e

com
p
arison

b
etw

een
th

e
D

F
S

fu
sed

lasso
an

d
w

avelet
rates,

(2
3)

an
d

(27),
sh

ow
a
n

ad
va

n
tage

to
sp

an
n
in

g
tree

w
avelet

d
en

oisin
g,

as
it

d
o
es

n
ot

req
u
ire

assu
m

p
tion

s
a
b

o
u
t

th
e

sp
a
cin

gs
b

etw
een

n
on

zero
d
iff

eren
ces

in
θ
0 ,

w
e

h
av

e
fou

n
d

n
on

eth
eless

th
at

th
e

1
5
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

D
F

S
fu

sed
lasso

to
p

erform
s

w
ell

in
p
ra

ctice
com

p
ared

to
sp

an
n
in

g
tree

w
avelets,

an
d

in
d
eed

often
ou

tp
erform

s
th

e
latter

in
term

s
of

M
S
E

.
E

x
p

erim
en

ts
com

p
arin

g
th

e
tw

o
m

eth
o
d
s

are
p
resen

ted
S
ection

5.

4
.3

M
in
im

a
x
lo
w
e
r
b
o
u
n
d

fo
r
tre

e
s

W
e

n
ow

d
eriv

e
a

low
er

b
ou

n
d

for
th

e
M

S
E

over
th

e
class

B
D
G

(s)
w

h
en

G
is

a
tree

grap
h
.

T
h
e

p
ro

of
relates

th
e

cu
rren

t
d
en

oisin
g

p
rob

lem
to

on
e

of
estim

atin
g

sp
arse

n
orm

al
m

ean
s,

w
ith

a
carefu

l
con

stru
ction

of
th

e
sp

arsity
set

u
sin

g
d
egree

p
rop

erties
of

trees.
It

is
d
eferred

u
n
til

A
p
p

en
d
ix

A
.3.

T
h
e
o
re

m
8

C
o
n

sid
er

a
d
a
ta

m
od

el
(1),

w
ith

i.i.d
.

G
a
u

ssia
n

erro
rs

ε
i ∼

N
(0,σ

2),
i

=
1
,...,n

,
a
n

d
w

ith
θ
0 ∈

B
D
G

(s),
w

h
ere

G
is

a
tree.

T
h
en

th
ere

a
re

a
bso

lu
te

co
n

sta
n

ts
N
,C

>
0
,

su
ch

th
a
t

fo
r
n
/s
>
N

,in
fθ̂

su
p

θ
0 ∈

B
D
G
(s)

E‖
θ̂−

θ
0 ‖

2n
≥
C
σ
2
sn

log (
ns )

.
(28)

T
h
e

M
S
E

low
er

b
ou

n
d

in
(28)

sh
ow

s
th

at,
w

h
en

w
e

are
w

illin
g

to
assu

m
e

th
at
W
n
�
n
/s

in
th

e
D

F
S
-in

d
u
ced

ch
ain

,
th

e
D

F
S

fu
sed

lasso
estim

ator
is

a
log

log
n

factor
aw

ay
from

th
e

op
tim

al
rate,

p
rov

id
ed

th
at

s
is

n
ot

to
o

large,
n
am

ely
s

=
O

((log
n

log
log

n
)
2).

T
h
e

sp
an

n
in

g
tree

w
av

elet
estim

ator,
on

th
e

oth
er

h
an

d
,

is
a

log
n

factor
from

op
tim

al,
w

ith
ou

t
an

y
real

restriction
s

on
s,

i.e.,
it

su
ffi

ces
to

h
ave

s
=
O

(n
a)

for
som

e
a
>

0.
It

is
w

orth
rem

ark
in

g
th

at,
for

large
en

ou
gh

s,
th

e
low

er
b

ou
n
d

in
(28)

is
p

erh
ap

s
n
o
t

very
in

terestin
g,

as
in

su
ch

a
case,

w
e

m
ay

as
w

ell
con

sid
er

th
e

b
ou

n
d
ed

variation
low

er
b

ou
n
d

in
(22),

w
h
ich

w
ill

likely
b

e
tigh

ter
(faster).

5
.

E
x
p

e
rim

e
n
ts

In
th

is
section

w
e

com
p
are

ex
p

erim
en

tally
th

e
sp

eed
an

d
accu

racy
of

tw
o

ap
p
roach

es
for

d
en

oisin
g

sign
als

on
grap

h
s:

th
e

grap
h

fu
sed

la
sso,

an
d

th
e

fu
sed

la
sso

alo
n
g

th
e

ch
ain

grap
h

in
d
u
ced

b
y

a
D

F
S

ord
erin

g.
In

ou
r

ex
p

erim
en

ts,
w

e
see

th
at

th
e

D
F

S
-b

ased
d
en

oiser
sacrifi

ces
a

m
o
d
est

am
ou

n
t

in
term

s
of

m
ean

sq
u
ared

error,
w

h
ile

p
rov

id
in

g
gain

s
(som

etim
es

con
sid

erab
le)

in
com

p
u
tation

al
sp

eed
.

T
h
is

sh
ow

s
th

at
ou

r
m

ain
th

eorem
,

in
ad

d
ition

to
p
rov

id
in

g
n
ew

in
sigh

ts
on

M
S
E

rates
for

th
e

gra
p
h

fu
sed

lasso,
also

h
as

im
p

ortan
t

p
ractice

con
seq

u
en

ces.
F

or
tru

ly
m

assive
p
ro

b
lem

s,
w

h
ere

th
e

fu
ll

grap
h

d
en

o
isin

g
p
rob

lem
is

im
p
ractical

to
solve,

w
e

m
ay

u
se

th
e

lin
ear-tim

e
D

F
S

fu
sed

lasso
d
en

oiser,
a
n
d

ob
tain

a
favorab

le
trad

eoff
of

accu
racy

for
sp

eed
.

5
.1

G
e
n
e
ric

g
ra

p
h
s

W
e

b
egin

b
y

con
sid

erin
g

th
ree

ex
am

p
les

of
large

grap
h
s

of
(m

ore
or

less)
gen

eric
stru

ctu
re,

d
erived

from
road

n
etw

ork
s

in
th

ree
states:

C
aliforn

ia,
P

en
n
sy

lvan
ia,

an
d

T
ex

as.
D

ata
on

th
ese

road
n
etw

ork
s

are
freely

availab
le

at
h
t
t
p
s
:
/
/
s
n
a
p
.
s
t
a
n
f
o
r
d
.
e
d
u
.

In
th

ese
n
et-

w
ork

s,
in

tersection
s

an
d

en
d
p

oin
ts

are
rep

resen
ted

b
y

n
o
d
es,

an
d

road
s

co
n
n
ectin

g
th

ese
in

tersection
s

or
en

d
p

oin
ts

are
rep

resen
ted

b
y

u
n
d
irected

ed
ges;

see
L

eskovec
et

al.
(2009)

for
m

ore
d
etails.

F
or

each
n
etw

ork
,
w

e
u
se

th
e

b
iggest

con
n
ected

com
p

on
en

t
as

ou
r

grap
h

stru
c-

tu
re

to
ru

n
com

p
arison

s.
T

h
e

grap
h

corresp
on

d
in

g
to

C
aliforn

ia
h
as
n

=
1957027

n
o
d
es

16
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T
h
e
D
F
S
F
u
se

d
L
a
ss
o

an
d
m

=
27

60
38

8
ed

ge
s,

th
e

on
e

fo
r

P
en

n
sy

lv
an

ia
h
as
n

=
10

88
09

2
n
o
d
es

an
d
m

=
15

4
18

98
ed

ge
s,

an
d

th
e

gr
ap

h
fo

r
T

ex
as

h
as
n

=
13

51
13

7
n
o
d
es

an
d
m

=
18

79
20

1
ed

ge
s.

W
e

co
m

-
p
ar

e
L

ap
la

ci
an

sm
o
ot

h
in

g
v
er

su
s

th
e

fu
se

d
la

ss
o

ov
er

a
D

F
S
-i

n
d
u
ce

d
ch

ai
n
,

on
th

e
gr

ap
h
s

fr
om

th
e

th
re

e
st

at
es

.
W

e
d
o

n
ot

co
m

p
a
re

w
it

h
th

e
fu

se
d

la
ss

o
ov

er
th

e
or

ig
in

al
g
ra

p
h
s,

d
u
e

to
it

s
p
ro

h
ib

it
iv

e
co

m
p
u
ta

ti
on

al
co

st
at

su
ch

la
rg

e
sc

al
es

.
W

e
u
se

d
th

e
fo

ll
ow

in
g

p
ro

ce
d
u
re

to
co

n
st

ru
ct

a
sy

n
th

et
ic

si
gn

al
θ 0
∈
R
n

on
ea

ch
of

th
e

ro
ad

n
et

w
or

k
gr

ap
h
s,

of
p
ie

ce
w

is
e

co
n
st

an
t

n
at

u
re

:

•
an

in
it

ia
l

se
ed

n
o
d
e
v 1

is
se

le
ct

ed
u
n
if

or
m

ly
at

ra
n
d
om

fr
om

th
e

n
o
d
es
V

=
{1
,.
..
,n
}

in
th

e
gr

ap
h
;

•
a

co
m

p
on

en
t
C
1

is
fo

rm
ed

b
as

ed
on

th
e
bn
/
10
cn

o
d
es

cl
os

es
t

to
v 1

(w
h
er

e
th

e
d
is

ta
n
ce

b
et

w
ee

n
tw

o
n
o
d
es

in
th

e
gr

ap
h

is
gi

ve
n

b
y

th
e

le
n
gt

h
of

th
e

sh
or

te
st

p
at

h
b

et
w

ee
n

th
em

);

•
a

se
co

n
d

se
ed

n
o
d
e
v 2

is
se

le
ct

ed
u
n
if

or
m

ly
at

ra
n
d
om

fr
om

G
\C

1
;

•
a

co
m

p
on

en
t
C
2

is
fo

rm
ed

b
as

ed
on

th
e
bn
/
10
cn

o
d
es

cl
os

es
t

to
v 2

(a
ga

in
in

sh
or

te
st

p
at

h
d
is

ta
n
ce

);

•
th

is
p
ro

ce
ss

is
re

p
ea

te
d
1

u
n
ti

l
w

e
h
av

e
a

p
ar

ti
ti

on
C
1
,.
..
,C

1
0

o
f

th
e

n
o
d
e

se
t
V

in
to

co
m

p
on

en
ts

of
(r

ou
gh

ly
)

eq
u
al

si
ze

,
an

d
θ 0
∈
R
n

is
d
efi

n
ed

to
ta

ke
co

n
st

an
t

va
lu

es
on

ea
ch

of
th

es
e

co
m

p
on

en
ts

.

In
ou

r
ex

p
er

im
en

ts
,

w
e

co
n
si

d
er

ed
20

va
lu

es
of

th
e

to
ta

l
va

ri
at

io
n

fo
r

th
e

u
n
d
er

ly
in

g
si

g
n
al

.
F

or
ea

ch
,

th
e

si
gn

al
θ 0

w
as

sc
al

ed
ap

p
ro

p
ri

at
el

y
to

ac
h
ie

v
e

th
e

gi
ve

n
to

ta
l

va
ri

at
io

n
va

lu
e,

an
d

d
at

a
y
∈

R
n

w
as

ge
n
er

at
ed

b
y

ad
d
in

g
i.
i.
d
.
N

(0
,0
.2

2
)

n
oi

se
to

th
e

co
m

p
on

en
ts

of
θ 0

.
F

or
ea

ch
d
at

a
in

st
an

ce
y
,

th
e

D
F

S
fu

se
d

la
ss

o
an

d
L

ap
la

ci
a
n

sm
o
ot

h
in

g
es

ti
m

a
to

rs
,

th
e

fo
rm

er
d
efi

n
ed

b
y

(1
8)

an
d

th
e

la
tt

er
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F
ig

u
re

4:
T

h
e

le
ft

pa
n

el
sh

o
w

s
th

e
o
p
ti

m
iz

ed
M

S
E

a
s

a
fu

n
ct

io
n

o
f

th
e

sa
m

p
le

si
ze

n
fo

r
th

e
fu

se
d

la
ss

o
o
ve

r
a

tr
ee

gr
a
p
h
,

a
s

w
el

l
a
s

th
e

1
ra

n
d
o
m

D
F

S
a
n

d
5

ra
n

d
o
m

D
F

S
es

ti
m

a
to

rs
,

a
n

d
w

a
ve

le
t

sm
oo

th
in

g.
T

h
e

ri
gh

t
pa

n
el

sh
o
w

s
th

e
M

S
E

a
s

a
fu

n
ct

io
n

o
f

th
e

d
eg

re
es

o
f

fr
ee

d
o
m

o
f

ea
ch

es
ti

m
a
to

r,
fo

r
a

pa
rt

ic
u

la
r

d
a
ta

ex
a
m

p
le

w
it

h
n

=
5
30

0.

6
.

D
is

cu
ss

io
n

R
ec

en
tl

y,
th

er
e

h
as

b
ee

n
a

si
gn

ifi
ca

n
t

am
o
u
n
t

on
in

te
re

st
on

gr
ap

h
-s

tr
u
ct

u
re

d
d
en

o
is

in
g
.

M
u
ch

of
th

is
w

or
k

h
as

fo
cu

se
d

on
th

e
co

n
st

ru
ct

io
n

of
gr

ap
h

k
er

n
el

s
or

w
av

el
et

b
a
se

s.
W

e
h
av

e
p
ro

p
os

ed
an

d
st

u
d
ie

d
a

si
m

p
le

m
et

h
o
d
,

d
efi

n
ed

b
y

co
m

p
u
ti

n
g

th
e

1d
fu

se
d

la
ss

o
ov

er
a

p
ar

ti
cu

la
r

D
F

S
-i

n
d
u
ce

d
or

d
er

in
g

of
th

e
n
o
d
es

of
a

ge
n
er

al
gr

ap
h
.

T
h
is

li
n
ea

r-
ti

m
e

a
lg

o
ri

th
m

co
m

es
w

it
h

st
ro

n
g

th
eo

re
ti

ca
l
gu

ar
an

te
es

fo
r

si
gn

al
s

of
b

ou
n
d
ed

va
ri

at
io

n
(a

ch
ie

v
in

g
o
p
ti

m
a
l

M
S
E

ra
te

s
fo

r
tr

ee
s

of
b

ou
n
d
ed

d
eg

re
e)

,
as

w
el

l
as

gu
ar

an
te

es
fo

r
si

gn
al

s
w

it
h

a
b

o
u
n
d
ed

n
u
m

b
er

of
n
on

ze
ro

d
iff

er
en

ce
s

(a
ch

ie
v
in

g
n
ea

rl
y

op
ti

m
al

ra
te

s
u
n
d
er

a
co

n
d
it

io
n

o
n

th
e

sp
ac

in
gs

of
ju

m
p
s

al
on

g
th

e
D

F
S
-i

n
d
u
ce

d
ch

ai
n
).

W
e

su
m

m
ar

iz
e

ou
r

th
eo

re
ti

ca
l

re
su

lt
s

in
T

ab
le

1.

P
ra

ct
ic

al
ly

,
w

e
h
av

e
se

en
th

at
th

e
D

F
S

fu
se

d
la

ss
o

ca
n

of
te

n
re

p
re

se
n
t

a
u
se

fu
l

tr
a
d
e-

o
ff

b
et

w
ee

n
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
an

d
st

at
is

ti
ca

l
ac

cu
ra

cy
,

ve
rs

u
s

co
m

p
et

in
g

m
et

h
o
d
s

th
a
t

off
er

b
et

te
r

st
at

is
ti

ca
l

d
en

oi
si

n
g

p
ow

er
b
u
t

ar
e

m
or

e
co

m
p
u
ta

ti
on

al
ly

ex
p

en
si

ve
,

es
p

ec
ia

ll
y

fo
r

la
rg

e
p
ro

b
le

m
s.

A
si

m
p
le

tr
ic

k
li
ke

av
er

ag
in

g
m

u
lt

ip
le

D
F

S
fu

se
d

la
ss

o
fi
ts

,
ov

er
m

u
lt

ip
le

ra
n
d
om

D
F

S
-i

n
d
u
ce

d
ch

ai
n
s,

of
te

n
im

p
ro

ve
s

st
at

is
ti

ca
l

ac
cu

ra
cy

at
li
tt

le
in

cr
ea

se
d

co
m

p
u
-

ta
ti

on
al

co
st

.
S
ev

er
al

ex
te

n
si

on
s

al
on

g
th

es
e

li
n
es

,
a
n
d

ot
h
er

li
n
es

,
ar

e
p

os
si

b
le

.
T

o
st

u
d
y

an
y

of
th

em
in

d
et

ai
l

is
b

ey
on

d
th

e
sc

o
p

e
of

th
is

p
ap

er
.

W
e

d
is

cu
ss

th
em

b
ri

efl
y

b
el

ow
,

le
av

in
g

d
et

ai
le

d
fo

ll
ow

-u
p

to
fu

tu
re

w
or

k
.

6
.1

B
e
y
o
n
d

si
m
p
le

a
v
e
ra

g
in
g

G
iv

en
m

u
lt

ip
le

D
F

S
fu

se
d

la
ss

o
es

ti
m

at
or

s,
θ̂(

1
)

D
F
S
,.
..
,θ̂

(K
)

D
F
S
,

ob
ta

in
ed

u
si

n
g

m
u
lt

ip
le

D
F

S
-

in
d
u
ce

d
ch

ai
n
s

co
m

p
u
te

d
on

th
e

sa
m

e
gr

ap
h
G

,
th

er
e

ar
e

se
v
er

al
p

os
si

b
il
it

ie
s

fo
r

in
te

ll
ig

en
tl

y
co

m
b
in

in
g

th
es

e
es

ti
m

at
or

s
b

ey
on

d
th

e
si

m
p
le

av
er

ag
e,

d
en

ot
ed

(s
ay

)
θ̄(
K
)

D
F
S

=
(1
/
K

)
∑

K k
=
1
θ̂(
k
)

D
F
S
.
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T
h
e
D
F
S
F
u
se

d
L
a
sso

B
V
G

(t),
t�

1
B

D
G

(s),
s�

1

F
u
sed

lasso,
θ̂
G

n
−
2
/
3

u
n
k
n
ow

n

S
p
an

n
in

g
tree

w
avelets,

θ̂
W

u
n
k
n
ow

n
(log

2
n

log
d
m
a
x )/

n

D
F

S
fu

sed
lasso,

θ̂
D
F
S

n
−
2
/
3

(log
n

log
log

n
)/n
∗

T
ree

low
er

b
ou

n
d

n
−
2
/
3d −

4
/
3

m
a
x

log
n
/n

T
a
b
le

1
:

A
su

m
m

a
ry

o
f

th
e

th
eo

retica
l

resu
lts

d
erived

in
th

is
pa

per.
A

ll
ra

tes
a
re

o
n

th
e

m
ea

n
squ

a
red

erro
r

(M
S

E
)

sca
le

(E‖θ̂−
θ
0 ‖

2n
fo

r
a
n

estim
a
to

r
θ̂),

a
n

d
fo

r
sim

p
licity,

a
re

p
resen

ted
u

n
d
er

a
co

n
sta

n
t

sca
lin

g
fo

r
t,s,

th
e

ra
d
ii

in
th

e
B

V
G

(t),B
D

G
(s)

cla
sses,

respectively.
T

h
e

su
perscrip

t
“ ∗”

in
th

e
B

D
G

(s)
ra

te
fo

r
th

e
D

F
S

fu
sed

la
sso

is
u

sed
to

em
p
h
a
size

th
a
t

th
is

ra
te

o
n

ly
h
o
ld

s
u

n
d
er

th
e

a
ssu

m
p
tio

n
th

a
t
W

n
�
n

.
A

lso
,

w
e

w
rite

d
m
a
x

to
d
en

o
te

th
e

m
a
x

d
egree

o
f

th
e

gra
p
h

in
qu

estio
n

.

T
o

b
etter

p
reserve

ed
ges

in
th

e
com

b
in

ed
estim

ator,
w

e
cou

ld
ru

n
a

sim
p
le

n
on

lin
ear

fi
lter—

fo
r

ex
a
m

p
le,

a
m

ed
ian

fi
lter,

over
θ̂
(1
)

D
F
S ,...,θ̂

(K
)

D
F
S

(m
ean

in
g

th
at

th
e

com
b
in

ed
estim

ator
is

d
efi

n
ed

b
y

ta
k
in

g
m

ed
ian

s
over

lo
cal

n
eigh

b
orh

o
o
d
s

of
all

of
th

e
in

d
iv

id
u
al

estim
a
tors).

A
m

o
re

so
p
h
istica

ted
ap

p
roach

w
ou

ld
b

e
to

com
p
u
te

th
e

D
F

S
fu

sed
lasso

estim
ators

seq
u
en

-
tia

lly,
u
sin

g
th

e
(k
−

1)st
estim

ator
to

m
o
d
ify

th
e

resp
on

se
in

som
e

w
ay

in
th

e
1d

fu
sed

la
sso

p
ro

b
lem

th
at

d
efi

n
es

th
e
k
th

D
F

S
fu

sed
la

sso
estim

ator.
W

e
are

in
ten

tion
ally

vagu
e

h
ere

w
ith

th
e

sp
ecifi

cs,
b

ecau
se

su
ch

a
m

o
d
ifi

cation
cou

ld
b

e
im

p
lem

en
ted

in
variou

s
w

ay
s;

fo
r

ex
a
m

p
le,

it
cou

ld
b

e
u
sefu

l
to

b
orrow

id
eas

from
th

e
b

o
ostin

g
literatu

re,
w

h
ich

w
ou

ld
h
ave

u
s

trea
t

each
D

F
S

fu
sed

lasso
estim

ator
as

a
w

eak
learn

er.

6
.2

D
istrib

u
te
d

a
lg
o
rith

m

F
o
r

la
rge

g
ra

p
h
s,

w
e

sh
ou

ld
b

e
ab

le
to

b
oth

com
p
u
te

a
D

F
S

ord
erin

g
over

G
,

an
d

solve
th

e
D

F
S

fu
sed

lasso
p
rob

lem
in

(18),
in

a
d
istrib

u
ted

fash
io

n
.

T
h
ere

are
m

an
y

algo
rith

m
s

fo
r

d
istrib

u
ted

D
F

S
,

off
erin

g
a

variety
of

com
m

u
n
ication

an
d

tim
e

com
p
lex

ities;
see,

e.g.,
T

sin
(2

0
0
2
)

fo
r

a
su

rvey.
D

istrib
u
ted

algorith
m

s
for

th
e

1d
fu

sed
lasso

are
n
ot

as
com

m
on

,
th

o
u
g
h

w
e

ca
n

ap
p

eal
to

th
e

n
ow

w
ell-stu

d
ied

fram
ew

ork
for

d
istrib

u
ted

op
tim

ization
v
ia

th
e

a
ltern

a
tin

g
d
irection

m
eth

o
d

of
m

u
ltip

liers
(A

D
M

M
)

from
B

oy
d

et
al.

(2011).
D

iff
eren

t
fo

rm
u
la

tio
n
s

fo
r

th
e

au
x
iliary

variab
les

p
resen

t
u
s

w
ith

d
iff

eren
t

op
tion

s
fo

r
com

m
u
n
ication

co
sts.

W
e

h
ave

fou
n
d

th
at,

for
a

form
u
lation

th
at

req
u
ires

O
(1)-len

gth
m

essages
to

b
e

co
m

m
u
n
ica

ted
b

etw
een

p
ro

cessors,
th

e
algo

rith
m

ty
p
ically

con
verg

es
in

a
reaso

n
ab

ly
sm

all
n
u
m

b
er

o
f

itera
tion

s.

6
.3

T
h
e
o
ry

fo
r
p
ie
c
e
w
ise

c
o
n
sta

n
t
sig

n
a
ls

T
h
e

b
o
u
n
d
ed

d
iff

eren
ces

class
B

D
G

(s)
in

(5)
is

d
efi

n
ed

in
term

s
of

th
e

cu
t

m
etric

‖∇
G
θ‖

0

o
f

a
p
a
ra

m
eter

θ,
w

h
ich

recall,
cou

n
ts

th
e

n
u
m

b
er

of
n
on

zero
d
iff

eren
ces

o
ccu

rrin
g

in
θ

over
ed

g
es

in
th

e
g
ra

p
h
G

.
T

h
e

cu
t

m
etric

m
ea

su
res

a
n
otion

of
stron

g
sp

arsity
(com

p
ared

to
th

e
w

eaker
n
o
tio

n
m

easu
red

b
y

th
e

total
variation

m
etric)

in
a

sign
al
θ,

over
ed

ge
d
iff

eren
ces;

b
u
t,

it
m

ay
n
o
t

b
e

m
easu

rin
g

sp
arsity

on
th

e
“righ

t”
scale

for
certain

grap
h
s
G

.
S
p

ecifi
cally,
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

th
e

cu
t

m
etric

‖∇
G
θ‖

0
can

actu
ally

b
e

q
u
ite

large
for

a
p
aram

eter
θ

th
at

is
p
iecew

ise
con

stan
t

over
G

,
w

ith
a

sm
all

n
u
m

b
er

of
p
ieces—

th
ese

are
grou

p
s

of
co

n
n
ected

n
o
d
es

th
at

are
assign

ed
th

e
sam

e
con

stan
t

valu
e

in
θ.

O
ver

th
e

2d
grid

gra
p
h
,

e.g.,
on

e
can

easily
d
efi

n
e

a
p
aram

eter
θ

th
at

h
as

on
ly

(say
)

tw
o

con
stan

t
p
ieces

b
u
t

o
n

th
e

ord
er

of √
n

n
on

zero
ed

ge
d
iff

eren
ces.

T
h
erefore,

for
su

ch
a

“sim
p
le”

co
n
fi
gu

ration
of

th
e

p
aram

eter
θ,

th
e

cu
t

m
etric

‖∇
G
θ‖

0
is

d
eceiv

in
gly

large.

T
o

form
ally

d
efi

n
e

a
m

etric
th

at
m

easu
res

th
e

n
u
m

b
er

of
con

stan
t

p
ieces

in
a

p
aram

eter
θ,

w
ith

resp
ect

to
a

grap
h
G

=
(V
,E

),
w

e
in

tro
d
u
ce

a
b
it

of
n
otation

.
D

en
ote

b
y
Z

(θ)⊆
E

th
e

su
b
set

of
ed

ges
ov

er
w

h
ich

θ
ex

h
ib

its
d
iff

eren
ces

of
zero

,
i.e.,

Z
(θ)

=
{e∈

E
:
θ
e
+

=
θ
e − }

.
A

lso
w

rite
(∇

G
)
Z
(θ
)

for
th

e
su

b
m

atrix
of

th
e

ed
ge

in
cid

en
ce

m
atrix

∇
G

w
ith

row
s

in
d
ex

ed
b
y
Z

(θ).
W

e
con

sid
er

a
m

etric
d
efi

n
ed

b
y

ρ
G

(θ)
=

n
u
llity ((∇

G
)
Z
(θ
) ),

w
h
ere

n
u
llity

(·)
d
en

otes
th

e
d
im

en
sion

of
th

e
n
u
ll

sp
ace

of
its

argu
m

en
t.

A
n

eq
u
ivalen

t
d
efi

n
ition

is

ρ
G

(θ)
=

th
e

n
u
m

b
er

of
con

n
ected

com
p

on
en

ts
in

(V
,E
\
Z

(θ)).

W
e

m
ay

n
ow

d
efi

n
e

th
e

p
iecew

ise
co

n
sta

n
t

cla
ss,

w
ith

resp
ect

to
G

,
an

d
a

p
aram

eter
s
>

0,

P
C
G

(s)
=
{θ
∈
R
n

:
ρ
G

(θ)≤
s}.

It
is

n
ot

h
ard

to
to

see
th

at
B

V
G

(s)⊆
P

C
G

(s)
(assu

m
in

g
on

ly
th

at
G

is
con

n
ected

),
b
u
t

for
certain

grap
h

top
ologies,

th
e

latter
class

P
C
G

(s)
w

ill
b

e
m

u
ch

larger.
In

d
eed

,
to

rep
eat

w
h
at

w
e

con
veyed

ab
ove,

for
th

e
2d

grid
on

e
can

n
atu

rally
d
efi

n
e

a
p
aram

eter
θ

su
ch

th
at

θ∈
B

D
G

( √
n

)
an

d
θ
∈

P
C
G

(2).

W
e

con
jectu
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th

at
th

e
fu
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lasso
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G
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ach
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e

a
fast

M
S
E

rate
w

h
en

th
e

m
ean

θ
0
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(1)

ex
h
ib

its
a
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n
u
m

b
er

of
con

stan
t

p
ieces,

i.e.,
θ
0 ∈

P
C
G

(s),
p
rov

id
ed

th
at

th
ese

p
ieces

are
of

rou
gh

ly
eq

u
al

size.

6
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W
e
ig
h
te
d

g
ra

p
h
s

T
h
e

key
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lt
in

L
em

m
a

1
can

b
e

ex
ten

d
ed
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th

e
settin

g
of

a
w

eigh
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grap
h
G

=
(V
,E
,w

),
w

ith
w
e ≥

0
d
en

otin
g

th
e

ed
ge

w
eigh

t
asso

ciated
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an
ed

ge
e∈

E
.

L
e
m
m
a
9

L
et
G

=
(V
,E
,w

)
be

a
co

n
n

ected
w

eigh
ted

gra
p
h
,

w
h
ere

reca
ll

w
e

w
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V
=

{
1,...,n}

,
a
n

d
w

e
a
ssu

m
e

a
ll

ed
ge

w
eigh

ts
a
re

n
o
n

n
ega

tive.
C

o
n

sid
er

ru
n

n
in

g
D

F
S

o
n
G

,
a
n

d
d
en

o
te

by
τ

:{
1,...,n}

→
{1
,...,n}

th
e

in
d
u

ced
perm

u
ta

tio
n

,
so

th
a
t

if
v
1 ,...,v

n
a
re

th
e

n
od

es
in

th
e

o
rd

er
th

a
t

th
ey

a
re

tra
versed

by
D

F
S

,
th

en

τ
(i)

=
v
i ,

fo
r

a
ll
i

=
1,...,n

.

D
en

o
te
w
m
in

=
m

in
e∈
E
w
e ,

th
e

m
in

im
u

m
ed

ge
w

eigh
t

p
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t
in

th
e

gra
p
h
,

a
n

d
d
efi

n
e

w̃
τ
(i),τ

(i+
1
)

=

{
w
e

if
e

=
{
τ
(i),τ

(i
+

1)}
∈
E
,

w
m
in

o
th

erw
ise,

fo
r

a
ll
i

=
1,...,n

−
1.

(30)
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1
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)
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|θ e
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−
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−
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1
)1
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∈
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d
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c
be

in
g

th
e

qu
a
d
ra

ti
c

fo
rm

in
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d
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d
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F
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p
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ed
ge
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th
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D
F

S
ch
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d
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n
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t

a
p
pe
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e
o
ri

gi
n

a
l

gr
a
p
h
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w
e

h
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d
efi
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d
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w

ei
gh
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e
m
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m
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th
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w
ei

gh
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e
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ri

gi
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a
l

gr
a
p
h
.
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ea
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w
e
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u
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h
a
ve
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ke

n
th

e
a
p
p
ro

a
ch
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C

es
a
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ia
n

ch
i

et
a
l.
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1
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),

a
n

d
d
efi

n
ed

th
e

w
ei

gh
t

fo
r
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a
n

ed
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e
D

F
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m
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a
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T
h
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b
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d
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(3
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2)

ar
e

th
e

an
al

og
ie

s
of

(1
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b
u
t

fo
r

a
w

ei
gh

te
d
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h
G

;
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d
ee
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e
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e
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il
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a

D
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S
ch
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b
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th
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ch
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n
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se
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m
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w

it
h

ed
ge

w
ei

gh
ts
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(3

0)
.

T
h
es

e
n
ew

ed
ge

w
ei

gh
ts

in
th

e
ch

ai
n

d
o

n
ot
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u
se

an
y
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m

p
u
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ti
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is

su
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e
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fu
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d
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b
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m
w

it
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b
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p
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w
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gh
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n

st
il
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b
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ed
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O
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)
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m

e
u
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n
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u
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n
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m
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b
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T
h
u
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in
p
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n
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p
le

,
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l
of

th
e
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is
p
ap

er
sh
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rr

y
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er
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e
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w
ei

gh
te

d
g
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p
h
s.

6
.5

R
o
b
u
st
n
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ss

to
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g
n
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l
p
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u
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o
n
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er

e
w

e
b
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efl
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b
u
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s
p
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p
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of
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e
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F
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d
la
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o
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m
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,

u
n
d
er

p
er

b
u
ta

ti
on

s
of

th
e

m
ea

n
p
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et

er
θ 0

in
(1

)
w

it
h

re
sp

ec
t

to
a

sm
a
ll

n
u
m

b
er

of
n
o
d
es

.
T

h
is

is
b
as

ed
on

th
e

ap
p
ro

ac
h

ta
ke

n
b
y

C
es

a-
B

ia
n
ch

i
et

al
.

(2
01

3)
to

st
u
d
y

ro
b
u
st

n
es

s
in

th
ei

r
on

li
n
e

gr
ap

h
-s

tr
u
ct

u
re

d
cl

as
si

fi
ca

ti
o
n

se
tt

in
g.

L
et
G

=
(V
,E
,w

)
a

w
ei

gh
te

d
gr

ap
h
,

an
d

w
ri

te
‖∇

G
θ‖

1
fo

r
th

e
w

ei
gh

te
d

to
ta

l
va

ri
at

io
n

of
a

si
gn

al
θ,

i.
e.

,

‖∇
G
θ‖

1
=
∑ e∈
E

w
e
|θ e

+
−
θ e
−
|.

D
en

ot
e

b
y
θδ

a
p

er
tu

rb
ed

v
er

si
on

of
θ,

w
h
er

e
an

y
n
u
m

b
er

of
en

tr
ie

s
ar

e
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ve
n

b
y
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d
in

g
an
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ou

n
t
δ
>

0
to

th
e
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rr

es
p

on
d
in

g
en

tr
ie

s
of
θ.
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or

e
g
en

er
al

fo
rm

s
of

p
er

tu
rb

at
io

n
s

ca
n

al
so

b
e

in
ve

st
ig

at
ed

b
u
t

sl
ig

h
tl

y
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m
p
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te
th

e
d
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io
n

th
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fo
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ow

s,
so
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r

si
m

p
li
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ty
,

w
e

w
il
l

li
m

it
ou

rs
el

ve
s

to
co

n
si

d
er

in
g

th
is

si
m

p
le

m
o
d
el

fo
r

p
er

tu
rb

at
io

n
s.

)
D

en
ot

e
b
y
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(θ
,θ
δ
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=
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∈
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,.
..
,n
}

:
θ i
6=
θδ i

}
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p
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c
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n
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T
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a
n
i
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e
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b
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t
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o
d
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w

h
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h
th

e
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m
p
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en
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of
θ

an
d
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d
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er
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O
b
se
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e

∣ ∣ ‖
∇
G
θ‖

1
−
‖∇

G
θδ
‖ 1
∣ ∣

=

∣ ∣ ∣ ∣ ∣
∑

{e
+
,e
−
}∩
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(θ
,θ
δ
)6=
∅w

e

( |θ
e+
−
θ e
−
|−
|θδ e

+
−
θδ e
−
|)∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣
∑

|{
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,e
−
}∩
I
(θ
,θ
δ
)|=

1

w
e

( |θ
e+
−
θ e
−
|−
|θδ e

+
−
θδ e
−
|)∣ ∣ ∣ ∣ ∣

≤
∑

|{
e+
,e
−
}∩
I
(θ
,θ
δ
)|=

1

w
e

( |θ
e+
−
θδ e

+
|+
|θ e
−
−
θδ e
−
|)

=
δ

cu
t G

(I
(θ
,θ
δ
))
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w
h
er

e,
fo

r
a

su
b
se

t
S
⊂
V

,
w

e
u
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cu
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(S
)
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d
en

ot
e

th
e

co
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of
th

e
cu

t
in

b
et

w
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n
S

a
n
d

S
c

in
th

e
gr

ap
h
G
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i.
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,
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e
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m
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ed
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w
ei

gh
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g
ed

ge
s

w
it

h
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e
en

d
p

o
in

t
in
S

a
n
d

th
e

ot
h
er
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S
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T
h
u
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w
e

h
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e
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n

th
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e
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d
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l
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a
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c
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at
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w
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o
d
u
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s
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n
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n
u
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y
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w
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h
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sp
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t
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p
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at
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n
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T
h
is
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a
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s
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n
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b
u
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d
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h
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u
m

b
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d
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T
h
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a
n
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d
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e
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,
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p
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d
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d
s

on
w

h
et

h
er

p
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o
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re
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n
w

h
en
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,θ
δ
)|

is
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b
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n

b
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b
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n
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gh
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,
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ca
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al
w
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b
e
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ve
d
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a
n
d

th
u
s

fo
r

gr
ap

h
s
G

w
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h
n
o
d
es
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h
ig

h
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ei
gh

te
d
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d
eg

re
es

,
in

a
w
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st

-c
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e
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n
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,
sm

al
l

p
er
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a
ti

o
n
s

of
θ
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n
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ad

to
b
ig

d
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ce
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‖∇

G
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F
or

th
e

D
F

S
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n
d
u
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d
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ai
n
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ap

h
d
er

iv
ed

fr
om

G
,
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e

w
or
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e
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n
ot

n
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b
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L

et
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n
g
C

d
en

ot
e

th
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ai

n
an

d
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e
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p
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d
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g
p
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m

u
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m
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x
,

b
y
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e
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m

e
ar

gu
m

en
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ov
e,

∣ ∣ ∣‖
∇
C
P
θ‖

1
−
‖∇

C
P
θδ
‖ 1
∣ ∣ ∣
≤
δ

cu
t C

(I
(θ
,θ
δ
))
.

B
u
t

th
e

ke
y

d
iff

er
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n
ow

is
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(θ
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su
m

s
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e
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ge
w

ei
gh
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m

o
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2
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δ
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ed
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s
in
C
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d
u
e

to
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e
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l
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ct

u
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e
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.

D
en

ot
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g
b
y
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m
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⊂
E
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k
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F

w
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e

su
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e
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G

,
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d
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m
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r
C

,
w

e
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n
p
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u
p
p

er
b
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n
d
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e
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gh
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h
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d
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d
e
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∇
C
P
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C
P
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∣ ∣ ∣
≤
δ
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δ
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n
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y
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e

d
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n
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n

of
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e
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gh
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th
e
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a
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g
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p
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W
h
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w
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e
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h
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u
n
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e.
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a
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p
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⊂
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p
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b
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rem
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er

ed
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in
th

e
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h
.

A
ssu

m
e

th
at
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w
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ts

of
G
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u
n
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n
d

d
efi

n
e
θ

to
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a
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e
0
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e
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n
o
d
e,
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d

1
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all
oth

ers.
T

h
en

b
y
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ip

p
in

g
th

e
va

lu
e

o
f

th
e

cen
ter

n
o
d
e

from
0

to
1,

th
e

total
variation

over
G
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−

1
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0
.
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ever,
for

an
y

D
F

S
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d
u
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,
w
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e
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e
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e
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n
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n
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b
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m
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p
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.
W

e
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b
u
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p
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g
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S
u
p
p
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e
m
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θ
0
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d
efi

n
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e
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grap
h
G
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a
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e
0
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th

e
cen

ter
n
o
d
e,

a
n
d

1
o
n

all
o
th

ers.
T

h
en

θ
0
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a
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b
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e
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a
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−
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p
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G
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b
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n
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w
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t
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u
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e
D
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p
ertu

rb
th
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W
ith
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C
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en

,
th

e
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θ
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b
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n
d
ed
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d
u
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e
D

F
S
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w
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n

M
S
E

ra
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h
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D
F

S
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u
s
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h
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p
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erty,
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b
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a
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R
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g
th

e
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variation
m

etric
b
y

th
e

cu
t

m
etric

in
th

e
fu

sed
la

sso
p
rob

lem
(2)

gives
u
s

θ̃
G

=
argm

in
θ∈

R
n

12 ‖y−
θ‖

22
+
λ‖∇

G
θ‖

0 ,
(33)

o
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ca
lled

th
e

P
o
tts

m
in

im
iza

tio
n

p
rob

lem
.

B
ecau

se
th

e
1d

P
otts

m
in

im
ization

p
rob

lem

θ̃
1
d

=
arg

m
in

θ∈
R
n

12 ‖
y−

θ‖
22

+
λ‖∇

1
d θ‖

0
(34)

ca
n

b
e

so
lved

effi
cien

tly,
e.g.,

in
w

orst-case
O

(n
2)

tim
e

w
ith

d
y
n
am

ic
p
rogra

m
m

in
g

B
ellm

an
(1

9
6
1
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J
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n
so

n
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e
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e
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w

e
h
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p
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b
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p
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th
e
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P
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p
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(33)
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o
tts

p
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v
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a
D

F
S
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g

o
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e

n
o
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h
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b
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3
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n
o
n
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n
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d
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(i.e.,
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to

g
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b
al
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r
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n
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h
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o
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e

d
en
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p
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en
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e
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a
d
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e
p
rob
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en
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m
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tio
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p
rob
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,
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kov
et
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o
u
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n
iq

u
e
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f
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en
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D
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r
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con
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p
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a
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b
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p
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A
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D
e
riv
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m
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h
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3
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n
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l.

(2
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1
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)
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e
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cid

en
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T

=
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T
),
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,...,n}

.
W
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t
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erality,

w
e

m
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ro
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T
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n
o
d
e

1.
F
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≤
n
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e
d
efi

n
e

a
p
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,
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m
,
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b

e
a
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u
en

ce
p
1 ,...,p

m
su

ch
th
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p
r ,p

r
+
1 }
∈
E
T

for
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r

=
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−
1.

W
e

allow
for

th
e

p
ossib

ility
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m

=
1,

in
w

h
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e
p
ath
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e

n
o
d
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F
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an
y
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=
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,

w
e
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p
ath
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p
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p
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k
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p
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`
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d
p
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j
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1,...,m

.
F
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each

n
o
d
e
i

=
2,...,n

(each
n
o
d
e

oth
er
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e
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w
e

d
efi

n
e
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p
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t
p
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b
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p
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1
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d
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e
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,

an
d
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u
s

w
e
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w
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(∇
T

)
i−

1
,j

=



−
1

if
j

=
p
(i),

1
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j

=
i,

0
if
j∈
{1
,...,n}\{

i,p
(i)}.
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j
=

1,...,n
.

T
h
e

n
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t
lem

m
a

d
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e
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of∇
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,

in
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e
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p
rop
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L
e
m
m
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L
et
e
1

=
(1,0

,...,0)∈
R
n

,
a
n

d
d
efi

n
e
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m
a
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A
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∈
R
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n
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)
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=

{
1
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j
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o
n

th
e
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th

fro
m

th
e

roo
t

to
i,

0
o
th

erw
ise,

(35)

fo
r
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ch

i,j
=

1,...,n
.

T
h
en

A
T

=

(
e >1
∇
T

)
−
1

.

P
ro

o
f

W
e

w
ill

p
rov

e
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at
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e
p
ro

d
u
ct

B
=

(
e >1
∇
T

)
A
T
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e
id

en
tity.

A
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e
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d
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to
n
o
d
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w

e
h
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b
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d
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n
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o
f
A
T

th
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rst

colu
m

n
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(A
T

)·,1
=

(1,...,1),
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p
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=
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b
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=
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=
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b
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n
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e
h
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p
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n
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p
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W
e
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b
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P
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o
f
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h
e

p
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T
h
eo
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3
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W
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g
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p
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n
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d
b
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u
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m
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r
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e
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v
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⊥
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−
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2 2
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Π
⊥
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−
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e
Π
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e
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,
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=
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∈
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p
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⊥
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∇
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∇
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∇
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∇
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el

la
.

R
an

d
om

sp
an

-
n
in

g
tr

ee
s

an
d

th
e

p
re

d
ic

ti
on

of
w

ei
gh

te
d

gr
ap

h
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

14
(1

):
12

51
–1

28
4,

20
13

.

A
n
to

n
in

C
h
am

b
ol

le
an

d
J
ér

ôm
e

D
ar

b
on

.
O

n
to

ta
l

va
ri

at
io

n
m

in
im

iz
at

io
n

an
d

su
rf

ac
e

ev
ol

u
ti

on
u
si

n
g

p
ar

am
et

ri
c

m
ax

im
u
m

fl
ow

s.
In

te
rn

a
ti

o
n

a
l

J
o
u

rn
a
l

o
f

C
o
m

p
u

te
r

V
is

io
n

,
84

(3
):

28
8–

30
7,

20
09

.

A
n
to

n
in

C
h
am

b
ol

le
an

d
T

h
om

as
P

o
ck

.
A

fi
rs

t-
or

d
er

p
ri

m
al

-d
u
al

al
go

ri
th

m
fo

r
co

n
ve

x
p
ro

b
le

m
s

w
it

h
ap

p
li
ca

ti
on

s
to

im
ag

in
g.

J
o
u

rn
a
l

o
f

M
a
th

em
a
ti

ca
l

Im
a
gi

n
g

a
n

d
V

is
io

n
,

40
:

12
0–

14
5,

20
11

.

R
on

al
d

C
oi

fm
an

an
d

M
au

ro
M

ag
gi

on
i.

D
iff

u
si

on
w

av
el

et
s.

A
p
p
li

ed
a
n

d
C

o
m

p
u

ta
ti

o
n

a
l

H
a
rm

o
n

ic
A

n
a
ly

si
s,

21
(2

):
53

–9
4,

20
06

.
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

L
au

re
n
t

C
on

d
at

.
A

d
ir

ec
t

al
go

ri
th

m
fo

r
1d

to
ta

l
va

ri
at

io
n

d
en

oi
si

n
g
.

H
A

L
p
re

p
ri

n
t

h
a
l-

0
0
6
7
5
0
4
3
,

20
12

.

T
h
om

as
C

or
m

en
,

C
li
ff

or
d

S
te

in
,

R
on

al
d

R
iv

es
t,

an
d

C
h
ar

le
s

L
ei

se
rs

on
.

In
tr

od
u

ct
io

n
to

A
lg

o
ri

th
m

s.
M

cG
ra

w
-H

il
l

H
ig

h
er

E
d
u
ca

ti
on

,
2n

d
ed

it
io

n
,

20
01

.

M
ar

k
C

ro
ve

ll
a

an
d

E
ri

c
K

ol
ac

zy
k
.

G
ra

p
h

w
av

el
et

s
fo

r
sp

at
ia

l
tr

affi
c

an
al

y
si

s.
A

n
n

u
a
l

J
o
in

t
C

o
n

fe
re

n
ce

o
f

th
e

IE
E

E
C

o
m

p
u

te
r

a
n

d
C

o
m

m
u

n
ic

a
ti

o
n

s
IE

E
E

S
oc

ie
ti

es
,

3
:1

8
4
8
–
1
8
57

,
20

03
.

A
rn

ak
D

al
al

ya
n
,

M
oh

am
ed

H
eb

ir
i,

an
d

J
oh

an
n
es

L
ed

er
er

.
O

n
th

e
p
re

d
ic

ti
o
n

p
er

fo
rm

a
n
ce

of
th

e
la

ss
o.

T
o

a
p
pe

a
r,

B
er

n
o
u

ll
i,

20
14

.

P
.
L

au
ri

e
D

av
ie

s
an

d
A

rn
e

K
ov

ac
.

L
o
ca

l
ex

tr
em

es
,
ru

n
s,

st
ri

n
gs

an
d

m
u
lt

ir
es

o
lu

ti
o
n
.

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

29
(1

):
1–

65
,

20
01

.

T
im

ot
h
y

D
av

is
an

d
W

il
li
am

H
ag

er
.

D
y
n
am

ic
su

p
er

n
o
d
es

in
sp

ar
se

C
h
o
le

sk
y

u
p
-

d
at

e/
d
ow

n
d
at

e
an

d
tr

ia
n
gu

la
r

so
lv

es
.

A
C

M
T

ra
n

sa
ct

io
n

s
o
n

M
a
th

em
a
ti

ca
l

S
o
ft

w
a
re

,
3
5

(4
):

1–
23

,
20

09
.

D
av

id
L

D
on

oh
o

an
d

Ia
in

M
J
oh

n
st

on
e.

M
in

im
a
x

es
ti

m
at

io
n

v
ia

w
av

el
et

sh
ri

n
ka

g
e.

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

26
(8

):
87

9–
92

1,
19

98
.

M
ic

h
ae

l
E

lk
in

,
Y

u
va

l
E

m
ek

,
D

an
ie

l
S
p
ie

lm
an

,
an

d
S
h
an

g-
H

u
a

T
en

g.
L

ow
er

-s
tr

et
ch

sp
a
n
n
in

g
tr

ee
s.

S
IA

M
J

o
u

rn
a
l

o
n

C
o
m

p
u

ti
n

g,
38

(2
):

60
8–

62
8,

2
00

8.

M
at

an
G

av
is

h
,

B
oa

z
N

ad
le

r,
an

d
R

on
al

d
C

oi
fm

an
.

M
u
lt

is
ca

le
w

av
el

et
s

on
tr

ee
s,

g
ra

p
h
s

a
n
d

h
ig

h
d
im

en
si

on
al

d
at

a:
T

h
eo

ry
an

d
ap

p
li
ca

ti
on

s
to

se
m

is
u
p

er
v
is

ed
le

ar
n
in

g
.

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
27

,
20

10
.

C
h
ri

s
G

o
d
si

l
an

d
G

or
d
on

R
oy

le
.

A
lg

eb
ra

ic
G

ra
p
h

T
h
eo

ry
.

S
p
ri

n
ge

r,
20

01
.

D
av

id
H

am
m

on
d
,

P
ie

rr
e

V
an

d
er

gh
ey

n
st

,
an

d
R

ém
i

G
ri

b
on

va
l.

W
av

el
et

s
o
n

g
ra

p
h
s

v
ia

sp
ec

tr
al

gr
ap

h
th

eo
ry

.
A

p
p
li

ed
a
n

d
C

o
m

p
u

ta
ti

o
n

a
l

H
a
rm

o
n

ic
A

n
a
ly

si
s,

3
0
(2

):
1
2
9
–
1
5
0
,

20
11

.

Z
ai

d
H

ar
ch

ao
u
i

an
d

C
el

in
e

L
ev

y
-L

ed
u
c.

M
u
lt

ip
le

ch
an

ge
-p

oi
n
t

es
ti

m
at

io
n

w
it

h
a

to
ta

l
va

ri
at

io
n

p
en

al
ty

.
J

o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
10

5(
4
9
2
):

1
4
8
0
–
1
4
9
3
,

20
10

.

M
ar

k
H

er
b
st

er
,

G
u
y

L
ev

er
,

an
d

M
as

si
m

il
ia

n
o

P
on

ti
l.

O
n
li
n
e

p
re

d
ic

ti
on

on
la

rg
e

d
ia

m
et

er
gr

ap
h
s.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
64

9
–
6
5
6
,

2
0
0
9
.

H
ol

ge
r

H
o
efl

in
g.

A
p
at

h
al

go
ri

th
m

fo
r

th
e

fu
se

d
la

ss
o

si
gn

al
ap

p
ro

x
im

at
o
r.

J
o
u

rn
a
l

o
f

C
o
m

p
u

ta
ti

o
n

a
l

a
n

d
G

ra
p
h
ic

a
l

S
ta

ti
st

ic
s,

19
(4

):
98

4–
10

06
,

20
10

.

J
an

-C
h
ri

st
ia

n
H

u
tt

er
an

d
P

h
il
ip

p
e

R
ig

ol
le

t.
O

p
ti

m
al

ra
te

s
fo

r
to

ta
l

va
ri

at
io

n
d
en

o
is

in
g
.

A
n

n
u

a
l

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
,

29
:1

11
5–

11
46

,
20

16
.

N
ic

h
ol

as
J
oh

n
so

n
.

A
d
y
n
am

ic
p
ro

gr
am

m
in

g
al

g
or

it
h
m

fo
r

th
e

fu
se

d
la

ss
o

a
n
d
l 0

-
se

gm
en

ta
ti

on
.

J
o
u

rn
a
l

o
f

C
o
m

p
u

ta
ti

o
n

a
l

a
n

d
G

ra
p
h
ic

a
l

S
ta

ti
st

ic
s,

22
(2

):
2
4
6
–
2
6
0
,

2
0
1
3
.
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T
h
e
D
F
S
F
u
se

d
L
a
sso

Ia
in

J
o
h
n
sto

n
e.

G
au

ssian
estim

atio
n
:

seq
u
en

ce
an

d
w

avelet
m

o
d
els.

U
n

p
u

blish
ed

m
a
n

u
scrip

t,
2011.

V
la

d
im

ir
K

olm
ogorov

,
T

h
om

as
P

o
ck

,
an

d
M

ich
al

R
olin

ek
.

T
otal

variation
on

a
tree.

S
IA

M
J

o
u

rn
a
l

o
f

Im
a
gin

g
S

cien
ces,

9(2):605–636,
2016.

A
rn

e
K

ovac
a
n
d

A
n
d
rew

S
m

ith
.

N
on

p
aram

etric
reg

ression
on

a
grap

h
.

J
o
u

rn
a
l

o
f

C
o
m

p
u

-
ta

tio
n

a
l

a
n

d
G

ra
p
h
ica

l
S

ta
tistics,

20(2):432–
447,

2011.

L
o
ic

L
a
n
d
rieu

an
d

G
u
illau

m
e

O
b

ozin
sk

i.
C

u
t

p
u
rsu

it:
fast

algorith
m

s
to

learn
p
iecew

ise
co

n
stan

t
fu

n
ction

s
on

gen
eral

w
eigh

ted
grap

h
s.

H
A

L
p
rep

rin
t

h
a
l-0

1
3
0
6
7
7
9
,

201
5.

J
u
re

L
eskovec,

K
ev

in
J

L
an

g,
A

n
irb

a
n

D
asgu

p
ta,

an
d

M
ich

a
el

W
M

ah
on

ey.
C

om
m

u
n
ity

stru
ctu

re
in

large
n
etw

ork
s:

N
atu

ral
clu

ster
sizes

a
n
d

th
e

ab
sen

ce
of

large
w

ell-d
efi

n
ed

clu
sters.

In
tern

et
M

a
th

em
a
tics,

6(1):29–123,
2009.

K
ev

in
L

in
,

J
a
m

es
S
h
arp

n
ack

,
A

lessan
d
ro

R
in

a
ld

o,
an

d
R

yan
J

T
ib

sh
iran

i.
A

p
p
rox

i-
m

a
te

recov
ery

in
ch

an
gep

oin
t

p
rob

lem
s,

from
`
2

estim
ation

error
rates.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
6
0
6
.0

6
7
4
6
,

2016.

E
n
n
o

M
am

m
en

an
d

S
ara

van
d
e

G
eer.

L
o
cally

ap
ad

tive
regression

sp
lin

es.
A

n
n

a
ls

o
f

S
ta

tistics,
2
5
(1):387–413,

1997.

J
u
n
ya

n
g

Q
ian

an
d

J
in

zh
u

J
ia.

O
n

p
attern

recovery
of

th
e

fu
sed

lasso
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
2
1
1
.5

1
9
4
,

2012.

G
a
rvesh

R
a
sk

u
tti,

M
artin

W
ain

w
righ

t,
an

d
B

in
Y

u
.

M
in

im
ax

rates
o
f

estim
ation

for
h
igh

-
d
im

en
sio

n
a
l

lin
ear

regression
over

`
q -b

alls.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
5
7
(1

0):6
97

6
–
6994,

2011.

A
lessan

d
ro

R
in

ald
o.

P
rop

erties
an

d
refi

n
em

en
ts

of
th

e
fu

sed
lasso.

T
h
e

A
n

n
a
ls

o
f

S
ta

tistics,
3
7
(5

):29
2
2
–
2
952,

2009.

C
ristia

n
R

R
o

ja
s

an
d

B
o

W
ah

lb
erg.

O
n

ch
an

ge
p

oin
t

d
etection

u
sin

g
th

e
fu

sed
lasso

m
eth

o
d
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
4
0
1
.5

4
0
8
,

2014.

L
eo

n
id

R
u
d
in

,
S
tan

ley
O

sh
er,

an
d

E
m

ad
F

atern
i.

N
on

lin
ear

total
variation

b
ased

n
oise

rem
ova

l
a
lg

o
rith

m
s.

P
h
ysica

D
:

N
o
n

lin
ea

r
P

h
en

o
m

en
a
,

60(1):259–268,
1992.

V
eera

n
ja

n
ey

u
lu

S
ad

h
an

ala,
Y

u
-X

ian
g

W
an

g,
an

d
R

yan
J
.
T

ib
sh

iran
i.

T
otal

variation
classes

b
eyo

n
d

1
d
:

M
in

im
ax

rates,
an

d
th

e
lim

itation
s

of
lin

ear
sm

o
oth

ers.
T

o
a
p
pea

r,
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
2016.

J
a
m

es
S
h
a
rp

n
a
ck

,
A

k
sh

ay
K

rish
n
am

u
rth

y,
an

d
A

arti
S
in

gh
.

D
etectin

g
activation

s
over

g
ra

p
h
s

u
sin

g
sp

an
n
in

g
tree

w
avelet

b
ases.

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telli-

gen
ce

a
n

d
S

ta
tistics,

16:536–544,
2013.

D
av

id
S
h
u
m

a
n
,

S
u
n
il

N
aran

g,
P

ascal
F

rossard
,

A
n
ton

io
O

rtega,
an

d
P

ierre
V

an
d
ergh

ey
n
st.

T
h
e

em
erg

in
g

fi
eld

of
sign

al
p
ro

cessin
g

on
grap

h
s:

E
x
ten

d
in

g
h
igh

-d
im

en
sion

al
d
ata

a
n
a
ly

sis
to

n
etw

ork
s

an
d

oth
er

irregu
lar

d
om

ain
s.

IE
E

E
S

ign
a
l

P
rocessin

g
M

a
ga

zin
e,

30
(3

):8
3
–
9
8
,

2
0
13.
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M
a
d
r
id

P
a
d
il
l
a
,
S
h
a
r
p
n
a
c
k
,
S
c
o
t
t
,
a
n
d

T
ib
sh

ir
a
n
i

A
arti

S
in

gh
,

R
ob

ert
N

ow
ak

,
an

d
R

o
b

ert
C

ald
erb

an
k
.

D
etectin

g
w

eak
b
u
t

h
ierarch

ically
-

stru
ctu

red
p
attern

s
in

n
etw

ork
s.

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

13:749–756,
2010.

A
lex

an
d
er

S
m

ola
an

d
R

isi
K

on
d
or.

K
ern

els
an

d
regu

lariza
tion

on
grap

h
s.

A
n

n
u

a
l

C
o
n

fer-
en

ce
o
n

L
ea

rn
in

g
T

h
eo

ry,
16,

2003.

W
esley

T
an

sey
an

d
J
am

es
S
cott.

A
fast

an
d

fl
ex

ib
le

algorith
m

for
th

e
grap

h
-fu

sed
lasso.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
5
.0

6
4
7
5
,

2015.

R
ob

ert
T

ib
sh

iran
i,

M
ich

ael
S
au

n
d
ers,

S
ah

aron
R

osset,
J
i

Z
h
u
,

an
d

K
eith

K
n
igh

t.
S
p
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rt
ex

la
b

el
s,

co
n
n
ec

ti
n
g

to
lo

w
-r

a
n
k

ap
p
ro

x
im

at
io

n
m

o
d
el

s
an

d
‘g

ra
p
h
on

s.
’

A
fi
rs

t
h
in

t
on

th
e

ce
n
tr

al
it

y
of

th
e

S
B

M
co

m
es

fr
om

th
e

fa
ct

th
at

th
e

m
o
d
el

a
p
p

ea
re

d
in

d
ep

en
d
en

tl
y

in
n
u
m

er
ou

s
sc

ie
n
ti

fi
c

co
m

m
u
n
it

ie
s.

It
ap

p
ea

re
d

u
n
d
er

th
e

S
B

M
te

rm
in

o
lo

g
y

in
th

e
co

n
te

x
t

of
so

ci
al

n
et

w
or

k
s,

in
th

e
m

ac
h
in

e
le

ar
n
in

g
an

d
st

at
is

ti
cs

li
te

ra
tu

re
H

o
ll
a
n
d

et
al

.
(1

98
3)

,
w

h
il
e

th
e

m
o
d
el

is
ty

p
ic

al
ly

ca
ll
ed

th
e

p
la

n
te

d
p
ar

ti
ti

on
m

o
d
el

in
th

eo
re

ti
-

ca
l

co
m

p
u
te

r
sc

ie
n
ce

B
u
i

et
al

.
(1

98
7)

;
D

ye
r

an
d

F
ri

ez
e

(1
98

9)
;

B
op

p
an

a
(1

9
8
7
),

a
n
d

th
e

in
h
om

og
en

eo
u
s

ra
n
d
om

gr
ap

h
in

th
e

m
at

h
em

at
ic

s
li
te

ra
tu

re
B

ol
lo

b
ás

et
a
l.

(2
0
0
7
).

T
h
e

m
o
d
el

ta
ke

s
al

so
d
iff

er
en

t
in

te
rp

re
ta

ti
on

s,
su

ch
as

a
p
la

n
te

d
sp

in
-g

la
ss

m
o
d
el

D
ec

el
le

et
a
l.

(2
01

1)
,

a
sp

ar
se

-g
ra

p
h

co
d
e

A
b
b

e
an

d
S
an

d
on

(2
01

5a
,b

)
or

a
lo

w
-r

an
k

(s
p
ik

ed
)

ra
n
d
o
m

m
at

ri
x

m
o
d
el

M
cS

h
er

ry
(2

00
1)

;
V

u
(2

01
4)

;
D

es
h
p
an

d
e

et
al

.
(2

01
5)

am
on

g
o
th

er
s.

In
ad

d
it

io
n
,

th
e

S
B

M
h
as

re
ce

n
tl

y
tu

rn
ed

in
to

m
or

e
th

an
a

m
o
d
el

fo
r

co
m

m
u
n
it

y
d
et

ec
-

ti
on

.
It

p
ro

v
id

es
a

fe
rt

il
e

gr
ou

n
d

fo
r

st
u
d
y
in

g
va

ri
o
u
s

ce
n
tr

al
q
u
es

ti
on

s
in

m
a
ch

in
e

le
a
rn

in
g
,

co
m

p
u
te

r
sc

ie
n
ce

an
d

st
at

is
ti

cs
:

It
is

ri
ch

in
p
h
as

e
tr

an
si

ti
on

s
D

ec
el

le
et

al
.

(2
0
1
1
);

M
a
s-

so
u
li
é

(2
01

4)
;

M
os

se
l

et
al

.
(2

01
4a

);
A

b
b

e
et

al
.

(2
01

6)
;

A
b
b

e
a
n
d

S
an

d
on

(2
0
1
5
b
),

a
ll
ow

in
g

to
st

u
d
y

th
e

in
te

rp
la

y
b

et
w

ee
n

st
at

is
ti

ca
l

an
d

co
m

p
u
ta

ti
on

al
b
ar

ri
er

s
Y

.
C

h
en

(2
0
1
4
);

A
b
b

e
an

d
S
an

d
on

(2
01

5
c)

;
B

an
k
s

et
al

.
(2

01
6)

;
A

b
b

e
an

d
S
an

d
on

(2
01

7)
,

as
w

el
l
as

th
e

d
is

cr
ep

a
n
-

ci
es

b
et

w
ee

n
p
ro

b
ab

il
st

ic
an

d
ad

ve
rs

ar
ia

l
m

o
d
el

s
M

oi
tr

a
et

al
.

(2
01

6)
,

an
d

it
se

rv
es

a
s

a
te

st
b

ed
fo

r
al

go
ri

th
m

s,
su

ch
as

S
D

P
s

A
b
b

e
et

al
.

(2
01

6)
;

B
.

H
a

je
k

(2
01

4)
;

H
a

je
k

et
a
l.

(2
0
1
5
c)

;
G

u
éd

on
an

d
V

er
sh

y
n
in

(2
01

6)
;

A
m

in
i

an
d

L
ev

in
a

(2
01

4
);

M
on

ta
n
ar

i
an

d
S
en

(2
0
1
6
);

P
er

ry
an

d
W

ei
n

(2
01

5)
,

sp
ec

tr
al

m
et

h
o
d
s

V
u

(2
01

4)
;

M
as

so
u
li
é

(2
01

4)
;

K
rz

ak
al

a
et

a
l.

(2
0
1
3)

;
B

or
d
en

av
e

et
al

.
(2

01
5)

;
Y

u
n

an
d

P
ro

u
ti

er
e

(2
01

4)
,

an
d

b
el

ie
f

p
ro

p
ag

at
io

n
D

ec
el

le
et

a
l.

(2
01

1)
;

A
b
b

e
an

d
S
an

d
on

(2
01

5)
.

1
.2

In
fe

re
n

c
e

o
n

g
ra

p
h

s

V
ar

ia
n
ts

of
b
lo

ck
m

o
d
el

s
w

h
er

e
ed

ge
s

ca
n

h
av

e
la

b
el

s,
or

w
h
er

e
co

m
m

u
n
it

ie
s

ca
n

ov
er

la
p
,

al
lo

w
to

co
ve

r
at

b
ro

ad
se

t
of

p
ro

b
le

m
s

in
m

ac
h
in

e
le

ar
n
in

g
.

F
or

ex
am

p
le

,
a

sp
ik

ed
W

ig
n
er

m
o
d
el

w
it

h
ob

se
rv

at
io

n
Y

=
X
X
T

+
Z

,
w

h
er

e
X

is
an

u
n
k
n
ow

n
ve

ct
or

an
d
Z

is
W

ig
n
er

,
ca

n
b

e
v
ie

w
ed

as
a

la
b

el
ed

gr
ap

h
w

h
er

e
ed

ge
-(
i,
j)

’s
la

b
el

is
gi

ve
n

b
y
Y
ij

=
X
iX

j
+
Z
ij

.
If

th
e
X
i’

s
ta

ke
d
is

cr
et

e
va

lu
es

,
e.

g.
,
{1
,−

1
},

th
is

is
cl

os
el

y
re

la
te

d
to

th
e

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

—
se

e
D

es
h
p
an

d
e

et
al

.
(2

01
5)

fo
r

a
p
re

ci
se

co
n
n
ec

ti
on

.
T

h
e

cl
as

si
ca

l
d
a
ta

cl
u
st

er
in

g
p
ro

b
le

m
S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
(2

01
4)

,
w

it
h

a
m

at
ri

x
of

si
m

il
ar

it
ie

s
o
r

d
is

si
m

il
a
r-

it
ie

s
b

et
w

ee
n
n

p
oi

n
ts

,
ca

n
al

so
b

e
v
ie

w
ed

as
a

gr
ap

h
w

it
h

la
b

el
ed

ed
ge

s,
a
n
d

g
en

er
a
li
ze

d
b
lo

ck
m

o
d
el

s
p
ro

v
id

e
p
ro

b
ab

il
is

ti
c

m
o
d
el

s
to

ge
n
er

at
e

su
ch

gr
ap

h
s,

w
h
en

re
q
u
ir

in
g

co
n
ti

n
-

u
ou

s
la

b
el

s
to

m
o
d
el

E
u
cl

id
ea

n
co

n
n
ec

ti
v
it

y
ke

rn
el

s.
In

ge
n
er

al
,

m
o
d
el

s
w

h
er

e
a

co
ll
ec

ti
o
n

of
va

ri
ab

le
s
{X

i}
h
av

e
to

b
e

re
co

v
er

ed
fr

om
n
oi

sy
ob

se
rv

at
io

n
s
{Y

ij
}

th
at

a
re

st
o
ch

a
st

ic
fu

n
ct

io
n
s

of
X
i,
X
j
,

or
m

or
e

ge
n
er

al
ly

th
at

d
ep

en
d

on
lo

ca
l

in
te

ra
ct

io
n
s

of
so

m
e

o
f

th
e
X
i’

s,
ca

n
b

e
v
ie

w
ed

as
in

ve
rs

e
p
ro

b
le

m
s

on
gr

ap
h
s

or
h
y
p

er
gr

ap
h
s

th
at

b
ea

r
si

m
il
a
ri

ti
es

w
it

h
th

e
b
as

ic
co

m
m

u
n
it

y
d
et

ec
ti

on
p
ro

b
le

m
s

d
is

cu
ss

ed
h
er

e.
T

h
is

co
n
ce

rn
s

in
p
a
rt

ic
u
la

r
to

p
ic

m
o
d
el

li
n
g,

ra
n
k
in

g,
sy

n
ch

ro
n
iz

at
io

n
p
ro

b
le

m
s

an
d

ot
h
er

u
n
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

b
le

m
s.

T
h
e

sp
ec

ifi
ci

ty
of

th
e

co
re

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

is
th

at
th

e
in

p
u
t

va
ri

ab
le

s
a
re

u
su

a
ll
y

d
is

cr
et

e.
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

A
g
en

era
l

a
b
straction

of
th

ese
p
rob

lem
s

can
also

b
e

ob
tain

ed
from

a
n

in
form

ation
th

e-
o
retic

p
o
in

t
of

v
iew

,
w

ith
grap

h
ical

ch
an

n
els

A
b
b

e
an

d
M

on
tan

ari
(2015),

th
em

selv
es

a
sp

ecia
l

ca
se

o
f

con
d
ition

al
ran

d
om

fi
eld

s
L

aff
erty

(2001),
w

h
ich

m
o
d
el

con
d
ition

al
d
istrib

u
-

tio
n
s

b
etw

een
a

collection
of

vertex
variab

les
X
V

an
d

a
collection

of
ed

ge
variab

les
Y
E

on
a

h
y
p

er-g
ra

p
h
G

=
(V
,E

),
w

h
ere

th
e

con
d
ition

al
p
rob

ab
ility

d
istrib

u
tion

s
fa

cto
rs

ov
er

each
ed

g
e

w
ith

a
lo

cal
kern

el
Q

:

P
(y
E|x

V
)

=
∏I∈
E

Q
I (y

I |x
[I

]),

w
h
ere

y
I

is
th

e
realization

of
Y

on
th

e
h
y
p

ered
ge
I

an
d
x

[I
]
is

th
e

realization
of
X
V

over
th

e
vertices

in
cid

en
t

to
th

e
h
y
p

ered
ge
I
.

O
u
r

goa
l

in
th

is
n
ote

is
to

d
iscu

ss
to

ols
an

d
m

eth
o
d
s

fo
r

th
e

S
B

M
th

at
are

lik
ely

to
ex

ten
d

to
th

e
an

aly
sis

of
su

ch
gen

eral
m

o
d
els.

1
.3

F
u

n
d

a
m

e
n
ta

l
lim

its,
p

h
a
se

tra
n

sitio
n

s
a
n

d
a
lg

o
rith

m
s

T
h
is

n
o
te

fo
cu

s
on

th
e

fu
n

d
a
m

en
ta

l
lim

its
of

com
m

u
n
ity

d
etection

,
w

ith
resp

ect
to

variou
s

recovery
req

u
irem

en
ts.

T
h
e

term
‘fu

n
d
am

en
tal

lim
it’

h
ere

is
u
sed

to
em

p
h
asize

th
e

fact
th

a
t

w
e

seek
co

n
d
ition

s
for

recovery
th

at
are

n
ecessa

ry
a
n

d
su

ffi
cien

t.
In

th
e

in
form

a
tion

-
th

eo
retic

sen
se,

th
is

m
ean

s
fi
n
d
in

g
con

d
ition

s
u
n
d
er

w
h
ich

a
given

task
ca

n
o
r

can
n
ot

b
e

so
lved

irresp
ective

of
com

p
lex

ity
or

algo
rith

m
ic

con
sid

eratio
n
s,

w
h
ereas

in
th

e
com

p
u
ta-

tio
n
a
l

sen
se,

th
is

fu
rth

er
con

strain
ts

th
e

a
lgorith

m
s

to
ru

n
in

p
oly

n
om

ial
tim

e
in

th
e

n
u
m

-
b

er
o
f

vertices.
A

s
w

e
sh

all
see

in
th

is
n
ote,

su
ch

fu
n
d
am

en
tal

lim
its

are
often

ex
p
ressed

th
ro

u
g
h

p
h
a
se

tra
n

sitio
n

p
h
en

om
en

a
,
w

h
ich

p
rov

id
e

sh
arp

tran
sition

s
in

th
e

relevan
t

regim
es

b
etw

een
p
h
ases

w
h
ere

th
e

given
task

can
or

can
n
ot

b
e

resolved
.

In
p
articu

lar,
id

en
tify

in
g

th
e

b
o
ttlen

eck
regim

e
an

d
lo

cation
of

th
e

p
h
ase

tran
sition

w
ill

ty
p
ically

ch
aracterize

th
e

b
eh

av
io

r
of

th
e

p
rob

lem
in

alm
ost

an
y

oth
er

regim
e.

P
h
a
se

tra
n
sition

s
h
ave

p
roved

to
b

e
often

in
stru

m
en

tal
in

th
e

d
evelop

m
en

ts
of

algo-
rith

m
s.

A
p
ro

m
in

en
t

ex
am

p
le

is
S
h
an

n
on

’s
co

d
in

g
th

eorem
S
h
an

n
on

(1948),
th

at
gives

a
sh

a
rp

th
resh

o
ld

for
co

d
in

g
algorith

m
s

at
th

e
ch

an
n
el

cap
acity,

an
d

w
h
ich

h
as

led
th

e
d
evel-

o
p
m

en
t

o
f

co
d
in

g
algorith

m
s

for
m

ore
th

an
60

yea
rs

(e.g.,
L

D
P

C
,

tu
rb

o
or

p
olar

co
d
es)

at
b

o
th

th
e

th
eo

retical
an

d
p
ractical

level
R

ich
ard

son
an

d
U

rb
an

ke
(2001).

S
im

ilarly,
th

e
S
A

T
th

resh
o
ld

A
ch

liop
tas

et
al.

(2005)
h
as

d
riv

en
th

e
d
evelop

m
en

ts
of

a
variety

of
satisfi

ab
ility

a
lg

o
rith

m
s

su
ch

as
su

rvey
p
rop

agatio
n

M
ézard

et
al.

(2003).

In
th

e
a
rea

of
clu

sterin
g

an
d

com
m

u
n
ity

d
etection

,
w

h
ere

estab
lish

in
g

rigorou
s

b
en

ch
-

m
a
rk

s
is

a
lo

n
g

stan
d
in

g
ch

allen
ge,

th
e

q
u
est

of
fu

n
d
am

en
tal

lim
its

an
d

p
h
ase

tran
sition

is
likely

to
im

p
act

th
e

d
evelop

m
en

t
of

algorith
m

s.
In

fact,
th

is
h
as

alrea
d
y

tak
en

p
lace

a
s

d
iscu

ssed
in

th
is

n
ote,

su
ch

as
w

ith
tw

o-rou
n
d
s

algorith
m

s
or

n
on

b
ack

track
in

g
sp

ectral
m

eth
o
d
s

d
iscu

ssed
in

S
ection

3
an

d
4.

1
.4

N
e
tw

o
rk

d
a
ta

a
n

a
ly

sis

T
h
is

n
o
te

fo
cu

s
on

th
e

fu
n
d
am

en
tals

of
com

m
u
n
ity

d
etection

,
b
u
t

w
e

w
an

t
to

illu
strate

h
ere

h
ow

th
e

d
ev

elop
ed

th
eory

can
im

p
act

real
d
ata

ap
p
lication

s.
W

e
u
se

th
e

b
logosp

h
ere

d
a
ta

set
fro

m
th

e
2004

U
S

p
olitical

election
s

A
d
am

ic
an

d
G

la
n
ce

(2005)
as

an
arch

ety
p

e
ex

a
m

p
le.
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A
b
b
e

C
on

sid
er

th
e

p
rob

lem
w

h
ere

on
e

is
in

terested
in

ex
tractin

g
featu

res
ab

ou
t

a
co

llection
of

item
s,

in
ou

r
case

n
=

1
,222

in
d
iv

id
u
als

w
ritin

g
ab

ou
t

U
S

p
olitics,

ob
serv

in
g

on
ly

som
e

form
of

th
eir

in
teraction

s.
In

ou
r

ex
am

p
le,

w
e

h
av

e
access

to
w

h
ich

b
logs

refers
to

w
h
ich

(v
ia

h
y
p

erlin
k
s),

b
u
t

n
oth

in
g

else
ab

ou
t

th
e

con
ten

t
of

th
e

b
logs.

T
h
e

h
op

e
is

to
still

ex
tract

k
n
ow

led
ge

ab
ou

t
th

e
in

d
iv

id
u
al

featu
res

from
th

ese
sim

p
le

in
teraction

s.
T

o
p
ro

ceed
,

b
u
ild

a
gra

p
h

o
f

in
tera

ctio
n

am
on

g
th

e
n

in
d
iv

id
u
als,

con
n
ectin

g
tw

o
in

-
d
iv

id
u
als

if
on

e
refers

to
th

e
oth

er,
ign

orin
g

th
e

d
irection

of
th

e
h
y
p

erlin
k

for
sim

p
licity.

A
ssu

m
e

n
ex

t
th

at
th

e
d
ata

set
is

gen
erated

from
a

sto
ch

astic
b
lo

ck
m

o
d
el;

assu
m

in
g

tw
o

com
m

u
n
ities

is
an

ed
u
cated

gu
ess

h
ere,

b
u
t

on
e

can
also

estim
a
te

th
e

n
u
m

b
er

of
com

m
u
n
i-

ties
u
sin

g
th

e
m

eth
o
d
s

d
iscu

ssed
in

S
ection

7.
T

h
e

ty
p

e
of

alg
orith

m
s

d
evelop

ed
in

S
ection

s
4

an
d

3
can

th
en

b
e

ru
n

on
th

is
d
ata

set,
an

d
tw

o
assortative

com
m

u
n
ities

are
ob

tain
ed

.
In

th
e

p
ap

er
A

d
am

ic
an

d
G

lan
ce

(2005),
A

d
am

ic
an

d
G

lan
ce

record
ed

w
h
ich

b
logs

are
righ

t
or

left
lean

in
g,

so
th

at
w

e
can

ch
eck

h
ow

m
u
ch

agreem
en

t
th

ese
algorith

m
give

w
ith

th
is

p
artition

of
th

e
b
logs.

T
h
e

state-of-th
e-art

algorith
m

s
give

an
agreem

en
t

of
rou

gh
ly

95%
w

ith
th

e
grou

n
d
tru

th
N

ew
m

an
(2011);

J
in

(2015);
G

ao
et

al.
(2015

).
T

h
erefore,

b
y

on
ly

ob
serv

in
g

sim
p
le

p
airw

ise
in

teraction
s

am
on

g
th

ese
b
logs,

w
ith

ou
t

an
y

fu
rth

er
in

form
ation

on
th

e
con

ten
t

of
th

e
b
logs,

w
e

can
in

fer
ab

ou
t

95%
of

th
e

b
logs’

p
olitical

in
clin

ation
s.

F
igu

re
2:

T
h
e

ab
ov

e
grap

h
s

rep
resen

t
th

e
real

d
ata

set
of

th
e

p
olitical

b
logs

from
A

d
am

ic
an

d
G

lan
ce

(2005).
E

ach
vertex

rep
resen

ts
a

b
log

an
d

each
ed

ge
rep

resen
ts

th
e

fact
th

at
on

e
of

th
e

b
logs

refers
to

th
e

oth
er.

T
h
e

left
grap

h
is

p
lotted

w
ith

a
ran

d
om

arran
gem

en
t

of
th

e
v
ertices,

an
d

th
e

righ
t

grap
h

is
th

e
ou

tp
u
t

of
th

e
A

B
P

algorith
m

d
escrib

ed
in

S
ection

4,
w

h
ich

gives
95%

accu
racy

on
th

e
recon

stru
ction

of
th

e
p

olitical
in

clin
ation

of
th

e
b
logs

(b
lu

e
an

d
red

colors
corresp

on
d

to
left

an
d

righ
t

lean
in

g
b
logs).

D
esp

ite
th

e
fact

th
at

th
e

b
log

d
ata

set
is

p
articu

larly
‘w

ell
b

eh
aved

’—
th

ere
are

tw
o

d
om

i-
n
an

t
clu

sters
(p

oten
tially

m
ore

w
ith

m
o
d
erate

b
logs)

th
at

are
b
alan

ced
an

d
w

ell
sep

arated
—

th
e

ab
ove

ap
p
roach

can
b

e
ap

p
lied

to
a

b
road

collection
of

d
ata

sets
to

ex
tract

k
n
ow

led
ge

ab
ou

t
th

e
d
ata

from
grap

h
s

of
sim

ilarities.
In

som
e

ap
p
lication

s,
th

e
grap

h
of

sim
ilarity

is
ob

v
iou

s
(su

ch
as

in
so

cial
n
etw

ork
s

w
ith

frien
d
sh

ip
s),

w
h
ile

in
oth

ers,
it

is
en

gin
eered

from
th

e
d
ata

set
b
ased

on
m

etrics
of

sim
ilarity

th
at

n
eed

to
b

e
ch

osen
p
rop

erly.
In

an
y
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

ca
se

,
th

e
go

al
is

to
ap

p
ly

su
ch

an
ap

p
ro

ac
h

to
p
ro

b
le

m
s

fo
r

w
h
ic

h
th

e
gr

ou
n
d

tr
u
th

is
u
n
k
n
ow

n
,

su
ch

as
to

u
n
d
er

st
an

d
b
io

lo
gi

ca
l

fu
n
ct

io
n
a
li
ty

of
p
ro

te
in

co
m

p
le

x
es

;
to

fi
n
d

ge
-

n
et

ic
al

ly
re

la
te

d
su

b
-p

op
u
la

ti
on

s;
to

m
ak

e
ac

cu
ra

te
re

co
m

m
en

d
at

io
n
s;

m
ed

ic
a
l

d
ia

gn
os

is
;

im
ag

e
cl

as
si

fi
ca

ti
on

;
se

gm
en

ta
ti

on
;

p
ag

e
so

rt
in

g;
an

d
m

or
e.

In
su

ch
ca

se
s

w
h
er

e
th

e
gr

ou
n
d

tr
u
th

is
n
ot

av
ai

la
b
le

,
a

k
ey

q
u
es

ti
on

is
to

u
n
d
er

st
an

d
h
ow

re
li
ab

le
th

e
al

go
ri

th
m

s’
ou

tp
u
ts

m
ay

b
e.

O
n

th
is

m
at

te
r,

th
e

th
eo

ry
d
is

cu
ss

ed
in

th
is

n
ot

e
gi

ve
s

a
n
ew

p
er

sp
ec

ti
ve

as
fo

ll
ow

s.
F

ol
lo

w
in

g
th

e
d
efi

n
it

io
n
s

fr
om

S
ec

ti
on

s
4

an
d

3,
th

e
p
ar

am
et

er
s

es
ti

m
at

ed
b
y

fi
tt

in
g

an
S
B

M
on

th
is

d
at

a
se

t
in

th
e

co
n
st

an
t

d
eg

re
e

re
gi

m
e

ar
e

p
1

=
0.

48
,
p

2
=

0.
52
,

Q
=

( 52
.0

6
5
.1

6
5
.1

6
47
.4

3)
.

(1
)

an
d

in
th

e
lo

ga
ri

th
m

ic
d
eg

re
e

re
gi

m
e

p
1

=
0.

48
,
p

2
=

0.
52
,

Q
=

( 7.
31

0
.7

3
0.

73
6
.6

6)
.

(2
)

F
ol

lo
w

in
g

th
e

d
efi

n
it

io
n
s

of
T

h
eo

re
m

42
fr

om
S
ec

ti
on

4,
w

e
ca

n
n
ow

co
m

p
u
te

th
e

S
N

R
fo

r
th

es
e

p
ar

am
et

er
s

in
th

e
co

n
st

an
t-

d
eg

re
e

re
gi

m
e,

ob
ta

in
in

g
λ

2 2
/λ

1
≈

18
w

h
ic

h
is

m
u
ch

gr
ea

te
r

th
an

1.
T

h
u
s,

u
n
d
er

an
S
B

M
m

o
d
el

,
th

e
d
at

a
is

la
rg

el
y

in
a

re
gi

m
e

w
h
er

e
co

m
m

u
n
it

ie
s

ca
n

b
e

d
et

ec
te

d
,

i.
e.

,
ab

ov
e

th
e

w
ea

k
re

co
v
er

y
th

re
sh

ol
d
.

F
ol

lo
w

in
g

th
e

d
efi

n
it

io
n
s

of
T

h
eo

re
m

14
fr

om
S
ec

ti
on

3,
w

e
ca

n
al

so
co

m
p
u
te

th
e

C
H

-d
iv

er
ge

n
ce

fo
r

th
es

e
p
a
ra

m
et

er
s

in
th

e
lo

ga
ri

th
m

ic
-d

eg
re

e
re

gi
m

e,
ob

ta
in

in
g
J

(p
,Q

)
≈

2
w

h
ic

h
is

al
so

gr
ea

te
r

th
an

1.
T

h
u
s,

u
n
d
er

an
S
B

M
m

o
d
el

,
th

e
d
at

a
is

a
re

gi
m

e
w

h
er

e
th

e
gr

ap
h

cl
u
st

er
s

co
u
ld

in
fa

ct
b

e
re

co
ve

re
d

en
ti

re
ly

,
i.
e,

ab
ov

e
th

e
ex

ac
t

re
co

ve
ry

th
re

sh
ol

d
.

T
h
is

d
o
es

n
ot

an
sw

er
w

h
et

h
er

th
e

S
B

M
is

a
go

o
d

or
b
ad

m
o
d
el

,
b
u
t

it
gi

ve
s

th
at

u
n
d
er

th
is

m
o
d
el

,
th

e
d
at

a
ap

p
ea

rs
in

a
ve

ry
go

o
d

‘c
lu

st
er

in
g

re
gi

m
e.

’
T

h
is

is
of

co
u
rs

e
co

u
n
ti

n
g

on
th

e
fa

ct
th

at
n

=
1,

22
2

is
la

rg
e

en
ou

g
h

to
tr

u
st

th
e

as
y
m

p
to

ti
c

an
al

y
si

s.
H

ad
th

e
S
N

R
b

ee
n

to
o

sm
al

l,
th

e
m

o
d
el

w
ou

ld
h
av

e
gi

ve
n

u
s

le
ss

co
n
fi
d
en

ce
ab

ou
t

th
e

cl
u
st

er
ou

tp
u
ts

.
T

h
is

is
th

e
ty

p
e

of
co

n
fi
d
en

ce
in

si
gh

t
th

at
th

e
st

u
d
y

of
fu

n
d
am

en
ta

l
li
m

it
s

ca
n

p
ro

v
id

e.

1
.5

B
ri

e
f

h
is

to
ri

c
a
l

o
v
e
rv

ie
w

o
f

re
c
e
n
t

d
e
v
e
lo

p
m

e
n
ts

T
h
is

se
ct

io
n

p
ro

v
id

es
a

b
ri

ef
h
is

to
ri

ca
l

ov
er

v
ie

w
of

th
e

re
ce

n
t

d
ev

el
op

m
en

ts
d
is

cu
ss

ed
in

th
is

m
on

og
ra

p
h
.

T
h
e

re
su

rg
ed

in
te

re
st

in
th

e
S
B

M
an

d
it

s
‘m

o
d
er

n
st

u
d
y
’

h
a
s

b
ee

n
in

i-
ti

at
ed

in
b
ig

p
ar

t
d
u
e

to
th

e
p
ap

er
of

D
ec

el
le

,
K

rz
ak

al
a,

M
o
or

e,
Z

d
eb

or
ov

á
D

ec
el

le
et

al
.

(2
01

1)
,

w
h
ic

h
co

n
je

ct
u
re

d
2

p
h
as

e
tr

an
si

ti
on

p
h
en

om
en

a
fo

r
th

e
w

ea
k

re
co

ve
ry

(a
.k

.a
.

d
e-

te
ct

io
n
)

p
ro

b
le

m
at

th
e

K
es

te
n
-S

ti
gu

m
th

re
sh

ol
d

an
d

th
e

in
fo

rm
at

io
n
-c

om
p
u
ta

ti
on

ga
p

at
4

sy
m

m
et

ri
c

co
m

m
u
n
it

ie
s

in
th

e
sy

m
m

et
ri

c
ca

se
.

T
h
es

e
co

n
je

ct
u
re

s
ar

e
b
ac

ke
d

in
D

ec
el

le
et

al
.
(2

01
1)

w
it

h
st

ro
n
g

in
si

gh
ts

fr
om

st
at

is
ti

ca
l
p
h
y
si

cs
,

b
as

ed
on

th
e

ca
v
it

y
m

et
h
o
d

(b
el

ie
f

p
ro

p
ag

at
io

n
),

an
d

p
ro

v
id

e
a

d
et

ai
le

d
p
ic

tu
re

of
th

e
w

ea
k

re
co

ve
ry

p
ro

b
le

m
,

b
ot

h
fo

r
th

e

2
.

T
h

e
co

n
je

ct
u
re

o
f

th
e

K
es

te
n

-S
ti

g
u

m
th

re
sh

o
ld

in
D

ec
el

le
et

a
l.

(2
0
1
1
)

w
a
s

fo
rm

u
la

te
d

w
it

h
w

h
a
t

w
e

ca
ll

in
th

is
n

o
te

th
e

m
a
x
-d

et
ec

ti
o
n

cr
it

er
ia

,
a
sk

in
g

fo
r

a
n

a
lg

o
ri

th
m

to
o
u

tp
u

t
a

re
co

n
st

ru
ct

io
n

o
f

th
e

co
m

m
u

n
it

ie
s

th
a
t

st
ri

ct
ly

im
p

ro
v
es

o
n

th
e

tr
iv

ia
l

p
er

fo
rm

a
n

ce
a
ch

ie
v
ed

b
y

p
u

tt
in

g
a
ll

th
e

v
er

ti
ce

s
in

th
e

la
rg

es
t

co
m

m
u

n
it

y.
T

h
is

co
n

je
ct

u
re

is
fo

rm
a
ll

y
in

co
rr

ec
t

fo
r

g
en

er
a
l

S
B

M
s,

se
e

A
b

b
e

a
n

d
S

a
n

d
o
n

(2
0
1
7
)

fo
r

a
co

u
n
te

r-
ex

a
m

p
le

,
a
s

th
e

n
o
ti

o
n

o
f

m
a
x
-d

et
ec

ti
o
n

is
to

o
st

ro
n

g
in

so
m

e
ca

se
s.

T
h

e
co

n
je

ct
u

re
is

a
lw

ay
s

tr
u

e
fo

r
sy

m
m

et
ri

c
S

B
M

s,
a
s

re
-s

ta
te

d
in

M
o
ss

el
et

a
l.

(2
0
1
5
),

b
u

t
it

re
q
u

ir
es

a
d

iff
er

en
t

n
o
ti

o
n

o
f

d
et

ec
ti

o
n

to
h

o
ld

fo
r

g
en

er
a
l

S
B

M
s

A
b

b
e

a
n

d
S

a
n

d
o
n

(2
0
1
7
)—

se
e

S
ec

ti
o
n

4
.
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8(

17
7)

:1
-8

6,
 2

01
8

A
b
b
e

al
go

ri
th

m
ic

an
d

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
b

eh
av

io
r.

P
ap

er
D

ec
el

le
et

al
.

(2
01

1)
o
p

en
ed

a
n
ew

re
se

ar
ch

av
en

u
e

d
ri

ve
n

b
y

es
ta

b
li
sh

in
g

su
ch

p
h
as

e
tr

an
si

ti
on

s.

O
n
e

of
th

e
fi
rs

t
p
ap

er
th

at
ob

ta
in

s
a

n
on

-t
ri

v
ia

l
al

go
ri

th
m

ic
re

su
lt

fo
r

th
e

w
ea

k
re

co
ve

ry
p
ro

b
le

m
is

C
o
ja

-O
gh

la
n

(2
01

0)
fr

om
20

10
,

w
h
ic

h
a
p
p

ea
re

d
b

ef
or

e
th

e
co

n
je

ct
u
re

(a
n
d

d
o
es

n
ot

ac
h
ie

v
e

th
e

th
re

sh
ol

d
b
y

a
lo

ga
ri

th
m

ic
d
eg

re
e

fa
ct

or
).

T
h
e

fi
rs

t
p
ap

er
to

m
a
k
e

p
ro

g
re

ss
on

th
e

co
n
je

ct
u
re

is
M

os
se

l
et

al
.

(2
01

5)
fr

om
20

12
,

w
h
ic

h
p
ro

v
es

th
e

im
p

o
ss

ib
il
it

y
p
a
rt

of
th

e
co

n
je

ct
u
re

fo
r

tw
o

sy
m

m
et

ri
c

co
m

m
u
n
it

ie
s,

in
tr

o
d
u
ci

n
g

va
ri

ou
s

ke
y

co
n
ce

p
ts

in
th

e
an

al
y
si

s
of

b
lo

ck
m

o
d
el

s.
In

20
13

,
M

os
se

l
et

al
.

(2
01

3)
al

so
ob

ta
in

s
a

re
su

lt
o
n

th
e

p
a
rt

ia
l

re
co

ve
ry

of
th

e
co

m
m

u
n
it

ie
s,

ex
p
re

ss
in

g
th

e
op

ti
m

al
fr

ac
ti

on
of

m
is

la
b

el
le

d
ve

rt
ic

es
w

h
en

th
e

si
gn

al
-t

o-
n
oi

se
ra

ti
o

is
la

rg
e

en
ou

gh
in

te
rm

s
of

th
e

b
ro

ad
ca

st
in

g
p
ro

b
le

m
o
n

tr
ee

s
K

es
te

n
an

d
S
ti

gu
m

(1
96

6)
;

E
va

n
s

et
al

.
(2

00
0)

.

T
h
e

p
os

it
iv

e
p
ar

t
of

th
e

co
n
je

ct
u
re

fo
r

effi
ci

en
t

al
go

ri
th

m
an

d
tw

o
co

m
m

u
n
it

ie
s

w
a
s

fi
rs

t
p
ro

ve
d

in
20

14
w

it
h

M
as

so
u
li
é

(2
01

4)
an

d
M

os
se

l
et

al
.

(2
01

4a
),

u
si

n
g

re
sp

ec
ti

ve
ly

a
sp

ec
tr

al
m

et
h
o
d

fr
om

th
e

m
at

ri
x

of
se

lf
-a

vo
id

in
g

w
al

k
s

an
d

w
ei

gh
te

d
n
o
n
-b

a
ck

tr
a
ck

in
g

w
al

k
s

b
et

w
ee

n
ve

rt
ic

es
.

In
20

14
,

A
b
b

e
et

al
.

(2
01

4)
;

A
b
b

e
et

al
.

(2
01

6)
an

d
M

os
se

l
et

al
.

(2
01

4b
)

fo
u
n
d

th
a
t

th
e

ex
ac

t
re

co
ve

ry
p
ro

b
le

m
fo

r
tw

o
sy

m
m

et
ri

c
co

m
m

u
n
it

ie
s

h
as

al
so

a
p
h
a
se

tr
a
n
si

ti
o
n
,

in
th

e
lo

ga
ri

th
m

ic
ra

th
er

th
an

co
n
st

an
t

d
eg

re
e

re
gi

m
e,

fu
rt

h
er

sh
ow

n
to

b
e

effi
ci

en
tl

y
a
ch

ie
va

b
le

.
T

h
is

re
la

te
s

to
a

la
rg

e
b

o
d
y

of
w

or
k

fr
o
m

th
e

fi
rs

t
d
ec

ad
es

of
re

se
ar

ch
on

th
e

S
B

M
B

u
i

et
a
l.

(1
98

7)
;

D
ye

r
an

d
F

ri
ez

e
(1

98
9)

;
B

op
p
an

a
(1

98
7)

;
S
n
ij

d
er

s
an

d
N

ow
ic

k
i

(1
99

7
);

C
o
n
d
o
n

a
n
d

K
ar

p
(1

99
9)

;
M

cS
h
er

ry
(2

00
1)

;
B

ic
ke

l
an

d
C

h
en

(2
00

9
);

C
h
oi

et
al

.
(2

01
2
);

V
u

(2
0
1
4
);

Y
.

C
h
en

(2
01

4)
,

d
ri

ve
n

b
y

th
e

ex
ac

t
or

al
m

os
t

ex
ac

t
re

co
ve

ry
p
ro

b
le

m
s

w
it

h
o
u
t

sh
a
rp

th
re

sh
ol

d
s.

In
20

15
,

th
e

p
h
as

e
tr

an
si

ti
on

fo
r

ex
ac

t
re

co
ve

ry
is

ob
ta

in
ed

fo
r

th
e

g
en

er
a
l

S
B

M
A

b
b

e
an

d
S
an

d
on

(2
01

5b
,c

),
an

d
sh

ow
n

to
b

e
effi

ci
en

tl
y

ac
h
ie

va
b
le

ir
re

sp
ec

ti
ve

o
f

th
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s.

F
or

th
e

w
ea

k
re

co
ve

ry
p
ro

b
le

m
,

B
or

d
en

av
e

et
al

.
(2

01
5)

sh
ow

s
th

a
t

th
e

K
es

te
n
-S

ti
gu

m
th

re
sh

ol
d

ca
n

b
e

ac
h
ie

ve
d

w
it

h
a

sp
ec

tr
al

m
et

h
o
d

b
as

ed
on

th
e

n
o
n
b
a
ck

-
tr

ac
k
in

g
(e

d
ge

)
op

er
at

or
in

a
fa

ir
ly

ge
n
er

al
se

tt
in

g
(c

ov
er

in
g

S
B

M
s

th
at

ar
e

n
o
t

n
ec

es
sa

ri
ly

sy
m

m
et

ri
c)

,
b
u
t

fa
ll
in

g
sh

or
t

to
se

tt
le

th
e

co
n
je

ct
u
re

fo
r

m
or

e
th

an
tw

o
co

m
m

u
n
it

ie
s

in
th

e
sy

m
m

et
ri

c
ca

se
d
u
e

to
te

ch
n
ic

al
re

as
on

s.
T

h
e

ap
p
ro

ac
h

of
B

or
d
en

av
e

et
a
l.

(2
0
1
5
)

is
b
as

ed
on

th
e

‘s
p

ec
tr

al
re

d
em

p
ti

on
’

co
n
je

ct
u
re

m
ad

e
in

2
01

3
in

K
rz

ak
al

a
et

al
.

(2
0
1
3
),

w
h
ic

h
in

tr
o
d
u
ce

s
th

e
u
se

of
th

e
n
on

b
ac

k
tr

ac
k
in

g
op

er
at

or
as

a
li
n
ea

ri
za

ti
on

of
b

el
ie

f
p
ro

p
a
g
a
ti

o
n
.

T
h
is

is
ar

gu
ab

ly
th

e
m

os
t

el
eg

an
t

ap
p
ro

ac
h

to
th

e
w

ea
k

re
co

ve
ry

p
ro

b
le

m
,

b
es

id
es

fo
r

th
e

fa
ct

th
at

th
e

m
at

ri
x

is
n
ot

sy
m

m
et

ri
ca

l
(t

o
w

or
k

w
it

h
a

sy
m

m
et

ri
c

m
at

ri
x
,

th
e

fi
rs

t
p
ro

of
of

M
as

so
u
li
é

(2
01

4)
p
ro

v
id

es
al

so
a

cl
ea

n
d
es

cr
ip

ti
on

v
ia

se
lf

-a
v
oi

d
in

g
w

al
k
s)

.
T

h
e

g
en

-
er

al
co

n
je

ct
u
re

fo
r

ar
b
it

ra
ry

m
an

y
sy

m
m

et
ri

c
or

a
sy

m
m

et
ri

c
co

m
m

u
n
it

ie
s

is
se

tt
le

d
la

te
r

in
20

15
w

it
h

A
b
b

e
an

d
S
an

d
on

(2
01

5
);

A
b
b

e
an

d
S
an

d
on

(2
01

6b
),

re
ly

in
g

on
a

h
ig

h
er

-o
rd

er
n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
an

d
a

m
es

sa
ge

p
as

si
n
g

im
p
le

m
en

ta
ti

on
.

It
is

fu
rt

h
er

sh
ow

n
in

A
b
b

e
an

d
S
an

d
on

(2
01

5)
;

A
b
b

e
an

d
S
an

d
on

(2
01

7)
th

at
it

is
p

os
si

b
le

to
cr

os
s

in
fo

rm
a
ti

o
n
-

th
eo

re
ti

ca
ll
y

th
e

K
es

te
n
-S

ti
gu

m
th

re
sh

ol
d

in
th

e
sy

m
m

et
ri

c
ca

se
at

4
co

m
m

u
n
it

ie
s,

se
tt

li
n
g

b
ot

h
p

os
it

iv
e

p
ar

ts
of

th
e

co
n
je

ct
u
re

s
fr

om
D

ec
el

le
et

al
.

(2
01

1)
.

C
ro

ss
in

g
at

5
co

m
m

u
n
it

ie
s

is
al

so
ob

ta
in

ed
in

B
an

k
s

an
d

M
o
or

e
(2

01
6)

;
B

a
n
k
s

et
al

.
(2

01
6
),

w
h
ic

h
fu

rt
h
er

o
b
ta

in
s

th
e

sc
al

in
g

of
th

e
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
th

re
sh

ol
d

fo
r

a
gr

ow
in

g
n
u
m

b
er

of
co

m
m

u
n
it

ie
s.

In
20

16
,

a
ti

gh
t

ex
p
re

ss
io

n
is

ob
ta

in
ed

fo
r

p
ar

ti
al

re
co

ve
ry

w
it

h
tw

o
co

m
m

u
n
it

ie
s

in
th

e
re

gi
m

e
of

fi
n
it

e
S
N

R
w

it
h

d
iv

er
gi

n
g

d
eg

re
es

in
D

es
h
p
an

d
e

et
al

.
(2

01
5)

an
d

M
o
ss

el
a
n
d

X
u

1
0

JM
L

R
 1

8(
17

7)
:1

-8
6,

 2
01

8



C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

(2
0
1
5
)

fo
r

d
iff

eren
t

d
istortion

m
easu

res.
T

h
is

also
gives

th
e

th
resh

old
for

w
eak

recovery
in

th
e

reg
im

e
w

h
ere

th
e

S
N

R
in

th
e

regim
e

of
fi
n
ite

S
N

R
w

ith
d
ivergin

g
d
egrees.

O
th

er
m

a
jo

r
lin

es
of

w
ork

on
th

e
S
B

M
h
ave

b
een

con
cern

ed
w

ith
th

e
p

erform
an

ce
of

S
D

P
s,

w
ith

a
p
recise

p
ictu

re
ob

tain
ed

in
G

u
éd

on
an

d
V

ersh
y
n
in

(2016);
M

on
tan

ari
an

d
S
en

(2
0
1
6
);

J
avan

m
ard

et
al.

(2016)
for

th
e

w
eak

recovery
p
rob

lem
a
n
d

in
A

b
b

e
et

al.
(2

0
1
6
);

B
.

H
a
jek

(2014);
A

m
in

i
an

d
L

ev
in

a
(2014);

B
a
n
d
eira

(2015);
A

garw
a
l

et
al.

(2015);
P

erry
a
n
d

W
ein

(2015)
for

th
e

(alm
ost)

ex
act

recov
ery

p
ro

b
lem

,
as

w
ell

as
sp

ectra
l

m
eth

o
d
s

o
n

cla
ssica

l
o
p

erators
M

cS
h
erry

(2001);
C

o
ja-O

gh
lan

(2010);
C

h
in

et
al.

(2015);
X

u
et

al.
(2

0
1
4
);

V
u

(2
0
14);

Y
u
n

an
d

P
rou

tiere
(2014);

Y
u
n

an
d

P
rou

tiere
(2015).

A
d
etailed

p
ictu

re
h
a
s

also
b

een
d
evelop

ed
for

th
e

p
rob

lem
of

a
sin

gle
p
lan

ted
com

m
u
n
ity

in
M

on
ta

n
ari

(2015);
H

a
jek

et
a
l.

(20
15b

,a);
C

altagiron
e

et
al.

(2016).
T

h
ere

is
a

m
u
ch

b
road

er
list

of
w

ork
s

on
th

e
S
B

M
s

th
a
t

is
n
ot

cov
ered

in
th

is
p
ap

er,
sp

ecially
b

efore
th

e
‘recen

t
d
evelop

m
en

ts’
d
iscu

ssed
a
b

ove
b
u
t

also
after.

It
is

p
a
rticu

larly
ch

allen
gin

g
to

track
th

e
vast

literatu
re

o
n

th
is

su
b

ject
as

it
is

sp
lit

b
etw

een
d
iff

eren
t

com
m

u
n
ities

of
statistics,

m
ach

in
e

learn
in

g,
m

ath
em

atics,
com

p
u
ter

scien
ce,

in
form

ation
th

eory,
so

cial
scien

ces
an

d
statistica

l
p
h
y
sics.

T
h
is

m
o
n
o
g
ra

p
h

covers
d
evelop

m
en

ts
m

ain
ly

u
n
til

2016.
T

h
ere

a
few

ad
d
ition

a
l

su
rvey

s
ava

ila
b
le.

C
o
m

m
u
n
ity

d
etection

an
d

m
ore

gen
erally

statistical
n
etw

ork
m

o
d
els

are
d
iscu

ssed
in

N
ew

m
a
n

(2
0
10);

F
ortu

n
ato

(2010);
G

old
en

b
erg

et
al.

(2010),
an

d
C

.
M

o
ore

h
as

a
recen

t
overv

iew
p
a
p

er
M

o
ore

(2017)
th

at
fo

cu
ses

on
th

e
w

eak
recov

ery
p
rob

lem
w

ith
em

p
h
asis

on
th

e
cav

ity
m

eth
o
d
.

T
h
e

m
a
in

th
resh

old
s

p
rov

ed
for

w
ea

k
an

d
ex

act
recov

ery
are

su
m

m
arized

in
th

e
tab

le
b

elow
:

E
x
act

recovery
(loga

rith
m

ic
d
eg

rees)

2-S
S
B

M
| √
a−
√
b|
>
√

2
A

b
b

e
et

a
l.

(2
0
14);

M
ossel

et
al.

(2014b
)

G
en

eral
S
B

M
m

in
i<
j
D

+
((P

Q
)
i ,(P

Q
)
j )
>

1
A

b
b

e
a
n
d

S
an

d
on

(2
015b

)

W
eak

recov
ery

(d
etectio

n
)

(con
stan

t
d
eg

rees)
2-S

S
B

M
(a−

b)
2
>

2(a
+
b)

M
a
ssou

lié
(2

01
4);

M
ossel

et
al.

(2014a)

G
en

eral
S
B

M
λ
22 (P

Q
)
>
λ
1 (P

Q
)

B
o
rd

en
ave

et
al.

(20
1
5);

A
b
b

e
an

d
S
a
n
d
on

(2015)

1
.6

O
u

tlin
e

In
th

e
n
ex

t
section

,
w

e
form

ally
d
efi

n
e

th
e

S
B

M
an

d
variou

s
recov

ery
req

u
irem

en
ts

for
co

m
m

u
n
ity

d
etection

,
n
am

ely
w

eak
,
p
artial

an
d

ex
act

recovery.
W

e
th

en
d
escrib

e
in

S
ection

s
3
,
4
,
5
,
6

recen
t

resu
lts

th
at

estab
lish

th
e

fu
n
d
am

en
tal

lim
its

for
th

ese
recovery

req
u
irem

en
ts.

W
e

fu
rth

er
d
iscu

ss
in

S
ection

7
th

e
p
rob

lem
of

learn
in

g
th

e
S
B

M
p
aram

eters,
an

d
give

a
list

o
f

o
p

en
p
ro

b
lem

s
in

S
ection

8.

2
.
T
h
e
S
to

ch
a
stic

B
lo
ck

M
o
d
e
l

T
h
e

h
isto

ry
o
f

th
e

S
B

M
is

lon
g,

an
d

w
e

om
it

a
com

p
reh

en
sive

treatm
en

t
h
ere.

A
s

m
en

-
tio

n
ed

ea
rlier,

th
e

m
o
d
el

ap
p

eared
in

d
ep

en
d
en

tly
in

m
u
ltip

le
scien

tifi
c

co
m

m
u
n
ities:

th
e

term
in

o
lo

g
y

S
B

M
,

w
h
ich

seem
s

to
h
av

e
d
om

in
ated

in
th

e
recen

t
years,

com
es

from
th

e
m

a-
ch

in
e

lea
rn

in
g

an
d

statistics
literatu

re
H

ollan
d

et
al.

(1983),
w

h
ile

th
e

m
o
d
el

is
ty

p
ically

11
JM

L
R

 18(177):1-86, 2018

A
b
b
e

called
th

e
p
lan

ted
p
artition

m
o
d
el

in
th

eoretical
com

p
u
ter

scien
ce

B
u
i

et
al.

(1987);
D

yer
an

d
F

rieze
(1989);

B
op

p
an

a
(1987),

an
d

th
e

in
h
om

ogen
eou

s
ran

d
o
m

grap
h
s

m
o
d
el

in
th

e
m

ath
em

atics
literatu

re
B

ollob
ás

et
al.

(2007).

2
.1

T
h

e
g
e
n

e
ra

l
S

B
M

D
e
fi

n
itio

n
1

L
et
n

be
a

po
sitive

in
teger

(th
e

n
u

m
ber

o
f

vertices),
k

be
a

po
sitive

in
teger

(th
e

n
u

m
ber

o
f

co
m

m
u

n
ities),

p
=

(p
1 ,...,p

k )
be

a
p
ro

ba
bility

vecto
r

o
n

[k
]

:=
{
1,...,k}

(th
e

p
rio

r
o
n

th
e
k

co
m

m
u

n
ities)

a
n

d
W

be
a
k×

k
sym

m
etric

m
a
trix

w
ith

en
tries

in
[0,1]

(th
e

co
n

n
ectivity

p
ro

ba
bilities).

T
h
e

pa
ir

(X
,G

)
is

d
ra

w
n

u
n

d
er

S
B

M
(n
,p
,W

)
if
X

is
a
n
n

-
d
im

en
sio

n
a
l

ra
n

d
o
m

vecto
r

w
ith

i.i.d
.

co
m

po
n

en
ts

d
istribu

ted
u
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s

of
re

la
ti

ve
si

ze
s

(0
.8
,0
.2

).
A

ra
n
d
o
m

g
u
es

s
u
n
-

d
er

th
is

p
ri

or
gi

ve
s

an
ag

re
em

en
t

o
f

0
.8

2
+

0
.2

2
=

0
.6

8,
h
ow

ev
er

an
al

go
ri

th
m

th
a
t

si
m

p
ly

p
u
ts

ev
er

y
ve

rt
ex

in
th

e
fi
rs

t
co

m
m

u
n
it

y
ac

h
ie

ve
s

an
a
gr

ee
m

en
t

of
0.

8.
In

D
ec

el
le

et
a
l.

(2
01

1)
,

th
e

la
tt

er
ag

re
em

en
t

is
co

n
si

d
er

ed
as

th
e

on
e

to
im

p
ro

ve
u
p

on
in

o
rd

er
to

d
et

ec
t

co
m

m
u
n
it

ie
s,

le
ad

in
g

to
th

e
fo

ll
ow

in
g

d
efi

n
it

io
n
:

D
e
fi

n
it

io
n

8
M

a
x-

d
et

ec
ti

o
n

is
so

lv
ed

in
S
B

M
(n
,p
,W

)
if

fo
r

(X
,G

)
∼

S
B

M
(n
,p
,W

),
th

er
e

ex
is

ts
ε
>

0
a
n

d
a
n

a
lg

o
ri

th
m

th
a
t

ta
ke

s
G

a
s

a
n

in
p
u

t
a
n

d
o
u

tp
u

ts
X̂

su
ch

th
a
t

P
{A

(X
,X̂

)
≥

m
ax

i∈
[k

]
p
i
+
ε}

=
1
−
o(

1)
.
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

A
s

sh
ow

n
in

A
b
b

e
an

d
S
an

d
on

(2017),
p
rev

iou
s

d
efi

n
ition

is
h
ow

ev
er

n
ot

th
e

righ
t

d
efi

n
ition

to
ca

p
tu

re
th

e
K

esten
-S

tigu
m

th
resh

o
ld

in
th

e
gen

eral
case.

In
oth

er
w

ord
s,

th
e

con
jectu

re
th

a
t

m
a
x
-d

etection
is

alw
ay

s
p

ossib
le

ab
ove

th
e

K
esten

-S
tigu

m
th

resh
old

is
n
ot

accu
rate

in
g
en

era
l

S
B

M
s.

B
ack

to
ou

r
ex

am
p
le

w
ith

com
m

u
n
ities

of
relative

sizes
(0
.8
,0
.2

),
an

a
lg

o
rith

m
th

a
t

cou
ld

fi
n
d

a
set

con
tain

in
g

2
/
3

of
th

e
vertices

from
th

e
larg

e
com

m
u
n
ity

an
d

1
/3

o
f

th
e

vertices
from

th
e

sm
all

com
m

u
n
ity

w
ou

ld
n
ot

satisfy
th

e
ab

ove
ab

ov
e

d
etection

criteria
,

w
h
ile

th
e

algorith
m

p
ro

d
u
ces

n
on

triv
ial

am
ou

n
ts

of
ev

id
en

ce
on

w
h
at

com
m

u
n
ities

th
e

v
ertices

a
re

in
.

T
o

b
e

m
ore

sp
ecifi

c,
con

sid
er

a
tw

o
com

m
u
n
ity

S
B

M
w

h
ere

each
vertex

is
in

co
m

m
u
n
ity

1
w

ith
p
rob

ab
ility

0
.9

9,
each

p
air

of
vertices

in
com

m
u
n
ity

1
h
ave

an
ed

g
e

b
etw

een
th

em
w

ith
p
rob

ab
ility

2/n
,

w
h
ile

vertices
in

com
m

u
n
ity

2
n
ev

er
h
ave

ed
ges.

R
eg

ard
less

o
f
w

h
at

ed
ges

a
vertex

h
as

it
is

m
o
re

likely
to

b
e

in
com

m
u
n
ity

1
th

an
com

m
u
n
ity

2
,

so
d
etectio

n
accord

in
g

to
th

e
ab

ove
d
efi

n
ition

is
n
ot

im
p

ossib
le,

b
u
t

on
e

can
still

d
iv

id
e

th
e

vertices
in

to
th

ose
w

ith
d
egree

0
an

d
th

ose
w

ith
p

ositiv
e

d
egree

to
ob

tain
a

n
on

-triv
ial

d
etectio

n
—

see
A

b
b

e
an

d
S
an

d
on

(2017)
for

a
form

al
cou

n
ter-ex

am
p
le.

A
fi
x

fo
th

is
issu

e
is

to
con

sid
er

a
w

eig
h
ted

n
otion

of
agreem

en
t,

i.e.,

Ã
(x
,y

)
=

m
ax

π∈
S
k

1k

k
∑i=

1 ∑
u∈

[n
] 1

(x
u

=
π

(y
u ),x

u
=
i)

∑
u∈

[n
] 1

(x
u

=
i)

,
(12)

w
h
ich

co
u
n
ts

th
e

n
u
m

b
er

of
agreein

g
com

p
on

en
ts

(u
p

to
relab

ellin
gs)

n
orm

a
lized

b
y

th
e

size
o
f

th
e

co
m

m
u
n
ities.

W
eak

recov
ery

(or
d
etection

)
can

th
en

b
e

d
efi

n
ed

as
ob

ta
in

in
g

w
ith

h
ig

h
p
ro

b
a
b
ility

a
w

eigh
ted

agreem
en

t
of

Ã
(X
,X̂

(G
))

=
1/k

+
Ω
n
(1),

a
n
d

th
is

a
p
p
lies

to
th

e
gen

eral
S
B

M
.

A
n
oth

er
d
efi

n
ition

of
d
etection

th
at

seem
s

easier
to

m
a
n
ip

u
la

te
an

d
th

at
im

p
lies

th
e

p
rev

iou
s

on
e

is
as

follow
s;

n
ote

th
at

th
is

d
efi

n
ition

req
u
ires

a
sin

g
le

p
a
rtitio

n
even

for
th

e
gen

eral
S
B

M
.

D
e
fi

n
itio

n
9

W
e
a
k

re
c
o
v
e
ry

o
r

d
e
te

c
tio

n
is

so
lved

in
S
B

M
(n
,p
,W

)
if

fo
r

(X
,G

)
∼

S
B

M
(n
,p
,W

),
th

ere
exists

ε
>

0
,
i,j∈

[k
]

a
n

d
a
n

a
lgo

rith
m

th
a
t

ta
kes

G
a
s

a
n

in
p
u

t
a
n

d
o
u

tp
u

ts
a

pa
rtitio

n
o
f

[n
]

in
to

tw
o

sets
(S
,S

c)
su

ch
th

a
t

P{|Ω
i ∩

S|/|Ω
i |−
|Ω
j ∩

S|/|Ω
j |≥

ε}
=

1−
o(1),

w
h
ere

w
e

reca
ll

th
a
t

Ω
i

=
{
u
∈

[n
]

:
X
u

=
i}

.

In
o
th

er
w

o
rd

s,
an

algorith
m

solv
es

d
etection

if
it

d
iv

id
es

th
e

grap
h
’s

v
ertices

in
to

tw
o

sets
su

ch
th

a
t

v
ertices

from
tw

o
d
iff

eren
t

com
m

u
n
ities

h
ave

d
iff

eren
t

p
rob

ab
ilities

of
b

ein
g

a
ssig

n
ed

to
o
n
e

of
th

e
sets.

W
ith

th
is

d
efi

n
ition

,
p
u
ttin

g
all

vertices
in

on
e

com
m

u
n
ity

d
o
es

n
o
t

d
etect,

sin
ce
|Ω
i ∩

S|/|Ω
i |

=
1

for
all

i
∈

[k
].

F
u
rth

er,
in

th
e

sy
m

m
etric

S
B

M
,

th
is

d
efi

n
itio

n
im

p
lies

D
efi

n
ition

7
p
rov

id
ed

th
at

w
e

fi
x

th
e

ou
tp

u
t:

L
e
m

m
a

1
0

If
a
n

a
lgo

rith
m

so
lves

d
etectio

n
in

th
e

sen
se

o
f

D
efi

n
itio

n
1
1

fo
r

a
sym

m
etric

S
B

M
,

th
en

it
so

lves
m

a
x-d

etectio
n

(o
r

d
etectio

n
a
cco

rd
in

g
to

D
ecelle

et
a
l.’s

d
efi

n
itio

n
),

p
ro

vid
ed

th
a
t

w
e

co
n

sid
er

it
a
s

retu
rn

in
g
k−

2
em

p
ty

sets
in

a
d
d
itio

n
to

its
a
ctu

a
l

o
u

tp
u

t.
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A
b
b
e

S
ee

A
b
b

e
an

d
S
an

d
on

(2016b
)

for
th

e
p
ro

of.
T

h
e

ab
ove

is
likely

to
ex

ten
d

to
oth

er
w

eak
ly

sy
m

m
etric

S
B

M
s,

i.e.,
th

at
h
ave

con
stan

t
ex

p
ected

d
egree,

b
u
t

n
ot

all.
F

in
ally,

n
ote

th
at

ou
r

n
otion

of
d
etection

req
u
ires

to
sep

arate
at

least
tw

o
com

m
u
n
ities

i,j∈
[k

].
O

n
e

m
ay

ask
for

a
d
efi

n
ition

w
h
ere

tw
o

sp
ecifi

c
com

m
u
n
ities

n
eed

to
b

e
sep

arated
:

D
e
fi

n
itio

n
1
1

S
epa

ra
tio

n
o
f

co
m

m
u

n
ities

i
a
n

d
j,

w
ith

i,j∈
[k

],
is

so
lved

in
S
B

M
(n
,p
,W

)
if

fo
r

(X
,G

)∼
S
B

M
(n
,p
,W

),
th

ere
exists

ε
>

0
a
n

d
a
n

a
lgo

rith
m

th
a
t

ta
kes

G
a
s

a
n

in
p
u

t
a
n

d
o
u

tp
u

ts
a

pa
rtitio

n
o
f

[n
]

in
to

tw
o

sets
(S
,S

c)
su

ch
th

a
t

P{|Ω
i ∩

S|/|Ω
i |−
|Ω
j ∩

S|/|Ω
j |≥

ε}
=

1−
o(1).

T
h
ere

are
at

least
tw

o
ad

d
ition

al
q
u
estion

s
th

at
are

n
atu

ral
to

ask
ab

ou
t

S
B

M
s,

b
oth

can
b

e
asked

for
effi

cien
t

or
in

form
ation

-th
eoretic

algorith
m

s:

•
D

istin
g
u

ish
a
b

ility
o
r

te
stin

g
:

C
on

sid
er

an
h
y
p

oth
esis

test
w

h
ere

a
ra

n
d
om

grap
h

G
is

d
raw

n
w

ith
p
rob

ab
ility

1/2
from

an
S
B

M
m

o
d
el

(w
ith

sam
e

ex
p

ected
d
egree

in
each

com
m

u
n
ity

)
an

d
w

ith
p
rob

ab
ility

1/
2

from
an

E
rd

ős-R
én

y
i
m

o
d
el

w
ith

m
atch

in
g

ex
p

ected
d
egree.

Is
is

p
ossib

le
to

d
ecid

e
w

ith
asy

m
p
to

tic
p
rob

ab
ility

1/
2

+
ε

for
som

e
ε
>

0
from

w
h
ich

en
sem

b
le

th
e

grap
h

is
d
raw

n
?

T
h
is

req
u
ires

th
e

total
variation

b
etw

een
th

e
tw

o
en

sem
b
les

to
b

e
n
on

-van
ish

in
g.

T
h
is

is
also

som
etim

es
called

‘d
etec-

tion
’,

alth
ou

gh
w

e
u
se

h
ere

d
etection

as
an

altern
ativ

e
term

in
ology

to
w

eak
recovery.

D
istin

gu
ish

ab
ility

is
fu

rth
er

d
iscu

ssed
in

S
ection

4.6.1.

•
L

e
a
rn

a
b

ility
:

A
ssu

m
e

th
at

G
is

d
raw

n
from

an
S
B

M
en

sem
b
le,

is
it

p
ossib

le
to

ob
tain

a
con

sisten
t

estim
ator

for
th

e
p
aram

eters?
E

.g.,
can

w
e

learn
k
,p
,Q

from
a

grap
h

d
raw

n
from

S
B

M
(n
,p
,Q
/n

)?
T

h
is

is
fu

rth
er

d
iscu

ssed
in

S
ection

7.

T
h
e

ob
v
iou

s
im

p
lication

s
are:

ex
act

recovery
⇒

alm
ost

ex
act

recovery
⇒

p
artial

recovery
⇒

w
eak

d
etection

⇒
d
istin

gu
ish

ab
ility.

M
oreover,

for
sy

m
m

etric
S
B

M
s

w
ith

tw
o

sy
m

m
etric

com
m

u
n
ities:

learn
ab

ility
⇔

w
eak

recov
ery
⇔

d
istin

gu
ish

ab
ility,

b
u
t

th
ese

are
b
ro

k
en

for
gen

eral
S
B

M
s;

see
S
ection

7.

2
.4

M
o
d

e
l

v
a
ria

n
ts

T
h
ere

are
variou

s
ex

ten
sion

s
of

th
e

b
asic

S
B

M
d
iscu

ssed
in

p
rev

iou
s

section
,

in
p
articu

lar:

•
L

a
b

e
lle

d
S

B
M

s:
allow

in
g

for
ed

ges
to

carry
a

lab
el,

w
h
ich

can
m

o
d
el

in
ten

sities
of

sim
ilarity

fu
n
ction

s
b

etw
een

v
ertices

(see
for

ex
am

p
le

H
eim

lich
er

et
al.

(2012);
X

u
et

al.
(2014);

J
og

an
d

L
oh

(2015);
Y

u
n

an
d

P
rou

tiere
(2015)

an
d

fu
rth

er
d
eta

ils
in

S
ection

3.5);

•
D

e
g
re

e
-c

o
rre

c
te

d
S

B
M

s:
allow

in
g

for
a

d
egree

p
aram

eter
for

each
vertex

th
at

scales
th

e
ed

ge
p
rob

ab
ilities

in
ord

er
to

m
akes

ex
p

ected
d
egrees

m
atch

th
e

ob
served

d
egrees

(see
for

ex
am

p
le

K
arrer

an
d

N
ew

m
an

(2011);
?
);

?
);

•
O

v
e
rla

p
p

in
g

S
B

M
s:

allow
in

g
for

th
e

com
m

u
n
ities

to
overla

p
,

su
ch

as
in

th
e

m
ix

ed
-

m
em

b
ersh

ip
S
B

M
A

irold
i

et
al.

(2008),
w

h
ere

each
vertex

h
as

a
p
rofi

le
of

com
m

u
n
ity

m
em

b
ersh

ip
s

or
a

con
tin

u
ou

s
lab

el—
see

also
F

ortu
n
ato

(2010);
N

ew
m

an
a
n
d

P
eix

oto
(2015);

B
all

et
al.

(2011b
);

P
eix

oto
(2015);

P
alla

et
al.

(2005);
G

op
alan

an
d

B
lei

(2013);
A

b
b

e
an

d
S
an

d
on

(2015b
)

an
d

fu
rth

er
d
iscu

ssion
in

S
ection

3.5
).

16
JM

L
R

 18(177):1-86, 2018



C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

A
n
ot

h
er

va
ri

an
t

th
at

ci
rc

u
m

ve
n
ts

th
e

d
is

cu
ss

io
n
s

ab
ou

t
n
on

-e
d
ge

s
is

to
co

n
si

d
er

a
c
e
n

so
re

d
b

lo
ck

m
o
d

e
l

(C
B

M
),

d
efi

n
ed

as
fo

ll
ow

s
(s

ee
A

b
b

e
et

al
.

(2
01

4a
))

.

D
e
fi

n
it

io
n

1
2

(B
in

a
ry

sy
m

m
e
tr

ic
C

B
M

)
L

et
G

=
([
n

],
E

)
be

a
gr

a
p
h

a
n

d
ε
∈

[0
,1

].
L

et
X
n

=
(X

1
,.
..
,X

n
)

w
it

h
i.

i.
d
.

B
er

n
o
u

ll
i(

1/
2)

co
m

po
n

en
ts

.
L

et
Y

be
a

ra
n

d
o
m

ve
ct

o
r

o
f

d
im

en
si

o
n
( n 2

)
ta

ki
n

g
va

lu
es

in
{0
,1
,?
}

su
ch

th
a
t

P
{Y

ij
=

1|
X
i

=
X
j
,E

ij
=

1}
=

P
{Y

ij
=

0|
X
i
6=
X
j
,E

ij
=

1}
=
ε

(1
3)

P
{Y

ij
=
?
|E

ij
=

0}
=

1.
(1

4)

T
h
e

ca
se

of
an

E
rd

os
-R

en
y
i

gr
ap

h
is

d
is

cu
ss

ed
in

H
ei

m
li
ch

er
et

al
.

(2
01

2)
;

A
b
b

e
et

al
.

(2
01

4a
,b

);
C

h
in

et
al

.
(2

01
5)

;
S
aa

d
e

et
al

.
(2

01
5)

;
C

h
en

et
al

.
(2

01
4
);

C
h
en

an
d

G
ol

d
sm

it
h

(2
01
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.
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b
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p
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d
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e
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d
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il
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in
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il
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th
e

S
B

M
(w

h
en

G
is

an
E

rd
os

-R
en
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i

gr
ap

h
of

d
eg

re
e

(a
+
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/
2

an
d
ε

=
b/
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+
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r

th
e
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o
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m

m
u
n
it

y
sy

m
m

et
ri

c
ca

se
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h
e

C
B

M
ca

n
al
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b

e
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ed
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n
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iz

at
io
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b
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sy
n
ch

ro
n
iz

at
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d
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e
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m
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b
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e
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n
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en
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l
an
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al
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th
m
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ve
l
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en

er
al

iz
in

g
in

p
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r
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e
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.

F
u
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er
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n
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n
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d
er
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e
ge

n
er
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m

o
d
el

s
of

in
h

o
m

o
g
e
n

o
u

s
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n
d

o
m
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h

s
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b
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w
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ic

h
at
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ch
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ea
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ve

rt
ex
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la

b
el
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a

se
t

th
at
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n
ot
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h
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ge
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d
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n
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n
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b
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h
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gi
ve

s
in

fa
ct

a
w
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o
d
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em
b

er
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ip
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an
d
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al

so
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te
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ra

p
h

o
n
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w

h
ic

h
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rr
es

p
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d
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th

e
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se
w

h
er

e
ea
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ve

rt
ex

h
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a
co
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n
u
ou
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la

b
el

.
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m

ay
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e
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th
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y
in
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a
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w
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or
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ou
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th

e
th

eo
ry
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s

an
d

it
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im
p
li
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ti
on
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r
u
s.

L
ov
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an
d
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d
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h
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s
L
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;
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o
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.
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L
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01
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th
e

st
u
d
y

of
la
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e

gr
ap

h
s
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o
re

la
te

d
to

S
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s

R
eg

u
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y
L

em
m

a
S
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éd
i
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ow
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g

th
at

3
a
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n
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rg
en
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ce
of
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ap
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d
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ap
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,
th
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p
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se
rv
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m
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y
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d
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p
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en

ce
.

G
ra

p
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s
ca

n
b

e
re
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n
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d
b
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a
m
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b
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n
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n
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h
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n
b
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a
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n
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n
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th

e
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n
n
ec

ti
v
it

y
m

at
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x
W

u
se

d
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u
g
h
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p
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p
er

.
M
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t
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u
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y
n
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w
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k
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o
d
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va
ri
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u
n
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o
d
e
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b

el
in

gs
,
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m
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t
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o
d
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n

b
e
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b
y
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d
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u
ti

on
th
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n
d
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n

a
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y
in

d
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en
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en
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h
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d
en

n
o
d
e

la
b
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v
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m
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b
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a
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.
T

h
is
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s
a

d
e

F
in

et
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’s
th

eo
re

m
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r
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b
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-i
n
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an

t
m

o
d
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A
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D
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n
is
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d

J
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b
u
t

d
o
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q
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e
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ry

b
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d
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T
h
u
s
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h
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m
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ve
a

b
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y
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o
d
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w

h
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h
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b
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d
in

g
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b
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t
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e

so
le

p
u
rp
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d
y
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ge
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b
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k
m

o
d
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h
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u
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n
d
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h
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en
ou
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d
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fr

ee
d
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u
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p
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b
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m
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m
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h
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e
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ar
n
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g
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d
n
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w
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k
s

ar
e
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n
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ed

w
it

h
in

te
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n
s
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it

em
s

th
at

go
b

ey
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d
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e
p
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e
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in
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F
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p
le

,
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n
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m

et
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s
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ra
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io

n
s
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g
k
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u
p
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b
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n
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d
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m
p
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d
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d
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re
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b
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w
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p
h
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a
l
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n

n
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=
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b
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h
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=
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b
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b
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n
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b
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b
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b
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e
k

n
o
d
e-

va
ri

ab
le

s
ad

ja
ce

n
t

to
I
.

W
e

d
efi

n
e

a
gr

a
p
h
ic

a
l

ch
a
n
n
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n
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b
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e
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e
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d
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h
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n
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h
”
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e

ob
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n
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p
h
G
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d

a
m
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”
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e
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n
n
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ti
v
it

y
ke
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el
Q
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T
h
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ey
q
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ti
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e
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s
b

et
w
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n
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e
tw

o
q
u
an

ti
ti

es
in

th
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h
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p
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s
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d
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e
X

,
a
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m

p
le
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ap
h
G
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a
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c
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Q
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r
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e
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p
u
t
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o
m
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e
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u
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u
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S
im

il
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e
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d
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p
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ot
h
er
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an
n
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s,
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ch
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n
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sy
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at
io

n
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p
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m
o
d
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n
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d
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o
d
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S
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e
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n

d
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p
o
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B
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e

d
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g

w
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en
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e
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q
u
ir
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en
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n
b

e
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n
o
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S
B

M
s,
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p
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n
t
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ll

a
fe

w
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p
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og
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p
ro

p
er

ti
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f

th
e

S
B

M
gr

ap
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W
h
en
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l
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e
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ie
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of
W
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e
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e
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m

e
a
n
d
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u
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to
w

,
th

e
S
B

M
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ll
a
p
se

s
to
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e

E
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ő
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R
én

y
i

m
o
d
el
G

(n
,w

)
w

h
er

e
ea

ch
ed
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d
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w
n
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d
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w
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u
s

re
ca
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b
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s
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r
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o
d
el

d
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m
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n
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E
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an

d
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y
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)
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n
n
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d

w
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h
h
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h
p
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b
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)
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a
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.e

.,
a

co
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F
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,
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e
n
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b
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o
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d
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g
c
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v
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x
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(n
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∈
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w
h
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e
d
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)
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th
e
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n
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h
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p
a
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n
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n
g
u
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d
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n
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at
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n
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a
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to

n
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n
b
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n
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g

p
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n
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d
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b
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p
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re
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M
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b
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u
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e
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h
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4
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d
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d
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u
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u
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e
t
e
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n
a
n
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o
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B
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o
c
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d
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l
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M
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)
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a
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t
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p
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en

t
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n

)
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a
n
d
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n
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if
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+
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1
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>
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•
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r
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1
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n
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b
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b
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d
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h
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at
least

for
th

e
case

of
a

con
stan

t
ex

cep
ted

d
eg

rees.
F

o
r

co
n
n
ectiv

ity,
on
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b
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i ‖
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ected

w
ith

h
igh

p
rob

ab
ility

if
m

in
i∈

[k
] ‖

(d
iag

(p
)Q

)
i ‖

1
<

1,
w

h
ere

(d
iag

(p
)Q

)
i

is
th

e
i-th

co
lu

m
n

of
d
iag

(p
)Q

.
T

h
ese

resu
lts

are
im

p
ortan

t
to

u
s

as
th

ey
alread

y
p

oin
t

regim
es

w
h
ere

ex
act

or
w

eak
recovery

is
n
o
t

p
ossib

le.
N

am
ely,

if
th

e
S
B

M
gra

p
h

is
n
ot

con
n
ected

,
ex

act
recovery

is
n
ot

p
o
ssib

le
(sin

ce
th

ere
is

n
o

h
op

e
to

lab
el

d
iscon

n
ected

com
p

on
en

ts
w

ith
h
igh

er
ch

an
ce

th
an

1
/2

),
h
en

ce
ex

a
ct

recovery
can

take
p
lace

on
ly

if
th

e
S
B

M
p
a
ram

eters
are

in
th

e
loga

rith
m

ic
d
eg

ree
regim

e.
In

oth
er

w
ord

s,
ex

act
recovery

in
S
S
B

M
(n
,k
,a

log
n
/n
,b

log
n
/n

)
is

n
ot

so
lva

b
le

if
a
+

(k−
1
)b

k
<

1.
T

h
is

is
h
ow

ever
u
n
likely

to
p
rov

id
e

a
tigh

t
co

n
d
ition

,
i.e.,

ex
act

recovery
is

n
o
t

eq
u
ivalen

t
to

con
n
ectiv

ity,
an

d
n
ex

t
section

w
ill

p
recisely

in
vestigate

h
ow

m
u
ch

m
o
re

th
an

a
+

(k−
1
)b

k
>

1
is

n
eed

ed
to

ob
tain

ex
act

recovery.
S
im

ilarly,
it

is
n
ot

h
ard

to
see

th
a
t

w
ea

k
recovery

is
n
ot

solvab
le

if
th

e
grap

h
d
o
es

n
ot

h
ave

a
gian

t
com

p
on

en
t,

i.e.,
w

ea
k

recovery
is

n
ot

solvab
le

in
S
S
B

M
(n
,k
,a
/
n
,b/n

)
if

a
+

(k−
1
)b

k
<

1,
an

d
w

e
w

ill
see

in
S
ectio

n
4

h
ow

m
u
ch

m
ore

is
n
eed

ed
to

go
from

th
e

gian
t

to
w

eak
recovery.

2
.6

C
h

a
lle

n
g
e
s:

sp
e
c
tra

l,
S

D
P

a
n

d
m

e
ssa

g
e

p
a
ssin

g
a
p

p
ro

a
ch

e
s

C
o
n
sid

er
th

e
sy

m
m

etric
S
B

M
w

ith
tw

o
com

m
u
n
ities,

w
h
ere

th
e

in
n
er-clu

ster
p
rob

ab
ility

is
a
/
n

a
n
d

th
e

across-clu
ster

p
rob

ab
ility

is
b/n

,
i.e.,

S
S
B

M
(n
,2
,a
/n
,b/n

),
an

d
a
ssu

m
e
a
≥
b.

W
e

n
ex

t
d
iscu

ss
b
asic

ap
p
roach

es
an

d
th

e
ch

allen
ges

th
at

th
ey

face.
T

h
e

sp
e
c
tra

l
a
p

p
ro

a
ch

.
A

ssu
m

e
for

sim
p
licity

th
at

th
e

tw
o

clu
sters

h
ave

ex
actly

size
n
/
2
,

a
n
d

in
d
ex

th
e

fi
rst

clu
ster

w
ith

th
e

fi
rst

n
/2

v
ertices.

T
h
e

ex
p

ected
ad

jacen
cy

m
atrix

E
A

o
f

th
is

g
ra

p
h

h
as

fou
r

b
lo

ck
s

given
b
y

E
A

=

(
a
/n
·1
n
/
2×
n
/
2

b/n
·
1
n
/
2×
n
/
2

b/n
·
1
n
/
2×
n
/
2

a
/n
·
1
n
/
2×
n
/
2 )

.
(16)

T
h
is

m
a
trix

h
a
s

th
ree

eigen
valu

es,
n
am

ely
(a

+
b)/n

,
(a−

b)/n
an

d
0,

w
h
ere

0
h
as

m
u
ltip

licity
n
−

2
,

a
n
d

eig
en

vectors
attach

ed
to

th
e

fi
rst

tw
o

eigen
valu

es
are

{
a

+
b

n
, (

1
n
/
2

1
n
/
2 )}

, {
a−

b

n
, (

1
n
/
2

−
1
n
/
2 )}

.
(17)

S
in

ce
p

erm
u
ta

tion
s

d
o

n
ot

aff
ect

eigen
valu

es
a
n
d

p
erm

u
te

eigen
vectors,

if
on

e
w

ere
to

w
ork

w
ith

th
e

ex
p

ected
ad

jacen
cy

m
atrix

,
com

m
u
n
ities

cou
ld

sim
p
ly

b
e

recovered
b
y

tak
in

g
an

19
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A
b
b
e

eigen
vector

corresp
on

d
in

g
to

th
e

secon
d

largest
eigen

valu
e,

an
d

assign
in

g
each

vertex
to

a
com

m
u
n
ity

d
ep

en
d
in

g
on

th
e

sign
of

th
is

eigen
vector’s

com
p

on
en

ts.
O

f
cou

rse,
w

e
d
o

n
ot

h
ave

access
to

th
e

ex
p

ected
ad

jacen
cy

m
atrix

,
n
or

a
tigh

t
estim

ate
sin

ce
w

e
are

ob
serv

in
g

a
sin

gle
sh

ot
of

th
e

S
B

M
grap

h
,

b
u
t

w
e

can
v
iew

th
e

a
d
jacen

cy
m

atrix
A

as
a

p
ertu

rb
ation

of
E
A

,
i.e.,

A
=

E
A

+
Z

w
h
ere

Z
=

(A
−

E
A

)
is

th
e

p
ertu

rb
ation

.
O

n
e

m
ay

h
op

e
th

at
th

is
p

ertu
rb

ation
is

m
o
d
erate,

i.e.,
th

at
carry

in
g

th
e

sam
e

p
rogram

as
for

th
e

ex
p

ected
ad

jacen
cy

—
tak

in
g

th
e

secon
d

eigen
vector

of
A

—
still

gives
a

m
ean

in
gfu

l
recon

stru
ction

of
th

e
com

m
u
n
ities.

T
h
e

C
ou

ran
t-F

ish
er

th
eorem

can
b

e
u
sed

to
ob

tain
a

sim
p
le

con
tro

l
on

th
e

p
ertu

rb
ation

of
th

e
eigen

valu
es

of
A

from
E
A

.
D

en
otin

g
b
y
λ

1 ≥
···≥

λ
n

an
d
λ̂

1 ≥
λ̂

2 ≥
···≥

λ̂
n

th
e

ord
ered

eigen
valu

es
of

E
A

an
d
A

resp
ectively,

w
e

h
ave

for
all

i∈
[n

],

|λ
i −

λ̂
i |≤
‖Z‖

,
(18)

w
h
ere
‖
·‖

d
en

otes
th

e
op

erator
n
orm

.
T

h
u
s,

if‖
Z‖

is
less

th
an

h
alf

of
th

e
least

gap
b

etw
een

th
e

th
ree

eigen
valu

es
a
+
b

n
,
a−

b
n

an
d

0,
th

e
eigen

valu
es

of
A

w
ou

ld
h
ave

a
p
reserved

ord
erin

g.
T

h
is

w
ou

ld
on

ly
giv

e
u
s

h
op

e
th

at
th

e
eigen

vectors
w

ou
ld

b
e

correlated
,

b
u
t

gives
n
o

gu
aran

tees
so

far.
T

h
e

D
av

is-K
ah

an
T

h
eorem

can
b

e
u
sed

to
th

a
t

en
d
,

giv
in

g
th

at
th

e
an

gle
θ
i

b
etw

een
th

e
eigen

v
ectors

corresp
on

d
in

g
to

th
e
i-th

eigen
valu

es
h
as

a
sin

u
s

b
ou

n
d
ed

as
sin

θ
i ≤

‖
Z
‖

m
in
i6=
j |λ

i −
λ
j |/

2
(th

is
is

in
fact

a
sligh

tly
w

eak
er

statem
en

t
th

an
D

av
is-K

ah
an

).

T
h
u
s

estim
atin

g
th

e
op

erator
n
orm

is
cru

cial
w

ith
th

is
ap

p
roach

,
an

d
to

ols
from

ran
d
om

m
atrix

th
eory

can
b

e
u
sed

h
ere

N
ad

ak
u
d
iti

an
d

N
ew

m
an

(2012);
V

u
(2007).

T
h
e

p
rob

lem
w

ith
th

is
n
aive

ap
p
roach

is
th

at
it

fails
w

h
en

a
an

d
b

are
to

o
sm

all,
su

ch
as

in
th

e
sp

arse
regim

e
(con

stan
t
a
,b)

or
ev

en
slow

ly
grow

in
g

d
egrees.

O
n
e

of
th

e
m

ain
reason

s
for

th
is

is
th

at
th

e
eigen

valu
es

are
far

from
b

ein
g

p
rop

erly
ord

ered
in

su
ch

ca
ses,

in
p
articu

lar
d
u
e

to
h
igh

d
egree

n
o
d
es.

In
th

e
sp

arse
regim

e,
th

ere
w

ill
b

e
n
o
d
es

of
alm

o
st

logarith
m

ic
d
egree,

an
d

th
ese

in
d
u
ce

eigen
valu

es
of

ord
er

rou
gh

ly
ro

ot-logarith
m

ic.
T

o
see

th
is,

n
ote

th
at

an
isolated

star
grap

h
,

i.e.,
a

sin
gle

vertex
con

n
ected

to
k

n
eigh

b
ors,

h
as

an
eigen

valu
e

of √
k

w
ith

eigen
vecto

r
h
av

in
g

w
eigh

t
1

on
th

e
cen

ter-vertex
an

d
√
k

on
th

e
n
eigh

b
ors

(recall
th

at
ap

p
ly

in
g

a
vector

to
th

e
ad

jacen
cy

m
atrix

corresp
on

d
s

to
d
iff

u
sin

g
each

vector
com

p
on

en
t

to
its

n
eigh

b
ors).

T
h
u
s

th
e

sp
ectru

m
of

th
e

ad
jacen

cy
m

atrix
or

sta
n
d
ard

L
ap

lacian
s

is
b
lu

rred
b
y

‘ou
tlier’

eigen
valu

es
in

su
ch

regim
es

K
aw

am
oto

an
d

K
ab

ash
im

a
(2015),

an
d

w
e

w
ill

n
eed

to
rely

on
d
iff

eren
t

op
erators

th
at

are
n
ot

as
sen

sitive.
T

h
is

is
a

real
d
iffi

cu
lty

th
at

is
recu

rren
t

in
p
ractical

ap
p
lication

s
of

clu
sterin

g
algorith

m
s.

A
p

ossib
le

ap
p
roach

is
to

try
to

regu
larize

th
e

sp
ectru

m
b
y

rely
in

g
on

regu
larized

L
ap

lacian
s

su
ch

as
in

J
osep

h
an

d
Y

u
(2013);

L
e

et
al.

(2015);
C

o
ja-O

gh
lan

(2010);
V

u
(2014);

G
u
éd

on
an

d
V

ersh
y
n
in

(2016);
C

h
in

et
al.

(2015),
b
y

eith
er

trim
m

in
g

or
sh

iftin
g

th
e

m
atrix

en
tries,

b
u
t

d
o
es

n
ot

su
ffi

ce
in

th
e

m
ost

ch
allen

gin
g

regim
es.

T
h
e

S
B

M
w

ill
gives

u
s

rigorou
s

b
en

ch
m

ark
s

to
u
n
d
erstan

d
h
ow

to
d
esign

su
ch

op
erators.

In
p
articu

lar,
th

e
n
on

b
ack

track
in

g
op

erator
d
iscu

ssed
in

S
ection

4
w

ill
allow

to
ru

n
th

e
ab

ove
p
rogram

(i.e.,
tak

in
g

th
e

secon
d

eigen
vector)

su
ccessfu

lly,
as

it
aff

ord
s

a
‘clean

’
sp

ectru
m

th
at

is
n
ot

con
tam

in
ated

b
y

lo
calized

eigen
vectors

ev
en

in
th

e
w

eakest
p

ossib
le

sign
al-to-n

oise
regim

es.
A

s
d
iscu

ssed
n
ex

t,
th

is
op

erator
can

in
fact

b
e

d
erived

as
a

lin
earization

of
b

elief
p
rop

agation
.

2
0
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

T
h

e
m

e
ss

a
g
e

p
a
ss

in
g

a
p

p
ro

a
ch

.
B

ef
or

e
d
es

cr
ib

in
g

th
e

ap
p
ro

ac
h
,

le
t

u
s

re
m

in
d

ou
rs

el
ve

s
of

w
h
at

ou
r

go
al

s
ar

e.
W

e
d
efi

n
ed

d
iff

er
en

t
re

co
ve

ry
re

q
u
ir

em
en

ts
fo

r
th

e
S
B

M
,

in
p
ar

ti
cu

la
r

w
ea

k
an

d
ex

ac
t

re
co

ve
ry

.
A

s
d
is

cu
ss

ed
in

S
ec

ti
on

3,
ex

ac
t

re
co

ve
ry

y
ie

ld
s

a
cl

ea
r

ta
rg

et
fo

r
th

e
S
S
B

M
,

th
e

op
ti

m
a
l

al
go

ri
th

m
(m

in
im

iz
in

g
th

e
p
ro

b
ab

il
it

y
of

fa
il
in

g)
is

th
e

M
ax

im
u
m

A
P

os
te

ri
or

i
(M

A
P

)
al

go
ri

th
m

th
at

lo
ok

s
fo

r
th

e
m

in
-b

is
ec

ti
on

:

x̂
m

a
p
(g

)
=

ar
g

m
ax

x
∈
{+

1
,−

1
}n

x
t
1
n
=
0

x
t A
x
,

(1
9)

w
h
ic

h
is

eq
u
iv

al
en

t
to

fi
n
d
in

g
a

b
al

an
ce

d
±

1
as

si
gn

m
en

t
to

ea
ch

ve
rt

ex
su

ch
th

a
t

th
e

n
u
m

b
er

of
ed

ge
s

w
it

h
d
iff

er
en

t
en

d
p

oi
n
ts

is
m

in
im

iz
ed

.
T

h
is

is
N

P
-h

ar
d

in
th

e
w

or
st

-c
as

e
(d

u
e

to
th

e
in

te
gr

al
co

n
st

ra
in

t)
,

b
u
t

w
e

w
il
l

sh
ow

th
at

th
e

m
in

-b
is

ec
ti

on
ca

n
b

e
fo

u
n
d

effi
ci

en
tl

y
‘w

it
h

h
ig

h
p
ro

b
ab

il
it

y
’

fo
r

th
e

S
B

M
w

h
en

ev
er

it
is

u
n
iq

u
e

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
(i

.e
.,

n
o

ga
p

o
cc

u
rs

!)
.

F
u
rt

h
er

,
b

ot
h

th
e

sp
ec

tr
al

ap
p
ro

ac
h

d
es

cr
ib

ed
ab

ov
e

(w
it

h
so

m
e

m
o
d
ifi

ca
ti

on
s)

an
d

th
e

S
D

P
ap

p
ro

ac
h

d
es

cr
ib

ed
in

S
ec

ti
on

3.
4

al
lo

w
to

ac
h
ie

ve
th

e
th

re
sh

ol
d
,

an
d

ea
ch

ca
n

b
e

v
ie

w
ed

as
a

re
la

x
at

io
n

of
th

e
m

in
-b

is
ec

ti
on

p
ro

b
le

m
(s

ee
S
ec

ti
on

3.
4)

.
F

or
w

ea
k

re
co

ve
ry

in
st

ea
d
,

m
in

im
iz

in
g

th
e

er
ro

r
p
ro

b
ab

il
it

y
(i

.e
.,

th
e

M
A

P
es

ti
m

at
or

)
is

n
o

lo
n
ge

r
op

ti
m

al
,
an

d
th

u
s

ta
rg

et
in

g
th

e
m

in
-b

is
ec

ti
on

is
n
ot

n
ec

es
sa

ri
ly

th
e

ri
gh

t
ap

p
ro

ac
h
.

A
s

d
is

cu
ss

ed
ab

ov
e,

th
e

sp
ec

tr
al

a
p
p
ro

ac
h

on
th

e
ad

ja
ce

n
cy

m
at

ri
x

ca
n

fa
il

d
ra

m
at

ic
a
ll
y,

as
it

w
il
l

ca
tc

h
lo

ca
li
ze

d
ei

ge
n
ve

ct
or

s
(e

.g
.,

h
ig

h
-d

eg
re

e
n
o
d
es

)
ra

th
er

th
an

co
m

m
u
n
it

ie
s.

T
h
e

S
D

P
ap

p
ro

ac
h

se
em

s
m

or
e

ro
b
u
st

.
W

h
il
e

it
d
o
es

n
ot

d
et

ec
t

co
m

m
u
n
it

ie
s

in
th

e
m

os
t

ch
al

le
n
gi

n
g

re
gi

m
es

,
it

ap
p
ro

ac
h
es

th
e

th
re

sh
o
ld

fa
ir

ly
cl

os
el

y
fo

r
tw

o
co

m
m

u
n
it

ie
s—

se
e

J
av

an
m

ar
d

et
al

.
(2

01
6)

.
N

on
et

h
el

es
s,

it
d
o
es

n
ot

ta
rg

et
th

e
ri

gh
t

fi
gu

re
of

m
er

it
fo

r
w

ea
k

re
co

ve
ry

.
W

h
at

is
th

en
th

e
ri

gh
t

fi
gu

re
of

m
er

it
fo

r
w

ea
k

re
co

ve
ry

?
C

on
si

d
er

th
e

a
gr

ee
m

en
t

m
et

ri
c,

i.
e.

,
m

in
im

iz
in

g
th

e
fr

ac
ti

on
of

m
is

la
b

el
le

d
v
er

ti
ce

s.
C

on
si

d
er

al
so

a
p

er
tu

rb
at

io
n

of
th

e
S
B

M
p
ar

am
et

er
s

to
a

sl
ig

h
tl

y
as

y
m

m
et

ri
c

ve
rs

io
n
,

su
ch

th
at

th
e

la
b

el
s

ca
n

n
ow

b
e

id
en

ti
fi
ed

fr
om

th
e

p
ar

ti
ti

on
,

to
av

oi
d

th
e

re
la

b
el

li
n
g

m
ax

im
iz

at
io

n
ov

er
th

e
co

m
m

u
n
it

ie
s.

T
h
e

ag
re

em
en

t
b

et
w

ee
n

th
e

tr
u
e

cl
u
st

er
s
X

an
d

a
re

co
n
st

ru
ct

io
n
X̂

is
th

en
gi

ve
n

b
y
∑

v
∈[
n

]
1(
X
v

=
X̂
v
(G

))
,

an
d

u
p

on
ob

se
rv

in
g
G

=
g
,

th
e

ex
p

ec
te

d
ag

re
em

en
t

is
m

ax
im

iz
ed

b
y

fi
n
d
in

g
fo

r
ea

ch
v
∈

[n
]

m
ax x̂ v

P
{X

v
=
x̂
v
|G

=
g
}.

(2
0)

T
h
e

re
as

on
s

fo
r

co
n
si

d
er

in
g

an
as

y
m

m
et

ri
c

S
B

M
h
er

e
is

th
at

th
e

ab
ov

e
ex

p
re

ss
io

n
is

ex
ac

tl
y

eq
u
al

to
h
al

f
in

th
e

sy
m

m
et

ri
c

ca
se

,
w

h
ic

h
ca

rr
ie

s
n
o

in
fo

rm
at

io
n
.

T
o

re
m

ed
ia

te
to

th
at

,
on

e
sh

ou
ld

b
re

ak
th

e
sy

m
m

et
ry

in
th

e
sy

m
m

et
ri

c
ca

se
b
y

re
ve

al
in

g
so

m
e

v
er

te
x

la
b

el
s

(o
r

u
se

n
oi

sy
la

b
el

s
as

d
on

e
in

D
es

h
p
an

d
e

et
al

.
(2

01
5)

,
or

p
ar

it
y

of
p
ai

rs
of

v
er

ti
ce

s)
.

O
n
e

m
ay

al
so

re
la

te
th

e
ra

n
d
om

ag
re

em
en

t
to

it
s

ex
p

ec
ta

ti
on

w
it

h
co

n
ce

n
tr

a
ti

on
ar

gu
m

en
ts

.
T

h
es

e
ar

e
ov

er
lo

ok
ed

h
er

e,
b
u
t

w
e

ge
t

a
h
in

t
on

w
h
at

th
e

B
ay

es
op

ti
m

a
l

al
go

ri
th

m
sh

ou
ld

d
o:

it
sh

ou
ld

ap
p
ro

x
im

at
el

y
m

ax
im

iz
e

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

o
n

of
a

si
n
gl

e
ve

rt
ex

gi
ve

n
th

e
gr

ap
h
.

T
h
is

is
d
iff

er
en

t
th

an
M

A
P

w
h
ic

h
at

te
m

p
ts

to
re

co
ve

r
al

l
ve

rt
ic

es
in

on
e

sh
o
t.

In
th

e
la

tt
er

co
n
te

x
t,

th
e

m
ax

im
iz

er
m

ay
n
o
t

b
e

‘t
y
p
ic

al
’

(e
.g

.,
th

e
al

l-
on

e
v
ec

to
r

is
th

e
m

os
t

li
ke

ly
ou

tc
om

e
of
n

i.
i.
d
.

B
er

n
ou

ll
i(

3/
4)

ra
n
d
om

va
ri

ab
le

s,
b
u
t

it
d
o
es

n
ot

h
av

e
a

ty
p
ic

al
fr

ac
ti

on
of

1’
s)

.
C

om
p
u
ti

n
g

(2
0)

is
h
ar

d
,

as
it

re
q
u
ir

es
co

m
p
u
ti

n
g

th
e

gr
ap

h
m

ar
g
in

al
w

h
ic

h
re

q
u
ir

es
co

m
p
u
ti

n
g

an
ex

p
on

en
ti

al
su

m
.

T
h
is

is
w

h
er

e
b

el
ie

f
p
ro

p
ag

at
io

n
co

m
es

in
to

p
la

y,
to

p
ro

v
id

e
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A
b
b
e

a
ti

gh
t

ap
p
ro

x
im

at
io

n
.

W
h
en

th
e

gr
ap

h
is

a
tr

ee
,

th
e

ap
p
ro

x
im

at
io

n
is

ex
ac

t,
a
n
d

p
h
y
si

ci
st

s
h
av

e
go

o
d

re
as

on
s

to
b

el
ie

v
e

th
at

th
is

re
m

ai
n
s

tr
u
e

ev
en

in
ou

r
co

n
te

x
t

of
a

lo
o
p
y

g
ra

p
h

D
ec

el
le

et
al

.
(2

01
1)

.
H

ow
ev

er
,

es
ta

b
li
sh

in
g

su
ch

a
cl

ai
m

ri
go

ro
u
sl

y
is

a
lo

n
g
-s

ta
n
d
in

g
ch

al
le

n
ge

fo
r

m
es

sa
ge

p
as

si
n
g

al
go

ri
th

m
s.

W
it

h
ou

t
a

go
o
d

gu
es

s
on

h
ow

to
in

it
ia

li
ze

B
P

,
w

h
ic

h
w

e
d
o

n
ot

p
os

se
ss

fo
r

th
e

d
et

ec
ti

on
p
ro

b
le

m
,

on
e

m
ay

si
m

p
ly

ta
k
e

a
ra

n
d
o
m

in
it

ia
l

gu
es

s.
In

th
e

sy
m

m
et

ri
c

ca
se

,
th

is
w

ou
ld

st
il
l

gi
ve

a
b
ia

s
of

ro
u
gh

ly
√
n

ve
rt

ic
es

(f
ro

m
th

e
C

en
tr

al
L

im
it

T
h
eo

re
m

)
to

w
ar

d
s

th
e

tr
u
e

p
ar

ti
ti

on
,

i.
e.

,
a

in
it

ia
l

b
el

ie
f

of
1/

2
+

Θ
(1
/
√
n

)
to

w
ar

d
s

th
e

tr
u
th

.
R

ec
al

l
th

at
in

B
P

,
ea

ch
ve

rt
ex

w
il
l

se
n
d

it
s

b
el

ie
f

of
b

ei
n
g

0
o
r

1
to

it
s

n
ei

gh
b

or
s,

co
m

p
u
ti

n
g

th
is

b
el

ie
f

u
si

n
g

B
ay

es
ru

le
fr

om
th

e
re

ce
iv

ed
b

el
ie

fs
a
t

p
re

v
io

u
s

it
er

at
io

n
,

an
d

fa
ct

or
in

g
ou

t
th

e
b
ac

k
tr

ac
k
in

g
b

el
ie

fs
(i

.e
.,

d
o

n
ot

ta
ke

in
to

ac
co

u
n
t

th
e

b
el

ie
f

of
a

sp
ec

ifi
c

ve
rt

ex
to

u
p

d
at

e
it

in
th

e
n
ex

t
it

er
at

io
n
).

A
s

th
e

in
it

ia
l

b
el

ie
f

o
f

1
/2

is
a

tr
iv

ia
l

fi
x

p
oi

n
t

in
B

P
,

on
e

m
ay

at
te

m
p
t

to
ap

p
ro

x
im

at
e

th
e

u
p

d
at

e
B

ay
es

ru
le

a
ro

u
n
d

th
e

u
n
if

or
m

b
el

ie
fs

,
w

or
k
in

g
ou

t
th

e
li
n
ea

r
ap

p
ro

x
im

at
io

n
of

th
e

B
P

u
p

d
a
te

.
T

h
is

g
iv

es
ra

is
e

to
a

li
n
ea

r
op

er
at

or
,

w
h
ic

h
is

th
e

n
on

b
ac

k
tr

ac
k
in

g
(N

B
)

op
er

at
or

d
is

cu
ss

ed
in

S
ec

ti
on

4.
5.

1,
an

d
ru

n
n
in

g
li
n
er

az
ie

d
B

P
co

rr
es

p
on

d
s

to
ta

k
in

g
a

p
ow

er
-i

te
ra

ti
on

m
et

h
o
d

w
it

h
th

is
op

er
at

or
on

th
e

or
ig

in
al

ra
n
d
om

gu
es

se
s—

se
e

S
ec

ti
on

4.
5.

1.
T

h
u
s,

w
e

ar
e

b
ac

k
to

a
sp

ec
tr

al
m

et
h
o
d
,

b
u
t

w
it

h
an

op
er

at
or

th
at

is
a

li
n
ea

ri
za

ti
on

of
th

e
B

ay
es

op
ti

m
al

a
p
p
ro

x
im

a
ti

o
n

(t
h
is

ga
ve

ra
is

e
to

th
e

te
rm

in
ol

og
y

‘s
p

ec
tr

al
re

d
em

p
ti

on
’

in
K

rz
ak

al
a

et
al

.
(2

0
1
3
).

)

T
h
e

ad
va

n
ta

ge
of

th
is

li
n
ea

ri
ze

d
ap

p
ro

ac
h

is
th

at
it

is
ea

si
er

to
an

al
y
ze

th
a
n

th
e

fu
ll

B
P

,
an

d
on

e
ca

n
p
ro

ve
st

at
em

en
ts

ab
ou

t
it

,
su

ch
as

th
at

it
d
et

ec
ts

d
ow

n
to

th
e

o
p
ti

m
al

th
re

sh
ol

d
B

or
d
en

av
e

et
al

.
(2

01
5)

;
A

b
b

e
an

d
S
an

d
on

(2
01

5)
.

O
n

th
e

ot
h
er

h
a
n
d
,

li
n
er

a
ri

ze
d

B
P

w
il
l

lo
os

e
so

m
e

ac
cu

ra
cy

in
co

n
tr

as
t

to
fu

ll
B

P
,

b
u
t

th
is

ca
n

b
e

im
p
ro

ve
d

b
y

u
si

n
g

a
tw

o-
ro

u
n
d

al
go

ri
th

m
:

st
ar

t
w

it
h

li
n
ea

ri
ze

d
B

P
to

p
ro

va
b
ly

d
et

ec
t

co
m

m
u
n
it

ie
s,

a
n
d

th
en

en
h
an

ce
th

is
re

co
n
st

ru
ct

io
n

b
y

fe
ed

in
g

it
to

fu
ll

B
P

—
se

e
fo

r
ex

am
p
le

M
os

se
l

et
a
l.

(2
0
1
3
);

A
b
b

e
an

d
S
an

d
on

(2
01

6b
).

T
h
e

la
tt

er
ap

p
ro

ac
h

gi
v
es

ra
is

e
to

a
n
ew

a
p
p
ro

ac
h

to
a
n
a
ly

zi
n
g

b
el

ie
f

p
ro

p
ag

at
io

n
:

ca
n

su
ch

tw
o

ro
u
n
d
s

ap
p
ro

ac
h
es

w
it

h
li
n
ea

ri
za

ti
on

p
lu

s
a
m

p
li
fi
ca

ti
o
n

b
e

ap
p
li
ed

to
ot

h
er

p
ro

b
le

m
s?

3
.
E
x
a
ct

R
e
co

v
e
ry

3
.1

F
u

n
d

a
m

e
n
ta

l
li
m

it
a
n

d
th

e
C

H
th

re
sh

o
ld

E
x
ac

t
re

co
ve

ry
fo

r
li
n
ea

r
si

ze
co

m
m

u
n
it

ie
s

h
as

b
ee

n
on

e
of

th
e

m
os

t
st

u
d
ie

d
p
ro

b
le

m
fo

r
b
lo

ck
m

o
d
el

s
in

it
s

fi
rs

t
d
ec

ad
es

.
A

p
ar

ti
al

li
st

of
p
ap

er
s

is
gi

ve
n

b
y

B
u
i

et
a
l.

(1
9
8
7
);

D
ye

r
an

d
F

ri
ez

e
(1

98
9)

;
B

op
p
an

a
(1

98
7)

;
S
n
ij

d
er

s
an

d
N

ow
ic

k
i

(1
99

7)
;

C
on

d
on

an
d

K
a
rp

(1
9
9
9
);

M
cS

h
er

ry
(2

00
1)

;
B

ic
ke

l
an

d
C

h
en

(2
00

9)
;

C
h
oi

et
al

.
(2

01
2)

;
V

u
(2

01
4)

;
Y

.
C

h
en

(2
0
1
4)

.
In

th
is

li
n
e

of
w

or
k
,

th
e

ap
p
ro

ac
h

is
m

ai
n
ly

d
ri

ve
n

b
y

th
e

ch
oi

ce
of

th
e

al
go

ri
th

m
s,

a
n
d

in
p
ar

ti
cu

la
r

fo
r

th
e

m
o
d
el

w
it

h
tw

o
sy

m
m

et
ri

c
co

m
m

u
n
it

ie
s.

T
h
e

re
su

lt
s

lo
ok

a
s

fo
ll
ow

s5
:

5
.

S
o
m

e
o
f

th
e

co
n

d
it

io
n

s
h

av
e

b
ee

n
b

o
rr

ow
ed

fr
o
m

a
tt

en
d

ed
ta

lk
s

a
n

d
p

a
p

er
s

a
n
d

h
av

e
n

o
t

b
ee

n
ch

ec
k
ed
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

B
u
i,

C
h
au

d
h
u
ri,

L
eigh

ton
,

S
ip

ser
’8

4
m

a
x
fl
ow

-m
in

cu
t

A
=

Ω
(1/n

),B
=
o(n

−
1−

4
/
((A

+
B
)n

))

B
op

p
an

a
’87

sp
ectra

l
m

eth
.

(A
−
B

)/ √
A

+
B

=
Ω

( √
log

(n
)/n

)
D

yer,
F

rieze
’8

9
m

in
-cu

t
v
ia

d
egrees

A
−
B

=
Ω

(1)
S
n
ijd

ers,
N

ow
ick

i
’97

E
M

a
lg

o.
A
−
B

=
Ω

(1)

J
erru

m
,

S
o
rk

in
’9

8
M

etro
p

o
lis

a
glo

.
A
−
B

=
Ω

(n
−
1
/
6
+
ε)

C
on

d
o
n
,

K
arp

’99
au

gm
en

ta
tio

n
a
lgo

.
A
−
B

=
Ω

(n
−
1
/
2
+
ε)

C
arson

,
Im

p
agliazzo

’0
1

h
ill-clim

b
in

g
algo.

A
−
B

=
Ω

(n
−
1
/
2

log
4(n

))

M
cS

h
erry

’01
sp

ectra
l

m
eth

.
(A
−
B

)/ √
A
≥

Ω
( √

log
(n

)/n
)

B
ickel,

C
h
en

’0
9

N
-G

m
o
d
u
larity

(A
−
B

)/ √
A

+
B

=
Ω

(log
(n

)/ √
n

)
R

o
h
e,

C
h
a
tterjee,

Y
u

’1
1

sp
ectra

l
m

eth
.

A
−
B

=
Ω

(1)

M
o
re

recen
tly,

V
u

V
u

(2014)
ob

tain
ed

a
sp

ectral
algorith

m
th

at
w

ork
s

in
th

e
regim

e
w

h
ere

th
e

ex
p

ected
d
egrees

are
logarith

m
ic,

rath
er

th
an

p
oly

-logarith
m

ic
as

in
M

cS
h
erry

(2
0
0
1
);

C
h
o
i

et
al.

(2012).
N

ote
th

at
ex

act
recovery

req
u
ires

th
e

n
o
d
e

d
egrees

to
b

e
at

least
lo

g
a
rith

m
ic,

a
s

d
iscu

ssed
in

S
ection

2.5.
T

h
u
s

th
e

resu
lts

of
V

u
are

tigh
t

in
th

e
scalin

g,
a
n
d

th
e

fi
rst

to
ap

p
ly

in
su

ch
great

gen
erality,

b
u
t

as
for

th
e

oth
er

resu
lts

in
T

ab
le

1,
th

ey
d
o

n
o
t

revea
l

th
e

p
h
ase

tran
sition

.
T

h
e

fu
n
d
am

en
tal

lim
it

for
ex

act
recovery

w
as

d
erived

fi
rst

fo
r

th
e

ca
se

o
f

sy
m

m
etric

S
B

M
s

w
ith

tw
o

com
m

u
n
ities:

T
h

e
o
re

m
1
3

A
bbe

et
a

l.
(2

0
1
4
);

M
o
ssel

et
a
l.

(2
0
1
4
b)

E
xa

ct
reco

very
in

S
S
B

M
(n
,2
,a

ln
(n

)/n
,b

ln
(n

)/n
)

is
so

lva
ble

a
n

d
effi

cien
tly

so
if| √

a−
√
b|
>
√

2
a
n

d
u

n
so

lva
ble

if| √
a−
√
b|
<
√

2.

A
few

rem
a
rk

s
regard

in
g

th
is

resu
lt:

•
A

t
th

e
th

resh
old

,
on

e
h
as

to
d
istin

gu
ish

tw
o

cases:
if
a
,b
>

0,
th

en
ex

act
recov

ery
is

so
lva

b
le

(an
d

effi
cien

tly
so)

if| √
a−
√
b|

=
√

2
as

fi
rst

sh
ow

n
in

M
ossel

et
al.

(2014b
).

If
a

o
r
b

a
re

eq
u
al

to
0,

ex
act

recovery
is

solvab
le

(an
d

effi
cien

tly
so)

if √
a
>
√

2
or

√
b
>
√

2
resp

ectively,
an

d
th

is
corresp

on
d
s

to
con

n
ectiv

ity.

•
T

h
eo

rem
13

p
rov

id
es

a
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
ex

act
recovery,

an
d

covers
a
ll

ca
ses

for
ex

act
recovery

in
S
S
B

M
(n
,2
,A
,B

)
w

ere
A

an
d
B

m
ay

d
ep

en
d

on
n

as
lo

n
g

a
s

n
ot

asy
m

p
totically

eq
u
ivalen

t
(i.e.,

A
/B

9
1).

F
or

ex
am

p
le,

if
A

=
1
/ √

n

a
n
d
B

=
ln

3(n
)/n

,
w

h
ich

can
b

e
w

ritten
as

A
=
√
n

ln
n

ln
n
n

an
d
B

=
ln

2
n

ln
n
n

,
th

en

ex
a
ct

recovery
is

triv
ially

solvab
le

as| √
a−
√
b|

g
o
es

to
in

fi
n
ity.

If
in

stead
A
/B
→

1,
th

en
o
n
e

n
eed

s
to

lo
ok

at
th

e
secon

d
ord

er
term

s.
T

h
is

is
covered

b
y

M
ossel

et
al.

(2
0
1
4
b
)

for
th

e
2

sy
m

m
etric

com
m

u
n
ity

case,
w

h
ich

sh
ow

s
th

at
fo

r
a
n
,b
n

=
Θ

(1
),

ex
a
ct

recov
ery

is
solvab

le
if

an
d

on
ly

if
(( √

a
n −
√
b
n
)
2−

1)
log

n
+

log
log

n
/
2

=
ω

(1).

•
N

o
te

th
a
t
| √
a
−
√
b|
>
√

2
can

b
e

rew
ritten

as
a
+
b

2
>

1
+
√
a
b

an
d

recall
th

at
a
+
b

2
>

2
is

th
e

con
n
ectiv

ity
req

u
irem

en
t

in
S
S
B

M
.
A

s
ex

p
ected

,
ex

act
recovery

req
u
ires

con
n
ectiv

ity,
b
u
t

con
n
ectiv

ity
is

n
ot

su
ffi

cien
t.

T
h
e

ex
tra

term
√
a
b

is
th

e
‘over-

sa
m

p
lin

g
’
factor

n
eed

ed
to

go
from

con
n
ectiv

ity
to

ex
act

recovery,
an

d
th

e
con

n
ectiv

ity
th

resh
o
ld

can
b

e
recovered

b
y

con
sid

erin
g

th
e

case
w

h
ere

b
=

0.
A

n
in

form
a
tion

-
th

eoretic
in

terp
retation

of
T

h
eorem

13
is

also
d
iscu

ssed
b

elow
.

W
e

n
ex

t
p
rov

id
e

th
e

fu
n
d
am

en
tal

lim
it

for
ex

act
recov

ery
in

th
e

gen
eral

S
B

M
,

in
th

e
reg

im
e

o
f

th
e

p
h
ase

tran
sition

w
h
ere

W
scales

like
ln

(n
)Q
/n

for
a

m
atrix

Q
w

ith
p

ositive
en

tries.
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A
b
b
e

T
h

e
o
re

m
1
4

A
bbe

a
n

d
S

a
n

d
o
n

(2
0
1
5
b)

E
xa

ct
reco

very
in

S
B

M
(n
,p
,ln

(n
)Q
/n

)
is

so
lva

ble
a
n

d
effi

cien
tly

so
ifI

+
(p
,Q

)
:=

m
in

1≤
i<
j≤
k
D

+
((d

iag
(p

)Q
)
i ‖(d

iag
(p

)Q
)
j )
>

1

a
n

d
is

n
o
t

so
lva

ble
if
I

+
(p
,Q

)
<

1,
w

h
ere

D
+

is
d
efi

n
ed

by

D
+

(µ‖
ν

)
:=

m
ax

t∈
[0
,1

] ∑

x

ν
(x

)f
t (µ

(x
)/ν

(x
)),

f
t (y

)
:=

1−
t

+
ty−

y
t.

(21)

R
e
m

a
rk

1
5

R
ega

rd
in

g
th

e
beh

a
vio

r
a
t

th
e

th
resh

o
ld

:
If

a
ll

th
e

en
tries

o
f
Q

a
re

n
o
n

-zero
,

th
en

exa
ct

reco
very

is
so

lva
ble

(a
n

d
effi

cien
tly

so
)

if
a
n

d
o
n

ly
if
I

+
(p
,Q

)≥
1.

In
gen

era
l,

exa
ct

reco
very

is
so

lva
ble

a
t

th
e

th
resh

o
ld

,
i.e.,

w
h
en

I
+

(p
,Q

)
=

1
,

if
a
n

d
o
n

ly
if

a
n

y
tw

o
co

lu
m

n
s

o
f

d
iag

(p
)Q

h
a
ve

a
co

m
po

n
en

t
th

a
t

is
n

o
n

-zero
a
n

d
d
iff

eren
t

in
bo

th
co

lu
m

n
s.

R
e
m

a
rk

1
6

In
th

e
sym

m
etric

ca
se

S
S
B

M
(n
,k
,a

ln
(n

)/n
,b

ln
(n

)/n
),

th
e

C
H

-d
ivergen

ce
is

m
a
xim

ized
a
t

th
e

va
lu

e
o
f
t

=
1/

2,
a
n

d
it

red
u

ces
in

th
is

ca
se

to
th

e
H

ellin
ger

d
ivergen

ce
betw

een
a
n

y
tw

o
co

lu
m

n
s

o
f
Q

;
th

e
th

eo
rem

’s
in

equ
a
lity

beco
m

es

1k
( √
a−
√
b)

2
>

1
,

m
a
tch

in
g

th
e

exp
ressio

n
o
bta

in
ed

in
T

h
eo

rem
1
3

fo
r

2
sym

m
etric

co
m

m
u

n
ities.

W
e

d
iscu

ss
n
ow

som
e

p
rop

erties
of

th
e

fu
n
ction

al
D

+
govern

in
g

th
e

fu
n
d
am

en
tal

lim
it

for
ex

act
recovery

in
T

h
eorem

14.
F

or
t∈

[0,1
],

let

D
t (µ‖ν

)
:=
∑

x

ν
(x

)f
t (µ

(x
)/ν

(x
)),

f
t (y

)
=

1−
t

+
ty−

y
t,

(22)

an
d

n
ote

th
at
D

+
=

m
ax

t∈
[0
,1

] D
t .

S
in

ce
th

e
fu

n
ction

f
t

satisfi
es

•
f
t (1)

=
0

•
f
t

is
con

vex
on

R
+

,

th
e

fu
n
ction

al
D
t

is
w

h
at

is
called

an
f

-d
ivergen

ce
C

siszá
r

(1963),
like

th
e

K
L

-d
ivergen

ce
(f

(y
)

=
y

log
y
),

th
e

H
ellin

ger
d
ivergen

ce,
or

th
e

C
h
ern

o
ff

d
ivergen

ce.
S
u
ch

fu
n
ction

als
h
ave

a
list

of
com

m
on

p
rop

erties
d
escrib

ed
in

C
siszár

(1963).
F

or
ex

am
p
le,

if
tw

o
d
istrib

u
tion

s
are

p
ertu

rb
ed

b
y

ad
d
itive

n
oise

(i.e.,
con

volv
in

g
w

ith
a

d
istrib

u
tion

),
th

en
th

e
d
ivergen

ce
a
l-

w
ay

s
in

creases,
or

if
som

e
of

th
e

elem
en

ts
of

th
e

d
istrib

u
tion

s’
su

p
p

ort
are

m
erged

,
th

en
th

e
d
ivergen

ce
alw

ay
s

d
ecreases.

E
ach

of
th

ese
p
rop

erties
ca

n
in

terp
reted

in
term

s
of

com
m

u
-

n
ity

d
etection

(e.g.,
it

is
easier

to
recovery

m
erged

com
m

u
n
ities,

etc.).
S
in

ce
D
t

collap
ses

to
th

e
H

ellin
ger

d
ivergen

ce
w

h
en

t
=

1
/
2

an
d

sin
ce

it
m

atch
es

th
e

C
h
ern

off
d
ivergen

ce
for

p
rob

ab
ility

m
easu

res,
w

e
call

D
t

th
e

C
h
ern

off
-H

ellin
ger

(C
H

)
d
ivergen

ce
in

A
b
b

e
an

d
S
an

d
on

(2015b
),

an
d

so
for

D
+

as
w

ell
b
y

a
sligh

t
ab

u
se

of
term

in
ology.

T
h
eorem

14
gives

h
en

ce
an

op
era

tion
al

m
ean

in
g

to
a

n
ew

f
-d

ivergen
ce,

sh
ow

in
g

th
at

th
e

fu
n
d
am

en
tal

lim
it

for
d
ata

clu
sterin

g
in

S
B

M
s

is
govern

ed
b
y

th
e

C
H

-d
ivergen

ce,
sim

ilarly
to

th
e

fu
n
d
am

en
tal

lim
it

for
d
ata

tran
sm

ission
in

D
M

C
s

gov
ern

ed
b
y

th
e

K
L

-d
ivergen

ce.
If

th
e

colu
m

n
s

of
d
iag

(p
)Q

are
“d

iff
eren

t”
en

ou
gh

,
w

h
ere

d
iff

eren
ce

is
m

easu
red

in
C

H
-d

ivergen
ce,

th
en

on
e

can
sep

arate
th

e
com

m
u
n
ities.

T
h
is

is
an

alog
to

th
e

ch
an

n
el

co
d
in

g
th

eorem
th

at
say

s
th

at
w

h
en

th
e

ou
tp

u
t’s

d
istrib

u
tion

s
are

d
iff

eren
t

en
ou

gh
,

w
h
ere

d
iff

eren
ce

is
m

easu
red

in
K

L
-d

ivergen
ce,

th
en

on
e

can
sep

arate
th

e
co

d
ew

ord
s.
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

3
.2

P
ro

o
f

te
ch

n
iq

u
e
s

L
et

(X
,G

)
∼

S
B

M
(n
,p
,W

).
R

ec
al

l
th

at
to

so
lv

e
ex

ac
t

re
co

v
er

y,
w

e
n
ee

d
to

fi
n
d

th
e

p
ar

ti
ti

on
of

th
e

ve
rt

ic
es

,
b
u
t

n
ot

n
ec

es
sa

ri
ly

th
e

ac
tu

al
la

b
el

s.
E

q
u
iv

al
en

tl
y,

th
e

go
al

is
to

fi
n
d

th
e

co
m

m
u
n
it

y
p
ar

ti
ti

on
Ω

=
Ω

(X
)

as
d
efi

n
ed

in
S
ec

ti
on

2.
U

p
on

ob
se

rv
in

g
G

=
g
,

re
co

n
st

ru
ct

in
g

Ω
w

it
h

Ω̂
(g

)
gi

v
es

a
p
ro

b
ab

il
it

y
of

er
ro

r
gi

ve
n

b
y

P
e

:=
P
{Ω
6=

Ω̂
(G

)}
=
∑ g

P
{Ω̂

(g
)
6=

Ω
|G

=
g
}P
{G

=
g
}

(2
3)

an
d

th
u
s

an
es

ti
m

at
or

Ω̂
m

a
p
(·)

m
in

im
iz

in
g

th
e

ab
ov

e
m

u
st

m
in

im
iz

e
P
{Ω̂

(g
)
6=

Ω
|G

=
g
}

fo
r

ev
er

y
g
.

T
o

m
in

im
iz

e
P
{Ω̂

(g
)
6=

Ω
|G

=
g
},

w
e

m
u
st

d
ec

la
re

a
re

co
n
st

ru
ct

io
n

of
s

th
at

m
ax

im
iz

es
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on

P
{Ω

=
s|G

=
g
},

(2
4)

or
eq

u
iv

al
en

tl
y

∑

x
∈[
k
]n

:Ω
(x

)=
s

P
{G

=
g
|X

=
x
}

k ∏ i=
1

p
|Ω
i
(x

)|
i

,
(2

5)

an
d

an
y

su
ch

m
ax

im
iz

er
ca

n
b

e
ch

os
en

ar
b
it

ra
ri

ly
.

T
h
is

d
efi

n
es

th
e

M
A

P
es

ti
m

at
or

Ω̂
m

a
p
(·)

,
w

h
ic

h
m

in
im

iz
es

th
e

p
ro

b
ab

il
it

y
of

m
ak

in
g

an
er

ro
r

fo
r

ex
ac

t
re

co
ve

ry
.

If
M

A
P

fa
il
s

in
so

lv
in

g
ex

ac
t

re
co

ve
ry

,
n
o

ot
h
er

a
lg

or
it

h
m

ca
n

su
cc

ee
d
.

N
ot

e
th

at
to

su
cc

ee
d

fo
r

ex
ac

t
re

co
ve

ry
,

th
e

p
ar

ti
ti

on
sh

al
l

b
e

ty
p
ic

al
in

or
d
er

to
m

ak
e

th
e

la
st

fa
ct

or
in

(2
5)

n
on

-v
an

is
h
in

g
(i

.e
.,

co
m

m
u
n
it

ie
s

of
re

la
ti

ve
si

ze
p
i

+
o(

1)
fo

r
al

l
i
∈

[k
])

.
O

f
co

u
rs

e,
re

so
lv

in
g

ex
ac

tl
y

th
e

m
ax

im
iz

at
io

n
in

(2
4)

re
q
u
ir

es
co

m
p
ar

in
g

ex
p

on
en

ti
al

ly
m

an
y

te
rm

s,
so

th
e

M
A

P
es

ti
m

at
or

m
ay

n
ot

al
w

ay
s

re
ve

al
th

e
co

m
p
u
ta

ti
on

al
th

re
sh

ol
d

fo
r

ex
ac

t
re

co
ve

ry
.

3
.2
.1

C
o
n
v
e
r
se

:
t
h
e
g
e
n
ie
-a
id
e
d

a
p
p
r
o
a
c
h

W
e

n
ow

d
es

cr
ib

e
h
ow

to
ob

ta
in

th
e

im
p

os
si

b
il
it

y
p
ar

t
of

T
h
eo

re
m

14
.

Im
ag

in
e

th
at

in
ad

d
it

io
n

to
ob

se
rv

in
g
G

,
a

ge
n
ie

p
ro

v
id

es
th

e
ob

se
rv

at
io

n
of
X
∼
u

=
{X

v
:
v
∈

[n
]
\{
u
}}

.
D

efi
n
e

n
ow

X̂
v

=
X
v

fo
r
v
∈

[n
]\
{u
}

an
d

X̂
u
,m

a
p
(g
,x
∼
u
)

=
ar

g
m

ax
i∈

[k
]
P
{X

u
=
i|G

=
g
,X
∼
u

=
x
∼
u
},

(2
6)

w
h
er

e
ti

es
ca

n
b

e
b
ro

ke
n

ar
b
it

ra
ri

ly
if

th
ey

o
cc

u
r

(w
e

as
su

m
e

th
a
t

an
er

ro
r

is
d
ec

la
re

d
in

ca
se

of
ti

es
to

si
m

p
li
fy

th
e

an
al

y
si

s)
.

If
w

e
fa

il
at

re
co

ve
ri

n
g

a
si

n
gl

e
co

m
p

on
en

t
w

h
en

al
l

ot
h
er

s
ar

e
re

ve
al

ed
,

w
e

m
u
st

fa
il

at
so

lv
in

g
ex

ac
t

re
co

ve
ry

al
l

at
on

ce
,

th
u
s

P
{Ω̂

m
a
p
(G

)
6=

Ω
}
≥

P
{∃
u
∈

[n
]

:
X̂
u
,m

a
p
(G
,X
∼
u
)
6=
X
u
}.

(2
7)
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d
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b

e
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m
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fr
om

th
e
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h
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u
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e
d
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g

ea
ch

ve
rt

ex
b
y

h
av
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e
la

tt
er

co
m

p
on

en
t-

M
A

P
).

W
e

h
ow

ev
er

sh
ow

th
at

is
ti

gh
t

in
th

e
re

gi
m

e

25
JM

L
R

 1
8(

17
7)

:1
-8

6,
 2

01
8

A
b
b
e

co
n
si

d
er

ed
.

In
an

y
ca

se
,

st
u
d
y
in

g
w

h
en

th
is

lo
w

er
b

ou
n
d

is
n
ot

va
n
is

h
in

g
a
lw

ay
s

p
ro

v
id

es
a

n
ec

es
sa

ry
co

n
d
it

io
n

fo
r

ex
ac

t
re

co
ve

ry
.

L
et
E
u

:=
{X̂

u
,m

a
p
(G
,X
∼
u
)
6=
X
u
}.

If
th

e
ev

en
ts
E
u

w
er

e
in

d
ep

en
d
en

t,
w

e
co

u
ld

w
ri

te
P
{∪

u
E
u
}

=
1
−

P
{∩

u
E
c u
}

=
1
−

(1
−

P
{E

1
})
n
≥

1
−
e−

n
P
{E

1
}

an
d

if
P
{E

1
}

=
ω

(1
/
n

),
th

is
w

ou
ld

d
ri

v
e

P
{∪

u
E
u
},

an
d

th
u
s
P
e
,

to
1.

T
h
e

ev
en

ts
E
u

a
re

n
ot

in
d
ep

en
d
en

t,
b
u
t

th
ei

r
d
ep

en
d
en

ci
es

ar
e

w
ea

k
en

ou
gh

su
ch

th
at

p
re

v
io

u
s

re
as

on
in

g
st

il
l

ap
p
li
es

,
an

d
P
e

is
d
ri

ve
n

to
1

w
h
en

P
{E

1
}

=
ω

(1
/n

).
F

or
m

al
ly

,
on

e
ca

n
h
an

d
le

th
e

d
ep

en
d
en

ci
es

w
it

h
d
iff

er
en

t
ap

p
ro

ac
h
es

.
W

e
d
es

cr
ib

e
h
er

e
an

ap
p
ro

ac
h

v
ia

th
e

se
co

n
d

m
om

en
t

m
et

h
o
d
.

R
ec

al
l

th
e

fo
ll
ow

in
g

b
as

ic
in

eq
u
a
li
ty

.

L
e
m

m
a

1
7

If
Z

is
a

ra
n

d
o
m

va
ri

a
bl

e
ta

ki
n

g
va

lu
es

in
Z

+
=
{0
,1
,2
,.
..
},

th
en

P
{Z

=
0}
≤

V
ar
Z

(E
Z

)2
.

W
e

ap
p
ly

th
is

in
eq

u
al

it
y

to

Z
=
∑ u
∈[
n

]

1(
X̂
u
,m

a
p
(G
,X
∼
u
)
6=
X
u
),

w
h
ic

h
co

u
n
ts

th
e

n
u
m

b
er

of
co

m
p

on
en

ts
w

h
er

e
co

m
p

on
en

t-
M

A
P

fa
il
s.

N
ot

e
th

a
t

th
e

ri
g
h
t

h
an

d
si

d
e

of
(2

7)
co

rr
es

p
on

d
s

to
P
{Z
≥

1}
as

d
es

ir
ed

.
O

u
r

go
al

is
to

sh
ow

th
a
t

V
a
rZ

(E
Z

)2
st

ay
s

st
ri

ct
ly

b
el

ow
1

in
th

e
li
m

it
,

or
eq

u
iv

al
en

tl
y,

E
Z

2

(E
Z

)2
st

ay
s

st
ri

ct
ly

b
el

ow
2

in
th

e
li
m

it
.

In

fa
ct

,
th

e
la

tt
er

te
n
d
s

to
1

in
th

e
co

n
ve

rs
e

of
T

h
eo

re
m

14
.

N
ot

e
th

at
Z

=
∑

u
∈[
n

]
Z
u

w
h
er

e
Z
u

:=
1(
X̂
u
,m

a
p
(G
,X
∼
u
)
6=
X
u
)

ar
e

b
in

a
ry

ra
n
d
o
m

va
ri

ab
le

s
w

it
h

E
Z
u

=
E
Z
v

fo
r

al
l
u
,v

.
H

en
ce

,6

E
Z

=
n

P
{Z

1
=

1}
(2

8
)

E
Z

2
=
∑

u
,v
∈[
n

]

E
(Z

u
Z
v
)

=
∑

u
,v
∈[
n

]

P
{Z

u
=
Z
v

=
1}

(2
9
)

=
n

P
{Z

1
=

1}
+
n

(n
−

1)
P
{Z

1
=

1}
P
{Z

2
=

1|
Z

1
=

1}
(3

0
)

an
d

E
Z

2

(E
Z

)2
te

n
d
s

to
1

if

n
P
{Z

1
=

1}
+
n

(n
−

1)
P
{Z

1
=

1}
P
{Z

2
=

1|
Z

1
=

1}
n

2
P
{Z

1
=

1}
2

=
1

+
o(

1
)

(3
1
)

or

1

n
P
{Z

1
=

1}
+

P
{Z

2
=

1|
Z

1
=

1}
P
{Z

1
=

1}
=

1
+
o(

1)
.

(3
2
)

T
h
is

ta
k
es

p
la

ce
if
n

P
{Z

1
=

1}
d
iv

er
ge

s
an

d

P
{Z

2
=

1|
Z

1
=

1}
P
{Z

2
=

1}
=

1
+
o(

1)
,

(3
3
)

6
.

O
n

e
sh

o
u

ld
n

o
rm

a
ll

y
d

is
ti

n
g
u

is
h

w
h

et
h

er
v
er

ti
ce

s
1

a
n

d
2

a
re

in
th

e
sa

m
e

co
m

m
u
n

it
y

o
r

n
o
t,

b
u

t
th

is
h

a
s

n
o

eff
ec

t
o
n

th
e

fi
n

a
l

re
su

lt
.

26
JM

L
R

 1
8(

17
7)

:1
-8

6,
 2

01
8



C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

i.e.,
if
E

1 ,E
2

a
re

asy
m

p
totically

in
d
ep

en
d
en

t.
T

h
e

a
sy

m
p
totic

in
d
ep

en
d
en

ce
takes

p
lace

d
u
e

to
th

e
regim

e
th

at
w

e
con

sid
er

for
th

e
b
lo

ck
m

o
d
el

in
th

e
th

eorem
.

T
o

given
a

related
ex

am
p
le,

in
th

e
con

tex
t

o
f

th
e

E
rd
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n
d
it

io
n
in

g
on

A
(X
,X̂

)
=

1
−
o(

1)
ca

n
n
ow

b
e

re
m

ov
ed

d
u
e

to
in

d
ep

en
d
en

ce
,

so
th

at

P
{Ω̂

m
a
p
(G

)
6=

Ω
}
≤
n

1
+
o
(1

) P
{X

1
,m

a
p
(G̃

2
,X
∼

1
)
6=
X

1
}+

o(
1)
.

(5
3
)

T
h
e

la
st

st
ep

co
n
si

st
s

in
cl

os
in

g
th

e
lo

op
an

d
re

p
la

ci
n
g
G̃

2
b
y
G

,
si

n
ce

1
−
γ

=
1
−
o(

1
),

w
h
ic

h
u
se

s
th

e
sa

m
e

ty
p

e
of

ar
gu

m
en

t
as

fo
r

th
e

re
p
la

ce
m

en
t

of
G

2
b
y
G̃

2
,

w
it

h
a

b
lo

w
u
p

th
at

is
at

m
os

t
n
o
(1

) .
A

s
a

re
su

lt
,

P
{Ω̂

m
a
p
(G

)
6=

Ω
}
≤
n

1
+
o
(1

) P
{X

1
,m

a
p
(G
,X
∼

1
)
6=
X

1
}+

o(
1
),

(5
4
)
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

a
n
d

if

P{
X

1
,m

a
p (G

,X
∼

1 )6=
X

1 }
=
n
−

1−
ε

(55)

fo
r
ε
>

0
,

th
en

P{Ω̂
m

a
p (G

)6=
Ω}

is
van

ish
in

g
as

stated
in

th
e

th
eorem

.
T

h
erefore,

in
v
iew

of
T

h
eorem

23,
th

e
ach

ievab
ility

p
art

of
T

h
eorem

14
red

u
ces

to
th

e
fo

llow
in

g
resu

lt.

T
h

e
o
re

m
2
4

A
bbe

a
n

d
S

a
n

d
o
n

(2
0
1
5
b)

A
lm

o
st

exa
ct

reco
very

is
so

lva
ble

in
S
B

M
(n
,p
,ω

(1)Q
/n

),
a
n

d
effi

cien
tly

so
.

T
h
is

fo
llow

s
fro

m
T

h
eorem

50
from

A
b
b

e
an

d
S
an

d
on

(2015b
)

u
sin

g
th

e
S
p
h
ere-com

p
ariso

n
a
lg

o
rith

m
d
iscu

ssed
in

S
ection

5.
N

ote
th

at
to

p
rove

th
at

alm
ost

ex
act

recovery
is

solvab
le

in
th

is
reg

im
e

w
ith

ou
t

w
orry

in
g

ab
ou

t
effi

cien
cy,

th
e

T
y
p
icality

S
am

p
lin

g
A

lg
orith

m
d
iscu

ssed
in

S
ectio

n
4
.6

.1
is

alread
y

su
ffi

cien
t.

In
co

n
clu

sio
n
,

in
th

e
regim

e
of

T
h
eorem

14,
ex

act
recovery

follow
s

from
so

lv
in

g
alm

ost
ex

a
ct

recov
ery

o
n

an
S
B

M
w

ith
d
egrees

th
at

grow
su

b
-logarith

m
ically,

u
sin

g
grap

h
-sp

littin
g

a
n
d

a
clea

n
-u

p
rou

n
d
.

T
h
e

b
eh

av
ior

of
th

e
com

p
on

en
t-M

A
P

error
(i.e.,

th
e

p
rob

ab
ility

of
m

iscla
ssify

in
g

a
sin

gle
n
o
d
e

w
h
en

oth
ers

h
ave

b
een

revea
led

)
p
in

gs
d
ow

n
th

e
b

eh
av

ior
of

th
e

th
resh

o
ld

:
if

th
is

p
rob

ab
ility

is
ω

(1/n
),

ex
act

recovery
is

n
ot

p
ossib

le,
an

d
if

it
is
o(1/n

),
ex

a
ct

recov
ery

is
p

ossib
le.

D
eco

d
in

g
for

th
e

latter
is

th
en

resolved
b
y

ob
tain

in
g

th
e

ex
p

on
en

t
o
f

th
e

co
m

p
on

en
t-M

A
P

error,
w

h
ich

b
rin

gs
th

e
C

H
-d

ivergen
ce

in
.

3
.3

L
o
c
a
l

to
g
lo

b
a
l

a
m

p
lifi

c
a
tio

n

P
rev

io
u
s

tw
o

section
s

give
a

low
er

b
ou

n
d

an
d

an
u
p
p

er
b

ou
n
d

on
th

e
p
ro

b
ab

ility
th

at
M

A
P

fa
ils

at
recoverin

g
th

e
en

tire
clu

sters,
in

term
s

of
th

e
p
rob

a
b
ility

th
at

M
A

P
fails

at
recoverin

g
a

sin
gle

vertex
w

h
en

oth
ers

are
revealed

.
D

en
otin

g
b
y
P

g
lo

b
a
l

an
d
P

lo
ca

l
th

ese
tw

o
p
ro

b
a
b
ility

of
errors,

w
e

essen
tially

8
h
ave

1−
1

n
P

lo
ca

l
+
o(1)≤

P
g
lo

b
a
l ≤

n
P

lo
ca

l +
o(1).

(56)

T
h
is

im
p
lies

th
at
P

g
lo

b
a
l

h
as

a
th

resh
old

p
h
en

om
en

a
as
P

lo
ca

l
varies:

P
g
lo

b
a
l →

{
0

if
P

lo
ca

l �
1
/
n
,

1
if
P

lo
ca

l �
1
/n
.

(57)

M
o
reover,

d
eriv

in
g

th
is

relies
m

ain
ly

on
th

e
regim

e
of

th
e

m
o
d
el,

rath
er

th
an

th
e

sp
ecifi

c
stru

ctu
re

o
f

th
e

S
B

M
.

In
p
articu

lar,
it

m
ain

ly
relies

on
th

e
ex

ch
an

geab
ility

of
th

e
m

o
d
el

(i.e.,
v
ertex

la
b

els
h
ave

n
o

relevan
ce)

an
d

th
e

fact
th

at
th

e
vertex

d
egrees

d
o

n
ot

grow
ra

p
id

ly.
T

h
is

su
ggests

th
at

th
is

‘lo
cal

to
glob

al’
p
h
en

om
en

on
takes

p
lace

in
a

m
ore

gen
eral

cla
ss

o
f

m
o
d
els.

T
h
e

ex
p
ression

of
th

e
th

resh
old

for
ex

act
recovery

in
S
B

M
(n
,p
,log

n
Q
/n

)
a
s

a
fu

n
ctio

n
o
f

th
e

p
aram

eters
p
,Q

is
in

stead
sp

ecifi
c

to
th

e
m

o
d
el,

an
d

relies
on

th
e

C
H

-
d
iverg

en
ce

in
th

e
case

of
th

e
S
B

M
,

b
u
t

th
e

m
o
d
erate

d
ev

iation
an

a
ly

sis
of
P

lo
ca

l
for

oth
er

m
o
d
els

m
ay

reveal
a

d
iff

eren
t

fu
n
ction

al
or
f

-d
ivergen

ce.

8
.

T
h

e
u

p
p

er
b

o
u

n
d

d
iscu

ssed
in

S
ectio

n
3
.2

.2
g
iv

es
n
1
+
o
(1

)P
lo
c
a
l +

o(1
),

b
u

t
th

e
a
n

a
ly

sis
ca

n
b

e
tig

h
ten

to
y
ield

a
fa

cto
r
n

in
stea

d
o
f
n
1
+
o
(1

).

3
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A
b
b
e

T
h
e

lo
cal

to
glob

al
ap

p
roach

h
as

also
an

im
p

ortan
t

im
p
lication

at
th

e
com

p
u
tation

al
level.

T
h
e

ach
ievab

ility
p
ro

of
d
escrib

ed
in

p
rev

iou
s

section
gives

d
irectly

an
a
lgorith

m
:

u
se

grap
h
-sp

littin
g

to
p
ro

d
u
ce

tw
o

grap
h
s;

solve
alm

ost
ex

act
recovery

on
th

e
fi
rst

grap
h

an
d

im
p
rove

lo
cally

th
e

latter
w

ith
th

e
secon

d
grap

h
.

S
in

ce
th

e
secon

d
rou

n
d

is
b
y

con
stru

ction
effi

cien
t

(it
corresp

on
d
s

to
n

p
arallel

lo
cal

co
m

p
u
tation

s),
it

is
su

ffi
cien

t
to

solve
a
lm

ost
ex

act
recovery

effi
cien

tly
(in

th
e

regim
e

o
f

d
iv

ergin
g

d
egrees)

to
ob

tain
for

free
an

effi
cien

t
algorith

m
for

ex
act

recovery
d
ow

n
to

th
e

th
resh

old
.

T
h
is

th
u
s

giv
es

a
com

p
u
tation

al
re-

d
u
ction

.
In

fact,
th

e
p
ro

cess
can

b
e

itera
ted

to
fu

rth
er

red
u
ce

alm
o
st

ex
act

recovery
to

a
w

eaker
recovery

req
u
irem

en
ts,

u
n
til

a
‘b

ottle-n
eck

’
p
rob

lem
is

attain
ed

.

3
.4

S
e
m

id
e
fi

n
ite

p
ro

g
ra

m
m

in
g

a
n

d
sp

e
c
tra

l
m

e
th

o
d

s

T
h
e

tw
o-rou

n
d

p
ro

ced
u
re

d
iscu

ssed
in

S
ection

3.2.2
h
as

th
e

ad
van

tage
to

on
ly

req
u
ire

alm
ost

ex
act

recovery
to

b
e

effi
cien

tly
solv

ed
.

A
s

it
can

on
ly

b
e

easier
to

solve
alm

ost
ex

act
rath

er
th

an
ex

act
recov

ery,
th

is
ap

p
roach

m
ay

b
e

b
en

efi
cial

com
p
ared

to
solv

in
g

effi
cien

tly
ex

act
recovery

in
‘on

e
sh

ot.’
T

h
e

ap
p
roach

can
also

b
e

h
an

d
y

in
real

ap
p
lication

s,
im

p
rov

in
g

th
e

com
m

u
n
ities

w
ith

a
clean

-u
p

p
h
ase.

N
on

eth
eless,

it
is

also
p

ossib
le

to
ach

ieve
ex

act
recov

-
ery

in
‘on

e
sh

ot’
w

ith
ou

t
rely

in
g

on
tw

o-rou
n
d
s.

W
e

p
rov

id
e

h
ere

som
e

ex
am

p
les

o
f
m

eth
o
d
s.

S
e
m

i-d
e
fi

n
ite

p
ro

g
ra

m
m

in
g

(S
D

P
).

W
e

p
resen

t
h
ere

th
e

S
D

P
d
ev

elop
ed

in
A

b
b

e
et

al.
(2016)

for
th

e
sy

m
m

etric
S
B

M
w

ith
tw

o
co

m
m

u
n
ities

an
d

b
alan

ced
clu

sters.
S
D

P
s

w
ere

also
u
sed

in
vario

u
s

w
ork

s
on

th
e

S
B

M
su

ch
as

B
.

H
a

jek
(2014

);
G

u
éd

on
an

d
V

ersh
y
n
in

(2016);
A

m
in

i
an

d
L

ev
in

a
(2014);

B
an

d
eira

(2015);
M

on
ta

n
ari

an
d

S
en

(2016);
J
ava

n
m

ard
et

al.
(2016).

T
h
e

id
ea

is
to

ap
p
rox

im
ate

M
A

P
d
eco

d
in

g.
A

ssu
m

e
for

th
e

p
u
rp

ose
of

th
is

section
th

at
w

e
w

ork
w

ith
th

e
sy

m
m

etric
S
B

M
w

ith
tw

o
b
alan

ced
clu

sters
th

at
are

d
raw

n
u
n
iform

ly
at

ran
d
om

.
In

th
is

case,
M

A
P

d
eco

d
in

g
lo

ok
s

for
a

b
alan

ced
p
artition

of
th

e
vertices

in
to

tw
o

clu
sters

su
ch

th
at

th
e

n
u
m

b
er

of
crossin

g
ed

ges
is

m
in

im
ized

(w
h
en

th
e

con
n
ection

p
rob

ab
ility

in
sid

e
clu

sters
A

is
less

th
an

th
e

con
n
ection

p
rob

ab
ility

a
cross

clu
sters

B
,

oth
erw

ise
m

ax
im

ized
).

T
h
is

is
seen

b
y

w
ritin

g
th

e
a

p
osteriori

d
istrib

u
tion

a
s

P{X
=
x|G

=
g}
∝

P{G
=
g|X

=
x}·1

(x
is

b
alan

ced
),

(58)

∝
A
N
in

(1−
A

)
n
24
−
N
in
B
N
o
u
t(1−

B
)
n
24
−
N
o
u
t·1

(x
is

b
ala

n
ced

)
(59)

∝
(
B

(1−
A

)

A
(1−

B
) )

N
o
u
t·1

(x
is

b
alan

ced
)

(60)

w
h
ere

N
in

is
th

e
n
u
m

b
er

of
ed

ges
th

at
G

h
as

in
sid

e
th

e
clu

sters
d
efi

n
ed

b
y
x

,
an

d
N
o
u
t

is
th

e
n
u
m

b
er

of
cro

ssin
g

ed
ges.

If
A
>
B

,
th

en
B

(1−
A

)
A

(1−
B

)
<

1
an

d
M

A
P

lo
ok

s
for

a
b
alan

ced
p
artition

th
at

h
as

th
e

least
n
u
m

b
er

of
crossin

g
ed

ges,
i.e.,

a
m

in
-b

isection
.

In
th

e
w

orst-case
m

o
d
el,

m
in

-b
isection

is
N

P
-h

ard
,

a
n
d

ap
p
rox

im
ation

s
leave

a
p

oly
logarith

m
ic

in
tegrality

gap
K

rau
th

gam
er

an
d

F
eige

(2006).
H

ow
ever,

T
h
eorem

14
tells

u
s

th
at

it
is

still
b

e
p

ossib
le

to
recover

th
e

m
in

-b
isection

effi
cien

tly
for

th
e

ty
p
ical

in
sta

n
ces

of
th

e
S
B

M
,

w
ith

ou
t

an
y

gap
to

th
e

in
form

ation
-th

eoretic
th

resh
old

.
W

e
ex

p
ress

n
ow

th
e

m
in

-b
isection

as
a

q
u
ad

ratic
op

tim
ization

p
rob

lem
,

u
sin

g
{+

1
,−

1}
variab

les
to

lab
el

th
e

tw
o

com
m

u
n
ities.

M
ore

p
recisely,

d
efi

n
e

x̂
m

a
p (g

)
=

argm
ax

x∈
{
+
1
,−

1}
n

x
t
1
n
=
0

x
tA

(g
)x

(61)
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

w
h
er

e
A

(g
)

is
th

e
ad

ja
ce

n
cy

m
at

ri
x

of
th

e
gr

ap
h
g
,

i.
e.

,
A

(g
) i
j

=
1

if
th

er
e

is
an

ed
ge

b
et

w
ee

n
v
er

ti
ce

s
i

an
d
j,

an
d
A

(g
) i
j

=
0

ot
h
er

w
is

e.
T

h
e

ab
ov

e
m

ax
im

iz
es

th
e

n
u
m

b
er

of
ed

ge
s

in
si

d
e

th
e

cl
u
st

er
s,

m
in

u
s

th
e

n
u
m

b
er

of
ed

ge
s

ac
ro

ss
th

e
cl

u
st

er
s;

si
n
ce

th
e

to
ta

l
n
u
m

b
er

of
ed

ge
s

is
in

va
ri

an
t

fr
om

th
e

cl
u
st

er
in

g,
th

is
is

eq
u
iv

al
en

t
to

m
in

-b
is

ec
ti

o
n
.

S
ol

v
in

g
(6

1)
is

h
ar

d
b

ec
au

se
of

th
e

in
te

ge
r

co
n
st

ra
in

t
x
∈
{+

1
,−

1
}n

.
A

fi
rs

t
p

os
si

b
le

re
la

x
at

io
n

is
to

re
p
la

ce
th

is
co

n
st

ra
in

t
w

it
h

a
n

E
u
cl

id
ea

n
co

n
st

ra
in

t
o
n

re
al

v
ec

to
rs

,
tu

rn
in

g
(6

1)
in

to
an

ei
ge

n
ve

ct
or

p
ro

b
le

m
,

w
h
ic

h
is

th
e

id
ea

b
eh

in
d

sp
ec

tr
al

m
et

h
o
d
s

d
is

cu
ss

ed
n
ex

t.
T

h
e

id
ea

of
S
D

P
s

is
in

st
ea

d
to

li
ft

th
e

va
ri

ab
le

s
to

ch
an

ge
th

e
q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

in
to

a
li
n
ea

r
op

ti
m

iz
at

io
n

(a
s

fo
r

m
ax

-c
u
t

G
o
em

an
s

an
d

W
il
li
am

so
n

(1
99

5)
),

al
b

ei
t

w
it

h
ad

d
it

io
n
al

co
n
st

ra
in

ts
.

N
am

el
y,

si
n
ce

tr
(A
B

)
=

tr
(B
A

)
fo

r
an

y
m

at
ri

ce
s

of
m

at
ch

in
g

d
im

en
si

on
s,

w
e

h
av

e

x
t A

(g
)x

=
tr

(x
t A

(g
)x

)
=

tr
(A

(g
)x
x
t )
,

(6
2)

h
en

ce
d
efi

n
in

g
X

:=
x
x
t ,

w
e

ca
n

w
ri

te
(6

1)
as

X̂
m

a
p
(g

)
=

ar
gm

ax
X
�
0

X
ii
=
1
,∀
i∈

[n
]

ra
n
k
X

=
1

X
1
n
=
0

tr
(A

(g
)X

).
(6

3)

N
ot

e
th

at
th

e
fi
rs

t
th

re
e

co
n
st

ra
in

ts
on

X
fo

rc
e
X

to
ta

ke
th

e
fo

rm
x
x
t

fo
r

a
ve

ct
o
r
x
∈

{+
1,
−

1
}n

,
as

d
es

ir
ed

,
an

d
th

e
la

st
co

n
st

ra
in

t
gi

ve
s

th
e

b
al

an
ce

re
q
u
ir

em
en

t.
T

h
e

ad
va

n
ta

ge
of

(6
3)

is
th

at
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
n
ow

li
n
ea

r
in

th
e

li
ft

ed
va

ri
ab

le
X

.
T

h
e

co
n
st

ra
in

t
ra

n
k
X

=
1

is
re

sp
on

si
b
le

n
ow

fo
r

k
ee

p
in

g
th

e
op

ti
m

iz
at

io
n

h
ar

d
.

W
e

h
en

ce
si

m
p
ly

re
m

ov
e

th
at

co
n
st

ra
in

t
to

ob
ta

in
ou

r
S
D

P
re

la
x
at

io
n
:

X̂
sd
p
(g

)
=

ar
gm

ax
X
�
0

X
ii
=
1
,∀
i∈

[n
]

X
1
n
=
0

tr
(A

(g
)X

).
(6

4)

A
p

os
si

b
le

ap
p
ro

ac
h

to
h
an

d
le

th
e

co
n
st

ra
in

t
X

1n
=

0
is

to
re

p
la

ce
th

e
ad

ja
ce

n
cy

m
at

ri
x

A
(g

)
b
y

th
e

m
at

ri
x
B

(g
)

su
ch

th
at
B

(g
) i
j

=
1

if
th

er
e

is
an

ed
ge

b
et

w
ee

n
ve

rt
ic

es
i

an
d
j,

an
d
B

(g
) i
j

=
−

1
ot

h
er

w
is

e.
U

si
n
g
−
T

fo
r

a
la

rg
e
T

in
st

ea
d

of
−

1
fo

r
n
on

-e
d
ge

s
w

ou
ld

fo
rc

e
th

e
cl

u
st

er
s

to
b

e
b
al

an
ce

d
,

an
d

it
tu

rn
s

ou
t

th
a
t
−

1
is

al
re

ad
y

su
ffi

ci
en

t
fo

r
ou

r
p
u
rp

o
se

.
T

h
is

gi
v
es

an
ot

h
er

S
D

P
:

X̂
S
D
P

(g
)

=
ar

gm
ax

X
�
0

X
ii
=
1
,∀
i∈

[n
]
tr

(B
(g

)X
).

(6
5)

T
h
e

d
u
al

of
th

is
S
D

P
is

gi
ve

n
b
y

m
in

Y
ij

=
0
∀1
≤
i6=
j
≤
n

Y
�
B
(g

)

tr
(Y

).
(6

6)

S
in

ce
th

e
d
u
al

m
in

im
iz

at
io

n
gi

v
es

a
n

u
p
p

er
-b

ou
n
d

on
th

e
p
ri

m
al

m
ax

im
iz

at
io

n
,

a
so

lu
ti

on
is

op
ti

m
al

if
it

m
ak

es
th

e
d
u
al

m
in

im
a

m
at

ch
th

e
p
ri

m
al

m
ax

im
a.

T
h
e

A
n
sa

tz
h
er

e
co

n
si

st
s

in
ta

k
in

g
Y

=
2(
D
in
−
D
o
u
t)

+
I n

as
a

ca
n
d
id

at
e

fo
r

th
e

d
ia

go
n
al

m
a
tr

ix
Y

,
w

h
ic

h
gi

ve
s

th
e

p
ri

m
al

m
ax

im
a.

It
w

e
th

u
s

h
av

e
Y
�
B

(g
),

th
is

is
a

fe
as

ib
le

so
lu

ti
on

fo
r

th
e

d
u
al

,
an

d
w

e
ob

ta
in

a
d
u
al

ce
rt

ifi
ca

te
.

T
h
e

fo
ll
ow

in
g

is
sh

ow
n

in
A

b
b

e
et

al
.

(2
01

6)
b
as

ed
on

th
is

re
as

on
in

g.
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A
b
b
e

D
e
fi

n
it

io
n

2
5

D
efi

n
e

th
e

S
B

M
L

a
p
la

ci
a
n

fo
r
G

d
ra

w
n

u
n

d
er

th
e

sy
m

m
et

ri
c

S
B

M
w

it
h

tw
o

co
m

m
u

n
it

ie
s

by

L
S

B
M

=
D

(G
in

)
−
D

(G
o
u
t)
−
A

(G
),

(6
7
)

w
h
er

e
D

(G
in

)
(D

(G
o
u
t)

)
a
re

th
e

d
eg

re
e

m
a
tr

ic
es

o
f

th
e

su
bg

ra
p
h
s

o
f
G

co
n

ta
in

in
g

o
n

ly
th

e
ed

ge
s

in
si

d
e

(r
es

pe
ct

iv
el

y
a
cr

o
ss

)
th

e
cl

u
st

er
s,

a
n

d
A

(G
)

is
th

e
a
d
ja

ce
n

cy
m

a
tr

ix
o
f
G

.

T
h

e
o
re

m
2
6

T
h
e

S
D

P
so

lv
es

ex
a
ct

re
co

ve
ry

in
th

e
sy

m
m

et
ri

c
S

B
M

w
it

h
2

co
m

m
u

n
it

ie
s

if
2L

S
B

M
+

11
t
+
I n
�

0
.

T
h
is

co
n
d
it

io
n

is
sa

ti
sfi

es
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
al

l
th

e
w

ay
d
ow

n
to

th
e

ex
a
ct

re
co

ve
ry

th
re

sh
ol

d
.

In
A

b
b

e
et

al
.

(2
01

6)
,

it
is

sh
ow

sn
th

at
th

is
co

n
d
it

io
n

h
ol

d
s

in
a

re
g
im

e
th

a
t

d
o
es

n
ot

ex
ac

tl
y

m
at

ch
th

e
th

re
sh

ol
d
,

off
ro

u
gh

ly
b
y

a
fa

ct
or

of
2

fo
r

la
rg

e
d
eg

re
es

.
T

h
is

ga
p

is
cl

os
ed

in
B

.
H

a
je

k
(2

01
4)

;
B

an
d
ei

ra
(2

01
5)

,
w

h
ic

h
sh

ow
th

at
S
D

P
s

ac
h
ie

ve
th

e
ex

a
ct

re
co

ve
ry

th
re

sh
ol

d
in

th
e

sy
m

m
et

ri
c

ca
se

.
S
om

e
re

su
lt

s
fo

r
u
n
b
al

an
ce

d
co

m
m

u
n
it

ie
s

w
er

e
al

so
ob

ta
in

ed
in

P
er

ry
an

d
W

ei
n

(2
01

5)
,

al
th

ou
gh

it
is

st
il
l

op
en

to
ac

h
ie

ve
th

e
g
en

er
a
l

C
H

th
re

sh
ol

d
w

it
h

S
D

P
s.

M
an

y
ot

h
er

w
or

k
s

h
av

e
st

u
d
ie

d
S
D

P
s

fo
r

th
e

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

,
w

e
re

fe
r

to
A

m
in

i
an

d
L

ev
in

a
(2

01
4)

;
A

b
b

e
et

al
.

(2
01

6)
;

B
an

d
ei

ra
(2

01
5)

;
B

.
H

a
je

k
(2

0
1
4)

;
M

on
ta

n
ar

i
an

d
S
en

(2
01

6)
;

P
er

ry
an

d
W

ei
n

(2
0
15

)
fo

r
fu

rt
h
er

re
fe

re
n
ce

s.
In

p
a
rt

ic
u
la

r,
M

on
ta

n
ar

i
an

d
S
en

(2
01

6)
sh

ow
s

th
at

S
D

P
s

al
lo

w
to

a
p
p
ro

ac
h

th
e

th
re

sh
ol

d
fo

r
w

ea
k

re
-

co
ve

ry
in

th
e

tw
o-

co
m

m
u
n
it

y
S
S
B

M
ar

b
it

ra
ri

ly
cl

os
e

w
h
en

th
e

ex
p

ec
te

d
d
eg

re
es

d
iv

er
g
e.

S
p

e
c
tr

a
l

m
e
th

o
d

s.
C

on
si

d
er

ag
ai

n
th

e
sy

m
m

et
ri

c
S
B

M
w

it
h

2
b
al

an
ce

d
co

m
m

u
n
it

ie
s.

R
ec

al
l

th
at

M
A

P
m

ax
im

iz
es

m
ax

x
∈
{+

1
,−

1
}n

x
t
1
n
=
0

x
t A

(g
)x
.

(6
8
)

T
h
e

ge
n
er

al
id

ea
b

eh
in

d
sp

ec
tr

al
m

et
h
o
d
s

is
to

re
la

x
th

e
in

te
gr

al
co

n
st

ra
in

t
to

a
n

E
u
cl

id
ea

n
co

n
st

ra
in

t
on

re
al

va
lu

ed
ve

ct
or

s.
T

h
is

le
ad

to
lo

ok
in

g
fo

r
a

m
a
x
im

iz
er

of

m
ax

x
∈

R
n
:‖
x
‖2 2

=
n

x
t
1
n
=
0

x
t A

(g
)x
.

(6
9
)

W
it

h
ou

t
th

e
co

n
st

ra
in

t
x
t 1
n

=
0,

th
e

ab
ov

e
m

ax
im

iz
at

io
n

gi
ve

s
p
re

ci
se

ly
th

e
ei

g
en

ve
ct

o
r

co
rr

es
p

on
d
in

g
to

th
e

la
rg

es
t

ei
ge

n
va

lu
e

of
A

(g
).

N
ot

e
th

at
A

(g
)1
n

is
th

e
ve

ct
o
r

co
n
ta

in
in

g
th

e
d
eg

re
es

of
ea

ch
n
o
d
e

in
g
,

an
d

w
h
en

g
is

an
in

st
an

ce
of

th
e

sy
m

m
et

ri
c

S
B

M
,

th
is

co
n
ce

n
tr

at
es

to
th

e
sa

m
e

va
lu

e
fo

r
ea

ch
v
er

te
x
,

an
d

1
n

is
cl

os
e

to
an

ei
ge

n
ve

ct
o
r

o
f
A

(g
).

S
in

ce
A

(g
)

is
re

al
an

d
sy

m
m

et
ri

c,
th

is
su

gg
es

ts
th

at
th

e
co

n
st

ra
in

t
x
t 1
n

=
0

le
a
d
s

th
e

m
ax

im
iz

at
io

n
(6

9)
to

fo
cu

s
on

th
e

ei
ge

n
sp

ac
e

or
th

og
on

al
to

th
e

fi
rs

t
ei

ge
n
v
ec

to
r,

a
n
d

th
u
s

to
th

e
ei

ge
n
ve

ct
or

co
rr

es
p

on
d
in

g
to

th
e

se
co

n
d

la
rg

es
t

ei
ge

n
va

lu
e.

T
h
u
s

on
e

ca
n

ta
ke

th
e

se
co

n
d

la
rg

es
t

ei
ge

n
ve

ct
or

an
d

ro
u
n
d

it
(a

ss
ig

n
in

g
p

os
it

iv
e

an
d

n
eg

at
iv

e
co

m
p

o
n
en

ts
to

d
iff

er
en

t
co

m
m

u
n
it

ie
s)

to
ob

ta
in

an
effi

ci
en

t
al

go
ri

th
m

.
E

q
u
iv

al
en

tl
y,

on
e

ca
n

w
ri

te
th

e
M

A
P

es
ti

m
at

or
as

a
m

ax
im

iz
er

of

m
ax

x
∈
{+

1
,−

1
}n

x
t
1
n
=
0

∑

1
≤
i<
j≤
n

A
ij

(g
)(
x
i
−
x
j
)2

(7
0
)
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

sin
ce

th
e

a
b

ove
m

in
im

izes
th

e
size

of
th

e
cu

t
b

etw
een

tw
o

b
a
lan

ced
clu

sters.
F

rom
sim

p
le

a
lg

eb
ra

ic
m

a
n
ip

u
lation

s,
th

is
is

eq
u
ivalen

t
to

lo
ok

in
g

for
m

ax
im

izers
of

m
ax

x∈
{
+
1
,−

1}
n

x
t
1
n
=
0

x
tL

(g
)x
,

(71)

w
h
ere

L
(g

)
is

th
e

classical
L

ap
lacian

of
th

e
grap

h
,

i.e.,

L
(g

)
=
D

(g
)−

A
(g

),
(72)

a
n
d
D

(g
)

is
th

e
d
egree

m
atrix

of
th

e
grap

h
.

W
ith

th
is

ap
p
roach

1
n

is
p
recisely

a
n

eigen
vector

o
f
L

(g
)

w
ith

eigen
valu

e
0,

an
d

th
e

relax
atio

n
to

a
real

valu
ed

vector
lead

s
d
irectly

to
th

e
seco

n
d

eig
en

v
ector

of
L

(g
),

w
h
ich

can
b

e
rou

n
d
ed

(p
ositive

or
n
egative)

to
d
eterm

in
e

th
e

co
m

m
u
n
ities.

T
h
e

ch
a
llen

ge
w

ith
su

ch
‘b

asic’
sp

ectral
m

eth
o
d
s

is
th

at,
a
s

th
e

grap
h

b
ecom

es
sp

arser,
th

e
fl
u
ctu

a
tio

n
s

in
th

e
n
o
d
e

d
egrees

b
eco

m
e

m
ore

im
p

ortan
t,

an
d

th
is

can
d
isru

p
t

th
e

seco
n
d

la
rg

est
eigen

vector
from

con
cen

tratin
g

o
n

th
e

com
m

u
n
ities

(it
m

ay
con

cen
trate

in
-

stea
d

o
n

la
rg

e
d
egree

n
o
d
es).

T
o

an
aly

ze
th

is,
on

e
m

ay
ex

p
ress

th
e

ad
jacen

cy
m

atrix
as

a
p

ertu
rb

a
tio

n
o
f

its
ex

p
ected

valu
e,

i.e.,

A
(G

)
=

E
A

(G
)

+
(A

(G
)−

E
A

(G
)).

(73)

W
h
en

in
d
ex

in
g

th
e

fi
rst

n
/
2

row
s

an
d

colu
m

n
s

to
b

e
in

th
e

sam
e

com
m

u
n
ity,

th
e

ex
p

ected
a
d
ja

cen
cy

m
atrix

takes
th

e
follow

in
g

b
lo

ck
stru

ctu
re

E
A

(G
)

=

(
A
n
/
2×
n
/
2

B
n
/
2×
n
/
2

B
n
/
2×
n
/
2

A
n
/
2×
n
/
2 )

,
(74)

w
h
ere

A
n
/
2×
n
/
2

is
th

e
n
/
2×

n
/
2

m
atrix

w
ith

all
en

tries
eq

u
al

to
A

.
A

s
ex

p
ected

,
E
A

(G
)

h
as

tw
o

eig
en

va
lu

es,
th

e
ex

p
ected

d
egree

(A
+
B

)/2
w

ith
th

e
con

stan
t

eigen
vector,

an
d

(A
−
B

)/2
w

ith
th

e
eigen

vector
tak

in
g

th
e

sam
e

con
stan

t
w

ith
op

p
osite

sign
s

on
each

com
m

u
n
ity.

T
h
e

sp
ectra

l
m

eth
o
d
s

d
escrib

ed
ab

ove
su

cceed
s

in
recoverin

g
th

e
tru

e
com

m
u
n
ities

if
th

e
n
oise

Z
=
A

(G
)−

E
A

(G
)

d
o
es

n
ot

d
isru

p
t

th
e

fi
rst

tw
o

eigen
vectors

from
keep

in
g

th
eir

ran
k
.

S
ee

a
lso

S
ectio

n
2.6.

T
h
eorem

s
of

ran
d
om

m
atrix

th
eory

allow
to

an
aly

ze
th

is
ty

p
e

of
p

ertu
rb

a
tion

s
(see

V
u

(2014);
B

ord
en

ave
et

al.
(201

5)),
m

ost
com

m
on

ly
w

h
en

th
e

n
oise

is
in

d
ep

en
d
en

t
ra

th
er

th
an

for
th

e
sp

ecifi
c

n
oise

o
ccu

rrin
g

h
ere,

b
u
t

a
d
irect

ap
p
lication

d
o
es

ty
p
ica

lly
n
o
t

su
ffi

ce
to

ach
ieve

th
e

ex
act

recov
ery

th
resh

old
.

F
o
r

ex
a
ct

recovery,
on

e
can

u
se

p
rep

ro
cessin

g
step

s
to

still
su

cceed
d
ow

n
to

th
e

th
resh

old
u
sin

g
th

e
a
d
ja

cen
cy

or
L

ap
lacian

m
atrices,

in
p
articu

lar
b
y

trim
m

in
g

th
e

h
igh

d
egree

n
o
d
es

to
reg

u
la

rize
th

e
grap

h
sp

ectra
F

eige
an

d
O

fek
(2005).

W
e

refer
to

th
e

p
ap

ers
o
f

V
u

V
u

(2
0
1
4
)

a
n
d

in
p
articu

lar
P

rou
tiere

et
a
l.

Y
u
n

an
d

P
ro

u
tiere

(2014)
for

sp
ectral

m
eth

o
d
s

a
ch

iev
in

g
th

e
ex

act
recovery

th
resh

old
.

F
or

th
e

w
eak

recovery
p
rob

lem
d
iscu

ssed
in

n
ex

t
sectio

n
,

su
ch

trick
s

d
o

n
ot

su
ffi

ce
to

ach
ieve

th
e

th
resh

old
,

an
d

on
e

h
a
s

to
rely

on
oth

er
ty

p
es

o
f

sp
ectral

op
erators

as
d
iscu

ssed
in

S
ection

4
w

ith
n
on

b
ack

track
in

g
op

erators. 9

9
.

S
im

ila
rly

fo
r

S
D

P
s

w
h

ich
lik

ely
d

o
n

o
t

a
ch

iev
e

th
e

w
ea

k
recov

ery
th

resh
o
ld

M
o
itra

et
a
l.

(2
0
1
6
);

M
o
n
ta

n
a
ri

a
n

d
S

en
(2

0
1
6
).
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A
b
b
e

N
ote
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at
for

k
clu

sters,
th

e
ex

p
ected

ad
jacen

cy
m

atrix
h
as

ran
k
k
,
an

d
on

e
ty

p
ica

lly
h
as

to
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th
e
k

largest
eigen

vectors
(corresp

on
d
in

g
th

e
k

largest
eigen

valu
es),

form
n

vectors
of

d
im

en
sion

al
k

b
y

stack
in

g
each

com
p

on
en

t
of

th
e
k

largest
vectors

in
to

a
vector

(ty
p
ically

rescaled
b
y
√
n

),
an

d
ru

n
k
-m

ea
n
s

clu
sterin

g
to

gen
eralize

th
e

‘rou
n
d
in

g’
step

an
d

p
ro

d
u
ce
k

clu
sters.

W
e

refer
to

N
g

et
al.

(2001);
S
p
ielm

an
an

d
T

en
g

(2007);
K

an
n
an

et
al.

(2000);
v
on

L
u
x
b
u
rg

(2007)
for

fu
rth

er
d
etails

on
L

ap
lacian

sp
ectral

m
eth

o
d
s

an
d

k
-m

ean
s,

an
d

V
u

(2014);
Y

u
n

an
d

P
rou

tiere
(2014);

Y
u
n

an
d

P
ro

u
tiere

(2015)
for

ap
p
lication

s
to

ex
act

re-
covery

in
th

e
S
B

M
.

3
.5

E
x
te

n
sio

n
s

In
th

is
section

,
w

e
d
em

on
strate

h
ow

th
e

to
ols

d
evelop

ed
in

p
rev

iou
s

section
allow

for
fairly

straigh
tforw

ard
gen

eralization
s

to
oth

er
ty

p
e

of
m

o
d
els.

3
.5
.1

E
d
g
e
-l
a
b
e
l
s,

o
v
e
r
l
a
p
s,

b
i-c

l
u
st

e
r
in
g

L
a
b

e
lle

d
e
d

g
e
s.

C
on

sid
er

th
e

lab
elled

sto
ch

astic
b
lo

ck
m

o
d
el,

w
h
ere

ed
ges

h
ave

lab
els

attach
ed

to
th

em
,
su

ch
as

to
m

o
d
el

in
ten

sities
of

sim
ilarity.

W
e

assu
m

e
th

at
th

e
lab

els
b

elon
g

to
Y

=
Y

+
∪
{0}

,
w

h
ere
Y

+
is

a
m

ea
su

rab
le

set
of

lab
els

(e.g.,
(0
,1]),

an
d

0
rep

resen
ts

th
e

sp
ecial

sy
m

b
ol

co
rresp

on
d
in

g
to

n
o

ed
ge.

A
s

for
S
B

M
(n
,p
,W

),
w

e
d
efi

n
e

L
S
B

M
(n
,p
,µ

)
w

h
ere

each
vertex

lab
el
X
u

is
d
raw

n
i.i.d

.
u
n
d
er
p

on
[k

],
µ

(·|x
,x
′)

is
a

p
rob

ab
ility

m
easu

re
on
Y

for
all

x
,x
′∈

[k
],

su
ch

th
at

for
u
<
v

in
[n

],
S

a
m

easu
rab

le
set

ofY
,

P{
E
u
v (G

)∈
S|X

u
=
x
u ,X

v
=
x
v }

=
µ

(S|x
u ,x

v ).
(75)

A
s

for
th

e
u
n
lab

elled
case,

th
e

sy
m

b
ol

0
w

ill
ty

p
ically

h
av

e
p
rob

a
b
ility

1
−
o(1)

for
an

y
com

m
u
n
ity

p
air,

i.e.,
µ

(·|x
,x
′)

h
as

an
atom

at
0

for
all

x
,x
′∈

[k
],

w
h
ile

µ
+

,
th

e
m

easu
re

restricted
to
Y

+
,

m
ay

b
e

arb
itrary

b
u
t

of
m

easu
re
o(1).

W
e

n
ow

ex
p
la

in
h
ow

th
e

gen
ie-aid

ed
con

verse
an

d
th

e
grap

h
-sp

littin
g

tech
n
iq

u
es

allow
to

ob
tain

th
e

fu
n
d
am

en
tal

lim
it

for
ex

act
recovery

in
th

is
m

o
d
el,

w
ith

ou
t

m
u
ch

ad
d
ition

al
eff

ort.
C

on
sid

er
fi
rst

th
e

case
w

h
ere
Y

+
is

fi
n
ite,

an
d

let
L

b
e

th
e

card
in

ality
ofY

+
,

an
d

µ
(0|x

,x
′)

=
1−

c
x
,x
′log

n
/n

for
som

e
con

stan
t
c
x
,x
′

for
all

x
,x
′∈

[k
].

H
en

ce
µ

(Y
+ |x

,x
′)

=
c
x
,x
′log

n
/n

.
F

or
th

e
ach

ievab
ility

p
art,

u
se

a
grap

h
-sp

littin
g

tech
n
iq

u
e

of,
say,

γ
=

log
log

n
/

log
n

.
O

n
th

e
fi
rst

grap
h
,

m
erge

th
e

n
on

-zero
lab

els
to

a
sp

ecial
sy

m
b

ol
1,

i.e.,
co

llap
se

th
e

m
o
d
el

to
S
B

M
(n
,p
,W

?)
w

h
ere

W
?x,x
′

=
∑

y∈Y
+
µ

(y|x
,x
′)

b
y

assign
in

g
all

n
on

-zero
lab

els
to

1.
U

sin
g

ou
r

resu
lt

on
alm

ost
ex

act
recovery

(see
T

h
eo

rem
50),

w
e

can
still

solve
alm

o
st

ex
act

recovery
for

th
is

m
o
d
el

as
th

e
ex

p
ect

d
egrees

are
d
iv

ergin
g.

N
ow

,
u
se

th
e

ob
tain

ed
clu

sterin
g

on
th

e
secon

d
grap

h
to

lo
cally

im
p
rove

it.
W

e
h
ave

a
seem

in
gly

d
iff

eren
t

gen
ie-

aid
ed

h
y
p

oth
esis

test
th

an
for

th
e

classical
S
B

M
,

as
w

e
h
ave

k
com

m
u
n
ities

b
u
t

also
L

lab
els

on
th

e
ed

ges.
H

ow
ever,

sin
ce

th
e

gen
ie-aid

ed
test

reveals
all

oth
er

com
m

u
n
ity

lab
els

th
an

th
e

cu
rren

t
vertex

b
ein

g
classifi

ed
,

w
e

can
sim

p
ly

v
iew

th
e

d
iff

eren
t

lab
els

on
th

e
ed

ges
as

su
b
-com

m
u
n
ities,

w
ith

a
total

of
k
L

v
irtu

al
com

m
u
n
ities.

T
h
e

d
istrib

u
tion

for
each

h
y
p

oth
esis

is
still

essen
tially

a
m

u
ltivariate

B
in

om
ial,

w
h
ere

h
y
p

o
th

esis
i
∈

[k
]

h
as

B
in

(n
p
j ,W

(`|i,j))
n
eigh

b
ors

in
au

gm
en

ted
com

m
u
n
ity

(j,`)∈
[k

]×
[L

].
D

en
otin

g
b
y
W
`

th
e

m
atrix

w
h
ose

(i,j)-en
try

is
W

(`|i,j),
w

e
th

u
s

h
av

e
from

th
e

lo
cal

to
glob

al
resu

lts
of
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m
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y
D
e
t
e
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io
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n
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S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

S
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ti
on

3.
3

th
at

th
e

th
re

sh
ol

d
is

gi
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n
b
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m
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∈
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∈
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]
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6=
l′

D
((
P
W
l)
i,

(P
W
l′
) i
′ )
.

(7
6)

F
u
rt

h
er

,
th

is
is

effi
ci

en
tl

y
ac

h
ie

va
b
le

si
n
ce
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ex
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t
re

co
ve

ry
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e
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d
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th
e
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si
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si
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e
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ew
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n
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n
ea

r
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n

fo
r

fi
n
it

e
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.

F
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n
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fi
n
it

e
la

b
el

s,
th

e
ac

h
ie

va
b
il
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y
p
ar

t
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n
b

e
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te

d
si

m
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u
si

n
g

a
q
u
a
n
ti

za
ti

on
of

th
e

la
b

el
s.

T
h
is

gi
ve

s
a

co
n
ti

n
u
ou

s
ex

te
n
si

on
of

th
e

C
H

-d
iv

er
ge

n
ce

,
an

d
sh

ow
s

th
at

st
ri

ct
ly

ab
ov

e
th

is
th

re
sh

ol
d
,

ex
ac

t
re

co
v
er

y
is

effi
ci

en
tl

y
so

lv
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le
(a

lt
h
ou

gh
th

e
co

m
p
le

x
it

y
m

ay
in

cr
ea

se
w

it
h

th
e

ga
p

to
ca

p
ac

it
y

sh
ri

n
k
in
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.

T
h
e

co
n
ve

rs
e

an
d

th
e

b
eh

av
io

r
a
t

th
e

th
re

sh
ol

d
re

q
u
ir

e
a

fe
w

m
or

e
te

ch
n
ic

al
st

ep
s.

S
ev

er
al

p
ap

er
s

h
av

e
in

ve
st

ig
at

ed
th

e
la

b
el

le
d

S
B

M
w

it
h

la
b

el
s,

w
e

re
fe

r
in

p
ar

ti
cu

la
r

to
H

ei
m

li
ch

er
et

al
.

(2
01

2)
;

X
u

et
al

.
(2

01
4)

;
J
og

an
d

L
oh

(2
01

5)
;

Y
u
n

an
d

P
ro

u
ti

er
e

(2
01

5)
.

A
sp

ec
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l
ca

se
of

la
b

el
le

d
b
lo

ck
m

o
d
el

w
it

h
fu
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h
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ap
p
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s
to
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n
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n
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at
io

n
,
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rr

el
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ti
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u
st

er
in

g
an

d
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n
m

en
t

p
ro

b
le

m
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h
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b
ee

n
d
efi

ed
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th
e
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n
so

re
d

b
lo

ck
m

o
d
el
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A

b
b

e
et

al
.

(2
01

4a
,b

),
an

d
w

as
fu

rt
h
er

st
u
d
ie

d
in

C
h
in

et
al

.
(2

01
5)

;
S
aa

d
e

et
al

.
(2

01
5)

;
C

h
en

et
al

.
(2

01
4)

;
C

h
en

an
d

G
ol

d
sm

it
h

(2
01

4)
.

T
h
is

m
o
d
el

ca
p
tu

re
s

a
se

tt
in

g
in

w
h
ic

h
th

e
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s
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rr
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rm

at
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n
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si
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o
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d
ge

s
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e
S
B

M
w

h
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e
n
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d
ge

s
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a
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b
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of
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rm

at
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O
v
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a
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p
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g
c
o
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u

n
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s.

C
on

si
d
er

th
e

fo
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ow

in
g

m
o
d
el

th
at
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u
n
ts

fo
r

ov
er

la
p
p
in

g
co

m
m

u
n
it

ie
s,

w
h
ic

h
w

e
ca

ll
th

e
ov

er
la

p
p
in

g
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

(O
S
B

M
).

D
e
fi

n
it

io
n

2
7

L
et
n
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∈

Z
+

,
f

:
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}t
×
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→

[0
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]
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m
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a
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d
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a
p
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d
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a
p
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h
d
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O
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B
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)
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n
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a
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d
o
n

th
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t
[n

]
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d
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w
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g
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d
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d
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∈
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o
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p
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u
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d
er
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a
n

d
by

d
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w
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∈

[n
],
u
<
v

,
a
n

ed
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n
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d
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w
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h
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p
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h
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e
x
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h
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w
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∑
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→
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p
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p
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u
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b
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p
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b
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b
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u
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w
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av

in
g

n
on

e
of

th
e

at
tr

ib
u
te

s,
i.
e.

,
(0
,0

),
m

ay
b

e
as

si
gn

ed
to

th
e

n
u
ll

co
m

m
u
n
it

y.
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A
b
b
e

A
ss

u
m

e
n
ow

th
at

w
e

id
en

ti
fy

co
m

m
u
n
it

y
i
∈

[k
]

w
it

h
th

e
p
ro

fi
le

co
rr

es
p

o
n
d
in

g
to

th
e

b
in

ar
y

ex
p
an

si
on

of
i−

1.
T

h
e

p
ri

or
an

d
co

n
n
ec

ti
v
it

y
m

at
ri

x
of

th
e

co
rr

es
p

on
d
in

g
S
B

M
a
re

th
en

gi
ve

n
b
y

p
i

=
p
(b

(i
))

(7
8
)

W
i,
j

=
f

(b
(i

),
b(
j)

),
(7

9
)

w
h
er

e
b(
i)

is
th

e
b
in

ar
y

ex
p
an

si
on

of
i
−

1,
an

d

O
S
B

M
(n
,p
,f

)
(d

)
=

S
B

M
(n
,p
,W

).
(8

0)

W
e

ca
n

th
en

u
se

th
e

re
su

lt
s

of
p
re

v
io

u
s

se
ct

io
n
s

to
ob

ta
in

ex
ac

t
re

co
ve

ry
in

th
e

O
S
B

M
.

C
o
ro

ll
a
ry

2
8

E
xa

ct
re

co
ve

ry
is

so
lv

a
bl

e
fo

r
th

e
O

S
B

M
if

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
4

a
p
p
ly

to
th

e
S

B
M

(n
,p
,W

)
w

it
h
p

a
n

d
W

a
s

d
efi

n
ed

in
(7

8
),

(7
9)

.

T
h
is

ap
p
ro

ac
h

tr
ea

ts
in

te
rs

ec
ti

on
s

of
co

m
m

u
n
it

ie
s

as
su

b
-c

om
m

u
n
it

ie
s,

a
n
d

p
ro

ce
ed

s
in

ex
tr

ac
ti

n
g

th
es

e
in

th
e

ca
se

w
h
er

e
al

l
ov

er
la

p
s

ar
e

of
li
n
ea

r
si

ze
.

W
h
en

th
e

p
a
ra

m
et

er
s

ar
e

su
ch

th
at

th
e

or
ig

in
al

co
m

m
u
n
it

ie
s

ca
n

b
e

id
en

ti
fi
ed

fr
o
m

th
e

su
b
-c

om
m

u
n
it

ie
s,

th
is

al
lo

w
s

to
re

co
n
st

ru
ct

th
e

or
ig

in
al

co
m

m
u
n
it

ie
s.

If
th

e
p
at

ch
in

g
is

n
ot

id
en

ti
fi
a
b
le

,
n
o
th

in
g

ca
n

b
e

d
on

e
to

im
p
ro

ve
on

w
h
at

th
e

ab
ov

e
co

ro
ll
ar

y
p
ro

v
id

es
.

H
ow

ev
er

,
th

is
a
p
p
ro

a
ch

d
o
es

n
ot

se
em

ve
ry

p
ra

ct
ic

al
fo

r
la

rg
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s

or
fo

r
sm

al
l

ov
er

la
p
s,

w
h
er

e
on

e
w

ou
ld

li
ke

to
h
av

e
an

ap
p
ro

ac
h

th
at

p
ro

v
id

es
a

so
ft

m
em

b
er

sh
ip

of
ea

ch
ve

rt
ex

to
d
iff

er
en

t
co

m
m

u
n
it

ie
s

(s
u
ch

as
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
).

T
h
is

co
n
n
ec

ts
al

so
to

th
e

m
ix

ed
-

m
em

b
er

sh
ip

m
o
d
el

A
ir

ol
d
i

et
al

.
(2

00
8)

,
an

d
to

th
e

ca
se

of
S
B

M
s

w
it

h
co

n
ti

n
u
o
u
s

ve
rt

ex
la

b
el

s,
fo

r
w

h
ic

h
ex

ac
t

re
co

ve
ry

is
ty

p
ic

al
ly

n
ot

th
e

ri
gh

t
m

et
ri

c.
T

h
e

p
ro

b
le

m
s

a
re

fa
ir

ly
op

en
in

su
ch

co
n
te

x
ts

,
as

fu
rt

h
er

d
is

cu
ss

ed
in

S
ec

ti
on

8
,

w
it

h
p
a
rt

ia
l

p
ro

gr
es

s
in

K
a
u
fm

a
n
n

et
al

.
(2

01
5)

.

P
re

v
io

u
s

re
su

lt
ca

n
al

so
ap

p
li
ed

to
u
n
d
er

st
a
n
d

w
h
at

le
v
el

of
gr

an
u
la

ri
ty

ca
n

b
e

o
b
ta

in
ed

in
ex

tr
ac

ti
n
g

h
ie

ra
rc

h
ic

al
co

m
m

u
n
it

ie
s.

A
si

m
p
le

ex
am

p
le

is
th

e
ca

se
of

tw
o

co
m

m
u
n
it

ie
s,

w
h
er

e
on

e
of

th
e

tw
o

co
m

m
u
n
it

ie
s

is
fu

rt
h
er

d
iv

id
ed

in
to

tw
o

su
b
-c

om
m

u
n
it

ie
s,

le
a
d
in

g
to

co
n
n
ec

ti
v
it

y
m

at
ri

ce
s

th
at

en
co

d
e

su
ch

a
n
es

te
d

st
ru

ct
u
re

.
A

p
ar

ti
cu

la
r

ca
se

co
n
ce

rn
s

th
e

m
o
d
el

w
it

h
a

si
n
g
le

p
la

n
te

d
co

m
m

u
n
it

y,
fo

r
w

h
ic

h
d
et

ai
le

d
re

su
lt

s
h
av

e
b

ee
n

o
b
ta

in
ed

in
M

on
ta

n
ar

i
(2

01
5)

;
H

a
je

k
et

al
.

(2
01

5b
,a

)
b

ot
h

fo
r

w
ea

k
an

d
ex

ac
t

re
co

ve
ry

.

B
ip

a
rt

it
e

c
o
m

m
u

n
it

ie
s.

A
n
ot

h
er

im
p

or
ta

n
t

ap
p
li
ca

ti
on

co
n
ce

rn
s

b
ip

ar
ti

te
g
ra

p
h
s,

w
h
er

e
co

m
m

u
n
it

ie
s

ca
n

ta
ke

p
la

ce
on

b
ot

h
si

d
es

of
th

e
gr

ap
h
.

T
h
is

is
al

so
ca

ll
ed

b
i-

cl
u
st

er
in

g
,

a
n
d

h
ap

p
en

s
fo

r
ex

am
p
le

in
re

co
m

m
en

d
at

io
n

sy
st

em
s,

w
h
er

e
th

e
tw

o
si

d
es

se
p
a
ra

te
u
se

rs
a
n
d

it
em

s
(s

u
ch

as
m

ov
ie

s)
,

in
te

rn
et

w
it

h
u
se

rs
an

d
w

eb
p
ag

es
,

to
p
ic

m
o
d
el

li
n
g

w
it

h
d
o
cu

m
en

ts
an

d
w

or
d
s,

an
d

m
an

y
ot

h
er

ex
am

p
le

s.

F
ro

m
a

b
lo

ck
m

o
d
el

p
oi

n
t

of
v
ie

w
,

su
ch

b
ip

ar
ti

te
m

o
d
el

s
ar

e
si

m
p
ly

S
B

M
s

w
h
er

e
so

m
e

of
th

e
Q
ij

’s
ar

e
eq

u
al

to
0.

C
on

si
d
er

fo
r

ex
am

p
le

th
e

p
ro

b
le

m
of

fi
n
d
in

g
b

o
tn

et
s,

w
h
er

e
th

e
le

ft
n
o
d
es

re
p
re

se
n
t

th
e

u
se

rs
se

p
ar

at
ed

in
tw

o
co

m
m

u
n
it

ie
s,

A
an

d
B

,
co

rr
es

p
o
n
d
in

g
to

h
u
m

an
an

d
ro

b
ot

s,
an

d
w

h
er

e
th

e
ri

gh
t

n
o
d
es

re
p
re

se
n
t

th
e

w
eb

p
ag

es
se

p
a
ra

te
d

in
tw

o
co

m
m

u
n
it

ie
s,

1
an

d
2,

co
rr

es
p

on
d
in

g
to

n
or

m
al

an
d

in
fe

ct
ed

p
ag

es
.

W
e

ca
n

u
se

a
n

S
B

M
w

it
h

4
co

m
m

u
n
it

ie
s

su
ch

th
at
W

1
,1

=
W

1
,2

=
W

2
,2

=
W
A
,A

=
W
A
,B

=
W
B
,B

=
0
.
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

O
n

ca
n

th
en

u
se

T
h
eorem

14
to

ob
tain

th
e

fu
n
d
am

en
tal

lim
it

fo
r

ex
tractin

g
co

m
m

u
n
i-

ties,
o
r

th
e

ex
ten

sion
of

S
ection

3.5.2
to

ex
tract

a
sp

ecifi
c

com
m

u
n
ity

(e.g.,
th

e
rob

ots
in

p
rev

io
u
s

ex
a
m

p
le).

N
ote

th
at

th
e

estab
lish

m
en

t
of

th
e

fu
n
d
a
m

en
tal

lim
it

a
llow

s
to

q
u
an

tify
th

e
fa

ct
th

at
treatin

g
th

e
d
ata

in
th

e
b
ip

artite
m

o
d
el

strictly
im

p
roves

on
collap

sin
g

th
e

d
a
ta

in
to

a
sin

gle
clu

sterin
g

p
rob

lem
.

T
h
e

collap
sin

g
p
art

refers
to

b
u
ild

in
g

a
sim

p
le

grap
h

o
u
t

o
f

th
e

b
ip

a
rtite

grap
h

Z
h
ou

et
al.

(2007),
keep

in
g

on
ly

th
e

righ
t

or
left

n
o
d
es

(b
u
t

n
ot

b
o
th

),
an

d
co

n
n
ectin

g
th

em
b
ased

on
h
ow

m
u
ch

com
m

on
n
eigh

b
ors

th
e

vertices
h
ave

on
th

e
o
th

er
sid

e.

H
y
p

e
rg

ra
p

h
s.

A
n
oth

er
ex

ten
sion

is
con

cern
ed

w
ith

h
y
p

ergrap
h
s,

w
h
ere

th
e

ob
servation

s
a
re

n
o
t

p
a
irw

ise
in

teraction
s

b
u
t

trip
lets

or
k
-tu

p
les.

T
h
is

takes
p
la

ce
for

ex
am

p
le

in
collab

-
o
ra

tio
n

n
etw

o
rk

s,
su

ch
as

citation
n
etw

ork
s,

w
h
ere

a
p
u
b
lication

rep
resen

ts
a
n

h
y
p

ered
ge

on
m

u
ltip

le
a
u
th

o
rs.

O
n
e

can
easily

ex
ten

d
th

e
S
B

M
in

su
ch

settin
gs,

giv
in

g
a

d
iff

eren
t

p
rob

a-
b
ility

fo
r

ea
ch

ty
p

e
of

h
y
p

ered
ges

(i.e.,
h
y
p

ered
ges

th
at

are
fu

lly
in

on
e

com
m

u
n
ity,

o
r

th
at

h
ave

d
iff

eren
t

p
rop

ortion
s

of
vertices

in
d
iff

eren
t

com
m

u
n
ities).

T
h
e

fu
n
d
am

en
tal

lim
it

for
ex

a
ct

recovery
in

th
is

m
o
d
el

d
o
es

n
ot

follow
d
irectly

fro
m

T
h
eorem

14,
b
u
t

th
e

tech
n
iq

u
es

d
escrib

ed
in

S
ection

s
3.2.1

an
d

3.2.2
ap

p
ly,

an
d

in
p
articu

lar,
th

e
ap

p
ro

ach
d
escrib

ed
for

la
b

eled
ed

g
es

a
b

ove.
W

e
also

refer
to

A
n
gelin

i
et

al.
(2015)

for
sp

ectral
algorith

m
s

in
th

is
co

n
tex

t.

3
.5
.2

S
u
b
se

t
o
f
c
o
m
m
u
n
it
ie
s

B
efo

re
d
elv

in
g

in
to

th
e

p
artial

recovery
of

th
e

com
m

u
n
ities,

on
e

m
ay

ask
w

h
eth

er
it

p
ossib

le
to

ex
a
ctly

recover
su

bsets
of

th
e

com
m

u
n
ities,

or
on

ly
a

sp
ecifi

c
com

m
u
n
ity,

w
h
ile

n
ot

n
ecessa

rily
b

ein
g

ab
le

to
recover

all
oth

ers.
T

h
is

q
u
estion

is
an

sw
ered

in
A

b
b

e
an

d
S
an

d
on

(2
0
1
5
b
)

a
s

fo
llow

s.

T
o

d
eterm

in
e

w
h
ich

com
m

u
n
ities

can
b

e
recovered

,
p
artition

th
e

com
m

u
n
ity

p
rofi

les
in

to
th

e
la

rg
est

collection
of

d
isjoin

t
su

b
sets

su
ch

th
at

th
e

C
H

-d
ivergen

ce
am

on
g

th
ese

su
b
sets

is
a
t

lea
st

1
(w

h
ere

th
e

C
H

-d
ivergen

ce
b

etw
een

tw
o

su
b
sets

is
th

e
m

in
im

u
m

of
th

e
C

H
-d

ivergen
ce

b
etw

een
an

y
tw

o
elem

en
ts

in
th

ese
su

b
sets).

W
e

refer
to

th
is

as
th

e
fi

n
est

pa
rtitio

n
o
f

th
e

com
m

u
n
ities.

N
ote

th
at

th
is

giv
es

th
e

set
of

con
n
ected

com
p

on
en

ts
in

th
e

g
ra

p
h

w
h
ere

ea
ch

com
m

u
n
ity

is
a

vertex
,

an
d

tw
o

com
m

u
n
ities

are
ad

jacen
t

if
an

d
on

ly
if

th
ey

h
ave

a
C

H
-d

ivergen
ce

less
th

an
1.

F
igu

re
3

illu
strates

th
is

p
artition

.
T

h
e

th
eorem

b
elow

sh
ow

s
th

at
th

is
is

in
d
eed

th
e

m
ost

gran
u
lar

p
a
rtition

th
at

can
b

e
recovered

ab
ou

t
th

e
co

m
m

u
n
ities,

in
p
articu

lar,
it

ch
aracterizes

th
e

in
form

ation
-th

eoretic
a
n
d

com
p
u
tatio

n
al

th
resh

o
ld

fo
r

ex
act

recovery
in

th
is

settin
g.

T
h

e
o
re

m
2
9

A
bbe

a
n

d
S

a
n

d
o
n

(2
0
1
5
b)

L
et
Q

be
a
k×

k
m

a
trix

w
ith

n
o
n

zero
en

tries,
p
∈

(0,1
)
k

w
ith ∑

p
=

1.
E

xa
ct

reco
very

is
in

fo
rm

a
tio

n
-th

eo
retica

lly
so

lva
ble

in
S
B

M
(n
,p
,log

(n
)Q
/n

)
fo

r
a

pa
rtitio

n
[k

]
=
t
ts=

1 A
s

if
a
n

d
o
n

ly
if

fo
r

a
ll
i

a
n

d
j

in
d
iff

eren
t

su
bsets

o
f

th
e

pa
rtitio

n
,

D
+

((P
Q

)
i ,(P

Q
)
j )≥

1,
(81)

M
o
reo

ver,
exa

ct
reco

very
fo

r
a

pa
rtitio

n
is

effi
cien

tly
so

lva
ble

w
h
en

ever
it

is
in

fo
rm

a
tio

n
-

th
eo

retica
lly

so
lva

ble.
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A
b
b
e

F
igu

re
3:

F
in

est
p
artition

:
T

o
d
eterm

in
e

w
h
ich

com
m

u
n
ities

can
b

e
recov

ered
in

S
B

M
(n
,p
,log

(n
)Q
/n

),
em

b
ed

each
co

m
m

u
n
ity

w
ith

its
com

m
u
n
ity

p
rofi

le
θ
i

=
(d

iag
p
Q

)
i

in
R
k+

an
d

fi
n
d

th
e

p
artition

of
θ

1 ,...,θ
k

in
to

th
e

larg
est

n
u
m

b
er

of
su

b
sets

th
at

are
at

C
H

-d
ivergen

ce
at

least
1

from
each

oth
er.

4
.
W

e
a
k
R
e
co

v
e
ry

(a
.k
.a
.
D
e
te
ctio

n
)

T
h
e

fo
cu

s
on

w
eak

recov
ery,

also
called

d
etection

,
in

itiated
1
0

w
ith

C
o
ja-O

gh
lan

(2010);
D

ecelle
et

al.
(2011).

N
ote

th
at

w
eak

recovery
is

ty
p
ically

in
v
estigated

in
S
B

M
s

w
h
ere
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=
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a
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u
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n
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p
ly

to
C

o
n
je

ct
u
re

1
p
ar

t
(i

i)
.

B
ot

h
p

os
it

iv
e

p
ar

ts
of

C
on

je
ct

u
re

1
h
av

e
b
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p
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p
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at
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ra
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p
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b
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b
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b
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b
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p
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b
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o
t

o
f

a
tr

ee
d
ow

n
to

it
s

le
av

es
,

an
d

tr
y
in

g
to

gu
es

s
b
ac

k
th

is
b
it

fr
om

th
e

le
av

es
a
t

la
rg

e
d
ep

th
.

C
on

si
d
er

fi
rs

t
th

e
ca

se
of

a
d
et

er
m

in
is

ti
c

tr
ee

w
it

h
fi
x
ed

d
eg

re
e
c

+
1,

i.
e.

,
ea

ch
ve

rt
ex

h
as

ex
ac

tl
y
c

d
es

ce
n
d
an

ts
(n

ot
e

th
at

th
e

ro
ot

h
as

d
eg

re
e
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A

ss
u
m

e
th

at
on

ea
ch

b
ra

n
ch

o
f

th
e

tr
ee

th
e

in
co

m
in

g
b
it

is
fl
ip

p
ed

w
it

h
p
ro

b
ab

il
it

y
ε
∈
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,1

],
an

d
th

at
ea

ch
b
ra

n
ch

a
ct

s
in

d
ep

en
d
en

tl
y.

L
et
X

(t
)

b
e

th
e

b
it

s
re

ce
iv

ed
at

d
ep

th
t

in
th

is
tr

ee
,

w
it

h
X

(0
)

b
ei

n
g

th
e

ro
ot

b
it

,
as

su
m

ed
to

b
e

d
ra

w
n

u
n
if

or
m

ly
at

ra
n
d
om

in
{0
,1
}.

W
e

n
ow

d
efi

n
e

su
cc

es
sf

u
l

d
et

ec
ti

on
in

th
is

co
n
te

x
t.

N
ot

e
th

at
E

(X
(0

) |X
(t

) )
is

a
ra

n
d
o
m

va
ri

ab
le

th
at

gi
ve

s
th

e
p
ro

b
ab

il
it

y
th

at
X

(0
)

=
1

g
iv

en
th

e
le

af
-b

it
s,

as
a

fu
n
ct

io
n

o
f

th
e

le
a
f-

b
it

s
X

(t
) .

If
th

is
p
ro

b
ab

il
it

y
is

eq
u
al

to
1/

2,
th

en
th

e
le

af
-b

it
s

p
ro

v
id

e
n
o

u
se

fu
l

in
fo

rm
a
ti

o
n

ab
ou

t
th

e
ro

ot
,

an
d

w
e

ar
e

in
te

re
st

ed
in

u
n
d
er

st
an

d
in

g
w

h
et

h
er

th
is

ta
ke

s
p
la

ce
o
r

n
o
t

in
th

e
li
m

it
of

la
rg

e
t.

D
e
fi

n
it

io
n

3
2

D
et

ec
ti

o
n

(u
su

a
ll

y
ca

ll
ed

re
co

n
st

ru
ct

io
n

)
in

th
e

tr
ee

m
od

el
is

so
lv

a
bl

e
if

li
m
t→
∞

E
|E

(X
(0

) |X
(t

) )
−

1/
2|
>

0
.

E
qu

iv
a
le

n
tl

y,
d
et

ec
ti

o
n

is
so

lv
a
bl

e
if

li
m
t→
∞
I
(X

(0
) ;
X

(t
) )
>

0
,

w
h
er

e
I

is
th

e
m

u
tu

a
l

in
fo

rm
a
ti

o
n

.

N
ot

e
th

at
th

e
ab

ov
e

li
m

it
s

ex
is

t
d
u
e

to
m

on
ot

on
ic

it
y

ar
gu

m
en

ts
.

T
h
e

re
su

lt
s

fo
r

d
et

ec
ti

o
n

th
is

m
o
d
el

ar
e

as
fo

ll
ow

s.

T
h

e
o
re

m
3
3

In
th

e
tr

ee
m

od
el

w
it

h
co

n
st

a
n

t
d
eg

re
e
c

a
n

d
fl

ip
p
ro

ba
bi

li
ty
ε,

•
K

es
te

n
a
n

d
S

ti
gu

m
(1

9
6
6
)

d
et

ec
ti

o
n

is
so

lv
a
bl

e
if
c(

1
−

2
ε)

2
>

1
,

•
B

le
h
er

et
a
l.

(1
9
9
5
);

E
va

n
s

et
a
l.

(2
0
0
0
)

d
et

ec
ti

o
n

is
n

o
t

so
lv

a
bl

e1
6

if
c(

1
−

2ε
)2
≤

1.

T
h
u
s

d
et

ec
ti

on
in

th
e

tr
ee

m
o
d
el

is
so

lv
ab

le
if

an
d

on
ly

if
c(

1
−

2
ε)

2
>

1
,

w
h
ic

h
g
iv

es
ri

se
to

th
e

so
-c

al
le

d
K

es
te

n
-S

ti
gu

m
(K

S
)

th
re

sh
ol

d
in

th
is

tr
ee

co
n
te

x
t.

N
o
te

th
a
t

M
o
ss

el
a
n
d

P
er

es
(2

00
3)

fu
rt

h
er

sh
ow

s
th

at
th

e
K

S
th

re
sh

ol
d

is
sh

ar
p

fo
r

“c
en

su
s

re
co

n
st

ru
ct

io
n
,”

i.
e.

,
d
ec

id
in

g
ab

ou
t

th
e

ro
ot

-b
it

b
y

ta
k
in

g
m

a
jo

ri
ty

on
th

e
le

af
-b

it
s,

w
h
ic

h
is

sh
ow

n
to

st
il
l

h
o
ld

in
m

o
d
el

s
su

ch
as

th
e

m
u
lt

ic
ol

or
P

ot
ts

m
o
d
el

w
h
er

e
th

e
K

S
th

re
sh

ol
d

is
n
o

lo
n
g
er

sh
a
rp

fo
r

re
co

n
st

ru
ct

io
n
.

T
o

se
e

th
e

tw
o

p
ar

ts
of

T
h
eo

re
m

33
,

n
ot

e
th

at
th

e
n
u
m

b
er

0-
b
it

s
m

in
u
s

1
-b

it
s

a
t

g
en

-

er
at

io
n
t,

i.
e,
∑

i∈
[c
t
](
−

1)
X

(t
)

i
is

a
ra

n
d
om

va
ri

ab
le

w
it

h
ex

p
ec

ta
ti

on
of

or
d
er
ct

(1
−

2ε
)t

1
6
.

T
h

e
p

ro
o
f

fr
o
m

E
va

n
s
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a
l.
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0
0
0
)

a
p

p
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re
d
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t
in

1
9
9
6
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

w
ith

a
sig

n
d
ep

en
d
in

g
on

th
e

valu
e

of
th

e
ro

ot-b
it,

an
d

w
ith

varian
ce

of
ord

er
c
t.

T
h
u
s

th
e

sig
n
a
l-to

-n
o
ise

ratio
(i.e.,

th
e

ratio
b

etw
een

th
e

ex
p

ectation
an

d
th

e
stan

d
ard

d
ev

iation
of

th
is

sta
tistic)

is
( √
c(1−

2
ε))

t,
an

d
√
c(1−

2
ε)
>

1
allow

s
to

m
ake

reliab
le

in
feren

ce
ab

ou
t

th
e

ro
o
t-b

it
a
s
t

d
iverges.

In
th

e
b
in

ary
ca

se
an

d
w

ith
th

e
fl
ip

m
o
d
el

con
sid

ered
for

th
e

n
o
ise,

it
tu

rn
s

ou
t

th
at

th
e

m
u
tu

al
in

form
ation

is
su

b
-ad

d
itive

am
on

g
leaves

E
va

n
s

et
al.

(2
00

0
),

i.e.,
I
(X

(0
);X

(t))≤
∑

c
t

i=
1
I
(X

(0
);X

(t)
i

)
=
c
tI

(X
(0

);X
(t)
1

)
(th

is
is

h
ow

ev
er

n
ot

tru
e

in
g
en

era
l

fo
r

b
in
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n
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-sy
m

m
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n
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or
for

n
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in

ary
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T

h
e

ch
an

n
el

b
etw

een

X
(0

)
a
n
d

a
sin

g
le

leaf-b
it
X

(t)
1

corresp
on

d
s

to
th

e
ad

d
ition

o
f
t

B
ern

ou
lli(ε)

ran
d
om

va
ri-

a
b
les,

a
n
d

it
is

easy
to

ch
eck

th
at

its
m

u
tu

al
in

form
ation

scales
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(1−
2
ε)

2
t,

w
h
ich
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ow

s
th

a
t
I
(X

(0
);X
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u
p
p

er
b

ou
n
d
ed

b
y
c
t(1−

2ε)
2
t.

H
en

ce,
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2ε)
2

is
less

th
an

1,
th

e
in
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rm

a
tio

n
o
f

th
e

ro
ot-b

it
is

lost.

W
e

w
ill
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o
n
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th

e
con

n
ection

b
etw

een
th

e
recon
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ction
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tree

p
ro

b
lem

an
d

w
ea

k
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in

th
e

S
B

M
.

It
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easy
to
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at

th
e

tree
for

u
s

w
ill

n
ot

b
e

a
fi
x
ed

d
egree

tree,
b
u
t

th
e

lo
cal

n
eigh

b
orh

o
o
d

of
an

S
B

M
vertex

,
w

h
ich

is
a

G
aton

-W
atso

n
tree

w
ith

P
o
isso

n
o
ff

sp
rin

g.
W

e
fi
rst

state
th

e
ab

ove
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lts
for

G
alton

-W
alton

trees.

D
e
fi

n
itio

n
3
4

A
G

a
lto

n
-W

a
lto

n
tree

w
ith

o
ff

sp
rin

g
d
istribu

tio
n
µ

o
n

Z
+
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a

roo
ted

tree
w

h
ere

th
e

n
u

m
ber

o
f

d
escen

d
a
n

ts
fro

m
ea

ch
vertex

is
in

d
epen

d
en

tly
d
ra

w
n

u
n

d
er

th
e

d
is-

tribu
tio

n
µ

.
W

e
d
en

o
te

by
T

(t)
∼
G
W
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)

a
G

a
lto

n
-W

a
lto

n
tree

w
ith

o
ff
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rin

g
µ

a
n

d
t

gen
era

tio
n

s
o
f

d
escen

d
a
n

ts.

N
o
te

th
at

d
etection

in
th

e
con

tex
t

of
a

ran
d
om

tree
is

d
efi

n
ed

b
y

req
u
irin

g
th

at

lim
t→
∞

E|E
(X

(0
)|X

(t),T
(t))−

1/
2|
>

0
,

w
h
ere

X
(t)

a
re

th
e

variab
les

at
gen

era
tion

t
ob

tain
ed

from
b
road

castin
g

th
e

ro
ot-b

it
as

in
th

e
p
rev

io
u
s

ca
se.

In
E

van
s

et
al.

(2000),
it

is
sh

ow
n

th
at

th
e

th
resh

old
c(1−

2
ε)

2
>

0
is

n
ecessary

a
n
d

su
ffi

cien
t

for
d
etection

for
a

large
class

of
off

sp
rin

g
d
istrib

u
tion

s,
w

h
ere

c
is

th
e

ex
p

ecta
tio

n
of
µ

,
su

ch
as

th
e

P
oisson

(c)
d
istrib

u
tion

th
at

is
of

in
terest

to
u
s.

A
n
oth

er
im

p
o
rta

n
t

ex
ten

sion
is

th
e

‘rob
u
st

recon
stru

ction
’
p
rob

lem
J
an

son
an

d
M

ossel
(2004),

w
h
ere

th
e

leaves
a
re

n
ot

revealed
ex

actly
b
u
t

in
a

n
oisy

fash
ion

.
It

w
as

sh
ow

n
in

J
an

son
an

d
M

ossel
(2

0
0
4
)

th
a
t

fo
r

very
n
oisy

leaves,
th

e
K

S
th

resh
old

is
also

tigh
t.

T
h
e

co
n
n
ection

w
ith

th
e

S
B

M
com

es
from

th
e

fact
th

at
if

on
e

p
ick

s
a

vertex
v

in
th

e
S
B

M
g
ra

p
h
,

its
n
eigh

b
orh

o
o
d

at
sm

all
en

ou
gh

d
ep

th
b

eh
aves

lik
es

a
G

alton
-W

atson
tree

of
o
ff

sp
rin

g
P

oisso
n
((a

+
b)/

2),
an

d
th

e
lab

ellin
g

on
th

e
v
ertices

b
eh

aves
lik

e
th

e
b
road

ca
stin

g
p
ro

cess
d
iscu

ssed
ab

ove
w

ith
a

fl
ip

p
rob

ab
ility

of
b/(a

+
b).

N
ote

th
at

th
e

latter
p
a
ram

eter
is

p
recisely

th
e

p
rob

ab
ility

th
at

tw
o

vertices
h
ave

d
iff

eren
t

lab
els

given
th

at
th

ere
is

an
ed

ge
b

etw
een

th
em

.
M

ore
form

ally,
if

th
e

d
ep

th
is
t≤

(1/
2−

δ)
log

(n
)/

log
(a

+
b)/2)

for
so

m
e

δ
>

0
,

th
en

th
e

tru
e

d
istrib

u
tion

an
d

th
e

ab
ove

on
e

h
ave

a
van

ish
in

g
total

variation
w

h
en
n

d
iverg

es.
T

h
is

d
ep

th
req

u
irem

en
t

can
b

e
u
n
d
ersto

o
d

from
th

e
fact

th
e

ex
p

ected
n
u
m

b
er

of
leaves

in
th

at
case

is
in

ex
p

ectation
n

1
/
2−
δ,

an
d

b
y

th
e

b
irth

d
ay

p
arad

ox
,

n
o

collisio
n

w
ill

likely
o
ccu

r
b

etw
een

tw
o

vertices
n
eigh

b
orh

o
o
d
s

if
δ
>

0.

T
o

esta
b
lish

T
h
eorem

31,
it

is
su

ffi
cien

t
to

argu
e

th
a
t,

if
it

im
p

ossib
le

to
d
etect

a
sin

gle
vertex

w
h
en

a
g
en

ie
reveals

all
th

e
leaves

at
su

ch
a

d
ep

th
,

it
m

u
st

b
e

im
p

ossib
le

to
d
etect.

In
fa

ct,
con

sid
er

P{
X
u

=
x
u |G

=
g
,X

v
=
x
v },

th
e

p
osterior

d
istrib

u
tio

n
given

th
e

gra
p
h
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A
b
b
e

an
d

an
arb

itrary
v
ertex

revealed
(h

ere
u

an
d
v

are
arb

itrary
an

d
ch

osen
b

efore
th

e
grap

h
is

d
raw

n
).

W
ith

h
igh

p
rob

ab
ility,

th
ese

vertices
w

ill
n
ot

b
e

at
sm

all
grap

h
-d

istan
ce

of
each

oth
er,

an
d

on
e

can
op

en
a

sm
all

n
eigh

b
orh

o
o
d

arou
n
d
u

of
d
ep

t,
say,

log
log

(n
).

N
ow

reveal
n
ot

on
ly

th
e

valu
e

of
X
v

b
u
t

in
fact

all
th

e
valu

es
at

th
e

b
ou

n
d
ary

of
th

is
n
eigh

b
orh

o
o
d
.

T
h
is

is
an

easier
p
rob

lem
sin

ce
th

e
n
eigh

b
orh

o
o
d

is
a

tree
w

ith
h
igh

p
rob

ab
ility

an
d

sin
ce

th
ere

is
ap

p
rox

im
ately

a
M

ark
ov

relation
sh

ip
b

etw
een

th
ese

b
ou

n
d
ary

vertices
an

d
th

e
origin

al
X
v

(n
ote

th
at

‘ap
p
rox

im
ate’

is
u
sed

h
ere

sin
ce

th
ere

is
a

n
eglig

ib
le

eff
ect

of
n
on

-
ed

ges
to

h
an

d
le).

W
e

are
n
ow

b
ack

to
th

e
b
road

castin
g

p
ro

b
lem

on
tree

d
iscu

ssed
ab

ove,
an

d
th

e
req

u
irem

en
t
c(1−

2
ε)

2≤
0

gives
a

su
ffi

cien
t

con
d
ition

for
d
etection

to
fail.

S
in

ce
c

=
(a

+
b)/2

an
d
ε

=
b/(a

+
b),

th
is

gives
(a−

b)
2≤

2(a
+
b).

T
h
e

red
u
ction

ex
ten

d
s

to
m

ore
th

an
tw

o
com

m
u
n
ities

(i.e.,
n
on

-b
in

ary
lab

els
b
road

-
casted

on
trees)

an
d

to
asy

m
m

etrical
com

m
u
n
ities,

b
u
t

th
e

tigh
tn

ess
of

th
e

K
S

b
ou

n
d

is
n
o

lon
ger

p
resen

t
in

th
ese

cases.
F

or
tw

o
asy

m
m

etrical
com

m
u
n
ities,

th
e

resu
lt

still
ex

ten
d
s

if
th

e
com

m
u
n
ities

are
rou

gh
ly

sy
m

m
etrical,

u
sin

g
B

orgs
et

al.
(2006)

an
d

M
ossel

et
a
l.

(2013);
p
ri.

F
or

m
ore

th
an

th
ree

sy
m

m
etric

com
m

u
n
ities,

n
ew

gap
p
h
en

om
en

a
take

p
lace

as
d
iscu

ssed
in

S
ection

4.6.

4
.3

A
ch

ie
v
in

g
K

S
fo

r
k

=
2

T
h

e
o
re

m
3
5

M
a
sso

u
lié

(2
0
1
4
);

M
o
ssel

et
a
l.

(2
0
1
4
a
)

F
o
r
k

=
2
,

w
ea

k
reco

very
is

effi
-

cien
tly

so
lva

ble
if

S
N

R
>

1
(i.e.,

(a−
b)

2
>

2(a
+
b)).

T
h
e

fi
rst

p
ap

er
M

assou
lié

(2014)
is

b
ased

1
7

on
a

sp
ectral

m
eth

o
d

from
th

e
m

atrix
of

self-avoid
in

g
w

alk
s

(en
try

(i,j)
cou

n
ts

th
e

n
u
m

b
er

of
self-avoid

in
g

w
alk

s
of

m
o
d
erate

size
b

e-
tw

een
vertices

i
an

d
j)

M
assou

lié
(2014),

th
e

seco
n
d

on
cou

n
tin

g
w

eigh
ted

n
on

-b
ack

track
in

g
w

alk
s

b
etw

een
v
ertices

M
ossel

et
al.

(2014
a).

T
h
e

fi
rst

m
eth

o
d

h
as

a
com

p
lex

ity
of
O

(n
1
+
ε),

ε
>

0,
w

h
ile

th
e

secon
d

m
eth

o
d

aff
ord

s
a

lesser
com

p
lex

ity
of
O

(n
log

2
n

)
b
u
t

w
ith

a
large

con
stan

t
(see

d
iscu

ssion
in

M
ossel

et
al.

(2014a)).
T

h
ese

p
ap

ers
ap

p
eared

in
2014

an
d

w
ere

th
e

fi
rst

to
ach

ieve
th

e
K

S
th

resh
old

for
tw

o
com

m
u
n
ities.

L
ater

in
2015,

B
ord

en
ave

et
al.

(2015)
ob

tain
s

an
altern

ative
p
ro

of
on

a
sp

ectral
m

eth
o
d

w
ith

th
e

m
atrix

of
n
on

-b
ack

track
in

g
w

alk
s

b
etw

een
d
irected

ed
ges.

T
h
e

p
ap

er
giv

es
a

d
etailed

an
aly

sis
of

th
e

sp
ectru

m
of

th
e

n
on

b
ack

track
in

g
op

erator
an

d
allow

s
goin

g
b

eyon
d

th
e

S
B

M
w

ith
2

com
m

u
n
ities,

req
u
irin

g
a

certain
con

d
ition

in
th

e
S
B

M
p
aram

eters
to

ob
tain

a
resu

lt
for

d
etection

(th
e

p
recise

con
d
ition

s
are

th
e

u
n
iform

ity
of
p

an
d

th
e

req
u
irem

en
t

th
at
µ
k

is
a

sim
p
le

eigen
valu

e
of
M

in
T

h
eorem

5
of

B
ord

en
ave

et
al.

(2015)),
fallin

g
sh

ort
of

p
rov

in
g

th
e

p
ositive

p
art

of
C

on
jectu

re
1.(i)

for
k
≥

3
d
u
e

to
tech

n
ical

reason
s

(th
e

secon
d

eigen
valu

e
in

th
is

case
h
as

m
u
ltip

licity
at

least
2).

In
A

b
b

e
an

d
S
an

d
on

(2
015),

an
oth

er
varian

t
b
ased

on
h
igh

er
ord

er
n
on

b
ack

track
in

g
p

ow
er

iteration
s

is
sh

ow
n

to
ach

iev
e

th
e

K
S

th
resh

old
in

th
e

gen
eral

S
B

M
.

T
h
e

n
on

b
ack

track
in

g
op

erator
w

as
fi
rst

p
rop

osed
for

th
e

S
B

M
in

K
rzaka

la
et

al.
(2013),

also
d
escrib

ed
as

a
lin

earization
of

B
P

,
w

ith
form

al
resu

lts
ob

tain
ed

in
B

ord
en

ave
et

al.
(2015).

T
h
is

gives
a

n
ew

ap
p
roach

to
com

m
u
n
ity

d
etection

,
an

d
a

stron
g

case
for

n
on

b
ack

-
track

in
g

op
erators.

L
in

earization
s

of
B

P
of

sim
ilar

n
atu

re
w

ere
alread

y
u
sed

in
J
an

son
an

d
M

ossel
(2004)

in
th

e
con

tex
t

of
rob

u
st

recon
stru

ction
on

trees.
A

s
th

e
n
on

b
ack

track
in

g

1
7
.

R
ela

ted
id

ea
s

rely
in

g
o
n

sh
o
rtest

p
a
th

s
w

ere
a
lso

co
n

sid
ered

in
B

h
a
tta

ch
a
ry

y
a

a
n

d
B

ick
el

(2
0
1
4
).

4
4
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

m
at

ri
x

is
n
ot

n
or

m
al

,
S
aa

d
e

et
al

.
(2

01
4)

al
so

in
tr

o
d
u
ce

d
an

al
te

rn
at

iv
e

a
p
p
ro

a
ch

b
as

ed
on

th
e

B
et

h
e

H
es

si
an

op
er

at
or

.

W
e

n
ex

t
d
is

cu
ss

th
e

al
go

ri
th

m
of

B
or

d
en

av
e

et
a
l.

(2
01

5)
fo

r
2

sy
m

m
et

ri
c

co
m

m
u
n
it

ie
s.

W
e

d
efi

n
e

fi
rs

t
th

e
n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
of

a
gr

ap
h
.

D
e
fi

n
it

io
n

3
6

[T
h
e

n
o
n

ba
ck

tr
a
ck

in
g

(N
B

)
m

a
tr

ix
.]

H
a
sh

im
o
to

(1
9
8
9
)

L
et
G

=
(V
,E

)
be

a
si

m
p
le

gr
a
p
h

a
n

d
le

t
~ E

be
th

e
se

t
o
f

o
ri

en
te

d
ed

ge
s

o
bt

a
in

ed
by

d
o
u

bl
in

g
ea

ch
ed

ge
o
f
E

in
to

tw
o

d
ir

ec
te

d
ed

ge
.

T
h
e

n
o
n

-b
a
ck

tr
a
ck

in
g

m
a
tr

ix
B

is
a
|~ E
|×
|~ E
|m

a
tr

ix
in

d
ex

ed
by

th
e

el
em

en
ts

o
f
~ E

su
ch

th
a
t,

fo
r
e

=
(e

1
,e

2
),
f

=
(f

1
,f

2
)
∈
~ E

,

B
e,
f

=
1(
e 2

=
f 1

)1
(e

1
6=
f 2

),
(8

2)

i.
e.

,
en

tr
y

(e
,f

)
o
f
B

is
1

if
e

a
n

d
f

fo
ll

o
w

ea
ch

o
th

er
w

it
h
o
u

t
cr

ea
ti

n
g

a
lo

o
p
,

a
n

d
0

o
th

er
w

is
e.

T
h
e

n
on

-b
ac

k
tr

ac
k
in

g
m

at
ri

x
ca

n
b

e
u
se

d
to

co
u
n
t

effi
ci

en
tl

y
n
on

-b
ac

k
tr

ac
k
in

g
w

al
k
s

in
a

gr
ap

h
.

R
ec

al
l

th
at

a
w

al
k

in
a

gr
ap

h
is

a
se

q
u
en

ce
of

ad
ja

ce
n
t

v
er

ti
ce

s
w

h
er

ea
s

a
n
on

-
b
ac

k
tr

ac
k
in

g
w

al
k

is
a

w
al

k
th

at
d
o
es

n
ot

re
p

ea
t

a
ve

rt
ex

w
it

h
in

2
st

ep
s.

C
ou

n
ti

n
g

w
al

k
s

of
a

gi
v
en

le
n
gt

h
ca

n
si

m
p
ly

b
e

d
on

e
b
y

ta
k
in

g
p

ow
er

s
of

th
e

ad
ja

ce
n
cy

m
a
tr

ix
.

T
h
e

n
on

-
b
ac

k
tr

ac
k
in

g
m

at
ri

x
al

lo
w

s
fo

r
a

si
m

il
ar

ap
p
ro

ac
h

to
co

u
n
t

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

b
et

w
ee

n
ed

ge
s.

T
o

ob
ta

in
th

e
n
u
m

b
er

of
n
on

-b
ac

k
tr

ac
k
in

g
w

al
k
s

of
le

n
gt

h
k
≥

2
st

ar
ti

n
g

a
t

a
d
i-

re
ct

ed
ed

ge
e

an
d

en
d
in

g
in

a
d
ir

ec
te

d
ed

ge
f

,
on

e
si

m
p
ly

n
ee

d
s

to
ta

ke
en

tr
y

(e
,f

)
of

th
e

p
ow

er
m

at
ri

x
B
k
−

1
.

N
ot

e
al

so
th

at
to

co
u
n
t

p
at

h
s,

i.
e.

,
w

al
k
s

th
at

d
o

n
ot

re
p

ea
t

an
y

ve
rt

ex
,

n
o

su
ch

effi
ci

en
t

m
et

h
o
d

is
k
n
ow

n
an

d
th

e
co

u
n
t

is
#

P
-c

o
m

p
le

te
.

T
h
e

n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
B

of
a

gr
ap

h
w

as
in

tr
o
d
u
ce

d
b
y

H
as

h
im

ot
o

H
a
sh

im
ot

o
(1

98
9)

to
st

u
d
y

th
e

Ih
ar

a
ze

ta
fu

n
ct

io
n
,

w
it

h
th

e
id

en
ti

ty
d
et

(I
−
z
B

)
=

1
ζ
(z

)
,

w
h
er

e
ζ

is
th

e
Ih

ar
a

ze
ta

fu
n
ct

io
n

of
th

e
gr

ap
h
.

In
p
ar

ti
cu

la
r,

th
e

p
ol

es
of

th
e

Ih
ar

a
ze

ta
fu

n
ct

io
n

ar
e

th
e

re
ci

p
ro

ca
ls

of
th

e
ei

ge
n
va

lu
es

of
B

.
S
tu

d
y
in

g
th

e
sp

ec
tr

u
m

of
a

gr
ap

h
th

u
s

im
p
li
es

p
ro

p
er

ti
es

on
th

e
lo

ca
ti

on
of

th
e

Ih
ar

a
ze

ta
fu

n
ct

io
n
.

T
h
e

m
at

ri
x

is
fu

rt
h
er

u
se

d
to

d
efi

n
e

th
e

gr
ap

h
R

ie
m

an
n

h
y
p

ot
h
es

is
H

or
to

n
et

al
.

(2
00

6)
,

an
d

st
u
d
y
in

g
it

s
sp

ec
tr

u
m

fo
r

ra
n
d
om

gr
ap

h
s

su
ch

as
th

e
b
lo

ck
m

o
d
el

al
lo

w
s

fo
r

ge
n
er

al
iz

at
io

n
s

of
n
ot

io
n
s

of
R

a
m

a
n
u
ja

n
gr

ap
h
s

an
d

F
ri

ed
m

an
’s

T
h
eo

re
m

F
ri

ed
m

an
(2

00
3)

to
n
on

-r
eg

u
la

r
ca

se
s,

se
e

al
so

B
or

d
en

av
e

et
al

.
(2

01
5)

.
T

h
e

op
er

at
or

th
at

w
e

st
u
d
y

is
a

n
at

u
ra

l
ex

te
n
si

on
of

th
e

cl
as

si
ca

l
n
on

b
ac

k
tr

ac
k
in

g
op

er
at

or
of

H
as

h
im

ot
o,

w
h
er

e
w

e
p
ro

h
ib

it
n
ot

on
ly

st
an

d
ar

d
b
ac

k
tr

ac
k
s

b
u
t

al
so

fi
n
it

e
cy

cl
es

.

W
e

n
ow

d
es

cr
ib

e
th

e
sp

ec
tr

al
al

go
ri

th
m

b
as

ed
on

th
e

n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
to

d
et

ec
t

co
m

m
u
n
it

ie
s

in
th

e
sy

m
m

et
ri

c
S
B

M
w

it
h

tw
o

co
m

m
u
n
it

ie
s.

N
o
n
b

a
ck

tr
a
ck

in
g

e
ig

e
n
v
e
c
to

r
e
x
tr

a
c
ti

o
n

a
lg

o
ri

th
m

K
rz

a
k
a
la

e
t

a
l.

(2
0
1
3
);

B
o
r-

d
e
n

a
v
e

e
t

a
l.

(2
0
1
5
).

In
p
u
t:

A
n
n

-v
er

te
x

gr
ap

h
g

an
d

a
p
ar

am
et

er
τ
∈

R
.

(1
)

C
on

st
ru

ct
th

e
n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
B

of
th

e
gr

ap
h
g
.

(2
)

E
x
tr

ac
t

th
e

ei
ge

n
ve

ct
or
ξ 2

co
rr

es
p

on
d
in

g
to

th
e

se
co

n
d

la
rg

es
t

ei
ge

n
va

lu
e

of
B

.
(3

)
A

ss
ig

n
ve

rt
ex
v

to
th

e
fi
rs

t
co

m
m

u
n
it

y
if
∑

e:
e 2

=
v
ξ 2

(e
)
>
τ
/√

n
an

d
to

th
e

se
co

n
d

co
m

-
m

u
n
it

y
ot

h
er

w
is

e.
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:1
-8

6,
 2

01
8

A
b
b
e

It
is

sh
ow

n
in

B
or

d
en

av
e

et
al

.
(2

01
5)

th
at

th
e

ex
is

ts
a
τ
∈

R
su

ch
th

at
ab

ov
e

a
lg

o
ri

th
m

so
lv

es
d
et

ec
ti

on
if

(a
−
b)

2
>

2(
a

+
b)

,
i.
e.

,
d
ow

n
to

th
e

K
S

th
re

sh
ol

d
.

F
o
r

m
o
re

th
a
n

tw
o

co
m

m
u
n
it

ie
s,

th
e

ab
ov

e
al

go
ri

th
m

n
ee

d
s

to
b

e
m

o
d
ifi

ed
an

d
it

s
p
ro

o
f

o
f

d
et

ec
ti

o
n

cu
rr

en
tl

y
ap

p
li
es

to
so

m
e

ca
se

s
of

S
B

M
s

as
p
re

v
io

u
sl

y
d
is

cu
ss

ed
(b

al
an

ce
d

co
m

m
u
n
it

ie
s

a
n
d

n
o

m
u
lt

ip
li
ci

ty
of

ei
ge

n
va

lu
es

).

A
q
u
ic

k
in

tu
it

io
n

on
w

h
y

th
e

n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
is

m
or

e
am

en
ab

le
fo

r
co

m
m

u
n
it

y
d
et

ec
ti

on
th

an
th

e
ad

ja
ce

n
cy

m
at

ri
x

is
ob

ta
in

ed
b
y

ta
k
in

g
p

ow
er

s
of

th
es

e
m

a
tr

ic
es

.
In

th
e

ca
se

of
th

e
ad

ja
ce

n
cy

m
at

ri
x
,

p
ow

er
s

ar
e

co
u
n
ti

n
g

w
al

k
s

fr
om

a
ve

rt
ex

to
a
n
o
th

er
,

a
n
d

th
es

e
ge

t
m

u
lt

ip
li
ed

ar
ou

n
d

h
ig

h
-d

eg
re

e
ve

rt
ic

es
si

n
ce

th
e

w
al

k
ca

n
co

m
e

in
a
n
d

o
u
t

o
f

su
ch

ve
rt

ic
es

in
m

u
lt

ip
le

w
ay

s.
In

st
ea

d
,

b
y

co
n
st

ru
ct

io
n

of
th

e
n
on

b
ac

k
tr

ac
k
in

g
m

a
tr

ix
,

ta
k
in

g
p

ow
er

s
fo

rc
es

a
d
ir

ec
te

d
ed

ge
to

le
av

e
to

an
o
th

er
d
ir

ec
te

d
ed

ge
th

at
d
o
es

n
o
t

b
a
ck

tr
a
ck

,
p
re

ve
n
ti

n
g

su
ch

am
p
li
fi
ca

ti
on

s
ar

ou
n
d

h
ig

h
-d

eg
re

e
v
er

ti
ce

s.
S
o

th
e

n
on

b
ac

k
tr

a
ck

in
g

g
iv

es
a

w
ay

to
m

it
ig

at
e

th
e

d
eg

re
e-

va
ri

at
io

n
s

an
d

to
av

oi
d

lo
ca

li
ze

d
ei

ge
n
ve

ct
or

(r
ec

a
ll

d
is

cu
ss

io
n

in
S
ec

ti
on

2.
6)

,
ar

gu
ab

ly
m

or
e

effi
ci

en
tl

y
th

an
tr

im
m

in
g

w
h
ic

h
re

m
ov

es
in

fo
rm

a
ti

o
n

fr
o
m

th
e

gr
ap

h
.

T
h
is

p
ro

p
er

ty
is

re
fl
ec

te
d

in
th

e
sp

ec
tr

u
m

of
th

e
n
on

b
ac

k
tr

ac
k
in

g
m

a
tr

ix
,

w
h
ic

h
h
as

fo
r

la
rg

es
t

ei
g
en

va
lu

e
(i

n
m

ag
n
it

u
d
e)
λ

1
(w

h
ic

h
is

re
al

p
os

it
iv

e)
.

T
h
en

th
e

q
u
es

ti
o
n

if
th

e
se

co
n
d

la
rg

es
t

ei
ge

n
va

lu
e
λ

2
ap

p
ea

rs
b

ef
or

e
√
λ

1
,

i.
e.

,

√
λ

1
<
|λ

2
|≤

λ
1
,

(8
3
)

w
ea

k
re

co
ve

ry
ca

n
b

e
so

lv
ed

b
y

u
si

n
g

th
e

ei
ge

n
ve

ct
or

co
rr

es
p

on
d
in

g
to

λ
2

to
o
b
ta

in
th

e
n
on

-t
ri

v
ia

l
se

p
ar

a
ti

on
B

or
d
en

av
e

et
al

.
(2

01
5
).

E
x
tr

ac
ti

n
g

th
e

se
co

n
d

ei
ge

n
ve

ct
or

of
th

e
n
on

b
ac

k
tr

ac
k
in

g
m

at
ri

x
d
ir

ec
tl

y
m

ay
n
o
t

b
e

th
e

m
os

t
effi

ci
en

t
w

ay
to

p
ro

ce
ed

,
sp

ec
ia

ll
y

as
th

e
gr

ap
h

ge
ts

d
en

se
r.

A
p

ow
er

it
er

a
ti

o
n

m
et

h
o
d

is
a

n
at

u
ra

l
im

p
le

m
en

ta
ti

on
,

li
ke

ly
to

b
e

u
se

d
b
y

so
ft

w
ar

es
,

b
u
t

th
is

re
q
u
ir

es
a
d
d
it

io
n
a
l

p
ro

of
s

as
d
is

cu
ss

ed
n
ex

t.
T

h
e

ap
p
ro

ac
h

of
M

os
se

l
et

al
.

(2
01

4a
)

b
as

ed
on

th
e

co
u
n
t

of
w

ei
gh

te
d

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

b
et

w
ee

n
ve

rt
ic

es
p
ro

v
id

es
an

ot
h
er

p
ra

ct
ic

al
a
lt

er
n
a
ti

v
e.

4
.4

A
ch

ie
v
in

g
K

S
fo

r
g
e
n

e
ra

l
k

T
h
e

n
ex

t
re

su
lt

p
ro

ve
s

th
e

p
os

it
iv

e
p
ar

ts
of

C
on

je
ct

u
re

1
.

T
h

e
o
re

m
3
7

A
bb

e
a
n

d
S

a
n

d
o
n

(2
0
1
5
)

(p
a
rt

1
p
re

se
n

te
d

in
A

bb
e

a
n

d
S

a
n

d
o
n

(2
0
1
6
b)

a
n

d
pa

rt
2

p
re

se
n

te
d

in
A

bb
e

a
n

d
S

a
n

d
o
n

(2
0
1
6
a
).

)

1
.

F
o
r

a
n

y
k
≥

2,
w

ea
k

re
co

ve
ry

is
so

lv
a
bl

e
in
O

(n
lo

g
n

)
if

S
N

R
>

1
w

it
h

th
e

a
p
p
ro

xi
m

a
te

a
cy

cl
ic

be
li

ef
p
ro

pa
ga

ti
o
n

(A
B

P
)

a
lg

o
ri

th
m

;

2
.

F
o
r

a
n

y
k
≥

4
,

w
ea

k
re

co
ve

ry
is

in
fo

rm
a
ti

o
n

-t
h
eo

re
ti

ca
ll

y
so

lv
a
bl

e
fo

r
so

m
e

S
N

R
st

ri
ct

ly
be

lo
w

1
w

it
h

th
e

ty
p
ic

a
li

ty
sa

m
p
li

n
g

(T
S

)
a
lg

o
ri

th
m

.

W
e

d
es

cr
ib

e
n
ex

t
th

e
tw

o
al

go
ri

th
m

s
u
se

d
in

p
re

v
io

u
s

th
eo

re
m

.
In

b
ri

ef
,

A
B

P
is

a
b

el
ie

f
p
ro

p
ag

at
io

n
al

go
ri

th
m

w
h
er

e
th

e
u
p

d
at

e
ru

le
s

ar
e

li
n
ea

ri
ze

d
ar

ou
n
d

th
e

u
n
if

o
rm

p
ri

o
r

a
n
d

w
h
er

e
th

e
fe

ed
b
ac

k
on

sh
or

t
cy

cl
es

is
m

it
ig

at
ed

;
T

S
is

a
n
on

-e
ffi

ci
en

t
al

g
or

it
h
m

th
a
t

sa
m

p
le

s
u
n
if

or
m

ly
at

ra
n
d
om

a
cl

u
st

er
in

g
h
av

in
g

ty
p
ic

al
cl

u
st

er
s’

vo
lu

m
es

an
d

cu
ts

.
T

h
e

fa
ct

th
a
t

B
P

w
it

h
a

ra
n
d
om

in
it

ia
li
za

ti
on

ca
n

ac
h
ie

v
e

th
e

K
S

th
re

sh
ol

d
fo

r
ar

b
it

ra
ry
k

w
a
s

co
n
je

ct
u
re

d
in

th
e

or
ig

in
al

p
ap

er
D

ec
el

le
et

al
.
(2

01
1)

,
b
u
t

h
an

d
li
n
g

ra
n
d
om

in
it

ia
li
za

ti
on

a
n
d

cy
cl

es
w

it
h
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

B
P

is
a

cla
ssical

ch
allen

ge.
A

lin
earized

version
is

m
ore

m
an

ag
eab

le
to

an
a
ly

ze,
alth

ou
gh

th
e

eff
ect

o
f

cy
cles

rem
ain

s
a

d
iffi

cu
lty

to
overco

m
e.

T
h
e

sim
p
lest

lin
earized

v
ersion

of
B

P
is

to
rep

eated
ly

u
p

d
ate

b
eliefs

ab
ou

t
a

vertex
’s

co
m

m
u
n
ity

b
a
sed

on
its

n
eigh

b
or’s

su
sp

ected
com

m
u
n
ities

w
h
ile

avo
id

in
g

b
ack

tra
ck

.
H

ow
-

ever,
th

is
on

ly
w

ork
s

id
eally

if
th

e
grap

h
is

a
tree.

T
h
e

correct
resp

on
se

to
a

cy
cle

w
ou

ld
b

e
to

d
isco

u
n
t

in
fo

rm
ation

reach
in

g
th

e
vertex

alon
g

eith
er

b
ran

ch
of

th
e

cy
cle

to
com

p
en

sate
fo

r
th

e
red

u
n
d
a
n
cy

of
th

e
tw

o
b
ran

ch
es.

D
u
e

to
com

p
u
tation

al
issu

es
w

e
sim

p
ly

p
reven

t
in

fo
rm

a
tio

n
fro

m
cy

clin
g

arou
n
d

con
stan

t
size

cy
cles.

W
e

also
ad

d
step

s
w

h
ere

a
m

u
ltip

le
of

th
e

b
eliefs

in
th

e
p
rev

iou
s

step
are

su
b
tracted

from
th

e
b

eliefs
in

th
e

cu
rren

t
step

to
p
reven

t
th

e
b

eliefs
fro

m
settlin

g
in

to
an

eq
u
ilib

riu
m

w
h
ere

vertices’
com

m
u
n
ities

are
sy

tem
atically

m
isrep

resen
ted

in
w

ay
s

th
at

ad
d

cred
ib

ility
to

each
oth

er.

A
p
p
rox

im
a
te

m
essage

p
assin

g
algorith

m
s

h
ave

also
b

een
d
evelop

ed
in

oth
er

con
tex

ts,
su

ch
a
s

in
D

o
n
oh

o
et

al.
(2009)

for
com

p
ressed

sen
sin

g
w

ith
ap

p
rox

im
ate

m
essage

p
assin

g
(A

M
P

)
a
n
d

state
evolu

tion
.

T
h
is

ap
p
roach

ap
p
lies

to
d
en

se
grap

h
s

w
h
ereas

th
e

ap
p
rox

i-
m

atio
n

of
A

B
P

ap
p
lies

to
th

e
sp

arse
regim

e.
W

e
refer

to
S
ection

6.4
for

d
iscu

ssion
s

on
h
ow

th
e

o
u
tp

u
t

o
f

A
B

P
can

b
e

fed
in

to
stan

d
ard

B
P

in
ord

er
to

ach
ieve

op
tim

al
accu

racy
for

p
a
rtia

l
recov

ery.

T
h
e

a
p
p
ro

ach
of

A
B

P
is

also
related

to
M

ossel
et

a
l.

(2014a);
B

ord
en

ave
et

al.
(2015),

w
h
ile

d
iverg

in
g

in
several

p
arts.

S
om

e
tech

n
ica

l
ex

p
an

sion
s

are
sim

ilar
to

th
ose

carried
in

M
o
ssel

et
a
l.

(2
014a),

su
ch

as
th

e
w

eigh
ted

su
m

s
over

n
on

b
ack

track
in

g
w

a
lk

s
a
n
d

th
e

S
A

W
d
eco

m
p

o
sitio

n
in

M
ossel

et
al.

(2014
a),

w
h
ich

are
sim

ilar
to

th
e

com
p

en
sated

n
on

b
ack

-
tra

ck
in

g
w

a
lk

cou
n
ts

an
d

S
h
ard

d
ecom

p
osition

of
A

b
b

e
an

d
S
an

d
on

(2015).
T

h
e

ap
p
roach

o
f

A
b
b

e
an

d
S
an

d
on

(2015)
is

h
ow

ever
d
evelop

ed
to

cop
e

w
ith

th
e

gen
eral

S
B

M
m

o
d
el,

in
p
a
rticu

la
r

th
e

com
p

en
sation

of
d
om

in
an

t
eigen

valu
es

d
u
e

to
th

e
lin

earization
,

w
h
ich

is
p
a
rticu

la
rly

d
elicate.

T
h
e

algorith
m

com
p
lex

ity
of

A
b
b

e
an

d
S
an

d
on

(2015)
is

also
sligh

tly
red

u
ced

b
y

a
lo

garith
m

ic
factor

com
p
ared

to
M

ossel
et

al.
(2014a).

A
s

seen
b

elow
,
A

B
P

can
also

b
e

in
terp

reted
as

a
p

ow
er

iteration
m

eth
o
d

on
a

gen
eralized

n
o
n
b
a
ck

tra
ck

in
g

op
erator,

w
h
ere

th
e

ran
d
om

in
itialization

of
th

e
b

eliefs
in

A
B

P
corresp

on
d
s

to
th

e
ra

n
d
o
m

vector
to

w
h
ich

th
e

p
ow

er
iteration

is
ap

p
lied

.
T

h
is

form
alizes

th
e

con
n
ection

d
escrib

ed
in

K
rzakala

et
al.

(2013)
an

d
m

ak
es

A
B

P
closely

related
to

B
ord

en
av

e
et

al.
(2015)

th
a
t

p
ro

ceed
s

w
ith

eigen
vector

ex
traction

rath
er

th
an

p
ow

er
itera

tion
.

T
h
is

d
istin

ction
req

u
ires

p
a
rticu

lar
care

at
th

e
p
ro

of
lev

el.
T

h
e

ap
p
roach

of
A

B
P

also
d
iff

ers
from

B
ord

en
ave

et
a
l.

(2
0
1
5)

in
th

at
it

relies
on

a
gen

eralization
of

th
e

n
on

b
ack

track
in

g
m

atrix
H

a
sh

im
oto

(1
9
8
9
)

w
ith

h
ig

h
er

ord
er

n
on

b
ack

track
s

(see
D

efi
n
ition

38
b

elow
),

an
d

relies
on

d
iff

eren
t

p
ro

o
f

tech
n
iq

u
es

to
cop

e
w

ith
th

e
settin

g
of

C
on

jectu
re

1.
T

h
e

cu
rren

t
p
ro

of
req

u
ires

th
e

b
a
ck

tra
ck

o
rd

er
r

to
b

e
a

con
stan

t
b
u
t

n
ot

n
ecessarily

2.
W

h
ile

w
e

b
elieve

th
at

r
=

2
m

ay
su

ffi
ce

fo
r

th
e

sole
p
u
rp

ose
of

ach
iev

in
g

th
e

K
S

th
resh

old
,

w
e

also
su

sp
ect

th
at

larger
b
a
ck

tra
ck

s
m

ay
b

e
n
ecessary

for
n
etw

ork
s

w
ith

m
ore

sm
all

cy
cles,

su
ch

as
m

an
y

of
th

ose
th

a
t

o
ccu

r
in

p
ractice.

W
e

n
ex

t
d
escrib

e
th

e
m

essage
p
assin

g
im

p
lem

en
tation

of
A

B
P

w
ith

a
sim

p
lifi

ed
version

A
B

P
∗

th
a
t

a
p
p
lies

to
th

e
gen

eral
S
B

M
(w

ith
con

stan
t

ex
p

ected
d
eg

ree
b
u
t

n
ot

n
ecessarily

sy
m

m
etric;

see
S
ection

4.5
for

its
p

erform
an

ce
in

th
e

gen
eral

S
B

M
).

W
e

th
en

d
efi

n
e

th
e

g
en

era
lized

n
o
n
b
ack

track
in

g
m

atrix
an

d
th

e
sp

ectral
co

u
n
ter-p

art
of

A
B

P
∗.
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A
b
b
e

A
B

P
∗.

A
b
b

e
an

d
S
an

d
on

(2016b
)

In
p
u
t:

a
grap

h
G

an
d

p
aram

eters
m
,r∈

Z
+

.

1.
F

or
each

ad
jacen

t
v

an
d
v ′

in
G

,
ran

d
om

ly
d
raw

y
(1

)
v
,v ′

from
a

N
orm

al
d
istrib

u
tion

.

A
ssign

y
(t)
v
,v ′

to
0

for
t
<

1.

2.
F

or
each

1
<
t≤

m
,

set

z
(t−

1
)

v
,v ′

=
y

(t−
1
)

v
,v ′
−

1

2|E
(G

)|
∑

(v ′′,v ′′′)∈
E

(G
) y

(t−
1
)

v ′′,v ′′′

for
all

ad
jacen

t
v

an
d
v ′.

F
or

each
ad

jacen
t
v
,v ′

in
G

th
a
t

are
n
ot

p
art

of
a

cy
cle

of
len

gth
r

or
less,

set

y
(t)
v
,v ′

=
∑

v ′′:(v ′,v ′′)∈
E

(G
),v ′′6=

v

z
(t−

1
)

v ′,v ′′ ,

an
d

for
th

e
oth

er
ad

jacen
t
v
,v ′

in
G

,
let

v ′′′
b

e
th

e
oth

er
v
ertex

in
th

e
cy

cle
th

at
is

ad
jacen

t
to
v
,

th
e

len
gth

of
th

e
cy

cle
b

e
r ′,

an
d

set

y
(t)
v
,v ′

=
∑

v ′′:(v ′,v ′′)∈
E

(G
),v ′′6=

v

z
(t−

1
)

v ′,v ′′ −
∑

v ′′:(v
,v ′′)∈

E
(G

),v ′′6=
v ′,v ′′6=

v ′′′ z
(t−

r ′)
v
,v ′′

u
n
less

t
=
r ′,

in
w

h
ich

case
set

y
(t)
v
,v ′

=
∑

v ′′:(v ′,v ′′)∈
E

(G
),v ′′6=

v
z

(t−
1
)

v ′,v ′′ −
z

(1
)

v ′′′,v .

3.
S
et
y ′v

=
∑

v ′:(v ′,v
)∈
E

(G
)
y

(m
)

v
,v ′

for
all

v
∈
G

.
R

etu
rn

({v
:
y ′v
>

0}
,{
v

:
y ′v ≤

0}
).

R
e
m

a
rk

s:

1.
In

th
e
r

=
2

case,
on

e
d
o
es

n
ot

n
eed

to
fi
n
d

cy
cles

an
d

on
e

can
ex

it
step

2
after

th
e

secon
d

lin
e.

A
s

m
en

tion
ed

ab
ove,

w
e

rely
on

a
less

com
p
act

version
of

th
e

algorith
m

to
p
rove

th
e

th
eorem

,
b
u
t

ex
p

ect
th

at
th

e
ab

ov
e

also
su

cceed
s

at
d
etection

as
lon

g
as

m
>

2
ln

(n
)/

ln
(S

N
R

)
+
ω

(1).

2.
W

h
at

th
e

algorith
m

d
o
es

if
(v
,v ′)

is
in

m
u
ltip

le
cy

cles
of

len
gth

r
or

less
is

u
n
sp

ecifi
ed

ab
ove,

as
th

ere
is

n
o

su
ch

ed
ge

w
ith

p
rob

ab
ility

1−
o(1)

in
th

e
sp

arse
S
B

M
.

T
h
is

can
b

e
m

o
d
ifi

ed
for

m
ore

gen
eral

settin
gs.

T
h
e

sim
p
lest

su
ch

m
o
d
ifi

ca
tion

is
to

ap
p
ly

th
is

ad
ju

stm
en

t
in

d
ep

en
d
en

tly
for

each
su

ch
cy

cle,
settin

g

y
(t)
v
,v ′

=
∑

v ′′:(v ′,v ′′)∈
E
(G

)

v ′′6=
v

z
(t−

1
)

v ′,v ′′ −
r
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for
o
u
r

n
otion

of
d
efi

n
ition

(w
ea

k
recovery

).
If

on
e

u
ses

th
a
t

d
efi

n
itio

n
,

th
en

w
e

a
lso

co
n
jectu

re
th

at
su

ch
a

statem
en

t
h
o
ld

s,
i.e.,

d
etection

is
effi

cien
tly

solvab
le

if
an

d
on

ly
if
λ

22
>
λ

1
(b

esid
es

for
th

e
case

w
h
ere

λ
1

h
as

m
u
ltip

licity
m

ore
th

an
on

e,
for

w
h
ich

it
is

su
ffi

cien
t

to
h
ave

λ
1
>

1,
an

d
alw

ay
s

fo
cu

sin
g

on
th

e
case

of
con

stan
t

ex
p

ected
d
egrees).

T
h
e

fu
ll

version
of

A
B

P
is

d
escrib

ed
in

A
b
b

e
an

d
S
an

d
on

(2015),
b
u
t

as
for

th
e

sy
m

-
m

etric
ca

se,
th

e
v
ersion

A
B

P
∗

d
escrib

ed
in

p
rev

iou
s

section
ap

p
lies

to
th

e
gen

eral
settin

g,
rep

la
cin

g
d

w
ith

th
e

largest
eigen

valu
e

of
P
Q

.
T

h
eorem

42
p
rov

id
es

gen
eral

con
d
ition

for
so

lv
in

g
effi

cien
tly

d
etection

in
th

e
S
B

M
w

ith
lin

ear
size

com
m

u
n
ities.

W
e

also
con

jectu
re

th
a
t

th
is

is
a

tigh
t

con
d
ition

,
i.e.,

if
S
N

R
<

1,
th

en
effi

cien
t

d
etection

is
n
ot

solvab
le.

H
ow

-
ever,

esta
b
lish

in
g

form
ally

su
ch

a
con

verse
argu

m
en

t
seem

s
ou

t
of

reach
at

th
e

m
o
m

en
t:

as
w

e
sh

a
ll

see
in

n
ex

t
section

,
ex

cep
t

for
a

few
p

ossib
le

cases
w

ith
low

valu
es

o
f
k

(e.g.,
sy

m
-

m
etric

S
B

M
s

w
ith

k
=

2,3),
it

is
p

ossib
le

to
d
etect

in
form

ation
-th

eoretically
w

h
en

S
N

R
<

1,
a
n
d

th
u
s

o
n
e

can
n
ot

get
a

con
verse

for
effi

cien
t

algorith
m

s
b
y

con
sid

erin
g

all
algorith

m
s

(req
u
irin

g
sign

ifi
can

t
h
ead

w
ay

s
in

co
m

p
lex

ity
th

eory
th

at
are

likely
go

b
eyon

d
th

e
scop

e
of

S
B

M
s).

O
n

th
e

oth
er

h
an

d
,

D
ecelle

et
al.

(2011)
p
rov

id
es

n
o
n
-form

al
arg

u
m

en
ts

b
a
sed

on
sta

tistical
p
h
y
sics

argu
m

en
ts

th
at

su
ch

a
con

verse
h
old

.
It

w
ou

ld
b

e
in

terestin
g

to
fu

rth
er

co
n
n
ect

th
e

co
m

p
u
tation

al
b
arriers

o
ccu

rrin
g

h
ere

w
ith

th
ose

from
oth

er
p
ro

b
lem

s
su

ch
as

p
la

n
ted

cliq
u
e

A
lon

et
al.

(1998),
or

as
in

B
erth

et
an

d
R

igollet
(2013).

F
in

a
lly,

th
e

ex
ten

sion
to

m
o
d
els

d
iscu

ssed
in

S
ection

3.5
can

also
b

e
u
n
d
ersto

o
d

in
th

e
len

s
o
f

w
ea

k
recovery.

T
h
e

case
of

ed
ge

lab
els

or
h
y
p

ered
ges

n
eed

a
sep

a
rate

treatm
en

t,
sin

ce
th

e
red

u
ction

s
d
escrib

ed
in

S
ection

3.5
are

sp
ecifi

c
to

ex
act

recovery.
T

h
e

con
verse

fo
r

w
ea

k
recovery

in
th

e
lab

elled
S
B

M
is

cov
ered

in
H

eim
lich

er
et

al.
(2012).

T
h
e

b
ip

artite
ca

se
ca

n
in

stea
d

b
e

treated
as

a
sp

ecial
case

of
th

e
th

resh
old

λ
22 /λ

1
>

1
w

h
en

th
e

m
atrix

Q
h
a
s

0
en

tries.

C
o
n
cern

in
g

th
e

sep
aration

of
sp

ecifi
c

com
m

u
n
ities,

th
e

resu
lts

from
A

b
b

e
an

d
S
an

d
on

(2
0
1
5
)

im
p
ly

th
at

com
m

u
n
ities

i
an

d
j

can
b

e
sep

arated
if

th
ere

ex
ists

an
eigen

v
ector

w
of

P
Q

su
ch

th
at
w
i 6=

w
j

an
d

th
e

eigen
valu

e
of
P
Q

corresp
on

d
in

g
to
w

h
as

a
m

agn
itu

d
e

o
f

at
lea

st √
λ

1 .

4
.5
.1

P
r
o
o
f
t
e
c
h
n
iq
u
e
:
a
p
p
r
o
x
im

a
t
e
a
c
y
c
l
ic

b
e
l
ie
f
p
r
o
pa

g
a
t
io
n
(A

B
P
)

F
o
r

sim
p
licity,

con
sid

er
fi
rst

th
e

tw
o

com
m

u
n
ity

sy
m

m
etric

case
w

h
ere

v
ertices

in
th

e
sam

e
co

m
m

u
n
ity

a
re

ad
jacen

t
w

ith
p
rob

ab
ility

a
/n

an
d

vertices
in

d
iff

eren
t

com
m

u
n
ities

are
a
d
ja

cen
t

w
ith

p
rob

ab
ility

b/n
.

W
e

d
escrib

e
th

e
A

B
P

algorith
m

th
at

im
p
lies

T
h
eorem

42;
m

ore
sp

ecifi
cally,

if
S
N

R
>

1,
th

en
th

ere
ex

ist
r
∈

Z
+

,
c
>

0,
an

d
m

:
Z

+
→

Z
+

su
ch

th
at

A
B

P
(G
,m

(n
),r,c,(λ

1 ,...,λ
h ))

solv
es

d
etection

an
d

ru
n
s

in
O

(n
log

n
)

tim
e.

C
o
n
sid

er
d
eterm

in
in

g
th

e
com

m
u
n
ity

of
v

u
sin

g
b

elief
p
rop

agation
,

assu
m

in
g

som
e

p
re-

lim
in

a
ry

g
u
esses

ab
ou

t
th

e
vertices

t
ed

ges
aw

ay
from

it,
an

d
assu

m
in

g
th

a
t

th
e

su
b
grap

h
o
f
G

in
d
u
ced

b
y

th
e

vertices
w

ith
in
t

ed
ges

of
v

is
a

tree.
F

or
an

y
vertex

v ′
su

ch
th

at
d
(v
,v ′)

<
t,

let
C
v ′

b
e

th
e

set
of

th
e

ch
ild

ren
of
v ′.

If
w

e
b

elieve
b
ased

on
eith

er
ou

r
p
rio

r
k
n
ow

led
g
e

or
p
rop

agation
of

b
eliefs

u
p

to
th

ese
vertices

th
at
v ′′

is
in

com
m

u
n
ity

1
w

ith
p
rob

a
b
ility

12
+

12 ε
v ′′

for
each

v ′′∈
C
v ′,

th
en

th
e

algorith
m

w
ill

co
n
clu

d
e

th
at
v ′

is
in
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A
b
b
e

com
m

u
n
ity

1
w

ith
a

p
rob

ab
ility

of∏
v ′′∈

C
v ′ (

a
+
b

2
+

a−
b

2
ε
v ′′)

∏
v ′′∈

C
v ′ (

a
+
b

2
+

a−
b

2
ε
v ′′)

+
∏
v ′′∈

C
v ′ (

a
+
b

2
−

a−
b

2
ε
v ′′) .

If
all

of
th

e
ε
v ′′

are
close

to
0,

th
en

th
is

is
ap

p
rox

im
ately

eq
u
al

to

1
+
∑

v ′′∈
C
v ′
a−

b
a
+
b ε
v ′′

2
+
∑

v ′′∈
C
v ′
a−

b
a
+
b ε
v ′′

+
∑

v ′′∈
C
v ′ −

a−
b

a
+
b ε
v ′′

=
12

+
a−

b

a
+
b

∑v ′′∈
C
v ′

12
ε
v ′′.

T
h
at

m
ean

s
th

at
th

e
b

elief
p
rop

agatio
n

algorith
m

w
ill

u
ltim

ately
assign

an
average

p
rob

ab
ility

of
ap

p
rox

im
ately

12
+

12 (
a−

b
a
+
b )
t ∑

v ′′:d
(v
,v ′′)=

t ε
v ′′

to
th

e
p

ossib
ility

th
at

v
is

in
com

m
u
n
ity

1.
If

th
ere

ex
ists

ε
su

ch
th

at
E
v ′′∈

Ω
1 [ε

v ′′]
=
ε

an
d
E
v ′′∈

Ω
2 [ε

v ′′]
=
−
ε

(recall
th

at
Ω
i

=
{v

:
σ
v

=
i}),

th
en

on
average

w
e

w
ou

ld
ex

p
ect

to
assign

a
p
rob

ab
ility

of

ap
p
rox

im
ately

12
+

12 (
(a−

b)
2

2
(a

+
b) )

tε
to
v

b
ein

g
in

its
actu

al
com

m
u
n
ity,

w
h
ich

is
en

h
an

ced
as

t
in

creases
w

h
en

S
N

R
>

1.
N

ote
th

at
sin

ce
th

e
varian

ce
in

th
e

p
rob

ab
ility

assign
ed

to
th

e

p
ossib

ility
th

at
v

is
in

its
actu

al
com

m
u
n
ity

w
ill

also
grow

as
(

(a−
b)

2

2
(a

+
b) )

t,
th

e
ch

an
ce

th
at

th
is

w
ill

assign
a

p
rob

ab
ility

of
greater

th
an

1/
2

to
v

b
ein

g
in

its
actu

al
com

m
u
n
ity

w
ill

b
e

12
+

Θ

((
(a−

b)
2

2
(a

+
b) )

t/
2 )

.

E
q
u
ivalen

tly,
given

a
vertex

v
an

d
a

sm
all

t,
th

e
ex

p
ected

n
u
m

b
er

of
vertices

th
at

are
t

ed
ges

aw
ay

from
v

is
ap

p
rox

im
ately

(
a
+
b

2
)
t,

an
d

th
e

ex
p

ected
n
u
m

b
er

of
th

ese
vertices

in
th

e
sam

e
com

m
u
n
ity

as
v

is
ap

p
rox

im
ately

(
a−

b
2

)
t

greater
th

an
th

e
ex

p
ected

n
u
m

b
er

of
th

ese
vertices

in
th

e
oth

er
com

m
u
n
ity.

S
o
,

if
w

e
h
ad

som
e

w
ay

to
in

d
ep

en
d
en

tly
d
eterm

in
e

w
h
ich

com
m

u
n
ity

a
v
ertex

is
in

w
ith

an
accu

racy
of

12
+
ε

for
sm

all
ε,

w
e

co
u
ld

gu
ess

th
at

each
vertex

is
in

th
e

com
m

u
n
ity

th
at

w
e

th
in

k
th

at
th

e
m

a
jority

of
th

e
vertices

t
step

s
aw

ay

from
it

are
in

to
d
eterm

in
e

its
com

m
u
n
ity

w
ith

an
accu

racy
of

rou
gh

ly
12

+
(

(a−
b)

2

2
(a

+
b) )

t/
2
ε.

O
n
e

id
ea

for
th

e
in

itial
estim

ate
is

to
sim

p
ly

gu
ess

th
e

vertices’
com

m
u
n
ities

at
ran

d
om

,
in

th
e

ex
p

ectation
th

at
th

e
fraction

s
of

th
e

vertices
fro

m
th

e
tw

o
com

m
u
n
ities

assign
ed

to
a

com
m

u
n
ity

w
ill

d
iff

er
b
y
θ(1/ √

n
)

b
y

th
e

cen
tral

lim
it

th
eorem

.
U

n
fortu

n
ately,

for
an

y

t
large

en
ou

gh
th

at
(

(a−
b)

2

2
(a

+
b) )

t/
2
>
√
n

,
w

e
h
ave

th
at
(

(a
+
b)

2

)
t
>
n

w
h
ich

m
ean

s
th

at
ou

r

ap
p
rox

im
ation

b
reak

s
d
ow

n
b

efore
t

gets
large

en
ou

gh
to

d
etect

com
m

u
n
ities.

In
fact,

t
w

ou
ld

h
ave

to
b

e
so

large
th

at
n
ot

on
ly

w
ou

ld
n
eigh

b
orh

o
o
d
s

n
ot

b
e

tree
lik

e,
b
u
t

v
ertices

w
ou

ld
h
ave

to
b

e
ex

h
au

sted
.
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

F
ig

u
re

5:
T

h
e

le
ft

fi
gu

re
sh

ow
s

th
e

n
ei

gh
b

or
h
o
o
d

of
v
er

te
x
v

p
u
ll
ed

fr
om

th
e

S
B

M
gr

ap
h

at
d
ep

th
c

lo
g
λ
1
n

,
c
<

1
/2

,
w

h
ic

h
is

a
tr

ee
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
If

on
e

h
a
d

an
ed

u
ca

te
d

gu
es

s
ab

ou
t

ea
ch

ve
rt

ex
’s

la
b

el
,

of
go

o
d

en
ou

gh
ac

cu
ra

cy
,

th
en

it
w

ou
ld

b
e

p
os

si
b
le

to
am

p
li
fy

th
at

gu
es

s
b
y

co
n
si

d
er

in
g

on
ly

su
ch

sm
al

l
n
ei

gh
b

or
h
o
o
d
s

(d
ec

id
in

g
w

it
h

th
e

m
a
jo

ri
ty

at
th

e
le

av
es

).
H

ow
ev

er
,

w
e

d
o

n
ot

h
av

e
su

ch
an

ed
u
ca

te
d

gu
es

s
an

d
th

u
s

in
it

ia
li
ze

ou
r

la
b

el
s

at
ra

n
d
om

,
ob

ta
in

in
g

a
sm

al
l

ad
va

n
ta

ge
of

ro
u
gh

ly
√
n

ve
rt

ic
es

b
y

lu
ck

(i
.e

.,
th

e
ce

n
tr

al
li
m

it
th

eo
re

m
),

in
ei

th
er

an
ag

re
em

en
t

or
d
is

ag
re

em
en

t
fo

rm
.

T
h
is

is
il
lu

st
ra

te
d

in
ag

re
em

en
t

fo
rm

in
th

e
ri

gh
t

fi
gu

re
.

W
e

n
ex

t
at

te
m

p
t

to
am

p
li
fy

th
at

lu
ck

y
gu

es
s

b
y

ex
p
lo

it
in

g
th

e
in

fo
rm

at
io

n
of

th
e

S
B

M
gr

ap
h
.

U
n
fo

rt
u
n
at

el
y,

th
e

gr
ap

h
is

to
o

sp
ar

se
to

le
t

u
s

am
p
li
fy

th
at

gu
es

s
b
y

co
n
si

d
er

in
g

tr
ee

li
k
e

or
ev

en
lo

op
y

n
ei

gh
b

or
h
o
o
d
s;

th
e

ve
rt

ic
es

w
ou

ld
h
av

e
to

b
e

ex
h
au

st
ed

.
T

h
is

ta
ke

s
u
s

to
co

n
si

d
er

in
g

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s.

O
n
e

w
ay

to
h
an

d
le

th
is

w
ou

ld
b

e
to

st
op

co
u
n
ti

n
g

ve
rt

ic
es

th
at

ar
e
t

ed
ge

s
aw

ay
fr

om
v
,

an
d

in
st

ea
d

co
u
n
t

ea
ch

ve
rt

ex
a

n
u
m

b
er

of
ti

m
es

eq
u
al

to
th

e
n
u
m

b
er

of
le

n
gt

h
t

p
at

h
s

fr
om

v
to

it
.1

8
U

n
fo

rt
u
n
at

el
y,

fi
n
d
in

g
al

l
le

n
gt

h
t

p
at

h
s

st
ar

ti
n
g

at
v

ca
n

b
e

d
on

e
effi

ci
en

tl
y

on
ly

fo
r

va
lu

es
of
t

th
at

ar
e

sm
al

le
r

th
an

w
h
at

is
n
ee

d
ed

to
am

p
li
fy

a
ra

n
d
om

gu
es

s
to

th
e

ex
te

n
t

n
ee

d
ed

h
er

e.
W

e
co

u
ld

in
st

ea
d

ca
lc

u
la

te
th

e
n
u
m

b
er

of
le

n
gt

h
t

w
al

k
s

fr
o
m
v

to
ea

ch
ve

rt
ex

m
or

e
q
u
ic

k
ly

,
b
u
t

th
is

co
u
n
t

w
ou

ld
p
ro

b
ab

ly
b

e
d
om

in
at

ed
b
y

w
al

k
s

th
at

g
o

to
a

h
ig

h
d
eg

re
e

ve
rt

ex
an

d
th

en
le

av
e

an
d

re
tu

rn
to

it
re

p
ea

te
d
ly

,
w

h
ic

h
w

ou
ld

th
ro

w
th

e
ca

lc
u
la

ti
on

s
off

.
O

n
th

e
ot

h
er

h
an

d
,

m
os

t
re

as
on

ab
ly

sh
or

t
n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

a
re

li
ke

ly
to

b
e

p
at

h
s,

so
co

u
n
ti

n
g

ea
ch

ve
rt

ex
a

n
u
m

b
er

of
ti

m
es

eq
u
al

to
th

e
n
u
m

b
er

of
n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

of
le

n
gt

h
t

fr
om

v
to

it
se

em
s

li
ke

a
re

as
on

ab
le

m
o
d
ifi

ca
ti

on
.

T
h
at

sa
id

,
it

is
st

il
l

p
os

si
b
le

th
at

th
er

e
is

a
ve

rt
ex

th
at

is
in

cy
cl

es
su

ch
th

at
m

os
t

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

si
m

p
ly

le
av

e
an

d
re

tu
rn

to
it

m
an

y
ti

m
es

.
In

or
d
er

to
m

it
ig

a
te

th
is

,
w

e
u
se
r-

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s,

w
al

k
s

in
w

h
ic

h
n
o

ve
rt

ex
re

o
cc

u
rs

w
it

h
in
r

st
ep

s
of

a
p
re

v
io

u
s

o
cc

u
rr

en
ce

,
su

ch
th

at
w

al
k
s

ca
n
n
ot

re
tu

rn
to

an
y

ve
rt

ex
m

or
e

th
an

t/
r

ti
m

es
.

U
n
fo

rt
u
n
at

el
y,

th
is

al
go

ri
th

m
w

ou
ld

n
ot

w
or

k
b

ec
au

se
th

e
or

ig
in

al
gu

es
se

s
w

il
l
in

ev
it

ab
ly

b
e

b
ia

se
d

to
w

ar
d
s

on
e

co
m

m
u
n
it

y
or

th
e

ot
h
er

.
S
o,

m
os

t
of

th
e

ve
rt

ic
es

w
il
l

h
av

e
m

or
e
r-

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

of
le

n
gt

h
t

fr
om

th
em

to
ve

rt
ic

es
th

at
w

er
e

su
sp

ec
te

d
of

b
ei

n
g

in
th

at
co

m
m

u
n
it

y
th

an
th

e
ot

h
er

.
O

n
e

w
ay

to
d
ea

l
w

it
h

th
is

b
ia

s
w

ou
ld

b
e

to
su

b
tr

ac
t

th
e

1
8
.

T
h

is
ty

p
e

o
f

a
p

p
ro

a
ch

is
co

n
si

d
er

ed
in

B
h

a
tt

a
ch

a
ry

y
a

a
n

d
B

ic
k
el

(2
0
1
4
).
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A
b
b
e

av
er

ag
e

n
u
m

b
er

of
r-

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

to
v
er

ti
ce

s
in

ea
ch

se
t

fr
om

ea
ch

ve
rt

ex
’s

co
u
n
ts

.
U

n
fo

rt
u
n
at

el
y,

th
at

w
il
l

te
n
d

to
u
n
d
er

co
m

p
en

sa
te

fo
r

th
e

b
ia

s
w

h
en

ap
p
li
ed

to
h
ig

h
d
eg

re
e

ve
rt

ic
es

an
d

ov
er

co
m

p
en

sa
te

fo
r

it
w

h
en

ap
p
li
ed

to
lo

w
d
eg

re
e

ve
rt

ic
es

.
S
o,

w
e

m
o
d
if

y
th

e
al

go
ri

th
m

th
at

co
u
n
ts

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

n
u
m

b
er

of
r-

n
o
n
b
ac

k
tr

ac
k
in

g
w

a
lk

s
le

a
d
in

g
to

ve
rt

ic
es

in
th

e
tw

o
se

ts
to

su
b
tr

a
ct

off
th

e
av

er
ag

e
at

ev
er

y
st

ep
in

or
d
er

to
p
re

ve
n
t

a
b
ia

s
fr

om
b
u
il
d
in

g
u
p
.

O
n
e

of
th

e
fe

at
u
re

s
of

ou
r

ap
p
ro

ac
h

is
th

at
it

ex
te

n
d
s

fa
ir

ly
n
at

u
ra

ll
y

to
th

e
g
en

er
a
l
S
B

M
.

D
es

p
it

e
th

e
p

ot
en

ti
al

p
re

se
n
ce

of
m

or
e

th
an

2
co

m
m

u
n
it

ie
s,

w
e

st
il
l

on
ly

as
si

g
n

o
n
e

va
lu

e
to

ea
ch

v
er

te
x
,

an
d

o
u
tp

u
t

a
p
ar

ti
ti

on
of

th
e

gr
ap

h
’s

ve
rt

ic
es

in
to

tw
o

se
ts

in
th

e
ex

p
ec

ta
ti

o
n

th
at

d
iff

er
en

t
co

m
m

u
n
it

ie
s

w
il
l

h
av

e
d
iff

er
en

t
fr

ac
ti

on
s

of
th

ei
r

ve
rt

ic
es

in
th

e
se

co
n
d

se
t.

O
n
e

co
m

p
li
ca

ti
on

is
th

at
th

e
m

et
h
o
d

of
p
re

ve
n
ti

n
g

th
e

re
su

lt
s

fr
om

b
ei

n
g

b
ia

se
d

to
w

a
rd

s
on

e
co

m
u
n
it

y
d
o
es

n
ot

w
or

k
as

w
el

l
in

th
e

ge
n
er

al
ca

se
.

T
h
e

p
ro

b
le

m
is

,
b
y

o
n
ly

a
ss

ig
n
in

g
on

e
va

lu
e

to
ea

ch
ve

rt
ex

,
w

e
co

m
p
re

ss
ou

r
b

el
ie

fs
on

to
on

e
d
im

en
si

on
.

T
h
a
t

m
ea

n
s

th
a
t

th
e

al
go

ri
th

m
ca

n
n
ot

d
et

ec
t

b
ia

se
s

or
th

og
on

al
to

th
at

d
im

en
si

on
,

an
d

th
u
s

ca
n
n
o
t

su
b
tr

a
ct

th
em

off
.

W
e

th
en

ca
n
ce

l
ou

t
th

e
b
ia

s
b
y

su
b
tr

ac
ti

n
g

m
u
lt

ip
le

s
of

th
e

co
u
n
ts

o
f

th
e

n
u
m

b
er

s
of
r-

n
on

b
ac

k
tr

ac
k
in

g
w

al
k
s

of
so

m
e

sh
or

te
r

le
n
gt

h
th

at
w

il
l

al
so

h
av

e
b

ee
n

a
ff

ec
te

d
b
y

it
.
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C
ro

ss
in

g
K

S
a
n

d
th

e
in

fo
rm

a
ti

o
n

-c
o
m

p
u

ta
ti

o
n

g
a
p

4
.6
.1

In
f
o
r
m
a
t
io
n
-t
h
e
o
r
e
t
ic

t
h
r
e
sh

o
l
d

W
e

d
is

cu
ss

in
th

is
se

ct
io

n
S
B

M
re

gi
m

es
w

h
er

e
d
et

ec
ti

on
ca

n
b

e
so

lv
ed

in
fo

rm
at

io
n
-t

h
eo

re
ti

ca
ll
y.

A
s

st
at

ed
in

C
on

je
ct

u
re

1
an

d
p
ro

ve
d

in
T

h
eo

re
m

42
,

th
e

in
fo

rm
at

io
n
-c

om
p
u
ta

ti
o
n

g
a
p
—

d
efi

n
ed

as
th

e
ga

p
b

et
w

ee
n

th
e

K
S

an
d

IT
th

re
sh

ol
d
s—

ta
ke

s
p
la

ce
w

h
en

th
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s
k

is
la

rg
er

th
an

4.
W

e
p
ro

v
id

e
an

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
(I

T
)

b
o
u
n
d

fo
r

S
S
B

M
(n
,k
,a
/n
,b
/n

)
th

at
co

n
fi
rm

s
th

is
,

sh
ow

in
g

fu
rt

h
er

th
at

th
e

ga
p

gr
ow

s
fa

st
w

it
h

th
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s

in
so

m
e

re
gi

m
es

.

T
h
e

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
b

ou
n
d

d
es

cr
ib

ed
b

el
ow

is
ob

ta
in

ed
b
y

u
si

n
g

a
n
o
n
-e

ffi
ci

en
t

al
go

ri
th

m
th

at
sa

m
p
le

s
u
n
if

or
m

ly
at

ra
n
d
om

a
cl

u
st

er
in

g
th

at
is

ty
p
ic

al
,

i.
e.

,
th

a
t

h
as

th
e

ri
gh

t
p
ro

p
or

ti
on

s
of

ed
ge

s
in

si
d
e

an
d

ac
ro

ss
th

e
cl

u
st

er
s.

N
ot

e
th

at
to

ca
p
tu

re
th

e
ex

ac
t

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
th

re
sh

ol
d
,

on
e

w
ou

ld
h
av

e
to

re
ly

on
ti

gh
te

r
es

ti
m

a
te

s
o
n

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
of

th
e

cl
su

te
rs

gi
ve

n
th

e
gr

ap
h
.

A
p

os
si

b
il
it

y
is

to
es

ti
m

a
te

th
e

li
m

it
of

th
e

n
or

m
al

iz
ed

m
u
tu

al
in

fo
rm

at
io

n
b

et
w

ee
n

th
e

cl
u
st

er
s

an
d

th
e

g
ra

p
h
,

i.
e.

,
1 n
I
(X

;G
),

a
s

d
on

e
in

D
es

h
p
an

d
e

et
al

.
(2

01
5)

fo
r

th
e

re
gi

m
e

of
fi
n
it

e
S
N

R
w

it
h

d
iv

er
gi

n
g

d
eg

re
es

1
9
—

se
e

S
ec

ti
on

6.
2.

R
ec

en
t

re
su

lt
s

al
so

m
ad

e
si

g
n
ifi

ca
n
t

h
ea

d
w

ay
s

fo
r

th
e

fi
n
it

e
d
eg

re
e

re
g
im

e
in

th
e

d
is

as
so

rt
at

iv
e

ca
se

C
o
ja

-O
gh

la
n

et
al

.
(2

01
6)

.
A

n
ot

h
er

p
os

si
b
il
it

y
is

to
es

ti
m

a
te

th
e

li
m

it
in

g
to

ta
l
va

ri
at

io
n

or
K

L
-d

iv
er

ge
n
ce

b
et

w
ee

n
th

e
gr

ap
h

d
is

tr
ib

u
ti

on
in

th
e

S
B

M
v
s.

E
rd

ő
s-

R
én

y
i

m
o
d
el

of
m

at
ch

in
g

ex
p

ec
te

d
d
eg

re
e.

T
h
e

li
m

it
in

g
to

ta
l

va
ri

at
io

n
is

p
os

it
iv

e
if

a
n
d

o
n
ly

if
a
n

h
y
p

ot
h
es

is
te

st
ca

n
d
is

ti
n
gu

is
h

b
et

w
ee

n
th

e
tw

o
m

o
d
el

s
w

it
h

a
ch

an
ce

b
et

te
r

th
a
n

h
a
lf

.
T

h
e

ea
sy

im
p
li
ca

ti
on

of
th

is
is

th
at

if
th

e
to

ta
l

va
ri

at
io

n
is

va
n
is

h
in

g,
th

e
w

ea
k

re
co

ve
ry

is
n
o
t

so
lv

ab
le

(o
th

er
w

is
e

w
e

w
ou

ld
d
et

ec
t

v
ir

tu
al

cl
u
st

er
s

in
th

e
E

rd
ős

-R
én

y
i

m
o
d
el

).
T

h
is

u
se

d
in

B
an

k
s

an
d

M
o
o
re

(2
01

6)
to

ob
ta

in
a

lo
w

er
-b

ou
n
d

on
th

e
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
th

re
sh

o
ld

,
u
si

n
g

a
co

n
ti

gu
it

y
ar

gu
m

en
t,

se
e

fu
rt

h
er

d
et

ai
ls

at
th

e
en

d
of

th
is

se
ct

io
n
.

1
9
.

S
im

il
a
r

re
su

lt
s

w
er

e
a
ls

o
o
b

ta
in

ed
re

ce
n
tl

y
in

a
m

o
re

g
en

er
a
l

co
n
te

x
t

in
C

a
lt

a
g
ir

o
n

e
et

a
l.

(2
0
1
6
);

L
el

a
rg

e
a
n

d
M

io
la

n
e

(2
0
1
6
).
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

T
o

o
b
ta

in
o
u
r

in
form

ation
-th

eoretic
u
p
p

er-b
ou

n
d
,

w
e

rely
on

th
e

follow
in

g
sam

p
lin

g
a
lg

o
rith

m
:

T
y
p

ic
a
lity

S
a
m

p
lin

g
A

lg
o
rith

m
.

G
iven

an
n

-vertex
grap

h
G

an
d
δ
>

0,
th

e
algorith

m
d
raw

s
σ̂

ty
p (G

)
u
n
iform

ly
at

ran
d
om

in

T
δ (G

)
=
{x
∈

B
alan

ced
(n
,k

)
:

k
∑i=

1 |{G
u
,v

:
(u
,v

)∈
(

[n
]

2

)
s.t.

x
u

=
i,x

v
=
i}|≥

a
n2
k

(1−
δ),

∑

i,j∈
[k

],i<
j |{G

u
,v

:
(u
,v

)∈
(

[n
]

2

)
s.t.

x
u

=
i,x

v
=
j}|≤

bn
(k−

1)

2k
(1

+
δ)},

w
h
ere

th
e

a
b

ove
assu

m
es

th
at
a
>
b;

fl
ip

th
e

ab
ove

tw
o

in
eq

u
alities

in
th

e
case

a
<
b.

T
h
e

b
o
u
n
d

th
at

is
ob

tain
ed

b
elow

is
claim

ed
to

b
e

tigh
t

at
th

e
ex

trem
al

regim
es

of
a

an
d

b.
F

o
r
b

=
0
,

S
S
B

M
(n
,k
,a
/n
,0)

is
sim

p
ly

a
p
atch

in
g

of
d
isjoin

t
E

rd
ős-R

én
y
i
ran

d
om

grap
h
,

a
n
d

th
u
s

th
e

in
form

ation
-th

eoretic
th

resh
old

corresp
on

d
s

to
th

e
gian

t
com

p
on

en
t

th
resh

old
,

i.e.,
a
>
k
,

a
ch

ieved
b
y

sep
aratin

g
th

e
gian

ts.
T

h
is

b
reak

s
d
ow

n
for

b
p

ositive,
h
ow

ev
er

sm
a
ll,

b
u
t

w
e

ex
p

ect
th

at
th

e
b

ou
n
d

d
eriv

ed
b

elow
rem

ain
s

tigh
t

in
th

e
scalin

g
of

sm
all

b.
F

o
r
a

=
0
,

th
e

p
rob

lem
corresp

on
d
s

to
p
lan

ted
colorin

g,
w

h
ich

is
alread

y
ch

allen
gin

g
A

lo
n

a
n
d

K
ah

ale
(1997).

T
h
e

b
ou

n
d

ob
tain

ed
b

elow
gives

in
th

is
case

th
at

d
etection

is
in

fo
rm

a
tio

n
-th

eoretically
solvab

le
if
b
>
ck

ln
k

+
o
k (1),

c
∈

[1,2].
T

h
is

scalin
g

is
fu

rth
er

sh
ow

n
to

b
e

tig
h
t

in
B

an
k
s

an
d

M
o
ore

(2016
),

w
h
ich

also
p
rov

id
es

a
sim

p
le

u
p
p

er-b
ou

n
d

th
a
t

sca
les

a
s
k

ln
k

for
a

=
0.

O
verall,

th
e

b
ou

n
d

b
elow

sh
ow

s
th

at
th

e
K

S
th

resh
old

giv
es

a
m

u
ch

m
o
re

restrictiv
e

regim
e

th
an

w
h
at

is
p

ossib
le

in
form

ation
-th

eo
retically,

as
th

e
latter

rea
d
s
b
>
k
(k−

1)
for

a
=

0.

T
h

e
o
re

m
4
3

L
et
d

:=
a
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ss

io
n
s.

T
h
is

co
n
n
ec

ts
to

th
e

en
er

gy
la

n
d
sc

a
p

e
of

th
e

p
os

si
b
le

cl
u
st

er
in

gs
:

in
th

is
g
a
p

re
g
io

n
,

th
e

n
on

-t
ri

v
ia

l
fi
x
ed

-p
oi

n
ts

h
av

e
a

ve
ry

sm
al

l
b
as

in
of

at
tr

ac
ti

o
n
,

an
d

th
ey

ca
n

o
n
ly

a
tt

ra
ct

an
ex

p
on

en
ti

al
ly

sm
al

l
fr

ac
ti

on
of

in
it

ia
li
za

ti
on

s.
T

o
co

n
n
ec

t
to

th
e

re
su

lt
s

fr
o
m

S
ec

ti
o
n

3
an

d
th

e
tw

o-
ro

u
n
d
s

p
ro

ce
d
u
re

,
th

er
e

to
o

th
e

p
ic

tu
re

is
re

la
te

d
th

e
en

er
gy

la
n
d
sc

a
p

e.
A

b
ov

e
th

e
C

H
th

re
sh

ol
d
,

an
al

m
os

t
ex

ac
t

so
lu

ti
on

h
av

in
g
n
−
o(
n

)
co

rr
ec

tl
y

la
b

el
ed

ve
rt

ic
es

ca
n

b
e

co
n
v
er

te
d

to
an

ex
ac

t
so

lu
ti

on
b
y

d
eg

re
e-

p
ro

fi
li
n
g.

T
h
is

is
es

se
n
ti

al
ly

sa
y
in

g
th

a
t

B
P

at
d
ep

th
1,

i.
e.

,
co

m
p
u
ti

n
g

th
e

li
ke

li
h
o
o
d

of
a

ve
rt

ex
b
as

ed
on

it
s

d
ir

ec
t

n
ei

g
h
b

o
rs

,
a
ll
ow

s
to

re
ac

h
th

e
gl

ob
al

m
ax

im
a

of
th

e
li
k
el

ih
o
o
d

fu
n
ct

io
n

w
it

h
su

ch
a

st
ro

n
g

in
it

ia
li
za

ti
o
n
.

In
ot

h
er

w
or

d
s,

th
e

B
P

v
ie

w
,

or
m

or
e

p
re

ci
se

ly
u
n
d
er

st
an

d
in

g
h
ow

a
cc

u
ra

te
ou

r
in

it
ia

l
b

el
ie

fs
n
ee

d
to

b
e

in
or

d
er

to
am

p
li
fy

th
es

e
to

n
on

-t
ri

v
ia

l
le

ve
ls

b
as

ed
on

n
ei

g
h
b

o
rd

s
a
t

a
g
iv

en
d
ep

th
,

is
re

la
te

d
to

th
e

la
n
d
sc

ap
e

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
s.

T
h
e

ga
p

p
h
en

om
en

on
al

so
ad

m
it

s
a

lo
ca

l
m

an
if

es
ta

ti
on

in
th

e
co

n
te

x
t

o
f

A
B

P
,

h
av

-
in

g
to

d
o

w
it

h
th

e
ap

p
ro

x
im

at
io

n
d
is

cu
ss

ed
in

S
ec

ti
on

4.
5.

1,
w

h
er

e
th

e
n
o
n
-l

in
ea

r
te

rm
s

b
eh

av
e

d
iff

er
en

tl
y

fr
om

k
=

3
to
k

=
4

d
u
e

to
th

e
lo

ss
of

a
d
im

in
is

h
in

g
re

tu
rn

p
ro

p
er

ty
.

U
n
d
er

st
an

d
in

g
b

et
te

r
su

ch
ga

p
p
h
en

om
en

a
is

an
ac

ti
ve

re
se

ar
ch

ar
ea

.

4
.7
.1

P
r
o
o
f
t
e
c
h
n
iq
u
e
f
o
r
c
r
o
ss
in
g

K
S

W
e

ex
p
la

in
in

th
is

se
ct

io
n

h
ow

to
ob

ta
in

th
e

b
ou

n
d

in
T

h
eo

re
m

43
.

A
fi
rs

t
q
u
es

ti
o
n

is
to

es
ti

m
at

e
th

e
li
ke

li
h
o
o
d

th
at

a
b
ad

cl
u
st

er
in

g,
i.
e.

,
on

e
th

at
h
as

an
ov

er
la

p
cl

o
se

to
1/
k

w
it

h
th

e
tr

u
e

cl
u
st

er
in

g,
b

el
on

gs
to

th
e

ty
p
ic

al
se

t.
A

s
cl

u
st

er
s

sa
m

p
le

d
fr

om
th

e
T

S
a
lg

o
ri

th
m

ar
e

b
al

an
ce

d
,

a
b
ad

cl
u
st

er
in

g
m

u
st

sp
li
t

ea
ch

cl
u
st

er
ro

u
gh

ly
in

to
k

b
al

an
ce

d
su

b
g
ro

u
p
s

th
at

b
el

on
g

to
ea

ch
co

m
m

u
n
it

y,
se

e
F

ig
u
re

6.
It

is
th

u
s

u
n
li
ke

ly
to

k
ee

p
th

e
ri

g
h
t

p
ro

p
o
rt

io
n
s

of
ed

ge
s

in
si

d
e

an
d

ac
ro

ss
th

e
cl

u
st

er
s,

b
u
t

d
ep

en
d
in

g
on

th
e

ex
p

on
en

t
of

th
is

ra
re

ev
en

t,
an

d
si

n
ce

th
er

e
ar

e
ex

p
on

en
ti

al
ly

m
an

y
b
ad

cl
u
st

er
in

gs
,

th
er

e
m

ay
ex

is
t

on
e

b
a
d

cl
u
st

er
in

g
th

at
lo

ok
s

ty
p
ic

al
.

A
s

il
lu

st
ra

te
d

in
F

ig
u
re

6,
th

e
n
u
m

b
er

of
ed

ge
s

th
at

ar
e

co
n
ta

in
ed

in
th

e
cl

u
st

er
s

o
f

a
b
ad

cl
u
st

er
in

g
is

ro
u
gh

ly
d
is

tr
ib

u
te

d
as

th
e

su
m

of
tw

o
B

in
om

ia
l

ra
n
d
om

va
ri

a
b
le

s,

E
in
· ∼

B
in

(
n

2

2k
2
,
a n

)
+

B
in

(
(k
−

1)
n

2

2
k

2
,
b n

)
,

w
h
er

e
w

e
u
se
· ∼

to
em

p
h
as

iz
e

th
at

th
is

is
an

ap
p
ro

x
im

at
io

n
th

at
ig

n
or

es
th

e
fa

ct
th

a
t

th
e

cl
u
st

er
in

g
is

n
ot

ex
ac

tl
y

b
ad

an
d

ex
ac

tl
y

b
al

an
ce

d
.

N
ot

e
th

at
th

e
ex

p
ec

ta
ti

o
n

o
f

th
e

a
b

ov
e

d
is

tr
ib

u
ti

on
is

n 2
k
a
+

(k
−

1
)b

k
.

In
co

n
tr

a
st

,
th

e
tr

u
e

cl
u
st

er
in

g
w

ou
ld

h
av

e
a

d
is

tr
ib

u
ti

o
n

g
iv

en

b
y

B
in

(n
2

2
k
,
a n
),

w
h
ic

h
w

ou
ld

gi
ve

an
ex

p
ec

ta
ti

on
of

a
n

2
k

.
In

tu
rn

,
th

e
n
u
m

b
er

o
f

ed
g
es

th
a
t

ar
e

cr
os

si
n
g

th
e

cl
u
st

er
s

of
a

b
ad

cl
u
st

er
in

g
is

ro
u
gh

ly
d
is

tr
ib

u
te

d
as

E
o
u

t
· ∼

B
in

(
n

2
(k
−

1)

2
k

2
,
a n

)
+

B
in

(
n

2
(k
−

1)
2

2
k

2
,
b n

)
,
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

F
ig

u
re

6
:

A
b
a
d

clu
sterin

g
rou

gh
ly

sp
lits

each
com

m
u
n
ity

eq
u
ally

am
on

g
th

e
k

com
m

u
n
ities.

E
a
ch

p
air

of
n
o
d
es

con
n
ects

w
ith

p
rob

a
b
ility

a
/n

a
m

on
g

vertices
of

sam
e

com
m

u
n
ities

(i.e.,
sa

m
e

co
lo

r
g
ro

u
p
s,

p
lain

lin
e

con
n
ection

s),
a
n
d
b/n

across
com

m
u
n
ities

(i.e.,
d
iff

eren
t

color
gro

u
p
s,

d
a
sh

ed
lin

e
con

n
ection

s).
O

n
ly

som
e

con
n
ection

s
are

d
isp

layed
in

th
e

F
igu

re
to

ease
th

e
v
isu

a
liza

tio
n
.

w
h
ich

h
a
s

a
n

ex
p

ectation
of

n
(k−

1
)

2
k

a
+

(k−
1
)b

k
.

In
con

trast,
th

e
tru

e
clu

sterin
g

w
ou

ld
h
ave

th
e

a
b

ove
rep

la
ced

b
y

B
in

(
n
2
(k−

1
)

2
k

,
bn
),

an
d

an
ex

p
ectation

of
bn

(k−
1
)

2
k

.
T

h
u
s,

w
e

n
eed

to
estim

ate
th

e
ra

re
even

t
th

at
th

e
B

in
om

ial
su

m
d
ev

iates
from

its
ex

p
ecta

tio
n
s.

W
h
ile

th
ere

is
a

large
list

of
b

ou
n
d
s

on
B

in
om

ial
tail

even
ts,

th
e

n
u
m

b
er

of
tria

ls
h
ere

is
q
u
ad

ratic
in
n

an
d

th
e

su
ccess

b
ias

d
ecay

s
lin

early
in
n

,
w

h
ich

req
u
ire

p
articu

lar
ca

re
to

en
su

re
tigh

t
b

ou
n
d
s.

W
e

d
erive

th
ese

in
A

b
b

e
an

d
S
an

d
on

(2015),
ob

ta
in

in
g

th
at

P{x
b

a
d ∈

T
δ (G

)|x
b

a
d ∈

B
ε }

b
eh

aves
w

h
en

ε,δ
are

arb
itra

rily
sm

all
as

ex
p (−

nk
A )

w
h
ere

A
:=

a
+
b(k−

1
)

2
ln

k
a
+

(k−
1
)b +

a2
ln
a
+
b(k−

1
)

2
ln
b.

O
n
e

ca
n

th
en

u
se

th
e

fa
ct

th
at|T

δ (G
)|≥

1
w

ith
h
ig

h
p
rob

ab
ility,

sin
ce

th
e

p
lan

ted
clu

sterin
g

is
ty

p
ical

w
ith

h
igh

p
rob

a
b
ility,

a
n
d

u
sin

g
a

u
n
io

n
b

ou
n
d

an
d

th
e

fact
th

at
th

ere
are

at
m

ost
k
n

b
ad

clu
sterin

gs:

P
{
X̂

(G
)∈

B
ε }

=
E
G |T

δ (G
)∩

B
ε |

|T
δ (G

)|
(95)

≤
E
G |T

δ (G
)∩

B
ε |+

o(1)
(96)

≤
k
n·

P{x
b

a
d ∈

T
δ (G

)|x
b

a
d ∈

B
ε }

+
o(1).

C
h
eck

in
g

w
h
en

th
e

ab
ov

e
u
p
p

er-b
ou

n
d

van
ish

es
alread

y
gives

a
regim

e
th

at
crosses

th
e

K
S

th
resh

o
ld

w
h
en

k
≥

5,
an

d
scales

p
rop

erly
in
k

w
h
en

a
=

0.
H

ow
ever,

it
d
o
es

n
ot

in
terp

o
la

te
th

e
correct

b
eh

av
ior

of
th

e
in

form
ation

-th
eoretic

b
ou

n
d

in
th

e
ex

trem
e

regim
e

o
f
b

=
0

a
n
d

d
o
es

n
ot

cross
at
k

=
4.

In
fact,

for
b

=
0,

th
e

u
n
ion

b
ou

n
d

req
u
ires

a
>

2k

5
9

JM
L

R
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A
b
b
e

to
im

p
ly

n
o

b
ad

ty
p
ical

clu
sterin

g
w

ith
h
igh

p
rob

ab
ility,

w
h
ereas

as
so

on
as

a
>
k
,

an
algorith

m
th

at
sim

p
ly

sep
arates

th
e

tw
o

g
ian

ts
in

S
B

M
(n
,k
,a
,0)

an
d

assign
s

com
m

u
n
ities

u
n
iform

ly
at

ran
d
om

for
th

e
oth

er
vertices

solves
d
etectio

n
.

T
h
u
s

w
h
en

a
∈

(k
,2
k
],

th
e

u
n
ion

b
ou

n
d

is
lo

ose.
T

o
rem

ed
iate

to
th

is,
w

e
n
ex

t
take

in
to

accou
n
t

th
e

top
ology

of
th

e
S
B

M
grap

h
to

tigh
ten

ou
r

b
ou

n
d

on
|T
δ (G

)|.
S
in

ce
th

e
algorith

m
sam

p
les

a
ty

p
ical

clu
sterin

g,
w

e
on

ly
n
eed

th
e

n
u
m

b
er

of
b
ad

an
d

ty
p
ical

clu
sterin

g
s

to
b

e
sm

all
com

p
ared

to
th

e
total

n
u
m

b
er

of
ty

p
ical

clu
sterin

gs,
in

ex
p

ectation
.

N
am

ely,
w

e
can

get
a

tigh
ter

b
ou

n
d

on
th

e
p
rob

ab
ility

of
error

o
f

th
e

T
S

algorith
m

b
y

ob
ta

in
in

g
a

tigh
ter

b
ou

n
d

on
th

e
ty

p
ical

set
size

th
an

sim
p
ly

1,
i.e.,

estim
atin

g
(95)

w
ith

ou
t

rely
in

g
on

th
e

lo
ose

b
ou

n
d

from
(9

6).
W

e
p
ro

ceed
h
ere

w
ith

th
ree

level
of

refi
n
em

en
ts

to
b

o
u
n
d

th
e

ty
p
ical

set
size.

In
each

level,
w

e
con

stru
ct

a
ran

d
om

lab
ellin

g
of

th
e

v
ertices

th
at

m
ain

tain
th

e
p
lan

ted
lab

ellin
g

a
ty

p
ical

on
e,

an
d

th
en

u
se

en
trop

ic
estim

ates
to

cou
n
t

th
e

n
u
m

b
er

of
su

ch
ty

p
ical

lab
ellin

gs.

F
irst

w
e

ex
p
loit

th
e

large
fraction

of
n
o
d
es

th
at

are
in

tree-like
com

p
on

en
ts

ou
tsid

e
of

th
e

gian
t.

C
on

d
ition

ed
on

b
ein

g
on

a
tree,

th
e

S
B

M
lab

els
are

d
istrib

u
ted

as
in

a
b
road

castin
g

p
rob

lem
on

a
G

alton
-W

atson
tree—

see
S
ection

4.2.
S
p

ecifi
cally,

for
a

u
n
iform

ly
d
raw

n
ro

ot
n
o
d
e
X

,
each

ed
ge

in
th

e
tree

acts
as

a
k
-ary

sy
m

m
etric

ch
an

n
el.

T
h
u
s,

lab
ellin

g
th

e
n
o
d
es

in
th

e
trees

accord
in

g
to

th
e

ab
ove

d
istrib

u
tio

n
an

d
freezin

g
th

e
gian

t
to

th
e

correct
lab

els
lead

s
to

a
ty

p
ical

clu
sterin

g
w

ith
h
igh

p
rob

ab
ility.

T
h
e

resu
ltin

g
b

ou
n
d

m
atch

es
th

e
gian

t
com

p
on

en
t

b
ou

n
d

at
b

=
0,

b
u
t

is
u
n
likely

to
scale

p
rop

erly
for

sm
all

b.
T

o
im

p
rove

on
th

is,
w

e
n
ex

t
take

in
to

accou
n
t

th
e

vertices
in

th
e

gian
t

th
at

b
elon

g
to

p
lan

ted
trees,

a
n
d

follow
th

e
sam

e
p
rogram

as
ab

ove,
ex

cep
t

th
at

th
e

ro
ot

n
o
d
e

(in
th

e
gian

t)
is

n
ow

fro
zen

to
th

e
correct

lab
el

rath
er

th
an

b
ein

g
u
n
iform

ly
d
raw

n
.

T
h
is

gives
a

b
ou

n
d

th
a
t

w
e

claim
is

tigh
t

at
th

e
fi
rst

ord
er

ap
p
rox

im
ation

w
h
en

b
is

sm
all.

F
in

ally,
w

e
also

take
in

to
accou

n
t

vertices
th

at
are

n
ot

satu
rated

,
i.e.,

w
h
ose

n
eigh

b
ors

d
o

n
ot

cover
all

com
m

u
n
ities

an
d

w
h
o

can
th

u
s

b
e

sw
ap

p
ed

w
ith

ou
t

aff
ectin

g
ty

p
icality.

T
h
e

fi
n
al

b
ou

n
d

allow
s

to
cross

at
k

=
4.

5
.
A
lm

o
st

E
x
a
ct

R
e
co

v
e
ry

5
.1

R
e
g
im

e
s

A
lm

ost
ex

act
recovery,

also
called

w
eak

con
sisten

cy
in

th
e

statistics
literatu

re,
or

stron
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e
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d
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h
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(at
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h
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=
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t
d
egree

regim
e,

it
is

n
ot

p
ossib

le
to

recover
th

e
clu

sters
(let

a
lo

n
e

w
ith

o
u
t

k
n
ow

in
g

th
e

p
aram

eters),
an

d
th

u
s

estim
ation

h
as

to
b

e
d
on

e
d
iff

eren
tly.

T
h
e

fi
rst

p
a
p

er
th

at
sh

ow
s

h
ow

to
estim

ate
th

e
p
aram

eter
in

th
is

regim
e

tig
h
tly

is
M

ossel
et

al.
(2

0
1
5
),

w
h
ich

is
b
ased

on
ap

p
rox

im
atin

g
cy

cle
cou

n
ts

b
y

n
on

b
ack

track
in

g
w

alk
s.

A
n

a
ltern

a
tive

m
eth

o
d

b
ased

on
ex

p
ectation

-m
ax

im
izatio

n
u
sin

g
th

e
B

eth
e

free
en

ergy
is

also
p
ro

p
o
sed

in
D

ecelle
et

al.
(2011)

(w
ith

ou
t

a
rig

orou
s

an
aly

sis).

T
h

e
o
re

m
5
9

M
o
ssel

et
a
l.

(2
0
1
5
)

L
et
G
∼

S
S
B

M
(n
,2
,a
/n
,b/n

)
su

ch
th

a
t

(a
−
b)

2
>

2
(a

+
b),

a
n

d
let

C
m

be
th

e
n

u
m

ber
o
f
m

-cycles
in
G

,
d̂
n

=
2|E

(G
)|/n

be
th

e
a
vera

ge
d
egree

in
G

a
n

d
f̂
n

=
(2m

n
C
m
n −

d̂
m
n

n
)
1
/
m
n

w
h
ere

m
n

=
blog

1
/
4(n

)c.
T

h
en

d̂
n

+
f̂
n

a
n

d
d̂
n −

f̂
n

a
re

co
n

sisten
t

estim
a
to

rs
fo

r
a

a
n

d
b

respectively.
F

u
rth

er,
th

ere
is

a
po

lyn
o
m

ia
l

tim
e

estim
a
to

r
to

ca
lcu

la
te
d̂
n

a
n

d
f̂
n

.

T
h
is

th
eo

rem
is

ex
ten

d
ed

in
A

b
b

e
an

d
S
an

d
on

(2015)
for

th
e

sy
m

m
etric

S
B

M
w

ith
k

clu
sters,

w
h
ere

k
is

also
estim

ated
.

T
h
e

fi
rst

step
n
eed

ed
is

th
e

follow
in

g
estim

ate.

L
e
m

m
a

6
0

L
et
C
m

be
th

e
n

u
m

ber
o
f
m

-cycles
in

S
B

M
(n
,p
,Q
/n

).
If
m

=
o(log

log
(n

)),
th

en

E
C
m
∼

V
arC

m
∼

12m
tr(d

iag
(p

)Q
)
m
.

(124)

T
o

see
th

is
lem

m
a,

n
ote

th
at

th
ere

is
a

cy
cle

on
a

given
selection

o
f
m

vertices
w

ith
p
ro

b
a-

b
ility

∑

x
1
,...,x

m
∈

[k
] Q

x
1
,x

2

n
·
Q
x
2
,x

3

n
·
...·

Q
x
m
,x

1

n
·p
x
1 ·
...·

p
x
m

=
tr(d

ia
g
(p

)Q
/n

)
m
.

(125)

S
in

ce
th

ere
a
re
∼
n
m
/
2m

su
ch

selection
s,

th
e

fi
rst

m
om

en
t

follow
s.

T
h
e

secon
d

m
om

en
t

fo
llow

s
fro

m
th

e
fact

th
at

overlap
p
in

g
cy

cles
d
o

n
ot

con
trib

u
te

to
th

e
secon

d
m

om
en

t.
S
ee

7
1

JM
L

R
 18(177):1-86, 2018

A
b
b
e

M
ossel

et
al.

(2015)
for

p
ro

of
d
etails

for
th

e
2-S

S
B

M
an

d
A

b
b

e
an

d
S
an

d
on

(2015)
for

th
e

gen
eral

S
B

M
.

H
en

ce,
on

e
can

estim
ate

12
m

tr(d
iag

(p
)Q

)
m

for
slow

ly
grow

in
g
m

.
In

th
e

sy
m

m
etric

S
B

M
,

th
is

gives
en

ou
gh

d
egrees

of
freed

om
to

estim
ate

th
e

th
ree

p
aram

eters
a
,b,k

.
T

h
eorem

59
u
ses

for
ex

am
p
le

th
e

average
d
egree

(m
=

1)
an

d
slow

ly
grow

in
g

cy
cles

to
ob

tain
a

sy
stem

of
eq

u
ation

th
at

allow
s

to
solve

for
a
,b.

T
h
is

ex
ten

d
s

easily
to

all
sy

m
m

etric
S
B

M
s,

an
d

th
e

effi
cien

t
p
art

follow
s

from
th

e
fact

th
a
t

for
slow

ly
g
row

in
g
m

,
th

e
cy

cle
cou

n
ts

coin
cid

es
w

ith
th

e
n
on

b
ack

track
in

g
w

alk
cou

n
ts

w
ith

h
igh

p
rob

ab
ility

M
ossel

et
al.

(2015).
N

ote
th

at
T

h
eorem

59
p
rov

id
es

a
tigh

t
con

d
ition

for
th

e
estim

ation
p
ro

b
lem

,
i.e.,

M
ossel

et
al.

(2015)
also

sh
ow

s
th

at
w

h
en

(a−
b)

2≤
2(a

+
b)

(w
h
ich

w
e

recall
is

eq
u
ivalen

t
to

th
e

req
u
irem

en
t

for
im

p
ossib

ility
of

w
eak

recovery
)

th
e

S
B

M
is

con
tigu

ou
s

to
th

e
E

rd
ős-R

én
y
i

m
o
d
el

w
ith

ed
ge

p
rob

ab
ility

(a
+
b)/(2n

).
H

ow
ev

er,
for

th
e

gen
eral

S
B

M
,
th

e
p
rob

lem
is

m
ore

d
elicate

an
d

on
e

h
as

to
fi
rst

stab
ilize

th
e

cy
cle

cou
n
t

statistics
to

ex
tract

th
e

eigen
valu

es
of
P
Q

,
a
n
d

u
se

d
etection

m
eth

o
d
s

to
fu

rth
er

p
eal

d
ow

n
th

e
p
aram

eters
p

an
d
Q

.
D

ecid
in

g
w

h
ich

p
aram

eters
can

or
can

n
ot

b
e

learn
ed

in
th

e
gen

eral
S
B

M
seem

s
to

b
e

a
n
on

-triv
ial

p
rob

lem
.

T
h
is

is
also

ex
p

ected
to

com
e

in
to

p
lay

in
th

e
estim

ation
of

grap
h
o
n
s

C
h
oi

et
al.

(2012);
A

irold
i

et
al.

(201
3);

B
orgs

et
al.

(2015).

8
.
O
p
e
n
P
ro

b
le
m
s

T
h
e

estab
lish

m
en

t
of

fu
n
d
am

en
tal

lim
its

for
com

m
u
n
ity

d
etection

in
th

e
S
B

M
h
ave

ap
p

eared
in

th
e

recen
t

years.
T

h
ere

is
th

erefore
a

lon
g

list
of

op
en

p
ro

b
lem

s
an

d
d
irection

s
to

p
u
rsu

e,
b

oth
related

to
th

e
S
B

M
an

d
to

its
ex

ten
sion

s.
W

e
p
rov

id
e

h
ere

a
p
artial

list:

•
E

xa
ct

reco
very

fo
r

su
b-lin

ea
r

co
m

m
u

n
ities.

T
h
eorem

s
14

an
d

2
9

giv
e

a
fairly

co
m

p
re-

h
en

sive
resu

lt
for

ex
act

recov
ery

in
th

e
case

of
lin

ear-size
com

m
u
n
ities,

i.e.,
w

h
en

th
e

en
tries

of
p

an
d

its
d
im

en
sion

k
d
o

n
ot

scale
w

ith
n

.
If
k

=
o(log

(n
)),

an
d

th
e

com
m

u
-

n
ities

rem
ain

reason
ab

ly
b
alan

ced
,

m
ost

of
th

e
d
evelop

ed
tech

n
iq

u
es

ex
ten

d
.

H
ow

ever
n
ew

p
h
en

om
en

a
seem

to
take

p
lace

b
eyon

d
th

is
regim

e,
w

ith
again

gap
s

b
etw

een
in

-
form

ation
an

d
com

p
u
tation

al
th

resh
old

s.
In

Y
.

C
h
en

(2014),
som

e
of

th
is

is
cap

tu
red

b
y

lo
ok

in
g

at
coarse

regim
es

of
th

e
p
aram

eters.
It

w
ou

ld
b

e
in

terestin
g

to
p
u
rsu

e
su

b
-lin

ear
com

m
u
n
ities

in
th

e
len

s
of

p
h
ase

tran
sition

s
an

d
in

form
ation

-com
p
u
tation

gap
s.

•
P

a
rtia

l
reco

very.
W

h
at

is
th

e
fu

n
d
am

en
tal

trad
eoff

b
etw

een
th

e
S
N

R
an

d
th

e
d
istor-

tion
(M

M
S
E

or
agreem

en
t)

for
p
artial

recovery
in

th
e

con
stan

t
d
egree

regim
e?

A
s

a
p
relim

in
ary

resu
lt,

on
e

m
ay

attem
p
t

to
sh

ow
th

at
I
(X

;G
)/n

ad
m

its
a

lim
it

in
th

e
con

-
stan

t
d
egree

regim
e.

T
h
is

is
p
roved

in
A

b
b

e
an

d
M

on
tan

ari
(2015)

for
tw

o
sy

m
m

etric
d
isassortative

com
m

u
n
ities, 2

4
b
u
t

th
e

assortative
case

rem
ain

s
op

en
.

E
stab

lish
in

g
th

e
ex

p
ression

for
th

e
op

tim
al

trad
eoff

in
p
artial

recovery
is

u
n
k
n
ow

n
for

k
≥

3
(an

d
on

ly
k
n
ow

n
for

large
en

ou
gh

S
N

R
for

k
=

2
M

ossel
et

al.
(2013)).

•
T

h
e

in
fo

rm
a
tio

n
-co

m
p
u

ta
tio

n
ga

p
:

2
4
.

L
im

itin
g

ex
p

ressio
n

s
h

av
e

recen
tly

b
een

o
b

ta
in

ed
fo

r
d

isa
sso

rta
tiv

e
co

m
m

u
n

ities
in

C
o

ja
-O

g
h

la
n

et
a
l.

(2
0
1
6
).
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C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
a
n
d

S
t
o
c
h
a
st

ic
B
l
o
c
k

M
o
d
e
l
s

–
C

an
w

e
lo

ca
te

th
e

ex
ac

t
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
th

re
sh

ol
d

fo
r

w
ea

k
re

co
v
er

y
w

h
en

k
≥

3?
R

ec
en

t
re

su
lt

s
an

d
p
re

ci
se

co
n
je

ct
u
re

s
w

er
e

re
ce

n
tl

y
ob

ta
in

ed
in

C
al

ta
-

gi
ro

n
e

et
al

.
(2

01
6)

,
fo

r
th

e
re

gi
m

e
of

fi
n
it

e
S
N

R
w

it
h

d
iv

er
g
in

g
d
eg

re
es

d
is

cu
ss

ed
in

S
ec

ti
on

6.
2.

–
C

an
w

e
st

re
n
gt

h
en

th
e

ev
id

en
ce

s
th

at
th

e
K

S
th

re
sh

ol
d

is
th

e
co

m
p
u
ta

ti
on

al
th

re
sh

ol
d
?

In
th

e
ge

n
er

al
sp

ar
se

S
B

M
,

th
is

co
rr

es
p

on
d
s

to
th

e
fo

ll
ow

in
g

co
n
je

c-
tu

re
:

C
o
n

je
c
tu

re
6
1

L
et
k
∈

Z
+

,
p
∈

(0
,1

)k
be

a
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

,
Q

be
a

k
×
k

sy
m

m
et

ri
c

m
a
tr

ix
w

it
h

n
o
n

n
eg

a
ti

ve
en

tr
ie

s.
If
λ

2 2
<
λ

1
,

th
en

th
er

e
is

n
o

po
ly

n
o
m

ia
l

ti
m

e
a
lg

o
ri

th
m

th
a
t

ca
n

so
lv

e
w

ea
k

re
co

ve
ry

in
G

d
ra

w
n

fr
o
m

S
B

M
(n
,p
,Q
/n

).

•
L

ea
rn

in
g

th
e

ge
n

er
a
l

sp
a
rs

e
S

B
M

.
U

n
d
er

w
h
at

co
n
d
it

io
n

ca
n

w
e

le
ar

n
th

e
p
ar

am
et

er
s

in
S
B

M
(n
,p
,Q
/n

)
effi

ci
en

tl
y

or
in

fo
rm

at
io

n
-t

h
eo

re
ti

ca
ll
y
?

•
S

ca
li

n
g

la
w

s:
W

h
at

is
th

e
op

ti
m

al
sc

al
in

g/
ex

p
on

en
ts

of
th

e
p
ro

b
ab

il
it

y
of

er
ro

r
fo

r
th

e
va

ri
ou

s
re

co
ve

ry
re

q
u
ir

em
en

ts
?

H
ow

la
rg

e
n
ee

d
th

e
gr

ap
h

b
e,

i.
e.

,
w

h
at

is
th

e
sc

al
in

g
in
n

,
so

th
at

th
e

p
ro

b
ab

il
it

y
of

er
ro

r
in

th
e

d
is

cu
ss

ed
re

su
lt

s2
5

is
b

el
ow

a
gi

ve
n

th
re

sh
ol

d
?

•
B

ey
o
n

d
th

e
S

B
M

:

–
H

ow
d
o

p
re

v
io

u
s

re
su

lt
s

an
d

op
en

p
ro

b
le

m
s

ge
n
er

al
iz

e
to

th
e

ex
te

n
si

on
s

of
S
B

M
s

w
it

h
la

b
el

s,
d
eg

re
e-

co
rr

ec
ti

on
s,

ov
er

la
p
s,

et
c.

b
ey

on
d

ca
se

s
d
is

cu
ss

ed
in

S
ec

ti
on

3.
5?

In
th

e
re

la
te

d
li
n
e

of
w

or
k

fo
r

gr
ap

h
on

s
C

h
oi

et
al

.
(2

01
2
);

A
ir

ol
d
i

et
al

.
(2

01
3)

;
B

or
gs

et
al

.
(2

01
5)

,
ar

e
th

er
e

fu
n
d
am

en
ta

l
li
m

it
s

in
le

ar
n
in

g
th

e
m

o
d
el

or
re

co
ve

ri
n
g

th
e

ve
rt

ex
p
ar

am
et

er
s

u
p

to
a

gi
ve

n
d
is

to
rt

io
n
?

It
w

as
sh

ow
n

in
M

oi
tr

a
et

al
.

(2
01

6)
;

M
ak

ar
y
ch

ev
et

al
.

(2
01

5)
th

at
m

on
ot

on
e

ad
ve

rs
ar

ie
s

ca
n

in
te

re
st

in
gl

y
sh

if
t

th
e

th
re

sh
ol

d
fo

r
w

ea
k

re
co

ve
ry

;
w

h
at

is
th

e
th

re
sh

ol
d

fo
r

su
ch

ad
ve

rs
ar

ia
l

m
o
d
el

s
an

d
va

ri
an

ts
fo

r
ad

d
in

g
lo

op
s?

–
C

an
w

e
es

ta
b
li
sh

fu
n
d
am

en
ta

l
li
m

it
s

a
n
d

al
go

ri
th

m
s

ac
h
ie

v
in

g
th

e
li
m

it
s

fo
r

ot
h
er

u
n
su

p
er

v
is

ed
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s,

su
ch

as
to

p
ic

m
o
d
el

li
n
g,

ra
n
k
in

g,
G

au
s-

si
an

m
ix

tu
re

cl
u
st

er
in

g,
lo

w
-r

an
k

m
at

ri
x

re
co

ve
ry

(s
ee

D
es

h
p
a
n
d
e

an
d

M
on

ta
n
ar

i
(2

01
4)

fo
r

sp
ar

se
P

C
A

)
or

th
e

gr
ap

h
ic

al
ch

an
n
el

s
d
is

cu
ss

ed
in

S
ec

ti
on

1.
2?

•
S

em
i-

su
pe

rv
is

ed
ex

te
n

si
o
n

s:
H

ow
d
o

th
e

fu
n
d
am

en
ta

ll
im

it
s

ch
an

ge
in

a
se

m
i-

su
p

er
v
is

ed
se

tt
in

g,
2
6

i.
e.

,
w

h
en

so
m

e
of

th
e

ve
rt

ex
la

b
el

s
ar

e
re

ve
al

ed
,
ex

ac
tl

y
or

p
ro

b
ab

il
is

ti
ca

ll
y
?

•
D

yn
a
m

ic
a
l

ex
te

n
si

o
n

s:
In

so
m

e
ca

se
s,

th
e

n
et

w
or

k
m

ay
b

e
d
y
n
am

ic
al

an
d

on
e

m
ay

ob
se

rv
e

d
iff

er
en

t
ti

m
e

in
st

an
ce

s
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ö
s-

R
én

y
i

g
ra

p
h
s:

In
form

ation
-th

eoretic
lim

its
an

d
effi

cien
t

recov
ery.

In
In

fo
rm

a
tio

n
T

h
eo

ry
(IS

IT
),

2
0
1
4

IE
E

E
In

tern
a
tio

n
a
l

S
ym

po
siu

m
o
n

,
p
ages

1251–1255,
J
u
n
e

2014b
.

d
oi:

10
.1

1
0
9/

IS
IT

.2014.6875033.

E
.

A
b
b

e,
A

.S
.

B
an

d
eira,

an
d

G
.

H
all.

E
x
act

recovery
in

th
e

sto
ch

astic
b
lo

ck
m

o
d
el.

In
fo

r-
m

a
tio

n
T

h
eo

ry,
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

,
62(1):471–487,

J
an

2016.
IS

S
N

0018-9448.
d
oi:

1
0
.1

1
09

/
T

IT
.2015.2490670.

E
m

m
a
n
u
el

A
b
b

e
an

d
C

olin
S
an

d
on

.
A

ch
iev

in
g

th
e

k
s

th
resh

old
in

th
e

g
en

eral
sto

ch
astic

b
lo

ck
m

o
d
el

w
ith

lin
earized

acy
clic

b
elief

p
rop

agation
.

In
D

.
D

.
L

ee,
M

.
S
u
giyam

a,
U

.
V

.
L

u
x
b
u
rg,

I.
G

u
y
on

,
an

d
R

.
G

arn
ett,

ed
itors,

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
9
,

p
ages

1334–1342.
C

u
rran

A
sso

ciates,
In

c.,
2016b

.

D
.

A
ch

lio
p
ta

s,
A

.
N

aor,
an

d
Y

.
P

eres.
R

igorou
s

L
o
cation

of
P

h
ase

T
ra

n
sition

s
in

H
a
rd

O
p
tim

iza
tio

n
P

rob
lem

s.
N

a
tu

re,
43

5:759–764,
2
005.

D
im

itris
A

ch
lio

p
tas

an
d

A
ssaf

N
aor.

T
h
e

tw
o

p
ossib

le
valu

es
of

th
e

ch
rom

atic
n
u
m

b
er

of
a

ra
n
d
o
m

gra
p
h
.

A
n

n
a
ls

o
f

M
a
th

em
a
tics,

162(3):1335–1351,
2005.

IS
S
N

0003486X
.

U
R

L
h
t
t
p
:
/
/
w
w
w
.
j
s
t
o
r
.
o
r
g
/
s
t
a
b
l
e
/
2
0
1
5
9
9
4
4
.

L
.

A
d
a
m

ic
a
n
d

N
.

G
lan

ce.
T

h
e

p
olitical

b
logosp

h
ere

an
d

th
e

2004
u
.s.

election
:

D
iv

id
ed

th
ey

b
lo

g.
In

P
roceed

in
gs

o
f

th
e

3
rd

In
tern

a
tio

n
a
l

W
o
rksh

o
p

o
n

L
in

k
D

isco
very,

L
in

k
K

D
D

’0
5
,

p
a
g
es

36
–43,

N
ew

Y
ork

,
N

Y
,

U
S
A

,
2005.

IS
B

N
1-59593-215-1.

d
oi:

10.11
45/1134271.

1
1
3
4
2
7
7
.

U
R

L
h
t
t
p
:
/
/
d
o
i
.
a
c
m
.
o
r
g
/
1
0
.
1
1
4
5
/
1
1
3
4
2
7
1
.
1
1
3
4
2
7
7
.

N
.
A

g
a
rw

al,
A

.
S
.
B

an
d
eira,

K
.
K

oiliaris,
an

d
A

.
K

olla.
M

u
ltisection

in
th

e
S
to

ch
astic

B
lo

ck
M

o
d
el

u
sin

g
S
em

id
efi

n
ite

P
rogram

m
in

g.
A

rX
iv

e-p
rin

ts,
J
u
ly

2015.

E
.

A
iro

ld
i,

T
.

C
osta,

an
d

S
.

C
h
an

.
S
to

ch
astic

b
lo

ck
m

o
d
el

ap
p
rox

im
ation

of
a

grap
h
on

:
T

h
eo

ry
a
n
d

con
sisten

t
estim

ation
.

a
rX

iv:1
3
1
1
.1

7
3
1
,

2
013.

E
.

M
.

A
iro

ld
i,

D
.

M
.

B
lei,

S
.

E
.

F
ien

b
erg

,
an

d
E

.
P

.
X

in
g.

M
ix

ed
m

em
b

ersh
ip

sto
ch

astic
b
lo

ck
m

o
d
els.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
9:19

81–2014,
J
u
n
e

2008.
IS

S
N

1532-4435.
U

R
L

h
t
t
p
:
/
/
d
l
.
a
c
m
.
o
r
g
/
c
i
t
a
t
i
o
n
.
c
f
m
?
i
d
=
1
3
9
0
6
8
1
.
1
4
4
2
7
9
8
.

D
av

id
J
.

A
ld

o
u
s.

R
ep

resen
tation

s
for

p
artially

ex
ch

an
geab

le
array

s
of

ran
d
om

vari-
a
b
les.

J
o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

11(4):581
–

5
98,

198
1.

IS
S
N

00
47-259

X
.

d
o
i:

h
ttp

:/
/
d
x
.d

o
i.org/10.1016/0047-259X

(81)90099-3.
U

R
L

h
t
t
p
:
/
/
w
w
w
.
s
c
i
e
n
c
e
d
i
r
e
c
t
.

c
o
m
/
s
c
i
e
n
c
e
/
a
r
t
i
c
l
e
/
p
i
i
/
0
0
4
7
2
5
9
X
8
1
9
0
0
9
9
3
.

N
o
g
a

A
lo

n
a
n
d

N
ab

il
K

ah
ale.

A
sp

ectral
tech

n
iq

u
e

for
colorin

g
ran

d
om

3-colora
b
le

grap
h
s.

S
IA

M
J

o
u

rn
a
l

o
n

C
o
m

p
u

tin
g,

26(6):1733–1748,
1997.

d
oi:

10.1137/S
009753979

4270248.
U

R
L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
1
3
7
/
S
0
0
9
7
5
3
9
7
9
4
2
7
0
2
4
8
.

7
5

JM
L

R
 18(177):1-86, 2018

A
b
b
e

N
oga

A
lon

,
M

ich
ael

K
riv

elev
ich

,
an

d
B

en
n
y

S
u
d
akov

.
F

in
d
in

g
a

large
h
id

d
en

cliq
u
e

in
a

ran
d
om

grap
h
.

R
a
n

d
o
m

S
tru

ctu
res

a
n

d
A

lgo
rith

m
s,

13(3
-4):457–466,

199
8.

IS
S
N

1098-
2418.

A
.

A
m

in
i

an
d

E
.

L
ev

in
a.

O
n

sem
id

efi
n
ite

relax
ation

s
fo

r
th

e
b
lo

ck
m

o
d
el.

a
rX

iv:1
4
0
6
.5

6
4
7
,

J
u
n
e

2014.

M
.
C

.
A

n
gelin

i,
F

.
C

altagiron
e,

F
.
K

rzakala,
an

d
L

.
Z

d
eb

orova.
S
p

ectral
d
etection

on
sp

arse
h
y
p

ergrap
h
s.

In
2
0
1
5

5
3
rd

A
n

n
u

a
l

A
llerto

n
C

o
n

feren
ce

o
n

C
o
m

m
u

n
ica

tio
n

,
C

o
n

tro
l,

a
n

d
C

o
m

p
u

tin
g

(A
llerto

n
),

p
ages

66–73,
S
ep

t
2015.

d
oi:

10.1
109/A

L
L

E
R

T
O

N
.2015.74

46987.

A
.

A
sad

i,
E

.
A

b
b

e,
an

d
S
.

V
erd

ú
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á.

A
sy

m
p
totic

an
aly

sis
of

th
e

sto
ch

astic
b
lo

ck
m

o
d
el

for
m

o
d
u
lar

n
etw

ork
s

an
d

its
algorith

m
ic

ap
p
lication

s.
P

h
ys.

R
ev.

E
,

84:
0
6
6
1
0
6
,

D
ecem

b
er

2011.

Y
.

D
esh

p
a
n
d
e,

E
.

A
b
b

e,
an

d
A

.
M

on
tan

ari.
A

sy
m

p
to

tic
m

u
tu

al
in

form
ation

for
th

e
tw

o-
g
ro

u
p
s

sto
ch

astic
b
lo

ck
m

o
d
el.

a
rX

iv:1
5
0
7
.0

8
6
8
5
,

2015.

Y
a
sh

D
esh

p
a
n
d
e

an
d

A
n
d
rea

M
on

tan
ari.

In
form

ation
-th

eoretically
op

tim
al

sp
arse

p
ca

.
In

In
fo

rm
a
tio

n
T

h
eo

ry
(IS

IT
),

2
0
1
4

IE
E

E
In

tern
a
tio

n
a
l

S
ym

po
siu

m
o
n

,
p
ages

2197–22
01.

IE
E

E
,

2
01

4
.

P
.

D
ia

co
n
is

a
n
d

S
.

J
an

son
.

G
rap

h
lim

its
an

d
ex

ch
an

geab
le

ran
d
om

grap
h
s.

A
rX

iv
e-p

rin
ts,

D
ecem

b
er

20
07.

D
av

id
L

.
D

o
n
o
h
o,

A
rian

M
alek

i,
an

d
A

n
d
rea

M
on

tan
a
ri.

M
essage-p

assin
g

a
lgo

rith
m

s
for

co
m

p
ressed

sen
sin

g.
P

roceed
in

gs
o
f

th
e

N
a
tio

n
a
l

A
ca

d
em

y
o
f

S
cien

ces,
106(45):189

14–
1
8
9
1
9
,

2
0
0
9
.

d
oi:

10.1073/p
n
as.0909892106.

U
R

L
h
t
t
p
:
/
/
w
w
w
.
p
n
a
s
.
o
r
g
/
c
o
n
t
e
n
t
/
1
0
6
/

4
5
/
1
8
9
1
4
.
a
b
s
t
r
a
c
t
.

M
.E

.
D

y
er

a
n
d

A
.M

.
F

rieze.
T

h
e

solu
tion

of
som

e
ran

d
om

N
P

-h
ard

p
rob

lem
s

in
p

oly
n
om

ial
ex

p
ected

tim
e.

J
o
u

rn
a
l

o
f

A
lgo

rith
m

s,
10(4):451

–
489,

1989.
IS

S
N

01
96-6

774.
d
oi:

10.
1
0
1
6
/
0
1
9
6-6

7
74(89)90001-1.

U
R

L
h
t
t
p
:
/
/
w
w
w
.
s
c
i
e
n
c
e
d
i
r
e
c
t
.
c
o
m
/
s
c
i
e
n
c
e
/
a
r
t
i
c
l
e
/

p
i
i
/
0
1
9
6
6
7
7
4
8
9
9
0
0
0
1
1
.

P
.

E
rd

ö
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á.
P

h
as

e
tr

an
si

ti
on

s
in

se
m

is
u
p

er
-

v
is

ed
cl

u
st

er
in

g
of

sp
ar

se
n
et

w
or

k
s.

P
h
ys

.
R

ev
.

E
,

90
:0

52
80

2,
N

ov
20

14
.

d
o
i:

1
0
.1

1
0
3
/

P
h
y
sR

ev
E

.9
0.

05
28

02
.

U
R

L
h
t
t
p
:
/
/
l
i
n
k
.
a
p
s
.
o
r
g
/
d
o
i
/
1
0
.
1
1
0
3
/
P
h
y
s
R
e
v
E
.
9
0
.
0
5
2
8
0
2
.

P
an

Z
h
an

g,
C

ri
st

op
h
er

M
o
or

e,
an

d
M

.
E

.
J
.

N
ew

m
an

.
C

om
m

u
n
it

y
d
et

ec
ti

o
n

in
n
et

w
o
rk

s
w

it
h

u
n
eq

u
al

gr
ou

p
s.

P
h
ys

.
R

ev
.

E
,

93
:0

12
30

3,
J
an

20
16

.
d
oi

:
10

.1
10

3/
P

h
y
sR

ev
E

.9
3
.

01
23

03
.

U
R

L
h
t
t
p
:
/
/
l
i
n
k
.
a
p
s
.
o
r
g
/
d
o
i
/
1
0
.
1
1
0
3
/
P
h
y
s
R
e
v
E
.
9
3
.
0
1
2
3
0
3
.

T
ao

Z
h
ou

,
J
ie

R
en

,
M

at
ú
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b
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b
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m
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b
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con
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d
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b
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b
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b
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p
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b
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b
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b
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b
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is
resu

lt
is

n
ot

in
form

ativ
e

for
u
n
d
erstan

d
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p
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b-b
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p
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p
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d
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b
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d
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p
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m
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e

m
ean

an
d

varian
ce

of
en

tries
in
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b
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M
ore

gen
erally,

th
ere

is
a

h
u
ge

variety
of

d
im

en
sion

red
u
ction

sch
em

es
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p
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d
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u
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d
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b
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d
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o
os

e
th

e
n
u
m

b
er

of
b
lo

ck
s
L

.
E

ac
h

b
lo

ck
is

cr
ea

te
d

u
si

n
g

a
ra

n
d
om

p
er

m
u
ta

ti
on

an
d

th
e

b
lo

ck
s

of
co

lu
m

n
s

fo
rm

a
co

ll
ec

ti
on

of
L

i.
i.
d
.

ra
n
d
o
m

m
at

ri
ce

s.

T
h
er

e
ar

e
th

re
e

st
ep

s
to

th
e

co
n
st

ru
ct

io
n
.

S
te

p
1
:

G
en

er
at

e
a

ra
n
d
om

p
er

m
u
ta

ti
on

of
th

e
se

t
{1
,.
..
,p
},
π
l,

an
d

p
er

m
u
te

th
e

co
lu

m
n
s

of
X

ac
co

rd
in

g
to

th
is

p
er

m
u
ta

ti
on

.

S
te

p
2
:

S
ea

rc
h

al
on

g
ea

ch
ro

w
of

th
e

p
er

m
u
te

d
d
es

ig
n

m
at

ri
x

(i
n

or
d
er

of
in

cr
ea

si
n
g

co
lu

m
n

in
d
ex

)
an

d
re

co
rd

in
th

e
ve

ct
or

H
l
∈

N
n

th
e

in
d
ic

es
of

th
e

va
ri

ab
le

s
(i

n
d
ex

ed
as

in
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S
h
a
h
a
n
d

M
e
in
sh

a
u
se

n

th
e

or
ig

in
al

or
d
er

)
w

it
h

th
e

fi
rs

t
n
on

-z
er

o
va

lu
e

or
th

e
v
ec

to
r

M
l
∈
N
n

th
e

in
d
ic

es
o
f

th
e

va
ri

ab
le

s
(i

n
d
ex

ed
as

in
th

e
p

er
m

u
te

d
o
rd

er
)

w
it

h
th

e
fi
rs

t
n
on

-z
er

o
va

lu
e.

S
te

p
3
:

F
or

m
S
l
∈
{0
,1
}n
×

2
b

w
it

h
it

h
ro

w
gi

ve
n

b
y

th
e

la
st
b

b
it

s
of

th
e

b
in

ar
y

re
p
re

se
n
ta

ti
o
n

of
th

e
it

h
en

tr
y

of
M

l.
F

or
ex

am
p
le

,
w

h
en

b
=

1,
al

l
o
d
d

n
u
m

b
er

s
in

M
l

m
a
p

to
th

e
ve

ct
or

(0
,1

),
w

h
er

ea
s

al
l

ev
en

n
u
m

b
er

s
m

ap
to

(1
,0

).

T
h
is

co
n
st

ru
ct

io
n

is
il
lu

st
ra

te
d

fo
r

a
to

y
ex

am
p
le

in
T

ab
le

1.

X
=

     

1
2

3
4

·
1
·

1
·
·

1
1

1
·

1
·

·
1

1
·

1
1
·
·     

π
l=

2
3
1
4

7→

     

3
1

2
4

·
·

1
1

1
·
·

1
1

1
·
·

1
·

1
·

·
1

1
·     

H
l

=

     

2 3 3 3 1

     
,
M

l
=

     

3 1 1 1 2

     
S
l

=

     

0
1

0
0

0
0

0
1

0
0

0
1

0
0

0
1

0
0

1
0     

S
te

p
1

:
n
on

-z
er

o
in

d
ic

es
w

h
os

e
va

ri
ab

le
in

d
ic

es
w

il
l

ap
p

ea
r

in
H
l

in
S
te

p
2

ar
e

in
b

ol
d
.

S
te

p
2
.

S
te

p
3
.

T
ab

le
1:

S
te

p
s

1–
3

ap
p
li
ed

to
a

to
y

ex
am

p
le

w
it

h
b

=
2.

D
ot

s
re

p
re

se
n
t

ze
ro

es
.

W
e

ca
n

th
in

k
of

ea
ch

co
lu

m
n

of
S
l

as
re

p
re

se
n
ti

n
g

d
iff

er
en

t
ca

te
go

ri
es

fo
r

th
e

o
b
se

r-
va

ti
on

s.
T

h
e

m
at

ri
x

S
l

it
se

lf
co

d
es

fo
r

th
e

as
si

gn
m

en
t

of
th

e
d
iff

er
en

t
ro

w
s

o
f

X
to

th
e

d
iff

er
en

t
ca

te
go

ri
es

.
D

iff
er

en
t

b
lo

ck
s

S
l

th
en

re
p
re

se
n
t

d
iff

er
en

t
ra

n
d
om

ca
te

g
o
ri

sa
ti

o
n
s.

Id
en

ti
ca

l
ro

w
s

w
il
l

al
w

ay
s

b
e

as
si

gn
ed

th
e

sa
m

e
ca

te
go

ri
es

an
d

th
e

m
or

e
d
iff

er
en

t
th

e
ro

w
s

ar
e,

th
e

le
ss

li
ke

ly
th

ey
ar

e
to

b
e

as
si

gn
ed

th
e

sa
m

e
ca

te
go

ry
.

T
h
e

n
ot

io
n

of
d
iff

er
en

ce
h
er

e
is

th
at

of
re

se
m

bl
a
n

ce
;

se
e

S
ec

ti
on

2.
4

N
ot

e
th

at
on

e
w

ou
ld

n
ot

n
ec

es
sa

ri
ly

fo
ll
ow

th
e

ab
ov

e
st

ep
s

w
h
en

im
p
le

m
en

ti
n
g
b-

b
it

m
in

-
w

is
e

h
as

h
in

g.
In

p
ra

ct
ic

e,
on

e
w

ou
ld

n
ot

st
or

e
th

e
en

ti
re

m
at

ri
x

of
si

gn
s

n
or

a
ll

th
e

ra
n
d
o
m

p
er

m
u
ta

ti
on

s.
In

an
im

p
le

m
en

ta
ti

on
,

h
as

h
fu

n
ct

io
n
s

(C
ar

te
r

an
d

W
eg

m
an

,
1
9
7
9
)

w
o
u
ld

b
e

u
se

d
to

cr
ea

te
th

e
m

at
ri

x
S

d
et

er
m

in
is

ti
ca

ll
y,

th
ou

gh
it

is
b

ey
on

d
th

e
sc

op
e

o
f

th
is

p
a
p

er
to

go
in

to
th

e
d
et

ai
ls

;
se

e
L

i
et

al
.

(2
01

3)
fo

r
m

or
e

in
fo

rm
at

io
n

an
d

fu
rt

h
er

co
m

p
u
ta

ti
o
n
al

im
p
ro

ve
m

en
ts

.
W

it
h

th
is

ap
p
ro

ac
h
,

S
w

ou
ld

b
e

cr
ea

te
d

ro
w

-b
y
-r

ow
,

an
d

o
n
ly

a
si

n
g
le

ob
se

rv
at

io
n

fr
om

X
w

ou
ld

n
ee

d
to

b
e

k
ep

t
in

m
em

or
y

at
an

y
on

e
ti

m
e.

F
u
rt

h
er

m
o
re

,
m

a
n
y

ro
w

s
co

u
ld

b
e

cr
ea

te
d

in
p
ar

al
le

l.
O

th
er

id
ea

s
su

ch
as

on
e-

p
er

m
u
ta

ti
on

h
as

h
in

g
(L

i
et

a
l.
,

20
12

)
ca

n
al

so
b

e
u
se

d
to

sp
ee

d
u
p

th
e

p
re

-p
ro

ce
ss

in
g

st
ep

.

2
.3

C
o
n
ti

n
u

o
u

s
d

a
ta

a
n

d
a
d

d
it

io
n

a
l

ra
n

d
o
m

is
a
ti

o
n

F
or

co
n
ti

n
u
ou

s
d
at

a,
w

e
in

tr
o
d
u
ce

a
m

o
d
ifi

ca
ti

on
w

h
er

e
w

e
re

p
la

ce
th

e
m

ap
ex

tr
a
ct

in
g

th
e

la
st
b

b
it

s
b
y
L

ra
n
d
om

m
ap

s
in

th
e

fo
ll
ow

in
g

w
ay

.
F

ix
b

an
d

le
t

Ψ
∈
{1
,.
..
,2
b
}p
×
L

b
e

a
ra

n
d
om

m
at

ri
x

w
it

h
in

d
ep

en
d
en

t
en

tr
ie

s
ea

ch
h
av

in
g

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

o
n

o
n

th
e

se
t

{1
,.
..
,2
b
}.

W
e

th
en

cr
ea

te
S

b
y

m
o
d
if

y
in

g
th

e
p
re

v
io

u
s

S
te

p
3

to
th

e
fo

ll
ow

in
g
.

S
te

p
3
:

F
or

m
S
l
∈
{0
,1
}n
×

2
b

w
it

h
it

h
ro

w
al

l
ze

ro
ex

ce
p
t

co
m

p
on

en
t

Ψ
H
il
l

ta
ke

s
th

e
va

lu
e

1.

S
te

p
4
:

If
X

is
n
ot

b
in

ar
y,

m
u
lt

ip
ly

th
e
it

h
ro

w
of

S
l

b
y
X
iH

il
.
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b-b
it

M
in
-w

ise
H
a
sh

in
g

T
h
is

g
en

eralisation
is

m
otivated

b
y

ou
r

th
eoretical

resu
lts

on
h
ow

w
ell

th
e

colu
m

n
sp

ace
o
f

S
ca

n
ca

p
tu

re
d
iff

eren
t

sorts
of

sign
als

(see
S
ection

3.1
).

L
et

z
i

=
{k

:
X
ik 6=

0}
b

e
th

e
set

of
variab

le
in

d
ices

w
h
ose

en
tries

h
ave

n
on

-zero
valu

es
fo

r
th

e
ith

ob
servation

.
P

erform
in

g
th

e
step

s
ab

ov
e

for
all

l
=

1,...,L
,
w

e
get

n×
L

m
atrices

H
,

a
n
d

M
g
iven

b
y

H
il

=
arg

m
in

k∈
z
i

π
l (k

),
(1)

M
il

=
m

in
k∈

z
i π

l (k
)

=
π
l (H

il ),
(2)

T
h
e

m
a
trix

S
is

a
b
in

ary
n
×

2
bL

m
atrix

.
W

ith
a

sligh
t

ab
u
se

of
n
otation

,
w

e
w

ill
d
en

ote
b
y

S
ilc

th
e
cth

en
try

in
th

e
lth

b
lo

ck
of

S
:

S
ilc

:=
S
i(c+

(l−
1
)2
b)

=
X
iH

il 1
{
Ψ
H
il l =

c} ,
for

c
=

1,...,2
b.

(3)

If
n
o
t

sta
ted

oth
erw

ise,
w

e
w

ill
w

ork
w

ith
th

is
secon

d
ran

d
om

ised
varia

tion
of
b-b

it
m

in
-w

ise
h
a
sh

in
g

from
n
ow

on
.

W
e

em
p
h
asise

th
at

w
e

d
o

n
ot

m
ake

th
e

claim
th

is
version

is
to

b
e

p
referred

over
th

e
origin

al
p
rop

osal
of

L
i

an
d

K
ön

ig
(2011)

an
d

L
i

et
al.

(2011)
w

h
en

d
a
ta

is
b
in

ary.
W

e
sim

p
ly

in
tro

d
u
ce

th
e

ad
d
ition

al
ran

d
om

isation
h
ere

to
sim

p
lify

th
e

a
n
a
ly

sis.
W

e
n
ote

th
at

th
e

tw
o

versio
n
s

are
essen

tially
id

en
tical

for
all

p
ractica

l
p
u
rp

oses
w

h
en

b
is

n
o
t

to
o

large.

2
.4

T
h

e
re

se
m

b
la

n
c
e

k
e
rn

e
l

W
e

n
ow

b
riefl

y
d
escrib

e
th

e
con

n
ection

b
etw

een
b-b

it
m

in
-w

ise
h
ash

in
g

an
d

th
e

resem
b
lan

ce
kern

el
a
llu

d
ed

to
earlier.

T
h
is

is
n
ot

n
eed

ed
for

th
e

rest
of

th
e

p
ap

er,
th

ou
gh

it
p
rov

id
es

so
m

e
in

tu
itio

n
for

th
e

sch
em

e.
A

m
ore

d
etailed

an
aly

sis
fro

m
th

is
p

ersp
ective

is
ca

rried
ou

t
b
y

L
i

et
a
l.

(2
0
11)

an
d

w
e

refer
th

e
read

er
to

H
ofm

an
n

et
al.

(2008
)

for
a

rev
iew

o
f

kern
el

m
eth

o
d
s

an
d

th
e

kern
el

trick
.

S
u
p
p

o
se

X
is

b
in

ary.
C

on
sid

er
th

e
n
orm

alised
G

ram
m

atrix
of

th
e

com
p
ressed

d
e-

sig
n

S
fro

m
(ra

n
d
om

ised
)
b-b

it
m

in
-w

ise
h
ash

in
g,

S
S
T
/L

.
T

h
e

ex
p

ected
valu

e
of

th
e
ijth

co
m

p
o
n
en

t
m

ay
b

e
calcu

lated
as

follow
s.

E
π
,Ψ

(s
Ti
s
j /L

)
=

1L

L
∑l=

1

2
b
∑c=

1 E
π
,Ψ

(
1
{
Ψ
H
il l =

c}
1
{
Ψ
H
j
l l =

c} )

=
P

(Ψ
H
il l

=
Ψ
H
j
l l )

=
P

(Ψ
H
il l

=
Ψ
H
j
l l |H

il
=
H
jl )P

(H
il

=
H
jl )

+
P

(Ψ
H
il l

=
Ψ
H
j
l l |H

il 6=
H
jl ){1−

P
(H

il
=
H
jl )}

=
|z
i ∩

z
j |

|z
i ∪

z
j | (1−

2 −
b)

+
2 −

b.

T
h
u
s

th
e
ijth

en
try

is
an

average
of
L

i.i.d
.

ran
d
om

variab
les

w
ith

ex
p

ectation
a

con
stan

t
p
lu

s
a

co
n
stan

t
tim

es
th

e
resem

b
lan

ce
b

etw
een

th
e
ith

an
d
jth

row
s

of
X

.
If

an
in

tercep
t

term
is

in
clu

d
ed

w
h
en

regressin
g

on
S

,
th

e
ad

d
itive

con
stan

t
p
lay

s
n
o

p
art,

an
d

th
e

scalin
g

w
o
u
ld

b
e

ab
so

rb
ed

in
to

th
e

scalin
g

of
th

e
regression

co
effi

cien
ts.

W
e

also
n
ote

th
a
t

w
h
en

X
is

co
n
tin

u
o
u
s,

th
e

resu
ltin

g
kern

el
is

sim
ilar

to
th

e
th

e
C

oR
E

kern
els

o
f

L
i

(2014).
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S
h
a
h
a
n
d

M
e
in
sh

a
u
se

n

N
ow

as
th

e
resem

b
lan

ce
k
ern

el
is

p
ositive

d
efi

n
ite,

th
e

th
eory

su
rrou

n
d
in

g
th

e
kern

el
trick

tells
u
s

th
at

an
y
`
2 -regu

larised
regression

on
S

is
eff

ectiv
ely

ap
p
rox

im
atin

g
a

regu
larised

regression
on

tran
sform

ed
d
ata

φ
(x
i )

w
h
ere

φ
:{0

,1}
p
→
H

a
n
d
H

is
a

h
igh

-d
im

en
sion

al
in

n
er

p
ro

d
u
ct

sp
ace

(th
e

featu
re

sp
ace).

T
h
is

sp
ace

m
ay

b
e

tak
en

to
b

e
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

(R
K

H
S
),

an
d

th
en

φ
an

d
H

are
u
n
iq

u
ely

d
efi

n
ed

.

A
lth

ou
gh

th
is

is
en

cou
ragin

g,
th

e
kern

el
trick

d
o
es

n
ot

gu
aran

tee
th

at
regression

on
S

w
ill

n
ecessarily

h
ave

go
o
d

p
red

ictive
p
rop

erties
for

m
o
d
els

of
in

terest.
T

o
gain

a
b

etter
u
n
d
erstan

d
in

g,
w

e
m

u
st

stu
d
y

th
e

regu
larisation

p
rop

erties
of

th
e

resem
b
lan

ce
kern

el
itself:

w
h
at

ch
aracterises

th
ose

elem
en

ts
of

th
e

asso
ciated

R
K

H
S
H

th
at

h
ave

low
n
orm

an
d

th
u
s

w
ill

b
e

p
en

alised
less?

A
d
irect

an
aly

sis
of

th
e

R
K

H
S

corresp
on

d
in

g
to

th
e

resem
b
lan

ce
k
ern

el
in

th
ose

term
s

seem
s

ch
allen

gin
g.

W
e

take
a

d
iff

eren
t

ap
p
roach

an
d

ex
p
licitly

con
stru

ct
regression

co
effi

-
cien

ts
for

S
th

at
ap

p
rox

im
ate

sign
als

of
in

terest.
B

y
sh

ow
in

g
th

at
p
articu

lar
sign

als
can

b
e

ap
p
rox

im
ated

w
ell,

w
e

are
in

d
irectly

d
iscoverin

g
elem

en
ts

ofH
w

ith
low

R
K

H
S
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orm

(see
also

S
ection

B
for

m
ore

d
etails).

3
.

A
p
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n
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r
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e
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lts
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p
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w

h
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u
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S
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e

con
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e
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d
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m
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d
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N
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ou
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e
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m

an
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scrip
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b
y
b-b
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m
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-w

ise
h
a
sh

in
g

w
e

are
referrin

g
to

th
e

ran
d
om

ised
varian

t
d
escrib

ed
in

S
ection

2.3.
L

et
q
i

b
e
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e

n
u
m

b
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n
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-
zero

en
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in
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e
ith

row
of

X
,

an
d

let
δ
i

=
q
i /p

b
e

th
e

row
sp

arsity.
W

e
w

ill
assu

m
e

th
at

th
e

sign
al

w
e

w
ish
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ap

p
rox

im
ate

for
th

e
ith
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takes
th

e
form

κ
(δ
i )x

Ti
β
∗.

(4)

H
ere

β
∗∈

R
p

is
an

u
n
k
n
ow

n
vector

of
co

effi
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ts
an

d
th

e
fu

n
ction

κ
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s
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e
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ear

p
red

ictor
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b
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scaled
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w
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w
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d
ep

en
d
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e
n
u
m

b
er
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n
on

-zero
en

tries
in

th
e
ith

row
of

X
.

S
om

e
n
orm

alisation
s

of
sp

ecial
in

terest
in

clu
d
e:

(a)
κ

(δ)
con

stan
t.

T
h
is

y
ield

s
stan

d
ard

lin
ear

or
logistic

regression
m

o
d
els.

(b
)
κ

(δ)∝
δ −

1
/
2.

In
tex

t
an

aly
sis

w
ith

a
b
ag

of
w

ord
s

rep
resen

tation
of

d
o
cu

m
en

ts,
row

s
of

X
are

often
scaled

to
h
av

e
th

e
sam

e
`
2 -n

orm
to

h
elp

b
alan

ce
situ

ation
s

w
h
en

d
o
cu

m
en

ts
vary

greatly
in

len
gth

(B
an

erjee
et

al.,
2005).

W
h
en

X
is

b
in

ary,
th

is
is

ex
actly

ach
ieved

b
y

tak
in

g
κ

(δ)
=
p −

1
/
2δ −

1
/
2,

so
κ

(δ
i )

=
q −

1
/
2

i
.

(c)
κ

(δ)∝
δ −

1.
T

h
is

lead
s

to
a
`
1 -n

orm
scalin

g
as

op
p

osed
to

th
e
`
2 -n

orm
scalin

g
m

en
tion

ed
ab

ove.

T
h
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gh
ou

t
w

e
w

ill
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m
e

th
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X
∈

[−
1,1] n×

p,
so

th
e

en
tries

in
X

are
b

ou
n
d
ed

.
T

h
is

covers
th

e
im

p
ortan

t
case

of
b
in

ary
d
esign

b
u
t

also
allow

s
for

real-valu
ed

en
tries.

T
h
e

fi
rst

step
in

ob
tain

in
g

ou
r

p
red

iction
error

resu
lts

is
to

con
stru

ct
a

vector
b
∗

su
ch

th
at

s
Ti
b
∗

is
close

to
κ

(δ
i )x

Ti
β
∗

on
average.
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d
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ca
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h
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b
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at
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e
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ll
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g

n
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m
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r
β
∈
R
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‖2 b

:=
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‖2 2
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b
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p ∑ k
=

1

‖X
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‖2 2

n
β
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.
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)

F
or

b
=

1,
w

e
h
av

e
of

co
u
rs

e
th
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‖β
‖2 b

=
2‖
β
‖2 2

.
F

or
la

rg
er

va
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es
of
b,

th
e

n
or
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in
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u
en

ce
d

m
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e
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il
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b
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th
e

se
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n
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b
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is
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p
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it
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il
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w
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b
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b
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∈
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p
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p
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,Ψ
(S

b
∗ )

=
X
β
∗ .
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at
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b
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∗ ‖
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n
d
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b
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∑
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b
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p
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en
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il
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b
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e
ex
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ta
ti
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of
‖b
∗ ‖
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os
t

co
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st

an
t
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b
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n
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,
th

e
ap
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ro
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im

at
io

n
er

ro
r

b
ou
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d

(i
ii
)
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o
es
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ry
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it

h
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C
on

si
d
er

th
e
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se

w
h
er

e
X

is
b
in

a
ry

a
n
d

le
t

γ
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=
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b
e

th
e
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m
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sp
ar
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T

y
p
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al
ly
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e
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ou
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ec
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∗ ‖
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b
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g
n
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ca
n
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y
la
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∑
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b
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1
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r
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b
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T
h
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1
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A
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th
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en
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b
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b ∑ c=
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p
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b
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Ψ
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s
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b
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at
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b
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b
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p
er

ty
d
is

cu
ss

ed
ab

ov
e.

H
ow

ev
er

,
th
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b
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b∗ c
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−
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=
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−
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−
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at
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→
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→
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p
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p
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b
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p
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b
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b
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p
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b
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b
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h
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re
su

lt
a
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d
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te
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e
M

S
P

E
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se
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√
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A
d
d
in

g
a

b
lo

ck
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se
ve
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l
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il
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p
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b
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s
m
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h
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u
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e
th

e
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m
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ra
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n
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W
e
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m

m
en
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e
of
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an
d
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m

p
u
ta

ti
on
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m
p
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it
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w
e

a
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u
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e
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x
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2
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d
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h
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h
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a
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b

e
re

q
u
ir

ed
to

ke
ep

th
e

p
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m
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n
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h
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b
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d
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p
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p
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at
th
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p
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p
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at
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.
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d
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w
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p
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b
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b
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ra
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b
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b
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p
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d
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b
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u
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p
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er
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e
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e
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b
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b
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ra
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b
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b
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ö
n
ig

(2
0
1
1
),

w
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e
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p
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re
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n
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>
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e
re

g
re

ss
io

n
co

effi
ci

en
ts

ar
e

fo
u
n
d

b
y

(α̂
λ
,b̂
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b
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,b̂
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re
gu

la
ri

sa
ti

o
n

pa
ra

m
et

er
s
λ

d
ep

en
d
in

g
o
n
β
∗

a
n

d
S

su
ch

th
a
t

M
S
P

E
((
α̂
λ
,b̂
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√
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∗ ‖
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m
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O
L

S
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L
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a

sm
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d
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e
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2 √
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d
σ‖β
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R
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e
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th
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w
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w
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b
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d
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o
t

d
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d

m
u
ch
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b.
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con

trast,
O

L
S
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ly

m
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u
se

of
th

e
ap

p
rox
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ation

error
resu

lt,
(iii)
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T

h
eorem

1.
N

o
te

th
a
t

w
h
en
L
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regard
less

of
th

e
valu

e
of
b,

rid
ge

regression
on

S
ap

p
rox

im
ates

a
k
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g
e

regression
u
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g
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e
resem

b
lan

ce
kern
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(see

S
ection

2.4).
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h
e

M
S
P

E
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a
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e
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b
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d
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d
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is

o
b
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n
o
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key

d
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b
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d
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h
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e
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g:
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a
g
o
o
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p
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w
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O
L

S
h
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a
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l
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o
f
L

.
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con
trast,

w
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,
L
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d
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)
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e
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p
u
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p
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v
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ever,
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e
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`
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b
e

ch
osen

carefu
lly
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b
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i ∈
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∈
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n
b

e
an

asso
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lab
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W

e
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m
e

th
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m
o
d
el

Y
i ∼

B
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ou
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p
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p
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=
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β
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e
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i

in
d
ep

en
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t
for
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N
ote

th
at

w
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p
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b
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b
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b
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w
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p
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Y
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b

+
log{

1
+

ex
p
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b
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‖
b‖

22 ≤
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(16)

L
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(b̂
λ )

d
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e
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λ

u
n
d
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E
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λ )
=
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n
∑i=

1 [−
p
i s
Ti
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λ

+
log{

1
+

ex
p
(s
Ti
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λ )} ]−
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n
∑i=
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p
i κ

(δ
i )x
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β
∗

+
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+

ex
p
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(δ
i )x
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β
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.
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W

e
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n
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ow
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th
e
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alogou

s
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to
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h
eorem

4.

T
h

e
o
re
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5
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n
∑i=

1

p
i (1−

p
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w
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(b̂
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m
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b-b
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fact,
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ost
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p
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rob
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s
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d
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b-b
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in
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ra
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co
n
ti

n
u
e

to
lo

ok
at

h
ig

h
er

-o
rd

er
in

te
ra

ct
io

n
m

o
d
el

s
b
y

ad
d
in

g
th

re
e-

w
ay

in
te

ra
ct

io
n
s

in
(1

9)
an

d
ad

ap
ti

n
g

(2
0)

an
d

(2
1)

in
su

it
ab

le
w

ay
s.

H
ow

ev
er

,
b

ei
n
g

a
b
le

to
sh

ow
th

at
tw

o-
w

ay
in

te
ra

ct
io

n
m

o
d
el

s
ca

n
b

e
fi
tt

ed
w

it
h
b-

b
it

m
in

-w
is

e
h
as

h
in

g
m

ay
w

el
l

b
e

su
ffi

ci
en

t
fo

r
m

os
t

ap
p
li
ca

ti
on

s.
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b-b
it

M
in
-w

ise
H
a
sh

in
g

6
.

E
x
te

n
sio

n
s

W
e

n
ow

d
escrib

e
som

e
ex

ten
sion

s
to

th
e

m
eth

o
d
ology.

6
.1

V
a
ria

b
le

im
p

o
rta

n
c
e

T
y
p
ica

lly
p
red

iction
,

rath
er

th
an

m
o
d
el

selection
,

is
th

e
p
rim

ary
goal

in
large-scale

ap
p
lica-

tio
n
s

w
ith

sp
arse

d
ata,

on
e

reason
for

th
is

b
ein

g
th

at
w

e
can

n
ot

ex
p

ect
a

very
sm

all
su

b
set

o
f

va
ria

b
les

to
ap

p
rox

im
ate

th
e

sign
al

w
ell

w
h
en

th
e

d
esig

n
m

atrix
is

sp
arse.

N
ev

erth
eless,

it
is

o
ften

illu
m

in
atin

g
to

stu
d
y

th
e

in
fl
u
en

ce
of

sp
ecifi

c
variab

les
or

lo
ok

for
th

e
variab

les
th

a
t

h
av

e
th

e
largest

in
fl
u
en

ce
on

p
red

iction
s.

In
d
eed

,
su

ch
stu

d
y

is
often

u
n
d
ertak

en
fol-

low
in

g
a
p
p
lication

s
of

R
an

d
om

F
orest

(B
reim

an
,

2001),
w

h
ere

several
varia

b
le

im
p

ortan
ce

m
easu

res
a
llow

p
ractition

ers
to

b
etter

in
terp

ret
th

e
fi
ts

p
ro

d
u
ced

.

W
e

n
ow

d
escrib

e
h
ow

im
p

ortan
ce

m
easu

res
can

b
e

ob
tain

ed
for

b-b
it

m
in

-w
ise

h
ash

in
g

a
s

d
escrib

ed
in

S
ection

2.3.
L

et
f̂

:R
p
→

R
b

e
th

e
regression

fu
n
ction

created
follow

in
g

reg
ressio

n
o
n
b-b

it
m

in
-w

ise
h
ash

ed
d
ata,

an
d

let
f̂
i

:=
f̂

(x
i ).

F
u
rth

erm
ore,

for
k

=
1,...,p

,

let
f̂

(−
k
)

:=
f̂

(x
(−
k
)

i
),

w
h
ere

x
(−
k
)

i
is

eq
u
al

to
x
i

b
u
t

w
ith

k
th

com
p

on
en

t
set

to
zero.

T
h
e

vecto
r

f̂−
f̂

(−
k
)

is
th

e
d
iff

eren
ce

in
p
red

iction
s

ob
tain

ed
w

h
en

fi
ttin

g
to

X
,

an
d

th
o
se

o
b
ta

in
ed

w
h
en

fi
ttin

g
to

X
w

ith
th

e
k
th

colu
m

n
set

to
zero.

W
h
en

th
e

u
n
d
erly

in
g

m
o
d
el

in
X

co
n
tain

s
on

ly
m

ain
eff

ects
(10

)
an

d
n
o

stru
ctu

ral
error

is
p
resen

t,
w

e
m

igh
t

ex
p

ect
th

a
t

f̂−
f̂

(−
k
)≈

β
∗k X

k .

T
o

o
b
ta

in
a

m
easu

re
of

variab
le

im
p

ortan
ce,

on
e

cou
ld

lo
ok

at
th

e
`
2 -n

orm
of

f̂−
f̂

(−
k
),

for
ex

a
m

p
le

(B
reim

an
,

2001).

T
h
e

d
iff

eren
ce

in
p
red

iction
s

can
b

e
com

p
u
ted

relatively
easily

b
y

con
sid

erin
g

th
e
n×

2
bL

m
atrix

S̃
w

ith
en

tries
given

b
y
S̃
ilc

=
S̃
i(c+

(l−
1
)2
b

=
X
iH̃

il 1
{
Ψ
H̃
il l =

c} ,
w

h
ere

H̃
il

:=
arg

m
in

k∈
z
i \
H
il

π
l (k

).

T
h
u
s
H̃
il

is
th

e
variab

le
in

d
ex

in
z
i

w
h
ose

valu
e

u
n
d
er

p
erm

u
tation

π
l

is
secon

d
sm

allest
a
m

on
g
{π

l (k
)

:
k
∈

z
i }

.
If

z
i \
H
il

=
∅,

w
e

sim
p
ly

set
S̃
il

=
0
.

T
h
en

f̂
i −

f̂
(−
k
)

i
=

L
∑l=

1

1
{
H
il =

k}

2
b
∑c=

1 (S
ilc −

S̃
ilc )b̂

lc .
(23)

N
o
te

th
a
t

w
e

o
n
ly

n
eed

to
store

th
e
n
×
L

m
atrix

H
an

d
n
×

2
bL

m
atrices

S
an

d
S̃

to
co

m
p
u
te

th
e

variab
le

im
p

ortan
ce

for
all

variab
les;

m
oreover

th
e

latter
m

atrices
o
n
ly

h
ave

a
t

m
o
st
n
L

n
o
n
-zero

en
tries

each
.

In
tera

ctio
n

eff
ects

are
n
ot

d
irectly

v
isib

le,
b
u
t

d
o

m
an

ifest
th

em
selves

in
th

e
form

of
a

h
ig

h
er

varia
b
ility

am
on

g
{
f̂
i −

f̂
(−
k
)

i
:

x
i ≈

x},
for

an
y

given
valu

e
of

x
,

if
variab

le
k

is
in

vo
lv

ed
in

a
n

in
teraction

term
.

In
p
rin

cip
le,

on
e

cou
ld

attem
p
t

to
d
etect

th
is

in
creased

va
ria

b
ility,

b
u
t

fu
rth

er
in

vestigation
of

th
is

is
b

eyon
d

th
e

scop
e

of
th

e
cu

rren
t

w
ork

.
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S
h
a
h
a
n
d

M
e
in
sh

a
u
se

n

6
.2

O
th

e
r

fi
ttin

g
p

ro
c
e
d

u
re

s

H
ere

w
e

h
ave

on
ly

con
sid

ered
O

L
S
,

rid
ge

regression
an

d
`
2 -p

en
a
lised

logistic
regression

as
p
red

iction
m

eth
o
d
s

after
red

u
cin

g
th

e
d
esign

m
atrix

.
H

ow
ever,

it
is

also
con

ceivab
le

th
at

oth
er

fi
ttin

g
p
ro

ced
u
res

cou
ld

b
e

su
itab

le.
In

p
articu

lar,
it

w
ou

ld
b

e
in

terestin
g

to
lo

ok
at

m
atch

in
g

p
u
rsu

it,
b

o
ostin

g
an

d
th

e
L

asso,
for

w
h
ich

resu
lts

in
(T

rop
p
,

2004;
B

ü
h
lm

an
n
,

2006;
V

an
D

e
G

eer,
2008)

cou
ld

b
e

leveraged
.

M
atch

in
g

p
u
rsu

it
w

ou
ld

h
ave

th
e

com
p
u
ta-

tion
al

ad
van

tage
th

at
th

e
en

tire
S

m
atrix

w
ou

ld
n
ot

n
eed

to
b

e
h
eld

in
m

em
ory.

In
stead

,
on

e
cou

ld
create

th
e

colu
m

n
s

d
u
rin

g
th

e
fi
ttin

g
p
ro

cess.
S
u
ch

a
n

ap
p
roach

m
ay

b
e

u
sefu

l
for

p
rob

lem
s

w
h
ere

th
e

d
im

en
sion

of
th

e
h
ash

in
g-m

atrix
,

2
bL

,
n
eed

s
to

b
e

very
large

to
ach

ieve
a

d
esired

p
red

ictiv
e

accu
racy.

7
.

D
iscu

ssio
n

In
th

is
p
ap

er
w

e
h
ave

d
erived

ap
p
rox

im
ation

error
b

ou
n
d
s

for
b-b

it
m

in
-w

ise
h
ash

in
g
.

W
e

w
ere

ab
le

to
sh

ow
th

at
n
ot

on
ly

d
o
es
b-b

it
m

in
-w

ise
h
ash

in
g

take
ad

van
tage

of
sp

arsity
in

th
e

d
esign

m
atrix

com
p
u
tation

ally,
it

is
also

ab
le

to
ex

p
loit

th
is

for
im

p
roved

statistical
p

erform
an

ce.
In

p
articu

lar,
th

e
M

S
P

E
of

reg
ression

follow
in

g
d
im

en
sion

red
u
ction

b
y
b-b

it
m

in
-w

ise
h
ash

in
g

is
of

th
e

form
√
q/
n‖
β
∗‖

2
if

th
e

d
ata

follow
a

lin
ear

m
o
d
el

w
ith

co
effi

cien
t

vector
β
∗

an
d
q

is
th

e
average

n
u
m

b
er

of
n
on

-zero
variab

les
for

a
n

o
b
servation

.
T

h
e

lin
ear

m
o
d
el

can
th

en
b

e
w

ell-ap
p
rox

im
ated

b
y

th
e

low
-d

im
en

sion
al
b-b

it
m

in
-w

ise
h
ash

ed
d
ata

if
th

e
n
orm

of‖β
∗‖

2
is

low
,

as
o
ccu

rs,
for

ex
am

p
le

if
th

e
sign

a
l

is
ap

p
rox

im
ately

rep
licated

in
d
istin

ct
b
lo

ck
s

of
variab

les.

In
ad

d
ition

,
w

e
h
ave

sh
ow

n
th

at
m

ore
com

p
licated

m
o
d
els

su
ch

as
in

teraction
m

o
d
els

can
b

e
fi
tted

b
y

a
regression

on
th

e
h
ash

ed
d
ata

m
atrix

th
at

con
tain

s
on

ly
m

ain
eff

ects.
T

h
ou

gh
a

larger
d
im

en
sion

L
of

th
e

h
ash

ed
d
ata

m
ay

b
e

req
u
ired

th
a
n

w
h
en

ap
p
rox

im
atin

g
a

m
ain

eff
ects

m
o
d
el,

n
o

fu
rth

er
ch

an
ges

are
n
eed

ed
to

th
e

p
ro

ced
u
re.

T
h
ese

b
ou

n
d
s

also
reveal

som
e

of
th

e
p
red

ictiv
e

p
rop

erties
of

th
e

resem
b
lan

ce
kern

el,
an

d
p
rov

id
e

an
in

sigh
t

in
to

th
e

sorts
of

regression
fu

n
ction

s
th

at
h
ave

sm
all

n
orm

in
its

asso
ciated

R
K

H
S
.

M
ore

gen
erally,

w
e

b
eliev

e
th

at
ran

d
om

featu
re

ex
p
an

sion
s

m
ay

w
ell

b
e

u
sefu

l
as

a
th

eoretical
to

ol
to

u
n
d
erstan

d
p
rop

erties
of

oth
erw

ise
in

tractab
le

k
ern

els.
W

e
ex

p
ect

to
see

m
ore

ex
ten

sion
s

an
d

ap
p
lication

s
b-b

it
m

in
-w

ise
h
ash

in
g

an
d

oth
er

ran
d
om

featu
re

ex
p
an

sion
s,

b
oth

as
com

p
u
tation

al
an

d
th

eoretical
to

ols,
in

th
e

fu
tu

re.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
e

fi
rst

au
th

or
w

as
su

p
p

orted
b
y

T
h
e

A
lan

T
u
rin

g
In

stitu
te

u
n
d
er

th
e

E
P

S
R

C
gran

t
E

P
/N

510129/1
an

d
an

E
P

S
R

C
p
rogram

m
e

gran
t.

A
p
p

e
n
d
ix

A
.

A
p
p
ro

x
im

a
tio

n
e
rro

r
re

su
lts

In
th

is
section

w
e

p
rove

resu
lts

on
th

e
ap

p
rox

im
ation

error
p
resen

ted
in

th
e

m
a
in

tex
t

(T
h
eorem

s
1,

2
an

d
6)

as
w

ell
as

an
ad

d
ition

al
resu

lt
on

th
e

ap
p
rox

im
a
tion

error
of

lin
ear

sign
als

w
h
en

row
sp

arsity
is

n
ot

n
ecessarily

eq
u
al

(T
h
eorem

12).
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W
e

w
il
l
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t
q i

b
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th
e

n
u
m

b
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of
n
on
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er
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es

in
th

e
it

h
ro

w
of

X
an

d
d
efi

n
e
δ i

=
q i
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W

e
w

il
l
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su
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th
at
q i
≥

1
fo

r
al

l
i.

F
or

th
e

p
ro

of
s

of
re

su
lt
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on

ap
p
ro

x
im

at
io
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er

ro
r

in
se
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gs
w

it
h

ju
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m
ai

n
eff
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,
w

e
w

il
l

m
ak

e
u
se

of
th

e
fo

ll
ow

in
g

le
m

m
a.

T
h
is

le
m

m
a

fo
rm

al
is

es
th

e
id

ea
s

of
th

e
d
is

cu
ss

io
n

at
th

e
en

d
of

S
ec

ti
on
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2,

th
at

th
e

el
em

en
ts

of
M

b
eh

av
e

ra
th

er
li
ke

ge
om

et
ri

c
ra

n
d
om

va
ri

ab
le

s.

L
e
m

m
a

1
0

T
h
er

e
ex

is
t

ra
n

d
o
m

fu
n

ct
io

n
s
{g
l(
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l=
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d
efi
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sa
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ty

sp
a
ce

a
s

th
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=
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d
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ra
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d
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=
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e
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−
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−
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−
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b
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e

ar
gu

m
en

t
le

ad
in

g
to

(3
7)

th
er

ef
or

e
gi

v
es

u
s

E(
C ∑ c=
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∣ ∣ ∣X
2 ik

Θ
∗,

(2
)

k
k
1

Θ
∗,

(2
)

k
k
2
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p

e
n
d
ix

B
.

Im
p
li
ca

ti
o
n
s

fo
r

th
e

R
K

H
S

o
f

th
e

re
se

m
b
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at
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re
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=
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d
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→
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b-b
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M
in
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H
a
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g

P
ro

o
f

L
et

X
∈
R
|X
|×
p

b
e

th
e

m
atrix

w
ith

each
row

a
d
iff

eren
t

elem
en

t
ofX

an
d

let
K
∈

R
|X
|×
|X
|

b
e

th
e

m
atrix

w
ith

K
x
x
′

=
k
(x
,x
′)

w
h
ere

k
is

th
e

resem
b
lan

ce
kern

el.
B

ou
ch

ard
et

a
l.

(2
0
1
3
)

sh
ow

s
th

at
K

is
p
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e

d
efi

n
ite.

G
iv

en
f

:X
→

R
,

let
f∈

R
|X
|

b
e

th
e

vector
o
f

fu
n
ctio

n
eva

lu
ation

s
so
f
x

=
f

(x
).

L
et
α

=
K
−

1f.
T

h
en

f
(·)

=
∑x∈X

α
x k

(·,x
)

so
f
∈
H

.

T
h
e

fo
llow

in
g

corollary
of

T
h
eorem

6
d
erives

p
rop

erties
of

th
e

R
K

H
S

asso
cia

ted
w

ith
th

e
resem

b
la

n
ce

kern
el

from
ou

r
ap

p
rox

im
ation

error
b

ou
n
d
s.

C
o
ro

lla
ry

1
4

L
etH

be
th

e
R

K
H

S
o
f

th
e

resem
bla

n
ce

kern
el
k

w
h
en

th
e

in
p
u

t
spa

ce
X
⊂

{
0,1}

p
is

co
n

stra
in

ed
su

ch
th

a
t

every
elem

en
t

h
a
s
q

n
o
n

-zeroes.
S

u
p
po

se
p
≥

3.
F

o
r

θ
(1

)∈
R
p,

Θ
(2

)∈
R
p×
p

a
n

d
Θ

=
(θ

(1
),Θ

(2
)),

d
efi

n
e
f
Θ

:X
→

R
by

f
Θ

(x
)

=

p
∑k

=
1

x
k θ

(1
)

k
+

p
∑k

=
1

p
∑j=

1

x
k (1−

x
j )Θ

(2
)

k
,j .

S
u

p
po

se
Θ

is
su

ch
th

a
t
f
Θ

is
cen

tred
so
∑

x∈X
f
Θ

(x
)

=
0

T
h
en

f
Θ
∈
H

a
n

d
‖
f
Θ ‖

2H
≤

(2−
δ)q‖

Θ
‖

2.
In

pa
rticu

la
r

if
Θ

(2
)

=
0

th
en
‖
f
θ
(1

) ‖
2H
≤

(2−
δ)q‖

θ
(1

)‖
22 .

P
ro

o
f

L
et

K
∈

R
∈

R
|X
|×
|X
|

b
e

th
e

m
a
trix

w
ith

K
x
x
′

=
k
(x
,x
′).

W
e

w
ill

m
ake

u
se

of
th

e
fa

ct
th

a
t

K
is

p
ositive

d
efi

n
ite

(B
ou

ch
ard

et
al.,

2013).
S
u
p
p

ose
X
∈
{0,1} |X

|×
p

h
as

a
s

ea
ch

row
a

d
iff

eren
t

elem
en

t
ofX

.
F

or
L
∈

N
,

let
S
L

b
e

th
e

m
atrix

form
ed

from
1-b

it
m

in
-w

ise
h
a
sh

in
g

ap
p
lied

to
X

an
d

let
K
L

=
2
S
L
S
TL
/L
−

J
w

h
ere

J
is

a
|X
|×
|X
|

m
atrix

o
f

1’s.
G

iven
Θ

,
let

b
∗L

b
e

as
in

th
e

p
ro

of
of

T
h
eorem

6
(see

S
ection

A
.5)

con
stru

cted
u
sin

g
th

e
p

erm
u
ta

tio
n
s

an
d

Ψ
m

atrix
corresp

on
d
in

g
to

S
L

.
L

et
k
L

:X
×
X
→

R
b

e
th

e
ran

d
om

kern
el

asso
ciated

w
ith

K
L

,
th

at
is
k
(x
,x
′)

=
K
L
,x
x
′;

fu
rth

er
letH

L
b

e
th

e
asso

ciated
R

K
H

S
.
L

et
b̃
L

b
e

a
cen

tred
version

of
b
∗L

so
b̃
L

=
b
∗L −

b̄
∗
L

.
O

b
serve

th
a
t‖

b̃
L ‖

22 ≤
‖b
∗L ‖

22 .
L

et
f
L

:X
→

R
b

e
g
iven

b
y
f
L

(x
)

=
(S
L
b̃
L

)
x .

T
h
en
f
L
∈
H
L

a
n
d
‖
f
L ‖

2H
L

=
L‖b̃

L ‖
22 /

2.
N

ote
th

a
t

th
e

con
stru

ction
of

b
∗L

en
su

res
th

at
each

com
p

on
en

t
b
lo

ck
is

i.i.d
.

T
h
u
s

as
L
→
∞

,
w

e
h
ave

th
at

alm
ost

su
rely

L‖
b̃
L ‖
≤
L‖

b
∗L ‖

22 →
L

2E‖
(b ∗L

,1 ,b ∗L
,2 )

T‖
22 ≤

2(2−
δ)q‖Θ

‖
2

(n
ote

th
a
t

th
e

ex
p
ression

on
th

e
righ

t
h
an

d
sid

e
of

th
e

lim
it

d
o
es

n
ot

in
fact

d
ep

en
d

on
L

).
A

lso
K
L
→

K
alm

ost
su

rely
b
y

th
e

stron
g

law
of

large
n
u
m

b
ers

(see
S
ection

2.4).
N

ow
o
b
serve

th
at

as
f

is
cen

tred
,‖S

L
b̃
L
−

f‖
22 ≤
‖
S
L
b
∗L
−

f‖
22 .

T
h
u
s

from
T

h
eorem

6
(iii)

w
e

h
ave

th
at

S
L
b̃
L
→

f
in

p
rob

ab
ility

w
h
ere

f
∈

R
|X
|

h
as

com
p

on
en

ts
f
x

=
f
Θ

(x
).

T
h
erefo

re
th

ere
ex

ists
a

su
b
seq

u
en

ce
L
j

alon
g

w
h
ich

S
L
j b̃

L
j
→

f
alm

ost
su

rely.
T

h
u
s,

th
ere

ex
ists

a
realisation

of
th

e
ran

d
om

elem
en

ts
a
b

ove
su

ch
th

at
sim

u
ltan

eou
sly

K
L
j →

K
,

f
L
j (x

)→
f

(x
)

as
j→

∞
an

d
lim

j→
∞
‖f
L
j ‖

2H
L
j ≤

(2−
δ)q‖

Θ
‖

2.
In

p
articu

lar
w

e
h
ave

th
at

‖
f
L
j ‖H

L
j

is
b

o
u
n
d
ed

for
all

j.
A

p
p
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g

L
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m
a
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th

en
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th
e
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S
h
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a
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M
e
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5
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7
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9
1
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11
1
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−1 0 1 2 3 4 5

log (err  )2 L

lo
g

(L
)

2

F
igu

re
1:

P
lot

of
log

2 (err
L

)
again

st
log

2 (L
)

for
q

=
500,1000,5000

go
in

g
from

left
to

righ
t.

T
h
e

b
ars

give
th

e
fi
rst

an
d

th
ird

q
u
artiles

of
log

2 (err
L

)
over

th
e

100
sim

u
lation

s,
an

d
th

e
circles

giv
e

m
ax

im
u
m

valu
es.

A
p
p

e
n
d
ix

C
.

E
m

p
irica

l
v
e
rifi

ca
tio

n
o
f

T
h
e
o
re

m
1

In
ord

er
to

assess
w

h
eth

er
th

e
scalin

g
in
L

p
rov

id
ed

b
y

(iii)
of

T
h
eorem

1
is

in
lin

e
w

ith
w

h
at

is
ob

serv
ed

in
p
ractice,

w
e

lo
oked

at
several

n
u
m

erica
l

ex
p

erim
en

ts.
W

e
gen

erated
d
esign

m
atrices

X
∈
{
0,1}

n×
p

w
ith

d
iff

eren
t

levels
of

sp
arsity

q
∈
{
5
00
,1000

,5000}
an

d
(n
,p

)
=

(10
4,10

5).
D

iff
eren

t
S

m
atrices

w
ere

con
stru

cted
for

each
of

th
e

th
ree

X
m

atrices
w

ith
log

2
L
∈
{
5,6,...,12}.

W
e

th
en

gen
erated

1
00

vectors
of

co
effi

cien
ts
β
∗
∈

R
p

w
ith

‖
β
∗‖

2
=

1
for

each
settin

g
an

d
ex

am
in

ed

err
L

:=
m

in
b∈

R
L ‖X

β
∗−

S
b‖

22 /n
.

(42)

P
lots

of
log

2 (err
L

)
again

st
log

2 (L
)

are
given

in
F

igu
re

1.
G

iven
th

e
scalin

g
in
L

su
ggested

b
y

T
h
eorem

1
(iii),

w
e

w
ou

ld
ex

p
ect

th
e

p
oin

ts
to

lie
on

a
straigh

t
lin

e
w

ith
slop

e−
1..

W
e

see
th

is
is

in
d
eed

ap
p
rox

im
ately

th
e

case
for

lager
L

a
n
d
q.

N
ote

th
at

T
h
eorem

1
d
o
es

n
ot

m
ake

th
e

claim
th

at
th

e
b
∗

given
is

o
p
tim

al
in

th
e

sen
se

of
(42).

In
d
eed

it
also

satisfi
es

u
n
b
iased

n
ess

an
d

h
as

a
low

`
2 -n

orm
in

ex
p

ectation
:

p
rop

erties
n
ot

n
ecessarily

satisfi
ed

b
y

th
e

m
in

im
iser

of
(42).

M
oreover,

th
e

b
ou

n
d

m
u
st

en
com

p
ass

a
w

orst
case

in
term

s
of

X
an

d
th

e
d
irection

of
β
∗;

tigh
ter

b
ou

n
d
s

m
ay

b
e

u
sed

at
th

e
ex

p
en

se
of

a
m

ore
com

p
licated

d
ep

en
d
en

ce
on

th
e

p
recise

form
of

X
an

d
β
∗.

H
ow

ev
er,

w
e

see
from

th
e

em
p
irical

stu
d
y

th
at

th
e

scalin
g

in
L

p
rov

id
ed

b
y

th
e

resu
lt

ap
p
rox

im
ately

p
arallels

th
at

corresp
on

d
in

g
to

th
e

m
in

im
iser

of
(42).

T
h
e

d
etails

of
th

e
sim

u
lation

stu
d
y

are
as

follow
s.

T
h
e

d
esign

X
w
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gen

era
ted

ran
d
om

ly
w

ith
th

e
fi
rst

p
/
100

colu
m

n
s

con
tain

in
g
q/10

1’s
an

d
th

e
rem

ain
in

g
colu

m
n
s

con
tain

in
g

9
q/10

1’s.
T

h
is

m
im

ics
th

e
settin

g
of

in
creasin

g
variab

le
sp

arsity
d
escrib

ed
in

S
ection

4.1.
T

h
e

vector
of

co
effi

cien
ts
β
∗

h
ad

its
fi
rst

p
/
100

en
tries

gen
era

ted
in

d
ep

en
d
en

tly
w

ith
an

E
x
p
(1)

d
istrib

u
tion

an
d

th
e

rem
ain

in
g

en
tries

w
ere

set
to

0;
β
∗

w
as

th
en

scaled
to

h
ave

`
2 -n

orm
1.
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p
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d
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ti
o
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e
rr

o
r

re
su

lt
s

H
er

e
w

e
p
ro

v
e

re
su

lt
s

fo
r

th
e

p
re

d
ic

ti
on

er
ro

r
u
n
d
er
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n
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gi
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ic
re

gr
es

si
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m
o
d
el

s.
W

e
d
en

ot
e

th
e

si
gn

al
to

b
e

es
ti

m
at

ed
b
y

f∗
an

d
as

su
m

e
th

e
ex

is
te

n
ce

of
a

b
∗
∈
R

2
b
L

w
it

h

1 n
E(
‖f
∗
−

S
b
∗ ‖

2 2
)
≤
c 1
/L

E(
‖b
∗ ‖

2 2
)
≤
c 2
/L
.

E
x
p
li
ci

t
co

n
st

ru
ct

io
n
s

fo
r

su
ch

co
effi

ci
en

t
ve

ct
or

s
ar

e
p
ro

v
id

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

U
si

n
g

th
e

re
su

lt
s

h
er

e
in

co
n
ju

n
ct

io
n

w
it

h
th

e
ap

p
ro

x
im

at
io

n
er

ro
r

re
su

lt
s

p
ro

ve
d

in
S
ec

ti
on

A
y
ie

ld
T

h
eo

re
m

s
3–

9:
fo

r
ex

am
p
le

,
su

b
st

it
u
ti

n
g

(i
ii
)

of
T

h
eo

re
m

1
im

m
ed

ia
te

ly
gi

ve
s

T
h
eo

re
m

3.

D
.1

L
in

e
a
r

re
g
re

ss
io

n

W
e

as
su

m
e

th
e

m
o
d
el

Y
=
α
∗ 1

+
f∗

+
ε
,

(4
3)

w
h
er

e
V

ar
(ε

)
=
σ

2
I

an
d

ou
r

go
al

is
to

es
ti

m
at

e
f∗

.

T
h

e
o
re

m
1
5

L
et

(α̂
,b̂

)
be

th
e

le
a
st

sq
u

a
re

s
es

ti
m

a
to

r
(1

2
).

T
h
en

M
S
P

E
((
α̂
,b̂

))
≤

c 1 L
+
σ

2
{(

2b
−

1
)L

+
1
}

n
.

P
ro

o
f

L
et

u
s

w
ri

te
Y

=
α
∗ 1

+
f∗

+
ε

=
α
∗ 1

+
S

b
∗

+
∆

+
ε
,

so
∆

is
th

e
ap

p
ro

x
im

at
io

n
er

ro
r

of
S

b
∗ .

T
h
en

w
e

h
av

e

M
S
P

E
((
α̂
,b̂

))
=

1 n
E ε

,π
,Ψ

(‖
α
∗ 1

+
f∗
−
α̂

1
−

S
b̂
‖2 2

).

N
ow

le
t

Š
=

(1
S

),
an

d
P

Š
b

e
th

e
p
ro

je
ct

io
n

on
to

th
e

co
lu

m
n

sp
ac

e
of

Š
(s

o
P

Š
=

Š
Š

+
,

w
h
er

e
Š

+
d
en

ot
es

th
e

M
o
or

e–
P

en
ro

se
p
se

u
d
oi

n
ve

rs
e

of
Š

).
W

e
h
av

e
th

e
fo

ll
ow

in
g

d
ec

om
p

os
it

io
n
.

α
∗ 1

+
f∗
−
α̂

1
−

S
b̂

=
α
∗ 1

+
f∗
−

P
Š
Y

=
α
∗ 1

+
S

b
∗

+
∆
−

P
Š
(α
∗ 1

+
S

b
∗

+
∆

+
ε
)

=
(I
−

P
Š
)∆
−

P
Š
ε
.

H
en

ce

M
S
P

E
((
α̂
,b̂

))
=

1 n
E ε

,π
,Ψ

(‖
(I
−

P
Š
)∆
−

P
Š
ε
‖2 2

)

=
1 n
E π

,Ψ
(‖

(I
−

P
Š
)∆
‖2 2

)
+

1 n
E π

,Ψ
{E
ε
(‖

P
Š
ε
‖2 2
|π
,Ψ

)}

≤
1 n
E π

,Ψ
(‖

∆
‖2 2

)
+
σ

2
{(

2b
−

1)
L

+
1
}

n
(4

4)

≤
c 1 L

+
σ

2
{(

2b
−

1)
L

+
1
}

n
,
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S
h
a
h
a
n
d

M
e
in
sh

a
u
se

n

w
h
er

e
in

fo
r

(4
4)

w
e

h
av

e
u
se

d
th

e
fa

ct
th

at
ra

n
k
(Š

)
≤

(2
b
−

1)
L

+
1

as
ea

ch
th

e
L

b
lo

ck
s

su
m

s
to

a
ve

ct
or

of
1’

s

T
h

e
o
re

m
1
6

T
h
er

e
ex

is
ts
λ

d
ep

en
d
in

g
o
n

f∗
a
n

d
S

su
ch

th
a
t

d
efi

n
in

g

(α̂
,b̂

)
:=

ar
g

m
in

(α
,b

)∈
R
×
R
L

‖Y
−
α̂

1
−

S
b
‖2 2

su
ch

th
a
t
‖b
‖2 2
≤
λ
,

w
e

h
a
ve

M
S
P

E
((
α̂
,b̂

))
≤

σ

√
c 2 n

+
c 1 L

+
σ

2 n
.

P
ro

o
f

W
e

w
il
l

ta
ke

λ
=
‖b
∗ ‖

2 2
.

L
et

a
b
ar

ov
er

an
y

v
ec

to
r

v
d
en

ot
e

th
e

av
er

a
g
e

o
f

th
e

co
m

p
on

en
ts

of
v

,
so

v̄
=
∑

j
v j

.
N

ot
e

th
at
α̂

=
Y
−

S
b̂

,
an

d
d
efi

n
e
â
∗

=
Y
−

S
b
∗ .

B
y

o
u
r

ch
oi

ce
of
λ

,
w

e
h
av

e
th

at

‖Y
−
α̂

1
−

S
b̂
‖2 2
≤
‖Y
−
â
∗ 1
−

S
b
∗ ‖

2 2
.

N
ot

in
g

th
at

fo
r

an
y

v
,u
∈
R
n
,
v
T

(u
−

ū
1

)
=

(v
−

v̄
1

)T
u

,
re

ar
ra

n
gi

n
g

th
e

in
eq

u
a
li
ty

a
b

ov
e

w
e

ge
t ‖α
∗ 1

+
f∗
−
α̂

1
−

S
b̂
‖2 2
≤

2(
ε
−
ε̄
1

)T
S

(b̂
−

b
∗ )

+
‖α
∗ 1

+
f∗
−
â
∗ 1
−

S
b
∗ ‖

2 2
.

(4
5
)

N
ow

ob
se

rv
e

th
at ‖α
∗ 1

+
f∗
−
â
∗ 1
−

S
b
∗ ‖

2 2
=
‖f
∗
−

f∗
1
−

(S
b
∗
−

S
b
∗ 1

)‖
2 2

+
n
ε̄

2

≤
‖f
∗
−

S
b
∗ ‖

2 2
+
n
ε̄

2
.

(4
6
)

A
s

b
∗

is
in

d
ep

en
d
en

t
of
ε
,

ta
k
in

g
ex

p
ec

ta
ti

on
s

of
(4

5)
y
ie

ld
s

M
S
P

E
(b̂

)
=

2 n
E{

(ε
−
ε̄
1

)T
S
b̂
}+

1 n
E(
‖f
∗
−

S
b
∗ ‖

2 2
)

+
σ

2 n
.

(4
7
)

N
ow

u
si

n
g

th
e

fa
ct

th
at
‖b̂
‖ 2
≤
‖b
∗ ‖

2
an

d
ap

p
ly

in
g

th
e

C
au

ch
y
–S

ch
w

ar
z

in
eq

u
a
li
ty

w
e

h
av

e

E ε
,π
,Ψ
{(
ε
−
ε̄
1

)T
S
b̂
}
≤
√

E ε
,π
,Ψ
{‖

S
T

(ε
−
ε̄
1

)‖
2 2
}√

E(
‖b
∗ ‖

2 2
).

B
u
t

E ε
(‖

S
T

(ε
−
ε̄
1

)‖
2 2
|π
,Ψ

)
=

E ε
[T

r{
(ε
−
ε̄
1

)T
S

S
T

(ε
−
ε̄
1

)}
|π
,Ψ

]

=
E ε

[T
r{

(ε
−
ε̄
1

)(
ε
−
ε̄
1

)T
S

S
T
}|
π
,Ψ

]

=
T

r[
E ε
{(
ε
−
ε̄
1

)(
ε
−
ε̄
1

)T
}S

S
T

]

=
σ

2
‖(

I
−
n
−

1
1
1
T

)S
‖2 F
≤
σ

2
‖S
‖2 F
≤
σ

2
n
L
,

w
h
en

ce
E ε

,π
,Ψ
{(
ε
−
ε̄
1

)T
S
b̂
}
≤
σ
√
c 2
n
.

(4
8
)

S
u
b
st

it
u
ti

n
g

in
to

(4
7)

th
en
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s
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e
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b-b
it

M
in
-w

ise
H
a
sh

in
g

D
.2

L
o
g
istic

re
g
re

ssio
n

W
e

g
ive

a
n

a
n
a
logou

s
resu

lt
to

T
h
eorem

4
for

cla
ssifi

cation
p
rob

lem
s

u
n
d
er

logistic
loss.

L
et

X
∈

[−
1,1

] n×
p

b
e

th
e

d
esign

m
atrix

of
p
red

ictor
variab

les
an

d
let

Y
∈
{0
,1}

n
b

e
an

a
sso

cia
ted

vector
of

class
lab

els.
W

e
assu

m
e

th
e

m
o
d
el

Y
i ∼

B
ern

o
u
lli(p

i );
log (

p
i

1−
p
i )

=
f
i ,

w
ith

th
e
Y
i

in
d
ep

en
d
en

t
for

1
≤
i≤

n
.

D
efi

n
e

b̂
λ

=
a
rg

m
in

b

1n

n
∑i=

1 [−
Y
i s
Ti
b

+
log{

1
+

ex
p
(s
Ti
b

)} ]
su

ch
th

at
‖
b‖

22 ≤
λ
.

L
etE

(b̂
λ )

d
en

o
te

th
e

ex
cess

risk
of

b̂
λ

u
n
d
er

logistic
loss,

so

E
(b̂

λ )
=

1n

n
∑i=

1 [−
p
i s
Ti
b̂
λ

+
log{1

+
ex

p
(s
Ti
b̂
λ )} ]−

1n

n
∑i=

1

[−
p
i f
i
+

log{
1

+
ex

p
(f
i )}

].

T
h

e
o
re

m
1
7

L
et
p̃
∈
R

be
given

by
(18).

T
h
en

w
e

h
a
ve

th
a
t

th
ere

exists
λ

su
ch

th
a
t

E
Y
,π
,Ψ {E

(b̂
λ )}
≤

c
1

4L
+
√
p̃
c

2 /n
.

P
ro

o
f

W
e

ta
ke
λ

=
‖b
∗‖

22 .
B

y
th

e
d
efi

n
ition

o
f

b̂
(d

rop
p
in

g
th

e
su

b
scrip

t
λ

),
w

e
h
ave

1n

n
∑i=

1 [−
Y
i s
Ti
b̂

+
log{

1
+

ex
p
(s
Ti
b̂

)} ]≤
1n

n
∑i=

1 [−
Y
i s
Ti
b
∗

+
log{

1
+

ex
p
(s
Ti
b
∗)} ]

.

U
sin

g
th

is,
a
n
a
logou

sly
to

(45)
w

e
get,

E
(b̂

)≤
1n

n
∑i=

1 (Y
i −

p
i ){S

(b̂
−

b
∗)}

i
+
E

(b
∗).

L
et
ε

:=
Y
−

p
b

e
th

e
resid

u
al

vector.
S
in

ce
b
∗

is
in

d
ep

en
d
en

t
o
f
ε
,
after

tak
in

g
ex

p
ecta

tion
s

w
e

a
rrive

at

E
ε
,π
,Ψ {E

(b̂
)}
≤

1n
E
ε
,π
,Ψ

(ε
T
S

b̂
)

+
E
π
,Ψ {E

(b
∗)}

.

W
rite

h
(a

)
=

lo
g
(1

+
e
a).

B
y

th
e

m
ean

valu
e

th
eorem

,
w

e
h
av

e

|E
(b
∗)|

=
1n

n
∑i=

1 |h
(s
Ti
b
∗)−

h
(f
i )−

(s
Ti
b
∗−

f
i )h
′(f

i )|

≤
1n

su
p

a∈
R
h
′′(a

)‖
f ∗−

S
b
∗‖

22 ≤
c

1

4
L
.

T
h
e

sa
m

e
a
rg

u
m

en
t

th
at

lead
s

to
(48)

gives

1n
E
ε
,π
,Ψ

(ε
T
S

b̂
)≤

1n √
E
ε
,π
,Ψ

(‖S
T
ε‖

22 ) √
c

2 /
L
≤
√
p̃
c

2 /n
.

C
o
llectin

g
to

geth
er

th
e

variou
s

in
eq

u
alities,

w
e

get
th

e
req

u
ired

resu
lt.
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M
e
in
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a
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n

A
p
p

e
n
d
ix

E
.

T
e
ch

n
ica

l
le

m
m

a
s

In
th

is
section

w
e

collect
all

tech
n
ical

lem
m

as
u
sed

b
y

th
e

resu
lts

p
resen

ted
earlier.

L
e
m

m
a

1
8

L
et

(a
i ) ∞i=

1
a
n

d
(b
i ) ∞i=

1
be

tw
o

sequ
en

ces
o
f

n
o
n

-n
ega

tive,
n

o
n

-in
crea

sin
g,

rea
l

n
u

m
bers

su
ch

th
a
t

th
a
t

th
ere

is
so

m
e
i ∗∈

N
fo

r
w

h
ich

a
i ≤

b
i

fo
r

a
ll
i≤

i ∗,

a
i ≥

b
i

fo
r

a
ll
i
>
i ∗.

(i)
If

∞∑i=
1

a
i

=
∞∑i=

1

b
i
<
∞
,

a
n

d
m
≥

1
,

th
en

∞∑i=
1

a
mi
≤
∞∑i=

1

b
mi
.

(ii)
If

(c
i ) ∞i=

1
is

a
sequ

en
ce

o
f

n
o
n

-n
ega

tive,
n

o
n

-d
ecrea

sin
g

rea
l

n
u

m
bers

a
n

d

∞∑i=
1

b
i ≤

∞∑i=
1

a
i
<
∞
,
∞∑i=

1

c
i a
i ,
∞∑i=

1

c
i b
i
<
∞
,

th
en

∞∑i=
1

c
i a
i ≥

∞∑i=
1

c
i b
i .

P
ro

o
f

N
ote

th
at

th
e

seq
u
en

ce
(b
i ) ∞i=

1
m

a
jorises

(a
i ) ∞i=

1
(see

p
age

191
of

S
teele

(2004)).
R

esu
lt

(i)
follow

s
from

ap
p
ly

in
g

S
ch

u
r’s

m
a

jorisation
in

eq
u
ality

(S
teele

(2004);
p
age

201)
w

ith
th

e
con

vex
fu

n
ction

x
7→
x
m

on
[0
,∞

).

F
or

(ii)
w

e
argu

e,

i ∗
∑i=

1

c
i (b

i −
a
i )≤

c
i ∗

i ∗
∑i=

1 (b
i −

a
i )≤

c
i ∗ ∑i>

i ∗ (a
i −

b
i )≤

∑i>
i ∗
c
i (a

i −
b
i ).

L
e
m

m
a

1
9

L
et
q,p
∈
N

w
ith

q≥
1,
p
≥

m
ax{q,3}.

W
e

h
a
ve

p−
1

∑`=
1

` (
(
p−

1−
`

q−
1

)
(
p−

1
q

)
)

2≥
1

2(2−
q/p

)
2

p
2

(p−
1)

2
.
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b-
b
it

M
in
-w

is
e
H
a
sh

in
g

P
ro

o
f

L
et

th
e

se
q
u
en

ce
s

(a
`)
∞ `=

1
an

d
(b
`)
∞ `=

1
b

e
d
efi

n
ed

b
y

a
`

=

    

(
(p
−
1
−
`

q
−
1

)
(p
−
1
q

)

) 2
if

1
≤
`
≤
p
−

1

0
ot

h
er

w
is

e,

b `
=

          

(
q
p
−

1

) 2
if
`
≤
⌊

(p
−

1
)2

{2
(p
−

1
)−
q
}q

⌋

q
2
(p
−

1
)−
q
−
(

q
p
−

1

) 2
⌊

(p
−

1
)2

{2
(p
−

1
)−
q
}q

⌋
if
`

=
⌊

(p
−

1
)2

{2
(p
−

1
)−
q
}q

⌋ +
1

0
ot

h
er

w
is

e.

L
et

th
e

se
q
u
en

ce
(c
`)
∞ `=

1
b

e
d
efi

n
ed

b
y
c `

=
`.

N
ot

e
th

e
se

q
u
en

ce
s

(a
`)
∞ `=

1
,

(b
`)
∞ `=

1
an

d
(c
`)
∞ `=

1
sa

ti
sf

y
th

e
h
y
p

ot
h
es

es
of

L
em

m
a

18
.

T
h
u
s

p
−

1
∑ `=

1

`a
`
≥

p
−

1
∑ `=

1

`b
`,

an
d

p
−

1
∑ `=

1

`b
`

=
1 2

(
q

p
−

1

) 2
(⌊

(p
−

1)
2

{2
(p
−

1)
−
q}
q

⌋
+

1

)
⌊

(p
−

1)
2

{2
(p
−

1)
−
q}
q

⌋

+

(
q

p
−

1

) 2
(

(p
−

1)
2

{2
(p
−

1)
−
q}
q
−
⌊

(p
−

1)
2

{2
(p
−

1)
−
q}
q

⌋)
(⌊

(p
−

1)
2

{2
(p
−

1)
−
q}
q

⌋
+

1

)
.

L
et

ti
n
g
x

=
(p
−

1)
2
/
[{

2(
p
−

1)
−
q}
q]

,
w

e
h
av

e

p
−

1
∑ `=

1

`b
`

=
1 2

(b
x
c+

1)
bx
c+

(x
−
bx
c)

(b
x
c+

1)

=
1 2
x

(x
+

1)
−

1 2
{(
x
−
bx
c)
bx
c+

(x
−
bx
c)

(x
+

1)
}+

(x
−
bx
c)

(b
x
c+

1)
.

S
in

ce
1
≥

1/
2

+
(x
−
bx
c)
/2

,
w

e
se

e
th

at

(x
−
bx
c)

(b
x
c+

1)
≥

1 2
(x
−
bx
c)

(x
+

1
+
bx
c)
,

so
p
−

1
∑ `=

1

`b
`
≥

1 2
x

(x
+

1)

=
1 2

(
(p
−

1)
2

{2
(p
−

1)
−
q}
q

+
1

)
q

2(
p
−

1)
−
q

=
1

2(
p
−

1)

p
+
{2
−
q/

(p
−

1)
}q
−

1

{2
−
q/

(p
−

1)
}2

≥
1

2(
p
−

1)

p
+
q

{2
−
q/

(p
−

1)
}2

≥
1

2(
2
−
q/
p
)2

p
2

(p
−

1)
2
.
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h
a
n
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M
e
in
sh

a
u
se

n

L
e
m

m
a

2
0

L
et
κ

(δ
)

=
δ−

a
w

h
er

e
a
∈

[0
,1

].
F

o
r
`
≥

2
,

∣ ∣ ∣ ∣ ∣κ
(`

) (
1)

`!

∣ ∣ ∣ ∣ ∣≤
a
ea

1

`1
−
a
.

P
ro

o
f

∣ ∣ ∣ ∣ ∣κ
(`

) (
1)

`!

∣ ∣ ∣ ∣ ∣=
a
(a

+
1)
··
·(
a

+
`
−

1)

1
·2
··
·`

=
a `

a
+

1

1

a
+

2

2
··
·a

+
`
−

1

`
−

1
.

B
y

J
en

se
n
’s

in
eq

u
al

it
y

1

`
−

1

{
lo

g

(
a

+
1

1

)
+

lo
g

(
a

+
2

2

)
+
··
·+

lo
g

(
a

+
`
−

1

`
−

1

)}

≤
lo

g

( 1
+
a
{1

+
lo

g
(`
−

1)
}

`
−

1

) ,

an
d

( 1
+
a
{1

+
lo

g
(`
−

1)
}

`
−

1

) `
−

1

≤
ex

p
[a
{1

+
lo

g
(`
−

1)
}]
.

T
h
u
s

∣ ∣ ∣ ∣ ∣κ
(`

) (
1)

`!

∣ ∣ ∣ ∣ ∣≤
a
ea

(`
−

1)
a

`
≤
a
ea

1

`1
−
a
.

L
e
m

m
a

2
1

S
u

p
po

se
w

e
h
a
ve

a
se

qu
en
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dè
s

an
d

R
ec

ht
,

20
09

;
M

az
um

de
r

et
al

.,
20

10
)a

nd
vi

su
al

da
ta

an
al

ys
is

(L
iu

et
al

.,
20

13
;L

u
et

al
.,

20
14

).

c ©
20

18
Q

ua
nm

in
g

Y
ao

an
d

Ja
m

es
T.

K
w

ok
.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
0
7
8
.
h
t
m
l

.

JM
L

R
 1

8(
17

9)
:1

-5
2,

 2
01

8

Y
A

O
A

N
D

K
W

O
K

M
os

t
of

th
es

e
re

gu
la

ri
ze

rs
ar

e
co

nv
ex

.
W

el
l-

kn
ow

n
ex

am
pl

es
in

cl
ud

e
th

e
` 1

-r
eg

ul
ar

iz
er

fo
r

sp
ar

se
co

di
ng

(D
on

oh
o,

20
06

),
an

d
th

e
nu

cl
ea

r
no

rm
re

gu
la

ri
ze

r
in

lo
w

-r
an

k
m

at
ri

x
le

ar
ni

ng
(C

an
dè
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s.

H
ow

ev
er

,c
on

ve
x

re
gu

la
ri

ze
rs

of
te

n
le

ad
to

bi
as

ed
es

tim
at

io
n.

Fo
re

xa
m

pl
e,

in
sp

ar
se

co
di

ng
,t

he
so

lu
tio

n
ob

ta
in

ed
by

th
e
` 1

-r
eg

ul
ar

iz
er

is
of

te
n

no
ta

s
sp

ar
se

an
d

ac
cu

ra
te

(Z
ha

ng
,2

01
0b

).
In

lo
w

-
ra

nk
m

at
ri

x
le

ar
ni

ng
,t

he
es

tim
at

ed
ra

nk
ob

ta
in

ed
w

ith
th

e
nu

cl
ea

r
no

rm
re

gu
la

ri
ze

r
is

of
te

n
m

uc
h

hi
gh

er
(M

az
um

de
r

et
al

.,
20

10
).

To
al

le
vi

at
e

th
is

pr
ob

le
m

,
a

nu
m

be
r

of
no

nc
on

ve
x

re
gu

la
ri

ze
rs

,
w

hi
ch

ar
e

va
ri

an
ts

of
th

e
co

nv
ex

` 1
-n

or
m

,
ha

ve
be

en
re

ce
nt

ly
pr

op
os

ed
.

E
xa

m
pl

es
in

cl
ud

e
th

e
G

em
an

pe
na

lty
(G

P)
(G

em
an

an
d

Y
an

g,
19

95
),

lo
g-

su
m

pe
na

lty
(L

SP
)

(C
an

dè
s

et
al

.,
20

08
),

m
in

im
ax

co
nc

av
e

pl
us

(M
C

P)
pe

na
lty

(Z
ha

ng
,

20
10

a)
,

L
ap

la
ce

pe
na

lty
(T

rz
as

ko
an

d
M

an
du

ca
,

20
09

),
an

d
sm

oo
th

ly
cl

ip
pe

d
ab

so
lu

te
de

vi
at

io
n

(S
C

A
D

)
pe

na
lty

(F
an

an
d

L
i,

20
01

).
A

s
ca

n
be

se
en

fr
om

Fi
gu

re
1,

th
ey

ar
e

al
l(

i)
no

ns
m

oo
th

at
ze

ro
,w

hi
ch

en
co

ur
ag

e
a

sp
ar

se
so

lu
tio

n;
an

d
(i

i)
co

nc
av

e,
w

hi
ch

pl
ac

e
a

sm
al

le
r

pe
na

lty
th

an
th

e
` 1

-r
eg

ul
ar

iz
er

on
fe

at
ur

es
w

ith
la

rg
e

m
ag

ni
tu

de
s.

E
m

pi
ri

ca
lly

,t
he

se
no

nc
on

ve
x

re
gu

la
ri

ze
rs

us
ua

lly
ou

tp
er

fo
rm

co
nv

ex
re

gu
la

ri
ze

rs
.

Fi
gu

re
1:

Pl
ot

of
va

ri
ou

s
no

nc
on

ve
x

va
ri

an
ts

of
th

e
co

nv
ex
` 1

-r
eg

ul
ar

iz
er

.

In
th

is
pa

pe
r,

w
e

co
ns

id
er

a
po

pu
la

rs
ub

cl
as

s
of
` 1

-b
as

ed
no

nc
on

ve
x

sp
ar

si
ty

-i
nd

uc
in

g
an

d
lo

w
-

ra
nk

re
gu

la
ri

ze
rs

su
ch

as
no

nc
on

ve
x

va
ri

an
ts

of
th

e
la

ss
o,

sp
ar

se
gr

ou
p

la
ss

o,
tr

ee
-s

tr
uc

tu
re

d
la

ss
o,

nu
cl

ea
r

no
rm

an
d

to
ta

l
va

ri
at

io
n

re
gu

la
ri

ze
rs

.
E

ve
n

w
ith

a
co

nv
ex

lo
ss

,
th

e
re

su
lti

ng
no

nc
on

ve
x

pr
ob

le
m

(1
)

is
m

uc
h

ha
rd

er
to

op
tim

iz
e.

O
ne

ca
n

us
e

ge
ne

ra
l-

pu
rp

os
e

no
nc

on
ve

x
op

tim
iz

at
io

n
so

lv
er

s
su

ch
as

th
e

co
nc

av
e-

co
nv

ex
pr

oc
ed

ur
e

(Y
ui

lle
an

d
R

an
ga

ra
ja

n,
20

02
).

U
nf

or
tu

na
te

ly
,

th
e

su
bp

ro
bl

em
in

ea
ch

ite
ra

tio
n

ca
n

be
as

ex
pe

ns
iv

e
as

th
e

or
ig

in
al

pr
ob

le
m

,a
nd

th
e

co
nc

av
e-

co
nv

ex
pr

oc
ed

ur
e

is
th

us
of

te
n

sl
ow

in
pr

ac
tic

e
(G

on
g

et
al

.,
20

13
;Z

ho
ng

an
d

K
w

ok
,2

01
4)

.
R

ec
en

tly
,

th
e

pr
ox

im
al

al
go

ri
th

m
ha

s
be

en
ex

te
nd

ed
fo

r
no

nc
on

ve
x

pr
ob

le
m

s.
E

xa
m

pl
es

in
cl

ud
e

no
nc

on
ve

x
in

ex
ac

t
pr

ox
im

al
sp

lit
tin

g
(N

IP
S)

(S
ra

,2
01

2)
,

in
er

tia
l

pr
ox

im
al

al
go

ri
th

m
fo

r
no

n-
co

nv
ex

op
tim

iz
at

io
n

(I
Pi

an
o)

(O
ch

s
et

al
.,

20
14

),
un

ifi
ed

tr
ea

tm
en

t
of

ac
ce

le
ra

te
d

gr
ad

ie
nt

(U
A

G
)(

G
ha

di
m

ia
nd

L
an

,2
01

6)
,g

en
er

al
ite

ra
tiv

e
sh

ri
nk

ag
e

an
d

th
re

sh
ol

di
ng

(G
IS

T
)(

G
on

g
et

al
.,
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E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

2013),inertialforw
ard-backw

ard
(IFB

)algorithm
(B

otetal.,2016),and
nonm

onotone
accelerated

proxim
al

gradient
(nm

A
PG

)
(L

i
and

L
in,

2015)
algorithm

.
Specifically,

N
IPS,

IPiano
and

U
A

G
allow

f
in

(1)
to

be
L

ipschitz
sm

ooth
(and

possibly
nonconvex)

but
g

has
to

be
convex;

w
hile

G
IST,IFB

and
nm

A
PG

further
allow

g
to

be
nonconvex.

T
he

currentstate-of-the-artis
nm

A
PG

.
N

evertheless,efficientcom
putation

ofthe
underlying

proxim
aloperatoris

only
possible

forsim
ple

nonconvex
regularizers.W

hen
the

regularizeris
com

plicated,such
as

the
nonconvex

versions
ofthe

fused
lasso

and
overlapping

group
lasso

regularizers
(Z

hong
and

K
w

ok,2014),the
corresponding

proxim
alstep

has
to

be
solved

num
erically

and
is

again
expensive.

A
nother

approach
is

by
using

the
proxim

alaverage
(Z

hong
and

K
w

ok,2014),w
hich

com
putes

and
averages

the
proxim

alstep
of

each
underlying

regularizer.
A

s
the

proxim
alstep

is
only

approxim
ate,its

convergence
is

usually
slow

erthan
typicalapplications

ofthe
proxim

alalgorithm
(Y

u,2013;L
iand

L
in,2015).

W
hen

f
is

sm
ooth,there

are
endeavors

to
extend

other
algorithm

s
from

convex
to

nonconvex
optim

ization.Forthe
globalconsensus

problem
,standard

A
D

M
M

converges
only

w
hen

g
is

convex
(H

ong
etal.,2016).W

hen
g

is
nonconvex,convergence

ofA
D

M
M

is
only

established
forproblem

s
of

the
form

m
in
x
,y
f

(x
)

+
g
(y

)
:
y

=
A
x,w

here
m

atrix
A

has
fullrow

rank
(L

iand
Pong,2015).

T
he

convergence
of

A
D

M
M

in
m

ore
generalcases

is
an

open
issue.

M
ore

recently,the
stochastic

variance
reduced

gradient(SV
R

G
)algorithm

(X
iao

and
Z

hang,2014),w
hich

is
a

SG
D

variantw
ith

reduced
variance

in
the

gradientestim
ates,has

also
been

extended
forproblem

s
w

ith
nonconvex

f,
butthe

regularizer
g

is
stillrequired

to
be

convex
(R

eddietal.,2016a;Z
hu

and
H

azan,2016).
Som

etim
es,itis

desirable
to

have
a

nonsm
ooth

loss
f.

For
exam

ple,the
absolute

loss
is

m
ore

robustto
outliers

than
the

square
loss,and

has
been

popularly
used

in
applications

such
as

im
age

denoising
(Y

an,2013),robustdictionary
learning

(Z
hao

etal.,2011)and
robustPC

A
(C

andès
etal.,

2011).
T

he
resulting

optim
ization

problem
becom

es
m

ore
challenging.

W
hen

both
f

and
g

are
convex,A

D
M

M
is

often
the

m
ain

optim
ization

toolforproblem
(1)(H

e
and

Y
uan,2012).H

ow
ever,

w
hen

either
f

or
g

isnonconvex,A
D

M
M

no
longerguaranteesconvergence.B

esides,the
loss

f
m

ay
also

be
nonconvex

as
this

is
m

ore
robustto

outliers
and

can
obtain

betterperform
ance

(e,g.,`
0 -norm

(Y
an,2013)and

capped-`
1

norm
(Sun

etal.,2013)).H
ow

ever,w
hen

f
isnonsm

ooth
and

nonconvex,
none

of
the

above-m
entioned

algorithm
s

(i.e.,proxim
alalgorithm

s,FW
algorithm

s,A
D

M
M

,and
SV

R
G

)can
be

used.A
s

a
lastresort,one

can
use

m
ore

generalnonconvex
optim

ization
approaches

such
as

convex
concave

program
m

ing
(C

C
C

P)
(Y

uille
and

R
angarajan,

2002),
w

hich
is

slow
in

general.
In

thispaper,w
e

firstconsiderthe
case

w
here

the
lossfunction

f
issm

ooth
(possibly

nonconvex)
and

the
regularizer

g
is

nonconvex.
W

e
propose

to
handle

nonconvex
regularizers

by
reusing

the
abundantrepository

of
efficientconvex

algorithm
s

originally
designed

for
convex

regularizers.
M

otivated
by

the
factthatrecentproxim

alalgorithm
s

(G
ong

etal.,2013;L
iand

L
in,2015;Z

hong
and

K
w

ok,2014)
all

rely
on

the
sm

oothness
of
f

and
a

sim
ple

closed-form
proxim

al
step

for
g,

the
key

is
to

shiftnonconvexity
associated

w
ith

the
nonconvex

regularizerto
the

loss
function.T

he
nonconvex

regularizer
is

then
transform

ed
to

a
fam

iliar
convex

regularizer,w
hile

the
transform

ed
loss

function
is

stillsm
ooth.To

illustrate
the

practicalusefulness
ofthis

convexification
schem

e,w
e

show
how

itcan
be

used
w

ith
popular

optim
ization

algorithm
s

in
m

achine
learning.

For
exam

ple,
for

the
proxim

al
algorithm

,
the

resultant
proxim

al
step

can
be

m
uch

easier
after

transform
ation.

Specifically,
for

the
nonconvex

tree-structured
lasso

and
nonconvex

sparse
group

lasso,
w

e
show

thatthe
corresponding

proxim
alsteps

have
closed-form

solutions
on

the
transform

ed
problem

s,but
noton

the
originalones.Forthe

nonconvex
totalvariation

problem
,though

there
is

no
closed-form

solution
for

the
proxim

alstep
before

and
after

the
transform

ation,w
e

show
thatthe

proxim
alstep

3
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Y
A

O
A

N
D

K
W

O
K

is
stillcheaper

and
easier

for
optim

ization
after

the
transform

ation.
To

allow
further

speedup,w
e

propose
a

proxim
al

algorithm
variant

that
allow

s
the

use
of

inexact
proxim

al
steps

w
ith

convex
g

w
hen

it
has

no
closed-form

proxim
al

step
solution.

For
the

FW
algorithm

,
w

e
consider

its
application

to
nonconvex

low
-rank

m
atrix

learning
problem

s,and
propose

a
variantw

ith
guaranteed

convergence
to

a
criticalpointofthe

nonconvex
problem

.ForSV
R

G
in

stochastic
optim

ization
and

A
D

M
M

in
consensus

optim
ization,w

e
show

thatthese
algorithm

s
have

convergence
guarantees

on
the

transform
ed

problem
s

butnoton
the

originalones.

W
e

further
consider

the
case

w
here

f
is

both
nonconvex

and
nonsm

ooth
(and

g
is

nonconvex).
W

e
dem

onstrate
that

problem
(1)

can
be

sim
ilarly

transform
ed

to
an

equivalent
problem

w
ith

a
sm

ooth
loss

and
convex

regularizer.
H

ow
ever,

as
the

proxim
al

step
w

ith
the

transform
ed

regularizerhasto
be

solved
num

erically
and

exactproxim
alstep

isrequired,usage
w

ith
the

proxim
al

algorithm
m

ay
not

be
efficient.

W
e

show
that

this
can

be
alleviated

by
the

proposed
inexact

proxim
alalgorithm

.
Finally,in

the
experim

ents,w
e

dem
onstrate

the
above-m

entioned
advantages

ofoptim
izing

the
transform

ed
problem

s
instead

ofthe
originalones

on
various

tasks,and
show

that
running

algorithm
son

the
transform

ed
problem

scan
be

m
uch

fasterthan
running

the
state-of-the-art

on
the

originalproblem
s.

T
he

restofthe
paperis

organized
as

follow
s.Section

2
provides

a
review

on
the

related
w

orks.
T

he
m

ain
idea

for
problem

transform
ation

is
presented

in
Section

3,
and

its
usage

w
ith

various
algorithm

s
are

discussed
in

Section
4.

E
xperim

ental
results

are
show

n
in

Section
5,

and
the

last
section

gives
som

e
concluding

rem
arks.

A
ll

the
proofs

are
in

A
ppendix

A
.

N
ote

that
this

paper
extends

a
shorter

version
published

in
the

InternationalC
onference

of
M

achine
L

earning
(Y

ao
and

K
w

ok,2016).

N
otation:W

e
denote

vectorsand
m

atricesby
low

ercase
and

uppercase
boldface

letters,respectively.
For

a
vector

x
∈

R
d,‖

x‖
2

=
( ∑

di=
1 |x

i | 2)
1
/
2

is
its
`
2 -norm

,
D

iag(x
)

returns
a

diagonal
m

atrix
X
∈

R
d×
d

w
ith

X
ii

=
x
i .

For
a

m
atrix

X
∈

R
m
×
n

(w
here

m
≤
n

w
ithoutloss

of
generality),

its
nuclear

norm
is‖X

‖∗
=
∑

mi=
1
σ
i (X

),
w

here
σ
i (X

)’s
are

the
singular

values
of
X

,
and

its

Frobenius
norm

is‖
X
‖
F

=
√
∑

mi=
1 ∑

nj=
1
X

2ij ,and
‖
X
‖∞

=
m

ax
i,j |X

ij |.
For

a
square

m
atrix

X
,X
∈
S

+
indicates

itis
positive

sem
idefinite.Fortw

o
m

atrices
X

and
Y

,〈X
,Y
〉

=
∑

i,j
X
ij Y

ij .
Fora

sm
ooth

function
f,∇

f
(x

)
is

its
gradientat

x.
Fora

convex
butnonsm

ooth
f,
∂
f

(x
)

=
{u

:
f

(y
)≥

f
(x

)
+
〈u
,y−

x〉}
is

its
subdifferentialat

x,and
g
∈
∂
f

(x
)

is
a

subgradient.

G
iven

a
function

(e.g.,
f),a

baron
top

(e.g.,
f̄)indicates

the
function

is
sm

ooth
butnotnecessarily

convex,and
a

breve
on

top
(e.g.,f̆)m

eans
thatitis

convex
butnotnecessarily

sm
ooth.

2.R
elated

W
orks

In
this

section,
w

e
review

som
e

popular
algorithm

s
for

solving
(1).

H
ere,

f
is

assum
ed

to
be

L
ipschitz

sm
ooth.

2.1
C

onvex-C
oncave

Procedure
(C

C
C

P)

T
he

convex-concave
procedure

(C
C

C
P)

(Y
uille

and
R

angarajan,2002;L
u,2012)

is
a

popular
and

generalsolverfor(1).Itassum
esthatF

can
be

decom
posed

asa
difference

ofconvex
(D

C
)functions

(H
iriart-U

rruty,1985),i.e.,
F

(x
)

=
F̆

(x
)

+
F̂

(x
)

w
here

F̆
is

convex
and

F̂
is

concave.
In

each

4
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E
X

R
E

G
U

L
A

R
IZ

E
R

S
B

Y
R

E
D

IS
T

R
IB

U
T

IN
G

N
O

N
C

O
N

V
E

X
IT

Y

C
C

C
P

ite
ra

tio
n,
F̂

is
lin

ea
ri

ze
d

at
x
t,

an
d
x
t+

1
is

ge
ne

ra
te

d
as

x
t+

1
=

ar
g

m
in x
F̆

(x
)

+
F̂

(x
t)
−

(x
−
x
t)
>
s t
,

(2
)

w
he

re
s t
∈
∂

(−
F̂

(x
t)

)
is

a
su

bg
ra

di
en

t.
T

hi
s

is
a

co
nv

ex
pr

ob
le

m
an

d
ca

n
be

ea
si

er
th

an
di

re
ct

ly
m

in
im

iz
in

g
F

.
H

ow
ev

er
,C

C
C

P
is

ex
pe

ns
iv

e
as

(2
)n

ee
ds

to
be

ex
ac

tly
so

lv
ed

.S
eq

ue
nt

ia
lc

on
ve

x
pr

og
ra

m
m

in
g

(S
C

P)
(L

u,
20

12
)

im
pr

ov
es

its
ef

fic
ie

nc
y

w
he

n
F

is
of

th
e

fo
rm

in
(1

).
It

as
su

m
es

th
at
f

is
L

-
L

ip
sc

hi
tz

sm
oo

th
(p

os
si

bl
y

no
nc

on
ve

x)
;w

hi
le
g

ca
n

be
no

nc
on

ve
x,

bu
ta

dm
its

a
D

C
de

co
m

po
si

tio
n

as
g
(x

)
=
ς̆(
x

)
+
ς̂(
x

)
w

he
re
ς̆

is
co

nv
ex

an
d
ς̂

is
co

nc
av

e.
It

th
en

ge
ne

ra
te

s
x
t+

1
as

x
t+

1
=

ar
g

m
in x
f

(x
t)

+
(x
−
x
t)
>
∇
f

(x
t)

+
L 2
‖x
−
x
t‖

2 2
+
ς̆(
x

)
+
ς̂(
x
t)
−

(x
−
x
t)
>
s t

=
ar

g
m

in x

1 2
‖x
−
x
t
−
s t

+
1 L
∇
f

(x
t)
‖2 2

+
ς̆(
x

),
(3

)

w
he

re
s t
∈
∂

(−
ς̂(
x
t)

).
W

he
n
ς̆

is
a

si
m

pl
e

fu
nc

tio
n,

(3
)

ha
s

a
cl

os
ed

-f
or

m
so

lu
tio

n,
an

d
SC

P
ca

n
be

fa
st

er
th

an
C

C
C

P.
Fo

r
ex

am
pl

e,
w

he
n
ς̆(
x

)
=
‖x
‖ 1

,(
3)

is
th

e
pr

ox
im

al
st

ep
of

th
e
` 1

-n
or

m
an

d
ha

s
a

cl
os

ed
-f

or
m

so
lu

tio
n

(T
ib

sh
ir

an
i,

19
96

).
H

ow
ev

er
,c

on
ve

rg
en

ce
of

SC
P

is
st

ill
sl

ow
in

ge
ne

ra
l

(G
on

g
et

al
.,

20
13

;Z
ho

ng
an

d
K

w
ok

,2
01

4;
L

ia
nd

L
in

,2
01

5)
.

2.
2

Pr
ox

im
al

A
lg

or
ith

m

T
he

pr
ox

im
al

al
go

ri
th

m
(P

ar
ik

h
an

d
B

oy
d,

20
13

)h
as

be
en

po
pu

la
rl

y
us

ed
fo

ro
pt

im
iz

at
io

n
pr

ob
le

m
s

of
th

e
fo

rm
in

(1
).

L
et
f

be
co

nv
ex

an
d
L

-L
ip

sc
hi

tz
sm

oo
th

,
an

d
g

is
co

nv
ex

.
T

he
pr

ox
im

al
al

go
ri

th
m

ge
ne

ra
te

s
ite

ra
te

s
{x

t}
as

x
t+

1
=

ar
g

m
in x
f

(x
t)

+
(x
−
x
t)
>
∇
f

(x
t)

+
L 2
‖x
−
x
t‖

2 2
+
g
(x

)

=
pr

ox
1 L
g

( x
t
−

1 L
∇
f

(x
t)

)
,

w
he

re
pr

ox
g
(z

)
≡

ar
g

m
in
x

1 2
‖x
−
z
‖2 2

+
g
(x

)
is

th
e

pr
ox

im
al

st
ep

,
T

he
pr

ox
im

al
al

go
ri

th
m

co
nv

er
ge

s
at

a
ra

te
of
O

(1
/T

).
T

hi
s

ca
n

be
fu

rt
he

r
ac

ce
le

ra
te

d
to
O

(1
/T

2
)

by
m

od
if

yi
ng

th
e

ge
ne

ra
tio

n
of
{x

t}
as

(B
ec

k,
20

09
;N

es
te

ro
v,

20
13

):

y t
=
x
t
+
α
t−

1
−

1

α
t

(x
t
−
x
t−

1
),

x
t+

1
=

pr
ox

1 L
g

( y t
−

1 L
∇
f

(y
t)

)
,

w
he

re
α

0
=
α

1
=

1
an

d
α
t+

1
=

1 2
(√

4α
2 t

+
1

+
1)

.
R

ec
en

tly
,t

he
pr

ox
im

al
al

go
ri

th
m

ha
s

be
en

ex
te

nd
ed

to
no

nc
on

ve
x

op
tim

iz
at

io
n.

In
pa

rt
ic

ul
ar

,
N

IP
S

(S
ra

,
20

12
),

IP
ia

no
(O

ch
s

et
al

.,
20

14
)

an
d

U
A

G
(G

ha
di

m
i

an
d

L
an

,
20

16
)

al
lo

w
f

to
be

no
nc

on
ve

x,
w

hi
le
g

is
st

ill
re

qu
ir

ed
to

be
co

nv
ex

.
G

IS
T

(G
on

g
et

al
.,

20
13

),
IF

B
(B

ot
et

al
.,

20
16

)a
nd

nm
A

PG
(L

ia
nd

L
in

,2
01

5)
fu

rt
he

rr
em

ov
e

th
is

re
st

ri
ct

io
n

an
d

al
lo

w
g

to
be

no
nc

on
ve

x.
It

is
de

si
ra

bl
e

th
at

th
e

pr
ox

im
al

st
ep

ha
s

a
cl

os
ed

-f
or

m
so

lu
tio

n.
T

hi
s

is
tr

ue
fo

r
m

an
y

co
nv

ex
re

gu
la

ri
ze

rs
su

ch
as

th
e

la
ss

o
re

gu
la

ri
er

(T
ib

sh
ir

an
i,

19
96

),
tr

ee
-s

tr
uc

tu
re

d
la

ss
o

re
gu

la
ri

ze
r(

L
iu

an
d
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2,
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01
8

Y
A

O
A

N
D

K
W

O
K

Y
e,

20
10

;J
en

at
to

n
et

al
.,

20
11

)
an

d
sp

ar
se

gr
ou

p
la

ss
o

re
gu

la
ri

ze
r

(J
ac

ob
et

al
.,

20
09

).
H

ow
ev

er
,

w
he

n
g

is
no

nc
on

ve
x,

a
cl

os
ed

-f
or

m
so

lu
tio

n
on

ly
ex

is
ts

w
he

n
g

is
si

m
pl

e
(e

.g
.,

no
nc

on
ve

x
la

ss
o

re
gu

la
ri

ze
r(

G
on

g
et

al
.,

20
13

))
,b

ut
no

tf
or

th
e

m
or

e
ge

ne
ra

lc
as

es
(e

.g
.,

no
nc

on
ve

x
tr

ee
-s

tr
uc

tu
re

d
la

ss
o

re
gu

la
ri

ze
r(

Z
ho

ng
an

d
K

w
ok

,2
01

4)
).

O
n

th
e

ot
he

rh
an

d,
Z

ho
ng

an
d

K
w

ok
(2

01
4)

us
ed

th
e

pr
ox

im
al

av
er

ag
e

(B
au

sc
hk

e
et

al
.,

20
08

)
to

ha
nd

le
co

m
pl

ic
at

ed
g

’s
of

th
e

fo
rm

g
(x

)
=
∑

K i=
1
µ
ig
i(
x

),
w

he
re

ea
ch
g i

ha
s

a
si

m
pl

e
pr

ox
im

al
st

ep
.T

he
ite

ra
te

s
ar

e
ge

ne
ra

te
d

as

x
t+

1
=

K ∑ i=
1

µ
i
·p

ro
x
µ
i
L
g
i

( x
t
−

1 L
∇
f

(x
t)

)
/

K ∑ i=
1

µ
i.

E
ac

h
of

th
e

co
ns

tit
ue

nt
pr

ox
im

al
st

ep
s

pr
ox

µ
i
L
g
i
(·)

ca
n

be
co

m
pu

te
d

in
ex

pe
ns

iv
el

y,
an

d
th

e
pe

r-
ite

ra
tio

n
co

m
pl

ex
ity

is
lo

w
.

H
ow

ev
er

,
it

on
ly

ap
pr

ox
im

at
es

pr
ox
g
(z

)
an

d
co

ns
eq

ue
nt

ly
al

so
th

e
or

ig
in

al
pr

ob
le

m
(1

).
E

m
pi

ri
ca

lly
,i

ts
co

nv
er

ge
nc

e
ca

n
be

sl
ow

.

2.
3

Fr
an

k-
W

ol
fe

(F
W

)A
lg

or
ith

m

T
he

FW
al

go
ri

th
m

(F
ra

nk
an

d
W

ol
fe

,1
95

6)
is

us
ed

fo
rs

ol
vi

ng
op

tim
iz

at
io

n
pr

ob
le

m
s

of
th

e
fo

rm

m
in x
f

(x
)

:
x
∈
C,

(4
)

w
he

re
f

is
L

ip
sc

hi
tz

-s
m

oo
th

an
d

co
nv

ex
,

an
d
C

is
a

co
m

pa
ct

co
nv

ex
se

t.
R

ec
en

tly
,

it
ha

s
be

en
po

pu
la

rl
y

us
ed

in
m

ac
hi

ne
le

ar
ni

ng
(J

ag
gi

,2
01

3)
.I

n
ea

ch
ite

ra
tio

n,
th

e
FW

al
go

ri
th

m
ge

ne
ra

te
s

th
e

ne
xt

ite
ra

te
x
t+

1
as

s t
=

a
rg

m
in

s∈
C
s>
∇
f

(x
t)
,

(5
)

γ
t

=
a
rg

m
in

γ
∈[

0
,1

]
f

((
1
−
γ

)x
t
+
γ
s t

),
(6

)

x
t+

1
=

(1
−
γ
t)
x
t
+
γ
ts
t.

(7
)

H
er

e,
(5

)i
s

a
lin

ea
rs

ub
pr

ob
le

m
w

hi
ch

ca
n

of
te

n
be

ea
si

ly
so

lv
ed

;(
6)

pe
rf

or
m

s
lin

e
se

ar
ch

,a
nd

th
e

ne
xt

ite
ra

te
x
t+

1
is

ge
ne

ra
te

d
fr

om
a

co
nv

ex
co

m
bi

na
tio

n
of
x
t

an
d
s t

in
(7

).
T

he
FW

al
go

ri
th

m
ha

s
a

co
nv

er
ge

nc
e

ra
te

of
O

(1
/T

)
(J

ag
gi

,2
01

3)
.

In
th

is
pa

pe
r,

w
e

w
ill

fo
cu

s
on

us
in

g
th

e
FW

al
go

ri
th

m
to

le
ar

n
a

lo
w

-r
an

k
m

at
ri

x
X
∈
R
m
×
n

.
W

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
as

su
m

e
th

at
m
≤
n

.
T

he
nu

cl
ea

r
no

rm
‖X
‖ ∗

of
X

is
th

e
tig

ht
es

t
co

nv
ex

en
ve

lo
pe

of
ra

nk
(X

),
an

d
is

of
te

n
us

ed
as

a
lo

w
-r

an
k

re
gu

la
ri

ze
r(

C
an

dè
s

an
d

R
ec

ht
,2

00
9)

.
T

he
lo

w
-r

an
k

m
at

ri
x

le
ar

ni
ng

pr
ob

le
m

ca
n

be
w

ri
tte

n
as

m
in X
f

(X
)

+
µ
‖X
‖ ∗
,

(8
)

w
he

re
f

is
th

e
lo

ss
.F

or
ex

am
pl

e,
in

m
at

ri
x

co
m

pl
et

io
n

(C
an

dè
s

an
d

R
ec

ht
,2

00
9)

,

f
(X

)
=

1 2
‖P

Ω
(X
−
O

)‖
2 F
,

(9
)

w
he

re
O

is
th

e
ob

se
rv

ed
in

co
m

pl
et

e
m

at
ri

x,
Ω
∈
{0
,1
}m
×
n

co
nt

ai
ns

in
di

ce
s

to
th

e
ob

se
rv

ed
en

tr
ie

s
in
O

,a
nd

[P
Ω

(A
)]
ij

=
A
ij

if
Ω
ij

=
1,

an
d

0
ot

he
rw

is
e.
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E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

T
he

FW
algorithm

for
this

nuclear
norm

regularized
problem

is
show

n
in

A
lgorithm

1
(Z

hang
etal.,2012).L

etthe
iterate

atthe
tth

iteration
be
X
t .A

s
in

(5),the
follow

ing
linearsubproblem

has
to

be
solved

(Jaggi,2013):
m

in
S

:‖
S‖∗ ≤

1 〈S
,∇
f

(X
t )〉.

(10)

T
his

can
be

obtained
from

the
rank-one

SV
D

of∇
f

(X
t )

(step
3).

Sim
ilar

to
(6),

line
search

is
perform

ed
atstep

4.A
s

a
rank-one

m
atrix

is
added

into
X
t in

each
iteration,itis

convenientto
w

rite
X
t as

t
∑i=

1

u
i v >i

=
U
t V
>t
,

(11)

w
here

U
t

=
[u

1 ,...,u
t ]

and
V
t

=
[v

1 ,...,v
t ].

T
he

FW
algorithm

has
a

convergence
rate

of
O

(1/
T

)
(Jaggi,2013).

To
m

ake
it

em
pirically

faster,
A

lgorithm
1

also
perform

s
optim

ization
at

step
6

(L
aue,

2012;
Z

hang
et

al.,
2012).

Substituting
‖
X
‖∗

=
m

in
X

=
U
V
>

12 (‖U
‖

2F
+
‖V
‖

2F )

(Srebro
etal.,2004)into

(8),w
e

have
the

follow
ing

localoptim
ization

problem
:

m
in

U
,V
f

(U
V
>

)
+
µ2

(‖U
‖

2F
+
‖
V
‖

2F
).

(12)

T
his

can
be

solved
by

standard
solvers

such
as

L
-B

FG
S

(N
ocedaland

W
right,2006).

A
lgorithm

1
Frank-W

olfe
algorithm

forproblem
(8)w

ith
f

convex
(Z

hang
etal.,2012).

1:
U

1
=

[
]and

V
1

=
[
];

2:
for

t
=

1
...T

do
3:

[u
t ,s

t ,v
t ]

=
rank1SV

D
(∇
f

(X
t ));

4:
[α
t ,β

t ]
=

arg
m

in
α≥

0
,β≥

0
f

(α
X
t
+
β
u
t v >t

)
+
µ

(α‖
X
t ‖∗

+
β

);
5:

Ū
t

=
[√
α
t U
t ; √

β
t u
t ]

and
V̄
t

=
[√
α
t V
t ; √

β
t v
t ];

6:
obtain

[U
t+

1 ,V
t+

1 ]from
(12),using

Ū
t and

V̄
t forw

arm
-start;//

X
t+

1
=
U
t+

1 V
>t+

1

7:
end

for
8:

return
U
T

+
1

and
V
T

+
1 .

2.4
A

lternating
D

irection
M

ethod
ofM

ultipliers(A
D

M
M

)

A
D

M
M

is
a

sim
ple

butpow
erfulalgorithm

firstintroduced
in

the
1970s

(G
low

inskiand
M

arroco,
1975).R

ecently,ithas
been

popularly
used

in
diverse

fields
such

as
m

achine
learning,data

m
ining

and
im

age
processing

(B
oyd

etal.,2011).Itcan
be

used
to

solve
optim

ization
problem

s
ofthe

form

m
in

x
,y

f
(x

)
+
g
(y

)
:
A
x

+
B
y

=
c,

(13)

w
here

f
,g

are
convex

functions,
and

A
,B

(resp.
c)

are
constant

m
atrices

(resp.
vector)

of
appropriate

sizes.
C

onsider
the

augm
ented

L
agrangian

L
(x
,y
,u

)
=
f

(x
)

+
g
(y

)
+
u
>

(A
x

+
B
y
−
c)

+
τ2 ‖A

x
+
B
y
−
c‖

22 ,
w

here
u

is
the

vector
of

L
agrangian

m
ultipliers,

and
τ
>

0
is

a
penalty

param
eter.A

tthe
tth

iteration
ofA

D
M

M
,the

values
of
x
,y

and
u

are
updated

as

x
t+

1
=

arg
m

inx L
(x
,y
t ,u

t ),
(14)

y
t+

1
=

arg
m

iny L
(x
t+

1 ,y
,u

t ),
(15)

u
t+

1
=

u
t
+
τ
(A
x
t+

1
+
B
y
t+

1 −
c).

(16)

7
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Y
A

O
A

N
D

K
W

O
K

B
y

m
inim

izing
L

(x
,y
,u

k )w
.r.t.

x
and

y
in

an
alternating

m
anner((14)and

(15)),A
D

M
M

can
m

ore
easily

decom
pose

the
optim

ization
problem

w
hen

f
,g

are
separable.

In
this

paper,w
e

w
illfocus

a
specialcase

of(13),nam
ely,the

consensus
optim

ization
problem

:

m
in

y
,x

1
,...,x

M

M∑i=
1

f
i (x

i)
+
g
(y

)
:
x

1
=
···

=
x
M

=
y
.

(17)

H
ere,each

f
i

is
L

ipschitz-sm
ooth,

x
i

is
the

variable
in

the
local

objective
f
i ,and

y
is

the
global

consensus
variable.

T
his

type
of

problem
s

is
often

encountered
in

m
achine

learning,
signal

processing
and

w
ireless

com
m

unication
(B

ertsekas
and

T
sitsiklis,1989;

B
oyd

et
al.,2011).

For
exam

ple,
in

regularized
risk

m
inim

ization,
y

is
the

m
odel

param
eter,

f
i

is
the

regularized
risk

functionaldefined
on

the
ith

data
subset,and

g
is

the
regularizer.

T
he

augm
ented

L
agrangian

for
(17)isL

(y
,x

1,...,x
M
,u

1,...,u
M

)
=
g
(y

)
+

M∑i=
1

f
i (x

i )
+

(u
i) >

(x
i−

y
)

+
τ2 ‖x

i−
y‖

22 ,

w
here

u
iis

the
dualvariable

forthe
constraint

x
i

=
y.Substituting

into
(14)-(16),w

e
have

x
it+

1
=

arg
m

in
x
i
f
i (x

i)
+

(u
it ) >

(x
i−

y
t )

+
τ2 ‖x

i−
y
t ‖

22 ,
i

=
1,...,M

,
(18)

y
t+

1
=

arg
m

iny

12

∥∥∥∥∥
y−

M∑i=
1 (

x
it
+

1τ
u
it ) ∥∥∥∥∥

22

+
1τ
g
(y

)
=

prox
1τ
g (

M∑i=
1

x
it
+

1τ
u
it )
,

(19)

u
t+

1
=

u
t
+
τ (x

it+
1

+
y
t+

1 )
,

i
=

1,...,M
.

W
hen

f
i is

sm
ooth

and
g

is
convex,A

D
M

M
converges

to
a

criticalpointof(17)(H
ong

etal.,2016).
H

ow
ever,w

hen
g

is
nonconvex,its

convergence
is

stillan
open

issue.

3.Shifting
N

onconvexity
from

R
egularizer

to
L

oss

In
recent

years,
a

num
ber

of
nonconvex

regularizers
have

been
proposed.

E
xam

ples
include

the
G

em
an

penalty
(G

P)
(G

em
an

and
Y

ang,1995),log-sum
penalty

(L
SP)

(C
andès

et
al.,2008)

and
L

aplace
penalty

(Trzasko
and

M
anduca,2009).In

general,learning
w

ith
nonconvex

regularizers
is

m
uch

m
ore

difficultthan
learning

w
ith

convex
regularizers.

In
this

section,w
e

show
how

to
m

ove
the

nonconvex
com

ponentfrom
the

nonconvex
regularizers

to
the

loss
function.E

xisting
algorithm

s
can

then
be

reused
to

learn
w

ith
the

convexified
regularizers.

First,w
e

m
ake

the
follow

ing
standard

assum
ptions

on
(1).

A
1.
F

is
bounded

from
below

and
lim
‖
x‖

2 →
∞
F

(x
)

=
∞

;

A
2.
f

is
L

-L
ipschitz

sm
ooth

(i.e.,‖∇
f

(x
)−
∇
f

(y
)‖

2 ≤
L‖x
−
y‖

2 ),butpossibly
nonconvex.

L
et
κ

be
a

function
that

is
concave,

non-decreasing,
ρ-L

ipschitz
sm

ooth
w

ith
κ
′

non-
differentiable

at
finite

points,
and

κ
(0)

=
0.

A
ll

nonconvex
regularizers

in
Table

1
satisfy

the
requirem

ents
on
κ.

In
this

paper,w
e

consider
g

ofthe
follow

ing
form

s:
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κ
(α

)
κ
′ (
α

)
κ

0
ρ

G
P

(G
em

an
an

d
Y

an
g,

19
95

)
β
α

θ
+
α

β
θ

(θ
+
α

)2
β θ

2
β θ
2

L
SP

(C
an

dè
s

et
al

.,
20

08
)

β
lo

g
(1

+
α θ

)
β
θ
+
α

β θ
β θ
2

M
C

P
(Z

ha
ng

,2
01

0a
)

{
β
α
−

α
2

2
θ

α
≤
β
θ

1 2
θβ

2
α
>
β
θ

{
β
−

α θ
α
≤
β
θ

0
α
>
β
θ

β
1 θ

L
ap

la
ce

(T
rz

as
ko

an
d

M
an

du
ca

,2
00

9)
β

(1
−

ex
p
(−

α θ
))

β θ
ex

p
( −

α θ

)
β θ

β θ
2

SC
A

D
(F

an
an

d
L

i,
20

01
)

    

β
α

α
≤
β

−
α
2
+

2
θ
β
α
−
β
2

2
(θ
−

1
)

β
<
α
≤
θβ

β
2
(1

+
θ
)

2
α
>
θβ

    

β
α
≤
β

−
α

+
θ
β

θ
−

1
β
<
α
≤
θβ

0
α
>
θβ

β
1
θ
−

1

Ta
bl

e
1:

E
xa

m
pl

e
no

nc
on

ve
x

re
gu

la
ri

ze
rs

.
H

er
e,
κ

0
≡
κ
′ (

0)
an

d
β
>

0.
Fo

r
SC

A
D

,
θ
>

2
,

w
he

re
as

fo
ro

th
er

s,
θ
>

0.

C
1.
g
(x

)
=
∑

K i=
1
µ
ig
i(
x

),
w

he
re
µ
i
≥

0
, g i
(x

)
=
κ

(‖
A
ix
‖ 2

),
(2

0)

an
d
A
i

is
a

m
at

ri
x.

W
he

n
κ

is
th

e
id

en
tit

y
fu

nc
tio

n,
g
(x

)
re

du
ce

s
to

th
e

co
nv

ex
re

gu
la

ri
ze

r
∑

K i=
1
µ
i‖
A
ix
‖ 2

.
B

y
us

in
g

di
ff

er
en

tA
i’s

,g
be

co
m

es
va

ri
ou

s
st

ru
ct

ur
ed

sp
ar

si
ty

re
gu

la
ri

ze
rs

su
ch

as
th

e
gr

ou
p

la
ss

o
(J

ac
ob

et
al

.,
20

09
),

fu
se

d
la

ss
o

(T
ib

sh
ir

an
ie

ta
l.,

20
05

),
an

d
gr

ap
hi

ca
l

la
ss

o
(J

ac
ob

et
al

.,
20

09
).

C
2.
g
(X

)
=
µ
∑

m i=
1
κ

(σ
i(
X

))
,w

he
re
X

is
a

m
at

ri
x

an
d
µ
≥

0
.W

he
n
κ

is
th

e
id

en
tit

y
fu

nc
tio

n,
g

re
du

ce
s

to
th

e
nu

cl
ea

rn
or

m
.

Fi
rs

t,
co

ns
id

er
g

in
C

1.
R

ew
ri

te
ea

ch
no

nc
on

ve
x
g i

in
(2

0)
as

g i
(x

)
=
ḡ i

(x
)

+
κ

0
‖A

ix
‖ 2
,

(2
1)

w
he

re
κ

0
=
κ
′ (

0)
,

an
d
ḡ i

(x
)

=
κ

(‖
A
ix
‖ 2

)
−
κ

0
‖A

ix
‖ 2

.
O

bv
io

us
ly

,
κ

0
‖A

ix
‖ 2

is
co

nv
ex

bu
t

no
ns

m
oo

th
.T

he
fo

llo
w

in
g

sh
ow

s
th

at
ḡ i

,t
ho

ug
h

no
nc

on
ve

x,
is

co
nc

av
e

an
d

L
ip

sc
hi

tz
sm

oo
th

.

Pr
op

os
iti

on
1
κ

(‖
z
‖ 2

)
−
κ

0
‖z
‖ 2

,w
he

re
z
∈
R
d
,i

s
co

nc
av

e
an

d
2ρ

-L
ip

sc
hi

tz
sm

oo
th

.

C
or

ol
la

ry
2
ḡ i

is
co

nc
av

e
an

d
Li

ps
ch

itz
sm

oo
th

w
ith

m
od

ul
us
L̄
i

=
2ρ
‖A

i‖
F

.

C
or

ol
la

ry
3
g
(x

)
ca

n
be

de
co

m
po

se
d

as
ḡ
(x

)
+
ğ
(x

),
w

he
re
ḡ
(x

)
≡
∑

K i=
1
µ
iḡ
i(
x

)
is

co
nc

av
e

an
d

Li
ps

ch
itz

-s
m

oo
th

,w
hi

le
ğ
(x

)
≡
κ

0
∑

K i=
1
µ
i‖
A
ix
‖ 2

is
co

nv
ex

bu
tn

on
sm

oo
th

.

R
em

ar
k

4
W

he
n
A
i

=
D

ia
g(
e i

),
w

he
re
e i

is
th

e
un

it
ve

ct
or

fo
r

di
m

en
si

on
i,
‖A

ix
‖ 2

=
|x
i|

an
d

g
(x

)
=

d ∑ i=
1

µ
iκ

(‖
A
ix
‖ 2

)
=

d ∑ i=
1

µ
iκ

(|x
i|)
.

(2
2)
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U
si

ng
C

or
ol

la
ry

3,
g

ca
n

be
de

co
m

po
se

d
as
ḡ
(x

)
+
ğ
(x

),
w

he
re
ḡ
(x

)
≡
∑

d i=
1
µ
i(
κ

(|x
i|)
−
κ

0
|x
i|)

is
co

nc
av

e
an

d
2
ρ

-L
ip

sc
hi

tz
sm

oo
th

,w
hi

le
ğ
(x

)
≡
κ

0
∑

d i=
1
µ
i|x

i|
is

co
nv

ex
an

d
no

ns
m

oo
th

.W
he

n
d

=
1

an
d
µ

1
=

1,
an

ill
us

tr
at

io
n

of
g
(x

)
=
κ

(|x
|),
ḡ
(x

)
=
κ

(|x
|)
−
κ

0
|x
|a

nd
ğ
(x

)
=
κ

0
|x
|

fo
r

th
e

va
ri

ou
s

no
nc

on
ve

x
re

gu
la

ri
ze

rs
is

sh
ow

n
in

Fi
gu

re
2.

W
he

n
κ

is
th

e
id

en
tit

y
fu

nc
tio

n
an

d
µ

1
=
··
·=

µ
m

=
µ

,g
in

(2
2)

re
du

ce
s

to
th

e
la

ss
o

re
gu

la
ri

ze
r
µ
‖x
‖ 1

.

(a
)

G
P.

(b
)

L
SP

.
(c

)
M

C
P.

(d
)

L
ap

la
ce

.
(e

)
SC

A
D

.

Fi
gu

re
2:

D
ec

om
po

si
tio

ns
of

th
e

re
gu

la
ri

ze
rs

in
Ta

bl
e

1
(β

=
1

fo
r

al
lr

eg
ul

ar
iz

er
s;
θ

=
2.

2
5

fo
r

SC
A

D
an

d
1.

5
fo

ro
th

er
s)

.

U
si

ng
C

or
ol

la
ry

3,
pr

ob
le

m
(1

)c
an

th
en

be
re

w
ri

tte
n

as

m
in x
f̄

(x
)

+
ğ
(x

),
(2

3)

w
he

re
f̄

(x
)
≡
f

(x
)

+
ḡ
(x

).
N

ot
e

th
at
f̄

(w
hi

ch
ca

n
be

vi
ew

ed
as

an
au

gm
en

te
d

lo
ss

)
is

L
ip

sc
hi

tz
sm

oo
th

w
hi

le
ğ

(v
ie

w
ed

as
a

co
nv

ex
ifi

ed
re

gu
la

ri
ze

r)
is

co
nv

ex
bu

t
po

ss
ib

ly
no

ns
m

oo
th

.
In

ot
he

r
w

or
ds

,n
on

co
nv

ex
ity

is
sh

if
te

d
fr

om
th

e
re

gu
la

ri
ze

r
g

to
th

e
lo

ss
f

,w
hi

le
en

su
ri

ng
th

at
th

e
au

gm
en

te
d

lo
ss

is
sm

oo
th

.
W

he
n
X

is
a

m
at

ri
x,

si
m

ila
rt

o
C

or
ol

la
ry

3,
th

e
fo

llo
w

in
g

Pr
op

os
iti

on
ho

ld
s

fo
rg

in
C

2.

Pr
op

os
iti

on
5

A
ny
g

in
C

2
ca

n
be

de
co

m
po

se
d

as
ḡ
(X

)
+
ğ
(X

),
w

he
re

ḡ
(X

)
≡
µ

m ∑ i=
1

κ
(σ
i(
X

))
−
µ
κ

0
‖X
‖ ∗

(2
4)

is
co

nc
av

e
an

d
2
ρ

-L
ip

sc
hi

tz
sm

oo
th

,a
nd
ğ
(X

)
≡
κ

0
‖X
‖ ∗

is
co

nv
ex

an
d

no
ns

m
oo

th
.

10
JM

L
R

 1
8(

17
9)

:1
-5

2,
 2

01
8



E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

Since
ḡ

is
concave

and
ğ

is
convex,the

nonconvex
regularizer

g
=
ğ−

(−
ḡ
)

can
be

view
ed

as
a

difference
of

convex
functions

(D
C

)
(H

iriart-U
rruty,1985).

L
u

(2012);G
ong

etal.(2013);Z
hong

and
K

w
ok

(2014)also
relied

on
D

C
decom

positions
ofthe

nonconvex
regularizer.H

ow
ever,they

do
notutilize

this
in

the
com

putationalprocedures,w
hile

w
e

use
the

D
C

decom
position

to
sim

plify
the

regularizers.
A

s
w

illbe
seen,though

the
D

C
decom

position
ofa

nonconvex
function

is
notunique

in
general,the

particularone
proposed

here
is

crucialforefficientoptim
ization.

4.E
xam

ple
U

se
C

ases

In
this

section,w
e

provide
concrete

exam
ples

to
show

how
the

proposed
convexification

schem
e

can
be

used
w

ith
various

optim
ization

algorithm
s.A

n
overview

is
sum

m
arized

in
Table

2.

section
advantages

proxim
alalgorithm

4.1,4.6
cheaperproxim

alstep
FW

algorithm
4.2

cheaperlinearsubproblem
(consensus)A

D
M

M
4.3

cheaperproxim
alstep;provide

convergence
guarantee

SV
R

G
4.4

cheaperproxim
alstep;provide

convergence
guarantee

m
O

W
L

-Q
N

4.5
sim

pleranalysis;capture
curvature

inform
ation

Table
2:U

sing
the

proposed
convexification

schem
e

w
ith

various
algorithm

s.

4.1
Proxim

alA
lgorithm

s

In
this

section,
w

e
provide

exam
ple

applications
on

using
the

proxim
al

algorithm
for

nonconvex
structured

sparse
learning.

T
he

proxim
al

algorithm
has

been
com

m
only

used
for

learning
w

ith
convex

regularizers
(Parikh

and
B

oyd,
2013).

W
ith

a
nonconvex

regularizer,
the

underlying
proxim

alstep
becom

es
m

uch
m

ore
challenging.G

ong
etal.(2013);L

iand
L

in
(2015)and

B
otetal.

(2016)
extended

proxim
alalgorithm

to
sim

ple
nonconvex

g,butcannothandle
m

ore
com

plicated
nonconvex

regularizers
such

as
the

tree-structured
lasso

regularizer
(L

iu
and

Y
e,

2010;
Schm

idt
et

al.,
2011),

sparse
group

lasso
regularizer

(Jacob
et

al.,
2009)

and
total

variation
regularizer

(N
ikolova,2004).U

sing
the

proxim
alaverage

(B
auschke

etal.,2008),Z
hong

and
K

w
ok

(2014)can
handle

nonconvex
regularizers

of
the

form
g

=
∑

Ki=
1
µ
i g
i ,w

here
each

g
i is

sim
ple.

H
ow

ever,the
solutions

obtained
are

only
approxim

ate.
G

eneralnonconvex
optim

ization
techniques

such
as

the
concave-convex

procedure
(C

C
C

P)
(Y

uille
and

R
angarajan,2002)

or
its

variantsequentialconvex
program

m
ing

(SC
P)(L

u,2012)can
also

be
used,though

they
are

slow
in

general(G
ong

etal.,2013;
Z

hong
and

K
w

ok,2014).

U
sing

the
proposed

transform
ation,

one
only

needs
to

solve
the

proxim
al

step
of

a
standard

convex
regularizer

instead
of

that
of

a
nonconvex

regularizer.
T

his
allow

s
reuse

of
existing

solutions
for

the
proxim

alstep
and

is
m

uch
less

expensive.
A

s
proxim

alalgorithm
s

have
the

sam
e

convergence
guarantee

forconvex
and

nonconvex
f

(G
ong

etal.,2013;L
iand

L
in,2015;Y

ao
etal.,

2017),
solving

the
transform

ed
problem

can
be

m
uch

faster.
T

he
follow

ing
gives

som
e

specific
exam

ples.
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Y
A

O
A

N
D

K
W

O
K

4.1.1
N

O
N

C
O

N
V

E
X

S
PA

R
S

E
G

R
O

U
P

L
A

S
S

O

In
sparse

group
lasso,

the
feature

vector
x

is
divided

into
groups.

L
etG

j
be

the
set

containing
dim

ensions
of
x

that
are

in
group

j,and
[x
G
j ]
i

=
x
i

if
i∈
G
j

and
0

otherw
ise.

G
iven

training
sam

ples{(a
1 ,y

1 ),...,(a
N
,y
N

)},(convex)sparse
group

lasso
is

form
ulated

as
(Jacob

etal.,2009):

m
inx

N
∑i=

1

`(y
i ,a >i

x
)

+
λ‖x‖

1
+

K
∑j=

1

µ
j ‖x
G
j ‖

2 ,
(25)

w
here

`
is

a
sm

ooth
loss,and

K
is

the
num

berof(non-overlapping)groups.
Forthe

nonconvex
extension,the

regularizerbecom
es

g
(x

)
=
λ

d
∑i=

1

κ
(|x

i |)
+

K
∑j=

1

µ
j κ

(‖x
G
j ‖

2 ).
(26)

U
sing

C
orollary

3
and

R
em

ark
4,

the
convexified

regularizer
is

ğ
(x

)
=

κ
0 (λ‖

x‖
1

+
∑

Kj=
1
µ
j ‖x
G
j ‖

2 ).Its
proxim

alstep
can

be
easily

com
puted

by
the

algorithm
in

(Y
uan

etal.,2011).
Specifically,the

proxim
aloperator

of
ğ

can
be

obtained
by

com
puting

prox
µ
j ‖·‖

2 (prox
λ‖·‖

1 (x
G
j ))

for
each

group
separately.

T
his

can
then

be
used

w
ith

any
proxim

al
algorithm

that
can

handle
nonconvex

objectives
(as

f̄
is

nonconvex).
In

particular,
w

e
w

ill
adopt

the
state-of-the-art

nonm
ontonic

A
PG

(nm
A

PG
)

algorithm
(L

iand
L

in,2015)
(show

n
in

A
lgorithm

2).
O

n
the

other
hand,

note
that

nm
A

PG
cannot

be
directly

used
w

ith
the

nonconvex
regularizer

g
in

(26),
as

the
corresponding

proxim
alstep

has
no

inexpensive
closed-form

solution.

A
lgorithm

2
N

onm
onotonic

A
PG

(nm
A

PG
)(L

iand
L

in,2015).
1:

Initialize
z

1
=
x

1
=
x

0 ,
α

0
=

0,
α

1
=

1,
η
∈

[0,1),
c

1
=
F

(x
1 ),

q
1

=
1,and

stepsize
τ
>
L̄

,
δ∈

(0,τ−
L̄

);
2:

for
t

=
1,...,T

do
3:

y
t

=
x
t
+

α
t−

1

α
t

(z
t −

x
t )

+
α
t−

1 −
1

α
t

(x
t −

x
t−

1 );
4:

z
t+

1
=

prox
1τ
ğ (y

t −
1τ ∇

f̄
(y
t ));

5:
if
F

(z
t+

1 )≤
c
t −

δ2 ‖
z
t+

1 −
y
t ‖

22
then

6:
x
t+

1
=
z
t+

1 ;
7:

else
8:

v
t+

1
=

prox
1τ
ğ (x

t −
1τ ∇

f̄
(x
t ));

9:
x
t+

1
=

{
z
t+

1
F

(z
t+

1 )≤
F

(v
t+

1 )

v
t+

1
otherw

ise
;

10:
end

if
11:

α
t+

1
=

12 ( √
4
α

2t
+

1
+

1);
12:

q
t+

1
=
η
q
t
+

1;
13:

c
t+

1
=

η
q
t c
t +
F

(x
t+

1
)

q
t+

1
;

14:
end

for
15:

return
x
T

+
1 ;

12
JM

L
R

 18(179):1-52, 2018



E
FF

IC
IE

N
T

L
E

A
R

N
IN

G
O

F
N

O
N

C
O

N
V

E
X

R
E

G
U

L
A

R
IZ

E
R

S
B

Y
R

E
D

IS
T

R
IB

U
T

IN
G

N
O

N
C

O
N

V
E

X
IT

Y

4.
1.
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X
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D
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S
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d
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),
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or
ga

ni
ze
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de

s
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rr

es
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nd
s

to
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re
e.

T
he

re
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la
ri

ze
r

is
of

th
e
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rm
∑

K j=
1
λ
j
‖x
G j
‖ 2

.I
nt

er
es

te
d

re
ad

er
s

ar
e

re
fe

rr
ed

to
(L

iu
an

d
Y

e,
20

10
)f

or
de

ta
ils

.
Fo

r
th

e
no

nc
on

ve
x

ex
te

ns
io

n,
g
(x

)
be

co
m

es
∑

K j=
1
λ
j
κ

(‖
x
G j
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ga
in

,
th

er
e

is
no
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os

ed
-

fo
rm

so
lu
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n
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ox
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al
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n
th
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ot

he
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,
th

e
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ifi
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re
gu

la
ri

ze
r

is
ğ
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≡

κ
0
∑

K j=
1
λ
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s

sh
ow

n
in

(L
iu

an
d

Y
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3
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O
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O
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R
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R

In
an

im
ag

e,
ne

ar
by

pi
xe

ls
ar

e
us

ua
lly

st
ro

ng
ly

co
rr

el
at

ed
.

T
he

T
V

re
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xe
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ar
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G
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an
im

ag
e
X
∈
R
m
×
n

,
th

e
T

V
re

gu
la

ri
ze

r
is

de
fin

ed
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T
V

(X
)

=
‖D

v
X
‖ 1

+
‖X

D
h
‖ 1

(N
ik

ol
ov

a,
20

04
),
D
v

=

  −
1

1 . .
.

. .
.
−

1
1

  
∈
R

(m
−

1
)×
m

an
d
D
h

=

     −
1 1

. .
.

. .
.
−

1 1

     
∈
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×
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)
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y.
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n
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k
an

d
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A

s
in

pr
ev

io
us
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ct
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no
nc

on
ve

x
ex

te
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io
n

of
T

V
re

gu
la

ri
ze

rc
an

be
de
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ed
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m
−

1
∑ i=

1

m ∑ j=
1

κ
(∣ ∣ ∣

[D
v
X

] i
j

∣ ∣ ∣)
+

n ∑ i=
1

n
−

1
∑ j=

1

κ
(∣ ∣ ∣

[X
D
h
] i
j

∣ ∣ ∣)
.
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ga
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d.

In
st

ea
d,

w
ith

th
e

pr
op

os
ed

tr
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sf
or

m
at

io
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th
e

tr
an

sf
or

m
ed

pr
ob

le
m

is

m
in X
f̄

(X
)

+
µ
κ

0
T

V
(X

),

w
he

re
µ

is
th

e
re

gu
la

ri
za

tio
n

pa
ra

m
et

er
,
f̄

(X
)

=
f

(X
)

+
µ
∑

m
−

1
i=

1

∑
m j=

1
(κ

(|[
D
v
X

] i
j
|)
−

κ
0
|[D

v
X

] i
j
|)+

µ
∑

n i=
1

∑
n
−

1
j=

1
(κ

(|[
X
D
h
] i
j
|)−

κ
0
|[X

D
h
] i
j
|)

is
co

nc
av

e
an

d
L

ip
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hi
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sm
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th
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ed
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to
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V
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th
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ns

4.
1.

1
an

d
4.

1.
2,

th
e

pr
ox

im
al

st
ep

of
th

e
T

V
re

gu
la

ri
ze

rh
as

no
cl

os
ed

-f
or

m
so

lu
tio

n
an

d
ne

ed
st

o
be

so
lv

ed
ite

ra
tiv

el
y.

In
th

is
ca

se
,S

ch
m

id
te

ta
l.

(2
01

1)
sh

ow
ed

th
at

us
in

g
in

ex
ac
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xi
m

al
st

ep
s

ca
n

m
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e
pr

ox
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al
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th
m

s
fa
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,b
ut

th
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e
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n

w
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re
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f
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d
g
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.
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th

e
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w
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w
e
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A
PG

(A
lg
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ith

m
2)

,
w

hi
ch

ca
n
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us

ed
w

ith
no

nc
on

ve
x

ob
je

ct
iv

es
,t

o
al

lo
w

fo
r

in
ex

ac
t

pr
ox

im
al

st
ep

s
(s

te
ps

5
an

d
9

of
A

lg
or

ith
m

3)
.

H
ow

ev
er

,
L

em
m

a
2

of
(L

i
an

d
L

in
,2

01
5)

,
w

hi
ch

is
ke

y
to

th
e

co
nv

er
ge

nc
e

of
nm

A
PG

,n
o

lo
ng

er
ho

ld
s

be
ca

us
e

of
th

e
in

ex
ac

t
pr

ox
im

al
st

ep
.

To
fix

th
is

pr
ob

le
m

,
in

st
ep

6
of

A
lg

or
ith

m
3,

w
e

us
e
F

(X
t)

in
st

ea
d

of
c t

in
A

lg
or

ith
m

2.
W

e
al

so
dr

op
th

e
co

m
pa

ri
so

n
of
F

(Z
t+

1
)

an
d
F

(V
t+

1
)

(o
ri

gi
na

lly
in

st
ep

9
of

A
lg

or
ith

m
2)

.
In

ex
ac

tn
es

s
of

th
e

pr
ox

im
al

st
ep

ca
n

be
co

nt
ro

lle
d

as
fo

llo
w

s.
L

et
P

=
X
−

1 τ
∇
f̄

(X
),

an
d

h
(X

)
≡

1 2
‖X
−
P
‖2 F

+
1 τ
ğ
(X

)
be

th
e

ob
je

ct
iv

e
in

pr
ox

1 τ
ğ
(P

).
A

s
ğ
(X

)
=
κ

0
T

V
(X

)
is

co
nv

ex
,
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01
8

Y
A

O
A

N
D

K
W

O
K

A
lg

or
ith

m
3

In
ex

ac
tn

m
A

PG
.

1:
In

iti
al

iz
e
Z̃

1
=
X

1
=
X

0
,α

0
=

0,
α

1
=

1
an

d
st

ep
si

ze
τ
>
L̄

,δ
∈

(0
,τ
−
L̄

);
2:

fo
r
t

=
1,
..
.,
T

do
3:

ch
oo

se
to

le
ra

nc
e
ε t

;
4:

Y
t

=
X
t
+

α
t−

1

α
t

(Z
t
−
X
t)

+
α
t−

1
−

1
α
t

(X
t
−
X
t−

1
);

5:
Z̃
t+

1
=

ap
pr

ox
im

at
e

pr
ox

1 τ
ğ
(Y
t
−

1 τ
∇
f̄

(Y
t)

),
w

ith
in

ex
ac

tn
es

s
ϑ
t+

1
≤
ε t

;

6:
if
F

(Z̃
t+

1
)
≤
F

(X
t)
−

δ 2
‖Z̃

t+
1
−
Y
t‖

2 F
th

en
7:

X
t+

1
=
Z̃
t+

1
;

8:
el

se
9:

X
t+

1
=

ap
pr

ox
im

at
e

pr
ox

1 τ
ğ
(X

t
−

1 τ
∇
f̄

(X
t)

),
w

ith
in

ex
ac

tn
es

s
ϑ
t+

1
≤
ε t

;
10

:
en

d
if

11
:

α
t+

1
=

1 2
(√

4
α

2 t
+

1
+

1)
;

12
:

en
d

fo
r

13
:

re
tu

rn
X
T

+
1
;

h
is

al
so

co
nv

ex
.

L
et
X̃

be
an

in
ex

ac
t

so
lu

tio
n

of
th

is
pr

ox
im

al
st

ep
.

T
he

in
ex

ac
tn

es
s
h

(X̃
)
−

h
(p

ro
x

1 τ
ğ
(P

))
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up
pe

r-
bo

un
de

d
by

th
e
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ity
ga

p
ϑ
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(X̃
)
−
D

(W̃
),

w
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D

is
th

e
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h
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an
d
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e
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g
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.
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st
ep

s
5

an
d

9
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A
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or
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m
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w
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e
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al
st

ep
un

til
th
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1
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T
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em
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s
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e
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A
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m
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T
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6
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t∑
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∞
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A
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e
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g
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L
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X
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1
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Y
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X
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A
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n
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e

pr
op

os
ed

de
co

m
po

si
tio

n
of

th
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ri
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a
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1,

w
e

m
ig
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y
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d

a
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th
e

no
nc

on
ve

x
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se
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p
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r.

Sp
ec

ifi
ca

lly
,w

e
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n
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co
m
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se
g
(x

)
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(2
6)

as
ς̆(
x

)
+
ς̂(
x

),
w

he
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ς̆(
x

)
=
λ

d ∑ i=
1

( κ
(|x

i|)
+
ρ 2
x

2 i

)
+

K ∑ j=
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µ
j

( κ
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x
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+
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‖x
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) ,
(2
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E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

and
ς̂(x

)
=
−
ρ2 ∑

Kj=
1 (µ

j
+
λ

)‖x
G
j ‖

22 .
Itcan

be
easily

show
n

that
ς̂

is
concave,and

the
follow

ing
P

roposition
9

show
s

that
ς̆

is
convex.

Thus,
F

can
be

transform
ed

as
F

(x
)

=
f̄

(x
)

+
ς̆(x

),w
here

f̄
(x

)
=
f

(x
)

+
ς̂(x

)
is

Lipschitz-sm
ooth,and

ς̆
is

convex
butnonsm

ooth.
H

ow
ever,the

proxim
al

step
associated

w
ith

ς̆
has

no
sim

ple
closed-form

solution.

Proposition
9
κ

(‖·‖
)

+
ρ2 ‖·‖

2,w
here‖·‖

is
a

norm
,is

convex.

Sim
ilarly,in

Section
4.1.2,w

e
can

also
add

a
quadratic

term
to

convexify
the

nonconvex
tree-

structured
group

lasso
regularizeras ∑

Kj=
1
λ
j (κ

(‖
x
G
j ‖

2 )+
ρ2 ‖
x
G
j ‖

22 ).The
corresponding

proxim
al

step
is

m
inx

12 ‖
x
−
z‖

22
+

K
∑j=

1

λ
j (
κ (‖x

G
j ‖

2 )
+
ρ2 ‖
x
G
j ‖

22 )
.

(29)

H
ow

ever,inexpensive
closed-form

solution
on

the
proxim

alstep
is

only
know

n
for

tree-structured
group

lasso
regularizersofthe

form
∑

Kj=
1
λ
j ‖x
G
j ‖

2
(Jenatton

etal.,2011;Liu
and

Ye,2010).Thus,
(29)has

to
be

iteratively
solved

(e.g.,using
A

D
M

M
),and

is
slow.

In
Section

4.1.3,
by

adding
quadratic

term
s

to
the

nonconvex
TV

regularizer,
it

becom
es

∑
m
−

1
i=

1

∑
mj=

1 (κ
(|[D

v X
]ij |)

+
ρ2
[D

v X
] 2ij )

+
∑

ni=
1 ∑

n−
1

j=
1
(κ

(|[X
D
h ]ij |)

+
ρ2
[X
D
h ] 2ij ),w

here
ρ
>

0
is

a
constant.The

corresponding
proxim

alstep
is

m
in
X

12 ‖X
−
Z‖

2F
+
µ
m
−

1
∑i=

1

m
∑j=

1 (
κ

(|[D
v X

]ij |)+
ρ2

[D
v X

] 2ij )
+
µ

n
∑i=

1

n−
1

∑j=
1 (
κ

(|[X
D
h ]ij |)+

ρ2
[X
D
h ] 2ij )

,

w
hich

is
difficult

to
solve.

M
orevoer,

unlike
the

proposed
convexification

schem
e,

the
dual

of
the

above
is

difficultto
derive.

4.2
Frank-W

olfe
A

lgorithm

In
this

section,w
e

use
the

Frank-W
olfe

algorithm
to

learn
a

low
-rank

m
atrix

X
∈
R
m
×
n

form
atrix

com
pletion

(Section
2.3).T

he
nuclearnorm

regularizerin
(8)m

ay
over-penalize

top
singularvalues.

R
ecently,there

isgrow
ing

interestto
replace

thisw
ith

nonconvex
regularizers(L

u
etal.,2014,2015;

Y
ao

etal.,2015).H
ence,instead

of(8),w
e

consider

m
in
X

f
(X

)
+
µ

m
∑i=

1

κ
(σ
i (X

)).
(30)

W
hen

κ
is

the
identity

function,(30)reduces
to

(8).N
ote

thatthe
FW

algorithm
cannotbe

directly
used

on
(8),as

its
linearsubproblem

in
(10)then

becom
es

m
in
S

: ∑
mi=

1
κ

(σ
i (S

))≤
1 〈S

,∇
f

(X
t )〉,w

hich
is

difficultto
solve.

U
sing

Proposition
5,problem

(30)is
transform

ed
into

m
in
X

f̄
(X

)
+
µ̄‖
X
‖∗ ,

(31)

w
here

f̄
(X

)
=
f

(X
)

+
ḡ
(X

),
ḡ
(X

)
=
µ

m
∑i=

1 (κ
(σ
i (X

))−
κ

0 σ
i (X

)),
(32)
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Y
A

O
A

N
D

K
W

O
K

and
µ̄

=
µ
κ

0 .
A

lthough
this

only
involves

the
standard

nuclear
norm

regularizer,
A

lgorithm
1

still
cannot

be
used

as
f̄

in
(32)

is
no

longer
convex.

A
FW

variant
allow

ing
nonconvex

f̄
is

proposed
in

(B
redies

et
al.,

2009).
H

ow
ever,

condition
1

in
(B

redies
et

al.,
2009)

requires
g

to
satisfy

lim
‖
X
‖
F →
∞

g
(X

)
‖
X
‖
F

=
∞

.T
his

condition
does

nothold
w

ith
g
(X

)
=
‖
X
‖∗

in
(31),as

‖X
‖∗

‖
X
‖
F

=

√
( ∑

mi=
1
σ
i )

2

∑
mi=

1
σ

2i

≤
√
m
∑

mi=
1
σ

2i
∑

mi=
1
σ

2i

=
√
m
<
∞
.

In
the

follow
ing,

w
e

propose
a

nonconvex
FW

variant
(A

lgorithm
4)

for
the

transform
ed

problem
(31).

Itis
sim

ilarto
the

originalFW
A

lgorithm
1,butw

ith
three

im
portantm

odifications.
First,ḡ

(X
)

in
(32)depends

on
the

singularvalues
of
X

,w
hich

cannotbe
directly

obtained
from

the
U
V
>

factorization
in

(11).Instead,w
e

use
the

low
-rank

factorization

X
=
U
B
V
>
,

(33)

w
here

U
∈
R
m
×
k,V

∈
R
n×

k
are

orthogonaland
B
∈
S
k×

k
+

is
positive

sem
idefinite.

A
lgorithm

4
Frank-W

olfe
algorithm

forsolving
the

nonconvex
problem

(31).
1:
U

1
=

[
],
B

1
=

[
]and

V
1

=
[

];
2:

for
t

=
1
...T

do
3:

[u
t ,s

t ,v
t ]

=
rank1SV

D
(∇
f̄

(X
t ));

4:
obtain

α
t and

β
t from

(36);
5:

[Ū
t ,B̄

t ,V̄
t ]

=
w

arm
start(U

t ,u
t ,V

t ,v
t ,B

t ,α
t ,β

t );
6:

obtain
[U
t+

1 ,B
t+

1 ,V
t+

1 ]from
(37),using

Ū
t ,
B̄
t and

V̄
t forw

arm
-start;

//
X
t+

1
=
U
t+

1 B
t+

1 V
>t+

1

7:
end

for
8:

return
U
T

+
1 ,B

T
+

1
and

V
T

+
1 .

T
he

second
problem

is
thatline

search
in

A
lgorithm

1
is

inefficientin
generalw

hen
operated

on
a

nonconvex
f̄.Specifically,step

4
in

A
lgorithm

1
then

becom
es

[α
t ,β

t ]
=

arg
m

in
α≥

0
,β≥

0
f̄

(α
X
t
+
β
u
t v >t

)
+
µ̄

(α‖X
t ‖∗

+
β

).
(34)

To
solve

(34),
w

e
have

to
com

pute
∂
f̄

(S
)

∂
α

and
∂
f̄

(S
)

∂
β

,
w

here
S

=
α
X
t

+
β
u
t v >t

.
A

s
show

n
in

Proposition
10,this

requires
the

SV
D

of
S

and
can

be
expensive.

Proposition
10

Letthe
SV

D
of
S

be
U
S D

iag([σ
1 (S

),...,σ
m

(S
)])V

>S
.Then

∂
f̄

(S
)

∂
α

=
α〈X

t ,∇
f̄

(S
)〉,

and
∂
f̄

(S
)

∂
β

=
β
u
>t ∇

f̄
(S

)v
t ,

w
here∇

f̄
(S

)
=
∇
f

(S
)

+
µ
U
S D

iag(w
)V
>S

,and
w

=
[κ
′(σ

i (S
))−

κ
0 ]∈

R
m

.

A
lternatively,as

S
is

a
rank-one

update
of
X
t ,one

can
perform

increm
entalupdate

on
SV

D
,

w
hich

takes
O

((m
+
n

)t 2)tim
e

(G
olub

and
V

an
L

oan,2012).H
ow

ever,every
tim

e
α
,β

are
changed,

this
increm

entalSV
D

has
to

be
recom

puted,and
is

thus
inefficient.
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To
al

le
vi

at
e

th
is

pr
ob

le
m

,w
e

ap
pr

ox
im

at
e
f̄

(S
)

by
an

up
pe

rb
ou

nd
as

f̄
(S

)
=

f̄
(X

t
+

(α
−

1)
X
t
+
β
u
tv
> t

)

≤
f̄

(X
t)

+
〈(
α
−

1)
X
t
+
β
u
tv
> t
,∇
f̄

(X
t)
〉+

L̄ 2
‖(
α
−

1)
X
t
+
β
u
tv
> t
‖2 F
.

(3
5)

A
s(
u
t,
v t

)
is

ob
ta

in
ed

fr
om

th
e

ra
nk

-1
SV

D
of
∇
f̄

(X
t)

,w
e

ha
ve
‖u

tv
> t
‖ F

=
1

an
d
u
> t
∇
f̄

(X
t)
v t

=
s t

.
M

or
eo

ve
r,
X
t

=
U
tB

tV
> t

,a
nd

so
‖X

t‖
F

=
‖B

t‖
F

an
d
‖X

t‖
∗

=
Tr

(B
t)

.
Su

bs
tit

ut
in

g
th

es
e

an
d

th
e

up
pe

rb
ou

nd
(3

5)
in

to
(3

4)
,w

e
ob

ta
in

a
si

m
pl

e
qu

ad
ra

tic
pr

og
ra

m
:

m
in
α
≥

0
,β
≥

0
(α
−

1)
2
L̄

2
‖B

t‖
2 F

+
(α
−

1)
β
L̄

(u
> t
U
t)
B
t(
V
> t
v t

)
+
β

2
L̄ 2

+
β
s t

+
α
〈B

t,
U
> t
∇
f̄

(X
t)
V
t〉

+
µ̄

(α
‖B

t‖
∗

+
β

).
(3

6)

N
ot

e
th

at
th

e
ob

je
ct

iv
e

in
(3

6)
is

co
nv

ex
,a

s
th

e
R

H
S

in
(3

5)
is

co
nv

ex
an

d
th

e
la

st
te

rm
fr

om
(3

4)
is

af
fin

e.
U

si
ng

th
e

fo
llo

w
in

g
C

or
ol

la
ry

11
,〈
B
t,
U
> t
∇
f̄

(X
t)
V
t〉

in
(3

6)
ca

n
be

ob
ta

in
ed

as

〈B
t,
U
> t
∇
f̄

(X
t)
V
t〉

=
〈B

t,
U
> t
∇
f

(X
t)
V
t〉

+
µ̄

t ∑ i=
1

σ
i(
B
t)

(κ
′ (
σ
i(
B
t)

)
−
κ

0
).

C
or

ol
la

ry
11

Fo
r
X

in
(3

3)
,

le
t

th
e

SV
D

of
B

be
U
B

D
ia

g(
[σ

1
(B

),
..
.,
σ
k
(B

)]
)V
> B

.
Th

en
,

∇
f̄

(X
)

=
∇
f

(X
)

+
µ̄

(U
U
B

)D
ia

g(
w

)(
V
V
B

)>
,w

he
re
w

=
[κ
′ (
σ
i(
B

))
−
κ

0
]
∈
R
k
.

In
st

ea
d

of
re

qu
ir

in
g

SV
D

on
X
t,

it
on

ly
re

qu
ir

es
SV

D
on
B
t

(w
hi

ch
is

of
si

ze
t
×
t

at
th

e
tt

h
ite

ra
tio

n
of

A
lg

or
ith

m
4)

.
A

s
th

e
ta

rg
et

m
at

ri
x

is
su

pp
os

ed
to

be
lo

w
-r

an
k,
t
�

m
.

H
en

ce
,a

ll
th

e
co

ef
fic

ie
nt

s
in

(3
6)

ca
n

be
ob

ta
in

ed
in
O
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m

+
n

)t
2

+
‖Ω
‖ 1
t)

tim
e.

B
es

id
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,(
36

)
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a
qu
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ra
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m
w

ith
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o
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le
s,

an
d
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n
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ef

fic
ie
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ly
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lv
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.

T
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th
ir

d
m

od
ifi

ca
tio

n
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th
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w
ith

f̄
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st
ea

d
of
f

,
(1
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ca

n
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r
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l
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at
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)
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ul

ar
va

lu
es

of
X

.
O

n
th
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n
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w
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m
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U
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,V
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B
V
>

)
+
ḡ
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(B

)
(3

7)

s.
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U
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I
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I
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∈
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.
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T
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at
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.
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at
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,ḡ
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V
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=
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A

lg
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4,
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w
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m
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ta
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,a
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e
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ow

n
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A
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ith

m
5.
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ex
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se
s
X
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=
α
tU
t−

1
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1
V
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1
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β
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> t
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ta
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e
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U
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> t
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og

on
al
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U
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V
t
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(3

8)
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d.
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ys
is
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e
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T
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T
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A
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m
4

to
a

cr
iti
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T
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em
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ra
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2,
 2
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8

Y
A

O
A

N
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K
W

O
K

A
lg

or
ith

m
5

w
ar

m
st

ar
t(
U
t,
u
t,
V
t,
v t
,B

t,
α
t,
β
t)

.
1:

[Ū
t,
R
Ū
t
]

=
Q

R
([
U
t,
u
t]

);
//

Q
R

de
no

te
s

th
e

Q
R

fa
ct

or
iz

at
io

n
2:

[V̄
t
,R

V̄
t
]

=
Q

R
([
V
t,
v t

])
;

3:
B̄
t

=
R
Ū
t

[ α
tB

t
0

0
β
t] R

> V̄ t
;

4:
re

tu
rn

Ū
t,
B̄
t
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d
V̄
t;

A
s
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R

em
ar

k
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an
al

te
rn

at
iv

e
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nv
ex

ifi
ca

tio
n

ap
pr

oa
ch

is
to

de
co

m
po

se
th

e
re

gu
la

ri
ze

r
in

(3
0)

as
ς̆(
X

)
+
ς̂(
X

),
w

he
re
ς̂(
X

)
=
−
ρ 2

∑
m i=

1
σ

2 i
(X

)
an

d
ς̆(
X

)
=
∑

m i=
1
κ

(σ
i(
X

))
+

ρ 2
σ

2 i
(X

).
T

he
co

rr
es

po
nd

in
g

lin
ea

r
su

bp
ro

bl
em

in
(5

)
be

co
m

es
m

in
S

:ς̆
(S

)≤
1
〈S
,∇
f

(X
t)
〉,

w
hi

ch
is

di
ffi

cu
lt

to
so

lv
e.

O
n

th
e

ot
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r
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w
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th
e

pr
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ed
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ed
ur
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e
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ro
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ra
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.
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m
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D
M
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ra
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nv
ex

bu
t
f i

’s
ar

e
no

nc
on

ve
x

(H
on

g
et

al
.,

20
16

).
H

ow
ev

er
,w

he
n
g

is
no

nc
on

ve
x,

su
ch

as
w

he
n

a
no

nc
on

ve
x

re
gu

la
ri

ze
ri

s
us

ed
in

re
gu

la
ri

ze
d

ri
sk

m
in

im
iz

at
io

n,
th

e
co

nv
er

ge
nc

e
of

A
D

M
M

is
st

ill
an

op
en

re
se

ac
h

pr
ob

le
m

.
U

si
ng

th
e

pr
op

os
ed

tr
an

sf
or

m
at

io
n,

w
e

ca
n

de
co

m
po

se
a

no
nc

on
ve

x
g

as
ḡ

+
ğ

,
w

he
re
ḡ

is
co

nc
av

e
an

d
L

ip
sc

hi
tz

-s
m

oo
th

,w
hi

le
ğ

is
co

nv
ex

bu
tp

os
si

bl
y

no
ns

m
oo

th
.

Pr
ob

le
m

(1
7)

ca
n

th
en

be
re

w
ri

tte
n

as

m
in

y
,x

1
,.
..
,x
M

M ∑ i=
1

f̄ i
(x
i )

+
ğ
(y

)
:
x

1
=
··
·=

x
M

=
y
,

(3
9)

w
he

re
f̄ i

(x
)

=
f i

(x
)+

1 M
ḡ
(x

).
L

et
p
i

be
th

e
du

al
va

ri
ab

le
fo

rt
he

co
ns

tr
ai

nt
x
i

=
y

.T
he

au
gm

en
te

d
L

ag
ra

ng
ia

n
fo

r(
39

)i
s

L
( y
,x

1
,.
..
,x

M
,p

1
,.
..
,p
M
) =

ğ
(y

)
+

M ∑ i=
1

f̄ i
(x
i )

+
(p
i )
>

(x
i
−
y
)

+
τ 2
‖x

i
−
y
‖2 2
.

U
si

ng
(1

4)
an

d
(1

5)
,w

e
ha

ve
th

e
fo

llo
w

in
g

up
da

te
eq

ua
tio

ns
at

ite
ra

tio
n
t:

x
i t+

1
=

ar
g

m
in x
i
f̄ i

(x
i )

+
(p
i t)
>

(x
i
−
y t

)
+
τ 2
‖x

i
−
y t
‖2 2
,

i
=

1,
..
.,
M
,

y t
+

1
=

ar
g

m
in y

1 2

∥ ∥ ∥ ∥ ∥y
−

M ∑ i=
1

( x
i t
+

1 τ
p
i t)∥ ∥ ∥ ∥ ∥

2 2

+
1 τ
ğ
(y

)
=

pr
ox

1 τ
ğ

(
M ∑ i=

1

x
i t
+

1 τ
p
i t)
.

(4
0)

A
s

in
pr

ev
io

us
se

ct
io

ns
,t

he
pr

ox
im

al
st

ep
in

(4
0)

,w
hi

ch
is

as
so

ci
at

ed
w

ith
th

e
co

nv
ex
ğ

,i
s

us
ua

lly
ea

si
er

to
co

m
pu

te
th

an
th

e
pr

ox
im

al
st

ep
as

so
ci

at
ed

w
ith

th
e

or
ig

in
al

no
nc

on
ve

x
g

.
M

or
eo

ve
r,

si
nc

e
ğ

is
co

nv
ex

,c
on

ve
rg

en
ce

re
su

lts
in

T
he

or
em

2.
4

of
(H

on
g

et
al

.,
20

16
)

ca
n

no
w

be
ap

pl
ie

d.
Sp

ec
ifi

ca
lly

,t
he

se
qu

en
ce
{y
t,
{x

i t}
}g

en
er

at
ed

by
th

e
A

D
M

M
pr

oc
ed

ur
e

is
bo

un
de

d
an

d
al

li
ts

lim
it

po
in

ts
ar

e
cr

iti
ca

lp
oi

nt
s

of
(3

9)
.
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E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

A
sin

R
em

ark
8,the

alternative
convexification

approach
based

on
adding

a
quadratic

regularizer
(Proposition

9)
does

not
help.

For
exam

ple,
w

hen
g

is
the

nonconvex
tree-structured

lasso
regularizer,afteradding

a
quadratic

regularizer
ρ2 ‖
yG

j ‖
22 ,the

y
t update

in
(19)becom

es

y
t+

1
=

a
rg

m
iny

12

∥∥∥∥∥
y−

M∑i=
1 (

x
it
+

1τ
p
it ) ∥∥∥∥∥

22

+
1τ

K
∑j=

1

λ
j (
κ (‖yG

j ‖
2 )

+
ρ2 ‖
yG

j ‖
22 )
.

w
hich

is
stilldifficultto

solve.

4.4
Stochastic

Variance
R

educed
G

radient

V
ariance

reduction
m

ethods
have

been
com

m
only

used
to

speed
up

the
often

slow
convergence

of
SG

D
.E

xam
plesinclude

the
stochastic

variance
reduced

gradient(SV
R

G
)and

itsproxim
alextension

Prox-SV
R

G
(X

iao
and

Z
hang,2014).T

hey
can

be
used

forthe
follow

ing
optim

ization
problem

m
inx

N
∑i=

1

`(y
i ,a >i

x
)

+
g
(x

),
(41)

w
here{(a

1 ,y
1 ),...,(a

N
,y
N

)}
are

the
training

sam
ples,

`
is

a
sm

ooth
convex

loss
function,and

g
is

a
convex

regularizer.
R

ecently,Prox-SV
R

G
is

also
extended

for
nonconvex

objectives.
R

eddi
et

al.(2016a)
and

Z
hu

and
H

azan
(2016)

considered
sm

ooth
nonconvex

`
but

w
ithout

g.
T

his
is

furtherextended
to

the
case

ofsm
ooth

`
and

convex
nonsm

ooth
g

in
(R

eddietal.,2016b).H
ow

ever,
convergence

is
stillunknow

n
forthe

m
ore

generalcase
w

here
the

regularizer
g

is
also

nonconvex.
U

sing
the

proposed
transform

ation,(41)can
be

rew
ritten

as

m
inx

N
∑i=

1 (
`(y

i ,a >i
x

)
+

1N
ḡ
(x

) )
+
ğ
(x

),

w
here

`
+

1N
ḡ

is
sm

ooth
and

ğ
is

convex.
T

he
convergence

results
of

T
heorem

1
of

(R
eddietal.,

2016b)can
now

be
applied,w

hich
show

s
thatSV

R
G

generates
a

bounded
sequence

and
allits

lim
it

points
are

criticalpoints
of(41).

A
s

in
R

em
ark

8,adding
a

quadratic
term

to
convexify

the
nonconvex

regularizerdoes
notm

ake
the

corresponding
proxim

alstep
easier,and

so
does

nothelp.

4.5
W

ith
O

W
L

-Q
N

In
this

section,w
e

consider
O

W
L

-Q
N

(A
ndrew

and
G

ao,2007)
and

its
variantm

O
W

L
-Q

N
(G

ong
and

Y
e,2015b),w

hich
are

efficientalgorithm
s

forthe
`
1 -regularization

problem

m
inx
f

(x
)

+
µ‖
x‖

1 .
(42)

R
ecently,G

ong
and

Y
e

(2015a)proposed
a

nonconvex
generalization

for(42),in
w

hich
the

standard
`
1

regularizeris
replaced

by
the

nonconvex
g
(x

)
=
µ ∑

di=
1
κ

(|x
i |):

m
inx
f

(x
)

+
µ

d
∑i=

1

κ
(|x

i |).
(43)
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Y
A

O
A

N
D

K
W

O
K

G
ong

and
Y

e
(2015a)proposed

a
sophisticated

algorithm
(H

O
N

O
R

)w
hich

involves
a

com
bination

of
quasi-N

ew
ton

and
gradient

descent
steps.

T
hough

the
algorithm

is
sim

ilar
to

O
W

L
-Q

N
and

m
O

W
L

-Q
N

,the
convergence

analysis
in

(G
ong

and
Y

e,2015b)
cannotbe

directly
applied

as
the

regularizeris
nonconvex.Instead,a

non-trivialextension
w

as
developed

in
(G

ong
and

Y
e,2015a).

H
ere,by

convexifying
the

nonconvex
regularizer,(43)can

be
rew

ritten
as

m
inx
f̄

(x
)

+
µ
κ

0 ‖
x‖

1 ,
(44)

w
here

f̄
(x

)
=
f

(x
)
+
ḡ
(x

),and
ḡ
(x

)
=
µ ∑

di=
1 (κ

(|x
i |)−

κ
0 |x

i |).Itis
easy

to
see

thatthe
analysis

in
(G

ong
and

Y
e,2015b)can

be
extended

to
handle

sm
ooth

butnonconvex
f̄.A

sa
result,T

heorem
1

in
(G

ong
and

Y
e,2015b)can

stillbe
applied.T

hus,m
O

W
L

-Q
N

isguaranteed
to

generate
a

bounded
sequence

and
its

lim
itpoints

are
criticalpoints

of(42).
A

s
in

previous
subsections,

adding
a

quadratic
term

to
convexify

the
nonconvex

regularizer
does

not
help.

T
he

m
O

W
L

-Q
N

can
only

w
ork

w
ith

the
`
1 -regularizer,but

not
w

ith
the

m
odified

regularizer
ς̆(x

)
=

ρ
µ2 ‖x‖

22
+
µ ∑

di=
1
κ

(|x
i |).

Problem
(43)

can
be

solved
by

either
(i)

directly
using

H
O

N
O

R
,or

(ii)
using

m
O

W
L

-Q
N

on
the

transform
ed

problem
(44).W

e
believe

thatthe
latterapproach

is
com

putationally
m

ore
efficient.

In
(43),the

H
essian

depends
on

both
term

s
in

the
objective,as

the
second-order

derivative
of
κ

is
notzero

in
general.H

ow
ever,H

O
N

O
R

constructs
the

approxim
ate

H
essian

using
only

inform
ation

from
f,

and
thus

ignores
the

curvature
inform

ation
due

to
∑

di=
1
κ

(|x
i |).

O
n

the
other

hand,
the

H
essian

in
(44)depends

only
on
f̄,as

the
H

essian
due

to‖
x‖

1
is

zero
(A

ndrew
and

G
ao,2007),and

m
O

W
L

-Q
N

now
extracts

H
essian

from
f̄.

H
ence,optim

izing
(44)

w
ith

m
O

W
L

-Q
N

is
potentially

faster,asallthe
second-orderinform

ation
isutilized.T

hisw
illbe

verified
em

pirically
in

Section
5.4.

4.6
N

onsm
ooth

and
N

onconvex
L

oss

In
m

any
applications,

besides
having

nonconvex
regularizers,

the
loss

function
m

ay
also

be
nonconvex

and
nonsm

ooth.
In

this
section,w

e
consider

using
the

nonconvex
functions

in
Figure

1
as

the
loss

function.
T

hus,
neither

f
nor

g
in

(1)
is

convex,
sm

ooth.
T

he
optim

ization
problem

becom
es

even
harder,

and
m

any
existing

algorithm
s

cannot
be

used.
In

particular,
the

proxim
al

algorithm
requires

f
in

(1)to
be

sm
ooth

(possibly
nonconvex)(G

ong
etal.,2013;L

iand
L

in,2015;
B

otetal.,2016).
T

he
FW

algorithm
requires

f
in

(4)
to

be
sm

ooth
and

convex
(Jaggi,2013).

For
the

A
D

M
M

,itallow
s
f

in
the

consensus
problem

to
be

sm
ooth,but

g
has

to
be

convex
(H

ong
etal.,

2016).
For

problem
s

of
the

form
m

in
x
,z
f

(y
)

+
g
(y

)
:
y

=
A
x,A

D
M

M
requires

A
to

have
full

row
-rank

(L
iand

Pong,2015).
A

s
w

illbe
seen,itis

notsatisfied
for

problem
s

considered
in

this
section.

C
C

C
P

(Y
uille

and
R

angarajan,2002)
and

sm
oothing

(C
hen,2012)

are
m

ore
generaland

can
stillbe

used,butare
usually

very
slow

.
In

this
section,

w
e

consider
tw

o
application

exam
ples,

and
show

how
they

can
be

efficiently
solved

w
ith

the
proposed

transform
ation.

4.6.1
T

O
TA

L
V

A
R

IA
T

IO
N

IM
A

G
E

D
E

N
O

IS
IN

G

U
sing

the
(convex)

`
1

loss
and

(convex)
T

V
regularizer

introduced
in

Section
4.1.3,consider

the
follow

ing
optim

ization
problem

:

m
in
X
‖
Y
−
X
‖

1
+
µ

T
V

(X
),

(45)
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E
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IE

N
T
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G
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F
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C
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N
V

E
X

R
E

G
U

L
A

R
IZ

E
R

S
B

Y
R

E
D

IS
T

R
IB

U
T

IN
G

N
O

N
C

O
N

V
E

X
IT

Y

w
he

re
Y
∈
R
m
×
n

is
a

gi
ve

n
co

rr
up

te
d

im
ag

e,
an

d
X

is
th

e
ta

rg
et

im
ag

e
to

be
re

co
ve

re
d.

T
he

us
e

of
no

nc
on

ve
x

lo
ss

an
d

re
gu

la
ri

ze
r

of
te

n
pr

od
uc

e
be

tte
r

pe
rf

or
m

an
ce

(Y
an

,2
01

3)
.

T
hu

s,
w

e
co

ns
id

er
th

e
fo

llo
w

in
g

no
nc

on
ve

x
ex

te
ns

io
n:

m
in X

m ∑ i=
1

n ∑ j=
1

κ
(∣ ∣ ∣

[Y
−
X

] i
j

∣ ∣ ∣)
+
µ
m
−

1
∑ i=

1

m ∑ j=
1

κ
(∣ ∣ ∣

[D
v
X

] i
j

∣ ∣ ∣)
+
µ

n ∑ i=
1

n
−

1
∑ j=

1

κ
(∣ ∣ ∣

[X
D
h
] i
j

∣ ∣ ∣)
,

(4
6)

w
he

re
bo

th
th

e
lo

ss
an

d
re

gu
la

ri
ze

ra
re

no
nc

on
ve

x
an

d
no

ns
m

oo
th

.A
s

di
sc

us
se

d
ab

ov
e,

th
is

ca
n

be
so

lv
ed

by
C

C
C

P
an

d
sm

oo
th

in
g.

H
ow

ev
er

,a
s

w
ill

be
ex

pe
ri

m
en

ta
lly

de
m

on
st

ra
te

d
in

Se
ct

io
n

5.
5,

th
e

co
nv

er
ge

nc
e

is
sl

ow
.

U
si

ng
th

e
pr

op
os

ed
tr

an
sf

or
m

at
io

n
on

bo
th

th
e

lo
ss

an
d

re
gu

la
ri

ze
r,

pr
ob

le
m

(4
6)

ca
n

be
tr

an
sf

or
m

ed
to

th
e

fo
llo

w
in

g
pr

ob
le

m
:

m
in X
f̄

(X
)

+
κ

0
‖X
−
Y
‖ 1

+
κ

0
µ

T
V

(X
),

(4
7)

w
he

re

f̄
(X

)
=

m ∑ i=
1

n ∑ j=
1

κ
(∣ ∣ ∣

[Y
−
X

] i
j

∣ ∣ ∣)
−
κ

0
‖Y
−
X
‖ 1

+
µ

 m
−

1
∑ i=

1

m ∑ j=
1

κ
(∣ ∣ ∣

[D
v
X

] i
j

∣ ∣ ∣)
−
κ

0
‖D

v
X
‖ 1

+
n ∑ i=

1

n
−

1
∑ j=

1

κ
(∣ ∣ ∣

[X
D
h
] i
j

∣ ∣ ∣)
−
κ

0
‖X

D
h
‖ 1

 

is
sm

oo
th

an
d

no
nc

on
ve

x.
A

s
(4

7)
is

no
ta

co
ns

en
su

s
pr

ob
le

m
,t

he
m

et
ho

d
in

(H
on

g
et

al
.,

20
16

)
ca

nn
ot

be
us

ed
.T

o
us

e
th

e
A

D
M

M
al

go
ri

th
m

in
(L

ia
nd

Po
ng

,2
01

5)
,e

xt
ra

va
ri

ab
le

s
an

d
co

ns
tr

ai
nt

s
Z
v

=
D
v
X

an
d
Z
h

=
X
D
h

ha
ve

to
be

im
po

se
d.

H
ow

ev
er

,t
he

fu
ll

ro
w

-r
an

k
co

nd
iti

on
in

(L
ia

nd
Po

ng
,2

01
5)

do
es

no
th

ol
d.

In
th

is
se

ct
io

n,
w

e
co

ns
id

er
th

e
pr

ox
im

al
al

go
ri

th
m

.G
iv

en
so

m
e
Z

,t
he

pr
ox

im
al

st
ep

in
(4

7)
is

ar
g

m
in X

1 2
‖X
−
Z
‖2 F

+
1 τ

(‖
X
−
Y
‖ 1

+
µ

T
V

(X
))
,

(4
8)

w
he

re
τ

is
th

e
st

ep
si

ze
.T

ho
ug

h
th

is
ha

s
no

cl
os

ed
-f

or
m

so
lu

tio
n,
‖X
−
Y
‖ 1

+
µ

T
V

(X
)

in
(4

8)
is

co
nv

ex
an

d
on

e
ca

n
m

on
ito

ri
ne

xa
ct

ne
ss

of
th

e
pr

ox
im

al
st

ep
vi

a
th

e
du

al
ity

ga
p.

T
hu

s,
w

e
ca

n
us

e
th

e
pr

op
os

ed
in

ex
ac

tn
m

A
PG

al
go

ri
th

m
in

A
lg

or
ith

m
3

fo
r

(4
7)

.
It

ca
n

be
sh

ow
n

th
at

th
e

du
al

of
(4

8)
is m

in
W
,P
,Q

1 2τ
‖W

+
µ
D
> v
P

+
µ
Q
D
> h
‖2 F
−
〈Z
,W
〉−

µ
〈D

v
Z
,P
〉−

µ
〈Z
D
h
,Q
〉+
〈Y
,W
〉

s.
t.

‖W
‖ ∞
≤

1,
‖P
‖ ∞
≤

1
an

d
‖Q
‖ ∞
≤

1
,

(4
9)

an
d

th
e

pr
im

al
va

ri
ab

le
ca

n
be

re
co

ve
re

d
as
X

=
Z
−

1 τ
(W

+
µ
D
> v
P

+
µ
Q
D
> h

).
B

y
su

bs
tit

ut
in

g
th

e
ob

ta
in

ed
X

in
to

(4
8)

an
d
{W

,P
,Q
}i

nt
o

(4
9)

,t
he

du
al

ity
ga

p
ca

n
be

co
m

pu
te

d
in
O

(m
n

)
tim

e.
A

s
(4

9)
is

a
sm

oo
th

an
d

co
nv

ex
pr

ob
le

m
,b

ot
h

ac
ce

le
ra

te
d

gr
ad

ie
nt

de
sc

en
t(

N
es

te
ro

v,
20

13
)

an
d

L
-B

FG
S

(N
oc

ed
al

an
d

W
ri

gh
t,

20
06

)
ca

n
be

ap
pl

ie
d.

A
lg

or
ith

m
3

is
th

en
gu

ar
an

te
ed

to
co

nv
er

ge
to

a
cr

iti
ca

lp
oi

nt
of

(4
6)

(T
he

or
em

6
an

d
Pr

op
os

iti
on

7)
.
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N
ot

e
th

at
it

is
m

or
e

ad
va

nt
ag

eo
us

to
tr

an
sf

or
m

bo
th

th
e

lo
ss

an
d

re
gu

la
ri

ze
ri

n
(4

7)
.I

fo
nl

y
th

e
re

gu
la

ri
ze

ri
n

(4
6)

is
tr

an
sf

or
m

ed
,w

e
ob

ta
in

f̄ T
V

(X
)

+

m ∑ i=
1

n ∑ j=
1

κ
(∣ ∣ ∣

[Y
−
X

] i
j

∣ ∣ ∣)
+
κ

0
µ

T
V

(X
),

(5
0)

w
he

re

f̄ T
V

(X
)

=
µ

 m
−

1
∑ i=

1

m ∑ j=
1

κ
(∣ ∣ ∣

[D
v
X

] i
j

∣ ∣ ∣)
−
κ

0
‖D

v
X
‖ 1

+
n ∑ i=

1

n
−

1
∑ j=

1

κ
(∣ ∣ ∣

[X
D
h
] i
j

∣ ∣ ∣)
−
κ

0
‖X

D
h
‖ 1

 

is
no

nc
on

ve
x.

T
he

co
rr

es
po

nd
in

g
pr

ox
im

al
st

ep
fo

r(
50

)i
s

ar
g

m
in X

1 2
‖X
−
Z
‖2 F

+
1 τ

 
m ∑ i=

1

n ∑ j=
1

κ
(∣ ∣ ∣

[Y
−
X

] i
j

∣ ∣ ∣)
+
κ

0
µ

T
V

(X
) 

.
(5

1)

W
hi

le
th

e
pr

ox
im

al
st

ep
s

in
bo

th
(4

8)
an

d
(5

1)
ha

ve
no

cl
os

ed
-f

or
m

so
lu

tio
n,

w
or

ki
ng

w
ith

(4
8)

is
m

or
e

ef
fic

ie
nt

.A
s

(4
8)

is
co

nv
ex

,i
ts

du
al

ca
n

be
ef

fic
ie

nt
ly

so
lv

ed
w

ith
m

et
ho

ds
su

ch
as

ac
ce

le
ra

te
d

gr
ad

ie
nt

de
sc

en
ta

nd
L

-B
FG

S.
In

co
nt

ra
st

,(
51

)i
s

no
nc

on
ve

x,
its

du
al

ity
ga

p
is

no
nz

er
o,

an
d

so
ca

n
on

ly
be

so
lv

ed
in

th
e

pr
im

al
w

ith
sl

ow
er

m
et

ho
ds

lik
e

C
C

C
P

an
d

sm
oo

th
in

g.
B

es
id

es
,o

ne
ca

n
on

ly
us

e
th

e
m

or
e

ex
pe

ns
iv

e
nm

A
PG

(A
lg

or
ith

m
2)

bu
tn

ot
th

e
pr

op
os

ed
in

ex
ac

tp
ro

xi
m

al
al

go
ri

th
m

.
O

ne
m

ay
al

so
co

ns
id

er
si

m
ul

ta
ne

ou
sl

y
tr

an
sf

or
m

in
g

bo
th

th
e

lo
ss

an
d

re
gu

la
ri

ze
r

us
in

g
th

e
de

co
m

po
si

tio
n

di
sc

us
se

d
in

R
em

ar
k

8.
H

ow
ev

er
,i

ti
s

no
th

el
pf

ul
he

re
.B

y
ad

di
ng

an
d

su
bt

ra
ct

in
g

a
qu

ad
ra

tic
te

rm
,t

he
ob

je
ct

iv
e

in
(4

6)
ca

n
be

de
co

m
po

se
d

as
ς̆(
X

)
+
ς̂(
X

),
w

he
re

ς̂(
X

)
=
−

m ∑ i=
1

n ∑ j=
1

ρ 2
[Y
−
X

]2 ij
−
ρ
µ 2

m
−

1
∑ i=

1

m ∑ j=
1

[D
v
X

]2 ij
−
ρ
µ 2

n ∑ i=
1

n
−

1
∑ j=

1

[X
D
h
]2 ij
,

ς̆(
X

)
=

m ∑ i=
1

n ∑ j=
1

( κ
(|

[Y
−
X

] i
j
|)

+
ρ 2

[Y
−
X

]2 ij

)

+
µ
m
−

1
∑ i=

1

m ∑ j=
1

( κ
(|[
D
v
X

] i
j
|)

+
ρ 2

[D
v
X

]2 ij

)
+
µ

n ∑ i=
1

n
−

1
∑ j=

1

( κ
(|[
X
D
h
] i
j
|)

+
ρ 2

[X
D
h
]2 ij

) .

W
e

ne
ed

to
so

lv
e

th
e

pr
ox

im
al

st
ep

as
so

ci
at

ed
w

ith
ς̆(
X

),
w

hi
ch

is
di

ffi
cu

lt.

4.
6.

2
R

O
B

U
S

T
S

PA
R

S
E

C
O

D
IN

G

T
he

se
co

nd
ap

pl
ic

at
io

n
is

ro
bu

st
sp

ar
se

co
di

ng
,w

hi
ch

ha
s

be
en

po
pu

la
rl

y
us

ed
in

fa
ce

re
co

gn
iti

on
(Y

an
g

et
al

.,
20

11
),

im
ag

e
an

al
ys

is
(L

u
et

al
.,

20
13

)
an

d
ba

ck
gr

ou
nd

m
od

el
in

g
(Z

ha
o

et
al

.,
20

11
).

G
iv

en
an

ob
se

rv
ed

si
gn

al
y
∈

R
m

,
th

e
go

al
is

to
se

ek
a

ro
bu

st
sp

ar
se

re
pr

es
en

ta
tio

n
x
∈

R
d

of
y

ba
se

d
on

th
e

di
ct

io
na

ry
D
∈

R
m
×
d

(w
hi

ch
is

as
su

m
ed

to
be

fix
ed

he
re

).
M

at
he

m
at

ic
al

ly
,i

t
is

fo
rm

ul
at

ed
as

th
e

fo
llo

w
in

g
op

tim
iz

at
io

n
pr

ob
le

m
:

m
in x
‖y
−
D
x
‖ 1

+
µ
‖x
‖ 1
.
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E
FFIC

IE
N

T
L

E
A

R
N

IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

Its
nonconvex

extension
is:m

inx

m
∑j=

1

κ
(|[y−

D
x

]j |)
+
µ

d
∑i=

1

κ
(|x

i |).
(52)

U
sing

the
proposed

transform
ation,problem

(52)becom
es

m
inx
f̄

(x
)

+
κ

0 ‖
y−

D
x‖

1
+
µ
κ

0 ‖x‖
1 ,

(53)

w
here

f̄
(x

)
=
µ

d
∑j=

1

κ
(|x

j |)−
κ

0 µ‖
x‖

1
+

m
∑j=

1

κ
(|[y−

D
x

]j |)−
κ

0 ‖y−
D
x‖

1

is
sm

ooth
and

nonconvex.
A

gain,
w

e
use

the
inexact

nm
A

PG
algorithm

in
A

lgorithm
3.

T
he

proxim
alstep

for(53)is

arg
m

inx

12 ‖
x
−
z‖

22
+

1τ
(‖
y−

D
x‖

1
+
µ‖
x‖

1 ),
(54)

w
here

τ
is

the
stepsize

and
z

is
given.

A
s

in
Section

4.6.1,‖
y−

D
x‖

1
+
µ‖
x‖

1
in

(54)
is

convex,
and

one
can

m
onitorinexactness

ofthe
proxim

alstep
by

the
duality

gap.T
he

dualof(54)is

m
in
p
,q

12τ ‖
D
>
p

+
µ
q‖

22 −
p >
D
z−

µ
q >
z

:
‖
p‖∞

≤
1,‖q‖∞

≤
1
.

(55)

A
s

in
(49),this

can
be

solved
w

ith
L

-B
FG

S
or

accelerated
gradientdescent.

T
he

prim
alvariable

can
be

recovered
as
x

=
z−

1τ
(D
>
p

+
µ
q),and

the
duality

gap
can

be
checked

in
O

(m
d
)

tim
e.

Ifonly
the

regularizeris
transform

ed,w
e

obtain

m
inx

m
∑j=

1

κ
(|[y−

D
x

]j |)
+
f̄

R
SC

(x
)

+
κ

0 µ‖x‖
1 ,

(56)

w
here

f̄
R

SC
(x

)
=
µ ∑

dj=
1
κ

(|x
j |)−

κ
0 µ‖

x‖
1 .T

he
corresponding

proxim
alstep

is

arg
m

inx

12 ‖
x
−
z‖

22
+

m
∑j=

1

κ
(|[y−

D
x

]j |)
+
κ

0 µ‖
x‖

1 ,
(57)

w
hich

stillinvolve
the

nonconvex
function

κ.A
s

in
Section

4.6.1,(55)is
easierto

solve
than

(57).
A

s
in

previous
sections,

adding
a

quadratic
term

to
convexify

the
loss

and
regularizer

is
not

helpful.T
he

objective
in

(52)w
illthen

be
decom

posed
as
ς̆(X

)
+
ς̂(X

),w
here

ς̂(X
)

=
−
ρ2

m
∑j=

1 [y−
D
x

] 2j −
ρ
µ2

d
∑i=

1

x
2i ,

ς̆(X
)

=
m
∑j=

1 (
κ

(|[y−
D
x

]j |)
+
ρ2

[y−
D
x

] 2j )
+
µ

d
∑i=

1 (
κ

(|x
i |)

+
ρ2
x

2i )
,

and
the

proxim
alstep

associated
w

ith
ς̆(X

)
is

again
difficultto

solve.
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D

K
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O
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5.E
xperim

ents

In
this

section,
w

e
perform

experim
ents

on
using

the
proposed

procedure
w

ith
(i)

proxim
al

algorithm
s

(Sections
5.1

and
5.2);(ii)

Frank-W
olfe

algorithm
(Section

5.3);(iii)
com

parision
w

ith
H

O
N

O
R

(Section
5.4)and

(vi)im
age

denoising
(Section

5.5).E
xperim

ents
are

perform
ed

on
a

PC
w

ith
Inteli7

C
PU

and
32G

B
m

em
ory.A

llalgorithm
s

are
im

plem
ented

in
M

atlab.

5.1
N

onconvex
Sparse

G
roup

L
asso

In
thissection,w

e
perform

experim
entson

the
nonconvex

sparse
group

lasso
m

odelin
Section

4.1.1.
Forsim

plicity,assum
e

that
µ

1
=
···

=
µ
K

=
µ

.U
sing

the
square

loss,(25)becom
es

m
inx

12 ‖y−
A
>
x‖

22
+
λ

d
∑i=

1

κ
(|x

i |)
+
µ

K
∑j=

1

κ (‖
x
G
j ‖

2 )
,

(58)

w
here

A
=

[a
1 ,...,a

N
].

In
this

experim
ent,w

e
use

the
L

SP
regularizerin

Table
1

(w
ith

θ
=

0
.5)

as
κ

(·).
T

he
synthetic

data
set

is
generated

as
follow

s.
W

e
set

d
=

200,00
0.

T
he

ground-truth
param

eter
x̄
∈

R
d

is
divided

into
200

non-overlapping
groups:{

1
,...,1000},{

1001,...,2
000},

...,{
199001,...,200000}

(Figure
3).

W
e

random
ly

set
87.5%

of
the

groups
to

zero.
In

each
nonzero

group,w
e

random
ly

set
50%

ofits
features

to
zero,and

generate
the

nonzero
features

from
the

standard
norm

aldistribution
N

(0,1).
T

he
w

hole
data

sethas
400,000

sam
ples,and

entries
of

the
input

A
∈
R

2
0
0
,0

0
0×

4
0
0
,0

0
0

is
a

sparse
m

atrix
w

ith
0.01%

nonzero
elem

ents
w

hich
are

generated
from

N
(0,1).

T
he

ground-truth
outputis

ȳ
=
A
>
x̄.

T
his

is
then

corrupted
by

random
G

aussian
noise

ε
inN

(0,0.05)
to

produce
y

=
ȳ

+
ε.

Figure
3:

A
n

exam
ple

ground-truth
param

eter
x̄
∈
R

2
0
0
0
0
0.Itis

reshaped
as

a
200×

1
000

m
atrix,

w
ith

each
row

representing
a

group.

T
he

proposed
algorithm

w
ill

be
called

N
2C

(N
onconvex-to-C

onvex).
T

he
proxim

al
step

of
the

convexified
regularizer

ğ
(x

)
=
κ

0 (λ‖x‖
1

+
∑

Kj=
1
µ
j ‖
x
G
j ‖

2 )
is

obtained
using

the
algorithm

in
(Y

uan
et

al.,
2011).

T
he

nm
A

PG
algorithm

(A
lgorithm

2)
in

(L
i

and
L

in,
2015)

is
used

for
optim

ization.T
his

w
illbe

com
pared

w
ith

the
follow

ing
state-of-the-artalgorithm

s:

1.
SC

P:
Sequential

convex
program

m
ing

(L
u,

2012),
in

w
hich

the
L

SP
regularizer

is
decom

posed
as

in
(28).
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L
A

R
IZ

E
R

S
B

Y
R

E
D

IS
T

R
IB

U
T

IN
G

N
O

N
C

O
N

V
E

X
IT

Y

2.
G

IS
T

(G
on

g
et

al
.,

20
13

):
Si

nc
e

th
e

no
nc

on
ve

x
re

gu
la

ri
ze

r
is

no
t

se
pa

ra
bl

e,
th

e
as

so
ci

at
ed

pr
ox

im
al

op
er

at
or

ha
s

no
cl

os
ed

-f
or

m
so

lu
tio

n.
In

st
ea

d,
w

e
us

e
SC

P
(w

ith
w

ar
m

-s
ta

rt
)

to
so

lv
e

it
nu

m
er

ic
al

ly
.

3.
G

D
-P

A
N

(Z
ho

ng
an

d
K

w
ok

,2
01

4)
:

It
pe

rf
or

m
s

gr
ad

ie
nt

de
sc

en
tw

ith
th

e
pr

ox
im

al
av

er
ag

e
(B

au
sc

hk
e

et
al

.,
20

08
)o

ft
he

no
nc

on
ve

x
re

gu
la

ri
ze

rs
.C

lo
se

d-
fo

rm
so

lu
tio

ns
fo

rt
he

pr
ox

im
al

op
er

at
or

s
of

ea
ch

in
di

vi
du

al
re

gu
la

ri
ze

ra
re

ob
ta

in
ed

se
pa

ra
te

ly
,a

nd
th

en
av

er
ag

ed
.

4.
nm

A
PG

w
ith

th
e

or
ig

in
al

no
nc

on
ve

x
re

gu
la

ri
ze

r:
A

s
in

G
IS

T,
th

e
pr

ox
im

al
st

ep
is

so
lv

ed
nu

m
er

ic
al

ly
by

SC
P.

5.
A

s
a

ba
se

lin
e,

w
e

al
so

co
m

pa
re

w
ith

th
e

FI
ST

A
(B

ec
k,

20
09

)
al

go
ri

th
m

,
w

hi
ch

so
lv

es
th

e
co

nv
ex

sp
ar

se
gr

ou
p

la
ss

o
m

od
el

(w
ith

κ
re

m
ov

ed
fr

om
(5

8)
).

W
e

do
no

tc
om

pa
re

w
ith

th
e

co
nc

av
e-

co
nv

ex
pr

oc
ed

ur
e

(Y
ui

lle
an

d
R

an
ga

ra
ja

n,
20

02
),

w
hi

ch
ha

s
be

en
sh

ow
n

to
be

sl
ow

(G
on

g
et

al
.,

20
13

;Z
ho

ng
an

d
K

w
ok

,2
01

4)
.

W
e

us
e

50
%

of
th

e
da

ta
fo

rt
ra

in
in

g,
an

ot
he

r2
5%

as
va

lid
at

io
n

se
tt

o
tu

ne
λ
,µ

in
(5

8)
,a

nd
th

e
re

st
fo

r
te

st
in

g.
T

he
st

ep
si

ze
is

fix
ed

at
τ

=
σ

1
(A
>
A

).
Fo

r
pe

rf
or

m
an

ce
ev

al
ua

tio
n,

w
e

us
e

th
e

(i
)

te
st

in
g

ro
ot

-m
ea

n-
sq

ua
re

d
er

ro
r(

R
M

SE
)o

n
th

e
pr

ed
ic

tio
ns

;(
ii)

ab
so

lu
te

er
ro

rb
et

w
ee

n
th

e
ob

ta
in

ed
pa

ra
m

et
er
x̂

an
d

th
e

co
rr

es
po

nd
in

g
gr

ou
nd

-t
ru

th
x̄

:
A

B
S

=
‖x̂
−
x̄
‖ 1
/d

;
an

d
(i

ii)
C

PU
tim

e.
To

re
du

ce
st

at
is

tic
al

va
ri

ab
ili
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H
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ra
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V
E

X
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E
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U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

of
iterations.

A
s

can
be

seen,
they

are
alm

ost
identical,

w
hich

agrees
w

ith
Figure

4(b).
H

ence,
nonconvexity

ofthe
loss

have
little

effecton
the

em
piricalperform

ance
ofnm

A
PG

.

(a)
µ

=
0
.0

1.
(b)

µ
=

0
.1.

(c)
µ

=
1.

Figure
6:C

onvergence
ofN

2C
and

nm
A

PG
on

nonconvex
sparse

group
lasso

w
ith

various
µ

.

5.1.2
N

O
N

C
O

N
V

E
X

O
P

T
IM

IZ
A

T
IO

N

A
s

discussed
in

(G
e

et
al.,2015),

there
are

tw
o

m
ain

theoretical
issues

in
optim

izing
nonconvex

functions.
T

he
firstissue

is
thatitm

ay
be

hard
to

find
the

globalm
inim

um
.

H
ow

ever,ithas
been

show
n

thatforcom
posite

m
inim

ization
problem

s
w

ith
nonconvex

regularizerand
the

loss
function

satisfying
the

restricted
strong

convexity
condition

(ofw
hich

nonconvex
lasso

is
such

an
exam

ple),
allstationary

points
can

have
nearly

the
sam

e
statisticalerror 1

(L
oh

and
W

ainw
right,2015).

N
ote

thatw
ith

the
proposed

transform
ation,the

transform
ed

optim
ization

problem
hasthe

sam
e

stationary
points

as
the

originalproblem
,and

so
allstationary

points
stillhave

nearly
the

sam
e

statisticalerror.
To

verify
this,w

e
experim

enton
the

nonconvex
sparse

group
lasso

w
ith

100
differentinitializations.

Figure
7

show
sthe

convergence
behaviourand

the
obtained

statisticalerrorfrom
the

N
2C

algorithm
.

A
s

can
be

seen
from

Figure
7(a),the

differences
in

the
finalobjective

values
obtained

from
different

1.L
et
x̄

be
the

ground-truth
predictorand

x
be

an
arbitrary

stationary
point.T

he
statisticalerroris

defined
as‖

x−
x̄‖

2 .
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N
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O
K

initialization
are

sm
all.

From
Figure

7(b),w
e

can
also

see
thatthe

obtained
solutions

have
nearly

the
sam

e
statisticalerror.

(a)
objective

vs
num

berofiterations.
(b)

statisticalerrorvs
num

berofiterations.

Figure
7:

O
bjective

/
statistical

error
on

nonconvenx
sparse

group
lasso

(µ
=

1).
H

ere,
N

2C
algorithm

is
used,

and
the

“best”
in

Figure
7(a)

is
the

low
est

objective
am

ong
the

100
random

runs.

T
he

second
issue

is
thateven

finding
a

localm
inim

um
can

be
hard,as

the
optim

izer
m

ay
get

trapped
in

saddle
points.

H
ow

ever,
recent

papers
(G

e
et

al.,2015,2017,2016;
L

ee
et

al.,2016,
2017)

have
show

n
thatbatch

gradientdescentand
noisy

stochastic
gradientdescentalm

ostnever
converge

to
saddle

points,and
can

converge
to

a
localm

inim
izer.

W
e

expectthata
sim

ilar
result

also
holds

forproxim
algradientdescent,butw

illleave
this

as
future

w
ork.

5.2
N

onconvex
Tree-Structured

G
roup

L
asso

In
this

section,
w

e
perform

experim
ents

on
the

nonconvex
tree-structured

group
lasso

m
odel

in
Section

4.1.2.Follow
ing

(L
iu

and
Y

e,2010),w
e

use
the

face
data

setJA
F

F
E

2,w
hich

contains
213

256×
256

im
ages

w
ith

seven
facialexpressions:

anger,disgust,fear,happy,neutral,sadness
and

surprise.T
heirtree

structure,w
hich

is
based

on
pixelneighborhoods,is

also
used

here.T
he

num
ber

ofgroups
K

is
341.

Since
our

goal
is

only
to

dem
onstrate

usefulness
of

the
proposed

convexification
schem

e,w
e

focus
on

the
binary

classification
problem

“angervs
not-anger”

(w
ith

30
angerim

ages
and

183
non-

angerim
ages).T

he
logistic

loss
is

used,w
hich

is
m

ore
appropriate

forclassification.G
iven

training
sam

ples{(a
1 ,y

1 ),...,(a
N
,y
N

)},the
optim

ization
problem

is
then

m
inx

N
∑i=

1

w
i log (

1
+

ex
p
(−
y
i ·a >i

x
) )

+
µ

K
∑i=

1

λ
i κ

(‖
x
G
i ‖

2 )
,

(59)

w
here

κ
(·)

is
the

L
SP

regularizer
(w

ith
θ

=
0
.5),

w
i ’s

are
w

eights
(setto

be
the

reciprocalof
the

size
of

sam
ple

i’s
class)

used
to

alleviate
class

im
balance,and

λ
i

=
1/ √
‖G

i ‖
1

as
in

(L
iu

and
Y

e,

2.
h
t
t
p
:
/
/
w
w
w
.
k
a
s
r
l
.
o
r
g
/
j
a
f
f
e
.
h
t
m
l
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.r.
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√
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G
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O
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(a)
µ

=
0
.0

1.
(b)

µ
=

0
.1.

(c)
µ

=
1.

Figure
10:C

onvergence
ofN

2C
and

nm
A

PG
on

tree-structured
group

lasso
w

ith
various

µ
.

2.
L

M
aFit(W

en
etal.,2012):Itfactorizes

X
as

a
productoflow

-rank
m

atrices
U
∈
R
m
×
k

and
V
∈
R
n×

k.
T

he
nonconvex

objective
12 ‖
P

Ω
(U
V
>
−
O

)‖
2F

is
then

m
inim

ized
by

alternating
m

inim
ization

on
U

and
V

using
gradientdescent.

3.
A

ctive
subspace

selection
(denoted

“active”)
(H

sieh
and

O
lsen,

2014):
T

his
solves

the
(convex)

nuclear
norm

regularized
problem

(w
ith

κ
being

the
identity

function
in

(8))
by

using
the

active
row

/colum
n

subspaces
to

reduce
the

optim
ization

problem
size.

W
e

do
notcom

pare
w

ith
IR

N
N

(L
u

etal.,2014)and
G

PG
(L

u
etal.,2015),w

hich
have

been
show

n
to

be
m

uch
slow

erthan
FaN

C
L

(Y
ao

etal.,2015).
Follow

ing
(Y

ao
etal.,2015),w

e
use

50%
ofthe

ratings
fortraining,

25
%

forvalidation
and

the
rest

for
testing.

For
perform

ance
evaluation,w

e
use

(i)
the

testing
R

M
SE

;
and

(ii)
the

recovered
rank.To

reduce
statisticalvariability,the

experim
entalresults

are
averaged

over5
repetitions.

R
esults

are
show

n
in

Table
6.

A
s

can
be

seen,the
nonconvex

m
odels

(N
2C

-FW
,FaN

C
L

and
L

M
aFit)

achieve
low

er
R

M
SE

s
than

the
convex

m
odel

(active
subspace

selection),
w

ith
N

2C
-

FW
having

the
sm

allest
R

M
SE

.M
oreover,

the
convex

m
odel

needs
a

m
uch

higher
rank

than
the

nonconvex
m

odels,w
hich

agrees
w

ith
previous

observations
in

(M
azum

deretal.,2010;Y
ao

etal.,
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Y
A

O
A

N
D

K
W

O
K

2015).T
hus,its

running
tim

e
is

also
m

uch
longerthan

the
others.Figure

11
com

pares
convergence

of
N

2C
and

FaN
C

L
w

.r.t.
the

objective
in

(30).
T

he
objectives

of
L

M
aFit

and
active

subspace
selection

are
differentfrom

N
2C

-FW
,and

thus
are

notshow
n.A

s
can

be
seen,though

FaN
C

L
uses

singularvalue
thresholding

to
truncate

the
SV

D
,itdoes

notcontrolthe
rank

as
directly

as
N

2C
-FW

and
so

is
stillslow

er.Figures
12

com
pares

convergence
ofthe

testing
R

M
SE

on
allalgorithm

s.A
s

the
recovered

m
atrix

ranks
for

the
nonconvex

m
odels

are
very

low
(2−

9
in

Table
6),N

2C
-FW

is
m

uch
fasterthan

the
others

as
itstarts

from
a

rank-one
m

atrix
and

only
increases

its
rank

by
one

in
each

iteration.

R
M

SE
rank

C
PU

tim
e(sec)

100K
N

2C
-FW

0.855±
0.004

2
0.8±

0.1
FaN

C
L

0.857±
0.003

2
2.6±

0.5
L

M
aFit

0.867±
0.004

2
1.8±

0.2
(convex)active

0.875±
0.002

52
9.4±

0.3
1M

N
2C

-FW
0.785±

0.001
5

19.9±
0.5

FaN
C

L
0.786±

0.001
5

53.6±
6.5

L
M

aFit
0.812±

0.002
5

45.1±
2.7

(convex)active
0.811±

0.001
106

124.6±
1.3

10M
N

2C
-FW

0.778±
0.001

9
313.0±

2.2
FaN

C
L

0.779±
0.001

9
615.7±

6.0
L

M
aFit

0.797±
0.001

9
264.9±

3.9
(convex)active

0.808±
0.001

137
904.8±

30.2

Table
6:

R
esults

on
the

M
ovieL

ens
data

sets.
T

he
bestresults

(according
to

the
paired

t-testw
ith

95%
confidence)are

highlighted.

5.3.2
N

E
T

FL
IX

A
N

D
Y

A
H

O
O

N
ext,

w
e

perform
experim

ents
on

tw
o

very
large

recom
m

endation
data

sets,
N

etflix
and

Y
ahoo

(Table
5).

W
e

random
ly

use
50%

of
the

observed
ratings

for
training,

25%
for

validation
and

the
restfortesting.A

s
active

subspace
selection

has
been

show
n

to
be

slow
erand

inferiorto
the

others
(Table

6),itis
notcom

pared
here.

E
ach

experim
ent

is
repeated

five
tim

es.
R

esults
are

show
n

in
Table

7,and
a

m
ore

detailed
convergence

com
parison

w
ith

C
PU

tim
e

is
show

n
in

Figures
13

and
14.A

gain,N
2C

is
m

uch
fasterthan

FaN
C

L
,and

has
the

low
esttesting

R
M

SE
.

5.4
C

om
parison

w
ith

H
O

N
O

R

In
this

section,w
e

experim
entally

com
pare

the
proposed

m
ethod

w
ith

H
O

N
O

R
(Section

4.5)on
the

m
odelin

(43),using
the

logistic
loss

and
L

SP
regularizer.Follow

ing
(G

ong
and

Y
e,2015a),w

e
fix

µ
=

1
in

(43),and
θ

in
the

L
SP

regularizerto
0.01µ

.E
xperim

ents
are

perform
ed

on
three

large
data

sets, 3
kdd2010a,kdd2010b

and
url(Table

8).
B

oth
kdd2010a

and
kdd2010b

are
educationaldata

sets,and
the

task
is

to
predictstudents’

successfulattem
pts

to
answ

er
concepts

related
to

algebra.

3.
h
t
t
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s
:
/
/
w
w
w
.
c
s
i
e
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t
u
.
e
d
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.
t
w
/
˜
c
j
l
i
n
/
l
i
b
s
v
m
t
o
o
l
s
/
d
a
t
a
s
e
t
s
/
b
i
n
a
r
y
.
h
t
m
l
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e

us
ed

(F
ig

ur
e

16
).

T
he

y
ar

e
th

en
co

rr
up

te
d

by
pe

pp
er

-a
nd

-s
al

tn
oi

se
,w

ith
10

%
of

th
e

pi
xe

ls
ra

nd
om

ly
se

tt
o

0
or

2
5
5

w
ith

eq
ua

l
pr

ob
ab

ili
tie

s.

Fo
rp

er
fo

rm
an

ce
ev

al
ua

tio
n,

w
e

us
e

th
e

R
M

SE
=
√

1
m
n

∑
m i=

1

∑
n j=

1
(X

ij
−
X̄
ij

)2
,w

he
re
X̄
∈

R
m
×
n

is
th

e
cl

ea
n

im
ag

e,
an

d
X
∈

R
m
×
n

is
th

e
re

co
ve

re
d

im
ag

e.
To

tu
ne
µ

,w
e

pi
ck

th
e

va
lu

e
th

at
le

ad
s

to
th

e
sm

al
le

st
R

M
SE

on
th

e
fir

st
fo

ur
im

ag
es

(b
oa

t,
co

up
le

,
fp

ri
nt

,
hi

ll)
.

D
en

oi
si

ng
pe

rf
or

m
an

ce
is

th
en

re
po

rt
ed

on
th

e
re

m
ai

ni
ng

im
ag

es
(h

ou
se

,l
en

a,
m

an
,p

ep
pe

rs
).

T
he

fo
llo

w
in

g
al

go
ri

th
m

s
w

ill
be

co
m

pa
re

d:

4.
h
t
t
p
:
/
/
w
w
w
.
c
s
.
t
u
t
.
f
i
/
˜
f
o
i
/
G
C
F
-
B
M
3
D
/
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N
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V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

R
M

SE
rank

C
PU

tim
e(m

in)
N

etflix
N

2C
-FW

0.792±
0.001

13
64.9±

1.8
FaN

C
L

0.793±
0.001

13
322.1±

7.3
L

M
aFit

0.807±
0.001

15
98.2±

1.8
Y

ahoo
N

2C
-FW

0.643±
0.001

9
111.3±

13.5
FaN

C
L

0.650±
0.001

9
444.7±

92.4
L

M
aFit

0.666±
0.001

12
179.3±

37.5

Table
7:

R
esults

on
the

N
etflix

and
Y

ahoo
data

sets.T
he

bestresults
(according

to
the

paired
t-test

w
ith

95%
confidence)are

highlighted.

(a)
N

etflix.
(b)

Y
ahoo.

Figure
13:

C
onvergence

ofobjective
vs

C
PU

tim
e

on
the

N
etflix

and
Y

ahoo
data

sets
fornonconvex

low
-rank

m
atrix

com
pletion.

1.
C

C
C

P
(Y

uille
and

R
angarajan,

2002):
Proposition

9
is

used
to

construct
the

D
C

decom
position

for
κ

(D
etails

are
in

A
ppendix

B
.1);

2.
Sm

oothing
(C

hen,2012):
T

he
nonsm

ooth
κ

is
sm

oothed,and
then

gradientdescentis
used

(D
etails

are
in

A
ppendix

B
.2);

3.
nm

A
PG

(L
iand

L
in,2015):

T
his

optim
izes

(50)
w

ith
A

lgorithm
2,and

the
exactproxim

al
step

is
solved

num
erically

using
C

C
C

P;

4.
inexact-nm

A
PG

:
T

his
optim

izes
(47)

w
ith

A
lgorithm

3
(w

ith
ε
t

=
0
.95

t),
and

the
inexact

proxim
alstep

is
solved

num
erically

using
L

-B
FG

S.

5.
A

s
a

baseline,w
e

also
com

pare
w

ith
A

D
M

M
(B

oyd
etal.,2011)w

ith
the

convex
form

ulation.

To
reduce

statisticalvariability,the
experim

entalresults
are

averaged
over5

repetitions.
T

he
R

M
SE

results
are

show
n

in
Table

9.
A

s
can

be
seen,

the
(convex)

A
D

M
M

form
ulation

leads
to

the
highestR

M
SE

,w
hile

C
C

C
P,sm

oothing,nm
A

PG
and

inexact-nm
A

PG
have

the
sam

e
R

M
SE

w
hich

is
low

erthan
thatofA

D
M

M
.T

his
agrees

w
ith

previous
observations

thatnonconvex
form

ulations
can

yield
better

perform
ance

than
the

convex
ones.

Tim
ing

results
are

show
n

in
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Y
A

O
A

N
D

K
W

O
K

(a)
N

etflix.
(b)

Y
ahoo.

Figure
14:

C
onvergence

of
testing

R
M

SE
vs

C
PU

tim
e

on
the

N
etflix

and
Y

ahoo
data

sets
for

nonconvex
low

-rank
m

atrix
com

pletion.

kdd2010a
kdd2010b

url
num

berofsam
ples

510,302
748,401

2,396,130
num

beroffeatures
20,216,830

29,890,095
3,231,961

Table
8:D

ata
sets

used
in

the
com

parison
w

ith
H

O
N

O
R

.

Table
10

and
Figure

17.
A

s
can

be
seen,sm

oothing
has

low
iteration

com
plexity

butsuffers
from

slow
convergence.

C
C

C
P

and
nm

A
PG

both
need

to
exactly

solve
a

subproblem
,and

thus
are

also
slow

.
T

he
inexact-nm

A
PG

algorithm
does

not
guarantee

the
objective

value
to

be
m

onotonically
decreasing

as
iteration

proceeds.
A

s
the

inexactness
is

initially
large,

there
is

an
initial

spike
in

the
objective.

H
ow

ever,
inexact-nm

A
PG

then
quickly

converges,
and

is
m

uch
faster

than
all

the
baselines.

house
lena

m
an

peppers
C

C
C

P
0.0205±

0.0010
0.0174±

0.0005
0.0223±

0.0002
0.0207±

0.0009
sm

oothing
0.0205±

0.0011
0.0174±

0.0005
0.0223±

0.0002
0.0207±

0.0009
nm

A
PG

0.0205±
0.0010

0.0174±
0.0005

0.0223±
0.0002

0.0207±
0.0009

inexact-nm
A

PG
0.0205±

0.0010
0.0174±

0.0005
0.0223±

0.0002
0.0207±

0.0009
(convex)A

D
M

M
0.0223±

0.0011
0.0193±

0.0005
0.0242±

0.0002
0.0229±

0.0008

Table
9:

R
M

SE
for

im
age

denoising.
T

he
best

R
M

SE
’s

(according
to

the
paired

t-test
w

ith
95%

confidence)are
highlighted.
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N
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N
V

E
X

R
E

G
U

L
A

R
IZ

E
R

S
B

Y
R

E
D

IS
T

R
IB

U
T

IN
G

N
O

N
C

O
N

V
E

X
IT

Y

(a
)

kd
d2

01
0a

.
(b

)
kd

d2
01

0b
.

(c
)

ur
l.

Fi
gu

re
15

:C
on

ve
rg

en
ce

of
th

e
ob

je
ct

iv
e

vs
C

PU
tim

e
fo

rH
O

N
O

R
an

d
m

O
W

L
-Q

N
.

(a
)

bo
at

.
(b

)
co

up
le

.
(c

)
fp

ri
nt

.
(d

)
hi

ll.
(e

)
ho

us
e.

(f
)

le
na

.
(g

)
m

an
.

(h
)

pe
pp

er
s.

Fi
gu

re
16

:
Sa

m
pl

es
im

ag
es

us
ed

in
th

e
de

no
is

in
g

ex
pe

ri
m

en
t.

To
p:

C
le

an
im

ag
es

;B
ot

to
m

:
N

oi
sy

im
ag

es
.

6.
C

on
cl

us
io

n

In
th

is
pa

pe
r,

w
e

pr
op

os
ed

a
no

ve
la

pp
ro

ac
h

to
le

ar
ni

ng
w

ith
no

nc
on

ve
x

re
gu

la
ri

ze
rs

th
at

ar
e

va
ri

an
ts

of
th

e
co

nv
ex
` 1

-n
or

m
.

B
y

m
ov

in
g

th
e

no
nc

on
ve

xi
ty

as
so

ci
at

ed
w

ith
th

e
no

nc
on

ve
x

re
gu

la
ri

ze
r
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Y
A

O
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O
K

ho
us

e
le

na
m

an
pe

pp
er

s
C

C
C

P
21

.0
±

2.
3

27
0.

0±
13

.0
32

5.
3±

17
.4

14
.5
±

1.
2

sm
oo

th
in

g
75

.5
±

2.
0

43
3.

1±
4.

8
43

7.
7±

6.
8

61
.9
±

1.
7

nm
A

PG
19

.4
±

2.
3

91
.4
±

7.
3

10
4.

4±
2.

7
16

.1
±

1.
8

in
ex

ac
t-

nm
A

PG
10

.3
±

1.
1

37
.9
±

5.
0

43
.0
±

7.
6

8.
1±

0.
2

(c
on

ve
x)

A
D

M
M

3.
0±

0.
1

42
.8
±

1.
1

46
.9
±

1.
0

2.
2±

0.
1

Ta
bl

e
10

:
C

PU
tim

e
(s

ec
on

ds
)f

or
im

ag
e

de
no

is
in

g.
T

he
sh

or
te

st
C

PU
tim

e
(a

cc
or

di
ng

to
th

e
pa

ir
ed

t-
te

st
w

ith
95

%
co

nfi
de

nc
e)

ar
e

hi
gh

lig
ht

ed
.

(a
)

ho
us

e.
(b

)
le

na
.

(c
)

m
an

.
(d

)
pe

pp
er

s.

Fi
gu

re
17

:C
PU

tim
e

(s
ec

on
ds

)v
s

ob
je

ct
iv

e
va

lu
e

on
di

ff
er

en
ti

m
ag

es
.

to
th

e
lo

ss
,

th
e

no
nc

on
ve

x
re

gu
la

ri
ze

r
is

co
nv

ex
ifi

ed
to

be
co

m
e

a
fa

m
ili

ar
co

nv
ex

re
gu

la
ri

ze
r

w
hi

le
th

e
au

gm
en

te
d

lo
ss

is
st

ill
L

ip
sc

hi
tz

sm
oo

th
.

T
hi

s
al

lo
w

s
on

e
to

re
us

e
ef

fic
ie

nt
al

go
ri

th
m

s
or

ig
in

al
ly

de
si

gn
ed

fo
r

co
nv

ex
re

gu
la

ri
ze

rs
on

th
e

tr
an

sf
or

m
ed

pr
ob

le
m

.
To

ill
us

tr
at

e
us

ag
es

w
ith

th
e

pr
op

os
ed

tr
an

sf
or

m
at

io
n,

w
e

pl
ug

it
in

to
m

an
y

po
pu

la
r

op
tim

iz
at

io
n

al
go

ri
th

m
s.

Fi
rs

t,
w

e
co

ns
id

er
th

e
pr

ox
im

al
al

go
ri

th
m

,
an

d
sh

ow
ed

th
at

w
hi

le
th

e
pr

ox
im

al
st

ep
is

ex
pe

ns
iv

e
on

th
e
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N
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V
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X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

original
problem

,
it

becom
es

m
uch

easier
on

the
transform

ed
problem

.
W

e
further

propose
an

inexactproxim
alalgorithm

,w
hich

allow
s

inexactupdate
of

proxim
alstep

w
hen

itdoes
nothave

a
closed-form

solution.
Second,w

e
com

bine
the

proposed
convexification

schem
e

w
ith

the
Frank-

W
olfe

algorithm
on

learning
low

-rank
m

atrices,
and

show
ed

that
its

crucial
linear

program
m

ing
step

becom
es

cheaperand
m

ore
easily

solvable.A
s

no
convergence

results
existon

this
nonconvex

problem
,

w
e

designed
a

novel
Frank-W

olfe
algorithm

based
on

the
proposed

transform
ation

and
w

ith
convergence

guarantee.
T

hird,
w

hen
using

w
ith

A
D

M
M

and
SV

R
G

,
w

e
show

ed
that

the
existing

convergence
results

can
be

applied
on

the
transform

ed
problem

but
not

on
the

original
one.

W
e

further
extend

the
proposed

transform
ation

to
handle

nonconvex
and

nonsm
ooth

loss
functions,and

illustrate
itsbenefitson

the
totalvariation

m
odeland

robustsparse
coding.Finally,w

e
dem

onstrate
the

em
piricaladvantages

of
w

orking
w

ith
the

transform
ed

problem
s

on
various

tasks
w

ith
both

synthetic
and

real-w
orld

data
sets.E

xperim
entalresults

show
thatbetterperform

ance
can

be
obtained

w
ith

nonconvex
regularizers,

and
algorithm

s
on

the
transform

ed
problem

s
run

m
uch

fasterthan
the

state-of-the-arton
the

originalproblem
s.
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A
ppendix

A
.Proofs

A
.1

Proposition
1

Proof
First,w

e
introduce

a
few

L
em

m
as.

L
em

m
a

14
(G

olub
and

Van
L

oan
(2012))

For
x
6=

0,the
gradientofthe

`
2 -norm

is∇
x
i ‖x‖

2
=

x
i /‖x‖

2 .

L
et
h

(z
)

=
κ

(‖z‖
2 )−

κ
0 ‖z‖

2 .

L
em

m
a

15

∇
z
i h

(z
)

=

{
κ
′(‖
z‖

2
)−
κ
0

‖
z‖

2
z
i
z
6=

0

0
otherw

ise
.

(60)

Proof
For

z
6=

0,‖
z‖

2
is

differentiable
(L

em
m

a
14),and

w
e

obtain
the

firstpartof(60).For
z

=
0,

let
h̄
i (z

)
=

κ
′(‖
z‖

2
)−
κ
0

‖
z‖

2
z
i .C

onsiderany
∆

w
ith‖

∆
‖

2
=

1.

lim
α→

0
+
h̄
i (0

+
α

∆
)

=
lim
α→

0
+

κ
′(‖α

∆
‖

2 )−
κ

0

‖α
∆
‖

2
α

∆
i

=
lim
α→

0
+

(κ
′(α

)−
κ

0 )∆
i

=
0,

as
lim

α→
0
+
κ
′(α

)−
κ

0
=

0.T
hus,h

(z
)issm

ooth
atz

=
0,and

w
e

obtain
the

second
partof(60).
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Y
A

O
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K
W

O
K

L
em

m
a

16
(E

riksson
etal.(2004))

Let
f

:R
→

R
be

a
differentiable

function.Ifits
derivative

f
′

is
bounded,then

f
is

Lipschitz-continuous
w

ith
constant

c
w

here
c

is
equalto

the
m

axim
um

value
of|f

′|.

L
em

m
a

17
(E

riksson
etal.(2004))

Ifa
continuousfunction

f
:R
→

R
is
L

1 -Lipschitzcontinuous
in

[a
,b]

and
L

2 -Lipschitz
continuous

in
[b,c]

(w
here

−
∞
≤

a
<

b
<

c
≤
∞

),
then

it
is

m
ax

(L
1 ,L

2 )-Lipschitz
continuous

in
[a
,c].

L
em

m
a

18
Let

z
be

an
arbitrary

vector,and
e
i be

the
unitvector

w
ith

only
its
ith

dim
ension

equal
to

1.D
efine

ĥ
i (γ

)
=

κ
′(‖
z
+
e
i γ‖

2
)−
κ
0

‖
z
+
e
i γ‖

2
(z
i
+
γ

).Then,
ĥ

is
2
ρ-Lipschitz

continuous.

Proof
L

etthe
finite

non-differentiable
points

of
κ
′be{α̂

1 ,...,α̂
k },w

here
α̂

1
<
···

<
α̂
k .

W
e

partition
(−
∞
,∞

)
into

intervals
(−
∞
,α̂

1 ]∪
[α̂

1 ,α̂
2 ]∪
···∪

[α̂
k ,∞

),such
that

κ
′′exists

in
each

interval.L
et
w

=
z

+
e
i γ.Forany

interval,

ĥ
′i (γ

)
=
κ
′′(‖w‖

2 )

‖
w‖

2
(z
i
+
γ

)
2

+

(
1−

(z
i
+
γ

)
2

‖w‖
22

)
κ
′(‖
w‖

2 )−
κ

0

‖
w‖

2
.

(61)

L
et
φ

(α
)

=
κ
′(α

)−
κ

0 ,
w

here
α
≥

0.
N

ote
that

φ
(0

)
=

0.
M

oreover,
φ

(α
)

is
ρ-L

ipschitz
continuous

as
κ

is
ρ-L

ipschitz
sm

ooth.T
hus,

|φ
(α

)−
φ

(0)|
=
|κ
′(α

)−
κ

0 |≤
ρ
α
,

and
so

∣∣κ
′(‖w‖

2 )−
κ

0 ∣∣≤
ρ‖
w‖

2 .
(62)

N
ote

that
(z
i
+
γ

)
2≤
‖w‖

22 ,(61)can
be

rew
ritten

as

∣∣∣ ĥ
′i (γ

) ∣∣∣ ≤
∣∣∣∣ κ
′′(‖w‖

2 )

‖
w‖

2
(z
i
+
γ

)
2 ∣∣∣∣

+

∣∣∣∣ (
1−

(z
i
+
γ

)
2

‖w‖
22

)
κ
′(‖
w‖

2 )−
κ

0

‖
w‖

2

∣∣∣∣

≤
∣∣κ
′′(‖w‖

2 ) ∣∣
+

∣∣∣∣ κ
′(‖
w‖

2 )−
κ

0

‖w‖
2

∣∣∣∣ ≤
2ρ
,

w
here

the
lastinequality

is
due

to
that

κ
is
ρ-L

ipschitz
sm

ooth
and

(62).T
hus,|ĥ

′i (γ
)|≤

2
ρ,and

by
L

em
m

a
16,w

e
have

ĥ
i (γ

)
is

2
ρ-L

ipschitz
continuous

on
any

interval.
O

bviously
ĥ
i is

continuous,
and

w
e

conclude
that

ĥ
i is

also
2
ρ-L

ipschitz
continuous

by
L

em
m

a
17.

From
L

em
m

a
18,

ĥ
i is

2
ρ-L

ipschitz
continuous.

T
hus,∇

h
is

2
ρ-L

ipschitz
continuous

in
each

ofits
dim

ensions.Forany
x
,y
∈
R
d,

‖∇
h

(x
)−
∇
h

(y
)‖

22
=

d
∑i=

1

[∇
x
i h

(x
)−
∇
y
i h

(y
)] 2

≤
4
ρ

2
d
∑i=

1 (x
i −

y
i )

2
=

4ρ
2‖x
−
y‖

22 ,

and
hence

h
is

2ρ-L
ipschitz

sm
ooth.Finally,w

e
w

illshow
that

h
(z

)
is

also
concave.
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(B

oy
d

an
d

Va
nd

en
be

rg
he

(2
00

4)
)
φ

(x
)

=
π

(q
(x

))
is

co
nc

av
e

if
π

is
co

nc
av

e,
no

n-
in

cr
ea

si
ng

an
d
q

is
co

nv
ex

.

L
et
π

(α
)

=
κ

(α
)
−
κ

0
α

,
w

he
re
α
≥

0.
N

ot
e

th
at
π

is
co

nc
av

e.
M

or
eo

ve
r,
π

(0
)

=
0

an
d
π
′ (
α

)
≤

0.
T

hu
s,
π

(α
)

is
no

n-
in

cr
ea

si
ng

on
α
≥

0.
N

ex
t,

le
t
q(
z
)

=
‖z
‖ 2

.
T

he
n,

h
(z

)
≡
κ

(‖
z
‖ 2

)
−
κ

0
‖z
‖ 2

=
π

(q
(z

))
.A

s
q

is
co

nv
ex

,h
(z

)
is

co
nc

av
e

fr
om

L
em

m
a

19
.

A
.2

C
or

ol
la

ry
2

Pr
oo

f
Fr

om
Pr

op
os

iti
on

1
an

d
th

e
de

fin
iti

on
of
ḡ i

,w
e

ca
n

se
e

th
at
ḡ i

is
co

nc
av

e.
T

he
n,

fo
ra

ny
x
,y

,

‖∇
h

(A
ix

)
−
∇
h

(A
iy

)‖
2 2
≤

4
ρ

2
‖A

ix
−
A
iy
‖2 2
≤

4
ρ

2
‖A

i‖
2 F
‖x
−
y
‖2 2
.

T
hu

s,
ḡ i

is
2ρ
‖A

i‖
F

-L
ip

sc
hi

tz
sm

oo
th

.

A
.3

C
or

ol
la

ry
3

Pr
oo

f
It

is
ea

sy
to

se
e

th
at
ğ
(x

)
=
κ

0
∑

K i=
1
µ
i‖
A
ix
‖ 2

is
co

nv
ex

bu
tn

ot
sm

oo
th

.U
si

ng
C

or
ol

la
ry

2,
as

ea
ch
ḡ i

is
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nc
av

e
an

d
L

ip
sc

hi
tz

-s
m

oo
th

,ḡ
is

al
so

co
nc

av
e

an
d

L
ip

sc
hi

tz
-s

m
oo

th
.

A
.4

Pr
op

os
iti

on
5

Pr
oo

f
Fi

rs
t,

w
e

in
tr

od
uc

e
a

fe
w

L
em

m
as

.

D
efi

ni
tio

n
20

(B
er

ts
ek

as
(1

99
9)

)
A

fu
nc

tio
n
f

:
R
m
→

R
is

ab
so

lu
te

sy
m

m
et

ri
c

if
f

([
x

1
;.
..

;x
m

])
=
f
([
|x
π

(1
)|;
..
.;
|x
π

(m
)|]
) fo

r
an

y
pe

rm
ut

at
io

n
π

.

L
em

m
a

21
(L

ew
is

an
d

Se
nd

ov
(2

00
5)

)
Le

t
σ

(X
)

=
[σ

1
(X

);
..
.;
σ
m

(X
)]

be
th

e
ve

ct
or

co
nt

ai
ni

ng
si

ng
ul

ar
va

lu
es

of
X

.
Fo

r
an

ab
so

lu
te

sy
m

m
et

ri
c

fu
nc

tio
n
f

:
R
m
→

R
,
φ

(X
)
≡

f
(σ

(X
))

is
co

nc
av

e
on
X

if
an

d
on

ly
if
f

is
co

nc
av

e.

Fr
om

th
e

de
fin

iti
on

of
ḡ

in
(2

4)
,

ḡ
(X

)
=
µ̄

m ∑ i=
1

(κ
(σ
i(
X

))
−
κ

0
‖X
‖ ∗

)
=
µ̄

m ∑ i=
1

(κ
(σ
i(
X

))
−
κ

0
σ
i(
X

))
.

L
et

h
(x

)
=
µ̄

m ∑ i=
1

(κ
(|x

i|)
−
κ

0
|x
i|)
.

(6
3)

O
bv

io
us

ly
,
h

is
ab

so
lu

te
sy

m
m

et
ri

c.
Fr

om
R

em
ar

k
4,
h

is
co

nc
av

e.
T

hu
s,
ḡ

is
al

so
co

nc
av

e
by

L
em

m
a

21
.

L
em

m
a

22
(L

ew
is

an
d

Se
nd

ov
(2

00
5)

)
Le

t
th

e
SV

D
of
X

be
U

D
ia

g(
σ

(X
))
V
>

,w
he

re
σ

(X
)

=
[σ

1
(X

);
..
.;
σ
m

(X
)]

,f
:
R
m
→

R
be

sm
oo

th
an

d
ab

so
lu

te
sy

m
m

et
ri

c,
an

d
φ

(X
)
≡
f

(σ
(X

))
.W

e
ha

ve
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1.
∇
φ

(X
)

=
U

D
ia

g(
∇
f

(σ
(X

))
)V
>

;a
nd

2.
If
f

is
L

-L
ip

sc
hi

tz
sm

oo
th

,t
he

n
φ

is
al

so
L

-L
ip

sc
hi

tz
sm

oo
th

.

Fr
om

R
em

ar
k

4,
h

in
(6

3)
is

2
ρ

-L
ip

sc
hi

tz
sm

oo
th

.
H

en
ce

,f
ro

m
L

em
m

a
22

,ḡ
(X

)
is

al
so

2ρ
-

L
ip

sc
hi

tz
sm

oo
th

an
d
∇
ḡ
(X

)
=
U

D
ia

g(
∇
h

(σ
(X

))
)V
>

.

A
.5

Pr
op

os
iti

on
9

Pr
oo

f
Fi

rs
t,

w
e

in
tr

od
uc

e
th

e
fo

llo
w

in
g

L
em

m
a.

L
em

m
a

23
(B

oy
d

an
d

Va
nd

en
be

rg
he

(2
00

4)
)
φ

(x
)

=
π

(q
(x

))
is

co
nv

ex
if
π

is
co

nv
ex

,
no

n-
de

cr
ea

si
ng

an
d
q

is
co

nv
ex

.

L
et
π

(α
)

=
κ

(α
)

+
ρ 2
α

2
w

he
re
α
≥

0.
A

s
κ

is
ρ

-L
ip

sc
hi

tz
sm

oo
th

,κ
′ (
β

)
−
κ
′ (
α

)
≤
ρ
(α
−
β

).
T

hu
s,
π
′ (
α

)
−
π
′ (
β

)
=
κ
′ (
α

)
+
ρ
α
−
κ
′ (
β

)
−
ρ
β
≥

0
,i

.e
.,
π

is
co

nv
ex

.B
es

id
es

,π
′ (

0
)

=
κ
′ (

0
)
≥

0
.

T
hu

s,
π
′ (
α

)
≥

0
an

d
π

is
al

so
no

n-
de

cr
ea

si
ng

.
L

et
q(
x

)
=
‖x
‖

w
hi

ch
is

ob
vi

ou
sl

y
co

nv
ex

as
‖·
‖

is
a

no
rm

,w
e

ca
n

ex
pr

es
s
φ

(x
)

=
π

(q
(x

))
=
κ

(‖
x
‖ x

)
+

ρ 2
‖x
‖2

.
Fi

na
lly

,φ
(x

)
is

al
so

co
nv

ex
du

e
to

L
em

m
a

23
.

A
.6

T
he

or
em

6

Pr
oo

f
Fi

rs
t,

w
e

in
tr

od
uc

e
a

fe
w

L
em

m
as

.

L
em

m
a

24
Le

tX̃
be

an
in

ex
ac

ts
ol

ut
io

n
of

th
e

pr
ox

im
al

st
ep

m
in
Z
h

(Z
),

w
he

re
h

(Z
)

=
1 2
‖Z
−

(X
−

1 τ
∇
f̄

(X
))
‖2 F

+
1 τ
ğ
(Z

).
Le

tX̂
=

ar
g

m
in
Z
h

(Z
).

If
h

(X̃
)
−
h

(X̂
)
≤
ε,

th
en

F
(X̃

)
≤
F

(X
)
−
τ
−
L̄

2
‖X̃
−
X
‖2 F

+
τ
ε.

Pr
oo

f
L

et
φ

(Z
)

=
〈Z
−
X
,∇
f

(X
)〉

+
τ 2
‖Z
−
X
‖2 F

+
ğ
(Z

).
W

e
ha

ve

X̂
=

ar
g

m
in Z
h

(Z
)

=
ar

g
m

in Z
φ

(Z
),

(6
4)

φ
(Z

)
=

τ
h

(Z
)
−

1 τ
‖∇

f̄
(X

)‖
2 F
.

(6
5)

Fr
om

(6
4)

,w
e

ha
ve φ

(X̂
)

=
〈X̂
−
X
,∇
f

(X
)〉

+
τ 2
‖X̂
−
X
‖2 F

+
ğ
(X̂

)
≤
ğ
(X

).
(6

6)

A
s
h

(X̃
)
−
h

(X̂
)
≤
ε,

fr
om

(6
5)

(n
ot

e
th

at
‖∇

f̄
(X

)‖
2 F

is
a

co
ns

ta
nt

),
w

e
ha

ve

φ
(X̃

)
−
φ

(X̂
)

=
τ
(h

(X̃
)
−
h

(X̂
))
≤
τ
ε.
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E
FFIC

IE
N

T
L

E
A

R
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IN
G

O
F

N
O

N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

T
hen

w
ith

(66),w
e

have
φ

(X̃
)≤

τ
ε

+
φ

(X̂
)≤

ğ
(X

)
+
τ
ε,i.e.,

〈X̃
−
X
,∇
f

(X
)〉

+
τ2 ‖
X̃
−
X
‖

2F
+
ğ
(X̃

)≤
ğ
(X

)
+
τ
ε.

(67)

A
s
f̄

is
L̄

-L
ipschitz

sm
ooth,

f̄
(X̃

)≤
f̄

(X
)

+
〈X̃
−
X
,∇
f

(X
)〉

+
L̄2 ‖
X̃
−
X
‖

2F
.

C
om

bining
w

ith
(67),w

e
obtain

f̄
(X̃

)
+
τ2 ‖X̃

−
X
‖

22
+
ğ
(X̃

)≤
f̄

(X
)

+
L̄2 ‖X̃

−
X
‖

2F
+
ğ
(X

)
+
τ
ε.

T
hus,

F
(X̃

)≤
F

(X
)−

τ−
L̄

2
‖
X̃
−
X
‖

2F
+
τ
ε.

Ifstep
6

in
A

lgorithm
3

is
satisfied,X

t+
1

=
Z̃
t+

1 ,and

F
(X

t+
1 )≤

F
(X

t )−
δ2 ‖
X
t+

1 −
Y
t ‖

2F
.

(68)

O
therw

ise,step
9

is
executed,and

from
L

em
m

a
24,w

e
have

F
(X

t+
1 )≤

F
(X

t )−
τ−

L̄

2
‖
X
t+

1 −
X
t ‖

2F
+
τ
ε
t .

(69)

Partition
Ω

(T
)

=
{
1
,2
,...,T}

into
Ω

1 (T
)

and
Ω

2 (T
),

such
that

step
7

is
perform

ed
if
t
∈

Ω
1 (T

);and
execute

step
9

otherw
ise.C

om
bining

(68)and
(69),w

e
have

F
(X

1 )−
F

(X
T

+
1 )

≥
δ2

∑t∈
Ω

1
(T

) ‖X
t+

1 −
Y
t ‖

2F
+
τ−

L̄

2

∑t∈
Ω

2
(T

) (‖
X
t+

1 −
X
t ‖

2F
−
τ
ε
t )
,

≥
δ2

∑t∈
Ω

1
(T

) ‖X
t+

1 −
Y
t ‖

2F
+
τ−

L̄

2

∑t∈
Ω

2
(T

) ‖
X
t+

1 −
X
t ‖

2F
−

(τ−
L̄

)τ

2

∑t∈
Ω

2
(T

) ε
t

≥
δ2

∑t∈
Ω

1
(T

) ‖X
t+

1 −
Y
t ‖

2F
+
τ−

L̄

2

∑t∈
Ω

2
(T

) ‖
X
t+

1 −
X
t ‖

2F
−

(τ−
L̄

)τ

2

∞∑t=
1

ε
t

≥
δ2

∑t∈
Ω

1
(T

) ‖X
t+

1 −
Y
t ‖

2F
−
c

1
+
τ−

L̄

2

∑t∈
Ω

2
(T

) ‖X
t+

1 −
X
t ‖

2F
,

(70)

w
here

c
1

=
(τ−

L̄
)τ

2

∑
∞t=

1
ε
t
<
∞

and
c

1 ≥
0.From

(70),w
e

have

F
(X

1 )−
in

f
X
F

(X
)

+
c

1
≥

F
(X

1 )−
lim
T→
∞
F

(X
T

+
1 )

+
c

1

≥
lim
T→
∞
δ2

∑t∈
Ω

1
(T

) ‖
X
t+

1 −
Y
t ‖

2F
+
τ−

L̄

2

∑t∈
Ω

2
(T

) ‖
X
t+

1 −
X
t ‖

2F

≡
c

2 .
(71)

From
A

ssum
ption

A
1,c

2 ≤
F

(X
1 )−

in
f
X
F

(X
)

+
c

1
<
∞

.T
hus,c

2 ≥
0

is
a

finite
constant.L

et
Ω
∞1

=
lim

T→
∞

Ω
1 (T

),and
Ω
∞2

=
lim

T→
∞

Ω
2 (T

).C
onsiderthe

three
cases:
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Y
A

O
A

N
D

K
W

O
K

1.|Ω
∞1
|is

finite,and|Ω
∞2
|is

infinite .
A

s
|Ω
∞2
|

=
∞

and
lim
‖
X
‖
F →
∞
F

(X
)

=
∞

from
A

ssum
ption

A
1

and
(71),w

e
havelim
t∈

Ω
∞2
,t→
∞
‖
X
t+

1 −
X
t ‖

2F
=

0.

T
hus,there

exists
a

lim
itpointsuch

that
X
∗

=
lim

t
j ∈

Ω
∞2
,t
j →
∞
X
t
j

fora
subsequence{

X
t
j }

of{
X
t }.Since

lim
t
j →
∞
ε
t
j

=
0,then

lim
t
j ∈

Ω
∞2
,t
j →
∞
X
t
j +

1
=

lim
t
j ∈

Ω
∞2
,t
j →
∞

prox
1τ
ğ (X

t
j −

1τ ∇
f̄

(X
t
j )).

A
s

a
result,

0
∈

lim
t
j ∈

Ω
∞2
,t
j →
∞

1τ ∇
f̄

(X
t
j )

+
(X

t
j +

1 −
X
t
j )

+
1τ
∂
ğ
(X

t
j +

1 ).

Since
both

lim
t
j ∈

Ω
∞2
,t
j →
∞
X
t
j

=
lim

t
j ∈

Ω
∞2
,t
j →
∞
X
t
j +

1
=
X
∗ ,

w
e

then
have

∇
f̄

(X
∗ )

+
∂
ğ
(X
∗ )3

0,and
X
∗

is
a

criticalpointof(1).

2.|Ω
∞1
|is

infinite,and|Ω
∞2
|is

finite.
A

s
Ω
∞1

is
infinite

and
lim
‖
X
‖
F →
∞
F

(X
)

=
∞

from
A

ssum
ption

A
1

and
(71),w

e
havelim
t
j ∈

Ω
∞1
,t
j →
∞
‖X

t
j +

1 −
Y
t
j ‖

2F
=

0

fora
subsequence{

X
t
j }

of{X
t }.T

hus,there
exista

lim
itpointsuch

that

X
∗

=
lim

t
j ∈

Ω
∞1
,t
j →
∞
X
t
j +

1
=

lim
t
j ∈

Ω
∞1
,t
j →
∞
Y
t
j .

(72)

A
s

lim
t
j →
∞
ε
t
j

=
0,w

e
have

0
∈

lim
t
j ∈

Ω
∞1
,t
j →
∞

1τ ∇
f̄

(Y
t
j )

+
(X

t
j +

1 −
Y
t
j )

+
1τ
∂
ğ
(X

t
j +

1 ).

From
(72),w

e
have∇

f̄
(X
∗ )

+
∂
ğ
(X
∗ )3

0
and

X
∗

is
a

criticalpointof(1).

3.
B

oth|Ω
∞1
|and|Ω

∞2
|are

infinite.From
the

above
tw

o
cases,

w
e

can
see

that
once

|Ω
∞1
|

or
|Ω
∞2
|is

infinite,then{X
t }

is
bounded,and

any
lim

itpointof{X
t }

is
also

a
criticalpoint.In

the
third

case,both|Ω
∞1
|and|Ω

∞2
|are

infinite.T
hus,any

lim
itpointof{X

t }
is

also
a

critical
pointof(1).

A
s

a
result,{

X
t }

is
bounded

and
its

lim
its

points
are

criticalpoints
of(1).

A
.7

Proposition
7

Proof
From

(71),w
e

have

δ2

∑

t
1 ∈

Ω
1
(T

) ‖
X
t
1
+

1 −
Y
t
1 ‖

2F
+
τ−

L̄

2

∑

t
2 ∈

Ω
2
(T

) ‖X
t
2
+

1 −
X
t
2 ‖

2F
<
c

2 ,
(73)
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Y
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N
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N
C
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V
E

X
IT

Y

w
he

re
c 2
∈

(0
,∞

)
is

a
po

si
tiv

e
co

ns
ta

nt
.

L
et
c 3

=
m

in
(
δ 2
,
τ
−
L̄

2
).

Fr
om

th
e

de
fin

iti
on

of
V
t,

(7
3)

ca
n

be
re

w
ri

tte
n

as

c 3

T ∑ t=
1

‖X
t+

1
−
V
t‖

2 F
≤
δ 2

∑

t 1
∈Ω

1
(T

)

‖X
t 1

+
1
−
Y
t 1
‖2 F

+
τ
−
L̄

2

∑

t 2
∈Ω

2
(T

)

‖X
t 2

+
1
−
X
t 2
‖2 F
≤
c 2
.

Si
nc

e
c 2

is
fin

ite
,t

hu
s

li
m
t→
∞
d
t
≡
‖X

t+
1
−
V
t‖

2 F
=

0.
B

es
id

es
,w

e
ha

ve

m
in

t=
1
,.
..
,T

T ∑ t=
1

‖X
t+

1
−
V
t‖

2 F
≤

1 T

T ∑ t=
1

‖X
t+

1
−
V
t‖

2 F
≤

c 2 c 3
T
.

A
.8

Pr
op

os
iti

on
10

Pr
oo

f
N

ot
e

fr
om

(3
2)

th
at
∇
f̄

(S
)

=
∇
f

(S
)

+
∇
ḡ
(S

).
U

si
ng

th
e

m
at

ri
x

ch
ai

n
ru

le
,s

in
ce
S

=
α
X
t
+
β
u
tv
> t

an
d
∂
S
∂
α

=
X
t,

th
en

∂
f̄

(S
)

∂
α

=

〈 ∇
f̄

(S
),
∂
S

∂
α

〉
=
α
〈X

t,
∇
f̄

(S
)〉
.

Si
m

ila
rl

y,
si

nc
e
∂
S
∂
β

=
u
tv
> t

,

∂
f̄

(S
)

∂
β

=

〈 ∇
f̄

(S
),
∂
S

∂
β

〉
=
β
〈 u

tv
> t
,∇
f̄

(S
)〉

=
β
( u
> t
∇
f̄

(S
)v
t) .

A
s
ḡ
(S

)
=
µ
∑

m i=
1
κ

(σ
i(
S

))
−
µ
κ

0
σ
i(
S

),
us

in
g

L
em

m
a

22
,∇

f̄
(X

)
=
∇
f

(S
)

+
µ
U
S

D
ia

g(
w

)V
> S

an
d
w
i

=
κ
′ (
σ
i(
S

))
−
κ

0
.

A
.9

C
or

ol
la

ry
11

Pr
oo

f
N

ot
e

th
at

th
e

SV
D

of
X

is
(U
U
B

)D
ia

g(
[σ

1
(B

),
..
.,
σ
k
(B

)]
)(
V
V
B

)>
.U

si
ng

L
em

m
a

22
,

∇
f̄

(X
)

=
∇
f

(X
)

+
∇
ḡ
(X

)
=
∇
f

(X
)

+
µ

(U
U
B

)D
ia

g(
w

)(
V
V
B

)>
,

w
he

re
w
∈
R
k

w
ith

w
i

=
κ
′ (
σ
i(
B

))
−
κ

0
.

A
.1

0
Pr

op
os

iti
on

12

Pr
oo

f
A

s
ḡ
(X

)
is

de
fin

ed
on

th
e

si
ng

ul
ar

va
lu

es
of

th
e

in
pu

t
m

at
ri

x
X

,
w

e
on

ly
ne

ed
to

sh
ow

th
at
U
B
V
>

an
d
B

ha
ve

th
e

sa
m

e
si

ng
ul

ar
va

lu
es

.
L

et
th

e
SV

D
of
B

be
U
B

D
ia

g(
σ

(B
))
V
> B

,
w

he
re

σ
(B

)
=

[σ
1
(B

),
..
.,
σ
m

(B
)]

.
A

s
U

an
d
V

ar
e

or
th

og
on

al
,

it
is

ea
sy

to
se

e
th

at
(U
U
B

)
D

ia
g(
σ

(B
))

(V
B
V

)>
is

th
e

SV
D

of
X

.T
hu

s,
th

e
Pr

op
os

iti
on

ho
ld

s.
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O
A
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D
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W

O
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A
.1

1
T

he
or

em
13

Pr
oo

f
W

e
fir

st
in

tr
od

uc
e

tw
o

Pr
op

os
iti

on
s.

Pr
op

os
iti

on
25

(M
is

hr
a

et
al

.(
20

13
))

Fo
r

a
sq

ua
re

m
at

ri
x
X

,l
et

sy
m

(X
)

=
1 2
(X

+
X
>

).
Th

e
fir

st
-o

rd
er

op
tim

al
ity

co
nd

iti
on

s
fo

r
(3

7)
ar

e

∇
f̄

(X
)V
B
−
U

sy
m

(U
>
∇
f̄

(X
)V
B

)
=

0,

(∇
f̄

(X
))
>
U
B
−
V

sy
m

(V
>
∇
f̄

(X
)U
B

)
=

0,

sy
m

(U
>
∇
f̄

(X
)V

)
+
µ̄
I

=
0.

Pr
op

os
iti

on
26

If
(3

1)
ha

s
a

cr
iti

ca
lp

oi
nt

w
ith

ra
nk
r,

ch
oo

se
th

e
si

ze
s

of
m

at
ri

ce
s
U

,V
an

d
B

be
m
×
r,
n
×
r

an
d
r
×
r,

re
sp

ec
tiv

el
y.

Th
en

,a
ny

cr
iti

ca
lp

oi
nt

of
(3

7)
is

al
so

a
cr

iti
ca

lp
oi

nt
of

(3
1)

.

Pr
oo

f
T

he
su

bd
iff

er
en

tia
lo

ft
he

nu
cl

ea
rn

or
m

ca
n

be
ob

ta
in

ed
as

(W
at

so
n,

19
92

)

∂
‖X
‖ ∗

=
{U
V
>

+
W

:
U
>
W

=
0,
W
V

=
0,
‖W
‖ ∞
≤

1}
,

(7
4)

w
he

re
X

=
U
B
V
>

.
L

et
X̂

=
Û
B̂
V̂
>

be
a

cr
iti

ca
lp

oi
nt

of
(3

7)
.

W
e

ha
ve

sy
m

(Û
>
∇
f̄

(X̂
)V̂

)
+

µ̄
I

=
0

du
e

to
Pr

op
os

iti
on

25
.F

ro
m

th
e

pr
op

er
ty

of
th

e
m

at
ri

x
no

rm
,w

e
ha

ve

λ
=
‖s

ym
(Û
>
∇
f̄

(X̂
)V̂

)‖
∞
≤
‖Û
>
∇
f̄

(X̂
)V̂
‖ ∞
≤
‖∇

f̄
(X̂

)‖
∞
.

T
he

eq
ua

lit
y

ho
ld

s
on

ly
w

he
n
∇
f̄

(X̂
)

=
−
µ̄
Û
V̂
>
−
µ̄
Û
⊥

Σ̂
⊥
V̂
> ⊥

,w
he

re
Û
⊥

an
d
V̂
⊥

ar
e

or
th

og
on

al
m

at
ri

ce
s

w
ith

Û
>
Û
⊥

=
0

an
d
V̂
>
V̂
⊥

=
0,

an
d

Σ̂
⊥

is
a

di
ag

on
al

m
at

ri
x

w
ith

po
si

tiv
e

el
em

en
ts

[Σ
⊥

] i
i
≤

1
.C

om
bi

ni
ng

th
is

w
ith

(7
4)

,w
e

ha
ve

∇
f̄

(X̂
)
∈
−
µ̄
∂
‖X̂
‖ ∗
.

(7
5)

T
he

n,
fo

r(
31

),
if
X
∗

is
a

cr
iti

ca
lp

oi
nt

,w
e

ha
ve

∇
f̄

(X
∗)
∈
−
µ̄
∂
‖X
∗‖
∗.

(7
6)

C
om

pa
ri

ng
(7

5)
an

d
(7

6)
,t

he
di

ff
er

en
ce

is
on

th
e

ra
nk

s
of
X̂

an
d
X
∗.

A
s

(3
1)

ha
s

a
cr

iti
ca

lp
oi

nt
w

ith
ra

nk
-r

,X̂
is

al
so

a
cr

iti
ca

lp
oi

nt
of

(3
1)

.

In
A

lg
or

ith
m

4,
th

e
si

ze
so

fU
,V

an
d
B

ar
e

se
le

ct
ed

as
m
×
t,
n
×
t,

an
d
t×
t,

re
sp

ec
tiv

el
y.

If
(3

1)
ha

s
a

cr
iti

ca
lp

oi
nt

w
ith

ra
nk
r,

th
en

as
ite

ra
tio

n
go

es
an

d
t

=
r,

fr
om

Pr
op

os
iti

on
26

,A
lg

or
ith

m
4

w
ill

re
tu

rn
a

cr
iti

ca
lp

oi
nt

of
(3

1)
.

A
pp

en
di

x
B

.D
et

ai
ls

in
Se

ct
io

n
5.

5

B
.1

C
C

C
P

U
si

ng
Pr

op
os

iti
on

9,
w

e
ca

n
de

co
m

po
se
κ

(|x
|)

=
ς̂(
x

)
+
ς̆(
x

),
w

he
re
ς̂(
x

)
=
−
ρ 2
x

2
is

co
nv

ex
an

d
ς̆(
x

)
=
κ

(|x
|)

+
ρ 2
x

2
is

co
nc

av
e.

A
pp

ly
th

e
ab

ov
e

de
co

m
po

si
tio

n
on

κ
in

(4
6)

,a
nd

w
e

ha
ve

th
e
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O
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N
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N
C

O
N

V
E

X
R

E
G

U
L

A
R

IZ
E

R
S

B
Y

R
E

D
IS

T
R

IB
U

T
IN

G
N

O
N

C
O

N
V

E
X

IT
Y

follow
ing

D
C

decom
position:

F̆
(X

)
=

m
∑i=

1

n
∑j=

1

ς̆ (
[Y
−
X

]ij )
+
µ
m
−

1
∑i=

1

m
∑j=

1

ς̆ (
[D

v X
]ij )

+
µ

n
∑i=

1

n−
1

∑j=
1

ς̆ (
[X
D
h ]ij )

,

F̂
(X

)
=

m
∑i=

1

n
∑j=

1

ς̂ (
[Y
−
X

]ij )
+
µ
m
−

1
∑i=

1

m
∑j=

1

ς̂ (
[D

v X
]ij )

+
µ

n
∑i=

1

n−
1

∑j=
1

ς̂ (
[X
D
h ]ij )

.

T
he

C
C

C
P

procedures
atSection

2.1
can

then
be

applied.

B
.2

Sm
oothing

A
s

the
L

SP
is

used
as
κ,a

sm
oothed

version
of

itcan
be

obtained
as
κ̃
λ (x

)
=
β

log (
1

+
h
λ

(x
)

θ

),

w
here

h
λ (x

)
=

{
|x|

if|x|≥
λ

x
2

2
λ

+
λ2

otherw
ise .T

hus,(46)is
sm

oothed
as

F̆
λ (X

)
=

m
∑i=

1

n
∑j=

1

κ̃
λ (

[Y
−
X

]ij )
+
µ
m
−

1
∑i=

1

m
∑j=

1

κ̃
λ (

[D
v X

]ij )
+
µ

n
∑i=

1

n−
1

∑j=
1

κ̃
λ (

[X
D
h ]ij )

.

G
radientdescentis

then
used

for
optim

ization
(C

hen,2012).
Specifically,w

e
need

to
m

inim
ize

a
sequence

ofsubproblem
s{
F̆
λ
1 (X

),F̆
λ
2 (X

),...}
w

ith
λ
i

=
λ

0 ν
i,and

using
X

from
F̆
λ
i−

1 (X
)

to
w

arm
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F̆
λ
i (X

).In
the

experim
ent,w

e
set

λ
0

=
0.1

and
ν

=
0.95.
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Figure
1:

Illustration
ofa

m
ode-seeking

process.T
he

contourplotindicates
the

probability
density

function
thatgenerates

the
data

sam
ples.

Figure
2:

E
xam

ples
ofthe

density
ridges

hidden
in

data.G
ray

dotpoints
and

green
curves

indicate
data

sam
ples

and
density

ridges,respectively.

applications).
D

ensity
ridge

estim
ation

is
closely

related
to

m
anifold

estim
ation.

W
hen

data
is

as-
sum

ed
to

be
generated

on
a

low
er-dim

ensionalm
anifold

w
ith

additive
G

aussian
noise,density

ridge
estim

ation
offers

a
w

ay
to

circum
ventthe

difficulty
ofm

anifold
estim

ation:
G

enovese
etal.(2014)

theoretically
proved

thatthe
density

ridgescapture
the

essentialpropertiesofsuch
m

anifoldsand
es-

tim
ating

the
density

ridge
is

substantially
easierthan

estim
ating

the
m

anifold.A
practicalalgorithm

called
subspace

constrained
m

ean
shift

(SC
M

S)
by

O
zertem

and
E

rdogm
us

(2011).
SC

M
S

is
an

extension
to

M
S,buta

projected
gradientascentm

ethod
is

perform
ed

to
find

density
ridges

instead
ofthe

gradientascentm
ethod

in
M

S;the
gradientvectorofthe

estim
ated

density
is

projected
to

the
subspace

w
hich

is
orthogonalto

the
ridge.

Such
a

subspace
can

be
obtained

by
applying

principal
com

ponentanalysis
to

an
estim

ate
of

the
H

essian
m

atrix
of

the
log-density,w

hich
is

com
posed

of
the

ratios
of

the
first-

and
second-order

density
derivatives

to
the

density.
A

long
the

projected
gra-

dientvector,SC
M

S
updates

data
points

tow
ard

the
ridge

ofthe
estim

ated
density

untilconvergence.
ForM

S,the
technicalchallenge

is
accurate

estim
ation

ofthe
derivatives

ofthe
probability

den-
sity

function.
To

derive
practical

m
ethods,

M
S

takes
a

tw
o-step

approach,
firstly

estim
ating

the
probability

density
function

and
then

com
puting

its
derivatives

(C
om

aniciu
and

M
eer,2002,Sec-

tion
2). 1

H
ow

ever,
this

approach
can

be
unreliable

because
a

good
density

estim
ator

does
not

1.A
s

review
ed

in
Section

3.2,practicalm
ethods

them
selves

do
notperform

initialdensity
estim

ation.
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A
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D
S

U
G

IY
A

M
A

necessarily
im

ply
a

good
density

derivative
estim

ator
in

m
any

practical
situations.

For
exam

ple,
sm

allrandom
fluctuations

in
a

density
estim

ate
can

create
fake

m
odes

and
m

ay
produce

large
errors

in
density-derivative

estim
ation,even

if
the

density
estim

ate
is

fairly
good

in
term

s
of

density
esti-

m
ation

(G
enovese

etal.,2016,Fig.1).T
herefore,testing

m
ethods

have
been

proposed
to

investigate
w

hetherthe
estim

ated
m

odes
are

realm
odes

from
the

underlying
data

density
orfake

m
odes

due
to

the
random

fluctuations
(G

odtliebsen
etal.,2002;D

uong
etal.,2008;G

enovese
etal.,2016).

For
SC

M
S,itis

even
m

ore
challenging

to
estim

ate
the

ratios
of

density
derivatives

to
the

density,but
SC

M
S

also
naively

estim
ates

the
ratios

by
adding

one
m

ore
step

to
the

tw
o-step

approach
in

M
S:

the
com

puted
density

derivatives
are

divided
by

the
estim

ated
density.

H
ow

ever,
such

a
division

could
strongly

m
agnify

estim
ation

error.

To
cope

w
ith

these
problem

s,w
e

propose
a

novelestim
ator

of
the

ratios
of

density
derivatives

to
the

density.
In

stark
contrastw

ith
the

approaches
in

M
S

and
SC

M
S,the

key
idea

is
to

directly
estim

ate
the

ratios
w

ithoutgoing
through

density
estim

ation.
M

oreover,w
e

theoretically
analyze

the
proposed

estim
ator

and
establish

a
convergence

rate.
T

he
direct

approach
has

been
adopted

and
proved

to
be

usefulboth
em

pirically
and

theoretically
w

hen
estim

ating
the

ratio
of

tw
o

proba-
bility

density
functions

(Sugiyam
a

etal.,2008;N
guyen

etal.,2008;K
anam

orietal.,2009,2012;
Sugiyam

a
et

al.,
2012;

K
potufe,

2017).
H

ere,
w

e
follow

the
direct

approach
in

the
context

of
a

differentproblem
and

derive
an

estim
ator

in
a

substantially
differentw

ay.
Previously,a

directes-
tim

ator
has

been
proposed

for
the

log-density
derivatives

(B
eran,1976;C

ox,1985),w
hich

are
the

ratios
of

first-order
density

derivatives
to

the
density.

O
n

the
other

hand,the
proposed

estim
ator

in
this

paperapproxim
ates

the
ratio

ofthe
derivatives

ofany
orderto

the
density,and

thus
generalizes

the
previous

estim
ator.

T
he

proposed
estim

atoris
firstapplied

to
m

ode-seeking
clustering.W

e
derive

an
update

rule
for

m
ode-seeking

based
on

a
fixed-pointalgorithm

,w
hile

inheriting
the

advantage
ofM

S:the
proposed

clustering
m

ethod
also

does
not

require
the

num
ber

of
clusters

to
be

specified
in

advance.
T

his
is

advantageous
because

clustering
is

an
unsupervised

learning
problem

and
tuning

the
num

ber
of

clusters
is

notstraightforw
ard

in
general.N

ext,based
on

the
m

ode-seeking
clustering,w

e
propose

a
novelm

ethod
fordensity

ridge
estim

ation.Forboth
m

ethods,w
e

prove
the

consistency
ofthe

m
ode

and
ridge

estim
ators,and

establish
the

convergence
rates.

Finally,w
e

experim
entally

dem
onstrate

thatourproposed
m

ethods
outperform

M
S

and
SC

M
S,particularly

forhigh(er)-dim
ensionaldata.

T
his

paper
is

organized
as

follow
s:

In
Section

2,w
e

propose
a

novelestim
ator

for
the

ratio
of

the
derivatives

of
any

order
to

the
density,and

establish
a

non-param
etric

convergence
rate.

T
he

proposed
estim

ator
is

applied
to

develop
novel

m
ethods

for
m

ode-seeking
clustering

and
density

ridge
estim

ation
in

Sections
3

and
4

respectively,
and

both
m

ethods
are

theoretically
analyzed.

Section
5

experim
entally

investigates
the

perform
ance

of
the

proposed
m

ethods
for

m
ode-seeking

clustering
and

density
ridge

estim
ation.

Section
6

concludes
this

paper.
Prelim

inary
results

of
this

paperw
ere

presented
atE

C
M

L
/PK

D
D

2014
(Sasakietal.,2014)and

A
ISTA

T
S

2017
(Sasakietal.,

2017).H
ow

ever,in
addition

to
com

bining
the

resultsin
those

conference
papers,w

e
have

added
new

theoreticalanalysis
ofthe

proposed
estim

ator,m
ode-seeking

clustering
and

density
ridge

estim
ation

m
ethods.

From
a

theoretical
stand

point,w
e

further
im

proved
upon

the
m

ethods
appeared

in
the

conference
papers,and

perform
ed

m
ore

experim
ents

in
this

paper.
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D
R

ca
n

be
re

ga
rd

ed
as

a
ge

ne
ra

liz
at

io
n

of
su

ch
m

et
ho

ds
to

hi
gh

er
-o

rd
er

de
riv

at
iv

es
.

2.
3

T
he

or
et

ic
al

A
na

ly
si

so
fL

SD
D

R

N
ex

t,
w

e
th

eo
re

tic
al

ly
an

al
yz

e
L

SD
D

R
.

2.
3.

1
P

R
E

L
IM

IN
A

R
IE

S
A

N
D

N
O

TA
T

IO
N

S

Fo
ra
D

-d
im

en
si

on
al

ve
ct

or
x
∈
R
D

,t
he

no
rm

is
de

fin
ed

by
‖x
‖

:=
√
∑

D j=
1
(x

(j
) )

2
.F

or
a

do
m

ai
n

X
(⊆

R
D

),
C

(X
)

de
no

te
s

th
e

sp
ac

e
of

al
lc

on
tin

uo
us

fu
nc

tio
ns

on
X

.
Fu

rt
he

rm
or

e,
w

e
de

fin
e

th
e

L
p

sp
ac

e
of

fu
nc

tio
ns
f

on
X

:
Fo

r
1
≤
p
≤
∞

,L
p
(X

)
:=
{f

:
‖f
‖ p

<
∞
}

w
he

re
‖
·‖

p
is

th
e
L
p

no
rm

de
fin

ed
by
‖f
‖ p

:=
( ∫
|f

(x
)|p

d
x
)1 p

w
ith

th
e

L
eb

es
gu

e
m

ea
su

re
fo

r
1
≤
p
<
∞

an
d

‖f
‖ ∞

:=
es

s
su

p
x
∈X
|f

(x
)|.

Fo
rf
∈
L

1
(R

D
),

th
e

Fo
ur

ie
r

tr
an

sf
or

m
is

de
fin

ed
as

f
∧ (
ω

)
:=

1

(2
π

)D
/
2

∫
f

(x
)e
−
iω
>
x

d
x
,

w
he

re
i

de
no

te
s

th
e

im
ag

in
ar

y
un

it.
L

et
H

be
a

re
pr

od
uc

in
g

ke
rn

el
H

ilb
er

t
sp

ac
e

(R
K

H
S)

ov
er
X

un
iq

ue
ly

as
so

ci
at

ed
w

ith
th

e
re

pr
od

uc
in

g
ke

rn
el
k

:
X
×
X
→

R
.

T
he

no
rm

an
d

in
ne

r
pr

od
uc

t
on
H

ar
e

de
no

te
d

by
‖
·‖
H

an
d
〈·,
·〉 H

,
re

sp
ec

tiv
el

y.
k

is
a

re
al

-v
al

ue
d,

sy
m

m
et

ri
c

an
d

po
si

tiv
e

de
fin

ite
fu

nc
tio

n
an

d
ha

s
th

e
re

pr
od

uc
in

g
pr

op
er

ty
:F

or
al

lx
∈
X

an
d
f
∈
H

,〈
f
,k

(·,
x

)〉
H

=
f

(x
).

A
n

ex
am

pl
e

of
re

pr
od

uc
in

g
ke

rn
el

s
is

th
e

G
au

ss
ia

n
ke

rn
el

,k
(x
,y

)
=

ex
p
( −
‖x
−
y
‖2

2
σ
2

)
w

he
re
σ
>

0
is

th
e

w
id

th
pa

ra
m

et
er

.

A
no

th
er

ex
am

pl
e

is
th

e
M

at
ér

n
ke

rn
el

,k
(x
,y

)
=
ψ

(x
−
y

)
=

2
1
−
s

Γ
(s

)
‖x
−
y
‖s
−
D
/
2
K
D
/
2
−
s
(‖
x
−
y
‖)

,
w

ho
se

co
rr

es
po

nd
in

g
R

K
H

S
H

co
in

ci
de

sw
ith

th
e

So
bo

le
v

sp
ac

e
H
s 2

w
ith

th
e

sm
oo

th
ne

ss
pa

ra
m

et
er

s
>
D
/
2

(W
en

dl
an

d,
20

04
,C

ha
pt

er
10

):

H
=
H
s 2

:=

{ f
∈
L

2
(R

D
)
∩
C

(R
D

)
:

∫
(1

+
‖ω
‖2

)s
|f
∧ (
ω

)|2
d
ω
<
∞
}
.

Γ
(·)

de
no

te
s

th
e

G
am

m
a

fu
nc

tio
n,

an
d
K
v
(·)

is
th

e
m

od
ifi

ed
B

es
se

lf
un

ct
io

n
of

th
e

se
co

nd
ki

nd
of

or
de

rv
.
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G
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E
S

T
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A
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IO
N

V
IA

D
E

N
S

IT
Y-D

E
R

IV
A

T
IV

E-R
A

T
IO

E
S

T
IM

A
T

IO
N

2.3.2
T

H
E

C
O

N
V

E
R

G
E

N
C

E
R

A
T

E
O

F
L

S
D

D
R

H
ere,w

e
derive

a
rate

of
convergence

for
L

SD
D

R
under

the
R

K
H

S
norm

.
To

this
end,w

e
assum

e
thatthe

true
density-derivative-ratio

is
contained

inH
:

r ∗j (x
)

:=
∂
j p

(x
)

p
(x

)
∈
H
.

Furtherm
ore,w

e
restrictthe

search
space

of
r
j

toH
and

express
L

SD
D

R
w

ith
R

(r
j )

=
‖r
j ‖

2H
as

r̂
j

=
argm

in
r
j ∈H

[Ĵ
j (r

j )
+
λ
j ‖
r
j ‖

2H ]
.

(6)

To
establish

a
convergence

rate
under

the
R

K
H

S
norm

,w
e

m
ake

the
follow

ing
assum

ptions
as

in
Sriperum

buduretal.(2013):

(A
)
X

is
com

pact.

(B
)
k

is
2|j|continuously

differentiable.

(C
)

T
he

follow
ing

equation
holds:

∫X
k
(·,x

)∂
j p

(x
)d
x

=
(−

1) |j| ∫X
∂
j k

(·,x
)p

(x
)d
x
.

(D
)

Forall
j,there

exists
ε≥

1
subjectto

(∫X
‖k

(·,x
)‖

2
ε
H
p
(x

)d
x )

12
ε

<
∞

and
(∫X

‖
∂
j k

(·,x
)‖
εH
p
(x

)d
x )

1ε

<
∞
.

A
ssum

ption
(A

)
m

akesH
separable

(Steinw
artand

C
hristm

ann,2008,L
em

m
a

4.33)
and

the
sepa-

rability
ofH

is
required

to
apply

Proposition
A

.2
in

Sriperum
budur

etal.(2013).
A

ssum
ption

(B
)

ensuresthatarbitrary
functionsinH

are
2|j|continuously

differentiable
(Steinw

artand
C

hristm
ann,

2008,C
orollary

4.36).A
ssum

ption
(C

)holdsunderm
ild

assum
ptionsof

k
and

p
asin

(3).From
A

s-
sum

ption
(D

),
J
j (r

j )
<
∞

w
hen

ε
=

1.
T

hen,the
follow

ing
theorem

establishes
the

convergence
rate

underthe
R

K
H

S
norm

:

T
heorem

1
Let

C
:=

∫X
k
(·,x

)⊗
k
(·,x

)p
(x

)d
x
,

w
here⊗

denotes
the

tensor
product,be

an
operator

on
H

.
Ifthere

exists
γ
>

0
such

that
r ∗j

is
in

the
range

of
C
γ

(i.e.,r ∗j ∈
R

(C
γ)),then

‖
r̂
j −

r ∗j ‖H
=
O

P (
n
−

m
in {

14
,

γ
2
(γ

+
1
) } )

,

w
ith

ε
=

2
and

λ
j

=
O

(
n
−

m
a
x {

14
,

1
2
(γ

+
1
) } )

as
n
→
∞

.
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S
A

S
A

K
I,K

A
N

A
M

O
R

I,H
Y

V
Ä

R
IN

E
N

,N
IU

A
N

D
S

U
G

IY
A

M
A

T
he

proofisgiven
in

A
ppendix

A
.W

e
follow

ed
the

prooftechniques
in

Sriperum
buduretal.(2013),

butadopted
them

to
a

differentproblem
:Sriperum

buduretal.(2013)proposed
and

analyzed
a

non-
param

etric
estim

ator
for

log-densities
w

ith
the

intractable
partition

functions
based

on
the

Fisher
divergence,w

hich
is

a
specialcase

of
J
j

at|j|
=

1.
T

he
range

space
assum

ption
r ∗j
∈
R

(C
γ)

is
closely

related
to

the
sm

oothness
of
r ∗j

(Sriperum
buduretal.,2013,Section

4.2):
L

arger
γ

im
plies

that
r ∗j

is
sm

oother.
A

s
seen

in
Sections

3.3.3
and

4.3.2,
T

heorem
1

is
particularly

useful
in

the
analysis

ofourm
ode-seeking

clustering
and

density
ridge

estim
ation

m
ethods.

R
em

ark
2

B
y

follow
ing

Sriperum
budur

etal.(2017,Section
4.2),Theorem

1
has

som
e

connection
to

the
m

inim
ax

theory
(Tsybakov,

2009)
under

Sobolev
spaces

w
here

for
any

α
>
s
≥

0,
the

m
inim

ax
rate

is
given

by

in
f

r̂
j
,n

su
p

r ∗j ∈
H
α2 ‖r̂

j
,n −

r ∗j ‖
H
s2 �

n
−

α
−
s

2
(α
−
s
)+
D
.

in
f

is
taken

over
possible

estim
ators

r̂
j
,n ,and

a
n
�
b
n

m
eans

that
a
n
/b
n

has
low

er-
and

upper-
bounds

aw
ay

from
zero

and
infinity,

respectively.
To

establish
a

connection
to

Sobolev
spaces,

suppose
thatthe

M
atérn

kernelis
em

ployed
w

hose
corresponding

R
K

H
S

is
a

Sobolev
spaceH

=
H
s2

w
ith

the
sm

oothness
param

eter
s
>
D
/2.

A
s

proved
in

A
ppendix

B
,

w
hen

the
true

density

belongs
to
L

1(R
D

)
(i.e.,

p
∈
L

1(R
D

)),
r ∗j
∈
R

(C
γ)

for
γ
≥

1
im

plies
that

r ∗j
∈
H

3
D2
−

12
+
ε

2
for

arbitrarily
sm

all
ε
>

0.Then,the
convergence

rate
n
−

14
is

m
inim

ax
optim

alunderH
=
H
D
−

12
+
ε

2
.

F
urtherm

ore,this
resultim

plies
thatthe

dim
ension

effectis
veiled

through
the

relative
sm

oothness

betw
een

tw
o

Sobolev
spaces

(H
3
D2
−

12
+
ε

2
and

H
D
−

12
+
ε

2
),

and
therefore

the
rate

in
Theorem

1
is

independentofdata
dim

ension
D

.D
etails

are
provided

in
A

ppendix
B

.

2.4
PracticalIm

plem
entation

ofL
SD

D
R

H
ere,w

e
describe

practicalim
plem

entation
ofL

SD
D

R
.

•
A

practicalversion
ofLSD

D
R

:T
he

representertheorem
(Z

hou,2008,T
heorem

2)states
that

the
estim

ator
r̂
j

should
take

the
follow

ing
form

:

r̂
j (x

)
=

n
∑i=

1

α
(i)
j
k
(x
,x

i )
+
β

(i)
j
∂
′j k

(x
,x
′) ∣∣∣x

′=
x
i

=
2
n
∑i=

1

θ
(i)
j
ψ

(i)
j

(x
)

=
θ
>j
ψ
j (x

),
(7)

w
here

∂
′j

denotes
the

partialderivative
w

ith
respectto

x
′,

θ
(i)
j

:=

{
α

(i)
j

i
=

1,...,n
,

β
(i−

n
)

j
i

=
n

+
1
,...,2n

,
ψ

(i)
j

(x
)

:=

{
k
(x
,x

i )
i

=
1,...,n

,

∂
′j k

(x
,x
′) ∣∣∣x

′=
x
i−
n

i
=
n

+
1
,...,2

n
.

To
estim

ate
θ
j ,

w
e

substitute
(7)

into
Ĵ
j

in
(4).

T
hen,

w
hen

R
(r
j )

=
θ
>j
θ
j ,

the
optim

al
solution

of
θ
j

can
be

com
puted

analytically
as

θ̂
j

:=
argm

in
θ
j

[θ
>j
Ĝ
j θ
j −

2(−
1) |j|θ

>j
ĥ
j

+
λ
j θ
>j
θ
j ]

=
(−

1) |j| (
Ĝ
j

+
λ
j I

2
n )
−

1
ĥ
j ,
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Y
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E

R
IV

A
T
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E
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A

T
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E
S

T
IM

A
T

IO
N

w
he

re
I 2
n

de
no

te
s

th
e

2
n

by
2
n

id
en

tit
y

m
at

ri
x,

Ĝ
j

:=
1 n

n ∑ i=
1

ψ
j
(x

i)
ψ
j
(x

i)
>

an
d

ĥ
j

:=
1 n

n ∑ i=
1

∂
j
ψ
j
(x

i)
.

Fi
na

lly
,a

pr
ac

tic
al

ve
rs

io
n

of
L

SD
D

R
is

gi
ve

n
by

r̂ j
(x

)
:=
θ̂
> j
ψ
j
(x

)
=

n ∑ i=
1

α̂
(i

)
j
k
(x
,x

i)
+
β̂

(i
)

j
∂
′ jk

(x
,x
′ )
∣ ∣ ∣ x
′ =
x
i

.

•
M

od
el

se
le

ct
io

n
by

cr
os

s-
va

lid
at

io
n:

M
od

el
se

le
ct

io
n

is
a

cr
uc

ia
lp

ro
bl

em
in

L
SD

D
R

.A
s

in
st

an
da

rd
m

od
el

se
le

ct
io

n
m

et
ho

ds
fo

r
ke

rn
el

de
ns

ity
es

tim
at

io
n

(B
ow

m
an

,1
98

4;
Sh

ea
th

er
,

20
04

),
w

e
ta

ke
a

le
as

t-
sq

ua
re

s
ap

pr
oa

ch
ba

se
d

on
(2

),
an

d
op

tim
iz

e
th

e
m

od
el

pa
ra

m
et

er
s

(p
ar

am
et

er
s

in
k
(·,
·)

an
d

th
e

re
gu

la
ri

za
tio

n
pa

ra
m

et
er
λ
j
)b

y
cr

os
s-

va
lid

at
io

n
as

fo
llo

w
s:

1.
D

iv
id

e
th

e
sa

m
pl

es
D

=
{x

i}
n i=

1
in

to
T

di
sj

oi
nt

su
bs

et
s
{D

t}
T t=

1
.

2.
O

bt
ai

n
th

e
es

tim
at

or
r̂(t

)
j

(x
)

fr
om
D
\
D t

(i
.e

.,
D

w
ith

ou
t
D t

),
an

d
th

en
co

m
pu

te
Ĵ
j

fr
om

th
e

ho
ld

-o
ut

sa
m

pl
es

as

C
V

(t
)

:=
1 |D
t|
∑ x
∈D

t

[ {
r̂(t

)
j

(x
)} 2
−

2(
−

1)
|j
| ∂
j
r̂(t

)
j

(x
)] ,

w
he

re
|D

t|
de

no
te

s
th

e
nu

m
be

ro
fe

le
m

en
ts

in
D t

.

3.
C

ho
os

e
th

e
m

od
el

th
at

m
in

im
iz

es
1 T

∑
T t=

1
C

V
(t

).

2.
5

N
ot

at
io

n

In
th

e
re

st
of

th
is

pa
pe

r,
w

e
co

ns
id

er
L

SD
D

R
on

ly
fo

r|
j
|=

1
an

d
|j
|=

2
.T

he
re

fo
re

,w
e

us
e

m
or

e
sp

ec
ifi

c
no

ta
tio

ns
as

fo
llo

w
s:

•
(S

ec
tio

ns
3

an
d

4)
Fo

r|
j
|=

1,
a

fir
st

or
de

rd
en

si
ty

-d
er

iv
at

iv
e-

ra
tio

co
rr

es
po

nd
st

o
a

fir
st

or
de

r
de

riv
at

iv
e

of
th

e
lo

g-
de

ns
ity

,a
nd

w
e

ex
pr

es
s

th
e

tr
ue

de
riv

at
iv

e
as

g j
(x

)
:=

∂
j
p
(x

)

p
(x

)
=
∂
j

lo
g
p
(x

),

w
he

re
∂
j

:=
∂

∂
x
(j

)
.T

he
n,

L
SD

D
R

to
g j

(x
)

is
de

no
te

d
by

ĝ j
(x

)
:=

2
n ∑ i=
1

θ̂(i
)

j
ψ

(i
)

j
(x

)
=

n ∑ i=
1

α̂
(i

)
j
k
(x
,x

i)
+
β̂

(i
)

j
∂
′ jk

(x
,x
′ )
∣ ∣ ∣ x
′ =
x
i

,

w
he

re
∂
′ j

de
no

te
s

th
e

pa
rt

ia
l

de
riv

at
iv

e
w

ith
re

sp
ec

t
to

th
e
j-

th
co

or
di

na
te

in
x
′ ,

an
d

th
e

su
bs

cr
ip

tj
of
θ̂(i

)
j

is
si

m
pl

ifi
ed

fr
om
j

be
ca

us
e

on
ly

on
e

el
em

en
ti

n
j

is
on

e
an

d
th

e
ot

he
rs

ar
e

ze
ro

s
w

he
n
|j
|=

1.

•
(S

ec
tio

n
4)

Fo
r
|j
|

=
2,

w
e

ex
pr

es
s

a
tr

ue
se

co
nd

or
de

r
de

ns
ity

-d
er

iv
at

iv
e-

ra
tio

by
[H

(x
)]
ij

:=
∂
i
∂
j
p
(x

)
p
(x

)
w

he
re

[H
(x

)]
ij

de
no

te
s

th
e

(i
,j

)-
th

el
em

en
t

of
th

e
m

at
ri

x
H

(x
).

L
SD

D
R

to
[H

(x
)]
ij

is
de

no
te

d
by

[Ĥ
(x

)]
ij

.
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S
A

S
A

K
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K
A

N
A

M
O

R
I,

H
Y

V
Ä

R
IN

E
N

,N
IU

A
N

D
S

U
G

IY
A

M
A

3.
A

pp
lic

at
io

n
to

M
od

e-
Se

ek
in

g
C

lu
st

er
in

g

T
hi

s
se

ct
io

n
ap

pl
ie

s
L

SD
D

R
to

m
od

e-
se

ek
in

g
cl

us
te

ri
ng

.

3.
1

Pr
ob

le
m

Fo
rm

ul
at

io
n

fo
r

C
lu

st
er

in
g

Su
pp

os
e

th
at

w
e

ar
e

gi
ve

n
a

co
lle

ct
io

n
of

da
ta

sa
m

pl
es
D

=
{x

i}
n i=

1
.

T
he

go
al

of
cl

us
te

ri
ng

is
to

as
si

gn
a

cl
us

te
r

la
be

l
c i
∈
{1
,.
..
,c
}

to
ea

ch
da

ta
sa

m
pl

e
x
i,

w
he

re
c

de
no

te
s

th
e

nu
m

be
r

of
cl

us
te

rs
,a

nd
is

un
kn

ow
n.

3.
2

B
ri

ef
R

ev
ie

w
of

M
ea

n
Sh

ift
C

lu
st

er
in

g

M
ea

n
sh

ift
cl

us
te

ri
ng

(M
S)

(F
uk

un
ag

a
an

d
H

os
te

tle
r,

19
75

;
C

he
ng

,
19

95
;

C
om

an
ic

iu
an

d
M

ee
r,

20
02

)
is

a
po

pu
la

r
cl

us
te

ri
ng

m
et

ho
d,

an
d

ha
s

be
en

ap
pl

ie
d

in
a

w
id

e-
ra

ng
e

of
fie

ld
s

su
ch

as
im

-
ag

e
se

gm
en

ta
tio

n
(C

om
an

ic
iu

an
d

M
ee

r,
20

02
;

Ta
o

et
al

.,
20

07
;

W
an

g
et

al
.,

20
04

)
an

d
ob

je
ct

tr
ac

ki
ng

(C
ol

lin
s,

20
03

;C
om

an
ic

iu
et

al
.,

20
00

)
(s

ee
a

re
ce

nt
re

vi
ew

ar
tic

le
by

C
ar

re
ir

a-
Pe

rp
iñ

án
(2

01
5)

).
M

S
in

iti
al

ly
re

ga
rd

s
al

l
da

ta
sa

m
pl

es
as

ca
nd

id
at

es
of

cl
us

te
r

ce
nt

er
s,

an
d

up
da

te
s

th
em

to
w

ar
d

th
e

ne
ar

es
tm

od
es

of
th

e
es

tim
at

ed
de

ns
ity

by
gr

ad
ie

nt
as

ce
nt

.
Fi

na
lly

,t
he

sa
m

e
cl

us
te

r
la

-
be

li
s

as
si

gn
ed

to
th

e
da

ta
sa

m
pl

es
w

hi
ch

co
nv

er
ge

to
th

e
sa

m
e

m
od

e.
U

nl
ik

e
st

an
da

rd
cl

us
te

ri
ng

m
et

ho
ds

su
ch

as
k-

m
ea

ns
cl

us
te

ri
ng

(M
ac

Q
ue

en
,1

96
7)

,M
S

au
to

m
at

ic
al

ly
de

te
rm

in
es

th
e

nu
m

be
r

of
cl

us
te

rs
ac

co
rd

in
g

to
th

e
nu

m
be

ro
fd

et
ec

te
d

m
od

es
.

To
up

da
te

da
ta

sa
m

pl
es

,t
he

te
ch

ni
ca

lc
ha

lle
ng

e
is

to
ac

cu
ra

te
ly

es
tim

at
e

th
e

gr
ad

ie
nt

of
p
(x

).
M

S
ta

ke
s

a
tw

o-
st

ep
ap

pr
oa

ch
:T

he
fir

st
st

ep
pe

rf
or

m
s

ke
rn

el
de

ns
ity

es
tim

at
io

n
(K

D
E

)a
s

p̂
K

D
E

(x
)

:=
1

Z
n
,h

n ∑ i=
1

K
K

D
E

(
‖x
−
x
i‖

2

2h
2

)
,

w
he

re
K

K
D

E
is

a
ke

rn
el

fu
nc

tio
n

fo
r

K
D

E
,
Z
n
,h

is
th

e
no

rm
al

iz
in

g
co

ns
ta

nt
,

an
d
h

de
no

te
s

th
e

ba
nd

w
id

th
pa

ra
m

et
er

.T
he

n,
th

e
se

co
nd

st
ep

co
m

pu
te

s
th

e
pa

rt
ia

ld
er

iv
at

iv
es

of
p̂

K
D

E
(x

)
as

∂
j
p̂

K
D

E
(x

)
=

1

h
2
Z
n
,h

n ∑ i=
1

(x
(j

)
i
−
x

(j
) )G

K
D

E

(
‖x
−
x
i‖

2

2
h

2

)

=
1

h
2
Z
n
,h

{
n ∑ i=

1

G
K

D
E

(
‖x
−
x
i‖

2

2
h

2

)
}
  

∑
n i=

1
x

(j
)

i
G

K
D

E

( ‖
x
−
x
i
‖2

2
h
2

)

∑
n i=

1
G

K
D

E

( ‖
x
−
x
i
‖2

2
h
2

)
−
x

(j
)  

,

w
he

re
G

K
D

E
(t

)
=
−

d d
t
K

K
D

E
(t

).

B
y

de
no

tin
g

th
e
τ

-t
h

up
da

te
of

a
da

ta
sa

m
pl

e
by
z
τ k

=
(z

(τ
,1

)
k

,z
(τ
,2

)
k

,.
..
,z

(τ
,D

)
k

)>
w

he
re
z

0 k
=

x
k
,s

et
tin

g
∂
j
p̂

K
D

E
(x

)
=

0
yi

el
ds

th
e

fo
llo

w
in

g
fix

ed
-p

oi
nt

ite
ra

tio
n

fo
rm

ul
a:

z
(τ

+
1
,j

)
k

=

∑
n i=

1
x

(j
)

i
G

K
D

E

(
‖z

τ k
−
x
i
‖2

2
h
2

)

∑
n i=

1
G

K
D

E

(
‖z

τ k
−
x
i
‖2

2
h
2

)
.

(8
)
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IT
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E
R

IV
A

T
IV
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A

T
IO

E
S

T
IM

A
T
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N

Sim
ple

calculation
show

s
that(8)can

be
equivalently

expressed
as

z
τ
+

1
k

=
z
τk

+
h

2Z
n
,h

∑
ni=

1
G

K
D

E (
‖
z
τk −
x
i ‖

2

2
h
2

)
∇
p̂

K
D

E
(x

)|x
=
z
τk

=
z
τk

+
m̂

K
D

E
(z
τk ),

(9)

w
here

∇
denotes

the
vector

differential
operator

w
ith

respect
to
x

,
and

m̂
K

D
E

(z
)

=

(m̂
(1

)
K

D
E

(z
),m̂

(2
)

K
D

E
(z

),...,m̂
(D

)
K

D
E

(z
)) >

is
called

the
m

ean
shiftvector

and
defined

by

m̂
K

D
E

(z
)

=
h

2Z
n
,h

∑
ni=

1
G

K
D

E (
‖
z−
x
i ‖

2

2
h
2

)∇
p̂

K
D

E
(x

)|x
=
z
.

(10)

E
q.(9)

indicates
thatM

S
perform

s
gradientascent.

To
speed

up
M

S,acceleration
strategies

w
ere

also
developed

in
C

arreira-Perpiñán
(2006).

Properties
ofM

S
have

been
theoretically

w
ell-investigated

(C
heng,1995;Fashing

and
Tom

asi,
2005;G

hassabeh,2013;A
rias-C

astro
etal.,2016).

For
instance,a

sequence{
z
τk ,τ

=
0,1

,2
,...}

generated
by

M
S

converges
to

a
m

ode
of
p̂

K
D

E
(x

)
as
τ

goes
infinity

(C
om

aniciu
and

M
eer,2002;

L
i

et
al.,2007;

G
hassabeh,2013);

C
arreira-Perpiñán

(2007)
show

ed
that

the
algorithm

of
M

S
is

equivalentto
the

E
M

algorithm
(D

em
pster

etal.,1977)
w

hen
K

K
D

E
(t)

=
ex

p
(−
t);Furtherm

ore,
Fashing

and
Tom

asi(2005)proved
thatM

S
perform

s
a

bound
optim

ization.A
lthough

M
S

has
good

theoreticalproperties,the
tw

o-step
approach

in
gradientestim

ation
seem

s
practically

inappropriate
because

a
good-density

estim
ator

does
notnecessarily

m
ean

a
good-density

gradientestim
ator.

A
m

ore
appropriate

w
ay

w
ould

be
to

directly
estim

ate
the

gradient.
Follow

ing
this

idea,
w

e
apply

L
SD

D
R

to
m

ode-seeking
clustering.

3.3
L

east-SquaresL
og-D

ensity
G

radientC
lustering

H
ere,L

SD
D

R
is

em
ployed

to
develop

a
novelm

ode-seeking
clustering

m
ethod

because
L

SD
D

R
is

an
estim

atorofa
single

elem
entin

the
log-density

gradientw
hen|j|

=
1.T

he
proposed

clustering
m

ethod
is

called
the

least-squares
log-density

gradientclustering
(L

SL
D

G
C

).

3.3.1
F

IX
E

D
-P

O
IN

T
IT

E
R

A
T

IO
N

First,w
hen

w
e

estim
ate

the
j-th

elem
entin

g
(x

)
=
∇

log
p
(x

),the
form

of
the

kernelfunction
is

restricted
as

k
(x
,x

i )
=
φ (
‖
x
−
x
i ‖

2

2σ
2j

)
,

w
here

σ
j

denotes
a

bandw
idth

param
eter,and

φ
is

a
non-negative,m

onotonically
non-increasing,

convex
and

differentiable
function.

For
exam

ple,w
hen

φ
(t)

=
ex

p
(−
t),
k
(x
,x

i )
is

the
G

aussian
kernel.U

nderthe
restriction,L

SD
D

R
can

be
rew

ritten
as

ĝ
j (x

)
=

n
∑i=

1 [
α̂

(i)
j
φ (
‖
x
−
x
i ‖

2

2σ
2j

)
+
β̃

(i)
j

x
(j)
i
−
x

(j)

σ
2j

ϕ

(
‖
x
−
x
i ‖

2

2
σ

2j

)
]
,

(11)

w
here

β̃
(i)
j

=
−
β̂

(i)
j

and
ϕ

(t)
=
−

dd
t φ

(t).
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For
our

m
ode-seeking

clustering
m

ethod,
w

e
derive

a
fixed-point

iteration
sim

ilarly
to

M
S.

W
hen ∑

ni=
1
β̃

(i)
j
ϕ

(
‖
x−
x
i ‖

2

2
σ
2j

)
6=

0,(11)can
be

expanded
as

ĝ
j (x

)
=

n
∑i=

1 [
α̂

(i)
j
φ (
‖
x
−
x
i ‖

2

2σ
2j

)
+
β̃

(i)
j
x

(j)
i

σ
2j

ϕ

(
‖
x
−
x
i ‖

2

2
σ

2j

)
]
−
x

(j)

σ
2j

n
∑i=

1

β̃
(i)
j
ϕ

(
‖
x
−
x
i ‖

2

σ
2j

)

=
1σ
2j

n
∑i=

1

β̃
(i)
j
ϕ

(
‖x
−
x
i ‖

2

2
σ

2j

)


∑
ni=

1 [
σ

2j α̂
(i)
j
φ (

‖
x−
x
i ‖

2

2
σ
2j

)
+
β̃

(i)
j
x

(j)
i
ϕ

(
‖
x−
x
i ‖

2

2
σ
2j

)]

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
x−
x
i ‖

2

2
σ
2j

)
−
x

(j) 
.

A
s

in
M

S,setting
ĝ
j (x

)
=

0
yields

the
follow

ing
update

form
ula:

z
(τ

+
1
,j)

k
=

∑
ni=

1 [
σ

2j α̂
(i)
j
φ (

‖
z
τk −
x
i ‖

2

2
σ
2j

)
+
β̃

(i)
j
x

(j)
i
ϕ

(
‖
z
τk −
x
i ‖

2

2
σ
2j

)]

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
z
τk −
x
i ‖

2

2
σ
2j

)
,

(12)

w
here

z
τk

denotesthe
τ-th

update
ofa

data
sam

ple
initialized

by
x
k .E

q.(12)can
be

also
equivalently

expressed
asz

(τ
+

1
,j)

=
z

(τ
,j)

+
σ

2j

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
z
τ−
x
i ‖

2

2
σ
2j

)
ĝ
j (z

τ)
=
z

(τ
,j)

+
m̂

(j)(z
τ),

(13)

w
here

m̂
(j)(z

)
:=

σ
2j

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
z−
x
i ‖

2

2
σ
2j

)
ĝ
j (z

).
(14)

W
hen

α̂
(i)
j

=
0

and
β̃

(i)
j

=
1
/n,(12)

is
reduced

to
the

M
S

update
form

ula
(8).

T
hus,L

SL
D

G
C

includes
M

S
as

a
specialcase.

T
he

form
of(12)m

otivates
us

to
develop

a
coordinate-w

ise
update

rule.From
j

=
1

to
j

=
D

,
w

e
iteratively

update
one

coordinate
ata

tim
e

by
sim

ply
m

odifying
(12)as

z
(τ

+
1
,j)

k
=

∑
ni=

1 [
σ

2j α̂
(i)
j
φ (

‖
z̃
τk −
x
i ‖

2

2
σ
2j

)
+
β̃

(i)
j
x

(j)
i
ϕ

(
‖
z̃
τk −
x
i ‖

2

2
σ
2j

)]

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
z̃
τk −
x
i ‖

2

2
σ
2j

)
,

(15)

w
here

z̃
τk

=
(z

(τ
+

1
,1

)
k

,...,z
(τ

+
1
,j−

1
)

k
,z

(τ
,j)

k
,z

(τ
,j+

1
)

k
,...,z

(τ
,D

)
k

) >
.

N
ote

thatthe
(j−

1)-th
and

j-th
elem

ents
in
z̃
τk

are
differentin

term
s

of
τ.

A
s

show
n

below
,this

coordinate-w
ise

update
rule

has
a

nice
theoreticalproperty.
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N
S
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E

R
IV

A
T

IV
E

-R
A

T
IO

E
S

T
IM

A
T

IO
N

3.
3.

2
S

U
FF

IC
IE

N
T

C
O

N
D

IT
IO

N
S

F
O

R
M

O
N

O
T

O
N

IC
H

IL
L

-C
L

IM
B

IN
G

L
SL

D
G

C
up

da
te

s
da

ta
sa

m
pl

es
to

w
ar

ds
th

e
m

od
es

lik
e

hi
ll-

cl
im

bi
ng

.
H

er
e,

w
e

sh
ow

su
ffi

ci
en

t
co

nd
iti

on
s

fo
r

m
on

ot
on

ic
hi

ll-
cl

im
bi

ng
,i

.e
.,

L
SL

D
G

C
m

ak
es

da
ta

sa
m

pl
es

ne
ve

r
cl

im
bi

ng
-d

ow
n.

T
he

ch
al

le
ng

e
in

th
is

an
al

ys
is

is
th

at
un

lik
e

M
S,

w
e

ca
nn

ot
kn

ow
th

e
es

tim
at

ed
de

ns
ity

,a
nd

th
us

it
is

no
ts

tr
ai

gh
tf

or
w

ar
d

to
in

ve
st

ig
at

e
th

is
pr

op
er

ty
fo

r
L

SL
D

G
C

.T
o

ov
er

co
m

e
th

is
ch

al
le

ng
e,

w
e

em
pl

oy
pa

th
in

te
gr

al
2

(S
tr

an
g,

19
91

):
Fo

r
th

e
ve

ct
or

fie
ld
g

(x
)

=
∇

lo
g
p
(x

)
an

d
a

di
ff

er
en

tia
bl

e
cu

rv
e
γ

(t
),
t
∈

[0
,s

]
co

nn
ec

tin
g
x

an
d
y

,i
.e

.,
γ

(0
)

=
y
,
γ

(s
)

=
x

,t
he

st
an

da
rd

fo
rm

ul
a

of
pa

th
in

te
gr

al
is

gi
ve

n
by D
g
[x
|y

]
:=

∫
s

0
ı
<
g

(γ
(t

))
,
γ̇

(t
)
>

d
t

=
lo

g
p
(x

)
−

lo
g
p
(y

),
(1

6)

w
he

re
γ̇

(t
)

=
d d
t
γ

(t
)

an
d

ı
<
·,·
>

de
no

te
s

th
e

in
ne

rp
ro

du
ct

.T
he

no
ta

bl
e

pr
op

er
ty

of
pa

th
in

te
gr

al
is

th
at

th
e

in
te

gr
al

is
in

de
pe

nd
en

to
f

an
y

ch
oi

ce
of

a
pa

th
,a

nd
de

te
rm

in
ed

on
ly

by
th

e
tw

o
po

in
ts

,
y

an
d
x

,a
s

sh
ow

n
in

th
e

m
os

tr
ig

ht
-h

an
d

si
de

of
(1

6)
.

In
th

is
an

al
ys

is
,w

e
us

e
th

e
fo

llo
w

in
g

pa
th

al
on

g
w

ith
on

e
co

or
di

na
te

at
a

tim
e

re
pe

at
ed

ly
:

y
=

(y
(1

) ,
y

(2
) ,
y

(3
) ,
..
.,
y

(D
) )
→

(x
(1

) ,
y

(2
) ,
y

(3
) ,
..
.,
y

(D
) )
→

(x
(1

) ,
x

(2
) ,
y

(3
) ,
..
.,
y

(D
) )

→
(x

(1
) ,
x

(2
) ,
x

(3
) ,
..
.,
y

(D
) )
→
··
·→

(x
(1

) ,
x

(2
) ,
x

(3
) ,
..
.,
x

(D
) )

=
x
.

(1
7)

B
y

su
bs

tit
ut

in
g

ou
rg

ra
di

en
te

st
im

at
e
ĝ

(x
)

in
to

th
e

m
id

dl
e

pa
rt

of
(1

6)
un

de
rt

he
pa

th
(1

7)
,

D̂
ĝ
[x
|y

]
:=

∫
s

0
ı
<
ĝ

(γ
(t

))
,
γ̇

(t
)
>

d
t

=
D ∑ j=

1

∫
x
(j

)

y
(j

)

ĝ j
(x

(1
) ,
x

(2
) ,
..
.,
z

(j
) ,
..
.,
y

(D
) )d
z

(j
) . (1

8)

Fr
om

(1
6)

,D̂
ĝ
[x
|y

]
ca

n
be

re
ga

rd
ed

as
an

es
tim

at
or

of
lo

g
p
(x

)
−

lo
g
p
(y

)
w

he
n

w
e

fix
th

e
cu

rv
e

th
at

co
nn

ec
ts
x

an
d
y

.
T

hu
s,
D̂
ĝ
[z
τ
+

1
k
|z
τ k
]
≥

0
fo

r
al

lτ
im

pl
ie

s
th

at
th

e
da

ta
sa

m
pl

es
up

da
te

d
by

L
SL

D
G

C
ne

ve
rc

lim
b

do
w

n.
T

he
fo

llo
w

in
g

th
eo

re
m

pr
ov

id
es

so
m

e
su

ffi
ci

en
tc

on
di

tio
ns

:

T
he

or
em

3
Su

pp
os

e
th

at
φ

is
a

no
n-

ne
ga

tiv
e,

m
on

ot
on

ic
al

ly
no

n-
in

cr
ea

si
ng

,c
on

ve
x

an
d

di
ffe

re
n-

tia
bl

e
fu

nc
tio

n.
Th

en
,i

f
α̂

(i
)

j
=

0
an

d
β̃

(i
)

j
≥

0,
un

de
r

th
e

co
or

di
na

te
-w

is
e

up
da

te
ru

le
(1

5)
an

d
pa

th
(1

7)
,

D̂
ĝ
[z
τ
+

1
k
|z
τ k
]
≥

0
.

T
he

pr
oo

fi
s

de
fe

rr
ed

to
A

pp
en

di
x

C
.

R
em

ar
k

4
Th

eo
re

m
3

sh
ow

s
su

ffi
ci

en
t

co
nd

iti
on

s
th

at
LS

LD
G

C
w

ith
th

e
co

or
di

na
te

-w
is

e
up

da
te

ru
le

(1
5)

m
ak

es
da

ta
sa

m
pl

es
m

on
ot

on
ic

al
ly

hi
ll-

cl
im

b
to

w
ar

ds
th

e
m

od
es

.H
ow

ev
er

,w
ith

ou
ts

at
is

-
fy

in
g

th
e

co
nd

iti
on

s,
w

e
em

pi
ri

ca
lly

ob
se

rv
ed

th
at

m
os

to
fd

at
a

sa
m

pl
es

m
on

ot
on

ic
al

ly
co

nv
er

ge
to

m
od

es
.

Th
er

ef
or

e,
w

e
co

nj
ec

tu
re

th
at

so
m

e
m

ild
er

co
nd

iti
on

s
ex

is
t,

an
d

do
no

ta
pp

ly
al

ls
uf

fic
ie

nt
co

nd
iti

on
s

in
pr

ac
tic

e.
P

ra
ct

ic
al

im
pl

em
en

ta
tio

n
is

de
sc

ri
be

d
in

Se
ct

io
n

3.
4.

2.
Pa

th
in

te
gr

al
is

al
so

ca
lle

d
lin

e
in

te
gr

al
.
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R
em

ar
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5
Fo

r
an

ot
he

r
up

da
te

ru
le

(1
2)

,s
uf

fic
ie

nt
co

nd
iti

on
s

fo
r

m
on

ot
on

ic
hi

ll-
cl

im
bi

ng
w

er
e

no
t

es
ta

bl
is

he
d

as
in

Th
eo

re
m

3.
H

ow
ev

er
,T

he
or

em
7

im
pl

ie
s

th
at

ac
cu

ra
te

m
od

e-
se

ek
in

g
is

po
ss

ib
le

fo
r

bo
th

up
da

te
ru

le
s

as
lo

ng
as
D̂
ĝ
[z
τ
+

1
k
|z
τ k
]

is
ke

pt
no

n-
ne

ga
tiv

e
fo

r
al

lτ
.T

he
re

fo
re

,i
n

pr
ac

tic
e,

w
he

ne
ve

r
D̂
ĝ
[z
τ
+

1
k
|z
τ k
]

is
ne

ga
tiv

e,
w

e
pe

rf
or

m
st

an
da

rd
gr

ad
ie

nt
as

ce
nt

.
Th

e
de

ta
ils

ar
e

gi
ve

n
in

Se
ct

io
n

3.
4.

R
em

ar
k

6
Su

ffi
ci

en
tc

on
di

tio
ns

fo
r

m
on

ot
on

ic
hi

ll-
cl

im
bi

ng
ha

ve
be

en
es

ta
bl

is
he

d
in

M
S

(C
om

an
i-

ci
u

an
d

M
ee

r,
20

02
;

Li
et

al
.,

20
07

;
G

ha
ss

ab
eh

,2
01

3)
.

Th
e

m
ai

n
di

ffe
re

nc
e

is
th

at
w

e
ob

ta
in

th
e

di
ffe

re
nc

e
of

tw
o

lo
g-

de
ns

ity
es

tim
at

es
fr

om
a

gr
ad

ie
nt

es
tim

at
e,

w
hi

le
pr

ev
io

us
w

or
k

di
re

ct
ly

be
gi

ns
w

ith
de

ns
ity

es
tim

at
io

n
ba

se
d

on
K

D
E

.T
hu

s,
th

e
pr

oo
fi

s
su

bs
ta

nt
ia

lly
di

ffe
re

nt
.

T
he

or
em

3
ho

ld
s

un
de

rt
he

pa
th

(1
7)

.H
ow

ev
er

,t
he

fo
llo

w
in

g
th

eo
re

m
st

at
es

th
at

as
n

in
cr

ea
se

s,
D̂
ĝ
[x
|y

]
ap

pr
oa

ch
es
D
g
[x
|y

],
w

hi
ch

is
in

de
pe

nd
en

to
ft

he
ch

oi
ce

of
a

pa
th

:

T
he

or
em

7
Su

pp
os

e
th

at
bo

th
g

an
d
ĝ

ar
e

fin
ite

on
th

e
pa

th
(1

7)
an

d
th

e
as

su
m

pt
io

ns
in

Th
eo

re
m

1
ho

ld
.T

he
n,

fo
r

ar
bi

tr
ar

y
x

an
d
y

,

∣ ∣ ∣D
g
[x
|y

]−
D̂
ĝ
[x
|y

]∣ ∣ ∣≤
‖g
−
ĝ
‖ ∞
‖x
−
y
‖ 1
≤
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
,

w
he

re
‖·
‖ 1

de
no

te
s

th
e
` 1

no
rm

.

T
he

pr
oo

fi
s

gi
ve

n
in

A
pp

en
di

x
D

.

R
em

ar
k

8
Th

eo
re

m
7

sh
ow

s

|D
g
[z
τ k
|z
τ
+

1
k

]
−
D̂
ĝ
[z
τ k
|z
τ
+

1
k

]|
≤
‖g
−
ĝ
‖ ∞
‖z

τ k
−
z
τ
+

1
k
‖ 1
.

(1
9)

Fr
om

(1
9)

,t
he

no
n-

ne
ga

tiv
ity

of
D̂
ĝ
[z
τ k
|z
τ
+

1
k

]
im

pl
ie

s
th

at
D
g
[z
τ k
|z
τ
+

1
k

]
is

al
so

no
n-

ne
ga

tiv
e

w
he

n
n

is
su

ffi
ci

en
tly

la
rg

e.
Th

us
,

Th
eo

re
m

7
en

su
re

s
th

at
ac

cu
ra

te
m

od
e-

se
ek

in
g

is
po

ss
ib

le
by

bo
th

up
da

te
ru

le
s

(1
2)

an
d

(1
5)

.

3.
3.

3
T

H
E

C
O

N
V

E
R

G
E

N
C

E
R

A
T

E
T

O
T

H
E

T
R

U
E

M
O

D
E

S
E

T

Fi
rs

t,
w

e
de

fin
e

th
e

se
to

ft
he

tr
ue

m
od

e
po

in
ts

as

M
:=
{µ

:
g

(µ
)

=
0
,∇
g

(µ
)
≺
O
},

(2
0)

w
he

re
∇
g

(µ
)

is
th

e
H

es
si

an
m

at
ri

x
of

th
e

lo
g-

de
ns

ity
at

a
m

od
e

po
in

tµ
,a

nd
∇
g

(µ
)
≺
O

m
ea

ns
th

at
∇
g

(µ
)

is
(s

tr
ic

tly
)

ne
ga

tiv
e

de
fin

ite
.

T
he

se
to

f
th

e
es

tim
at

ed
m

od
e

po
in

ts
is

al
so

de
no

te
d

by
M̂

.O
ur

go
al

is
to

es
ta

bl
is

h
th

e
co

nv
er

ge
nc

e
ra

te
be

tw
ee

n
M

an
d
M̂

un
de

rt
he

H
au

sd
or

ff
di

st
an

ce
:

H
au

s(
A
,B

)
:=

m
ax

(
su

p
x
∈A

in
f

y
∈B
‖x
−
y
‖,

su
p

y
∈B

in
f

x
∈A
‖x
−
y
‖)

,
(2

1)

w
he

re
A

an
d
B

de
no

te
tw

o
se

ts
.

T
he

fo
llo

w
in

g
th

eo
re

m
es

ta
bl

is
he

s
th

e
co

nv
er

ge
nc

e
ra

te
of

H
au

s(
M̂
,M

).
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M
O

D
E

C
L

U
S

T
E

R
IN

G
A

N
D

R
ID

G
E

E
S

T
IM

A
T

IO
N

V
IA

D
E

N
S

IT
Y-D

E
R

IV
A

T
IV

E-R
A

T
IO

E
S

T
IM

A
T

IO
N

T
heorem

9
Suppose

thatthe
assum

ptions
in

Theorem
1

hold.F
urther

assum
e

thateach
m

ode
point

µ
∈
M

is
approxim

ated
by

a
unique

estim
ated

m
ode

point
µ̂
∈
M̂

.Then,w
ith

high
probability,

H
au

s(M̂
,M

)
=
O

P (
n
−

m
in {

14
,

γ
2
(γ

+
1
) } )

.
(22)

T
he

proofcan
be

seen
in

A
ppendix

E
.

R
em

ark
10

C
hen

etal.(2016b,Theorem
1)

established
the

follow
ing

convergence
rate

based
on

K
D

E
:W

ith
the

asym
ptotically

optim
albandw

idth
h

=
O
(
n
−

1
D

+
6 )

,

H
aus(M̂

K
D

E ,M
)

=
O

P (
n
−

2
D

+
6 )
,

(23)

w
hereM̂

K
D

E
denotes

the
set

of
m

ode
points

based
on

K
D

E
.E

q.(23)
show

s
that

the
convergence

rate
ofH

aus(M̂
K

D
E ,M

)
depends

on
data

dim
ension

D
,although

directcom
parison

to
our

result
is

notstraightforw
ard

due
to

the
differentassum

ptions
in

both
analyses.

3.4
PracticalIm

plem
entation

ofL
SL

D
G

C

H
ere,w

e
describe

details
ofpracticalim

plem
entation

ofL
SL

D
G

C
.

•
Sufficientconditions

in
Theorem

3:T
he

conditions,α̂
(i)
j

=
0

and
β̃

(i)
j

(
=
−
β̂

(i)
j

)
≥

0
,ensure

that
D̂
ĝ [z

τ
+

1
k
|z
τk ]≥

0.
H

ere,w
e

set
α̂

(i)
j

=
0

forall
i

and
j,and

the
coordinate-w

ise
update

rule
(15)is

sim
plified

as

z
(τ

+
1
,j)

k
=

∑
ni=

1
β̃

(i)
j
x

(j)
i
ϕ

(
‖
z̃
τk −
x
i ‖

2

2
σ
2j

)

∑
ni=

1
β̃

(i)
j
ϕ

(
‖
z̃
τk −
x
i ‖

2

2
σ
2j

)
.

T
he

sam
e

sim
plification

is
applied

to
the

update
rule

(12)
as

w
ell.

T
his

significantly
reduces

the
com

putationalcosts
in

L
SD

D
R

because
α

(i)
j

do
notneed

to
be

estim
ated.

O
n

the
other

hand,to
satisfy

β̃
(i)
j
≥

0,w
e

have
to

solve
a

constrained
optim

ization
problem

,w
hich

tends
to

be
tim

e-consum
ing.

T
herefore,

the
unconstrained

optim
ization

problem
is

solved
as

in
Section

3.4,butas
a

rem
edy

w
e

perform
gradientascentw

henever
D̂
ĝ [z

τ
+

1
k
|z
τk ]
<

0.D
etails

ofthe
gradientascentare

given
below

.

•
Stability

in
the

m
ode-seeking

process:T
he

derivation
of(12)indicates

thatthe
m

ode-seeking

(hill-clim
bing)process

in
L

SL
D

G
C

can
be

unstable
w

hen
f
j (z

τk )
:=
∑

ni=
1
β̃

(i)
j
ϕ

(
‖
z
τk −
x
i ‖

2
σ
2j

)

is
close

to
zero.

To
cope

w
ith

this
problem

,w
e

sim
ply

perform
gradientascentw

hen
f
j (z

τk )
is

close
to

zero.

•
G

radientascent:
W

henever
D̂
ĝ [z

τ
+

1
k
|z
τk ]
<

0
or∃

j,
f
j (z

τk )≈
0,w

e
perform

the
follow

ing
gradientascent:

z
τ
+

1
k

=
z
τk

+
η
ĝ

(z
τk ),

(24)

w
here

the
step

size
param

eter
η

is
selected

so
that

D̂
ĝ [z

τk
+
η
ĝ

(z
τk )|z

τk ]is
m

axim
ized.
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•
C

hoice
ofthe

kernelfunction:T
hroughoutthe

paper,w
e

use
the

G
aussian

kernel:

k
(x
,x

i )
=
φ (
‖x
−
x
i ‖

2

2
σ

2j

)
=

ex
p (
−
‖
x
−
x
i ‖

2

2σ
2j

)
.

T
he

G
aussian

kernel
satisfies

the
conditions

of
φ

in
T

heorem
3,

and
is

a
universal

kernel
associated

w
ith

w
hich

R
K

H
S

covers
a

w
ide

range
offunctions

(M
icchellietal.,2006).

•
D

ecreasing
the

com
putation

costs:
A

fter
the

sim
plification

above,L
SD

D
R

requires
to

com
-

pute
the

inverse
of

a
2
n

by
2n

m
atrix,

w
hich

is
com

putationally
costly

to
large

n.
To

de-

crease
the

com
putation

costs,
w

e
reduce

the
num

ber
of

center
points

as
φ (

‖
x−
c
i ‖

2

2
σ
2j

)
and

ϕ

(
‖
x−
c
i ‖

2

2
σ
2j

)
w

here
{
c
i }
bi=

1
is

a
random

ly
chosen

subset
of{

x
i }
ni=

1 .
A

s
a

result,
the

co-

efficients
can

be
represented

as
β̃
j

=
(β̃

(1
)

j
,β̃

(2
)

j
,...,β̃

(b)
j

) >
.

A
ppendix

F
show

s
that

this
significantly

decreases
the

com
putation

cost
w

ithout
scarifying

clustering
perform

ance.
In

this
paper,w

e
fix

the
num

berofcenters
at
b

=
m

in
(n
,100)

as
long

as
w

e
do

notspecify
it.

T
he

m
ode-seeking

algorithm
in

L
SL

D
G

C
is

sum
m

arized
in

Figs.3
and

4. 3

4.A
pplication

to
D

ensity
R

idge
E

stim
ation

T
his

section
applies

L
SD

D
R

to
density

ridge
estim

ation
and

develops
a

novelm
ethod.

4.1
Problem

Form
ulation

for
D

ensity
R

idge
E

stim
ation

For
a

positive
integer

d
such

that
d
<
D

,the
goalis

to
estim

ate
from

a
collection

of
data

sam
ples

D
=
{x

i }
ni=

1
the

d-dim
ensionaldensity

ridge,w
hich

is
defined

as
a

collection
ofpoints

satisfying

R
:=
{
x
∈
R
D
|‖V

(x
)V

(x
) >
g

(x
)‖

=
0,η

d
+

1 (x
)
<

0}
,

(25)

w
here

g
(x

)
=
∇

log
p
(x

),
V

(x
)

=
(v
d
+

1 ,...,v
D

),
and

v
i

is
the

eigenvector
associated

w
ith

the
eigenvalue

η
i (x

)
of

the
H

essian
m

atrix
of

the
logarithm

of
the

probability
density

function,
∇
∇

log
p
(x

).
W

e
assum

e
that

the
eigenvalues

are
sorted

in
descending

order
such

that
η

1 (x
)
≥

η
2 (x

)≥
···≥

η
D

(x
).

H
ere,w

e
defined

the
density

ridge
in

term
s

ofthe
logarithm

ofthe
probability

density
function

because
ourpracticalalgorithm

isproposed
based

on
the

logarithm
.W

hile
the

density
ridge

hasbeen
previously

defined
w

ithoutthe
logarithm

(E
berly,1996;O

zertem
and

E
rdogm

us,2011;G
enovese

etal.,2014;C
hen

etal.,2015b),both
definitions

offerthe
sam

e
density

ridge.

4.2
B

riefR
eview

ofSubspace
C

onstrained
M

ean
Shift

A
practicalalgorithm

for
density

ridge
estim

ation
called

subspace
constrained

m
ean

shift(SC
M

S)
w

as
proposed

by
O

zertem
and

E
rdogm

us
(2011).

SC
M

S
extends

M
S:SC

M
S

perform
s

projected
gradientascenton

the
subspace

orthogonalto
the

density
ridge,w

hile
M

S
updates

data
points

by

3.A
M

A
T

L
A

B
package

of
L

SL
D

G
C

is
available

at
h
t
t
p
s
:
/
/
s
i
t
e
s
.
g
o
o
g
l
e
.
c
o
m
/
s
i
t
e
/
h
w
o
r
k
s
i
t
e
s
/

h
o
m
e
/
s
o
f
t
w
a
r
e
/
l
s
l
d
g.
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In
pu

t:
{x

i}
n i=

1
.

{ {
β̃
j
}D j

=
1
,{
c
i}
b i=

1

}
←

L
SD

D
R

1(
{x

i}
n i=

1
);

fo
r
k

=
1

to
n

do
τ
←

0;
z
τ k
←
x
k
;

re
pe

at {z
τ
+

1
k

,{
f j
}D j

=
1
}
←

M
od

eS
ee

ki
ng

({
β̃
j
}D j

=
1
,{
c
i}
b i=

1
,z

τ k
)

D̂
←
D̂
ĝ
[z
τ
+

1
k
|z
τ k
];

if
D̂
<

0
or
∃j
,
|f j
|≈

0
th

en
z
τ
+

1
k
←
z
τ k

+
η
ĝ

(z
τ k
);

D̂
←
D̂
ĝ
[z
τ
+

1
k
|z
τ k
];

en
d

if
τ
←
τ

+
1

;
un

til
z
k
←
z
τ k
;

en
d

fo
r

O
ut

pu
ts

:{
z
i}
n i=

1
.

Fi
gu

re
3:

T
he

m
od

e-
se

ek
in

g
al

go
ri

th
m

in
L

SL
D

G
C

.L
SD

D
R

1(
{x

i}
n i=

1
)

de
no

te
s

th
e

L
SD

D
R

es
-

tim
at

or
fo

r
th

e
fir

st
-o

rd
er

de
ns

ity
-d

er
iv

at
iv

e-
ra

tio
s

fr
om

da
ta

sa
m

pl
es
{x

i}
n i=

1
,

an
d

{β̃
j
}D j

=
1

an
d
{c
i}
b i=

1
ar

e
th

e
co

ef
fic

ie
nt

s
an

d
(s

ub
-s

am
pl

ed
)

ce
nt

er
s,

re
sp

ec
tiv

el
y.

M
od

eS
ee

ki
ng

({
β̃
j
}D j

=
1
,{
c
i}
b i=

1
,z

τ k
)

is
a

si
ng

le
st

ep
m

od
e-

se
ek

in
g

pr
oc

es
s

w
ho

se
de

-
ta

ils
ar

e
gi

ve
n

in
Fi

g.
4.

T
he

up
da

te
of
z
τ k

te
rm

in
at

es
w

he
n

ei
th

er
D̂

or
‖z

τ
+

1
k
−
z
τ k
‖

is
le

ss
th

an
a

sm
al

lp
os

iti
ve

co
ns

ta
nt

.

In
pu

t:
{β̃

j
}D j

=
1
,{
c
i}
b i=

1
,z

τ k

z
τ
+

1
k
←
z
τ k

+
m̂

(z
τ k
);

{f
j
}D j=

1
←
{ β̃
> j
ϕ
j
(z
τ k
)} D j=

1
;

O
ut

pu
ts

:z
τ
+

1
k

,{
f j
}D j=

1
.

In
pu

t:
{β̃

j
}D j

=
1
,{
c
i}
b i=

1
,z

τ k

z̃
←
z
τ k
;

fo
r
j
∈
{1
,.
..
,D
}d

o
z̃

(j
)
←
z

(τ
,j

)
k

+
m

(j
) (
z̃

);
f j
←
β̃
> j
ϕ
j
(z̃

);
en

d
fo

r
z
τ
+

1
k
←
z̃

;
O

ut
pu

ts
:z

τ
+

1
k

,{
f j
}D j=

1
.

Fi
gu

re
4:

Tw
o

m
od

e-
se

ek
in

g
al

go
ri

th
m

s
in

L
SL

D
G

C
.

T
he

le
ft

fig
ur

e
us

es
th

e
up

da
te

ru
le

(1
2)

,
w

hi
le

th
e

ri
gh

t
on

e
is

ba
se

d
on

th
e

co
or

di
na

te
-w

is
e

up
da

te
ru

le
(1

5)
.
ϕ
j
(z

)
=

(ϕ
(1

)
j

(z
),
ϕ

(2
)

j
(z

),
..
.,
ϕ

(b
)

j
(z

))
>

w
he

re
ϕ

(i
)

j
(z

)
=
ϕ

(
‖z
−
c
i
‖2

2
σ
2 j

) .
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M
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ce
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th

e
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an
of

th
e

ei
ge

nv
ec

to
rs

of
th

e
ne

ga
tiv

e
H

es
si

an
m

at
ri

x
of

th
e

lo
g-

de
ns

ity
,w

hi
ch

is
ca

lle
d

th
e

in
ve

rs
e

lo
ca

l-
co

va
ri

an
ce

m
at

ri
x

(O
ze

rt
em

an
d

E
rd

og
m

us
,2

01
1)

:

Σ
−

1
(x

)
:=
−
∇
∇

lo
g
p
(x

)
=
−
∇
∇
p
(x

)

p
(x

)
+
∇
p
(x

)∇
p
(x

)>

p
(x

)2
=
−
H

(x
)

+
g

(x
)g

(x
)>
.

(2
6)

A
n

ad
va

nt
ag

e
of

em
pl

oy
in

g
th

e
lo

g-
de

ns
ity

is
di

sc
us

se
d

in
th

e
co

nt
ex

t
of

m
an

if
ol

d
es

tim
at

io
n

in
G

en
ov

es
e

et
al

.(
20

14
):

T
he

or
em

7
in

G
en

ov
es

e
et

al
.(

20
14

)
st

at
es

th
at

w
he

n
D

-d
im

en
si

on
al

da
ta

is
as

su
m

ed
to

be
ge

ne
ra

te
d

on
a
d

-d
im

en
si

on
al

m
an

if
ol

d
w

ith
D

-d
im

en
si

on
al

G
au

ss
ia

n
no

is
e,

th
e

de
ns

ity
ri

dg
e

is
cl

os
e

to
th

e
lo

w
er

-d
im

en
si

on
al

m
an

if
ol

d
in

th
e

se
ns

e
of

th
e

H
au

sd
or

ff
di

st
an

ce
,

an
d

th
us

ca
n

be
a

su
rr

og
at

e
fo

r
th

e
m

an
if

ol
d.

T
hi

s
su

rr
og

at
e

pr
op

er
ty

ho
ld

s
in

an
O

(1
)

ne
ig

hb
or

-
ho

od
of

th
e

m
an

if
ol

d
fo

rt
he

lo
g-

de
ns

ity
,w

hi
le

th
e

th
eo

re
m

ho
ld

s
in

an
O

(σ
n
)

ne
ig

hb
or

ho
od

of
th

e
m

an
if

ol
d

fo
r

th
e

(n
on

-l
og

)
de

ns
ity

,w
he

re
σ
n

is
th

e
st

an
da

rd
de

vi
at

io
n

of
th

e
G

au
ss

ia
n

no
is

e.
Fu

r-
th

er
m

or
e,

w
he

n
p
(x

)
is

G
au

ss
ia

n,
(2

6)
re

du
ce

s
to

th
e

in
ve

rs
e

of
th

e
co

va
ri

an
ce

m
at

ri
x.

T
hi

s
al

lo
w

s
us

to
in

tu
iti

ve
ly

un
de

rs
ta

nd
th

at
SC

M
S

fin
ds

th
e

su
bs

pa
ce

by
PC

A
to

th
e

no
n-

st
at

io
na

ry
co

va
ri

an
ce

m
at

ri
x

at
a

lo
ca

tio
n
x

ar
ou

nd
th

e
ri

dg
e.

In
pr

ac
tic

e,
SC

M
S

su
bs

tit
ut

es
p̂

K
D

E
(x

)
in

to
(2

6)
:

Σ̂
−

1
K

D
E

(x
)

:=
−
∇
∇
p̂

K
D

E
(x

)

p̂
K

D
E

(x
)

+
∇
p̂

K
D

E
(x

)∇
p̂

K
D

E
(x

)>

p̂
K

D
E

(x
)2

.

T
he

n,
SC

M
S

ob
ta

in
s

th
e

or
th

og
on

al
pr

oj
ec

to
r

to
th

e
su

bs
pa

ce
as

L̂
K

D
E

(x
)

=
V̂

K
D

E
(x

)V̂
K

D
E

(x
)>

,
w

he
re

V̂
K

D
E

(x
)
∈

R
D
×

(D
−
d
)

co
ns

is
ts

of
th

e
D
−
d

ei
ge

nv
ec

to
rs

as
-

so
ci

at
ed

w
ith

th
e
D
−
d

la
rg

es
te

ig
en

va
lu

es
of

Σ̂
−

1
K

D
E

(x
).

T
he

n,
th

e
up

da
te

ru
le

of
SC

M
S

is
gi

ve
n

by

z
τ
+

1
=
z
τ

+
L̂

K
D

E
(z
τ
)m̂

K
D

E
(z
τ
),

(2
7)

w
he

re
z
τ

de
no

te
s

th
e
τ

-t
h

up
da

te
of

an
ar

bi
tr

ar
ily

in
iti

al
iz

ed
po

in
ta

nd
m̂

K
D

E
(x

)
is

th
e

m
ea

n
sh

if
t

ve
ct

or
de

fin
ed

in
(1

0)
.E

q.
(2

7)
is

re
pe

at
ed

ly
ap

pl
ie

d
un

til
co

nv
er

ge
nc

e.
T

he
m

on
ot

on
ic

hi
ll-

cl
im

bi
ng

pr
op

er
ty

fo
rS

C
M

S
is

pr
ov

ed
in

G
ha

ss
ab

eh
et

al
.(

20
13

).
O

ne
of

th
e

ke
y

ch
al

le
ng

es
in

SC
M

S
is

to
ac

cu
ra

te
ly

es
tim

at
e

Σ
−

1
(x

)
in

(2
6)

.
SC

M
S

ta
ke

s
a

th
re

e-
st

ep
ap

pr
oa

ch
,

i.e
.,

es
tim

at
e
p
(x

)
by

K
D

E
,

co
m

pu
te

its
de

riv
at

iv
es

,
an

d
pl

ug
th

em
in

to
Σ
−

1
(x

).
H

ow
ev

er
,

th
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ap
pr

oa
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n

pe
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or
m
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ly
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ca
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e
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m

e
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on

as
M
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a
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n
a
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riv
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e
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.
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di

tio
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e
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ed
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d
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th
e
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at
io

n
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de
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.

To
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w

ith
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is
pr
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m
,w

e
em
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L
SD

D
R

fo
r
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re

ct
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tim
at

io
n

of
de

ns
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-d
er

iv
at

iv
e-

ra
tio

s
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Σ
−

1
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)
w
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e
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l
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d
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e
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tim
at

io
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3

L
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D
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id
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Fi
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er

B
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ed
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L
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R
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ity
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Input:{
x
i }
ni=

1 ,{y
k }
n
′
k
=

1 .
{{
β̃
j }
Dj=

1 ,{c
i }
bi=

1 }
←

L
SD

D
R

1({
x
i }
ni=

1 );
{{
θ̃
j }
D

(D
+

1
)/

2
j=

1
,{c ′i }

bi=
1 }
←

L
SD

D
R

2
({
x
i }
ni=

1 );

for
k

=
1

to
n
′do

τ
←

0;
z
τk ←

y
k ;

repeat
{ĝ

(z
τk ),m̂

(z
τk )}
←

C
om

puteG
rad({β̃

j }
Dj=

1 ,{
c
i }
bi=

1 ,z
τk );

L̂
(z
τk )←

C
om

puteProjector(ĝ
(z
τk ),{θ̂

j }
D

(D
+

1
)/

2
j=

1
,{c ′i }

bi=
1 ,z

τk );

z
τ
+

1
k
←
z
τk

+
L̂

(z
τk )m̂

(z
τk );

{f
j }
Dj=

1 ←
{
β̃
>j
ϕ
j (z

τk ) }
Dj=

1 ;

D̂
←
D̂
ĝ [z

τ
+

1
k
|z
τk ];

if
D̂
<

0
or∃

j,|f
j |≈

0
then

z
τ
+

1
k
←
z
τk

+
η
L̂

(z
τk )ĝ

(z
τk );

D̂
←
D̂
ĝ [z

τ
+

1
k
|z
τk ];

end
if

τ
←
τ

+
1;

until
z
k ←

z
τk ;

end
for

O
utputs:{

z
k }
n
′
k
=

1 .

Figure
5:

T
he

algorithm
of

L
SD

R
F.

L
SD

D
R

2
({x

i }
ni=

1 )
denotes

the
L

SD
D

R
estim

ator
for

the
second-order

density-derivative-ratios,
and
{
θ̂
j }
D

(D
+

1
)/

2
j=

1
are

the
corresponding

coefficient
vectors.

{y
k }
n
′
k
=

1
are

initial
points

to
approxim

ate
the

density
ridge.

C
om

puteG
rad

({
β̃
j }
Dj=

1 ,{c
i }
bi=

1 ,z
τk )

com
putes

the
estim

ated
log-density

gradient
ĝ

(z
τk )

and
m̂

(z
τk )

in
(14),

w
hile

C
om

puteProjector(ĝ
(z
τk ),{

θ̂
j }
D

(D
+

1
)/

2
j=

1
,{c ′i }

bi=
1 ,z

τk )
com

-

putes
the

subspace
projector

L̂
(z
τk ).

T
he

update
of
z
τk

term
inates

w
hen

either
D̂

or
‖
z
τ
+

1
k
−
z
τk ‖

is
less

than
a

sm
all

positive
constant.

T
he

other
notations

follow
Figs.3

and
4.
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algorithm
of

L
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R
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essentially
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s
the

sam
e

line
as

SC
M

S,
w

hich
perform

s
projected

gradientascent.B
y

em
ploying

L
SD

D
R

,w
e

obtain
an

estim
ate

of
Σ
−

1(x
)

as

Σ̂
−

1(x
)

:=
−
Ĥ

(x
)

+
ĝ

(x
)ĝ
>

(x
),

(28)

w
here

w
e

recallthat
ĝ
j (x

)
and

[Ĥ
(x

)]ij
are

L
SD

D
R

to
∂
j p

(x
)/p

(x
)

and
∂
i ∂
j p

(x
)/p

(x
),respec-

tively.
T

hen,w
e

obtain
the

orthogonalprojector
to

the
subspace

as
L̂

(x
)

=
V̂

(x
)V̂
>

(x
)

w
here

V̂
(x

)
consists

ofthe
D
−
d

eigenvectors
associated

w
ith

the
D
−
d

largesteigenvalues
of

Σ̂
−

1(x
).

B
y

replacing
L̂

K
D

E
(x

)
and

m̂
K

D
E

(x
)

in
(27)

w
ith
L̂

(x
)

and
m̂

(x
)

respectively,
the

follow
ing

update
rule

forL
SD

R
F

is
obtained

byz
τ
+

1
=
z
τ

+
L̂

(z
τ)m̂

(z
τ),

(29)

w
here

m̂
(x

)
=

(m̂
(1

)(x
),m̂

(2
)(x

),...,m̂
(D

)(x
))

is
used

in
L

SL
D

G
C

for
m

ode-seeking
w

hose
definition

is
given

in
(14).

T
he

im
plem

entation
techniques

of
L

SL
D

G
C

in
Section

3.4
are

inherited,
but

L
SD

R
F

per-
form

s
projected

gradient
ascent

instead
of

the
gradient

ascent:
W

henever
D̂
ĝ [z

τ
+

1|z
τ]
<

0
or

∃
j,f

j (z
(τ

))≈
0,w

e
perform

the
projected

gradientascentas

z
τ
+

1
=
z
τ

+
η
L̂

(z
τ)ĝ

(z
τ).

(30)

T
he

step
size

param
eter

η
isselected

so
thatD̂

ĝ [z
τ+
η
L̂

(z
τ)ĝ

(z
τ)|z

τ]ism
axim

ized.T
he

algorithm
of

L
SD

R
F

is
sum

m
arized

in
Fig.5. 4

T
he

algorithm
is

essentially
the

sam
e

as
L

SL
D

G
C

based
on

the
update

rule
(12)

(Figs.3
and

4),
w

here
w

e
only

replace
(13)

and
(24)

in
L

SL
D

G
C

w
ith

(29)
and

(30)in
L

SD
R

F,respectively.U
nlike

clustering,fordensity
ridge

estim
ation,the

starting
points

z
τ
=

0
are

arbitrary,butin
this

paper,w
e

setthem
atdata

sam
ples

x
i because

data
sam

ples
are

fairly
good

starting
points.

4.3.2
T

H
E

C
O

N
V

E
R

G
E

N
C

E
R

A
T

E
T

O
T

H
E

T
R

U
E

R
ID

G
E

H
ere,w

e
establish

the
convergence

rate
to

understand
how

the
estim

ated
ridge

approaches
to

the
true

ridge
as
n

increases.B
ased

on
L

SD
D

R
,the

estim
ated

ridge
is

defined
as

R̂
:=
{
x
∈
R
D
|‖V̂

(x
)V̂

(x
) >
ĝ

(x
)‖

=
0,η̂

d
+

1 (x
)
<

0},

w
here

η̂
i (x

)
denotes

the
i-th

largesteigenvalue
of−

Σ̂
−

1(x
).

In
ouranalysis,w

e
m

ake
the

follow
ing

assum
ptions:

(A
0)

K
ernel

boundedness:
k
(x
,x
′)

and
∂
j ∂
′j k

(x
,x
′)

for
all

j
are

uniform
ly

bounded,w
here

∂
′j

denotes
the

partialderivative
w

ith
respectto

the
j-th

coordinate
in
x
′.

(A
1)

D
ifferentiability

and
boundedness:

L
et
B
D

(x
,δ)

be
the

D
-dim

ensionalballof
radius

δ
>

0
centered

at
x

and
letR

⊕
δ

:=
∪
x∈R

B
D

(x
,δ).Forall

x
∈
R
⊕
δ,the|j|-th

orderderivatives
of

log
p
(x

)
for|j|

=
0,1

,2
,3

existand
are

bounded.

4.A
M

A
T

L
A

B
package

ofL
SD

R
F

is
available

ath
t
t
p
s
:
/
/
s
i
t
e
s
.
g
o
o
g
l
e
.
c
o
m
/
s
i
t
e
/
h
w
o
r
k
s
i
t
e
s
/
h
o
m
e
/

s
o
f
t
w
a
r
e
/
l
s
d
r
f.
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IT
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R
IV

A
T

IV
E

-R
A

T
IO

E
S

T
IM

A
T

IO
N

(A
2)

E
ig

en
ga

p:
A

ss
um

e
th

at
th

er
e

ex
is

ts
κ
>

0
an

d
δ

su
ch

th
at

fo
ra

ll
x
∈
R
⊕
δ,
η d

+
1
(x

)
<
−
κ

an
d
η d

(x
)
−
η d

+
1
(x

)
>
κ

,w
he

re
η i

(x
)

de
no

te
s

th
e
i-

th
ei

ge
nv

al
ue

of
∇
∇

lo
g
p
(x

).

(A
3)

Pa
th

sm
oo

th
ne

ss
:F

or
ea

ch
x
∈
R
⊕
δ,

‖L
⊥

(x
)g

(x
)‖
·‖

Σ
−

1
′ (
x

)‖
m

a
x
<

κ
2

2D
3
/
2
,

w
he

re
L
⊥

(x
)

:=
I D
−
V

(x
)V

(x
)>

,Σ
−

1
′ (
x

)
:=
∇

ve
c
( Σ
−

1
(x

))
,v

ec
(·)

de
no

te
s

ve
ct

or
iz

a-
tio

n
of

m
at

ri
ce

s
by

co
nc

at
en

at
in

g
th

e
co

lu
m

ns
,a

nd
‖A
‖ m

a
x

:=
m

ax
i,
j
|[A

] i
j
|.

T
he

(i
,j

)-
th

el
em

en
ti

n
∇

ve
c
( Σ
−

1
(x

))
(∈

R
D

2
×
D

)
is

gi
ve

n
by
∂
j
[v

ec
( Σ
−

1
(x

))
] i

.

A
ss

um
pt

io
ns

(A
2)

an
d

(A
3)

ar
e

a
st

ra
ig

ht
fo

rw
ar

d
m

od
ifi

ca
tio

n
of

th
e

as
su

m
pt

io
ns

in
G

en
ov

es
e

et
al

.
(2

01
4)

fr
om

th
e

(n
on

-l
og

)
de

ns
ity

to
th

e
lo

g-
de

ns
ity

.
A

ss
um

pt
io

n
(A

2)
in

di
ca

te
s

th
at

th
e

de
ns

ity
ri

dg
e

ha
s

a
sh

ar
p

an
d

cu
rv

ili
ne

ar
sh

ap
e

in
th

e
su

bs
pa

ce
or

th
og

on
al

to
th

e
ri

dg
e.

A
ss

um
pt

io
n

(A
3)

in
di

ca
te

s
th

at
‖L
⊥

(x
)g

(x
)‖

an
d
‖Σ
−

1
′ (
x

)‖
m

a
x

ar
e

bo
th

bo
un

de
d.

Si
nc

e
L
⊥

(x
)

is
or

th
og

on
al

to
V

(x
)V

(x
)>

fo
ra

ll
x

,t
he

bo
un

de
dn

es
s

of
‖L
⊥

(x
)g

(x
)‖

im
pl

ie
s

th
at

th
e

gr
ad

ie
nt
g

(x
)

is
no

tt
oo

st
ee

p
in

th
e

or
th

og
on

al
su

bs
pa

ce
.

T
he

bo
un

de
dn

es
s

of
‖Σ
−

1
′ (
x

)‖
m

a
x

m
ea

ns
th

at
th

e
th

ir
d-

or
de

r
de

riv
at

iv
e

is
bo

un
de

d
an

d
th

us
th

e
su

bs
pa

ce
di

re
ct

io
n

do
es

no
ta

br
up

tly
ch

an
ge

,w
hi

ch
im

pl
ie

s
th

at
th

e
(p

ro
je

ct
ed

)g
ra

di
en

ta
sc

en
tp

at
h

ca
nn

ot
be

to
o

w
ig

gl
y

(G
en

ov
es

e
et

al
.,

20
14

,S
ec

tio
n

2.
2)

.N
ot

e
th

at
A

ss
um

pt
io

ns
(A

1)
-(

A
3)

ar
e

on
ly

va
lid

in
th

e
ne

ig
hb

or
ho

od
ar

ou
nd

th
e

ri
dg

e.
L

et

ε′
:=

m
ax j
‖g
j
(x

)
−
ĝ j

(x
)‖
∞
,

ε′
′ :

=
m

ax ij
‖[

Σ
−

1
(x

)]
ij
−

[Σ̂
−

1
(x

)]
ij
‖ ∞

,

ε′
′′

:=
m

ax ij
‖[

Σ
−

1
′ (
x

)]
ij
−

[Σ̂
−

1
′ (x

)]
ij
‖ ∞

.

To
es

ta
bl

is
h

th
e

co
nv

er
ge

nc
e

ra
te

,w
e

re
ly

on
tw

o
le

m
m

as
.T

he
fir

st
le

m
m

a
is

a
si

m
pl

e
m

od
ifi

ca
tio

n
of

T
he

or
em

4
in

G
en

ov
es

e
et

al
.(

20
14

)
to

th
e

lo
g-

de
ns

ity
fr

om
th

e
(n

on
-l

og
)

de
ns

ity
,a

nd
w

e
us

e
it

w
ith

ou
t

pr
oo

f.
T

he
le

m
m

a
st

at
es

th
at

if
ε′

,
ε′
′

an
d
ε′
′′

ar
e

su
ffi

ci
en

tly
sm

al
l,

th
en

th
e

tr
ue

an
d

es
tim

at
ed

ri
dg

es
ar

e
cl

os
e

to
ea

ch
ot

he
r:

L
em

m
a

11
Su

pp
os

e
th

at
(A

1)
-(

A
3)

ho
ld

.
Le

tψ
:=

m
ax
{ε
′ ,
ε′
′ }

an
d

Ψ
:=

m
ax
{ε
′ ,
ε′
′ ,
ε′
′′ }

.
W

he
n

Ψ
is

su
ffi

ci
en

tly
sm

al
l,

th
e

fo
llo

w
in

g
st

at
em

en
ts

ho
ld

:

(i
)

C
on

di
tio

ns
(A

2)
an

d
(A

3)
ho

ld
fo

r
ĝ

,Σ̂
−

1
an

d
Σ̂
−

1
′ .

(i
i)

H
au

s(
R
,R̂

)
is

bo
un

de
d

as

H
au

s(
R
,R̂

)
=
O

(ψ
).

(3
1)

T
he

ne
xt

le
m

m
a

ch
ar

ac
te

ri
ze

s
th

e
co

nv
er

ge
nc

e
ra

te
s

of
ε′

,ε
′′

an
d
ε′
′′

w
he

n
w

e
em

pl
oy

L
SD

D
R

:

L
em

m
a

12
Su

pp
os

e
th

at
th

e
as

su
m

pt
io

ns
in

Th
eo

re
m

1
an

d
(A

0)
ho

ld
.W

he
n

LS
D

D
R

is
ap

pl
ie

d
fo

r
de

ns
ity

-d
er

iv
at

iv
e-

ra
tio

es
tim

at
io

n, ε′
=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
,

(3
2)

ε′
′ =

O
P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
,

(3
3)

ε′
′′

=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
.

(3
4)
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re
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T
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Su

pp
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e
th
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th

e
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m

pt
io

ns
in

Th
eo

re
m

1
an

d
(A

0)
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A
3)

ho
ld

.T
he

n,

H
au

s(
R
,R̂

)
=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
.

(3
5)

Pr
oo

f
L

em
m

a
12

en
su

re
s

th
at
ψ

=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
.

T
hi

s
co

m
pl

et
es

th
e

pr
oo

f
fr

om
(3

1)
.

R
em

ar
k

14
G

en
ov

es
e

et
al

.
(2

01
4,

E
q.

(1
))

es
ta

bl
is

he
d

th
e

fo
llo

w
in

g
co

nv
er

ge
nc

e
ra

te
ba

se
d

on
K

D
E

:

H
au

s(
R
,R̂

K
D

E
)

=
O

P

(
(

lo
g
n

n

)
2

D
+
8

)
,

(3
6)

w
he

re
R̂

K
D

E
de

no
te

s
th

e
es

tim
at

ed
ri

dg
e

by
K

D
E

.C
om

pa
ri

so
n

to
ou

r
re

su
lt

is
di

ffi
cu

lt,
bu

tt
he

m
ai

n
di

ffe
re

nc
e

is
th

at
th

e
ra

te
in

(3
6)

ex
pl

ic
itl

y
de

pe
nd

s
on

da
ta

di
m

en
si

on
D

.

5.
N

um
er

ic
al

Il
lu

st
ra

tio
n

on
M

od
e-

Se
ek

in
g

C
lu

st
er

in
g

an
d

D
en

si
ty

R
id

ge
E

st
im

at
io

n

T
hi

s
se

ct
io

n
ex

pe
ri

m
en

ta
lly

ill
us

tr
at

es
th

e
pe

rf
or

m
an

ce
of

th
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os
ed

m
et

ho
ds

fo
rm

od
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ek
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te
ri
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d
de

ns
ity

ri
dg

e
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tim
at

io
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.

5.
1

Il
lu

st
ra
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n

on
C
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st
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g

Fi
rs

t,
w

e
ill

us
tr

at
e

th
e

pe
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or
m

an
ce

of
L

SL
D

G
C

bo
th

on
ar

tifi
ci

al
an

d
be

nc
hm

ar
k

da
ta

se
ts

.

5.
1.

1
A

R
T

IF
IC

IA
L

D
A

TA
S

E
T

S
:

L
S

L
D

G
C

V
S

M
S

H
er

e,
w

e
co

m
pa

re
th

e
pe

rf
or

m
an

ce
of

L
SL

D
G

C
to

M
S

w
ith

tw
o

di
ff

er
en

t
ba

nd
w

id
th

se
le

ct
io

n
m

et
ho

ds
:

•
L

SL
D

G
C

:L
SL

D
G

C
ba

se
d

on
th

e
up

da
te

ru
le

(1
2)

.T
he

w
id

th
pa

ra
m

et
er
σ
j

in
th

e
G

au
ss

ia
n

ke
rn

el
an

d
re

gu
la

ri
za

tio
n

pa
ra

m
et

er
λ
j

w
er

e
se

le
ct

ed
by

cr
os

s-
va

lid
at

io
n

as
in

Se
ct

io
n

2.
4.

W
e

se
le

ct
ed

te
n

ca
nd

id
at

es
of
σ
j

an
d
λ
j

fr
om

c σ
×
σ

(j
)

m
ed

(0
.5
≤
c σ
≤

5)
an

d
10
m

(−
3
≤
m
≤

0)
,

re
sp

ec
tiv

el
y

w
he

re
σ

(j
)

m
ed

is
th

e
m

ed
ia

n
va

lu
e

of
|x

(j
)

i
−
x

(j
)

k
|w

ith
re

sp
ec

tt
o
i

an
d
k

.

•
L

SL
D

G
C

C
W

:
L

SL
D

G
C

ba
se

d
on

th
e

co
or

di
na

te
-w

is
e

up
da

te
ru

le
(1

5)
.

T
he

sa
m

e
cr

os
s-

va
lid

at
io

n
w

as
pe

rf
or

m
ed

as
ab

ov
e.

•
M

S L
S:

T
he

ba
nd

w
id

th
pa

ra
m

et
er
h

w
as

cr
os

s-
va

lid
at

ed
ba

se
d

on
th

e
st

an
da

rd
in

te
gr

at
ed

sq
ua

re
d

er
ro

r.
W

e
se

le
ct

ed
te

n
ca

nd
id

at
es

of
h

fr
om

10
l
×
h

m
ed

(−
1
.5
≤
l
≤

0
)w

he
re
h

m
ed

is
th

e
m

ed
ia

n
va

lu
e

of
|x

(j
)

i
−
x

(j
)

k
|w

ith
re

sp
ec

tt
o
i,
j

an
d
k

.
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•
M

S
N

R :T
he

bandw
idth

param
eter

h
w

as
determ

ined
by

S̄
n (

4

D
+

4 )
1

D
+
6

n
−

1
d
+
6,

w
here

S̄
n

=
1
n
D

∑
Dj=

1 ∑
ni=

1 (x
(j)
i
−
x̄

(j))
2

and
x̄

(j)
=

1n ∑
ni=

1
x

(j)
i

.
T

his
bandw

idth
pa-

ram
eter

w
as

used
in

C
hen

et
al.(2016b)

and
a

slight
m

odification
of

the
norm

al
reference

rule
(Silverm

an,1986).

First,w
e

generated
three

kinds
oftw

o-dim
ensionaldata

as
follow

s:

(a)
T

hree
G

aussian
blobs

(Fig.6(a)):
E

ach
data

sam
ple

w
as

draw
n

from
a

m
ixture

ofthree
G

aus-
sians

w
ith

m
eans

(0,1) >
,(−

1
,−

1) >
and

(1,−
1) >

,and
covariance

m
atrices

0.1I
2 .T

he
m

ixing
coefficients

w
ere

0.4
,0
.3
,0
.3,respectively.

(b)
Tw

o
curves

(Fig.6(d)):
Tw

o
curves

are
generated

as
(x

(1
),x

(2
))

=
(cos(π

t (1
)),sin

(π
t (1

))) >

and
(x

(1
),x

(2
))

=
(−

cos(π
t (2

))
+

1,−
sin

(π
t (2

))) >
w

here
t (1

)
and

t (2
)

are
independently

draw
n

from
the

G
aussian

density
w

ith
m

ean
0
.5

and
standard

deviation
0.15.

T
hen,G

aussian
noise

w
ith

covariance
m

atrix
0
.1

I
2

w
as

added
to

these
curves.T

he
num

bers
ofdata

sam
ples

for
both

curves
w

ere
approxim

ately
sam

e.

(c)
Tw

o
curves&

a
G

aussian
blob

(Fig.6(g)):D
ata

sam
ples

from
the

G
aussian

density
w

ith
m

ean
0

and
standard

deviation
0.1

w
ere

added
to

the
tw

o
curves

sim
ilarly

generated
as

in
(b).

T
he

num
berofsam

ples
forthe

tw
o

curves
w

as
sam

e,and
forthe

G
aussian

blob,w
e

setthe
num

ber
at
n
/3

approxim
ately.

W
hen

higher-dim
ensionaldata

w
ere

generated,w
e

sim
ply

appended
G

aussian
variables

w
ith

m
ean

0
and

standard
deviation

0
.1

to
the

tw
o-dim

ensionaldata.
C

lustering
perform

ance
w

as
m

easured
by

the
adjusted

R
and

index
(A

R
I)(H

ubertand
A

rabie,1985):
A

R
Itakes

a
value

less
than

orequal
to

one,a
largervalue

indicates
a

betterclustering
result,and

w
hen

a
clustering

resultis
perfect,the

A
R

Ivalue
equals

to
one.

Fig.6(b,e,h)clearly
indicates

the
advantage

ofourclustering
m

ethods
overM

S:B
oth

L
SL

D
G

C
and

L
SL

D
G

C
C

W
significantly

outperform
M

S
L

S
and

M
S

N
R

particularly
for

higher-dim
ensional

data.
W

hen
the

dim
ensionality

of
data

is
low

,M
S

N
R

perform
s

w
ellto

allkinds
of

datasets.
H

ow
-

ever,the
A

R
I

values
of

both
M

S
L

S
and

M
S

N
R

quickly
approach

zero
as

the
dim

ensionality
of

data
increases.

T
hese

unsatisfactory
results

seem
to

be
due

to
the

fact
that

the
bandw

idth
selection

in
K

D
E

is
m

ore
difficult

for
high(er)-dim

ensional
data.

T
hus,

our
direct

approach
w

ould
be

m
ore

suitable
particularly

forhigh(er)-dim
ensionaldata.

B
oth

L
SL

D
G

C
and

L
SL

D
G

C
C

W
keep

the
A

R
I

values
high

on
a

w
ide

range
of

sam
ple

sizes
(Fig.6(c,f,i)).

T
he

perform
ance

of
M

S
N

R
is

im
proved

as
n

increases.
H

ow
ever,

M
S

L
S

perform
s

ratherw
orse

forlarge(r)datasets.T
he

least-squarescross-validation
often

suggestssm
allbandw

idth
param

eters
for

large(r)
datasets,w

hich
m

ake
the

estim
ated

density
unsm

ooth.
T

hus,the
estim

ated
density

can
include

a
lotofspurious

m
odes

w
ith

sm
allpeaks

even
ifitw

as
good

in
term

s
ofdensity

estim
ation.T

his
also

supports
thatourdirectestim

ation
is

a
m

ore
appropriate

approach.

5.1.2
B

E
N

C
H

M
A

R
K

D
A

TA
S

E
T

S

N
ext,w

e
investigate

the
perform

ance
ofL

SL
D

G
C

overthe
follow

ing
benchm

ark
datasets:
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(ŷ
i)
,

w
he

re
th

e
ce

nt
er

s
of

th
e

ke
rn

el
fu

nc
tio

n
in
p̂

K
D

E
w

er
e

se
ta

tt
he

or
ig

in
al

da
ta

sa
m

pl
es
x̃
i

in
ea

ch
re

gi
on

,a
nd
ŷ
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Figure
10:

D
ensity

ridge
estim

ation
to

three
regions

in
the

Shapley
galaxy

dataset.
T

he
three

re-
gions

w
ere

extracted
according

to
a

range
of

recession
velocity.

T
he

first,second
and

third
row

s
correspond

to
results

from
L

SD
R

F,SC
M

S
L

S
and

SC
M

S
C

R ,respectively.

lastillustration,forSC
M

S
L

S ,w
e

em
ployed

the
follow

ing
adaptive-bandw

idth
G

aussian
kernel:

1

(2π
h

2i )
D
/
2

ex
p (−

‖x
−
x
i ‖

2

2
h

2i

)
,

w
here

h
i

denotes
the

bandw
idth

param
eter.

W
e

restricted
h
i

atthe
m

-nearestneighbor
E

uclidean
distance

from
x
i to

x
j

(i6=
j),and

perform
ed

cross-validation
w

ith
respectto

m
w

hose
candidates

w
ere

1
2
8,

6
4,

3
2,

16,
8

and
4.

For
SC

M
S

L
S ,the

ten
candidates

of
the

bandw
idth

param
eter

w
ere

selected
from

1
0
l×

h
N

R
(−

0.3
≤
l≤

0).
For

L
SD

R
F,w

e
em

ployed
alldata

sam
ples{x

i }
ni=

1
as

the
centers

ofthe
G

aussian
kernel,and

used
the

m
edian

value
ofC

V
(t)

in
Section

2.4
instead

ofthe
m

ean
value

in
cross-validation.
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A
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A

Table
2:

T
he

average
and

standard
deviation

of
the

perform
ance

m
easure

L
over

50
runs.

M
adrid

1,
2

and
3

(or
Shapley

1,
2

and
3)

correspond
to

the
three

regions
in

Fig.9
(or

Fig.10).
A

larger
value

m
eans

a
better

result.
N

um
bers

in
the

parentheses
are

standard
deviations.

T
he

bestand
com

parable
m

ethods
judged

by
the

unpaired
t-testatthe

signifi-
cance

level
1%

are
described

in
boldface.

N
ew

M
adrid

earthquake
L

SD
R

F
SC

M
S

L
S

SC
M

S
C

R

M
adrid

1
-0.511(0.101)

-0.610(0.072)
-0.571(0.075)

M
adrid

2
0.001(0.175)

0.029(0.065)
-0.076(0.075)

M
adrid

3
-1.173(0.132)

-1.238(0.086)
-1.238(0.098)

Shapley
galaxy

L
SD

R
F

SC
M

S
L

S
SC

M
S

C
R

Shapley
1

0.188(0.093)
0.094(0.073)

0.063(0.121)
Shapley

2
-1.120(0.145)

-1.220(0.097)
-1.462(0.223)

Shapley
3

-1.295(0.114)
-1.544(0.076)

-1.581(0.091)

R
idges

estim
ated

by
L

SD
R

F
are

sm
ooth

and
seem

to
qualitatively

w
ell-m

atch
the

ridges
in

the
underlying

data,and
SC

M
S

C
R

and
SC

M
S

L
S

also
perform

fairly
good

(Figs.9
and

10).
Table

2
is

quantitative
com

parison
by
L

,
show

ing
that

L
SD

R
F

com
pares

favorably
w

ith
both

SC
M

S
C

R
and

SC
M

S
L

S .

6.C
onclusion

In
this

paper,w
e

proposed
a

novelestim
ator

of
the

ratios
of

the
density

derivatives
to

the
density.

In
stark

contrastw
ith

the
approaches

in
m

ean
shiftclustering

and
subspace

constrained
m

ean
shift,

our
approach

is
to

directly
estim

ate
the

density-derivative-ratios
w

ithoutgoing
through

density
es-

tim
ation

and
com

puting
the

ratios.
T

he
proposed

estim
ator

w
as

theoretically
investigated,and

the
convergence

rate
w

as
established.

W
e

applied
the

proposed
estim

ator
to

m
ode-seeking

clustering
and

density
ridge

estim
ation,and

developed
practicalm

ethods.M
oreover,theoreticalanalysis

w
ere

also
perform

ed
to

these
m

ethods
,and

the
convergence

rates
to

the
m

ode
and

ridge
ofthe

true
den-

sity
w

ere
established.

O
ur

experim
ental

illustration
dem

onstrated
that

the
proposed

m
ethods

for
m

ode-seeking
clustering

and
density

ridge
estim

ation
outperform

ed
existing

m
ethods

particularly
forhigh(er)-dim

ensionaldata.

T
hispaperfocused

only
on

m
ode-seeking

clustering
and

density
ridge

estim
ation.T

he
proposed

estim
ator

can
be

useful
or

extended
for

other
problem

s.
For

instance,
m

aking
use

of
the

global
m

ode
(the

global
m

axim
um

)
of

a
conditional

density
enables

us
to

develop
a

regression
m

ethod
robust

against
outliers

(Y
ao

et
al.,2012).

N
on-param

etric
estim

ation
of

the
m

ode
is

also
needed

in
functional

data
analysis

(G
asser

et
al.,

1998).
In

future,
w

e
explore

novel
applications

of
the

proposed
estim

ator.
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an
d

ξ̂ j
:=

(−
1)
|j
|

n

n ∑ i=
1

∂
j
k
(·,
x
i)
.

Th
en

,r̂
j

is
gi

ve
n

by

r̂ j
=

ar
gm

in
r j
∈H

[ Ĵ
j
(r
j
)

+
λ
j
‖r
j
‖2 H
] =

(Ĉ
+
λ
j
I
)−

1
ξ̂ j
.

L
em

m
a

16
W

ith
ε

=
2

in
A

ss
um

pt
io

n
(D

),

‖ξ̂
j
−
Ĉ
r∗ j
‖ H

=
O

P

( n
−

1
/
2
) .

(3
8)
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T
he

pr
oo

fs
of

th
es

e
le

m
m

as
ca

n
be

se
en

in
A

pp
en

di
ce

s
A

.1
an

d
A

.2
,r

es
pe

ct
iv

el
y.

N
ex

t,
w

e
m

ak
e

us
e

of
th

e
pr

oo
fo

fT
he

or
em

5
in

Sr
ip

er
um

bu
du

re
ta

l.
(2

01
3)

to
pr

ov
e

T
he

or
em

1.
Fr

om
L

em
m

a
15

,

r̂ j
−
rλ j

=
(Ĉ

+
λ
j
I
)−

1
ξ̂ j
−
rλ j

=
(Ĉ

+
λ
j
I
)−

1
{ ξ̂ j
−
Ĉ
rλ j
−
λ
j
rλ j

}

=
(Ĉ

+
λ
j
I
)−

1
(ξ̂
j
−
Ĉ
r∗ j

)
+

(Ĉ
+
λ
j
I
)−

1
(C
−
Ĉ

)(
rλ j
−
r∗ j

),

w
he

re
w

e
us

ed
λ
j
rλ j

=
C

(r
∗ j
−
rλ j

)
fr

om
L

em
m

a
15

(i
).

T
he

re
fo

re
,

‖r̂
j
−
r∗ j
‖ H
≤
‖r̂
j
−
rλ j
‖ H

+
‖r
λ j
−
r∗ j
‖ H
.

≤
‖(
Ĉ

+
λ
j
I
)−

1
‖(
‖ξ̂
j
−
Ĉ
r∗ j
‖ H

+
‖C
−
Ĉ
‖A

0
(λ
j
))

+
A

0
(λ
j
),

w
he

re
A

0
(λ
j
)

=
‖r
λ j
−
r∗ j
‖ H

.
It

ca
n

be
sh

ow
n

th
at
‖(
Ĉ

+
λ
j
I
)−

1
‖
≤

1
/λ
j

fo
r

su
ffi

ci
en

tly
sm

al
l

λ
j
.

T
hu

s,
L

em
m

a
16

sh
ow

s
th

at
th

e
fir

st
te

rm
ca

n
be

bo
un

de
d

by
O

P

(
1

λ
j
√
n

) .
In

ad
di

tio
n,

w
ith

th
e

pr
oo

f
te

ch
ni

qu
es

in
Fu

ku
m

iz
u

et
al

.(
20

07
,L

em
m

a
5)

,‖
C
−
Ĉ
‖
≤
‖C
−
Ĉ
‖ H

S
=
O

P
(n
−

1
/
2
)

w
ith

ε
=

2
w

he
re
‖·
‖ H

S
de

no
te

s
th

e
H

ilb
er

t-
Sc

hm
id

tn
or

m
.

T
hu

s,
th

e
se

co
nd

te
rm

is
of

th
e

or
de

r
O

P

( A
0
(λ
j
)

√
n
λ
j

) .F
ro

m
th

es
e

re
su

lts
,

‖r̂
j
−
r∗ j
‖ H
≤
O

P

(
1

λ
j
√
n

)
+
O

P

(
A

0
(λ
j
)

√
n
λ
j

)
+
A

0
(λ
j
).

(3
9)

Pr
op

os
tio

n
A

.2
in

Sr
ip

er
um

bu
du

r
et

al
.(

20
13

)
st

at
es

th
at

if
r∗ j
∈
R

(C
γ
)

an
d
C

is
a

bo
un

de
d

an
d

se
lf

-a
dj

oi
nt

co
m

pa
ct

op
er

at
or

on
a

se
pa

ra
bl

e
H

,t
he

fo
llo

w
in

g
in

eq
ua

lit
y

ho
ld

s:

A
0
(λ
j
)
≤

m
ax

(1
,‖
C
‖γ
−

1
)λ

m
in

(1
,γ

)
j

‖C
−
γ
r∗ j
‖ H
.

(4
0)

It
ca

n
be

ea
si

ly
ve

ri
fie

d
th

at
C

is
a

se
lf

-a
dj

oi
nt

op
er

at
or

.
A

ss
um

pt
io

n
(D

)
w

ith
ε

=
2

en
su

re
s

th
at
C

is
a

H
ilb

er
t-

Sc
hm

id
t

op
er

at
or

an
d

th
er

ef
or

e
co

m
pa

ct
be

ca
us

e
it

is
bo

un
de

d
in

te
rm

s
of

th
e

H
ilb

er
t-

Sc
hm

id
t

no
rm

.
T

hu
s,

ap
pl

yi
ng

(4
0)

to
(3

9)
co

m
pl

et
es

th
e

pr
oo

f
w

he
n

ch
oo

si
ng

λ
j

=
O

( n
−

m
a
x
{

1 4
,

1
2
(γ

+
1
)

})
as
n
→
∞

.

A
.1

Pr
oo

fo
fL

em
m

a
15

Pr
oo

f
(i

)F
ro

m
th

e
de

fin
iti

on
of
J
j
,

J
j
(r
j
)

=

∫ X

{ r
j
(x

)
−
r∗ j

(x
)}

2
p
(x

)d
x

=

∫ X
ı
<
r j
−
r∗ j
,k

(·,
x

)
>

2 H
p
(x

)d
x

=

∫ X
ı
<
r j
−
r∗ j
,(
k
(·,
x

)
⊗
k
(·,
x

))
(r
j
−
r∗ j

)
>
H
p
(x

)d
x

=

∫ X
ı
<
r j
−
r∗ j
,C

x
(r
j
−
r∗ j

)
>
H
p
(x

)d
x

=
ı
<
r j
−
r∗ j
,C

(r
j
−
r∗ j

)
>
H
,
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IM

A
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IO
N

V
IA

D
E

N
S

IT
Y-D

E
R

IV
A

T
IV

E-R
A

T
IO

E
S

T
IM

A
T

IO
N

w
here

C
x

:=
k
(·,x

)⊗
k
(·,x

).E
xpanding

the
right-hand

side
above

transform
s
J
λj

as

J
λj (r

j )
=

ı
<
r
j ,C

r
j
>
H
−

2ı
<
r
j ,C

r ∗j
>
H

+
ı
<
r ∗j ,C

r ∗j
>
H

+
λ
j ı
<
r
j ,r

j
>
H

=
ı
<
r
j ,(C

+
λ
j I

)r
j
>
H
−

2ı
<
r
j ,C

r ∗j
>
H

+
ı
<
r ∗j ,C

r ∗j
>
H
.

(41)

Forthe
second

term
in

(41),w
e

com
pute

ı
<
r
j ,C

r ∗j
>
H

=
ı
<
r
j , ∫X

k
(·,x

)r ∗j (x
)p

(x
)d
x
>
H

=
ı
<
r
j , ∫X

k
(·,x

)∂
j p

(x
)d
x
>
H

=
ı
<
r
j ,(−

1
) |j| ∫X

∂
j k

(·,x
)p

(x
)d
x
>
H

=
ı
<
r
j ,ξ

j
>
H
,

(42)

w
here

w
e

applied
A

ssum
ption

(C
),and

ξ
j

=
(−

1
) |j| ∫X

∂
j k

(·,x
)p

(x
)d
x
.

C
om

paring
the

left-hand
side

w
ith

the
right-hand

side
atthe

lastline
in

(42)gives

C
r ∗j

=
ξ
j .

(43)

E
q.(43)is

valid
because

(42)holds
forarbitrary

r
j ∈
H

.
Sim

ple
calculation

aftersubstituting
(42)into

(41)provides

J
λj (r

j )
=
‖(C

+
λ
j I

)
1
/
2r
j −

(C
+
λ
j I

) −
1
/
2ξ
j ‖

2H
−

ı
<
ξ
j ,(C

+
λ
j I

) −
1ξ
j
>
H

+
ı
<
r ∗j ,C

r ∗j
>
H
,

Since
the

second
and

third
term

s
in

the
right-hand

side
above

do
notinclude

r
j ,the

m
inim

izer
of

J
λj (r

j )
is

given
by
r
λj

=
(C

+
λ
j I

) −
1ξ
j

=
(C

+
λ
j I

) −
1C
r ∗j

w
here

(43)w
as

applied.

(ii)Itfollow
s

from
(i)by

substituting
C

and
ξ
j

w
ith

Ĉ
and

ξ̂
j ,respectively.

A
.2

ProofofL
em

m
a

16

Proof
W

e
firstcom

pute
the

expectation
of‖ξ̂

j −
Ĉ
r ∗j ‖

2H
as

E
‖ξ̂
j −

Ĉ
r ∗j ‖

2H
=
n
−

1

n
‖
ξ
j −

C
r ∗j ‖

2H
+

1n

∫X
‖
(−

1) |j|∂
j k

(·,x
)

+
C

x r ∗j ‖
2H
p
(x

)d
x
,

(44)

w
here

C
x

=
k
(·,x

)⊗
k
(·,x

).
E

q.(43)
indicates

thatthe
firstterm

in
the

right-hand
side

of
(44)

vanishes,i.e.,‖
ξ
j −

C
r ∗j ‖H

=
0.From

‖(−
1) |j|∂

j k
(·,x

)
+
C

x r ∗j ‖
2H
≤

2‖
∂
j k

(·,x
)‖

2H
+

2‖C
x ‖

2H
S ‖
r ∗j ‖

2H
,

A
ssum

ption
(D

)
w

ith
ε

=
2

ensures
that

the
second

term
in

the
right-hand

side
of

(44)
is

finite.
T

hus,applying
the

C
hebyshev’s

inequality
proves

the
lem

m
a

because
E

(ξ̂
j −

Ĉ
r ∗j )

=
ξ
j −

C
r ∗j

=
0

from
(43).
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A
ppendix

B
.C

onnection
to

the
M

inim
ax

T
heory

T
his

appendix
provides

details
for

the
connections

to
the

m
inim

ax
theory

discussed
in

the
rem

ark
afterT

heorem
1.First,w

e
introduce

the
follow

ing
results:

•
B

y
the

m
inim

ax
theory

(T
sybakov,2009),E

q.(10)
in

Sriperum
budur

etal.(2017)
show

s
the

m
inim

ax
rate:Forany

α
>
δ≥

0,

in
f

r̂
j
,n

su
p

r ∗j ∈
H
α2 ‖r̂

j
,n −

r ∗j ‖
H
δ2 �

n
−

α
−
δ

2
(α
−
δ
)+
D
.

(45)

•
T

he
follow

ing
proposition

provides
necessary

conditions
for

r ∗j ∈
R

(C
):

Proposition
17

Suppose
that

ψ
,φ
∈
C

(R
D

)∩
L

1(R
D

)
are

real-valued,shift-invariantand
positive

definite
kernel

functions.
LetH

and
G

be
R

K
H

Ss
associated

w
ith

ψ
(x
−
y

)
and

φ
(x
−
y

),respectively.For
2
≤
r≤
∞

,assum
e

thatthe
follow

ings
hold,

p
∈
L

r
r−

1(R
D

),

∥∥∥∥
φ
∧

ψ
∧ ∥∥∥∥∞

<
∞

and
∥∥∥∥
ψ
∧

2

φ
∧

∥∥∥∥
r
r−

2

<
∞
.

Then,r ∗j ∈
R

(C
)

im
plies

that
r ∗j ∈

G
⊂
H

,w
here

k
(x
,y

)
=
ψ

(x
−
y

)
in

the
operator

C
.

T
he

proof
of

Proposition
17

is
deferred

to
Section

B
.1.

T
he

conditions
are

necessary
ones

for
r ∗j
∈
R

(C
β
)

w
ith

β
>

1
as

w
ell

because
R

(C
β
1)
⊂
R

(C
β
2)

for
0
<
β

1
<
β

2
<

∞
(Sriperum

buduretal.,2017,Section
4.2

and
A

ppendix
B

.3).

R
ecallthatw

hen
the

M
atérn

kernel,
k
(x
,y

)
=
ψ

(x
−
y

)
=

2
1−
s

Γ
(s) ‖x

−
y‖

s−
D
/
2K

D
/
2−
s (‖
x
−

y‖
),is

em
ployed,the

corresponding
R

K
H

S
H

is
the

Sobolev
space

H
s2

w
ith

s
>
D
/
2

(W
endland,

2004,C
hapter10):

H
=
H
s2

:=

{
f
∈
L

2(R
D

)∩
C

(R
D

)
: ∫

(1
+
‖ω‖

2)
s|f
∧

(ω
)| 2d

ω
<
∞
}
.

T
heorem

6.13
in

W
endland

(2004)gives
the

Fouriertransform
of
ψ

as

ψ
∧

(ω
)

=
(1

+
‖
ω‖

2) −
s.

W
hen

p
∈
L

1(R
D

),applying
Proposition

17
ensures

that
r ∗j ∈

R
(C

)
im

plies
r ∗j ∈

H
s ′
2
⊂
H
s2

w
ith

D2
<
s≤

s ′
<

2
s

+
12 −

D2
.T

hus,
r ∗j ∈

H
2
s+

12 −
D2 −

ε

2
forarbitrarily

sm
all
ε
>

0.T
hen,ifw

e
chose

H
=
H
D
−

12
+
ε

2
,the

rate
n
−

14
in

T
heorem

1
is

m
inim

ax
optim

al(Set
α

=
2s

+
12 −

D2
−
ε

and
δ

=
s

in
(45),equate

the
exponentin

the
right-hand

side
of

(45)
w

ith−
14 ,and

solve
itw

ith
respectto

s).
Sim

ilardiscussion
is

possible
w

hen
p
∈
L

2(R
D

):
T

he
rate

is
m

inim
ax

optim
alunderthe

choice
of

H
=
H

D2
+
ε

2
.
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B
.1

Pr
oo

fo
fP

ro
po

si
tio

n
17

H
er

e,
w

e
m

od
if

y
th

e
pr

oo
fo

fP
ro

po
si

tio
n

8
in

Sr
ip

er
um

bu
du

re
ta

l.
(2

01
7)

.
Pr

oo
f

To
ch

ar
ac

te
ri

ze
R

K
H

Ss
in

du
ce

d
by

sh
if

t-
in

va
ri

an
tk

er
ne

ls
,w

e
em

pl
oy

th
e

fo
llo

w
in

g
le

m
m

a:

L
em

m
a

18
(T

he
or

em
10

.1
2

in
W

en
dl

an
d

(2
00

4)
)

Le
tψ

(x
−
y

)
be

a
re

al
-v

al
ue

d,
sy

m
m

et
ri

c
an

d
po

si
tiv

e
de

fin
ite

ke
rn

el
.W

he
n
ψ
∈
C

(R
D

)
∩
L

1
(R

D
),

it
in

du
ce

s
th

e
fo

llo
w

in
g

H
ilb

er
ts

pa
ce

,

H
:=

{ f
∈
C

(R
D

)
∩
L

2
(R

D
)

:
f
∧

√
ψ
∧
∈
L

2
(R

D
)}

,

w
ith

th
e

re
pr

od
uc

in
g

ke
rn

el
ψ

(x
−
y

)
an

d
in

ne
r

pr
od

uc
t,

〈f
,g
〉 H

:=
1

(2
π

)D
/
2

∫
f
∧ (
ω

)g
∧ (
ω

)

ψ
∧ (
ω

)
d
ω
.

g
∧ (
ω

)
ab

ov
e

de
no

te
s

th
e

co
m

pl
ex

co
nj

ug
at

e
of
g
∧ (
ω

).
In

pa
rt

ic
ul

ar
,e

ve
ry
f

in
H

ca
n

be
re

co
ve

re
d

fr
om

its
Fo

ur
ie

r
tr

an
sf

or
m
f
∧
∈
L

1
(R

D
)
∩
L

2
(R

D
)

as

f
(x

)
=

1

(2
π

)D
/
2

∫
f
∧ (
ω

)e
ix
>
ω

d
ω
.

(4
6)

L
et

us
ex

pr
es

s
an

R
K

H
S
G

in
du

ce
d

by
an

ot
he

r
re

al
-v

al
ue

d,
sy

m
m

et
ri

c
an

d
po

si
tiv

e
de

fin
ite

ke
rn

el
φ

(x
−
y

).
W

e
fir

st
sh

ow
th

at
G
⊂
H

if
∥ ∥ ∥φ
∧

(ω
)

ψ
∧

(ω
)

∥ ∥ ∥ ∞
<
∞

.
Fr

om
L

em
m

a
18

,f
or
g
∈
G,

th
e

no
rm

in
H

is
co

m
pu

te
d

as

‖g
‖2 H

=
1

(2
π

)D
/
2

∫
|g
∧ (
ω

)|2
ψ
∧ (
ω

)
d
ω

=
1

(2
π

)D
/
2

∫
|g
∧ (
ω

)|2
φ
∧ (
ω

)

φ
∧ (
ω

)ψ
∧ (
ω

)
d
ω
≤
‖g
‖2 G
∥ ∥ ∥ ∥φ
∧ (
ω

)

ψ
∧ (
ω

)∥ ∥ ∥ ∥ ∞
<
∞
.

T
hu

s,
g
∈
H

,w
hi

ch
in

di
ca

te
s

th
at
G
⊂
H

.
N

ex
t,

w
e

sh
ow

th
at
r∗ j
∈
R

(C
)

in
di

ca
te

s
r∗ j
∈
G.

Si
nc

e
r∗ j
∈
R

(C
),

th
er

e
ex

is
ts
f
∈
H

su
ch

th
at
r∗ j

=
C
f

,i
.e

., r∗ j
(y

)
=

∫
k
(x
,y

)f
(x

)p
(x

)d
x

=

∫
ψ

(x
−
y

)f
(x

)p
(x

)d
x

=

∫
[

1

(2
π

)D
/
2

∫
ψ
∧ (
ω

)e
i(
x
−
y

)>
ω

d
ω

] f
(x

)p
(x

)d
x

=

∫
[

1

(2
π

)D
/
2

∫
f

(x
)p

(x
)e
ix
>
ω

d
x

] ψ
∧ (
ω

)e
−
iy
>
ω

d
ω

=

∫
(f
∧
∗p
∧ )

(−
ω

)ψ
∧ (
ω

)e
−
iy
>
ω

d
ω
,

(4
7)
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w
he

re
w

e
ap

pl
ie

d
(4

6)
to
ψ

(x
−
y

)
on

th
e

th
ir

d
lin

e
an

d
Fu

bi
ni

’s
th

eo
re

m
on

th
e

fo
ur

th
lin

e,
an

d
∗

de
no

te
s

th
e

co
nv

ol
ut

io
n

su
ch

th
at (f
∗p

)(
x

)
:=

∫
f

(y
)p

(x
−
y

)d
y
.

E
q.

(4
7)

in
di

ca
te

s
th

at
th

e
Fo

ur
ie

rt
ra

ns
fo

rm
of
r∗ j

is
gi

ve
n

by

r∗
∧
j

(ω
)

=
(f
∧
∗p
∧ )

(−
ω

)ψ
∧ (
ω

).

C
om

pu
tin

g
th

e
no

rm
of
r∗ j

in
G

yi
el

ds

‖r
∗ j‖

2 G
=

∫
|(f
∧
∗p
∧ )

(−
ω

)|2
ψ
∧ (
ω

)2

φ
∧ (
ω

)
d
ω
≤
‖(
f
∧
∗p
∧ )

2
‖ r
/
2

∥ ∥ ∥ ∥ψ
∧2 φ
∧

∥ ∥ ∥ ∥
r
r
−
2

=
‖f
∧
∗p
∧ ‖

2 r

∥ ∥ ∥ ∥ψ
∧2 φ
∧

∥ ∥ ∥ ∥
r
r
−
2

,

w
he

re
H

öl
de

ri
ne

qu
al

ity
w

as
ap

pl
ie

d
w

ith
2
≤
r
≤
∞

.
T

he
n,

Y
ou

ng
’s

co
nv

ol
ut

io
n

an
d

H
au

sd
or

ff
-

Y
ou

ng
in

eq
ua

lit
ie

s
(B

ec
kn

er
,1

97
5)

yi
el

d

‖f
∧
∗p
∧ ‖

r
≤
‖f
∧ ‖

1
·‖
p
∧ ‖

r
≤
‖f
∧ ‖

1
·‖
p
‖

r
r
−
1
<
∞

T
hu

s,
by

L
em

m
a

18
,r
∗ j
∈
R

(C
)

in
di

ca
te

s
r∗ j
∈
G.

A
pp

en
di

x
C

.P
ro

of
of

T
he

or
em

3

Pr
oo

f
Su

pp
os

e
th

at
α̂

(i
)

j
=

0
an

d
β̃

(i
)

j

( =
−
β̂

(i
)

j

)
≥

0
fo

ra
ll
i

an
d
j.

C
om

pu
tin

g
th

e
in

te
gr

al
in

(1
8)

sh
ow

s
th

at

D̂
ĝ
[x
|y

]
=

D ∑ j=
1

∫
x
(j

)

y
(j

)

ĝ j
(x

(1
) ,
..
.,
x

(j
−

1
) ,
z

(j
) ,
y

(j
+

1
) ,
..
.,
y

(D
) )d
z

(j
)

=
D ∑ j=

1

n ∑ i=
1

β̃
(i

)
j

[ φ

(
‖z

j x
−
x
i‖

2

2
σ

2 j

)
−
φ

(
‖z

j y
−
x
i‖

2

2σ
2 j

)
] ,

(4
8)

w
he

re
w

e
us

ed
th

e
re

la
tio

n
∂
′ jφ
( ‖
x
−
x
′ ‖2
) =
−
∂
j
φ
( ‖
x
−
x
′ ‖2
) ,a

nd

z
j y

=
(x

(1
) ,
..
.,
x

(j
−

1
) ,
y

(j
) ,
y

(j
+

1
) ,
..
.,
y

(D
) )>

z
j x

=
(x

(1
) ,
..
.,
x

(j
−

1
) ,
x

(j
) ,
y

(j
+

1
) ,
..
.,
y

(D
) )>

.
(4

9)

N
ot

e
th

at
th

e
j-

th
el

em
en

ts
in
z
j y

an
d
z
j x

on
ly

di
ff

er
.

To
en

su
re

th
at

th
e

ri
gh

t-
ha

nd
si

de
in

(4
8)

is
no

n-
ne

ga
tiv

e,
w

e
ne

ed
to

sh
ow

th
at

fo
ra

ll
j,

n ∑ i=
1

β̃
(i

)
j

[ φ

(
‖z

j x
−
x
i‖

2

2
σ

2 j

)
−
φ

(
‖z

j y
−
x
i‖

2

2σ
2 j

)
]
≥

0.
(5

0)
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To
obtain

a
low

er
bound

of
the

left-hand
side

in
(50),w

e
use

the
follow

ing
inequality,w

hich
com

es
from

the
convexity

of
φ:

φ (
‖z

jx −
x
i ‖

2

2
σ

2j

)
−
φ (
‖
z
jy −

x
i ‖

2

2σ
2j

)

≥
1

2σ
2j

ϕ

(
‖
z
jy −

x
i ‖

2

2σ
2j

)
[(y

(j)−
x

(j)
i

)
2−

(x
(j)−

x
(j)
i

)
2 ]
.

(51)

Since
all
β̃

(i)
j

are
assum

ed
to

be
non-negative,(51)provides

n
∑i=

1

β̃
(i)
j

[
φ (
‖z

jx −
x
i ‖

2

2σ
2j

)
−
φ (
‖z

,jy −
x
i ‖

2

2
σ

2j

)
]

≥
1

2σ
2j

n
∑i=

1

β̃
(i)
j
ϕ

(
‖z

jy −
x
i ‖

2

2
σ

2j

)
[(y

(j)−
x

(j)
i

)
2−

(x
(j)−

x
(j)
i

)
2 ]

=
1

2σ
2j

n
∑i=

1

β̃
(i)
j
ϕ

(
‖z

jy −
x
i ‖

2

2
σ

2j

)
[(y

(j))
2−

(x
(j))

2 ]−
n
∑i=

1

β̃
(i)
j
x

(j)
i
ϕ

(
‖
z
jy −

x
i ‖

2

2
σ

2j

)

︸
︷︷

︸
(?

)

(y
(j)−

x
(j))

σ
2j

.

(52)

Finally,w
e

set
y

=
z
τk

and
x

=
z
τ
+

1
k

in
D̂
ĝ [x|y

],and
therefore

z
jy

=
(z

(τ
+

1
,1

)
k

,...,z
(τ

+
1
,j−

1
)

k
,z

(τ
,j)

k
,z

(τ
,j+

1
)

k
,...,z

(τ
,D

)
k

) >
=
z̃
τk

z
jx

=
(z

(τ
+

1
,1

)
k

,...,z
(τ

+
1
,j−

1
)

k
,z

(τ
+

1
,j)

k
,z

(τ
,j+

1
)

k
,...,z

(τ
,D

)
k

) >
.

A
pplying

the
coordinate-w

ise
update

rule
(15)to

(?
),the

right-hand
side

in
(52)becom

es

1

2σ
2j

n
∑i=

1

β̃
(i)
j
ϕ

(
‖
z̃
τk −

x
i ‖

2

2σ
2j

)
(z

(τ
,j)

k
−
z

(τ
+

1
,j)

k
)
2≥

0
.

T
his

proves
(50),and

thus
the

proofw
as

com
pleted.

A
ppendix

D
.ProofofT

heorem
7

Proof
U

nderthe
path

(17),

D
g [x|y

]−
D̂
ĝ [x|y

]
=

D
∑j=

1 ∫
j

j−
1

ı
<
g

(γ
j (t))−

ĝ
(γ
j (t)),

γ̇
j (t)

>
d
t

w
here

the
curve

γ
j (t),

t∈
[j−

1
,j]connects

z
jy

and
z
jx

by
the

line
segm

entw
hose

definition
is

given
in

(49).T
hen,w

e
obtain

∣∣∣∣ ∫
j

j−
1

ı
<
g

(γ
j (t))−

ĝ
(γ
j (t)),

γ̇
j (t)

>
d
t ∣∣∣∣ ≤

‖g
−
ĝ‖∞
|y

(j)−
x

(j)|.
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T
herefore,

|D
g [x|y

]−
D
ĝ [x|y

]|≤
‖
g
−
ĝ‖∞
‖
y
−
x‖

1 .

Finally,w
ith

L
em

m
a

12,the
theorem

w
as

proved.

A
ppendix

E
.ProofofT

heorem
9

W
e

m
odify

the
proofofT

heorem
1

in
C

hen
etal.(2016b),and

apply
L

em
m

a
12.

Proof
Suppose

thata
m

ode
point

µ
j ∈
M

is
uniquely

approxim
ated

by
an

estim
ated

m
ode

point
µ̂
j ∈
M̂

.T
hen,the

Taylorexpansion
gives

ĝ
(µ

j )
=
ĝ

(µ̂
j )

+
∇
ĝ

(µ
j )(µ

j −
µ̂
j )

+
o(‖µ

j −
µ̂
j ‖

)

=
∇
ĝ

(µ
j )(µ

j −
µ̂
j )

+
o(‖µ

j −
µ̂
j ‖

),
(53)

w
here

ĝ
(µ̂

j )
=

0.O
n

the
otherhand,from

L
em

m
a

12,

ĝ
j (µ

j )
=
ĝ
j (µ

j )−
g
j (µ

j )
=
O

P (
n
−

m
in {

14
,

γ
2
(γ

+
1
) } )

,
(54)

w
here

g
j (µ

j )
=

0.
Since

alleigenvalues
of∇

g
(µ

j )
are

strictly
negative

by
the

definition
in

(20),
the

follow
ing

relation
and

L
em

m
a

12
ensures

that∇
ĝ

(µ
j )

is
invertible

w
ith

a
high

probability:B
y

the
derivative

reproducing
property

(Z
hou,2008),

|∂
i g
j (x

)−
∂
i ĝ
j (x

)|
=
|〈g

j −
ĝ
j ,∂

i k
(x
,·)〉H |≤

‖g
j −

ĝ
j ‖H |∂

′i ∂
i k

(x
′,x

)|x
′=
x |

=
O

(‖
g
j −

ĝ
j ‖H

)
,

w
here

the
C

auchy-Schw
arz

inequality
w

as
applied,

∂
′i

denotes
the

partial
derivative

w
ith

respect
to

the
i-th

elem
ent

in
x
′,

and
∂
′i ∂
i k

is
assum

ed
to

be
uniform

ly
bounded.

T
hus,

com
bining

(53)
w

ith
(54)yields

‖
µ
j −

µ̂
j ‖

=
O

P (
n
−

m
in {

14
,

γ
2
(γ

+
1
) } )

.

T
he

fact,

H
aus(M̂

,M
)

=
m

ax
j
‖
µ
j −

µ̂
j ‖
,

proves
the

theorem
.

A
ppendix

F.R
educing

the
K

ernelC
enters

T
his

appendix
investigates

clustering
perform

ance
and

com
putationalcosts

of
L

SL
D

G
C

w
hen

the
num

ber
of

kernel
centers

is
changed.

W
e

perform
ed

sim
ilar

experim
ents

in
Section

5.1.
In

the
experim

ents,datasets
w

ith
the

three
G

aussian
blobs

(Fig.6(g))w
ere

used.
Fig.11

show
s

that
L

SL
D

G
C

w
ith

a
sm

all
num

ber
of

kernel
centers

significantly
reduces

the
com

putation
costs

w
ithoutscarifying

the
clustering

perform
ance.
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1
0
0

2
0
0

3
0
0

4
0
0

5
0
0

N
u

m
. 

o
f 

C
e

n
te

rs

0

0
.2

0
.4

0
.6

0
.81

ARI

(a
)

A
R

I

1
0

0
2

0
0

3
0

0
4

0
0

5
0

0

N
u
m

. 
o
f 
C

e
n
te

rs

02468

1
0

CPU Time

(b
)

C
PU

tim
e

Fi
gu

re
11

:
C

lu
st

er
in

g
pe

rf
or

m
an

ce
an

d
C

PU
tim

e
ag

ai
ns

tt
he

nu
m

be
ro

fk
er

ne
lc

en
te

rs
.E

ac
h

po
in

t
an

d
er

ro
r

ba
r

de
no

te
th

e
av

er
ag

e
an

d
st

an
da

rd
de

vi
at

io
n

of
(a

)
A

R
I

an
d

(b
)

C
PU

tim
e

ov
er

50
ru

ns
,r

es
pe

ct
iv

el
y.

T
he

da
ta

se
tu

se
d

in
th

is
fig

ur
e

is
th

e
th

re
e

G
au

ss
ia

n
bl

ob
s

in
Se

ct
io

n
5.

1
w

he
n

(D
,n

)
=

(5
,5

00
)

A
pp

en
di

x
G

.P
ro

of
of

L
em

m
a

12

Pr
oo

f
Fo

rε
′ ,

th
e

C
au

ch
y-

Sc
hw

ar
z

in
eq

ua
lit

y
gi

ve
s

|ĝ j
(x

)
−
g j

(x
)|

=
|〈ĝ

j
−
g j
,k

(·,
x

)〉
H
|≤
‖ĝ
j
−
g j
‖ H
|k

(x
,x

)|.

Si
nc

e
k
(x
,x

)
is

as
su

m
ed

to
be

fin
ite

,

ε′
=

m
ax j
‖ĝ
j
(x

)
−
g j

(x
)‖
∞
≤
O

(‖
ĝ j
−
g j
‖ H

)
=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
,

(5
5)

w
he

re
w

e
ap

pl
ie

d
T

he
or

em
1.

Fo
rε
′′ ,

si
m

ila
rc

om
pu

ta
tio

n
yi

el
ds

|[Σ̂
−

1
(x

)]
ij
−

[Σ
−

1
(x

)]
ij
|

=
|−

(ĝ
i(
x

)ĝ
j
(x

)
−
g i

(x
)g
j
(x

))
+

[Ĥ
(x

)]
ij
−

[H
(x

)]
ij
|

≤
|ĝ i

(x
)ĝ
j
(x

)
−
g i

(x
)g
j
(x

)|
+
|[Ĥ

(x
)]
ij
−

[H
(x

)]
ij
|

≤
|ĝ i

(x
)|
·|
ĝ j

(x
)
−
g j

(x
)|

+
|g j

(x
)|
·|
ĝ i

(x
)
−
g i

(x
)|

+
|[Ĥ

(x
)]
ij
−

[H
(x

)]
ij
|

≤
{ |
g i

(x
)|
·‖
ĝ j
−
g j
‖ H

+
|ĝ j

(x
)|
·‖
ĝ i
−
g i
‖ H

+
‖[
Ĥ

] i
j
−

[H
] i
j
‖ H
}
|k

(x
,x

)|,

w
he

re
w

e
ap

pl
ie

d
th

e
fo

llo
w

in
g

in
eq

ua
lit

y
on

th
e

fo
ur

th
lin

e:

|ĝ i
(x

)ĝ
j
(x

)
−
g i

(x
)g
j
(x

)|
=
|ĝ i

(x
)ĝ
j
(x

)
−
ĝ i

(x
)g
j
(x

)
+
ĝ i

(x
)g
j
(x

)
−
g i

(x
)g
j
(x

)|
=
|ĝ i

(x
)(
ĝ j

(x
)
−
g j

(x
))

+
g j

(x
)(
ĝ i

(x
)
−
g i

(x
))
|

≤
|ĝ i

(x
)|
·|
ĝ j

(x
)
−
g j

(x
)|

+
|g j

(x
)|
·|
ĝ i

(x
)
−
g i

(x
)|.
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T
hu

s,
w

e
ob

ta
in

ε′
′ =

m
ax ij

m
ax x
|[Σ̂
−

1
(x

)]
ij
−

[Σ
−

1
(x

)]
ij
|

≤
m

ax ij
O
( m

ax
(‖
ĝ j
−
g j
‖ H
,‖
ĝ i
−
g i
‖ H
,‖

[Ĥ
] i
j
−

[H
] i
j
‖ H

))

=
O

P

( n
−

m
in
{

1 4
,

γ
2
(γ

+
1
)

})
,

(5
6)

w
he

re
it

fo
llo

w
s

fr
om

T
he

or
em

1.
Fo

rε
′′′

,w
e

re
so

rt
to

th
e

de
riv

at
iv

e
re

pr
od

uc
in

g
pr

op
er

ty
pr

ov
ed

in
Z
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C
ontinuous

latent
variable

m
odels

for
dim

ensionality
reduction

and
se-

quentialdata
reconstruction.

PhD
thesis,U

niversity
ofSheffield,2001.

(Section
7.3).

M
.Á
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ress

th
is

issu
e
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a

th
eoretical

p
oin

t
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v
iew

,
b
y

form
u
latin

g
th

e
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p
ected

erro
r

rate
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a
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n
ction
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e
p
rob

ab
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ε
i
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ca

tion
b
y

a
sin

gle
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r
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i
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e
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g
d
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=
1,...,n
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ith

n
d
en

otin
g
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e
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in

in
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T
h
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th
eoretical
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p
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p
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a
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e
n
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-
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n
o
to

n
o
u
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rate
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W

ith
a
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p
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t
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b
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b
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u
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C

w
e
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n
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n
o
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o
u
s
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rves
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w
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b
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b
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b
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p
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b
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d
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b
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b
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n
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con
sid

er
a

fi
x
ed

train
in

g
d
ataset

D
con

sistin
g

of
n

o
b
servation

s,
w

h
ich

is
u
sed

to
d
erive

p
red

iction
ru

les
b
y

ap
p
ly

in
g

th
e

R
F

algorith
m

w
ith

a
n
u
m

b
er
T

of
trees.

Id
eally,

th
e

p
erform

an
ce

of
th

ese
p
red

ictio
n

ru
les

is
estim

ated
b
ased

on
an

in
d
ep

en
d
en

t
test

d
ataset,

d
en

oted
as
D
test ,

con
sistin

g
of
n
test

test
ob

servation
s.

C
on

sid
erin

g
th

e
ith

ob
servation

from
th

e
test

d
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b
in

ary
lab

el
0

v
s.

1
(in

th
e

case
of

b
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p
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b
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b
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ŷ
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ŷ i
t.

In
th

e
ca

se
of

cl
as

si
fi
ca

ti
on

,
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p
re

v
io

u
s

se
ct

io
n

ca
n

b
e

ex
te

n
d
ed

to
th

e
m

u
lt

ic
la

ss
cl

a
ss

ifi
ca

ti
o
n

ca
se

.
L

et
K

d
en

ot
e

th
e

n
u
m

b
er

of
cl

as
se

s
(K

>
2)

.
T

h
e

re
sp

on
se
y i

ta
ke

s
va

lu
es

in
{1
,.
..
,K
}.

T
h
e

er
ro

r
fo

r
ob

se
rv

at
io

n
i

is
th

en
d
efi

n
ed

a
s

e i
=
I
(y
i
6=
ŷ i

).

W
e

d
en

ot
e

th
e

es
ti

m
at

ed
p
ro

b
ab

il
it

y
of

cl
as

s
k

fo
r

ob
se

rv
at

io
n
i

as

p̂
ik

=
1 T

T ∑ t=
1

I
(ŷ
it

=
k
).

T
h
e

lo
ga

ri
th

m
ic

lo
ss

is
th

en
d
efi

n
ed

as

l i
=

K ∑ k
=
1

−
I
(y
i

=
k
)

lo
g
(p̂
ik

)

an
d

th
e

ge
n
er

al
iz

ed
B

ri
er
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or

e
is

d
efi

n
ed

as

b i
=

K ∑ k
=
1

(p̂
ik
−
I
(y
i

=
k
))

2
,

w
h
ic

h
in

th
e

b
in

ar
y

ca
se

is
tw

ic
e

th
e

va
lu

e
of

th
e

d
efi

n
it

io
n

th
at

w
as

u
se

d
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

F
ol
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w
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g

H
an

d
an

d
T

il
l

(2
00

1)
,

th
e

A
U

C
ca

n
al

so
b

e
ge

n
er

al
iz

ed
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th
e

m
u
lt

ic
la

ss
ca

se
as

A
U

C
=

1

K
(K
−

1)

K ∑ j=
1

K ∑ k
=
1

k
6=
j

A
U

C
(j
,k

),

w
h
er

e
A

U
C

(j
,k

)
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th
e

A
U

C
b

et
w

ee
n

cl
as

s
k

an
d
j,

se
e

al
so

F
er

ri
et

al
.

(2
0
0
9
)

fo
r

m
o
re

d
et

ai
ls

.
It

is
eq

u
iv

al
en

t
to

th
e

d
efi

n
it

io
n

gi
v
en

in
S
ec

ti
on

2.
3

in
th

e
b
in

ar
y

cl
a
ss

ifi
ca

ti
on

ca
se

.
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2
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rro
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u
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E
rro

r

In
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e
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ses
w

h
ere
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test

d
ataset

D
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le,
p

erform
an

ce
can

b
e

assessed
b
y

averagin
g

th
e

ch
o
sen

p
erform

an
ce

m
easu

re
(as

d
escrib

ed
in

th
e

p
rev

iou
s

p
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p
h
s)

over
th

e
n
test

o
b
serva

tio
n
s.

F
or

ex
am

p
le

th
e

classical
erro

r
rate

(for
b
in

ary
cla

ssifi
cation

)
a
n
d

th
e

m
ean

sq
u
a
red

erro
r

(for
regression

)
are

com
p
u
ted
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1

n
test

n
te
s
t

∑i=
1

L
(y
i ,ŷ

i ),

w
ith

L
(x
,y

)
=

(x−
y
)
2,

w
h
ile

th
e

m
ean
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solu

te
error

(for
regression

)
is

ob
tain

ed
b
y

d
efi

n
in

g
L

(.,.)
a
s
L

(x
,y

)
=
|x
−
y|.

N
ote

th
at,

in
th

e
con
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t
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regression

,
R

ou
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w
(1984)

p
ro

p
o
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to
con

sid
er

th
e

m
ed

ian
m
ed

(L
(y

1 ,ŷ
1 ),...,L

(y
n
te
s
t ,ŷ

n
te
s
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,

in
stead

of
av

erag
in

g,
w

h
ich

resu
lts

in
th

e
m

ed
ian

sq
u
ared

error
for

th
e

loss
fu

n
ction

L
(x
,y

)
=

(x
−
y
)
2

an
d

in
th

e
m

ed
ian

a
b
solu

te
error

for
th

e
loss

fu
n
ction

L
(x
,y

)
=
|x
−
y|.

T
h
ese

m
easu

res
a
re

m
ore

ro
b
u
st

a
ga

in
st

ou
tliers

an
d

con
tam

in
a
tion

(R
ou

sseeu
w

,
1984).

A
n

a
ltern

a
tive

to
th

e
u
se

of
a

test
d
ataset

is
th

e
ou

t-of-b
ag

error
w

h
ich

is
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lated
b
y

u
sin

g
th

e
o
u
t-of-b

ag
(O

O
B

)
estim

a
tion

s
of

th
e

train
in

g
ob

servation
s.

O
O

B
p
red

iction
s

a
re

ca
lcu
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ted

b
y

p
red

ictin
g

th
e

class,
th

e
p
rob

ab
ility

(in
th

e
classifi
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case)

or
th

e
real

va
lu

e
(in

th
e

regression
case)

for
each

train
in

g
ob

servation
i

(for
i

=
1,...,n

)
b
y

u
sin

g
on

ly
th

e
trees

fo
r

w
h
ich

th
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ob
servation

w
as

n
ot

in
clu

d
ed

in
th

e
b

o
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sam
p
le

(i.e.,
it

w
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n
o
t

u
sed

to
con

stru
ct

th
e

tree).
N

ote
th

a
t

th
ese

p
red

iction
s

are
ob

tain
ed

b
ased

on
a

su
b
set

o
f

trees—
in

clu
d
in

g
on

average
T×

0.3
68

trees.
T

h
ese

p
red

iction
s

a
re

u
ltim

ately
com

p
ared

to
th

e
tru

e
va

lu
es

b
y

calcu
latin

g
p

erform
an

ce
m

easu
res

(see
S
ection

s
2.3,

2.4
an

d
2.5).

3
.
T
h
e
o
re
tica

l
R
e
su

lts

In
th

is
section

w
e

com
p
u
te

th
e

ex
p

ected
p

erform
an

ce—
accord

in
g

to
th

e
error,

th
e

B
rier

score
a
n
d

th
e

lo
ga

rith
m

ic
loss

ou
tlin

ed
in

S
ection

2.3
—

of
a

b
in

ary
classifi

cation
or

regression
R

F
co

n
sistin

g
o
f
T

trees
as

estim
ated

b
ased

on
th

e
n
test

test
ob

servation
s,

w
h
ile

con
sid

erin
g

th
e

tra
in

in
g

d
a
ta

set
as

fi
x
ed

.
F

or
th

e
A

U
C

w
e

p
rove

th
at

it
can

b
e

a
n
on

-m
on

oton
ou

s
fu

n
ction

in
T

.
T

h
e

ca
se

of
oth

er
m

easu
res

(m
ean

ab
solu

te
error,

m
ed

ian
of

sq
u
a
red

erro
r

an
d

m
ed

ian
o
f

a
b
so

lu
te

erro
r

for
regression

)
an

d
m

u
lticlass

classifi
cation

is
m

u
ch

m
ore

m
ore

com
p
lex

to
in

vestig
a
te

fro
m

a
th

eoretical
p

oin
t

o
f

v
iew

.
It

w
ill

b
e

ex
am

in
ed

em
p
irica

lly
in

S
ection

4.
In

th
is

section
w

e
are

con
cern

ed
w

ith
expected

p
erform

an
ces,

w
h
ere

ex
p

ectation
is

taken
over

th
e

sets
o
f
T

trees.
O

u
r

goal
is

to
stu

d
y

th
e

m
on

oton
icity

of
th

e
ex

p
ected

errors
w

ith
resp

ect
to
T

.
T

h
e

n
u
m

b
er
T

of
trees

is
con

sid
ered

a
p
aram

eter
of

th
e

R
F

an
d

n
ow

m
en

tio
n
ed

in
p
aren

th
eses

ev
ery

tim
e

w
e

refer
to

th
e

w
h
ole

fo
rest.

3
.1

E
rro

r
R

a
te

(B
in

a
ry

C
la

ssifi
c
a
tio

n
)

W
e

fi
rst

sh
ow

th
at

for
sin

gle
ob

servation
s

th
e

ex
p

ected
error

rate
cu

rve
ca

n
b

e
in

creasin
g

a
n
d

th
en

sh
ow

ex
em

p
lifi

ed
h
ow

th
is

can
in

fl
u
en

ce
th

e
sh

ap
e

of
th

e
averag

e
cu

rv
e

of
several

o
b
serva

tio
n
s.

T
h
e

ob
servation

th
at

b
aggin

g
can

w
orsen

th
e

ex
p

ected
error

rate
of

a
sin

gle
o
b
serva

tio
n

w
a
s

alread
y

d
on

e
b
y

H
astie

et
al.

(2001),
B

reim
a
n

(1996a)
an

d
F

ried
m

an
(199

7).
In

th
is

sectio
n

w
e

p
rov

id
e

a
gen

eral
form

u
la

ex
p
lain

in
g

th
is

ob
servation

,
an

d
th

en
ex

ten
d

o
u
r

th
eo

retica
l

con
sid

eration
s

to
fu

rth
er

p
erform

an
ce

m
easu

res
in

th
e

follow
in

g
section

s.
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0
100

200
300

400
500

0.0 0.4 0.8

num
ber of trees

E(ei(T))

F
igu

re
2:

L
eft:

E
x
p

ected
error

rate
cu

rves
for

d
iff

eren
t
ε
i

valu
es.

R
igh

t:
P

lot
of

th
e

av
erage

cu
rve

(b
lack

)
of

th
e

cu
rves

w
ith

ε
1

=
0.05,

ε
2

=
0.1,

ε
3

=
0.15,

ε
4

=
0.2,

ε
5

=
0.55

an
d
ε
6

=
0.6

(d
ep

icted
in

grey
an

d
d
otted

)

3
.1
.1

T
h
e
o
r
e
t
ic
a
l
C
o
n
sid

e
r
a
t
io
n
s

L
et

u
s

fi
rst

con
sid

er
th

e
classical

error
rate

e
i (T

)
for

ob
servation

i
w

ith
a

R
F

in
clu

d
in

g
T

trees
an

d
d
erive

its
ex

p
ectation

,
con

d
ition

ally
on

th
e

train
in

g
set

D
,

E
(e
i (T

))
=

E

(
I (

1T

T
∑t=

1

e
it
>

0
.5 )
)

=
P

(
T
∑t=

1

e
it
>

0
.5·T )

.

W
e

n
ote

th
at
e
it

is
a

b
in

ary
variab

le
w

ith
E

(e
it )

=
ε
i .

G
iven

a
fi
x
ed

train
in

g
d
ataset

D
an

d
ob

servation
i,

th
e
e
it ,
t

=
1,...,T

are
m

u
tu

ally
in

d
ep

en
d
en

t.
It

follow
s

th
at

th
e

su
m

X
i

=
∑

Tt
e
it

follow
s

th
e

b
in

om
ial

d
istrib

u
tion

B
(T
,ε
i ).

It
is

im
m

ed
iate

th
at

th
e

con
trib

u
tion

of
ob

servation
i

to
th

e
ex

p
ected

error
rate,

P
(X

i
>

0.5·
T

),
is

an
in

creasin
g

fu
n
ction

in
T

for
ε
i
>

0.5
an

d
a

d
ecreasin

g
fu

n
ction

in
T

for
ε
i
<

0.5
.

N
ote

th
at

so
far

w
e

ign
ored

th
e

case
w

h
ere ∑

Tt=
1
e
it

=
0.5·T

,
w

h
ich

m
ay

h
ap

p
en

w
h
en

T
is

even
.

In
th

is
case,

th
e

stan
d
ard

im
p
lem

en
tation

in
R

(r
a
n
d
o
m
F
o
r
e
s
t
)

assig
n
s

th
e

ob
servation

ran
d
om

ly
to

on
e

of
th

e
tw

o
classes.

T
h
is

im
p
lies

th
at

0.5·P
( ∑

Tt=
1
e
it

=
0.5·T

)
h
as

to
b

e
ad

d
ed

to
th

e
ab

ove
term

,
w

h
ich

d
o
es

n
ot

aff
ect

ou
r

con
sid

eration
s

on
th

e
ε
i ’s

role.

3
.1
.2

Im
pa

c
t
o
n
E
r
r
o
r
R
a
t
e
C
u
r
v
e
s

T
h
e

error
rate

cu
rv

e
for

ob
servation

i
is

d
efi

n
ed

as
th

e
cu

rve
d
escrib

ed
b
y

th
e

fu
n
ction

e
i

:
T
→

R
.

T
h
e

ex
p

ectation
E

(e
i (T

))
of

th
e

error
rate

cu
rve

for
ob

servation
i

w
ith

th
e

m
en

tion
ed

ad
ju

stm
en

t
in

th
e

case
of

a
n

even
n
u
m

b
er

of
trees

can
b

e
seen

in
th

e
left

p
lot

of
F

igu
re

2
for

d
iff

eren
t

valu
es

of
ε
i .

V
ery

h
igh

an
d

very
low

valu
es

of
ε
i

lead
to

rap
id

con
vergen

ce,
w

h
ile

for
ε
i -valu

es
close

to
0.5

m
ore

trees
are

n
eed

ed
to

reach
th

e
p
lateau

.
T

h
e

error
rate

cu
rve

ob
tain

ed
for

a
test

d
ataset

con
sists

of
th

e
average

of
th

e
error

rate
cu

rv
es

of
th

e
sin

gle
ob

servation
s.

O
f

cou
rse,

if
trees

are
go

o
d

classifi
ers

w
e

sh
ou
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h
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ε
i
<

0.5
for

m
ost

ob
servation

s.
In

m
an

y
cases,

ob
servation

s
w

ith
ε
i
>

0
.5

w
ill

b
e

com
p

en
sated

b
y
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<
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ra
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p
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w
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≈

0
an

d
a

fe
w

w
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w
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≥
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ra
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b
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b
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ra
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=

0.
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ε 3

=
0.
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ε 4

=
0.
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ε 5

=
0.

55
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ε 6

=
0.
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ay
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ed

li
n
es

)
an

d
ca

n
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n
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rn

th
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th
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55
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cr
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se
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r
re
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h
in
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.
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w

e
w

il
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e

th
at

th
e
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o

ex
am

p
le

d
at
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et

s
w

h
os

e
n
on

-m
on

ot
on

ou
s

ou
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of
-b

ag
er

ro
r

ra
te

cu
rv

es
ar

e
d
ep
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te

d
in

th
e

in
tr

o
d
u
ct

io
n
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e
a

si
m

il
ar

d
is

tr
ib

u
ti

on
of
ε i
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W
e

se
e

th
at

th
e

co
n
v
er

ge
n
ce

ra
te

of
th

e
er

ro
r

ra
te

cu
rv

e
is

on
ly

d
ep

en
d
en

t
on

th
e

d
is

tr
ib

u
ti

on
of

th
e
ε i

’s
of

th
e
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se

rv
at

io
n
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en

ce
,

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

er
ro

r
ra

te
cu

rv
e
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n
ot

d
ir

ec
tl

y
d
ep

en
d
en

t
on

th
e

n
u
m

b
er

of
ob

se
rv

at
io

n
s
n

or
th

e
n
u
m

b
er

of
fe

at
u
re

s,
b
u
t

th
es

e
ch

ar
ac

te
ri

st
ic

s
co

u
ld

in
fl
u
en

ce
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

o
n

of
th

e
ε i

’s
an

d
h
en

ce
p

os
si

b
ly

th
e

co
n
ve

rg
en

ce
ra

te
as

ou
tl

in
ed

in
S
ec

ti
on

4.
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B
ri

e
r

S
c
o
re

(B
in

a
ry

C
la

ss
ifi

c
a
ti

o
n

)
a
n

d
S

q
u

a
re

d
E

rr
o
r

(R
e
g
re

ss
io

n
)

W
e

n
ow

tu
rn

to
th

e
B

ri
er

sc
or

e
an

d
co

m
p
u
te

th
e

ex
p

ec
te

d
B

ri
er

sc
or

e
co

n
tr

ib
u
ti

on
of

ob
se

rv
at

io
n
i

fo
r

a
R

F
in

cl
u
d
in

g
T

tr
ee

s,
co

n
d
it

io
n
al

on
th

e
tr

a
in

in
g

se
t
D

.
W

e
ob

ta
in

E
(b
i(
T

))
=

E
((
y i
−
p̂
i(
T

))
2
)

=
E

 
(
y i
−

1 T

T ∑ t=
1

ŷ i
t)

2
 

=
E

 
(

1 T

T ∑ t=
1

(y
i
−
ŷ i
t)

)
2
 

=
E

 
(

1 T

T ∑ t=
1

e i
t)

2
 
.

F
ro

m
E

(Z
2
)

=
E

(Z
)2

+
V
a
r(
Z

)
w

it
h
Z

=
1 T

∑
T t=

1
e i
t

it
fo

ll
ow

s:

E
(b
i(
T

))
=

E
(e
it

)2
+
V
a
r(
e i
t)

T
,

w
h
ic

h
is

ob
v
io

u
sl

y
a

st
ri

ct
ly

m
on

ot
on

ou
s

d
ec

re
as

in
g

fu
n
ct

io
n

of
T

.
T

h
is

al
so

h
ol

d
s

fo
r

th
e

av
er

ag
e

ov
er

th
e

ob
se

rv
at

io
n
s

of
th

e
te

st
d
at

as
et

.
In

th
e

ca
se

of
b
in

ar
y

cl
as

si
fi
ca

ti
on

,
w

e
h
av

e
e i
t
∼
B(

1,
ε i

),
y
ie

ld
in

g
E

(e
it

)
=
ε i

an
d
V
a
r(
e i
t)

=
ε i

(1
−
ε i

),
th

u
s

al
lo

w
in

g
th

e
fo

rm
u
la

ti
o
n

of

E
(b
i(
T

))
as
E

(b
i(
T

))
=
ε2 i

+
ε i
(1
−
ε i
)

T
.

N
ot

e
th

at
th

e
fo

rm
u
la
E

(b
i(
T

))
=
E

(e
it

)2
+
V
a
r(
e i
t)
/T

is
al

so
va

li
d

fo
r

th
e

sq
u
ar

ed
er

ro
r

in
th

e
re

gr
es

si
on

ca
se

,
ex

ce
p
t

th
at

in
th

is
ca

se
w

e
w

ou
ld

w
ri

te
ŷ i

in
st

ea
d

of
p̂
i

in
th

e
fi
rs

t
li
n
e.
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th
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in
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ry
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A
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2.
3,

an
ot

h
er

u
su

al
p

er
fo

rm
an

ce
m

ea
su

re
b
as

ed
on

th
e

d
is

cr
ep

an
cy

b
et

w
ee

n
y i

an
d
p̂
i

is
th

e
lo

ga
ri

th
m

ic
lo

ss
l i

(T
)

=
−

(y
i
ln

(p̂
i(
T

))
+

(1
−
y i

)
ln

(1
−
p̂
i(
T

))
).

N
ot

ic
in

g
th

at
p̂
i(
T

)
=

1
−

1 T

∑
T t=

1
e i
t

fo
r
y i

=
1

an
d
p̂
i(
T

)
=

1 T

∑
T t=

1
e i
t
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r
y i

=
0,

it
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n
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P
r
o
b
st

a
n
d

B
o
u
l
e
st

e
ix

b
e

in
b

ot
h

ca
se

s
y i

=
0

an
d
y i

=
1

re
fo

rm
u
la

te
d

as

l i
(T

)
=
−

ln

(
1
−

1 T

T ∑ t=
1

e i
t)
.

In
th

e
fo

ll
ow

in
g

w
e

en
su

re
th

at
th

e
te

rm
in

si
d
e

th
e

lo
ga

ri
th

m
is

n
ev

er
ze

ro
b
y

a
d
d
in

g
a

ve
ry

sm
al

l
va

lu
e
a

to
1
−

1 T

∑
T t=

1
e i
t.

T
h
e

lo
ga

ri
th

m
ic

lo
ss
l i

(T
)

is
th

en
al

w
ay

s
d
efi

n
ed

a
n
d

it
s

ex
p

ec
ta

ti
on

ex
is

ts
.

T
h
is

is
si

m
il
ar

to
th

e
so

lu
ti

on
ad

op
te

d
in

th
e
m
l
r

p
ac

ka
g
e,

w
h
er

e
1
0
−
1
5

is
ad

d
ed

in
ca

se
th

at
th

e
in

n
er

te
rm

of
th

e
lo

g
ar

it
h
m

eq
u
al

s
ze

ro
.

W
it

h
Z

:=
1
−

1 T

∑
T t=

1
e i
t
+
a
,

w
e

ca
n

u
se

th
e

T
ay

lo
r

ex
p
an

si
on

,

E
[f

(Z
)]

=
E

[f
(µ
Z

+
(Z
−
µ
Z

))
]

≈
E

[ f
(µ
Z

)
+
f
′ (
µ
Z

)
(Z
−
µ
Z

)
+

1 2
f
′′ (
µ
Z

)
(Z
−
µ
Z

)2
]

=
f

(µ
Z

)
+
f
′′ (
µ
Z

)

2
·V

a
r(
Z

)
=
f

(E
(Z

))
+
f
′′ (
E

(Z
))

2
·V

a
r(
Z

)

w
h
er

e
µ
Z

st
an

d
s

fo
r
E

(Z
)

an
d
f

(.
)

as
f

(.
)

=
−

ln
(.

).
W

e
h
av

e
V
a
r(
Z

)
=

ε i
(1
−
ε i
)

T
,
E

(Z
)

=
1
−
ε i

+
a
,
f

(E
(Z

))
=
−

ln
(1
−
ε i

+
a
)

an
d
f
′′ (
E

(Z
))

=
(1
−
ε i

+
a
)−

2
,

fi
n
al

ly
y
ie

ld
in

g

E
(l
i(
T

))
≈
−

ln
(1
−
ε i

+
a
)

+
ε i

(1
−
ε i

)

2T
(1
−
ε i

+
a
)2
,

w
h
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h
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ob
v
io

u
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y
a

d
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re
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in
g

fu
n
ct

io
n

of
T

.
T

h
e

T
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r
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p
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x
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at
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n
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b
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r
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n
d

b
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r
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g
T
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ce
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e
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w
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h
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g
T
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d
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s
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)
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n
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er
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n
d
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th
e
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C
C
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U
C

)
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ti

o
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th
e

A
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,
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n
si

d
er

at
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n
s
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ch
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th

os
e

w
e
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e
fo

r
th

e
er

ro
r

ra
te
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th

e
B

ri
er

sc
o
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a
n
d

th
e

lo
ga

ri
th

m
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e
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p
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si

b
le

,
si

n
ce

th
e

A
U

C
is

n
o
t

th
e
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m

of
in

d
iv
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u
a
l

co
n
tr

ib
u
ti

o
n
s

of
th

e
ob

se
rv

at
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n
s.

It
is

h
ow

ev
er

re
la

ti
v
el

y
ea

sy
to

se
e

th
at

th
e

ex
p

ec
te

d
A

U
C

is
n
o
t

al
w

ay
s

an
in

cr
ea

si
n
g

fu
n
ct

io
n

of
th

e
n
u
m

b
er
T

of
tr

ee
s.

F
or

ex
am

p
le

,
th

in
k

o
f

th
e

tr
iv

ia
l

ex
am

p
le

of
a

te
st

d
at
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et
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n
si

st
in

g
of

tw
o

ob
se

rv
at

io
n
s

w
it

h
re
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s
y 1
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.
y 2

a
n
d

E
(p̂

1
(T

))
=

0.
4

re
sp

.
E

(p̂
2
(T

))
=

0.
6.

If
y 1

=
0

an
d
y 2

=
1,

th
e

ex
p

ec
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d
A

U
C
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rv

e
in
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s

m
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ot
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y
w
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h
T

,
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th
e

p
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b
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y
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a
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t
o
rd

er
in

g
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rd

in
g

to
th

e
ca
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u
la

te
d

sc
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1
(T

)
an

d
p̂
2
(T

)
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se
s.

H
ow

ev
er

,
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y 1

=
1

an
d
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=
0
,

w
e

o
b
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a

m
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y
d
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g
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n
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n
,
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e
p
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b
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il
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y
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a
w
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n
g
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d
er

in
g
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h
er

w
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h
in
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si
n
g

n
u
m

b
er

of
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ee
s.

It
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in

e
th

at
fo

r
d
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er
en

t
co

m
b
in

at
io

n
s

o
f
E

(p̂
i(
T

))
,

on
e

ca
n

ob
ta

in
in

cr
ea

si
n
g

cu
rv

es
,

d
ec

re
as

in
g

cu
rv

es
or

n
on

-m
on

ot
on

ou
s

cu
rv

es
.
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p
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p
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p
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b
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u
g
h
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e
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o
f

a
n
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d
e-

p
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d
en

t
te

st
d
at
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et

or
th
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u
gh
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m
p
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n
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te
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n
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u
es
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cr

o
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n

(B
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,
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b
)
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r
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n
d
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u
d
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g
T
×

0.
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p
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T
o

T
u
n
e
o
r
N
o
t
t
o

T
u
n
e
t
h
e
N
u
m
b
e
r
o
f
T
r
e
e
s
in

R
a
n
d
o
m

F
o
r
e
st

O
O

B
estim

a
to

r
h
as

th
e

m
a
jor

ad
van

tage
th

at
it

n
eith

er
n
ecessitates

to
fi
t

ad
d
itio

n
al

ra
n
d
om

fo
rests

(w
h
ich

is
ad

van
tageou

s
in

term
s

of
com

p
u
tatio

n
al

resou
rces)

n
o
r

to
red

u
ce

th
e

size
o
f

th
e

d
a
ta

set
th

rou
gh

d
ata

sp
littin

g.
F

or
th

ese
reaso

n
s,

w
e

w
ill

con
sid

er
O

O
B

p
erform

an
ce

estim
a
to

rs
in

o
u
r

em
p
irical

stu
d
y.

H
ow

ever,
if

w
e

con
sid

er
th

e
O

O
B

error
in

stead
of

th
e

test
error

from
an

in
d
ep

en
d
en

t
d
a
ta

set,
th

e
form

u
las

given
in

th
e

p
rev

iou
s

su
b
sectio

n
s

are
n
ot

d
irectly

ap
p
licab

le.
A

fter
h
av

in
g

tra
in

ed
T

trees,
for

m
ak

in
g

an
O

O
B

estim
ation

for
an

ob
servation

w
e

can
o
n
ly

u
se

th
e

trees
fo

r
w

h
ich

th
e

ob
servation

w
as

ou
t-of-b

ag.
If

w
e

take
a

sim
p
le

b
o
otstrap

sam
p
le

fro
m

th
e
n

tra
in

in
g

ob
servation

w
h
en

b
aggin

g
w

e
h
ave

o
n

a
vera

ge
on

ly
T
·

(1
−

1n
)
n
≈

T
·
ex

p
(−

1)≈
T
·
0
.368

trees
for

p
red

ictin
g

th
e

con
sid

ered
ob

servation
.

T
h
is

m
ean

s
th

at
w

e
w

o
u
ld

h
ave

to
rep

lace
T

b
y
T
·
ex

p
(−

1)
in

th
e

ab
ove

form
u
las

an
d

th
at

th
e

fo
rm

u
las

a
re

n
o

lo
n
g
er

ex
act

b
ecau

se
T
·
ex

p
(−

1)
is

o
n
ly

an
av

erage.
N

on
eth

eless
it

is
still

a
go

o
d

a
p
p
rox

im
a
tion

as
con

fi
rm

ed
in

ou
r

b
en

ch
m

ark
ex

p
erim

en
ts.

4
.
E
m
p
irica

l
R
e
su

lts

T
h
is

sectio
n

sh
ow

s
a

large-scale
em

p
irical

stu
d
y

b
ased

on
193

classifi
cation

task
s

an
d

113
reg

ression
ta

sk
s

from
th

e
p
u
b
lic

d
atab

ase
O

p
en

M
L

(V
a
n
sch

oren
et

al.,
2013).

T
h
e

d
atasets

a
re

d
ow

n
lo

a
d
ed

w
ith

th
e

h
elp

of
th

e
O
p
e
n
M
L

R
p
a
ckage

(C
asalicch

io
et

al.,
2017

).
T

h
e

goals
o
f

th
is

stu
d
y

a
re

to
(i)

give
an

ord
er

of
m

agn
itu

d
e

of
th

e
freq

u
en

cy
of

n
on

-m
on

oto
n
ou

s
p
at-

tern
s

o
f

th
e

error
rate

cu
rve

in
real

d
ata

settin
gs;

(ii)
em

p
irically

con
fi
rm

ou
r

statem
en

t
th

at
o
b
serva

tio
n
s

w
ith

ε
i

greater
th

an
(b

u
t

close
to)

0.5
are

resp
on

sib
le

for
n
on

-m
on

oton
ou

s
p
at-
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s;

(iii)
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e
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m

easu
res,

th
e

m
u
lticlass

cla
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cation
a
n
d
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l
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ression
m

easu
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(iv
)
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aly

se
th

e
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vergen
ce

ra
te

of
th

e
O

O
B

cu
rves.

4
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S
e
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c
tio
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o
f

D
a
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T
o
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e
d
a
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b

e
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d
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ou

r
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d
y

w
e

d
efi

n
e

a
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d
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ate
d
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o
u
r

ca
se

th
e

d
atasets
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le
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e
O

p
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M
L

p
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(V
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et
al.,

2013)—
an

d
a

set
o
f

in
clu

sio
n
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recom
m

en
d
ed
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B

ou
lesteix

et
al.

(2017).
In

p
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w

e
d
o
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o
t
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d
ata
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w
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th
e
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lts
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y
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,
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u
s

w
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O
u
r
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sio
n
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s:
(i)

th
e

d
a
taset

h
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p
red

efi
n
ed

task
s
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O

p
en

M
L

(see
V

a
n
sch

o
ren

et
al.,

2013,
for

d
etails

on
th

e
O

p
en

M
L

n
om

en
clatu

re);
(ii)

it
in

clu
d
es

less
th

a
n

1
0
0
0

o
b
servation

s;
(iii)

it
in

clu
d
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10

00
featu
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T

h
e
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o
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a
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k
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g
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e
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p
u
tation
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C
lea

n
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g
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d
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p
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h
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d
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a
p
p
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r

tw
ice

in
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e
O

p
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M
L

d
atab

ase)
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p
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a

d
ecen

t
collection

of
d
a
ta

sets.
N

o
fu

rth
er

m
o
d
ifi

cation
of
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e
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s
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d

d
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e.

T
h
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p
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n
d
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F
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e
1
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s,
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b
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classifi
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d
44

m
u
lticlass

cla
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tio

n
ta
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s.
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h
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s
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m
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iu
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d
d
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cu
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s

-
for

b
in

ary
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cation
task

s
th

e
m

ea
n

(o
u
t-o

f-b
ag)

A
U

C
of

a
ran

d
om
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w

ith
2000
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w
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0.841,

th
e

m
in

im
u
m

0.502,
th

e
fi
rst

q
u
a
rtile

0.732,
th

e
m

ed
ian

0.870,
th

e
th

ird
q
u
artile

0.962
an

d
th

e
m

ax
im

u
m

1.
S
im
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rly

th
e
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task
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an

d
d
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cu
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s
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a
m
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R

2
of

0.559.
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d
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m
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r
e
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d
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d
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b
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w
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e
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p
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A
s

for
th

ese
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erage
on
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(−
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e
T
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,
th

e
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d
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d
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b
y
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e

factor
2.7.
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e
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u
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u
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p
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b
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b
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T
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an
d

th
e
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p
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n
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h
t
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/
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i
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u
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.
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h
i
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p
P
r
o
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u
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e
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r
e
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d
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p
ackage

O
O
B
C
u
r
v
e
.

M
ore

p
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p
ackage
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n
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o
r
e
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t
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ien

er,
2002)

o
r
r
a
n
g
e
r

(W
righ

t,
2016)

as
in

p
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B
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th

at
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ackage
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h
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B
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r
v
e
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R
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N
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p
ackage
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G
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b
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u
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i
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O
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B
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v
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ackage.
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R
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a
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ce
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trees
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-0.0324

for
th

e
error

rate,
-0.0683

for
th

e
b
rier

sco
re,
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for

th
e

logarith
m

ic
loss

an
d
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for

th
e

A
U

C
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con
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h
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r
r
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u
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d
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q
u
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d
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g
u
n
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d
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c

p
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e.
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d
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g
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e
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th
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b
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0.005
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th
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th
e
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re
gr

es
si

on
a
s

a
sp

ec
ia

l
ca

se
.

Z
h
u

et
al

.
(2

0
0
3
)

p
ro

p
o
se

d
th

e
l 1

-n
or

m
su

p
p

or
t

v
ec

to
r

m
ac

h
in

e
an

d
or

ac
le

p
ro

p
er

ti
es

o
f

S
C

A
D

-p
en

al
iz

ed
su

p
p

o
rt

ve
c-

to
r

m
ac

h
in

es
w

er
e

es
ta

b
li
sh

ed
in

P
ar

k
et

al
.

(2
01

2)
,

b
as

ed
on

th
e

B
ah

ad
u
r

re
p
re

se
n
ta

ti
o
n

of
K

o
o

et
al

.
(2

00
8)

.
S
ee

al
so

th
e

ea
rl

ie
r

w
or

k
of

B
ra

d
le

y
an

d
M

an
ga

sa
rj

an
(1

99
8
);

S
o
n
g

et
a
l.

(2
00

2)
.

W
h
en

fe
at

u
re

d
im

en
si

on
is

la
rg

er
th

an
th

e
sa

m
p
le

si
ze

,
P

en
g

et
al

.
(2

0
1
6
);

Z
h
a
n
g

et
al

.
(2

01
6)

ob
ta

in
ed

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

S
C

A
D

an
d

la
ss

o-
p

en
al

iz
ed

es
ti

m
a
to

rs
fo

r
S
V

M
,

re
sp

ec
ti

ve
ly

.
O

u
r

w
or

k
fo

ll
ow

s
th

e
le

ad
of

th
es

e
w

or
k
s

on
u
n
d
er

st
an

d
in

g
th

e
st

a
ti

st
i-

ca
l

p
ro

p
er

ti
es

of
th

e
es

ti
m

at
ed

S
V

M
co

effi
ci

en
ts

,
in

st
ea

d
of

o
n

ge
n
er

al
iz

at
io

n
er

ro
r

ra
te

s
o
r

em
p
ir

ic
al

ri
sk

.

In
th

is
p
ap

er
,

w
e

fo
cu

s
on

d
is

tr
ib

u
te

d
es

ti
m

at
io

n
of
l 1

p
en

al
iz

ed
li
n
ea

r
S
V

M
co

effi
ci

en
ts

u
si

n
g

m
u
lt

ip
le

co
m

p
u
ti

n
g

m
ac

h
in

es
.

T
h
e

si
m

p
le

st
an

d
m

os
t

p
op

u
la

r
ap

p
ro

ac
h

in
d
a
ta

p
a
r-

al
le

li
sm

is
av

er
ag

in
g:

ea
ch

m
ac

h
in

e
u
se

s
a

p
ar

t
of

th
e

d
at

a
an

d
o
b
ta

in
s

a
lo

ca
l

es
ti

m
a
to

r
u
si

n
g

th
e

st
an

d
ar

d
es

ti
m

at
io

n
m

et
h
o
d
s

an
d

se
n
d
s

it
b
ac

k
to

th
e

m
as

te
r

m
a
ch

in
e

w
h
ic

h
co

m
b
in

es
th

e
lo

ca
l

es
ti

m
at

or
s

b
y

si
m

p
le

av
er

ag
in

g
in

to
an

ag
gr

eg
at

ed
es

ti
m

a
to

r.
In

th
e

cl
as

si
ca

l
re

gi
m

e
co

n
ce

rn
in

g
fi
x
ed

d
im

en
si

on
a
l

p
ro

b
le

m
s,

th
is

h
as

b
ee

n
a
d
vo

ca
te

d
in

M
c-

D
on

al
d

et
al

.
(2

00
9)

,
an

d
w

as
al

so
st

u
d
ie

d
b
y

Z
in

k
ev

ic
h

et
al

.
(2

01
0)

;
Z

h
an

g
et

a
l.

(2
0
1
3
,

20
15

);
B

al
ca

n
et

al
.

(2
01

5)
;

Z
h
ao

et
al

.
(2

01
6)

.
In

al
l

th
es

e
st

u
d
ie

s,
th

e
ty

p
ic

a
l

o
u
tc

o
m

e
o
f

as
y
m

p
to

ti
c

an
al

y
si

s
is

th
at

u
n
d
er

su
it

ab
le

as
su

m
p
ti

on
s,

in
p
ar

ti
cu

la
r

th
at

th
e

n
u
m

b
er

o
f

m
ac

h
in

es
ar

e
n
ot

ex
ce

ss
iv

e
co

m
p
ar

ed
to

th
e

sa
m

p
le

si
ze

,
th

e
a
gg

re
ga

te
d

es
ti

m
a
to

r
en

jo
y
s

th
e

sa
m

e
or

si
m

il
ar

st
at

is
ti

ca
l

p
ro

p
er

ti
es

as
th

e
ce

n
tr

al
iz

ed
es

ti
m

at
or

ob
ta

in
ed

b
y

a
si

n
g
le

m
ac

h
in

e
u
si

n
g

al
l

ob
se

rv
at

io
n
s

(i
f

th
e

ce
n
tr

al
iz

ed
es

ti
m

at
or

ca
n

b
e

fe
as

ib
ly

o
b
ta

in
ed

).
S
u
ch

re
su

lt
s

co
n
v
in

ci
n
gl

y
il
lu

st
ra

te
th

at
th

e
d
iv

id
e-

an
d
-c

on
q
u
er

st
ra

te
gy

w
or

k
s

in
th

e
b
ig

d
a
ta

w
or

ld
.

In
th

e
h
ig

h
d
im

en
si

on
al

re
gi

m
e,

fo
r

la
ss

o
p

en
al

iz
ed

es
ti

m
at

or
s,

th
er

e
is

a
w

el
l-

k
n
ow

n
b
ia

s-
va

ri
an

ce
tr

ad
e-

off
.

W
h
en

th
e

tu
n
in

g
p
ar

am
et

er
in

th
e

p
en

al
ty

is
ch

os
en

o
p
ti

m
a
ll
y

in
ea

ch
lo

ca
l

m
ac

h
in

e,
th

e
si

ze
of

b
ia

s
an

d
st

an
d
ar

d
d
ev

ia
ti

on
ar

e
of

th
e

sa
m

e
o
rd

er
.

A
g
g
re

g
a
-

ti
on

ca
n

d
ec

re
as

e
th

e
va

ri
an

ce
th

an
k
s

to
th

e
m

ag
ic

of
ce

n
tr

al
li
m

it
th

eo
re

m
o
r

so
m

e
re

la
te

d
fi
n
it

e-
sa

m
p
le

b
ou

n
d
s

fo
r

av
er

ag
es

of
m

ea
n

ze
ro

ra
n
d
om

va
ri

ab
le

s,
b
u
t

it
ca

n
n
o
t

d
ec

re
a
se

th
e

b
ia

s
in

ge
n
er

al
.

T
h
u
s

d
eb

ia
si

n
g

b
ec

o
m

es
cr

u
ci

al
to

re
d
u
ce

th
e

b
ia

s
to

a
sm

al
le

r
o
rd

er
b

ef
o
re

ag
gr

eg
at

io
n
.

T
h
is

is
d
on

e
fo

r
sp

ar
se

li
n
ea

r
re

gr
es

si
on

in
L

ee
et

al
.

(2
01

7)
,

w
h
ic

h
sh

ow
s

th
e

d
eb

ia
se

d
es

ti
m

at
or

in
va

n
d
e

G
ee

r
et

al
.
(2

01
4)

w
or

k
s

sa
ti

sf
a
ct

o
ri

ly
fo

r
p
ar

a
m

et
er

in
fe

re
n
ce

s.
L

ee
et

al
.
(2

01
7)

st
u
d
ie

d
b

ot
h

th
e

le
as

t
sq

u
ar

es
es

ti
m

at
or

an
d

th
e

m
or

e
ge

n
er

a
l
M

-e
st

im
a
to

r
w

it
h
sm

oo
th

lo
ss

fu
n
ct

io
n
s

u
si

n
g

an
l 1

(L
A

S
S
O

)
p

en
al

ty
an

d
ap

p
li
ed

it
to

d
is

tr
ib

u
te

d
es

-
ti

m
at

io
n
.

O
u
r

st
u
d
y

of
li
n
ea

r
S
V

M
co

effi
ci

en
ts

d
iff

er
s

si
gn

ifi
ca

n
tl

y
fr

om
L

ee
et

a
l.

(2
0
1
7
)

d
u
e

to
th

e
u
n
sm

o
ot

h
n
at

u
re

of
th

e
h
in

ge
lo

ss
fu

n
ct

io
n
.

In
p
ar

ti
cu

la
r,

es
ti

m
a
ti

o
n

o
f

th
e
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D
iv
id
e
-a
n
d
-c
o
n
q
u
e
r
f
o
r
S
V
M

H
essia

n
m

a
trix

w
h
ich

in
v
olves

D
irac

d
elta

fu
n
ction

req
u
ires

a
sm

o
oth

in
g

p
ro

ced
u
re,

w
h
ich

is
n
o
n
triv

ia
l

to
an

aly
ze.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

.
A

fter
a

b
rief

in
tro

d
u
ction

of
som

e
n
otation

s
b

elow
,

w
e

co
n
sid

er
d
eb

iased
l1 -n

orm
S
V

M
in

S
ection

2.1.
A

lth
ou

gh
th

e
m

ain
fo

cu
s

is
on

d
istrib

u
ted

estim
ation

,
w

e
n
eed

to
fi
rst

con
sid

er
statistical

p
rop

erties
of

d
eb

iased
estim

ator
o
n

a
sin

gle
m

a
ch

in
e,

w
h
ich

req
u
ires

a
len

gth
y

an
d

d
etailed

an
a
ly

sis.
O

n
ce

th
is

is
d
on

e,
p
ro

p
erties

of
th

e
aggregated

estim
ator

are
relatively

easy
to

estab
lish

,
as

is
d
on

e
in

S
ection

2
.2

.
In

term
s

o
f
l∞

n
orm

,
th

e
aggreg

ated
estim

ator
h
as

th
e

con
v
ergen

ce
rate

O
p ( √

log
p
/N

)
w

h
en

th
e

n
u
m

b
er

of
featu

res
is
p

an
d

th
e

total
sam

p
le

size
is
N

u
n
d
er

ap
p
rop

riate
as-

su
m

p
tio

n
s.

H
ow

ever,
its

con
vergen

ce
rate

in
l1

or
l2

n
orm

is
u
n
accep

tab
ly

la
rger,

w
h
ich

m
o
tiva

ted
a

fu
rth

er
th

resh
old

in
g

step
in

S
ection

2.3.
S
ection

3
rep

ort
som

e
n
u
m

erical
re-

su
lts

to
d
em

o
n
strate

th
e

fi
n
ite

sam
p
le

p
erform

an
ce

of
th

e
p
rop

osed
estim

ators.
F

in
ally,

w
e

co
n
clu

d
e

th
is

p
ap

er
w

ith
a

d
iscu

ssion
in

S
ection

4.
N
o
ta
tio

n
s.

F
or

a
vector

a
=

(a
1 ,...,a

n
)
T

,‖
a‖∞

=
m

ax
j |a

j |,‖
a‖

1
=
∑

j |a
j |,‖a‖

=

( ∑
j
a
2j )

1
/
2

a
n
d
‖a‖

0
is

th
e

n
u
m

b
er

of
n
on

zero
com

p
on

en
ts

of
a

.
F

or
a

m
atrix

A
=
{a

ij }
ni,j=

1 ,
‖
A
‖∞

=
m

a
x
i,j |a

ij |,‖
A
‖
1

=
∑

i,j |a
ij |

an
d
‖
A
‖
L
1

=
m

ax
i ∑

j |a
ij |.

T
h
rou

gh
ou

t
th

e
p
ap

er,
C

d
en

o
tes

a
g
en

eric
con

stan
t

th
at

m
ay

assu
m

e
d
iff

eren
t

valu
es

even
on

th
e

sam
e

lin
e.

2
.
D
iv
id
e
-a
n
d
-co

n
q
u
e
r
fo
r
l1 -S

V
M

2
.1

D
e
b

ia
se

d
l1 -S

V
M

W
e

b
eg

in
w

ith
th

e
b
asic

setu
p

of
S
V

M
for

b
in

ary
classifi

cation
.

W
e

ob
serv

e
a

sim
p
le

ran
d
om

sa
m

p
le

(x
i ,y

i ),i
=

1,...,N
,

from
an

u
n
k
n
ow

n
d
istrib

u
tion

P
(x
,y

).
H

ere
y
i ∈
{−

1,1}
is

th
e

cla
ss

la
b

el
an

d
x
i

=
(x
i1 ,...,x

ip )
T

is
th

e
p
-d

im
en

sion
al

featu
res.

F
or

sim
p
licity

of
p
resen

ta
tio

n
,

w
e

d
o

n
ot

u
se

an
y

sp
ecial

treatm
en

t
for

th
e

in
tercep

t,
alth

ou
gh

th
e

in
tercep

t
term

is
ty

p
ica

lly
n
ot

sh
ru

n
k

in
l1 -S

V
M

.
T

h
e

stan
d
ard

lin
ear

S
V

M
estim

ates
th

e
p
aram

eters
b
y

so
lv

in
g

m
in

β
∈
R
p
N
−
1
N
∑i=

1

L
(y
i ,x

Ti
β

)
+
λ‖
β‖

2,

w
h
ere

L
is

th
e

h
in

ge
loss

fu
n
ction

L
(y
,t)

=
m

ax{0
,1
−
y
t}

an
d
λ

is
th

e
regu

larization
p
a
ra

m
eter

w
h
ich

ch
an

ges
w

ith
N

(ty
p
ically

con
vergin

g
to

zero
a
s
N

go
es

to
in

fi
n
ity

),
b
u
t

w
e

su
p
p
ress

its
d
ep

en
d
en

ce
on

N
in

ou
r

n
otation

.
T

h
rou

gh
ou

t
th

e
p
a
p

er
w

e
m

ake
th

e
m

ild
a
ssu

m
p
tio

n
th

a
t

log
N

=
O

(log
p
).

T
h
is

d
o
es

n
o
t

m
ean

p
≥
N

,
b
u
t

ex
clu

d
e

th
e

case
th

at
p

is
fi
x
ed

.
T

h
is

restrictio
n

is
m

ain
ly

to
m

a
ke

th
e

n
otation

sligh
tly

sim
p
ler.

W
ith

ou
t

th
is

restriction
,

T
h
eorem

1
b

elow
still

h
old

w
ith

lo
g
p

rep
laced

b
y

log
(m

ax{p
,N
}),

an
d

th
e

p
rob

ab
ility

1−
p −

C
rep

la
ced

b
y

1−
(m

a
x{p

,N
}) −

C
.

V
a
ria

b
le

selection
is

of
p
articu

lar
in

terest
w

h
en

p
is

la
rge

com
p
ared

to
N

,
d
u
e

to
its

a
b
ility

to
av

o
id

ov
erfi

ttin
g

as
w

ell
as

to
en

h
an

ce
in

terp
retation

.
T

h
e
l1 -S

V
M

(Z
h
u

et
al.,

2
0
0
3
)

estim
a
tes

th
e

p
aram

eter
b
y

solv
in

g

m
in

β
∈
R
p
N
−
1
N
∑i=

1

L
(y
i ,x

Ti
β

)
+
λ‖β‖

1 .
(1)
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L
ia
n
a
n
d

F
a
n

T
h
e
l1

p
en

alty
h
ere

en
cou

rages
sp

arsity
of

th
e

so
lu

tion
(T

ib
sh

iran
i,

1996
,

1997).
L

et
β
0

=
(β

0
1 ,...,β

0
p )

T
b

e
th

e
tru

e
p
aram

eter,
w

h
ich

is
d
efi

n
ed

as
th

e
m

in
im

izer
of

th
e

p
op

u
lation

h
in

ge
loss,

β
0

=
arg

m
in

β
E

[L
(y
,x

T
β

)].
(2)

W
e

assu
m

e
β
0

ex
ists

an
d

is
u
n
iq

u
e.

K
o
o

et
al.

(2008)
p
rov

id
ed

som
e

regu
larity

con
d
ition

s
u
n
d
er

w
h
ich

β
0

is
u
n
iq

u
e

an
d
β
0 6=

0
.

T
ow

ard
s

variab
le

selection
in

S
V

M
,

it
is

n
atu

ral
to

assu
m

e
β
0

is
sp

arse.
L

et
A

=
{1
≤
j≤

p
:
β
0
j 6=

0}
b

e
th

e
su

p
p

ort
set

of
β
0

w
ith

s
=
|A|

th
e

card
in

ality
of
A

.
A

s
calcu

lated
rigorou

sly
in

K
o
o

et
al.

(2008),
th

e
grad

ien
t

v
ector

an
d

th
e

H
essian

m
atrix

of
th

e
p

op
u
lation

h
in

ge
loss

in
E

q
u
atio

n
2

is
given

b
y

S
(β

)
=
−
E

[I{
y
x
T
β
≤

1}x
y
]

an
d

H
(β

)
=
E

[δ(1−
y
x
T
β

)x
x
T

],

resp
ectively,

w
h
ere

δ(.)
is

th
e

D
irac

d
elta

fu
n
ction

.
L

et
f

an
d
g

b
e

th
e

con
d
ition

al
d
en

sity
of

x
given

y
=

1
an

d
y

=
−

1,
resp

ectively.

(A
1)

T
h
e

d
en

sities
f

an
d
g

are
b

ou
n
d
ed

an
d

con
tin

u
ou

sly
d
iff

eren
tiab

le
w

ith
b

ou
n
d
ed

p
ar-

tial
d
erivatives,

w
ith

com
p
act

su
p
p

ort.
x
j ’s

are
b

ou
n
d
ed

ran
d
om

variab
les.

W
ith

ou
t

loss
of

gen
erality,

w
e

assu
m

e
th

e
d
istrib

u
tion

of
x

h
as

a
su

p
p

ort
con

tain
ed

in
[0
,1] p.

U
n
d
er

assu
m

p
tion

(A
1),

H
(β

)
is

w
ell-d

efi
n
ed

an
d

con
tin

u
ou

s
in
β

.
D

u
e

to
th

e
p

en
alty

term
,
th

e
p

en
alized

estim
ator

is
gen

erally
b
iased

(i.e.
sh

ru
n
k

tow
ard

s
zero).

C
on

cep
tu

ally,
λ

con
trols

th
e

trad
e-off

b
etw

een
b
ias

an
d

stan
d
ard

d
ev

iation
of

th
e

estim
ator.

W
h
ile

averagin
g

w
ill

red
u
ce

th
e

stan
d
ard

d
ev

iation
of

th
e

estim
ator,

it
gen

erally
can

n
ot

red
u
ce

th
e

b
ias.

T
h
u
s

it
is

im
p

ortan
t

to
ap

p
ly

a
d
eb

iasin
g

m
ech

an
ism

b
efore

w
e

aggregate
estim

ators
from

d
iff

eren
t

m
ach

in
es.

F
or

sim
p
licity

of
p
resen

tation
,

for
n
ow

w
e

fo
cu

s
on

th
e

p
rop

erties
of

th
e

d
eb

iased
estim

ator
u
sin

g
all

ob
servation

s
an

d
later

w
e

w
ill

argu
e

(alm
ost

triv
ially

)
th

ese
p
rop

erties
h
old

for
th

e
lo

cal
estim

ates,
u
n
iform

ly
ov

er
M

m
ach

in
es.

In
th

is
su

b
section

,
w

ith
M

=
1,

w
e

h
ave

N
=
n

w
h
ere

n
is

th
e

sam
p
le

size
on

a
sin

gle
m

ach
in

e.
L

et
β̂

b
e

th
e

p
en

alized
estim

ator
ob

tain
ed

from
E

q
u
ation

1.
It

is
k
n
ow

n
th

at
β̂

satisfi
es

th
e

K
aru

sh
-K

u
h
n
-T

u
cker

(K
K

T
)

con
d
ition

s:

1N

N
∑i=

1

x
i L
t (y

i ,x
Ti
β̂

)
+
λ
κ

=
0

(3)

w
h
ere

L
t (y
,t)

is
a

su
b
-d

erivative
of
L

(y
,t)

w
ith

resp
ect

to
t,

an
d
κ

=
(κ

1 ,...,κ
p )

T
w

ith

κ
j

=
sign

(β̂
j )

if
β̂
j 6=

0
an

d
κ
j ∈

[−
1
,1]

if
β̂
j

=
0.

W
h
en

th
e

loss
is

tw
ice

d
iff

eren
tiab

le,
a

sim
p
le

T
ay

lor’s
ex

p
an

sion
can

b
e

u
sed

to
ex

p
an

d
L
t (y

i ,x
Ti
β̂

)
at
β
0

as
in

van
d
e

G
eer

et
al.

(2014).
F

or
th

e
n
on

sm
o
oth

loss
fu

n
ction

h
ere,

w
e

4
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L
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f
o
r
S
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M

n
ee

d
to

u
se

em
p
ir

ic
al

p
ro

ce
ss

es
te

ch
n
iq

u
es

.
L

et
G
n

=
√
n

(P
n
−
P

)
b

e
th

e
em

p
ir

ic
al

p
ro

ce
ss

,
w

h
er

e
P

is
th

e
p

op
u
la

ti
on

d
is

tr
ib

u
ti

on
of

(x
,y

)
an

d
P
n

is
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
of

th
e

ob
se

rv
at

io
n
s.

In
fo

rm
al

ly
,

w
h
en
β̂

is
cl

os
e

to
β
0
,
G
n
(x
{L

t(
y
,x

T
β̂

)
−
L
t(
y
,x

T
β
0
)}

)
is

sm
a
ll
,

an
d

th
u
s

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β̂

)

≈
1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β
0
)

+
E

x
L
t(
y
,x

T
β̂

)
−
E

x
L
t(
y
,x

T
β
0

≈
1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β
0
)

+
H

(β
0
)(
β̂
−
β
0
).

(4
)

T
h
en

0
=

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β̂

)
+
λ
κ

≈
1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β
0
)

+
H

(β
0
)(
β̂
−
β
0
)

+
λ
κ

=
1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β
0
)

+
H

(β
0
)(
β̂
−
β
0
)
−

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β̂

),

w
h
er

e
w

e
u
se

d
E

q
u
at

io
n

3
in

b
ot

h
th

e
fi
rs

t
an

d
th

e
la

st
in

eq
u
al

it
y,

an
d

th
is

le
ad

s
to

β̂
≈
β
0

+
[H

(β
0
)]
−
1

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β̂

)
−

[H
(β

0
)]
−
1

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β
0
),

if
H

(β
0
)

is
in

ve
rt

ib
le

.
S
in

ce
th

e
la

st
te

rm
in

th
e

ri
gh

t
h
an

d
si

d
e

ab
ov

e
h
as

m
ea

n
ze

ro
,

w
e

ar
e

m
ot

iv
at

ed
to

d
efi

n
e

th
e

d
eb

ia
se

d
es

ti
m

at
o
r

as

β̃
=
β̂
−

[H
(β

0
)]
−
1

1 N

N ∑ i=
1

x
iL
t(
y i
,x

T i
β̂

),
(5

)

an
d

w
e

se
t
L
t(
y
,t

)
=
−
y
I
{y
t
≤

1}
.

H
ow

ev
er

,
H

(β
0
)

is
u
n
k
n
ow

n
in

tw
o

as
p

ec
ts

.
O

n
on

e
h
an

d
,

th
e

tr
u
e

p
ar

am
et

er
β
0

is
u
n
k
n
ow

n
an

d
sh

ou
ld

b
e

re
p
la

ce
d

b
y

it
s

es
ti

m
at

or
,

sa
y

β̂
.

O
n

th
e

ot
h
er

h
an

d
,

H
(β

)
=
E

[δ
(1
−
y
x
T
β

)x
x
T

]
is

an
ex

p
ec

ta
ti

on
w

h
ic

h
sh

ou
ld

b
e

ap
p
ro

x
im

at
ed

b
y

sa
m

p
le

s.
A

lt
h
ou

gh
ex

p
ec

ta
ti

on
s

ar
e

u
su

a
ll
y

ea
si

ly
es

ti
m

a
te

d
b
y

a
si

m
p
le

m
om

en
t

es
ti

m
at

or
,
th

is
is

n
ot

th
e

ca
se

h
er

e,
si

n
ce

th
er

e
m

ay
n
ot

ev
en

b
e

a
si

n
gl

e
sa

m
p
le

th
at

sa
ti

sfi
es

ex
ac

tl
y
y i

x
T i
β

=
1

an
d
δ(
.)

as
a

ge
n
er

al
iz

ed
fu

n
ct

io
n

sh
ou

ld
b

e
tr

ea
te

d
ca

re
fu

ll
y.

F
in

al
ly

,
af

te
r

H
(β

)
is

ap
p
ro

x
im

at
ed

b
y

sa
m

p
le

s,
h
ig

h
-d

im
en

si
on

al
it

y
m

ea
n
s

th
at

th
e

u
su

al
al

ge
b
ra

ic
in

ve
rs

e
of

th
e

es
ti

m
at

or
m

ay
n
ot

b
e

w
el

l-
d
efi

n
ed

an
d

so
m

e
ap

p
ro

x
im

a
te

in
ve

rs
e

m
u
st

b
e

u
se

d
.

T
h
u
s

it
se

em
s

on
e

m
a
jo

r
co

m
p

on
en

t
o
f

th
e

es
ti

m
at

io
n

is
th

e
ap

p
ro

x
im

a
ti

on
of

[H
(β

0
)]
−
1

an
d

w
e

d
ea

l
w

it
h

th
is

p
ro

b
le

m
fi
rs

t.
T

o
m

ot
iv

at
e

an
es

ti
m

at
or

of
H

(β
),

w
e

ca
n

st
ar

t
fr

om
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01
8

L
ia
n
a
n
d

F
a
n

it
s

an
ti

d
er

iv
at

iv
e
S

(β
)

=
E

[−
I
{y

x
T
β
≤

1
}x
y
].

F
or

an
y

gi
ve

n
β

,
S

(β
)

ca
n

b
e

a
p
p
ro

x
-

im
at

ed
b
y
−
N
−
1
∑

N i=
1
I
{y
ix

T i
β
≤

1}
x
iy
i.

If
th

is
w

er
e

d
iff

er
en

ti
ab

le
,

w
e

co
u
ld

u
se

it
s

d
er

iv
at

iv
e

as
an

es
ti

m
at

or
of

H
(β

).
T

h
is

ob
se

rv
at

io
n

m
ot

iv
at

es
u
s

to
sm

o
ot

h
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

u
si

n
g

so
m

e
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n
,

sa
y
Q

,
an

d
ap

p
ro

x
im

a
te

s
S

(β
)

b
y

−
N
−
1
∑

N i=
1
Q

((
1
−
y i

x
T i
β

)/
h

)x
iy
i.

W
h
en

th
e

b
an

d
w

id
th

p
ar

am
et

er
h

is
su

ffi
ci

en
tl

y
sm

a
ll
,

Q
(.
/h

)
w

il
l

ap
p
ro

x
im

at
e
I
{.
≥

0
}

w
el

l.
A

ss
u
m

in
g
Q

is
d
iff

er
en

ti
ab

le
,

th
en

it
is

n
a
tu

ra
l

to
ap

p
ro

x
im

at
e

H
(β

)
b
y

Ĥ
(β

)
=
N
−
1
N ∑ i=
1

(1
/h

)q
((

1
−
y i

x
T i
β

)/
h

)x
ix

T i
,

w
h
er

e
q(
.)

is
th

e
d
en

si
ty

of
th

e
d
is

tr
ib

u
ti

on
Q

(d
er

iv
at

iv
e

of
Q

),
an

d
th

u
s

H
(β

0
)

is
es

ti
m

a
te

d
b
y

Ĥ
(β̂

)
w

h
er

e
β̂

is
th

e
l 1

-S
V

M
es

ti
m

at
or

.
S
in

ce
th

e
ra

n
k

of
Ĥ

(β̂
)

is
at

m
o
st
N

,
Ĥ

(β̂
)

is
si

n
gu

la
r

w
h
en

p
is

la
rg

er
th

a
n
N

.
E

ve
n

w
h
en

p
is

sm
al

le
r

th
an

N
an

d
Ĥ

(β̂
)

is
n
on

-s
in

gu
la

r,
th

e
st

an
d
a
rd

in
ve

rs
e

[Ĥ
(β̂

)]
−
1

is
o
ft

en
n
ot

a
go

o
d

es
ti

m
at

or
of

H
(β

0
)

w
h
en

p
is

d
iv

er
gi

n
g

w
it

h
N

.
A

n
ap

p
ro

x
im

a
te

in
ve

rs
e

of
H

(β
0
)

ca
n

b
e

fo
u
n
d

v
ia

an
ap

p
ro

ac
h

si
m

il
ar

to
th

at
u
se

d
in

C
ai

et
al

.
(2

01
1
)

a
s

Θ̂
=

ar
g

m
in
‖Θ
‖ 1

su
b

je
ct

to
‖Θ

Ĥ
(β̂

)
−

I‖
∞
≤
C
b N
,

(6
)

fo
r

so
m

e
tu

n
in

g
p
ar

am
et

er
b N
→

0.
N

ot
e

th
at

C
ai

et
al

.
(2

0
11

)
w

ou
ld

u
se

a
sl

ig
h
tl

y
d
iff

er
en

t
co

n
st

ra
in

t
on
‖Ĥ

(β̂
)Θ
−

I‖
∞

,
w

h
il
e

ou
r

co
n
st

ra
in

t
is

m
or

e
co

n
ve

n
ie

n
t

in
th

e
cu

rr
en

t
co

n
te

x
t

si
n
ce

w
e
p
re
-m

u
lt
ip
ly

th
e

gr
ad

ie
n
t

of
th

e
lo

ss
b
y

[H
(β

0
)]
−
1

in
E

q
u
at

io
n

5.
W

e
n
o
te

th
a
t

th
e

co
n
st

ra
in

t
‖Θ

Ĥ
(β̂

)
−

I‖
∞
≤
C
b N

is
ob

v
io

u
sl

y
th

e
sa

m
e

as
‖Θ

j.
Ĥ

(β̂
)
−

e
T j
‖ ∞
≤
C
b N
,∀
j,

w
h
er

e
Θ
j.

is
th

e
j-

th
ro

w
of

Θ
(a

s
a

ro
w

ve
ct

or
)

an
d

e
j

is
th

e
u
n
it

ve
ct

o
r

w
it

h
j-

th
co

m
p

on
en

et
1.

T
h
u
s

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
ca

n
b

e
so

lv
ed

ro
w

b
y

ro
w

.
T

h
is

a
ct

u
a
ll
y

w
a
s

n
ot

ed
in

C
ai

et
al

.
(2

01
1)

in
th

ei
r

L
em

m
a

1
(s

in
ce

th
ei

r
co

n
st

ra
in

t
is
‖Ĥ

(β̂
)Θ
−

I‖
∞
≤
C
b N

,
th

ei
r

p
ro

b
le

m
ca

n
b

e
so

lv
ed

co
lu

m
n

b
y

co
lu

m
n
).

B
ef

or
e

p
ro

ce
ed

in
g,

w
e

im
p

os
e

so
m

e
ad

d
it

io
n
al

as
su

m
p
ti

on
s.

(A
2)
β
0
6=

0
an

d
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
w

e
as

su
m

e
β
0
1

=
m

ax
1
≤
j≤
p
|β

0
j
|.

(A
3)
‖Θ

0
‖ L

1
≤
C
N

,
w

h
er

e
Θ

0
=

[H
(β

0
)]
−
1
.

(A
4)
‖β̂
−
β
0
‖ 1
≤
C
s√

lo
g
p

N
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

,
w

h
er

e
s

=
|su

p
p
{β

0
}|

is
th

e

n
u
m

b
er

of
n
on

ze
ro

en
tr

ie
s

in
β
0
.

(A
5)

T
h
e

d
en

si
ty
q

is
an

ev
en

fu
n
ct

io
n
,
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
,
w

it
h
∫
x
2
q(
x

)d
x
<

∞
,
∫
q2

(x
)d
x
<
∞

,
∫ (q
′ )
2
(x

)d
x
<
∞

,
su

p
x
q′

(x
)
<
∞

,
su

p
x
q′
′ (
x

)
<
∞

,
w

h
er

e
q′

a
n
d

q′
′

ar
e

th
e

fi
rs

t
tw

o
d
er

iv
at

iv
es

o
f
q.

(A
6)
‖β̂
‖ 0
≤
K

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.

A
ss

u
m

p
ti

on
(A

2)
is

m
il
d
.

K
o
o

et
al

.
(2

00
8)

gi
ve

s
su

ffi
ci

en
t

co
n
d
it

io
n
s

th
at

gu
a
ra

n
te

e
β
0
6=

0
.

T
o

si
m

p
li
fy

th
e

b
ou

n
d
s

b
el

ow
on

e
ca

n
th

in
k

of
β
0
1

as
b

ou
n
d
ed

aw
ay

fr
om

ze
ro

so
th

a
t

it
w

il
l

d
is

ap
p

ea
r

fr
om

th
e

b
ou

n
d
s.

N
ot

e
th

at
β
0
1

is
th

e
la

rg
es

t
n
on

ze
ro

co
effi

ci
en

t.
In

th
e
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D
iv
id
e
-a
n
d
-c
o
n
q
u
e
r
f
o
r
S
V
M

litera
tu

re
o
f

sp
arse

regression
,

it
is

often
assu

m
ed

th
at

th
e
sm

a
llest

n
on

zero
co

effi
cien

t
is

la
rg

e
en

o
u
g
h

so
th

at
it

can
b

e
d
istin

gu
ish

ed
from

zero
co

effi
cien

ts,
w

h
ich

is
a

totally
d
iff

eren
t

a
ssu

m
p
tio

n
.

C
a
i

et
al.

(2011)
assu

m
ed

th
at

th
eir

in
verse

H
essian

m
a
trix

h
as

a
b

ou
n
d
ed

L
1

n
o
rm

(su
ch

a
n

assu
m

p
tion

is
ob

v
iou

sly
related

to
sp

arsity
of

th
e

m
atrix

),
w

h
ich

m
otivated

o
u
r

a
ssu

m
p
tion

(A
3).

W
e

allow
C
N

in
(A

3)
to

b
e

d
ivergin

g
fo

r
sligh

tly
g
reater

gen
erality.

In
p
a
rticu

la
r,

th
is

m
ean

w
e

n
eed

to
h
ave

a
con

trol
on

th
e
l1

n
orm

of
th

e
row

s
o
f

th
e

in
verse

H
essia

n
m

a
trix

.
D

u
e

to
th

at
l1

n
orm

is
a

con
vex

relax
ation

of
th

e
l0

n
orm

,
w

e
call

su
ch

m
atrix

a
s

a
p
p
rox

im
ately

sp
arse.

A
gain

,
it

is
p
rob

ab
ly

easier
fo

r
th

e
read

er
to

regard
C
N

a
s

a
fi
x
ed

co
n
stan

t.
W

e
fu

rth
er

d
iscu

ss
(A

3)
in

d
etail

in
A

p
p

en
d
ix

B
.

T
h
eorem

4
of

P
en

g
et

a
l.

(2
01

6
)

sh
ow

ed
‖β̂−

β
0 ‖

=
O
p ( √

s
log

p
/N

)
w

h
ich

togeth
er

w
ith

th
eir

L
em

m
a

2
im

p
lies

‖β̂−
β
0 ‖

1
=
O
p (s √

log
p
/N

)
as

in
(A

4).
It

is
also

easy
to

ch
o
ose

a
d
en

sity
th

at
satisfi

es
(A

5),
su

ch
a
s

th
e

sta
n
d
ard

n
orm

al
d
en

sity,
w

h
ich

w
ill

b
e

u
sed

in
ou

r
n
u
m

erica
l

stu
d
ies.

In
(A

6),
w

e
a
ssu

m
e

th
e

estim
ator

is
su

ffi
cien

tly
sp

arse.
T

h
is

can
b

e
gu

aran
teed

in
severa

l
d
iff

eren
t

w
ay

s.
F

irst,
w

e
con

jectu
re

it
cou

ld
b

e
p
roved

th
at‖β̂‖

0
=
O
p (s)

for
S
V

M
co

effi
cien

t
u
sin

g
a

sim
ila

r
stra

teg
y

as
for

T
h
eorem

3
of

B
ellon

i
an

d
C

h
ern

ozh
u
kov

(2011),
alth

ou
gh

th
e

d
etails

lo
o
k
s

q
u
ite

len
g
th

y.
S
econ

d
,
on

e
cou

ld
ad

d
a

th
resh

old
in

g
step

sim
ilar

to
w

h
at

w
e

w
ill

u
se

in
su

b
sectio

n
2.3

later
to

get
a

sp
arse

estim
ator.

F
in

ally,
w

e
cou

ld
ad

d
an

con
strain

t‖
β‖
≤
K

to
th

e
la

sso
p
ro

b
lem

.
S
u
ch

a
con

strain
ed

p
en

alized
p
rob

lem
w

as
also

p
rop

osed
in

F
an

an
d

L
v

(2
0
1
3
);

Z
h
en

g
et

al.
(2014).

In
an

y
case,

on
e

cou
ld

ex
p

ect
th

at
K

is
o
f

th
e

sam
e

ord
er

a
s
s,

th
e

sp
a
rsity

of
β
0 .

W
e

fi
rst

state
several

p
rop

osition
s

w
h
ose

p
ro

of
is

left
to

A
p
p

en
d
ix

A
.

T
h
e

fi
rst

p
rop

osi-
tio

n
co

n
sid

ers
th

e
accu

racy
b

ou
n
d

of
Θ̂

as
an

ap
p
rox

im
ation

of
th

e
in

verse
of

H
(β

0 ).
T

h
e

seco
n
d

p
ro

p
o
sition

sh
ow

s
th

at
th

e
fi
rst

ap
p
rox

im
ation

in
E

q
u
ation

4
is

su
ffi

cien
tly

a
ccu

-
ra

te
b
a
sed

o
n

th
e

em
p
irical

p
ro

cesses
resu

lts.
F

in
ally,

th
e

th
ird

p
rop

osition
estab

lish
es

a
L

ip
sch

itz
p
ro

p
erty

of
th

e
H

essian
m

atrix
w

h
ich

im
p
lies

th
at

th
e

secon
d

ap
p
rox

im
ation

in
E

q
u
a
tio

n
4

is
su

ffi
cien

tly
accu

rate.

P
ro

p
o
sitio

n
1

U
n
d
er

a
ssu

m
p
tio

n
s
(A

1
)-(A

5
),

w
ith

p
ro
ba
bility

a
t
lea

st
1−

p −
C
,

‖Θ̂
Ĥ

(β̂
)−

I‖∞
≤
C
b
N
,

‖Θ̂
H

(β
0 )−

I‖∞
≤
C
b
N
,

a
n
d

‖
Θ̂
‖
L
1 ≤

C
N
,

w
h
en

w
e
set

b
N

=
C
N

((
1
β
0
1

+
√

lo
g
p

N
h
3
β
0
1

+
lo
g
p

N
h
2 )
s √

lo
g
p

N
+

s
2
lo
g
p

N
h
3

+
hβ
20
1

+
√

lo
g
p

N
h
β
0
1 )

.

P
ro

p
o
sitio

n
2

U
n
d
er

a
ssu

m
p
tio

n
s
(A

1
)-(A

6
),

w
ith

p
ro
ba
bility

a
t
lea

st
1−

p −
C
,

∥∥∥∥∥
1N

∑

i

y
i x
i (I{

y
i x

Ti
β̂
≤

1}−
I{
y
i x

Ti
β
0 ≤

1})−
E
y
x

(I{y
x
T
β̂
≤

1}−
I{y

x
T
β
0 ≤

1}
) ∥∥∥∥∥∞

≤
C
a
N
,

w
h
ere

a
N

=

(
(

s
β
0
1 √

lo
g
p

N

)
1
/
2 √

K
lo
g
p

N
+

K
lo
g
p

N

)
.
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L
ia
n
a
n
d

F
a
n

P
ro

p
o
sitio

n
3

(L
oca

l
L
ip
sch

itz
p
ro
perty

o
f

H
(β

))
U
n
d
er

a
ssu

m
p
tio

n
s
(A

1
)
a
n
d
(A

2
)
a
n
d

in
a
d
d
itio

n
2‖
β
−
β
0 ‖

1 ≤
β
0
1

:=
m

ax
j |β

0
j |,

w
e
h
a
ve

‖H
(β

)−
H

(β
0 )‖∞

≤
Cβ
30
1 ‖β

0 ‖
1 ‖β
−
β
0 ‖

1 .

N
ow

w
e

d
erive

a
fi
n
ite-sam

p
le

b
ou

n
d

for‖
β̃
−
β
0 ‖∞

.

T
h

e
o
re

m
1

U
n
d
er

a
ssu

m
p
tio

n
s
(A

1
)-(A

6
)
a
n
d
th
a
t
s √

log
p
/N

=
o(β

0
1 ),

w
e
h
a
ve

‖
β̃
−
β
0 ‖∞

≤
C

(
C
N

(
a
N

+

√
log

p

N
+
‖β

0 ‖
1

β
30
1

s
2

log
p

N

)
+
b
N
s √

log
p

N

)

w
ith

p
ro
ba
bility

a
t
lea

st
1−

p −
C
.

P
ro

o
f

o
f

T
h

e
o
re

m
1
.

W
e

h
ave

β̃
−
β
0

=
β̂
−
β
0

+
Θ̂

{
1N

∑

i

y
i x
i I{y

i x
Ti
β̂
≤

1} }

=
(I−

Θ̂
H

(β
0 ))(β̂

−
β
0 )

+
Θ̂

H
(β

0 )(β̂
−
β
0 )

+
Θ̂

{
1N

∑

i

y
i x
i I{

y
i x

Ti
β̂
≤

1} }

=
(I−

Θ̂
H

(β
0 ))(β̂

−
β
0 )

+
Θ̂
{

1N

∑

i

y
i x
i I{y

i x
Ti
β
0 ≤

1}
+
E

[y
x
I{y

x
T
β̂
≤

1}
]−

E
[y

x
I{
y
x
T
β
0 ≤

1}
]

+
a
N

+
H

(β
0 )(β̂

−
β
0 ) }

,
(7)

w
h
ere

a
N

=
1N

∑
i y
i x
i (I{y

i x
Ti
β̂
≤

1}−
I{y

i x
Ti
β
0 ≤

1})−
E
y
x

(I{
y
x
T
β̂
≤

1}−
I{
y
i x

Ti
β
0 ≤

1}
)

w
ith
‖
a
N ‖∞

≤
a
N

w
ith

p
rob

ab
ility

1−
p −

C
.

U
sin

g
P

rop
osition

1,
th

e
fi
rst

term
ab

ove
is

b
ou

n
d
ed

b
y
‖
I−

Θ̂
H

(β
0 )‖∞

‖
β̂
−
β
0 ‖

1 ≤
b
N
s √

log
p
/N

w
ith

p
rob

ab
ility

at
least

1−
p −

C
.

W
e

also
h
ave

∥∥∥
E

[y
x
I{
y
x
T
β̂
≤

1}
]−

E
[y

x
I{
y
x
T
β
0 ≤

1}
]+

H
(β

0 )(β̂
−
β
0 ) ∥∥∥∞

=
‖
(H

(β
∗)−

H
(β

0 ))(β̂
−
β
0 )‖∞

≤
‖
H

(β
∗)−

H
(β

0 )‖∞
‖β̂
−
β
0 ‖

1

≤
Cβ
30
1 ‖
β
0 ‖

1 ‖
β̂
−
β
0 ‖

21 ,

w
h
ere

β
∗

lies
b

etw
een

β
0

an
d
β̂

.
F

u
rth

erm
ore,

u
sin

g
H

o
eff

d
in

g
’s

in
eq

u
ality

an
d

th
e

u
n
ion

b
ou

n
d
,

P

(
∥∥∥∥∥

1N

∑

i

y
i x
i I{y

i x
Ti
β
0 ≤

1} ∥∥∥∥∥∞
>
t )
≤

2p
ex

p{−
C
N
t 2}.
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D
iv
id
e
-a
n
d
-c
o
n
q
u
e
r
f
o
r
S
V
M

an
d

th
u
s

∥ ∥ ∥ ∥ ∥
1 N

∑ i

y i
x
iI
{y
ix

T i
β
0
≤

1
}∥ ∥ ∥ ∥ ∥ ∞

≤
C

√
lo

g
p

N
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.

F
in

al
ly

,
co

m
b
in

in
g

th
e

va
ri

ou
s

b
ou

n
d
s

ab
ov

e
an

d
u
si

n
g

th
at

fo
r

an
y

ve
ct

or
a

,
‖Θ̂

a
‖ ∞
≤

‖Θ̂
‖ L

1
‖a
‖ ∞

,
w

e
ca

n
ge

t
th

at
th

e
se

co
n
d

te
rm

of
E

q
u
at

io
n

7
is

b
ou

n
d
ed

b
y

a
co

n
st

an
t

m
u
lt

ip
le

of
C
n

( a
N

+
√

lo
g
p

N
+
‖β

0
‖ 1

β
3 0
1

s2
lo
g
p

N

)
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.
�

In
l ∞

n
or

m
,

b
as

ed
on

T
h
eo

re
m

1,
w

e
ca

n
se

e
th

at
u
n
d
er

re
as

on
ab

le
as

su
m

p
ti

o
n
s

(s
ee

fo
r

ex
am

p
le

co
ro

ll
ar

y
1)

th
e

d
eb

ia
se

d
es

ti
m

at
or

h
as

th
e

co
n
ve

rg
en

ce
ra

te
√

lo
g
p
/N

,
w

h
ic

h
is

th
e

d
om

in
at

in
g

te
rm

in
th

e
b

ou
n
d
.

H
ow

ev
er

,
in

te
rm

s
of
l 1

or
l 2

n
or

m
,
si

n
ce
β̃

is
n
on

-s
p
ar

se
,

w
e

ge
n
er

al
ly

h
av

e
‖β̃
−
β
0
‖ 1

=
O
p
(p
√

lo
g
p
/N

)
an

d
‖β̃
−
β
0
‖

=
O
p
(√

p
lo

g
p
/N

),
w

h
ic

h

is
m

u
ch

la
rg

er
th

an
th

e
b

ou
n
d
s

fo
r

th
e

ce
n
tr

al
iz

ed
es

ti
m

at
or
‖β̂
−
β
0
‖ 1

=
O
p
(s
√

lo
g
p
/N

)

an
d
‖β̂
−
β
0
‖

=
O
p
(√

s
lo

g
p
/N

)
(P

en
g

et
al

.,
20

16
),

w
h
er

e
s

is
th

e
n
u
m

b
er

of
n
on

ze
ro

co
m

p
on

en
ts

in
β
0
.

P
os

t-
p
ro

ce
ss

in
g

u
si

n
g

th
re

sh
ol

d
in

g
ca

n
b

e
u
se

d
to

ad
d
re

ss
th

is
p
ro

b
le

m
,

w
h
ic

h
w

e
w

il
l

co
n
si

d
er

af
te

r
w

e
d
is

cu
ss

d
is

tr
ib

u
te

d
es

ti
m

at
io

n
n
ex

t.

2
.2

D
is

tr
ib

u
te

d
e
st

im
a
ti

o
n

W
e

n
ow

co
n
si

d
er

d
is

tr
ib

u
te

d
es

ti
m

at
io

n
,

in
w

h
ic

h
th

e
w

h
ol

e
d
at

a
se

t
is

ev
en

ly
d
is

tr
ib

u
te

d
to

M
m

ac
h
in

es
,

w
it

h
M

p
os

si
b
ly

d
iv

er
gi

n
g

w
it

h
N

.
T

h
e

si
ze

of
th

e
d
at

a
at

ea
ch

lo
ca

l
m

ac
h
in

e
is
n

=
N
/M

,
as

su
m

ed
to

b
e

an
in

te
ge

r
fo

r
si

m
p
li
ci

ty
.

O
n

ea
ch

m
ac

h
in

e
m

,
1
≤
m
≤
M

,

w
e

u
se

th
e

lo
ca

l
d
at

a
to

ob
ta

in
β̂
(m

) ,
Θ̂

(m
) ,

an
d

th
e

d
eb

ia
se

d
es

ti
m

at
or
β̃
(m

) .
F

in
al

ly
,

th
e

ag
gr

eg
at

ed
es

ti
m

at
or

is
d
efi

n
ed

b
y

β̄
=

1 M

M ∑ m
=
1

β̃
(m

) .

T
h

e
o
re

m
2

U
n
d
er

a
ss
u
m
p
ti
o
n
s
(A

1
)-
(A

6
)
(w

it
h
N

re
p
la
ce
d
by

n
,
a
n
d
in

(A
4
)
a
n
d
(A

6
)

β̂
re
p
la
ce
d
by
β̂
(m

) ,
m

=
1,
..
.,
M

),
a
n
d
th
a
t
s√

lo
g
p
/n

=
o(
β
0
1
),

w
e
h
a
ve

‖β̄
−
β
0
‖ ∞
≤
C

(
C
n

(
a
n

+

√
lo

g
p

N
+
‖β

0
‖ 1

β
3 0
1

s2
lo

g
p

n

)
+
b n
s√

lo
g
p

n

)
,

w
it
h
p
ro
ba
bi
li
ty

a
t
le
a
st

1
−
p
−
C
,
w
h
er
e
a
n

=

(
(

s
β
0
1

√
lo
g
p

n

) 1
/
2
√

K
lo
g
p

n
+

K
lo
g
p

n

)
a
n
d
b n

=

C
n

( (
1
β
0
1

+
√

lo
g
p

n
h
3
β
0
1

+
lo
g
p

n
h
2

) s√
lo
g
p

n
+

s2
lo
g
p

n
h
3

+
h β
2 0
1

+
√

lo
g
p

n
h
β
0
1

)
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2)

:1
-2

6,
 2

01
8

L
ia
n
a
n
d

F
a
n

P
ro

o
f

o
f

T
h

e
o
re

m
2
.

L
et
D
m
⊂
{1
,.
..
,N
}

w
it

h
ca

rd
in

al
it

y
|D

m
|=

n
b

e
th

e
in

d
ic

es
o
f

th
e

su
b
-d

at
a-

se
t

d
is

tr
ib

u
te

d
to

m
ac

h
in

e
m

.
W

e
h
av

e

β̄
−
β
0

=
1 M

M ∑ m
=
1

(I
−

Θ̂
(m

) H
(β

0
))

(β̂
(m

)
−
β
0
)

+
1 M

M ∑ m
=
1

Θ̂
(m

)

{
1 n

∑ i∈
D
m

y i
x
iI
{y
ix

T i
β
≤

1
}}

−
1 M

M ∑ m
=
1

Θ̂
(m

)
{ E

[ y
x
( I
{y

x
T
β̂
(m

)
≤

1
}−

I
{y

x
T
β
0
≤

1}
)]

+
H

(β
0
)(
β̂
(m

)
−
β
0
)}

−
1 M

M ∑ m
=
1

Θ̂
(m

) a
(m

)
n

,

w
h
er

e
a
(m

)
n

=
1 n

∑
i∈
D
m
y i

x
i(
I
{y
ix

T i
β̂
≤

1}
−
I
{y
ix

T i
β
0
≤

1}
)−
E
y
x

(I
{y

x
T
β̂
≤

1
}−
I
{y

x
T
β
0
≤

1
})

w
it

h
‖a

n
‖ ∞
≤
a
n

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.
F

or
te

rm
s

ot
h
er

th
an

th
e

se
co

n
d

on
e

ab
ov

e,
th

e
p
ro

o
f

is
ex

ac
tl

y
th

e
sa

m
e

a
s

fo
r

th
e

p
ro

of
of

T
h
eo

re
m

1.
N

ot
e

th
at

fo
r

ea
ch

m
ac

h
in

e
m

,
al

l
d
er

iv
ed

in
eq

u
al

it
ie

s
h
o
ld

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

(n
ot

e
C

ca
n

b
e

ch
os

en
to

b
e

ar
b
it

ra
ri

ly
la

rg
e)

a
n
d

th
u
s

th
ey

h
ol

d
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
M
p
−
C

si
m

u
lt

an
eo

u
sl

y
fo

r
al

l
M

m
ac

h
in

es
.

S
in

ce
w

e
as

su
m

ed
lo

g
M
≤

lo
g
N

=
O

(l
og
p
),

1
−
M
p
−
C

ca
n

ag
ai

n
b

e
w

ri
tt

en
as

1
−
p
−
C

(w
it

h
a

d
iff

er
en

t
C

).
F

or
th

e
se

co
n
d

te
rm

ab
ov

e,
th

e
d
iff

er
en

ce
fr

om
th

e
ca

lc
u
la

ti
on

s
in

T
h
eo

re
m

1

is
th

at
h
er

e
Θ̂

(m
)

is
d
iff

er
en

t
fo

r
d
iff

er
en

t
m

.
L

et
e
j
∈
R
p

b
e

th
e

u
n
it

ve
ct

o
r

w
it

h
a

si
n
gl

e

on
e

fo
r

th
e
j-

th
en

tr
y

an
d

le
t
a
ij

=
y i

e
T j
Θ̂

(m
) x
i

if
i
∈
D
m

.
N

ot
e
|a
ij
|=
|e

T j
Θ̂

(m
) x
i|
≤

‖e
j
‖ ∞
‖Θ̂

(m
) ‖
L
1
‖x

i‖
∞
≤
C
C
n

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.
B

y
H

o
eff

d
in

g
’s

in
eq

u
a
li
ty

,
w

e
h
av

e

P

(
∣ ∣ ∣ ∣ ∣1 M

M ∑ m
=
1

e
T j
Θ̂

(m
)

{
1 n

∑ i∈
D
m

y i
x
iI
{y
ix

T i
β
0
≤

1
}}
∣ ∣ ∣ ∣ ∣>

t)

=
P

 
∣ ∣ ∣ ∣ ∣ ∣1 N

∑

m
≤
M
,i
∈D

m

a
ij
I
{y
ix

T i
β
0
≤

1}

∣ ∣ ∣ ∣ ∣ ∣>
t 

≤
2

ex
p
{ −

C
C
−
2

n
N
t2
} .

(8
)

T
h
u
s

∥ ∥ ∥ ∥ ∥
1 M

M ∑ m
=
1

Θ̂
(m

)

{
1 n

∑ i∈
D
m

y i
x
iI
{y
i
x
T i
β

0
≤
1
}}
∥ ∥ ∥ ∥ ∥ ∞
≤
C
C
n

√
lo

g
p

N
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.
�

U
n
d
er

re
as

on
ab

le
as

su
m

p
ti

on
s,

th
e

d
om

in
at

in
g

te
rm

in
th

e
b

ou
n
d
s

in
T

h
eo

re
m

2
is

√
lo

g
p
/N

.
O

n
e

v
er

si
on

of
su

ch
as

su
m

p
ti

on
s

is
p
re

se
n
te

d
b

el
ow

w
it

h
ou

t
p
ro

o
f,

si
n
ce

it
is

b
as

ed
on

si
m

p
le

al
ge

b
ra

.
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D
iv
id
e
-a
n
d
-c
o
n
q
u
e
r
f
o
r
S
V
M

C
o
ro

lla
ry

1
A
ssu

m
e
th
e
sa
m
e
co
n
d
itio

n
s
a
s
in

T
h
eo
rem

2
.
In

a
d
d
itio

n
,
w
e
a
ssu

m
e
s,K

,‖
β
0 ‖

a
re

bo
u
n
d
ed
,
β
0
1
is

bo
u
n
d
ed

a
w
a
y

fro
m

zero
,
h
∼

n
−
1
/
5,

log
p
/n

2
/
5
→

0
a
n
d
M

3
=

O
(N
/

lo
g
p
),

th
en

‖β̄
−
β
0 ‖∞

≤
C

√
log

p

N
,

w
ith

p
ro
ba
bility

a
t
lea

st
1−

p −
C
.

R
e
m

a
rk

1
In

o
u
r
ca
se,

M
ca
n
sca

le
like

(N
/

log
p
)
1
/
3
w
h
ile

fo
r
th
e
sm

oo
th

lo
ss

co
n
sid

er
in

L
ee

et
a
l.
(2
0
1
7
),
M

ca
n
sca

le
a
s

(N
/

log
p
)
1
/
2.

T
h
is

is
m
a
in
ly

d
u
e
to

th
a
t
fo
r
th
e
u
n
sm

oo
th

lo
ss

fu
n
ctio

n
,
th
e
em

p
irica

l
p
rocess

a
s
in

P
ro
po
sitio

n
2
h
a
s
a
slo

w
er

ra
te.

In
pa
rticu

la
r,

in
P
ro
po
sitio

n
2
th
e
d
erived

bo
u
n
d
in

term
s
o
f
N

sca
les

a
s
N
−
3
/
4.

F
o
r
sm

oo
th

lo
ss,

th
is

term
w
o
u
ld

h
a
ve

been
N
−
1,

w
h
ich

even
tu
a
lly

lea
d
s
to

th
e
co
n
stra

in
t
th
a
t
M

sh
o
u
ld

sca
le

like
N

1
/
3

in
stea

d
o
f
N

1
/
2.

A
lth

o
u
gh

w
e
a
re

n
o
t
cla

im
in
g
th
e
bo
u
n
d
o
f
P
ro
po
sitio

n
2
is

o
p
tim

a
l,
it

is
co
m
m
o
n
to

see
th
a
t
fo
r
u
n
sm

oo
th

fu
n
ctio

n
s
th
e
em

p
irica

l
p
rocess

co
n
verges

slo
w
er

th
a
n
th
a
t

fo
r
sm

oo
th

fu
n
ctio

n
s
(B

ello
n
i
a
n
d
C
h
ern

o
zh
u
ko
v,

2
0
1
1
).

2
.3

T
h

re
sh

o
ld

in
g

a
g
g
re

g
a
te

d
e
stim

a
to

r

A
s

m
en

tio
n
ed

in
su

b
section

2.1,
th

e
l2

n
orm

of
β̄−
β
0

is
gen

erally
u
n
fav

orab
ly

large
com

p
ared

to
th

e
cen

tra
lized

estim
ator

u
sin

g
all

ob
servation

s.
T

h
is

is
also

illu
strated

in
ou

r
sim

u
lation

s.
T

o
im

p
rove

p
erform

an
ce,

th
resh

old
in

g
can

b
e

u
sed

as
a

p
ost-p

ro
cessin

g
step

w
h
ich

p
ro

d
u
ced

a
sp

a
rse

a
g
g
regate

estim
ator.

L
et
c

b
e

a
th

resh
old

level.
W

e
d
efi

n
e
β̄
c

=
(β̄
c1 ,...,β̄

cp )
T

w
h
ere

β̄
cj

=
β̄
j I{|β̄

j |
>
c}.

H
ere

for
illu

stration
w

e
u
sed

h
ard

th
resh

old
in

g
an

d
sim

ilar
resu

lts
h
old

fo
r

so
ft

th
resh

o
ld

in
g.

U
n
d
er

ap
p
rop

riate
ch

oice
of

th
e

th
resh

old
,

th
e

th
resh

old
ed

estim
ator

h
a
s

th
e

sa
m

e
co

n
vergen

ce
rate

as
th

e
cen

tralized
estim

ator
in
l1

an
d
l2

n
orm

,
w

h
en

ch
o
osin

g
c�

√
lo

g
p
/N

.

T
h

e
o
re

m
3

O
n
th
e
even

t
c
>
‖β̄
−
β
0 ‖∞

,
w
e
h
a
ve
‖β̄

c−
β
0 ‖∞

≤
2c,‖β̄

c−
β
0 ‖

1
≤

2sc
a
n
d
‖β̄

c−
β
0 ‖
≤

2 √
sc.

P
ro

o
f

o
f

T
h

e
o
re

m
3
.

U
sin

g
‖
β̄
c−

β
0 ‖∞

≤
‖
β̄
c−

β̄‖∞
+
‖β̄
−
β
0 ‖∞

≤
2c

giv
in

g
th

e
fi
rst

resu
lt.

S
in

ce
c
>
‖
β̄
−
β
0 ‖∞

,
w

e
h
av

e
β̄
cj

=
0

if
β
0
j

=
0

an
d

th
u
s

th
e

su
p
p

ort

o
f
β̄
c

is
co

n
ta

in
ed

in
th

at
of
β
0 .

T
h
is

im
p
lies
‖β̄

c−
β
0 ‖

1
≤
s‖
β̄
c−

β
0 ‖∞

≤
2sc

an
d

‖β̄
c−

β
0 ‖
≤
√
s‖β̄

c−
β
0 ‖∞

≤
2 √

sc.
�

3
.
S
im

u
la
tio

n
s

W
e

illu
strate

th
e

p
erform

an
ces

of
th

e
d
istrib

u
ted

estim
ators

of
th

e
lin

ear
S
V

M
co

effi
-

cien
ts

v
ia

sim
u
lation

s.
W

e
gen

erate
th

e
d
ata

from
th

e
follow

in
g

m
o
d
el.

F
irst

y
i ,i

=
1
,...,N

a
re

g
en

erated
from

th
e

b
in

ary
d
istrib

u
tion

P
(y
i

=
1)

=
P

(y
i

=
−

1
)

=
0.5.

G
iven

y
i

=
1
,

x
i

is
gen

erated
from

a
m

u
ltivariate

n
o
rm

al
d
istrib

u
tion

w
ith

m
ean

µ
=

(0.2
,−

0
.2
,0
.3,0.4,0.5,0,...,0)

T
an

d
covarian

ce
m

atrix
Σ

=
(σ
jj ′)

w
ith

σ
jj

=
1

for
all

j,
σ
jj ′

=
0.2

if
j
≤

5,j ′≤
5,j
6=
j ′,

σ
jj ′

=
0

oth
erw

ise.
G

iven
y
i

=
−

1
,

x
i

is
gen

erated
fro

m
a

m
u
ltiva

riate
n
orm

al
d
istrib

u
tion

w
ith

m
ean
−
µ

an
d

covaria
n
ce

m
a
trix

Σ
.

B
y

th
e

ca
lcu

la
tio

n
s

in
A

p
p

en
d
ix

B
of

P
en

g
et

al.
(2016),

th
e

tru
e

p
aram

eter
can

b
e

fou
n
d

to
b

e
β
0

=
(0.2

1
7
,−

0
.503

,0
.397

,0
.573

,0
.750

,0
,...,0)

T
.

1
1
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L
ia
n
a
n
d

F
a
n

T
h
e

tu
n
in

g
p
aram

eters
λ

in
th

e
p

en
alty

an
d

th
e

b
ou

n
d
C
b
n

u
sed

in
fi
n
d
in

g
th

e
m

atrix
in

verse
are

selected
b
y

5-fold
cross-valid

ation
in

each
lo

cal
m

ach
in

e.
F

or
th

e
th

resh
h
old

c,
w

e
ch

o
ose

c
su

ch
th

at
th

e
n
u
m

b
er

of
n
on

zero
co

m
p

o
n
en

ts
of
β̄

is
eq

u
al

to
th

e
m

ax
im

u
m

n
u
m

b
er

of
n
on

zero
com

p
on

en
ts

in
th

e
M

lo
cal

estim
ates.

T
h
e

b
an

d
w

id
th

h
is

an
oth

er
tu

n
in

g
p
aram

eter.
K

ato
(2012)

h
as

d
eriv

ed
th

e
op

tim
al

b
an

d
w

id
th

for
q
u
an

tile
regression

,
b
u
t

it
is

h
ard

to
see

w
h
eth

er
sim

ilar
resu

lts
can

b
e

ob
tain

ed
in

th
e

cu
rren

t
settin

g.
T

h
u
s

w
e

h
av

e
u
sed

S
ilverm

an
’s

ru
le

of
th

u
m

b
for

kern
el

d
en

sity
estim

ation
h

=
1.06σ̂

n
−
1
/
5

w
h
ere

σ̂
is

th
e

sam
p
le

stan
d
ard

d
ev

iation
of

1−
y
i x

Ti
β̂

.
In

ou
r

con
tex

t
th

is
ru

le
o
f

th
u
m

b
h
as

n
o

th
eoretical

su
p
p

ort,
b
u
t

seem
s

to
w

ork
w

ell
in

p
ractice.

In
ou

r
case,

it
seem

s
w

e
d
o

n
ot

n
eed

to
estim

ate
th

e
H

essian
op

tim
ally

sin
ce

ou
r

p
u
rp

ose
is

n
ot

to
p

erform
in

feren
ces

of
β

.
F

in
ally,

w
e

u
se

stan
d
ard

n
orm

al
d
en

sity
as

th
e

sm
o
oth

in
g

kern
el
q.

W
e

com
p
u
te

th
e

cen
tralized

estim
ator

(C
E

),
th

e
n
aive

aggregated
estim

ator
w

ith
ou

t
u
sin

g
b
ias

correction
(N

A
E

),
th

e
aggregated

estim
ator

a
fter

d
eb

iasin
g

(A
E

),
an

d
th

e
fi
n
al

th
resh

old
ed

estim
ator

(T
E

).
T

h
e

accu
racy

of
th

e
estim

ators
are

assessed
b
y

th
e
l∞

error
(‖
β
−
β
0 ‖∞

),
th

e
l2

error
(‖
β
−
β
0 ‖),

as
w

ell
as

th
e

p
red

iction
error

b
ased

on
in

d
ep

en
d
en

tly
gen

erated
50
,000

ob
servation

s.

F
irst,

w
e

set
N

=
20,000,

M
=

1,5
,10,15,20,25,30

(M
=

1
is

th
e

cen
tralized

estim
ator)

an
d
p

=
5000.

F
igu

re
1

sh
ow

s
errors

of
th

e
estim

ators
th

at
ch

an
ge

w
ith

M
,

b
ased

on
100

d
ata

sets
gen

erated
in

each
scen

ario.
T

h
e

p
erform

an
ces

gen
erally

d
eteriorate

w
ith

th
e

in
crease

of
M

.
In

term
s

of
l∞

error
th

e
eff

ect
of

th
resh

old
in

g
is

very
sm

all
if

an
y,

an
d

b
oth

T
E

an
d

A
E

(alm
o
st

id
en

tical)
are

b
etter

th
an

N
A

E
.

In
term

s
of
l2

error,
A

E
is

m
u
ch

w
orse

th
an

N
A

E
.

T
h
is

is
d
u
e

to
th

at
A

E
is

n
o
n
-sp

arse
an

d
th

e
su

m
m

ation
of

sm
all

errors
over

p
variab

les
can

b
e

very
large.

O
n

th
e

oth
er

h
an

d
,

a
lth

ou
gh

N
A

E
m

ay
h
ave

la
rge

errors
on

th
e

n
on

zero
co

effi
cien

ts
d
u
e

to
th

e
large

b
ias,

th
e

error
is

sm
a
ll

on
m

an
y

zero
co

effi
cien

ts
w

h
ich

are
estim

ated
ex

actly
as

zero
(N

A
E

is
sp

arse).
T

h
resh

old
in

g
is

eff
ectiv

e
in

red
u
cin

g
th

e
l2

error
as

w
ell

as
p
red

iction
error.

In
th

e
secon

d
set

of
sim

u
lation

s,
w

e
still

u
se
p

=
5000

an
d

con
sid

er
d
iff

eren
t

sam
p
le

sizes
N

=
10000,20000

,30000
,40000

,50000,
an

d
fi
x

th
e

n
u
m

b
er

of
sam

p
les

in
ea

ch
lo

cal
m

ach
in

e
to

b
e
n

=
5000

(an
d

th
u
s

th
e

n
u
m

b
er

of
m

ach
in

es
M

in
creases

w
ith

N
from

2
to

10).
F

or
th

is
sim

u
lation

,
as

su
ggested

b
y

a
rev

iew
er,

w
e

also
com

p
u
te

th
e

th
resh

old
ed

estim
ator

(after
d
eb

iasin
g

an
d

aggregation
)

u
sin

g
th

e
tru

e
H

essian
(th

e
tru

e
H

essian
can

b
e

com
p
u
ted

as
ex

p
lain

ed
in

A
p
p

en
d
ix

B
).

F
rom

th
e

rep
orted

resu
lts

in
F

igu
re

2,
it

is
seen

th
at

th
e

p
rop

osed
estim

ator
T

E
h
as

errors
d
ecreasin

g
w

ith
total

sam
p
le

size,
w

h
ile

th
e

errors
of

th
e

n
aive

aggregated
estim

ator
are

m
u
ch

larger.
F

or
A

E
w

h
ich

is
n
on

-sp
arse,

its
p

erform
an

ce
in

term
s

of
l2

an
d

p
red

iction
erro

r
is

th
e

w
orst

am
on

g
d
iff

eren
t

estim
ators.
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also
seen

th
at

th
e

th
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old
ed

estim
ator

u
sin

g
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e
tru

e
H

essian
h
as
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p
erform

an
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T

E
.

T
h
e

sim
u
lation

s
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carried
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t
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th
e

com
p
u
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al
clu

ster
K

atan
a

in
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e
U

n
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N

ew
S
ou

th
W

ales.
F

or
th

e
secon

d
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u
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s
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p
le,
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e
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req
u
ire
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4
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h
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p
u
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d
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en
d
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g
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th
e
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m

p
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n
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all
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rep
etition
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w

h
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th
e

d
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u
ted

estim
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u
ires
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t
2
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p
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∈
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m
at
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r
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n
g
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×
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:
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e
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d
ed

es
ti

m
at

or
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E
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T
h
e
l ∞

an
d
l 2

er
ro

rs
ar

e
in
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e
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ga

ri
th

m
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al

e
w

it
h

b
as

e
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.
T

h
e

d
ot

te
d

li
n
es

ar
e
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m

p
u
te

d
b
as

ed
on

th
e
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0
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p

et
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n
s
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ow
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d
d
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0
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0
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5
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F
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h
e

l ∞
an

d
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er
ro
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ti
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at

es
w

it
h
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n
d
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∈
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00
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00
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00
00
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b
la

ck
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ce
n
tr
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iz

ed
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ti
m

a
to

r
(C

E
);

4
(r

ed
):

n
ai

ve
ag

gr
eg

at
ed

es
ti

m
at

or
(N

A
E

);
+

(g
re

en
):

th
e

ag
gr

eg
a
te

d
es

ti
m

a
-

to
r

af
te

r
d
eb

ia
si

n
g

(A
E

);
×

(b
lu

e)
:

th
e

th
re

sh
ol

d
ed

es
ti

m
at

or
(T

E
).
O(

p
u
rp

le
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th
e

th
re

sh
ol

d
ed

es
ti

m
at

or
w

h
en

th
e

tr
u
e

H
es

si
an

is
u
se

d
in

d
eb

ia
si

n
g
.

T
h
e
l ∞

an
d
l 2

er
ro

rs
ar

e
in

th
e

lo
ga

ri
th

m
ic
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al

e
w

it
h

b
as

e
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.
T

h
e

d
ot

te
d
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n
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m

-
p
u
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d
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e
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0
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p
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n
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g
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4
.
C
o
n
clu

sio
n

In
th

is
p
a
p

er,
w

e
con

sid
er

d
istrib

u
ted

estim
atio

n
of
l1 -p

en
alized

lin
ea

r
S
V

M
.

A
s

lon
g

a
s

th
e

n
u
m

b
er

of
m

a
ch

in
es

is
n
ot

to
o

large,
th

e
d
istrib

u
ted

estim
ator

h
as

th
e

sam
e

con
vergen

ce
ra

te
as

th
e

cen
tralized

estim
ator

in
l∞

,
l1

an
d
l2

n
orm

s,
if

th
e

estim
ator

is
th

resh
old

ed
to

reta
in

sp
a
rsity.

W
e

n
o
te

th
at

th
e

op
tim

ization
p
rob

lem
of

E
q
u
ation

6
can

b
e

solved
row

b
y

row
,

an
d

th
u
s

ca
n

a
lso

b
e

d
on

e
in

a
d
istrib

u
ted

w
ay.

U
sin

g
lo

cal
d
ata,

each
lo

cal
m

ach
in

e
can

ob
tain

estim
a
tes

for
p
/M

row
s

of
Θ

an
d

th
en

th
ese

estim
ates

can
b

e
com

b
in

ed
to

ob
tain

a
sin

gle
estim

a
te

o
f
Θ

th
at

satisfi
es‖

Θ̂
H

(β
0 )−

I‖∞
≤
C
b
n

w
ith

p
rob

ab
ility

at
least

1−
p −

C
,

w
h
ere

b
n

=
C
n ((

1
β
0
1

+
√

lo
g
p

n
h
3
β
0
1

+
lo
g
p

n
h
2 )

s √
lo
g
p

n
+

s
2
lo
g
p

n
h
3

+
hβ
20
1

+
√

lo
g
p

n
h
β
0
1 )

an
d

th
e

sa
m

e
b

ou
n
d

a
s

in
T

h
eo

rem
2

for‖β̄
−
β
0 ‖∞

h
old

w
ith

m
in

or
m

o
d
ifi

cation
s

of
th

e
p
ro

ofs.
F

or
ease

of
im

p
lem

en
ta

tion
,

w
e

d
o

n
ot

in
vestigate

th
is

altern
ative

in
ou

r
n
u
m

erical
stu

d
ies.

O
n
ce

a
n

a
g
g
regated

estim
ator

of
β

is
o
b
tain

ed
,

on
e

can
u
se

th
is

estim
ato

r
in

th
e

eva
lu

-
a
tio

n
o
f

th
e

in
verse

of
H

(β̂
)

in
each

lo
cal

m
ach

in
e.

T
h
is

iterative
ap

p
roach

req
u
ires

fu
rth

er
co

m
m

u
n
ica

tio
n
s

am
on

g
th

e
cen

tral
m

ach
in

e
an

d
lo

cal
m

ach
in

es,
an

d
w

e
d
o

n
ot

ob
serve

im
p
roved

p
erfo

rm
an

ces
of

th
e

iterativ
e

estim
ator

em
p
irically.

A
few

p
ro

b
lem

s
rem

ain
op

en
in

th
is

stu
d
y,

am
on

g
p

ossib
ly

m
an

y
oth

ers.
F

irst,
th

ere
is

a
g
a
p

in
th

eo
ry

an
d

sim
u
lation

in
th

at
(A

1)
assu

m
ed

th
a
t

th
e

covariates
are

b
ou

n
d
ed

w
h
ile

th
e

sim
u
la

tion
s

are
b
ased

on
a

m
u
ltivariate

n
orm

al
d
istrib

u
tion

for
covariates.

W
e

u
sed

th
e

a
ssu

m
p
tio

n
o
f

b
ou

n
d
ed

covariates
for

at
lea

st
tw

o
reason

s.
O

n
e

reason
is

th
at

w
e

rely
on

th
e

resu
lts

o
f

P
en

g
et

al.
(2016),

w
h
o

assu
m

ed
b

ou
n
d
ed

n
ess

of
p
red

ictors.
T

h
e

secon
d

reason
is

th
a
t

w
e

h
ave

u
sed

b
ou

n
d
ed

n
ess

in
ou

r
ow

n
d
erivation

in
variou

s
p
laces,

even
th

ou
gh

su
ch

a
ssu

m
p
tion

m
ay

b
e

relax
ed

w
ith

m
ore

eff
orts

an
d

m
u
ch

m
essier

p
ro

of.
A

n
oth

er
op

en
q
u
estio

n
is

w
h
eth

er
th

e
im

p
lied

con
strain

t
on

M
m

en
tion

ed
at

th
e

en
d

of
S
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2.2
is

tig
h
t.

T
h
is

ap
p

ears
to

b
e

a
ch

allen
gin

g
op

en
q
u
estion

th
at

w
e

are
n
o
t

cu
rren

tly
ab

le
to

a
n
sw

er.

A
ck

n
o
w
le
g
e
m
e
n
ts

T
h
e

a
u
th

o
rs

sin
cerely

th
an

k
th

e
A

ction
E

d
itor

P
rofessor

J
ie

P
en

g,
an

d
tw

o
an

on
y
m

ou
s

rev
iew

ers
fo

r
th

eir
in

sigh
tfu

l
com

m
en

ts
an

d
su

gg
estion

s
w

h
ich

greatly
im

p
roved

th
e

p
a
p

er.
T

h
e

resea
rch

o
f

L
ian

is
p
artially

su
p
p

orted
b
y

C
ity

U
n
iversity

of
H

on
g

K
on

g
S
tart

U
p

G
ra

n
t

7
2
0
0
5
2
1
.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

o
f
P
ro

p
o
sitio

n
s.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1
.

W
e

fi
rst

sh
ow

th
at

‖Θ̂
Ĥ

(β̂
)−

I‖∞
≤
C
b
N

an
d
‖
Θ̂
‖
L
1 ≤

C
N
.

(9)

F
irst,

w
e

n
o
te

th
ese

w
ill

b
e

im
p
lied

b
y

th
at

‖Θ
0 Ĥ

(β̂
)−

I‖∞
≤
C
b
N
.

(10)

In
fa

ct,
E

q
u
a
tio

n
10

m
ean

s
th

e
con

strain
ed

op
tim

ization
p
rob

lem
is

feasib
le

an
d

th
e

feasi-
b
ility

o
f

Θ̂
im

m
ed

iately
im

p
lies

th
e

fi
rst

eq
u
ation

of
E

q
u
ation

9.
F

or
th

e
secon

d
eq

u
ation
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L
ia
n
a
n
d

F
a
n

of
E

q
u
ation

9,
w

e
on

ly
n
eed

to
n
ote

th
at

b
y

E
q
u
ation

10
an

d
th

e
d
efi

n
ition

of
th

e
con

-
strain

ed
op

tim
iza

tion
p
rob

lem
,

w
h
ich

can
b

e
solved

for
each

row
of

Θ
sep

arately,
w

e
h
ave

‖
Θ̂
‖
L
1 ≤
‖Θ

0 ‖
L
1 .

T
o

estab
lish

E
q
u
ation

10,
w

e
b

ou
n
d
‖
Θ

0 Ĥ
(β̂

)−
I‖∞

=
‖
Θ

0 (Ĥ
(β̂

)−
H

(β
0 ))‖∞

≤
‖Θ

0 ‖
L
1 ‖

Ĥ
(β̂

)−
H

(β
0 )‖∞

.
F

u
rth

erm
ore,

w
e

w
rite

‖Ĥ
(β̂

)−
H

(β
0 )‖∞

≤
‖
E

[Ĥ
(β

0 )]−
H

(β
0 )‖∞

+
‖
Ĥ

(β
0 )−

E
[Ĥ

(β
0 )]‖∞

+
‖Ĥ

(β̂
)−

Ĥ
(β

0 )‖∞
=

:
I
1

+
I
2

+
I
3 .

F
irst

w
e

con
sid

er
I
1

an
d

sh
ow

th
at

for
an

y
b

ou
n
d
ed

fu
n
ction

s(x
)

w
h
ose

p
a
rtia

l
d
erivatives

are
also

b
ou

n
d
ed

,
w

e
h
av

e
∣∣∣∣ E
[

1h
q (

1−
y
x
T
β
0

h

)
s(x

) ]−
E
[δ(1−

y
x
T
β
0 )s(x

) ] ∣∣∣∣ ≤
C
h
/β

20
1 ,

an
d

w
e

w
ill

th
en

ob
tain

I
1 ≤

C
h
/β

20
1

b
y

settin
g
s(x

)
=
x
j x
j ′,1
≤
j,j ′≤

p
.

In
fact,

sin
ce,

for
ex

am
p
le,

E
[δ(1−

y
x
T
β
0 )s(x

)]
=
P

(y
=

1)E
[δ(1−

y
x
T
β
0 )s(x

)|y
=

1]+
P

(y
=
−

1)E
[δ(1−

y
x
T
β
0 )s(x

)|y
=
−

1],
w

e
on

ly
n
eed

to
con

sid
er

con
d
ition

al
ex

p
ectation

given
y

=
1

(con
d
ition

al
ex

p
ectation

given
y

=
−

1
is

sim
ilar).

W
rite

β
0
,−

1
=

(β
0
2 ,...,β

0
p )

T

an
d

x
−
1

=
(x

2 ,...,x
p )

T
.

T
h
en

,
b
y

a
ch

an
ge

of
variab

le
(x

1 ,...,x
p )→

(z
1 ,x

2 ,...,x
p )

w
ith

z
1

=
x
T
β
0 ,

w
e

h
ave

E
[ 1h
q (

1−
x
T
β
0

h

)
s(x

)|y
=

1
]

=

∫
1h
q (

1−
x
T
β
0

h

)
s(x

)f
(x

)d
x

=

∫
1h
q (

1−
z
1

h

)
s (

z
1 −

x
T−
1 β
−
1

β
0
1

,x
−
1 )

f (
z
1 −

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
0
1
d
z
1 d

x
−
1

u
=
(1−

z
1
)/
h

=

∫
q

(u
)
s (

1−
u
h
−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

f (
1−

u
h
−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
0
1
d
u
d
x
−
1

=

∫
q(u

)(sf
) (

1−
x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
0
1
d
u
d
x
−
1

−
∫
q(u

)(sf
)
(1
) (

1−
∗−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
20
1

u
h
d
u
d
x
−
1 ,

w
h
ere

(sf
)
(1
)

is
th

e
p
artial

d
erivative

of
(sf

)(.)
w

ith
resp

ect
to

its
fi
rst

variab
le

an
d
∗

rep
resen

ts
a

valu
e

b
etw

een
0

an
d
u
h

,
an

d

E
[δ(1−

x
T
β
0 )s(x

)|y
=

1]

=

∫
δ(1−

x
T
β
0 )s(x

)f
(x

)d
x

=

∫
s (

1−
x
T−
1 β
−
1

β
0
1

,x
−
1 )

f (
1−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
0
1
d
z
1 d

x
−
1 .
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∫
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∫
|u
|q(
u

)d
u
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∞

,
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f

)(
1
)
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b

ou
n
d
ed

,
w

e
ge

t

∣ ∣ ∣ ∣E
[1 h
q

(
1
−

x
T
β
0

h

)
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x
)|y

=
1]
−
E

[δ
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−

x
T
β
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)|y

=
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∣ ∣ ∣ ∣
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∣ ∣ ∣ ∣ ∣∫
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u

)(
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)(
1
)
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1
−
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x
T −
1
β
−
1

β
0
1

,x
−
1

)
1 β
2 0
1

u
h
d
u
d
x
−
1

∣ ∣ ∣ ∣ ∣
≤

C
h
/β

2 0
1
,

an
d

th
u
s

I 1
≤
C
h
/β

2 0
1
.

(1
1)

N
ex

t
w

e
d
ea

l
w

it
h
I 2

.
A

ga
in

w
it

h
a

b
ou

n
d
ed

fu
n
ct

io
n
s,

w
e

h
av

e
∣ ∣ ∣1 h
q
( 1
−
x
T
β

0
h

) s(
x

)∣ ∣ ∣≤
C
/h

an
d

E

[ (
1 h
q

(
1
−

x
T
β
0

h

)
s(

x
)) 2
|y

=
1]

]

=

∫
1 h
2
q2
(

1
−
z 1

h

)
s2

(
z 1
−

x
T −
1
β
−
1

β
0
1

,x
−
1

)
f

(
z 1
−

x
T −
1
β
−
1

β
0
1

,x
−
1

)
1 β
0
1
d
z 1
d
x
−
1

=

∫
1 h
q2

(u
)

(s
2
f

)

(
1
−
u
h
−

x
T −
1
β
−
1

β
0
1

,x
−
1

)
1 β
0
1
d
u
d
x
−
1

≤
C
/(
h
β
0
1
),

(1
2)

si
n
ce
∫
q2

(u
)d
u
<
∞

.
T

h
u
s

E

[(
1 h
q

(
1
−

x
T
β
0

h

)
s(

x
)) r

∣ ∣ ∣y
=

1]
≤

(C
/h

)r
−
2
(1
/(
h
β
0
1
))
,
r
≥

2.

B
y

B
er

n
st

ei
n
’s

in
eq

u
al

it
y

(L
em

m
a

2.
2.

11
in

va
n

d
er

V
aa

rt
an

d
W

el
ln

er
(1

99
6
))

,

P

(
∣ ∣ ∣ ∣ ∣1 N

∑ i

I {
y
i
=
1
}

1 h
q

(
1
−
y i

x
T i
β
0

h

)
s(

x
i)
−
E

[ I {
y
=
1
}

1 h
q

(
1
−
y
x
T
β
0

h

)
s(

x
)]∣ ∣ ∣ ∣ ∣

>
t)

≤
2

ex
p

{ −
C

N
h
t2

t
+
β
−
1

0
1

}
,

an
d

th
e

sa
m

e
in

eq
u
al

it
y

h
ol

d
s

w
it

h
y

=
1,
y i

=
1

re
p
la

ce
d

b
y
y

=
−

1,
y i

=
−

1,
an

d
th

u
s

∣ ∣ ∣ ∣ ∣1 N

∑ i

1 h
q

(
1
−
y i

x
T i
β
0

h

)
s(

x
i)
−
E

[ 1 h
q

(
1
−
y
x
T
β
0

h

)
s(

x
)]∣ ∣ ∣ ∣ ∣
≤
C

(
√

lo
g
p

N
h
β
0
1

+
lo

g
p

N
h

)
(1

3)

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

(n
ot

e
C

h
er

e
ca

n
b

e
ar

b
it

ra
ri

ly
la

rg
e

as
lo

n
g

as
w

e
ar

e
w

il
li
n
g

to
se

t
th

e
co

n
st

an
t
C

in
th

e
d
is

p
la

y
ab

ov
e

to
b

e
la

rg
e

en
ou

gh
).

B
y

ch
o
os

in
g
s(

x
)

=
x
j
x
j′

,
u
si

n
g

th
e

th
e

u
n
io

n
b

ou
n
d
,

I 2
≤
C

(
√

lo
g
p

N
h
β
0
1

+
lo

g
p

N
h

)
,

(1
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L
ia
n
a
n
d

F
a
n

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
p
−
C

.

F
in

al
ly

,
w

e
b

ou
n
d
I 3

.
B

y
T

ay
lo

r’
s

ex
p
an

si
on

,
w

e
h
av

e

∣ ∣ ∣ ∣ ∣1 N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q

((
1
−

x
T i
β̂

)/
h

)/
h
−

1 N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q

((
1
−

x
T i
β
0
)/
h

)/
h

∣ ∣ ∣ ∣ ∣

≤
∣ ∣ ∣ ∣ ∣C N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q
′ (

(1
−

x
T i
β
0
)/
h

)/
h
2
·x

T i
(β̂
−
β
0
)∣ ∣ ∣ ∣ ∣

+

∣ ∣ ∣ ∣ ∣C 2
N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q
′′ (
∗)
/h

3
·(

x
T i

(β̂
−
β
0
))

2

∣ ∣ ∣ ∣ ∣
=

:
J
1

+
J
2
,

w
h
er

e
∗

d
en

ot
es

a
va

lu
e

b
et

w
ee

n
(1
−

x
T i
β̂

)/
h

an
d

(1
−

x
T i
β
0
)/
h

.
T

h
e

se
co

n
d

te
rm

a
b

ov
e

is
ea

sy
to

d
ea

l
w

it
h
.

S
in

ce
q′
′ (
.)

is
b

ou
n
d
ed

,
w

e
ge

t

J
2
≤
C
s2

lo
g
p

N
h
3

,

w
it

h
p
ro

b
ab

il
it

y
1
−
p
−
C

.
A

lt
h
ou

gh
J
1

co
u
ld

b
e

b
ou

n
d
ed

si
m

il
ar

to
J
2
,

a
m

o
re

ca
re

fu
l

ca
lc

u
la

ti
on

w
il
l

y
ie

ld
a

ti
gh

te
r

b
ou

n
d
.

F
or

th
is

w
e

w
ri

te

∣ ∣ ∣ ∣ ∣1 N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q
′ (

1
−

x
T i
β
0
/h

)/
h
2

∣ ∣ ∣ ∣ ∣

≤
∣ ∣ ∣ ∣ ∣1 N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q
′ (

(1
−

x
T i
β
0
)/
h

)/
h
2
−
E

[I
{y

=
1
}x
j
x
j′
q′

(1
−

x
T
β
0
/
h

)/
h
2
]∣ ∣ ∣ ∣ ∣

+
∣ ∣ E

[I
{y

=
1
}x
j
x
j′
q′

(1
−

x
T
β
0
/h

)/
h
2
]∣ ∣
.

S
im

il
ar

to
E

q
u
at

io
n

12
,
w

e
h
av

e
|q′

((
1−

x
T i
β
0
)/
h

)/
h
2
|≤

C
/h

2
an

d
E

[(
q′

((
1−

x
T
β
0
)/
h

)/
h
2
)2
|y

=
1]
≤
C
/(
h
3
β
0
1
),

an
d

b
y

th
e

sa
m

e
ar

gu
m

en
ts

as
th

os
e

th
at

le
ad

to
E

q
u
at

io
n

1
3
,

w
e

g
et

m
ax
j,
j′

∣ ∣ ∣ ∣ ∣1 N

∑ i

I {
y
i
=
1
}x
ij
x
ij
′ q
′ (

(1
−

x
T i
β
0
)/
h

)/
h
2
−
E

[I
{y

=
1
}x
j
x
j′
q′

(1
−

x
T
β
0
/
h

)/
h
2
]∣ ∣ ∣ ∣ ∣

≤
C

(
√

lo
g
p

N
h
3
β
0
1

+
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p
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h
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)
,
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w
ith

p
ro

b
ab

ility
at

least
1−

p −
C

.
F

u
rth

erm
ore,

for
an

y
b

ou
n
d
ed
s(x

)
w

h
ose

p
a
rtia

l
d
eriva-

tives
a
re

also
b

ou
n
d
ed

,
w

e
h
ave

∣∣E
[s(x

)q ′((1−
x
T
β
0 )/h

)/h
2|y

=
1
] ∣∣

=

∣∣∣∣∣ ∫
q ′((1−

z
1 )/h

)/h
2·(sf

) (
z
1 −

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1β
0
1
d
z
1 d

x
−
1 ∣∣∣∣∣

=

∣∣∣∣∣ ∫
q ′(u

)·
(sf

) (
1−

u
h
−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

1

h
β
0
1
d
u
d
x
−
1 ∣∣∣∣∣

=

∣∣∣∣∣ ∫
(sf

) (
1−

x
T−
1 β
−
1

β
0
1

,x
−
1 )

( ∫
q ′(u

)d
u

)
1

h
β
0
1
d
x
−
1 ∣∣∣∣∣

+

∣∣∣∣ ∫
q ′(u

)u
(sf

)
(1
)(∗)

1β
20
1

d
u
d
x
−
1 ∣∣∣∣

≤
C
/
β
20
1 ,

u
sin

g
th

a
t ∫

q ′(u
)d
u

=
0.

T
h
u
s

J
1 ≤

C

(
1β
20
1

+

√
log

p

N
h
3β

0
1

+
log

p

N
h
2 )
·s √

log
p

N

w
ith

p
ro

b
a
b
ility

at
least

1−
p −

C
an

d
th

en

I
3 ≤

C

(
(

1β
20
1

+

√
log

p

N
h
3β

0
1

+
log

p

N
h
2 )
·s √

log
p

N
+
s
2

log
p

N
h
3

)
,

(15)

w
ith

p
ro

b
ab

ility
at

least
1
−
p −

C
.

C
om

b
in

in
g

b
ou

n
d
s

in
E

q
u
ation

11,
E

q
u
ation

14
an

d
E

q
u
a
tio

n
1
5
,

w
e

get

‖
Ĥ

(β̂
)−

H
(β

0 )‖∞
≤
C

(
(

1β
20
1

+

√
log

p

N
h
3β

0
1

+
log

p

N
h
2 )
·s √

log
p

N
+
s
2

log
p

N
h
3

+
hβ
20
1

+

√
log

p

N
h
β
0
1 )

,

a
n
d

th
u
s

‖Θ
0 Ĥ

(β̂
)−

I‖∞
≤
C
b
N
,

w
ith

p
ro

b
a
b
ility

at
least

1−
p −

C
.

F
in

a
lly,

w
e

also
h
ave

‖Θ̂
H

(β
0 )−

I‖∞
≤
‖
Θ̂

Ĥ
(β̂

)−
I‖∞

+
‖
Θ̂

(Ĥ
(β̂

)−
H

(β
0 ))‖∞

≤
C
b
N

+
‖Θ̂
‖
L
1 ‖

Ĥ
(β̂

)−
H

(β
0 )‖∞

≤
C
b
N
,

u
sin

g
th

e
b

o
u
n
d

for‖Ĥ
(β̂

)−
H

(β
0 )‖∞

ab
ove.

�

P
ro

o
f

o
f

P
ro

p
o
sitio

n
2

.
W

e
d
efi

n
e

Ω
=
{
β
∈
R
p

:‖β‖
0 ≤

K
,‖β
−
β
0 ‖

1 ≤
C
s √

log
p
/N
}

a
n
d

w
e

h
ave

β̂
∈

Ω
w

ith
p
rob

ab
ility

at
least

1−
p −

C
.

D
efi

n
e

th
e

class
of

fu
n
ction

s

G
j

=
{y
x
j (I{

y
x
T
β
≤

1}−
I{
y
x
T
β
0 ≤

1})
:
β
∈

Ω},

1
9
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L
ia
n
a
n
d

F
a
n

w
ith

sq
u
ared

in
tegrab

le
en

velop
e

fu
n
ction

F
(x
,y

)
=
|x
j |.

W
e

d
ecom

p
ose

Ω
as

Ω
=
∪
T⊂
{
1
,...,p}

,|T|≤
K

Ω
(T

)
w

ith
Ω

(T
)

=
{β

:
su

p
p

ort
of
β
⊂
T}∩

Ω
.

W
e

also
d
efi

n
e
G
j (T

)
=
{y
x
j (I{

y
x
T
β
≤

1}−
I{
y
x
T
β
0 ≤

1})
:
β
∈

Ω
(T

)}.
B

y
L

em
m

a
2.6.15,

L
em

m
a

2.6.18
(v

i)
an

d
(v

iii)
(actu

ally
b
y

th
e

p
ro

o
f

of
L

em
m

a
2
.6.18

(v
iii))

in
van

d
er

V
aart

an
d

W
elln

er
(1996),

for
each

fi
x
ed

T
⊂
{1
,...,p}

w
ith
|T|≤

K
,

G
j (T

)
is

a
V

C
-su

b
grap

h
w

ith
in

d
ex

b
ou

n
d
ed

b
y
K

+
2

an
d

b
y

T
h
eorem

2.6.7
of

van
d
er

V
aart

an
d

W
elln

er
(1996),

w
e

h
ave

N
(ε,G

j (T
),L

2 (P
n
))≤

(
C
‖F
‖
L
2
(P
n
)

ε

)
C
K

≤
(
Cε )

C
K

.

S
in

ce
th

ere
are

at
m

ost (
pK )≤

(ep
/K

)
K

d
iff

eren
t

su
ch

T
,

w
e

h
ave

N
(ε,G

j ,L
2 (P

n
))≤

(
Cε )

C
K
(
epK

)
K
≤
(
C
pε

)
C
K

,

an
d

th
u
s

N
(ε,∪

pj=
1 G

j ,L
2 (P

n
))≤

p (
C
pε

)
C
K

.

L
et
σ
2

=
su

p
f∈∪

j G
j
P
f
2.

T
h
en

b
y

T
h
eorem

3.12
of

K
oltch

in
sk

ii
(2011),

w
e

h
ave

E
‖R

n ‖∪
j G
j ≤

C

(
σ √

K
log

p

N
+
K

log
p

N

)
,

w
h
ere
‖
R
n ‖∪

j G
j

=
su

p
f∈∪

j G
j
N
−
1 ∑

Ni=
1
ε
i f

(x
i ,y

i )
w

ith
ε
i

b
ein

g
i.i.d

.
R

ad
em

ach
er

ran
-

d
om

variab
les.

U
sin

g
th

e
sy

m
m

etrization
in

eq
u
ality

w
h
ich

states
th

at
E
‖
P
n
−
P
‖∪

j G
j
≤

2
E
‖
R
n ‖∪

j G
j ,

w
h
ere
‖
P
n
−
P
‖∪

j G
j

=
su

p
f∈∪

j G
j
N
−
1 ∑

i f
(x
i ,y

i )−
E
f

(x
,y

),
T

alagran
d
’s

in
eq

u
ality

(p
age

24
of

K
oltch

in
sk

ii
(2011))

gives

P

(
‖
P
n −

P
‖∪

j G
j ≥

C

(
σ √

K
lo

g
p

N
+
K

log
p

N
+

√
σ
2t

N
+

tN

)
)
≤
e −

t,

th
at

is,
w

ith
p
rob

ab
ility

at
least

1−
p −

C
,

∥∥∥∥∥
1N

∑

i

y
i x
i (I{

y
i x

Ti
β̂
≤

1}−
I{
y
i x

Ti
β
0 ≤

1})−
E
y
x

(I{y
x
T
β̂
≤

1}−
I{y

x
T
β
0 ≤

1}
) ∥∥∥∥∥∞

≤
C

(
σ √

K
log

p

N
+
K

log
p

N

)
.

F
in

ally,
w

e
n
eed

to
d
ecid

e
th

e
size

of
σ
2.

F
o
r
β
∈

Ω
,

w
e

h
ave

th
at

E
[(I{

x
T
β
≤

1}−
I{

x
T
β
0 ≤

1})
2|y

=
1]

≤
P

(x
T
β
≤

1
,x

T
β
0 ≥

1|y
=

1)
+
P

(x
T
β
≥

1,x
T
β
0 ≤

1|y
=

1)

≤
P

(1
≤

x
T
β
0 ≤

1
+
C
s √

log
p
/N
|y

=
1)

+
P

(1−
C
s √

log
p
/N
≤

x
T
β
0 ≤

1|y
=

1)

≤
C
s √

log
p
/N

/β
0
1 ,

2
0
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w

e
u
se

d
in

th
e

se
co

n
d

in
eq

u
al

it
y

th
e

fa
ct

th
at

x
T
β
≤

1
≤

x
T
β
0

im
p
li
es

x
T
β
0
≤

1
+
|x

T
(β
−
β
0
)|
≤

1
+
C
‖β
−
β
0
‖ 1

an
d

si
m

il
ar

ly
th

at
x
T
β
0
≥

1
−
C
‖β
−
β
0
‖ 1

,
an

d
in

th
e

la
st

in
eq

u
al

it
y

w
e

u
se

d
th

at
th

e
d
en

si
ty

of
x
T
β
0

co
n
d
it

io
n
al

on
y

=
1

is
b

ou
n
d
ed

b
y

1/
β
0
1
.

T
h
is

la
st

ob
se

rv
at

io
n

fo
ll
ow

s
ea

si
ly

fr
om

th
at

,
b
y

ch
an

ge
of

va
ri

ab
le
z 1

=
x
T
β
0
,

th
e

jo
in

t
d
en

si
ty

of
(z

1
,x
−
1
)

co
n
d
it

io
n
al

on
y

=
1

is
gi

v
en

b
y

f
((
z 1
−

x
T −
1
β
−
1
)/
β
0
1
,x
−
1
)/
β
0
1
.

T
h
u
s

w
e

h
av

e
σ
2
≤
C
s√

lo
g
p
/N

/β
0
1

w
h
ic

h
p
ro

ve
d

th
e

p
ro

p
os

it
io

n
.

�

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

3
.

B
y

in
te

gr
at

in
g

ov
er
x
1

fi
rs

t,
w

e
h
av

e
fo

r
s(

x
)

=
x
j
x
j′

,
∫
δ(

1
−

x
T
β

)s
(x

)f
(x

)d
x
−
∫
δ(

1
−

x
T
β
0
)s

(x
)f

(x
)d

x

=

∫
1 β
1
(s
f

)

(
1
−

x
T −
1
β
−
1

β
1

,x
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∫
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=
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=
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=
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ea

d
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T
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L
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)
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av

e
o
cc

u
p
ie
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a

ce
n
tr

al
p
la
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in
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n
e

le
ar

n
in
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A

n
ot

h
er

m
a
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r

fa
m

il
y

of
on

-
li
n
e

le
ar

n
in

g
al

go
ri

th
m

s,
ca

ll
ed

“F
ol

lo
w

th
e

R
eg

u
la

ri
ze

d
L

ea
d
er

(F
T

R
L

)”
,

is
b
as

ed
on

th
e

id
ea

of
re

gu
la

ri
za

ti
on

.
In

sp
ec

ia
l

ca
se

s,
su

ch
as

th
e

ex
p

on
en

ti
al

w
ei

gh
ts

al
go

ri
th

m
fo

r
th

e
ex

p
er

ts
p
ro

b
le

m
,

it
h
as

b
ee

n
fo

lk
k
n
ow

le
d
ge

th
at

re
gu

la
ri

za
ti

on
an

d
p

er
tu

rb
at

io
n

id
ea

s
ar

e
co

n
n
ec

te
d
.

T
h
at

is
,

th
e

ex
p

on
en

ti
al

w
ei

gh
ts

al
go

ri
th

m
ca

n
b

e
u
n
d
er

st
o
o
d

as
ei

th
er

u
si

n
g

n
eg

at
iv

e
en

tr
op

y
re

gu
la

ri
za

ti
on

or
G

u
m

b
el

d
is

tr
ib

u
te

d
p

er
tu

rb
at

io
n
s

(f
or

ex
am

p
le

,
se

e
th

e
d
is

cu
ss

io
n

in
A

b
er

n
et

h
y

et
al

.
(2

01
4)

).

R
ec

en
t

w
or

k
h
av

e
b

eg
u
n

to
fu

rt
h
er

u
n
co

ve
r

th
e

co
n
n
ec

ti
on

s
b

et
w

ee
n

p
er

tu
rb

at
io

n
an

d
re

gu
la

ri
za

ti
on

.
F

or
ex

am
p
le

,
in

on
li
n
e

li
n
ea

r
op

ti
m

iz
at

io
n
,

on
e

ca
n

u
n
d
er

st
an

d
re

gu
la

r-

c ©
2
0
1
8

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
Z
i
f
a
n
L
i
a
n
d
A
m
b
u
j
T
e
w
a
r
i
.
h
t
m
l
.
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L

R
 1

8(
18

3)
:1

-2
4,

 2
01

8

L
i
a
n
d

T
e
w
a
r
i

iz
at

io
n

an
d

p
er

tu
rb

at
io

n
as

si
m

p
ly

tw
o

d
iff

er
en

t
w

ay
s

to
sm

o
o
th

a
n
on

-s
m

o
o
th

p
o
te

n
ti

al
fu

n
ct

io
n
.

T
h
e

fo
rm

er
co

rr
es

p
on

d
s

to
in

fi
m

al
co

n
vo

lu
ti

on
sm

o
ot

h
in

g
an

d
th

e
la

tt
er

co
rr

e-
sp

on
d
s

to
st

o
ch

as
ti

c
(o

r
in

te
gr

al
co

n
vo

lu
ti

o
n
)

sm
o
ot

h
in

g
(A

b
er

n
et

h
y

et
al

.,
2
0
1
4
).

H
av

in
g

a
ge

n
er

ic
fr

am
ew

or
k

fo
r

u
n
d
er

st
an

d
in

g
p

er
tu

rb
at

io
n
s

al
lo

w
s

on
e

to
st

u
d
y

a
w

id
e

va
ri

et
y

o
f

on
li
n
e

li
n
ea

r
op

ti
m

iz
at

io
n

ga
m

es
an

d
a

n
u
m

b
er

of
in

te
re

st
in

g
p

er
tu

rb
at

io
n
s.

F
T

R
L

an
d

F
T

P
L

al
go

ri
th

m
s

h
av

e
al

so
b

ee
n

u
se

d
b

ey
on

d
“f

u
ll

in
fo

rm
a
ti

o
n
”

se
tt

in
g
s.

“F
u
ll

in
fo

rm
at

io
n
”

re
fe

rs
to

th
e

fa
ct

th
at

th
e

le
ar

n
er

ob
se

rv
es

th
e

en
ti

re
m

ov
e

o
f

th
e

a
d
v
er

-
sa

ry
.

T
h
e

m
u
lt

i-
ar

m
ed

b
an

d
it

p
ro

b
le

m
is

on
e

of
th

e
m

os
t

fu
n
d
a
m

en
ta

l
ex

am
p
le

s
o
f

“
p
a
rt

ia
l

in
fo

rm
at

io
n
”

se
tt

in
gs

.
R

eg
re

t
an

al
y
si

s
of

th
e

m
u
lt

i-
ar

m
ed

b
an

d
it

p
ro

b
le

m
g
o
es

b
a
ck

to
th

e
w

or
k

of
R

ob
b
in

s
(1

95
2)

w
h
o

fo
rm

u
la

te
d

th
e

st
o
ch

as
ti

c
v
er

si
on

o
f

th
e

p
ro

b
le

m
.

T
h
e

n
on

-s
to

ch
as

ti
c,

or
ad

ve
rs

ar
ia

l,
ve

rs
io

n
w

as
fo

rm
u
la

te
d

b
y

A
u
er

et
al

.
(2

00
2)

,
w

h
o

p
ro

v
id

ed
th

e
E

X
P

3
al

go
ri

th
m

ac
h
ie

v
in

g
O

(√
N
T

lo
g
N

)
re

gr
et

in
T

ro
u
n
d
s

w
it

h
N

ar
m

s.
T

h
ey

a
ls

o
sh

ow
ed

a
lo

w
er

b
ou

n
d

of
Ω

(√
N
T

),
w

h
ic

h
w

as
la

te
r

m
at

ch
ed

b
y

th
e

P
ol

y
-I

N
F

a
lg

o
ri

th
m

(A
u
d
ib

er
t

an
d

B
u
b

ec
k
,

20
09

;
A

u
d
ib

er
t

et
al

.,
20

11
).

T
h
e

P
ol

y
-I

N
F

a
lg

or
it

h
m

ca
n

b
e

in
te

r-
p
re

te
d

as
an

F
T

R
L

al
go

ri
th

m
w

it
h

n
eg

at
iv

e
T

sa
ll
is

en
tr

op
y

re
gu

la
ri

za
ti

on
(A

u
d
ib

er
t

et
a
l.
,

20
11

;
A

b
er

n
et

h
y

et
al

.,
20

15
).

F
or

a
re

ce
n
t

su
rv

ey
of

b
ot

h
st

o
ch

as
ti

c
an

d
n
o
n
-s

to
ch

a
st

ic
b
an

d
it

p
ro

b
le

m
s,

se
e

B
u
b

ec
k

an
d

C
es

a
-B

ia
n
ch

i
(2

01
2)

.

F
or

th
e

n
on

-s
to

ch
as

ti
c

m
u
lt

i-
ar

m
ed

b
an

d
it

p
ro

b
le

m
,

K
u
ja

la
an

d
E

lo
m

a
a

(2
0
0
5
)

a
n
d

P
ol

an
d

(2
00

5)
b

ot
h

sh
ow

ed
th

at
u
si

n
g

th
e

ex
p

on
en

ti
al

(a
ct

u
al

ly
d
ou

b
le

ex
p

on
en

ti
a
l/

L
a
p
la

ce
)

d
is

tr
ib

u
ti

on
in

an
F

T
P

L
al

go
ri

th
m

co
u
p
le

d
w

it
h

st
an

d
ar

d
u
n
b
ia

se
d

es
ti

m
a
ti

o
n

te
ch

n
iq

u
e

y
ie

ld
s

n
ea

r-
op

ti
m

al
O

(√
N
T

lo
g
N

)
re

gr
et

.
U

n
b
ia

se
d

es
ti

m
at

io
n

n
ee

d
s

ac
ce

ss
to

a
rm

p
ro

b
-

ab
il
it

ie
s

th
at

ar
e

n
ot

ex
p
li
ci

tl
y

av
ai

la
b
le

w
h
en

u
si

n
g

an
F

T
P

L
al

go
ri

th
m

.
N

eu
a
n
d

B
a
rt

ó
k

(2
01

3)
in

tr
o
d
u
ce

d
th

e
ge

om
et

ri
c

re
sa

m
p
li
n
g

sc
h
em

e
to

ap
p
ro

x
im

at
e

th
es

e
p
ro

b
a
b
il
it

ie
s

w
h
il
e

st
il
l

gu
ar

an
te

ei
n
g

lo
w

re
gr

et
.

R
ec

en
tl

y,
A

b
er

n
et

h
y

et
al

.
(2

01
5)

an
al

y
ze

d
F

T
P

L
fo

r
a
d
ve

r-
sa

ri
al

m
u
lt

i-
ar

m
ed

b
an

d
it

s
an

d
p
ro

v
id

ed
re

gr
et

b
ou

n
d
s

u
n
d
er

th
e

co
n
d
it

io
n

th
a
t

th
e

h
a
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rd
ra

te
of

th
e

p
er

tu
rb

at
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n
d
is
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ib

u
ti

on
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b
ou

n
d
ed

.
T

h
is
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n
d
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io
n
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lo

w
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th
em

to
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n
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d
er

a
va
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et

y
of

p
er

tu
rb

at
io

n
d
is

tr
ib

u
ti

on
s

b
ey

on
d

th
e

ex
p

on
en

ti
al

,
su

ch
as

G
am

m
a
,

G
u
m

b
el

,
F

re
ch

et
,

P
ar

et
o,

an
d

W
ei

b
u
ll
.

U
n
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rt
u
n
at

el
y,

th
e

b
ou

n
d
ed

h
az

ar
d

ra
te

co
n
d
it

io
n
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v
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te

d
b
y
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o
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th

e
m

o
st

w
id
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y

k
n
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n
d
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u
ti

on
s:

n
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y

th
e

u
n
if
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m

1
an

d
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s.

T
h
er

ef
o
re

,
th

e
re

su
lt

s
of

A
b

er
n
et

h
y

et
al

.
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01
5)
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y
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h
in

g
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ou
t

th
e

re
gr

et
in

cu
rr

ed
in

a
n

a
d
ve
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a
ri
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m

u
lt

i-
ar

m
ed

b
an

d
it

p
ro

b
le

m
w

h
en

w
e

u
se

th
es

e
d
is

tr
ib

u
ti

on
s

(w
it

h
ou

t
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ed

ex
p
lo

ra
ti

o
n
)

to
ge

n
er

at
e

p
er

tu
rb

at
io

n
s.
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t
th
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to

th
e
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ll

in
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n

ex
p

er
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se
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g

w
h
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g
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e
d
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u
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s
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p
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m
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√
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y
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o
p
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√
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g
N

d
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d
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e

d
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e

G
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ss
ia

n
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(A

b
er

n
et

h
y
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al
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2
0
1
4
).

T
h
e

G
au
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n
d
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tr
ib

u
ti

on
h
as
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gh
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r
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s

th
an

th
e

ex
p

on
en
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al

.
T

h
e

h
a
za

rd
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o
f

a
G
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n
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s
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n
ea
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y
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e
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n
e
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n
d
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h
en
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u
n
b

o
u
n
d
ed

)
w

h
er

ea
s

th
e

ex
p

o
n
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-
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h
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a
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n
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t

h
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ar
d

ra
te

.
D

o
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h
av

in
g
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o

li
gh

t
a
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il

m
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e
a

p
er

tu
rb

a
ti

o
n

in
h
er

en
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y
b
ad

?
T

h
e

u
n
if

or
m
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ev

en
w

or
se
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om

a
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gh

t
ta

il
p
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n
t

of
v
ie

w
:

it
h
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b
ou

n
d
ed

su
p
p

o
rt

!
In

fa
ct

,
K

u
ja

la
an

d
E

lo
m

aa
(2

00
5)

h
ad

tr
ou

b
le

d
ea

li
n
g

w
it

h
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

o
n

a
n
d

re
m

ar
ke

d
,

“w
e

fa
il
ed

to
an

al
y
ze

th
e

ex
p

er
t

se
tt

in
g

w
h
en

th
e

p
er

tu
rb

at
io

n
d
is

tr
ib

u
ti

o
n

w
a
s

u
n
if

or
m
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D

o
es

h
av

in
g

a
b

ou
n
d
ed

su
p
p

or
t

m
a
k
e

a
p

er
tu

rb
at

io
n

ev
en

w
or

se
?

O
r

is
it

th
a
t

th
e

h
az

ar
d

ra
te

co
n
d
it

io
n

is
ju

st
a

su
ffi

ci
en

t
co

n
d
it

io
n

w
it

h
ou

t
b

ei
n
g

an
y
w

h
er

e
cl

o
se

to
n
ec

-

1
.

T
h

e
u

n
if

o
rm

d
is

tr
ib

u
ti

o
n

is
a
ls

o
h

is
to

ri
ca

ll
y

si
g
n

ifi
ca

n
t

a
s

it
w

a
s

u
se

d
in

th
e

o
ri

g
in

a
l

F
T

P
L

a
lg

o
ri

th
m

o
f

H
a
n

n
a
n

(1
9
5
7
).
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

essa
ry

fo
r

a
g
o
o
d

regret
b

ou
n
d

to
ex

ist.
T

h
e

an
aly

sis
of

A
b

ern
eth

y
et

al.
(2015

)
su

ggests
th

a
t

p
erh

ap
s

a
b

ou
n
d
ed

h
azard

rate
is

critical.
T

h
ey

ev
en

m
ad

e
th

e
follow

in
g

con
jectu

re.

C
o
n

je
c
tu

re
1

If
a

d
istribu

tio
n
D

h
a
s

a
m

o
n

o
to

n
ica

lly
in

crea
sin

g
h
a
za

rd
ra

te
h
D

(x
)

th
a
t

d
oes

n
o
t

co
n

verge
a
s
x
→

+
∞

(e.g.,
G

a
u

ssia
n

),
th

en
th

ere
is

a
sequ

en
ce

o
f

ga
in

s
th

a
t

ca
u

ses
th

e
co

rrespo
n

d
in

g
F

T
P

L
a
lgo

rith
m

to
in

cu
r

a
t

lea
st

a
lin

ea
r

regret.

T
h
e

m
a
in

co
n
trib

u
tion

of
th

is
p
ap

er
is

to
p
rov

id
e

an
sw

ers
to

th
e

q
u
estion

s
raised

ab
ove.

F
irst,

w
e

sh
ow

th
at

b
ou

n
d
ed

n
ess

of
th

e
h
azard

rate
is

certain
ly

n
ot

a
req

u
irem

en
t

for
a
ch

iev
in

g
su

b
lin

ear
(in

T
)

regret.
B

ou
n
d
ed

su
p
p

ort
d
istrib

u
tion

s,
like

th
e

u
n
iform

,
v
iolate

th
e

b
o
u
n
d
ed

n
ess

con
d
ition

on
th

e
h
azard

rate
in

th
e

m
ost

ex
trem

e
w

ay.
T

h
eir

h
azard

rate
b
low

s
u
p

n
o
t

ju
st

asy
m

p
totically

at
in

fi
n
ity,

as
in

th
e

G
au

ssian
case,

b
u
t

a
s

on
e

ap
p
roach

es
th

e
rig

h
t

ed
g
e

of
th

e
su

p
p

ort.
Y

et,
w

e
can

sh
ow

(C
o
rollary

5)
th

at
u
sin

g
th

e
u
n
iform

d
istrib

u
tio

n
resu

lts
in

a
regret

b
ou

n
d

of
O

((N
T

)
2
/
3).

T
h
is

b
ou

n
d

is
clearly

n
ot

op
tim

al.
B

u
t

o
p
tim

a
lity

is
n
ot

th
e

p
oin

t
h
ere.

W
h
at

is
su

rp
risin

g,
esp

ecia
lly

if
on

e
regard

s
C

on
jectu

re
1

a
s

p
la

u
sib

le,
is

th
at

a
n
on

-triv
ial

su
b
lin

ear
b

o
u
n
d

h
old

s
at

all.
In

fact,
w

e
sh

ow
(C

orollary
6)

th
a
t

u
sin

g
a
n

y
con

tin
u
ou

s
d
istrib

u
tion

w
ith

b
ou

n
d
ed

su
p
p

ort
an

d
b

ou
n
d
ed

d
en

sity
resu

lts
in

a
su

b
lin

ear
regret

b
ou

n
d
.

S
eco

n
d
,
m

ov
in

g
b

eyon
d

b
ou

n
d
ed

su
p
p

ort
d
istrib

u
tion

s
to

on
es

w
ith

u
n
b

ou
n
d
ed

su
p
p

ort,
w

e
settle

C
o
n
jectu

re
1

in
th

e
n
egative.

In
T

h
eo

rem
1
2

w
e

sh
ow

th
at,

in
stead

o
f

su
ff

erin
g

lin
ea

r
reg

ret
a
s

p
red

icted
b
y

C
on

jectu
re

1,
a

p
ertu

rb
ation

algorith
m

u
sin

g
th

e
G

au
ssian

d
istrib

u
tio

n
en

joy
s

a
n
ear

op
tim

al
regret

b
ou

n
d

of
O

( √
N
T

log
N

log
T

).
A

key
in

gred
ien

t
in

o
u
r

a
p
p
ro

a
ch

is
a

n
ew

q
u
an

tity
th

a
t

w
e

call
th

e
gen

era
lized

h
a
za

rd
ra

te
of

a
d
istrib

u
tion

.
W

e
sh

ow
th

a
t

b
ou

n
d
ed

gen
eralized

h
a
za

rd
rate

is
en

ou
gh

to
gu

aran
tee

su
b
lin

ear
regret

in
T

(T
h
eo

rem
8).

F
in

a
lly,

w
e

in
vestigate

th
e

relation
sh

ip
b

etw
een

tail
b

eh
av

ior
of

ran
d
om

p
ertu

rb
ation

s
a
n
d

th
e

reg
ret

th
ey

in
d
u
ce.

W
e

sh
ow

th
at

h
eav

y
tails,

alon
g

w
ith

som
e

fairly
m

ild
assu

m
p
-

tio
n
s,

g
u
aran

tee
a

b
ou

n
d
ed

h
azard

rate
(T

h
eorem

15)
an

d
h
en

ce
p
rev

iou
s

resu
lts

can
y
ield

reg
ret

b
o
u
n
d
s

for
th

ese
p

ertu
rb

ation
s.

H
ow

ever,
ligh

t
tails

can
fail

to
h
av

e
a

b
ou

n
d
ed

h
az-

a
rd

ra
te.

N
everth

eless,
w

e
sh

ow
th

at
u
n
d
er

reason
ab

le
con

d
ition

s,
ligh

t
ta

iled
d
istrib

u
tion

s
d
o

h
av

e
a

b
o
u
n
d
ed

gen
era

lized
h
azard

rate
(T

h
eorem

16).
T

h
is

resu
lt

allow
s

u
s

to
sh

ow
th

at
rea

so
n
a
b
ly

b
eh

aved
ligh

t-tailed
d
istrib

u
tion

s
lead

to
n
ear

op
tim

al
reg

ret
(C

oro
llary

17).
In

p
a
rticu

la
r,

th
e

ex
p

on
en

tial
p

ow
er

(or
gen

eralized
n
orm

al)
fam

ily
of

d
istrib

u
tion

s
y
ield

s
n
ear

o
p
tim

a
l

reg
ret

(T
h
eorem

19)

2
.
F
o
llo

w
th

e
P
e
rtu

rb
e
d
L
e
a
d
e
r
A
lg
o
rith

m
fo
r
B
a
n
d
its

R
eca

ll
th

e
settin

g
of

th
e

ad
versarial

m
u
lti-arm

ed
b
an

d
it

p
ro

b
lem

(A
u
er

et
al.,

2
002).

A
n

a
d
versa

ry
(o

r
N

atu
re)

ch
o
oses

gain
vectors

g
t ∈

[−
1,0] N

for
1
≤
t≤

T
ah

ead
of

th
e

gam
e.

S
u
ch

a
n

a
d
versary

is
called

o
blivio

u
s.

A
t

rou
n
d
t

=
1,...,T

in
a

rep
eated

gam
e,

th
e

learn
er

m
u
st

ch
o
o
se

a
d
istrib

u
tion

p
t ∈

∆
N

over
th

e
set

of
N

availab
le

arm
s

(or
action

s).
T

h
e

lea
rn

er
p
lay

s
a
ction

it
sam

p
led

accord
in

g
to
p
t

an
d

accu
m

u
lates

th
e

gain
s
g
t,it ∈

[−
1,0].

T
h
e

lea
rn

er
o
b
serves

on
ly
g
t,it

an
d

receives
n
o

in
form

ation
ab

ou
t

th
e

valu
es
g
t,j

for
j6=

it .
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L
i
a
n
d

T
e
w
a
r
i

T
h
e

learn
er’s

goal
is

to
m

in
im

ize
th

e
regret.

R
egret

is
d
efi

n
ed

to
b

e
th

e
d
iff

eren
ce

in
th

e
realized

gain
s

an
d

th
e

gain
s

of
th

e
b

est
fi
x
ed

action
in

h
in

d
sig

h
t:

R
egret

T
:=

m
ax

i∈
[N

]

T
∑t=

1 (g
t,i −

g
t,it ).

T
o

b
e

p
recise,

w
e

con
sid

er
th

e
expected

regret,
w

h
ere

th
e

ex
p

ectation
is

taken
w

ith
resp

ect
to

th
e

learn
er’s

ra
n
d
om

ization
.

N
ote

th
at,

u
n
d
er

an
ob

liv
iou

s
ad

versary,
th

e
on

ly
ran

d
om

variab
les

in
th

e
ab

ove
ex

p
ression

are
th

e
action

s
it

of
th

e
learn

er.
F

or
con

ven
ien

ce,
d
efi

n
e

th
e

cu
m

u
lativ

e
gain

v
ectors

G
t ,t

=
1,2

,...,T
b
y

G
t

:=
t
∑s=

1

g
s .

2
.1

T
h

e
G

ra
d

ie
n
t-B

a
se

d
A

lg
o
rith

m
ic

T
e
m

p
la

te

W
e

w
ill

con
sid

er
th

e
algorith

m
ic

tem
p
late

d
escrib

ed
in

F
ram

ew
ork

1,
w

h
ich

is
th

e
G

rad
ien

t
B

ased
P

red
iction

A
lgorith

m
(G

B
P

A
)

(see,
for

ex
am

p
le,

A
b

ern
eth

y
et

al.
(2015)).

L
et

∆
N

b
e

th
e

(N
−

1)-d
im

en
sion

al
p
rob

ab
ility

sim
p
lex

in
R
N

.
D

en
ote

th
e

sta
n
d
ard

b
asis

vector
alon

g
th

e
ith

d
im

en
sion

b
y

e
i .

A
t

an
y

rou
n
d
t,

th
e

action
ch

oice
it

is
m

ad
e

b
y

sam
p
lin

g
from

th
e

d
istrib

u
tion

p
t

w
h
ich

is
ob

ta
in

ed
b
y

ap
p
ly

in
g

th
e

grad
ien

t
of

a
con

vex
fu

n
ction

Φ̃
to

th
e

estim
ate

Ĝ
t−

1
of

th
e

cu
m

u
lativ

e
gain

vector
so

far.
T

h
e

ch
oice

of
Φ̃

is
fl
ex

ib
le

b
u
t

it
m

u
st

b
e

a
d
iff

eren
tiab

le
con

vex
fu

n
ction

su
ch

th
at

its
grad

ien
t

is
alw

ay
s

in
∆
N

.

N
ote

th
at

w
e

d
o

n
ot

req
u
ire

th
e

ran
ge

of∇
Φ̃

b
e

con
tain

ed
in

th
e

in
terio

r
of

th
e

p
rob

a-
b
ility

sim
p
lex

.
If

w
e

req
u
ired

th
e

grad
ien

t
to

lie
in

th
e

in
terior,

w
e

w
ou

ld
n
ot

b
e

ab
le

to
d
eal

w
ith

b
ou

n
d
ed

su
p
p

ort
d
istrib

u
tion

s
su

ch
as

th
e

u
n
iform

d
istrib

u
tion

.
E

ven
th

ou
gh

som
e

en
-

tries
of

th
e

p
rob

ab
ility

vector
p
t

m
ig

h
t

b
e

0,
th

e
estim

ation
step

is
alw

ay
s

w
ell

d
efi

n
ed

sin
ce

p
t,it

>
0.

B
u
t

allow
in

g
p
t,i

to
b

e
zero

m
ean

s
th

at
ĝ
t

is
n
ot

ex
actly

an
u
n
b
iased

estim
ator

of
g
t .

In
stead

,
it

is
an

u
n
b
iased

estim
ator

o
n

th
e

su
p
p

ort
o
f
p
t .

T
h
at

is,E
[ĝ
t,i |i1

:t−
1 ]

=
g
t,i

for
an

y
i

su
ch

th
at
p
t,i
>

0.
H

ere,
i1

:t−
1

is
sh

orth
an

d
for

i1 ,...,it−
1 .

T
h
erefo

re,
irresp

ective
of

w
h
eth

er
p
t,i

=
0

or
n
ot,

w
e

alw
ay

s
h
ave

E
[p
t,i ĝ

t,i |i1
:t−

1 ]
=
p
t,i g

t,i .
(1)

W
h
en

p
t,i

=
0,

w
e

h
ave

ĝ
t,i

=
0

b
u
t
g
t,i ≤

0,
w

h
ich

m
ean

s
th

at
ĝ
t

overestim
ates

g
t

ou
tsid

e
th

e
su

p
p

ort
of
p
t .

H
en

ce,
w

e
also

h
aveE

[ĝ
t |i1

:t−
1 ]�

g
t ,

(2)

w
h
ere
�

m
ean

s
elem

en
t-w

ise
greater

th
an

.

W
e

n
ow

p
resen

t
a

b
asic

resu
lt

b
ou

n
d
in

g
th

e
ex

p
ected

regret
of

G
B

P
A

in
th

e
m

u
lti-arm

ed
b
an

d
it

settin
g.

It
is

b
asically

ju
st

a
sim

p
le

m
o
d
ifi

cation
of

th
e

argu
m

en
ts

in
A

b
ern

eth
y

et
al.

(2015)
to

d
eal

w
ith

th
e

p
ossib

ility
th

at
p
t,i

=
0.

W
e

state
an

d
p
rov

e
th

is
resu

lt
h
ere

for
com

p
leten

ess
w

ith
ou

t
m

ak
in

g
an

y
claim

of
n
ov

elty.
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

F
ra

m
e
w

o
rk

1
:

G
ra

d
ie

n
t-

B
as

ed
P

re
d
ic

ti
on

A
lg

.
(G

B
P

A
)

T
em

p
la

te
fo

r
M

u
lt

i-
A

rm
ed

B
an

d
it

s.

G
B

P
A

(Φ̃
):

Φ̃
is

a
d
iff

er
en

ti
ab

le
co

n
ve

x
fu

n
ct

io
n

su
ch

th
at
∇

Φ̃
∈

∆
N

N
a
tu

re
:

A
d
ve

rs
ar

y
ch

o
os

es
ga

in
ve

ct
or

s
g t
∈

[−
1
,0

]N
fo

r
t

=
1,
..
.,
T

L
ea

rn
er

in
it

ia
li
ze

s
Ĝ

0
=

0
fo

r
t

=
1

to
T

d
o

S
a
m

p
li
n

g
:

L
ea

rn
er

ch
o
os

es
i t

a
cc

or
d
in

g
to

th
e

d
is

tr
ib

u
ti

on
p
t

=
∇

Φ̃
(Ĝ

t−
1
)

C
o
st

:
L

ea
rn

er
in

cu
rs

(a
n
d

ob
se

rv
es

)
ga

in
g t
,i
t
∈

[−
1,

0]
E

st
im

a
ti

o
n

:
L

ea
rn

er
cr

ea
te

s
es

ti
m

at
e

of
ga

in
ve

ct
or
ĝ t

:=
g
t,
i t

p
t,
i t

e
i t

U
p

d
a
te

:
C

u
m

u
la

ti
ve

ga
in

es
ti

m
at

e
so

fa
r
Ĝ
t

=
Ĝ
t−

1
+
ĝ t

e
n

d
fo

r

L
e
m

m
a

1
(D

e
c
o
m

p
o
si

ti
o
n

o
f

th
e

E
x
p

e
c
te

d
R

e
g
re

t)
D

efi
n

e
th

e
n

o
n

-s
m

oo
th

po
te

n
ti

a
l

Φ
(G

)
=

m
ax

i
G
i.

T
h
e

ex
pe

ct
ed

re
gr

et
o
f

G
B

P
A

(Φ̃
)

ca
n

be
w

ri
tt

en
a
s

ER
eg

re
t T

=
Φ

(G
T

)
−

E

[
T ∑ t=

1

〈p
t,
g t
〉] .

(3
)

F
u

rt
h
er

m
o
re

,
th

e
ex

pe
ct

ed
re

gr
et

o
f

G
B

P
A

(Φ̃
)

ca
n

be
bo

u
n

d
ed

by
th

e
su

m
o
f

a
n

o
ve

re
st

im
a
-

ti
o
n

,
a
n

u
n

d
er

es
ti

m
a
ti

o
n

,
a
n

d
a

d
iv

er
ge

n
ce

pe
n

a
lt

y:

ER
eg

re
t T
≤

Φ̃
(0

)
︸︷
︷︸

o
ve
re
st
im

a
ti
o
n
pe
n
a
lt
y

+
E

  
Φ

(Ĝ
T

)
−

Φ̃
(Ĝ

T
)

︸
︷︷

︸
u
n
d
er
es
ti
m
a
ti
o
n
pe
n
a
lt
y

  
+

E

  
T ∑ t=

1

E[
D

Φ̃
(Ĝ

t,
Ĝ
t−

1
)|i

1
:t
−

1
]

︸
︷︷

︸
d
iv
er
ge
n
ce

pe
n
a
lt
y

  
,

w
h
er

e
th

e
ex

pe
ct

a
ti

o
n

s
a
re

o
ve

r
th

e
sa

m
p
li

n
g

o
f
i t

a
n

d
D

Φ̃
is

th
e

B
re

gm
a
n

d
iv

er
ge

n
ce

in
d
u

ce
d

by
Φ̃

.

P
ro

o
f

F
ir

st
,

n
ot

e
th

at
th

e
re

gr
et

,
b
y

d
efi

n
it

io
n
,

is

R
eg

re
t T

=
Φ

(G
T

)
−

T ∑ t=
1

〈e
i t
,g
t〉
.

U
n
d
er

an
ob

li
v
io

u
s

ad
ve

rs
ar

y,
on

ly
th

e
su

m
m

at
io

n
on

th
e

ri
gh

t
h
an

d
si

d
e

is
ra

n
d
om

.
M

or
e-

ov
er

E[
〈e
i t
,g
t〉
|i 1

:t
−

1
]

=
〈p
t,
g t
〉.

T
h
is

p
ro

ve
s

th
e

cl
ai

m
in

(3
).

F
ro

m
(1

),
w

e
k
n
ow

th
at

E[
〈p
t,
ĝ t
〉|
i 1

:t
−

1
]

=
〈p
t,
g t
〉e

ve
n

if
so

m
e

en
tr

ie
s

in
p
t

m
ig

h
t

b
e

ze
ro

.
T

h
er

ef
or

e,
w

e
h
av

e

ER
eg

re
t T

=
Φ

(G
T

)
−

E

[
T ∑ t=

1

〈p
t,
ĝ t
〉] .

(4
)

F
ro

m
(2

),
w

e
k
n
ow

th
at
G
T
≤

E[
Ĝ
T

].
T

h
is

im
p
li
es

Φ
(G

T
)
≤

Φ
(E

[Ĝ
T

])
≤

E[
Φ

(Ĝ
T

)]
,

(5
)
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8(
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3)

:1
-2

4,
 2

01
8

L
i
a
n
d

T
e
w
a
r
i

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

is
b

ec
au

se
G
�
G
′ ⇒

Φ
(G

)
≥

Φ
(G
′ )

,
an

d
th

e
se

co
n
d

in
eq

u
a
li
ty

is
d
u
e

to
th

e
co

n
ve

x
it

y
of

Φ
.

P
lu

gg
in

g
(5

)
in

to
(4

)
y
ie

ld
s

ER
eg

re
t T
≤

E

[ Φ
(Ĝ

T
)
−

T ∑ t=
1

〈p
t,
ĝ t
〉] .

(6
)

N
ow

,
re

ca
ll
in

g
th

e
d
efi

n
it

io
n

of
B

re
gm

an
d
iv

er
ge

n
ce

D
Φ̃

(Ĝ
t,
Ĝ
t−

1
)

=
Φ̃

(Ĝ
t)
−

Φ̃
(Ĝ

t−
1
)
−
〈 ∇

Φ̃
(Ĝ

t−
1
),
Ĝ
t
−
Ĝ
t−

1

〉
,

w
e

ca
n

w
ri

te
,

−
T ∑ t=

1

〈p
t,
ĝ t
〉=
−

T ∑ t=
1

〈 ∇
Φ̃

(Ĝ
t−

1
),
ĝ t

〉

=
−

T ∑ t=
1

〈 ∇
Φ̃

(Ĝ
t−

1
),
Ĝ
t
−
Ĝ
t−

1

〉

=
T ∑ t=

1

( D
Φ̃

(Ĝ
t,
Ĝ
t−

1
)

+
Φ̃

(Ĝ
t−

1
)
−

Φ̃
(Ĝ

t)
)

=
Φ̃

(Ĝ
0
)
−

Φ̃
(Ĝ

T
)

+
T ∑ t=

1

D
Φ̃

(Ĝ
t,
Ĝ
t−

1
).

(7
)

T
h
e

p
ro

of
en

d
s

b
y

p
lu

gg
in

g
(7

)
in

to
(6

)
an

d
n
ot

in
g

th
at

Φ̃
(Ĝ

0
)

=
Φ̃

(0
)

is
n
o
t

ra
n
d
o
m

.

2
.2

S
to

ch
a
st

ic
S

m
o
o
th

in
g

o
f

P
o
te

n
ti

a
l

F
u

n
c
ti

o
n

L
et
D

b
e

a
co

n
ti

n
u
ou

s
d
is

tr
ib

u
ti

on
w

it
h

fi
n
it

e
ex

p
ec

ta
ti

on
,

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
f

,
an

d
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n
F

.
C

on
si

d
er

G
B

P
A

w
it

h
p

ot
en

ti
al

fu
n
ct

io
n

o
f

th
e

fo
rm

:
Φ̃

(G
;D

)
=

E Z
1
,.
..
,Z
N

i.
i.
d ∼
D

Φ
(G

+
Z

),
(8

)

w
h
ic

h
is

a
st

oc
h
a
st

ic
sm

oo
th

in
g

of
th

e
n
on

-s
m

o
ot

h
fu

n
ct

io
n

Φ
(G

)
=

m
ax

i
G
i.

N
o
te

th
a
t

Z
=

(Z
1
,.
..
,Z

N
)
∈

R
N

.
W

e
w

il
l

of
te

n
h
id

e
th

e
d
ep

en
d
en

ce
on

th
e

d
is

tr
ib

u
ti

o
n
D

if
th

e
d
is

tr
ib

u
ti

on
is

ob
v
io

u
s

fr
om

th
e

co
n
te

x
t

or
w

h
en

th
e

d
ep

en
d
en

ce
on
D

is
n
ot

o
f

im
p

o
rt

a
n
ce

in
th

e
ar

gu
m

en
t.

S
in

ce
Φ

is
co

n
ve

x
,

Φ̃
is

al
so

co
n
ve

x
.

F
or

st
o
ch

as
ti

c
sm

o
o
th

in
g
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
to

co
n
tr

ol
th

e
u
n
d
er

es
ti

m
at

io
n

an
d

ov
er

es
ti

m
a
ti

on
p

en
a
lt

y.

L
e
m

m
a

2
F

o
r

a
n

y
G

,
w

e
h
a
ve

Φ
(G

)
+

E[
Z

1
]
≤

Φ̃
(G

)
≤

Φ
(G

)
+
E
M
A
X

(N
),

w
h
er

e
E
M
A
X

(N
)

is
a
n

y
fu

n
ct

io
n

su
ch

th
a
t

E Z
1
,.
..
,Z
N

[m
ax i
Z
i]
≤
E
M
A
X

(N
).
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

In
pa

rticu
la

r,
th

is
im

p
lies

th
a
t

th
e

o
verestim

a
tio

n
pen

a
lty

Φ̃
(0)

is
u

p
per

bo
u

n
d
ed

by
Φ

(0)
+

E
M
A
X

(N
)

=
E
M
A
X

(N
)

a
n

d
th

e
u

n
d
erestim

a
tio

n
pen

a
lty

Φ
(Ĝ

T
)−

Φ̃
(Ĝ

T
)

is
u

p
per

bo
u

n
d
ed

by
−
E

[Z
1 ].

P
ro

o
f

W
e

h
ave,

Φ
(G

)
+

E
[Z

1 ]
=

m
ax
i
G
i
+

E
[Z
i ]

=
m

ax
i

(G
i
+

E
[Z
i ])

≤
E

[m
ax
i

(G
i
+
Z
i )]

=
Φ̃

(G
)

≤
E

[m
ax
i
G
i
+

m
ax
i
Z
i ]

=
m

ax
i
G
i
+

E
[m

ax
i
Z
i ]

=
Φ

(G
)

+
E

[m
ax
i
Z
i ].

N
o
tin

g
th

at
E

[m
ax

i Z
i ]≤

E
M
A
X

(N
)

fi
n
ish

es
th

e
p
ro

of.

O
b
serve

th
a
t

Φ
(G

+
Z

)
as

a
fu

n
ction

of
G

is
d
iff

eren
tiab

le
w

ith
p
rob

ab
ility

1
(u

n
d
er

th
e

ra
n
d
o
m

n
ess

of
th

e
Z
i ’s)

d
u
e

to
th

e
fact

th
at
Z
i ’s

are
ran

d
om

variab
les

w
ith

a
d
en

sity.
B

y
P

ro
p

o
sitio

n
2
.3

of
B

ertsekas
(1973),

w
e

can
sw

ap
th

e
ord

er
of

d
iff

eren
tiation

an
d

ex
p

ecta
tion

:

∇
Φ̃

(G
;D

)
=

E
Z
1
,...,Z

N
i.i.d
∼
D
e
i ∗,

w
h
ere

i ∗
=

arg
m

ax
i=

1
,...,N
{G

i
+
Z
i }
.

N
o
te

th
a
t,

fo
r

a
n
y
G

,
th

e
ran

d
om

in
d
ex
i ∗

is
u
n
iq

u
e

w
ith

p
rob

a
b
ility

1.
H

en
ce,

ties
b

etw
een

a
rm

s
ca

n
b

e
resolved

arb
itrarily.

It
is

clear
from

ab
ove

th
at∇

Φ̃
,

b
ein

g
an

ex
p

ectation
of

vecto
rs

in
th

e
p
rob

ab
ility

sim
p
lex

,
is

in
th

e
p
rob

ab
ility

sim
p
lex

.
T

h
u
s,

it
is

a
valid

p
o
ten

tial
to

b
e

u
sed

in
F

ram
ew

ork
1.

N
ow

w
e

d
eriv

e
an

id
en

tity
to

w
rite

th
e

grad
ien

t
of

th
e

sm
o
oth

ed
p

o
ten

tia
l

fu
n
ction

in
term

s
of

th
e

ex
p

ectation
of

th
e

cu
m

u
lative

d
istrib

u
tion

fu
n
ctio

n
,

∇
i Φ̃

(G
)

=
∂

Φ̃

∂
G
i

=
E
Z
1
,...,Z

N
1{G

i
+
Z
i
>
G
j

+
Z
j ,∀

j6=
i}

=
E
G̃
−
i [P

Z
i [Z

i
>
G̃
−
i −

G
i ]]

=
E
G̃
−
i [1−

F
(G̃
−
i −

G
i )]

w
h
ere

G̃
−
i

=
m

ax
j6=
i G

j
+
Z
j .

IfD
h
as

u
n
b

ou
n
d
ed

su
p
p

ort
th

en
th

is
p
artial

d
erivative

is
n
o
n
-zero

fo
r

all
i

given
an

y
G

.
H

ow
ever,

it
can

b
e

zero
ifD

h
as

b
ou

n
d
ed

su
p
p

ort.
S
im

ilarly,
w

e
h
ave

th
e

fo
llow

in
g

u
sefu

l
id

en
tity

th
at

w
rites

th
e

d
iagon

al
of

th
e

H
essian

of
th

e
sm

o
oth

ed
p

o
ten

tia
l

fu
n
ction

in
term

s
of

th
e

ex
p

ectation
of

th
e

p
rob

ab
ility

d
en

sity
fu

n
ction

.

∇
2ii Φ̃

(G
)

=
∂

∂
G
i ∇

i Φ̃
(G

)
=

∂

∂
G
i E

G̃
−
i [1−

F
(G̃
−
i −

G
i )]

=
E
G̃
−
i [

∂

∂
G
i (1−

F
(G̃
−
i −

G
i )) ]

=
E
G̃
−
i f

(G̃
−
i −

G
i ).

(9)

2
.3

C
o
n

n
e
c
tio

n
to

F
o
llo

w
th

e
P

e
rtu

rb
e
d

L
e
a
d

e
r

T
h
e

sa
m

p
lin

g
step

of
F

ram
ew

ork
1

w
ith

a
sto

ch
astically

sm
o
oth

ed
Φ

as
th

e
p

oten
tial

Φ̃
(E

q
u
atio

n
8
)

ca
n

b
e

d
on

e
effi

cien
tly.

In
stea

d
of

evalu
atin

g
th

e
ex

p
ectation

(E
q
u
ation

2.2),
w

e
ju

st
ta

ke
a

ran
d
om

sam
p
le.

D
oin

g
so

gives
u
s

an
eq

u
ivalen

t
of

F
ollow

th
e

P
ertu

rb
ed

L
ea

d
er

A
lg

o
rith

m
(F

T
P

L
)

(K
alai

an
d

V
em

p
ala,

20
05)

ap
p
lied

to
th

e
b
an

d
it

settin
g.

O
n

th
e

7
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L
i
a
n
d

T
e
w
a
r
i

oth
er

h
an

d
,

th
e

estim
ation

step
is

h
ard

b
ecau

se
gen

erally
th

ere
is

n
o

closed
-form

ex
p
ression

for∇
Φ̃

.

T
o

ad
d
ress

th
is

issu
e,

N
eu

an
d

B
artók

(2013
)

p
ro

p
osed

G
eom

etric
R

esam
p
lin

g
(G

R
),

an
iterativ

e
resam

p
lin

g
p
ro

cess
to

estim
ate
∇

Φ̃
(w

ith
b
ias).

T
h
ey

sh
ow

ed
th

at
th

e
ex

tra
regret

after
stop

p
in

g
at
M

iteration
s

of
G

R
in

tro
d
u
ces

an
estim

ation
b
ias

th
at

is
at

m
ost

N
T

eM
as

an
ad

d
itive

term
.

T
h
at

is,
all

G
B

P
A

regret
b

ou
n
d
s

th
at

w
e

p
rove

w
ill

h
old

for
th

e
corresp

on
d
in

g
F

T
P

L
algorith

m
th

at
d
o
es
M

iteration
s

o
f

G
R

at
every

tim
e

step
,

w
ith

an
ex

tra
ad

d
itive

N
T

eM
term

.
T

h
is

ex
tra

term
d
o
es

n
ot

aff
ect

th
e

regret
rate

as
lon

g
as

M
=
√
N
T

,
b

ecau
se

th
e

low
er

b
ou

n
d

for
an

y
ad

versarial
m

u
lti-arm

ed
b
an

d
it

algorith
m

is
of

th
e

ord
er √

N
T

.

2
.4

T
h

e
R

o
le

o
f

th
e

H
a
z
a
rd

R
a
te

a
n

d
Its

L
im

ita
tio

n

In
p
rev

iou
s

w
ork

,
A

b
ern

eth
y

et
al.

(2015)
p
roved

th
at

fo
r

a
con

tin
u
ou

s
ran

d
om

variab
le
Z

w
ith

fi
n
ite

an
d

n
on

n
egative

ex
p

ectation
an

d
su

p
p

ort
on

th
e

w
h
ole

real
lin

e
R

,
if

th
e

h
azard

rate
of

th
e

ran
d
om

variab
le

is
b

ou
n
d
ed

,
i.e.,

su
pz

f
(z

)

1−
F

(z
)
<
∞
,

th
en

th
e

ex
p

ected
regret

of
G

B
P

A
can

b
e

u
p
p

er
b

ou
n
d
ed

as

E
R

egret
T

=
O
(√

N
T
×
E
M
A
X

(N
) )
.

C
om

m
on

fam
ilies

of
d
istrib

u
tion

s
w

h
ose

regret
can

b
e

co
n
trolled

in
th

is
w

ay
in

clu
d
e

G
u
m

b
el,

F
rech

et,
W

eib
u
ll,

P
areto,

an
d

G
am

m
a

(see
A

b
ern

eth
y

et
al.

(2015)
for

d
etails).

H
ow

ev
er,

th
ere

are
m

an
y

oth
er

fam
ilies

of
d
istrib

u
tion

s
w

h
ere

th
e

h
azard

rate
con

d
ition

fails.
F

or
ex

am
p
le,

if
th

e
ran

d
om

variab
le

h
as

a
b

ou
n
d
ed

su
p
p

ort,
th

en
th

e
h
azard

rate
w

ou
ld

certain
ly

ex
p
lo

d
e

at
th

e
en

d
of

th
e

su
p
p

ort.
T

h
is

is,
in

som
e

sen
se,

an
ex

trem
e

case
of

v
iolation

b
ecau

se
th

e
ran

d
om

variab
le

d
o
es

n
ot

even
h
ave

a
tail.

T
h
ere

are
also

som
e

ran
d
om

variab
les

th
at

d
o

h
ave

su
p
p

ort
on

R
b
u
t

h
ave

u
n
b

ou
n
d
ed

h
azard

rate,
e.g.,

G
au

ssian
,
w

h
ere

th
e

h
azard

rate
m

on
oton

ically
in

creases
to

in
fi
n
ity.

H
ow

can
w

e
p

erform
an

aly
ses

of
th

e
ex

p
ected

regret
of

G
B

P
A

u
sin

g
th

ose
ran

d
om

variab
les

as
p

ertu
rb

ation
s?

T
o

ad
d
ress

th
ese

issu
es,

w
e

n
eed

to
go

b
ey

on
d

th
e

h
azard

rate.

3
.
P
e
rtu

rb
a
tio

n
s
w
ith

B
o
u
n
d
e
d
S
u
p
p
o
rt

In
th

is
section

,
w

e
p
rove

th
at

G
B

P
A

w
ith

an
y

con
tin

u
ou

s
d
istrib

u
tion

th
at

h
as

b
ou

n
d
ed

su
p
p

ort
an

d
b

ou
n
d
ed

d
en

sity
en

joy
s

su
b
lin

ear
ex

p
ected

regret.
F

rom
L

em
m

a
1

w
e

see
th

at
th

e
ex

p
ected

regret
can

b
e

u
p
p

er
b

ou
n
d
ed

b
y

th
e

su
m

of
th

ree
term

s.
T

h
e

overestim
ation

p
en

alty
can

b
e

b
ou

n
d
ed

very
easily

v
ia

L
em

m
a

2
for

a
d
istrib

u
tion

w
ith

b
o
u
n
d
ed

su
p
p

ort.
T

h
e

u
n
d
erestim

ation
p

en
alty

is
n
on

-p
ositive

as
lon

g
as

th
e

d
istrib

u
tion

h
as

n
on

-n
egative

ex
p

ectation
.

T
h
e

on
ly

term
th

at
n
eed

s
to

b
e

con
trolled

w
ith

som
e

eff
ort

is
th

e
d
iv

ergen
ce

p
en

alty.

W
e

fi
rst

p
resen

t
a

gen
eral

lem
m

a
th

at
allow

s
u
s

to
w

rite
th

e
d
ivergen

ce
p

en
alty

for
a

sto
ch

astically
sm

o
oth

ed
p

oten
tial

Φ̃
as

a
su

m
in

volv
in

g
certain

d
ou

b
le

in
tegrals.
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

L
e
m

m
a

3
W

h
en

u
si

n
g

a
st

oc
h
a
st

ic
a
ll

y
sm

oo
th

ed
po

te
n

ti
a
l

a
s

in
(8

),
th

e
d
iv

er
ge

n
ce

pe
n

a
lt

y
ca

n
be

w
ri

tt
en

a
s

E
[ D

Φ̃
(Ĝ

t,
Ĝ
t−

1
)|i

1
:t
−

1

] =
∑

i∈
su

p
p
(p
t
)

p
t,
i

∫
∣ ∣ ∣ ∣g
t,
i

p
t,
i

∣ ∣ ∣ ∣

0
E Ĝ
−
i

[ ∫
s

0
f

(Ĝ
−
i
−
Ĝ
t−

1
,i

+
r)
d
r] d

s
(1

0)

w
h
er

e
p
t

=
∇

Φ̃
(Ĝ

t−
1
),
Ĝ
−
i

=
m

ax
j6=
i
Ĝ
t−

1
,j

+
Z
j

a
n

d
su

p
p
(p
t)

=
{i

:
p
t,
i
>

0
}.

P
ro

o
f

T
o

re
d
u
ce

cl
u
tt

er
,

w
e

d
ro

p
th

e
ti

m
e

su
b
sc

ri
p
ts

:
w

e
u
se
Ĝ

to
d
en

ot
e

th
e

cu
m

u
la

ti
v
e

es
ti

m
at

e
Ĝ
t−

1
,
ĝ

to
d
en

ot
e

th
e

m
ar

gi
n
al

es
ti

m
at

e
ĝ t

=
Ĝ
t
−
Ĝ
t−

1
,
p

to
d
en

ot
e
p
t,

an
d
g

to
d
en

ot
e

th
e

tr
u
e

ga
in
g t

.
N

ot
e

th
at

b
y

d
efi

n
it

io
n

of
F

ra
m

ew
or

k
1,
ĝ

is
a

sp
ar

se
ve

ct
or

w
it

h
on

e
n
on

-z
er

o
an

d
n
on

-p
os

it
iv

e
co

or
d
in

at
e
ĝ i
t

=
g i
t
/p
i t

=
−
|g i

t
/p
i t
|.

M
or

eo
ve

r,
co

n
d
it

io
n
ed

on
i 1

:t
−

1
,
i t

ta
ke

s
va

lu
e
i

w
it

h
p
ro

b
ab

il
it

y
p
i.

F
or

an
y
i
∈

su
p
p
(p

),
le

t

h
i(
r)

=
D

Φ̃
(Ĝ
−
re
i,
Ĝ

),

so
th

at
h
′ i(
r)

=
−
∇
iΦ̃
( Ĝ
−
re
i)

+
∇
iΦ̃
( Ĝ
)

an
d
h
′′ i(
r)

=
∇

2 ii
Φ̃
( Ĝ
−
re
i) .

N
ow

w
e

w
ri

te
:

E[
D

Φ̃
(Ĝ

+
ĝ
,Ĝ

)|i
1
:t
−

1
]

=
∑

i∈
su

p
p

(p
)

p
iD

Φ̃
(Ĝ

+
g i
/p
ie
i,
Ĝ

)
=

∑

i∈
su

p
p

(p
)

p
iD

Φ̃
(Ĝ
−
|g i
/p
i|e

i,
Ĝ

)

=
∑

i∈
su

p
p

(p
)

p
ih
i(
|g i
/p
i|)

=
∑

i∈
su

p
p

(p
)

p
i

∫
|g
i
/
p
i
|

0

∫
s

0
h
′′ i(
r)
d
r
d
s

=
∑

i∈
su

p
p

(p
)

p
i

∫
|g
i
/
p
i
|

0

∫
s

0
∇

2 ii
Φ̃
( Ĝ
−
re
i) d

r
d
s

=
∑

i∈
su

p
p

(p
)

p
i

∫
|g
i
/
p
i
|

0

∫
s

0
E Ĝ
−
i
f

(Ĝ
−
i
−
Ĝ
i
+
r)
d
r
d
s

=
∑

i∈
su

p
p

(p
t
)

p
t,
i

∫
|g
i
/
p
i
|

0
E Ĝ
−
i

[ ∫
s

0
f

(Ĝ
−
i
−
Ĝ
i
+
r)
d
r] d

s.

T
h
e

se
co

n
d

eq
u
al

it
y

on
th

e
fi
rs

t
li
n
e

im
p
li
ci

tl
y

u
se

d
th

e
as

su
m

p
ti

on
th

at
g i
≤

0,
i.
e.

,
th

e
“g

ai
n
s”

ar
e

n
on

-p
os

it
iv

e.
T

h
e

se
co

n
d

eq
u
a
li
ty

on
th

e
se

co
n
d

li
n
e

u
se

d
th

at
h
i(

0)
=

0,
an

d
th

e
eq

u
al

it
y

on
th

e
fo

u
rt

h
li
n
e

u
se

d
E

q
u
at

io
n

(9
).

N
ot

e
th

at
ea

ch
su

m
m

an
d

in
th

e
d
iv

er
ge

n
ce

p
en

al
ty

ex
p
re

ss
io

n
ab

ov
e

in
vo

lv
es

an
in

te
gr

al
of

th
e

d
en

si
ty

fu
n
ct

io
n

of
th

e
d
is

tr
ib

u
ti

on
D

ov
er

an
in

te
rv

al
.

T
h
e

m
a
in

id
ea

to
co

n
tr

o
l

th
e

d
iv

er
ge

n
ce

p
en

al
ty

fo
r

a
b

ou
n
d
ed

su
p
p

or
t

d
is

tr
ib

u
ti

on
is

to
tr

u
n
ca

te
th

e
in

te
rv

al
at

th
e

en
d

of
th

e
su

p
p

or
t.

F
or

p
oi

n
ts

th
at

ar
e

cl
os

e
to

th
e

en
d

o
f

th
e

su
p
p

or
t,

w
e

b
ou

n
d

th
e

in
te

gr
al

b
y

th
e

p
ro

d
u
ct

of
th

e
b

ou
n
d

on
th

e
d
en

si
ty

an
d

th
e

in
te

rv
al

le
n
gt

h
.

F
or

p
oi

n
ts

th
a
t

ar
e

fa
r

fr
om

th
e

en
d

of
th

e
su

p
p

or
t,

w
e

b
ou

n
d

th
e

in
te

gr
al

th
ro

u
gh

th
e

h
az

ar
d

ra
te

as
w

as
d
on

e
b
y

A
b

er
n
et

h
y

et
al

.
(2

01
5)

.
F

or
a

ge
n
er

al
co

n
ti

n
u
ou

s
ra

n
d
om

va
ri

ab
le
Z

w
it

h
b

ou
n
d
ed

d
en

si
ty

,
b

ou
n
d
ed

su
p
p

or
t,

w
e

fi
rs

t
sh

if
t

it
(w

h
ic

h
ob

v
io

u
sl

y
d
o
es

n
ot

ch
an

ge
th

e
d
is

tr
ib

u
ti

on
of

th
e

ra
n
d
om

ac
ti

on
ch

oi
ce
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L
i
a
n
d

T
e
w
a
r
i

i t
an

d
h
en

ce
th

e
ex

p
ec

te
d

re
gr

et
)

an
d

sc
al

e
it

so
th

at
th

e
su

p
p

or
t

is
a

su
b
se

t
o
f

[0
,1

]
w

it
h

su
p
{z

:
F

(z
)

=
0}

=
0

an
d

in
f{
z

:
F

(z
)

=
1}

=
1

w
h
er

e
F

d
en

ot
es

th
e

C
D

F
o
f
Z

.
A

b
en

efi
t

of
th

is
n
or

m
al

iz
at

io
n

is
th

at
th

e
ex

p
ec

ta
ti

o
n

of
th

e
ra

n
d
om

va
ri

ab
le

b
ec

om
es

n
o
n
-n

eg
a
ti

ve
so

th
e

u
n
d
er

es
ti

m
at

io
n

p
en

al
ty

is
gu

ar
an

te
ed

to
b

e
n
on

-p
os

it
iv

e.
A

ft
er

sc
al

in
g
,

w
e

a
ss

u
m

e
th

at
th

e
b

ou
n
d

on
th

e
d
en

si
ty

is
L

.
W

e
co

n
si

d
er

th
e

p
er

tu
rb

at
io

n
η
Z

w
h
er

e
η
>

0
is

a
tu

n
in

g
p
ar

am
et

er
.

W
ri

te
F
η
(x

)
an

d
f η

(x
)

to
d
en

ot
e

th
e

C
D

F
a
n
d

P
D

F
of

th
e

sc
a
le

d
ra

n
d
o
m

va
ri

ab
le
η
Z

re
sp

ec
ti

ve
ly

.
If
F

is
st

ri
ct

ly
in

cr
ea

si
n
g,

w
e

k
n
ow

th
at
F
−

1
ex

is
ts

.
If

n
o
t,

d
efi

n
e

F
−

1
(y

)
=

in
f{
z

:
F

(z
)

=
y
}.

E
le

m
en

ta
ry

ca
lc

u
la

ti
on

gi
ve

s
th

e
fo

ll
ow

in
g

u
se

fu
l

fa
ct

s:

F
η
(z

)
=
F

(
z η

),
f η

(z
)

=
f

(
z η
)

η
,F
−

1
η

(y
)

=
η
F
−

1
(y

).

T
h

e
o
re

m
4

(D
iv

e
rg

e
n

c
e

P
e
n

a
lt

y
C

o
n
tr

o
l,

B
o
u

n
d

e
d

S
u

p
p

o
rt

)
T

h
e

d
iv

er
ge

n
ce

pe
n

a
lt

y
in

th
e

G
B

P
A

re
gr

et
bo

u
n

d
u

si
n

g
th

e
sc

a
le

d
pe

rt
u

rb
a
ti

o
n
η
Z

,
w

h
er

e
Z

is
d
ra

w
n

fr
o
m

a
bo

u
n

d
ed

su
p
po

rt
d
is

tr
ib

u
ti

o
n

sa
ti

sf
yi

n
g

th
e

co
n

d
it

io
n

s
a
bo

ve
,

ca
n

be
u

p
pe

r
bo

u
n

d
ed

,
fo

r
a
n

y
ε
>

0
,

by

N
L
(

1 2
η
ε

+
1
−
F
−

1
(1
−
ε)
) .

P
ro

o
f

F
ro

m
L

em
m

a
3,

w
e

h
av

e,
w

it
h
Ĝ
−
i

=
m

ax
j6=
i
Ĝ
t−

1
,j

+
η
Z
j
,

E
[ D

Φ̃
(Ĝ

t,
Ĝ
t−

1
)|i

1
:t
−

1

]

=
∑

i∈
su

p
p

(p
t
)

p
t,
i

∫
∣ ∣ ∣ ∣g
t,
i

p
t,
i

∣ ∣ ∣ ∣

0
E Ĝ
−
i

[ ∫
s

0
f η

(Ĝ
−
i
−
Ĝ
t−

1
,i

+
r)
d
r] d

s

=
∑

i∈
su

p
p

(p
t
)

p
t,
i

∫
∣ ∣ ∣ ∣g
t,
i

p
t,
i

∣ ∣ ∣ ∣

0
E Ĝ
−
i

[ ∫
Ĝ
−
i
−
Ĝ
t−

1
,i

+
s

Ĝ
−
i
−
Ĝ
t−

1
,i

f η
(z

)d
z

] d
s

≤
∑

i∈
su

p
p

(p
t
)

p
t,
i

∫
∣ ∣ ∣ ∣g
t,
i

p
t,
i

∣ ∣ ∣ ∣

0

( E Ĝ
−
i

[ ∫

[Ĝ
−
i
−
Ĝ
t−

1
,i
,Ĝ
−
i
−
Ĝ
t−

1
,i

+
s]
\[
F
−
1

η
(1
−
ε)
,η

]
f η

(z
)d
z

︸
︷︷

︸
(I

)

]

+

∫ [F
−
1

η
(1
−
ε)
,η

]
f η

(z
)d
z

︸
︷︷

︸
(I
I
)

) d
s.

(1
1
)

W
e

b
ou

n
d

th
e

tw
o

in
te

gr
al

s
ab

ov
e

d
iff

er
en

tl
y.

F
or

th
e

fi
rs

t
in

te
gr

al
,
w

e
ad

d
th

e
re

st
ri

ct
io

n
f η

(z
)
>

0
b
y

in
te

rs
ec

ti
n
g

th
e

in
te

gr
al

in
te

rv
al

w
it

h
th

e
su

p
p

or
t

of
th

e
fu

n
ct

io
n
f η

(z
),

d
en

o
te

d

1
0
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

a
s
I
f
η
(z

)
so

th
a
t

1−
F
η (z

)
is

n
ot

0
on

th
e

in
terval

to
b

e
in

tegrated
.

T
h
u
s,

w
e

get,

(I
)

=

∫

([Ĝ
−
i −
Ĝ
t−

1
,i ,Ĝ
−
i −
Ĝ
t−

1
,i +

s]\
[F
−
1

η
(1−

ε),η
])∩

I
f
η
(z

)

f
η (z

)d
z

=

∫

([Ĝ
−
i −
Ĝ
t−

1
,i ,Ĝ
−
i −
Ĝ
t−

1
,i +

s]\
[F
−
1

η
(1−

ε),η
])∩

I
f
η
(z

) (1−
F
η (z

))·
f
η (z

)

1−
F
η (z

) d
z

≤
∫

([Ĝ
−
i −
Ĝ
t−

1
,i ,Ĝ
−
i −
Ĝ
t−

1
,i +

s]\
[F
−
1

η
(1−

ε),η
])∩

I
f
η
(z

) (1−
F
η (z

))·
Lη
ε
d
z

≤
(1−

F
η (Ĝ

−
i −

Ĝ
t−

1
,i )) sLη

ε
.

(12)

T
h
e

fi
rst

in
eq

u
ality

h
old

s
b

ecau
se
f
η (z

)≤
L
/η

an
d

(1−
F
η (z

))≥
ε

on
th

e
set

of
z
’s

over
w

h
ich

w
e

a
re

in
teg

ra
tin

g.
T

h
e

secon
d

in
eq

u
ality

h
old

s
b

ecau
se

on
th

e
set

u
n
d
er

con
sid

eration
1−

F
η (z

)≤
1−

F
η (Ĝ

−
i −

Ĝ
t−

1
,i )

an
d

th
e

m
easu

re
of

th
e

set
is

at
m

ost
s.

F
o
r

th
e

secon
d

in
tegral,

w
e

u
se

th
e

b
ou

n
d
f
η (z

)≤
L
/η

again
to

get,

(I
I
)

=

∫

[F
−
1

η
(1−

ε),η
] f
η (z

)d
z
≤
Lη
·
(η−

F
−

1
η

(1−
ε)).

(13)

P
lu

g
g
in

g
(1

2)
an

d
(13)

in
to

(11),
w

e
can

b
ou

n
d

th
e

d
iv

ergen
ce

p
en

alty
b
y,

≤
∑

i∈
su

p
p

(p
t ) p

t,i ∫
∣∣∣∣
g
t,i
p
t,i ∣∣∣∣

0

(E
Ĝ
−
i [1−

F
η (Ĝ

−
i −

Ĝ
t−

1
,i )] sLη

ε
+
L

(η−
F
−

1
η

(1−
ε))

η

)
d
s

=
∑

i∈
su

p
p

(p
t ) p

t,i ∫
∣∣∣∣
g
t,i
p
t,i ∣∣∣∣

0

(
p
t,i sLη

ε
+
L

(1−
F
−

1(1−
ε)) )

d
s

=
∑

i∈
su

p
p

(p
t ) p

t,i (
p
t,i
Lη
ε

g
2t,i

2
p

2t,i

+
L

(1−
F
−

1(1−
ε)) |g

t,i |
p
t,i )

≤
∑

i∈
su

p
p

(p
t ) (

L2
η
ε

+
L

(1−
F
−

1(1−
ε)) )

≤
N
L (

12
η
ε

+
1−

F
−

1(1−
ε) )

.

T
h
e

seco
n
d

to
last

in
eq

u
ality

h
old

s
b

ecau
se
|g
t,i |≤

1
an

d
th

e
last

in
eq

u
ality

h
o
ld

s
b

eca
u
se

th
e

su
m

over
i

is
at

m
ost

ov
er

all
N

arm
s.

T
h
e

reg
ret

b
ou

n
d

for
th

e
u
n
iform

d
istrib

u
tion

is
n
ow

an
easy

corollary.

C
o
ro

lla
ry

5
(R

e
g
re

t
B

o
u

n
d

fo
r

U
n

ifo
rm

)
F

o
r

G
B

P
A

ru
n

w
ith

a
stoch

a
stica

lly
sm

oo
th

ed
po

ten
tia

l
u

sin
g

a
n

a
p
p
ro

p
ria

tely
sca

led
[0,1]

u
n

ifo
rm

pertu
rba

tio
n

w
h
ere

η
=

(N
T

)
2
/
3,

th
e

expected
regret

ca
n

be
u

p
per

bo
u

n
d
ed

by
3(N

T
)
2
/
3.

1
1
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L
i
a
n
d

T
e
w
a
r
i

P
ro

o
f

F
or

[0
,1]

u
n
iform

d
istrib

u
tion

,
w

e
h
av

e
L

=
1,
F
−

1(1−
ε)

=
1−

ε
so

th
e

d
iverg

en
ce

p
en

alty
is

u
p
p

er
b

ou
n
d
ed

b
y

N
T

(
12
η
ε

+
ε).

If
w

e
let

ε
=

1
√

2
η
,

w
e

can
see

th
at

th
e

d
ivergen

ce
p

en
alty

is
u
p
p

er
b

ou
n
d
ed

b
y
N
T √

2η
.

T
ogeth

er
w

ith
th

e
overestim

ation
p

en
alty

w
h
ich

is
triv

ially
b

ou
n
d
ed

b
y
η

an
d

a
n
on

-p
ositive

u
n
d
erestim

ation
p

en
alty,

w
e

see
th

at
th

e
fi
n
a
l

regret
b

ou
n
d

is

N
T √

2η
+
η
.

S
ettin

g
η

=
(N
T

)
2
/
3

gives
th

e
d
esired

resu
lt.

F
or

a
gen

eral
p

ertu
rb

ation
w

ith
b

ou
n
d
ed

su
p
p

ort
an

d
b

ou
n
d
ed

d
en

sity,
th

e
rate

at
w

h
ich

1−
F
−

1(1−
ε)

go
es

to
0

as
ε→

0
can

vary
b
u
t

w
e

can
alw

ay
s

g
u
aran

tee
su

b
lin

ear
ex

p
ected

regret.

C
o
ro

lla
ry

6
(A

sy
m

p
to

tic
R

e
g
re

t
B

o
u

n
d

fo
r

B
o
u

n
d

e
d

S
u

p
p

o
rt)

F
o
r

stoch
a
stica

lly
sm

oo
th

ed
G

B
P

A
u

sin
g

gen
era

l
co

n
tin

u
o
u

s
ra

n
d
o
m

va
ria

ble
η
Z

w
h
ere

Z
h
a
s

bo
u

n
d
ed

d
en

-
sity

a
n

d
bo

u
n

d
ed

su
p
po

rt
co

n
ta

in
ed

in
[0,1]

a
n

d
η

=
(N
T

)
2
/
3,

th
e

expected
regret

gro
w

s
su

blin
ea

rly,
i.e.,

lim
T→
∞

E
R

egret
T

T
=

0.

P
ro

o
f

F
or

a
gen

eral
d
istrib

u
tion

,
let

ε
=

1√η
.

S
in

ce
th

e
overestim

ation
p

en
alty

is
triv

ially

b
ou

n
d
ed

b
y
η

an
d

th
e

u
n
d
erestim

ation
p

en
alty

is
n
on

-p
ositive,

th
e

ex
p

ected
regret

can
b

e
u
p
p

er
b

ou
n
d
ed

b
y

L
N
T (

1

2 √
η

+
1−

F
−

1(1−
1√η

) )
+
η
.

S
ettin

g
η

=
(N
T

)
2
/
3

w
e

see
th

at
th

e
ex

p
ected

regret
can

b
e

u
p
p

er
b

ou
n
d
ed

b
y

( L2
+

1)(N
T

)
2
/
3

+
L
N
T

(1−
F
−

1(1−
1√η

).

S
in

ce

lim
T→
∞

1−
F
−

1(1−
1√η

)
=

lim
η→
∞

1−
F
−

1(1−
1√η

)
=

1−
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Ĝ
t−

1
,i

+
s

G̃
−
i
−
Ĝ
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can
b

e
con

trolled
.

In
th

is
section

,
w

e
are

goin
g

to
p
rove

th
at

u
n
d
er

reason
ab

le
assu

m
p
tion

s
on

th
e

d
istrib

u
tion

of
th

e
p

ertu
rb

ation
,

th
e

F
T

P
L

en
joy

s
n
ear

op
tim

al
ex

p
ected

regret.
N

ote
th

at
m

ost
p
ro

ofs
in

th
is

sectio
n

are
d
eferred

to
th

e
ap

p
en

d
ix

.

A
ssu

m
p

tio
n

s
(a

)-(c
).

B
efore

w
e

p
ro

ceed
,

let
u
s

form
ally

state
ou

r
assu

m
p
tion

s
on

th
e

d
istrib

u
tion

s
w

e
w

ill
con

sid
er.

T
h
e

d
istrib

u
tion

n
eed

s
to

(a)
b

e
con

tin
u
ou

s
an

d
h
av

e
b

o
u
n
d
ed

d
en

sity
(b

)
h
ave

fi
n
ite

ex
p

ectation
(c)

h
av

e
su

p
p

ort
u
n
b

ou
n
d
ed

in
th

e
+
∞

d
irection

.

N
ote

th
at

if
th

e
ex

p
ectation

of
th

e
ran

d
om

p
ertu

rb
ation

is
n
egative,

w
e

sh
ift

it
so

th
at

th
e

ex
p

ectation
is

zero.
H

en
ce

th
e

u
n
d
erestim

ation
p

en
alty

is
n
on

-p
ositive.

In
ad

d
ition

to
th

e
assu

m
p
tion

s
w

e
h
av

e
m

ad
e

ab
ove,

w
e

m
ake

an
oth

er
assu

m
p
tion

on
th

e
even

tu
al

m
on

oton
icity

of
th

e
h
azard

rate.

A
ssu

m
p

tio
n

(d
)

h
0 (z

)
=

f
(z

)

1−
F

(z
)

is
ev

en
tu

ally
m

on
oton

e.

“E
ven

tu
ally

m
on

oton
e”

m
ean

s
th

at∃
z

0
≥

0
su

ch
th

at
if
z
>
z

0 ,
f

(z
)

1−
F

(z
)

is
n
on

-d
ecreasin

g
or

n
on

-in
creasin

g.
T

h
is

assu
m

p
tion

m
igh

t
ap

p
ear

h
ard

to
ch

eck
,

b
u
t

n
u
m

erou
s

th
eorem

s
are

availab
le

to
estab

lish
th

e
m

on
oto

n
icity

of
h
azard

rate,
w

h
ich

is
m

u
ch

stron
ger

th
an

w
h
at

w
e

are
assu

m
in

g
h
ere.

F
or

ex
am

p
le,

see
T

h
eorem

2.4
in

T
h
om

as
(1971),

T
h
eorem

2
an

d
T

h
eorem

4
in

C
h
ech

ile
(2003),

C
h
ech

ile
(20

09).
In

fact,
m

ost
n
atu

ral
d
istrib

u
tion

s
d
o

satisfy
th

is
assu

m
p
tion

(B
agn

oli
an

d
B

ergstrom
,

2005).

B
efore

w
e

p
ro

ceed
,

w
e

m
en

tion
a

stan
d
ard

classifi
cation

of
ran

d
om

variab
les

in
to

tw
o

classes
b
ased

on
th

eir
tail

p
rop

erty.

D
e
fi

n
itio

n
1
3

(se
e
,

fo
r

e
x
a
m

p
le

,
F
o
ss

e
t

a
l.

(2
0
0
9
))

A
fu

n
ctio

n
f

(z
)
≥

0
is

sa
id

to
be

h
ea

vy-ta
iled

if
a
n

d
o
n

ly
iflim
z→
∞

su
p
f

(z
)e
λ
z

=
∞

fo
r

a
ll
λ
>

0
.

A
d

istribu
tio

n
w

ith
C

D
F
F

(z
)

a
n

d
F

(z
)

=
1−

F
(z

)
is

sa
id

to
be

h
ea

vy-ta
iled

if
a
n

d
o
n

ly
if

F
(z

)
is

h
ea

vy-ta
iled

.
If

th
e

d
istribu

tio
n

is
n

o
t

h
ea

vy-ta
iled

,
w

e
sa

y
th

a
t

it
is

ligh
t-ta

iled
.

It
tu

rn
s

ou
t

th
at

u
n
d
er

assu
m

p
tion

s
(a)-(d

),
if

th
e

d
istrib

u
tion

is
also

h
eav

y
-tailed

,
th

en
th

e
h
azard

rate
itself

is
b

ou
n
d
ed

.
If

th
e

d
istrib

u
tion

is
ligh

t-tailed
,

w
e

n
eed

a
n

ad
d
ition

al
assu

m
p
tion

on
th

e
even

tu
al

m
on

oton
icity

of
a

fu
n
ction

sim
ilar

to
th

e
gen

eralized
h
azard

rate
to

en
su

re
th

e
b

ou
n
d
ed

n
ess

of
th

e
gen

eralized
h
azard

rate.
B

u
t

b
efore

w
e

state
an

d
p
rove

th
e

m
ain

resu
lts,

w
e

in
tro

d
u
ce

som
e

fu
n
ction

s
an

d
p
rove

an
in

term
ed

iate
lem

m
a

th
at

w
ill

b
e

u
sefu

l
to

p
rove

th
e

m
ain

resu
lts.

D
efi

n
e
R

(z
)

=
−

log
F

(z
)

so
th

at
w

e
h
ave

F
(z

)
=
e −

R
(x

)
an

d
R
′(z

)
=

f
(z

)

F
(z

)
=
h

0 (z
).

L
e
m

m
a

1
4

U
n

d
er

a
ssu

m
p
tio

n
s

(a
)-(d

),
w

e
h
a
ve

F
(z

)e
λ
z

is
even

tu
a
lly

m
o
n

o
to

n
e
∀
λ
>

0.
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B
e
y
o
n
d

t
h
e
H
a
z
a
r
d

R
a
t
e

P
ro

o
f

L
et
g
(z

)
=
F

(z
)e
λ
z
,
th

en
g
′ (
z
)

=
eλ
z
F

(z
)(
λ
−
f

(z
)

F
(z

)
).

S
in

ce
f

(z
)

F
(z

)
is

ev
en

tu
al

ly
m

on
ot

on
e

b
y

as
su

m
p
ti

on
(d

),
g
′ (
z
)

is
ev

en
tu

al
ly

p
os

it
iv

e,
n
eg

at
iv

e
or

ze
ro

.
T

h
e

le
m

m
a

im
m

ed
ia

te
ly

fo
ll
ow

s.

W
e

ar
e

fi
n
al

ly
re

ad
y

to
p
re

se
n
t

th
e

m
ai

n
re

su
lt

s
in

th
is

se
ct

io
n
.

T
h

e
o
re

m
1
5

(H
e
a
v
y

T
a
il

Im
p

li
e
s

B
o
u

n
d

e
d

H
a
z
a
rd

)
U

n
d
er

a
ss

u
m

p
ti

o
n

s
(a

)
-

(d
),

if
th

e
d
is

tr
ib

u
ti

o
n

is
a
ls

o
h
ea

vy
-t

a
il

ed
,

th
en

th
e

h
a
za

rd
ra

te
is

bo
u

n
d
ed

,
i.

e.
,

su
p
z

f
(z

)

F
(z

)
<
∞
.

U
n
li
ke

h
ea

v
y
-t

ai
le

d
d
is

tr
ib

u
ti

on
s,

th
e

h
az

ar
d

ra
te

of
li
gh

t-
ta

il
ed

d
is

tr
ib

u
ti

on
s

m
ig

h
t

b
e

u
n
b

ou
n
d
ed

.
H

ow
ev

er
,
it

tu
rn

s
ou

t
th

at
if

w
e

m
ak

e
an

a
d
d
it

io
n
al

as
su

m
p
ti

on
on

th
e

ev
en

tu
al

m
on

ot
on

ic
it

y
of

a
fu

n
ct

io
n

si
m

il
ar

to
th

e
ge

n
er

al
iz

ed
h
az

a
rd

ra
te

,
w

e
ca

n
st

il
l

gu
a
ra

n
te

e
th

e
b

ou
n
d
ed

n
es

s
of

th
e

ge
n
er

al
iz

ed
h
az

ar
d

ra
te

.

A
ss

u
m

p
ti

o
n

(e
)
∃δ
∈

(0
,1

]
su

ch
th

at
f

(z
)

(1
−
F

(z
))

1
−
δ

is
ev

en
tu

al
ly

m
on

ot
on

e.

T
h

e
o
re

m
1
6

(L
ig

h
t

T
a
il

Im
p

li
e
s

B
o
u

n
d

e
d

G
e
n

e
ra

li
z
e
d

H
a
z
a
rd

)
U

n
d
er

a
ss

u
m

p
ti

o
n

s
(a

)
-

(e
),

if
th

e
d
is

tr
ib

u
ti

o
n

is
a
ls

o
li

gh
t-

ta
il

ed
,

th
en

fo
r

a
n

y
α
∈

(δ
,1

),
th

e
ge

n
er

a
li

ze
d

h
a
za

rd
ra

te
h
α
(z

)
is

bo
u

n
d
ed

,
i.

e.
,

su
p
z

f
(z

)|z
|α

(F
(z

))
1
−
α
<
∞
.

C
om

b
in

in
g

th
e

ab
ov

e
re

su
lt

w
it

h
co

n
tr

ol
of

th
e

d
iv

er
ge

n
ce

p
en

al
ty

gi
ve

s
u
s

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y.

C
o
ro

ll
a
ry

1
7

U
n

d
er

a
ss

u
m

p
ti

o
n

s
(a

)-
(e

),
if

th
e

d
is

tr
ib

u
ti

o
n

is
a
ls

o
li

gh
t-

ta
il

ed
,

th
e

ex
-

pe
ct

ed
re

gr
et

o
f

G
B

P
A

w
it

h
a
p

p
ro

p
ri

a
te

ly
sc

a
le

d
pe

rt
u

rb
a
ti

o
n

s
d
ra

w
n

fr
o
m

th
a
t

d
is

tr
ib

u
ti

o
n

is
,

fo
r

a
ll
α
∈

(δ
,1

)
a
n

d
ξ
>

0,

O
( (T

N
)1
/
(2
−
α

) N
ξ
) .

In
pa

rt
ic

u
la

r,
if

a
ss

u
m

p
ti

o
n

(e
)

h
o
ld

s
fo

r
a
ll
δ
∈

(0
,1

),
th

en
th

e
ex

pe
ct

ed
re

gr
et

o
f

G
B

P
A

is

O
( (T

N
)1
/
2
+
ε)

fo
r

a
ll
ε
>

0
,

i.
e.

,
it

is
n

ea
r

o
p
ti

m
a
l

in
bo

th
N

a
n

d
T

.

N
ex

t
w

e
co

n
si

d
er

a
fa

m
il
y

of
li
gh

t-
ta

il
ed

d
is

tr
ib

u
ti

on
s

th
at

d
o

n
ot

h
av

e
a

b
ou

n
d
ed

h
az

ar
d

ra
te

.

D
e
fi

n
it

io
n

1
8

T
h
e

ex
po

n
en

ti
a
l

po
w

er
(o

r
ge

n
er

a
li

ze
d

n
o
rm

a
l)

fa
m

il
y

o
f

d
is

tr
ib

u
ti

o
n

s,
d
e-

n
o
te

d
a
s
D β

w
h
er

e
β
>

1,
is

d
efi

n
ed

vi
a

th
e

cd
f

f β
(z

)
=
C
β
e−

z
β
,

z
≥

0.

T
h
e

n
ex

t
th

eo
re

m
sh

ow
s

th
at

G
B

P
A

w
it

h
p

er
tu

rb
at

io
n
s

fr
om

th
is

fa
m

il
y

of
d
is

tr
ib

u
ti

on
s

en
jo

y
s

n
ea

r
op

ti
m

al
ex

p
ec

te
d

re
gr

et
in

b
ot

h
N

an
d
T

.

T
h

e
o
re

m
1
9

(R
e
g
re

t
B

o
u

n
d

fo
r

E
x
p

o
n

e
n
ti

a
l

P
o
w

e
r

F
a
m

il
y
)
∀β

>
1,

th
e

ex
pe

ct
ed

re
gr

et
o
f

G
B

P
A

w
it

h
a
p
p
ro

p
ri

a
te

ly
sc

a
le

d
pe

rt
u

rb
a
ti

o
n

s
d
ra

w
n

fr
o
m
D β

is
,

fo
r

a
ll
ε
>

0
,

O
( (T

N
)1
/
2
+
ε)

.
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:1
-2

4,
 2

01
8

L
i
a
n
d

T
e
w
a
r
i

5
.
C
o
n
cl
u
si
o
n
a
n
d
F
u
tu

re
W

o
rk

P
re

v
io

u
s

w
or

k
on

p
ro

v
id

in
g

re
gr

et
gu

ar
an

te
es

fo
r

F
T

P
L

al
go

ri
th

m
s

in
th

e
ad

ve
rs

a
ri

a
l
m

u
lt

i-
ar

m
ed

b
an

d
it

se
tt

in
g

re
q
u
ir

ed
a

b
ou

n
d
ed

h
az

ar
d

ra
te

co
n
d
it

io
n
.

W
e

h
av

e
sh

ow
n

h
ow

to
go

b
ey

on
d

th
e

h
az

ar
d

ra
te

co
n
d
it

io
n

b
u
t

a
n
u
m

b
er

of
q
u
es

ti
on

s
re

m
ai

n
op

en
.

F
o
r

ex
a
m

-
p
le

,
w

h
at

if
w

e
u
se

F
T

P
L

w
it

h
p

er
tu

rb
at

io
n
s

fr
om

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s

su
ch

a
s

B
er

n
o
u
ll
i

d
is

tr
ib

u
ti

on
?

In
th

e
fu

ll
in

fo
rm

at
io

n
se

tt
in

g
D

ev
ro

ye
et

al
.

(2
0
13

)
an

d
V

a
n

E
rv

en
et

a
l.

(2
01

4)
h
av

e
co

n
si

d
er

ed
ra

n
d
om

w
al

k
p

er
tu

rb
at

io
n

a
n
d

d
ro

p
ou

t
p

er
tu

rb
at

io
n
,

b
o
th

le
a
d
in

g
to

m
in

im
ax

op
ti

m
al

re
gr

et
.

B
u
t

to
th

e
b

es
t

of
ou

r
k
n
ow

le
d
ge

th
o
se

d
is

tr
ib

u
ti

o
n
s

h
av

e
n
o
t

b
ee

n
an

al
y
ze

d
in

th
e

ad
ve

rs
ar

ia
l

m
u
lt

i-
ar

m
ed

b
an

d
it

p
ro

b
le

m
.

A
n

u
n
sa

ti
sf

ac
to

ry
as

p
ec

t
of

ev
en

th
e

ti
gh

te
st

b
ou

n
d
s

fo
r

F
T

P
L

al
go

ri
th

m
s

fr
o
m

ex
is

ti
n
g

w
or

k
,

in
cl

u
d
in

g
ou

rs
,

is
th

at
th

ey
n
ev

er
re

ac
h

th
e

m
in

im
ax

op
ti

m
al
O

(√
N
T

)
b

o
u
n
d
.

T
h
ey

co
m

e
ve

ry
cl

os
e

to
it

:
u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s.
It

is
k
n
ow

n
th

at
F

T
R

L
al

g
o
ri

th
m

s,
u
si

n
g

th
e

n
eg

at
iv

e
T

sa
ll
is

en
tr

op
y

as
th

e
re

gu
la

ri
ze

r,
ca

n
ac

h
ie

v
e

th
e

op
ti

m
al

b
o
u
n
d

(A
u
d
ib

er
t

an
d

B
u
b

ec
k
,

20
09

;
A

u
d
ib

er
t

et
al

.,
20

11
;

A
b

er
n
et

h
y

et
a
l.
,

20
15

).
Is

th
er

e
a

p
er

tu
rb

a
ti

o
n

th
at

ca
n

ac
h
ie

ve
th

e
op

ti
m

al
b

ou
n
d
?

W
e

on
ly

co
n
si

d
er

ed
m

u
lt

i-
ar

m
ed

b
an

d
it

s
in

th
is

w
or

k
.

T
h
er

e
h
as

b
ee

n
so

m
e

in
te

re
st

in
u
si

n
g

F
T

P
L

al
go

ri
th

m
s

fo
r

co
m

b
in

at
or

ia
l

b
an

d
it

p
ro

b
le

m
s

(s
ee

,
fo

r
ex

a
m

p
le

,
N

eu
a
n
d

B
ar

tó
k

(2
01

3)
).

In
fu

tu
re

w
or

k
,
it

w
il
l
b

e
in

te
re

st
in

g
to

ex
te

n
d

ou
r

an
al

y
si

s
to

co
m

b
in

a
to

ri
a
l

b
an

d
it

p
ro

b
le

m
s.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
an

k
J
ac

ob
A

b
er

n
et

h
y

an
d

C
h
an

so
o

L
ee

fo
r

h
el

p
fu

l
d
is

cu
ss

io
n
s.

W
e

ac
k
n
ow

le
d
g
e

th
e

su
p
p

or
t

of
N

S
F

C
A

R
E

E
R
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a
ti

on
,

im
p
ro

ve
d

it
er

at
io

n
co

m
p
le

x
it

y

1
.
In

tr
o
d
u
ct
io
n

W
e

co
n
si

d
er

a
cl

as
s

of
co

m
p

os
it

e
co

n
ve

x
m

in
im

iz
at

io
n

p
ro

b
le

m
s:

x
∗

=
ar

gm
in

x
∈R

d

F
(x

),
F

(x
)

=
L(
x

)
+
R

(x
),

(1
)

w
h
er

e
L(
·)

is
a

tw
ic

e
d
iff

er
en

ti
ab

le
lo

ss
fu

n
ct

io
n

an
d
R

(·)
is

a
p

os
si

b
ly

n
o
n
sm

o
o
th

a
n
d

st
ro

n
gl

y
co

n
ve

x
p

en
al

ty
fu

n
ct

io
n
.

M
an

y
p

op
u
la

r
st

at
is

ti
ca

l
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

ar
e

of
th

e
fo

rm
(1

),
su

ch
as

el
as

ti
c-

n
et

re
gr

es
si

on
(Z

ou
an

d
H

as
ti

e,
20

05
),

ri
d
g
e

p
en

a
li
ze

d
lo

gi
st

ic
re

gr
es

si
on

(H
as

ti
e

et
al

.,
20

09
),

su
p
p

or
t

ve
ct

or
m

ac
h
in

e
(V

ap
n
ik

an
d

V
a
p
n
ik

,
1
9
98

)
an

d
m

an
y

ot
h
er

s
(H

as
ti

e
et

al
.,

20
09

).
F

or
n
ot

at
io

n
al

si
m

p
li
ci

ty
,

w
e

as
su

m
e

th
a
t

th
er

e
ex

is
ts

a
p
ar

ti
ti

on
of
d

co
or

d
in

at
es

su
ch

th
at

x
=

[x
> 1
,.
..
,x
> p

]>
∈
R
d
,

w
h
er

e
x
j
∈
R
d
j
,
d

=
∑

p j=
1
d
j
,

an
d
d
j
�
p
.

T
h
e

p
en

al
ty

fu
n
ct

io
n
R

(x
)

in
th

es
e

a
p
p
li
ca

ti
o
n
s

is
b
lo

ck
co

or
d
in

at
e

d
ec

om
p

os
ab

le
,

i.
e.

,
R

(x
)

=
∑

p j=
1
R
j
(x
j
).

T
h
en

w
e

ca
n

re
w

ri
te

th
e

ob
je

ct
iv

e
in

(1
)

as

F
(x

)
=
L(
x
1
,.
..
,x

p
)

+

p ∑ j=
1

R
j
(x
j
).

M
an

y
al

go
ri

th
m

s
su

ch
as

gr
ad

ie
n
t

d
ec

en
t-

ty
p

e
(G

D
-t

y
p

e)
m

et
h
o
d
s

(N
es

te
ro

v
,

2
0
0
4
,

2
0
0
7
;

B
ec

k
an

d
T

eb
ou

ll
e,

20
09

b
,a

;
B

ec
ke

r
et

al
.,

20
11

),
cy

cl
ic

b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t-

ty
p

e
(C

B
C

D
-t

y
p

e)
m

et
h
o
d
s

(L
u
o

an
d

T
se

n
g,

19
92

;
T

se
n
g,

19
93

,
20

01
;

F
ri

ed
m

a
n

et
a
l.
,

2
0
0
7
;

L
iu

et
al

.,
20

09
;

T
se

n
g

an
d

Y
u
n
,

20
09

;
S
ah

a
an

d
T

ew
ar

i,
20

13
;

N
u
ti

n
i

et
al

.,
2
0
1
5
;

Z
h
a
o

a
n
d

L
iu

,
20

15
;

Z
h
ao

et
al

.,
20

14
b
,a

,
20

12
;

L
i

et
al

.,
20

15
b
),

an
d

al
te

rn
at

in
g

d
ir

ec
ti

o
n

m
et

h
o
d

of
m

u
lt

ip
li
er

s
(A

D
M

M
)

(G
ab

ay
an

d
M

er
ci

er
,

19
76

;
B

oy
d

et
al

.,
20

11
;

H
e

an
d

Y
u
a
n
,

2
0
1
5;

H
on

g
an

d
L

u
o,

20
12

;
Z

h
ao

an
d

L
iu

,
20

12
;

L
iu

et
a
l.
,

20
14

,
20

15
;

L
i

et
a
l.
,

2
0
1
5
a
))

h
av

e
b

ee
n

p
ro

p
os

ed
to

so
lv

e
(1

).
A

m
on

g
th

es
e

al
go

ri
th

m
s,

th
e

C
B

C
D

-t
y
p

e
m

et
h
o
d
s

h
av

e
b

ee
n

im
m

en
se

ly
su

cc
es

sf
u
l

(F
ri

ed
m

an
et

al
.,

20
07

,
2
01

0;
M

a
zu

m
d
er

et
al

.,
20

11
;

T
ib

sh
ir

a
n
i

et
a
l.
,

20
12

;
R

az
av

iy
ay

n
et

al
.,

20
13

;
Z

h
ao

et
al

.,
20

14
a)

.
O

n
e

p
op

u
la

r
in

st
an

ce
of

th
e

C
B

C
D

-t
y
p

e
m

et
h
o
d
s

is
th

e
cy

cl
ic

b
lo

ck
co

or
d
in

at
e

m
in

im
iz

at
io

n
(C

B
C

M
)

m
et

h
o
d
,

w
h
ic

h
m

in
im

iz
es

(1
)

w
it

h
re

sp
ec

t
to

a
si

n
gl

e
b
lo

ck
of

va
ri

ab
le

s
w

h
il
e

h
ol

d
in

g
th

e
re

st
fi
x
ed

.
P

ar
ti

cu
la

rl
y,

a
t

th
e

(t
+

1)
-t

h
it

er
at

io
n
,

gi
ve

n
x
(t
) ,

w
e

ch
o
os

e
to

so
lv

e
a

co
ll
ec

ti
on

of
op

ti
m

iz
at

io
n

p
ro

b
le

m
s:

F
o
r

j
=

1,
..
.,
p
,

x
(t
+
1
)

j
=

ar
gm

in
x
j

L
( x

(t
+
1
)

1
:(
j−

1
),
x
j
,x

(t
)

(j
+
1
):
p

)
+
R
j
(x
j
),

(2
)
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O
n
F
a
st

e
r
C
o
n
v
e
r
g
e
n
c
e
o
f
C
y
c
l
ic

B
l
o
c
k

C
o
o
r
d
in
a
t
e
D
e
sc

e
n
t
-t
y
p
e
M
e
t
h
o
d
s

w
h
ere

x
(t+

1
)

1
:(j−

1
)

a
n
d
x
(t)
(j+

1
):p

are
d
efi

n
ed

a
s

x
(t+

1
)

1
:(j−

1
)

=
[x

(t+
1
)>

1
,...,x

(t+
1
)>

j−
1

] >
an

d
x
(t)
(j+

1
):p

=
[x

(t)>
j+

1
,...,x

(t)>
p

] >
.

F
o
r

so
m

e
a
p
p
lication

s
(e.g.

elastic-n
et

p
en

a
lized

lin
ear

regression
),

w
e

can
ob

tain
a

sim
p
le

clo
sed

fo
rm

so
lu

tion
to

(2),
b
u
t

for
m

an
y

oth
er

ap
p
lication

s
(e.g.

rid
ge-p

en
alized

logistic
reg

ressio
n
),

(2
)

d
o
es

n
ot

ad
m

it
a

closed
form

solu
tion

an
d

req
u
ires

m
ore

sop
h
isticated

o
p
tim

iza
tio

n
p
ro

ced
u
res.

A
p

o
p
u
la

r
a
ltern

ative
to

C
B

C
D

-ty
p

e
m

eth
o
d
s

is
to

solve
a

q
u
ad

ratic
ap

p
rox

im
ation

of
(2

)
u
sin

g
th

e
cy

clic
b
lo

ck
co

ord
in

ate
grad

ien
t

d
escen

t
(C

B
C

G
D

)
m

eth
o
d
.

F
o
r

n
otatio

n
al

sim
p
licity,

w
e

d
en

ote
th

e
p
artial

grad
ien

t∇
x
j L

(x
)

b
y
∇
j L

(x
).

T
h
en

th
e

C
B

C
G

D
m

eth
o
d

so
lves

a
co

llection
of

op
tim

ization
p
rob

lem
s:

F
o
r
j

=
1,...,p

,

x
(t+

1
)

j
=

argm
in

x
j

(x
j −

x
(t)
j

) >∇
j L
(
x
(t+

1
)

1
:(j−

1
) ,x

(t)
j:p )

+
η
j2
‖
x
j −

x
(t)
j
‖
2

+
R
j (x

j ),
(3)

w
h
ere

η
j
>

0
is

a
step

-size
p
aram

eter
for

th
e
j-th

b
lo

ck
.

T
h
ere

h
ave

b
een

m
an

y
resu

lts
on

iteration
com

p
lex

ity
of

b
lo

ck
co

ord
in

ate
d
escen

t-ty
p

e
(B

C
D

-ty
p

e)
m

eth
o
d
s,

b
u
t

m
ost

of
th

em
fo

cu
s

on
th

e
ran

d
om

ized
B

C
D

-ty
p

e
m

eth
o
d
s,

w
h
ere

b
lo

ck
s

a
re

ra
n
d
om

ly
ch

osen
w

ith
rep

lacem
en

t
in

each
iteration

(S
h
alev

-S
h
w

artz
an

d
T

ew
ari,

2
0
1
1
;

R
ich

tá
rik

an
d

T
ak

áč,
2012;

L
u

an
d

X
iao,

20
15),

w
h
ich

d
em

on
strate

b
etter

iteration
co

m
p
lex

ities
th

an
cy

clic
B

C
D

-ty
p

e
m

eth
o
d
s

in
th

e
w

orst
case

scen
arios

(L
ee

an
d

W
righ

t,
2
0
1
6
;

S
u
n

an
d

Y
e,

2016).
In

con
trast,

ex
istin

g
literatu

re
on

cy
clic

B
C

D
-ty

p
e

m
eth

o
d
s

is
ra

th
er

lim
ited

.
B

eck
an

d
T

etru
ash

v
ili

(2013)
fo

cu
s

on
m

in
im

izin
g

sm
o
oth

ob
jectiv

e
fu

n
c-

tio
n
s,

a
n
d

h
a
s

sh
ow

n
th

at
given

a
p
re-sp

ecifi
ed

accu
racy

ε
for

th
e

ob
jective

valu
e,

th
e

C
B

C
G

D
m

eth
o
d

attain
s

lin
ear

iteratio
n

com
p
lex

ity
ofO

(log
(1/ε))

for
m

in
im

izin
g

sm
o
oth

a
n
d

stro
n
g
ly

co
n
vex

p
rob

lem
s,

an
d

su
b
lin

ear
iteration

com
p
lex

ity
ofO

(1/ε)
for

sm
o
oth

an
d

n
o
n
stro

n
g
ly

co
n
vex

p
rob

lem
s.

H
on

g
et

al.
(2017);

Y
u
n

(2014);
S
u
n

an
d

H
on

g
(2015)

fo
cu

s
o
n

m
in

im
izin

g
n
on

sm
o
oth

com
p

osite
ob

jective
fu

n
ction

s
su

ch
as

(1),
an

d
h
a
s

sh
ow

n
th

at
th

e
C

B
C

M
a
n
d

C
B

C
G

D
m

eth
o
d
s

attain
su

b
lin

ear
iteration

com
p
lex

ity
ofO

(1/ε),
w

h
en

th
e

o
b

jective
fu

n
ction

is
n
on

stron
lgy

con
vex

.
H

ere,
w

e
a
re

in
terested

in
estab

lish
in

g
an

im
p
roved

iteration
com

p
lex

ity
of

th
e

C
B

C
M

a
n
d

C
B

C
G

D
m

eth
o
d
s,

w
h
en

th
e

n
on

sm
o
oth

com
p

osite
ob

jectiv
e

fu
n
ction

is
stro

n
gly

con
vex

.
B

eck
a
n
d

T
etru

ash
v
ili

(2013)
h
as

sh
ow

n
th

at
for

sm
o
oth

m
in

im
ization

,
th

e
C

B
C

G
D

m
eth

o
d

a
tta

in
s

lin
ea

r
iteration

com
p
lex

ity
of

O
(
L
m
a
x ·p

L
2

log
(1/ε)

L
2m
in ·

µ

)
,

(4)

w
h
ere

L
is

th
e

L
ip

sch
itz

con
stan

t
of

th
e

grad
ien

t
of

th
e

ob
jective

fu
n
ction

,
µ

is
th

e
stron

gly
co

n
vex

co
n
sta

n
t

of
th

e
ob

jective
fu

n
ction

,
L
m
a
x

=
m

ax
i L

i ,
L
m
in

=
m

in
i L

i ,
a
n
d
L
i

is
th

e
L

ip
sch

itz
con

stan
t

of
i-th

b
lo

ck
of

th
e

grad
ien

t
o
f

th
e

ob
jective

fu
n
ction

.
H

ow
ever,

su
ch

an
itera

tio
n

com
p
lex

ity
d
ep

en
d
s

on
p

(th
e

n
u
m

b
er

of
b
lo

ck
s),

an
d

th
erefore

is
at

lea
st
p

tim
es

w
o
rse

th
a
n

th
e

com
p
lex

ity
O
(µ
−
1L

log
(1/ε) )

o
f

th
e

grad
ien

t
d
escen

t
(G

D
)

m
eth

o
d
s.

T
o

b
rid

g
e

th
is

th
eoretical

gap
,

w
e

p
rop

ose
an

im
p
rov

ed
con

v
ergen

ce
an

aly
sis

for
th

e
C

B
C

D
-ty

p
e

m
eth

o
d
s.

S
p

ecifi
cally,

w
e

sh
ow

th
at

for
a

fam
ily

of
q
u
ad

ratic
m

in
im

ization
p
ro

b
lem

s,
th

e
iteration

com
p
lex

ity
of

th
e

C
B

C
D

-ty
p

e
m

eth
o
d
s

m
atch

es
th

a
t

of
th

e
G

D

3
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L
i,
Z
h
a
o
,
A
r
o
r
a
,
L
iu

a
n
d

H
o
n
g

m
eth

o
d
s

in
term

of
d
ep

en
d
en

cy
on

p
u
p

to
a

log
2(p

)
factor.

M
ore

p
recisely,

w
h
en
L

(x
)

is
q
u
ad

ratic,
th

e
iteration

com
p
lex

ity
of

th
e

C
B

C
G

D
m

eth
o
d

is

O
(

log
2(p

)L
2

log
(1/ε)

L
µm
in ·

µ

)
,

(5)

w
h
ere

L
µm
in

=
m

in
i {L

i
+
µ
i }

an
d
µ
i

is
th

e
stron

gly
con

v
ex

con
stan

t
w

ith
resp

ect
to

th
e

i-th
b
lo

ck
of

variab
les.

N
ote

th
at
L
µm
in
≥
L
m
in .

A
s

can
b

e
seen

easily,
(5)

is
b

etter
th

an

(4)
b
y

a
factor

of
at

least
L
m
a
x ·p

L
m
in ·lo

g
2
(p
) .

N
ote

th
at

W
e

also
p
rov

id
e

a
low

er
b

ou
n
d

an
aly

sis

th
at

con
fi
rm

s
th

a
t

ou
r

im
p
roved

iteration
com

p
lex

ity
is

tigh
t

u
p

to
a

log
2(p

)
factor

if
th

e
largest

an
d

sm
allest

eigen
valu

es
of

th
e

H
essian

m
atrix

d
o

n
ot

scale
w

ith
p
.

S
im

ilar
resu

lts
h
old

for
th

e
C

B
C

M
m

eth
o
d
.

W
e

rem
ark

h
ere

th
at

w
h
en

th
e

p
rob

lem
is

q
u
ad

ratic
(e.g.,

rid
ge-p

en
alized

lin
ear

regression
w

ith
sq

u
ared

loss),
(1)

can
b

e
w

ritten
as

solv
in

g
a

lin
ear

sy
stem

.
T

h
en

th
e

C
B

C
M

m
eth

o
d

is
eq

u
ivalen

t
to

th
e

G
au

ss-S
ied

el
m

eth
o
d
,

w
h
ich

also
h
as

a
lin

ear
con

v
ergen

ce
rate

(G
olu

b
an

d
V

an
L

oan
,

2012).
N

everth
eless,

ou
r

m
a

jor
eff

ort
is

to
im

p
rov

e
th

e
d
ep

en
d
en

ce
of

th
e

con
stan

t
factor

on
th

e
p
rob

lem
p
aram

eters
(e.g

.,
th

e
b
lo

ck
size

p
an

d
L

ip
ch

itz
con

stan
t
L

)
in

th
e

iteration
co

m
p
lex

ity,
w

h
ich

is
m

ore
d
iffi

cu
lt

to
an

aly
ze

in
th

e
b
lo

ck
w

ise
m

in
im

ization
case

for
th

e
G

au
ss-S

ied
el

m
eth

o
d
. 1

In
ad

d
ition

,
th

e
G

au
ss-S

ied
el

m
eth

o
d

is
n
ot

ap
p
licab

le
b

eyon
d

th
e

q
u
ad

ratic
case

in
gen

eral.
F

in
ally,

w
e

gen
eralize

ou
r

an
aly

sis
to

oth
er

stron
gly

con
vex

m
in

im
ization

p
rob

lem
s

b
e-

yon
d

q
u
ad

ratic
m

in
im

ization
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=
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p
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m
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con
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p
er

b
o
u

n
d

o
f

th
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‖
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a
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.
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is

ti
ca

l
m

a
ch

in
e

le
a
rn

in
g

in
cl

u
d
e

ri
d
ge

re
gr

es
si

on
,

el
as

ti
c-

n
et

p
en

al
iz

ed
re

gr
es

si
on

,
an

d
sp

ar
se

ad
d
it

iv
e

re
g
re

ss
io

n
.

W
e

fi
rs

t
ch

ar
ac

te
ri

ze
th

e
su

cc
es

si
ve

d
es

ce
n
t

of
th

e
C

B
C

G
D

m
et

h
o
d
.

L
e
m
m
a
1

R
ec

a
ll

th
a
t
F

is
th

e
o
bj

ec
ti

ve
d
efi

n
ed

in
(1

).
S

u
p
po

se
th

a
t

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

.
W

e
ch

oo
se
η j

=
L
j

fo
r

th
e

C
B

C
G

D
m

et
h
od

.
T

h
en

fo
r

a
ll
t
≥

1
,

w
e

h
a
ve

F
(x

(t
) )
−
F

(x
(t
+
1
) )
≥
L
µ m
in

2
‖x

(t
)
−
x
(t
+
1
) ‖

2
.
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O
n
F
a
st

e
r
C
o
n
v
e
r
g
e
n
c
e
o
f
C
y
c
l
ic

B
l
o
c
k

C
o
o
r
d
in
a
t
e
D
e
sc

e
n
t
-t
y
p
e
M
e
t
h
o
d
s

P
ro

o
f

A
t
t-th

iteration
,

th
ere

ex
ists

a
ξ
(t+

1
)

j
∈
∂R

j (x
(t+

1
)

j
)

satisfy
in

g
th

e
op

tim
ality

co
n
d
itio

n
fo

r
ea

ch
su

b
-p

rob
lem

:

∇
j L

(y
(t+

1
,j))

+
η
j (x

(t+
1
)

j
−
x
(t)
j

)
+
ξ
(t+

1
)

j
=

0.
(9)

T
h
en

b
y

d
efi

n
ition

of
C

B
C

G
D

given
in

(3),
w

e
h
ave

F
(y

(t+
1
,j+

1
))≤

L
(y

(t+
1
,j))

+
(y

(t+
1
,j+

1
)−

y
(t+

1
,j)) >∇

L
(y

(t+
1
,j))

+
L
j

2
‖
y
(t+

1
,j)−

y
(t+

1
,j+

1
)‖

2
+
R

(y
(t+

1
,j+

1
)).

T
h
is

fu
rth

er
im

p
lies

F
(y

(t+
1
,j))−

F
(y

(t+
1
,j+

1
))

=
L

(y
(t+

1
,j))

+
R

(y
(t+

1
,j))

≥
(y

(t+
1
,j)−

y
(t+

1
,j+

1
)) >∇

L
(y

(t+
1
,j))−

L
j

2
‖y

(t+
1
,j)−

y
(t+

1
,j+

1
)‖

2

+
R

(y
(t+

1
,j))−

R
(y

(t+
1
,j+

1
))

=
(x

(t)
j
−
x
(t+

1
)

j
) >∇

j L
(y

(t+
1
,j+

1
))−

L
j

2
‖x

(t+
1
)

j
−
x
(t)
j
‖
2

+
R
j (x

(t)
j

)−
R
j (x

(t+
1
)

j
).

(10)

B
y

A
ssu

m
p
tio

n
s

2,
w

e
h
ave

R
j (x

(t)
j

)−
R
j (x

(t+
1
)

j
)≥

(x
(t)
j
−
x
(t+

1
)

j
) >
ξ
(t+

1
)

j
+
µ
j2
‖
x
(t)
j
−
x
(t+

1
)

j
‖
2.

(11)

C
o
m

b
in

in
g

(9
),

(10),
an

d
(11),

w
e

h
ave

F
(y

(t+
1
,j))−

F
(y

(t+
1
,j+

1
))≥

L
j

+
µ
j

2
‖
x
(t)
j
−
x
(t+

1
)

j
‖
2.

(12)

W
e

co
m

p
lete

th
e

p
ro

of
v
ia

su
m

m
ation

of
(12)

over
j

=
1,...,p

an
d

th
e

d
efi

n
ition

of
L
µm
in .

N
ex

t,
w

e
ch

aracterize
th

e
gap

tow
ard

s
th

e
o
p
tim

al
ob

jective
valu

e.

L
e
m
m
a
2

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
s

1
a
n

d
2

h
o
ld

w
ith

d
≥

2
.

T
h
en

fo
r

a
ll
t≥

1
,

w
e

h
a
ve

F
(x

(t+
1
))−
F

(x
∗)≤

8
L
2

log
2(3p

d
m
a
x )

µ
‖x

(t+
1
)−

x
(t)‖

2.

P
ro

o
f

S
in

ce
L

(x
)

is
q
u
ad

ratic,
its

secon
d

ord
er

T
ay

lor
ex

p
an

sion
is

tigh
t,

i.e.

L
(x
∗)

=
L

(x
(t+

1
))

+
〈∇
L

(x
(t+

1
)),x

∗−
x
(t+

1
)〉

+
12 ‖
A

(x
(t+

1
)−

x
∗)‖

2,
(13)

w
h
ere

A
=

[A
∗
1 ,...,A

∗
p ]∈

R
n×

d.

C
o
n
sid

er
m

atrices
P̃

an
d
Ã

,
d
efi

n
ed

as

P̃
=



L
1

0
0

...
0

0
0

L
2

0
...

0
0

...
...

...
...

...
...

0
0

...
0

L
p 
∈
R
p×
p

an
d
Ã

=



A
∗
1

0
0

...
0

0
0

A
∗
2

0
...

0
0

...
...

...
...

...
...

0
0

...
0

A
∗
p 
∈
R
n
p×
d.

7
JM

L
R

 18(184):1-24, 2018

L
i,
Z
h
a
o
,
A
r
o
r
a
,
L
iu

a
n
d

H
o
n
g

F
or

sim
p
licity,

w
e

assu
m

e
th

at
d
1

=
...

=
d
p

=
m

=
d
/p

.
F

or
an

y
s∈

Z
+

,
w

e
d
efi

n
e

th
e

low
er

trian
gu

lar
m

atrix
D
s ∈

R
s×
s

as

D
s

=



1
0

0
...

0
0

1
1

0
...

0
0

1
1

1
...

0
0

...
...

...
...

...
...

1
1

1
...

1
1 

B
y

th
e

d
efi

n
ition

of
L
j ,

w
e

h
ave

th
at

for
all

j
=

1,...,p
,

L
j ≥

λ
m
a
x (A

>j
A
j ).

w
h
ich

gives
u
s

th
e

follow
in

g
in

eq
u
alityP̃

⊗
I
m
�
Ã
>
Ã
.

(14)

T
o

ch
aracterize

th
e

gap
tow

ard
s

th
e

op
tim

al
ob

jective,
w

e
h
av

e

F
(x

(t+
1
))−
F

(x
∗)

+
µ2 ‖
x
(t+

1
)−

x
∗‖

2

(i)

≤
〈∇
L

(x
(t+

1
)),x

(t+
1
)−

x
∗〉

+
R

(x
(t+

1
))−
R

(x
∗)

+
µ2 ‖
x
(t+

1
)−

x
∗‖

2

(ii)

≤
〈∇
L

(x
(t+

1
)),x

(t+
1
)−

x
∗〉

+
〈ξ

(t+
1
),x

(t+
1
)−

x
∗〉

(iii)

≤
p
∑j=

1 〈∇
j L

(x
(t+

1
))−
∇
j L
(
x
(t) )

,x
(t+

1
)

j
−
x
∗j 〉−

p
∑j=

1

L
j 〈x

(t+
1
)

j
−
x
(t)
j
,x

(t+
1
)

j
−
x
∗j 〉

=

p
∑j=

1 〈
∑k≥

j

A
k (x

(t+
1
)

k
−
x
(t)
k

),A
j (x

(t+
1
)

j
−
x
∗j ) 〉
−

(x
(t+

1
)−

x
(t)) >

(P̃
⊗
I
m

)(x
(t+

1
)−

x
∗)

≤
(x

(t+
1
)−

x
(t)) >

Ã
>

(D
p ⊗

I
n
)Ã

(x
(t+

1
)−

x
∗)−

(x
(t+

1
)−

x
(t)) >

(P̃
⊗
I
m

)(x
(t+

1
)−

x
∗)

=
(x

(t+
1
)−

x
(t)) >

(
Ã
>

(D
p ⊗

I
n
)Ã
−
P̃
⊗
I
m )

(x
(t+

1
)−

x
∗)

(iv
)

=
(x

(t+
1
)−

x
(t)) >

((
A
>
A
−
Ã
>
Ã )
�
D
d

+
Ã
>
Ã
−
P̃
⊗
I
m )

(x
(t+

1
)−

x
∗),

w
h
ere

(i)
is

from
(13)

as‖
A

(x
(t+

1
)−

x
∗)‖

2≥
0,

(ii)
is

from
A

ssu
m

p
tion

2,
(iii)

is
from

th
e

op
tim

ality
con

d
ition

to
th

e
su

b
p
rob

lem
asso

ciated
w

ith
x
j ,

〈∇
j L

(y
(t+

1
,j))

+
L
j (x

(t+
1
)

j
−
x
(t)
j

)
+
ξ
(t+

1
)

j
,x

j −
x
(t+

1
)

j
〉≥

0
for

an
y
x
j ∈

R
m
,

an
d

(iv
)

com
es

from
th

e
fact

th
at

Ã
>

(D
p ⊗

I
m

)Ã
=
(
A
>
A
−
Ã
>
Ã )
�
D
d

+
Ã
>
Ã
,

(15)
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O
n
F
a
st

e
r
C
o
n
v
e
r
g
e
n
c
e
o
f
C
y
c
l
ic

B
l
o
c
k

C
o
o
r
d
in
a
t
e
D
e
sc

e
n
t
-t
y
p
e
M
e
t
h
o
d
s

w
h
er

e
�

d
en

ot
es

th
e

H
ad

am
ar

d
p
ro

d
u
ct

.
W

e
re

w
ri

te
(1

5)
in

th
is

w
ay

b
ec

au
se

a
ti

g
h
t

u
p
p

er
b

ou
n
d

of
th

e
sp

ec
tr

al
n
or

m
of

R
.H

.S
.

is
ea

si
er

to
b

e
ob

ta
in

ed
th

an
th

e
sp

ec
tr

al
n
or

m
of

L
.H

.S
.

af
te

r
su

b
tr

ac
ti

n
g
P̃
⊗
I m

.

F
or

n
ot

at
io

n
al

co
n
v
en

ie
n
ce

,
w

e
d
efi

n
e

B
=
( A
>
A
−
Ã
>
Ã
)
�
D
d

+
Ã
>
Ã
−
P̃
⊗
I m
,

th
en

w
e

h
av

e

F
(x

(t
+
1
) )
−
F

(x
∗ )
≤

(x
(t
+
1
)
−
x
(t
) )
>
B

(x
(t
+
1
)
−
x
∗ )
−
µ 2
‖x

(t
+
1
)
−
x
∗ ‖

2
.

(1
6)

M
in

im
iz

in
g

th
e

R
.H

.S
.

of
th

e
ab

ov
e

in
eq

u
al

it
y

ov
er
x
∗ ,

w
e

ob
ta

in

−
µ

(x
∗
−
x
(t
+
1
) )
−
B
>

(x
(t
+
1
)
−
x
(t
) )

=
0.

w
h
ic

h
im

p
li
es

x
∗

=
−
B
>

(x
(t
+
1
)
−
x
(t
) )

µ
+
x
(t
+
1
) .

(1
7)

In
ad

d
it

io
n
,

w
e

h
av

e

‖B
‖(i

) ≤
‖(
A
>
A
−
Ã
>
Ã
)
�
D
d
‖+
‖Ã
>
Ã
−
P̃
⊗
I m
‖

(i
i) ≤
‖A
>
A
−
Ã
>
Ã
‖( 1

+
1 π

+
lo

g
(d

)

π

)
+
‖Ã
>
Ã
−
P̃
⊗
I m
‖

(i
ii
) ≤
( ‖
A
>
A
‖+
‖Ã
>
Ã
‖)
( 1

+
1 π

+
lo

g
(d

)

π

)
+
‖Ã
>
Ã
−
P̃
⊗
I m
‖

(i
v
) ≤
4
‖A
>
A
‖( 1

+
1 π

+
lo

g
(d

)

π

)
(v
) ≤
4L

lo
g
(3
p
d
m
a
x
),

(1
8)

w
h
er

e
(i

)
an

d
(i

ii
)

ar
e

fr
om

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

(i
v
)

is
fr

om
(1

4)
an

d
th

e
fa

ct
th

at

‖Ã
>
Ã
‖
≤
‖A
>
A
‖,

an
d

(v
)

is
fr

om
‖A
>
A
‖
≤
L

,
1

+
1 π

+
lo
g
(d
)

π
≤

lo
g
(3
d
)

fo
r

al
l
d
≥

2,
an

d
d
≤
p
d
m
a
x
.

In
eq

u
al

it
y

(i
i)

fo
ll
ow

s
fr

om
th

e
re

su
lt

on
th

e
sp

ec
tr

al
n
or

m
of

th
e

tr
ia

n
gu

la
r

tr
u
n
ca

ti
on

op
er

at
or

in
A

n
ge

lo
s

et
al

.
(1

99
2
)

(T
h
eo

re
m

1)
.

M
or

e
sp

ec
ifi

ca
ll
y,

le
t

u
s

d
efi

n
e

L
d

=
m

ax

{
‖A
�
D
d
‖

‖A
‖

:
A
∈
R
d
×
d
,A
6=

0}
,

w
h
ic

h
is

th
e

la
rg

es
t

ra
ti

o
b

et
w

ee
n

th
e

sp
ec

tr
al

n
or

m
of

th
e

tr
ia

n
gu

la
r

tr
u
n
ca

ti
on

of
A

(t
h
e

H
ad

am
ar

d
p
ro

d
u
ct

of
A

an
d
D
d
)

an
d

th
e

sp
ec

tr
al

n
or

m
of
A

.
T

h
en

fo
r

an
y
d
≥

2,
w

e
h
av

e
fr

om
A

n
ge

lo
s

et
al

.
(1

99
2)

th
at

∣ ∣ ∣ ∣
L
d

lo
g
d
−

1 π

∣ ∣ ∣ ∣≤
( 1

+
1 π

)

lo
g
d

.
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L
i,
Z
h
a
o
,
A
r
o
r
a
,
L
iu

a
n
d

H
o
n
g

P
lu

gg
in

g
(1

7)
in

to
(1

6)
,

w
e

ob
ta

in

F
(x

(t
+
1
) )
−
F

(x
∗ )
≤

1 2µ
‖B

(x
(t
+
1
)
−
x
(t
) )
‖2

(i
) ≤
‖B
‖2

2µ
‖x

(t
+
1
)
−
x
(t
) ‖

2

(i
i) ≤

8L
2

lo
g
2
(3
p
d
m
a
x
)

µ
‖x

(t
+
1
)
−
x
(t
) ‖

2
,

w
h
er

e
(i

)
co

m
es

fr
om

th
e

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y,

(i
i)

is
fr

o
m

(1
8)

.

U
si

n
g

L
em

m
as

1
an

d
2,

w
e

es
ta

b
li
sh

th
e

it
er

at
io

n
co

m
p
le

x
it

y
b

ou
n
d

o
f

th
e

C
B

C
G

D
m

et
h
o
d

fo
r

m
in

im
iz

in
g

(8
)

in
th

e
n
ex

t
th

eo
re

m
.

T
h
e
o
re

m
3

S
u

p
po

se
th

a
t

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

w
it

h
d
≥

2
.

W
e

ch
oo

se
η j

=
L
j

fo
r

th
e

C
B

C
G

D
m

et
h
od

.
G

iv
en

a
p
re

-s
pe

ci
fi

ed
a
cc

u
ra

cy
ε
>

0
o
f

th
e

o
bj

ec
ti

ve
va

lu
e,

w
e

n
ee

d
a
t

m
o
st

⌈ µ
L
µ m
in

+
16
L
2

lo
g
2
(3
p
d
m
a
x
)

µ
L
µ m
in

lo
g

(
F

(x
(0
) )
−
F

(x
∗ )

ε

)
⌉

it
er

a
ti

o
n

s
fo

r
th

e
C

B
C

G
D

m
et

h
od

to
en

su
re

th
a
t
F

(x
(t
) )
−
F

(x
∗ )
≤
ε,

w
h
er

e
L
µ m
in

is
d
efi

n
ed

in
(7

).

P
ro

o
f

C
om

b
in

in
g

L
em

m
as

1
an

d
2,

w
e

ob
ta

in

F
(x

(t
) )
−
F

(x
∗ )

=
[F

(x
(t
) )
−
F

(x
(t
+
1
) )

]+
[F

(x
(t
+
1
) )
−
F

(x
∗ )

]

≥
L
µ m
in

2
‖x

(t
)
−
x
(t
+
1
) ‖

2
+

[F
(x

(t
+
1
) )
−
F

(x
∗ )

]

≥
( 1

+
L
µ m
in
µ

16
L
2

lo
g
2
(3
p
d
m
a
x
))

[F
(x

(t
+
1
) )
−
F

(x
∗ )

].

R
ec

u
rs

iv
el

y
ap

p
ly

in
g

th
e

ab
ov

e
in

eq
u
al

it
y

fo
r
t
≥

1,
w

e
ob

ta
in

F
(x

(t
) )
−
F

(x
∗ )

F
(x

(0
) )
−
F

(x
∗ )
≤
( 1
−

µ
L
µ m
in

µ
L
µ m
in

+
16
L
2

lo
g
2
(3
p
d
m
a
x
)) t

.

T
o

en
su

re
F

(x
(t
) )
−
F

(x
∗ )
≤
ε,

w
e

on
ly

n
ee

d
a

la
rg

e
en

ou
gh

t
to

en
su

re
th

a
t

( 1
−

µ
L
µ m
in

µ
L
µ m
in

+
16
L
2

lo
g
2
(3
p
d
m
a
x
)) t

[F
(x

(0
) )
−
F

(x
∗ )

]
≤
ε.

(1
9
)

W
e

co
m

p
le

te
th

e
p
ro

of
b
y

co
m

b
in

in
g

(1
9)

an
d

th
e

b
as

ic
in

eq
u
al

it
y
κ
≥

lo
g
−
1
(

κ
κ
−
1

) .

A
s

ca
n

b
e

se
en

in
T

h
eo

re
m

3,
th

e
it

er
at

io
n

co
m

p
le

x
it

y
d
ep

en
d
s

on
p

on
ly

in
th

e
o
rd

er
of

lo
g
2
(p

),
w

h
ic

h
is

ge
n
er

al
ly

m
il
d

in
p
ra

ct
ic

e.
T

h
e

it
er

at
io

n
co

m
p
le

x
it

y
of

th
e

C
B

C
M

m
et

h
o
d

ca
n

b
e

es
ta

b
li
sh

ed
in

a
si

m
il
ar

m
an

n
er

.
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r
g
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n
c
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f
C
y
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l
ic

B
l
o
c
k

C
o
o
r
d
in
a
t
e
D
e
sc

e
n
t
-t
y
p
e
M
e
t
h
o
d
s

T
h
e
o
re

m
4

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
s

1
a
n

d
2

h
o
ld

w
ith

d
≥

2.
G

iven
a

p
re-specifi

ed
a
ccu

ra
cy

ε,
w

e
n

eed
a
t

m
o
st

⌈
µ
µ
m
in

+
64
L
2

log
2(3p

d
m
a
x )

µ
µ
m
in

log (
F

(x
(0
))−
F

(x
∗)

ε

)
⌉

itera
tio

n
s

fo
r

th
e

C
B

C
M

m
eth

od
su

ch
th

a
tF

(x
(t))−

F
(x
∗)≤

ε

P
ro

o
f

T
h
e

overall
p
ro

of
also

con
sists

of
th

ree
m

a
jor

step
s:

(i)
su

ccessive
d
escen

t,
(ii)

gap
tow

a
rd

s
th

e
o
p
tim

al
ob

jective
valu

e,
an

d
(iii)

iteration
com

p
lex

ity.

S
u
c
c
e
ssiv

e
D
e
sc
e
n
t:

A
t
t-th

iteration
,

th
ere

ex
ists

a
ξ
(t+

1
)

j
∈
∂R

j (x
(t+

1
)

j
)

satisfy
in

g
th

e
o
p
tim

a
lity

co
n
d
ition

:

∇
j L

(y
(t+

1
,j+

1
))

+
ξ
(t+

1
)

j
=

0.
(20)

T
h
en

w
e

h
ave

F
(y

(t+
1
,j))−

F
(y

(t+
1
,j+

1
))

(i)

≥
(x

(t)
j
−
x
(t+

1
)

j
) >∇

j L
(y

(t+
1
,j+

1
))

+
R
j (x

(t)
j

)−
R
j (x

(t+
1
)

j
)

(ii)

≥
(∇

j L
(y

(t+
1
,j+

1
))

+
ξ
(t+

1
)

j

)
>

(x
(t)
j
−
x
(t+

1
)

j
)

+
µ
j2
‖x

(t)
j
−
x
(t+

1
)

j
‖
2

(iii)
=
µ
j2
‖x

(t)
j
−
x
(t+

1
)

j
‖
2,

(21)

w
h
ere

(i)
is

fro
m

th
e

con
vex

ity
ofL

(·),
(ii)

is
from

A
ssu

m
p
tion

s
2,

an
d

(iii)
is

from
(20).

B
y

su
m

m
a
tio

n
of

(12)
over

j
=

1,...,p
,

w
e

h
ave

F
(x

(t))−
F

(x
(t+

1
))≥

µ
m
in

2
‖
x
(t)−

x
(t+

1
)‖

2.

G
a
p

to
w
a
rd

s
th

e
O
p
tim

a
l
O
b
je
c
tiv

e
V
a
lu
e
:

T
h
e

p
ro

of
follow

s
th

e
sam

e
argu

m
en

ts
w

ith
th

e
p
ro

o
f

of
L

em
m

a
2,

w
ith

a
few

d
iff

eren
ces.

F
irst,w

ith
th

e
op

tim
ality

con
d
ition

to
th

e
su

b
p
rob

lem
asso

ciated
w

ith
x
j ,

〈∇
j L

(x
(t))

+
ξ
(t+

1
)

j
,x

j −
x
(t+

1
)

j
〉≥

0
for

an
y
x
j ∈

R
m
,

w
e

h
ave

F
(x

(t+
1
))−
F

(x
∗)≤

(x
(t+

1
)−

x
(t)) >

B
(x

(t+
1
)−

x
∗)−

µ2 ‖x
(t+

1
)−

x
∗‖

2,

w
h
ere

B
=
(
A
>
A
−
Ã
>
Ã )
�
D
d

+
Ã
>
Ã

.

T
h
en

,
u
sin

g
th

e
sam

e
tech

n
iq

u
e

to
b

ou
n
d

th
e

eigen
valu

es
for

m
atrices

w
ith

H
ad

am
ard

p
ro

d
u
ct,

w
e

h
ave

F
(x

(t+
1
))−
F

(x
∗)≤

L
2

log
2(3d

)
+
L
2m
a
x

µ
‖x

(t+
1
)−

x
(t)‖

2≤
2L

2
log

2(3d
)

µ
‖
x
(t+

1
)−

x
(t)‖

2.

Ite
ra

tio
n

C
o
m
p
le
x
ity

:
T

h
e

an
aly

sis
follow

s
from

th
e

cou
n
ter

p
art

of
T

h
eorem

3.

T
h
eo

rem
4

estab
lish

es
th

at
th

e
iteration

com
p
lex

ity
o
f

th
e

C
B

C
M

m
eth

o
d

m
a
tch

es
th

at
o
f

th
e

C
B

C
G

D
m

eth
o
d
.

T
o

th
e

b
est

of
o
u
r

k
n
ow

led
ge,

T
h
eorem

s
3

an
d

4
are

th
e

sh
arp

est
itera

tio
n

co
m

p
lex

ity
an

aly
sis

of
th

e
C

B
C

D
-ty

p
e

m
eth

o
d
s

for
m

in
im

izin
g

(8).
W

e
fu

rth
er

p
rov

id
e

a
n

ex
a
m

p
le

to
estab

lish
th

e
tigh

tn
ess

of
th

e
ab

ove
resu

lt
in

A
p
p

en
d
ix

A
.
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L
i,
Z
h
a
o
,
A
r
o
r
a
,
L
iu

a
n
d

H
o
n
g

3
.2

G
e
n
e
ra

l
S
m
o
o
th

M
in
im

iz
a
tio

n

W
e

n
ex

t
con

sid
er

gen
eral

stron
gly

con
vex

sm
o
oth

m
in

im
ization

,
w

h
ich

in
clu

d
es

B
eck

an
d

T
etru

ash
v
ili

(2013)
as

a
sp

ecial
case

w
ith
R

(x
)

=
0.

H
ere

w
e

req
u
ire
R

(x
)

to
b

e
sm

o
oth

an
d

stron
gly

con
vex

.

A
ssu

m
p
tio

n
3
R

(·)
is

sm
oo

th
a
n

d
a
lso

blockw
ise

sm
oo

th
,

i.e.,
th

ere
exist

po
sitive

co
n

sta
n

ts
β

a
n

d
β
j ’s

su
ch

th
a
t

fo
r
x
,x
′∈

R
d

a
n

d
j

=
1,...,p

,
w

e
h
a
ve

R
(x

)≤
R

(x
′)

+
(x
−
x
′) >∇

R
(x
′)

+
β2 ‖x

−
x
′‖

2
a
n

d

R
j (x

j )≤
R
j (x
′j )

+
(x
j −

x
′j ) >∇

j R
(x
′)

+
β
j2
‖x

j −
x
′j ‖

2.

M
o
reo

ver,
w

e
d
efi

n
e
β
m
a
x

=
m

ax
j
β
j .

M
oreover,

w
e

assu
m

e
th

at
th

e
H

essian
m

atrix
H

of
th

e
ob

jectiv
e

fu
n
ction

F
ex

ists,
w

h
ich

is
d
en

oted
as
H
ij (x

)
=

∂F
(x

)
∂
x
i ∂
x
j .

S
in

ce
th

e
ob

jectiv
e

fu
n
ction

is
glo

b
ally

sm
o
oth

,
th

e
C

B
C

G
D

m
eth

o
d

can
d
irectly

take
th

e
u
p

d
ate

form
:

F
or
j

=
1,...,p

,

x
(t+

1
)

j
=
x
(t)
j
−
η
j (∇

j L
(y

(t+
1
,j+

1
))

+
∇
R
j (x

(t)
j

) )
,

w
h
ere

η
j
>

0
is

a
step

-size
p
aram

eter
for

th
e
j-th

b
lo

ck
.

T
y
p
ical

ap
p
lication

s
of

th
e

gen
eral

stron
gly

con
vex

sm
o
oth

m
in

im
ization

in
statistical

m
ach

in
e

learn
in

g
in

clu
d
es

rid
ge

p
en

alized
logistic

regression
,

an
d

rid
ge

p
en

alized
m

u
ltin

o-
m

ial
regression

.
It

is
w

orth
m

en
tion

in
g

th
at

ou
r

an
aly

sis
for

th
e

gen
eral

case
is

ap
p
licab

le
to

sm
o
oth

q
u
ad

ratic
m

in
im

ization
,

b
u
t

is
very

d
iff

eren
t

from
th

e
an

aly
sis

in
p
rev

iou
s

sectio
n
s

for
q
u
ad

ratic
m

in
im

ization
.

W
e

fi
rst

ch
aracterize

th
e

su
ccessive

d
escen

t
after

each
co

ord
in

a
te

grad
ien

t
d
escen

t
(C

G
D

)
iteration

.

L
e
m
m
a
5

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
s

1
a
n

d
3

h
o
ld

.
W

e
ch

oo
se
η
j

=
L
j +
β
j

fo
r

th
e

C
B

C
G

D
m

eth
od

.
T

h
en

fo
r

a
ll
t≥

1,
th

ere
exists

z
(t,j)

in
th

e
lin

e
segm

en
t

o
f

(x
(t),

y
(t,j))

fo
r

ea
ch

j∈
{1,...,p}

su
ch

th
a
t

F
(x

(t))−
F

(x
(t+

1
))≥

‖∇
F

(x
(t))‖

2

2 (
L
βm
a
x

+
‖
H
‖
2

L
βm
in )

,

w
h
ere

H
is

d
efi

n
ed

a
s

H
,



0
0

0
...

0
0

H
2
1

0
0

...
0

0
H

3
1

H
3
2

0
...

0
0

...
...

...
...

...
...

H
p
1

H
p
2

H
p
3

...
H
p
,p−

1
0


,

(22)

w
ith

H
ji ,

H
ji (z

(t,j))
=

∂F
(z

(t,j
))

∂
z
j ∂
z
i

,
a
n

d
L
βm
in

a
n

d
L
βm
a
x

a
re

d
efi

n
ed

a
s

L
βm
in

=
m

in{
L
βj

=
L
j

+
β
j ,j

=
1,...,p}

a
n

d
L
βm
a
x

=
m

ax{L
βj

=
L
j

+
β
j ,j

=
1,...,p}.
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ip
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∇
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.

W
e

h
av

e
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)
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ly

d
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d
∇
j
F
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)

h
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L
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n
t

w
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h
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ip
sc

h
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z
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an
t
F
j
,
w
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h
im

p
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ed F
(y

(t
,j
+
1
) )
≤
F

(y
(t
,j
) )

+
(y

(t
,j
+
1
)
−
y
(t
,j
) )
>
∇
j
F

(y
(t
,j
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+
F
j 2
‖y

(t
,j
+
1
)
−
y
(t
,j
) ‖

2

(i
) =
F

(y
(t
,j
) )
−

2L
β j
−
F
j

2(
L
β j
)2
‖∇

j
F

(y
(t
,j
) )
‖2

(i
i) ≤
F

(y
(t
,j
) )
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1

2L
β j

‖∇
j
F

(y
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,

w
h
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e
(i

)
is

fr
om

th
at

x
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+
1
)

j
=
x
(t
)

j
−
∇
j
F
(y

(t
,j
)
)

L
β j

,
an

d
(i

i)
is

fr
om

th
e

fa
ct

th
at
L
β j
≥
F
j
.

T
h
en

th
e

d
ec

re
as

e
of

th
e

ob
je

ct
iv

e
is

F
(x

(t
) )
−
F

(x
(t
+
1
) )

=

p ∑ k
=
1

F
(y

(t
,j
) )
−
F

(y
(t
,j
+
1
) )
≥

p ∑ k
=
1

1

2
L
β j

‖∇
j
F

(y
(t
,j
) )
‖2
.

(2
3)

F
or

si
m

p
li
ci

ty
,

w
e

as
su

m
e

th
at
d
1

=
..
.

=
d
p

=
m

=
d
/p

.
B

y
th

e
M

ea
n

V
al

u
e

T
h
eo

re
m

,
th

er
e
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(t
,j
)

su
ch
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∇
j
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∇
j
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−
∇
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j
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∇
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∇
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F
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∂
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∂
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∂
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,j
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)

∂
z j
∂
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−
1
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,.
..
,0
][

( x
(t
)

1
−
x
(t
+
1
)

1

) >

L
β 1

,.
..
,

( x
(t
)

j
−
1
−
x
(t
+
1
)

j
−
1

) >

L
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−
1

,0
,.
..
,0

] >
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∇
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,j
) )
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H
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1
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H
j
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−
1

√
L
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−
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,0
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(
t
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−
x
(
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+
1
)

1

) >
√
L
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,.
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(
t
)
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−
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−
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+
1
)
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−
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) >
√
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∇
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∇
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∇
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√
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√
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[ ∇
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∇
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√
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√
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√
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√
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√
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eo

retica
l

resu
lts

fo
r
H
y
p
e
r
b
a
n
d

.
F

in
a
lly,

S
ectio

n
6

d
iscu

sses
p

ossib
le

ex
ten

sion
s

of
H
y
p
e
r
b
a
n
d

.

2
.
R
e
la
te
d
W

o
rk

In
S
ection

1,
w

e
b
riefl

y
d
iscu

ssed
related

w
ork

in
th

e
h
y
p

erp
aram

eter
op

tim
ization

literatu
re.

H
ere,

w
e

p
rov

id
e

a
m

ore
th

orou
gh

coverage
of

th
e

p
rior

w
ork

,
an

d
also

su
m

m
arize

sign
ifi

can
t

related
w

o
rk

o
n

b
an

d
it

p
rob

lem
s.

2
.1

H
y
p

e
rp

a
ra

m
e
te

r
O

p
tim

iz
a
tio

n

B
ayesian

op
tim

ization
tech

n
iq

u
es

m
o
d
el

th
e

con
d
ition

al
p
rob

ab
ility

p
(y|λ

)
of

a
con

fi
gu

ration
’s

p
erform

an
ce

on
an

evalu
ation

m
etric

y
(i.e.,

test
accu

racy
),

given
a

set
of

h
y
p

erp
aram

eters
λ

.

1
.

R
a
n
d
o
m

sea
rch

w
ill

a
sy

m
p
to

tica
lly

co
n
v
erg

e
to

th
e

o
p
tim

a
l

co
n
fi
g
u
ra

tio
n
,

reg
a
rd

less
o
f

th
e

sm
o
o
th

n
ess

o
r

stru
ctu

re
o
f

th
e

fu
n

ctio
n

b
ein

g
o
p

tim
ized

,
b
y

a
sim

p
le

cov
erin

g
a
rg

u
m

en
t.

W
h

ile
th

e
ra

te
o
f

co
n
v
erg

en
ce

fo
r

ra
n
d
o
m

sea
rch

d
ep

en
d
s

o
n

th
e

sm
o
o
th

n
ess

a
n
d

is
ex

p
o
n
en

tia
l
in

th
e

n
u
m

b
er

o
f

d
im

en
sio

n
s

in
th

e
sea

rch
sp

a
ce,

th
e

sa
m

e
is

tru
e

fo
r

B
ay

esia
n

o
p
tim

iza
tio

n
m

eth
o
d
s

w
ith

o
u
t

a
d
d
itio

n
a
l

stru
ctu

ra
l

a
ssu

m
p
tio

n
s

(K
a
n

d
a
sa

m
y

et
a
l.,

2
0
1
5
).

2
.

A
p
relim

in
a
ry

v
ersio

n
o
f

th
is

w
o
rk

a
p
p

ea
red

in
L

i
et

a
l.

(2
0
1
7
).

W
e

ex
ten

d
th

e
p
rev

io
u
s

p
a
p

er
w

ith
a

th
o
ro

u
g
h

th
eo

retica
l

a
n
a
ly

sis
o
f
H
y
p
e
r
b
a
n
d

;
a
n

in
fi
n
ite

h
o
rizo

n
v
ersio

n
o
f

th
e

a
lg

o
rith

m
w

ith
a
p
p
lica

tio
n

to
sto

ch
a
stic

in
fi

n
ite-a

rm
ed

b
a
n

d
its;

a
d

d
itio

n
a
l

in
tu

itio
n

a
n

d
d

iscu
ssio

n
o
f
H
y
p
e
r
b
a
n
d

to
fa

cilita
te

its
u

se
in

p
ra

ctice;
a
n

d
a
d

d
itio

n
a
l

resu
lts

o
n

a
co

llectio
n

o
f

1
1
7

m
u

ltista
g
e

m
o
d

el
selectio

n
ta

sk
s.
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L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

S
eq

u
en

tial
M

o
d
el-b

ased
A

lgorith
m

C
on

fi
gu

ration
(S

M
A

C
),

T
ree-stru

ctu
re

P
arzen

E
stim

ator
(T

P
E

),
an

d
S
p

earm
in

t
are

th
ree

w
ell-estab

lish
ed

m
eth

o
d
s

(F
eu

rer
et

al.,
2014).

S
M

A
C

u
ses

ra
n
d
o
m

fo
rests

to
m

o
d
el
p
(y|λ

)
a
s

a
G

a
u
ssia

n
d
istrib

u
tio

n
(H

u
tter

et
a
l.,

2
0
1
1
).

T
P

E
is

a
n
o
n
-sta

n
d
a
rd

B
ay

esia
n

o
p
tim

iza
tio

n
a
lg

o
rith

m
b
a
sed

o
n

tree-stru
ctu

red
P

a
rzen

d
en

sity
estim

ators
(B

ergstra
et

al.,
2011).

L
astly,

S
p

earm
in

t
u
ses

G
au

ssian
p
ro

cesses
(G

P
)

to
m

o
d
el

p
(y|λ

)
an

d
p

erform
s

slice
sam

p
lin

g
over

th
e

G
P

’s
h
y
p

erp
aram

eters
(S

n
o
ek

et
al.,

2012).

P
rev

iou
s

w
ork

com
p
ared

th
e

relative
p

erform
an

ce
of

th
ese

B
ayesian

search
ers

(T
h
orn

ton
et

a
l.,

2
0
1
3
;

E
g
g
en

sp
erg

er
et

a
l.,

2
0
1
3
;

B
erg

stra
et

a
l.,

2
0
1
1
;

S
n
o
ek

et
a
l.,

2
0
1
2
;

F
eu

rer
et

a
l.,

2
0
1
4
,

2
0
1
5
).

A
n

ex
ten

siv
e

su
rv

ey
o
f

th
ese

th
ree

m
eth

o
d
s

b
y

E
g
g
en

sp
erg

er
et

a
l.

(2
0
1
3
)

in
tro

d
u
ced

a
b

en
ch

m
a
rk

lib
ra

ry
fo

r
h
y
p

erp
a
ra

m
eter

o
p
tim

iza
tio

n
ca

lled
H

P
O

lib
,

w
h

ich
w

e
u

se
for

ou
r

ex
p

erim
en

ts.
B

ergstra
et

al.
(2011)

an
d

T
h

orn
ton

et
al.

(2013)
sh

ow
ed

B
ayesian

op
tim

ization
m

eth
o
d
s

em
p
irically

ou
tp

erform
ran

d
om

search
on

a
few

b
en

ch
m

ark
ta

sk
s.

H
ow

ev
er,

fo
r

h
ig

h
-d

im
en

sio
n
a
l

p
ro

b
lem

s,
sta

n
d
a
rd

B
ay

esia
n

o
p
tim

iza
tio

n
m

eth
o
d
s

p
erform

sim
ilarly

to
ran

d
om

search
(W

an
g

et
al.,

2013).
R

ecen
t

m
eth

o
d
s

sp
ecifi

cally
d
esign

ed
fo

r
h
ig

h
-d

im
en

sio
n
a
l

p
ro

b
lem

s
a
ssu

m
e

a
low

er
eff

ectiv
e

d
im

en
sio

n
fo

r
th

e
p
ro

b
lem

(W
a
n
g

et
al.,

2013)
or

an
ad

d
itive

d
ecom

p
osition

for
th

e
target

fu
n
ction

(K
an

d
asam

y
et

al.,
2015).

H
ow

ev
er,

a
s

ca
n

b
e

ex
p

ected
,

th
e

p
erfo

rm
a
n
ce

o
f

th
ese

m
eth

o
d
s

is
sen

sitiv
e

to
req

u
ired

in
p
u
ts;

i.e.
th

e
eff

ective
d
im

en
sion

(W
an

g
et

al.,
2013)

or
th

e
n
u
m

b
er

of
ad

d
itive

com
p

on
en

ts
(K

an
d
asam

y
et

al.,
2015).

G
au

ssian
p

ro
cesses

h
ave

also
b

een
stu

d
ied

in
th

e
b

an
d

it
settin

g
u

sin
g

con
fi

d
en

ce
b

ou
n

d
a
cq

u
isitio

n
fu

n
ctio

n
s

(G
P

-U
C

B
),

w
ith

a
sso

cia
ted

su
b

lin
ea

r
reg

ret
b

o
u

n
d

s
(S

rin
iva

s
et

a
l.,

2010;
G

rü
n
ew

äld
er

et
al.,

2010).
W

an
g

et
al.

(2016)
im

p
roved

u
p

on
G

P
-U

C
B

b
y

rem
ov

in
g

th
e

n
eed

to
tu

n
e

a
p
a
ra

m
eter

th
a
t

co
n
tro

ls
ex

p
lo

ra
tio

n
a
n
d

ex
p
lo

ita
tio

n
.

C
o
n
ta

l
et

a
l.

(2014)
d

erived
a

tigh
ter

regret
b

ou
n

d
th

an
th

at
for

G
P

-U
C

B
b
y

u
sin

g
a

m
u

tu
al

in
form

ation
acq

u
isition

fu
n
ction

.
H

ow
ever,

van
d
er

V
aart

an
d

van
Z

an
ten

(2011)
sh

ow
ed

th
at

th
e

learn
in

g
ra

te
o
f

G
P

s
a
re

sen
sitiv

e
to

th
e

d
efi

n
itio

n
o
f

th
e

p
rio

r
th

ro
u
g
h

a
n

ex
a
m

p
le

w
ith

a
p

o
o
r

p
rio

r
w

h
ere

th
e

lea
rn

in
g

ra
te

d
eg

ra
d
ed

fro
m

p
o
ly

n
o
m

ia
l

to
lo

g
a
rith

m
ic

in
th

e
n
u
m

b
er

o
f

o
b

serva
tio

n
s
n

.
A

d
d

itio
n
a
lly,

w
ith

o
u
t

stru
ctu

ra
l

a
ssu

m
p

tio
n
s

o
n

th
e

cova
ria

n
ce

m
a
trix

o
f

th
e

G
P

,
fi
ttin

g
th

e
p

osterior
is
O

(n
3)

(W
ilson

et
al.,

2015).
H

en
ce,

S
n
o
ek

et
al.

(2015a)
an

d
S
p
rin

g
en

b
erg

et
a
l.

(2
0
1
6
)

p
ro

p
o
sed

u
sin

g
B

ay
esia

n
n
eu

ra
l

n
etw

o
rk

s,
w

h
ich

sca
le

lin
ea

rly
w

ith
n

,
to

m
o
d
el

th
e

p
osterior.

A
d
ap

tive
con

fi
gu

ration
evalu

ation
is

n
ot

a
n
ew

id
ea.

M
aron

an
d

M
o
ore

(1997)
an

d
M

n
ih

a
n

d
A

u
d
ib

ert
(2

0
0
8
)

co
n

sid
ered

a
settin

g
w

h
ere

th
e

tra
in

in
g

tim
e

is
rela

tiv
ely

in
ex

p
en

siv
e

(e.g.,
k

-n
earest-n

eigh
b

or
classifi

cation
)

an
d

evalu
ation

on
a

large
valid

ation
set

is
accelerated

b
y

evalu
atin

g
on

an
in

creasin
g

su
b
set

of
th

e
valid

ation
set,

stop
p
in

g
early

con
fi
gu

ration
s

th
at

are
p

erform
in

g
p

o
orly.

S
in

ce
su

b
sets

of
th

e
valid

ation
set

p
rov

id
e

u
n
b
iased

estim
ates

of
its

ex
p

ected
p

erform
an

ce,
th

is
is

an
in

stan
ce

of
th

e
stoch

a
stic

b
est-arm

id
en

tifi
cation

p
rob

lem
for

m
u
lti-arm

ed
b
an

d
its

(see
th

e
w

ork
b
y

J
am

ieson
an

d
N

ow
ak

,
2014,

for
a

b
rief

su
rvey

).

In
con

trast,
w

e
ad

d
ress

a
settin

g
w

h
ere

th
e

evalu
ation

tim
e

is
relatively

in
ex

p
en

sive
an

d
th

e
g
o
a
l

is
to

ea
rly

-sto
p

lo
n
g
-ru

n
n
in

g
tra

in
in

g
p
ro

ced
u
res

b
y

eva
lu

a
tin

g
p
a
rtia

lly
tra

in
ed

m
o
d
els

o
n

th
e

fu
ll

va
lid

a
tio

n
set.

P
rev

io
u
s

a
p

p
ro

a
ch

es
in

th
is

settin
g

eith
er

req
u
ire

stro
n
g

a
ssu

m
p

tio
n

s
o
r

u
se

h
eu

ristics
to

p
erfo

rm
a
d

a
p

tiv
e

reso
u

rce
a
llo

ca
tio

n
.

G
y
ö
rg

y
a
n

d
K

o
csis

(2011)
an

d
A

garw
al

et
al.

(2011)
m

ad
e

p
aram

etric
assu

m
p
tion

s
on

th
e

con
vergen

ce
b

eh
av

ior
of

train
in

g
algorith

m
s,

p
rov

id
in

g
th

eoretical
p

erform
an

ce
gu

aran
tees

u
n
d
er

th
ese

assu
m

p
tion

s.
U

n
fo

rtu
n
a
tely,

th
ese

a
ssu

m
p
tio

n
s

a
re

o
ften

h
a
rd

to
v
erify,

a
n
d

em
p
irica

l
p

erfo
rm

a
n
ce

ca
n
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B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

d
ra

st
ic

a
ll
y

su
ff

er
w

h
en

th
ey

a
re

v
io

la
te

d
.

K
ru

eg
er

et
a
l.

(2
0
1
5
)

p
ro

p
o
se

d
a

h
eu

ri
st

ic
b
a
se

d
on

se
q
u
en

ti
al

an
al

y
si

s
to

d
et

er
m

in
e

st
op

p
in

g
ti

m
es

fo
r

tr
ai

n
in

g
co

n
fi
gu

ra
ti

on
s

on
in

cr
ea

si
n
g

su
b
se

ts
of

th
e

d
at

a.
H

ow
ev

er
,

th
e

th
eo

re
ti

ca
l

co
rr

ec
tn

es
s

an
d

em
p
ir

ic
al

p
er

fo
rm

an
ce

of
th

is
m

et
h
o
d

ar
e

h
ig

h
ly

d
ep

en
d
en

t
on

a
u
se

r-
d
efi

n
ed

“s
a
fe

ty
zo

n
e.

”

S
ev

er
al

h
y
b
ri

d
m

et
h
o
d
s

co
m

b
in

in
g

ad
ap

ti
ve

co
n
fi
gu

ra
ti

on
se

le
ct

io
n

an
d

ev
al

u
at

io
n

h
av

e
a
ls

o
b

ee
n

in
tr

o
d
u
ce

d
(S

w
er

sk
y

et
a
l.
,

2
0
1
3
,

2
0
1
4
;

D
o
m

h
a
n

et
a
l.
,

2
0
1
5
;

K
a
n
d
a
sa

m
y

et
a
l.
,

2
0
1
6
;

K
le

in
et

a
l.

,
2
0
1
7
a
;

G
o
lo

v
in

et
a
l.

,
2
0
1
7
).

T
h

e
a
lg

o
ri

th
m

p
ro

p
o
se

d
b
y

S
w

er
sk

y
et

a
l.

(2
0
1
3
)

u
se

s
a

G
P

to
le

a
rn

co
rr

el
a
ti

o
n

b
et

w
ee

n
re

la
te

d
ta

sk
s

a
n
d

re
q
u
ir

es
th

e
su

b
ta

sk
s

a
s

in
p
u
t,

b
u
t

effi
ci

en
t

su
b
ta

sk
s

w
it

h
h
ig

h
in

fo
rm

a
ti

v
en

es
s

fo
r

th
e

ta
rg

et
ta

sk
a
re

u
n
k
n
ow

n
w

it
h
ou

t
p
ri

or
k
n
ow

le
d
ge

.
S
im

il
ar

to
th

e
w

or
k

b
y

S
w

er
sk

y
et

al
.

(2
01

3)
,

K
le

in
et

al
.

(2
01

7a
)

m
o
d
el

ed
th

e
co

n
d
it

io
n
al

va
li
d
at

io
n

er
ro

r
as

a
G

au
ss

ia
n

p
ro

ce
ss

u
si

n
g

a
ke

rn
el

th
at

ca
p
tu

re
s

th
e

co
va

ri
a
n
ce

w
it

h
d
ow

n
sa

m
p
li
n
g

ra
te

to
a
ll
ow

fo
r

a
d
a
p
ti

v
e

ev
a
lu

a
ti

o
n
.

S
w

er
sk

y
et

a
l.

(2
01

4)
,

D
om

h
an

et
al

.
(2

01
5)

,
an

d
K

le
in

et
al

.
(2

01
7a

)
m

ad
e

p
ar

am
et

ri
c

as
su

m
p

ti
on

s
on

th
e

co
n
ve

rg
en

ce
of

le
ar

n
in

g
cu

rv
es

to
p

er
fo

rm
ea

rl
y
-s

to
p
p
in

g.
In

co
n
tr

as
t,

G
ol

ov
in

et
al

.
(2

01
7)

d
ev

is
ed

a
n

ea
rl

y
-s

to
p
p

in
g

ru
le

b
a
se

d
o
n

p
re

d
ic

te
d

p
er

fo
rm

a
n

ce
fr

o
m

a
n
o
n

p
a
ra

m
et

ri
c

G
P

m
o
d
el

w
it

h
a

ke
rn

el
d
es

ig
n
ed

to
m

ea
su

re
th

e
si

m
il
ar

it
y

b
et

w
ee

n
p

er
fo

rm
an

ce
cu

rv
es

.
F

in
al

ly
,
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e
d

is
cu

ss
io

n
in

S
ec

ti
o
n

5
.2

w
h

er
e

w
e

fo
rm

a
ll
y

d
efi

n
e

th
es

e
en

v
el

o
p

e
(o

r
γ

)
fu

n
ct

io
n
s.
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B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

F
ig

u
re

2
:

T
h
e

valid
ation

loss
as

a
fu

n
ction

of
total

resou
rces

allo
cated

for
tw

o
con

fi
gu

ration
s

is
sh

ow
n
.
ν

1
an

d
ν

2
rep

resen
t

th
e

term
in

al
valid

ation
losses

at
con

vergen
ce.

T
h
e

sh
a
d
ed

a
rea

s
b

o
u
n
d

th
e

m
a
x
im

u
m

d
ista

n
ce

o
f

th
e

in
term

ed
ia

te
lo

sses
fro

m
th

e
term

in
al

valid
ation

loss
an

d
m

on
oton

ically
d
ecrease

w
ith

th
e

reso
u
rce.

term
in

al
losses.

T
h
ere

are
tw

o
takeaw

ay
s

from
th

is
ob

servation
:

m
ore

resou
rces

are
n
eed

ed
to

d
iff

eren
tia

te
b

etw
een

th
e

tw
o

co
n

fi
g
u

ra
tio

n
s

w
h

en
eith

er
(1

)
th

e
en

v
elo

p
e

fu
n

ctio
n

s
a
re

w
id

er
o
r

(2
)

th
e

term
in

al
losses

are
closer

togeth
er.

H
ow

ev
er,

in
p
ra

ctice,
th

e
o
p
tim

a
l

a
llo

ca
tio

n
stra

teg
y

is
u
n
k
n
ow

n
b

eca
u
se

w
e

d
o

n
o
t

h
av

e
k
n
ow

led
g
e

o
f

th
e

en
v
elo

p
e

fu
n
ctio

n
s

n
o
r

th
e

d
istrib

u
tio

n
o
f

term
in

a
l

lo
sses.

H
en

ce,
if

m
o
re

reso
u

rces
a
re

req
u

ired
b

efo
re

co
n

fi
g
u

ra
tio

n
s

ca
n

d
iff

eren
tia

te
th

em
selv

es
in

term
s

o
f

q
u
ality

(e.g.,
if

an
iterative

train
in

g
m

eth
o
d

con
verges

very
slow

ly
for

a
given

d
ata

set
or

if
ran

d
om

ly
selected

h
y
p

erp
aram

eter
con

fi
gu

ration
s

p
erform

sim
ilarly

w
ell),

th
en

it
w

ou
ld

b
e

rea
so

n
a
b

le
to

w
o
rk

w
ith

a
sm

a
ll

n
u

m
b

er
o
f

co
n

fi
g
u

ra
tio

n
s.

In
co

n
tra

st,
if

th
e

q
u

a
lity

o
f

a
con

fi
gu

ration
is

ty
p
ically

revealed
after

a
sm

all
n
u
m

b
er

of
resou

rces
(e.g.,

if
iterative

train
in

g
m

eth
o
d

s
con

verge
very

q
u

ick
ly

for
a

given
d

ata
set

or
if

ran
d
om

ly
selected

h
y
p

erp
aram

eter
co

n
fi
g
u
ra

tio
n
s

a
re

o
f

low
-q

u
a
lity

w
ith

h
ig

h
p
ro

b
a
b
ility

),
th

en
n

is
th

e
b

o
ttlen

eck
a
n
d

w
e

sh
o
u
ld

ch
o
o
se
n

to
b

e
large.

C
erta

in
ly,

if
m

eta
-d

a
ta

o
r

p
rev

io
u
s

ex
p

erien
ce

su
g
g
ests

th
a
t

a
certa

in
tra

d
eo

ff
is

lik
ely

to
w

o
rk

w
ell

in
p
ra

ctice,
o
n
e

sh
o
u
ld

ex
p
lo

it
th

a
t

in
fo

rm
a
tio

n
a
n
d

a
llo

ca
te

th
e

m
a
jo

rity
o
f

resou
rces

to
th

at
trad

eoff
.

H
ow

ever,
w

ith
ou

t
th

is
su

p
p
lem

en
tary

in
form

ation
,

p
ractition

ers
are

forced
to

m
ake

th
is

trad
eoff

,
severely

h
in

d
erin

g
th

e
ap

p
licab

ility
of

ex
istin

g
con

fi
gu

ration
eva

lu
a
tio

n
m

eth
o
d
s.

3
.2

H
y
p

e
rb

a
n

d

H
y
p
e
r
b
a
n
d

,
sh

ow
n

in
A

lgorith
m

1,
ad

d
resses

th
is

“n
versu

s
B
/n

”
p

rob
lem

b
y

con
sid

erin
g

sev
era

l
p

o
ssib

le
va

lu
es

o
f
n

fo
r

a
fi

x
ed

B
,

in
essen

ce
p

erfo
rm

in
g

a
g
rid

sea
rch

ov
er

fea
sib

le
valu

e
of
n

.
A

sso
ciated

w
ith

each
valu

e
of
n

is
a

m
in

im
u
m

resou
rce

r
th

at
is

allo
cated

to
all

con
fi
gu

ration
s

b
efore

som
e

are
d
iscard

ed
;

a
larger

valu
e

of
n

corresp
on

d
s

to
a

sm
aller

r
an

d
h
en

ce
m

o
re

a
g
g
ressiv

e
ea

rly
-sto

p
p
in

g
.

T
h
ere

a
re

tw
o

co
m

p
o
n
en

ts
to

H
y
p
e
r
b
a
n
d

;
(1

)
th

e
in

n
er

lo
o
p

in
v
o
k
es

S
u
c
c
e
ssiv

e
H
a
lv

in
g

fo
r

fi
x
ed

va
lu

es
o
f
n

a
n

d
r

(lin
es

3
–
9
)

a
n

d
(2

)
th

e
o
u
ter

lo
o
p

itera
tes

ov
er

d
iff

eren
t

va
lu

es
o
f
n

a
n
d
r

(lin
es

1
–
2
).

W
e

w
ill

refer
to

ea
ch

su
ch

ru
n

o
f
S
u
c
c
e
ssiv

e
H
a
lv

in
g

w
ith

in
H
y
p
e
r
b
a
n
d

a
s

a
“
b

ra
ck

et.”
E

a
ch

b
ra

ck
et

is
d

esig
n

ed
to

u
se

a
p

p
rox

im
a
tely

B
to

ta
l

reso
u

rces
a
n

d
co

rresp
o
n

d
s

to
a

d
iff

eren
t

tra
d

eo
ff

b
etw

een
n

7
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L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

A
lg

o
rith

m
1
:
H
y
p
e
r
b
a
n
d

algorith
m

for
h
y
p

erp
aram

eter
op

tim
ization

.

in
p

u
t

:R
,
η

(d
efau

lt
η

=
3)

in
itia

liz
a
tio

n
:s

m
a
x

=
blog

η (R
)c,

B
=

(s
m

a
x

+
1)R

1
fo

r
s∈
{s

m
a
x ,s

m
a
x −

1
,...,0}

d
o

2
n

=
d
BR

η
s

(s+
1
) e,

r
=
R
η −

s

/
/

b
e
g
i
n

S
u
c
c
e
s
s
i
v
e
H
a
l
v
i
n
g
w
i
t
h

(n
,r)

i
n
n
e
r

l
o
o
p

3
T

=
g
e
t
h
y
p
e
r
p
a
r
a
m
e
t
e
r
c
o
n
f
i
g
u
r
a
t
i
o
n
(n

)
4

fo
r
i∈
{0,...,s}

d
o

5
n
i

=
bn
η −

ic
6

r
i

=
rη
i

7
L

=
{
r
u
n
t
h
e
n
r
e
t
u
r
n
v
a
l
l
o
s
s
(t,r

i )
:
t∈

T}
8

T
=
t
o
p
k
(T
,L
,bn

i /ηc)
9

e
n

d

1
0

e
n

d
1
1

re
tu

rn
C

o
n

fi
gu

ra
tio

n
w

ith
th

e
sm

a
llest

in
term

ed
ia

te
lo

ss
seen

so
fa

r.

a
n
d
B
/n

.
H

en
ce,

a
sin

g
le

ex
ecu

tio
n

o
f
H
y
p
e
r
b
a
n
d

ta
k
es

a
fi
n
ite

b
u
d
g
et

o
f

(s
m
a
x

+
1
)B

;
w

e
recom

m
en

d
rep

eatin
g

it
in

d
efi

n
itely.

H
y
p
e
r
b
a
n
d

req
u
ires

tw
o

in
p
u
ts

(1
)
R

,
th

e
m

a
x
im

u
m

a
m

o
u
n
t

o
f

reso
u
rce

th
a
t

ca
n

b
e

a
llo

ca
ted

to
a

sin
g
le

co
n

fi
g
u

ra
tio

n
,

a
n

d
(2

)
η
,

a
n

in
p

u
t

th
a
t

co
n
tro

ls
th

e
p

ro
p

o
rtio

n
o
f

co
n
fi
g
u
ra

tio
n
s

d
isca

rd
ed

in
ea

ch
ro

u
n
d

o
f
S
u
c
c
e
ssiv

e
H
a
lv

in
g

.
T

h
e

tw
o

in
p
u
ts

d
icta

te
h
ow

m
a
n
y

d
iff

eren
t

b
ra

ck
ets

a
re

co
n
sid

ered
;

sp
ecifi

ca
lly,

s
m

a
x

+
1

d
iff

eren
t

va
lu

es
fo

r
n

a
re

co
n
sid

ered
w

ith
s

m
a
x

=
blog

η (R
)c.

H
y
p
e
r
b
a
n
d

b
eg

in
s

w
ith

th
e

m
o
st

a
g
g
ressiv

e
b
ra

ck
et

s
=
s

m
a
x ,

w
h

ich
sets

n
to

m
ax

im
ize

ex
p

loration
,

su
b

ject
to

th
e

con
strain

t
th

at
at

least
on

e
co

n
fi
g
u
ra

tio
n

is
a
llo

ca
ted

R
reso

u
rces.

E
a
ch

su
b
seq

u
en

t
b
ra

ck
et

red
u
ces

n
b
y

a
fa

cto
r

o
f

a
p
p
rox

im
a
tely

η
u
n
til

th
e

fi
n
a
l

b
ra

ck
et,

s
=

0
,

in
w

h
ich

ev
ery

co
n
fi
g
u
ra

tio
n

is
a
llo

ca
ted

R
reso

u
rces

(th
is

b
ra

ck
et

sim
p
ly

p
erfo

rm
s

cla
ssica

l
ra

n
d
o
m

sea
rch

).
H

en
ce,

H
y
p
e
r
b
a
n
d

p
erform

s
a

geom
etric

search
in

th
e

average
b

u
d

get
p

er
con

fi
gu

ration
an

d
rem

oves
th

e
n

eed
to

select
n

fo
r

a
fi
x
ed

b
u
d
g
et

a
t

th
e

co
st

o
f

a
p
p
rox

im
a
tely

s
m

a
x

+
1

tim
es

m
o
re

w
o
rk

th
a
n

ru
n

n
in

g
S
u
c
c
e
ssiv

e
H
a
lv

in
g

fo
r

a
sin

g
le

va
lu

e
o
f
n

.
B

y
d

o
in

g
so

,
H
y
p
e
r
b
a
n
d

is
a
b

le
to

ex
p
loit

situ
ation

s
in

w
h
ich

ad
ap

tive
allo

cation
w

ork
s

w
ell,

w
h
ile

p
rotectin

g
itself

in
situ

ation
s

w
h
ere

m
ore

con
servative

allo
cation

s
are

req
u
ired

.

H
y
p
e
r
b
a
n
d

req
u
ires

th
e

follow
in

g
m

eth
o
d
s

to
b

e
d
efi

n
ed

for
an

y
given

learn
in

g
p
rob

lem
:

•
g
e
t
h
y
p
e
r
p
a
r
a
m
e
t
e
r
c
o
n
f
i
g
u
r
a
t
i
o
n
(
n
)

–
a

fu
n
ctio

n
th

a
t

retu
rn

s
a

set
o
f
n

i.i.d
.

sam
p
les

from
som

e
d
istrib

u
tion

d
efi

n
ed

over
th

e
h
y
p

erp
aram

eter
con

fi
gu

ration
sp

ace.
In

th
is

w
o
rk

,
w

e
a
ssu

m
e

u
n
ifo

rm
ly

sa
m

p
lin

g
o
f

h
y
p

erp
a
ra

m
eters

fro
m

a
p
red

efi
n
ed

sp
a
ce

(i.e.,
h
y
p

ercu
b

e
w

ith
m

in
a
n
d

m
a
x

b
o
u
n
d
s

fo
r

ea
ch

h
y
p

erp
a
ra

m
eter),

w
h
ich

im
m

ed
iately

y
ield

s
con

sisten
cy

gu
aran

tees.
H

ow
ever,

th
e

m
ore

align
ed

th
e

d
istrib

u
tion

is
tow

ard
s

h
igh

q
u
ality

h
y
p

erp
aram

eters
(i.e.,

a
u
sefu

l
p
rior),

th
e

b
etter

H
y
p
e
r
b
a
n
d

w
ill

p
erform

(see
S
ection

6
for

fu
rth

er
d
iscu

ssion
).
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B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

s
=

4
s

=
3

s
=

2
s

=
1

s
=

0
i

n
i

r i
n
i

r i
n
i

r i
n
i

r i
n
i

r i
0

81
1

27
3

9
9

6
27

5
81

1
27

3
9

9
3

27
2

81
2

9
9

3
27

1
81

3
3

27
1

81
4

1
81

T
ab

le
1:

T
h

e
va

lu
es

o
f
n
i

a
n

d
r i

fo
r

th
e

b
ra

ck
et

s
o
f
H
y
p
e
r
b
a
n
d

co
rr

es
p

o
n

d
in

g
to

va
ri

o
u

s
va

lu
es

of
s,

w
h
en

R
=

81
an

d
η

=
3.

•
r
u
n
t
h
e
n
r
e
t
u
r
n
v
a
l
l
o
s
s
(
t,

r)
–

a
fu

n
ct

io
n

th
a
t

ta
k
es

a
h
y
p

er
p
a
ra

m
et

er
co

n
fi

g
u

-
ra

ti
on

t
an

d
re

so
u
rc

e
al

lo
ca

ti
on

r
as

in
p
u
t

an
d

re
tu

rn
s

th
e

va
li
d
at

io
n

lo
ss

af
te

r
tr

ai
n
in

g
th

e
co

n
fi
gu

ra
ti

on
fo

r
th

e
al

lo
ca

te
d

re
so

u
rc

es
.

•
t
o
p
k
(
c
o
n
f
i
g
s
,

l
o
s
s
e
s
,
k
)

–
a

fu
n
ct

io
n

th
a
t

ta
k
es

a
se

t
o
f

co
n
fi
g
u
ra

ti
o
n
s

a
s

w
el

l
as

th
ei

r
as

so
ci

at
ed

lo
ss

es
an

d
re

tu
rn

s
th

e
to

p
k

p
er

fo
rm

in
g

co
n
fi
gu

ra
ti

on
s.

3
.3

E
x
a
m

p
le

A
p

p
li
c
a
ti

o
n

w
it

h
It

e
ra

ti
o
n

s
a
s

a
R

e
so

u
rc

e
:

L
e
N

e
t

W
e

n
ex

t
p
re

se
n
t

a
co

n
cr

et
e

ex
a
m

p
le

to
p
ro

v
id

e
fu

rt
h
er

in
tu

it
io

n
a
b

o
u
t
H
y
p
e
r
b
a
n
d

.
W

e
w

or
k

w
it

h
th

e
M

N
IS

T
d
at

a
se

t
an

d
op

ti
m

iz
e

h
y
p

er
p
ar

am
et

er
s

fo
r

th
e

L
eN

et
co

n
vo

lu
ti

o
n
al

n
eu

ra
l

n
et

w
o
rk

tr
a
in

ed
u
si

n
g

m
in

i-
b
a
tc

h
st

o
ch

a
st

ic
g
ra

d
ie

n
t

d
es

ce
n
t

(S
G

D
).

5
O

u
r

se
a
rc

h
sp

a
ce

in
cl

u
d
es

le
a
rn

in
g

ra
te

,
b
a
tc

h
si

ze
,

a
n
d

n
u
m

b
er

o
f

k
er

n
el

s
fo

r
th

e
tw

o
la

y
er

s
o
f

th
e

n
et

w
or

k
as

h
y
p

er
p
ar

am
et

er
s

(d
et

ai
ls

ar
e

sh
ow

n
in

T
ab

le
2

in
A

p
p

en
d
ix

A
).

W
e

d
efi

n
e

th
e

re
so

u
rc

e
al

lo
ca

te
d

to
ea

ch
co

n
fi
gu

ra
ti

on
to

b
e

n
u
m

b
er

of
it

er
at

io
n
s

of
S
G

D
,

w
it

h
on

e
u

n
it

of
re

so
u

rc
e

co
rr

es
p

on
d

in
g

to
on

e
ep

o
ch

,
i.

e.
,

a
fu

ll
p

as
s

ov
er

th
e

d
at

a
se

t.
W

e
se

t
R

to
81

an
d

u
se

th
e

d
ef

au
lt

va
lu

e
of
η

=
3,

re
su

lt
in

g
in
s m

a
x

=
4

an
d

th
u
s

5
b
ra

ck
et

s
of

S
u
c
c
e
ss
iv
e
H
a
lv

in
g

w
it

h
d
iff

er
en

t
tr

ad
eo

ff
s

b
et

w
ee

n
n

an
d
B
/n

.
T

h
e

re
so

u
rc

es
al

lo
ca

te
d

w
it

h
in

ea
ch

b
ra

ck
et

ar
e

d
is

p
la

ye
d

in
T

ab
le

1.

F
ig

u
re

3
sh

ow
s

a
n

em
p
ir

ic
a
l

co
m

p
a
ri

so
n

o
f

th
e

av
er

a
g
e

te
st

er
ro

r
a
cr

o
ss

7
0

tr
ia

ls
o
f

th
e

in
d
iv

id
u
a
l

b
ra

ck
et

s
o
f
H
y
p
e
r
b
a
n
d

ru
n

se
p
a
ra

te
ly

a
s

w
el

l
a
s

st
a
n
d
a
rd

H
y
p
e
r
b
a
n
d

.
In

p
ra

ct
ic

e,
w

e
d
o

n
o
t

k
n
ow

a
p
ri

o
ri

w
h
ic

h
b
ra

ck
et
s
∈
{0
,.
..
,4
}

w
il
l

b
e

m
o
st

eff
ec

ti
v
e

in
id

en
ti

fy
in

g
g
o
o
d

h
y
p

er
p
a
ra

m
et

er
s,

a
n
d

in
th

is
ca

se
n
ei

th
er

th
e

m
o
st

(s
=

4
)

n
o
r

le
a
st

a
g
g
re

ss
iv

e
(s

=
0
)

se
tt

in
g

is
o
p
ti

m
a
l.

H
ow

ev
er

,
w

e
n
o
te

th
a
t
H
y
p
e
r
b
a
n
d

d
o
es

n
ea

rl
y

a
s

w
el

l
a
s

th
e

o
p
ti

m
a
l

b
ra

ck
et

(s
=

3
)

a
n
d

o
u
tp

er
fo

rm
s

th
e

b
a
se

li
n
e

u
n
if

o
rm

a
ll
o
ca

ti
o
n

(i
.e

.,
ra

n
d
om

se
ar

ch
),

w
h
ic

h
is

eq
u
iv

al
en

t
to

b
ra

ck
et
s

=
0.

3
.4

D
iff

e
re

n
t

T
y
p

e
s

o
f

R
e
so

u
rc

e
s

W
h
il
e

th
e

p
re

v
io

u
s

ex
a
m

p
le

fo
cu

se
d

o
n

it
er

a
ti

o
n
s

a
s

th
e

re
so

u
rc

e,
H
y
p
e
r
b
a
n
d

n
a
tu

ra
ll
y

ge
n
er

al
iz

es
to

va
ri

ou
s

ty
p

es
of

re
so

u
rc

es
:

5
.

C
o
d
e

a
n
d

d
es

cr
ip

ti
o
n

o
f

a
lg

o
ri

th
m

u
se

d
is

av
a
il
a
b
le

a
t
h
t
t
p
:
/
/
d
e
e
p
l
e
a
r
n
i
n
g
.
n
e
t
/
t
u
t
o
r
i
a
l
/
l
e
n
e
t
.
h
t
m
l
.
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L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

F
ig

u
re

3:
P

er
fo

rm
an

ce
o
f

in
d
iv

id
u
al

b
ra

ck
et

s
s

an
d
H
y
p
e
r
b
a
n
d

.

•
T

im
e

–
E

ar
ly

-s
to

p
p
in

g
in

te
rm

s
of

ti
m

e
ca

n
b

e
p
re

fe
rr

ed
w

h
en

va
ri

ou
s

h
y
p

er
p
ar

am
et

er
co

n
fi
gu

ra
ti

on
s

d
iff

er
in

tr
ai

n
in

g
ti

m
e

an
d

th
e

p
ra

ct
it

io
n
er

’s
ch

ie
f

go
al

is
to

fi
n
d

a
go

o
d

h
y
p

er
p
a
ra

m
et

er
se

tt
in

g
in

a
fi
x
ed

w
a
ll
-c

lo
ck

ti
m

e.
F

o
r

in
st

a
n
ce

,
tr

a
in

in
g

ti
m

e
co

u
ld

b
e

u
se

d
a
s

a
re

so
u
rc

e
to

q
u
ic

k
ly

te
rm

in
a
te

st
ra

g
g
le

r
jo

b
s

in
d
is

tr
ib

u
te

d
co

m
p
u
ta

ti
o
n

en
v
ir

on
m

en
ts

.

•
D

a
ta

S
e
t

S
u

b
sa

m
p

li
n

g
–

H
er

e
w

e
co

n
si

d
er

th
e

se
tt

in
g

of
a

b
la

ck
-b

ox
b
at

ch
tr

ai
n
in

g
al

go
ri

th
m

th
at

ta
ke

s
a

d
at

a
se

t
as

in
p
u
t

an
d

ou
tp

u
ts

a
m

o
d
el

.
In

th
is

se
tt

in
g,

w
e

tr
ea

t
th

e
re

so
u

rc
e

a
s

th
e

si
ze

o
f

a
ra

n
d

o
m

su
b

se
t

o
f

th
e

d
a
ta

se
t

w
it

h
R

co
rr

es
p

o
n

d
in

g
to

th
e

fu
ll

d
a
ta

se
t

si
ze

.
S
u
b
sa

m
p
li
n
g

d
a
ta

se
t

si
ze

s
u
si

n
g
H
y
p
e
r
b
a
n
d

,
es

p
ec

ia
ll
y

fo
r

p
ro

b
le

m
s

w
it

h
su

p
er

-l
in

ea
r

tr
ai

n
in

g
ti

m
es

li
ke

ke
rn

el
m

et
h

o
d
s,

ca
n

p
ro

v
id

e
su

b
st

an
ti

al
sp

ee
d
u
p
s.

•
F
e
a
tu

re
S

u
b

sa
m

p
li
n

g
–

R
a
n
d
o
m

fe
a
tu

re
s

o
r

N
y
st

rö
m

-l
ik

e
m

et
h
o
d
s

a
re

p
o
p
u
la

r
m

et
h
o
d
s

fo
r

ap
p
ro

x
im

at
in

g
ke

rn
el

s
fo

r
m

ac
h
in

e
le

ar
n
in

g
ap

p
li
ca

ti
on

s
(R

ah
im

ia
n
d

R
ec

h
t,

2
0
0
7
).

In
im

a
g
e

p
ro

ce
ss

in
g
,

es
p

ec
ia

ll
y

d
ee

p
-l

ea
rn

in
g

a
p
p
li
ca

ti
o
n
s,

fi
lt

er
s

a
re

u
su

a
ll
y

sa
m

p
le

d
ra

n
d
o
m

ly
,

w
it

h
th

e
n
u
m

b
er

o
f

fi
lt

er
s

h
av

in
g

a
n

im
p
a
ct

o
n

th
e

p
er

fo
rm

a
n
ce

.
D

ow
n
sa

m
p
li
n
g

th
e

n
u
m

b
er

o
f

fe
a
tu

re
s

is
a

co
m

m
o
n

to
o
l

u
se

d
w

h
en

h
a
n
d
-t

u
n
in

g
h
y
p

er
p
ar

am
et

er
s;

H
y
p
e
r
b
a
n
d

ca
n

fo
rm

al
iz

e
th

is
h
eu

ri
st

ic
.

3
.5

S
e
tt

in
g
R

T
h

e
re

so
u

rc
e
R

an
d
η

(w
h

ic
h

w
e

ad
d

re
ss

n
ex

t)
ar

e
th

e
on

ly
re

q
u

ir
ed

in
p
u

ts
to

H
y
p
e
r
b
a
n
d

.
A

s
m

en
ti

o
n
ed

in
S
ec

ti
o
n

3
.2

,
R

re
p
re

se
n
ts

th
e

m
a
x
im

u
m

a
m

o
u
n
t

o
f

re
so

u
rc

es
th

a
t

ca
n

b
e

a
ll
o
ca

te
d

to
a
n
y

g
iv

en
co

n
fi
g
u
ra

ti
o
n
.

In
m

o
st

ca
se

s,
th

er
e

is
a

n
a
tu

ra
l

u
p
p

er
b

o
u
n
d

o
n

th
e

m
a
x
im

u
m

b
u
d
g
et

p
er

co
n
fi
g
u
ra

ti
o
n

th
a
t

is
o
ft

en
d
ic

ta
te

d
b
y

th
e

re
so

u
rc

e
ty

p
e

(e
.g

.,
tr

a
in

in
g

se
t

si
ze

fo
r

d
a
ta

se
t

d
ow

n
sa

m
p
li
n
g
;

li
m

it
a
ti

o
n
s

b
a
se

d
o
n

m
em

o
ry

co
n
st

ra
in

t
fo

r
fe

at
u
re

d
ow

n
sa

m
p
li
n
g;

ru
le

of
th

u
m

b
re

ga
rd

in
g

n
u
m

b
er

of
ep

o
ch

s
w

h
en

it
er

at
iv

el
y

tr
ai

n
in

g
n

eu
ra

l
n

et
w

o
rk

s)
.

If
th

er
e

is
a

ra
n

g
e

o
f

p
o
ss

ib
le

va
lu

es
fo

r
R

,
a

sm
a
ll

er
R

w
il

l
g
iv

e
a

re
su

lt
fa

st
er

(s
in

ce
th

e
b
u
d
g
et
B

fo
r

ea
ch

b
ra

ck
et

is
a

m
u
lt

ip
le

o
f
R

),
b
u
t

a
la

rg
er
R

w
il
l

g
iv

e
a

b
et

te
r

gu
ar

an
te

e
of

su
cc

es
sf

u
ll
y

d
iff

er
en

ti
at

in
g

b
et

w
ee

n
th

e
co

n
fi
gu

ra
ti

on
s.

M
o
re

ov
er

,
fo

r
se

tt
in

g
s

in
w

h
ic

h
ei

th
er
R

is
u
n
k
n
ow

n
o
r

n
o
t

d
es

ir
ed

,
w

e
p
ro

v
id

e
a
n

in
fi
n
it

e
h
or

iz
on

ve
rs

io
n

of
H
y
p
e
r
b
a
n
d

in
S
ec

ti
on

5.
T

h
is

ve
rs

io
n

of
th

e
al

go
ri

th
m

d
ou

b
le

s
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B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

th
e

b
u
d
g
et

ov
er

tim
e,
B
∈
{2
,4
,8
,1

6
,...},

a
n
d

fo
r

ea
ch

B
,

tries
a
ll

p
o
ssib

le
va

lu
es

o
f

n
∈
{

2
k

:
k
∈
{1
,...,log

2 (B
)} }

.
F

o
r

ea
ch

co
m

b
in

a
tio

n
o
f
B

a
n
d
n

,
th

e
a
lg

o
rith

m
ru

n
s

a
n

in
sta

n
ce

o
f

th
e

(in
fi
n

ite
h

o
rizo

n
)
S
u
c
c
e
ssiv

e
H
a
lv

in
g

a
lg

o
rith

m
,

w
h

ich
im

p
licitly

sets
R

=
B

2
lo

g
2
(n

) ,
th

ereb
y

g
row

in
g
R

a
s
B

in
crea

ses.
T

h
e

m
a
in

d
iff

eren
ce

b
etw

een
th

e
in

fi
n
ite

h
o
rizo

n
a
lg

o
rith

m
a
n

d
A

lg
o
rith

m
1

is
th

a
t

th
e

n
u

m
b

er
o
f

u
n

iq
u

e
b

ra
ck

ets
g
row

s
ov

er
tim

e
in

stead
of

stay
in

g
con

stan
t

w
ith

each
ou

ter
lo

op
.

W
e

w
ill

an
aly

ze
th

is
version

of
H
y
p
e
r
b
a
n
d

in
m

o
re

d
eta

il
in

S
ectio

n
5

a
n

d
u
se

it
a
s

th
e

la
u

n
ch

in
g

p
o
in

t
fo

r
th

e
th

eo
retica

l
a
n

a
ly

sis
o
f

sta
n
d
a
rd

(fi
n
ite

h
orizon

)
H
y
p
e
r
b
a
n
d

.

N
ote

th
at
R

is
also

th
e

n
u
m

b
er

of
con

fi
gu

ration
s

evalu
ated

in
th

e
b
racket

th
at

p
erform

s
th

e
m

o
st

ex
p
lo

ra
tio

n
,

i.e
s

=
s

m
a
x .

In
p
ra

ctice
o
n
e

m
ay

w
a
n
t
n
≤
n

m
a
x

to
lim

it
ov

erh
ea

d
a
sso

cia
ted

w
ith

tra
in

in
g

m
a
n
y

co
n
fi
g
u
ra

tio
n
s

o
n

a
sm

a
ll

b
u
d
g
et,

i.e.,
co

sts
a
sso

cia
ted

w
ith

in
itia

liza
tio

n
,

lo
a
d
in

g
a

m
o
d
el,

a
n
d

va
lid

a
tio

n
.

In
th

is
ca

se,
set

s
m

a
x

=
blog

η (n
m

a
x )c.

A
ltern

a
tiv

ely,
o
n
e

ca
n

red
efi

n
e

o
n
e

u
n
it

o
f

reso
u
rce

so
th

a
t
R

is
a
rtifi

cia
lly

sm
a
ller

(i.e.,
if

th
e

d
esired

m
a
x
im

u
m

itera
tio

n
is

1
0
0
k
,

d
efi

n
in

g
o
n
e

u
n
it

o
f

reso
u
rce

to
b

e
1
0
0

itera
tio

n
s

w
ill

give
R

=
1,000,

w
h
ereas

d
efi

n
in

g
on

e
u

n
it

to
b

e
1k

iteration
s

w
ill

give
R

=
100).

T
h
u

s,
on

e
u
n
it

of
resou

rce
can

b
e

in
terp

reted
as

th
e

m
in

im
u
m

d
esired

resou
rce

an
d
R

as
th

e
ratio

b
etw

een
m

a
x
im

u
m

resou
rce

an
d

m
in

im
u
m

resou
rce.

3
.6

S
e
ttin

g
η

T
h
e

va
lu

e
o
f
η

is
a

k
n
o
b

th
a
t

ca
n

b
e

tu
n
ed

b
a
sed

o
n

p
ra

ctica
l

u
ser

co
n
stra

in
ts.

L
a
rg

er
va

lu
es

o
f
η

co
rresp

o
n
d

to
m

o
re

a
g
g
ressiv

e
elim

in
a
tio

n
sch

ed
u
les

a
n
d

th
u
s

few
er

ro
u
n
d
s

o
f

elim
in

a
tio

n
;

sp
ecifi

ca
lly,

ea
ch

ro
u
n
d

reta
in

s
1
/η

co
n
fi
g
u
ra

tio
n
s

fo
r

a
to

ta
l

o
fblog

η (n
)c

+
1

ro
u

n
d

s
o
f

elim
in

a
tio

n
w

ith
n

co
n

fi
g
u

ra
tio

n
s.

If
o
n

e
w

ish
es

to
receiv

e
a

resu
lt

fa
ster

a
t

th
e

co
st

o
f

a
su

b
-o

p
tim

a
l

a
sy

m
p
to

tic
co

n
sta

n
t,

o
n
e

ca
n

in
crea

se
η

to
red

u
ce

th
e

b
u
d
g
et

p
er

b
racket

B
=

(blog
η (R

)c
+

1)R
.

W
e

stress
th

at
resu

lts
are

n
ot

very
sen

sitive
to

th
e

ch
oice

of
η
.

If
ou

r
th

eoretical
b

ou
n
d
s

are
op

tim
ized

(see
S
ection

5),
th

ey
su

ggest
ch

o
osin

g
η

=
e≈

2.718,
b
u
t

in
p
ra

ctice
w

e
su

ggest
tak

in
g
η

to
b

e
eq

u
al

to
3

or
4.

T
u
n
in

g
η

w
ill

also
ch

an
ge

th
e

n
u
m

b
er

of
b
rackets

an
d

con
seq

u
en

tly
th

e
n
u
m

b
er

of
d
iff

eren
t

trad
eoff

s
th

at
H
y
p
e
r
b
a
n
d

tries.
U

su
ally,

th
e

p
ossib

le
ran

ge
of

b
rackets

is
fairly

con
strain

ed
,

sin
ce

th
e

n
u
m

b
er

of
b
rackets

is
logarith

m
ic

in
R

;
n
am

ely,
th

ere
are

(blog
η (R

)c
+

1)
=
s

m
a
x

+
1

b
rackets.

F
or

ou
r

ex
p

erim
en

ts
in

S
ection

4,
w

e
ch

ose
η

to
p
rov

id
e

5
b
rackets

for
th

e
sp

ecifi
ed

R
;

for
m

ost
p
rob

lem
s,

5
is

a
reason

ab
le

n
u
m

b
er

of
n

versu
s
B
/n

trad
eoff

s
to

ex
p
lore.

H
ow

ever,
fo

r
la

rg
e
R

,
u
sin

g
η

=
3

or
4

can
give

m
ore

b
rack

ets
th

a
n

d
esired

.
T

h
e

n
u
m

b
er

of
b
rackets

ca
n

b
e

co
n
tro

lled
in

a
few

w
ay

s.
F

irst,
a
s

m
en

tio
n
ed

in
th

e
p
rev

io
u
s

sectio
n
,

if
R

is
to

o
la

rg
e

a
n
d

ov
erh

ea
d

is
a
n

issu
e,

th
en

o
n

e
m

ay
w

a
n
t

to
co

n
tro

l
th

e
ov

erh
ea

d
b
y

lim
itin

g
th

e
m

ax
im

u
m

n
u
m

b
er

of
con

fi
gu

ration
s

to
n

m
a
x ,

th
ereb

y
also

lim
itin

g
s

m
a
x .

If
overh

ead
is

n
ot

a
co

n
cern

a
n
d

a
g
g
ressiv

e
ex

p
lo

ra
tio

n
is

d
esired

,
o
n

e
ca

n
(1

)
in

crea
se
η

to
red

u
ce

th
e

n
u
m

b
er

o
f

b
ra

ck
ets

w
h
ile

m
a
in

ta
in

in
g
R

a
s

th
e

m
a
x
im

u
m

n
u
m

b
er

o
f

co
n
fi
g
u
ra

tio
n
s

in
th

e
m

o
st

ex
p
lo

ra
to

ry
b
ra

ck
et,

o
r

(2
)

still
u
se
η

=
3

o
r

4
b
u
t

o
n
ly

try
b
ra

ck
ets

th
a
t

d
o

a
b
a
selin

e
lev

el
o
f

ex
p
lo

ra
tio

n
,

i.e.,
set

n
m

in
a
n

d
o
n
ly

try
b
ra

ck
ets

fro
m
s

m
a
x

to
s

=
blog

η (n
m

in )c.
F

o
r

co
m

p
u
ta

tio
n
a
lly

in
ten

siv
e

p
ro

b
lem

s
th

a
t

h
av

e
lo

n
g

tra
in

in
g

tim
es

a
n
d

h
ig

h
-d

im
en

sio
n
a
l

search
sp

aces,
w

e
recom

m
en

d
th

e
latter.

In
tu

itively,
if

th
e

n
u
m

b
er

of
con

fi
gu

ration
s

th
at

can
b

e
train

ed
to

com
p
letion

(i.e.,
train

ed
u
sin

g
R

resou
rces)

in
a

reason
ab

le
am

ou
n
t

of
tim

e
is

on
th

e
ord

er
of

th
e

d
im

en
sion

of
th

e
search

sp
ace

an
d

n
ot

ex
p

on
en

tial
in

th
e

d
im

en
sion

,
th

en
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L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

it
w

ill
b

e
im

p
o
ssib

le
to

fi
n

d
a

g
o
o
d

co
n
fi

g
u

ra
tio

n
w

ith
o
u

t
u

sin
g

a
n

a
g
g
ressiv

e
ex

p
lo

ra
to

ry
trad

eoff
b

etw
een

n
an

d
B
/n

.

3
.7

O
v
e
rv

ie
w

o
f

T
h

e
o
re

tic
a
l

R
e
su

lts

T
h
e

th
eo

retica
l

p
ro

p
erties

o
f
H
y
p
e
r
b
a
n
d

a
re

b
est

d
em

o
n
stra

ted
th

ro
u
g
h

a
n

ex
a
m

p
le.

S
u
p
p

o
se

th
ere

a
re

n
co

n
fi
g
u
ra

tio
n
s,

ea
ch

w
ith

a
g
iv

en
term

in
a
l

va
lid

a
tio

n
erro

r
ν
i

fo
r

i
=

1
,...,n

.
W

ith
o
u
t

lo
ss

o
f

g
en

era
lity,

in
d
ex

th
e

co
n
fi
g
u
ra

tio
n
s

b
y

p
erfo

rm
a
n
ce

so
th

a
t

ν
1

co
rresp

o
n
d
s

to
th

e
b

est
p

erfo
rm

in
g

co
n
fi
g
u
ra

tio
n
,
ν

2
to

th
e

seco
n
d

b
est,

a
n
d

so
o
n
.

N
ow

co
n
sid

er
th

e
ta

sk
o
f

id
en

tify
in

g
th

e
b

est
co

n
fi
g
u
ra

tio
n
.

T
h
e

o
p
tim

a
l

stra
teg

y
w

o
u
ld

a
llo

ca
te

to
ea

ch
co

n
fi
g
u
ra

tio
n
i

th
e

m
in

im
u
m

reso
u
rce

req
u
ired

to
d
istin

g
u
ish

it
fro

m
ν

1 ,
i.e.,

en
o
u
g
h

so
th

a
t

th
e

en
v
elo

p
e

fu
n
ctio

n
s

(see
F

ig
u
re

2
)

b
o
u
n
d

th
e

in
term

ed
ia

te
lo

ss
to

b
e

less
th

a
n
ν
i −
ν
1

2
aw

ay
fro

m
th

e
term

in
a
l

va
lu

e.
In

co
n
tra

st,
th

e
n
a
iv

e
u
n
ifo

rm
a
llo

ca
tio

n
stra

teg
y,

w
h

ich
a
llo

ca
tes

B
/n

to
ea

ch
co

n
fi

g
u

ra
tio

n
,

h
a
s

to
a
llo

ca
te

to
ev

ery
co

n
fi

g
u

ra
tio

n
th

e
m

ax
im

u
m

resou
rce

req
u
ired

to
d
istin

gu
ish

an
y

arm
ν
i

from
ν

1 .
R

em
arkab

ly,
th

e
b
u
d
get

req
u
ired

b
y
S
u
c
c
e
ssiv

e
H
a
lv

in
g

is
on

ly
a

sm
all

factor
of

th
e

op
tim

al
b

ecau
se

it
cap

italizes
on

con
fi
gu

ration
s

th
at

are
easy

to
d
istin

g
u
ish

from
ν

1 .

T
h
e

relative
size

of
th

e
b
u
d
get

req
u
ired

for
u
n
iform

allo
cation

an
d
S
u
c
c
e
ssiv

e
H
a
lv

in
g

d
ep

en
d

s
o
n

th
e

en
v
elo

p
e

fu
n

ctio
n

s
b

o
u

n
d

in
g

d
ev

ia
tio

n
fro

m
term

in
a
l

lo
sses

a
s

w
ell

a
s

th
e

d
istrib

u
tio

n
fro

m
w

h
ich

ν
i ’s

a
re

d
raw

n
.

T
h
e

b
u
d
g
et

req
u
ired

fo
r
S
u
c
c
e
ssiv

e
H
a
lv

in
g

is
sm

a
ller

w
h
en

th
e

o
p
tim

a
l
n

v
ersu

s
B
/n

tra
d
eo

ff
d
iscu

ssed
in

S
ectio

n
3
.1

req
u
ires

few
er

reso
u
rces

p
er

co
n
fi
g
u
ra

tio
n
.

H
en

ce,
if

th
e

en
v
elo

p
e

fu
n
ctio

n
s

tig
h
ten

q
u
ick

ly
a
s

a
fu

n
ctio

n
o
f

reso
u

rce
a
llo

ca
ted

,
o
r

th
e

av
era

g
e

d
ista

n
ces

b
etw

een
term

in
a
l

lo
sses

is
la

rg
e,

th
en

S
u
c
-

c
e
ssiv

e
H
a
lv

in
g

ca
n

b
e

su
b

sta
n
tia

lly
fa

ster
th

a
n

u
n
ifo

rm
a
llo

ca
tio

n
.

T
h

ese
in

tu
itio

n
s

a
re

fo
rm

a
lized

in
S
ectio

n
5

a
n
d

a
sso

cia
ted

th
eo

rem
s/

co
ro

lla
ries

a
re

p
rov

id
ed

th
a
t

ta
k
e

in
to

accou
n
t

th
e

en
velop

e
fu

n
ction

s
an

d
th

e
d
istrib

u
tion

from
w

h
ich

ν
i ’s

are
d
raw

n
.

In
p
ractice,

w
e

d
o

n
ot

h
ave

k
n
ow

led
ge

of
eith

er
th

e
en

velop
e

fu
n
ction

s
or

th
e

d
istrib

u
tion

of
ν
i ’s,

b
oth

of
w

h
ich

are
in

tegral
in

ch
aracterizin

g
S
u
c
c
e
ssiv

e
H
a
lv

in
g

’s
req

u
ired

b
u

d
get.

W
ith

H
y
p
e
r
b
a
n
d

w
e

a
d
d
ress

th
is

sh
o
rtco

m
in

g
b
y

h
ed

g
in

g
o
u
r

a
g
g
ressiv

en
ess.

W
e

sh
ow

in
S
ectio

n
5
.3

.3
th

a
t
H
y
p
e
r
b
a
n
d

,
d
esp

ite
h
av

in
g

n
o

k
n
ow

led
g
e

o
f

th
e

en
v
elo

p
e

fu
n
ctio

n
s

n
o
r

th
e

d
istrib

u
tio

n
o
f
ν
i ’s,

req
u
ires

a
b
u
d
g
et

th
a
t

is
o
n
ly

lo
g

fa
cto

rs
la

rg
er

th
a
n

th
a
t

o
f

S
u
c
c
e
ssiv

e
H
a
lv

in
g

.

4
.
H
y
p
e
rp

a
ra

m
e
te
r
O
p
tim

iza
tio

n
E
x
p
e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

eva
lu

a
te

th
e

em
p
irica

l
b

eh
av

io
r

o
f
H
y
p
e
r
b
a
n
d

w
ith

th
ree

d
iff

eren
t

resou
rce

ty
p

es:
iteration

s,
d
ata

set
su

b
sam

p
les,

an
d

featu
re

sam
p
les.

F
or

all
ex

p
erim

en
ts,

w
e

com
p
are

H
y
p
e
r
b
a
n
d

w
ith

th
ree

w
ellk

n
ow

n
B

ayesian
op

tim
ization

algorith
m

s—
S
M

A
C

,T
P

E
,

an
d

S
p

earm
in

t—
u
sin

g
th

eir
d
efau

lt
settin

gs.
W

e
ex

clu
d
e

S
p

earm
in

t
from

th
e

com
p
arison

set
w

h
en

th
ere

are
con

d
ition

al
h
y
p

erp
aram

eters
in

th
e

search
sp

ace
b

ecau
se

it
d
o
es

n
ot

n
atively

su
p
p

o
rt

th
em

(E
g
g
en

sp
erg

er
et

a
l.,

2
0
1
3
).

W
e

a
lso

sh
ow

resu
lts

fo
r
S
u
c
c
e
ssiv

e
H
a
lv

in
g

corresp
on

d
in

g
to

rep
eatin

g
th

e
m

ost
ex

p
loratory

b
racket

of
H
y
p
e
r
b
a
n
d

to
p
rov

id
e

a
b
aselin

e
for

aggressive
early

-stop
p
in

g. 6
A

d
d
ition

ally,
as

stan
d
ard

b
aselin

es
again

st
w

h
ich

to
m

easu
re

6
.

T
h
is

is
n
o
t

d
o
n
e

fo
r

th
e

ex
p

erim
en

ts
in

S
ectio

n
4
.2

.1
,

sin
ce

th
e

m
o
st

a
g
g
ressiv

e
b
ra

ck
et

va
ries

fro
m

d
a
ta

set
to

d
a
ta

set
w

ith
th

e
n
u

m
b

er
o
f

tra
in

in
g

p
o
in

ts.

1
2
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B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

al
l

sp
ee

d
u
p
s,

w
e

co
n
si

d
er

ra
n
d
om

se
ar

ch
an

d
“r

an
d
om

2×
,”

a
va

ri
an

t
of

ra
n
d
om

se
ar

ch
w

it
h

tw
ic

e
th

e
b
u
d
ge

t
of

ot
h
er

m
et

h
o
d
s.

O
f

th
e

h
y
b
ri

d
m

et
h
o
d
s

d
es

cr
ib

ed
in

S
ec

ti
on

2,
w

e
co

m
p
ar

e
to

a
va

ri
a
n
t

o
f

S
M

A
C

u
si

n
g

th
e

ea
rl

y
te

rm
in

a
ti

o
n

cr
it

er
io

n
p
ro

p
o
se

d
b
y

D
o
m

h
a
n

et
a
l.

(2
0
1
5
)

in
th

e
d
ee

p
le

a
rn

in
g

ex
p

er
im

en
ts

d
es

cr
ib

ed
in

S
ec

ti
o
n

4
.1

.
W

e
th

in
k

a
co

m
p
a
ri

so
n

o
f
H
y
p
e
r
b
a
n
d

to
m

o
re

so
p
h

is
ti

ca
te

d
h
y
b

ri
d

m
et

h
o
d

s
in

tr
o
d

u
ce

d
re

ce
n
tl

y
b
y

K
le

in
et

a
l.

(2
01

7a
)

an
d

K
an

d
as

am
y

et
al

.
(2

01
7)

is
a

fr
u
it

fu
l

d
ir

ec
ti

on
fo

r
fu

tu
re

w
or

k
.

In
th

e
ex

p
er

im
en

ts
b

el
ow

,
w

e
fo

ll
ow

ed
th

es
e

lo
o
se

g
u

id
el

in
es

w
h

en
d

et
er

m
in

in
g

h
ow

to
co

n
fi
gu

ra
ti

on
H
y
p
e
r
b
a
n
d

:

1.
T

h
e

m
a
x
im

u
m

re
so

u
rc

e
R

sh
o
u

ld
b

e
re

a
so

n
a
b

le
g
iv

en
th

e
p

ro
b

le
m

,
b

u
t

id
ea

ll
y

la
rg

e
en

ou
gh

so
th

at
ea

rl
y
-s

to
p
p
in

g
is

b
en

efi
ci

al
.

2.
η

sh
o
u
ld

d
ep

en
d

o
n
R

a
n
d

b
e

se
le

ct
ed

to
y
ie

ld
≈

5
b
ra

ck
et

s
w

it
h

a
m

in
im

u
m

o
f

3
b
ra

ck
et

s.
T

h
is

is
to

g
u
a
ra

n
te

e
th

a
t
H
y
p
e
r
b
a
n
d

w
il
l

u
se

a
b
a
se

li
n
e

d
eg

re
e

o
f

ea
rl

y
-s

to
p
p
in

g
an

d
p
re

v
en

t
to

o
co

ar
se

of
a

gr
id

of
n

v
s
B

tr
a
d
eo

ff
s.

4
.1

E
a
rl

y
-S

to
p

p
in

g
It

e
ra

ti
v
e

A
lg

o
ri

th
m

s
fo

r
D

e
e
p

L
e
a
rn

in
g

F
o
r

th
is

b
en

ch
m

a
rk

,
w

e
tu

n
ed

a
co

n
v
o
lu

ti
o
n

a
l

n
eu

ra
l

n
et

w
o
rk

7
w

it
h

th
e

sa
m

e
a
rc

h
it

ec
tu

re
a
s

th
a
t

u
se

d
in

S
n
o
ek

et
a
l.

(2
0
1
2
)

a
n
d

D
o
m

h
a
n

et
a
l.

(2
0
1
5
).

T
h
e

se
a
rc

h
sp

a
ce

s
u
se

d
in

th
e

tw
o

p
re

v
io

u
s

w
o
rk

s
d
iff

er
,

a
n
d

w
e

u
se

d
a

se
a
rc

h
sp

a
ce

si
m

il
a
r

to
th

a
t

o
f

S
n
o
ek

et
a
l.

(2
01

2)
w

it
h

6
h
y
p

er
p
ar

am
et

er
s

fo
r

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
ec

en
t

an
d

2
h
y
p

er
p
ar

am
et

er
s

fo
r

th
e

re
sp

o
n

se
n

o
rm

a
li

za
ti

o
n

la
y
er

s
(s

ee
A

p
p

en
d

ix
A

fo
r

d
et

a
il

s)
.

In
li

n
e

w
it

h
th

e
tw

o
p

re
v
io

u
s

w
or

k
s,

w
e

u
se

d
a

b
at

ch
si

ze
of

10
0

fo
r

al
l

ex
p

er
im

en
ts

.

D
a
ta

se
ts

:
W

e
co

n
si

d
er

ed
th

re
e

im
ag

e
cl

as
si

fi
ca

ti
on

d
at

a
se

ts
:

C
IF

A
R

-1
0

(K
ri

zh
ev

sk
y
,

20
09

),
ro

ta
te

d
M

N
IS

T
w

it
h

b
ac

k
gr

ou
n
d

im
ag

es
(M

R
B

I)
(L

ar
o
ch

el
le

et
al

.,
20

07
),

an
d

S
tr

ee
t

V
ie

w
H

ou
se

N
u
m

b
er

s
(S

V
H

N
)

(N
et

ze
r

et
al

.,
20

11
).

C
IF

A
R

-1
0

an
d

S
V

H
N

co
n
ta

in
32
×

32
R

G
B

im
ag

es
w

h
il
e

M
R

B
I

co
n
ta

in
s

28
×

28
gr

ay
sc

al
e

im
ag

es
.

E
ac

h
d
at

a
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d
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F
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p
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p
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p
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b
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at
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p
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=
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p
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b
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b
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p
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p
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b
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b
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ra
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b
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ra
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p
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h
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h
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p
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n
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u
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b
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ra
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d
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.
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p
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p
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ra
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ra
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b
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p
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p
ar

is
on

s
h
ar

d
w

ar
e

in
d
ep

en
d
en

t.
8

C
om

p
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b
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ra
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d
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p
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b
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p
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b
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a
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b
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p
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b
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p
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p
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d
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p
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p
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p
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a
rd

co
n
fi
g
u
ra

tio
n

selectio
n

a
p
p
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p
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b
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p
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p
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b
a
n
d

.
T

h
e

p
erform

an
ce

of
S

M
A

C
(early

)
d

em
on

strates
th

ere
is

m
erit

to
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p
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p
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p
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b
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ra
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p
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b
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ra
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ra
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p
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b
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b
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b
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p
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con
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n
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p
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ra
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b
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b
a
n
d

to
g
row

th
e

m
a
x
im

u
m

reso
u
rce

u
n
til

a
d
esired

lev
el

o
f

p
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p
in

g
rate.

T
h
is

d
em

on
strates

th
at

in
scen

arios
w

h
ere

a
m

a
x

reso
u
rce

is
k
n
ow

n
,

it
is

b
etter

to
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p
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r
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e
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ro

u
g
h

it
s

lo
ss

se
q
u

en
ce
` k

(x
)

fo
r
k

=
1,

2,
..
..

W
it

h
th

is
re

d
u
ct

io
n
,

th
e

p
ar

ti
cu

la
r

va
lu

e
of
x
∈
X

d
o
es

n
ot

h
in

g
m

or
e

th
an

in
d
ex

or
u
n
iq

u
el

y
id

en
ti

fy
th

e
lo

ss
se

q
u
en

ce
.

W
it

h
o
u
t

k
n
ow

le
d
g
e

o
f

h
ow

fa
st
` k

(·)
→

` ∗
(·)

o
r

h
ow

` ∗
(X

)
is

d
is

tr
ib

u
te

d
,

th
e

g
o
a
l

o
f

H
y
p
e
r
b
a
n
d

is
to

id
en

ti
fy

a
h
y
p

er
p

ar
am

et
er

co
n

fi
gu

ra
ti

on
x
∈
X

th
at

m
in

im
iz

es
` ∗

(x
)
−
ν ∗

b
y

d
ra

w
in

g
as

m
an

y
ra

n
d
om

co
n
fi
gu

ra
ti

on
s

as
d
es

ir
ed

w
h
il
e

u
si

n
g

as
fe

w
to

ta
l

re
so

u
rc

es
as

p
os

si
b
le

.
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T
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e
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u
re

-E
x
p

lo
ra

ti
o
n

N
o
n

-s
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ch
a
st
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fi
n

it
e
-A

rm
e
d

B
a
n

d
it

P
ro

b
le

m

W
e

n
ow

fo
rm

a
ll
y

d
efi

n
e

th
e

b
a
n
d
it

p
ro

b
le

m
o
f

in
te

re
st

,
a
n
d

re
la

te
it

to
th

e
p
ro

b
le

m
o
f

h
y
p

er
p
ar
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et

er
op

ti
m

iz
at

io
n
.

E
ac

h
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rm
”
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th

e
N

IA
B

ga
m

e
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so

ci
at

ed
w
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h

a
se

q
u
en

ce
th

at
is

d
ra

w
n
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n

d
om

ly
fr
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a

d
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tr
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u
ti

on
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er
se

q
u

en
ce

s.
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w
e

“p
u

ll
”

th
e
it

h
d

ra
w

n
ar

m
ex
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tl

y
k

ti
m

es
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w
e

ob
se
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e

a
lo

ss
` i
,k

.
A

t
ea
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m
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th
e

p
la

ye
r

ca
n

ei
th

er
d

ra
w

a
n

ew
ar

m
(s

eq
u
en

ce
)

o
r

p
u
ll

a
p
re

v
io

u
sl

y
d
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w
n

a
rm

a
n

a
d
d
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n
a
l

ti
m

e.
T
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e
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o
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m
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n
u
m

b
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m
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b
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se
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A
p
p
r
o
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c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

i
(i.e.

w
e

h
ave

n
o

sid
e-k

n
ow

led
ge

or
featu

re
rep

resen
tation

of
an

arm
),

an
d

w
e

also
m

ake
th

e
fo

llow
in

g
tw

o
a
d
d
ition

al
assu

m
p
tion

s:

A
ssu

m
p

tio
n

1
F

o
r

ea
ch

i∈
N

th
e

lim
it

lim
k→
∞
`
i,k

exists
a
n

d
is

equ
a
l

to
ν
i . 1

1

A
ssu

m
p

tio
n

2
E

a
ch

ν
i

is
a

bo
u

n
d
ed

i.i.d
.

ra
n

d
o
m

va
ria

ble
w

ith
cu

m
u

la
tive

d
istribu

tio
n

fu
n

ctio
n
F

.

T
h

e
ob

jective
of

th
e

N
IA

B
p

rob
lem

is
to

id
en

tify
an

arm
ı̂

w
ith

sm
all

ν
ı̂

u
sin

g
as

few
total

p
u

lls
as

p
ossib

le.
W

e
are

in
terested

in
ch

aracterizin
g
ν
ı̂
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a

fu
n

ction
of

th
e

total
n
u

m
b

er
of

p
u

lls
from

all
th

e
arm

s.
C

learly,
th

e
h
y
p

erp
aram

eter
op

tim
ization

p
rob

lem
d

escrib
ed

ab
ove

is
a
n

in
sta

n
ce

o
f

th
e

N
IA

B
p
ro

b
lem

.
In

th
is

ca
se,

a
rm

i
co

rresp
o
n
d
es

to
a

co
n
fi
g
u
ra

tio
n

x
i ∈
X

,
w

ith
`
i,k

=
`
k (x

i );
A

ssu
m

p
tio

n
1
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eq

u
iva

len
t
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req

u
irin

g
th

a
t
ν
i

=
`∗ (x
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ists;
a
n
d

A
ssu

m
p
tio

n
2

fo
llow

s
fro

m
th

e
fa

ct
th

a
t

th
e

a
rm

s
a
re

d
raw

n
i.i.d

.
fro

m
X

a
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rd
in

g
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d
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u
tio

n
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n
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n
p
(x
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F
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p
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th
e
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m

u
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e

d
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u
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n
fu

n
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n
o
f
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w

h
ere

X
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a
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d
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d
raw

n
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th
e

d
istrib

u
tion

p
(x

)
overX

.
N

ote
th

at
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ce
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e
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d
raw

s
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in
d
ep

en
d
en

t,
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e
ν
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in
d
ep

en
d
en

t.
A

gain
,

th
is
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n
ot

to
say

th
at

th
e

va
lid

a
tio

n
lo

sses
d
o

n
o
t

d
ep

en
d

o
n

th
e

settin
g
s

o
f

th
e

h
y
p

erp
a
ra

m
eters;

th
e

va
lid

a
tio

n
lo

ss
cou

ld
w

ell
b

e
correlated

w
ith

certain
h
y
p

erp
aram

eters,
b

u
t

th
is

is
n

ot
u

sed
in

th
e

algorith
m

a
n
d

n
o

a
ssu

m
p
tion

s
are

m
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e
regard

in
g

th
e

correlation
stru

ctu
re.

In
o
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er
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a
n
a
ly

ze
th

e
b
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r

o
f
H
y
p
e
r
b
a
n
d

in
th

e
N

IA
B

settin
g
,

w
e

m
u
st

d
efi

n
e

a
few

a
d

d
itio

n
a
l

o
b

jects.
L

et
ν∗

=
in

f{
m

:P
(ν
≤
m

)
>

0}
>
−
∞

,
sin

ce
th

e
d

o
m

a
in

o
f

th
e

d
istrib

u
tion

F
is

b
ou

n
d
ed

.
H

en
ce,

th
e

cu
m

u
lative

d
istrib

u
tion

fu
n
ction

F
sa

tisfi
es

P
(ν
i −

ν∗ ≤
ε)

=
F

(ν∗
+
ε)

(1)

a
n
d

let
F
−

1(y
)

=
in

f
x {x

:
F

(x
)
≤

y}
.

D
efi

n
e
γ

:N
→

R
a
s

th
e

p
o
in

tw
ise

sm
a
llest,

m
on

o
to

n
ically

d
ecreasin

g
fu

n
ction

satisfy
in

g

su
pi
|`
i,j −

`
i,∗ |≤

γ
(j)

,
∀
j∈

N
.

(2)

T
h
e

fu
n
ctio

n
γ

is
g
u
a
ra

n
teed

to
ex

ist
b
y

A
ssu

m
p
tio

n
1

a
n
d

b
o
u
n
d
s

th
e

d
ev

ia
tio

n
fro

m
th

e
lim

it
va

lu
e

a
s

th
e

seq
u
en

ce
o
f

itera
tes

j
in

crea
ses.

F
o
r

h
y
p

erp
a
ra

m
eter

o
p
tim

iza
tio

n
,

th
is

fo
llow

s
fro

m
th

e
fa

ct
th

a
t
`
k

u
n
ifo

rm
ly

co
n
v
erg

es
to
`∗

fo
r

a
ll
x
∈
X

.
In

a
d
d
itio

n
,
γ

ca
n

b
e

in
terp

retted
a
s

th
e

d
ev

ia
tio

n
o
f

th
e

va
lid

a
tio

n
erro

r
o
f

a
co

n
fi

g
u

ra
tio

n
tra

in
ed

o
n

a
su

b
set

o
f

reso
u
rces

v
ersu

s
th

e
m

a
x
im

u
m

n
u
m

b
er

o
f

a
llo

ca
ta

b
le

reso
u
rces.

F
in

a
lly,

d
efi

n
e

R
a
s

th
e

fi
rst

in
d
ex

su
ch

th
a
t
γ

(R
)

=
0

if
it

ex
ists,

o
th

erw
ise

set
R

=
∞

.
F

o
r
y
≥

0
let

γ
−

1(y
)

=
m

in{
j∈

N
:
γ

(j)≤
y}

,
u
sin

g
th

e
con

ven
tion

th
at
γ
−

1(0)
:=

R
w

h
ich

w
e

recall
can

b
e

in
fi
n
ite.

A
s

p
rev

io
u
sly

d
iscu

ssed
,

th
ere

a
re

m
a
n
y

rea
l-w

o
rld

scen
a
rio

s
in

w
h
ich

R
is

fi
n
ite

a
n
d

k
n

ow
n

.
F

or
in

stan
ce,

if
in

creasin
g

su
b

sets
of

th
e

fu
ll

d
ata

set
is

u
sed

as
a

resou
rce,

th
en

th
e

m
a
x
im

u
m

n
u
m

b
er

o
f

reso
u

rces
ca

n
n

o
t

ex
ceed

th
e

fu
ll

d
a
ta

set
size,

a
n

d
th

u
s
γ

(k
)

=
0

fo
r

a
ll
k
≥
R

w
h

ere
R

is
th

e
(k

n
ow

n
)

fu
ll

size
o
f

th
e

d
a
ta

set.
In

o
th

er
ca

ses
su

ch
a
s

itera
tiv

e
train

in
g

p
rob

lem
s,

on
e

m
igh

t
n
ot

w
an

t
to

or
k
n
ow

h
ow

to
b

ou
n
d
R

.
W

e
sep

arate
th

ese
tw

o
settin

gs
in

to
th

e
fi

n
ite

h
o
rizo

n
settin

g
w

h
ere

R
is

fi
n

ite
an

d
k
n

ow
n

,
an

d
th

e
in

fi
n

ite
h
o
rizo

n

1
1
.

W
e

ca
n

a
lw

ay
s

d
efi

n
e
`
i,k

so
th

a
t

co
n
v
erg

en
ce

is
g
u

a
ra

n
teed

,
i.e.

ta
k
in

g
th

e
in

fi
m

u
m

o
f

a
seq

u
en

ce.
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m
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m
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a
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l
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a
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S
u
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e
H
a
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(In
fi
n
ite

h
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)

In
p

u
t:

B
u

d
get

B
,
n

arm
s

w
h

ere
`
i,k

d
en

otes
th

e
k

th
loss

from
th

e
ith

arm

In
itia

liz
e
:
S
0

=
[n

].

F
o
r
k

=
0,1,...,dlo

g
2 (n

)e−
1

P
u
ll

each
a
rm

in
S
k

for
r
k

=
b

B
|S

k |d
lo
g
2
(n

)e c
tim

es.

K
eep

th
e

b
estb|S

k |/2c
arm

s
in
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s
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th

e
r
k th
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S
k
+
1 .

O
u
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u

t
:
ı̂,
`
ı̂,b

B
/
2

d
lo
g
2
(n

)e c
w

h
ere
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=
S
d
lo
g
2
(n

)e

H
y
p
e
r
b
a
n
d

(In
fi
n
ite

h
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)

In
p

u
t:

N
on

e

F
o
r
k

=
1,2,...

F
o
r
s∈

N
s.t.

k−
s≥

lo
g
2 (s)

B
k
,s

=
2
k,
n
k
,s

=
2
s

ı̂k
,s ,`

ı̂
k
,s
,b

2
k−

1

s
c ←

S
u
c
c
e
ssiv

e
H
a
lv

in
g

(B
k
,s ,n

k
,s )

F
igu

re
9:

(T
o
p
)

T
h

e
S
u
c
c
e
ssiv

e
H
a
lv

in
g

a
lg

o
rith

m
p

ro
p

o
sed

a
n
d

a
n

a
ly

zed
in

J
a
m

ieso
n

a
n
d

T
a
lw

a
lka

r
(2

0
1
5
)

fo
r

th
e

n
o
n
-sto

ch
a
stic

settin
g
.

N
o
te

th
is

a
lg

o
rith

m
w

a
s

o
rig

in
a
lly

p
ro

p
o
sed

fo
r

th
e

sto
ch

a
stic

settin
g

in
K

a
rn

in
et

a
l.

(2
0
1
3
).

(B
o
tto

m
)

T
h
e
H
y
p
e
r
b
a
n
d

a
lg

o
rith

m
fo

r
th

e
in

fi
n
ite

h
o
rizo

n
settin

g
.
H
y
p
e
r
b
a
n
d

ca
lls

S
u
c
c
e
ssiv

e
H
a
lv

in
g

as
a

su
b
rou

tin
e.

settin
g

w
h
ere

n
o

b
ou

n
d

on
R

is
k
n
ow

n
an

d
it

is
assu

m
ed

to
b

e
in

fi
n
ite.

W
h
ile

ou
r

em
p
irical

resu
lts

su
g
g
est

th
a
t

th
e

fi
n
ite

h
o
rizo

n
m

ay
b

e
m

o
re

p
ra

ctica
lly

releva
n
t

fo
r

th
e

p
ro

b
lem

o
f

h
y
p

erp
a
ra

m
eter

o
p
tim

iza
tio

n
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th
e

in
fi
n
ite

h
o
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n
ca

se
h
a
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n
a
tu

ra
l

co
n
n
ectio

n
s

to
th

e
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re,
an

d
w

e
b

egin
b
y

an
aly

zin
g

th
is

settin
g.
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e
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∞

)

C
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er
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e
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y
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r
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F
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re

9.
T

h
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algorith
m

u
ses

S
u
c
c
e
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e
H
a
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in
g

(F
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u
re
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u
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b
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W
e

fi
rst

a
n
a
ly

ze
S
u
c
c
e
ssiv

e
H
a
lv

in
g

(S
H

)
fo

r
a

given
set

of
lim

its
ν
i

an
d

th
en

con
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g
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W

e
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e
H
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p
e
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b
a
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.
W

e
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e
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F
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9
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p
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b
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settin
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H
ow
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d
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d
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p
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p
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h
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n
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L

et
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=
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m

τ
→
∞
` i
,τ

a
n
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a
ss

u
m
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≤
··
·≤
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.
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r
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>

0
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z S
H
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2
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∑
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,.
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=
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is

p
ro

b
a
b
le

th
a
t

a
g
o
o
d

li
m

it
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e
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w
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p
t
iv
e
U
n
if
o
r
m

A
l
l
o
c
a
t
io
n

T
h
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p
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v
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p
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p
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(
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p
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p
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p
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p
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.
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d
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d
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∆
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∆
−
β

log
(1/δ)

arm
s

are
d
raw

n
from

F
th

en
w

ith
p
ro

b
a
b
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c
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d
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∆
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∆
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∆
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∆
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∆
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n
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d
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b
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b
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d
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b
y

ea
ch

se
a
rc

h
er

o
n

C
IF

A
R

-1
0
.

T
h
e

co
lo

r
co

d
ed

d
a
sh

ed
li
n
es

in
d
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b
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ra
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b
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b
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r
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p
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ra
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b
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b
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p
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p
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r
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r
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t
e
r
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p
t
im

iz
a
t
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n

H
y
p

erp
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eter
T

y
p

e
V

alu
es

p
rep

ro
cessor

C
ategorical

n
on

e,
m

in
/m

ax
,

stan
d
ard

ize,
n
orm

a
lize

λ
C

on
tin

u
ou

s
log

[10 −
3,10

5]

g
a
m

m
a

C
on

tin
u
ou

s
log

[10 −
5,10]

T
a
b
le

5
:

H
y
p

erp
a
ra

m
eter

sp
a
ce

fo
r

ra
n
d
o
m

fea
tu

re
k
ern

el
a
p
p
rox

im
a
tio

n
cla

ssifi
ca

tio
n

p
ro

b
lem

d
iscu

ssed
in

S
ection

4.3.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

In
th

is
section

,
w

e
p
rov

id
e

p
ro

ofs
for

th
e

th
eorem

s
p
resen

ted
in

S
ection

5.

B
.1

P
ro

o
f

o
f

T
h

e
o
re

m
1

P
ro

o
f

F
irst,

w
e

v
erify

th
a
t

th
e

a
lg

o
rith

m
n
ev

er
ta

k
es

a
to

ta
l

n
u
m

b
er

o
f

sa
m

p
les

th
a
t

ex
ceed

s
th

e
b
u
d
get

B
:

dlo
g
2
(n

)e−
1

∑k
=

0

|S
k | ⌊

B
|S
k |dlo

g
(n

)e ⌋
≤
dlo

g
2
(n

)e−
1

∑k
=

0

B
dlo

g
(n

)e ≤
B
.

F
o
r

n
o
ta

tio
n
a
l

ea
se,

let
`
i,j

:=
`
j (X

i ).
A

g
a
in

,
fo

r
ea

ch
i∈

[n
]

:=
{
1
,...,n}

w
e

a
ssu

m
e

th
e

lim
it

lim
k→
∞
`
i,k

ex
ists

a
n
d

is
eq

u
a
l

to
ν
i .

A
s

a
rem

in
d
er,

γ
:N
→

R
is

d
efi

n
ed

a
s

th
e

p
o
in

tw
ise

sm
a
llest,

m
on

oton
ically

d
ecreasin

g
fu

n
ction

satisfy
in

g

m
ax
i
|`
i,j −

ν
i |≤

γ
(j)

,
∀
j∈

N
.

(8)

N
ote

γ
is

gu
aran

teed
to

ex
ist

b
y

th
e

ex
isten

ce
of
ν
i

an
d

b
ou

n
d
s

th
e

d
ev

iation
from

th
e

lim
it

va
lu

e
a
s

th
e

seq
u
en

ce
of

iterates
j

in
creases.

W
ith

ou
t

loss
of

gen
erality,

ord
er

th
e

term
in

al
losses

so
th

at
ν

1 ≤
ν

2 ≤
···≤

ν
n
.

A
ssu

m
e

th
a
t
B
≥
z
S
H

.
T

h
en

w
e

h
ave

for
each

rou
n
d
k

r
k ≥

B

|S
k |dlog

2 (n
)e
−

1

≥
2

|S
k |

m
ax

i=
2
,...,n

i (
1

+
γ
−

1 (
m

ax {
ε4
,
ν
i −

ν
1

2

}) )
−

1

≥
2

|S
k |

(b|S
k |/

2c
+

1) (
1

+
γ
−

1 (
m

ax {
ε4
,
νb|S

k |/
2c+

1 −
ν

1

2

}) )
−

1

≥
(

1
+
γ
−

1 (
m

ax {
ε4
,
νb|S

k |/
2c+

1 −
ν

1

2

}) )
−

1

=
γ
−

1 (
m

ax {
ε4
,
νb|S

k |/
2c+

1 −
ν

1

2

}),

w
h
ere

th
e

fo
u
rth

lin
e

follow
s

from
b|S

k |/2c≥
|S
k |/

2−
1.
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e
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ow
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t
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1
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>
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γ
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1
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en

th
e

d
efi

n
itio

n
o
f
γ

,
w

e
h
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all

i∈
[n

]
th

at|`
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ν
i |≤

γ
(t)≤

ν
i −
ν
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2
w

h
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h
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τ
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T
h
u
s,
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i

w
e
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`
i,t −
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i,t −
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ν
1
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1 −
`
1
,t
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`
i,t −

ν
i −

(`
1
,t −

ν
1 )

+
ν
i −

ν
1

≥
−

2
γ

(t)
+
ν
i −

ν
1

≥
−

2
ν
i −

ν
1

2
+
ν
i −

ν
1

=
0.
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n
d
er
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i
b

efore
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1
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n
d

th
e
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are
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b
y
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p
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d
th

e
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are
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ote

th
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th
e
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p
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e
ν
i
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are
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g
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th
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e
τ
i
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are
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-in
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n
d
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an
d
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e
1
∈
S
k
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ote,

1
∈
S

0 ).
T

h
e

ab
ove
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lation

sh
ow

s
th

at

t≥
τ
i

=⇒
`
i,t ≥

`
1
,t .

(9)

C
on

seq
u
en

tly,{1
∈
S
k ,

1
/∈
S
k
+

1 }
⇐
⇒


∑i∈
S
k

1{
`
i,r
k
<
`
1
,r
k }
≥
b|S

k |/2c 

=⇒


∑i∈
S
k

1{
r
k
<
τ
i }
≥
b|S

k |/
2c 

=⇒



b|S
k |/

2c+
1

∑i=
2

1{
r
k
<
τ
i }
≥
b|S

k |/2c 

⇐
⇒
{
r
k
<
τb|S

k |/
2c+

1 }
.

w
h
ere

th
e
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s
b
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n
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n
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b
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w
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h
av

e
τ
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τ
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n
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τ
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e

su
m

n
o
t

in
clu

d
in

g
1

w
o
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b
e

o
n
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efore
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y

oth
er
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S
k ⊂
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]
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rin

k
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ou

t
[n
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T

h
is

im
p
lies

{
1
∈
S
k ,

r
k ≥

τb|S
k |/

2c+
1 }

=⇒
{1
∈
S
k
+

1 }.
(10)
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g
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a
t
r
k
≥
γ
−

1 (
m

ax {
ε4 ,
νb|S

k |/
2c

+
1 −
ν
1

2
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n
d
τb|S

k |/
2c+

1
=
γ
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1 (
νb|S

k |/
2c

+
1 −
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1

2
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:
νb|S

k |/
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+
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≥
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d
1
∈
S
k
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se,
r
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≥
γ
−

1 (
νb|S

k |/
2c

+
1 −
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2
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=
τb|S

k |/
2c+

1 .
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∈
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2
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S
k
|/

2
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1
−
ν
1
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<

ε 4
an

d
1
∈
S
k

In
th

is
ca

se
r k
≥
γ
−

1
( ε 4

)
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u
t
γ
−

1
( ε 4

) <
τ b
|S
k
|/

2
c+
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E
q
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a
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n
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g
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es
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it
m
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si

b
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1
∈
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1
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S
k
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O
n
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e
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ev
en
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∈
S
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er

e
w

e
sh

ow
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a
t
{1
∈
S
k
,

1
/∈
S
k
+

1
}

=
⇒

m
ax

i∈
S
k
+
1
ν i
≤
ν 1

+
ε/

2
.

B
ec

au
se

1
∈
S

0
,

th
is

gu
ar

an
te

es
th

at
S
u
c
c
e
ss
iv
e
H
a
lv

in
g

ei
th

er
ex

it
s

w
it

h
ar

m
î

=
1

or
so

m
e

ar
m
î

sa
ti

sf
y
in

g
ν̂ i
≤
ν 1

+
ε/

2.

L
et
p

=
m

in
{i
∈

[n
]

:
ν
i
−
ν
1

2
≥

ε 4
} .

N
o
te

th
a
t
p
>
b|S

k
|/

2
c+

1
b
y

th
e
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it

er
io

n
o
f

th
e

ca
se
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d

r k
≥
γ
−

1
( ε 4

)
≥
γ
−

1

(
ν i
−
ν 1

2

)
=
τ i
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∀i
≥
p
.

T
h
u
s,

b
y

E
q
u
a
ti

o
n

9
(t
≥
τ i

=
⇒

` i
,t
≥
` 1
,t
)

w
e

h
av

e
th

a
t

a
rm

s
i
≥
p

w
o
u
ld

a
lw

ay
s

h
av

e
` i
,r
k
≥
` 1
,r
k

a
n

d
b

e
el

im
in

a
te

d
b

ef
o
re

o
r

a
t

th
e

sa
m

e
ti

m
e

a
s

a
rm

1
,

p
re

su
m

in
g

1
∈
S
k
.

In
co

n
cl

u
si

o
n
,

if
a
rm

1
is

el
im

in
a
te

d
so

th
a
t

1
∈
S
k

b
u
t

1
/∈
S
k
+

1
th

en
m

ax
i∈
S
k
+
1
ν i
≤

m
ax

i<
p
ν i
<
ν 1

+
ε/

2
b
y

th
e

d
efi

n
it

io
n

of
p
.

•
C

a
se

3
:

1
/∈
S
k

S
in

ce
1
∈
S

0
,

th
er

e
ex

is
ts

so
m

e
r
<
k

su
ch

th
at

1
∈
S
r

an
d

1
/∈
S
r
+

1
.

F
or

th
is
r,

on
ly

ca
se

2
is

p
o
ss

ib
le

si
n
ce

ca
se

1
w

o
u
ld

p
ro

li
fe

ra
te

1
∈
S
r
+

1
.

H
ow

ev
er

,
u
n
d
er

ca
se

2
,

if
1
/∈
S
r
+

1
th

en
m
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+
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+
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at
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⇒
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⇒
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re
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p
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p
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p
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/
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/
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−
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∆
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=
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∆
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/
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e

n
ex

t
b
u
t

re
m

ai
n
s

an
ab

so
lu

te
co

n
st

an
t.

L
et
p
n

=
lo

g
(2
/
δ
)

n
F

ir
st

w
e

so
lv

e
fo

r
ε

b
y

n
ot

in
g

th
at

w
e

id
en

ti
fy

th
e

b
es

t
ar

m
if
ν ı̂
−
ν ∗
<

∆
2
.

T
h
u
s,

if
ν ı̂
−
ν ∗
≤
( F
−

1
(p
n
)
−
ν ∗
) +

ε/
2

th
en

w
e

se
t

ε
=

m
ax
{ 2(

∆
2
−
( F
−

1
(p
n
)
−
ν ∗
))
,4
( F
−

1
(p
n
)
−
ν ∗
)}

46
JM

L
R

 1
8(

18
5)

:1
-5

2,
 2

01
8



B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

so
th

a
t

ν
ı̂ −

ν∗ ≤
m

ax {
3 (F

−
1(p

n
)−

ν∗ ),∆
2 }

=
∆
dm

a
x{

2
,cK

p
n }e .

W
e

trea
t

th
e

case
w

h
en

3 (F
−

1(p
n
)−

ν∗ )≤
∆

2
an

d
th

e
altern

ative
sep

arately.
F

irst
a
ssu

m
e

3 (F
−

1(p
n
)−

ν∗ )
>

∆
2

so
th

a
t
ε

=
4 (F

−
1(p

n
)−

ν∗ )
a
n

d
H

(F
,γ
,n
,δ,ε)

=
H

(F
,γ
,n
,δ).

W
e

also
h
ave

γ
−

1 (
F
−
1
(p
n

)−
ν∗

4

)
≤
c (F

−
1

(p
n
)−

ν∗ )−
α
≤
c

∆
−
α
dp
n
K
e

a
n
d

∫
1

p
n

γ
−

1(
F
−
1
(t)−

ν∗
4

)d
t

=

∫
1

F
−
1
(p
n

)
γ
−

1(
x−

ν∗
4

)d
F

(x
)≤

cK

K
∑

i=
dp
n
K
e
∆
−
α

i

so
th

at

H
(F
,γ
,n
,δ)

=
2n ∫

1

p
n

γ
−

1(
F
−
1
(t)−

ν∗
4

)d
t

+
1
03

log
(2/δ)γ

−
1 (

F
−
1
(p
n

)−
ν∗

4

)

≤
c∆
−
α
dp
n
K
e

log
(1/δ)

+
cnK

K
∑

i=
dp
n
K
e
∆
−
α

i
.

N
ow

co
n
sid

er
th

e
ca

se
w

h
en

3 (F
−

1(p
n
)−

ν∗ )
≤

∆
2 .

In
th

is
ca

se
F

(ν∗
+
ε/

4
)

=
1
/K

,

γ
−

1 (
ε1
6 )≤

c∆
−
α

2
,

an
d
∫
∞ν∗

+
ε/

4
γ
−

1(
t−
ν∗

4
)d
F

(t)≤
c ∑

Ki=
2

∆
−
α

i
so

th
at

H
(F
,γ
,n
,δ,ε)

=
2n ∫

∞ν∗
+
ε/

4
γ
−

1(
t−
ν∗

4
)d
F

(t)
+
(

43
log

(2/δ)
+

2
n
F

(ν∗
+
ε/

4) )
γ
−

1 (
ε1
6 )

≤
c(log

(1/δ)
+
n
/K

)∆
−
α

2
+
cnK

K
∑i=

2

∆
−
α

i
.

S
te

p
2
:

S
o
lv

e
fo

r
(B

k
,l ,n

k
,l )

in
te

rm
s

o
f

∆
.

N
o
te

th
ere

is
n
o

im
p
rov

em
en

t
p

o
ssib

le
o
n
ce
p
n
k
,l ≤

1
/
K

sin
ce

3 (F
−

1(1
/K

)−
ν∗ )≤

∆
2 .

T
h
a
t

is,
w

h
en

p
n
k
,l ≤

1
/K

th
e

a
lg

o
rith

m
h
a
s

fo
u
n
d

th
e

b
est

a
rm

b
u
t

w
ill

co
n
tin

u
e

to
ta

k
e

sa
m

p
les

in
d
efi

n
etely.

T
h
u
s,

w
e

o
n
ly

co
n
sid

er
th

e
ca

se
w

h
en

q
=

1
/K

a
n
d
q
>

1
/K

.
F

ix
∆
>

0
.

O
u
r

stra
teg

y
is

to
d
escrib

e

n
k
,l

in
term

s
o
f
q.

In
p
a
rticu

la
r,

p
a
ra

m
eterize

n
k
,l

su
ch

th
a
t
p
n
k
,l

=
c

lo
g
(4
k
3
/
δ
)

n
k
,l

=
q

so
th

a
t

n
k
,l

=
cq −

1
lo

g
(4k

3/δ)
so

H
(F
,γ
,n

k
,l ,δ

k
,l ,ε

k
,l )≤

c {
(log

(1/δ
k
,l )

+
n
k
,l

K
)∆
−
α

2
+

n
k
,l

K

∑
Ki=

2
∆
−
α

i
if

5 (F
−

1(p
n
k
,l )−

ν∗ )≤
∆

2

∆
−
α
dp
n
k
,l K
e

log
(1/δ

k
,l )

+
n
k
,l

K

∑
Ki=
dp
n
k
,l K
e

∆
−
α

i
if

oth
erw

ise

≤
c

log
(k
/δ) {

∆
−
α

2
+
∑

Ki=
2

∆
−
α

i
if
q

=
1/K

∆
−
α
dq
K
e

+
1q
K

∑
Ki=
dq
K
e

∆
−
α

i
if
q
>

1
/K

.

≤
c

log
(k
/δ)∆

−
α
dm

a
x{

2
,q
K
}e

+
1qK

K
∑

i=
dm

a
x{

2
,q
K
}e

∆
−
α

i

47
JM

L
R

 18(185):1-52, 2018

L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

U
sin

g
th

e
u
p
p

erb
ou

n
d
dlog

(n
k
,l )e≤

c
log

(log
(k
/δ)q −

1)≤
c

log
(lo

g
(k
/δ))

log
(q −

1)
an

d
lettin

g

z
q

=
log

(q −
1)(∆

−
α
dm

a
x{

2
,q
K
}e

+
1q
K

∑
Ki=
dm

a
x{

2
,q
K
}e

∆
−
α

i
),

w
e

ap
p
ly

th
e

ex
act

seq
u
en

ce
of

step
s

as
in

th
e

p
ro

of
of

T
h
eorem

5
to

ob
tain

T
≤
cz
q log

(lo
g
(z
q )/δ)log

(z
q

log
(log

(z
q )/δ))

B
ecau

se
th

e
ou

tp
u
t

arm
is

ju
st

th
e

em
p
irical

b
est,

th
ere

is
som

e
error

asso
ciated

w
ith

u
sin

g
th

e
em

p
irical

estim
ate.

T
h
e

arm
retu

rn
ed

on
rou

n
d

(k
,l)

is
p
u
lled
d

2
k−

1

l
e≥

cB
k
,l /

log
(B

k
,l )

tim
es

so
th

e
p

ossib
le

error
is

b
ou

n
d
ed

b
y
γ

(B
k
,l /

log
(B

k
,l ))≤

c (
lo

g
(B
k
,l )

B
k
,l

)
1
/
α
≤
c (

lo
g
(T

)
2

lo
g
(lo

g
(T

))
T

)
1
/
α
.

T
h

is
is

d
o
m

in
a
ted

b
y

∆
dm

a
x{

2
,q
K
}e

fo
r

th
e

va
lu

e
o
f
T

p
rescrib

ed
b
y

th
e

a
b

ov
e

ca
lcu

la
tio

n
,

com
p
letin

g
th

e
p
ro

of.

B
.7

P
ro

o
f

o
f

T
h

e
o
re

m
8

P
ro

o
f

L
et
s

d
en

ote
th

e
in

d
ex

of
th

e
last

stage,
to

b
e

d
eterm

in
ed

later.
If
r̃
k

=
R
η
k−

s
an

d
ñ
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rü

n
ew

äl
d

er
,

J
.

A
u

d
ib

er
t,

M
.

O
p
p

er
,

an
d

J
.

S
h

aw
e–

T
ay

lo
r.

R
eg

re
t

b
ou

n
d

s
fo

r
G

au
ss

ia
n

p
ro

ce
ss

b
a
n
d
it

p
ro

b
le

m
s.

In
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
10

.

A
.

G
y
ör

gy
an

d
L

.
K

o
cs

is
.

E
ffi

ci
en

t
m

u
lt

i-
st

ar
t

st
ra

te
gi

es
fo

r
lo

ca
l

se
ar

ch
al

go
ri

th
m

s.
J

o
u

rn
a
l

o
f

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

R
es

ea
rc

h
,

4
1:

40
7–

44
4,

20
11

.

F
.

H
u
tt

er
,

H
.

H
o
o
s,

a
n
d

K
.

L
ey

to
n
-B

ro
w

n
.

S
eq

u
en

ti
a
l

m
o
d
el

-b
a
se

d
o
p
ti

m
iz

a
ti

o
n

fo
r

g
en

-
er

a
l

a
lg

o
ri

th
m

co
n
fi
g
u
ra

ti
o
n
.

In
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
a
n

d
In

te
ll

ig
en

t
O

p
ti

m
iz

a
ti

o
n

(L
IO

N
),

20
11

.

K
.

J
am

ie
so

n
an

d
R

.
N

ow
ak

.
B

es
t-

ar
m

id
en

ti
fi

ca
ti

on
al

go
ri

th
m

s
fo

r
m

u
lt

i-
ar

m
ed

b
an

d
it

s
in

th
e

fi
x
ed

co
n
fi
d
en

ce
se

tt
in

g.
In

C
o
n

fe
re

n
ce

o
n

In
fo

rm
a
ti

o
n

S
ci

en
ce

s
a
n

d
S

ys
te

m
s

(C
IS

S
),

p
ag

es
1–

6.
IE

E
E

,
20

14
.

K
.

J
a
m

ie
so

n
a
n
d

A
.

T
a
lw

a
lk

a
r.

N
o
n
-s

to
ch

a
st

ic
b

es
t

a
rm

id
en

ti
fi
ca

ti
o
n

a
n
d

h
y
p

er
p
a
ra

m
-

et
er

o
p
ti

m
iz

a
ti

o
n
.

In
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
15

.

K
.

J
a
m

ie
so

n
,

M
.

M
a
ll
oy

,
R

.
N

ow
a
k
,

a
n
d

S
.

B
u
b

ec
k
.

li
l’
U

C
B

:
A

n
o
p
ti

m
a
l

ex
p
lo

ra
ti

o
n

a
lg

o
ri

th
m

fo
r

m
u
lt

i-
a
rm

ed
b
a
n
d
it

s.
In

C
o
n

fe
re

n
ce

O
n

L
ea

rn
in

g
T

h
eo

ry
(C

O
L

T
),

p
a
g
es

42
3–

43
9,

20
14

.

K
.

G
.

J
a
m

ie
so

n
,

D
.

H
a
a
s,

a
n
d

B
.

R
ec

h
t.

T
h
e

p
ow

er
o
f

a
d
a
p
ti

v
it

y
in

id
en

ti
fy

in
g

st
a
ti

st
ic

a
l

al
te

rn
at

iv
es

.
In

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
p
ag

es
77

5
–
7
8
3
,

2
0
1
6
.

K
.

K
a
n

d
a
sa

m
y,

J
.

S
ch

n
ei

d
er

,
a
n

d
B

.
P

ó
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é,
a
n

d
A

.
G

a
ri

v
ie

r.
O

n
th

e
co

m
p
le

x
it

y
o
f

b
es

t
a
rm

id
en

ti
fi
ca

ti
o
n

in
m

u
lt

i-
ar

m
ed

b
an

d
it

m
o
d
el

s.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

16
:1

–
4
2
,

2
0
1
5
.

A
.

K
le

in
,

S
.

F
a
lk

n
er

,
S
.

B
a
rt

el
s,

P
.

H
en

n
ig

,
a
n
d

F
.

H
u
tt

er
.

F
a
st

B
ay

es
ia

n
o
p
ti

m
iz

a
ti

o
n

o
f

m
a
ch

in
e

le
a
rn

in
g

h
y
p

er
p
a
ra

m
et

er
s

o
n

la
rg

e
d
a
ta

se
ts

.
In

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
17

a.

5
0

JM
L

R
 1

8(
18

5)
:1

-5
2,

 2
01

8



B
a
n
d
it
-B

a
se

d
A
p
p
r
o
a
c
h
t
o

H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

A
.

K
lein

,
S
.

F
a
lk

n
er,

J
.

T
.

S
p
rin

g
en

b
erg

,
a
n
d

F
.

H
u
tter.

L
ea

rn
in

g
cu

rv
e

p
red

ictio
n

w
ith

B
ay

esia
n

n
eu

ra
l

n
etw

o
rk

s.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

O
n

L
ea

rn
in

g
R

ep
resen

ta
tio

n
(IC

L
R

),
20

1
7
b
.

A
.

K
rizh

ev
sk

y.
L

ea
rn

in
g

m
u

ltip
le

lay
ers

o
f

fea
tu

res
fro

m
tin

y
im

a
g
es.

In
T

ech
n

ica
l

repo
rt,

D
epa

rtm
en

t
o
f

C
o
m

p
u

ter
S

cien
ce,

U
n

ivsersity
o
f

T
o
ro

n
to

,
2009.

T
.

K
ru

eger,
D

.
P

an
k
n
in

,
an

d
M

.
B

rau
n
.

F
ast

cross-valid
ation

v
ia

seq
u
en

tial
testin

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
16:1103–1155,

2015.

H
.

L
a
ro

ch
elle

et
a
l.

A
n

em
p
irica

l
eva

lu
a
tio

n
o
f

d
eep

a
rch

itectu
res

o
n

p
ro

b
lem

s
w

ith
m

a
n
y

fa
cto

rs
of

va
riation

.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
2007.

L
.

L
i,

K
.

J
a
m

ieso
n
,

G
.

D
eS

a
lv

o
,

A
.

R
o
sta

m
iza

d
eh

,
a
n
d

A
.

T
a
lw

a
lka

r.
H

y
p

erb
a
n
d
:

B
a
n
d
it-

b
ased

con
fi
gu

ration
evalu

ation
for

h
y
p

erp
aram

eter
op

tim
ization

.
In

In
tern

a
tio

n
a
l

C
o
n

fer-
en

ce
O

n
L

ea
rn

in
g

R
ep

resen
ta

tio
n

(IC
L

R
),

2
017.

O
.

M
aron

an
d

A
.

M
o
ore.

T
h

e
racin

g
algorith

m
:

M
o
d

el
selection

for
lazy

learn
ers.

A
rtifi

cia
l

In
telligen

ce
R

eview
,

11:193–225,
1997.

V
.

M
n

ih
an

d
J
.-Y

.
A

u
d

ib
ert.

E
m

p
irical

B
ern

stein
stop

p
in

g.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
2008.

Y
.
N

etzer
et

al.
R

ead
in

g
d
igits

in
n
atu

ral
im

ages
w

ith
u
n
su

p
erv

ised
featu

re
learn

in
g.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

)
W

o
rksh

o
p

o
n

D
eep

L
ea

rn
in

g
a
n

d
U

n
su

pervised
F

ea
tu

re
L

ea
rn

in
g,

2011.

A
.

R
a
h
im

i
a
n
d

B
.

R
ech

t.
R

a
n
d
o
m

fea
tu

res
fo

r
la

rg
e-sca

le
k
ern

el
m

a
ch

in
es.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2007

.

R
.
R

ifk
in

an
d

A
.
K

lau
tau

.
In

d
efen

se
of

on
e-v

s-all
classifi

cation
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
5
:1

01–141,
2004.

P
.

S
erm

a
n
et,

S
.

C
h
in

ta
la

,
a
n
d

Y
.

L
eC

u
n
.

C
o
n
v
o
lu

tio
n
a
l

n
eu

ra
l

n
etw

o
rk

s
a
p
p
lied

to
h
o
u
se

n
u

m
b

ers
d

igit
classifi

cation
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

P
a
ttern

R
ecogn

itio
n

(IC
P

R
),

2
0
1
2
.

J
.

S
n
o
ek

,
H

.
L

aro
ch

elle,
an

d
R

.
A

d
am

s.
P

ractical
B

ayesian
op

tim
ization

of
m

ach
in

e
learn

in
g

a
lg

o
rith

m
s.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2012

.

J
.
S
n
o
ek

,
O

.
R

ip
p

el,
K

.
S
w

ersk
y,

R
.
K

iros,
N

.
S
atish

,
N

.
S
u
n
d
aram

,
M

.
P

atw
ary,

P
rab

h
at,

an
d

R
.

A
d

am
st.

S
calab

le
B

ayesian
op

tim
ization

u
sin

g
d

eep
n

eu
ral

n
etw

ork
s.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
201

5a.

J
.

S
n
o
ek

,
O

.
R

ip
p

el,
K

.
S
w

ersk
y,

R
.

K
iros,

N
.

S
atish

,
N

.
S
u
n
d
aram

,
M

.
P

atw
ary,

M
.

P
rab

h
at,

a
n
d

R
.

A
d
a
m

s.
B

ay
esia

n
o
p
tim

iza
tio

n
u
sin

g
d
eep

n
eu

ra
l

n
etw

o
rk

s.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
201

5b
.

E
.

S
p
ark

s,
A

.
T

alw
alkar,

D
.

H
aas,

M
.

J
.

F
ran

k
lin

,
M

.
I.

J
ord

an
,

an
d

T
.

K
raska.

A
u
tom

atin
g

m
o
d
el

search
for

large
scale

m
ach

in
e

learn
in

g,.
In

A
C

M
S

ym
po

siu
m

o
n

C
lo

u
d

C
o
m

p
u

tin
g

(S
O

C
C

),
2
0
1
5.

51
JM

L
R

 18(185):1-52, 2018

L
i,
J
a
m
ie
so

n
,
D
e
S
a
lv

o
,
R
o
st
a
m
iz
a
d
e
h
a
n
d

T
a
lw

a
l
k
a
r

J
.

S
p
rin

g
en

b
erg

,
A

.
K

lein
,

S
.

F
a
lk

n
er,

a
n
d

F
.

H
u
tter.

B
ay

esia
n

o
p
tim

iza
tio

n
w

ith
ro

b
u
st

B
ayesian

n
eu

ral
n
etw

ork
s.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2016.

N
.

S
rin

iva
s,

A
.

K
ra

u
se,

M
.

S
eeg

er,
a
n
d

S
.

M
.

K
a
ka

d
e.

G
a
u
ssia

n
p
ro

cess
o
p
tim

iza
tio

n
in

th
e

b
a
n
d
it

settin
g
:

N
o

reg
ret

a
n
d

ex
p

erim
en

ta
l

d
esig

n
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
2010.

K
.

S
w

ersk
y,

J
.

S
n
o
ek

,
an

d
R

.
A

d
am

s.
M

u
lti-task

B
ayesian

op
tim

ization
.

In
N

eu
ra

l
In

fo
rm

a
-

tio
n

P
rocessin

g
S

ystem
s

(N
IP

S
),

2013.

K
.

S
w

ersk
y,

J
.

S
n
o
ek

,
an

d
R

.
P

.
A

d
am

s.
F

reeze-th
aw

B
ayesian

op
tim

ization
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
4
0
6
.3

8
9
6
,

2014.

C
.

T
h
o
rn

to
n

et
a
l.

A
u
to

-w
eka

:
C

o
m

b
in

ed
selectio

n
a
n
d

h
y
p

erp
a
ra

m
eter

o
p
tim

iza
tio

n
o
f

classifi
cation

algorith
m

s.
In

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

2013.

A
.

van
d
er

V
aart

an
d

H
.

van
Z

an
ten

.
In

form
ation

rates
of

n
on

p
aram

etric
G

au
ssian

p
ro

cess
m

eth
o
d
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
12:2095–

2119,
2011.

Z
.

W
a
n

g
,

M
.

Z
o
g
h

i,
F

.
H

u
tter,

D
.

M
a
th

eso
n

,
a
n

d
N

.
d

e
F

reita
s.

B
ay

esia
n

o
p

tim
iza

tio
n

in
h
igh

d
im

en
sion

s
v
ia

ran
d
om

em
b

ed
d
in

gs.
In

In
tern

a
tio

n
a
l

J
o
in

t
C

o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
(IJ

C
A

I),
2013.

Z
.

W
a
n
g
,

B
.

Z
h
o
u
,

a
n
d

S
.

J
eg

elka
.

O
p
tim

iza
tio

n
a
s

estim
a
tio

n
w

ith
G

a
u
ssia

n
p
ro

cesses
in

b
a
n
d
it

settin
g
s.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2016.

A
.

G
.

W
ilson

,
C

.
D

an
n
,

an
d

H
.

N
ick

isch
.

T
h
ou

gh
ts

on
m

assively
scalab

le
G

au
ssian

p
ro

cesses.
a
rX

iv:1
5
1
1
.0

1
8
7
0
,

2015.

5
2

JM
L

R
 18(185):1-52, 2018



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
8
)

1
-5

2
S

u
b

m
it

te
d

6
/
1
7
;

R
ev

is
ed

2
/
1
8
;

P
u

b
li

sh
ed

4
/
1
8

S
u
b
m

a
tr

ix
lo

ca
li
za

ti
o
n

v
ia

m
e
ss

a
g
e

p
a
ss

in
g

B
ru

c
e

H
a
je

k
b
-h
a
je
k
@
il
l
in
o
is
.e
d
u

D
ep

a
rt

m
en

t
o
f

E
C

E
a
n

d
C

oo
rd

in
a
te

d
S

ci
en

ce
L

a
b

U
n

iv
er

si
ty

o
f

Il
li

n
o
is

a
t

U
rb

a
n

a
-C

h
a
m

pa
ig

n
U

rb
a
n

a
,

IL
6
1
8
0
1
,

U
S

A

Y
ih

o
n

g
W

u
y
ih
o
n
g
.w

u
@
y
a
l
e
.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

a
n

d
D

a
ta

S
ci

en
ce

Y
a
le

U
n

iv
er

si
ty

N
ew

H
a
ve

n
,

C
T

0
6
5
2
0
,

U
S

A

J
ia

m
in

g
X

u
x
u
9
7
2
@
p
u
r
d
u
e
.e
d
u

K
ra

n
n

er
t

S
ch

oo
l

o
f

M
a
n

a
ge

m
en

t

P
u

rd
u

e
U

n
iv

er
si

ty

W
es

t
L

a
fa

ye
tt

e,
IN

4
7
9
0
7
,

U
S

A

E
d

it
o
r:

Q
ia

n
g

L
iu

A
b
st

ra
ct

T
h
e

p
ri

n
ci

p
al

su
b
m

at
ri

x
lo

ca
li
za

ti
o
n

p
ro

b
le

m
d
ea

ls
w

it
h

re
co

ve
ri

n
g

a
K
×
K

p
ri

n
ci

p
al

su
b
-

m
a
tr

ix
of

el
ev

at
ed

m
ea

n
µ

in
a

la
rg

e
n
×
n

sy
m

m
et

ri
c

m
at

ri
x

su
b

je
ct

to
ad

d
it

iv
e

st
an

d
ar

d
G

a
u
ss

ia
n

n
o
is

e,
or

m
o
re

g
en

er
al

ly
,

m
ea

n
ze

ro
,

va
ri

an
ce

on
e,

su
b
g
au

ss
ia

n
n
oi

se
.

T
h
is

p
ro

b
-

le
m

se
rv

es
a
s

a
p
ro

to
ty

p
ic

al
ex

a
m

p
le

fo
r

co
m

m
u
n
it

y
d
et

ec
ti

on
,

in
w

h
ic

h
th

e
co

m
m

u
n
it

y
co

rr
es

p
on

d
s

to
th

e
su

p
p

o
rt

of
th

e
su

b
m

a
tr

ix
.

T
h
e

m
a
in

re
su

lt
o
f

th
is

p
ap

er
is

th
at

in
th

e
re

gi
m

e
Ω

(√
n

)
≤
K
≤
o(
n

),
th

e
su

p
p

or
t

of
th

e
su

b
m

at
ri

x
ca

n
b

e
w

ea
k
ly

re
co

ve
re

d
(w

it
h
o(
K

)
m

is
cl

as
si

fi
ca

ti
o
n

er
ro

rs
on

av
er

ag
e)

b
y

an
o
p
ti

m
iz

ed
m

es
sa

ge
p
as

si
n
g

al
go

ri
th

m
if
λ

=
µ
2
K

2
/
n

,
th

e
si

gn
al

-t
o
-n

oi
se

ra
ti

o
,

ex
ce

ed
s

1
/e

.
T

h
is

ex
te

n
d
s

a
re

su
lt

b
y

D
es

h
p
an

d
e

a
n
d

M
o
n
ta

n
ar

i
p
re

v
io

u
sl

y
o
b
ta

in
ed

fo
r
K

=
Θ

(√
n

)
an

d
µ

=
Θ

(1
).

In
ad

d
it

io
n
,

th
e

al
go

-
ri

th
m

ca
n

b
e

co
m

b
in

ed
w

it
h

a
vo

ti
n
g

p
ro

ce
d
u
re

to
ac

h
ie

ve
th

e
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
li
m

it
of

ex
ac

t
re

co
ve

ry
w

it
h

sh
a
rp

co
n
st

an
ts

fo
r

al
l
K
≥

n
lo
g
n

(
1 8
e

+
o(
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m
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b
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p
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al

al
go

ri
th

m
s

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y,
h
ig

h
-d

im
en

si
on

al
st

at
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h
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m
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p
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d
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d
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at
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> C
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>
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d
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⊂
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⊂
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d
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m
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b
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b
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p
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b
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b
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b
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p
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b
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c
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⊂
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b
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p
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is

th
resh

old
in

g
algorith

m
follow

ed
b
y

a
lin

ear-tim
e

votin
g

p
ro

ced
u
re

ach
ieves

ex
a
ct

recovery
w

h
en

ever
in

form
ation

-th
eoretically

p
ossib

le.
T

h
u
s,

th
is

p
ap

er
co

n
cen

tra
tes

o
n

w
ea

k
a
n
d

ex
act

recovery
in

th
e

su
b
lin

ear
regim

e
of

Ω
( √
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p
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( √
n

)
an

d
µ

=
Θ

(1). 4
O

u
r

a
lg

o
rith

m
is

th
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assin

g
algorith

m
p
rop

osed
in

(D
esh

p
an

d
e

an
d

M
on

-
ta

n
a
ri,

2
0
1
5
),

ex
cep

t
th

at
w

e
fi
n
d

th
e

p
oly

n
om

ial
th

at
m

a
x
im

izes
th

e
sig

n
al-to-n

oise
ratio

v
ia

H
erm

ite
p

o
ly

n
om

ials
in

stead
of

u
sin

g
th

e
tru

n
cated

T
ay

lo
r

series
as

in
(D

esh
p
an

d
e

an
d

M
o
n
ta

n
a
ri,

2
0
1
5).

T
h
e

p
ro

ofs
follow

closely
th

ose
in

(D
esh

p
an

d
e

an
d

M
on

tan
ari,

20
15),

w
ith

th
e

m
o
st

essen
tial

d
iff

eren
ces

d
escrib

ed
at

th
e

en
d

of
S
ection

2.

W
e

o
b
serv

e
th

at
λ
>

1/e
is

m
u
ch

m
ore

strin
gen

t
th

an
λ
>

4
Kn

log
nK

,
th

e
in

form
ation

-
th

eo
retic

w
ea

k
recovery

th
resh

old
estab

lish
ed

in
(H

a
jek

et
al.,

2017).
It

is
an

o
p

en
p
rob

lem
w

h
eth

er
a
n
y

p
o
ly

n
om

ial-tim
e

algorith
m

can
p
rov

id
e

w
eak

recovery
for

λ
≤

1
/e.

In
ad

d
ition

,
w

e
sh

ow
th

a
t

if
λ
>

1/e,
th

e
m

essage
p
assin

g
algorith

m
follow

ed
b
y

a
lin

ear-tim
e

votin
g

p
ro

ced
u
re

ca
n

p
rov

id
e

ex
act

recovery
w

h
en

ever
in

form
ation

-th
eoretically

p
ossib

le.
T

h
is

p
ro

ced
u
re

a
ch

ieves
th

e
op

tim
al

ex
act

recovery
th

resh
old

d
eterm

in
ed

in
(H

a
jek

et
al.,

2017)
w

ith
sh

a
rp

co
n
stan

ts
if
K
≥

(
18
e

+
o(1))

n
lo

g
n

.
S
ee

S
ection

3.1
for

a
d
etailed

com
p
arison

w
ith

in
fo

rm
a
tion

-th
eoretic

lim
its.

T
h
e

m
essa

g
e

p
assin

g
algorith

m
is

sim
p
ler

to
form

u
late

an
d

an
aly

ze
for

th
e

p
rin

cip
al

su
b
m

a
trix

recov
ery

p
rob

lem
;

n
everth

eless,
w

e
sh

ow
in

S
ection

5
h
ow

to
ad

ap
t

th
e

m
essage

p
a
ssin

g
a
lg

o
rith

m
an

d
its

an
aly

sis
to

th
e

b
iclu

sterin
g

p
rob

lem
.

S
h
arp

con
d
ition

s
for

ex
act

recovery
fo

r
th

e
b
iclu

sterin
g

p
rob

lem
w

a
s

ob
tain

ed
in

(B
u
tu

cea
et

al.,
2015).

W
e

sh
ow

th
at

ca
lcu

la
tio

n
s

in
(B

u
tu

cea
et

al.,
2015)

w
ith

m
in

or
ad

ju
stm

en
ts

p
rov

id
e

in
fo

rm
ation

-th
eoretic

co
n
d
itio

n
s

fo
r

w
eak

recovery
as

w
ell.

T
h
e

con
n
ection

b
etw

een
w

eak
an

d
ex

act
recovery

v
ia

th
e

vo
tin

g
p
ro

ced
u
re

d
escrib

ed
in

(H
a

jek
et

al.,
2017)

carries
over

to
th

e
b
iclu

sterin
g

p
ro

b
lem

.

T
h
e

a
n
a
ly

sis
of

th
e

m
essage

p
assin

g
algorith

m
is

b
ased

on
th

e
m

om
en

t
m

eth
o
d

ad
op

ted
in

(D
esh

p
a
n
d
e

an
d

M
on

tan
ari,

2015).
W

h
en

th
e

n
oise

m
atrix

Z
is

G
au

ssia
n
,

an
altern

ativ
e

tech
n
iq

u
e

to
a
n
aly

ze
m

essage
p
assin

g
algorith

m
s

is
in

tro
d
u
ced

in
(B

ayati
an

d
M

on
tan

ari,
2
0
1
1
)

a
n
d

g
en

eralized
b
y

(J
avan

m
ard

an
d

M
on

tan
ari,

2013).
A

d
istin

ct
ad

van
ta

ge
o
f

th
e

3
.

In
th

is
p

a
p

er,
b
y

in
fo

rm
a
tio

n
-th

eo
retic

lim
its,

w
e

m
ea

n
th

e
su

ffi
cien

t
a
n

d
n

ecessa
ry

co
n

d
itio

n
s

fo
r

a
t-

ta
in

in
g

w
ea

k
o
r

ex
a
ct

recov
ery

b
y

a
n
y

estim
a
to

r,
reg

a
rd

less
o
f

its
co

m
p

u
ta

tio
n

a
l

co
st.

4
.

T
h

e
m

a
in

resu
lts

(T
h

eo
rem

s
1

a
n

d
3
)

o
f

(D
esh

p
a
n

d
e

a
n

d
M

o
n
ta

n
a
ri,

2
0
1
5
)

a
ssu

m
e
µ

=
Θ

(1
)

b
u

t
n

o
t

K
=

Ω
( √
n

)).
T

h
is

is
b

eca
u

se,
a
s

p
o
in

ted
o
u

t
a
t

th
e

en
d

o
f

th
e

p
ro

o
f

o
f

(D
esh

p
a
n

d
e

a
n

d
M

o
n
ta

n
a
ri,

2
0
1
5
,

T
h

eo
rem

3
),

if
K

=
ω

( √
N

),
th

en
th

e
sp

ectra
l

m
eth

o
d

a
n

d
its

p
ro

o
f

in
(A

lo
n

et
a
l.,

1
9
9
8
)

a
lrea

d
y

w
o
rk

.
H

ow
ev

er,
th

e
sta

te
ev

o
lu

tio
n

a
n

a
ly

sis
o
f

m
essa

g
e

p
a
ssin

g
a
lg

o
rith

m
still

a
ssu

m
es
K

=
Θ

( √
n

)
a
s

sta
ted

in
(D

esh
p

a
n

d
e

a
n
d

M
o
n
ta

n
a
ri,

2
0
1
5
,

L
em

m
a

2
.2

).
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H
a
je
k
,
W

u
a
n
d

X
u

m
om

en
t

m
eth

o
d

in
ou

r
con

tex
t

is
th

at
th

e
G

au
ssian

assu
m

p
tion

can
b

e
relax

ed
to

a
su

b
-

gau
ssian

assu
m

p
tion

.
A

ccord
in

gly,
w

e
in

tro
d
u
ce

th
e

follow
in

g
assu

m
p
tion

.

A
ssu

m
p

tio
n

1
G

iven
C
∗∈

[n
]

a
n

d
µ
>

0,
th

e
fo

llo
w

in
g

h
o
ld

s.
W

is
a
n
n
×
n

sym
m

etric
m

a
trix

w
ith
{W

ij }
1≤
i≤
j≤
n

bein
g

m
u

tu
a
lly

in
d
epen

d
en

t
ra

n
d
o
m

va
ria

bles.
L

et
Z
ij

=
W
ij −

µ
I{
i,j∈

C
∗} .

T
h
en

E
[Z
ij ]

=
0

fo
r

a
ll
i,j,

a
n

d
var(Z

ij )
=

1
fo

r
(i,j)6∈

C
∗×

C
∗.

F
in

a
lly,

th
ere

is
a

co
n

sta
n

t
γ
>

0
th

a
t

d
oes

n
o
t

d
epen

d
o
n
n

su
ch

th
a
t
E
[e
sZ
ij ]≤

e
γ
s
2
/
2

fo
r
s
∈

R
,

i.e.
th

e
W

’s
a
n

d
Z

’s
a
re

su
bga

u
ssia

n
w

ith
p
ro

xy
va

ria
n

ce
γ

.

T
h
e

varian
ce

of
a

su
b
gau

ssian
ran

d
om

variab
le

is
less

th
an

o
r

eq
u
al

to
its

p
rox

y
varian

ce,
so

A
ssu

m
p
tion

1
im

p
lies

γ
≥

1
,

an
d
var(Z

ij )≤
γ

for
all

i,j∈
[n

]
an

d
all

n
≥

1.
O

f
cou

rse,
A

ssu
m

p
tion

1
h
old

s
in

th
e

G
au

ssian
case

su
ch

th
at

th
e
Z
ij

are
allN

(0,1
)

ran
d
om

variab
les.

N
o
ta

tio
n

F
or

an
y

p
ositiv

e
in

teger
n

,
let

[n
]

=
{1
,...,n}

.
F

or
an

y
set

T
⊂

[n
],

let
|T|

d
en

ote
its

card
in

ality
an

d
T
c

d
en

ote
its

com
p
lem

en
t.

F
or

tw
o

sets
S
,T

,
let

S
∆
T

=
(S
\
T

)∪
(T
\
S

)
d
en

ote
th

e
set

d
iff

eren
ce.

F
or

an
m
×
n

m
atrix

M
,

let‖M
‖

an
d
‖
M
‖

F

d
en

ote
its

sp
ectral

an
d

F
rob

en
iu

s
n
orm

,
resp

ectively.
L

et
σ
i (M

)
d
en

ote
its

sin
gu

lar
valu

es
ord

ered
d
ecreasin

gly.
F

or
an

y
S
⊂

[m
],T
⊂

[n
],

let
M
S
T
∈

R
|S|×
|T|

d
en

o
te

(M
ij )

i∈
S
,j∈

T

an
d

for
m

=
n

ab
b
rev

iate
M
S

=
M
S
S

.
F

or
a

vector
x

,
let
‖x‖

d
en

ote
its

E
u
clid

ean
n
orm

.
W

e
u
se

stan
d
ard

b
ig
O

n
otation

s,
e.g.,

for
an

y
seq

u
en

ces
{a

n }
an

d
{
b
n }

,
a
n

=
Θ

(b
n
)

or
a
n
�
b
n

if
th

ere
is

an
ab

solu
te

con
stan

t
c
>

0
su

ch
th

a
t

1
/c
≤
a
n
/b
n
≤
c.

A
ll

logarith
m

s
are

n
atu

ral
an

d
w

e
u
se

th
e

con
ven

tion
0

log
0

=
0.

L
et

Φ
an

d
Q

d
en

ote
th

e
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

(C
D

F
)

an
d

com
p
lem

en
tary

C
D

F
of

th
e

stan
d
ard

n
orm

al
d
istrib

u
tion

,
resp

ectively.
F

or
ε∈

[0,1],
d
efi

n
e

th
e

b
in

ary
en

trop
y

fu
n
ction

h
(ε),

ε
log

1ε
+

(1−
ε)

log
1

1−
ε .

W
e

say
a

seq
u
en

ce
of

even
tsE

n
h
old

s
w

ith
h
igh

p
rob

ab
ility,

if
P
{E

n }
→

1
as
n
→
∞

.
D

en
ote

th
e

K
olm

ogorov
-S

m
irn

ov
(K

S
)

d
istan

ce
b

etw
een

d
istrib

u
tion

s
µ

an
d
ν

b
y
d

K
S (µ

,ν
),

su
p
x∈

R |µ
((−
∞
,x

])−
ν

((−
∞
,x

])|.

2
.

A
lg

o
rith

m
s

a
n
d

m
a
in

re
su

lts

T
o

av
oid

a
p
leth

ora
of

factors
1√n

in
th

e
n
otation

,
w

e
d
escrib

e
th

e
m

essage-p
assin

g
algorith

m

u
sin

g
th

e
scaled

version

A
=

1√n
W
.

(4)

U
n
d
er

A
ssu

m
p
tio

n
1,

th
e

en
tries

A
ij

are
su

b
gau

ssian
w

ith
p
rox

y
varian

ce
γn

,
m

ean
0

or
µ√n
,

an
d

varian
ce

1n
for

(i,j)6∈
C
∗×

C
∗.

T
h
is

section
p
resen

ts
algorith

m
s

an
d

th
eoretical

gu
ar-

an
tees

for
th

e
sy

m
m

etric
m

o
d
el

(2).
E

x
ten

sio
n
s

to
th

e
asy

m
m

etric
case

for
th

e
b
iclu

sterin
g

p
rob

lem
(1)

are
given

in
S
ection

5.2.

L
et
f

(·,t):R
→

R
b

e
a

scalar
fu

n
ction

for
each

iteration
t.

L
et
θ
t+

1
i→

j
d
en

ote
th

e
m

essage
tran

sm
itted

from
in

d
ex

i
to

in
d
ex

j
at

iteration
t

+
1,

w
h
ich

is
giv

en
b
y

θ
t+

1
i→

j
=

∑

`∈
[n

]\
{
i,j}

A
`i f

(θ
t`→

i ,t),
∀
j6=

i∈
[n

].
(5)

4
JM

L
R

 18(186):1-52, 2018



S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ss
a
g
e
pa

ss
in
g

w
it

h
th

e
in

it
ia

l
co

n
d
it

io
n
s
θ0 i
→
j
≡

0
.

M
or

eo
ve

r,
le

t
θt

+
1

i
d
en

ot
e

in
d
ex

i’
s

b
el

ie
f

at
it

er
at

io
n

t
+

1,
w

h
ic

h
is

gi
v
en

b
y

θt
+

1
i

=
∑

`∈
[n

]\
{i
}A

`i
f

(θ
t `→

i,
t)
.

(6
)

T
h
e

fo
rm

of
(5

)
is

in
sp

ir
ed

b
y

b
el

ie
f

p
ro

p
ag

at
io

n
al

go
ri

th
m

s,
w

h
ic

h
h
av

e
th

e
n
at

u
ra

l
n
o
n
-

b
ac

k
tr

ac
k
in

g
p
ro

p
er

ty
:

th
e

m
es

sa
ge

se
n
t

fr
om

i
to
j

at
ti

m
e
t

+
1

d
o
es

n
ot

d
ep

en
d

on
th

e
m

es
sa

ge
se

n
t

fr
om

j
to
i

at
ti

m
e
t,

th
er

eb
y

re
d
u
ci

n
g

th
e

eff
ec

t
of

ec
h
o
es

of
m

es
sa

ge
s

se
n
t

b
y
j. T

o
p
re

se
n
t

an
in

fo
rm

al
d
er

iv
at

io
n

of
th

e
st

a
te

ev
o
lu

ti
o
n

eq
u

a
ti

o
n

s,
w

h
ic

h
tr

ac
k

th
e

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
s

of
th

e
m

es
sa

ge
s,

le
t

u
s

p
os

tu
la

te
th

e
fo

ll
ow

in
g

a
ss

u
m

p
ti

on
s:

S
u
p
-

p
os

e
th

at
fo

r
ea

ch
fi
x
ed
t,

as
n
→
∞

:
(a

)
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
of

(θ
t i

:
i
∈
C
∗ )

co
n
ve

rg
es

to
N

(µ
t,
τ

2 t
)

an
d

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
of

(θ
t i

:
i
∈

[n
]\
C
∗ )

co
n
v
er

ge
s

to
N

(0
,τ

2 t
);

(b
)

{θ
t i→
j
}

ar
e

in
d
ep

en
d
en

t
of
A

;
(c

)
θt i
→
j
≈
θt i

.
T

h
en

it
fo

ll
ow

s
fr

om
(6

)
an

d
K

=
o(
n

)
th

at
fo

r
an

y
i
∈
C
∗ ,

E
[ θ
t+

1
i
|{
θt `
→
i

:
`
6=
i}
] (
b) =

∑

`∈
[n

]\
{i
}E

[A
`i

]f
(θ
t `→

i,
t)

=
µ √
n

∑

`∈
C
∗ \
{i
}f

(θ
t `→

i,
t)

(a
),

(c
)

−−
−−
→

n
→
∞

√
λ
E

[f
(µ
t
+
τ t
Z
,t

)]
,

an
d

fo
r

an
y
i
∈

[n
],

va
r
( θ
t+

1
i
|{
θt `
→
i

:
`
6=
i}
) (

b) =
∑

`∈
[n

]\
{i
}va

r
(A

`i
)
f

(θ
t `→

i,
t)

2

=
1 n

∑

`∈
[n

]\
(C
∗ ∪
{i
})
f

(θ
t `→

i,
t)

2
+
o(

1)

(a
),

(c
)

−−
−−
→

n
→
∞

E
[ f

(τ
tZ
,t

)2
] ,

w
h
er

e
Z

re
p
re

se
n
ts

a
ge

n
er

ic
st

an
d
ar

d
n
or

m
al

ra
n
d
om

va
ri

ab
le

.
S
in

ce
th

e
co

n
d
it

io
n
al

m
ea

n
s

an
d

va
ri

an
ce

s
h
av

e
d
et

er
m

in
is

ti
c

li
m

it
s,

th
os

e
ar

e
al

so
th

e
li
m

it
s

of
th

e
u
n
co

n
d
it

io
n
al

m
ea

n
s

an
d

va
ri

an
ce

s.
T

h
er

ef
or

e,
w

e
ge

t
th

e
fo

ll
ow

in
g

re
cu

rs
iv

e
eq

u
at

io
n
s

fo
r
t
≥

0:

µ
t+

1
=
√
λ
E

[f
(µ
t
+
τ t
Z
,t

)]
,

(7
)

τ t
+

1
=

E
[ f

(τ
tZ
,t

)2
] ,

(8
)

w
h
er

e
th

e
in

it
ia

l
co

n
d
it

io
n
s

ar
e
µ

0
=
τ 0

=
0.

F
ol

lo
w

in
g

(D
es

h
p
an

d
e

an
d

M
on

ta
n
ar

i,
20

15
),

w
e

ca
ll

(7
)

an
d

(8
)

th
e

st
a
te

ev
o
lu

ti
o
n

eq
u

a
ti

o
n

s.
T

h
e

h
eu

ri
st

ic
d
er

iv
at

io
n

o
f

st
at

e
ev

ol
u
ti

on
eq

u
at

io
n
s

gi
ve

n
ab

ov
e

is
ce

rt
ai

n
ly

n
ot

ri
g
or

ou
s

m
ai

n
ly

d
u
e

to
th

e
d
ep

en
d
en

cy
b

et
w

ee
n
θt i
→
j
’s

an
d
A

.
In

S
ec

ti
on

6,
w

e
p
re

se
n
t

a
ri

go
ro

u
s

ju
st

ifi
ca

ti
on

of
st

at
e

ev
ol

u
ti

on
eq

u
at

io
n
s

v
ia

th
e

m
om

en
t

m
et

h
o
d

fo
ll
ow

in
g

(D
es

h
p
an

d
e

an
d

M
on

ta
n
ar

i,
20

15
).

A
cr

u
ci

al
fa

ct
th

a
t

w
e

ex
p
lo

it
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H
a
je
k
,
W

u
a
n
d

X
u

is
th

e
n
on

-b
ac

k
tr

ac
k
in

g
p
ro

p
er

ty
of

th
e

m
es

sa
ge

p
as

si
n
g

ru
le

(5
),

w
h
ic

h
h
a
s

th
e

eff
ec

t
o
f

re
d
u
ci

n
g

th
e

d
ep

en
d
en

cy
b

et
w

ee
n
θt i
→
j
’s

an
d
A

.

S
u
p
p

os
e,

fo
r

th
e

ti
m

e
b

ei
n
g,

th
at

m
es

sa
ge

d
is

tr
ib

u
ti

on
s

ar
e

G
au

ss
ia

n
w

it
h

p
a
ra

m
et

er
s

ac
cu

ra
te

ly
tr

ac
k
ed

b
y

th
e

st
at

e
ev

ol
u
ti

on
eq

u
at

io
n
s.

T
h
en

it
is

re
as

on
ab

le
to

es
ti

m
a
te
C
∗

b
y

se
le

ct
in

g
th

os
e

in
d
ic

es
i

su
ch

th
at

θt
+

1
i

ex
ce

ed
s

a
gi

ve
n

th
re

sh
ol

d
.

M
o
re

sp
ec

ifi
ca

ll
y,

cl
as

si
fy

in
g

an
in

d
ex

i
b
as

ed
on

θt
+

1
i

b
oi

ls
d
ow

n
to

te
st

in
g

tw
o

G
au

ss
ia

n
h
y
p

o
th

es
es

w
it

h
si

gn
al

-t
o-

n
oi

se
ra

ti
o
µ
t+

1

τ t
+
1
.

T
h
is

gi
ve

s
gu

id
an

ce
fo

r
se

le
ct

in
g

th
e

fu
n
ct

io
n
s
f

(·,
t)

b
a
se

d
o
n
µ
t

an
d
τ t

to
m

ax
im

iz
e
µ
t+

1

τ t
+
1
.

F
or
t

=
0

a
n
y

ch
oi

ce
of
f

is
eq

u
iv

al
en

t,
so

lo
n
g

a
s
f

(0
,0

)
>

0
.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
fo

r
t
≥

1
,

w
e

ca
n

as
su

m
e

th
at

th
e

va
ri

an
ce

s
a
re

n
o
rm

a
li
ze

d
,

n
am

el
y,
τ t

=
1

(e
.g

.,
w

e
ta

ke
f

(0
,0

)
=

1
to

m
ak

e
τ 1

=
1)

an
d

ch
o
os

e
f

(·,
t)

to
b

e
th

e
m

ax
im

iz
er

of

m
ax g
{E

[g
(µ
t
+
Z

)]
:
E[
g
(Z

)2
]

=
1}

(9
)

w
h
er

e
Z
∼
N

(0
,1

).
B

y
ch

an
ge

of
m

ea
su

re
,
E[
g
(µ
t
+
Z

)]
=

E[
g
(Z

)ρ
(Z

)]
,

w
h
er

e

ρ
(x

)
=

d
N

(µ
t,

1)

d
N

(0
,1

)
(x

)
=
ex
µ
t
−
µ
2 t
/
2
.

(1
0
)

C
le

ar
ly

,
th

e
b

es
t
g

al
ig

n
s

w
it

h
ρ

an
d

w
e

ob
ta

in

f
(x
,t

)
=

ρ
(x

)
√

E[
ρ

2
(Z

)]
=
ex
µ
t
−
µ
2 t
.

(1
1
)

W
it

h
th

is
op

ti
m

iz
ed

f
,

w
e

h
av

e
τ t
≡

1
an

d
th

e
st

at
e

ev
ol

u
ti

o
n

(7
)

re
d
u
ce

s
to

µ
t+

1
=
√
λ
E

[f
(µ
t
+
Z
,t

)]
=
√
λ
e
µ
2 t 2
,

or
,

eq
u
iv

al
en

tl
y,

µ
2 t+

1
=
λ
eµ

2 t
.

(1
2
)

T
h
er

ef
or

e
if
λ
>

1/
e,

th
en

(1
2)

h
as

n
o

fi
x
ed

p
oi

n
t

an
d

h
en

ce
µ
t
→
∞

as
t
→
∞

.

D
ir

ec
tl

y
ca

rr
y
in

g
ou

t
th

e
ab

ov
e

h
eu

ri
st

ic
p
ro

gr
am

,
h
ow

ev
er

,
se

em
s

ch
a
ll
en

g
in

g
.

T
o

ri
go

ro
u
sl

y
ju

st
if

y
th

e
st

at
e

ev
ol

u
ti

on
eq

u
at

io
n
s

in
S
ec

ti
on

6,
w

e
re

ly
on

th
e

th
e

m
et

h
o
d

of
m

om
en

ts
,

re
q
u
ir

in
g
f

to
b

e
a

p
ol

y
n
om

ia
l,

w
h
ic

h
p
ro

m
p
ts

u
s

to
lo

ok
fo

r
th

e
b

es
t

p
o
ly

n
o
m

ia
l

of
a

gi
ve

n
d
eg

re
e

th
at

m
ax

im
iz

es
th

e
si

gn
al

-t
o-

n
oi

se
ra

ti
o.

D
en

ot
in

g
th

e
co

rr
es

p
o
n
d
in

g
st

a
te

ev
ol

u
ti

on
b
y

(µ̂
t,
τ̂ t

),
w

e
ai

m
to

so
lv

e
th

e
fo

ll
ow

in
g

fi
n
it

e-
d
eg

re
e

ve
rs

io
n

of
(9

):

m
ax
{E

[g
(µ̂
t
+
Z

)]
:
E[
g
(Z

)2
]

=
1
,d

eg
(g

)
≤
d
}.

(1
3
)

A
s

sh
ow

n
in

L
em

m
a

7,
th

is
p
ro

b
le

m
ca

n
b

e
ea

si
ly

so
lv

ed
v
ia

H
er

m
it

e
p

ol
y
n
o
m

ia
ls

,
w

h
ic

h
fo

rm
an

or
th

og
on

al
b
as

is
w

it
h

re
sp

ec
t

to
th

e
G

au
ss

ia
n

m
ea

su
re

,
an

d
th

e
o
p
ti

m
a
l

ch
o
ic

e,
d
en

ot
ed

b
y
f d

(·,
t)
,

is
th

e
b

es
t

d
eg

re
e-
d
L

2
-a

p
p
ro

x
im

at
io

n
of

th
e

th
e

li
ke

li
h
o
o
d

ra
ti

o
(1

0
),

w
h
ic

h
ca

n
b

e
ob

ta
in

ed
b
y

n
or

m
al

iz
in

g
th

e
fi
rs

t
d

+
1

te
rm

s
in

th
e

or
th

og
o
n
a
l

ex
p
a
n
si

o
n

of
(1

0)
.

C
om

p
ar

ed
to

(D
es

h
p
an

d
e

an
d

M
on

ta
n
ar

i,
20

15
,

L
em

m
a

2
.3

)
w

h
ic

h
sh

ow
s

th
e

ex
is

te
n
ce

of
a

go
o
d

ch
oi

ce
of

p
ol

y
n
om

ia
l

th
at

ap
p
ro

x
im

at
es

th
e

id
ea

l
st

at
e

ev
o
lu

ti
o
n

(1
2
)

b
as

ed
on

T
ay

lo
r

ex
p
an

si
on

s,
ou

r
ap

p
ro

ac
h

is
to

fi
n
d

th
e

b
es

t
m

es
sa

ge
-p

as
si

n
g

ru
le

o
f

a
g
iv

en
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

d
eg

ree
w

h
ich

resu
lts

in
th

e
follow

in
g

state
evolu

tion
th

at
is

op
tim

al
am

on
g

all
p

oly
n
om

ial
f

o
f

d
eg

ree
d
:

µ̂
2t+

1
=
λ

d
∑k

=
0

µ̂
2
k
tk
!
.

(14)

F
o
r

a
n
y
λ
>

1/
e,

th
ere

is
an

ex
p
licit

ch
oice

of
th

e
d
egree

d
d
ep

en
d
in

g
on

ly
on

λ
d
en

oted
b
y
d ∗(λ

), 5
so

th
at

µ̂
t →

∞
as

t
→
∞

an
d

th
e

state
evolu

tion
(1

4)
for

fi
x
ed

t
co

rrectly
p
red

icts
th

e
a
sy

m
p
totic

b
eh

av
ior

of
th

e
m

essages
w

h
en

n
→
∞

.
T

h
erefore,

as
d
iscu

ssed
a
b

ove,
C̃

p
ro

d
u
ced

b
y

th
resh

old
in

g
m

essages
θ
ti ,

is
lik

ely
to

co
n
tain

a
large

p
ortion

of
C
∗,

b
u
t

sin
ce
K

=
o(n

),
it

m
ay

(an
d

m
ost

lik
ely

w
ill)

also
con

tain
a

large
n
u
m

b
er

of
in

d
ices

n
ot

in
C
∗.

F
o
llow

in
g

(D
esh

p
an

d
e

an
d

M
on

tan
a
ri,

2015,
L

em
m

a
2.4),

w
e

sh
ow

th
at

th
e

p
ow

er
itera

tio
n

6
(a

stan
d
ard

sp
ectral

m
eth

o
d
)

in
A

lgorith
m

1
can

rem
ove

a
large

p
ortion

of
th

e
o
u
tlier

vertices
in
C̃
.

C
o
m

b
in

in
g

m
essage

p
assin

g
p
lu

s
sp

ectral
clean

u
p

y
ield

s
A

lgorith
m

1
for

estim
atin

g
C
∗

b
a
sed

o
n

th
e

m
essages

θ
ti ,

w
ith

th
eoretical

gu
aran

tees
g
iv

en
in

T
h
eorem

1
.

A
lg

o
rith

m
1

M
essage

p
assin

g

1
:

In
p
u
t:
n
,K
∈
N

,
µ
>

0,
A
∈
R
n×

n
,
d ∗,t ∗∈

N
,

an
d
s ∗
>

0.
2
:

In
itia

lize:
θ

0i→
j

=
0

for
all

i,j∈
[n

]
w

ith
i6=

j
an

d
θ

0i
=

0.
F

or
t≥

0,
d
efi

n
e

th
e

seq
u
en

ce
o
f

d
eg

ree-d ∗
p

oly
n
om

ials
f
d ∗(·,t)

as
p

er
L

em
m

a
7

an
d
µ̂
t

in
(14).

3
:

R
u
n
t ∗−

1
iteration

s
of

m
essage

p
assin

g
as

in
(5)

w
ith

f
=
f
d ∗

an
d

com
p
u
te
θ
t ∗i

for
all

i∈
[n

]
as

p
er

(6).
4
:

F
in

d
th

e
set

C̃
=
{
i∈

[n
]

:
θ
t ∗i
≥
µ̂
t ∗/

2}
.

5
:

(C
lea

n
u
p

v
ia

p
ow

er
m

eth
o
d
)

R
ecall

th
at
A
C̃

d
en

otes
th

e
restriction

of
A

to
th

e
row

s

a
n
d

co
lu

m
n
s

w
ith

in
d
ex

in
C̃
.

S
am

p
le
u

0
u
n
iform

ly
from

th
e

u
n
it

sp
h
ere

in
R
|C̃
|

an
d

co
m

p
u
te
u
t+

1
=
A
C̃
u
t/‖A

C̃
u
t‖

for
0
≤
t≤
ds ∗

lo
g
ne−

1
.

L
et
û

=
u
ds ∗

lo
g
ne.

R
etu

rn
Ĉ
,

th
e

set
o
f
K

in
d
ices

i
in
C̃

w
ith

th
e

largest
valu

es
of|û

i |.

T
h

e
o
re

m
1

F
ix
λ
>

1
/e.

L
et
K

a
n

d
µ

d
epen

d
o
n
n

in
su

ch
a

w
a
y

th
a
t
µ

2K
2/n
→

λ
a
n

d
Ω

( √
n

)
≤
K
≤
o(n

)
a
s
n
→
∞
.

S
u

p
po

se
eith

er
C
∗

is
d
eterm

in
istic

w
ith
|C
∗|≡

K
,

o
r
C
∗

is
ra

n
d
o
m

su
ch

th
a
t|C

∗|/K
→

1
in

p
ro

ba
bility

a
s
n
→
∞
.

S
u

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s
fo

r
so

m
e
γ
>

0
.

L
et
d

=
d ∗(λ

)
a
s

in
(2

8
).

F
o
r

every
η
∈

(0,1),
th

ere
exist

exp
licit

po
sitive

co
n

sta
n

ts
t ∗,s ∗,c

d
epen

d
in

g
o
n
λ
,η

a
n

d
γ

su
ch

th
a
t

A
lgo

rith
m

1
retu

rn
s
Ĉ

sa
tisfyin

g
|Ĉ

∆
C
∗|≤

η
K

,
w

ith
p
ro

ba
bility

co
n

vergin
g

to
o
n

e
a
s
n
→
∞

,
a
n

d
th

e
to

ta
l

tim
e

co
m

p
lexity

is
bo

u
n

d
ed

by
c(η

,λ
,γ

)n
2

log
n

,
w

h
ere

c(η
,λ
,γ

)→
∞

a
s

eith
er
η
→

0
o
r
λ
→

1/
e.

R
e
m

a
rk

2
A

lgo
rith

m
1

requ
ires

th
e

kn
o
w

led
ge

o
f

th
e

pa
ra

m
eter

λ
to

d
efi

n
e

th
e

sequ
en

ce
o
f

po
lyn

o
m

ia
ls
f
d ∗(·,t)

a
n

d
µ̂
t ,

a
n

d
th

e
kn

o
w

led
ge

o
f

th
e

pa
ra

m
eter

K
in

th
e

spectra
l

clea
n

u
p

5
.

S
ee

(2
8
)

a
n

d
R

em
a
rk

9
fo

r
th

e
ex

p
ressio

n
.

6
.

A
s

fa
r

a
s

sta
tistica

l
u

tility
is

co
n

cern
ed

,
w

e
co

u
ld

rep
la

ce
û

p
ro

d
u

ced
b
y

th
e

p
ow

er
itera

tio
n

b
y

th
e

lea
d

in
g

sin
g
u

la
r

v
ecto

r
o
f
A
C̃

,
b

u
t

th
a
t

w
o
u

ld
in

cu
r

a
h

ig
h

er
tim

e
co

m
p

lex
ity

b
eca

u
se

sin
g
u

la
r

va
lu

e
d

eco
m

p
o
sitio

n
in

g
en

era
l

ta
k
es
O

(n
3)

tim
e

to
co

m
p

u
te.
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H
a
je
k
,
W

u
a
n
d

X
u

step
.

T
o

a
vo

id
th

e
n

eed
to

kn
o
w
K

,
w

e
ca

n
sim

p
ly

rep
la

ce
th

e
la

st
step

o
f

th
e

spectra
l

clea
n

-
u

p
(in

vo
lvin

g
ch

oo
sin

g
th

e
K

coo
rd

in
a
tes

o
f

th
e

la
rgest

m
a
gn

itu
d
e

o
f
û

)
by

a
p
p
lyin

g
k

-m
ea

n
s

w
ith

k
=

2
o
n

th
e

set{|û
i |

:
i∈

C̃
}
.

S
ee

A
p
pen

d
ix

C
fo

r
d
eta

ils.
W

ith
th

is
m

od
ifi

ca
tio

n
,

T
h
eo

rem
1

co
n

tin
u

es
to

h
o
ld

a
s

lo
n

g
a
s
λ

(o
r

a
lo

w
er

bo
u

n
d

th
ereo

f)
is

kn
o
w

n
in

o
rd

er
to

set
th

e
d
egree

d ∗
a
n

d
th

e
itera

tio
n

n
u

m
ber

t ∗.

R
e
m

a
rk

3
A

s
po

in
ted

o
u

t
in

(D
esh

pa
n

d
e

a
n

d
M

o
n

ta
n

a
ri,

2
0
1
5
,

R
em

ea
rk

2
.5

),
th

e
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Ĉ
k
.

4
:

(C
le

an
u
p
)

F
or

ea
ch

k
=

1
,.
..
,1
/δ

co
m

p
u
te
r i

=
∑

j∈
Ĉ
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ar
e

a
p
p
li
ed

in
A

l-
go

ri
th

m
1,

a
fi
n
al

cl
ea

n
u
p

p
ro

ce
d
u
re

is
ap

p
li
ed

to
ob

ta
in

w
ea

k
re

co
v
er

y
or

ex
a
ct

re
co

ve
ry

(w
h
en

p
os

si
b
le

).
A

s
in

(D
es

h
p
an

d
e

a
n
d

M
o
n
ta

n
ar

i,
20

15
),

w
e

co
n
si

d
er

a
th

re
sh

o
ld

es
ti

m
a
-

to
r

fo
r

ea
ch

ve
rt

ex
i

b
as

ed
on

a
su

m
ov

er
Ĉ
.

If
K

=
Θ

(√
n

)
as

as
su

m
ed

in
(D

es
h
p
a
n
d
e

a
n
d

M
on

ta
n
ar

i,
20

15
),

th
en

λ
b

ei
n
g

a
co

n
st

an
t

im
p
li
es

th
at

th
e

m
ea

n
µ

is
b

ou
n
d
ed

aw
ay

fr
o
m

ze
ro

.
In

th
is

ca
se

if
|Ĉ
4
C
∗ |

=
o(
K

),
th

e
er

ro
r

in
cu

rr
ed

b
y

su
m

m
in

g
ov

er
Ĉ

in
st

ea
d

o
f

ov
er

C
∗

co
u
ld

b
e

b
ou

n
d
ed

b
y

tr
u
n
ca

ti
n
g
A
ij

to
a

la
rg

e
m

ag
n
it

u
d
e
ρ̄

an
d

b
ou

n
d
in

g
th

e
d
iff

er
en

ce

of
su

m
s

b
y
ρ̄
∣ ∣ C
∗ 4

Ĉ
∣ ∣ =

o(
K

)
�
µ
K
.

H
ow

ev
er

,
fo

r
K
�
√
n

w
it

h
va

n
is

h
in

g
µ

th
is

a
p
p
ro

a
ch

fa
il
s.

In
st

ea
d
,

w
e

re
ly

on
th

e
cl

ea
n
u
p

p
ro

ce
d
u
re

in
A

lg
or

it
h
m

2
w

h
ic

h
en

ta
il
s

ru
n
n
in

g
A

l-
go

ri
th

m
1

fo
r

1/
δ

ti
m

es
on

su
b
sa

m
p
le

d
ve

rt
ic

es
.

A
re

la
te

d
d
iff

er
en

ce
w

e
en

co
u
n
te

r
is

th
at

if
K

is
la

rg
e

en
ou

gh
th

en
th

e
co

n
d
it

io
n
λ
>

1
/e

al
on

e
is

n
ot

su
ffi

ci
en

t
fo

r
ex

a
ct

re
co

v
er

y,
b
u
t

ad
d
in

g
th

e
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
co

n
d
it

io
n

(1
5)

su
ffi

ce
s.

L
as

tl
y,

th
e

m
et

h
o
d

of
m

om
en

ts
re

q
u
ir

es
f

(·,
t)

to
b

e
a

p
ol

y
n
om

ia
l
so

th
at

th
e

ex
p

o
n
en

ti
a
l

fu
n
ct

io
n

(1
1)

,
w

h
ic

h
re

su
lt

s
in

th
e

id
ea

l
st

at
e

ev
ol

u
ti

on
(1

2)
,

ca
n
n
ot

b
e

d
ir

ec
tl

y
a
p
p
li
ed

.
It

is
sh

ow
n

in
(D

es
h
p
an

d
e

an
d

M
on

ta
n
ar

i,
20

15
,

L
em

m
a

2.
3)

th
at

fo
r

an
y
λ
>

1
/
e

a
n
d

a
n
y

th
re

sh
ol

d
M

th
er

e
ex

is
ts
d
∗

=
d
∗ (
λ
,M

)
so

th
at

ta
k
in

g
f

to
b

e
th

e
tr

u
n
ca

te
d

T
ay

lo
r

se
ri

es
of

(1
1)

u
p

to
d
eg

re
e
d
∗

re
su

lt
s

in
th

e
st

at
e

ev
ol

u
ti

on
µ̂
t

w
h
ic

h
ex

ce
ed

s
M

af
te

r
so

m
e

fi
n
it

e
ti

m
e

t∗
(λ
,M

);
h
ow

ev
er

,
n
o

ex
p
li
ci

t
fo

rm
u
la

of
d
∗ ,

w
h
ic

h
is

n
ee

d
ed

to
in

st
an

ti
at

e
A

lg
o
ri

th
m

1
,

is
p
ro

v
id

ed
.

A
lt

h
ou

gh
in

p
ri

n
ci

p
le

th
is

d
o
es

n
ot

p
os

e
an

y
al

go
ri

th
m

ic
p
ro

b
le

m
a
s
d
∗

ca
n

b
e

fo
u
n
d

b
y

an
ex

h
au

st
iv

e
se

ar
ch

in
O

(1
)

ti
m

e
in

d
ep

en
d
en

t
of
n

,
it

is
m

or
e

sa
ti

sf
a
ct

o
ry

to
fi
n
d

th
e

b
es

t
p

ol
y
n
om

ia
l
m

es
sa

ge
p
as

si
n
g

ru
le

ex
p
li
ci

tl
y

w
h
ic

h
m

ax
im

iz
es

th
e

si
g
n
a
l-

to
-n

o
is

e
ra

ti
o

fo
r

a
gi

ve
n

d
eg

re
e

(L
em

m
a

7)
an

d
p
ro

v
id

es
an

ex
p
li
ci

t
fo

rm
u
la

of
d
∗

a
s

a
fu

n
ct

io
n

o
f

λ
on

ly
(R

em
ar

k
9)

.
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

3
.

S
ta

tistica
l

o
p
tim

a
lity

a
n
d

co
m

p
u
ta

tio
n
a
l

co
n
sid

e
ra

tio
n
s

3
.1

C
o
m

p
a
riso

n
w

ith
in

fo
rm

a
tio

n
-th

e
o
re

tic
lim

its
in

th
e

G
a
u

ssia
n

c
a
se

A
s

n
o
ted

in
th

e
in

tro
d
u
ction

,
in

th
e

regim
e
K

=
Θ

(n
),

a
th

resh
old

in
g

algorith
m

b
ased

on
row

su
m

s
p
rov

id
es

w
eak

an
d
,

if
a

v
otin

g
p
ro

ced
u
re

is
a
lso

u
sed

,
ex

act
recovery

w
h
en

ever
it

is
in

fo
rm

a
tio

n
ally

p
ossib

le
in

th
e

G
au

ssian
ca

se.
In

th
is

su
b
section

,
w

e
com

p
are

th
e

p
erfo

rm
a
n
ce

o
f

th
e

m
essage

p
assin

g
algorith

m
s

to
th

e
in

form
ation

-th
eoretic

lim
its

on
th

e
recovery

p
ro

b
lem

in
th

e
regim

e
(3).

T
h
rou

gh
ou

t
th

is
section

w
e

restrict
atten

tion
to

th
e

G
a
u
ssia

n
ca

se,
su

ch
th

at
Z
ij
∼
N

(0,1)
an

d
γ

=
1.

A
lso,

for
con

verse
resu

lts,
w

e
assu

m
e

th
e

tru
e

co
m

m
u
n
ity

C
∗

is
a

su
b
set

of
[n

]
of

card
in

ality
K

selected
u
n
iform

ly
at

ran
d
om

.
N

o
tice

th
a
t

th
e

com
p
arison

h
ere

tak
es

in
to

accou
n
t

th
e

sh
arp

con
stan

t
factors.

In
form

a
tion

-
th

eo
retic

lim
its

for
th

e
b
iclu

sterin
g

p
rob

lem
are

d
iscu

ssed
in

S
ection

5.1.

W
e
a
k

re
c
o
v
e
ry

T
h
e

in
form

ation
-th

eoretic
th

resh
old

for
w

eak
recovery

h
as

b
een

d
eter-

m
in

ed
in

(H
a

jek
et

al.,
2017,

T
h
eorem

2
),

w
h
ich

,
in

th
e

regim
e

of
(3),

b
oils

d
ow

n
to

th
e

fo
llow

in
g
:

If

lim
in

f
n→
∞

K
µ

2

4
log

nK

>
1,

(16)

th
en

w
ea

k
recovery

is
p

ossib
le;

con
v
ersely,

if
w

eak
recovery

is
p

ossib
le,

th
en

lim
in

f
n→
∞

K
µ

2

4
log

nK

≥
1.

(17)

T
h
is

im
p
lies

th
at

th
e

m
in

im
al

sign
al-to-n

oise
ratio

for
w

eak
recov

ery
is

λ
≥

(4
+
ε) Kn

log
nK

fo
r

a
n
y
ε
>

0
,
w

h
ich

van
ish

es
in

th
e

su
b
lin

ear
regim

e
of
K

=
o(n

).
In

con
trast,

in
th

e
regim

e
o
f
(3

),
m

essag
e

p
assin

g
(A

lgorith
m

1)
d
em

an
d
s

a
n
on

-van
ish

in
g

sign
al-to-n

o
ise

ratio,
n
am

ely,
λ
>

1
/
e,

to
a
ch

ieve
w

eak
recovery.

N
o

p
oly

n
om

ial-tim
e

alg
orith

m
is

k
n
ow

n
to

su
cceed

if
λ
≤

1
/
e,

su
g
g
estin

g
th

at
com

p
u
tatio

n
al

com
p
lex

ity
m

igh
t

in
cu

r
a

severe
p

en
alty

on
th

e
sta

tistica
l

o
p
tim

ality
w

h
en

K
=
o(n

).

E
x
a
c
t

re
c
o
v
e
ry

W
h
en

th
e

su
b
m

a
trix

size
satisfi

es
(3),

if
(1

5)
w

ith
γ

=
1

h
old

s,
th

en
ex

a
ct

recovery
is

p
ossib

le;
con

versely,
if

ex
act

recovery
is

p
ossib

le,
th

en

lim
in

f
n→
∞

√
K
µ

√
2

log
K

+
√

2
lo

g
n
≥

1
.

(18)

S
ee

(H
a

jek
et

a
l.,

2017,
C

orollary
4).

T
h
is

im
p
lies

th
at

th
e

m
in

im
al

sig
n
al-to-n

oise
ratio

fo
r

ex
a
ct

recovery
is

λ
≥

(2
+
ε) Kn

(√
log

n
+
√

log
K
)

2
(19)

fo
r

a
n
y
ε
>

0.
C

on
seq

u
en

tly,
w

e
fi
n
d

th
at

th
e

critical
su

b
m

atrix
size

fo
r

w
h
ich

m
essage

p
a
ssin

g
(p

lu
s

clean
u
p
)

can
ach

ieve
op

tim
al

ex
act

recovery
is

n
lo

g
n

.
S
p

ecifi
cally,
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H
a
je
k
,
W

u
a
n
d

X
u

•
K

=
ω
(

n
lo

g
n )

.
In

th
is

regim
e,

th
e

righ
t

h
an

d
sid

e
of

(19)
g
o
es

to
∞

an
d

h
en

ce

th
e

m
in

im
al

sign
al-to-n

oise
ratio

for
ex

act
recov

ery
is

m
u
ch

h
igh

er
th

an
th

at
of

w
eak

recovery
v
ia

m
essage

p
assin

g,
n
am

ely,
1/e.

T
h
u
s,

ex
act

recov
ery

can
b

e
attain

ab
le

in
p

oly
n
om

ial-tim
e

b
y

m
essage-p

assin
g

p
lu

s
v
otin

g
clean

-u
p

(A
lgorith

m
2).

•
K

=
Θ

(
n

lo
g
n

).
In

th
is

regim
e,

if
w

e
let

K
=

ρ
n

lo
g
n

,
th

e
righ

t
h
an

d
sid

e
of

(19)
is

at
least

1/e
if
ρ
≥

18
e

an
d

strictly
less

th
an

1/e
oth

erw
ise.

In
v
iew

of
T

h
eorem

4,
w

e
con

clu
d
e

th
at

m
essag

e
p
assin

g
p
lu

s
votin

g
clean

u
p

(A
lgorith

m
2)

ach
ieves

th
e

sh
arp

th
resh

old
of

ex
act

recovery
if

K
≥
(

18
e

+
o(1) )

n

lo
g
n
.

(20)

•
K

=
o (

n
lo

g
n )

.
In

th
is

regim
e,

th
e

righ
t

h
an

d
sid

e
of

(19)
is
o(1).

N
o

p
oly

n
om

ial-

tim
e

algorith
m

(in
clu

d
in

g
sem

id
efi

n
ite

p
rogram

m
in

g
relax

ation
(H

a
jek

et
al.,

2016))
is

k
n
ow

n
to

ach
iev

e
w

eak
,

let
alon

e
ex

act,
recovery,

w
h
en

λ
=
o(1).

A
cou

n
terp

art
of

th
is

con
clu

sion
for

th
e

b
iclu

sterin
g

p
rob

lem
is

ob
tain

ed
in

R
em

ark
20

in
term

s
of

th
e

su
b
m

atrix
sizes.

3
.2

C
o
m

p
a
riso

n
w

ith
th

e
sp

e
c
tra

l
lim

it

It
is

reason
ab

le
to

con
jectu

re
th

at
λ
>

1
is

th
e

sp
ectral

lim
it

for
recoverab

ility
b
y

sp
ectral

estim
ation

m
eth

o
d
s.

T
h
is

con
jectu

re
is

rath
er

vagu
e,

b
eca

u
se

it
is

d
iffi

cu
lt

to
d
efi

n
e

w
h
at

con
stitu

tes
sp

ectral
m

eth
o
d
s.

N
everth

eless,
som

e
ev

id
en

ce
for

th
is

con
jectu

re
is

p
rov

id
ed

b
y

(D
esh

p
an

d
e

an
d

M
on

tan
ari,

2015,
P

rop
osition

1.1),
w

h
ich

,
in

tu
rn

,
is

b
ased

on
resu

lts
on

th
e

sp
ectru

m
of

a
ran

d
om

m
atrix

p
ertu

rb
ed

b
y

ad
d
in

g
a

ran
k
-on

e
d
eterm

in
istic

m
atrix

(K
n
ow

les
an

d
Y

in
,

2013,
T

h
eorem

2.7
).

T
h
e

m
essage

p
assin

g
fram

ew
ork

u
sed

in
th

is
p
ap

er
itself

p
rov

id
es

som
e

ev
id

en
ce

for
th

e
con

jectu
re.

In
d
eed

,
if
f

(x
,0)
≡

1
an

d
f

(x
,t)

=
x

fo
r

all
t
≥

1,
th

e
iterates

θ
t

are
close

to
w

h
at

is
ob

tain
ed

b
y

iterated
m

u
ltip

lication
b
y

th
e

m
atrix

A
,

b
egin

n
in

g
w

ith
th

e
all

on
e

v
ector,

w
h
ich

is
th

e
p

ow
er

m
eth

o
d

for
com

p
u
tation

of
th

e
eig

en
vector

corresp
on

d
in

g
to

th
e

p
rin

cip
al

eigen
valu

e
of
A

. 7
T

o
b

e
m

ore
p
recise,

w
ith

th
is

lin
ear

f
th

e
m

essage
p
assin

g
eq

u
ation

(5)
can

b
e

ex
p
ressed

in
term

s
of

p
ow

ers
of

th
e

n
o
n

-ba
cktra

ckin
g

m
a
trix

B
∈
R

(
n2 ) ×

(
n2 )

asso
ciated

w
ith

th
e

m
atrix

A
,

d
efi

n
ed

b
y
B
ef

=
A
e
1
,e

2 1
{
e
2
=
f
1 } 1
{
e
1 6=
f
2 } ,

w
h
ere

e
=

(e
1 ,e

2 )
an

d
f

=
(f

1 ,f
2 )

are
d
irected

p
airs

of
in

d
ices.

L
et

Θ
t∈

R
n

(n−
1
)

d
en

ote
th

e
m

essages
on

d
irected

ed
ges

w
ith

Θ
te

=
θ
te
1 →

e
2 .

T
h
en

,
(5)

sim
p
ly

b
ecom

es
Θ
t

=
B
t1
.

T
o

evalu
ate

th
e

p
erform

an
ce

of
th

is
m

eth
o
d
,

w
e

tu
rn

to
th

e
state

evolu
tio

n
eq

u
ation

s
(7)

an
d

(8),
w

h
ich

y
ield

µ
t

=
λ
t/

2
an

d
τ
t

=
1

for
all

t
≥

1
.

T
h
erefore,

b
y

a
sim

p
le

variation
of

A
lgorith

m
1

an
d

T
h
eorem

1,
if
λ
>

1
,

th
e

lin
ear

m
essage

p
assin

g
algorith

m
can

p
rov

id
e

w
eak

recovery.

F
or

th
e

su
b
m

atrix
d
etectio

n
p
rob

lem
,

n
am

ely,
testin

g
µ

=
0

(p
u
re

n
oise)

versu
s
µ
>

0,
as

op
p

osed
to

su
p
p

ort
recovery,

if
λ

is
fi
x
ed

w
ith

λ
>

1,
a

sim
p
le

th
resh

old
in

g
test

b
ased

7
.

If
w

e
in

clu
d

ed
i,j

in
th

e
su

m
m

a
tio

n
in

(5
)

a
n

d
(6

),
th

en
w

e
w

o
u

ld
h

av
e
θ
t

=
A
t1

ex
a
ctly.

S
in

ce
th

e
en

tries
o
f
A

a
re
O
P

(1
/ √

n
),

w
e

ex
p

ect
th

is
o
n

ly
in

cu
rs

a
sm

a
ll

d
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|Ĉ

∆
C
∗ |
≤
η
(ε
,λ
,γ

)K
,

w
it

h
p
ro

ba
bi

li
ty

co
n

ve
rg

in
g

to
o
n

e
a
s
n
→
∞
,

w
h
er

e

η
(ε
,λ
,γ

)
=

2ε
+
eγ

46
08
h

(ε
)

+
11

52
0
ε

λ
(1
−
ε)

2
.

(3
4
)

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

1]
G

iv
en

η
∈

(0
,1

),
ch

o
os

e
an

ar
b
it

ra
ry

ε
∈

(0
,ε

0
)

su
ch

th
a
t

η
(ε
,λ
,γ

)
d
efi

n
ed

in
(3

4)
is

at
m

os
t
η
.

W
it

h
t∗

sp
ec

ifi
ed

in
L

em
m

a
11

an
d
s∗

sp
ec

ifi
ed

in
L

em
m

a
12

,
th

e
p
ro

b
ab

il
is

ti
c

p
er

fo
rm

an
ce

gu
ar

an
te

e
in

T
h
eo

re
m

1
re

ad
il
y

fo
ll
ow

s
b
y

co
m

-
b
in

in
g

L
em

m
as

11
an

d
12

.
T

h
e

ti
m

e
co

m
p
le

x
it

y
of

A
lg

or
it

h
m

1
fo

ll
ow

s
fr

om
th

e
fa

ct
th

a
t

fo
r

b
ot

h
th

e
B

P
al

go
ri

th
m

an
d

th
e

p
ow

er
m

et
h
o
d

ea
ch

it
er

at
io

n
h
as

co
m

p
le

x
it

y
O

(n
2
)

a
n
d

A
lg

or
it

h
m

1
en

ta
il
s

ru
n
n
in

g
B

P
an

d
th

e
p

ow
er

m
et

h
o
d

fo
r
t∗

an
d
ds
∗

lo
g
n
e

it
er

a
ti

o
n
s

re
-

sp
ec

ti
ve

ly
;

b
ot

h
t∗

an
d
s∗

ar
e

co
n
st

an
ts

d
ep

en
d
in

g
on

ly
on

η
,
λ
,

an
d
γ
.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

4]
(W

ea
k

re
co

v
er

y
)

F
ix
k
∈

[1
/δ

]
an

d
le

t
C
∗ k

=
C
∗ ∩

S
c k
.

D
efi

n
e

th
e

n
(1
−
δ)
×
n

(1
−
δ)

m
at

ri
x
A
k
,
A
S
c k
,
w

h
ic

h
co

rr
es

p
on

d
s

to
th

e
su

b
m

at
ri

x
lo

ca
li
za

ti
o
n

p
ro

b
le

m
fo

r
a

p
la

n
te

d
co

m
m

u
n
it

y
C
∗ k

w
h
os

e
si

ze
h
as

a
h
y
p

er
ge

om
et

ri
c

d
is

tr
ib

u
ti

on
,

re
su

lt
in

g
fr

o
m

sa
m

p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t,

w
it

h
p
ar

am
et

er
s

(n
,K

,(
1
−
δ)
n

)
an

d
m

ea
n

(1
−
δ)
K
.

B
y

a
re

su
lt

of
(H

o
eff

d
in

g,
19

63
),

th
e

d
is

tr
ib

u
ti

on
of
|C
∗ k|

is
co

n
ve

x
or

d
er

d
om

in
at

ed
b
y

th
e

d
is

tr
i-

b
u
ti

on
th

at
w

ou
ld

re
su

lt
fr

om
sa

m
p
li
n
g

w
it

h
re

p
la

ce
m

en
t,

n
a
m

el
y,

th
e

B
in

om
( n

(1
−
δ)
,
K n

)

d
is

tr
ib

u
ti

on
.

In
p
ar

ti
cu

la
r,

C
h
er

n
off

b
ou

n
d
s

fo
r

B
in

om
(n

(1
−
δ)
,
K n

)
al

so
h
o
ld

fo
r
|C
∗ k|
,

so

|C
∗ k|
/
((

1
−
δ)
K

)
→

1
in

p
ro

b
ab

il
it

y
as

n
→
∞
.

N
ot

e
th

at
((

1
−
δ
)K

)2
µ
2

n
(1
−
δ
)
→

λ
(1
−
δ)

a
n
d

λ
(1
−
δ)
e
>

1
b
y

th
e

ch
oi

ce
of
δ.

L
et
d
∗ (
λ

(1
−
δ)

)
b

e
gi

v
en

in
(2

8)
,

i.
e.

,

d
∗ (
λ

(1
−
δ)

)
=

in
f{
d
∈
N

:
λ
∗ d
<
λ

(1
−
δ)
}.

C
h
o
os

e
an

ar
b
it

ra
ry
ε
∈

(0
,ε

0
)

to
sa

ti
sf

y
η
(ε
,λ

(1
−
δ)
,γ

)
≤
δ,

i.
e.

,

2
ε

+
eγ

46
08
h

(ε
)

+
11

52
0
ε

λ
(1
−
δ)

(1
−
ε)

2
≤
δ.

D
efi

n
e
µ̂
t

re
cu

rs
iv

el
y

ac
co

rd
in

g
to

(1
4)

w
it

h
λ

re
p
la

ce
d

b
y
λ

(1
−
δ)

an
d
µ̂

0
=

0
,

i.
e.

,

µ̂
2 t+

1
=
λ

(1
−
δ)

d ∑ k
=

0

µ̂
2
k
t k
!
.

D
efi

n
e
t∗

(δ
,λ
,γ

)
ac

co
rd

in
g

to
(2

7)
w

it
h
M

=
8

lo
g
(1
/ε

),
an

d
s∗

(δ
,λ
,γ

)
ac

co
rd

in
g

to
(3

3
)

w
it

h
λ

re
p
la

ce
d

b
y
λ

(1
−
δ)

.
T

h
en

T
h
eo

re
m

1
w

it
h
n

an
d
K

re
p
la

ce
d

b
y
n

(1
−
δ)

a
n
d

dK
(1
−
δ)
e

im
p
li
es

th
at

as
n
→
∞
,

P
{ |
Ĉ
k
4
C
∗ k|
≤
δK

fo
r

1
≤
k
≤

1/
δ}
→

1
.

G
iv

en
(C
∗ k,
Ĉ
k
),

ea
ch

of
th

e
ra

n
d
om

va
ri

ab
le

s
r i
√
n

fo
r
i
∈
S
k

is
co

n
d
it

io
n
al

ly
su

b
g
a
u
ss

ia
n

w
it

h
p
ro

x
y

va
ri

an
ce

at
m

os
t
K
γ
.

F
u
rt

h
er

m
or

e,
on

th
e

ev
en

t,
E k

=
{|
Ĉ
k
4
C
∗ k|
≤
δK
},

|Ĉ
k
∩
C
∗ k|
≥
|Ĉ
k
|−
|Ĉ
k
4
C
∗ k|

=
dK

(1
−
δ)
e−
|Ĉ
k
4
C
∗ k|
≥
K

(1
−

2δ
).
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

T
h
erefore,

on
th

e
even

t
E
k ,

for
i
∈
S
k
∩
C
∗,
r
i √
n

h
as

m
ean

greater
th

an
or

eq
u
al

to
K

(1−
2δ)µ

,
a
n
d

for
i∈

S
k \C

∗,
r
i

h
as

m
ean

zero.

D
efi

n
e

th
e

follow
in

g
set

b
y

th
resh

old
in

g

C
′o

=
{
i∈

[n
]

:
r
i ≥

(1−
2δ) √

λ
/
2}

T
h
e

n
u
m

b
er

o
f

in
d
ices

in
S
k

in
correctly

classifi
ed

b
y
C
′o ∩

S
k

satisfi
es

(u
se
|S
k |

=
δn

):

E
[ ∣∣(C

′o ∩
S
k )∆

(C
∗∩

S
k ) ∣∣ ]≤

δn
e −

Ω
(n
/
K

),

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

b
ecau

se
r
i

is
su

b
gau

ssian
w

ith
p
rox

y
varian

ce
at

m
ost

γ
K
/
n

.
S
u
m

m
in

g
over

k
∈

[1/δ]
y
ield

s
E

[|C
′o ∆
C
∗|]≤

n
e −

Ω
(n
/
K

).
B

y
M

arkov
’s

in
eq

u
ality,

P
{|C

′o ∆
C
∗|≥

K
2/n }

≤
n

2

K
2
e −

Ω
(n
/
K

)
K

=
o
(n

)
=

o(1).

In
stea

d
o
f
C
′o ,

A
lgorith

m
2

ou
tp

u
ts
C
′

w
h
ich

selects
th

e
K

in
d
ices

in
[n

]
w

ith
th

e
largest

valu
es

o
f
r
i .

A
p
p
ly

in
g

th
e

sam
e

argu
m

en
t

as
th

at
a
t

th
e

en
d

of
th

e
p
ro

of
of

L
em

m
a

12,
w

e
g
et|C

∗4
C
′|≤

2|C
∗4

C
′o |

+
||C
∗|−

K
|,

an
d

h
en

ce
|C
∗4

C
′|/K

→
0

in
p
rob

a
b
ility.

(E
x
a
ct

recovery
)

B
y

th
e

u
n
ion

b
ou

n
d

an
d

C
h
ern

off
’s

b
ou

n
d

for
su

b
gau

ssian
ran

d
om

varia
b
les,

th
e

m
ax

im
u
m

of
m

su
b
gau

ssian
ran

d
om

variab
les

X
i

w
ith

zero
m

ean
an

d
p
rox

y
varia

n
ce

a
t

m
o
st
γ

satisfi
es

th
at

P
{

m
ax

1≤
i≤
m
X
i ≥
√
γ (√

2
log

m
+
t ) }
≤
m

ex
p (−

(√
2

log
m

+
t )

2
/
2 )

=
ex

p (−
t √

2
log

m
−
t 2/

2 )
.

It
fo

llow
s

th
a
t

m
ax

1≤
i≤
m
X
i

is
at

m
ost √

2
γ

log
m

+
o
P

(1)
as
m
→
∞

.
A

lso,
for

k
∈

[1/δ],
|S
k ∩

C
∗|≤

|C
∗|

=
K

an
d
|S
k \C

∗|≤
|[n

]\
C
∗|

=
n
−
K
.

T
h
erefore,

m
in

i∈
S
k ∩
C
∗
r
i √
n
≥

K
(1−

2δ)µ
−
√

2K
γ

lo
g
K

+
o
P

( √
K

)
(35)

m
ax

j∈
S
k \
C
∗
r
i √
n
≤

√
2
K
γ

log
(n
−
K

)
+
o
P

( √
K

).
(36)

S
in

ce
k

ra
n
g
es

over
a

fi
n
ite

n
u
m

b
er

of
valu

es,
n
am

ely,
[1
/δ],

(35)
an

d
(36)

con
tin

u
e

to
h
old

w
ith

left-h
a
n
d

sid
es

rep
laced

b
y

m
in
i∈
C
∗
r
i √
n

a
n
d

m
ax

j
/∈
C
∗
r
i √
n

,
resp

ectively.
T

h
erefore,

b
y

th
e

ch
o
ice

o
f
δ,

m
in
i∈
C
∗
r
i √
n
>

m
ax

j∈
[n

]\
C
∗
r
i √
n

w
ith

p
rob

ab
ility

con
vergin

g
to

on
e

as
n
→
∞

a
n
d

so
C
′
=
C
∗

w
ith

p
rob

ab
ility

con
vergin

g
to

on
e

as
w

ell.

(T
im

e
co

m
p
lex

ity
)

T
h
e

ru
n
n
in

g
tim

e
of

A
lgo

rith
m

2
is

d
om

in
ated

b
y

in
vok

in
g

A
lgorith

m
1

fo
r

a
co

n
sta

n
t

n
u
m

b
er,

1/δ,
of

tim
es,

an
d

th
e

n
u
m

b
er

of
iteration

s
w

ith
in

A
lgorith

m
1

is
(t ∗

+
s ∗

lo
g
n

)n
2,

w
ith

b
oth

t ∗
an

d
s ∗
→
∞

as
eith

er
δ
→

0
or
λ
→

1/
e.

In
p
a
rticu

lar,
th

e
th

resh
o
ld

com
p
arison

s
req

u
ire

O
(n

2)
com

p
u
tation

s.
T

h
u
s,

th
e

total
com

p
lex

ity
of

A
l-

g
o
rith

m
2

is
a
s

stated
in

th
e

th
eorem

.

19
JM

L
R

 18(186):1-52, 2018

H
a
je
k
,
W

u
a
n
d

X
u

5
.

T
h
e

G
a
u
ssia

n
b
iclu

ste
rin

g
p
ro

b
le

m

W
e

retu
rn

to
th

e
b
iclu

sterin
g

p
rob

lem
w

h
ere

th
e

goal
is

to
lo

ca
te

a
su

b
m

a
trix

w
h
ose

row
an

d
colu

m
n

su
p
p

ort
n
eed

n
ot

coin
cid

e.
C

o
n
sid

er
th

e
m

o
d
el

(1)
p
aram

eterized
b
y

(n
1 ,n

2 ,K
1 ,K

2 ,µ
)

in
d
ex

ed
b
y

a
com

m
on

n
w

ith
n
→
∞
.

In
S
ection

5.1
w

e
p
resen

t
th

e
in

form
ation

lim
its

for
w

eak
an

d
ex

act
recovery

for
th

e
G

a
u
ssian

b
iclu

ster
m

o
d
el.

T
h
e

sh
arp

con
d
ition

s
given

for
ex

act
recovery

are
from

(B
u
tu

cea
et

al.,
2015),

an
d

calcu
lation

s
from

(B
u
tu

cea
et

al.,
2015)

w
ith

m
in

or
ad

ju
stm

en
t

p
rov

id
e

con
d
ition

s
for

w
eak

recovery
as

w
ell.

S
ection

5.2
sh

ow
s

h
ow

th
e

op
tim

ized
m

essage
p
assin

g
algorith

m
an

d
its

an
aly

sis
can

b
e

ex
ten

d
ed

from
th

e
sy

m
m

etric
case

to
th

e
asy

m
m

etric
case

for
b
iclu

sterin
g

an
d

com
p
ares

its
p

erform
an

ce
to

th
e

fu
n
d
am

en
tal

lim
its.

A
s

origin
ally

ob
served

in
(H

a
jek

et
al.,

20
17)

for
recoverin

g
th

e
p
rin

cip
al

su
b
m

atrix
,

th
e

con
n
ection

b
etw

een
w

eak
an

d
ex

act
recovery

v
ia

th
e

votin
g

p
ro

ced
u
re

ex
ten

d
s

to
th

e
b
iclu

sterin
g

p
ro

b
lem

as
w

ell.
N

ote
th

at
for

th
e

sake
of

sim
p
licity,

w
e

fo
cu

s
on

G
au

ssian
b
iclu

sterin
g

w
h
ere

th
e

n
oise

m
atrix

Z
is

G
au

ssian
;

th
e

resu
lts

can
b

e
read

ily
ex

ten
d
ed

to
th

e
case

w
h
ere

Z
h
as

su
b
gu

assian
en

tries
a
s

w
e

d
id

in
th

e
sy

m
m

etric
case.

5
.1

In
fo

rm
a
tio

n
-th

e
o
re

tic
lim

its
fo

r
G

a
u

ssia
n

b
ic

lu
ste

rin
g

In
form

ation
-th

eoretic
con

d
ition

s
en

su
rin

g
ex

act
recovery

of
b

oth
C
∗1

an
d
C
∗2

b
y

th
e

m
ax

i-
m

u
m

likelih
o
o
d

estim
ator

(M
L

E
),

i.e.,

(Ĉ
M
L
E

1
,Ĉ

M
L
E

2
)

=
arg

m
ax

|C
1 |=

K
1

|C
2 |=

K
2

∑i∈
C

1
j∈
C

2

W
ij

are
ob

tain
ed

in
(B

u
tu

cea
et

al.,
20

15).
W

h
ile

(B
u
tu

cea
et

al.,
2015)

d
o
es

n
ot

fo
cu

s
on

con
d
ition

s
for

w
eak

recovery,
th

e
ca

lcu
lation

s
th

erein
com

b
in

ed
w

ith
th

e
votin

g
p
ro

ced
u
re

for
ex

act
recovery

d
escrib

ed
in

(H
a
jek

et
al.,

2017)
in

fact
resolv

e
th

e
in

form
ation

lim
its

for
b

oth
w

eak
an

d
ex

act
recovery

in
th

e
b
iclu

ster
G

au
ssian

m
o
d
el.

T
h
rou

gh
ou

t
th

is
section

w
e

assu
m

e
th

at
K
i

=
o(n

i )
for

i
=

1
,2.

F
or

th
e

con
verse

resu
lts

w
e

assu
m

e
C
∗i

is
a

su
b
set

of
[n
i ]

of
card

in
ality

K
i

selected
u
n
iform

ly
at

ran
d
om

for
i

=
1,2,

w
ith

C
∗1

in
d
ep

en
d
en

t
of
C
∗2
.

L
et

λ
i

=
K

2i µ
2

n
i
,

for
i

=
1,2.

T
h

e
o
re

m
1
3

(W
e
a
k

re
c
o
v
e
ry

th
re

sh
o
ld

s
fo

r
G

a
u

ssia
n

b
ic

lu
ste

rin
g
)

If

lim
in

f
n→
∞

µ √
K

1 K
2

√
2(K

1
log

(n
1 /K

1 )
+
K

2
log

(n
2 /K

2 ))
>

1,
(37)

th
en

bo
th
C
∗1

a
n

d
C
∗2

ca
n

be
w

ea
kly

reco
vered

by
th

e
M

L
E

.
C

o
n

versely,
if

bo
th
C
∗1

a
n

d
C
∗2

ca
n

be
w

ea
kly

reco
vered

by
so

m
e

estim
a
to

r,
th

en

lim
in

f
n→
∞

µ √
K

1 K
2

√
2(K

1
log

(n
1 /K

1 )
+
K

2
lo

g
(n

2 /K
2 )
≥

1
.

(38)
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ss
in
g

If
C
∗ 2

(C
∗ 1
)

ca
n

b
e

w
ea

k
ly

re
co

ve
re

d
,

on
e

ca
n

fu
rt

h
er

ob
ta

in
ex

ac
t

re
co

ve
ry

of
C
∗ 1

(C
∗ 2
)

v
ia

a
vo

ti
n
g

cl
ea

n
u
p

p
ro

ce
d
u
re

si
m

il
ar

to
A

lg
or

it
h
m

2;
it

u
se

s
th

e
m

et
h
o
d

of
su

cc
es

si
ve

w
it

h
h
ol

d
in

g.
W

e
gi

v
e

th
e

v
ot

in
g

p
ro

ce
d
u
re

in
A

lg
or

it
h
m

3
fo

r
ex

ac
t

re
co

ve
ry

of
C
∗ 1

b
as

ed
on

w
ea

k
re

co
ve

ry
of
C
∗ 2
;

ex
ac

t
re

co
ve

ry
of
C
∗ 2

b
as

ed
on

w
ea

k
re

co
v
er

y
of
C
∗ 1

is
an

a
lo

go
u
s.

A
lg

o
ri

th
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p
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:
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∈
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.
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p
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re
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p
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−
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Ĉ
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Ĉ
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∈
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v
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>
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∞

√
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√
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∞

√
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√
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>
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∞

√
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1
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√
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g
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√

2
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e
vo

ti
n
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p
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∞

√
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√
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p
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p
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n
d
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b
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b
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⊂
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d
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p
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b
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b
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p
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b
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b
li
sh

ed
fo

r
w

ea
k

re
co

ve
ry

fo
r

b
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d
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b
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n
d
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(3
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,
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,
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n
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,
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en
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n
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n

bo
th
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ve
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n
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d
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n
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b
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n
w
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h

a
fe
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re

m
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T

h
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=
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d
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e

su
ffi
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n
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e
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n
d
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b
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b
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b
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b
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d
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=
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2
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p
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b
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n
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p
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→
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p
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b
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s
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≥
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j
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`∈
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2
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1
],
j
∈

[n
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d
d
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→
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∈
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b
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]
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d
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1
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1
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[n

1
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W
`j
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∈
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b
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l
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g
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e
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e
u
p
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eq
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ation

s
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p
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d
th

e
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θ
ti→
j ≈

θ
ti
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r

a
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g
g
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e
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g
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u
ation
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µ
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1
=

{
√
λ

2 E
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t
+
τ
t Z
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t
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√
λ

1 E
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t
+
τ
t Z
,t)]

t
o
d
d

(47)

τ
t+

1
=

E
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(τ
t Z
,t)

2 ]
.

(48)

T
h
e

o
p
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a
l
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of
f

for
m
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izin
g
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1

τ
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1
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=
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µ
t −
µ
2t.
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f
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w

e
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τ
t+

1
=

1
an

d
th

e
state
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ation
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u
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µ
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1
=

{
λ
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µ
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t
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λ
1 e
µ
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o
d
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µ
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=
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.

T
o

ju
stify

th
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b
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p
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u
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w
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a
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g
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=
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=
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w
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dk
=

0
µ
k

k
! .
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p
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b
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1
:
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p
u
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n
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N
,
µ
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W
∈
R
n
1 ×
n
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d ∗∈

N
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t ∗∈
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an
d
s ∗
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0
.

2
:
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1 ].

F
or
t≥

0,
d
efi

n
e

th
e

seq
u
en

ce
o
f

d
egree-d ∗

p
o
ly

n
om

ia
ls
f
d ∗(·,t)

as
p

er
L

em
m

a
7

an
d
µ̂
t

accord
in

g
to

(50).
3
:

R
u
n
t ∗

iteration
s

of
m

essage
p
assin

g
as

in
(43)

an
d

(44)
w

ith
f

=
f
d ∗

an
d

com
p
u
te
θ
t ∗i

fo
r

a
ll
i∈

[n
1 ]

as
p

er
(45)

an
d
θ
t ∗

+
1

j
for

all
j∈

[n
2 ]

as
p

er
(46).

4
:

F
in

d
th

e
sets

C̃
1

=
{i∈

[n
1 ]

:
θ
t ∗i
≥
µ̂
t ∗/

2}
an

d
C̃

2
=
{j∈

[n
2 ]

:
θ
t ∗

+
1

j
≥
µ̂
t ∗

+
1 /

2}
.

5
:

(C
lea

n
u
p

v
ia

p
ow

er
m

eth
o
d
)

D
en

ote
th

e
restricted

m
atrix

W
C̃

1
C̃

2
b
y
W̃

.
S
am

p
le
u

0

u
n
ifo

rm
ly

from
th

e
u
n
it

sp
h
ere

in
R
|C̃

1 |
an

d
com

p
u
te
u
t+

2
=
W̃
W̃
>
u
t/‖W̃

W̃
>
u
t‖,

for
t

even
an

d
0
≤
t≤

2ds ∗
log

(n
1 n

2 )e−
2.

L
et
û
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w
of

L
em

m
a

16
an

d
th

e
as

su
m

p
ti

on
th

at
(λ

1
,λ

2
)
∈
G,
d
∗

is
fi
n
it

e.
S
in

ce
(λ

1
,λ

2
)
∈
G d
∗
,

it
fo

ll
ow

s
th

at
µ̂
t
→
∞

an
d

th
u
s
t∗

(λ
1
,λ

2
,M

)
is

fi
n
it

e.

T
h
e

as
su

m
p
ti

on
s

of
T

h
eo

re
m

19
im

p
ly

th
at

n
1
�
n

2
.

L
em

m
as

27
-

2
9

th
er

ef
o
re

go
th

ro
u
gh

as
b

ef
or

e,
w

it
h
n

in
th

e
u
p
p

er
b

ou
n
d
s

ta
ke

n
to

b
e

m
in
{n

1
,n

2
},

so
th

a
t

1 √
n
i
≤

1 √
n
.

T
h
is

m
o
d
ifi

ca
ti

on
th

en
im

p
li
es

th
at

L
em

m
a

6,
ju

st
if

y
in

g
th

e
st

at
e

ev
ol

u
ti

on
eq

u
a
ti

o
n
s,

g
o
es

th
ro

u
gh

as
b

ef
or

e.
S
ee

S
ec

ti
on

6.
1

fo
r

m
or

e
d
et

ai
ls

.

F
in

al
ly

,
th

e
p
ro

of
is

co
m

p
le

te
b
y

in
vo

k
in

g
L

em
m

a
18

.

2
6

JM
L

R
 1

8(
18

6)
:1

-5
2,

 2
01

8



S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

6
.

J
u
stifi

ca
tio

n
o
f

sta
te

e
v
o
lu

tio
n

e
q
u
a
tio

n
s

In
th

is
sectio

n
w

e
p
rove

L
em

m
a

6.
L

et
f

(x
,t)

=
∑

di=
0
q
ti x
i

w
ith
|q
ti |≤

C
for

a
con

stan
t
C

.
L

et{A
t,t≥

1}
b

e
i.i.d

.
m

atrices
d
istrib

u
ted

as
A

con
d
ition

al
on

C
∗

an
d

let
A

0
=
A

.
W

e
n
ow

d
efi

n
e

a
seq

u
en

ce
of

vectors{
ξ
t,t≥

1}
w

ith
ξ
t∈

R
n

given
b
y

ξ
t+

1
i→

j
=

∑

`∈
[n

]\
{
i,j}

A
t`i f

(ξ
t`→

i ,t),
∀
j6=

i∈
[n

]
(61)

ξ
t+

1
i

=
∑

`∈
[n

]\{
i}
A
t`i f

(ξ
t`→

i ,t)

ξ
0i→
j

=
0.

(62)

In
th

e
d
efi

n
itio

n
of
ξ
t,

fresh
sam

p
les,

A
t,

of
A

are
u
sed

at
each

iteration
,

an
d

th
u
s

th
e

m
o
m

en
ts

o
f
ξ
t

in
th

e
asy

m
p
totic

lim
it

are
easier

to
com

p
u
te

th
an

th
ose

of
θ
t.

U
se

of
th

e
fresh

sa
m

p
les

A
t

d
o
es

n
ot

m
ake

th
e

m
essages

(ξ
ti→
`

:
i∈

[n
]\
`)

in
d
ep

en
d
en

t
for

fi
x
ed

`
∈

[n
]

a
n
d

fi
x
ed

t
≥

2,
b

ecau
se

at
t

=
1

th
e

m
essages

sen
t

b
y

an
y

on
e

vertex
to

all
o
th

er
vertices

a
re

statistically
d
ep

en
d
en

t,
so

a
t
t

=
2

th
e

m
essages

sen
t

b
y

all
vertices

are
sta

tistically
d
ep

en
d
en

t.
H

ow
ever,

w
e

can
take

ad
van

tage
of

th
e

fact
th

at
th

e
con

trib
u
tion

o
f

ea
ch

in
d
iv

id
u
al

m
essage

is
sm

all
in

th
e

lim
it

as
n
→
∞

.
H

en
ce,

w
e

fi
rst

p
rov

e
th

at
ξ
t

a
n
d
θ
t

h
ave

th
e

sam
e

m
om

en
ts

of
all

ord
ers

as
n
→
∞
,

an
d

th
en

p
rove

th
e

lem
m

a
u
sin

g
th

e
m

eth
o
d

o
f

m
om

en
ts.

T
h
e

fi
rst

step
is

to
rep

resen
t

(θ
ti→
j ,θ

ti )
an

d
(ξ
ti→
j ,ξ

ti )
a
s

su
m

s
over

a
fam

ily
of

fi
n
ite

ro
o
ted

la
b

eled
trees

as
sh

ow
n

b
y

(D
esh

p
an

d
e

an
d

M
on

ta
n
ari,

2015,
L

em
m

a
3.3

).
W

e
n
ex

t
in

tro
d
u
ce

th
is

fam
ily

in
d
etail.

W
e

sh
all

con
sid

er
ro

oted
trees

T
of

th
e

follow
in

g
form

.
A

ll
ed

g
es

a
re

d
irected

tow
ard

s
th

e
ro

ot.
T

h
e

set
of

v
ertices

an
d

th
e

set
of

(d
irected

)
ed

ges
in

a
tree

T
a
re

d
en

oted
b
y
V

(T
)

an
d
E

(T
),

resp
ectively.

E
ach

vertex
h
as

at
m

ost
d

ch
ild

ren
.

T
h
e

set
o
f

lea
f

vertices
of
T

,
d
en

oted
b
y
L

(T
),

is
th

e
set

of
vertices

w
ith

n
o

ch
ild

ren
.

E
very

vertex
in

th
e

tree
h
as

a
la

bel
w

h
ich

in
clu

d
es

th
e

type
of

th
e

vertex
,

w
h
ere

th
e

ty
p

es
are

selected
fro

m
[n

].
T

h
e

lab
el

of
th

e
ro

ot
vertex

con
sists

of
th

e
ty

p
e

of
th

e
ro

o
t

vertex
,

an
d

fo
r

every
n
o
n
-ro

ot
v
ertex

th
e

lab
el

h
as

tw
o

a
rgu

m
en

ts,
w

h
ere

th
e

fi
rst

argu
m

en
t

in
th

e
lab

el
is

th
e

ty
p

e
o
f

th
e

vertex
(in

[n
]),

an
d

th
e

secon
d

on
e

is
th

e
m

a
rk

(in
{
0,...,d}

).
F

or
a

v
ertex

v
in
T

,
let

`(v
)

d
en

ote
its

ty
p

e,
r(v

)
its

m
ark

(if
v

is
n
ot

th
e

ro
ot),

an
d
|v|

its
d
istan

ce
fro

m
th

e
ro

o
t

in
T

.
F

or
clarity,

w
e

restate
th

e
d
efi

n
ition

of
fam

ily
of

ro
oted

lab
eled

trees
in

tro
d
u
ced

in
(D

esh
p
an

d
e

an
d

M
on

tan
ari,

2015
,

D
efi

n
ition

3.2).

D
e
fi

n
itio

n
2
1

L
etT

t
d
en

o
te

th
e

fa
m

ily
o
f

la
beled

trees
T

w
ith

exa
ctly

t
gen

era
tio

n
s

sa
tis-

fyin
g

th
e

co
n

d
itio

n
s:

1
.

T
h
e

roo
t

o
f
T

h
a
s

d
egree

1
.

2
.

A
n

y
pa

th
(v

1 ,v
2 ,...,v

k )
in

th
e

tree
is

n
o
n

-ba
cktra

ckin
g,

i.e.,
th

e
types

`(v
i ),`(v

i+
1 ),`(v

i+
2 )

a
re

d
istin

ct
fo

r
a
ll
i,k

.

3
.

F
o
r

a
vertex

u
th

a
t

is
n

o
t

th
e

roo
t

o
r

a
lea

f,
th

e
m

a
rk

r(u
)

is
set

to
th

e
n

u
m

ber
o
f

ch
ild

ren
o
f
v

.

4
.

N
o
te

th
a
t
t

=
m

ax
v∈
L

(T
) |v|.

A
ll

lea
ves

u
w

ith
|u|≤

t−
1

h
a
ve

m
a
rk

0.
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H
a
je
k
,
W

u
a
n
d

X
u

L
etT

ti→
j ⊂
T
t

be
th

e
su

bfa
m

ily
sa

tisfyin
g

th
e

fo
llo

w
in

g
a
d
d
itio

n
a
l

co
n

d
itio

n
s:

1
.

T
h
e

type
o
f

th
e

roo
t

is
i.

2
.

T
h
e

roo
t

h
a
s

a
sin

gle
ch

ild
w

ith
type

d
istin

ct
fro

m
i

a
n

d
j.

S
im

ila
rly,

letT
ti ⊂
T
t

be
th

e
su

bfa
m

ily
sa

tisfyin
g

th
e

fo
llo

w
in

g:

1
.

T
h
e

type
o
f

th
e

roo
t

is
i.

2
.

T
h
e

roo
t

h
a
s

a
sin

gle
ch

ild
w

ith
type

d
istin

ct
fro

m
i.

W
e

p
oin

t
ou

t
th

at
u
n
d
er

th
e

ab
ove

d
efi

n
ition

,
a

vertex
of

a
tree

in
T
t

can
h
ave

sib
lin

gs
of

th
e

sam
e

ty
p

e
an

d
m

ark
.

A
lso

tw
o

trees
in
T
t

a
re

con
sid

ered
to

b
e

th
e

sam
e

if
an

d
on

ly
if

th
e

lab
els

of
all

vertices
are

th
e

sam
e,

w
ith

th
e

u
n
d
erstan

d
in

g
th

at
th

e
ord

er
of

th
e

ch
ild

ren
of

an
y

given
v
ertex

m
atters.

In
ad

d
ition

,
th

e
m

ark
o
f

a
leaf

u
w

ith
|u|

=
t

is
n
ot

sp
ecifi

ed
an

d
can

p
ossib

ly
take

an
y

valu
e

in
{0
,...,d}

.
T

h
e

follow
in

g
lem

m
a

is
p
roved

b
y

in
d
u
ction

on
t

an
d

th
e

p
ro

of
can

b
e

fou
n
d

in
(D

esh
p
an

d
e

an
d

M
on

tan
a
ri,

2015,
L

em
m

a
3.3).

L
e
m

m
a

2
2

θ
ti→
j

=
∑T∈T

ti→
j

A
(T

)Γ
(T
,q
,t)θ(T

),

θ
ti

=
∑T∈T

ti A
(T

)Γ
(T
,q
,t)θ(T

),

w
h
ere

9

A
(T

),
∏

u→
v∈
E

(T
) A

`(u
),`(v

) ,

Γ
(T
,q
,t),

∏

u→
v∈
E

(T
) q
t−
|u|

r
(u

)
,

θ(T
),

∏

u→
v∈
E

(T
):u∈

L
(T

) (θ
0`(u

)→
`(v

) )
r
(u

).

S
im

ila
rly,

ξ
ti→
j

=
∑T∈T

ti→
j

Ā
(T

)Γ
(T
,q
,t)θ(T

),

ξ
ti

=
∑T∈T

ti Ā
(T

)Γ
(T
,q
,t)θ(T

),

w
h
ere

Ā
(T

),
∏

u→
v∈
E

(T
) A

t−
|u|

`(u
),`(v

) .

9
.

O
ften

th
e

in
itia

l
m

essa
g
es

fo
r

m
essa

g
e

p
a
ssin

g
a
re

ta
k
en

,
w

ith
so

m
e

a
b

u
se

o
f

n
o
ta

tio
n

,
to

h
av

e
th

e
fo

rm
θ
0i→
j

=
θ
0i

fo
r

a
ll
j,

a
n

d
th

en
o
n

ly
th

e
n

va
ria

b
les

θ
0i

n
eed

to
b

e
sp

ecifi
ed

.
In

th
a
t

ca
se,

th
e

ex
p

ressio
n

fo
r
θ
(T

)
sim

p
lifi

es
to
θ
(T

),
∏
u∈
L
(T

) (θ
0`(u

) )
r
(u

).2
8
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ss
a
g
e
pa

ss
in
g

S
in

ce
th

e
in

it
ia

l
m

es
sa

ge
s

ar
e

ze
ro

,
f

(θ
0 i→
j
,0

)
=
q0 0
.

T
h
u

s,
fo

r
n

o
ta

ti
o
n

a
l

co
n

ve
n

ie
n

ce
in

w
h
a
t

fo
ll

o
w

s,
w

e
ca

n
a
ss

u
m

e
w

it
h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
th

a
t
f

(x
,0

)
≡
q0 0

,
i.

e.
,
f

(x
,0

)
is

a
d
eg

re
e

ze
ro

po
ly

n
o
m

ia
l.

W
it

h
th

is
as

su
m

p
ti

on
,

it
fo

ll
ow

s
th

at
fo

r
a

la
b

el
ed

tr
ee
T
∈
T
t ,

Γ
(T
,q
,t

)
=

0
u
n
le

ss
th

e
m

ar
k

of
ev

er
y

le
af

of
T

is
ze

ro
.

If
th

e
m

a
rk

of
ev

er
y

le
af

is
ze

ro
,

th
en

θ(
T

)
=

1,
b

ec
au

se
in

th
is

ca
se
θ(
T

)
is

a
p
ro

d
u
ct

of
te

rm
s

o
f

th
e

fo
rm

0
0
,

w
h
ic

h
ar

e
al

l
on

e,
b
y

co
n
ve

n
ti

on
.

T
h
er

ef
or

e,
Γ

(T
,q
,t

)θ
(T

)
=

Γ
(T
,q
,t

)
fo

r
al

l
T
∈
T t
.

C
on

se
q
u
en

tl
y,

th
e

fa
ct

or
θ(
T

)
ca

n
b

e
d
ro

p
p

ed
fr

om
th

e
re

p
re

se
n
ta

ti
on

s
of
θt i
→
j
,
θt i
,
ξt i
→
j
,

an
d
ξt i

g
iv

en
in

L
em

m
a

22
.

A
p
p
ly

in
g

L
em

m
a

22
,

w
e

ca
n

p
ro

ve
th

at
al

l
fi
n
it

e
m

om
en

ts
of
θt i

an
d
ξt i

ar
e

as
y
m

p
to

ti
ca

ll
y

th
e

sa
m

e.
B

ef
or

e
th

at
,

w
e

n
ee

d
tw

o
ke

y
au

x
il
ia

ry
le

m
m

as
.

L
et
φ

(T
) r
s

d
en

ot
e

th
e

n
u
m

b
er

of
o
cc

u
rr

en
ce

s
of

ed
ge

s
(u
→
v
)

in
th

e
tr

ee
T

w
it

h
ty

p
es

`(
u

),
`(
v
)

=
{r
,s
}.

D
e
fi

n
it

io
n

2
3

F
o
r
m
≥

1
a
n

d
gi

ve
n

a
n
m

-t
u

p
le

o
f

tr
ee

s
T

1
,.
..
,T

m
,

le
t
G

d
en

o
te

th
e

u
n

d
i-

re
ct

ed
gr

a
p
h

o
bt

a
in

ed
by

id
en

ti
fy

in
g

th
e

ve
rt

ic
es

o
f

th
e

sa
m

e
ty

pe
in

th
e

tr
ee

s
a
n

d
re

m
o
vi

n
g

th
e

ed
ge

d
ir

ec
ti

o
n

s.
L

et
E

(G
)

d
en

o
te

th
e

ed
ge

se
t

o
f
G

.
T

h
en

a
n

ed
ge

(r
,s

)
is

in
E

(G
)

if
a
n

d
o
n

ly
if
∑

m `=
1
φ

(T
`)
r
s
≥

1
,

i.
e.

,
th

e
n

u
m

be
r

o
f

ti
m

es
co

ve
re

d
is

a
t

le
a
st

o
n

e.
L

et
G

1

d
en

o
te

th
e

re
st

ri
ct

io
n

o
f
G

to
th

e
ve

rt
ic

es
in
C
∗

a
n

d
G

2
th

e
re

st
ri

ct
io

n
o
f
G

to
th

e
ve

rt
ic

es
in

[n
]\
C
∗ .

L
et
E

(G
1
)

a
n

d
E

(G
2
)

d
en

o
te

th
e

ed
ge

se
t

o
f
G

1
a
n

d
G

2
,

re
sp

ec
ti

ve
ly

.
L

et
E
J

d
en

o
te

th
e

se
t

o
f

ed
ge

s
in
G

w
it

h
o
n

e
en

d
po

in
t

in
G

1
a
n

d
th

e
o
th

er
en

d
po

in
t

in
G

2
.

L
e
m

m
a

2
4

S
u

p
po

se
a
n
m

-t
u

p
le

o
f

tr
ee

s
T

1
,.
..
,T

m
∈
T
t

h
a
s
α

ed
ge

s
in

to
ta

l,
a
n

d
th

er
e

a
re
k

d
iff

er
en

t
ed

ge
s

(r
,s

)
in
E

(G
1
)

w
h
ic

h
a
re

co
ve

re
d

ex
a
ct

ly
o

n
ce

,
i.

e.
,
∑

m `=
1
φ

(T
`)
r
s

=
1.

T
h
en

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

A
(T
`)

]∣ ∣ ∣ ∣ ∣
≤
cµ

k
n
−
α
/
2

fo
r

a
co

n
sa

n
t
c

in
d
ep

en
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∏
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Ā

(T
` ) ]

=
0.

T
h
erefo

re,
it

is
su

ffi
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b
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b
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=
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p
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{
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b
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b
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at
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+
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b
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at
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con
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b
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b
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b
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h
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−
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b
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√
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p
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d
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−
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b
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p
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s
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p
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→
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p
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Ā

(T
`)

fo
r

at
m

os
t

on
e

va
lu

e
of
t,

so
th

at
E

[∏
m `=

1
A

(T
`)

]
=

E
[ ∏

m `=
1
Ā
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y
m

p
to

ti
c

li
m

it
n
→
∞

.
W

e
n
ee

d
th

e
fo

ll
ow

in
g

le
m

m
a
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en

su
re

th
at

al
l

m
om

en
ts

of
ξt

ar
e

b
ou

n
d
ed

b
y

a
co

n
st

a
n
t

in
d
ep

en
d
en

t
of
n

.

L
e
m

m
a

2
8

F
o
r

a
n

y
t
≥

1,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
c

in
d
ep

en
d
en

t
o
f
n

a
n

d
d
ep

en
d
en

t
o
n

m
,t
,d
,C
,γ

su
ch

th
a
t

fo
r

a
n

y
i,
j
∈

[n
]

|E
[ (ξ

t i→
j
)m
] |
≤
c,
|E
[ (ξ

t i
)m
] |
≤
c.

P
ro

o
f

W
e

p
ro

v
e

th
e

cl
ai

m
fo

r
ξt i

;
th

e
cl

ai
m

fo
r
ξt i
→
j

fo
ll
ow

s
b
y

th
e

si
m

il
ar

ar
g
u
m

en
t.

S
in

ce

ξ0 i
→
j

=
θ0 i
→
j

=
0

fo
r

al
l
i
∈

[n
],

it
fo

ll
ow

s
fr

om
L

em
m

a
22

th
at

E
[ (ξ

t i
)m
] =

∑

T
1
,.
..
,T
m
∈T

t i

m ∏ `=
1

Γ
(T
`,

q
,t

)E

[
m ∏ `=

1

Ā
(T
`)

] .

R
ec

al
li
n
g

(G
,G

1
,G

2
)

d
efi

n
ed

as
D

efi
n
it

io
n

23
an

d
fo

ll
ow

in
g

th
e

sa
m

e
ar

gu
m

en
t

a
s

u
se

d
fo

r
p
ro

v
in

g
L

em
m

a
27

,
w

e
ca

n
p
ar

ti
ti

on
se

t
{(
T

1
,.
..
,T

m
)

:
T
`
∈
T
t i
}

as
a

u
n
io

n
o
f

fo
u
r

d
is

jo
in

t
se

ts
Q
∪
R

1
∪
R

2
∪
R

3
,

an
d

sh
ow

th
at

∑

T
1
,.
..
,T
m
∈Q

m ∏ `=
1

Γ
(T
`,

q
,t

)E

[
m ∏ `=

1

Ā
(T
`)

]
=

0,

an
d

∑

T
1
,.
..
,T
m
∈R

1
∪R

2

∣ ∣ ∣ ∣ ∣
m ∏ `=

1

Γ
(T
`,

q
,t

)∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)

]∣ ∣ ∣ ∣ ∣
≤
cn
−

1
/
2
.

H
en

ce
,

w
e

on
ly

n
ee

d
to

ch
ec

k
R

3
.

A
ga

in
d
iv

id
e
R

3
ac

co
rd

in
g

to
th

e
to

ta
l

n
u
m

b
er

o
f

ed
ge

s
in
T

1
,.
..
,T

m
an

d
th

e
n
u
m

b
er

of
ed

ge
s

in
E

(G
1
)

w
h
ic

h
ar

e
co

ve
re

d
ex

a
ct

ly
o
n
ce

.
In

p
ar

ti
cu

la
r,
R

3
=
∪ 1
≤
α
≤
m

(d
+

1
)t
,0
≤
k
≤
α
R

3
,α
,k

,
w

h
er

e
R

3
,α
,k

is
d
efi

n
ed

in
th

e
si

m
il
a
r

w
ay

a
s

R
1
,α
,k

.
F

u
rt

h
er

m
or

e,
si

m
il
ar
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R

1
,α
,k

,
co

n
si

d
er

d
iv

id
in

g
R

3
,α
,k

in
to

a
n
u
m

b
er

o
f

eq
u
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a
le

n
ce
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se
s

(d
efi

n
ed

re
la

ti
ve
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D

=
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,
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e
n
u
m

b
er

of
w

h
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h
d
ep

en
d
s

on
ly

on
m
,t
,d
,

a
s

sh
ow

n
in

L
em

m
a

26
.

T
o

p
ro

ve
th

e
le

m
m

a,
it

su
ffi

ce
s

to
sh

ow
th
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fo

r
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y
su

ch
eq

u
iv

a
le

n
ce
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a
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S
,

∑
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1
,.
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,T
m

)∈
S

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)

]∣ ∣ ∣ ∣ ∣
≤
c.
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l
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vo

k
in

g
L

em
m

a
24,

w
e

h
ave

th
at

∣∣∣∣∣ E
[
m∏`=

1

Ā
(T
` ) ] ∣∣∣∣∣ ≤

cµ
kn
−
α
/
2,

so

∑

(T
1
,...,T

m
)∈
S ∣∣∣∣∣ E

[
m∏`=

1

Ā
(T
` ) ] ∣∣∣∣∣ ≤

cµ
kn
−
α
/
2|S|.

F
ix

a
rep

resen
tative

m
-tu

p
le

(T
1 ,...,T

m
)

for
S

.
It

follow
s

from
L

em
m

a
26

th
at
|S|≤

K
n
1n

n
2,

w
h
ere

n
1

is
th

e
n
u
m

b
er

of
vertices

in
G

1
w

ith
ty

p
es

in
C
∗\{i}

an
d
n

2
is

th
e

n
u
m

b
er

o
f

vertices
in
G

2
w

ith
ty

p
es

in
[n

]\(C
∗∪
{
i}

).

W
e

ca
n

fu
rth

er
b

ou
n
d
n

1
an

d
n

2
in

th
e

sim
ila

r
w

ay
as

w
e

d
id

for|R
1
,α
,k |,

w
ith

th
e

on
ly

a
d
ju

stm
en

t
b

ein
g

w
e

can
n
ot

u
se

th
e

assu
m

p
tion

th
at

th
ere

ex
ists

at
least

on
e

ed
ge

w
h
ich

is
covered

a
t

lea
st

th
ree

tim
es.

T
h
ere

are
n

1
+
n

2
+

1
v
ertices

in
th

e
con

n
ected

grap
h
G

an
d
,

sin
ce

th
e
m

-tu
p
le

is
in
R

3
,α
,k ,

th
ere

a
re

at
m

ost
k

+
α−

k
2

ed
ges

in
G

,
so
n

1
+
n

2 ≤
k

+
α−

k
2
.

A
lso

,
a
t

m
o
st

α−
k

2
ed

ges
of
G

h
ave

at
least

on
e

en
d
p

oin
t

in
V

2
so

n
2
≤

α−
k

2
.

T
h
erefore,

|S|≤
K
n
1n

n
2≤

K
kn

α
−
k

2
.

It
follow

s
th

at

∑

(T
1
,...,T

m
)∈
S ∣∣∣∣∣ E

[
m∏`=

1

Ā
(T
` ) ] ∣∣∣∣∣ ≤

cµ
kn
−
α
/
2K

kn
α
−
k

2
=
c (

K
µ
√
n )

k≤
c,

a
n
d

th
e

p
ro

o
f

is
com

p
lete.

W
e

a
lso

n
eed

th
e

follow
in

g
lem

m
a

to
sh

ow
th

e
con

vergen
ce

of
1
|C
∗| ∑

i∈
C
∗ (ξ

ti )
m

in
p
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-
a
b
ility

u
sin

g
th

e
C

h
eb

y
sh

ev
in

eq
u
ality.

L
e
m

m
a

2
9

F
o
r

a
n

y
t≥

1,
m
≥

1
a
n

d
i∈

[n
],

lim
n→
∞
var (

1K

∑i∈
C
∗ (ξ

ti )
m )

=
0

lim
n→
∞
var 

1K

∑

`∈
C
∗\{

i} (ξ
t`→

i )
m 

=
0

lim
n→
∞
var 

1n

∑

i∈
[n

]\
C
∗ (ξ

ti )
m 

=
0

lim
n→
∞
var 

1n

∑

`∈
[n

]\
(C
∗∪{

i}
) (ξ

t`→
i )
m 

=
0,

w
h
ere

th
e
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m

e
a
lso

h
o
ld

s
w

h
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cin
g
ξ
t
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θ
t.
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H
a
je
k
,
W

u
a
n
d

X
u

P
ro

o
f

W
e

p
rove

th
e

fi
rst

claim
;

th
e

oth
er

claim
follow

s
b
y

a
sim

ilar
argu

m
en

t.
N

otice
th

at

var (
1K

∑i∈
C
∗ (ξ

ti )
m )

=
1K

2

∑i,j∈
C
∗ (E

[(ξ
ti )
m

(ξ
tj )
m ]−

E
[(ξ

ti )
m ]E

[(ξ
tj )
m ])

.

T
h
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K

d
iagon

al
term

s
w
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i

=
j

in
th

e
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d
isp
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eq
u
a
tion

an
d

each
d
iagon

al
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b

ou
n
d
ed

b
y

a
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t
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d
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en
d
en

t
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n
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v
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L

em
m

a
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H
en

ce,
to

p
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th
e

claim
,

it
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ffi
ces

to
con
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er

th
e

cross
term

s.
S
in

ce
th

ere
are (

K2 )
cross

term
s,

w
e

on
ly

n
eed

to
sh

ow
th

at
for

each
cross

term
w

ith
i6=

j,E
[(ξ

ti )
m

(ξ
tj )
m ]−

E
[(ξ

ti )
m ]E

[(ξ
tj )
m ]

con
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to
0
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n
→
∞

.
U

sin
g

th
e

tree
rep

resen
tatio

n
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sh
ow

n
b
y

L
em

m
a

22
y
ield

s
∣∣E
[(ξ

ti )
m

(ξ
tj )
m ]−

E
[(ξ

ti )
m ]E

[(ξ
tj )
m ] ∣∣

≤
c

∑

T
1
,...,T

m
∈T

ti ,T
′1 ,...,T

′m ∈T
tj ∣∣∣∣∣ E

[
m∏`=

1

Ā
(T
` )Ā

(T
′` ) ]
−

E

[
m∏`=

1

Ā
(T
` ) ]

E

[
m∏`=

1

Ā
(T
′` ) ] ∣∣∣∣∣ ,

w
h
ere

c
is

a
con

stan
t

in
d
ep

en
d
en

t
of
n

an
d

d
ep

en
d
en

t
of
m
,t,d

,γ
.

L
et

(G
,G

1 ,G
2 )

d
en

ote
th

e
u
n
d
irected

sim
p
le

grap
h
s

ob
tain

ed
from

2m
-tu

p
le

of
trees

(T
1 ,...,T

m
,T
′1 ,...,T

′m
)

as
d
efi

n
ed

in
D

efi
n
ition

2
3.

N
otice

th
at

ro
ots

of
T

1 ,...,T
m

h
ave

ty
p

e
i

an
d

ro
ots

of
T
′1 ,...,T

′m
h
ave

ty
p

e
j,

so
eith

er
G

is
d
iscon

n
ected

w
ith

on
e

com
p

on
en

t
con

tain
in

g
i

an
d

th
e

oth
er

com
p

on
en

t
con

tain
in

g
j,

or
G

is
con

n
ected

.
In

th
e

form
er

case,
th

ere
is

n
o

ed
ge

(r,s)∈
E

(G
)

w
h
ich

is
covered

b
y
T

1 ,...,T
m

an
d
T
′1 ,...,T

′m
sim

u
ltan

eo
u
sly

an
d

th
u
s
E
[∏

m`=
1
Ā

(T
` )Ā

(T
′` ) ]

=
E
[∏

m`=
1
Ā

(T
` ) ]E

[∏
m`=

1
Ā

(T
′` ) ].

In
th

e
latter

case,
i.e.,

G
is

con
n
ected

.
W

e
p
artition

set{(T
1 ,...,T

m
,T
′1 ,...,T

′m
)

:
T
` ∈
T
ti ,T
′` ∈
T
tj }

as
a

u
n
ion

of
tw

o
d
isjoin

t
sets

Q
∪
R

,
w

h
ere

1.
Q

con
sists

of
2
m

-tu
p
les

of
trees

su
ch

th
at
G

is
con

n
ected

an
d

th
ere

ex
ists

an
ed

ge
(r,s)

in
E

(G
2 )∪

E
J

w
h
ich

is
covered

ex
actly

on
ce.

2.
R

con
sists

of
2m

-tu
p
les

of
trees

su
ch

th
at
G

is
con

n
ected

an
d

all
ed

ges
in
E

(G
2 )∪

E
J

are
covered

at
least

tw
ice.

If
(T

1 ,...,T
m
,T
′1 ,...,T

′m
)∈

Q
,

th
en

E

[
m∏`=

1

Ā
(T
` )Ā

(T
′` ) ]

=
0

an
d

E

[
m∏`=

1

Ā
(T
` ) ]

E

[
m∏`=

1

Ā
(T
′` ) ]

=
0.

W
e

are
left

to
ch

eck
R

.
F

ollow
in

g
th

e
argu

m
en

t
u
sed

in
L

em
m

a
27

,
fu

rth
er

d
iv

id
e
R

accord
in

g
to

th
e

total
n
u
m

b
er

of
ed

ges
in

trees
an

d
th

e
n
u
m

b
er

of
ed

ges
in
E

(G
1 )

w
h
ich

is
covered

ex
actly

on
ce.

In
p
articu

lar,
d
efi

n
e
R
α
,k

in
th

e
sim

ilar
m

an
n
er

as
R

1
,α
,k .

In
vok

in
g

L
em

m
a

24,
it

can
b

e
sh

ow
n

th
at

for
an

y
2m

-tu
p
le

in
R
α
,k

∣∣∣∣∣ E
[
m∏`=

1

Ā
(T
` )Ā

(T
′` ) ] ∣∣∣∣∣ ≤

cµ
kn
−
α
/
2

∣∣∣∣∣ E
[
m∏`=

1

Ā
(T
` ) ]

E

[
m∏`=

1

Ā
(T
′` ) ] ∣∣∣∣∣ ≤

cµ
kn
−
α
/
2,

3
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d
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,

so
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at
R
α
,k

is
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id
ed

in
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n
u
m

b
er
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eq

u
iv

al
en

ce
cl
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se

s,
th

e
n
u
m

b
er

of
w

h
ic

h
d
ep

en
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b
y
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m
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.

F
or

an
y

su
ch

eq
u
iv

al
en

ce
cl

as
s
S
⊂
R
α
,k
,

it
fo

ll
ow

s
fr

om
th

e
la

st
d
is

p
la

ye
d

eq
u
at

io
n

th
at

∑

T
1
,.
..
,T
m
,T
′ 1,
..
.,
T
′ m
∈S

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)
Ā

(T
′ `)

]∣ ∣ ∣ ∣ ∣
+

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)

] E

[
m ∏ `=

1

Ā
(T
′ `)

]∣ ∣ ∣ ∣ ∣

≤
cµ

k
n
−
α
/
2
|S
|.

T
h
er

e
ar

e
tw

o
d
is

ti
n
gu

is
h
ed

ve
rt

ic
es

,
i

an
d
j,

in
th

e
gr

ap
h
G

,
co

rr
es

p
on

d
in

g
to

th
e

ty
p

e
of

th
e

ro
ot

ve
rt

ic
es

of
th

e
fi
rs

t
m

tr
ee

s
an

d
th

e
se

co
n
d
m

tr
ee

s,
re

sp
ec

ti
ve

ly
.

It
fo

ll
ow

s
fr

om
L

em
m

a
26

th
at
|S
|≤

K
n
1
n
n
2
,

w
h
er

e
n

1
is

th
e

n
u
m

b
er

of
ve

rt
ic

es
in
G

1
w

it
h

ty
p

es
in
C
∗ \
{i
,j
}

an
d
n

2
is

th
e

n
u
m

b
er

of
ve

rt
ic

es
in
G

2
w

it
h

ty
p

es
in

[n
]\

(C
∗
∪
{i
,j
})
.

T
h
er

e
ar

e
n

1
+
n

2
+

2
ve

rt
ic

es
in

th
e

co
n
n
ec

te
d

gr
ap

h
G

an
d

at
m

os
t
k

+
α
−
k

2
ed

ge
s,

so

n
1

+
n

2
≤
k
−

1
+

α
−
k

2
.

A
t

m
os

t
α
−
k

2
ed

ge
s

h
av

e
at

le
as

t
on

e
en

d
p

oi
n
t

in
V

2
an

d
G

is

co
n
n
ec

te
d
,

so
n

2
≤

α
−
k

2
.

T
h
u
s,
|S
|≤

K
n
1
n
n
2
≤
K
k
−

1
n
α
−
k

2
.

H
en

ce
,

∑

(T
1
,.
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,T
m
,T
′ 1,
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.,
T
′ m
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S

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)
Ā

(T
′ `)

]∣ ∣ ∣ ∣ ∣
+

∣ ∣ ∣ ∣ ∣E
[
m ∏ `=

1

Ā
(T
`)

] E

[
m ∏ `=

1

Ā
(T
′ `)

]∣ ∣ ∣ ∣ ∣

≤
cµ

k
n
−
α
/
2
K
k
−

1
n
α
−
k

2
=
c

(
K
µ
√
n

) k
/K
≤
c/
K
.

In
co

n
cl

u
si

on
,
va
r
( 1 K

∑
i∈
C
∗
(ξ
t i
)m
) ≤

c/
K

an
d

th
e

fi
rs

t
cl

ai
m

fo
ll
ow

s.

W
it

h
L

em
m

a
28

an
d

L
em

m
a

29
in

h
an

d
,

w
e

ar
e

re
ad

y
to

co
m

p
u
te

th
e

m
om

en
ts

of
ξt

in
th

e
as

y
m

p
to

ti
c

li
m

it
n
→
∞

.

L
e
m

m
a

3
0

F
o
r

a
n

y
t
≥

0,
m
≥

1
:

li
m

n
→
∞
E
[ (ξ

t i→
j
)m
] =

E
[(
µ
t
+
τ t
Z
t)
m

],
∀i
∈
C
∗ ,
j
∈

[n
],
j
6=
i

(6
7)

li
m

n
→
∞
E
[ (ξ

t i→
j
)m
] =

E
[(
τ t
Z
t)
m

],
∀i
/∈
C
∗ ,
j
∈

[n
],
j
6=
i.

(6
8)

li
m

n
→
∞
E
[ (ξ

t i
)m
] =

E
[(
µ
t
+
τ t
Z
t)
m

],
∀i
∈
C
∗

li
m

n
→
∞
E
[ (ξ

t i
)m
] =

E
[(
τ t
Z
t)
m

],
∀i
/∈
C
∗ .

P
ro

o
f

B
el

ow
w

e
sh

al
l

u
se

th
e

fo
ll
ow

in
g

ve
rs

io
n

of
th

e
B

er
ry

-E
ss

ee
n

ce
n
tr

al
li
m

it
th

eo
re

m
.

T
h
er

e
is

an
ab

so
lu

te
co

n
st

an
t
C

0
su

ch
th

at
if
X

1
,X

2
,.
..
,X

n
ar

e
in

d
ep

en
d
en

t
m

ea
n

ze
ro

ra
n
d
om

va
ri

ab
le

s
an

d
S
n

=
X

1
+
··
·+

X
n

th
en

su
p

x
∈R

∣ ∣ ∣ ∣P
{

S
n

√
va
r(
S
n
)
≤
x

}
−

Φ
(x

)∣ ∣ ∣ ∣(a
) ≤
C

0
∑

i∈
[n

]
E
[ |X

i|3
]

(v
ar

(S
n
))

3
/
2

(b
) ≤
C

0
n

1
/
4
( ∑

i∈
[n

]
E
[ X

4 i

])
3
/
4

(v
ar

(S
n
))

3
/
2

,

w
h
er

e
Φ

is
th

e
st

an
d
ar

d
n
or

m
al

C
D

F
;

(a
)

is
th

e
or

ig
in

al
re

su
lt

of
E

ss
ee

n
(E

ss
ee

n
,

19
42

);
(b

)
fo

ll
ow

s
b
y

J
en

se
n
’s

in
eq

u
al

it
y.
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H
a
je
k
,
W

u
a
n
d

X
u

W
e

p
ro

ve
th

e
fi
rs

t
tw

o
cl

ai
m

s,
(6

7)
an

d
(6

8)
.

T
h
e

ot
h
er

tw
o

fo
ll
ow

si
m

il
a
rl

y.
T

h
e

p
ro

of
is

b
y

in
d
u
ct

io
n
,

so
su

p
p

os
e

(6
7)

an
d

(6
8)

h
ol

d
fo

r
so

m
e
t

an
d

al
l
n
≥

1
.

W
e

a
im

to
sh

ow
th

ey
al

so
h
ol

d
fo

r
t
+

1.
T

h
e

ab
ov

e
id

en
ti

ti
es

h
ol

d
fo

r
th

e
b
as

e
ca

se
t

=
0,

b
ec

a
u
se
ξ0 i
→
j

=
0

fo
r

al
l
i
6=
j

an
d
µ

0
=
τ 0

=
0.

B
y

th
e

in
d
u
ct

io
n

h
y
p

ot
h
es

is
,

L
em

m
a

29
,

an
d

C
h
eb

y
sh

ev
’s

in
eq

u
al

it
y,

li
m

n
→
∞

1 K

∑

`∈
C
∗ \
{i
}(ξ

t `→
i)
m

p =
E

[(
µ
t
+
τ t
Z
t)
m

],
∀i
∈

[n
],

(6
9
)

li
m

n
→
∞

1 n

∑

`∈
[n

]\
(C
∗ ∪
{i
})

(ξ
t `→

i)
m

p =
E

[(
τ t
Z
t)
m

],
∀i
∈

[n
],

(7
0
)

w
h
er

e
Z
t
∼
N

(0
,1

).
F

ix
an

i
∈
C
∗ .

T
h
en

li
m

n
→
∞
E
[ ξt

+
1

i→
j
|F
t] =

li
m

n
→
∞
E

 
∑

`∈
C
∗ \
{i
,j
}A

t `i
f

(ξ
t `→

i)
+

∑

`∈
[n

]\
(C
∗ ∪
{j
})
A
t `i
f

(ξ
t `→

i)
|F
t 

=
√
λ

li
m

n
→
∞

1 K

∑

`∈
C
∗ \
{i
,j
}f

(ξ
t `→

i)

p =
√
λ

li
m

n
→
∞

1 K

∑

`∈
C
∗ \
{i
}f

(ξ
t `→

i)

p =
√
λ
E

[f
(µ
t
+
τ t
Z
t)

]
=
µ
t+

1
,

(7
1
)

w
h
er

e
th

e
fi
rs

t
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
ξt

+
1

gi
ve

n
b
y

(6
1)

;
th

e
se

co
n
d

eq
u
a
li
ty

h
ol

d
s

b
ec

au
se

E
[ A

t `i

] =
µ
/√

n
if
`
∈
C
∗

an
d
E
[ A

t `i

] =
0

ot
h
er

w
is

e;
th

e
th

ir
d

eq
u
a
li
ty

h
o
ld

s
in

v
ie

w
of

L
em

m
a

28
,

th
e

fo
u
rt

h
eq

u
al

it
y

h
ol

d
s

d
u
e

to
(6

9)
an

d
th

e
fa

ct
f

is
a

fi
n
it

e-
d
eg

re
e

p
ol

y
n
om

ia
l;

th
e

la
st

eq
u
al

it
y

h
ol

d
s

d
u
e

to
th

e
d
efi

n
it

io
n

of
µ
t+

1
.

S
im

il
ar

ly
,

li
m

n
→
∞
va
r
( ξt

+
1

i→
j
|F
t)

=
li
m

n
→
∞

∑

`∈
[n

]\
{i
,j
}va

r
( A

t `i
f

(ξ
t `→

i)
|F
t)

=
li
m

n
→
∞

1 n

∑

`∈
[n

]\
{i
,j
}f

(ξ
t `→

i)
2

(7
2
)

=
li
m

n
→
∞

1 n

  
∑

`∈
[n

]\
C
∗ ∪
{j
}f

(ξ
t `→

i)
2

+
∑

`∈
C
∗ \
{i
,j
}f

(ξ
t `→

i)
2

  
(7

3
)

p =
li
m

n
→
∞

1 n

∑

`∈
[n

]\
C
∗
f

(ξ
t `→

i)
2

(7
4
)

p =
E
[ f

(τ
tZ
t)

2
] =

τ
2 t+

1
,

(7
5
)

w
h
er

e
th

e
fi
rs

t
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
of
A
t `i
f

(ξ
t `→

i)
fo

r
`
∈

[n
];

th
e

se
co

n
d

eq
u
al

it
y

h
ol

d
s

b
ec

au
se

va
r(
A
`i

)
=

1
/n

fo
r

al
l
`;

th
e

th
ir

d
eq

u
al

it
y

is
th

e
re

su
lt

of
b
re

ak
in

g
a

su
m

in
to

tw
o

p
ar

ts
,

th
e

fo
u
rt

h
eq

u
al

it
y

h
ol

d
s

in
v
ie

w
of

L
em

m
a

2
8

a
n
d

th
e
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

a
ssu

m
p
tio

n
th

a
t
K

=
o(n

);
th

e
fi
fth

eq
u
ality

h
old

s
in

v
iew

of
(70)

an
d

th
e

fact
f

is
a

fi
n
ite-d

eg
ree

p
o
ly

n
om

ial;
th

e
last

eq
u
ality

h
old

s
d
u
e

to
th

e
d
efi

n
ition

of
τ
t+

1 .

C
o
n
d
itio

n
al

on
F
t ,
ξ
t+

1
i→

j −
E
[ξ
t+

1
i→

j ]
is

a
su

m
of

in
d
ep

en
d
en

t
ran

d
om

variab
les.

T
h
erefore,

b
y

th
e

fo
rm

o
f

th
e

B
erry

-E
sseen

cen
tral

lim
it

th
eorem

n
oted

ab
ove,

su
p

x∈
R ∣∣∣∣ P


ξ
t+

1
i→

j −
E
[ξ
t+

1
i→

j |F
t ]

var(ξ
t+

1
i→

j |F
t )

≤
x ∣∣∣∣ F

t 
−

Φ
(x

) ∣∣∣∣

≤
C

0 n
1
/
4

(
var(ξ

t+
1

i→
j |F

t ) )
3
/
2 

∑

`∈
[n

]\{
j}
f

(ξ
t`→

i )
4E
[(A

t`i −
E
[A

t`i ])
4 ] 

3
/
4

≤
C

0 c
3
/
4n
−

1
/
2

(
var(ξ

t+
1

i→
j |F

t ) )
3
/
2 

1n

∑

`∈
[n

]\{
j}
f

(ξ
t`→

i )
4 

3
/
4

,
(76)

w
h
ere

w
e

u
sed

th
e

fact
E
[(A

t`i −
E
[A

t`i ])
4 ]≤

cn
−

2,
for

a
con

stan
t
c

d
ep

en
d
in

g
on

ly
on

th
e

co
n
sta

n
t
γ

a
p
p

earin
g

in
th

e
su

b
gau

ssian
assu

m
p
tion

.
T

a
k
in

g
th

e
lim

it
n
→
∞

an
d

n
oticin

g
th

at
var(ξ

t+
1

i→
j |F

t )
p→
τ

2t+
1

an
d

1n ∑
`∈

[n
]\{
j}
f

(ξ
t`→

i )
4

p→
E
[f

(τ
t Z
t )

4 ]
(u

sin
g

th
e

sam
e

step
s

as
in

(7
2
)-(7

5
)),

w
e

fi
n
d

th
e

righ
th

an
d

sid
e

of
(76)

con
verges

to
zero

in
p
rob

a
b
ility.

T
h
u
s,

in
v
iew

o
f

(7
1),

(7
5),

an
d

(76),
for

an
y
x
∈
R
,

lim
n→
∞
P
{
ξ
t+

1
i→

j ≤
x|F

t }
p=
P
{
µ
t+

1
+
τ
t+

1 Z
t+

1 ≤
x}
.

It
fo

llow
s

b
y

th
e

d
om

in
ated

con
vergen

ce
th

eorem
th

at

lim
n→
∞
P
{
ξ
t+

1
i→

j ≤
x }

=
P
{µ

t+
1

+
τ
t+

1 Z
t+

1 ≤
x}
.

a
n
d
,

sin
ce

co
n
vergen

ce
in

d
istrib

u
tion

is
p
reserved

u
n
d
er

con
tin

u
ou

s
tran

sform
ation

s:

lim
n→
∞
P
{(
ξ
t+

1
i→

j )
m
≤
x }

=
P
{
(µ
t+

1
+
τ
t+

1 Z
t+

1 )
m
≤
x}
.

S
in

ce
E
[∣∣ξ

t+
1

i→
j ∣∣ m

+
1 ]≤

c
for

som
e
c

in
d
ep

en
d
en

t
of
n

,
th

e
fam

ily
of

ran
d
om

variab
les

(ξ
t+

1
i→

j )
m

is
u
n
ifo

rm
ly

in
tegrab

le,
so

th
at

con
vergen

ce
in

d
istrib

u
tion

im
p
lies

con
vergen

ce
of

m
ean

s
to

th
e

m
ea

n
o
f

th
e

lim
itin

g
d
istrib

u
tion

.
T

h
erefore

(67)
h
o
ld

s
w

ith
t

rep
laced

b
y
t

+
1
.

T
o

co
m

p
lete

th
e

p
ro

of
b
y

in
d
u
ction

it
rem

ain
s

to
sh

ow
(68)

h
old

s
w

ith
t

rep
la

ced
b
y

t
+

1
,

so
fi
x
i
/∈
C
∗.

F
ollow

in
g

th
e

p
rev

iou
s

argu
m

en
t,

on
e

can
easily

ch
eck

th
at

E
[ξ
t+

1
i→

j |F
t ]

=
0

lim
n→
∞
var (

ξ
t+

1
i→

j |F
t )

p=
τ

2t+
1 ,

a
n
d

th
a
t,

b
y

th
e

cen
tral

lim
it

th
eorem

,
u
n
iform

ly
b

ou
n
d
ed

m
+

1
th

m
om

en
ts,

an
d

u
n
iform

in
teg

ra
b
ility,

(68)
h
old

s
w

ith
t

rep
laced

b
y
t

+
1
.
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H
a
je
k
,
W

u
a
n
d

X
u

P
ro

o
f

[P
ro

of
of

L
em

m
a

6]
W

e
sh

ow
th

e
fi
rst

claim
;

th
e

secon
d

on
e

follow
s

an
alogou

sly.
F

ix
t≥

1
.

T
h
e

con
vergen

ce
p
rop

erty
to

b
e

p
roved

d
ep

en
d
s

on
ly

on
th

e
seq

u
en

ce
of

ran
d
om

em
p
irical

d
istrib

u
tion

s
of

(θ
ti

:
t∈

C
∗)

in
d
ex

ed
b
y
n
.

W
e

m
ay

th
erefore

assu
m

e
w

ith
ou

t
loss

of
gen

erality
th

at
all

th
e

ran
d
om

varia
b
les

(θ
ti

:
t∈

C
∗)

for
d
iff

eren
t
n

are
d
efi

n
ed

on
a

sin
gle

u
n
d
erly

in
g

p
rob

ab
ility

sp
ace;

th
e

join
t

d
istrib

u
tion

for
d
iff

eren
t

valu
es

of
n

can
b

e
arb

itrary.
T

o
sh

ow
th

e
con

vergen
ce

in
p
rob

ab
ility,

it
su

ffi
ces

to
sh

ow
th

at
for

an
y

su
b
seq

u
en

ce
{
n
k }

th
ere

ex
ists

a
su

b
-su

b
seq

u
en

ce
{
n
k
` }

su
ch

th
a
t

for
j6=

i,

lim
`→
∞
d

K
S (

1

K
k
`

∑i∈
C
∗
δ
θ
ti ,N

(µ
t ,τ

2t ) )
=

0,
a.s.

(77)

F
ix

a
su

b
seq

u
en

ce
n
k .

In
v
iew

of
L

em
m

as
27

an
d

30,
for

an
y

fi
x
ed

in
teger

m
,

lim
k→
∞
E
[(θ

ti )
m ]

=
E

[(µ
t
+
τ
t Z
t )
m

].

C
om

b
in

in
g

L
em

m
a

29
w

ith
C

h
eb

y
sh

ev
’s

in
eq

u
ality,

lim
k→
∞

1K
k

∑i∈
C
∗ (θ

ti )
m

p=
E

[(µ
t
+
τ
t Z
t )
m

],
(78)

w
h
ich

fu
rth

er
im

p
lies,

b
y

a
w

ell-k
n
ow

n
p
rop

erty
of

con
vergen

ce
in

p
rob

ab
ility,

th
at

th
ere

ex
ists

a
su

b
-su

b
seq

u
en

ce
su

ch
th

at
(78)

h
old

s
alm

ost
su

rely.
U

sin
g

a
stan

d
ard

d
iagon

al
argu

m
en

t,
on

e
can

con
stru

ct
a

su
b
-su

b
seq

u
en

ce
{
n
k
` }

su
ch

th
at

for
all

m
≥

1,

lim
`→
∞

1

K
k
`

∑i∈
C
∗ (θ

ti )
m

=
E

[(µ
t
+
τ
t Z
t )
m

]
a.s.

S
in

ce
a

G
au

ssian
d
istrib

u
tion

is
d
eterm

in
ed

b
y

its
m

om
en

ts,
b
y

th
e

m
eth

o
d

of
m

om
en

ts
(see,

for
ex

am
p
le,

(C
h
u
n
g,

2001,
T

h
eorem

4.5.5)),
a
p
p
lied

fo
r

each
ou

tcom
e
ω

in
th

e
u
n
d
erly

in
g

p
rob

ab
ility

sp
ace

(ex
clu

d
in

g
som

e
su

b
set

of
p
rob

ab
ility

zero),
it

follow
s

th
at

th
e

seq
u
en

ce
of

em
p
irical

d
istrib

u
tion

of
θ
ti

for
i∈

C
∗

w
eak

ly
con

verges
to
N

(µ
t ,τ

2t ),
w

h
ich

,
sin

ce
G

au
ssian

d
en

sity
is

b
ou

n
d
ed

,
is

eq
u
ivalen

t
to

con
vergen

ce
in

th
e

K
S

d
istan

ce, 1
1

p
rov

in
g

th
e

d
esired

(77).

R
e
m

a
rk

3
1

W
e

d
iscu

ss
th

e
d
iff

eren
ce

betw
een

th
e

p
roo

f
o
f

L
em

m
a

6
a
n

d
th

a
t

o
f

(D
esh

-
pa

n
d
e

a
n

d
M

o
n

ta
n

a
ri,

2
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−
K

=
o(n

),
w

ea
k

recov
ery

is
triv

ially
p
rov

id
ed

b
y
Ĉ

=
[n

].)
T

h
u
s,

row
-w

ise
th

resh
old

in
g

p
rov

id
es

w
eak

recovery
in

th
e

regim
e
K
�
n
�

(n
−
K

)
w

h
en

ev
er

in
form

ation
th

eoretica
lly

p
o
ssib

le.
U

n
d
er

th
e

in
fo

rm
ation

-th
eoretic

con
d
ition

(15),
an

algorith
m

attain
in

g
ex

act
recovery

can
b

e
b
u
ilt

u
sin

g
row

-w
ise

th
resh

old
in

g
for

w
eak

recovery
follow

ed
b
y

votin
g,

as
in

A
lgorith

m
2

(see
(H

a
jek

et
al.,

2017,
T

h
eorem

3)
an

d
its

p
ro

of).
In

th
e

regim
e

nK
log

nK
=
o(log

n
),

or
eq

u
iva

len
tly

K
=
ω

(n
log

log
n
/

log
n

),
con

d
ition

(15)
im

p
lies

th
at
λ

=
ω

(log
nK

),
an

d
h
en

ce
in

th
is

reg
im

e
ex

act
recovery

can
b

e
attain

ed
in

lin
ear

tim
e
O

(n
2)

w
h
en

ever
in

form
ation

th
eo

retica
lly

p
o
ssib

le.

B
.

P
ro

o
f

o
f

L
e
m

m
a

1
2

P
ro

o
f

W
e

rem
in

d
th

e
read

er
th

at
in

th
is

p
ap

er
w

e
let

A
=
W
/ √

n
so

th
at

var(A
ij )

=
1
/n

fo
r
i,j∈

[n
]

a
n
d
E

[A
ij ]

=
µ
/ √

n
for

i,j∈
C
∗.

F
ix

a
C̃

th
a
t

satisfi
es

(29)
–

(30),
i.e.,|C̃

∩
C
∗|≥

K
(1−

ε)
an

d
K

(1−
ε)≤

|C̃
|≤

n
ε.

L
et
m

=
|C̃
|

a
n
d

ab
b
rev

iate
th

e
restricted

m
atrix

A
C̃
∈

R
|C̃
|×
|C̃
|

b
y
Ã

.
L

et
1
C̃
∩
C
∗
∈

R
|C̃
|

d
en

o
te

th
e

in
d
icator

v
ector

of
C̃
∩
C
∗.

T
h
en

th
e

m
ean

of
Ã

is
th

e
ran

k
-on

e
m

atrix
E

[Ã
]

=
µ√n

1
C̃
∩
C
∗ 1
>C̃
∩
C
∗ ,

w
h
ose

largest
eigen

valu
e

is
µ|C̃
∩
C
∗|

√
n

w
ith

th
e

corresp
on

d
in

g
eig

en
vector

v
,

1
√
|C̃
∩
C
∗| 1

C̃
∩
C
∗ .

L
et
Z

=
Ã
−
E

[Ã
],

an
d

let
u

d
en

ote
th

e
p
rin

cip
al

eigen
vector

of
Ã

su
ch

th
at〈u

,v〉≥
0
.

N
ote

th
at‖

u
−
v‖

=
√

2(1−
〈u
,v〉)≤

√
2(1−

〈u
,v〉

2)
=
√

2
sin

θ,
w

h
ere

θ
is

th
e

a
n
g
le

b
etw

een
u

an
d
v
.

C
om

b
in

in
g

th
is

ob
servation

w
ith

th
e

sin
th

eorem
of

(D
av

is
a
n
d

K
a
h
a
n
,

1
9
7
0)

y
ield

s

‖
u
−
v‖
≤
√

2
sin

θ≤
√

2
m

in {
1
,

‖Z‖
µ|C̃
∩
C
|/ √

n
−
‖
Z‖ }

≤
2 √

2‖
Z‖

µ|C̃
∩
C
|/ √

n
≤

2 √
2‖Z‖

√
λ

(1−
ε) ,

(84)

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
th

e
assu

m
p
tion

(29).
O

b
serve

th
at
Z

is
a

sy
m

m
etric

m
atrix

su
ch

th
at{

Z
ij }

i≤
j

are
in

d
ep

en
d
en

t
su

b
gau

ssian
ran

d
om

variab
les

w
ith

zero
m

ean
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H
a
je
k
,
W

u
a
n
d

X
u

an
d

p
rox

y
varian

ce
γ
/n

.
T

o
b

ou
n
d
‖
Z‖

,
w

e
u
se

th
e

follow
in

g
stan

d
ard

con
cen

tration
in

eq
u
ality,

see
e.g..

(D
esh

p
an

d
e

an
d

M
on

tan
ari,

2015,
L

em
m

a
A

.3):
F

or
an

y
t
>

0,

P
{‖Z‖

≥
t}
≤

2
ex

p (−
m

(
t 2n

16eγ
m
−

log
5
t 2n

16γ
m

))
.

N
ote

th
at

if

t≥
√

64eγ
h

(ε)
+

160
eγ
m
/n
,

th
en

m

(
t 2n

16eγ
m
−

log
5
t 2n

16γ
m

)
≥

t 2n

32eγ
≥

2n
h

(ε).

B
y

assu
m

p
tion

w
e

h
ave

K
(1−

ε)≤
m
≤
εn

.
T

h
erefore,

b
y

settin
g
β

=
√

64eγ
h

(ε)
+

160
eγ
ε,

w
e

h
ave

for
an

y
fi
x
ed

C̃
,

P
{‖Z‖

≥
β}
≤

2
e −

2
n
h

(ε).
(85)

T
h
e

n
u
m

b
er

of
p

ossib
le

ch
oices

of
C̃

th
at

fu
lfi

lls
(30)

so
th

at|C̃
|≤

εn
is

at
m

ost ∑
k≤

n
ε (
nk )

w
h
ich

is
fu

rth
er

u
p
p

er
b

ou
n
d
ed

b
y
e
n
h

(ε)
(see,

e.g.,
(A

sh
,

1965,
L

em
m

a
4.7.2)).

In
v
iew

of
(85),

th
e

u
n
ion

b
ou

n
d

y
ield

s‖Z‖
≤
β

w
ith

h
igh

p
rob

a
b
ility

as
n
→
∞

.

T
h
rou

gh
ou

t
th

e
rem

in
d
er

of
th

is
p
ro

of
w

e
assu

m
e
A

an
d
C̃

are
fi
x
ed

w
ith
‖
Z‖
≤
β

.
C

om
b
in

in
g

w
ith

(84),
w

e
h
ave,

‖u
−
v‖
≤

2 √
2
β

√
λ

(1−
ε) .

(86)

N
ex

t,
w

e
argu

e
th

at
eith

er
û

or
−
û

is
close

to
u

,
an

d
h
en

ce,
close

to
v

b
y

th
e

trian
gle

in
eq

u
ality.

B
y

th
e

ch
oice

of
th

e
in

itial
vector

u
0,

w
e

can
w

rite
u

0
=
z
/‖
z‖

for
a

sta
n
d
ard

n
orm

al
vector

z
∈

R
m

.
B

y
th

e
tail

b
ou

n
d
s

for
C

h
i-sq

u
ared

d
istrib

u
tion

s,
it

follow
s

th
at

‖
z‖
≤

2 √
m

w
ith

h
igh

p
rob

ab
ility.

F
or

an
y

fi
x
ed

u
,

th
e

ran
d
om

varia
b
le
〈u
,z〉∼

N
(0,1)

an
d

th
u
s

w
ith

h
igh

p
rob

ab
ility,|〈u

,z〉| 2≥
1/

log
n

,
an

d
h
en

ce

|〈u
,u

0〉|
=
|〈u
,z〉|/‖z‖

≥
(2 √

n
log

n
) −

1.
(87)

R
ep

lacin
g
u

0
b
y
−
u

0
w

ou
ld

resu
lt

in
rep

lacin
g
u
t

b
y
−
u
t

for
each

t,
an

d
sin

ce
Ĉ

retu
rn

ed
b
y

A
lgorith

m
1

on
ly

d
ep

en
d
s

on
|u
ti |,

rep
lacin

g
u

b
y
−
u

w
ou

ld
h
av

e
n
o

eff
ect

on
th

e
ou

p
u
t

Ĉ
of

th
e

algorith
m

.
T

h
u
s,

w
e

can
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
at〈u

,u
0〉≥

0
,

an
d

(87)
b

ecom
es

〈u
,u

0〉≥
(2 √

n
log

n
) −

1.
(88)

B
y

W
ey

l’s
in

eq
u
ality,

th
e

m
ax

im
al

sin
gu

lar
valu

e
of
Ã

satisfi
es
σ

1 (Ã
)
≥

µ
K

(1−
ε)

√
n
−
β

an
d

th
e

oth
er

sin
gu

lar
valu

es
are

at
m

ost
β

.
L

et
r

=
σ
2
σ
1 (Ã

).
B

y
th

e
assu

m
p
tion

th
at

ε
<
ε
0

an
d
λ
≥

1/e,
w

e
h
ave
√
λ

(1−
ε)
>

2
β

.
A

s
a

con
seq

u
en

ce,
r
≤

2
β

√
λ

(1−
ε)
<

1.
S
in

ce

u
t

=
Ã
tu

0/‖
Ã
tu

0‖
,

it
follow

s
th

at

u
t

=
〈u
,u

0〉u
+
y

‖〈u
,u

0〉u
+
y‖
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ss
a
g
e
pa

ss
in
g

fo
r

so
m

e
y
∈
R
m

,
d
ep

en
d
in

g
on

t,
su

ch
th

at
‖y
‖
≤
rt

.
H

en
ce

,

〈u
t ,
u
〉=
〈u
,u

0
〉+
〈y
,u
〉

‖〈
u
,u

0
〉u

+
y
‖

≥
〈u
,u

0
〉−

rt

〈u
,u

0
〉+

rt

=
1
−

2
rt

〈u
,u

0
〉+

rt
,

or
,

eq
u
iv

al
en

tl
y,

‖u
t
−
u
‖2

=
2(

1
−
〈u
t ,
u
〉)
≤

4
rt

〈u
,u

0
〉+

rt
.

(8
9)

R
ec

al
l

th
at

û
=
u
ds
∗

lo
g
n
e .

T
h
u
s,

ch
o
os

in
g
s∗

=
2

lo
g
(√
λ

(1
−
ε)
/
(2
β

))
as

in
(3

3)
,

w
e

ob
ta

in

rd
s∗

lo
g
n
e
≤
n
−

2
an

d
co

n
se

q
u
en

tl
y

in
v
ie

w
of

(8
8)

an
d

(8
9)

,

‖û
−
u
‖2
≤

4
n
−

2

(2
√
n

lo
g
n

)−
1

+
n
−

2
≤

1 n
,

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n
.

T
h
er

ef
or

e,
b
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

‖û
−
v
‖
≤
‖û
−
u
‖+
‖u
−
v
‖
≤
n
−

1
/
2

+
2√

2
β

√
λ

(1
−
ε)

(a
) ≤

3β
√
λ

(1
−
ε)
,
β
o
,

(9
0)

w
h
er

e
(a

)
h
ol

d
s

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n

.
L

et
Ĉ
o

b
e

d
efi

n
ed

b
y

u
si

n
g

a
th

re
sh

ol
d

te
st

to
es

ti
m

at
e
C
∗

b
as

ed
on

û
:

Ĉ
o

=
{i
∈
C̃

:
|û
i|
≥
τ
},

w
h
er

e
τ

=
1

/
( 2

√
|C̃
∩
C
∗ |) .

N
ot

e
th

at
v i

=
2
τ
1
{i∈

C̃
∩C
∗ }
.

F
or

an
y
i
∈
Ĉ
o
\(
C̃
∩
C
∗ )

,
w

e

h
av

e
|û
i|
≥
τ

an
d
v i

=
0;

fo
r

an
y
i
∈

(C̃
∩
C
∗ )
\Ĉ

o
,

w
e

h
av

e
|û
i|
<
τ

an
d
v i

=
2τ

.
T

h
er

ef
or

e
|û
i
−
v i
|≥
||û

i|
−
|v i
||
≥
τ

fo
r

al
l
i
∈
Ĉ
o
4

(C̃
∩
C
∗ )

an
d

th
u
s

‖û
−
v
‖2
≥
|Ĉ
o
4

(C̃
∩
C
∗ )
|τ

2
.

In
v
ie

w
of

(9
0)

,
th

e
n
u
m

b
er

of
in

d
ic

es
in
C̃

in
co

rr
ec

tl
y

cl
as

si
fi
ed

b
y
Ĉ
o

sa
ti

sfi
es

|Ĉ
o
4

(C̃
∩
C
∗ )
|≤

4β
2 o
|C̃
∩
C
∗ |
≤

4β
2 o
|C
∗ |.

S
in

ce
|C
∗ \
C̃
|≤

εK
,

w
e

co
n
cl

u
d
e

th
at
|C
∗ 4

Ĉ
o
|≤

εK
+

4
β

2 o
|C
∗ |.

T
h
u
s,

if
th

e
al

go
ri

th
m

w
er

e
to

ou
tp

u
t
Ĉ
o

(i
n
st

ea
d

of
Ĉ

)
th

e
le

m
m

a
w

ou
ld

b
e

p
ro

ve
d
.

R
at

h
er

th
an

u
si

n
g

a
th

re
sh

ol
d

te
st

in
th

e
cl

ea
n
u
p

st
ep

,
A

lg
or

it
h
m

1
se

le
ct

s
th

e
K

in
d
ic

es
in
C̃

w
it

h
th

e
la

rg
es

t
va

lu
es

of
|û
i|.

C
on

se
q
u
en

tl
y,

w
it

h
p
ro

b
ab

il
it

y
on

e,
ei

th
er
Ĉ
o
⊂
Ĉ

or
Ĉ
⊂
Ĉ
o
.

T
h
er

ef
or

e,
it

fo
ll
ow

s
th

at

|C
∗ 4

Ĉ
|≤

2
|C
∗ 4

Ĉ
o
|+
∣ ∣ |C
∗ |
−
K
∣ ∣ .

4
5
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L

R
 1

8(
18

6)
:1

-5
2,

 2
01

8

H
a
je
k
,
W

u
a
n
d

X
u

B
y

as
su

m
p
ti

on
,
|C
∗ |/
K

co
n
ve

rg
es

to
o
n
e

in
p
ro

b
ab

il
it

y,
so

th
at

,
in

p
ro

b
ab

il
it

y,

li
m

su
p

n
→
∞

|C
∗ 4

Ĉ
|

K
≤

2ε
+

8
β

2 o
≤
η
(ε
,λ

),
(9

1
)

w
h
er

e
η

is
d
efi

n
ed

in
(3

4)
,

co
m

p
le

ti
n
g

th
e

p
ro

of
.

C
.

A
n

a
d
a
p
ti

v
e

v
a
ri

a
n
t

o
f

A
lg

o
ri

th
m

1

R
ec

al
l

th
at

th
e

la
st

st
ep

of
th

e
sp

ec
tr

al
cl

ea
n
-u

p
of

A
lg

or
it

h
m

1
in

vo
lv

es
ch

o
o
si

n
g

th
e
K

co
or

d
in

at
es

of
th

e
la

rg
es

t
m

ag
n
it

u
d
e

of
û

.
In

or
d
er

to
b

e
ad

ap
ti

ve
to

th
e

cl
u
st

er
si

ze
K

,
in

th
is

se
ct

io
n

w
e

sh
ow

th
at

th
is

st
ep

ca
n

b
e

si
m

p
ly

re
p
la

ce
d

b
y

ap
p
ly

in
g
k
-m

ea
n
s

cl
u
st

er
in

g
w

it
h
k

=
2

to
{|
û
i|}

i∈
C̃

so
th

at
T

h
eo

re
m

1
co

n
ti

n
u
es

to
h
ol

d
.

L
et
w

d
en

o
te

a
n

o
p
ti

m
a
l

so
lu

ti
on

,
i.
e.

,
a

m
in

im
iz

er
of
‖x
−
|û
| C̃
‖

ov
er

al
l
x

in
R
|C̃
|

w
h
os

e
co

or
d
in

at
es

ta
ke

a
t

m
o
st

tw
o

d
is

ti
n
ct

va
lu

es
.

S
in

ce
|û
i|

is
a

sc
al

ar
,
w

ca
n

b
e

ea
si

ly
fo

u
n
d

b
y

so
rt

in
g
{|
û
i|}

i∈
C̃

in
d
es

ce
n
d
in

g
or

d
er

,
an

d
ch

ec
k
in

g
al

l
ve

ct
or

s
of

th
e

fo
rm

(a
,.
..
,a
,b
,.
..
,b

),
w

h
er

e
a

a
n
d
b

w
it

h
a
≥
b
≥

0
ar

e
gi

ve
n

b
y

th
e

av
er

ag
e

of
th

e
re

sp
ec

ti
ve

se
t

of
|û
i|’

s.
T

h
u
s
w

ca
n

b
e

fo
u
n
d

in
ti

m
e
O

(n
lo

g
n

).
D

efi
n
e
Ĉ

=
{i
∈
C̃

:
w
i

=
a
}.

T
o

sh
ow

th
is
Ĉ

fu
lfi

ll
s

th
e

sa
m

e
p

er
fo

rm
an

ce
g
u
a
ra

n
te

e
a
s

in
T

h
eo

re
m

1,
it

su
ffi

ce
s

to
m

o
d
if

y
th

e
p
ro

of
of

L
em

m
a

12
to

sh
ow

th
at

,
fo

r
an

y
ε

su
ffi

ci
en

tl
y

sm
al

l,
if
C̃
⊂

[n
]

sa
ti

sfi
es

(2
9)

–
(3

0)
,

th
en

P
{
|C
∗ ∆

Ĉ
|

K
≤
η
}
→

1
as
n
→
∞
,

w
h
er

e
η

is
a

fu
n
ct

io
n

of
ε

an
d
λ

su
ch

th
at
η
→

0
as
ε
→

0
fo

r
λ

fi
x
ed

.
W

it
h
ou

t
lo

ss
of

ge
n
er

a
li
ty

w
e

m
ay

al
so

as
su

m
e

th
at

|C̃
\C
∗ |

=
Ω

(K
).

(9
2
)

T
h
is

ex
tr

a
co

n
d
it

io
n

is
fu

lfi
ll
ed

b
y

th
e

ou
tp

u
t

of
th

e
m

es
sa

ge
-p

as
si

n
g

al
go

ri
th

m
w

it
h

h
ig

h
p
ro

b
ab

il
it

y,
b

ec
au

se
,

in
v
ie

w
of

(3
2)

,
|C̃
\C
∗ |

=
Θ

(n
)

w
it

h
p
ro

b
ab

il
it

y
te

n
d
in

g
to

o
n
e.

R
ec

al
l

th
at

w
e

h
av

e
sh

ow
n

in
(9

0)
th

at
m

in
{‖
û
−
v
‖,
‖û

+
v
‖}
≤
β
o
.

B
y

th
e

d
efi

n
it

io
n

of
w

,
si

n
ce
v
≥

0
is

b
in

ar
y
-v

al
u
ed

co
m

p
on

en
tw

is
e,

w
e

h
av

e

‖|
û
|−

w
‖
≤
‖|
û
|−

v
‖
≤

m
in
{‖
û
−
v
‖,
‖û

+
v
‖}
≤
β
o
,

an
d

th
u
s

‖w
−
v
‖
≤
‖w
−
|û
|‖

+
‖|
û
|−

v
|‖
≤

2β
o
.

D
efi

n
e

S
=
{i
∈
C̃

:
∣ ∣ w

i
−
v i
∣ ∣ ≥

τ
},

τ
,

1

2√
|C̃
∩
C
∗ |
.

T
h
en

|S
|τ

2
≤
‖w
−
v
‖2
≤

4β
2 0
,

an
d

co
n
se

q
u
en

tl
y,
|S
|≤

16
β

2 0
|C̃
∩
C
∗ |.

S
in

ce
β

0
ca

n
b

e
m

ad
e

to
b

e
su

ffi
ci

en
tl

y
sm

a
ll

b
y

ch
o
os

in
g
ε

to
b

e
sm

al
l,

w
e

h
av

e
|S
|<

|C̃
∩
C
∗ |.

F
u
rt

h
er

m
or

e,
b
y

th
e

as
su

m
p
ti

o
n

th
a
t

|C
∗ |/
K
→

1
in

p
ro

b
ab

il
it

y
an

d
(9

2)
,

w
e

h
av

e
|S
|<
|C̃
\C
∗ |.

D
efi

n
e
T

1
=

(C̃
∩
C
∗ )
\S

a
n
d

T
0

=
(C̃
\C
∗ )
\S

,
b

ot
h

of
w

h
ic

h
ar

e
n
on

-e
m

p
ty

.
F

o
r

ea
ch

i
∈
T

1
an

d
j
∈
T

0
,

w
e

h
av

e

w
i
−
w
j
≥
v i
−
v j
−
|w
i
−
v i
|−
|w
j
−
v j
|>

2
τ
−
τ
−
τ

=
0,
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ssa

g
e
pa

ssin
g

th
a
t

is,
w
i

=
a
>
b

=
w
j .

H
en

ce,
Ĉ

∆
(C̃
∩
C
∗)⊂

S
an

d
th

u
s

|Ĉ
∆

(C̃
∩
C
∗)|≤

|S|≤
16β

20 |C̃
∩
C
∗|≤

16β
20 |C
∗|.

S
in

ce
|C
∗\C̃
|≤

εK
,

w
e

h
ave

th
at|Ĉ

∆
C
∗|≤

εK
+

16
β

20 |C
∗|.

T
h
erefore,

lim
su

p
n→
∞

|C
∗∆
Ĉ
|

K
≤
ε

+
16
β

20 .

S
in

ce
β

0 →
0

a
s
ε→

0,
T

h
eorem

1
h
old

s
for

th
e

ad
ap

tiv
e

varian
t

of
A

lgorith
m

1.

D
.

P
ro

o
fs

o
f

T
h
e
o
re

m
s

1
3

a
n
d

1
4

In
th

e
p
ro

o
fs

b
elow

w
e

u
se

th
e

follow
in

g
n
otation

.
W

e
w

rite
p
e (π

1 ,s
2)

to
d
en

ote
th

e
m

in
im

al
avera

g
e

erro
r

p
rob

ab
ility

for
testin

g
N

(µ
1 ,σ

2)
versu

sN
(µ

0 ,σ
2)

w
ith

p
riors

π
1

an
d

1−
π

1 ,

w
h
ere

µ
1 ≥

µ
0

an
d
s

2
=

(µ
0 −
µ
1
)
2

σ
2

.
T

h
at

is,

p
e (π

1 ,s
2),

m
inx {

π
1 Q

(s−
x

)
+

(1−
π

1 )Q
(x

)}
.

P
ro

o
f

[P
ro

o
f

of
T

h
eorem

13]
T

h
e

p
ro

of
of

su
ffi

cien
cy

for
w

eak
recovery

is
clo

sely
b
ased

on
th

e
p
ro

o
f

o
f

su
ffi

cien
cy

for
ex

act
recovery

b
y

th
e

M
L

E
given

in
(B

u
tu

cea
et

al.,
2015

);
th

e
rea

d
er

is
referred

to
(B

u
tu

cea
et

al.,
2015)

for
th

e
n
otation

u
sed

in
th

is
p
aragrap

h
.

T
h
e

p
ro

o
f

in
(B

u
tu

cea
et

al.,
2015)

is
d
iv

id
ed

in
to

tw
o

section
s.

In
ou

r
term

in
ology,

(B
u
tu

cea
et

al.,
2
0
1
5
,

S
ection

3.1)
estab

lish
es

th
e

w
eak

recov
ery

of
C
∗1

an
d
C
∗2

b
y

th
e

M
L

E
u
n
d
er

th
e

a
ssu

m
p
tio

n
s

(37),
(39),

an
d

(41).
H

ow
ev

er,
th

e
assu

m
p
tion

(39)
(an

d
sim

ilarly,
(41))

is
u
sed

in
o
n
ly

o
n
e

p
lace

in
th

e
p
ro

of,
n
am

ely
for

b
ou

n
d
in

g
th

e
term

s
T

1
,k
m

d
efi

n
ed

th
erein

.
W

e
ex

p
la

in
h
ere

w
h
y

(37)
alon

e
is

su
ffi

cien
t

for
th

e
p
ro

of
of

w
eak

recovery.
C

on
d
ition

(37),
in

th
e

n
o
ta

tio
n

1
2

of
(B

u
tu

cea
et

al.,
2015),

im
p
lies

th
at

th
ere

ex
ists

som
e

su
ffi

cien
tly

sm
all

α
>

0
su

ch
th

a
t

a
2m

2
log

(N
/n

)
≥

1
+
α
.

S
o

(B
u
tu

cea
et

al.,
2015,

(3.4))
can

b
e

rep
laced

as:
th

ere
ex

ist
som

e
su

ffi
cien

tly
sm

all
δ

1
>

0
a
n
d
α

1
>

0
su

ch
th

at

(1−
δ

1 )
2

2
a

2m
≥

(1
+
α

1 )
log

(N
/n

)≥
(1

+
α

1 )
log (

δ(N
−
n

)

n
−
k

)
,

w
h
ere

w
e

u
se

th
e

assu
m

p
tion

0
≤
k
<

(1−
δ)n

,
or
n
−
k
>
δn
.

T
h
u
s,

for
large

en
ou

gh
n
,

T
1
,k
m
≤

ex
p (−

δn
α

1

2

(
log (

N
−
n

n
−
k

)))

≤
ex

p (−
δn
α

1

2
log (

N
−
n

n

))
=
o(1/n

),

1
2
.

T
h

e
n

o
ta

tio
n

o
f

(B
u

tu
cea

et
a
l.,

2
0
1
5
)

is
m

a
p

p
ed

to
o
u

rs
a
s
N
→
n
1 ,
M
→
n
2 ,
n
→
K

1 ,
m
→
K

2 ,
a
n

d
a
→
µ
.
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H
a
je
k
,
W

u
a
n
d

X
u

from
w

h
ich

th
e

d
esired

con
clu

sion
, ∑

k
:(n−

k
)>
δ
n
T

1
,k
m

=
o(1),

follow
s.

T
h
is

com
p
letes

th
e

p
ro

of
of

su
ffi

cien
cy

of
(37)

for
w

eak
recov

ery
of

b
oth

C
∗1

an
d
C
∗2
,

an
d

m
ark

s
th

e
en

d
of

ou
r

u
se

of
n
otation

from
(B

u
tu

cea
et

al.,
2015).

T
h
e

rate
d
istortion

argu
m

en
t

u
sed

in
th

e
p
ro

of
of

(H
a
jek

et
al.,

2017,
T

h
eorem

1)
sh

ow
s

th
at

(38)
m

u
st

h
old

if
C
∗1

an
d
C
∗2

are
b

oth
w

eak
ly

recoverab
le.

P
ro

o
f

[P
ro

of
of

T
h
eorem

14]
W

e
giv

e
th

e
p
ro

of
for

ex
act

recovery
of
C
∗1
;

th
e

p
ro

of
for

ex
act

recovery
of
C
∗2

is
an

alogou
s.

F
or

th
e

su
ffi

cien
cy

p
art,

R
ecall

th
at

in
A

lgorith
m

3,
th

e
set

[n
1 ]

is
p
artition

ed
in

to
sets,

S
1 ,...,S

1
/
δ

of
size

n
1 δ.

T
h
ere

are
1
/δ

rou
n
d
s

of
th

e
algorith

m
,

an
d

in
d
ices

in
S
k

are
classifi

ed
in

th
e
k
th

rou
n
d
.

F
or

th
e
k
th

rou
n
d
,

b
y

assu
m

p
tion

,
giv

en
ε
>

0,
th

ere
ex

ists
an

estim
ator

Ĉ
2
k

b
ased

on
ob

servation
of
W

w
ith

th
e

row
s

in
d
ex

ed
b
y

S
k

h
id

d
en

su
ch

th
at
|Ĉ

2
k ∆
C
∗2 |≤

εK
2

w
ith

h
igh

p
rob

ab
ility.

T
h
en

th
e

votin
g

p
ro

ced
u
re

estim
ates

w
h
eth

er
i∈

C
∗1

for
each

i∈
S
k

b
y

com
p
arin

g
∑

j∈
Ĉ

2
k
W
i,j

to
a

th
resh

old
.

T
h
is

su
m

h
as

ap
p
rox

im
ately

th
e
N

(K
2 µ
,K

2 )
d
istrib

u
tion

if
i∈

C
∗1

a
n
d
N

(0,K
2 )

d
istrib

u
tion

oth
erw

ise
;

th
e

d
iscrep

an
cy

can
b

e
m

ad
e

su
ffi

cien
tly

sm
all

b
y

ch
o
osin

g
ε

to
b

e
sm

all
(S

ee
(H

a
jek

et
al.,

2017,
T

h
eorem

3)
for

a
p
ro

of).
T

h
u
s,

th
e

m
ean

n
u
m

b
er

of
classifi

cation
errors

is
w

ell
ap

p
rox

im
ated

b
y
n

1 p
e (K

1 /n
1 ,K

2 µ
2),

w
h
ich

con
verg

es
to

zero
u
n
d
er

(39),
com

p
let-

in
g

th
e

su
ffi

cien
cy

p
ro

of
for

ex
act

recov
ery

of
C
∗1
.

T
h
e

n
ecessity

p
art

is
p
roved

in
(B

u
tu

cea
et

al.,
2015,

S
ection

4.2).

E
.

P
ro

o
f

o
f

L
e
m

m
a

1
8

P
ro

o
f

(S
im

ilar
to

p
ro

of
of

L
em

m
a

12.)
W

e
p
rov

e
th

e
lem

m
a

for
Ĉ

1 ;
th

e
p
ro

of
for

Ĉ
2

is
id

en
tical.

F
or

th
e

fi
rst

p
art

of
th

e
p
ro

of
w

e
assu

m
e

th
at

for
i

=
1
,2,

C̃
i

is
fi
x
ed

,
an

d
later

u
se

a
u
n
ion

b
ou

n
d

over
all

p
ossib

le
ch

oices
of
C̃
i .

R
ecall

th
a
t
W
C̃

1
C̃

2 ,
w

h
ich

w
e

ab
b
rev

iate

h
en

ceforth
as
W̃

,
is

th
e

m
atrix

W
restricted

to
en

tries
in
C̃

1 ×
C̃

2 .
L

et
Z

=
W̃
−
E

[W̃
]

an
d

E
[W̃

]
=
µ √
|C̃

1 ∩
C
∗1 ||C̃

2 ∩
C
∗2 |v

1 v >2
(93)

is
a

ran
k
-on

e
m

a
trix

,
w

h
ere

v
i

is
th

e
u
n
it

vector
in

R
|C̃
i |

ob
tain

ed
b
y

n
orm

alizin
g

th
e

in
d
icator

vector
of
C̃
i ∩

C
∗i .

T
h
u
s,

th
an

k
s

to
(54),

th
e

lead
in

g
sin

gu
lar

valu
e

ofE
[W̃

]
is

at
least

µ √
K

1 K
2 (1−

ε)
w

ith
left

sin
gu

lar
vector

v
1

an
d

righ
t

sin
gu

lar
vector

v
2 .

It
is

w
ell-k

n
ow

n
(see,

e.g.,
(V

ersh
y
n
in

,
201

0,
C

oro
llary

5.35))
th

at
if
M

is
an

m
1 ×

m
2

m
atrix

w
ith

i.i.d
.

sta
n

d
a
rd

n
o
rm

a
l

en
tries,

th
en

P
{‖
M
‖
≥
√
m

1
+
√
m

2
+
t }
≤

2e −
t
2
/
2.

A
p
-

p
ly

in
g

th
is

resu
lt

for
m
i

=
|C̃
i |,

w
h
ich

satisfi
es
m
i ≤

εn
i

b
y

(55),
an

d
t

=
2 √

h
(ε)(n

1
+
n

2 ),

w
e

h
ave

for
fi
x
ed

(C̃
1 ,C̃

2 ),

P
{‖Z‖

≥
( √
n

1
+
√
n

2 )β}
≤

2e −
2
(n

1
+
n
2
)h

(ε),

w
h
ere

β
,

3 √
ε

+
h

(ε)).
S
im

ilar
to

th
e

p
ro

of
of

L
em

m
a

12,
th

e
n
u
m

b
er

of
(C̃

1 ,C̃
2 )

th
at

satisfi
es

(55)
is

at
m

ost
e

(n
1
+
n
2
)h

(ε).
B

y
u
n
ion

b
o
u
n
d
,

if
w

e
d
rop

th
e

assu
m

p
tion

th
at
C̃
i

is
fi
x
ed

for
i

=
1,2,

w
e

still
h
av

e
th

at
w

ith
h
igh

p
rob

ab
ility,‖Z‖

≤
( √
n

1
+
√
n

2 )β
.
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S
u
b
m
a
t
r
ix

l
o
c
a
l
iz
a
t
io
n
v
ia

m
e
ss
a
g
e
pa

ss
in
g

D
en

ot
e

b
y
u

th
e

le
ad

in
g

le
ft

si
n
g
u
la

r
ve

ct
or

of
W
C̃

1
C̃

2
su

ch
th

at
〈u
,v

1
〉≥

0
.
T

h
en

,
le

tt
in

g
θ

d
en

ot
e

th
e

an
gl

e
b

et
w

ee
n
u

an
d
v 1
,

‖u
−
v 1
‖
≤
√

2
si

n
(θ

)
(a

) ≤
√

2
m

in

    
‖Z
‖

( σ
1

( W̃
)
−
σ

2

( E
[ W̃
])
) +

,1

    
(b

) ≤
2
√

2‖
Z
‖

σ
1
(E

[W̃
])
,

w
h
er

e
(a

)
fo

ll
ow

s
fr

om
W

ed
in

’s
si

n
-θ

th
eo

re
m

fo
r

S
V

D
(W

ed
in

,
19

72
),

an
d

(b
)

fo
ll
ow

s

fr
om

σ
2

( E
[ W̃
])

=
0

an
d

W
ey

l’
s

in
eq

u
al

it
y
σ

1
(W̃

)
≥
σ

1
(E

[W̃
])
−
‖Z
‖.

In
v
ie

w
of

(9
3)

,

co
n
d
it

io
n
in

g
on

th
e

h
ig

h
-p

ro
b
ab

il
it

y
ev

en
t

th
at
‖Z
‖
≤

(√
n

1
+
√
n

2
)β

,
w

e
h
av

e

‖u
−
v 1
‖
≤

2√
2
β

(√
n

1
+
√
n

2
)

µ
(1
−
ε)
√
K

1
K

2
≤

2
√

2c
0
β

1
−
ε
,

(9
4)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
st

an
d
in

g
as

su
m

p
ti

on
(5

3)
.

N
ex

t,
w

e
ar

gu
e

th
at

û
or
−
û

is
cl

o
se

to
u

,
an

d
h
en

ce
,

cl
os

e
to

v 1
b
y

th
e

tr
ia

n
gl

e

in
eq

u
al

it
y.

B
y

(8
8)

,
th

e
in

it
ia

l
va

lu
e
u

0
∈

R
|C̃

1
|

sa
ti

sfi
es
|〈u
,u

0
〉|
≥

(2
√
n

1
lo

g
n
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ö
.

O
rth

ogo
n

a
l

po
lyn

o
m

ia
ls.

A
m

erican
M

ath
em

atical
S
o
ciety,

P
rov

id
en

ce,
R

I,
4th

ed
itio

n
,

1
9
7
5.

R
.

V
ersh

y
n
in

.
In

tro
d
u
ction

to
th

e
n
on

-asy
m

p
totic

an
aly

sis
of

ran
d
om

m
atrices.

A
rxiv

p
rep

rin
t

a
rxiv:1

0
1
1
.3

0
2
7
,

2010.

P
.

W
ed

in
.

P
ertu

rb
ation

b
ou

n
d
s

in
con

n
ectio

n
w

ith
sin

gu
lar

valu
e

d
eco

m
p

o
sition

.
B

IT
N

u
m

erica
l

M
a
th

em
a
tics,

12(1):99–111
,

1972.

5
1

JM
L

R
 18(186):1-52, 2018

H
a
je
k
,
W

u
a
n
d

X
u

S
.

Y
u
n

an
d

A
.

P
rou

tiere.
O

p
tim

al
clu

ster
recovery

in
th

e
la

b
eled

sto
ch

astic
b
lo

ck
m

o
d
el.

arX
iv

1510.05956,
O

ct.
2015.

5
2

JM
L

R
 18(186):1-52, 2018



J
o
u
rn

a
l
o
f
M
a
ch

in
e
L
ea

rn
in
g
R
es
ea

rc
h
1
8
(2
0
1
8
)
1
-3
0

S
u
b
m
it
te
d
9
/
1
6
;
R
ev

is
ed

4
/
1
7
;
P
u
b
li
sh

ed
4
/
1
8

Q
u
a
n
ti

ze
d

N
e
u
ra

l
N

e
tw

o
rk

s:
T

ra
in

in
g

N
e
u
ra

l
N

e
tw

o
rk

s
w

it
h

L
o
w

P
re

ci
si

o
n

W
e
ig

h
ts

a
n
d

A
ct

iv
a
ti

o
n
s

It
a
y
H
u
b
a
ra

*
it
a
y
h
u
b
a
r
a
@
g
m
a
il
.c
o
m

D
ep

a
rt

m
en

t
o
f

E
le

ct
ri

ca
l

E
n

gi
n

ee
ri

n
g

T
ec

h
n

io
n

-
Is

ra
el

In
st

it
u

te
o
f

T
ec

h
n

o
lo

gy
H

a
if

a
,

Is
ra

el

M
a
tt
h
ie
u

C
o
u
rb

a
ri
a
u
x
*

m
a
t
t
h
ie
u
.c
o
u
r
b
a
r
ia
u
x
@
g
m
a
il
.c
o
m

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

a
n

d
D

ep
a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

U
n

iv
er

si
té

d
e

M
o
n

tr
éa
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ca
lc

u
la

te
th

e
p

os
te

ri
o
r

d
is

tr
ib

u
ti

on
of

th
e

w
ei

gh
ts

(t
h
e

p
ro

b
ab

il
it

y
of

ea
ch

w
ei

gh
t

to
b

e
+

1
or

-1
).

D
u
ri

n
g

th
e

in
fe

re
n
ce

st
a
g
e

(t
es

t
p
h
as

e)
,

th
ei

r
m

et
h
o
d

sa
m

p
le

s
fr

om
th

is
d
is

tr
ib

u
ti

on
on

e
b
in

ar
y

n
et

w
o
rk

a
n
d

u
se

d
it

to
p
re

d
ic

t
th

e
ta

rg
et

s
of

th
e

te
st

se
t

(M
or

e
th

a
n

on
e

b
in

ar
y

n
et

w
or

k
ca

n
a
ls

o
b

e
u
se

d
).

C
ou

rb
ar

ia
u
x

et
al

.
(2

01
5)

si
m

il
ar

ly
u
se

d
tw

o
se

ts
of

w
ei

gh
ts

,
re

al
-v

al
u
ed

an
d

b
in

a
ry

.
T

h
ey

,
h
ow

ev
er

,
u
p

d
at

ed
th

e
re

al
va

lu
ed

ve
rs

io
n

of
th

e
w

ei
gh

ts
b
y

u
si

n
g

gr
ad

ie
n
ts

co
m

p
u
te

d
b
y

ap
p
ly

in
g

fo
rw

ar
d

an
d

b
ac

k
w

ar
d

p
ro

p
ag

at
io

n
w

it
h

th
e

se
t

of
b
in

ar
y

w
ei

gh
ts

(w
h
ic

h
w

as
ob

ta
in

ed
b
y

q
u
an

ti
zi

n
g

th
e

re
al

-v
al

u
e

w
ei

gh
ts

to
+

1
an

d
-1

).

T
h
is

st
u
d
y

p
ro

p
os

es
a

m
or

e
ad

va
n
ce

d
te

ch
n
iq

u
e,

re
fe

rr
ed

to
as

Q
u
an

ti
ze

d
N

eu
ra

l
N

et
-

w
or

k
(Q

N
N

),
fo

r
q
u
an

ti
zi

n
g

th
e

n
eu

ro
n
s

an
d

w
ei

gh
ts

d
u
ri

n
g

in
fe

re
n
ce

an
d

tr
a
in

in
g
.

In
su

ch
n
et

w
or

k
s,

al
l

M
A

C
op

er
at

io
n
s

ca
n

b
e

re
p
la

ce
d

w
it

h
X
N
O
R

an
d
p
op
u
la
ti
on
co
u
n
t

(i
.e

.,
co

u
n
ti

n
g

th
e

n
u
m

b
er

of
on

es
in

th
e

b
in

ar
y

n
u
m

b
er

)
op

er
at

io
n
s.

T
h
is

is
es

p
ec

ia
ll
y

u
se

fu
l

in

2
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Q
u
a
n
t
iz
e
d

N
e
u
r
a
l
N
e
t
w
o
r
k
s

Q
N

N
s

w
ith

th
e

ex
trem

ely
low

p
recision

—
for

ex
am

p
le,

w
h
en

o
n
ly

1-b
it

is
u
sed

p
er

w
eigh

t
a
n
d

a
ctiva

tio
n
,

lead
in

g
to

a
B

in
arized

N
eu

ral
N

etw
ork

(B
N

N
).

T
h
e

p
rop

osed
m

eth
o
d

is
p
ar-

ticu
la

rly
b

en
efi

cial
for

im
p
lem

en
tin

g
la

rge
con

v
olu

tion
al

n
etw

ork
s

w
h
ose

n
eu

ron
-to-w

eigh
t

ra
tio

is
very

la
rge.

T
h
is

p
a
p

er
m

ak
es

th
e

follow
in

g
con

trib
u
tion

s:

•
W

e
in

tro
d
u
ce

a
m

eth
o
d

to
train

Q
u
an

tized
-N

eu
ral-N

etw
ork

s
(Q

N
N

s),
n
eu

ral
n
etw

ork
s

w
ith

low
p
recision

w
eigh

ts
an

d
activation

s,
at

ru
n
-tim

e,
an

d
w

h
en

com
p
u
tin

g
th

e
p
a
ram

eter
grad

ien
ts

at
train

-tim
e.

In
th

e
ex

trem
e

case
Q

N
N

s
u
se

on
ly

1-b
it

p
er

w
eig

h
t

a
n
d

activation
(i.e.,

B
in

arized
N

N
;

see
S
ection

2).

•
W

e
co

n
d
u
ct

tw
o

sets
of

ex
p

erim
en

ts,
each

im
p
lem

en
ted

on
a

d
iff

eren
t

fram
ew

ork
,

n
a
m

ely
T

orch
7

an
d

T
h
ean

o,
w

h
ich

sh
ow

th
at

it
is

p
ossib

le
to

train
B

N
N

s
on

M
N

IS
T

,
C

IF
A

R
-1

0
an

d
S
V

H
N

an
d

ach
ieve

n
ear

state-of-th
e-art

resu
lts

(see
S
ection

4).
M

ore-
over,

w
e

rep
ort

resu
lts

on
th

e
ch

allen
gin

g
Im

ageN
et

d
ataset

u
sin

g
b
in

ary
w

eigh
ts/activation

s
a
s

w
ell

a
s

q
u
an

tized
version

of
it

(m
ore

th
an

1-b
it).

•
W

e
p
resen

t
p
relim

in
ary

resu
lts

on
q
u
an

tized
grad

ien
ts

an
d

sh
ow

th
at

it
is

p
ossib

le
to

u
se

o
n
ly

6
-b

its
w

ith
on

ly
sm

all
accu

racy
d
egrad

ation
.

•
W

e
p
resen

t
resu

lts
for

th
e

P
en

n
T

reeb
an

k
d
ataset

u
sin

g
lan

gu
age

m
o
d
els

(van
illa

R
N

N
s

a
n
d

L
S
T

M
s)

an
d

sh
ow

th
at

w
ith

4-b
it

w
eigh

ts
an

d
activatio

n
s

R
ecu

rren
t

Q
N

N
s

a
ch

ieve
sim

ilar
accu

racies
as

th
eir

32-b
it

fl
oatin

g
p

oin
t

cou
n
terp

arts.

•
W

e
sh

ow
th

at
d
u
rin

g
th

e
forw

ard
p
ass

(b
oth

at
ru

n
-tim

e
an

d
train

-tim
e),

Q
N

N
s

d
ra

stica
lly

red
u
ce

m
em

ory
con

su
m

p
tion

(size
an

d
n
u
m

b
er

of
accesses),

an
d

rep
lace

m
o
st

a
rith

m
etic

op
eration

s
w

ith
b
it-w

ise
o
p

eration
s.

A
su

b
stan

tial
in

crease
in

p
ow

er
effi

cien
cy

is
ex

p
ected

as
a

resu
lt

(see
S
ection

5).
M

oreover,
a

b
in

arized
C

N
N

can
lea

d
to

b
in

ary
con

volu
tion

kern
el

rep
etition

s;
w

e
argu

e
th

at
d
ed

icated
h
a
rd

w
a
re

cou
ld

red
u
ce

th
e

tim
e

com
p
lex

ity
b
y

60
%

.

•
L

a
st

b
u
t

n
ot

least,
w

e
p
rogram

m
ed

a
b
in

ary
m

atrix
m

u
ltip

lication
G

P
U

kern
el

w
ith

w
h
ich

it
is

p
ossib

le
to

ru
n

ou
r

M
N

IS
T

B
N

N
7

tim
es

faster
th

an
w

ith
an

u
n
op

tim
ized

G
P

U
k
ern

el,
w

ith
ou

t
su

ff
erin

g
an

y
loss

in
classifi

cation
accu

racy
(see

S
ection

6).

•
T

h
e

co
d
e

for
train

in
g

an
d

ap
p
ly

in
g

ou
r

B
N

N
s

is
availab

le
on

-lin
e

(b
oth

th
e

T
h
ea

n
o

1

a
n
d

th
e

T
orch

fram
ew

ork
2).

2
.

B
in

a
rize

d
N

e
u
ra

l
N

e
tw

o
rk

s

In
th

is
sectio

n
,

w
e

d
etail

ou
r

b
in

arization
fu

n
ctio

n
,

sh
ow

h
ow

w
e

u
se

it
to

com
p
u
te

th
e

p
a
ra

m
eter

g
ra

d
ien

ts,
an

d
h
ow

w
e

b
ack

p
rop

agate
th

rou
gh

it.

1h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
M
a
t
t
h
i
e
u
C
o
u
r
b
a
r
i
a
u
x
/
B
i
n
a
r
y
N
e
t

2h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
i
t
a
y
h
u
b
a
r
a
/
B
i
n
a
r
y
N
e
t

3
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H
u
b
a
r
a
,
C
o
u
r
b
a
r
ia
u
x
,
S
o
u
d
r
y
,
E
l
-Y

a
n
iv

a
n
d

B
e
n
g
io

2
.1

D
e
te
rm

in
istic

v
s
S
to

ch
a
stic

B
in
a
riz

a
tio

n

W
h
en

train
in

g
a

B
N

N
,

w
e

con
strain

b
oth

th
e

w
eigh

ts
an

d
th

e
activation

s
to

eith
er

+
1

or
−

1.
T

h
ose

tw
o

valu
es

are
very

ad
van

tageou
s

from
a

h
ard

w
are

p
ersp

ective,
as

w
e

ex
p
lain

in
S
ection

6.
In

ord
er

to
tran

sform
th

e
real-valu

ed
variab

les
in

to
th

ose
tw

o
valu

es,
w

e
u
se

tw
o

d
iff

eren
t

b
in

a
rization

fu
n
ction

s,
as

p
rop

osed
b
y

C
ou

rb
ariau

x
et

al.
(2015).

T
h
e

fi
rst

b
in

arization
fu

n
ction

is
d
eterm

in
istic:

x
b

=
sign

(x
)

=

{
+

1
if
x
≥

0,
f
−

1
oth

erw
ise,

(1)

w
h
ere

x
b

is
th

e
b
in

arized
variab

le
(w

eigh
t

or
activation

)
a
n
d
x

th
e

real-valu
ed

variab
le.

It
is

very
straigh

tforw
ard

to
im

p
lem

en
t

an
d

w
ork

s
q
u
ite

w
ell

in
p
ractice.

T
h
e

secon
d

b
in

arization
fu

n
ction

is
sto

ch
astic:

x
b

=
sign

(x
−
z
)

=

{
+

1
w

ith
p
rob

ab
ility

p
=
σ

(x
),

−
1

w
ith

p
rob

ab
ility

1−
p
,

(2)

w
h
ere

z
∼
U

[−
1
,1],

a
u
n
iform

ran
d
om

varia
b
le,

an
d
σ

is
th

e
“

h
a
rd

sigm
o
id

”
fu

n
ction

:

σ
(x

)
=

clip
( x

+
1

2
,0
,1)

=
m

ax
(0,m

in
(1,

x
+

1

2
)).

(3)

T
h
is

sto
ch

astic
b
in

arization
is

m
ore

ap
p

ealin
g

th
eoretically

(see
S
ection

4)
th

an
th

e
sign

fu
n
ction

,
b
u
t

som
ew

h
at

h
ard

er
to

im
p
lem

en
t

as
it

req
u
ires

th
e

h
ard

w
are

to
gen

erate
ran

d
om

b
its

w
h
en

q
u
an

tizin
g

(T
orii

et
al.,

2016).
A

s
a

resu
lt,

w
e

m
ostly

u
se

th
e

d
eterm

in
istic

b
in

arization
fu

n
ction

(i.e.,
th

e
sign

fu
n
ction

),
w

ith
th

e
ex

cep
tion

of
a
ctiva

tio
n

s
a
t

tra
in

-
tim

e
in

som
e

of
ou

r
ex

p
erim

en
ts.

2
.2

G
ra

d
ie
n
t
C
o
m
p
u
ta

tio
n

a
n
d

A
c
c
u
m
u
la
tio

n

A
lth

ou
gh

ou
r

B
N

N
train

in
g

m
eth

o
d

u
tilizes

b
in

ary
w

eigh
ts

an
d

activation
s

to
com

p
u
te

th
e

p
aram

eter
grad

ien
ts,

th
e

real-valu
ed

grad
ien

ts
of

th
e

w
eigh

ts
are

accu
m

u
lated

in
real-

valu
ed

variab
les,

as
p

er
A

lgorith
m

1.
R

eal-valu
ed

w
eigh

ts
a
re

likely
req

u
ired

fo
r

S
to

ch
asic

G
rad

ien
t

D
escen

t
(S

G
D

)
to

w
ork

at
all.

S
G

D
ex

p
lores

th
e

sp
ace

of
p
aram

eters
in

sm
all

an
d

n
oisy

step
s,

an
d

th
at

n
oise

is
a
vera

ged
o
u

t
b
y

th
e

sto
ch

astic
grad

ien
t

con
trib

u
tio

n
s

accu
m

u
lated

in
each

w
eigh

t.
T

h
erefo

re,
it

is
im

p
ortan

t
to

m
ain

tain
su

ffi
cien

t
resolu

tion
for

th
ese

accu
m

u
lators,

w
h
ich

at
fi
rst

glan
ce

su
ggests

th
at

h
igh

p
recision

is
ab

solu
tely

req
u
ired

.
M

oreover,
ad

d
in

g
n
oise

to
w

eigh
ts

a
n
d

activation
s

w
h
en

co
m

p
u

tin
g

th
e

p
aram

eter
gra-

d
ien

ts
p
rov

id
e

a
form

of
regu

larization
th

at
can

h
elp

to
gen

eralize
b

etter,
as

p
rev

iou
sly

sh
ow

n
w

ith
variation

al
w

eigh
t

n
oise

(G
raves,

201
1),

D
ro

p
ou

t
(S

rivastava
et

al.,
2014)

an
d

D
rop

C
on

n
ect

(W
an

et
al.,

2013).
O

u
r

m
eth

o
d

of
train

in
g

B
N

N
s

can
b

e
seen

as
a

vari-
an

t
of

D
rop

ou
t,

in
w

h
ich

in
stead

of
ran

d
om

ly
settin

g
h
alf

of
th

e
activation

s
to

zero
w

h
en

com
p
u
tin

g
th

e
p
aram

eter
grad

ien
ts,

w
e

b
in

arize
b

oth
th

e
activation

s
an

d
th

e
w

eigh
ts.

2
.3

P
ro

p
a
g
a
tin

g
G
ra

d
ie
n
ts

T
h
ro

u
g
h

D
isc

re
tiz

a
tio

n

T
h
e

d
erivative

of
th

e
sign

fu
n
ction

is
zero

alm
ost

ev
ery

w
h
ere,

m
ak

in
g

it
ap

p
aren

tly
in

-
com

p
atib

le
w

ith
b
ack

-p
rop

agation
,

sin
ce

th
e

ex
act

grad
ien

ts
of

th
e

cost
w

ith
resp

ect
to

th
e
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Q
u
a
n
t
iz
e
d

N
e
u
r
a
l
N
e
t
w
o
r
k
s

q
u
an

ti
ti

es
b

ef
or

e
th

e
d
is

cr
et

iz
at

io
n

(p
re

-a
ct

iv
at

io
n
s

or
w

ei
gh

ts
)

ar
e

ze
ro

.
N

ot
e

th
at

th
is

li
m

-
it

at
io

n
re

m
ai

n
s

ev
en

if
st

o
ch

as
ti

c
q
u
an

ti
za

ti
on

is
u
se

d
.

B
en

g
io

(2
01

3)
st

u
d
ie

d
th

e
q
u
es

ti
o
n

of
es

ti
m

at
in

g
or

p
ro

p
ag

at
in

g
gr

ad
ie

n
ts

th
ro

u
gh

st
o
ch

as
ti

c
d
is

cr
et

e
n
eu

ro
n
s.

H
e

fo
u
n
d

th
at

th
e

fa
st

es
t

tr
ai

n
in

g
w

as
ob

ta
in

ed
w

h
en

u
si

n
g

th
e

“s
tr

ai
gh

t-
th

ro
u
gh

es
ti

m
at

or
,”

p
re

v
io

u
sl

y
in

tr
o
d
u
ce

d
in

H
in

to
n
’s

le
ct

u
re

s
(H

in
to

n
,

20
12

).
W

e
fo

ll
ow

a
si

m
il
ar

ap
p
ro

ac
h

b
u
t

u
se

th
e

ve
rs

io
n

of
th

e
st

ra
ig

h
t-

th
ro

u
gh

es
ti

m
at

or
th

at
ta

ke
s

in
to

a
cc

ou
n
t

th
e

sa
tu

ra
ti

on
eff

ec
t,

an
d

d
o
es

u
se

d
et

er
m

in
is

ti
c

ra
th

er
th

an
st

o
ch

as
ti

c
sa

m
p
li
n
g

of
th

e
b
it

.
C

on
si

d
er

th
e

si
gn

fu
n
ct

io
n

q
u
an

ti
za

ti
on

ov
er

th
e

ac
ti

va
ti

on
s

va
lu

es
fr

om
a

p
re

v
io

u
s

la
ye

r,
r,

q
=

si
gn

(r
),

an
d

as
su

m
e

th
at

an
es

ti
m

at
or
g q

of
th

e
gr

ad
ie

n
t
∂
C ∂
q

h
as

b
ee

n
ob

ta
in

ed
(w

it
h

th
e

st
ra

ig
h
t-

th
ro

u
gh

es
ti

m
at

or
w

h
en

n
ee

d
ed

,
w

h
er

e
C

is
th

e
co

st
fu

n
ct

io
n
).

T
h
en

,
ou

r
st

ra
ig

h
t-

th
ro

u
gh

es
ti

m
at

or
of

∂
C ∂
r

is
si

m
p
ly

g r
=
g q

1
|r
|≤

1
.

(4
)

N
ot

e
th

at
th

is
p
re

se
rv

es
th

e
gr

ad
ie

n
t

in
fo

rm
at

io
n

an
d

ca
n
ce

ls
th

e
gr

ad
ie

n
t

w
h
en

r
is

to
o

la
rg

e.
N

ot
ca

n
ce

ll
in

g
th

e
gr

ad
ie

n
t

w
h
en

r
is

to
o

la
rg

e
si

gn
ifi

ca
n
tl

y
w

or
se

n
s

p
er

fo
rm

an
ce

.
T

o
b

et
te

r
u
n
d
er

st
an

d
w

h
y

th
e

st
ra

ig
h
t-

th
ro

u
g
h

es
ti

m
at

or
w

or
k
s

w
el

l,
w

e
co

n
si

d
er

th
e

st
o
ch

as
ti

c
b
in

ar
iz

at
io

n
sc

h
em

e
si

m
il
ar

to
th

at
in

E
q
.

(2
),

q
=

si
gn

(r
−
z
)
,

w
h
er

e
w

e
re

ca
ll

th
at
z
∼
U

[−
1
,1

].
D

u
ri

n
g

tr
a
in

in
g,

w
e

u
p

d
at

e
ea

ch
w

ei
gh

t
W
ij
,l

(c
on

n
ec

ti
n
g

n
eu

ro
n
j

in
la

ye
r
l
−

1
to

n
eu

ro
n
i

in
la

ye
r
l)

,
u
si

n
g

th
e

gr
a
d
ie

n
t

fr
om

th
e

p
re

v
io

u
s

la
ye

r
(h

er
e

∂
C

∂
r i
,l

)
an

d
th

e
la

ye
r

in
p
u
t:

∂

∂
W
ij
,l
E

[C
]

=
E
[
∂
C

∂
r i
,l
q j
,l
−
1

]
=

E /
z i
,l

[ E z
i,
l

[
∂
C

∂
r i
,l

] q j
,l
−
1

]
,

w
h
er

e
E,

E z
i,
l
,
an

d
E /

z i
,l

ar
e,

re
sp

ec
ti

ve
ly

,
ex

p
ec

ta
ti

on
s

ov
er

ev
er

y
th

in
g

(a
ll

th
e

n
oi

se
so

u
rc

es
,

(z
),

an
d

d
at

a
sa

m
p
le

s)
;

on
ly
z i
,l

(t
h
e

n
oi

se
in

n
eu

ro
n
i

at
la

y
er
l)

;
or

ev
er

y
th

in
g

ex
ce

p
t
z i
,l
.

N
ex

t,
w

e
ca

lc
u
la

te
th

e
ex

p
ec

ta
ti

on
ov

er
z i
,l

(d
ro

p
p
in

g
al

l
in

d
ic

es
,

fo
r

b
re

v
it

y
):

E z
[
∂ ∂
r
C

]
=

∂ ∂
r
E z

[C
]

=
∂ ∂
r

[C
(q

=
1)
p

(r
>
z
|r)

+
C

(q
=
−

1)
(1
−
p

(r
>
z
|r)

)]

=
∂
p

(r
>
z
|r)

∂
r

[C
(q

=
1)
−
C

(q
=
−

1)
]

=
2
∂
C ∂
q

∣ ∣ ∣ ∣ q=
0

1
|r
|≤

1
+
O

(
∂
3
C

∂
q3

∣ ∣ ∣ ∣ q=
0

)
,

w
h
er

e
in

th
e

la
st

li
n
e

w
e

u
se

d
a

T
ay

lo
r

ex
p
an

si
on

.
T

h
e
O

(·)
co

n
tr

ib
u
ti

on
to

th
e

la
st

eq
u
at

io
n

is
u
su

al
ly

n
eg

li
gi

b
le

,
si

n
ce

th
e

ou
tp

u
t

of
a

si
n
g
le

n
eu

ro
n

(q
=
±

1)
ty

p
ic

al
ly

h
as

on
ly

a
sm

al
l

eff
ec

t
on

th
e

co
st

,
an

d
th

er
ef

or
e

∂
C ∂
q

∣ ∣ ∣ ∣ q=
0

�
∂
2
C

∂
q2

∣ ∣ ∣ ∣ q=
0

�
∂
3
C

∂
q3

∣ ∣ ∣ ∣ q=
0

.
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r
a
,
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r
b
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u
x
,
S
o
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d
r
y
,
E
l
-Y

a
n
iv

a
n
d

B
e
n
g
io

T
h
u
s,

u
si

n
g

a
T

ay
lo

r
ex

p
an

si
on

w
e

ca
n

ap
p
ro

x
im

at
e

∂
C ∂
q

∣ ∣ ∣ ∣ q=
±
1

=
∂
C ∂
q

∣ ∣ ∣ ∣ q=
0

+
O

(
∂
2
C

∂
q2

∣ ∣ ∣ ∣ q=
0

)

T
h
er

ef
or

e,
si

n
ce
g r

=
∂
C
/∂
r

an
d
g q

=
∂
C
/∂
q,

w
e

ob
ta

in
th

e
st

ra
ig

h
t-

th
ro

u
g
h

es
ti

m
a
to

r
d
efi

n
ed

in
E

q
.

(4
),

u
p

to
a

sc
al

e
co

n
st

an
t

2.
T

h
e

u
se

of
th

is
st

ra
ig

h
t-

th
ro

u
g
h

es
ti

m
a
to

r
is

il
lu

st
ra

te
d

in
A

lg
or

it
h
m

1.

A
si

m
il
ar

b
in

ar
iz

at
io

n
p
ro

ce
ss

w
as

ap
p
li
ed

fo
r

w
ei

gh
ts

in
w

h
ic

h
w

e
co

m
b
in

e
tw

o
in

g
re

-
d
ie

n
ts

:

•
P

ro
je

ct
ea

ch
re

al
-v

al
u
ed

w
ei

gh
t

to
[-

1,
1]

,
i.
e.

,
cl

ip
th

e
w

ei
gh

ts
d
u
ri

n
g

tr
a
in

in
g
,

a
s

p
er

A
lg

or
it

h
m

1.
T

h
e

re
al

-v
al

u
ed

w
ei

gh
ts

w
ou

ld
ot

h
er

w
is

e
gr

ow
ve

ry
la

rg
e

w
it

h
o
u
t

a
n
y

im
p
ac

t
on

th
e

b
in

ar
y

w
ei

gh
ts

.

•
W

h
en

u
si

n
g

a
re

al
-v

al
u
ed

w
ei

gh
t
w
r
,

q
u
an

ti
ze

it
u
si

n
g
w
b

=
S
ig

n
(w

r
).

P
ro

je
ct

in
g

th
e

w
ei

gh
ts

to
[-

1,
1]

is
co

n
si

st
en

t
w

it
h

th
e

gr
ad

ie
n
t

ca
n
ce

ll
in

g
w

h
en
|w

r
|>

1
,

ac
co

rd
in

g
to

E
q
.

(
4)

.

2
.4

S
h
if
t-
b
a
se
d

B
a
tc
h

N
o
rm

a
li
z
a
ti
o
n

B
at

ch
N

or
m

al
iz

at
io

n
(B

N
)

(I
off

e
an

d
S
ze

ge
d
y
,

20
15

)
ac

ce
le

ra
te

s
th

e
tr

ai
n
in

g
a
n
d

re
d
u
ce

s
th

e
ov

er
al

l
im

p
ac

t
of

th
e

w
ei

gh
t

sc
al

e
(C

ou
rb

ar
ia

u
x

et
al

.,
20

15
).

T
h
e

n
or

m
a
li
za

ti
o
n

p
ro

-
ce

d
u
re

m
ay

al
so

h
el

p
to

re
gu

la
ri

ze
th

e
m

o
d
el

.
H

ow
ev

er
,

at
tr

ai
n
-t

im
e,

B
N

re
q
u
ir

es
m

a
n
y

m
u
lt

ip
li
ca

ti
on

s
(c

al
cu

la
ti

n
g

th
e

st
an

d
ar

d
d
ev

ia
ti

o
n

an
d

d
iv

id
in

g
b
y

it
,

n
am

el
y,

d
iv

id
in

g
b
y

th
e

ru
n
n
in

g
va

ri
an

ce
,

w
h
ic

h
is

th
e

w
ei

gh
te

d
m

ea
n

of
th

e
tr

ai
n
in

g
se

t
ac

ti
va

ti
o
n

va
ri

a
n
ce

).
A

lt
h
ou

gh
th

e
n
u
m

b
er

of
sc

al
in

g
ca

lc
u
la

ti
on

s
is

th
e

sa
m

e
as

th
e

n
u
m

b
er

of
n
eu

ro
n
s,

in
th

e
ca

se
of

C
on

v
N

et
s

th
is

n
u
m

b
er

is
q
u
it

e
la

rg
e.

F
or

ex
am

p
le

,
in

th
e

C
IF

A
R

-1
0

d
a
ta

se
t

(u
s-

in
g

ou
r

ar
ch

it
ec

tu
re

),
th

e
fi
rs

t
co

n
vo

lu
ti

on
la

ye
r,

co
n
si

st
in

g
of

on
ly

12
8
×

3
×

3
×

3
fi
lt

er
m

as
k
s,

co
n
ve

rt
s

an
im

ag
e

of
si

ze
3
×

32
×

32
to

si
ze

12
8
×

28
×

28
,

w
h
ic

h
is

m
o
re

th
a
n

an
or

d
er

of
m

ag
n
it

u
d
e

la
rg

er
th

an
th

e
n
u
m

b
er

of
w

ei
g
h
ts

(2
9

to
b

e
ex

ac
t)

.
T

o
a
ch

ie
ve

th
e

re
su

lt
s

th
at

B
N

w
ou

ld
ob

ta
in

,
w

e
u
se

a
sh

if
t-

b
as

ed
b
at

ch
n
or

m
al

iz
at

io
n

(S
B

N
)

te
ch

n
iq

u
e,

p
re

se
n
te

d
in

A
lg

or
it

h
m

2.
S
B

N
ap

p
ro

x
im

at
es

B
N

al
m

os
t

w
it

h
ou

t
m

u
lt

ip
li
ca

ti
o
n
s.

D
efi

n
e

A
P

2(
z
)

as
th

e
ap

p
ro

x
im

at
e

p
ow

er
-o

f-
2

of
z,

L
og

A
P

2(
z
)

as
lo

g
(A

P
2(
z
))

(i
.e

.,
th

e
in

d
ex

o
f

th
e

m
os

t
si

gn
ifi

ca
n
t

b
it

),
an

d
�
�

as
b

ot
h

le
ft

an
d

ri
gh

t
b
in

ar
y

sh
if

t.
S
B

N
re

p
la

ce
s

a
lm

o
st

al
l

m
u
lt

ip
li
ca

ti
on

w
it

h
p

ow
er

-o
f-

2-
ap

p
ro

x
im

at
io

n
an

d
sh

if
t

op
er

a
ti

on
s:

x
×
y
→
x
�
�

L
og

A
P

2(
y
).

(5
)

T
h
e

on
ly

op
er

at
io

n
w

h
ic

h
is

n
ot

a
b
in

ar
y

sh
if

t
or

an
ad

d
is

th
e

in
ve

rs
e

sq
u
a
re

ro
o
t

(s
ee

n
or

m
al

iz
at

io
n

op
er

at
io

n
A

lg
or

it
h
m

2)
.

F
ro

m
th

e
ea

rl
y

w
or

k
of

L
om

on
t

(2
0
0
3
)

w
e

k
n
ow

th
at

th
e

in
ve

rs
e-

sq
u
ar

e
op

er
at

io
n

co
u
ld

b
e

ap
p
li
ed

w
it

h
ap

p
ro

x
im

a
te

ly
th

e
sa

m
e

co
m

p
le

x
it

y
as

m
u
lt

ip
li
ca

ti
on

.
T

h
er

e
ar

e
al

so
fa

st
er

m
et

h
o
d
s,

w
h
ic

h
in

vo
lv

e
lo

ok
u
p

ta
b
le

tr
ic

k
s

th
a
t

ty
p
ic

al
ly

ob
ta

in
lo

w
er

ac
cu

ra
cy

(t
h
is

m
ay

n
ot

b
e

an
is

su
e,

si
n
ce

ou
r

p
ro

ce
d
u
re

a
lr

ea
d
y

a
d
d
s

a
lo

t
of

n
oi

se
).

In
ou

r
ex

p
er

im
en

ts
w

e
d
id

n
ot

u
se

th
os

e
m

et
h
o
d
s

si
n
ce

it
re

q
u
ir

es
a

d
ed

ic
a
te

d
h
ar

d
w

ar
e.

H
ow

ev
er

,
th

e
n
u
m

b
er

of
va

lu
es

on
w

h
ic

h
w

e
ap

p
ly

th
e

in
ve

rs
e-

sq
u
a
re

o
p

er
a
ti

on
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Q
u
a
n
t
iz
e
d

N
e
u
r
a
l
N
e
t
w
o
r
k
s

A
lg
o
rith

m
1
:

T
rain

in
g

a
B

N
N

.
C

is
th

e
cost

fu
n
ction

for
m

in
ib

atch
,
λ

,
th

e
lea

rn
in

g
ra

te
d
ecay

factor,
an

d
L

,
th

e
n
u
m

b
er

of
layers.

(◦
)

stan
d
s

fo
r

elem
en

t-
w

ise
m

u
ltip

lication
.

T
h
e

fu
n
ction

B
in

arize(·)
sp

ecifi
es

h
ow

to
(sto

ch
a
stically

or
d
eterm

in
istically

)
b
in

arize
th

e
activation

s
an

d
w

eigh
ts,

an
d

C
lip

(),
h
ow

to
clip

th
e

w
eig

h
ts.

B
atch

N
orm

()
sp

ecifi
es

h
ow

to
b
atch

-n
orm

alize
th

e
activation

s,
u
sin

g
eith

er
b
a
tch

n
orm

alization
(Ioff

e
an

d
S
zeged

y
,

2015)
or

its
sh

ift-b
ased

varian
t

w
e

d
escrib

e
in

A
lgorith

m
2.

B
ack

B
atch

N
orm

()
sp

ecifi
es

h
ow

to
b
ack

p
rop

agate
th

rou
gh

th
e

n
o
rm

a
liza

tion
.

U
p

d
ate()

sp
ecifi

es
h
ow

to
u
p

d
a
te

th
e

p
aram

eters
w

h
en

th
eir

g
ra

d
ien

ts
a
re

k
n
ow

n
,
u
sin

g
eith

er
A

D
A

M
(K

in
gm

a
an

d
B

a,
2015)

or
th

e
sh

ift-b
ased

A
d
a
M

a
x

w
e

d
escrib

e
in

A
lgorith

m
3.

R
e
q
u
ire

:
a

m
in

ib
atch

of
in

p
u
ts

an
d

targets
(a

0 ,a ∗),
p
rev

iou
s

w
eigh

ts
W

,
p
rev

iou
s

B
a
tch

N
orm

p
aram

eters
θ,

w
eigh

t
in

itialization
co

effi
cien

ts
from

(G
lo

rot
an

d
B

en
gio,

2
0
1
0
)
γ

,
a
n
d

p
rev

iou
s

learn
in

g
rate

η
.

E
n
su

re
:

u
p

d
ated

w
eigh

ts
W

n
ex

t,
u
p

d
ated

B
atch

N
orm

p
aram

eters
θ
n
ex

t
an

d
u
p

d
ated

lea
rn

in
g

rate
η
n
ex

t.
{1

.
C

o
m

p
u
tin

g
th

e
p
aram

eter
grad

ien
ts:}

{1
.1

.
F

o
rw

ard
p
rop

agation
:}

fo
r
k

=
1

to
L

d
o

W
bk ←

B
in

arize(W
k )

s
k ←

a
bk−

1 W
bk

{a
b0

=
a
0 ,

i.e.,
th

e
in

p
u
t

is
n
ot

q
u
an

tize,
see

S
ection

2.6}
a
k ←

B
atch

N
orm

(s
k ,θ

k )
if
k
<
L

th
e
n

a
bk ←

B
in

arize(a
k )

e
n
d
if

e
n
d
fo
r

{1
.2

.
B

a
ck

w
ard

p
rop

agation
:}

{N
o
te

th
a
t

th
e

grad
ien

ts
are

n
ot

b
in

ary.}
C

o
m

p
u
te
g
a
L

=
∂
C

∂
a
L

k
n
ow

in
g
a
L

an
d
a ∗

fo
r
k

=
L

to
1
d
o

if
k
<
L

th
e
n

g
a
k ←

g
a
bk ◦

1|a
k |≤

1

e
n
d
if

(g
s
k ,g

θ
k )←

B
ack

B
atch

N
orm

(g
a
k ,s

k ,θ
k )

g
a
bk−

1 ←
g
s
k W

bk

g
W
bk ←

g >s
k a
bk−

1

e
n
d
fo
r

{2
.

A
ccu

m
u
latin

g
th

e
p
aram

eter
grad

ien
ts:}

fo
r
k

=
1

to
L

d
o

θ
n
ex

t
k
←

U
p

d
ate(θ

k ,η
,g
θ
k )

W
n
ex

t
k
←

C
lip

(U
p

d
ate(W

k ,γ
k η
,g
W
bk ),−

1,1)

η
n
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λ
η

e
n
d
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r
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etw

ork
p

erform
an

ce
(C

ou
rb

ariau
x

et
al.,

2014).
S
o
u
d
ry

et
a
l.

(2014)
an

d
C

h
en

g
et

al.
(2015)

p
roved

th
e

con
trary

b
y

sh
ow

in
g

th
at

go
o
d

p
erfo

rm
a
n
ce

co
u
ld

b
e

ach
ieved

even
if

all
n
eu

ron
s

an
d

w
eigh

ts
are

b
in

arized
to±

1
.

T
h
is

w
as

d
o
n
e

u
sin

g
E

x
p

ectation
B

ack
P

rop
agation

(E
B

P
),

a
variation

a
l

B
ayesian

ap
p
roach

,
w

h
ich

in
fers

n
etw

o
rk

s
w

ith
b
in

ary
w

eigh
ts

an
d

n
eu

ron
s

b
y

u
p

d
atin

g
th

e
p

osterior
d
istrib

u
tio

n
s

over
th

e
w

eig
h
ts.

T
h
ese

d
istrib

u
tion

s
are

u
p

d
ated

b
y

d
iff

eren
tiatin

g
th

eir
p
aram

eters
(e.g.,

m
ean

va
lu

es)
v
ia

th
e

b
ack

p
rop

agatio
n

(B
P

)
algorith

m
.

E
sser

et
al.

(2015)
im

p
lem

en
ted

a
fu

lly
b
in

a
ry

n
etw

ork
at

ru
n

tim
e

u
sin

g
a

very
sim

ilar
ap

p
roach

to
E

B
P

,
sh

ow
in

g
sign

ifi
can

t
im

p
rovem

en
t

in
en

ergy
effi

cien
cy.

T
h
e

d
raw

b
ack

of
E

B
P

is
th

at
th

e
b
in

arized
p
aram

eters
a
re

on
ly

u
sed

d
u
rin

g
in

feren
ce.

T
h
e

p
ro

b
ab

ilistic
id

ea
b

eh
in

d
E

B
P

w
as

ex
ten

d
ed

in
th

e
B

in
ary

C
on

n
ect

algorith
m

of
C

o
u
rb

a
ria

u
x

et
al.

(2015).
In

B
in

ary
C

on
n
ect,

th
e

real-valu
ed

v
ersion

of
th

e
w

eig
h
ts

is
saved

a
n
d

u
sed

as
a

key
referen

ce
for

th
e

b
in

arization
p
ro

cess.
T

h
e

b
in

arization
n
oise

is
in

d
ep

en
d
en

t
b

etw
een

d
iff

eren
t

w
eigh

ts,
eith

er
b
y

con
stru

ction
(b

y
u
sin

g
sto

ch
astic

q
u
an

ti-
za

tio
n
)

o
r

b
y

assu
m

p
tion

(a
com

m
on

sim
p
lifi

ca
tion

;
see

S
p
an

g
an

d
S
ch

u
lth

eiss,
1962).

T
h
e

n
o
ise

w
o
u
ld

h
ave

little
eff

ect
on

th
e

n
ex

t
n
eu

ron
’s

in
p
u
t

b
ecau

se
th

e
in

p
u
t

is
a

su
m

m
ation

over
m

a
n
y

w
eigh

ted
n
eu

ron
s.

T
h
u
s,

th
e

rea
l-valu

ed
version

cou
ld

b
e

u
p

d
ated

u
sin

g
th

e
b
a
ck

p
ro

p
a
g
a
ted

error
b
y

sim
p
ly

ign
orin

g
th

e
b
in

arization
n
oise

in
th

e
u
p

d
ate.

W
ith

th
is

m
eth

o
d
,

C
o
u
rb

ariau
x

et
al.

(2015)
w

ere
th

e
fi
rst

to
b
in

arize
w

eigh
ts

in
C

N
N

s
an

d
ach

ieved
n
ea

r
sta

te-o
f-th

e-art
p

erform
an

ce
on

several
d
atasets.

T
h
ey

also
argu

ed
th

at
n
oisy

w
eigh

ts
p
rov

id
e

a
fo

rm
of

regu
larization

,
w

h
ich

cou
ld

h
elp

to
im

p
rov

e
gen

eralization
,

as
p
rev

iou
sly

sh
ow

n
b
y

W
a
n

et
al.

(2013).
T

h
is

m
eth

o
d

b
in

arized
w

eigh
ts

w
h
ile

still
m

ain
tain

in
g

fu
ll

p
recisio

n
n
eu

ro
n
s.

L
in

et
a
l.

(2015)
carried

over
th

e
w

ork
of

C
ou

rb
ariau

x
et

al.
(2015)

to
th

e
b
ack

-
p
ro

p
a
g
a
tio

n
p
ro

cess
b
y

q
u
an

tizin
g

th
e

rep
resen

tation
s

at
each

lay
er

o
f

th
e

n
etw

ork
,

to
co

n
vert

so
m

e
o
f

th
e

rem
ain

in
g

m
u
ltip

lication
s

in
to

b
in

ary
sh

ifts
b
y

restrictin
g

th
e

n
eu

ron
s’

valu
es

to
b

e
p

ow
er-of-tw

o
in

tegers.
L

in
et

al.
(20

15)’s
w

ork
an

d
ou

rs
seem

to
sh

are
sim

i-
la

r
ch

a
ra

cteristics
.H

ow
ever,

th
eir

ap
p
ro

ach
con

tin
u
es

to
u
se

fu
ll

p
recision

w
eigh

ts
d
u
rin

g
th

e
test

p
h
a
se.

M
oreover,

L
in

et
al.

(2015)
q
u
an

tize
th

e
n
eu

ron
s

on
ly

d
u
rin

g
th

e
b
ack

p
ro

p
a
g
a
tio

n
p
ro

cess,
an

d
n
ot

d
u
rin

g
forw

ard
p
rop

aga
tion

.

O
th

er
resea

rch
(B

ald
assi

et
al.,

2015)
sh

ow
ed

th
at

fu
ll

b
in

ary
train

in
g

an
d

testin
g

is
p

o
ssib

le
in

a
n

a
rray

of
com

m
ittee

m
ach

in
es

w
ith

ran
d
om

ized
in

p
u
t,

w
h
ere

on
ly

on
e

w
eigh

t
layer

is
b

ein
g

a
d
ju

sted
.

G
on

g
et

al.
(2014)

aim
ed

to
com

p
ress

a
fu

lly
train

ed
h
igh

p
recision

n
etw

o
rk

b
y

u
sin

g
q
u
an

tization
or

m
atrix

factorization
m

eth
o
d
s.

T
h
ese

m
eth

o
d
s

req
u
ired

tra
in

in
g

th
e

n
etw

ork
w

ith
fu

ll
p
recision

w
eigh

ts
an

d
n
eu

ron
s,

th
u
s

req
u
irin

g
n
u
m

erou
s

M
A

C
o
p

era
tio

n
s

(w
h
ich

th
e

p
rop

osed
Q

N
N

algorith
m

avoid
s).

H
w

an
g

an
d

S
u
n
g

(2014)
fo

cu
sed

o
n

a
fi
x
ed

-p
o
in

t
n
eu

ral
n
etw

ork
d
esign

an
d

a
ch

ieved
p

erform
an

ce
alm

ost
id

en
tical

to
th

at
of

th
e

fl
oa

tin
g
-p

o
in

t
arch

itectu
re.

K
im

an
d

S
m

aragd
is

(2016)
retra

in
ed

n
eu

ral
n
etw

ork
s

w
ith

b
in

ary
w

eig
h
ts

an
d

activation
s.

A
s

fa
r

a
s

w
e

k
n
ow

,
b

efore
th

e
fi
rst

rev
ision

of
th

is
p
ap

er
w

as
p
u
b
lish

ed
on

arX
ive,

n
o

w
o
rk

su
cceed

ed
in

b
in

arizin
g

w
eigh

ts
a
n

d
n
eu

ron
s,

at
th

e
in

feren
ce

p
h
ase

a
n

d
th

e
en

tire
tra

in
in

g
p
h
a
se

of
a

d
eep

n
etw

ork
.

T
h
is

w
as

ach
ieved

in
th

e
p
resen

t
w

ork
.

W
e

relied
on

th
e
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H
u
b
a
r
a
,
C
o
u
r
b
a
r
ia
u
x
,
S
o
u
d
r
y
,
E
l
-Y

a
n
iv

a
n
d

B
e
n
g
io

id
ea

th
at

b
in

arization
can

b
e

d
on

e
sto

ch
astically,

or
b

e
ap

p
rox

im
ated

as
ran

d
om

n
oise.

T
h
is

w
as

p
rev

iou
sly

d
on

e
for

th
e

w
eigh

ts
b
y

C
ou

rb
ariau

x
et

al.
(2015),

b
u
t

ou
r

B
N

N
s

ex
ten

d
th

is
to

th
e

activation
s.

N
ote

th
at

th
e

b
in

ary
activation

s
are

esp
ecially

im
p

ortan
t

for
C

on
v
N

ets,
w

h
ere

th
ere

are
ty

p
ically

m
an

y
m

ore
n
eu

ron
s

th
an

free
w

eigh
ts.

T
h
is

allow
s

h
igh

ly
effi

cien
t

op
eration

of
th

e
b
in

arized
D

N
N

at
ru

n
tim

e,
an

d
at

th
e

forw
ard

-p
rop

agation
p
h
ase

d
u
rin

g
train

in
g.

M
oreover,

ou
r

train
in

g
m

eth
o
d

h
as

alm
ost

n
o

m
u
ltip

lication
s,

an
d

th
erefore

m
igh

t
b

e
im

p
lem

en
ted

effi
cien

tly
in

d
ed

icated
h
ard

w
are.

H
ow

ever,
w

e
h
ave

to
save

th
e

valu
e

of
th

e
fu

ll
p
recision

w
eigh

ts.
T

h
is

is
a

rem
ain

in
g

com
p
u
ta

tion
al

b
ottlen

eck
d
u
rin

g
train

in
g,

sin
ce

it
is

an
en

ergy
-con

su
m

in
g

op
eration

.

S
h
ortly

after
th

e
fi
rst

v
ersion

of
th

is
p
ap

er
w

as
p

osted
on

arX
iv

,
several

p
ap

ers
tried

to
im

p
rove

an
d

ex
ten

d
it.

R
astegari

et
al.

(2016)
m

ad
e

a
sm

all
m

o
d
ifi

catio
n

to
ou

r
algo-

rith
m

(n
am

ely
m

u
ltip

ly
in

g
th

e
b
in

ary
w

eigh
ts

an
d

in
p
u
t

b
y

th
eir

L
1

n
orm

)
an

d
p
u
b
lish

ed
p
rom

isin
g

resu
lts

on
th

e
Im

ageN
et

d
ataset.

N
ote

th
at

th
eir

m
eth

o
d
,

n
am

ed
X

n
or-N

et,
re-

q
u
ires

ad
d
ition

al
m

u
ltip

lication
b
y

a
d
iff

eren
t

scalin
g

factor
for

each
p
atch

in
each

sam
p
le

(R
astegari

et
al.,

2016)
S
ection

3.2
E

q
.

10
an

d
fi
g
u
re

2).
T

h
is

in
itself,

req
u
ires

m
an

y
m

u
l-

tip
lication

s
an

d
p
rev

en
ts

effi
cien

t
im

p
lem

en
tation

of
X

n
orN

et
on

k
n
ow

n
h
ard

w
are

d
esign

s.
M

oreover,
(R

astegari
et

al.,
2016)

d
id

n
’t

q
u
an

tize
fi
rst

an
d

last
layers,

th
erefore

X
N

O
R

-N
et

are
on

ly
p
artially

b
in

arized
N

N
s.

M
iy

ash
ita

et
al.

(2016)
su

ggested
a

m
ore

relax
ed

q
u
an

-
tization

(m
ore

th
an

1-b
it)

for
b

oth
th

e
w

eigh
ts

a
n
d

activation
.

T
h
eir

id
ea

w
as

to
q
u
an

tize
b

oth
an

d
u
se

sh
ift

op
eration

s
as

in
ou

r
E

q
.

(4).
T

h
ey

p
rop

osed
to

q
u
an

tize
th

e
p
aram

-
eters

in
th

eir
n
on

-u
n
iform

,
b
ase-2

lo
garith

m
ic

rep
resen

tation
.

T
h
is

id
ea

w
as

in
sp

ired
b
y

th
e

fact
th

at
th

e
w

eigh
ts

an
d

activation
s

in
a

train
ed

n
etw

ork
n
atu

rally
h
ave

n
on

-u
n
iform

d
istrib

u
tion

s.
T

h
ey

m
oreover

sh
ow

ed
th

at
th

ey
can

q
u
an

tize
th

e
grad

ien
ts

as
w

ell
to

6-b
it

w
ith

ou
t

sign
ifi

can
t

losses
in

p
erform

an
ce

(on
th

e
C

ifar-10
d
ataset).

Z
h
o
u

et
al.

(2016)
ap

-
p
lied

sim
ilar

id
eas

to
th

e
Im

ageN
et

d
ataset

an
d

sh
ow

ed
th

at
b
y

u
sin

g
1-b

it
w

eigh
ts,

2-b
it

activation
s

an
d

6-b
it

grad
ien

ts
th

ey
can

ach
iev

e
46.1%

top
-1

accu
racies

u
sin

g
th

e
A

lex
N

et
arch

itectu
re.

T
h
ey

n
am

ed
th

is
m

eth
o
d

D
oR

eF
a

n
et.

H
ere

w
e

ou
tp

erform
D

oR
eF

a
n
et

an
d

ach
ieve

46
.8%

u
sin

g
a

1-2-6
b
it

q
u
an

tization
sch

em
e

(w
eigh

t-activation
-grad

ien
ts)

an
d

51%
u
sin

g
a

1-2-32
q
u
an

tization
sch

em
e.

T
h
ese

resu
lts

con
fi
rm

th
at

w
e

can
ach

iev
e

com
p
arab

le
resu

lts
even

on
a

large
d
ataset

b
y

ap
p
ly

in
g

th
e

X
n
or

kern
el

several
tim

es.
M

erolla
et

al.
(2016)

sh
ow

ed
th

at
D

N
N

can
b

e
rob

u
st

to
m

ore
th

an
ju

st
w

eig
h
t

b
in

arization
.

T
h
ey

ap
p
lied

several
d
iff

eren
t

d
istortion

s
to

th
e

w
eigh

ts,
in

clu
d
in

g
ad

d
itiv

e
an

d
m

u
ltip

licative
n
oise,

an
d

a
class

of
n
on

-lin
ear

p
ro

jection
s.T

h
is

w
as

sh
ow

n
to

im
p
rove

rob
u
stn

ess
to

oth
er

d
istortion

s
an

d
ev

en
b

o
ost

resu
lts.

Z
h
en

g
an

d
T

an
g

(2016)
tried

to
ap

p
ly

ou
r

b
in

arization
sch

em
e

to
recu

rren
t

n
eu

ral
n
etw

ork
for

lan
gu

age
m

o
d
elin

g
an

d
ach

ieved
com

p
arab

le
resu

lts
as

w
ell.

A
n
d
ri

et
al.

(2016)
even

created
a

h
ard

w
are

im
p
lem

en
tation

to
sp

eed
u
p

B
N

N
s.

8
.

C
o
n
clu

sio
n

W
e

h
ave

in
tro

d
u
ced

B
N

N
s,

w
h
ich

b
in

arize
d
eep

n
eu

ral
n
etw

ork
s

an
d

can
lead

to
d
ram

a
tic

im
p
rovem

en
ts

in
b

oth
p

ow
er

con
su

m
p
tion

an
d

com
p
u
ta

tion
sp

eed
.

D
u
rin

g
th

e
forw

ard
p
ass

(b
oth

at
ru

n
-tim

e
an

d
train

-tim
e),

B
N

N
s

d
rastically

red
u
ce

m
em

ory
size

an
d

accesses,
an

d
rep

lace
m

ost
arith

m
etic

op
eration

s
w

ith
b
it-w

ise
op

eration
s.

O
u
r

estim
ates

in
d
icate

th
at

p
ow

er
effi

cien
cy

can
b

e
im

p
rov

ed
b
y

m
ore

th
a
n

on
e

ord
er

of
m

a
gn

itu
d
e

(see
S
ection

5).
In

term
s

of
sp

eed
,

w
e

p
rogram

m
ed

a
b
in

a
ry

m
atrix

m
u
ltip

lication
G

P
U

kern
el

th
at

en
ab

led

2
0
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Q
u
a
n
t
iz
e
d

N
e
u
r
a
l
N
e
t
w
o
r
k
s

ru
n
n
in

g
M

L
P

ov
er

th
e

M
N

IS
T

d
at

se
t

7
ti

m
es

fa
st

er
(t

h
an

w
it

h
an

u
n
op

ti
m

iz
ed

G
P

U
ke

rn
el

)
w

it
h
ou

t
an

y
lo

ss
of

ac
cu

ra
cy

(s
ee

S
ec

ti
on

6)
.

W
e

h
av

e
sh

ow
n

th
at

B
N

N
s

ca
n

h
an

d
le

M
N

IS
T

,
C

IF
A

R
-1

0
an

d
S
V

H
N

w
h
il
e

ac
h
ie

v
-

in
g

n
ea

rl
y

st
at

e-
of

-t
h
e-

ar
t

ac
cu

ra
cy

.
W

h
il
e

ou
r

re
su

lt
s

fo
r

th
e

ch
al

le
n
gi

n
g

Im
a
ge

N
et

ar
e

n
ot

on
p
ar

w
it

h
th

e
b

es
t

re
su

lt
s

ac
h
ie

va
b
le

w
it

h
fu

ll
p
re

ci
si

on
n
et

w
or

k
s,

th
ey

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
al

l
p
re

v
io

u
s

at
te

m
p
ts

to
co

m
p
re

ss
Im

ag
eN

et
-c

ap
ab

le
ar

ch
it

ec
tu

re
s.

M
or

eo
ve

r,
b
y

q
u
an
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lé
m

en
t

F
ar

ab
et

.
T

or
ch

7:
A

m
at

la
b
-l

ik
e

en
v
i-

ro
n
m

en
t

fo
r

m
ac

h
in

e
le

ar
n
in

g.
In

W
o
rk

sh
o
p

o
n

B
ig

L
ea

rn
,

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

11
.

M
at

th
ie

u
C

ou
rb

ar
ia

u
x
,

Y
os

h
u
a

B
en

gi
o,

an
d

J
ea

n
-P

ie
rr

e
D

av
id

.
T

ra
in

in
g

d
ee

p
n
eu

ra
l

n
et

-
w

or
k
s

w
it

h
lo

w
p
re

ci
si

on
m

u
lt

ip
li
ca

ti
on

s.
A

rX
iv

e-
p
ri

n
ts

,
ab

s/
14

12
.7

02
4,

D
ec

em
b

er
20

14
.

25
JM

L
R

 1
8(

18
7)

:1
-3

0,
 2

01
8

H
u
b
a
r
a
,
C
o
u
r
b
a
r
ia
u
x
,
S
o
u
d
r
y
,
E
l
-Y

a
n
iv

a
n
d

B
e
n
g
io

M
at

th
ie

u
C

ou
rb

ar
ia

u
x
,

Y
os

h
u
a

B
en

gi
o,

an
d

J
ea

n
-P

ie
rr

e
D

av
id

.
B

in
ar

y
co

n
n
ec

t:
T

ra
in

in
g

d
ee

p
n
eu

ra
l

n
et

w
or

k
s

w
it

h
b
in

ar
y

w
ei

gh
ts

d
u
ri

n
g

p
ro

p
ag

at
io

n
s.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
p
a
ge

s
31

23
–3

13
1,

20
15

.

J
ac

ob
D

ev
li
n
,
R

ab
ih

Z
b
ib

,
Z

h
on

gq
ia

n
g

H
u
an

g,
T

h
om

as
L

am
ar

,
R

ic
h
ar

d
S
ch

w
a
rt

z,
a
n
d

J
o
h
n

M
ak

h
ou

l.
F

as
t

an
d

ro
b
u
st

n
eu

ra
l

n
et

w
or

k
jo

in
t

m
o
d
el

s
fo

r
st

at
is

ti
ca

l
m

a
ch

in
e

tr
a
n
sl

a
-

ti
on

.
In

P
ro

ce
ed

in
gs

o
f

th
e

5
2
n

d
A

n
n

u
a
l

M
ee

ti
n

g
o
f

th
e

A
ss

oc
ia

ti
o
n

fo
r

C
o
m

p
u

ta
ti

o
n

a
l

L
in

gu
is

ti
cs

(V
o
lu

m
e

1
:

L
o
n

g
P

a
pe

rs
),

v
ol

u
m

e
1,

p
ag

es
13

70
–1

38
0,

20
14

.

S
an

d
er

D
ie

le
m

an
,

J
an

S
ch

lü
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et
al.

(2011),
called

O
S
L

O
M

,
can

in
corp

orate
ed

ge
w

eigh
ts,

b
u
t

u
ses

an
ex

p
o
n
en

tial
fu

n
ction

to
calcu

late
n
om

in
al

tail
p
rob

ab
ilities

for
ed

ge
w

eigh
t

su
m

s,
a

testin
g

a
p
p
ro

a
ch

w
h
ich

is
n
ot

b
ased

on
an

ex
p
licit

n
u
ll.

A
s

a
con

seq
u
en

ce,
com

m
u
n
ities

in
w

eigh
ted

n
etw

o
rk

s
id

en
tifi

ed
b
y

O
S
L

O
M

m
ay

in
som

e
cases

b
e

sp
u
riou

s
or

u
n
reliab

le,
esp

ecially
w

h
en

n
o

“
tru

e”
co

m
m

u
n
ities

ex
ist.

T
h
e

key
m

eth
o
d
ological

con
trib

u
tion

s
in

th
is

article
are

as
follow

s:
(i)

w
e

p
rov

id
e

an
ex

p
licit

n
u
ll

m
o
d
el

for
n
etw

ork
s

w
ith

w
eigh

ted
ed

ges,
(ii)

w
e

p
resen

t
a

com
m

u
n
ity

ex
traction

m
eth

o
d

b
a
sed

on
h
y
p

oth
esis

tests
u
n
d
er

th
e

n
u
ll,

an
d

(iii)
w

e
an

aly
ze

th
e

con
sisten

cy
p
ro

p
erties

of
th

e
m

eth
o
d
’s

core
algorith

m
w

ith
resp

ect
to

a
w

eig
h
ted

sto
ch

astic
b
lo

ck
m

o
d
el.

T
h
ese

co
n
trib

u
tion

s
p
rov

id
e

th
e

b
egin

n
in

gs
of

a
rigorou

s
statistical

fram
ew

ork
w

ith
w

h
ich

to
stu

d
y

co
m

m
u
n
ities

in
w

eigh
ted

n
etw

ork
s.

T
h
rou

gh
ex

ten
sive

sim
u
lation

s,
w

e
sh

ow
th

at
th

e
a
ccu

ra
cy

o
f

o
u
r

p
rop

osed
ex

traction
m

eth
o
d

is
h
igh

ly
com

p
etitive

w
ith

oth
er

com
m

u
n
ity

d
etectio

n
a
p
p
ro

ach
es

on
w

eigh
ted

n
etw

ork
s

w
ith

b
oth

d
isjoin

t
an

d
ov

erlap
p
in

g
com

m
u
n
ities,

a
n
d

o
n

w
eig

h
ted

n
etw

ork
s

w
ith

b
ack

grou
n
d

n
o
d
es.

Im
p

ortan
tly,

th
e

w
eigh

ted
sto

ch
astic

b
lo

ck
m

o
d
el

em
p
loy

ed
(in

b
oth

th
e

th
eoretical

an
d

em
p
irical

stu
d
ies)

allow
s

for
arb

itrary
ex

p
ected

d
eg

ree
an

d
w

eigh
ted

-d
egree

d
istrib

u
tion

s,
refl

ectin
g

d
egree

h
eterogen

eity
ob

served
in

rea
l-w

o
rld

n
etw

ork
s.

T
o

fu
rth

er
valid

ate
th

e
m

eth
o
d
,
w

e
ap

p
ly

it
to

tw
o

rea
l
d
ata

sets
w

ith
(a

rg
u
a
b
ly

)
p

o
ten

tial
overlap

p
in

g
com

m
u
n
ities

an
d

b
ack

grou
n
d

n
o
d
es.

W
e

sh
ow

th
at

th
e

p
ro

p
o
sed

m
eth

o
d

recov
ers

sen
sib

le
featu

res
of

th
e

real
d
ata,

in
con

trast
to

o
th

er
m

eth
o
d
s.

1
.1

P
a
p

e
r

o
rg

a
n

iz
a
tio

n

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
W

e
start

b
y

in
tro

d
u
cin

g
gen

eral
n
o
tation

in
S
ection

1.2
.

In
S
ection

2
w

e
m

otivate
an

d
state

th
e

con
tin

u
ou

s
con

fi
gu

ration
m

o
d
el.

In
S
ectio

n
3,

w
e

in
tro

d
u
ce

a
core

algorith
m

to
search

for
com

m
u
n
ities

u
sin

g
m

u
ltip

le
h
y
p

oth
-

esis
testin

g
u
n
d
er

th
e

m
o
d
el.

In
S
ection

4,
w

e
p
rove

b
oth

a
cen

tral
lim

it
th

eorem
an

d
a

co
n
sisten

cy
resu

lt
for

th
e

p
rim

ary
test

statistic
in

th
e

core
algorith

m
.

W
e

d
escrib

e
th

e
im

-
p
lem

en
ta

tio
n

a
n
d

ap
p
lication

of
th

e
core

alg
orith

m
in

S
ection

5,
an

d
evalu

ate
its

em
p
irical

effi
ca

cy
o
n

sim
u
lation

s
an

d
real

d
ata

in
S
ection

6
an

d
7

(resp
ectively

).
W

e
close

w
ith

a
d
iscu

ssio
n

in
S
ection

8.

1
.2

N
o
ta

tio
n

a
n

d
te

rm
in

o
lo

g
y

W
e

d
en

o
te

an
u
n
d
irected

w
eigh

ted
n
etw

ork
on

n
n
o
d
es

b
y

a
trip

leG
:=

(N
,A
,W

),
w

h
ere

N
:=
{
1,...,n}

is
th

e
n
o
d
e

set
w

ith
u
,v

as
gen

eral
elem

en
ts,

A
is

th
e

ad
jacen

cy
m

atrix
w

ith
A
u
v

=
1

if
a
n
d

on
ly

if
th

ere
is

an
ed

ge
b

etw
een

u
an

d
v
,

an
d
W

is
th

e
w

eig
h
t

m
atrix

w
ith

n
o
n
-n

ega
tive

en
tries

W
u
v

con
tain

in
g

ed
ge

w
eigh

ts
b

etw
een

n
o
d
es
u

an
d
v
.

N
ote

th
at
A
u
v

=
0

im
p
lies

W
u
v

=
0,

b
u
t
W
u
v

m
ay

b
e

zero
even

w
h
en

A
u
v

=
1.

T
h
is

allow
s

for
n
etw

ork
s

w
ith

p
o
ten

tia
lly

zero
ed

ge
w

eigh
ts;

for
in

stan
ce,

a
n

on
lin

e
so

cial
n
etw

ork
from

w
h
ich

frien
d
sh

ip
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

lin
k
s

are
ed

ges
an

d
m

essage
cou

n
ts

are
ed

ge
w

eigh
ts.

T
h
e

d
egree

of
a

n
o
d
e
u

is
d
efi

n
ed

b
y

d
(u

)
:=
∑

v∈
N
A
u
v ,

an
d

w
e

d
en

ote
th

e
vector

of
n
o
d
e

d
egrees

b
y

d
=

(d
1 ,...,d

n
).

In
a
n

an
alogou

s
fash

ion
,

w
e

d
efi

n
e

th
e

stren
gth

of
a

n
o
d
e

b
y
s(u

)
:=
∑

v∈
N
W
u
v ,

an
d

th
e

stren
gth

vector
of

th
e

n
etw

ork
b
y

s
=

(s(1),...,s(n
)).

T
h
e

total
d
egree

an
d

stren
gth

ofG
are

giv
en

b
y
d
T

:=
∑

v∈
N
d
(v

)
an

d
s
T

:=
∑

v∈
N
s(v

),
resp

ectively.

2
.

T
h
e

co
n
tin

u
o
u
s

co
n
fi
g
u
ra

tio
n

m
o
d
e
l

T
o

m
otivate

th
e

n
u
ll

m
o
d
el,

w
e

fi
rst

ex
p
lain

th
e

in
tu

ition
b

eh
in

d
th

e
b
in

ary
con

fi
gu

ration
m

o
d
el

for
u
n
w

eigh
ted

n
etw

ork
s.

T
h
e

b
in

ary
con

fi
gu

ration
m

o
d
el

for
an

n
-n

o
d
e

n
etw

ork
is

b
ased

on
a

given
d
egree

vector
d

corresp
on

d
in

g
to

th
e

n
o
d
es.

S
tu

d
ied

origin
ally

in
B

ollob
ás

(1980)
an

d
B

en
d
er

(1974),
th

e
m

o
d
el

is
eq

u
ivalen

t
to

a
p
ro

cess
in

w
h
ich

each
n
o
d
e
u

receives
d
(u

)
h
alf-ed

ges,
w

h
ich

are
p
aired

u
n
iform

ly
-at-ran

d
om

w
ith

ou
t

rep
lacem

en
t

u
n
til

n
o

h
alf-

ed
ges

rem
ain

(M
olloy

an
d

R
eed

,
1995).

In
oth

er
w

ord
s,

th
e

m
o
d
el

gu
aran

tees
a

grap
h

w
ith

d
egrees

d
b
u
t

oth
erw

ise
u
n
iform

ly
d
istrib

u
ted

ed
ges.

T
h
erefore,

given
an

ob
served

n
etw

ork
w

ith
d
eg

rees
d

,
a

ty
p
ical

d
raw

from
th

e
con

fi
gu

ration
m

o
d
el

u
n
d
er

d
rep

resen
ts

th
at

n
etw

ork
w

ith
ou

t
an

y
com

m
u
n
ity

stru
ctu

re.

D
u
e

to
th

ese
ch

aracteristics,
m

an
y

com
m

u
n
ity

d
etectio

n
m

eth
o
d
s

p
ro

ceed
b
y

id
en

tify
in

g
n
o
d
e

sets
h
av

in
g

in
tra-con

n
ectiv

ity
sign

ifi
can

tly
b

eyon
d

w
h
at

is
ex

p
ected

u
n
d
er

th
e

m
o
d
el.

F
or

in
stan

ce,
th

e
m

o
d
u
larity

m
easu

re,
in

tro
d
u
ced

b
y

N
ew

m
an

an
d

G
irvan

(2
004),

scores
n
o
d
e

p
artition

s
of

b
in

ary
n
etw

ork
s

accord
in

g
to

th
e

ob
served

versu
s

con
fi
gu

ration
m

o
d
el-

ex
p

ected
ed

ge
d
en

sities
of

th
e

com
m

u
n
ities.

T
h
e

m
eth

o
d
s

O
S
L

O
M

(L
an

cich
in

etti
et

al.,
2011)

an
d

E
S
S
C

(W
ilson

et
al.,

2014)
u
se

th
e

con
fi
gu

ration
m

o
d
el

to
assess

th
e

statisti-
cal

sign
ifi

can
ce

of
th

e
d
ev

iation
s

grap
h

statistics
from

th
eir

con
fi
gu

ration
m

o
d
el-ex

p
ected

valu
es.

M
eth

o
d
s

b
ased

on
th

e
con

fi
gu

ration
m

o
d
el

are
ab

le
to

p
rop

erly
d
istin

gu
ish

tru
e

com
m

u
n
ity

stru
ctu

re
from

“false
p

o
sitive”

com
m

u
n
ity

stru
ctu

re
arisin

g
from

in
h
eren

tly
h
igh

con
n
ectiv

ity.
F

or
in

stan
ce,

K
arrer

an
d

N
ew

m
an

(2011)
sh

ow
ed

th
at

on
a

p
olitical

b
logs

n
etw

ork
,

m
o
d
u
larity

m
ax

im
ization

fou
n
d

com
m

u
n
ities

th
at

agreed
w

ith
p

olitical
af-

fi
liation

,
w

h
ereas

th
e

sam
e

algorith
m

w
ith

ou
t

n
o
d
e

d
egree

in
p
u
t

fou
n
d

a
n
áıve

sp
lit

of
th

e
n
etw

ork
in

to
m

ore
active

an
d

less
active

b
logs.

T
h
e

d
egrees

d
of

th
e

con
fi
gu

ration
m

o
d
el

can
b

e
th

ou
gh

t
of

as
th

e
n
o
d
es’

relative
p
rop

en
-

sities
to

form
ties.

C
h
u
n
g

an
d

L
u

m
ad

e
th

is
n
otion

ex
p
licit

b
y

d
efi

n
in

g
a

B
ern

ou
lli-b

ased
m

o
d
el

for
a
n

-n
o
d
e

u
n
w

eigh
ted

n
etw

ork
w

ith
a

given
ex

p
ected

d
egree

seq
u
en

ce
(C

h
u
n
g

an
d

L
u
,

2002b
).

U
n
d
er

th
is

m
o
d
el,

th
e

p
rob

ab
ility

of
n
o
d
es
u

an
d
v

sh
arin

g
an

ed
ge

is
ex

actly
d
(u

)d
(v

)/d
T

.
A

s
n
u
ll

m
o
d
els

for
com

m
u
n
ity

d
etection

,
th

e
C

h
u
n
g-L

u
an

d
con

fi
gu

ration
are

often
in

terch
an

geab
le

(D
u
rak

et
al.,

2013).
In

d
eed

,
for

sp
a
rse

grap
h
s

it
can

b
e

sh
ow

n
th

at
th

e
p
rob

ab
ility

of
an

ed
ge

b
etw

een
u

an
d
v

u
n
d
er

th
e

con
fi
gu

ration
m

o
d
el

is
ap

p
rox

im
ately

th
e

C
h
u
n
g-L

u
p
rob

ab
ility.

T
h
e

co
n

tin
u

o
u

s
con

fi
gu

ration
m

o
d
el,

in
tro

d
u
ced

b
elow

,
ex

ten
d
s

th
e

sp
irit

of
th

e
con

fi
gu

ration
an

d
C

h
u
n
g-L

u
m

o
d
els

b
y

tak
in

g
b

oth
ob

served
d
egrees

d
an

d
stren

gth
s

s
as

n
o
d
e

p
rop

en
sities

for
(resp

ectively
)

ed
ge

con
n
ection

an
d

ed
ge

w
eigh

t.

In
th

e
n
ex

t
section

,
w

e
u
se

th
e

follow
in

g
n
otation

to
con

cisely
ex

p
ress

th
e

m
o
d
el.

G
iven

a
v
ector

x
of

d
im

en
sion

n
,

w
e

d
efi

n
e

for
an

y
in

d
ices

u
,v
∈
N

th
e

ratio

r
u
v (x

)
:=

x
(u

)x
(v

)
∑

w
∈
N
x

(w
)

(1)
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

D
efi

n
e
r̃ u
v
(x

)
:=

m
in
{1
,r
u
v
(x

)}
.

N
ot

e
th

at
w

h
en

x
is

a
d
eg

re
e

se
q
u
en

ce
d

,
r u
v
(d

)
is

th
e

C
h
u
n
g-

L
u

p
ro

b
ab

il
it

y
of

an
ed

ge
b

et
w

ee
n

n
o
d
es
u

an
d
v
.

F
in

al
ly

,
fo

r
a

ve
ct

or
y

of
d
im

en
si

on
n

,
d
efi

n
e
f u
v
(x
,y

)
:=

r u
v
(y

)/
r̃ u
v
(x

).

2
.1

M
o
d

e
l

st
a
te

m
e
n
t

T
h
e

co
n
ti

n
u
ou

s
co

n
fi
gu

ra
ti

on
m

o
d
el

on
n

n
o
d
es

h
as

th
e

p
ar

am
et

er
tr

ip
le
θ

:=
(d
,s
,κ

),
w

h
er

e
d
∈
{1
,2
,3
,.
..
}n

is
a

d
eg

re
e

v
ec

to
r,

s
∈

[0
,∞

)n
is

a
st

re
n
gt

h
ve

ct
or

,
a
n
d
κ
>

0
is

a
va

ri
an

ce
p
ar

am
et

er
.

L
et
F

b
e

a
d
is

tr
ib

u
ti

on
on

th
e

n
on

-n
eg

at
iv

e
re

al
li
n
e

w
it

h
m

ea
n

on
e

an
d

va
ri

an
ce
κ

.
T

h
e

m
o
d
el

sp
ec

ifi
es

a
ra

n
d
om

w
ei

gh
te

d
gr

ap
h
G

:=
(N
,A
,W

)
o
n
n

n
o
d
es

as
fo

ll
ow

s:

1.
P(
A
u
v

=
1)

=
r̃ u
v
(d

)
in

d
ep

en
d
en

tl
y

fo
r

al
l

n
o
d
e

p
ai

rs
u
,v
∈
N

2.
F

or
ea

ch
n
o
d
e

p
ai

r
u
,v

,
ge

n
er

at
e

a
n

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le
ξ u
v

ac
co

rd
in

g
to
F

,

an
d

as
si

gn
ed

ge
w

ei
gh

ts
b
y
:
W
u
v

=

{
f u
v
(d
,s

)ξ
u
v
,
A
u
v

=
1

0
,

A
u
v

=
0

T
h
e

ed
ge

ge
n
er

at
io

n
d
efi

n
ed

b
y

st
ep

1
is

eq
u
iv

al
en

t
to

th
e

C
h
u
n
g-

L
u

m
o
d
el

:
ed

ge
in

d
ic

at
or

s
ar

e
B

er
n
ou

ll
i,

w
it

h
p
ro

b
ab

il
it

ie
s

ad
ju

st
ed

b
y

th
e

p
ro

p
en

si
ti

es
d

.
T

h
e

w
ei

gh
t

ge
n
er

at
io

n
in

st
ep

2
m

ir
ro

rs
th

is
p
ro

ce
ss

.
E

d
ge

w
ei

gh
ts

fo
ll
ow

th
e

d
is

tr
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b
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p
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d
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d
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d
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p
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re
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b
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d
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=
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=
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b
in

ar
y
-n

et
w

or
k

n
ot

io
n

of
n
u
ll

b
eh

av
io

r
to

ed
ge

w
ei

gh
ts

.
(T

h
e

fi
rs

t
eq

u
at

io
n

w
il
l

b
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p
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=
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∈
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d
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ra
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b
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d
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ra
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d
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ra
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d
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.
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p
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ra
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p
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p
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d
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p
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ra
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∑
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∑
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h
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ra
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∑

u
,v

:A
u
v
=

1

(W
u
v
−
f u
v
(d
,s

))
2
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∑
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∑
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b
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∑
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p
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d
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p
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p
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d
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p
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p
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p
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d
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d
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d
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h
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u
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.
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d
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d
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b
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d
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p
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p
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u
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d
e
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p
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b
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∈
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⊆
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b
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b
ased

on
th

e
su

m
m

ary
statistic

S
(u
,B
,G

)
:=
∑v∈
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con
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b
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ra
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d
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p
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⊆
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b
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y
p

oth
eses

are
in

d
ep

en
d
en

t,
th

e
th

resh
old

τ
(p

)
b

o
u
n
d
s

th
e

ex
p

ected
n
u
m

b
er

of
false

d
iscoveries

at
α

.

T
h
e

u
p

d
a
te
U
α

is
an

ex
p
loratory

to
ol

for
m

ov
in

g
an

in
p
u
t

set
B

closer
to

a
“target”

co
m

m
u
n
ity.

C
o
n
sid

er
th

at,
if

th
e

in
itial

set
B

h
as

a
m

a
jority

grou
p

of
n
o
d
es

fro
m

som
e

stro
n
g
ly

-co
n
n
ected

com
m

u
n
ity

C
,

th
e

statistic
S

(u
,B
,G

)
w

ill
b

e
large

for
u
∈
C

,
an

d
sm

all
o
th

erw
ise.

In
th

is
case,

U
α

ap
p
lied

to
B

w
ill

often
retu

rn
m

an
y

n
o
d
es

in
C

,
a
n
d

few
n
o
d
es

in
C
c.

N
o
te

th
at
U
α

can
rem

o
ve

n
o
d
es

from
B

,
if

th
ey

are
n
ot

sign
ifi

can
tly

con
n
ected

,
as

w
ell

a
s

a
d
d

th
em

.

If
C

is
a

co
m

m
u
n
ity

w
ith

stron
g

en
ou

gh
sign

al,
w

e
sh

ou
ld

ex
p

ect
U
α
(C
,D

)
to

retu
rn
C

.
T

h
is

rea
so

n
in

g
m

otivates
an

algorith
m

th
at

search
es

for
“stab

le
com

m
u
n
ities”

C
satisfy

in
g

U
α
(C
,D

)
=
C

.
B

y
d
efi

n
ition

,
all

in
terior

n
o
d
es

of
a

stab
le

com
m

u
n
ity

C
are

sign
ifi

can
tly
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

con
n
ected

to
C

,
an

d
ex

terior
n
o
d
es

are
n
ot.

W
e

d
efi

n
e

a
stab

le
com

m
u
n
ity

search
p
ro

ced
u
re,

w
h
ich

iterativ
ely

ap
p
lies

U
α

u
n
til

con
vergen

ce:

S
ta

b
le

c
o
m

m
u
n

ity
se

a
rch

(S
C

S
)

a
lg

o
rith

m

1.
G

iven
w

eigh
ted

grap
h
G

w
ith

n
o
d
es
N

an
d

in
itial

set
B

0 ⊆
N

;
t←

0

2.
S
et
B
t+

1 ←
U
α
(B

t ,G
)

an
d
t←

t
+

1.

3.
If
B
t

=
B
t ′

for
som

e
t ′
<
t,

term
in

ate.
E

lse,
retu

rn
to

step
2.

S
in

ce
th

e
n
u
m

b
er

of
p

ossib
le

n
o
d
e

su
b
sets

B
t

is
fi
n
ite,

S
C

S
is

gu
aran

teed
to

term
in

ate.
T

h
ere

are
som

e
tech

n
icalities

regard
in

g
u
se

of
th

is
alg

orith
m

,
like

h
ow

to
ob

tain
B

0 ,
an

d
w

h
en

in
rare

cases
t ′
<
t−

1.
W

e
relegate

resolu
tion

of
th

ese
issu

es
to

S
ection

5.
F

or
n
ow

,
th

e
u
p

d
ate

U
α

an
d

S
C

S
raise

tw
o

th
eoretical

q
u
estion

s:

1.
Is

th
e

p
-valu

e
p
(u
,B
,G

)
an

aly
tically

tractab
le?

If
n
o
t,

is
th

ere
a

u
sefu

l
d
istrib

u
tion

al
ap

p
rox

im
ation

b
ased

on
th

e
con

tin
u
ou

s
con

fi
gu

ration
m

o
d
el?

2.
C

on
sisten

cy
:

w
ith

w
h
at

p
ow

er
can

S
C

S
d
etect

grou
n
d
-tru

th
com

m
u
n
ity

stru
ctu

re?

T
h
ese

q
u
estion

s
are

th
e

fo
cu

s
of

th
e

n
ex

t
section

.

4
.

T
h
e
o
re

tica
l

R
e
su

lts

W
e

n
ow

ad
d
ress

th
e

th
eoretical

q
u
estion

s
raised

at
th

e
en

d
of

th
e

p
rev

iou
s

section
b
y

an
aly

zin
g

th
e

d
istrib

u
tion

of
th

e
test

statistic
S

(u
,B
,G

)
u
n
d
er

th
e

con
tin

u
ou

s
con

fi
gu

ration
m

o
d
el

(for
q
u
estion

1)
an

d
an

ap
p
rop

riate
altern

ative
m

o
d
el

w
ith

p
lan

ted
com

m
u
n
ity

stru
c-

tu
re

(for
q
u
estion

2).
B

oth
an

aly
ses

h
ave

a
n

asy
m

p
totic

settin
g

con
sistin

g
of

a
seq

u
en

ce
of

ran
d
om

w
eigh

ted
n
etw

ork
s.

D
en

ote
th

is
seq

u
en

ce
b
y
{G

n }
n
>

1 .
IfG

n
is

a
con

tin
u
ou

s
con

fi
gu

ration
m

o
d
el

w
ith

p
aram

eters
θ

:=
(s,d

,κ
),

th
e

follow
in

g
p
rop

osition
gives

gen
eral

ex
p
ression

s
for

th
e

m
ean

an
d

stan
d
ard

d
ev

iation
of
S

(u
,B
,G

n
):

P
ro

p
o
sitio

n
1

L
etG

=
(N
,A
,W

)
be

a
ra

n
d
o
m

n
etw

o
rk

gen
era

ted
by

th
e

co
n

tin
u

o
u

s
co

n
-

fi
gu

ra
tio

n
m

od
el

w
ith

pa
ra

m
eters

θ
=

(s,d
,κ

).
F

o
r

a
n

y
(u
,B

)∈
N
×

2
N

,
let

µ
(u
,B
|θ)

a
n

d
σ

(u
,B
|θ)

be,
respectively,

th
e

m
ea

n
a
n

d
sta

n
d
a
rd

d
evia

tio
n

o
f
S

(u
,B
,G

)
u

n
d
er
G

.
T

h
en

µ
(u
,B
|θ)≡

µ
(u
,B
|s)

=
∑v∈
B

r
u
v (s)

(8)

a
n

d

σ
(u
,B
|θ)

2
=
∑v∈
B

r
u
v (s)f

u
v (d

,s)
(1−

r̃
u
v (d

)
+
κ

)
(9)

T
h
e

p
ro

of,
given

in
A

p
p

en
d
ix

A
,

follow
s

from
easy

calcu
lation

s
w

ith
th

e
m

o
d
el’s

gen
eratin

g
p
ro

ced
u
re

(see
S
ection

2.1).
A

ll
th

eoretical
resu

lts
w

ill
m

ak
e

u
se

of
th

e
ex

p
ression

s
d
efi

n
ed

in
eq

u
ation

s
8

an
d

9.
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

4
.1

A
sy

m
p

to
ti

c
N

o
rm

a
li
ty

o
f
S

(u
,B
,G

)

A
ce

n
tr

al
li
m

it
th

eo
re

m
u
n
d
er

th
e

n
u
ll

m
o
d
el

is
n
ow

es
ta

b
li
sh

ed
fo

r
S

(u
,B
,G

),
y
ie

ld
in

g
a

cl
os

ed
-f

or
m

ap
p
ro

x
im

at
io

n
fo

r
th

e
p
-v

al
u
e

in
eq

u
at

io
n

(7
).

T
h
is

re
su

lt
is

m
ot

iv
at

ed
b
y

th
e

fa
ct

th
at

,
u
n
d
er

m
os

t
n
on

-t
ri

v
ia

l
n
u
ll

p
ar

am
et

er
sp

ec
ifi

ca
ti

on
s,

th
e

d
is

tr
ib

u
ti

on
of
S

(u
,B
,G

)
is

n
ot

an
al

y
ti

ca
ll
y

tr
ac

ta
b
le

.

In
th

e
se

tt
in

g
of

th
e

th
eo

re
m

,
fo

r
an

y
n
>

1,
a

ra
n
d
om

n
et

w
or

k
G n

is
ge

n
er

at
ed

b
y

a
co

n
ti

n
u
ou

s
co

n
fi
gu

ra
ti

on
m

o
d
el

w
it

h
p
ar

am
et

er
θ n

:=
(d

n
,s
n
,κ

n
)

a
n
d

co
m

m
on

w
ei

gh
t

d
is

tr
ib

u
ti

on
F

.
T

h
e

fo
ll
ow

in
g

re
gu

la
ri

ty
co

n
d
it

io
n
s

ar
e

re
q
u
ir

ed
on

th
e

se
q
u
en

ce
{θ
n
} n
>

1
.

L
et
λ
n

d
en

ot
e

th
e

av
er

ag
e

en
tr

y
of

d
n
,

(w
h
ic

h
is

th
e

av
er

ag
e

ex
p

ec
te

d
d
eg

re
e

of
G n

).
F

or
ea

ch
r
>

0
le

t
L
n
,r

:=
n
−

1
∑

u
∈N

(d
n
(u

)/
λ
n
)r

b
e

th
e

n
or

m
al

iz
ed

rt
h
-m

om
en

t
of

d
n
.

N
ot

e
th

at
L
n
,1

=
1.

T
h
e

re
gu

la
ri

ty
co

n
d
it

io
n
s

ar
e

th
en

as
fo

ll
ow

s:

A
ss

u
m

p
ti

o
n

1
D

efi
n

e
e n

(u
|β

)
:=

s n
(u

)/
d
n
(u

)1
+
β

.
T

h
er

e
ex

is
ts
β
>

0
su

ch
th

a
t

0
<

li
m

in
f

n
→
∞

m
in

u
∈N

e n
(u
|β

)
a
n

d
li
m

su
p

n
→
∞

m
ax

u
∈N

e n
(u
|β

)
<
∞
.

A
ss

u
m

p
ti

o
n

2
L

et
β

be
a
s

in
A

ss
u

m
p
ti

o
n

1
.

T
h
er

e
ex

is
ts
ε
>

0
su

ch
th

a
t,

fo
r

bo
th

r
=

4β
+

2
a
n

d
r

=
4β

+
2

+
ε,

0
<

li
m

in
f

n
→
∞

L
n
,r

a
n

d
li
m

su
p

n
→
∞

L
n
,r
<
∞

A
ss

u
m

p
ti

o
n

3
li
m

su
p

n
→
∞

su
p

u
,v
∈N
r u
v
(d

n
)
<
∞

.

A
ss

u
m

p
ti

o
n

4
T

h
e

se
qu

en
ce
{κ

n
} n
>

1
is

bo
u

n
d
ed

a
w

a
y

fr
o
m

ze
ro

a
n

d
in

fi
n

it
y,

a
n

d
F

h
a
s

fi
n

it
e

th
ir

d
m

o
m

en
t.

A
ss

u
m

p
ti

on
1

re
fl
ec

ts
th

e
co

m
m

on
re

la
ti

on
sh

ip
b

et
w

ee
n

st
re

n
gt

h
s

a
n
d

d
eg

re
es

in
re

al
-

w
or

ld
w

ei
gh

te
d

n
et

w
or

k
s

(B
ar

ra
t

et
al

.,
20

04
;

C
la

u
se

t
et

al
.,

20
09

).
A

ss
u
m

p
ti

o
n
s

2-
3

ar
e

n
ee

d
ed

to
co

n
tr

ol
th

e
ex

tr
em

al
b

eh
av

io
r

of
th

e
d
eg

re
e

d
is

tr
ib

u
ti

on
.

T
h
ey

ex
cl

u
d
e,

fo
r

in
st

an
ce

,
ca

se
s

w
it

h
a

fe
w

n
o
d
es

h
av

in
g
d
n
(u

)
�
n

an
d

th
e

re
m

ai
n
in

g
n
o
d
es

h
av

in
g
d
n
(u

)
=

O
(1

).
W

e
n
ot

e
th

at
th

e
A

ss
u
m

p
ti

on
2

b
ec

om
es

m
or

e
st

ri
n
ge

n
t

a
s
β

in
cr

ea
se

s,
si

n
ce

as
β

in
cr

ea
se

s
th

e
st

re
n
gt

h
-d

eg
re

e
p

ow
er

la
w

b
ec

om
es

m
or

e
se

ve
re

.

T
h

e
o
re

m
2

F
o
r

ea
ch

n
>

1,
le

t
G n

be
ge

n
er

a
te

d
by

th
e

co
n

ti
n

u
o
u

s
co

n
fi

gu
ra

ti
o
n

m
od

el
w

it
h

pa
ra

m
et

er
θ n

a
n

d
w

ei
gh

t
d
is

tr
ib

u
ti

o
n
F

.
S

u
p
po

se
{θ
n
} n
>

1
a
n

d
F

sa
ti

sf
y

A
ss

u
m

p
ti

o
n

s
1
-4

.
F

ix
a

n
od

e
se

qu
en

ce
{u

n
} n
>

1
w

it
h
u
n
∈
N

a
n

d
a

po
si

ti
ve

in
te

ge
r

se
qu

en
ce
{b
n
} n
>

1

w
it

h
b n
6
n

.
S

u
p
po

se
d
n
(u
n
)b
n
/n
→
∞

a
s
n
→
∞

.
L

et
B
n
⊆
N

be
a

n
od

e
se

t
ch

o
se

n
in

d
ep

en
d
en

tl
y

o
f
G n

a
cc

o
rd

in
g

to
th

e
u

n
if

o
rm

d
is

tr
ib

u
ti

o
n

o
n

a
ll

se
ts

o
f

si
ze
b n

.
T

h
en

S
(u
n
,B

n
,G

n
)
−
µ
n
(u
n
,B

n
|θ n

)

σ
n
(u
n
,B

n
|θ n

)
⇒
N

(0
,1

)
a
s
n
→
∞

(1
0)
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8,
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8

P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

T
h
e

p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

B
.

E
ss

en
ti

al
ly

,
T

h
eo

re
m

2
sa

y
s

th
at
S

(u
,B
,G

)
is

a
sy

m
p
-

to
ti

ca
ll
y

N
or

m
al

p
ro

v
id

ed
th

at
B

is
ty

p
ic

al
(i

.e
.

a
u
n
if

or
m

d
ra

w
)

an
d

th
at
d
(u

)
a
n
d
B

a
re

su
ffi

ci
en

tl
y

la
rg

e.
T

h
e

th
eo

re
m

ju
st

ifi
es

th
e

fo
ll
ow

in
g

ap
p
ro

x
im

at
io

n
of

th
e

p
-v

a
lu

e
in

(7
):

p
(u
,B

)
≈

1
−

Φ

(
S

(u
,B
,G

)
−
µ

(u
,B
|θ)

σ
(u
,B
|θ

)

)
(1

1
)

A
b

ov
e,
θ

=
(d
,s
,κ̂

(d
,s

))
is

co
m

p
u
te

d
fr

om
G,

as
d
es

cr
ib

ed
in

S
ec

ti
on

2.
2.

N
o
te

th
a
t

th
e

n
u
m

er
at

or
S

(u
,B
,G

)
−
µ

(u
,B
|θ

)
is

th
e

co
n
tr

ib
u
ti

on
of
B

to
th

e
st

an
d
ar

d
m

o
d
u
la

ri
ty

sc
o
re

,
as

w
il
l

b
e

d
is

cu
ss

ed
in

m
or

e
d
et

ai
l

in
S
ec

ti
on

s
4.

2.
2

an
d

4.
2.

3.
T

h
e

va
ri

an
ce
σ

(u
,B
|θ

)
th

u
s

st
an

d
ar

d
iz

es
th

e
m

ag
n
it

u
d
e

of
B

’s
m

o
d
u
la

ri
ty

,
p
ro

v
id

in
g

an
ap

p
ro

p
ri

at
e

te
st

st
a
ti

st
ic

fo
r

co
m

m
u
n
it

y
eff

ec
t.

4
.2

C
o
n

si
st

e
n

c
y

o
f

S
C

S

In
th

is
se

ct
io

n
,

w
e

ev
al

u
at

e
th

e
ab

il
it

y
of

th
e

S
C

S
al

go
ri

th
m

to
id

en
ti

fy
tr

u
e

co
m

-
m

u
n
it

ie
s

in
a

p
la

n
te

d
-c

om
m

u
n
it

y
m

o
d
el

.
E

x
p
li
ci

tl
y,

w
e

co
n
si

d
er

a
se

q
u
en

ce
o
f

n
et

w
o
rk

s
{G

n
} n
>

1
w

h
er

e
ea

ch
n
et

w
or

k
in

th
e

se
q
u
en

ce
is

ge
n
er

at
ed

b
y

a
w

ei
gh

te
d

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

(W
S
B

M
).

T
h
e

W
S
B

M
w

e
em

p
lo

y
is

si
m

il
ar

to
th

at
p
re

se
n
te

d
in

A
ic

h
er

et
a
l.

(2
01

4)
,

b
u
t

is
ge

n
er

al
iz

ed
to

in
cl

u
d
e

n
o
d
e-

sp
ec

ifi
c

w
ei

gh
t

p
ar

am
et

er
s.

In
o
th

er
w

o
rd

s,
it

is
“s

tr
en

gt
h
-c

or
re

ct
ed

”
as

w
el

l
as

d
eg

re
e-

co
rr

ec
te

d
,

in
a

m
an

n
er

an
al

og
ou

s
to

th
e

o
ri

g
i-

n
al

d
eg

re
e-

co
rr

ec
te

d
S
B

M
(C

o
ja

-O
gh

la
n

an
d

L
an

ka
,

20
09

).
T

h
e

p
ro

of
s

of
T

h
eo

re
m

4
a
n
d

T
h
eo

re
m

5
ar

e
gi

ve
n

in
A

p
p

en
d
ix

C
.

4
.2
.1

T
h
e
w
e
ig
h
t
e
d

st
o
c
h
a
st

ic
b
l
o
c
k

m
o
d
e
l

F
or

fi
x
ed

K
>

1,
w

e
d
efi

n
e

a
K

-b
lo

ck
W

S
B

M
on

n
>

1
n
o
d
es

as
fo

ll
ow

s.
L

et
c
n

b
e

a
co

m
m

u
n
it

y
p
ar

ti
ti

on
v
ec

to
r

w
it

h
c n

(u
)
∈
{1
,.
..
,K
}

gi
v
in

g
th

e
co

m
m

u
n
it

y
in

d
ex

o
f
u

.
D

e-
n
ot

e
co

m
m

u
n
it

y
i

b
y
C
i,
n

:=
{u

:
c n

(u
)

=
i}

.
D

efi
n
e
π
i,
n

:=
n
−

1
|C
i,
n
|w

it
h
π
n

th
e

a
ss

o
ci

a
te

d
ve

ct
or

.
L

et
P

an
d

M
b

e
fi
x
ed

K
×
K

sy
m

m
et

ri
c

m
at

ri
ce

s
w

it
h

n
on

-n
eg

at
iv

e
en

tr
ie

s
en

co
d
-

in
g

in
tr

a-
an

d
in

te
r-

co
m

m
u
n
it

y
b
as

el
in

e
ed

ge
p
ro

b
ab

il
it

ie
s

an
d

ed
ge

w
ei

gh
t

ex
p

ec
ta

ti
o
n
s,

re
sp

ec
ti

ve
ly

.
L

et
φ
n

an
d
ψ
n

b
e

ar
b
it

ra
ry
n

-v
ec

to
rs

w
it

h
p

os
it

iv
e

en
tr

ie
s,

w
h
ic

h
a
re

p
a
ra

m
-

et
er

s
gi

v
in

g
n
o
d
es

in
d
iv

id
u
al

p
ro

p
en

si
ti

es
to

fo
rm

ed
ge

s
an

d
as

si
gn

w
ei

gh
t

(s
ep

a
ra

te
ly

fr
o
m

P
an

d
M

).
T

o
en

su
re

p
ro

p
er

ed
ge

p
ro

b
ab

il
it

ie
s,

w
e

as
su

m
e

th
at

m
ax

(φ
n
)2

m
a
x
(P

)
6

1
.

F
o
r

id
en

ti
fi
ab

il
it

y,
w

e
as

su
m

e
th

e
v
ec

to
rs
φ
n

an
d
ψ
n

su
m

to
n

.
F

in
al

ly
,

le
t
F

b
e

a
d
is

tr
ib

u
ti

o
n

on
th

e
n
on

-n
eg

at
iv

e
re

al
li
n
e

w
it

h
m

ea
n

1
an

d
va

ri
an

ce
σ

2
>

0.
T

h
e

W
S
B

M
ca

n
th

en
b

e
sp

ec
ifi

ed
as

fo
ll
ow

s:

1.
P

la
ce

an
ed

ge
b

et
w

ee
n

n
o
d
es
u

an
d
v

w
it

h
p
ro

b
a
b
il
it

y
P n

(A
u
v

=
1)

=
r u
v
(φ
n
)P

c n
(u

)c
n

(v
),

in
d
ep

en
d
en

tl
y

ac
ro

ss
n
o
d
e

p
ai

rs
.

2.
F

or
n
o
d
e

p
ai

r
u
,v

w
it

h
A
u
v

=
1,

ge
n
er

at
e

an
in

d
ep

en
d
en

t
ra

n
d
om

va
ri

a
b
le
ξ u
v

a
c-

co
rd

in
g

to
F

.
D

et
er

m
in

e
ed

ge
w

ei
gh

t
W
u
v

b
y
:

W
u
v

=

{
f u
v
(ψ

n
,φ

n
)M

c n
(u

)c
n

(v
)ξ
u
v
,
A
u
v

=
1

0,
A
u
v

=
0

T
h
e

m
an

y
p
ar

am
et

er
s

in
v
ol

ve
d

w
it

h
th

is
m

o
d
el

al
lo

w
fo

r
n
o
d
e

h
et

er
og

en
ei

ty
a
n
d

co
m

-
m

u
n
it

y
st

ru
ct

u
re

.
W

h
en

P
an

d
M

ar
e

p
ro

p
or

ti
on

al
to

a
K
×
K

m
at

ri
x

of
on

es
,

th
e

W
S
B

M
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

red
u
ces

to
th

e
con

tin
u
ou

s
con

fi
gu

ration
m

o
d
el

w
ith

p
aram

eters
d
∝
φ

,
s∝

ψ
,

an
d
κ

=
σ

2.
C

o
m

m
u
n
ity

stru
ctu

re
is

in
tro

d
u
ced

in
th

e
n
etw

ork
b
y

allow
in

g
th

e
d
iagon

al
en

tries
of

P
a
n
d

M
to

b
e

arb
itrarily

larger
th

an
th

e
off

-d
iagon

als.

4
.2
.2

C
o
n
sist

e
n
c
y
t
h
e
o
r
e
m

T
h
e

co
n
sisten

cy
an

aly
sis

of
S
C

S
in

volv
es

a
seq

u
en

ce
of

ran
d
om

n
etw

ork
s{G

n }
n
>

1 ,
w

h
ere

G
n

is
g
en

era
ted

b
y

a
K

-com
m

u
n
ity

W
S
B

M
.

In
th

is
settin

g,
w

e
in

corp
ora

te
an

ad
d
ition

al
p
a
ra

m
eter

ρ
n
,

an
d

let
P
n

:=
ρ
n
P

rep
lace

P
for

each
n
>

1
.

T
h
is

lets
u
s

d
istin

gu
ish

th
e

role
o
f

th
e

a
sy

m
p
to

tic
ord

er
of

th
e

avera
ge

ex
p

ected
d
egree,

d
efi

n
ed

λ
n

:=
n
ρ
n
,

from
th

e
p
rofi

le
o
f

ed
g
e

d
en

sities
w

ith
in

an
d

b
etw

een
com

m
u
n
ities

(P
).

Im
p

ortan
tly,

ou
r

resu
lts

req
u
ire

o
n
ly

th
a
t
λ
n
/

log
n
→
∞

,
refl

ectin
g

th
e

sp
arsity

of
real-w

orld
n
etw

ork
s.

T
h
rou

gh
ou

t
th

is
sectio

n
,

w
e

d
en

ote
th

e
vector

of
(ran

d
om

)
stren

gth
s

from
G
n

b
y

S
n
.

W
e

n
ow

d
efi

n
e

an
ex

p
licit

n
otion

of
con

sisten
cy

in
term

s
of

th
e

S
C

S
algorith

m
.

R
ecall

fro
m

S
ectio

n
3

th
at

for
fi
x
ed

F
D

R
α
∈

(0,1),
a

stab
le

com
m

u
n
ity

in
a

n
etw

ork
G
n

is
d
efi

n
ed

a
s

a
n
o
d
e

set
C
⊆
N

satisfy
in

g
U
α
(C
,G

n
)

=
C

.

D
e
fi

n
itio

n
3

W
e

sa
y

th
a
t

S
C

S
is

co
n

sisten
t

fo
r

a
sequ

en
ce

o
f

W
S

B
M

ra
n

d
o
m

n
etw

o
rks

{G
n }

n
>

1
if

fo
r

a
n

y
F

D
R

level
α
∈

(0,1),
th

e
p
ro

ba
bility

th
a
t

th
e

tru
e

co
m

m
u

n
ities

C
1
,n
,...,C

K
,n

a
re

sta
ble

a
p
p
roa

ch
es

1
a
s
n
→
∞

.

T
o

assess
th

e
con

d
ition

s
th

at
allow

a
target

set
C

to
b

e
a

stab
le

com
m

u
n
ity,

w
e

seek
m

ore
g
en

era
l

co
n
d
ition

s
u
n
d
er

w
h
ich

th
e

u
p

d
ate

U
α
(·

,G
)

ou
tp

u
ts
C

given
an

y
in

itial
set

B
.

If
U
α
(B
,G

n
)

=
C

,
all

n
o
d
es
u
∈
C

m
u
st

h
ave

sign
ifi

can
t

con
n
ectiv

ity
to
B

,
as

ju
d
ged

b
y

th
e

p
-va

lu
e

ap
p
rox

im
ation

d
efi

n
ed

in
11.

It
is

clear
from

th
at

p
-valu

e
ex

p
ression

th
at,

fo
r

th
e

u
p

d
a
te

to
retu

rn
C

,
th

e
test

statistic
S

(u
,B
,G

n
)

m
u
st

b
e

sign
ifi

can
tly

larger
th

an
µ

(u
,B
|S
n
),

its
ex

p
ected

valu
e

u
n
d
er

th
e

con
tin

u
ou

s
con

fi
gu

ration
m

o
d
el.

T
h
erefore,

ou
r

fi
rst

resu
lt

h
in

ges
on

asy
m

p
totic

an
aly

sis
of

th
a
t

d
ev

ia
tion

,
w

h
ich

w
e

d
en

o
te

b
y

A
(u
,B
,G

n
)

:=
S

(u
,B
,G

n
)−

µ
n
(u
,B
|S
n
).

(12)

T
h
e

a
sy

m
p
to

tics
of

A
(u
,B
,G

n
)

d
ep

en
d

on
its

po
p
u

la
tio

n
version

,
in

w
h
ich

all
ran

d
om

q
u
a
n
tities

a
re

rep
laced

w
ith

th
eir

ex
p

ected
valu

es
u
n
d
er

th
e

W
S
B

M
.
L

et
s
n

b
e

th
e

ex
p

ected
valu

e
o
f
S
n

u
n
d
erG

n
.

W
e

d
efi

n
e

th
e

(n
orm

alized
)

p
op

u
lation

version
of
A

(u
,B
,G

n
)

b
y

ã
n
(u
,B

)
:=

λ
−

1
n

(E
S

(u
,B
,G

n
)−

µ
n
(u
,B
|s̄
n
))
,

(13)

w
h
ere

λ
n

is
th

e
ord

er
of

th
e

av
erage

ex
p

ected
d
egree.

T
h
e

valu
e
ã
n
(u
,B

)
is

cru
cial

to
th

e
p
rim

a
ry

co
n
d
ition

of
T

h
eorem

4.
G

iven
a

seq
u
en

ce
of

in
itial

sets{
B
n }

n
>

1
an

d
target

sets
{
C
n }

n
>

1 ,
T

h
eo

rem
4

estab
lish

es
th

a
t
U
α
(B

n
,G

n
)

=
C
n

w
ith

p
rob

ab
ility

ap
p
roach

in
g

1
if

ã
n
(u
,B

)
is

b
o
u
n
d
ed

aw
ay

from
zero,

an
d

is
p

ositive
if

an
d

on
ly

if
u
∈
C
n
.

T
h
e

th
eorem

req
u
ires

th
e

follow
in

g
tw

o
assu

m
p
tion

s:

A
ssu

m
p

tio
n

5
T

h
ere

exist
co

n
sta

n
ts
m

+
>
m
−
>

0
su

ch
th

a
t,

fo
r

a
ll
n
>

1,
th

e
en

tries
o
f
φ
n

,
ψ
n

,
P

,
M

,
a
n

d
π
n

a
re

a
ll

bo
u

n
d
ed

in
th

e
in

terva
l

[m
−
,m

+
].

A
ssu

m
p

tio
n

6
F

is
in

d
epen

d
en

t
o
f
n

a
n

d
h
a
s

su
p
po

rt
(0,η

)
w

ith
η
<
∞

.
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

A
ssu

m
p
tion

5
is

stan
d
ard

in
con

sisten
cy

an
aly

ses
in

volv
in

g
b
lo

ck
m

o
d
els

(e.g.
Z

h
ao

et
al.,

2012;
B

ickel
an

d
C

h
en

,
2009).

W
e

n
ote

th
a
t

th
is

assu
m

p
tion

req
u
ires

th
e

m
in

im
u
m

com
m

u
-

n
ity

size
to

scale
w

ith
n

.
A

ssu
m

p
tion

6
allow

s
th

e
u
se

of
B

ern
stein

’s
in

eq
u
ality

th
rou

gh
ou

t
th

e
p
ro

of,
b
u
t

m
ay

b
e

relax
ed

if
th

ere
are

con
strain

ts
on

th
e

m
om

en
ts

of
F

allow
in

g
th

e
u
se

of
a

sim
ilar

in
eq

u
ality.

W
e

n
ow

state
T

h
eorem

4,
th

e
p
ro

of
of

w
h
ich

is
given

in
A

p
p

en
d
ix

C
.

T
h

e
o
re

m
4

F
ix
K
>

1.
F

o
r

ea
ch

n
>

1
,

letG
n

be
a
n

-n
od

e
ra

n
d
o
m

n
etw

o
rk

gen
era

ted
by

a
K

-co
m

m
u

n
ity

W
S

B
M

w
ith

pa
ra

m
eters

sa
tisfyin

g
A

ssu
m

p
tio

n
s

5
-

6
.

S
u

p
po

se
λ
n
/

log
n
→

∞
.

L
et{

B
n }

n
>

1 ,{
C
n }

n
>

1
be

sequ
en

ces
o
f

n
od

e
sets

sa
tisfyin

g
th

e
fo

llo
w

in
g:

th
ere

exist
co

n
sta

n
ts
q∈

(0,1
]

a
n

d
∆
>

0
su

ch
th

a
t

fo
r

a
ll
n

su
ffi

cien
tly

la
rge,|B

n |,|C
n |>

qn
,

a
n

d

ã
n
(u
,B

n
)>

∆
,
u
∈
C
n
,

a
n

d
ã
n
(u
,B

n
)6
−

∆
,
u
/∈
C
n
.

(14)

T
h
en

if
th

e
u

pd
a
te
U
α

u
ses

th
e

p
-va

lu
e

a
p
p
ro

xim
a
tio

n
given

in
E

qu
a
tio

n
(11),

P
n (U

α
(B

n
,G

n
)

=
C
n )→

1
a
s
n
→
∞
.

T
o

p
rove

th
e

con
sisten

cy
of

S
C

S
,

w
e

sh
ow

th
at

con
d
ition

14,
w

h
en

it
in

volves
th

e
com

-
m

u
n
ity

seq
u
en

ce,
is

gu
aran

teed
b
y

a
con

cise
con

d
ition

on
th

e
m

o
d
el

p
aram

eters.
L

et
π̃
i,n

:=
∑

v∈
C
i,n
ψ
n
(v

),
an

d
let

π̃
n

b
e

th
e

vector
of
π̃
i,n

’s.
T

h
e

con
sisten

cy
th

eorem
re-

q
u
ires

th
e

follow
in

g
ad

d
ition

al
assu

m
p
tion

,
an

an
alog

to
w

h
ich

can
b

e
fou

n
d

in
Z

h
ao

et
al.

(2012)
for

con
sisten

cy
of

m
o
d
u
larity

u
n
d
er

th
e

d
egree-corrected

S
B

M
:

A
ssu

m
p

tio
n

7
π̃
n
≡
π̃

d
oes

n
o
t

d
epen

d
o
n
n

.

A
ssu

m
p
tion

7
is

m
ad

e
m

ain
ly

for
clarity.

W
ith

ou
t

it,
th

e
con

d
ition

in
(15)

of
T

h
eorem

5
(b

elow
)

m
u
st

h
old

for
su

ffi
cien

tly
large

n
,

som
eth

in
g

w
h
ich

is
in

con
seq

u
en

tial
to

th
e

p
ro

of.
D

efi
n
e

H
:=

P
·M

,
th

e
en

try
-w

ise
p
ro

d
u
ct,

w
h
ich

is
sy

m
m

etric
b

ecau
se

P
an

d
M

are
each

sy
m

m
etric.

N
ote

th
at

w
h
en

φ
an

d
ψ

are
p
rop

ortion
al

to
1-vectors,

E
(W

u
v )

=
H
c(u

)c(v
)

for
all

u
,v
∈
N

.
T

h
u
s,

th
e

in
terp

retation
of

H
is

as
th

e
b
aselin

e
in

ter/in
tra-com

m
u
n
ity

w
eigh

t
ex

p
ectation

s
after

in
tegratin

g
ou

t
ed

ge
p
resen

ce.
D

efi
n
in

g
Π̃

:=
π̃
π̃
t,

w
e

state
th

e
con

sisten
cy

th
eorem

:

T
h
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ős

-R
en

y
i,

as
lo

n
g

as
th

e
ed

ge
w

ei
gh

t
si

gn
al

(e
n
co

d
ed

in
M

)
is

p
ro

p
er

ly
as

so
rt

at
iv

e.
O

f
co

u
rs

e,
th

e
op

p
os

it
e

al
so

h
ol

d
s,

n
am

el
y

th
at

S
C

S
is

co
n
si

st
en

t
ev

en
w

h
en

as
so

rt
a
ti

ve
co

m
m

u
n
it

y
si

gn
al

is
on

ly
p
re

se
n
t

in
P

.
In

fa
ct

,
on

e
m

at
ri

x
m

ay
ev

en
b

e
d
is

a
ss

o
rt

a
ti

ve
(s

om
e

or
al

l
off

-d
ia

go
n
al

en
tr

ie
s

la
rg

er
th

an
d
ia

go
n
al

s)
as

lo
n
g

as
th

e
ot

h
er

is
su

ffi
ci

en
tl

y
as

so
rt

at
iv

e.

4
.2
.3

C
o
n
n
e
c
t
io
n
t
o

w
e
ig
h
t
e
d

m
o
d
u
l
a
r
it
y
a
n
d

r
e
l
a
t
e
d

w
o
r
k

T
h
e

co
n
d
it

io
n
s

of
T

h
eo

re
m

4
an

d
T

h
eo

re
m

5
h
av

e
a

d
ee

p
re

la
ti

on
sh

ip
to

th
e

m
o
d
u
la

ri
ty

m
ea

su
re

,
d
is

cu
ss

ed
in

S
ec

ti
on

2.
E

x
p
li
ci

tl
y,

le
t

th
e

w
ei

gh
te

d
m

o
d
u
la

ri
ty

(W
M

)
b

e
th

e
m

o
d
u
la

ri
ty

m
et

ri
c

w
it

h
d
eg

re
es

re
p
la

ce
d

b
y

st
re

n
gt

h
s,

as
in

tr
o
d
u
ce

d
in

(N
ew

m
an

,
20

0
4a

).
F

or
fi
x
ed

n
>

1,
le

t
c

b
e

an
y

p
ar

ti
ti

on
of
N

.
D

efi
n
e
K

:=
m

ax
{c
}

an
d
C
u

:=
{v

:
c(
v
)

=
c(
u

)}
.

T
h
en

th
e

(r
an

d
om

)
W

M
of

c
on
G n

ca
n

b
e

w
ri

tt
en

Q
w

(c
,G

n
)

:=
1

S
n
,T

∑ u
v
∈N
{W

u
v
−
r u
v
(S

n
)}
1
{c

(u
)

=
c(
v
)}

=
1

S
n
,T

K ∑ i=
1

∑

c(
u

)=
c(
v
)

W
u
v
−
r u
v
(S

n
)

=
1

S
n
,T

∑ u
∈N

∑ v
∈C

u

W
u
v
−
r u
v
(S

n
)

=
1

S
n
,T

∑ u
∈N

S
(u
,C

u
,G

n
)
−
µ
n
(u
,C

u
|S
n
)

=
1

S
n
,T

∑ u
∈N

A
(u
,C

u
,G

n
)

T
h
u
s,

th
e

co
n
tr

ib
u
ti

on
of
u

to
W

M
w

it
h

it
s

as
si

gn
m

en
t
C
u

is
p
re

ci
se

ly
th

e
ra

n
d
om

as
so

ci
-

at
io

n
fr

om
u

to
C
u
.

W
ri

ti
n
g

th
e

p
op

u
la

ti
on

W
M

as
q̄w n

(C
)

:=
n
−

1
∑

u
ã
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se
2

d
o
es

n
ot

re
su

lt
in

a
cl

ea
r-

cu
t

co
m

m
u
n
it

y,
a

st
ab

le
se

q
u
en

ce
m

ay
st

il
l

b
e

of
p
ra

ct
ic

al
in

te
re

st
if

th
e

co
n
st

it
u
en

t
se

ts
h
av

e
h
ig

h
ov

er
la

p
.

In
A

p
p

en
d
ix

D
.2

,
w

e
gi

ve
a

ro
u
ti

n
e

to
ei

th
er

re
-i

n
it

ia
li
ze

or
te

rm
in

at
e

S
C

S
w

h
en

it
en

co
u
n
te

rs
a

st
a
b
le

se
q
u
en

ce
.
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

5
.3

S
te

p
3
:

F
ilte

rin
g

o
fC

T
h
e

C
C

M
E

com
m

u
n
ity

d
etection

m
eth

o
d

retu
rn

s
a

fi
n
al

collection
of

com
m

u
n
ities

C
,

co
n
ta

in
in

g
th

e
resu

lts
of

th
e

S
C

S
algorith

m
for

each
in

itial
set

in
B

0 .
B

y
d
efau

lt,
w

e
rem

ov
e

a
n
y

em
p
ty

o
r

d
u
p
licate

sets
from

C
.

In
som

e
ap

p
lication

s,
p
airs

of
sets

in
C

w
ill

h
ave

h
igh

J
a
cca

rd
sim

ila
rity.

In
A

p
p

en
d
ix

D
.3,

w
e

d
etail

a
m

eth
o
d

of
p
ru

n
in

g
th

ese
n
ear-d

u
p
licates

from
C

.
A

d
d
ition

ally,
in

A
p
p

en
d
ix

D
.3,

w
e

d
escrib

e
rou

tin
es

to
su

p
p
ress

th
e

ap
p
lication

o
f

S
C

S
to

in
itia

l
sets

th
at

are
“w

eak
ly

”
in

tra-con
n
ected

,
or

w
ith

h
igh

overlap
to

alread
y
-

ex
tra

cted
co

m
m

u
n
ities.

T
h
ese

rou
tin

es
greatly

red
u
ce

th
e

ru
n
tim

e
of

C
C

M
E

,
a
n
d
,

on
som

e
sim

u
la

ted
n
etw

ork
s,

im
p
rov

e
accu

racy.

5
.4

R
e
m

a
rk

s

1
.

T
h
e

p
a
ra

m
eter

α
,

u
sed

in
th

e
set

u
p

d
ate

op
eration

U
α
,

m
u
st

b
e

sp
ecifi

ed
b
y

th
e

u
ser

o
f

C
C

M
E

.
H

av
in

g
a

n
atu

ral
in

terp
retation

as
th

e
fa

lse-d
iscovery

rate
for

each
u
p

d
ate,

α
w

a
s

set
to

0.05
for

all
sim

u
lation

s
an

d
real

d
a
ta

an
aly

ses
in

tro
d
u
ced

in
th

is
p
ap

er.
W

e
fo

u
n
d

th
at
α

=
0.05

w
as

a
u
n
iversally

eff
ective

d
efau

lt
settin

g,
an

d
th

at
C

C
M

E
’s

resu
lts

ch
an

ge
n
egligib

ly
for

oth
er

valu
es

of
α

w
ith

in
a

reason
ab

le
w

in
d
ow

.

2
.

M
u
ltip

le
testin

g
correction

s
com

p
u
ted

w
ith

in
C

C
M

E
a
re

valid
on

ly
for

th
e

in
p
u
t

n
etw

o
rk

.
If

oth
er

ed
ge-w

eigh
ted

n
etw

ork
s

w
ith

th
e

sam
e

n
o
d
e

set
a
re

availab
le,

say,
fro

m
a
n

a
ltern

ate
d
ata

sou
rce

or
d
iff

eren
t

set
of

n
o
d
e

covariates,
th

en
it

is
n
ecessary

to
a
p
p
ly

a
m

u
ltip

le-testin
g

correction
across

com
m

u
n
ities

d
iscovered

b
y

th
e

sep
arate

ru
n
s

o
f

C
C

M
E

.
T

h
e

com
m

u
n
ity

-w
ise

z
-statistic

in
tro

d
u
ced

in
A

p
p

en
d
ix

D
.3

w
ill

b
e

u
sefu

l
to

th
is

en
d
.

3
.

C
C

M
E

ca
n

b
e

ex
ten

d
ed

to
d
irected

n
etw

ork
s,

as
d
escrib

ed
in

A
p
p

en
d
ix

E
.

6
.

S
im

u
la

tio
n
s

T
h
is

sectio
n

con
tain

s
a

p
erform

an
ce

an
aly

sis
of

C
C

M
E

an
d

ex
istin

g
m

eth
o
d
s

o
n

a
b

en
ch

-
m

a
rk

in
g

sim
u
la

tion
fram

ew
ork

.
S
im

u
lated

n
etw

ork
s

w
ere

gen
erated

fro
m

th
e

W
eigh

ted
S
to

ch
a
stic

B
lo

ck
M

o
d
el

(see
S
ection

4.2.1),
w

ith
sligh

t
m

o
d
ifi

cation
s

to
in

clu
d
e

overla
p
p
in

g
co

m
m

u
n
ities

a
n
d

b
ack

grou
n
d

n
o
d
es,

w
h
en

n
ecessary.

T
h
e

p
erform

an
ce

m
easu

res,
com

p
et-

in
g

m
eth

o
d
s,

sim
u
lation

settin
gs,

an
d

resu
lts

a
re

d
escrib

ed
b

elow
.

6
.1

P
e
rfo

rm
a
n

c
e

m
e
a
su

re
s

a
n

d
c
o
m

p
e
tin

g
m

e
th

o
d

s

W
e

u
sed

th
ree

com
m

u
n
ity

d
etection

m
eth

o
d

p
erform

an
ce

m
etrics:

1
.

O
v
e
rla

p
p

in
g

N
o
rm

a
liz

e
d

M
u

tu
a
l

In
fo

rm
a
tio

n
(o

N
M

I):
In

tro
d
u
ced

b
y

L
an

ci-
ch

in
etti

et
al.

(2009),
oN

M
I

is
an

in
form

a
tion

-b
ased

m
easu

re
b

etw
een

0
an

d
1

th
at

a
p
p
ro

a
ch

es
1

as
tw

o
covers

of
th

e
sam

e
n
o
d
e

set
b

ecom
e

sim
ilar

an
d

eq
u
als

1
w

h
en

th
ey

a
re

th
e

sam
e.

F
rom

a
m

eth
o
d
’s

resu
lts,

w
e

calcu
late

oN
M

I
w

ith
resp

ect
to

th
e

tru
e

co
m

m
u
n
ities

o
n

ly
for

th
e

n
o
d
es

th
e

m
eth

o
d

p
laced

in
to

com
m

u
n
ities.

2
.

C
o
m

m
u

n
ity

n
o
d

e
s

in
b

a
ck

g
ro

u
n

d
(%

C
.I.B

.):
T

h
e

p
ercen

tage
of

tru
e

com
m

u
n
ity

n
o
d
es

in
correctly

assign
ed

to
b
ack

grou
n
d
.

15
JM

L
R

 18(188):1-48, 2018

P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

3.
B

a
ck

g
ro

u
n

d
n

o
d

e
s

in
c
o
m

m
u

n
itie

s
(%

B
.I.C

.):
T

h
e

p
ercen

tage
of

tru
e

b
ack

-
grou

n
d

n
o
d
es

(if
p
resen

t)
in

correctly
p
laced

in
to

co
m

m
u
n
ities.

In
ad

d
ition

to
C

C
M

E
,

th
ree

oth
er

w
eigh

ted
-n

etw
ork

m
eth

o
d
s

cap
ab

le
of

id
en

tify
in

g
over-

lap
p
in

g
n
o
d
es

w
ere

ap
p
lied

to
ou

r
sim

u
lation

en
sem

b
le.

O
n
e

of
th

ese
w

as
O

S
L

O
M

(L
an

-
cich

in
etti

et
al.,

2011),
d
escrib

ed
in

S
ection

1.
A

n
oth

er
w

as
S
L

P
A

w
,

a
w

eigh
ted

-n
etw

ork
version

of
an

overlap
p
in

g
lab

el
p
rop

agation
algorith

m
(X

ie
et

al.,
2011).

F
in

ally,
w

e
ap

-
p
lied

th
e

w
eigh

ted
S
to

ch
astic

B
lo

ck
M

o
d
el

fi
ttin

g
p
ro

ced
u
re

in
tro

d
u
ced

b
y

P
eix

oto
(2017),

w
h
ich

w
e

w
ill

call
“W

eigh
ted

G
T

”
after

it’s
im

p
lem

en
tation

’s
p
ackage

(“grap
h
-to

ol”).
A

lso
in

clu
d
ed

w
ere

fou
r

com
m

on
ly

u
sed

score-b
a
sed

m
eth

o
d
s

im
p
lem

en
ted

in
th

e
R

p
ackage

i
g
r
a
p
h

(C
sárd

i
an

d
N

ep
u
sz,

2006):
F

ast-G
reed

y,
w

h
ich

p
erform

s
ap

p
rox

im
ate

m
o
d
u
larity

op
tim

ization
v
ia

a
h
ierarch

ical
agglom

eration
(C

lau
set

et
al.,

2004);
L

ou
vain

,
an

ap
p
rox

i-
m

ate
m

o
d
u
larity

op
tim

izer
th

at
p
ro

ceed
s

th
rou

gh
n
o
d
e

m
em

b
ersh

ip
sw

ap
s

(B
lon

d
el

et
al.,

2008);
W

alk
trap

,
an

agglom
erative

algorith
m

th
at

lo
cally

m
ax

im
izes

a
score

b
ased

on
ran

-
d
om

w
alk

th
eory

(P
on

s
an

d
L

atap
y,

2006);
In

fom
ap

,
an

in
form

ation
-fl

ow
m

a
p
p
in

g
algorith

m
th

at
u
ses

ran
d
om

w
alk

tran
sition

p
rob

ab
ilities

(R
osvall

an
d

B
ergstrom

,
2008).

R
e
m

a
rk

.
B

ein
g

ex
traction

m
eth

o
d
s,

on
ly

C
C

M
E

an
d

O
S
L

O
M

n
atu

rally
sp

ecify
b
ack

-
grou

n
d

n
o
d
es,

v
ia

testin
g.

A
s

su
ch

,
w

e
w

ill
often

m
ake

d
irect

com
p
arative

com
m

en
ts

b
e-

tw
een

O
S
L

O
M

an
d

C
C

M
E

w
ith

resp
ect

to
b
ack

gro
u
n
d

n
o
d
e

h
an

d
lin

g.
F

or
oth

er
m

eth
o
d
s,

w
e

take
as

b
ack

grou
n
d

an
y

n
o
d
es

in
sin

gleton
co

m
m

u
n
ities.

H
ow

ever,
th

ese
m

eth
o
d
s

alm
ost

n
ever

retu
rn

ed
sin

gleton
com

m
u
n
ities,

even
w

h
en

th
e

sim
u
lation

h
ad

w
eak

or
n
on

-ex
isten

t
sign

al.

6
.2

S
im

u
la

tio
n

se
ttin

g
s

a
n

d
re

su
lts

W
e

n
ow

giv
e

an
overv

iew
of

th
e

sim
u
lation

p
ro

ced
u
re

for
th

e
b

en
ch

m
ark

in
g

fram
ew

ork
.

A
com

p
lete

accou
n
t

is
given

in
A

p
p

en
d
ix

F
.

W
e

fi
rst

d
escrib

e
“d

efau
lt”

p
aram

eter
settin

gs
of

th
e

W
S
B

M
;

in
th

e
sim

u
lation

settin
gs

b
elow

,
in

d
iv

id
u
al

p
aram

eters
are

toggled
arou

n
d

th
eir

d
efau

lt
valu

es,
to

rev
eal

th
e

d
ep

en
d
en

ce
of

th
e

m
eth

o
d
s

to
th

ose
p
aram

eters.
A

t
each

u
n
iq

u
e

p
aram

eter
settin

g,
20

ran
d
om

n
etw

ork
s

w
ere

sim
u
lated

.
T

h
e

p
oin

ts
in

each
p
lot

from
F

igu
re

1
sh

ow
th

e
average

p
erform

an
ce

m
easu

re
of

th
e

m
eth

o
d
s

over
th

e
20

rep
etition

s.

T
h
e

d
efau

lt
W

S
B

M
settin

g
h
as

th
e

n
u
m

b
er

of
n
o
d
es

at
n

=
5
,000.

T
h
e

com
m

u
n
ity

m
em

b
ersh

ip
s

w
ere

set
b
y

ob
tain

in
g

com
m

u
n
ity

sizes
from

a
p

ow
er

law
,

th
en

assign
in

g
n
o
d
es

u
n
iform

ly
at

ran
d
om

.
T

h
is

p
ro

cess
p
ro

d
u
ced

ap
p
rox

im
ately

3
to

7
com

m
u
n
ities

p
er

n
etw

ork
.

M
an

y
of

th
ese

sim
u
lation

featu
res

(as
w

ell
as

th
ose

d
escrib

ed
in

w
h
at

follow
s)

m
irror

th
ose

u
sed

in
ex

istin
g

fram
ew

ork
s

(e.g
.

L
an

cich
in

etti
et

al.,
2011);

fu
ll

d
etails

a
re

p
rov

id
ed

in
A

p
p

en
d
ix

F
.

R
ecall

th
e

p
aram

eters
P

an
d

M
,

w
h
ich

in
d
u
ce

b
aselin

e
in

tra-
an

d
in

ter-com
m

u
n
ity

ed
ge

an
d

w
eigh

t
sign

al.
In

th
e

d
efau

lt
settin

g,
th

ese
m

atrices
h
ave

off
-

d
iagon

als
eq

u
al

to
1

an
d

d
iagon

als
eq

u
al

to
con

stan
ts
s
e

=
3

an
d
s
w

=
3

(resp
ectively

).
In

som
e

sim
u
lation

settin
gs,

overlap
p
in

g
an

d
b
ack

grou
n
d

n
o
d
es

are
ad

d
ed

(as
d
escrib

ed
later

in
th

is
section

),
b
u
t

th
e

d
efau

lt
settin

g
in

clu
d
es

n
eith

er
overlap

n
or

b
ack

grou
n
d
.

C
o
m

m
o
n

p
a
ra

m
e
te

r
se

ttin
g
s.

F
or

a
ll

sim
u
lated

n
etw

ork
s

(regard
less

of
th

e
settin

g),
th

e
n
o
d
e-w

ise
ed

ge
p
aram

eters
φ

w
ere

d
raw

n
from

a
p

ow
er

law
to

in
d
u
ce

d
egree

h
etero-

gen
eity.

T
h
e

p
aram

eter
φ

is
scaled

so
th

at
th

e
ex

p
ected

average
d
egree

of
each

n
etw

ork
w

as
eq

u
al

to
√
n

,
w

h
ich

in
d
u
ces

sp
arsity

in
th

e
n
etw

ork
.

T
h
e

p
aram

eter
ψ

is
set

b
y

th
e

for-
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

m
u
la
ψ

=
φ

1
.5

to
en

su
re

a
n
on

-t
ri

v
ia

l
re

la
ti

on
sh

ip
b

et
w

ee
n

ex
p

ec
te

d
d
eg

re
es

an
d

ex
p

ec
te

d
st

re
n
gt

h
s

(s
ee

A
p
p

en
d
ix

F
).

6
.2
.1

N
e
t
w
o
r
k
s
w
it
h
v
a
r
y
in
g

si
g
n
a
l
l
e
v
e
l
s

T
h
e

fi
rs

t
si

m
u
la

ti
on

se
tt

in
g

te
st

ed
th

e
m

et
h
o
d
s’

d
ep

en
d
en

ce
on

s e
an

d
s w

.
T

h
es

e
va

lu
es

w
er

e
m

ov
ed

al
on

g
an

ev
en

gr
id

on
th

e
ra

n
ge

[1
,3

].
P

lo
ts

A
-1

an
d

B
-1

in
F

ig
u
re

1
sh

ow
th

e
p

er
fo

rm
an

ce
m

ea
su

re
re

su
lt

s
w

h
en

s w
is

fi
x
ed

at
3,

p
lo

ts
A

-2
an

d
B

-2
sh

ow
re

su
lt

s
w

h
en

s e
=

3,
an

d
p
lo

ts
A

-3
an

d
B

-3
sh

ow
re

su
lt

s
w

h
en

s e
an

d
s w

ar
e

m
ov

ed
al

on
g

[1
,3

]
to

g
et

h
er

.
M

an
y

m
et

h
o
d
s

h
ad

la
rg

e
oN

M
I

sc
or

es
in

th
is

si
m

u
la

ti
on

se
tt

in
g.

W
e

tr
an

sf
or

m
ed

th
e

o
N

M
I

sc
or

es
u
si

n
g

th
e

fu
n
ct

io
n

t-
oN

M
I a

(x
)

:=
(

1
1
−
x

+
a
−

1
1
+
a
)/

(
1 a
−

1
1
+
a
)

w
it

h
a

=
0
.0

5.
T

h
is

is
a

m
on

ot
on

ic
,

on
e-

to
-o

n
e
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p
p

ea
ri

n
g

in
th

e
co

n
cl

u
si

on
of

L
em

m
a

10
d
ep

en
d
s

o
n
ly

on
th

e
ra

n
d
om

ch
o
ic

e
of

th
e

ve
rt

ex
se

t
B
n
.

P
ro

o
f

L
et
D
n

an
d
D
′ n

b
e

d
ra

w
n

u
n
if

or
m

ly
-a

t-
ra

n
d
om

fr
om

d
n

w
it

h
ou

t
re

p
la

ce
m

en
t,

a
n
d

fi
x
r
∈

(0
,
β

(2
+
δ)

].
A

ro
u
ti

n
e

ca
lc

u
la

ti
on

gi
ve

s

V
ar
{L

n
,r

(B
n
)}

=
b−

1
n
λ
−

2
r

n

[ V
ar
{D

r n
}+
{b
n
−

1}
C

ov
{D

r n
,(
D
′ n)
r
}]
.

N
ot

e
th

at
E(
D
r n
)

=
λ
r n
L
n
,r

an
d
E(
D

2
r
n

)
=
λ

2
r
n
L
n
,2
r
,
so

V
ar

(D
r n
)

=
λ

2
r
n

(L
n
,2
r
−
L
n
,r

).
F

u
rt

h
er

-
m

or
e,

a
si

m
p
le

ca
lc

u
la

ti
on

sh
ow

s
th

at
C

ov
{D

r n
,(
D
′ n)
r
}

is
n
eg

at
iv

e
fo

r
ev

er
y
r,

a
n
d

th
er

ef
o
re

V
ar
{L

n
,r

(B
n
)}
6
b−

1
n

(L
n
,2
r
−
L
n
,r

).
O

u
r

ch
oi

ce
of
δ

en
su

re
s

th
at

2
r
<

4β
+

2
+
ε,

a
n
d

it
th

en
fo

ll
ow

s
fr

om
L

em
m

a
9

an
d

A
ss

u
m

p
ti

on
2

th
at
L
n
,2
r

an
d
L
n
,r

ar
e

b
o
u
n
d
ed

.
T

h
u
s

V
ar
{L

n
,r

(B
n
)}

=
O

(b
−

1
n

).
D

efi
n
e

∆
:=

li
m

in
f n

L
n
,r
/
2,

w
h
ic

h
is

p
os

it
iv

e
b
y

A
ss

u
m

p
ti

o
n

2
,

an
d

le
t

I r
:=

( li
m

in
f

n
→
∞

L
n
,r
−

∆
,

li
m

su
p

n
→
∞

L
n
,r

+
∆

)
(2

4
)

A
s
E{
L
n
,r

(B
n
)}

=
L
n
,r

,
an

ap
p
li
ca

ti
on

of
C

h
eb

y
sh

ev
’s

in
eq

u
al

it
y

y
ie

ld
s

th
e

b
o
u
n
d

P{
L
n
,r

(B
n
)
/∈
I r
}
6

P{
|L
n
,r

(B
n
)
−

E[
L
n
,r

(B
n
)]
|>

∆
/
2}

6
4V

ar
{L

n
,r

(B
n
)}

∆
2

=
O

(b
−

1
n

).

A
s
b n

te
n
d
s

to
in

fi
n
it

y
w

it
h
n

,
th

e
re

su
lt

fo
ll
ow

s.

B
.1

C
o
m

p
le

ti
n

g
th

e
p

ro
o
f

o
f

T
h

e
o
re

m
2
.

L
et
ε

an
d
δ

b
e

as
in

P
ro

p
os

it
io

n
6

an
d

L
em

m
a

10
.

N
ot

e
th

at
si

n
ce
d
n
(u
n
)
6
n

fo
r

a
ll
n

,
ou

r
as

su
m

p
ti

on
th

at
b n
d
n
(u
n
)/
n
→
∞

im
p
li
es
|B

n
|=

b n
→
∞

.
H

en
ce

b
y

le
m

m
a

1
0
,
w

e
h
av

e
th

at
fo

r
b

ot
h
r

=
β

(2
+
δ)

+
1

an
d
r

=
2β

+
1,

th
er

e
ex

is
ts

a
p

os
it

iv
e,

fi
n
it

e
in

te
rv

a
l
I r

su
ch

th
at

P{
L
n
,r

(B
n
)
∈
I r
}
→

1
as
n
→
∞

.
T

h
u
s

gi
ve

n
an

y
su

b
se

q
u
en

ce
{n

k
} k
>

1
w

e
ca

n
fi
n
d

a
fu

rt
h
er

su
b
se

q
u
en

ce
{n
′ k}
k
>

1
su

ch
th

at
L
n
′ k,
r
(B

n
′ k
)
∈
I r

al
m

os
t

su
re

ly
as
k
→
∞

,
w

h
ic

h
m

ea
n
s

th
is

se
q
u
en

ce
is

b
ou

n
d
ed

aw
ay

fr
om

ze
ro

an
d

in
fi
n
it

y
in
k
.

N
ow

u
si

n
g

P
ro

p
o
si

ti
o
n

6,
fo

r
al

m
os

t
ev

er
y
ω

w
e

h
av

e

S
n
′ k
(u
n
′ k
,B

n
′ k
,G

n
′ k
)
−
µ
n
′ k
(u
n
′ k
,B

n
′ k
|θ n
′ k
)

σ
n
′ k
(u
n
′ k
,B

n
′ k
|θ n
′ k
)

⇒
N

(0
,1

)
as

k
→
∞

A
p
p
ly

in
g

th
e

su
b
se

q
u
en

ce
p
ri

n
ci

p
le

co
m

p
le

te
s

th
e

p
ro

of
.
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

A
p
p

e
n
d
ix

C
.

P
ro

o
f

o
f

T
h
e
o
re

m
s

4
-5

a
n
d

su
p
p

o
rtin

g
le

m
m

a
s.

T
h
ro

u
gh

o
u
t

th
is

section
,

n
otation

an
d

con
ven

tion
s

from
S
ection

4.2.1
w

ill
b

e
u
sed

,
th

o
u
g
h

w
e

su
p
p
ress

d
ep

en
d
en

ce
on

n
for

con
ven

ien
ce.

F
u
rth

er
recall

fu
n
ction

s
r

a
n
d
f

from
S
ectio

n
1
.2

.
T

h
e

follow
in

g
ad

d
ition

al
n
ota

tion
w

ill
b

e
u
sed

th
rou

gh
ou

t
th

is
section

:

•
D

efi
n
e
φ
T

:=
∑

v∈
N
φ

(v
)

an
d
ψ
T

:=
∑

v∈
N
ψ

(v
).

F
or

ea
ch

K
>
j
>

1,
d
efi

n
e
π̃

0j
:=

∑
v∈C

j
φ

(v
)/φ

T
an

d
π̃
j

:=
∑

v∈C
j
ψ

(v
)/ψ

T
.

L
et
π̃

0
an

d
π̃

b
e

th
e

asso
ciated

vectors.

•
L

et〈·,·〉
d
en

ote
th

e
vector

d
ot-p

ro
d
u
ct.

F
or

a
gen

eral
sy

m
m

etric
m

atrix
A

,
let

A
ij

b
e

th
e
i,j-th

en
try,

an
d

A
i

th
e
i-th

colu
m

n
.

D
efi

n
e

H
:=

P
·M

,
th

e
en

try
-w

ise
p
ro

d
u
ct.

•
L

et
D

(u
),S

(u
)

b
e

th
e

ran
d
om

d
egree,

stren
gth

of
n
o
d
e
u
∈
N

,
let

d̃
(u

),
s̃(u

)
b

e
th

e
co

rresp
on

d
in

g
ex

p
ectation

s,
an

d
let

D
,S
,d̄
,s̄

b
e

th
e

asso
ciated

n
-vectors.

D
efi

n
e

s̄
T

:=
∑

v∈
N
s̄(v

)
an

d
d̄
T

:=
∑

v∈
N
d̄
(v

).

W
e

n
ow

d
efi

n
e

a
em

p
irica

l
p

op
u
lation

version
o
f

th
e

varian
ce

estim
ate:

D
e
fi

n
itio

n
1
1

F
ix
n
>

1
a
n

d
let

A
a
n

d
W

be
th

e
ed

ge
a
n

d
w

eigh
t

m
a
trices

fro
m
G
n

,
th

e
n

-th
ra

n
d
o
m

w
eigh

ted
n

etw
o
rk

fro
m

th
e

sequ
en

ce
in

th
e

settin
g

o
f

T
h
eo

rem
4
.

L
et

x
,y

be
a
rbitra

ry
n

-vecto
rs

w
ith

po
sitive

en
tries.

F
o
r

n
od

es
u
,v
∈
N

,
d
efi

n
e

V
u
v (x

,y
)

:=
(W

u
v −

f
u
v (x

,y
))

2
,

v
u
v (x

,y
)

:=
E
{
V
u
v (x

,y
) ∣∣A

u
v

=
1 }
.

D
efi

n
e

th
e

em
p
irical

po
p
u

la
tio

n
va

ria
n

ce
estim

a
to

r
a
s

fo
llo

w
s:

κ
∗ (x

,y
)

:=

∑
u
,v

:A
u
v
=

1
v
u
v (x

,y
)

∑
u
,v

:A
u
v
=

1
f
u
v (x

,y
)
2

T
h
e

estim
ato

r
κ
∗ (x

,y
)

is
called

“em
p
irical”

b
ecau

se
it

d
ep

en
d
s

on
th

e
ran

d
om

ed
ge

set
E

.
D

esp
ite

th
is,

it
h
as

a
d
eterm

in
istic

b
ou

n
d
,

a
fact

w
h
ich

is
p
art

of
L

em
m

a
12.

T
h
rou

gh
ou

t
th

e
rem

a
in

in
g

resu
lts,

d
en

ote
Θ

:=
(D
,S
,κ̂

(D
,S

))
an

d
θ∗

:=
(d̄
,s̄,κ

∗ (d̄
,s̄)),

w
h
ere

th
e

estim
a
to

r
κ̂

is
th

e
estim

ator
from

S
ection

2.2.
R

eca
ll

th
e

d
efi

n
ition

of
th

e
asy

m
p
totic

ord
er

of
th

e
average

d
egree

λ
n

:=
n
ρ
n
,

from
S
ectio

n
4
.2.2

in
th

e
m

ain
tex

t.
W

ith
th

is
an

d
th

e
con

ven
tion

s
ab

ove,
L

em
m

a
12

estab
lish

es
b
a
sic

fa
cts

a
b

ou
t

th
e

W
S
B

M
:

L
e
m

m
a

1
2

F
ix
n
>

1
,

a
n

d
letG

n
be

a
ra

n
d
o
m

n
etw

o
rk

gen
era

ted
by

a
W

S
B

M
.

F
o
r

a
ll

n
od

es
u
,v
∈
N

,
u

n
d
er

A
ssu

m
p
tio

n
s

5
a
n

d
6
,

(1
)
d̄
(u

)
=
λ
n
φ

(u
)〈π̃

0,P
[c(u

)]〉
a
n

d
s̄(u

)
=
λ
n
ψ

(u
)〈π̃

,H
[c(u

)]〉

(2
)
m

2−
6
d̄
(u

)/λ
n
6
m

2+
a
n

d
m

3−
6
s̄(u

)/λ
n
6
m

3+

(3
)
m
−
6
d̄
T
/
n
λ
n
6
m

+
a
n

d
m

2−
6
s̄
T
/
n
λ
n
6
m

2+

(4
)
m

4−
/
m

1+
6
r
u
v (d̄

)/ρ
n
6
m

4+
/m

1−
a
n

d
m

6−
/m

2+
6
r
u
v (s̄)/ρ

n
6
m

6+
/m

2−

(5
)
m

2−
/
m

2+
6
f
u
v (φ

,ψ
)6

m
2+
/m

2−
a
n

d
m

1
0
−
/m

3+
6
f
u
v (d̄

,s̄)6
m

1
0

+
/m

3−

(6
)

0
6
V
u
v (d̄

,s̄)6
(η
m

2+
/m

2−
+
m

1
0

+
/m

3−
)
2
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

(7
)

0
6
κ
∗ (d̄

,s̄)6
g
(η
,m
−
,m

+
)

w
h
ere

g
is

a
d

eterm
in

istic
fu

n
ctio

n
.

(8
)

T
h
ere

exist
glo

ba
l

co
n

sta
n

ts
0
<
m

1
<
m

2
<
∞

in
d
epen

d
en

t
o
f
n

su
ch

th
a
t

fo
r

a
n

y
n

od
e

set
B
⊆
N

,
m

1 |B
|ρ
n
6

µ
(u
,B
|s̄),

σ
(u
,B
|θ∗ )

2
6

m
2 |B
|ρ
n

P
ro

o
f

F
or

(1),
w

e
h
ave

s̄(u
)

:=
E
S

(u
)

=

K
∑j=

1 ∑v∈C
j E
W
u
v

=

K
∑j=

1 ∑v∈C
j

ρ
n
r
u
v (φ

)H
c(u

)j

=
ρ
n

K
∑j=

1

φ
(u

)n
π̃
j H

c(u
)j

=
λ
n
φ

(u
)〈π̃

,H
c(u

) 〉

A
n

id
en

tical
calcu

lation
y
ield

s
th

e
ex

p
ression

for
d̄
(u

).
T

h
e

in
eq

u
alities

in
(2)

th
en

follow
from

A
ssu

m
p
tion

5.
F

or
(3),

w
e

again
ap

p
ly

A
ssu

m
p
tion

5
to

th
e

eq
u
ation

s̄
T

=
K
∑i=

1 ∑v∈C
i s̄(u

)
=

K
∑i=

1

n
λ
n
φ

(u
)〈π̃

,H
i 〉

=
n
λ
n
π̃
T
H
π̃

A
n

id
en

tical
eq

u
ation

y
ield

s
th

e
in

eq
u
ality

for
d̄
T

.
(2)

an
d

(3)
d
irectly

y
ield

th
e

in
eq

u
alities

in
(4).

N
ote

th
at

A
ssu

m
p
tion

5
im

p
lies

m
2−
6
n
r
u
v (φ

),n
r
u
v (ψ

)6
m

2+
,

w
h
ich

y
ield

s
th

e
fi
rst

in
eq

u
ality

of
(5).

T
h
e

secon
d

in
eq

u
ality

of
(5)

follow
s

from
(4).

F
or

p
art

(6),
n
ote

th
at

b
y

A
ssu

m
p
tion

6
an

d
th

e
fi
rst

in
eq

u
ality

in
(5),

w
e

h
ave

W
u
v

:=
f
u
v (φ

,ψ
)ξ
u
v 6

(m
2+
/m

2−
)η

(25)

T
h
e

secon
d

in
eq

u
ality

in
(5)

th
en

y
ield

s
(6).

F
or

p
art

(7),
recallin

g
th

e
d
efi

n
ition

of
κ
∗ (d̄

,s̄)
from

D
efi

n
ition

11
,

n
ote

fi
rst

th
at,

b
y

(6),
0
6
v
u
v (d̄

,s̄)6
(η
m

2+
/m

2−
+
m

1
0

+
/m

3−
)
2.

T
h
u
s,

b
y

th
e

secon
d

in
eq

u
ality

(5),

0
6
κ
∗ (d̄

,s̄)
:=

∑
u
,v

:A
u
v
=

1
v
u
v (d̄

,s̄)
∑

u
,v

:A
u
v
=

1
f
u
v (d̄

,s̄)
6

(η
m

2+
/m

2−
+
m

1
0

+
/m

3−
)
2

m
1
0
−
/m

3+

F
or

p
art

(8),
recall

th
at

µ
(u
,B
|s̄)

:=
∑v∈
B

r
u
v (s̄)

T
h
e

fi
rst

in
eq

u
ality

in
(8)

follow
s

from
ap

p
ly

in
g

th
e

secon
d

in
eq

u
ality

in
(4).

S
im

ilarly,

σ
(u
,B
|θ∗ )

2
:=
∑v∈
B

r
u
v (s̄)f

u
v (d̄

,s̄)(1−
r̃
u
v (d̄

)
+
κ
∗ (d̄

,s̄))

T
h
e

secon
d

in
eq

u
ality

in
p
art

(8)
follow

s
from

p
a
rts

(4),
(5),

an
d

(7).

T
h
e

n
ex

t
lem

m
a

sh
ow

s
th

at,
if

th
e

d
egrees

an
d

stren
gth

s
ofG

n
are

b
o
u
n
d
ed

arou
n
d

th
eir

ex
p

ected
valu

es,
th

e
em

p
irical

estim
ate

of
varian

ce
is

b
ou

n
d
ed

aro
u
n
d

th
e

con
d
ition

al
p

op
u
lation

estim
ate,

an
d

th
e

co
effi

cien
t

of
variation

of
S
n
(u
,B

)
is

b
ou

n
d
ed

arou
n
d

its
p

op
u
lation

valu
e.

D
efi

n
e
D
T

:=
∑

u∈
N
D

(u
)

as
th

e
(ra

n
d
om

)
total

d
egree.

R
ecall

th
at
λ
n

is
th

e
asy

m
p
totic

ord
er

th
e

average
of

th
e

expected
d
egrees

d̄
T

.
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

L
e
m

m
a

1
3

F
ix
n
>

1
.

S
u

p
po

se
A

ss
u
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ã
(u
,B

n
)

from
lin

e
14

from
th

e
m

ain
tex

t,
w

e
h
ave

th
at

for
all

u
∈
C
n
,

z̄
(u
,B

n |θ∗ )
=
λ
n
ã
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P

(
∣∣∣∣ Y
−
ȳ

σ̄

∣∣∣∣ 6
√
b

log
n

m
2

)
>

1−
O

(n
−
b).

(57)

T
h
is

co
m

p
letes

S
tep

2.

W
e

n
ow

recall
in

eq
u
ality

40:

Z
(u
,B

n
,G

n |Θ
)>

z̄
(u
,B

n |θ∗ )−
∣∣∣∣ Y
−
ȳ

σ̄

∣∣∣∣ −
∣∣∣ µσ
−
µ̄σ̄ ∣∣∣ .

In
step

1
,

w
e

sh
ow

ed
th

at
th

ere
ex

ists
a

con
stan

t
A

2
d
ep

en
d
in

g
on

ly
on

th
e

fi
x
ed

W
S
B

M
m

o
d
el

p
a
ra

m
eters

su
ch

th
at

for
an

y
fi
x
ed

b
>

1,
for

large
en

o
u
gh

n
, ∣∣

µσ
−

µ̄σ̄ ∣∣6
A

2 √
b

log
n

w
ith

p
ro

b
a
b
ility

1
−
O

(n
−
b+

1).
In

step
2,

w
e

sh
ow

ed
th

a
t

th
ere

ex
ists

a
con

stan
t
m

2

d
ep

en
d
in

g
on

ly
on

th
e

fi
x
ed

W
S
B

M
m

o
d
el

p
ara

m
eters

su
ch

th
at

for
an

y
fi
x
ed

b
>

1,
for

la
rg

e
en

o
u
g
h
n

,|
Y
−
ȳ

σ̄
|6

√
b

log
n
/m

2
w

ith
p
rob

ab
ility

1−
O

(n
−
b).

R
ecall

fu
rth

erm
ore

from

in
eq

u
a
lity

4
1

th
at
z̄
(u
,B

n |θ∗ )>
∆
√
λ
n
/m

2 ,
w

h
ere

∆
is

from
con

d
ition

14
in

th
e

sta
tem

en
t

o
f

th
e

T
h
eo

rem
.

W
e

can
th

erefore
w

rite
th

at
for

an
y

fi
x
ed

b
>

1,
for

large
en

ou
gh

n
,

Z
(u
,B

n
,G

n |Θ
)>

∆
√
λ
n
/m

2 −
√
b

log
n
/m

2 −
A

2 √
b

log
n

=
A

3 √
λ
n −

A
4 √

b
log

n
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

w
ith

p
rob

ab
ility

at
least

1−
O

(n
−
b+

1).
N

ow
,

b
y

assu
m

p
tion

,|C
n |>

qn
.

T
h
erefore,

u
sin

g
In

eq
u
ality

37
an

d
a

u
n
ion

b
ou

n
d
,

w
e

can
w

rite
th

a
t

for
an

y
fi
x
ed

b
>

1,
for

large
en

ou
gh

n
,

m
ax

u∈
C
n

P
(u
,B

n
,G

n |Θ
)6

ex
p{−

(A
3 √

λ
n −

A
4 √

b
log

n
)
2}

(58)

w
ith

p
rob

ab
ility

at
least

1
−
O

(n
−
b+

2).
N

o
te

th
at

for
an

y
fi
x
ed

b,
th

e
righ

t-h
an

d
-sid

e
of

in
eq

u
ality

58
van

ish
es,

d
u
e

to
th

e
assu

m
p
tion

th
at

λ
n
/

log
n
→
∞

.
T

h
u
s,

for
b
>

2,
in

eq
u
ality

58
im

p
lies

th
at

for
large

en
o
u
gh

n
(n

ow
d
ep

en
d
in

g
on

ch
oice

of
b),

th
e

ev
en

t
{
P

(u
,B

n
,G

n |Θ
)6

qα
,∀

u
∈
C
n }

h
as

p
rob

ab
ility

1−
O

(n
−
b+

2)→
1.

It
can

b
e

sim
ilarly

sh
ow

n
th

at
th

e
secon

d
h
alf

of
th

e
even

t
in

(3
6)

h
as

p
rob

ab
ility

ap
p
roach

in
g

1.
In

stead
of

In
eq

u
ality

40
w

e
(sim

ilarly
)

d
erive

Z
(u
,B

n
,G

n |Θ
)6

z̄
(u
,B

n |θ∗ )
+

∣∣∣∣ Y
−
ȳ

σ̄

∣∣∣∣
+
∣∣∣ µσ
−
µ̄σ̄ ∣∣∣

(59)

T
h
is

is
u
sefu

l
b

ecau
se

if
u
/∈
C
n
,

assu
m

p
tion

(14)
en

su
res

th
at
ã
n
(u
,B

n
)s̄
<
−

∆
,

an
d

h
en

ce

z̄
(u
,B

n |θ∗ )
:=

ȳ−
µ̄

σ̄
=
λ
n
ã
(u
,B

n |s̄)
σ

(u
,B

n |θ∗ )
6
λ
n

−
∆

σ
(u
,B

n |θ∗ )
6
√
λ
n
−

∆
√
m

1

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
p
art

(8)
of

L
em

m
a

12.
S
tep

s
1

an
d

2
th

erefore
w

ork
to

sh
ow

th
at

for
an

y
fi
x
ed

b
>

1,
for

large
en

ou
gh

n
,

Z
(u
,B

n
,G

n |Θ
)6
−

∆
√
λ
n
/m

2
+
√
b

log
n
/m

2
+
A

2 √
b

log
n

=
A

3 √
λ
n −

A
4 √

b
log

n

W
ith

p
rob

ab
ility

1−
O

(n
−
b+

1).
In

eq
u
ality

38
th

en
im

p
lies

th
at

P
(

m
ax

u
/∈
C
n

P
(u
,B

n
,G

n |Θ
)>

1−
ex

p{−
(A

3 √
λ
n −

A
4 √

b
log

n
)
2} )
>

1−
O

(n
−
b+

2)
(60)

W
ith

reason
in

g
id

en
tical

to
th

e
resu

lt
for

u
∈
C
n
,

th
is

im
p
lies

th
at

for
an

y
b
>

2,
for

large
en

ou
gh

n
(b),

th
e

even
t
{
P

(u
,B

n
,G

n |Θ
)
>
qα
,
∀
u
/∈
C
n }

h
as

p
rob

ab
ility

at
least

1−
O

(n
−
b+

2)→
1.

A
p
p
ly

in
g

a
u
n
ion

b
ou

n
d

to
th

e
even

t
in

(36)
com

p
letes

th
e

p
ro

of.
�

C
.2

P
ro

o
f

o
f

T
h

e
o
re

m
5

W
e

w
ill

sh
ow

th
at

if
th

e
con

d
ition

in
(15)

h
old

s,
th

en
th

e
con

d
ition

in
(14)

from
T

h
eorem

4
h
old

s
w

h
en
B
n

=
C
n

=
C
j,n

sim
u
ltan

eou
sly

across
all

j∈
{1,2,...,K

}.
T

h
is

in
volv

es
rep

-
resen

tin
g

(14)
in

term
s

of
th

e
m

o
d
el

p
aram

eters
w

h
en

B
n

=
C
n

=
C
j,n

.
S
p

ecifi
cally,

w
e

d
e-

rive
th

e
n
orm

alized
p

op
u
lation

d
ev

iation
ã
(u
,C

j,n |s̄)
:=

(E
S

(u
,C

j,n
,G

n
)−

µ
(u
,C

j,n |s̄))/λ
n
.

F
irst,

n
ote

th
at

for
an

y
fi
x
ed

j
6
K

,
p
art

(1)
of

L
em

m
a

12
gives

∑v∈
C
j
,n

s̄(v
)

=
λ
n 〈π̃

,H
j 〉·

∑v∈
C
j
,n

ψ
(u

)
=

n
λ
n 〈π̃

,H
j 〉π̃

j

an
d

th
u
s

s̄
T

:=
∑v∈
N

s̄(v
)

=
K
∑j=

1

∑v∈
C
j
,n

s̄(v
)

=
n
λ
n

K
∑j=

1 〈π̃
,H

j 〉π̃
j

=
n
λ
n
π̃
tH
π
.
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

T
h
er

ef
or

e,
ag

ai
n

ap
p
ly

in
g

p
ar

t
(1

)
of

L
em

m
a

12
,

µ
(u
,C

j,
n
|s̄)

:=
∑

v
∈C

j
,n

r u
v
(s̄

)
=
s̄(
u

)
∑

v
∈C

j
,n

s̄(
v
)

s̄ T
=
s̄(
u

)〈
π̃
,H

j
〉π̃
j

π̃
t H
π̃

=
λ
n
ψ

(u
)〈
π̃
,H

c(
u

)〉〈
π̃
,H

j
〉π̃
j

π̃
t H
π̃

.

S
ec

on
d
ly

, ES
(u
,C

j,
n
,G

n
)

=
∑

v
∈C

j
,n

EW
u
v

=
∑

v
∈C

j
,n

ρ
n
r u
v
(ψ

)H
c(
u

)j
=
λ
n
ψ

(u
)H

c(
u

)j
π̃
j
.

T
h
u
s,

ã
(u
,C

j,
n
|s̄)

:=
ES

(u
,C

j,
n
,G

n
)
−
µ

(u
,C

j,
n
|s̄)

λ
n

=
ψ

(u
)π̃
j

( H
c(
u

)j
−
〈π̃
,H

c(
u

)〉〈
π̃
,H

j
〉

π̃
t H
π̃

)
.

(6
1)

If
u
∈
C
i,
n
,

th
e

ex
p
re

ss
io

n
in

th
e

p
ar

en
th

es
es

fr
om

th
e

ri
gh

t-
h
an

d
-s

id
e

of
(6

1)
is

th
e
i,
j-

th
el

em
en

t
of

th
e

m
at

ri
x

H
−

H
Π̃

H
/π̃

t H
π̃

,
w

it
h

Π̃
:=
π̃
π̃
t .

B
y

A
ss

u
m

p
ti

on
5,
ψ

(u
)
>
m
−

fo
r

al
l
u
∈
N

an
d
i
6
K

,
an

d
π̃
j

is
fi
x
ed

.
T

h
u
s,

(1
5)

en
su

re
s

th
at

(1
4)

h
ol

d
s

w
h
en

C
n

=
C
j,
n
,

si
m

u
lt

an
eo

u
sl

y
fo

r
j
6
K

.
A

ss
u
m

p
ti

on
5

al
so

en
su

re
s

th
at

th
er

e
ex

is
ts
q
>

0
su

ch
th

at
fo

r
al

l
j
6
K

an
d
n
>

1,
|C
j,
n
|>

qn
.

T
h
is

al
lo

w
s

u
s

to
ap

p
ly

T
h
eo

re
m

4
to

th
e

se
q
u
en

ce
s

B
n

=
C
n

=
C
j,
n
,

fo
r

ea
ch

j
6
K

.
A

u
n
io

n
b

ou
n
d

p
ro

ve
s

th
e

re
su

lt
.

�

A
p
p

e
n
d
ix

D
.

F
u
rt

h
e
r

d
is

cu
ss

io
n

o
f

th
e

C
C

M
E

m
e
th

o
d
o
lo

g
y

D
.1

V
a
ri

a
n

c
e

in
re

su
lt

s
d

u
e

to
in

it
ia

li
z
a
ti

o
n F

ig
u
re

3:
S
ta

b
il
it

y
te

st
s

fo
r

C
C

M
E

.

S
in

ce
C

C
M

E
’s

in
it

ia
li
za

ti
on

st
ep

is
st

o
ch

as
ti

c,
it

is
n
at

u
ra

l
to

in
ve

st
ig

at
e

th
e

va
ri

an
ce

of
re

su
lt

s
ac

ro
ss

m
an

y
ap

p
li
ca

ti
on

s
of

C
C

M
E

to
th

e
sa

m
e

n
et

w
or

k
.

T
o

d
o

so
,
w

e
(r

an
d
om

ly
)

se
le

ct
ed

fi
ve

re
p
li
ca

ti
on

s
fr

om
ea

ch
fi
x
ed

p
ar

am
et

er
se

tt
in

g
of

th
e

th
ir

d
ex

-
p

er
im

en
t

d
es

cr
ib

ed
in

6.
2.

1,
in

w
h
ic

h
b

ot
h

ed
ge

an
d

ed
ge

w
ei

gh
t

si
gn

al
le

ve
ls

ar
e

in
-

cr
ea

se
d

fr
om

lo
w

va
lu

es
.

A
t

ea
ch

re
p
li
-

ca
ti

on
,

w
e

ra
n

C
C

M
E

th
ir

ty
ti

m
es

,
an

d
re

co
rd

ed
th

e
p
ai

rw
is

e
O

ve
rl

ap
p
in

g
N

or
m

al
-

iz
ed

M
u
tu

al
In

fo
rm

at
io

n
(o

N
M

I,
se

e
S
ec

-
ti

on
6)

sc
or

es
b

et
w

ee
n

th
e

th
ir

ty
re

su
lt

in
g

co
m

m
u
n
it

y
se

ts
.

In
F

ig
u
re

3,
w

e
p
lo

t
th

e
m

ed
ia

n
an

d
5%

-9
5%

q
u
an

ti
le

b
ar

s
fo

r
th

e
oN

M
I

sc
or

es
fo

r
ea

ch
re

p
li
ca

ti
on

,
a
n
d

ji
tt

er
th

e
li
n
es

ar
ou

n
d

th
e

co
rr

es
p

on
d
in

g
p
ar

am
et

er
va

lu
e.

It
is

cl
ea

r
fr

om
th

e
p
lo

t
th

at
C

C
M

E
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:1
-4

8,
 2

01
8

P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

re
su

lt
s

b
ec

om
e

m
or

e
st

ab
le

,
an

d
ev

en
tu

al
ly

n
on

-v
ar

y
in

g,
as

co
m

m
u
n
it

y
si

g
n
a
l

b
ec

o
m

es
st

ro
n
ge

r.
T

h
is

fo
ll
ow

s
th

e
st

ra
ig

h
tf

or
w

ar
d

in
tu

it
io

n
th

at
w

h
en

in
-c

om
m

u
n
it

y
ed

g
e/

w
ei

g
h
t

si
gn

al
is

w
ea

k
,

C
C

M
E

fi
n
d
s

sp
u
ri

ou
s

or
im

p
er

fe
ct

co
m

m
u
n
it

ie
s,

an
d

w
il
l

fi
n
d

d
iff

er
en

t
su

ch
co

m
m

u
n
it

ie
s

w
h
en

it
is

in
it

ia
li
ze

d
w

it
h

d
iff

er
en

t
ra

n
d
om

st
ar

ti
n
g

se
ts

.

D
.2

C
y
c
le

s
in

F
ix

e
d

P
o
in

t
S

e
a
rc

h

A
s

re
m

ar
ke

d
in

S
ec

ti
on

5.
2,

it
is

p
os

si
b
le

fo
r

th
e

S
C

S
al

go
ri

th
m

to
re

ac
h

a
st

a
b
le

se
q
u
en

ce
C

1
,.
..
,C

J
th

at
is

tr
av

er
se

d
b
y

th
e

u
p

d
at

e
U
α
(·,
G)

.
If

th
is

h
ap

p
en

s,
w

e
ap

p
ly

th
e

fo
ll
ow

in
g

ro
u
ti

n
e

to
re

-s
ta

rt
th

e
al

go
ri

th
m

,
or

re
tu

rn
th

e
u
n
io

n
of

th
e

se
q
u
en

ce
:

1.
If
C
i
∩
C
i+

1
=
φ

fo
r

an
y
i
6
J

,
or

if
C
J
∩
C

1
=
φ

,
te

rm
in

at
e

th
e

it
er

at
io

n
s

a
n
d

d
o

n
o
t

ex
tr

ac
t

a
co

m
m

u
n
it

y.

2.
O

th
er

w
is

e,
d
efi

n
e
C
∗

=
∪J i

=
1
C
i,

an
d
:

(a
)

If
C
∗

h
as

b
ee

n
v
is

it
ed

p
re

v
io

u
sl

y
b
y

S
C

S
,

ex
tr

ac
t
C
∗

in
to
C.

(b
)

O
th

er
w

is
e,

re
-i

n
it

ia
li
ze

w
it

h
C
∗ .

D
.3

F
il
te

ri
n

g
o
f
B 0

a
n

d
C

T
o
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er
th
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u
gh
B 0
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d
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w
e

u
se
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in

fe
re

n
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p
ro
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d
u
re

b
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ed
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a
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t-
w

is
e
z
-s

ta
ti

st
ic

,
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og

ou
s

to
th

e
n
o
d
e-

se
t
z
-s

ta
ti

st
ic

p
re

se
n
te

d
in

S
ec

ti
on

4.
D

efi
n
e
S

(B
)

:=
∑

v
∈B

S
(v
,B

).
N

ot
e

th
at
S

(B
)

h
as

an
ea

si
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d
er
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le
ex

p
ec

ta
ti

on
an

d
st

an
d
ar

d
d
ev

ia
ti
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u
n
d
er

th
e
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n
-
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n
u
ou

s
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n
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ra
ti

on
m

o
d
el

,
w

h
ic

h
w

e
d
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ot
e
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p
ec

ti
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)

b
y
µ

(B
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−
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m
o
d
el

gi
ve

n
b

el
ow

,
th

e
ex

p
ec

te
d

d
eg

re
e

of
n
o
d
e

u
is

a
p
p
ro

xi
m

a
te

ly
φ

(u
)

an
d

th
e

ex
p

ec
te

d
st

re
n
gt

h
a
p
p
ro

xi
m

a
te

ly
ψ

(u
).

T
h
er

ef
or

e,
h
et

er
o-

ge
n
ei

ty
/s

ke
w

n
es

s
in
φ

an
d
ψ

in
d
u
ce

h
et

er
og

en
ei

ty
/s

k
ew

n
es

s
in

th
e

d
eg

re
es

an
d

st
re

n
gt

h
s

of
th

e
si

m
u
la

te
d

n
et

w
or

k
s.

H
ow

ev
er

,
b
y

sc
al

in
g
φ

an
d
ψ

,
w

e
ca

n
fo

rc
e

th
e

to
ta

l
ex

p
ec

te
d

d
eg

re
e

an
d

to
ta

l
ex

p
ec

te
d

st
re

n
gt

h
of

th
e

si
m

u
la

te
d

n
et

w
or

k
s

to
ex

ac
tl

y
m

at
ch
φ
T

an
d
ψ
T

,
re

sp
ec

ti
ve

ly
.

T
h
e

sc
al

in
g

co
n
st

an
ts

d
ep

en
d

on
P

an
d

M
an

d
ar

e
ea

si
ly

d
er

iv
ab

le
fr

om
th

e
m

o
d
el

’s
ge

n
er

at
iv

e
al

go
ri

th
m

(d
es

cr
ib

ed
in

S
ec

ti
on

4.
2.

1)
.

F
.1
.3

P
a
r
a
m
e
t
e
r
se

t
t
in
g
s

H
er

e
w

e
li
st

th
e

“d
ef

au
lt

”
se

tt
in

gs
of

th
e

si
m

u
la

ti
on

m
o
d
el

,
m

en
ti

on
ed

in
S
ec

ti
on

6.
T

h
e

fo
ll
ow

in
g

ch
oi

ce
s

fo
r

p
ar

am
et

er
s

w
er

e
m

ad
e

re
ga

rd
le

ss
of

th
e

si
m

u
la

ti
on

se
tt

in
g:
τ 2

=
−

2,
k

=
√
n

,
k

m
a
x

=
3
k

(t
h
re

e
se

tt
in

gs
w

h
ic

h
m

ak
e

th
e

d
eg

re
e/

st
re

n
gt

h
d
is

tr
ib

u
ti

on
s

sk
ew

ed
an

d
th

e
n
et

w
or

k
sp

ar
se

),
β

=
0.

5
(t

o
in

d
u
ce

a
n
on

-t
ri

v
ia

l
p

ow
er

la
w

b
et

w
ee

n
st

re
n
gt

h
s

a
n
d

d
eg

re
es

),
τ 1

=
−

1,
m
m
in

=
n
/
5,
m
m
a
x

=
3
m
m
a
x
/
2

(s
et

ti
n
gs

w
h
ic

h
p
ro

d
u
ce

b
et

w
ee

n
ab

ou
t

3
an

d
7

co
m

m
u
n
it

ie
s

p
er

n
et

w
or

k
w

it
h

sk
ew

ed
si

ze
d
is

tr
ib

u
ti

on
),

an
d
σ

2
=

1/
2.

O
th

er
p
ar

am
et

er
ch

oi
ce

s
ar

e
sp

ec
ifi

c
to

th
e

si
m

u
la

ti
on

se
tt

in
g
s

d
es

cr
ib

ed
in

S
ec

ti
on

6.

F
.2

B
a
ck

g
ro

u
n

d
n

o
d

e
si

m
u

la
ti

o
n

If
n
b
>

0,
w

e
ge

n
er

at
e

a
n
et

w
or

k
w

it
h
n

co
m

m
u
n
it

y
n
o
d
es

,
an

d
th

en
ad

d
n
b

b
ac

k
gr

ou
n
d

n
o
d
es

,
ge

n
er

at
in

g
al

l
re

m
ai

n
in

g
ed

ge
s

an
d

w
ei

gh
ts

ac
co

rd
in

g
to

th
e

co
n
ti

n
u
ou

s
co

n
fi
gu

ra
ti

on
n
u
ll

m
o
d
el

in
tr

o
d
u
ce

d
in

th
e

m
ai

n
te

x
t.

F
ir

st
,

w
e

ob
ta

in
n
o
d
e-

w
is

e
p
ar

am
et

er
s

fo
r

al
l

n
+
n
b

n
o
d
es

,
y
ie

ld
in

g
ve

ct
or

s
φ

an
d
ψ

as
in

su
b
se

ct
io

n
F

.1
.

In
a

si
m

u
la

te
d

n
et

w
o
rk

w
it

h
ou

t
b
ac

k
gr

ou
n
d
,
φ

(u
)

an
d
ψ

(u
)

ar
e

ap
p
ro

x
im

at
el

y
E[
d
(u

)]
an

d
E[
s(
u

)]
,

re
sp

ec
ti

ve
ly

.
T

o
en

su
re

th
at

th
is

re
m

ai
n
s

th
e

ca
se

in
a

n
et

w
or

k
fo

r
w

h
ic

h
b
ac

k
gr

ou
n
d

n
o
d
es

ar
e

ad
d
ed

af
te

r
th

e
si

m
u
la

ti
on

of
co

m
m

u
n
it

y
n
o
d
es

,
w

e
m

u
st

sp
li
t

u
p

ea
ch

φ
(u

)
a
n
d
ψ

(u
)

in
to

co
m

m
u
n
it

y
an

d
b
ac

k
gr

ou
n
d

p
or

ti
on

s.
A

fe
w

ot
h
er

ad
ju

st
m

en
ts

m
u
st

al
so

b
e

m
ad

e
af

te
r

th
e

si
m

u
la

ti
on

of
co

m
m

u
n
it

y
n
o
d
es

.
T

o
th

is
en

d
,

d
efi

n
e

•
N
C

:=
{1
,.
..
,n
};

N
B

:=
{n

+
1,
..
.,
n

+
n
b
}

(c
om

m
u
n
it

y
an

d
b
ac

k
g
ro

u
n
d

n
o
d
e

se
ts

)

•
φ
C
,T

:=
∑

N
C
φ

(u
);

φ
B
,T

:=
∑

N
B
φ

(u
)

(t
ar

ge
t

to
ta

l
d
eg

re
es

of
co

m
m

u
n
it

y
an

d
b
ac

k
-

gr
ou

n
d

n
o
d
es

)

•
φ
C

(u
)

:=
φ
C
,T

φ
T
φ

(u
);

φ
B

(u
)

:=
φ
B
,T

φ
T
φ

(u
)

(t
ar

ge
t

ed
ge

-c
ou

n
ts

b
et

w
ee

n
u

an
d

th
e

co
m

-
m

u
n
it

y
an

d
b
ac

k
gr

ou
n
d

n
o
d
es

)

•
φ

1
,T

:=
∑

N
C
φ
C

(u
);

φ
2
,T

:=
∑

N
B
φ
B

(u
)

(t
ar

ge
t

to
ta

l
d
eg

re
es

of
co

m
m

u
n
it

y
an

d
b
ac

k
gr

ou
n
d

su
bn

et
w

o
rk

s)

•
d
o C

(u
)

:=
∑

v
∈N

C
A
u
v
;
d
o B

(u
)

:=
∑

v
∈N

B
A
u
v

(o
b
se

rv
ed

ed
ge

-c
ou

n
ts

b
et

w
ee

n
u

an
d

th
e

co
m

m
u
n
it

y
an

d
b
ac

k
gr

ou
n
d

n
o
d
es

)
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P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

T
h
e

ab
ov

e
d
efi

n
it

io
n
s

ex
is

t
an

al
og

ou
sl

y
fo

r
th

e
st

re
n
gt

h
p
ar

am
et

er
s
ψ

(r
ep

la
ci

n
g

“d
”

w
it

h
“
s”

w
h
er

e
ap

p
ro

p
ri

at
e)

.
T

h
e

w
or

d
“t

ar
ge

t”
ab

ov
e

in
d
ic

at
es

th
at

w
e

w
il
l

se
t

u
p

th
e

b
a
ck

-
gr

ou
n
d

si
m

u
la

ti
on

m
o
d
el

so
th

at
th

es
e

va
lu

es
ar

e
th

e
ap

p
ro

x
im

at
e

ex
p

ec
te

d
va

lu
es

o
f

th
e

gr
ap

h
st

at
is

ti
cs

th
ey

re
p
re

se
n
t.

F
.2
.1

A
d
ju

st
e
d

c
o
m
m
u
n
it
y
-n
o
d
e
si
m
u
l
a
t
io
n
m
o
d
e
l

T
h
e

on
ly

ad
ju

st
m

en
t

to
b

e
m

ad
e

to
th

e
si

m
u
la

ti
on

of
co

m
m

u
n
it

y
n
o
d
es

,
d
es

cr
ib

ed
in

su
b
se

ct
io

n
F

.1
.2

,
is

th
at

th
e

d
eg

re
e

an
d

st
re

n
gt

h
p
ar

am
et

er
s

ar
e

se
t

to
a

ce
rt

a
in

fr
a
ct

io
n

of
th

ei
r

or
ig

in
al

va
lu

es
.

T
h
is

ac
co

u
n
ts

fo
r

th
e

ev
en

tu
al

ad
d
it

io
n

of
b
ac

k
g
ro

u
n
d

n
o
d
es

,
w

h
er

e
th

e
re

m
ai

n
in

g
(r

an
d
om

)
p
ar

t
of

ea
ch

n
o
d
es

d
eg

re
e

an
d

st
re

n
gt

h
is

to
b

e
si

m
u
la

te
d
.

S
o,

th
e

co
m

m
u
n
it

y
-n

o
d
e

si
m

u
la

ti
on

(i
f

b
ac

k
gr

ou
n
d

n
o
d
es

ar
e

to
b

e
ad

d
ed

la
te

r)
fo

ll
ow

s
th

e
p
ro

ce
ss

d
es

cr
ib

ed
in

su
b
se

ct
io

n
F

.1
w

it
h

d
eg

re
e

p
ar

am
et

er
s
{φ

C
(1

),
..
.,
φ
C

(n
)}

a
n
d

st
re

n
g
th

p
ar

am
et

er
s
{ψ

C
(1

)
..
.ψ

C
(n

)}
.

F
.2
.2

E
d
g
e
s
a
n
d

w
e
ig
h
t
s
f
o
r
b
a
c
k
g
r
o
u
n
d

F
or

th
e

si
m

u
la

ti
on

of
th

e
b
ac

k
gr

ou
n
d

n
o
d
es

(f
ol

lo
w

in
g

th
e

co
m

m
u
n
it

y
n
o
d
es

)
o
u
r

g
o
a
l

is
to

sp
ec

if
y

ad
ju

st
ed

d
eg

re
e/

st
re

n
gt

h
p
ar

am
et

er
s
φ
′

an
d
ψ
′

gi
ve

n
th

e
o
b
se

rv
ed

ed
g
e-

su
m

s
{d

o C
(1

),
..
.,
d
o C

(n
)}

an
d

w
ei

gh
t-

su
m

s
{s
o C

(1
),
..
.,
so C

(n
)}

fr
om

th
e

co
m

m
u
n
it

y
n
o
d
es

.
In

w
h
at

fo
ll
ow

s
w

e
d
es

cr
ib

e
th

is
sp

ec
ifi

ca
ti

on
fo

r
φ
′

on
ly

;
th

e
sp

ec
ifi

ca
ti

on
fo

r
ψ
′

is
ex

a
ct

ly
an

al
og

ou
s.

W
e

fi
rs

t
re

p
re

se
n
t
φ
′ T

,
w

h
ic

h
w

e
h
av

e
ye

t
to

d
et

er
m

in
e,

in
to

co
m

m
u
n
it

y
a
n
d

b
ac

k
gr

ou
n
d

to
ta

ls
:

φ
′ T

=
φ
′ C,
T

+
φ
′ B
,T

S
in

ce
th

e
b
ac

k
gr

ou
n
d

su
b
n
et

w
or

k
h
as

n
ot

y
et

b
ee

n
ge

n
er

at
ed

,
w

e
m

ak
e

th
e

sp
ec

ifi
ca

ti
o
n

φ
′ (
u

)
:=

φ
(u

)
fo

r
al

l
u
∈
N
B

,
an

d
h
en

ce
φ
′ B
,T

=
φ
B
,T

is
k
n
ow

n
.

T
o

ad
d
re

ss
φ
′ C,
T

,
n
o
te

th
a
t

fo
r

ea
ch

co
m

m
u
n
it

y
n
o
d
e
u
∈
N
C

,
φ
′ (
u

)
m

ay
b

e
re

p
re

se
n
te

d
si

m
il
ar

ly
:

φ
′ (
u

)
=
φ
′ C

(u
)

+
φ
′ B

(u
)

T
h
is

re
d
u
ce

s
th

e
p
ro

b
le

m
of

sp
ec

if
y
in

g
φ
′ (
u

)
to

sp
ec

if
y
in

g
φ
′ C

(u
)

an
d
φ
′ B

(u
).

S
in

ce
th

e
co

m
m

u
n
it

y
n
o
d
e

su
b
n
et

w
or

k
h
as

al
re

ad
y

b
ee

n
ge

n
er

at
ed

,
w

e
se

t
φ
′ C

(u
)
←

d
o C

(u
).

N
ex

t,

re
ca

ll
in

g
th

at
φ
B

(u
)

:=
φ
B
,T

φ
T
φ

(u
),

w
e

m
ak

e
th

e
sp

ec
ifi

ca
ti

o
n
φ
′ B

(u
)

:=
φ
B
,T

φ
′ T
φ

(u
)

(w
h
ic

h

m
u
st

b
e

so
lv

ed
fo

r
v
ia
φ
′ T

,
in

th
e

fo
ll
ow

in
g)

.
S
o,

in
to

ta
l,

w
e

h
av

e

φ
′ (
u

)
=

{
d
o C

(u
)

+
φ
B
,T

φ
′ T
φ

(u
),

u
∈
N
C

φ
(u

),
u
∈
N
B

T
h
er

ef
or

e
w

e
ca

n
so

lv
e

fo
r
φ
′ T

w
it

h
th

e
eq

u
at

io
n

φ
′ T

:=
∑

u
∈N

C
∪N

B

φ
′ (
u

)

=
∑ u
∈N

C

[ d
o C

(u
)

+
φ
B
,T

φ
′ T
φ

(u
)] +

∑ u
∈N

B

φ
(u

)

=
d
o C
,T

+
φ
B
,T

φ
′ T
φ
C
,T

+
φ
B
,T
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C
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n
in

w
e
ig
h
t
e
d

n
e
t
w
o
r
k
s

W
h
ere

d
oC
,T

:=
∑

u∈
N
C
d
oC

(u
).

T
h
e

solu
tion

for
φ
′T

from
th

is
q
u
ad

ratic
is

φ
′T

=
φ
B
,T

+
d
oC
,T

2
+

√
(φ
B
,T

+
d
oC
,T

)
2

4
+
φ
C
,T
φ
B
,T

(64)

w
h
ich

th
en

im
m

ed
iately

gives
th

e
fu

ll
v
ector

φ
′.

W
e

can
n
ow

sim
u
late

th
e

rem
ain

in
g

ed
ges

in
th

e
n
etw

o
rk

.
S
p

ecifi
cally,

for
each

u
∈
N
B

an
d

each
v
∈
N
C
∪
N
B

,
w

e
sim

u
late

an
ed

ge
a
cco

rd
in

g
to

P
(A

u
v

=
1)

=
φ
′(u

)φ
′(v

)

φ
′T

in
d
ep

en
d
en

t
across

n
o
d
e

p
airs

(65)

W
e

so
lve

fo
r
ψ
′

an
alogou

sly.
T

h
en

for
each

u
∈
N
B

an
d

each
v
∈
N

,
w

e
sim

u
late

an
ed

ge
w

eig
h
t

a
cco

rd
in

g
to

W
u
v

=

{
f
u
v (φ
′,ψ
′)ξ

u
v ,

A
u
v

=
1

0
,

A
u
v

=
1

w
h
ere

ξ∼
F

,
is

as
it

w
as

for
th

e
gen

eration
of

th
e

com
m

u
n
ity

n
o
d
e

su
b
n
etw

ork
.

T
h
e

a
b

ove
sim

u
lation

step
s

corresp
on

d
p
recisely

to
th

e
con

tin
u
ou

s
con

fi
gu

ration
m

o
d
el

w
ith

p
a
ra

m
eters

(φ
′,ψ
′,F

,σ
).

S
om

e
b
asic

com
p
u
tation

al
trials

h
ave

sh
ow

n
th

at,
for

larg
e

n
etw

o
rk

s,
th

e
solu

tion
for

φ
′T

is
q
u
ite

close
to
φ
T

.
T

h
erefore,

for
each

u
∈
N
B

,E
(d

(u
))

is
a
lm

o
st

ex
a
ctly

φ
(u

),
i.e.

w
h
at

it
w

ou
ld

b
e

u
n
d
er

th
e

m
o
d
el

in
F

.1.2,
w

ith
ou

t
b
ack

grou
n
d

n
o
d
es.

T
h
e

sa
m

e
h
old

s
for

th
e

stren
gth

s
an

d
ex

p
ected

stren
gth

s.
T

ogeth
er

w
ith

eq
u
ation

65,
th

is
im

p
lies

th
e

b
ack

grou
n
d

n
o
d
es

are
b

eh
av

in
g

accord
in

g
to

th
e
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d
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a
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u
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e
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w

e
w
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u
tilize

it
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a
w

eigh
t

o
n

th
e

g
en

erato
r.

F
or

em
b

ed
d
in

g
p

ersisten
ce

d
iagram

s
in
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R

K
H

S
,

w
e

p
rop
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a

u
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l
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of

p
o
sitive

d
efi

n
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k
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els,
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w
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G

a
u

ssia
n
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el
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W

G
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h
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

ad
van

tages
of

th
is

kern
el

are
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(i)
W

e
can

ex
p
licitly

con
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l
th

e
eff

ect
of

p
ersisten

ce
b
y

a
w

eigh
t

fu
n
ction

,
an

d
h
en

ce
d
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n
t

th
e

n
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p
rop
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an
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(ii)
A

s
a

th
eoretical

con
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u
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,
th

e
d
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d
efi

n
ed

b
y

th
e

R
K

H
S

n
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for
th

e
P

W
G

K
satisfi

es
th

e
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p
rop
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w

h
ich

en
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th

e
con

tin
u
ity

from
d
ata

to
th

e
vector

rep
resen

tation
of

th
e

p
ersisten

ce
d
iagram

.
(iii)

T
h
e

P
W

G
K
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effi
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t
com

p
u
tation

b
y

u
sin

g
th

e
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d
om

F
ou
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featu

res
(R
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im

i
an

d
R
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d
th

u
s
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ap
p
licab

le
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p
ersisten

ce
d
iagra

m
s

w
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a
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n
u
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b
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gen
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W
e

d
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on
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th
e

p
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an
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th

e
p
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osed
kern

el
m

eth
o
d

w
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n
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an

d
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orld
d
ata,
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d
in

g
gran

u
lar
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s
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b
y

X
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C
om

p
u
ted

T
om
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h
y
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gran

u
lar

ex
p

erim
en
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e
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b
y

m
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d
y
n
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sim

u
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an

d
p
rotein

d
ata
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(taken

b
y

N
M

R
an

d
X
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stallograp
h
y

ex
p

erim
en

ts).
W

e
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ark
th
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th
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orld
p
rob

lem
s

h
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p
h
y
sical

an
d

b
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ch
em

ical
sign

ifi
can

ce
in

th
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n

righ
t,
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d
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in
S
ection

4.
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R
e
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te
d

W
o
rk

s

T
h
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are
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y
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e
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t
w

ork
s
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statistical

ap
p
roa

ch
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p

ersisten
ce

d
iagram
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S
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e
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d
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d
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ss
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tran
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a

p
ersisten

ce
d
iagram
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a

vector
(B

u
b

en
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,
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R
ein
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et
al.,
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A

d
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s
et

al.,
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;
C
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g

et
al.,
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R
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an

d
T

u
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D
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et
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p
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m
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d
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p
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e
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p
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n
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F

u
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e
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con
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d
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d
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h
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p

ersisten
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d
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estim
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F
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d
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.
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b
u
t

im
p

ortan
t

d
irection

to
th

e
statistical

m
eth

o
d
s

for
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ersisten
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T
h
e

rem
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p
ap

er
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ection
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w
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e
b
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p

ersisten
ce

d
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s
an

d
kern

el
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b
ed

d
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g
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eth
o
d
s.
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ection

3,
th

e
P

W
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K
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th
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d
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p
u
tation
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S
ection

4
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tal
resu

lts
an

d
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h
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p
ap
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ap
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d
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version
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om

p
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w
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er
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m
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p
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p
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ce

lan
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es
an

d
p
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b
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ew

ex
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en
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com
p
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(iii)
T

h
e

th
eoretical

resu
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b
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p
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p
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b
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d
ifi
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w
h
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th
e

b
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s
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e
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e.
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r
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.
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ck
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e
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p
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d
ke

rn
el

m
et

h
o
d
s.

F
or

re
ad

er
s

w
h
o

ar
e

n
ot

fa
m

il
ia

r
w

it
h

al
ge

b
ra

ic
to

p
ol

og
y,

w
e

gi
ve

a
b
ri

ef
su

m
m

ar
y

in
A

p
p

en
d
ix

A
.

S
ee

al
so

H
at

ch
er

(2
00

2)
as

an
ac

ce
ss

ib
le

in
tr

o
d
u
ct

io
n

to
al

g
eb

ra
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c
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d
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ra
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m
p
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p
er
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en
t
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om
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og
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.

In
th

is
se

ct
io

n
,
w

e
w

il
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at
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p

er
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am
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T
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en
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y

u
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n
g

a
b
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l
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d
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ra
ti
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w
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p
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in
ge
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b
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b
e
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n
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p
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T

h
e
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er
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n
st

ru
ct

io
n
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se

fu
l
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r
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p
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ti
on

s
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p
er
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en
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an
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d
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re
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p
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t
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e
m
a
t
ic
a
l
F
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a
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e
w
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r
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e
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c
e
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b
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effi
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en
t
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∈
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b
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ra
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d
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b
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b
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∈
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≤
b}

.
A

h
o
m

o
lo

gi
ca

l
cr

it
ic

a
l

va
lu

e
of
H
q
(F

il
t)

is
th

e
n
u
m

b
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∈
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→
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h
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>

0.
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p
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∈

R
an

d
th

e
n
u
m

b
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p
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p
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d
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n
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=
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<
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w
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b
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h
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p
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m
iz
u
a
n
d

H
ir
a
o
k
a

E
ac

h
su

m
m

an
d
I[b
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=
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p
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p
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<
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fo
r

an
y
a
>

0)
,
th

e
d
ec

om
p

os
it

io
n

(1
)

sh
ou

ld
b

e
u
n
d
er

st
o
o
d

in
th

e
se

n
se

th
at

so
m

e
b i

ta
ke

s
th

e
va

lu
e
−
∞

(r
es

p
.
d
i

=
∞

),
w

h
er

e
−
∞
,∞

ar
e

th
e

el
em

en
ts

in
th

e
ex

te
n
d
ed

re
al

R
=

R
∪
{−
∞
,∞
}.

T
h
ro

u
gh

th
e

d
ec

om
p

os
it

io
n

in
T

h
eo

re
m

1
,

a
p

er
si

st
en

t
h
om

ol
og

y
H
q
(F

il
t)

,
w

h
ic

h
is

an
al

ge
b
ra

ic
ob

je
ct

an
d

is
n
ot

su
it

ab
le

to
b

e
a
n
a
ly

ze
d

b
y

st
at

is
ti

ca
l

m
et

h
o
d
s,

is
tr

an
sf

or
m

ed
in

to
a

m
u
lt

i-
se

t
of

2-
d
im

en
si

on
al

ve
ct

or
s

D
q
(F

il
t)

=
{ (b

i,
d
i)
∈
R

2
∣ ∣ ∣i
∈
I
}

an
d

w
e

ca
ll

it
th

e
pe

rs
is

te
n

ce
d
ia

gr
a
m

of
Fi

lt
.3

In
th

is
p
ap

er
,

w
e

as
su

m
e

th
at

al
l

p
er

si
st

en
ce

d
ia

gr
am

s
h
av

e
fi
n
it

e
ca

rd
in

a
li
ty

b
ec

a
u
se

a
ta

m
e

p
er

si
st

en
t

h
om

ol
og

y
d
efi

n
es

a
fi
n
it

e
p

er
si

st
en

ce
d
ia

gr
am

.
M

or
eo

v
er

,
w

e
a
ls

o
a
ss

u
m

e
th

at
al

l
b
ir

th
-d

ea
th

p
ai

rs
ar

e
b

ou
n
d
ed

,
th

at
is

,
al

l
el

em
en

ts
in

a
p

er
si

st
en

ce
d
ia

g
ra

m
ta

k
e

n
ei

th
er
∞

n
or
−
∞

.4
In

th
e

fo
ll
ow

in
g,

w
e

al
so

u
se

ab
st

ra
ct

p
er

si
st

en
ce

d
ia

g
ra

m
s

(d
en

o
te

d
b
y
D

or
E

)
gi

v
en

b
y

fi
n
it

e
m

u
lt

i-
se

ts
ab

ov
e

th
e

d
ia

go
n
al

R
2 a
d

:=
{(
b,
d
)
∈
R

2
|b
<
d
}.

2
.1
.2

B
a
l
l
M
o
d
e
l
F
il
t
r
a
t
io
n
s

T
h
e

ex
am

p
le

u
se

d
in

F
ig

u
re

1
ca

n
b

e
ex

p
re

ss
ed

as
fo

ll
ow

s.
L

et
X

=
{x

1
,.
..
,x

n
}

b
e

a
fi
n
it

e
su

b
se

t
in

a
m

et
ri

c
sp

ac
e

(M
,d
M

)
an

d
X
a

:=
⋃
n i=

1
B

(x
i;
a
)

b
e

a
u
n
io

n
of

b
a
ll
s
B

(x
i;
a
)

=
{x
∈
M
|d

M
(x

i,
x

)
≤
a
}

w
it

h
ra

d
iu

s
a
≥

0.
F

or
co

n
ve

n
ie

n
ce

,
le

t
X
a

:=
∅

(a
<

0
).

S
in

ce
X

=
{X

a
|a
∈
R
}

is
a

ri
gh

t-
co

n
ti

n
u
ou

s
fi
lt

ra
ti

on
of

to
p

ol
o
gi

ca
l

sp
ac

es
an

d
X

is
a

fi
n
it

e
se

t,
H
q
(X

)
is

ta
m

e
an

d
th

e
p

er
si

st
en

ce
d
ia

gr
a
m
D
q
(X

)
is

w
el

l-
d
efi

n
ed

.
F

or
n
ot

at
io

n
a
l

si
m

p
li
ci

ty
,

th
e

p
er

si
st

en
ce

d
ia

gr
am

of
th

is
b
al

l
m

o
d
el

fi
lt

ra
ti

on
is

d
en

ot
ed

b
y
D
q
(X

).

W
e

re
m

ar
k

th
at

,
in

th
is

m
o
d
el

,
th

er
e

is
on

ly
on

e
ge

n
er

at
or

in
D

0
(X

)
th

a
t

d
o
es

n
o
t

d
is

ap
p

ea
r

in
th

e
fi
lt

ra
ti

on
;

it
s

li
fe

ti
m

e
is
∞

.
F

ro
m

n
ow

on
,

w
e

d
ea

l
w

it
h
D

0
(X

)
b
y

re
-

m
ov

in
g

th
is

in
fi
n
it

e
li
fe

ti
m

e
ge

n
er

at
or

.5
L

et
d
ia

m
(X

)
b

e
th

e
d
ia

m
et

er
of
X

d
efi

n
ed

b
y

m
ax
x
i
,x
j
∈X

d
M

(x
i,
x
j
).

T
h
en

,
al

l
ge

n
er

at
or

s
ap

p
ea

r
af

te
r
a

=
0

an
d

d
is

a
p
p

ea
r

b
ef

o
re

a
=

d
ia

m
(X

)
b

ec
au

se
X

d
ia

m
(X

)
b

ec
om

es
a

co
n
tr

ac
ti

b
le

sp
ac

e.
T

h
u
s,

fo
r

an
y

d
im

en
si

o
n
q,

al
l

b
ir

th
-d

ea
th

p
ai

rs
of
D
q
(X

)
h
av

e
fi
n
it

e
va

lu
es

.

2
.1
.3

G
e
o
m
e
t
r
ic

C
o
m
p
l
e
x
e
s

W
e

re
v
ie

w
so

m
e

st
an

d
ar

d
m

et
h
o
d
s

of
co

n
st

ru
ct

in
g

a
fi
lt

ra
ti

on
fr

om
fi
n
it

e
se

ts
in

a
m

et
ri

c
sp

ac
e.

S
ee

al
so

C
h
az

al
et

al
.

(2
01

4)
fo

r
m

or
e

d
et

ai
ls

.

L
et

(M
,d
M

)
b

e
a

m
et

ri
c

sp
ac

e
an

d
X

=
{x

1
,.
..
,x

n
}b

e
a

fi
n
it

e
su

b
se

t
in
M

.
F

o
r

a
fi
x
ed

a
≥

0,
w

e
fo

rm
a
q-

si
m

p
le

x
[x
i 0
··
·x

i q
]

a
s

a
su

b
se

t
{x

i 0
,.
..
,x

i q
}

of
X

w
h
en

ev
er

th
er

e
ex

is
ts

x̄
∈
M

su
ch

th
at
d
M

(x
i j
,x̄

)
≤
a

fo
r

al
l
j

=
0,
..
.,
q,

or
eq

u
iv

al
en

tl
y,
∩q j=

0
B

(x
i j

;a
)
6=
∅.

T
h
e

se
t

of
th

es
e

si
m

p
li
ce

s
fo

rm
s

a
si

m
p
li
ci

al
co

m
p
le

x
,

ca
ll
ed

th
e
Č

ec
h

co
m

p
le

x
o
f
X

w
it

h
p
ar

am
et

er
a
,

d
en

ot
ed

b
y

Č
ec

h
(X

;a
).

F
or

a
<

0,
w

e
d
efi

n
e

Č
ec

h
(X

;a
)

as
a
n

em
p
ty

se
t.

3
.

A
m

u
lt

i-
se

t
is

a
se

t
w

it
h

m
u

lt
ip

li
ci

ty
o
f

ea
ch

p
o
in

t.
W

e
re

g
a
rd

a
p

er
si

st
en

ce
d

ia
g
ra

m
a
s

a
m

u
lt

i-
se

t,
si

n
ce

se
v
er

a
l

g
en

er
a
to

rs
ca

n
h

av
e

th
e

sa
m

e
b
ir

th
-d

ea
th

p
a
ir

s.
4
.

T
h

is
a
ss

u
m

p
ti

o
n

w
il

l
b

e
ju

st
ifi

ed
in

S
ec

ti
o
n

2
.1

.2
.

5
.

T
h

is
is

ca
ll

ed
th

e
re

d
u

ce
d

pe
rs

is
te

n
ce

d
ia

gr
a

m
.
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P
e
r
sist

e
n
c
e
W

e
ig
h
t
e
d

G
a
u
ssia

n
K
e
r
n
e
l

S
in

ce
th

ere
is

a
n
atu

ral
in

clu
sion

Č
ech

(X
;a

)↪→
Č

ech
(X

;b)
w

h
en

ever
a
≤
b,

Č
ech

(X
)

=
{

Č
ech

(X
;a

) ∣∣
a
∈
R }

is
a

fi
ltration

.
W

h
en

M
is

a
su

b
sp

ace
of

R
d,

from
th

e
n
erve

lem
m

a
(H

a
tch

er,
2
0
0
2
),

it
is

k
n
ow

n
th

at
th

e
top

ology
of

Č
ech

(X
;a

)
is

th
e

sam
e

as
X
a

(F
ig

u
re

3)
6,

a
n
d

h
en

ce
D
q (Č

ech
(X

))
=
D
q (X

).

A
s

a
sim

ila
r

con
cep

t
to

th
e

Č
ech

com
p
lex

,
th

e
R

ip
s

com
p
lex

(or
V

ietoris-R
ip

s
com

p
lex

)
is

a
lso

often
u
sed

in
T

D
A

.
W

h
ile

th
e

R
ip

s
com

p
lex

giv
es

d
iff

eren
t

top
ology

from
th

e
Č

ech
co

m
p
lex

,
it

can
b

e
com

p
u
ted

m
u
ch

m
ore

effi
cien

tly
;

th
e

R
ip

s
com

p
lex

n
eed

s
on

ly
p
airw

ise
d
ista

n
ces,

w
h
ile

th
e

Č
ech

com
p
lex

n
eed

s
all

th
e

(q
+

1)-com
b
in

ation
s

am
on

g
n

p
oin

ts
for

q-th
h
o
m

o
lo

g
y,

w
h
ich

easily
b

ecom
es

in
feasib

le
for

la
rge

n
.

F
or

a
fi
x
ed

a
≥

0,
w

e
form

a
q-sim

p
lex

[x
i0 ···x

iq ]
as

a
su

b
set

{
x
i0 ,...,x

iq }
of
X

th
at

satisfi
es
d
M

(x
ij ,x

ik )
≤

2
a

for
a
ll
j,k

=
0,...,q.

T
h
e

set
of

th
ese

sim
p
lices

form
s

a
sim

p
licial

com
p
lex

,
called

th
e

R
ip

s
co

m
p
lex

o
f
X

w
ith

p
aram

eter
a
,

d
en

oted
b
y

R
ip

s(X
;a

).
S
im

ilarly,
th

e
R

ip
s

com
p
lex

also
fo

rm
s

a
fi
ltra

tio
n
R

ip
s(X

).
In

gen
eral,

D
q (R

ip
s(X

))
is

n
ot

th
e

sam
e

as
D
q (X

)
(see

F
igu

re
3
).

In
ex

p
erim

en
ts

in
th

is
p
ap

er,
all

p
ersisten

ce
d
iagram

s
are

com
p
u
ted

b
y

a
b
all

m
o
d
el

fi
ltra

tio
n
,

w
h
ich

is
eq

u
ivalen

t
to

th
e

Č
ech

com
p
lex

fi
ltration

,
an

d
w

e
d
o

n
o
t

u
se

th
e

R
ip

s
co

m
p
lex

fi
ltra

tion
.

W
e

rem
ark

th
at,

h
ow

ever,
th

ere
are

also
ap

p
lication

s
of

R
ip

s
co

m
p
lex

es
(e.g

.,
sen

so
r

n
etw

ork
s

(d
e

S
ilva

an
d

G
h
rist,

2007)),
an

d
ou

r
kern

el
m

eth
o
d

an
d

stab
ility

resu
lts

sh
ow

n
in

P
rop

osition
8

an
d

P
rop

osition
10

can
b

e
ap

p
lied

n
ot

on
ly

th
e

b
all

m
o
d
el

fi
ltra

tio
n

b
u
t

a
lso

an
y

fi
ltration

s
in

clu
d
in

g
th

e
R

ip
s

com
p
lex

fi
ltration

.

X
X

a
Č
ech

(X
;a
)

R
ip
s(X

;a
)

'
6'

F
ig

u
re

3
:

A
p

o
in

t
set

X
,

th
e

u
n
ion

of
b
alls

X
a ,

th
e

Č
ech

com
p
lex

Č
ech

(X
;a

)
an

d
th

e
R

ip
s

com
p
lex

R
ip

s(X
;a

).
T

h
ere

are
tw

o
rin

gs
in
X
a

an
d

Č
ech

(X
;a

).
H

ow
ever,

R
ip

s(X
;a

)
h
as

on
ly

on
e

rin
g

b
ecau

se
th

ere
is

a
2-sim

p
lex

.

2
.1
.4

S
u
b
-l
e
v
e
l
S
e
t
s

A
n
o
th

er
p

o
p
u
lar

w
ay

of
con

stru
ctin

g
a

fi
ltration

is
to

u
se

su
b
-level

sets.
T

h
is

is
u
sefu

l
w

h
en

d
a
ta

is
given

in
th

e
from

of
a

fu
n
ction

like
a

gray
-scale

im
age

on
a

tw
o

d
im

en
sion

al
reg

io
n
.

L
et

M
b

e
a

top
ological

sp
ace

an
d
f

:
M
→

R
b

e
a

con
tin

u
ou

s
m

ap
.

T
h
en

,
w

e
d
efi

n
e

a
su

b-level
set

b
y

S
u
b
(f

;a
)

:=
f
−

1((−
∞
,a

])
for

a
∈

R
an

d
its

fi
ltration

b
y

S
u
b
(f

)
:=
{S

u
b
(f

;a
)|
a
∈
R}

.
H

ere,
f

:
M
→

R
is

sa
id

to
b

e
ta

m
e

if
H
q (S

u
b
(f

))
is

tam
e.

6
.

P
recisely,

th
ey

a
re

h
o

m
o

to
p

y
equ

iva
len

t.
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

F
or

a
fi
n
ite

set
X

=
{x

1 ,...,x
n }

in
a

m
etric

sp
ace

(M
,d
M

),
w

e
d
efi

n
e

th
e

d
istan

ce
fu

n
ction

d
ist

X
:
M
→

R
b
y

d
ist

X
(x

)
:=

m
in

x
i ∈
X
d
M

(x
,x

i ).

T
h
en

,
w

e
can

see
S
u
b
(d

ist
X

;a
)

=
⋃
x
i ∈
X
B

(x
i ;a

)
an

d
D
q (S

u
b
(d

ist
X

))
=
D
q (X

).
T

h
is

m
ean

s
th

at
th

e
b
all

m
o
d
el

is
a

sp
ecial

case
of

th
e

su
b
-level

set,
an

d
th

e
Č

ech
com

p
lex

an
d

th
e

su
b
-lev

el
set

w
ith

th
e

d
istan

ce
fu

n
ction

d
ist

X
give

th
e

sam
e

p
ersisten

ce
d
iagram

.

2
.2

S
ta

b
ility

o
f

P
e
rsiste

n
c
e

D
ia

g
ra

m
s

W
h
en

w
e

con
sid

er
d
ata

an
aly

sis
b
ased

on
p

ersisten
ce

d
iagram

s,
it

is
u
sefu

l
to

in
tro

d
u
ce

a
d
istan

ce
m

easu
re

am
on

g
p

ersisten
ce

d
iagram

s
for

d
escrib

in
g

th
eir

relatio
n
s.

In
in

tro
d
u
cin

g
a

d
istan

ce
m

easu
re,

it
is

d
esirab

le
th

at,
as

a
rep

resen
tation

of
d
ata,

th
e

m
ap

p
in

g
from

d
ata

to
a

p
ersisten

ce
d
iagram

is
con

tin
u
ou

s
w

ith
resp

ect
to

th
e

d
istan

ce.
In

m
an

y
cases,

d
ata

in
volv

e
n
oise

or
sto

ch
asticity,

an
d

th
u
s

th
e

p
ersisten

ce
d
iagram

s
sh

ou
ld

b
e

stab
le

u
n
d
er

p
ertu

rb
ation

of
d
ata.

T
h
e

bo
ttlen

eck
d
ista

n
ce
d

W
∞

b
etw

een
tw

o
p

ersisten
ce

d
iagram

s
D

an
d
E

is
d
efi

n
ed

b
y

d
W
∞

(D
,E

)
:=

in
fγ

su
p

x∈
D
∪

∆
‖
x
−
γ

(x
)‖∞

,

w
h
ere

∆
:=
{
(a
,a

)
|
a
∈

R}
is

th
e

d
iagon

al
set

w
ith

in
fi
n
ite

m
u
ltip

licity
an

d
γ

ran
ges

over
all

m
u
lti-b

ijection
s

from
D
∪

∆
to
E
∪

∆
. 7

H
ere,

for
z

=
(z

1 ,z
2 )∈

R
2,‖

z‖∞
d
en

o
tes

m
ax{|z

1 |,|z
2 |}.

W
e

n
ote

th
at

th
ere

a
lw

ay
s

ex
ists

su
ch

a
m

u
lti-b

ijection
γ

b
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∆
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∆
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m
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m
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o
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∞
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b
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=
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b
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d
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d
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b
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∆
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∞
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n
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.
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(

P
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∞

(D
,E

)1
−
p
′ p
.

F
or

a
p

er
si

st
en

ce
d
ia

gr
am

D
,

it
s

d
eg

re
e-
p

to
ta

l
p

er
si

st
en

ce
is

b
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b
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p
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p
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p
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b
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ra
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p
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R
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P
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p
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d
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−
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b
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b
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R
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p
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.
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∞
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′ −
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p
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p
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p
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b
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d
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.
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b
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d
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u
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b
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n
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Ω
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n
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n
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e
d
efi

n
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e.
A
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u
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r
ex
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p
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d
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n
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e
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R
d
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e
G

a
u
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n
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k
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)
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‖x
−
y
‖2

2
σ

2
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>
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,
w

h
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e
‖·
‖
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e
E

u
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n
n
or

m
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R
d
.

F
ro

m
th

e
M

o
or
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A
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n
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a
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eo
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m

,
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is
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so
k
n
ow

n
th
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p
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e
d
efi

n
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e
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n
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k

o
n

Ω
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u
n
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u
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w
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h
a
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p
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d
u
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n
g
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el
H
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b

er
t
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ac

e
H
k
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H
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W
e

u
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a
p

os
it

iv
e

d
efi

n
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e
ke

rn
el
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p
re
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n
t

p
er
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en
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d
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s
b
y
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g
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e
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e
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m
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n
em

b
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d
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g
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d
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tr
ib

u
ti

on
s

(M
u
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d
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;

S
m

o
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a
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2
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S
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p
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u
m

b
u
d
u
r
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al

.,
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L
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Ω
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e
a
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m

p
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t
H
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b

e
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n
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b
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b
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Ω
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S
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∫
‖k
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H
k
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n
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e
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∫
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x
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w
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d
efi

n
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a
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e

B
o
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n
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d

U
h
l

J
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).
H
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w
e

d
efi

n
e

a
m
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p
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M
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to
H
k

b
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E
k
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M
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∫
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F
or

a
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p
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t
H
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Ω

,
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d
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b
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∈
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∈
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n
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H
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n
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C
0
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n
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H
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).
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is
k
n
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n
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e
G

a
u
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n
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0
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b
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0
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u
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p
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p
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p
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.
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C

0
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n
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l
o
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p
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E
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d
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d
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n
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Ω
is

a
B

o
re

l
m

ea
su

re
o
n

Ω
sa

ti
sf

y
in

g
(i

)
µ

(C
)
<
∞
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⊂
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⊂
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.
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⊂
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d
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ed
d
in

g
an

d
d
iscu

ss
th

e
effi

cien
t

an
d

p
recise

ap
p
rox

im
ate

co
m

p
u
ta

tio
n

o
f

th
e

P
W

G
K

.

3
.1

V
e
c
to

riz
a
tio

n
o
f

P
e
rsiste

n
c
e

D
ia

g
ra

m
s

W
e

p
ro

p
o
se

a
m

eth
o
d

for
vectorizin

g
p

ersisten
ce

d
iagram

s
u
sin

g
th

e
kern

el
em

b
ed

d
in

g
(2)

b
y

reg
a
rd

in
g

a
p

ersisten
ce

d
iagram

as
a

d
iscrete

m
easu

re.
In

v
ectorizin

g
p

ersisten
ce

d
iagram

s,
it

is
d
esirab

le
to

h
ave

fl
ex

ib
ility

to
d
iscou

n
t

th
e

eff
ect

of
gen

erators
close

to
th

e
d
iagon

al,
sin

ce
th

ey
o
ften

ten
d

to
b

e
cau

sed
b
y

n
oise.

T
o

th
is

goal,
w

e
ex

p
la

in
sligh

tly
d
iff

eren
t

tw
o

w
ay

s
o
f

em
b

ed
d
in

gs,
w

h
ich

tu
rn

ou
t

to
give

th
e

sam
e

in
n
er

p
ro

d
u
ct

fo
r

tw
o

p
ersisten

ce
d
ia

g
ra

m
s.

F
irst,

for
a

p
ersisten

ce
d
iagram

D
,

w
e

in
tro

d
u
ce

a
m

easu
re
µ
wD

:=
∑

x∈
D
w

(x
)δ
x

w
ith

a
w

eig
h
t
w

(x
)
>

0
for

each
gen

erator
x
∈
D

(F
igu

re
5
),

w
h
ere

δ
x

is
th

e
D

irac
d
elta

m
ea

su
re

a
t
x

.
B

y
a
p
p
ro

p
riately

ch
o
osin

g
w

(x
),

th
e

m
easu

re
µ
wD

can
d
isco

u
n
t

th
e

eff
ect

of
gen

erators
clo

se
to

th
e

d
ia

gon
al.

A
con

crete
ch

oice
of
w

(x
)

w
ill

b
e

d
iscu

ssed
later.

B
irth

Death

B
irth

Death

B
irth

Death

D

F
igu

re
5:

U
n
w

eigh
ted

(left)
an

d
w

eigh
ted

(righ
t)

m
easu

res.

A
s

d
iscu

ssed
in

S
ection

2.3,
given

a
C

0 -u
n
iversal

k
ern

el
k

ab
ove

th
e

d
iagon

al
R

2a
d

=
{
(b,d

)∈
R

2|
b
<
d}

,
th

e
m

easu
re
µ
wD

can
b

e
em

b
ed

d
ed

as
an

elem
en

t
of

th
e

R
K

H
S
H
k

v
ia

µ
wD
7→
E
k (µ

wD
)

:=
∑x∈
D

w
(x

)k
(·,x

).
(3)

F
ro

m
th

e
in

jectiv
ity

in
P

rop
osition

6,
th

is
m

ap
p
in

g
id

en
tifi

es
a

p
ersisten

ce
d
iagram

;
in

oth
er

w
o
rd

s,
it

d
o
es

n
ot

lose
an

y
in

form
ation

a
b

ou
t

p
ersisten

ce
d
iagram

s.
H

en
ce,

E
k (µ

wD
)∈
H
k

serves
a
s

a
v
ector

rep
resen

tation
of

th
e

p
ersisten

ce
d
iagram

.
A

s
th

e
secon

d
con

stru
ction

,
let

k
w

(x
,y

)
:=

w
(x

)w
(y

)k
(x
,y

)
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

b
e

th
e

w
eigh

ted
kern

el
w

ith
th

e
sam

e
w

eigh
t

fu
n
ction

as
ab

ove. 1
0

T
h
en

th
e

m
ap

p
in

g

E
k
w

:
µ
D
7→
∑x∈
D

w
(x

)w
(·)k

(·,x
)∈
H
k
w

(4)

also
d
efi

n
es

a
vectorization

of
p

ersisten
ce

d
iagram

s.
T

h
e

fi
rst

con
stru

ction
m

ay
b

e
m

ore
in

tu
itive

b
y

d
irectly

w
eigh

tin
g

a
m

easu
re,

w
h
ile

th
e

secon
d

on
e

is
also

p
ractically

u
sefu

l
sin

ce
all

th
e

p
aram

eter
tu

n
in

g
is

red
u
ced

to
kern

el
ch

oice.
W

e
n
ote

th
a
t

th
e

in
n
er

p
ro

d
u
cts

in
tro

d
u
ced

b
y

tw
o

R
K

H
S

vectors
(3)

an
d

(4)
are

th
e

sam
e:

〈E
k (µ

wD
),E

k (µ
wE

)〉H
k

=
〈E

k
w

(µ
D

),E
k
w

(µ
E

)〉H
k
w
.

In
ad

d
ition

,
th

ese
tw

o
R

K
H

S
vectors

(3)
a
n
d

(4)
are

essen
tially

eq
u
ivalen

t,
as

seen
from

th
e

n
ex

t
p
rop

osition
:

P
ro

p
o
sitio

n
7

L
et
k

be
C

0 -u
n

iversa
l

o
n
R

2a
d

a
n

d
w

be
a

po
sitive

fu
n

ctio
n

o
n
R

2a
d .

T
h
en

th
e

fo
llo

w
in

g
m

a
p
p
in

g
H
k →

H
k
w
,

f
7→
w
f

d
efi

n
es

a
n

iso
m

o
rp

h
ism

betw
een

th
e

R
K

H
S

s.
U

n
d
er

th
is

iso
m

o
rp

h
ism

,
E
k (µ

wD
)

a
n

d
E
k
w

(µ
D

)
a
re

id
en

tifi
ed

.

P
ro

o
f

L
etH̃

:=
{w
f

:R
2a
d →

R
|
f
∈
H
k }

an
d

d
efi

n
e

its
in

n
er

p
ro

d
u
ct

b
y

〈w
f
,w
g〉H̃

:=
〈f
,g〉H

k .

T
h
en

,
it

is
easy

to
see

th
at
H̃

is
a

H
ilb

ert
sp

ace
an

d
th

e
m

ap
p
in

g
f
7→

w
f

gives
an

isom
orp

h
ism

b
etw

een
H̃

an
d
H
k

of
th

e
H

ilb
ert

sp
aces.

In
fact,

w
e

can
sh

ow
th

atH̃
is

th
e

sam
e

asH
k
w

.
T

o
see

th
is,

it
is

su
ffi

cien
t

to
ch

eck
th

at
k
w

is
a

rep
ro

d
u
cin

g
k
ern

el
ofH̃

from
th

e
u
n
iq

u
en

ess
p
rop

erty
of

a
rep

ro
d
u
cin

g
k
ern

el
fo

r
an

R
K

H
S
.

T
h
e

rep
ro

d
u
cin

g
p
rop

erty
is

p
roven

from

〈w
f
,k
w

(·,x
)〉H̃

=
〈f
,w

(x
)k

(·,x
)〉H

k
=
w

(x
)f

(x
)

=
(w
f

)(x
).

T
h
e

secon
d

assertion
is

ob
v
iou

s.

3
.2

S
ta

b
ility

w
ith

re
sp

e
c
t

to
th

e
K

e
rn

e
l

E
m

b
e
d

d
in

g

G
iven

a
d
ata

set
X

,
w

e
com

p
u
te

th
e

p
ersisten

ce
d
iagram

D
q (X

)
a
n
d

vectorize
it

as
a
n

ele-
m

en
t
E
k (µ

wD
q
(X

) )
of

th
e

R
K

H
S
.

T
h
en

,
for

p
ractical

ap
p
lication

s,
th

is
m

ap
X
7→
E
k (µ

wD
q
(X

) )
sh

ou
ld

b
e

stab
le

w
ith

resp
ect

to
p

ertu
rb

ation
s

to
th

e
d
ata

as
d
iscu

ssed
in

S
ection

2.2.
L

et
D

an
d
E

b
e

p
ersisten

ce
d
iagram

s
an

d
γ

:
D
∪

∆
→

E
∪

∆
b

e
an

y
m

u
lti-b

ijection
.

H
ere,

w
e

p
artition

D
(resp

.
∆

)
in

to
D

1
an

d
D

2
(resp

.
∆

1
an

d
∆

2 )
su

ch
as

γ
(D

1 )⊂
R

2a
d ,
γ

(D
2 )⊂

∆
,
γ

(∆
1 )⊂

R
2a
d ,
γ

(∆
2 )⊂

∆
.

1
0
.

F
ro

m
th

e
fa

cts
th

a
t

th
e

p
ro

d
u

ct
o
f
p

o
sitiv

e
d

efi
n

ite
k
ern

els
a
re

a
lso

a
p

o
sitiv

e
d

efi
n

ite
k
ern

el
a
n

d
f

(x
,y

)
=

w
(x

)w
(y

)
is

a
p

o
sitiv

e
d

efi
n

ite
k
ern

el,
k
w

is
a
ctu

a
lly

a
p

o
sitiv

e
d

efi
n

ite
k
ern

el.
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P
e
r
si
st

e
n
c
e
W

e
ig
h
t
e
d

G
a
u
ss
ia
n
K
e
r
n
e
l

T
h
en

D
1
∪

∆
1

an
d
E

ar
e

b
ij

ec
ti

ve
u
n
d
er
γ

.
N

ow
,

le
t

a
w

ei
gh

t
fu

n
ct

io
n
w

b
e

ze
ro

on
th

e
d
ia

go
n
al

∆
.

T
h
en

,
th

e
n
or

m
of

th
e

d
iff

er
en

ce
b

et
w

ee
n

R
K

H
S

ve
ct

or
s

is
ca

lc
u
la

te
d

as
fo

ll
ow

s:

‖E
k
(µ
w D

)
−
E
k
(µ
w E

)‖
H
k

=

∥ ∥ ∥ ∥ ∥ ∥∑ x
∈D

w
(x

)k
(·,
x

)
−
∑ y
∈E
w

(y
)k

(·,
y
)∥ ∥ ∥ ∥ ∥ ∥ H

k

=

∥ ∥ ∥ ∥ ∥ ∥∑ x
∈D

w
(x

)k
(·,
x

)
−

∑

x
∈D

1
∪∆

1

w
(γ

(x
))
k
(·,
γ

(x
))

∥ ∥ ∥ ∥ ∥ ∥ H
k

=

∥ ∥ ∥ ∥ ∥ ∥
∑

x
∈D
∪∆

1

( w
(x

)k
(·,
x

)
−
w

(γ
(x

))
k
(·,
γ

(x
))

)
+
∑ x
∈D

2

w
(γ

(x
))
k
(·,
γ

(x
))

∥ ∥ ∥ ∥ ∥ ∥ H
k

=

∥ ∥ ∥ ∥ ∥ ∥
∑

x
∈D
∪∆

1

( w
(x

)k
(·,
x

)
−
w

(γ
(x

))
k
(·,
γ

(x
))

)∥ ∥ ∥ ∥ ∥ ∥
H
k

=

∥ ∥ ∥ ∥ ∥ ∥∑ x
∈D

w
(x

)( k
(·,
x

)
−
k
(·,
γ

(x
))

)
+

∑

x
∈D
∪∆

1

( w
(x

)
−
w

(γ
(x

))

) k
(·,
γ

(x
))

∥ ∥ ∥ ∥ ∥ ∥ H
k

≤
∑ x
∈D

w
(x

)
‖k

(·,
x

)
−
k
(·,
γ

(x
))
‖ H

k
+

∑

x
∈D
∪∆

1

|w
(x

)
−
w

(γ
(x

))
|‖
k
(·,
γ

(x
))
‖ H

k
.

H
er

e,
le

t
k

b
e

a
C

0
-u

n
iv

er
sa

l
k
er

n
el

an
d

sa
ti

sf
y

th
e

fo
ll
ow

in
g:

(K
)

T
h
er

e
ex

is
t

co
n
st

an
ts
B
k
,L

k
>

0
su

ch
th

at

‖k
(·,
x

)‖
H
k
≤
B
k
,
‖k

(·,
x

)
−
k
(·,
y
)‖
H
k
≤
L
k
‖x
−
y
‖ ∞

(x
,y
∈
R

2
).

T
h
en

,
w

e
h
av

e

‖E
k
(µ
w D

)
−
E
k
(µ
w E

)‖
H
k
≤
L
k

∑ x
∈D

w
(x

)
‖x
−
γ

(x
)‖
∞

+
B
k

∑

x
∈D
∪∆

1

|w
(x

)
−
w

(γ
(x

))
|.

(5
)

In
th

is
se

q
u
el

,
w

e
co

n
si

d
er

th
e

G
au

ss
ia

n
k
er

n
el
k

G
(x
,y

)
=
e−
‖x
−
y
‖2

2
σ

2
(σ

>
0)

fo
r

a
C

0
-

u
n
iv

er
sa

l
ke

rn
el

sa
ti

sf
y
in

g
(K

)
b
y
B
k

G
=

1
an

d
L
k

G
=
√

2 σ
(L

em
m

a
16

in
A

p
p

en
d
ix

C
).

N
ot

e

th
at

th
e

L
ap

la
ce

k
er

n
el
k
(x
,y

)
=
e−

α
∑
i
|x
i
−
y
i
|

(α
>

0)
al

so
sa

ti
sfi

es
(K

)
b
y
B
k

=
1

an
d

L
k

=
4α

.

F
or

a
w

ei
gh

t
fu

n
ct

io
n
,

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
:

(W
1
)

F
or

an
y

p
er

si
st

en
ce

d
ia

gr
am

s
D

an
d
E

,
a
n
d

an
y

m
u
lt

i-
b
ij

ec
ti

on
γ

:
D
∪

∆
→
E
∪

∆
,

th
er

e
ex

is
t

co
n
st

an
ts
B

1
,L

1
>

0
su

ch
th

at

∑ x
∈D
|w

(x
)|
≤
B

1
,

∑

x
∈D
∪∆
|w

(x
)
−
w

(γ
(x

))
|≤

L
1

su
p

x
∈D
∪∆
‖x
−
γ

(x
)‖
∞
.

(6
)
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 1
8(

18
9)

:1
-4

1,
 2

01
8

K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

If
th

e
w

ei
gh

t
fu

n
ct

io
n
w

sa
ti

sfi
es

(W
1)

,
fr

o
m

E
q
u
at

io
n

(5
),

w
e

h
av

e

‖E
k
(µ
w D

)
−
E
k
(µ
w E

)‖
H
k
≤

(L
k
B

1
+
B
k
L

1
)

su
p

x
∈D
∪∆
‖x
−
γ

(x
)‖
∞
.

S
in

ce
th

is
in

eq
u
al

it
y

h
ol

d
s

fo
r

an
y

m
u
lt

i-
b
ij

ec
ti

on
γ

,
w

e
ob

ta
in

th
e

b
ot

tl
en

ec
k

st
a
b
il
it

y.

P
ro

p
o
si

ti
o
n

8
L

et
D

a
n

d
E

be
pe

rs
is

te
n

ce
d
ia

gr
a
m

s,
a
C

0
-u

n
iv

er
sa

l
ke

rn
el
k

sa
ti

sf
y

(K
),

a
n

d
a

w
ei

gh
t

fu
n

ct
io

n
w

sa
ti

sf
y

(W
1
).

T
h
en

,

‖E
k
(µ
w D

)
−
E
k
(µ
w E

)‖
H
k
≤

(L
k
B

1
+
B
k
L

1
)
d

W
∞

(D
,E

).

In
th

is
p
ap

er
,

am
on

g
m

an
y

ch
oi

ce
s,

w
e

p
ro

p
os

e
to

u
se

a
w

ei
gh

t
fu

n
ct

io
n

w
a
rc

(x
)

=
ar

ct
an

(C
p

er
s(
x

)p
)

(C
>

0,
p
∈
Z >

0
).

T
h
is

is
a

b
ou

n
d
ed

an
d

in
cr

ea
si

n
g

fu
n
ct

io
n

of
p

er
s(
x

).
T

h
e

co
rr

es
p

on
d
in

g
p

o
si

ti
v
e

d
efi

n
it

e
ke

rn
el

is

k
P

W
G

(x
,y

)
=
w

a
rc

(x
)w

a
rc

(y
)e
−
‖x
−
y
‖2

2
σ

2
.

(7
)

W
e

ca
ll

it
pe

rs
is

te
n

ce
w

ei
gh

te
d

G
a
u

ss
ia

n
ke

rn
el

(P
W

G
K

).
T

h
is

fu
n
ct

io
n
w

a
rc

g
iv

es
a

sm
a
ll

(r
es

p
.

la
rg

e)
w

ei
g
h
t

on
a

n
oi

sy
(r

es
p
.

es
se

n
ti

al
)

ge
n
er

at
or

.
In

ad
d
it

io
n
,

b
y

a
p
p
ro

p
ri

a
te

ly
ad

ju
st

in
g

th
e

p
ar

am
et

er
s
C

an
d
p

in
w

a
rc

,
w

e
ca

n
co

n
tr

o
l

th
e

eff
ec

t
of

th
e

p
er

si
st

en
ce

.
In

or
d
er

to
ch

ec
k

w
h
et

h
er
w

a
rc

sa
ti

sfi
es

(W
1)

,
w

e
fi
rs

t
h
av

e

∑ x
∈D
|w

a
rc

(x
)|
≤
C

P
er

s p
(D

)
(8

)

fr
om

th
e

fa
ct
w

a
rc

(x
)
≤
C

p
er

s(
x

)p
(x
∈
R

2
),

an
d

∑
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m
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∈
R

2,
th

ere
ex

ist
con

stan
ts
B

2 ,L
2
>

0
su

ch
th

at

|w
(x

)|≤
B

2 ,
|w

(x
)−

w
(y

)|≤
L

2 ‖x
−
y‖∞

.
(10)

P
ro

p
o
sitio

n
1
0

L
et
D

a
n

d
E

be
persisten

ce
d
ia

gra
m

s,
a
C

0 -u
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)‖H

k ≤
(L

k B
2

+
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<
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w

(x
)w

(y
)k

(x
,y

)
(1

2)

on
th

e
R

K
H

S
an

d
w

e
ca

ll
it

th
e

(k
,w

)-
li

n
ea

r
ke

rn
el

.
If
k

is
a
C

0
-u

n
iv

er
sa

l
ke

rn
el

an
d
w

is
st

ri
ct

ly
p

os
it

iv
e

on
R

2 a
d
,

fr
om

P
ro

p
os

it
io

n
6,

‖E
k
(µ
w D

)
−
E
k
(µ
w E

)‖
H
k

d
efi

n
es

a
d
is

ta
n
ce

on
th

e
p

er
si

st
en

ce
d
ia

gr
am

s
an

d
it

is
co

m
p
u
te

d
as

√
K

L
(D
,D

;k
,w

)
+
K

L
(E
,E

;k
,w

)
−

2K
L
(D
,E

;k
,w

).

T
h
en

,
w

e
ca

n
al

so
co

n
si

d
er

a
n
on

li
n
ea

r
k
er

n
el

K
G

(D
,E

;k
,w

)
=

ex
p

( −
1 2
τ

2
‖E

k
(µ
w D

)
−
E
k
(µ
w E

)‖
2 H
k

)
(τ
>

0)
(1

3)

on
th

e
R

K
H

S
an

d
w

e
ca

ll
it

th
e

(k
,w

)-
G

a
u

ss
ia

n
ke

rn
el

.
In

th
is

p
ap

er
,

if
th

er
e

is
n
o

co
n
fu

si
on

,
w

e
al

so
re

fe
r

to
th

e
(k

G
,w

a
rc

)-
G

au
ss

ia
n

ke
rn

el
as

th
e

P
W

G
K

.
M

u
an

d
et

et
al

.
(2

01
2)

ob
se

rv
ed

b
et

te
r

p
er

fo
rm

an
ce

w
it

h
n
on

li
n
ea

r
ke

rn
el

s
fo

r
so

m
e

co
m

p
le

x
ta

sk
s

an
d

th
is

is
on

e
of

th
e

re
as

on
s

th
at

w
e

w
il
l

u
se

th
e

G
au

ss
ia

n
ke

rn
el

on
th

e
R

K
H

S
.
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

3
.4

C
o
m

p
u

ta
ti

o
n

o
f

G
ra

m
M

a
tr

ix

L
et
D

=
{D

`
|`

=
1,
..
.,
n
}

b
e

a
co

ll
ec

ti
on

of
p

er
si

st
en

ce
d
ia

gr
am

s.
In

m
a
n
y

p
ra

ct
ic

a
l

ap
p
li
ca

ti
on

s,
th

e
n
u
m

b
er

of
ge

n
er

at
or

s
in

a
p

er
si

st
en

ce
d
ia

gr
am

ca
n

b
e

la
rg

e,
w

h
il
e
n

is
of

te
n

re
la

ti
ve

ly
sm

al
l;

in
S
ec

ti
on

4.
4,

fo
r

ex
am

p
le

,
th

e
n
u
m

b
er

of
ge

n
er

at
or

s
is

a
b

o
u
t

3
0
0
0
0
,

w
h
il
e
n

=
80

.

If
th

e
p

er
si

st
en

ce
d
ia

gr
am

s
co

n
ta

in
at

m
os

t
m

p
oi

n
ts

,
ea

ch
el

em
en

t
of

th
e

G
ra

m
m

a
tr

ix

(K
G

(D
i,
D
j
;k

G
,w

))
i,
j=

1
,.
..
,n

in
vo

lv
es
O

(m
2
)

ev
al

u
at

io
n
s

of
e−
‖x
−
y
‖2

2
σ

2
,

re
su

lt
in

g
th

e
co

m
p
le

x
-

it
y
O

(m
2
n

2
)

fo
r

ob
ta

in
in

g
th

e
G

ra
m

m
at

ri
x
.

H
en

ce
,

re
d
u
ci

n
g

co
m

p
u
ta

ti
o
n
a
l

co
st

w
it

h
re

sp
ec

t
to
m

is
an

im
p

or
ta

n
t

is
su

e.

W
e

so
lv

e
th

is
co

m
p
u
ta

ti
on

al
is

su
e

b
y

u
si

n
g

th
e

ra
n
d
om

F
ou

ri
er

fe
at

u
re

s
(R

a
h
im

i
a
n
d

R
ec

h
t,

20
07

).
T

o
b

e
m

or
e

p
re

ci
se

,
le

t
z 1
,.
..
,z
M

rff
b

e
ra

n
d
om

va
ri

ab
le

s
fr

om
th

e
2
-d

im
en

si
o
n
a
l

n
or

m
al

d
is

tr
ib

u
ti

on
N

((
0
,0

),
σ
−

2
I
)

w
h
er

e
I

is
th

e
id

en
ti

ty
m

at
ri

x
.

T
h
is

m
et

h
o
d

a
p
p
ro

x
-

im
at

es
e−
‖x
−
y
‖2

2
σ

2
b
y

1
M

rff

∑
M

rff
a
=

1
e√
−

1
z
T a
x
(e
√
−

1
z
T a
y
)∗

,
w

h
er

e
∗

d
en

ot
es

th
e

co
m

p
le

x
co

n
ju

-

ga
te

.
T

h
en

,
∑

x
∈D

i

∑
y
∈D

j
w

(x
)w

(y
)k

G
(x
,y

)
is

ap
p
ro

x
im

at
ed

b
y

1
M

rff

∑
M

rff
a
=

1
B
a i
(B

a j
)∗

,
w

h
er

e

B
a `

=
∑

x
∈D

`
w

(x
)e
√
−

1
z
T a
x
.

A
s

a
re

su
lt

,
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

th
e

a
p
p
ro

x
im

a
te

d

G
ra

m
m

at
ri

x
is
O

(m
n
M

rff
+
n

2
M

rff
),

w
h
ic

h
is

li
n
ea

r
to
m

.
In

S
ec

ti
on

4.
3

an
d

S
ec

ti
o
n

4
.4

,
w

e
se

t
M

rff
=

10
5
.

F
or

th
e

co
n
ve

rg
en

ce
ra

te
of

th
is

ap
p
ro

x
im

at
io

n
w

it
h

re
sp

ec
t

to
M

rff
,

p
le

as
e

se
e

A
p
p

en
d
ix

D
.

W
e

n
ot

e
th

at
th

e
ap

p
ro

x
im

at
io

n
b
y

th
e

ra
n
d
om

F
ou

ri
er

fe
at

u
re

s
ca

n
b

e
se

n
si

ti
ve

to
th

e
ch

oi
ce

of
σ

.
If
σ

is
m

u
ch

sm
al

le
r

th
an
‖x
−
y
‖,

th
e

re
la

ti
ve

er
ro

r
ca

n
b

e
la

rg
e.

F
or

ex
am

p
le

,
in

th
e

ca
se

of
x

=
(1
,2

),
y

=
(1
,2
.1

)
an

d
σ

=
0.

01
,
e−
‖x
−
y
‖2

2
σ

2
is

ab
o
u
t

1
0−

2
2

w
h
il
e

w
e

ob
se

rv
ed

th
e

ap
p
ro

x
im

at
ed

va
lu

e
ca

n
b

e
ab

ou
t

10
−

4
w

it
h
M

rff
=

10
5
.

A
s

a
w

h
o
le

,
th

es
e

m
2

er
ro

rs
m

ay
ca

u
se

a
cr

it
ic

al
er

ro
r

to
th

e
st

at
is

ti
ca

l
an

al
y
si

s.
M

or
eo

ve
r,

if
σ

is
la

rg
el

y

d
ev

ia
te

d
fr

om
th

e
en

se
m

b
le
‖x
−
y
‖

fo
r
x
∈
D
i,
y
∈
D
j
,

th
en

m
os

t
va

lu
es
e−
‖x
−
y
‖2

2
σ

2
b

ec
o
m

e
cl

os
e

to
0

or
1.

In
or

d
er

to
ob

ta
in

a
go

o
d

ap
p
ro

x
im

at
io

n
an

d
ex

tr
ac

t
m

ea
n
in

gf
u
l

va
lu

es
,

th
e

ch
o
ic

e
of

p
ar

am
et

er
s

is
im

p
or

ta
n
t.

F
or

u
n
su

p
er

v
is

ed
ca

se
,

w
e

fo
ll
ow

th
e

h
eu

ri
st

ic
s

p
ro

p
o
se

d
in

G
re

tt
on

et
al

.
(2

00
7)

an
d

se
t

σ
=

m
ed

ia
n
{σ

(D
`)
|`

=
1,
..
.,
n
},

w
h
er

e
σ

(D
)

=
m

ed
ia

n
{‖
x
i
−
x
j
‖
|x

i,
x
j
∈
D
,
i
<
j}
,

so
th

at
σ

ta
ke

s
cl

o
se

va
lu

es
to

m
an

y
‖x
−
y
‖.

F
or

th
e

p
ar

am
et

er
C

,
w

e
al

so
se

t

C
=

(m
ed

ia
n
{p

er
s(
D
`)
|`

=
1,
..
.,
n
})
−
p
,

w
h
er

e
p

er
s(
D

)
=

m
ed

ia
n
{p

er
s(
x
i)
|x

i
∈
D
}.

S
im

il
ar

ly
,

th
e

p
ar

am
et

er
τ

in
th

e
(k
,w

)-
G

au
ss

ia
n

k
er

n
el

is
d
efi

n
ed

b
y

m
ed

ia
n

{ ∥ ∥ ∥
E
k
(µ
w D
i
)
−
E
k
(µ
w D
j
)∥ ∥ ∥ H

k

∣ ∣ ∣ ∣1
≤
i
<
j
≤
n

}
.

(1
4)

F
or

su
p

er
v
is

ed
le

ar
n
in

g
su

ch
as

S
V

M
,

w
e

u
se

th
e

cr
os

s-
va

li
d
at

io
n

(C
V

)
ap

p
ro

a
ch

a
n
d

d
o

n
ot

u
se

th
e

ra
n
d
om

F
ou

ri
er

fe
at

u
re

s
in

S
ec

ti
on

4.
2

an
d

S
ec

ti
on

4.
5.
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P
e
r
sist

e
n
c
e
W

e
ig
h
t
e
d

G
a
u
ssia

n
K
e
r
n
e
l

4
.
E
x
p
e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

ap
p
ly

th
e

kern
el

m
eth

o
d

of
th

e
P

W
G

K
to

sy
n
th

esized
an

d
real

d
ata,

a
n
d

co
m

p
are

th
e

p
erform

an
ce

b
etw

een
th

e
P

W
G

K
an

d
oth

er
statistical

m
eth

o
d
s

of
p

ersis-
ten

ce
d
ia

g
ra

m
s.

A
ll

p
ersisten

ce
d
iagra

m
s

are
ob

tain
ed

from
th

e
b
all

m
o
d
el

fi
ltration

s
an

d
co

m
p
u
ted

b
y

C
G

A
L

(D
a

et
al.,

2015)
an

d
P

H
A

T
(B

au
er

et
al.,

2014).
W

ith
resp

ect
to

th
e

d
im

en
sio

n
o
f

p
ersisten

ce
d
iagram

s,
w

e
u
se

2-d
im

en
sion

al
p

ersisten
ce

d
iagra

m
s

in
S
ection

4
.3

a
n
d

1
-d

im
en

sion
al

on
es

in
oth

er
p
arts.

4
.1

C
o
m

p
a
riso

n
s

to
P

re
v
io

u
s

W
o
rk

s

4
.1
.1

P
e
r
sist

e
n
c
e
S
c
a
l
e
-spa

c
e
K
e
r
n
e
l

T
h
e

m
o
st

relevan
t

w
ork

to
ou

r
m

eth
o
d

is
th

e
on

e
p
rop

osed
b
y

R
ein

in
gh

au
s

et
al.

(2015).
In

sp
ired

b
y

th
e

h
eat

eq
u
ation

,
th

ey
p
rop

ose
a

p
ositive

d
efi

n
ite

k
ern

el
called

persisten
ce

sca
le-spa

ce
kern

el
(P

S
S
K

)
K

P
S

S
on

th
e

p
ersisten

ce
d
iagram

s:

K
P

S
S (D

,E
)

=
〈Φ

t (D
),Φ

t (E
)〉
L

2
(R

2
)

=
18
π
t ∑x∈

D

∑y∈
E

e −
‖
x−

y‖
2

8
t
−
e −
‖
x−

ȳ‖
2

8
t
,

(15)

w
h
ere

Φ
t (D

)(x
)

=
1

4
π
t ∑

y∈
D
e −
‖
x−

y‖
2

4
t
−
e −
‖
x−

ȳ‖
2

4
t

an
d
ȳ

:=
(y

2,y
1)

for
y

=
(y

1,y
2).

W
e

n
ote

th
a
t

Φ
t (D

)
also

tak
es

zero
on

th
e

d
iagon

al
b
y

su
b
tractin

g
th

e
G

au
ssian

kern
els

fo
r
y

an
d
ȳ
.

In
fa

ct,
w

e
can

v
erify

th
at

th
e

(k
,w

)-lin
ear

kern
el

con
tain

s
th

e
P

S
S
K

.
L

et
D̃

:=
D
∪
D
∗

w
h
ere

D
∗

=
{
(d
,b)∈

R
2|

(b,d
)∈

D
}
.

T
h
en

,
Φ
t (D

)
can

also
b

e
ex

p
ressed

as

Φ
t (D

)
=

14π
t ∑y∈

D̃

w
P

S
S (y

)k
G

(·,y
)

w
h
ere

w
P

S
S (y

)
=



1
,

y
2
>
y

1

0
,

y
∈

∆

−
1,

y
2
<
y

1

,

w
h
ich

is
eq

u
al

to
1

4
π
t E

k
G

(µ
w

P
S
S

D̃
).

F
u
rth

erm
ore,

th
e

in
n
er

p
ro

d
u
ct

in
H
k

G
is

K
L
(D̃
,Ẽ

;k
G
,w

P
S

S )
=
〈E

k
G

(µ
w

P
S
S

D̃
),E

k
G

(µ
w

P
S
S

Ẽ
)〉H

k
G

=
2 ∑x∈

D

∑y∈
E

k
G

(x
,y

)−
k

G
(x
,ȳ

).
(16)

B
y

sca
lin

g
th

e
varian

ce
p
aram

eter
σ

in
th

e
G

au
ssian

kern
el
k

G
an

d
m

u
ltip

ly
in

g
b
y

an
a
p
p
ro

p
ria

te
sca

lar,
E

q
u
ation

(15)
is

th
e

sam
e

as
E

q
u
ation

(16).
T

h
u
s,

th
e

P
S
S
K

can
also

b
e

a
p
p
rox

im
a
ted

b
y

th
e

ran
d
om

F
ou

rier
featu

res.
W

h
en

w
e

ap
p
ly

th
e

ran
d
om

F
ou

rier
fea

tu
res

for
th

e
P

S
S
K

,
w

e
set

σ̃
=

m
ed

ian{σ
(D̃

` )|
`

=
1,···

,n}
as

b
efore

an
d
t

=
σ̃

24
.

W
h
ile

b
o
th

m
eth

o
d
s

d
iscou

n
t

n
oisy

gen
erators,

th
e

P
W

G
K

h
as

th
e

follow
in

g
ad

van
tages

over
th

e
P

S
S
K

.
(i)

T
h
e

P
W

G
K

can
con

trol
th

e
eff

ect
of

th
e

p
ersisten

ce
b
y
C

an
d
p

in
w

a
rc

in
d
ep

en
d
en

tly
of

th
e

b
an

d
w

id
th

p
ara

m
eter

σ
in

th
e

G
au

ssian
fa

ctor,
w

h
ile

in
th

e
P

S
S
K

o
n
ly

o
n
e

p
a
ra

m
eter

t
can

n
ot

ad
ju

st
th

e
glob

al
b
an

d
w

id
th

an
d

th
e

eff
ect

of
p

ersisten
ce

sim
u
lta

n
eo

u
sly.

(ii)
T

h
e

P
S
S
K

d
o
es

n
ot

satisfy
th

e
stab

ility
w

ith
resp

ect
to

th
e

b
ottlen

eck
d
ista

n
ce

(see
a
lso

rem
ark

s
after
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

4
.1
.2

P
e
r
sist

e
n
c
e
L
a
n
d
sc

a
p
e

T
h
e

persisten
ce

la
n

d
sca

pe
(B

u
b

en
ik

,
2015)

is
a

w
ell-k

n
ow

n
ap

p
roach

in
T

D
A

for
vectoriza-

tion
of

p
ersisten

ce
d
iagram

s.
F

or
a

p
ersisten

ce
d
iagram

D
,

th
e

p
ersisten

ce
lan

d
scap

e
λ
D

is
d
efi

n
ed

b
y

λ
D

(k
,t)

=
k
-th

largest
valu

e
of

m
in{

t−
b
i ,d

i −
t}

+
,

w
h
ere

c
+

d
en

otes
m

ax{c,0}
,

an
d

it
is

a
vector

in
th

e
H

ilb
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L
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R
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ere,

w
e

d
efi

n
e
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p

ositiv
e

d
efi

n
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p
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d
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L
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×
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K
P
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R
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∫
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λ
D
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e
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e
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e

p
aram

eter
tu

n
in

g.
H

ow
ev

er,
th

e
in

tegral
com

p
u
tation

is
req

u
ired

an
d

it
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b
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con
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∈
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B
u
b

en
ik

an
d

D
 lotko

(2017)).
F
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i,j=
1
,···,n

in
O

(M
in

t (n
m

log
m

+
n

2m
)),

w
h
ere

M
in

t
is

th
e

n
u
m

b
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b
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P
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c
e
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a
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d
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a
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d
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a
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a
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A
d
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F
irst,

w
e

p
rep
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a

d
iff

eren
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le
p
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a
b
ility

d
en

sity
fu

n
ction

φ
x

:R
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R
w
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d

a
w
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fu
n
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w
:R
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→

R
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F
or

a
p
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ce
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iagram

D
,
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e

co
rrespo

n
d
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g
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ce
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d
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b
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ρ
D
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∑x∈
D
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)φ
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T
h
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x
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p
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<
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d
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d
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2
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b
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b
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p

er,
in
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p
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b
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c
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d
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p
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p
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p
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p
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=

m
ax
{L

(D
`)
|`

=
1,
··
·,
n
},

w
h
er

e
L

(D
)

=
m

ax
{d

i
|(
b i
,d
i)
∈
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w
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r
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g
φ
x

an
d
w

in
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d
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r
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e
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p
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K
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p
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p
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d
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b
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e
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P
W

G
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n
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g
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sp
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e
d
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W
G

K
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E
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a
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e
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K
H

S
an

d
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p
on

d
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g
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w
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h
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p
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p
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n
d
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H
en
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,

th
e
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n
er

p
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d
u
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st
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u
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s
ar

e
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so
d
iff

er
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t.
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5
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i)

R
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ar
d
in

g
th

e
m

ap
p
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g
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a

p
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si
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d
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p
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d
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g
p
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e
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d
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e
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p
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b
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el
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n
th
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e
p

er
si

st
en

ce
im

ag
e

h
as

a
st
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il
it

y
re
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w
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h
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sp
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t
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1
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as
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d
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n
ce

,
b
u
t

it
d
o
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n
ot
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y
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e

b
ot
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k
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y
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k
1
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A

d
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s
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01
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or
th

e
H
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ss

d
or

ff
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il
it

y
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ed
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te
r

T
h
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T

h
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n
si
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b
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d
b
y

th
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m
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h
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d
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T
h
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m

p
u
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m
p
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b
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b
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u
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b
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P
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,

th
e

G
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m
m

at
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x
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P
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D
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D
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1
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H
er

e,
w

e
se

t
a
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=

0
b
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a
u
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a
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a
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ra

ti
o
n

s
a
re

b
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p
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a
g
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d
is
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b
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d
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∈
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p
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∝
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d
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)
b
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b
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d
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m
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d
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p
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b
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.
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w
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d
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e

P
W

G
K

,
th

e
P

S
S
K

,
th

e
p
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p
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h
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p
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p
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as
si

fi
ca

ti
on

ra
te

s.

T
h
e

re
su

lt
s

of
th

e
tw

o
p
ro

b
le

m
s

ar
e

sh
ow

n
in

T
ab

le
4.

5.
W

e
ca

n
se

e
th

at
th

e
P

W
G

K
ac

h
ie

ve
s

b
et

te
r

p
er

fo
rm

an
ce

th
an

th
e

M
T

F
in

b
ot

h
p
ro

b
le

m
s.

5
.
C
o
n
cl
u
si
o
n
a
n
d
D
is
cu

ss
io
n
s

O
n
e

of
th

e
co

n
tr

ib
u
ti

on
s

of
th

is
p
ap

er
is

to
in

tr
o
d
u
ce

a
ke

rn
el

fr
am

ew
or

k
to

to
p

ol
og

ic
al

d
at

a
an

al
y
si

s
w

it
h

p
er

si
st

en
ce

d
ia

gr
am

s.
W

e
ap

p
li
ed

th
e

ke
rn

el
em

b
ed

d
in

g
ap

p
ro

ac
h

to
ve

ct
or

iz
e

th
e

p
er

si
st

en
ce

d
ia

gr
am

s,
w

h
ic

h
en

ab
le

s
u
s

to
u
ti

li
ze

an
y

st
an

d
ar

d
k
er

n
el

m
et

h
o
d
s

fo
r

d
at

a
an

al
y
si

s.
A

n
ot

h
er

co
n
tr

ib
u
ti

on
is

to
p
ro

p
os

e
a

ke
rn

el
sp

ec
ifi

c
to

p
er

si
st

en
ce

d
ia

gr
am

s,
th

at
is

ca
ll
ed

p
er

si
st

en
ce

w
ei

gh
te

d
G

au
ss

ia
n

ke
rn

el
(P

W
G

K
).

A
s

a
si

gn
ifi

ca
n
t

ad
va

n
ta

ge
,

ou
r

ke
rn

el
en

ab
le

s
on

e
to

co
n
tr

ol
th

e
eff

ec
t

of
p

er
si

st
en

ce
in

d
at

a
a
n
al

y
si

s.
W

e
h
av

e
al

so
p
ro

ve
n

th
e

st
ab

il
it

y
p
ro

p
er

ty
w

it
h

re
sp

ec
t

to
th

e
d
is

ta
n
ce

in
th

e
H

il
b

er
t

sp
ac

e.
F

u
rt

h
er

m
or

e,
w

e
h
av

e
an

al
y
ze

d
th

e
sy

n
th

es
iz

ed
an

d
re

al
d
at

a
b
y

u
si

n
g

th
e

p
ro

p
os

ed
ke

rn
el

.
T

h
e

ch
an

ge
p

oi
n
t

d
et

ec
ti

on
,

th
e

p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s,
an

d
th

e
su

p
p

or
t

ve
ct

or
m

ac
h
in

e
d
er

iv
ed

m
ea

n
in

gf
u
l
re

su
lt

s
fo

r
th

e
ta

sk
s.

F
ro

m
th

e
v
ie

w
p

oi
n
t

of
co

m
p
u
ta

ti
on

s,
ou

r
ke

rn
el

ca
n

u
ti

li
ze

an
effi

ci
en

t
ap

p
ro

x
im

at
io

n
to

co
m

p
u
te

th
e

G
ra

m
m

at
ri

x
.

O
n
e

of
th

e
m

ai
n

th
eo

re
ti

ca
l
re

su
lt

s
of

th
is

p
ap

er
is

th
e

b
ot

tl
en

ec
k

st
ab

il
it

y
of

th
e

P
W

G
K

(T
h
eo

re
m

9)
.

It
is

ob
ta

in
ed

b
y

re
st

ri
ct

in
g

th
e

cl
as

s
of

p
er

si
st

en
ce

d
ia

g
ra

m
s

to
th

at
ob

ta
in

ed
fr

om
b
al

l
m

o
d
el

fi
lt

ra
ti

on
s.

T
h
e

re
a
so

n
of

th
is

re
st

ri
ct

io
n

is
b

ec
au

se
th

e
to

ta
l

p
er

si
st

en
ce

ca
n

b
e

b
ou

n
d
ed

fr
om

ab
ov

e
in

d
ep

en
d
en

t
o
f

th
e

p
er

si
st

en
ce

d
ia

gr
am

.
T

h
u
s,

on
e

d
ir

ec
ti

on
to

ex
te

n
d

th
is

w
or

k
is

to
ex

am
in

e
th

e
b

ou
n
d
ed

n
es

s
co

n
d
it

io
n

ab
ou

t
th

e
to

ta
l

p
er

si
st

en
ce

of
ot

h
er

p
er

si
st

en
ce

d
ia

gr
am

s,
fo

r
ex

am
p
le

ob
ta

in
ed

fr
om

R
ip

s
co

m
p
le

x
es

or
su

b
-l

ev
el

se
ts

.

1
7
.

T
h

e
M

T
F

m
et

h
o
d

is
n

o
t

a
g
en

er
a
l

m
et

h
o
d

fo
r

p
er

si
st

en
ce

d
ia

g
ra

m
s

b
ec

a
u

se
so

m
e

el
em

en
ts

o
f

th
e

M
T

F
v
ec

to
r

a
re

sp
ec

ia
li

ze
d

fo
r

p
ro

te
in

d
a
ta

,
e.

g
.,

th
e

n
in

th
el

em
en

t
o
f

th
e

M
T

F
v
ec

to
r

is
d

efi
n

ed
b
y

th
e

n
u

m
b

er
o
f

B
et

ti
1

b
a
rs

th
a
t

lo
ca

te
a
t

[4
.5
,5
.5

]Å
,

d
iv

id
ed

b
y

th
e

n
u

m
b

er
o
f

a
to

m
s.

F
o
r

th
e

d
et

a
il

s,
se

e
C

a
n

g
et

a
l.

(2
0
1
5
).
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

A
n
ot

h
er

d
ir

ec
ti

on
to

ex
te

n
d

th
is

w
or

k
is

to
ge

n
er

al
iz

e
th

e
cl

as
s

of
w

ei
gh

t
fu

n
ct

io
n
s.

T
h
e

re
as

on
of

th
e

ch
oi

ce
of
w

a
rc

is
m

ai
n
ly

fo
r

th
e

st
ab

il
it

y
p
ro

p
er

ty
,
b
u
t

in
p
ri

n
ci

p
le

,
w

e
ca

n
a
p
p
ly

an
y

w
ei

gh
t

fu
n
ct

io
n

to
d
at

a
an

al
y
si

s.
E

ve
n

if
w

e
d
o

n
o
t

co
n
ce

rn
ab

ou
t

st
ab

il
it

y
p
ro

p
er

ti
es

,
w

h
ic

h
w

ei
gh

t
fu

n
ct

io
n

is
p
ra

ct
ic

al
ly

go
o
d

fo
r

d
at

a
an

al
y
si

s?
S
u
p
p

o
se

ge
n
er

a
to

rs
cl

o
se

to
th

e
d
ia

go
n
al

ar
e

so
m

et
im

es
se

en
as

im
p

or
ta

n
t

fe
at

u
re

s.
T

h
en

,
ou

r
st

at
is

ti
ca

l
fr

a
m

ew
o
rk

ca
n

tr
ea

t
su

ch
sm

al
l

ge
n
er

at
or

s
as

si
gn

ifi
ca

n
t

on
es

b
y

a
w

ei
gh

t
fu

n
ct

io
n

w
h
ic

h
h
a
s

la
rg

e
w

ei
g
h
t

cl
os

e
to

th
e

d
ia

go
n
al

,
w

h
il
e

ot
h
er

st
at

is
ti

ca
l

m
et

h
o
d
s

fo
r

p
er

si
st

en
ce

d
ia

gr
a
m

s
a
lw

ay
s

se
e

sm
al

l
ge

n
er

at
or

s
as

n
oi

sy
on

es
.

In
ad

d
it

io
n
,

th
e

w
ei

gh
t

fu
n
ct

io
n

b
ec

om
es

b
et

te
r

w
h
en

it
is

co
n
st

ru
ct

ed
to

sa
ti

sf
y

th
e

as
su

m
p
ti

on
(W

1)
or

(W
2)

,
w

h
ic

h
im

p
li
es

th
e

st
ab

il
it

y
p
ro

p
er

ty
.

A
ck

n
o
w
le
d
g
e
m
e
n
t

W
e

th
an

k
U

lr
ic

h
B

au
er

fo
r

gi
v
in

g
u
s

u
se

fu
l

co
m

m
en

ts
in

S
ec

ti
on

4.
1.

1,
M

oh
a
m

m
a
d

S
a
a
d
a
t-

fa
r

an
d

T
ak

en
ob

u
N

ak
am

u
ra

fo
r

p
ro

v
id

in
g

ex
p

er
im

en
ta

l
an

d
si

m
u
la

ti
on

d
at

a
u
se

d
in

S
ec

ti
o
n

4.
3

an
d

4.
4,

an
d

th
e

an
on

y
m

ou
s

re
fe

re
es

fo
r

th
ei

r
va

lu
ab

le
co

m
m

en
ts

an
d

su
g
g
es

ti
o
n
s

T
h
is

w
or

k
is

p
ar

ti
al

ly
su

p
p

or
te

d
b
y

J
S
T

C
R

E
S
T

M
at

h
em

at
ic

s
(1

56
56

42
9)

,
J
S
P

S
K

A
K

E
N

H
I

G
ra

n
t

N
u
m

b
er

26
54

00
16

,
S
tr

u
ct

u
ra

l
M

at
er

ia
ls

fo
r

In
n
ov

at
io

n
S
tr

at
eg

ic
In

n
ov

a
ti

o
n

P
ro

m
o
-

ti
on

P
ro

gr
am

D
72

,
M

at
er

ia
ls

re
se

ar
ch

b
y

In
fo

rm
at

io
n

In
te

gr
at

io
n

In
it

ia
ti

v
e

(M
I2

I)
p
ro

je
ct

of
th

e
S
u
p
p

or
t

P
ro

gr
am

fo
r

S
ta

rt
in

g
U

p
,

In
n
ov

at
io

n
H

u
b

fr
om

J
S
T

,
an

d
J
S
P

S
R

es
ea

rc
h

F
el

lo
w

(1
7J

02
40

1)
.

30
JM

L
R

 1
8(

18
9)

:1
-4

1,
 2

01
8



P
e
r
sist

e
n
c
e
W

e
ig
h
t
e
d

G
a
u
ssia

n
K
e
r
n
e
l

A
p
p
e
n
d
ix

A
.
T
o
p
o
lo
g
ica

l
to

o
ls

T
h
is

sectio
n

su
m

m
arizes

som
e

top
ological

to
ols

u
sed

in
th

e
p
ap

er.
T

o
stu

d
y

top
ological

p
ro

p
erties

a
lg

eb
raically,

sim
p
licial

com
p
lex

es
are

often
con

sid
ered

as
b
a
sic

o
b

jects.
W

e
sta

rt
w

ith
a

b
rief

ex
p
lan

ation
of

sim
p
licial

com
p
lex

es,
an

d
grad

u
ally

in
crease

th
e

gen
erality

fro
m

sim
p
licia

l
h
om

ology
to

sin
gu

lar
an

d
p

ersisten
t

h
om

ology.
F

o
r

m
ore

d
etails,

see
H

atch
er

(2
0
0
2
).

A
.1

S
im

p
lic

ia
l

c
o
m

p
le

x

W
e

fi
rst

in
tro

d
u
ce

a
com

b
in

atorial
geom

etric
m

o
d
el

called
sim

p
licial

com
p
lex

to
d
efi

n
e

h
o
m

o
lo

g
y.

L
et
P

=
{
1,...,n}

b
e

a
fi
n
ite

set
(n

ot
n
ecessarily

p
oin

ts
in

a
m

etric
sp

ace).
A

sim
p
licia

l
co

m
p
lex

w
ith

th
e

vertex
set

P
is

d
efi

n
ed

b
y

a
collection

S
of

su
b
sets

in
P

sa
tisfy

in
g

th
e

follow
in

g
p
rop

erties:

1
.
{i}
∈
S

fo
r
i

=
1,...,n

,
an

d

2
.

if
σ
∈
S

a
n
d
τ
⊂
σ

,
th

en
τ
∈
S

.

E
a
ch

su
b
set

σ
w

ith
q

+
1

vertices
is

called
a
q-sim

p
lex

.
W

e
d
en

ote
th

e
set

of
q-sim

p
lices

b
y
S
q .

A
su

b
co

llection
T
⊂
S

w
h
ich

also
b

ecom
es

a
sim

p
licial

com
p
lex

(w
ith

p
ossib

ly
less

vertices)
is

ca
lled

a
su

b
com

p
lex

of
S

.
W

e
ca

n
v
isu

ally
d
eal

w
ith

a
sim

p
licial

com
p
lex

S
as

a
p

oly
h
ed

ro
n

b
y

p
astin

g
sim

p
lices

in
S

in
to

a
E

u
clid

ean
sp

ace.
T

h
e

sim
p
licial

com
p
lex

ob
tain

ed
in

th
is

w
ay

is
called

a
geom

etric
rea

lizatio
n
,

a
n
d

its
p

oly
h
ed

ron
is

d
en

oted
b
y
|S|.

In
th

is
con

tex
t,

th
e

sim
p
lices

w
ith

sm
all

q
co

rresp
o
n
d

to
p

oin
ts

(q
=

0),
ed

ges
(q

=
1),

trian
gles

(q
=

2),
an

d
tetrah

ed
ra

(q
=

3).

E
x
a
m

p
le

1
F

igu
re

12
sh

ow
s

tw
o

p
oly

h
ed

ra
of

sim
p
licial

com
p
lex

es

S
=
{{

1}
,{

2}
,{

3}
,{

1,2}
,{

1
,3},{2

,3},{1
,2
,3}},

T
=
{{1}

,{
2}
,{

3}
,{

1
,2},{1

,3},{2
,3}}.

1
2

3

1
2

3

F
ig

u
re

1
2:

T
h
e

p
oly

h
ed

ra
of

th
e

sim
p
licial

com
p
lex

es
S

(left)
an

d
T

(righ
t).

A
.2

H
o
m

o
lo

g
y

A
.2
.1

S
im

p
l
ic
ia
l
h
o
m
o
l
o
g
y

T
h
e

p
ro

ced
u
re

to
d
efi

n
e

h
om

ology
is

su
m

m
arized

as
follow

s:

1
.

G
iven

a
sim

p
licial

com
p
lex

S
,

b
u
ild

a
ch

ain
com

p
lex

C
∗ (S

).
T

h
is

is
an

algeb
raization

o
f
S

ch
a
racterizin

g
th

e
b

ou
n
d
ary.
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K
u
sa

n
o
,
F
u
k
u
m
iz
u
a
n
d

H
ir
a
o
k
a

2.
D

efi
n
e

h
om

o
logy

b
y

q
u
otien

tin
g

ou
t

certain
su

b
sp

aces
in
C
∗ (S

)
ch

aracterized
b
y

th
e

b
ou

n
d
ary.

W
e

b
egin

w
ith

th
e

p
ro

ced
u
re

1
b
y

assign
in

g
ord

erin
gs

on
sim

p
lices.

W
h
en

w
e

d
eal

w
ith

a
q-sim

p
lex

σ
=
{
i0 ,...,iq }

as
an

ord
ered

set,
th

ere
are

(q
+

1)!
ord

erin
gs

on
σ

.
F

or
q
>

0,
w

e
d
efi

n
e

an
eq

u
ivalen

ce
relation

ij
0 ,...,ij

q ∼
i`

0 ,...,i`
q

on
tw

o
ord

erin
gs

of
σ

su
ch

th
at

th
ey

are
m

ap
p

ed
to

each
oth

er
b
y

even
p

erm
u
tation

s.
B

y
d
efi

n
ition

,
tw

o
eq

u
ivalen

ce
classes

ex
ist,

an
d

each
of

th
em

is
called

a
n

orien
ted

sim
p
lex

.
A

n
orien

ted
sim

p
lex

is
d
en

oted
b
y

〈ij
0 ,...,ij

q 〉,
an

d
its

op
p

osite
orien

tation
is

ex
p
ressed

b
y

ad
d
in

g
th

e
m

in
u
s−
〈ij

0 ,...,ij
q 〉.

W
e

w
rite
〈σ〉

=
〈ij

0 ,...,ij
q 〉

for
th

e
eq

u
ivalen

ce
class

in
clu

d
in

g
ij

0
<
···

<
ij
q .

F
or
q

=
0,

w
e

su
p
p

ose
th

at
w

e
h
ave

on
ly

on
e

orien
tation

fo
r

each
vertex

.
L

et
K

b
e

a
fi
eld

.
W

e
con

stru
ct

a
K

-vector
sp

ace
C
q (S

)
as

C
q (S

)
=

S
p
an

K {〈σ〉|
σ
∈
S
q }

for
S
q 6=
∅

an
d
C
q (S

)
=

0
for

S
q

=
∅
.

H
ere,

S
p
an

K
(A

)
for

a
set

A
is

a
v
ector

sp
ace

over
K

su
ch

th
at

th
e

elem
en

ts
of
A

form
ally

form
a

b
asis

of
th

e
vector

sp
ace.

F
u
rth

erm
ore,

w
e

d
efi

n
e

a
lin

ear
m

ap
called

th
e

bo
u

n
d
a
ry

m
a
p
∂
q

:
C
q (S

)→
C
q−

1 (S
)

b
y

th
e

lin
ear

ex
ten

sion
of

∂
q 〈i0 ,...,iq 〉

=

q
∑`=

0 (−
1)
`〈i0 ,...,î` ,...,iq 〉,
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d
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∂
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b
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∂
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th
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∂
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b
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d
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In
p
ractice,

b
y

arran
gin

g
som

e
ord

erin
gs

of
th

e
orien

ted
q-

an
d

(q−
1)-

sim
p
lices,

w
e

can
rep

resen
t

th
e

b
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d
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d
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−
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∂
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b
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∈
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p
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p
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p
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=

S
p
an

K
[

1
1
−
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=
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p
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b
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i
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p
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p
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n
o

p
aram

eters,
a
n
d

after
load

in
g

m
ach

in
es

it
is

straigh
tforw

ard
to

an
aly

se
th

eir
p

erform
an

ce
on

a
p
articu

lar
d
ataset.

In
ord

er
to

en
su

re
co

d
e

q
u
a
lity,

a
set

of
u
n
it

tests
is

p
rov

id
ed

for
all

classes
in

p
y
c
o
b
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con
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b
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b
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p
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b
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b
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b
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u
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b
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on
li
n
e

k
er

n
el

m
ac

h
in

es
,

N
y
st

rö
m

m
et

h
o
d

(W
il
li
am

s
an

d
S
ee

g
er

,
2
0
0
1
)

a
n
d

la
b

el
se

q
u
en

ce
le

ar
n
in

g
(A

lt
u
n

et
al

.,
20

03
),

an
d

(i
ii

)
ad

d
it

io
n
al

-k
er

n
el

p
a
ck

a
g
es

,
w

h
ic

h
in

cl
u
d
e

ke
rn

el
fu

n
ct

io
n
s

fo
r

se
q
u
en

ce
s,

tr
ee

s
an

d
gr

a
p
h
s.

A
co

m
p
le

te
an

d
u
p
-t

o
-d

a
te

li
st

o
f

al
go

ri
th

m
s

an
d

ke
rn

el
fu

n
ct

io
n
s,

a
fu

ll
J
av

ad
o
c

A
P

I
d
o
cu

m
en

ta
ti

o
n

in
P

D
F

,
a
n
d

tu
to

ri
a
ls

fo
r

b
ot

h
en

d
-u

se
rs

an
d

d
ev

el
op

er
s

ar
e

h
os

te
d

on
th

e
K
e
L
P

w
eb

si
te

,
h
t
t
p
:
/
/
w
w
w
.
k
e
l
p
-
m
l
.
o
r
g
.

2
.1

M
a
ch

in
e
L
e
a
rn

in
g
A
lg
o
ri
th

m
s

L
ea

rn
in

g
al

go
ri

th
m

s
in

K
e
L
P

ar
e

im
p
le

m
en

te
d

fo
ll
ow

in
g
im

p
le
m
en

ta
ti
o
n
co
n
tr
a
ct
s

p
ro

v
id

ed
b
y

sp
ec

ifi
c

J
av

a
in

te
rf

ac
es

fo
r

d
iff

er
en

t
sc

en
ar

io
s,

i.
e.

,
cl

as
si

fi
ca

ti
on

,
re

gr
es

si
on

a
n
d

cl
u
st

er
in

g
,

ac
co

rd
in

g
to

tw
o

m
ai

n
le

ar
n
in

g
p
ar

ad
ig

m
s,

i.
e.

,
b
at

ch
an

d
on

li
n
e.

N
ew

le
ar

n
in

g
a
lg

o
ri

th
m

s
ca

n
im

p
le

m
en

t
th

es
e

in
te

rf
ac

es
,

th
u
s

b
ec

om
in

g
fu

ll
y

in
te

gr
at

ed
w

it
h

th
e

ot
h
er

li
b
ra

ry
fu

n
c-

ti
on

s.
M

or
e

in
d
et

ai
l:

(i
)

T
h
e
C
l
a
s
s
i
f
i
c
a
t
i
o
n
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m

in
te

rf
ac

e
su

p
p

o
rt

s
th

e
d
efi

n
it

io
n

of
cl

as
si

fi
ca

ti
on

le
ar

n
in

g
m

et
h
o
d
s,

su
ch

as
S
V

M
s

(C
h
an

g
an

d
L

in
,

2
0
1
1
)

o
r

th
e

D
u
al

C
o
or

d
in

at
e

D
es

ce
n
t

(H
si

eh
et

al
.,

20
08

).
(i
i)

T
h
e
R
e
g
r
e
s
s
i
o
n
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m

in
te

rf
ac

e
su

p
p

or
ts

th
e

d
efi

n
it

io
n

of
re

gr
es

so
rs

,
su

ch
as

ε-
S
V

R
(C

h
an

g
an

d
L

in
,

2
0
1
1
).

(i
ii

)
T

h
e
C
l
u
s
t
e
r
i
n
g
A
l
g
o
r
i
t
h
m

in
te

rf
ac

e
en

ab
le

s
th

e
im

p
le

m
en

ta
ti

on
of

cl
u
st

er
in

g
a
lg

o
-

ri
th

m
s,

su
ch

as
(K

u
li
s

et
al

.,
20

05
).

(i
v)

T
h
e
O
n
l
i
n
e
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m

in
te

rf
a
ce

su
p
-

p
or

ts
th

e
d
efi

n
it

io
n

of
on

li
n
e

le
ar

n
in

g
al

go
ri

th
m

s,
e.

g.
,

P
as

si
ve

A
gg

re
ss

iv
e

(C
ra

m
m

er
et

a
l.
,

20
06

),
or

th
e

S
of

t
C

on
fi
d
en

ce
W

ei
gh

te
d

(W
an

g
et

al
.,

20
12

)
al

go
ri

th
m

s.
F

in
a
ll
y,

(v
)

th
e

M
e
t
a
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m

in
te

rf
ac

e
en

ab
le

s
th

e
d
es

ig
n

of
co

m
m

it
te

es
,

su
ch

a
s

th
e

m
u
lt

i-
cl

as
si

fi
ca

ti
on

sc
h
em

as
,

e.
g.

,
O

n
e-

V
S
-O

n
e

an
d

O
n
e-

V
S
-A

ll
.

1
.
W
e
in
cl
u
d
e
it

b
ec
a
u
se

o
f
it
s
w
id
e
u
se
.
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a
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Linear 
com

bination 

K
ernel 

norm
alization 

Partial Tree 
K

ernel 

Linear 
K

ernel 

F
igu

re
1:

A
J
S
O

N
d
escrip

tion
of

a
S
V

M
classifi

er.

2
.2

D
a
ta

R
e
p
re

se
n
ta

tio
n

In
K
e
L
P

,
d
a
ta

is
rep

resen
ted

b
y

th
e
E
x
a
m
p
l
e

class,
w

h
ich

is
con

stitu
ted

b
y

(i)
a

set
of

L
a
b
e
l
s

a
n
d

(ii)
a

set
of

R
e
p
r
e
s
e
n
t
a
t
i
o
n
s.

T
h
e

form
er

en
ab

les
th

e
d
esign

of
sin

g
le

or
m

u
lti-

la
b

el
cla

ssifi
ers

an
d

m
u
lti-variate

regressors.
T

h
e

latter
m

o
d
el

ex
am

p
les

in
term

s
of

v
ec-

to
rs

(e.g
.,
D
e
n
s
e
V
e
c
t
o
r

an
d
S
p
a
r
s
e
V
e
c
t
o
r
)

or
stru

ctu
res

(e.g.,
S
e
q
u
e
n
c
e
R
e
p
r
e
s
e
n
t
a
t
i
o
n
,

T
r
e
e
R
e
p
r
e
s
e
n
t
a
t
i
o
n

or
G
r
a
p
h
R
e
p
r
e
s
e
n
t
a
t
i
o
n
).

In
p
articu

lar,
kern

els
ca

n
b

e
d
efi

n
ed

over
ex

a
m

p
les

en
co

d
ed

b
y

m
u
ltip

le
rep

resen
tation

s
(e.g.,

m
u
ltip

le
p
arse

trees,
strin

gs,
grap

h
s

a
n
d

fea
tu

re
vectors).

T
h
is

m
akes

th
e

ex
p

erim
en

tation
w

ith
m

u
ltip

le
kern

el
com

b
in

ation
s

ea
sy,

ju
st

req
u
irin

g
n
egligib

le
ch

an
ges

in
th

e
co

d
e

or
th

e
J
S
O

N
d
escrip

tio
n

(see
S
ectio

n
2
.4

),
w

ith
o
u
t

th
e

n
eed

of
m

o
d
ify

in
g

th
e

in
p
u
t

d
ata

sets.
A

d
d
ition

ally,
th

e
ex

am
p
les

can
b

e
co

m
b
in

ed
in

m
o
re

com
p
lex

stru
ctu

res,
e.g.,

E
x
a
m
p
l
e
P
a
i
r
,

u
sefu

l
to

learn
relation

s
b

etw
een

o
b

jects,
e.g

.,
p
airs

rep
resen

tin
g

q
u
estion

an
d

a
n
sw

er
tex

t
in

Q
A

,
or

tex
t

an
d

h
y
p

oth
esis

in
tex

tu
a
l

en
ta

ilm
en

t
task

s.
B

u
ild

in
g

oth
er

ty
p

es
of

d
ata

form
at

is
ex

trem
ely

sim
p
le,

e.g.,
K
e
L
P

in
clu

d
es

th
e
S
V
M
-L

ig
h
t
-T

K
in

p
u
t

form
at

for
trees

an
d

p
rov

id
es

m
an

y
scrip

ts
to

u
se

th
e

p
o
p
u
la

r
gsp

an
form

at
for

grap
h
s

(an
d

in
d
irectly

for
th

e
111

op
en

B
ab

el
form

ats
2).

2
.3

B
u
ild

in
g
K
e
rn

e
ls

fro
m

K
e
rn

e
ls

K
e
L
P

en
a
b
les

(i)
kern

el
com

p
osition

,
i.e.,

K
a
b (s

1 ,s
2 )

=
(φ
a ◦

φ
b )(s

1 )·
(φ
a ◦

φ
b )(s

2 )
from

K
a (s

1 ,s
2 )

=
φ
a (s

1 )·
φ
a (s

2 )
an

d
K
b (s

1 ,s
2 )

=
φ
b (s

1 )·
φ
b (s

2 );
an

d
(ii)

k
ern

el
com

b
in

a-
tio

n
s,

e.g
.,
λ
1 K

a (s
1 ,s

2 )
+
λ
2 K

b (s
1 ,s

2 )×
K
a (s

1 ,s
2 ).

T
h
ese

op
eration

s
are

co
d
ed

u
sin

g
th

ree
ab

stra
ction

s
of

th
e
K
e
r
n
e
l

class:
(i)

D
i
r
e
c
t
K
e
r
n
e
l

d
irectly

op
erates

on
a

sp
eci-

fi
ed

R
e
p
r
e
s
e
n
t
a
t
i
o
n

ob
ject,

d
eriv

ed
from

th
e
E
x
a
m
p
l
e

ob
ject

(e.g.,
im

p
lem

en
tin

g
ker-

n
els

fo
r

vectors,
seq

u
en

ces,
trees

an
d

grap
h
s).

(ii)
T

h
e
K
e
r
n
e
l
C
o
m
p
o
s
i
t
i
o
n

class
co

m
-

p
o
ses

K
e
r
n
e
l

ob
jects,

e.g.,
P
o
l
y
n
o
m
i
a
l
K
e
r
n
e
l
,
R
B
F
K
e
r
n
e
l

an
d

N
o
r
m
a
l
i
z
a
t
i
o
n
K
e
r
n
e
l
.

(iii)
K
e
r
n
e
l
C
o
m
b
i
n
a
t
i
o
n

class
en

ab
les

th
e

com
b
in

ation
o
f
d
iff

eren
t
K
e
r
n
e
l
s,

e.g
.,

th
e
L
i
n
e
a
r
-

K
e
r
n
e
l
C
o
m
b
i
n
a
t
i
o
n

class
ap

p
lies

a
w

eigh
ted

kern
el

su
m

.
(iv)

K
e
r
n
e
l
O
n
P
a
i
r

class
op

erates

2
.
h
t
t
p
:
/
/
o
p
e
n
b
a
b
e
l
.
o
r
g

3
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F
il
ic
e
e
t
a
l

on
E
x
a
m
p
l
e
P
a
i
r
,

e.g.,
to

learn
sim

ilarity
fu

n
ction

s
b

etw
een

sen
ten

ces
(F

ilice
et

al.,
2015)

or
to

im
p
lem

en
t

ran
k
in

g
algorith

m
s

w
ith

th
e
P
r
e
f
e
r
e
n
c
e
K
e
r
n
e
l

class.

p
u
b
l
i
c

s
t
a
t
i
c

v
o
i
d

r
u
n
(
S
t
r
i
n
g

t
r
a
i
n
P
a
t
h
,

S
t
r
i
n
g

t
e
s
t
P
a
t
h
,

S
t
r
i
n
g

l
e
a
r
n
i
n
g
A
l
g
o
P
a
t
h
)
{

/
/
D
e
f
i
n
e

(
l
o
a
d
)

t
h
e

l
e
a
r
n
i
n
g

a
l
g
o
r
i
t
h
m

(
s
e
e

t
h
e

J
S
O
N

i
n

F
i
g
.

1
)

J
a
c
k
s
o
n
S
e
r
i
a
l
i
z
e
r
W
r
a
p
p
e
r

s
e
r
i
a
l
i
z
e
r

=
n
e
w

J
a
c
k
s
o
n
S
e
r
i
a
l
i
z
e
r
W
r
a
p
p
e
r
(
)
;

C
l
a
s
s
i
f
i
c
a
t
i
o
n
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m

l
e
a
r
n
i
n
g
A
l
g
o
;

l
e
a
r
n
i
n
g
A
l
g
o

=
s
e
r
i
a
l
i
z
e
r
.
r
e
a
d
V
a
l
u
e
(
n
e
w

F
i
l
e
(
l
e
a
r
n
i
n
g
A
l
g
o
P
a
t
h
)
,

C
l
a
s
s
i
f
i
c
a
t
i
o
n
L
e
a
r
n
i
n
g
A
l
g
o
r
i
t
h
m
.
c
l
a
s
s
)
;

/
/
L
o
a
d

t
h
e

d
a
t
a
s
e
t
s

S
i
m
p
l
e
D
a
t
a
s
e
t

t
r
a
i
n
D
a
t
a
s
e
t

=
n
e
w

S
i
m
p
l
e
D
a
t
a
s
e
t
(
)
;

t
r
a
i
n
D
a
t
a
s
e
t
.
p
o
p
u
l
a
t
e
(
t
r
a
i
n
P
a
t
h
)
;

S
i
m
p
l
e
D
a
t
a
s
e
t

t
e
s
t
D
a
t
a
s
e
t

=
n
e
w

S
i
m
p
l
e
D
a
t
a
s
e
t
(
)
;

t
e
s
t
D
a
t
a
s
e
t
.
p
o
p
u
l
a
t
e
(
t
e
s
t
P
a
t
h
)
;

/
/
L
e
a
r
n

t
h
e

c
l
a
s
s
i
f
i
e
r

L
i
s
t
<
L
a
b
e
l
>

c
l
a
s
s
e
s

=
t
r
a
i
n
D
a
t
a
s
e
t
.
g
e
t
C
l
a
s
s
i
f
i
c
a
t
i
o
n
L
a
b
e
l
s
(
)
;

l
e
a
r
n
i
n
g
A
l
g
o
.
s
e
t
L
a
b
e
l
s
(
c
l
a
s
s
e
s
)
;

l
e
a
r
n
i
n
g
A
l
g
o
.
l
e
a
r
n
(
t
r
a
i
n
D
a
t
a
s
e
t
)
;

/
/
C
l
a
s
s
i
f
y

a
n
d

E
v
a
l
u
a
t
e

C
l
a
s
s
i
f
i
e
r

c
l
a
s
s
i
f
i
e
r

=
l
e
a
r
n
i
n
g
A
l
g
o
.
g
e
t
P
r
e
d
i
c
t
i
o
n
F
u
n
c
t
i
o
n
(
)
;

E
v
a
l
u
a
t
o
r

e
v
a
l
u
a
t
o
r

=
n
e
w

M
u
l
t
i
c
l
a
s
s
C
l
a
s
s
i
f
i
c
a
t
i
o
n
E
v
a
l
u
a
t
o
r
(
c
l
a
s
s
e
s
)
;

f
o
r
(
E
x
a
m
p
l
e

e
x
:

t
e
s
t
D
a
t
a
s
e
t
.
g
e
t
E
x
a
m
p
l
e
s
(
)
)
{

e
v
a
l
u
a
t
o
r
.
a
d
d
C
o
u
n
t
(
e
x
,

c
l
a
s
s
i
f
i
e
r
.
p
r
e
d
i
c
t
(
e
x
)
)
;

}S
y
s
t
e
m
.
o
u
t
.
p
r
i
n
t
l
n
(
"
A
C
C
:
"

+
e
v
a
l
u
a
t
o
r
.
g
e
t
P
e
r
f
o
r
m
a
n
c
e
M
e
a
s
u
r
e
(
"
a
c
c
u
r
a
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position

of
kernels

on
a

dictionary
offunction

h
1 ,...,h

K
,nam

ely
φ
ij(t)

=
∑

Kk
=

1
a
ijk
h
k (t) ,w

here
the

coefficients
a
ijk

are
estim

ated,
see

H
ansen

etal.(2015);L
em

onnierand
V

ayatis
(2014)and

X
u

etal.(2016),w
here

group-lasso
is

used
to

induce
a

sparsity
pattern

on
the

coefficients
a
ijk

thatis
shared

across
k

=
1,...,K

.
Such

m
ethods

are
com

putationally-intensive
w

hen
d

is
large,

since
they

rely
on

likelihood
m

axim
ization

or
least

squares
m

inim
ization

w
ithin

an
over-param

etrized
space

in
order

to
gain

flexibility
on

the
shape

ofthe
kernels.T

his
is

problem
atic,since

the
originalm

otivation
forthe

use
ofH

aw
kes

processes
is

to
estim

ate
the

influence
and

causality
ofnodes,the

know
ledge

ofthe
full

param
etrization

ofthe
m

odelbeing
oflittle

interestforcausality
purpose.

O
ur

paper
solves

this
problem

w
ith

a
differentand

m
ore

directapproach.
Instead

of
trying

to
estim

ate
the

kernels
φ
ij,w

e
focus

on
the

directestim
ation

of
their

integrals.
N

am
ely,w

e
w

antto
estim

ate
the

m
atrix

G
=

[g
ij]w

here

g
ij

=

∫
+
∞

0
φ
ij(u

)
d
u
≥

0
for

1
≤
i,j≤

d
.

(1)

A
s

itcan
be

seen
from

the
clusterrepresentation

ofH
aw

kes
processes

(H
aw

kes
and

O
akes

(1974)),
this

integralrepresents
the

m
ean

totalnum
berofevents

oftype
idirectly

triggered
by

an
eventof

type
j,and

then
encodes

a
notion

ofcausality.A
ctually,as

detailed
below

(see
Section

2.1),such
integralcan

be
related

to
the

G
rangercausality

(G
ranger(1969)).

T
he

m
ain

idea
of

the
m

ethod
w

e
developed

in
this

paper
is

to
estim

ate
the

m
atrix

G
directly

using
a

m
atching

cum
ulants

(orm
om

ents)m
ethod.A

partfrom
the

m
ean,w

e
shalluse

second
and

third-ordercum
ulants

w
hich

correspond
respectively

to
centered

second
and

third-orderm
om

ents.
W

e
firstcom

pute
an

estim
ation

M̂
of

these
centered

m
om

ents
M

(G
)

(they
are

uniquely
defined

by
G

).Then,w
e

look
fora

m
atrix

Ĝ
thatm

inim
izes

the
L

2
error‖M

(Ĝ
)−

M̂
‖

2.Thus
the

integral
m

atrix
Ĝ

is
directly

estim
ated

w
ithoutm

aking
hardly

any
assum

ptions
on

the
shape

the
involved

kernels.A
s

itw
illbe

show
n,this

approach
turns

outto
be

particularly
robustto

the
kernelshapes,

w
hich

is
notthe

case
ofallprevious

H
aw

kes-based
approaches

thataim
causality

recovery.W
e

call
this

m
ethod

N
PH

C
(N

on
Param

etric
H

aw
kes

C
um

ulant),since
our

approach
is

of
nonparam

etric
nature.W

e
provide

a
theoreticalanalysis

thatproves
the

consistency
ofthe

N
PH

C
estim

ator.O
ur

proofis
based

on
ideas

from
the

theory
ofG

eneralized
M

ethod
ofM

om
ents

(G
M

M
)butrequires

an
originaltechnicaltrick

since
oursetting

strongly
departs

from
the

standard
param

etric
statistics

w
ith

i.i.d
observations.N

ote
thatm

om
entand

cum
ulantm

atching
techniques

proved
particularly

pow
erful

for
latenttopic

m
odels,in

particular
L

atentD
irichletA

llocation,see
Podosinnikova

etal.(2015).
A

sm
allsetof

previous
w

orks,nam
ely

D
a

Fonseca
and

Z
aatour

(2014);A
ït-Sahalia

etal.(2010),
already

used
m

ethod
ofm

om
ents

w
ith

H
aw

kes
processes,butonly

in
a

param
etric

setting.O
urw

ork

3
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A
C

H
A

B,B
A

C
R

Y,G
A

ÏFF
A

S,M
A

S
T

R
O

M
A

T
T

E
O

A
N

D
M

U
Z

Y

is
the

firstto
considersuch

an
approach

fora
nonparam

etric
counting

processes
fram

ew
ork.

T
he

paper
is

organized
as

follow
s:

in
Section

2,w
e

provide
the

background
on

the
integrated

kernels
and

the
integrated

cum
ulants

ofthe
H

aw
kes

process.W
e

then
introduce

the
m

ethod,inves-
tigate

its
com

plexity
and

explain
the

consistency
resultw

e
prove.

In
Section

3,w
e

estim
ate

the
m

atrix
ofH

aw
kes

kernels’integrals
forvarious

sim
ulated

datasets
and

forrealdatasets,nam
ely

the
M

em
eTrackerdatabase

and
financialorderbook

data.W
e

then
provide

in
A

ppendix
B

the
technical

details
skipped

in
the

previous
parts

and
the

proof
of

our
consistency

result.
Section

4
contains

concluding
rem

arks.

2.N
PH

C
:T

he
N

on
Param

etric
H

aw
kesC

um
ulantm

ethod

In
this

Section,w
e

provide
the

background
on

integrals
ofH

aw
kes

kernels
and

integrals
ofH

aw
kes

cum
ulants.W

e
then

explain
how

the
N

PH
C

m
ethod

enables
estim

ating
G

.

2.1
B

ranching
structure

and
G

ranger
causality

From
the

definition
ofH

aw
kes

process
as

a
Poisson

clusterprocess,see
Jovanović

etal.(2015)or
H

aw
kes

and
O

akes
(1974),

g
ij

can
be

sim
ply

interpreted
as

the
average

totalnum
berofevents

of
node

iw
hose

directancestoris
a

given
eventofnode

j
(by

directw
e

m
ean

thatinteractions
m

ediated
by

any
otherinterm

ediate
eventare

notcounted).In
thatrespect,

G
notonly

describes
the

m
utual

influences
betw

een
nodes,butitalso

quantifies
theirdirectcausalrelationships.N

am
ely,introducing

the
counting

function
N
i←

j
t

thatcounts
the

num
berofevents

of
iw

hose
directancestoris

an
event

of
j,w

e
know

from
B

acry
etal.(2015)that

E
[d
N
i←

j
t

]
=
g
ijE

[d
N
jt ]

=
g
ijΛ

jd
t,

(2)

w
here

w
e

introduced
Λ
ias

the
intensity

expectation,nam
ely

satisfying
E

[d
N
it ]

=
Λ
id
t.N

ote
that

Λ
i

does
notdepend

on
tim

e
by

stationarity
of
N

t ,w
hich

is
know

n
to

hold
underthe

stability
condition

‖
G
‖
<

1,w
here‖

G
‖

stands
for

the
spectralnorm

of
G

.
In

particular,this
condition

im
plies

the
non-singularity

of
I
d −

G
.

Since
the

question
ofa

realcausality
is

too
com

plex
in

general,see
Im

bens
and

R
ubin

(2015);
Pearl(2009),m

osteconom
etricians

agreed
on

the
sim

plerdefinition
ofG

rangercausality
G

ranger
(1969).

Its
m

athem
aticalform

ulation
is

a
statisticalhypothesis

test:
X

causes
Y

in
the

sense
of

G
ranger

causality
ifforecasting

future
values

of
Y

is
m

ore
successfulw

hile
taking

X
pastvalues

into
account.

D
efinition

1
(G

ranger
causality

for
tim

e
series)

G
iven

tw
o

tim
e

series
X

and
Y

,w
e

denoteH
(t)

the
setofallinform

ation
available

prior
to
t,H

−
X

(t)
the

previous
setin

w
hich

inform
ation

com
ing

from
X

is
excluded,and

A
an

arbitrary
non-em

pty
set.W

e
say

that
X

G
ranger-causes

Y
if

P
[Y

(t
+

1)∈
A|H

(t)]6=
P

[Y
(t

+
1)∈

A|H
−
X

(t)].

E
xisting

w
orks

m
ainly

focus
on

learning
G

rangercausality
fortim

e
series,see

A
rnold

etal.(2007);
E

ichler
(2012);B

asu
etal.(2015),such

as
vector

autoregressive
m

odels
(VA

R
),w

here
G

ranger
causality

is
form

ulated
as

a
statisticaltestofthe

VA
R

coefficients.In
Eichleretal.(2016),the

authors
extend

the
definition

ofG
ranger(non-)causality

to
the

case
ofH

aw
kes

processes.
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in
fo

rm
at

io
n,

an
d

is
th

us
un

ab
le

to
pr

ov
id

e
ca

us
al

in
fo

rm
at

io
n,

th
e

sk
ew

ne
ss

gi
ve

n
by

th
e

th
ir

d
or

de
r

cu
m

ul
an

t
in

th
e

es
tim

at
io

n
pr

oc
ed

ur
e

ca
n

br
ea

k
th

e
sy

m
m

et
ry

be
tw

ee
n

pa
st

an
d

fu
tu

re
so

as
to

un
iq

ue
ly

fix
G

.
T

hu
s,

ou
r

al
go

ri
th

m
co

ns
is

ts
of

se
le

ct
in

g
d

2
th

ir
d-

or
de

r
cu

m
ul

an
t

co
m

po
ne

nt
s,

na
m

el
y
M

=
{K

ii
j
} 1
≤
i,
j≤
d
.

N
ot

e
th

at
th

e
ch

oi
ce

of
K
ii
j

is
ar

bi
tr

ar
y,

ou
r

m
et

ho
d

an
d

th
e

th
eo

ry
de

ve
lo

pe
d

be
lo

w
is

un
ch

an
ge

d
fo

ra
ny

ch
oi

ce
of
d

2
di

st
in

ct
co

m
po

ne
nt

s
am

on
g

th
e
d

3
th

ir
d-

or
de

r
cu

m
ul

an
t.

In
pa

rt
ic

ul
ar

,w
e

de
fin

e
th

e
es

tim
at

or
of
R

as
R̂
∈

ar
gm

in
R
L(
R

),
w

he
re

L(
R

)
=

(1
−
κ

)‖
K
c
(R

)
−
K̂
c
‖2 2

+
κ
‖C

(R
)
−
Ĉ
‖2 2
,

(1
0)

w
he

re
‖
·‖

2
st

an
ds

fo
r

th
e

Fr
ob

en
iu

s
no

rm
,K

c
=
{K

ii
j
} 1
≤
i,
j≤
d

is
th

e
m

at
ri

x
ob

ta
in

ed
by

th
e

co
nt

ra
ct

io
n

of
th

e
te

ns
or
K

to
d

2
in

di
ce

s,
C

is
th

e
co

va
ri

an
ce

m
at

ri
x,

w
hi

le
K̂
c

an
d
Ĉ

ar
e

th
ei

r
re

sp
ec

tiv
e

es
tim

at
or

s,
se

e
E

qu
at

io
ns

(1
2)

,(
13

)b
el

ow
.I

ti
s

no
te

w
or

th
y

th
at

th
e

ab
ov

e
m

ea
n

sq
ua

re
er

ro
ra

pp
ro

ac
h

ca
n

be
se

en
as

a
pe

cu
lia

rG
en

er
al

iz
ed

M
et

ho
d

of
M

om
en

ts
(G

M
M

),
se

e
H

al
l(

20
05

).
T

hi
s

fr
am

ew
or

k
al

lo
w

s
us

to
de

te
rm

in
e

th
e

op
tim

al
w

ei
gh

tin
g

m
at

ri
x

in
vo

lv
ed

in
th

e
lo

ss
fu

nc
tio

n.
H

ow
ev

er
,t

hi
s

ap
pr

oa
ch

is
un

us
ab

le
in

pr
ac

tic
e,

si
nc

e
th

e
as

so
ci

at
ed

co
m

pl
ex

ity
is

to
o

hi
gh

.I
nd

ee
d,

si
nc

e
w

e
ha

ve
d

2
pa

ra
m

et
er

s,
th

is
m

at
rix

ha
s
d

4
co

ef
fic

ie
nt

s
an

d
G

M
M

ca
lls

fo
rc

om
pu

tin
g

its
in

ve
rs

e
le

ad
in

g
to

a
O

(d
6
)

co
m

pl
ex

ity
.I

n
th

is
w

or
k,

w
e

us
e

th
e

co
ef

fic
ie

nt
κ

to
sc

al
e

th
e

tw
o

te
rm

s,
as

κ
=

‖K̂
c
‖2 2

‖K̂
c
‖2 2

+
‖Ĉ
‖2 2

,

se
e

Se
ct

io
n

B
.4

fo
ra

n
ex

pl
an

at
io

n
ab

ou
tt

he
lin

k
be

tw
ee

n
κ

an
d

th
e

w
ei

gh
tin

g
m

at
ri

x.
Fi

na
lly

,t
he

es
tim

at
or

of
G

is
st

ra
ig

ht
fo

rw
ar

dl
y

ob
ta

in
ed

as

Ĝ
=
I
d
−
R̂
−

1
,

fr
om

th
e

in
ve

rs
io

n
of

Eq
.(

6)
.L

et
us

m
en

tio
n

an
im

po
rta

nt
po

in
t:

th
e

m
at

rix
in

ve
rs

io
n

in
th

e
pr

ev
io

us
fo

rm
ul

a
is

no
tt

he
bo

ttl
en

ec
k

of
th

e
al

go
ri

th
m

.
In

de
ed

,i
ts

ha
s

a
co

m
pl

ex
ity

O
(d

3
)

th
at

is
ch

ea
p

co
m

pa
re

d
to

th
e

co
m

pu
ta

tio
n

of
th

e
cu

m
ul

an
ts

w
he

n
n

=
m

ax
i
|Z

i |
�

d
,w

hi
ch

is
th

e
ty

pi
ca

l
sc

al
in

g
sa

tis
fie

d
in

ap
pl

ic
at

io
ns

.
So

lv
in

g
th

e
co

ns
id

er
ed

pr
ob

le
m

on
a

la
rg

er
sc

al
e,

sa
y
d
�

1
03

,
is

an
op

en
qu

es
tio

n,
ev

en
w

ith
st

at
e-

of
-t

he
-a

rt
pa

ra
m

et
ri

c
an

d
no

np
ar

am
et

ri
c

ap
pr

oa
ch

es
,s

ee
fo

r
in

st
an

ce
Z

ho
u

et
al

.(
20

13
a)

;X
u

et
al

.(
20

16
);

Z
ho

u
et

al
.(

20
13

b)
;B

ac
ry

an
d

M
uz

y
(2

01
6)

,w
he

re
th

e
nu

m
be

r
of

co
m

po
ne

nt
s
d

in
ex

pe
ri

m
en

ts
is

al
w

ay
s

ar
ou

nd
10

0
or

sm
al

le
r.

N
ot

e
th

at
,a

ct
ua

lly
,

ou
r

ap
pr

oa
ch

le
ad

s
to

a
m

uc
h

fa
st

er
al

go
ri

th
m

th
an

th
e

co
ns

id
er

ed
st

at
e-

of
-t

he
-a

rt
ba

se
lin

es
,s

ee
Ta

bl
es

1–
4

fr
om

Se
ct

io
n

3
be

lo
w

.
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2.3
E

stim
ation

ofthe
integrated

cum
ulants

In
this

section
w

e
presentexplicitform

ulas
to

estim
ate

the
three

m
om

ent-based
quantities

listed
in

the
previous

section,nam
ely,

Λ
,
C

and
K

.
W

e
firstassum

e
there

exists
H
>

0
such

thatthe
truncation

from
(−
∞
,+
∞

)
to

[−
H
,H

]ofthe
dom

ain
ofintegration

ofthe
quantities

appearing
in

E
qs.(4)and

(5),introduces
only

a
sm

allerror.In
practice,this

am
ounts

to
neglecting

bordereffects
in

the
covariance

density
and

in
the

skew
ness

density
thatis

a
good

approxim
ation

ifthe
supportof

the
kernel

φ
ij(t)

is
sm

allerthan
H

and
the

spectralnorm
‖
G
‖

satisfies‖
G
‖
<

1.
In

this
case,given

a
realization

of
a

stationary
H

aw
kes

process{N
t

:
t∈

[0,T
]},as

show
n

in
A

ppendix
B

,w
e

can
w

rite
the

estim
ators

ofthe
firstthree

cum
ulants

(3),(4)and
(5)as

Λ̂
i

=
1T

∑τ∈
Z
i 1

=
N
iT

T
(11)

Ĉ
ij

=
1T

∑τ∈
Z
i (
N
jτ
+
H
−
N
jτ−
H
−

2H
Λ̂
j )

(12)

K̂
ijk

=
1T

∑τ∈
Z
i (
N
jτ
+
H
−
N
jτ−
H
−

2H
Λ̂
j )
· (
N
kτ+
H
−
N
kτ−
H
−

2
H

Λ̂
k )

−
Λ̂
i

T

∑τ∈
Z
j

∑τ ′∈
Z
k (2H

−
|τ ′−

τ|)
+

+
4
H

2Λ̂
iΛ̂
jΛ̂

k.

(13)

L
etus

m
ention

the
follow

ing
facts.

B
ias.

W
hile

the
firstcum

ulant
Λ̂
iis

an
unbiased

estim
atorof

Λ
i,the

otherestim
ators

Ĉ
ij

and
K̂
ijk

introduce
a

bias.H
ow

ever,as
w

e
w

illshow
,in

practice
this

bias
is

sm
alland

hardly
affects

num
ericalestim

ations
(see

Section
3).T

his
is

confirm
ed

by
ourtheoreticalanalysis,w

hich
proves

thatif
H

does
notgrow

too
fastcom

pared
to
T

,then
these

estim
ated

cum
ulants

are
consistentestim

ators
ofthe

theoreticalcum
ulants

(see
Section

2.6).

C
om

plexity.
T

he
com

putations
ofallthe

estim
ators

ofthe
first,second

and
third-ordercum

ulants
have

com
plexity

respectively
O

(n
d
),
O

(n
d

2)
and

O
(n
d

3),w
here

n
=

m
ax

i |Z
i|.H

ow
ever,

ouralgorithm
requires

a
lotless

than
that:itcom

putes
only

d
2

third-orderterm
s,ofthe

form
K̂
iij,leaving

us
w

ith
only

O
(n
d

2)
operations

to
perform

.

Sym
m

etry.
W

hile
the

values
of

Λ
i,C

ij
and

K
ijk

are
sym

m
etric

underperm
utation

ofthe
indices,

theirestim
atorsare

generally
notsym

m
etric.W

e
have

thuschosen
to

sym
m

etrize
the

estim
ators

by
averaging

theirvalues
overperm

utations
ofthe

indices.W
orstcase

is
forthe

estim
atorof

K
c,w

hich
involves

only
an

extra
factorof2

in
the

com
plexity.

2.4
T

he
N

PH
C

algorithm

T
he

objective
to

m
inim

ize
in

E
quation

(10)
is

non-convex.
M

ore
precisely,the

loss
function

is
a

polynom
ialof

R
ofdegree

6.H
ow

ever,the
expectations

ofcum
ulants

Λ
and

C
defined

in
E

q.(4)
and

(5)
thatappear

in
the

definition
ofL

(R
)

are
unknow

n
and

should
be

replaced
w

ith
Λ̂

and
Ĉ

.
W

e
denote L̃

(R
)

the
objective

function,w
here

the
expectations

ofcum
ulants

Λ
iand

C
ij

have
been

replaced
w

ith
theirestim

ators
in

the
right-hand

side
ofE

qs.(8)and
(9):

L̃
(R

)
=

(1−
κ

)‖
R
�

2Ĉ
>

+
2[R
�

(Ĉ
−
R
L̂

)]R
>
−
K̂
c‖

22
+
κ‖R

L̂
R
>
−
Ĉ
‖

22
(14)
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A
C

H
A

B,B
A

C
R

Y,G
A

ÏFF
A

S,M
A

S
T

R
O

M
A

T
T

E
O

A
N

D
M

U
Z

Y

A
s

explained
in

C
horom

anska
etal.(2015),the

loss
function

ofa
typicalm

ultilayerneuralnetw
ork

w
ith

sim
ple

nonlinearities
can

be
expressed

as
a

polynom
ialfunction

ofthe
w

eights
in

the
netw

ork,
w

hose
degree

is
the

num
beroflayers.Since

the
loss

function
ofN

PH
C

w
rites

as
a

polynom
ialof

degree
6,w

e
expectgood

results
using

optim
ization

m
ethods

designed
to

train
deep

m
ultilayerneural

netw
orks.W

e
use

A
daG

rad
from

D
uchietal.(2011),a

variantofthe
Stochastic

G
radientD

escent
w

ith
adaptive

learning
rates.

A
daG

rad
scales

the
learning

rates
coordinate-w

ise
using

the
online

variance
ofthe

previous
gradients,in

orderto
incorporate

second-orderinform
ation

during
training.

A
s

detailed
in

Section
2.5,the

optim
ization

step
is

negligible
com

pared
to

the
com

putation
ofthe

cum
ulants

w
henever

n
=

m
ax

i |Z
i|�

d,w
hich

is
the

typicalscaling
in

applications.T
he

N
PH

C
m

ethod
is

sum
m

arized
schem

atically
in

A
lgorithm

1.

A
lgorithm

1
N

on
Param

etric
H

aw
kes

C
um

ulantm
ethod

Input:
N

t

O
utput:

Ĝ
1:

E
stim

ate
Λ̂
i,Ĉ

ij,K̂
iij

from
E

qs.(11,12,13)
2:

D
esignL̃

(R
)

using
the

com
puted

estim
ators.

3:
M

inim
ize

num
ericallyL̃

(R
)

so
as

to
obtain

R̂

4:
R

eturn
Ĝ

=
I
d −

R̂
−

1.

O
urproblem

being
non-convex,the

choice
ofthe

starting
pointhas

a
m

ajoreffecton
the

conver-
gence.

H
ere,the

key
is

to
notice

thatthe
m

atrices
R

thatm
atch

E
quation

(8)
w

rite
C

1
/
2O
L
−

1
/
2,

w
ith
L

=
diag(Λ

)
and

O
an

orthogonalm
atrix.O

urstarting
pointis

then
sim

ply
chosen

by
setting

O
=
I
d

in
the

previous
form

ula,leading
to

nice
convergence

results.Even
though

ourm
ain

concern
is

to
retrieve

the
m

atrix
G

,letus
notice

w
e

can
also

obtain
an

estim
ation

ofthe
baseline

intensities’
from

Eq.(3),w
hich

leads
to
µ̂

=
R̂
−

1Λ̂
.A

n
efficientim

plem
entation

ofthis
algorithm

w
ith

Tensor-
Flow

,see
A

badietal.(2016),is
available

on
G

itH
ub:

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
a
c
h
a
b
/
n
p
h
c.

The
optim

ization
problem

can
be

regularized
by

adding
to

the
functionL

(R
)

a
regularizing

term
ofthe

form
λ
N

(G
)

thatencodes
a

priorassum
ption

on
the

structure
of
G

.A
s

long
as
R

m
atches

Equation
(8)the

penalty
term

can
be

w
ritten

asa
function

of
R

since
λ
N

(G
)

=
λ
N

(I
d −
C
−

1L
R
>

).
Since

the
algorithm

s
w

e
com

pare
our

m
ethod

to
optim

ize
differentobjective

functions
(negative

log-likelihood,least-squares,etc.),adding
λ
N

(G
)

w
ith

the
sam

e
λ

to
these

functions
w

ould
trigger

differentbehaviors.T
hen,in

the
restofthe

docum
entw

e
focus

on
the

unregularized
problem

,for
w

hich
w

e
prove

the
convergence’s

consistency
in

the
Section

2.6.

2.5
C

om
plexity

ofthe
algorithm

C
om

pared
w

ith
existing

state-of-the-artm
ethods

to
estim

ate
the

kernelfunctions,e.g.,the
ordinary

differentialequations-based
(O

D
E

)algorithm
in

Z
hou

etal.(2013a),the
G

rangerC
ausality-based

algorithm
in

X
u

etal.(2016),the
A

D
M

4
algorithm

in
Z

hou
etal.(2013b),and

the
W

iener-H
opf-

based
algorithm

in
B

acry
and

M
uzy

(2016),our
m

ethod
has

a
very

com
petitive

com
plexity.

T
his

can
be

understood
by

the
factthatthose

m
ethods

estim
ate

the
kernelfunctions,w

hile
in

N
PH

C
w

e
only

estim
ate

theirintegrals.T
he

O
D

E
-based

algorithm
is

an
E

M
algorithm

thatparam
etrizes

the
kernelfunction

w
ith

M
basis

functions,each
being

discretized
to
L

points.T
he

basis
functions

are
updated

after
solving

M
E

uler-L
agrange

equations.
If
n

denotes
the

m
axim

um
num

ber
of

events
per

com
ponent(i.e.

n
=

m
ax

1≤
i≤
d |Z

i|)
then

the
com

plexity
of

one
iteration

of
the

algorithm
is
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O
(M

n
3
d

2
+
M
L

(n
d

+
n

2
))

.T
he

G
ra

ng
er

C
au

sa
lit

y-
ba

se
d

al
go

rit
hm

is
si

m
ila

rt
o

th
e

pr
ev

io
us

on
e,

w
ith

ou
tt

he
up

da
te

of
th

e
ba

si
s

fu
nc

tio
ns

,t
ha

ta
re

G
au

ss
ia

n
ke

rn
el

s.
T

he
co

m
pl

ex
ity

pe
ri

te
ra

tio
n

is
O

(M
n

3
d

2
).

T
he

al
go

ri
th

m
A

D
M

4
is

si
m

ila
rt

o
th

e
tw

o
al

go
ri

th
m

s
ab

ov
e,

as
E

M
al

go
ri

th
m

as
w

el
l,

w
ith

on
ly

on
e

ex
po

ne
nt

ia
lk

er
ne

la
s

ba
si

s
fu

nc
tio

n.
T

he
co

m
pl

ex
ity

pe
r

ite
ra

tio
n

is
th

en
O

(n
3
d

2
).

T
he

W
ie

ne
r-

H
op

f-
ba

se
d

al
go

ri
th

m
is

no
t

ite
ra

tiv
e,

on
th

e
co

nt
ra

ry
to

th
e

pr
ev

io
us

on
es

.
It

fir
st

co
m

pu
te

s
th

e
em

pi
ri

ca
lc

on
di

tio
na

ll
aw

s
on

m
an

y
po

in
ts

,a
nd

th
en
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∞

,o
ne

ha
s
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+
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R
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∈
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Ĝ
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m
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n
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α
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=
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=
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φ
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γ
γ

+
1
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β

(a)
R

ectangularkernel
φ
t
=
α
β
1
[0
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/
β
] (t−

γ
)

log
t

log
φ
t

−
log

β

log
α
β
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slope≈
−
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+
γ

)

(b)
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erlaw
kernelon

log-log
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φ
t
=
α
β
γ
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+
β
t) −

(1
+
γ
)

t

φ
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1/β
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E
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φ
t
=
α
β
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p
(−
β
t)

Figure
1:T

he
three

differentkernels
used

to
sim

ulate
the

datasets.

and
zero

outside.T
he

tw
o

otherparam
eters’values

are
the

sam
e

fordim
ensions

10
and

100.T
he

param
eter

γ
is

setto
1/

2
on

the
three

blocks
as

w
ell,butw

e
setthree

very
different

β
0 ,
β

1
and

β
2

from
one

block
to

the
other,w

ith
ratio

β
i+

1 /β
i

=
10

and
β

0
=

0
.1.

T
he

num
ber

of
events

is
roughly

equalto
10

5
on

average
overthe

nodes.W
e

ran
the

algorithm
on

three
sim

ulated
datasets:

a
10-dim

ensionalprocess
w

ith
rectangularkernels

nam
ed

R
ect10,a

10-dim
ensionalprocess

w
ith

pow
erlaw

kernels
nam

ed
PL

aw
10

and
a

100-dim
ensionalprocess

w
ith

exponentialkernels
nam

ed
E

xp100.

M
em

eTracker
dataset.

W
e

use
events

of
the

m
ostactive

sites
from

the
M

em
eTracker

dataset 2.
T

his
datasetcontains

the
publication

tim
es

ofarticles
in

m
any

w
ebsites/blogs

from
A

ugust2008
to

A
pril2009,and

hyperlinks
betw

een
posts.W

e
extractthe

top
100

and
the

top
200

m
edia

sites
w

ith
the

largestnum
berofdocum

ents,w
ith

about7
m

illion
ofevents.W

e
nam

e
M

em
eTracker100

the
100-dim

ensionaldataset,and
M

em
eTracker200

the
200-dim

ensionalone.W
e

use
the

links
to

trace
the

flow
ofinform

ation
and

establish
an

estim
ated

ground
truth

forthe
m

atrix
G

.Indeed,w
hen

an
hyperlink

j
appears

in
a

postin
w

ebsite
i,the

link
j

can
be

regarded
as

a
directancestorofthe

event.
T

hen,E
q.(2)show

s
g
ij

can
be

estim
ated

by
N
i←

j
T

/N
jT

=
#
{links

j→
i}
/N

jT
.

O
rder

book
dynam

ics.
W

e
apply

ourm
ethod

to
financialdata,in

orderto
understand

the
selfand

cross-influencing
dynam

ics
ofalleventtypes

in
an

orderbook.A
n

orderbook
is

a
listofbuy

and
sell

orders
fora

specific
financialinstrum

ent,the
listbeing

updated
in

real-tim
e

throughoutthe
day.This

m
odelhas

firstbeen
introduced

in
B

acry
etal.(2016),and

m
odels

the
orderbook

via
the

follow
ing

8-dim
ensionalpointprocess:

N
t

=
(P

(a
)

t
,P

(b)
t
,T

(a
)

t
,T

(b)
t
,L

(a
)

t
,L

(b)
t
,C

(a
)

t
,C

(b)
t

),w
here

P
(a

)(resp.
P

(b))
counts

the
num

ber
of

upw
ard

(resp.
dow

nw
ard)

price
m

oves,
T

(a
)

(resp.
T

(b))
counts

the
num

berofm
arketorders

atthe
ask

3
(resp.atthe

bid)thatdo
notm

ove
the

price,
L

(a
)

(resp.
L

(b))
counts

the
num

beroflim
itorders

atthe
ask

4
(resp.atthe

bid)thatdo
notm

ove
the

price,and
C

(a
)

(resp.
C

(b))
counts

the
num

ber
of

cancelorders
atthe

ask
5

(resp.
atthe

bid)
thatdo

notm
ove

the
price.T

he
financialdata

has
been

provided
by

Q
uantH

ouse
E

U
R

O
PE

/A
SIA

,and
consists

ofD
A

X
future

contracts
betw

een
01/01/2014

and
03/01/2014.

2.
h
t
t
p
s
:
/
/
w
w
w
.
m
e
m
e
t
r
a
c
k
e
r
.
o
r
g
/
d
a
t
a
.
h
t
m
l

3.T
hatis

buy
orders

thatare
executed

and
rem

oved
from

the
list.

4.T
hatis

buy
orders

added
to

the
list.

5.Thatis
the

num
beroftim

es
a

lim
itorderatthe

ask
is

canceled:in
ourdataset,alm

ost95%
oflim

itorders
are

canceled
before

execution.
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A
C

H
A

B,B
A

C
R

Y,G
A

ÏFF
A

S,M
A

S
T

R
O

M
A

T
T

E
O

A
N

D
M

U
Z

Y

B
aselines.

W
e

com
pare

N
PH

C
to

state-of-the
art

baselines:
the

O
D

E
-based

algorithm
(O

D
E

)
by

Z
hou

etal.(2013a),the
G

rangerC
ausality-based

algorithm
(G

C
)by

X
u

etal.(2016),the
A

D
M

4
algorithm

(A
D

M
4)by

Z
hou

etal.(2013b),and
the

W
iener-H

opf-based
algorithm

(W
H

)by
B

acry
and

M
uzy

(2016).

M
etrics.

W
e

evaluate
the

perform
ance

of
the

proposed
m

ethods
using

the
com

puting
tim

e,the
R

elative
E

rror

R
elE

rr(A
,B

)
=

1d
2 ∑i,j

|a
ij−

b
ij|

|a
ij|

1
{
a
ij6=

0}
+
|b
ij|1

{
a
ij=

0}

and
the

M
ean

K
endallR

ank
C

orrelation

M
R

ankC
orr(A

,B
)

=
1d

d
∑i=

1

R
ankC

orr([a
i•],[b

i•]),

w
here

R
ankC

orr(x
,y

)
=

2
d
(d−

1
) (N

concordant (x
,y

)−
N

discordant (x
,y

))
w

ith
N

concordant (x
,y

)
the

num
-

ber
of

pairs
(i,j)

satisfying
x
i
>
x
j

and
y
i
>
y
j

or
x
i
<
x
j

and
y
i
<
y
j

and
N

discordant (x
,y

)
the

num
berofpairs

(i,j)
forw

hich
the

sam
e

condition
is

notsatisfied.
N

ote
thatR

ankC
orrscore

is
a

value
betw

een−
1

and
1,representing

rank
m

atching,butcan
take

sm
allervalues

(in
absolute

value)ifthe
entries

ofthe
vectors

are
notdistinct.

Figure
2:

O
n

E
xp100

dataset,estim
ated

Ĝ
w

ith
A

D
M

4
(left),w

ith
N

PH
C

(m
iddle)and

the
ground-

truth
m

atrix
G

(right).B
oth

A
D

M
4

and
N

PH
C

estim
ates

recoverthe
three

blocks.H
ow

-
ever,A

D
M

4
overestim

ates
the

integrals
on

tw
o

ofthe
three

blocks,w
hile

N
PH

C
gives

the
sam

e
value

on
each

blocks.

D
iscussion.

W
e

perform
the

A
D

M
4

estim
ation,w

ith
exponentialkernel,by

giving
the

exactvalue
β

=
β

0
ofone

block.L
etus

stress
thatthis

helps
a

lotthis
baseline,in

com
parison

to
N

PH
C

w
here

nothing
is

specified
on

the
shape

of
the

kernel
functions.

W
e

used
M

=
10

basis
functions

for
both

O
D

E
and

G
C

algorithm
s,and

L
=

50
quadrature

points
forW

H
.W

e
did

notrun
W

H
on

the
100-dim

ensionaldatasets,forcom
puting

tim
e

reasons,because
its

com
plexity

scales
w

ith
d

4.W
e

ran
m

ulti-processed
versions

ofthe
baseline

m
ethods

on
56

cores,to
decrease

the
com

puting
tim

e.
O

urm
ethod

consistently
perform

s
betterthan

allbaselines,on
the

three
synthetic

datasets,on
M

em
eTrackerand

on
the

financialdataset,both
in

term
s

ofK
endallrank

correlation
and

estim
ation
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E
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Ĝ
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N
PH

C
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D
A

X
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de
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oo
k

da
ta

.

er
ro

r.
M

or
eo

ve
r,

w
e

ob
se

rv
e

th
at

ou
r

al
go

ri
th

m
is

ro
ug

hl
y

50
tim

es
fa

st
er

th
an

al
lt

he
co

ns
id

er
ed

ba
se

lin
es

.
O

n
R

ec
t1

0,
PL

aw
10

an
d

E
xp

10
0
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rm

et
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ve
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e
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.
O

n
Fi
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3,
w
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se
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e
th
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th

e
m

at
ri

x
Ĝ

es
tim

at
ed

w
ith

A
D

M
4

re
co

ve
rs

w
el

lt
he

bl
oc

k
fo

rw
hi

ch
β

=
β

0
,i

.e
.

th
e

va
lu

e
w

e
ga
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e
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et

ho
d,

bu
td

oe
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tp
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w

el
lo

n
th

e
tw

o
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he
r

bl
oc

ks
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hi
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x
Ĝ
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ed
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N
PH

C
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ra
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r
K
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at
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n,
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es
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tt

he
re

la
tiv

e
er

ro
r.

O
n

M
em

eT
ra

ck
er

10
0,

th
e

ba
se

lin
e

m
et

ho
ds

ob
ta

in
a

hi
gh

re
la

tiv
e

er
ro

rb
et

w
ee

n
9%

an
d

19
%

w
hi

le
ou

rm
et

ho
d

ac
hi

ev
es

a
re

la
tiv

e
er

ro
ro

f7
%

w
hi

ch
is

a
st

ro
ng

im
pr

ov
em

en
t.

M
or

eo
ve

r,
N

PH
C

re
ac

he
s

a
m

uc
h

be
tte

rK
en

da
ll

ra
nk

co
rr

el
at

io
n,

w
hi

ch
pr

ov
es

th
at

it
le

ad
s

to
a

m
uc

h
be

tte
rr

ec
ov

er
y

of
th

e
re

la
tiv

e
or

de
r

of
es

tim
at

ed
in

flu
en

ce
s

th
an

al
lt

he
ba

se
lin

es
.

O
n

M
em

eT
ra

ck
er

20
0,

N
PH

C
ou

tp
er

fo
rm

s
ag

ai
n

th
e

ba
se

lin
es

,
w

ith
sm

al
le

r
K

en
da

ll
ra

nk
co

rr
el

at
io

n.
T

he
co

m
pa

ri
so

n
of

th
e

co
m

pu
ta

tio
n

tim
es

fo
rb

ot
h

ex
pe

ri
m

en
ts

sh
ow

s
th

at
N

PH
C

sc
al

es
be

tte
rt

ha
n

ot
he

rm
et

ho
ds

.P
lu

s,
it

ha
s

be
en

sh
ow

n
in

Z
ho

u
et

al
.(

20
13

a)
th

at
ke

rn
el

s
of

M
em

eT
ra

ck
er

da
ta

ar
e

no
te

xp
on

en
tia

l,
no

r
po

w
er

la
w

.T
hi

s
pa

rt
ly

ex
pl

ai
ns

w
hy

ou
ra

pp
ro

ac
h

be
ha

ve
s

be
tte

r.
O

n
th

e
fin

an
ci

al
da

ta
,t

he
es

tim
at

ed
ke

rn
el

no
rm

m
at

ri
x

ob
ta

in
ed

vi
a

N
PH

C
,s

ee
Fi

gu
re

3,
ga

ve
so

m
e

in
te

rp
re

ta
bl

e
re

su
lts

(s
ee

al
so

B
ac

ry
et

al
.(

20
16

))
:

1.
A

ny
2
×

2
su

b-
m

at
rix

w
ith

sa
m

e
ki

nd
of

in
pu

ts
(i.

e.
Pr

ic
es

ch
an

ge
s,

Tr
ad

es
,L

im
its

or
C

an
ce

ls
)

is
sy

m
m

et
ri

c.
T

hi
s

sh
ow

s
em

pi
ri

ca
lly

th
at

as
k

an
d

bi
d

ha
ve

sy
m

m
et

ri
c

ro
le

s.

2.
T

he
pr

ic
es

ar
e

m
os

tly
cr

os
s-

ex
ci

te
d,

w
hi

ch
m

ea
ns

th
at

a
pr

ic
e

in
cr

ea
se

is
ve

ry
lik

el
y

to
be

fo
llo

w
ed

by
a

pr
ic

e
de

cr
ea

se
,a

nd
co

nv
er

se
ly

.
T

hi
s

is
co

ns
is

te
nt

w
ith

th
e

w
av

y
pr

ic
es

w
e

ob
se

rv
e

on
fin

an
ci

al
m

ar
ke

ts
.
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Table
3:

M
etrics

on
PL

aw
10:

com
parable

rank
correlation,strong

im
provem

entforrelative
error

and
com

puting
tim

e.

M
ethod

O
D

E
G

C
A

D
M

4
W

H
N

PH
C

R
elE

rr
0.011

0.09
0.053

0.009
0.0048

M
R

ankC
orr

0.31
0.26

0.24
0.34

0.33
Tim

e
(s)

870
781

717
946

18

Table
4:

M
etrics

on
Exp100:com

parable
rank

correlation,strong
im

provem
entforrelative

errorand
com

puting
tim

e.

M
ethod

O
D

E
G

C
A

D
M

4
N

PH
C

R
elE

rr
0.092

0.112
0.079

0.008
M

R
ankC

orr
0.032

0.009
0.049

0.041
Tim

e
(s)

3215
2950

2411
47

A
ppendix

A
.A

dditionalexperim
ents

W
e

propose
below

additionalexperim
ents

and
technicaldetails

on
the

theoreticalstudy
ofthe

N
PH

C
procedure.

A
.1

C
onvergence

curvesversusdim
ension

The
N

PH
C

procedure
isdivided

into
tw

o
parts:the

firstisthe
com

putation
ofthe

integrated
cum

ulants’
estim

ators,the
second

is
the

m
inim

ization
of

the
loss

function.
A

s
highlighted

in
the

Section
2.5,

the
bottleneck

ofthe
algorithm

is
the

com
putation

ofthe
cum

ulants’estim
ators.H

ow
ever,w

e
can

stillw
onder

how
fastthe

optim
ization

algorithm
converges

w
ith

respectto
the

dim
ensionality

of
the

pointprocess.To
answ

erthatquestion,w
e

sim
ulated

ten
datasets

corresponding
to

dim
ensions

d
∈
{
1
0,2

0
,...,100}

w
ith

µ
i

=
0
.01

for
i
∈

[d
],
g
ij

=
0
.9/d

for
(i,j)

∈
[d

] 2
(such

that
||G
||

=
0.9

<
1),and

T
=

10
7.

W
e

then
ran

the
N

PH
C

m
ethod

and
recorded

the
loss

function’s
evolution

overthe
iterations,rescaled

betw
een

0
and

1.O
ne

can
see

on
Figure

4
how

the
dim

ension
influences

the
convergence

curve:using
the

sam
e

hyperparam
eters

forA
daG

rad
D

uchietal.(2011),
the

higherthe
dim

ension
the

m
ore

oscillating
the

convergence
curve.Plus,the

loss
function

seem
s

to
be

flatterin
low

erdim
ension

(d
=

10
forinstance)since

A
daG

rad
needs

m
ore

iterations
to

reach
a

m
inim

um
com

pared
to

higher-dim
ensionalcases

(d
=

70
or
d

=
100

forinstance).

A
.2

R
elative

error
versusnum

ber
ofevents

The
estim

ation
ofthe

integrated
cum

ulants
becom

es
m

ore
accurate

w
hen

the
am

ountoftraining
data

increases.T
he

consistency
ofthe

estim
ators

given
in

E
quations

(7),(8)and
(9)is

indeed
proved

in
the

theorem
’s

proofin
A

ppendix
B

.A
naturalquestion

thatarises
is

then
to

evaluate
the

precision
of

the
param

eter’s
estim

ation
w

hen
the

num
berofpoints

increases,allotherthings
rem

aining
equal.To

quantify
this

effect,w
e

sim
ulated

severaldatasets
sim

ilarto
R

ect10
-described

in
Section

3
-w

ith
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A
C

H
A

B,B
A

C
R

Y,G
A

ÏFF
A

S,M
A

S
T

R
O

M
A

T
T

E
O

A
N

D
M

U
Z

Y

Table
5:

M
etrics

on
M

em
eTracker100:strong

im
provem

entin
relative

error,rank
correlation

and
com

puting
tim

e.

M
ethod

O
D

E
G

C
A

D
M

4
N

PH
C

R
elE

rr
0.162

0.19
0.092

0.071
M

R
ankC

orr
0.07

0.053
0.081

0.095
Tim

e
(s)

2944
2780

2217
38

Table
6:

M
etrics

on
M

em
eTracker200:strong

im
provem

entin
relative

error,rank
correlation

and
com

puting
tim

e.

M
ethod

O
D

E
G

C
A

D
M

4
N

PH
C

R
elE

rr
0.173

0.212
0.109

0.084
M

R
ankC

orr
0.062

0.048
0.077

0.085
Tim

e
(s)

11786
11210

8903
164

differentsim
ulation’s

durations.T
he

only
difference

betw
een

those
datasets

is
then

the
num

berof
points

pernode.W
e

ran
N

PH
C

ten
tim

es
perdatasetto

loosely
evaluate

the
variance

ofthe
estim

ate.

W
e

only
focus

on
the

relative
error

m
etric

w
hich

gives
m

ore
interpretable

results.
T

he
results

sum
m

arized
on

the
Figure

5
show

the
decrease

of
the

relative
error

as
the

average
(over

the
ten

dim
ensions)num

berofpoints
pernode

becom
es

larger.T
his

decrease
com

es
along

w
ith

a
variance

decrease
ofthe

estim
ates.

A
.3

R
andom

choice
of
d

2
third

integrated
cum

ulant’sentries

The
N

PH
C

m
ethod

arbitrarily
com

putes
the

d
2

iijentries
ofthe

third
integrated

cum
ulant,am

ong
the

d
3

entries
available,and

then
m

inim
izes

the
distance

betw
een

theoreticaland
em

piricalcum
ulants.

W
e

num
erically

show
in

this
subsection

than
the

com
putation

of
d

2
random

entries
follow

ed
by

the
m

inim
ization

of
the

loss
function

reachs
the

sam
e

perform
ance

than
N

PH
C

’s
m

ethod.
W

e
sam

pled
three

sets
ofrandom

d
2

indices
ijk,and

ran
the

m
ethods

on
the

datasetR
ect10

introduced
in

Section
3.

Table
7:M

etrics
on

R
ect10:sim

ilarrelative
errors

and
rank

correlations
forthe

differentm
ethods.

Setofindices
R

andom
set1

R
andom

set2
R

andom
set3

iij(N
PH

C
)

R
elE

rr
0.0013

0.0014
0.0013

0.0013
M

R
ankC

orr
0.34

0.34
0.33

0.34

T
he

results
sum

m
arized

on
the

Table
7

show
that,to

ourknow
ledge,the

procedure
is

notvery
sensitive

to
the

selection
ofthe

d
2

entries
from

the
third

integrated
cum

ulanttensor.
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U
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U
L
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N

T
S

Fi
gu

re
4:

C
on

ve
rg

en
ce

cu
rv

es
ve

rs
us

di
m

en
si

on
.

A
pp

en
di

x
B

.T
ec

hn
ic

al
de

ta
ils

W
e

sh
ow

in
th

is
se

ct
io

n
ho

w
to

ob
ta

in
th

e
eq

ua
tio

ns
st

at
ed

ab
ov

e,
th

e
es

tim
at

or
s

of
th

e
in

te
gr

at
ed

cu
m

ul
an

ts
an

d
th

e
sc

al
in

g
co

ef
fic

ie
nt
κ

th
at

ap
pe

ar
s

in
th

e
ob

je
ct

iv
e

fu
nc

tio
n.

W
e

th
en

pr
ov

e
th

e
th

eo
re

m
of

th
e

pa
pe

r.

B
.1

Pr
oo

fo
fE

qu
at

io
n

(8
)

W
e

de
no

te
ν

(z
)

th
e

m
at

ri
x

ν
ij

(z
)

=
L z
( t
→

E(
d
N
i u
d
N
j u
+
t)

d
u
d
t

−
Λ
i Λ
j
) ,

w
he

re
L z

(f
)

is
th

e
L

ap
la

ce
tr

an
sf

or
m

of
f

,a
nd

ψ
t

=
∑

n
≥

1
φ

(?
n

)
t

,w
he

re
φ

(?
n

)
t

re
fe

rs
to

th
e
n
th

au
to

-c
on

vo
lu

tio
n

of
φ
t.

T
he

n
w

e
us

e
th

e
ch

ar
ac

te
ri

za
tio

n
of

se
co

nd
-o

rd
er

st
at

is
tic

s,
fir

st
fo

rm
ul

at
ed

in
H

aw
ke

s
(1

97
1)

an
d

fu
lly

ge
ne

ra
liz

ed
in

B
ac

ry
an

d
M

uz
y

(2
01

6)
,

ν
(z

)
=

(I
d

+
L −

z
(Ψ

))
L

(I
d

+
L z

(Ψ
))
>
,

w
he

re
L
ij

=
Λ
i δ
ij

w
ith

δi
j

th
e

K
ro

ne
ck

er
sy

m
bo

l.
Si

nc
e
I
d

+
L z

(Ψ
)

=
(I
d
−
L z

(Φ
))
−

1
,t

ak
in

g
z

=
0

in
th

e
pr

ev
io

us
eq

ua
tio

n
gi

ve
s

ν
(0

)
=

(I
d
−
G

)−
1
L

(I
d
−
G
>

)−
1
,

C
=
R
L
R
>
,

w
hi

ch
gi

ve
s

us
th

e
re

su
lt

si
nc

e
th

e
en

tr
y

(i
,j

)
of

th
e

la
st

eq
ua

tio
n

gi
ve

s
C
ij

=
∑

m
Λ
m
R
im
R
jm

.
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A
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H
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B
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A
C

R
Y

,G
A

ÏF
F

A
S
,M

A
S

T
R

O
M

A
T

T
E

O
A

N
D

M
U

Z
Y

Fi
gu

re
5:

R
el

at
iv

e
er

ro
rv

er
su

s
nu

m
be

ro
fe

ve
nt

s.

B
.2

Pr
oo

fo
fE

qu
at

io
n

(9
)

W
e

st
ar

tf
ro

m
Jo

va
no

vi
ć

et
al

.(
20

15
),

cf
.E

qs
.(

48
)t

o
(5

1)
,a

nd
gr

ou
p

so
m

e
te

rm
s:

K
ij
k

=
∑ m

Λ
m
R
im
R
jm
R
k
m

+
∑ m

R
im
R
jm

∑ n

Λ
n
R
k
n
L 0

(ψ
m
n
)

+
∑ m

R
im
R
k
m

∑ n

Λ
n
R
jn
L 0

(ψ
m
n
)

+
∑ m

R
jm
R
k
m

∑ n

Λ
n
R
in
L 0

(ψ
m
n
).

U
si

ng
th

e
re

la
tio

ns
L 0

(ψ
m
n
)

=
R
m
n
−
δm

n
an

d
C
ij

=
∑

m
Λ
m
R
im
R
jm

,p
ro

ve
s

E
qu

at
io

n
(9

).
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B
.3

Integrated
cum

ulantsestim
ators

For
H

>
0

letus
denote

∆
H
N
it

=
N
it+
H
−
N
it−
H

.
L

etus
firstrem

ark
that,if

one
restricts

the
integration

dom
ain

to
(−
H
,H

)
in

Eqs.(4)and
(5),one

gets
by

perm
uting

integrals
and

expectations:

Λ
id
t

=
E

(d
N
it )

C
ijd
t

=
E
(
d
N
it (∆

H
N
jt −

2H
Λ
j) )

K
ijkd

t
=

E
(
d
N
it (∆

H
N
jt −

2H
Λ
j)(∆

H
N
kt −

2H
Λ
k) )

−
d
tΛ

iE
(

(∆
H
N
jt −

2
H

Λ
j)(∆

H
N
kt −

2
H

Λ
k) )

.

T
he

estim
ators

(11)
and

(12)
are

then
naturally

obtained
by

replacing
the

expectations
by

their
em

piricalcounterparts,notably

E
(d
N
it f

(t))

d
t

→
1T

∑τ∈
Z
i f

(τ
).

Forthe
estim

ator(13),w
e

shallalso
notice

that

E
((∆

H
N
jt −

2
H

Λ
j)(∆

H
N
kt −

2H
Λ
k))

=

∫
∫
1

[−
H
,H

] (t)1
[−
H
,H

] (t ′)C
jk
t−
t ′ d
td
t ′

=

∫
(2H

−
|t|)

+
C
jk
t
d
t.

W
e

estim
ate

the
lastintegralw

ith
the

rem
ark

above.

B
.4

C
hoice

ofthe
scaling

coefficient
κ

Follow
ing

the
theory

of
G

M
M

,w
e

denote
m

(X
,θ)

a
function

of
the

data,w
here

X
is

distributed
w

ith
respectto

a
distribution

P
θ
0 ,w

hich
satisfies

the
m

om
entconditions

g
(θ)

=
E

[m
(X
,θ)]

=
0

if
and

only
if
θ

=
θ

0 ,the
param

eter
θ

0
being

the
ground

truth.For
x

1 ,...,x
N

observed
copies

of
X

,
w

e
denote

ĝ
i (θ)

=
m

(x
i ,θ),the

usualchoice
ofw

eighting
m

atrix
is
Ŵ
N

(θ)
=

1N

∑
Ni=

1
ĝ
i (θ)ĝ

i (θ) >
,

and
the

objective
to

m
inim

ize
is

then
(

1N

N
∑i=

1

ĝ
i (θ) )

(
Ŵ
N

(θ
1 ) )
−

1 (
1N

N
∑i=

1

ĝ
i (θ) )

,
(15)

w
here

θ
1

is
a

constantvector.Instead
ofcom

puting
the

inverse
w

eighting
m

atrix,w
e

ratheruse
its

projection
on{

α
I
d

:
α
∈
R}.Itcan

be
show

n
thatthe

projection
choses

α
as

the
m

ean
eigenvalue

of
Ŵ
N

(θ
1 ).W

e
can

easily
com

pute
the

sum
ofits

eigenvalues:

Tr(Ŵ
N

(θ
1 ))

=
1N

N
∑i=

1

Tr(ĝ
i (θ

1 )ĝ
i (θ

1 ) >
)

=
1N

N
∑i=

1

Tr(ĝ
i (θ

1 ) >
ĝ
i (θ

1 ))
=

1N

N
∑i=

1 ||ĝ
i (θ

1 )|| 22 .

In
our

case,
ĝ
(R

)
=
[vec[K̂

c−
K
c(R

)],vec[Ĉ
−
C

(R
)] ]>

∈
R

2
d
2.

C
onsidering

a
block-w

ise

w
eighting

m
atrix,one

block
for
K̂
c−
K
c(R

)and
the

otherfor
Ĉ
−
C

(R
),the

sum
ofthe

eigenvalues
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A
C

H
A

B,B
A

C
R

Y,G
A

ÏFF
A

S,M
A

S
T

R
O

M
A

T
T

E
O

A
N

D
M

U
Z

Y

ofthe
firstblock

becom
es‖

K̂
c−

K
c(R

)‖
22 ,and‖

Ĉ
−
C

(R
)‖

22
forthe

second.W
e

com
pute

the
previous

term
s

w
ith
R

1
=

0.A
lltogether,the

objective
function

to
m

inim
ize

is

1

‖K̂
c‖

22 ‖K
c(R

)−
K̂
c‖

22
+

1

‖
Ĉ
‖

22 ‖C
(R

)−
Ĉ
‖

22 .
(16)

D
ividing

this
function

by
(

1/‖K̂
c‖

22
+

1
/‖
Ĉ
‖

22 )
−

1,and
setting

κ
=
‖K̂

c‖
22 /

(‖
K̂
c‖

22
+
‖Ĉ
‖

22 ),
w

e
obtaind

the
loss

function
given

in
E

quation
(10).

B
.5

Proofofthe
T

heorem

T
he

m
ain

difference
w

ith
the

usualG
eneralized

M
ethod

ofM
om

ents,see
H

ansen
(1982),relies

in
the

relaxation
ofthe

m
om

entconditions,since
w

e
have

E
[ĝ
T

(θ
0 )]

=
m
T
6=

0.W
e

adaptthe
proofof

consistency
given

in
N

ew
ey

and
M

cFadden
(1994).

W
e

can
relate

the
integral

of
the

H
aw

kes
process’s

kernels
to

the
integrals

of
the

cum
ulant

densities,from
Jovanović

etal.(2015).
O

ur
cum

ulantm
atching

m
ethod

w
ould

fallinto
the

usual
G

M
M

fram
ew

ork
ifw

e
could

estim
ate

-w
ithoutbias

-the
integralofthe

covariance
on

R
,and

the
integralof

the
skew

ness
on

R
2.

U
nfortunately,w

e
can’tdo

thateasily.
W

e
can

how
ever

estim
ate

w
ithout

bias ∫
f
Tt
C
ijt d
t

and
∫
f
Tt
K
ijk
t
d
t

w
ith

f
T

a
com

pact
supported

function
on

[−
H
T
,H

T
]

that
w

eakly
converges

to
1,

w
ith

H
T
−→

∞
.

In
m

ost
cases

w
e

w
ill

take
f
Tt

=
1

[−
H
T
,H
T

] (t).
D

enoting
Ĉ
ij,(T

)the
estim

atorof ∫
f
Tt
C
ijt d
t,the

term
|E

[Ĉ
ij,(T

)]−
C
ij|

=
| ∫
f
Tt
C
ijt d
t−

C
ij|can

be
considered

a
proxy

to
the

distance
to

the
classicalG

M
M

.T
his

distance
has

to
go

to
zero

to
m

ake
the

restofG
M

M
’s

proofw
ork:

the
estim

ator
Ĉ
ij,(T

)
is

then
asym

ptotically
unbiased

tow
ards

C
ij

w
hen

T
goes

to
infinity.

B
.5.1

N
O

TA
T

IO
N

S

W
e

observe
the

m
ultivariate

pointprocess
(N

t )
on

R
+

,w
ith
Z
ithe

events
ofthe

i th
com

ponent.W
e

w
illoften

w
rite

covariance
/skew

ness
instead

ofintegrated
covariance

/skew
ness.In

the
restofthe

docum
ent,w

e
use

the
follow

ing
notations.

H
aw

keskernels’integrals
G

true
=
∫
Φ
t d
t

=
( ∫
φ
ijt d
t)
ij

=
I
d −

(R
true) −

1

T
heoreticalm

ean
m

atrix
L

=
diag(Λ

1,...,Λ
d)

T
heoreticalcovariance

C
=
R

trueL
(R

true) >

T
heoreticalskew

ness
K
c

=
(K

iij)
ij

=
(R

true) �
2C
>

+
2[R

true�
(C
−
R

trueL
)](R

true) >

Filtering
function

f
T
≥

0
supp(f

T
)⊂

[−
H
T
,H

T
]

F
T

=
∫
f
Ts
d
s

f̃
Tt

=
f
T−
t

E
ventssets

Z
i,T
,1

=
Z
i∩

[H
T
,T

+
H
T

]
Z
j,T

,2
=
Z
j∩

[0,T
+

2
H
T

]

E
stim

atorsofthe
m

ean
Λ̂
i

=
N
iT
+
H
T
−
N
iH
T

T
Λ̃
j

=
N
jT
+
2
H
T

T
+

2
H
T

20
JM

L
R

 18(192):1-28, 2018



U
N

C
O

V
E

R
IN

G
C

A
U

S
A

L
IT

Y
F

R
O

M
M

U
LT

IV
A

R
IA

T
E

H
A

W
K

E
S

IN
T

E
G

R
A

T
E

D
C

U
M

U
L

A
N

T
S

E
st

im
at

or
of

th
e

co
va

ri
an

ce
Ĉ
ij
,(
T

)
=

1 T

∑
τ
∈Z

i,
T
,1

( ∑
τ
′ ∈
Z
j
,T
,2
f τ
′ −
τ
−

Λ̃
j
F
T
)

E
st

im
at

or
of

th
e

sk
ew

ne
ss

6

K̂
ij
k
,(
T

)
=

1 T

∑

τ
∈Z

i,
T
,1

 
∑

τ
′ ∈
Z
j
,T
,2

f τ
′ −
τ
−

Λ̃
j
F
T

 
 

∑

τ
′′
∈Z

k
,T
,2

f τ
′ −
τ
−

Λ̃
k
F
T

 

−
Λ̂
i

T
+

2
H
T

∑

τ
′ ∈
Z
j
,T
,2

 
∑

τ
′′
∈Z

k
,T
,2

(f
T
?
f̃
T

) τ
′ −
τ
′′
−

Λ̃
k
(F

T
)2

 

G
M

M
R

E
L

A
T

E
D

N
O

TA
T

IO
N

S

θ
=
R

an
d

θ 0
=
R

tr
ue

g 0
(θ

)
=

ve
c
[

C
−
R
L
R
>

K
c
−
R
�

2
C
>
−

2[
R
�

(C
−
R
L

)]
R
>

]
∈
R

2
d
2

ĝ T
(θ

)
=

ve
c

[
Ĉ

(T
)
−
R
L̂
R
>

K̂
c

(T
)
−
R
�

2
(Ĉ

(T
) )>
−

2[
R
�

(Ĉ
(T

)
−
R
L̂

)]
R
>

]
∈
R

2
d
2

Q
0
(θ

)
=
g 0

(θ
)>
W
g 0

(θ
)

Q̂
T

(θ
)

=
ĝ T

(θ
)>
Ŵ
T
ĝ T

(θ
)

B
.5

.2
C

O
N

S
IS

T
E

N
C

Y

Fi
rs

t,
le

t’s
re

m
in

d
a

us
ef

ul
th

eo
re

m
fo

rc
on

si
st

en
cy

in
G

M
M

fr
om

N
ew

ey
an

d
M

cF
ad

de
n

(1
99

4)
.

T
he

or
em

4
If

th
er

e
is

a
fu

nc
tio

n
Q

0
(θ

)
su

ch
th

at
(i

)
Q

0
(θ

)
is

un
iq

ue
ly

m
ax

im
iz

ed
at
θ 0

;(
ii

)
Θ

is
co

m
pa

ct
;(
ii
i)
Q

0
(θ

)
is

co
nt

in
uo

us
;(
iv

)
Q̂
T

(θ
)

co
nv

er
ge

s
un

ifo
rm

ly
in

pr
ob

ab
ili

ty
to
Q

0
(θ

),
th

en

θ̂ T
=

ar
g

m
ax
Q̂
T

(θ
)

P −→
θ 0

.

W
e

ca
n

no
w

pr
ov

e
th

e
co

ns
is

te
nc

y
of

ou
re

st
im

at
or

.

T
he

or
em

5
Su

pp
os

e
th

at
(N

t
)

is
ob

se
rv

ed
on

R
+

,Ŵ
T

P −→
W

,a
nd

1.
W

is
po

si
tiv

e
se

m
i-

de
fin

ite
an

d
W
g 0

(θ
)

=
0

if
an

d
on

ly
if
θ

=
θ 0

,

2.
θ
∈

Θ
,w

hi
ch

is
co

m
pa

ct
,

3.
th

e
sp

ec
tr

al
ra

di
us

of
th

e
ke

rn
el

no
rm

m
at

ri
x

sa
tis

fie
s
||Φ
|| ∗
<

1,

4.
∀i
,j
,k
∈

[d
],
∫
f
T u
C
ij u
d
u
→
∫
C
ij u
d
u

an
d
∫
f
T u
f
T v
K
ij
k

u
,v
d
u
d
v
→
∫
K
ij
k

u
,v
d
u
d
v

,

5.
(F

T
)2
/T

P −→
0

an
d
||f
|| ∞

=
O

(1
).

6.
W

he
n
f
T t
=
1
[−
H

T
,H

T
](
t)

,w
e

re
m

in
d

th
at
(f
T
?
f̃
T
) t

=
(2
H
T
−
|t|
)+

.T
hi

s
le

ad
s

to
th

e
es

tim
at

or
w

e
sh

ow
ed

in
th

e
ar

tic
le

.
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θ̂ T
P −→

θ 0
.

R
em

ar
k

6
In

pr
ac

tic
e,

w
e

us
e

a
co

ns
ta

nt
se

qu
en

ce
of

w
ei

gh
tin

g
m

at
ri

ce
s:
Ŵ
T

=
I
d

.

Pr
oo

f
Pr

oc
ee

d
by

ve
ri

fy
in

g
th

e
hy

po
th

es
es

of
T

he
or

em
2.

1
fr

om
N

ew
ey

an
d

M
cF

ad
de

n
(1

99
4)

.
C

on
di

tio
n

2.
1(
i)

fo
llo

w
s

by
(i

)
an

d
by
Q

0
(θ

)
=

[W
1
/
2
g 0

(θ
)]
>

[W
1
/
2
g 0

(θ
)]
>

0
=
Q

0
(θ

0
).

In
de

ed
,

th
er

e
ex

is
ts

a
ne

ig
hb

or
ho

od
N

of
θ 0

su
ch

th
at
θ
∈
N
\{
θ 0
}

an
d
g 0

(θ
)
6=

0
si

nc
e
g 0

(θ
)

is
a

po
ly

-
no

m
.

C
on

di
tio

n
2.

1(
ii

)
fo

llo
w

s
by

(i
i)

.
C

on
di

tio
n

2.
1(
ii
i)

is
sa

tis
fie

d
si

nc
e
Q

0
(θ

)
is

a
po

ly
no

m
.

C
on

di
tio

n
2.

1(
iv

)
is

ha
rd

er
to

pr
ov

e.
Fi

rs
t,

si
nc

e
ĝ T

(θ
)

is
a

po
ly

no
m

of
θ,

w
e

pr
ov

e
ea

si
ly

th
at

E[
su

p
θ
∈Θ
|ĝ T

(θ
)|]

<
∞

.
T

he
n,

by
Θ

co
m

pa
ct

,g
0
(θ

)
is

bo
un

de
d

on
Θ

,a
nd

by
th

e
tr

ia
ng

le
an

d
C

au
ch

y-
Sc

hw
ar

z
in

eq
ua

lit
ie

s,

∣ ∣ Q̂
T

(θ
)
−
Q

0
(θ

)∣ ∣

≤
∣ ∣ (ĝ

T
(θ

)
−
g 0

(θ
))
>
Ŵ
T

(ĝ
T

(θ
)
−
g 0

(θ
))
∣ ∣

+
∣ ∣ g

0
(θ

)>
(Ŵ

T
+
Ŵ
> T

)(
ĝ T

(θ
)
−
g 0

(θ
))
∣ ∣ +
∣ ∣ g

0
(θ

)>
(Ŵ

T
−
W

)g
0
(θ

)∣ ∣

≤
‖ĝ
T

(θ
)
−
g 0

(θ
)‖

2
‖Ŵ

T
‖+

2
‖g

0
(θ

)‖
‖ĝ
T

(θ
)
−
g 0

(θ
)‖
‖Ŵ

T
‖+
‖g

0
(θ

)‖
2
‖Ŵ

T
−
W
‖.

To
pr

ov
e

su
p
θ
∈Θ
∣ ∣ Q̂

T
(θ

)
−
Q

0
(θ

)∣ ∣
P −→

0
,w

e
sh

ou
ld

no
w

pr
ov

e
th

at
su

p
θ
∈Θ
‖ĝ
T

(θ
)
−
g 0

(θ
)‖

P −→
0
.

B
y

Θ
co

m
pa

ct
,

it
is

su
ffi

ci
en

t
to

pr
ov

e
th

at
‖L̂
−
L
‖

P −→
0
,
‖Ĉ

(T
)
−
C
‖

P −→
0
,

an
d

‖K̂
c

(T
)
−
K
c
‖

P −→
0.

P
R

O
O

F
T

H
A

T
‖L̂
−
L
‖

P −→
0

T
he

es
tim

at
or

of
L

is
un

bi
as

ed
so

le
t’s

fo
cu

s
on

th
e

va
ri

an
ce

of
L̂

.

E[
(Λ̂

i
−

Λ
i )

2
]

=
E

[ (
1 T

∫
T

+
H
T

H
T

(d
N
i t
−

Λ
i d
t)

) 2
]

=
1 T
2

∫
T

+
H
T

H
T

∫
T

+
H
T

H
T

E[
(d
N
i t
−

Λ
i d
t)

(d
N
i t′
−

Λ
i d
t′

)]

=
1 T
2

∫
T

+
H
T

H
T

∫
T

+
H
T

H
T

C
ii t′
−
td
td
t′

≤
1 T
2

∫
T

+
H
T

H
T

C
ii
d
t

=
C
ii T
−→

0

B
y

M
ar

ko
v

in
eq

ua
lit

y,
w

e
ha

ve
ju

st
pr

ov
ed

th
at
‖L̂
−
L
‖

P −→
0

.
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T‖Ĉ
(T

)−
C
‖

P
−→

0

First,let’s
rem

ind
thatE

(Ĉ
(T

))6=
C

.Indeed,

E
(
Ĉ
ij,(T

) )
=

E
(

1T

∫
T

+
H
T

H
T

d
N
it ∫

T
+

2
H
T

0
d
N
jt ′ f
t ′−

t −
Λ̂
iΛ̃
jF

T )

=
E
(

1T

∫
T

+
H
T

H
T

d
N
it ∫

T
+

2
H
T −

t

−
t

d
N
jt+
s f
s −

Λ
iΛ
jF

T )
+
ε
ij,T

,H
T
F
T

=
1T

∫
T

+
H
T

H
T

∫
H
T

−
H
T

f
s E
(
d
N
it d
N
jt+
s −

Λ
iΛ
jd
s )

+
ε
ij,T

,H
T
F
T

=

∫
f
s C

ijs d
s

+
ε
ij,T

,H
T
F
T

N
ow

,

ε
ij,T

,H
T

=
E
(

Λ
iΛ
j−

Λ̂
iΛ̃
j )

=
−

1T
2 ∫

T
+
H
T

H
T

∫
T

+
2
H
T

0
E
(
d
N
it d
N
jt ′ −

Λ
iΛ
jd
td
t ′ )

=
−

1T
2 ∫

T
+
H
T

H
T

∫
T

+
2
H
T

0
C
ijt−
t ′ d
td
t ′

=
−

1T

∫
(

1
+

(
H
T
−
|t|

T

)
− )

+

C
ijt d
t

Since
f

satisfies
F
T

=
o(T

),w
e

have
E

(Ĉ
(T

))
−→

C
.

Itrem
ains

now
to

prove
that‖

Ĉ
(T

)−
E

(Ĉ
(T

))‖
P
−→

0.
L

et’s
now

focus
on

the
variance

of
Ĉ
ij,(T

)
:

V
(Ĉ

ij,(T
))

=
E
(

(Ĉ
ij,(T

))
2 )
−

E
(Ĉ

ij,(T
))

2.
N

ow
,

E
(

(Ĉ
ij,(T

))
2 )

=
E


1T
2

∑

(τ
,η
,τ ′,η ′)∈

(Z
i,T

,1
)
2×

(Z
j
,T
,2

)
2 (f

τ ′−
τ −

F
T
/(T

+
2
H
T

))(f
η ′−

η −
F
T
/
(T

+
2
H
T

)) 

=
E

(
1T
2 ∫

t,s∈
[H
T
,T

+
H
T

] ∫

t ′,s ′ d
N
it d
N
jt ′ d
N
is d
N
js ′ (f

t ′−
t −

F
T
/(T

+
2
H
T

))(f
s ′−

s −
F
T
/(T

+
2
H
T

)) )

=
1T
2 ∫

t,s∈
[H
T
,T

+
H
T

] ∫

t ′,s ′∈
[0
,T

+
2
H
T

] E
(
d
N
it d
N
jt ′ d
N
is d
N
js ′ )

·
(f
t ′−

t −
F
T
/
(T

+
2
H
T

))(f
s ′−

s −
F
T
/(T

+
2
H
T

))
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E
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))

2

=
1T
2 ∫

t,s∈
[H
T
,T

+
H
T

] ∫

t ′,s ′∈
[0
,T

+
2
H
T

] E
(
d
N
it d
N
jt ′ )

E
(
d
N
is d
N
js ′ )

·(f
t ′−

t −
F
T
/(T

+
2
H
T

))(f
s ′−

s −
F
T
/(T

+
2
H
T

))

T
hen,the

variance
involves

the
integration

tow
ards

the
difference

of
m

om
ents

µ
r,s,t,u−

µ
r,sµ

t,u.
L

et’s
w

rite
itas

a
sum

ofcum
ulants,since

cum
ulants

density
are

integrable.

µ
r,s,t,u−

µ
r,sµ

t,u
=
κ
r,s,t,u

+
κ
r,s,tκ

u[4]+
κ
r,sκ

t,u[3]+
κ
r,sκ

tκ
u[6]+

κ
rκ
sκ
tκ
u−

(κ
r,s

+
κ
rκ
s)(κ

t,u
+
κ
tκ
u)

=
κ
r,s,t,u

+
κ
r,s,tκ

u
+
κ
u
,r,sκ

t
+
κ
t,u
,rκ

s
+
κ
s,t,uκ

r

+
κ
r,tκ

s,u
+
κ
r,uκ

s,t

+
κ
r,tκ

sκ
u

+
κ
r,uκ

sκ
t
+
κ
s,tκ

rκ
u

+
κ
s,tκ

rκ
u

In
the

rest
of

the
proof,

w
e

denote
a
t

=
1
t∈

[H
T
,T

+
H
T

] ,
b
t

=
1
t∈

[0
,T

+
2
H
T

] ,
c
t

=
1
t∈

[−
H
T
,H
T

] ,
g
t

=
f
t −

1
T

+
2
H
T
F
T

B
efore

starting
the

integration
ofeach

term
,let’s

rem
ark

that:

1.
Ψ
t

=
∑

n≥
1
Φ

(?
n

)
t
≥

0
since

Φ
t ≥

0.

2.
T

he
regularparts

of
C
iju ,
K
ijk
u
,v

(skew
ness

density)and
M

ijk
l

u
,v
,w

(fourth
cum

ulantdensity)are
positive

as
polynom

s
ofintegrals

of
ψ
a
b
·

w
ith

positive
coefficients.The

integrals
ofthe

singular
parts

are
positive

as
w

ell.

3.
(a)

∫
a
t b
t ′f

t ′−
t d
td
t ′

=
T
F
T

(b)
∫
a
t b
t ′g

t ′−
t d
td
t ′

=
0

(c)
∫
a
t b
t ′|g

t ′−
t |d
td
t ′≤

2T
F
T

4.∀
t∈

R
,a
t (b

?
g̃
)
t

=
0,w

here
g̃
s

=
g−

s .

Fourth
cum

ulant
W

e
w

anthere
to

com
pute ∫

κ
i,j,i,j
t,t ′,s,s ′ a

t b
t ′a

s b
s ′g

t ′−
t g
s ′−

s d
td
t ′d
sd
s ′.

W
e

rem
ark

that|g
t ′−

t g
s ′−

s |≤
(||f||∞

(1
+

2
H
T
/T

))
2≤

4||f|| 2∞
.

∣∣∣
1T
2 ∫

κ
i,j,i,j
t,t ′,s,s ′ a

t b
t ′a

s b
s ′g

t ′−
t g
s ′−

s d
td
t ′d
sd
s ′ ∣∣∣ ≤

(
2||f||∞
T

)
2 ∫

d
ta
t ∫

d
t ′b

t ′ ∫
d
sa
s ∫

d
s ′b

s ′M
ijij
t ′−

t,s−
t,s ′−

t

≤
(

2||f||∞
T

)
2 ∫

d
ta
t ∫

d
t ′b

t ′ ∫
d
sa
s ∫

d
w
M

ijij
t ′−

t,s−
t,w

≤
(

2||f||∞
T

)
2 ∫

d
ta
t ∫

M
ijij
u
,v
,w
d
u
d
v
d
w

≤
4||f|| 2∞
T

M
ijij
−→
T→
∞

0
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di
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er
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tf
or
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si
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e
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e
ro

le
s

of
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′ )

an
d

(t
,t
′ )

ar
e
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m

m
et
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c.

Fi
rs

tf
or

m
∫
κ
i,
j,
i

t,
t′
,s

Λ
j
G
t
d
t

=
Λ
j

T
2

∫
κ
i,
j,
i

t,
t′
,s
a
tb
t′
a
s
b s
′ g
t′
−
tg
s′
−
s
d
td
t′
d
sd
s′

=
Λ
j

T
2

∫
κ
i,
j,
i

t,
t′
,s
a
tb
t′
a
s
(b
?
g̃
) s
g t
′ −
td
td
t′
d
s

=
0

si
nc

e
a
s
(b
?
g̃
) s

=
0

Se
co

nd
fo

rm ∣ ∣ ∣∫
κ
i,
j,
j

t,
t′
,s
′Λ
i G
t
d
t∣ ∣ ∣

=
∣ ∣ ∣Λ

i

T
2

∫
κ
i,
j,
j

t,
t′
,s
′a
tb
t′
a
s
b s
′ g
t′
−
tg
s′
−
s
d
td
t′
d
sd
s′
∣ ∣ ∣

=
∣ ∣ ∣Λ

i

T
2

∫
κ
i,
j,
j

t,
t′
,s
′a
tb
t′
g t
′ −
tb
s′

(a
?
g
) s
′ d
td
t′
d
s′
∣ ∣ ∣

≤
Λ
i

T
2
2|
|f
|| ∞
∫
d
s′
b s
′ (
a
?
|g
|) s
′

∫
d
ta
t

∫
d
t′
b t
′ K

ij
j

t′
−
s′
,t
−
s′

≤
4
||f
|| ∞

K
ij
j
Λ
i
F
T T
−→ T→
∞

0

Se
co

nd
×

Se
co

nd
Fi

rs
tf

or
m

∣ ∣ ∣∫
κ
i,
i
t,
s
κ
j,
j

t′
,s
′G
t
d
t∣ ∣ ∣
≤

2
||f
|| ∞

T
2

∫
C
ii t−
s
C
jj t′
−
s′
a
tb
t′
|g t
′ −
t|a

s
b s
′ d
td
t′
d
sd
s′

≤
2
||f
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m
o
d
el

s,
w

h
ic

h
ca

n
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

b
e

d
iffi

cu
lt

to
evalu

ate
ob

jectively
sin

ce
th

ere
is

often
n
o

clear
n
otion

o
f

grou
n
d

tru
th

.
A

lo
n
g

th
ese

lin
es,

w
e

d
iscu

ss
th

e
u
se

of
crow

d
sou

rcin
g

to
evalu

ate
th

e
coh

eren
ce

of
to

p
ic

m
o
d
els,

gen
erativ

e
m

o
d
els

u
sed

to
d
iscover

an
d

ex
p
lore

th
e

th
em

atic
top

ics
d
is-

cu
ssed

in
a

set
of

d
o
cu

m
en

ts
(C

h
an

g
et

al.,
2009).

W
e

also
ex

p
lore

w
ay

s
in

w
h
ich

crow
d
so

u
rcin

g
h
as

b
een

u
sed

to
evalu

ate
th

e
in

terp
retab

ility
of

ex
p
lan

a
tion

s
of

p
re-

d
ictio

n
s

in
su

p
erv

ised
learn

in
g

settin
g
s

(R
ib

eiro
et

al.,
2016)

an
d

to
d
eb

u
g

th
e

com
p

o-
n
en

ts
o
f

a
p
ip

elin
e

in
a

com
p
lex

com
p
u
ter

v
ision

sy
stem

(M
ottagh

i
et

al.,
2
013,

2016;
P

a
rik

h
a
n
d

Z
itn

ick
,

2011).

•
H
y
b
rid

in
te
llig

e
n
c
e

sy
ste

m
s.

(S
ection

4)
H

y
b
rid

in
telligen

ce
or

“h
u
m

an
-in

-th
e-

lo
o
p
”

sy
stem

s
ad

van
ce

th
e

cap
ab

ilities
of

cu
rren

t
A

I
tech

n
ology

b
y

leveragin
g

th
e

com
-

p
lem

en
ta

ry
stren

gth
s

of
h
u
m

an
s

an
d

m
ach

in
es.

W
e

ex
p
lore

several
com

p
ellin

g
ex

am
-

p
les

o
f

h
y
b
rid

sy
stem

s
th

at
su

ggest
th

eir
great

p
oten

tial:
h
y
b
rid

sy
stem

s
for

clu
ster-

in
g

d
ata

p
oin

ts
(G

om
es

et
al.,

2011;
H

eik
in

h
eim

o
an

d
U

k
kon

en
,

20
13;

T
am

u
z

et
al.,

2
0
1
1),

tra
n
scrib

in
g

sp
eech

in
real

tim
e

(K
u
sh

aln
agar

et
al.,

2012;
L

aseck
i
an

d
B

igh
am

,
2
0
1
2;

L
a
seck

i
et

al.,
2012,

2013,
2017;

N
aim

et
al.,

2013),
sch

ed
u
lin

g
con

feren
ce

ses-
sio

n
s

(A
n
d
ré

et
al.,

2013;
B

h
ard

w
a

j
et

al.,
2014;

C
h
ilton

et
al.,

2014;
K

im
et

al.,
2013),

a
n
d

fo
recastin

g
geop

olitical
or

econ
om

ic
even

ts
(A

tan
asov

et
al.,

2017;
B

aron
et

al.,
2
0
1
4;

M
ellers

et
al.,

2015b
).

T
h
ese

sy
stem

s
are

ab
le

to
ach

ieve
m

ore
th

an
w

o
u
ld

b
e

p
o
ssib

le
w

ith
state-of-th

e-art
m

ach
in

e
learn

in
g

or
A

I
sy

stem
s

alon
e

b
ecau

se
th

ey
can

m
a
ke

u
se

of
p

eop
le’s

com
m

on
sen

se
k
n
ow

led
ge,

life
ex

p
erien

ce,
su

b
jective

b
eliefs,

an
d

fl
ex

ib
le

reason
in

g
sk

ills.

•
B
e
h
a
v
io
ra

l
stu

d
ie
s
to

in
fo
rm

m
a
ch

in
e
le
a
rn

in
g
re

se
a
rch

.
(S

ection
5)

A
s

m
a-

ch
in

e
lea

rn
in

g
b

ecom
es

a
larger

p
art

of
p

eo
p
le’s

every
d
ay

lives,
in

terest
in

u
n
d
erstan

d
-

in
g

h
ow

real
p

eop
le

in
teract

w
ith

m
ach

in
e

learn
in

g
sy

stem
s

con
tin

u
es

to
grow

.
T

h
ere

h
a
s

b
een

a
su

rge
of

recen
t

research
on

q
u
estion

s
like

h
ow

to
d
esign

m
ach

in
e

learn
-

in
g

m
o
d
els

th
at

are
m

ore
in

terp
retab

le
(D

osh
i-V

elez
an

d
K

im
,

2017;
L

ip
ton

,
2016)

or
h
ow

to
u
n
d
erstan

d
th

e
w

ay
s

th
at

algorith
m

ic
d
ecision

s
im

p
act

p
eop

le’s
liv

es
(A

n
gw

in
et

al.,
2
0
1
6;

B
aro

cas
an

d
S
elb

st,
20

16).
T

h
ese

q
u
estion

s
are

in
terd

iscip
lin

ary
in

n
a-

tu
re

a
n
d

req
u
ire

gain
in

g
a

b
etter

u
n
d
erstan

d
in

g
o
f

th
e

u
n
d
erly

in
g

p
rin

cip
les

b
eh

in
d

h
u
m

a
n
s’

in
teraction

s
w

ith
m

ach
in

e
learn

in
g

an
d

oth
er

tech
n
ological

sy
stem

s.
A

t
th

e
sa

m
e

tim
e,

p
sy

ch
ologists

an
d

so
cial

scien
tists

h
ave

started
u
sin

g
crow

d
sou

rcin
g

p
lat-

fo
rm

s
a
s

a
fast

an
d

easy
w

ay
to

gain
access

to
large

p
o
ols

of
su

b
jects

for
b

eh
av

ioral
ex

p
erim

en
ts.

T
h
is

p
resen

ts
a

n
atu

ral
op

p
ortu

n
ity

for
research

ers
to

con
d
u
ct

stu
d
ies

o
n

crow
d
sou

rcin
g

p
latform

s
th

at
im

p
rove

ou
r

u
n
d
erstan

d
in

g
of

h
ow

h
u
m

an
s

in
ter-

a
ct

w
ith

tech
n
ology

b
road

ly
an

d
m

ach
in

e
learn

in
g

algorith
m

s
in

p
articu

lar.
R

a
th

er
th

a
n

eva
lu

atin
g

th
e

w
ay

in
w

h
ich

p
eop

le
in

teract
w

ith
on

e
p
articu

la
r

algorith
m

,
th

is
lin

e
o
f

research
aim

s
to

d
evelop

an
u
n
d
erstan

d
in

g
of

com
p

on
en

ts
of

h
u
m

an
b

eh
av

ior
th

a
t

co
u
ld

in
form

th
e

u
se

an
d

d
esign

of
m

ach
in

e
learn

in
g

sy
stem

s
m

ore
b
road

ly.
W

e
w

a
lk

th
ro

u
gh

illu
strative

ex
am

p
les

of
b

eh
av

ioral
stu

d
ies

aim
ed

at
u
n
d
erstan

d
in

g
u
ser

tru
st

in
a
lgorith

m
ic

p
red

iction
s

(D
ietvorst

et
al.,

2015,
2016;

D
zin

d
olet

et
al.,

2002;
P

o
u
rsa

b
zi-S

an
gd

eh
et

al.,
2018)

an
d

h
ow

u
sers

react
to

on
lin

e
ad

vertisin
g

(G
old

stein
et

a
l.,

20
1
3,

2014).
T

h
e

latter
stu

d
y,

w
h
ile

n
ot

d
irectly

m
otivated

b
y

a
m

ach
in

e
learn

-
in

g
q
u
estion

,
cou

ld
p
rov

id
e

in
sigh

ts
th

at
in

form
th

e
d
esign

of
b

etter
m

ach
in

e
learn

in
g

a
lg

o
rith

m
s

for
ad

p
ricin

g
an

d
d
isp

lay.
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V
a
u
g
h
a
n

H
av

in
g

ex
p
lored

th
ese

ap
p
lication

s
an

d
m

otivated
th

e
u
se

of
crow

d
sou

rcin
g

in
m

ach
in

e
learn

in
g

research
,

th
e

rem
ain

d
er

of
th

e
su

rvey
ad

d
resses

ou
r

secon
d

goa
l:

to
p
rov

id
e

th
e

read
er

w
ith

b
est

p
ractices

for
crow

d
sou

rcin
g

b
y

d
raw

in
g

d
eep

ly
on

th
e

vast
an

d
cro

ss-
d
iscip

lin
ary

literatu
re

aim
ed

at
stu

d
y
in

g
an

d
u
n
d
erstan

d
in

g
th

e
b

eh
av

ior
of

th
e

crow
d

itself.
In

S
ection

6,
w

e
d
escrib

e
several

stu
d
ies

th
at

q
u
an

tify
an

d
m

easu
re

th
e

p
revalen

ce
of

d
ish

on
est

or
sp

am
m

y
b

eh
av

ior
on

crow
d
sou

rcin
g

p
latform

s
(C

h
an

d
ler

an
d

P
aolacci,

2017;
S
u
ri

et
al.,

2011;
W

esslin
g

et
al.,

2017).
W

e
d
iscu

ss
h
ow

to
set

p
ay

m
en

ts
for

task
s

in
ligh

t
of

b
oth

eth
ical

con
sid

eration
s

(W
illiam

son
,
2016)

an
d

a
b

o
d
y

of
research

th
at

ex
p
lores

h
ow

th
e

q
u
ality

an
d

q
u
an

tity
of

crow
d
w

ork
are

im
p
acted

b
y

m
on

etary
in

cen
tives

(e.g.,
B

u
h
rm

ester
et

al.,
2011;

H
o

et
al.,

2015;
M

ason
an

d
W

atts,
2009;

S
h
aw

et
al.,

2011).
W

e
ex

am
in

e
h
ow

w
orkers

react
to

in
trin

sic
sou

rces
of

m
otivation

,
su

ch
as

gam
ifi

cation
(von

A
h
n

an
d

D
ab

b
ish

,
2008)

or
th

e
satisfaction

of
p

erform
in

g
m

ean
in

gfu
l

w
ork

(C
h
an

d
ler

an
d

K
ap

eln
er,

2013;
R

ogstad
iu

s
et

al.,
2011),

an
d

h
ow

in
trin

sically
m

otivatin
g

w
orkers

can
in

crease
w

orkers’
w

illin
gn

ess
to

com
p
lete

task
s.

F
in

ally,
w

e
ex

p
lore

com
m

u
n
ication

an
d

collab
oration

p
attern

s
of

w
orkers

an
d

see
th

at
crow

d
w

ork
ers

are
n
ot

in
d
ep

en
d
en

t
an

d
isolated

,
b
u
t

rath
er

p
art

of
a

rich
com

m
u
n
ication

n
etw

ork
(G

ray
et

al.,
2016;

Y
in

et
al.,

2016).
W

e
d
iscu

ss
th

e
im

p
lication

s
of

th
is

w
ork

on
th

e
p
ractice

of
u
sin

g
crow

d
so

u
rcin

g
for

research
,

ou
tlin

in
g

b
est

p
ractices

th
at

sh
ou

ld
b

e
follow

ed
w

h
eth

er
on

e
w

ish
es

to
u
se

crow
d
sou

rcin
g

for
d
ata

gen
eration

,
m

o
d
el

evalu
ation

,
b
u
ild

in
g

h
y
b
rid

sy
stem

s,
ru

n
n
in

g
b

eh
av

ioral
stu

d
ies,

or
b

ey
on

d
.

S
ection

7
con

clu
d
es

w
ith

a
d
iscu

ssion
of

ad
d
ition

a
l

tip
s

an
d

trick
s

th
at

are
cru

cial
for

th
e

su
ccess

of
an

y
crow

d
sou

rcin
g-b

ased
p
ro

ject,
b
u
t

rarely
d
iscu

ssed
in

th
e

literatu
re.

1
.1

A
N
o
te

o
n

S
c
o
p
e

A
s

d
escrib

ed
ab

ove,
th

is
su

rvey
w

as
w

ritten
w

ith
tw

o
overarch

in
g

goals
in

m
in

d
.

T
h
e

fi
rst

is
to

in
sp

ire
m

ach
in

e
learn

in
g

research
ers

to
d
iscover

u
n
ex

p
ected

ap
p
lication

s
of

crow
d
sou

rcin
g

in
th

eir
ow

n
research

.
B

ecau
se

of
th

is,
relativ

ely
m

ore
sp

ace
is

d
evoted

to
ap

p
lication

s
th

at
m

ay
b

e
less

fam
iliar

to
th

e
m

ach
in

e
learn

in
g

com
m

u
n
ity,

su
ch

as
h
y
b
rid

in
telligen

ce
sy

stem
s

an
d

b
eh

av
ioral

stu
d
ies

of
u
sers

in
teractin

g
w

ith
tech

n
olo

gy,
com

p
ared

w
ith

m
ore

fam
iliar

ap
p
lication

s
like

d
ata

gen
eration

an
d

m
o
d
el

evalu
ation

.
F

u
ll

su
rvey

s
h
ave

b
een

w
ritten

ju
st

on
th

e
p
rob

lem
of

aggregatin
g

n
oisy

lab
els

from
a

crow
d
;

read
ers

w
h
o

are
m

ost
in

terested
in

th
is

p
rob

lem
are

en
cou

raged
to

lo
ok

at
Z

h
en

g
et

al.
(2017),

Z
h
an

g
et

al.
(2016a),

or
th

e
com

p
reh

en
sive

su
m

m
ary

of
related

w
ork

in
Z

h
an

g
et

al.
(2016b

).

T
h
e

secon
d

goal
is

to
in

tro
d
u
ce

m
ach

in
e

lea
rn

in
g

research
ers

to
th

e
ex

ten
siv

e
cross-

d
iscip

lin
ary

literatu
re

on
crow

d
b

eh
av

ior
an

d
m

otivate
w

h
y

u
n
d
erstan

d
in

g
th

is
literatu

re
is

cru
cial

for
su

ccessfu
lly

em
p
loy

in
g

crow
d
sou

rcin
g

in
research

.
B

eca
u
se

of
th

is,
S
ection

6
d
raw

s
h
eav

ily
on

w
ork

from
ou

tsid
e

th
e

m
ach

in
e

learn
in

g
com

m
u
n
ity,

an
d

em
p
h
asizes

ex
-

p
erim

en
tal

w
ork

over
p
u
re

th
eory.

S
everal

oth
er

crow
d
sou

rcin
g

su
rvey

s
h
ave

b
een

p
u
b
lish

ed
,

each
fo

cu
sed

on
a

d
iff

eren
t

set
of

th
em

es
an

d
p
rob

lem
s.

R
ead

ers
in

terested
in

gain
in

g
a

b
road

er
p

ersp
ective

on
crow

d
-

sou
rcin

g
m

ay
b

e
in

terested
in

recen
t

su
rvey

s
an

d
gu

id
es

from
th

e
com

p
u
ter

v
ision

com
m

u
-

n
ity

(K
ovash

ka
et

al.,
2016),

th
e

d
atab

ases
com

m
u
n
ity

(L
i

et
al.,

2016),
an

d
th

e
m

ark
etin

g
com

m
u
n
ity

(G
o
o
d
m

an
an

d
P

aolacci,
2017),

or
th

e
old

er
b
u
t

still
w

id
ely

cited
an

d
ap

p
li-

cab
le

h
ow

-to
gu

id
es

on
crow

d
sou

rcin
g

u
ser

stu
d
ies

(K
ittu

r
et

al.,
2008)

an
d

b
eh

av
ioral

re-
search

(M
ason

an
d

S
u
ri,

2012).
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

1
.2

B
a
ck

g
ro

u
n
d

o
n

M
e
ch

a
n
ic
a
l
T
u
rk

a
n
d

O
th

e
r
C
ro

w
d
so

u
rc
in
g
P
la
tf
o
rm

s

In
th

is
su

rv
ey

,
w

e
u
se

th
e

te
rm

cr
ow

d
so

u
rc

in
g

ve
ry

ge
n
er

al
ly

to
en

co
m

p
as

s
b

o
th

p
ai

d
a
n
d

vo
l-

u
n
te

er
cr

ow
d
w

or
k
,
d
on

e
b
y

ex
p

er
ts

or
n
on

ex
p

er
ts

,
on

an
y

ge
n
er

al
or

sp
ec

ia
li
ze

d
cr

ow
d
so

u
rc

-
in

g
p
la

tf
or

m
.

R
eg

ar
d
le

ss
,

th
e

m
a
jo

ri
ty

of
re

se
ar

ch
co

v
er

ed
w

as
co

n
d
u
ct

ed
u
si

n
g

p
ai

d
cr

ow
d
-

w
or

ke
rs

,
an

d
th

e
m

a
jo

ri
ty

of
th

at
on

on
e

p
ar

ti
cu

la
r

p
la

tf
or

m
,

A
m

az
on

M
ec

h
an

ic
al

T
u
rk

.

A
m

az
on

M
ec

h
an

ic
al

T
u
rk

1
is

th
e

m
os

t
co

m
m

on
ly

u
se

d
cr

ow
d
so

u
rc

in
g

p
la

tf
or

m
am

on
g

re
se

ar
ch

er
s.

It
is

d
es

ig
n
ed

fo
r

cr
ow

d
so

u
rc

in
g

re
la

ti
ve

ly
sm

al
l

“m
ic

ro
ta

sk
s”

(o
ft

en
re

fe
rr

ed
to

as
“H

IT
s,

”
fo

r
h
u
m

an
in

te
ll
ig

en
ce

ta
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m

in
a
l

p
ap

er
of

D
aw

id
an

d
S
ke

n
e

(1
97

9)
.

T
h
e

b
as

ic
D

aw
id

-S
ke

n
e

m
o
d
el

as
su

m
es

th
a
t

in
st

a
n
ce

s
a
re

6
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

h
o
m

o
g
en

eo
u
s.

A
w

ork
er’s

p
rob

ab
ility

of
lab

elin
g

an
y

given
in

stan
ce

correctly
is

con
trolled

b
y

o
n
e

o
r

m
o
re

w
o
rk

er-sp
ecifi

c
q
u
ality

p
ara

m
eters.

In
th

e
o
rigin

al
m

o
d
el,

each
w

orker’s
q
u
a
lity

is
g
overn

ed
b
y

a
laten

t
con

fu
sion

m
atrix

th
at

sp
ecifi

es
th

e
w

ork
er’s

p
rob

ab
ility

of
ch

o
osin

g
ea

ch
p

o
ssib

le
la

b
el

con
d
ition

ed
on

th
e

tru
e

lab
el

of
th

e
in

stan
ce.

A
variety

of
ex

ten
sion

s
h
ave

b
een

stu
d
ied

.
F

or
ex

am
p
le,

several
p
ap

ers
h
ave

ex
p
lored

m
o
d
els

in
w

h
ich

d
iffi

cu
lty

varies
b
y

in
sta

n
ce

(K
h
etan

an
d

O
h
,
2016;

M
a

et
al.,

2015;
W

h
iteh

ill
et

al.,
20

09;
Z

h
o
u

et
al.,

2
0
1
2
)

o
r

w
o
rkers

h
ave

d
iverse

sets
of

sk
ills

(F
an

et
al.,

201
5;

H
o

et
al.,

2013;
W

elin
d
er

et
al.,

2
0
1
0
).

M
o
st

o
f

th
is

w
ork

assu
m

es
a

fi
x
ed

assign
m

en
t

of
in

stan
ces

to
w

orkers,
b
u
t

som
e

a
ssu

m
es

th
a
t

w
orkers

arrive
on

lin
e

an
d

are
assign

ed
to

in
stan

ces
u
p

on
a
rrival

(A
b
ra

h
am

et
a
l.,

2
0
1
6
;

H
o

an
d

V
au

gh
an

,
2012;

H
o

et
al.,

2013;
K

arger
et

al.,
2011,

2014).
S
om

e
w

ork
req

u
ires

th
e

ex
isten

ce
of

“gold
-stan

d
ard

”
or

“con
trol”

task
s

(L
e

et
al.,

2010;
L

iu
et

al.,
2013;

O
leso

n
et

a
l.,

2
011),

d
ata

in
stan

ces
for

w
h
ich

grou
n
d

tru
th

lab
els

are
k
n
ow

n
a

p
riori,

w
h
ile

so
m

e
d
o
es

n
ot.

E
x
ten

sion
s

of
th

e
D

aw
id

-S
ken

e
m

o
d
el

h
ave

also
b

een
a
p
p
lied

to
th

e
p
rob

lem
o
f

a
g
g
reg

atin
g

ord
in

al
lab

els
or

ran
k
in

gs
(Z

h
ou

et
al.,

201
4).

W
h
ile

th
ere

are
ex

cep
tion

s,
m

u
ch

of
th

is
research

b
u
ild

s
on

th
e

gen
eral

ex
p

ectation
-

m
ax

im
izatio

n
(E

M
)

algorith
m

ic
fram

ew
ork

th
at

D
aw

id
an

d
S
ken

e
(1979)

p
rop

osed
.

T
h
is

fra
m

ew
o
rk

is
o
u
tlin

ed
in

A
lgorith

m
1.

T
h
e

b
asic

ap
p
roach

in
volves

itera
tively

u
p

d
atin

g
es-

tim
a
tes

o
f

b
oth

w
orkers’

q
u
ality

p
aram

eters
an

d
th

e
lab

els
of

each
in

stan
ce.

A
t

each
step

,
q
u
a
lity

p
a
ra

m
eters

are
u
p

d
ated

treatin
g

th
e

cu
rren

t
lab

el
estim

ates
as

grou
n
d

tru
th

.
T

h
e

in
sta

n
ce

la
b

els
are

th
en

u
p

d
ated

to
th

eir
m

ost
lik

ely
valu

es
treatin

g
th

e
q
u
ality

p
aram

eters
a
s

g
ro

u
n
d

tru
th

.
T

h
e

d
etails

of
th

ese
u
p

d
ates

vary.
Z

h
en

g
et

al.
(2017

)
p
rov

id
e

a
th

or-
o
u
g
h

su
rv

ey
a
n
d

em
p
irical

com
p
arison

of
seven

teen
algorith

m
s

th
at

are
b
ased

on
th

is
gen

-
era

l
fra

m
ew

o
rk

,
ch

aracterizin
g

th
em

in
term

s
of

th
e

w
ay

in
w

h
ich

in
stan

ces
an

d
w

orkers
are

m
o
d
eled

a
s

w
ell

as
th

e
sp

ecifi
cs

of
h
ow

th
e

calcu
lation

s
of

q
u
ality

p
aram

eters
an

d
lab

el
as-

sig
n
m

en
ts

a
re

m
ad

e
(th

rou
gh

w
h
at

th
ey

call
d
irect

com
p
u
tation

,
u
sin

g
op

tim
ization

m
eth

-
o
d
s,

o
r

u
sin

g
p
rob

ab
ilistic

grap
h
ica

l
m

o
d
els).

W
h
ile

th
eir

ex
p

erim
en

ts
reveal

th
at

d
iff

eren
t

a
lg

o
rith

m
s

p
erform

b
est

on
d
iff

eren
t

d
ata

sets,
th

ey
sh

ow
th

at
th

e
origin

a
l

D
aw

id
-S

k
en

e
al-

g
o
rith

m
is

itself
fairly

rob
u
st

in
p
ractice.

A
lg
o
rith

m
1

T
h
e

b
asic

E
M

fram
ew

ork
of

D
aw

id
an

d
S
k
en

e
(1979).

In
p
u
t:

S
ets

of
w

orker-gen
erated

lab
els

for
ea

ch
in

stan
ce

In
itia

lize
ea

ch
in

stan
ce’s

lab
el

b
ased

on
a

sim
p
le

m
a
jority

vo
te

re
p
e
a
t

fo
r
a
ll

W
o
rkers

w
d
o

C
a
lcu

la
te
w

’s
q
u
ality

p
aram

eter(s),
treatin

g
each

in
stan

ce’s
cu

rren
t

lab
el

as
grou

n
d

tru
th

e
n
d
fo
r

fo
r
a
ll

In
stan

ces
i
d
o

C
a
lcu

la
te

th
e

m
ost

likely
lab

el
for

i,
treatin

g
each

w
orker’s

ap
p
rox

im
a
ted

q
u
ality

p
a
ra

m
eter(s)

as
grou

n
d

tru
th

e
n
d
fo
r

u
n
til

L
ab

el
a
ssign

m
en

ts
h
ave

con
verg

ed
O
u
tp

u
t:

T
h
e

cu
rren

t
lab

el
assign

m
en

ts
for

each
in

stan
ce
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V
a
u
g
h
a
n

O
n
e

b
road

ly
stu

d
ied

class
of

in
cen

tive
sch

em
es

for
crow

d
sou

rcin
g

is
b
u
ilt

on
th

e
literatu

re
on

p
eer

p
red

iction
(e.g.,

D
asgu

p
ta

an
d

G
h
osh

,
2013;

J
u
rca

an
d

F
altin

gs,
2009;

K
am

ar
an

d
H

orv
itz,

2012;
K

am
b
le

et
al.,

2015;
M

iller
et

al.,
2005;

P
relec,

2004;
P

relec
et

al.,
20

17;
R

ad
an

ov
ic

an
d

F
altin

gs,
2013;

W
aggon

er
a
n
d

C
h
en

,
2014;

W
itkow

sk
i

an
d

P
arkes,

201
2),

a
fram

ew
ork

in
w

h
ich

w
orkers

are
rew

ard
ed

b
ased

on
a

fu
n
ction

of
th

eir
ow

n
rep

orted
lab

els
an

d
th

e
rep

orts
of

oth
ers.

U
n
d
er

m
an

y
p

eer
p
red

iction
m

ech
an

ism
s,

h
igh

er
rew

ard
s

are
given

to
rep

orts
th

at
are

“su
rp

risin
gly

co
m

m
on

”
am

on
g

w
orkers,

w
h
ere

“su
rp

rise”
cou

ld
b

e
m

easu
red

,
for

ex
am

p
le,

in
term

s
of

a
com

m
on

p
rior

or
th

e
freq

u
en

cy
of

a
lab

el.
A

s
ju

st
o
n
e

ex
am

p
le,

to
d
eterm

in
e

th
e

p
ay

m
en

t
for

a
w

orker
w

w
h
o

lab
els

a
p
articu

lar
in

stan
ce

as
x

,
th

e
m

ech
an

ism
p
rop

osed
b
y

R
ad

an
ov

ic
et

al.
(2016)

selects
an

oth
er

w
ork

er
w
′

at
ran

d
om

an
d

com
p
ares

th
e

lab
el

p
rov

id
ed

b
y
w

to
th

e
lab

el
p
rov

id
ed

b
y
w
′.

If
w
′

rep
orts

x
(so

th
e

tw
o

w
orkers’

lab
els

agree),
th

en
w

receives
p
ay

m
en

t
1
/f

w
h
ere

f
is

th
e

em
p
irical

freq
u
en

cy
w

ith
w

h
ich

oth
er

w
orkers

h
ave

rep
orted

th
e

lab
el
x

over
all

in
stan

ces.
If
w
′

d
o
es

n
ot

rep
ort

x
,

th
en

w
receives

n
o

p
ay

m
en

t.
R

ad
an

ov
ic

et
al.

(2016)
sh

ow
ed

th
at

u
n
d
er

so
m

e
assu

m
p
tion

s
on

w
orkers’

b
eliefs,

tru
th

fu
l

rep
ortin

g
(i.e.,

each
w

orker
rep

ortin
g

th
e

lab
el

th
ey

th
in

k
is

m
ost

lik
ely

)
is

an
eq

u
ilib

riu
m

u
n
d
er

th
is

m
ech

an
ism

.

T
h
e

p
rim

ary
b

en
efi

t
of

p
eer

p
red

ictio
n

sty
le

m
eth

o
d
s

is
th

at
th

ere
is

n
o

n
eed

to
k
n
ow

grou
n
d

tru
th

lab
els

in
ord

er
to

calcu
late

p
ay

m
en

ts.
O

n
e

m
a
jor

d
raw

b
ack

is
th

at
m

ost
su

ch
m

eth
o
d
s

leave
op

en
th

e
op

p
ortu

n
ity

for
w

orkers
to

b
en

efi
t

b
y

co
ord

in
atin

g
an

d
collu

d
in

g
on

in
correct

rep
orts,

b
eh

av
ior

th
at

h
as

b
een

ob
served

w
h
en

th
ese

m
eth

o
d
s

w
ere

tested
on

real
w

orkers
(G

ao
et

al.,
2014).

T
h
ere

is
an

active
lin

e
of

research
on

d
evelo

p
in

g
p

eer
p
red

iction
tech

n
iq

u
es

for
w

h
ich

su
ch

u
n
d
esirab

le
eq

u
ilib

ria
d
o

n
ot

ex
ist,

or
at

least
are

less
p
rofi

ta
b
le

th
an

tru
th

tellin
g

(A
garw

al
et

al.,
2017;

D
asgu

p
ta

an
d

G
h
osh

,
2013;

S
h
n
ay

d
er

et
al.,

2016).

W
h
en

gold
-stan

d
ard

lab
els

are
availab

le
for

som
e

in
stan

ces,
w

orkers
can

b
e

rew
ard

ed
d
irectly

for
th

e
q
u
ality

of
lab

els
th

ey
su

p
p
ly

for
th

ese
in

stan
ces,

u
sin

g
eith

er
sim

p
le

b
on

u
ses

for
accu

racy
(H

o
et

al.,
2015;

S
h
aw

et
al.,

2011)
or

m
ore

com
p
lex

in
cen

tiv
e

sch
em

es
(H

o
et

al.,
2016;

S
h
ah

et
al.,

2015;
S
h
ah

an
d

Z
h
ou

,
2016a,b

).
S
ee

S
ection

6.3
for

a
m

ore
d
etailed

d
iscu

ssion
of

h
ow

w
ork

ers
resp

on
d

to
m

on
etary

in
cen

tives
in

p
ractice.

2
.2

G
e
n
e
ra

tin
g
T
ra

n
sc
rip

tio
n
s,

T
ra

n
sla

tio
n
s,

a
n
d

Im
a
g
e
A
n
n
o
ta

tio
n
s

C
row

d
sou

rcin
g

is
also

u
sed

to
gen

erate
m

ore
com

p
lex

an
d

free-fo
rm

la
b

els,
su

ch
as

tran
-

scrip
tion

s,
tran

slation
s

of
lan

gu
age,

or
im

age
an

n
o
tation

s.

P
erh

ap
s

th
e

b
est

k
n
ow

n
ex

am
p
le

of
a

crow
d
sou

rcin
g

sy
stem

for
tran

scrip
tion

is
re-

C
A

P
T

C
H

A
(von

A
h
n

et
al.,

2008).
C

A
P

T
C

H
A

s
(or

C
om

p
letely

A
u
tom

ated
P

u
b
lic

T
u
r-

in
g

tests
to

tell
C

om
p
u
ters

an
d

H
u
m

an
s

A
p
art)

are
secu

rity
to

ols
d
esign

ed
to

p
reven

t
b

ots
from

accessin
g

on
lin

e
serv

ices
(von

A
h
n

et
al.,

2
003,

2004).
P

eop
le

attem
p
tin

g
to

a
ccess

a
w

eb
site

or
create

an
accou

n
t

are
asked

to
p

erform
a

task
th

at
is

d
iffi

cu
lt

for
com

p
u
ters

to
p

erform
b
u
t

th
at

h
u
m

an
s

fi
n
d

easy,
su

ch
as

read
in

g
an

d
tran

scrib
in

g
d
istorted

ch
aracters.

C
A

P
T

C
H

A
s

are
u
sed

to
stop

ticket
scalp

ers
from

u
sin

g
b

ots
to

b
u
y

ou
t

p
op

u
lar

sh
ow

s
an

d
to

p
reven

t
sp

am
m

ers
from

op
en

in
g

arb
itrary

n
u
m

b
ers

of
em

ail
accou

n
ts.

V
on

A
h
n

et
al.

(2008)
fou

n
d

a
w

ay
to

p
u
t

th
e

va
st

q
u
an

tities
of

h
u
m

a
n

eff
ort

ex
erted

on
solv

in
g

C
A

P
T

C
H

A
s

to
u
se,

h
arn

essin
g

th
is

eff
ort

to
d
igitize

old
b

o
ok

s
th

a
t

cu
rren

t
op

tical
ch

aracter
recogn

ition
(O

C
R

)
sy

stem
s

w
ere

u
n
ab

le
to

h
an

d
le.

T
h
eir

reC
A

P
T

C
H

A
sy

stem
p
resen

ts
tw

o
im

ages
of

w
ord

s,
b

oth
taken

from
scan

n
ed

tex
t

on
w

h
ich

state-of-th
e-
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

ar
t

O
C

R
sy

st
em

s
h
av

e
fa

il
ed

.
O

n
e

o
f

th
es

e
im

ag
es

is
a

go
ld

-s
ta

n
d
ar

d
d
at

a
p

oi
n
t

fo
r

w
h
ic

h
th

e
co

rr
ec

t
tr

an
sc

ri
p
ti

on
is

al
re

ad
y

k
n
ow

n
.

T
h
is

is
th

e
im

ag
e

u
se

d
to

te
st

w
h
et

h
er

or
n
ot

th
e

tr
an

sc
ri

b
er

is
h
u
m

an
.

T
h
e

tr
u
e

la
b

el
of

th
e

se
co

n
d

im
ag

e
is

u
n
k
n
ow

n
.

B
y

co
m

p
le

ti
n
g

th
e

C
A

P
T

C
H

A
,

th
e

h
u
m

an
is

es
se

n
ti

al
ly

en
te

ri
n
g

a
la

b
el

fo
r

th
is

d
at

a.
S
in

ce
re

C
A

P
T

C
H

A
w

as
ac

q
u
ir

ed
b
y

G
o
og

le
,

si
m

il
ar

te
ch

n
iq

u
es

h
av

e
b

ee
n

u
se

d
to

an
n
ot

at
e

im
ag

es
an

d
b
u
il
d

ot
h
er

la
rg

e-
sc

al
e

m
ac

h
in

e
le

ar
n
in

g
d
at

a
se

ts
.7

W
it

h
in

th
e

n
at

u
ra

l
la

n
gu

ag
e

p
ro

ce
ss

in
g

co
m

m
u
n
it

y,
cr

ow
d
so

u
rc

in
g

h
as

b
ee

n
su

cc
es

s-
fu

ll
y

u
se

d
to

ge
n
er

at
e

tr
an

sl
at

io
n
s

of
se

n
te

n
ce

s
fr

om
on

e
la

n
gu

ag
e

to
an

ot
h
er

(A
m

b
at

i
et

al
.,

20
12

;
C

al
li
so

n
-B

u
rc

h
an

d
D

re
d
ze

,
20

10
;

P
av

li
ck

et
al

.,
20

14
;

P
os

t
et

al
.,

20
12

;
Z

ai
d
an

an
d

C
al

li
so

n
-B

u
rc

h
,

20
11

;
Z

b
ib

et
al

.,
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E

,
th

at
ge

n
er

at
es

si
m

p
le

,
lo

ca
ll
y

fa
it

h
fu

l
ex

p
la

n
a
ti

o
n
s

fo
r

in
-

d
iv

id
u
al

p
re

d
ic

ti
on

s
m

ad
e

b
y

p
ot

en
ti

al
ly

co
m

p
le

x
b
la

ck
-b

ox
m

o
d
el

s.
T

h
ey

u
se

d
cr

ow
d
so

u
rc

-
in

g
to

te
st

h
ow

h
ow

th
es

e
ex

p
la

n
at

io
n
s

im
p
ac

t
p

eo
p
le

’s
ab

il
it

y
to

p
er

fo
rm

ta
sk

s
su

ch
a
s

a
s-

1
0

JM
L

R
 1

8(
19

3)
:1
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

sessin
g

th
e

cla
ssifi

er’s
q
u
ality

or
d
eterm

in
in

g
in

stan
ces

o
n

w
h
ich

th
e

classifi
er

w
ill

m
ak

e
a

m
ista

ke.
In

o
n
e

stu
d
y,

th
e

research
ers

p
resen

ted
crow

d
w

orkers
w

ith
p
red

iction
s

from
tw

o
S
V

M
cla

ssifi
ers

train
ed

on
d
iff

eren
t

d
ata

sets
alon

g
w

ith
ex

p
lan

ation
s

for
th

eir
p
red

iction
s.

W
o
rkers

w
ere

a
sked

to
select

th
e

classifi
er

th
ey

b
elieved

w
ou

ld
h
ave

b
etter

p
erform

an
ce.

T
h
e

resea
rch

ers
fou

n
d

th
at

ex
p
lan

a
tion

s
im

p
rov

ed
w

orkers’
ab

ility
to

ch
o
ose

th
e

b
est

clas-
sifi

er
a
n
d

th
a
t

L
IM

E
p
ro

d
u
ced

m
ore

eff
ective

ex
p
lan

ation
s

th
an

a
greed

y
tech

n
iq

u
e.

In
an

-
o
th

er
stu

d
y,

th
e

research
ers

u
sed

crow
d
w

ork
ers

to
test

w
h
ich

ex
p
lan

ation
s

b
est

h
elp

ed
p

eo-
p
le

fi
n
d

fl
aw

s
in

a
train

ed
m

o
d
el

b
y

id
en

tify
in

g
featu

res
u
sed

in
th

e
ex

p
lan

ation
th

at
are

irreleva
n
t

fo
r

th
e

p
red

iction
task

.

In
th

is
ex

a
m

p
le,

th
e

research
ers

com
p
ared

th
e

eff
ectiven

ess
of

sp
ecifi

c
tech

n
iq

u
es

for
g
en

era
tin

g
ex

p
lan

ation
s

of
p
red

iction
s.

In
S
ection

5.1,
w

e
con

trast
th

is
w

ith
crow

d
sou

rcin
g

a
p
p
ro

a
ch

es
th

at
can

b
e

u
sed

to
gain

a
b

etter
gen

eral
u
n
d
ersta

n
d
in

g
of

h
ow

vario
u
s

p
rop

erties
a
sso

cia
ted

w
ith

th
e

“in
terp

retab
ility

”
of

a
m

o
d
el

im
p
act

d
iff

eren
t

asp
ects

of
h
u
m

an
b

eh
av

ior
in

d
iff

eren
t

scen
arios.

3
.3

D
e
b
u
g
g
in
g
C
o
m
p
o
n
e
n
ts

o
f
a
P
ip
e
lin

e

In
fi
eld

s
lik

e
co

m
p
u
ter

v
ision

,
sp

eech
recogn

ition
,

tran
slation

,
an

d
n
atu

ral
lan

gu
age

p
ro

cess-
in

g
,

sy
stem

s
often

con
sist

of
several

d
iscrete

com
p

on
en

ts
lin

k
ed

togeth
er

to
p

erform
a

com
-

p
lex

ta
sk

.
F

o
r

ex
am

p
le,

con
sid

er
th

e
p
rob

lem
of

sem
an

tic
segm

en
tation

,
w

h
ich

in
v
olv

es
p
ar-

titio
n
in

g
a
n

im
age

in
to

sem
an

tically
m

ean
in

gfu
l

p
arts

an
d

lab
elin

g
each

p
art

w
ith

a
class.

T
h
ere

a
re

p
ro

m
isin

g
ap

p
roach

es
to

th
is

p
rob

lem
th

at
u
se

m
ach

in
e

learn
in

g
m

o
d
els

su
ch

as
co

n
d
itio

n
a
l

ra
n
d
om

fi
eld

s
(C

R
F

s)
to

in
tegrate

feed
b
ack

from
in

d
ep

en
d
en

t
com

p
on

en
ts

th
at

p
erfo

rm
va

rio
u
s

scen
e

u
n
d
erstan

d
in

g
task

s
like

ob
ject

d
etection

,
scen

e
recogn

ition
,

an
d

seg-
m

en
ta

tio
n
.

If
a

sy
stem

d
esign

er
w

an
ts

to
im

p
rove

p
erform

an
ce,

it
is

n
ot

alw
ay

s
clear

w
h
ich

co
m

p
o
n
en

t
to

fo
cu

s
atten

tion
on

.

T
o

so
lve

th
is

p
rob

lem
,

P
arik

h
an

d
Z

itn
ick

(2011
)

p
rop

osed
th

e
id

ea
of

“
h
u
m

an
d
eb

u
g-

g
in

g
,”

in
w

h
ich

h
u
m

an
s

are
u
sed

to
u
n
cover

b
ottlen

eck
s

in
A

I
sy

stem
s.

T
h
e

g
oal

of
h
u
m

an
d
eb

u
g
g
in

g
is

to
id

en
tify

w
h
ich

com
p

on
en

t
in

a
sy

stem
is

th
e

“w
eakest

lin
k
.”

T
h
e

b
asic

id
ea

is
sim

p
le.

T
o

q
u
an

tify
h
ow

m
u
ch

p
o
ten

tial
im

p
rovem

en
ts

to
a

p
articu

la
r

com
p

on
en

t
w

ou
ld

b
en

efi
t

th
e

sy
stem

as
a

w
h
ole,

w
e

cou
ld

im
agin

e
rep

lacin
g

th
e

com
p

on
en

t
w

ith
som

eth
in

g
(clo

se
to

)
p

erfectly
accu

rate
an

d
testin

g
h
ow

m
u
ch

th
e

sy
stem

im
p
roves.

S
in

ce
for

m
an

y
v
isio

n
a
n
d

la
n
g
u
age

task
s

h
u
m

an
p

erfo
rm

an
ce

is
an

u
p
p

er
b

ou
n
d

on
w

h
at

w
e

m
igh

t
ex

p
ect

fro
m

a
m

a
ch

in
e,

w
e

can
in

stead
rep

lace
th

e
com

p
on

en
t

w
ith

a
h
u
m

an
.

M
o
tta

gh
i

et
al.

(2013,
2016)

ap
p
lied

th
is

id
ea

in
ord

er
to

an
aly

ze
th

e
p

erform
an

ce
of

a
C

R
F

th
a
t

h
a
s

b
een

u
sed

in
th

e
com

p
u
ter

v
ision

com
m

u
n
ity

for
scen

e
u
n
d
erstan

d
in

g
(Y

ao
et

a
l.,

2
0
1
2
).

T
h
ey

rep
laced

each
com

p
on

en
t

w
ith

crow
d
w

orkers
from

M
ech

an
ical

T
u
rk

an
d

m
easu

red
th

e
ch

an
ge

in
p

erform
an

ce
of

b
oth

th
e

com
p

on
en

t
in

isolation
an

d
th

e
sy

stem
as

a
w

h
o
le.

O
n
e

o
f
th

eir
m

ost
in

terestin
g

fi
n
d
in

gs
w

as
th

at
h
u
m

an
s

are
actu

ally
less

a
ccu

rate
th

an
m

ach
in

es
a
t

o
n
e

p
articu

lar
task

(classify
in

g
su

p
er-p

ix
els),

yet
w

h
en

h
u
m

an
classifi

ca
tion

s
w

ere
p
lu

g
g
ed

in
to

th
e

C
R

F
,

th
e

sy
stem

p
erform

an
ce

im
p
roved

.
O

n
e

in
terp

retation
of

th
is

resu
lt

is
th

a
t

p
erh

ap
s

m
ak

in
g

few
er

m
istakes

classify
in

g
su

p
er-p

ix
els

is
n
ot

en
ou

gh
.

R
ath

er
it

m
ay

b
e

m
o
re

im
p

ortan
t

th
at

th
e

classifi
er

m
akes

th
e

rig
h
t

k
in

d
of

m
istakes—

th
e

k
in

d
m

ad
e

b
y

h
u
m

a
n
s.

T
h
is

k
in

d
of

feed
b
ack

h
elp

s
d
esign

ers
k
n
ow

w
h
ere

to
fo

cu
s

th
eir

eff
ort.
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V
a
u
g
h
a
n

R
ecen

tly,
N

u
sh

i
et

al.
(2017)

to
ok

th
is

id
ea

on
e

step
fu

rth
er,

allow
in

g
crow

d
w

ork
ers

to
p
rop

ose
targeted

fi
x
es

to
th

e
m

ach
in

e
com

p
on

en
ts

of
a

larger
sy

stem
an

d
th

en
evalu

atin
g

th
e

eff
ect

of
variou

s
com

p
on

en
t

fi
x
es

on
th

e
ov

erall
sy

stem
p

erform
an

ce.

4
.
H
y
b
rid

In
te
llig

e
n
ce

S
y
ste

m
s

D
esp

ite
th

e
cu

rren
t

h
y
p

e
arou

n
d

A
I

an
d

th
e

g
reat

tech
n
ological

ad
van

ces
th

at
h
ave

b
een

m
ad

e
in

recen
t

years,
A

I
sy

stem
s

are
still

far
from

p
erfect.

In
som

e
cases,

A
I

sy
stem

s
can

b
en

efi
t

b
y

in
volv

in
g

h
u
m

an
s

in
th

e
lo

op
to

p
erform

task
s

th
at

rely
on

life
ex

p
erien

ce,
ju

d
g-

m
en

t,
or

d
om

ain
k
n
ow

led
ge

(K
am

ar,
2016).

S
u
ch

h
y
b
rid

in
telligen

ce
sy

stem
s

can
lev

erage
th

e
com

p
lem

en
tary

stren
gth

s
of

h
u
m

an
s

an
d

m
ach

in
es

to
accom

p
lish

m
ore

th
an

w
ou

ld
b

e
p

ossib
le

u
sin

g
h
u
m

an
s

or
m

ach
in

es
alon

e.
H

y
b
rid

sy
stem

s
h
ave

b
een

d
esign

ed
to

p
erform

task
s

from
grad

in
g

stu
d
en

ts’
w

ork
(K

u
lka-

rn
i

et
al.,

2014;
W

righ
t

et
al.,

2015)
to

w
ritin

g
essay

s
or

n
ovels

(B
ern

stein
et

al.,
2010;

K
im

et
al.,

2017;
K

ittu
r

et
al.,

2011;
S
aleh

i
et

al.,
2017;

T
eevan

et
al.,

2016)
to

b
u
ild

in
g

b
et-

ter
top

ic
m

o
d
els

(H
u

et
al.,

2014).
In

th
is

section
,

w
e

w
alk

th
rou

gh
fou

r
illu

strative
ex

am
-

p
les:

h
y
b
rid

sy
stem

s
for

clu
sterin

g
d
ata

p
oin

ts
(G

om
es

et
al.,

2011;
H

eik
in

h
eim

o
an

d
U

k
ko-

n
en

,
2013;

T
am

u
z

et
al.,

2011),
tra

n
scrib

in
g

sp
eech

in
real

tim
e

(K
u
sh

aln
agar

et
al.,

2012;
L

aseck
i

an
d

B
igh

am
,

2012;
L

aseck
i

et
al.,

201
2,

2013,
2017;

N
aim

et
a
l.,

2013),
sch

ed
u
lin

g
con

feren
ce

session
s

(A
n
d
ré

et
al.,

201
3;

B
h
ard

w
a

j
et

al.,
2014;

C
h
ilto

n
et

al.,
2014;

K
im

et
al.,

2013),
an

d
forecastin

g
geop

olitical
or

econ
om

ic
even

ts
(A

tan
asov

et
al.,

2017;
B

aron
et

al.,
2014;

M
ellers

et
al.,

2015b
).

4
.1

H
y
b
rid

C
lu
ste

rin
g

H
y
b
rid

in
telligen

ce
sy

stem
s

can
b

e
p
u
t

to
u
se

to
solve

trad
ition

al
m

ach
in

e
lea

rn
in

g
p
rob

-
lem

s
like

clu
sterin

g
in

scen
arios

in
w

h
ich

d
ata

p
oin

ts
are

easier
for

h
u
m

an
s

to
u
n
d
erstan

d
an

d
categorize

th
an

th
ey

are
for

m
ach

in
es.

F
or

ex
am

p
le,

given
a

d
ata

set
of

celeb
rity

im
-

ages,
a

h
u
m

an
cou

ld
p

oten
tially

u
se

th
eir

life
ex

p
erien

ce
an

d
b
ack

grou
n
d

k
n
ow

led
ge

to
cat-

egorize
th

em
in

to
sets

lik
e

“actors”
or

“p
olitician

s,”
w

h
ile

a
m

ach
in

e
w

ith
ou

t
access

to
th

is
k
n
ow

led
ge

an
d

ex
p

erien
ce

cou
ld

n
ot.

M
an

y
h
y
b
rid

clu
sterin

g
tech

n
iq

u
es

h
av

e
b

een
p
rop

osed
(D

av
id

son
et

al.,
2014;

G
om

es
et

al.,
2011;

K
araletsos

et
al.,

2016;
M

azu
m

d
a
r

an
d

S
ah

a,
2016;

T
am

u
z

et
al.,

2011;
V

esd
a-

p
u
n
t

et
al.,

2014;
V

in
ayak

an
d

H
assib

i,
2016;

V
in

ayak
et

al.,
2014;

W
ah

et
al.,

2014;
W

an
g

et
al.,

2012b
;

W
au

th
ier

et
al.,

2012;
Y

i
et

al.,
20

12a,b
),

th
e

m
a

jority
of

w
h
ich

solicit
h
u
m

an
ju

d
gm

en
ts

or
com

p
arison

s
in

ord
er

to
actively

gen
erate

a
sim

ilarity
m

atrix
or

oth
er

sim
i-

larity
fu

n
ction

.
A

p
p
roach

es
vary

in
term

s
of

th
e

ty
p

es
of

q
u
eries

given
to

h
u
m

an
ju

d
ges,

th
e

algorith
m

s
u
sed

to
aggregate

th
eir

resp
on

ses,
an

d
w

h
eth

er
or

n
ot

ad
d
ition

al
featu

res
of

each
ob

ject
are

availab
le

to
th

e
alg

orith
m

.
S
om

e
research

ers
fo

cu
s

p
rim

arily
on

th
e

en
tity

resolu
tion

settin
g,

in
w

h
ich

th
e

goa
l

is
to

clu
ster

togeth
er

ob
jects

th
at

refer
to

th
e

sam
e

en
tity

(e.g.,
M

arcu
s

et
al.,

2011;
M

azu
m

d
ar

an
d

S
ah

a,
2016;

V
esd

ap
u
n
t

et
al.,

2014;
W

an
g

et
al.,

2012b
),

w
h
ile

oth
ers

con
sid

er
clu

sterin
g

m
ore

b
road

ly.
T

am
u
z

et
al.

(2011)
d
esign

ed
an

ad
ap

tive
algorith

m
th

at
estim

ates
a

sim
ilarity

m
atrix

from
h
u
m

an
ju

d
gm

en
ts

b
ased

on
com

p
arison

s
of

trip
les

(“
Is

o
bject

A
m

o
re

sim
ila

r
to

o
bject

B
o
r

o
bject

C
?

”).
T

h
eir

ap
p
roach

req
u
ires

on
ly

a
relatively

sm
all

n
u
m

b
er

of
h
u
m

an
ju

d
gm

en
ts

to
ob

tain
a

go
o
d

ap
p
rox

im
ation

.
U

sin
g

th
is

ap
p
roach

,
th

ey
w

ere
ab

le
to

a
n
sw

er
q
u
estion

s

1
2
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

li
ke

w
h
ic

h
n
ec

k
ti

e
w

ou
ld

b
e

a
go

o
d

su
b
st

it
u
te

fo
r

an
ot

h
er

,
a

ta
sk

th
at

w
ou

ld
p

er
h
a
p
s

b
e

d
iffi

cu
lt

fo
r

a
m

ac
h
in

e
w

it
h
ou

t
sp

ec
ia

li
ze

d
h
u
m

an
k
n
ow

le
d
ge

.
A

s
a

co
m

p
le

m
en

t
to

th
is

al
go

ri
th

m
ic

w
or

k
,

W
il
b

er
et

al
.
(2

01
4)

ou
tl

in
ed

an
d

st
u
d
ie

d
se

ve
ra

l
u
se

r
in

te
rf

ac
e

te
ch

n
iq

u
es

th
at

al
lo

w
h
ig

h
q
u
al

it
y

co
m

p
ar

is
on

s
of

tr
ip

le
s

to
b

e
co

ll
ec

te
d

fa
st

er
.

G
om

es
et

al
.

(2
01

1)
p
ro

p
os

ed
a

cr
ow

d
-c

lu
st

er
in

g
ap

p
ro

ac
h

in
w

h
ic

h
ea

ch
m

em
b

er
of

a
cr

ow
d

is
p
re

se
n
te

d
a

re
la
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h
ile

m
in

im
izin

g
con

fl
icts

b
e-

tw
een

talk
s

th
at

are
sch

ed
u
led

at
th

e
sam

e
tim

e,
b
u
t

con
feren

ce
organ

izers
gen

erally
d
o

n
ot

k
n
ow

w
h
ich

sets
of

talk
s

atten
d
ees

w
an

t
to

see.
T

h
is

op
tim

ization
p
rob

lem
can

b
e

large;
for

ex
a
m

p
le,

C
o
b
i

w
as

u
sed

to
m

ap
ou

t
th

e
sch

ed
u
le

of
th

e
C

on
feren

ce
on

H
u
m

an
F

actors
in

C
o
m

p
u
tin

g
S
y
stem

s
(C

H
I)

in
2013,

w
h
ich

req
u
ired

sch
ed

u
lin

g
400

talk
s

in
16

p
arallel

track
s.

C
o
b
i

w
a
s

d
esign

ed
to

effi
cien

tly
collect

in
form

ation
ab

ou
t

a
tten

d
ee

p
referen

ces
from

th
e

co
m

m
u
n
ity

a
n
d

u
se

th
is

in
form

ation
to

op
tim

ize
th

e
con

feren
ce

sch
ed

u
le.

(It
is

w
orth

n
otin

g
th

a
t

th
e

co
n
feren

ce
ch

airs
alw

ay
s

retain
con

trol
an

d
can

ch
o
ose

to
overw

rite
th

e
o
p
tim

ized
sch

ed
u
le.)

A
s

on
e

ex
am

p
le,

th
eir

“au
th

orsou
rcin

g”
com

p
on

en
t

p
resen

ts
au

th
ors

w
ith

p
ap

ers
th

a
t

a
re

p
o
ten

tially
sim

ilar
to

th
eir

ow
n

a
n
d

ask
s

w
h
ich

on
es

w
ou

ld
b

e
a

go
o
d

fi
t

to
ap

p
ear

in
th

e
sa

m
e

session
.

In
ord

er
to

gen
erate

th
e

lists
of

p
oten

tially
sim

ilar
p
ap

ers
in

th
e

fi
rst

p
la

ce,
th

eir
“
co

m
m

itteesou
rcin

g”
com

p
on

en
t

m
akes

u
se

of
h
y
b
rid

clu
sterin

g
tech

n
iq

u
es

lik
e

th
o
se

d
iscu

ssed
in

S
ection

4.1
(A

n
d
ré

et
al.,

2013).

C
o
m

m
u
n
ity

sou
rcin

g
can

b
e

esp
ecially

eff
ective

b
ecau

se
th

e
sam

e
p

eop
le

w
h
o

are
asked

to
p
rov

id
e

in
fo

rm
ation

also
b

en
efi

t
from

h
igh

q
u
ality

en
d

resu
lts.

A
lth

ou
gh

p
articip

an
ts

w
ere

n
ot

d
irectly

com
p

en
sated

,
w

h
en

C
ob

i
w

as
fi
rst

d
ep

loyed
at

C
H

I,
th

e
au

th
o
rs

of
87%

o
f

a
ccep

ted
su

b
m

ission
s

op
ted

to
en

gage
w

ith
th

e
sy

stem
.

C
o
b
i

w
a
s

su
b
seq

u
en

tly
d
ep

loyed
several

tim
es

for
sch

ed
u
lin

g
at

b
oth

C
H

I
an

d
th

e
A

C
M

C
o
n
feren

ce
o
n

C
om

p
u
ter-S

u
p
p

orted
C

o
op

erative
W

ork
an

d
S
o
cial

C
om

p
u
tin

g
(C

S
C

W
).

A
n
ecd

o
ta

lly,
u
sers

of
th

e
sy

stem
fou

n
d

th
at

th
e

con
strain

ts
gen

erated
b
y

th
e

au
th

orsou
rcin

g
co

m
p

o
n
en

t
w

ere
cru

cial
for

p
ro

d
u
cin

g
a

sch
ed

u
le

of
coh

eren
t

an
d

n
on

con
fl
ictin

g
session

s;
w

ith
o
u
t

th
is

in
p
u
t

th
e

sch
ed

u
ler

p
erform

ed
p

o
orly.

4
.4

H
y
b
rid

F
o
re

c
a
stin

g

S
ig

n
ifi

ca
n
t

reso
u
rces

are
d
evoted

to
p
ro

d
u
cin

g
forecasts

ab
ou

t
geop

olitical
even

ts
an

d
eco-

n
o
m

ic
in

d
ica

to
rs.

H
u
m

an
s

are
fl
ex

ib
le

in
th

eir
ab

ility
to

reason
ab

ou
t

arb
itrary

even
ts,

b
u
t

h
u
m

an
fo

reca
sts

can
b

e
lim

ited
b
y

cogn
itive

b
iases

or
th

e
in

ab
ility

to
d
igest

an
d

p
ro

cess
in

-
fo

rm
a
tio

n
a
t

scale.
S
tatistical

an
d

d
ata-d

riven
m

o
d
els,

on
th

e
oth

er
h
an

d
,

are
ab

le
to

take
a
d
va

n
ta

g
e

o
f

vast
q
u
an

tities
of

availab
le

d
ata,

b
u
t

are
d
iffi

cu
lt

to
d
esign

an
d

train
fo

r
on

e-
o
f-a

-k
in

d
even

ts.
H

y
b
rid

forecastin
g

sy
stem

s
aim

to
com

b
in

e
th

e
com

p
u
tation

al
p

ow
er

of
m

a
ch

in
es

w
ith

th
e

fl
ex

ib
ility

of
h
u
m

an
s

to
p
ro

d
u
ce

accu
rate

forecasts.

In
th

e
m

o
st

b
asic

h
y
b
rid

forecastin
g

sy
stem

s,
algorith

m
ic

tech
n
iq

u
es

are
u
sed

p
rim

arily
a
s

a
w

ay
to

elicit
an

d
aggregate

h
u
m

an
-gen

erated
forecasts.

O
n
e

com
m

on
ex

am
p
le

is
a

p
red

ictio
n

m
a
rket

(B
erg

et
al.,

2008;
W

olfers
an

d
Z

itzew
itz,

2004),
a

fi
n
an

cial
m

arket
in

w
h
ich

tra
d
ers

can
b
u
y

or
sell

secu
rities

w
ith

p
ay

off
s

th
at

are
lin

ked
to

fu
tu

re
ev

en
ts.

F
or

9
.
h
t
t
p
:
/
/
p
r
o
j
e
c
t
c
o
b
i
.
c
o
m
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V
a
u
g
h
a
n

ex
am

p
le,

in
an

election
m

arket,
trad

ers
m

igh
t

b
u
y

or
sell

a
secu

rity
th

at
is

w
orth

$1
if

th
e

in
cu

m
b

en
t

can
d
id

ate
w

in
s

an
d

n
oth

in
g

oth
erw

ise.
If

a
trad

er
b

elieves
th

at
th

e
p
rob

ab
ility

of
th

is
can

d
id

ate
w

in
n
in

g
is
p

an
d

w
an

ts
to

m
ax

im
ize

h
er

ex
p

ected
p
ayoff

,
th

en
sh

e
sh

ou
ld

b
e

w
illin

g
to

b
u
y

th
is

secu
rity

at
an

y
p
rice

less
th

an
$p

,
sin

ce
w

ith
p
rob

ab
ility

p
sh

e
w

ou
ld

get
$1.

S
im

ilarly,
sh

e
sh

ou
ld

b
e

w
illin

g
to

sell
at

an
y

p
rice

greater
th

an
$
p
.

F
or

th
is

reason
,

w
e

can
th

in
k

of
th

e
cu

rren
t

m
arket

p
rice

of
th

is
secu

rity
as

cap
tu

rin
g

trad
ers’

collective
b

eliefs
ab

ou
t

h
ow

likely
it

is
th

at
th

e
in

cu
m

b
en

t
w

ill
w

in
.

P
red

iction
m

ark
ets

can
b

e
op

erated
as

con
tin

u
ou

s
d
ou

b
le

au
ction

s,
m

u
ch

like
th

e
sto

ck
m

arket,
req

u
irin

g
very

little
algorith

m
ic

in
gen

u
ity.

H
ow

ever,
w

h
en

th
e

level
of

trad
e

is
low

,
th

ere
can

b
e

ad
va

n
tages

to
op

eratin
g

p
red

iction
m

arkets
u
sin

g
algorith

m
ic

m
arket

m
akers

th
at

au
tom

atically
set

p
rices

b
ased

on
th

e
h
istory

of
trad

e
(C

h
en

an
d

P
en

n
o
ck

,
2007;

H
an

son
,

2003).
P

red
iction

m
arkets

h
av

e
recen

tly
gain

ed
m

ore
atten

tion
in

th
e

m
ach

in
e

learn
in

g
com

m
u
n
ity

d
u
e

to
th

e
d
iscovery

of
stron

g
m

ath
em

atical
con

n
ection

s
b

etw
een

th
ese

algorith
m

ic
m

arket
m

akers
an

d
n
o-regret

on
lin

e
learn

in
g

algorith
m

s
(A

b
ern

eth
y

et
al.,

2013;
C

h
en

an
d

V
au

gh
an

,
2010).

A
s

p
art

of
th

e
G

o
o
d

J
u
d
gm

en
t

P
ro

ject
(S

ch
o
em

ak
er

an
d

T
etlo

ck
,

2016;
T

etlo
ck

et
al.,

2017;
U

n
gar

et
al.,

2012),
a

large-scale
p
ro

ject
fu

n
d
ed

b
y

U
.S

.
In

telligen
ce,

research
ers

eval-
u
ated

an
d

com
p
ared

a
w

id
e

ran
ge

o
f

algorith
m

ic
tech

n
iq

u
es

for
elicitin

g
an

d
aggregatin

g
h
u
m

an
forecasts,

in
clu

d
in

g
p
red

ictio
n

m
arkets

an
d

p
red

iction
p

olls,
in

w
h
ich

forecasters
are

asked
to

d
irectly

p
rov

id
e

a
p
rob

ab
ility

estim
ate

ab
ou

t
th

e
lik

elih
o
o
d

of
an

ev
en

t.
T

h
rou

gh
a

series
of

ran
d
om

ized
con

trolled
trials,

th
ey

fou
n
d

th
at

p
red

iction
m

arkets
p
ro

d
u
ce

m
ore

accu
rate

forecasts
th

an
th

ose
ob

tain
ed

b
y

sim
p
ly

averagin
g

forecasts
from

p
red

iction
p

olls.
H

ow
ever,

even
h
ig

h
er

accu
racy

cou
ld

b
e

ob
tain

ed
b
y

aggregatin
g

p
red

iction
p

oll
forecasts

u
sin

g
m

ore
clever

statistical
m

eth
o
d
s

(A
tan

asov
et

al.,
2017)

an
d

ex
trem

izin
g

aggregated
forecasts

(B
aron

et
al.,

2014).
T

h
ey

also
stu

d
ied

th
e

im
p

ortan
ce

of
id

en
tify

in
g

an
d

tea
m

in
g

u
p

th
e

top
-p

erform
in

g
in

d
iv

id
u
al

foreca
sters

(M
ellers

et
al.,

2015b
)

a
s

w
ell

as
th

e
p
sy

ch
o-

logical
traits

sh
ared

b
y

th
ese

top
forecasters

(M
ellers

et
al.,

2015a).

B
u
ild

in
g

on
lesson

s
learn

ed
from

th
e

G
o
o
d

J
u
d
g
m

en
t

P
ro

ject,
th

e
U

.S
.

O
ffi

ce
of

th
e

D
i-

rector
of

N
ation

al
In

telligen
ce

h
as

recen
tly

lau
n
ch

ed
a

n
ew

p
rogram

aim
ed

at
p
ro

d
u
cin

g
h
y
b
rid

forecastin
g

sy
stem

s
th

at
m

ore
com

p
reh

en
siv

ely
in

tegrate
m

o
d
ern

d
ata-d

riven
ap

-
p
roach

es
w

ith
h
u
m

an
forecastin

g
cap

ab
ilities. 1

0

4
.5

H
y
b
rid

In
te
llig

e
n
c
e
S
y
ste

m
s
in

In
d
u
stry

S
o

far
w

e
h
ave

fo
cu

sed
on

h
y
b
rid

in
telligen

ce
sy

stem
s

th
at

h
av

e
com

e
ou

t
of

th
e

research
com

m
u
n
ity,

b
u
t

it
is

w
orth

m
en

tion
in

g
th

at
h
u
m

an
-in

-th
e-lo

op
sy

stem
s

are
w

id
ely

u
sed

in
in

d
u
stry

as
w

ell.
T

o
n
am

e
ju

st
a

few
ex

am
p
les,

S
titch

F
ix

,
w

h
ich

p
rov

id
es

p
erso

n
alized

sty
le

recom
m

en
d
ation

s,
train

s
m

ach
in

e
learn

in
g

algorith
m

s
to

su
ggest

item
s

th
at

a
u
ser

m
igh

t
like

an
d

th
en

sen
d
s

th
e

ou
tp

u
t

of
th

ese
algorith

m
s

to
a

h
u
m

a
n

ex
p

ert
to

cu
rate

an
d

p
are

d
ow

n
. 1
1

T
w

itter
em

p
loy

s
con

tract
w

orkers
to

in
terp

ret
search

term
s

th
at

su
d
d
en

ly
sp

ike
in

m
ean

in
g,

often
d
u
e

to
recen

t
m

en
tion

s
in

th
e

m
ed

ia
or

p
op

cu
ltu

re
th

at
an

algorith
m

train
ed

on
stale

d
ata

w
ou

ld
m

iss. 1
2

P
attern

E
x

u
ses

m
ach

in
e

learn
in

g
to

id
en

tify
su

sp
iciou

s
activ

ity
th

at
cou

ld
in

d
icate

a
secu

rity
th

reat.
T

h
is

su
sp

iciou
s

activ
ity

is
th

en
ex

am
in

ed
b
y

a

1
0
.
h
t
t
p
s
:
/
/
w
w
w
.
i
a
r
p
a
.
g
o
v
/
i
n
d
e
x
.
p
h
p
/
r
e
s
e
a
r
c
h
-
p
r
o
g
r
a
m
s
/
h
f
c

1
1
.
h
t
t
p
:
/
/
m
u
l
t
i
t
h
r
e
a
d
e
d
.
s
t
i
t
c
h
f
i
x
.
c
o
m
/
b
l
o
g
/
2
0
1
6
/
0
3
/
2
9
/
h
c
o
m
p
1
/

1
2
.
h
t
t
p
:
/
/
n
y
t
i
.
m
s
/
2
g
z
O
o
4
K

1
6
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

h
u
m

an
,

w
h
o

d
et

er
m

in
es

w
h
et

h
er

th
er

e
is

a
re

al
a
tt

ac
k
,

an
d

th
e

h
u
m

an
’s

fe
ed

b
ac

k
is

u
se

d
to

im
p
ro

ve
th

e
sy

st
em

.1
3

A
n
d

ev
en

se
ar

ch
en

gi
n
es

li
ke

G
o
og

le
an

d
B

in
g

ca
n

b
e

v
ie

w
ed

a
s

h
y
b
ri

d
in

te
ll
ig

en
ce

sy
st

em
s,

si
n
ce

th
e

re
le

va
n
ce

ju
d
gm

en
ts

th
at

ar
e

u
se

d
to

ad
ap

ti
ve

ly
im

p
ro

ve
th

e
sy

st
em

s
ar

e
ge

n
er

at
ed

b
y

h
u
m

an
s

(A
lo

n
so

,
20

13
;

A
lo

n
so

et
al

.,
20

08
;

K
a
za

i,
20

1
1)

.

5
.
B
e
h
a
v
io
ra

l
S
tu

d
ie
s
to

In
fo
rm

M
a
ch

in
e
L
e
a
rn

in
g
R
e
se
a
rc
h

W
it

h
in

th
e

p
as

t
fe

w
ye

ar
s,

th
er

e
h
as

b
ee

n
an

in
cr

ea
se

d
in

te
re

st
,

b
ot

h
fr

om
w

it
h
in

an
d

ou
ts

id
e

th
e

m
ac

h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y,
in

u
n
d
er

st
an

d
in

g
h
ow

h
u
m

an
s

in
te

ra
ct

w
it

h
m

a-
ch

in
e

le
ar

n
in

g
sy

st
em

s.
R

es
ea

rc
h
er

s
ar

e
st

ri
v
in

g
to

m
ak

e
m

ac
h
in

e
le

ar
n
in

g
m

o
d
el

s
h
u
m

an
-

in
te

rp
re

ta
b
le

(D
os

h
i-

V
el

ez
an

d
K

im
,

20
17

;
J
u
n
g

et
al

.,
20

17
;

K
oh

an
d

L
ia

n
g,

20
17

;
L

ip
to

n
,

20
16

;
L

ou
et

al
.,

20
12

,
20

13
;

P
au

l,
20

16
;

R
ib

ei
ro

et
al

.,
20

16
;

U
st

u
n

an
d

R
u
d
in

,
20

16
),

to
m

ak
e

m
ac

h
in

e
le

ar
n
in

g
to

ol
s

ea
si

er
to

u
se

(B
ro

ok
s

et
al

.,
20

15
;

P
at

el
et

al
.,

2
01

0;
S
im

ar
d

et
al

.,
20

17
),

an
d

to
u
n
d
er

st
an

d
h
ow

al
go

ri
th

m
ic

d
ec

is
io

n
s

im
p
ac

t
p

eo
p
le

’s
li
ve

s
(A

n
g
w

in
et

al
.,

20
16

;
B

ar
o
ca

s
an

d
S
el

b
st

,
20

16
;

C
am

p
ol

o
et

al
.,

20
1
7;

C
h
o
u
ld

ec
h
ov

a,
20

17
;

C
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w
ed

to
ad

ju
st

th
e

m
o
d
el

.
T

h
is

is
n
ot

b
ec

au
se

th
ei

r
ad

ju
st

m
en

ts
h
el

p
ed

;
on

th
e

co
n
tr

ar
y,

p
ar

ti
ci

p
an

ts
w

ou
ld

h
av

e
d
o
n
e

b
et

te
r
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

b
y

a
lw

ay
s

fo
llow

in
g

th
e

m
o
d
el

ex
actly.

T
h
ey

w
ere

m
ore

accu
rate

b
ecau

se
th

ey
w

ere
m

ore
w

illin
g

to
rely

o
n

th
e

m
o
d
el.

T
h
is

fi
n
d
in

g
h
as

im
m

ed
iate

im
p
lication

s
ab

ou
t

w
h
ich

strategies
m

igh
t

h
elp

gain
u
ser

tru
st

in
m

a
ch

in
e

learn
in

g
m

o
d
els.

In
p
articu

lar,
u
sers

m
igh

t
b

e
m

ore
w

illin
g

to
tru

st
a

m
o
d
el

if
th

ey
h
ave

th
e

ab
ility

to
in

terven
e.

E
v
en

if
th

is
h
u
m

an
in

terven
tion

lead
s

to
a

w
orse

p
red

iction
,

a
llow

in
g

th
e

in
terven

tion
m

ay
still

b
e

b
en

efi
cial

b
eca

u
se

th
e

u
ser

w
ill

b
e

m
ore

likely
to

u
se

th
e

m
o
d
el

in
th

e
fi
rst

p
lace.

It
is

n
a
tu

ra
l

to
im

agin
e

th
at

sim
ilar

id
eas

co
u
ld

b
e

ap
p
lied

to
stu

d
y

m
o
d
el

in
terp

retab
il-

ity.
A

s
o
n
e

very
recen

t
step

in
th

is
d
irection

,
P

ou
rsab

zi-S
an

gd
eh

et
al.

(2018)
ran

a
larg

e-
sca

le
h
u
m

a
n
-su

b
ject

ex
p

erim
en

t
on

M
ech

a
n
ica

l
T

u
rk

th
at

w
as

d
esign

ed
to

test
h
ow

tw
o

d
if-

feren
t

a
ttrib

u
tes

of
a

m
o
d
el

(th
e

n
u
m

b
er

of
featu

res
an

d
w

h
eth

er
th

e
d
etails

of
th

e
m

o
d
el

a
re

p
resen

ted
to

th
e

u
ser

or
th

e
m

o
d
el

is
p
resen

ted
as

a
b
lack

b
ox

)
im

p
act

eith
er

u
sers’

u
n
-

d
ersta

n
d
in

g
o
f

th
e

m
o
d
el

or
u
sers’

tru
st

in
th

e
m

o
d
el.

U
n
like

th
e

ex
p

erim
en

ts
d
escrib

ed
in

S
ectio

n
3
.2

,
in

w
h
ich

crow
d
w

orkers
w

ere
u
sed

to
evalu

ate
th

e
in

terp
retab

ility
of

on
e

sp
ecifi

c
m

o
d
el,

P
o
u
rsa

b
zi-S

an
gd

eh
et

al.
(2018)

tried
to

u
n
cov

er
h
ow

d
iff

eren
t

factors
of

a
m

o
d
el

in
fl
u
en

ce
d
iff

eren
t

asp
ects

of
in

terp
retab

ility
m

ore
b
roa

d
ly,

w
ith

th
e

goal
of

p
rov

id
in

g
gen

-
era

l
g
u
id

a
n
ce

o
n

h
ow

to
d
evelop

fu
tu

re
in

terp
retab

le
m

o
d
els.

5
.2

U
n
d
e
rsta

n
d
in
g
R
e
a
c
tio

n
s
to

A
d
s

In
tern

et
a
d
v
ertisin

g
is

a
h
u
ge

b
u
sin

ess.
R

even
u
es

from
in

tern
et

ad
vertisin

g
in

th
e

U
.S

.
alo

n
e

h
it

$
7
2
.5

b
illio

n
in

2016,
u
p

22%
from

th
e

p
rev

iou
s

y
ear. 1

4
N

atu
rally,

sign
ifi

can
t

eff
ort

is
d
evo

ted
to

d
ev

elop
in

g
an

d
op

tim
izin

g
m

ach
in

e
learn

in
g

algorith
m

s
for

o
n
lin

e
ad

vertisin
g,

esp
ecia

lly
in

in
d
u
stry.

N
ew

algorith
m

s
are

gen
erally

p
u
t

th
ro

u
gh

rigorou
s

A
-B

testin
g

b
efore

d
ep

loy
m

en
t

to
q
u
an

tify
an

d
m

easu
re

th
eir

im
p
act

w
h
en

ru
n

on
real

u
sers.

H
ow

ever,
o
n
e

m
ig

h
t

a
sk

w
h
eth

er
it

is
p

ossib
le

to
d
esign

b
etter

a
lgorith

m
s

u
sin

g
gen

eral
in

sigh
ts

ab
ou

t
h
u
m

a
n

b
eh

av
ior

th
at

tran
scen

d
an

y
on

e
p
articu

lar
algorith

m
.

G
o
ld

stein
et

al.
(2013;

2014)
set

ou
t

to
q
u
an

tify
th

e
im

p
act

of
“an

n
oy

in
g”

d
isp

lay
ad

s
o
n

u
ser

b
eh

av
ior,

u
n
d
er

th
e

h
y
p

oth
esis

th
at

w
eb

p
u
b
lish

ers
m

igh
t

b
e

losin
g

m
o
n
ey

an
d

d
riv

in
g

aw
ay

u
sers

b
y

d
isp

lay
in

g
an

n
oy

in
g

ad
s.

T
h
ey

d
esign

ed
a

tw
o-sta

ge
ex

p
erim

en
t

ru
n

o
n

M
ech

an
ical

T
u
rk

.
T

h
e

fi
rst

stag
e

w
as

d
esign

ed
to

id
en

tify
ex

am
p
les

of
“go

o
d
”

an
d

“
b
a
d
”

ad
s.

T
o

d
o

th
is,

th
ey

p
resen

ted
crow

d
w

ork
ers

w
ith

overlap
p
in

g
sets

of
d
isp

lay
ad

s
a
n
d

a
sked

fo
r

ju
d
gm

en
ts

of
h
ow

an
n
oy

in
g

th
e

ad
s

w
ere,

a
stan

d
ard

d
ata

lab
elin

g
task

as
d
iscu

ssed
in

S
ection

2.1.
B

y
aggrega

tin
g

th
ese

ju
d
gm

en
ts

across
w

orkers,
th

ey
p
ro

d
u
ced

lists
o
f

th
e

m
o
st

an
d

least
an

n
oy

in
g

b
an

n
er

ad
s.

In
th

e
seco

n
d

stage,
G

old
stein

et
al.

(2013;
2014

)
ran

a
b

eh
av

ioral
ex

p
erim

en
t

aim
ed

at
estim

a
tin

g
h
ow

m
u
ch

m
on

etary
valu

e
w

eb
u
sers

get
from

n
ot

b
ein

g
su

b
jected

to
a
n
n
oy

in
g

a
d
s.

T
h
ey

p
o
sted

an
oth

er
M

ech
an

ical
T

u
rk

task
in

w
h
ich

w
ork

ers
w

ere
asked

to
lab

el
em

ails
fro

m
th

e
E

n
ron

em
ail

d
atab

ase
as

eith
er

sp
am

or
n
ot

sp
am

.
W

orkers
w

ere
ran

d
om

ly
a
ssig

n
ed

to
d
iff

eren
t

ex
p

erim
en

tal
con

d
ition

s.
S
om

e
w

orkers
saw

go
o
d

ad
s

(as
d
eterm

in
ed

in
sta

g
e

1
)

n
ex

t
to

each
em

ail,
w

h
ile

oth
ers

saw
b
ad

,
an

n
oy

in
g

ad
s.

A
th

ird
grou

p
saw

n
o

a
d
s

a
t

a
ll.

T
h
e

research
ers

also
ran

d
om

ly
varied

h
ow

m
u
ch

u
sers

w
ere

p
aid

for
lab

elin
g

ea
ch

em
a
il.

W
ork

ers
w

ere
free

to
lab

el
as

m
an

y
em

ails
as

th
ey

w
an

ted
.

B
y

com
p
arin

g
th

e
n
u
m

b
er

o
f

em
ails

th
at

w
orkers

ch
ose

to
cla

ssify
in

each
ex

p
erim

en
tal

con
d
ition

,
th

e

1
4
.
h
t
t
p
s
:
/
/
r
e
a
d
.
b
i
/
2
K
s
0
S
t
R
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V
a
u
g
h
a
n

research
ers

p
ro

d
u
ced

an
estim

ate
of

th
e

am
ou

n
t

of
ex

tra
m

on
ey

it
w

ou
ld

b
e

n
ecessary

to
p
ay

w
orkers

w
h
o

w
ere

ex
p

osed
to

b
ad

ad
s

in
ord

er
to

get
th

em
to

p
erform

th
e

sam
e

n
u
m

b
er

of
em

ail
classifi

cation
task

s
as

th
ose

ex
p

osed
to

g
o
o
d

ad
s

or
n
o

ad
s

at
a
ll.

F
rom

th
at,

th
ey

w
ere

ab
le

to
m

easu
re

p
eop

le’s
an

n
oyan

ce
at

b
ad

ad
s.

T
h
ey

fou
n
d

th
at

p
eop

le
w

ere
w

illin
g

to
classify

alm
ost

as
m

an
y

em
ails

w
h
en

sh
ow

n
go

o
d

ad
s

com
p
ared

w
ith

n
o

ad
s

at
all,

su
ggestin

g
th

at
d
isp

lay
in

g
go

o
d

ad
s

d
o
es

n
ot

h
u
rt

p
u
b
lish

ers.
T

h
e

sam
e

w
as

n
ot

tru
e

for
an

n
oy

in
g

ad
s.

T
h
e

research
ers

estim
ated

th
at

th
ey

w
ou

ld
h
ave

to
p
ay

ap
p
rox

im
ately

$1
ex

tra
to

gen
erate

1000
v
iew

s
u
sin

g
a

b
ad

ad
com

p
ared

w
ith

a
go

o
d

ad
or

n
o

ad
.

T
h
is

is
a

sign
ifi

can
t

am
ou

n
t

as
a

ty
p
ical

b
an

n
er

ad
m

igh
t

cost
$1-

$5
p

er
1000

v
iew

s.
In

oth
er

w
ord

s,
p
u
b
lish

ers
m

ay
very

w
ell

b
e

losin
g

m
on

ey
b
y

d
isp

lay
in

g
an

n
oy

in
g

ad
s

u
n
less

th
ey

ch
arge

sign
ifi

can
tly

m
ore

p
er

v
iew

.

W
h
ile

th
ere

are
som

e
lim

itation
s

to
th

e
ap

p
lica

b
ility

of
th

ese
resu

lts
(for

ex
am

p
le,

it
is

p
lau

sib
le

th
at

p
eop

le
react

d
iff

eren
tly

to
ad

s
w

h
en

p
erform

in
g

classifi
catio

n
task

s
th

an
th

ey
w

ou
ld

w
h
en

b
row

sin
g

th
e

n
ew

s),
it

is
a

valu
ab

le
step

tow
ard

s
a

m
o
d
el

of
u
ser

reaction
s

to
an

n
oy

in
g

ad
s.

It
is

easy
to

im
agin

e
th

at
su

ch
a

m
o
d
el

w
ou

ld
p
rove

u
sefu

l
w

h
en

d
esign

in
g

m
ach

in
e

learn
in

g
algorith

m
s

for
p
ricin

g
a
n
d

d
isp

lay
in

g
b
an

n
er

ad
s.

6
.
U
n
d
e
rsta

n
d
in
g
th

e
C
ro
w
d

In
th

e
p
rev

iou
s

section
,

w
e

argu
ed

th
at

crow
d
sou

rced
stu

d
ies

of
h
u
m

an
b

eh
av

ior
can

b
e

valu
ab

le
for

u
n
d
erstan

d
in

g
h
ow

lay
p

eop
le

in
teract

w
ith

m
ach

in
e

learn
in

g
sy

stem
s.

In
th

is
section

,
w

e
argu

e
th

at
su

ch
stu

d
ies

are
also

u
sefu

l
for

u
n
d
erstan

d
in

g
th

e
b

eh
av

ior
of

th
e

crow
d

itself.
T

h
is

u
n
d
erstan

d
in

g
h
elp

s
u
s

b
etter

m
o
d
el

th
e

crow
d

an
d

allow
s

u
s

to
d
efi

n
e

con
crete

recom
m

en
d
ation

s
of

b
est

p
ra

ctices
th

at
ca

n
b

e
p
u
t

to
u
se

w
h
eth

er
u
sin

g
th

e
crow

d
for

d
ata

gen
eration

,
m

o
d
el

evalu
ation

,
h
y
b
rid

in
telligen

ce
sy

stem
s,

b
eh

av
ioral

research
,

or
an

y
oth

er
p
u
rp

ose.

T
h
e

stu
d
ies

d
escrib

ed
in

th
is

section
h
elp

u
s

u
n
d
erstan

d
h
ow

real
crow

d
w

orkers
resp

on
d

to
in

cen
tives,

y
ield

in
g

im
m

ed
iately

ap
p
licab

le
gu

id
elin

es
for

settin
g

p
ay

m
en

ts
in

ad
d
ition

to
m

ore
accu

rate
w

ay
s

of
m

o
d
elin

g
crow

d
b

eh
av

ior
in

th
eoretical

w
ork

on
in

cen
tive

d
esign

.
T

h
ey

tell
u
s

h
ow

to
m

ost
eff

ectiv
ely

gam
ify

crow
d
w

ork
an

d
p
rov

id
e

oth
er

sou
rces

of
in

trin
-

sic
m

otivation
for

w
orkers.

T
h
ey

h
elp

u
s

get
a

grip
on

th
e

q
u
estion

of
h
ow

w
id

esp
read

d
is-

h
on

esty
is

on
crow

d
sou

rcin
g

p
latform

s,
an

d
h
ow

d
ish

on
est

b
eh

av
ior

can
b

e
m

itigated
.

A
n
d

th
ey

sh
ow

u
s

th
at

crow
d
w

orkers
are

n
ot

in
d
ep

en
d
en

t
an

d
isolated

w
orkers,

b
u
t

h
av

e
a

rich
so

cial
n
etw

ork
.

6
.1

C
ro

w
d
w
o
rk

e
r
D
e
m
o
g
ra

p
h
ic
s

O
ver

th
e

years
th

ere
h
av

e
b

een
several

stu
d
ies

p
u
b
lish

ed
th

at
ex

am
in

e
th

e
d
em

ograp
h
ics

of
w

orkers
on

M
ech

an
ical

T
u
rk

.
W

e
m

en
tion

on
ly

a
few

key
statistics

th
a
t

h
elp

p
ain

t
a

p
ictu

re
of

th
e

w
orker

p
o
o
l.

T
h
ese

are
b
ased

on
a

N
ovem

b
er

2016
sn

ap
sh

ot
from

M
T

u
rk

T
rack

er, 1
5

a
p
ro

ject
aim

ed
a
t

track
in

g
th

e
d
em

ograp
h
ics

of
M

ech
an

ical
T

u
rk

over
tim

e
b
y

con
tin

u
ally

releasin
g

task
s

con
tain

in
g

d
em

ograp
h
ic

su
rv

ey
s

on
M

ech
an

ical
T

u
rk

to
ob

tain
u
p
-to-d

ate
in

form
ation

ab
ou

t
w

ork
ers

(D
ifallah

et
al.,

2015
).

1
5
.
h
t
t
p
:
/
/
w
w
w
.
b
e
h
i
n
d
-
t
h
e
-
e
n
e
m
y
-
l
i
n
e
s
.
c
o
m
/
2
0
1
5
/
0
4
/
d
e
m
o
g
r
a
p
h
i
c
s
-
o
f
-
m
e
c
h
a
n
i
c
a
l
-
t
u
r
k
-
n
o
w
.
h
t
m
l

2
0
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

T
h
es

e
st

at
is

ti
cs

sh
ou

ld
b

e
ta

ke
n

w
it

h
a

gr
ai

n
of

sa
lt

fo
r

se
ve

ra
l

re
as

o
n
s.

F
ir

st
,

w
or

ke
r

d
em

og
ra

p
h
ic

s
ch

an
ge

ov
er

ti
m

e.
F

or
ex

am
p
le

,
th

er
e

is
ev

id
en

ce
th

at
th

e
w

or
k
er

p
o
ol

on
M

ec
h
an

ic
al

T
u
rk

is
sh

if
ti

n
g

to
b

e
m

or
e

h
ea

v
il
y

co
m

p
os

ed
of

A
m

er
ic

a
n

w
or

ke
rs

d
u
e

to
ch

an
ge

s
in

A
m

az
on

’s
ru

le
s

an
d

re
gu

la
ti

on
s

(S
il
b

er
m

an
et

al
.,

20
15

).
S
ec

on
d
,

n
ot

al
l

w
or

k
er

s
on

M
ec

h
an

ic
al

T
u
rk

ch
o
os

e
to

w
or

k
on

su
rv

ey
s,

so
th

es
e

st
at

is
ti

cs
p

er
h
ap

s
b

et
te

r
re

fl
ec

t
th

e
p

op
u
la

ti
on

of
w

or
ke

rs
w

h
o

d
o

su
rv

ey
w

or
k
.

T
h
at

sa
id

,
th

es
e

d
em

og
ra

p
h
ic

s
ar

e
m

or
e

or
le

ss
in

li
n
e
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in
cl

u
d
e

d
et

ai
le

d
d
is

cu
ss

io
n
s

of
b

es
t

p
ra

ct
ic

es
th

a
t

ca
n

b
e

fo
ll
ow

ed
to

m
it

ig
at

e
d
is

h
on

es
ty

in
p
re

sc
re

en
in

g
te

st
s.

O
n
e

re
co

m
m

en
d
a
ti

o
n

is
to

co
ll
ec

t
sc

re
en

in
g

d
at

a
as

p
ar

t
of

a
st

an
d
-a

lo
n
e

ta
sk

ah
ea

d
of

ti
m

e
an

d
ca

ll
b
a
ck

el
ig

ib
le

p
ar

ti
ci

p
an

ts
la

te
r.

A
s

an
al

te
rn

at
iv

e,
w

h
en

co
st

s
ar

e
n
ot

p
ro

h
ib

it
iv

e,
al

l
w

o
rk

er
s

ca
n

b
e

al
lo

w
ed

to
p

er
fo

rm
a

ta
sk

an
d

th
os

e
w

h
o

d
o

n
ot

m
ee

t
th

e
sc

re
en

in
g

cr
it

er
ia

ca
n

b
e

fi
lt

er
ed

ou
t

af
te

r
al

l
d
at

a
h
av

e
b

ee
n

co
ll
ec

te
d
.

A
ll

of
th

is
w

or
k

su
gg

es
ts

th
at

th
e

ra
te

of
d
is

h
on

es
t

b
eh

av
io

r
an

d
sp

am
d
ep

en
d
s

o
n

th
e

p
ar

ti
cu

la
r

ta
sk

an
d

th
e

m
ot

iv
at

io
n

to
li
e.

T
h
er

e
is

so
m

e
an

ec
d
ot

al
ev

id
en

ce
th

a
t

sp
a
m

m
er

s

22
JM

L
R

 1
8(

19
3)

:1
-4

6,
 2

01
8



M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

a
re

esp
ecia

lly
d
raw

n
to

su
rvey

s
(M

ason
an

d
S
u
ri,

2012)
a
n
d

m
u
ltip

le-ch
oice

q
u
estion

s
(R

ao
a
n
d

M
ich

el,
2
0
16)

sin
ce

th
ese

are
esp

ecially
easy

task
s

to
com

p
lete,

so
ra

tes
of

sp
am

m
ay

b
e

even
h
ig

h
er

on
th

ese
q
u
estion

s.

It
is

w
o
rth

n
otin

g
th

at
req

u
esters

on
crow

d
sou

rcin
g

p
latform

s
can

b
e

d
ish

on
est

or
oth

-
erw

ise
m

a
licio

u
s

to
o.

F
or

ex
am

p
le,

req
u
esters

m
ay

ask
w

orkers
to

create
so

cial
m

ed
ia

ac-
co

u
n
ts

to
p

o
st

sp
ecifi

c
con

ten
t

or
en

gage
in

oth
er

d
o
d
gy

In
tern

et
m

arketin
g

p
ractices.

It
fa

ct,
th

ere
a
re

n
ow

en
tire

crow
d
sou

rcin
g

p
latform

s
in

C
h
in

a
sp

ecifi
cally

d
evoted

to
th

ese
“
crow

d
tu

rfi
n
g
”

task
s

(W
an

g
et

al.,
2012a).

6
.3

M
o
n
e
ta

ry
In

c
e
n
tiv

e
s

O
n
e

o
f

th
e

fi
rst

q
u
estion

s
th

at
m

an
y

research
ers

h
ave

w
h
en

th
ey

d
ecid

e
to

in
corp

orate
crow

d
so

u
rcin

g
in

to
th

eir
w

ork
is

h
ow

m
u
ch

to
p
ay

p
er

task
.

W
h
en

crow
d
sou

rcin
g

fi
rst

b
eg

a
n

to
g
ain

p
op

u
larity

am
on

g
research

ers,
p
art

of
th

e
ap

p
eal

w
as

th
e

ab
ility

to
gen

erate
d
a
ta

o
r

ru
n

ex
p

erim
en

ts
ch

eap
ly.

F
or

ex
am

p
le,

S
n
ow

et
al.

(2008)
b

oasted
th

at
th

ey
w

ere
a
b
le

to
o
ff

er
w

orkers
$0.02

to
com

p
lete

a
set

of
30

an
n
otation

s,
ob

ta
in

in
g

1500
an

n
otation

s
p

er
d
o
llar.

H
ow

ever,
over

th
e

last
d
ecad

e,
th

e
v
iew

s
of

th
e

com
m

u
n
ity

h
ave

sh
ifted

as
th

e
eth

ics
o
f

crow
d
sou

rcin
g

h
ave

received
m

ore
atten

tion
(K

ittu
r

et
al.,

2013;
S
a
leh

i
et

al.,
2015;

S
ilb

erm
a
n

et
a
l.,

2010;
W

illiam
son

,
2016).

A
lth

ou
gh

crow
d
w

orkers
are

legally
con

sid
ered

co
n
tra

cto
rs,

m
a
k
in

g
m

in
im

u
m

w
age

law
s

in
ap

p
licab

le,
gu

id
elin

es
p
u
t

forth
b
y

th
e

D
y
n
am

o
p
ro

ject
1
6

(S
a
leh

i
et

al.,
2015)

recom
m

en
d

p
ay

in
g

th
e

eq
u
ivalen

t
of

th
e

cu
rren

t
U

.S
.

fed
eral

m
in

im
u
m

w
a
g
e

or
m

ore.
A

n
eff

ectiv
e

an
d

w
id

ely
u
sed

m
eth

o
d

of
settin

g
th

e
p
ay

m
en

t
for

a
ta

sk
is

to
fi
rst

estim
ate

th
e

tim
e

it
takes

to
com

p
lete

th
e

task
(for

ex
am

p
le,

b
y

a
sk

in
g

co
llea

g
u
es

o
r

stu
d
en

ts
to

try
ou

t
th

e
task

,
o
r

b
y

p
ostin

g
a

sm
all

test
b
atch

o
f

task
s)

an
d

th
en

u
se

th
a
t

estim
a
te

to
en

su
re

th
at

th
e

p
er-h

ou
r

p
ay

m
en

t
is

h
igh

er
th

an
U

.S
.

m
in

im
u
m

w
a
ge.

A
n
a
tu

ra
l

q
u
estion

is
w

h
eth

er
p
ay

in
g

h
igh

er
w

ages
in

creases
th

e
q
u
ality

of
w

ork
.

T
h
ere

is
ev

id
en

ce
th

a
t,

at
least

in
som

e
scen

arios,
th

e
a
n
sw

er
is

n
o.

S
everal

b
eh

av
ioral

stu
d
ies

ex
a
m

in
in

g
th

e
im

p
act

of
p
ay

m
en

ts
o
n

q
u
ality

fou
n
d

th
at

settin
g

h
igh

er
p
ay

m
en

ts
in

creased
th

e
q
u
a
n
tity

o
f

w
ork

th
at

crow
d
w

orkers
w

ere
w

illin
g

to
d
o,

b
u
t

n
ot

th
e

q
u
ality

(B
u
h
rm

ester
et

a
l.,

2
0
1
1
;

L
itm

an
et

al.,
2014;

M
ason

an
d

W
atts,

20
09;

R
ogstad

iu
s

et
al.,

2011).
M

a
so

n
a
n
d

W
a
tts

(2
0
0
9)

con
jectu

red
th

at
th

is
m

igh
t

b
e

d
u
e,

at
lea

st
in

p
art,

to
an

an
ch

orin
g

eff
ect:

w
o
rkers’

o
p
in

io
n
s

ab
ou

t
fair

p
ay

m
en

t
rates

are
an

ch
ored

b
y

th
e

p
ay

m
en

ts
th

ey
are

off
ered

.
In

on
e

o
f

th
eir

ex
p

erim
en

ts,
w

orkers
w

ere
ask

ed
to

sort
sets

o
f

im
ages

an
d

w
ere

ran
d
om

ly
a
ssig

n
ed

to
ex

p
erim

en
tal

con
d
ition

s
in

w
h
ich

th
ey

received
$0.01

p
er

task
,

$0.05
p

er
task

,
o
r

$
0
.1

0
p

er
ta

sk
resp

ectively.
(A

ll
task

s
w

ere
ad

v
ertised

at
a

rate
of

$
0.0

1
an

d
a
d
d
ition

al
p
ay

m
en

ts
w

ere
m

ad
e

v
ia

b
on

u
ses

to
avoid

selection
eff

ects.)
In

a
p

ost-h
o
c

su
rvey,

w
orkers

w
h
o

w
ere

p
a
id

$0.01
felt

th
ey

sh
ou

ld
h
av

e
received

$0.0
5

for
th

e
task

o
n

av
erage,

w
h
ile

w
o
rkers

w
h
o

w
ere

p
aid

$0.05
felt

th
ey

sh
ou

ld
h
ave

received
$0.08,

an
d

w
orkers

w
h
o

w
ere

p
a
id

$
0
.10

felt
th

ey
sh

ou
ld

h
ave

received
$0.13.

O
n

th
e

oth
er

h
an

d
,

tw
o

recen
t

stu
d
ies

h
ave

sh
ow

n
th

at
in

oth
er

scen
arios,

h
igh

er
p
ay

-
m

en
ts

d
o

in
crea

se
w

ork
q
u
ality

(H
o

et
al.,

2015;
Y

e
et

al.,
2017).

T
h
ere

are
sev

eral
p

ossib
le

rea
so

n
s

fo
r

th
is

d
iscrep

an
cy.

O
n
e

is
th

at
th

e
ty

p
e

of
task

b
ein

g
p

erform
ed

m
igh

t
im

p
act

th
e

eff
ectiven

ess
of

in
creased

p
ay

m
en

ts.
H

o
et

al.
(2015)

an
d

Y
e

et
al.

(2
017)

b
oth

u
sed

“eff
ort-

resp
o
n
sive

task
s”—

task
s

for
w

h
ich

w
o
rkers

are
ab

le
to

im
p
rove

th
eir

ou
tp

u
t

b
y

sp
en

d
in

g

1
6
.
h
t
t
p
:
/
/
w
i
k
i
.
w
e
a
r
e
d
y
n
a
m
o
.
o
r
g
/
i
n
d
e
x
.
p
h
p
/
G
u
i
d
e
l
i
n
e
s
_
f
o
r
_
A
c
a
d
e
m
i
c
_
R
e
q
u
e
s
t
e
r
s
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V
a
u
g
h
a
n

m
ore

tim
e

or
eff

ort—
in

th
eir

stu
d
ies,

w
h
ereas

th
e

stu
d
y

m
en

tion
ed

ab
ov

e
u
sed

a
task

th
at

w
as

fairly
easy

to
com

p
lete

w
ith

ou
t

m
u
ch

eff
ort.

M
ason

an
d

W
atts

(2009
)

d
id

u
se

an
eff

ort-
resp

on
sive

task
(solv

in
g

w
ord

p
u
zzles)

in
a

secon
d

stu
d
y,

b
u
t

fou
n
d

th
at

for
th

is
p
articu

-
lar

task
,

w
orker

q
u
ality

w
as

m
ore

correlated
w

ith
en

joy
m

en
t

of
w

ord
p
u
zzles

th
an

th
e

rate
of

p
ay

off
ered

,
an

argu
m

en
t

th
at

in
trin

sic
m

otivation
(th

e
top

ic
of

S
ection

6.4)
can

over-
p

ow
er

m
on

etary
in

cen
tives.

A
n
oth

er
p

ossib
ility

is
th

at
in

som
e

stu
d
ies,

p
ay

m
en

ts
w

ere
so

low
th

at
th

e
d
iff

eren
ces

b
etw

een
con

d
ition

s
w

ere
n
ot

salien
t.

B
u
h
rm

ester
et

al.
(2011)

of-
fered

eith
er

$0.02,
$0.10,

or
$0.50

for
u
p

to
30

m
in

u
tes

of
w

ork
,

w
h
ile

H
o

et
al.

(2015)
an

d
Y

e
et

al.
(2017)

aim
ed

to
p
ay

at
least

m
in

im
u
m

w
age

an
d

h
ad

la
rger

p
er-h

ou
r

gap
s

b
etw

een
p
ay

m
en

ts
in

d
iff

eren
t

ex
p

erim
en

tal
co

n
d
ition

s.

W
h
ile

th
is

research
is

som
ew

h
at

in
con

clu
sive,

it
d
o
es

ap
p

ear
th

at
p
ay

in
g

h
igh

er
w

ages
con

sisten
tly

in
creases

th
e

n
u
m

b
er

of
task

s
th

at
crow

d
w

orkers
are

w
illin

g
to

p
erform

an
d

th
erefore

sp
eed

s
u
p

th
e

rate
at

w
h
ich

a
req

u
ester’s

task
s

are
com

p
leted

.

A
n
oth

er
b

o
d
y

of
w

ork
is

aim
ed

at
an

sw
erin

g
th

e
q
u
estion

of
w

h
eth

er
th

e
q
u
ality

of
crow

d
w

ork
can

b
e

im
p
roved

th
rou

gh
th

e
u
se

of
p

erform
an

ce-b
ased

p
ay

m
en

ts,
p
ay

m
en

t
sch

em
es

th
at

ex
p
licitly

rew
ard

crow
d
w

orkers
for

h
igh

er
q
u
a
lity

w
ork

(H
arris,

2011;
H

o
et

al.,
2015;

S
h
aw

et
al.,

2011;
Y

in
et

al.,
2013,

2014).
W

h
ile

in
th

eory,
su

ch
p
ay

m
en

t
sch

em
es

cou
ld

b
e

arb
itrarily

com
p
lex

(H
o

et
al.,

2016),
in

p
ractice

th
ey

are
gen

erally
im

p
lem

en
ted

in
th

e
form

of
a

b
on

u
s

p
ay

m
en

t
aw

ard
ed

for
ex

ceed
in

g
a

p
articu

lar
q
u
ality

th
resh

old
.

B
on

u
s

p
ay

m
en

ts
of

th
is

form
are

com
m

on
on

M
ech

an
ical

T
u
rk

.

H
ere,

to
o,

resu
lts

h
ave

b
een

m
ix

ed
.

H
arris

(2011)
a
sked

w
orkers

to
evalu

ate
th

e
rele-

van
ce

of
resu

m
es

an
d

fou
n
d

th
at

p
erfo

rm
an

ce-b
ased

p
ay

m
en

ts
in

creased
b

oth
q
u
ality

a
n
d

th
e

am
ou

n
t

of
tim

e
th

at
w

orkers
sp

en
t

on
th

e
task

.
O

n
th

e
oth

er
h
an

d
,

S
h
aw

et
al.

(2011)
com

p
ared

fou
rteen

in
cen

tiv
es

sch
em

es,
in

clu
d
in

g
fou

r
th

a
t

in
v
olved

p
erform

a
n
ce-b

ased
p
ay

-
m

en
ts,

an
d

d
id

n
ot

fi
n
d

sign
ifi

can
t

in
creases

in
q
u
ality,

an
d

Y
in

et
a
l.

(2013)
va

ried
th

e
b

on
u
s

sizes
off

ered
to

w
orkers

an
d

fou
n
d

n
o

sign
ifi

can
t

d
iff

eren
ce

in
q
u
a
lity

b
etw

een
ex

p
er-

im
en

tal
con

d
ition

s.

T
h
e

m
ost

com
p
reh

en
sive

ex
p

erim
en

tal
stu

d
y

of
p

erform
an

ce-b
ased

p
ay

m
en

ts
w

as
p

er-
form

ed
b
y

H
o

et
al.

(2015).
T

h
ey

sh
ow

ed
th

at
p

erform
an

ce-b
ased

p
ay

m
en

ts
can

im
p
rove

q
u
ality

for
p
articu

lar
task

s
(again

,
th

ose
th

at
are

eff
ort-resp

on
sive).

T
h
ey

fou
n
d

th
at

th
e

eff
ectiven

ess
of

p
erform

an
ce-b

ased
p
ay

m
en

ts
is

n
ot

h
eav

ily
d
ep

en
d
en

t
o
n

th
e

p
recise

q
u
ality

th
resh

old
ch

osen
.

T
h
ey

also
tested

h
ow

sen
sitive

th
eir

resu
lts

w
ere

to
th

e
size

of
th

e
b

on
u
s

off
ered

an
d

fou
n
d

th
at

as
lon

g
as

th
e

b
on

u
s

off
ered

w
as

b
ig

en
ou

gh
,

q
u
ality

im
p
roved

.
O

f-
ferin

g
a

very
sm

all
b

on
u
s

(say,
$0.05

on
a

$0.50
b
ase

p
ay

m
en

t)
actu

ally
led

to
a

sm
all

ap
-

p
aren

t
d
ecrease

in
p

erform
an

ce,
th

o
u
gh

th
is

d
ecrease

is
n
ot

statistically
sign

ifi
can

t.
T

h
is

m
ay

ex
p
lain

th
e

n
egativ

e
resu

lts
of

S
h
aw

et
al.

(2011),
sin

ce
th

eir
b

on
u
s

p
ay

m
en

ts
w

ere
very

sm
all

($0.03
on

a
b
ase

p
ay

m
en

t
of

$0.30).
It

m
ay

also
ex

p
lain

th
e

resu
lts

of
Y

in
et

al.
(2013),

w
h
o

con
sid

ered
on

ly
b

on
u
ses

th
at

w
ere

relatively
large

com
p
ared

w
ith

th
e

b
ase,

a
regim

e
in

w
h
ich

H
o

et
al.

(2015)
also

saw
n
o

statistically
sign

ifi
can

t
d
iff

eren
ces

in
q
u
ality

w
h
en

vary
in

g
th

e
b

on
u
s

size.

It
is

n
ot

alw
ay

s
im

m
ed

iately
ap

p
aren

t
w

h
eth

er
or

n
ot

a
task

is
eff

ort-resp
on
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u
rc

in
g

p
la

tf
or

m
s.

T
h
ro

u
gh

ex
te

n
si

v
e

et
h
n
o
g
ra

p
h
ic

fi
el

d
w

or
k

an
d

in
-p

er
so

n
in

te
rv

ie
w

s
w

it
h

11
8

cr
ow

d
w

or
ke

rs
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d
ia

,
th

e
re

se
a
rc

h
er

s
u
n
co

v
-
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

ered
th

ree
co

m
m

on
categories

of
com

m
u
n
ication

am
on

g
w

ork
ers.

F
irst,

w
orkers

h
elp

each
o
th

er
w

ith
a
d
m

in
istrativ

e
overh

ead
in

ord
er

to
red

u
ce

th
eir

costs.
F

or
ex

am
p
le,

a
crow

d
-

w
o
rker

m
ig

h
t

seek
h
elp

fi
gu

rin
g

ou
t

h
ow

to
receiv

e
h
er

p
ay

m
en

ts
from

a
crow

d
sou

rcin
g

p
lat-

fo
rm

,
w

h
ich

can
b

e
n
on

triv
ial

for
In

d
ian

w
orkers.

S
econ

d
,

crow
d
w

orkers
sh

are
in

form
ation

a
b

o
u
t

g
o
o
d

ta
sk

s
an

d
rep

u
tab

le
(or

irrep
u
tab

le)
task

req
u
esters.

T
h
ird

,
crow

d
w

ork
ers

h
elp

ea
ch

o
th

er
co

m
p
lete

sp
ecifi

c
task

s.
M

ore
gen

erally,
crow

d
w

orkers
seek

each
oth

er
ou

t
to

recrea
te

th
e

so
cial

con
n
ection

s
an

d
su

p
p

ort
stru

ctu
res

th
at

are
com

m
on

in
m

ost
trad

ition
al

jo
b
s

b
u
t

m
issin

g
from

crow
d
w

ork
.

T
h
is

id
ea

th
at

crow
d
w

ork
ers

com
m

u
n
icate

an
d

collab
o-

ra
te

w
ith

ea
ch

oth
er

is
su

p
p

orted
b
y

th
e

w
ork

of
G

u
p
ta

et
a
l.

(2014),
w

h
o

also
con

d
u
cted

in
terv

iew
s

o
f

crow
d
w

orkers
in

In
d
ia.

T
h
is

lin
e

o
f

w
ork

su
ggests

th
at

crow
d
w

orkers
are

n
ot

in
d
ep

en
d
en

t,
b
u
t

ra
th

er
th

at
th

ere
is

a
h
id

d
en

com
m

u
n
ication

n
etw

ork
am

on
g

w
orkers.

Y
in

et
al.

(2016)
attem

p
ted

to
q
u
an

-
tify

a
n
d

m
a
p

th
e

h
id

d
en

n
etw

ork
of

w
orkers

on
M

ech
an

ical
T

u
rk

in
ord

er
to

b
etter

u
n
d
er-

sta
n
d

its
sca

le
a
n
d

stru
ctu

re
as

w
ell

as
h
ow

is
it

u
sed

.
T

o
d
o

th
is,

th
e

research
ers

d
esign

ed
a
n
d

la
u
n
ch

ed
a

task
on

M
ech

an
ical

T
u
rk

.
W

h
en

a
w

orker
accep

ted
th

e
task

,
sh

e
w

as
fi
rst

a
sked

to
crea

te
a

n
ick

n
am

e
for

h
erself.

S
h
e

th
en

fi
lled

o
u
t

a
b
rief

d
em

ograp
h
ic

su
rvey

an
d

w
a
s

a
sked

to
a
n
sw

er
tw

o
free-form

q
u
estion

s
ab

ou
t

h
er

ex
p

erien
ces

on
M

ech
an

ical
T

u
rk

:
w

h
y

sh
e

sta
rted

T
u
rk

in
g

an
d

w
h
at

m
otivated

h
er

to
keep

T
u
rk

in
g.

(T
h
ese

q
u
estion

s
w

ere
selected

b
ased

on
th

e
resu

lts
of

a
p
ilot

stu
d
y

in
w

h
ich

crow
d
w

ork
ers

w
ere

asked
w

h
at

th
ey

m
ost

w
a
n
ted

to
k
n
ow

ab
ou

t
oth

er
crow

d
w

orkers,
w

ith
th

e
goal

of
gen

eratin
g

in
terestin

g
q
u
estio

n
s.)

T
h
e

w
orker

w
as

th
en

asked
to

p
au

se
an

d
sw

ap
n
ick

n
am

es
w

ith
oth

er
w

orkers
sh

e
k
n
ow

s
w

h
o

h
ad

alread
y

com
p
leted

th
e

task
or

m
igh

t
b

e
in

terested
in

com
p
letin

g
it.

If
sh

e
en

tered
a
n
o
th

er
w

orker’s
n
ick

n
am

e,
sh

e
w

as
asked

severa
l

q
u
estion

s
ab

ou
t

th
eir

com
-

m
u
n
ica

tio
n

p
a
ttern

s,
an

d
an

ed
ge

w
as

created
b

etw
een

th
em

in
th

e
n
etw

ork
.

F
in

ally,
th

e
w

o
rker

w
as

g
iven

th
e

ch
an

ce
to

ex
p
lore

th
e

p
artially

con
stru

cted
n
etw

o
rk

,
v
iew

in
g

b
asic

in
fo

rm
a
tio

n
on

all
w

orkers
(in

clu
d
in

g
th

eir
an

sw
ers

to
th

e
tw

o
free-form

q
u
estion

s
ab

ove),
a
n
d

m
o
re

ex
ten

sive
in

form
ation

ab
ou

t
th

ose
w

orkers
w

ith
w

h
om

sh
e

h
ad

ex
ch

a
n
ged

n
ick

-
n
a
m

es.
S
h
e

w
a
s

also
giv

en
a

p
erson

alized
lin

k
sh

e
cou

ld
u
se

to
retu

rn
to

th
e

n
etw

o
rk

later
a
n
d

a
d
d

m
o
re

con
n
ection

s.

T
h
e

resu
ltin

g
com

m
u
n
ication

n
etw

ork
is

sh
ow

n
in

F
igu

re
3.

O
ver

a
p

erio
d

of
several

w
eek

s,
1
0
,35

4
w

orkers
com

p
leted

th
e

task
.

(S
tew

art
et

al.
2015

estim
a
ted

th
e

n
u
m

b
er

o
f

a
ctive

w
o
rkers

on
M

ech
an

ical
T

u
rk

to
b

e
on

ly
7,300,

so
it

is
lik

ely
th

at
th

is
task

w
as

co
m

p
leted

b
y

a
large

fraction
of

activ
e

w
orkers,

m
itigatin

g
p

oten
tial

issu
es

w
ith

sam
p
le

b
ia

s.)
T

h
ese

1
0,354

w
ork

ers
rep

orted
a

total
of

5,268
con

n
ection

s.
S
in

ce
w

ork
ers

w
ere

n
ot

fi
n
a
n
cia

lly
in

cen
tiv

ized
to

ad
d

con
n
ection

s,
th

is
n
u
m

b
er

is
p
rob

ab
ly

an
u
n
d
erestim

ate
of

th
e

tru
e

n
u
m

b
er

of
con

n
ected

p
airs.

R
ou

gh
ly

13
%

of
w

orkers
w

ere
con

n
ected

to
at

lea
st

o
n
e

o
th

er
w

o
rker.

O
n

average
th

ese
w

orkers
h
ad

7.6
con

n
ection

s,
an

d
th

e
m

ax
im

u
m

d
egree

o
f

a
n
y

w
o
rker

w
as

321.
T

h
e

largest
con

n
ected

com
p

on
en

t
con

tain
ed

994
w

o
rkers,

or
ab

o
u
t

7
2
%

o
f

con
n
ected

w
orkers.

W
h
ile

m
a
n
y

d
iff

eren
t

m
eth

o
d
s

of
com

m
u
n
icatin

g
w

ere
rep

orted
,

b
y

far
th

e
m

ost
com

-
m

on
w

a
s

th
ro

u
gh

on
lin

e
foru

m
s.

In
fact,

90%
of

all
ed

ges
w

ere
b

etw
een

p
airs

o
f

w
orkers

w
h
o

co
m

m
u
n
icate

v
ia

foru
m

s.
T

h
is

fi
n
d
in

g
is

in
lin

e
w

ith
o
th

er
w

ork
th

at
ex

am
in

ed
th

e
im

p
o
rta

n
t

ro
le

th
at

foru
m

s
p
lay

in
crow

d
sou

rcin
g

(M
artin

et
al.,

2014).
D

iff
eren

t
on

lin
e

fo-
ru

m
s

crea
te

d
iff

eren
t

b
u
t

overlap
p
in

g
su

b
com

m
u
n
ities

in
th

e
n
etw

ork
,

as
illu

strated
in

F
ig-

u
re

4
.

T
h
e

research
ers’

an
aly

sis
sh

ow
ed

th
at

th
ese

su
b

com
m

u
n
ities

d
iff

er
in

term
s

of
top

o-
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V
a
u
g
h
a
n

F
igu

re
3:

T
h
e

com
m

u
n
ication

n
etw

ork
am

on
g

A
m

azon
M

ech
an

ical
T

u
rk

w
ork

ers.
Im

age
origin

ally
ap

p
eared

in
Y

in
et

al.
(2

016).

logical
stru

ctu
re,

d
y
n
am

ics,
an

d
th

e
con

ten
t

of
com

m
u
n
ication

,
w

ith
som

e
actin

g
m

ore
as

so
cial

com
m

u
n
ities

an
d

oth
ers

m
ore

like
b
ro

ad
castin

g
p
latform

s.

A
lth

ou
gh

it
is

im
p

ossib
le

to
estab

lish
cau

sal
claim

s
on

th
e

b
asis

of
th

eir
stu

d
y,

Y
in

et
al.

(2016)
d
id

fi
n
d

correlation
s

b
etw

een
a

w
orker’s

con
n
ectiv

ity
an

d
d
iff

eren
t

m
easu

res
of

su
ccess

on
M

ech
an

ical
T

u
rk

.
In

p
articu

lar,
th

ey
fou

n
d

th
at

con
n
ected

w
orkers

ten
d
ed

to
fi
n
d

th
eir

task
faster,

w
ere

m
ore

likely
to

h
ave

b
een

active
on

M
ech

an
ical

T
u
rk

lon
g
er,

w
ere

m
ore

lik
ely

to
h
av

e
ach

iev
ed

M
ech

an
ical

T
u
rk

’s
“M

aster”
q
u
alifi

cation
,

an
d

h
ad

a
h
igh

er
ap

p
roval

rate
on

average.

T
h
e

h
igh

lev
el

of
com

m
u
n
ication

am
on

g
crow

d
w

orkers
an

d
w

id
esp

read
u
se

of
foru

m
s

h
ave

several
im

m
ed

iate
im

p
lication

s
for

research
ers.

F
irst,

research
ers

sh
ou

ld
keep

in
m

in
d

th
at

th
e

set
of

crow
d
w

orkers
w

h
o

ch
o
ose

to
d
o

a
task

m
ay

n
ot

b
e

an
in

d
ep

en
d
en

t
sam

p
le

of
th

e
w

ork
er

p
o
ol

sin
ce

w
orkers

often
sh

are
go

o
d

task
s.

S
econ

d
,
it

can
b

e
in

a
research

er’s
b

est

2
8
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

(a
)

R
ed

d
it

H
W

T
F

(b
)

M
T

u
rk

G
ri

n
d

(c
)

T
u
rk

er
N

at
io

n

(d
)

F
ac

eb
o
ok

(e
)

M
T

u
rk

F
or

u
m

F
ig

u
re

4:
S
u
b
n
et

w
or

k
s

fo
r

R
ed

d
it

H
W

T
F

(m
ag

en
ta

),
M

T
u
rk

G
ri

n
d

(r
ed

),
T

u
rk

er
N

at
io

n
(g

re
en

),
F

ac
eb

o
ok

(b
lu

e)
,

an
d

M
T

u
rk

F
or

u
m

(b
la

ck
).

Im
ag

es
or

ig
in

al
ly

ap
p

ea
re

d
in

Y
in

et
al

.
(2

01
6)

.

in
te

re
st

to
m

on
it

or
p

op
u
la

r
fo

ru
m

s
su

ch
as

T
u
rk

er
N

at
io

n
1
9
,

M
T

u
rk

F
or

u
m

2
0
,

an
d

R
ed

d
it

H
IT

s
W

or
th

T
u
rk

in
g

F
or

2
1

w
h
il
e

th
ei

r
ta

sk
s

a
re

ru
n
n
in

g
to

b
e

aw
ar

e
of

an
y

p
ot

en
ti

al
is

su
es

th
at

w
or

k
er

s
ar

e
d
is

cu
ss

in
g.

7
.
D
is
cu

ss
io
n
a
n
d
A
d
d
it
io
n
a
l
B
e
st

P
ra

ct
ic
e
s

W
e

h
av

e
ex

p
lo

re
d

ex
am

p
le

s
of

fo
u
r

d
iff

er
en

t
w

ay
s

in
w

h
ic

h
m

ac
h
in

e
le

ar
n
in

g
re

se
ar

ch
er

s
ca

n
p
u
t

cr
ow

d
so

u
rc

in
g

to
u
se

in
th

ei
r

ow
n

re
se

ar
ch

:
to

ge
n
er

at
e

d
at

a,
to

ev
al

u
at

e
an

d
d
eb

u
g

m
o
d
el

s,
to

b
u
il
d

h
y
b
ri

d
in

te
ll
ig

en
ce

sy
st

em
s,

an
d

to
ru

n
b

eh
av

io
ra

l
ex

p
er

im
en

ts
th

at
in

fo
rm

th
e

d
es

ig
n

of
fu

tu
re

m
ac

h
in

e
le

ar
n
in

g
sy

st
em

s.
W

e
h
av

e
al

so
re

v
ie

w
ed

th
e

re
su

lt
s

of
a

va
ri

et
y

of
b

eh
av

io
ra

l
an

d
u
se

r
st

u
d
ie

s
ai

m
ed

at
u
n
d
er

st
an

d
in

g
th

e
cr

ow
d

an
d

h
av

e
d
is

cu
ss

ed
th

e
im

p
li
ca

ti
on

s
of

th
es

e
st

u
d
ie

s
fo

r
re

se
ar

ch
er

s
w

h
o

u
se

cr
ow

d
so

u
rc

in
g

in
th

ei
r

ow
n

re
se

ar
ch

.

W
e

co
n
cl

u
d
e

th
is

su
rv

ey
w

it
h

a
d
is

cu
ss

io
n

of
ad

d
it

io
n
al

cr
ow

d
so

u
rc

in
g

b
es

t
p
ra

ct
ic

es
th

at
ar

e
ra

re
ly

m
en

ti
on

ed
in

th
e

li
te

ra
tu

re
,

d
es

p
it

e
th

ei
r

im
p

or
ta

n
ce

to
th

e
su

cc
es

s
of

a
p
ro

je
ct

.

1
9
.
h
t
t
p
:
/
/
t
u
r
k
e
r
n
a
t
i
o
n
.
c
o
m

2
0
.
h
t
t
p
:
/
/
w
w
w
.
m
t
u
r
k
f
o
r
u
m
.
c
o
m

2
1
.
h
t
t
p
s
:
/
/
w
w
w
.
r
e
d
d
i
t
.
c
o
m
/
r
/
H
I
T
s
W
o
r
t
h
T
u
r
k
i
n
g
F
o
r
/

2
9
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 2
01

8

V
a
u
g
h
a
n

7
.1

M
a
in
ta

in
a
G
o
o
d

R
e
la
ti
o
n
sh

ip
W

it
h

C
ro

w
d
w
o
rk

e
rs

T
h
er

e
ar

e
se

ve
ra

l
re

as
on

s
w

h
y

it
ca

n
b

e
va

lu
ab

le
fo

r
a

re
se

ar
ch

er
to

b
u
il
d

a
re

la
ti

o
n
sh

ip
w

it
h

th
e

co
m

m
u
n
it

y
of

cr
ow

d
w

or
ke

rs
an

d
m

ai
n
ta

in
a

go
o
d

re
p
u
ta

ti
on

am
on

g
th

em
.

A
s

d
is

cu
ss

ed
in

S
ec

ti
on

6.
5,

w
or

ke
rs

sh
ar

e
in

fo
rm

at
io

n
ab

ou
t

b
ot

h
ta

sk
s

an
d

re
q
u
es

te
rs

am
o
n
g

th
em

se
lv

es
,

es
p

ec
ia

ll
y

th
ro

u
gh

fo
ru

m
s.

W
or

k
er

s
w

il
l
b

e
d
is

co
u
ra

ge
d

fr
om

ac
ce

p
ti

n
g

a
ta

sk
if

o
th

er
w

o
rk

-
er

s
h
av

e
co

m
p
la

in
ed

ab
ou

t
b
u
gs

,
sl

ow
p
ay

m
en

ts
,

or
ot

h
er

is
su

es
.

E
x
p

er
ie

n
ce

d
M

ec
h
a
n
ic

a
l

T
u
rk

w
or

ke
rs

al
so

co
m

m
on

ly
u
se

to
ol

s
li
ke

T
u
rk

O
p
ti

co
n
2
2

th
at

al
lo

w
th

em
to

v
ie

w
re

q
u
es

te
r

ra
ti

n
gs
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k
,

an
d

L
lo

y
d

A
.

D
aw

e.
T

h
e

p
er

ce
iv

ed
u
ti

li
ty

of
h
u
m

an
an

d
au

to
m

at
ed

ai
d
s

in
a

v
is

u
al

d
et

ec
ti

on
ta

sk
.

H
u

m
a
n

F
a
ct

o
rs

,
4
4
(1

):
79

–9
4,

20
02

.

R
ob

er
t

C
.

E
d
ga

r
an

d
S
er

afi
m

B
at

zo
gl

ou
.

M
u
lt

ip
le

se
q
u
en

ce
al

ig
n
m

en
t.

C
u

rr
en

t
o
p
in

io
n

in
st

ru
ct

u
ra

l
bi

o
lo

gy
,

16
(3

):
36

8–
37

3,
20

0
6.

J
u

F
an

,
G

u
ol

ia
n
g

L
i,

B
en

g
C

h
in

O
oi

,
K

ia
n
-l

ee
T

an
,

an
d

J
ia

n
h
u
a

F
en

g.
ic

ro
w

d
:

A
n

a
d
a
p
ti

ve
cr

ow
d
so

u
rc

in
g

fr
am

ew
or

k
.

In
S

IG
M

O
D

,
20

15
.

3
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

O
lu

w
a
sey

i
F

ey
isetan

,
E

len
a

S
im

p
erl,

M
ax

V
an

K
leek

,
an

d
N

igel
S
h
ad

b
olt.

Im
p
rov

in
g

p
aid

m
icro

ta
sk

s
th

rou
gh

gam
ifi

cation
an

d
ad

ap
tive

fu
rth

eran
ce

in
cen

tives.
In

W
W

W
,

2015.

U
rs

F
isch

b
a
ch

er
an

d
F

ran
ziska

F
öllm

i-H
eu

si.
L

ies
in

d
isgu

ise:
A

n
ex

p
erim

en
tal

stu
d
y

on
ch

ea
tin

g
.

J
o
u

rn
a
l

o
f

th
e

E
u

ro
pea

n
E

co
n

o
m

ic
A

ssocia
tio

n
,

11(3):525–5
47,

2013.

C
h
a
o

G
a
o
,

Y
u

L
u
,

an
d

D
en

gyon
g

Z
h
ou

.
E

x
act

ex
p

on
en

t
in

op
tim

al
rates

for
crow

d
sou

rcin
g.

In
IC

M
L

,
2
0
16.

X
i
A

lice
G

a
o
,
Y

oram
B

ach
rach

,
P

eter
K

ey,
an

d
T

h
o
re

G
raep

el.
Q

u
ality

ex
p

ectation
-varian

ce
tra

d
eo

ff
s

in
crow

d
sou

rcin
g

con
tests.

In
A

A
A

I,
2012.

X
i
A

lice
G

a
o
,
A

n
d
rew

M
ao,

Y
ilin

g
C

h
en

,
an

d
R

y
an

P
rescott

A
d
am

s.
T

rick
or

treat:
P

u
ttin

g
p

eer
p
red

iction
to

th
e

test.
In

A
C

M
E

C
,

2
014.

Y
a
sh

esh
G

a
u
r,

F
lorian

M
etze,

Y
a
jie

M
iao,

an
d

J
eff

rey
P

.
B

igh
am

.
U

sin
g

key
w

ord
sp

o
ttin

g
to

h
elp

h
u
m

a
n
s

correct
cap

tion
in

g
faster.

In
IN

T
E

R
S

P
E

E
C

H
,

2015.

Y
a
sh

esh
G

a
u
r,

F
lorian

M
etze,

an
d

J
eff

rey
P

.
B

igh
am

.
M

an
ip

u
latin

g
w

ord
lattices

to
in

cor-
p

o
ra

te
h
u
m

a
n

correction
s.

In
IN

T
E

R
S

P
E

E
C

H
,

2016.

T
im

n
it

G
eb

ru
,

J
on

ath
an

K
rau

se,
J
ia

D
en

g,
an

d
L

i
F

ei-F
ei.

S
calab

le
an

n
o
tation

of
fi
n
e-

g
ra

in
ed

o
b

jects
w

ith
ou

t
ex

p
erts.

In
C

H
I,

2017.

A
rp

ita
G

h
o
sh

,
S
atyen

K
ale,

an
d

P
reston

M
cA

fee.
W

h
o

m
o
d
erates

th
e

m
o
d
erators?

C
row

d
-

so
u
rcin

g
a
b
u
se

d
etection

in
u
ser-gen

erated
con

ten
t.

In
A

C
M

E
C

,
2011.

D
a
n
iel

G
.

G
o
ld

stein
,

R
.

P
reston

M
cA

fee,
an

d
S
id

d
h
arth

S
u
ri.

T
h
e

cost
of

an
n
oy

in
g

ad
s.

In
W

W
W

,
2
0
1
3
.

D
a
n
iel

G
.

G
o
ld

stein
,

S
id

d
h
arth

S
u
ri,

R
.

P
reston

M
cA

fee,
M

atth
ew

E
k
stran

d
-A

b
u
eg,

an
d

F
ern

a
n
d
o

D
iaz.

T
h
e

econ
om

ic
an

d
cogn

itive
costs

of
a
n
n
oy

in
g

d
isp

lay
ad

v
ertisem

en
ts.

J
o
u

rn
a
l

o
f

M
a
rketin

g
R

esea
rch

,
51(6):742––

752,
2014.

R
ya

n
G

o
m

es,
P

eter
W

elin
d
er,

A
n
d
reas

K
ra

u
se,

a
n
d

P
ietro

P
eron

a.
C

row
d
clu

sterin
g.

In
N

IP
S

,
2
0
1
1
.

J
o
sep

h
K

.
G

o
o
d
m

an
an

d
G

ab
riele

P
aolacci.

C
row

d
sou

rcin
g

con
su

m
er

research
.

J
o
u

rn
a
l

o
f

C
o
n

su
m

er
R

esea
rch

,
44(1):196–210,

2
017.

M
a
ry

L
.

G
ray,

S
id

d
h
arth

S
u
ri,

S
yed

S
h
oaib

A
li,

an
d

D
eep

ti
K

u
lkarn

i.
T

h
e

crow
d

is
a

co
lla

b
o
ra

tive
n
etw

ork
.

In
C

S
C

W
,

2016
.

N
eh

a
G

u
p
ta,

D
av

id
M

artin
,

B
en

jam
in

V
.

H
an

rah
an

,
an

d
J
ack

i
O

’N
eil.

T
u
rk

-life
in

In
d
ia.

In
th

e
In

tn
ern

a
tio

n
a
l

C
o
n

feren
ce

o
n

S
u

p
po

rtin
g

G
ro

u
p
w

o
rk,

2014.

J
u
h
o

H
a
m

a
ri,

J
on

n
a

K
oiv

isto,
an

d
H

arri
S
a
rsa.

D
o
es

gam
ifi

ca
tion

w
ork

?
–

A
literatu

re
rev

iew
o
f
em

p
irical

stu
d
ies

on
gam

ifi
cation

.
In

H
a
w

a
ii

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

S
ystem

S
cien

ces,
2
0
14.
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V
a
u
g
h
a
n

R
ob

in
H

an
son

.
C

om
b
in

atorial
in

form
ation

m
ark

et
d
esign

.
In

fo
rm

a
tio

n
S

ystem
s

F
ro

n
tiers,

5(1):105–119,
2003.

C
h
ristop

h
er

G
.

H
arris.

Y
ou

’re
h
ired

!
A

n
ex

am
in

a
tion

of
crow

d
sou

rcin
g

in
cen

tive
m

o
d
els

in
h
u
m

an
resou

rce
task

s.
In

W
S

D
M

W
o
rksh

o
p

o
n

C
rw

d
so

u
rcin

g
fo

r
S

ea
rch

a
n

d
D

a
ta

M
in

in
g,

2011.

J
eff

rey
H

eer
an

d
M

ich
ael

B
osto

ck
.

C
row

d
sou

rcin
g

grap
h
ical

p
ercep

tion
:

U
sin

g
M

ech
an

ical
T

u
rk

to
assess

v
isu

alization
d
esign

.
In

C
H

I,
2010.

H
an

n
es

H
eik

in
h
eim

o
an

d
A

n
tti

U
k
kon

en
.

T
h
e

crow
d
-m

ed
ian

algorith
m

.
In

H
C

O
M

P
,

2013.

C
h
ien

-J
u

H
o

an
d

J
en

n
ifer

W
ortm

an
V

au
gh

an
.

O
n
lin

e
task

assign
m

en
t

in
crow

d
sou

rcin
g

m
arkets.

In
A

A
A

I,
2012.

C
h
ien

-J
u

H
o,

S
h
ah

in
J
ab

b
ari,

an
d

J
en

n
ifer

W
ortm

an
V

au
gh

an
.

A
d
ap

tive
task

assign
m

en
t

for
crow

d
sou

rced
classifi

cation
.

In
IC

M
L

,
2013.

C
h
ien

-J
u

H
o,

A
lek

san
d
rs

S
liv

k
in

s,
S
id

d
h
arth

S
u
ri,

an
d

J
en

n
ifer

W
ortm

an
V

au
gh

an
.

In
cen

-
tiv

izin
g

h
igh

q
u
ality

crow
d
w

ork
.

In
W

W
W

,
2015.

C
h
ien

-J
u

H
o,

A
lek

san
d
rs

S
liv

k
in

s,
an

d
J
en

n
ifer

W
ortm

an
V

au
gh

an
.

A
d
ap

tive
con

tract
d
e-

sign
for

crow
d
sou

rcin
g

m
arkets:

B
an

d
it

alg
orith

m
s

for
rep

eated
p
rin

cip
al-agen

t
p
rob

lem
s.

J
o
u

rn
a
l

o
f

A
rtifi

cia
l

In
telligen

ce
R

esea
rch

,
55:317–

359,
2016.

J
oh

n
J
.

H
orton

,
D

av
id

R
an

d
,

an
d

R
ich

a
rd

Z
eck

h
au

ser.
T

h
e

on
lin

e
lab

oratory
:

C
on

d
u
ctin

g
ex

p
erim

en
ts

in
a

real
lab

or
m

ark
et.

E
xperim

en
ta

l
E

co
n

o
m

ics,
14(3):399–42

5,
2011.

Y
u
en

in
g

H
u
,

J
ord

an
B

oy
d
-G

rab
er,

B
rian

n
a

S
atin

off
,

an
d

A
lison

S
m

ith
.

In
tera

ctive
top

ic
m

o
d
elin

g.
M

a
ch

in
e

L
ea

rn
in

g,
95:423–469,

201
4.

L
illy

C
.

Iran
i

an
d

M
.

S
ix

S
ilb

erm
an

.
T

u
rkop

ticon
:

In
terru

p
tin

g
w

orker
in

v
isib

ility
in

A
m

a-
zon

M
ech

an
ical

T
u
rk

.
In

C
H

I,
2013.

A
y
u
sh

J
ain

,
A

kash
D

as
S
arm

a,
A

d
itya

P
a
ram

esw
aran

,
an

d
J
en

n
ifer

W
id

om
.

U
n
d
erstan

d
in

g
w

orkers,
d
evelop

in
g

eff
ective

task
s,

an
d

en
h
an

cin
g

m
arketp

la
ce

d
y
n
am

ics:
A

stu
d
y

of
a

large
crow

d
sou

rcin
g

m
arketp

lace.
P

roceed
in

gs
o
f

th
e

V
L

D
B

E
n

d
o
w

m
en

t,
10(7):829–840,

2017.

J
on

gb
in

J
u
n
g,

C
on

n
or

C
on

can
n
on

,
R

av
i

S
h
ro,

S
h
arad

G
o
el,

an
d

D
an

iel
G

.
G

old
stein

.
S
im

-
p
le

ru
les

for
com

p
lex

d
ecision

s.
C

oR
R

arX
iv

:1702.04690,
201

7.

R
ad

u
J
u
rca

an
d

B
oi

F
altin

gs.
M

ech
an

ism
s

for
m

ak
in

g
crow

d
s

tru
th

fu
l.

J
o
u

rn
a
l

o
f

A
rtifi

cia
l

In
telligen

ce
R

esea
rch

,
34:209–253,

2009.

E
ce

K
am

ar.
D

irection
s

in
h
y
b
rid

in
telligen

ce:
C

om
p
lem

en
tin

g
A

I
sy

stem
s

w
ith

h
u
m

an
in

telligen
ce.

A
b
stract

for
IJ

C
A

I
E

arly
C

areer
S
p

otligh
t

T
rack

T
alk

,
2016.

E
ce

K
am

ar
an

d
E

ric
H

orv
itz.

In
cen

tives
for

tru
th

fu
l

rep
ortin

g
in

crow
d
sou

rcin
g

(sh
ort

p
ap

er).
In

A
A

M
A

S
,

2012.
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L
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M
a
k
in
g

B
e
t
t
e
r
U
se

o
f
t
h
e
C
r
o
w
d

V
ij

ay
K

am
b
le

,
D

av
id

M
ar

n
,
N

ih
ar

S
h
ah

,
A

b
h
ay

P
ar

ek
h
,
a
n
d

K
an

n
an

R
am

ac
h
an

d
ra

n
.

T
ru

th
se

ru
m

s
fo

r
m

as
si

ve
ly

cr
ow

d
so

u
rc

ed
ev

al
u
at

io
n

ta
sk

s.
C

oR
R

ar
X

iv
:1

50
7
.0

70
45

,
2
01

5.

T
h
eo

fa
n
is

K
ar

al
et

so
s,

S
er

ge
B

el
on

gi
e,

a
n
d

G
u
n
n
ar

R
ät

sc
h
.

B
ay

es
ia

n
re

p
re

se
n
ta

ti
on

le
ar

n
in

g
w

it
h

or
ac

le
co

n
st

ra
in

ts
.

In
IC

L
R

,
20

16
.

D
av

id
K

ar
ge

r,
S
ew

o
on

g
O

h
,
an

d
D

ev
av

ra
t

S
h
ah

.
It

er
at

iv
e

le
ar

n
in

g
fo

r
re

li
ab

le
cr

ow
d
so

u
rc

in
g

sy
st

em
s.

In
N

IP
S

,
20

11
.

D
av

id
K

ar
ge

r,
S
ew

o
on

g
O

h
,

an
d

D
ev

av
ra

t
S
h
ah

.
B

u
d
ge

t-
op

ti
m

al
ta

sk
al

lo
ca

ti
on

fo
r

re
li
ab

le
cr

ow
d
so

u
rc

in
g

sy
st

em
s.

O
pe

ra
ti

o
n

s
R

es
ea

rc
h
,

62
:1

–2
4,

20
14

.

G
ab

ri
el

la
K

az
ai

.
In

se
ar

ch
of

q
u
al

it
y

in
cr

ow
d
so

u
rc

in
g

fo
r

se
a
rc

h
en

gi
n
e

ev
al

u
at

io
n
.

In
E

C
IR

,
20

11
.

A
sh

is
h

K
h
et

an
an

d
S
ew

o
on

g
O

h
.

A
ch

ie
v
in

g
b
u
d
ge

t-
op

ti
m

a
li
ty

w
it

h
ad

a
p
ti

ve
sc

h
em

es
in

cr
ow

d
so

u
rc

in
g.

In
N

IP
S

,
20

16
.

H
y
u
n
-C

h
u
l

K
im

an
d

Z
ou

b
in

G
h
ah

ra
m

an
i.

B
ay

es
ia

n
cl

as
si

fi
er

co
m

b
in

at
io

n
.

In
A

IS
T

A
T

S
,

20
12

.

J
oy

K
im

,
S
ar

ah
S
te

rm
an

,
A

ll
eg

ra
A

rg
en

t
B

ea
l
C

oh
en

,
an

d
M

ic
h
ae

l
S
.
B

er
n
st

ei
n
.

M
ec

h
an

ic
al

n
ov

el
:

C
ro

w
d
so

u
rc

in
g

co
m

p
le

x
w

or
k

th
ro

u
gh

re
fl
ec

ti
on

an
d

re
v
is

io
n
.

In
C

S
C

W
,

20
17

.

J
u
h
o

K
im

,
H

ao
q
i
Z

h
an

g,
P

au
l
A

n
d
ré

,
L

y
d
ia

B
.
C

h
il
to

n
,

W
en

d
y

M
ac

ka
y,

M
ic

h
el

B
ea

u
d
ou

in
-

L
af

on
,

R
ob

er
t

C
.

M
il
le

r,
an

d
S
te

ve
n

P
.

D
ow

.
C

ob
i:

A
co

m
m

u
n
it

y
-i

n
fo

rm
ed

co
n
fe

re
n
ce

sc
h
ed

u
li
n
g

to
ol

.
In

U
IS

T
,

20
13

.

A
n
ik

et
K

it
tu

r,
E

d
C

h
i,

an
d

B
on

gw
on

S
u
h
.

C
ro

w
d
so

u
rc

in
g

u
se

r
st

u
d
ie

s
w

it
h

M
ec

h
an

ic
al

T
u
rk

.
In

C
H

I,
20

08
.

A
n
ik

et
K

it
tu

r,
B

or
is

S
m

u
s,

S
u
sh

ee
l

K
h
am

ka
r,

an
d

R
ob

er
t

E
.

K
ra

u
t.

C
ro

w
d
fo

rg
e:

C
ro

w
d
-

so
u
rc

in
g

co
m

p
le

x
w

or
k
.

In
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b
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.
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b
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R
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ra
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p
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p
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p
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h
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.
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b
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b
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.
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.
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.
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.
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.
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.
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h
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b
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.
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p
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.
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.
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h
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.
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p
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h
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a
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.
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D
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p
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at
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.

E
d
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T
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b
u
t

m
ak

es
cr

ow
d
w

or
k

b
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.
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-
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d
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.
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p
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.
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L

ee
,

C
as

ey
D

u
ga

n
,

W
er

n
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.
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p
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b
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.
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h
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p
ra
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d
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h
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.
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d
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.
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b
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g
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d
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t
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h
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h
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.
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.
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tellig
ib

le
m

o
d
els

w
ith

p
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L
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.
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p
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d
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u
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h
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at
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ra
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at
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de
d
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r
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.
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e
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bl
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ne
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w
ith
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e
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bl
e
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at
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n
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ha
rd

to
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ec
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w
ha

t
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ak
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e
ex
pr
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sim

pl
er

th
an
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ot
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t
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er

a
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r
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pr
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at
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d
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al
ua

tin
g
sim

pl
er

ex
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re
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at
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E
nhancing

Identification

W
1

W
2

Z
2

X

Z
3

Z
4

Z
1

Y

U
1

U
2U

3
U

4

U
5

U
6

U
7

U
8

(a)
G
raph

G
.

Z
2

X

Z
1

Y
U

4

U
5

U
6

(b)
G
raph

G
after

pruning.

Figure
1:

G
raph

G
before

and
after

pruning
for

the
introductory

exam
ple.

∑

z2
,z4
,z3
,z1 

∑

w
1
,w

2
,x

′ P
(y|w

1 ,z2 ,z4 ,w
2 ,z3 ,x

′,z1 )P
(x
′|w

1 ,z2 ,z4 ,w
2 ,z3 )×

P
(z3 |w

1 ,z2 ,z4 ,w
2 )P

(w
2 |w

1 ,z2 ,z4 )P
(z2 |w

1 )P
(w

1 ) 
/


∑

w
1
,w

2
,x

′,y ′ P
(y ′|w

1 ,z2 ,z4 ,w
2 ,z3 ,x

′,z1 )P
(x
′|w

1 ,z2 ,z4 ,w
2 ,z3 )×

P
(z3 |w

1 ,z2 ,z4 ,w
2 )P

(w
2 |w

1 ,z2 ,z4 )P
(z2 |w

1 )P
(w

1 ) 
×


∑

w
1
,w

2
,z ′3
,x

′,y ′ P
(y ′|w

1 ,z2 ,z4 ,w
2 ,z ′3 ,x

′,z1 )P
(x
′|w

1 ,z2 ,z4 ,w
2 ,z ′3 )

×

P
(z ′3 |w

1 ,z2 ,z4 ,w
2 )P

(w
2 |w

1 ,z2 ,z4 )P
(z2 |w

1 )P
(w

1 ) 
×

P
(z1 |w

1 ,z2 ,z4 ,w
2 ,x)P

(z3 |z2 )P
(z4 ).

T
his

expression
is

very
cum

bersom
e
and

com
plicated.

H
owever,it

turns
out

that
a
sim

pler
expression

exists
for

the
causaleffect.

B
y
exploiting

the
structure

ofthe
graph

and
using

standard
probability

calculus
the

follow
ing

expression
can

be
obtained

∑z2
,z1 

∑x
′

P
(y|z2 ,z1 ,x

′)P
(x
′|z2 )P

(z2 ) 
P

(z1 |z2 ,x).

Thisexpression
issim

plerin
every

regard
com

pared
to

the
originaloutput.

Itcontainsfewer
term

s
and

no
fractions.

A
lso,we

have
com

pletely
rem

oved
the

variables
w

1 ,w
2
and

z4
from

the
expression.

It
can

be
show

n
that

identifying
the

causaleffect
in

the
originalgraph

is

3
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L
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T
ikka

and
K

arvanen

equivalent
to

identifying
it

in
the

graph
depicted

in
Figure

1(b).
By

running
our

im
proved

algorithm
we

are
able

to
prune

the
originalgraph

and
obtain

thissim
plerexpression

directly.
The

algorithm
worksrecursively

and
the

pruning
iscarried

outateach
stage

ofthe
recursion.

T
he

recursive
pruning

provides
significant

benefits
over

pruning
as

a
pre-processing

step
as

dem
onstrated

later.
The

paperisstructured
asfollows.In

Section
2
wereview

crucialdefinitionsand
concepts

related
to

graph
theory

and
causalm

odels.
In

Section
3
we

focus
on

sem
i-M

arkovian
causal

m
odels

and
present

the
originalform

ulation
of

the
ID

algorithm
.
O
ur

m
ain

results
are

presented
in

Section
4
and

they
are

im
plem

ented
into

an
im

proved
identifiability

algorithm
in

Section
5.Exam

pleson
the

benefitsofrecursive
pruning

are
provided

in
Section

6.Section
7

concludes
w
ith

a
discussion.

2.
D
efinitions

W
e
assum

e
the

reader
to

be
fam

iliar
w
ith

a
num

ber
ofgraph

theoretic
concepts

and
refer

them
to

workssuch
as(K

ollerand
Friedm

an,2009).W
e
use

capitallettersto
denote

vertices
and

the
respective

variables,and
sm

allletters
to

denote
their

values.
Bold

letters
are

used
to

denote
sets.A

directed
graph

with
a
vertex

setV
and

an
edge

setE
isdenoted

by
〈V

,E〉.
For

a
graph

G
=
〈V

,E〉
and

a
set

ofvertices
W
⊆

V
the

sets
Pa(W

)
G

,C
h (W

)
G

,A
n (W

)
G

and
D
e(W

)
G
denote

a
setthatcontainsW

in
addition

to
itsparents,children,ancestorsand

descendants
in

G
,respectively.

W
e
also

define
the

set
C
o(W

)
G

to
denote

the
set

ofvertices
that

are
connected

to
W

in
G

via
paths

w
here

the
directionality

ofthe
edges

is
ignored,

including
W

.
T
he

root
set

of
a
graph

G
is

the
set

of
vertices

w
ithout

any
descendants

{
X
∈

V
|D

e(X
)
G
\{X

}
=
∅},w

here
\
denotes

the
set

difference.
A

subgraph
ofa

graph
G

=
〈V

,E〉
induced

by
a
setofverticesW

⊂
V

isdenoted
by

G
[W

].
Thissubgraph

retains
alledges

V
→

W
of

G
such

that
V

,W
∈

W
.
T
he

graph
obtained

from
G

by
rem

oving
all

incom
ing

edgesofX
and

alloutgoing
edgesofZ

iswritten
as

G
X
,Z .

To
facilitate

analysisof
causaleffects

we
m
ust

first
define

the
probabilistic

causalm
odel(Pearl,2009).

D
efinition

1
(P

robabilistic
C
ausalM

odel)
A

probabilisticcausalm
odelisa

quadruple

M
=
〈U

,V
,F

,P
(u)〉,

where

1.
U

is
a
setofunobserved

(exogenous)
variables

thatare
determ

ined
by

factors
outside

the
m
odel.

2.
V

is
a
set{

V
1 ,V

2 ,...,V
n }

ofobserved
(endogenous)

variables
thatare

determ
ined

by
variables

in
U
∪

V
.

3.
F

is
a
setoffunctions

{f
V

1 ,f
V

2 ,...,f
V

n }
such

thateach
f
V

i is
a
m
apping

from
(the

respective
dom

ains
of)

U
∪

(V
\{V

i })
to

V
i ,and

such
that

the
entire

setF
form

s
a

m
apping

from
U

to
V
.

4.
P

(u)
is

a
jointprobability

distribution
ofthe

variables
in

the
setU

.
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E
nh

an
ci

ng
Id

en
ti

fi
ca

ti
on

Ea
ch

ca
us
al

m
od

el
in
du

ce
s
a
ca
us
al

di
ag
ra
m

w
hi
ch

is
a
di
re
ct
ed

gr
ap

h
th
at

pr
ov

id
es

a
gr
ap

hi
ca
lm

ea
ns

to
co
nv

ey
ou

ra
ss
um

pt
io
ns

of
th
e
ca
us
al

m
ec
ha

ni
sm

si
nv

ol
ve
d.

Th
e
in
du

ce
d

gr
ap

h
is
co
ns
tr
uc

te
d
by

ad
di
ng

a
ve
rt
ex

fo
re

ac
h
va
ria

bl
e
in

U
∪

V
an

d
a
di
re
ct
ed

ed
ge

fro
m

V
i
∈

U
∪

V
in
to

V
j
∈

V
w
he

ne
ve
r

f V
j
is

de
fin

ed
in

te
rm

s
of

V
i.

Ca
us
al

in
fe
re
nc

eo
fte

n
fo
cu

se
so

n
a
su
b-
cla

ss
of

m
od

els
th
at

sa
tis

fy
ad

di
tio

na
la

ss
um

pt
io
ns
:

ea
ch

U
∈

U
ap

pe
ar
s
in

at
m
os
t
tw

o
fu
nc

tio
ns

of
F
,
th
e
va
ria

bl
es

in
U

ar
e
m
ut
ua

lly
in
de

pe
nd

en
t
an

d
th
e
in
du

ce
d
gr
ap

h
of

th
e
m
od

el
is

ac
yc
lic

.
M
od

el
s
th
at

sa
tis

fy
th
es
e

ad
di
tio

na
la

ss
um

pt
io
ns

ar
e
ca
lle

d
se
m
i-M

ar
ko
vi
an

ca
us
al

m
od
el
s.

A
gr
ap

h
as
so
ci
at
ed

w
ith

a
se
m
i-M

ar
ko
vi
an

m
od

el
is

ca
lle

d
a
se
m
i-M

ar
ko
vi
an

gr
ap

h
(S
M
G
).
In

SM
G
s
ev
er
y

U
∈

U
ha

s
at

m
os
t
tw

o
ch
ild

re
n.

W
he

n
se
m
i-M

ar
ko
vi
an

m
od

el
s
ar
e
co
ns
id
er
ed

it
is

co
m
m
on

no
t

to
de

pi
ct

ba
ck
gr
ou

nd
va
ria

bl
es

in
th
e
in
du

ce
d
gr
ap

h
ex
pl
ic
itl
y.

U
no

bs
er
ve
d
va
ria

bl
es

w
ith

ex
ac
tly

tw
o
ch
ild

re
n
ar
e
no

t
de

no
te
d
as

V
i
←

U
→

V
j
bu

t
as

a
bi
di
re
ct
ed

ed
ge

V
i
↔

V
j

in
st
ea
d.

Fu
rt
he

rm
or
e,

un
ob

se
rv
ed

va
ria

bl
es

wi
th

on
ly

on
e
or

no
ch
ild

re
n
ar
e
om

itt
ed

en
tir

ely
.

W
e
al
so

ad
op

t
th
es
e
ab

br
ev
ia
tio

ns
.
Fo

r
SM

G
s
th
e
se
ts

Pa
(·)

G
,C

h(
·) G

,A
n(
·) G

,D
e(
·) G

an
d

C
o(
·) G

co
nt
ai
n
on

ly
ob

se
rv
ed

ve
rt
ic
es
.
A
dd

iti
on

al
ly
,a

su
bg

ra
ph

G
[W

]o
fa

n
SM

G
G

w
ill

al
so

re
ta
in

an
y
bi
di
re
ct
ed

ed
ge
s
be

tw
ee
n
ve
rt
ic
es

in
W

.
A
ny

D
A
G

ca
n
be

as
so
ci
at
ed

w
ith

an
SM

G
by

co
ns
tr
uc

tin
g
its

la
te
nt

pr
oj
ec
tio

n
(V

er
m
a,

19
93

).

D
efi

ni
ti
on

2
(l
at
en
t
pr
oj
ec
ti
on

)
Le

tG
=
〈V
∪

L,
E
〉b

e
a
D
AG

su
ch

th
at

th
e
ve
rt
ice

s
in

V
ar
e
ob
se
rv
ed

an
d
th
e
ve
rt
ic
es

in
L

ar
e
la
te
nt
.
T
he

la
te
nt

pr
oj
ec
tio

n
L

(G
,V

)
is

a
D
AG

〈V
,E

L
〉,

wh
er
e
fo
r
ev
er
y
pa
ir

of
di
st
in
ct

ve
rt
ic
es

Z
,W
∈

V
it
ho

ld
s
th
at
:

1.
L

(G
,V

)
co
nt
ai
ns

an
ed
ge

Z
→

W
if
th
er
e
ex
is
ts

a
di
re
ct
ed

pa
th

Z
→
··
·→

W
in

G
on

wh
ic
h
ev
er
y
ve
rt
ex

ex
ce
pt

Z
an

d
W

is
in

L.

2.
L

(G
,V

)
co
nt
ai
ns

an
ed
ge

Z
↔

W
if
th
er
e
ex
is
ts

a
pa
th

fro
m

Z
to

W
in

G
th
at

do
es

no
tc

on
ta
in

th
e
pa
tte

rn
Z
→

M
←

W
(a

co
lli
de
r)

an
d
on

wh
ic
h
ev
er
y
ve
rt
ex

ex
ce
pt

Z
an

d
W

is
in

L
an

d
th
e
fir
st

ed
ge

ha
s
an

ar
ro
wh

ea
d
po
in
tin

g
in
to

W
an

d
th
e
la
st

ed
ge

ha
s
an

ar
ro
wh

ea
d
po
in
tin

g
in
to

Z
.

Fr
om

th
ec

on
st
ru
ct
io
n
it
is
ea
sy

to
se
et

ha
ta

la
te
nt

pr
oj
ec
tio

n
is
in

fa
ct

an
SM

G
.T

he
in
du

ce
d

gr
ap

h
of

a
pr
ob

ab
ili
st
ic

ca
us
al

m
od

el
ca
n
al
so

be
us
ed

to
de

riv
e
co
nd

iti
on

al
in
de

pe
nd

en
ce
s

am
on

g
th
e
va
ria

bl
es

in
th
e
m
od

el
us
in
g
a
co
nc

ep
t
kn

ow
n
as

d-
se
pa

ra
tio

n.
W
e
pr
ov

id
e
a

de
fin

iti
on

fo
r
d-
se
pa

ra
tio

n
(S
hp

its
er

an
d
Pe

ar
l,
20

08
)
w
hi
ch

ta
ke
s
in
to

ac
co
un

t
th
e
pr
es
en

ce
of

bi
di
re
ct
ed

ed
ge
s
an

d
is

th
us

su
ita

bl
e
fo
r
SM

G
s.

D
efi

ni
ti
on

3
(d
-s
ep

ar
at
io
n)

A
pa
th

P
in

an
SM

G
G

is
sa
id

to
be

d-
se
pa
ra
te
d
by

a
se
tZ

if
an

d
on

ly
if
ei
th
er

1.
P

co
nt
ai
ns

on
e
of

th
e
fo
llo

wi
ng

th
re
e
pa
tte

rn
s
of

ed
ge
s:

I
→

M
→

J
,I
↔

M
→

J
or

I
←

M
→

J
,s

uc
h
th
at

M
∈

Z,
or

2.
P

co
nt
ai
ns

on
e
of

th
e
fo
llo

wi
ng

th
re
e
pa
tte

rn
s
of

ed
ge
s:

I
→

M
←

J
,I
↔

M
←

J
,

I
↔

M
↔

J
,s

uc
h
th
at

D
e(

M
) G
∩

Z
=
∅.

D
is
jo
in
ts

et
s

X
an

d
Y

ar
e
sa
id

to
be

d-
se
pa
ra
te
d
by

Z
in

G
if
ev
er
y
pa
th

fro
m

X
to

Y
is

d-
se
pa
ra
te
d
by

Z
in

G
.
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T
ik

ka
an

d
K

ar
va

ne
n

W
he

ne
ve
r
we

ca
n
de

co
m
po

se
th
e
jo
in
t
di
st
rib

ut
io
n
of

th
e
ob

se
rv
ed

va
ria

bl
es

V
an

d
th
e

un
ob

se
rv
ed

va
ria

bl
es

U
as

P
(v

,u
)=

∏
W
∈V
∪U

P
(w
|P
a∗

(w
) G

),
w
he

re
Pa
∗ (
·)
al
so

co
nt
ai
ns

th
e
un

ob
se
rv
ed

pa
re
nt
s
bu

t
no

t
th
e
ar
gu

m
en
t
its

el
f,
we

sa
y
th
at

G
is

an
I-m

ap
of

P
(v

,u
)

(P
ea
rl,

20
09
).

If
se
ts

X
an

d
Y

ar
e
d-
se
pa

ra
te
d
by

Z
in

G
,t
he

n
X

is
in
de

pe
nd

en
to

fY
gi
ve
n

Z
in

ev
er
y

P
fo
r
w
hi
ch

G
is

an
I-m

ap
(P

ea
rl,

19
88

).
W
e
us
e
th
e
no

ta
tio

n
of

(D
aw

id
,1

97
9)

to
de

no
te

th
is

d-
se
pa

ra
tio

n
an

d
co
nd

iti
on

al
in
de

pe
nd

en
ce

st
at
em

en
t
as

(X
⊥⊥

Y
|Z

) G
.
It

is
cl
ea
r
th
at

th
e
gr
ap

h
in
du

ce
d
by

an
y
se
m
i-M

ar
ko
vi
an

ca
us
al

m
od

el
is

an
I-m

ap
fo
r
th
e
jo
in
t

di
st
rib

ut
io
n

P
(v

,u
)
in
du

ce
d
by

th
e
m
od

el
.

O
ur

in
te
re
st

lie
s
in

th
e
eff

ec
ts

of
ac
tio

ns
im

po
sin

g
ch
an

ge
s
to

th
e
m
od

el
.
A
n
ac
tio

n
th
at

fo
rc
es

X
to

ta
ke

a
sp
ec
ifi
c
va
lu
e

x
is
ca
lle

d
an

in
te
rv
en

tio
n
an

d
it
is
de

no
te
d
by

do
(x

)(
Pe

ar
l,

20
09
).

A
n
in
te
rv
en
tio

n
do

(x
)o

n
a
m
od

el
M

cr
ea
te
sa

ne
w

su
b-
m
od

el,
de

no
te
d
by

M
x,

wh
er
e

th
e
fu
nc

tio
ns

in
F

th
at

de
te
rm

in
e
th
e
va
lu
e
of

X
ha

ve
be

en
re
pl
ac
ed

wi
th

co
ns
ta
nt

fu
nc

tio
ns
.

Th
e
in
te
rv
en

tio
na

ld
ist

ri
bu
tio

n
of

a
se
to

fv
ar
ia
bl
es

Y
in

th
e
m
od

el
M

x
is

de
no

te
d
by

P
x(

y)
.

T
hi
s
di
st
rib

ut
io
n
is

al
so

kn
ow

n
as

th
e
ca
us
al

eff
ec
t
of

X
on

Y
.

M
ul
tip

le
ca
us
al

m
od

els
ca
n
sh
ar
e
th
e
sa
m
e
gr
ap

h,
an

d
th
us

th
e
sa
m
e
su
b-
m
od

el
re
su
lti
ng

fr
om

an
in
te
rv
en
tio

n.
T
he

qu
es
tio

n
is,

ar
e
ou

r
as
su
m
pt
io
ns

en
co
de

d
in

th
e
ca
us
al

m
od

el
su
ffi
cie

nt
to

un
iq
ue

ly
sp
ec
ify

an
in
te
rv
en
tio

na
ld

ist
rib

ut
io
n
of

in
te
re
st
.T

hi
sn

ot
io
n
is
ca
pt
ur
ed

by
th
e
fo
llo

w
in
g
de

fin
iti
on

(S
hp

its
er

an
d
Pe

ar
l,
20

06
).

D
efi

ni
ti
on

4
(i
de

nt
ifi
ab

ili
ty
)
Le

t
G

=
〈V

,E
〉b

e
an

SM
G

an
d
le
t

X
an

d
Y

be
di
sj
oi
nt

se
ts

of
va
ri
ab
le
s
su
ch

th
at

X
,Y
⊂

V
.
T
he

ca
us
al

eff
ec
to

fX
on

Y
is

sa
id

to
be

id
en
tifi

ab
le

fro
m

P
in

G
if

P
x(

y)
is

un
iq
ue
ly

co
m
pu

ta
ble

fro
m

P
(V

)
in

an
y
ca
us
al

m
od
el

th
at

in
du

ce
s

G
.

In
or
de

rt
o
sh
ow

th
e
id
en
tifi

ab
ili
ty

of
a
gi
ve
n
eff

ec
tw

e
ha

ve
to

ex
pr
es
s
th
e
in
te
rv
en
tio

na
l

di
st
rib

ut
io
n
in

te
rm

s
of

ob
se
rv
ed

pr
ob

ab
ili
tie

s
on

ly.
Th

e
lin

k
be

tw
ee
n
ob

se
rv
ed

pr
ob

ab
ili
tie

s
an

d
in
te
rv
en
tio

na
ld

ist
rib

ut
io
ns

is
pr
ov

id
ed

by
th
re
e
in
fe
re
nc

e
ru
le
s
kn

ow
n
as

do
-c
al
cu
lu
s

(P
ea
rl,

19
95

):

1.
In
se
rt
io
n
an

d
de

le
tio

n
of

ob
se
rv
at
io
ns
:

P
x(

y|
z,

w
)=

P
x(

y|
w

),
if

(Y
⊥⊥

Z|
X

,W
) G

X
.

2.
Ex

ch
an

gi
ng

ac
tio

ns
an

d
ob

se
rv
at
io
ns
:

P
x,

z(
y|

w
)=

P
x(

y|
z,

w
),

if
(Y
⊥⊥

Z|
X

,W
) G

X
,Z

.

3.
In
se
rt
io
n
an

d
de

le
tio

n
of

ac
tio

ns
:

P
x,

z(
y|

w
)=

P
x(

y|
w

),
if

(Y
⊥⊥

Z|
X

,W
) G

X
,Z

(W
),

w
he

re
Z

(W
)=

Z
\A

n(
W

) G
X

.

Co
m
pl
et
en

es
so

fd
o-
ca
lcu

lu
sw

as
es
ta
bl
ish

ed
in
de

pe
nd

en
tly

by
H
ua

ng
an

d
Va

lto
rt
a
(2
00
6)

an
d
Sh

pi
ts
er

an
d
Pe

ar
l(

20
06

).
In

th
is

pa
pe

r
we

fo
cu

s
on

th
e
so
lu
tio

n
pr
ov
id
ed

by
Sh

pi
ts
er

an
d
Pe

ar
l(

20
06
).

T
he

y
co
ns
tr
uc

te
d
an

id
en
tifi

ab
ili
ty

al
go
rit

hm
ca
lle
d
ID

,w
hi
ch

in
es
se
nc

e
ap

pl
ies

th
e
ru
les

of
do

-c
al
cu

lu
sa

nd
br
ea
ks

th
e
pr
ob

lem
in
to

sm
al
ler

su
b-
pr
ob

lem
sr

ep
ea
te
dl
y.
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E
nhancing

Identification

3.
ID

A
lgorithm

In
order

to
present

the
ID

algorithm
,we

first
need

som
e
additionaldefinitions

that
are

used
to

construct
the

graphicalcriterion
for

non-identifiability
(Shpitser

and
Pearl,2006).

D
efinition

5
(C

-com
ponent)

Let
G

be
an

SM
G

and
let

C
⊆

G
.
Ifevery

pairofverticesin
C

is
connected

by
a
bidirected

path,thatis
a
path

consisting
entirely

ofbidirected
edges,then

C
is

a
C
-com

ponent
(confounded

com
ponent).

Furtherm
ore,

C
is

a
m
axim

alC
-com

ponent
if

C
contains

every
vertex

connected
to

C
via

bidirected
paths

in
G

and
C

is
an

induced
subgraph

of
G
.

N
o
restrictions

are
im

posed
on

the
directed

edges
ofa

C
-com

ponent.
T
he

sam
e
is

not
true

for
the

m
axim

alC
-com

ponents
(also

know
n
as

districts)
of

an
SM

G
G
,
w
hich

are
assum

ed
to

be
induced

subgraphs
of

G
.
T
his

requirem
ent

guarantees
the

uniqueness
ofthe

m
axim

alC
-com

ponents.
M
axim

alC
-com

ponents
are

an
im

portant
toolfor

identifying
causaleffects.

T
he

set
of

m
axim

alC-com
ponentsofa

sem
i-M

arkovian
graph

G
isdenoted

by
C

(G
).A

resultin
(Tian,

2002)
states

that
if

C
=
〈C

,E〉
is

a
m
axim

alC
-com

ponent
and

C
⊂

G
then

the
causal

effect
P

v\c (c)
is

identifiable
from

P
in

G
.
A

distribution
P

ofa
sem

i-M
arkovian

m
odelalso

factorizes
w
ith

respect
to

the
m
axim

alC
-com

ponents
ofthe

induced
graph

G
such

that
P

(v)=
∏
〈C
,E
〉∈
C

(G
)
P

v\c (c)(Shpitserand
Pearl,2006).Itisprecisely

thisfactorization
that

the
ID

algorithm
takes

advantage
of.

A
specific

type
ofC-com

ponent
is

used
to

characterize
problem

atic
structures

for
identifiability.

D
efinition

6
(C

-forest)
Let

G
be

an
SM

G
and

let
Y

be
the

root
set

of
G
.

If
G

is
a

C
-com

ponent
and

all
observed

vertices
have

at
m
ost

one
child,

then
G

is
a

Y
−
rooted

C
-forest.

T
he

com
plete

criterion
for

non-identifiability
uses

a
structure

form
ed

by
two

C
-forests:

D
efinition

7
(hedge)

Let
X

,Y
⊂

V
be

disjoint
sets

ofvariables
and

let
G

be
an

SM
G
.

Let
F

=
〈V

F
,E

F 〉
and

F
′=
〈V

F
′,E

F
′〉

be
R
-rooted

C
-forests

in
G

such
thatV

F
∩

X
6=
∅,

V
F

′∩
X

=
∅,

F
′⊆

F
,and

R
⊆

An(Y
)
G

X .
T
hen

F
and

F
′form

a
hedge

for
P

x (y)
in

G
.

Intuitively
hedges

are
a
diffi

cult
concept.

W
henever

a
hedge

is
present,there

exists
tw

o
causalm

odels
w
ith

the
sam

e
probability

distribution
over

V
but

their
interventional

distributions
do

not
agree.

O
bservationaldata

can
not

be
used

to
estim

ate
causaleffects

in
this

scenario.
W
e
are

now
ready

to
present

the
ID

algorithm
.

Shpitserand
Pearl(2006)showed

thatwheneverA
lgorithm

1
returnsan

expression
fora

causaleffect,it
is

correct.
A
dditionally

w
henever

line
5
is

triggered
there

exists
a
hedge

for
the

causaleffect
currently

being
identified.

T
his

result
establishes

the
com

pleteness
ofthe

algorithm
and

also
the

com
pleteness

ofdo-calculus,since
the

soundness
ofeach

line
ofthe

algorithm
can

be
show

n
w
ith

do-calculus
and

standard
probability

calculus
alone.
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T
ikka

and
K

arvanen

A
lgorithm

1
T
he

causaleffect
ofintervention

d
o(X

=
x)

on
Y

(ID
).

IN
P
U
T
:
Value

assignm
ents

x
and

y,joint
distribution

P
(v)

and
an

SM
G

G
=
〈V

,E〉.
G

is
an

I-m
ap

of
P
.

O
U
T
P
U
T
:
Expression

for
P

x (y)
in

term
s
of

P
(v)

or
FA

IL(F
,F
′).

function
ID

(y
,x

,P
,G

)
1:

if
x

=
∅,

return
∑
v∈v\y

P
(v).

2:
if

V
6=

A
n(Y

)
G ,

return
ID

(y
,x
∩
A
n(y)

G
,P

(A
n(Y

)
G ),G

[A
n(Y

)
G ]).

3:
let

W
=

(V
\

X
)\

A
n(Y

)
G

X .
if

W
6=
∅,

return
ID

(y
,x
∪

w
,P

,G
).

4:
if

C
(G

[V
\

X
])=

{G
[S

1 ],...,G
[S
k ]},

return
∑
v∈v\(y∪x) ∏

ki=
1
ID

(s
i ,v
\

s
i ,P

,G
).

if
C

(G
[V
\

X
])=

{G
[S]},

5:
if

C
(G

)=
{
G
},

throw
FA

IL(G
,G

[S]).
6:

if
G

[S]∈
C

(G
),

return
∑
v∈s\y ∏

V
i ∈S

P
(v
i |v

(i−
1)

π
).

7:
if

(∃S
′)S
⊂

S
′such

that
G

[S
′]∈

C
(G

),
return

ID
(y

,x
∩

s ′, ∏
V

i ∈S
′P

(V
i |V

(i−
1)

π
∩

S
′,v

(i−
1)

π
\

s ′),G
[S
′]).

4.
P
runing

of
V
ariables

In
thissection

we
presenta

num
berofresultsthatdealwith

variablesthatare
notnecessary

for
identification

either
by

rem
oving

them
from

the
graph

or
by

considering
them

latent.
W

hen
the

causaleffect
P

x (y)
is

considered
in

an
SM

G
w
e
can

present
an

outline
ofthe

pruning
process:

1.
R
em

ovalofnon-ancestors
ofY

.

2.
R
em

ovalofancestorsofX
thatare

connected
to

Y
only

via
X

undercertain
conditions.

3.
R
em

ovalofvertices
connected

to
other

vertices
only

through
a
single

vertex.

4.
Identification

in
a
latent

projection
under

certain
conditions.

Steps
2–4

are
new

and
they

are
based

on
the

results
ofthis

section.
Step

1
is

derived
from

a
usefulresult

by
Shpitser

and
Pearl(2006)

which
states

that
for

a
causaleffect

P
x (y)

we
can

always
ignore

non-ancestors
ofY

.

Lem
m
a
8

Let
X
′=

X
∩
An(Y

)
G .

T
hen

P
x (y)

obtained
from

P
in

G
is

equalto
P
′x

′(y)
obtained

from
P
′=

P
(An(Y

)
G )

in
G

[An(Y
)
G ].

Lem
m
a
8
is

im
plem

ented
on

line
2
ofA

lgorithm
1.

N
ot

allancestors
ofY

are
alw

ays
necessary

for
identification.

The
nextresultstates

thatwe
m
ay

som
etim

es
rem

ove
ancestors

ofX
that

are
connected

to
Y

only
through

X
.8
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E
nh

an
ci

ng
Id

en
ti

fi
ca

ti
on

T
he

or
em

9
Le

t
G

be
an

SM
G

an
d
le
t

Z
⊂

V
be

th
e
se
t
of

al
l
ve
rt
ic
es

su
ch

th
at

X
in
te
rc
ep
ts

al
lp

at
hs

fro
m

Z
to

Y
.
Th

en
th
e
ca
us
al

eff
ec
tP

x(
y)

ob
ta
in
ed

fro
m

P
in

G
is

eq
ua

l
to

P
′ x(

y)
ob
ta
in
ed

fro
m

P
′ =

P
(V
\Z

)
in

G
[V
\Z

]i
fZ

co
nt
ai
ns

no
m
em

be
rs

of
X

an
d
if

G
[V
\Z

]=
L

(G
,V
\Z

).

P
ro
of

Le
t

G
′

=
G

[V
\Z

]a
nd

as
su
m
e
th
at

G
′

=
L

(G
,V
\Z

).
Le

t
U

Z
,U

V
\Z

an
d

U
X

be
se
ts

of
un

ob
se
rv
ed

va
ria

bl
es

su
ch

th
at

fo
r
al
l

U
∈

U
Z

it
ho

ld
s
th
at

C
h(

U
) G

X
⊆

Z,
fo
r
al
l

U
∈

U
V
\Z

it
ho

ld
s
th
at

C
h(

U
) G

X
⊆

V
\

Z
an

d
fo
r
al
l

U
∈

U
X

it
ho

ld
s
th
at

C
h(

U
) G
∈

X
.
Th

e
se
ts

U
Z
,U

V
\Z

an
d

U
X

pa
rt
iti
on

U
be

ca
us
e

X
in
te
rc
ep

ts
al
lp

at
hs

fro
m

Z
to

Y
.
A
cc
or
di
ng

to
th
e
th
ird

ru
le

of
do

-c
al
cu

lu
s

P
x(

y)
=

P
x,

z(
y)

be
ca
us
e
th
e
co
nd

iti
on

(Y
⊥⊥

Z|
X

) G
X
ho

ld
s
as

re
m
ov

in
g
th
e
ed

ge
s
in
co
m
in
g
to

X
se
pa

ra
te
s

X
fr
om

its
an

ce
st
or
s.

A
pp

ly
in
g
th
e
tr
un

ca
te
d
fa
ct
or
iz
at
io
n
fo
rm

ul
a
(P

ea
rl,

20
09

)
we

ha
ve

th
at

P
x,

z(
y)

=
∑ U

∑

V
\(

Y
∪X
∪Z

)

∏

V
\(

X
∪Z

)P
(v
i|P

a(
v i

) G
\{

v i
})
∏ U

P
(u
i).

Si
nc

e
va
ria

bl
es

in
U

Z
ca
n
on

ly
be

pa
re
nt
so

fv
ar
ia
bl
es

in
Z

or
X

in
G
,w

e
ca
n
su
m

th
em

ou
t

fro
m

th
e
pr
ev
io
us

ex
pr
es
sio

n
an

d
ob

ta
in

P
x,

z(
y)

=
∑

U
V

\Z
∪U

X

∑

V
\(

Y
∪X
∪Z

)

∏

V
\(

X
∪Z

)P
(v
i|P

a(
v i

) G
\{

v i
})

∏

U
V

\Z
∪U

X

P
(u
i).

Si
m
ila

rly
,v

ar
ia
bl
es

in
U

X
ca
n
on

ly
be

pa
re
nt
s
of

va
ria

bl
es

in
X

in
G
,s

o
we

ca
n
al
so

su
m

th
em

ou
t
of

th
e
ex
pr
es
sio

n
to

ob
ta
in

P
x,

z(
y)

=
∑ U
V

\Z

∑

V
\(

Y
∪X
∪Z

)

∏

V
\(

X
∪Z

)P
(v
i|P

a(
v i

) G
\{

v i
})

∏ U
V

\Z

P
(u
i).

W
e
le
t

V
′ =

V
\Z

.
Ve

rm
a
(1
99
3)

sh
ow

ed
th
at

a
gr
ap

h
an

d
its

la
te
nt

pr
oj
ec
tio

n
ha

ve
th
e

sa
m
e
se
t
of

co
nd

iti
on

al
in
de

pe
nd

en
ce

re
la
tio

ns
am

on
g
th
e
ob

se
rv
ed

va
ria

bl
es
.
B
ec
au

se
we

ha
ve

as
su
m
ed

th
at

G
′

=
L

(G
,V
\Z

)
ev
er
y
co
nd

iti
on

al
in
de

pe
nd

en
ce

be
tw

ee
n
va
ria

bl
es

in
V
′
an

d
U

V
′
ap

pl
ie
s
in

bo
th

G
an

d
G
′ .

W
e
ha

ve
th
at

fo
r
al
lV

i
∈

V
′ \

X
it

ho
ld
s
th
at

P
(v
i|P

a(
v i

) G
\{

v i
})

=
P
′ (v

i|P
a(

v i
) G

′ \
{v
i}

)a
nd

fo
ra

ll
U
i
∈

U
V

′
it
ho

ld
st

ha
tP

(u
i)

=
P
′ (u

i).
Fi
na

lly
we

ob
ta
in

P
x,

z(
y)

=
∑ U

V
′

∑

V
′ \

(Y
∪X

)

∏ V
′ \

X

P
′ (v

i|P
a(

v i
) G

′
\{

v i
})
∏ U

V
′

P
′ (u

i)
=

P
′ x(

y)
.

T
he

or
em

9
ca
n
al
so

be
ap

pl
ie
d
in

a
m
or
e
ge
ne

ra
ls

et
tin

g
w
he

re
a
su
bs
et

of
X

in
te
rc
ep

ts
al
l

pa
th
s
fro

m
a
se
t

Z
to

Y

C
or
ol
la
ry

10
Le

t
G

be
an

SM
G

an
d
le
t

Z
⊂

V
be

th
e
se
t
of

al
lv

er
tic

es
su
ch

th
at

a
se
t

W
⊆

X
in
te
rc
ep
ts

al
lp

at
hs

fro
m

Z
to

Y
an

d
no

m
em

be
r
of

X
\W

is
a
de
sc
en

da
nt

of
W

.
T
he
n
th
e
ca
us
al

eff
ec
tP

x(
y)

ob
ta
in
ed

fro
m

P
in

G
is

eq
ua

lt
o

P
′ x\

z(
y)

ob
ta
in
ed

fro
m

P
′ =

P
(V
\Z

)
in

G
[V
\Z

]i
fZ

co
nt
ai
ns

no
m
em

be
rs

of
W

an
d
if

G
[V
\Z

]=
L

(G
,V
\Z

).
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T
ik

ka
an

d
K

ar
va

ne
n

P
ro
of

Si
nc

e
W

in
te
rc
ep

ts
al
lp

at
hs

fro
m

Z
to

Y
an

d
no

m
em

be
ro

fX
\W

is
a
de

sc
en

da
nt

of
W

,i
t
fo
llo

w
s
th
at

no
m
em

be
r
of

W
is
in

Z.
A
cc
or
di
ng

to
th
e
th
ird

ru
le

of
do

-c
al
cu

lu
s

we
ha

ve
th
at

(Y
⊥⊥

Z|
X
\Z

) G
X

\Z
an

d
P

x(
y)

=
P

x\
z(

y)
.
T
he

cl
ai
m

no
w

fo
llo

w
s
by

ap
pl
yi
ng

T
he

or
em

9
to

P
x\

z(
y)
.

C
or
ol
la
ry

11
W
he
n
th
e
ca
us
al

eff
ec
t

P
x(

y)
is

co
ns
id
er
ed

in
gr
ap

h
G
,
a
se
t
of

ve
rt
ic
es

Z
=

An
(Y

) G
\C

o(
Y

) G
X
ca
n
be

re
m
ov
ed

fro
m

G
if

G
[V
\Z

]=
L

(G
,V
\Z

).

P
ro
of

Th
e
se
tA

n(
Y

) G
co
nt
ai
ns

Y
in

ad
di
tio

n
to

th
e
an

ce
st
or
so

fY
,a

nd
th
e
se
tC

o(
Y

) G
X

co
nt
ai
ns

Y
an

d
al
lv

er
tic

es
th
at

ar
e
co
nn

ec
te
d
to

Y
vi
a
a
pa

th
th
at

do
es

no
t
co
nt
ai
n
ed

ge
s

in
co
m
in
g
to

X
.T

he
re
fo
re
,Z

co
nt
ai
ns

su
ch

an
ce
st
or
so

fY
th
at

al
lp

at
hs

fro
m

Z
to

Y
co
nt
ai
n

X
.
T
he

re
m
ov
al

of
Z

fro
m

G
is

no
w

lic
en

se
d
by

C
or
ol
la
ry

10
.

Co
ro
lla

ry
11

pr
ov
id
es

a
co
ns
tr
uc

tiv
ec

rit
er
io
n
fo
rt

he
se
tZ

de
sc
rib

ed
in

Co
ro
lla

ry
10

wh
en

G
co
ns
ist

s
on

ly
of

Y
an

d
its

an
ce
st
or
s.

If
a
ve
rt
ex

Z
i
is

a
m
em

be
r
of

A
n(

Y
) G
\C

o(
Y

) G
X

th
en

it
m
us
t
be

co
nn

ec
te
d
to

Y
on

ly
th
ro
ug

h
pa

th
s
co
nt
ai
ni
ng

so
m
e

W
Z

i
⊆

X
.
W
e
ca
n

al
wa

ys
ch
oo

se
th
e
se
ts

W
Z

i
in

su
ch

a
wa

y
th
at

th
e
un

io
n

W
=
∪W

Z
i
ov
er

th
e
m
em

be
rs

Z
i

of
A
n(

Y
) G
\C

o(
Y

) G
X
ha

s
no

de
sc
en

da
nt
s
in

X
\W

.
T
he

se
t

W
in
te
rc
ep

ts
al
lp

at
hs

fro
m

Z
=
∪{

Z
i}

to
Y
.
C
on

ve
rs
el
y,

if
Z
i
is
a
ve
rt
ex

su
ch

th
at

a
se
t

W
⊆

X
in
te
rc
ep

ts
al
lp

at
hs

fro
m

Z
i
to

Y
,t
he

n
Z
i
ca
nn

ot
be

co
nn

ec
te
d
to

Y
in

G
X
.
If
we

as
su
m
e
th
at

G
=

G
[A

n(
Y

) G
]

it
fo
llo

w
s
th
at

Z
i
is

a
m
em

be
r
of

A
n(

Y
) G
\C

o(
Y

) G
X
.

W
e
pr
es
en
t
a
sim

pl
e
ex
am

pl
e
to

m
ot
iv
at
e
th
e
us
ef
ul
ne

ss
of

C
or
ol
la
ry

11
.
W
e
ap

pl
y
th
e

ID
al
go

rit
hm

to
id
en
tif
y
th
e
ca
us
al

eff
ec
t
of

X
on

Y
in

gr
ap

h
G

of
Fi
gu

re
2(
a)
.
A
pp

ly
in
g

W
1

W
2

X
Z

Y

(a
)
G
ra
ph

G
.

X
Z

Y

(b
)
Su

bg
ra
ph

G
[{

X
,Y

,Z
}]
.

Fi
gu

re
2:

A
gr
ap

h
fo
r
an

ex
am

pl
e
w
he

re
C
or
ol
la
ry

11
al
lo
w
s
us

to
re
m
ov
e
ve
rt
ic
es

W
1
an

d
W

2
w
he

n
th
e
ca
us
al

eff
ec
t
of

X
on

Y
is

co
ns
id
er
ed

.

th
e
ID

al
go

rit
hm

re
su
lts

in
th
e
fo
llo

w
in
g
ex
pr
es
sio

n
fo
r
th
e
ca
us
al

eff
ec
t

∑ z

P
(z
|w

1,
w

2,
x

)  
∑

w
1,
w

2,
x

′P
(y
|w

1,
w

2,
x
′ ,

z
)P

(x
′ |w

1,
w

2)
P

(w
2|w

1)
P

(w
1)

  
.

A
pp

ly
in
g
C
or
ol
la
ry

11
in

th
is

ca
se

wo
ul
d
re
su
lt
in

th
e
re
m
ov
al

of
th
e
ve
rt
ic
es

W
1
an

d
W

2
fro

m
th
e
gr
ap

h,
sin

ce
th
ey

ar
e
an

ce
st
or
s
of

Y
in

G
bu

t
no

t
co
nn

ec
te
d
to

Y
in

G
X

an
d
th
e

co
rr
es
po

nd
in
g
la
te
nt

pr
oj
ec
tio

n
is

th
e
su
bg

ra
ph

G
[{

X
,Y

,Z
}]

of
Fi
gu

re
2(
b)
.
R
un

ni
ng

th
e
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E
nhancing

Identification

ID
algorithm

in
this

subgraph
provides

us
the

follow
ing

expression

∑

z

P
(z|x) 

∑x
′

P
(y|x

′,z)P
(x
′) 

.

W
e
m
ay

considerthisexpression
sim

plercom
pared

to
the

previousoutputby
noting

that
W

1
and

W
2
do

notappearin
the

expression
and

ithasfewerunique
term

s.The
sam

e
expression

can
also

be
obtained

m
anually

by
applying

the
front-door

criterion
(Pearl,2009).

O
ften

the
question

ofidentifiability
can

not
be

answ
ered

directly
by

neither
the

back-
door

nor
the

front-door
criterion

w
hich

leads
us

to
m
ore

generalm
ethods,such

as
the

ID
algorithm

.
W
e
are

interested
in

the
causaleffect

of
W

1 ,
X

1
and

X
2
on

Y
1
and

Y
2
in

the
graph

ofFigure
3(a).

W
1

W
2

X
1

X
2

Z

Y
1

Y
2

(a)
G
raph

G
.

X
1

X
2

Z

Y
1

Y
2

(b)
Subgraph

G
[{X

1 ,X
2 ,Z

,Y
1 ,Y

2 }].

Figure
3:

A
graph

foran
exam

plewheretheback-doorand
front-doorcriteria

areunavailable,
but

C
orollary

11
allow

s
us

to
rem

ove
vertices

W
1
and

W
2
even

w
hen

W
1
is

part
ofthe

intervention.

D
irect

application
ofthe

ID
algorithm

provides
us

w
ith

the
follow

ing
expression

∑

z

P
(y1 |w

2 ,w
1 ,x

2 ,x
1 ,z)P

(z|w
2 ,x

2 ) 
∑w
2
,x

′2

P
(y2 |w

2 ,x
′2 ,z)P

(x
′2 |w

2 )P
(w

2 ) 
.

C
orollary

11
licenses

the
rem

ovalof
W

1
and

W
2
from

the
graph.

B
y
running

ID
again

in
the

resulting
subgraph

G
[{

X
1 ,X

2 ,Z
,Y

1 ,Y
2 }]as

show
n
in

Figure
3(b)

we
obtain

a
sim

pler
expression

for
the

causaleffect

∑

z

P
(y1 |x

1 ,x
2 ,z)P

(z|x
2 ) 

∑x
′2

P
(y2 |x

′2 ,z)P
(x
′2 ) 

.

T
he

next
exam

ple
illustrates

the
necessity

ofthe
assum

ption
G

[V
\

Z]=
L(G

,V
\

Z)
of

T
heorem

9
and

C
orollary

10.
W
e
are

interested
in

the
causaleffect

of
X

1
and

X
2
on

Y
in

graph
G

ofFigure
4(a).

In
this

graph
W

is
connected

to
Y

only
through

X
1
and

X
2 ,but

the
corresponding

latent
projection

does
not

m
atch

the
subgraph

w
ith

W
rem

oved
as

seen
in

Figures
4(b)

and
4(c).

In
G

the
causaleffect

is
identifiable,but

it
is
not

identifiable
in

the
latent

projection
G
′=

L(G
,{X

1 ,X
2 ,Z

,Y
}).

In
this

latent
projection

a
bidirected

edge
exists

between
X

1
and

X
2
and

a
hedge

is
form

ed
by

the
C
-forests

G
′and

G
[{

Y
}].
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T
ikka

and
K

arvanen

X
1

X
2

Z
W

Y

(a)
G
raph

G
.

X
1

X
2

Z
Y

(b)
Subgraph

G
[{X

1 ,X
2 ,Z

,Y
}].

X
1

X
2

Z
Y

(c)
Latent

projection
L(G

,{X
1 ,X

2 ,Z
,Y
}).

Figure
4:

A
n
exam

ple
w
here

the
assum

ptions
of

C
orollary

10
are

not
m
et

because
the

subgraph
in

panel(b)and
the

latentprojection
in

panel(c)differfrom
each

other.

W
e
m
ay

also
rem

ove
sets

ofvertices
that

are
connected

to
the

rest
ofthe

graph
only

through
a
single

vertex
even

w
hen

no
intervention

on
the

corresponding
variable

has
taken

place.

T
heorem

12
Let

G
be

an
SM

G
such

that
G

=
G

[A
n(Y

)
G ]for

a
setofvertices

Y
and

let
W

be
a
vertex

of
G
.
Ifthere

exists
a
setZ

such
thatZ

∩
(Y
∪

X
)=
∅
and

Z
is

connected
to

V
\Z

only
through

W
.
Then

the
causaleffect

P
x (y)

obtained
from

P
in

G
is

equalto
P
′x (y)

obtained
from

P
′=

P
(V
\

Z)
in

G
[V
\

Z].

P
roof

Let
G
′=

G
[V
\

Z]and
let

U
Z
and

U
V
\Z

be
sets

of
unobserved

variables
such

that
for

all
U
∈

U
Z
it

holds
that

C
h(U

)
G
∈

Z
∪
{
W
}
and

for
all

U
∈

U
V
\Z

it
holds

that
C
h(U

)
G
∈

(V
\Z)∪

{
W
}.

SetsU
Z
and

U
V
\Z

partition
U

because
Z

is
connected

to
V
\Z

only
through

W
.
A
pplying

the
truncated

factorization
form

ula
yields

P
x (y)=

∑U

∑

V
\(Y
∪X

) P
(w|Pa(w

)
G
\{

w})
∏

V
\(X
∪{
W
}) P

(v
i |Pa(v

i )
G
\{

v
i }) ∏U

P
(u
i ).

Since
variablesin

U
Z
and

Z
can

be
connected

to
the

otherverticesof
G

only
through

W
we

can
com

plete
the

m
arginalization

over
Z

and
U

Z

P
x (y)=

∑U
V

\Z

∑

V
\(Y
∪X
∪Z

) P
(w|Pa(w

)
G \(z∪{w}))

∏

V
\(X
∪Z∪{

W
}) P

(v
i |Pa(v

i )
G \{v

i })
∏U
V

\Z

P
(u
i ).

Because
we

have
assum

ed
thatZ

isdisconnected
from

V
\Z

in
G
W

we
have

that
G

[V
\Z]=

L(G
,V
\Z).Therefore,justasin

theproofofTheorem
9,wehavethat

P
(v
i |Pa(v

i )
G \{v

i })=

12
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L
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E
nh

an
ci

ng
Id

en
ti

fi
ca

ti
on

P
′ (v

i|P
a(

v i
) G

′
\{

v i
})

fo
r
al
lV

i
∈

V
\(

X
∪

Z
∪
{W
})

an
d

P
(u
i)

=
P
′ (u

i)
fo
r
al
lU

i
∈

U
V
\Z

.
A
dd

iti
on

al
ly
,w

e
ha

ve
P

(w
|P
a(

w
) G
\(

z
∪
{w
})

)=
P

(w
|P

a
(w

) G
′
\{

w
})
.
Fi
na

lly
we

ob
ta
in

P
x(

y)
=

∑ U
V

\Z

∑

V
\(

Y
∪X
∪Z

)P
(w
|P
a(

w
) G

′
\{

w
})

∏

V
\(

X
∪Z
∪{
W
})

P
(v
i|P

a(
v i

) G
′
\{

v i
})

∏ U
V

\Z

P
(u
i)

=
∑ U
V

\Z

∑

V
\(

Y
∪X
∪Z

)

∏

V
\(

X
∪Z

)P
(v
i|P

a(
v i

) G
′
\{

v i
})

∏ U
V

\Z

P
(u
i)

=
P
′ x(

y)
.

C
or
ol
la
ry

13
Le

t
W

be
a
ve
rt
ex

of
an

SM
G

G
an

d
le
t

R
=

An
(W

) G
X
\D

e(
X

) G
.
W
he
n

th
e
ca
us
al

eff
ec
tP

x(
y)

is
co
ns
id
er
ed

in
gr
ap
h

G
,t
he

se
to

fv
er
tic

es
T

=
R
\C

o(
V
\R

) G
W

ca
n
be

re
m
ov
ed

fro
m

th
e
gr
ap

h
if

G
=

G
[A
n(

Y
) G

].

P
ro
of

N
o
de

sc
en

da
nt

of
X

ca
n
be

re
m
ov
ed

vi
a
th
eo
re
m

12
sin

ce
th
ey

ar
e
co
nn

ec
te
d
to

X
an

d
th
e
se
t
to

be
re
m
ov
ed

ca
nn

ot
its

el
fc

on
ta
in

X
.
B
y
re
m
ov

in
g
de

sc
en

da
nt
s
of

X
an

d
X

its
el
f,
an

d
as
su
m
in
g
th
at

G
=

G
[A

n(
Y

) G
],
we

ha
ve

th
at

T
∩

(X
∪

Y
)=
∅.

T
hu

s
it

re
m
ai
ns

to
re
m
ov
e
th
os
e
ve
rt
ic
es

fro
m

R
th
at

ar
e
co
nn

ec
te
d
to

V
\R

th
ro
ug

h
a
pa

th
th
at

do
es

no
t

co
nt
ai
n

W
.
R
em

ov
al

of
th
e
re
su
lti
ng

se
tT

fro
m

th
e
gr
ap

h
is
no

w
lic
en

se
d
by

th
eo
re
m

12
.

In
th
ef

ol
lo
wi
ng

ex
am

pl
ew

ec
on

sid
er

th
ec

au
sa
le
ffe

ct
of

X
on

Y
in

gr
ap

h
G

of
Fi
gu

re
5(
a)

an
d
sh
ow

ho
w

C
or
ol
la
ry

13
ca
n
be

ap
pl
ie
d.

T
he

ID
al
go
rit

hm
su
cc
ee
ds

in
id
en
tif
yi
ng

th
e

W
1

W
2

X

Z

Y

(a
)
G
ra
ph

G
.

X

Z

Y

(b
)
Su

bg
ra
ph

G
[{

X
,Y

,Z
}]
.

Fi
gu

re
5:

Fi
rs
t
ex
am

pl
e
of

C
or
ol
la
ry

13
.

ca
us
al

eff
ec
t
an

d
re
tu
rn
s
fo
llo

w
in
g
ex
pr
es
sio

n
fo
r
it

∑

w
1,
w

2,
z

P
(z
|x

,w
1,

w
2)

P
(w

2|x
,w

1)
P

(w
1|x

) 
∑ x

′
P

(y
|x
′ ,

w
1,

w
2,

z
)P

(x
′ ) 

.

W
e
ap

pl
y
C
or
ol
la
ry

13
w
hi
ch

al
lo
w
s
us

to
re
m
ov
e

W
1
an

d
W

2
fr
om

th
e
gr
ap

h,
sin

ce
th
ey

ar
e
co
nn

ec
te
d
to

ot
he

r
ve
rt
ic
es

of
th
e
gr
ap

h
th
ro
ug

h
a
sin

gl
e
ve
rt
ex

Z
.
A
pp

ly
in
g
th
e
ID

13
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:1
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3,
 2

01
8

T
ik

ka
an

d
K

ar
va

ne
n

al
go
rit

hm
in

th
e
re
su
lti
ng

su
bg

ra
ph

G
[{

X
,Y

,Z
}]

of
Fi
gu

re
5(
b)

pr
ov

id
es

us
th
e
fo
llo

w
in
g

ex
pr
es
sio

n
∑ z

P
(z
|x

) 
∑ x

′
P

(y
|x
′ ,

z
)P

(x
′ ) 

.

T
he

sa
m
e
ex
pr
es
sio

n
ca
n
be

ob
ta
in
ed

m
an

ua
lly

by
ap

pl
yi
ng

th
e
fro

nt
-d
oo

r
cr
ite

rio
n.

W
e
pr
ov

id
e
an

ot
he

r
ex
am

pl
e
on

C
or
ol
la
ry

13
w
ith

a
sli
gh

tly
m
or
e
co
m
pl
ic
at
ed

gr
ap

h.
W
e
ar
e
in
te
re
st
ed

in
th
e
ca
us
al

eff
ec
t
of

X
on

Y
in

gr
ap

h
G

of
Fi
gu

re
6(
a)

W
e
ob

ta
in

a

W
1

W
2

X

Z
1Z

2

Y

(a
)
G
ra
ph

G
.

X

Z
1Z

2

Y

(b
)
Su

bg
ra
ph

G
[{

X
,Y

,Z
1,

Z
2}
.

Fi
gu

re
6:

Se
co
nd

ex
am

pl
e
of

C
or
ol
la
ry

13
.

fo
rm

ul
a
fo
r
th
e
ca
us
al

eff
ec
t
us
in
g
th
e
ID

al
go

rit
hm

∑
w

2,
z 2

P
(y
|w

1,
w

2,
z 2

,z
1,

x
)P

(x
|w

1,
w

2,
z 2

,z
1)

P
(z

2|w
1,

w
2)

P
(w

2|w
1)

( ∑
w

2,
z 2
,y

P
(y
|w

1,
w

2,
z 2

,z
1,

x
)P

(x
|w

1,
w

2,
z 2

,z
1)

P
(z

2|w
1,

w
2)

P
(w

2|w
1)
) .

Ve
rt
ic
es

W
1
an

d
W

2
ar
e
co
nn

ec
te
d
to

ot
he

r
ve
rt
ic
es

on
ly

th
ro
ug

h
Z

2
w
hi
ch

al
lo
w
s
us

to
re
m
ov
e
th
em

fr
om

th
e
gr
ap

h.
W
e
ob

ta
in

a
sim

pl
er

fo
rm

ul
a
fo
r
th
e
ca
us
al

eff
ec
t
fr
om

th
e

su
bg

ra
ph

G
[{

X
,Y

,Z
1,

Z
2}

]o
fF

ig
ur
e
6(
b)

∑
z 2

P
(y
|z 2

,z
1,

x
)P

(x
|z 2

,z
1)

P
(z

2)
∑
z 2
,y

P
(y
|z 2

,z
1,

x
)P

(x
|z 2

,z
1)

P
(z

2)
.

T
he

pr
ev
io
us

re
su
lts

ha
ve

al
lo
w
ed

us
to

co
m
pl
et
el
y
re
m
ov
e
sp
ec
ifi
c
ve
rt
ic
es

fr
om

th
e

gr
ap

h.
N
ex
t
w
e
w
ill

co
ns
id
er

ca
se
s
w
he

re
a
ve
rt
ex

is
pr
es
en
t
in

th
e
gr
ap

h,
bu

t
it

is
no

t
ne

ce
ss
ar
y
to

ob
se
rv
e
it.

T
hi
s
m
ea
ns

th
at

in
st
ea
d
of

th
e
or
ig
in
al

gr
ap

h
w
e
m
ay

co
ns
id
er

id
en
tifi

ab
ili
ty

in
th
e
co
rr
es
po

nd
in
g
la
te
nt

pr
oj
ec
tio

n,
as

ch
ar
ac
te
riz

ed
by

th
e
fo
llo

wi
ng

lem
m
a.

Le
m
m
a
14

Le
t

G
=
〈V

,E
〉b

e
an

SM
G

an
d
le
t

X
,Y

an
d

Z
be

di
sj
oi
nt

se
ts

of
va
ri
ab
le
s.

Le
tP

(V
)b

e
th
e
jo
in
td

ist
ri
bu
tio

n
of

V
.
Th

en
th
e
ca
us
al

eff
ec
to

fX
on

Y
is

id
en

tifi
ab
le

fro
m

P
′
in

th
e
la
te
nt

pr
oj
ec
tio

n
L

(G
,V
\Z

)
wh

er
e

P
′ =

P
(V
\Z

),
if
an

d
on

ly
if
it
is

id
en

tifi
ab
le

fro
m

P
′
in

G
.

P
ro
of

T
ia
n
(2
00
2)

sh
ow

ed
th
at

th
e
la
te
nt

pr
oj
ec
tio

n
ha

s
th
e
sa
m
e
to
po

lo
gi
ca
lr

el
at
io
ns

ov
er

th
e
ob

se
rv
ab

le
s
an

d
th
at

it
ha

s
th
e
sa
m
e
se
t
of

m
ax

im
al

C
-c
om

po
ne

nt
s.

T
hu

s
if

P
x(

y)
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E
nhancing

Identification

is
identifiable

from
P
′in

G
it

is
also

identifiable
from

P
′in

L(G
,V
\

Z)
w
ith

the
sam

e
expression

and
vice

versa.

In
situations

w
here

X
is

a
singleton

we
can

exploit
the

follow
ing

suffi
cient

condition
for

identifiability
by

T
ian

and
Pearl(2002).

T
heorem

15
T
he

causaleffect
P
x (y)

is
identifiable

ifthere
is

no
bidirected

path
between

X
and

any
ofits

children
in

G
[An(Y

)
G ].

W
e
can

regard
any

variable
aslatentwhen

X
isa

singleton
ifthe

respective
latentprojection

does
not

induce
such

a
bidirected

path.
C
orollary

16
Let

G
be

an
SM

G
and

letY
be

a
set

ofvertices.
Let

X
,W
∈

V
such

that
X
6=

W
,

W
6∈

Y
and

X
,W
∈
An(Y

)
G .

T
he

causaleffect
P
x (y)

obtained
from

P
in

G
is

equalto
P
′x (y)obtained

from
P
′=

P
(An(Y

)
G \{w})and

G
′=

L(G
[An(Y

)
G ],An(Y

)
G \{W

})
ifthere

is
no

bidirected
path

from
X

to
any

ofits
children

in
G
′.

P
roof

By
T
heorem

15
the

causaleffect
P
′x (y)

is
identifiable

from
P
′in

G
′.
By

Lem
m
a
14

P
′x (y)

is
now

identifiable
from

P
′in

G
.

P
x (y)

obtained
from

P
′in

G
is

equalto
P
∗x (y)

obtained
from

P
∗

=
P

(A
n(Y

)
G )

in
G

[A
n(Y

)]since
identifiability

from
P
′im

plies
identifi-

ability
from

P
.
Finally,

P
∗x (y)

obtained
from

P
∗

=
P

(A
n(Y

)
G )

in
G

[A
n(Y

)
G ]is

equalto
P
x (y)

obtained
from

P
in

G
.

W
e
continue

w
ith

an
exam

ple
on

how
C
orollary

16
can

be
applied

in
practice.

W
e

consider
the

causaleffect
of

X
on

Y
in

the
graph

G
ofFigure

7(a).
T
he

causaleffect
is

X

Y

Z
1

Z
2

Z
3

(a)
G
raph

G
.

X

Y

Z
1

Z
2

(b)
Latent

projection
L(G

,{X
,Y

,Z
1 ,Z

2 }).

Figure
7:

A
graph

for
an

exam
ple

w
here

C
orollary

16
allow

s
us

to
m
ake

variable
Z

3
latent.

identifiable
and

the
output

ofthe
ID

algorithm
is

∑z2
,z3
,z1

P
(z1 |z2 ,x)

(∑
x

′P
(y|z2 ,x

′,z3 ,z1 )P
(z3 |z2 ,x

′)P
(x
′|z2 )P

(z2 ) )

(∑
x

′,y ′P
(y ′|z2 ,x

′,z3 ,z1 )P
(z3 |z2 ,x

′)P
(x
′|z2 )P

(z2 ) )×

∑x

′,z3
,y ′ P

(y ′|z2 ,x
′,z3 ,z1 )P

(z3 |z2 ,x
′)P

(x
′|z2 )P

(z2 ) 
P

(z3 |z2 ).

15
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T
ikka

and
K

arvanen

W
e
m
ay

apply
C
orollary

16
by

noting
that

G
=

G
[A

n(Y
)
G ]and

that
there

is
no

bidirected
path

between
X

and
its

only
child

Z
1
in

the
latentprojection

L(G
,V
\{Z

3 })as
depicted

in
Figure

7(b).

Running
the

ID
algorithm

in
L(G

,V
\{

Z
3 })

results
in

the
follow

ing
expression

∑z2
,z1 

∑x
′

P
(y|z2 ,x

′,z1 )P
(x
′|z2 )P

(z2 ) 
P

(z1 |z2 ,x).

5.
P
runing

Identifiability
A
lgorithm

C
orollaries

11,13
and

16
can

be
im

plem
ented

as
additionalsteps

for
the

ID
algorithm

.
For

A
lgorithm

2,line
3
im

plem
ents

C
orollary

11,line
4
im

plem
ents

C
orollary

13
and

line
5

im
plem

ents
C
orollary

16.
O
ther

lines
are

identicalto
the

ID
algorithm

.
T
his

algorithm
is

provided
by

the
R

package
causaleffectwhich

im
plem

entsvariouscausalinference
algorithm

s
such

as
the

originalID
algorithm

(T
ikka

and
K
arvanen,2017a).

Theordering
ofthevariablesin

theloop
on

line4
hasno

effecton
theresulting

expression,
butthe

ordering
doesm

atteron
line

5.
Choosing

a
differentordering

m
ay

lead
to

a
different

expression.Forexam
ple,when

identifying
the

causaleffectof
X

on
Y

in
graph

G
ofFigure

8
one

m
ay

obtain
either

the
back-door

form
ula

or
the

front-door
form

ula
by

proceeding
in

eitherthe
topologicalordering

orthe
reverse-topologicalordering

ofthe
vertices,respectively.

X
Z

Y

W

Figure
8:

G
raph

G
where

different
latent

projections
lead

to
different

expressions
for

P
x (y).
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E
nh

an
ci

ng
Id

en
ti

fi
ca

ti
on

A
lg
or
it
hm

2
A

pr
un

in
g
id
en
tifi

ab
ili
ty

al
go

rit
hm

(P
ID

)
fo
r
ca
us
al

eff
ec
ts
.

IN
P
U
T
:
Va

lu
e
as
sig

nm
en
ts

x
an

d
y,

jo
in
t
di
st
rib

ut
io
n

P
(v

)
an

d
an

SM
G

G
=
〈V

,E
〉.

G
is

an
I
-m

ap
of

P
.

O
U
T
P
U
T
:
Ex

pr
es
sio

n
fo
r

P
x(

y)
in

te
rm

s
of

P
(v

)
or

FA
IL

(F
,F
′ ).

fu
nc

ti
on

P
ID

(y
,x

,P
,G

)
1:

if
x

=
∅,

re
tu
rn

∑
v
∈v
\y

P
(v

).
2:

if
V
6=

A
n(

Y
) G

,
re
tu
rn

P
ID

(y
,x
∩
A
n(

y)
G

,P
(A

n(
Y

) G
),

G
[A

n(
Y

) G
])

3:
le
t

Z
=

A
n(

Y
) G
\C

o(
Y

) G
X
.

if
Z
6=
∅

an
d

G
[V
\Z

]=
L

(G
,V
\Z

),
re
tu
rn

P
ID

(y
,x
\z

,P
(V
\Z

),
G

[V
\Z

])
4:

fo
r

W
∈

V
\X

do
le
t

R
=

A
n(

W
) G

X
\D

e(
X

) G
.

le
t

T
=

T
∪

(R
\C

o(
V
\R

) G
W

).
if

T
6=
∅,

re
tu
rn

P
ID

(y
,x

,P
(V
\T

),
G

[V
\T

])
5:

if
X

=
{X
},

le
t

G
[S
X

]∈
C

(G
),

X
∈

S X
.

if
C
h(

X
) G

[S
X

]\
X

=
∅,

fo
r

W
∈

V
\(

Y
∪

X
)
do

le
t

G
′ =

L
(G

,V
\{

W
})

.
le
t

G
′ [S
′ X

]∈
C

(G
′ ),

X
∈

S′ X
.

if
C
h(

X
) G

′ [S
′ X

]\
X

=
∅,

P
←

P
(V
\{

W
})
.

G
←

G
′ .

V
←

V
\{

W
}.

6:
le
t

W
=

(V
\X

)\
A
n(

Y
) G

X
.

if
W
6=
∅,

re
tu
rn

P
ID

(y
,x
∪

w
,P

,G
).

7:
if

C
(G

[V
\X

])
=
{G

[S
1]

,.
..

,G
[S
k
]}
,

re
tu
rn

∑
v
∈v
\(

y∪
x)
∏
k i=

1
P
ID

(s
i,

v
\s

i,
P

,G
).

if
C

(G
[V
\X

])
=
{G

[S
]}
,

8:
if

C
(G

)=
{G
},

th
ro
w

FA
IL

(G
,G

[S
]).

9:
if

G
[S

]∈
C

(G
),

re
tu
rn

∑
v
∈s
\y
∏
V

i
∈S

P
(v
i|v

(i
−

1)
π

).
10

:
if

(∃
S′

)S
⊂

S′
su
ch

th
at

G
[S
′ ]
∈

C
(G

),
re
tu
rn

P
ID

(y
,x
∩

s′ ,
∏
V

i
∈S

′
P

(V
i|V

(i
−

1)
π

∩
S′

,v
(i
−

1)
π

\s
′ ),

G
[S
′ ])
.

O
n
lin

e
5
we

fir
st

ch
ec
k
wh

et
he

rt
he

se
tX

is
a
sin

gl
et
on

.I
fs
o,

we
de

te
rm

in
e
wh

et
he

ra
ny

ch
ild

re
n
of

X
be

lo
ng

th
e
sa
m
e
C
-c
om

po
ne

nt
as

X
.
If

no
su
ch

ch
ild

re
n
ex
ist

,w
e
ite

ra
te

ov
er
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T
ik

ka
an

d
K

ar
va

ne
n

th
e
po

ss
ib
le

la
te
nt

pr
oj
ec
tio

ns
in

an
at
te
m
pt

to
fin

d
on

e
th
at

do
es

no
t
in
du

ce
a
bi
di
re
ct
ed

pa
th

be
tw

ee
n

X
an

d
an

y
of

its
ch
ild

re
n
in

th
e
pr
oj
ec
tio

n.
A
fte

r
th
e
ne

w
pr
un

in
g
st
ep

s
ha

ve
be

en
ca
rr
ie
d
ou

t,
w
e
at
te
m
pt

id
en
tifi

ca
tio

n
us
in
g
th
e
or
ig
in
al

fo
rm

ul
at
io
n
of

th
e
ID

al
go

rit
hm

.
W
e
re
tu
rn

to
th
e
ex
am

pl
e
pr
es
en
te
d
in

th
e
in
tr
od

uc
tio

n
an

d
sh
ow

ho
w

A
lg
or
ith

m
2

op
er
at
es

to
de

riv
e
th
e
ex
pr
es
sio

n
fo
r

P
x
(y

)
in

th
e
gr
ap

h
of

Fi
gu

re
1(
a)
.
W
e
ch
oo

se
th
e

to
po

lo
gi
ca
lo

rd
er
in
g
to

be
Y

>
Z

1
>

X
>

Z
3

>
W

2
>

Z
4

>
Z

2
>

W
1.

W
e
be

gi
n
on

lin
e

3,
sin

ce
Z

=
A
n(

Y
) G
\C

o(
Y

) G
X

=
V
\{

W
1,

W
2}

an
d
co
nt
in
ue

by
ca
lli
ng

P
ID

(y
,x

,P
(V
\

{W
1,

W
2}

),
G

[V
\{

W
1,

W
2}

]).
In

th
e
pr
es
en
ta
tio

n
be

lo
w,

V
an

d
G

re
fe
rt

o
th
e
se
to

fv
er
tic

es
an

d
gr
ap

h
in

th
e
cu

rr
en
t
ca
ll
of

PI
D
,r

es
pe

ct
iv
el
y.

N
ex
t
we

en
te
r
th
e
lo
op

on
lin

e
4.

W
he

n
W

=
Z

1
we

ob
ta
in

R
=

A
n(

Z
1)
G

X
\D

e(
X

) G
=

{Z
2,

Z
4}

an
d

R
\
C
o(

V
\

R
) G

Z
1

=
{Z

2,
Z

4}
\
{Z

2}
=
{Z

4}
sin

ce
Z

4
is

an
an

ce
st
or

of
Z

1
an

d
it

is
di
sc
on

ne
ct
ed

fr
om

ot
he

r
ve
rt
ic
es

in
G
Z

1
.
O
th
er

ch
oi
ce
s
of

W
re
su
lt

in
an

em
pt
y
se
t.

W
he

n
th
e
lo
op

is
co
m
pl
et
ed

w
e
ha

ve
T

=
{Z

4}
an

d
w
e
co
nt
in
ue

by
ca
lli
ng

P
ID

(y
,x

,P
(V
\{

Z
4}

),
G

[V
\{

Z
4}

]).
Si
nc

e
X

is
a
sin

gl
et
on

w
e
en

d
up

on
lin

e
5
an

d
fin

d
no

ch
ild

re
n
of

X
in

th
e
sa
m
e

C
-c
om

po
ne

nt
as

X
.
W
e
as
su
m
e
a
re
ve
rs
e-
to
po

lo
gi
ca
lo

rd
er
in
g
fo
r
th
e
lo
op

an
d
be

gi
n
w
ith

th
e
la
te
nt

pr
oj
ec
tio

n
L

(G
,V
\{

Z
2}

).
T
hi
s
pr
oj
ec
tio

n
cr
ea
te
s
a
bi
di
re
ct
ed

ed
ge

be
tw

ee
n

X
an

d
Z

1
br
in
gi
ng

th
em

in
to

th
e
sa
m
e
C-

co
m
po

ne
nt

in
th
e
pr
oj
ec
tio

n.
Th

us
we

co
nt
in
ue

wi
th

L
(G

,V
\{

Z
1}

).
T
hi
s
pr
oj
ec
tio

n
is

al
so

un
su
ita

bl
e,

sin
ce

Y
is

a
ch
ild

of
X

in
th
e
pr
oj
ec
tio

n
an

d
th
er
e
is

a
bi
di
re
ct
ed

ar
c
co
nn

ec
tin

g
th
em

.
W
e
co
nt
in
ue

w
ith

L
(G

,V
\{

Z
3}

)
an

d
fin

d
th
at

X
is

no
t
co
nn

ec
te
d
to

its
ch
ild

re
n
vi
a
bi
di
re
ct
ed

pa
th
s
in

th
e
pr
oj
ec
tio

n.
T
hu

s
we

se
t

P
←

P
(V
\{

Z
3}

),
G
←

L
(G

,V
\{

Z
3}

)
an

d
V
←

V
\{

Z
3}
.
T
hi
s
pr
oj
ec
tio

n
is

id
en
tic

al
to

th
e
gr
ap

h
de

pi
ct
ed

in
Fi
gu

re
7(
b)
.
A
fte

r
th
es
e
st
ep

s,
on

ly
lin

es
of

th
e
or
ig
in
al

ID
al
go

rit
hm

ar
e
ca
lle

d,
w
hi
ch

re
su
lts

in
th
e
ex
pr
es
sio

n

∑ z 2
,z

1

 
∑ x

′
P

(y
|z 2

,z
1,

x
′ )P

(x
′ |z

2)
P

(z
2)

 
P

(z
1|z

2,
x

).

6.
E
xa

m
pl
es

on
R
ec
ur
si
ve

P
ru
ni
ng

Co
ro
lla

rie
s
10

,1
3
an

d
16

of
te
n
pr
ov
id
e
di
re
ct

be
ne

fit
s
wh

en
ap

pl
ied

be
fo
re

th
e
ID

al
go
rit

hm
.

T
he

fo
llo

w
in
g
ex
am

pl
es

sh
ow

w
hy

th
ey

ar
e
al
so

us
ef
ul

as
re
cu

rs
iv
e
st
ep

s
as

im
pl
em

en
te
d
in

th
e
PI

D
al
go

rit
hm

.
W
e
ar
e
ta
sk
ed

w
ith

id
en
tif
yi
ng

th
e
ca
us
al

eff
ec
t
of

X
on

Y
in

gr
ap

h
G

de
pi
ct
ed

in
Fi
gu

re
9(
a)

In
iti
al
ly

th
er
e
ar
e
no

ve
rt
ic
es

th
at

ar
e
co
nn

ec
te
d
to

ot
he

r
ve
rt
ic
es

on
ly

th
ro
ug

h
X
.
A
s
a

re
cu

rs
iv
e
st
ep

of
th
e
ID

al
go

rit
hm

,w
e
ar
e
ta
sk
ed

w
ith

id
en
tif
yi
ng

P
′ z 3
,x

(y
)
fro

m
P
′ ,
w
he

re

P
′ =

∑ z 2

P
(y
|z 3

,z
2,

z 1
,x

)P
(x
|z 3

,z
2,

z 1
)P

(z
2|z

3)
P

(z
3)

,

in
th
e
su
bg

ra
ph

G
[{

Z
3,

X
,Y
}]

sh
ow

n
in

Fi
gu

re
9(
b)
.
In

th
is

gr
ap

h
Z

3
is

co
nn

ec
te
d
to

ot
he

r
ve
rt
ic
es

on
ly

th
ro
ug

h
X

an
d
it
ca
n
be

re
m
ov
ed

ac
co
rd
in
g
to

C
or
ol
la
ry

11
,s

in
ce

th
e

co
rr
es
po

nd
in
g
la
te
nt

pr
oj
ec
tio

n
is

th
e
su
bg

ra
ph

G
[{

X
,Y
}]
.
T
hu

s
we

su
m

ou
t

Z
3
fr
om

P
′
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E
nhancing

Identification

Z
1

Z
2

Z
3

Z
4

X
Y

(a)
G
raph

G
.

Z
3

Z
4

X
Y

(b)
Subgraph

G
[{

Z
3 ,X

,Y
}].

Figure
9:

A
graph

for
the

exam
ple

ofrecursive
application

ofC
orollary

11
w
ithin

the
ID

algorithm
.

and
the

resulting
expression

for
the

causaleffect
is

∑z4

∑
z2
,z3

P
(y|z3 ,z2 ,z1 ,x

,z4 )P
(z4 |z3 ,z2 ,z1 ,x)P

(x|z3 ,z2 ,z1 )P
(z2 |z3 )P

(z3 )
∑
z2
,z3
,y ′P

(y ′|z3 ,z2 ,z1 ,x
,z4 )P

(z4 |z3 ,z2 ,z1 ,x)P
(x|z3 ,z2 ,z1 )P

(z2 |z3 )P
(z3 ) .

IfC
orollary

11
is

not
applied

at
this

stage,the
finalexpression

is
instead

∑z4


∑
z2

P
(y|z3 ,z2 ,z1 ,x

,z4 )P
(z4 |z3 ,z2 ,z1 ,x)P

(x|z3 ,z2 ,z1 )P
(z2 |z3 )P

(z3 )
∑
z2
,y ′P

(y ′|z3 ,z2 ,z1 ,x
,z4 )P

(z4 |z3 ,z2 ,z1 ,x)P
(x|z3 ,z2 ,z1 )P

(z2 |z3 )P
(z3 ) ×

∑
z2
,y ′P

(y ′|z3 ,z2 ,z1 ,x
,z4 )P

(z4 |z3 ,z2 ,z1 ,x)P
(x|z3 ,z2 ,z1 )P

(z2 |z3 )P
(z3 )

∑
z2
,y ′,z4

P
(y ′|z3 ,z2 ,z1 ,x

,z4 )P
(z4 |z3 ,z2 ,z1 ,x)P

(x|z3 ,z2 ,z1 )P
(z2 |z3 )P

(z3 ) 
.

U
sing

C
orollary

11
provides

us
w
ith

a
sim

pler
expression

in
this

situation
by

com
pletely

rem
oving

the
second

term
from

the
product

inside
the

sum
m
ation.

N
ext

we
show

how
Corollary

13
can

also
be

applied
at

a
recursive

step.
O
ur

interest
lies

in
the

causaleffect
of

X
on

Y
in

graph
G

ofFigure
10(a)

Z
1

Z
2

Z
3

X
Y

(a)
G
raph

G
.

Z
2

Z
3

X
Y

(b)
Subgraph

G
[{

Z
2 ,Z

3 ,X
,Y
}].

Figure
10:

A
graph

for
the

exam
ple

ofrecursive
application

ofC
orollary

13
w
ithin

the
ID

algorithm
.

T
here

are
no

vertices
that

are
connected

to
other

vertices
in

the
graph

via
a
single

vertex.
W

hen
the

ID
algorithm

is
applied

w
e
eventually

reach
a
step

w
here

the
causaleffect

of

19
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L
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T
ikka

and
K

arvanen

P
′z2
,x (y)

is
to

be
identified

from
P
′,w

here

P
′=

P
(y|z2 ,z3 ,z1 ,x)P

(x|z2 ,z3 ,z1 )P
(z3 |z2 )P

(z2 ),

in
the

subgraph
G

[{Z
2 ,Z

3 ,X
,Y
}]w

hich
is

depicted
in

Figure
10(b).

In
this

graph
Z

3
can

be
rem

oved
according

to
C
orollary

13,since
Z

3
is

connected
to

other
vertices

ofthe
subgraph

only
through

Y
.
T
he

resulting
distribution

is
obtained

by
sum

m
ing

out
Z

3
from

P
′.
T
he

finalexpression
for

the
causaleffect

is
now

∑
z2
,z3

P
(y|z2 ,z3 ,z1 ,x)P

(x|z2 ,z3 ,z1 )P
(z3 |z2 )P

(z2 )
∑
z2
,z3
,y ′P

(y ′|z2 ,z3 ,z1 ,x)P
(x|z2 ,z3 ,z1 )P

(z3 |z2 )P
(z2 ) .

(1)

IfC
orollary

13
is

not
applied,the

resulting
expression

is
instead

∑z3


∑
z2

P
(y|z2 ,z3 ,z1 ,x)P

(x|z2 ,z3 ,z1 )P
(z3 |z2 )P

(z2 )
∑
z2
,y ′P

(y ′|z2 ,z3 ,z1 ,x)P
(x|z2 ,z3 ,z1 )P

(z3 |z2 )P
(z2 ) ×

∑z2
,x
,y ′ P

(y ′|z2 ,z3 ,z1 ,x)P
(x|z2 ,z3 ,z1 )P

(z3 |z2 )P
(z2 ) 

.

A
s
in

the
previous

exam
ple,the

benefit
ofapplying

C
orollary

13
is

apparent.
W
e
can

also
take

advantage
oflatentprojectionsrecursively

via
Corollary

16
asshown

in
the

next
exam

ple.
O
ur

interest
lies

in
the

causaleffect
of

X
on

Y
in

graph
G

ofFigure
11.

Z
1

Z
2

W
X

Y

(a)
G
raph

G
.

W
X

Y

(b)
Subgraph

G
[{X

,W
,Y
}].

Figure
11:

A
graph

for
the

exam
ple

ofrecursive
application

ofC
orollary

16
w
ithin

the
ID

algorithm
.

H
ere

X
is

connected
to

its
child

W
via

a
bidirected

path
and

thus
they

belong
to

the
sam

e
C
-com

ponent
rendering

C
orollary

16
unusable

at
this

tim
e.

H
owever,as

a
recursive

step
of

the
ID

algorithm
we

have
to

identify
P
′x (y)

from
P
′,w

here

P
′=

∑z2

P
(y|z2 ,z1 ,x

,w
)P

(w|z2 ,z1 ,x)P
(x|z2 ,z1 )P

(z2 )

in
the

subgraph
G

[{
X

,W
,Y
}].

In
this

subgraph
X

is
not

connected
to

its
child

W
via

a
bidirected

path.
W
e
also

find
that

the
latent

projection
L(G

[{
X

,W
,Y
}],{

X
,Y
})

does
not

induce
such

a
path

between
X

and
Y
.
W
e
can

now
continue

identification
in

this
latent

projection
and

sum
out

W
from

P
′.
T
he

resulting
expression

for
the

causaleffect
is

∑
z2
,w

P
(y|z2 ,z1 ,x

,w
)P

(w|z2 ,z1 ,x)P
(x|z2 ,z1 )P

(z2 )
∑
z2
,w
,y ′P

(y ′|z2 ,z1 ,x
,w

)P
(w|z2 ,z1 ,x)P

(x|z2 ,z1 )P
(z2 ) ,
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E
nh

an
ci

ng
Id

en
ti

fi
ca

ti
on

w
he

re
as

th
e
ex
pr
es
sio

n
w
ith

ou
t
ap

pl
yi
ng

th
e
co
ro
lla

ry
is

in
st
ea
d

∑ w

 
∑
z 2

P
(y
|z 2

,z
1,

x
,w

)P
(w
|z 2

,z
1,

x
)P

(x
|z 2

,z
1)

P
(z

2)
∑
z 2
,y

′
P

(y
′ |z

2,
z 1

,x
,w

)P
(w
|z 2

,z
1,

x
)P

(x
|z 2

,z
1)

P
(z

2)
×

∑
z 2
,y

′
P

(y
′ |z

2,
z 1

,x
,w

)P
(w
|z 2

,z
1,

x
)P

(x
|z 2

,z
1)

P
(z

2)
∑
z 2
,w

′ ,
y

′
P

(y
′ |z

2,
z 1

,x
,w

)P
(w
′ |z

2,
z 1

,x
)P

(x
|z 2

,z
1)

P
(z

2)
.

A
dd

iti
on

al
ex
am

pl
es

ar
e
pr
ov
id
ed

as
an

R
sc
rip

t
(R

C
or
e
Te

am
,2

01
7)

at
th
e
JM

LR
on

lin
e

pa
pe

r
re
po

sit
or
y.

T
he

sc
rip

t
al
so

in
cl
ud

es
al
lo

ft
he

ex
am

pl
es

pr
es
en
te
d
in

th
is

pa
pe

r.
A
n
in
te
re
st
in
g
qu

es
tio

n
is

ho
w

pr
un

in
g
wo

rk
s
to
ge
th
er

w
ith

sim
pl
ifi
ca
tio

n
pr
es
en
te
d
in

(T
ik
ka

an
d
K
ar
va
ne

n,
20
17
b)
.
W
e
re
tu
rn

to
th
e
ex
am

pl
e
on

id
en
tif
yi
ng

th
e
ca
us
al

eff
ec
t

of
X

on
Y

in
th
e
gr
ap

h
of

Fi
gu

re
10
.
If

we
ap

pl
y
th
e
ID

al
go
rit

hm
w
ith

ou
t
pr
un

in
g
an

d
pe

rfo
rm

sim
pl
ifi
ca
tio

n
as

a
po

st
-p
ro
ce
ss
in
g
st
ep

,t
he

n
th
e
re
su
lti
ng

ex
pr
es
sio

n
is

∑ z 3

∑
z 2

P
(y
|z 2

,z
3,

z 1
,x

)P
(x
|z 2

,z
3,

z 1
)P

(z
3|z

2)
P

(z
2)

∑
z 2

P
(x
|z 2

,z
3,

z 1
)P

(z
3|z

2)
P

(z
2)

P
(z

3|z
2)

.
(2
)

Th
is

ex
pr
es
sio

n
is

in
so
m
e
as
pe

ct
s
sim

pl
er

th
an

ex
pr
es
sio

n
(1
)
ob

ta
in
ed

us
in
g
pr
un

in
g
al
on

e,
bu

t
do

es
co
nt
ai
n
a
su
m

ov
er

Z
3
th
at

wa
s
no

t
or
ig
in
al
ly

pr
es
en
t.

W
he

n
pr
un

in
g
is

in
tr
od

uc
ed

to
th
e
ID

al
go
rit

hm
an

d
sim

pl
ifi
ca
tio

n
is

ag
ai
n
ap

pl
ie
d,

th
e

re
su
lti
ng

ex
pr
es
sio

n
is

in
st
ea
d

∑
z 3
,z

2
P

(y
|z 2

,z
3,

z 1
,x

)P
(x
|z 2

,z
3,

z 1
)P

(z
3|z

2)
P

(z
2)

∑
z 2

P
(x
|z 2

,z
1)

P
(z

2)
,

w
hi
ch

is
no

tic
ea
bl
y
sim

pl
er

th
an

ex
pr
es
sio

ns
(1
)
an

d
(2
).

T
hi
s
ex
am

pl
e
sh
ow

s,
th
at

w
he

n
pr
un

in
g
m
et
ho

ds
ar
e
em

pl
oy
ed

to
ge
th
er

w
ith

sim
pl
ifi
ca
tio

n,
a
sim

pl
er

ex
pr
es
sio

n
ca
n
be

re
ac
he

d
th
an

w
ha

t
is

po
ss
ib
le

w
ith

ei
th
er

pr
un

in
g
or

sim
pl
ifi
ca
tio

n
al
on

e.

7.
D
is
cu
ss
io
n

W
e
ha

ve
pr
es
en
te
d
cr
ite

ria
fo
r
re
m
ov
in
g
va
ria

bl
es

fro
m

ca
us
al

m
od

els
th
at

ar
e
no

t
ne

ce
ss
ar
y

to
ac
hi
ev
e
id
en
tifi

ab
ili
ty

fo
r
a
gi
ve
n
ca
us
al

eff
ec
t,

an
d
sh
ow

ed
ho

w
th
es
e
cr
ite

ria
ca
n
be

ap
pl
ie
d
in

pr
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T
he

theory
ofactive

learning
has

received
considerable

attention
in

the
pastdecade

(e.g.,D
asgupta,

2004;B
alcan

etal.,2007,2009;H
anneke,2011;H

anneke
and

Y
ang,2015).A

ctive
learning

theory
has

been
m

ostly
studied

in
a

param
etric

setting
(thatis,learning

w
ith

respectto
a

fixed
hypothesis

class
w

ith
a

bounded
capacity).

B
enefits

and
lim

itations
of

various
active

querying
strategies

have
been

proven
in

the
realizable

setting
(D

asgupta,2004;B
alcan

etal.,2007;G
onen

etal.,2013)
as

w
ell

as
in

the
agnostic

case
(B

alcan
et

al.,
2009;

H
anneke,

2011;
A

w
asthi

et
al.,

2014).
It

has
also

been
show

n
thatactive

queries
can

also
be

beneficialfor
regression

tasks
(C

astro
etal.,2005;

Sabato
and

M
unos,2014).Further,an

active
m

odelselection
procedure

has
been

developed
forthe

param
etric

setting
(B

alcan
etal.,2010).

T
he

potential
benefits

of
active

learning
for

non-param
etric

settings
are

less
w

ell
understood.

PracticalB
ayesian

graph-based
active

learning
m

ethods
(Z

hu
etal.,2003;W

eietal.,2015)rely
on

generative
m

odelassum
ptions,and

therefore
com

e
w

ithoutdistribution-free
perform

ance
guaran-

tees.From
a

theoreticalperspective,the
labelcom

plexity
ofgraph

based
active

learning
has

m
ostly

been
analyzed

in
term

s
of

com
binatorial

graph
param

eters
(C

esa-B
ianchi

et
al.,2010;

D
asarathy

etal.,2015).
W

hile
the

latter
w

ork
provides

som
e

statisticalguarantees
under

specific
conditions

on
the

data-generating
distribution,this

type
of

analysis
does

notyield
distribution-free

statistical
perform

ance
guarantees.

C
astro

et
al.(2005);

C
astro

and
N

ow
ak

(2008)
analyze

m
inim

ax
rates

for
non-param

etric
re-

gression
and

classification
respectively,fora

class
ofdistributions

in
E

uclidean
space,characterized

by
decision

boundary
regularity

and
noise

conditions
w

ith
uniform

m
arginals.

T
he

paradigm
of

cluster-based
active

learning
(D

asgupta
and

H
su,2008)

has
been

show
n

to
provide

label
savings

undersom
e

distributionalclusterability
assum

ptions
(U

rneretal.,2013;K
potufe

etal.,2015).D
as-

gupta
and

H
su

(2008)show
ed

thata
suitable

cluster-tree
can

yield
labelsavings

in
this

fram
ew

ork,
and

papers
follow

ing
up

(U
rner

etal.,2013;K
potufe

etal.,2015)
quantified

the
labelsavings

un-
der

distributionalclusterability
assum

ptions.
H

ow
ever,no

active
non-param

etric
strategy

has
been

proposed
so

far
thathas

labelcom
plexity

guarantees
for

i.i.d.
data

from
generaldistributions

and
generalm

etric
spaces.H

ere,w
e

provide
the

firstsuch
algorithm

and
guarantees.

T
he

passive
nearest-neighborclassifier,introduced

by
Fix

and
H

odges
(1951,1989),is

popular
am

ong
theorists

and
practitioners

alike
(Fix

and
H

odges,1989;C
overand

H
art,1967;Stone,1977;

K
ulkarni

and
Posner,1995;

B
oim

an
et

al.,2008).
T

his
paradigm

is
applicable

in
general

m
etric

spaces,and
its

sim
plicity

is
an

attractive
feature

for
both

im
plem

entation
and

analysis.
W

hen
ap-

propriately
regularized

—
either

by
taking

a
m

ajority
vote

am
ong

the
k

nearestneighbors
(Stone,

1977;D
evroye

and
G

yörfi,1985;Z
hao,1987),orby

enforcing
a

m
argin

separating
the

classes
(von

L
uxburg

and
B

ousquet,2004;
G

ottlieb
et

al.,2014a;
K

ontorovich
and

W
eiss,2015;

K
ontorovich

et
al.,

2017)
—

this
type

of
learner

can
be

m
ade

B
ayes-consistent.

A
nother

desirable
property

of
nearest-neighbor-based

m
ethods

is
their

ability
to

generalize
at

a
rate

that
scales

w
ith

the
in-

trinsic
data

dim
ension,w

hich
can

be
m

uch
low

er
than

that
of

the
am

bient
space

(K
potufe,2011;

G
ottlieb

et
al.,

2014a,
2016;

C
haudhuri

and
D

asgupta,
2014).

Furtherm
ore,

m
argin-based

regu-
larization

m
akes

nearest
neighbor

classifiers
ideally

suited
for

sam
ple

com
pression,

w
hich

yields
a

com
pact

representation,
faster

classification
runtim

e,
and

im
proved

generalization
perform

ance
(G

ottlieb
etal.,2014b).T

he
resulting

errorguarantees
can

be
stated

in
term

s
ofthe

sam
ple’s

noisy-
m

argin,w
hich

depends
on

the
distances

betw
een

differently-labeled
exam

ples
in

the
inputsam

ple.
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E
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A
ctive

learning
strategies

specific
to

nearestneighbor
classification

have
recently

received
at-

tention.Ithas
been

show
n

thatcertain
active

querying
rules

m
aintain

B
ayes

consistency
fornearest

neighbor
classification,w

hile
other,seem

ingly
natural,rules

do
notlead

to
a

consistentalgorithm
(D

asgupta,2012).
A

selective
querying

strategy
has

been
show

n
to

be
beneficialfornearestneigh-

bors
under

covariate
shift(B

erlind
and

U
rner,2015),w

here
one

needs
to

adaptto
a

change
in

the
data

generating
process.

H
ow

ever,the
querying

rule
in

thatw
ork

is
based

solely
on

inform
ation

in
the

unlabeled
data,to

accountfor
a

shiftin
the

distribution
over

the
covariates.

Itdoes
notim

ply
any

label
savings

in
the

standard
learning

setting,
w

here
training

and
test

distribution
are

identi-
cal.

In
contrast,

our
current

w
ork

dem
onstrates

how
an

active
learner

can
take

label
inform

ation
into

account,to
reduce

the
labelcom

plexity
of

a
generalnearestneighbor

m
ethod

in
the

standard
setting.

1.2
A

R
em

ark
on

B
ayes-C

onsistency

W
e

rem
ark

on
the

B
ayes-consistency

ofthe
m

argin-based
passive

1-N
N

m
ethods.In

G
ottlieb

etal.
(2014a),a

PA
C

-style
generalization

bound
w

as
given.A

ta
given

scale
t,the

algorithm
firstensured

t-separation
of

the
sam

ple
by

solving
solving

a
m

inim
um

vertex
cover

problem
to

elim
inate

the
t-blocking

pairs.
Follow

ing
that,

the
hypothesis

w
as

constructed
as

a
L

ipschitz
extension

from
the

rem
aining

sam
ple;

the
latter

is
com

putationally
im

plem
ented

as
a

nearest
neighbor

classifier.
StructuralR

isk
M

inim
ization

(SR
M

)
w

as
used

to
selectthe

optim
alscale

t.
A

very
close

variant
of

this
learner

w
as

show
n

to
be

B
ayes-consistent

by
K

ontorovich
and

W
eiss

(2015).
T

he
only

difference
betw

een
the

tw
o

is
thatthe

form
er

analyzed
the

hypothesis
com

plexity
in

term
s

of
fat-

shattering
dim

ension
w

hile
the

latter
via

R
adem

acher
averages.

T
hus,a

m
argin-regularized

1-N
N

classifierw
as

show
n

to
be

B
ayes-consistent;how

ever,no
com

pression
w

as
involved.

A
com

pression-based
alternative

to
L

ipschitz
extension

w
as

proposed
in

G
ottlieb

etal.(2014b).
T

he
idea

is
again

to
ensure

t-separation
via

vertex
cover

and
then

com
press

the
rem

aining
sam

ple
dow

n
to

a
t-net.

W
e

conjecture
that

this
latter

algorithm
is

also
B

ayes-consistent,
but

currently
have

no
proof.Ifinstead

one
considers

a
com

pression-based
passive

learnerim
plem

ented
as

in
this

paper(by
taking

m
ajority

vote
in

each
Voronoiregion

ratherthan
enforcing

t-separation
via

vertex
cover),the

resulting
classifier

is
indeed

B
ayes-consistent,as

w
as

recently
show

n
by

K
ontorovich

etal.(2017).

2.Prelim
inaries

In
this

section
w

e
lay

dow
n

the
necessary

prelim
inaries.

W
e

form
ally

define
the

setting
and

nec-
essary

notation
in

Section
2.1.

W
e

discuss
nets

in
m

etric
spaces

in
Section

2.2,
and

present
the

guarantees
ofthe

com
pression-based

passive
learnerofG

ottlieb
etal.(2017)in

Section
2.3.

2.1
Setting

and
N

otation

For
positive

integers
n,denote

[n
]

:=
{1
,...,n}.

W
e

consider
learning

in
a

generalm
etric

space
(X
,ρ

),w
hereX

is
a

setand
ρ

is
the

m
etric

on
X

.
O

ur
problem

setting
is

thatof
classification

of
the

instance
spaceX

into
som

e
finite

labelsetY
.

A
ssum

e
thatthere

is
som

e
distribution

D
over

X
×
Y

,and
let
S
∼
D
m

be
a

labeled
sam

ple
ofsize

m
,w

here
m

is
an

integer.D
enote

the
sequence

of
unlabeled

points
in
S

by
U

(S
).

W
e

som
etim

es
treat

S
and

U
(S

)
as

m
ultisets,since

the
order

is
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E
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S
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N
E

IG
H
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O

R
L

E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

un
im

po
rt

an
t.

Fo
r

a
la

be
le

d
m

ul
tis

et
S
⊆
X
×
Y

an
d
y
∈
Y,

de
no

te
S
y

:=
{x
|(
x
,y

)
∈
S
};

in
pa

rt
ic

ul
ar

,U
(S

)
=
∪ y
∈Y
S
y
.

T
he

er
ro

ro
fa

cl
as

si
fie

rh
:
X
→
Y

on
D

,f
or

an
y

fix
ed
h

,i
s

de
no

te
d

er
r(
h
,D

)
:=

P[
h

(X
)
6=
Y

],

w
he

re
(X
,Y

)
∼
D

.T
he

em
pi

ri
ca

le
rr

or
on

a
la

be
le

d
sa

m
pl

e
S

in
st

an
tia

te
s

to

er
r(
h
,S

)
=

1 |S
|∑

I[h
(X

)
6=
Y

].

A
pa

ss
iv

e
le

ar
ne

r
re

ce
iv

es
a

la
be

le
d

sa
m

pl
e
S
in

as
in

pu
t.

A
n

ac
tiv

e
le

ar
ne

r
re

ce
iv

es
th

e
un

la
be

le
d

pa
rt

of
th

e
sa

m
pl

e
U
in

:=
U

(S
in

)
as

in
pu

t,
an

d
is

al
lo

w
ed

to
in

te
ra

ct
iv

el
y

se
le

ct
ex

am
pl

es
fr

om
U
in

an
d

re
qu

es
tt

he
ir

la
be

lf
ro

m
S
in

.I
n

ot
he

rw
or

ds
,t

he
ac

tiv
e

le
ar

ne
ri

te
ra

tiv
el

y
se

le
ct

s
an

ex
am

pl
e

an
d

re
qu

es
ts

its
la

be
l,

w
he

re
in

al
lt

he
la

be
ls

re
qu

es
te

d
so

fa
rc

an
be

us
ed

to
m

ak
e

th
e

ne
xt

se
le

ct
io

n.
W

he
n

ei
th

er
le

ar
ne

r
te

rm
in

at
es

,i
to

ut
pu

ts
a

cl
as

si
fie

r
ĥ

:
X
→
Y,

w
ith

th
e

go
al

of
ac

hi
ev

in
g

a
lo

w
er

r(
ĥ
,D

).
A

n
ad

di
tio

na
lg

oa
lo

ft
he

ac
tiv

e
le

ar
ne

ri
s

to
ac

hi
ev

e
a

pe
rf

or
m

an
ce

co
m

pe
tit

iv
e

w
ith

th
at

of
th

e
pa

ss
iv

e
le

ar
ne

r,
w

hi
le

qu
er

yi
ng

co
ns

id
er

ab
ly

fe
w

er
la

be
ls

.
T

he
di

am
et

er
of

a
se

tA
⊆
X

is
de

fin
ed

by

d
ia
m

(A
)

:=
su

p
a
,a
′ ∈
A
ρ
(a
,a
′ )
.

Fo
r

a
fin

ite
se

tU
=
{ u

1
,.
..
,u
|U
|}
⊆
X

w
ith

so
m

e
fix

ed
nu

m
be

ri
ng

of
its

el
em

en
ts

,1
de

no
te

th
e

in
de

x
of

th
e

cl
os

es
tp

oi
nt

in
U

to
x
∈
X

by

κ
(x
,U

)
:=

a
rg

m
in

i:
x
i
∈U

ρ
(x
,x

i)
.

W
e

as
su

m
e

he
re

an
d

th
ro

ug
ho

ut
th

is
w

or
k

th
at

w
he

n
th

er
e

is
m

or
e

th
an

on
e

m
in

im
iz

er
fo

rρ
(x
,x

i)
,

tie
s

ar
e

br
ok

en
ar

bi
tr

ar
ily

(b
ut

in
a

co
ns

is
te

nt
an

d
de

te
rm

in
is

tic
fa

sh
io

n)
.

A
ny

la
be

le
d

sa
m

pl
e
S

=
((
x
i,
y i

))
i∈

[k
]

na
tu

ra
lly

in
du

ce
s

th
e

1-
ne

ar
es

t-
ne

ig
hb

or
cl

as
si

fie
r
h
n
n
S

:
X
→
Y,

vi
a
h
n
n
S

(x
)

:=
y κ

(x
,U

(S
))

.F
or

a
se

tZ
⊆
X

,d
en

ot
e

by

κ
(Z
,U

)
:=
{κ

(z
,U

)
|z
∈
Z
}

th
e

se
to

f
al

lt
he

in
di

ce
s
κ

(z
,U

),
as

de
fin

ed
ab

ov
e.

Fo
r
x
∈
X

,a
nd
t
>

0
,d

en
ot

e
by

b
al
l(
x
,t

)
th

e
(c

lo
se

d)
ba

ll
of

ra
di

us
t

ar
ou

nd
x

:

b
al
l(
x
,t

)
:=
{ x
′ ∈
X
|ρ

(x
,x
′ )
≤
t}
.

2.
2

N
et

s

A
se

tA
⊆
X

is
t-

se
pa

ra
te

d
if

in
f a
,a
′ ∈
A
:a
6=
a
′
ρ
(a
,a
′ )
≥
t.

Fo
r
A
⊆
B
⊆
X

,t
he

se
tA

is
a
t-

ne
to

f
B

if
A

is
t-

se
pa

ra
te

d
an

d
B
⊆
⋃
a
∈A

b
al
l(
a
,t

).
T

hu
s,
A

is
a
t-

ne
to

fB
if

it
is

bo
th

a
t-

co
ve

ri
ng

an
d

a
t-

pa
ck

in
g.

1.
In

vo
ki

ng
th

e
w

el
l-

or
de

ri
ng

pr
in

ci
pl

e,
w

e
m

ay
as

su
m

e
X

to
be

w
el

l-
or

de
re

d
an

d
th

en
an

y
U
⊆
X

in
he

ri
ts

th
e

or
de

ri
ng

of
X

.
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le

as
t

on
e

of
th

e
po

in
ts

in
M

2
m

us
t

co
ve

r
at

le
as

t
k

po
in

ts
in
M

1
.

T
hu

s,
su

pp
os

e
th

at
x
∈
M

2
co

ve
rs

th
e

se
tZ

=
{z

1
,.
..
,z
l}
⊆
M

1
,m

ea
ni

ng
th

at
Z
⊆

b
al
l(
x
,t

),
w

he
re
l

=
|Z
|≥

k
.B

y
vi

rt
ue

of
be

lo
ng

in
g

to
th

e
t-

ne
tM

1
,t

he
se

tZ
is
t-

se
pa

ra
te

d.
T

he
re

fo
re
Z

is
a
t-

ne
to

f
Z

.
Si

nc
e
Z

is
co

nt
ai

ne
d

in
a
t-

ba
ll,

w
e

ha
ve

d
ia
m

(Z
)
≤

2
t.

It
fo

llo
w

s
fr

om
E

q.
(1

)t
ha

t|
Z
|≤

2d
d
im

(A
)+

1
,w

he
nc

e
th

e
cl

ai
m

.

T
hr

ou
gh

ou
tt

he
pa

pe
r,

w
e

fix
a

de
te

rm
in

is
tic

pr
oc

ed
ur

e
fo

r
co

ns
tr

uc
tin

g
a
t-

ne
t,

an
d

de
no

te
its

ou
tp

ut
fo

ra
m

ul
tis

et
U
⊆
X

by
N
et

(U
,t

).
L

et
P
ar

(U
,t

)
be

a
pa

rt
iti

on
of
X

in
to

re
gi

on
s

in
du

ce
d

by
N
et

(U
,t

),
th

at
is

:f
or

N
et

(U
,t

)
=
{x

1
,.
..
,x

N
},

de
fin

e
P
ar

(U
,t

)
:=
{P

1
,.
..
,P

N
},

w
he

re

P
i

=
{x
∈
X
|κ

(x
,N

et
(U
,t

))
=
i}
.

Fo
rt
>

0
,l

et
N

(t
)

:=
|N
et

(U
in
,t

)|
be

th
e

si
ze

of
th

e
t-

ne
tf

or
th

e
in

pu
ts

am
pl

e.
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A
C

T
IV

E
N

E
A

R
E

S
T-N

E
IG

H
B

O
R

L
E

A
R

N
IN

G
IN

M
E

T
R

IC
S

PA
C

E
S

2.3
Passive

C
om

pression-B
ased

N
earest-N

eighbors

N
on-param

etric
binary

classification
adm

its
perform

ance
guarantees

that
scale

w
ith

the
sam

ple’s
noisy-m

argin
(von

L
uxburg

and
B

ousquet,2004;G
ottlieb

etal.,2014a,2017).T
he

originalm
argin-

based
m

ethods
of

von
L

uxburg
and

B
ousquet(2004)

and
G

ottlieb
etal.(2014a)

analyzed
the

gen-
eralization

perform
ance

via
the

technique
of

L
ipschitz

extension.
L

ater,itw
as

noticed
in

G
ottlieb

etal.(2014b)thatthe
presence

ofa
m

argin
allow

s
forcom

pression
—

in
fact,nearly

optim
ally

so.
W

e
say

that
a

labeled
m

ultiset
S

is
(ν
,t)-separated,

for
ν
∈

[0,1]
and

t
>

0
(representing

a
m

argin
t

w
ith

noise
ν),

if
one

can
rem

ove
a
ν-fraction

of
the

points
in
S

,
and

in
the

resulting
m

ultiset,any
pairofdifferently

labeled
points

is
separated

by
a

distance
ofatleast

t.
Form

ally,w
e

have
the

follow
ing

definition.

D
efinition

2
S

is
(ν
,t)-separated

ifthere
exists

a
subsam

ple
S̃
⊆
S

such
that

1.|S
\
S̃|≤

ν|S|and

2.∀
y
1 6=

y
2 ∈
Y
,a
∈
S̃
y
1,b∈

S̃
y
2,w

e
have

ρ
(a
,b)≥

t.

For
a

given
labeled

sam
ple

S
,denote

by
ν

(t)
the

sm
allestvalue

ν
such

that
S

is
(ν
,t)-separated.

G
ottlieb

etal.(2017)
propose

a
passive

learner
w

ith
the

follow
ing

guarantees 2
as

a
function

of
the

separation
of
S

.Setting
α

:=
m
/
(m
−
N

),define
the

follow
ing

form
ofa

generalization
bound:

G
B

(ε,N
,δ,m

,k
)

:=
α
ε

+
23

(N
+

1)
log

(m
k
)

+
log

(
1δ )

m
−
N

+
3√2 √

α
ε((N

+
1)

log
(m
k
)

+
log

(
1δ ))

m
−
N

.

Further,foran
integer

m
and

δ∈
(0,1),denote

G
m
in (m

,δ)
:=

m
in

t>
0

G
B

(ν
(t),N

(t),δ,m
,1).

T
he

quantity
G

m
in (m

,δ)
is

sm
allfor

datasets
w

here
w

e
only

need
to

rem
ove

few
points

to
obtain

a
reasonably

w
ellseparated

subset.
A

s
an

exam
ple,consider

data
generated

by
tw

o
w

ellseparated
G

aussians
(one

generating
the

positively
labeled

points,and
one

generating
the

negatively
labeled

points).
T

hen,
m

ost
of

the
data

points
w

ill
be

close
to

their
respective

m
eans,

but
som

e
w

ill
be

farther,and
m

ay
lie

closer
to

the
m

ean
of

the
other

G
aussian.

R
em

oving
those

few
w

illresultin
a

separated
set.

T
heorem

3
(G

ottlieb
etal.2017)

Let
m

be
an

integer,
δ
∈

(0,1).
There

exists
a

passive
learn-

ing
algorithm

that
returns

a
nearest-neighbor

classifier
h
n
n
S
p
a
s ,w

here
S
p
a
s ⊆

S
in ,such

that,w
ith

probability
1−

δ,

err(h
n
n
S
p
a
s ,D

)≤
G

m
in (m

,δ).

T
he

bound
above

is
data-dependent,m

eaning
thatthe

strength
of

the
generalization

guarantee
de-

pends
on

the
quality

of
the

random
sam

ple.
Specifically,

the
passive

algorithm
of

G
ottlieb

et
al.

(2017)
generates

S
p
a
s

of
size

approxim
ately

N
(t)

for
the

optim
alscale

t
>

0
(found

by
searching

over
all

scales),
by

rem
oving

the
|S

in |ν
(t)

points
that

obstruct
the

t-separation
betw

een
different

labels
in
S
in ,and

then
selecting

a
subsetofthe

rem
aining

labeled
exam

ples
to

form
S
p
a
s ,so

thatthe

2.T
he

guarantees
hold

forthe
m

ore
generalcase

ofsem
im

etrics.
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

exam
ples

are
a
t-netfor

S
in

(notincluding
the

obstructing
points).Forthe

binary
classification

case
(|Y|

=
2)

an
efficientalgorithm

is
show

n
in

G
ottlieb

etal.(2017).
H

ow
ever,in

the
generalm

ulti-
classcase,itisnotknow

n
how

to
find

a
m

inim
alt-separation

efficiently
—

a
naive

approach
requires

solving
the

N
P-hard

problem
of

vertex
cover.

O
ur

approach,w
hich

w
e

detailbelow
,circum

vents
this

issue,and
provides

an
efficientalgorithm

also
forthe

m
ulticlass

case.

3.M
ain

R
esults

W
e

propose
a

novelapproach
for

generating
a

subsetfor
a

nearest-neighbor
rule.

T
his

approach,
detailed

in
the

follow
ing

sections,does
notrequire

finding
and

rem
oving

allthe
obstructing

points
in
S
in ,and

can
be

im
plem

ented
in

an
active

setting
using

a
sm

allnum
ber

of
labels.

T
he

resulting
active

learning
algorithm

,
M
A
R
M
A
N
N

,has
an

errorguarantee
com

petitive
w

ith
thatofthe

passive
learner,

and
a

label
com

plexity
that

can
be

significantly
low

er.
W

e
term

the
subset

used
by

the
nearest-neighborrule

a
com

pression
set.

A
lgorithm

1
M
A
R
M
A
N
N

:M
A

rgin
R

egularized
M

etric
A

ctive
N

earestN
eighbor

input
U

nlabeled
sam

ple
U
in

ofsize
m

,
δ∈

(0,1).
t̂←

S
electS

cale(δ).
#
S
electS

cale
is

given
in

Section
5,A

lg.4.
Ŝ
←

G
en
erateN

N
S
et(t̂,[N

(t̂)],δ).
#
G
en
erateN

N
S
et

is
given

in
Section

4,A
lg.2.

O
utput

h
n
n
Ŝ

.

M
A
R
M
A
N
N

,listed
in

A
lg.1,operates

as
follow

s.
First,a

scale
t̂
>

0
is

selected,by
calling

t̂←
S
electS

cale(δ),w
here

S
electS

cale
is

our
m

odelselection
procedure.

S
electS

cale
has

access
to
U
in ,and

queries
labels

from
S
in

as
necessary.

It
estim

ates
the

generalization
error

bound
G

B
for

several
different

scales,
and

executes
a

procedure
sim

ilar
to

binary
search

to
identify

a
good

scale.
T

he
binary

search
keeps

the
num

ber
of

estim
ations

(and
thus

requested
labels)

sm
all.

C
ru-

cially,ourestim
ation

procedure
is

designed
to

preventthe
search

from
spending

a
num

beroflabels
that

depends
on

the
net

size
of

the
sm

allest
possible

scale
t,so

that
the

total
label

com
plexity

of
M
A
R
M
A
N
N

depends
only

on
the

error
of

the
selected

t̂.
Second,

the
selected

scale
t̂

is
used

to
generate

the
com

pression
setby

calling
Ŝ
←

G
en
erateN

N
S
et(t̂,[N

(t̂)],δ),w
here

G
en
erateN

N
S
et

is
ourprocedure

forgenerating
the

com
pression

set,and
[N

(t̂)]≡
{1,...,N

(t̂)}.O
urm

ain
result

is
the

follow
ing

guarantee
for

M
A
R
M
A
N
N

.

T
heorem

4
(M

ain
result;G

uarantee
for

M
A
R
M
A
N
N

)
Let

S
in
∼
D
m

,w
here

m
≥

m
ax

(6,|Y|),
δ
∈

(0,
14 ).

Let
h
n
n
Ŝ

be
the

outputof
M
A
R
M
A
N
N

(U
in ,δ),w

here
Ŝ
⊆
X
×
Y

,and
let

N̂
:=
|Ŝ|.

Let
ĥ

:=
h
n
n
Ŝ

and
ε̂

:=
err(ĥ

,S
in ),and

denote
Ĝ

:=
G

B
(ε̂,N̂

,δ,m
,1).W

ith
a

probability
of

1−
δ

over
S
in

and
random

ness
of

M
A
R
M
A
N
N

,

err(ĥ
,D

)≤
2
Ĝ
≤
O

(G
m
in (m

,δ))
,

and
the

num
ber

oflabels
from

S
in

requested
by

M
A
R
M
A
N
N

is
atm

ost

O

(
log

3( mδ
) (

1Ĝ
log

(
1Ĝ

)
+
m
Ĝ

))
.

(2)

H
ere

the
O

(·)
notation

hides
only

universalm
ultiplicative

constants.
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E
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E
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B
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R
L

E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

O
ur

er
ro

rg
ua

ra
nt

ee
is

th
us

a
co

ns
ta

nt
fa

ct
or

ov
er

th
e

er
ro

rg
ua

ra
nt

ee
of

th
e

pa
ss

iv
e

le
ar

ne
ro

f(
G

ot
-

tli
eb

et
al

.,
20

17
),

gi
ve

n
in

T
he

or
em

3.
T

he
co

ns
ta

nt
fa

ct
or

th
at

w
e

de
riv

e
in

ou
r

an
al

ys
is

is
in

th
e

or
de

ro
f2

00
0

(t
hi

s
ca

n
be

se
en

in
th

e
pr

oo
fo

fT
he

or
em

15
).

N
ot

e
th

at
w

e
di

d
no

tf
oc

us
on

op
tim

iz
-

in
g

it,
op

tin
g

in
st

ea
d

fo
ra

m
or

e
st

re
am

lin
ed

an
al

ys
is

.A
s

th
e

lo
w

er
bo

un
d

in
T

he
or

em
6

sh
ow

s,
th

e
ad

di
tiv

e
te

rm
m
Ĝ

in
E

q.
(2

)i
s

es
se

nt
ia

lly
un

av
oi

da
bl

e.
W

he
th

er
th

e
de

pe
nd

en
ce

on
1/
Ĝ

is
in

de
ed

ne
ce

ss
ar

y
is

cu
rr

en
tly

an
op

en
pr

ob
le

m
.

To
ob

se
rv

e
th

e
ad

va
nt

ag
es

of
M
A
R
M
A
N
N

ov
er

a
pa

ss
iv

e
le

ar
ne

r,
co

ns
id

er
a

sc
en

ar
io

in
w

hi
ch

th
e

up
pe

rb
ou

nd
G

m
in

of
T

he
or

em
3,

as
w

el
la

s
th

e
B

ay
es

er
ro

ro
fD

,a
re

of
or

de
rΘ̃

(1
/√

m
).

T
he

n
Ĝ

=
Θ

(1
/
√
m

)
as

w
el

l.
T

he
re

fo
re

,M
A
R
M
A
N
N

ob
ta

in
s

a
pr

ed
ic

tio
n

er
ro

rg
ua

ra
nt

ee
of

Θ̃
(1
/√

m
),

si
m

ila
rl

y
to

th
e

pa
ss

iv
e

le
ar

ne
r,

bu
ti

tu
se

s
on

ly
Θ̃

(√
m

)
la

be
ls

in
st

ea
d

of
m

.I
n

co
nt

ra
st

,t
he

fo
llo

w
-

in
g

re
su

lt
sh

ow
s

th
at

no
le

ar
ne

rt
ha

ts
el

ec
ts

la
be

ls
un

if
or

m
ly

at
ra

nd
om

fr
om

S
in

ca
n

co
m

pe
te

w
ith

M
A
R
M
A
N
N

:T
he

or
em

5
be

lo
w

sh
ow

s
th

at
fo

ra
ny

pa
ss

iv
e

le
ar

ne
rt

ha
tu

se
s

Θ̃
(√
m

)
ra

nd
om

la
be

ls
fr

om
S
in

,t
he

re
ex

is
ts

a
di

st
ri

bu
tio

n
D

w
ith

th
e

ab
ov

e
pr

op
er

tie
s,

fo
rw

hi
ch

th
e

pr
ed

ic
tio

n
er

ro
ro

ft
he

pa
ss

iv
e

le
ar

ne
ri

n
th

is
ca

se
is

Ω̃
(m
−
1
/
4
),

a
de

ca
y

ra
te

w
hi

ch
is

al
m

os
tq

ua
dr

at
ic

al
ly

sl
ow

er
th

an
th

e
Õ

(1
/
√
m

)
ra

te
ac

hi
ev

ed
by

M
A
R
M
A
N
N

.T
hu

s,
th

e
gu

ar
an

te
es

of
M
A
R
M
A
N
N

ca
nn

ot
be

m
at

ch
ed

by
an

y
pa

ss
iv

e
le

ar
ne

r.

T
he

or
em

5
(P

as
si

ve
lo

w
er

bo
un

d)
Le

tm
>

0
be

an
in

te
ge

r,
an

d
su

pp
os

e
th

at
(X
,ρ

)
is

a
m

et
ri

c
sp

ac
e

su
ch

th
at

fo
r

so
m

e
t̄
>

0,
th

er
e

is
a
t̄-

ne
t
T

of
X

of
si

ze
Θ

(√
m

).
C

on
si

de
r

an
y

pa
ss

iv
e

le
ar

ni
ng

al
go

ri
th

m
th

at
m

ap
s

i.i
.d

.s
am

pl
es
S
`
∼
D
`

fr
om

so
m

e
di

st
ri

bu
tio

n
D

ov
er
X
×
{−

1,
1}

,
to

fu
nc

tio
ns
ĥ
`

:
X
→
{−

1,
1}

.
Fo

r
an

y
su

ch
al

go
ri

th
m

an
d

an
y
`

=
Θ̃

(√
m

),
th

er
e

ex
is

ts
a

di
st

ri
bu

tio
n
D

su
ch

th
at

:

i.
Th

e
B

ay
es

er
ro

r
of
D

is
Θ

(1
/√

m
);

ii.
W

ith
at

le
as

ta
co

ns
ta

nt
pr

ob
ab

ili
ty

,b
ot

h
of

th
e

fo
llo

w
in

g
ev

en
ts

oc
cu

r:

(a
)

Th
e

pa
ss

iv
e

le
ar

ne
r

ac
hi

ev
es

er
ro

r
er

r(
ĥ
`,
D

)
=

Ω̃
(m
−
1
/
4
),

(b
)
G

m
in

(m
,δ

)
=

Θ̃
(1
/
√
m

).

F
ur

th
er

m
or

e,
i.

an
d

ii.
co

nt
in

ue
to

ho
ld

w
he

n
th

e
le

ar
ni

ng
al

go
ri

th
m

ha
s

ac
ce

ss
to

th
e

fu
ll

m
ar

gi
na

l
di

st
ri

bu
tio

n
ov

er
X

.

T
hu

s,
M
A
R
M
A
N
N

ev
en

im
pr

ov
es

ov
er

a
se

m
i-

su
pe

rv
is

ed
le

ar
ne

r:
its

la
be

ls
av

in
gs

st
em

fr
om

ac
-

tiv
el

y
se

le
ct

in
g

la
be

ls
,a

nd
ar

e
no

ta
ch

ie
va

bl
e

by
m

er
el

y
ex

pl
oi

tin
g

in
fo

rm
at

io
n

fr
om

un
la

be
le

d
da

ta
or

by
ra

nd
om

ly
se

le
ct

in
g

ex
am

pl
es

to
la

be
l.

W
e

de
du

ce
T

he
or

em
5

fr
om

a
m

or
e

ge
ne

ra
lr

es
ul

t,
w

hi
ch

m
ig

ht
be

of
in

de
pe

nd
en

ti
nt

er
es

t.
T

he
-

or
em

18
,g

iv
en

in
Se

ct
io

n
7,

im
pr

ov
es

ex
is

tin
g

pa
ss

iv
e

le
ar

ni
ng

sa
m

pl
e

co
m

pl
ex

ity
lo

w
er

bo
un

ds
.I

n
pa

rt
ic

ul
ar

,o
ur

re
su

lt
re

m
ov

es
th

e
re

st
ri

ct
io

ns
of

pr
ev

io
us

lo
w

er
bo

un
ds

on
th

e
re

la
tio

ns
hi

p
be

tw
ee

n
th

e
sa

m
pl

e
si

ze
,t

he
V

C
-d

im
en

si
on

,a
nd

th
e

no
is

e
le

ve
l,

w
hi

ch
re

nd
er

ex
is

tin
g

bo
un

ds
in

ap
pl

ic
ab

le
to

ou
rp

ar
am

et
er

re
gi

m
e.

T
he

pr
oo

fo
fT

he
or

em
5

is
gi

ve
n

th
er

ea
ft

er
in

Se
ct

io
n

7,
as

a
co

ns
eq

ue
nc

e
of

T
he

or
em

18
.

W
e

fu
rt

he
r

pr
ov

id
e

a
la

be
lc

om
pl

ex
ity

lo
w

er
bo

un
d,

in
T

he
or

em
6

be
lo

w
,w

hi
ch

ho
ld

s
fo

r
an

y
ac

tiv
e

le
ar

ne
rt

ha
to

bt
ai

ns
si

m
ila

rg
ua

ra
nt

ee
s

to
th

os
e

of
M
A
R
M
A
N
N

.T
he

lo
w

er
bo

un
d

sh
ow

s
th

at
an

y
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
w

hi
ch

gu
ar

an
te

es
a

m
ul

tip
lic

at
iv

e
ac

cu
ra

cy
ov

er
G

m
in

(m
,δ

)
ha

s
a

la
be

lc
om

pl
ex

ity
w

hi
ch

is
Ω̃

(m
G

m
in

(m
,δ

))
,f

or
a

w
id

e
ra

ng
e

of
va

lu
es

of
G

m
in

(m
,δ

)
—

es
se

n-
tia

lly
,a

s
lo

ng
as
G

m
in

(m
,δ

)
is

no
tt

riv
ia

lly
la

rg
e

or
tr

iv
ia

lly
sm

al
l.

T
hi

s
im

pl
ie

s
th

at
th

e
te

rm
m
Ĝ
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

in
th

e
up

pe
r

bo
un

d
of

th
e

la
be

l
co

m
pl

ex
ity

of
M
A
R
M
A
N
N

in
T

he
or

em
4

ca
nn

ot
be

si
gn

ifi
ca

nt
ly

im
pr

ov
ed

.

T
he

or
em

6
(A

ct
iv

e
lo

w
er

bo
un

d)
Le

tX
=

R
,δ
∈

(0
,1
/1

4
).

Le
tC
≥

1
,a

nd
le

tA
be

an
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
th

at
ou

tp
ut

s
ĥ

.
Su

pp
os

e
th

at
fo

r
an

y
di

st
ri

bu
tio

n
D

ov
er
X
×
Y,

if
th

e
in

pu
t

un
la

be
le

d
sa

m
pl

e
is

of
si

ze
m

,t
he

n
er

r(
ĥ
,D

)
≤
C
G

m
in

(m
,δ

)
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
δ.

Th
en

fo
r

an
y
α
∈

(l
o
g
(m

)+
lo
g
(2
8
)

8
√
2
m

,
1

2
4
0
C

)
th

er
e

ex
is

ts
a

di
st

ri
bu

tio
n
D

su
ch

w
ith

pr
ob

ab
ili

ty
at

le
as

t
1 2
8

ov
er
S
∼
D
m

an
d

th
e

ra
nd

om
ne

ss
of
A

,b
ot

h
of

th
e

fo
llo

w
in

g
ev

en
ts

ho
ld

:

1.
α
≤
G

m
in

(m
,δ

)
≤

30
α

2.
A

qu
er

ie
s

at
le

as
t
1 2

⌊ m
G

m
in
(m
,δ
)−

lo
g
(
m δ
)

3
0
lo
g
(m

)

⌋
≡

Ω̃
(m
G

m
in

(m
,δ

))
la

be
ls

.

T
he

pr
oo

fo
ft

hi
s

lo
w

er
bo

un
d

is
pr

ov
id

ed
in

Se
ct

io
n

8.
In

th
e

re
st

of
th

e
pa

pe
r,

th
e

co
m

po
ne

nt
s

of
M
A
R
M
A
N
N

ar
e

de
sc

ri
be

d
in

de
ta

il,
an

d
th

e
m

ai
n

re
su

lts
ar

e
pr

ov
ed

.

4.
A

ct
iv

e
N

ea
re

st
-N

ei
gh

bo
r

at
a

G
iv

en
Sc

al
e

A
m

ai
n

ch
al

le
ng

e
fo

r
ac

tiv
e

le
ar

ni
ng

in
ou

r
no

n-
pa

ra
m

et
ri

c
se

tti
ng

is
pe

rf
or

m
in

g
m

od
el

se
le

ct
io

n,
th

at
is

,
se

le
ct

in
g

a
go

od
sc

al
e
t

si
m

ila
rl

y
to

th
e

pa
ss

iv
e

le
ar

ne
r

of
G

ot
tli

eb
et

al
.

(2
01

7)
.

In
th

e
pa

ss
iv

e
su

pe
rv

is
ed

se
tti

ng
,t

he
ap

pr
oa

ch
de

ve
lo

pe
d

in
se

ve
ra

lp
re

vi
ou

s
w

or
ks

(G
ot

tli
eb

et
al

.,
20

14
b;

K
on

to
ro

vi
ch

an
d

W
ei

ss
,2

01
4;

G
ot

tli
eb

et
al

.,
20

14
a;

K
on

to
ro

vi
ch

an
d

W
ei

ss
,2

01
5)

pe
rf

or
m

s
m

od
el

se
le

ct
io

n
by

so
lv

in
g

a
m

in
im

um
ve

rt
ex

co
ve

rp
ro

bl
em

fo
re

ac
h

co
ns

id
er

ed
sc

al
e
t,

so
as

to
el

im
in

at
e

al
lo

ft
he
t-

bl
oc

ki
ng

pa
ir

s
—

i.e
.,

pa
ir

s
of

di
ff

er
en

tly
la

be
le

d
po

in
ts

w
ith

in
a

di
st

an
ce
t.

T
he

pa
ss

iv
e

al
go

ri
th

m
ge

ne
ra

te
s

a
co

m
pr

es
si

on
se

tb
y

fir
st

fin
di

ng
an

d
re

m
ov

in
g

fr
om

S
in

al
lp

oi
nt

s
th

at
ob

st
ru

ct
(ν
,t

)-
se

pa
ra

tio
n

at
a

gi
ve

n
sc

al
e
t
>

0
.

T
hi

s
in

cu
rs

a
co

m
pu

ta
tio

na
lc

os
tb

ut
no

si
gn

ifi
ca

nt
sa

m
pl

e
co

m
pl

ex
ity

in
cr

ea
se

,
as

id
e

fr
om

th
e

st
an

da
rd

lo
ga

ri
th

m
ic

fa
ct

or
th

at
co

m
es

fr
om

st
ra

tif
yi

ng
ov

er
da

ta
-d

ep
en

de
nt

hi
er

ar
ch

ie
s

(S
ha

w
e-

Ta
yl

or
et

al
.,

19
98

).
W

hi
le

th
is

ap
pr

oa
ch

w
or

ks
fo

rp
as

si
ve

le
ar

ni
ng

,i
n

th
e

ac
tiv

e
se

tti
ng

w
e

fa
ce

a
cr

uc
ia

lc
ha

lle
ng

e:
es

tim
at

in
g

th
e

er
ro

r
of

a
ne

ar
es

t-
ne

ig
hb

or
ru

le
at

sc
al

e
t

us
in

g
a

sm
al

ln
um

be
r

of
sa

m
pl

es
.

A
ke

y
in

si
gh

tt
ha

tw
e

ex
pl

oi
ti

n
th

is
w

or
k

is
th

at
in

st
ea

d
of

el
im

in
at

in
g

th
e

bl
oc

ki
ng

pa
ir

s,
on

e
m

ay
si

m
pl

y
re

la
be

ls
om

e
of

th
e

po
in

ts
in

th
e

co
m

pr
es

si
on

se
t,

an
d

th
is

w
ou

ld
al

so
ge

ne
ra

te
a

lo
w

-e
rr

or
ne

ar
es

t
ne

ig
hb

or
ru

le
.

T
hi

s
ne

w
ap

pr
oa

ch
en

ab
le

s
es

tim
at

io
n

of
th

e
sa

m
pl

e
ac

cu
ra

cy
of

a
(p

os
si

bl
y

re
la

-
be

le
d)
t-

ne
t

by
la

be
l-

ef
fic

ie
nt

ac
tiv

e
sa

m
pl

in
g.

In
ad

di
tio

n,
th

is
ap

pr
oa

ch
is

si
gn

ifi
ca

nt
ly

si
m

pl
er

th
an

es
tim

at
in

g
th

e
si

ze
of

th
e

m
in

im
um

ve
rt

ex
co

ve
r

of
th

e
t-

bl
oc

ki
ng

gr
ap

h.
M

or
eo

ve
r,

w
e

ga
in

im
pr

ov
ed

al
go

ri
th

m
ic

ef
fic

ie
nc

y,
by

av
oi

di
ng

th
e

re
la

tiv
el

y
ex

pe
ns

iv
e

ve
rt

ex
co

ve
rp

ro
ce

du
re

.
A

sm
al

lt
ec

hn
ic

al
di

ff
er

en
ce

,w
hi

ch
w

ill
be

ev
id

en
tb

el
ow

,i
st

ha
ti

n
th

is
ne

w
ap

pr
oa

ch
,e

xa
m

pl
es

in
th

e
co

m
pr

es
si

on
se

tm
ig

ht
ha

ve
a

di
ff

er
en

tl
ab

el
th

an
th

ei
ro

ri
gi

na
ll

ab
el

in
S
in

.S
ta

nd
ar

d
sa

m
pl

e
co

m
pr

es
si

on
an

al
ys

is
(e

.g
.G

ra
ep

el
et

al
.,

20
05

)a
ss

um
es

th
at

th
e

cl
as

si
fie

ri
s

de
te

rm
in

ed
by

a
sm

al
l

nu
m

be
r

of
la

be
le

d
ex

am
pl

es
fr

om
S
in

.
T

hi
s

do
es

no
ta

llo
w

th
e

ex
am

pl
es

in
th

e
co

m
pr

es
si

on
se

tt
o

ha
ve

a
di

ff
er

en
tl

ab
el

th
an

th
ei

r
or

ig
in

al
la

be
li

n
S
in

.
T

he
re

fo
re

,w
e

re
qu

ir
e

a
sl

ig
ht

ge
ne

ra
liz

at
io

n
of

pr
ev

io
us

co
m

pr
es

si
on

an
al

ys
is

(f
ol

lo
w

in
g

pr
ev

io
us

w
or

ks
on

co
m

pr
es

si
on

,s
ee

de
ta

ils
in

Se
ct

io
n

6.
1)

,w
hi

ch
al

lo
w

s
ad

di
ng

si
de

in
fo

rm
at

io
n

to
th

e
co

m
pr

es
si

on
se

t.
T

hi
s

si
de

in
fo

rm
at

io
n

w
ill

be
us

ed
to

se
tt

he
la

be
lo

f
ea

ch
of

th
e

ex
am

pl
es

in
th

e
co

m
pr

es
si

on
se

t.
T

he
ge

ne
ra

liz
at

io
n

in
cu

rs
a

sm
al

ls
ta

tis
tic

al
pe

na
lty

,w
hi

ch
w

e
qu

an
tif

y
in

Se
ct

io
n

6,
as

a
pr

el
im

in
ar

y
to

pr
ov

in
g

T
he

or
em

4.
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A
C

T
IV

E
N

E
A

R
E

S
T-N

E
IG

H
B

O
R

L
E

A
R

N
IN

G
IN

M
E

T
R

IC
S

PA
C

E
S

W
e

now
describe

our
approach

to
generating

a
com

pression
setfor

a
given

scale
t
>

0.
R

ecall
that

ν
(t)

is
the

sm
allestvalue

for
w

hich
S
in

is
(ν
,t)-separated.

W
e

define
tw

o
com

pression
sets.

T
he

firstone,denoted
S
a (t),represents

an
idealcom

pression
set,constructed

(solely
forthe

sake
of

analysis)so
thatitinduces

an
em

piricalerrorofatm
ost

ν
(t).C

alculating
S
a (t)

m
ightrequire

m
any

labels,
thus

it
is

only
used

for
analysis

purposes;
the

algorithm
never

constructs
it.

T
he

second
com

pression
set,

denoted
Ŝ
a (t),

represents
an

approxim
ation

to
S
a (t),

w
hich

can
be

constructed
using

a
sm

allnum
beroflabels,and

induces
a

sam
ple

errorofatm
ost

4ν
(t)

w
ith

high
probability.

W
e

firstdefine
the

idealset
S
a (t)

:=
{
(x

1 ,y
1 ),...,(x

N
,y
N

)}.
T

he
exam

ples
in
S
a (t)

are
the

points
in

N
et(U

in ,t/2),and
the

labelofeach
exam

ple
is

the
m

ajority
label,outofthe

labels
ofthe

exam
ples

in
S
in

to
w

hich
x
i is

closest.
Form

ally,{x
1 ,...,x

N }
:=

N
et(U

in ,t/2
),and

for
i∈

[N
],

y
i

:=
a
rg

m
a
x
y∈Y
|S
y∩

P
i |,w

here
P
i

=
{
x
∈
X
|
κ

(x
,N

et(U
,t/2))

=
i}
∈
P
ar(U

in ,t/2
).

L
em

m
a

7
Let

S
be

a
labeled

sam
ple

ofsize
m

,and
let{

P
1 ,...,P

N }
be

a
partition

ofU
(S

),w
ith

m
a
x
i d
iam

(P
i )≤

t
for

som
e
t≥

0.For
i∈

[N
],let

Λ
i

:=
S
y
i∩

P
i .Then

ν
(t)≥

1−
1m

∑i∈
[N

] |Λ
i |.

Proof
L

etS̃
⊆
S

be
a

subsam
ple

thatw
itnessesthe

(ν
(t),t)-separation

of
S

,so
that|S̃|≥

m
(1−

ν
(t)),

and
for

any
tw

o
points

(x
,y

),(x
′,y ′)∈

S̃
,if

ρ
(x
,x
′)≤

t
then

y
=
y ′.

D
enote

Ũ
:=

U
(S̃

).
Since

m
a
x
i d
iam

(P
i )
≤
t,

for
any

i
∈

[N
]

all
the

points
in
Ũ
∩
P
i

m
ust

have
the

sam
e

label
in
S̃

.
T

herefore,
∃
y
∈
Y

s.t.
Ũ
∩
P
i ⊆

S̃
y∩

P
i .

H
ence|Ũ

∩
P
i |≤
|Λ
i |.Itfollow

s

|S|−
∑i∈
[N

] |Λ
i |≤
|S|−

∑i∈
[N

] |Ũ
∩
P
i |

=
|S|−

|S̃|
=
m
·
ν

(t).

D
ividing

by
m

w
e

getthe
statem

entofthe
lem

m
a.

From
L

em
m

a
7,w

e
getC

or.8,w
hich

upperbounds
the

em
piricalerrorof

h
n
n
S
a
(t) by

ν
(t).

C
orollary

8
For

every
t
>

0,
err(h

n
n
S
a
(t) ,S

in )≤
ν

(t).

T
his

corollary
is

im
m

ediate
from

L
em

m
a

7,since
forany

P
i ∈

P
ar(U

in ,t/2),d
iam

(P
i )≤

t,and

err(h
n
n
S
a
(t) ,S

in )
=

1−
1m

∑i∈
[N

] |Λ
i |.

N
ow

,
calculating

S
a (t)

requires
know

ing
m

ost
of

the
labels

in
S
in .

M
A
R
M
A
N
N

constructs
instead

an
approxim

ation
Ŝ
a (t),

in
w

hich
the

exam
ples

are
the

points
in

N
et(U

in ,t/2)
(so

that
U

(Ŝ
a (t))

=
U

(S
a (t))),butthe

labels
are

determ
ined

using
a

bounded
num

ber
of

labels
requested

from
S
in .

T
he

labels
in
Ŝ
a (t)

are
calculated

by
the

sim
ple

procedure
G
en
erateN

N
S
et

given
in

A
lg.2.T

he
em

piricalerrorofthe
outputof

G
en
erateN

N
S
et

is
bounded

in
T

heorem
9

below
. 3

3.In
the

case
of

binary
labels

(|Y|
=

2),the
problem

of
estim

ating
S
a (t)

can
be

form
ulated

as
a

specialcase
of

the
benign

noise
setting

forparam
etric

active
learning,forw

hich
tightlow

erand
upperbounds

are
provided

in
H

anneke
and

Y
ang

(2015).
H

ow
ever,our

case
is

both
m

ore
general(as

w
e

allow
m

ulticlass
labels)

and
m

ore
specific

(as
w

e
are

dealing
w

ith
a

specific
“hypothesis

class”).T
hus

w
e

provide
ourow

n
procedure

and
analysis.
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

A
technicality

in
A

lg.2
requires

explanation:
In

M
A
R
M
A
N
N

,the
generation

of
Ŝ
a (t)

w
illbe

split
into

several
calls

to
G
en
erateN

N
S
et,

so
that

different
calls

determ
ine

the
labels

of
different

points
in
Ŝ
a (t).

T
herefore

G
en
erateN

N
S
et

has
an

additional
argum

ent
I,w

hich
specifies

the
in-

dices
of

the
points

in
N
et(U

in ,t/2)
for

w
hich

the
labels

should
be

returned
this

tim
e.

C
rucially,if

during
the

run
of

M
A
R
M
A
N
N

,
G
en
erateN

N
S
et

is
called

again
for

the
sam

e
scale

t
and

the
sam

e
point

in
N
et(U

in ,t/2),then
G
en
erateN

N
S
et

returns
the

sam
e

label
that

it
returned

before,rather
than

recalculating
it

using
fresh

labels
from

S
in .

T
his

guarantees
that

despite
the

random
ness

in
G
en
erateN

N
S
et,

the
full

Ŝ
a (t)

is
w

ell-defined
w

ithin
any

single
run

of
M
A
R
M
A
N
N

,
and

is
dis-

tributed
like

the
output

of
G
en
erateN

N
S
et(t,[N

(t/
2)],δ),

w
hich

is
convenient

for
the

analysis.
D

efine
Q

(m
)

:=
⌈18

log
(4m

3/δ) ⌉
.

(3)

A
lgorithm

2
G
en
erateN

N
S
et(t,I

,δ)

input
Scale

t
>

0,a
targetset

I
⊆

[N
(t/

2)],confidence
δ∈

(0,1).
output

A
labeled

set
S
⊆
X
×
Y

ofsize|I|
{
x
1 ,...,x

N }
←

N
et(U

in ,t/2),{P
1 ,...,P

N }
←

P
ar(U

in ,t/2),
S
←

()
for

i∈
I

do
if
ŷ
i has

notalready
been

calculated
for

U
in

w
ith

this
value

of
tthen

D
raw

Q
(m

)
points

uniform
ly

atrandom
from

P
i and

query
theirlabels.

L
et
ŷ
i be

the
m

ajority
labelobserved

in
these

Q
(m

)
queries.

end
if

S
←
S
∪
{
(x
i ,ŷ

i )}.
end

for
O

utput
S

T
heorem

9
Let

Ŝ
a (t)

be
the

outputof
G
en
erateN

N
S
et(t,[N

(t/
2)],δ).

W
ith

a
probability

atleast
1−

δ
2
m

2 ,the
follow

ing
event,w

hich
w

e
denote

by
E

(t),holds:

err(h
n
n
Ŝ
a
(t) ,S

in )≤
4ν

(t).

Proof
B

y
C

or.8,err(h
n
n
S
a
(t) ,S

in )≤
ν

(t).In
S
a (t),the

labelsassigned
to

each
pointin

N
et(U

in ,t/2)

are
the

m
ajority

labels
(based

on
S
in )

of
the

points
in

the
regions

in
P
ar(U

in ,t/2).
A

s
above,w

e
denote

the
m

ajority
label

for
region

P
i

by
y
i

:=
argm

ax
y∈Y
|S
y∩

P
i |.

W
e

now
com

pare
these

labels
to

the
labels

ŷ
i assigned

by
A

lg.2.L
et
p
(i)

=
|Λ
i |/|P

i |be
the

fraction
ofpoints

in
P
i w

hich
are

labeled
by

the
m

ajority
label

y
i ,w

here
Λ
i is

as
defined

in
L

em
m

a
7.L

et
p̂
(i)

be
the

fraction
of

labels
equalto

y
i outofthose

queried
by

A
lg.2

in
round

i.L
etβ

:=
1/

6.B
y

H
oeffding’s

inequality
and

union
bounds,w

e
have

thatw
ith

a
probability

ofatleast

1−
2N

(t/
2)

ex
p
(−
Q

(m
)

18
)≥

1−
δ

2
m

2
,

w
e

have
m

ax
i∈

[N
(t/

2
)] |p̂

(i)−
p
(i)|≤

β
.

D
enote

this
“good”

event
by

E
′.

W
e

now
prove

that
E
′⇒

E
(t).

L
et
J

=
{
i∈

[N
(t/

2)]|
p̂
(i)

>
12 }.

Itcan
be

easily
seen

that
ŷ
i

=
y
i for

all
i∈

J
.

T
herefore,forall

x
such

that
κ

(x
,U

(S
a (t)))∈

J
,h

n
n
Ŝ
a
(t) (x

)
=
h
n
n
S
a
(t) (x

),and
hence

err(h
n
n
S
,S

in )≤
P
X
∼
S
in [κ

(X
,U

(S
a (t)))

/∈
J

]+
err(h

n
n
S
a
(t) ,U

in ).
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E
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E
T
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IC

S
PA

C
E

S

T
he

se
co

nd
te

rm
is

at
m

os
tν

(t
)

by
C

or
.8

,a
nd

it
re

m
ai

ns
to

bo
un

d
th

e
fir

st
te

rm
,o

n
th

e
co

nd
iti

on
th

at
E
′

ho
ld

s.
W

e
ha

ve
P X
∼
U

[κ
(X
,U

(S
a
(t

))
)
/∈
J

]
=

1 m

∑
i/∈
J
|P
i|.

If
E
′

ho
ld

s,
th

en
fo

r
an

y
i
/∈
J

,p
(i

)
≤

1 2
+
β

,t
he

re
fo

re |P
i|
−
|Λ
i|

=
(1
−
p
(i

))
|P
i|
≥

(1 2
−
β

)|P
i|.

R
ec

al
lt

ha
t,

by
L

em
m

a
7,
ν

(t
)
≥

1
−

1 m

∑
i∈

[N
(t
/
2
)]
|Λ
i|.

T
he

re
fo

re
,

ν
(t

)
≥

1
−

1 m

∑

i∈
[N

(t
/
2
)]

|Λ
i|

=
1 m

∑

i∈
[N

(t
/
2
)]

(|P
i|
−
|Λ
i|)

≥
1 m

∑ i/∈
J

(|P
i|
−
|Λ
i|)

≥
1 m

∑ i/∈
J

(1 2
−
β

)|P
i|.

T
hu

s,
un

de
rE
′ ,

P X
∼
U

[κ
(X
,U

(S
a
(t

))
)
/∈
J

]
≤

ν
(t

)
1 2
−
β

=
3ν

(t
).

It
fo

llo
w

s
th

at
un

de
rE
′ ,

er
r(
h
n
n
S
,U

in
)
≤

4
ν

(t
).

5.
M

od
el

Se
le

ct
io

n

W
e

no
w

sh
ow

ho
w

to
se

le
ct

th
e

sc
al

e
t̂

th
at

w
ill

be
us

ed
to

ge
ne

ra
te

th
e

ou
tp

ut
ne

ar
es

t-
ne

ig
hb

or
ru

le
.

T
he

m
ai

n
ch

al
le

ng
e

is
to

do
th

is
w

ith
a

lo
w

la
be

lc
om

pl
ex

ity
:G

en
er

at
in

g
th

e
fu

ll
cl

as
si

fic
at

io
n

ru
le

fo
rs

ca
le
t

re
qu

ir
es

a
nu

m
be

ro
fl

ab
el

s
th

at
de

pe
nd

s
on
N

(t
),

w
hi

ch
m

ig
ht

be
ve

ry
la

rg
e.

W
e

w
ou

ld
lik

e
th

e
la

be
lc

om
pl

ex
ity

of
M
A
R
M
A
N
N

to
de

pe
nd

on
ly

on
N

(t̂
)

(w
he

re
t̂

is
th

e
se

le
ct

ed
sc

al
e)

,
w

hi
ch

is
of

th
e

or
de

rm
Ĝ

.T
he

re
fo

re
,d

ur
in

g
m

od
el

se
le

ct
io

n
w

e
ca

n
on

ly
in

ve
st

a
bo

un
de

d
nu

m
be

r
of

la
be

ls
in

ea
ch

te
st

ed
sc

al
e.

In
ad

di
tio

n,
to

ke
ep

th
e

la
be

lc
om

pl
ex

ity
lo

w
,w

e
w

ou
ld

lik
e

to
av

oi
d

te
st

in
g

al
ls

ca
le

s.
In

Se
ct

io
n

5.
1

w
e

de
sc

ri
be

ho
w

w
e

es
tim

at
e

th
e

er
ro

ro
n

a
gi

ve
n

sc
al

e.
In

Se
ct

io
n

5.
2

w
e

pr
ov

id
e

a
se

ar
ch

pr
oc

ed
ur

e,
re

se
m

bl
in

g
bi

na
ry

se
ar

ch
,w

hi
ch

us
es

th
e

es
tim

at
io

n
pr

oc
ed

ur
e

to
se

le
ct

a
si

ng
le

sc
al

e
t̂.

5.
1

E
st

im
at

in
g

th
e

E
rr

or
at

a
G

iv
en

Sc
al

e

Fo
r
t
>

0
,

le
t
Ŝ
a
(t

)
be

th
e

co
m

pr
es

se
d

sa
m

pl
e

th
at

M
A
R
M
A
N
N

w
ou

ld
ge

ne
ra

te
if

th
e

se
le

ct
ed

sc
al

e
w

er
e

se
t

to
t.

O
ur

m
od

el
se

le
ct

io
n

pr
oc

ed
ur

e
pe

rf
or

m
s

a
se

ar
ch

,
si

m
ila

r
to

bi
na

ry
se

ar
ch

,
ov

er
th

e
po

ss
ib

le
sc

al
es

.F
or

ea
ch

te
st

ed
sc

al
e
t,

th
e

pr
oc

ed
ur

e
es

tim
at

es
th

e
em

pi
ri

ca
le

rr
or
ε(
t)

:=
er

r(
h
n
n
Ŝ
a
(t
),
S

)
w

ith
in

a
ce

rt
ai

n
ac

cu
ra

cy
,u

si
ng

an
es

tim
at

io
n

pr
oc

ed
ur

e
gi

ve
n

be
lo

w
,c

al
le

d
E
st
im

at
eE

rr
.

E
st
im

at
eE

rr
ou

tp
ut

s
an

es
tim

at
e
ε̂(
t)

of
ε(
t)

,u
p

to
a

gi
ve

n
th

re
sh

ol
d
θ
>

0,
us

in
g

la
be

ls
re

qu
es

te
d

fr
om

S
in

.

13
JM

L
R

 1
8(

19
5)

:1
-3

8,
 2

01
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

To
es

tim
at

e
th

e
er

ro
r,

w
e

sa
m

pl
e

ra
nd

om
la

be
le

d
ex

am
pl

es
fr

om
S
in

,a
nd

ch
ec

k
th

e
pr

ed
ic

tio
n

er
ro

ro
fh

n
n
Ŝ
a
(t
)

on
th

es
e

ex
am

pl
es

.T
he

pr
ed

ic
tio

n
er

ro
ro

fa
ny

fix
ed

hy
po

th
es

is
h

on
a

ra
nd

om
la

be
le

d

ex
am

pl
e

fr
om

S
in

is
an

in
de

pe
nd

en
tB

er
no

ul
li

va
ri

ab
le

w
ith

ex
pe

ct
at

io
n

er
r(
h
,S

in
).
E
st
im

at
eE

rr
is

im
pl

em
en

te
d

us
in

g
th

e
fo

llo
w

in
g

pr
oc

ed
ur

e,
E
st
B
er

,w
hi

ch
ad

ap
tiv

el
y

es
tim

at
es

th
e

ex
pe

ct
at

io
n

of
a

B
er

no
ul

li
ra

nd
om

va
ri

ab
le

to
an

ac
cu

ra
cy

sp
ec

ifi
ed

by
th

e
pa

ra
m

et
er
θ,

us
in

g
a

sm
al

ln
um

be
r

of
ra

nd
om

in
de

pe
nd

en
t

B
er

no
ul

li
ex

pe
ri

m
en

ts
.

L
et
B

1
,B

2
,.
..
∈
{0
,1
}

be
i.i

.d
.B

er
no

ul
li

ra
nd

om
va

ri
ab

le
s.

Fo
r

an
in

te
ge

r
n

,d
en

ot
e
p̂
n

=
1 n

∑
n i=

1
B
i.

T
he

es
tim

at
io

n
pr

oc
ed

ur
e
E
st
B
er

is
gi

ve
n

in
A

lg
.3

.
W

e
pr

ov
e

a
gu

ar
an

te
e

fo
r

th
is

pr
oc

ed
ur

e
in

T
he

or
em

10
.

N
ot

e
th

at
w

e
as

su
m

e
th

at
th

e
th

re
sh

ol
d

pa
ra

m
et

er
is

in
(0
,1

],
si

nc
e

fo
r
θ
≥

1
on

e
ca

n
si

m
pl

y
ou

tp
ut

1
us

in
g

ze
ro

ra
nd

om
dr

aw
s

to
sa

tis
fy

T
he

or
em

10
.

A
lg

or
ith

m
3
E
st
B
er

(θ
,β
,δ

)

in
pu

t
A

th
re

sh
ol

d
pa

ra
m

et
er
θ
∈

(0
,1

],
a

bu
dg

et
pa

ra
m

et
er
β
≥

7
,c

on
fid

en
ce
δ
∈

(0
,1

)
S
←
{B

1
,.
..
,B

4
}

K
←

4
β θ

lo
g
(8
β δ
θ
)

fo
r
i

=
3

:
dlo

g
2
(β

lo
g
(2
K
/δ

)/
θ)
ed

o
n
←

2i

S
←
S
∪
{B

n
/
2
+
1
,.
..
,B

n
}.

if
p̂
n
>
β

lo
g
(2
n
/δ

)/
n

th
en

br
ea

k
en

d
if

en
d

fo
r

O
ut

pu
tp̂

n
.

T
he

fo
llo

w
in

g
th

eo
re

m
st

at
es

th
at

A
lg

.
3

es
se

nt
ia

lly
es

tim
at

es
p

,
th

e
ex

pe
ct

at
io

n
of

th
e

i.i
.d

.
B

er
no

ul
li

va
ri

ab
le

s
B

1
,B

2
,.
..

,u
p

to
a

m
ul

tip
lic

at
iv

e
co

ns
ta

nt
,e

xc
ep

ti
f
p

is
sm

al
le

r
th

an
a

va
lu

e
pr

op
or

tio
na

lt
o

th
e

th
re

sh
ol

d
θ,

in
w

hi
ch

ca
se

th
e

al
go

ri
th

m
si

m
pl

y
re

tu
rn

s
a

va
lu

e
at

m
os

tθ
.M

or
e-

ov
er

,t
he

th
eo

re
m

sh
ow

s
th

at
th

e
nu

m
be

r
of

ra
nd

om
dr

aw
s

re
qu

ir
ed

by
th

e
al

go
ri

th
m

is
in

ve
rs

el
y

pr
op

or
tio

na
lt

o
th

e
m

ax
im

um
of

th
e

th
re

sh
ol

d
θ

an
d

th
e

ex
pe

ct
at

io
n
p

.
T

hu
s,

if
p

is
ve

ry
sm

al
l,

th
e

nu
m

be
r

of
ra

nd
om

dr
aw

s
do

es
no

ti
nc

re
as

e
w

ith
ou

tb
ou

nd
.

T
he

pa
ra

m
et

er
β

co
nt

ro
ls

th
e

tr
ad

e-
of

f
be

tw
ee

n
th

e
ac

cu
ra

cy
of

es
tim

at
io

n
an

d
th

e
nu

m
be

ro
fr

an
do

m
dr

aw
s.

T
he

or
em

10
Le

tδ
∈

(0
,1

),
θ
∈

(0
,1

],
β
≥

7.
Le

tB
1
,B

2
,.
..
∈
{0
,1
}

be
i.i

.d
B

er
no

ul
li

ra
nd

om
va

ri
ab

le
s

w
ith

ex
pe

ct
at

io
n
p

.
Le

tp
o

be
th

e
ou

tp
ut

of
E
st
B
er

(θ
,β
,δ

).
Th

e
fo

llo
w

in
g

ho
ld

s
w

ith
a

pr
ob

ab
ili

ty
of

1
−
δ,

w
he

re
f

(β
)

:=
1

+
8 3
β

+
√

2 β
.

1.
If
p
o
≤
θ,

th
en
p
≤
f

(β
)θ

.O
th

er
w

is
e,

p
f
(β

)
≤
p
o
≤

p
2
−
f
(β

)
.

2.
Le

tψ
:=

m
ax

(θ
,p
/f

(β
))

.T
he

nu
m

be
r

of
ra

nd
om

dr
aw

s
in

E
st
B
er

is
at

m
os

t
4
β
lo
g
(
8
β
δ
ψ
)

ψ
.

Pr
oo

f
Fi

rs
t,

co
ns

id
er

an
y

si
ng

le
ro

un
d
i

w
ith

n
=

2i
.

B
y

th
e

em
pi

ri
ca

lB
er

ns
te

in
bo

un
d

(M
au

re
r

an
d

Po
nt

il,
20

09
,T

he
or

em
4)

,w
ith

a
pr

ob
ab

ili
ty

of
1
−
δ/
n

,f
or
n
≥

8
,w

e
ha

ve
4

|p̂
n
−
p
|≤

8
lo

g
(2
n
/δ

)

3
n

+

√
2
p̂
n

lo
g
(2
n
/δ

)

n
.

(4
)

4.
T

hi
s

fo
llo

w
s

fr
om

T
he

or
em

4
of

M
au

re
ra

nd
Po

nt
il

(2
00

9)
si

nc
e

7
3
(n
−
1
)
≤

8 3
n

fo
rn
≥

8
.
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G
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M
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T
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S

PA
C

E
S

D
efine

g
:=

(β
+

8
/
3

+
√

2β
),so

that
f

(β
)

=
g
/β

.C
onditioned

on
E

q.(4),there
are

tw
o

cases:

(a)
p̂
n
≤
β

lo
g
(2n

/δ)/n.In
this

case,p
≤
g

log
(2n

/δ)/n
.

(b)
p̂
n
>
β

lo
g
(2n

/δ)/n.In
this

case,n
≥
β

log
(2n

/δ)/
p̂
n .T

hus,by
E

q.(4),

|p̂
n −

p|≤
p̂
n
(

83β
+
√

2
/β

)
=
p̂
n
(g
/β
−

1).

T
herefore

β
pg
≤
p̂
n
≤

p

2−
g
/β
.

Taking
a

union
bound

on
all

the
rounds,

w
e

have
that

the
guarantee

holds
for

all
rounds

w
ith

a
probability

ofatleast
1−

δ.
C

ondition
now

on
the

eventthatthese
guarantees

allhold.First,w
e

prove
the

labelcom
plexity

bound.
N

ote
thatsince

β
≥

7,
K
≥

28,thus
w

e
have

2
lo

g
(2K

)
>

8,therefore
there

is
alw

ays
at

least
one

round.
L

et
n
o

be
the

value
of
n

in
the

last
round

that
the

algorithm
runs,

and
let

p
o

=
p̂
n
o .

L
et
i

such
that

n
o

=
2
i+

1,thus
the

algorithm
stops

during
round

i
+

1.
T

his
im

plies
p̂
n
≤
β

lo
g
(2n

/δ)/n
for

n
=

2
i,therefore

case
(a)

holds
for

n,w
hich

m
eans

n
≤
g

log
(2n

/δ)/p.
Itfollow

s
that

n
≤

2
g

log
(4g

/δ)/p,therefore
n
o ≤

4g
log

(4g
/(δp

))/p
.In

addition,the
num

berof
random

draw
s

in
the

algorithm
is
n
0 ,w

hich
is

bounded
by

n
0 ≤

2 dlo
g
2
(β

lo
g
(2
K
/
δ
)/
θ
)e≤

2·2
lo
g
2
(β

lo
g
(2
K
/
δ
)/
θ
)≤

2
β

log
(2K

/δ)/θ.

T
herefore

w
e

have
the

follow
ing

bound
on

the
num

berofrandom
draw

s:

n
o ≤

m
in (

2
β

log
(2K

/δ)

θ
,
4
g

log
(4g

/(δp
))

p

)
.

Plugging
in

the
definition

of
K

and
substituting

β
·f

(β
)

for
g

yields

n
0 ≤

β
m

in 
2

log
(
8
βδ
θ

log
(
8
βδ
θ
))

θ
,
4
f

(β
)

log
(
4
β
f
(β

)
δ
p

)

p


≤

β
m

in 
4

log
(
8
βδ
θ
)

θ
,
4f

(β
)

log
(
4
β
f
(β

)
δ
p

)

p


≤

4
β

m
in (

1θ
(log

( 8
βδ

)
+

log
( 1θ

)),
f

(β
)

p
(log

( 4
βδ

)
+

log
( f

(β
)

p
)) )

.

U
sing

the
definition

of
ψ

,w
e

getthatthe
num

berofdraw
s

is
atm

ost
4
β
lo
g
(
8
β
δ
ψ
)

ψ
.

N
ext,w

e
prove

the
accuracy

of
p
o

(item
1

in
the

theorem
statem

ent)by
considering

tw
o

cases.

(I)
If
p
o
>
β

log
(2n

o /δ)/n
o ,then

case
(b)above

holds
for

n
o ,thus

β
pg
≤
p
o ≤

p

2−
g
/
β
.

In
addition,if

p
o
≤
θ,the

L
H

S
im

plies
p
≤
f

(β
)θ.

T
hus

item
1

in
the

theorem
statem

ent
holds

in
this

case.
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(II)
If
p
o ≤

β
log

(2n
o /δ)/n

o ,then
E
stB

ercould
nothave

ended
by

breaking
outofthe

loop,thus
itran

untilthe
lastround.T

herefore
n
o ≥

β
log

(2K
/δ)/θ.In

addition,case
(a)holds

for
n
0 ,

therefore

p
≤
g

log
(2n

o /δ)

n
o

≤
g
θ

lo
g
(2n

0 /δ)

β
log

(2K
/δ)

.
(5)

N
ow

,forany
possible

value
of
n
o ,

n
o ≤

2β
log

(2K
/δ)/θ≤

K
.

T
he

firstinequality
follow

s
from

the
bound

on
i

in
E
stB

er,and
the

second
inequality

holds
since,as

defined
in

E
stB

er,K
≥

4
βθ

log
(
8
βθ
δ
).Since

n
0 ≤

K
,E

q.(5)im
plies

that

p
≤
g
θβ

=
f

(β
)θ.

In
addition,w

e
have

p
o ≤

β
log

(2n
o /δ)/n

o ≤
θ

log
(2n

0 /δ)

log
(2K

/δ)
≤
θ.

T
herefore

in
this

case,
necessarily

p
o
≤
θ

and
p
≤
f

(β
)θ,

w
hich

satisfies
item

1
in

the
theorem

statem
ent.

In
both

cases
item

1
holds,thus

the
theorem

is
proved.

T
he

procedure
E
stim

ateE
rr(t,θ,δ)

is
then

im
plem

ented
as

follow
s:

•
C

all
E
stB

er(θ,52,δ/(2m
2)),w

here
the

random
variables

B
i

are
independentcopies

of
the

B
ernoullivariable

B
:=

I[h
n
n
Ŝ
a
(t) (X

)6=
Y

]

and
(X
,Y

)∼
S
in .

•
To

draw
a

single
B
i ,sam

ple
a

random
pair

(x
′,y ′)

from
S
in ,set

i
:=

κ
(x
′,N

et(U
in ,t/2)),

and
getS

←
G
en
erateN

N
S
et(t,{

i}
,δ).T

hisreturns
S

=
((x

i ,ŷ
i ))w

here
ŷ
i isthe

labelof
x
i

in
Ŝ
a (t).

T
hen

B
i

:=
I[ŷ

i 6=
y ′].

N
ote

that
B
i is

indeed
distributed

like
B

,and
E

[B
]

=
ε(t).

N
ote

further
thatthis

callto
G
en
erateN

N
S
et(t,{i}

,δ)
uses

Q
(m

)
labelqueries.

T
herefore

the
overalllabelcom

plexity
ofa

single
draw

ofa
B
i is

Q
(m

)
+

1.

C
or.11

gives
a

guarantee
for

the
accuracy

and
labelcom

plexity
of

E
stim

ateE
rr.

T
he

proof
is

im
m

ediate
from

T
heorem

10,by
setting

β
=

52,w
hich

im
plies

f
(β

)≤
5/

4.

C
orollary

11
Let

t,θ
>

0
and

δ∈
(0,1),and

let
ε̂(t)←

E
stim

ateE
rr(t,θ,δ).Let

Q
(m

)
as

defined
in

E
q.

(3)
The

follow
ing

properties
hold

w
ith

a
probability

of
1
−

δ
2
m

2
over

the
random

ness
of

E
stim

ateE
rr

(and
conditioned

on
Ŝ
a (t)).
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A
C

T
IV

E
N

E
A

R
E

S
T-

N
E

IG
H

B
O

R
L

E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

1.
If
ε̂(
t)
≤
θ,

th
en
ε(
t)
≤

5
θ/

4
.O

th
er

w
is

e,

4
ε(
t)

5
≤
ε̂(
t)
≤

4
ε(
t)

3
.

2.
Le

tψ
′ :

=
m

ax
(θ
,ε

(t
))

.T
he

nu
m

be
r

of
la

be
ls

th
at

E
st
im

at
eE

rr
re

qu
es

ts
is

at
m

os
t

26
0(
Q

(m
)

+
1)

lo
g
(1

0
4
0
m

2

δ
ψ
′

)

ψ
′

.

To
de

riv
e

ite
m

2
.

ab
ov

e
fr

om
T

he
or

em
10

,n
ot

e
th

at
fo

rβ
=

52
,

ψ
′ =

m
ax

(θ
,ε

(t
))
≤
f

(β
)

m
ax

(θ
,ε

(t
)/
f

(β
))

=
f

(β
)ψ
≤

5 4
ψ
,

w
he

re
ψ

is
as

de
fin

ed
in

T
he

or
em

10
.B

el
ow

w
e

de
no

te
th

e
ev

en
tt

ha
tt

he
tw

o
pr

op
er

tie
s

in
C

or
.1

1
ho

ld
fo

rt
by
V

(t
).

5.
2

Se
le

ct
in

g
a

Sc
al

e

T
he

m
od

el
se

le
ct

io
n

pr
oc

ed
ur

e
S
el
ec
tS
ca
le

,
gi

ve
n

in
A

lg
.4

,
im

pl
em

en
ts

its
se

ar
ch

ba
se

d
on

th
e

gu
ar

an
te

es
in

C
or

.1
1.

Fi
rs

t,
w

e
in

tr
od

uc
e

so
m

e
no

ta
tio

n.
W

e
w

ou
ld

lik
e
M
A
R
M
A
N
N

to
ob

ta
in

a
ge

ne
ra

liz
at

io
n

gu
ar

an
te

e
th

at
is

co
m

pe
tit

iv
e

w
ith

G
m
in

(m
,δ

).
D

en
ot

e

φ
(t

)
:=

(N
(t

)
+

1)
lo

g
(m

)
+

lo
g
(1
δ
)

m
,

(6
)

an
d

le
t

G
(ε
,t

)
:=

ε
+

2 3
φ

(t
)

+
3 √
2

√
εφ

(t
).

N
ot

e
th

at
fo

ra
ll
ε,
t,

G
B

(ε
,N

(t
),
δ,
m
,1

)
=

m

m
−
N

(t
)G

(ε
,t

).

W
he

n
re

fe
rr

in
g

to
G

(ν
(t

),
t)
,G

(ε
(t

),
t)

,o
rG

(ε̂
(t

),
t)

w
e

om
it

th
e

se
co

nd
t

fo
rb

re
vi

ty
.

In
st

ea
d

of
di

re
ct

ly
op

tim
iz

in
g
G

(ν
(t

))
,

w
e

w
ill

se
le

ct
a

sc
al

e
ba

se
d

on
ou

r
es

tim
at

e
G

(ε̂
(t

))
of
G

(ε
(t

))
.

L
et

D
is

t
de

no
te

th
e

se
t

of
pa

ir
w

is
e

di
st

an
ce

s
in

th
e

un
la

be
le

d
da

ta
se

t
U
in

(n
ot

e
th

at
|D

is
t|
<
( m 2

) ).
W

e
re

m
ov

e
fr

om
D

is
t

so
m

e
di

st
an

ce
s,

so
th

at
th

e
re

m
ai

ni
ng

di
st

an
ce

s
ha

ve
a

ne
t

si
ze
N

(t
)

th
at

is
m

on
ot

on
e

no
n-

in
cr

ea
si

ng
in
t.

W
e

al
so

re
m

ov
e

va
lu

es
w

ith
a

ve
ry

la
rg

e
ne

ts
iz

e.
C

on
cr

et
el

y,
de

fin
e

D
is

t m
o
n

:=
D

is
t
\{
t
|N

(t
)

+
1
>
m
/2
}\
{t
|∃
t′
∈

D
is

t,
t′
<
t

an
d
N

(t
′ )
<
N

(t
)}
.

T
he

n
fo

r
al

lt
,t
′
∈

D
is

t m
o
n

su
ch

th
at
t′
<
t,

w
e

ha
ve
N

(t
′ )
≥
N

(t
).

T
he

ou
tp

ut
of

S
el
ec
tS
ca
le

is
al

w
ay

s
a

va
lu

e
in

D
is

t m
o
n
.T

he
fo

llo
w

in
g

le
m

m
a

sh
ow

s
th

at
it

su
ffi

ce
s

to
co

ns
id

er
th

es
e

sc
al

es
.

L
em

m
a

12
A

ss
um

e
m
≥

6
an

d
le

tt
∗ m
∈

a
rg

m
in
t∈

D
is
t
G

(ν
(t

))
.

If
G

m
in

(m
,δ

)
≤

1
/
3

th
en
t∗ m
∈

D
is

t m
o
n
.
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A
lg

or
ith

m
4
S
el
ec
tS
ca
le

(δ
)

in
pu

t
δ
∈

(0
,1

)
ou

tp
ut

Sc
al

e
t̂

1:
T
←

D
is

t m
o
n
,

#
T

m
ai

nt
ai

ns
th

e
cu

rr
en

ts
et

of
po

ss
ib

le
sc

al
es

2:
w

hi
le
T
6=
∅d

o
3:

t
←

th
e

m
ed

ia
n

va
lu

e
in
T

#
br

ea
k

tie
s

ar
bi

tr
ar

ily
4:

ε̂(
t)
←

E
st
im

at
eE

rr
(t
,φ

(t
),
δ)
.

5:
if
ε̂(
t)
<
φ

(t
)

th
en

6:
T
←
T
\[

0,
t]

#
go

ri
gh

ti
n

th
e

bi
na

ry
se

ar
ch

7:
el

se
if
ε̂(
t)
>

1
1

1
0
φ

(t
)

th
en

8:
T
←
T
\[
t,
∞

)
#

go
le

ft
in

th
e

bi
na

ry
se

ar
ch

9:
el

se
10

:
t 0
←
t,
T 0
←
{t

0
}.

11
:

br
ea

k
fr

om
lo

op
12

:
en

d
if

13
:

en
d

w
hi

le
14

:
if
T 0

w
as

no
ts

et
ye

tt
he

n
15

:
If

th
e

al
go

ri
th

m
ev

er
w

en
tt

o
th

e
ri

gh
t,

le
tt

0
be

th
e

la
st

va
lu

e
fo

r
w

hi
ch

th
is

ha
pp

en
ed

,a
nd

le
tT

0
:=
{t

0
}.

O
th

er
w

is
e,
T 0

:=
∅.

16
:

en
d

if
17

:
L

et
T L

be
th

e
se

to
fa

ll
t

th
at

w
er

e
te

st
ed

an
d

m
ad

e
th

e
se

ar
ch

go
le

ft
18

:
O

ut
pu

tt̂
:=

ar
gm

in
t∈
T L
∪T

0
G

(ε̂
(t

))

Pr
oo

f
A

ss
um

e
by

w
ay

of
co

nt
ra

di
ct

io
n

th
at
t∗ m
∈

D
is

t
\

D
is

t m
o
n
.

Fi
rs

t,
si

nc
e
G

(ν
(t
∗ m

))
≤

G
m
in

(m
,δ

)
≤

1/
3

w
e

ha
ve

N
(t
∗ m

)
+

1

m
−
N

(t
∗ m

)
lo

g
(m

)
≤

1 2
.

T
he

re
fo

re
,s

in
ce
m
≥

6
,i

ti
s

ea
sy

to
ve

ri
fy
N

(t
∗ m

)
+

1
≤
m
/
2

.T
he

re
fo

re
,b

y
de

fin
iti

on
of

D
is

t m
o
n

th
er

e
ex

is
ts

a
t
≤
t∗ m

w
ith

φ
(t

)
<
φ

(t
∗ m

).
Si

nc
e
ν

(t
)

is
m

on
ot

on
e

ov
er

al
lo

ft
∈

D
is

t,
w

e
al

so
ha

ve
ν

(t
)
≤
ν

(t
∗ m

).
N

ow
,φ

(t
)
<
φ

(t
∗ m

)
an

d
ν

(t
)
≤
ν

(t
∗ m

)
to

ge
th

er
im

pl
y

th
at
G

(ν
(t

))
<
G

(ν
(t
∗ m

))
,a

co
nt

ra
di

ct
io

n.
H

en
ce

,t
∗ m
∈

D
is

t m
o
n
.

S
el
ec
tS
ca
le

fo
llo

w
s

a
se

ar
ch

pr
oc

ed
ur

e
si

m
ila

r
to

bi
na

ry
se

ar
ch

,
ho

w
ev

er
th

e
co

nd
iti

on
s

fo
r

go
in

g
ri

gh
ta

nd
fo

rg
oi

ng
le

ft
ar

e
no

te
xh

au
st

iv
e,

th
us

it
is

po
ss

ib
le

th
at

ne
ith

er
co

nd
iti

on
ho

ld
s.

T
he

se
ar

ch
en

ds
ei

th
er

w
he

n
ne

ith
er

co
nd

iti
on

s
ho

ld
,o

rw
he

n
no

ad
di

tio
na

ls
ca

le
sh

ou
ld

be
te

st
ed

.T
he

fin
al

ou
tp

ut
of

th
e

al
go

ri
th

m
is

ba
se

d
on

m
in

im
iz

in
g
G

(ε̂
(t

))
ov

er
so

m
e

of
th

e
va

lu
es

te
st

ed
du

ri
ng

se
ar

ch
.

Fo
rc
>

0
,d

efi
ne

γ
(c

)
:=

1
+

2 3
c

+
3 √
2
c

an
d
γ̃

(c
)

:=
1 c

+
2 3

+
3 √
2
c
.

Fo
ra

ll
t,
ε
>

0
w

e
ha

ve
th

e
im

pl
ic

at
io

ns

ε
≥
cφ

(t
)
⇒

γ
(c

)ε
≥
G

(ε
,t

)
an

d
φ

(t
)
≥
cε
⇒

γ̃
(c

)φ
(t

)
≥
G

(ε
,t

).
(7

)
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T
he

follow
ing

lem
m

a
uses

E
q.(7)to

show
thatthe

estim
ate

G
(ε̂(t))

is
close

to
the

true
G

(ε(t)).

L
em

m
a

13
Lett

>
0,δ∈

(0,1),and
suppose

thatS
electS

cale
calls

ε̂(t)←
E
stim

ateE
rr(t,φ

(t),δ).
Suppose

that
V

(t)
as

defined
in

C
or.11

holds.Then

16
G

(ε̂(t))≤
G

(ε(t))≤
6
.5
G

(ε̂(t)).

Proof
U

nder
V

(t),w
e

have
thatif

ε̂(t)
<
φ

(t)
then

ε(t)≤
54 φ

(t).In
this

case,

G
(ε(t))≤

γ̃
(4/5)φ

(t)≤
4
.3φ

(t),

by
E

q.(7).T
herefore

G
(ε(t))≤

3·4
.3

2
G

(ε̂(t)).

In
addition,G

(ε(t))≥
23 φ

(t)
(from

the
definition

of
G

),and
by

E
q.(7)and

γ̃
(1)≤

4,

φ
(t)≥

14
G

(ε̂(t)).

T
herefore

G
(ε(t))≥

16 G
(ε̂(t)).O

n
the

otherhand,if
ε̂(t)≥

φ
(t),then

by
C

or.11

45
ε(t)≤

ε̂(t)≤
43
ε(t).

T
herefore

G
(ε̂(t))≤

43 G
(ε(t))

and
G

(ε(t))≤
54 G

(ε̂(t)).
Taking

the
w

orst-case
of

both
possibili-

ties,w
e

getthe
bounds

in
the

lem
m

a.

T
he

nexttheorem
bounds

the
labelcom

plexity
of

S
electS

cale.
L

etT
test ⊆

D
ist

m
o
n

be
the

setof
scales

thatare
tested

during
S
electS

cale
(thatis,their

ε̂(t)
w

as
estim

ated).

T
heorem

14
Suppose

that
the

event
V

(t)
defined

in
C

or.11
holds

for
all

t
∈
T
test

for
the

calls
ε̂(t)←

E
stim

ateE
rr(t,φ

(t),δ).Ifthe
outputofS

electS
cale

is
t̂,then

the
num

ber
oflabels

requested
by

S
electS

cale
is

atm
ost

9620|T
test |(Q

(m
)

+
1)

1

G
(ε(t̂))

log
( 38480

m
2

δG
(ε(t̂))

).

Proof
T

he
only

labels
used

by
the

procedure
are

those
used

by
calls

to
E
stim

ateE
rr.

L
et
ψ
t

:=
m

a
x
(φ

(t),ε(t)),and
ψ
m
in

:=
m

in
t∈T

te
st
ψ
t .

D
enote

also
ψ̂
t

:=
m

ax
(φ

(t),ε̂(t)).
From

C
or.11

w
e

have
thatthe

totalnum
beroflabels

in
allthe

calls
to

E
stim

ateE
rr

in
S
electS

cale
is

atm
ost

∑t∈T
te

st

260(Q
(m

)
+

1)
log

(
1
0
4
0
m

2

δ
ψ
t

)

ψ
t

≤
|T

test | 260(Q
(m

)
+

1)
log

(
1
0
4
0
m

2

δ
ψ
m
in

)

ψ
m
in

.
(8)

W
e

now
low

erbound
ψ
m
in

using
G

(ε(t̂)).B
y

L
em

m
a

13
and

the
choice

of
t̂,

G
(ε(t̂))≤

6.5G
(ε̂(t̂))

=
6
.5

m
in

t∈T
L ∪

T
0

G
(ε̂(t)).

19
JM

L
R

 18(195):1-38, 2018

K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
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From
the

definition
of
G

,forany
t
>

0,

G
(ε̂(t))≤

γ
(1)

m
ax

(φ
(t),ε̂(t))≤

25ψ̂
t .

T
herefore

G
(ε(t̂))≤

2
5

m
in

t∈T
L ∪T

0

ψ̂
t .

(9)

W
e

w
illshow

a
sim

ilarupperbound
w

hen
m

inim
izing

overallofT
test ,notjustoverT

L
∪
T
0 .T

his
is

trivialifT
test

=
T
L
∪
T
0 .C

onsiderthe
caseT

L
∪
T
0
(
T
test .Forany

t∈
T
test ,w

e
have

one
of:

•
T

he
search

w
entlefton

t
(step

8),hence
t∈
T
L .

•
T

he
search

w
entnow

here
on
t

and
the

loop
broke

(step
11),hence

t
=
t0 ∈

T
0 .

•
T

he
search

w
entrighton

t
(step

6)and
this

w
as

the
lastvalue

forw
hich

this
happened,hence

t
=
t0 ∈

T
0 .

•
T

he
search

w
entrighton

t
(step

6)
and

this
w

as
notthe

lastvalue
for

w
hich

this
happened.

H
ence

t∈
T
test \

(T
L
∪
T
0 ).

Setsom
e
t1
∈
T
test \

(T
L
∪
T
0 ).

Since
the

search
w

entrighton
t1 ,then

t0
also

exists,since
the

algorithm
did

go
to

the
rightfor

som
e
t

(see
step

15).
Since

the
binary

search
w

entrighton
t1 ,w

e
have

ε̂(t1 )≤
φ

(t1 ).
Since

the
binary

search
did

notgo
lefton

t0
(iteither

broke
from

the
loop

or
w

entright),ε̂(t0 )≤
1
1

1
0 φ

(t0 ).
In

addition,
t0
≥
t1

(since
the

search
w

ent
right

at
t1 ,

and
t0

w
as

tested
later

than
t1 ),

thus
φ

(t0 )≤
φ

(t1 )
(since

t0 ,t1 ∈
D

ist
m
o
n ).T

herefore,

ψ̂
t
0

=
m

ax
(φ

(t0 ),ε̂(t0 ))≤
11

10
φ

(t0 )≤
1110
φ

(t1 )
=

1110
m

ax
(φ

(t1 ),ε̂(t1 ))
=
ψ̂
t
1 .

Itfollow
s

thatforany
such

t1 ,

m
in

t∈T
L ∪T

0

ψ̂
t ≤

11

10
ψ̂
t
1 .

T
herefore

m
in

t∈T
L ∪T

0

ψ̂
t ≤

1110
m

in
t∈T

te
st ψ̂

t .

T
herefore,by

E
q.(9)

G
(ε(t̂))≤

27.5
m

in
t∈T

te
st ψ̂

t .

B
y

C
or.11,

ε̂(t)≤
m

ax
(φ

(t),4ε(t)/3),therefore
ψ̂
t ≤

43 ψ
t .

T
herefore

G
(ε(t̂))≤

37ψ
m
in .T

here-
fore,from

E
q.(8),the

totalnum
beroflabels

is
atm

ost

9620|T
test |(Q

(m
)

+
1)

1

G
(ε(t̂))

log
( 38480

m
2

δG
(ε(t̂))

).

T
he

follow
ing

theorem
provides

a
com

petitive
errorguarantee

forthe
selected

scale
t̂.
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))
≥

m
in

(1 6
,

3

16
γ

(1
1
/1

0)
)

m
in

t∈
T
E

G
(ε̂

(t
))
.

w
he

re
w

e
de

fin
e
T
E

=
{t
∈
{t

0
,t

1
}
|t

ex
is

ts
}.

W
e

no
w

sh
ow

th
at

th
is

co
ve

rs
al

lp
os

si
bl

e
va

lu
es

fo
rt
∗ m

:
If

bo
th
t 0
,t

1
ex

is
t,

th
en

si
nc

e
(t

0
,t

1
)
∩

D
is

t m
o
n

=
∅,

it
is

im
po

ss
ib

le
to

ha
ve
t∗ m
∈

(t
0
,t

1
).
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A
C

T
IV

E
N

E
A

R
E

S
T-N

E
IG

H
B

O
R

L
E

A
R

N
IN

G
IN

M
E

T
R

IC
S

PA
C

E
S

If
only

t0
exists,then

the
search

never
w

entleft,w
hich

m
eans

t0
=

m
ax

(D
ist

m
o
n ),thus

t ∗m
≤
t0 .

Ifonly
t1

exists,then
the

search
neverw

entright,w
hich

m
eans

t1
=

m
in

(D
ist

m
o
n ),thus

t ∗m
≥
t1 .

Since
t̂m

inim
izes

G
(ε̂(t))

on
a

setthathas
T
E

as
a

subset,w
e

have,using
L

em
m

a
13
G

(ε(t̂))≤
6.5G

(ε̂(t̂))≤
6
.5

m
in
t∈
T
E
G

(ε̂(t)).T
herefore

in
C

ase
2,

G
(ν

(t ∗m
))≥

16.5
m

in (
16
,

3

16γ
(1

1/
10) )

G
(ε(t̂).

(12)

From
E

q.(11)and
E

q.(12)w
e

getthatin
both

cases

G
(ν

(t ∗m
))≥

16
.5

m
in (

16
,

3

16γ
(11

/10) ,
2

3
γ̃

(10/
11) ,

1

32γ̃
(
4
0

5
5 ) )

G
(ε(t̂))≥

G
(ε(t̂))/865

.

C
om

bining
this

w
ith

E
q.(10)w

e
getthe

statem
entofthe

theorem
.

6.B
ounding

the
L

abelC
om

plexity
of

M
A
R
M
A
N
N

W
e

are
now

alm
ostready

to
prove

T
heorem

4.
O

ur
lastm

issing
piece

is
quantifying

the
effectof

side
inform

ation
on

the
generalization

of
sam

ple
com

pression
schem

es
in

Section
6.1.

W
e

then
prove

T
heorem

4
in

Section
6.2.

6.1
Sam

ple
C

om
pression

w
ith

Side
Inform

ation

It
appears

that
com

pression-based
generalization

bounds
w

ere
independently

discovered
by

L
it-

tlestone
and

W
arm

uth
(1986)

and
D

evroye
et

al.(1996);
som

e
background

is
given

in
Floyd

and
W

arm
uth

(1995).
A

s
noted

in
Section

4,ouralgorithm
relies

on
a

generalized
sam

ple
com

pression
schem

e,w
hich

requires
side

inform
ation.

T
his

side
inform

ation
is

used
to

representthe
labels

of
the

sam
ple

points
in

the
com

pression
set.

A
sim

ilaridea
appears

in
Floyd

and
W

arm
uth

(1995)for
hypotheses

w
ith

short
description

length.
H

ere
w

e
provide

a
generalization

that
is

useful
for

the
analysis

of
M
A
R
M
A
N
N

.
L

et
Σ

be
a

finite
alphabet,and

define
a

m
apping

R
ec
N

:
(X
×
Y

)
N
×

Σ
N
→
Y
X

. 5
T

his
is

a
reconstruction

function
m

apping
a

labeled
sequence

of
size

N
w

ith
side

inform
ation

T
∈

Σ
N

to
a

classifier.
For

I
⊆

[|S|],
denote

by
S

[I
]

the
subsequence

of
S

indexed
by

I.
For

a
labeled

sam
ple

S
,define

the
setof

possible
hypotheses

reconstructed
from

a
com

pression
of
S

of
size

N
w

ith
side

inform
ation

in
Σ

:H
N

(S
)

:=
{
h

:X
→
Y
|
h

=
R
ec
N

(S
[I

],T
),I
∈

[m
] N
,T
∈

Σ
N }.

T
he

follow
ing

result
closely

follow
s

the
sam

ple
com

pression
argum

ents
in

G
raepel

et
al.

(2005,
T

heorem
2),and

G
ottlieb

etal.(2017,T
heorem

6),butincorporates
side

inform
ation.

T
heorem

16
Let

m
be

an
integer

and
δ
∈

(0,1).
Let

S
∼
D
m

.
W

ith
probability

atleast
1−

δ,if
there

existN
<
m

and
h
∈
H
N

(S
)w

ith
ε

:=
err(h

,S
)≤

12 ,then
err(h

,D
)≤

G
B

(ε,N
,δ,m

,|Σ|).
Proof

W
e

recalla
resultof

D
asgupta

and
H

su
(2008,L

em
m

a
1):

if
p̂
∼

B
in

(n
,p

)/n
and

δ
>

0,
then

the
follow

ing
holds

w
ith

probability
atleast

1−
δ:

p
≤
p̂

+
23n

log
1δ

+

√
9p̂

(1−
p̂
)

2
n

log
1δ
.

(13)

5.IfX
is

infinite,replaceY
X

w
ith

the
setofm

easurable
functions

from
X

toY
.
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

N
ow

fix
N

<
m

,
and

suppose
that

h
∈
H
N

(S
)

has
ε̂
≤

12 .
L

et
I
∈

[m
] N
,T
∈

Σ
N

such
that

h
=

R
ec
N

(S
[I

],T
).

W
e

have
err(h

,S
[[m

]\
I
])
≤

ε̂m
m
−
N

=
θε̂.

Substituting
into

(13)
p

:=
err(h

,D
),n

:=
m
−
N

and
p̂

:=
err(h

,S
[[m

]\
I
])≤

θε̂,yields
thatfora

fixed
S

[I
]and

a
random

S
[[m

]\
I
]∼
D
m
−
N

,w
ith

probability
atleast

1−
δ,

err(h
,D

)≤
θε̂

+
2

3(m
−
N

)
log

1δ
+

√
9θε̂

2(m
−
N

)
log

1δ
.

(14)

To
m

ake
(14)hold

sim
ultaneously

forall
(I
,T

)∈
[m

] N
×

Σ
N

,divide
δ

by
(m
|Σ|)

N
.To

m
ake

the
claim

hold
forall

N
∈

[m
],stratify

(as
in

G
raepeletal.(2005,L

em
m

a
1))overthe

(few
erthan)

m
possible

choices
of
N

,w
hich

am
ounts

to
dividing

δ
by

an
additionalfactorof

m
.

For
M
A
R
M
A
N
N

,
w

e
use

the
follow

ing
sam

ple
com

pression
schem

e
w

ith
Σ

=
Y

.
G

iven
a

subsequence
S
′

:=
S

[I
]

:=
(x
′1 ,...,x

′N
)

and
T

=
(t1 ,...,tN

)
∈
Y
N

,the
reconstruction

func-
tion

R
ec
N

(S
[I

],T
)

generates
the

nearest-neighborrule
induced

by
the

labeled
sam

ple
ψ

(S
′,T

)
:=

((x
′i ,ti ))

i∈
[N

] .
Form

ally,
R
ec
N

(S
′,T

)
=
h
n
n
ψ
(S
′,T

) .
N

ote
the

slightabuse
of

notation:
form

ally,the
y
i

in
S
a (t)

should
be

encoded
as

side
inform

ation
T

,
but

for
clarity,

w
e

have
opted

to
“relabel”

the
exam

ples{x
1 ,...,x

N }
as

dictated
by

the
m

ajority
in

each
region.

T
he

follow
ing

corollary
is

im
m

ediate
from

T
heorem

16
and

the
construction

above.

T
heorem

17
Let

m
≥
|Y|be

an
integer,δ∈

(0,
14 ).Let

S
in ∼

D
m

.W
ith

probability
atleast

1−
δ,

ifthere
exist

N
<
m

and
S
⊆

(X
×
Y

)
N

such
thatU

(S
)⊆

U
in

and
ε

:=
err(h

n
n
S
,S

in )≤
12 ,then

err(h
n
n
S
,D

)≤
G

B
(ε,N

,δ,m
,|Y|)≤

2G
B

(ε,N
,2δ,m

,1).

If
the

com
pression

setincludes
only

the
originallabels,the

com
pression

analysis
of

G
ottlieb

etal.
(2017)

gives
the

bound
G

B
(ε,N

,δ,m
,1).

T
hus

the
effectof

allow
ing

the
labels

to
change

is
only

logarithm
ic

in|Y|,and
does

notappreciably
degrade

the
prediction

error.

6.2
ProofofT

heorem
4

T
he

proof
of

the
m

ain
theorem

,T
heorem

4,w
hich

gives
the

guarantee
for

M
A
R
M
A
N
N

,is
alm

ost
im

m
ediate

from
T

heorem
17,T

heorem
9,T

heorem
15

and
T

heorem
14.

Proof
[of

T
heorem

4]
W

e
have|D

ist
m
o
n |≤

(
m2 ).

B
y

a
union

bound,the
events

E
(t)

and
V

(t)
of

T
heorem

9
and

C
or.11

hold
forallt∈

T
test ⊆

D
ist

m
o
n

w
ith

a
probability

ofatleast1−
δ/2.U

nder
these

events,w
e

have
by

T
heorem

15
thatif

G
m
in (m

,δ)≤
1/

3,

G
B

(ε(t̂),N
(t̂),δ,m

,1)≤
O
(

m
int

G
B

(ν
(t),N

(t),δ,m
,1) )

.

B
y

T
heorem

17,w
ith

a
probability

atleast
1−

δ/2,if
ε(t̂)≤

12
then

err(ĥ
,D

)≤
2G

B
(ε(t̂),N

(t̂),δ,m
,1).

T
he

statem
entofthe

theorem
follow

s.N
ote

thatthe
statem

enttrivially
holds

for
G

m
in (m

,δ)≥
1
/3

and
for

ε(t̂)≥
12 ,thusthese

conditionscan
be

rem
oved.To

bound
the

labelcom
plexity,note

that
the

totalnum
beroflabels

used
by

M
A
R
M
A
N
N

is
atm

ostthe
num

beroflabels
used

by
S
electS

cale
plus

the
num

beroflabels
used

by
G
en
erateN

N
S
et

w
hen

the
finalcom

pression
setis

generated.
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A
C

T
IV

E
N

E
A

R
E

S
T-

N
E

IG
H

B
O

R
L

E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

B
y

T
he

or
em

14
,s

in
ce
Q

(m
)

=
O

(l
og

(m
/δ

))
,t

he
nu

m
be

r
of

la
be

ls
us

ed
by

S
el
ec
tS
ca
le

is
at

m
os

t

O

( |
T t

es
t|lo

g
2
(m
/δ

)

G
(ε

(t̂
))

lo
g

(
1

G
(ε

(t̂
)))

.

In
ad

di
tio

n,
G

(ε
(t̂

))
≥

G
B

(ε
(t̂

),
N

(t̂
),
δ,
m
,1

)
=
Ĝ
.

T
he

nu
m

be
ro

ft
es

te
d

sc
al

es
in

S
el
ec
tS
ca
le

is
bo

un
de

d
by

|T
te
st
|≤
blo

g
2
(|D

is
t m

o
n
|)

+
1
c≤

2
lo

g
2
(m

)

T
he

re
fo

re
th

e
nu

m
be

ro
fl

ab
el

s
us

ed
by

S
el
ec
tS
ca
le

is

O

(
lo

g
3
(m
/δ

)

Ĝ
lo

g

(
1 Ĝ

))
.

T
he

nu
m

be
ro

fl
ab

el
s

us
ed

by
G
en
er
at
eN

N
S
et

is
at

m
os

tQ
(m

)N
(t̂

),
w

he
re
Q

(m
)
≤
O

(l
og

(m
/δ

),
an

d
fr

om
th

e
de

fin
iti

on
of
Ĝ

,N
(t̂

)
≤
O

(m
Ĝ
/

lo
g
(m

))
.S

um
m

in
g

up
th

e
nu

m
be

ro
fl

ab
el

s
us

ed
by

S
el
ec
tS
ca
le

an
d

th
e

nu
m

be
r

us
ed

by
G
en
er
at
eN

N
S
et

,t
hi

s
gi

ve
s

th
e

bo
un

d
in

th
e

st
at

em
en

to
f

th
e

th
eo

re
m

.

7.
Pa

ss
iv

e
L

ea
rn

in
g

L
ow

er
B

ou
nd

s

T
he

or
em

5
lo

w
er

bo
un

ds
th

e
pe

rf
or

m
an

ce
of

a
pa

ss
iv

e
le

ar
ne

r
w

ho
ob

se
rv

es
a

lim
ite

d
nu

m
be

r
`

of
ra

nd
om

la
be

ls
fr

om
S
in

.
T

he
nu

m
be

r
`

is
ch

os
en

so
th

at
it

is
of

th
e

sa
m

e
or

de
r

as
th

e
nu

m
be

r
of

la
be

ls
M
A
R
M
A
N
N

ob
se

rv
es

fo
rt

he
ca

se
an

al
yz

ed
in

Se
ct

io
n

3.
W

e
de

du
ce

T
he

or
em

5
fr

om
a

m
or

e
ge

ne
ra

lr
es

ul
tp

er
ta

in
in

g
to

th
e

sa
m

pl
e

co
m

pl
ex

ity
of

pa
ss

iv
e

le
ar

ni
ng

.
T

he
ge

ne
ra

lr
es

ul
ti

s
gi

ve
n

as
T

he
or

em
18

in
Se

ct
io

n
7.

1.
T

he
pr

oo
fo

fT
he

or
em

5
is

pr
ov

id
ed

in
Se

ct
io

n
7.

2.
W

e
no

te
th

at
w

hi
le

th
e

lo
w

er
bo

un
ds

be
lo

w
as

su
m

e
th

at
th

e
pa

ss
iv

e
le

ar
ne

r
ob

se
rv

es
on

ly
th

e
ra

nd
om

la
be

le
d

sa
m

pl
e

of
si

ze
`,

in
fa

ct
th

ei
rp

ro
of

s
ho

ld
al

so
if

th
e

al
go

ri
th

m
ha

s
ac

ce
ss

to
th

e
fu

ll
un

la
be

le
d

sa
m

pl
e

of
si

ze
m

of
w

hi
ch
S
`

is
sa

m
pl

ed
.

T
hi

s
is

be
ca

us
e

th
e

lo
w

er
bo

un
d

is
ba

se
d

on
re

qu
ir

in
g

th
e

le
ar

ne
rt

o
di

st
in

gu
is

h
be

tw
ee

n
di

st
ri

bu
tio

ns
th

at
al

lh
av

e
th

e
sa

m
e

m
ar

gi
na

l.
U

nd
er

th
is

sc
en

ar
io

,a
cc

es
s

to
un

la
be

le
d

ex
am

pl
es

do
es

no
tp

ro
vi

de
an

y
ad

di
tio

na
li

nf
or

m
at

io
n

to
th

e
le

ar
ne

r.

7.
1

A
G

en
er

al
L

ow
er

B
ou

nd

In
th

is
se

ct
io

n
w

e
sh

ow
a

ge
ne

ra
ls

am
pl

e
co

m
pl

ex
ity

lo
w

er
bo

un
d

fo
rp

as
si

ve
le

ar
ni

ng
,w

hi
ch

m
ay

be
of

in
de

pe
nd

en
t

in
te

re
st

.
W

e
ar

e
aw

ar
e

of
tw

o
ex

is
tin

g
lo

w
er

bo
un

ds
fo

r
ag

no
st

ic
PA

C
w

ith
bo

un
de

d
B

ay
es

er
ro

r:
D

ev
ro

ye
et

al
.

(1
99

6,
T

he
or

em
14

.5
)

an
d

A
ud

ib
er

t
(2

00
9,

T
he

or
em

8.
8)

.
B

ot
h

pl
ac

e
re

st
ri

ct
io

ns
on

th
e

re
la

tio
ns

hi
p

be
tw

ee
n

th
e

sa
m

pl
e

si
ze

,V
C

-d
im

en
si

on
,a

nd
B

ay
es

er
ro

r
le

ve
l,

w
hi

ch
re

nd
er

th
em

in
ap

pl
ic

ab
le

as
st

at
ed

to
so

m
e

pa
ra

m
et

er
re

gi
m

es
,i

nc
lu

di
ng

th
e

on
e

ne
ed

ed
fo

rp
ro

vi
ng

T
he

or
em

5.
L

et
H

be
a

hy
po

th
es

is
cl

as
s

w
ith

V
C

-d
im

en
si

on
d

an
d

su
pp

os
e

th
at
L

is
a

pa
ss

iv
e

le
ar

ne
r6

m
ap

pi
ng

la
be

le
d

sa
m

pl
es
S
`

=
(X

i,
Y
i)
i∈

[`
]

to
hy

po
th

es
es
ĥ
`
∈
H

.
Fo

r
an

y
di

st
ri

bu
tio

n
D

ov
er

6.
W

e
al

lo
w
L

ac
ce

ss
to

an
in

de
pe

nd
en

ti
nt

er
na

ls
ou

rc
e

of
ra

nd
om

ne
ss

.
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:1
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 2

01
8

K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

X
×
{−

1
,1
},

de
fin

e
th

e
ex

ce
ss

ri
sk

of
ĥ
`

by

∆
(ĥ
`,
D

)
:=

er
r(
ĥ
`,
D

)
−

in
f

h
∈H

er
r(
h
,D

).

L
et

D
(η

)
be

th
e

co
lle

ct
io

n
of

al
lη

-b
ou

nd
ed

ag
no

st
ic

er
ro

rd
is

tr
ib

ut
io

ns
D

ov
er
X
×
{−

1
,1
}t

ha
ts

at
-

is
fy

in
f h
∈H

er
r(
h
,D

)
≤
η

.
W

e
sa

y
th

at
Z
∈
{−

1,
1}

ha
s

R
ad

em
ac

he
r

di
st

ri
bu

tio
n

w
ith

pa
ra

m
et

er
b
∈

[−
1
,1

],
de

no
te

d
Z
∼

R
b
,i

f

P[
Z

=
1]

=
1
−

P[
Z

=
−

1]
=

1 2
+
b 2
.

A
ll

di
st

ri
bu

tio
ns

on
{−

1
,1
}a

re
of

th
is

fo
rm

.F
or
k
∈
N

an
d
b
∈

[0
,1

],
de

fin
e

th
e

fu
nc

tio
n

b
ay

es
(k
,b

)
=

1 2

( 1
−

1 2

∥ ∥ ∥R
k b
−

R
k −
b

∥ ∥ ∥ 1
) ,

w
he

re
R
k ±
b

is
th

e
co

rr
es

po
nd

in
g

pr
od

uc
td

is
tr

ib
ut

io
n

on
{−

1
,1
}k

an
d

1 2
‖·
‖ 1

is
th

e
to

ta
lv

ar
ia

tio
n

no
rm

.
T

hi
s

ex
pr

es
si

on
pr

ev
io

us
ly

ap
pe

ar
ed

in
B

er
en

d
an

d
K

on
to

ro
vi

ch
(2

01
5,

E
qu

at
io

n
(2

5)
)

in
th

e
co

nt
ex

to
f

in
fo

rm
at

io
n-

th
eo

re
tic

lo
w

er
bo

un
ds

;t
he

cu
rr

en
tt

er
m

in
ol

og
y

w
as

m
ot

iv
at

ed
in

K
on

-
to

ro
vi

ch
an

d
Pi

ne
lis

(2
01

6)
,w

he
re

va
ri

ou
s

pr
ec

is
e

es
tim

at
es

on
b
ay

es
(·)

w
er

e
pr

ov
id

ed
.

In
pa

rt
ic

-
ul

ar
,t

he
fu

nc
tio

n
b
ay̌

es
(κ
,b

)
w

as
de

fin
ed

as
fo

llo
w

s:
fo

r
ea

ch
fix

ed
b
∈

[0
,1

],
b
a
y̌
es

(·,
b)

is
th

e
la

rg
es

tc
on

ve
x

m
in

or
an

to
n

[0
,∞

)
of

th
e

fu
nc

tio
n

b
ay

es
(·,
b)

on
{0
,1
,.
..
}.

It
w

as
sh

ow
n

in
K

on
-

to
ro

vi
ch

an
d

Pi
ne

lis
(2

01
6,

Pr
op

os
iti

on
2.

8)
th

at
b
ay̌

es
(·,
b)

is
th

e
lin

ea
ri

nt
er

po
la

tio
n

of
b
ay

es
(·,
b)

at
th

e
po

in
ts

0
,1
,3
,5
,.
..

.

T
he

or
em

18
Le

t0
<
η
<

1 2
,`
≥

1,
an

d
H

be
a

hy
po

th
es

is
cl

as
s

w
ith

V
C

-d
im

en
si

on
d
>

1
.T

he
n,

fo
r

al
l0

<
b,
p
<

1
sa

tis
fy

in
g

p

(
1 2
−
b 2

)
≤
η
,

(1
5)

w
e

ha
ve

in
f

ĥ
`

su
p

D
∈D

(η
)
E D`

[ ∆
(ĥ
`,
D

)]
≥

bp
b
ay̌

es
(`
p
/
(d
−

1)
,b

).
(1

6)

F
ur

th
er

m
or

e,
fo

r
0
≤
u
<

1,

in
f

ĥ
`

su
p

D
∈D

(η
)
P
[ ∆

(ĥ
`,
D σ

,b
,p

)
>
bp
u
]

>
b
ay̌

es
(`
p
/
(d
−

1)
,b

)
−
u
.

(1
7)

Pr
oo

f
T

hi
sp

ro
of

us
es

id
ea

s
fr

om
D

ev
ro

ye
et

al
.(

19
96

,T
he

or
em

14
.5

),
A

nt
ho

ny
an

d
B

ar
tle

tt
(1

99
9,

T
he

or
em

5.
2)

an
d

K
on

to
ro

vi
ch

an
d

Pi
ne

lis
(2

01
6,

T
he

or
em

2.
2)

.
W

e
w

ill
co

ns
tr

uc
ta

dv
er

sa
ri

al
di

st
ri

bu
tio

ns
su

pp
or

te
d

on
a

sh
at

te
re

d
su

bs
et

of
si

ze
d

,a
nd

he
nc

e
th

er
e

is
no

lo
ss

of
ge

ne
ra

lit
y

in
ta

ki
ng
X

=
[d

]
an

d
H

=
{−

1
,1
}X

.
A

ra
nd

om
di

st
ri

bu
tio

n
D σ

,b
,p

ov
er
X
×
{−

1,
1}

,p
ar

am
et

ri
ze

d
by

a
ra

nd
om

σ
∼

U
n
if

({
−

1,
1}
d
−
1
)

an
d

sc
al

ar
s
b,
p
∈

(0
,1

)
to

be
sp

ec
ifi

ed
la

te
r,

is
de

fin
ed

as
fo

llo
w

s.
T

he
po

in
tx

=
d
∈
X

ge
ts

a
m

ar
gi

na
lw

ei
gh

to
f1
−
p

w
he

re
p

is
a

pa
ra

m
et

er
to

be
se

t;
th

e
re

m
ai

ni
ng
d
−

1
po

in
ts

ea
ch

ge
ta

m
ar

gi
na

lw
ei

gh
to

fp
/
(d
−

1
):

P
X
∼
D
σ
,b
,p

[X
=
d
]

=
1
−
p
,

P
X
∼
D
σ
,b
,p

[X
<
d
]

=
p

d
−

1
.

(1
8)

26
JM

L
R

 1
8(

19
5)

:1
-3

8,
 2

01
8



A
C

T
IV

E
N

E
A

R
E

S
T-N

E
IG

H
B

O
R

L
E

A
R

N
IN

G
IN

M
E

T
R

IC
S

PA
C

E
S

T
he

distribution
of
Y

conditionalon
X

is
given

by
P
(X
,Y

)∼
D
σ
,b
,p [Y

=
1|X

=
d
]

=
1

and

P
(X
,Y

)∼
D
σ
,b
,p [Y

=
±

1|X
=
j
<
d
]

=
12
±
bσ
j

2
.

(19)

Suppose
that

(X
i ,Y

i )
i∈

[`]
is

a
sam

ple
draw

n
from

D
`σ
,b,p .

T
he

assum
ption

thatD
σ
,b,p
∈

D
(η

)
im

plies
that

b
and

p
m

ustsatisfy
the

constraint(15).
A

standard
argum

ent(e.g.,A
nthony

and
B

artlett(1999)p.63
display

(5.5))show
s

that,forany
hypothesis

ĥ
` ,

∆
(ĥ
` ,D

σ
,b,p )

=
err(ĥ

` ,D
σ
,b,p )−

in
f

h∈H
err(h

,D
σ
,b,p )

=
P

X
∼
D
σ
,b
,p [X

=
d
,ĥ

` (X
)6=

1]+
b

P
X
∼
D
σ
,b
,p [X

<
d
,ĥ

` (X
)6=

σ
(X

)]

≥
b

P
X
∼
D
σ
,b
,p [X

<
d
,ĥ

` (X
)6=

σ
(X

)]

=
bp

P
X
∼
D
σ
,b
,p [ĥ

` (X
)6=

σ
(X

)|X
<
d
].

(20)

Itfollow
s

from
K

ontorovich
and

Pinelis
(2016,T

heorem
s

2.1,2.5)that

Eσ
P

X
∼
D
σ
,b
,p [ĥ

` (X
)6=

σ
(X

)|X
<
d
]
≥

E
N
∼
B
in
(`,p

/
(d−

1
)) [b

ayes(N
,b)]

(21)

≥
E

N
∼
B
in
(`,p

/
(d−

1
)) [b

ay̌
es(N

,b)]

≥
b
ay̌

es(E
[N

],b)
=

b
ay̌

es(`p
/
(d−

1),b),

w
here

the
second

inequality
holds

because
b
a
y̌
es

is,by
definition,a

convex
m

inorantof
b
ayes,and

the
third

follow
s

from
Jensen’s

inequality.C
om

bined
w

ith
(20),this

proves
(16).

To
show

(17),define
the

random
variable

Z
=
Z

(σ
,L

)
=

P
X
∼
D
σ
,b
,p [ĥ

` (X
)6=

σ
(X

)|X
<
d
].

Since
Z
∈

[0,1
],M

arkov’s
inequality

im
plies

P
[Z

>
u

]≥
E

[Z
]−

u

1−
u

>
E

[Z
]−

u
,

0
≤
u
<

1.

N
ow

(20)im
plies

that
∆

(ĥ
` ,D

σ
,b,p )≥

bp
Z

and
hence,for

0
≤
u
<

1,

in
f

ĥ
`

su
p

D
∈

D
(η
) P
[∆

(ĥ
` ,D

σ
,b,p )

>
bp
u ]

=
in

f
ĥ
`

su
p

D
∈

D
(η
) P

[Z
>
u

]

>
in

f
ĥ
`

su
p

D
∈

D
(η
) E

[Z
]−

u

≥
1bp

in
f

ĥ
`

su
p

D
∈

D
(η
) E

[∆
(ĥ
` ,D

σ
,b,p )]−

u

≥
b
ay̌

es(`p
/
(d−

1),b)−
u
.
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E
R

7.2
ProofofT

heorem
5

W
e

break
dow

n
the

proof
into

several
steps.

For
now

,
w

e
assum

e
that

the
labeled

exam
ples

are
sam

pled
i.i.d.as

per
the

classic
PA

C
setup.

A
t

the
end,

w
e

show
how

to
extend

the
proof

to
the

sem
i-supervised

setting.
(i)D

efining
a

fam
ily

ofadversarialdistributions.
L

et
T

be
a
t̄-netofX

of
size

Θ
( √
m

)
and

η
=

Θ
(1
/ √

m
).

For
any

passive
learning

algorithm
m

apping
i.i.d.sam

ples
of

size
`

=
Θ̃

( √
m

)
to

hypotheses
ĥ
`

:X
→
{−

1
,1},w

e
constructa

random
adversarialdistributionD

σ
,b,p

w
ith

agnostic
error

η.
W

e
accom

plish
this

via
the

construction
described

in
the

proofofT
heorem

18,w
ith|T|

=
d

=
Θ

( √
m

).
T

he
m

arginaldistribution
over

T
=
{
x
1 ,...,x

d }
puts

a
m

ass
of

1−
p

on
x
d
∈
T

and
spreads

the
rem

aining
m

ass
uniform

ly
over

the
other

points,
as

in
(18).

T
he

“heavy”
point

has
a

determ
inistic

labeland
the

rem
aining

“light”
points

have
noisy

labels
draw

n
from

a
random

distribution
w

ith
sym

m
etric

noise
level

b,as
in

(19).W
e

proceed
to

choose
b

and
p;nam

ely,

p
=
d−

1

2
`

√
η

=
Θ̃

(m
−
1
/
4),

b
=

1−
2ηp

=
1−

Θ̃
(m
−
1
/
4),

w
hich

m
akes

the
constraintin

(15)
hold

w
ith

equality;this
m

eans
thatthe

agnostic
error

is
exactly

η
and

in
particular,establishes

(i).
(ii.a)L

ow
er-bounding

the
passive

learner’serror.O
urchoice

of
p

im
plies

that
`p
/
(d−

1)
=

√
η
/2

=
:
κ
<

1.
For

this
range

of
κ,K

ontorovich
and

Pinelis
(2016,Proposition

2.8)
im

plies
that

b
ay̌

es(κ
,b)

=
12 (1−

κ
b)

=
Θ

(1).
C

hoosing
u

=
14 (1−

κ
b)

=
Θ

(1)
in

(17),T
heorem

18
im

plies
that

in
f

ĥ
`

su
p

D
∈

D
(η
) P

[∆
(ĥ
` ,D

)
>

Ω̃
(m
−
1
/
4)]

>
Ω

(1).

In
m

ore
form

alterm
s,there

existconstants
c
0 ,c

1
>

0
such

that

in
f

ĥ
`

su
p

D
∈

D
(η
) P

[∆
(ĥ
` ,D

)
>
c
0 p

]
>
c
1 .

(22)

(ii.b)
U

pper-bounding
ν

(t̄).
To

establish
(ii.b),

it
suffices

to
show

that
for

(X
i ,Y

i )
i∈

[`]
∼

D
`σ
,b,p ,w

e
w

illhave
ν

(t̄)
=
O

(m
−
1
/
2)w

ith
sufficiently

high
probability.Indeed,the

lattercondition
im

plies
the

requisite
upperbound

on
m

in
t>

0
:N

(t)<
m

G
B

(ν
(t),N

(t),δ,m
,1),w

hile
(i)im

plies
the

low
erbound,since

the
latterquantity

cannotbe
asym

ptotically
sm

allerthan
the

B
ayes

error(w
hich

coincides
w

ith
the

agnostic
errorforH

=
{−

1
,1} X

).
R

ecallthatthe
t̄-netpoints{

x
1 ,...,x

d−
1 }

are
the

“light”
ones

(i.e.,each
has

w
eight

p
/
(d−

1))
and

define
the

random
sets

J
j ⊂

[`]by

J
j

=
{
i∈

[`]
:
X
i

=
x
j }
,

j∈
[d−

1].

In
w

ords,J
j

consists
ofthe

indices
iofthe

sam
ple

points
forw

hich
X
i falls

on
the

netpoint
x
j .For

y
∈
{−

1,1},put
τ
yj

=
∑

i∈
J
j I[Y

i
=
y
]and

define
the

m
inority

count
ξ
j

atthe
netpoint

x
j

by

ξ
j

=
m

in
y∈{−

1
,1}
τ
yj

=
12 (|τ

+j
+
τ −j |−

|τ
+j
−
τ −j |).

O
bserve

thatby
virtue

of
being

a
t̄-net,

T
is
t̄-separated

and
hence

the
only

contribution
to
ν

(t̄)
is

from
the

m
inority

counts
(to

w
hich

the
“heavy”

point
x
d

does
notcontribute

due
to

its
determ

inistic
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E
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N
E

IG
H

B
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R
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E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

la
be

l)
:

ν
(t̄

)
=

1 `

d
−
1

∑ j=
1

ξ j
.

N
ow

E
|τ

+ j
+
τ
− j
|=

E
|J
j
|=

`p

d
−

1
=

Θ
(m
−
1
/
4
)

an
d

E
|τ

+ j
−
τ
− j
|

=
E σ j
E[
|τ

+ j
−
τ
− j
|∣ ∣ σ

j
]

≥
E σ j

∣ ∣ ∣ E
[τ

+ j
−
τ
− j
∣ ∣ σ
j
]∣ ∣ ∣.

C
om

pu
tin

g E[
τ
+ j
|σ
j

=
+

1]
=

(1 2
+
b 2

)
`p

d
−

1
,

E[
τ
− j
|σ
j

=
+

1]
=

(1 2
−
b 2

)
`p

d
−

1
,

w
ith

an
an

al
og

ou
s

ca
lc

ul
at

io
n

w
he

n
co

nd
iti

on
in

g
on
σ
j

=
−

1
,w

e
ge

t

E
|τ

+ j
−
τ
− j
|≥

b`
p

d
−

1

an
d

he
nc

e

E[
ξ j

]
≤

1 2

(
`p

d
−

1
−
b
`p

d
−

1

)

=
(1
−
b)

`p

2
(d
−

1)
=

2
η p
·

`p

2(
d
−

1)
=

η
`

d
−

1
.

It
fo

llo
w

s
th

at

E[
ν

(t̄
)]

=
1 `

d
−
1

∑ j=
1

E[
ξ j

]

≤
d
−

1

`
·
η
`

d
−

1
=
η

=
Θ

(m
−
1
/
2
).

To
gi

ve
ta

il
bo

un
ds

on
ν

(t̄
),

w
e

us
e

M
ar

ko
v’

s
in

eq
ua

lit
y:

fo
ra

ll
c 2
>

0
,

P[
ν

(t̄
)
>
c 2

E[
ν

(t̄
)]
≤

1 c 2
.

C
ho

os
in

g
c 2

su
ffi

ci
en

tly
la

rg
e

th
at

1
−

1/
c 2

>
c 1

(t
he

la
tte

r
fr

om
(2

2)
)

im
pl

ie
s

th
e

ex
is

te
nc

e
of

co
ns

ta
nt

s
c 0
,c

2
,c

3
>

0
su

ch
th

at

in
f

ĥ
`

su
p

D
∈D

(η
)
P
[(

∆
(ĥ
`,
D

)
>
c 0
p
)
∧

(ν
(t̄

)
≤
c 2
η
)] >

c 3
.
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Si
nc

e
p

=
Θ̃

(m
−
1
/
4
)

an
d
η

=
Θ

(m
−
1
/
2
),

th
is

es
ta

bl
is

he
s

(i
i)

an
d

co
nc

lu
de

s
th

e
pr

oo
fo

fT
he

or
em

5.
(ii

i)
E

xt
en

di
ng

to
th

e
se

m
i-s

up
er

vi
se

d
se

tt
in

g.
Pr

ov
id

in
g

th
e

le
ar

ne
r

w
ith

th
e

ex
ac

tw
ei

gh
ts

of
X

=
[d

]
un

de
r

ou
r

ad
ve

rs
ar

ia
l

di
st

ri
bu

tio
n

do
es

no
t

gi
ve

it
an

y
ad

di
tio

na
l

po
w

er
.

In
de

ed
,

th
e

in
fo

rm
at

io
n-

th
eo

re
tic

ex
ce

ss
ri

sk
lo

w
er

bo
un

d
in

E
q.

(2
1)

hi
ng

es
on

th
e

fa
ct

th
at

to
es

tim
at

e
σ

(x
)

w
ith

so
m

e
de

si
re

d
ce

rt
ai

nt
y,

th
e

po
in

t
x

m
us

t
be

sa
m

pl
ed

so
m

e
m

in
im

al
nu

m
be

r
of

tim
es

.
T

he
m

ar
gi

na
l

pr
ob

ab
ili

ty
of
x

do
es

no
t

en
te

r
th

at
ca

lc
ul

at
io

n,
an

d
he

nc
e

kn
ow

in
g

its
va

lu
e

do
es

no
t

af
fo

rd
th

e
le

ar
ne

ra
n

im
pr

ov
ed

pe
rf

or
m

an
ce

.

8.
A

ct
iv

e
L

ea
rn

in
g

L
ow

er
B

ou
nd

W
e

no
w

pr
ov

e
th

e
ac

tiv
e

le
ar

ni
ng

lo
w

er
bo

un
d

st
at

ed
in

T
he

or
em

6.
To

pr
ov

e
th

e
th

eo
re

m
,w

e
fir

st
pr

ov
e

a
re

su
lt

w
hi

ch
is

si
m

ila
r

to
th

e
cl

as
si

ca
lN

o-
Fr

ee
-L

un
ch

th
eo

re
m

,e
xc

ep
ti

th
ol

ds
fo

r
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
s.

T
he

pr
oo

f
fo

llo
w

s
cl

os
el

y
th

e
pr

oo
f

of
th

e
cl

as
si

ca
lN

o-
Fr

ee
-L

un
ch

th
eo

re
m

gi
ve

n
in

Sh
al

ev
-S

hw
ar

tz
an

d
B

en
-D

av
id

(2
01

4,
T

he
or

em
5.

1)
,w

ith
su

ita
bl

e
m

od
ifi

ca
tio

ns
.

T
he

or
em

19
Le

tβ
∈

[0
,
1 2
),

an
d
m

be
an

in
te

ge
r.

Le
tA

an
y

ac
tiv

e
le

ar
ni

ng
al

go
ri

th
m

ov
er

a
fin

ite
do

m
ai

n
X

w
hi

ch
ge

ts
as

in
pu

ta
ra

nd
om

la
be

le
d

sa
m

pl
e
S
∼
D
m

(w
ith

hi
dd

en
la

be
ls

)a
nd

ou
tp

ut
s

ĥ
.

If
A

qu
er

ie
s

fe
w

er
th

an
X
/
2

la
be

ls
fr

om
S

,t
he

n
th

er
e

ex
is

ts
a

di
st

ri
bu

tio
n
D

ov
er
X
×
{0
,1
}

su
ch

th
at

•
It

s
m

ar
gi

na
lo

n
X

is
un

ifo
rm

,a
nd

fo
r

ea
ch
x
∈
X

, P
[Y

=
1
|X

=
x

]
∈
{β
,1
−
β
}.

•
E[

er
r(
ĥ
,D

)]
≥

1 4
.

Pr
oo

f
L

et
F

=
{f

1
,.
..
,f
T
}

be
th

e
se

t
of

po
ss

ib
le

fu
nc

tio
ns
f i

:
X
→
{0
,1
}.

L
et
D i

to
be

a
di

st
ri

bu
tio

n
w

ith
a

un
if

or
m

m
ar

gi
na

l
ov

er
X

,
an

d
P (
X
,Y

)∼
D
i
[Y

=
1
|X

=
x

]
=
f i

(x
)(

1
−

β
)

+
(1
−
f i

(x
))
β

.
C

on
si

de
r

th
e

fo
llo

w
in

g
ra

nd
om

pr
oc

es
s:

Fi
rs

t,
dr

aw
an

un
la

be
le

d
sa

m
pl

e
X

=
(x

1
,.
..
,x

m
)

i.i
.d

.f
ro

m
D
m X

.
T

he
n,

dr
aw

B
=

(b
1
,.
..
,b
m

)
in

de
pe

nd
en

tly
fr

om
a

B
er

no
ul

li
di

st
ri

bu
tio

n
w

ith
P[
b i

=
1]

=
β

.F
or
i
∈

[T
],

le
tS

i (
X
,B

)
=

((
x
1
,y

1
),
..
.,

(x
m
,y
m

))
su

ch
th

at
x
i

ar
e

se
tb

y
X

,a
nd
y i

=
f i

(x
)

if
b i

=
0

an
d

1
−
f i

(x
)

ot
he

rw
is

e.
C

le
ar

ly
,S

i (
X
,B

)
is

di
st

ri
bu

te
d

ac
co

rd
in

g
to
D
m i

.
L

et
h
i(
S

)
be

th
e

ou
tp

ut
of
A

w
he

n
th

e
la

be
le

d
sa

m
pl

e
is
S

.
D

en
ot

e
by

ĥ
i

th
e

(r
an

do
m

)o
ut

pu
to

fA
w

he
n

th
e

sa
m

pl
e

is
dr

aw
n

fr
om
D i

.C
le

ar
ly

E[
er

r(
ĥ
i,
D i

)]
=

E
X
,B

[e
rr

(h
i(
S

(X
,B

))
,D

i)
].

T
he

re
fo

re
(a

s
in

(5
.4

)i
n

Sh
al

ev
-S

hw
ar

tz
an

d
B

en
-D

av
id

(2
01

4)
),

fo
rs

om
e
j,
X
,B

it
ho

ld
s

th
at

E[
er

r(
ĥ
j
,D

j
)]
≥

1 T

T ∑ i=
1

E[
er

r(
ĥ
i,
D i

)]
≥

1 T

T ∑ i=
1

er
r(
h
i(
S

(X
,B

))
,D

i)
.

(2
3)

Fi
x
X
,B
,j

as
ab

ov
e,

an
d

de
no

te
fo

r
br

ev
ity

h
i

:=
h
i(
S

(X
,B

))
.

L
et
V
i

be
th

e
se

t
of

ex
am

pl
es

x
∈
X

fo
rw

hi
ch

th
at
A

do
es

no
to

bs
er

ve
th

ei
rl

ab
el

if
th

e
la

be
le

d
sa

m
pl

e
is
S
i (
X
,B

)
(t

hi
s

in
cl

ud
es

bo
th

ex
am

pl
es

th
at

ar
e

no
ti

n
th

e
sa

m
pl

e
at

al
la

s
w

el
la

s
ex

am
pl

es
th

at
ar

e
in

th
e

sa
m

pl
e

bu
tt

he
ir

la
be

li
s

no
tr

eq
ue

st
ed

by
A

).
W

e
ha

ve
|V
i|
>
|X
|/

2
by

as
su

m
pt

io
n.

T
he

n
(a

s
in

E
q.

(5
.6

)t
he

re
in

)

1 T

T ∑ i=
1

er
r(
h
i,
D i

)
≥

1 T

T ∑ i=
1

1

2
|V
i|
∑ x
∈V

i

I[h
i(
x

)
6=
f i

(x
)]
.

(2
4)
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A
C

T
IV

E
N

E
A

R
E

S
T-N

E
IG

H
B

O
R

L
E

A
R

N
IN

G
IN

M
E

T
R

IC
S

PA
C

E
S

SinceA
is

active,itselects
w

hich
exam

ples
to

request,w
hich

can
depend

on
the

labels
observed

by
A

so
far.

T
herefore,

V
i can

be
differentfordifferent

i.
H

ow
ever,an

argum
entsim

ilarto
thatofthe

N
o-Free-L

unch
theorem

forthe
passive

case
stillgoes

through,as
follow

s.
L

et
i,i ′such

that
f
i (x

)
=
f
i ′(x

)
for

all
x
/∈
V
i ,and

f
i (x

)
=

1−
f
i ′(x

)
for

all
x
∈
V
i .

Since
X
,B

are
fixed,A

observes
the

sam
e

labels
forall

x
/∈
V
i forboth

S
i ′(X

,B
)

and
S
i(X

,B
),thus

all
its

decisions
and

requests
are

identicalforboth
sam

ples,and
so
V
i

=
V
i ′,and

h
i

=
h
i ′.

T
herefore,

itis
possible

to
partition

T
into

T
/
2

pairs
ofindices

i,i ′such
thatforeach

such
pair,

1

2|V
i | ∑x∈

V
i I[h

i (x
)6=

f
i (x

)]+
1

2|V
i ′|
∑x∈
V
i ′ I[h

i ′(x
)6=

f
i ′(x

)]

=
1

2|V
i | ∑x∈

V
i I[h

i (x
)6=

f
i (x

)]+
I[h

i (x
)6=

1−
f
i (x

)]

=
12
.

T
herefore,

1T

∑
Ti=

1
err(h

i ,D
i )≥

14 .
T

herefore,from
E

q.(24),
1T

∑
Ti=

1
err(h

i ,D
i )≥

14 .C
om

bin-
ing

this
w

ith
E

q.(23),itfollow
s

thatE
[err(ĥ

j ,D
j )]≥

14 .

W
e

w
illalso

m
ake

use
ofthe

follow
ing

sim
ple

lem
m

a.

L
em

m
a

20
Let

β
∈

[0,1].
LetD

be
a

distribution
overX

×
{
0
,1}

such
thatfor

(X
,Y

)∼
D

,for
any

x
in

the
supportofD

,P
[Y

=
1
|
X

=
x

]∈
{β
,1−

β}.Let
N

be
the

size
ofthe

supportofD
.

Let
S
∼
D
m

.
D

enote
by
n
x

the
num

ber
ofsam

ple
pairs

(x
′,y ′)

in
S

w
here

x
′

=
x,and

let
n
+x

be
the

num
ber

ofsam
ple

pairs
(x
′,y ′)

w
here

x
′
=
x

and
y ′

=
1.Let

p̂
+x

=
n
+x
/n

x
(or

zero
if
n
x

=
0).

Then
2
β

(1−
β

)(m
−
N

)≤
∑x∈X

E
[2n

x p̂
+x

(1−
p̂
+x

)]≤
2β

(1−
β

)m
.

Proof
W

e
haveE

[2n
x p̂

+x
(1−

p̂
+x

)]
=
∞∑i=
1 P

[n
x

=
i]·i·E

[2p̂
+x

(1−
p̂
+x

)|
n
x

=
i].

N
ote

thatE
[2p̂

+x
(1−

p̂
+x

)|
n
x

=
1]

=
0.For

i
>

1,let
y
1 ,...,y

i be
the

labels
ofthe

exam
ples

that
are

equalto
x

in
S

,then∑j,k∈
[i] I[y

k 6=
y
j ]

=
2
n
+x

(i−
n
+x

)
=
i 2·

2p̂
+x

(1−
p̂
+x

).

T
herefore,letting

(X
1 ,Y

1 ),(X
2 ,Y

2 )∼
D

2,

E
S∼
D
m

[2p̂
+x

(1−
p̂
+x

)|
n
x

=
i]

=
1i 2

E
S∼
D
m

[
∑j,k∈

[n
x
] I[y

k 6=
y
j ]|

n
x

=
i]

=
i 2−

i

i 2
P

[Y
1 6=

Y
2 |
X

1
=
X

2
=
x

]

=
2(1−

1i
)β

(1−
β

),
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K
O

N
T

O
R

O
V

IC
H

,S
A

B
A

T
O

A
N

D
U

R
N

E
R

T
hus

E
[2n

x p̂
+x

(1−
p̂
+x

)]
=

2β
(1−

β
)
∞∑i=
2 (i−

1)P
[n
x

=
i]

=
2β

(1−
β

)(E
[n
x ]+

P
[n
x

=
0]−

1).

To
com

plete
the

proof,
sum

over
all

x
in

the
support

ofD
,

and
note

that ∑
x E

[n
x ]

=
m

,
and

∑
x (P

[n
x

=
0]−

1)∈
[−
N
,0].

W
e

now
prove

ourlow
erbound,stated

in
T

heorem
6,on

the
num

berofqueries
required

by
any

active
learning

w
ith

com
petitive

guarantees
sim

ilarto
ours.

Proof
[of

T
heorem

6]
L

et
N

=
⌊
m
α−

lo
g
(
mδ
)

lo
g
(m

)

⌋.
L

et
β

=
8
α
≤

12 .
C

onsider
a

m
arginaldistribution

D
X

overX
w

hich
is

uniform
over

N
points

1
,...,N

∈
R

.
C

onsider
the

follow
ing

fam
ily

of
distributions:D

such
thatits

m
arginaloverX

isD
X

,and
for

each
x
∈
X

,P
[Y

=
1
|
X

=
x

]∈
{
β
,1−

β}.T
hus

the
B

ayes
optim

alerrorforeach
ofthese

distributions
is
β

.
L

et
S
∼
D
m

.
If

one
exam

ple
in
S

is
changed,

ν
(
12 )

changes
by

at
m

ost
1
/m

.
H

ence,
by

M
cD

iarm
id’s

inequality
(M

cD
iarm

id,1989),w
ith

probability
atleast

1−
12
8 , ∣∣ν

(
12 )−

E
[ν

(
12 )] ∣∣≤

√
lo
g
(2
8
)

2
m

.
D

enote
the

event
that

this
holds

E
M

.
Since

β
=

8α
≥

lo
g
(m

)+
lo
g
(2
8
)

√
2
m

,
it

follow
s

that
under

E
M

,
|ν

(1/2)−
E

[ν
(1/2)]|≤

β
/8
.

(25)

W
e

now
bound

E
[ν

(
12 )].U

sing
the

notation
p̂
+x
,n

x ,n
+x

as
in

L
em

m
a

20,w
e

have

ν
(1/2)

=
1m

∑x∈X
m

in
(n

+x
,n

x −
n
+x

)
=

1m

∑x∈X
n
x

m
in

(p
+x
,1−

p
+x

)

A
lso,forall

p
∈

[0,1],m
in

(p
,1−

p
)≤

2
p
(1−

p
)≤

2
m

in
(p
,1−

p
).T

herefore

12
m

∑x∈X
2
n
x p

+x
(1−

p
+x

)≤
ν

(1/2)≤
1m

∑x∈X
2n

x p
+x

(1−
p
+x

).

B
y

L
em

m
a

20,itfollow
s

that

m
−
N

m
β

(1−
β

)≤
E

[ν
(1/2)]≤

2
β

(1−
β

).

Since
N
≤
m
/
2

and
β
∈

[0,
12 ],E

[ν
(
12 )]∈

(β
/4,2β

).
C

om
bining

this
w

ith
E

q.(25),w
e

getthat
under

E
M

,α
=
β
/8
≤
ν

(
12 )≤

1
78
β

=
17α

.
N

ow
,w

e
bound

G
m
in

from
above

and
below

assum
ing

E
M

holds.D
enote

G
(t)

:=
G

B
(ν

(t),N
(t),δ,m

,1).

To
establish

a
low

er
bound

on
G

m
in (m

,δ),note
that

G
m
in (m

,δ)
=

m
in
t>

0
G

(t)≥
m

in
t>

0
ν

(t).
For

t
∈

(0,
12 ),

ν
(t)

=
ν

(
12 )

(since
the

distances
betw

een
any

tw
o

distinct
points

in
S

is
at

least
1).

In
addition,

since
ν

is
m

onotonically
increasing,

w
e

have
ν

(t)
≥
ν

(
12 )

for
t
≥

12 .
H

ence
m

in
t>

0
ν

(t)≥
ν

(
12 )≥

β
/8

=
α

.
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A
C

T
IV

E
N

E
A

R
E

S
T-

N
E

IG
H

B
O

R
L

E
A

R
N

IN
G

IN
M

E
T

R
IC

S
PA

C
E

S

To
sh

ow
an

up
pe

rb
ou

nd
on
G

m
in

(m
,δ

),
w

e
up

pe
rb

ou
nd
G

(1 2
).

N
ot

e
th

at
N

(1 2
)
≤
N

.
R

ec
al

l
th

e
de

fin
iti

on
of
φ

(t
)

in
E

q.
(6

).
W

e
ha

ve

φ
(1 2

)
=

(N
+

1)
lo

g
(m

)
+

lo
g
(1
δ
)

m
≤
α
.

T
he

n,
si

nc
e
ν

(1 2
)
≤

17
α

,

G
(1
/
2)
≤

m

m
−
N

(ν
(1 2

)
+

2 3
α

+
3 √
2

√
ν

(1 2
)α

)
≤

30
α
.

In
th

e
la

st
in

eq
ua

lit
y

w
e

us
ed

th
e

fa
ct

th
at

m
m
−
N
≤

10
/9

.
So

if
E
M

ho
ld

s,
G

m
in

(m
,δ

)
≤
G

(1 2
)
≤

30
α

. Fr
om

th
e

as
su

m
pt

io
n

on
A

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
δ,

w
e

ha
ve

er
r(
ĥ
,D

)
≤
C
G

m
in

(m
,δ

)
≤

30
C
α
≤

1/
8

(s
in

ce
α
≤

1
2
4
0
C

).
L

et
E
L

(D
)

de
no

te
th

e
ev

en
tt

ha
tA

qu
er

ie
s

fe
w

er
th

an
N
/2

la
be

ls
,

w
he

re
th

e
pr

ob
ab

ili
ty

is
ov

er
th

e
ra

nd
om

ne
ss

of
S

an
d
A

.
L

et
h
′

be
th

e
ou

tp
ut

of
an

al
go

ri
th

m
th

at
be

ha
ve

s
lik

e
A

in
ca

se
s

w
he

re
E
L

(D
)

ho
ld

s,
an

d
qu

er
ie

s
at

m
os

tN
/2

ot
he

rw
is

e.
B

y
T

he
or

em
19

,t
he

re
ex

is
ts

so
m

e
D

in
th

e
fa

m
ily

of
di

st
ri

bu
tio

ns
su

ch
th

at
E[

er
r(
h
′ ,
D

)]
≥

1 4
.

B
y

M
ar

ko
v’

s
in

eq
ua

lit
y,
P[

er
r(
h
′ ,
D

)
≥

1 8
]
≥

1
/
7.

A
ls

o,
P[
h
′ =

ĥ
]
≥

P[
E
L
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a
G

ib
b
s

sam
p
ler

th
at

d
raw

s
from

th
e

con
d
ition

al
d
istrib

u
tion

on
th

e
im

p
u
ted

valu
es.

A
sim

p
le

ex
am

p
le

of
con

d
ition

al
sp

ecifi
cation

is
b
ased

on
regression

.
L

east-S
q
u
ares

(L
S
)

im
p
u
ta

tion
co

n
stru

cts
sin

gle
u
n
ivariate

regression
s,

regressin
g

featu
res

w
ith

m
issin

g
valu

es
o
n

a
ll

o
f

th
e

o
th

er
d
im

en
sion

s
in

th
e

d
ata.

E
ach

m
issin

g
valu

e
x
id

is
th

en
im

p
u
ted

as
th

e
w

eig
h
ted

av
erag

e
of

th
ese

regression
p
red

iction
s

(B
ø

et
al.,

2004;
R

agh
u
n
ath

an
et

al.,
2001).

A
ltern

a
tively,

in
th

e
P

red
ictiv

e-M
ean

M
atch

in
g

m
eth

o
d

(p
m
m
),

im
p
u
tation

s
are

ran
d
om

sa
m

p
les

d
raw

n
from

a
set

of
ob

served
valu

es
close

to
regression

p
red

iction
s

(B
u
u
ren

an
d

G
ro

o
th

u
is-O

u
d
sh

o
orn

,
2011).

Im
p
u
tation

m
eth

o
d
s

th
at

u
se

S
u
p
p

ort
V

ector
R

egression
in

p
la

ce
o
f

L
S

for
th

e
regression

step
h
av

e
also

b
een

ex
p
lored

(W
an

g
et

al.,
2
00

6).

W
h
en

th
ere

is
n
on

-lin
ear

relation
sh

ip
b

etw
een

th
e

variab
les,

lin
ear

regressio
n

b
ased

im
p
u
ta

tio
n

m
ay

p
erform

p
o
orly.

B
u
rgette

an
d

R
eiter

(2010)
p
rop

ose
u
sin

g
C

lassifi
cation

a
n
d

R
eg

ressio
n

T
rees

(C
A

R
T

)
as

th
e

con
d
ition

al
m

o
d
el

for
im

p
u
tation

.
E

x
ten

sion
s

to
ra

n
d
o
m

fo
rests

h
ave

also
sh

ow
n

p
ro

m
isin

g
resu

lts
(S

tek
h
oven

an
d

B
ü
h
lm

an
n
,

2012).
T

h
ese

d
ecision

tree
b
ased

im
p
u
tation

m
eth

o
d
s

are
n
on

-p
aram

etric
ap

p
roach

es
th

at
d
o

n
ot

rely
u
p

o
n

d
istrib

u
tion

al
assu

m
p
tion

s
on

th
e

d
ata.

O
n
e

o
f

th
e

m
ost

com
m

on
ly

u
sed

n
on

-p
a
ram

etric
ap

p
roach

es
is
K

-N
earest

N
eigh

b
ors

(K
-

N
N

)
b
a
sed

im
p
u
tation

.
T

h
is

m
eth

o
d

im
p
u
tes

each
m

issin
g

en
try

x
id

a
s

th
e

m
ean

of
th

e
d
th

d
im

en
sio

n
o
f
th

e
K

-n
earest

n
eigh

b
ors

th
at

h
ave

ob
served

valu
es

in
d
im

en
sion

d
(T

royan
skaya

et
a
l.,

2
0
0
1
).

S
o
m

e
ex

ten
sion

s
of
K

-N
N

in
clu

d
e

seq
u
en

tia
l
K

-N
N

,
w

h
ich

starts
b
y

im
p
u
tin

g
m

issin
g

valu
es

from
ob

servation
s

w
ith

th
e

few
est

m
issin

g
d
im

en
sion

s
a
n
d

con
tin

u
es

im
p
u
tin

g
th

e
n
ex

t
u
n
k
n
ow

n
en

tries
reu

sin
g

th
e

p
rev

iou
sly

im
p
u
ted

valu
es

(K
im

et
al.,

2
004).

Iterative
K

-N
N

u
ses

a
n

iterative
p
ro

cess
to

refi
n
e

th
e

estim
ates

an
d

ch
o
ose

th
e

n
earest

n
eigh

b
ors

b
a
sed

o
n

th
e

estim
ates

from
th

e
p
rev

iou
s

iteration
(C

aru
an

a,
2001;

B
rás

an
d

M
en

ezes,
2
0
0
7
).

T
h
e

L
o
cal-L

east
S
q
u
ares

m
eth

o
d

com
b
in

es
id

eas
from

K
-N

N
an

d
L

S
,

im
p
u
tin

g
each

m
issin

g
va

lu
e
x
id

u
sin

g
regression

m
o
d
els

train
ed

on
th

e
K

-n
ea

rest
n
eigh

b
ors

of
th

e
p

oin
t
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B
e
r
t
sim

a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

x
i

(K
im

et
al.,

2005).
S
eq

u
en

tial
an

d
iterative

variation
s

of
L

o
cal-L

east
S
q
u
ares

resem
b
le

th
eir

K
-N

N
im

p
u
tation

cou
n
terp

arts
(Z

h
an

g
et

al.,
2008;

C
ai

et
al.,

2006).

L
ow

d
im

en
sion

al
rep

resen
tation

-b
ased

im
p
u
tation

assu
m

es
th

at
th

e
d
ata

rep
resen

ts
a

n
oisy

ob
servation

of
a

lin
ear

com
b
in

ation
of

a
sm

all
set

of
p
rin

cip
al

com
p

on
en

ts
or

factor
variab

les.
In

th
e

b
asic

m
eth

o
d
,

sin
gu

lar
valu

e
d
ecom

p
osition

(S
V

D
)

is
u
sed

on
th

e
en

tire
d
ata

set
to

d
eterm

in
e

th
e

p
rin

cip
al

eigen
vectors.

T
h
e

m
issin

g
valu

es
are

im
p
u
ted

as
a

lin
ear

com
b
in

ation
of

th
ese

eigen
vectors.

T
h
is

p
ro

cess
is

iterativ
ely

rep
eated

u
n
til

con
ver-

gen
ce

(T
roy

an
skaya

et
al.,

2001;
M

azu
m

d
er

et
al.,

2010).
B

ay
esian

P
rin

cip
al

C
om

p
on

en
t

A
n
aly

sis
is

sim
ilar

to
S
V

D
im

p
u
tation

b
u
t

ex
ten

d
s

th
e

m
eth

o
d

to
in

corp
orate

in
form

ation
from

a
p
rior

d
istrib

u
tion

on
th

e
m

o
d
el

p
aram

eters
(O

b
a

et
al.,

20
03;

M
oh

am
ed

et
al.,

20
09).

S
om

e
recen

t
d
evelop

m
en

t
of

a
varian

t
of

th
e

E
M

algorith
m

for
factor

an
aly

sis
also

p
rov

id
es

a
m

issin
g

d
ata

im
p
u
tation

m
eth

o
d

for
m

ix
ed

d
ata

(K
h
a
n

et
al.,

2010).

T
h
u
s

far,
w

e
h
ave

on
ly

d
iscu

ssed
m

eth
o
d
s

for
sin

gle
im

p
u
tation

w
h
ich

gen
era

te
on

e
set

of
com

p
leted

d
ata

th
at

w
ill

b
e

u
sed

for
fu

rth
er

sta
tistical

an
aly

ses.
M

u
ltip

le
im

p
u
tation

,
on

th
e

oth
er

h
an

d
,

im
p
u
tes

m
u
ltip

le
tim

es
(each

set
is

p
ossib

ly
d
iff

eren
t),

ru
n
s

th
e

statistical
an

aly
ses

on
each

,
an

d
p

o
ols

th
e

resu
lts

(L
ittle

an
d

R
u
b
in

,
1987).

S
u
ch

m
eth

o
d

is
ab

le
to

cap
tu

re
th

e
variab

ility
in

th
e

m
issin

g
d
ata

an
d

th
erefore

gen
erate

p
o
ten

tially
m

ore
accu

rate
estim

ates
to

th
e

larger
statistical

p
rob

lem
.

H
ow

ever,
m

u
ltip

le
im

p
u
tation

m
eth

o
d
s

are
slow

er
an

d
req

u
ire

p
o
olin

g
resu

lts,
w

h
ich

m
ay

n
ot

b
e

ap
p
rop

riate
for

certain
ap

p
lication

s.

W
ith

in
th

e
m

u
ltip

le
im

p
u
tation

fram
ew

ork
,

th
e

p
ro

ced
u
re

for
gen

eratin
g

m
u
ltip

le
es-

tim
ates

of
m

issin
g

valu
es

varies.
M

u
ltivariate

im
p
u
tation

b
y

ch
ain

ed
eq

u
ation

s
(m
i
c
e
),

a
p

op
u
lar

m
u
ltip

le
im

p
u
tation

m
eth

o
d
,

gen
erates

estim
ates

u
sin

g:
p
red

ictive
m

ean
m

atch
-

in
g,

B
ayesian

lin
ear

regression
,

logistic
regression

,
an

d
oth

ers
(B

u
u
ren

an
d

G
ro

oth
u
is-

O
u
d
sh

o
orn

,
2011).

In
all

cases,
th

e
m

eth
o
d

in
itializes

u
sin

g
ran

d
om

sam
p
lin

g
an

d
co

n
d
u
cts

u
n
ivariate

im
p
u
tation

s
seq

u
en

tially
u
n
til

con
v
erg

en
ce.

E
ach

iteration
is

a
G

ib
b
s

sam
p
ler

th
at

d
raw

s
from

th
e

con
d
ition

al
d
istrib

u
tion

on
th

e
im

p
u
ted

valu
es.

B
ecau

se
of

its
im

p
ortan

ce,
m

issin
g

d
ata

im
p
u
tation

rem
ain

s
an

active
resea

rch
area.

A
lth

ou
gh

th
ere

are
n
u
m

erou
s

m
eth

o
d
s,

m
an

y
of

th
em

h
ave

seriou
s

sh
ortcom

in
gs.

J
oin

t
m

o
d
elin

g
m

eth
o
d
s

are
n
ot

as
eff

ectiv
e

w
h
en

d
ata

sets
v
iolate

n
orm

ality
assu

m
p
tion

s,
an

d
a

n
äıve

im
p
lem

en
tation

often
crash

es
d
u
rin

g
th

e
com

p
u
tation

of
a

sin
gu

lar
covarian

ce
m

a-
trix

(H
on

aker
et

al.,
2011).

S
om

e
con

d
ition

al
sp

ecifi
cation

m
eth

o
d
s

su
ch

as
p
m
m

are
p
racti-

cally
reliab

le,
b
u
t

lack
th

eoretical
fou

n
d
ation

an
d

h
ave

n
o

ex
p
licit

form
u
lation

as
an

op
ti-

m
ization

p
rob

lem
.

T
h
is

stan
d
s

in
stark

con
trast

to
oth

er
areas

of
m

ach
in

e
learn

in
g,

w
h
ere

statistical
m

o
d
els

an
d

op
tim

ization
p
rob

lem
s

are
d
eep

ly
in

tertw
in

ed
.

E
v
id

en
ce

from
recen

t
literatu

re
su

gg
ests

th
at

recen
t

a
d
van

ces
in

op
tim

ization
h
ave

d
riven

sign
ifi

can
t

p
rogress

in
m

ach
in

e
learn

in
g.

In
teger

an
d

con
vex

op
tim

ization
h
ave

b
een

ap
p
lied

su
ccessfu

lly
to

m
ed

ian
an

d
sp

arse
regression

p
ro

b
lem

s
(B

ertsim
as

an
d

V
an

P
ary

s,
2017;

B
ertsim

as
an

d
M

azu
m

d
er,

2014).
R

ecen
t

w
ork

on
O

p
tim

al
D

ecision
T

rees
for

clas-
sifi

cation
lev

erages
in

teger
an

d
rob

u
st

op
tim

ization
(B

ertsim
as

an
d

D
u
n
n
,

2017;
B

ertsim
as

et
al.,

2017).
In

th
is

p
ap

er,
w

e
recon

sid
er

th
e

m
issin

g
d
ata

p
rob

lem
from

th
is

p
ersp

ective,
in

ord
er

to
d
evelop

op
tim

ization
-b

ased
m

eth
o
d
s

for
im

p
u
tation

w
ith

im
p
roved

ou
t-of-sam

p
le

p
erform

an
ce.
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F
r
o
m

P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
is
si
n
g

D
a
t
a
Im

p
u
t
a
t
io
n

1
.2

C
o
n
tr
ib
u
ti
o
n
s

W
e

su
m

m
ar

iz
e

ou
r

co
n
tr

ib
u
ti

on
s

in
th

is
p
ap

er
b

el
ow

:

1.
W

e
p

os
e

th
e

m
is

si
n
g

d
at

a
p
ro

b
le

m
u
n
d
er

a
ge

n
er

al
op

ti
m

iz
at

io
n

fr
am

ew
or

k
.

T
h
e

fr
am

ew
or

k
p
ro

d
u
ce

s
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
w

it
h

a
p
re

d
ic

ti
v
e

m
o
d
el

-b
as

ed
co

st
fu

n
c-

ti
on

th
at

ex
p
li
ci

tl
y

h
an

d
le

s
b

ot
h

co
n
ti

n
u
ou

s
an

d
ca

te
go

ri
ca

l
va

ri
ab

le
s

an
d

ca
n

b
e

u
se

d
to

ge
n
er

at
e

m
u
lt

ip
le

im
p
u
ta

ti
o
n
s.

W
e

p
re

se
n
t

th
re

e
co

st
fu

n
ct

io
n
s

d
er

iv
ed

fr
om

K
-

n
ea

re
st

n
ei

gh
b

or
s,

su
p
p

or
t

ve
ct

or
m

ac
h
in

es
,

an
d

op
ti

m
al

d
ec

is
io

n
tr

ee
m

o
d
el

s.
T

h
is

op
ti

m
iz

at
io

n
p

er
sp

ec
ti

v
e

p
ro

v
id

es
fr

es
h

in
si

gh
t

in
to

th
e

cl
as

si
ca

l
m

is
si

n
g

d
at

a
p
ro

b
le

m
an

d
le

ad
s

to
n
ew

al
go

ri
th

m
s

fo
r

m
or

e
ac

cu
ra

te
d
at

a
im

p
u
ta

ti
on

.

2.
F

or
ea

ch
im

p
u
ta

ti
on

m
o
d
el

,
w

e
d
er

iv
e

fi
rs

t-
or

d
er

m
et

h
o
d
s

to
fi
n
d

h
ig

h
-q

u
a
li
ty

so
lu

ti
on

s
to

th
e

m
is

si
n
g

d
at

a
p
ro

b
le

m
fo

ll
ow

in
g

a
ge

n
er

al
im

p
u
ta

ti
on

al
go

ri
th

m
o
p
t
.
i
m
p
u
t
e

p
re

-
se

n
te

d
in

th
is

p
ap

er
.

T
h
es

e
m

et
h
o
d
s

ea
si

ly
sc

al
e

to
d
at

a
se

ts
w

it
h
n

in
th

e
1
00

,0
00

s
an

d
p

in
th

e
1,

00
0s

on
a

st
an

d
ar

d
d
es

k
to

p
co

m
p
u
te

r
an

d
co

n
ve

rg
e

w
it

h
in

a
fe

w
it

-
er

at
io

n
s.

In
ad

d
it

io
n
,

th
e

fi
rs

t-
or

d
er

m
et

h
o
d
s

ar
e

ro
b
u
st

an
d

re
li
a
b
le

fo
r

ar
b
it

ra
ry

m
is

si
n
g

p
at

te
rn

s
an

d
m

ix
ed

d
at

a
ty

p
es

.

3.
W

e
ev

al
u
at

e
th

e
m

et
h
o
d
s

in
co

m
p
u
ta

ti
on

al
ex

p
er

im
en

ts
u
si

n
g

84
re

al
-w

or
ld

d
at

a
se

ts
ta

ke
n

fr
om

th
e

U
C

I
M

ac
h
in

e
L

ea
rn

in
g

R
ep

os
it

or
y.

B
en

ch
m

ar
ke

d
a
ga

in
st

ex
is

t-
in

g
im

p
u
ta

ti
on

m
et

h
o
d
s

in
cl

u
d
in

g
m

ea
n

im
p
u
te

,
K

-n
ea

re
st

n
ei

gh
b

o
rs

,
it

er
at

iv
e

k
n
n
,

B
ay

es
ia

n
P

C
A

,
an

d
p
re

d
ic

ti
ve

-m
ea

n
m

at
ch

in
g,

o
p
t
.
i
m
p
u
t
e

p
ro

d
u
ce

s
th

e
b

es
t

ov
er

al
l

im
p
u
ta

ti
on

in
m

or
e

th
an

75
.8

%
of

al
l

d
at

a
se

ts
,

an
d

re
su

lt
s

in
an

av
er

ag
e

re
d
u
ct

io
n

in
m

ea
n

ab
so

lu
te

er
ro

r
of

8.
3%

ag
ai

n
st

th
e

b
es

t
cr

os
s-

va
li
d
at

ed
b

en
ch

m
a
rk

m
et

h
o
d
.

4.
W

e
d
em

on
st

ra
te

th
at

th
e

im
p
ro

ve
d

d
at

a
im

p
u
ta

ti
on

s
ge

n
er

a
te

d
b
y
o
p
t
.
i
m
p
u
t
e

gi
ve

ri
se

to
im

p
ro

ve
d

p
er

fo
rm

an
ce

on
10

d
ow

n
st

re
am

cl
as

si
fi
ca

ti
on

an
d

re
gr

es
si

o
n

ta
sk

s.
W

it
h

50
%

of
m

is
si

n
g

d
at

a,
cl

as
si

fi
ca

ti
on

m
o
d
el

s
tr

ai
n
ed

on
d
at

a
im

p
u
te

d
v
ia
o
p
t
.
i
m
p
u
t
e

h
av

e
an

av
er

ag
e

te
st

in
g

ac
cu

ra
cy

of
86

.1
%

co
m

p
ar

ed
to

84
.4

%
fo

r
th

e
b

es
t

cr
os

s-
va

li
d
at

ed
b

en
ch

m
ar

k
m

et
h
o
d
.

In
ad

d
it

io
n
,

re
gr

es
si

o
n

m
o
d
el

s
tr

ai
n
ed

on
d
at

a
im

p
u
te

d
v
ia

o
p
t
.
i
m
p
u
t
e

h
av

e
an

av
er

ag
e

ou
t-

of
-s

am
p
le
R

2
va

lu
e

of
0
.3

39
co

m
p
ar

ed
to

0.
31

5
fo

r
th

e
b

es
t

cr
os

s-
va

li
d
at

ed
b

en
ch

m
ar

k
m

et
h
o
d
.

F
in

al
ly

,
d
ow

n
st

re
am

m
o
d
el

s
tr

ai
n
ed

on
m

u
lt

ip
le

im
p
u
ta

ti
on

s
p
ro

d
u
ce

d
b
y
o
p
t
.
i
m
p
u
t
e

si
gn

ifi
ca

n
tl

y
ou

tp
er

fo
rm

m
u
lt

ip
le

im
p
u
ta

ti
on

s
p
ro

d
u
ce

d
b
y
m
i
c
e

in
3/

5
m

is
si

n
g

d
at

a
sc

en
ar

io
s

fo
r

cl
as

si
fi
ca

ti
on

an
d

5/
5

sc
en

ar
io

s
fo

r
re

gr
es

si
on

.

T
h
e

st
ru

ct
u
re

of
th

e
p
ap

er
is

as
fo

ll
ow

s.
In

S
ec

ti
on

2,
w

e
fo

rm
u
la

te
th

e
m

is
si

n
g

d
at

a
im

p
u
ta

ti
on

p
ro

b
le

m
as

an
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

p
re

se
n
t

a
ge

n
er

al
fi
rs

t-
or

d
er

m
et

h
o
d

o
p
t
.
i
m
p
u
t
e

th
at

ca
n

b
e

u
se

d
to

fi
n
d

h
ig

h
-q

u
al

it
y

so
lu

ti
on

s,
an

d
d
er

iv
e

th
e

al
go

ri
th

m
s

fo
r

ea
ch

m
o
d
el

:
K

-N
N

,
S
V

M
,

an
d

tr
ee

s.
W

e
al

so
d
is

cu
ss

a
cr

os
s-

va
li
d
at

io
n

p
ro

ce
d
u
re

an
d

ex
te

n
si

on
s

of
o
p
t
.
i
m
p
u
t
e

to
m

u
lt

ip
le

im
p
u
ta

ti
on

.
In

S
ec

ti
on

3,
w

e
co

m
p
a
re

th
e

im
p
u
ta

ti
on

q
u
al

it
y

an
d

p
er

fo
rm

an
ce

on
d
ow

n
st

re
am

ta
sk

s
of

o
p
t
.
i
m
p
u
t
e

to
b

en
ch

m
ar

k
im

p
u
ta

ti
on

m
et

h
o
d
s

on
a

w
id

e
ra

n
ge

of
re

al
d
at

a
se

ts
.

In
S
ec

ti
on

4,
w

e
d
is

cu
ss

th
e

b
en

efi
ts

fr
om

ad
op

ti
n
g

su
ch

fr
am

ew
or

k
an

d
su

gg
es

t
ar

ea
s

fo
r

fu
tu

re
w

or
k
.

W
e

co
n
cl

u
d
e

in
S
ec

ti
on

5
.
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B
e
r
t
si
m
a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

2
.
M

e
th

o
d
s
fo
r
O
p
ti
m
a
l
Im

p
u
ta
ti
o
n

In
th

is
se

ct
io

n
,

w
e

p
os

e
th

e
m

is
si

n
g

d
at

a
p
ro

b
le

m
as

an
op

ti
m

iz
at

io
n

p
ro

b
le

m
in

w
h
ic

h
w

e
op

ti
m

iz
e

th
e

m
is

si
n
g

va
lu

es
in

al
l

d
at

a
p

oi
n
ts

an
d

d
im

en
si

on
s

si
m

u
lt

an
eo

u
sl

y.
W

e
in

tr
o
d
u
ce

a
ge

n
er

al
im

p
u
ta

ti
on

fr
am

ew
or

k
on

m
ix

ed
d
at

a
(c

on
ti

n
u
ou

s
an

d
ca

te
go

ri
ca

l)
b
a
se

d
u
p

o
n

fi
rs

t-
or

d
er

m
et

h
o
d
s

ap
p
li
ed

to
th

is
p
ro

b
le

m
.

W
it

h
in

th
is

fr
am

ew
or

k
,

w
e

u
se

K
-n

ea
re

st
n
ei

gh
b

or
s,

S
V

M
,

an
d

d
ec

is
io

n
tr

ee
b
as

ed
im

p
u
ta

ti
on

as
ex

a
m

p
le

s
to

d
efi

n
e

th
re

e
sp

ec
ifi

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
s.

F
or

ea
ch

p
ro

b
le

m
,

w
e

p
re

se
n
t

tw
o

fi
rs

t-
or

d
er

m
et

h
o
d
s

u
se

d
to

fi
n
d

h
ig

h
-q

u
al

it
y

so
lu

ti
on

s:
b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

(B
C

D
)

an
d

co
or

d
in

at
e

d
es

ce
n
t

(C
D

).

L
et

X
=
{x

i}
n i=

1
b

e
th

e
d
at

a
se

t
gi

ve
n

w
it

h
p

va
ri

ab
le

s.
W

it
h
ou

t
lo

ss
o
f

g
en

er
a
li
ty

,
w

e
as

su
m

e
ea

ch
d
at

a
ve

ct
or

x
i

co
n
ta

in
s

co
n
ti

n
u
ou

s
va

ri
ab

le
s

in
d
ex

ed
b
y
d
∈
{1
,2
,.
..
,p

0
}

an
d

ca
te

go
ri

ca
l

va
ri

ab
le

s
in

d
ex

ed
b
y
d
∈
{p

0
+

1,
..
.,
p

0
+
p

1
}

w
it

h
p

0
+
p

1
=
p
.

A
s

a
p
re

-p
ro

ce
ss

in
g

st
ep

,
w

e
tr

an
sf

or
m

al
l

co
n
ti

n
u
ou

s
va

ri
ab

le
s

to
h
av

e
u
n
it

st
an

d
a
rd

d
ev

ia
ti

o
n
.

W
e

le
av

e
al

l
ca

te
go

ri
ca

l
va

ri
ab

le
s

u
n
ch

an
ge

d
,

an
d

a
ss

u
m

e
th

e
d
th

ca
te

go
ri

ca
l

va
ri

a
b
le
d
∈

{p
0

+
1,
..
.,
p

0
+
p

1
}

ta
ke

s
va

lu
es

a
m

on
g
k
d

cl
as

se
s.

N
ot

e
th

at
if

al
l

d
at

a
is

co
n
ti

n
u
o
u
s

p
0

=
0,

w
h
il
e

if
al

l
d
at

a
is

ca
te

go
ri

ca
l
p

1
=

0.
T

h
e

m
is

si
n
g

an
d

k
n
ow

n
va

lu
es

a
re

sp
ec

ifi
ed

b
y

th
e

fo
ll
ow

in
g

se
ts

:

M
0

=
{(
i,
d
)

:
en

tr
y
x
id

is
m

is
si

n
g
,

1
≤
d
≤
p

0
},

N
0

=
{(
i,
d
)

:
en

tr
y
x
id

is
k
n
ow

n
,

1
≤
d
≤
p

0
},

M
1

=
{(
i,
d
)

:
en

tr
y
x
id

is
m

is
si

n
g
,
p

0
+

1
≤
d
≤
p

0
+
p

1
},

N
1

=
{(
i,
d
)

:
en

tr
y
x
id

is
k
n
ow

n
,
p

0
+

1
≤
d
≤
p

0
+
p

1
}.

W
e

al
so

re
fe

r
to

th
e

fu
ll

m
is

si
n
g

p
at

te
rn

as
M

:=
M

0
∪
M

1
.

L
et

W
∈
R
n
×
p
0

b
e

th
e

m
a
tr

ix
of

im
p
u
te

d
co

n
ti

n
u
ou

s
va

lu
es

,
w

h
er

e
w
id

is
th

e
im

p
u
te

d
va

lu
e

fo
r

en
tr

y
x
id

,
d
∈
{1
,.
..
,p

0
}.

S
im

il
ar

ly
,
le

t
V
∈
{1
,.
..
,k

1
}×

..
.×
{1
,.
..
,k
p
1
}b

e
th

e
m

at
ri

x
of

im
p
u
te

d
ca

te
g
o
ri

ca
l
va

lu
es

,
w

h
er

e
v i
d

is
th

e
im

p
u
te

d
va

lu
e

fo
r

en
tr

y
x
id

,
d
∈
{p

0
+

1,
..
.,
p

0
+
p

1
}.

W
e

re
fe

r
to

th
e

fu
ll

im
p
u
ta

ti
on

fo
r

ob
se

rv
at

io
n
x
i

as
(w

i,
v
i)

in
th

e
fo

ll
ow

in
g

se
ct

io
n
s.

2
.1

G
e
n
e
ra

l
P
ro

b
le
m

F
o
rm

u
la
ti
o
n

A
s

th
e

ta
sk

is
to

im
p
u
te

th
e

m
is

si
n
g

va
lu

es
,

fo
r

ea
ch

m
o
d
el

th
e

ke
y

d
ec

is
io

n
va

ri
a
b
le

s
a
re

th
e

im
p
u
te

d
va

lu
es
{w

id
:

(i
,d

)
∈
M

0
}

an
d
{v
id

:
(i
,d

)
∈
M

1
}.

W
e

a
ls

o
in

tr
o
d
u
ce

a
u
x
il
ia

ry
d
ec

is
io

n
va

ri
ab

le
s

as
w

el
l;

d
en

ot
e

th
es

e
as

U
.

F
or

in
st

a
n
ce

,
in

a
K

-N
N

b
a
se

d
a
p
p
ro

a
ch

,
in

d
ic

at
or

va
ri

ab
le

s
z i
j
,1
≤
i,
j
≤
n

ar
e

in
tr

o
d
u
ce

d
to

id
en

ti
fy

th
e

n
ei

gh
b

or
a
ss

ig
n
m

en
t

fo
r

ea
ch

p
ai

r
of

p
oi

n
ts

x
i,

x
j
.

F
or

a
gi

v
en

se
t

of
im

p
u
te

d
va

lu
es

an
d

a
gi

ve
n

m
o
d
el

,
th

er
e

is
a

co
st

fu
n
ct

io
n
c(
·)

as
so

ci
at

ed
w

it
h

it
.

O
u
r

go
al

is
to

so
lv

e
th

e
fo

ll
ow

in
g

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
:

m
in

c(
U
,W

,V
;X

)

s.
t.

w
id

=
x
id

(i
,d

)
∈
N

0
,

v i
d

=
x
id

(i
,d

)
∈
N

1
,

(U
,W

,V
)
∈
U,

(1
)

w
h
er

e
U

is
th

e
se

t
of

al
l

fe
as

ib
le

co
m

b
in

at
io

n
s

(U
,W

,V
)

of
au

x
il
ia

ry
ve

ct
or

s
a
n
d

im
p
u
ta

-
ti

on
s.

F
or

ex
am

p
le

,
in

a
K

-N
N

b
as

ed
ap

p
ro

ac
h
,

th
is

in
cl

u
d
es

th
e

co
n
st

ra
in

ts
th

a
t

ea
ch
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F
r
o
m

P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
issin

g
D
a
t
a
Im

p
u
t
a
t
io
n

p
o
in

t
h
a
s

ex
actly

K
n
eigh

b
ors

an
d

th
e

assign
m

en
t

variab
les

are
b
in

ary.
W

e
list

th
e

au
x
-

ilia
ry

va
ria

b
les

an
d

cost
fu

n
ction

s
corresp

on
d
in

g
to

ea
ch

of
th

e
im

p
u
tation

m
o
d
els

K
-N

N
,

S
V

M
,

a
n
d

trees
in

T
ab

le
2.

N
ote

th
at

th
e

co
st

fu
n
ction

can
b

e
d
iff

eren
t

for
con

tin
u
ou

s
a
n
d

ca
teg

o
rica

l
variab

les.
W

e
can

in
tro

d
u
ce

a
p
aram

eter
th

at
con

trols
th

e
relative

con
tri-

b
u
tio

n
to

th
e

cost
b

etw
een

th
e

con
tin

u
ou

s
an

d
categorical

variab
les,

or
scale

co
n
tin

u
ou

s
varia

b
les

a
p
p
ro

p
riately.

F
or

th
e

rem
ain

d
er

of
th

e
p
ap

er
th

e
latter

is
assu

m
ed

for
sim

p
licity

o
f

n
o
ta

tio
n
.

M
o
d
e
l

U
c(U

,W
,V

;X
)

K
-N

N
Z

∑i∈I

n
∑j=

1

z
ij [

p
0
∑d
=

1 (w
id −

w
jd )

2
+

p
0
+
p
1

∑d
=
p
0
+

1

1
{
v
id 6=

v
j
d } ]

S
V

M
[β
,θ
,γ
,γ
∗,ξ

]
12 (‖β‖

2H
+
‖θ‖

2H
)

+
C

n
∑i=

1 
p
0
∑d
=

1 (γ
id

+
γ
∗id )

+

p
0
+
p
1

∑d
=
p
0
+

1

ξ
id 

T
rees

T
n
∑i=

1

n
∑j=

1 [
p
0
∑d
=

1

t dij (w
id −

w
jd )

2
+

p
0
+
p
1

∑d
=
p
0
+

1

t dij 1
{
v
id 6=

v
j
d } ]

T
a
b
le

2
:

V
a
ria

b
les

an
d

cost
fu

n
ction

s
for

ea
ch

im
p
u
tation

m
o
d
el.

V
ariab

les
for

K
-N

N
,

S
V

M
,

an
d

trees
are

d
efi

n
ed

in
S
ection

s
2.3

,
2.4,

an
d

2.5
resp

ectively.

T
h
is

p
ro

b
lem

is
n
on

-con
vex

for
K

-N
N

,
S
V

M
,

an
d

tree
m

o
d
els.

T
o

ob
tain

a
certifi

ab
le

o
p
tim

a
l

so
lu

tio
n
,

on
e

can
reform

u
late

th
e

p
rob

lem
w

ith
in

teger
variab

les
an

d
solv

e
it

u
sin

g
a

m
ix

ed
in

teg
er

solv
er.

W
e

ran
com

p
u
tation

al
ex

p
erim

en
ts

an
d

fou
n
d

th
at

so
lv

in
g

su
ch

m
ix

ed
in

teg
er

p
rob

lem
s

req
u
ires

a
lon

g
tim

e
to

reach
a

certifi
ab

ly
op

tim
al

solu
tio

n
.

A
s

a
resu

lt,
w

e
p
resen

t
a

gen
eral

im
p
u
tation

algorith
m

o
p
t
.
i
m
p
u
t
e

w
h
ich

a
p
p
rox

im
ates

th
e

so
lu

tio
n

to
P

rob
lem

(1)
very

fast
u
sin

g
fi
rst-ord

er
m

eth
o
d
s.

2
.2

F
irst-O

rd
e
r
M

e
th

o
d

fo
r
th

e
G
e
n
e
ra

l
P
ro

b
le
m

T
o

o
b
ta

in
h
ig

h
-q

u
ality

solu
tion

s
to

P
rob

lem
(1),

w
e

can
u
se

fi
rst-ord

er
m

eth
o
d
s

w
ith

ran
d
om

w
a
rm

sta
rts.

In
p
articu

lar,
w

e
w

ill
fo

cu
s

on
b
lo

ck
co

ord
in

ate
d
escen

t
(B

C
D

)
an

d
co

ord
in

ate
d
escen

t
(C

D
)

(B
ertsekas,

1999).
A

lgorith
m

1,
w

h
ich

w
e

refer
to

as
o
p
t
.
i
m
p
u
t
e
,

im
p
lem

en
ts

B
C

D
o
r

C
D

fo
r

P
rob

lem
(1).

T
h
e

variab
les

U
,W

,V
,
an

d
X

as
w

ell
as

th
e

cost
fu

n
ction

c(·)
a
re

su
m

m
a
rized

in
T

ab
le

2
for

K
-N

N
,

S
V

M
,

an
d

trees.
T

h
e

d
etailed

solu
tion

m
eth

o
d
s

for
P

ro
b
lem

s
(2

),
(3),

(4),
an

d
(5)

for
K

-N
N

,
S
V

M
,

an
d

tree
im

p
u
tation

m
o
d
els

are
d
escrib

ed
in

S
ectio

n
s

2
.3

-2.5,
resp

ectively.

B
y

co
n
stru

ction
,

th
e

ob
jective

fu
n
ction

valu
e

strictly
d
ecreases

b
y

at
least

δ
0

u
n
til

term
in

a
tio

n
.

It
follow

s
th

at
th

e
n
u
m

b
er

of
step

s
n
eed

ed
for

th
e

algorith
m

to
term

in
ate

is
d

1δ
0 c(U

0,W
0,V

0;X
)e,

w
h
ere

W
0,V

0
are

th
e

in
itialization

va
lu

es,
X

is
d
ata

,
an

d
U

0
is

th
e

a
rg

m
in

in
E

q
u
a
tion

(2).
H

ow
ev

er,
th

e
algorith

m
is

n
ot

gu
a
ran

teed
to

fi
n
d

a
glo

b
al

m
in

im
u
m

fo
r

P
ro

b
lem

(1
)

(W
righ

t,
2015).

In
th

e
n
ex

t
section

s,
w

e
d
iscu

ss
th

ree
ex

am
p
le

m
o
d
els

an
d

th
e

op
tim

ization
p
rob

lem
fo

rm
u
la

tio
n
s.

F
or

each
m

o
d
el

an
d

each
fi
rst-ord

er
m

eth
o
d
,

w
e

d
erive

th
e

sp
ecifi

c
u
p

d
ates
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B
e
r
t
sim

a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

A
lg
o
rith

m
1
o
p
t
.
i
m
p
u
t
e

In
p
u
t:

X
∈
R
n×

p
0×
{
1
,...,k

1 }×
...×

{
1
,...,k

p
1 }

,
a

d
ata

m
atrix

w
ith

som
e

m
issin

g
en

triesM
=
{
(i,d

)
:
x
id

is
m

issin
g},

δ
0
>

0,
an

d
w

arm
start

W
0∈

R
n×

p
0,

V
0∈
{1
,...,k

1 }×
...×

{
1
,...,k

p
1 }.

O
u
tp

u
t:

X
im
p

a
fu

ll
m

atrix
w

ith
im

p
u
ted

valu
es.

P
ro

c
e
d
u
re

:
In

itialize
δ←

∞
,
W

o
ld←

W
0,

V
o
ld←

V
0.

w
h
ile

δ
>
δ

0
d
o

1
U

p
d
ate

U
∗

u
sin

g
m

o
d
el

d
ep

en
d
en

t
in

form
ation

:

U
∗←

arg
m

in
U

c(U
,W

o
ld,V

o
ld;X

)

s.t.
(U
,W

o
ld,V

o
ld)∈

U
.

(2)

2
U

p
d
ate

th
e

im
p
u
tation

W
∗,

V
∗,

follow
in

g
eith

er:

2a
b
lo

ck
co

ord
in

ate
d
escen

t
(B

C
D

):

W
∗,V

∗←
arg

m
in

W
,V

c(U
∗,W

,V
;X

)

s.t.
w
id

=
x
id

(i,d
)∈
N

0 ,

v
id

=
x
id

(i,d
)∈
N

1 ,

(U
∗,W

,V
)∈
U
,

(3)

or

2b
co

ord
in

ate
d
escen

t
(C

D
):

w
∗jr ←

arg
m

in
w
j
r

c(U
∗,W

,V
;X

)

s.t.
w
id

=
x
id

(i,d
)∈
N

0 ,

v
id

=
x
id

(i,d
)∈
N

1 ,

w
id

=
w
∗id

(i,d
)∈
M

0 \
(j,r),

v
id

=
v ∗id

(i,d
)∈
M

1 ,

(U
∗,W

,V
)∈
U
,

(4)

v ∗jr ←
arg

m
in

v
j
r

c(U
∗,W

,V
;X

)

s.t.
w
id

=
x
id

(i,d
)∈
N

0 ,

v
id

=
x
id

(i,d
)∈
N

1 ,

w
id

=
w
∗id

(i,d
)∈
M

0 ,

v
id

=
v ∗id

(i,d
)∈
M

1 \(j,r),
(U
∗,W

,V
)∈
U
.

(5)

3
δ←

c(U
∗,W

∗,V
∗;X

)−
c(U

o
ld,W

o
ld,V

o
ld;X

).
4

(U
o
ld,W

o
ld,V

o
ld)←

(U
∗,W

∗,V
∗).

e
n
d
w
h
ile

X
im
p←

[W
∗;V

∗]
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P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
is
si
n
g

D
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Im

p
u
t
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t
io
n
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r
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e
u
se

in
ou

r
op

ti
m

iz
at

io
n
-b

as
ed

im
p
u
ta

ti
on

p
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ce
d
u
re

.
A

ft
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,
w

e
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cr
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e
a

cr
os
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n

p
ro

ce
d
u
re

to
se

le
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th
e

sp
ec
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c

m
o
d
el

an
d

p
a
ra

m
et

er
s

fo
r

th
e

im
p
u
ta

ti
on

.

2
.3

K
-N

N
B
a
se
d

Im
p
u
ta

ti
o
n

W
e

fi
rs

t
d
efi

n
e

a
d
is

ta
n
ce

m
et

ri
c

b
et

w
ee

n
ro

w
s

(w
i,
v
i)

an
d

(w
j
,v

j
)

as

d
ij

:=

p
0 ∑ d

=
1

(w
id
−
w
jd

)2
+

p
0
+
p
1

∑

d
=
p
0
+

1

1
{v
id
6=
v
j
d
}.

(6
)

N
ex

t,
w

e
in

tr
o
d
u
ce

th
e

b
in

ar
y

va
ri

ab
le

s:

z i
j

=

    

1
,

if
(w

j
,v

j
)

is
a
m

on
g

th
e
K

-n
ea

re
st

n
ei

gh
b

o
rs

of
(w

i,
v
i)

w
it

h
re

sp
ec

t
to

d
is

ta
n
ce

m
et

ri
c

(6
),

0
,

ot
h
er

w
is

e.

W
e

fu
rt

h
er

d
efi

n
e

th
e

se
t

of
in

d
ic

es
I

:=
{i

:
x
i

h
as

at
le

as
t

on
e

m
is

si
n
g

co
or

d
in

at
e}

.
T

h
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
fo

r
th

e
K

-N
N

b
as

ed
im

p
u
ta

ti
on

m
o
d
el

is
:

m
in

c(
Z
,W

,V
;X

)
:=
∑ i∈
I

n ∑ j=
1

z i
j

[
p
0 ∑ d

=
1

(w
id
−
w
jd

)2
+

p
0
+
p
1

∑

d
=
p
0
+

1

1
{v
id
6=
v
j
d
}]

s.
t.

w
id

=
x
id

(i
,d

)
∈
N

0
,

v i
d

=
x
id

(i
,d

)
∈
N

1
,

z i
i

=
0

i
∈
I,

n ∑ j=
1

z i
j

=
K

i
∈
I,

Z
∈
{0
,1
}|I
|×
n

·

(7
)

B
y

op
ti

m
al

it
y,

it
fo

ll
ow

s
th

at
z i
j

=
1

if
an

d
on

ly
if

(w
j
,v

j
)

is
am

on
g

th
e
K

-n
ea

re
st

n
ei

gh
b

or
s

of
(w

i,
v
i)

.
T

h
er

ef
or

e,
so

lv
in

g
P

ro
b
le

m
(7

)
p
ro

d
u
ce

s
th

e
m

is
si

n
g

va
lu

e
im

p
u
ta

-
ti

on
w

h
ic

h
m

in
im

iz
es

th
e

su
m

of
d
is

ta
n
ce

s
fr

om
ea

ch
p

oi
n
t

(w
i,
v
i)
,i
∈
I

to
it

s
K

-n
ea

re
st

n
ei

gh
b

or
s.

N
ot

e
th

at
th

e
re

la
ti

on
1
{v
id
6=
v
j
d
}

ca
n

b
e

m
o
d
el

ed
w

it
h

b
in

ar
y

va
ri

ab
le

s.
P

ro
b
-

le
m

(7
)

is
a

n
on

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
w

it
h

b
ot

h
co

n
ti

n
u
o
u
s

an
d

b
in

ar
y

va
ri

ab
le

s.
C

or
re

sp
on

d
in

gl
y,

it
is

d
iffi

cu
lt

to
so

lv
e

to
p
ro

va
b
le

op
ti

m
al

it
y,

ev
en

if
th

e
d
at

a
se

t
co

n
ta

in
s

co
n
ti

n
u
ou

s
va

ri
ab

le
s

on
ly

.

N
ex

t,
w

e
d
es

cr
ib

e
th

e
u
p

d
at

es
in

A
lg

or
it

h
m

1
fo

r
K

-N
N

b
as

ed
im

p
u
ta

ti
on

.
W

e
re

fe
r

to
th

is
sp

ec
ifi

c
im

p
u
ta

ti
on

m
et

h
o
d

as
o
p
t
.
k
n
n
. 9
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8

B
e
r
t
si
m
a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

2
.3
.1

o
p
t
.
k
n
n

In
st

ep
1

,
to

u
p

d
at

e
th

e
au

x
il
ia

ry
va

ri
ab

le
s
Z

,
fi
rs

t
fi
x

al
l

im
p
u
te

d
va

lu
es

W
,
V

.
P

ro
b
-

le
m

(2
)

d
ec

om
p

os
es

b
y
i
∈
I

in
to

th
e

as
si

gn
m

en
t

p
ro

b
le

m
s:

m
in z
i

n ∑ j=
1

z i
j
d
ij

s.
t.

z i
i

=
0,

n ∑ j=
1

z i
j

=
K
,

z
i
∈
{0
,1
}n ·

(8
)

T
h
e

op
ti

m
al

so
lu

ti
on

to
P

ro
b
le

m
(8

)
ca

n
b

e
fo

u
n
d

u
si

n
g

a
si

m
p
le

so
rt

in
g

p
ro

ce
d
u
re

o
n

th
e

d
is

ta
n
ce

s
{d

ij
}n j

=
1
.

F
or

ea
ch

i
∈
I,

w
e

fi
n
d

th
e
K

-n
ea

re
st

n
ei

gh
b

or
s

of
(w

i,
v
i)

a
n
d

se
t

z i
j

=
1

fo
r

th
es

e
n
ei

gh
b

or
s,
z i
j

=
0,

ot
h
er

w
is

e.

N
ex

t,
w

e
fi
x
Z

an
d

u
p

d
at

e
th

e
im

p
u
te

d
va

lu
es

W
,V

u
si

n
g

ei
th

er
B

C
D

or
C

D
.
In

st
ep

2
a

,
th

e
B

C
D

u
p

d
at

e,
P

ro
b
le

m
(3

)
d
ec

om
p

os
es

b
y

d
im

en
si

on
d

=
1,
..
.,
p
.

F
or

ea
ch

co
n
ti

n
u
o
u
s

d
im

en
si

on
d

=
1,
..
.,
p

0
,

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

m
in

w
d

∑ i∈
I

n ∑ j=
1

z i
j
(w

id
−
w
jd

)2

s.
t.

w
id

=
x
id

(i
,d

)
∈
N

0
,

w
h
er

e
w
d
∈
R
n

ar
e

th
e

im
p
u
te

d
va

lu
es

in
th

e
d
th

d
im

en
si

on
.

T
ak

in
g

p
ar

ti
a
l

d
er

iv
a
ti

ve
o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to
w
id

fo
r

so
m

e
m

is
si

n
g

en
tr

y
(i
,d

)
∈
M

0
a
n
d

se
tt

in
g

it
to

ze
ro

,
w

e
ob

ta
in

af
te

r
so

m
e

si
m

p
li
fi
ca

ti
on

s:

(K
+
∑ j∈
I
z j
i)
w
id
−

∑

(j
,d

)∈
M

0

(z
ij

+
z j
i)
w
jd
−

∑

(j
,d

)∈
N

0

(z
ij

+
1
{j
∈I
}z
ji

)x
jd

=
0.

(9
)

F
or

ea
ch

co
n
ti

n
u
ou

s
d
im

en
si

on
d
,
w

e
h
av

e
a

sy
st

em
of

eq
u
at

io
n
s

of
th

e
fo

rm
(9

)
w

h
ic

h
w

e
ca

n
so

lv
e

to
d
et

er
m

in
e

th
e

op
ti

m
al

im
p
u
te

d
va

lu
es
w
id
,(
i,
d
)
∈
M

0
.

T
o

si
m

p
li
fy

n
o
ta

ti
on

,
su

p
p

os
e

th
at

th
e

m
is

si
n
g

va
lu

es
fo

r
d
im

en
si

on
d

ar
e
w̃

:=
(w̃

1
d
,.
..
,w̃

a
d
)

a
n
d

th
e

k
n
ow

n
va

lu
es

ar
e
x̃

:=
(x̃

(a
+

1
)d
,.
..
,x̃

n
d
).

T
h
en

,
th

e
se

t
of

op
ti

m
al

im
p
u
te

d
m

is
si

n
g

va
lu

es
w̃

is
th

e
so

lu
ti

on
to

th
e

li
n
ea

r
sy

st
em

Q
w̃

=
R
x̃

,
w

h
er

e

Q
=

          K
+
∑ j∈
I
z j

1
−

2
z 1

1
−
z 1

2
−
z 2

1
..
.

−
z 1
a
−
z a

1

−
z 2

1
−
z 1

2
K

+
∑ j∈
I
z j

2
−

2
z 2

2
..
.

−
z 2
a
−
z a

2

. . .
. .

.
. . .

−
z a

1
−
z 1
a

−
z a

2
−
z 2
a

..
.
K

+
∑ j∈
I
z j
a
−

2
z a
a

          

,
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F
r
o
m

P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
issin

g
D
a
t
a
Im

p
u
t
a
t
io
n

R
=


z

1
(a

+
1
)

+
1
{
(a

+
1
)∈I} z

(a
+

1
)1

...
z

1
n

+
1
{
n∈I} z

n
1

...
...

z
a
(a

+
1
)

+
1
{
(a

+
1
)∈I} z

(a
+

1
)a

...
z
a
n

+
1
{
n∈I} z

n
a 
.

N
o
te

th
a
t

w
h
en
K

is
su

ffi
cien

tly
large,

th
e

m
atrix

Q
is

p
ositive

sem
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efi
n
ite

an
d

th
erefore

in
vertib

le.
If

Q
is

sin
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th

en
w

e
m
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d
a
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all

p
ositive

p
ertu

rb
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to
th

e
d
iag

on
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o
f
Q

so
th

a
t

th
e

m
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b
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p
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efi

n
ite.

T
h
erefore,

w
ith

ou
t

loss
of
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th
ere

is
a
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-form
solu

tion
w̃

=
Q
−

1R
x̃

to
th

is
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stem
of

eq
u
ation

s
for

each
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u
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s
d
im

en
sio

n
d
.
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o
rd

er
to

u
p

d
ate

V
,

w
e

solve
th

e
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in
g

in
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ear
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tim
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p
rob
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for

ea
ch

ca
teg

orica
l

d
im

en
sion

d
=

(p
0

+
1),...,p

:

m
in

v
d

∑i∈I

n
∑j=

1

z
ij y

ij

s.t.
v
id

=
x
id

(i,d
)∈
N

1 ,

v
id −

v
jd ≤

y
ij k

d
i

=
1,...,n

,j
=

1,...,n
,

v
jd −

v
id ≤

y
ij k

d
i

=
1,...,n

,j
=

1,...,n
,

y
ij ∈
{0
,1}

n×
n
,

w
h
ere

v
d∈
{
1,...,k

d }
n

are
th

e
im

p
u
ted

valu
es

for
th

e
d
th

d
im

en
sion

.
H

ere,
th

e
in

d
icator

va
ria

b
les

y
ij

take
valu

es
eq

u
al

to
1
{
v
j
d 6=
v
j
d }

in
th

e
op

tim
al

solu
tion

.

In
step

2
b

,
follow

in
g

th
e

C
D

m
eth

o
d
,

w
e

u
p

d
ate

th
e

m
issin

g
im

p
u
ted

valu
es

on
e

at
a

tim
e.

E
a
ch

w
id ,(i,d

)∈
M

0
is

im
p
u
ted

as
th

e
m

in
im

izer
of

th
e

follow
in

g:

m
in

w
id

n
∑j=

1

z
ij (w

id −
w
jd )

2
+
∑j∈I

z
ji (w

jd −
w
id )

2.

S
o
lv

in
g

th
e

ab
ov

e
givesw

id
=

∑
nj=

1
z
ij w

jd
+
∑

j∈I
z
ji w

jd

K
+
∑

j∈I
z
ji

.
(10)

W
e

ca
n

in
terp

ret
th

e
m

issin
g

valu
e

im
p
u
tation

(10)
as

a
w

eigh
ted

averag
e

of
th

e
K

n
ea

rest
n
eigh

b
o
rs

of
x
i ,

alon
g

w
ith

all
p

oin
ts

x
j

w
h
ich

in
clu

d
e
x
i

as
a

n
eigh

b
or.

S
im

ilarly,
ea

ch
ca

teg
o
rical

variab
le
v
id ,(i,d

)∈
M

1
is

im
p
u
ted

as
th

e
m

in
im

izer
of

th
e

follow
in

g:

m
in

v
id

n
∑j=

1

z
ij 1
{
v
id 6=

v
j
d }

+
∑j∈I

z
ji 1
{
v
j
d 6=
v
j
d } .

T
h
e

so
lu

tio
n

is
v
id

=
m

o
d
e ({{v

jd
:
z
ij

=
1},{v

jd
:
z
ji

=
1} }).

H
ere,

w
e

set
v
id

to
b

e
th

e
h
igh

est
freq

u
en

cy
category

am
on

g
th

e
K

n
earest

n
eigh

b
o
rs

of
x
i ,

a
lo

n
g

w
ith

a
ll

p
oin

ts
x
j

w
h
ich

in
clu

d
e
x
i

as
a

n
earest

n
eigh

b
o
r.

In
p
ractice,

w
e

u
se

th
is

u
p

d
ate

for
v
id ,(i,d

)∈
M

1
in

p
lace

of
th

e
u
p

d
ate

for
V

in
B

C
D

b
ecau

se
it

is
m

u
ch

fa
ster

co
m

p
u
ta

tio
n
a
lly.
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B
e
r
t
sim

a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

2
.4

M
ix
e
d

S
V
M

B
a
se
d

Im
p
u
ta

tio
n

In
th

is
section

,
w

e
con

sid
er

a
secon

d
m

o
d
el

for
im

p
u
tation

,
b
a
sed

u
p

on
S
V

M
regression

for
im

p
u
tin

g
con

tin
u
ou

s
featu

res
an

d
S
V

M
classifi

cation
for

im
p
u
tin

g
categorical

featu
res.

F
irst,

d
efi

n
e
ṽ
i
∈
{−

1,1}
p
2

to
b

e
a

d
u
m

m
y

en
co

d
ed

rep
resen

tation
o
f
v
i ,

w
h
ere

p
2

=
∑

p
0
+
p
1

d
=
p
0
+

1
k
d −

p
1 .

L
et
ṽ
f
ix
ed

id
,(i,d

)
∈
N

2
b

e
th

e
k
n
ow

n
d
u
m

m
y

en
co

d
ed

valu
es.

F
or

each

con
tin

u
ou

s
featu

re
d
∈
{1
,...,p

0 },
let

(β
d ,β

d
0 )∈

R
p
0
+
p
2
+

1
b

e
th

e
co

effi
cien

ts
for

an
S
V

M
regression

m
o
d
el

regressin
g

featu
re
d

on
th

e
oth

er
featu

res
w

ith
th

e
d
u
m

m
y

en
co

d
in

g.
L

et
(θ
d ,θ

d
0 )∈

R
p
0
+
p
2
+

1
b

e
th

e
co

effi
cien

ts
for

an
S
V

M
classifi

cation
m

o
d
el

p
red

ictin
g

d
u
m

m
y

featu
re

d
b
ased

u
p

on
th

e
oth

er
featu

res.
N

ote
th

at
it

is
also

p
ossib

le
to

u
se

a
m

u
lti-

class
S
V

M
m

o
d
el

to
p
red

ict
each

categorical
featu

re
d
irectly,

as
d
escrib

ed
b
y

C
ram

m
er

an
d

S
in

ger
(2001),

u
sin

g
p
aram

eters
of

th
e

form
M
∈

R
k
d ×

(p
0
+
p
2
+

1
)

for
each

featu
re
d
∈

{p
0

+
1,...,p

0
+
p

1 }.
In

th
is

case,
w

e
w

ou
ld

keep
th

e
d
u
m

m
y

en
co

d
ed

d
ecision

variab
les

as
covariates

to
p
red

ict
th

e
oth

er
featu

res
an

d
ad

d
con

strain
ts

relatin
g
v
id ,(i,d

)
∈
M

1

an
d
ṽ
id ,(i,d

)
∈
M

2 .
F

or
illu

strative
p
u
rp

oses
an

d
sim

p
licity

of
n
otation

,
w

e
p
resen

t
th

e
form

u
lation

u
sin

g
b
in

ary
S
V

M
to

p
red

ict
each

d
u
m

m
y

variab
le
d
.

W
e

con
sid

er
th

e
follow

in
g

op
tim

ization
p
rob

lem
:

m
in

c([β
,θ

],W
,Ṽ

;X
)

:=
12

(‖
θ‖

2
+
‖
β‖

2 )
+
C

(
n
∑i=

1

p
0
∑d
=

1

(γ
id

+
γ
∗id )

+
n
∑i=

1

p
0
+
p
1

∑d
=
p
0
+

1

ξ
id 

s.t.
x
id

=
w
id

(i,d
)∈
N

0 ,

ṽ
id

=
ṽ
f
ix
ed

id
(i,d

)∈
N

2 ,

β
d
d

=
0

d
=

1,...,p
0 ,

θ
d
d

=
0

d
=

1,...,p
2 ,

γ
id ≥

w
id −

(β
Td

[
w
i

ṽ
i ]

+
β
d
0 )−

ε
d

=
1,...,p

0 ,i
=

1
...,n

,

γ
∗id ≥

(β
Td

[
w
i

ṽ
i ]

+
β
d
0 )−

w
id −

ε
d

=
1,...,p

0 ,i
=

1
...,n

,

ξ
id ≥

1−
ṽ
id (θ

Td

[
w
i

ṽ
i ]

+
θ
d
0 )

d
=

1,...,p
2 ,i

=
1
...,n

,

γ
id ≥

0
d

=
1,...,p

0 ,i
=

1
...,n

,

γ
∗id ≥

0
d

=
1,...,p

0 ,i
=

1
...,n

,

ξ
id ≥

0
d

=
1,...,p

2 ,i
=

1
...,n

,

ṽ
id ∈
{−

1
,1}

d
=

1,...,p
2 ,i

=
1
...,n

.(11)
T

h
is

form
u
lation

is
b
ased

u
p

on
S
V

M
w

ith
a

lin
ear

kern
el;

h
ow

ever
w

e
can

ex
ten

d
P

rob
-

lem
(11)

to
arb

itrary
kern

els,
in

clu
d
in

g
th

e
m

u
lti-class

cases,
u
sin

g
th

e
m

o
d
ifi

ed
ob

jective
fu

n
ction

c([β
,θ

],W
,V

;X
)

:=
12

(‖β‖
2H

+
‖θ‖

2H
)

+
C


n
∑i=

1

p
0
∑d
=

1 (γ
id

+
γ
∗id )

+
n
∑i=

1

p
0
+
p
1

∑d
=
p
0
+

1

ξ
id 

,

w
h
ere
‖·‖H

is
th

e
n
orm

in
a

given
R

ep
ro

d
u
cin

g
K

ern
el

H
ilb

ert
S
p
ace
H

.
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t
a
t
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n

A
n
ot

h
er
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or
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n
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as
p
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t

of
P

ro
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le

m
(1

1)
is

th
e

co
m

p
ou

n
d

ob
je

ct
iv

e
fu

n
ct

io
n
,

w
h
ic

h
is

th
e

su
m

m
at

io
n

of
ob

je
ct

iv
e

fu
n
ct

io
n
s

d
er

iv
ed

fr
o
m

b
ot

h
S
V

M
re

gr
es

si
on

an
d

S
V

M
cl

as
si

fi
-

ca
ti

on
m

et
h
o
d
s.

O
b
se

rv
e

th
at

if
w

e
fi
x

a
si

n
gl

e
im

p
u
te

d
en

tr
y
w
id

or
ṽ i
d
,

th
e

co
n
tr

ib
u
ti

on
to

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

sc
al

es
li
n
ea

rl
y

as
(β

T d

[ w
i

ṽ
i

] +
β
d
0
)

if
d

is
co

n
ti

n
u
ou

s
or

sc
al

es
li
n
ea

rl
y

as
(θ
T d

[ w
i

ṽ
i

]
+
θ d

0
)

if
d

is
ca

te
go

ri
ca

l.
T

h
is

is
d
es

ir
ab

le
b

ec
au

se
w

e
d
o

n
ot

w
is

h
to

w
ei

g
h
t

co
n
ti

n
u
ou

s
an

d
ca

te
go

ri
ca

l
va

ri
ab

le
s

u
n
eq

u
al

ly
in

o
u
r

im
p
u
ta

ti
on

.
N

ex
t,

w
e

d
es

cr
ib

e
th

e
u
p

d
at

es
in

A
lg

or
it

h
m

1
fo

r
m

ix
ed

S
V

M
b
as

ed
im

p
u
ta

ti
on

,
w

h
ic

h
w

e
re

fe
r

to
a
s
o
p
t
.
s
v
m
.

2
.4
.1

o
p
t
.
s
v
m

In
st

ep
1

,
w

e
fi
x

th
e

im
p
u
te

d
va

lu
es

W
,V

an
d

u
p

d
at

e
th

e
au

x
il
ia

ry
va

ri
ab

le
s

[β
,β

0
,θ
,θ

0
].

In
d
ep

en
d
en

t
of

th
e

ch
oi

ce
of

ke
rn

el
,

P
ro

b
le

m
(2

)
d
ec

om
p

os
es

b
y

d
im

en
si

on
p

in
to
p

0
S
V

M
re

gr
es

si
on

p
ro

b
le

m
s

an
d
p

2
S
V

M
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
s

fo
r

th
e

ca
te

go
ri

ca
l

va
ri

a
b
le

s.
F

or
ea

ch
co

n
ti

n
u
ou

s
fe

at
u
re
d
∈
{1
,.
..
,p

0
},

w
e

u
p

d
a
te
β
d
,β
d
0

b
y

so
lv

in
g

m
in

1 2
‖β
‖2

+
C

n ∑ i=
1

(γ
id

+
γ
∗ id

)

s.
t.

β
d
d

=
0

γ
id
≥
w
id
−

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
ε

i
=

1
..
.,
n
,

γ
∗ id
≥

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
w
id
−
ε

i
=

1
..
.,
n
,

γ
id
≥

0
i

=
1,
..
.,
n
,

γ
∗ id
≥

0
i

=
1,
..
.,
n
.

(1
2)

S
im

il
ar

ly
,

fo
r

ea
ch

d
u
m

m
y

fe
at

u
re
d
∈
{p

0
+

1
,.
..
,p

0
+
p

2
},

w
e

u
p

d
at

e
θ
d
,θ
d
0

b
y

so
lv

in
g

m
in

1 2
‖θ
‖2

+
C

n ∑ i=
1

ξ i
d

s.
t.

θ d
d

=
0

ξ i
d
≥

1
−
ṽ i
d
(θ
T d

[ w
i

ṽ
i

] +
θ d

0
)

i
=

1
..
.,
n
,

ξ i
d
≥

0
i

=
1,
..
.,
n
.

(1
3)

T
ak

in
g

th
e

L
ag

ra
n
gi

an
d
u
al

s,
b

ot
h

P
ro

b
le

m
s

(1
2)

an
d

(1
3)

ca
n

b
e

re
fo

rm
u
la

te
d

as
q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

w
h
ic

h
ca

n
b

e
so

lv
ed

effi
ci

en
tl

y
(C

or
te

s
an

d
V

ap
n
ik

,
19

95
).

N
ex

t,
w

e
fi
x

th
e

au
x
il
ia

ry
va

ri
ab

le
s

[β
,β

0
,θ
,θ

0
]

an
d

u
p

d
at

e
th

e
im

p
u
te

d
va

lu
es

W
,V

u
si

n
g

B
C

D
or

C
D

.
In

st
ep

2a
,

P
ro

b
le

m
(2

)
d
ec

om
p

os
es

b
y

ob
se

rv
at

io
n
i

in
to
n

n
on

li
n
ea

r

1
3
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9,

 2
01

8

B
e
r
t
si
m
a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

in
te

ge
r

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

F
or

ea
ch

i
w

e
so

lv
e

m
in

w
i
,ṽ
i

p
0 ∑ d

=
1

(γ
id

+
γ
∗ id

)
+

p
0
+
p
1

∑

d
=
p
0
+

1

ξ i
d

s.
t.

x
id

=
w
id

(i
,d

)
∈
N

0
,

γ
id
≥
w
id
−

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
ε

d
=

1,
..
.,
p

0
,

γ
∗ id
≥

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
w
id
−
ε

d
=

1,
..
.,
p

0
,

ξ i
d
≥

1
−
ṽ i
d
(θ
T d

[ w
i

ṽ
i

] +
θ d

0
)

d
=

1,
..
.,
p

2
,

γ
id
≥

0
d

=
1,
..
.,
p

0
,

γ
∗ id
≥

0
d

=
1,
..
.,
p

0
,

ξ i
d
≥

0
d

=
1,
..
.,
p

2
,

(1
4
)

w
h
er

e
(w

i,
ṽ
i)
∈

R
p
0
×
{−

1
,1
}p

2
is

th
e

im
p
u
ta

ti
on

fo
r

ob
se

rv
at

io
n

x
i.

N
o
te

th
a
t

if
a
ll

fe
at

u
re

s
ar

e
co

n
ti

n
u
ou

s,
P

ro
b
le

m
(1

4)
re

d
u
ce

s
to

a
li
n
ea

r
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

B
ec

a
u
se

w
e

ar
e

u
si

n
g

th
e

d
u
m

m
y

en
co

d
in

g
in

th
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fo
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u
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ti
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,
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is
p

os
si

b
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ta
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a
n

im
p
u
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ti
o
n
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w

h
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h
m
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ip
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cl
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se
s

ar
e

se
le

ct
ed

fo
r

a
si

n
gl

e
ca

te
go

ri
ca

l
en

tr
y.

In
th

is
ca

se
,

w
h
en

o
p
t
.
s
v
m

te
rm

in
at

es
,

w
e

se
le

ct
th

e
im

p
u
ta

ti
o
n

am
on

g
th

e
se

t
of

p
ot

en
ti

al
ca

n
d
id

a
te

s
w

h
ic

h
m

in
im

iz
es

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

of
P

ro
b
le

m
(1

4)
.

In
st

ep
2b

,
w

e
u
p

d
at

e
th

e
im

p
u
te

d
va

lu
es

on
e

at
a

ti
m

e.
T

o
u
p

d
at

e
w
id
,(
i,
d
)
∈
M

0
,

w
e
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lv

e
th

e
on

e-
d
im

en
si

on
al

li
n
ea

r
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

m
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w
id

p
0 ∑ d

=
1

(γ
id

+
γ
∗ id

)
+

p
0
+
p
1

∑

d
=
p
0
+

1

ξ i
d

s.
t.

γ
id
≥
w
id
−

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
ε

d
=

1,
..
.,
p

0
,

γ
∗ id
≥

(β
T d

[ w
i

ṽ
i

] +
β
d
0
)
−
w
id
−
ε

d
=

1,
..
.,
p

0
,

ξ i
d
≥

1
−
ṽ i
d
(θ
T d

[ w
i

ṽ
i

] +
θ d

0
)

d
=

1,
..
.,
p

2
,

γ
id
≥

0
d

=
1,
..
.,
p

0
,

γ
∗ id
≥

0
d

=
1,
..
.,
p

0
,

ξ i
d
≥

0
d

=
1,
..
.,
p

2
.

W
e

u
p

d
at

e
ṽ i
d
,(
i,
d
)
6∈
N

2
b
y

so
lv

in
g

th
e

b
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ar
y
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m
iz

at
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n
p
ro

b
le

m
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m
in

ṽ
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n ∑ i=
1

p
0 ∑ d

=
1

( m
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T d
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i

ṽ
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β
d
0
)
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m
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β
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i

ṽ
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β
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0
)
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0
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p
2 ∑ d
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1
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−
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d
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i

ṽ
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] +
θ d

0
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u
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a
t
io
n

2
.5

T
re

e
B
a
se
d

Im
p
u
ta

tio
n

F
in

a
lly,

w
e

co
n
sid

er
an

im
p
u
tation

m
o
d
el

b
ased

o
n

classifi
cation

an
d

regression
trees.

F
or

ea
ch

d
im

en
sio

n
w

e
train

a
d
ecision

tree
to

p
red

ict
th

e
m

issin
g

valu
es,

u
sin

g
th

e
oth

er
fea

tu
res

a
s

cova
riates.

W
e

train
regression

trees
to

p
red

ict
each

of
th

e
con

tin
u
ou

s
variab

les
a
n
d

cla
ssifi

ca
tio

n
trees

to
p
red

ict
each

of
th

e
categorical

variab
les.

G
iven

a
regressio

n
tree

fo
r

co
n
tin

u
o
u
s

d
im

en
sion

d
,

w
e

w
ill

im
p
u
te
x
id ,(i,d

)∈
M

0
to

b
e

th
e

m
ea

n
in

d
im

en
sion

d
o
f

a
ll

p
oin

ts
in

th
e

sam
e

leaf
n
o
d
e

as
x
i .

S
im

ilarly,
given

a
classifi

cation
tree

fo
r

d
im

en
sion

d
,

w
e

w
ill

im
p
u
te
x
id ,(i,d

)∈
M

1
to

b
e

th
e

m
o
d
e

in
d
im

en
sion

d
of

all
p

oin
ts

in
th

e
sam

e
lea

f
n
o
d
e

as
x
i .

F
o
r

g
en

eral
p
red

iction
task

s,
w

e
can

u
se

greed
y

(B
reim

an
et

al.,
1984)

or
glob

ally
op

ti-
m

a
l

(B
ertsim

a
s

an
d

D
u
n
n
,

2017)
solu

tion
m

eth
o
d
s

to
train

th
e

d
ecision

trees.
In

th
is

case,
w

e
co

n
sid

er
th

e
latter

ap
p
roach

b
ecau

se
it

ad
m

its
a

clear
op

tim
ization

m
o
d
el

w
ith

m
ix

ed
in

teg
er

d
ecisio

n
variab

les
w

h
ich

fi
ts

in
to

o
u
r

fram
ew

ork
for

im
p
u
tation

.
F

or
each

d
im

en
sion

d
,

let
T
d∈
{0,1}

n×
n

d
en

ote
th

e
set

of
in

d
icator

variab
les

t dij
=


1,

if
(w

i ,v
i ),(w

j ,v
j )

are
in

th
e

sam
e

leaf
n
o
d
e

of
th

e
d
ecision

tree
for

d
im

en
sion

d
,

0,
oth

erw
ise.

L
et

(T
d,W

,V
)∈
T
d

d
en

ote
th

e
set

of
op

tim
al

d
ecision

tree
con

strain
ts

for
d
im

en
sion

d
as

d
escrib

ed
in

(B
ertsim

as
an

d
D

u
n
n
,

2017).
W

e
con

sid
er

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

m
in

c(T
,W

,V
;X

)
:=

n
∑i=

1

n
∑j=

1 [
p
0
∑d
=

1

t dij (w
id −

w
jd )

2
+

p
0
+
p
1

∑d
=
p
0
+

1

t dij 1
{
v
id 6=

v
j
d } ]

s.t.
w
id

=
x
id

(i,d
)∈
N

0 ,

v
id

=
x
id

(i,d
)∈
N

1 ,

(T
d,W

,V
)∈
T
d

d
=

1,...,p
,

(15)

N
ex

t,
w

e
d
escrib

e
th

e
u
p

d
ates

in
A

lgorith
m

1
for

d
ecision

tree
b
ased

im
p
u
tation

,
w

h
ich

w
e

refer
to

a
s
o
p
t
.
t
r
e
e
.

2
.5
.1

o
p
t
.
t
r
e
e

In
step

1
,

w
e

fi
x

th
e

im
p
u
ted

valu
es

W
,V

an
d

u
p

d
ate

th
e

d
ecision

tree
variab

les
T

.
F

o
r

ea
ch

co
n
tin

u
ou

s
featu

re,
w

e
fi
t

a
regression

tree
to

p
red

ict
w
d

b
ased

u
p

o
n

th
e

oth
er

fea
tu

res.
S
im

ilarly,
for

each
categorical

featu
re,

w
e

fi
t

a
classifi

cation
tree

to
p
red

ict
v
d

b
a
sed

u
p

o
n

th
e

oth
er

featu
res.

In
p
ractice,

w
e

m
ay

u
se

greed
y

or
op

tim
al

m
eth

o
d
s

to
fi
n
d

th
ese

trees;
h
ow

ev
er,

if
w

e
u
se

greed
y

trees
th

en
th

e
ob

jective
fu

n
ction

valu
e
c(T

,W
,V

;X
)

is
n
o
t

g
u
a
ra

n
teed

to
b

e
m

on
oton

ically
d
ecreasin

g
ov

er
th

e
cou

rse
of

th
e

algorith
m

.

N
ex

t,
w

e
fi
x
T

an
d

u
p

d
ate

th
e

im
p
u
ted

va
lu

es
W
,V

u
sin

g
B

C
D

or
C

D
.

In
step

2a
,

P
ro

b
lem

(3
)

d
ecom

p
oses

b
y

d
im

en
sion

in
to

p
0

q
u
ad

ratic
op

tim
ization

p
rob

lem
s

an
d
p

1
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B
e
r
t
sim

a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

in
teger

op
tim

ization
p
rob

lem
s.

F
or

each
con

tin
u
ou

s
d
im

en
sion

d
=

1,...,p
0 ,

w
e

solve:

m
in

w
d

n
∑i=

1

n
∑j=

1

t dij (w
id −

w
jd )

2

s.t.
w
id

=
x
id

(i,d
)∈
N

0 ,

w
h
ere

w
d
∈

R
n

are
th

e
im

p
u
ted

valu
es

in
th

e
d
th

d
im

en
sion

.
T

h
is

is
a

q
u
ad

ratic
op

ti-
m

ization
p
rob

lem
w

ith
an

ex
p
licit

op
tim

u
m

.
F

or
each

w
id ,(i,d

)∈
M

0 ,
an

op
tim

al
solu

tion
is

w
id

=



∑
(j,d

)∈N
d0
t dij x

jd
∑

(j,d
)∈N

d0
t dij

,
if

∑
(j,d

)∈N
d0
t dij ≥

1,

1

|N
d0 |

∑

(j,d
)∈N

d0

x
jd ,

oth
erw

ise,

w
h
ere
N
d0

:=
{(i,r)∈

N
0

:
r

=
d}

.
T

h
is

solu
tion

corresp
on

d
s

to
settin

g
each

m
issin

g
en

try
eq

u
al

to
th

e
m

ean
of

all
ob

served
valu

es
in

th
e

sam
e

leaf
n
o
d
e.

If
th

e
n
u
m

b
er

of
n
on

-m
issin

g
valu

es
in

th
e

sam
e

leaf
n
o
d
e

a
s
w
id

is
zero,

i.e., ∑
(j,d

)∈N
d0
t dij

=
0,

th
en

w
e

set
all

of
th

e
valu

es
in

th
at

leaf
n
o
d
e

to
th

e
m

ean
im

p
u
te

solu
tion

.
F

or
each

categorical
d
im

en
sion

d
=
p

0
+

1
,...,p

0
+
p

1 ,
w

e
solve

th
e

follow
in

g
in

teger
op

tim
ization

p
rob

lem
:

m
in

v
d

n
∑i=

1

n
∑j=

1

t dij 1
{
v
id 6=

v
j
d }

s.t.
v
id

=
x
id ,

(i,d
)∈
N

1 ,

w
h
ere

v
d∈
{1,...,k

d }
n

are
th

e
im

p
u
ted

valu
es

for
th

e
d
th

d
im

en
sion

.
A

n
op

tim
al

solu
tion

is

v
id

=


m

o
d
e ({

x
jd

:
t dij

=
1,(j,d

)∈
N

1 } )
if
|{x

jd
:
t dij

=
1,(j,d

)∈
N

1 }|≥
1
,

m
o
d
e ({

x
jd

:
(j,d

)∈
N

1 } )
o
th

erw
ise.

In
step

2b
,
w

e
u
p

d
ate

th
e

m
issin

g
im

p
u
ted

valu
es

on
e

at
a

tim
e,

w
h
ich

resu
lts

in
sligh

tly
d
iff

eren
t

closed
form

solu
tion

s
for

w
id ,(i,d

)∈
M

0
an

d
v
id ,(i,d

)∈
M

1 .
F

irst,
w

e
u
p

d
ate

th
e

con
tin

u
ou

s
variab

les
w
id ,(i,d

)∈
M

0
b
y

solv
in

g:

m
in

w
id

2
n
∑j=

1

t dij (w
id −

w
jd )

2.
(16)

A
n

op
tim

al
so

lu
tion

to
P

rob
lem

(16)
is

w
id

=



∑
j6=
i t dij w

jd
∑

j6=
i t dij

,
if

∑
j6=
i t dij ≥

1
,

1

|N
d0 |

∑

(j,d
)∈N

d0

x
jd ,

oth
erw

ise.
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F
r
o
m

P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
is
si
n
g

D
a
t
a
Im

p
u
t
a
t
io
n

N
ex

t,
w

e
u
p

d
at

e
th

e
ca

te
go

ri
ca

l
va

ri
ab

le
s
v i
d
,(
i,
d
)
∈
M

1
on

e
at

a
ti

m
e

b
y

so
lv

in
g:

m
in

v
id

2
n ∑ j=

1

td i
j
1
{v
id
6=
v
j
d
}.

(1
7)

A
n

op
ti

m
al

so
lu

ti
on

to
P

ro
b
le

m
(1

7)
is

v i
d

=

  
m

o
d
e(
{v
jd

:
td i
j

=
1}
) ,

if
|{
v j
d

:
td i
j

=
1}
|≥

1,

m
o
d
e(
{x

jd
:

(j
,d

)
∈
N

1
})
,

ot
h
er

w
is

e.

B
ot

h
of

th
es

e
u
p

d
at

es
co

in
ci

d
e

w
it

h
th

e
p
re

d
ic

te
d

va
lu

es
fr

om
th

e
d
ec

is
io

n
tr

ee
s

co
n
st

ru
ct

ed
.

2
.6

M
o
d
e
l
S
e
le
c
ti
o
n

P
ro

c
e
d
u
re

E
ac

h
of

th
e

ab
ov

e
m

et
h
o
d
s

an
d

ch
oi

ce
of

h
y
p

er
p
ar

am
et

er
s

ge
n
er

at
es

so
m

e
im

p
u
te

d
va

lu
es

.
F

or
si

n
gl

e
im

p
u
ta

ti
on

,
a

si
n
gl

e
se

t
of

im
p
u
te

d
va

lu
es

sh
ou

ld
b

e
ge

n
er

at
ed

in
th

e
en

d
.

W
e

p
ro

p
os

e
th

e
fo

ll
ow

in
g

p
ro

ce
d
u
re

fo
r

m
o
d
el

se
le

ct
io

n
.

G
iv

en
X

w
it

h
ex

is
ti

n
g

m
is

si
n
g

d
at

a
M

0
,M

1
,
w

e
ge

n
er

at
e

an
ad

d
it

io
n
al

fi
x
ed

p
er

ce
n
ta

ge
of

d
at

a
m

is
si

n
g
M

v
a
li
d

0
,M

v
a
li
d

1
,
w

it
h

th
e

k
n
ow

n
va

lu
es

as
th

e
h
ol

d
-o

u
t

se
t,

an
d

p
er

fo
rm

ea
ch

of
th

e
im

p
u
ta

ti
on

m
et

h
o
d
s

u
n
d
er

th
e

co
m

b
in

ed
m

is
si

n
g

p
at

te
rn

.
W

e
ev

al
u
a
te

th
e

im
p
u
ta

ti
on

q
u
al

it
y

on
th

e
h
ol

d
-o

u
t

va
li
d
at

io
n

se
t

b
y

m
ea

su
ri

n
g

h
ow

cl
os

el
y

th
e

im
p
u
te

d
va

lu
es

re
se

m
b
le

th
e

gr
ou

n
d

tr
u
th

va
lu

es
.

In
p
ar

ti
cu

la
r,

th
e

m
ea

n
ab

so
lu

te
er

ro
r

(M
A

E
)

b
et

w
ee

n
tr

u
e

an
d

im
p
u
te

d
va

lu
es

fo
r

ea
ch

im
p
u
ta

ti
on

m
et

h
o
d

is
ca

lc
u
la

te
d
.

T
h
e

va
li
d
at

io
n

M
A

E
is

d
efi

n
ed

to
b

e
1

|M
v
a
li
d

0
|

∑

(i
,d

)∈
M

v
a
li
d

0

|w
id
−
x
id
|+

1

|M
v
a
li
d

1
|

∑

(i
,d

)∈
M

v
a
li
d

1

1
{v
id
6=
x
id
}.

L
ow

er
va

lu
es

in
d
ic

at
e

cl
os

er
im

p
u
ta

ti
on

,
an

d
p

er
fe

ct
im

p
u
ta

ti
on

co
rr

es
p

on
d
s

to
an

M
A

E
of

ze
ro

.
A

n
ot

h
er

m
et

ri
c

of
im

p
u
ta

ti
on

q
u
al

it
y

is
ro

ot
m

ea
n

sq
u
ar

ed
er

ro
r

(R
S
M

E
),

w
h
ic

h
is

gi
v
en

b
y
√ √ √ √

1

|M
v
a
li
d

0
|

∑

(i
,d

)∈
M

v
a
li
d

0

(w
id
−
x
id

)2
+

1

|M
v
a
li
d

1
|

∑

(i
,d

)∈
M

v
a
li
d

1

1
{v
id
6=
x
id
}.

F
or

ea
ch

im
p
u
ta

ti
on

m
et

h
o
d
,

th
e

co
m

b
in

at
io

n
of

h
y
p

er
p
ar

am
et

er
s

th
at

ac
h
ie

ve
s

th
e

lo
w

es
t

M
A

E
in

va
li
d
at

io
n

(o
r

R
M

S
E

)
is

se
le

ct
ed

,
an

d
th

e
X

is
ag

ai
n

im
p
u
te

d
b
u
t

u
n
d
er

th
e

or
ig

in
al

m
is

si
n
g

p
at

te
rn

s
M

0
,
M

1
.

T
h
is

se
t

of
im

p
u
te

d
va

lu
es

is
n
ow

re
ad

y
to

b
e

ev
al

u
at

ed
or

u
se

d
fo

r
d
ow

n
st

re
am

ta
sk

s.
T

h
e

h
y
p

er
p
ar

am
et

er
s

th
at

w
e

tu
n
e

v
ia

th
is

m
et

h
o
d

ar
e

su
m

m
a
ri

ze
d

in
T

a
b
le

3.
In

ad
d
i-

ti
on

,
w

e
al

so
u
se

th
is

cr
os

s-
va

li
d
at

io
n

p
ro

ce
d
u
re

to
se

le
ct

th
e

b
es

t
m

et
h
o
d

ou
t

of
o
p
t
.
k
n
n
,

o
p
t
.
s
v
m
,

an
d
o
p
t
.
t
r
e
e
.

W
e

re
fe

r
to

th
is

co
m

p
os

it
e

m
et

h
o
d

as
o
p
t
.
c
v
.

S
im

il
ar

ly
,

w
e

m
ay

u
se

th
e

cr
os

s-
va

li
d
at

io
n

p
ro

ce
d
u
re

fo
r

m
o
d
el

se
le

ct
io

n
fo

r
an

y
se

t
of

im
p
u
ta

ti
o
n
s.

W
e

d
efi

n
e

b
e
n
c
h
m
a
r
k
.
c
v

to
b

e
th

e
p
ro

ce
d
u
re

th
at

se
le

ct
s

th
e

b
es

t
m

et
h
o
d

ou
t

of
:
m
e
a
n
,
p
m
m
,
b
p
c
a
,

k
n
n
,

an
d
i
k
n
n

th
at

w
il
l

b
e

la
te

r
u
se

d
in

co
m

p
u
ta

ti
o
n
al

co
m

p
ar

is
on

s
(s

ee
S
ec

ti
o
n

3.
1

fo
r

d
es

cr
ip

ti
on

s
of

th
es

e
in

d
iv

id
u
al

m
et

h
o
d
s)

.
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:1
-3

9,
 2

01
8

B
e
r
t
si
m
a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

M
e
th

o
d

H
y
p
e
rp

a
ra

m
e
te
rs

K
-N

N
K

S
V

M
C

,
σ

2

T
re

es
cp

T
ab

le
3:

H
y
p

er
p
ar

am
et

er
s

tu
n
ed

v
ia

th
e

m
o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

ou
tl

in
ed

in
S
ec

ti
o
n

2
.6

.

σ
2

is
a

p
ar

am
et

er
in

th
e

ra
d
ia

l
b
as

is
fu

n
ct

io
n

ke
rn

el
,
K

(x
i,
x
j
)

=
ex

p
(‖

x
i
−
x
j
‖

σ
2

).
cp

is
a

co
m

p
le

x
it

y
p
ar

am
et

er
re

la
te

d
to

th
e

d
ep

th
of

th
e

d
ec

is
io

n
tr

ee
.

2
.7

E
x
te
n
si
o
n
s
to

M
u
lt
ip
le

Im
p
u
ta

ti
o
n

T
h
u
s

fa
r,

w
e

h
av

e
d
es

cr
ib

ed
o
p
t
.
i
m
p
u
t
e

m
et

h
o
d
s

fo
r

si
n
gl

e
im

p
u
ta

ti
on

w
h
ic

h
o
u
tp

u
t

a
si

n
gl

e
co

m
p
le

te
d

d
at

a
se

t.
O

n
th

e
ot

h
er

h
an

d
,

m
u
lt

ip
le

im
p
u
ta

ti
on

m
et

h
o
d
s

o
u
tp

u
t
m
≥

2
d
iff

er
en

t
co

m
p
le

te
d

d
at

a
se

ts
fo

r
a

si
n
gl

e
m

is
si

n
g

d
at

a
p
ro

b
le

m
.

A
ft

er
w

ar
d
s,

a
n
a
ly

si
s

is
p

er
fo

rm
ed

on
ea

ch
of

th
e
m

d
at

a
se

ts
se

p
ar

at
el

y,
an

d
th

e
re

su
lt

s
ar

e
p

o
ol

ed
(L

it
tl

e
a
n
d

R
u
b
in

,
19

87
).

F
or

so
m

e
ap

p
li
ca

ti
on

s,
m

u
lt

ip
le

im
p
u
ta

ti
on

is
p
re

fe
rr

ed
b

ec
a
u
se

it
ca

p
tu

re
s

th
e

va
ri

at
io

n
in

m
is

si
n
g

d
at

a
im

p
u
ta

ti
on

,
w

h
ic

h
en

ab
le

s
u
s

to
co

m
p
u
te

co
n
fi
d
en

ce
in

te
rv

a
ls

fo
r

d
ow

n
st

re
am

m
o
d
el

s
tr

ai
n
ed

on
th

e
im

p
u
te

d
d
at

a
se

ts
.

In
ad

d
it

io
n
,

th
e

p
o
o
le

d
re

su
lt

s
fr

om
m

o
d
el

s
fi
t

on
m

u
lt

ip
le

im
p
u
te

d
d
a
ta

se
ts

m
ay

p
ro

v
id

e
b

et
te

r
p

oi
n
t

es
ti

m
a
te

s
th

an
m

o
d
el

s
fi
t

on
a

si
n
gl

e
im

p
u
te

d
d
at

a
se

t
in

so
m

e
ca

se
s.

T
o

ex
te

n
d
o
p
t
.
i
m
p
u
t
e

to
p
ro

d
u
ce

m
u
lt

ip
le

im
p
u
ta

ti
on

s,
w

e
ge

n
er

at
e
m

w
a
rm

st
a
rt

s
u
si

n
g

a
p
ro

b
ab

il
is

ti
c

p
ro

ce
d
u
re

,
ru

n
o
p
t
.
k
n
n
,
o
p
t
.
s
v
m
,

or
o
p
t
.
t
r
e
e

fr
om

th
es

e
st

a
rt

in
g

p
oi

n
ts

,
an

d
ou

tp
u
t

th
e

fu
ll

se
t

of
m

co
m

p
le

te
d

d
at

a
se

ts
.

T
h
es

e
w

ar
m

st
ar

ts
ca

n
b

e
g
en

er
a
te

d
fr

om
sa

m
p
le

d
ra

w
s

u
n
d
er

a
p
re

v
io

u
sl

y
es

ti
m

at
ed

p
os

te
ri

or
d
is

tr
ib

u
ti

on
;

an
ex

a
m

p
le

w
o
u
ld

b
e

u
si

n
g

ou
tp

u
ts

fr
om

th
e
m
i
c
e

p
ro

ce
d
u
re

.
T

h
is

p
ro

v
id

es
u
s

w
it

h
a

re
p
re

se
n
ta

ti
ve

se
t

o
f

im
p
u
ta

ti
on

s
fo

u
n
d

b
y

th
e
o
p
t
.
i
m
p
u
t
e

al
go

ri
th

m
,

w
h
ic

h
co

n
ve

rg
es

to
lo

ca
l
op

ti
m

a
.

W
e

re
fe

r
to

th
e

m
u
lt

ip
le

im
p
u
ta

ti
on

m
et

h
o
d

as
o
p
t
.
m
i
.

In
th

e
co

m
p
u
ta

ti
on

al
ex

p
er

im
en

ts
,

w
e

u
se

th
e

b
en

ch
m

ar
k

m
u
lt

ip
le

im
p
u
ta

ti
on

m
et

h
o
d
m
i
c
e

to
ge

n
er

at
e

th
e

w
ar

m
st

ar
ts

.

N
ot

e
th

at
th

er
e

ar
e

ot
h
er

p
os

si
b
le

w
ay

s
of

ad
ap

ti
n
g
o
p
t
.
i
m
p
u
t
e

to
th

e
m

u
lt

ip
le

im
-

p
u
ta

ti
on

sc
h
em

a.
W

e
m

ay
in

tr
o
d
u
ce
m

in
st

an
ce

s
o
f

ar
ti

fi
ci

al
n
oi

se
in

th
e

ob
se

rv
ed

va
lu

es
,

an
d

so
lv

e
th

e
re

su
lt

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

A
lt

er
n
at

iv
el

y,
w

e
m

ay
ru

n
o
p
t
.
i
m
p
u
t
e

o
n

m
b

o
ot

st
ra

p
p

ed
sa

m
p
le

s
of

th
e

or
ig

in
al

d
at

a
se

t.
A

ft
er

w
ar

d
s,

w
e

ca
n

an
al

y
ze

ea
ch

o
f

th
e

m
im

p
u
te

d
d
at

a
se

ts
se

p
ar

at
el

y
an

d
p

o
ol

th
e

re
su

lt
s

as
b

ef
or

e.

3
.
R
e
a
l-
W

o
rl
d
D
a
ta

E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

ev
al

u
at

e
th

e
p

er
fo

rm
an

ce
of

o
p
t
.
i
m
p
u
t
e

on
m

an
y

re
al

-w
o
rl

d
d
a
ta

se
ts

.
O

u
r

co
m

p
ar

is
on

s
in

cl
u
d
e

1)
th

e
eff

ec
t

on
im

p
u
ta

ti
on

ac
cu

ra
cy

,
an

d
2)

th
e

eff
ec

t
o
n

th
e

p
er

fo
rm

an
ce

of
d
ow

n
st

re
am

m
ac

h
in

e
le

ar
n
in

g
ta

sk
s.

W
e

co
m

p
ar

e
to

th
e

m
o
st

co
m

m
o
n
ly

u
se

d
st

at
e-

of
-t

h
e-

ar
t

m
et

h
o
d
s

on
a

la
rg

e
sa

m
p
le

of
d
at

a
se

ts
fr

om
th

e
U

C
I

M
a
ch

in
e

L
ea

rn
in

g
R

ep
os

it
or

y.
F

or
d
at

a
se

ts
th

at
in

cl
u
d
e

ca
te

go
ri

ca
l

va
ri

ab
le

s,
w

e
im

p
u
te

th
e

d
is

cr
et

e
va

lu
es

d
ir

ec
tl

y
u
si

n
g

ou
r

sp
ec

ia
li
ze

d
im

p
u
ta

ti
on

m
et

h
o
d
s

fo
r

ca
te

go
ri

ca
l

va
ri

ab
le

s
a
n
d

b
en

ch
m

a
rk

m
et

h
o
d
s.

18
JM

L
R

 1
8(

19
6)

:1
-3

9,
 2

01
8



F
r
o
m

P
r
e
d
ic
t
iv
e
M
e
t
h
o
d
s
t
o

M
issin

g
D
a
t
a
Im

p
u
t
a
t
io
n

3
.1

E
x
p
e
rim

e
n
ta

l
S
e
tu

p

T
o

test
th

e
a
ccu

racy
of

th
e

p
rop

osed
m

issin
g

d
ata

im
p
u
tation

m
eth

o
d
,

w
e

ru
n

a
series

of
co

m
p
u
ta

tio
n
a
l

ex
p

erim
en

ts
on

d
ata

sets
taken

from
th

e
U

C
I

M
ach

in
e

L
earn

in
g

R
ep

ository
fo

r
b

o
th

reg
ression

an
d

classifi
cation

task
s.

T
h
e

d
ata

sets
cov

er
a

ran
ge

of
n
u
m

b
er

of
ob

ser-
va

tio
n
s
n

an
d

n
u
m

b
er

of
featu

res
p
,

p
oten

tially
m

ix
ed

w
ith

b
oth

con
tin

u
ou

s
an

d
categorical

va
ria

b
les.

T
h
e

n
u
m

b
ers

of
con

tin
u
ou

s
(p

0 )
a
n
d

categorical
(p

1 )
variab

les
in

each
of

th
ese

d
a
ta

sets
a
re

g
iven

in
T

ab
le

10.

In
th

ese
ex

p
erim

en
ts,

w
e

u
se

fu
ll

d
ata

sets
in

w
h
ich

all
en

tries
are

k
n
ow

n
,

an
d

w
e

g
en

era
te

p
a
ttern

s
of

m
issin

g
d
ata

for
variou

s
p

ercen
tages

ran
gin

g
from

10%
to

50%
.

W
e

ta
ke

th
e

fu
ll

d
a
ta

sets
X

th
at

h
av

e
n
o

m
issin

g
en

tries
to

b
e

th
e

grou
n
d

tru
th

.
W

e
ru

n
so

m
e

o
f

th
e

m
o
st

co
m

m
on

ly
-u

sed
an

d
state-of-th

e-art
m

eth
o
d
s

for
d
ata

im
p
u
tation

on
th

ese
d
ata

sets
to

p
red

ict
th

e
m

issin
g

valu
es

an
d

com
p
are

again
st

ou
r

op
tim

ization
b
ased

im
p
u
tation

m
eth

o
d
s.

T
h
e

in
d
iv

id
u
al

m
eth

o
d
s

in
th

is
com

p
arison

are:

1
.
M

e
a
n
Im

p
u
te

(m
e
a
n
):

T
h
e

sim
p
lest

im
p
u
tation

m
eth

o
d
.

F
or

each
m

issin
g

valu
e
x
id ,

im
p
u
tes

th
e

m
ean

of
all

k
n
ow

n
valu

es
in

d
im

en
sion

d
.

2
.
P
re

d
ic
tiv

e
-M

e
a
n
M

a
tch

in
g

(p
m
m
):

A
n

iterative
m

eth
o
d

w
h
ich

im
p
u
tes

m
issin

g
val-

u
es

fro
m

k
n
ow

n
valu

es
in

a
given

d
im

en
sion

u
sin

g
lin

ear
reg

ression
s.

It
is

com
m

on
ly

u
sed

fo
r

m
u
ltip

le
im

p
u
tation

an
d

can
b

e
gen

eralized
to

m
u
ltip

le
m

issin
g

d
im

en
sio

n
s

u
sin

g
th

e
ch

ain
ed

eq
u
ation

s
p
ro

cess
(B

u
u
ren

an
d

G
ro

oth
u
is-O

u
d
sh

o
orn

,
2011).

Im
-

p
lem

en
ted

u
sin

g
th

e
M
I
C
E

p
ackage

in
R

.

3
.
B
a
y
e
sia

n
P
C
A

(b
p
c
a
):

A
m

issin
g

d
ata

estim
ation

m
eth

o
d

b
ased

on
B

ay
esian

p
rin

-
cip

a
l

co
m

p
on

en
t

an
aly

sis
(O

b
a

et
al.,

2003).
Im

p
lem

en
ted

u
sin

g
th

e
p
c
a
M
e
t
h
o
d
s

p
a
cka

g
e

in
R

.

4
.
K

-N
e
a
re

st
N
e
ig
h
b
o
rs

(k
n
n
):

A
sin

gle-step
,

greed
y

m
eth

o
d

w
h
ich

im
p
u
tes

m
issin

g
va

lu
es

u
sin

g
th

e
K

-n
earest

n
eigh

b
ors

o
f

an
ob

servation
b
ased

u
p

on
E

u
clid

ean
d
is-

ta
n
ce.

T
h
e

can
d
id

ate
n
eigh

b
ors

m
u
st

h
ave

n
on

-m
issin

g
valu

es
in

th
e

im
p
u
ted

featu
re.

A
vera

ged
d
istan

ce
is

u
sed

if
som

e
oth

er
co

ord
in

ates
are

m
issin

g.
Im

p
lem

en
ted

u
sin

g
th

e
i
m
p
u
t
e

p
ackage

in
R

.

5
.
Ite

ra
tiv

e
K

-N
e
a
re

st
N
e
ig
h
b
o
rs

(i
k
n
n
):

Im
p
lem

en
ted

in
R

an
d
Ju
lia,

b
ased

on
th

e
d
escrip

tio
n

in
th

e
origin

al
p
ap

ers
(B

rás
a
n
d

M
en

ezes,
2007;

C
aru

an
a,

20
01)

.

6
.
O
p
tim

a
l
Im

p
u
te

(o
p
t
.
i
m
p
u
t
e
):

A
ll

su
b
-m

eth
o
d
s

b
elow

u
se

w
arm

starts
in

clu
d
in

g:
m
e
a
n
,
k
n
n
,
b
p
c
a

an
d

fi
ve

ran
d
om

starts
w

h
ere

th
e

valu
es

are
im

p
u
ted

b
y

a
ra

n
d
om

sa
m

p
lin

g
of

th
e

n
on

-m
issin

g
ob

servation
s

of
th

at
featu

re.
T

h
e

im
p
u
tation

w
h
ich

resu
lts

in
th

e
low

est
ob

jectiv
e

valu
e

is
selected

for
ea

ch
m

eth
o
d
.

(a
)
K

-N
N

b
ased

(o
p
t
.
k
n
n
):

T
h
is

m
eth

o
d

solves
th

e
op

tim
al
K

-n
earest

n
eigh

b
ors

p
ro

b
lem

(7).
C

on
vergen

ce
tim

e
d
ep

en
d
s

u
p

on
th

e
q
u
ality

o
f

th
e

in
itial

w
arm

sta
rt.

W
e

ru
n

b
oth

b
lo

ck
co

ord
in

ate
d
escen

t
an

d
co

ord
in

ate
d
escen

t
fo

r
sm

all
d
a
ta

sets
of

size
n
≤

10,000,
an

d
on

ly
co

ord
in

ate
d
escen

t
for

large
d
a
ta

sets
w

ith
h
ig

h
er
n

.
T

h
e

im
p
lem

en
tation

w
as

in
th

e
p
rogram

m
in

g
lan

gu
a
g
e
Ju
lia

w
ith

fast
alg

o
rith

m
s

for
K

-n
earest

n
eigh

b
or

calcu
lation

s.
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B
e
r
t
sim

a
s,

P
a
w
l
o
w
sk

i,
a
n
d

Z
h
u
o

(b
)

S
V

M
R

egression
an

d
C

lassifi
cation

b
ased

(o
p
t
.
s
v
m
):

T
h
is

m
eth

o
d

solves
th

e
m

ax
im

u
m

m
argin

su
p
p

ort
vector

m
ach

in
e

p
rob

lem
(11)

u
sin

g
a

ra
d
ial

b
asis

fu
n
ction

kern
el.

F
or

co
n
tin

u
ou

s
variab

les,
w

e
u
se
ε-su

p
p

ort
vector

regression
;

for
categorical

variab
les,

w
e

u
se

classical
su

p
p

ort
vector

m
ach

in
es.

T
h
ese

p
rob

-
lem

s
w

ere
solv

ed
u
sin

g
co

ord
in

ate
d
escen

t
m

eth
o
d
s.

T
h
e

im
p
lem

en
tation

w
as

in
Ju
lia

u
sin

g
th

e
s
c
i
k
i
t
-
l
e
a
r
n

p
ackage

in
P
yth

on
.

(c)
D

ecision
T

ree
b
ased

(o
p
t
.
t
r
e
e
):

T
h
is

m
eth

o
d

solv
es

th
e

op
tim

al
d
ecision

-tree
p
rob

lem
(15).

F
or

con
tin

u
ou

s
variab

les,
a

sin
gle-leaf

regu
larized

regression
tree

is
u
sed

;
for

categorical
variab

les,
a

fast
co

ord
in

ate
d
escen

t-b
ased

algorith
m

for
solv

in
g

O
p
tim

al
C

lassifi
cation

T
rees

is
u
sed

(B
ertsim

as
an

d
D

u
n
n
,

2017).
W

e
ru

n
co

ord
in

ate
d
escen

t
for

th
e

im
p
u
tation

p
rob

lem
s.

T
h
e

im
p
lem

en
tation

w
as

in
Ju
lia

u
sin

g
th

e
p
ackages

g
l
m
n
e
t

an
d
O
p
t
i
m
a
l
T
r
e
e
s
.

In
ad

d
ition

,
w

e
con

sid
er

tw
o

com
p

o
site

m
eth

o
d
s:

o
p
t
.
c
v
,

w
h
ich

selects
th

e
b

est
m

eth
o
d

from
o
p
t
.
k
n
n
,
o
p
t
.
s
v
m
,

an
d
o
p
t
.
t
r
e
e
;

an
d
b
e
n
c
h
m
a
r
k
.
c
v
,

w
h
ich

selects
th

e
b

est
m

eth
o
d

from
m
e
a
n
,
p
m
m
,
b
p
c
a
,
k
n
n
,

an
d
i
k
n
n
.

T
h
ese

com
p

osite
m

eth
o
d
s

u
se

th
e

cross-valid
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n
d

sim
p
le

lin
ear

con
strain

ts.
N

u
m

erical
ex

p
erim

en
ts

sh
ow

th
at

th
e

m
eth

o
d

is
ex

trem
ely

eff
ective

in
p
ra

ctice.

O
u
r

o
p
tim

ization
m

eth
o
d

can
ex

p
loit

w
arm

sta
rts,

i.e.,
it

can
u
se

an
in

itial
gu

ess
for

th
e

fi
tted

fu
n
ctio

n
.

T
h
is

allow
s

u
s

to
com

p
u
te

an
en

tire
regu

larization
p
ath

effi
cien

tly,
at

a
cost

ty
p
ica

lly
ju

st
a

sm
all

m
u
ltip

le
of

th
e

eff
ort

to
solv

e
th

e
p
rob

lem
for

on
e

valu
e

of
th

e
regu

lar-
iza

tio
n

p
a
ra

m
eter.

B
ecau

se
ou

r
algorith

m
is

b
ased

on
th

e
con

d
ition

al
grad

ien
t

m
eth

o
d
,

w
e

ca
n

u
se

th
e

fram
ew

ork
of

G
iesen

et
al.

(20
12)

to
com

p
u
te

a
p
rovab

ly
ε-su

b
o
p
tim

al
ap

p
rox

i-
m

ate
regu

la
rization

p
ath

.
W

h
en

fi
ttin

g
gen

eralized
ad

d
itiv

e
m

o
d
els,

th
e

regu
larization

p
ath

h
a
s

a
ttra

ctive
featu

res:
at

critical
valu

es
of

th
e

regu
larization

p
aram

eter,
n
ew

regressors
a
re

b
ro

u
gh

t
in

to
(or,

o
ccasion

ally,
ou

t
of)

th
e

m
o
d
el,

or
n
ew

k
n
ot

p
oin

ts
are

ad
d
ed

to
(or

d
eleted

fro
m

)
o
n
e

of
th

e
ex

istin
g

co
ord

in
ate

fu
n
ction

s.
T

h
u
s

ou
r

ap
p
roach

com
b
in

es
featu

re
selectio

n
a
n
d

k
n
ot

p
oin

t
selection

.

1
.1

O
u
tlin

e

In
§2

w
e

in
tro

d
u
ce

a
u
n
ivariate

fu
n
ction

fi
ttin

g
p
rob

lem
,

in
sp

ired
b
y

th
e

ad
ap

tive
sp

lin
e

estim
a
tio

n
p
ro

b
lem

of
M

am
m

en
an

d
van

d
e

G
eer

(1997),
th

at
in

clu
d
es

th
e

ad
d
ition

al
re-

q
u
irem

en
t

th
a
t

th
e

fi
tted

fu
n
ction

satu
rate.

In
§3

w
e

m
ake

th
e

con
n
ectio

n
b

etw
een

ou
r

fu
n
ctio

n
estim

a
tion

p
rob

lem
an

d
stan

d
ard

ad
a
p
tive

sp
lin

es,
a
n
d

p
ose

th
e

satu
ratin

g
sp

lin
e

fi
ttin

g
p
ro

b
lem

as
a

con
vex

op
tim

ization
p
rob

lem
over

m
ea

su
res.

In
§4

w
e

m
o
d
ify

th
e

cla
ssica

l
con

d
ition

al
grad

ien
t

m
eth

o
d

to
solv

e
th

is
op

tim
ization

p
rob

lem
.

In
§5

w
e

ex
ten

d
th

e
o
p
tim

iza
tio

n
p
rob

lem
an

d
algorith

m
to

fi
t

gen
eralized

a
d
d
itive

m
o
d
els

to
m

u
ltiva

riate
d
a
ta

.
W

e
illu

strate
th

e
eff

ectiven
ess

of
th

e
m

eth
o
d

w
ith

several
ex

am
p
les

in
§7.

W
e

d
iscu

ss
g
en

era
liza

tio
n
s

to
h
igh

er-d
egree

sp
lin

es
in
§8.

F
in

ally,
w

e
d
iscu

ss
p

oten
tial

ex
ten

sion
s

an
d

varia
tio

n
s

in
§9.

T
h
e

ap
p

en
d
ix

in
clu

d
es

im
p
lem

en
tation

d
etails

a
n
d

p
ro

ofs.

2
.
U
n
iv
a
ria

te
F
u
n
ctio

n
F
ittin

g

W
e

w
ish

to
fi
t

a
con

tin
u
ou

s
b

ou
n
d
ed

fu
n
ction

f
:
R
→

R
from

d
ata

(x
i ,y

i )
∈

R
×
Y

,
i

=
1
,...,n

,
x
i
∈

[0,1].
T

o
d
o

th
is

w
e

w
ill

ch
o
ose

f
to

m
in

im
ize

a
d
ata

m
ism

atch
or

lo
ss

fu
n
ctio

n
su

b
ject

to
a

con
strain

t
th

at
en

cou
rages

regu
larity

in
f

,
an

d
an

ad
d
ition

al
co

n
stra

in
t,

sa
tu

ration
,

th
at

w
e

d
escrib

e
b

elow
.

T
h
e

lo
ss

is
given

b
y

L
(f

)
=

n
∑i=

1

`(f
(x
i ),y

i ),

w
h
ere

`
:
R
×
Y
→

R
is

n
on

n
egativ

e,
tw

ice
d
iff

eren
tiab

le,
an

d
strictly

con
vex

in
its

fi
rst

a
rg

u
m

en
t.

T
y
p
ical

loss
fu

n
ction

s
in

clu
d
e
`(z

,w
)

=
(z−

w
)
2/

2
(stan

d
ard

regression
,Y

=
R

),
o
r
`(z

,w
)

=
lo

g
(1

+
ex

p−
(z
w

))
(logistic

regression
,

w
ith
Y

=
{−

1,1}
).

T
h
e

loss
L

is
a

co
n
vex

fu
n
ctio

n
al

of
th

e
fu

n
ction

f
th

at
on

ly
d
ep

en
d
s

on
th

e
valu

es
of
f

a
t

th
e

d
ata

p
oin

ts
x
i .

T
h
e

sm
a
ller

th
e

loss,
th

e
b

etter
f

fi
ts

th
e

given
d
ata.

W
e

co
n
stra

in
th

e
fu

n
ction

f
to

b
e

sim
p
le

b
y

lim
itin

g
th

e
valu

e
of

a
n
on

n
egative

regu
-

la
riza

tio
n

fu
n
ction

al
R

.
In

th
is

p
ap

er,
w

e
take

R
to

b
e

th
e

to
tal

varia
tion

of
th

e
d
erivative

o
f
f

,

R
(f

)
=

T
V

(f
′),

3
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B
o
y
d
,
H
a
st

ie
,
B
o
y
d
,
R
e
c
h
t
,
a
n
d

J
o
r
d
a
n

a
con

vex
fu

n
ction

al
of
f

.
F

or
a

tw
ice-d

iff
eren

tiab
le

fu
n
ction

f
,

recall
th

at

T
V

(f
′)

=

∫
|f
′′(x

)|
d
x
,

(1)

i.e.,
th

e
regu

larization
is

th
e
`
1

n
orm

of
th

e
secon

d
d
erivative.

(A
s

w
e

rev
iew

in
th

e
follow

in
g

section
,

th
e

m
o
d
ern

d
efi

n
ition

of
total

variation
ex

ten
d
s

th
is

eq
u
ality

to
n
on

d
iff

eren
tiab

le
fu

n
ction

s.)
T

h
e

total
variation

lim
it

w
e

im
p

ose
on

f
is
R

(f
)≤

τ
,

w
h
ere

τ
is

a
p
aram

eter
th

at
w

e
u
se

to
trad

e
off

m
o
d
el

fi
t

an
d

m
o
d
el

regu
larity.

T
h
is

reg
u
larization

con
strain

t
im

p
licitly

con
strain

s
f

to
b

e
d
iff

eren
tiab

le
alm

ost
every

w
h
ere,

w
ith

its
d
erivative

h
av

in
g

fi
n
ite

total
variation

.

O
u
r

m
o
d
el
f

w
ill

b
e

su
b

ject
to

on
e

m
ore

con
strain

t,
th

at
it

satu
rates

(ou
tsid

e
th

e
in

terval
[0,1]),

w
h
ich

m
ean

s
th

at
it

is
a

(p
o
ssib

ly
d
iff

eren
t)

con
stan

t
on

th
e

tw
o

in
tervals

ou
tsid

e
[0,1]:

f
(x

)
=
f

(0)
for

x
≤

0,
an

d
f

(x
)

=
f

(1)
for

x
≥

1.
In

oth
er

w
ord

s,
f

ex
ten

d
s

as
a

con
stan

t
ou

tsid
e

th
e

n
om

in
al

d
ata

ran
ge

of
[0,1].

In
term

s
of

th
e

d
erivative,

th
is

is
eq

u
ivalen

t
to

th
e

req
u
irem

en
t

th
at
f
′

ex
ists

an
d

is
zero

ou
tsid

e
[0,1].

T
h
e

fi
ttin

g
p
rob

lem
is

th
en

m
in

im
ize

L
(f

)
su

b
ject

to
R

(f
)≤

τ,
f
′(x

)
=

0
for

x
6∈

[0,1],
(2)

w
h
ere

τ
≥

0
is

th
e

regu
larization

p
aram

eter.
T

h
e

variab
le

to
b

e
d
eterm

in
ed

is
th

e
fu

n
ction

f
,

w
h
ich

is
in

th
e

vector
sp

ace
of

con
tin

u
ou

s
fu

n
ction

s
w

ith
d
erivatives

of
fi
n
ite

total
variation

.
T

h
is

fi
ttin

g
p
rob

lem
is

an
in

fi
n
ite-d

im
en

sion
al

con
vex

op
tim

ization
p
rob

lem
.

In
ap

p
lication

s
th

e
p
rob

lem
(2)

is
solved

for
a

ran
ge

of
valu

es
of
τ
,

w
h
ich

y
ield

s
th

e
regu

larization
p
ath

.
T

h
e

fi
n
al

m
o
d
el

is
selected

u
sin

g
a

h
old

-ou
t

set
or

cross-valid
ation

.
F

or
τ

=
0,
f

m
u
st

b
e

con
stan

t
an

d
th

e
p
rob

lem
(2)

red
u
ces

to
fi
ttin

g
th

e
b

est
con

stan
t

to
th

e
d
ata.

A
s
τ

in
crea

ses,
f

is
less

con
strain

ed
,

an
d

ou
r

fi
tted

m
o
d
el

b
ecom

es
m

ore
com

p
lex

;
even

tu
ally

w
e

ex
p

ect
overfi

ttin
g.

F
or

ex
am

p
le,

in
th

e
case

of
regression

,
w

ith
a

loss
fu

n
ction

th
at

satisfi
es
`(u

,u
)

=
0

an
d

d
ata

w
ith

d
istin

ct
x
i ,

th
e

fi
ttin

g
fu

n
ction

is
th

e
p
iecew

ise-lin
ear

fu
n
ction

th
at

in
terp

olates
th

e
d
ata,

for
la

rge
en

ou
gh

τ
.

3
.
S
p
lin

e
s
a
n
d
F
u
n
ctio

n
s
o
f
B
o
u
n
d
e
d
V
a
ria

tio
n

In
th

is
section

w
e

ex
p
lore

th
e

con
n
ection

b
etw

een
ou

r
fi
ttin

g
p
rob

lem
an

d
d
egree-o

n
e

sp
lin

es,
i.e.,

p
iecew

ise-lin
ear

con
tin

u
ou

s
fu

n
ction

s,
w

h
ich

h
ave

th
e

form

f
(x

)
=
c

+
K
∑i=

1

w
i (x
−
ti )

+
,

(3)

w
h
ere

(z
)
+

=
m

ax{z
,0}

.
W

e
assu

m
e

th
at

th
e
ti

are
d
istin

ct,
an

d
refer

to
th

em
as

k
n
ot

p
oin

ts
or

sim
p
ly

k
n
ots.

T
h
e

scalars
w
i

are
th

e
w

eigh
ts,

an
d
c

is
th

e
off

set.
W

e
refer

to
th

e
fu

n
ction

x
7→

(x
−
ti )

+
as

a
h
in

ge
fu

n
ction

,
so

a
d
egree-on

e
sp

lin
e

is
a

fi
n
ite

lin
ear

com
b
in

ation
of

h
in

ge
fu

n
ction

s,
p
lu

s
a

con
stan

t.
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S
a
t
u
r
a
t
in
g

S
p
l
in
e
s
a
n
d

F
e
a
t
u
r
e
S
e
l
e
c
t
io
n

3
.1

F
u
n
c
ti
o
n
s
o
f
B
o
u
n
d
e
d

V
a
ri
a
ti
o
n

A
ri

gh
t-

co
n
ti

n
u
ou

s
fu

n
ct

io
n
h

:
[0
,1

]
→

R
is

of
b

ou
n
d
ed

va
ri

at
io

n
if

an
d

on
ly

if
th

er
e

ex
is

ts
a

si
gn

ed
m

ea
su

re
µ

on
[0
,1

]
w

it
h h

(z
)

=

∫
1(
y
≤
z
)
d
µ

(y
),

(4
)

w
h
er

e
1(
y
≤
z
)

=
1

fo
r
y
≤
z

an
d

0
ot

h
er

w
is

e.
T

h
e

m
ea

su
re
µ

is
u
n
iq

u
e;

w
e

ca
n

th
in

k
of

it
as

th
e

d
er

iv
at

iv
e

of
h

.
T

h
at

is
,

(4
)

is
es

se
n
ti

al
ly

th
e

se
co

n
d

fu
n
d
am

en
ta

l
th

eo
re

m
of

ca
lc

u
lu

s
w

it
h
h
′

re
p
la

ce
d

b
y
µ

.
W

e
al

so
h
av

e
T

V
(h

)
=
∫
d
|µ
|.

(T
h
is

is
ca

ll
ed

th
e

to
ta

l
va

ri
at

io
n

o
f

th
e

m
ea

su
re
µ

.)
W

e
w

il
l

d
en

ot
e

th
is

u
si

n
g

th
e

n
ot

at
io

n
‖µ
‖ 1

,
to

em
p
h
as

iz
e

th
e

si
m

il
ar

it
y

w
it

h
th

e
fi
n
it

e-
d
im

en
si

on
al

ca
se

,
or

th
e

ca
se

w
h
en

h
is

d
iff

er
en

ti
ab

le
:

T
V

(h
)

=
‖h
′ ‖ 1

.
W

h
en

th
e

m
ea

su
re

µ
is

at
om

ic
,

th
e

fu
n
ct

io
n
h

is
p
ie

ce
w

is
e

co
n
st

an
t

w
it

h
ju

m
p
s

at
th

e
p

oi
n
ts

in
th

e
su

p
p

or
t

of
µ

.

3
.2

S
p
li
n
e
s
a
n
d

D
e
ri
v
a
ti
v
e
s
w
it
h

B
o
u
n
d
e
d

V
a
ri
a
ti
o
n

N
ow

su
p
p

os
e

th
at
f

:
[0
,1

]
→

R
h
as

a
ri

gh
t-

co
n
ti

n
u
o
u
s
d
er
iv
a
ti
ve

of
b

o
u
n
d
ed

va
ri

at
io

n
.

F
ro

m
(4

),
w

it
h
h

=
f
′ ,

an
d

th
e

fu
n
d
am

en
ta

l
th

eo
re

m
of

ca
lc

u
lu

s,
w

e
h
av

e

f
(x

)
=
f

(0
)

+

∫
x

0
f
′ (
z
)
d
z

=
f

(0
)

+

∫
x

0

∫
1(
y
≤
z
)
d
µ

(y
)
d
z

(5
)

=
f

(0
)

+

∫
∫
x

0
1(
y
≤
z
)
d
z
d
µ

(y
)

(6
)

=
f

(0
)

+

∫
(x
−
y
) +

d
µ

(y
).

(7
)

T
h
is

sh
ow

s
th

at
an

y
su

ch
fu

n
ct

io
n

is
a

(p
os

si
b
ly

in
fi
n
it

e)
li
n
ea

r
co

m
b
in

a
ti

on
of

h
in

ge
fu

n
c-

ti
on

s,
p
lu

s
a

co
n
st

an
t

(i
.e

.,
f

(0
))

.
In

th
is

ca
se

,
th

e
m

ea
su

re
µ

ca
n

b
e

th
ou

gh
t

of
a
s

th
e

se
co
n
d

d
er

iv
at

iv
e

of
f

.
W

h
en

µ
is

at
om

ic
an

d
su

p
p

or
te

d
on

a
fi
n
it

e
se

t,
th

at
is

,

µ
=

K ∑ i=
1

w
iδ
t i
,

f
is

a
d
eg

re
e-

on
e

sp
li
n
e

of
th

e
fo

rm
(3

),
w

it
h
c

=
f

(0
).

S
o

d
eg

re
e-

on
e

sp
li
n
es

co
rr

es
p

on
d

ex
ac

tl
y

to
th

e
ca

se
w

h
er

e
th

e
m

ea
su

re
µ

(r
ou

gh
ly

,
th

e
se

co
n
d

d
er

iv
at

iv
e)

h
as

fi
n
it

e
su

p
p

or
t.

W
e

in
tr

o
d
u
ce

th
e

n
ot

at
io

n

f µ
(x

)
=

∫
x

0

∫
1(
t
≤
z
)
d
µ

(t
)
d
z

=

∫
(x
−
t)

+
d
µ

(t
)

(8
)

to
d
en

ot
e

th
e

fu
n
ct

io
n

d
er

iv
ed

fr
om

th
e

m
ea

su
re
µ

.
It

is
,

ro
u
gh

ly
sp

ea
k
in

g,
th

e
d
ou

b
le

in
te

gr
al

of
th

e
m

ea
su

re
µ

,
or

th
e

(p
ot

en
ti

al
ly

in
fi
n
it

e)
li
n
ea

r
co

m
b
in

at
io

n
of

h
in

ge
fu

n
ct

io
n
s

as
so

ci
at

ed
w

it
h

th
e

m
ea

su
re
µ

.
T

h
e

m
ap

p
in

g
fr

om
µ

to
f µ

is
li
n
ea

r,
an

d
w

e
h
av

e
T

V
(f
′ µ)

=
‖µ
‖ 1

.
A

si
m

p
le

ex
am

p
le

of
f µ

,
it

s
fi
rs

t
d
er

iv
at

iv
e
f
′ µ,

an
d

it
s

(a
to

m
ic

m
ea

su
re

)
se

co
n
d

d
er

iv
at

iv
e
µ

is
sh

ow
n

in
F

ig
u
re

1.
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B
o
y
d
,
H
a
st

ie
,
B
o
y
d
,
R
e
c
h
t
,
a
n
d

J
o
r
d
a
n

0
0.

2
0
.4

0.
6

0
.8

1

−
0.

4

−
0.

20

0.
2

0.
4

x

µ

0
0.

2
0
.4

0
.6

0.
8

1

−
0
.4

−
0
.20

0
.2

0
.4

x

f′
µ

0
0.

2
0.

4
0
.6

0.
8

1
−

0
.1

−
5
·1

0−
20

5
·1

0−
2

0
.1

x

fµ
F

ig
u
re

1:
f µ

an
d
f
′ µ

ge
n
er

at
ed

b
y

th
e

at
om

ic
m

ea
su

re
µ

(f
′′ µ
).

T
h
e

re
gu

la
ri

za
ti

o
n

fu
n
ct

io
n
a
l,

T
V

(f
′ µ)

,
is

th
e

su
m

of
th

e
ab

so
lu

te
va

lu
es

of
th

e
sp

ik
es

in
µ

.
N

ot
e

th
a
t

th
e

(s
ig

n
ed

)
su

m
of

th
e

sp
ik

es
in
µ

is
ze

ro
:

th
at

is
,
∫
d
µ

=
0,

w
h
ic

h
im

p
li
es

th
a
t
f µ

sa
tu

ra
te

s.
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S
a
t
u
r
a
t
in
g

S
p
l
in
e
s
a
n
d

F
e
a
t
u
r
e
S
e
l
e
c
t
io
n

3
.3

F
ittin

g
S
p
lin

e
s
b
y
O
p
tim

iz
in
g
O
v
e
r
M

e
a
su

re
s

Id
en

tify
in

g
f

=
c

+
f
µ
,

w
e

can
solve

th
e

fi
ttin

g
p
rob

lem
(2)

b
y

m
in

im
izin

g
over

th
e

b
o
u
n
d
ed

m
ea

su
re
µ

o
n

[0
,1],

an
d

th
e

con
stan

t
c.

T
h
e

m
easu

re
µ

is
th

e
secon

d
d
erivative

o
f
f

,
an

d
th

e
co

n
sta

n
t
c

corresp
on

d
s

to
f

(0).
T

h
e

total
variation

regu
larization

con
strain

t
T

V
(f
′)≤

τ
co

rresp
o
n
d
s

to
‖µ‖

1
≤
τ
.

T
h
e

satu
ration

con
d
ition

h
old

s
b
y

con
stru

ction
for

x
<

0;
to

en
su

re
th

a
t
f
′(x

)
=

0
for

x
>

1,
w

e
n
eed

f
′(1)

=
f
′(0)

+

∫
1

0
d
µ

=
0.

In
o
th

er
w

ord
s,

satu
ration

of
f

corresp
on

d
s

to
µ

h
av

in
g

total
(n

et)
m

ass
zero.

T
h
u
s

(2
)

can
b

e
rep

h
rased

a
s

m
in

im
ize

L
(E

x µ
+
c)

su
b

ject
to
‖
µ‖

1 ≤
τ,

∫
d
µ

=
0

(9)

over
th

e
b

o
u
n
d
ed

m
easu

re
µ

on
[0
,1],

an
d
c∈

R
.

N
ote

th
e

sligh
t

ab
u
se

of
n
otation

h
ere:

w
e

n
ow

(a
n
d

fo
r

th
e

rem
ain

d
er

of
th

e
p
ap

er)
con

sid
er
L

as
a

fu
n
ction

al
on

R
n
.

In
th

e
a
b

ove,
E
x

is
th

e
lin

ea
r

op
erator

th
at

m
ap

s
µ

to
th

e
vector

(f
µ
(x

1 ),...,f
µ
(x
n
)),

given
b
y

(8
).
E
x

is
clea

rly
lin

ea
r,

as
it

is
th

e
in

tegral
of

th
e

fu
n
ction

ψ
:
R
→

R
n
:

ψ
(t)

=
((x

1 −
t)

+
,...,(x

n −
t)

+
)

a
g
ain

st
µ

.
W

e
w

ill
ap

p
ly

th
e

con
d
ition

al
grad

ien
t

m
eth

o
d

d
irectly

to
th

is
p
rob

lem
.

T
o

g
a
in

in
tu

ition
ab

ou
t

th
e

op
tim

ization
p
rob

lem
(9),

w
e

can
con

sid
er

it
a
s

a
in

fi
n
ite-

d
im

en
sio

n
a
l

a
n
alogu

e
of

th
e

stan
d
ard

lasso
(T

ib
sh

ira
n
i,

1994).
T

h
e

lasso
is

th
e

so
lu

tion
to

th
e

o
p
tim

iza
tio

n
p
rob

lem
m

in
im

ize
12 ‖
A
w
−
y‖

22

su
b

ject
to
‖w‖

1 ≤
τ.

(10)

H
ere

w
is

a
vector

in
R
d,

an
d
A
∈
R

(n
,d
)

is
a

m
atrix

.
Ign

orin
g

th
e

con
stan

t
term

c,
w

e
see

th
a
t

(9)
lo

o
k
s

very
sim

ilar
to

(10),
w

h
ere

E
x

p
lay

s
th

e
role

o
f
A

;
in

d
eed

,
E
x

is
essen

tia
lly

a
m

a
trix

w
ith

n
row

s
an

d
in

fi
n
itely

m
an

y
colu

m
n
s.

O
u
r

in
tu

itio
n

from
th

e
lasso

su
ggests

th
a
t

th
ere

sh
o
u
ld

b
e

solu
tion

s
of

(9)
th

at
are

sp
arse,

w
h
ich

h
ere

m
ea

n
s

th
at
µ

is
atom

ic.
In

term
s

o
f
f
µ
,

sp
arsity

m
ean

s
th

ere
are

solu
tion

s
of

th
e

origin
a
l

fu
n
ction

a
l

fi
ttin

g
p
ro

b
lem

(2
)

th
a
t

are
d
egree-on

e
sp

lin
es.

T
h
is

is
in

d
eed

th
e

case.
T

h
eorem

1
sh

ow
s

th
at

th
ere

is
a

so
lu

tio
n

o
f

(9
)

w
ith

µ
atom

ic,
su

p
p

orted
on

n
o

m
ore

th
an

n
+

2
p

oin
ts;

in
oth

er
w

ord
s,
f
µ

is
a

d
eg

ree-o
n
e

sp
lin

e
w

ith
K
≤
n

+
2.

M
oreover,

in
p
ractice

th
e

solu
tion

of
(9)

w
ill

ex
h
ib

it
selection

,
th

a
t

is,
it

w
ill

b
e

su
p
p

orted
on

far
few

er
th

an
n

+
2

p
oin

ts.

T
h
e
o
re

m
1

F
ix
x
1 ,...,x

n
∈

[0,1]
a
n
d
f

:
R
→

R
w
ith

f
′
(righ

t-co
n
tin

u
o
u
s)

o
f
bo
u
n
d
ed

to
ta
l
va
ria

tio
n
,
a
n
d
f
co
n
sta

n
t
o
u
tsid

e
o
f

[0,1].
T
h
en

th
ere

exists
a
d
egree-o

n
e
sa
tu
ra
tin

g
sp
lin

e
f̂
(w

ith
a
n
m
o
st
n

+
2
kn

o
ts)

th
a
t
m
a
tch

es
f
o
n
x
i
w
ith

T
V

(f̂
′)≤

T
V

(f
′).

F
o
r

th
e

rem
ain

d
er

of
th

e
p
ap

er
w

e
w

ill
ign

ore
th

e
con

stan
t

term
c.

It
is

n
ot

d
iffi

cu
lt

to
a
d
a
p
t

th
e

a
lgorith

m
s

w
e

p
resen

t
to

h
an

d
le

th
e

con
stan

t
term

,
b
u
t

d
oin

g
so

d
o
es

ad
d

so
m

e
n
o
ta

tio
n
a
l

com
p
lex

ity.
It’s

also
p

ossib
le

to
m

in
im

ize
ou

t
c,

as
it

d
o
es

n
o
t

aff
ect

th
e

reg
u
la

riza
tion

term
;

th
e

resu
ltin

g
p
rob

lem
is

still
con

vex
in
w

.
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B
o
y
d
,
H
a
st

ie
,
B
o
y
d
,
R
e
c
h
t
,
a
n
d

J
o
r
d
a
n

4
.
T
h
e
C
o
n
d
itio

n
a
l
G
ra

d
ie
n
t
M

e
th

o
d
fo
r
F
ittin

g
S
p
lin

e
s

In
th

is
section

w
e

ou
tlin

e
ou

r
algorith

m
for

solv
in

g
(9)

(an
d

th
erefore

also
(2)).

T
o

th
at

en
d
,

w
e

b
riefl

y
rev

iew
th

e
classical

con
d
ition

al
grad

ien
t

m
eth

o
d

(J
aggi,

2013.)
an

d
th

e
m

easu
re-th

eoretic
v
ersion

p
rop

osed
in

(B
oy

d
et

al.,
2017).

T
h
e

op
tim

ization
p
rob

lem
w

e
n
eed

to
solve,

(9),
(w

ith
ou

t
th

e
con

stan
t

term
c)

is

m
in

im
ize

L
(E

x µ
)

su
b

ject
to

∫
d
µ

=
0,

‖
µ‖

1 ≤
τ.

(11)

A
s

n
oted

in
th

e
last

section
,
(11)

is
a

con
v
ex

op
tim

ization
p
rob

lem
over

a
sp

ace
of

m
easu

res.
W

e
closely

follow
th

e
ap

p
roach

tak
en

in
B

oy
d

et
al.

(2017)
a
n
d

ap
p
ly

th
e

con
d
ition

al
g
rad

ien
t

m
eth

o
d

to
th

is
p
rob

lem
d
irectly.

T
h
e

m
ain

b
en

efi
t

of
th

is
ap

p
roach

is
th

at
w

e
can

restrict
ou

r
atten

tion
to

a
to
m
ic

m
ea-

su
res,

i.e.,
µ

of
th

e
form

µ
=

K
∑j=

1

w
j δ
t
j .

M
easu

res
of

th
is

form
are

easily
rep

resen
tab

le
in

a
com

p
u
ter,

b
y

sim
p
ly

storin
g

a
list

of
(w

j ,tj )
p
airs.

T
h
eorem

1
en

su
res

th
at

th
e

n
u
m

b
er

of
k
n
ots

w
e

n
eed

to
store

is
ab

solu
tely

b
ou

n
d
ed

,
i.e.,

th
at

ou
r

algorith
m

ru
n
s

in
b

ou
n
d
ed

m
em

ory.
W

h
ile

w
e

m
an

ip
u
late

ato
m

ic
m

easu
res,

w
e

solve
th

e
p
rob

lem
(11)

over
all

b
ou

n
d
ed

m
easu

res.
O

n
e

th
in

g
to

n
ote

ab
ou

t
fi
n
itely

-su
p
p

orted
atom

ic
m

easu
res

is
th

at
w

e
can

easily
op

-
tim

ize
over

th
e

w
eigh

ts
w
j

w
ith

th
e

k
n
ot

lo
cation

s
tj

fi
x
ed

,
sin

ce
th

is
corresp

on
d
s

to
a

fi
n
ite-d

im
en

sion
al

con
vex

op
tim

ization
p
rob

lem
am

en
ab

le
to

an
y

stan
d
ard

algo
rith

m
.

O
u
r

algorith
m

m
akes

u
se

of
th

is
fact,

an
d

altern
ates

b
etw

een
ad

d
in

g
p
airs

of
k
n
ots

an
d

op
ti-

m
izin

g
over

th
e

w
eigh

ts
w

at
each

iteration
.

In
th

is
latter

step
k
n
ots

can
b

e
(an

d
in

d
eed

even
tu

ally
m

u
st

b
e)

rem
oved

.
In

an
ad

d
ition

al
an

d
op

tion
al

step
th

e
k
n
ot

p
oin

ts
can

b
e

m
oved

con
tin

u
ou

sly
w

ith
in

[0
,1],

or
to

n
eigh

b
orin

g
d
ata

p
oin

ts.
T

h
is

step
is

n
ot

n
eed

ed
for

th
eoretical

con
vergen

ce
b
u
t

can
im

p
rove

co
n
vergen

ce
an

d
th

e
sp

arsity
of

th
e

fi
n
al

solu
tion

in
p
ractice.

4
.1

T
h
e
C
o
n
d
itio

n
a
l
G
ra

d
ie
n
t
M

e
th

o
d

T
h
e

con
d
ition

al
grad

ien
t

m
eth

o
d

(C
G

M
)

solves
con

strain
ed

con
vex

op
tim

ization
p
rob

lem
s

of
th

e
form

m
in

im
ize

f
(x

)
su

b
ject

to
x
∈
C
,

(12)

w
ith

variab
le
x
∈

R
d.

In
th

e
ab

ove,
it

is
alw

ay
s

assu
m

ed
th

a
t

th
e

(con
vex

)
fu

n
ction

f
is

d
iff

eren
tiab

le.
A

t
each

iteration
of

th
e

C
G

M
w

e
form

th
e

stan
d
ard

lin
ear

ap
p
rox

im
ation

to
th

e
fu

n
ction

f
at

th
e

cu
rren

t
iterate

x
m

:

f̂
(x

;x
m

)
=
f

(x
m

)
+
f
′(x
−
x
m

;x
m

).

H
ere

f
′(d

;x
)

is
th

e
d
irection

al
d
erivative

of
th

e
fu

n
ction

f
at
x

in
th

e
d
irection

d
,

d
efi

n
ed

b
y

f
′(d

;x
)

=
lim
t↘

0

f
(x

+
td

)−
f

(x
)

t
.
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S
a
t
u
r
a
t
in
g

S
p
l
in
e
s
a
n
d

F
e
a
t
u
r
e
S
e
l
e
c
t
io
n

O
u
r

u
se

of
th

e
d
ir

ec
ti

on
al

d
er

iv
at

iv
e

h
er

e
m

ay
se

em
su

rp
ri

si
n
g:

fo
r

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
s

on
R
d
,
f
′ (
d
;x

)
is

al
w

ay
s

eq
u
al

to
〈∇
f

(x
),
d
〉.

T
h
e

d
ir

ec
t

ap
p
li
ca

b
il
it

y
of

d
ir

ec
ti

on
al

d
er

iv
at

iv
es

to
co

n
ve

x
fu

n
ct

io
n
al

s
of

m
ea

su
re

s
m

o
ti

va
te

s
u
s

to
p
re

fe
r

th
e

d
ir

ec
ti

on
al

d
er

iv
a
ti

ve
.

C
on

ve
x
it

y
of
f

im
p
li
es

th
at
f̂

is
a
lo
w
er

b
ou

n
d

on
f

,
th

at
is

:

f̂
(x

;x
m

)
≤
f

(x
).

(1
3)

In
th

e
n
ex

t
st

ep
of

th
e

C
G

M
,
w

e
m

in
im

iz
e

th
is

fi
rs

t-
or

d
er

ap
p
ro

x
im

at
io

n
ov

er
th

e
fe

as
ib

le
se

t
C:

s m
∈

ar
g

m
in

s∈
C

f̂
(s

;x
m

)
=

ar
g

m
in

s∈
C

f
′ (
s;
x
m

).

T
h
e

p
oi

n
t
s m

is
ca

ll
ed

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

of
f

.
N

ot
e

th
at
s m

p
ro

v
id

es
a

lo
w

er
b

ou
n
d

on
f

(x
?
):

f̂
(s
m

;x
m

)
≤
f

(x
?
).

In
p
ar

ti
cu

la
r,

w
e

ca
n

b
ou

n
d

th
e

su
b
-o

p
ti

m
al

it
y

of
th

e
p

oi
n
t
x
m

:

f
(x
m

)
−
f

(x
?
)
≤
−
f
′ (
s m
−
x
m

;x
m

).
(1

4)

O
n
e

ca
n

sh
ow

(J
ag

gi
,

20
13

.)
th

at
th

is
b

ou
n
d

d
ec

re
as

es
to

ze
ro

,
w

h
ic

h
m

ea
n
s

th
at

it
ca

n
b

e
u
se

d
as

a
(n

on
-h

eu
ri

st
ic

)
te

rm
in

a
ti

on
cr

it
er

io
n
.

A
ft

er
d
et

er
m

in
in

g
s m

,
th

er
e

ar
e

se
ve

ra
l

op
ti

on
s

fo
r

u
p

d
at

in
g
x
m

.
In

th
is

p
ap

er
,

w
e

w
il
l

u
se

th
e

fu
ll
y
-c

or
re

ct
iv

e
va

ri
an

t
of

th
e

C
G

M
,

w
h
ic

h
ch

o
os

es
x
m
+
1

to
m

in
im

iz
e
f

ov
er

th
e

co
n
v
ex

h
u
ll

of
{s

1
,s

2
,.
..
,s
m
}.

N
o
te

th
a
t

th
is

la
st

st
ep

m
ay

b
ec

om
e

co
m

p
u
ta

ti
on

al
ly

in
te

n
si

v
e

a
s
k

gr
ow

s,
an

d
in

d
ee

d
li
m

it
s

th
e

ap
p
li
ca

-
b
il
it

y
of

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

m
et

h
o
d

to
p
ro

b
le

m
s

w
h
er

e
th

is
st

ep
is

co
m

p
u
ta

ti
on

a
ll
y

fe
as

ib
le

.
O

n
e

op
ti

on
is

to
re

m
ov

e
p
re

v
io

u
s

co
n
d
it

io
n
al

gr
ad

ie
n
ts

as
so

on
as

th
ey

a
re

n
ot

se
le

ct
ed

in
th

e
m

in
im

iz
at

io
n

st
ep

.
C

ar
at

h
eo

d
or

y
’s

th
eo

re
m

en
su

re
s

u
s

th
at

th
e

se
t

of
p
re

v
i-

ou
s

co
n
d
it

io
n
al

gr
ad

ie
n
ts

w
e

n
ee

d
to

tr
ac

k
is

th
en

b
ou

n
d
ed

b
y
d

+
1.

In
p
ra

ct
ic

e,
h
ow

ev
er

,
th

e
al

go
ri

th
m

is
u
su

al
ly

te
rm

in
at

ed
w

el
l

b
ef

or
e
d

+
1

it
er

at
io

n
s.

A
lg
o
ri
th

m
1

F
u
ll
y
-c

or
re

ct
iv

e
co

n
d
it

io
n
al

gr
ad

ie
n
t

m
et

h
o
d

F
o
r
m

=
1,
..
.

1.
L

in
ea

ri
ze

:
f̂

(s
;x

m
)
←
f

(x
m

)
+
f
′ (
s
−
x
m

;x
m

).

2.
M

in
im

iz
e:
s m
∈

ar
g

m
in
s∈
C
f̂

(s
;x

m
).

3.
U

p
d
at

e:
x
m
∈

ar
g

m
in
x
∈c

o
n
v
(s

1
,.
..
,s
m
)
f

(s
).

4
.2

C
o
n
d
it
io
n
a
l
G
ra

d
ie
n
t
fo
r
M

e
a
su

re
s

In
th

is
su

b
se

ct
io

n
,

w
e

ap
p
ly

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

m
et

h
o
d

to
th

e
in

fi
n
it

e-
d
im

en
si

o
n
al

p
ro

b
le

m
(1

1)
,

w
h
ic

h
w

e
re

p
ea

t
h
er

e: m
in

im
iz

e
L

(E
x
µ

)
su

b
je

ct
to

∫
d
µ

=
0,

‖µ
‖ 1
≤
τ.

(1
5)

9
JM

L
R

 1
8(

19
7)

:1
-3

2,
 2

01
8

B
o
y
d
,
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a
st
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,
B
o
y
d
,
R
e
c
h
t
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a
n
d

J
o
r
d
a
n

−
0
.5

0
0
.5

1
1.

5
2

−
0.

50

0.
51

1.
5

f
(x

)
=
x
2

f̂
(·;

1 2
)

x
m

=
1 2

F
ig

u
re

2:
A

n
il
lu

st
ra

ti
on

of
a

si
n
gl

e
it

er
at

io
n

of
th

e
co

n
d
it

io
n
al

gr
ad

ie
n
t

m
et

h
o
d

o
n

th
e

fu
n
ct

io
n
f

(x
)

=
x
2

at
th

e
p

oi
n
t

1 2
.

T
h
e

se
t
C

is
th

e
in

te
rv

al
[−

0
.2

5,
1.

2
5
],

in
d
ic

a
te

d

b
y

th
e

so
li
d

ve
rt

ic
al

li
n
es

.
T

h
e

fi
rs

t
or

d
er

ap
p
ro

x
im

a
ti

on
f̂

(·;
1 2
)

is
p
lo

tt
ed

a
s

th
e

d
ot

te
d

li
n
e

ta
n
ge

n
ti

al
to

f
(x

)
at

1 2
.

T
h
e

co
n
d
it

io
n
al

gr
ad

ie
n
t
s m

is
th

e
p

o
in

t
−

0.
25
.

F
ir

st
w

e’
ll

sh
ow

th
at

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t,

i.
e.

,
th

e
m

ea
su

re
s m

,
ca

n
b

e
ch

o
se

n
to

b
e

su
p
p

or
te

d
on

ex
ac

tl
y

tw
o

p
oi

n
ts

,
an

d
is

co
m

p
u
ta

b
le

in
ti

m
e

li
n
ea

r
in
n

.
T

h
e

d
ir

ec
ti

o
n
a
l

d
er

iv
at

iv
e

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

in
th

e
d
ir

ec
ti

on
of

th
e

m
ea

su
re
s

at
th

e
p

o
in

t
µ

is
g
iv

en
b
y

li
m

t↘
0

L
(E

x
(µ

+
ts

))
−
L

(E
x
µ

)

t

=
li
m

t↘
0

L
(E

x
µ

+
tE

x
s)
−
L

(E
x
µ

)

t

=
L
′ (
E
x
s;
E
x
µ

)

=
〈∇
L

(E
x
µ

),
E
x
s〉

R
n
.

W
e

ca
n

th
en

in
te

rc
h
an

ge
th

e
in

n
er

-p
ro

d
u
ct

in
〈∇
L

(E
x
µ

),
E
x
s〉

w
it

h
th

e
in

te
g
ra

l
in
E
x
s

=
∫
ψ

(t
)
d
s(
t)

:

〈∇
L

(E
x
µ

),
E
x
s〉

=

∫
〈∇
L

(E
x
µ

),
ψ

(t
)〉
d
s(
t)
.

(1
6)

L
et
g

=
∇
L

(E
x
µ

)
∈
R
n
.

N
ot

e
th

at
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th
e

ca
se
`(
x
,y

)
=

(x
−
y
)2

2
,
g

is
si

m
p
ly

th
e

re
si

d
u
al

E
x
µ
−
y

an
d
〈g
,ψ

(t
)〉

is
th

e
co

rr
el

at
io

n
b

et
w

ee
n

th
e

re
si

d
u
al

an
d

a
si

n
gl

e
h
in

g
e

fu
n
ct

io
n

lo
ca

te
d

at
t.

A
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n
d
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io
n
al

gr
ad

ie
n
t

is
an

y
so

lu
ti

on
to

th
e

fo
ll
ow

in
g

op
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m
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a
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o
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b
le

m

m
in
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iz

e
∫ 〈
g
,ψ

(t
)〉
d
s(
t)

su
b

je
ct

to
∫
d
s

=
0,

‖s
‖ 1
≤
τ.

(1
7
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S
p
l
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d

F
e
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io
n

W
ith

o
u
t

th
e

in
tegral

con
strain

t,
w

e
w

ou
ld

ex
p

ect
th

ere
to

b
e

a
solu

tion
to

(17)
th

at
is

a
sin

g
le

p
oin

t-m
a
ss:

th
e

ob
jective

fu
n
ction

is
th

e
in

tegra
l

of
a

scalar-valu
ed

fu
n
ction

again
st

a
b

o
u
n
d
ed

m
ea

su
re.

W
e’ll

sh
ow

th
at

th
ere

is
alw

ay
s

a
solu

tion
to

(17)
th

at
is

su
p
p

orted
o
n

ex
a
ctly

tw
o

p
oin

ts.
F

u
rth

erm
ore,

w
e’ll

sh
ow

th
at

th
ose

tw
o

p
oin

ts
can

b
e

com
p
u
ted

in
tim

e
lin

ea
r

in
n

.
F

irst
w

e’ll
con

stru
ct

a
p
articu

lar
fea

sib
le

p
oin

t
for

(17)
an

d
th

en
w

e’ll
sh

ow
th

at
it

a
ch

ieves
th

e
o
p
tim

al
valu

e.
L

et

t+
∈

arg
m

in
t
〈g
,ψ

(t)〉,
t−
∈

arg
m

in
t
−
〈g
,ψ

(t)〉.

D
efi

n
e

s
?

=
τ2
δ
t
+
−
τ2
δ
t−
.

T
h
e

o
b

jective
valu

e
ach

iev
ed

b
y
s
?

is

o
?

=
τ2

(〈g
,ψ

(t+
)〉−
〈g
,ψ

(t−
)〉)

.

W
e’ll

sh
ow

th
a
t

eith
er

an
y

m
easu

re
s

th
at

is
feasib

le
for

(17
)

h
as

ob
jective

valu
e

b
ou

n
d
ed

b
elow

b
y
o
?

o
r
µ

is
op

tim
al

for
(11).

L
et
s

b
e

an
y

feasib
le

m
easu

re
for

(17).
D

ecom
p

ose
s

in
to

th
e

d
iff

eren
ce

of
tw

o
m

u
tu

ally
sin

gu
lar

n
on

-n
egative

m
easu

res:
s

=
s
+
−
s−

.
T

h
en

as
s

is
fea

sib
le

w
e

h
ave
‖
s
+ ‖

1
=
‖
s− ‖

1 ≤
τ2
.

T
h
e

ob
jective

valu
e

ach
ieved

b
y
s

can
b

e
b

ou
n
d
ed

b
elow

a
s

fo
llow

s
∫
〈g
,ψ

(t)〉d
s(t)

=

∫
〈g
,ψ

(t)〉d
s
+

(t)
+

∫
−
〈g
,ψ

(t)〉d
s−

(t)

≥
‖s

+ ‖
1 (

m
int 〈g

,ψ
(t)〉 )

+
‖
s− ‖

1 (
m

int −
〈g
,ψ

(t)〉 )

≥
‖s

+ ‖
1 (

m
int 〈g

,ψ
(t)〉

+
m

int −
〈g
,ψ

(t)〉 )
.

S
u
p
p

o
se

(m
in
t 〈g
,ψ

(t)〉
+

m
in
t −
〈g
,ψ

(t)〉)≥
0.

T
h
en

th
e

arg
u
m

en
t

ab
ove

im
p
lies

s
?

=
0

is
a

co
n
d
itio

n
a
l

grad
ien

t
for

(11),
an

d
th

u
s

(1
4)

im
p
lies

µ
is

op
tim

al.
O

th
erw

ise
w

e
h
ave

(
m

int 〈g
,ψ

(t)〉
+

m
int −
〈g
,ψ

(t)〉 )
<

0
,

w
h
ich

im
p
lies

‖
s
+ ‖

1 (
m

int 〈g
,ψ

(t)〉
+

m
int −
〈g
,ψ

(t)〉 )
≥
τ2

(
m

int 〈g
,ψ

(t)〉
+

m
int −
〈g
,ψ

(t)〉 )
=
o
? .

T
h
is

p
rov

es
th

e
assertion

.
N

o
te

th
a
t

fi
n
d
in

g
t−

an
d
t+

in
volv

es
tw

o
sepa

ra
te

op
tim

ization
p
rob

lem
s

over
[0
,1]

in
stea

d
o
f

o
n
e

over
[0,1]×

[0,1].
T

h
ese

p
rob

lem
s

are
read

ily
solved

b
y

grid
d
in

g,
th

ou
gh

in
th

is
ca

se
th

ey
can

b
e

solved
ex

actly
in

tim
e

lin
ear

in
n

if
w

e
h
ave

access
to

a
sorted

v
ector

o
f

th
e

d
a
ta

p
o
in

ts
x
i .

T
o

see
th

is,
w

e
ex

p
an

d
th

e
ob

jective
fu

n
ction

for
t+

a
b

ove,

t+
=

arg
m

in
0≤
t≤

1

n
∑i=

1

g
i (x

i −
t)

+
=

arg
m

in
t

∑i:x
i ≥
t g
i (x

i −
t).
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B
o
y
d
,
H
a
st

ie
,
B
o
y
d
,
R
e
c
h
t
,
a
n
d

J
o
r
d
a
n

If
x
i

are
sorted

,
w

e
can

com
p
u
te

th
e

m
in

im
izer

b
etw

een
each

p
air

of
con

secu
tiv

e
d
ata

p
oin

ts
ex

actly,
sin

ce
th

is
is

sim
p
ly

com
p
u
tin

g
th

e
m

in
im

izer
of

a
lin

ear
fu

n
ction

al
over

an
in

terval.
T

h
u
s

in
a

sin
gle

p
ass

over
th

e
d
ata

w
e

ca
n

com
p
u
te

th
e

glob
al

m
in

im
izer

ex
actly.

Im
m

ed
iately

after
com

p
u
tin

g
t−

an
d
t+

w
e

can
u
se

(14)
to

b
ou

n
d

th
e

su
b

op
tim

ality
of

µ
b
y

L
(E

x µ
)−

L
(E

x µ
? )≤

−
∫
〈g
,ψ

(t)〉d
(s
? −

µ
)(t).

W
ith

th
is

ch
oice

of
con

d
ition

al
grad

ien
t,

th
e

fu
lly

-corrective
step

is
a

fi
n
ite-d

im
en

sion
al

con
vex

p
rob

lem
.

F
ix

in
g

th
e

k
n
ot

lo
cation

s
en

cou
n
tered

as
con

d
ition

al
grad

ien
ts

so
far,

t1 ,...,t2
k ,

w
e

can
d
o

at
least

as
w

ell
as

th
e

fu
lly

-correctiv
e

algorith
m

b
y

solv
in

g
th

e
follow

in
g

op
tim

ization
p
rob

lem
:

m
in

im
ize

L
(E

x µ
)

su
b

ject
to

∫
d
µ

=
0,

‖
µ‖

1 ≤
τ,

su
p
p
(µ

)⊂
{t1 ,...,t2

k }
.

(18)

T
h
is

is
eq

u
ivalen

t
to

th
e

follow
in

g
op

tim
ization

p
rob

lem
in

R
2
k:

m
in

im
ize

L
( ∑

j
w
j E

x δ
t
j )

su
b

ject
to

1
T
w

=
0,

‖
w‖

1 ≤
τ.

(19)

W
e

can
solve

th
is

u
sin

g
an

y
of

a
n
u
m

b
er

of
ex

istin
g

algorith
m

s
(B

oy
d

et
al.,

2011;
d
en

B
erg

an
d

F
ried

lan
d
er,

2011).
In

ou
r

im
p
lem

en
ta

tion
w

e
u
se

th
e

con
d
ition

al
grad

ien
t

m
eth

o
d

w
ith

lin
e-search

for
sim

p
licity.

B
y

w
arm

startin
g

w
ith

an
in

crea
sin

g
seq

u
en

ce
of
τ
’s,

w
e

can
effi

cien
tly

com
p
u
te

an
ap

p
rox

im
ate

regu
larization

p
ath

.
In

d
eed

w
e

can
ev

en
p
rov

id
e

a
p
rovab

ly
ε-su

b
op

tim
al

p
ath

u
sin

g
th

e
ap

p
roach

of
G

iesen
et

al.
(2012).

4
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C
o
n
v
e
rg

e
n
c
e

A
s

in
th

e
case

of
A

D
C

G
(B

oy
d

et
al.,

2017)
con

v
ergen

ce
follow

s
im

m
ed

iately
from

th
e

con
d
ition

al
grad

ien
t

m
eth

o
d

p
ro

of
in

gen
era

l
B

an
ach

sp
aces

(D
u
n
n

an
d

H
arsh

b
arg

er,
19

78;
D

em
yan

ov
an

d
R

u
b
in

ov
,

1973;
J
aggi,

20
13.).

T
h
e

con
vergen

ce
of

th
e

con
d
itio

n
al

grad
ien

t
m

eth
o
d

d
ep

en
d
s

on
a

cu
rvatu

re
p
aram

eter
C
f .

C
f

is
a

con
stan

t
su

ch
th

at
th

e
follow

in
g

in
eq

u
ality

is
satisfi

ed
for

all
x
,s∈

S
an

d
η
∈

(0,1):

f
(x

+
η
(s−

x
))≤

f
(x

)
+
η
f
′(s−

x
;x

)
+
C
f2
η
2.

F
or

ou
r

p
u
rp

oses
f

:
R
n
→

R
is

sim
p
ly
L

an
d
S

=
{E

x µ
:‖
µ‖

1 ≤
τ, ∫

d
µ

=
0}
.

A
sim

p
le

su
ffi

cien
t

con
d
ition

for
C
f

to
b

e
fi
n
ite

is
th

at
`

is
d
iff

eren
tiab

le
w

ith
L

ip
sch

itz
grad

ien
t.

If
C
f

is
fi
n
ite,

th
e

con
d
ition

al
grad

ien
t

m
eth

o
d

con
verges

(in
term

s
of

fu
n
ction

valu
e)

at
a

rate
of

at
least

1
/
m

w
h
ere

m
is

th
e

iteration
cou

n
ter.
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ir
an

i,
19

90
)

to
m

u
lt

iv
ar

ia
te

d
at

a:
(x
i,
y i

)
∈
R
D
×
Y,

i
=

1,
..
.,
n

.
T

h
at

is
,

fi
tt

in
g

a
fu

n
ct

io
n

of
th

e
fo

rm

f
(x

)
=

D ∑ d
=
1

f d
(x

[d
])

w
h
er

e
ea

ch
f d

is
a

si
m

p
le

fu
n
ct

io
n

fr
om

R
to

R
(h

er
e
x

[d
]

is
th

e
d
-t

h
co

or
d
in

at
e

of
th

e
ve

ct
or
x

).
W

e
ca

n
m

im
ic

ou
r

ap
p
ro

a
ch

in
th

e
sc

al
ar

ca
se

w
it

h
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
:

m
in

im
iz

e
L

(f
)

su
b

je
ct

to
∑

d
R

(f
d
)
≤
τ,

f
′ d(
x

)
=

0
∀x
6∈

[0
,1

],
d
.

(2
0)

H
er

e
R

is
th

e
sa

m
e

re
gu

la
ri

ze
r

u
se

d
in

th
e

sc
al

ar
ca

se
,

n
am

el
y

R
(g

)
=

T
V

(g
′ )
'
‖g
′′ ‖

1
.

A
s

in
th

e
sc

al
ar

ca
se

,
on

e
ca

n
sh

ow
th

a
t

th
er

e
is

al
w

ay
s

an
op

ti
m

al
f

w
it

h
ea

ch
co

or
d
in

at
e

fu
n
ct

io
n
f d

a
d
eg

re
e-

on
e

sa
tu

ra
ti

n
g

sp
li
n
e.

T
h
is

al
lo

w
s

u
s

to
re

p
h
ra

se
(2

0)
as

an
op

ti
m

iz
at

io
n

p
ro

b
le

m
ov

er
m

ea
su

re
s.

T
h
e

on
ly

ch
an

ge
fr

om
th

e
sc

al
ar

ca
se

is
th

at
th

e
m

ea
su

re
is

ov
er

th
e

se
t
{1
,.
..
,D
}×

[0
,1

]—
ea

ch
k
n
ot

is
n
ow

at
ta

ch
ed

to
a

p
ar

ti
cu

la
r

co
or

d
in

at
e.

In
ot

h
er

w
or

d
s,

w
e

se
ar

ch
fo

r
a

fu
n
ct

io
n

of
th

e
fo

ll
ow

in
g

fo
rm

:

f µ
(x

)
=

∫
(x

[d
]
−
t)

+
d
µ

(d
,t

).

W
e

ag
ai

n
h
av

e
eq

u
al

it
y

b
et

w
ee

n
th

e
` 1

n
or

m
of
µ

an
d

th
e

re
gu

la
ri

za
ti

on
te

rm
:

∑ d

R
((
f µ

) d
)

=
‖µ
‖ 1
.

T
h
e

an
al

og
u
e

of
(1

1)
is

th
en

m
in

im
iz

e
L

(E
x
µ

)

su
b

je
ct

to
∫

1(
d

=
d̂
)
d
µ

(d
,t

)
=

0
,
∀d̂

‖µ
‖ 1
≤
τ.

(2
1)

T
h
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
fr

om
th

e
sc

al
ar

ca
se

ge
n
er

al
iz

es
im

m
ed

ia
te

ly
to

fi
tt

in
g

ge
n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
el

s—
th

e
on

ly
d
iff

er
en

ce
is

th
at

w
e

n
ow

n
ee

d
to

fi
n
d

a
p
a
ir

of
k
n
ot

s
fo

r
th

e
sa

m
e

co
or

d
in

at
e.

T
h
is

in
v
ol

v
es

so
lv

in
g
d

p
ai

rs
of

n
on

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

ov
er

[0
,1

]—
ag

ai
n

th
is

ca
n

b
e

d
on

e
b
y

gr
id

d
in

g
or

b
y

so
rt

in
g

th
e

tr
ai

n
in

g
d
at

a.
S
at

u
ra

ti
n
g

sp
li
n
es

ga
in

an
ad

d
it

io
n
al

ad
va

n
ta

ge
ov

er
st

an
d
ar

d
ad

ap
ti

ve
sp

li
n
es

w
h
en

fi
tt

in
g

ge
n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
el

s.
T

h
e

ad
d
it

io
n

of
th

e
sa

tu
ra

ti
on

co
n
st

ra
in

t
(t

h
a
t
f d

b
e

co
n
st

an
t

ou
ts

id
e

of
[0
,1

])
n
at

u
ra

ll
y

le
ad

s
to

va
ri

ab
le

se
le

ct
io

n
w

h
en

fi
tt

in
g

ge
n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
el

s.
W

h
at

w
e

m
ea

n
b
y

va
ri

ab
le

se
le

ct
io

n
is

th
at

th
e

fu
n
ct

io
n
s
f d

ar
e

of
te

n
ex

ac
tl

y
0.

T
h
is

is
b

ec
au

se
th

e
sa

tu
ra

ti
on

co
n
st

ra
in

t
m

ea
n
s

th
at

li
n
ea

r
co

or
d
in

at
e

fu
n
ct

io
n
s

n
o

lo
n
ge

r
es

ca
p

e
th

e
re

gu
la

ri
za

ti
on

(i
n
d
ee

d
,

th
ey

ar
e

im
p

os
si

b
le

).
T

h
is

is
ve

ry
d
iff

er
en

t
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B
o
y
d
,
H
a
st

ie
,
B
o
y
d
,
R
e
c
h
t
,
a
n
d

J
o
r
d
a
n

fr
om

th
e

st
an

d
ar

d
ad

ap
ti

ve
sp

li
n
e

se
tu

p
w

it
h
ou

t
th

e
sa

tu
ra

ti
on

co
n
st

ra
in

t.
In

th
a
t

ca
se

,
li
n
ea

r
fu

n
ct

io
n
s,

i.
e.

,
f d

(x
[d

])
=
w
x

[d
]

co
m

p
le

te
ly

es
ca

p
e

th
e

re
gu

la
ri

za
ti

on
,

a
n
d

a
s

a
re

su
lt

ar
e

es
se

n
ti

al
ly

al
w

ay
s

in
cl

u
d
ed

in
th

e
m

o
d
el

.
L

in
ea

r
fu

n
ct

io
n
s

ar
e
n
o
t

fr
ee

w
it

h
sa

tu
ra

ti
o
n

co
n
st

ra
in

ts
(i

n
fa

ct
,

ou
ts

id
e

of
th

e
fu

n
ct

io
n

0,
th

ey
ar

e
n
ot

fe
as

ib
le

).
W

h
en

w
e

so
lv

e
(2

1
)

w
e

si
m

u
lt

an
eo

u
sl

y
fi
t

n
on

li
n
ea

r
co

or
d
in

at
e

fu
n
ct

io
n
s

w
h
il
e

d
oi

n
g

va
ri

ab
le

se
le

ct
io

n
.

6
.
P
ri
o
r
a
n
d
R
e
la
te
d
W

o
rk

S
m

o
ot

h
in

g
sp

li
n
es

al
so

h
av

e
an

in
te

rp
re

ta
ti

on
as

th
e

so
lu

ti
on

of
an

in
fi
n
it

e-
d
im

en
si

o
n
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
(H

as
ti

e
et

al
.,

20
01

,
§5

.4
).

In
fa

ct
,

(d
eg

re
e-

on
e)

sm
o
o
th

in
g

sp
li
n
es

so
lv

e
m

in
im

iz
e

L
(f

)

su
b

je
ct

to
R̂

(f
)
≤
τ,

(2
2
)

w
h
er

e

R̂
(f

)
=

∫
f
′ (
x

)2
d
x
.

T
h
e

so
lu

ti
on

to
(2

2)
is

a
ls
o

a
d
eg

re
e-

on
e

n
at

u
ra

l
sp

li
n
e

th
at

sa
tu

ra
te

s
o
u
ts

id
e

o
f

[0
,1

].
H

ow
ev

er
,

th
e

so
lu

ti
on

s
to

(2
2)

an
d

(2
)

ar
e
ve
ry

d
iff

er
en

t.
R

ou
gh

ly
,

(2
2)

is
a
n
a
lo

g
o
u
s

to
ri

d
ge

re
gr

es
si

on
,

w
h
il
e

(2
)

is
an

al
og

ou
s

to
th

e
la

ss
o.

T
h
at

is
,

(2
2)

fi
ts

fu
n
ct

io
n
s

w
it

h
a
s

m
an

y
k
n
ot

s
as

d
at

ap
oi

n
ts

,
w

h
il
e

(2
)

of
te

n
fi
ts

sp
li
n
es

w
it

h
ve

ry
fe

w
k
n
ot

s.
A

n
ot

h
er

ty
p

e
of

sp
li
n
e,

th
at

is
ad

ap
ti

ve
b
u
t

d
o
es

n
ot

sa
tu

ra
te

,
ar

e
ad

a
p
ti

v
e

re
g
re

s-
si

on
sp

li
n
es

(M
am

m
en

an
d

va
n

d
e

G
ee

r,
19

97
).

T
h
es

e
sp

li
n
es

al
so

ar
is

e
as

so
lu

ti
o
n
s

to
a

fu
n
ct

io
n
al

re
gr

es
si

on
p
ro

b
le

m
:

m
in

im
iz

e
L

(f
)

su
b

je
ct

to
R̂

(f
)
≤
τ,

(2
3)

w
h
er

e
R̂

(f
)

=
T
V

(f
′ (
x

))
.

N
ot

e
th

at
th

is
is

(2
)

w
it

h
ou

t
th

e
sa

tu
ra

ti
on

co
n
st

ra
in

t.
A

lg
or

it
h
m

s
fo

r
so

lv
in

g
(2

3
)

(f
or

d
eg

re
e-

on
e

sp
li
n
es

)
ar

e
b
as

ed
on

an
ex

te
n
si

on
of

T
h
eo

re
m

1,
th

at
sh

ow
s

th
er

e
is

a
so

lu
ti

on
to

(2
3)

w
h
ic

h
is

ac
tu

al
ly

su
p
p

or
te

d
on

th
e

d
at

a
p

oi
n
ts
x
i.

H
en

ce
a

la
ss

o
al

g
o
ri

th
m

ca
n

b
e

u
se

d
to

fi
n
d

th
e

so
lu

ti
on

.
T

h
is

al
so

su
gg

es
ts

a
ve

ry
si

m
p
le

m
et

h
o
d

to
so

lv
e

ou
r

p
ro

b
le

m
(9

):
w

e
fi
x

th
e
n

k
n
ot

p
oi

n
ts

to
b

e
th

e
va

lu
es

of
th

e
d
at

a
x
i,

a
n
d

so
lv

e
th

e
fi
n
it

e-
d
im

en
si

o
n
a
l

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
to

fi
n
d

th
e

w
ei

gh
ts

.
W

h
il
e

si
m

p
le

co
or

d
in

at
e-

d
es

ce
n
t

m
et

h
o
d
s

li
ke

G
L

M
N

et
(F

ri
ed

m
an

et
al

.,
20

10
)

w
il
l

n
ot

im
m

ed
ia

te
ly

w
or

k
b

ec
au

se
of

th
e

sa
tu

ra
ti

o
n

co
n
st

ra
in

t,
th

ey
co

u
ld

b
e

m
o
d
ifi

ed
to

h
an

d
le

th
e

co
n
st

ra
in

t.
T

h
is

m
et

h
o
d

d
o
es

w
or

k
,

b
u
t

ca
n

b
e

m
u
ch

sl
ow

er
th

an
ou

rs
si

n
ce

in
p
ra

ct
ic

e
th

e
n
u
m

b
er

of
k
n
ot

s
is

ty
p
ic

al
ly

m
u
ch

sm
al

le
r

th
an

n
fo

r
u
se

fu
l
va

lu
es

of
th

e
re

gu
la

ri
za

ti
o
n

p
a
ra

m
et

er
τ
,

an
d

th
e

fi
n
it

e-
d
im

en
si

on
al

p
ro

b
le

m
w

it
h
n

b
as

is
fu

n
ct

io
n
s

is
ve

ry
p

o
or

ly
co

n
d
it

io
n
ed

.
W

it
h

th
at

sa
id

,
th

e
al

go
ri

th
m

w
e

p
ro

p
os

e—
fo

r
th

e
p
ie

ce
w

is
e

li
n
ea

r
ca

se
—

ca
n

b
e

in
te

rp
re

te
d

a
s

a
fo

rw
ar

d
ac

ti
ve

se
t

m
et

h
o
d

fo
r

th
e

fi
n
it

e
d
im

en
si

on
al

p
ro

b
le

m
,

w
h
er

e
w

e
av

o
id

ex
p
li
ci

tl
y

ev
al

u
at

in
g

al
l

b
as

is
fu

n
ct

io
n
s.

O
n
e

ad
va

n
ta

ge
of

ou
r

m
ea

su
re

-t
h
eo

re
ti

c
ap

p
ro

a
ch

is
th

at
it

im
m

ed
ia

te
ly

ge
n
er

al
iz

es
to

h
ig

h
er

-d
eg

re
e

sp
li
n
es

,
w

h
er

e
th

e
su

p
p

or
t

of
µ

n
ee

d
n
o
t

b
e

on
d
at

a
p

oi
n
ts

,
as

w
e

w
il
l

se
e

in
§9

.
In

th
is

ca
se

(9
)

is
tr

u
ly

in
fi
n
it

e-
d
im

en
si

o
n
a
l,

ye
t

o
u
r

al
go

ri
th

m
ca

n
st

il
l

b
e

d
ir

ec
tl

y
ap

p
li
ed

.
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S
a
t
u
r
a
t
in
g

S
p
l
in
e
s
a
n
d

F
e
a
t
u
r
e
S
e
l
e
c
t
io
n

T
ren

d
fi
lterin

g
is

a
n
on

p
aram

etric
fu

n
ction

estim
ation

tech
n
iq

u
e,

fi
rst

in
tro

d
u
ced

b
y

K
im

et
a
l.

(2
0
0
9
),

th
at

is
very

sim
ilar

to
ad

ap
tive

sp
lin

es.
In

d
eed

,
as

d
iscu

ssed
b
y

T
ib

sh
iran

i
(2

0
1
4
),

th
e

tren
d

fi
lterin

g
estim

ate
in

th
e

con
stan

t
or

p
iecew

ise-lin
ea

r
case

is
ex

actly
th

e
sa

m
e

a
s

th
e

a
d
ap

tive
sp

lin
e

estim
ate.

T
ren

d
fi
lterin

g
is

in
creasin

gly
p

op
u
lar

as
it

ad
m

its
ex

trem
ely

effi
cien

t,
rob

u
st

algorith
m

s
(T

ib
sh

iran
i,

20
14;

R
am

d
as

an
d

T
ib

sh
iran

i,
2015).

In
-

d
eed

,
so

m
e

o
f

th
ese

algorith
m

s
(esp

ecially
th

ose
ad

ap
ted

to
fi
t

G
A

M
s,

P
etersen

,
W

itten
,

a
n
d

S
im

o
n

(20
1
5))

m
ay

b
e

ad
ap

ted
to

effi
cien

tly
fi
t

satu
ratin

g
tren

d
fi
lter

estim
ates,

w
h
ich

w
o
u
ld

b
en

efi
t

from
th

e
featu

re
selection

p
rop

erties
of

satu
ratin

g
sp

lin
es

an
d

th
e

co
m

p
u
ta-

tio
n
a
l

effi
cien

cy
of

tren
d

fi
lterin

g.
T

h
ere

a
re

a
n
u
m

b
er

of
m

eth
o
d
s

for
fi
ttin

g
gen

eralized
ad

d
itive

m
o
d
els

w
ith

sp
lin

e
com

-
p

o
n
en

t
fu

n
ctio

n
s.

O
n
e

ap
p
roach

(L
in

an
d

Z
h
an

g
,

2006)
is

to
u
se

th
e

grou
p
-lasso

version
o
f

(6
):

R
(f

)
=
∑

d

√
∫
f
′d (x

)
2
d
x
.

E
x
ten

d
in

g
th

is
id

ea,
C

h
ou

ld
ech

ova
an

d
H

a
stie

(2015)
u
se

an
overlap

gro
u
p
-lasso

th
at

fa-
cilita

tes
selectio

n
b

etw
een

zero,
lin

ea
r

an
d

n
on

lin
ear

term
s.

T
h
e

d
iff

eren
ces

b
etw

een
th

ese
a
p
p
ro

a
ch

es
a
n
d

ou
rs

are
an

alogou
s

to
th

e
d
iff

eren
ces

b
etw

een
th

e
stan

d
ard

grou
p
-lasso

an
d

th
e

la
sso

.
W

h
ile

b
oth

d
o

featu
re

selection
,

th
e

p
en

alty
fu

n
ction

al
(6)

d
o
es

n
ot

d
o

k
n
ot-

selectio
n

w
ith

in
each

co
ord

in
ate

fu
n
ction

.
O

n
e

very
sim

ilar
ap

p
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(ŵ

)(w
−
ŵ
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ie
n
t

m
et

h
o
d

(S
G

D
)

(N
em

ir
ov

sk
i

et
al

.,
20

09
;

M
ou

li
n
es

an
d

B
ac

h
,

20
1
1
;

R
o
sa

sc
o

et
al

.,
20

14
;

P
ol

ya
k

an
d

J
u
d
it

sk
y
,

19
92

).
A

t
ea

ch
it

er
at

io
n
k
,

th
e

S
G

D
al

go
ri

th
m

ra
n
d
o
m

ly
sa

m
p
le

s
S

an
d

ta
ke

s
a

st
ep

al
on

g
th

e
gr

ad
ie

n
t

of
th

e
ch

os
en

in
d
iv

id
u
al

fu
n
ct

io
n
:

x
k
+

1
=
x
k
−
µ
k
∇
f

(x
k
;S

k
),

w
h
er

e
µ
k

is
a

p
os

it
iv

e
st

ep
si

ze
.

C
on

ve
rg

en
ce

b
eh

av
io

r
of

S
G

D
fo

r
th

e
la

st
it

er
a
te

se
q
u
en

ce
h
as

b
ee

n
an

al
y
ze

d
in

(N
em

ir
ov

sk
i

et
al

.,
20

09
)

an
d

fo
r

th
e

av
er

ag
e

of
th

e
it

er
a
te

s
se

q
u
en

ce
h
as

b
ee

n
gi

ve
n

in
(P

ol
ya

k
an

d
J
u
d
it

sk
y
,

19
9
2)

.
H

ow
ev

er
,

th
er

e
is

a
re

ce
n
t

n
o
n
a
sy

m
p
to

ti
c

co
n
ve

rg
en

ce
an

al
y
si

s
of

S
G

D
p
ro

v
id

ed
in

(M
o
u
li
n
es

an
d

B
ac

h
,

20
11

),
u
n
d
er

va
ri

o
u
s

d
iff

er
-

en
ti

ab
il
it

y
as

su
m

p
ti

on
s

on
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
.

W
h
il
e

th
e

S
G

D
sc

h
em

e
is

th
e

m
et

h
o
d

of
ch

oi
ce

in
p
ra

ct
ic

e
fo

r
m

an
y

m
ac

h
in

e
le

ar
n
in

g
ap

p
li
ca

ti
on

s
d
u
e

to
it

s
su

p
er

io
r

em
p
ir

ic
al

p
er

fo
rm

an
ce

,
th

e
th

eo
re

ti
ca

l
es

ti
m

at
es

ob
ta

in
ed

in
(M

ou
li
n
es

an
d

B
ac

h
,

20
1
1
)

h
ig

h
li
g
h
ts

se
ve

ra
l

d
iffi

cu
lt

ie
s

re
ga

rd
in

g
it

s
p
ra

ct
ic

al
li
m

it
at

io
n
s

an
d

ro
b
u
st

n
es

s.
F

or
ex

a
m

p
le

,
th

e
st

ep
-

si
ze

is
h
ig

h
ly

co
n
st

ra
in

ed
to

sm
al

l
va

lu
es

b
y

an
ex

p
on

en
ti

al
te

rm
fr

o
m

th
e

co
n
ve

rg
en

ce
ra

te
w

h
ic

h
co

u
ld

b
e

ca
ta

st
ro

p
h
ic

al
ly

in
cr

ea
se

d
b
y

u
n
co

n
tr

o
ll
ed

va
ri

at
io

n
s

of
th

e
st

ep
si

ze
.

M
o
re

p
re

ci
se

ly
,

th
e

co
n
ve

rg
en

ce
ra

te
s

of
S
G

D
w

it
h

d
ec

re
as

in
g

st
ep

si
ze

µ
k

=
µ
0 k
,

g
iv

en
fo

r
th

e
q
u
ad

ra
ti

c
m

ea
n
{E

[‖
x
k
−
x
∗ ‖

2
]}
k
≥

0
,

w
h
er

e
x
∗

is
th

e
op

ti
m

al
so

lu
ti

on
of

(1
),

co
n
ta

in
s

ce
r-

ta
in

ex
p

on
en

ti
al

te
rm

s
(d

ep
en

d
in

g
on

th
e

in
it

ia
l

st
ep

si
ze

)
of

th
e

fo
ll
ow

in
g

fo
rm

(M
o
u
li
n
es

an
d

B
ac

h
,

20
11

):

E[
‖x

k
−
x
∗ ‖

2
]
≤
C

1
eC

2
µ
2 0

k
α
µ
0

+
O
(

1 k

)
,

(2
)

fo
r
µ

0
>

2
/α

an
d

fo
r

ap
p
ro

p
ri

at
e

p
os

it
iv

e
co

n
st

an
ts
C

1
,C

2
an

d
α

.
N

ot
e

th
a
t

th
is

co
n
ve

r-
ge

n
ce

ra
te

h
ol

d
s

u
n
d
er

st
ro

n
g

co
n
ve

x
it

y
an

d
gr

ad
ie

n
t

L
ip

sc
h
it

z
as

su
m

p
ti

on
s

o
n

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n
F

.
F

ro
m

(2
)

w
e

ob
se

rv
e

th
at
{E

[‖
x
k
−
x
∗ ‖

2
]}
k
≥

0
ca

n
gr

ow
ex

p
on

en
ti

a
ll
y

u
n
ti

l
th

e
st

ep
si

ze
s

b
ec

om
es

su
ffi

ci
en

tl
y

sm
al

l,
a

b
eh

av
io

r
w

h
ic

h
ca

n
b

e
al

so
ob

se
rv

ed
in

p
ra

ct
ic

a
l

si
m

u
la

ti
on

s.

S
in

ce
th

es
e

d
ra

w
b
ac

k
s

ar
e

n
at

u
ra

ll
y

in
tr

o
d
u
ce

d
b
y

th
e

S
G

D
it

er
at

io
n
,

ot
h
er

es
se

n
ti

a
l

m
o
d
-

ifi
ca

ti
on

s
of

th
is

sc
h
em

e
h
av

e
b

ee
n

ap
p
li
ed

fo
r

av
oi

d
in

g
th

e
is

su
es

.
O

n
e

re
su

lt
ed

m
et

h
o
d

is
th

e
st

o
ch

as
ti

c
p
ro

x
im

al
p

oi
n
t

(S
P

P
)

al
go

ri
th

m
fo

r
so

lv
in

g
th

e
u
n
co

n
st

ra
in

ed
st

o
ch

a
st

ic
p
ro

b
le

m
(1

)
h
av

in
g

th
e

fo
ll
ow

in
g

it
er

at
io

n
(R

y
u

an
d

B
oy

d
,
20

16
;
T

ou
li
s

et
al

.,
2
0
1
6
;
B

ia
n
ch

i,
20

16
):

x
k
+

1
=

ar
g

m
in

z
∈R

n

[ f
(z

;S
k
)

+
1

2
µ
k
‖z
−
x
k
‖2
] .
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

N
o
te

th
a
t

S
G

D
rep

resen
ts

a
p
articu

lar
S
P

P
itera

tion
ap

p
lied

to
th

e
lin

earization
of
f

(z
;S

k )
in
x
k,

th
a
t

is
to

th
e

lin
ear

fu
n
ction

lf (z
;x

k,S
k )

=
f

(x
k;S

k )
+
〈∇
f

(x
k;S

k ),z
−
x
k〉.

O
f

co
u
rse,

w
h
en

f
h
as

an
easily

com
p
u
tab

le
p
rox

im
al

op
erator,

it
is

n
atu

ral
to

u
se
f

in
stead

o
f

its
lin

ea
riza

tion
lf .

In
(R

y
u

an
d

B
oy

d
,

2016),
th

e
S
P

P
algorith

m
h
a
s

b
een

ap
p
lied

to
p
ro

b
lem

s
w

ith
th

e
ob

jectiv
e

fu
n
ction

h
av

in
g

L
ip

sch
itz

con
tin

u
ou

s
grad

ien
t

an
d

th
e

follow
in

g
restricted

stro
n

g
co

n
vexity

p
rop

erty
:

f
(x

;S
)≥

f
(y

;S
)

+
〈∇
f

(y
;S

),x
−
y〉

+
12 〈M

S
(x
−
y
),x
−
y〉
∀
x
,y
∈
R
n
,

(3)

fo
r

so
m

e
m

atrix
M
S
�

0,
satisfy

in
g
λ

=
λ

m
in (E

[M
S

])
>

0.
In

(R
y
u

an
d

B
oy

d
,

2016)
th

e
a
sy

m
p
totic

g
lob

al
con

vergen
ce

of
S
P

P
w

ith
d
ecreasin

g
step

size
µ
k

=
µ
0k

is
d
erived

,
follow

ed
b
y

a
n
o
n
a
sy

m
p
totic

an
aly

sis
for

th
e

S
P

P
w

ith
con

sta
n
t

step
size.

In
p
articu

lar,
it

h
as

b
een

p
roven

th
a
t

S
P

P
con

verges
lin

early
to

a
n
oise-d

om
in

ated
region

arou
n
d

th
e

op
tim

al
solu

tion
.

M
o
reover,

th
e

follow
in

g
a
sym

p
to

tic
(i.e.

for
a

su
ffi

cien
tly

la
rge

k
)

con
verg

en
ce

rate
in

th
e

q
u
a
d
ra

tic
m

ea
n

h
ave

b
een

giv
en

:

E
[‖
x
k−

x
∗‖

2]≤
(

1e )
µ
0
λ

ln
(k

+
1
)

C
1

+



C
2

(µ
0
λ−

1
)k

if
µ

0 λ
>

1
C

2
ln

(k
)

k
if

µ
0 λ

=
1

C
2

(1−
µ
0
λ

)k
µ
0
λ

if
µ

0 λ
<

1
,

w
h
ere

C
1

a
n
d
C

2
are

som
e

p
ositive

con
stan

ts.
W

ith
th

e
essen

tial
d
iff

eren
ce

th
at

n
o

ex
-

p
o
n
en

tia
l

term
s

d
ep

en
d
in

g
on

µ
0

are
en

cou
n
tered

,
th

ese
rates

of
con

v
ergen

ce
h
ave

sim
ilar

o
rd

ers
w

ith
th

o
se

for
th

e
variab

le
step

size
S
G

D
m

eth
o
d
.

A
lth

ou
gh

in
th

is
p
ap

er
w

e
m

ake
sim

ila
r

a
ssu

m
p
tion

s
on

th
e

ob
jective

fu
n
ction

,
w

e
ad

d
ition

ally
assu

m
e

th
e

p
resen

ce
of

co
n

-
vex

co
n

stra
in

ts
an

d
p
rov

id
e

a
n

o
n

a
sym

p
to

tic
con

vergen
ce

an
aly

sis
of

th
e

S
P

P
for

a
m

ore
g
en

era
l

step
size

µ
k

=
µ
0

k
γ
,

w
ith

γ
>

0.
M

oreover,
th

e
M

oreau
sm

o
oth

in
g

fram
ew

ork
u
sed

in
o
u
r

p
a
p

er
lea

d
s

to
m

ore
elegan

t
an

d
in

tu
itive

p
ro

ofs.
A

n
oth

er
p
ap

er
rela

ted
to

th
e

S
P

P
a
lg

o
rith

m
is

(T
ou

lis
et

al.,
2016),

w
h
ere

th
e

con
sid

ered
sto

ch
astic

m
o
d
el

in
volv

es
m

in
im

iza-
tio

n
o
f

th
e

ex
p

ectation
of

ran
d
om

p
articu

lar
com

p
on

en
ts
f

(x
;S

)
d
efi

n
ed

b
y

th
e

com
p

osition
o
f

a
sm

o
o
th

fu
n
ction

an
d

a
lin

ear
op

erator,
i.e.:

f
(x

;S
)

=
f

(a
TS
x

),

w
h
ere

a
S
∈

R
n
.

M
oreover,

th
e

ob
jective

fu
n
ction

F
(x

)
=

E
[f

(a
TS
x

)]
n
eed

s
to

satisfy
λ

m
in (∇

2F
(x

) )
≥

λ
>

0
for

all
x
∈

R
n
.

T
h
e

n
on

asy
m

p
totic

con
v
ergen

ce
of

th
e

S
P

P
w

ith
d
ecrea

sin
g

step
size

µ
k

=
µ
0

k
γ
,

w
ith

γ
∈

(1/2
,1],

h
as

b
een

a
n
aly

zed
in

th
e

q
u
ad

ratic
m

ea
n

a
n
d

th
e

follow
in

g
con

vergen
ce

rate
h
as

b
een

d
erived

in
(T

ou
lis

et
al.,

2016):

E
[‖x

k−
x
∗‖

2]≤
C

(
1

1
+
λ
µ

0 α )
k
1−
γ

+
O
(

1k
γ )

,

w
h
ere

C
a
n
d
α

are
som

e
p

ositive
con

stan
ts.

H
ow

ever,
th

e
an

aly
sis

u
sed

in
(T

ou
lis

et
al.,

2
0
1
6
)

ca
n
n
o
t

b
e

ex
ten

d
ed

to
gen

eral
con

vex
ob

jective
fu

n
ction

s
a
n
d

com
p
licated

co
n
stra

in
ts,

sin
ce

it
is

essen
tial

in
th

e
p
ro

ofs
th

at
each

com
p

on
en

t
of

th
e

ob
jective

fu
n
ction

h
as

th
e

form
f

(a
TS
x

),
w

h
ere

a
S
∈

R
n
.

In
ou

r
p
a
p

er
w

e
con

sid
er

g
en

eral
con

vex
ob

jective
fu

n
ction

s,
w

h
ich

la
ck

th
e

p
rev

iou
sly

d
iscu

ssed
stru

ctu
re,

w
ith

(in
)fi

n
ite

n
u
m

b
er

of
con

vex
con

stra
in

ts.
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

F
u
rth

er,
in

(B
ian

ch
i,

2016)
a

gen
eral

asy
m

p
totic

con
vergen

ce
an

aly
sis

of
several

varian
ts

of
S
P

P
sch

em
e

w
ith

in
op

erator
th

eory
settin

gs
h
as

b
een

p
rov

id
ed

,
u
n
d
er

m
ild

con
vex

ity
assu

m
p
tion

s.
A

p
articu

lar
op

tim
ization

m
o
d
el

in
stan

ce
an

aly
zed

in
(B

ian
ch

i,
2016),

related
to

ou
r

p
ap

er,
is:

m
inx
f

(x
)

s.t.
x
∈
∩
mi=

1 X
i ,

for
w

h
ich

h
as

b
een

d
erived

th
e

follow
in

g
S
P

P
ty

p
e

algorith
m

:

x
k
+

1
=

{
arg

m
in
z∈

R
n [f

(z
)

+
1

2
µ
k ‖
z−

x
k‖

2 ]
if
S
k

=
0

Π
X
S
k
(x
k)

oth
erw

ise,

w
h
ere

S
k

is
ran

d
om

ly
ch

osen
in

Ω
=
{
0,1,···

,m
}

accord
in

g
to

a
p
rob

ab
ility

d
istrib

u
tio

n
P

.
A

lth
ou

gh
th

is
sch

em
e

is
very

sim
ilar

to
th

e
S
P

P
algorith

m
,

on
ly

th
e

alm
ost

su
re

asy
m

p
totic

con
vergen

ce
h
as

b
een

p
rov

id
ed

in
(B

ian
ch

i,
2016).

C
on

v
ergen

ce
resu

lts
of

ord
erO

(
1k )

in
th

e
stron

gly
con

vex
case,

as
w

ell
as

alm
ost

su
re

con
vergen

ce
resu

lts
u
n
d
er

w
eak

er
assu

m
p
tion

s,
are

also
p
rov

id
ed

in
(R

osasco
et

al.,
2017)

for
th

e
sto

ch
astic

p
rox

im
al

grad
ien

t
alg

orith
m

on
con

vex
com

p
osite

op
tim

ization
p
rob

lem
s.

In
(C

om
b

ettes
an

d
P

esq
u
et,

2016)
th

e
a
sy

m
p
totic

b
eh

av
ior

of
a

sto
ch

astic
forw

ard
-b

ack
w

ard
sp

littin
g

alg
orith

m
for

fi
n
d
in

g
a

zero
of

th
e

su
m

of
a

m
ax

im
ally

m
on

oton
e

set-valu
ed

op
erator

an
d

a
co-co

ercive
op

erator
in

H
ilb

ert
sp

aces
is

in
vestigated

.
W

eak
an

d
stron

g
alm

ost
su

re
con

vergen
ce

p
rop

erties
of

th
e

iterates
are

estab
lish

ed
u
n
d
er

m
ild

con
d
ition

s
on

th
e

u
n
d
erly

in
g

sto
ch

astic
p
ro

cesses.
A

p
articu

lar
case

of
th

e
sto

ch
astic

op
tim

ization
p
rob

lem
(1)

is
th

e
d
iscrete

sto
ch

astic
m

o
d
el,

w
h
ere

th
e

ran
d
om

variab
le
S

is
d
iscrete

an
d

th
u
s,

u
su

ally
th

e
ob

jectiv
e

fu
n
ction

is
giv

en
as

a
fi
n
ite

su
m

of
fu

n
ction

al
com

p
on

en
ts.

T
h
ere

ex
ists

a
large

am
ou

n
t

of
w

ork
in

th
e

literatu
re

on
d
eterm

in
istic

an
d

ran
d
om

ized
algorith

m
s

for
th

e
fi
n
ite

su
m

op
tim

ization
p
rob

lem
.

L
in

ear
con

vergen
ce

of
S
G

D
for

solv
in

g
con
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b
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m
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p
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p
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p
lify.

In
(A

tch
ad

e
et

al.,
2014)

a
p

ertu
rb

ed
p
rox

im
al

grad
ien

t
m

eth
o
d

is
con

sid
ered

for
solv

in
g
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p
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p
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at
e

n
on

n
eg

at
iv

e
co

n
st

an
ts

.
N

ot
e

th
at

th
e

d
er

iv
ed

ra
te

s
o
f

co
n
ve

rg
en

ce
d
o

n
ot

co
n
ta

in
an

y
ex

p
on

en
ti

al
te

rm
in

µ
0
,

as
it

is
th

e
ca

se
fo

r
th

e
S
G

D
sc

h
em

e,
w

h
ic

h
m

ak
es

S
P

P
m

or
e

ro
b
u
st

th
an

S
G

D
ev

en
in

th
e

co
n
st

ra
in

ed
ca

se
.

T
h
is

ca
n

b
e

al
so

ob
se

rv
ed

in
n
u
m

er
ic

al
si

m
u
la

ti
on

s,
se

e
S
ec

ti
o
n

7
b

el
ow

.

(i
ii

)
R

es
ta

rt
ed

va
ri

a
n

t
o
f

S
P

P
a
lg

o
ri

th
m

a
n

d
th

e
co

rr
es

po
n

d
in

g
co

n
ve

rg
en

ce
a
n

a
ly

si
s:

S
in

ce
th

e
b

es
t

co
m

p
le

x
it

y
of

ou
r

b
as

ic
S
P

P
sc

h
em

e
ca

n
b

e
at

ta
in

ed
on

ly
u
n
d
er

so
m

e
n
a
tu

ra
l

re
st

ri
ct

io
n
s

on
th

e
in

it
ia

l
st

ep
si

ze
µ

0
,

w
e

al
so

in
tr

o
d
u
ce

a
re

st
ar

ti
n
g

st
o
ch

a
st

ic
p
ro

x
im

a
l

p
oi

n
t

al
go

ri
th

m
th

at
ov

er
co

m
es

th
es

e
d
iffi

cu
lt

ie
s.

T
h
e

m
ai

n
ad

va
n
ta

ge
of

th
is

re
st

a
rt

ed
va

ri
an

t
of

S
P

P
al

go
ri

th
m

is
th

at
it

is
p
ar

am
et

er
-f

re
e

an
d

th
u
s

it
is

ea
si

ly
im

p
le

m
en

ta
b
le

in
p
ra

ct
ic

e.
U

n
d
er

st
ro

n
g

co
n
ve

x
it

y
an

d
sm

o
ot

h
n
es

s
as

su
m

p
ti

on
s

on
th

e
o
b

je
ct

iv
e

fu
n
ct

io
n
,

fo
r
γ
>

0
an

d
ep

o
ch

co
u
n
te

r
t,

th
e

re
st

ar
ti

n
g

S
P

P
sc

h
em

e
w

it
h

th
e

co
n
st

an
t

st
ep

si
ze

(p
er

ep
o
ch

)
1 tγ

p
ro

v
id

es
a

n
on

as
y
m

p
to

ti
c

co
m

p
le

x
it

y
o
f

or
d
er
O
(

1

ε1
+

1 γ

) .

P
a
p
e
r
o
u
tl
in
e
.

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

2
th

e
p
ro

b
le

m
o
f

in
te

re
st

is
fo

rm
u
la

te
d

an
d

an
al

y
ze

d
.

F
u
rt

h
er

in
S
ec

ti
on

3,
a

n
ew

st
o
ch

as
ti

c
p
ro

x
im

al
p

oi
n
t

a
lg

o
ri

th
m

is
in

tr
o
d
u
ce

d
an

d
it

s
re

la
ti

on
s

w
it

h
th

e
p
re

v
io

u
s

w
or

k
ar

e
h
ig

h
li
gh

te
d
.

W
e

p
ro

v
id

e
in

S
ec

ti
on

4
th

e
fi
rs

t
m

ai
n

re
su

lt
of

th
is

p
ap

er
re

ga
rd

in
g

th
e

n
on

as
y
m

p
to

ti
c

co
n
ve

rg
en

ce
o
f

S
P

P
in

th
e

co
n
ve

x
ca

se
.

F
u
rt

h
er

,
st

ro
n
ge

r
co

n
ve

rg
en

ce
re

su
lt

s
ar

e
p
re

se
n
te

d
in

S
ec

ti
on

5
fo

r
sm

o
o
th

st
ro

n
gl

y
co

n
ve

x
ob

je
ct

iv
e

fu
n
ct

io
n
s.

In
or

d
er

to
im

p
ro

v
e

th
e

co
n
ve

rg
en

ce
of

th
e

si
m

p
le

S
P

P
sc

h
em

e,
in

S
ec

ti
on

6
w

e
in

tr
o
d
u
ce

a
re

st
ar

te
d

va
ri

a
n
t

of
S
P

P
al

go
ri

th
m

.
In

S
ec

ti
o
n

7
w

e
p
ro

v
id

e
so

m
e

p
re

li
m

in
ar

y
n
u
m

er
ic

al
si

m
u
la

ti
on

s
to

h
ig

h
li
gh

t
th

e
em

p
ir

ic
al

p
er

fo
rm

a
n
ce

of
ou

r
sc

h
em

es
.

S
om

e
lo

n
g

p
ro

of
s

ar
e

m
ov

ed
in

th
e

A
p
p

en
d
ix

.

N
o
ta

ti
o
n
s.

W
e

co
n
si

d
er

th
e

sp
ac

e
R
n

co
m

p
os

ed
b
y

co
lu

m
n

v
ec

to
rs

.
F

or
x
,y
∈
R
n

d
en

o
te

th
e

sc
al

ar
p
ro

d
u
ct
〈x
,y
〉

=
x
T
y

an
d

E
u
cl

id
ea

n
n
or

m
b
y
‖x
‖

=
√
x
T
x

.
T

h
e

p
ro

je
ct

io
n

op
er

at
or

on
to

th
e

n
on

em
p
ty

cl
os

ed
co

n
ve

x
se

t
X

is
d
en

ot
ed

b
y

Π
X

(·)
an

d
th

e
d
is

ta
n
ce

fr
om

a
gi

ve
n
x

to
th

e
se

t
X

is
d
en

ot
ed

b
y

d
is

t X
(x

)
=

m
in
z
∈X
‖x
−
z
‖.

G
iv

en
a
n
y

co
n
ve

x
se

t
X

,
th

e
fu

n
ct

io
n

d
is

t X
(·)

is
co

n
v
ex

an
d

th
e

sq
u
ar

ed
d
is

ta
n
ce

fu
n
ct

io
n

d
is

t2 X
(·)

h
a
s

L
ip

sc
h
it

z
gr

ad
ie

n
t

w
it

h
co

n
st

an
t

1.
F

or
so

m
e

fu
n
ct

io
n
f

,
w

e
d
en

ot
e

b
y
∂
f

(x
)

th
e

su
b

d
iff

er
en

ti
a
l

se
t
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

a
t
x

.
W

e
a
lso

u
se

th
e

follow
in

g
d
efi

n
itio

n
of

th
e

in
d
icator

fu
n
ction

of
a

set
X

:

I
X

(x
)

=

{
0
,

if
x
∈
X

∞
,

oth
erw

ise.

F
in

a
lly,

w
e

d
efi

n
e

th
e

fu
n
ction

ϕ
α

:
(0,∞

)→
R

as:

ϕ
α
(x

)
=

{
(x
α−

1)/α
,

if
α
6=

0

log
(x

),
if
α

=
0.

2
.
P
ro

b
le
m

fo
rm

u
la
tio

n

In
m

a
n
y

m
a
ch

in
e

learn
in

g
ap

p
lication

s
ran

d
om

n
ess

u
su

ally
en

ters
th

e
p
rob

lem
th

rou
gh

th
e

co
st

fu
n
ctio

n
a
n
d
/or

th
e

con
strain

t
set.

M
in

im
ization

of
p
rob

lem
s

h
av

in
g

com
p
licatin

g
con

-
stra

in
ts

ca
n

b
e

very
ch

allen
gin

g.
T

h
is

is
u
su

ally
allev

iated
b
y

ap
p
rox

im
atin

g
th

e
feasib

le
set

b
y

a
n

(in
)fi

n
ite

in
tersection

of
sim

p
le

sets
(N

ecoara,
2017;

N
ecoara

et
al.,

20
17;

N
ed

ic,
201

1).
T

h
erefo

re,
in

th
is

p
ap

er
w

e
tack

le
th

e
follow

in
g

sto
ch

astic
con

vex
con

strain
ed

op
tim

ization
p
ro

b
lem

:

F
∗

=
m

in
x∈

R
n
F

(x
)

(:=
E

[f
(x

;S
)])

s.t.
x
∈
X

(:=
∩
S∈

Ω
X
S

)
,

(4)

w
h
ere

f
(·;S

)
:R

n
→

R
are

con
vex

fu
n
ction

s
w

ith
fu

ll
d
om

ain
d
om

f
=

R
n
,
X
S

a
re

n
on

em
p
ty

clo
sed

co
n
vex

sets,
an

d
S

is
a

ran
d
om

variab
le

w
ith

its
asso

ciated
p
rob

ab
ility

sp
ace

(Ω
,P

).
N

o
tice

th
a
t

th
is

form
u
lation

allow
s

u
s

to
in

clu
d
e

(in
)fi

n
ite

n
u
m

b
er

of
co

n
stra

in
ts.

W
e

d
en

o
te

th
e

set
o
f

o
p
tim

al
solu

tion
s

w
ith

X
∗

a
n
d
x
∗

an
y

op
tim

al
p

oin
t

for
(4).

F
or

th
e

op
tim

ization
p
ro

b
lem

(4
)

w
e

m
ake

th
e

follow
in

g
assu

m
p
tion

s.

A
ssu

m
p
tio

n
1

F
o
r

a
n

y
S
∈

Ω
,

th
e

fu
n

ctio
n
f

(·;S
)

is
p
ro

per,
clo

sed
,

co
n

vex
a
n

d
L

ip
sch

itz
co

n
tin

u
o
u

s,
th

a
t

is
th

ere
exists

L
f
,S
>

0
su

ch
th

a
t

|f
(x

;S
)−

f
(y

;S
)|≤

L
f
,S ‖x

−
y‖

∀
x
,y
∈
R
n
.

N
o
tice

th
at

A
ssu

m
p
tion

1
im

p
lies

th
at

an
y

su
b
grad

ien
t
g
f (x

;S
)
∈
∂
f

(x
;S

)
is

b
ou

n
d
ed

,
th

a
t

is‖
g
f (x

;S
)‖
≤
L
f
,S

for
all

x
∈
R
n

an
d
S
∈

Ω
.

F
or

th
e

sets
w

e
assu

m
e:

A
ssu

m
p
tio

n
2

G
iven

S
∈

Ω
,

th
e

fo
llo

w
in

g
tw

o
p
ro

perties
h
o
ld

:
(i)

X
S

a
re

sim
p
le

co
n

vex
sets

(i.e.
p
ro

jectio
n

s
o
n

to
th

ese
sets

a
re

ea
sy).

(ii)
T

h
ere

exists
ζ
>

0
su

ch
th

a
t

th
e

fea
sible

set
X

sa
tisfi

es
lin

ea
r

regu
la

rity:

d
ist 2X

(x
)
≤
ζ
E

[d
ist 2X

S
(x

)]
∀
x
∈
R
n
.

A
ssu

m
p
tion

2
(ii)

is
k
n
ow

n
in

th
e

litera
tu

re
as

th
e

lin
ea

r
regu

la
rity

p
ro

perty
an

d
it

is
es-

sen
tia

l
fo

r
p
rov

in
g

lin
ear

con
vergen

ce
for

(altern
atin

g)
p
ro

jection
algorith

m
s,

see
(N

ecoara,
2
0
1
7
;
N

eco
ara

et
al.,

2017;
N

ed
ic,

2011).
F

or
ex

am
p
le,

w
h
en
X
S

are
h
y
p

erp
lan

es,
h
alfsp

aces
o
r

w
h
en

X
h
a
s

n
on

em
p
ty

in
terior,

th
en

th
e

lin
ear

regu
larity

p
rop

erty
h
old

s.
In

p
articu

la
r,

if
th

e
set

X
co

n
tain

s
a

b
all

of
rad

iu
s
r̄

a
n
d
X

is
con

tain
ed

in
a

b
all

of
rad

iu
s
R̄

,
th

en
th

e

7
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

ratio
R̄
/r̄

can
b

e
taken

as
th

e
lin

ear
regu

larity
con

stan
t
ζ

(N
ecoa

ra
et

al.,
2017).

T
h
e

lin
ear

regu
larity

p
rop

erty
is

related
to

th
e

relax
ation

of
stron

g
con

vex
ity,

th
e

so-called
q
u
ad

ratic
fu

n
ction

al
grow

th
con

d
ition

for
an

ob
jective

fu
n
ction

,
for

sm
o
oth

con
vex

op
tim

iza
tion

in
-

tro
d
u
ced

in
(N

ecoara
et

al.,
2017).

In
(N

ecoara
et

al.,
2017)

it
h
as

b
een

p
roved

th
at

several
fi
rst

ord
er

m
eth

o
d
s

con
verge

lin
early

u
n
d
er

fu
n
ction

a
l

grow
th

con
d
ition

an
d

sm
o
oth

n
ess

of
th

e
ob

jective
fu

n
ction

.
N

otice
th

at
th

is
gen

eral
op

tim
ization

m
o
d
el

(4)
covers

a
lon

g
ran

ge
of

ap
p
lication

s
from

variou
s

fi
eld

s,
su

ch
as

op
tim

ization
,

m
ach

in
e

learn
in

g,
statistics,

con
trol,

w
h
ich

w
e

d
iscu

ss
in

m
ore

d
etails

b
elow

.

2
.1

C
o
n
v
e
x
fe
a
sib

ility
p
ro

b
le
m

L
et

u
s

con
sid

er
th

e
follow

in
g

ob
jectiv

e
fu

n
ction

an
d

con
strain

ts
(N

ecoara,
2017):

f
(x

;S
)

:=
λ2 ‖
x‖

2
∀
S
∈

Ω
an

d
X

=
∩
S∈

Ω
X
S
,

w
h
ere

λ
>

0.
T

h
en

,
w

e
ob

tain
th

e
least

n
orm

con
vex

feasib
ility

p
rob

lem
:

m
in

x∈
R
n

λ2 ‖
x‖

2
s.t.

x
∈
∩
S∈

Ω
X
S
.

W
e

can
also

con
sid

er
an

oth
er

reform
u
lation

of
th

e
least

n
orm

con
vex

feasib
ility

p
rob

lem
:

f
(x

;S
)

:=
λ
S2
‖
x‖

2
+

I
X
S
(x

)
∀
S
∈

Ω
,

w
h
ere

λ
S
≥

0
an

d
E

[λ
S

]
=
λ

.
T

h
en

,
th

is
lea

d
s

to
th

e
sto

ch
astic

op
tim

ization
m

o
d
el:

m
in

x∈
R
n
E
[
λ
S2
‖x‖

2
+

I
X
S
(x

) ]
.

F
in

d
in

g
a

p
oin

t
in

th
e

in
tersection

of
a

collection
of

closed
con

v
ex

sets
rep

resen
ts

a
m

o
d
elin

g
p
arad

igm
for

solv
in

g
im

p
ortan

t
ap

p
lication

s
su

ch
as

d
ata

com
p
ression

,
n
eu

ra
l

n
etw

ork
s

an
d

ad
ap

tive
fi
lterin

g,
see

(C
en

sor
et

al.,
2012

)
for

a
com

p
lete

list.

2
.2

R
e
g
re

ssio
n

p
ro

b
le
m

L
et

u
s

con
sid

er
th

e
m

atrix
A
∈
R
m
×
n
.

F
or

an
y
S
∈

Ω
⊆

R
,

let
u
s

d
efi

n
e:

f
(x

;S
)

:=
`(A

TS
x

),

w
h
ere

`
is

som
e

loss
fu

n
ction

an
d
A
S
∈

R
n
.

T
h
is

resu
lts

in
th

e
follow

in
g

con
strain

ed
op

tim
ization

m
o
d
el:

m
in

x∈
R
n

E
[`(A

TS
x

)]
s.t.

x
∈
∩
S∈

Ω
X
S
.

M
an

y
learn

in
g

p
rob

lem
s

can
b

e
m

o
d
eled

in
to

th
is

form
,

see
e.g.

(T
ou

lis
et

al.,
2016;

S
h
a
lev

-
S
h
w

artz
an

d
Z

h
an

g,
2013).

T
h
is

ty
p

e
of

op
tim

ization
m

o
d
el

h
as

b
een

also
con

sid
ered

in
(B

ian
ch

i,
2016;

R
osasco

et
al.,

2014).
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

2
.3

F
in
it
e
su

m
p
ro

b
le
m

L
et

Ω
=
{1
,·
··
,m
}

an
d
P

b
e

th
e

u
n
if

or
m

d
is

cr
et

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n

on
Ω

.
F

u
rt

h
er

,
w

e
co

n
si

d
er

co
n
ve

x
fu

n
ct

io
n
s
f

(x
;i

)
=
` i

(x
).

T
h
en

,
th

e
fo

ll
ow

in
g

co
n
st

ra
in

ed
fi
n
it

e
su

m
p
ro

b
le

m
is

re
co

ve
re

d
:

m
in

x
∈R

n

1 m

m ∑ i=
1

` i
(x

)
s.

t.
x
∈
∩m i

=
1
X
i.

T
h
is

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n

m
o
d
el

ap
p

ea
rs

of
te

n
in

st
at

is
ti

cs
an

d
m

ac
h
in

e
le

ar
n
in

g
ap

-
p
li
ca

ti
on

s,
w

h
er

e
th

e
fu

n
ct

io
n
s
` i

(·)
ty

p
ic

al
ly

re
p
re

se
n
t

lo
ss

fu
n
ct

io
n
s

as
so

ci
at

ed
to

a
gi

ve
n

es
ti

m
at

or
an

d
th

e
fe

as
ib

le
se

t
co

m
es

fr
om

p
h
y
si

ca
l
co

n
st

ra
in

ts
,

se
e

e.
g.

(D
ef

az
io

et
al

.,
20

14
;

R
ou

x
et

al
.,

20
12

;
V

an
li

et
al

.,
20

17
;

Y
u
rt

se
v
er

et
al

.,
20

16
).

It
is

al
so

a
p
ar

ti
cu

la
r

p
ro

b
le

m
of

a
m

or
e

ge
n
er

al
op

ti
m

iz
at

io
n

m
o
d
el

co
n
si

d
er

ed
in

(B
ia

n
ch

i,
20

16
).

2
.4

M
u
lt
ip
le

k
e
rn

e
l
le
a
rn

in
g
p
ro

b
le
m

In
m

an
y

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
s

w
e

w
an

t
to

le
ar

n
a

co
n
ve

x
co

m
b
in

at
io

n
of

ke
rn

el
s
κ

(x
,x
′ )

=
∑

M j=
1
β
j
κ
j
(x
,x
′ )

(B
ac

h
et

al
.,

20
04

).
T

h
is

ap
p
ro

ac
h

is
u
se

fu
l

in
co

m
p
le

x
cl

as
si

fi
ca

ti
on

p
ro

b
-

le
m

s,
w

h
er

e
w

e
u
se

p
ol

y
n
om

ia
l

k
er

n
el

s
of

d
iff

er
en

t
d
eg

re
es

or
k
er

n
el

s
on

d
iff

er
en

t
d
om

ai
n
s.

T
h
e

go
al

is
to

le
ar

n
th

e
w

ei
gh

ts
β
j

an
d

th
ey

ar
e

u
su

al
ly

fo
u
n
d

th
ro

u
g
h

S
V

M
op

ti
m

iz
at

io
n
:

m
in

(w
,β
,ξ
,b

)

1 2

 
M ∑ j=

1

β
j
‖w

j
‖ 

2

+
C

N ∑ i=
1

ξ i

w
=

(w
1
,·
··
,w

M
),
w
j
∈
R
n
j
,
β

=
(β

1
,·
··
,β
M

),
ξ

=
(ξ

1
,·
··
,ξ
N

)

y i

 
M ∑ j=

1

β
j
w
T j
x
ij

+
b 
≥

1
−
ξ i
∀i

=
1

:
N
,
ξ
≥

0
,
β
≥

0,
M ∑ j=

1

β
j

=
1.

N
ot

e
th

at
th

is
fo

rm
u
la

ti
on

is
eq

u
iv

al
en

t
to

li
n
ea

r
S
V

M
fo

r
M

=
1.

W
e

u
su

al
ly

ob
ta

in
a

sp
ar

se
so

lu
ti

on
in
β

,
w

h
er

e
ea

ch
co

m
p

on
en

t
β
j

co
rr

es
p

on
d
s

to
on

e
k
er

n
el
κ
j
.

T
h
e

d
u
al

of
th

is
op

ti
m

iz
at

io
n

p
ro

b
le

m
ta

ke
s

th
e

fo
rm

:

m
in

(γ
,α

)

1 2
γ

2
−

N ∑ i=
1

α
i

0
≤
α
≤
C
,

N ∑ i=
1

α
iy
i

=
0,

N ∑ p
=

1

N ∑ q
=

1

α
p
α
q
y p
y q
κ
j
(x
p
,x

q
)
≤
γ

2
∀j

=
1

:
M
.

T
h
is

co
n
ve

x
Q

u
ad

ra
ti

c
O

p
ti

m
iz

at
io

n
p
ro

b
le

m
w

it
h

Q
u
ad

ra
ti

c
C

on
st

ra
in

ts
ca

n
b

e
ea

si
ly

re
fo

rm
u
la

te
d

as
a

L
in

ea
r

P
ro

gr
am

w
it

h
in

fi
n
it

e
n
u
m

b
er

of
si

m
p
le

co
n
st

ra
in

ts
b
y

in
tr

o
d
u
ci

n
g

th
e

n
ot

at
io

n
Q
j
(α

)
=
∑

N p
=

1

∑
N q
=

1
α
p
α
q
y p
y q
κ
j
(x
p
,x

q
)

(S
on

n
en

b
u
rg

et
al

.,
20

06
):

m
ax

(θ
,β

)
θ

θ
∈
R
,
β
≥

0,
M ∑ j=

1

β
j

=
1,

M ∑ j=
1

β
j

(
1 2
Q
j
(α

)
−

N ∑ i=
1

α
i)
≥
θ
∀α
∈

Ω
(y

),
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

w
h
er

e
w

e
u
se

th
e

n
ot

at
io

n Ω
(y

)
=

{
α

:
0
≤
α
≤
C
,

N ∑ i=
1

α
iy
i

=
0}

.

T
h
er

e
ar

e
m

an
y

m
et

h
o
d
s

fo
r

so
lv

in
g

L
in

ea
r

P
ro

gr
am

s
w

it
h

in
fi
n
it

e
n
u
m

b
er

o
f

co
n
st

ra
in

ts
,

in
p
ar

ti
cu

la
r

al
go

ri
th

m
s

re
la

te
d

to
b

o
os

ti
n
g

(S
on

n
en

b
u
rg

et
al

.,
20

06
).

N
o
te

th
a
t

in
th

is
L

in
ea

r
P

ro
gr

am
fo

rm
u
la

ti
on

th
e

se
ts
X
S

ar
e

si
m

p
le

h
y
p

er
p
la

n
es

.

2
.5

O
p
ti
m
a
l
c
o
n
tr
o
l
p
ro

b
le
m

In
th

is
se

ct
io

n
w

e
b
ri

efl
y

p
re

se
n
t

th
e
H

2
op

ti
m

al
co

n
tr

ol
p
ro

b
le

m
fo

r
li
n
ea

r
sy

st
em

s
(s

ee
(K

ar
im

i
an

d
K

am
m

er
,

20
17

)
fo

r
a

d
et

ai
le

d
ex

p
o
si

ti
on

).
In

th
is

ap
p
li
ca

ti
o
n

o
n
e

a
im

s
a
t

fi
n
d
in

g
a

st
ab

il
iz

in
g

co
n
tr

ol
le

r
K

fo
r

a
li
n
ea

r
sy

st
em

w
h
ic

h
m

in
im

iz
e

an
H

2
p

er
fo

rm
a
n
ce

in
d
ic

at
or

.
T

h
is

p
ro

b
le

m
ca

n
b

e
fo

rm
u
la

te
d

as
:

m
in

K
(ω

),
Γ

(ω
)

π T ∫ −
π T

tr
ac

e[
Γ

(ω
)]
d
ω

s.
t.

:
W

(ω
)[

(I
n

+
G

(ω
)K

(ω
))
∗ (
I n

+
G

(ω
)K

(ω
))

]−
1
W
∗ (
ω

)
�

Γ
(ω

)
∀ω
∈

Ω
,

w
h
er

e
th

e
fr

eq
u
en

ci
es
ω

ar
e

ta
ke

n
in

th
e

in
te

rv
al

Ω
=
[ −

π T
,
π T

] ,
G

(ω
),
W

(ω
)

a
re

th
e

p
a
ra

m
-

et
er

s
as

so
ci

at
ed

w
it

h
th

e
li
n
ea

r
d
y
n
am

ic
al

sy
st

em
u
n
d
er

co
n
si

d
er

at
io

n
,

Γ
(ω

)
is

a
p

o
si

ti
ve

se
m

id
efi

n
it

e
m

at
ri

x
an

d
K

(ω
)

is
th

e
co

n
tr

ol
le

r
th

at
n
ee

d
s

to
b

e
id

en
ti

fi
ed

.
N

o
te

th
a
t

th
e

p
re

v
io

u
s
H

2
op

ti
m

al
co

n
tr

ol
p
ro

b
le

m
re

q
u
ir

es
th

at
th

e
co

n
st

ra
in

ts
,

ex
p
re

ss
ed

th
ro

u
g
h

m
a
-

tr
ix

in
eq

u
al

it
ie

s,
to

h
ol

d
fo

r
al

l
fr

eq
u
en

ci
es
ω

in
th

e
in

te
rv

al
Ω

.
M

or
eo

ve
r,

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n

ca
n

b
e

ex
p
re

ss
ed

as
an

ex
p

ec
ta

ti
on

ov
er

th
e

sa
m

e
in

te
rv

al
Ω

.
In

co
n
tr

o
l

th
eo

ry
,

Γ
(ω

)
an

d
K

(ω
)

ar
e

ta
ke

n
as

p
ol

y
n
om

ia
l

m
at

ri
ce

s
in

th
e

fr
eq

u
en

ci
es
ω

.
M

or
eo

ve
r,

th
e

p
re

-
v
io

u
s

m
at

ri
x

in
eq

u
al

it
ie

s
ar

e
u
su

al
ly

co
n
ve

x
ifi

ed
u
si

n
g

S
ch

u
r

co
m

p
le

m
en

t
an

d
li
n
ea

ri
za

ti
o
n

te
ch

n
iq

u
es

an
d

th
en

th
e

in
te

rv
al

Ω
is

d
is

cr
et

iz
ed

to
g
et

a
fi
n
it

e
n
u
m

b
er

of
co

n
st

ra
in

ts
(l

in
ea

r
m

at
ri

x
in

eq
u
al

it
ie

s)
(K

ar
im

i
an

d
K

am
m

er
,

20
17

).

3
.
S
to

ch
a
st
ic

P
ro
x
im

a
l
P
o
in
t
a
lg
o
ri
th

m

In
th

is
se

ct
io

n
w

e
p
ro

p
os

e
so

lv
in

g
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(4

)
th

ro
u
gh

st
o
ch

a
st

ic
p
ro

x
i-

m
al

p
oi

n
t

ty
p

e
al

go
ri

th
m

s.
It

h
as

b
ee

n
p
ro

ve
n

in
(N

ec
oa

ra
et

a
l.
,

20
17

)
th

at
th

e
o
p
ti

m
iz

a
-

ti
on

p
ro

b
le

m
(4

)
ca

n
b

e
eq

u
iv

al
en

tl
y

re
fo

rm
u
la

te
d

u
n
d
er

A
ss

u
m

p
ti

on
2

in
to

th
e

fo
ll
ow

in
g

st
o
ch

as
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
: m

in
x
∈R

n
E

[f
(x

;S
)

+
I X

S
(x

)]
.

(5
)

S
in

ce
ea

ch
co

m
p

on
en

t
of

th
e

st
o
ch

as
ti

c
ob

je
ct

iv
e

is
n
on

sm
o
ot

h
,
a

fi
rs

t
p

os
si

b
le

a
p
p
ro

a
ch

is
to

ap
p
ly

st
o
ch

as
ti

c
su

b
gr

ad
ie

n
t

m
et

h
o
d
s

(D
u
ch

i
an

d
S
in

ge
r,

20
09

;
M

o
u
li
n
es

an
d

B
a
ch

,
2
0
1
1
),

w
h
ic

h
w

ou
ld

y
ie

ld
si

m
p
le

al
go

ri
th

m
s,

b
u
t

h
av

in
g

u
su

al
ly

a
re

la
ti

ve
ly

sl
ow

su
b
li
n
ea

r
co

n
ve

r-
ge

n
ce

ra
te

.
T

h
er

ef
or

e,
fo

r
m

or
e

ro
b
u
st

n
es

s,
on

e
ca

n
d
ea

l
w

it
h

th
e

n
on

sm
o
ot

h
n
es

s
th

ro
u
g
h

th
e

M
or

ea
u

sm
o
ot

h
in

g
fr

am
ew

or
k
.

H
ow

ev
er

,
th

er
e

ar
e

m
u
lt

ip
le

p
ot

en
ti

al
a
p
p
ro

a
ch

es
in
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

th
is

d
irection

.
F

or
a

given
sm

o
oth

in
g

p
aram

eter
µ
>

0,
w

e
can

sm
o
oth

each
fu

n
ction

al
co

m
p

o
n
en

t
a
n
d

th
e

asso
ciated

in
d
icator

fu
n
ction

togeth
er

to
ob

tain
th

e
follow

in
g

sm
o
oth

a
p
p
rox

im
a
tio

n
for

th
e

n
on

sm
o
oth

con
vex

fu
n
ction

f
(·;S

)
+

I
X
S
:

f̄
µ
(x

;S
)

:=
m

in
z∈

R
n
f

(z
;S

)
+

I
X
S
(z

)
+

12µ ‖
z−

x‖
2.

L
et

u
s

d
en

ote
th

e
corresp

on
d
in

g
p
rox

o
p

erator
b
y
z̄
µ
(x

;S
)

=
arg

m
in

z∈
R
n
f

(z
;S

)
+

I
X
S
(z

)
+

12
µ ‖z
−
x‖

2.
It

is
k
n
ow

n
th

at
an

y
M

oreau
ap

p
rox

im
ation

f̄
µ
(·;S

)
is

d
iff

eren
tia

b
le

h
av

in
g

th
e

g
ra

d
ien

t
∇
f̄
µ
(x

;S
)

=
1µ
(x
−
z̄
µ
(x

;S
))

(R
o
ckafellar

an
d

W
ets,

1998).
M

o
reover,

th
e

g
ra

d
ien

t
is

L
ip

sch
itz

con
tin

u
ou

s
w

ith
con

stan
ts

b
ou

n
d
ed

b
y

1µ
.

T
h
en

,
in

stead
of

solv
in

g
th

e
n
o
n
sm

o
o
th

p
ro

b
lem

(5)
w

e
can

con
sid

er
solv

in
g

th
e

sm
o
oth

ap
p
rox

im
ation

:

m
in

x∈
R
n
F̄
µ
(x

)
(:=

E
[f̄
µ
(x

;S
)] )
.

N
o
tice

th
a
t

w
e

can
easily

ap
p
ly

th
e

classical
S
G

D
strategy

to
th

e
n
ew

ly
created

sm
o
oth

o
b

jective
fu

n
ction

,
w

h
ich

resu
lts

in
th

e
follow

in
g

iteration
:

x
k
+

1
=
x
k−

µ
k ∇
f̄
µ
k (x

k;S
k )

=
z̄
µ
k (x

k;S
k )

=
arg

m
in

z∈
R
n
f

(z
;S

k )
+

I
X
S
k
(z

)
+

1

2µ
k ‖
z−

x
k‖

2.

H
ow

ever,
th

e
n
on

asy
m

p
totic

an
aly

sis
tech

n
iq

u
e

con
sid

ered
in

ou
r

p
ap

er
en

cou
n
ters

d
iffi

cu
l-

ties
w

ith
th

is
varian

t
of

th
e

algorith
m

.
T

h
e

m
ain

d
iffi

cu
lty

con
sists

in
p
rov

in
g

th
e

b
ou

n
d

‖∇
f̄
µ
(x

;S
)‖
≤
‖g
f

(·;S
)+

I
X
S

(x
)‖

for
a
ll
x
∈

R
n
,

w
h
ere

g
f

(·;S
)+

I
X
S

(x
)∈

∂
(f

(·;S
)

+
I
X
S
)(x

).
W

e
b

elieve
th

a
t

su
ch

a
b

ou
n
d

is
essen

tial
in

o
u
r

con
vergen

ce
an

aly
sis

a
n
d

w
e

leave
for

fu
-

tu
re

w
o
rk

th
e

a
n
aly

sis
of

th
is

iterative
sch

em
e.

T
h
erefore,

w
e

con
sid

ered
a

secon
d

ap
p
ro

ach
b
a
sed

o
n

a
sm

o
oth

M
oreau

ap
p
rox

im
ation

on
ly

for
th

e
fu

n
ction

al
com

p
on

en
t
f

(·;S
)

an
d

keep
in

g
th

e
in

d
icator

fu
n
ction

I
X
S

in
its

orig
in

al
form

,
th

at
is:

f
µ
(x

;S
)

:=
m

in
z∈

R
n
f

(z
;S

)
+

12
µ ‖z−

x‖
2

fo
r

som
e

sm
o
o
th

in
g

p
aram

eter
µ
>

0.
T

h
en

,
in

stead
of

solv
in

g
n
on

sm
o
oth

p
rob

lem
(5),

w
e

so
lve

th
e

fo
llow

in
g

com
p

osite
ap

p
rox

im
ation

:

m
in

x∈
R
n
F
µ
(x

)
(:=

E
[f
µ
(x

;S
)

+
I
X
S
(x
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.
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=
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ŷ
k

=
1

µ̂
1
,k

∑
k
−

1
i=

0
µ
iy
i .

M
o
re

ov
er

,
d
en

o
te

b
y

F k
th

e
h
is

to
ry

of
ra

n
d
om

ch
oi

ce
s
{S

k
} k
≥

0
,

i.
e.
F k

=
{S

0
,·
··
,S

k
}.

L
e
m
m
a
4

L
et

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

a
n

d
th

e
se

qu
en

ce
s
{x

k
,y
k
} k
≥

0
be

ge
n

er
a
te

d
by

S
P

P
sc

h
em

e
w

it
h

po
si

ti
ve

st
ep

si
ze
{µ

k
} k
≥

0
.

T
h
en

th
e

fo
ll

o
w

in
g

re
la

ti
o
n

h
o
ld

s:

E
[ d

is
t2 X

S
k
(ŷ
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co
n

sta
n

t
σ
f
,S
≥

0
su

ch
th

a
t:

f
(x

;S
)≥

f
(y

;S
)

+
〈∇
f

(y
;S

),x
−
y〉

+
σ
f
,S

2
‖x
−
y‖

2
∀
x
,y
∈
R
n
.

M
o
reo

ver,
th

e
stro

n
g

co
n

vexity
co

n
sta

n
ts
σ
f
,S

sa
tisfy

σ
F

=
E

[σ
f
,S

]
>

0.

N
o
tice

th
at

if
for

som
e

fu
n
ction

f
(·;S

)
th

e
co

rresp
on

d
in

g
con

stan
t
σ
f
,S

=
0,

th
en

f
(·;S

)
is

o
n
ly

con
vex

.
H

ow
ev

er,
relation

E
[σ
f
,S

]
=
σ
F
>

0
im

p
lies

th
at

th
e

w
h
ole

ob
jective

fu
n
ctio

n
F

o
f

p
ro

b
lem

(4)
is

stron
gly

con
vex

w
ith

con
stan

t
σ
F
>

0.
In

th
e

seq
u
el

w
e

w
ill

an
aly

ze
th

e
S
P

P
sch

em
e

u
n
d
er

th
e

follow
in

g
ad

d
ition

al
sm

o
oth

n
ess

a
ssu

m
p
tion

:

A
ssu

m
p
tio

n
8

E
a
ch

fu
n

ctio
n
f

(·;S
)

h
a
s

L
ip

sch
itz

gra
d
ien

t,
th

a
t

is
th

ere
exists

L
ip

sch
itz

co
n

sta
n

t
L
f
,S
>

0
su

ch
th

a
t:

‖∇
f

(x
;S

)−
∇
f

(y
;S

)‖
≤
L
f
,S ‖
x
−
y‖

∀
x
,y
∈
R
n
.

N
o
te

th
a
t

A
ssu

m
p
tion

s
7

an
d

8
are

stan
d
ard

for
th

e
con

vergen
ce

an
aly

sis
of

S
P

P
like

sch
em

es,
see

e.g.
(M

ou
lin

es
an

d
B

ach
,

2011;
R

y
u

an
d

B
oy

d
,

2016).
W

e
fi
rst

p
resen

t
an

a
u
x
ilia

ry
resu

lt
on

th
e

b
eh

av
ior

of
th

e
p
rox

im
al

m
ap

p
in

g
z
µ
(·;S

).

L
e
m
m
a
9

L
et
f

(·;S
)

sa
tisfy

A
ssu

m
p
tio

n
7
.

F
u

rth
er,

fo
r

a
n

y
S
∈

Ω
a
n

d
µ
>

0,
w

e
d
efi

n
e

θ
S

(µ
)

=
1

1
+
µ
σ
f
,S

.
T

h
en

,
th

e
fo

llo
w

in
g

co
n

tra
ctio

n
in

equ
a
lity

h
o
ld

s
fo

r
th

e
p
ro

x
o
pera

to
r:

‖z
µ
(x

;S
)−

z
µ
(y

;S
)‖
≤
θ
S

(µ
)‖x
−
y‖

∀
x
,y
∈
R
n
.

P
ro

o
f

S
ee

A
p
p

en
d
ix

for
th

e
p
ro

of.

N
o
tice

th
a
t

if
a
ll

th
e

fu
n
ction

s
f

(·;S
)

are
ju

st
con

vex
,
th

at
is

th
ey

satisfy
A

ssu
m

p
tion

7
w

ith
σ
f
,S

=
0
,

th
en

L
em

m
a

9
h
igh

ligh
ts

th
e

n
on

ex
p
an

siven
ess

p
rop

erty
of

th
e

p
rox

im
al

op
erator

z
µ
(·;S

).
W

e
w

ill
fu

rth
er

keep
u
sin

g
th

e
n
otation

θ
S

(µ
)

for
th

e
con

tractio
n

factor
of

th
e

o
p

era
to

r
z
µ
(·;S

).
M

oreover,
in

all
ou

r
p
ro

ofs
b

elow
,

regard
in

g
th

e
resu

lts
in

ex
p

ectation
,

w
e

u
se

th
e

sta
n
d
ard

tech
n
iq

u
e

of
ap

p
ly

in
g

fi
rst

ex
p

ectation
w

ith
resp

ect
to
S
k

con
d
ition

ed
o
n
F
k−

1
a
n
d

th
en

ap
p
ly

th
e

ex
p

ectation
over

th
e

en
tire

h
istory

F
k−

1
(see

th
e

p
ro

of
of

T
h
eo

rem
5
).

F
or

sim
p
licity

of
th

e
ex

p
osition

an
d

for
sav

in
g

sp
ace,

w
e

om
it

th
ese

d
etails

b
elow

.

5
.1

L
in
e
a
r
c
o
n
v
e
rg

e
n
c
e
to

n
o
ise

d
o
m
in
a
te
d

re
g
io
n

fo
r
c
o
n
sta

n
t
ste

p
siz

e
S
P
P

N
ex

t
w

e
an

a
ly

ze
th

e
seq

u
en

ce
gen

erated
b
y

th
e

S
P

P
sch

em
e

w
ith

con
stan

t
step

size
µ
>

0
a
n
d

p
rov

id
e

a
n
on

asy
m

p
totic

b
ou

n
d

on
th

e
q
u
ad

ratic
m

ean
{E

[‖
x
k−

x
∗‖

2]}
k≥

0 .

T
h
e
o
re

m
1
0

U
n

d
er

A
ssu

m
p
tio

n
7
,

let
th

e
sequ

en
ce
{
x
k}
k≥

0
be

gen
era

ted
by

th
e

a
lgo

-
rith

m
S

P
P

w
ith

co
n

sta
n

t
step

size
µ
>

0
.

F
u

rth
er,

a
ssu

m
e
σ

m
a
x

f
=

su
p

S∈
Ω
σ
f
,S
<
∞

.
T

h
en

,

E
[θ

2S
(µ

)]≤
E

[θ
S

(µ
)]
<

1
a
n

d
th

e
fo

llo
w

in
g

lin
ea

r
co

n
vergen

ce
to

so
m

e
regio

n
a
ro

u
n

d
th

e
o
p
tim

a
l

po
in

t
in

th
e

qu
a
d
ra

tic
m

ea
n

h
o
ld

s:

E
[‖
x
k−

x
∗‖

2]≤
2 (E

[θ
2S
(µ

) ])
k‖x

0−
x
∗‖

2
+

2µ
2E

[‖∇
f

(x
∗;S

)‖
2]

(
1−

√
E

[θ
2S
(µ

)] )
2
.
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

P
ro

o
f

F
irst,

it
can

b
e

easily
seen

th
at

for
an

y
µ
>

0
an

d
S
∈

Ω
w

e
h
ave

θ
2S
(µ

)≤
θ
S

(µ
)≤

1
an

d
assu

m
in

g
th

at
σ

m
a
x

f
<
∞

w
e

ob
tain

:

0
≤

E
[θ

2S
(µ

)]≤
E

[θ
S

(µ
)]

=
E
[

1

1
+
µ
σ
f
,S ]

=
1−

E
[

µ
σ
f
,S

1
+
µ
σ
f
,S ]
≤

1−
µ
σ
F

1
+
µ
σ

m
a
x

f

<
1.

T
h
en

,
b
y

ap
p
ly

in
g

L
em

m
a

9
w

ith
S

=
S
k ,x

=
x
k

an
d
z

=
x
∗,

resu
lts

in
:

∥∥∥
z
µ
(x
k;S

k )−
z
µ
(x
∗;S

k ) ∥∥∥
≤
θ
S
k (µ

)‖
x
k−

x
∗‖,

w
h
ich

,
b
y

th
e

tria
n
gle

in
eq

u
ality,

fu
rth

er
im

p
lies:

∥∥∥
z
µ
(x
k;S

k )−
x
∗ ∥∥∥
≤
θ
S
k (µ

)‖
x
k−

x
∗‖

+
‖
z
µ
(x
∗;S

k )−
x
∗‖.

B
y

u
sin

g
th

e
n
on

ex
p
an

siven
ess

p
rop

erty
of

th
e

p
ro

jection
op

erator
w

e
get

th
at‖

x
k
+

1−
x
∗‖
≤

‖y
k−

x
∗‖

,
th

en
th

e
last

in
eq

u
ality

lead
s

to
th

e
reccu

ren
t

relation
:

∥∥∥
x
k
+

1−
x
∗ ∥∥∥
≤
∥∥∥
z
µ
(x
k;S

k )−
x
∗ ∥∥∥
≤
θ
S
k (µ

)‖
x
k−

x
∗‖

+
‖
z
µ
(x
∗;S

k )−
x
∗‖.

(13)

T
h
e

relation
(13),

M
in

kow
sk

i
in

eq
u
ality

an
d

L
em

m
a

3
lead

to
th

e
follow

in
g

recu
rren

ce:

√
E

[‖
x
k
+

1−
x
∗‖

2]
(1

3
)

≤
√

E
[(θ

S
k (µ

)‖x
k−

x
∗‖

+
‖
z
µ
(x
∗;S

k )−
x
∗‖

)
2 ]

(8
)

≤
√

E
[θ

2S
k (µ

)‖
x
k−

x
∗‖

2 ]
+
√

E
[‖z

µ
(x
∗;S

k )−
x
∗‖

2]

=
√

E
[θ

2S
(µ

) ] √
E

[‖x
k−

x
∗‖

2]+
µ √

E
[‖∇

f
µ
(x
∗;S

)‖
2]

L
em

m
a

3
≤

√
E
[θ

2S
(µ

) ] √
E

[‖
x
k−

x
∗‖

2]+
µ √

E
[‖∇

f
(x
∗;S

)‖
2].

T
h
is

y
ield

s
th

e
follow

in
g

relation
valid

fo
r

all
µ
>

0
an

d
k
≥

0:

√
E

[‖
x
k
+

1−
x
∗‖

2]≤
√

E
[θ

2S
(µ

) ] √
E

[‖
x
k−

x
∗‖

2]+
µ √

E
[‖∇

f
(x
∗;S

)‖
2],

(14)

D
en

ote
r
k

=
√

E
[‖x

k−
x
∗‖

2],
η

=
√

E
[‖∇

f
(x
∗;S

)‖
2]]

an
d
θ(µ

)=
√

E
[θ

2S
(µ

) ].
T

h
en

,
w

e
get:

r
k
+

1 ≤
θ(µ

)r
k

+
µ
η
.

F
in

ally,
a

sim
p
le

in
d
u
ctiv

e
argu

m
en

t
lead

s
to:

r
k ≤

r
0 θ(µ

)
k

+
µ
η [1

+
θ(µ

)
+
···

+
θ(µ

)
k−

1 ]

=
r

0 θ(µ
)
k

+
µ
η

1−
θ(µ

)
k

1−
θ(µ

)

≤
r

0 θ(µ
)
k

+
µ
η

1−
θ(µ

) .
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

B
y

sq
u
ar

in
g

an
d

re
tu

rn
in

g
to

ou
r

b
as

ic
n
ot

at
io

n
s,

w
e

re
co

ve
r

ou
r

st
at

em
en

t.

T
h
eo

re
m

10
p
ro

ve
s

a
li
n
ea

r
co

n
v
er

ge
n
ce

ra
te

in
ex

p
ec

ta
ti

on
,

w
it

h
ou

t
as

su
m

in
g

an
y

k
in

d
of

sm
o
ot

h
n
es

s
on

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
,

fo
r

th
e

se
q
u
en

ce
{x

k
} k
≥

0
ge

n
er

at
ed

b
y

S
P

P
w

it
h

co
n
st

an
t

st
ep

si
ze
µ
>

0
w

h
en

th
e

it
er

at
es

ar
e

ou
ts

id
e

of
a

n
o
is

e
d
o
m

in
a
te

d
n
ei

gh
b

or
h
o
o
d

of
th

e
op

ti
m

al
se

t
of

ra
d
iu

s
µ
√

E[
‖∇

f
(x
∗ ;
S

)‖
2
]

1
−
√

E[
θ
2 S

(µ
)]

.
It

al
so

es
ta

b
li
sh

es
th

e
b

ou
n
d
ed

n
es

s
of

th
e

se
q
u
en

ce
{x

k
} k
≥

0
w

h
en

th
e

st
ep

si
ze

is
co

n
st

an
t.

N
ot

ic
e

th
at

in
(R

y
u

an
d

B
oy

d
,

20
16

)
a

si
m

il
ar

re
su

lt
h
as

b
ee

n
gi

ve
n

fo
r

an
u
n
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

m
o
d
el

w
it

h
th

e
d
iff

er
en

ce
th

at
th

e
co

n
ve

rg
en

ce
ra

te
w

as
p
ro

v
id

ed
fo

r
E[
‖x

k
−
x
∗ ‖

].
H

ow
ev

er
,

ou
r

p
ro

of
is

si
m

p
le

r
an

d
m

or
e

el
eg

an
t,

b
as

ed
on

th
e

p
ro

p
er

ti
es

of
M

or
ea

u
ap

p
ro

x
im

at
io

n
,

d
es

p
it

e
th

e
fa

ct
th

at
w

e
co

n
si

d
er

th
e

co
n
st

ra
in

ed
ca

se
.

5
.2

N
o
n
a
sy

m
p
to

ti
c
su

b
li
n
e
a
r
c
o
n
v
e
rg

e
n
c
e
ra

te
o
f
v
a
ri
a
b
le

st
e
p
si
z
e
S
P
P

In
th

is
se

ct
io

n
w

e
d
er

iv
e

su
b
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

or
d
er
O

(1
/k

γ
)

fo
r

th
e

va
ri

ab
le

st
ep

si
ze

S
P

P
sc

h
em

e,
in

a
n
on

as
y
m

p
to

ti
c

fa
sh

io
n
.

W
e

fi
rs

t
p
ro

ve
th

e
b

ou
n
d
ed

n
es

s
of
{x

k
} k
≥

0
w

h
en

th
e

st
ep

si
ze

is
n
on

in
cr

ea
si

n
g,

w
h
ic

h
w

il
l

b
e

u
se

fu
l

fo
r

th
e

su
b
se

q
u
en

t
co

n
ve

rg
en

ce
re

su
lt

s.

L
e
m
m
a
1
1

U
n

d
er

A
ss

u
m

p
ti

o
n

7
,

le
t

th
e

se
qu

en
ce
{x

k
} k
≥

0
be

ge
n

er
a
te

d
by

th
e

a
lg

o
ri

th
m

S
P

P
w

it
h

n
o
n

in
cr

ea
si

n
g

po
si

ti
ve

st
ep

si
ze
{µ

k
} k
≥

0
.

T
h
en

,
th

e
fo

ll
o
w

in
g

re
la

ti
o
n

h
o
ld

s:

E
[ ‖
x
k
−
x
∗ ‖
] ≤

√
E[
‖x

k
−
x
∗ ‖

2
]
≤

m
ax

  
‖x

0
−
x
∗ ‖
,
µ

0

√
E

[‖
∇
f

(x
∗ ;
S

)‖
2
]

1
−
√

E
[ θ

2 S
(µ

0
)]

  
.

P
ro

o
f

S
ee

A
p
p

en
d
ix

fo
r

th
e

p
ro

of
.

F
u
rt

h
er

m
or

e,
w

e
n
ee

d
an

u
p
p

er
b

ou
n
d

on
th

e
se

q
u
en

ce
{E

[‖
∇
f

(x
k
;S

)‖
]}
k
≥

0
:

L
e
m
m
a
1
2

U
n

d
er

A
ss

u
m

p
ti

o
n

s
7

a
n

d
8
,

le
t

th
e

se
qu

en
ce
{x

k
} k
≥

0
be

ge
n

er
a
te

d
by

th
e

a
lg

o
ri

th
m

S
P

P
w

it
h

n
o
n

in
cr

ea
si

n
g

po
si

ti
ve

st
ep

si
ze

s
{µ

k
} k
≥

0
.

T
h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

s:

E[
‖∇

f
(x
k
;S

)‖
2
]
≤

2E
[‖
∇
f

(x
∗ ;
S

)‖
2
]+

2
E[
L

2 f
,S

]A
2
,

w
h
er

e
A

=
m

ax

{
‖x

0
−
x
∗ ‖
,
µ
0

√
E[
‖∇

f
(x
∗ ;
S

)‖
2
]

1
−
√

E [
θ
2 S

(µ
0
) ]

}
.

P
ro

o
f

F
ro

m
th

e
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
of
∇
f

(·;
S

)
w

e
h
av

e
th

at
‖∇

f
(x

;S
)
−
∇
f

(x
∗ ;
S

)‖
≤

L
f
,S
‖x
−
x
∗ ‖

fo
r

al
l
x
∈
R
n
,

w
h
ic

h
im

p
li
es

:

‖∇
f

(x
k
;S

)‖
2
≤

(‖
∇
f

(x
∗ ;
S

)‖
+
L
f
,S
‖x

k
−
x
∗ ‖

)2
≤

2‖
∇
f

(x
∗ ;
S

)‖
2

+
2
L

2 f
,S
‖x

k
−
x
∗ ‖

2
.

B
y

ta
k
in

g
ex

p
ec

ta
ti

on
in

b
ot

h
si

d
es

w
e

ge
t:

E[
‖∇

f
(x
k
;S

)‖
2
]
≤

2
E[
‖∇

f
(x
∗ ;
S

)‖
2
]+

2
E[
L

2 f
,S

]E
[‖
x
k
−
x
∗ ‖

2
].
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

L
as

tl
y,

b
y

u
si

n
g

L
em

m
a

11
w

e
ob

ta
in

ou
r

st
at

em
en

t.

F
in

al
ly

,
w

e
p
ro

v
id

e
a

n
on

-t
ri

v
ia

l
u
p
p

er
b

ou
n
d

on
th

e
fe

as
ib

il
it

y
ga

p
,

w
h
ic

h
a
u
to

m
a
ti

ca
ll
y

le
ad

s
to

a
it

er
at

iv
e

d
es

ce
n
t

in
th

e
d
is

ta
n
ce

to
th

e
fe

as
ib

le
se

t
of

th
e

se
q
u
en

ce
{x

k
} k
≥

0
,

ge
n
er

at
ed

b
y

th
e

S
P

P
sc

h
em

e
w

it
h

n
on

in
cr

ea
si

n
g

st
ep

si
ze

s.

L
e
m
m
a
1
3

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2
,

7
a
n

d
8
,

le
t

th
e

se
qu

en
ce
{x

k
} k
≥

0
be

ge
n

er
a
te

d
by

S
P

P
sc

h
em

e
w

it
h

n
o
n

in
cr

ea
si

n
g

st
ep

si
ze

s
{µ

k
} k
≥

0
.

T
h
en

,
th

e
fo

ll
o
w

in
g

re
la

ti
o
n

h
o
ld

s:

√
E[

d
is

t2 X
(x
k
)]
≤
( 1
−

1 ζ

) k
/
2
[ d

is
t X

(x
0
)

+
2
µ

0
ζ
B]

+
2
µ
k
−
dk 2
eζ
B,

w
h
er

e
B

=
√

2
E[
‖∇

f
(x
∗ ;
S

)‖
2
]+
A
√

2
E[
L

2 f
,S

].

P
ro

o
f

S
ee

A
p
p

en
d
ix

fo
r

th
e

p
ro

of
.

N
ow

,
w

e
ar

e
re

ad
y

to
d
er

iv
e

th
e

n
on

as
y
m

p
to

ti
c

co
n
ve

rg
en

ce
ra

te
of

th
e

A
lg

o
ri

th
m

S
P

P
w

it
h

n
on

in
cr

ea
si

n
g

st
ep

si
ze

s.
F

or
si

m
p
li
ci

ty
,

w
e

d
en

ot
e
η

=
√

E[
‖∇

f
(x
∗ ;
S

)‖
2
]

a
n
d

ke
ep

th
e

n
ot

at
io

n
s

fo
r
A

fr
om

L
em

m
a

12
an

d
fo

r
B

fr
om

L
em

m
a

13
.

T
h
e
o
re

m
1
4

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2
,

7
a
n

d
8
,

le
t

th
e

se
qu

en
ce
{x

k
} k
≥

0
be

ge
n

er
a
te

d
by

th
e

a
lg

o
ri

th
m

S
P

P
w

it
h

th
e

st
ep

si
ze
µ
k

=
µ
0

k
γ

fo
r

a
ll
k
≥

1
,

w
it

h
µ

0
>

0
a
n

d
γ
∈

(0
,1

],
a
n

d

d
en

o
te
θ 0

=
E
[ θ

2 S
(µ

0
)]

=
E
[

1
(1

+
µ
0
σ
f
,S

)2

] .
T

h
en

,
th

e
fo

ll
o
w

in
g

re
la

ti
o
n

s
h
o
ld

:

(i
)

If
γ
∈

(0
,1

),
th

en
w

e
h
a
ve

th
e

fo
ll

o
w

in
g

n
o
n

a
sy

m
p
to

ti
c

co
n

ve
rg

en
ce

ra
te

s:

E[
‖x

k
−
x
∗ ‖

2
]≤
θϕ

1
−
γ

(k
)

0
r2 0

+
D
θϕ

1
−
γ

(k
)−
ϕ
1
−
γ

(
k
+
1

2
)

0
µ

2 0

[ ϕ
1
−

2
γ

(
k

+
1

2

)
+

2

] +
D
µ

2 0
4γ

(1
−
θ 0

)k
γ
.

(i
i)

If
γ

=
1,

th
en

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

n
o
n

a
sy

m
p
to

ti
c

co
n

ve
rg

en
ce

ra
te

:

E[
‖x

k
−
x
∗ ‖

2
]
≤

          

θϕ
0
(k

)
0

r2 0
+

2
µ
2 0

k
( ln

(
1 θ
0

) −
1
)

if
θ 0
<

1 e

θϕ
0
(k

)
0

r2 0
+

2
µ
2 0

ln
k

k
if

θ 0
=

1 e

θϕ
0
(k

)
0

r2 0
+
( 2 k

) ln
(

1 θ
0

)
µ
2 0

1
−

ln
(

1 θ
0

)
if

θ 0
>

1 e
,

w
h
er

e
D

=
4‖
∇
F

(x
∗ )
‖[

d
is
t X

(x
0
)+

2
µ
0
ζ
B

µ
0

ln
(ζ
/
(ζ
−

1
))

+
3
γ
Bζ
] +

2
η
√

2
η

2
+

2
E[
L

2 f
,S

]A
2

+
2
η
A
√

E[
L

2 f
,S

].

P
ro

o
f

S
ee

A
p
p

en
d
ix

fo
r

th
e

p
ro

of
.

F
or

m
or

e
cl

ea
r

es
ti

m
at

es
of

th
e

co
n
ve

rg
en

ce
ra

te
s

ob
ta

in
ed

in
T

h
eo

re
m

14
,

w
e

p
ro

v
id

e
in

th
e

n
ex

t
co

ro
ll
ar

y
a

su
m

m
ar

y
gi

ve
n

in
te

rm
s

of
th

e
d
om

in
an

t
te

rm
s:
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

C
o
ro

lla
ry

1
5

U
n

d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
1
4

th
e

fo
llo

w
in

g
co

n
vergen

ce
ra

tes
h
o
ld

:
(i)

If
γ
∈

(0,1
),

th
en

w
e

h
a
ve

co
n

vergen
ce

ra
te

o
f

o
rd

er:

E
[‖
x
k−

x
∗‖

2]≤
O
(

1k
γ )

(ii)
If
γ

=
1,

th
en

w
e

h
a
ve

co
n

vergen
ce

ra
te

o
f

o
rd

er:

E
[‖x

k−
x
∗‖

2]≤



O
(

1k )
if
θ

0
<

1e

O
(

ln
k
k

)
if
θ

0
=

1e

O
(

1k )
2

ln (
1θ0 )

if
θ

0
>

1e .

P
ro

o
f

F
irst

a
ssu

m
e

th
at
γ
∈

(0,
12 ).

T
h
is

assu
m

p
tion

im
p
lies

th
at

1−
2
γ
>

0
an

d
th

at:

ϕ
1−

2
γ (

k2
+

2 )
=

(
k2

+
2 )

1−
2
γ−

1

1−
2
γ

≤
(
k2

+
2 )

1−
2
γ

1−
2
γ

.
(15)

O
n

th
e

o
th

er
h
an

d
,

b
y

u
sin

g
th

e
in

eq
u
ality

e −
x≤

1
1
+
x

for
all

x
≥

0,
w

e
ob

tain
:

θ
ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(
k
+
1

2
)

0
ϕ

1−
2
γ (

k2
+

2 )
=
e

(ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(
k
+
1

2
))

ln
θ
0ϕ

1−
2
γ (

k2
+

2 )

≤
ϕ

1−
2
γ (

k2
+

2 )

1
+

[ϕ
1−
γ (k

+
1)−

ϕ
1−
γ (
k2

+
1)]ln

1θ
0

(1
5
)

≤
(k

+
4
)
1−

2
γ

2
1−

2
γ

(1−
2
γ

)

1
1−
γ
[(k

+
1)

1−
γ−

(
k2

+
1)

1−
γ]ln

1θ
0

=

(k
+

4
)
1−

2
γ

2
1−

2
γ

(1−
2
γ

)

(k
+

2
)
1−
γ

1−
γ

[(
23 )

1−
γ−

(
12 )

1−
γ]ln

1θ
0

=
1−

γ

1−
2γ

2
γ(k

+
4) −

γ

[(
23 )

1−
γ−

(
12 )

1−
γ]ln

1θ
0

≈
O
(

1k
γ )

.

T
h
erefo

re,
in

th
is

case,
th

e
overall

rate
w

ill
b

e
given

b
y
:

r
2k
+

1 ≤
θ O

(k
1−
γ

)
0

r
20

+
O
(

1k
γ )
≈
O
(

1k
γ )

.

If
γ

=
12 ,

th
en

th
e

d
efi

n
ition

of
ϕ

1−
2
γ (
k2

+
2)

p
rov

id
es

th
at:

r
2k
+

1 ≤
θ O

( √
k
)

0
r

20
+
θ O

( √
k
)

0
O

(ln
k
)

+
O
(

1√k )
≈
O
(

1√k )
.

W
h
en

γ
∈

(
12 ,1),

it
is

ob
v
iou

s
th

at
ϕ

1−
2
γ (

k2
+

2 )
≤

1
2
γ−

1
an

d
th

erefore
th

e
ord

er
of

th
e

co
n
verg

en
ce

ra
te

ch
an

ges
in

to:

r
2k
+

1 ≤
θ O

(k
1−
γ

)
0

[r
20

+
O

(1)]+
O
(

1k
γ )
≈
O
(

1k
γ )

.

L
a
stly,

if
γ

=
1
,

b
y

u
sin

g
θ

ln
k
+

1
0

≤
(

1k )
ln

1θ0
w

e
ob

tain
th

e
secon

d
p
art

of
ou

r
resu

lt.
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

N
otice

th
at

th
e

ab
ove

resu
lts

state
th

at
ou

r
S
P

P
algorith

m
w

ith
variab

le
step

size
µ
0

k
γ

con
-

verges
w

ith
O
(

1k
γ )

rate.
S
im

ilar
resu

lts
h
ave

b
een

ob
tain

ed
in

(T
ou

lis
et

al.,
2016)

for
a

p
ar-

ticu
lar

ob
jective

fu
n
ction

of
th

e
form

f
(a
TS
x

)
w

ith
ou

t
an

y
con

strain
ts

an
d

for
γ
∈

(1/
2,1].

M
oreover,

for
γ

=
1

sim
ilar

con
vergen

ce
rate,

b
u
t

in
asy

m
p
totic

fash
ion

an
d

for
u
n
con

-
strain

ed
p
rob

lem
s,

h
as

b
een

d
erived

in
(R

y
u

an
d

B
oy

d
,

2016).
A

s
w

e
h
ave

alread
y

m
en

-
tion

ed
in

th
e

in
tro

d
u
ction

section
,

th
e

con
v
ergen

ce
rate

for
th

e
S
G

D
sch

em
e

con
tain

s
an

ex
p

on
en

tial
term

of
th

e
form

e
C
2
µ
20

k
α
µ
0

,
w

h
ich

for
a

given
iteration

cou
n
ter

k
grow

s
ex

p
on

en
tially

in
th

e
in

itial
step

size
µ

0 ,
see

(M
ou

lin
es

an
d

B
ach

,
2011

).
T

h
u
s,

alth
ou

gh
th

e
S
G

D
m

eth
o
d

ach
ieves

a
rate

O
(

1k
)

for
a

variab
le

step
size

µ
0k ,

if
µ

0
is

ch
osen

to
o

large,
th

en
it

ca
n

in
d
u
ce

catastrop
h
ic

eff
ects

in
th

e
con

vergen
ce

rate.
H

ow
ev

er,
on

e
sh

ou
ld

n
otice

th
at

for
ou

r
S
P

P
m

eth
o
d
,

T
h
eorem

14
d
o
es

n
ot

con
tain

th
is

k
in

d
of

ex
p

on
en

tial
term

,
th

erefore
S
P

P
is

m
ore

rob
u
st

th
an

S
G

D
sch

em
e

even
in

th
e

con
strain

ed
case.

T
h
is

ca
n

b
e

also
ob

served
in

n
u
m

er-
ical

sim
u
lation

s,
see

S
ection

7
b

elow
.

C
lea

rly,
C

orollary
15

d
irectly

im
p
lies

th
e

follow
in

g
com

p
lex

ity
estim

ates
for

attain
in

g
a

su
b

op
tim

al
p

oin
t
x
k

satisfy
in

g
E

[‖x
k−

x
∗‖

2]≤
ε.

C
o
ro

lla
ry

1
6

U
n

d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
1
4

a
n

d
ε
>

0
th

e
fo

llo
w

in
g

estim
a
tes

h
o
ld

.
F

o
r
γ
∈

(0,1),
if

w
e

perfo
rm

:

⌈O
(

1

ε
1
/
γ )⌉

itera
tio

n
s

o
f

S
P

P
sch

em
e

w
ith

va
ria

ble
step

size,
th

en
th

e
sequ

en
ce{x

k}
k≥

0
sa

tisfi
es

E
[‖
x
k−

x
∗‖

2]≤
ε.

M
o
reo

ver,
fo

r
γ

=
1

a
n

d
θ

0
<

1e ,
if

w
e

perfo
rm

:

⌈O
(

1ε )⌉

itera
tio

n
s

o
f

S
P

P
sch

em
e

w
ith

va
ria

ble
step

size,
th

en
w

e
h
a
ve

E
[‖x

k−
x
∗‖

2]≤
ε.

P
ro

o
f

T
h
e

p
ro

of
follow

s
im

m
ed

iately
from

C
orollary

15
.

6
.
A

re
sta

rte
d
v
a
ria

n
t
o
f
S
to

ch
a
stic

P
ro
x
im

a
l
P
o
in
t
a
lg
o
rith

m

F
rom

p
rev

iou
s

section
w

e
easily

n
otice

th
at

an
O
(

1ε )
con

vergen
ce

rate
is

ob
tain

ed
for

th
e

S
P

P
algorith

m
w

ith
variab

le
step

size
µ
k

=
µ
0k

on
ly

w
h
en

th
e

in
itial

step
size

µ
0

is
ch

osen

su
ffi

cien
tly

large
su

ch
th

at
θ

0
=

E
[

1
(1

+
µ
0
σ
f
,S

)
2 ]
<

1√e .
H

ow
ever,

th
is

con
d
ition

is
n
ot

easy

to
ch

eck
.

T
h
erefore,

if
µ

0
is

n
ot

ch
osen

ad
eq

u
ately,

w
e

can
en

cou
n
ter

th
e

case
θ

0
>

1√e ,

w
h
ich

lead
s

to
a

w
orse

con
vergen

ce
rate

for
th

e
S
P

P
sch

em
e

of
ord

erO
(
ε −

1
2
ln

(1
/
θ
0
) )

,
th

at

is
im

p
licitly

d
ep

en
d
en

t
on

th
e

ch
oice

of
th

e
in

itial
step

size
µ

0 .
In

con
clu

sion
,

in
ord

er
to

rem
ove

th
is

d
ep

en
d
en

ce
on

th
e

in
itial

step
size

of
th

e
sim

p
le

S
P

P
sch

em
e,

w
e

d
evelop

a
restartin

g
varian

t
of

it.
T

h
is

varian
t

con
sists

of
ru

n
n
in

g
th

e
S
P

P
algorith

m
(as

a
rou

tin
e)

for
m

u
ltip

le
tim

es
(ep

o
ch

s)
an

d
restartin

g
it

each
tim

e
after

a
certain

n
u
m

b
er

of
iteration

s.
In

each
ep

o
ch

t,
th

e
S
P

P
sch

em
e

ru
n
s

for
an

estim
ated

n
u
m

b
er

of
iteration

s
K
t ,

w
h
ich

m
ay

vary
over

th
e

ep
o
ch

s,
d
ep

en
d
in

g
o
n

th
e

assu
m

p
tion

s
m

ad
e

on
th

e
ob

jective
fu

n
ction

.
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S
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m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

M
or

e
ex

p
li
ci

tl
y,

th
e

R
es

ta
rt

ed
S
to

ch
as

ti
c

P
ro

x
im

a
l

P
oi

n
t

(R
S
P

P
)

sc
h
em

e
h
as

th
e

fo
ll
ow

in
g

it
er

at
io

n
:

A
lg
o
ri
th

m
R
S
P
P

L
et
µ

0
>

0
an

d
x

0
,0
∈
R
n
.

F
or
t
≥

1
d
o:

1.
C

om
p
u
te

st
ep

si
ze
µ
t

an
d

n
u
m

b
er

of
in

n
er

it
er

at
io

n
s
K
t

2.
S
et
x
K
t
,t

th
e

av
er

ag
e

ou
tp

u
t

of
S
P

P
(x
K
t−

1
,t
−

1
,µ

t)
ru

n
n
ed

fo
r
K
t

it
er

a-
ti

on
s

w
it

h
co

n
st

an
t

st
ep

si
ze
µ
t

3.
If

an
ou

te
r

st
op

p
in

g
cr

it
er

io
n

is
sa

ti
sfi

ed
,
th

en
S
T
O
P

,
ot

h
er

w
is

e
t

:=
t+

1
an

d
go

to
st

ep
1.

W
e

an
al

y
ze

b
el

ow
th

e
n
on

as
y
m

p
to

ti
c

co
n
ve

rg
en

ce
ra

te
of

th
e

R
S
P

P
al

go
ri

th
m

u
n
d
er

A
s-

su
m

p
ti

on
s

7
an

d
8.

6
.1

N
o
n
a
sy

m
p
to

ti
c
su

b
li
n
e
a
r
c
o
n
v
e
rg

e
n
c
e
o
f
a
lg
o
ri
th

m
R
S
P
P

In
th

is
se

ct
io

n
w

e
an

al
y
ze

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

se
q
u
en

ce
ge

n
er

at
ed

b
y

th
e

R
S
P

P
sc

h
em

e,
w

h
ic

h
re

p
ea

te
d
ly

ca
ll
s

th
e

su
b
ro

u
ti

n
e

S
P

P
w

it
h

a
co

n
st

an
t

st
ep

si
ze

,
in

m
u
lt

ip
le

ep
o
ch

s.
W

e
co

n
si

d
er

th
at

S
P

P
ru

n
s

in
ep

o
ch

t
≥

1
w

it
h

th
e

co
n
st

an
t

st
ep

si
ze
µ
t

fo
r
K
t

it
er

at
io

n
s.

A
s

in
p
re

v
io

u
s

se
ct

io
n
s,

w
e

fi
rs

t
p
ro

v
id

e
a

d
es

ce
n
t

le
m

m
a

fo
r

th
e

fe
as

ib
il
it

y
ga

p
.

F
or

si
m

p
li
ci

ty
,

w
e

ke
ep

th
e

n
ot

at
io

n
s

of
A

fr
om

L
em

m
a

12
an

d
B

fr
om

L
em

m
a

13
.

L
e
m
m
a
1
7

L
et

A
ss

u
m

p
ti

o
n

s
2
,

7
a
n

d
8

h
o
ld

.
A

ls
o

le
t

th
e

se
qu

en
ce
{x

K
t
,t
} t
≥

0
be

ge
n

er
-

a
te

d
by

R
S

P
P

sc
h
em

e
w

it
h

n
o
n

in
cr

ea
si

n
g

st
ep

si
ze

s
{µ

t}
t≥

0
a
n

d
n

o
n

d
ec

re
a
si

n
g

ep
oc

h
le

n
gt

h
s

{K
t}
t≥

1
su

ch
th

a
t
K
t
≥

1
fo

r
a
ll
t
≥

1
.

T
h
en

,
th

e
fo

ll
o
w

in
g

re
la

ti
o
n

h
o
ld

s:

√
E[

d
is

t2 X
(x
K
t
,t
)]
≤
( 1
−

1 ζ

)∑
t i=

1
K
i

2

d
is

t X
(x

0
,0

)
+

2

( 1
−

1 ζ

)
t ∑

i=
t−
d
t 2
e

K
i

2

µ
0
ζ

2
B

+
2
µ
t−
dt 2
eζ

2
B.

P
ro

o
f

S
ee

A
p
p

en
d
ix

fo
r

th
e

p
ro

of
.

N
ex

t,
w

e
p
ro

v
id

e
th

e
n
on

-a
sy

m
p
to

ti
c

b
ou

n
d
s

on
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of

R
S
P

P
sc

h
em

e.

T
h
e
o
re

m
1
8

L
et

A
ss

u
m

p
ti

o
n

s
2
,

7
a
n

d
8

h
o
ld

a
n

d
ε,
µ

0
>

0
.

A
ls

o
le

t
γ
>

0
a
n

d
{x

K
t
,t
} t
≥

0

be
ge

n
er

a
te

d
by

R
S

P
P

sc
h
em

e
w

it
h
µ
t

=
µ
0

tγ
a
n

d
K
t

=
dt
γ
e.

If
w

e
pe

rf
o
rm

th
e

fo
ll

o
w

in
g

n
u

m
be

r
o
f

ep
oc

h
s:

T
=

⌈ m
ax

{
ln

(
2
r2 0
,0

ε

)
1

ln
(1
/θ

0
),

(
2
γ

+
1
D r
ε
C) 1

/
γ
}
⌉
,
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

th
en

a
ft

er
a

to
ta

l
n

u
m

be
r

o
f

S
P

P
it

er
a
ti

o
n

s
o
f
T

1
+
γ

1
+
γ

,
w

h
ic

h
is

bo
u

n
d
ed

by

   
1

1
+
γ

m
ax

  
ln

(
2r

2 0
,0

ε

)
1
+
γ

1

ln
(1
/θ

0
)1

+
γ
,(

2γ
+

1
D r
ε
C) 1

+
1 γ

  

   
,

w
h
er

e
D r

=
4‖
∇
F

(x
∗ )
‖[

d
is
t X

(x
0
,0

)+
2
µ
0
ζ
2
B

µ
0

ln
(ζ
/
(ζ
−

1
))

+
3
γ
Bζ

2
] +

2
η
√

2
η

2
+

2
E[
L

2 f
,S

]A
2
+

2
η
A
√

E[
L

2 f
,S

]

a
n

d
C

=
1

2
(1
−
γ

)
ln

1
/
√
θ 0

+
µ
2 1

(1
−
θ 0

)2
,

w
e

h
a
ve

E[
‖x

K
T
,T
−
x
∗ ‖

2
]
≤
ε.

P
ro

o
f

S
ee

A
p
p

en
d
ix

fo
r

th
e

p
ro

of
.

In
co

n
cl

u
si

on
T

h
eo

re
m

18
st

at
es

th
at

th
e

R
S
P

P
al

go
ri

th
m

w
it

h
th

e
ch

o
ic

es
(µ
t,
K
t)

=
( µ

0

tγ
,
tγ 2

)
re

q
u
ir

es
O
( ε−

( 1
+

1 γ

))
si

m
p
le

S
P

P
it

er
at

io
n
s

to
re

ac
h

an
ε

op
ti

m
a
l

p
o
in

t.
It

is

im
p

or
ta

n
t

to
ob

se
rv

e
th

at
th

is
co

n
ve

rg
en

ce
ra

te
is

ac
h
ie

ve
d

w
h
en

th
e

st
ep

si
ze

a
n
d

th
e

ep
o
ch

le
n
gt

h
ar

e
n
ot

d
ep

en
d
en

t
on

an
y

in
ac

ce
ss

ib
le

co
n
st

an
t,

m
ak

in
g

ou
r

re
st

a
rt

in
g

sc
h
em

e
ea

si
ly

im
p
le

m
en

ta
b
le

.
M

or
eo

v
er

,
th

e
p
ar

am
et

er
γ

ca
n

b
e

ch
os

en
in

(0
,∞

),
i.
e.

o
u
r

R
S
P

P
sc

h
em

e
al

lo
w

s
al

so
st

ep
si

ze
s
µ
0

tγ
,

w
it

h
γ
>

1.
B

y
co

m
p
ar

is
o
n
,

an
O
( ε
−

1
)

co
m

p
le

x
it

y
is

ob
ta

in
ed

fo
r

S
P

P
w

it
h

st
ep

si
ze
µ
k

=
µ
0 k

on
ly

w
h
en

µ
0

is
ch

os
en

su
ffi

ci
en

tl
y

la
rg

e
su

ch
th

a
t

θ 0
<

1 e
.

H
ow

ev
er

,
th

is
co

n
d
it

io
n

is
n
ot

ea
sy

to
ch

ec
k
.

M
or

eo
ve

r,
w

e
m

ay
fa

ll
in

th
e

ca
se

w
h
en

θ 0
>

1 e
,

w
h
ic

h
le

ad
s

to
a

co
m

p
le

x
it

y
of
O
( ε−

1
2
ln

(1
/
θ
0
)

)
of

th
e

va
ri

ab
le

st
ep

si
ze

S
P

P

sc
h
em

e.
O

b
se

rv
e

th
at

th
e

la
st

co
n
v
er

ge
n
ce

ra
te

is
im

p
li
ci

tl
y

d
ep

en
d
en

t
on

th
e

co
n
st

a
n
t
µ

0

an
d

ca
n

b
e

ar
b
it

ra
ri

ly
b
ad

,
w

h
il
e

fo
r
γ
>

1
su

ffi
ci

en
tl

y
la

rg
e

th
e

R
S
P

P
sc

h
em

e
a
ch

ie
ve

s
th

e
op

ti
m

al
co

n
v
er

ge
n
ce

ra
te
O
( ε
−

1
) .

R
e
m
a
rk

1
9

N
o
ti

ce
th

a
t

th
er

e
ex

is
ts

a
co

n
n

ec
ti

o
n

be
tw

ee
n

th
e

qu
a
d
ra

ti
c

m
ea

n
re

si
d
u

a
l

E[
‖x

k
−
x
∗ ‖

2
]

a
n

d
th

e
fu

n
ct

io
n

va
lu

e
re

si
d
u

a
l

in
a

ce
rt

a
in

po
in

t.
T

o
o
bt

a
in

th
is

re
la

ti
o
n

,
d
en

o
te
v
k

=
[x
k
−

1 L
F
∇
F

(x
k
)]
X

a
n

d
o
bs

er
ve

th
a
t

fo
r

so
m

e
co

n
st

a
n

t
L
F
≥

E[
L
f
,S

]
w

e
h
a
ve

:

F
(v
k
)
≤
F

(x
k
)

+
〈∇
F

(x
k
),
v
k
−
x
k
〉+

L
F 2
‖v

k
−
x
k
‖2

=
m

in
y
∈X

F
(x
k
)

+
〈∇
F

(x
k
),
y
−
x
k
〉+

L
F 2
‖y
−
x
k
‖2

≤
m

in
y
∈X

F
(y

)
+
L
F 2
‖y
−
x
k
‖2

≤
F

(x
∗ )

+
L
F 2
‖x

k
−
x
∗ ‖

2
,

w
h
er

e
in

th
e

se
co

n
d

in
eq

u
a
li

ty
w

e
u

se
d

th
e

co
n

ve
xi

ty
re

la
ti

o
n

.
T

h
e

la
st

re
la

ti
o
n

le
a
d
s

to
F

(v
k
)
−
F

(x
∗ )
≤

L
F 2
‖x

k
−
x
∗ ‖

2
.

7
.
N
u
m
e
ri
ca

l
e
x
p
e
ri
m
e
n
ts

W
e

p
re

se
n
t

n
u
m

er
ic

al
ev

id
en

ce
to

as
se

ss
th

e
th

eo
re

ti
ca

l
co

n
ve

rg
en

ce
gu

ar
an

te
es

o
f

th
e

S
P

P
al

go
ri

th
m

.
W

e
p
ro

v
id

e
th

re
e

n
u
m

er
ic

al
ex

am
p
le

s:
co

n
st

ra
in

ed
st

o
ch

as
ti

c
le

a
st

-s
q
u
a
re

w
it

h
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

ra
n
d
o
m

g
en

era
ted

d
ata

(M
ou

lin
es

an
d

B
ach

,
2011;

T
ou

lis
et

al.,
2
016),

M
a
rkow

itz
p

ort-
fo

lio
o
p
tim

iza
tion

u
sin

g
real

d
ata

(B
ro

d
ie

et
al.,

2009;
Y

u
rtsever

et
al.,

2
016)

an
d

logistic
reg

ressio
n

u
sin

g
real

d
ata

(P
latt,

1998).
In

all
ou

r
fi
g
u
res

th
e

resu
lts

are
av

eraged
over

20
M

o
n
te-C

a
rlo

sim
u
lation

s
for

an
algo

rith
m

.

7
.1

S
to

ch
a
stic

le
a
st-sq

u
a
re

p
ro

b
le
m
s
u
sin

g
ra

n
d
o
m

d
a
ta

In
th

is
sectio

n
w

e
evalu

ate
th

e
p
ractica

l
p

erform
an

ce
o
f
th

e
S
P

P
sch

em
es

on
fi
n
ite

la
rge

scale
lea

st-sq
u
a
res

m
o
d
els.

T
o

d
o

so,
w

e
follow

a
sim

p
le

n
orm

al
(con

strain
ed

)
lin

ear
regression

ex
a
m

p
le

fro
m

(M
ou

lin
es

an
d

B
ach

,
2011;

T
ou

lis
et

al.,
2016).

L
et
m

=
10

5
b

e
th

e
n
u
m

b
er

o
f

o
b
serva

tio
n
s,

an
d
n

=
20

b
e

th
e

n
u
m

b
er

of
fea

tu
res.

L
et
x
∗

b
e

a
ran

d
om

ly
a

p
riori

ch
o
sen

g
ro

u
n
d

tru
th

.
T

h
e

featu
re

vectors
a

1 ,···
,a
m
≈
N
n
(0,H

)
are

i.i.d
.

n
orm

al
ran

d
om

va
ria

b
les,

a
n
d
H

is
a

ran
d
om

ly
gen

erated
sy

m
m

etric
m

atrix
w

ith
eigen

va
lu

es
1
/k

,
for

k
=

1
,···

,n
.

T
h
e

o
u
tcom

e
b
S

is
sam

p
led

from
a

n
o
rm

al
d
istrib

u
tion

as
b
S |a

S
≈
N

(a
TS
x
∗,1),

for
S

=
1
,···

,m
.

S
in

ce
th

e
ty

p
ical

loss
fu

n
ction

is
d
efi

n
ed

as
th

e
elem

en
ta

ry
sq

u
ared

resid
u
al

(a
TS
x−

b
S

)
2,

w
h
ich

is
n
ot

stron
gly

con
vex

,
w

e
con

sid
er

b
atch

es
of

resid
u
als

to
form

ou
r

loss
fu

n
ctio

n
s,

i.e
w

e
con

sid
er
`(x

,S
)

of
tw

o
form

s:

`(x
,S

)
=
‖A

j(S
):j(S

)+
n
x
−
b
j(S

):j(S
)+
n ‖

2
or

`(x
,S

)
=

(a
TS
x
−
b
S

)
2,

w
h
ere

a
S

is
th

e
S

th
row

of
A

an
d
A
j(S

):j(S
)+
n
∈

R
n×

n
is

a
su

b
m

atrix
con

tain
in

g
n

row
s

o
f
A

so
th

a
t

th
e

fu
n
ction

x
7→
‖A

j(S
):j(S

)+
n
x
−
b
j(S

):j(S
)+
n ‖

2
is

stron
gly

con
v
ex

.
In

ou
r

tests
w

e
u
sed

r
o
u
n
d

(m
/
2n

)
b
atch

es
of

d
im

en
sion

n
an

d
w

e
let

th
e

rest
as

elem
en

tary
resid

u
a
ls,

th
u
s

h
av

in
g

in
total

p
=
m
/
2

+
m
/n

loss
fu

n
ction

s.
A

d
d
ition

ally,
w

e
im

p
ose

on
th

e
estim

a
to

r
x

also
p

lin
ear

in
eq

u
ality

con
strain

ts{
x
|
C
x
≤
d}.

T
h
is

con
strain

ts
can

b
e

fo
u
n
d

in
m

a
n
y

ap
p
lication

s
an

d
th

ey
com

e
from

p
h
y
sical

con
strain

ts,
see

e.g.
(C

en
sor

et
a
l.,

2
0
1
2
;

R
o
sasco

et
al.,

2014).
W

e
ch

o
ose

ran
d
om

ly
th

e
m

atrix
C

fo
r

th
e

con
strain

ts
an

d
d

=
C
·x
∗

+
[0

0
0
v
T

] T
,

w
h
ere

v
≥

0
is

a
ran

d
om

v
ector

of
ap

p
rop

riate
d
im

en
sion

,
i.e.

th
ree

in
eq

u
a
lities

a
re

active
at

th
e

solu
tion

x
∗.

B
esid

es
th

e
S
P

P
an

d
R

S
P

P
a
lg

orith
m

s
an

a
ly

zed
in

th
e

p
rev

io
u
s

section
s

of
ou

r
p
ap

er,
w

e
also

im
p
lem

en
ted

S
G

D
an

d
th

e
averag

ed
va

rian
t

o
f

S
P

P
a
lgo

rith
m

(A
-S

P
P

),
w

h
ich

h
as

th
e

sam
e

S
P

P
iteration

,
b
u
t

ou
tp

u
ts

th
e

average
o
f

itera
tes:

x̂
k

=
(1
/ ∑

ki=
1
µ
i ) ∑

ki=
1
µ
i x
i .

C
on

vergen
ce

b
eh

av
ior

of
th

e
averaged

iterates
of

sto
ch

a
stic

g
ra

d
ien

t
h
as

b
een

in
itially

p
rop

osed
in

th
e

sem
in

al
p
ap

er
(P

olyak
an

d
J
u
d
itsk

y
,

1
9
9
2
).

In
F

ig
u
re

1
w

e
ru

n
algorith

m
s

S
P

P
,

R
S
P

P
,

A
-S

P
P

an
d

S
G

D
fo

r
tw

o
valu

es
of

th
e

in
itial

step
size:

µ
0

=
0.5

an
d
µ

0
=

1.
E

ach
sch

em
e

ru
n
s

for
tw

o
step

size
ex

p
on

en
ts:

γ
1

=
1

(left)
a
n
d
γ

2
=

1
/
2

(righ
t).

F
rom

F
igu
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Ã
∈
R
p
×
n

an
d
b̃

ar
e

th
e

te
st

in
g

d
at

as
et

.
T

h
e

re
su

lt
s

ar
e

d
is

p
la

ye
d

in
F

ig
u
re

4
.

W
e

o
b
se

rv
e

th
at

fo
r

la
rg

e
st

ep
si

ze
(γ

=
1
/
2)

th
e

p
er

fo
rm

an
ce

s
of

al
l

fo
u
r

m
et

h
o
d
s

(S
G

D
,

S
P

P
,

A
-S

P
P

an
d

R
S
P

P
)

ar
e

si
m

il
ar

.
H

ow
ev

er
,

w
h
en

w
e

u
se

a
sm

al
le

r
st

ep
si

ze
s

(γ
=

1
),

th
e

R
S
P

P
al

go
ri

th
m

ou
tp

er
fo

rm
s

th
e

ot
h
er

m
et

h
o
d
s.

W
e

al
so

ob
se

rv
e

th
at

th
e

va
ri

at
io

n
o
f

st
ep

si
ze

ex
p

on
en

t
γ

d
o
es

n
ot

in
fl
u
en

ce
to

o
m

u
ch

th
e

p
er

fo
rm

an
ce

of
R

S
P

P
al

go
ri

th
m

,
sh

ow
in

g
o
n
ce

m
or

e
th

e
ro

b
u
st

n
es

s
of

th
is

sc
h
em

e
ag

ai
n
st

va
ri

at
io

n
s

in
th

e
st

ep
si

ze
ch

oi
ce

s
µ

0
/
k
γ
.

S
in

ce
w

e
u
se

d
d
iff

er
en

t
p
ar

am
et

er
va

lu
es

in
ou

r
ex

p
er

im
en

ts
,
w

e
w

an
t

to
p
ro

v
id

e
so

m
e

d
et

a
il
s

on
th

e
p
ar

am
et

er
ch

oi
ce

s.
F

ro
m

th
e

th
eo

re
ti

ca
l

v
ie

w
p

oi
n
t,

T
h
eo

re
m

s
15

an
d

1
9

sh
ow

th
a
t

th
e

st
ep

si
ze

ex
p

on
en

t
γ

h
as

to
b

e
ch

os
en

as
la

rg
e

as
p

os
si

b
le

to
ob

ta
in

th
e

b
es

t
co

n
ve

rg
en

ce
ra

te
.

L
et

u
s

co
n
si

d
er

fo
r

si
m

p
li
ci

ty
th

at
σ
f
,S

=
σ
>

0
fo

r
al

l
S
∈

Ω
.

T
h
en

,
fo

r
th

e
in

it
ia

l

st
ep

si
ze
µ

0
C

or
ol

la
ry

16
in

d
ic

at
es

th
at

th
e

b
es

t
co

n
v
er

ge
n
ce

ra
te

is
ob

ta
in

ed
fo

r
µ

0
>
√
e−

1
σ

.
T

h
er

ef
or

e,
in

th
e

ca
se

w
h
en

σ
is

k
n
ow

n
(e

.g
.

re
gu

la
ri

ze
d

lo
gi

st
ic

re
gr

es
si

on
)

w
e

ca
n

ch
o
os

e
µ

0
ap

p
ro

p
ri

at
el

y
so

th
at

w
e

ob
ta

in
th

e
b

es
t

co
n
ve

rg
en

ce
.

H
ow

ev
er

,
w

h
en

th
is

p
a
ra

m
et

er
σ

is
n
ot

k
n
ow

n
,

th
en

th
er

e
is

an
in

h
er

en
t

n
ee

d
fo

r
p
ar

am
et

er
tu

n
in

g.
F

ro
m

p
ra

ct
ic

a
l

p
o
in

t
of
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w
,

ou
r

p
lo

ts
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ow
th

at
th

e
p

er
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rm
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of

S
P

P
/R

S
P

P
d
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ra
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F
ig

u
re

4
:

P
erfo

rm
an

ce
on

logistic
regression

u
sin

g
real

d
ata

sets
(a2a

-
top

an
d

a5a
-

b
otto

m
)

fo
r

th
e

S
P

P
,

A
-S

P
P

,
R

S
P

P
an

d
S
G

D
sch

em
es

fo
r

tw
o

valu
es

of
th

e
ex

p
on

en
t

(γ
=

1/2
-

left
a
n
d
γ

=
1

-
rig

h
t).

in
va

lu
e

o
f

th
e

ex
p

on
en

t
γ

.
T

h
at

is,
th

ey
in

d
icate

th
at

th
e

h
igh

er
valu

es
of

th
is

p
ara

m
eter

th
e

b
etter

p
erform

an
ce.

H
ow

ever,
th

ere
is

em
p
irical

ev
id

en
ce

in
th

e
literatu

re
regard

in
g

th
e

S
G

D
p

erfo
rm

an
ce

w
h
ich

sh
ow

s
th

at
valu

es
γ
<

1
p
rov

id
e

a
b

etter
p

erform
an

ce
th

an
th

e
ch

o
ice

γ
=

1.
In

th
ese

cases,
th

e
ch

oice
of

in
itial

step
size

µ
0

req
u
ires

a
d
etailed

tu
n
in

g
p
ro

ced
u
re.

A
s

a
gen

eral
con

clu
sion

o
f

ou
r

ex
p

erim
en

ts,
w

e
can

state
th

at
b

oth
p
aram

eters
µ

0
a
n
d
γ

a
re

stron
gly

lin
ked

to
th

e
p
rob

lem
con

d
ition

in
g

a
n
d
,

u
p

to
som

e
ex

ten
t,

th
ey

h
ave

to
b

e
tu

n
ed

a
ccord

in
gly

to
th

e
p
rob

lem
d
ata

sets.

8
.
A
p
p
e
n
d
ix

T
o

m
a
k
e

th
e

p
a
p

er
m

ore
read

ab
le,

in
th

is
A

p
p

en
d
ix

w
e

p
rov

id
e

th
e

p
ro

ofs
of

som
e

lem
m

as
a
n
d

th
eo

rem
s.

P
ro

o
f
o
f
L
e
m
m
a
4
:

P
ro

o
f

B
y

u
sin

g
th

e
con

vex
ity

of
th

e
fu

n
ction

I
µ
,S

(x
)

=
12
µ

d
ist

2X
S
(x

)
an

d
tak

in
g

th
e

con
d
i-

tio
n
a
l

ex
p

ecta
tion

w
.r.t.

S
k

over
th

e
h
istory

F
k−

1
=
{S

0 ,···
,S

k−
1 }

,
w

e
g
et:

E
[I

1
,S
k (ŷ

k)|F
k−

1 ]≥
E
[I

1
,S
k (x̂

k)
+
〈∇

I
1
,S
k (x̂

k),ŷ
k−

x̂
k〉|F

k−
1 ]
.
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

T
ak

in
g

fu
rth

er
th

e
ex

p
ectation

overF
k−

1
w

e
ob

tain
:

E
[I

1
,S
k (ŷ

k)]≥
E
[I

1
,S
k (x̂

k) ]
+

E
[〈∇

I
1
,S
k (x̂

k),ŷ
k−

x̂
k〉 ]

=
E
[I

1
,S
k (x̂

k) ]
+

E
[〈∇

I
1
,S
k (x̂

k),
k−

1
∑i=

0
µ

2i ∇
f
µ
i (x

i;S
i )〉 ]

µ̂
1
,k

≥
E
[I

1
,S
k (x̂

k) ]−
E

[
µ̂

2
,k

µ̂
1
,k ‖∇

I
1
,S
k (x̂

k)‖ ∥∥∥∥∥
k−

1
∑i=

0

µ
2i

µ̂
2
,k ∇

f
µ
i (x

i;S
i ) ∥∥∥∥∥ ]

≥
E
[I

1
,S
k (x̂

k) ]−
µ̂

2
,k

µ̂
1
,k E

[‖∇
I
1
,S
k (x̂

k)‖
k−

1
∑i=

0

µ
2i

µ̂
2
,k ∥∥∇

f
µ
i (x

i;S
i ) ∥∥ ]

,

w
h
ere

in
th

e
seco

n
d

in
eq

u
ality

w
e

u
sed

th
e

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality

an
d

in
th

e
th

ird
th

e
con

vex
ity

relation
regard

in
g
‖·‖

.
F

u
rth

er,
u
sin

g
as

w
ell

L
em

m
a

3,
A

ssu
m

p
tion

2
an

d
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality,

w
e

h
ave:

E
[

12
d
ist

2X
S
k
(ŷ
k) ]

L
em

m
a

3
≥

E
[

12
d
ist

2X
S
k
(x̂
k) ]−

µ̂
2
,k

2
µ̂

1
,k E

[d
ist

X
S
k
(x̂
k)L

f
,S
k ]

A
ssu

m
p

.
2

≥
12
ζ E
[d

ist
2X

(x̂
k) ]−

µ̂
2
,k

2µ̂
1
,k √

E
[d

ist
2X

(x̂
k)] √

E
[L

2f
,S

],

w
h
ich

p
roves

th
e

statem
en

t
of

th
e

lem
m

a.

P
ro

o
f
o
f
T
h
e
o
re

m
5
:

P
ro

o
f

S
in

ce
th

e
fu

n
ction

z
→
f

(z
;S

)
+

12
µ ‖
z−

x‖
2

is
stron

gly
con

vex
,

w
e

h
ave:

f
(z

;S
)

+
12
µ ‖z−

x‖
2≥

f
(z
µ
(x

;S
);S

)
+

12
µ ‖z

µ
(x

;S
)−

x‖
2

+
12
µ ‖
z
µ
(x

;S
)−

z‖
2

=
f
µ
(x

;S
)

+
12
µ ‖z

µ
(x

;S
)−

z‖
2
∀
z
∈
R
n
.

(16)

B
y

tak
in

g
x

=
x
k,S

=
S
k ,z

=
x
∗,µ

=
µ
k

in
(16)

an
d

u
sin

g
th

e
strictly

n
on

ex
p
an

sive
p
rop

erty
of

th
e

p
ro

jection
op

erator,
see

e.g.
(N

ed
ic,

2011):

‖
x
−

Π
X
S
k
(x

)‖
2≤
‖x
−
z‖

2−
‖
z−

Π
X
S
k
(x

)‖
2

∀
z
∈
X
S
k ,
x
∈
R
n
,

(17)

th
en

th
ese

lead
to:

f
(x
∗;S

k )+
1

2µ
k ‖
x
k−

x
∗‖

2≥
f
µ
k (x

k;S
k )

+
1

2
µ
k ‖
y
k−

x
∗‖

2

(1
7
)

≥
f
µ
k (x

k;S
k )

+
1

2
µ
k ‖

Π
X
S
k
(y
k)−

x
∗‖

2
+

1

2µ
k ‖y

k−
Π
X
S
k
(y
k)‖

2

=
f
µ
k (x

k;S
k )

+
1

2
µ
k ‖
x
k
+

1−
x
∗‖

2
+

1

2
µ
k ‖
y
k−

x
k
+

1‖
2,

(18)
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iz
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w
h
er

e
in

th
e

se
co

n
d

in
eq

u
al

it
y

w
e

u
se

d
(1

7)
w

it
h
x

=
y
k

an
d
z

=
x
∗ .

F
or

si
m

p
li
ci

ty
w

e
d
en

ot
e
I µ
,S

(x
)

=
1 2
µ
‖x
−

Π
X
S
(x

)‖
2
.

F
ro

m
re

la
ti

on
(1

8)
,

it
ca

n
b

e
ea

si
ly

se
en

th
at

:

µ
k
(f

(x
k
;S

k
)
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)
−
µ

2 k 2
L

2 f
,S
k

≤
µ
k
(f

(x
k
;S

k
)
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)
−
µ

2 k 2
‖∇

f
(x
k
;S

k
)‖

2

=
µ
k
(f

(x
k
;S

k
)
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)

+
m

in
z
∈R

n

[ µ
k
〈∇
f

(x
k
;S

k
),
z
−
x
k
〉+

1 2
‖z
−
x
k
‖2
]

≤
µ
k
(f

(x
k
;S

k
)
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)

+
µ
k
〈∇
f

(x
k
;S

k
),
y
k
−
x
k
〉+

1 2
‖y

k
−
x
k
‖2

=
µ
k
(f

(x
k
;S

k
)

+
〈∇
f

(x
k
;S

k
),
y
k
−
x
k
〉+

1

2
µ
k
‖y

k
−
x
k
‖2
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)

co
n
v
.

f
≤

µ
k
(f
µ
k
(x
k
;S

k
)
−
f

(x
∗ ;
S
k
))

+
I 1
,S
k
(y
k
)

(1
8
)

≤
1 2
‖x

k
−
x
∗ ‖

2
−

1 2
‖x

k
+

1
−
x
∗ ‖

2
.

T
ak

in
g

n
ow

th
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

in
S
k

w
.r

.t
.

th
e

h
is

to
ry
F k
−

1
=
{S

0
,·
··
,S

k
−

1
}

in
th

e
la

st
in

eq
u
al

it
y

w
e

h
av

e:

µ
k
(F

(x
k
)
−
F

(x
∗ )

)
+

E[
I 1
,S
k
(y
k
)|F

k
−

1
]−

µ
2 k 2
E[
L

2 f
,S
k
]

≤
1 2
‖x

k
−
x
∗ ‖

2
−

1 2
E[
‖x

k
+

1
−
x
∗ ‖

2
|F
k
−

1
].

T
ak

in
g

fu
rt

h
er

th
e

ex
p

ec
ta

ti
on

ov
er
F k
−

1
an

d
su

m
m

in
g

ov
er
i

=
0,
··
·,
k
−

1,
re

su
lt

s
in

:

‖x
0
−
x
∗ ‖

2

2
k
−

1
∑ i=

0
µ
i

≥
1

k
−

1
∑ i=

0
µ
i

k
−

1
∑ i=

0

E[
µ
i(
F

(x
i )
−
F

(x
∗ )

)]
+

E[
I 1
,S

(y
i )

]−
µ

2 i 2
E[
L

2 f
,S

]

=
1

k
−

1
∑ i=

0
µ
i

k
−

1
∑ i=

0

E[
µ
i(
F

(x
i )
−
F

(x
∗ )

)]
+
µ
iE

[I µ
i
,S

(y
i )

]−
µ

2 i 2
E[
L

2 f
,S

]

≥
1

k
−

1
∑ i=

0
µ
i

k
−

1
∑ i=

0

E[
µ
i(
F

(x
i )
−
F

(x
∗ )

)]
+
µ
iE

[I µ
0
,S

(y
i )

]−
µ

2 i 2
E[
L

2 f
,S

]

J
en

se
n

≥
E[
F

(x̂
k
)
−
F

(x
∗ )

]+
E[
I µ

0
,S

(ŷ
k
)]
−

E[
L

2 f
,S

]µ̂
2
,k

2µ̂
1
,k

,
(1

9)

w
h
er

e
in

th
e

se
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n
d
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eq

u
al

it
y

w
e

u
se

d
th

at
I µ
i
,S

(y
)
≥

I µ
0
,S

(y
)

fo
r

al
l
S
∈

Ω
,i
≥

0
.

T
h
e

re
la

ti
on

(1
9)

im
p
li
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th
e

fo
ll
ow

in
g

u
p
p

er
b

ou
n
d

on
th

e
su

b
op

ti
m

al
it

y
ga

p
:

E[
F

(x̂
k
)
−
F

(x
∗ )

]
≤
‖x

0
−
x
∗ ‖

2
+

E[
L

2 f
,S

]µ̂
2
,k

2µ̂
1
,k

.
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n
d

N
e
c
o
a
r
a

O
n

th
e

ot
h
er

h
an

d
,

re
ca

ll
in

g
∇
F

(x
∗ )

=
E[
∇
f

(x
∗ ;
S

)]
,

w
e

u
se

th
e

fo
ll
ow

in
g

fa
ct

:

E[
F

(x̂
k
)]
−
F

(x
∗ )
≥

E[
〈∇
F

(x
∗ )
,x̂

k
−
x
∗ 〉

]

=
E[
〈∇
F

(x
∗ )
,Π

X
(x̂
k
)
−
x
∗ 〉

]+
E[
〈∇
F

(x
∗ )
,x̂

k
−

Π
X

(x̂
k
)〉

]

≥
−
E[
L
f
,S

]E
[d

is
t X

(x̂
k
)]

J
en

se
n

≥
−
√

E[
L

2 f
,S

]
E[

d
is

t2 X
(x̂
k
)]

∀k
≥

0
,

(2
1
)

w
h
ic

h
is

d
er

iv
ed

fr
om

th
e

op
ti

m
al

it
y

co
n
d
it

io
n
s
〈∇
F

(x
∗ )
,z
−
x
∗ 〉
≥

0
fo

r
a
ll
z
∈
X

,
th

e
C

au
ch

y
-S

ch
w

ar
z

an
d

J
en

se
n

in
eq

u
al

it
ie

s.
B

y
d
en

ot
in

g
r 0

=
‖x

0
−
x
∗ ‖

an
d

co
m

b
in

in
g

(1
9
)

w
it

h
L

em
m

a
4

an
d

th
e

la
st

in
eq

u
al

it
y

(2
1)

,
w

e
ob

ta
in

:

E[
d
is

t2 X
(x̂
k
)]
−
ζ
√

E[
L

2 f
,S

](
µ̂

2
,k

µ̂
1
,k

+
2
µ

0

)
√

E[
d
is

t2 X
(x̂
k
)]

L
em

m
a

4
+

(2
1
)

≤
2
µ

0
ζ
E[
F

(x̂
k
)
−
F

(x
∗ )

]+
2
µ

0
ζ
E[
I µ

0
,S

(ŷ
k
)]

(2
0
)

≤
µ

0
ζ
r2 0

+
µ

0
ζ
E[
L

2 f
,S

]µ̂
2
,k

µ̂
1
,k

.

T
h
is

la
st

re
la

ti
on

cl
ea

rl
y

im
p
li
es

an
u
p
p

er
b

ou
n
d

o
n

th
e

fe
as

ib
il
it

y
re

si
d
u
al

:

√
E[

d
is

t2 X
(x̂
k
)]
≤
ζ
√

E[
L

2 f
,S

](
µ̂

2
,k

µ̂
1
,k

+
2
µ

0

)
+

√
µ

0
ζ
r2 0

+
µ

0
ζ
E[
L

2 f
,S

]µ̂
2
,k

µ̂
1
,k

.
(2

2
)

A
ls

o,
co

m
b
in

in
g

(2
1)

an
d

(2
2)

w
e

ob
ta

in
th

e
lo

w
er

b
ou

n
d

on
th

e
su

b
op

ti
m

a
li
ty

g
a
p
:

E[
F

(x̂
k
)]
−
F
∗ ≥
−
ζ
E[
L

2 f
,S

](
µ̂

2
,k

µ̂
1
,k

+
2µ

0

)
−
√

E[
L

2 f
,S

]√
µ

0
ζ
r2 0

+
µ

0
ζ
E[
L

2 f
,S

]µ̂
2
,k

µ̂
1
,k

.
(2

3
)

F
ro

m
th

e
u
p
p

er
an

d
lo

w
er

su
b

op
ti

m
al

it
y

b
ou

n
d
s

(2
0)

,
(2

3)
an

d
fe

as
ib

il
it

y
b

o
u
n
d

(2
2
),

w
e

d
ed

u
ce

ou
r

co
n
ve

rg
en

ce
ra

te
re

su
lt

s.

P
ro

o
f
o
f
L
e
m
m
a
9
:

P
ro

o
f

L
et

σ
f
,S
≥

0
b

e
th

e
st

ro
n
g

co
n
ve

x
it

y
co

n
st

an
t

of
th

e
fu

n
ct

io
n
f

(·;
S

).
N

o
ti

ce
th

at
w

e
al

lo
w

th
e

co
n
ve

x
ca

se
,

th
at

is
σ
f
,S

=
0

fo
r

so
m

e
S

.
T

h
en

,
it

is
k
n
ow

n
th

a
t

th
e

M
or

ea
u

ap
p
ro

x
im

at
io

n
f µ

(·;
S

)
is

al
so

a
σ̂
f
,S

-s
tr

on
gl

y
co

n
ve

x
fu

n
ct

io
n

w
it

h
st

ro
n
g

co
n
v
ex

it
y

co
n
st

an
t,

se
e

e.
g.

(R
o
ck

af
el

la
r

an
d

W
et

s,
19

98
):

σ̂
f
,S

=
σ
f
,S

1
+
µ
σ
f
,S
.

C
le

ar
ly

,
in

th
e

si
m

p
le

co
n
ve

x
ca

se
,

th
at

is
σ
f
,S

=
0,

w
e

al
so

h
av

e
σ̂
f
,S

=
0
.

B
y

d
en

o
ti

n
g

L̂
f
,S

=
1 µ

th
e

L
ip

sc
h
it

z
co

n
st

an
t

of
th

e
gr

ad
ie

n
t

of
f µ

(·;
S

),
th

e
fo

ll
ow

in
g

w
el

l-
k
n
ow

n
re

la
ti

o
n

h
ol

d
s

fo
r

th
e

sm
o
ot

h
an

d
(s

tr
on

gl
y
)

co
n
ve

x
fu

n
ct

io
n
f µ

(·;
S

),
se

e
e.

g.
(N

es
te

ro
v
,

2
0
0
4
):

〈∇
f µ

(x
;S

)
−
∇
f µ

(y
;S

),
x
−
y
〉≥

1

σ̂
f
,S

+
L̂
f
,S

‖∇
f µ

(x
;S

)
−
∇
f µ

(y
;S

)‖
2

+
σ̂
f
,S
L̂
f
,S

L̂
f
,S

+
σ̂
f
,S

‖x
−
y
‖2
∀x
,y
∈
R
n
.

(2
4
)

3
0
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

B
y

u
sin

g
A

ssu
m

p
tion

7,
th

en
it

can
b

e
also

ob
tain

ed
th

at:

‖∇
f
µ
(x

;S
)−
∇
f
µ
(y

;S
)‖
≥
σ̂
f
,S ‖
x
−
y‖

∀
x
,y
∈
R
n
.

(25)

U
sin

g
th

is
rela

tion
,

w
e

fu
rth

er
d
erive

th
at:

‖
z
µ
(x

;S
)−

z
µ
(y

;S
)‖

2
=
‖x
−
y

+
µ

(∇
f
µ
(y

;S
)−
∇
f
µ
(x

;S
))‖

2

=
‖x
−
y‖

2
+

2
µ〈∇

f
µ
(y

;S
)−
∇
f
µ
(x

;S
),x
−
y〉

+
µ

2‖∇
f
µ
(x

;S
)−
∇
f
µ
(y

;S
)‖

2

(2
4
)

≤
(

1−
2
µ
σ̂
f
,S
L̂
f
,S

L̂
f
,S

+
σ̂
f
,S )
‖x
−
y‖

2
+
µ (

µ
−

2

L̂
f
,S

+
σ̂
f
,S )
‖∇

f
µ
(x

;S
)−
∇
f
µ
(y

;S
)‖

2

(2
5
)

≤
[

1
+
σ̂

2f
,S (

µ
2−

2
µ

σ̂
f
,S

+
L̂
f
,S )
−

2µ
σ̂
f
,S
L̂
f
,S

L̂
f
,S

+
σ̂
f
,S ]‖

x
−
y‖

2

=
(1−

σ̂
f
,S
µ

)
2‖
x
−
y‖

2
∀
x
,y
∈
R
n
,

w
h
ich

im
p
lies

o
u
r

resu
lt.

P
ro

o
f
o
f
L
e
m
m
a
1
1
:

P
ro

o
f

B
y

ta
k
in

g
µ

=
µ
k

in
relation

(14),
w

e
ob

tain
:

√
E

[‖x
k
+

1−
x
∗‖

2]≤
√

E
[θ

2S
(µ
k ) ] √

E
[‖
x
k−

x
∗‖

2]+
µ
k √

E
[‖∇

f
(x
∗;S

)‖
2].

B
y

u
sin

g
th

e
n
o
tation

s
r
k

=

√
E

[‖x
k−

x
∗‖

2],θ
k

=
√

E
[θ

2S
(µ
k ) ]

an
d
η

=
√

E
[‖∇

f
(x
∗;S

)‖
2],

th
e

la
st

in
eq

u
ality

lead
s

to:

r
k
+

1 ≤
θ
k r
k

+
(1−

θ
k )

µ
k

1−
θ
k
η

≤
m

ax {
r
k ,

µ
k

1−
θ
k
η }
≤

m
ax {

r
0 ,

µ
0

1−
θ

0
η
,···

,
µ
k

1−
θ
k
η }

.
(26)

B
y

o
b
serv

in
g

th
e

fact
th

at
t7→

E
[

σ
f
,S

(1
+
tσ
f
,S

)
2

+
σ
f
,S

1
+
tσ
f
,S ]

is
n
on

in
creasin

g
in
t,

an
d

im
p
licitly

:

µ
k−

1

1−
θ
k−

1
=

1

E
[

σ
f
,S

(1
+
µ
k−

1
σ
f
,S

)
2

+
σ
f
,S

1
+
µ
k−

1
σ
f
,S ]

≥
1

E
[

σ
f
,S

(1
+
µ
k
σ
f
,S

)
2

+
σ
f
,S

1
+
µ
k
σ
f
,S ]

=
µ
k

1−
θ
k
,

th
en

w
e

h
ave

m
ax

0≤
i≤
k

µ
i

1−
θ
i

=
µ
0

1−
θ
0

an
d

th
e

rela
tion

(2
6)

b
ecom

es:

r
k ≤

m
a
x {

r
0 ,

µ
0

1−
θ

0
η }

∀
k
≥

0,
(27)

w
h
ich

im
p
lies

ou
r

resu
lt.

W
e

a
lso

p
resen

t
th

e
follow

in
g

u
sefu

l
au

x
iliary

resu
lt:

31
JM

L
R

 18(198):1-42, 2018

P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

L
e
m
m
a
2
0

L
et
γ
∈

(0,1]
a
n

d
th

e
in

tegers
p
,q
∈
N

w
ith

q
≥
p
≥

1
.

G
iven

th
e

sequ
en

ce
o
f

step
sizes

µ
k

=
µ
0

k
γ

fo
r

a
ll
k
≥

1
,

w
h
ere

µ
0
>

0,
th

en
th

e
fo

llo
w

in
g

rela
tio

n
h
o
ld

s:

q
∏i=
p E

[θ
2S
(µ
i )]≤

(E
[θ

2S
(µ

0 ) ])
ϕ
1−
γ

(q
+

1
)−
ϕ
1−
γ

(p
)

P
ro

o
f

F
rom

d
efi

n
ition

of
θ
S

(µ
)

for
an

y
k
≥

1
w

e
h
ave:

E
[θ

2S
(µ
k )]

=
E

[(
1

1
+
µ
k σ

f
,S )

2 ]
=

E

[
1

(1
+

µ
0

k
γ
σ
f
,S )

2 ]

(7
)

≤
E

[(
1

1
+
µ

0 σ
f
,S )

2k γ ]
≤
(
E
[

1

(1
+
µ

0 σ
f
,S

)
2 ])

1k γ

=
(E

[θ
2S
(µ

0 )] )
1k γ
.

(28)

B
y

tak
in

g
in

to
accou

n
t

th
at

E
[θ

2S
(µ

0 )]
=

E
[

1
(1

+
µ
0
σ
f
,S

)
2 ]≤

1
an

d
th

at

q
∑i=
p

1i γ
≥
ϕ

1−
γ (q

+
1)−

ϕ
1−
γ (p

)
=

q
+

1
∫p

1t γ
d
t

=

{
ln

q
+

1
p

if
γ

=
1

(q
+

1
)
1−
γ−

p
1−
γ

1−
γ

if
γ
<

1,

th
en

th
e

relation
(28)

im
p
lies:

q
∏i=
p E

[θ
2S
(µ
i )]≤

(E
[θ

2S
(µ

0 ) ])
q∑i=
p

1i γ

≤
(E
[θ

2S
(µ

0 ) ])
ϕ
1−
γ

(q
+

1
)−
ϕ
1−
γ

(p
)

=



(E
[θ

2S
(µ

0 ) ])
ln
q
+
1
p

if
γ

=
1

(E
[θ

2S
(µ

0 ) ])
(q

+
1
) 1−

γ
−
p
1−
γ

1−
γ

if
γ
<

1,
(29)

w
h
ich

im
m

ed
iately

im
p
lies

th
e

ab
ov

e
statem

en
t.

P
ro

o
f
o
f
L
e
m
m
a
1
3
:

P
ro

o
f

B
y

u
sin

g
th

e
strictly

n
on

ex
p
an

sive
p
ro

p
erty

of
th

e
p
ro

jection
op

erato
r

(17),
w

ith
z

=
Π
X

(y
k),x

=
y
k,

an
d

th
e

lin
ear

regu
larity

assu
m

p
tion

,
w

e
ob

tain
:

E
[d

ist
2X

(x
k
+

1)]≤
E

[‖
x
k
+

1−
Π
X

(y
k)‖

2]
(1

7
)

≤
E

[‖
y
k−

Π
X

(y
k)‖

2]−
E

[‖y
k−

x
k
+

1‖
2]

A
s.

2
≤

E
[‖y

k−
Π
X

(y
k)‖

2]−
1ζ E

[‖y
k−

Π
X

(y
k)‖

2]

=

(
1−

1ζ )
E

[d
ist

2X
(y
k)].

(30)
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S
t
o
c
h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

O
n

th
e

ot
h
er

h
an

d
,

fr
om

tr
ia

n
gl

e
in

eq
u
al

it
y

an
d

M
in

ko
w

sk
i

in
eq

u
al

it
y,

w
e

ob
ta

in
:

√
E[

d
is

t2 X
(y
k
)]
≤
√

E[
‖y

k
−

Π
X

(x
k
)‖

2
]
≤
√

E[
(‖
y
k
−
x
k
‖+

d
is

t X
(x
k
))

2
]

(8
) ≤
√

E[
‖z
µ
k
(x
k
;S

k
)
−
x
k
‖2

]+

√
E[

d
is

t2 X
(x
k
)]

=

√
E[

d
is

t2 X
(x
k
)]

+
µ
k

√
E[
‖∇

f µ
k
(x
k
;S

k
)‖

2
]

L
em

m
a

3
≤

√
E[

d
is

t2 X
(x
k
)]

+
µ
k

√
E[
‖∇

f
(x
k
;S

k
)‖

2
]

L
em

m
a

1
2

≤
√

E[
d
is

t2 X
(x
k
)]

+
µ
k

( √
2
E[
‖∇

f
(x
∗ ;
S

)‖
2
]+
A
√

2
E[
L

2 f
,S

]) .
(3

1)

F
or

si
m

p
li
ci

ty
w

e
u
se

n
ot

at
io

n
s:
α

=
√

1
−

1 ζ
,d
k

=
√

E[
d
is

t2 X
(x
k
)]

an
d
B

=
√

2E
[‖
∇
f

(x
∗ ;
S

)‖
2
]+

A
√

2E
[L

2 f
,S

].
C

om
b
in

in
g

(3
0)

an
d

(3
1)

y
ie

ld
s:

d
k
+

1
≤
α
d
k

+
α
µ
k
B
≤
α
k
+

1
d

0
+
B
k
+

1
∑ i=

1

α
i µ
k
−
i+

1
.

(3
2)

D
efi

n
e
m

=
dk

+
1

2
e.

B
y

d
iv

id
in

g
th

e
su

m
fr

om
th

e
ri

gh
t

si
d
e

of
(3

2)
in

tw
o

p
ar

ts
an

d
b
y

ta
k
in

g
in

to
ac

co
u
n
t

th
at
{µ

k
} k
≥

0
is

n
on

in
cr

ea
si

n
g,

th
en

re
su

lt
s

in
:

k
+

1
∑ i=

1

α
i µ
k
−
i+

1
=

m ∑ i=
1

α
i µ
k
−
i+

1
+

k
+

1
∑

i=
m

+
1

α
i µ
k
−
i+

1

≤
µ
k
−
m

+
1

m ∑ i=
1

α
i
+
α
m

+
1
k
−
m

∑ i=
0

α
i µ
k
−
i−
m

≤
µ
k
−
m

+
1
α

(1
−
α
m

)

1
−
α

+
µ

0
α
m

+
1
1
−
α
k
−
m

+
1

1
−
α

≤
µ
k
−
m

+
1

α

1
−
α

+
α
m

+
1
µ

0

1
−
α
.

B
y

u
si

n
g

th
e

la
st

in
eq

u
al

it
y

in
to

(3
2)

an
d

u
si

n
g

th
e

b
ou

n
d

α
1
−
α
≤

2
ζ
,

th
en

th
es

e
fa

ct
s

im
p
ly

th
e

st
at

em
en

t
of

th
e

le
m

m
a.

P
ro

o
f
o
f
T
h
e
o
re

m
1
4
:

P
ro

o
f

L
et
µ
>

0,
x
∈
R
n

an
d
S
∈

Ω
,

th
en

w
e

h
av

e:

1 2
‖z
µ
(x

;S
)
−
x
∗ ‖

2

=
1 2
‖z
µ
(x

;S
)
−
z µ

(x
∗ ;
S

)‖
2

+
〈z
µ
(x

;S
)
−
z µ

(x
∗ ;
S

),
z µ

(x
∗ ;
S

)
−
x
∗ 〉

+
1 2
‖z
µ
(x
∗ ;
S

)
−
x
∗ ‖

2

≤
θ2 S

(µ
)

2
‖x
−
x
∗ ‖

2
−
µ
〈∇
f

(x
∗ ;
S

),
x
−
x
∗ 〉

+
〈z
µ
(x
∗ ;
S

)
−
x
∗

+
µ
∇
f

(x
∗ ;
S

),
x
−
x
∗ 〉

+
〈z
µ
(x

;S
)
−
x
,z
µ
(x
∗ ;
S

)
−
x
∗ 〉
−
µ

2 2
‖∇

f µ
(x
∗ ;
S

)‖
2
.

(3
3)
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

N
ow

w
e

ta
ke

ex
p

ec
ta

ti
on

in
b

ot
h

si
d
es

an
d

co
n
si

d
er
x

=
x
k

an
d
µ

=
µ
k
.

W
e

th
u
s

se
ek

a
b

ou
n
d

fo
r

ea
ch

te
rm

fr
om

th
e

ri
gh

t
h
an

d
si

d
e

in
(3

3)
.

F
or

th
e

se
co

n
d

te
rm

,
b
y

u
si

n
g

th
e

op
ti

m
al

it
y

co
n
d
it

io
n
s
〈∇
F

(x
∗ )
,z
−
x
∗ 〉
≥

0
fo

r
al

l
z
∈
X

,
w

e
h
av

e:

E[
〈∇
f

(x
∗ ;
S

),
x
∗
−
x
k
〉]

=
E[
〈∇
F

(x
∗ )
,x
∗
−

Π
X

(x
k
)〉

]+
E[
〈∇
F

(x
∗ )
,Π

X
(x
k
)
−
x
k
〉]

≤
E[
〈∇
F

(x
∗ )
,Π

X
(x
k
)
−
x
k
〉]

C
.-

S
.

≤
‖∇

F
(x
∗ )
‖
E[

d
is

t X
(x
k
)]
≤
‖∇

F
(x
∗ )
‖
√

E[
d
is

t2 X
(x
k
)]

L
em

m
a

1
3

≤
‖∇

F
(x
∗ )
‖[ (

1
−

1 ζ

)
k 2
( d

is
t X

(x
0
)

+
2
µ

0
ζ
B)

+
2
µ
k
−
dk 2
eζ
B] ,

w
h
er

e
in

th
e

se
co

n
d

in
eq

u
al

it
y

w
e

u
se

d
th

e
C

au
ch

y
-S

ch
w

ar
z

in
eq

u
al

it
y.

B
y

u
si

n
g

th
a
t

ex
≥

1
+
x

,
fo

r
al

l
x
≥

0,
an

d
th

e
fa

ct
th

at
1 k
≤

1 k
γ

w
h
en

k
≥

1
an

d
γ
∈

(0
,1

],
th

en
th

e
la

st
in

eq
u
al

it
y

im
p
li
es

:

E[
〈∇
f

(x
∗ ;
S

),
x
∗
−
x
k
〉]
≤
‖∇

F
(x
∗ )
‖[ 2d

is
t X

(x
0
)

+
4
µ

0
ζ
B

k
ln

(ζ
/(
ζ
−

1)
)

+
2
µ
k
−
dk 2
eB
ζ

]

≤
µ
k
‖∇

F
(x
∗ )
‖[ 2d

is
t X

(x
0
)

+
4
µ

0
ζ
B

µ
0

ln
(ζ
/(
ζ
−

1)
)

+
2
µ
k
−
dk 2
eB
ζ

µ
k

] .
(3

4
)

F
or

th
e

th
ir

d
te

rm
in

(3
3)

w
e

ob
se

rv
e

fr
om

th
e

op
ti

m
al

it
y

co
n
d
it

io
n
s

fo
r
z µ

k
(x
∗ ;
S

)
th

a
t:

∥ ∥ ∥ ∥
1 µ
k

(z
µ
k
(x
∗ ;
S

)
−
x
∗ )

+
∇
f

(x
∗ ;
S

)∥ ∥ ∥ ∥
=
‖∇

f
(z
µ
k
(x
∗ ;
S

);
S

)
−
∇
f

(x
∗ ;
S

)‖
A

s.
1 ≤
L
f
,S
‖z
µ
k
(x
∗ ;
S

)
−
x
∗ ‖

=
µ
k
L
f
,S
‖∇

f µ
k
(x
∗ ;
S

)‖
L

em
m

a
3

≤
µ
k
L
f
,S
‖∇

f
(x
∗ ;
S

)‖
,

w
h
ic

h
y
ie

ld
s

th
e

fo
ll
ow

in
g

b
ou

n
d
:

〈z
µ
k
(x
∗ ;
S

)
−
x
∗

+
µ
k
∇
f

(x
∗ ;
S

),
x
k
−
x
∗ 〉
≤
‖z
µ
k
(x
∗ ;
S

)
−
x
∗

+
µ
k
∇
f

(x
∗ ;
S

)‖
·‖
x
k
−
x
∗ ‖

≤
‖µ

k
∇
f

(x
∗ ;
S

)
−
µ
k
∇
f

(z
µ
k
(x
∗ ;
S

);
S

)‖
·‖
x
k
−
x
∗ ‖

A
s.

1 ≤
µ
k
L
f
,S
‖x
∗
−
z µ

k
(x
∗ ;
S

)‖
·‖
x
k
−
x
∗ ‖

≤
µ

2 k
L
f
,S
‖∇

f µ
k
(x
∗ ;
S

)‖
·‖
x
k
−
x
∗ ‖

L
em

m
a

3
≤

µ
2 k
L
f
,S
‖∇

f
(x
∗ ;
S

)‖
·‖
x
k
−
x
∗ ‖
,

w
h
er

e
in

th
e

fi
rs

t
in

eq
u
al

it
y

w
e

u
se

d
th

e
C

au
ch

y
-S

ch
w

ar
z.

B
y

ta
k
in

g
ex

p
ec

ta
ti

o
n

in
b

o
th

si
d
es

an
d

u
si

n
g

L
em

m
a

11
,

w
e

ob
ta

in
th

e
re

fi
n
em

en
t:

E[
〈z
µ
k
(x
∗ ;
S

)
−
x
∗

+
µ
k
∇
f

(x
∗ ;
S

),
x
k
−
x
∗ 〉

]

=
µ
k
E[
〈∇
f

(x
∗ ;
S

)
−
∇
f

(z
µ
k
(x
∗ ;
S

);
S

),
x
k
−
x
∗ 〉

]

≤
µ
k
E[
‖∇

f
(x
∗ ;
S

)
−
∇
f

(z
µ
k
(x
∗ ;
S

);
S

)‖
‖x

k
−
x
∗ ‖

]

(3
5
)
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S
t
o
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h
a
st

ic
p
r
o
x
im

a
l
p
o
in
t
m
e
t
h
o
d
s
f
o
r
c
o
n
v
e
x
o
p
t
im

iz
a
t
io
n

A
s.

1
≤

µ
k E

[L
f
,S ‖x

∗−
z
µ
k (x
∗;S

)‖‖x
k−

x
∗‖

]

=
µ
k E

[L
f
,S ‖∇

f
µ
k (x
∗;S

)‖‖x
k−

x
∗‖

]

L
em

m
a

3
≤

µ
k E

[L
f
,S ‖∇

f
(x
∗;S

)‖‖x
k−

x
∗‖]

≤
µ

2k √
E

[L
2f
,S

] √
E

[‖∇
f

(x
∗;S

)‖
2]E

[‖
x
k−

x
∗‖

]

≤
µ

2k √
E

[L
2f
,S

] √
E

[‖∇
f

(x
∗;S

)‖
2]E

[‖
x
k−

x
∗‖

]

L
em

m
a

1
1

≤
µ

2k √
E

[L
2f
,S

]ηA
,

(36)

w
h
ere

in
th

e
fi
rst

in
eq

u
ality

w
e

again
u
sed

C
au

ch
y
-S

ch
w

arz
relation

a
n
d

in
th

e
secon

d
w

e
u
sed

A
ssu

m
p
tio

n
1.

F
in

ally,
for

th
e

fou
rth

term
in

(33)
w

e
u
se

L
em

m
a

12:

E
[〈z

µ
k (x

k;S
)−

x
k,z

µ
k (x
∗;S

)−
x
∗〉]

=
µ

2k E
[〈∇

f
µ
k (x

k;S
),∇

f
µ
k (x
∗;S

)〉]
≤
µ

2k E
[‖∇

f
µ
k (x

k;S
)‖‖∇

f
µ
k (x
∗;S

)‖
]

L
em

m
a

3
≤

µ
2k E

[‖∇
f

(x
k;S

)‖‖∇
f

(x
∗;S

)‖]≤
µ

2k √
E

[‖∇
f

(x
k;S

)‖
2]E

[‖∇
f

(x
∗;S

)‖
2]

L
em

m
a

1
2

≤
µ

2k η √
2
η

2
+

2E
[L

2f
,S

]A
2,

(37)

w
h
ere

in
th

e
fi
rst

in
eq

u
ality

w
e

u
sed

C
au

ch
y
-S

ch
w

arz.
B

y
tak

in
g

ex
p

ectation
in

(33),
u
sin

g
th

e
rela

tio
n
s

(3
4)-(37)

an
d

tak
in

g
in

to
accou

n
t

th
at

µ
k

µ
k−
d
k2
e ≤

3
γ

for
all

k
≥

1,
w

e
ob

tain
:

E
[‖
z
µ
k (x

k;S
)−

x
∗‖

2]

≤
E
[θ

2S
(µ
k )‖x

k−
x
∗‖

2 ]
+

4
µ

2k ‖F
(x
∗)‖ [

d
ist

X
(x

0)
+

2
µ

0 ζB
µ

0
ln

(ζ
/(ζ−

1))
+

3
γB
ζ ]

+
2
µ

2k η √
2η

2
+

2E
[L

2f
,S

]A
2

+
2
µ

2k ηA
√

E
[L

2f
,S

]

=
E
[θ

2S
(µ
k ) ]E

[‖x
k−

x
∗‖

2]+
µ

2k D
.

F
o
r

sim
p
licity,

w
e

u
se

fu
rth

er
in

th
e

p
ro

of
th

e
follow

in
g

n
o
tation

s:
r
k

=
√

E
[‖x

k−
x
∗‖

2]
a
n
d

θ
k

=
E

[θ
2S
(µ
k )].

T
h
en

,
th

rou
gh

th
e

n
on

ex
p
an

siv
en

ess
p
rop

erty
of

th
e

p
ro

jectio
n

op
erator,

th
e

p
rev

io
u
s

in
eq

u
ality

tu
rn

s
in

to:

r
2k
+

1 ≤
E

[‖z
µ
k (x

k;S
)−

x
∗‖

2]≤
θ
k r

2k
+
µ

2k D

≤
r

20

k
∏i=

0

θ
i
+
D

k
∑i=

0 
k
∏j=
i+

1

θ
j 

µ
2i .

(38)

T
o

fu
rth

er
refi

n
e

th
e

righ
t

h
an

d
sid

e
in

(38),
w

e
fi
rst

n
otice

from
L

em
m

a
20

th
at

w
e

h
ave

k∏i=
0
θ
i ≤

θ
ϕ
1−
γ

(k
+

1
)

0
.

T
h
en

,
from

(38)
w

e
can

d
erive

d
iff

eren
t

u
p
p

er
b

ou
n
d
s

for
th

e
tw

o
cases

o
f

th
e

p
a
ra

m
eter

γ
:
γ
<

1
an

d
γ

=
1.
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P
a
t
r
a
sc

u
a
n
d

N
e
c
o
a
r
a

C
ase

(i)
γ
<

1.
F

rom
L

em
m

a
20,

w
e

d
erive

an
u
p
p

er
ap

p
rox

im
atio

n
for

th
e

secon
d

term
in

th
e

righ
t

h
an

d
sid

e
of

(38).
T

h
erefore,

if
w

e
let

m
=
⌈
k2 ⌉

w
e

ob
tain

:

k
∑i=

0

µ
2i 

k
∏j=
i+

1

θ
j 

=
m
∑i=

0

µ
2i 

k
∏j=
i+

1

θ
j 

+
k
∑i=
m

+
1

µ
2i 

k
∏j=
i+

1

θ
j 

L
em

m
a

2
0

≤
m
∑i=

0

µ
2i θ
ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(i+
1
)

0
+
µ
m

+
1

k
∑i=
m

+
1

µ
i 

k
∏j=
i+

1

θ
j 

≤
θ
ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(m
+

1
)

0

m
∑i=

0

µ
2i

+
µ
m

+
1

k
∑i=
m

+
1

µ
i 

k
∏j=
i+

1

θ
j 

=
θ
ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(m
+

1
)

0

m
∑i=

0

µ
2i

+
µ
m

+
1

k
∑i=
m

+
1

µ
i

1−
θ
i (1−

θ
i ) 

k
∏j=
i+

1

θ
j 

.
(39)

W
e

w
ill

fu
rth

er
refi

n
e

th
e

righ
t

h
an

d
sid

e
of

(39)
b
y

n
oticin

g
th

e
follow

in
g

tw
o

facts.
F

irst,
th

e
con

stan
t

µ
i

1−
θ
i

can
b

e
u
p
p

er
b

ou
n
d
ed

b
y
:

µ
i

1−
θ
i

=
1

E
[

σ
S

(1
+
µ
i σ
S

)
2

+
σ
S

1
+
µ
i σ
S ]
≤

µ
i−

1

1−
θ
i−

1
≤
···≤

µ
0

1−
θ

0
.

S
econ

d
,

th
e

su
m

of
p
ro

d
u
cts

is
u
p
p

er
b

ou
n
d
ed

as:

k
∑i=
m

+
1 (1−

θ
i ) 

k
∏j=
i+

1

θ
j 

=
k
∑i=
m

+
1 

k
∏j=
i+

1

θ
j −

k
∏j=
i θ
j 

=
1−

k
∏j=
m

+
1

θ
j ≤

1.

B
y

u
sin

g
th

e
last

tw
o

in
eq

u
alities

in
to

(39),
w

e
h
ave:

k
∑i=

0

µ
2i 

k
∏j=
i+

1

θ
j 
≤
θ
ϕ
1−
γ

(k
+

1
)−
ϕ
1−
γ

(m
+

1
)

0

m
∑i=

0

µ
2i

+
µ
m

+
1

µ
0

1−
θ

0
.

(40)

S
in

ce
m∑i=

0
µ

2i
≤
µ

20 (ϕ
1−

2
γ (m

)
+

2)
≤
µ

20 (ϕ
1−

2
γ (m

)
+

2)
≤
µ

20 [ϕ
1−

2
γ (

k2
+

1 )
+

2]
an

d
u
sin

g

(40)
in

to
(38),

w
e

ob
tain

th
e

ab
ove

resu
lt.

C
ase

(ii)
γ

=
1.

In
th

is
case

w
e

h
ave:

k
∑i=

1

µ
2i 

k
∏j=
i+

1

θ
j 

L
em

m
a

2
0

≤
k
∑i=

1

µ
2i θ
ϕ
0
(k

+
1
)−
ϕ
0
(i+

1
)

0

=
k
∑i=

1

µ
21

i 2
θ

ln
k
+
1

i+
1

0
=

k
∑i=

1

µ
21

i 2

(
k

+
1

i
+

1 )
ln
θ
0≤

(
1k )

ln (
1θ0 )

k
∑i=

1

µ
21

i 2−
ln

1θ0

≤
(

1k )
ln (

1θ0 )

µ
20 ϕ

ln
1θ0 −

1 (k
).
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iz
a
t
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n

T
h
er

ef
or

e,
th

e
va

ri
at

io
n

of
θ 0

le
ad

s
to

th
e

fo
ll
ow

in
g

ca
se

s:

k ∑ i=
1

µ
2 i

 
k ∏

j=
i+

1

θ j

 
≤

          

µ
2 0

k
( ln

(
1 θ
0

) −
1
)

if
θ 0
<

1 e

µ
2 0

ln
k

k
if
θ 0

=
1 e

( 1 k

) ln
(

1 θ
0

)
µ
2 0

1
−

ln
(

1 θ
0

)
if
θ 0
>

1 e
,

w
h
ic

h
le

ad
s

to
th

e
se

co
n
d

p
ar

t
of

th
e

re
su

lt
.

P
ro

o
f
o
f
L
e
m
m
a
1
7
:

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
si

m
il
ar

li
n
es

w
it

h
th

e
on

e
of

L
em

m
a

30
.

T
h
er

ef
or

e,
b
y

u
si

n
g

n
ot

at
io

n
s:
α

=
√

1
−

1 ζ
an

d
d
k
,t

=
√

E[
d
is

t2 X
(x
k
,t
)]

re
su

lt
s

in
:

d
k
+

1
,t
≤
α
d
k
,t

+
α
µ
tB
≤
α
k
+

1
d

0
,t

+
µ
tB

k
+

1
∑ i=

1

α
i

≤
α
k
+

1
d

0
,t

+
µ
tB

α

1
−
α
.

B
y

se
tt

in
g
k

=
K
t
−

1,
th

en
th

e
la

st
in

eq
u
al

it
y

im
p
li
es

:

d
K
t
,t
≤
α
K
t
d
K
t−

1
,t
−

1
+
µ
tB

α

1
−
α

≤
α
∑
t i=

1
K
i
d

0
,0

+
B

α

1
−
α

t−
1

∑ j=
0

α
∑
t i=
t−
j
+
1
K
i
µ
t−
j
.

N
ow

se
t
m

=
dt 2
e.

B
y

d
iv

id
in

g
th

e
su

m
fr

om
th

e
ri

gh
t

si
d
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a
d
iscu

ssion
in

S
ection

6.

2
.
B
a
ck

g
ro

u
n
d
a
n
d
p
ro

b
le
m

fo
rm

u
la
tio

n

In
th

is
sectio

n
,

w
e

p
rov

id
e

a
m

ore
form

al
statem

en
t

of
th

e
p
rob

lem
alon

g
w

ith
b
ack

grou
n
d

o
n

va
rio

u
s

ty
p

es
of

ran
k
in

g
m

o
d
els.

2
.1

P
ro

b
le

m
sta

te
m

e
n
t

G
iven

a
n

in
teger

n
≥

2,
w

e
con

sid
er

a
collection

of
n

item
s,

in
d
ex

ed
b
y

th
e

set
[n

]
:=
{
1
,...,n}.

F
o
r

ea
ch

p
a
ir
i6=

j,
w

e
let

M
ij

d
en

ote
th

e
p
rob

ab
ility

th
at

item
i

w
in

s
th

e
com

p
arison

w
ith

item
j.

W
e

a
ssu

m
e

th
at

each
com

p
arison

n
ecessarily

resu
lts

in
on

e
w

in
n
er,

m
ea

n
in

g
th

at

M
ij

+
M
ji

=
1,

an
d

M
ii

=
12
,

(1)
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

w
h
ere

w
e

set
th

e
d
iagon

al
as

12
for

con
creten

ess.
F

or
an

y
item

i∈
[n

],
w

e
d
efi

n
e

an
asso

ciated
score

τ
i

as

τ
i (M

)
:=

1n

n
∑j=

1

M
ij .

(2)

In
w

ord
s,

th
e

score
τ
i (M

)
of

an
y

item
i∈

[n
]

corresp
on

d
s

to
th

e
p
rob

ab
ility

th
at

item
i

b
eats

an
item

ch
osen

u
n
iform

ly
at

ran
d
om

from
all

n
item

s.
In

th
e

seq
u
el,

w
e

w
ill

u
se

th
e

sh
orth

an
d
τ
i

for
th

e
score

of
an

y
item

i,
an

d
d
rop

th
e

d
ep

en
d
en

ce
on

M
from

th
e

n
otation

w
h
erever

th
e

valu
e

of
M

is
clear

from
con

tex
t.

G
iven

a
set

of
n
oisy

p
airw

ise
com

p
arison

s,
ou

r
goals

are
(a)

to
recover

th
e
k

item
s

w
ith

th
e

m
ax

im
u
m

valu
es

of
th

eir
scores;

an
d

(b
)

to
recover

th
e

fu
ll

ord
erin

g
of

all
th

e
item

s
as

d
efi

n
ed

b
y

th
e

score
vector.

T
h
e

n
otion

of
ran

k
in

g
item

s
v
ia

th
eir

scores
(2)

g
en

eralizes
th

e
ex

p
licit

ran
k
in

gs
u
n
d
er

p
op

u
lar

m
o
d
els

in
th

e
literatu

re.
In

d
eed

,
as

w
e

d
iscu

ss
sh

ortly,
m

ost
m

o
d
els

of
p
airw

ise
com

p
arison

s
con

sid
ered

in
th

e
literatu

re
eith

er
im

p
licitly

or
ex

p
licitly

assu
m

e
th

at
th

e
item

s
are

ran
ked

accord
in

g
to

th
eir

scores.
N

ote
th

at
n
eith

er
th

e
scores

{
τ
i }
i∈

[n
]

n
or

th
e

m
atrix

M
:=
{
M
ij }

i,j∈
[n

]
of

p
rob

ab
ilities

are
assu

m
ed

to
b

e
k
n
ow

n
.

M
ore

con
cretely,

w
e

con
sid

er
a

ran
d
om

-d
esign

ob
servation

m
o
d
el

d
efi

n
ed

as
follow

s.
E

ach
p
air

is
asso

ciated
w

ith
a

ran
d
om

n
u
m

b
er

of
n
oisy

com
p
arison

s,
fo

llow
in

g
a

b
in

om
ial

d
istrib

u
tion

w
ith

p
aram

eters
(r,p

),
w

h
ere

r
≥

1
is

th
e

n
u
m

b
er

of
trials

an
d
p
∈

(0,1]
is

th
e

p
rob

ab
ility

of
m

ak
in

g
a

com
p
arison

on
an

y
giv

en
trial.

T
h
u
s,

each
p
air

(i,j)
is

asso
ciated

w
ith

a
b
in

om
ial

ran
d
om

variab
le

w
ith

p
aram

eters
(r,p

)
th

at
govern

s
th

e
n
u
m

b
er

of
com

p
arison

s
b

etw
een

th
e

p
air

of
item

s.
W

e
a
ssu

m
e

th
a
t

th
e

ob
servation

seq
u
en

ces
for

d
iff

eren
t

p
airs

are
in

d
ep

en
d
en

t.
N

ote
th

at
in

th
e

sp
ecial

case
p

=
1,

th
is

ran
d
om

b
in

om
ial

m
o
d
el

red
u
ces

to
th

e
case

in
w

h
ich

w
e

ob
serve

ex
actly

r
ob

servation
s

of
each

p
air;

in
th

e
sp

ecial
case

r
=

1,
th

e
set

of
p
airs

com
p
ared

form
an

(n
,p

)
E

rd
ős-R

én
y
i

ran
d
om

grap
h
.

In
th

is
p
ap

er,
w

e
b

egin
in

S
ection

3.1
b
y

an
aly

zin
g

th
e

p
rob

lem
of

ex
act

recovery.
M

ore
p
recisely,

for
a

given
m

atrix
M

of
p
airw

ise
p
rob

ab
ilities,

su
p
p

ose
th

at
w

e
letS

∗k
d
en

ote
th

e
(u

n
k
n
ow

n
)

set
of
k

item
s

w
ith

th
e

largest
valu

es
of

th
eir

resp
ective

scores,
assu

m
ed

to
b

e
u
n
iq

u
e

for
con

creten
ess.

G
iven

n
oisy

ob
servation

s
sp

ecifi
ed

b
y

th
e

p
airw

ise
p
rob

ab
ilities

M
,

ou
r

goal
is

to
estab

-
lish

con
d
ition

s
u
n
d
er

w
h
ich

th
ere

ex
ists

som
e

algorith
m
Ŝ
k

th
at

id
en

tifi
es
k

item
s

b
ased

on
th

e
ou

tcom
es

of
variou

s
com

p
arison

s
su

ch
th

at
th

e
p
rob

ab
ility

P
M

(Ŝ
k

=
S
∗k )

is
v
ery

close
to

on
e.

In
th

e
case

of
recoverin

g
th

e
fu

ll
ran

k
in

g,
ou

r
goal

is
to

id
en

tify
con

d
ition

s
w

h
ich

en
su

re
th

at
th

e
p
rob

ab
ility

P
M

(
∩k∈[n

] (Ŝ
k

=
S
∗k ) )

is
close

to
on

e.

In
S
ection

3.2,
w

e
con

sid
er

th
e

p
rob

lem
of

recov
erin

g
a

set
of
k

item
s

th
at

ap
p
rox

im
ates

S
∗k

w
ith

a
m

in
im

al
H

am
m

in
g

error.
F

or
an

y
tw

o
su

b
sets

of
th

e
set

[n
],

w
e

d
efi

n
e

th
eir

H
am

m
in

g
d
istan

ce
D

H
,

also
referred

to
as

th
eir

H
a
m

m
in

g
error,

to
b

e
th

e
n
u
m

b
er

of
item

s
th

at
b

elon
g

to
ex

actly
on

e
of

th
e

tw
o

sets—
th

at
is

D
H

(A
,B

)
=

card ({
A
∪
B
}\{

A
∩
B
} )
.

(3)

F
or

a
giv

en
u
ser-d

efi
n
ed

toleran
ce

p
aram

eter
h
≥

0,
w

e
d
erive

con
d
ition

s
th

at
en

su
re

th
at

D
H

(Ŝ
k ,S

∗k )≤
2
h

w
ith

h
igh

p
rob

ab
ility.

F
in

ally,
w

e
gen

eralize
ou

r
resu

lts
to

th
e

p
rob

lem
of

sa
tisfy

in
g

an
y

a
gen

eral
class

of
req

u
irem

en
ts

on
set

fam
ilies.

T
h
ese

req
u
irem

en
t

are
sp

ecifi
ed

in
term

s
of

w
h
ich

k
-sized
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

su
b
se

ts
of

th
e

it
em

s
ar

e
al

lo
w

ed
,

an
d

is
re

q
u
ir

ed
to

sa
ti

sf
y

o
n
ly

on
e

n
at

u
ra

l
co

n
d
it

io
n
,

th
at

of
se

t-
m

on
ot

on
ic

it
y,

m
ea

n
in

g
th

at
re

p
la

ci
n
g

an
it

em
in

an
al

lo
w

ed
se

t
w

it
h

a
h
ig

h
er

ra
n
k

it
em

sh
ou

ld
al

so
b

e
al

lo
w

ed
.

S
ee

S
ec

ti
on

3.
3

fo
r

m
or

e
d
et

ai
ls

on
th

is
ge

n
er

al
fr

am
ew

or
k
.

2
.2

A
ra

n
g
e

o
f

p
a
ir

w
is

e
c
o
m

p
a
ri

so
n

m
o
d

e
ls

O
u
r

w
or

k
m

ak
es

m
in

im
al

as
su

m
p
ti

on
s

on
th

e
th

e
p
ai

rw
is

e
co

m
p
ar

is
on

p
ro

b
ab

il
it

ie
s.

O
u
r

m
o
d
el

is
b
as

ed
on

a
“p

er
m

u
ta

ti
on

-b
as

ed
”

ap
p
ro

ac
h
,

an
d

is
d
es

cr
ib

ed
b

el
ow

(s
ee

S
h
a
h

et
al

.,
20

17
a,

20
16

d
,c

,
20

17
b

fo
r

ot
h
er

u
se

s
of

p
er

m
u
ta

ti
on

-b
as

ed
m

o
d
el

s
an

d
S
h
ah

,
20

17
,

C
h
ap

te
r

1
an

d
P

ar
t

1
fo

r
a

ge
n
er

al
tr

ea
tm

en
t)

.
In

or
d
er

to
p
u
t

ou
r

w
or

k
in

co
n
te

x
t

of
th

e
li
te

ra
tu

re
,

w
e

al
so

b
ri

efl
y

re
v
ie

w
so

m
e

st
an

d
ar

d
m

o
d
el

s
u
se

d
fo

r
p
ai

rw
is

e
co

m
p
ar

is
on

d
at

a
–

al
l
of

th
es

e
m

o
d
el

s
fo

rm
sp

ec
ia

l
ca

se
s

of
ou

r
ge

n
er

al
m

o
d
el

.

O
u

r
m

o
d

e
l:

W
e

as
su

m
e

th
at

an
y

re
q
u
ir

em
en

ts
or

m
et

ri
cs

fo
r

re
co

ve
ry

of
a

p
ar

ti
al

or
to

ta
l

or
d
er

of
th

e
it

em
s

ar
e

go
ve

rn
ed

b
y

th
e

sc
or

es
of

th
e

it
em

s
d
efi

n
ed

in
eq

u
at

io
n

(2
).

In
ot

h
er

w
or

d
s,

an
y

it
em

i
is

co
n
si

d
er

ed
as

ra
n
ke

d
h
ig

h
er

th
a
n

an
y

it
em

j
w

h
en

th
ei

r
sc

or
es

sa
ti

sf
y

τ i
>
τ j

.
W

e
m

ak
e

n
o

ot
h
er

as
su

m
p
ti

on
s

on
th

e
p
ro

b
a
b
il
it

ie
s
{M

ij
} i,
j∈

[n
].

In
w

h
at

fo
ll
ow

s,
w

e
sh

ow
th

at
se

ve
ra

l
ot

h
er

p
op

u
la

r
cl

as
se

s
of

m
o
d
el

s
ar

is
e

as
sp

ec
ia

l
ca

se
s

o
f

ou
r

m
o
d
el

.

P
a
ra

m
e
tr

ic
m

o
d

e
ls

:
A

b
ro

ad
cl

as
s

of
p
ar

am
et

ri
c

m
o
d
el

s,
in

cl
u
d
in

g
th

e
B

ra
d
le

y
-T

er
ry

-
L

u
ce

(B
T

L
)

m
o
d
el

(B
ra

d
le

y
an

d
T

er
ry

,
19

52
;

L
u
ce

,
19

59
)

as
a

sp
ec

ia
l

ca
se

,
ar

e
b
as

ed
on

as
su

m
in

g
th

e
ex

is
te

n
ce

of
“q

u
al

it
y
”

p
ar

am
et

er
w
i
∈
R

fo
r

ea
ch

it
em

i
∈

[n
],

an
d

re
q
u
ir

in
g

th
at

th
e

p
ro

b
ab

il
it

y
of

an
it

em
b

ea
ti

n
g

an
ot

h
er

is
a

sp
ec

ifi
c

fu
n
ct

io
n

of
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
ei

r
va

lu
es

.
In

th
e

B
T

L
m

o
d
el

,
th

e
p
ro

b
ab

il
it

y
M
ij

th
at
i

b
ea

ts
j

is
gi

ve
n

b
y

th
e

lo
gi

st
ic

m
o
d
el

M
ij

=
1

1
+
e−

(w
i
−
w
j
)
.

(4
a)

M
or

e
ge

n
er

al
ly

,
p
ar

am
et

ri
c

m
o
d
el

s
as

su
m

e
th

at
th

e
p
ai

rw
is

e
co

m
p
ar

is
on

p
ro

b
ab

il
it

ie
s

ta
ke

th
e

fo
rm

M
ij

=
F

(w
i
−
w
j
),

(4
b
)

w
h
er

e
F

:
R
→

[0
,1

]
is

so
m

e
st

ri
ct

ly
in

cr
ea

si
n
g

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n
.

T
h
e

fu
n
ct

io
n
F

is
ty

p
ic

al
ly

as
su

m
ed

to
b

e
k
n
ow

n
.

B
y

co
n
st

ru
ct

io
n
,

an
y

p
ar

a
m

et
ri

c
m

o
d
el

h
as

th
e

fo
ll
ow

in
g

p
ro

p
er

ty
:

if
w
i
>
w
j

fo
r

so
m

e
p
ai

r
of

it
em

s
(i
,j

),
th

en
w

e
ar

e
al

so
gu

ar
an

te
ed

th
at
M
i`
>
M
j`

fo
r

ev
er

y
it

em
`.

A
s

a
co

n
se

q
u
en

ce
,

w
e

ar
e

gu
ar

an
te

ed
th

at
τ i
>
τ j

,
w

h
ic

h
im

p
li
es

th
at

or
d
er

in
g

of
th

e
it

em
s

in
te

rm
s

of
th

ei
r

q
u
a
li
ty

ve
ct

or
w
∈

R
n

is
id

en
ti

ca
l

to
th

ei
r

or
d
er

in
g

in
te

rm
s

of
th

e
sc

or
e

v
ec

to
r
τ
∈

R
n
.

C
on

se
q
u
en

tl
y,

if
th

e
d
at

a
is

ac
tu

al
ly

d
ra

w
n

fr
om

a
p
ar

am
et

ri
c

m
o
d
el

,
th

en
re

co
ve

ri
n
g

th
e

to
p
k

it
em

s
ac

co
rd

in
g

to
th

ei
r

sc
or

es
is

th
e

sa
m

e
as

re
co

ve
ri

n
g

th
e

to
p
k

it
em

s
ac

co
rd

in
g

th
ei

r
re

sp
ec

ti
ve

q
u
al

it
y

p
ar

am
et

er
s.

S
tr

o
n

g
S

to
ch

a
st

ic
T

ra
n

si
ti

v
it

y
(S

S
T

)
c
la

ss
:

T
h
e

cl
as

s
of

st
ro

n
g

st
o
ch

as
ti

c
tr

an
si

ti
v
-

it
y

(S
S
T

)
m

o
d
el

s
is

a
su

p
er

se
t

of
p
ar

am
et

ri
c

m
o
d
el

s
(S

h
ah

et
al

.,
20

17
a)

.
It

d
o
es

n
ot

as
su

m
e

th
e

ex
is

te
n
ce

of
a

q
u
al

it
y

ve
ct

or
,

n
or

d
o
es

it
as

su
m

e
an

y
sp

ec
ifi

c
fo

rm
of

th
e

p
ro

b
ab

il
it

ie
s

as
in

eq
u
at

io
n

(4
a)

.
In

st
ea

d
,

th
e

S
S
T

cl
a
ss

is
d
efi

n
ed

b
y

a
ss

u
m

in
g

th
e

ex
is

te
n
ce

of
a

to
ta

l
or

d
er

in
g

of
th

e
n

it
em

s,
an

d
im

p
os

in
g

th
e

in
eq

u
al

it
y

co
n
st

ra
in

ts
M
i`
≥
M
j`

fo
r

ev
er

y
p
ai

r
of

it
em

s
(i
,j

)
in

w
h
ic

h
i

is
ra

n
ke

d
ab

ov
e
j

in
th

e
or

d
er

in
g,

an
d

ev
er

y
it

em
`.

O
n
e

ca
n

ve
ri

fy
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

th
at

an
or

d
er

in
g

b
y

th
e

sc
or

es
{τ
i}
i∈

[n
]

of
th

e
it

em
s

le
ad

to
an

or
d
er

in
g

of
th

e
it

em
s

th
a
t

is
co

n
si

st
en

t
w

it
h

th
at

d
efi

n
ed

b
y

th
e

S
S
T

cl
as

s.

T
h
u
s,

w
e

se
e

th
at

in
a

b
ro

ad
cl

as
s

of
m

o
d
el

s
fo

r
p
ai

rw
is

e
ra

n
k
in

g,
th

e
to

ta
l

o
rd

er
in

g
d
efi

n
ed

b
y

th
e

sc
or

e
ve

ct
or

(2
)

co
in

ci
d
es

w
it

h
th

e
u
n
d
er

ly
in

g
or

d
er

in
g

u
se

d
to

d
efi

n
e

th
e

m
o
d
el

s.
In

th
is

p
ap

er
,

w
e

an
al

y
ze

th
e

p
er

fo
rm

an
ce

of
a

co
u
n
ti

n
g

al
go

ri
th

m
,

es
se

n
ti

a
ll
y

w
it

h
ou

t
im

p
os

in
g

an
y

m
o
d
el

in
g

co
n
d
it

io
n
s

on
th

e
fa

m
il
y

of
p
ai

rw
is

e
p
ro

b
a
b
il
it

ie
s.

T
h
e

n
ex

t
th

re
e

se
ct

io
n
s

es
ta

b
li
sh

th
eo

re
ti

ca
l

gu
ar

an
te

es
on

th
e

re
co

v
er

y
of

th
e

to
p
k

it
em

s
u
n
d
er

va
ri

ou
s

re
q
u
ir

em
en

ts
.

2
.3

B
o
rd

a
c
o
u

n
ti

n
g

a
lg

o
ri

th
m

T
h
e

an
al

y
si

s
of

th
is

p
ap

er
fo

cu
se

s
on

a
si

m
p
le

co
u
n
ti

n
g-

b
as

ed
al

go
ri

th
m

,
o
ft

en
ca

ll
ed

th
e

B
or

d
a

co
u
n
t

m
et

h
o
d

(d
e

B
or

d
a,

17
81

).
W

e
em

p
lo

y
th

is
m

et
h
o
d

h
er

e
fo

r
th

e
se

tt
in

g
o
f

p
ai

rw
is

e
co

m
p
ar

is
on

s,
n
ot

in
g

th
at

th
e

B
or

d
a

co
u
n
t

m
et

h
o
d

m
or

e
ge

n
er

al
ly

a
ls

o
su

p
p

o
rt

s
co

m
p
ar

is
on

s
b

et
w

ee
n

m
or

e
th

an
tw

o
it

em
s.

M
or

e
p
re

ci
se

ly
,

fo
r

ea
ch

d
is

ti
n
ct
i,
j
∈

[n
]

an
d

ev
er

y
in

te
ge

r
`
∈

[r
],

le
t
Y
` ij
∈
{−

1
,0
,+

1}
re

p
re

se
n
t

th
e

ou
tc

om
e

of
th

e
`t
h

co
m

p
ar

is
on

b
et

w
ee

n
th

e
p
ai

r
i

an
d
j,

d
efi

n
ed

a
s

Y
` ij

=

    

0
n
o

co
m

p
ar

is
on

b
et

w
ee

n
(i
,j

)
in

tr
ia

l
`

+
1

if
co

m
p
ar

is
on

is
m

ad
e

a
n
d

it
em

i
b

ea
ts
j

−
1

if
co

m
p
ar

is
on

is
m

ad
e

a
n
d

it
em

j
b

ea
ts
i.

(5
)

N
ot

e
th

at
th

is
d
efi

n
it

io
n

en
su

re
s

th
at
Y
` ij

=
−
Y
` ji
.

F
or

ea
ch

i
∈

[n
],

th
e

q
u
an

ti
ty

N
i

:=
∑ j∈

[n
]

∑ `∈
[r

]

1
{Y

` ij
=

1}
(6

)

co
rr

es
p

on
d
s

to
th

e
n
u
m

b
er

of
p
ai

rw
is

e
co

m
p
a
ri

so
n
s

w
on

b
y

it
em

i.
H

er
e

w
e

u
se

1
{·
}

to
d
en

ot
e

th
e

in
d
ic

at
or

fu
n
ct

io
n

th
at

ta
ke

s
th

e
va

lu
e

1
if

it
s

ar
gu

m
en

t
is

tr
u
e,

a
n
d

th
e

va
lu

e
0

ot
h
er

w
is

e.
F

or
ea

ch
in

te
ge

r
k
,

th
e

ve
ct

or
{N

i}
n i=

1
of

n
u
m

b
er

of
p
ai

rw
is

e
w

in
s

d
efi

n
es

a
k
-s

iz
ed

su
b
se

t

S̃ k
=
{ i
∈

[n
]
|N

i
is

am
on

g
th

e
k

h
ig

h
es

t
n
u
m

b
er

of
p
ai

rw
is

e
w

in
s} ,

(7
)

co
rr

es
p

on
d
in

g
to

th
e

se
t

of
k

it
em

s
w

it
h

th
e

la
rg

es
t

va
lu

es
of
N
i.

In
ot

h
er

w
o
rd

s,
th

e
se

t
S̃ k

co
rr

es
p

on
d
s

to
th

e
ra

n
k

st
at

is
ti

cs
of

th
e

to
p
k
-i

te
m

s
in

th
e

p
ai

rw
is

e
w

in
or

d
er

in
g
.

(I
f

th
er

e
ar

e
an

y
ti

es
,

w
e

re
so

lv
e

th
em

b
y

ch
o
os

in
g

th
e

in
d
ic

es
w

it
h

th
e

sm
al

le
st

va
lu

e
o
f
i.

)

3
.
M

a
in

re
su

lt
s

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

ou
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s
on

to
p
-k

re
co

ve
ry

u
n
d
er

th
e

th
re

e
se

tt
in

gs
d
es

cr
ib

ed
ea

rl
ie

r.
N

ot
e

th
at

th
e

th
re

e
se

tt
in

gs
ar

e
or

d
er

ed
in

te
rm

s
o
f

in
cr

ea
si

n
g

ge
n
er

al
it

y,
w

it
h

th
e

ad
va

n
ta

ge
th

at
th

e
le

as
t

ge
n
er

al
se

tt
in

g
le

ad
s

to
th

e
si

m
p
le

st
fo

rm
of

th
eo

re
ti

ca
l

cl
ai

m
.

W
e

al
so

d
is

cu
ss

op
ti

m
al

ex
ac

t
re

co
ve

ry
o
f

th
e

fu
ll

ra
n
k
in

g
.
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

3
.1

T
h

re
sh

o
ld

s
fo

r
e
x
a
c
t

re
c
o
v
e
ry

o
f

th
e

to
p
k

ite
m

s

W
e

b
eg

in
w

ith
th

e
goal

of
ex

actly
recoverin

g
th

e
k

top
-ran

ked
item

s.
A

s
on

e
m

igh
t

ex
p

ect,
th

e
d
iffi

cu
lty

o
f

th
is

p
rob

lem
tu

rn
s

ou
t

to
d
ep

en
d

on
th

e
d
egree

of
sep

aration
b

etw
een

th
e

to
p
k

item
s

a
n
d

th
e

rem
ain

in
g

item
s.

M
ore

p
recisely,

let
u
s

u
se

(k
)

an
d

(k
+

1)
to

d
en

ote
th

e
in

d
ices

o
f

th
e

item
s

th
at

are
ran

ked
k
th

an
d

(k
+

1)
th

resp
ectively.

W
ith

th
is

n
otation

,
th

e
k

-sepa
ra

tio
n

th
resh

o
ld

∆
k

is
giv

en
b
y

∆
k (M

)
:=

τ
(k

) (M
)−

τ
(k

+
1
) (M

)
=

1n

n
∑i=

1

M
(k

)i

︸
︷︷

︸
T
erm

(i)

−
1n

n
∑i=

1

M
(k

+
1
)i

︸
︷︷

︸
T
erm

(ii)

.
(8)

In
w

o
rd

s,
th

e
q
u
an

tity
∆
k (M

)
is

th
e

d
iff

eren
ce

b
etw

een
(i)

th
e

p
rob

ab
ility

of
item

(k
)

b
ea

tin
g

a
n
oth

er
item

ch
osen

u
n
iform

ly
at

ran
d
om

,
an

d
(ii)

th
e

sam
e

p
rob

ab
ility

for
item

(k
+

1
).

A
s

sh
ow

n
b
y

th
e

follow
in

g
th

eorem
,

su
ccess

or
failu

re
in

recov
erin

g
th

e
top

k
en

tries
is

d
eterm

in
ed

b
y

th
e

size
of

∆
k (M

)
relativ

e
to

th
e

n
u
m

b
er

of
item

s
n

,
ob

servatio
n

p
rob

ab
ility

p
a
n
d

n
u
m

b
er

of
rep

etition
s
r.

In
p
articu

lar,
con

sid
er

th
e

fam
ily

of
m

atrices

F
k (α

;n
,p
,r)

:=

{
M
∈

[0,1] n×
n
|
M

+
M

T
=

11
T
,

an
d

∆
k (M

)≥
α √

log
n

n
p
r

}
.

(9)

T
o

sim
p
lify

n
o
tation

,
w

e
often

ad
op

tF
k (α

)
as

a
con

v
en

ien
t

sh
orth

an
d

fo
r

th
is

set,
w

h
ere

its
d
ep

en
d
en

ce
on

(n
,p
,r)

sh
ou

ld
b

e
u
n
d
ersto

o
d

im
p
licitly.

W
ith

th
is

n
otation

,
th

e
ach

ievab
le

resu
lt

in
p
art

(a)
of

th
e

follow
in

g
th

eorem
is

b
ased

on
th

e
estim

a
to

r
th

at
retu

rn
s

th
e

setS̃
k

of
th

e
th

e
k

item
s

d
efi

n
ed

b
y

th
e

n
u
m

b
er

of
p
airw

ise
co

m
p
a
riso

n
s

w
on

,
as

d
efi

n
ed

in
eq

u
ation

(7).
O

n
th

e
oth

er
h
an

d
,

th
e

low
er

b
ou

n
d

in
p
a
rt

(b
)

a
p
p
lies

to
a
n

y
estim

a
to

r,
m

ean
in

g
an

y
m

easu
rab

le
fu

n
ction

of
th

e
ob

servation
s.

T
h

e
o
re

m
1

(a
)

C
o
n

sid
er

a
n

y
n
≥

2,
r
≥

1
a
n

d
p
∈

(0,1].
T

h
en

if
α
≥

8,
th

e
setS̃

k
o
f

to
p
k

item
s

(7)
given

by
th

e
B

o
rd

a
co

u
n

tin
g

a
lgo

rith
m

sa
tisfi

es

su
p

M
∈F

k
(α

) P
M

[S̃
k 6=
S
∗k ]≤

1n
1
4
.

(10a)

(b)
C

o
n

versely,
su

p
po

se
th

a
t
n
≥

7
a
n

d
p
≥

lo
g
n

2
n
r

.
T

h
en

fo
r

a
n

y
α
≤

17 ,
th

e
erro

r

p
ro

ba
bility

o
f

an
y

estim
a
to

r
Ŝ
k

is
lo

w
er

bo
u

n
d
ed

a
s

su
p

M
∈F

k
(α

) P
M

[Ŝ
k 6=
S
∗k ]≥

17
.

(10b
)

R
e
m

a
rk

s:
F

irst,
it

is
im

p
ortan

t
to

n
ote

th
at

th
e

n
ega

tive
resu

lt
in

p
art

(b
)

h
old

s
ev

en
if

th
e

su
p
rem

u
m

is
fu

rth
er

restricted
to

a
p
articu

lar
p
aram

etric
su

b
-class

ofF
k (α

),
su

ch
as

th
e

p
a
irw

ise
co

m
p
a
rison

m
atrices

gen
erated

b
y

th
e

B
T

L
m

o
d
el,

or
b
y

th
e

S
S
T

m
o
d
el.

T
h
e

p
ro

of
fo

r
th

e
low

er
b

ou
n
d

con
stru

cts
a

p
ack

in
g

set
of

p
ossib

le
p
airw

ise
com

p
arison

p
rob

a
b
ilities

7
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L
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

an
d

th
en

ap
p
lies

F
an

o’s
in

eq
u
ality.

T
h
e

con
stru

ction
en

su
res

th
at

every
elem

en
t

of
th

e
p
ack

in
g

set
also

lies
in

th
e

p
aram

etric
an

d
S
S
T

m
o
d
els.

T
h
e

p
ack

in
g

set
is

b
ased

on
a

gen
eralization

of
a

con
stru

ction
in

tro
d
u
ced

b
y

C
h
en

an
d

S
u
h

(2015
)

for
th

e
B

T
L

m
o
d
el,

w
h
ich

w
e

ad
ap

t
to

th
e

gen
eral

d
efi

n
ition

(8)
of

th
e

sep
aration

th
resh

old
∆
k .

S
econ

d
,

w
e

n
ote

th
at

in
th

e
reg

im
e
p
<

lo
g
n

2
n
r

,
stan

d
ard

resu
lts

from
ran

d
om

grap
h

th
eory

(E
rd

ős
an

d
R

én
y
i,

1960)
can

b
e

u
sed

to
sh

ow
th

at
th

ere
are

at
least √

n
item

s
(in

ex
p

ectation
)

th
at

are
n
ever

com
p
ared

to
a
n
y

oth
er

item
.

O
f

cou
rse,

estim
atin

g
th

e
ran

k
is

im
p

ossib
le

in
th

is
p
ath

ological
case,

so
w

e
om

it
it

from
co

n
sid

eration
.

T
h
ird

,
th

e
tw

o
p
arts

of
th

e
th

eorem
in

con
ju

n
ction

sh
ow

th
at

th
e

cou
n
tin

g
algorith

m
is

essen
tially

op
tim

al.
T

h
e

on
ly

ro
om

for
im

p
rov

em
en

t
is

in
th

e
d
iff

eren
ce

b
etw

een
in

eq
u
ality

α
≥

8
in

th
e

ach
ievab

le
resu

lt,
an

d
α
≤

17
in

th
e

low
er

b
ou

n
d
.

T
h
eorem

1
can

also
b

e
u
sed

to
d
erive

gu
aran

tees
for

recovery
of

oth
er

fu
n
ctio

n
s

of
th

e
u
n
d
erly

in
g

ran
k
in

g.
H

ere
w

e
con

sid
er

th
e

p
rob

lem
of

id
en

tify
in

g
th

e
ran

k
in

g
of

all
n

item
s,

w
h
ich

w
e

d
en

ote
b
y

th
e

p
erm

u
tation

π
∗.

In
th

is
case,

w
e

req
u
ire

th
at

each
of

th
e

sep
aration

s
{
∆
j }
n−

1
j=

1
are

su
itab

ly
low

er
b

ou
n
d
ed

:
m

ore
p
recisely,

w
e

stu
d
y

m
o
d
els

M
th

at
b

elon
g

to

th
e

in
tersection

∩
n−

1
j=

1 F
j (α

).

T
h

e
o
re

m
2

C
o
n

sid
er

a
n

y
n
≥

2,
r≥

1
a
n

d
p
∈

(0,1].
L

et
π̃

be
th

e
perm

u
ta

tio
n

o
f

th
e

item
s

specifi
ed

by
th

e
B

o
rd

a
co

u
n

tin
g

a
lgo

rith
m

in
o
rd

er
o
f

th
e

n
u

m
ber

o
f

pa
irw

ise
co

m
pa

riso
n

s
w

o
n

.
T

h
en

fo
r

a
n

y
α
≥

8,
w

e
h
a
vesu

p
M
∈∩

n−
1

j
=
1 F

j (α
) P

M

[π̃
6=
π
∗ ]≤

1n
1
3
.

C
o
n

versely,
if
n
≥

9
,

th
en

th
e

sepa
ra

tio
n

co
n

d
itio

n
o
n
{∆

j }
n−

1
j=

1
th

a
t

d
efi

n
es

th
e

set∩
n−

1
j=

1 F
j (α

)
is

u
n

im
p
ro

va
ble

beyo
n

d
co

n
sta

n
t

fa
cto

rs.

T
h
e

u
p
p

er
b

ou
n
d

of
T

h
eorem

2
follow

s
from

th
e

eq
u
ivalen

ce
of

th
e

correct
recovery

of
th

e
ran

k
in

g
w

ith
th

e
recov

ery
of

th
e

top
k

item
s

for
ev

ery
valu

e
of
k
∈

[n
].

T
h
e

p
ro

of
of

th
e

low
er

b
ou

n
d

req
u
ires

a
m

arked
ly

d
iff

eren
t

set
of

argu
m

en
ts;

th
e

p
ro
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∆
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b
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re
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rem
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a
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b
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d
er

a
m

o
d
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i
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∈
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p
en

d
en

t
of
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b
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b
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secon
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m
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b
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p
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d
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-con
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d
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p
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b
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∆
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∆

2 j
=

n
3

lo
g
n

γ
2

ob
se

rv
at

io
n
s

ar
e

su
ffi

ci
en

t
to

re
co

ve
r

th
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p
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at
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b
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b
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b
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ra
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d
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b
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d
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d
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m
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ra
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b
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d
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p
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p
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ra
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b
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p
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b
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p
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b
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ra
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d
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p
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p
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b
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b
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p
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b
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b
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p
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h
en
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d
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d
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p
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at
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p
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d
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p
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b
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p
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p
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d
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p
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b
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p
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b
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=
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p
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;
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h
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;
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e
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p
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h
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r
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e
n
ot

io
n

of
th

e
or

d
er

in
g

w
it

h
re

sp
ec

t
to

th
e

B
T

L
p
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b
se

q
u
en

tl
y,

w
e

se
e

th
at

th
e

co
u
n
ti

n
g

al
go

ri
th

m
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b
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u
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d
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b
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h
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al

.,
20

05
;

B
ab

co
ck

an
d

O
ls

to
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p
ro

x
im

a
te

re
c
o
v
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d
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p
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p
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b
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p
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b
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b
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b
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b
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b
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p
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∈
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d
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(Ŝ
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d
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b
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b
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p
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at
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∆
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∆
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d
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b
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∆
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∆
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∆
k

co
rr

es
p

on
d
s

to
∆
k
,h

w
it

h
h

=
0.

W
e

th
en

d
efi

n
e

a
ge

n
er

a
li
za

ti
o
n

o
f

th
e

fa
m

il
y
F k

(α
;n
,p
,r

),
n
am

el
y

F k
,h

(α
;n
,p
,r

)
:=

{
M
∈

[0
,1

]n
×
n
|M

+
M

T
=

11
T
,

an
d

∆
k
,h
≥
α

√
lo

g
n

n
p
r

}
.

(1
2
b
)

A
s

b
ef

or
e,

w
e

ad
op

t
th

e
sh

or
th

an
d
F k

,h
(α

),
w

it
h

th
e

d
ep

en
d
en

ce
on

(n
,p
,r

)
b

ei
n
g

u
n
d
er

-
st

o
o
d

im
p
li
ci

tl
y.

T
h

e
o
re

m
3

(a
)

C
o
n

si
d
er

a
n

y
n
≥

2,
r
≥

1
a
n

d
p
∈

(0
,1

].
T

h
en

if
α
≥

8,
th

e
se

t
S̃ k

o
f

to
p
k

it
em

s
(7

)
gi

ve
n

by
th

e
B

o
rd

a
co

u
n

ti
n

g
a
lg

o
ri

th
m

sa
ti

sfi
es

su
p

M
∈F

k
,h

(α
)
P M
[ D

H
(S̃
k
,S
∗ k)
>

2h
] ≤

1 n
1
4
.

(1
3
a)

(b
)

C
o
n

ve
rs

el
y,

in
th

e
re

gi
m

e
p
≥

lo
g
n

2
n
r

a
n

d
fo

r
gi

ve
n

co
n

st
a
n

ts
ν 1
,ν

2
∈

(0
,1

),
su

p
po

se

th
a
t

2
h
≤

1
1
+
ν
2

m
in
{n

1
−
ν
1
,k
,n
−
k
}.

T
h
en

fo
r

a
n

y
α
≤
√
ν
1
ν
2

1
4

,
a
n

y
es

ti
m

a
to

r
Ŝ k

h
a
s

er
ro

r
a
t

le
a
st

su
p

M
∈F

k
,h

(α
)
P M
[ D

H
(Ŝ
k
,S
∗ k)
>

2h
] ≥

1 7
,

(1
3
b
)

fo
r

a
ll
n

la
rg

er
th

a
n

a
co

n
st

a
n

t
c(
ν 1
,ν

2
).

1
.
T
h
e
re
q
u
ir
em

en
t
h
<

k
is

se
n
si
b
le

b
ec
a
u
se

if
h
≥

k
,
th
e
p
ro
b
le
m

is
tr
iv
ia
l:

a
n
y
tw

o
k
-s
iz
ed

se
ts
Ŝ k

a
n
d

S∗ k
sa
ti
sf
y
th
e
b
o
u
n
d
D

H
(Ŝ
k
,S
∗ k
)
≤

2
k
≤

2
h
.
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

T
h
is

resu
lt

is
sim

ilar
to

th
at

of
T

h
eorem

1,
ex

cep
t

th
at

th
e

relax
ation

of
th

e
ex

act
recovery

con
d
ition

allow
s

for
a

less
con

strain
ed

d
efi

n
ition

of
th

e
sep

aration
th

resh
old

∆
k
,h .

A
s

w
ith

T
h
eorem

1,
th

e
low

er
b

ou
n
d

in
p
art

(b
)

ap
p
lies

even
if

p
rob

ab
ility

m
atrix

M
is

restricted
to

lie
in

a
p
aram

etric
m

o
d
el

(su
ch

as
th

e
B

T
L

m
o
d
el),

o
r

th
e

m
ore

gen
eral

S
S
T

cla
ss.

T
h
e

co
u
n
tin

g
algorith

m
is

th
u
s

op
tim

al
for

estim
ation

u
n
d
er

th
e

rela
x
ed

H
am

m
in

g
m

etric
a
s

w
ell.

T
h
e

p
ro

o
f

of
th

e
u
p
p

er
b

ou
n
d

in
volv

es
a

tran
sform

ation
of

th
e

H
am

m
in

g
erro

r
re-

q
u
irem

en
t

in
to

on
e

of
ex

act
recovery

req
u
irem

en
t,

an
d

th
en

tran
sform

in
g

th
e

resu
lt

of
T

h
eo

rem
1
(a

)
to

th
at

req
u
ired

h
ere

v
ia

certain
algeb

raic
argu

m
en

ts.
T

h
e

low
er

b
ou

n
d

is
sig

n
ifi

ca
n
tly

m
o
re

in
tricate:

w
e

carefu
lly

d
esign

a
p
ack

in
g

set
u
sin

g
a

co
d
in

g-th
eoretic

resu
lt

d
u
e

to
L

even
sh

tein
(1971),

w
h
ich

w
e

th
en

em
p
loy

in
F

an
o’s

in
eq

u
ality.

F
in

a
lly,

it
is

w
orth

m
ak

in
g

a
few

com
m

en
ts

ab
ou

t
th

e
con

stan
ts

ap
p

ea
rin

g
in

th
ese

cla
im

s.
W

e
ca

n
w

eaken
th

e
low

er
b

ou
n
d

on
∆
k

req
u
ired

in
T

h
eorem

3
(a)

at
th

e
ex

p
en

se
o
f

a
low

er
p
ro

b
ab

ility
of

su
ccess;

for
in

stan
ce,

if
w

e
in

stead
req

u
ire

th
at

α
≥

4,
th

en
th

e
p
ro

b
a
b
ility

of
error

is
gu

aran
teed

to
b

e
a
t

m
ost

n
−

2.
S
u
b
seq

u
en

tly
in

th
e

p
ap

er,
w

e
p
rov

id
e

th
e

resu
lts

of
sim

u
lation

s
w

ith
n

=
500

item
s

an
d
α

=
4.

O
n

th
e

oth
er

h
an

d
,

in
T

h
eo

rem
3
(b

),
if

w
e

im
p

ose
th

e
stron

ger
u
p
p

er
b

ou
n
d
α

=
O

(1/ √
h

log
n

),
th

en
w

e
can

rem
ove

th
e

co
n
d
ition

h
≤
n

1−
ν
1.

3
.3

A
n

a
b

stra
c
t

fo
rm

o
f
k
-se

t
re

c
o
v
e
ry

In
ea

rlier
sectio

n
s,

w
e

in
vestigated

recovery
of

th
e

top
k

item
s

eith
er

ex
actly

or
u
n
d
er

a
H

a
m

m
in

g
error.

E
x
act

recovery
m

ay
b

e
q
u
ite

strict
fo

r
certain

ap
p
lication

s,
w

h
ereas

th
e

p
ro

p
erty

o
f

H
am

m
in

g
error

allow
in

g
for

a
few

of
th

e
top

k
item

s
to

b
e

rep
laced

b
y

a
rbitra

ry
item

s
m

ay
b

e
u
n
d
esirab

le.
In

d
eed

,
m

an
y

ap
p
lication

s
h
av

e
req

u
irem

en
ts

th
at

go
b

eyon
d

th
ese

m
etrics;

for
in

stan
ce,

see
th

e
p
ap

ers
Ilyas

et
al.

(200
8);

M
ich

el
et

al.
(2005);

B
ab

co
ck

a
n
d

O
lsto

n
(2

0
03);

M
etw

ally
et

al.
(2005

);
K

im
elfeld

an
d

S
agiv

(2006);
F

agin
et

al.
(2003)

a
n
d

referen
ces

th
erein

for
som

e
ex

am
p
les.

In
th

is
section

,
w

e
gen

eralize
th

e
n
otion

of
ex

act
o
r

H
a
m

m
in

g-error
recovery

in
ord

er
to

accom
m

o
d
ate

a
fairly

gen
eral

class
of

req
u
irem

en
ts.

B
o
th

th
e

ex
act

an
d

ap
p
rox

im
ate

H
am

m
in

g
recovery

settin
gs

req
u
ire

th
e

estim
ato

r
to

o
u
tp

u
t

a
set

o
f
k

item
s

th
at

are
eith

er
ex

actly
or

ap
p
rox

im
ately

eq
u
al

to
th

e
tru

e
set

o
f

top
k

item
s.

W
h
en

is
th

e
estim

ate
d
eem

ed
su

ccessfu
l?

O
n
e

w
ay

to
th

in
k

ab
ou

t
th

e
p
rob

lem
is

as
fo

llow
s.

T
h
e

sp
ecifi

ed
req

u
irem

en
t

of
ex

act
or

ap
p
rox

im
ate

H
am

m
in

g
recovery

is
asso

ciated
to

a
set

o
f
k
-sized

su
b
sets

of
th

e
n

p
ossib

le
ran

k
s.

T
h
e

estim
ator

is
d
eem

ed
su

ccessfu
l

if
th

e
tru

e
ra

n
k
s

o
f

th
e

ch
osen

k
item

s
eq

u
als

on
e

of
th

ese
su

b
sets.

In
ou

r
n
otion

of
gen

eralized
recovery,

w
e

refer
to

su
ch

sets
as

a
llo

w
ed

sets.
F

o
r

ex
am

p
le,

in
th

e
case

k
=

3,
w

e
m

igh
t

say
th

a
t

th
e

set{
1,4,10}

is
allow

ed
,

m
ean

in
g

th
at

an
ou

tp
u
t

con
sistin

g
of

th
e

item
s

th
at

are
ra

n
ked

“
fi
rst”,

“fou
rth

”
an

d
“ten

th
”

in
th

e
grou

n
d

tru
th

is
con

sid
ered

correct.

In
m

o
re

g
en

erality,
let

S
d
en

ote
a

fam
ily

of
k
-sized

su
b
sets

of
[n

],
w

h
ich

w
e

refer
to

as
fa

m
ily

o
f

a
llo

w
ed

sets.
N

otice
th

at
an

y
allow

ed
set

is
d
efi

n
ed

b
y

th
e

po
sitio

n
s

o
f

th
e

item
s

in
th

e
tru

e
ord

erin
g

an
d

n
ot

th
e

item
s

th
em

selves. 2
O

n
ce

som
e

tru
e

u
n
d
erly

in
g

ord
erin

g
of

th
e

n
item

s
is

fi
x
ed

,
each

elem
en

t
of

th
e

fam
ily

S
th

en
sp

ecifi
es

a
set

of
th

e
item

s
th

em
selves.

W
e

u
se

th
ese

tw
o

in
terp

retation
s

d
ep

en
d
in

g
on

th
e

con
tex

t
—

th
e

d
efi

n
ition

in
term

s
of

2
.
In

ca
se

o
f
tw

o
o
r
m
o
re

item
s
w
ith

id
en
tica

l
sco

res,
th
e
ch
o
ice

o
f
a
n
y
o
f
th
ese

item
s
is

co
n
sid

ered
va
lid

.
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

p
osition

s
to

sp
ecify

th
e

req
u
irem

en
ts,

a
n
d

th
e

d
efi

n
ition

in
term

s
of

th
e

item
s

to
evalu

ate
an

estim
ator

for
a

given
u
n
d
erly

in
g

p
rob

ab
ility

m
atrix

M
.

W
e

letS
†k

d
en

ote
a
k
-set

estim
ate,

m
ean

in
g

a
fu

n
ction

th
at

given
a

set
of

ob
servation

s
as

in
p
u
t,

retu
rn

s
a
k
-sized

su
b
set

o
f

[n
]

as
ou

tp
u
t.

D
e
fi

n
itio

n
4

(S
-re

sp
e
c
tin

g
e
stim

a
to

rs)
F

o
r

a
n

y
fa

m
ily

S
o
f

a
llo

w
ed

sets,
a
k

-set
esti-

m
a
te
S
†k

resp
ects

its
stru

ctu
re

if
th

e
set

o
f
k

po
sitio

n
s

o
f

th
e

item
s

in
S
†k

belo
n

gs
to

th
e

set
fa

m
ily

S
.

O
u
r

goal
is

to
d
eterm

in
e

con
d
ition

s
on

th
e

set
fam

ily
S

u
n
d
er

w
h
ich

th
ere

ex
ist

estim
ators

S
†k

th
at

resp
ect

its
stru

ctu
re.

In
ord

er
to

illu
strate

th
is

d
efi

n
itio

n
,

let
u
s

retu
rn

to
th

e
ex

am
p
les

treated
th

u
s

far.

E
x
a
m

p
le

1
(E

x
a
c
t

a
n

d
a
p

p
ro

x
im

a
te

H
a
m

m
in

g
re

c
o
v
e
ry

)
T

h
e

requ
irem

en
t

o
f

exa
ct

reco
very

o
f

th
e

to
p
k

item
s

h
a
s
S

co
n

sistin
g

o
f

exa
ctly

o
n

e
set,

th
e

set
o
f

th
e

to
p
k

po
sitio

n
s

S
=
{[k

]}
.

In
th

e
ca

se
o
f

reco
very

w
ith

a
H

a
m

m
in

g
erro

r
a
t

m
o
st

2
h

,
th

e
set

S
o
f

a
ll

a
llo

w
ed

sets
co

n
sists

a
ll
k

-sized
su

bsets
o
f

[n
]

th
a
t

co
n

ta
in

a
t

lea
st

(k
−
h

)
po

sitio
n

s
in

th
e

to
p
k

po
sitio

n
s.

F
o
r

in
sta

n
ce,

in
th

e
ca

se
h

=
1,
k

=
2

a
n

d
n

=
4,

w
e

h
a
ve

S
=
{{1

,2},{1
,3},{1

,4}
,{

2,3}
,{

2,4} }
.

A
p
art

from
th

ese
tw

o
req

u
irem

en
ts,

th
ere

are
several

oth
er

req
u
irem

en
ts

for
top

-k
recovery

p
op

u
lar

in
th

e
literatu

re
(C

arm
el

et
al.,

2001;
F

agin
et

al.,
2003;

B
ab

co
ck

an
d

O
lston

,
2003;

M
ich

el
et

al.,
2005

;
M

etw
ally

et
al.,

2005;
K

im
elfeld

an
d

S
agiv

,
2006;

Ilyas
et

al.,
2
008).

L
et

u
s

illu
strate

th
em

w
ith

an
oth

er
ex

am
p
le:

E
x
a
m

p
le

2
L

et
π
∗

:
[n

]→
[n

]
d
en

o
te

th
e

tru
e

u
n

d
erlyin

g
o
rd

erin
g

o
f

th
e
n

item
s.

T
h
e

fo
llo

w
in

g
a
re

fo
u

r
po

p
u

la
r

requ
irem

en
ts

o
n

th
e

setS
†k

fo
r

to
p
-k

id
en

tifi
ca

tio
n

,
w

ith
respect

to
th

e
tru

e
perm

u
ta

tio
n
π
∗,

fo
r

a
p
re-specifi

ed
pa

ra
m

eter
ε≥

0
.

(i)
A

ll
item

s
in

th
e

setS
†k

m
u

st
be

co
n

ta
in

ed
co

n
ta

in
ed

w
ith

in
th

e
to

p
(1

+
ε)k

en
tries:

m
ax

i∈S
†k

π
∗(i)≤

(1
+
ε)k

.
(14a)

(ii)
T

h
e

ra
n

k
o
f

a
n

y
item

in
th

e
setS

†k
m

u
st

lie
w

ith
in

a
m

u
ltip

lica
tive

fa
cto

r
(1

+
ε)

o
f

th
e

ra
n

k
o
f

a
n

y
item

n
o
t

in
th

e
setS

†k :

m
ax

i∈S
†k

π
∗(i)≤

(1
+
ε)

m
in

j∈
[n

]\S
†k

π
(j).

(14b
)

(iii)
T

h
e

ra
n

k
o
f

a
n

y
item

in
th

e
setS

†k
m

u
st

lie
w

ith
in

a
n

a
d
d
itive

fa
cto

r
ε

o
f

th
e

ra
n

k
o
f

a
n

y
item

n
o

t
in

th
e

setS
†k :

m
ax

i∈S
†k

π
∗(i)≤

m
in

j∈
[n

]\S
†k

π
∗(j)

+
ε.

(14c)
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

(i
v)

T
h
e

su
m

o
f

th
e

ra
n

ks
o
f

th
e

it
em

s
in

th
e

se
t
S† k

m
u

st
be

co
n

ta
in

ed
w

it
h
in

a
fa

ct
o
r

(1
+
ε)

o
f

th
e

su
m

s
o
f

ra
n

ks
o
f

th
e

to
p
k

en
tr

ie
s:

∑ i∈
S† k

π
∗ (
i)
≤

(1
+
ε)

1 2
k
(k

+
1)
.

(1
4d

)

N
o
te

th
a
t

ea
ch

o
f

th
es

e
re

qu
ir

em
en

ts
re

d
u

ce
s

to
th

e
ex

a
ct

re
co

ve
ry

re
qu

ir
em

en
t

w
h

en
ε

=
0
.

M
o
re

o
ve

r,
ea

ch
o
f

th
es

e
re

qu
ir

em
en

ts
ca

n
be

re
p
h
ra

se
d

in
te

rm
s

o
f

fa
m

il
ie

s
o
f

a
ll

o
w

ed
se

ts
.

F
o
r

in
st

a
n

ce
,

if
w

e
fo

cu
s

o
n

re
qu

ir
em

en
t

(i
),

th
en

a
n

y
k

-s
iz

ed
su

bs
et

o
f

th
e

to
p

(1
+
ε)
k

po
si

ti
o
n

s
is

a
n

a
ll

o
w

ed
se

t.

In
th

is
p
ap

er
,

w
e

d
er

iv
e

co
n
d
it

io
n
s

th
at

go
ve

rn
k
-s

et
re

co
ve

ry
fo

r
al

lo
w

ed
se

t
sy

st
em

s
th

at
sa

ti
sf

y
a

n
at

u
ra

l
“m

on
ot

on
ic

it
y
”

co
n
d
it

io
n
.

In
fo

rm
al

ly
,

th
e

m
on

ot
on

ic
it

y
co

n
d
it

io
n

re
q
u
ir

es
th

at
th

e
se

t
of
k

it
em

s
re

su
lt

in
g

fr
om

re
p
la

ci
n
g

an
it

em
in

an
al

lo
w

ed
se

t
w

it
h

a
h
ig

h
er

ra
n
ke

d
it

em
m

u
st

al
so

b
e

an
al

lo
w

ed
se

t.
M

or
e

p
re

ci
se

ly
,
fo

r
an

y
se

t
{t

1
,.
..
,t
k
}
⊆

[n
],

le
t

Λ
({
t 1
,.
..
,t
k
})
⊆

2[n
]

b
e

th
e

se
t

d
efi

n
ed

b
y

al
l

of
it

s
m

on
ot

on
e

tr
an

sf
or

m
at

io
n
s—

th
at

is

Λ
({
t 1
,.
..
,t
k
})

:=
{ {
t′ 1
,.
..
,t
′ k}
⊆

[n
]
|t
′ j
≤
t j

fo
r

ev
er

y
j
∈

[k
]} .

U
si

n
g

th
is

n
ot

at
io

n
,

w
e

h
av

e
th

e
fo

ll
ow

in
g:

D
e
fi

n
it

io
n

5
(M

o
n

o
to

n
ic

se
t

sy
st

e
m

s)
T

h
e

se
t
S

o
f

a
ll

o
w

ed
se

ts
is

a
m

on
ot

on
ic

se
t

sy
st

em
if

Λ
(T

)
⊆

S
fo

r
ev

er
y
T
∈
S
.

(1
5)

O
n
e

ca
n

ve
ri

fy
th

at
co

n
d
it

io
n

(1
5)

is
sa

ti
sfi

ed
b
y

th
e

se
tt

in
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of
ex
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t

an
d

H
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m
in

g-
er

ro
r
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co

ve
ry

,
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d
is

cu
ss

ed
in

E
x
am

p
le

1.
T

h
e

co
n
d
it

io
n

is
al

so
sa

ti
sfi

ed
b
y

al
l

fo
u
r

re
q
u
ir

em
en

ts
d
is
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ss

ed
in

E
x
am

p
le

2.
O

u
r

n
ex

t
re

su
lt

es
ta

b
li
sh

es
co

n
d
it

io
n
s

u
n
d
er

w
h
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h
on

e
ca

n
(o

r
ca

n
n
ot

)
p
ro

d
u
ce

an
es

ti
m

at
or

th
at

re
sp

ec
ts

an
al

lo
w

ed
se

t
re

q
u
ir

em
en

t.
In

or
d
er

to
st

at
e

th
e

re
su

lt
,

w
e

re
ca

ll
th

e
sc

or
e
τ i

(M
)

:=
1 n

∑
n j=

1
M
ij

,
as

p
re

v
io

u
sl

y
d
efi

n
ed

in
eq

u
at

io
n

(2
)

fo
r

ea
ch

i
∈

[n
].

F
or

n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
w

e
al

so
d
efi

n
e
τ i

(M
)

:=
−
∞

fo
r

ev
er

y
i
>
n

an
d

ev
er

y
M

.
C

on
si

d
er

an
y

m
on

ot
on

ic
fa

m
il
y

of
al

lo
w

ed
se

ts
S

,
an

d
fo

r
so

m
e

in
te

ge
r
β
≥

1,
le

t
T

1
,.
..
,T

β
∈

S
su

ch
th

at
S

=
∪

b∈
[β

]
Λ

(T
b
).

F
or

ev
er

y
b
∈

[β
],

le
t
tb 1
<
··
·<

tb k
d
en

ot
e

th
e

en
tr

ie
s

of
T
b
.

W
e

th
en

d
efi

n
e

th
e

cr
it

ic
al

th
re

sh
ol

d
b
as

ed
on

th
e

sc
or

es
:

∆
S

(M
)

:=
m

ax
b∈

[β
]

m
in

j∈
[k

]
(τ

(j
)(
M

)
−
τ (
k
+
tb j
−
j+

1
)(
M

))
.

(1
6)

T
h
e

te
rm

∆
S
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a

fu
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h
er

ge
n
er
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at
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n
of

th
e

q
u
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ti
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es
∆
k

an
d

∆
k
,h

d
efi

n
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r
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n
s.

F
or
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p
le

,
fo

r
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e
ex
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t
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ve
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se
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g

w
e

h
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e
β

=
1

an
d
T

1
=
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,.
..
,k
},

an
d
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r
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m
e
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b
ra
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m
p
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s
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(1
6)

,
w

e
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e
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it
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th
re
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ol

d
∆

S
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d
u
ce

s
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y
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d
∆
k

d
efi

n
ed
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rl
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r
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).
A

s
a
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n
d
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p
le

,
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e
se
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g
al
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w
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g

a
H
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m

in
g

er
ro

r
at

m
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t
2h

ca
n

b
e

d
es

cr
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ed
w

it
h

th
e

ch
o
ic

e
β

=
1

an
d
T

1
=

{h
+

1
,.
..
,k
,
n
−
h

+
1
,.
..
,n
}.

S
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e
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b
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si

m
p
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fi
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s
of

(1
6)

re
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u
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∆
S

to
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e
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ol
d

∆
k
,h

d
efi

n
ed

in
(1

2a
).

A
s

an
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am
p
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w
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h
β
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n
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d
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re
q
u
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

in
E

x
am

p
le

2.
F

or
si

m
p
li
ci

ty
of

ex
p

os
it

io
n
,

as
su

m
e

th
at

ε
>

1
k
−

1
an

d
n
≥

2k
(1

+
ε)

.

F
or

th
is

re
q
u
ir

em
en

t,
w

e
h
av

e
β

=
(k
−
d
k

1
+
ε
e)

,
an

d
fo

r
ev

er
y
b
∈
{d

k
1
+
ε
e+

1,
..
.,
k
},

w
e

h
av

e
T
b−
d
k

1
+
ε
e

=
{1
,.
..
,b
−

1,
d(

1
+
ε)
b
−

(k
−
b)
e,
..
.,
d(

1
+
ε)
be
}.

T
h
en

so
m

e
a
lg

eb
ra

ic
si

m
p
li
fi
ca

ti
on

s
of

eq
u
at

io
n

(1
6)

y
ie

ld
th

at
th

e
cr

it
ic

al
th

re
sh

ol
d

fo
r

th
is

re
q
u
ir

em
en

t
is

g
iv

en
b
y

∆
S

(M
)

=
m

ax
b∈
{d

k
1
+
ε
e+

1
,.
..
,k
}

m
in
{τ

(b
−

1
)(
M

)
−
τ (
k
+

1
)(
M

),
τ (
k
)(
M

)
−
τ (
d(

1
+
ε)
be

+
1
)(
M

)}
.

W
it

h
th

e
d
efi

n
it

io
n

of
th

e
cr

it
ic

al
th

re
sh

ol
d

∆
S

in
p
la

ce
,

w
e

n
ow

d
efi

n
e

a
g
en

er
a
li
za

ti
o
n

F S
(·)

of
th

e
fa

m
il
ie

s
F k

(·)
an

d
F k

,h
(·)

as

F S
(α

;n
,p
,r

)
:=

{
M
∈

[0
,1

]n
×
n
|M

+
M

T
=

11
T

an
d

∆
S

(M
)
≥
α

√
lo

g
n

n
p
r

}
.

(1
7
)

A
s

b
ef

or
e,

w
e

u
se

th
e

sh
or

th
an

d
F S

(α
),

w
it

h
th

e
d
ep

en
d
en

ce
on

(n
,p
,r

)
b

ei
n
g

u
n
d
er

st
o
o
d

im
p
li
ci

tl
y.

T
h

e
o
re

m
6

C
o
n

si
d
er

a
n

y
a
ll

o
w

ed
se

t
re

qu
ir

em
en

t
sp

ec
ifi

ed
by

a
m

o
n

o
to

n
ic

se
t

cl
a
ss

S
.

(a
)

F
o
r

a
n

y
α
≥

8,
th

e
se

t
S̃ k

o
f

to
p
k

it
em

s
(7

)
gi

ve
n

by
th

e
B

o
rd

a
co

u
n

ti
n

g
a
lg

o
ri

th
m

sa
ti

sfi
es

su
p

M
∈F

S
(α

)
P M
[ S̃

k
/∈
S
] ≤

1 n
1
3
.

(b
)

C
o
n

ve
rs

el
y,

in
th

e
re

gi
m

e
p
≥

lo
g
n

2
n
r

,
a
n

d
fo

r
gi

ve
n

co
n

st
a
n

ts
µ

1
∈

(0
,1

),
µ

2
∈

(3 4
,1

],
su

p
po

se
th

a
t

m
ax

b∈
[β

]
tb d
µ
2
k
e
≤

n 2
a
n

d
8(

1
−
µ

2
)k
≤
n

1
−
µ
1
.

T
h
en

fo
r

a
n

y
α

sm
a
ll

er

th
a
n

a
co

n
st

a
n

t
c u

(µ
1
,µ

2
)
>

0
,

a
n

y
es

ti
m

a
to

r
Ŝ k

h
a
s

er
ro

r
a
t

le
a
st

su
p

M
∈F

S
(α

)
P M
[ S̃

k
/∈
S
] ≥

1 15
,

(1
8
)

fo
r

a
ll
n

la
rg

er
th

a
n

a
co

n
st

a
n

t
c 0

(µ
1
,µ

2
).

A
fe

w
re

m
ar

k
s

on
th

e
b

ou
n
d
s

ar
e

in
or

d
er

.
F

or
th

e
lo

w
er

b
ou

n
d
,

fi
rs

t,
it

co
n
ti

n
u
es

to
h
ol

d
ev

en
if

th
e

p
ro

b
ab

il
it

y
m

at
ri

x
M

is
re

st
ri

ct
ed

to
fo

ll
ow

a
p
ar

am
et

ri
c

m
o
d
el

su
ch

a
s

B
T

L
or

re
st

ri
ct

ed
to

li
e

in
th

e
S
S
T

cl
as

s.
S
ec

on
d
,

in
te

rm
s

o
f

th
e

th
re

sh
ol

d
fo

r
α

,
th

e
lo

w
er

b
o
u
n
d

h
ol

d
s

w
it

h
c u

(µ
1
,µ

2
)

=
1 1
5

√
µ

1
m

in
{

1
4
(1
−
µ
2
)−

1
,

1 2

} .
T

h
ir

d
,

it
is

w
or

th
n
ot

in
g

th
a
t

o
n
e

m
u
st

n
ec

es
sa

ri
ly

im
p

os
e

so
m

e
co

n
d
it

io
n
s

fo
r

th
e

lo
w

er
b

ou
n
d
,

al
on

g
th

e
li
n
es

of
th

o
se

re
q
u
ir

ed
in

T
h
eo

re
m

6(
b
)

fo
r

th
e

al
lo

w
ed

se
ts

to
b

e
“i

n
te

re
st

in
g”

en
ou

gh
.

A
s

a
co

n
cr

et
e

il
lu

st
ra

ti
o
n

o
f

th
e

n
ec

es
si

ty
of

th
is

co
n
d
it

io
n
,

co
n
si

d
er

th
e

re
q
u
ir

em
en

t
d
efi

n
ed

b
y

th
e

p
ar

a
m

et
er

s
b

=
1
,

k
=

1
an

d
S

=
Λ

({
n
−
√
n
})

.
F

or
µ

1
=
µ

2
=

9 1
0
,

th
is

re
q
u
ir

em
en

t
sa

ti
sfi

es
th

e
co

n
d
it

io
n

8(
1
−
µ

2
)k
≤
n

1
−
µ
1

b
u
t

v
io

la
te

s
th

e
co

n
d
it

io
n
t d
µ
2
k
e
≤

n 2
.

N
ow

,
a

se
le

ct
io

n
o
f
k

=
1

it
em

m
ad

e
u
n
if

or
m

ly
at

ra
n
d
om

(i
n
d
ep

en
d
en

t
of

th
e

d
a
ta

)
sa

ti
sfi

es
th

is
al

lo
w

ed
se

t
re

q
u
ir

em
en

t
w

it
h

p
ro

b
ab

il
it

y
1
−

1 √
n

.
G

iv
en

th
e

su
cc

es
s

of
su

ch
a

ra
n
d
om

se
le

ct
io

n
al

g
o
ri

th
m

in
th

is

p
ar

am
et

er
re

gi
m

e,
w

e
se

e
th

at
th

e
lo

w
er

b
ou

n
d
s

th
er

ef
or

e
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n
n
ot

b
e

u
n
iv

er
sa

l,
b
u
t

m
u
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q
u
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e
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m
e
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n
d
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n
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e
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p
l
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R
o
b
u
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a
n
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O
p
t
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Mixture
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)

S
p
e
ctra

l M
LE

C
o
u
n
tin

g

F
ig

u
re

1
.

S
im

u
lation

resu
lts

com
p
a
rin

g
S
p

ectral
M

L
E

an
d

th
e

cou
n
tin

g
algo

rith
m

in
term

s
of

error
ra
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for
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a
ct

recov
ery

of
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e
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p
k

item
s,

a
n
d

com
p
u
ta

tion
tim

e.
(a)

H
istogram
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o
f
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w

h
ere

th
e

algo
rith

m
fa

iled
to

recover
th

e
k

item
s

co
rrectly,

w
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b
a
r

b
ein

g
th

e
averag

e
valu

e
across
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ls.
T

h
e

co
u
n
tin

g
a
lg
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m

h
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0%
error

across
all

p
ro

b
lem

s,
w

h
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th
e

sp
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M
L

E
is
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te
fo

r
p
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m

o
d
els

(B
T

L
,

T
h
u
rston

e),
b
u
t

n
o
t

v
ery

a
ccu
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for

o
th

er
m

o
d
els.

(b
)

H
isto

gram
p
lots

of
th

e
m

ax
im

u
m

com
p
u
tation

tim
e

ta
k
en

b
y

th
e

co
u
n
tin

g
algorith

m
an

d
th

e
m

in
im

u
m

com
p
u
ta

tion
tim

e
taken

b
y

S
p

ectral
M

L
E

across
a
ll

tria
ls.

E
ven

th
ou

gh
th

is
m

a
x
im

u
m

-to-m
in

im
u
m

com
p
arison

is
u
n
fair

to
th

e
cou

n
tin

g
a
lgorith

m
,

it
in

volv
es

fi
ve

or
m

ore
o
rd

ers
of

m
a
gn

itu
d
e

less
com

p
u
tation

.

4
.
S
im

u
la
tio

n
s
a
n
d
e
x
p
e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

em
p
irically

evalu
ate

th
e

p
erform

an
ce

of
th

e
cou

n
tin

g
algorith

m
an

d
co

m
p
a
re

it
w

ith
th

e
S
p

ectral
M

L
E

algorith
m

v
ia

sim
u
lation

s
on

sy
n
th
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d
ata,

as
w

ell
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ex
p

erim
en
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u
sin

g
d
atasets

from
th

e
A

m
azon

M
ech
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ical

T
u
rk

crow
d
sou

rcin
g

p
latform

.

4
.1

S
im

u
la

te
d

d
a
ta

W
e

b
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in
w
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sim

u
lation

s
u
sin

g
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n
th
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gen
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d
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w
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n
=
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d
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-
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p
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b
a
b
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d
w
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p
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p
arison

m
o
d
els

ran
gin

g
ov

er
six

p
ossib

le
ty

p
es.

P
a
n
el

(a
)

in
F

igu
re

1
p
rov

id
es

a
h
isto

gram
p
lot

of
th

e
asso

ciated
error

rates
(w

ith
a

b
a
r

for
ea

ch
o
n
e

of
th

ese
six

m
o
d
els)

in
recoverin

g
th

e
k

=
n
/4

=
125

item
s

for
th

e
cou

n
tin

g
a
lg

o
rith

m
versu

s
th

e
S
p

ectral
M

L
E

algorith
m

.
E

ach
b
ar

corresp
on

d
s

to
th

e
average

over
5
0

tria
ls.

P
a
n
el

(b
)

com
p
ares

th
e

C
P

U
tim

es
of

th
e

tw
o

algorith
m

s.
T

h
e

valu
e

of
α

(an
d

in
tu

rn
,

th
e

va
lu

e
of
r)

in
th

e
fi
rst

fi
ve

m
o
d
els

is
as

d
erived

in
S
ection

3.1.
In

m
ore

d
etail,

th
e

six
m

o
d
el

ty
p

es
are

given
b
y
:

(I)
B

ra
d

ley-T
erry-L

u
ce

(B
T

L
)

m
od

el:
R

ecall
th

at
th

e
th

eoretical
gu

aran
tees

for
th

e
S
p

ectral
M

L
E

a
lg

o
rith

m
(C

h
en

an
d

S
u
h
,

2015)
are

ap
p
licab

le
to

d
ata

th
at

is
gen

erated
from

th
e

B
T

L
m

o
d
el

(4a),
an

d
as

gu
aran

teed
,

th
e

S
p

ectral
M

L
E

algorith
m

giv
es

a
100%

accu
racy

u
n
d
er

th
is

m
o
d
el.

T
h
e

cou
n
tin

g
algorith

m
also

ob
tain

s
a

100%
accu

racy,
b
u
t

im
p

ortan
tly,

th
e

cou
n
tin

g
algorith

m
req

u
ires

a
com

p
u
tation

al
tim

e
th

at
is

fi
ve

ord
ers

o
f

m
agn

itu
d
e

low
er

th
a
n

th
at

of
S
p

ectral
M

L
E

.
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

(II)
T

h
u

rsto
n

e
m

od
el:

T
h
e

T
h
u
rston

e
m

o
d
el

(T
h
u
rston

e,
1927)

is
an

oth
er

p
ara

m
etric

m
o
d
el,

w
ith

th
e

fu
n
ction

F
in

eq
u
ation

(4
b
)

set
as

th
e

cu
m

u
lative

d
istrib

u
tion

fu
n
ction

of
th

e
stan

d
ard

G
au

ssian
d
istrib

u
tion

.
B

oth
S
p

ectral
M

L
E

an
d

th
e

cou
n
tin

g
algorith

m
gav

e
100%

accu
racy

u
n
d
er

th
is

m
o
d
el.

(III)
B

T
L

m
od

el
w

ith
o
n

e
(n

o
n

-tra
n

sitive)
o
u

tlier:
T

h
is

m
o
d
el

is
id

en
tical

to
B

T
L

,
w

ith
on

e
m

o
d
ifi

cation
.

C
om

p
arison

s
am

on
g

(n
−

1)
of

th
e

item
s

follow
th

e
B

T
L

m
o
d
el

as
b

efore,
b
u
t

th
e

rem
ain

in
g

item
alw

ay
s

b
eats

th
e

fi
rst

n4
item

s
an

d
alw

ay
s

loses
to

each
of

th
e

oth
er

item
s.

W
e

see
th

at
th

e
cou

n
tin

g
algorith

m
con

tin
u
es

to
ach

ieve
an

accu
racy

of
100%

as
gu

aran
teed

b
y

T
h
eorem

1.
T

h
e

d
ep

artu
re

from
th

e
B

T
L

m
o
d
el

h
ow

ev
er

p
reven

ts
th

e
S
p

ectral
M

L
E

algorith
m

from
id

en
tify

in
g

th
e

top
k

item
s.

(IV
)

S
tro

n
g

stoch
a
stic

tra
n

sitivity
(S

S
T

)
m

od
el:

W
e

sim
u
late

th
e

“in
d
ep

en
d
en

t
d
iagon

als”
con

stru
ction

of
S
h
ah

et
al.

(2017a)
in

th
e

S
S
T

class.
S
p

ectral
M

L
E

is
often

u
n
su

ccessfu
l

in
recoverin

g
th

e
top

k
item

s,
w

h
ile

th
e

cou
n
tin

g
algorith

m
alw

ay
s

su
cceed

s.

(V
)

M
ixtu

re
o
f

B
T

L
m

od
els:

C
on

sid
er

tw
o

sets
of

p
eop

le
w

ith
op

p
osin

g
p
referen

ces.
T

h
e

fi
rst

set
of

p
eop

le
h
ave

a
certain

ord
erin

g
of

th
e

item
s

in
th

eir
m

in
d

an
d

th
eir

p
referen

ces
follow

a
B

T
L

m
o
d
el

u
n
d
er

th
is

ord
erin

g.
T

h
e

secon
d

set
of

p
eop

le
h
av

e
th

e
op

p
osite

ord
erin

g,
an

d
th

eir
p
referen

ces
also

follow
a

B
T

L
m

o
d
el

u
n
d
er

th
is

op
p

osite
ord

erin
g.

T
h
e

overall
p
referen

ce
p
rob

ab
ilities

is
a

m
ix

tu
re

b
etw

een
th

ese
tw

o
sets

of
p

eop
le.

In
th

e
sim

u
lation

s,
w

e
ob

serve
th

at
th

e
cou

n
tin

g
algorith

m
is

alw
ay

s
su

ccessfu
l

w
h
ile

th
e

S
p

ectral
M

L
E

m
eth

o
d

often
fails.

(V
I)

B
T

L
w

ith
vio

la
tio

n
o
f

sepa
ra

tio
n

co
n

d
itio

n
:

W
e

sim
u
late

th
e

B
T

L
m

o
d
el,

b
u
t

w
ith

a
ch

oice
of

p
aram

eter
r

sm
all

en
ou

g
h

th
at

th
e

valu
e

of
α

is
ab

ou
t

on
e-ten

th
of

its
recom

m
en

d
ed

valu
e

in
S
ection

3.1.
W

e
ob

serv
e

th
at

th
e

cou
n
tin

g
algorith

m
con

tin
u
es

to
in

cu
r

a
low

er
error

th
an

th
e

S
p

ectra
l

M
L

E
algorith

m
,

th
ereb

y
d
em

on
stratin

g
its

rob
u
stn

ess.

T
o

su
m

m
arize,

th
e

p
erform

an
ce

of
th

e
tw

o
algorith

m
s

can
b

e
con

trasted
in

th
e

follow
in

g
w

ay.
W

h
en

ou
r

stated
low

er
b

ou
n
d
s

on
α

are
satisfi

ed
,

th
en

con
sisten

t
w

ith
ou

r
th

eoreti-
cal

claim
s,

th
e

B
o
rd

a
cou

n
tin

g
algorith

m
su

cceed
s

irresp
ective

of
th

e
form

of
th

e
p
airw

ise
p
rob

ab
ility

d
istrib

u
tion

s.
T

h
e

S
p

ectral
M

L
E

a
lgorith

m
p

erform
s

w
ell

w
h
en

th
e

p
airw

ise
com

p
arison

p
rob

ab
ilities

are
faith

fu
l

to
p
aram

etric
m

o
d
els,

b
u
t

is
often

u
n
su

ccessfu
l

oth
er-

w
ise.

E
ven

w
h
en

th
e

con
d
ition

on
α

is
v
io

lated
,

th
e

p
erform

an
ce

of
th

e
cou

n
tin

g
algorith

m
rem

ain
s

su
p

erior
to

th
at

of
th

e
S
p

ectral
M

L
E

. 3
In

term
s

o
f

com
p
u
tation

al
com

p
lex

ity,
for

every
in

stan
ce

w
e

sim
u
lated

,
th

e
cou

n
tin

g
algorith

m
to

ok
several

ord
ers

of
m

ag
n
itu

d
e

less
tim

e
as

com
p
ared

to
S
p

ectral
M

L
E

.

S
im

u
la

tio
n

s
w

ith
a
d
versa

ria
l,

im
ba

la
n

ced
ch

o
ice

o
f

pa
irs:

T
h
e

th
eoretical

resu
lts

in
th

e
earlier

section
s

ad
d
ressed

a
ran

d
om

d
esign

settin
g

w
h
ere

th
e

p
airs

to
b

e
com

p
ared

are
ch

osen
at

ran
d
om

in
a

h
om

ogen
eou

s
m

an
n
er.

W
h
ile

su
ch

a
ran

d
om

d
esign

settin
g

is
w

id
esp

read
in

variou
s

ap
p
lication

s
su

ch
as

crow
d
sou

rcin
g

an
d

oth
ers,

an
d

is
also

th
e

fo
cu

s
of

a
b
u
lk

of
p
ast

literatu
re

on
related

top
ics,

it
is

also
of

in
terest

to
u
n
d
erstan

d
situ

ation
s

w
h
ere

th
e

3
.
N
o
te

th
a
t
p
a
rt

(b
)
o
f
T
h
eo
rem

1
is
a
m
in
im

a
x
co
n
v
erse

m
ea
n
in
g
th
a
t
it
a
p
p
ea
ls
to

th
e
w
o
rst

ca
se

scen
a
rio

.
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

co
m

p
ar

is
on

s
m

ay
b

e
im

b
al

an
ce

d
.

W
it

h
th

is
go

al
,

w
e

n
ew

p
re

se
n
t

si
m

u
la

ti
on

s
th

at
co

n
tr

as
t

th
e

b
eh

av
io

r
of

th
e

co
u
n
ti

n
g

al
go

ri
th

m
in

a
ra

n
d
om

-d
es

ig
n

se
tt

in
g

w
it

h
an

a
d
v
er

sa
ri

al
-d

es
ig

n
se

tt
in

g.

In
th

is
se

t
of

si
m

u
la

ti
on

s,
w

e
co

n
si

d
er

th
e

p
ro

b
le

m
of

re
co

ve
ri

n
g

th
e

to
p

it
em

(t
h
at

is
,

k
=

1)
.

M
or

eo
ve

r,
w

e
ad

op
t

a
p
ar

am
et

ri
c

m
o
d
el

in
w

h
ic

h
ev

er
y

it
em

i
∈

[n
]

is
as

su
m

ed
to

b
e

go
ve

rn
ed

b
y

a
p
ar

am
et

er
w
∗ i
∈

[0
,1

],
an

d
th

e
p
ro

b
ab

il
it

y
of

an
y

it
em

i
b

ea
ti

n
g

it
em

j
is

se
t

as
M
ij

=
1
+
w
∗ i−
w
∗ j

2
.

A
s

b
ef

or
e,

th
e

n
u
m

b
er

of
ti

m
es

a
n
y

p
ai

r
of

it
em

s
(i
,j

)
is

co
m

p
ar

ed
is

d
ra

w
n

as
a

b
in

om
ia

l
d
is

tr
ib

u
ti

on
w

it
h

p
a
ra

m
et

er
s
r

an
d
p
.

In
th

e
st

an
d
ar

d
ra

n
d
om

-
d
es

ig
n

se
tt

in
g

st
u
d
ie

d
th

ro
u
gh

ou
t

th
e

re
m

ai
n
d
er

of
th

is
p
ap

er
,

th
e

ch
oi

ce
of

th
e

n
u
m

b
er

of
co

m
p
ar

is
on

s
is

u
n
re

la
te

d
to

th
e

ch
oi

ce
o
f

th
e

p
ar

am
et

er
s
w
∗ .

H
ow

ev
er

in
th

e
ad

ve
rs

ar
ia

l
se

tt
in

g,
w

e
m

ak
e
w
∗

ad
ve

rs
ar

ia
ll
y

m
is

al
ig

n
ed

to
th

e
n
u
m

b
er

of
co

m
p
ar

is
on

s
b

et
w

ee
n

va
ri

ou
s

p
ai

rs
.

In
p
ar

ti
cu

la
r,

th
e

p
ar

am
et

er
s

as
so

ci
at

ed
to

th
e

it
em

s
ar

e
ch

os
en

as
fo

ll
ow

s
fo

r
th

e
ra

n
d
om

an
d

th
e

ad
ve

rs
ar

ia
l

se
tt

in
gs

:

1.
R

an
d
om

:
w
∗ 1

=
1

an
d
w
∗ 2

=
0.

9
ar

e
th

e
to

p
tw

o
it

em
s.

F
or

ev
er

y
i
∈
{3
,.
..
,n
},

w
e

d
ra

w
w
∗ i

u
n
if

or
m

ly
at

ra
n
d
om

fr
om

th
e

se
t
{0
.1
,0
.7
}.

2.
A

d
ve

rs
ar

ia
l:
w
∗ 1

=
1

an
d
w
∗ 2

=
0.

9
ar

e
th

e
to

p
tw

o
it

em
s.

F
o
r

ev
er

y
i
∈
{3
,.
..
,n
},

w
e

se
t
w
∗ i

=
0
.7

if
it

em
i

is
co

m
p
ar

ed
m

or
e

of
te

n
to

it
em

1
th

an
to

it
em

2,
se

t
w
∗ i

=
0
.1

if
it

em
i

is
co

m
p
ar

ed
m

or
e

of
te

n
to

it
em

2
th

an
to

it
em

1,
an

d
d
ra

w
w
∗ i

u
n
if

or
m

ly
at

ra
n
d
om

fr
om

th
e

se
t
{0
.1
,0
.7
}

ot
h
er

w
is

e.

T
h
e

re
su

lt
s

of
ap

p
ly

in
g

th
e

co
u
n
ti

n
g

al
go

ri
th

m
ar

e
sh

ow
n

in
F

ig
u
re

2.
F

ro
m

th
es

e
si

m
u
-

la
ti

on
s

w
e

ob
se

rv
e

th
at

th
e

si
m

p
le

co
u
n
ti

n
g

a
lg

or
it

h
m

is
in

d
ee

d
se

n
si

ti
ve

to
th

e
im

b
al

an
ce

d
ch

oi
ce

of
p
ai

rs
to

b
e

co
m

p
ar

ed
(t

h
at

is
,

w
h
en

th
e

to
p

it
em

is
co

m
p
ar

ed
m

or
e

of
te

n
to

h
ig

h
er

ra
n
ke

d
it

em
s

an
d

th
e

se
co

n
d

it
em

is
co

m
p
ar

ed
m

or
e

of
te

n
to

lo
w

er
ra

n
ke

d
it

em
s)

.
D

e-
si

gn
in

g
al

go
ri

th
m

s
fo

r
ra

n
k
in

g
fr

om
p
ai

rw
is

e
co

m
p
ar

is
on

s
th

at
ca

n
op

ti
m

al
ly

h
an

d
le

su
ch

im
b
al

an
ce

d
,

ad
v
er

sa
ri

al
-d

es
ig

n
se

tt
in

gs
is

le
ft

as
a

p
ro

b
le

m
fo

r
fu

tu
re

w
or

k
.

4
.2

E
x
p

e
ri

m
e
n
ts

o
n

d
a
ta

fr
o
m

A
m

a
z
o
n

M
e
ch

a
n

ic
a
l

T
u

rk

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
ex

p
er

im
en

ts
on

re
al

w
or

ld
d
at

a
se

ts
co

ll
ec

te
d

fr
o
m

th
e

A
m

az
on

M
ec

h
an

ic
al

T
u
rk

(m
t
u
r
k
.
c
o
m
)

co
m

m
er

ci
al

cr
ow

d
so

u
rc

in
g

p
la

tf
or

m
.

F
ig

u
re

2
.

P
er

fo
rm

an
ce

of
th

e
co

u
n
ti

n
g

al
go

ri
th

m
fo

r
to

p
k

=
1

re
co

ve
ry

w
h
en

th
e

p
ai

rs
to

b
e

co
m

p
a
re

d
ar

e
ch

os
en

ra
n
d
o
m

ly
an

d
w

h
en

th
ey

ar
e

ch
os

en
ad

ve
rs

a
ri

a
ll
y

to
cr

ea
te

an
im

b
al

an
ce

d
se

tt
in

g.
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S
h
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h
a
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a
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W
hi

ch
 im

ag
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-M
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C
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0
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4.
5
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R
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R
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e
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)
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)
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b
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p
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u
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b
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p
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b
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u
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b
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p
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+
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h
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p
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≥
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con
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.
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d
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d
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∑`∈
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∑
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∑
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secon
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=
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p
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+
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=
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b)≤
2(n
−

2
)p

δ
2

(
12 −
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+
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∈
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b
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∈
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w
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p
u
te

th
at

u
n
d
er

d
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) ∆
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∈
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∈
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∆
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=
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b
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s
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.
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p
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∈
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∈
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∑
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d
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d
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d
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w
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o
f

T
h

e
o
re

m
3

W
e

n
ow

tu
rn

to
th

e
p
ro

of
of

T
h
eorem

3,
b

egin
n
in

g
w

ith
p
art

(a).

5
.3
.1

P
r
o
o
f
o
f
pa

r
t
(a

)

W
ith

o
u
t

loss
o
f

gen
erality,

w
e

can
assu

m
e

th
at

th
e

tru
e

u
n
d
erly

in
g

ran
k
in

g
is

th
e

id
en

tity
ra

n
k
in

g
,

th
a
t

is,
item

i
is

ran
ked

at
p

osition
i

for
ev

ery
i
∈

[n
].

G
iven

th
e

th
e

low
er

b
o
u
n
d
α
≥

8
is

satisfi
ed

,
T

h
eorem

1
en

su
res

th
at

w
ith

p
rob

ab
ility

at
lea

st
1−

n
−

1
6,

th
e

co
u
n
tin

g
estim

atorS̃
k

ran
k
s

ev
ery

item
in
{1
,...,k

−
h}

h
igh

er
th

an
every

item
in

th
e

set
{
k

+
h

+
1
,...,n}.

T
h
u
s,

w
e

are
gu

ara
n
teed

th
at

eith
erS̃

k ⊆
[k

+
h

]
an

d
/or

[k
−
h

]⊆
S̃
k .

O
n
e

ca
n

verify
eith

er
case

lead
s

to
|S̃
k ∩

[k
]|≥

k−
h

,
th

ereb
y

p
rov

in
g

th
e

claim
ed

resu
lt.

5
.3
.2

P
r
o
o
f
o
f
pa

r
t
(b

)

A
t

a
h
ig

h
er

lev
el,

th
e

cru
x

of
th

is
p
ro

of
is

th
e

con
stru

ction
of

a
p
ack

in
g

set
of

p
airw

ise
co

m
p
a
riso

n
p
ro

b
ab

ility
m

atrices,
w

h
ere

every
elem

en
t

of
th

e
set

is
also

gu
aran

teed
to

lie
in

th
e

p
a
ra

m
etric

classes
an

d
th

e
S
S
T

class.
T

h
e

p
ack

in
g

set
is

con
stru

cted
v
ia

a
carefu

l
a
p
p
lica

tio
n

o
f

a
co

d
in

g
th

eoretic
resu

lt
d
u
e

to
L

even
sh

tein
(1971),

su
ch

th
at

th
e

p
airw

ise
K

u
llb

a
ck

-L
eib

ler
d
ivergen

ce
is

sm
all

b
u
t

th
e

p
airw

ise
H

am
m

in
g

erro
r

is
large

en
ou

g
h
,

an
d

th
a
t

th
e

p
ack

in
g

set
is

also
large

en
ou

gh
.

A
n

ap
p
lication

of
F

an
o’s

in
eq

u
ality

an
d

som
e

a
lg

eb
ra

y
ield

s
th

e
claim

ed
resu

lt.

In
m

o
re

d
etail,

w
e

assu
m

e
w

ith
ou

t
lo

ss
of

gen
erality

th
at
k
≤

n2
.

(O
th

erw
ise,

on
e

can
eq

u
iva

len
tly

stu
d
y

th
e

p
rob

lem
of

recoverin
g

th
e

last
k

item
s.)

S
in

ce
th

e
case

h
=

0
is

a
lrea

d
y

covered
b
y

T
h
eorem

1(b
),

w
e

m
ay

also
assu

m
e

th
at
h
≥

1.

T
h
e

p
ro

o
f

in
volves

con
stru

ction
of
L
≥

1
sets

of
p
rob

ab
ility

m
atrices{M

a}
a∈

[L
]

of
th

e
p
a
irw

ise
co

m
p
a
rison

s
w

ith
th

e
follow

in
g

tw
o

p
rop

erties:

(i)
F

o
r

every
a
∈

[L
],

let
S
ak ⊆

[n
]

d
en

ote
th

e
set

of
th

e
top

k
item

s
u
n
d
er

th
e
a
th

set
of

d
istrib

u
tion

s.
T

h
en

for
every

k
-sized

set
S
∈

[n
],

L
∑a

=
1

1{D
H

(S
,S

ak )≤
2
h}
≤

1
.

(ii)
If

th
e

u
n
d
erly

in
g

d
istrib

u
tion

a
is

ch
osen

u
n
iform

ly
at

ran
d
om

from
th

is
set

of
L

d
istrib

u
tion

s,
th

en
an

y
estim

ator
th

at
attem

p
ts

to
id

en
tify

th
e

u
n
d
erly

in
g

d
istrib

u
tion

a
∈

[L
]

errs
w

ith
p
rob

ab
ility

at
least

17 .

N
ow

co
n
sid

er
a
n
y

estim
ator

Ŝ
k

for
id

en
tify

in
g

th
e

top
k

item
s
S
∗k .

G
iven

p
rop

erty
(i),

w
h
en

ever
th

e
estim

ator
is

su
ccessfu

l
u
n
d
er

th
e

H
am

m
in

g
error

req
u
irem

en
t
D

H
(Ŝ
k ,S

∗k )≤
2
h

,
it

m
u
st

b
e

ab
le

to
u
n
iq

u
ely

id
en

tify
th

e
in

d
ex

a
∈

[L
]

of
th

e
u
n
d
erly

in
g

d
istrib

u
tion

of
p
a
irw

ise
com

p
a
rison

p
rob

ab
ilities.

H
ow

ev
er,

p
rop

erty
(ii)

m
an

d
ates

th
at

an
y

estim
ator

for
id

en
tify

in
g

th
e

u
n
d
erly

in
g

d
istrib

u
tion

errs
w

ith
a

p
rob

a
b
ility

at
least

17 .
A

ssu
m

in
g

th
at

su
ch

sets
o
f

p
rob

ab
ility

d
istrib

u
tion

s
satisfy

in
g

th
ese

tw
o

p
ro

p
erties

ex
ist,

p
u
ttin

g
th

ese
resu

lts
to

g
eth

er
y
ield

s
th

e
claim

ed
resu

lt.
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

W
e

n
ow

p
ro

ceed
to

con
stru

ct
p
rob

ab
ility

d
istrib

u
tion

s
satisfy

in
g

th
e

tw
o

aforem
en

tion
ed

p
rop

erties.
C

on
sid

er
an

y
p

ositive
n
u
m

b
er

∆
0

satisfy
in

g
th

e
u
p
p

er
b

ou
n
d

∆
0 ≤

114 √
ν

1 ν
2

log
n

n
p
r

.
(24)

T
h
e
L

m
atrices{

M
a}
a∈

[L
]

of
p
rob

ab
ility

d
istrib

u
tion

s
w

e
con

stru
ct

d
iff

er
on

ly
in

a
p

erm
u
-

tation
of

th
eir

row
s

an
d

colu
m

n
s,

an
d

m
o
d
u
lo

th
is

p
erm

u
tation

,
h
av

e
id

en
tical

valu
es.

In
oth

er
w

ord
s,

th
ese

L
d
istrib

u
tion

s
d
iff

er
on

ly
in

th
e

id
en

tities
of

th
e
n

item
s

an
d

th
e

valu
es

of
th

e
p
airw

ise-com
p
arison

p
rob

ab
ilities

M
a(i)(j)

am
on

g
th

e
ord

ered
seq

u
en

ce
of

th
e
n

item
s

are
id

en
tical

across
all

d
istrib

u
tion

s
a
∈

[L
].

F
or

an
y

ord
erin

g
(1),...,(n

)
of

th
e
n

item
s,

for
every

a
∈

[L
],

set

M
a(i)(j)

=



12
+

∆
0

if
i∈

[k
]

an
d
j
/∈

[k
]

12 −
∆

0
if
i
/∈

[k
]

an
d
j∈

[k
]

12
oth

erw
ise.

(25)

N
ote

th
at

th
e

u
p
p

er
b

ou
n
d

(24)
on

∆
0 ,

cou
p
led

w
ith

th
e

assu
m

p
tion

p
≥
√

lo
g
n

2
n
r

,
en

su
res

th
at

∆
0
<

13
an

d
h
en

ce
th

at
ou

r
d
efi

n
ition

(25)
lead

s
to

a
valid

set
of

p
rob

ab
ilities.

G
iven

th
is

con
stru

ction
,

th
e

scores
of

th
e
n

item
s

are
τ

(1
)

=
···

=
τ

(k
)

=
τ

(k
+

1
)
+

∆
0

=
···

=
τ

(n
)
+

∆
0 .

T
h
e

b
ou

n
d

(24)
en

su
res

th
at

th
e

con
d
ition

α
≤
√
ν
1
ν
2

1
4

req
u
ired

b
y

th
e

h
y
p

oth
esis

of
th

e
th

eorem
is

satisfi
ed

.
It

rem
ain

s
to

sp
ecify

th
e

ord
erin

g
o
f

th
e
n

item
s

in
each

set
of

p
rob

ab
ility

d
istrib

u
tion

s.
T

h
is

sp
ecifi

cation
relies

on
th

e
follow

in
g

lem
m

a,
th

at
in

tu
rn

u
ses

a
co

d
in

g-th
eoretic

resu
lt

d
u
e

to
L

even
sh

tein
(1971).

It
ap

p
lies

in
th

e
regim

e
2h
≤

1
1
+
ν
2

m
in{

n
1−
ν
1,k

,n
−
k}

for
som

e
con

stan
ts
ν

1 ∈
(0,1)

an
d
ν

2 ∈
(0,1),

a
n
d

w
h
en

n
is

larger
th

an
a

(ν
1 ,ν

2 )-d
ep

en
d
en

t
con

stan
t.

F
or

an
y

p
air

of
b
in

ary
vectors

b,b ′
of

th
e

sam
e

len
gth

,
w

e
d
efi

n
e

th
e

H
a
m

m
in

g
error

as
D

H
(b,b ′)

=
∑

i 1{
b
i 6=

b ′i }
.

W
e

also
let

0
d
en

ote
th

e
all-zero

vector.

L
e
m

m
a

9
U

n
d
er

th
e

p
revio

u
sly

given
co

n
d
itio

n
s,

th
ere

exists
a

su
bset{b

1,...,b
L}
⊆
{
0
,1}

n
/
2

w
ith

ca
rd

in
a
lity

L
≥
e

91
0
ν
1
ν
2
h

lo
g
n

,
su

ch
th

a
t

D
H

(b
j,0

)
=

2(1
+
ν

2 )h
,

a
n

d
D

H
(b
j,b

`)
>

4
h

fo
r

a
ll
j6=

`∈
[L

].

W
e

p
rove

th
is

lem
m

a
at

th
e

en
d

of
th

is
section

.
G

iven
th

is
lem

m
a,

w
e

n
ow

com
p
lete

th
e

p
ro

of
of

th
e

th
eorem

.
M

ap
th

e
n2

item
s{

n2
+

1
,...,n}

to
th

e
n2

b
its

in
each

of
th

e
strin

gs

given
b
y

L
em

m
a

9.
F

or
each

`
∈

[e
91
0
ν
1
ν
2
h

lo
g
n
],

let
B
`

d
en

ote
th

e
2(1

+
ν

2 )h
-sized

su
b
set

of{
n2

+
1
,...,n}

corresp
on

d
in

g
to

th
e

2(1
+
ν

2 )h
p

osition
s

eq
u
alin

g
1

in
th

e
`
th

strin
g.

A
lso

d
efi

n
e

sets
A
`

=
{
1,...,k

−
2(1

+
ν

2 )h}
an

d
C
`

=
[n

]\
(A

` ∪
B
` ).

W
e

n
ote

th
at

th
is

con
stru

ction
is

valid
sin

ce
2h
≤

1
1
+
ν
2 k

.

W
e

n
ow

con
stru

ct
L

=
e

91
0
ν
1
ν
2
h

lo
g
n

sets
of

p
airw

ise
com

p
arison

p
rob

ab
ility

d
istrib

u
tion

s
M

1,...,M
L

an
d

sh
ow

th
at

th
ese

sets
satisfy

th
e

tw
o

req
u
ired

p
rop

erties.
A

s
m

en
tion

ed
earlier,

each
m

atrix
of

com
p
arison

-p
rob

ab
ilities

M
`

takes
valu

es
as

given
in

(25),
b
u
t

d
if-

fers
in

th
e

u
n
d
erly

in
g

ord
erin

g
of

th
e
n

item
s.

In
p
articu

lar,
asso

ciate
th

e
set

`
∈

[L
]

of
d
istrib

u
tion

s
to

an
y

ord
erin

g
of

th
e
n

item
s

th
at

ran
k
s

every
item

in
A
`

h
igh

er
th

an
every
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

it
em

in
B
`,

an
d

ev
er

y
it

em
in
B
`

in
tu

rn
h
ig

h
er

th
an

ev
er

y
it

em
in
C
`.

T
h
en

fo
r

an
y
`,

th
e

se
t

of
to

p
k

it
em

s
is

gi
ve

n
b
y
A
`
∪
B
`.

F
ro

m
th

e
gu

ar
an

te
es

p
ro

v
id

ed
b
y

L
em

m
a

9
,

fo
r

an
y

d
is

ti
n
ct
`,
m
∈

[L
],

w
e

h
av

e
D

H
(A

`
∪B

`,
A
m
∪B

m
)
≥

4
h

+
1
.

T
h
is

co
n
st

ru
ct

io
n

co
n
se

q
u
en

tl
y

sa
ti

sfi
es

th
e

fi
rs

t
re

q
u
ir

ed
p
ro

p
er

ty
.

W
e

n
ow

sh
ow

th
at

th
e

co
n
st

ru
ct

io
n

al
so

sa
ti

sfi
es

th
e

se
co

n
d

p
ro

p
er

ty
:

n
am

el
y,

it
is

d
iffi

cu
lt

to
id

en
ti

fy
th

e
tr

u
e

in
d
ex

.
W

e
d
o

so
u
si

n
g

F
an

o’
s

in
eq

u
al

it
y

(1
9
),

fo
r

w
h
ic

h
w

e
d
en

ot
e

th
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
of

th
e

o
b
se

rv
at

io
n
s

d
u
e

to
an

y
m

at
ri

x
M

` ,
`
∈

[L
],

as
P`

.
W

e
fi
rs

t
d
er

iv
e

an
u
p
p

er
b

ou
n
d

on
th

e
K

u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
g
en

ce
b

et
w

ee
n

an
y

tw
o

d
is

tr
ib

u
ti

on
s
P`

an
d
Pm

of
th

e
ob

se
rv

at
io

n
s.

O
b
se

rv
e

th
at

[M
` ]
ij
6=

[M
m

] i
j

on
ly

if
i
∈

B
`
∪
B
m

or
j
∈
B
`
∪
B
m

.
In

th
is

ca
se

,
w

e
h
av

e
D

K
L
([
M

` ]
ij
‖[
M

m
] i
j
)
≤

4
∆

2 0
1 4
−

∆
2 0

.
S
in

ce
b

ot
h

se
ts
B
`

an
d
B
m

h
av

e
a

ca
rd

in
al

it
y

o
f

2(
1

+
ν 2

)h
,

ag
gr

eg
at

in
g

ov
er

al
l

p
os

si
b
le

ob
se

rv
at

io
n
s

ac
ro

ss
al

l
p
ai

rs
,

w
e

ob
ta

in
th

at

D
K

L
(P
` ‖
Pm

)
≤

4(
1

+
ν 2

)h
n
p
r

4∆
2 0

1 4
−

∆
2 0

.
(2

6)

In
th

e
re

gi
m

e
p
≥

lo
g
n

2
n
r

an
d

∆
0
≤

1 1
4

√
ν
1
ν
2

lo
g
n

n
p
r

,
w

e
h
av

e
∆

0
≤

1
1
4
√

2
.

S
u
b
st

it
u
ti

n
g

th
e

in
eq

u
al

it
y

∆
0
≤

1 1
4

√
ν
1

lo
g
n

n
p
r

in
th

e
n
u
m

er
at

or
an

d
1 4
−

∆
2 0
≥

1 4
−
(

1
1
4
√

2

) 2
in

th
e

d
en

om
in

a
to

r

of
th

e
ri

gh
t

h
an

d
si

d
e

of
th

e
b

ou
n
d

(2
6)

,
w

e
fi
n
d

th
at

D
K

L
(P
` ‖
Pm

)
≤

3 4
ν 1
ν 2
h

lo
g
n
.

N
ow

su
p
p

os
e

th
at

w
e

d
ra

w
Y

fr
om

so
m

e
d
is

tr
ib

u
ti

on
ch

os
en

u
n
if

or
m

ly
at

ra
n
d
om

fr
om

{P
1
,.
..
,P

L
}.

A
p
p
ly

in
g

F
an

o’
s

in
eq

u
al

it
y

(1
9)

en
su

re
s

th
a
t

an
y

te
st
φ

fo
r

es
ti

m
at

in
g

th
e

in
d
ex

A
of

th
e

ch
os

en
d
is

tr
ib

u
ti

on
m

u
st

h
av

e
er

ro
r

p
ro

b
ab

il
it

y
lo

w
er

b
ou

n
d
ed

as

P[
φ

(Y
)
6=
A

]
≥
(

1
−

3 4
ν 1
ν 2
h

lo
g
n

+
lo

g
2

9 1
0
ν 1
ν 2
h

lo
g
n

)
≥

1 7
.

H
er

e
th

e
fi
n
al

in
eq

u
al

it
y

h
ol

d
s

as
lo

n
g

as
n

is
la

rg
er

th
an

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t.
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P
r
o
o
f
o
f
L
e
m
m
a
9

W
e

d
iv

id
e

th
e

p
ro

of
in

to
tw

o
ca

se
s

d
ep

en
d
in

g
on

th
e

va
lu

e
of
h

.
C

as
e

I:
h
≥

1
2
ν
1
ν
2
:

L
et
L

d
en

ot
e

th
e

n
u
m

b
er

of
b
in

ar
y

st
ri

n
g
s

of
le

n
g
th

m
0

su
ch

th
at

ea
ch

h
as

a
H

am
m

in
g

w
ei

gh
t
w

0
an

d
ea

ch
p
ai

r
h
as

a
H

am
m

in
g

d
is

ta
n
ce

at
le

as
t
d

0
.

It
is

k
n
ow

n
(L

ev
en

sh
te

in
,

19
71

;
J
ia

n
g

an
d

V
ar

d
y
,

20
04

)
th

at
L

ca
n

b
e

lo
w

er
b

ou
n
d
ed

as
:

L
≥

( m
0

w
0

)

∑
bd

0
−
1

2
c

i=
0

( w
0 j

)(
m

0
−
w

0

j

)
≥

( m
0

w
0

) w
0

d
0
+

1
2

(
ew

0
m

in
{d

0
,w

0
}/

2

) m
in
{d

0
,w

0
}/

2
(

em
0

m
in
{d

0
,m

0
}/

2

) m
in
{d

0
,m

0
}/

2
.

N
ot

e
th

at
fo

r
th

e
se

tt
in

g
at

h
an

d
,

w
e

h
av

e
m

0
=

n 2
,
w

0
=

2(
1

+
ν 2

)h
an

d
d

0
=

4h
+

1.
S
in

ce
ν 1
∈

(0
,1

)
an

d
ν 2
∈

(0
,1

),
w

e
h
av

e
th

e
ch

ai
n

of
in

eq
u
al

it
ie

s

w
0
<
d

0
≤

4
n

1
−
ν
1

(i
)
<
n 2

=
m

0
,
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a
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d
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t

w
h
er

e
th

e
in

eq
u
al

it
y

(i
)

h
ol

d
s

w
h
en

n
is

la
rg

e
en

ou
gh

.
T

h
es

e
re

la
ti

on
s

al
lo

w
fo

r
th

e
si

m
p
li
-

fi
ca

ti
on

:

lo
g
L
≥

lo
g

  

( m
0

w
0

) w
0

d
0
+

1
2

(
ew

0
w

0
/
2

) w
0
/
2
( e
m

0
d
0
/
2

) d
0
/
2

  

=
(w

0
−
d

0
/
2)

lo
g
m

0
−
w

0
lo

g
w

0
+
d

0 2
lo

g
d

0
−
d

0
+
w

0

2
lo

g
(2
e)
−

lo
g
((
d

0
+

1
)/

2
).

S
u
b
st

it
u
ti

n
g

th
e

va
lu

es
of
w

0
,
d

0
an

d
m

0
a
n
d

th
en

si
m

p
li
fy

in
g

y
ie

ld
s

lo
g
L
≥

(2
ν 2
h
−

1 2
)

lo
g
n 2
−

2(
1

+
ν 2

)h
lo

g
(2

(1
+
ν 2

)h
)

+
(2
h

+
1 2

)
lo

g
(4
h

+
1
)

−
((

(3
+
ν 2

)h
)

+
1 2

)
lo

g
(2
e)
−

lo
g
(2
h

+
1)

≥
(2
ν 2
h
−

1 2
)

lo
g
n 2
−

2
ν 2
h

lo
g
(2

(1
+
ν 2

)h
)
−
c′ 1
h
,

w
h
er

e
c′ 1

is
a

co
n
st

an
t

w
h
os

e
va

lu
e

d
ep

en
d
s

on
ly

on
(ν

1
,ν

2
).

In
th

e
re

gi
m

e
1

ν
1
ν
2
≤

2h
≤

n
1
−
ν
1

1
+
ν
2

,
so

m
e

al
ge

b
ra

ic
m

an
ip

u
la

ti
on

s
th

en
y
ie

ld

lo
g
L
≥

(2
ν 1
ν 2
h
−

1 2
)

lo
g
n 2
−
c′ 2
h
≥
ν 1
ν 2
h

(l
og
n
−

lo
g

2
−
c′ 3

)
≥

9 10
ν 1
ν 2
h

lo
g
n
,

w
h
er

e
th

e
fi
n
al

in
eq

u
al

it
y

h
ol

d
s

w
h
en

n
is

la
rg

e
en

ou
gh

,
an

d
w

h
er

e
c′ 2

an
d
c′ 3

a
re

(ν
1
,ν

2
)-

d
ep

en
d
en

t
p

os
it

iv
e

co
n
st

an
ts

.

C
as

e
II

:
h
<

1
2
ν
1
ν
2

C
on

si
d
er

a
p
ar

ti
ti

on
of

th
e
n 2

b
it

s
in

to
n

4
(1

+
ν
2
)h

se
ts

of
si

ze
2
(1

+
ν 2

)h

ea
ch

.
D

efi
n
e

an
as

so
ci

at
ed

se
t

of
n

4
(1

+
ν
2
)h

b
in

ar
y

st
ri

n
gs

,
ea

ch
of

le
n
gt

h
n 2

,
w

it
h

th
e
it
h

st
ri

n
g

h
av

in
g

on
es

in
th

e
p

os
it

io
n
s

co
rr

es
p

on
d
in

g
to

th
e
it
h

se
t

in
th

e
p
ar

ti
ti

o
n

a
n
d

ze
ro

s
el

se
w

h
er

e.
T

h
en

ea
ch

of
th

es
e

st
ri

n
gs

h
av

e
a

H
am

m
in

g
w

ei
gh

t
of

2(
1

+
ν 2

)h
,

a
n
d

ev
er

y
p
a
ir

h
as

a
H

am
m

in
g

d
is

ta
n
ce

at
le

as
t

4(
1

+
ν 2

)h
>

4h
.

T
h
e

to
ta

l
n
u
m

b
er

o
f

su
ch

st
ri

n
g
s

eq
u
a
ls

ex
p
( lo

g
n

4(
1

+
ν 2

)h

)(
i) ≥

ex
p
( lo

g
n
−

lo
g
(2(

1
+
ν 2

)

ν 1
ν 2

))
(i
i) ≥

ex
p
(

9 10
lo

g
n

)
(i
ii

)
>

ex
p
( 1.

8ν
1
ν 2
h

lo
g
n
) ,

w
h
er

e
th

e
in

eq
u
al

it
ie

s
(i

)
an

d
(i
ii

)
ar

e
a

re
su

lt
o
f

op
er

at
in

g
in

th
e

re
gi

m
e
h
<

1
2
ν
1
ν
2

a
n
d

th
e

in
eq

u
al

it
y

(i
i)

as
su

m
es

th
at
n

is
gr

ea
te

r
th

an
a

(ν
1
,ν

2
)-

d
ep

en
d
en

t
co

n
st

an
t.

5
.4

P
ro

o
f

o
f

T
h

e
o
re

m
6

W
e

n
ow

tu
rn

to
th

e
p
ro

of
of

T
h
eo

re
m

6.

5
.4
.1

P
r
o
o
f
o
f
pa

r
t
(a

)

F
or

ev
er

y
i
∈

[n
],

le
t

(i
)

d
en

ot
e

th
e

it
em

ra
n
ke

d
i

ac
co

rd
in

g
to

th
ei

r
la

te
n
t

sc
o
re

s,
a
s

d
efi

n
ed

in
eq

u
at

io
n

(2
).

R
ec

al
l

fr
om

th
e

p
ro

of
of

T
h
eo

re
m

1
th

a
t

fo
r

an
y
u
<
v
∈

[n
],

th
e

co
n
d
it

io
n

τ (
u

)
−
τ (
v
)
≥

8

√
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n

n
p
r
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S
im

p
l
e
,
R
o
b
u
st

a
n
d

O
p
t
im

a
l
R
a
n
k
in
g

en
su

res
th

a
t

w
ith

p
rob

ab
ility

at
least

1−
n
−

1
4,

every
item

in
th

e
set
{
(1

),...,(u
)}

w
in

s
m

ore
co

m
p
a
rison

s
th

an
every

item
in

th
e

set
{
(v

),...,(n
)}

.
C

on
seq

u
en

tly,
if

th
e

set
S̃
k

co
n
ta

in
s

a
n
y

item
in
{
(v

),...,(n
)},

th
en

it
m

u
st

con
tain

th
e

en
tire

set
{(1

),...,(u
)}.

In
o
th

er
w

o
rd

s,
a
t

least
on

e
of

th
e

fo
llow

in
g

m
u
st

b
e

tru
e:

eith
er
{(1),...,(u

)}
⊆
S̃
k

or
S̃
k
⊆
{
(1

),...,(v−
1)}

.
C

on
seq

u
en

tly,
in

th
e

regim
e
v

=
k

+
t−

u
+

1
for

an
y

1
≤
u
≤
k

a
n
d
u
≤
t≤

n
,

w
e

h
ave

th
at

|S̃
k ∩
{
(1),...,(t)}|≥

u
.

(27)

N
ow

co
n
sid

er
a
n
y
b∈

[β
]

th
at

satisfi
es

th
e

con
d
ition

m
in

j∈
[k

] (τ
(j) −

τ
(k

+
t
bj −
j+

1
) )≥

8 √
log

n

n
p
r
.

F
o
r

a
n
y
j∈

[k
],

settin
g
u

=
j

an
d
v

=
(k

+
t bj −

j
+

1)
in

(27),
an

d
a
p
p
ly

in
g

th
e

u
n
io

n
b

o
u
n
d

over
a
ll

va
lu

es
of
j∈

[k
]

y
ield

s
th

at

|S̃
k ∩
{
(1),...,(t bj )}|≥

j
for

every
j∈

[k
],

w
ith

p
ro

b
a
b
ility

at
least

1−
n
−

1
3.

C
on

seq
u
en

tly,
w

e
h
av

e
th

at

P (S̃
k ∈

Λ
(T
b ) )≥

1−
n
−

1
3,

co
m

p
letin

g
th

e
p
ro

of
of

th
e

claim
.

5
.4
.2

P
r
o
o
f
o
f
pa

r
t
(b

)

In
th

e
regim

e
t bµ

2
k ≤

n2
for

every
b∈

[β
],

it
su

ffi
ces

to
sh

ow
th

at
an

y
estim

atorŜ
k

w
ill

in
cu

r
a
n

erro
r

low
er

b
ou

n
d
ed

asP (|Ŝ
k ∩
{
(1),...,(n

/
2)}|

<
µ

2 k )≥
115
,

w
h
ere

(i)
d
en

o
tes

th
e

item
ran

k
ed
i

accord
in

g
to

th
eir

laten
t

scores
accord

in
g

to
eq

u
ation

(2).
O

u
r

p
ro

o
f

relies
on

th
e

resu
lt

an
d

p
ro

of
of

th
e

H
am

m
in

g
error

case
a
n
aly

zed
in

T
h
eo-

rem
3
(b

).
T

o
th

is
en

d
,

let
u
s

set
th

e
p
aram

eter
h

of
T

h
eorem

3(b
)

as
h

=
2(1−

µ
2 )k

.
W

e
cla

im
th

a
t

th
is

valu
e

of
h

lies
in

th
e

regim
e
h
≤

1
2
(1

+
ν
2
)

m
in{

k
,n−

k
,n

1−
ν
1}

for
som

e
valu

es

ν
1 ∈

(0,1
)

a
n
d
ν

2 ∈
(0,1),

as
req

u
ired

b
y

T
h
eorem

3(b
).

T
h
is

claim
follow

s
from

th
e

fact
th

a
t

h
=

2(1−
µ

2 )k
≤

1

2(1
+
ν

2 ) k
,

fo
r
ν

2
=

m
in{

1
4
(1−

µ
2
) −

1
,

12 }
∈

(0,1).
F

u
rth

erm
ore,

h
=

2(1−
µ

2 )k
(i)

≤
n

1−
µ
1

4

(ii)

≤
1

2
(1

+
ν

2 ) n
1−
ν
1

fo
r
ν

1
=

91
0 µ

1 ∈
(0,1),

w
h
ere

(i)
is

a
resu

lt
of

ou
r

assu
m

p
tion

8(1−
µ

2 )k
≤
n

1−
µ
1

a
n
d

(ii)
h
o
ld

s
w

h
en

n
is

large
en

ou
gh

.
T

h
is

assu
m

p
tion

also
im

p
lies

th
at

k
≤
n
−
k

for
a

large
en

o
u
g
h

va
lu

e
o
f
n

.
W

e
h
ave

n
ow

verifi
ed

op
eration

in
th

e
regim

e
req

u
ired

b
y

T
h
eorem

3(b
).
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S
h
a
h
a
n
d

W
a
in
w
r
ig
h
t

T
h
e

con
stru

ction
in

th
e

p
ro

of
of

T
h
eorem

3
is

b
ased

on
settin

g

τ
(1

)
=
···τ

(k
)

=
τ

(k
+

1
)

+
∆

0
=
···

=
τ

(n
)

+
∆

0 ,

for
an

y
real

n
u
m

b
er

∆
0

in
th

e
in

terval (
0
,

11
4 √

ν
1
ν
2

lo
g
n

n
p
r

].
T

h
is

con
d
ition

is
also

satisfi
ed

in
ou

r
con

stru
ction

d
u
e

to
th

e
assu

m
ed

u
p
p

er
b

ou
n
d
α
≤

11
5 √

µ
1

m
in {

1
4
(1−

µ
2
)−

1 ,
12 }

.
C

on
se-

q
u
en

tly,
th

e
resu

lt
of

T
h
eorem

3(b
)

im
p
lies

th
at

in
th

is
settin

g,
an

y
estim

atorŜ
k

w
ill

in
cu

r
a

H
am

m
in

g
error

greater
th

an
h

=
2(1−

µ
2 )k

w
ith

p
rob

ab
ility

at
least

17 ,
or

eq
u
ivalen

tly,

P (|Ŝ
k ∩
{
(1),...,(k

)}|
<

(2µ
2 −

1)k )≥
17
.

U
n
d
er

th
is

even
t,

th
e

estim
atorŜ

k
con

ta
in

s
at

m
ost

(2µ
2 −

1)k−
1

item
s

from
th

e
set

of
top

k
item

s.
In

ord
er

to
en

su
re

it
gets

a
t

least
µ

2 k
item

s
from

{(1),...,(n
/
2)},

th
e

rem
ain

in
g

2(1−
µ

2 )k
+

1
ch

osen
item

s
m

u
st

h
ave

at
least

(1−
µ

2 )k
+

1
item

s
from

{(k
+

1),...,(n
/2)}

.
H

ow
ever,

in
th

e
con

stru
ction

,
item

s
(k

+
1),...,(n

)
are

in
d
istin

gu
ish

ab
le

from
each

oth
er,

an
d

h
en

ce
b
y

sy
m

m
etry

th
ese

2(1−
µ

2 )k
+

1
ch

osen
item

s
m

u
st

con
tain

at
least

(1−
µ

2 )k
+

1
item

s
from

th
e

set{
(n
/
2

+
1),...,(n

)}
w

ith
p
rob

ab
ility

at
least

12 .
P

u
ttin

g
th

ese
argu

m
en

ts

togeth
er,

w
e

ob
tain

th
at

u
n
d
er

th
is

con
stru

ction
,

an
y

estim
a
tor
Ŝ
k

h
as

error
p
rob

ab
ility

low
er

b
ou

n
d
ed

as

P (|Ŝ
k ∩
{
(1),...,(n

/
2)}|

<
µ

2 k )≥
11
4
.

(28)

It
rem

ain
s

to
d
eal

w
ith

a
su

b
tle

tech
n
icality.

T
h
e

con
stru

ction
ab

ove
in

v
olves

item
s

(k
+

1),...,(n
)

w
ith

id
en

tical
scores.

R
ecall

th
at

in
th

e
d
efi

n
ition

o
f

th
e

u
ser-d

efi
n
ed

re-
q
u
irem

en
t,

in
case

of
m

u
ltip

le
item

s
w

ith
id

en
tical

scores,
w

e
con

sid
ered

th
e

ch
oice

of
eith

er
of

su
ch

item
s

as
valid

.
T

h
e

follow
in

g
lem

m
a

h
elp

s
overcom

e
th

is
issu

e.

L
e
m

m
a

1
0

C
o
n

sid
er

a
n

y
tw

o
(n
×
n

)
m

a
trices

M
a

a
n

d
M

b
o
f

pa
irw

ise
p
ro

ba
bilities

su
ch

th
a
t

m
ax

(i,j)∈
[n

] 2 |[M
a]ij −

[M
b]ij |≤

ε,
(29a)

fo
r

so
m

e
ε∈

[0,1].
T

h
en

fo
r

a
n

y
k

-sized
sets

o
f

item
s
T

1 ,...,T
β
⊆

[n
],

a
n

d
a
n

y
estim

a
to

r

Ŝ
k ,

w
e

h
a
ve

|P
M
a(Ŝ

k ∈
{T

1 ,...,T
β }

)−
P
M
b (Ŝ

k ∈
{T

1 ,...,T
β }

)|≤
6
n
2
rε.

(29b
)

S
ee

S
ection

5.4.3
for

th
e

p
ro

of
of

th
is

claim
.

N
ow

con
sid

er
an

(n
×
n

)
p
airw

ise
p
rob

ab
ility

m
atrix

M
′

w
h
ose

en
tries

take
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Ŝ k

su
cc

ee
d
s

in
sa

ti
sf

y
in

g
th

e
gi

ve
n

re
q
u
ir

em
en

t
w

h
en

th
e

d
at

a
ob

se
rv

ed
eq

u
al

s
Y
i.

(R
ec

al
l

th
at

th
e

gi
ve

n
re

q
u
ir

em
en

t
is

in
te

rm
s

of
th

e
ac

tu
al

it
em

s
an

d
n
ot

th
ei

r
p

o
si

ti
on

s.
)

T
h
en

w
e

h
av

e

∣ ∣ P
1
(Ŝ
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a

ro
le

in
d
ro

p
ou

t’
s

p
ra

ct
ic

al
su

cc
es

s.
D

ro
p

ou
t

is
al

so
u
n
a
ff

ec
te

d
if

th
e

w
ei

gh
ts

in
on

e
la

ye
r

ar
e

sc
al

ed
u
p

b
y

a
co

n
st

an
t
c,

an
d

th
e

w
ei

gh
ts

o
f

a
n
o
th

er
la

ye
r

ar
e

sc
al

ed
d
ow

n
b
y
c;

th
is

im
p
li
es

th
at

d
ro

p
ou

t
tr

a
in

in
g

d
o
es

n
ot

h
av

e
is

o
la

te
d

lo
ca

l
m

in
im

a.

•
T

h
e

d
ro

p
ou

t
p

en
al

ty
gr

ow
s

ex
p

on
en

ti
al

ly
in

th
e

d
ep

th
of

th
e

n
et

w
or

k
in

ca
se

s
w

h
er

e
th

e
L
2

re
gu

la
ri

ze
r

gr
ow

s
li
n
ea

rl
y.

T
h
is

m
ay

en
ab

le
d
ro

p
ou

t
to

p
en

al
iz

e
th

e
co

m
p
le

x
it

y
of

th
e

n
et

w
or

k
in

a
w

ay
th

at
m

or
e

m
ea

n
in

gf
u
ll
y

re
fl
ec

ts
th

e
ri

ch
n
es

s
o
f

th
e

n
et

w
o
rk

’s
b

eh
av

io
rs

.
(T

h
e

ex
p

on
en

ti
al

gr
ow

th
w

it
h
d

of
th

e
d
ro

p
ou

t
p

en
al

ty
is

re
m

in
is

ce
n
t

o
f

so
m

e
re

gu
la

ri
ze

rs
fo

r
d
ee

p
n
et

w
or

k
s

st
u
d
ie

d
b
y

N
ey

sh
a
b
u
r

et
al

.
(2

01
5
).

)

•
D

ro
p

ou
t

in
d
ee

p
n
et

w
or

k
s

h
as

a
va

ri
et

y
of

ot
h
er

b
eh

av
io

rs
d
iff

er
en

t
fr

o
m

st
a
n
d
a
rd

re
gu

la
ri

ze
rs

.
In

p
ar

ti
cu

la
r:

th
e

d
ro

p
ou

t
p

en
al

ty
fo

r
a

se
t

of
w

ei
gh

ts
ca

n
b

e
n
eg

a
ti

ve
;

th
e

d
ro

p
ou

t
p

en
al

ty
of

a
se

t
of

w
ei

gh
ts

d
ep

en
d
s

on
b

ot
h

th
e

tr
ai

n
in

g
in

st
a
n
ce

s
a
n
d

th
e

la
b

el
s;

an
d

al
th

ou
gh

th
e

d
ro

p
ou

t
p
ro

b
ab

il
it

y
in

tu
it

iv
el

y
m

ea
su

re
s

th
e

st
re

n
g
th

o
f

d
ro

p
ou

t
re

gu
la

ri
za

ti
on

,
th

e
d
ro

p
ou

t
p

en
al

ti
es

ar
e

o
ft

en
n
on

-m
on

ot
on

ic
in

th
e

d
ro

p
o
u
t

p
ro

b
ab

il
it

y.
In

co
n
tr

as
t,

W
ag

er
et

al
.

(2
01

3)
sh

ow
th

at
w

h
en

d
ro

p
ou

t
is

a
p
p
li
ed

to
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

s,
th

e
d
ro

p
ou

t
p

en
al

ty
is

al
w

ay
s

n
on

-n
eg

at
iv

e
a
n
d

d
o
es

n
o
t

d
ep

en
d

on
th

e
la

b
el

s.
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D
r
o
p
o
u
t
in

D
e
e
p
N
e
t
w
o
r
k
s

O
u
r

a
n
a
ly

sis
is

for
m

u
ltilayer

n
eu

ral
n
etw

ork
s

w
ith

th
e

sq
u
are

loss
at

th
e

ou
tp

u
t

n
o
d
e.

T
h
e

h
id

d
en

layers
u
se

th
e

p
op

u
lar

rectifi
ed

lin
ear

u
n
its

(N
air

an
d

H
in

ton
,

2010)
ou

tp
u
ttin

g
σ

(a
)

=
m

a
x
(0
,a

)
w

h
ere

a
is

th
e

n
o
d
e’s

activatio
n

(th
e

w
eigh

ted
su

m
of

its
in

p
u
ts).

W
e

stu
d
y

th
e

m
in

im
izers

of
a

criterion
th

at
m

ay
b

e
v
iew

ed
as

th
e

ob
jectiv

e
fu

n
ction

w
h
en

u
sin

g
d
ro

p
o
u
t.

T
h
is

ab
stracts

aw
ay

sam
p
lin

g
an

d
op

tim
ization

issu
es

to
fo

cu
s

on
th

e
in

d
u
ctive

b
ia

s,
a
s

in
som

e
p
rev

iou
s

w
ork

(B
reim

an
,

2004;
Z

h
a
n
g,

2004;
B

artlett
et

al.,
2006;

L
on

g
an

d
S
erved

io
,

2
0
1
0
;

H
elm

b
old

an
d

L
on

g,
201

5).
S
ee

S
ection

2
for

a
com

p
lete

ex
p
lan

ation
.

R
e
la

te
d

w
o
rk

A
n
u
m

b
er

o
f

p
o
ssib

le
ex

p
lan

ation
s

h
ave

b
een

su
ggested

for
d
rop

ou
t’s

su
ccess.

H
in

ton
et

al.
(2

0
1
2
)

su
g
g
est

th
at

d
rop

ou
t

con
trols

n
etw

ork
com

p
lex

ity
b
y

restrictin
g

th
e

ab
ility

to
co-

a
d
a
p
t

w
eig

h
ts

an
d

illu
strate

h
ow

it
ap

p
ears

to
learn

sim
p
ler

fu
n
ction

s
at

th
e

secon
d

layer.
O

th
ers

(B
a
ld

i
an

d
S
ad

ow
sk

i,
2013

;
B

ach
m

an
et

al.,
2014)

v
iew

d
rop

ou
t

as
an

en
sem

b
le

m
eth

o
d

co
m

b
in

in
g

th
e

d
iff

eren
t

n
etw

ork
top

ologies
resu

ltin
g

from
th

e
ra

n
d
om

d
eletion

of
n
o
d
es.

W
a
g
er

et
al.

(2014)
ob

serve
th

at
in

1-layer
n
etw

ork
s

d
rop

ou
t

essen
tially

forces
lea

rn
in

g
o
n

a
m

ore
ch

allen
gin

g
d
istrib

u
tion

a
k
in

to
‘altitu

d
e

train
in

g’
of

a
th

letes.

M
o
st

fo
rm

a
l

an
aly

sis
of

th
e

in
d
u
ctiv

e
b
ias

of
d
rop

ou
t

h
as

con
cen

trated
on

th
e

sin
gle-

layer
settin

g
,

w
h
ere

a
sin

gle
n
eu

ron
com

b
in

es
th

e
(p

oten
tially

d
rop

p
ed

-ou
t)

in
p
u
ts.

W
ager

et
a
l.

(2
0
1
3)

con
sid

ered
th

e
case

th
at

th
e

d
istrib

u
tion

of
lab

el
y

given
featu

re
vecto

r
x

is
a

m
em

b
er

o
f

th
e

ex
p

on
en

tial
fam

ily,
an

d
th

e
log-loss

is
u
sed

to
evalu

ate
m

o
d
els.

T
h
ey

p
oin

ted
o
u
t

th
a
t,

in
th

is
situ

ation
,

th
e

criterio
n

op
tim

ized
b
y

d
rop

ou
t

can
b

e
d
ecom

p
osed

in
to

th
e

o
rig

in
a
l
lo

ss
a
n
d

a
term

th
at

d
o
es

n
ot

d
ep

en
d

on
th

e
lab

els.
T

h
ey

th
en

g
ave

ap
p
rox

im
ation

s
to

th
is

d
ro

p
o
u
t

regu
larizer

an
d

d
iscu

ssed
its

relation
sh

ip
w

ith
oth

er
regu

larizers.
A

s
w

e
h
ave

seen
,

m
an

y
asp

ects
of

th
e

b
eh

av
ior

of
d
rop

ou
t

an
d

its
relation

sh
ip

to
oth

er
regu

larizers
are

q
u
a
lita

tively
d
iff

eren
t

w
h
en

th
ere

are
h
id

d
en

u
n
its.

W
a
g
er

et
a
l.

(2014)
con

sid
ered

d
rop

ou
t

for
learn

in
g

top
ics

m
o
d
eled

b
y

a
P

oisson
gen

er-
a
tive

p
ro

cess.
T

h
ey

ex
p
loited

th
e

con
d
ition

al
in

d
ep

en
d
en

ce
assu

m
p
tion

s
of

th
e

gen
erative

p
ro

cess
to

sh
ow

th
at

th
e

ex
cess

risk
of

d
rop

ou
t

train
in

g
d
u
e

to
tra

in
in

g
set

varia
tion

h
as

a
term

th
a
t

d
ecay

s
m

ore
rap

id
ly

th
an

th
e

straigh
tforw

ard
em

p
irical

risk
m

in
im

iza
tion

,
b
u
t

a
lso

h
a
s

a
seco

n
d

ad
d
itive

term
related

to
d
o
cu

m
en

t
len

gth
.

T
h
ey

also
d
iscu

ssed
situ

ation
s

w
h
ere

th
e

m
o
d
el

learn
ed

b
y

d
rop

ou
t

h
as

sm
all

b
ias.

B
a
ld

ia
n
d

S
ad

ow
sk

i(2014)
an

aly
zed

d
rop

ou
t

in
lin

ear
n
etw

ork
s,

an
d

sh
ow

ed
h
ow

d
rop

ou
t

ca
n

b
e

a
p
p
rox

im
ated

b
y

n
orm

alized
geom

etric
m

ean
s

of
su

b
n
etw

ork
s

in
th

e
n
on

lin
ear

case.
G

a
l

a
n
d

G
h
ah

ram
an

i
(2015)

d
escrib

ed
an

in
terp

retation
of

d
rop

ou
t

as
a
n

ap
p
rox

im
atio

n
to

a
d
eep

G
a
u
ssia

n
p
ro

cess.

T
h
e

im
p
a
ct

of
d
rop

ou
t

(an
d

its
relative

d
rop

con
n
ect)

on
gen

eralization
(rou

gh
ly,

h
ow

m
u
ch

d
ro

p
ou

t
restricts

th
e

search
sp

ace
of

th
e

learn
er)

w
as

stu
d
ied

in
(W

an
et

al.,
2013).

In
th

e
on

-lin
e

learn
in

g
w

ith
ex

p
erts

settin
g,

V
an

E
rven

et
al.

(2014)
sh

ow
ed

th
a
t

ap
p
ly

in
g

d
ro

p
o
u
t

in
on

-lin
e

trials
lead

s
to

algorith
m

s
th

at
au

tom
atically

ad
ap

t
to

th
e

in
p
u
t

seq
u
en

ce
w

ith
o
u
t

req
u
irin

g
d
ou

b
lin

g
or

oth
er

p
aram

eter-tu
n
in

g
tech

n
iq

u
es.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

a
s

follow
s.

S
ection

2
in

tro
d
u
ces

ou
r

n
otation

an
d

fo
rm

a
lly

d
efi

n
es

th
e

d
rop

ou
t

m
o
d
el.

W
e

p
rove

th
at

d
rop

ou
t

en
joy

s
several

scalin
g

in
vari-

a
n
ces

th
a
t

w
eig

h
t-d

ecay
d
o
esn

’t
in

S
ection

3,
an

d
th

at
d
rop

ou
t

req
u
ires

n
egative

w
eigh

ts
even

in
very

sim
p
le

situ
ation

s
in

S
ection

4.
S
ection

5
u
n
covers

variou
s

p
rop

erties
of

th
e

3
JM

L
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H
e
l
m
b
o
l
d

a
n
d

L
o
n
g

d
rop

ou
t

p
en

alty
fu

n
ction

.
S
ection

6
d
escrib

es
som

e
sim

u
la

tion
ex

p
erim

en
ts.

W
e

p
rov

id
e

som
e

con
clu

d
in

g
rem

ark
s

in
S
ection

7.

2
.
P
re
lim

in
a
rie

s

T
h
rou

gh
ou

t,
w

e
w

ill
an

aly
ze

fu
lly

con
n
ected

lay
ered

n
etw

o
rk

s
w

ith
K

in
p
u
ts,

on
e

ou
tp

u
t,

d
layers

(cou
n
tin

g
th

e
ou

tp
u
t,

b
u
t

n
ot

th
e

in
p
u
ts),

an
d
n

n
o
d
es

in
each

h
id

d
en

layer.
W

e
assu

m
e

th
at

n
is

a
p

ositive
m

u
ltip

le
of

K
an

d
th

at
K

is
a

p
erfect

sq
u
are

an
d

a
p

ow
er

of
tw

o
to

av
oid

u
n
illu

m
in

atin
g

fl
o
or/ceilin

g
clu

tter
in

th
e

an
aly

sis.
W

e
w

ill
call

th
is

th
e

sta
n

d
a
rd

a
rch

itectu
re.

W
e

u
se
W

to
d
en

ote
a

p
articu

lar
settin

g
of

th
e

w
eigh

ts
an

d
b
iases

in
th

e
n
etw

ork
an

d
W

(x
)

to
d
en

ote
th

e
n
etw

ork
’s

ou
tp

u
t

on
in

p
u
t

x
u
sin

g
W

.
T

h
e

h
id

d
en

n
o
d
es

are
R

eL
U

s,
an

d
th

e
ou

tp
u
t

n
o
d
e

is
lin

ear.
W

can
b

e
d
eco

m
p

o
sed

as
(W

1 ,b
1 ,...,W

d−
1 ,b

d−
1 ,w

,b),
w

h
ere

each
W
j

is
th

e
m

a
trix

of
w

eigh
ts

on
con

n
ection

s
from

th
e
j−

1st
in

to
th

e
jth

h
id

d
en

layer,
each

b
j

is
th

e
vector

of
b
ias

in
p
u
ts

in
to

th
e
jth

h
id

d
en

layer,
w

are
th

e
w

eigh
ts

in
to

th
e

ou
tp

u
t

n
o
d
e,

an
d
b

is
th

e
b
ias

in
to

th
e

ou
tp

u
t

n
o
d
e.

A
n

exa
m

p
le

d
istribu

tio
n

is
a

join
t

p
rob

ab
ility

d
istrib

u
tion

over
(x
,y

)
p
a
irs

W
e

fo
cu

s
on

sq
u
are

loss,
so

th
e

loss
ofW

on
ex

am
p
le

(x
,y

)
is

(W
(x

)−
y
)
2.

T
h
e

risk
is

th
e

ex
p

ected

loss
w

ith
resp

ect
to

an
ex

am
p
le

d
istrib

u
tion

P
,

w
e

d
en

ote
th

e
risk

ofW
a
s
R
P

(W
)

d
ef

=
E

(x
,y
)∼
P

((W
(x

)−
y
)
2 ).

T
h
e

su
b
scrip

t
w

ill
often

b
e

om
itted

w
h
en

P
is

clear
from

th
e

con
tex

t.

T
h
e

goal
of
L
2

train
in

g
is

to
fi
n
d

w
eigh

ts
an

d
b
iases

m
in

im
izin

g
th

e
L
2

criterio
n

w
ith

regu
larization

stren
gth

λ
:
J
2 (W

)
d
ef

=
R

(W
)+

λ2 ||W
|| 2.

H
ere

an
d

th
rou

gh
ou

t,
w

e
u
se||W

|| 2
to

d
en

ote
th

e
su

m
of

th
e

sq
u
ares

of
th

e
w

eigh
ts

ofW
.

(A
s

u
su

al,
th

e
b
iases

a
re

n
ot

p
en

alized
.)

W
e

u
se
W
L
2

to
d
en

ote
a

m
in

im
izer

of
th

is
criterion

.
T

h
e
L
2

p
en

alty,
λ2 ||W

|| 2,
is

n
on

-
n
egative.

T
h
is

is
u
sefu

l,
for

ex
am

p
le,

to
b

ou
n
d

th
e

risk
of

a
m

in
im

izer
W
L
2

of
J
2 ,

sin
ce

R
(W

)≤
J
2 (W

).

D
rop

ou
t

train
in

g
in

d
ep

en
d
en

tly
rem

oves
n
o
d
es

in
th

e
n
etw

ork
.

In
ou

r
an

a
ly

sis
each

n
on

-ou
tp

u
t

n
o
d
e

is
d
rop

p
ed

ou
t

w
ith

th
e

sam
e

p
rob

ab
ility

q,
so
p

=
1−

q
is

th
e

p
rob

ab
ility

th
at

a
n
o
d
e

is
kep

t.
(T

h
e

ou
tp

u
t

n
o
d
e

is
alw

ay
s

kep
t;

d
rop

p
in

g
it

ou
t

h
as

th
e

eff
ect

of
can

cellin
g

th
e

train
in

g
iteration

.)
W

h
en

a
n
o
d
e

is
d
rop

p
ed

ou
t,

th
e

n
o
d
e’s

ou
tp

u
t

is
set

to
0.

T
o

com
p

en
sate

for
th

is
red

u
ction

,
th

e
valu

es
of

th
e

kep
t

n
o
d
es

are
m

u
ltip

lied
b
y

1
/p

.
W

ith
th

is
com

p
en

sation
,

th
e

d
rop

ou
t

can
b

e
v
iew

ed
as

in
jectin

g
zero-m

ean
ad

d
itive

n
oise
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p
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e

o
u
tp

u
t.

(A
sim

ilar
ob

servation
w
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m

ad
e

in
a

som
ew

h
a
t

d
iff

eren
t

con
tex

t
b
y

N
ey

sh
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u
r

et
a
l.

(2
0
1
5
).)

T
h

e
o
re

m
5

F
o
r

a
n

y
in

p
u

t
x

,
d
ro

po
u

t
pa

ttern
R

,
a
n

y
n

etw
o
rk

W
=

(W
1 ,b

1 ,...,W
d−

1 ,b
d−

1 ,w
,b),

a
n

d
a
n

y
po

sitive
c
1 ,...,c

d ,
if

W
′
=


c
1 W

1 ,c
1 b

1 ,c
2 W

2 ,c
1 c

2 b
2 ,...,c

d−
1 W

d−
1 , 

d−
1

∏j=
1

c
j 

b
d−

1 ,c
d w
, 

d
∏j=

1

c
j 

b 
,

(2)

th
en
D

(W
′,x

,R
)

=
(∏

dj=
1
c
j )D

(W
,x
,R

).
In

pa
rticu

la
r,

if ∏
dj=

1
c
j

=
1
,

th
en

fo
r

a
n

y
ex-

a
m

p
le

d
istribu

tio
n
P

,
n

etw
o
rksW

a
n

d
W
′

h
a
ve

th
e

sa
m

e
d
ro

po
u

t
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n
,

d
ro

po
u

t
pen

a
lty,

a
n

d
expected

lo
ss.

N
o
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th
a
t

th
e

re-scalin
g

of
th

e
b
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at
lay

er
j

d
ep

en
d
s

n
ot

on
ly
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th

e
rescalin

g
of

th
e
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n
n
ectio

n
w

eigh
ts

at
layer

j,
b
u
t

also
th

e
re-scalin

gs
at

low
er

layers.
P

ro
o
f:

C
h
o
ose

an
in

p
u
t

x
an

d
a

d
rop

ou
t

p
attern

R
.

D
efi

n
e
W
′
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in

(2).
F

or
each

h
id

d
en

lay
er
j,

let
(h
j1 ,...,h

jn
)

b
e

th
e
jth

h
id

d
en

layer
w

h
en

ap
p
ly

in
g
W

to
x

w
ith
R

,
an

d
let

(h̃
j1 ,...,h̃

jn
)

b
e

th
e
jth

h
id

d
en

layer
w

h
en

ap
p
ly

in
g
W
′

in
stead

.
B

y
in

d
u
ction

,
for

all
i,

h̃
ji

=
(∏

`≤
j
c
` )
h
ji ;

th
e

k
ey

step
is

th
at

th
e

p
re-rectifi

ed
valu

e
u
sed

to
com

p
u
te
h̃
ji

h
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th
e

sa
m

e
sig

n
a
s

fo
r
h
ji ,

sin
ce
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g

b
y
c
j

p
reserves

th
e

sign
.

T
h
u
s

th
e

sam
e

u
n
its

are
zero

ed
o
u
t

in
W

a
n
d
W
′

an
d
D

(W
,x
,R

)
=

( ∏
j
c
j )D

(W
′,x

,R
).

W
h
en
∏
j
c
j

=
1,

th
is

im
p
lies

D
(W

,x
,R

)
=
D

(W
′,x

,R
).

S
in

ce
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tru
e

for
all

x
a
n
d
R

,
w

e
h
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e
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(W
)

=
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(W
′).

S
in
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sim
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(x
)

=
W
′(x

)
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x
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R
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=
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th
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ou
t

p
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n
d
W
′
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h
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p
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b
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b
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is

q
u
estio

n
fo

r
fu

tu
re

w
ork

.

3
.3

O
u

tp
u

t
sc

a
lin

g
w

ith
d

ro
p

o
u

t

S
ca

lin
g

th
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p
le

d
istrib

u
tion

P
d
o
es

aff
ect

th
e

aversion
,

b
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p
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.
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b
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ou
t
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2

=
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′,x
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)−
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2/c

2.

3
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S
c
a
lin

g
p

ro
p
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w
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t
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a
y

W
eigh
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d
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scale-free.
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t-d
ecay

aversion
w

ith
P

is
th

e
m

ax
im

u
m

,
over

m
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n

a
rbitra
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u
m
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n
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∈
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h
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u
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√
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b
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e

ou
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u
t
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o
d
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T
h
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m
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s
th
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w

eigh
t-d

ecay
in

2-layer
n
etw

ork
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p
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sign
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t
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e
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p
le

even
w

h
en

λ
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fi
n

ite,
con

trastin
g
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w
eigh
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ecay
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b
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1-lay
er

n
etw

ork
s.

T
h
e
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fl
ex
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to
rescale

w
eigh
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b

etw
een
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en

joyed
b
y

d
rop

ou
t

(T
h
eo-

rem
5)

d
o
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n
ot

h
old

for
L
2 :

on
e

can
alw

ay
s

d
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th
e
L
2

p
en
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to
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fi
n
ity

b
y

scalin
g

on
e

layer
u
p

b
y

a
large

en
ou

gh
p

ositive
c,

ev
en

w
h
ile

scalin
g

a
n
oth

er
d
ow

n
b
y
c.

O
n

th
e

oth
er

h
an

d
,

th
e

p
ro

of
of

T
h
eorem

7
sh

ow
s

th
at

th
e
L
2

criterion
h
as

a
n

altern
ative

“h
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tal”
fl
ex

ib
ility

in
volv

in
g

th
e

rescalin
g

of
w

eigh
ts

a
cross

n
o
d
es

on
th

e
h
id

d
en

layer
(u

n
d
er

th
e

th
eorem

’s
assu

m
p
tion

s).
L

em
m

a
31

sh
ow

s
th

at
at

th
e

op
tim

izers
each

h
id

d
en

n
o
d
e’s

con
-

trib
u
tion

s
to

th
e

ou
tp

u
t

are
a

con
stan

t
(d

ep
en

d
in

g
on

th
e

in
p
u
t)

tim
es

th
eir

con
trib

u
tion

to
th

e
th

e
L
2

p
en

alty.
S
h
iftin

g
th

e
m

agn
itu

d
es

of
th
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con

trib
u
tion

s
b

etw
een

h
id

d
en

n
o
d
es

lead
s

to
altern

ative
w

eigh
ts

th
at

com
p
u
te

th
e

sam
e

valu
e

an
d

h
av

e
th

e
sam

e
w

eigh
t

d
ecay

p
en

alty.
T

h
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a

m
ore
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ob
servation

th
an

th
e

p
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u
tation

sy
m

m
etry

b
etw

een
h
id

-
d
en

n
o
d
es

b
ecau

se
an

y
p

ortion
of

a
h
id

d
en

n
o
d
e’s

con
trib

u
tion

can
b

e
sh

ifted
to

an
oth

er
h
id

d
en

n
o
d
e.

2
.

S
in

ce
th

e
o
u

tp
u

t
n

o
d

e
p

u
ts

w
eig

h
t

0
o
n

ea
ch

h
id

d
en

n
o
d

e
a
n

d
th

e
b

ia
ses

a
re

u
n

reg
u

la
rized

,
th

is
o
p

tim
u

m
a
ctu

a
lly

rep
resen

ts
a

cla
ss

o
f

n
etw

o
rk

s
d

iff
erin

g
o
n

ly
in

th
e

irreleva
n
t

b
ia

ses
a
t

th
e

h
id

d
en

n
o
d

es.
O

n
e

ca
n

ea
sily

co
n

stru
ct

o
th

er
ca

ses
w

h
en

w
eig

h
t-d

ecay
h

a
s

iso
la

ted
m

in
im

a
in

th
is

sen
se,

fo
r

ex
a
m

p
le

w
h

en
n

=
2

a
n

d
th

ere
is

eq
u

a
l

p
ro

b
a
b

ility
o
n
x

a
n

d
−
x

,
b

o
th

w
ith

la
b
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1
.
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D
r
o
p
o
u
t
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D
e
e
p
N
e
t
w
o
r
k
s

4
.
N
e
g
a
ti
v
e
w
e
ig
h
ts

fo
r
m
o
n
o
to
n
e
fu
n
ct
io
n
s

If
th

e
w

ei
gh

ts
of

a
u
n
it

ar
e

n
on

-n
eg

at
iv

e,
th

en
th

e
u
n
it
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m

p
u
te

s
a

m
o
n
ot

on
e

fu
n
ct

io
n
,

in
th

e
se

n
se

th
at

in
cr

ea
si

n
g

an
y

in
p
u
t

w
h
il
e

ke
ep

in
g

th
e

ot
h
er

s
fi
x
ed

in
cr
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s
th

e
ou

tp
u
t.

T
h
e

b
ia

s
d
o
es

n
ot

aff
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t
a

n
o
d
e’

s
m

on
ot

on
ic

it
y.

A
n
et

w
or

k
of

m
on

o
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n
e

u
n
it

s
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so

m
on

ot
on

e.
W

e
fi
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t
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re

se
n
t
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r

th
eo

re
ti
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l
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su
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s
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r

m
an

y
fe
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u
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ti
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4.

1)
an

d
fe

w
fe

a
tu
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ti
on

4.
2)
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d
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en
d
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th
e
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p
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ti
on
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e

re
su

lt
s

in
S
ec
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on

4.
3.

4
.1

T
h

e
b

a
si

c
c
a
se

–
m

a
n
y

fe
a
tu

re
s

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

th
e

si
m

p
le

d
is

tr
ib

u
ti

on
P
(1
,1
)

th
at
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si

gn
s

p
ro

b
ab

il
it

y
1/

2
to

th
e

ex
am

p
le
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,.
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),
0,

an
d

p
ro

b
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il
it

y
1
/
2

to
th

e
ex

am
p
le

(1
,.
..
,1

),
1.

T
h
e

su
p
p
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t

of
P
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)
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e
si

m
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m

on
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e

fu
n
ct

io
n
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ev

er
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p
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p
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t
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eg
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e
w
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gh
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to
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t

th
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T

h
e
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n
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n
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N
eg

at
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e
w

ei
gh
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th
e

h
id

d
en

n
o
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b
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se
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p
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o
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b
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e

st
a
n

d
a
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h
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d
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e

d
ro

po
u

t
cr

it
er

io
n

fo
r
P
(1
,1
)

u
se

s
a
t

le
a
st

o
n

e
n

eg
a
ti

ve
w

ei
gh

t.
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p
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n
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p
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b
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b
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d
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o
n

e
ga

d
ge

t.
E

ac
h

su
ch

b
lo

ck
h
as
K

h
id

d
en

n
o
d
es

,
an

d
ta

ke
s

it
s

in
p
u
t

fr
o
m

th
e
K

in
p
u
t

n
o
d
es

.
T

h
e
it

h
h
id

d
en

n
o
d
e

in
th

e
b
lo

ck
ta

ke
s

th
e

va
lu

e
1

if
th

e
it

h
in

p
u
t

n
o
d
e

is
1,

an
d

al
l

in
p
u
ts
x
i′

fo
r
i′
<
i

ar
e

0;
ot

h
er

w
is

e
it

ta
ke

s
th

e
va

lu
e

0.
T

h
is

ca
n

b
e

ac
co

m
p
li
sh

ed
w

it
h

a
w

ei
gh

t
v
ec

to
r

w
w

it
h
w
i′

=
−

1
fo

r
i′
<
i,

w
it

h
w
i

=
1,

a
n
d

w
it

h
w
i′

=
0

fo
r
i′
>
i.

T
h
e

fi
rs

t
h
id

d
en

la
ye

r
of
W

n
eg

co
m

p
ri

se
s
n
/K

co
p
ie

s
of

th
e

fi
rs

t-
on

e
ga

d
ge

t.
In

fo
rm

al
ly

,
th

is
co

n
st

ru
ct

io
n

re
m

ov
es

m
os

t
of

th
e

va
ri

a
n
ce

in
th

e
n
u
m

b
er

of
1′
s

in
th

e
in

p
u
t,

as
re

co
rd

ed
in

th
e

fo
ll
ow

in
g

le
m

m
a.

L
e
m

m
a

9
O

n
a
n

y
in

p
u

t
x
∈
{0
,1
}n

ex
ce

p
t

(0
,0
,.
..
,0

),
th

e
su

m
o
f

th
e

va
lu

es
o
n

th
e

fi
rs

t
h
id

d
en

la
ye

r
o
f
W

n
eg

is
ex

a
ct

ly
n
/K

.

T
h
e

w
ei

gh
ts

in
to

th
e

re
m

ai
n
in

g
h
id

d
en

la
ye

rs
of
W

n
eg

ar
e

al
l

1,
a
n
d

al
l

th
e

w
ei

gh
ts

in
to

th
e

ou
tp

u
t

la
ye

r
ta

ke
a

va
lu

e
c

d
ef =

K
2

2
n
d
−
1
(1

+
K n

)(
1
+

1 n
)d
−
2
,

ch
os

en
to

m
in

im
iz

e
th

e
d
ro

p
ou

t

cr
it

er
io

n
fo

r
th

e
n
et

w
or

k
.

T
h
e

fo
ll
ow

in
g

le
m

m
a

an
al

y
ze

s
W

n
eg

.

L
e
m

m
a

1
0
J
D

(W
n
eg

)
=

1 2

( 1
−

(1
−
2
−
K
)

(1
+
K n

)(
1
+

1 n
)d
−
2

)
.

W
h
en
n

is
la

rg
e

re
la

ti
v
e

to
K

an
d
d
,

th
e
( 1

+
K n

)(
1

+
1 n

) d
−
2

d
en

om
in

a
to

r
in

L
em

m
a

10
ap

p
ro

ac
h
es

1,
so
J
D

(W
n
eg

)
ap

p
ro

ac
h
es

2−
K
/2

in
th

is
ca

se
.

L
em

m
a

1
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b
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a
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H
e
l
m
b
o
l
d

a
n
d

L
o
n
g

lo
w

er
b

ou
n
d

fo
r

an
y

n
et

w
or

k
w

it
h

al
l

p
os

it
iv

e
w

ei
gh

ts
.

In
th

e
co

n
cr

et
e

ca
se

w
h
en
d

=
2

a
n
d

n
=
K

3
,

th
en

L
em

m
a

10
im

p
li
es
J
D

(W
n
eg

)
<

1
/K

2
.

P
ro

o
f

(o
f

L
em

m
a

10
):

C
on

si
d
er

a
co

m
p
u
ta

ti
on

of
W

n
eg

(1
,1
,.
..
,1

)
u
n
d
er

d
ro

p
o
u
t

a
n
d

le
t
ŷ

b
e

th
e

(r
an

d
om

)
ou

tp
u
t.

L
et
k
0

b
e

th
e

n
u
m

b
er

of
in

p
u
t

n
o
d
es

ke
p
t,

an
d
,
fo

r
ea

ch
j
≥

2
,

le
t
k
j

b
e

th
e

n
u
m

b
er

of
n
o
d
es

in
th

e
jt

h
h
id

d
en

la
ye

r
ke

p
t.

C
al

l
th

e
n
o
d
e

in
ea

ch
fi
rs

t-
o
n
e

ga
d
ge

t
th

at
co

m
p
u
te

s
1

a
ke

y
n
o
d
e,

an
d

if
n
o

n
o
d
e

in
th

e
ga

d
ge

t
co

m
p
u
te

s
1

b
ec

a
u
se

th
e

in
p
u
t

is
al

l
d
ro

p
p

ed
,

ar
b
it

ra
ri

ly
m

ak
e

th
e

ga
d
ge

t’
s

fi
rs

t
h
id

d
en

n
o
d
e

th
e

ke
y

n
o
d
e.

T
h
is

en
su

re
s

th
er

e
is

ex
ac

tl
y

on
e

k
ey

n
o
d
e

p
er

ga
d
ge

t,
an

d
ev

er
y

n
on

-k
ey

n
o
d
e

co
m

p
u
te

s
0
.

L
et

k
1

b
e

th
e

n
u
m

b
er

of
ke

p
t

ke
y

n
o
d
es

on
th

e
fi
rs

t
h
id

d
en

la
ye

r.
If
k
0

=
0,

th
e

o
u
tp

u
t
ŷ

o
f

th
e

n
et

w
or

k
is

0.
O

th
er

w
is

e,
ŷ

=
c2
d
∏
d
−
1

j=
1
k
j
.

N
ot

e
th

at
k
0

is
ze

ro
w

it
h

p
ro

b
ab

il
it

y
2
−
K

.
W

h
en

ev
er

k
0
≥

1,
k
1

is
d
is

tr
ib

u
te

d
a
s

B
(n
/K

,1
/
2)

.
E

ac
h

ot
h
er
k
j

is
d
is

tr
ib

u
te

d
as
B

(n
,1
/2

),
an

d
k
1
,k

2
,.
..
,k
d
−
1

a
re

in
d
ep

en
d
en

t
of

on
e

an
ot

h
er

.

E
(ŷ

)
=

P
r(
k
0
≥

1)
c2
d
E

[k
1
|k

0
≥

1]
d
−
1

∏ j=
2

E
[k
j
]

=
(1
−

2
−
K

)c
2
d
(
n 2
K

)(
n 2

) d
−
2

=
2
c K
(1
−

2−
K

)n
d
−
1
.

U
si

n
g

th
e

va
lu

e
of

th
e

se
co

n
d

m
om

en
t

of
th

e
b
in

om
ia

l,
w

e
ge

t

E
(ŷ

2
)

=
E

  
1 k

0
≥
1
c2
d
d
−
1

∏ j=
1

k
j

 
2
 

=
4c

2
(1
−

2−
K

)
(
n K

)(
n K

+
1
) n

d
−
2
(n

+
1
)d
−
2

=
4
c2

(1
−

2
−
K

)

K
2

n
2
(d
−
1
)

( 1
+
K n

)
( 1

+
1 n

) d
−
2

.

T
h
u
s,

J
D

(W
n
eg

)
=

1 2

( 1
−

2E
(ŷ

)
+

E
(ŷ

2
))

=
1 2

(
1
−

4c K
(1
−

2
−
K

)n
d
−
1

+
4
c2

(1
−

2
−
K

)

K
2

n
2
(d
−
1
)

( 1
+
K n

)
( 1

+
1 n

) d
−
2
)

=
1 2

(
1
−

(1
−

2
−
K

)
( 1

+
K n

)(
1

+
1 n

) d
−
2

)
,

si
n
ce
c

=
K

2
n
d
−
1
(1

+
K n

)(
1
+

1 n
)d
−
2
,

co
m

p
le

ti
n
g

th
e

p
ro

of
.
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ex

t
w

e
p
ro

ve
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lo
w

er
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D
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r

n
et

w
or
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s

w
it

h
n
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n
eg

at
iv

e
w

ei
g
h
ts

.
L

et
W

b
e

an
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b
it

ra
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su
ch

n
et

w
or

k
.
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u
r

lo
w

er
b

ou
n
d

w
il
l
u
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a
p
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p
er
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of

th
e

fu
n
ct

io
n
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m

p
u
te

d
b
y
W

th
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w
e

n
ow

d
efi

n
e.

D
e
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n
it

io
n

1
1

A
fu

n
ct

io
n
φ

:
R
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→

R
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p

er
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o
d
u
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r
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fo
r

a
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x
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1
,δ

2
∈

R
K

w
h
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e
δ
1
,δ

2
≥

0
φ
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+
φ
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+
δ
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+
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≥
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+
δ
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)

+
φ
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+
δ
2
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D
r
o
p
o
u
t
in

D
e
e
p
N
e
t
w
o
r
k
s

o
r

equ
iva

len
tly:

φ
(x

+
δ
1

+
δ
2 )−

φ
(x

+
δ
2 )≥

φ
(x

+
δ
1 )−

φ
(x

)

T
h
e

la
tter

in
d
icates

th
at

ad
d
in

g
δ
1

to
th

e
b
igger

in
p
u
t

x
+
δ
2

h
as

at
least

as
large

an
eff

ect
a
s

a
d
d
in

g
it

to
th

e
sm

aller
in

p
u
t

x
.

S
in

ceW
h
a
s

all
n
on

-n
egative

w
eigh

ts,
it

com
p
u
tes

a
su

p
erm

o
d
u
lar

fu
n
ction

of
its

in
p
u
ts.

(T
h
is

fa
ct

m
ay

b
e

of
in

d
ep

en
d
en

t
in

terest.)

L
e
m

m
a

1
2

If
a

n
etw

o
rk

h
a
s

n
o
n

-n
ega

tive
w

eigh
ts

a
n

d
its

a
ctiva

tio
n

fu
n

ctio
n

s
σ

(·)
a
re

co
n

-
vex,

co
n

tin
u

o
u

s,
n

o
n

-d
ecrea

sin
g,

a
n

d
d
iff

eren
tia

ble
excep

t
o
n

a
fi

n
ite

set,
th

en
th

e
n

etw
o
rk

co
m

p
u

tes
a

su
perm

od
u

la
r

fu
n

ctio
n

o
f

its
in

p
u

t
x

.

P
ro

o
f:

W
e

w
ill

p
rove

b
y

in
d
u
ction

over
th

e
lay

ers
th

at,
for

an
y

u
n
it
h

in
th

e
n
etw

ork
,

if
h

(x
)

is
th

e
o
u
tp

u
t

of
u
n
it
h

w
h
en

x
is

th
e

in
p
u
t

to
W

,
th

en
h

(·)
is

a
su

p
erm

o
d
u
lar

fu
n
ction

o
f

its
in

p
u
t.

T
h
e

b
a
se

ca
se

h
old

s
sin

ce
each

in
p
u
t

n
o
d
e
h

ou
tp

u
ts

th
e

corresp
on

d
in

g
com

p
on

en
t

of
th

e
in

p
u
t,

a
n
d

(x
+
δ
1 )−

x
=

(x
+
δ
1

+
δ
2 )−

(x
+
δ
2 ).

N
ow

,
fo

r
th

e
in

d
u
ctive

step
,

let
w

b
e

th
e

w
eigh

t
vector

for
n
o
d
e
h

,
let

b
b

e
its

b
ias,

an
d

σ
(·)

b
e

its
a
ctivation

fu
n
ction

.
L

et
I
(x

),
I
(x

+
δ
1 ),

I
(x

+
δ
2 ),

an
d
I
(x

+
δ
1

+
δ
2 )

b
e

th
e

in
p
u
ts

to
n
o
d
e
h

w
h
en

th
e

in
p
u
ts

to
th

e
n
etw

ork
are

x
,

x
+
δ
1 ,

x
+
δ
2

an
d

x
+
δ
1

+
δ
2

resp
ectively.

B
y

in
d
u
ctio

n
,

th
ese

in
p
u
ts

to
n
o
d
e
h

(com
p

on
en

tw
ise)

satisfy

I
(x

+
δ
1 )−

I
(x

)≤
I
(x

+
δ
1

+
δ
2 )−

I
(x

+
δ
2 ).

T
h
erefo

re,
sin

ce
w

,
δ
1 ,

an
d
δ
2

are
n
on

-n
egative,

th
e

in
terval

[w
·I

(x
+
δ
2 )

+
b,w
·I

(x
+
δ
1

+
δ
2 )+

b]
is

a
t

lea
st

as
lon

g
an

d
starts

at
least

as
h
igh

as
th

e
in

terval
[w
·I

(x
)+
b,w
·I

(x
+
δ
1 )+

b].
S
in

ce
σ

is
co

n
tin

u
ou

s
an

d
d
iff

eren
tiab

le
ex

cep
t

on
a

fi
n
ite

set,
w

e
h
ave

h
(I

(x
+
δ
1 ))−

h
(I

(x
))

=

∫
w
·I
(x

+
δ
1
)+
b

w
·I
(x

)+
b

σ
′(z

)d
z

≤
∫

w
·I
(x

+
δ
1
+
δ
2
)+
b

w
·I
(x

+
δ
2
)+
b

σ
′(z

)d
z

(sin
ce
σ
′

is
n
o
n
-d

ecreasin
g)

=
h

(I
(x

+
δ
1

+
δ
2 ))−

h
(I

(x
+
δ
2 )).

D
e
fi

n
itio

n
1
3

L
et

r
0 ∈
{
0,1}

K
be

th
e

d
ro

po
u

t
pa

ttern
co

n
cern

in
g

th
e

in
p
u

t
la

yer,
a
n

d
let

R
′

be
th

e
d
ro

po
u

t
pa

ttern
co

n
cern

in
g

th
e

rest
o
f

th
e

n
etw

o
rk,

so
th

a
t

th
e

d
ro

po
u

t
pa

ttern
R

=
(r

0 ,R
′).

F
o
r

ea
ch

`∈
{
0
,...,K

},
let

ψ
W

(`)
be

th
e

a
vera

ge
o
u

tp
u

t
o
fW

u
n

d
er

d
ro

po
u

t
w

h
en

`
o
f

th
e

in
p
u

ts
a
re

kep
t:

th
a
t

is,

ψ
W

(`)
=

E


D

(W
,1
K
,(r

0 ,R
′)) ∣∣∣∣∣∣ ∑

j

r
0
j

=
` 

.
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H
e
l
m
b
o
l
d

a
n
d

L
o
n
g

L
e
m

m
a

1
4

F
o
r

a
n

y
`∈
{1
,...,K

−
1},

ψ
W

(`
+

1)−
ψ
W

(`)≥
ψ
W

(`)−
ψ
W

(`−
1).

P
ro

o
f:

G
en

erate
u

,
i

an
d
j

ran
d
om

ly
b
y,

fi
rst

ch
o
osin

g
u

u
n
iform

ly
at

ran
d
om

from
am

on
g

b
it

v
ectors

w
ith

`
on

es,
th

en
ch

o
osin

g
i

u
n
iform

ly
from

th
e

0-com
p

on
en

ts
of

u
,

an
d
j

u
n
iform

ly
from

th
e

1-com
p

on
en

ts
of

u
.

B
y

L
em

m
a

12,

W
(u

+
e
i )−
W

(u
)≥
W

(u
−

e
j

+
e
i )−
W

(u
−

e
j )

(3)

alw
ay

s
h
old

s.
F

u
rth

erm
ore,

u
+

e
i

is
u
n
iform

ly
d
istrib

u
ted

am
on

g
b
it

vectors
w

ith
`

+
1

on
es,

u
−

e
j

is
u
n
iform

ly
d
istrib

u
ted

am
on

g
b
it

vectors
w

ith
`−

1
on

es,
an

d
u

+
e
i −

e
j

is
u
n
iform

ly
d
istrib

u
ted

am
on

g
b
it

vectors
w

ith
`

on
es.

T
h
is

is
tru

e
forW

,
b
u
t

it
is

also
tru

e
for

an
y

n
etw

ork
ob

tain
ed

b
y

d
rop

p
in

g
ou

t
som

e
of

th
e

h
id

d
en

n
o
d
es

ofW
.

T
h
u
s

ψ
W

(`
+

1)−
ψ
W

(`)

=
E

(D
(W

,1
K
,(r

0 ,R
′)| ∑

j

r
0
j

=
`

+
1))−

E
(D

(W
,1
K
,(r

0 ,R
′)| ∑

j

r
0
j

=
`))

=
E

(D
(W

,r
0 ,(1

K
,R
′)| ∑

j

r
0
j

=
`

+
1))−

E
(D

(W
,r

0 ,(1
K
,R
′)| ∑

j

r
0
j

=
`))

≥
E

(D
(W

,r
0 ,(1

K
,R
′)| ∑

j

r
0
j

=
`))−

E
(D

(W
,r

0 ,(1
K
,R
′)| ∑

j

r
0
j

=
`−

1)),

b
y

(3))
an

d
th

e
d
istrib

u
tion

s
of

u
+

e
i ,

u
−

e
j

+
e
i
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lo
gy

en
gi

n
ee

rs
,

as
si

st
in

g
th

em
in

th
e

d
es

ig
n

of
h

ig
h

-q
u

al
it

y
o
n
to

lo
g
ie

s;
ex

a
m

p
le

s
in

cl
u
d
e

th
e

u
b
iq

u
it

o
u
s

ta
sk

o
f

o
n
to

lo
g
y

cl
a
ss

ifi
ca

ti
o
n

(B
a
a
d
er

et
a
l.
,

2
0
1
7
),

re
a
so

n
in

g
su

p
p

o
rt

fo
r

d
eb

u
g
g
in

g
o
n
to

lo
g
ie

s
(W

a
n
g

et
a
l.
,

2
0
0
5
;

S
ch

lo
b
a
ch

et
a
l.
,

2
0
0
7
),

su
p
p

o
rt

fo
r

m
o
d
u
la

r
o
n
to

lo
g
y

d
es

ig
n

(S
tu

ck
en

sc
h
m

id
t

et
a
l.
,

2
0
0
9
),

a
n
d

ch
ec

k
in

g
th

e
co

m
p
le

te
n
es

s
o
f

th
e

m
o
d
el

li
n
g

in
a

sy
st

em
a
ti

c
w

ay
(B

a
a
d
er

et
a
l.
,

2
0
0
7
).

T
h
e

sa
m

e
a
im

is
p
u
rs

u
ed

b
y

th
e

fi
el

d
o
f

o
n
to

lo
g
y

le
a
rn

in
g
,

w
h
er

e
th

e
g
o
a
l

is
to

u
se

m
a
ch

in
e

le
a
rn

in
g

te
ch

n
iq

u
es

fo
r

va
ri

ou
s

on
to

lo
gy

en
gi

n
ee

ri
n
g

ta
sk

s
su

ch
as

to
id

en
ti

fy
th

e
re

le
va

n
t

vo
ca

b
u
la

ry
o
f

th
e

a
p
p
li
ca

ti
o
n

d
o
m

a
in

(C
im

ia
n
o

et
a
l.
,

2
0
1
0
;

W
o
n
g

et
a
l.
,

2
0
1
2
),

to
le

a
rn

a
n

in
it

ia
l

ve
rs

io
n

of
th

e
on

to
lo

gy
th

at
is

th
en

re
fi

n
ed

m
an

u
al

ly
(B

or
ch

m
an

n
an

d
D

is
te

l,
20

11
;

M
a

an
d

D
is

te
l,

20
13

;
J
im

én
ez

-R
u

iz
et

al
.,

20
15

),
an

d
to

le
ar

n
co

n
ce

p
t

ex
p

re
ss

io
n

s
as

b
u

il
d

in
g

b
lo

ck
s

of
an

on
to

lo
gy

(L
eh

m
an

n
an

d
H

it
zl

er
,

20
10

).
F

or
d

et
ai

ls
w

e
re

fe
r

th
e

re
ad

er
to

a
co

ll
ec

ti
on

of
ar

ti
cl

es
in

on
to

lo
gy

le
ar

n
in

g
ed

it
ed

b
y

L
eh

m
an

n
an

d
V

öl
ke

r
(2

01
4)

an
d

S
ec

ti
o
n

7
.

In
th

is
p
ap

er
w

e
co

n
ce

n
tr

at
e

on
le

ar
n
in

g
th

e
fu

ll
lo

gi
ca

l
st

ru
ct

u
re

of
a

d
es

cr
ip

ti
o
n

lo
g
ic

o
n
to

lo
g
y.

O
u
r

st
a
rt

in
g

p
o
in

t
is

th
e

o
b

se
rv

a
ti

o
n

th
a
t

b
u
il
d
in

g
a

h
ig

h
-q

u
a
li
ty

o
n
to

lo
g
y

re
li
es

on
th

e
su

cc
es

sf
u
l

co
m

m
u
n
ic

at
io

n
b

et
w

ee
n

an
on

to
lo

gy
en

gi
n
ee

r
an

d
a

d
om

ai
n

ex
p

er
t

b
ec

au
se

th
e

fo
rm

er
is

ty
p

ic
a
ll

y
n

o
t

su
ffi

ci
en

tl
y

fa
m

il
ia

r
w

it
h

th
e

d
o
m

a
in

a
n

d
th

e
la

tt
er

is
ra

re
ly

a
n

ex
p

er
t

in
o
n
to

lo
g
y

en
g
in

ee
ri

n
g
.

W
e

st
u
d
y

th
e

fo
u
n
d
a
ti

o
n
s

o
f

th
is

co
m

m
u
n
ic

a
ti

o
n

p
ro

ce
ss

in
te

rm
s

o
f

a
si

m
p
le

co
m

m
u
n
ic

a
ti

o
n

m
o
d
el

a
n
d

a
n
a
ly

se
,

w
it

h
in

th
is

m
o
d
el

,
th

e
co

m
p
le

x
it

y
o
f

co
n
st

ru
ct

in
g

a
co

rr
ec

t
a
n
d

co
m

p
le

te
d
o
m

a
in

o
n
to

lo
g
y.

O
u
r

m
o
d
el

re
st

s
o
n

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
s:

1.
T

h
e

d
om

ai
n

ex
p

er
t

h
as

p
er

fe
ct

k
n
ow

le
d
ge

of
th

e
d
om

ai
n
,

b
u
t

is
n
ot

ab
le

to
fo

rm
al

is
e

or
co

m
m

u
n
ic

at
e

th
e

ta
rg

et
on

to
lo

gy
O

to
b

e
co

n
st

ru
ct

ed
.

2.
T

h
e

d
om

ai
n

ex
p

er
t

is
ab

le
to

co
m

m
u
n
ic

at
e

th
e

vo
ca

b
u
la

ry
(p

re
d
ic

at
e

sy
m

b
ol

s,
w

h
ic

h
in

th
e

ca
se

o
f

D
L

s
ta

k
e

th
e

fo
rm

o
f

co
n
ce

p
t

a
n
d

ro
le

n
a
m

es
)

o
f
O

a
n
d

sh
a
re

s
it

w
it

h
th

e
on

to
lo

gy
en

gi
n
ee

r.
T

h
e

on
to

lo
gy

en
gi

n
ee

r
k
n
ow

s
n
ot

h
in

g
el

se
ab

ou
t

th
e

d
o
m

a
in

.

3.
T

h
e

on
to

lo
gy

en
gi

n
ee

r
ca

n
p

os
e

q
u
er

ie
s

to
th

e
d
om

ai
n

ex
p

er
t

w
h
ic

h
th

e
d
om

ai
n

ex
p

er
t

an
sw

er
s

tr
u
th

fu
ll
y.

T
h
e

m
ai

n
q
u
er

ie
s

p
os

ed
b
y

th
e

on
to

lo
gy

en
gi

n
ee

r
a
re

o
f

th
e

fo
rm

“I
s

th
e

co
n
ce

p
t

in
cl

u
si

on
C
v
D

en
ta

il
ed

b
y
O

?”

4.
In

a
d
d
it

io
n
,

th
e

o
n
to

lo
g
y

en
g
in

ee
r

n
ee

d
s

a
w

ay
to

fi
n
d

o
u
t

w
h
et

h
er

th
e

o
n
to

lo
g
y
H

th
a
t

h
a
s

b
ee

n
co

n
st

ru
ct

ed
so

fa
r,

ca
ll
ed

th
e

h
y
p

o
th

es
is

o
n
to

lo
g
y,

is
co

m
p
le

te
.

If
n
o
t,

h
e

re
q
u
es

ts
an

ex
am

p
le

il
lu

st
ra

ti
n
g

th
e

in
co

m
p
le

te
n
es

s.
T

h
e

en
gi

n
ee

r
ca

n
th

u
s

a
sk

:

“I
s

th
e

on
to

lo
gy
H

co
m

p
le

te
?

If
n
ot

,
th

en
re

tu
rn

a
co

n
ce

p
t

in
cl

u
si

on
C
v
D

en
ta

il
ed

b
y
O

b
u
t

n
ot

b
y
H

.”
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W
e

a
re

th
en

in
terested

in
w

h
eth

er
th

e
ta

rg
et

o
n
to

lo
g
y
O

ca
n

b
e

co
n
stru

cted
w

ith
o
n
ly

p
oly

n
om

ially
m

an
y

q
u
eries

of
p

oly
n
om

ial
size

(p
oly

n
om

ial
q
u
ery

learn
ab

ility
)

or,
even

b
etter,

w
ith

overall
p

oly
n
om

ial
tim

e
(p

oly
n
om

ial
tim

e
learn

ab
ility

).
In

b
oth

cases,
th

e
p

oly
n
om

ial
is

in
th

e
size

of
th

e
on

tology
to

b
e

con
stru

cted
p
lu

s
th

e
size

of
th

e
cou

n
terex

am
p
les

retu
rn

ed
b
y

th
e

d
o
m

a
in

ex
p

ert.
W

ith
o
u
t

ta
k
in

g
in

to
a
cco

u
n
t

th
e

la
tter,

o
n
e

ca
n

n
ev

er
ex

p
ect

to
ach

ieve
p

oly
n
om

ial
tim

e
learn

ab
ility

b
ecau

se
th

e
d
om

ain
ex

p
ert

cou
ld

p
rov

id
e

u
n
n
ecessarily

la
rg

e
co

u
n
terex

a
m

p
les.

N
o
te

th
a
t

p
o
ly

n
o
m

ia
l

tim
e

lea
rn

a
b
ility

im
p
lies

p
o
ly

n
o
m

ia
l

q
u
ery

learn
ab

ility,
b
u
t

th
at

th
e

con
verse

is
false

b
ecau

se
p

oly
n
om

ial
q
u
ery

learn
ab

ility
allow

s
th

e
o
n
to

lo
gy

en
g
in

eer
to

ru
n

com
p
u
tation

ally
costly

p
ro

ced
u
res

b
etw

een
p

osin
g

q
u
eries.

T
h
e

a
b

ov
e

m
o
d
el

is
a
n

in
sta

n
ce

o
f

A
n
g
lu

in
et

a
l.’s

fra
m

ew
o
rk

o
f

ex
a
ct

lea
rn

in
g

v
ia

q
u

eries
(A

n
glu

in
,

1987b
).

In
th

is
con

tex
t,

th
e

q
u

eries
m

en
tion

ed
in

P
oin

t
3

ab
ove

are
called

m
em

bersh
ip

qu
eries.

T
h
e

q
u
eries

in
P

oin
t

4
are

a
form

of
equ

iva
len

ce
qu

eries.
In

A
n
glu

in
’s

fra
m

ew
o
rk

,
h
ow

ever,
su

ch
q
u
eries

are
sligh

tly
m

ore
gen

eral:

“
Is

th
e

h
y
p

o
th

esis
o
n
to

lo
g
y
H

eq
u
iva

len
t

to
th

e
ta

rg
et

o
n
to

lo
g
y
O

?
If

n
o
t,

th
en

retu
rn

a
co

n
cep

t
in

clu
sio

n
C
v
D

en
ta

iled
b
y
O

b
u
t

n
o
t

b
y
H

(a
po

sitive
co

u
n

terexa
m

p
le

)
or

v
ice

versa
(a

n
ega

tive
co

u
n

terexa
m

p
le

).”

In
ou

r
u
p
p

er
b

ou
n
d
s

(th
at

is,
p

oly
n
om

ial
learn

ab
ility

resu
lts),

w
e

ad
m

it
on

ly
q
u
eries

of
th

e
m

o
re

restricted
fo

rm
in

P
o
in

t
4

a
b

ov
e:

th
e

lea
rn

in
g

a
lg

o
rith

m
is

d
esig

n
ed

in
a

w
ay

so
th

a
t

th
e

h
y
p

oth
esis

on
tology

H
is

a
con

seq
u
en

ce
of

th
e

target
on

tology
O

at
all

tim
es,

an
d

th
u
s

th
e

o
n
ly

m
ea

n
in

g
fu

l
eq

u
iva

len
ce

q
u
ery

is
a

q
u
ery

o
f

th
e

fo
rm

“
Is
H

a
lrea

d
y

co
m

p
lete?”

.
O

u
r

low
er

b
o
u
n
d
s

(resu
lts

say
in

g
th

a
t

p
o
ly

n
o
m

ia
l

lea
rn

a
b
ility

is
im

p
o
ssib

le),
in

co
n
tra

st,
ap

p
ly

to
u
n
restricted

eq
u
ivalen

ce
q
u

eries,
th

at
is,

th
ey

d
o

n
ot

assu
m

e
th

at
th

e
h
y
p

oth
esis

is
im

p
lied

b
y

th
e

target.
In

th
is

w
ay,

w
e

ach
iev

e
m

ax
im

u
m

gen
erality.

W
ith

in
th

e
setu

p
ou

tlin
ed

ab
ove,

w
e

stu
d
y

th
e

follow
in

g
d
escrip

tion
logics:

(a)
D

L
-L

ite ∃R
,

w
h
ich

is
a

m
em

b
er

o
f

th
e

D
L

-L
ite

fa
m

ily
th

a
t

a
d
m

its
ro

le
in

clu
sio

n
s

a
n
d

a
llow

s
n
ested

ex
isten

tial
q
u
an

tifi
cation

on
th

e
righ

t-h
an

d
sid

e
of

con
cep

t
in

clu
sion

s;

(b
)

th
e

ex
ten

sio
n

D
L

-L
ite ∃R

,h
orn

o
f

D
L

-L
ite ∃R

w
ith

co
n
ju

n
ctio

n
o
n

th
e

left-h
a
n
d

sid
e

o
f

con
cep

t
in

clu
sion

s;

(c)
th

e
b
a
sic

m
em

b
erEL

of
th

e
EL

fam
ily

;

(d
)

th
e

fra
g
m

en
t
EL

lh
s

o
f
EL

w
h
ere

o
n
ly

co
n
cep

t
n
a
m

es
(b

u
t

n
o

co
m

p
o
u
n
d

co
n
cep

t
ex

p
ressio

n
s)

are
ad

m
itted

on
th

e
righ

t-h
an

d
sid

e
of

con
cep

t
in

clu
sio

n
s.

W
e

rem
ark

th
at

D
L

-L
ite ∃R

is
closely

related
to

O
W

L
2

Q
L

,
w

h
ich

is
b
ased

on
th

e
fragm

en
t

o
f

D
L

-L
ite ∃R

th
a
t

d
o
es

n
o
t

a
llow

n
ested

ex
isten

tia
l

q
u
a
n
tifi

ca
tio

n
o
n

th
e

rig
h
t-h

a
n
d

sid
e

o
f

co
n
cep

t
in

clu
sio

n
s.

In
th

is
m

o
re

restricted
ca

se,
th

o
u
g
h
,

p
o
ly

n
o
m

ia
l

lea
rn

a
b
ility

is
u
n
in

terestin
g.

In
fact,

th
e

n
u
m

b
er

of
con

cep
t

in
clu

sion
s

form
u
lated

in
a

fi
x
ed

fi
n
ite

vo
cab

u
lary

Σ
is

b
o
u
n
d
ed

p
o
ly

n
o
m

ia
lly

in
th

e
size

o
f

Σ
in

stea
d

o
f

b
ein

g
in

fi
n
ite

a
s

in
th

e
d
escrip

tio
n

lo
g
ics

stu
d
ied

in
th

is
p
a
p

er;
co

n
seq

u
en

tly,
T

B
ox

es
a
re

triv
ia

lly
lea

rn
a
b
le

in
p

o
ly

n
o
m

ia
l

tim
e,

even
w

h
en

on
ly

m
em

b
ersh

ip
q
u

eries
(b

u
t

n
o

eq
u

ivalen
ce

q
u

eries)
are

availab
le

or
v
ice

versa.
T

h
e

ex
ten

sion
D

L
-L

ite ∃R
,h
orn

of
D

L
-L

ite ∃R
is

n
ot

p
art

of
th

e
O

W
L

2
Q

L
stan

d
ard

,
b
u
t

a
d
m

ittin
g

co
n
ju

n
ctio

n
s

o
n

th
e

left-h
a
n
d

sid
e

o
f

co
n
cep

t
in

clu
sio

n
s

is
a

u
sefu

l
a
n
d

w
id

ely
con

sid
ered

ex
ten

sion
of

b
asic

D
L

-L
ite

d
ialects

(A
rtale

et
al.,

2009).EL
lh
s

is
a

sign
ifi

can
t

p
art
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EL
rh
s
EL

lh
s

D
L

-L
ite ∃R

,h
orn

D
L

-L
ite ∃R EL

P
oly

n
o
m

ial
q
u
ery

learn
ab

le

P
oly

n
o
m

ial
tim

e
learn

ab
le

N
ot

p
oly

n
o
m

ial
q
u
ery

learn
ab

le

F
igu

re
1:

S
u
m

m
ary

of
m

ain
resu

lts

o
f

th
e

O
W

L
2

R
L

la
n

g
u

a
g
e

a
n

d
ca

n
b

e
v
iew

ed
a
s

a
n

a
tu

ra
l

fra
g
m

en
t

o
f

D
a
ta

lo
g
.

A
n

ev
en

b
etter

ap
p

rox
im

ation
of

O
W

L
2

R
L

w
ou

ld
b

e
th

e
ex

ten
sion

ofEL
lh
s

w
ith

in
verse

roles,
b

u
t

p
oly

n
om

ial
learn

ab
ility

in
th

at
lan

gu
age

rem
ain

s
an

op
en

p
rob

lem
.

A
n
d

fi
n
ally,

u
n
restricted

EL
can

b
e

v
iew

ed
as

a
logical

core
of

th
e

O
W

L
2

E
L

lan
gu

a
ge.

A
fter
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l

if
x
6∈
µ

(l
).

W
e

gi
ve

a
fo

rm
al

d
efi

n
it

io
n

of
p

ol
y
n
om

ia
l

q
u
er

y
an

d
ti

m
e

le
ar

n
ab

il
it

y
w

it
h
in

a
le

ar
n
in

g
fr

a
m

ew
o
rk

.
L

et
F

=
(X
,L
,µ

)
b

e
a

le
a
rn

in
g

fr
a
m

ew
o
rk

.
W

e
a
re

in
te

re
st

ed
in

th
e

ex
a
ct

id
en

ti
fi
ca

ti
o
n

o
f

a
ta

rg
et

co
n
ce

p
t

re
p
re

se
n
ta

ti
o
n
l
∈
L

b
y

p
o
si

n
g

q
u
er

ie
s

to
o
ra

cl
es

.
L

et
M
E
M

F
,l

b
e

th
e

o
ra

cl
e

th
a
t

ta
k
es

a
s

in
p
u
t

so
m

e
x
∈
X

a
n
d

re
tu

rn
s

‘y
es

’
if
x
∈
µ

(l
)

a
n
d

‘n
o
’

ot
h
er

w
is

e.
A

m
em

be
rs

h
ip

qu
er

y
is

a
ca

ll
to

th
e

or
ac

le
M
E
M

F
,l
.

S
im

il
ar

ly
,

fo
r

ev
er

y
l
∈
L,

w
e

d
en

ot
e

b
y
E
Q

F
,l

th
e

or
ac

le
th

at
ta

ke
s

as
in

p
u
t

a
h
yp

o
th

es
is

co
n
ce

p
t

re
p
re

se
n
ta

ti
on

h
∈
L

an
d

re
tu

rn
s

‘y
es

’
if
µ

(h
)

=
µ

(l
)

an
d

a
co

u
n

te
re

xa
m

p
le
x
∈
µ

(h
)
⊕
µ

(l
)

ot
h
er

w
is

e,
w

h
er

e
⊕

d
en

ot
es

th
e

sy
m

m
et

ri
c

se
t

d
iff

er
en

ce
.

T
h
er

e
is

n
o

a
ss

u
m

p
ti

o
n

re
g
a
rd

in
g

w
h
ic

h
co

u
n
te

re
x
a
m

p
le

in
µ

(h
)
⊕
µ

(l
)

is
ch

os
en

b
y

th
e

or
ac

le
.

A
n

eq
u

iv
a
le

n
ce

qu
er

y
is

a
ca

ll
to

th
e

or
ac

le
E
Q

F
,l
.

A
le

a
rn

in
g

a
lg

o
ri

th
m

fo
r
F

is
a

d
et

er
m

in
is

ti
c

a
lg

o
ri

th
m

th
a
t

ta
k
es

n
o

in
p
u
t,

is
a
ll
ow

ed
to

m
a
k
e

q
u
er

ie
s

to
M
E
M

F
,l

a
n
d
E
Q

F
,l

(w
it

h
o
u
t

k
n
ow

in
g

w
h
a
t

th
e

ta
rg

et
l

to
b

e
le

a
rn

ed
is

),
a
n
d

th
a
t

ev
en

tu
a
ll
y

h
a
lt

s
a
n
d

o
u
tp

u
ts

so
m

e
h
∈
L

w
it

h
µ

(h
)

=
µ

(l
).

W
e

sa
y

th
a
t
F

is

3
.

T
h
e

si
m

il
a
ri

ty
o
f

th
is

n
a
m

e
to

‘c
o
n
ce

p
t

ex
p
re

ss
io

n
’

is
a
cc

id
en

ta
l

a
n
d

sh
o
u
ld

n
o
t

b
e

ta
k
en

to
m

ea
n

th
a
t

th
es

e
tw

o
n

o
ti

o
n

s
a
re

cl
o
se

ly
re

la
te

d
.

B
o
th

is
st

a
n

d
a
rd

te
rm

in
o
lo

g
y

in
th

e
re

sp
ec

ti
v
e

a
re

a
.
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ex
a
ct

le
a
rn

a
bl

e
if

th
er

e
is

a
le

ar
n
in

g
al

go
ri

th
m

fo
r
F

an
d

th
at

F
is

po
ly

n
o
m

ia
l

qu
er

y
le

a
rn

a
bl

e
if

it
is

ex
a
ct

le
a
rn

a
b
le

b
y

a
n

a
lg

o
ri

th
m
A

su
ch

th
a
t

a
t

ev
er

y
st

ep
th

e
su

m
o
f

th
e

si
ze

s
o
f

th
e

in
p
u

ts
to

m
em

b
er

sh
ip

a
n
d

eq
u

iv
a
le

n
ce

q
u
er

ie
s

m
a
d

e
b
y
A

u
p

to
th

a
t

st
ep

is
b

o
u
n

d
ed

b
y

a
p

o
ly

n
o
m

ia
l
p
(|l
|,|
x
|),

w
h
er

e
l

is
th

e
ta

rg
et

a
n
d
x
∈
X

is
th

e
la

rg
es

t
co

u
n
te

re
x
a
m

p
le

se
en

so
fa

r
(A

ri
a
s,

2
0
0
4
).

F
in

a
ll
y,

F
is

po
ly

n
o
m

ia
l

ti
m

e
le

a
rn

a
bl

e
if

it
is

ex
a
ct

le
a
rn

a
b
le

b
y

a
n

a
lg

o
ri

th
m
A

su
ch

th
a
t

a
t

ev
er

y
st

ep
(w

e
co

u
n
t

ea
ch

ca
ll

to
a
n

o
ra

cl
e

a
s

o
n

e
st

ep
o
f

co
m

p
u
ta

ti
on

)
of

co
m

p
u
ta

ti
on

th
e

ti
m

e
u
se

d
b
y
A

u
p

to
th

at
st

ep
is

b
ou

n
d
ed

b
y

a
p

ol
y
n
om

ia
l

p
(|l
|,|
x
|),

w
h
er

e
l
∈
L

is
th

e
ta

rg
et

a
n
d
x
∈
X

is
th

e
la

rg
es

t
co

u
n
te

re
x
a
m

p
le

se
en

so
fa

r.
C

le
ar

ly
,

a
le

ar
n

in
g

fr
am

ew
or

k
F

th
at

is
p

ol
y
n

om
ia

l
ti

m
e

le
ar

n
ab

le
is

al
so

p
ol

y
n

om
ia

l
q
u

er
y

le
ar

n
ab

le
.

T
h
e

ai
m

of
th

is
p
ap

er
is

to
st

u
d
y

le
ar

n
ab

il
it

y
of

d
es

cr
ip

ti
on

lo
gi

c
T

B
ox

es
.

In
th

is
co

n
te

x
t,

ea
ch

D
L
L

gi
ve

s
ri

se
to

a
le

ar
n
in

g
fr

am
ew

or
k

(X
,L
,µ

),
as

fo
ll
ow

s:
L

is
th

e
se

t
of

al
l

T
B

ox
es

fo
rm

u
la

te
d

in
L

,
X

is
th

e
se

t
of

al
l
C

Is
an

d
R

Is
fo

rm
u
la

te
d

in
L

,
an

d
µ

(T
)

=
{α
∈
X
|T
|=
α
}

fo
r

ev
er

y
T
∈
L.

O
b
se

rv
e

th
a
t
µ

(T
)

=
µ

(T
′ )

iff
T
≡
T
′ ,

fo
r

a
ll

T
B

ox
es
T

a
n
d
T
′ .

W
e

sa
y

th
a
t
L

T
B

o
xe

s
a
re

po
ly

n
o
m

ia
l

qu
er

y
le

a
rn

a
bl

e
if

th
e

le
a
rn

in
g

fr
a
m

ew
o
rk

d
efi

n
ed

b
y
L

is
p

o
ly

n
o
m

ia
l

q
u

er
y

le
a
rn

a
b

le
,

a
n

d
li
k
ew

is
e

fo
r

p
o
ly

n
o
m

ia
l

ti
m

e
le

a
rn

a
b

il
it

y.
W

h
a
t

d
o
es

n
o
t

sh
ow

u
p

d
ir

ec
tl

y
in

th
is

re
p
re

se
n
ta

ti
o
n

is
o
u
r

a
ss

u
m

p
ti

o
n

th
a
t

th
e

si
g
n
a
tu

re
o
f

th
e

ta
rg

et
T

B
ox

is
k
n

ow
n

to
th

e
le

ar
n

er
.

N
ot

e
th

at
th

is
is

a
st

an
d

ar
d

as
su

m
p

ti
on

.
F

or
ex

am
p

le
,

w
h

en
le

ar
n
in

g
p
ro

p
os

it
io

n
al

H
or

n
fo

rm
u
la

s,
it

is
co

m
m

on
to

as
su

m
e

th
at

th
e

va
ri

ab
le

s
in

th
e

ta
rg

et
fo

rm
u
la

ar
e

k
n
ow

n
to

th
e

le
ar

n
er

.

3
.
L
e
a
rn

in
g
D
L
-L

it
e
∃ R

T
B
o
x
e
s

W
e

p
ro

v
e

th
a
t

D
L

-L
it

e∃ R
T

B
ox

es
a
re

p
o
ly

n
o
m

ia
l

q
u
er

y
le

a
rn

a
b
le

.
If

in
v
er

se
ro

le
s

a
re

d
is

al
lo

w
ed

in
C

Is
an

d
R

Is
of

th
e

ta
rg

et
T

B
ox

th
en

ou
r

al
go

ri
th

m
ru

n
s

in
p

ol
y
n
om

ia
l

ti
m

e
an

d
th

u
s

sh
ow

s
th

at
T

B
ox

es
in

th
is

re
st

ri
ct

ed
la

n
gu

ag
e

ar
e

p
ol

y
n
om

ia
l

ti
m

e
le

ar
n
ab

le
.

W
it

h
ou

t
th

is
re

st
ri

ct
io

n
,

p
ol

y
n
om

ia
l

ti
m

e
le

ar
n
ab

il
it

y
re

m
ai

n
s

op
en

.

T
o

si
m

p
li
fy

th
e

p
re

se
n
ta

ti
on

,
w

e
m

ak
e

tw
o

m
in

or
as

su
m

p
ti

on
s

ab
ou

t
th

e
ta

rg
et

T
B

ox
T

.
W

e
w

il
l

sh
ow

la
te

r
h
ow

th
es

e
as

su
m

p
ti

on
s

ca
n

b
e

ov
er

co
m

ed
.

F
ir

st
,

w
e

as
su

m
e

th
at
T

d
o
es

n
ot

en
ta

il
n
on

-t
ri

v
ia

l
ro

le
eq

u
iv

al
en

ce
s,

th
at

is
,

th
er

e
d
o

n
ot

ex
is

t
d
is

ti
n
ct

ro
le

s
r

an
d
s

su
ch

th
at
T
|=
r
≡
s.

T
h

is
al

lo
w

s
u

s
to

av
oi

d
d

ea
li

n
g

w
it

h
cl

as
se

s
of

eq
u

iv
al

en
t

ro
le

s,
si

m
p

li
fy

in
g

n
o
ta

ti
o
n
.

T
h
e

se
co

n
d

re
q
u
ir

em
en

t
is

a
b
it

m
o
re

su
b
tl

e.
A

co
n
ce

p
t

in
cl

u
si

o
n

is
in

re
d
u

ce
d

fo
rm

if
it

is
b

et
w

ee
n

b
a
si

c
co

n
ce

p
ts

o
r

it
s

le
ft

-h
a
n
d

si
d
e

is
a

co
n
ce

p
t

n
a
m

e.
A

T
B

ox
T

is
in

n
a
m

ed
fo

rm
if

a
ll

C
Is

in
it

a
re

in
re

d
u

ce
d

fo
rm

a
n

d
it

co
n
ta

in
s

a
co

n
ce

p
t

n
a
m

e
A
r

su
ch

th
at
A
r
≡
∃r
.>
∈
T

,
fo

r
ea

ch
ro

le
r.

W
e

as
su

m
e

th
at

th
e

ta
rg

et
T

B
ox

is
in

n
am

ed
fo

rm
an

d
th

a
t

a
ll

C
Is

co
n

si
d

er
ed

b
y

th
e

le
a
rn

er
a
re

in
re

d
u

ce
d

fo
rm

.
In

p
a
rt

ic
u

la
r,

co
u
n
te

re
x
a
m

p
le

s
re

tu
rn

ed
b
y

th
e

or
ac

le
ar

e
im

m
ed

ia
te

ly
co

n
v
er

te
d

in
to

th
is

fo
rm

.

E
x
a
m

p
le

1
5

A
lt

h
o
u

gh
th

e
T

B
o
x
T

fr
o
m

E
xa

m
p
le

1
1

d
oe

s
n

o
t

en
ta

il
ro

le
eq

u
iv

a
le

n
ce

s
a
n

d
a
ll

it
s

C
Is

a
re

in
re

d
u

ce
d

fo
rm

,
it

is
n

o
t

in
n

a
m

ed
fo

rm
.

T
o

fi
x

th
is

,
w

e
in

tr
od

u
ce

co
n

ce
p
t

n
a
m

es
A

su
p
er
vi
so
r
o
f,
A

co
n
d
u
ct

re
se
ar
ch

a
n

d
A

a
d
vi
so
r
o
f

a
n

d
ex

te
n

d
T

w
it

h
th

e
fo

ll
o
w

in
g

eq
u

iv
a
le

n
ce

s:

A
su
p
er
vi
so
r
o
f
≡
∃s
u
p
er
vi
so
r
of
.>

(1
2
)

A
co

n
d
u
ct

re
se
ar
ch
≡
∃c

on
d
u
ct

re
se
ar
ch
.>

(1
3
)
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A
lg

o
rith

m
1

N
äıve

learn
in

g
algorith

m
for

D
L

-L
ite ∃R

In
p

u
t:

A
D

L
-L

ite ∃R
T

B
ox
T

in
n
am

ed
form

given
to

th
e

oracle;
Σ
T

given
to

th
e

learn
er.

O
u

tp
u

t:
T

B
ox
H

,
com

p
u
ted

b
y

th
e

learn
er,

su
ch

th
atT

≡
H

.

1
:

C
o
m

p
u
te
H
ba
sic

=
{
rv

s|T
|=
rv

s}∪
{
B

1 v
B

2 |T
|=
B

1 v
B

2 ,
B

1 ,B
2

b
asic}

2
:

S
etH

a
d
d

=
∅

3
:

w
h

ile
H
ba
sic ∪

H
a
d
d 6≡
T

d
o

4
:

L
et
A
v
C

b
e

th
e

retu
rn

ed
p

ositiv
e

co
u
n
terex

am
p
le

forT
relative

to
H
ba
sic ∪

H
a
d
d

5
:

if
th

ere
is
A
v
C
′∈
H
a
d
d

th
e
n

6
:

R
ep

lace
A
v
C
′

b
y
A
v
C
u
C
′

in
H
a
d
d

7
:

e
lse

8
:

A
d
d
A
v
C

to
H
a
d
d

9
:

e
n

d
if

1
0
:

e
n

d
w

h
ile

1
1
:

re
tu

rn
H

=
H
ba
sic ∪

H
a
d
d

A
a
d
visor

o
f
≡
∃
ad
visor

of.>
.

(14)

N
o
tice

th
a
t
G
rad

u
ate

a
cts

a
s

a
n

a
m

e
fo

r
∃
h
as

d
egree.>

so
n

o
n

ew
d
efi

n
itio

n
is

n
eed

ed
fo

r
th

e
ro

le
h
as

d
egree.

T
h
e

T
B

o
x
T
′
=
T
∪
{(12),(13),(14)}

is
in

n
a
m

ed
fo

rm
.

T
o

d
ev

elo
p

th
e

lea
rn

in
g

a
lg

o
rith

m
it

is
in

stru
ctiv

e
to

sta
rt

w
ith

a
n
ä
ıv

e
v
ersio

n
th

a
t

d
o
es

n
o
t

a
lw

ay
s

term
in

a
te

b
u
t

w
h
ich

ca
n

b
e

refi
n
ed

to
o
b
ta

in
th

e
d
esired

a
lg

o
rith

m
.

T
h
is

v
ersio

n
is

p
resen

ted
a
s

A
lg

o
rith

m
1
.

G
iv

en
th

e
sig

n
a
tu

re
Σ
T

o
f

th
e

ta
rg

et
T

B
ox
T

,
th

e
learn

er
starts

w
ith

com
p

u
tin

g
th

e
setH

ba
sic

b
y

p
osin

g
to

th
e

oracle
th

e
m

em
b

ersh
ip

q
u
ery

‘T
|=
r
v
s?’

fo
r

a
ll
r,s
∈

Σ
T

a
n
d

‘T
|=
B

1 v
B

2 ?’
fo

r
a
ll

b
a
sic

co
n
cep

t
B

1 ,B
2

ov
er

Σ
T

.
O

b
serv

e
th

a
tT
|=
H
ba
sic .

T
h
en

it
en

ters
th

e
m

a
in

w
h

ile
lo

o
p
.

N
o
te

th
a
t

th
e

co
n
d
itio

n
‘H

ba
sic ∪

H
a
d
d 6≡
T

?’
in

L
in

e
3

is
im

p
lem

en
ted

u
sin

g
an

eq
u
ivalen

ce
q
u
ery

to
th

e
oracle,

an
d

th
a
t
A
v
C

in
L

in
e

4
refers

to
th

e
co

u
n
terex

a
m

p
le

retu
rn

ed
b
y

th
e

o
ra

cle
in

th
e

ca
se

th
a
t

eq
u
iva

len
ce

d
o
es
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p
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o
f

in
d
iv

id
u
a
l

n
a
m

es
~a

fr
o
m
A

a
n
d
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d
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b
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b
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b
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p
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.t
.

th
e

ta
rg

et
T

B
ox

.
T

h
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p
t

in
cl

u
si

on
s

si
n

ce
d

om
ai

n
ex

p
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r
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b
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p
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b
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h
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p
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h
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p
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n
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p
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p
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p
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w
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b
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:
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d
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u
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p
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at
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u
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h
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p
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b
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p
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b
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b
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n
in

g
b
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p
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d
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w
it

h
ro

ot
ρ
C

an
d
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d
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d
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is

n
ee

d
ed

to
co

m
p
u
te

a
co

rr
es

p
o
n
d
in

g
co

n
ce

p
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b
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b
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p
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b
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h
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w
it

h
C

Q
s

as
th

e
q
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d
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a
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h
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ra
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ra
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d
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F
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b
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p
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b
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n
in
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p
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w
e
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se
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T
h
e

ex
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t
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ar
n
in

g
p
ro

to
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l
is
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en

as
fo

ll
ow

s:

•
a

m
em

b
er

sh
ip

q
u
er

y
a
sk

s
w

h
et

h
er

a
n

F
O

H
o
rn
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a
u
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b
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O
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•
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n
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n
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u
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y
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s
w
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h
er
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H
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a
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p
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b
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b
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b
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u
n
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p
le

)
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it
h
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n
ct

io
n

sy
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b
o
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a
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n

a
p
p
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r
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n

F
O

H
o
rn
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a
u
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,
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o
m
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n
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n
s

h
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e
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ee
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u
d
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d
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te
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1.
R

a
n
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ct
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a
u
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w
h
en

th
e
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te
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th

e
p
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it
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e
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n
t)

is
a
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b
se

t
of

th
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e
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b
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n
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in
ed

cl
a
u
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w
h
en

th
e

se
t

o
f

te
rm
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a
n
d

su
b
te
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e
p
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ra
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n
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e
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ra
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F
or

ex
am

p
le,

th
e

F
O

H
orn

clau
se∀

x
(¬
P

(f
(x

))∨
P

(x
))
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ran

ge
restricted

b
u
t

n
ot

con
strain

ed
an

d
th

e
F

O
H
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P
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b
u
t

n
ot
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,

w
h
ere

P
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a
p
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m
b
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d
f

a
fu

n
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sy
m

b
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R
ed

d
y

an
d

T
ad
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d
A

rim
u
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9
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),
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sh
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n
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a
t

u
n
d
er
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a
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n
d
itio
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F
O

H
o
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w
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n
g
e
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an
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,
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con
strain

ed
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p
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n
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ial
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e
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e

a
rity

o
f

p
red

ica
tes

is
b

o
u
n
d
ed

b
y
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n
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n
t.

A
lea
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g
a
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o
rith
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a
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g
m
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f

F
O

H
o
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(ca
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O

H
o
rn

)
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t

su
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e
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n
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u
a
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d
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a
b
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e
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p
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b
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d
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h
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n
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h
e

a
lg

o
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m
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p
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m
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n
u
m

b
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f
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d

p
red
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d
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e
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n
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b
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p
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en
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b
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b
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th

at
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b
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ab
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p
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b
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∃
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ra
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ö
lk

er,
D

a
n

iel
F

leisch
h

a
ck

er,
a
n

d
H

ein
er

S
tu

ck
en

sch
m

id
t.

A
u

to
m

a
tic

a
cq

u
isitio

n
o
f

cla
ss

d
isjo

in
tn

ess.
J

o
u

rn
a
l

o
f

W
eb

S
em

a
n

tics,
35:124–139,

2015.

H
a
i

W
a
n
g
,

M
a
tth

ew
H

o
rrid

g
e,

A
la

n
L

.
R

ecto
r,

N
ick

D
ru

m
m

o
n
d
,

a
n
d

J
u
lia

n
S
eid

en
b

erg
.

D
eb

u
g
g
in

g
O

W
L

-D
L

o
n
to

lo
g
ies:

A
h
eu

ristic
a
p
p
ro

a
ch

.
In

4
th

In
tern

a
tio

n
a
l

S
em

a
n

tic
W

eb
C

o
n

feren
ce

IS
W

C
,

p
ages

745–757,
20

05.

W
ilson

W
on

g,
W

ei
L

iu
,

an
d

M
oh

am
m

ed
B

en
n
am

ou
n
.

O
n
tology

learn
in

g
from

tex
t:

A
lo

ok
b
a
ck

a
n
d

in
to

th
e

fu
tu

re.
A

C
M

C
o
m

p
u

tin
g

S
u

rveys,
44(4):2

0:1–20:36,
2
0
12.

JM
L

R
 18(201):1-63, 2018

 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
8
)

1
-2

6
S

u
b

m
it

te
d

3
/
1
7
;

R
ev

is
ed

1
1
/
1
7
;

P
u

b
li

sh
ed

4
/
1
8

S
p
a
rs
e
C
o
n
co

rd
a
n
ce

-a
ss
is
te
d
L
e
a
rn

in
g
fo
r
O
p
ti
m
a
l

T
re
a
tm

e
n
t
D
e
ci
si
o
n

S
h
u
h
a
n

L
ia
n
g

sl
ia
n
g
4
@
n
c
su

.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

N
o
rt

h
C

a
ro

li
n

a
S

ta
te

U
n

iv
er

si
ty

R
a
le

ig
h
,

N
C

2
7
6
9
5
,

U
S

A

W
e
n
b
in

L
u

l
u
@
st
a
t
.n
c
su

.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

N
o
rt

h
C

a
ro

li
n

a
S

ta
te

U
n

iv
er

si
ty

R
a
le

ig
h
,

N
C

2
7
6
9
5
,

U
S

A

R
u
i
S
o
n
g

r
so

n
g
@
n
c
su

.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

N
o
rt

h
C

a
ro

li
n

a
S

ta
te

U
n

iv
er

si
ty

R
a
le

ig
h
,

N
C

2
7
6
9
5
,

U
S

A

L
a
n

W
a
n
g

w
a
n
g
x
3
4
6
@
u
m
n
.e
d
u

S
ch

oo
l

o
f

S
ta

ti
st

ic
s

U
n

iv
er

si
ty

o
f

M
in

n
es

o
ta

M
in

n
ea

po
li

s,
M

N
5
5
4
5
5
,

U
S

A

E
d
it
o
r:

J
ie

P
en

g

A
b
st
ra

ct

T
o

fi
n
d

op
ti

m
a
l
d
ec

is
io

n
ru

le
,
F

an
et

a
l.

(2
01

6)
p
ro

p
os

ed
an

in
n
ov

a
ti

ve
co

n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
a
lg

or
it

h
m

w
h
ic

h
is

b
as

ed
on

m
ax

im
u
m

ra
n
k

co
rr

el
at

io
n

es
ti

m
at

or
.

It
m

ak
es

b
et

-
te

r
u
se

o
f

th
e

av
ai

la
b
le

in
fo

rm
a
ti

o
n

th
ro

u
g
h

p
ai

rw
is

e
co

m
p
ar

is
on

.
H

ow
ev

er
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
d
is

co
n
ti

n
u
ou

s
an

d
co

m
p
u
ta

ti
o
n
a
ll
y

h
a
rd

to
op

ti
m

iz
e.

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

a
co

n
ve

x
su

rr
og

at
e

lo
ss

fu
n
ct

io
n

to
so

lv
e

th
is

p
ro

b
le

m
.

In
ad

d
it

io
n
,

ou
r

al
go

ri
th

m
en

su
re

s
sp

a
rs

it
y

o
f

d
ec

is
io

n
ru

le
a
n
d

re
n
d
er

s
ea

sy
in

te
rp

re
ta

ti
on

.
W

e
d
er

iv
e

th
e
L
2

er
ro

r
b

ou
n
d

of
th

e
es

ti
m

at
ed

co
effi

ci
en

ts
u
n
d
er

u
lt

ra
-h

ig
h

d
im

en
si

on
.

S
im

u
la

ti
o
n

re
su

lt
s

of
va

ri
ou

s
se

tt
in

gs
a
n
d

ap
p
li
ca

ti
on

to
S
T

A
R

*D
b

o
th

il
lu

st
ra

te
th

at
th

e
p
ro

p
o
se

d
m

et
h
o
d

ca
n

st
il
l

es
ti

m
at

e
o
p
ti

m
al

tr
ea

tm
en

t
re

gi
m

e
su

cc
es

sf
u
ll
y

w
h
en

th
e

n
u
m

b
er

of
co

va
ri

a
te

s
is

la
rg

e.

K
e
y
w
o
rd

s:
co

n
co

rd
an

ce
-a

ss
is

te
d

le
a
rn

in
g,

o
p
ti

m
al

tr
ea

tm
en

t
re

gi
m

e,
L
1

n
or

m
,

su
p
p

or
t

ve
ct

o
r

m
a
ch

in
e,

va
ri

a
b
le

se
le

ct
io

n
.

1
.
In

tr
o
d
u
ct
io
n

A
tr

ea
tm

en
t

re
gi

m
e

is
a

d
ec

is
io

n
ru

le
th

at
ta

il
or

s
tr

ea
tm

en
t

fo
r

ea
ch

in
d
iv

id
u
al

.
In

st
ea

d
of

ra
n
d
om

ly
as

si
gn

in
g

tr
ea

tm
en

ts
,

w
e

ca
n

se
le

ct
a

sp
ec

ifi
c

tr
ea

tm
en

t
am

on
g

a
fe

w
op

ti
on

s
fo

r
ea

ch
p
at

ie
n
t

b
as

ed
on

h
is

or
h
er

cl
in

ic
al

,
ge

n
et

ic
an

d
ot

h
er

h
ea

lt
h

in
fo

rm
at

io
n
.

A
d
ec

is
io

n
ru

le
is

a
p
ro

ce
d
u
re

to
d
ec

id
e

w
h
ic

h
tr

ea
tm

en
t

sh
ou

ld
b

e
p
ic

ke
d

an
d

it
is

a
fu

n
ct

io
n

of
av

ai
la

b
le

in
fo

rm
at

io
n

fo
r

ea
ch

p
at

ie
n
t.

O
p
ti

m
al

tr
ea

tm
en

t
re

gi
m

e
ai

m
s

to
fi
n
d

th
e

d
ec

is
io

n
ru

le
th

at
w

ou
ld

y
ie

ld
th

e
m

os
t

fa
vo

ra
b
le

ou
tc

om
e.

B
es

id
es

tr
ea

tm
en

t
ty

p
e,

tr
ea

tm
en

ts

c ©
2
0
1
8

S
h
u
h

a
n

L
ia

n
g
,

W
en

b
in

L
u

,
R

u
i

S
o
n

g
a
n

d
L

a
n

W
a
n

g
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
1
5
9
.
h
t
m
l
.

JM
L

R
 1

8(
20

2)
:1

-2
6,

 2
01

8

L
ia
n
g
,
L
u
,
S
o
n
g

a
n
d

W
a
n
g

of
in

te
re

st
al

so
in

cl
u
d
e

d
iff

er
en

t
tr

ea
tm

en
t

co
m

b
in

at
io

n
s

an
d

d
os

ag
e

le
ve

l
va

ri
a
ti

o
n
.

In
re

al
it

y,
it

of
te

n
o
cc

u
rs

th
at

la
rg

e
n
u
m

b
er

of
p
at

ie
n
t

le
ve

l
co

va
ri

at
es

ar
e

av
ai

la
b
le

.
H

ow
ev

er
,

m
an

y
of

th
em

h
av

e
n
o

q
u
al

it
at

iv
e

in
te

ra
ct

io
n

w
it

h
tr

ea
tm

en
t

eff
ec

t.
C

ov
ar

ia
te

s
m

ay
a
ls

o
b

e
co

rr
el

at
ed

w
it

h
ea

ch
ot

h
er

.
U

n
d
er

su
ch

ci
rc

u
m

st
an

ce
s,

va
ri

ab
le

se
le

ct
io

n
fo

r
o
p
ti

m
a
l

tr
ea

tm
en

t
re

gi
m

e
is

n
ec

es
sa

ry
to

av
oi

d
ov

er
fi
tt

in
g

an
d

in
cr

ea
se

m
o
d
el

in
te

rp
re

ta
ti

o
n
.

M
an

y
le

ar
n
in

g
al

go
ri

th
m

s
h
av

e
b

ee
n

p
ro

p
os

ed
to

es
ti

m
at

e
op

ti
m

al
tr

ea
tm

en
t

re
g
im

e
(Q

ia
n

et
al

.
20

12
).

W
at

k
in

s
an

d
D

ay
an

(1
99

2)
m

o
d
el

ed
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
o
n

of
ou

tc
om

e
(Q

-f
u
n
ct

io
n
)

an
d

ob
ta

in
ed

th
e

op
ti

m
al

tr
ea

tm
en

t
re

gi
m

e
th

ro
u
gh

m
a
x
im

iz
in

g
th

e
Q

-f
u
n
ct

io
n
.

Q
ia

n
an

d
M

u
rp

h
y

(2
01

1)
ex

te
n
d
ed

Q
-l

ea
rn

in
g

u
si

n
g
l 1

-p
en

al
iz

ed
le

a
st

sq
u
a
re

(P
L

S
).

T
h
e

es
ti

m
at

or
d
er

iv
ed

fr
om

th
e

tw
o-

st
ep

p
ro

ce
d
u
re

m
ay

n
ot

b
e

co
n
si

st
en

t
if

th
e

co
n
-

d
it

io
n
al

m
ea

n
is

m
is

sp
ec

ifi
ed

.
In

st
ea

d
of

m
o
d
el

in
g

th
e

ou
tc

om
e,

M
u
rp

h
y

(2
0
0
3
)

p
ro

p
o
se

d
th

e
ad

va
n
ta

ge
le

ar
n
in

g
(A

-l
ea

rn
in

g)
al

go
ri

th
m

,
w

h
ic

h
is

b
as

ed
on

m
o
d
el

in
g

co
n
tr

a
st

fu
n
c-

ti
on

.
A

co
n
tr

as
t

fu
n
ct

io
n

is
th

e
d
iff

er
en

ce
in

p
ot

en
ti

al
ou

tc
om

e
gi

ve
n

d
iff

er
en

t
tr

ea
tm

en
ts

.
L

u
et

al
.

(2
01

1)
co

n
si

d
er

ed
m

o
d
el

se
le

ct
io

n
fo

r
es

ti
m

at
in

g
op

ti
m

al
tr

ea
tm

en
t

re
g
im

e
v
ia

p
en

al
iz

ed
le

as
t

sq
u
ar

e.
A

-l
ea

rn
in

g
is

m
or

e
ro

b
u
st

th
an

Q
-l

ea
rn

in
g

si
n
ce

it
d
o
es

n
o
t

re
q
u
ir

e
a

co
rr

ec
t

sp
ec

ifi
ca

ti
on

of
th

e
b
as

el
in

e
fu

n
ct

io
n

b
u
t

a
co

rr
ec

t
m

o
d
el

of
in

te
ra

ct
io

n
te

rm
is

st
il
l

n
ee

d
ed

.
In

li
te

ra
tu

re
,

it
is

co
m

m
on

to
ad

op
t

p
ar

am
et

ri
c

m
o
d
el

s
fo

r
Q

-f
u
n
ct

io
n

o
r

co
n
tr

a
ct

fu
n
ct

io
n
.

A
s

a
re

su
lt

,
th

e
co

rr
es

p
on

d
in

g
d
ec

is
io

n
ru

le
d
er

iv
ed

fr
om

Q
-l

ea
rn

in
g

o
r

A
-l

ea
rn

in
g

m
ay

b
e

b
ia

se
d
.

T
o

fu
rt

h
er

re
d
u
ce

th
e

im
p
ac

t
of

m
o
d
el

m
is

sp
ec

ifi
ca

ti
on

,
Z

h
an

g
et

al
.

(2
0
1
2
)

p
ro

p
o
se

d
a

va
lu

e
fu

n
ct

io
n

es
ti

m
at

or
u
si

n
g

in
v
er

se
p
ro

b
ab

il
it

y
w

ei
gh

ti
n
g.

T
h
e

op
ti

m
a
l

d
ec

is
io

n
ru

le
is

d
er

iv
ed

b
y

m
ax

im
iz

in
g

th
e

va
lu

e
fu

n
ct

io
n

es
ti

m
a
to

r.
Z

h
ao

et
al

.
(2

01
2)

p
ro

p
o
se

d
th

e
ou

tc
om

e
w

ei
gh

te
d

le
ar

n
in

g
(O

W
L

)
al

go
ri

th
m

.
T

h
e

O
W

L
ap

p
ro

x
im

at
es

op
ti

m
a
l

tr
ea

tm
en

t
d
ec

is
io

n
es

ti
m

at
io

n
b
y

tr
an

sf
or

m
in

g
an

ob
je

ct
iv

e
fu

n
ct

io
n

in
Z

h
an

g
et

al
.

(2
0
1
2
)

to
a

cl
a
ss

i-
fi
ca

ti
on

lo
ss

.
L

ar
ge

r
re

w
ar

d
ob

se
rv

ed
in

d
ic

at
es

h
ig

h
er

ch
an

ce
th

at
th

e
op

ti
m

a
l

d
ec

is
io

n
ru

le
w

ou
ld

re
co

m
m

en
d

th
e

sa
m

e
tr

ea
tm

en
t

as
th

e
p
at

ie
n
t

ac
tu

a
ll
y

re
ce

iv
ed

.
S
on

g
et

a
l.

(2
0
1
5
)

ex
te

n
d
ed

th
is

m
et

h
o
d

to
p

en
al

iz
ed

ou
tc

om
e

w
ei

gh
te

d
le

ar
n
in

g
(P

O
W

L
).

P
en

a
lt

y
fu

n
ct

io
n
s

in
cl

u
d
e

la
ss

o
(T

ib
sh

ir
an

i
19

96
)

an
d

S
C

A
D

(F
an

an
d

L
i

20
01

).
V

al
u
e

se
ar

ch
m

et
h
o
d
s

su
ff

er
fr

om
sl

ow
co

n
ve

rg
en

ce
an

d
co

m
p
u
ta

ti
on

d
iffi

cu
lt

ie
s.

F
a
n

et
al

.
(2

01
6)

p
ro

p
os

ed
a

n
ov

el
co

n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
(C

A
L

)
al

go
ri

th
m

to
es

ti
m

a
te

op
ti

m
al

d
ec

is
io

n
ru

le
.

C
on

co
rd

an
ce

fu
n
ct

io
n

is
m

ot
iv

at
ed

b
y

m
ax

im
iz

in
g

va
lu

e
fu

n
ct

io
n

u
si

n
g

p
ai

rw
is

e
co

m
p
ar

is
on

b
et

w
ee

n
p
at

ie
n
ts

.
S
in

ce
co

n
co

rd
an

ce
fu

n
ct

io
n

ca
n

b
e

es
ti

m
a
te

d
b
y

a
m

u
ch

sm
o
ot

h
er

fu
n
ct

io
n
,

b
et

te
r

as
y
m

p
to

ti
c

re
su

lt
s

ca
n

b
e

ob
ta

in
ed

.
In

th
is

p
ap

er
,

w
e

sh
ow

th
at

co
n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
al

go
ri

th
m

ca
n

b
e

tr
a
n
sf

o
rm

ed
to

a
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
.

W
e

re
p
la

ce
0-

1
lo

ss
b
y

a
co

n
ti

n
u
ou

s
su

rr
og

at
e

fu
n
ct

io
n
.

In
o
rd

er
to

im
p
ro

ve
th

e
ac

cu
ra

cy
of

op
ti

m
al

tr
ea

tm
en

t
re

gi
m

e
an

d
in

te
rp

re
ta

ti
on

of
d
ec

is
io

n
ru

le
,

w
e

co
n
d
u
ct

va
ri

ab
le

se
le

ct
io

n
b
y

ad
d
in

g
la

ss
o

p
en

al
ty

to
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
.

W
e

d
er

iv
e

er
ro

r
b

ou
n
d

of
th

e
p
ro

p
os

ed
es

ti
m

at
or

u
n
d
er

u
lt

ra
-h

ig
h

d
im

en
si

on
.

W
e

il
lu

st
ra

te
th

a
t

th
e

p
ro

p
os

ed
es

ti
m

at
or

h
as

b
et

te
r

p
er

fo
rm

an
ce

th
an

ex
is

ti
n
g

p
op

u
la

r
m

et
h
o
d
s

u
n
d
er

d
iff

er
en

t
sc

en
ar

io
s

to
ge

th
er

w
it

h
a

cl
in

ic
al

tr
ia

l
st

u
d
y.

In
S
ec

ti
on

2,
w

e
re

v
ie

w
ed

an
d

d
ev

el
op

ed
th

e
co

n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
a
lg

o
ri

th
m

.
W

e
co

n
ti

n
u
ed

to
d
er

iv
e

th
e
L

2
er

ro
r

b
ou

n
d

of
co

effi
ci

en
t

es
ti

m
at

io
n

in
S
ec

ti
o
n

3
.

S
ec

ti
o
n

4
d
em

on
st

ra
te

s
th

e
p

er
fo

rm
an

ce
of

sp
ar

se
co

n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
at

d
iff

er
en

t
se

tt
in

g
s.

W
e

p
re

se
n
t

re
su

lt
s

of
th

e
p
ro

p
os

ed
m

et
h
o
d

fo
r

th
e

S
T

A
R

*D
cl

in
ic

al
tr

ia
l

in
S
ec

ti
o
n

5
.

T
h
e

p
ro

of
s

of
al

l
le

m
m

as
an

d
th

eo
re

m
s

ar
e

p
ro

v
id

ed
in

th
e

A
p
p

en
d
ix

.

2
JM

L
R

 1
8(

20
2)

:1
-2

6,
 2

01
8



S
pa

r
se

C
o
n
c
o
r
d
a
n
c
e
-A

ssist
e
d

L
e
a
r
n
in
g

2
.
M

e
th

o
d

In
th

is
section

,
w

e
fi
rst

in
tro

d
u
ce

n
otation

s
an

d
ex

p
lain

its
u
sage.

It
is

follow
ed

b
y

a
co

n
co

rd
a
n
ce-a

ssisted
learn

in
g

overv
iew

.
W

e
th

en
p
rop

ose
th

e
sp

arse
con

cord
an

ce-assisted
lea

rn
in

g
alg

o
rith

m
an

d
p
rov

id
e

an
algorith

m
to

ca
lcu

late
th

e
p
rop

osed
estim

ato
r

u
sin

g
D

o
u
g
la

s-R
a
ch

fo
rd

sp
littin

g
m

eth
o
d
.

2
.1

N
o
ta

tio
n

L
et
X
i

=
(X

i1 ,X
i2 ,...,X

ip )
T

d
en

ote
th

e
v
ector

of
covariates

m
easu

red
for

th
e

i-th
p
atien

t,
A
i

th
e

a
ssig

n
ed

treatm
en

t
an

d
Y
i

th
e

o
u
tcom

e
after

treatm
en

t.
L

et
X

=
(X

1 ,X
2 ,...,X

n
)
T

d
en

o
te

th
e

fea
tu

re
m

atrix
.

A
ssu

m
e

th
at

(X
i ,A

i ,Y
i )

are
in

d
ep

en
d
en

t,
id

en
tically

d
istrib

u
ted

.
Y

is
a

co
n
tin

u
o
u
s

variab
le

an
d

larger
valu

e
o
f

Y
in

d
icates

b
etter

treatm
en

t
eff

ect.
D

en
ote

g
(X

)
a
s

th
e

in
d
iv

id
u
alized

treatm
en

t
regim

e
(IT

R
),
P
g

as
th

e
join

t
d
istrib

u
tion

of
(X

,A
=

g
(X

),Y
),
E
g(Y

)
as

th
e

ex
p

ected
ou

tcom
e

if
all

treatm
en

ts
follow

g
(X

).
F

rom
n
ow

on
w

e
co

n
sid

er
th

e
ca

se
of

a
b
in

ary
treatm

en
t,

i.e.,
A

takes
valu

es
in
{
0,1}

.
D

en
ote

µ
(a
,X

)
=

E
(Y
|A

=
a
,X

),
Z

h
an

g
et

al.
(201

2)
sh

ow
s

th
at
g
o
p
t(X

)
=
I{
µ

(1,X
)
>
µ

(0,X
)}

.
H

ere
g
o
p
t(X

)
rep

resen
ts

op
tim

al
treatm

en
t

regim
e.

W
e

a
lso

a
ssu

m
e

stab
le

u
n
it

treatm
en

t
valu

e
assu

m
p
tion

(S
U

T
V

A
)

an
d

n
o-u

n
m

ea
su

red
-

co
n
fo

u
n
d
ers

a
ssu

m
p
tion

h
old

s.
S
U

T
V

A
(R

u
b
in

1980),
i.e.,

Y
=
I
(A

=
0)Y

∗(0)
+
I
(A

=
1
)Y
∗(1

),
a
ssu

m
es

th
at

n
o

in
terferen

ce
ex

ists
b

etw
een

treatm
en

ts
of

d
iff

eren
t

u
n
its

an
d

n
o

sa
m

e
trea

tm
en

t
variation

ex
ists

for
d
iff

eren
t

u
n
its.

Y
∗i (a

)
is

th
e

p
oten

tial
ou

tcom
e

af-
ter

receiv
in

g
treatm

en
t

a
for

su
b

ject
i.

T
h
e

n
o-u

n
m

easu
red

-con
fou

n
d
ers

con
d
ition

,
i.e.,

{
Y
∗i (0

),Y
∗i (1

)}
⊥
A
i |X

i ,
im

p
lies

all
variab

les
th

at
aff

ect
treatm

en
t

assign
m

en
t

or
treatm

en
t-

sp
ecifi

c
o
u
tco

m
es

are
ob

served
.

T
h
e

secon
d

assu
m

p
tion

h
old

s
in

a
ran

d
om

ized
trial.

2
.2

C
o
n
c
o
rd

a
n
c
e
-a
ssiste

d
L
e
a
rn

in
g
O
v
e
rv

ie
w

C
o
n
co

rd
an

ce-a
ssisted

learn
in

g
estim

ates
op

tim
al

treatm
en

t
regim

e
b
y

com
p
arin

g
th

e
o
u
t-

co
m

e
g
a
in

o
f

d
iff

eren
t

treatm
en

ts
b

etw
een

in
d
iv

id
u
als.

M
ax

im
u
m

R
an

k
C

orrelation
(M

R
C

)
estim

a
to

r
(K

en
d
all

1938,
H

an
1987,

C
avan

agh
an

d
S
h
erm

an
1998)

is
ch

osen
to

estim
ate

th
e

co
n
co

rd
a
n
ce

fu
n
ction

.
C

A
L

fu
rth

er
relax

es
p
aram

etric
assu

m
p
tion

s
an

d
allow

s
for

m
ore

fl
ex

ib
ility.

F
an

et
al.

(2016)
sh

ow
ed

th
at

u
n
d
er

certa
in

con
d
ition

s,
op

tim
al

treatm
en

t
regim

e
estim

a
ted

b
y

con
cord

an
ce-assisted

learn
in

g
is

th
e

sa
m

e
as

op
tim

al
treatm

en
t

regim
e

esti-
m

a
ted

b
y

m
a
x
im

izin
g

valu
e

fu
n
ction

s.
T

h
e

tru
e

o
p
tim

al
d
ecision

ru
le

m
ay

n
ot

b
e

lin
ear,

h
ow

ever,
th

rou
gh

o
u
t

th
e

p
ap

er,
w

e
o
n
ly

sea
rch

th
e

op
tim

al
d
ecision

ru
le

w
ith

in
th

e
class

of
lin

ear
d
ecision

ru
les,

i.e.
g
(X

)
=

I
(β

T
X
≥
β

0 ).
T

h
is

is
p
artly

b
ecau

se
th

at
lin

ear
d
ecision

ru
les

are
m

u
ch

easier
to

com
p
u
te

a
n
d

in
terp

ret
com

p
ared

w
ith

n
on

lin
ea

r
d
ecision

ru
les,

an
d

th
ey

gen
erally

can
ach

ieve
h
igh

a
ccu

ra
cy.

C
A

L
is

a
tw

o-step
p
ro

ced
u
re

th
at

fi
rst

estim
ates

th
e

p
rescrip

tive
in

d
ex

,
i.e.,

a
set

o
f

d
ecisio

n
ru

les
w

ith
fi
x
ed

covariate
w

eigh
ts

b
y

m
ax

im
izin

g
th

e
con

cord
an

ce
fu

n
ction

:

C
(β

)
=
E
{{[Y

∗i (1)−
Y
∗i (0)]−

[Y
∗j (1)−

Y
∗j (0)]}

I
(β

T
X
i
>
β
T
X
j ) }

a
n
d

th
en

th
resh

old
estim

ator
is

op
tim

ized
b
ased

on
th

e
p
rescrip

tive
in

d
ex

estim
ator.

L
et

D
(X

i )
b

e
th

e
ex

p
ected

ou
tcom

e
gain

of
treatm

en
t

1
for

th
e
i th

su
b

ject,
i.e.

D
(X

i )
=

E
(Y
i |A

i
=

1,X
i )−

E
(Y
i |A

i
=

0,X
i ).

C
on

cord
an

ce
fu

n
ction

is
m

otivated
b
y

th
e

follow
in

g

3
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L
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L
ia
n
g
,
L
u
,
S
o
n
g

a
n
d

W
a
n
g

id
ea:

for
p
airw

ise
su

b
jects

i
an

d
j,

larger
D

(X
i )−

D
(X

j ),
w

h
ich

m
ean

s
su

b
ject

i
w

ou
ld

b
en

efi
t

m
ore

b
y

tak
in

g
treatm

en
t

1
com

p
ared

to
su

b
ject

j,
req

u
ires

larger
β
T
X
i

com
p
ared

to
β
T
X
j .

D
efi

n
e
w
i

=
{
Y
i −
ν
(X

i )}{
A
i −
π

(X
i )}

π
(X

i ){
1−
π

(X
i )}

,h
ere

ν
(X

i )
is

an
y

arb
itrary

fu
n
ction

an
d
π

(X
i )

=

P
(A

i
=

1|X
i )

is
th

e
p
rop

en
sity

score.
In

p
ractice

w
e

ch
o
ose

ν
(X

i )
to

b
e

th
e

m
ean

resp
on

se
of

th
e

p
atien

ts
w

h
o

receiv
e

treatm
en

t
0.

G
iv

en
X
i ,
w
i

is
an

u
n
b
iased

estim
ator

of
D

(X
i ).

T
h
e

p
ro

of
is

giv
en

in
A

p
p

en
d
ix

C
.

C
on

cord
an

ce-assisted
learn

in
g

can
b

e
su

m
m

arized
as

follow
s:

1
E

stim
ate

th
e

p
rescrip

tive
in

d
ex

:

β̂
=
a
rg
m
a
x

||β||=
1

1

n
(n
−

1) ∑i6=
j (w

i −
w
j )I

(β
T
X
i
>
β
T
X
j ).

2
E

stim
ate

th
e

th
resh

old
u
sin

g
th

e
in

v
erse

p
rob

ab
ility

w
eig

h
ted

estim
ator

(IP
W

)
p
ro-

p
osed

b
y

Z
h
an

g
et

al.
(2012):

β̂
0

=
a
rg
m
a
x

β
0

1n

n
∑i=

1

{
Y
i −

ν
(X

i )}
I{
A
i

=
ĝ
(X

i )}
A
i π

(X
i )

+
(1−

A
i ){

1−
π

(X
i )}

,

ĝ
(X

i )
=
I
(β̂

T
X
i
>
β

0 ).

A
lth

ou
gh

in
gen

eral
th

e
con

cord
an

ce-b
ased

estim
ator

d
o
es

n
ot

alw
ay

s
lead

to
th

e
ac-

tu
al

op
tim

al
d
ecision

ru
le,

u
n
d
er

certain
con

d
ition

s,
con

cord
an

ce-b
ased

estim
ato

r
is

th
e

m
ax

im
izer

of
valu

e
fu

n
ction

(F
an

et
al.

2016).
C

on
cord

an
ce-b

ased
estim

ator
h
as

attractive
p
rop

erties,
in

clu
d
in

g
faster

con
v
ergen

ce
rates,

k
n
ow

n
asy

m
p
totic

d
istrib

u
tion

(n
orm

al)
an

d
easy

op
tim

ization
.

It
is

a
very

p
rom

isin
g

ap
p
roach

for
op

tim
al

treatm
en

t
regim

e
estim

a-
tion

.
In

th
e

n
ex

t
section

,
w

e
w

ill
in

tro
d
u
ce

sp
arse

con
cord

an
ce-assisted

learn
in

g
(S

C
A

L
).

C
om

p
ared

to
C

A
L

,
it

is
easier

to
op

tim
ize

an
d

can
ach

ieve
satisfactory

accu
ra

cy
u
n
d
er

h
igh

d
im

en
sion

.

2
.3

S
p
a
rse

C
o
n
c
o
rd

a
n
c
e
-a
ssiste

d
L
e
a
rn

in
g

N
otice

th
at

solv
in

g
for

β̂
is

eq
u
ivalen

t
to

m
in

im
ize:

1

n
(n
−

1) ∑i6=
j (w

i −
w
j )I

(β
T
X
i
<
β
T
X
j ),

su
b

ject
to
||β||

=
1.

(1)

(1)
is

eq
u
ivalen

t
to

m
in

im
izin

g
(see

A
p
p

en
d
ix

B
):

∑w
i >
w
j (w

i −
w
j )I

(β
T
X
i
<
β
T
X
j ),

su
b

ject
to
||β||

=
1.

T
h
is

altern
ativ

e
ex

p
ression

red
u
ces

com
p
u
tation

cost
an

d
en

su
res

th
e

con
vex

ity
of

th
e

ob
jective

fu
n
ction

.
W

e
rep

lace
th

e
in

d
icator

loss
fu

n
ction

w
ith

th
e

h
in

ge
loss.

H
in

ge
loss

is
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S
pa

r
se

C
o
n
c
o
r
d
a
n
c
e
-A

ss
is
t
e
d

L
e
a
r
n
in
g

a
co

n
v
ex

u
p
p

er
b

ou
n
d

of
th

e
0-

1
lo

ss
fu

n
ct

io
n
.

It
is

of
te

n
u
se

d
fo

r
su

p
p

or
t

ve
ct

or
m

ac
h
in

e
(C

or
te

s
an

d
V

ap
n
ik

19
95

),
a

p
op

u
la

r
cl

as
si

fi
ca

ti
on

m
et

h
o
d

w
it

h
go

o
d

p
er

fo
rm

an
ce

(G
or

d
on

20
04

).
T

h
e

op
ti

m
iz

at
io

n
of

h
in

ge
lo

ss
fu

n
ct

io
n

ca
n

b
e

so
lv

ed
in

p
ol

y
n
om

ia
l

ti
m

e.
D

u
e

to
th

e
h
ig

h
d
im

en
si

on
of
p
,

w
e

u
se

la
ss

o
p

en
al

ty
to

es
ti

m
at

e
th

e
op

ti
m

al
tr

ea
tm

en
t

re
gi

m
e

an
d

p
er

fo
rm

va
ri

ab
le

se
le

ct
io

n
si

m
u
lt

an
eo

u
sl

y.
L

as
so

p
en

al
ty

al
so

h
el

p
s

re
d
u
ce

th
e

va
ri

a
n
ce

of
th

e
fi
tt

ed
co

effi
ci

en
ts

(Z
h
u

et
al

.
20

04
).

T
h
e

p
re

sc
ri

p
ti

v
e

in
d
ex

es
ti

m
a
te

d
b
y

th
e

sp
ar

se
co

n
co

rd
an

ce
-a

ss
is

te
d

le
ar

n
in

g
al

go
ri

th
m

(S
C

A
L

)
is

:

β̂
=

ar
gm

in
β

2

n
(n
−

1)

∑

w
i
>
w
j

(w
i
−
w
j
)[ 1
−
β
T

(X
i
−
X
j
)] +

+
λ

p ∑ j=
1

|β
j
|.

W
e

th
en

es
ti

m
at

e
th

e
th

re
sh

ol
d

p
ar

a
m

et
er
β

0
b
y
:

β̂
0

=
ar

gm
ax

β
0

1 n

n ∑ i=
1

w
iI

(β̂
T
X
i
>
β

0
).

T
h
e

th
re

sh
ol

d
p
ar

am
et

er
β

0
is

es
ti

m
at

ed
th

ro
u
gh

gr
id

se
ar

ch
.

In
p
ra

ct
ic

e,
th

e
se

ar
ch

ra
n
ge

is
[m

in
(β̂

T
X
i)
,m

ax
(β̂

T
X
j
)]

,
1
≤
i,
j
≤
n

.
W

e
so

rt
th

e
su

b
je

ct
s

b
y

d
es

ce
n
d
in

g
or

d
er

of
w
i.

T
h
er

ef
or

e,

n ∑ i=
1

n ∑ j=
1

(w
i
−
w
j
)I

(w
i
−
w
j
>

0)
=

n ∑ i=
1

n ∑

j=
i+

1

(w
i
−
w
j
).

(2
)

T
h
e

ob
je

ct
iv

e
fu

n
ct

io
n

of
S
C

A
L

ca
n

b
e

w
ri

tt
en

as
:

β̂
=
a
rg
m
in

β

2

n
(n
−

1)

(n 2
)

∑ i=
1

δw
i(

1
−
β
T
D
i)

+
+
λ

p ∑ j=
1

|β
j
|.

D
=

         

X
T 1
−
X

T 2

X
T 1
−
X

T 3

..
.

X
T 1
−
X

T n

X
T 2
−
X

T 3

X
T 2
−
X

T 4

..
.

         

,
δw

=

         

w
1
−
w

2

w
1
−
w

3

..
.

w
1
−
w
n

w
2
−
w

3

w
2
−
w

4

..
.

         

.

T
h
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

st
ep

1
is

a
w

ei
gh

te
d
L

1
-S

V
M

p
ro

b
le

m
.

T
h
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
co

n
v
ex

an
d

p
ie

ce
w

is
e

li
n
ea

r
an

d
m

an
y

al
go

ri
th

m
s

h
av

e
b

ee
n

p
ro

p
os

ed
to

so
lv

e
th

is
p
ro

b
le

m
.

It
ca

n
b

e
so

lv
ed

b
y

va
ri

ou
s

li
n
ea

r
p
ro

gr
am

m
in

g
an

d
co

n
ve

x
p
ac

ka
ge

s.
Z

h
u

et
al

.
(2

00
4)

p
ro

p
os

ed
an

al
go

ri
th

m
to

co
m

p
u
te

th
e

w
h
ol

e
so

lu
ti

on
p
at

h
.

It
er

at
iv

e
al

go
ri

th
m

li
ke

S
p
in

ga
rn

’s
M

et
h
o
d

is
an

ot
h
er

go
o
d

w
ay

to
so

lv
e

th
is

p
ro

b
le

m
.

W
e

u
se

th
re

e
m

et
h
o
d
s:

C
V

X
,

a
p
ac

ka
ge

fo
r

sp
ec

if
y
in

g
an

d
so

lv
in

g
co

n
v
ex

p
ro

gr
am

s
(M

ic
h
ae

l
a
n
d

S
te

p
h
en

20
14

,
G

ra
n
t

an
d

B
oy

d
20

08
),

G
L

P
K

(G
N

U
L

in
ea

r
P

ro
gr

am
m

in
g

K
it

,
gl

p
20

16
)

an
d

th
e

m
et

h
o
d

p
ro

p
os

ed
b
y

S
p
in

ga
rn

(1
98

5)
to

fi
n
d

th
e

m
in

im
iz

er
.

S
p
in

ga
rn

’s
m

et
h
o
d

of
p
ar

ti
al

in
ve

rs
es
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L
ia
n
g
,
L
u
,
S
o
n
g

a
n
d

W
a
n
g

im
p
le

m
en

ts
D

ou
gl

as
-R

ac
h
fo

rd
sp

li
tt

in
g

fo
r

eq
u
al

it
y

co
n
st

ra
in

ed
co

n
ve

x
p
ro

b
le

m
(D

o
u
g
la

s
an

d
R

ac
h
fo

rd
19

56
).

W
e

ad
d

an
ci

ll
ar

y
va

ri
ab

le
s
θ

an
d

re
fo

rm
u
la

te
(1

)
as

:

m
in
f 1

(β
)

+
f 2

(θ
)

su
bj
ec
t
to
θ

=
D
β

w
h
er

e
f 1

(β
)

=
λ
||β
|| 1

,f
2
(θ

)
=
∑

(n 2
)

i=
1
δw

i(
1
−
D
iβ

) +
.

T
h
e

it
er

at
iv

e
al

go
ri

th
m

is
as

fo
ll
ow

s:

R
ep

ea
t

1
.
V

+ 1
=
( p
ro
x
tf

1
(β

),
p
ro
x
tf

2
(θ

)) ,
w

h
er

e

[p
ro
x
tf

1
(β

)]
j

=
S

(β
j
,t
λ

),
S

is
so

ft
th

re
sh

ol
d
in

g
op

er
at

or
:
S

(x
,λ

)
=
sg
n

(x
)(
|x
|−

λ
) +

.

[p
ro
x
tf

2
(β

)]
i

=

  
1

θ
∈

[1
−
tδ
w
i,

1]
,

θ i
θ
>

1
,

θ i
+
tδ
w
i

θ
<

1
−
tδ
w
i.

2
.
V

+ 2
=

(
I D

)
R
−
T
R
−

1
[ P

1
(2
V

+ 1
−
V

3
)

+
D
T
P

2
(2
V

+ 1
−
V

3
)] ,

P
1
(β
,θ

)
=
β

,
P

2
(β
,θ

)
=
θ

,
R
R
T

=
I

+
D
T
D

is
C

h
ol

es
k
y

d
ec

om
p

o
si

ti
o
n
.

3
.
V

+ 3
=
V

3
+
V

+ 2
−
V

+ 1
.

u
n
ti

l
co

n
ve

rg
en

ce
.

O
u
tp
u
t:
β

W
e

k
ee

p
st

ep
-s

iz
e

p
ar

am
et

er
t

fi
x
ed

at
1
.

T
h
e

co
n
ve

rg
en

ce
is

g
u
ar

an
te

ed
(S

p
in

g
a
rn

19
85

).
T

h
e

it
er

at
iv

e
al

go
ri

th
m

gr
ea

tl
y

re
d
u
ce

s
m

em
or

y
an

d
ti

m
e

co
st

.
U

n
d
er

th
e

ca
se

o
f

u
lt

ra
-h

ig
h

d
im

en
si

on
,

p
re

p
ro

ce
ss

in
g

re
q
u
ir

es
O

(p
3
)

w
o
rk

to
fo

rm
an

d
co

m
p
u
te

C
h
o
le

sk
y

d
ec

om
p

os
it

io
n

an
d
O

(p
2
)

w
or

k
p

er
it

er
at

io
n
.

In
su

m
m

ar
y,

C
V

X
is

th
e

le
as

t
co

m
p
u
ta

ti
o
n
a
l

effi
ci

en
t

w
ay

to
es

ti
m

at
e

p
re

sc
ri

p
ti

ve
in

d
ex

an
d

S
p
in

ga
rn

’s
M

et
h
o
d

is
th

e
o
n
ly

a
p
p
ro

a
ch

th
at

ca
n

h
an

d
le

S
T

A
R

*D
tr

ia
l

in
te

rm
s

of
it

s
sc

al
e.

3
.
E
rr
o
r
B
o
u
n
d
fo
r
O
rd

e
r-
2
U

S
ta
ti
st
ic
s

D
efi

n
e
β
∗

=
a
rg
m
in
β
L

(β
)

w
h
er

e

L
(β

)
=
E
{ (w

i
−
w
j
)I

(w
i
−
w
j
>

0)
[1
−

(X
i
−
X
j
)T
β

] +

} .

T
h
en

th
e

gr
ad

ie
n
t

ve
ct

or
an

d
H

es
si

an
m

at
ri

x
of

th
e

lo
ss

fu
n
ct

io
n
L

(β
)

a
re

:

S
(β

)
=
−
E
{ (w

i
−
w
j
)I

(w
i
−
w
j
>

0)
I
[1
−

(X
T i
−
X

T j
)β
≥

0]
(X

i
−
X
j
)} ,

H
(β

)
=
E
{ (w

i
−
w
j
)I

(w
i
−
w
j
>

0)
D
ir
a
cδ

[1
−

(X
T i
−
X

T j
)β

](
X
i
−
X
j
)(
X

T i
−
X

T j
)} ,
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S
pa

r
se

C
o
n
c
o
r
d
a
n
c
e
-A

ssist
e
d

L
e
a
r
n
in
g

w
h
ere

D
ira

cδ
is

th
e

D
irac

d
elta

fu
n
ctio

n
.

D
en

ote
th

e
in

d
ex

set
of

active
featu

res
as
T

=
{
1
≤
j≤

p
:
β
∗j 6=

0}
an

d
|T|

=
q.
β̂

(λ
)

=
a
rg
m
in

β
ln

(β
,λ

)
is

an
estim

ator
of
β
∗,

w
h
ere

ln
(β
,λ

)
=

2

n
(n
−

1)

n
∑i=

1

n
∑j=

1 (w
i −

w
j )I

(w
i −

w
j
>

0)[1−
(X

Ti
−
X

Tj
)β

]+
+
λ||β||1 .

W
e

a
ssu

m
e

th
e

follow
in

g
regu

larity
con

d
ition

s:

(A
1
)

T
h
e

d
en

sities
of
X
i ,

i
=

1,
2,

...
are

con
tin

u
ou

s
an

d
h
av

e
com

m
on

su
p
p

ort
in
R
p,

an
d

th
ere

ex
ists

a
con

stan
t
M

0
>

0
su

ch
th

at|X
ij |≤

M
0 ,
i∈

R
+
,
j∈

1
,...,p

(A
2
)

D
en

o
te
Z
ij

=
X

Ti −
X

Tj
w

ith
p
rob

ab
ility

d
en

sity
fu

n
ction

f
∗(z

).
T

h
ere

ex
ists

B
(0,δ

0 ),
a

b
a
ll

cen
tered

at
0

w
ith

rad
iu

s
δ

0
>

0
su

ch
th

at
E

[(w
i −

w
j )I

(w
i −

w
j
>

0
)|Z

ij
=

z
ij ]f
∗(z

ij )
>
C

3
for

ev
ery

z
ij ∈

B
(0,δ

0 ).
(A

3
) ∫

E
[(w

i −
w
j )I

(w
i −

w
j
>

0)|z
]z
k f
∗(z

)d
z
6=

0
for

som
e

k
.

(A
4
)

T
h
ere

ex
ists

a
con

stan
t
M

1
s.t.

m
a
x

d∈
R
p
:||d||0 ≤

2
q

d
T
D
T
D
d

n
(n−

1
)

2
||d|| 22 ≤

M
1

alm
ost

su
rely.

(A
5
)

D
en

o
te
c̄

=
c−

1
c+

1
w

h
ere

c
is

a
con

stan
t

satisfy
in

g
λ
≥
c||

ˆ
S

(β
∗)||∞

,
T

is
th

e
set

of
sig

n
ifi

ca
n
t

co
effi

cien
ts

(n
on

-zero
co

effi
cien

ts).
T

h
ere

ex
ists

a
con

stan
t
M

2
>

0
su

ch
th

at

m
in

d∈
R
p
:||d||0 ≤

q
,||d

T ||1 ≥
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al
.

(2
01

2a
)

an
d

X
u
e

a
n
d

Z
ou

(2
01

2)
,

h
ow

ev
er

,
th

ei
r

gr
ap

h
st

ru
ct

u
re

is
st

at
ic

.
T

im
e-

va
ry

in
g

gr
ap

h
ic

al
m

o
d
el

s
a
re

st
u
d
ie

d
in

T
al

ih
an

d
H

en
ga

rt
n
er

(2
00

5)
,

X
u
an

an
d

M
u
rp

h
y

(2
00

7)
,

Z
h
ou

et
al

.
(2

0
1
0
),

K
o
la

r
a
n
d

X
in

g
(2

01
1)

,
K

ol
ar

an
d

X
in

g
(2

01
2)

,
Y

in
et

al
.

(2
01

0)
,

K
ol

ar
et

al
.

(2
01

0b
),

A
h
m

ed
a
n
d

X
in

g
(2

00
9)

,
K

ol
ar

et
al

.
(2

01
0a

)
an

d
K

ol
ar

an
d

X
in

g
(2

00
9)

.
H

ow
ev

er
,
th

es
e

p
a
p

er
s

a
ss

u
m

e
th

at
co

n
d
it

io
n
al

ly
on

th
e

in
d
ex

,
th

e
d
is

tr
ib

u
ti

on
of
X

is
p
ar

am
et

ri
c,

w
h
ic

h
is

n
o
t

a
d
eq

u
a
te

fo
r

ap
p
li
ca

ti
on

s
to

h
ea

v
y
-t

ai
le

d
d
at

a
se

ts
in

fi
n
an

ce
,

n
eu

ro
sc

ie
n
ce

an
d

ge
n
om

ic
s

(Q
iu

et
a
l.
,

20
16

).
M

or
eo

ve
r,

in
fe

re
n
ti

al
m

et
h
o
d
s

fo
r

th
e

ti
m

e-
va

ry
in

g
gr

ap
h
ic

al
m

o
d
el

s
h
av

e
n
o
t

b
ee

n
d
ev

el
op

ed
so

fa
r.

P
ri

m
ar

y
m

ot
iv

at
io

n
fo

r
p
ro

p
os

in
g

th
e

m
o
d
el

in
(1

)
an

d
d
ev

el
op

in
g

co
rr

es
p

o
n
d
in

g
es

ti
-

m
at

io
n

an
d

in
fe

re
n
ti

al
p
ro

ce
d
u
re

s
co

m
es

fr
om

an
ap

p
li
ca

ti
on

in
n
eu

ro
sc

ie
n
ce

.
G

ra
p
h
ic

a
l

m
o
d
el

s
ar

e
w

id
el

y
u
se

d
to

es
ti

m
at

e
an

d
ex

p
lo

re
fu

n
ct

io
n
al

co
n
n
ec

ti
v
it

y
b

et
w

ee
n

d
iff

er
en

t
b
ra

in
re

gi
on

s
fr

om
fu

n
ct

io
n
al

m
ag

n
et

ic
re

so
n
an

ce
im

ag
in

g
(f

M
R

I)
d
at

a
(W

a
n
g

et
a
l.
,

2
0
1
0
;

B
u
ll
m

or
e

an
d

B
as

se
tt

,
20

11
;

S
m

it
h

et
al

.,
20

11
).

T
h
er

e
is

ev
id

en
ce

th
at

th
at

th
e

b
ra

in
co

n
-

n
ec

ti
v
it

y
n
et

w
or

k
ev

ol
ve

s
ov

er
ti

m
e

(B
ar

tz
ok

is
et

al
.,

20
01

;
G

el
fa

n
d

et
al

.,
20

0
3
)

a
n
d

cu
rr

en
t

te
ch

n
iq

u
es

ar
e

n
ot

ad
eq

u
at

e
fo

r
ca

p
tu

ri
n
g

ev
ol

v
in

g
n
at

u
re

of
b
ra

in
n
et

w
or

k
s.

F
o
r

ex
a
m

p
le

,
w

or
k

of
K

ol
ar

et
al

.
(2

01
0a

)
as

su
m

es
th

at
d
at

a
ar

e
G

au
ss

ia
n
,

w
h
ic

h
is

ra
re

ly
sa

ti
sfi

ed
in

p
ra

ct
ic

e.
Q

iu
et

al
.

(2
01

6)
n
ee

d
re

p
li
ca

te
d

ob
se

rv
at

io
n
s

at
ea

ch
ti

m
e

p
oi

n
t,

w
h
ic

h
a
re

n
o
t

av
ai

la
b
le

in
m

os
t

of
th

e
ti

m
e-

va
ry

in
g

fM
R

I
d
at

a
se

ts
.

F
u
rt

h
er

m
or

e,
cu

rr
en

t
p
ro

ce
d
u
re

s
a
re

so
le

ly
fo

cu
se

d
on

es
ti

m
at

io
n

of
n
et

w
or

k
s,

w
h
il
e

th
e

q
u
es

ti
on

of
in

fe
re

n
ce

an
d

q
u
a
n
ti

fi
ca

ti
o
n

of
u
n
ce

rt
ai

n
ty

is
le

ft
u
n
an

sw
er

ed
.

W
e

ad
d
re

ss
th

es
e

d
ra

w
b
ac

k
s

in
th

e
cu

rr
en

t
w

o
rk

.
T

h
e

fo
cu

s
of

th
e

p
ap

er
is

on
th

e
in

fe
re

n
ti

al
an

al
y
si

s
ab

ou
t

p
ar

am
et

er
s

in
th

e
m

o
d
el

gi
ve

n
in

(1
),

as
w

el
l

as
th

e
M

ar
ko

v
d
ep

en
d
en

ci
es

b
et

w
ee

n
ob

se
rv

ed
va

ri
ab

le
s.

T
h
e

in
fe

re
n
ce

p
ro

ce
d
u
re

s
w

e
d
ev

el
op

ar
e

u
n
if

or
m

ly
va

li
d

in
a

h
ig

h
-d

im
en

si
on

al
re

gi
m

e
a
n
d

ro
b
u
st

to
m

o
d
el

se
le

ct
io

n
m

is
ta

ke
s.

In
p
ar

ti
cu

la
r,

th
e

in
fe

re
n
ce

d
o
es

n
ot

d
ep

en
d

on
th

e
o
ra

cl
e

su
p
p

o
rt

re
co

ve
ry

p
ro

p
er

ti
es

of
th

e
es

ti
m

at
or

.
A

s
a

fo
u
n
d
at

io
n

fo
r

in
fe

re
n
ce

,
w

e
d
ev

el
op

a
n

es
ti

m
a
ti

o
n

p
ro

ce
d
u
re

fo
r

th
e

h
ig

h
-d

im
en

si
on

al
la

te
n
t

ti
m

e-
va

ry
in

g
in

ve
rs

e
co

rr
el

at
io

n
m

a
tr

ix
b
a
se

d
o
n

a
n
ov

el
ke

rn
el

sm
o
ot

h
ed

K
en

d
al

l’
s

ta
u

st
at

is
ti

c.
T

h
e

es
ti

m
at

o
r

is
u
n
if

or
m

ly
co

n
si

st
en

t
in

b
ot

h
th

e
b
an

d
w

id
th

an
d

th
e

in
d
ex

va
ri

ab
le

,
an

d
fu

rt
h
er

m
or

e
is

op
ti

m
al

in
a

m
in

im
a
x

se
n
se

.
O

b
ta

in
in

g
ra

te
of

co
n
ve

rg
en

ce
fo

r
th

e
es

ti
m

at
or

is
te

ch
n
ic

al
ly

ch
al

le
n
gi

n
g

a
n
d

re
q
u
ir

es
d
ev

el
op

m
en

t
of

n
ew

u
n
if

or
m

b
ou

n
d
s

fo
r

th
e
U

-p
ro

ce
ss

es
,

ca
re

fu
l

ch
ar

ac
te

ri
za

ti
o
n

o
f

th
e

le
ad

in
g

te
rm

s
in

th
e

ex
p
an

si
on

of
th

e
es

ti
m

at
or

in
th

e
p
re

se
n
ce

of
h
ig

h
-d

im
en

si
o
n
a
li
ty

an
d

ap
p
ro

x
im

at
io

n
er

ro
rs

ar
is

in
g

fr
om

th
e

lo
ca

l
ap

p
ro

x
im

at
io

n
of

n
on

li
n
ea

r
cu

rv
es

.
T

h
e

p
ro

of
th

at
th

e
ra

te
of

co
n
ve

rg
en

ce
is

op
ti

m
al

in
vo

lv
es

ap
p
li
ca

ti
on

of
L

e
C

am
’s

m
et

h
o
d

o
n

a
ca

re
fu

ll
y

ch
os

en
fu

n
ct

io
n

va
lu

ed
h
ig

h
d
im

en
si

on
al

m
at

ri
ce

s
cl

as
s.

T
h
es

e
te

ch
n
ic

a
l

d
et

a
il
s

ar
e

n
ov

el
an

d
of

in
d
ep

en
d
en

t
in

te
re

st
,

as
d
is

cu
ss

ed
in

S
ec

ti
on

4.
2.

W
e

co
n
si

d
er

th
re

e
ty

p
es

of
h
y
p

ot
h
es

is
te

st
s:

(1
)

th
e

ed
ge

p
re

se
n
ce

te
st

fo
r

w
h
et

h
er

th
er

e
is

an
ed

ge
in

th
e

M
ar

ko
v

gr
ap

h
at
z 0

,
(2

)
th

e
su

p
er

gr
ap

h
te

st
fo

r
w

h
et

h
er

th
e

tr
u
e

g
ra

p
h

is
a

su
b
gr

ap
h

of
a

fi
x
ed

gr
ap

h
at
z 0

,
an

d
(3

)
th

e
u
n
if

o
rm

ed
ge

p
re

se
n
ce

te
st

fo
r

w
h
et

h
er

2
JM

L
R

 1
8(

20
3)
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8,
 2
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8



T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

th
e

tru
e

g
ra

p
h

is
a

su
b
grap

h
of

a
given

grap
h

over
a

ra
n
ge

of
in

d
ex

valu
es.

T
h
e

fi
rst

test
w

a
s

stu
d
ied

in
th

e
con

tex
t

of
static

G
au

ssian
grap

h
ical

m
o
d
els

in
J
an

kov
á

an
d

van
d
e

G
eer

(2
0
1
5
,

2
0
1
7
)

a
n
d

R
en

et
al.

(2015),
h
ow

ever,
th

eir
ap

p
roach

can
n
ot

h
an

d
le

tim
e-va

ry
in

g
m

o
d
els.

T
h
e

secon
d

test
w

as
con

sid
ered

in
W

asserm
an

et
al.

(2014),
Y

a
n
g

et
a
l.

(2014
b
)

a
n
d

G
u

et
a
l.

(2015)
also

in
th

e
con

tex
t

of
static

grap
h
ical

m
o
d
els.

C
ai

et
al.

(2013b
)

co
n
sid

ered
a

statistical
test

for
w

h
eth

er
th

e
correlation

m
atrix

is
an

id
en

tity,
w

h
ich

is
a

sp
ecia

l
ca

se
o
f

th
e

su
p

er
grap

h
test.

T
h
e

th
ird

test
is

a
gen

eralization
of

th
e

ab
ove

tw
o

lo
ca

l
tests

to
a

glob
al

test
ov

er
a

ran
ge

of
in

d
ex

valu
es,

w
h
ich

allow
s

for
id

en
tify

in
g

w
h
eth

er
certa

in
co

n
n
ection

s
in

grap
h
ical

m
o
d
els

ex
ist

for
a

p
erio

d
of

tim
e.

W
e

illu
stra

te
th

e
su

p
er

g
ra

p
h

test
in

a
n

ap
p
lication

to
th

e
A

D
H

D
-200

d
ata

set
con

tain
in

g
fM

R
I

d
ata

from
su

b
jects

w
ith

a
n
d

w
ith

o
u
t

atten
tion

d
efi

cit
h
y
p

eractive
d
isord

er
(A

D
H

D
)

(B
isw

al
et

al.,
2010),

w
h
ich

a
llow

s
u
s

to
u
n
cov

er
h
ow

th
e

b
rain

n
etw

ork
s

ch
a
n
ge

w
ith

age.

T
h
is

p
a
p

er
m

akes
tw

o
m

a
jor

con
trib

u
tion

s
to

th
e

literatu
re

on
statistical

in
feren

ce
for

g
ra

p
h
ical

m
o
d
els.

F
irst,

w
e

d
evelop

a
gen

eral
in

feren
tial

p
ro

ced
u
re

for
a

w
id

e
fam

ily
of

h
ig

h
d
im

en
sion

al
grap

h
ical

m
o
d
el

estim
ation

m
eth

o
d
s.

M
an

y
ex

istin
g

h
igh

d
im

en
sion

al
in

feren
ce

m
eth

o
d
s

are
sp

ecifi
cally

d
esign

ed
for

con
crete

estim
ators.

F
or

ex
am

p
le,

Z
h
an

g
a
n
d

Z
h
a
n
g

(2
01

3),
van

d
e

G
eer

et
al.

(20
14),

J
avan

m
ard

an
d

M
on

tan
ari

(2014),
an

d
N

in
g

a
n
d

L
iu

(2
0
1
7
)

d
esign

in
feren

ce
p
ro

ced
u
res

fo
r

sp
ecifi

c
M

-estim
ators,

w
h
ile

N
ey

k
ov

et
al.

(2
0
1
5
)

d
evelo

p
ed

an
in

feren
tial

p
ro

ced
u
re

for
th

e
m

eth
o
d

of
m

om
en

ts
estim

ators
like

D
an

tzig
selecto

r
(C

a
n
d
és

an
d

T
ao,

2007)
an

d
C

L
IM

E
(C

ai
et

al.,
20

11).
B

arb
er

an
d

K
olar

(2018)
d
esig

n
a

p
ro

ced
u
re

for
con

stru
ctin

g
con

fi
d
en

ce
in

tervals
in

h
igh

-d
im

en
sion

al
ellip

tica
l
cop

u
la

m
o
d
els.

In
co

n
trast

to
th

at,
w

e
p
rop

ose
a

n
on

p
aram

etric
score-ty

p
e

sta
tistic,

w
h
ich

u
ses

a
n
y

estim
a
tor

of
Σ

(z
) −

1
w

ith
fast

en
ou

gh
rate

o
f

con
verg

en
ce

as
an

in
p
u
t.

T
h
erefore,

o
u
r

in
feren

ce
p
ro

ced
u
re

d
o
es

n
ot

d
ep

en
d

on
a

p
articu

lar
estim

ate
o
f

Σ
(z

) −
1

an
d

can
b

e
a
p
p
lied

to
b

o
th

M
-estim

ators,
like

grap
h
ical

L
asso,

a
n
d

m
eth

o
d

of
m

om
en

ts
estim

ators,
like

C
L

IM
E

.
S
econ

d
,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
is

p
ap

er
con

sid
ers

for
th

e
fi
rst

tim
e

p
resen

ce
o
f

th
e

ed
ges

test
u
n
iform

ly
over

th
e

in
d
ex
z

for
h
igh

d
im

en
sion

al
grap

h
ical

m
o
d
els.

C
o
m

p
u
tin

g
q
u
a
n
tiles

of
th

e
test

statistic
req

u
ires

d
evelo

p
m

en
t

a
n
ew

G
au

ssian
m

u
ltip

lier
b

o
o
tstra

p
p
ro

ced
u
re

for
a
U

-p
ro

cess.

1
.1

R
e
la

te
d

L
ite

ra
tu

re

H
ig

h
-d

im
en

sio
n
al

G
au

ssian
grap

h
ical

m
o
d
els

are
stu

d
ied

in
M

ein
sh

au
sen

a
n
d

B
ü
h
lm

an
n

(2
0
0
6
),

Y
u
a
n

a
n
d

L
in

(2007),
R

oth
m

an
et

al.
(2008),

F
ried

m
an

et
al.

(20
08),

d
’A

sp
rem

on
t

et
a
l.

(2
0
0
8),

F
a
n

et
al.

(2009),
L

am
an

d
F

a
n

(2009),
Y

u
an

(2010),
C

ai
et

a
l.

(20
11),

L
iu

an
d

W
a
n
g

(2
01

7
),

a
n
d

Z
h
ao

an
d

L
iu

(20
14),

w
ith

an
ex

ten
sion

to
covariate-ad

ju
sted

grap
h
ical

m
o
d
els

g
iven

in
D

on
d
elin

ger
et

al.
(2010),

L
i

et
al.

(2012),
C

ai
et

al.
(2013a),

C
h
en

et
a
l.

(2
0
1
6
),

a
n
d

Y
in

an
d

L
i

(2013).
S
em

ip
aram

etric
ex

ten
sion

s
u
sin

g
cop

u
las

are
d
evelop

ed
in

L
iu

et
al.

(2
009),

L
iu

et
al.

(2012
a),

X
u
e

an
d

Z
ou

(2012),
an

d
L

iu
et

al.
(2012b

),
an

d
ex

ten
d
ed

fo
r

m
ix

ed
d
ata

in
F

an
et

al.
(2015).

G
u
o

et
a
l.

(2
011a),

G
u
o

et
al.

(2011b
),

L
ee

a
n
d

H
a
stie

(2
0
15),

C
h
en

g
et

al.
(2017),

Y
an

g
et

al.
(2012),

an
d

Y
an

g
et

al.
(2014a)

stu
d
y

th
e

m
ix

ed
ex

p
o
n
en

tial
fam

ily
grap

h
ical

m
o
d
els

w
h
ere
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éb

re
et

al.,
2010).

F
or

th
e

tim
e-vary

in
g

u
n
d
irected

grap
h
ical

m
o
d
els,

Z
h
ou

et
a
l.

(2010),
K

olar
an

d
X

in
g

(2011),
Y

in
et

al.
(2010),

K
olar

et
al.

(2010b
)

an
d

K
olar

et
al.

(2
010a)

con
sid

er
th

e
kern

el-
sm

o
oth

ed
ty

p
e

estim
ator

for
grap

h
ical

m
o
d
els.

K
olar

an
d

X
in

g
(2012)

assu
m

e
th

e
g
rap

h
ical

m
o
d
el

evolves
in

a
p
iecew

ise-con
stan

t
fash

ion
an

d
estim

ate
it

b
y

th
e

tem
p

orally
sm

o
oth

ed
`
1

p
en

alized
regression

.
T

alih
an

d
H

en
gartn

er
(2005)

an
d

X
u
an

an
d

M
u
rp

h
y

(2007)
con

sid
er

a
B

ayesian
fram

ew
ork

to
m

o
d
el

th
e

tim
e-

vary
in

g
of

grap
h
s

an
d

estim
ate

th
e

grap
h

b
y

M
ark

ov
ch

ain
M

o
n
te

C
arlo

m
eth

o
d
s.

A
ll

th
e

ab
ove

w
ork

s
sh

ow
th

e
statistical

rates
for

grap
h
ica

l
m

o
d
els

for
fi
x
ed

tim
e

p
o
in

ts.
O

u
r

w
ork

con
trib

u
tes

to
th

is
literatu

re
b
y

stu
d
y
in

g
th

e
u
n
iform

p
rop

erties
of

estim
ators

an
d

d
evelop

in
g

in
feren

tial
p
ro

ced
u
res.

F
or

estim
ation

,
w

e
p
rove

a
rate

of
con

vergen
ce

th
at

is
u
n
iform

over
z

an
d

sh
ow

it
m

atch
es

th
e

m
in

im
ax

rate.
In

stead
of

th
e

kern
el

sm
o
oth

ed
sam

p
le

covarian
ce,

w
e

p
rop

ose
th

e
kern

el
sm

o
oth

ed
U

-statistics
as

a
rob

u
st

estim
a
tor.

F
or

in
feren

ce,
w

e
stu

d
y

th
e

p
resen

ce
of

ed
ges

for
a

ran
ge

of
in

d
ex

valu
es

in
stead

of
th

e
lo

cal
tests

in
th

e
literatu

re.

O
u
r

p
ap

er
also

con
trib

u
tes

to
th

e
literatu

re
on

h
igh

d
im

en
sion

al
in

feren
ce.

H
y
p

oth
esis

testin
g

an
d

con
fi
d
en

ce
in

tervals
for

th
e

h
igh

d
im

en
sion

al
M

-estim
ators

are
stu

d
ied

in
Z

h
an

g
an

d
Z

h
an

g
(2013),

van
d
e

G
eer

et
al.

(2014);
J
avan

m
ard

an
d

M
on

tan
ari

(201
4),

B
ellon

i
et

al.
(2013),

B
ellon

i
et

al.
(2016),

J
avan

m
ard

an
d

M
on

tan
ari

(2014)
an

d
M

ein
sh

au
sen

(2015).
L

u
et

al.
(2015)

con
sid

ered
th

e
con

fi
d
en

ce
b
an

d
s

for
th

e
h
igh

d
im

en
sion

al
n
on

p
aram

etric
m

o
d
-

els.
N

ey
kov

et
al.

(2015)
p
rop

osed
th

e
in

feren
ce

for
h
igh

d
im

en
sio

n
al

m
eth

o
d

o
f

m
om

en
ts

estim
ators.

L
ee

et
al.

(2016)
an

d
T

ib
sh

iran
i

et
al.

(2016)
con

sid
er

th
e

con
d
ition

al
in

feren
ce

b
ased

on
p

ost-selection
m

eth
o
d
s.

O
u
r

w
ork

con
sid

ers
a

n
ew

in
feren

tial
fram

ew
ork

in
volv

in
g

b
oth

d
iscrete

grap
h

stru
ctu

res
an

d
th

e
n
on

p
a
ram

etric
in

d
ex

variab
le,

w
h
ich

p
rov

id
es

m
ore

fl
ex

ib
ility

in
th

e
m

o
d
elin

g
of

m
o
d
ern

d
ata

sets.

F
in

ally,
w

e
d
evelop

n
ovel

p
rob

ab
ilistic

to
o
ls

to
stu

d
y

th
e

h
igh

d
im

en
sion

al
U

-statistics.
C

lassical
an

aly
sis

for
fi
x
ed

d
im

en
sion

al
U

-statistics
is

b
u
ilt

on
th

e
H

o
eff

d
in

g
d
eco

m
p

o
sition

(H
o
eff

d
in

g,
1948).

C
on

cen
tration

in
eq

u
alities

for
h
igh

d
im

en
sion

al
U

-statistics
are

stu
d
ied

in
G

in
é
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co
or

d
in

at
es

of
X

,
is

d
efi

n
ed

as

τ j
k

=
E
[ si

gn
( (X

j
−
X̃
j
)(
X
k
−
X̃
k
))]

,

w
h
er

e
(X̃

j
,X̃

k
)

is
an

in
d
ep

en
d
en

t
co

p
y

of
(X

j
,X

k
).

It
ca

n
b

e
re

la
te

d
to

th
e

la
te

n
t

co
rr

el
a-

ti
on

m
at

ri
x

u
si

n
g

th
e

fa
ct

th
at
τ j
k

=
(2
/π

)
ar

cs
in
( Σ

jk

)
w

h
en
X

fo
ll
ow

s
a

n
on

p
ar

an
or

m
al

d
is

tr
ib

u
ti

on
(F

an
g

et
al

.,
19

90
).

T
h
e

in
ve

rs
e

co
va

ri
an

ce
m

at
ri

x
Ω

=
Σ
−
1

en
co

d
es

th
e

gr
ap

h
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L
u
,
K
o
l
a
r
,
a
n
d

L
iu

st
ru

ct
u
re

of
a

n
on

p
ar

an
or

m
al

d
is

tr
ib

u
ti

on
(L

iu
et

al
.,

20
09

).
S
p

ec
ifi

ca
ll
y

Ω
jk

=
0

if
a
n
d

on
ly

if
X
j

is
in

d
ep

en
d
en

t
of
X
k

co
n
d
it

io
n
al

ly
on
X
\{
j,
k
}.

T
h
e

ab
ov

e
ob

se
rv

at
io

n
s

le
ad

n
at

u
ra

ll
y

to
th

e
fo

ll
ow

in
g

es
ti

m
at

io
n

p
ro

ce
d
u
re

fo
r

Ω
.

W
e

es
ti

m
at

e
th

e
K

en
d
al

l’
s

ta
u

co
rr

el
at

io
n

m
at

ri
x

T̂
=

[τ̂
jk

]
∈

R
d
×
d

el
em

en
tw

is
e

u
si

n
g

th
e

fo
ll
ow

in
g
U

-s
ta

ti
st

ic

τ̂ j
k

=
2

n
(n
−

1)

∑

1
≤
i<
i′
≤
n

si
gn

(X
ij
−
X
i′
j
)

si
gn

(X
ik
−
X
i′
k
).

A
n

es
ti

m
at

e
of

th
e

la
te

n
t

co
rr

el
at

io
n

m
at

ri
x

is
gi

ve
n

a
s

Σ̂
=

si
n
( π

T̂
/
2
) ,

w
h
er

e
si

n
(·)

is

ap
p
li
ed

el
em

en
tw

is
e.

F
in

al
ly

,
th

e
es

ti
m

a
te

of
th

e
la

te
n
t

co
rr

el
at

io
n

m
at

ri
x

Σ̂
is

u
se

d
a
s

a
p
lu

g-
in

st
at

is
ti

c
in

th
e

C
L

IM
E

es
ti

m
at

or
(C

ai
et

al
.,

20
11

),
or

ca
li
b
ra

te
d

C
L

IM
E

es
ti

m
a
to

r
(Z

h
ao

an
d

L
iu

,
20

14
),

to
ob

ta
in

th
e

in
ve

rs
e

co
va

ri
an

ce
es

ti
m

at
or

Ω̂
.

T
h
e

C
L

IM
E

es
ti

m
at

or
so

lv
es

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

gr
am

Ω̂
C
L
IM

E
j

=
ar

gm
in

β
∈R

d

‖β
‖ 1

su
b

je
ct

to
‖Σ̂
β
−

e
j
‖ ∞
≤
λ
,

(2
)

w
h
er

e
e
j

is
th

e
j-

th
ca

n
on

ic
al

b
as

is
in

R
d

an
d

th
e

p
en

al
ty

p
a
ra

m
et

er
λ

th
a
t

co
n
tr

o
ls

th
e

sp
ar

si
ty

of
th

e
re

su
lt

in
g

es
ti

m
at

or
is

co
m

m
on

ly
ch

os
en

as
λ
�
‖Ω
‖ 1
√

lo
g
d
/
n

(C
a
i

et
a
l.
,

20
11

).
N

ot
e

th
at

th
e

tu
n
in

g
p
ar

am
et

er
d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
Ω

th
ro

u
g
h
‖Ω
‖ 1

,
w

h
ic

h
m

ak
es

p
ra

ct
ic

al
se

le
ct

io
n

of
λ

d
iffi

cu
lt

.
T

h
e

ca
li
b
ra

te
d

C
L

IM
E

is
a

tu
n
in

g-
in

se
n
si

ti
ve

es
ti

-
m

at
or

,
w

h
ic

h
al

le
v
ia

te
s

th
is

p
ro

b
le

m
.

T
h
e

ca
li
b
ra

te
d

C
L

IM
E

es
ti

m
at

or
so

lv
es

( Ω̂
C
C
L
IM

E
j

,κ̂
j

) =
ar

gm
in

β
∈R

d
,κ
∈R
‖β
‖ 1

+
γ
κ

su
b

je
ct

to
‖Σ̂
β
−

e
j
‖ ∞
≤
λ
κ
,
‖β
‖ 1
≤
κ
,

(3
)

w
h
er

e
γ

is
an

y
co

n
st

an
t

in
(0
,1

)
an

d
th

e
tu

n
in

g
p
ar

am
et

er
ca

n
b

e
ch

os
en

as
λ

=
C
√

lo
g
d
/n

w
it

h
C

b
ei

n
g

a
u
n
iv

er
sa

l
co

n
st

an
t

in
d
ep

en
d
en

t
of

th
e

p
ro

b
le

m
p
ar

am
et

er
s.

In
w

h
a
t

fo
ll
ow

s,
w

e
w

il
l

ad
ap

t
th

e
ca

li
b
ra

te
d

cl
im

e
to

es
ti

m
at

io
n

of
th

e
p
ar

a
m

et
er

s
of

th
e

m
o
d
el

in
(1

).

2
.1

T
im

e
-V

a
ry

in
g

N
o
n

p
a
ra

n
o
rm

a
l

G
ra

p
h

ic
a
l

M
o
d

e
l

T
h
e

ti
m

e-
va

ry
in

g
n
on

p
ar

an
or

m
al

gr
ap

h
ic

al
m

o
d
el

in
(1

)
is

an
ex

te
n
si

on
o
f

th
e

n
o
n
p
a
ra

-
n
or

m
al

d
is

tr
ib

u
ti

on
.

F
or

ev
er

y
fi
x
ed

va
lu

e
of

th
e

in
d
ex

va
ri

ab
le
Z

=
z
,

w
e

h
av

e
a

st
a
ti

c
n
on

p
ar

an
or

m
al

d
is

tr
ib

u
ti

on
X
|Z

=
z
∼

N
P
N
d
(0
,Σ

(z
),
f

)
th

at
ca

n
b

e
ea

si
ly

in
te

rp
re

te
d
.

H
ow

ev
er

,
as

th
e

in
d
ex

va
ri

ab
le

ch
an

ge
s,

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
X
|Z

ca
n

ch
a
n
ge

in
an

u
n
sp

ec
ifi

ed
w

ay
.

In
th

is
se

n
se

,
ti

m
e-

va
ry

in
g

n
on

p
ar

an
or

m
al

gr
a
p
h
ic

al
m

o
d
el

s
ex

te
n
d

n
on

p
ar

an
or

m
al

gr
ap

h
ic

al
m

o
d
el

s
in

th
e

sa
m

e
w

ay
va

ry
in

g
co

effi
ci

en
t

m
o
d
el

s
ex

te
n
d

li
n
ea

r
re

gr
es

si
on

m
o
d
el

s.
L

et
Y

=
(X

,Z
)

d
en

ot
e

a
ra

n
d
om

p
ai

r
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
th

e
ti

m
e-

va
ry

in
g

n
o
n
-

p
ar

an
or

m
al

d
is

tr
ib

u
ti

on
.

S
p

ec
ifi

ca
ll
y
Z
∼
f Z

(z
)

w
it

h
f Z

(·)
b

ei
n
g

a
co

n
ti

n
u
o
u
s

d
en

si
ty

fu
n
ct

io
n

su
p
p

or
te

d
on

[0
,1

]
an

d
X
|Z

=
z
∼

N
P
N
d
(0
,Σ

(z
),
f

)
fo

r
al

l
z
∈

[0
,1

].
F

o
r

a
n
y

fi
x
ed

z
∈

[0
,1

],
w

e
d
en

ot
e

th
e

in
v
er

se
of

th
e

co
rr

el
a
ti

on
m

at
ri

x
as

Ω
(z

)
=

Σ
−
1
(z

).
B

o
th

f Z
(z

)
an

d
ea

ch
en

tr
y

of
Ω

(z
)

ar
e

se
co

n
d
-o

rd
er

d
iff

er
en

ti
ab

le
(w

e
w

il
l

fo
rm

al
iz

e
a
ss

u
m

p
ti

o
n
s

in
S
ec

ti
on

4)
.

W
e

d
en

ot
e

th
e

u
n
d
ir

ec
te

d
gr

ap
h

en
co

d
in

g
th

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
o
f

X
|Z

=
z

as
G
∗ (
z
)

=
(V
,E
∗ (
z
))

,
w

it
h

(j
,k

)
∈
E
∗ (
z
)

w
h
en

Ω
jk

(z
)
6=

0.
A

s
in

th
e

st
a
ti

c
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T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

ca
se,

w
e

rela
te

th
e

K
en

d
all’s

tau
correla

tion
m

atrix
w

ith
th

e
laten

t
correlation

m
atrix

.
L

et
T

(z
)

=
[τ
jk (z

)]jk
b

e
th

e
K

en
d
all’s

tau
correlation

m
atrix

corresp
on

d
in

g
to
X
|
Z

=
z

w
ith

elem
en

ts
d
efi

n
ed

as

τ
jk (z

)
=

E
[sign (

(X
j −

X̃
j )(X

k −
X̃
k ) )
|
Z

=
z ]
,

w
h
ere

X̃
is

a
n

in
d
ep

en
d
en

t
cop

y
of
X

con
d
ition

ally
on

Z
=
z
.

G
iven

n
in

d
ep

en
d
en

t
cop

ies
o
f
Y

=
(X

,Z
),{Y

i
=

(X
i ,Z

i )}
i∈

[n
] ,

w
e

estim
ate

an
elem

en
t

of
th

e
K

en
d
all’s

ta
u

correlation
m

a
trix

u
sin

g
th

e
follow

in
g

k
ern

el
estim

ator

τ̂
jk (z

)
=
n
−
2 ∑

i<
i ′ ω

z (Z
i ,Z

i ′)
sign

(X
ij −

X
i ′j )

sign
(X

ik −
X
i ′k )

n
−
2 ∑

i<
i ′ ω

z (Z
i ,Z

i ′)
,

w
h
ere

(4)

ω
z (Z

i ,Z
i ′)

=
K
h

(Z
i −

z
)
K
h

(Z
i ′−

z
)

(5)

w
ith

th
e

k
ern

el
fu

n
ction

K
(·)

b
ein

g
a

sy
m

m
etric

d
en

sity
fu

n
ction

,
K
h (·)

=
h
−
1K

(·/h
)

an
d

h
>

0
is

th
e

b
a
n
d
w

id
th

p
aram

eter.
W

e
can

ch
o
ose

th
e

k
ern

el
fu

n
ction

a
s

lon
g

as
it

sa
tisfi

es
so

m
e

reg
u
la

rity
con

d
ition

s,
w

h
ich

w
ill

b
e

sp
ecifi

ed
in

A
ssu

m
p
tion

4.3
.

T
h
e

kern
el
U

-sta
tistic

in
(4

)
is

a
g
en

eralization
of

classical
k
ern

el
regression

(O
p
som

er
an

d
R

u
p
p

ert,
19

97;
F

an
a
n
d

J
ia

n
g
,

2
0
0
5).

F
or

ex
am

p
le,

given
i.i.d

.
sam

p
les{Y

i ,Z
i }
ni=

1
from

th
e

m
o
d
el
Y

=
f

(Z
)

+
ε,

th
e

N
a
d
a
ray

a-W
atson

estim
ator

(B
ieren

s,
1988)

is

f̂
(z

)
=
n
−
1 ∑

ni=
1
K
h (Z

i −
z
)Y
i

n
−
1 ∑

ni=
1
K
h (Z

i −
z
)
,

(6)

w
h
ere

w
e

ta
k
e

th
e

w
eigh

ted
av

erage
of
Y
i ’s

an
d

th
e

w
eigh

t
K
h (Z

i −
z
)

is
related

to
th

e
d
ista

n
ce

b
etw

een
Z
i

an
d
z
.

In
ord

er
to

n
orm

alize
th

e
w

eigh
ts,

w
e

ad
d

th
e

d
en

om
in

ator
in

(6
),

w
h
ich

is
th

e
k
ern

el
d
en

sity
estim

ator
for

th
e

d
en

sity
of
Z

.
C

om
p
arin

g
(4)

w
ith

th
e

N
a
d
a
raya

-W
a
tson

estim
ator,

sin
ce

th
e

kern
el
U

-statistic
in

volves
b

oth
X
i

an
d
X
i ′,

w
e

n
eed

to
m

u
ltip

ly
th

e
w

eigh
ts

as
(5)

to
en

su
re

th
at

b
oth

Z
i

an
d
Z
i ′

are
in

th
e

n
eigh

b
orh

o
o
d

of
z
.

W
e

a
lso

n
o
rm

a
lize

th
e

w
eigh

ts
b
y

d
iv

id
in

g
th

e
d
en

om
in

ator
n
−
2 ∑

i<
i ′ ω

z (Z
i ,Z

i ′)
w

h
ich

is
th

e
estim

a
to

r
o
f
f
2Z
(z

).
T

h
e

d
en

om
in

ator
n
−
2 ∑

i<
i ′ ω

z (Z
i ,Z

i ′)
is

also
related

to
th

e
d
en

sity
f
Z

(z
).

In
fa

ct,
it

is
th

e
estim

ator
of
f
2Z
(z

).
In

tu
itiv

ely,
w

e
can

see
it

from

E [
1n
2 ∑i<

i ′ ω
z (Z

i ,Z
i ′) ]

= ∫∫
K

(t1 )K
(t2 )f

Z
(z

+
t1 h

)f
Z

(z
+
t2 h

)d
t1 d

t2
=
f
2Z
(z

)
+
O

(h
2).

L
em

m
a

1
4

p
rov

id
es

th
e

d
etails

an
d

is
giv

en
in

th
e

su
p
p
lem

en
tary

m
aterial.

B
a
sed

on
th

e
ab

ove
estim

ator,
w

e
ob

tain
th

e
corresp

on
d
in

g
laten

t
correlation

m
atrix

for
a
n
y

in
d
ex

va
lu

e
z
∈

(0,1)
as

Σ̂
(z

)
=

sin (
π2

T̂
(z

) )
,

(7)

w
h
ere

T̂
(z

)
=

[τ̂
jk (z

)]∈
R
d×
d.

F
in

a
lly,

sim
ilar

to
th

e
static

case,
w

e
can

p
lu

g
Σ̂

(z
)

in
to

a
p
ro

ced
u
re

th
at

g
ives

an
estim

a
te

o
f

th
e

in
verse

correlation
m

a
trix

,
su

ch
as

th
e

C
L

IM
E

in
(2)

or
calib

rated
C

L
IM

E
in

(3
).

D
u
e

to
p
ractical

ad
van

tages
of

th
e

calib
rated

C
L

IM
E

,
w

e
w

ill
u
se

it
for

ou
r

sim
u
la

tion
s.

H
ow

ev
er,

a
t

th
is

p
oin

t
w

e
n
ote

th
at

th
e

in
feren

tial
fram

ew
ork

on
ly

req
u
ires

th
e

estim
ator

of
th

e
in

v
erse

co
rrelation

m
atrix

to
con

verge
at

a
fast

en
ou

gh
rate.

T
h
erefore,

in
w

h
at

follow
s,

w
e

d
en

o
te

Ω̂
(z

)
a

gen
eric

estim
ator

of
Ω

(z
).

C
on

crete
statistical

p
rop

erties
req

u
ired

of
th

e
ca

lib
ra

ted
C

L
IM

E
w

ill
b

e
d
iscu

ssed
in

d
etails

in
S
ection

4.2.
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L
u
,
K
o
l
a
r
,
a
n
d

L
iu

3
.
In

fe
re
n
tia

l
M

e
th

o
d
s

In
th

is
section

,
w

e
d
evelop

a
fram

ew
ork

for
statistical

in
feren

ce
ab

ou
t

th
e

p
aram

eters
in

a
tim

e-vary
in

g
n
on

p
aran

orm
al

grap
h
ical

m
o
d
el.

W
e

fo
cu

s
on

th
e

follow
in

g
th

ree
testin

g
p
rob

lem
s:

•
E

d
g
e

p
re

se
n

c
e

te
st:

H
0

:
Ω
jk (z

0 )
=

0
for

a
fi
x
ed

z
0 ∈

(0,1)
an

d
j,k
∈

[d
];

•
S

u
p

e
r-g

ra
p

h
te

st:
H

0
:
G
∗(z

0 )⊂
G

for
a

fi
x
ed

z
0 ∈

(0,1)
an

d
a

fi
x
ed

grap
h
G

;

•
U

n
ifo

rm
e
d

g
e

p
re

se
n

c
e

te
st:

H
0

:
G
∗(z

)⊂
G

for
all

z
∈

[z
L
,z
U

]⊂
(0,1)

an
d

a
fi
x
ed

grap
h
G

.

F
or

all
th

e
testin

g
p
rob

lem
s,

th
e

altern
ativ

e
h
y
p

oth
eses

is
th

e
n
egation

of
th

e
n
u
ll.

T
h
e

ed
ge

p
resen

ce
test

is
con

cern
ed

w
ith

a
lo

cal
h
y
p

oth
esis

th
at
X
j

an
d
X
k

are
con

d
ition

ally
in

d
ep

en
d
en

t
given

X
\{
j,k}

for
a

p
articu

lar
valu

e
of

th
e

in
d
ex
z
0 .

E
q
u
ivalen

tly,
u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis

of
th

e
ed

ge
p
resen

ce
test,

th
e

n
o
d
es
j

an
d
k

are
n
ot

con
n
ected

at
a

p
articu

lar
in

d
ex

valu
e
z
0 .

T
h
e

n
u
ll

h
y
p

oth
esis

u
n
d
er

th
e

su
p

er-grap
h

test
p

ostu
lates

th
at

th
e

tru
e

grap
h

is
a

su
b
grap

h
of

a
given

grap
h
G

fo
r
Z

=
z
0 .

It
can

also
b

e
in

terp
reted

as
m

u
ltip

le-
ed

ge
p
resen

ce
tests,

sin
ceH

0
:
Ω
jk (z

0 )
=

0
,

for
all

(j,k
)∈

E
c,

(8)

w
h
ere

E
is

th
e

ed
ge

set
of

th
e

gra
p
h
G

.
T

h
e

n
u
ll

h
y
p

oth
esis

u
n
d
er

th
e

u
n
iform

ed
ge

p
resen

ce
test

p
ostu

lates
th

at
th

e
tru

e
grap

h
is

a
su

b
grap

h
of
G

for
all

in
d
ex

valu
es

in
th

e
ran

ge
[z
L
,z
U

].
It

is
a

gen
eralization

of
th

e
fi
rst

tw
o

lo
cal

tests
to

a
glob

al
test

over
a

ran
ge

of
in

d
ex

valu
es.

S
im

ilar
to

th
e

su
p

er-grap
h

test,
th

is
h
y
p

oth
esis

is
eq

u
ivalen

t
to

th
e

follow
in

g

H
0

:
su

p
z∈

[z
L
,z
U
] |Ω

jk (z
)|

=
0,

for
all

(j,k
)∈

E
c.

If
th

e
grap

h
G

con
sists

of
th

e
ed

ge
set

E
=
{
(a
,b)∈

V
×
V
|

(a
,b)6=

(j,k
)},

th
e

u
n
iform

ed
ge

p
resen

ce
test

b
ecom

es
a

u
n
iform

sin
gle-ed

ge
test

H
0

:
su

p
z∈

[z
L
,z
U
] |Ω

jk (z
)|

=
0.

N
ex

t,
w

e
p
rov

id
e

d
etails

on
h
ow

to
con

stru
ct

tests
for

th
e

ab
ove

th
ree

h
y
p

oth
esis.

3
.1

E
d

g
e

P
re

se
n

c
e

T
e
stin

g

W
e

con
sid

er
th

e
h
y
p

oth
esis

H
0

:
Ω
jk (z

0 )
=

0,
for

a
fi
x
ed

z
0 ∈

(0,1)
an

d
j,k
∈

[d
].

In
ord

er
to

con
stru

ct
a

test
for

th
is

h
y
p

oth
esis,

w
e

in
tro

d
u
ce

th
e

score
fu

n
ction

Ŝ
z|(j,k

) (β
)

=
Ω̂
Tj

(z
) (Σ̂

(z
)β
−

e
k ).

(9)

T
h
e

argu
m

en
t
β

of
th

e
score

fu
n
ctio

n
corresp

on
d
s

to
th

e
k
-th

colu
m

n
of

Ω
(z

).
O

u
r

test
is

b
ased

on
th

e
score

fu
n
ction

evalu
ated

at
Ω̂
k\
j

w
h
ich

is
an

estim
ator

of
Ω
k (z

)
u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis,

d
efi

n
ed

as

Ω̂
k\
j (z

)
=
(Ω̂

1
k (z

),...,Ω̂
(j−

1
)k (z

),0,Ω̂
(j+

1
)k (z

),...,Ω̂
d
k (z

) )
T
∈
R
d,

w
h
ere

Ω̂
(z

)
is

an
estim

ator
of

Ω
(z

).
T

h
at

is,
w

e
u
se
Ŝ
z|(j,k

) (Ω̂
k\
j (z

) )
as

th
e

score
sta

tistic.
W

e
estab

lish
statistical

p
rop

erties
of

th
is

statistic
later.

W
e

fi
rst

d
evelop

in
tu

ition
for
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T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

w
h
y
Ŝ
z
|(j
,k
)(

Ω̂
k
\j

(z
))

is
a

go
o
d

te
st

in
g

st
at

is
ti

c
fo

r
H

0
:

Ω
jk

(z
0
)

=
0.

If
w

e
re

p
la

ce
Ω̂

an
d

Σ̂
b
y

th
e

tr
u
th

Ω
an

d
Σ

in
(9

),
w

e
ca

n
fi
n
d

th
e

sc
or

e
st

at
is

ti
c
Ŝ
z
|(j
,k
)(

Ω̂
k
\j

(z
))
≈

Ω
T j

(z
)(

Σ
(z

)Ω
k
\j

(z
)
−

e
k

)
=

Ω
jk

(z
).

T
h
er

ef
or

e,
th

e
sc

or
e

st
at

is
ti

c
is

cl
os

e
to

ze
ro

u
n
d
er

th
e

n
u
ll
,

an
d
Ŝ
z
|(j
,k
)(

Ω̂
k
\j

(z
0
))
≈

Ω̂
jk

(z
0
)

u
n
d
er

th
e

al
te

rn
at

iv
e.

In
sp

ec
ifi

c,
u
n
d
er
H

0
,

th
e

te
st

in
g

st
at

is
ti

c
is

cl
os

e
to

Ŝ
z
|(j
,k
)(

Ω̂
k
\j
) ≈

Ω
T j

(z
)(

Σ̂
(z

)
−

Σ
(z

))
Ω
k
(z

)
≈

Ω
T j

(z
)[

Σ̇
(z

)
◦(

T̂
(z

)
−

T
(z

))
] Ω

k
(z

),
(1

0)

w
h
er

e
Σ̇
jk

(z
)

=
(π
/2

)
co

s
( (π

/2
)τ
jk

(z
))

is
th

e
d
er

iv
at

iv
e

of
Σ
jk

(·)
an

d
“≈

”
d
en

ot
es

eq
u
al

it
y

u
p

to
a

sm
al

le
r

or
d
er

te
rm

.
T

h
e

fi
rs

t
ap

p
ro

x
im

at
io

n
in

(1
0)

is
d
u
e

to
re

p
la

ci
n
g

Ω̂
w

it
h

th
e

tr
u
th

an
d

th
e

se
co

n
d

ap
p
ro

x
im

at
io

n
is

d
u
e

to
th

e
T

ay
lo

r
ex

p
an

si
on

.
A

ri
go

ro
u
s

d
er

iv
at

io
n

of
th

is
ar

gu
m

en
t

ca
n

b
e

fo
u
n
d

in
A

p
p

en
d
ix

B
.1

.
W

e
n
ot

e
th

at
th

e
ri

gh
t-

h
a
n
d

si
d
e

of
(1

0)
is

a
li
n
ea

r
fu

n
ct

io
n

of
T̂

(z
),

w
h
ic

h
is

a
U

-s
ta

ti
st

ic
.

B
y

ap
p
ly

in
g

th
e

ce
n
tr

al
li
m

it
th

eo
re

m
fo

r
U

-s
ta

ti
st

ic
s,

w
e

w
il
l

sh
ow

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
Ŝ
z
|(j
,k
)(

Ω̂
k
\j
) .

S
ee

T
h
eo

re
m

1
fo

r
d
et

ai
ls

.

U
n
d
er

th
e

n
u
ll
,

w
e

h
av

e
th

at

√
n
h
·σ
−
1

jk
(z

0
)Ŝ
z 0
|(j
,k
)(

Ω̂
k
\j

(z
0
))
 
N

(0
,1

),

w
h
er

e
σ
2 jk

(z
0
)

=
f
−
4

Z
(z

0
)V

ar
(Ω

S j
(z

0
)Θ

z 0
Ω
k
(z

0
))

,
an

d
Θ
z

is
a

ra
n
d
om

m
at

ri
x

w
it

h
el

em
en

ts

(Θ
z
) j
k

=
π

co
s
( (π

/2
)τ
jk

(z
))
τ
(1
)

jk
(Y

),
w

h
er

e
(1

1)

τ
(1
)

jk
(x
,z

)
=
√
h
·E

[K
h

(z
−
z 0

)
K
h

(Z
−
z 0

)
(s

ig
n
(X

j
−
x
j
)

si
gn

(X
k
−
x
k
)
−
τ j
k
(z

0
))

],
(1

2)

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

ta
ke

n
fo

r
Z

an
d
X

.
F

or
si

m
p
li
ci

ty
,

w
e

d
en

ot
e
y

=
(x

T
,z

)T
an

d

w
ri

te
τ
(1
)

jk
(y

)
:=

τ
(1
)

jk
(x
,z

).
T

h
e

fo
rm

of
th

e
as

y
m

p
to

ti
c

va
ri

an
ce

co
m

es
fr

om
th

e
H

o
eff

d
in

g

d
ec

om
p

os
it

io
n

of
th

e
U

-s
ta

ti
st

ic
s

in
(4

),
w

it
h
τ
(1
)

jk
b

ei
n
g

th
e

le
ad

in
g

te
rm

o
f

th
e

d
ec

om
p

os
i-

ti
on

.
T

ec
h
n
ic

al
d
et

ai
ls

w
il
l
b

e
p
ro

v
id

ed
in

S
ec

ti
on

4.
1

an
d

S
ec

ti
on

B
.1

.
T

h
e

sc
or

e
st

at
is

ti
c

is
a

ge
n
er

al
iz

at
io

n
of

R
ao

’s
sc

or
e

te
st

s
in

fi
x
ed

d
im

en
si

on
al

p
ar

am
et

ri
c

m
o
d
el

s.
W

e
ca

n
ap

p
ly

a
on

e-
st

ep
d
eb

ia
se

d
es

ti
m

at
or

of
Ω
jk

(z
)

fr
om

th
e

sc
or

e
st

at
is

ti
c
Ŝ
z
|(j
,k
)(

Ω̂
k
\j

(z
))

fo
ll
ow

in
g

th
e

p
ro

ce
d
u
re

si
m

il
ar

to
(N

in
g

an
d

L
iu

,
20

17
).

T
h
ey

sh
ow

th
at

th
e

on
e-

st
ep

es
ti

m
at

io
n

p
ro

ce
d
u
re

is
as

y
m

p
to

ti
ca

ll
y

eq
u
iv

al
en

t
to

th
e

sc
or

e
st

at
is

ti
c

an
d

w
e

ch
o
o
se

to
u
se

sc
or

e
st

at
is

ti
c

in
th

is
p
ap

er
.

J
an

ko
v
á

an
d

va
n

d
e

G
ee

r
(2

01
7)

co
n
si

d
er

ed
a

si
m

il
ar

d
eb

ia
si

n
g

p
ro

-
ce

d
u
re

sp
ec

ifi
c

fo
r

th
e

n
o
d
ew

is
e

re
gr

es
si

on
es

ti
m

at
or

.
O

n
th

e
ot

h
er

h
an

d
,

w
e

w
il
l

sh
ow

in
T

h
eo

re
m

1
th

at
th

e
sc

or
e

st
at

is
ti

c
Ŝ
z
|(j
,k
)(

Ω̂
k
\j

(z
))

ca
n

b
e

ap
p
li
ed

to
an

y
es

ti
m

at
or

Ω̂
h
as

sh
ar

p
en

ou
gh

st
at

is
ti

ca
l

ra
te

.

In
or

d
er

to
u
se

th
e

sc
or

e
fu

n
ct

io
n

as
a

te
st

st
at

is
ti

c,
w

e
n
ee

d
to

es
ti

m
a
te

it
s

as
y
m

p
to

ti
c

va
ri

an
ce
σ
2 jk

(z
0
).

F
or

an
y

1
≤
s
≤
n

an
d

1
≤
j,
k
≤
d
,

le
t

q s
,j
k
(z

)
=

√
h

n
−

1

∑ s′
6=
s

[ ω
z
(Z

s
,Z

s′
)
( si

gn
( (X

sj
−
X
s′
j
)(
X
sk
−
X
s′
k
))
−
τ̂ j
k
(z

))
] ,

(1
3)

Θ̂
(s
)

jk
(z

)
=
π

co
s

((
π
/2

)τ̂
jk

(z
))
q s
,j
k
(z

).
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3)

:1
-7

8,
 2

01
8

L
u
,
K
o
l
a
r
,
a
n
d

L
iu

W
it

h
th

is
n
ot

at
io

n
,

th
e

le
av

e-
on

e-
ou

t
J
ac

k
k
n
if

e
es

ti
m

at
or

fo
r
σ
2 jk

(z
0
)

is
gi

ve
n

a
s

σ̂
2 jk

(z
0
)

=
[U
n
(ω
z 0

)]
−
2
·1 n

n ∑ s=
1

( Ω̂
S j

(z
0
)Θ̂

(s
) (
z 0

)Ω̂
k
(z

0
)) 2

,
(1

4
)

w
h
er

e
th

e
m

at
ri

x
Θ̂

(s
) (
z
)

=
[Θ̂

(s
)

jk
(z

)]
.

A
s

w
e

h
av

e
re

m
ar

ke
d

in
S
ec

ti
on

2
.1

,
σ̂
2 jk

(z
0
)

is

an
es

ti
m

at
or

fo
r
f
2 Z
(z

).
W

e
d
iv

id
e

[U
n
(ω
z 0

)]
−
2

in
(1

4)
in

or
d
er

to
n
or

m
a
li
ze

d
th

e
w

ei
g
h
ts

ω
z
(Z

s
,Z

s′
)

in
th

e
U

-s
ta

ti
st

ic
s
q s
,j
k
(z

)
d
efi

n
ed

in
(1

3)
.

T
h
e

J
ac

k
k
n
if

e
es

ti
m

a
to

r
is

w
id

el
y

u
se

d
w

h
en

es
ti

m
at

in
g

th
e

va
ri

an
ce

of
a
U

-s
ta

ti
st

ic
s,

w
h
ic

h
is

n
ot

an
av

er
ag

e
o
f

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s.
T

h
e

le
av

e-
on

e-
ou

t
st

at
is

ti
c
q s
,j
k
(z

)
in

(1
3
)

is
es

ti
m

at
es

th
e

ex
p

ec
ta

ti
o
n

in
(1

2)
b
y

le
av

in
g
Y
s

ou
t

of
th

e
su

m
m

at
io

n
in
q s
,j
k
(z

).
F

in
al

ly
,

a
le

ve
l
α

te
st

fo
r
H

0
:
Ω
jk

(z
0
)

=
0

is
gi

ve
n

as

ψ
z 0
|(j
,k
)(
α

)
=

{
1

if
√
n
h
·∣ ∣
Ŝ
z 0
|(j
,k
)(

Ω̂
k
\j

(z
0
))
/
σ̂
jk

(z
0
)∣ ∣
>

Φ
−
1
(1
−
α
/2

);

0
if
√
n
h
·∣ ∣
Ŝ
z 0
|(j
,k
)(

Ω̂
k
\j

(z
0
))
/
σ̂
jk

(z
0
)∣ ∣
≤

Φ
−
1
(1
−
α
/2

),

w
h
er

e
Φ

(·)
is

th
e

cu
m

u
la

ti
v
e

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

of
a

st
an

d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

o
n
.

T
h
e

si
n
gl

e-
ed

ge
p
re

se
n
ce

te
st

is
a

co
rn

er
st

on
e

of
m

or
e

ge
n
er

al
h
y
p

ot
h
es

is
te

st
s

d
es

cr
ib

ed
in

th
e

n
ex

t
tw

o
se

ct
io

n
s.

T
h
e

p
ro

p
er

ti
es

of
th

e
te

st
ar

e
gi

v
en

in
T

h
eo

re
m

1.

3
.2

S
u

p
e
r-

G
ra

p
h

T
e
st

in
g

In
th

is
se

ct
io

n
,
w

e
d
is

cu
ss

su
p

er
-g

ra
p
h

te
st

in
g.

R
ec

al
l
th

at
fo

r
a

fi
x
ed
z 0

an
d

a
p
re

d
et

er
m

in
ed

gr
ap

h
G

=
(V
,E

),
th

e
n
u
ll

h
y
p

ot
h
es

is
is

H
0

:
G
∗ (
z 0

)
⊂
G
.

(1
5
)

F
ro

m
(8

),
w

e
h
av

e
th

at
th

e
su

p
er

-g
ra

p
h

te
st

ca
n

b
e

se
en

as
a

m
u
lt

ip
le

te
st

fo
r

p
re

se
n
ce

of
se

ve
ra

l
ed

ge
s.

T
h
er

ef
or

e,
w

e
p
ro

p
os

e
th

e
fo

ll
ow

in
g

te
st

in
g

st
at

is
ti

c
b
as

ed
o
n

th
e

sc
o
re

fu
n
ct

io
n

in
(9

):

S
(z

0
)

=
√
n
h
·U

n
(ω
z 0

)
m

ax
(j
,k
)∈
E
c
Ŝ
z 0
|(j
,k
)(

Ω̂
k
\j

(z
0
))
.

(1
6
)

In
or

d
er

to
es

ti
m

at
e

th
e

q
u
an

ti
le

of
S

(z
0
),

w
e

d
ev

el
op

a
n
ov

el
G

au
ss

ia
n

m
u
lt

ip
li
er

b
o
o
ts

tr
a
p

fo
r
U

-s
ta

ti
st

ic
s.

L
et
{ξ
i}
i∈

[n
]

b
e
n

in
d
ep

en
d
en

t
co

p
ie

s
of
N

(0
,1

).
L

et
T̂
B

(z
)

=
[ τ̂
B jk

(z
)]

w
h
er

e

τ̂
B jk

(z
)

=

∑
i6=
i′
K
h

(Z
i
−
z
)
K
h

(Z
i′
−
z
)

si
gn
( (X

ij
−
X
i′
j
)(
X
ik
−
X
i′
k
))

(ξ
i
+
ξ i
′ )

∑
i6=
i′
K
h

(Z
i
−
z
)
K
h

(Z
i′
−
z
)

(ξ
i
+
ξ i
′ )

,
(1

7
)

Σ̂
B

(z
)

=
si

n
( π 2

T̂
B

(z
)) .

(1
8
)

T
h
e

G
au

ss
ia

n
m

u
lt

ip
li
er

b
o
ot

st
ra

p
st

at
is

ti
c

in
(1

9)
is

m
o
ti

va
te

d
b
y

th
e

m
et

h
o
d

d
ev

el
o
p

ed
in

C
h
er

n
oz

h
u
k
ov

et
al

.
(2

01
3)

,
w

h
o

p
ro

p
os

ed
a

b
o
ot

st
ra

p
p
ro

ce
d
u
re

to
es

ti
m

a
te

a
q
u
a
n
ti

le
of

th
e

su
p
re

m
u
m

of
h
ig

h
d
im

en
si

on
al

em
p
ir

ic
al

p
ro

ce
ss

es
.

T
h
ei

r
m

et
h
o
d
,

h
ow

ev
er

,
ca

n
n
o
t

b
e

d
ir

ec
tl

y
ap

p
li
ed

to
ou

r
ke

rn
el

K
en

d
al

l’
s

ta
u

es
ti

m
at

or
in

(4
),

w
h
ic

h
is

a
ra

ti
o

o
f

tw
o
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T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

U
-sta

tistics.
If

w
e

com
p
are

(17)
w

ith
(4),

w
e

ad
d
ξ
i

+
ξ
i ′

in
to

th
e

b
o
otstra

p
estim

ator
in

o
rd

er
to

sim
u
la

te
th

e
d
istrib

u
tion

of
τ̂
jk (z

)
in

(4).
T

h
e

b
o
otstrap

estim
ator

of
th

e
test

statistic
S

(z
0 )

in
(16)

is

S
B

(z
0 )

=
√
n
h
·U

n
[ω
Bz
0 ]

m
ax

(j,k
)∈
E
c
Ω̂
Sj

(z
0 ) (Σ̂

B
(z

0 )Ω̂
k\
j −

e
Tk ),

w
h
ere

(19)

U
n
[ω
Bz
0 ]

=
2

n
(n
−

1) ∑i6=
i ′ K

h
(Z

i −
z
0 )
K
h

(Z
i ′−

z
0 )

(ξ
i
+
ξ
i ′).

(20)

H
ere

w
e

m
u
ltip

ly
U
n
[ω
Bz
0 ]

in
(19)

in
ord

er
to

elim
in

a
te

th
e

d
en

om
in

ator
in

(17)
su

ch
th

at
th

e
lea

d
in

g
term

of
th

e
b

o
otstrap

statistic
S
B

(z
0 )

is
a

G
au

ssian
m

u
ltip

lier
b

o
otstrap

U
-

sta
tistic.

T
h
e

correlation
estim

ator
in

(7)
h
as

an
ad

d
ition

al
sin

tran
sform

.
T

h
erefore,

a
n
ew

n
o
n
lin

ea
r

ty
p

e
of

m
u
ltip

lier
b

o
otstrap

s
in

(17)
an

d
(19)

are
in

tro
d
u
ced

to
overcom

e
th

ese
p
ro

b
lem

s
a
n
d

n
ovel

tech
n
ical

to
ols

are
th

en
d
evelo

p
ed

to
stu

d
y

statistical
p
rop

erties.
S
ee

T
h
eo

rem
3

for
th

e
statem

en
t

of
statistical

p
rop

erties.
D

en
ote

th
e

con
d
ition

al
(1−

α
)-q

u
an

tile
of
S
B

(z
0 )

given
{
Y
i }
ni=

1
as
ĉ
T

(1−
α
,{Y

i }
ni=

1 ).
T

h
e

lev
el-α

su
p

er-grap
h

test
is

con
stru

cted
as

ψ
z
0 |G

(α
)

=

{
1

if
S

(z
0 )
>
ĉ
T

(1−
α
,{
Y
i }
ni=

1 );
0

if
S

(z
0 )≤

ĉ
T

(1−
α
,{
Y
i }
ni=

1 ).
(21)

N
o
te

th
at

th
e

q
u
an

tile
ĉ
T

(1−
α
,{
Y
i }
ni=

1 )
can

b
e

estim
ated

b
y

a
M

on
te-C

arlo
m

eth
o
d
.

A
n

a
ltern

a
tiv

e
ap

p
roach

for
th

e
su

p
er-grap

h
test

in
(15)

is
th

e
m

u
ltip

le
h
y
p

oth
esis

testin
g
.

W
e

ca
n

ap
p
ly

th
e

H
olm

’s
m

u
ltip

le
testin

g
p
ro

ced
u
re

(H
olm

,
1979)

to
con

trol
th

e
fa

m
ily

-w
ise

error
for

th
e

h
y
p

oth
eses

set
{H

0
,(jk

) }
(j,k

)∈
E
c

w
h
ere

H
0
,(jk

)
:

Ω
jk (z

0 )
=

0
an

d
G
∗(z

0 )⊂
G

=
(V
,E

).
H

ow
ever,

it
is

n
ot

straigh
tfo

rw
ard

to
ob

tain
th

e
n
o
m

in
al

p
rob

ab
ility

for
th

e
fam

ily
-w

ise
error

in
H

olm
’s

m
eth

o
d
.

M
oreover,

w
e

w
ill

sh
ow

in
T

h
eorem

3
th

at
ou

r
testin

g
p
ro

ced
u
re

is
n
om

in
al.

3
.3

U
n

ifo
rm

E
d

g
e

P
re

se
n

c
e

T
e
stin

g

In
th

is
sectio

n
,

w
e

d
evelop

th
e

u
n
iform

p
resen

ce
test

for
w

h
ich

th
e

n
u
ll

h
y
p

oth
esis

is
given

as
H

0
:
G
∗(z

)⊂
G

for
all

z
∈

[z
L
,z
U

].

T
h
is

test
is

a
g
en

eralization
of

th
e

ed
ge

p
resen

ce
test

to
th

e
u
n
iform

v
ersio

n
over

b
oth

ed
ges

a
n
d

in
d
ex

.
W

e
again

u
se

th
e

score
fu

n
ction

in
(9)

to
con

stru
ct

th
e

test
statistic

W
G

=
√
n
h

su
p

z∈
[z
L
,z
U
]

m
ax

(j,k
)∈
E
c U

n
[ω
z ]Ŝ

z|(j,k
) (Ω̂

k\
j (z

) )
(22)

a
n
d

estim
a
te

a
q
u
an

tile
of
W
G

b
y

d
ev

elop
in

g
a

G
au

ssian
m

u
ltip

lier
b

o
otstrap

.
L

et

W
BG

=
√
n
h

su
p

z∈
[z
L
,z
U
]

m
ax

(j,k
)∈
E
c U

n
[ω
Bz

]·
Ω̂
Tj

(z
) (Σ̂

B
(z

)Ω̂
k\
j (z

)−
e
Tk ),

(23)

w
h
ere

Σ̂
B

(z
)

is
d
efi

n
ed

in
(18).

L
et
ĉ
W

(1
−
α
,{Y

i }
ni=

1 )
d
en

ote
th

e
con

d
ition

al
(1
−
α

)-
q
u
an

tile
of
W

BG
given

{Y
i }
ni=

1 .
S
im

ilar
to

(21),
th

e
level

α
u
n
iform

ed
ge

p
resen

ce
test

is
co

n
stru

cted
a
s

ψ
G

(α
)

=

{
1

if
W
G
>
ĉ
W

(1−
α
,{
Y
i }
ni=

1 );
0

if
W
G
≤
ĉ
W

(1−
α
,{
Y
i }
ni=

1 ).
(24)
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L
u
,
K
o
l
a
r
,
a
n
d

L
iu

T
h
eorem

4
p
rov

id
es

statistical
p
rop

erties
of

th
e

test.
T

h
e

statistics
W
G

in
(22)

an
d
W

BG

in
(23)

in
volve

tak
in

g
su

p
rem

e
over

z
∈

[z
L
,z
U

].
In

p
ractice,

w
e

ap
p
rox

im
ate

th
e

su
p
rem

a
b
y

even
ly

d
iv

id
in

g
[z
L
,z
U

]
in

to
d
iscrete

grid
s

an
d

tak
in

g
th

e
m

ax
im

u
m

of
th

e
statistic

over
th

ese
d
iscrete

valu
es

in
[z
L
,z
U

].

4
.
T
h
e
o
re
tica

l
P
ro

p
e
rtie

s

In
th

is
section

,
w

e
estab

lish
th

e
valid

ity
of

tests
p
rop

osed
in

th
e

p
rev

iou
s

section
s.

V
alid

ity
of

tests
rely

on
ex

isten
ce

of
estim

ato
rs

for
th

e
laten

t
in

verse
correlation

m
atrix

w
ith

fast
en

ou
gh

con
v
ergen

ce.
W

e
sh

ow
th

at
th

e
calib

rated
C

L
IM

E
satisfy

th
e

testin
g

req
u
irem

en
ts

an
d
,

in
ad

d
ition

,
sh

ow
th

at
it

ach
ieves

th
e

m
in

im
ax

ra
te

of
con

vergen
ce

for
a

large
class

of
m

o
d
els.

T
o

facilitate
th

e
argu

m
en

t,
w

e
n
eed

th
e

regu
larity

an
d

sm
o
oth

n
ess

of
th

e
d
en

sity
fu

n
ction

of
Z

an
d

th
e

tim
e-vary

in
g

correlation
m

atrix
Σ

(z
).

L
et

u
s

fi
rst

in
tro

d
u
ce

th
e

H
öld

er
class

H
(γ
,L

)
of

sm
o
oth

fu
n
ction

s.
T

h
e

H
öld

er
classH

(γ
,L

)
on

(0
,1)

is
th

e
set

of
`

=
bγc

tim
es

d
iff

eren
tiab

le
fu

n
ction

s
g

:X
7→

R
w

h
ose

d
erivative

g
(`)

satisfi
es

|g
(`)(x

)−
g
(`)(y

)|≤
L|x
−
y| γ−

`,
for

an
y
x
,y
∈
X

an
d
bγc

d
en

otes
th

e
largest

in
teger

sm
aller

th
a
n
γ

.
In

th
is

p
ap

er,
w

e
n
eed

som
e

regu
larity

con
d
ition

s
for

th
e

fu
n
ction

s
in

ou
r

m
o
d
el.

A
ssu

m
p

tio
n

4
.1

(D
e
n

sity
fu

n
c
tio

n
o
f
Z

)
T

h
ere

exist
co

n
sta

n
ts

0
<

fZ
<

f̄Z
<
∞

su
ch

th
a
t

th
e

m
a
rgin

a
l

d
en

sity
f
Z

o
f

th
e

in
d
ex

va
ria

ble
Z

h
a
s

its
im

a
ge

in
[fZ
,f̄Z

]
a
n

d
f
Z
∈

H
(2,f̄Z

).

A
ssu

m
p

tio
n

4
.2

(R
e
g
u

la
riz

a
tio

n
o
f

Σ
jk (·))

T
h
e

co
rrela

tio
n

s
Σ
jk (·)

∈
H

(2,M
σ
)

fo
r

so
m

e
co

n
sta

n
t
M
σ
<
∞

given
a
n

y
1
≤
j,k
≤
d

.

T
h
e

ab
ove

tw
o

assu
m

p
tion

s
are

stan
d
ard

assu
m

p
tion

s
on

th
e

m
argin

al
d
istrib

u
tion

of
Z

(P
agan

an
d

U
llah

,
1999)

an
d

tim
e-vary

in
g

grap
h
ical

m
o
d
els

(see,
for

ex
am

p
le,

K
olar

et
al.,

2010a).

A
ssu

m
p

tio
n

4
.3

(K
e
rn

e
l

fu
n

c
tio

n
)

T
h
ro

u
gh

th
is

pa
per,

w
e

a
ssu

m
e

th
e

kern
el

fu
n

ctio
n

K
,

u
sed

in
(4),

is
a

sym
m

etric
d
en

sity
fu

n
ctio

n
su

p
po

rted
o
n

[−
1,1]

w
ith

bo
u

n
d
ed

va
ria

tio
n

,
i.e.,||K

||∞
∨

T
V

(K
)
<
∞

,∫
1

−
1
K

(u
)d
u

=
1

a
n

d

∫
1

−
1
u
K

(u
)d
u

=
0.

T
h
ese

p
rop

erties
a
re

also
req

u
ired

in
Z

h
ou

et
al.

(2010).
M

an
y

w
id

ely
u
sed

k
ern

els,
in

clu
d
in

g
th

e
u
n
iform

kern
el
K

(u
)

=
0.5

1
(|u|

<
1),

th
e

trian
gu

lar
k
ern

el
K

(u
)

=
(1−

|u|)1
(|u|

<
1),

an
d

th
e

E
p
an

ech
n
ikov

k
ern

el
K

(u
)

=
0.7

5(1−
u
2)1

(|u|
<

1),
satisfy

th
is

assu
m

p
tion

.

F
in

ally,
w

e
list

a
gen

eric
assu

m
p
tion

on
th

e
p
rop

erties
of

Σ̂
(z

)
in

(7)
an

d
th

e
an

in
v
erse

correlation
m

atrix
estim

ator
Ω̂

(z
).
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e
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a
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g

N
o
n
pa

r
a
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o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

A
ss

u
m

p
ti

o
n

4
.4

(S
ta

ti
st

ic
a
l

ra
te

s)
T

h
er

e
a
re

se
qu

en
ce

s
r 1
n
,r

2
n
,r

3
n

=
o(

1)
su

ch
th

a
t

su
p

z
∈(

0
,1
)
‖Σ̂

(z
)
−

Σ
(z

)‖
m
a
x
≤
r 1
n
,

su
p

z
∈(

0
,1
)
‖Ω̂

(z
)
−

Ω
(z

)‖
1
≤
r 2
n
,

a
n

d

su
p

z
∈(

0
,1
)
m

ax
j∈

[d
]
‖Σ̂

(z
)Ω̂

j
(z

)
−

e
j
‖ ∞
≤
r 3
n
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1/
d

.

A
ss

u
m

p
ti

on
4.

4
is

a
ge

n
er

ic
co

n
d
it

io
n

on
th

e
co

n
si

st
en

cy
of

Σ̂
(z

)
an

d
Ω̂

(z
).

W
e

ai
m

to
sh

ow
th

at
ou

r
te

st
in

g
m

et
h
o
d
s

ar
e

in
d
ep

en
d
en

t
to

an
y

sp
ec

ifi
c

p
ro

ce
d
u
re

to
es

ti
m

at
e

Ω
(·)

.
T

h
e

th
re

e
ra

te
s

in
A

ss
u
m

p
ti

on
4.

4
ar

e
su

ffi
ci

en
t

fo
r

th
e

va
li
d
it

y
of

ou
r

te
st

s.
O

u
r

in
fe

re
n
ti

al
fr

am
ew

or
k

ca
n

th
u
s

b
e

ea
si

ly
ge

n
er

al
iz

ed
to

ot
h
er

in
v
er

se
co

rr
el

at
io

n
m

a
tr

ix
es

ti
m

at
or

s
as

lo
n
g

as
th

ei
r

ra
te

s
sa

ti
sf

y
A

ss
u
m

p
ti

on
4.

4.
U

n
d
er

th
is

as
su

m
p
ti

on
,

th
e

sc
or

e
st

at
is

ti
c

u
se

d
fo

r
te

st
in

g
ca

n
b

e
ap

p
ro

x
im

at
ed

b
y

an
as

y
m

p
to

ti
ca

ll
y

n
or

m
al

le
ad

in
g

te
rm

.
F

or
ou

r
es

ti
m

at
or

s
Σ̂

(·)
in

(7
)

an
d

Ω̂
(·)

in
(2

)
or

(3
),

w
e

w
il
l

sh
ow

in
T

h
eo

re
m

s
5

an
d

6
th

at

r 1
n

=
O

(√
lo

g
(d
/h

)/
(n
h

))
,
r 2
n

=
O

(s
√

lo
g
(d
/h

)/
(n
h

))
an

d
r 3
n

=
O

(√
lo

g
(d
/h

)/
(n
h

))
.

(2
5)

S
ee

S
ec

ti
on

4.
2

fo
r

m
or

e
d
et

ai
ls

.

4
.1

V
a
li
d

it
y

o
f

T
e
st

s

In
th

is
se

ct
io

n
,
w

e
st

at
e

th
eo

re
m

s
on

as
y
m

p
to

ti
c

va
li
d
it

y
of

th
e

te
st

s
co

n
si

d
er

ed
in

S
ec

ti
on

3.
W

e
fi
rs

t
d
efi

n
e

th
e

p
ar

am
et

er
sp

ac
e

U s
(M

,ρ
)

=
{ Ω
∈
R
d
×
d
∣ ∣ Ω
�

1/
ρ
,‖

Ω
‖ 2
≤
ρ
,m

ax
j∈

[d
]
‖Ω

j
‖ 0
≤
s,
‖Ω
‖ 1
≤
M
} .

(2
6)

T
h
is

m
at

ri
x

cl
as

s
w

as
co

n
si

d
er

ed
in

th
e

li
te

ra
tu

re
on

in
ve

rs
e

co
va

ri
an

ce
m

at
ri

x
es

ti
m

at
io

n
(C

ai
et

al
.,

20
16

)
an

d
ti

m
e-

va
ry

in
g

co
va

ri
an

ce
es

ti
m

at
io

n
(C

h
en

an
d

L
en

g,
20

16
).

T
h
e

fo
ll
ow

in
g

th
eo

re
m

gi
ve

s
u
s

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

on
o
f

th
e

sc
or

e
fu

n
ct

io
n

d
efi

n
ed

in
(9

).

T
h

e
o
re

m
1

(E
d

g
e

p
re

se
n

c
e

te
st

)
F

o
r

a
fi

xe
d
z 0
∈

(0
,1

),
su

p
po

se
Ω

(z
0
)
∈
U s

(M
,ρ

),
A

ss
u

m
p
ti

o
n

4
.4

h
o
ld

s
w

it
h
√
n
h
·(
r 2
n
(r

1
n

+
r 3
n
))

=
o(

1)
a
n

d
th

e
ba

n
d
w

id
th
h

sa
ti

sfi
es

√
n
h
( lo

g
(d
n

)/
(n
h

)
+
h
2
) +

s3
/√

n
h

=
o(

1)
.

(2
7)

F
u

rt
h
er

m
o
re

,
fo

r
a

fi
xe

d
a
n

d
j,
k
∈

[d
],

su
p
po

se
th

er
e

ex
is

ts
θ m

in
>

0
su

ch
th

a
t

E(
Ω
T j

(z
0
)Θ

z 0
Ω
k
(z

0
))

2
≥
θ m

in
‖Ω

j
(z

0
)‖

2 2
‖Ω

k
(z

0
)‖

2 2
,

th
en

u
n

d
er
H

0
:
Ω
jk

(z
0
)

=
0
,

w
e

h
a
ve

th
a
t

√
n
h
·σ
−
1

jk
(z

0
)Ŝ
z 0
|(j
,k
)(

Ω̂
k
\j

(z
0
))
 
N

(0
,1

),

w
h
er

e
σ
2 jk

(z
0
)

=
f
−
4

Z
(z

0
)V

ar
(Ω

T j
(z

0
)Θ

z 0
Ω
k
(z

0
))

a
n

d
Θ
z 0

is
d
efi

n
ed

in
(1

1
).
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L
u
,
K
o
l
a
r
,
a
n
d

L
iu

W
e

h
av

e
tw

o
se

ts
of

sc
al

in
g

co
n
d
it

io
n
s

in
th

e
ab

ov
e

th
eo

re
m

.
U

n
d
er

th
e

co
n
d
it

io
n

√
n
h

(r
2
n
(r

1
n

+
r 3
n
))

=
o(

1)
,

th
e

fi
rs

t
h
eu

ri
st

ic
ap

p
ro

x
im

at
io

n
“≈

”
in

(1
0)

is
va

li
d
.

T
h
e

co
n
-

d
it

io
n

in
(2

7)
gu

ar
an

te
es

th
at

th
e

le
ad

in
g

te
rm

o
n

th
e

ri
gh

t
h
an

d
si

d
e

of
(1

0
)

is
a
sy

m
p
to

ti
-

ca
ll
y

n
or

m
al

.
In

p
ar

ti
cu

la
r,

th
e

fi
rs

t
te

rm
of

(2
7)

m
ak

es
th

e
se

co
n
d

h
eu

ri
st

ic
a
p
p
ro

x
im

a
ti

on
in

(1
0)

va
li
d

an
d

al
lo

w
s

fo
r

co
n
tr

ol
of

th
e

h
ig

h
er

or
d
er

te
rm

of
th

e
H

o
eff

d
in

g
d
ec

o
m

p
o
si

ti
o
n

of
th

e
U

-s
ta

ti
st

ic
s

in
(4

).
If
r 1
n
,r

2
n

an
d
r 3
n

h
av

e
th

e
ra

te
s

as
in

(2
5)

(s
ee

T
h
eo

re
m

s
5

an
d

6
fo

r
m

or
e

d
et

ai
ls

),
th

is
co

n
d
it

io
n

b
ec

om
es
√
n
h
·s

(h
2

+
√

lo
g
(d
n

)/
(n
h

))
2

=
o(

1
).

W
e

ch
o
os

e
h
�
n
−
ν
,

w
h
er

e
ν
>

1
/5

in
or

d
er

to
re

m
ov

e
th

e
b
ia

s.
T

h
e

tw
o

sc
al

in
g

co
n
d
it

io
n
s

in
T

h
eo

re
m

1
ca

n
b

e
re

p
la

ce
d

b
y

(s
3

+
s

lo
g
(d
n

))
/n

(1
−
ν
)/
2

=
o(

1)
.

T
h
is

is
si

m
il
a
r

to
th

e
co

n
-

d
it

io
n
s2

lo
g
d
/√

n
in

th
e

in
fe

re
n
ce

fo
r

th
e

L
as

so
es

ti
m

at
or

(Z
h
an

g
an

d
Z

h
an

g
,

2
0
1
3
;

va
n

d
e

G
ee

r
et

al
.,

20
14

;
J
av

an
m

ar
d

an
d

M
on

ta
n
ar

i,
20

14
).

H
er

e,
th

e
sl

ow
er
n
−
(1
−
ν
)/
2

te
rm

o
ri

g
i-

n
at

es
fr

om
th

e
n
on

p
ar

am
et

ri
c

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
in

d
ex

an
d

co
rr

el
at

io
n

m
a
tr

ix
.

T
h
e

ad
d
it

io
n
al
s2

te
rm

co
m

es
fr

om
th

e
m

at
ri

x
st

ru
ct

u
re

an
d

is
ig

n
or

ab
le

if
s

=
o
( √

lo
g
(d
n

)) .

T
h
e

fo
ll
ow

in
g

le
m

m
a

sh
ow

s
th

a
t

th
e

as
y
m

p
to

ti
c

va
ri

an
ce

of
th

e
sc

or
e

fu
n
ct

io
n

ca
n

b
e

co
n
si

st
en

tl
y

es
ti

m
at

ed
.

L
e
m

m
a

2
S

u
p
po

se
th

e
co

n
d
it

io
n

s
o
f

T
h
eo

re
m

1
h
o
ld

.
If
r 2
n
/h

=
o(

1)
a
n

d
lo

g
(d
n

)/
(n
h
3
)

=

o(
1)

,
th

en
th

e
va

ri
a
n

ce
es

ti
m

a
to

r
σ̂
2 jk

(z
0
)

in
(1

4)
h
a
s
σ̂
2 jk

(z
0
)
P →
σ
2 jk

(z
0
).

T
h
e

p
ro

of
s

of
T

h
eo

re
m

1
an

d
L

em
m

a
2

ar
e

d
ef

er
re

d
to

A
p
p

en
d
ix

B
.1

an
d

G
.4

re
sp

ec
ti

v
el

y.
S
tr

on
ge

r
sc

al
in

g
co

n
d
it

io
n
s

ar
e

n
ee

d
ed

fo
r

co
n
si

st
en

t
es

ti
m

at
io

n
of

va
ri

an
ce

a
s

it
s

es
ti

m
a
to

r
in

(1
4)

re
li
es

on
co

n
tr

ol
li
n
g

h
ig

h
er

m
om

en
ts

.
U

n
d
er

th
e

ra
te

s
in

(2
5)

w
it

h
h
�
n
−
ν
,

fo
r

so
m

e
ν
>

1/
5,

th
e

sc
al

in
g

(s
3

+
s2

lo
g
(d
n

))
/n

(1
−
ν
)/
2

=
o(

1)
su

ffi
ce

s
fo

r
th

e
es

ti
m

a
to

r
to

co
n
si

st
en

tl
y

es
ti

m
at

e
th

e
va

ri
an

ce
.

W
e

al
so

h
av

e
th

e
fo

ll
ow

in
g

th
eo

re
m

s
on

th
e

as
y
m

p
to

ti
c

va
li
d
it

y
of

th
e

su
p

er
-g

ra
p
h

te
st

.

T
h

e
o
re

m
3

(S
u

p
e
r-

g
ra

p
h

te
st

)
L

et
z 0
∈

(0
,1

)
a
n

d
j,
k
∈

[d
]

be
fi

xe
d
.

A
ss

u
m

e
th

e
co

n
d
it

io
n

s
o
f

T
h
eo

re
m

1
h
o
ld

.
S

u
p
po

se
th

er
e

ex
is

ts
θ m

in
>

0
su

ch
th

a
t

fo
r

a
ll
j
6=
k
∈

[d
],

E(
Ω
T j

(z
0
)Θ

z 0
Ω
k
(z

0
))

2
≥
θ m

in
‖Ω

j
(z

0
)‖

2 2
‖Ω

k
(z

0
)‖

2 2
,

a
n

d
th

er
e

ex
is

ts
a

co
n

st
a
n

t
ε
>

0
su

ch

th
a
t
√
n
h

(r
2
n
(r

1
n

+
r 3
n
))

=
O

(n
−
ε )

a
n

d
√
n
h
( lo

g
(d
n

)/
(n
h

)
+
h
2
) +

lo
g
d
/(
n
h
2
)

+
(l

og
(d
n

))
7
/
(n
h

)
=
O

(n
−
ε )
.

(2
8
)

L
et
G

=
(V
,E

)
be

a
n

y
fi

xe
d

gr
a
p
h

a
n

d
G
∗ (
z 0

)
is

th
e

M
a
rk

o
v

gr
a
p
h

co
rr

es
po

n
d
in

g
to

th
e

in
d
ex

va
lu

e
z 0

.
U

n
d
er

th
e

n
u

ll
h
yp

o
th

es
is
H

0
:
G
∗ (
z 0

)
⊂
G

,
th

e
te

st
ψ
z 0
|G

(α
)

d
efi

n
ed

in
(2

1)
sa

ti
sfi

es

su
p

α
∈(

0
,1
)

∣ ∣ ∣P
H

0

( ψ
z 0
|G

(α
)

=
1
) −

α
∣ ∣ ∣=

O
(n
−
c
)

(2
9
)

fo
r

so
m

e
u

n
iv

er
sa

l
co

n
st

a
n

t
c.

T
h
e

n
ex

t
th

eo
re

m
sh

ow
s

th
e

as
y
m

p
to

ti
c

va
li
d
it

y
of

th
e

u
n
if

or
m

ed
ge

p
re

se
n
ce

te
st

.

T
h

e
o
re

m
4

(U
n

if
o
rm

e
d

g
e

p
re

se
n

c
e

te
st

)
A

ss
u

m
e

th
a
t

Ω
(z

)
∈
U(
M
,ρ

)
fo

r
a
n

y
z
∈

(0
,1

)
a
n

d
A

ss
u

m
p
ti

o
n

4
.4

is
tr

u
e.

S
u

p
po

se
th

er
e

ex
is

ts
θ m

in
>

0
su

ch
th

a
t

fo
r

a
ll
j
6=
k
∈

[d
]

a
n

d
z
∈

(0
,1

),
E(

Ω
T j

(z
)Θ

z
Ω
k
(z

))
2
≥
θ m

in
‖Ω

j
(z

)‖
2 2
‖Ω

k
(z

)‖
2 2
,

a
n

d
th

er
e

ex
is

ts
a

co
n

st
a
n

t

ε
>

0
su

ch
th

a
t
√
n
h

(r
2
n
(r

1
n

+
r 3
n
))

=
O

(n
−
ε )

a
n

d
√
n
h
( lo

g
(d
n

)/
(n
h

)
+
h
2
) +

lo
g
d
/(
n
h
2
)

+
(l

og
(d
n

))
8
/
(n
h

)
=
O

(n
−
ε )
.

(3
0
)
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T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

U
n

d
er

th
e

n
u

ll
h
ypo

th
esis

H
0

:
G
∗(z

)
⊂
G

fo
r

a
ll
z
∈

[z
L
,z
U

],
th

e
test

ψ
G

(α
)

d
efi

n
ed

in
(2

4
)

sa
tisfi

es

su
p

α∈
(0
,1
) ∣∣∣ P

H
0 (ψ

G
(α

)
=

1 )−
α ∣∣∣

=
O

(n
−
c)

(31)

fo
r

so
m

e
u

n
iversa

l
co

n
sta

n
t
c
>

0
.

W
e

d
efer

th
e

p
ro

of
of

T
h
eorem

3
to

A
p
p

en
d
ix

B
.2

an
d

th
e

p
ro

o
f

of
T

h
eorem

4
to

A
p
p

en
d
ix

F
.

T
h
eo

rem
s

3
an

d
4

on
ly

d
ep

en
d

on
th

e
estim

ation
rates

of
Σ̂

(z
)

an
d

Ω̂
(z

)
th

rou
gh

A
ssu

m
p
tio

n
4
.4.

T
h
is

im
p
lies

th
at

ou
r

in
feren

tial
fram

ew
ork

d
o
es

n
ot

rely
on

ex
act

m
o
d
el

selection
.

W
e

h
av

e
O

(n
−
ε)

in
(28)

an
d

(30)
in

stead
of
o(1

)
in

(27)
to

ach
ieve

th
e

p
oly

n
om

ial
co

n
verg

en
ce

ra
te

for
ty

p
e

I
error

in
(29)

an
d

(31
).

C
om

p
arin

g
th

e
scalin

g
con

d
ition

in
(28)

w
ith

th
e

on
e

in
(27),

th
e

secon
d

term
in

(28)
is

d
om

in
ated

b
y

th
e

fi
rst

term
u
n
d
er

a
m

ild
b
a
n
d
w

id
th

ra
te
h

=
o(n
−
1
/
3).

T
h
e

th
ird

term
(log

(d
n

))
7/

(n
h

)
in

(28)
com

es
from

a
B

erry
-

E
ssen

b
o
u
n
d

o
n

th
e

su
p
rem

a
of

in
creasin

g
d
im

en
sion

al
U

-p
ro

cesses.
S
u
ch

a
scalin

g
co

n
d
ition

is
sim

ilar
to

th
e

on
e

in
C

h
ern

ozh
u
kov

et
al.

(2013).
T

h
ey

sh
ow

ed
th

at
for

th
e

em
p
irical

p
ro

cess
W

=
(W

1 ,...,W
d )
T

h
av

in
g

th
e

sam
e

covarian
ce

as
th

e
cen

tered
G

au
ssian

vector
U

=
(U

1 ,...,U
d )
T

,
th

e
follow

in
g

B
erry

-E
ssen

b
ou

n
d

h
old

s

su
p

t∈
R

∣∣∣∣ P (
m

ax
j
W
j ≤

t )−
P (

m
ax
j
U
j ≤

t ) ∣∣∣∣
=
O
(((log

(d
n

))
7/n )

1
/
6 )
.

C
o
m

p
a
rin

g
w

ith
ou

r
con

d
ition

th
at

(log
(d
n

))
7/

(n
h

)
=
O

(n
−
ε),

th
e

ad
d
ition

al
term

n
h

in
th

e
d
en

o
m

in
a
to

r
co

m
es

from
th

e
n
on

p
aram

etric
p
art

of
ou

r
estim

ator.
F

u
rth

erm
ore,

T
h
eorem

4
req

u
ires

a
stron

ger
scalin

g
con

d
ition

in
(30),

w
h
ere

th
e

term
(log

(d
n

))
8/(n

h
)

=
O

(n
−
ε)

a
rises

fro
m

th
e

ad
d
ition

al
su

p
rem

u
m

over
z
∈

[z
L
,z
U

]
in

th
e

u
n
iform

ed
ge

p
resen

ce
test.

4
.2

C
o
n

siste
n

c
y

o
f

E
stim

a
tio

n

In
th

is
section

,
w

e
sh

ow
th

at
th

e
A

ssu
m

p
tion

4.4
h
old

s
u
n
d
er

m
ild

con
d
ition

s
on

th
e

d
ata

g
en

eratin
g

p
ro

cess.
W

e
give

ex
p
licit

rates
for

r
1
n
,r

2
n

an
d
r
3
n

u
n
d
er

con
crete

estim
ation

p
ro

ced
u
res.

W
e

fi
rst

sh
ow

th
e

estim
ation

rate
of

Σ̂
given

in
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b
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b
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p
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u
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u
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;
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b
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b
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m
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d
it

is
h
ard

to
gu

aran
tee

th
at

th
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con
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con
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15
JM

L
R

 18(203):1-78, 2018

L
u
,
K
o
l
a
r
,
a
n
d

L
iu

T
h

e
o
re

m
5

A
ssu

m
e

log
d
/n

=
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d
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∞
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p
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b
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es

P
(h
l ≤
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√
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b
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secon
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√
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∞
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d
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b
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b
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b
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p
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b
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e

u
n
iform

en
trop

y
n
u
m

b
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b
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d (z

))
w

h
ere

each
colu

m
n

Ω̂
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b
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recom
m

en
d

u
sin

g
th

e
calib

rated
C

L
IM

E
in

p
ractice

d
u
e

to
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∈
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∈
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∞
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o(1).

T
h
e

regu
la

riza
tio

n
pa

ra
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√
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>
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1
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√
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)∥ ∥
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)∥ ∥
1
≤
C
M
s(

lo
g
d

+
lo

g
n

n

) 2
/
5

w
it

h
p
ro

b
ab

il
it

y
1
−
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eo

re
m

sh
ow

s
th

at
th
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Ĝ
(11

.75)

(b
)
Ĝ
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Ĝ

(11.75).
T

h
e

secon
d

row
is

th
e

d
iff

eren
ce

b
etw

een
Ĝ
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Ĝ

(20).
T

h
e

green
ed

ges
on

ly
ex

ist
in
Ĝ
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∈
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b
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d
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n
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>
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p
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√
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∨
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<
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Σ̂
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∣ ∣ Σ̂

jk
(z

)
−

Σ
jk

(z
)∣ ∣

=
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−
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∈
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=
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∨
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∨
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≤
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p
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=
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b
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{ ‖
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p
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−
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p
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p
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p
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p
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p
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p
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p
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∈
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⊂
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∈
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b
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∈
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d
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z|(j,k

) ] ]
,

(41)

g
(2
)

z|(j,k
) (y

1 ,y
2 )

=
g
z|(j,k

) (y
1 ,y

2 )−
g
(1
)

z|(j,k
) (y

1 )−
g
(1
)

z|(j,k
) (y

2 )−
E
[U

n
[g
z|(j,k

) ] ]
.

(42)

T
h
en

w
e

ca
n

reform
u
late

th
e

cen
tered

U
-statistic

as

U
n [g

z|(j,k
) ]−

E
[U

n [g
z|(j,k

) ]]
=

2E
n [g

(1
)

z|(j,k
) (Y

i ) ]
+

U
n [g

(2
)

z|(j,k
) ]
.

(43)

In
th

e
a
b

ove
d
isp

lay,
w

e
d
ecom

p
osed

th
e

cen
tered

U
-statistic

in
to

an
em

p
irical

p
ro

cess
an

d
a

h
ig

h
er

o
rd

er
U

-statistic.
O

u
r

p
ro

of
strategy

is
to

stu
d
y

th
e

asy
m

p
totic

p
rop

erty
of

th
e

lead
in

g
em

p
irical

p
ro

cess
term

2E
n [g

(1
)

z|(j,k
) (Y

i ) ]
an

d
sh

ow
th

at
th

e
h
igh

er
ord

er
term

can

b
e

ig
n
o
red

.
S
im

ilarly,
let

ω
(1
)

z
(s)

=
E

[ω
z (s,Z

)]−
E

[U
n
[ω
z ]],

(44)

ω
(2
)

z
(s,t)

=
ω
z (s,t)−

ω
(1
)

z
(s)−

ω
(1
)

z
(t)−

E
[U
n
[ω
z ]],

(45)

w
h
ich

lea
d
s

to
th

e
follow

in
g

H
o
eff

d
in

g
d
ecom

p
osition

U
n
[ω
z ]−

E
[U
n
[ω
z ]]

=
2E

n [ω
(1
)

z

]
+

U
n [ω

(2
)

z

]
,

(46)

A
cco

rd
in

g
to

th
e

h
eu

ristic
ap

p
rox

im
ation

of
Ŝ
z|(j,k

) (Ω̂
k\
j (z

0 ) )
in

(10),
w

e
h
av

e

Ŝ
z|(j,k

) (Ω̂
k\
j (z

) )≈
Ω
Tj

(z
) [Σ̇

(z
)◦ (T̂

(z
)−

T
(z

) )]Ω
k (z

)

≈
[U
n
[ω
z ]] −

1
∑u
,v∈

[d
] Ω

ju (z
)Ω

k
v (z

)π
cos (

τ
u
v (z

) π2 )
· [U

n
[g
z|(u

,v
) ]−

E
[U
n
[g
z|(u

,v
) ]]·U

n
[ω
z ] ]
,

(47)

w
h
ere
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e

la
st

“≈
”

com
es

from
(4)

an
d

L
em

m
a

10
.

C
om

b
in

in
g

(43)
an

d
(46)

w
ith

(47),
√
n
h
·Ŝ

z|(j,k
) ≈

[U
n
[ω
z ]] −

1G
n [J

z|(j,k
) ],

w
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th
e

lea
d
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e
H

o
eff
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in

g
d
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osition
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d
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J
z|(j,k

) (y ′)
:=

∑u
,v∈
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] Ω

ju (z
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v (z
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cos (
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) π2 )√
h
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)
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,v
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τ
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,
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fo
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′).
W

e
fi
n
d
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totic

d
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u
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n
[ω
z ]] −
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in
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d
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b
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]
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√
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(49)
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′).
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con
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d

=
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(50)

fo
r
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en
o
u
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n

.

L
e
m

m
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1
3
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u
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po

se
th

e
ba

n
d
w
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th

s
0
<
h
l
<
h
u
<

1
sa

tisfy
h
u

=
o(1).

T
h
en

su
p

z∈
(0
,1
) ∣∣E

[U
n [g

z|(j,k
) ]]−

f
2Z
(z

)τ
jk (z

) ∣∣
=
O

(h
2),

(51)

su
p

z∈
(0
,1
) ∣∣E

[U
n

[ω
z ]]−

f
2Z
(z

) ∣∣
=
O

(h
2),

(52)

su
p

z∈
(0
,1
) n
−
1E
[u
n [g

z|(j,k
) ]·

u
n

[ω
z ] ]

=
O
((n

h
) −

1 ),
(53)

su
p

z∈
(0
,1
) n
−
1E [(u

n
[ω
z ])

2 ]
=
O
((n

h
) −

1 ).
(54)

W
e

d
efer

th
e

p
ro

of
of

th
e
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ove

tw
o

lem
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as
to

A
p
p

en
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E
in

th
e

su
p
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lem

en
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ry
m

aterial.

U
sin

g
L

em
m

a
12

an
d

L
em

m
a

13,
w

e
h
ave

in
f

z∈
(0
,1
) U

n
[ω
z ]≥

in
f

z∈
(0
,1
) E

[U
n
[ω
z ]]−

su
p

z∈
(0
,1
) n
−
1
/
2|u

n
[ω
z ]|≥

f 2Z
/
2,

su
p

z∈
(0
,1
) U

n
[ω
z ]≤

su
p

z∈
(0
,1
) E

[U
n
[ω
z ]]+

su
p

z∈
(0
,1
) n
−
1
/
2|u

n
[ω
z ]|≤

2
f̄
2Z
,

(55)

w
ith

p
rob

ab
ility

1−
1
/d

for
su

ffi
cien

tly
large

n
.

T
h
e

last
in

eq
u
ality

is
d
u
e

to
th

e
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th
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f
Z

is
b
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n
d
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ove
an

d
b

elow
,
h

=
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an
d

log
(1
/h

)/n
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=
o(1).

C
om

b
in

in
g

th
e
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ove

d
isp

lay
w

ith
L

em
m

a
19

,
w

e
h
ave

∣∣∣ √
n
h
·
Ŝ
z|(j,k

) (Ω̂
k\
j (z

) )−
[U
n
[ω
z ]] −

1G
n [J

z|(j,k
) ] ∣∣∣

≤
∣∣∣ √
n
h
·U

n
[ω
z ]Ŝ

z|(j,k
) (Ω̂

k\
j (z

) )−
G
n [J

z|(j,k
) ] ∣∣∣ · (

in
f

z∈
(0
,1
) U

n
[ω
z ] )
−
1≤

2f −
2

Z
n
−
c.

(56)

T
h
erefore,

it
su

ffi
ces

to
d
eriv

e
th

e
lim

itin
g

d
istrib

u
tion

ofG
n [J

z|(j,k
) ].
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∫
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≤
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≤
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∣ ∣ g
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∣ ∣ E

[g
z
|(j
,k
)(
Y
′ ,
Y

)
|Y
′ ]∣ ∣

3
] +

4
∣ ∣ ∣E
[ g
z
|(j
,k
)(
Y
′ ,
Y

)]
∣ ∣ ∣3
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w
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∣ ∣ ∣E
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∣ ∣ f
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b
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d
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=
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=
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∫
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√
1
−
ρ
2

)
d
x
,

(6
1)

w
it

h
φ

(·)
an

d
Φ

(·)
b

ei
n
g

th
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d
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=
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∫
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m
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at
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≤
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2
|S
k
,z

0
|3/

2
π
3
h
3
/
2
( E[

∣ ∣ g
(1
)

z 0
|(j
,k
)(
Y

)∣ ∣3
] +
|τ j

k
(z

0
)|3

E[
∣ ∣ ω

(1
)

z 0
(Z

)∣ ∣3
])
.

U
si

n
g

(5
8)

an
d

(6
4)

,
to

ge
th

er
w

it
h
s3
/
√
n
h

=
o(

1)
,

∑
n i=

1
E|
J
z 0
|(j
,k
)(
Y
i)
|3

n
3
/
2
V

ar
3
/
2
(J
z 0
|(j
,k
)(
Y

))
.

s3 √
n
h

=
o(

1)
,

w
h
ic

h
im

p
li
es

th
at

th
e

L
ya

p
u
n
ov

’s
co

n
d
it

io
n

is
sa

ti
sfi

ed
.

M
or

eo
ve

r,
b
y

L
em

m
a

1
2
,

fo
r

a
n
y

z 0
∈

(0
,1

),
U
n
[ω
z 0

]
−

E[
U
n
[ω
z 0

]]
co

n
v
er

ge
s

to
0

in
p
ro

b
a
b
il
it

y.
C

om
b
in

in
g

th
is

w
it

h
(5

2
)

an
d
h

=
o(

1)
,

w
e

h
av

e
th

at
U
n
[ω
z 0

]
co

n
ve

rg
es

to
f
2 Z
(z

0
)

in
p
ro

b
a
b
il
it

y.
T

h
er

ef
o
re

,
b
y

th
e

ce
n
tr

al
li
m

it
th

eo
re

m
an

d
S
lu

ts
k
y
’s

th
eo

re
m

,
fo

r
an

y
j,
k
∈

[d
],

[U
n
[ω
z 0

]]
−
1
G
n

[ J
z 0
|(j
,k
)]

f
−
2

Z
(z

0
){
E[
( Ω

T j
Θ
z 0

Ω
k

) 2
]}

1
/
2
 
N

(0
,1

).

C
om

b
in

in
g

w
it

h
(5

6)
,

th
e

p
ro

of
is

co
m

p
le

te
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im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

B
.2

P
ro

o
f

o
f

T
h

e
o
re

m
3

T
h
e

stra
teg

y
is

to
ap

p
ly

th
e

th
eory

for
m

u
ltip

lier
b

o
otstrap

d
evelop

ed
in

C
h
ern

ozh
u
k
ov

et
a
l.

(2
0
13

)
to

th
e

score
fu

n
ction

in
(16).

A
sim

ilar
strategy

is
ap

p
lied

to
p
rove

T
h
eorem

4
,

w
h
o
se

p
ro

o
f

is
d
eferred

to
S
ection

F
.

L
et
T
0 (z

)
:=

m
ax

(j,k
)∈
E
cG

n
[J
z|(j,k

) ]
an

d

S
B0

(z
0 )

=
m

ax
(j,k

)∈
E
c G

ξn [J
z
0 |(j,k

) ]
=

m
ax

(j,k
)∈
E
c

1√n

n
∑i=

1

J
z
0 |(j,k

) (Y
i )·

ξ
i

b
e

th
e

b
o
o
tstra

p
cou

n
terp

art
to
T
0 (z

0 ).
R

ecall
th

at
S
B

(z
)

is
d
efi

n
ed

in
(19).

W
e

d
en

ote

∆
z

:=
m

ax
(j,k

),(j ′,k ′)∈
E
c ∣∣∣∣ 1n

n
∑i=

1 (
J
z|(j,k

) (Y
i )J

z|j ′k ′(Y
i )−

E
[J
z|(j,k

) (Y
i )J

z|j ′k ′(Y
i )] ) ∣∣∣∣ .

In
o
rd

er
to

U
se

T
h
eorem

3.2
in

C
h
ern

ozh
u
k
ov

et
al.

(2013),
w

e
ch

eck
fou

r
con

d
ition

s.

1
.

W
ith

p
ro

b
ab

ility
1−

1
/d

,

|S
(z

0 )−
T
0 (z

0 )|≤
su

p
j,k∈

[d
] ∣∣∣ √

n
h
·U

n
[ω
z
0 ]Ŝ

z
0 |(j,k

) (
Ω̂
k\
j (z

0 ) )
−

G
n [J

z
0 |(j,k

) ] ∣∣∣ ≤
n
−
c.

2
.

W
ith

p
ro

b
ab

ility
1−

1/d
,P

ξ (|S
B

(z
0 )−

S
B0

(z
0 )|≤

n
−
c)≥

1−
1
/d

.

3
.

T
h
ere

ex
ists

a
con

stan
t
c
>

0,
su

ch
th

at
V

ar(G
n [J

z
0 |(j,k

) ])
>
c.

4
.

T
h
ere

ex
ists

a
con

stan
t
c
>

0,
su

ch
th

at
P

(∆
z
0
>
n
−
c)≤

n
−
c.

T
h
e

fi
rst

co
n
d
ition

is
p
roven

in
L

em
m

a
19.

W
e

d
efer

th
e

p
ro

of
of

th
e

secon
d

con
d
ition

in
L

em
m

a
2
0
.

T
h
e

th
ird

con
d
ition

is
d
u
e

to
(65).

T
h
e

follow
in

g
of

th
e

p
ro

of
v
erifi

es
th

e
last

co
n
d
itio

n
.

D
efi

n
e

γ
z|(j,k

,j ′,k ′) (Y
i )

=
J
z|(j,k

) (Y
i )J

z
0 |(j ′,k ′) (Y

i )−
E

[J
z|(j,k

) (Y
i )J

z|(j ′,k ′) (Y
i )].

(67)

W
e

w
ill

ap
p
ly

L
em

m
a

A
.1

in
van

d
e

G
eer

(2008)
on

th
e

con
cen

tra
tion

o
f

em
p
irical

p
ro

cesses.
F

or
th

e
self-con

sisten
ce,

w
e

h
as

restated
th

e
lem

m
a

in
L

em
m

a
3
4.

In
ord

er
to

a
p
p
ly

L
em

m
a

34,
w

e
n
eed

to
b

ou
n
d
‖γ

z|(j,k
,j ′,k ′) ‖∞

an
d
n
−
1 ∑

ni=
1 E

[γ
2z|(j,k

,j ′,k ′) (Z
i )].

B
y

th
e

d
efi

n
itio

n
o
f
J
z
0 |(j,k

)
in

(48),
w

e
h
av

e
for

an
y
z
0 ∈

(0,1),

m
a
x

(j,k
),(j ′,k ′)∈

E
c ‖
γ
z
0 |(j,k

,j ′,k ′) ‖∞

≤
m

ax
i∈

[n
]

m
ax

(j,k
)∈
E
c
2|J

z
0 |(j,k

) (Y
i )| 2

≤
m

ax
(j,k

)∈
E
c
2‖

Ω
j (z

0 )‖
21 ‖Ω

k (z
0 )‖

21 ·π
2h
· (‖g

(1
)

z
0 |(j,k

) (Y
i )‖∞

+
‖
ω
(1
)

z
0

(Z
i )‖∞

)
2

≤
C
M

2h
−
1,

(68)

3
1
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L
u
,
K
o
l
a
r
,
a
n
d

L
iu

w
h
ere

th
e

secon
d

in
eq

u
ality

follow
s

from
H

öld
er’s

in
eq

u
ality,

sim
ilar

to
(66),

an
d

th
e

fi
n
al

in
eq

u
ality

is
d
u
e

to
(84)

an
d

(94).
S
in

ce
th

e
righ

t
h
an

d
size

of
(68)

d
o
es

n
ot

d
ep

en
d

on
z
0 ,

w
e

also
h
ave

m
ax

z∈
(0
,1
)

m
ax

(j,k
),(j ′,k ′)∈

E
c ‖
γ
z|(j,k

,j ′,k ′) ‖∞
≤
C
M

2h
−
1

an
d

(69)

m
ax

z∈
(0
,1
)

m
ax

(j,k
),(j ′,k ′)∈

E
c E

[γ
2z|(j,k

,j ′,k ′) (Z
i )]≤

m
ax

z∈
(0
,1
)

m
ax

(j,k
),(j ′,k ′)∈

E
c ‖
γ
z|(j,k

,j ′,k ′) ‖
2∞
≤
C
M

4h
−
2.(70)

A
ccord

in
g

to
L

em
m

a
34,

th
e

ex
p

ectation
of

∆
z
0

is
b

ou
n
d
ed

b
y

E
[∆

z
0 ].

√
2
M

4
lo

g
(2d

)

n
h
2

+
M

2
log

(2d
)

n
h

.

S
in

ce
log

d
/(n

h
2)

=
o(n
−
ε),

th
ere

ex
ists

c
1
>

0
su

ch
th

at
E

[∆
z
0 ]≤

n
−
2
c
1

for
su

ffi
cien

tly
large

n
.

B
y

M
arkov

’s
in

eq
u
ality,P

(∆
z
0
>
n
−
c
1)≤

n
c
1E

[∆
z
0 ]≤

n
−
c
1

for
su

ffi
cien

tly
large

n
,

w
h
ich

verifi
es

th
e

last
con

d
ition

.
B

y
T

h
eorem

3
.2

in
C

h
ern

ozh
u
k
ov

et
al.

(2013),

su
p

α∈
(0
,1
) ∣∣∣ P

H
0 (ψ

z
0 |G

(α
)

=
1 )−

α ∣∣∣ .
n
−
c,

for
som

e
con

stan
t
c
>

0,
w

h
ich

com
p
letes

th
e

p
ro

of.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

8

In
th

is
section

,
w

e
p
rove

th
e

m
in

im
ax

rate
of

con
v
ergen

ce
for

estim
atin

g
tim

e-vary
in

g
in

verse
covarian

ce
m

atrices.
S
ection

C
.1

p
roves

th
e

m
in

im
ax

rate
in

term
s

of‖·‖
m
a
x

n
orm

,
w

h
ile

S
ection

C
.2

estab
lish

es
th

e
m

in
im

ax
rate

for
th

e
‖·‖

1
n
o
rm

.
A

t
a

h
igh

-level,
b

oth
resu

lts
w

ill
u
se

L
e

C
am

’s
lem

m
a

ap
p
lied

to
a

fi
n
ite

collection
of

tim
e-vary

in
g

in
verse

covarian
ce

m
atrices.

G
iven

a
tim

e-vary
in

g
in

verse
covarian

ce
m

a-
trix

Ω
(·),

let
P

Ω
b

e
th

e
join

t
d
istrib

u
tion

of
(X

1 ,Z
1 ),...,(X

n
,Z

n
)

w
h
ere

(X
i ,Z

i )
are

in
d
ep

en
d
en

t
cop

ies
of

(X
,Z

)
w

ith
Z
∼

U
n
if((0,1))

an
d
X
|
Z
∼

N
(0,Ω

(z
) −

1).
L

et
U
0

=
{
Ω

0 (·),Ω
1 (·),...,Ω

m
(·)}

b
e

a
collection

of
tim

e-vary
in

g
in

verse
covarian

ce
m

atri-
ces,

w
h
ich

are
goin

g
to

b
e

d
efi

n
ed

later.
W

ith
th

ese
w

e
d
efi

n
e

th
e

m
ix

tu
re

d
istrib

u
-

tion
P

=
m
−
1 ∑

m`=
1 P

Ω
` .

F
or

tw
o

m
easu

res
P

an
d

Q
,

th
e

total
variation

is
giv

en
as

‖P
∧
Q
‖

:=
∫

(dP
/d
µ

)∧
(dQ

/d
µ

)d
µ

,
w

h
ere

d
µ

is
th

e
L

eb
esgu

e
m

easu
re.

N
ow

,
L

e
C

am
’s

lem
m

a
(L

e
C

am
,

1973)
giv

es
u
s

th
e

follow
in

g
low

er
b

o
u
n
d
.

L
e
m

m
a

1
4

L
et

Ω̂
(·)

be
a
n

y
estim

a
to

r
o
f

Ω
(·)

ba
sed

o
n

th
e

d
a
ta

gen
era

ted
fro

m
th

e
d
istri-

bu
tio

n
fa

m
ily
{P

Ω
|Ω
∈
U
0 }.

T
h
en

m
ax

1≤
`≤
m
E [

su
p

z∈
(0
,1
) ‖Ω̂

(z
)−

Ω
` (z

)‖
m
a
x ]
≥
r
m
in ‖P

∧
P

Ω
0 ‖,

w
h
ere

r
m
in

=
m

in
1≤
`≤
m

su
p
z∈

(0
,1
) ‖

Ω
0 (z

)−
Ω
` (z

)‖
m
a
x .

W
e

w
ill

u
se

th
e

ab
ove

lem
m

a
in

th
e

follow
in

g
tw

o
su

b
section

s.

3
2

JM
L

R
 18(203):1-78, 2018



T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
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h
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a
l
M
o
d
e
l
s

C
.1

P
ro

o
f

o
f

M
a
x
im

u
m

N
o
rm

in
(3

6
)

W
e

st
ar

t
b
y

co
n
st

ru
ct

in
g

th
e

co
ll
ec

ti
on

of
in

ve
rs

e
co

va
ri

an
ce

m
at

ri
ce

s
U 0

.
L

et
Ω

0
(·)
≡

I.
L

et
M

0
=
dc

0
(n
/

lo
g
(d
n

))
1
/
5
e

w
h
er

e
c 0

is
so

m
e

co
n
st

an
t

to
b

e
d
et

er
m

in
ed

.
T

h
en

U 0
=

{ Ω
(j
,m

)(
·)
|Ω
−
1

(j
,m

)(
z
)

=
Σ

(j
,m

)(
z
)

=
I

+
τ m

(z
)E

jj
,z
∈

(0
,1

),
j
∈

[d
−

1]
,m
∈

[M
0
]} ,

w
h
er

e
E
jj

=
e
j
e
T j+

1
+

e
j+

1
e
T j

,
e
j

is
th

e
j-

th
ca

n
on

ic
al

b
as

is
in

R
d

an
d

fo
r

an
y
m
∈

[M
0
],

τ m
(z

)
=
L
h
2
K

0

( z
−
z m
h

) ,
z m

=
m
−

1/
2

M
0

,
h

=
1/
M

0
.

(7
1)

H
er

e,
K

0
(·)

is
an

y
fu

n
ct

io
n

su
p
p

or
te

d
on

(−
1
/2
,1
/
2
)

an
d

sa
ti

sf
y
in

g
‖K

0
‖ s

u
p
≤

K
m
a
x
.

F
or

ex
am

p
le

,
co

n
si

d
er

K
0
(·)

=
a
ψ

(2
z
),

w
h
er

e
ψ

(z
)

=
ex

p
(−

1
/(

1
−
z
2
))
1

(|z
|
≤

1)
,

fo
r

so
m

e
su

ffi
ci

en
tl

y
sm

al
l
a

(T
sy

b
ak

ov
,

20
09

).
It

is
ea

sy
to

ch
ec

k
th

at
U 0
⊂
U s

(M
,ρ
,L

)
if

n
−
1

lo
g
(d
n

)
=
o(

1)
.

F
or

an
y
j
∈

[d
−

1]
,
m
∈

[M
0
],

w
e

h
av

e

su
p

z
∈(

0
,1
)
‖Ω

(j
,m

)(
z
)
−

Ω
0
(z

)‖
m
a
x
≥
∥ ∥ ∥

τ m
(·)

1
−
τ
2 m

(·)
∥ ∥ ∥ s

u
p
≥
‖τ
m
‖ s

u
p
≥
L
h
2
K

0
(0

)

b
y

d
ir

ec
t

ca
lc

u
la

ti
on

,
w

h
ic

h
gi

ve
s

u
s
r m

in
≥
L
h
2
K

0
(0

)
�

(l
og

(d
n

)/
n

)2
/
5
.

In
th

e
re

m
ai

n
d
er

of
th

e
p
ro

of
w

e
sh

ow
th

at
fo

r
P

=
((
d
−

1)
M

0
)−

1
∑

j∈
[d
],
m
∈[
M

0
]
P Ω

(j
,m

)
,

w
e

h
av

e
‖P

Ω
0
∧
P‖
≥

1
/2

.
L

et
f j
m

b
e

th
e

d
en

si
ty

of
P Ω

(j
,m

)
fo

r
j
∈

[d
−

1]
,m
∈

[M
0
]

an
d

f 0
th

e
d
en

si
ty

of
P 0

.
U

n
d
er

ou
r

se
tt

in
g,

f j
m

((
x
i,
z i

)n i
=
1
)

=
n ∏ i=
1

g j
m

(x
i)
1
{z
i
∈

(0
,1

)}
,

w
h
er

e
g j
m

is
th

e
d
en

si
ty

fu
n
ct

io
n

of
N

(0
,Σ

(j
,m

))
.

N
ot

e
th

at
fo

r
an

y
tw

o
d
en

si
ti

es
f

an
d
f
′

∫
(f
∧
f
′ )
d
µ

=
1
−

1 2

∫
|f
−
f
′ |d
µ
≥

1
−

1 2

(∫
f
2

f
′d
µ
−

1
) 1
/
2
.

T
h
er

ef
or

e,
it

su
ffi

ce
s

to
sh

ow
th

at

∆
:=

∫
( ((

d
−

1)
M

0
)−

1
∑ j,
m

f j
m

) 2
/f

0
d
µ
−

1
→

0.
(7

2)

E
x
p
an

d
in

g
th

e
sq

u
ar

e
of

th
e

m
ix

tu
re

in
(7

2)
,

w
e

h
av

e

1

((
d
−

1)
M

0
)2

  
d
−
1

∑ j=
1

M
0

∑ m
=
1

∫
f
2 jm f 0
d
µ

+
d
−
1

∑ j=
1

∑

m
1
6=
m

2

∫
f j
m

1
f j
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ĉ
W

(1−
α
,{
Y
i }
ni=

1 )
is

(1−
α

)-q
u
an

tile
o
f
W

BG
co

n
d
itio

n
ally

on
{Y

i }
ni=

1 .
L

et

W
B0

({Y
i }
ni=

1 )
=

m
ax

j,k∈
[d
]

su
p

z∈
(0
,1
)
n
−
1
/
2

n
∑i=

1

J
z|(j,k

) (Y
i )·

ξ
i

a
n
d

d
efi

n
e
W

B
({
Y
i }
ni=

1 )
sim

ilarly.
L

et
σ̂
2z,j,k

=
n
−
1 ∑

ni=
1
J
2z|(j,k

) (Y
i ),

σ
J

=
in

f
z
,j,k

σ̂
z
,j,k

an
d

σ
J

=
su

p
z
,j,k

σ̂
z
,j,k .

U
sin

g
th

e
trian

gle
in

eq
u
ality,

w
e

h
ave

P (W
≤
ĉ
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Ŝ
B z
|(j
,k
)( Ω̂

k
\j

(z
))
−

Ω
T j

(z
)( Σ̂

B
(z

)Ω
k
(z

)
−

e
T k

)∣ ∣ ∣
≤
n
−
c

)
≥

1
−

1/
d
.

(1
2
0)

P
ro

o
f

T
h
e

p
ro

of
is

si
m

il
ar

to
th

e
p
ro

of
of

L
em

m
a

21
.

C
om

p
ar

ed
to

th
e

p
ro

o
f

in
L

em
m

a
2
1
,

th
er

e
ar

e
tw

o
d
iff

er
en

ce
s:

(1
)

w
e

n
ee

d
to

b
ou

n
d
U
n
[ω
B z

]‖
Σ̂
B
−

Σ
‖ m

a
x

in
st

ea
d

o
f
‖Σ̂
−

Σ
‖ m

a
x

an
d

(2
)

ob
ta

in
a

ra
te

fo
r
U
n
[ω
B z

]‖
Ω̂
T j
Σ̂
B
‖ ∞

in
st

ea
d

of
‖Ω̂

T j
Σ̂
‖ ∞

.
A

cc
or

d
in

g
to

L
em

m
a

23
an

d
(1

14
),

w
e

h
av

e

P ξ
(

su
p

z
∈(

0
,1
)
U
n
[ω
B z

]‖
Σ̂
B
−

Σ
‖ m

a
x
>
C
√

lo
g
(d
/h

)/
(n
h
2
))

≤
P ξ
(

m
ax

j,
k
∈[
d
]

su
p

z
∈(

0
,1
)

∣ ∣ ∣U
n
[ω
B z

]( τ̂
B jk

(z
)
−
τ j
k
(z

))
∣ ∣ ∣>

C
√

lo
g
(d
/h

)/
(n
h
2
))
≤

1/
d
.
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2
1
)

N
ex
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)
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d
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e

H
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d
er

’s
in

eq
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it
y,
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ve
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s

U
n
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B z

]‖
Ω̂
T j
Σ̂
B
‖ ∞
≤

2
f̄ Z

( ‖
Ω̂
T j
Σ̂
‖ ∞

+
( ‖

Ω̂
j
−

Ω
j
‖ 1

+
‖Ω
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) U

n
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B z
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Σ̂
B
−

Σ̂
‖ m

a
x

) .
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e,
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y
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u
m

p
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4.

4,
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)

an
d
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h
eo
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m

6
,
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y
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1
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,
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B z

]‖
Ω̂
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Σ̂
B
‖ ∞

>
C
( M

λ
+
M
√
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/
h
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h
2
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1
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.
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)

C
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p
ar

ed
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e
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I 1
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),

w
e
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e

I
B 1
2

:=
√
n
h
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Ω̂
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−

Ω
j

) T
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−
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−
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.

F
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κ
√
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g
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n

)
·(
h
2

+
1/
√
n
h
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d
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n
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δ
,
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δ
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w
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h
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w
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p
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il
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−
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,
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(
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|>
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λ
√
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.
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),
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√
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z
)‖

Ω̂
j
Σ̂
B
‖ ∞
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−
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∗∥ ∥

1
.
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2
)
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m
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w
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w
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y
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−
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d
,

P ξ
(
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p
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|≤
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√
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h
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M

2
λ
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+
√
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g
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≤

1
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.
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√
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√
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b
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su
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su
p
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≤
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,

fo
llow

in
g
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e
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m

e
p
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L
em

m
a
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T

h
e

p
ro

of
is

th
erefore
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m

p
lete.

G
.3

P
ro

p
e
rtie

s
o
f

B
o
o
tstra

p
S

c
o
re

S
ta

tistic
s
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th

is
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n
,

w
e
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s
on
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lish
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g
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p
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erties
of

th
e

G
au

ssian
m

u
ltip
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b

o
ot-

stra
p
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tistics
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tro

d
u
ced
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th
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p
ap

er.
T

h
e

m
ain

goal
is

to
p
rove

L
em

m
a

20,
w

h
ich
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th

e
a
p
p
rox
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a
tion

rate
of

a
lead

in
g

lin
ear

term
to

th
e

b
o
otstrap

score
statistic.

T
o

th
at

en
d
,

w
e
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b
lish

a
rate
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v
ergen

ce
for

th
e

b
o
otstra

p
K

en
d
all’s

tau
estim

ato
r
τ̂
Bjk (z

)

p
a
ra

llel
to

th
e

resu
lts

for
τ̂
Bjk (z

)
in

L
em

m
a

12.
R

eca
ll

fro
m

(17)
an

d
(20)

th
at

τ̂
Bjk (z

)
=

∑
i6=
i ′ K

h
(Z

i −
z
)
K
h

(Z
i ′−

z
)

sign
(X

ij −
X
i ′j )

sign
(X

ik −
X
i ′k )(ξ

i
+
ξ
i ′)

∑
i6=
i ′ K

h
(Z

i −
z
)
K
h

(Z
i ′−

z
)

(ξ
i
+
ξ
i ′)

,

a
n
dU

n
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Bz

]
=

2

n
(n
−

1) ∑i6=
i ′ K

h
(Z

i −
z
0 )
K
h

(Z
i ′−

z
0 )

(ξ
i
+
ξ
i ′).

T
h
e
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in

g
lem

m
a

p
resen
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a

con
vergen
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rate

of
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e
b

o
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K
en

d
all’s
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estim
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τ̂
Bjk (z

).

L
e
m

m
a

2
3

U
n

d
er
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e
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n

d
itio

n
s

o
f

L
em

m
a

2
0
,

w
ith

p
ro
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bility

1−
c/d

,

P
ξ (

m
ax

j,k∈
[d
]

su
p

z∈
(0
,1
) ∣∣∣ [U

n
[ω
Bz

]] (τ̂
Bjk (z

)−
τ
jk (z

) ) ∣∣∣
>
C
√

log
(d
/h

)/
(n
h
2) )
≤

1/
d

a
n

d

P
ξ (

m
ax

j,k∈
[d
]

su
p

z∈
(0
,1
) √
n
h|∆

W
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) |
>
C
√

log
(d
/h

)/
(n
h
2) )
≤

1
/d
,

(123)

w
ith

∆
W
z|(j,k

)
d
efi

n
ed

in
(116).

P
ro

o
f

W
e

fi
rst

in
tro

d
u
ce

som
e

n
otation

to
sim

p
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th
e

p
ro

of.
L

et

W
z|(j,k

) (Y
i )

=
2

n
−

1

∑i ′6=
i ω

z (Z
i ,Z

i ′) (
sign

(X
ij −

X
i ′j )

sign
(X

ik −
X
i ′k )−

τ
jk (z
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.

(124)
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i∈

[n
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√
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·U
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τ̂
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1

W
z|(j,k
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N
(
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1n

n
∑i=

1

W
2z|(j,k

) (Y
i ) )
.

(125)

S
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e
b

o
otstrap

p
ro

cess
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(124)
is

a
G
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ssian

p
ro

cess,
w

e
b

ou
n
d
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su

p
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e
u
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g
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e
B

orell’s
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u
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P

rop
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n
A

.2.1,
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d
er

V
aart

an
d

W
elln

er
(1996)).

T
h
e

B
orell’s
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eq

u
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u
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u
s

b
ou

n
d

th
e
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in

g
th

ree
q
u
an
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e
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ce
of
n
−
1 ∑

ni=
1
W

2z|(j,k
) (Y
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2.
th

e
su

p
rem

u
m

n
orm

of
n
−
1 ∑

ni=
1
W

2z|(j,k
) (Y

i );

3.
th

e
L
2

n
orm

coverin
g

n
u
m

b
er

of
th

e
fu

n
ction

class

F
W

=
{
ω
(i)
z|(j,k

) |
z
∈

(0,1),j,k
∈

[d
] }
,

(126)

u
n
d
er

th
e

em
p
irical

m
easu

re
P
n

=
n
−
1 ∑

ni=
1
δ
Y
i ,

w
h
ere

ω
(i)
z|(j,k

)
:=

1

n
−

1

∑i ′6=
i ω

z (Z
i ,Z

i ′)
sign

(X
ij −

X
i ′j )

sign
(X

ik −
X
i ′k ).

T
o

b
ou

n
d

th
e

varian
ce,

w
e

fi
rst

stu
d
y
W
z|(j,k

) (Y
i )

for
each

sin
g
le
i
∈

[n
].

F
or

a
n
y

b
ivariate

fu
n
ction

f
(y

1 ,y
2 ),

d
efi

n
e

th
e

o
p

erator

G
(i)
n−

1 [f
]

=
1

√
n
−

1

n
∑i ′6=

i (f
(Y
i ′,Y

i )−
E

[f
(Y
i ′,Y

i )|
Y
i ])
.

N
ow

,
can

b
e

w
ritten

as

W
z|(j,k

) (Y
i )

=
E

[W
z|(j,k

) (Y
i )]+

2
√
n
−

1

(G
(i)
n−

1 (g
z|(j,k

) )−
τ
jk (z

)G
(i)
n−

1 (ω
z ) )

︸
︷︷

︸
J
(1

)(Y
i )

+
2 (
g
(1
)

z|(j,k
) (Y

i )−
τ
jk (z

)ω
(1
)

z
(Z

i ) )

︸
︷︷

︸
J
(2

)(Y
i )

.
(127)

F
rom

(84)
an

d
(94),

w
e

h
ave

th
at

alm
ost

su
rely

m
ax

i∈
[n
]

su
p

j,k∈
[d
]

su
p

z∈
(0
,1
) J

(2
)(Y

i )≤
C
h
−
1.

(128)

U
sin

g
L

em
m

a
13,

w
e

h
ave

su
p

z
,j,k E

[W
z|(j,k

) (Y
i )]≤

su
p

z
,j,k

2 (∣∣E
[U

n [g
z|(j,k

) ]]−
f
2Z
(z

)τ
jk (z

) ∣∣
+
∣∣E

[U
n

[ω
z ]]−

f
2Z
(z

) ∣∣ )
≤
C
h
2.

(1
29)
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p
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w
e
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av

e

m
ax

i∈
[n
]

su
p
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k
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d
]

su
p

z
∈(
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,1
)

∣ ∣ ∣ ∣ ∣G
(i
)
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−
1

[ h
3
/
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z
|(j
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)
−
τ j
k
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)ω
z

)
√

lo
g
(d
/h

)
∨

lo
g
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)

]∣ ∣ ∣ ∣ ∣
≤
C
.
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)

P
lu
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in

g
(1
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(1
29

)
an

d
(1
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)

in
to

(1
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),
w

it
h

p
ro

b
ab

il
it

y
1
−

1
/d

,
w

e
h
av

e

m
ax

j,
k
∈[
d
]

su
p

z
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0
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)

1 n
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1

W
2 z
|(j
,k
)(
Y
i)
≤

m
ax

i∈
[n
]

m
ax

j,
k
∈[
d
]

su
p

z
∈(

0
,1
)
W

2 z
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)(
Y
i)
≤
C
h
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(1
31

)

as
lo

g
(d
/h

)/
(n
h

)
=
o(

1)
an

d
h

=
o(

1)
.

N
ex

t,
w

e
b

ou
n
d

th
e

co
ve

ri
n
g

n
u
m

b
er

of
th

e
fu

n
ct

io
n

cl
as

s
F W

d
efi

n
ed

in
(1

26
).

F
or

so
m

e
M

0
to

b
e

d
et

er
m

in
ed

la
te

r,
le

t
{K

h
(z
`
−
·)}

`∈
[M

0
]

b
e

th
e
ε-

n
et

of

K
=
{K
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s
−
·)/
h

)
|s
∈
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,1
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.

T
h
at

is
,

fo
r

an
y
z
∈

(0
,1

),
th

er
e

ex
is

ts
a
z `

su
ch

th
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h
(z
`
−
·)
−
K
h
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−
·)‖

2 L
2
(P
n
)
≤
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F
or

th
is
z `

,
w

e
al

so
h
av

e

‖ω
(i
)

z
|(j
,k
)
−
ω
(i
)

z `
|(j
,k
)‖

2 L
2
(P
n
)
≤

1 n

n ∑ i=
1

(
1

n
−

1

∑ i′
6=
i

|ω
z
(Z

i,
Z
i′

)
−
ω
z
′ (
Z
i,
Z
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)|) 2

≤
1 n
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1
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h
(z
−
Z
i)
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(

1

n
−

1

∑ i′
6=
i

|K
h
(z
−
Z
i′

)
−
K
h
(z
`
−
Z
i′
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)

+
1 n

n ∑ i=
1

( K
h
(z
−
Z
i)
−
K
h
(z
`
−
Z
i)
) 2
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1

n
−

1

∑ i′
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h
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`
−
Z
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)|2
)

≤
C
ε2
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.

T
h
er

ef
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M
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≤

(C
/ε
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,

w
e

h
av

e
N

(F
W
,‖
·‖
L
2
(P
n
),
h
−
1
ε)
≤
d
2
(C
/ε

)3
v
.

S
im

il
ar

ly
,

fo
r

th
e

fu
n
ct

io
n
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s

F
′ W

=
{ W

z
|(j
,k
)(
Y
i)
|z
∈

(0
,1

),
j,
d
∈
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]}

w
e

h
av

e

N
(F
′ W
,‖
·‖
L
2
(P
n
),
h
−
1
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≤
N

(F
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·‖
L
2
(P
n
),
h
−
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≤
d
2
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/ε

)6
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.
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)

T
h
is

b
ou

n
d
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ll
ow

s
b
y

co
m

b
in

in
g

th
e

th
e

fa
ct

th
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τ j
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(·)
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L
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sc

h
it

z
(s

in
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Σ
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∈
H
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w
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L
em

m
a
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an
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L
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D

u
d
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u
al

it
y
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L
em

m
a
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8
in

va
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d
er

V
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an

d
W

el
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,
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w

it
h
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e
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th
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U
n
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B z 0

](
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)
−
τ j
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))
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n
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m
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d
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u
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d
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n
d
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n
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d
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a
(s
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(1
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,
th

e
u
p
p
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b
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n
d
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d
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b
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n
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)

an
d
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e
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n
g
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u
m

b
er
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′ W
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u
s

E[
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)

m
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√
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m
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√
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−
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p
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∆
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∆
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p
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∈
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∈
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∈
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∈
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‖ ∞
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∈

F
(2
)

jk
,

th
er

e
ex

is
t
h
1
∈
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∈
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∈
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∈
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‖ ∞
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‖ ∞
ε

) 2
v(

C
(1
)

h
v
+
9
εv

+
6

) 2
(

f̄2 Z
C
τ

+
2
C

h

ε

) 2

≤
d
2
C
(2
)

h
2
v
+
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C
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w

e
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n
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b
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e
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n
g
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u
m

b
er

fo
r
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n
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g
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e
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g
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m

m
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L
e
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m
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9

F
o
r
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e
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<
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<
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,

w
e
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n
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e
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a
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f
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n
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K
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)

z
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∈
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∈
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∈
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e
ω
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z
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d
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)
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d
efi

n
ed
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n

d
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T
h
er

e
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t
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n

st
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n
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C
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n
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C
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)

su
ch

th
a
t
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r
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n

y
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∈
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)
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p
Q
N
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‖ L
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h
2
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7
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3
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N
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‖ L

2
(Q

),
ε)
≤

C
′ (2
)

h
4
v
+
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=
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−
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]
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b
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=
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∈
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∈
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.
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b
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e

d
er

iv
at

io
n

of
(1

49
),

fo
r

an
y
z 1
,z

2
∈
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√
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−
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≤
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−
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g
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r
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h
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∈
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∈
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∈
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b
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d
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) ⊂
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∈
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con
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=
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éb

re,
an

d
D

.
H

u
sm

eier.
N

on
-h

om
ogen

eou
s

d
y
n
am

ic
B

ayesian
n
etw

ork
s

w
ith

B
ayesian

regu
larization

for
in

ferrin
g

gen
e

regu
latory

n
etw

ork
s

w
ith

grad
u
ally

tim
e-

vary
in

g
stru

ctu
re.

M
a
ch

.
L

ea
rn

.,
90:191–230,

2013.

72
JM

L
R

 18(203):1-78, 2018



T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

U
.

E
in

m
ah

l
an

d
D

.
M

.
M

as
on

.
U

n
if

or
m

in
b
an

d
w

id
th

co
n
si

st
en

cy
of

ke
rn

el
-t

y
p

e
fu

n
ct

io
n

es
ti

m
at

or
s.

A
n

n
.

S
ta

t.
,

33
(3

):
13

80
–1

40
3,

20
05

.

A
.

E
lo

ya
n
,

J
.

M
u
sc

h
el

li
,

M
.

B
.

N
eb

el
,

H
.

L
iu

,
F

.
H

an
,

T
.

Z
h
ao

,
A

.
D

.
B

a
rb

er
,

S
.

J
o
el

,
J
.

J
.

P
ek

ar
,

S
.

H
.

M
os

to
fs

k
y,

an
d

B
.

C
aff

o.
A

u
to

m
at

ed
d
ia

gn
os

es
of

at
te

n
ti

on
d
efi

ci
t

h
y
p

er
ac

ti
ve

d
is

or
d
er

u
si

n
g

m
ag

n
et

ic
re

so
n
an

ce
im

ag
in

g.
F

ro
n

t.
S

ys
t.

N
eu

ro
sc

i.
,

6,
20

12
.

J
.

F
an

an
d

I.
G

ij
b

el
s.

D
at

a-
d
ri

ve
n

b
an

d
w

id
th

se
le

ct
io

n
in

lo
ca

l
p

ol
y
n
om

ia
l

fi
tt

in
g:

va
ri

ab
le

b
an

d
w

id
th

an
d

sp
at

ia
l

ad
ap

ta
ti

on
.

J
.

R
o
y.

S
ta

ti
st

.
S

oc
.

S
er

.
B

,
57

(2
):

3
71

–3
94

,
19

95
.

J
.

F
an

an
d

J
.

J
ia

n
g.

N
on

p
ar

am
et

ri
c

in
fe

re
n
ce

s
fo

r
ad

d
it

iv
e

m
o
d
el

s.
J

.
A

m
.

S
ta

t.
A

ss
oc

.,
10

0(
47

1)
:8

90
–9

07
,

20
05

.

J
.

F
an

,
Y

.
F

en
g,

an
d

Y
.

W
u
.

N
et

w
or

k
ex

p
lo

ra
ti

on
v
ia

th
e

ad
ap

ti
ve

L
as

so
a
n
d

S
C

A
D

p
en

al
ti

es
.

A
n

n
.

A
p
p
l.

S
ta

t.
,

3(
2)

:5
21

–5
41

,
20

09
.

J
.

F
an

,
H

.
L

iu
,

Y
.

N
in

g,
an

d
H

.
Z

ou
.

H
ig

h
d
im

en
si

on
al

se
m

ip
ar

am
et

ri
c

la
te

n
t

gr
a
p
h
ic

al
m

o
d
el

fo
r

m
ix

ed
d
at

a.
J

.
R

.
S

ta
t.

S
oc

.
B

,
20

15
.

K
.

T
.

F
an

g,
S
.

K
ot

z,
an

d
K

.
W

.
N

g.
S

ym
m

et
ri

c
m

u
lt

iv
a
ri

a
te

a
n

d
re

la
te

d
d
is

tr
ib

u
ti

o
n

s,
vo

lu
m

e
36

of
M

o
n

og
ra

p
h
s

o
n

S
ta

ti
st

ic
s

a
n

d
A

p
p
li

ed
P

ro
ba

bi
li

ty
.

C
h
ap

m
an

an
d

H
al

l,
L

td
.,

L
on

d
on

,
19

90
.

J
.

H
.

F
ri

ed
m

an
,

T
.

J
.

H
as

ti
e,

an
d

R
.

J
.

T
ib

sh
ir

an
i.

S
p
ar

se
in

ve
rs

e
co

va
ri

an
ce

es
ti

m
at

io
n

w
it

h
th

e
gr

ap
h
ic

al
la

ss
o.

B
io

st
a
ti

st
ic

s,
9(

3)
:4

32
–4

41
,

20
08

.

A
.

F
u
ji

ta
,

J
.

R
.

S
at

o,
H

.
M

.
G

ar
ay

-M
al

p
a
rt

id
a,

P
.

A
.

M
or

et
ti

n
,

M
.

C
.

S
og

ay
ar

,
an

d
C

.
E

.
F

er
re

ir
a.

T
im

e-
va

ry
in

g
m

o
d
el

in
g

of
ge

n
e

ex
p
re

ss
io

n
re

gu
la

to
ry

n
et

w
o
rk

s
u
si

n
g

th
e

w
av

el
et

d
y
n
am

ic
ve

ct
or

au
to

re
gr

es
si

ve
m

et
h
o
d
.

B
io

in
fo

rm
a
ti

cs
,

23
(1

3)
:1

62
3–

16
30

,
20

0
7.

A
.

E
.

G
el

fa
n
d
,

H
.-

J
.

K
im

,
C

.
S
ir

m
an

s,
a
n
d

S
.

B
an

er
je

e.
S
p
at

ia
l

m
o
d
el

in
g

w
it

h
sp

at
ia

ll
y

va
ry

in
g

co
effi

ci
en

t
p
ro

ce
ss

es
.

J
.

A
m

.
S

ta
t.

A
ss

oc
.,

98
(4

62
):

38
7–

39
6,

2
00

3.

E
.

G
in

é,
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É

cole
d
’É
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ü
h
lm

an
n
.

H
igh

d
im

en
sion

al
gra

p
h
s

an
d

variab
le

selection
w

ith
th

e
L

a
sso

.
A

n
n

.
S

ta
t.,

34(3):1436–1462,
2
006.75

JM
L

R
 18(203):1-78, 2018

L
u
,
K
o
l
a
r
,
a
n
d

L
iu

R
.

M
itra

an
d

C
.-H

.
Z

h
an

g.
M

u
ltivariate

an
aly

sis
of

n
on

p
aram

etric
estim

ates
of

large
cor-

relation
m

atrices.
A

rX
iv

e-p
rin

ts,
a
rX

iv:1
4
0
3
.6

1
9
5
,

2014.

K
.

M
oh

an
,

P
.

L
on

d
on

,
M

.
F

azel,
D

.
M

.
W

itten
,

an
d

S
.-I.

L
ee.

N
o
d
e-b

ased
learn

in
g

of
m

u
ltip

le
G

au
ssian

grap
h
ical

m
o
d
els.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
15:445–488,

2014.

H
.-G

.
M

u
ller

an
d

U
.
S
tad

tm
u
ller.

V
ariab

le
b
an

d
w

id
th

kern
el

estim
ators

of
regression

cu
rves.

A
n

n
.

S
ta

tist.,
15(1):182–201,

1987.

M
.
N

ey
k
ov

,
Y

.
N

in
g,

J
.
S
.
L

iu
,
an

d
H

.
L

iu
.

A
u
n
ifi

ed
th

eory
o
f
con

fi
d
en

ce
region

s
a
n
d

testin
g

for
h
igh

d
im

en
sion

al
estim

atin
g

eq
u
ation

s.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
1
0
.0

8
9
8
6
,

20
15.

Y
.

N
in

g
an

d
H

.
L

iu
.

A
gen

eral
th

eory
of

h
y
p

oth
esis

tests
an

d
con

fi
d
en

ce
region

s
for

sp
arse

h
igh

d
im

en
sion

al
m

o
d
els.

A
n

n
.

S
ta

tist.,
45(1):158–195,

20
17.

D
.

N
olan

an
d

D
.

P
ollard

.
U

-p
ro

cesses:
R

ates
of

con
vergen

ce.
A

n
n

.
S

ta
tist.,

15(2):780–799,
1987.

J
.

D
.

O
p
som

er
an

d
D

.
R

u
p
p

ert.
F

ittin
g

a
b
ivariate

ad
d
itive

m
o
d
el

b
y

lo
cal

p
o
ly

n
om

ial
regression

.
A

n
n

.
S

ta
t.,

25(1):186–211,
1997.

A
.

P
agan

an
d

A
.

U
llah

.
N

o
n

pa
ra

m
etric

E
co

n
o
m

etrics
(T

h
em

es
in

M
od

ern
E

co
n

o
m

etrics).
C

am
b
rid

ge
U

n
iv

ersity
P

ress,
1999.

J
.

D
.

P
ow

er,
A

.
L

.
C

oh
en

,
S
.

M
.

N
elson

,
G

.
S
.

W
ig,

K
.

A
.

B
arn

es,
J
.

A
.

C
h
u
rch

,
A

.
C

.
V

ogel,
T

.
O

.
L

au
m

an
n
,

F
.

M
.

M
iezin

,
B

.
L

.
S
ch

laggar,
an

d
S
.

E
.

P
etersen

.
F

u
n
ction

al
n
etw

ork
organ

ization
of

th
e

h
u
m

an
b
rain

.
N

eu
ro

n
,

72(4):665–678,
20

11.

E
.

P
u
n
skaya,

C
.

A
n
d
rieu

,
A

.
D

ou
cet,

an
d

W
.

J
.

F
itzgerald

.
B

ayesian
cu

rve
fi
ttin

g
u
sin

g
m

cm
c

w
ith

ap
p
lication

s
to

sign
al

segm
en

ta
tion

.
IE

E
E

T
ra

n
s.

S
ign

a
l

P
roces.,

50(3):747–
758,

2002.

H
.

Q
iu

,
F

.
H

an
,

H
.

L
iu

,
an

d
B

.
C

aff
o.

J
oin

t
estim

ation
of

m
u
ltip

le
grap

h
ical

m
o
d
els

from
h
igh

d
im

en
sion

al
tim

e
series.

J
.

R
.

S
ta

t.
S

oc.
S

er.
B

.
S

ta
t.

M
eth

od
o
l.,

78
(2):487–504,

2016.

A
.

R
ao,

I.
A

.
O

.
H

ero,
D

.
J
.

S
tates,

an
d

J
.

D
.

E
n
gel.

In
ferrin

g
tim

e-vary
in

g
n
etw

ork
top

ologies
from

gen
e

ex
p
ression

d
ata.

E
U

R
A

S
IP

J
.

B
io

in
fo

rm
a
tics

S
yst.

B
io

.,
2007(1):

51947,
2007.

Z
.

R
en

,
T

.
S
u
n
,

C
.-H

.
Z

h
an

g,
an

d
H

.
H

.
Z

h
ou

.
A

sy
m

p
totic

n
orm

ality
an

d
op

tim
alities

in
estim

ation
of

large
gau

ssian
grap

h
ical

m
o
d
els.

A
n

n
.

S
ta

tist.,
43

(3):991–1026,
2015.

J
.

W
.

R
ob

in
son

an
d

A
.

J
.

H
artem

in
k
.

L
earn

in
g

n
on

-station
ary

d
y
n
am

ic
b
ayesian

n
etw

ork
s.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
11:3647–3680,

2010.

A
.
J
.
R

oth
m

an
,
P

.
J
.
B

ickel,
E

.
L

ev
in

a,
an

d
J
.
Z

h
u
.

S
p
arse

p
erm

u
tation

in
varian

t
covarian

ce
estim

ation
.

E
lectro

n
.

J
.

S
ta

t.,
2:494–515,

2008
.

D
.

R
u
p
p

ert,
S
.

J
.

S
h
eath

er,
an

d
M

.
P

.
W

an
d
.

A
n

eff
ective

b
an

d
w

id
th

selector
for

lo
cal

least
sq

u
ares

regression
.

J
.

A
m

er.
S

ta
tist.

A
ssoc.,

90(432):1257–12
70,

1995.

76
JM

L
R

 18(203):1-78, 2018



T
im

e
-V

a
r
y
in
g

N
o
n
pa

r
a
n
o
r
m
a
l
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

R
.

J
.

S
er

fl
in

g.
A

p
p
ro

xi
m

a
ti

o
n

T
h
eo

re
m

s
o
f

M
a
th

em
a
ti

ca
l

S
ta

ti
st

ic
s.

W
il
ey

-I
n
te

rs
ci

en
ce

,
20

01
.

S
.
M

.
S
m

it
h
,
K

.
L

.
M

il
le

r,
G

.
S
al

im
i-

K
h
or

sh
id

i,
M

.
W

eb
st

er
,
C

.
F

.
B

ec
k
m

a
n
n
,
T

.
E

.
N

ic
h
ol

s,
J
.

D
.

R
am

se
y,

an
d

M
.

W
.

W
o
ol

ri
ch

.
N

et
w

or
k

m
o
d
el

li
n
g

m
et

h
o
d
s

fo
r

fm
ri

.
N

eu
ro

im
a
ge

,
54

(2
):

87
5–

89
1,

20
11

.

L
.
S
on

g,
M

.
K

ol
ar

,
an

d
E

.
P

.
X

in
g.

T
im

e-
va

ry
in

g
d
y
n
am

ic
b
ay

es
ia

n
n
et

w
or

k
s.

In
Y

.
B

en
gi

o,
D

.
S
ch

u
u
rm

an
s,

J
.

D
.

L
aff

er
ty

,
C

.
K

.
I.

W
il
li
am

s,
an

d
A

.
C

u
lo

tt
a,

ed
it

or
s,

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
2
,

p
ag

es
17

32
–1

74
0.

C
u
rr

an
A

ss
o
ci

a
te

s,
In

c.
,

20
09

.

G
.

W
.

S
te

w
ar

t,
J
.-

g.
S
u
n
,

an
d

H
.

B
.

J
ov

an
ov

ic
h
.

M
a
tr

ix
pe

rt
u

rb
a
ti

o
n

th
eo

ry
,

v
ol

u
m

e
17

5.
A

ca
d
em

ic
p
re

ss
N

ew
Y

or
k
,

19
90

.

M
.

T
al

ih
an

d
N

.
H

en
ga

rt
n
er

.
S
tr

u
ct

u
ra

l
le

ar
n
in

g
w

it
h

ti
m

e-
va

ry
in

g
co

m
p

on
en

ts
:

T
ra

ck
in

g
th

e
cr

os
s-

se
ct

io
n

of
th

e
fi
n
an

ci
al

ti
m

e
se

ri
es

.
J

.
R

.
S

ta
t.

S
oc

.
B

,
67

(3
):

32
1–

3
41

,
20

05
.

T
h
e

A
D

H
D

-2
00

C
on

so
rt

iu
m

.
T

h
e

A
D

H
D

-2
00

co
n
so

rt
iu

m
:

a
m

o
d
el

to
ad

va
n
ce

th
e

tr
an

s-
la

ti
on

al
p

ot
en

ti
al

of
n
eu

ro
im

ag
in

g
in

cl
in

ic
al

n
eu

ro
sc

ie
n
ce

.
F

ro
n

t.
S

ys
t.

N
eu

ro
sc

i.
,

6,
20

12
.

R
.

J
.

T
ib

sh
ir

an
i,

J
.

T
ay

lo
r,

R
.

L
o
ck

h
a
rt

,
an

d
R

.
T

ib
sh

ir
an

i.
E

x
ac

t
p

os
t-

se
le

ct
io

n
in

fe
re

n
ce

fo
r

se
q
u
en

ti
al

re
gr

es
si

on
p
ro

ce
d
u
re

s.
J

.
A

m
er

.
S

ta
ti

st
.

A
ss

oc
.,

11
1(

51
4)

:6
0
0–

62
0,

20
16

.

A
.

B
.

T
sy

b
ak

ov
.

In
tr

od
u

ct
io

n
T

o
N

o
n

pa
ra

m
et

ri
c

E
st

im
a
ti

o
n

.
S
p
ri

n
ge

r
S
er

ie
s

in
S
ta

ti
st

ic
s.

S
p
ri

n
ge

r,
N

ew
Y

or
k
,

20
09

.

S
.

A
.

V
an

d
e

G
ee

r.
A

p
p
li

ca
ti

o
n

s
o
f

em
p
ir

ic
a
l

p
ro

ce
ss

th
eo

ry
,

vo
lu

m
e

91
.

C
am

b
ri

d
ge

U
n
i-

ve
rs

it
y

P
re

ss
C

am
b
ri

d
ge

,
20

00
.

S
.

A
.

va
n

d
e

G
ee

r.
H

ig
h
-d

im
en

si
on

al
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

s
an

d
th

e
la

ss
o.

A
n

n
.

S
ta

t.
,

36
(2

):
61

4–
64

5,
20

08
.

S
.

A
.

va
n

d
e

G
ee

r,
P

.
B

ü
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h
(2

0
0
2)

an
d

M
al

li
ck

et
al

.
(2

00
5)

u
n
d
er

th
e

p
ro

p
os

ed
fr

am
ew

or
k

to
co

n
st

ru
ct

B
ay

es
ia

n
m

u
lt

in
o
m

ia
l

S
V

M
s

(M
S
V

M
s)

,
w

h
ic

h
n
at

u
ra

ll
y

p
ro

v
id

e
p
re

d
ic

ti
ve

cl
as

s
p
ro

b
ab

il
it

ie
s.

W
e

w
il
l

sh
ow

th
at

th
e

p
ro

p
os

ed
B

ay
es

ia
n

M
S
R

s
an

d
M

S
V

M
s,

w
h
ic

h
al

l
g
en

er
a
li
ze

th
e

st
ic

k
-b

re
ak

in
g

co
n
st

ru
ct

io
n

to
p

er
fo

rm
B

ay
es

ia
n

m
u
lt

in
om

ia
l

re
gr

es
si

on
,

ar
e

n
o
t

o
n
ly

ca
p
a
-

b
le

of
p
la

ci
n
g

n
on

li
n
ea

r
d
ec

is
io

n
b

ou
n
d
ar

ie
s

b
et

w
ee

n
d
iff

er
en

t
ca

te
go

ri
es

,
b
u
t

a
ls

o
a
m

en
a
b
le

2
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P
e
r
m
u
t
e
d

a
n
d

A
u
g
m
e
n
t
e
d

S
t
ic
k
-B

r
e
a
k
in
g

B
a
y
e
sia

n
M
u
lt

in
o
m
ia
l
R
e
g
r
e
ssio

n

to
p

o
sterio

r
sim

u
lation

v
ia

d
ata

au
gm

en
tation

.
A

n
oth

er
attractive

featu
re

sh
ared

b
y

all
th

ese
p
ro

p
o
sed

B
ayesian

algorith
m

s
is

th
at

th
ey

can
n
ot

on
ly

p
red

ict
class

p
rob

ab
ilities

b
u
t

a
lso

q
u
a
n
tify

m
o
d
el

u
n
certain

ty.
In

ad
d
ition

,
w

e
w

ill
sh

ow
th

at
rob

it
reg

ression
,

a
rob

u
st

cro
ss-en

trop
y
-lo

ss
b
in

ary
classifi

er
p
rop

osed
in

L
iu

(2004),
can

b
e

ex
ten

d
ed

in
to

a
rob

u
st

B
ayesia

n
m

u
ltin

om
ial

classifi
er

u
n
d
er

th
e

p
rop

osed
stick

-b
reak

in
g

con
stru

ction
.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2
w

e
b
riefl

y
rev

iew
M

L
R

a
n
d

d
iscu

ss
th

e
restriction

s
of

its
stick

-b
reak

in
g

con
stru

ction
.

In
S
ection

3
w

e
p
rop

ose
th

e
p

erm
u
ted

a
n
d

au
gm

en
ted

stick
b
reak

in
g

(p
aS

B
)

to
con

stru
ct

B
ayesian

m
u
lti-class

classi-
fi
ers,

p
resen

t
th

e
in

feren
ce,

an
d

sh
ow

h
ow

th
e

IIA
assu

m
p
tion

is
relax

ed
.

U
n
d
er

th
e

p
aS

B
fra

m
ew

o
rk

,
w

e
sh

ow
h
ow

to
tran

sform
softp

lu
s

regression
s

an
d

su
p
p

ort
vector

m
ach

in
es

in
to

B
ay

esia
n

m
u
ltin

om
ial

regression
m

o
d
els

in
S
ection

s
4

an
d

5,
resp

ectively.
W

e
p
rov

id
e

ex
p

erim
en

ta
l

resu
lts

in
S
ection

6
an

d
con

clu
d
e

th
e

p
ap

er
in

S
ection

7.

2
.
M

u
ltin

o
m
ia
l
L
o
g
istic

R
e
g
re
ssio

n
a
n
d
S
tick

B
re
a
k
in
g

In
th

is
sectio

n
w

e
fi
rst

b
riefl

y
rev

iew
m

u
ltin

om
ial

logistic
regression

(M
L

R
).

W
e

th
en

u
se

th
e

stick
-b

rea
k
in

g
con

stru
ction

to
sh

ow
h
ow

to
gen

erate
a

categorical
ran

d
om

varia
b
le

as
a

seq
u
en

ce
o
f

d
ep

en
d
en

t
b
in

ary
variab

les,
an

d
fu

rth
er

d
iscu

ss
a

n
aive

ap
p
roach

to
tran

sfo
rm

b
in

ary
lo

g
istic

regression
u
n
d
er

stick
b
reak

in
g

in
to

m
u
ltin

om
ial

regression
.

In
th

e
follow

in
g

d
iscu

ssio
n
,

w
e

u
se
i
∈
{
1,...,N

}
to

in
d
ex

th
e

in
d
iv

id
u
al/ob

servation
,
s
∈
{
1,...,S}

to
in

d
ex

th
e

ch
oice/category,

an
d

th
e

p
rim

e
sy

m
b

ol
to

d
en

ote
th

e
tran

sp
ose

op
eratio

n
.

2
.1

M
u

ltin
o
m

ia
l

L
o
g
istic

R
e
g
re

ssio
n

M
L

R
th

a
t

p
a
ra

m
eterizes

th
e

p
rob

ab
ility

of
each

category
given

th
e

covariates
as

P
(y
i

=
s|x

i ,{β
s }

1
,S

)
=
p
is ,

p
is

=
e
x
′i β
s /(∑

Sj=
1
e
x
′i β
j )

(1)

is
w

id
ely

u
sed

,
w

h
ere

x
i ∈

R
P
+
1

con
sists

of
x
i1

=
1

an
d
P

covariates,
an

d
β
s
∈

R
P
+
1

co
n
sists

o
f

th
e

regression
co

effi
cien

ts
for

th
e
sth

category
(M

cC
u
llag

h
an

d
N

eld
er,

1989;
A

lb
ert

a
n
d

C
h
ib

,
1993;

H
olm

es
an

d
H

eld
,

2006).
W

ith
ou

t
loss

of
gen

erality,
on

e
m

ay
ch

o
o
se

ca
teg

ory
S

as
th

e
referen

ce
category

b
y

settin
g

all
th

e
elem

en
ts

of
β
S

as
0,

m
ak

in
g

e
x
′i β
S

=
1

a
lm

ost
su

rely
(a.s.).

F
or

M
L

R
,
if

d
ata

i
is

assign
ed

to
th

e
category

w
ith

th
e

largest
p
is ,

th
en

o
n
e

m
ay

con
sid

er
th

at
category

s
resid

es
w

ith
in

a
con

vex
p

oly
top

e
(G

rü
n
b
au

m
,

2
0
1
3
),

d
efi

n
ed

b
y

th
e

set
of

solu
tion

s
to

S
−

1
in

eq
u
alities

as
x
′(β

j −
β
s )
≤

0,
w

h
ere

j∈
{1,...,s−

1
,s

+
1
,...,S}

.

D
esp

ite
its

p
op

u
larity,

M
L

R
is

a
lin

ear
classifi

er
in

th
e

sen
se

th
at

it
u
ses

th
e

in
tersection

o
f
S
−

1
lin

ea
r

h
y
p

erp
lan

es
to

sep
arate

on
e

class
from

th
e

oth
ers.

A
s

a
classical

d
iscrete

ch
o
ice

m
o
d
el

in
econ

om
etrics,

it
m

akes
th

e
in

d
ep

en
d
en

ce
of

irrelevan
t

altern
atives

(IIA
)

a
ssu

m
p
tio

n
,

im
p
ly

in
g

th
at

th
e

u
n
ob

served
factors

for
ch

oice
m

ak
in

g
are

b
oth

u
n
correlated

a
n
d

h
av

in
g

th
e

sam
e

varian
ce

across
all

altern
atives

(M
cF

ad
d
en

,
1973;

T
rain

,
2009).

M
ore-

over,
w

h
ile

its
log-likelih

o
o
d

is
con

vex
an

d
th

ere
are

effi
cien

t
iterativ

e
a
lgorith

m
s

to
fi
n
d

th
e

m
a
x
im

u
m

likelih
o
o
d

or
m

ax
im

u
m

a
p

osteriori
solu

tion
s

of
β
s ,

th
e

ab
sen

ce
of

co
n
ju

gate
p
rio

rs
o
n
β
s

m
a
kes

it
d
iffi

cu
lt

to
d
erive

effi
cien

t
B

ayesian
in

feren
ce.

F
or

B
ay

esian
in

feren
ce,

P
o
lso

n
et

a
l.

(2
013)

h
ave

in
tro

d
u
ced

th
e

P
óly

a-G
a
m

m
a

d
ata

au
gm

en
tation

for
logit

m
o
d
els,

a
n
d

co
m

b
in

ed
it

w
ith

th
e

d
ata

au
gm

en
tation

tech
n
iq

u
e

of
H

olm
es

an
d

H
eld

(2006)
for

th
e

3
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Z
h
a
n
g

a
n
d

Z
h
o
u

m
u
ltin

om
ial

lik
elih

o
o
d

to
d
evelop

a
G

ib
b
s

sam
p
lin

g
algorith

m
for

M
L

R
.

T
h
is

algorith
m

,
h
ow

ev
er,

h
as

to
u
p

d
ate

β
s

on
e

at
a

tim
e

w
h
ile

con
d
ition

in
g

on
all
β
j

for
j6=

s.
T

h
u
s

it
m

ay
n
ot

on
ly

lead
to

slow
con

v
ergen

ce
an

d
m

ix
in

g,
esp

ecially
w

h
en

th
e

n
u
m

b
er

of
catego

ries
S

is
large,

b
u
t

also
p
reven

t
u
s

from
p
a
rallelizin

g
th

e
sam

p
lin

g
of{

β
s }

1
,S

w
ith

in
each

M
C

M
C

iteration
.

2
.2

S
tick

B
re

a
k
in

g

S
u
p
p

ose
y
i

is
a

ran
d
om

variab
le

d
raw

n
from

a
categorical

d
istrib

u
tion

w
ith

a
fi
n
ite

vector
of

p
rob

ab
ility

p
aram

eters
(p
i1 ,...,p

iS
),

w
h
ere

S
<
∞

,
p
is ≥

0,
an

d
∑

Ss=
1
p
is

=
1.

In
stead

of
d
irectly

u
sin

g
y
i ∼

∑
Ss=

1
p
is δ

s ,
on

e
m

ay
con

sid
er

gen
eratin

g
y
i

u
sin

g
th

e
m

u
ltin

om
ial

stick
-b

reak
in

g
con

stru
ction

th
at

seq
u
en

tially
d
raw

s
b
in

ary
ran

d
om

variab
les

b
is ∣∣{b

ij }
j<
s
∼

B
ern

ou
lli [(

1−
∑

j<
s
b
ij )

π
is ],

π
is

=
p
is

1−
∑

j<
s
p
ij

(2)

for
s

=
1
,2,...,S

.
N

ote
th

at
π
iS

=
1

an
d
b
iS

=
1−

∑
S−

1
j=

1
b
ij

b
y

con
stru

ction
.

D
efi

n
in

g
y
i

=
s

if
an

d
on

ly
if
b
is

=
1

an
d
b
ij

=
0

for
all

j
6=
s,

th
en

on
e

h
as

a
strick

-b
reak

in
g

rep
resen

tation
for

th
e

m
u
ltin

om
ial

p
rob

ab
ility

p
aram

eter
a
s

P
(y
i

=
s|{π

is }
1
,S

)
=
P

(b
is

=
1) ∏

j6=
s
P

(b
ij

=
0)

=
π
is ∏

j<
s (1−

π
ij ),

(3)

w
h
ich

,
as

ex
p

ected
,

recov
ers

p
is

b
y

su
b
stitu

tin
g

th
e

d
efi

n
ition

s
of
π
is

sh
ow

n
in

(2).
T

h
e

fi
n
ite

stick
-b

reak
in

g
con

stru
ction

in
(3)

can
b

e
fu

rth
er

gen
eralized

to
an

in
fi
n
ite

settin
g,

as
w

id
ely

u
sed

in
B

ay
esian

n
on

p
aram

etrics
(H

jort
et

al.,
2010).

F
or

ex
am

p
le,

th
e

stick
-b

reak
con

stru
ction

of
S
eth

u
ram

an
(1994)

rep
resen

ts
th

e
len

gth
of

th
e
k
th

stick
u
sin

g
th

e
p
ro

d
u
ct

of
k

stick
-sp

ecifi
c

p
rob

ab
ilities

th
at

are
in

d
ep

en
d
en

t,
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.)

b
eta

ran
d
om

variab
les.

It
rep

resen
ts

a
size-b

iased
ran

d
om

p
erm

u
ta

tion
of

a
D

irich
let

p
ro

cess
(D

P
)

(F
ergu

son
,
1973)

ran
d
om

d
raw

,
w

h
ich

in
clu

d
es

co
u
n
tab

ly
in

fi
n
ite

atom
s

w
h
ose

w
eigh

ts
su

m
to

on
e.

T
h
e

stick
-b

reak
in

g
con

stru
ction

o
f

S
eth

u
ram

an
(1994)

h
as

also
b

een
gen

eralized
to

rep
resen

t
a

d
raw

from
a

ran
d
om

p
rob

ab
ility

m
easu

re
th

at
is

m
ore

gen
eral

th
an

th
e

D
P

(P
itm

an
,

1996;
Ish

w
aran

an
d

J
am

es,
2001

;
W

an
g

et
al.,

2011a).
R

elated
to

th
is

p
ap

er,
on

e
m

ay
fu

rth
er

con
sid

er
m

ak
in

g
th

e
stick

-sp
ecfi

c
p
rob

a
b
ilities

d
ep

en
d

on
th

e
covariates

(D
u
n
son

an
d

P
ark

,
2008;

C
h
u
n
g

an
d

D
u
n
son

,
2009;

R
en

et
al.,

2011).
F

or
ex

am
p
le,

th
e

logistic
stick

-b
reak

in
g

p
ro

cess
of

R
en

et
al.

(2011)
u
ses

th
e

p
ro

d
u
ct

of
k

covariate-d
ep

en
d
en

t
logistic

fu
n
ction

s
to

p
aram

eterize
th

e
p
rob

ab
ility

of
th

e
k
th

stick
.

T
o

im
p
lem

en
t

a
stick

-b
reak

in
g

p
ro

cess
m

ix
tu

re
m

o
d
el,

tru
n
cated

stick
-b

reak
in

g
rep

resen
-

tation
s

w
ith

a
fi
n
ite

n
u
m

b
er

of
stick

s
are

com
m

on
ly

u
sed

,
w

ith
in

feren
ce

d
evelop

ed
v
ia

b
oth

G
ib

b
s

sam
p
lin

g
(Ish

w
aran

an
d

J
am

es,
2001;

D
u
n
son

an
d

P
ark

,
2008;

R
o
d
rigu

ez
an

d
D

u
n
son

,
2011)

an
d

variation
al

ap
p
rox

im
ation

(B
lei

an
d

J
ord

an
,

2006;
K

u
rih

ara
et

al.,
2007;

R
en

et
al.,

2011).
A

n
oth

er
related

w
ork

is
th

e
ord

er-b
ased

d
ep

en
d
en

t
D

irich
let

p
ro

cesses
of

G
rifi

n
a
n
d

S
teel

(2006),
w

h
ich

u
se

an
ord

ered
stick

-b
reak

in
g

co
n
stru

ction
for

m
ix

tu
re

m
o
d
elin

g,
en

cou
ragin

g
th

e
d
ata

sam
p
les

close
to

each
oth

er
in

th
e

covariate
sp

ace
to

sh
are

sim
ilar

ord
ers

of
th

e
stick

s
an

d
h
en

ce
sim

ilar
m

ix
tu

re
w

eigh
ts.

W
e

w
ill

sh
ow

th
at

th
e

p
rop

o
sed

stick
-b

reak
in

g
con

stru
ction

is
d
istin

ct
in

th
at

all
d
ata

sam
p
les

sh
are

th
e

sam
e

catego
ry

-stick
m

ap
p
in

g
in

ferred
from

th
e

d
ata,

w
ith

th
e

category
lab

els
m

ap
p

ed
to

low
er-in

d
ex

ed
stick

s
su

b
ject

to
few

er
geom

etric
con

strain
ts

on
th

eir
d
ecision

b
ou

n
d
aries.
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P
e
r
m
u
t
e
d

a
n
d

A
u
g
m
e
n
t
e
d

S
t
ic
k
-B

r
e
a
k
in
g

B
a
y
e
si
a
n
M
u
lt

in
o
m
ia
l
R
e
g
r
e
ss
io
n

2
.3

L
o
g
is

ti
c

S
ti

ck
B

re
a
k
in

g

T
h
e

st
ic

k
-b

re
ak

in
g

co
n
st

ru
ct

io
n

p
ar

am
et

er
iz

es
ea

ch
p
is

w
it

h
th

e
p
ro

d
u
ct

of
s

p
ro

b
ab

il
it

y
p
ar

am
et

er
s

an
d

li
n
k
s

ea
ch

y i
w

it
h

a
u
n
it

-n
or

m
b
in

ar
y

ve
ct

or
(b
i1
,.
..
,b
iS

),
w

h
er

e
b i
y
i

=
1

an
d
b i
j

=
0

a.
s.

if
j
6=
y i

.
F

ol
lo

w
in

g
th

e
lo

gi
st

ic
st

ic
k
-b

re
ak

in
g

co
n
st

ru
ct

io
n

of
R

en
et

al
.

(2
01

1)
,

on
e

m
ay

re
p
re

se
n
t
p
is

w
it

h
(3

)
an

d
p
ar
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w
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d
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g

p
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d
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d
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p
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b
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p
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u
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p
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p
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p
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p
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p
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p
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b
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d
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d
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d
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b
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b
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b
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p
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b
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b
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w
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+
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p
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∏
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c
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ra
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d
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p
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+
e−
x
′ iβ

1
) −

1
is

la
rg

er
th

an

50
%

if
x
′ iβ

1
>
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p
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b
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<
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>
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p
e

of
ge

om
et

ri
c

co
n
st

ra
in

ts
in

S
ec

ti
on

6.
1.

U
n
d
er

th
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b
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b
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ra
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b
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b
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d
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b
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d
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P
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b
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b
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p
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ra
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b
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d
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d
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ra
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d
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p
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b
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d
is

ti
n
ct

on
e-

to
-o

n
e

la
b

el
-s

ti
ck

m
a
p
p
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b
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b
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p
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p
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p
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p
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p
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at
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p
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d
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p
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p
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p
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∈
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p
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p
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p
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p
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π
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at
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p
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π
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p
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h
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s
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p
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b
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ra
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u
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p
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p
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p
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m

en
ted

b
in

ary
ran

d
om

variab
les{b

ij }
j

b
ecom

e
m

u
tu

ally
in

d
ep

en
d
en

t
given

{π
ij }

j .
G

iven
y
i ,

w
e

still
h
ave

b
ij

=
0

for
j
<
z
y
i

an
d
b
iz
y
i

=
1

a
.s.,

b
u
t

im
p

ose
n
o

restriction
o
n

a
n
y
b
ij

fo
r
j
>
z
y
i ,

w
h
ose

con
d
ition

al
p

osteriors
given

y
i

an
d
π
ij

rem
ain

th
e

sam
e

as
th

eir
p
rio

rs.
T

h
ese

ch
an

ges
are

key
to

ap
p
rop

riately
ord

erin
g

th
e

laten
t

stick
s,

m
ore

fl
ex

ib
ly

p
a
ra

m
eterizin

g
π
iz
s

an
d

h
en

ce
p
is (z

),
an

d
m

ain
tain

in
g

tractab
le

in
feren

ce.
W

ith
p
a
S
B

,
th

e
p
rob

lem
of

in
ferrin

g
th

e
fu

n
ction

al
relation

sh
ip

b
etw

een
th

e
categorical

resp
o
n
se
y
i

a
n
d

th
e

corresp
on

d
in

g
covariates

x
i

is
n
ow

tran
sform

ed
in

to
th

e
p
ro

b
lem

of
m

o
d
elin

g
S

co
n
d
ition

ally
in

d
ep

en
d
en

t
b
in

ary
regression

s
as

b
iz
s |x

i ,β
s ∼

B
ern

ou
lli[π

iz
s (x

i ,β
s )],

i
=

1,...,N
,
s

=
1,...,S

.

N
o
te

th
a
t

th
e

o
n
ly

req
u
irem

en
t

for
th

e
b
in

ary
regression

m
o
d
el

u
n
d
er

p
aS

B
is

th
a
t

it
u
ses

th
e

B
ern

o
u
lli

likelih
o
o
d
.

In
oth

er
w

ord
s,

it
u
ses

th
e

cross
en

trop
y

loss
(M

u
rp

h
y
,

2012)
as

−
N
∑i=

1

ln
P

(b
iz
s |x

i ,β
s )

=
N
∑i=

1 {
−
b
iz
s

ln
π
iz
s (x

i ,β
s )−

(1−
b
iz
s )

ln
[1−

π
iz
s (x

i ,β
s )] }

.

A
b
a
sic

ch
o
ice

is
p
aS

B
logistic

regressio
n

th
at

lets

π
iz
s (x

i ,β
s )

=
1
/
(1

+
e −
x
i β
s),

w
h
ich

b
eco

m
es

th
e

sam
e

as
th

e
logistic

stick
b
reak

in
g

con
stru

ction
d
escrib

ed
in

S
ection

2
.3

if
z
s

=
s

for
all

s
∈
{1,...,S}.

A
n
oth

er
ch

oice
is

p
aS

B
-rob

it
regression

th
at

ex
ten

d
s

ro
b
it

reg
ressio

n
of

L
iu

(2004),
a

rob
u
st

b
in

ary
classifi

er
u
sin

g
cross

en
trop

y
loss,

in
to

a
ro

b
u
st

B
ayesian

m
u
ltin

om
ial

classifi
er.

In
rob

it
regression

,
ob

servation
i

is
la

b
eled

as
1

if
x
′i β

+
ε
i
>

0
a
n
d

as
0

oth
erw

ise,
w

h
ere

ε
i

are
in

d
ep

en
d
en

tly
d
raw

n
from

a
t-d

istrib
u
tion

w
ith

κ
d
eg

rees
o
f

freed
om

,
d
en

oted
as
ε
i
iid
∼
tκ .

C
on

seq
u
en

tly,
th

e
con

d
ition

al
class

p
rob

ab
ility

fu
n
ctio

n
o
f

ro
b
it

regression
is
P

(y
i

=
1|x

i ,β
)

=
F
κ (x
′i β

),
w

h
ere

F
κ

is
th

e
cu

m
u
lative

d
en

sity
fu

n
ction

of
tκ .

T
h
e

rob
u
stn

ess
is

attrib
u
ted

to
th

e
h
eav

y
-tail

p
rop

erty
of
F
κ (x
′i β

),
w

h
ich

,
if
κ
<

7,
im

p
oses

less
p

en
a
lty

th
an

th
e

con
d
ition

al
class

p
rob

ab
ility

fu
n
ction

of
lo

g
istic

reg
ression

d
o
es

on
m

isclassifi
ed

ob
servation

s
th

at
are

far
from

th
e

d
ecision

b
ou

n
d
ary.

A
p
p
ly

in
g

T
h
eo

rem
1,

th
e

category
p
rob

a
b
ility

of
p
aS

B
-rob

it
regression

w
ith

κ
d
egrees

of
freed

o
m

is
sh

ow
n

in
(4),

w
h
ere

π
iz
s (x

i ,β
s )

=
F
κ (x
′i β
s ).

T
h
e

p
aS

B
-rob

it
regression

p
rov

id
es

a
sim

p
le

so
lu

tio
n

to
rob

u
st

m
u
lticlass

classifi
cation

;
w

ith
{
b
ij }

i,j
d
efi

n
ed

in
T

h
eorem

1,
w

e
ru

n
in

d
ep

en
d
en

t
b
in

ary
rob

it
regressio

n
s

u
sin

g
th

e
G

ib
b
s

sam
p
ler

p
rop

osed
in

L
iu

(2004).
In

a
d
d
itio

n
to

p
aS

B
,

w
e

d
efi

n
e

p
erm

u
ted

an
d

au
gm

en
ted

reverse
stick

b
reak

in
g

(p
arS

B
)

in
th

e
fo

llow
in

g
C

orollary
.

C
o
ro

lla
ry

2
S

u
p
po

se
y
i ∼

∑
Ss=

1
p
is δ

s
a
n

d

p
is (z

)
=

(1−
π
iz
s )

1
(z
s 6=
S
) ∏

j<
z
s
π
ij
,

th
en

y
i

ca
n

a
lso

be
gen

era
ted

u
n

d
er

th
e

perm
u

ted
a
n

d
a
u

gm
en

ted
reverse

stick-brea
kin

g
(pa

rS
B

)
rep

resen
ta

tio
n

a
s

y
i ∼

S
∑s=

1 {
[1

(b
iz
s

=
0)] 1

(z
s 6=
S
) ∏

j<
z
s
1

(b
ij

=
1) }

δ
s
,

(7)

b
ij ∼

B
ern

ou
lli(π

ij ),
j∈
{1,...,S}.
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Z
h
a
n
g

a
n
d

Z
h
o
u

G
en

erally
sp

eak
in

g,
if
π
iz
s (x

i ,−
β
s )

=
1−

π
iz
s (x

i ,β
s ),

w
h
ich

is
th

e
case

for
logistic

stick
b
reak

in
g

an
d

rob
it

stick
b
reak

in
g,

w
h
ere

π
iz
s

are
d
efi

n
ed

as
(1

+
e −
x
′i β
s) −

1
an

d
F
κ (x
′i β
s ),

resp
ectively,

an
d

B
ayesian

m
u
ltin

om
ial

S
V

M
s

to
b

e
d
iscu

ssed
in

S
ection

5,
th

en
th

ere
is

n
o

n
eed

to
in

tro
d
u
ce

p
arS

B
as

an
ad

d
ition

to
p
aS

B
.

O
th

erw
ise,

th
ere

are
p

oten
tial

b
en

efi
ts,

su
ch

as
for

softp
lu

s
regression

s
to

b
e

in
tro

d
u
ced

in
S
ection

4,
to

com
b
in

e
p
arS

B
w

ith
p
aS

B
.

3
.2

In
fe

re
n

c
e

o
f

S
tick

V
a
ria

b
le

s
a
n

d
C

a
te

g
o
ry

-S
tick

M
a
p

p
in

g

B
elow

w
e

fi
rst

d
escrib

e
G

ib
b
s

sam
p
lin

g
for

th
e

au
gm

en
ted

stick
variab

les{b
ij }

1
,S

,
an

d
th

en
in

tro
d
u
ce

a
M

etrop
olis-H

astin
gs

(M
H

)
step

to
in

fer
th

e
categ

ory
-stick

m
ap

p
in

g
z

.
G

iven
th

e
category

lab
el
y
i ,

stick
p
rob

ab
ility

π
ij ,

an
d
z

,
w

e
sam

p
le
b
ij

as

(b
ij |y

i ,π
ij ,z

)∼
1

(j
=
z
y
i )

+
1

(j
>
z
y
i )B

ern
ou

lli(π
ij ),

for
j

=
1,...,S

−
1,

an
d

let

b
iS

=
1

(z
y
i

=
S

).

T
h
is

m
ean

s
w

e
let

b
ij

=
0

if
j
<
z
y
i ,
b
ij

=
1

if
j

=
z
y
i ,

d
raw

b
ij

from
B

ern
ou

lli(π
ij )

if
z
y
i
<
j
<
S

,
an

d
let

b
iS

=
1

if
an

d
on

ly
if
z
y
i

=
S

.
N

ote
th

at
stick

S
is

u
sed

a
s

a
referen

ce
stick

an
d
π
iS

is
n
ot

u
sed

in
d
efi

n
in

g
p
is (z

)
in

(4).
D

esp
ite

h
av

in
g

n
o

im
p
act

on
com

p
u
tin

g
{p
is }

1
,S

,
w

e
in

fer
π
iS

(i.e.,
sam

p
le

th
e

regression
-co

effi
cien

t
vector

β
s ′:z

s ′ =
S

)

u
n
d
er

th
e

likelih
o
o
d
∏
Ni=

1
B

ern
ou

lli(b
iS

;π
iS

)
an

d
u
se

it
in

a
M

etrop
olis-H

astin
gs

step
,

as
d
escrib

ed
in

(8)
sh

ow
n

b
elow

,
to

d
ecid

e
w

h
eth

er
to

sw
itch

th
e

m
ap

p
in

gs
of

tw
o

d
iff

eren
t

categories,
if

on
e

of
w

h
ich

is
m

ap
p

ed
to

th
e

referen
ce

stick
S

.
O

n
ce

w
e

h
ave

an
M

C
M

C
sam

p
le

of{
b
ij }

1
,S

,
w

e
th

en
essen

tially
solve

in
d
ep

en
d
en

tly
S

b
in

ary
classifi

cation
p
ro

b
lem

s,
th

e
jth

of
w

h
ich

can
b

e
ex

p
ressed

as
b
ij |x

i ,β
s:z

s
=
j ∼

B
ern

ou
lli[π

ij (x
i ,β

s:z
s
=
j )].

A
n
alogou

sly,
for

p
arS

B
,{
b
ij }

1
,S

can
b

e
sam

p
led

as
(b
ij |y

i ,π
ij ,z

)∼
1

(j
<
z
y
i )

+
1

(j
>

z
y
i )B

ern
ou

lli(π
ij )

for
j

=
1,...,S

−
1,

an
d
b
iS

=
1−

1
(z
y
i

=
S

),
w

h
ich

m
ean

s
w

e
let

b
ij

=
1

if
j
<
z
y
i ,

let
b
ij

=
0

if
j

=
z
y
i ,

d
raw

b
ij

from
B

ern
ou

lli(π
ij )

if
z
y
i
<
j
<
S

,
an

d
let

b
iS

=
0

if
an

d
on

ly
if
z
y
i

=
S

.

S
in

ce
stick

-b
reak

in
g

m
u
ltin

om
ial

classifi
cation

is
n
ot

in
varian

t
to

th
e

p
erm

u
tation

of
its

class
lab

els,
it

m
ay

p
erform

su
b
stan

tially
w

orse
th

an
it

co
u
ld

b
e

if
th

e
in

h
eren

t
geom

etric
con

strain
ts

im
p
lied

b
y

th
e

cu
rren

t
ord

erin
g

of
th

e
lab

els
m

ake
it

d
iffi

cu
lt

to
ad

ap
t

th
e

d
ecision

b
ou

n
d
aries

to
th

e
d
ata.

O
u
r

solu
tion

to
th

is
p
rob

lem
is

to
in

fer
th

e
on

e-to-on
e

m
ap

p
in

g
b

etw
een

th
e

category
lab

els
an

d
stick

in
d
ices

from
th

e
d
ata.

W
e

con
stru

ct
a

M
etrop

olis-H
astin

gs
(M

H
)

step
w

ith
in

each
G

ib
b
s

sam
p
lin

g
iteration

,
w

ith
a

p
rop

osal
of

sw
itch

in
g

tw
o

stick
s

th
at

categories
c

an
d
c ′,

1
≤
c
<
c ′≤

S
,

are
m

ap
p

ed
to,

b
y

ch
an

gin
g

th
e

cu
rren

t
category

-stick
on

e-to-on
e

m
ap

p
in

g
from

z
=

(z
1 ,...,z

c ,...,z
c ′,...,z

S
)

to
z
′
=

(z ′1 ,...,z ′S
)

:=
(z

1 ,...,z
c ′,...,z

c ,...,z
S

).
A

ssu
m

in
g

a
u
n
iform

p
rior

on
z

a
n
d

p
rop

osin
g

(c,c ′)
u
n
iform

ly
at

ran
d
om

from
on

e
of

th
e (

S2 )
=
S

(S
−

1)/
2

p
ossib

ilities,
w

e
w

ou
ld

accep
t

th
e

p
rop

osal
w

ith
p
rob

ab
ility

m
in {

∏

i

∏
Ss
=
1 [p

is (z
′)] 1

(y
i =

s
)

∏
Ss
=
1 [p

is (z
)] 1

(y
i =

s
)
,

1 }
=

m
in 

∏

i

∏
Ss
=
1 [(π

iz
′s )

1
(z

′s 6=
S
) ∏

j
<
z
′s (1−

π
ij ) ]

1
(y

i =
s
)

∏
Ss
=
1 [(π

iz
s )

1
(z

s 6=
S
) ∏

j
<
z
s (1−

π
ij ) ]

1
(y

i =
s
) ,

1 
.(8

)

8
JM

L
R

 18(204):1-33, 2018



P
e
r
m
u
t
e
d

a
n
d

A
u
g
m
e
n
t
e
d

S
t
ic
k
-B

r
e
a
k
in
g

B
a
y
e
si
a
n
M
u
lt

in
o
m
ia
l
R
e
g
r
e
ss
io
n

3
.3

S
e
q
u

e
n
ti

a
l

D
e
c
is

io
n

M
a
k
in

g

R
an

d
om

u
ti

li
ty

m
o
d
el

s,
in

cl
u
d
in

g
b

ot
h

th
e

lo
gi

t
an

d
p
ro

b
it

m
o
d
el

s
as

sp
ec

ia
l

ex
a
m

p
le

s,
ar

e
w

id
el

y
u
se

d
to

in
fe

r
th

e
fu

n
ct

io
n
al

re
la

ti
on

sh
ip

b
et

w
ee

n
a

ca
te

go
ri

ca
l

re
sp

on
se

va
ri

ab
le

an
d

it
s

co
va

ri
at

es
.

F
or

d
is

cr
et

e
ch

oi
ce

an
al

y
si

s
in

ec
on

om
et

ri
cs

(H
an

em
an

n
,

19
84

;
G

re
en

e,
20

03
;

T
ra

in
,

20
09

),
th

es
e

m
o
d
el

s
as

su
m

e
th

at
am

on
g

a
se

t
o
f
S

al
te

rn
at

iv
es

,
a
n

in
d
iv

id
u
al

m
ak

es
th

e
ch

oi
ce

th
at

m
ax

im
iz

es
h
is

/h
er

u
ti

li
ty
U
is

=
V
is

+
ε i
s
,

w
h
er

e
V
is

an
d
ε i
s

re
p
re

se
n
t

th
e

ob
se

rv
ab

le
an

d
u
n
ob

se
rv

ab
le

p
ar

ts
o
f
U
is

,
re

sp
ec

ti
ve

ly
.

If
V
is

is
se

t
as
V
is

=
x
′ iβ
s
,

th
en

m
ar

gi
n
al

iz
in

g
ou

t
ε
i

=
(ε
i1
,.
..
,ε
iS

)′
le

ad
s

to
M

L
R

if
al

l
ε i
s

fo
ll
ow

th
e

ex
tr

em
e

va
lu

e
d
is

-
tr

ib
u
ti

on
(M

cF
ad

d
en

,
19

73
;

G
re

en
e,

20
03

;
T

ra
in

,
20

09
),

an
d

m
u
lt

in
om

ia
l

p
ro

b
it

re
gr

es
si

on
if

al
l
ε
i

fo
ll
ow

a
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
(A

lb
er

t
an

d
C

h
ib

,
19

93
;

M
cC

u
ll
o
ch

an
d

R
os

si
,

19
94

;
M

cC
u
ll
o
ch

et
al

.,
20

00
;

Im
ai

an
d

va
n

D
y
k
,

20
05

).

In
st

ea
d

of
ex

am
in

in
g

th
e

u
ti

li
ti

es
of

al
l

ch
oi

ce
s

b
ef

or
e

m
ak

in
g

th
e

d
ec

is
io

n
,

th
e

p
aS

B
co

n
st

ru
ct

io
n

is
ch

ar
ac

te
ri

ze
d

b
y

a
se

q
u
en

ti
al

d
ec

is
io

n
m

ak
in

g
p
ro

ce
ss

,
d
es

cr
ib

ed
as

fo
ll
ow

s.
In

st
ep

on
e,

an
in

d
iv

id
u
al

d
ec

id
es

w
h
et

h
er

to
se

le
ct

th
e

ch
oi

ce
m

a
p
p

ed
to

st
ic

k
1,

or
to

se
le

ct
a

ch
oi

ce
am

on
g

th
e

re
m

ai
n
in

g
al

te
rn

at
iv

es
,
i.
e.

,
ch

oi
ce

s
{s

:
z s
∈
{2
,.
..
,S
}}

.
If

th
e

in
d
iv

id
u
al

se
le

ct
s

th
e

ch
oi

ce
m

ap
p
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+
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p
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p
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p
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b
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c
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c
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d
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p
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b
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b
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at
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d
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b
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b
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b
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b
le

m
fr

om
th

e
p

er
sp

ec
ti

ve
of

an
in

d
iv

id
u
a
l

u
se

r
w

h
o
se

p
os

ts
co

m
p
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h
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b
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re
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p
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;
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L
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H
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h
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R
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r
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p
o
st

to
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h
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b
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b
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b
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b
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er
o
n
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p
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p
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r
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p
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p
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p
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d
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p
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level,
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effi
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d
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eren
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R
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p
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b
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R
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t
p
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cesses.
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en

-to-p
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p
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p
aso

jev
ic

et
al.
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p
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b
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b
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b
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p
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p
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p
oin

t
a
t

th
e

tim
es

th
at

elicit
th

e
g
reatest

atten
tion

in
a

tra
in

in
g

set
an

d
sh

ow
ed

th
at

th
ese

tim
es

also
lead

to
m

ore
resp

on
ses

in
a

h
eld

-ou
t

set.
S
in

ce
th

en
,

a
lg

orith
m

ic
ap

p
roach

es
to

th
e

“w
h
en

-to-p
ost”

p
rob

lem
w

ith
p
rovab

le
gu

aran
-

tees
h
ave

b
een

largely
lack

in
g.

O
n
ly

very
recen

tly,
K

arim
i

et
a
l.

(2
016)

in
tro

d
u
ced

a
con

vex
o
p
tim

iza
tio

n
fram

ew
ork

to
fi
n
d

op
tim

al
b
road

castin
g

strategies,
m

easu
rin

g
atten

tion
a

u
ser

elicits
a
s

th
e

tim
e

th
at

at
least

on
e

of
h
er

p
osts

is
am

on
g

th
e
k

m
ost

recen
t

stories
received

in
h
er

fo
llow

ers’
feed

.
H

ow
ever,

th
eir

algorith
m

req
u
ires

ex
p

en
sive

d
ata

p
re-p

ro
cessin

g,
it

d
o
es

n
o
t

a
d
a
p
t

to
ch

an
ges

in
th

e
u
sers’

feed
s

d
y
n
am

ics,
an

d
in

p
ractice,

it
is

less
eff

ective
th

a
n

o
u
r

a
lgo

rith
m

R
e
d
Q
u
e
e
n

,
as

sh
ow

n
in

S
ection

5.

T
h
e

“
a
ctiv

ity
sh

ap
in

g”
p
rob

lem
w

as
fi
rst

stu
d
ied

b
y

F
ara

jtab
a
r

et
al.

(2015a),
w

h
o

d
e-

rived
a

tim
e

d
ep

en
d
en

t
lin

ear
relation

b
etw

een
th

e
in

ten
sity

of
ex

ogen
o
u
s

action
s

an
d

th
e

overa
ll

in
ten

sity
of

action
s

in
a

so
cial

n
etw

ork
u
n
d
er

a
m

o
d
el

of
action

s
b
ased

on
m

u
ltid

im
en

-
sio

n
a
l

H
aw

kes
p
ro

cesses
an

d
,

ex
p
loitin

g
th

is
con

n
ection

,
d
evelop

ed
a

con
vex

op
tim

ization
fra

m
ew

o
rk

fo
r

activ
ity

sh
ap

in
g.

O
n
e

of
th

e
m

ain
sh

ortcom
in

gs
of

th
eir

fram
ew

ork
is

th
at

it
p
rov

id
es

d
eterm

in
istic

ex
ogen

ou
s

in
ten

sities
th

at
d
o

n
ot

ad
ap

t
to

ch
an

ges
in

th
e

u
sers’

in
ten

sities
an

d
,

as
a

con
seq

u
en

ce,
it

is
less

eff
ective

th
an

ou
r

algorith
m

C
h
e
sh

ir
e

,
as

sh
ow

n
in

S
ectio

n
5
.

M
ore

recen
tly,

F
ara

jtab
ar

et
a
l.

(2016)
d
evelo

p
ed

a
h
eu

ristic
m

eth
o
d

th
at

sp
lits

th
e

tim
e

w
in

d
ow

of
in

terest
in

to
stages

an
d

ad
ap

ts
to

ch
an

ges
in

th
e

u
sers’

in
ten

sities
a
t

th
e

b
eg

in
n
in

g
of

each
stage.

H
ow

ev
er,

th
eir

m
eth

o
d

is
su

b
op

tim
al,

it
d
o
es

n
ot

h
ave

p
ro

va
ble

g
u
ara

n
tees,

an
d

it
ach

iev
es

low
er

p
erform

an
ce

th
a
n

ou
r

m
eth

o
d
.

In
th

e
tra

d
ition

al
con

trol
literatu

re
(H

a
n
son

,
2007),

tw
o

key
a
sp

ects
o
f

ou
r

ap
p
roach

—
in

ten
sities

a
s

con
trol

sign
als

an
d

sto
ch

astic
in

ten
sities—

h
ave

b
een

largely
u
n
d
erstu

d
ied

.
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Z
a
r
e
z
a
d
e
,
D
e
,
U
pa

d
h
y
a
y
,
R
a
b
ie
e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

O
n
ly

very
recen

tly,
W

an
g

et
al.

(2016)
an

d
W

an
g

et
al.

(2017)
h
ave

con
sid

ered
th

ese
as-

p
ects.

H
ow

ever,
in

W
an

g
et

al.
(2016),

th
e

in
ten

sities
are

n
ot

sto
ch

astic
an

d
th

e
resu

ltin
g

algorith
m

n
eed

s
to

k
n
ow

th
e

fu
tu

re
action

s,
h
in

d
erin

g
its

ap
p
licab

ility,
a
n
d
,

in
W

an
g

et
al.

(2017),
th

e
solu

tion
is

op
en

-lo
op

an
d

th
e

con
trol

p
olicy

d
ep

en
d
s

on
th

e
ex

p
ectation

of
th

e
u
n
con

trolled
d
y
n
am

ics,
w

h
ich

n
eed

s
to

b
e

calcu
lated

ap
p
rox

im
a
tely

b
y

a
tim

e
con

su
m

in
g

sam
p
lin

g
p
ro

cess.
In

con
trast,

ou
r

fram
ew

ork
con

sid
er

d
ou

b
le

sto
ch

astic
in

ten
sities,

o
u
r

so-
lu

tion
is

closed
-lo

op
,

ou
r

con
trol

p
olicies

on
ly

d
ep

en
d

on
th

e
cu

rren
t

state
o
f

th
e

d
y
n
am

ics,
an

d
th

e
feed

b
ack

co
effi

cien
ts

on
ly

n
eed

to
b

e
calcu

lated
on

ce
off

-lin
e.

T
em

p
oral

p
oin

t
p
ro

cesses
h
ave

b
een

in
creasin

gly
u
sed

for
rep

resen
tation

an
d

m
o
d
elin

g
in

a
w

id
e

ran
ge

of
ap

p
lication

s
in

so
cial

an
d

in
form

ation
sy

stem
s,

e.g.,
in

form
ation

p
ro

p
aga-

tion
(G

om
ez-R

o
d
rigu

ez
et

al.,
2011;

D
u

et
al.,

2013;
Z

h
ao

et
al.,

2015),
op

in
ion

d
y
n
am

ics
(D

e
et

al.,
2016),

p
ro

d
u
ct

com
p

etition
(V

alera
an

d
G

om
ez-R

o
d
rigu

ez,
2015;

Z
arezad

e
et

al.,
2016b

),
sp

atiotem
p

oral
so

cial
activ

ity
(J

an
k
ow

iak
an

d
G

om
ez-R

o
d
rigu

ez,
2017;

Z
arezad

e
et

al.,
2016a),

in
form

ation
reliab

ility
(T

ab
ib

ian
et

al.,
2017),

or
h
u
m

an
learn

in
g

(M
av

ro-
forak

is
et

al.,
2017).

H
ow

ever,
in

su
ch

con
tex

t,
algorith

m
s

b
a
sed

on
sto

ch
astic

op
tim

al
con

trol
of

tem
p

oral
p

oin
t

p
ro

cesses
h
ave

b
een

lack
in

g.

2
.
P
re
lim

in
a
rie

s

In
th

is
section

,
w

e
fi
rst

rev
isit

th
e

fram
ew

ork
of

tem
p

o
ral

p
oin

t
p
ro

cesses
(A

alen
et

al.,
2008)

an
d

th
en

d
escrib

e
h
ow

to
u
se

su
ch

fram
ew

ork
to

rep
resen

t
action

s
a
n
d

feed
s

(K
arim

i
et

al.,
2016)

as
w

ell
as

to
m

o
d
el

en
d
ogen

ou
s

an
d

ex
ogen

ou
s

action
s

in
so

cial
n
etw

ork
s

(F
ara

jtab
ar

et
al.,

2014).

2
.1

T
e
m

p
o
ra

l
P

o
in

t
P

ro
c
e
sse

s

A
u
n
ivariate

tem
p

oral
p

oin
t

p
ro

cess
is

a
sto

ch
astic

p
ro

cess
w

h
ose

realizatio
n

con
sists

of
a

seq
u
en

ce
of

d
iscrete

even
ts

lo
calized

in
tim

e,H
=
{
ti ∈

R
+
|i∈

N
+
,
ti
<
ti+

1 }.
It

can
also

b
e

rep
resen

ted
as

a
cou

n
tin

g
p
ro

cess
N

(t),
w

h
ich

cou
n
ts

th
e

n
u
m

b
er

of
even

ts
b

efore
tim

e
t,

i.e.,

N
(t)

=
∑t
i ∈H

I(t−
ti ≥

0),

w
h
ere

I(·)
is

th
e

in
d
icator

fu
n
ction

.
T

h
en

,
w

e
can

ch
aracterize

th
e

cou
n
tin

g
p
ro

cess
u
sin

g
th

e
con

d
ition

al
in

ten
sity

fu
n
ction

λ
∗(t),

w
h
ich

is
th

e
con

d
itio

n
al

p
rob

ab
ility

o
f

ob
serv

in
g

an
even

t
in

an
in

fi
n
itesim

al
w

in
d
ow

[t,t
+
d
t)

given
th

e
h
istory

of
ev

en
t

tim
es

u
p

to
tim

e
t,

H
(t)

=
{ti ∈

H
|ti

<
t},

i.e.,

λ
∗(t)

d
t

=
P
{
even

t
in

[t,t
+
d
t)|H

(t)}
=

E
[d
N

(t)|H
(t)],

w
h
ere

d
N

(t)
:=

N
(t+

d
t)−

N
(t)∈

{0
,1},

th
e

sign
∗

m
ean

s
th

at
th

e
in

ten
sity

m
ay

d
ep

en
d

on
th

e
h
istory

H
(t).

M
oreover,

given
a

fu
n
ction

f
(t),

it
w

ill
b

e
u
sefu

l
to

d
efi

n
e

th
e

co
n
volu

tion
w

ith
resp

ect
to
d
N

(t)
as

f
(t)

?
d
N

(t)
:=

∫
t

0
f

(t−
s)d

N
(s)

=
∑t
i ∈H

(t) f
(t−

ti ).
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S
t
e
e
r
in
g

S
o
c
ia
l
A
c
t
iv
it
y

O
n
e

ca
n

re
ad

il
y

ex
te

n
d

th
e

ab
ov

e
d
efi

n
it

io
n
s

to
m

u
lt

iv
ar

ia
te

(o
r

m
u
lt

id
im

en
si

on
a
l)

te
m

-
p

or
al

p
oi

n
t

p
ro

ce
ss

es
,

w
h
ic

h
h
av

e
b

ee
n

re
ce

n
tl

y
u
se

d
to

re
p
re

se
n
t

m
an

y
d
iff

er
en

t
ty

p
es

of
ev

en
t

d
at

a
p
ro

d
u
ce

d
in

so
ci

al
n
et

w
or

k
s,

su
ch

as
th

e
ti

m
es

of
tw

ee
ts

(F
ar

a
jt

ab
ar

et
al

.,
20

14
),

re
tw

ee
ts

(Z
h
ao

et
al

.,
20

15
),

or
li
n
k
s

(F
ar

a
jt

ab
ar

et
al

.,
20

15
b
).

M
or

e
sp

ec
ifi

ca
ll
y,

a
re

al
-

iz
at

io
n

of
an

m
-d

im
en

si
on

al
te

m
p

or
al

p
oi

n
t

p
ro

ce
ss

,
H

=
{(
t i
,u

i)
|i
∈

N
+
,t
i
∈

R
+
,u

i
∈

[m
],
t i
<
t i

+
1
},

co
n
si

st
s

of
m

se
q
u
en

ce
s

of
d
is

cr
et

e
ev

en
ts

lo
ca

li
ze

d
in

ti
m

e,
H

=
∪ u
∈[
m

]H
u
,

w
h
er

e
H
u

=
{(
t i
,u

i)
∈
H
|u

i
=
u
}.

E
q
u
iv

al
en

tl
y,

it
ca

n
b

e
re

p
re

se
n
te

d
b
y

an
m

-d
im

en
si

on
al

co
u
n
ti

n
g

p
ro

ce
ss

N
(t

),
w

h
er

e
N
u
(t

)
co

u
n
ts

th
e

n
u
m

b
er

of
ev

en
ts

in
th

e
u

-t
h

se
q
u
en

ce
b

ef
or

e
ti

m
e
t,

an
d

th
is

co
u
n
ti

n
g

p
ro

ce
ss

ca
n

b
e

ch
ar

ac
te

ri
ze

d
b
y
m

in
te

n
si

ty
fu

n
ct

io
n
s,

i.
e.

,

λ
∗ (
t)
d
t

=
E[
d
N

(t
)|H

(t
)]
,

w
h
er

e
H

(t
)

=
{(
t i
,u

i)
∈
H
|t
i
<
t}

,
d
N

(t
)

:=
(d
N
u
(t

))
u
∈[
m

]
:=

(N
u
(t

+
d
t)
−
N
u
(t

))
u
∈[
m

],
an

d
λ
∗ (
t)

:=
(λ
∗ u(
t)

) u
∈[
m

]
d
en

ot
es

th
e

as
so

ci
a
te

d
in

te
n
si

ti
es

,
w

h
ic

h
m

ay
d
ep

en
d

on
h
is

to
ry

H
(t

).
F

in
al

ly
,

gi
ve

n
a

fu
n
ct

io
n
f

(t
),

on
e

ca
n

d
efi

n
e

th
e

co
n
v
ol

u
ti

on
w

it
h

re
sp

ec
t

to
d
N

(t
)

as

f
(t

)
?
d
N

(t
)

:=

∫
t

0
f

(t
−
s)
d
N

(s
)

=

 
∑

t i
∈H

u
(t

)

f
(t
−
t i

) 
u
∈[
m

]

.

In
th

e
re

m
ai

n
d
er

of
th

e
p
ap

er
,

to
si

m
p
li
fy

th
e

n
o
ta

ti
on

,
w

e
d
ro

p
th

e
si

gn
∗

fr
om

th
e

in
te

n
-

si
ti

es
.

2
.2

R
e
p

re
se

n
ta

ti
o
n

o
f

A
c
ti

o
n

s
a
n

d
F
e
e
d

s

G
iv

en
a

(d
ir

ec
te

d
)

so
ci

al
n
et

w
or

k
G

=
(V
,E

)
w

it
h
|V
|=

n
u
se

rs
,

w
e

as
su

m
e

th
at

ea
ch

u
se

r
i

ca
n

ta
ke

a
va

ri
et

y
of

on
li
n
e

ac
ti

on
s,

e.
g.

,
p

os
ti

n
g,

sh
a
ri

n
g

or
re

p
ly

in
g,

an
d

sh
e

w
il
l

b
e

ex
p

os
ed

to
th

e
on

li
n
e

ac
ti

on
s

ta
ke

n
b
y

th
e

u
se

rs
sh

e
fo

ll
o
w

s
th

ro
u
gh

h
er

fe
ed

.
H

er
e,

w
e

as
su

m
e

th
at

u
se

r
i

fo
ll
ow

s
u
se

r
j

if
an

d
on

ly
if

(i
,j

)
∈
E.

T
h
en

,
w

e
re

p
re

se
n
t

th
e

ti
m

es
w

h
en

u
se

rs
ta

ke
on

li
n
e

ac
ti

on
s

as
a

m
u
lt

id
im

en
si

o
n
al

co
u
n
-

ti
n
g

p
ro

ce
ss
N

(t
),

w
h
er

e
th

e
i-

th
d
im

en
si

on
,
N
i(
t)

,
co

u
n
ts

th
e

n
u
m

b
er

of
ac

ti
on

s
ta

ke
n

b
y

u
se

r
i

u
p

to
ti

m
e
t.

H
er

e,
w

e
d
en

ot
e

th
e

h
is

to
ry

of
ti

m
es

of
th

e
ac

ti
on

s
ta

k
en

b
y

u
se

r
i

b
y

ti
m

e
t

as
H
i(
t)

,
th

e
en

ti
re

h
is

to
ry

of
ti

m
es

as
H

(t
)

=
∪ i
∈V
H
i(
t)

,
an

d
ch

ar
ac

te
ri

ze
th

is
m

u
lt

id
im

en
si

on
al

p
ro

ce
ss

u
si

n
g
n

in
te

n
si

ty
fu

n
ct

io
n
s,

i.
e.

,
E[
d
N

(t
)|H

(t
)]

=
λ

(t
)
d
t.

G
iv

en
th

e
ad

ja
ce

n
cy

m
at

ri
x
A
∈
{0
,1
}n
×
n
,

w
h
er

e
A
ij

=
1

in
d
ic

a
te

s
th

at
u
se

r
j

fo
ll
ow

s
u
se

r
i,

w
e

ca
n

re
p
re

se
n
t

th
e

ti
m

es
of

th
e

ac
ti

on
s

u
se

rs
ar

e
ex

p
os

ed
to

th
ro

u
g
h

th
ei

r
fe

ed
s

as
a

su
m

of
co

u
n
ti

n
g

p
ro

ce
ss

es
,
A
T
N

(t
),

an
d

ca
lc

u
la

te
th

e
co

rr
es

p
on

d
in

g
co

n
d
it

io
n
al

in
te

n
si

ti
es

as
γ

(t
)

=
A
T
λ

(t
).

H
er

e,
w

e
d
en

ot
e

th
e

h
is

to
ry

of
ti

m
es

of
th

e
ac

ti
on

s
u
se

r
j

is
ex

p
os

ed
to

b
y

ti
m

e
t

as
F j

(t
)

:=
∪ i
∈N

(j
)H

i(
t)

,
w

h
er

e
N

(j
)

is
th

e
se

t
of

u
se

rs
th

at
j

fo
ll
ow

s.

F
in

al
ly

,
fr

om
th

e
p

er
sp

ec
ti

ve
of

a
u
se

r
i,

it
is

u
se

fu
l

to
d
efi

n
e

th
e

m
u
lt

id
im

en
si

on
al

co
u
n
ti

n
g

p
ro

ce
ss
M
\i

(t
)

=
A
T
N

(t
)
−
A
iN

i(
t)

,
in

w
h
ic

h
th

e
j-

th
d
im

en
si

on
,
M
j\
i(
t)

,
co

u
n
ts

th
e

n
u
m

b
er

of
ac

ti
on

s
ta

ke
n

b
y

ot
h
er

u
se

rs
th

at
u
se

r
j

fo
ll
ow

s
u
p

to
ti

m
e
i,

an
d
A
i

is
th

e
i-

th
ro

w
of

th
e

ad
ja

ce
n
cy

m
at

ri
x
A

.
M

or
eo

ve
r,

fo
r

ea
ch

d
im

en
si

on
,

th
e

co
n
d
it

io
n
al

in
te

n
si

ty
is

gi
ve

n
b
y
γ
j\
i(
t)

=
γ
j
(t

)−
λ
i(
t)

an
d

th
e

h
is

to
ry

is
gi

ve
n

b
y
F j
\i

(t
)

:=
F j

(t
)\
H
i(
t)

.
W

h
en

th
er

e
is

n
o

am
b
ig

u
it

y,
w

e
w

il
l

om
it

th
e

su
b
sc

ri
p
t
i

an
d

w
ri

te
M
\i

(t
)

=
M

(t
)

a
n
d
γ
\i

(t
)

=
γ

(t
).
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Z
a
r
e
z
a
d
e
,
D
e
,
U
pa

d
h
y
a
y
,
R
a
b
ie
e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

2
.3

M
o
d

e
li
n

g
E

n
d

o
g
e
n

o
u

s
a
n

d
E

x
o
g
e
n

o
u

s
A

c
ti

o
n

s

F
ol

lo
w

in
g

p
re

v
io

u
s

w
or

k
(F

ar
a
jt

ab
ar

et
al

.,
20

14
,

20
15

b
;

Z
h
a
o

et
a
l.
,

20
15

;
D

e
et

a
l.
,

2
0
1
6
;

R
iz

oi
u

et
al

.,
20

17
),

w
e

m
o
d
el

en
d
og

en
ou

s
an

d
ex

og
en

ou
s

ac
ti

on
s

u
si

n
g

m
u
lt

id
im

en
si

o
n
al

H
aw

ke
s

p
ro

ce
ss

es
(H

aw
k
es

,
19

71
).

M
or

e
sp

ec
ifi

ca
ll
y,

w
e

p
ro

ce
ed

as
fo

ll
ow

s.
F

ro
m

th
e

p
er

sp
ec

ti
ve

of
an

in
d
iv

id
u
al

u
se

r
i,

w
e

as
su

m
e

w
e

ob
se

rv
e

th
e

o
n
li
n
e

a
ct

io
n
s

h
er

fo
ll
ow

er
s

ar
e

ex
p

os
ed

to
th

ro
u
gh

th
ei

r
fe

ed
s.

T
h
en

,
co

n
si

d
er

th
e

fo
ll
ow

in
g

fu
n
ct

io
n
al

fo
rm

fo
r

th
e

in
te

n
si

ti
es
γ
\i

(t
)

=
γ

(t
)

of
th

e
fo

ll
ow

er
s’

fe
ed

s
fr

om
S
ec

ti
on

2.
2:

γ
(t

)
=
γ

0
(t

)
+
D
κ
ω
(t

)
?
d
M

(t
)

=
γ

0
(t

)
+
D

∫
t

0
κ
ω
(t
−
s)
d
M

(s
)

(1
)

w
h
er

e
γ

0
(t

)
ar

e
ti

m
e-

va
ry

in
g

fu
n
ct

io
n
s

th
at

m
o
d
el

ex
og

en
ou

s
ac

ti
on

s,
i.

e.
,
ac

ti
o
n
s

u
se

rs
ta

ke
at

th
ei

r
ow

n
in

it
ia

ti
v
e,

th
e

se
co

n
d

te
rm

,
w

it
h
D

=
d
ia

g
(α

j
),
α
j
≥

0,
m

o
d
el

s
en

d
o
g
en

o
u
s

ac
ti

on
s,

i.
e.

,
ac

ti
on

s
u
se

rs
ta

ke
as

re
sp

o
n

se
to

p
re

v
io

u
s

ac
ti

on
s

(t
h
ei

r
ow

n
as

w
el

l
a
s

th
e

o
n
es

ta
ke

n
b
y

ot
h
er

s)
,

an
d
κ
ω
(t

)
=
e−

ω
t
I(
t
≥

0)
is

an
ex

p
on

en
ti

al
ke

rn
el

m
o
d
el

in
g

th
e

d
ec

ay
o
n

in
fl
u
en

ce
ov

er
ti

m
e1

.
F

ro
m

th
e

p
er

sp
ec

ti
ve

of
an

en
ti

re
on

li
n
e

so
ci

al
n
et

w
or

k
in

g
si

te
,

w
e

as
su

m
e

w
e

o
b
se

rv
e

th
e

on
li
n
e

ac
ti

on
s

ta
ke

n
b
y

al
l

th
e

u
se

rs
2
.

T
h
u
s,

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

fu
n
ct

io
n
a
l

fo
rm

fo
r

th
e

u
se

rs
’

in
te

n
si

ti
es
λ

(t
)

fr
om

S
ec

ti
on

2.
2:

λ
(t

)
=
λ

0
(t

)
+
B
κ
ω
(t

)
?
d
N

(t
)

=
λ

0
(t

)
+
B

∫
t

0
κ
ω
(t
−
s)
d
N

(s
),

(2
)

w
h
er

e
λ

0
(t

)
≥

0
ar

e
ti

m
e-

va
ry

in
g

fu
n
ct

io
n
s

th
at

m
o
d
el

ex
og

en
ou

s
a
ct

io
n
s

a
n
d

th
e

se
co

n
d

te
rm

m
o
d
el

s
en

d
og

en
ou

s
ac

ti
on

s—
ac

ti
on

s
u
se

rs
ta

ke
as

re
sp

on
se

to
th

e
ac

ti
on

s
ta

ke
n

b
y

th
e

u
se

rs
th

ey
fo

ll
ow

.
H

er
e,

w
e

p
ar

am
et

er
iz

e
th

e
st

re
n
gt

h
of

in
fl

u
en

ce
b

et
w

ee
n

u
se

rs
u
si

n
g

a
sp

ar
se

n
on

n
eg

at
iv

e
in

fl
u

en
ce

m
a
tr

ix
B

=
(β
u
v
)
∈
R
m
×
m

+
,

w
h
er

e
β
u
v

m
ea

n
s

u
se

r
u
’s

a
ct

io
n
s

d
ir

ec
tl

y
tr

ig
ge

rs
fo

ll
o
w

-u
p
s

fr
om

u
se

r
v

an
d

w
e

as
su

m
e
β
u
v

=
0

if
(u
,v

)
/∈
E.

In
b

ot
h

ca
se

s,
th

e
se

co
n
d

te
rm

m
ak

es
th

e
in

te
n
si

ty
d
ep

en
d
en

t
on

th
e

h
is

to
ry

a
n
d

a
st

o
ch

as
ti

c
p
ro

ce
ss

it
se

lf
.

M
or

eo
ve

r,
th

e
fo

ll
ow

in
g

al
te

rn
at

iv
e

re
p
re

se
n
ta

ti
on

o
f

m
u
lt

id
im

en
-

si
on

al
H

aw
ke

s
p
ro

ce
ss

es
w

il
l

b
e

u
se

fu
l

to
d
es

ig
n

ou
r

st
o
ch

as
ti

c
op

ti
m

al
co

n
tr

o
l

a
lg

o
ri

th
m

s
(p

ro
ve

n
in

A
p
p

en
d
ix

A
):

P
ro

p
o
si

ti
o
n

1
L

et
N

(t
)

be
a
n
m

-d
im

en
si

o
n

a
l

H
a
w

ke
s

p
ro

ce
ss

w
it

h
a
n

a
ss

oc
ia

te
d

in
te

n
si

ty
λ

(t
)

=
λ

0
(t

)
+
C
∫ t 0
κ
ω
(t
−
s)
d
N

(s
),

w
h
er

e
λ

0
(t

)
≥

0
is

a
d
iff

er
en

ti
a
bl

e
ti

m
e-

va
ry

in
g

fu
n

c-
ti

o
n

,
κ
ω
(t

)
=
e−

ω
t
I(
t
≥

0)
is

a
n

ex
po

n
en

ti
a
l

tr
ig

ge
ri

n
g

ke
rn

el
,

a
n

d
ω
≥

0
a
n

d
C
∈
R
m
×
m

+

a
re

gi
ve

n
pa

ra
m

et
er

s.
T

h
en

,
th

e
tu

p
le

(N
(t

),
λ

(t
))

is
a

d
o
u

bl
y

st
oc

h
a
st

ic
M

a
rk

o
v

p
ro

ce
ss

,
w

h
o
se

d
yn

a
m

ic
s

ca
n

be
d
efi

n
ed

by
th

e
fo

ll
o
w

in
g

ju
m

p
S

D
E

s:

d
λ

(t
)

=
[ λ
′ 0
(t

)
+
ω
λ

0
(t

)
−
ω
λ

(t
)]
d
t

+
C
d
N

(t
),

(3
)

1
.

E
x
p

o
n

en
ti

a
l

k
er

n
el

s
h

av
e

b
ee

n
sh

ow
n

to
p

ro
v
id

e
re

la
ti

v
el

y
g
o
o
d

p
re

d
ic

ti
v
e

p
er

fo
rm

a
n

ce
(F

a
ra

jt
a
b

a
r

et
a
l.

,
2
0
1
4
,

2
0
1
5
b

;
Z

h
a
o

et
a
l.

,
2
0
1
5
;

D
e

et
a
l.

,
2
0
1
6
;

R
iz

o
iu

et
a
l.

,
2
0
1
7
),

h
ow

ev
er

,
w

e
a
ck

n
ow

le
d

g
e

th
a
t

p
ow

er
-l

aw
m

ay
h

av
e

h
ig

h
er

p
re

d
ic

ti
v
e

p
er

fo
rm

a
n

ce
in

so
m

e
sc

en
a
ri

o
s,

a
s

re
ce

n
tl

y
sh

ow
n

b
y

M
is

h
ra

et
a
l.

(2
0
1
6
).

H
er

e,
w

e
o
p

t
fo

r
ex

p
o
n

en
ti

a
l

k
er

n
el

s
si

n
ce

,
in

su
ch

ca
se

,
th

e
d

y
n

a
m

ic
s

o
f

th
e

co
rr

es
p

o
n

d
in

g
in

te
n

si
ty

ca
n

b
e

ex
p

re
ss

ed
b
y

a
li

n
ea

r
S

D
E

w
it

h
ju

m
p

s
a
n

d
th

is
w

il
l

b
e

h
el

p
fu

l
in

th
e

d
er

iv
a
ti

o
n

o
f

o
u

r
st

o
ch

a
st

ic
o
p

ti
m

a
l

co
n
tr

o
l

a
lg

o
ri

th
m

s.
2
.

W
e

a
ck

n
ow

le
d

g
e

th
a
t

th
er

e
m

ay
b

e
sc

en
a
ri

o
s

in
w

h
ic

h
o
n

e
o
n

ly
h

a
s

a
cc

es
s

to
a

su
b

se
t

o
f

th
e

o
n

li
n

e
a
ct

io
n

s
ta

k
en

b
y

th
e

u
se

rs
.

H
ow

ev
er

,
in

th
o
se

ca
se

s,
o
n

e
co

u
ld

re
so

rt
to

a
n

in
cr

ea
si

n
g

n
u

m
b

er
o
f

m
et

h
o
d

s
to

fi
t

m
u

lt
id

im
en

si
o
n

a
l

H
aw

k
es

p
ro

ce
ss

es
fr

o
m

in
co

m
p

le
te

o
b

se
rv

a
ti

o
n

s,
e.
g.

,
re

fe
r

to
X

u
et

a
l.

(2
0
1
7
)
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S
t
e
e
r
in
g

S
o
c
ia
l
A
c
t
iv
it
y

w
ith

th
e

in
itia

l
co

n
d
itio

n
λ

(0)
=
λ

0 (0).

R
e
m

a
rk

.
F

ro
m

th
e

p
ersp

ective
of

an
in

d
iv

id
u
al

u
ser,

w
e

assu
m

e
th

e
u
ser

h
as

a
lo

cal
v
iew

,
i.e.,

sh
e

o
n
ly

o
b
serves

th
e

on
lin

e
action

s
h
er

follow
ers

are
ex

p
osed

to
th

rou
gh

th
eir

feed
s.

A
ltern

a
tively,

if
th

e
u
ser

w
ou

ld
h
ave

a
glob

al
v
iew

,
on

e
cou

ld
n
atu

ra
lly

op
t

for
th

e
follow

in
g

fu
n
ctio

n
a
l

fo
rm

for
th

e
in

ten
sities

γ
(t)

of
th

e
follow

ers’
feed

s:

γ
(t)

=
A
T
λ

(t)
=
A
T
λ

0 (t)
+
A
T
B

∫
t

0
κ
ω
(t−

s)
d
N

(s).
(4)

H
ow

ever,
fo

r
sim

p
licity,

from
th

e
p

ersp
ective

of
an

in
d
iv

id
u
al

u
ser,

w
e

w
ill

assu
m

e
th

e
u
ser

h
a
s

a
lo

ca
l

v
iew

an
d

th
u
s

con
sid

er
th

e
fu

n
ctio

n
al

fo
rm

d
efi

n
ed

b
y

E
q
.

1
.

C
on

sid
erin

g
a
n

in
d
iv

id
u
a
l

u
ser

h
as

a
glob

al
v
iew

is
an

in
terestin

g,
alb

eit
ch

a
llen

gin
g

v
en

u
e

for
fu

tu
re

w
o
rk

.

3
.
A

L
o
ca

l
P
ro

b
le
m
:
W

h
e
n
-to

-p
o
st

In
th

is
sectio

n
,

w
e

take
th

e
p

ersp
ective

of
an

in
d
iv

id
u
al

u
ser

an
d

d
esign

an
on

lin
e

algorith
m

to
h
elp

h
er

d
ecid

e
w

h
en

-to-p
ost

to
b

e
n

o
ticed

—
ach

ieve
h
igh

visibility.
T

o
th

is
aim

,
w

e
fi
rst

d
efi

n
e

o
u
r

v
isib

ility
m

easu
re

an
d

th
en

d
erive

a
ju

m
p

sto
ch

astic
d
iff

eren
tial

eq
u
ation

th
at

lin
k
s

o
u
r

m
ea

su
re

to
th

e
u
ser’s

p
ostin

g
in

ten
sity

an
d

th
e

feed
s’

in
ten

sities
d
u
e

to
oth

er
u
sers

h
er

fo
llow

ers
fo

llow
.

F
in

ally,
w

e
form

ally
state

th
e

w
h
en

-to-p
ost

p
rob

lem
for

th
is

v
isib

ility
m

ea
su

re
an

d
a
d
d
ress

th
e

p
rob

lem
from

th
e

p
ersp

ectiv
e

of
sto

ch
astic

op
tim

al
co

n
trol

of
S
D

E
s

w
ith

ju
m

p
s.

F
o
r

ease
of

ex
p

osition
,

w
e

assu
m

e
u
sers

can
on

ly
take

on
e

ty
p

e
of

ex
ogen

ou
s

a
n
d

en
d
o
gen

o
u
s

action
—

p
ostin

g
stories.

M
oreover,

th
rou

gh
ou

t
th

e
section

,
w

e
refer

to
u
sers

w
h
o

p
o
sts

sto
ries

as
broa

d
ca

sters.

3
.1

V
isib

ility
D

e
fi

n
itio

n
a
n

d
D

y
n

a
m

ic
s

G
iven

a
b
ro

a
d
caster

i
an

d
on

e
of

h
er

follow
ers

j,
w

e
d
efi

n
e

th
e

v
isib

ility
fu

n
ction

r
ij (t)

a
s

th
e

p
ositio

n
or

ra
n

k
of

th
e

m
ost

recen
t

story
p

osted
b
y
i

in
j’s

feed
b
y

tim
e
t,

w
h
ich

clea
rly

d
ep

en
d
s

on
th

e
feed

ran
k
in

g
m

ech
an

ism
in

th
e

corresp
on

d
in

g
so

cial
n
etw

ork
.

H
ere,

fo
r

sim
p
licity,

w
e

assu
m

e
each

u
ser’s

feed
ran

k
s

stories
in

reverse
ch

ro
n
ological

ord
er

3.
H

ow
ever,

o
u
r

fram
ew

ork
can

b
e

easily
ex

ten
d
ed

to
an

y
feed

ra
n
k
in

g
m

ech
an

ism
s,

as
lo

n
g

a
s

its
ra

n
k

d
y
n
am

ics
can

b
e

ex
p
ressed

as
a

ju
m

p
S
D

E
4.

U
n
d
er

th
e

reverse
ch

ron
ological

ord
erin

g
assu

m
p
tion

,
p

osition
a
t

tim
e
t

is
sim

p
ly

th
e

n
u
m

b
er

of
stories

th
at

oth
er

b
road

casters
p

osted
in
j’s

feed
from

th
e

tim
e

of
th

e
m

ost
recen

t
sto

ry
p

o
sted

b
y
i

u
n
til
t.

T
h
en

,
w

h
en

a
n
ew

story
a
rrives

to
a

u
ser’s

feed
,

it
ap

p
ears

at
th

e
to

p
o
f

th
e

feed
an

d
th

e
oth

er
stories

are
sh

ifted
d
ow

n
b
y

on
e.

If
w

e
d
en

ote
th

e
tim

e
of

th
e

m
o
st

recen
t

sto
ry

p
osted

b
y
i

b
y

tim
e
t

as
τ
i (t)

=
m

ax{
tk
∈
H
i (t)}

,
th

en
th

e
v
isib

ility
is

fo
rm

a
lly

d
efi

n
ed

as

r
ij (t)

=
M
j\i (t)−

M
j\i (τ

i (t)).
(5)

N
o
te

th
at,

if
th

e
last

story
p

osted
b
y
i

is
at

th
e

top
o
f
j’s

feed
at

tim
e
t,

th
en

r
ij (t)

=
0.

3
.

A
t

th
e

tim
e

o
f

w
ritin

g
,

W
eib

o
ra

n
k

sto
ries

in
rev

erse
ch

ro
n

o
lo

g
ica

l
o
rd

er
b
y

d
efa

u
lt

a
n

d
T

w
itter

a
n

d
F

a
ceb

o
o
k

a
llo

w
ch

o
o
sin

g
su

ch
a
n

o
rd

erin
g
.

4
.

T
h

is
w

o
u

ld
req

u
ire

eith
er

h
a
v
in

g
a
ccess

to
th

e
co

rresp
o
n

d
in

g
feed

ra
n
k
in

g
m

ech
a
n

ism
o
r

rev
erse

en
g
in

eerin
g

it,
w

h
ich

is
o
u

t
o
f

th
e

sco
p

e
o
f

th
is

w
o
rk

.

7
JM

L
R

 18(205):1-35, 2018

Z
a
r
e
z
a
d
e
,
D
e
,
U
pa

d
h
y
a
y
,
R
a
b
ie
e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

F
igu

re
1:

T
h
e

d
y
n
am

ics
of

v
isib

ility.
A

b
road

caster
i

p
osts

N
i (t)

=
N

(t)
stories

w
ith

in
ten

-
sity

λ
i (t)

=
u

(t).
H

er
stories

accu
m

u
late

in
h
er

follow
er
j’s

feed
,

com
p

etin
g

for
atten

tion
w

ith
M
j\
i (t)

=
M

(t)
oth

er
stories

p
osted

b
y

oth
er

b
road

casters
u
ser

j
follow

s
w

ith
in

ten
sity

γ
j\
i (t)

=
γ

(t).
T

h
e

v
isib

ility
fu

n
ction

r
ij (t)

=
r(t)

is
th

e
p

osition
or

ran
k

of
th

e
m

ost
recen

t
story

p
osted

b
y

b
road

caster
i

in
th

e
follow

er
j’s

feed
b
y

tim
e

t.

D
y
n

a
m

ic
s

o
f

v
isib

ility
.

G
iven

a
b
road

caster
i

w
ith

b
road

castin
g

cou
n
tin

g
p
ro

cess
N
i (t)

an
d

on
e

of
h
er

follow
ers

j
w

ith
feed

cou
n
tin

g
p
ro

cess
d
u
e

to
oth

er
b
road

casters
M
j\i (t),

th
e

ran
k

of
i

in
j’s

feed
r
ij (t)

satisfi
es

th
e

follow
in

g
eq

u
ation

:

r
ij (t+

d
t)

=
(r
ij (t)

+
1)d

M
j\i (t)(1−

d
N
i (t))

︸
︷︷

︸
1
.

In
crea

ses
b
y

o
n

e

+
0
︸︷︷︸

2
.

B
eco

m
es

zero +
r
ij (t)(1−

d
M
j\i (t))(1−

d
N
i (t))

︸
︷︷

︸
3
.

R
em

a
in

s
th

e
sa

m
e

,

w
h
ere

each
term

m
o
d
els

on
e

of
th

e
th

ree
p

ossib
le

situ
ation

s:
1.

T
h
e

oth
er

b
road

casters
p

ost
a

story
in

(t,t+
d
t],
d
M
j\i (t)

=
1,

a
n
d

b
road

ca
ster

i
d
o
es

n
ot

p
ost,

d
N
i (t)

=
0.

T
h
e

p
osition

of
th

e
last

story
p

osted
b
y
i

in
j’s

feed
step

s
d
ow

n
b
y

on
e,

i.e.,
r
ij (t

+
d
t)

=
r
ij (t)

+
1.

2.
B

road
caster

i
p

osts
a

story
in

(t,t+
d
t],
d
N
i (t)

=
1,

an
d

th
e

oth
er

b
road

casters
d
o

n
ot,

d
M
j\i (t)

=
0.

N
o

m
atter

w
h
at

th
e

p
rev

iou
s

ra
n
k

w
as,

th
e

n
ew

ran
k

is
r
ij (t

+
d
t)

=
0

sin
ce

th
e

n
ew

ly
p

osted
story

ap
p

ea
rs

at
th

e
top

of
j’s

feed
.

3.
N

o
on

e
p

osts
an

y
story

in
(t,t

+
d
t],
d
N
i (t)

=
0

an
d
d
M
j\i (t)

=
0.

T
h
e

ran
k

rem
ain

s
th

e
sam

e,
i.e.,

r
ij (t

+
d
t)

=
r
ij (t).

W
e

sk
ip

th
e

case
in

w
h
ich

M
j\i (t)

=
1

an
d
d
N
i (t)

=
1

in
th

e
sam

e
tim

e
in

terval
(t,t

+
d
t]

b
ecau

se,
b
y

th
e

B
lu

m
en

th
al

zero-on
e

law
(B

lu
m

en
th

al,
1957),

it
h
as

zero
p
rob

ab
ility.

N
ow

,
b
y

rearran
gin

g
term

s
an

d
u
sin

g
th

at
d
N
i (t)d

M
j\i (t)

=
0,

w
e

u
n
cover

th
e

follow
in

g
ju

m
p

S
D

E
for

th
e

v
isib

ility
(or

ran
k
)

d
y
n
am

ics:

d
r
ij (t)

=
−
r
ij (t)

d
N
i (t)

+
d
M
j\i (t),

(6)

w
h
ere

d
r
ij (t)

=
r
ij (t

+
d
t)−

r
ij (t).

F
igu

re
1

illu
strates

th
e

con
cep

t
of

v
isib

ility
for

on
e

b
road

caster
an

d
on

e
follow

er.

3
.2

P
ro

b
le

m
F
o
rm

u
la

tio
n

G
iven

a
b
road

caster
i

an
d

h
er

follow
ersN

(i),
ou

r
goal

is
to

fi
n
d

th
e

op
tim

al
p

ostin
g

in
ten

sity
λ
i (t)

=
u

(t)
th

at
m

in
im

izes
th

e
ex

p
ected

valu
e

o
f

a
p
articu

lar
n
on

d
ecreasin

g
con

vex
loss
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.

H
er

e,
b
y

co
n
si

d
er

in
g

a
lo

ss
w

h
ic

h
is

n
on

d
ec

re
as

in
g

in
th

e
ra

n
k
r(
t)

an
d

th
e

p
os

ti
n
g

in
te

n
si

ty
u

(t
),

w
e

p
en

al
iz

e
ti

m
es

w
h
en

th
e

p
os

it
io

n
of

th
e

m
os

t
re

ce
n
t

st
or

y
on

ea
ch

of
th

e
fo

ll
ow

er
’s

fe
ed

s
is

h
ig

h
(i

.e
.,

th
e

m
os

t
re

ce
n
t

st
or

y
d
o
es

n
ot

st
ay

a
t

th
e

to
p

)
an

d
w

e
li
m

it
th

e
p

os
ti

n
g

in
te

n
si

ty
,
w

h
ic

h
in

tu
rn

li
m

it
s

th
e

n
u
m

b
er

of
st

or
ie

s
th

e
b
ro

ad
ca

st
er

ca
n

p
os

t.
F

in
al

ly
,

n
ot

e
th

at
th

e
op

ti
m

al
in

te
n
si

ty
u

(t
)

fo
r

b
ro

ad
ca

st
er
i

at
ti

m
e
t

m
ay

d
ep

en
d

on
th

e
v
is

ib
il
it

y
r

(t
)

w
it

h
re

sp
ec

t
to

ea
ch

of
h
er

fo
ll
ow

er
s

an
d
,

th
u
s,

th
e

as
so

ci
at

ed
co

u
n
ti

n
g

p
ro

ce
ss
N
i(
t)

m
ay

b
e

d
ou

b
ly

st
o
ch

as
ti

c.

3
.3

S
to

ch
a
st

ic
O

p
ti

m
a
l

C
o
n
tr

o
l

A
lg

o
ri

th
m

In
th

is
se

ct
io

n
,

w
e

ta
ck

le
th

e
w

h
en

-t
o-

p
os

t
p
ro

b
le

m
d
efi

n
ed

b
y

E
q
.
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w
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b
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ra
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p
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5
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O
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g
fo
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r.

G
iv

en
a

b
ro

ad
ca

st
er
i

w
it

h
N
i(
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=
N
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)

an
d
λ
i(
t)

=
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an
d
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ly
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e

of
h
er

fo
ll
ow

er
s
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w
it

h
M
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i(
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=
M
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d
γ
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),

w
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re
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te

th
e
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ro

b
le
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ed

b
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E
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.

7
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in
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iz

e
u

(t
0
,t
f

]
E (
N
,M

)(
t 0
,t
f

]

[ φ
(r

(t
f
))

+

∫
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t 0
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)
≥
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)

w
h
er
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n
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E
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1,
3

an
d
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b
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p
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d
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d
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.
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h
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p
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in

it
ia

l
va

lu
es

o
f
r(
t)

,
γ

(t
)

a
n

d
u

(t
).

T
o

fi
n
d

th
e

op
ti

m
al

co
n
tr

ol
u

(t
,t
f
]

an
d

co
st

-t
o-

go
J

,
w

e
b
re

ak
th

e
p
ro

b
le

m
in

to
sm

a
ll
er

su
b
p
ro

b
le

m
s,

u
si

n
g

th
e

B
el

lm
an

’s
p
ri

n
ci

p
le

of
op

ti
m

al
it

y
(B

er
ts

ek
as

,
1
99

5)
,

w
h
ic

h
th

e
a
b

ov
e

d
efi

n
it

io
n

al
lo

w
s

(p
ro

ve
n

in
A

p
p

en
d
ix

B
):

L
e
m

m
a

3
(B

e
ll
m

a
n

’s
P

ri
n

c
ip

le
o
f

O
p

ti
m

a
li
ty

)
T

h
e

o
p
ti

m
a
l

co
st

sa
ti

sfi
es

th
e

fo
ll

o
-

w
in

g
re

cu
rs

iv
e

eq
u

a
ti

o
n

:

J
(r

(t
),
γ

(t
),
t)

=
m

in
u

(t
,t

+
d
t]

{ E
[J

(r
(t

+
d
t)
,γ

(t
+
d
t)
,t

+
d
t)

]+
`(
r(
t)
,u

(t
))
d
t}
,

(1
1
)

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

ta
ke

n
ov

er
al

l
tr

a
je

ct
or

ie
s

of
th

e
co

n
tr

ol
an

d
n
oi

se
ju

m
p

p
ro

ce
ss

es
,

N
an

d
M

,
in

(t
,t

+
d
t]

.
T

h
en

,
w

e
u
se

th
e

B
el

lm
an

’s
p
ri

n
ci

p
le

of
op

ti
m

al
it

y
to

d
er

iv
e

a
p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

on
J

,
of

te
n

ca
ll
ed

th
e

H
am

il
to

n
-J

ac
o
b
i-

B
el

lm
a
n

(H
J
B

)
eq

u
a
-

ti
on

(H
an

so
n
,

20
07

).
T

o
d
o

so
,

w
e

fi
rs

t
as

su
m

e
J

is
co

n
ti

n
u
ou

s
an

d
th

en
re

w
ri

te
E

q
.

1
1

as

J
(r

(t
),
γ

(t
),
t)

=
m

in
u

(t
,t

+
d
t]

{ E
[J

(r
(t

),
γ

(t
),
t)

+
d
J

(r
(t

),
γ

(t
),
t)

]+
`(
r(
t)
,u

(t
))
d
t}

0
=

m
in

u
(t
,t

+
d
t]

{ E
[d
J

(r
(t

),
γ

(t
),
t)

]+
`(
r(
t)
,u

(t
))
d
t}
,

(1
2
)

w
h
er

e
d
J

(r
(t

),
γ

(t
),
t)

=
J

(r
(t

+
d
t)
,γ

(t
+
d
t)
,t

+
d
t)
−
J

(r
(t

),
γ

(t
),
t)

.
T

h
en

,
w

e
d
iff

er
en

ti
at

e
J

w
it

h
re

sp
ec

t
to

ti
m

e
t,
r(
t)

an
d
γ

(t
)

u
si

n
g

to
fo

ll
ow

in
g

L
em

m
a

(p
ro

ve
n

in
th

e
A

p
p

en
d
ix

C
):

L
e
m

m
a

4
T

h
e

d
iff

er
en

ti
a
l
d
J

(r
(t

),
γ

(t
),
t)

o
f

th
e

co
st

-t
o
-g

o
fu

n
ct

io
n
J

(r
(t

),
γ

(t
),
t)

,
a
s

d
e-

fi
n

ed
by

E
q.

1
0
,

is
gi

ve
n

by

d
J

(r
(t

),
γ

(t
),
t)

=
J
t(
r(
t)
,γ

(t
),
t)
d
t

+
[ γ
′ 0
(t

)
+
ω
γ

0
(t

)
−
ω
γ

(t
)]
J
γ
(r

(t
),
γ

(t
),
t)
d
t

+
[J

(0
,γ

(t
),
t)
−
J

(r
(t

),
γ

(t
),
t)

]d
N

(t
)

+
[J

(r
(t

)
+

1
,γ

(t
)

+
α
,t

)
−
J

(r
(t

),
γ

(t
),
t)

]d
M

(t
),

w
h
er

e
J
t

a
n

d
J
γ

a
re

d
er

iv
a
ti

ve
s

o
f
J

w
it

h
re

sp
ec

t
to
t

a
n

d
γ

,
re

sp
ec

ti
ve

ly
.
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S
t
e
e
r
in
g

S
o
c
ia
l
A
c
t
iv
it
y

A
lg

o
rith

m
1
:
R
e
d
Q
u
e
e
n

for
fi
x
ed

s,
q

an
d

on
e

follow
er.

1
:

In
p

u
t:

p
ara

m
eters

q
an

d
s

;
2
:

O
u

tp
u

t:
R

etu
rn

s
tim

e
for

th
e

n
ex

t
p

ost
;

3
:
t←
∞

;
τ
←
oth

ersN
ex
tP
ost(

)
;

4
:

w
h

ile
τ
<
t

d
o

5
:

∆
∼
S
a
m
p
le( √

s/q);
6
:

t←
m

in
(t,

τ
+

∆
);

7
:

τ
←
oth

ersN
ex
tP
ost(

);
8
:

re
tu

rn
t;

N
ex

t,
if

w
e

p
lu

g
in

th
e

ab
ove

eq
u
ation

in
E

q
.

12,
it

follow
s

th
at

0
=

m
in

u
(t,t+

d
t] {
J
t (r(t),γ

(t),t)d
t

+
[γ
′0 (t)

+
ω
γ

0 (t)−
ω
γ

(t) ]
J
γ (r(t),γ

(t),t)d
t

+
[J

(0,γ
(t),t)−

J
(r(t),γ

(t),t)]E
[d
N

(t)]

+
[J

(r(t)
+

1
,γ

(t)
+
α
,t)−

J
(r(t),γ

(t),t)]E
[d
M

(t)]+
`(r(t),u

(t))
d
t }
.

N
ow

,
u
sin

g
E

[d
N

(t)]
=
u

(t)d
t

an
d

E
[d
M

(t)]
=
γ

(t)d
t,

an
d

rearran
gin

g
term

s,
th

e
H

J
B

eq
u
a
tio

n
fo

llow
s:

0
=
J
t (r(t),γ

(t),t)
+
[γ
′0 (t)

+
ω
γ

0 (t)−
ω
γ

(t) ]
J
γ (r(t),γ

(t),t)

+
[J

(r(t)
+

1
,γ

(t)
+
α
,t)−

J
(r(t),γ

(t),t)]γ
(t)

+
m

in
u

(t,t+
d
t] `(r(t),u

(t))
+

[J
(0,γ

(t),t)−
J

(r(t),γ
(t),t)]u

(t).
(1

3)

T
o

b
e

a
b
le

to
co

n
tin

u
e

fu
rth

er,
w

e
n
eed

to
d
efi

n
e

th
e

loss
`

an
d

th
e

p
en

alty
φ

.
F

ollow
in

g
th

e
litera

tu
re

o
n

sto
ch

astic
op

tim
al

con
trol

(H
an

son
,

2007),
w

e
con

sid
er

th
e

follow
in

g
q
u
ad

ratic
fo

rm
s,

w
h
ich

w
ill

tu
rn

ou
t

to
b

e
a

tractab
le

ch
oice

6:

φ
(r(tf ))

=
12
r

2(tf )
an

d
`(r(t),u

(t))
=

12
s(t)

r
2(t)

+
12
q
u

2(t),

w
h
ere

s(t)
is

a
tim

e
sign

ifi
can

ce
fu

n
ction

s(t)≥
0
,

w
h
ich

favors
som

e
p

erio
d
s

of
tim

es
(e.g.,

tim
es

in
w

h
ich

th
e

follow
er

is
on

lin
e

7),
an

d
q

is
a

given
p
aram

eter,
w

h
ich

trad
e-off

s
v
isib

ility
a
n
d

n
u
m

b
er

of
b
road

casted
p

osts.
U

n
d
er

th
ese

d
efi

n
ition

s,
w

e
take

th
e

d
erivative

w
ith

resp
ect

to
u

(t)
of

E
q
.
13

an
d

u
n
cover

th
e

relatio
n
sh

ip
b

etw
een

th
e

op
tim

al
in

ten
sity

an
d

th
e

o
p
tim

al
cost:

u
∗(t)

=
q −

1
[J

(r(t),γ
(t),t)−

J
(0,γ

(t),t)].
(14)

F
in

a
lly,

w
e

su
b
stitu

te
th

e
ab

ove
ex

p
ression

in
E

q
.

1
3

an
d

fi
n
d

th
at

th
e

o
p
tim

al
cost

J
n
eed

s
to

sa
tisfy

th
e

fo
llow

in
g

n
on

lin
ear

d
iff

eren
tial

eq
u
a
tion

:

0
=
J
t (r(t),γ

(t),t)
+

12
s(t)

r
2(t)−

12
q −

1
[J

(r(t),γ
(t),t)−

J
(0,γ

(t),t)] 2

+
[γ
′0 (t)

+
ω
γ

0 (t)−
ω
γ

(t) ]
J
γ (r(t),γ

(t),t)
+

[J
(r(t)

+
1
,γ

(t)
+
α
,t)−

J
(r(t),γ

(t),t)]γ
(t)

(15)

6
.

C
o
n

sid
erin

g
o
th

er
lo

sses
w

ith
a

sp
ecifi

c
sem

a
n
tic

m
ea

n
in

g
(e.g.,

I(r
(t)≤

k
))

is
a

ch
a
llen

g
in

g
d

irectio
n

fo
r

fu
tu

re
w

o
rk

.

7
.

S
u

ch
in

fo
rm

a
tio

n
m

a
y

b
e

h
id

d
en

b
u

t
o
n

e
ca

n
u

se
th

e
fo

llo
w

ers’
p

o
stin

g
a
ctiv

ity
o
r

g
eo

g
ra

p
h

ic
lo

ca
tio

n
a
s

a
p

ro
x
y

(K
a
rim

i
et

a
l.,

2
0
1
6
).
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Z
a
r
e
z
a
d
e
,
D
e
,
U
pa

d
h
y
a
y
,
R
a
b
ie
e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

w
ith

J
(r(tf ),γ

(tf ),tf )
=
φ

(r(tf ))
as

th
e

term
in

al
con

d
ition

.
T

h
e

follow
in

g
tech

n
ical

lem
m

a
p
rov

id
es

u
s

w
ith

a
solu

tion
to

th
e

ab
ove

eq
u
ation

(p
roven

in
A

p
p

en
d
ix

D
):

L
e
m

m
a

5
In

th
e

spa
ce

o
f
m

-d
egree

po
lyn

o
m

ia
ls,

th
e

fo
llo

w
in

g
po

lyn
o
m

ia
l

is
th

e
o
n

ly
so

lu
-

tio
n

to
E

q.
1
5
:

J
(r(t),γ

(t),t)
=
f

(t)
+
√
s(t)q

r(t)
+

m
∑j=

1

g
j (t)γ

j(t),

w
h
ere

f
(t)

a
n

d
g
j (t)

a
re

tim
e-va

ryin
g

fu
n

ctio
n

s
w

h
ich

ca
n

be
fo

u
n

d
by

so
lvin

g
a

lin
ea

r
system

o
f

d
iff

eren
tia

l
equ

a
tio

n
s.

G
iven

th
e

ab
ove

L
em

m
a

an
d

E
q
.

14,
th

e
op

tim
al

in
ten

sity
is

read
ily

given
b
y

follow
in

g
th

eorem
:

T
h

e
o
re

m
6

T
h
e

o
p
tim

a
l

in
ten

sity
fo

r
th

e
w

h
en

-to
-po

st
p
ro

blem
d
efi

n
ed

by
E

q.
8

w
ith

qu
a
d
ra

tic
lo

ss
a
n

d
pen

a
lty

fu
n

ctio
n

is
given

by
u
∗(t)

=
√
s(t)/q

r(t).

T
h
e

op
tim

al
in

ten
sity

on
ly

d
ep

en
d
s

o
n

th
e

p
osition

of
th

e
m

ost
recen

t
p

ost
b
y

b
roa

d
caster

i
in

h
er

follow
er’s

feed
an

d
,
th

u
s,

allow
s

for
a

very
effi

cien
t

p
ro

ced
u
re

to
sam

p
le

p
ostin

g
tim

es,
w

h
ich

ex
p
loits

th
e

su
p

erp
osition

th
eorem

(K
in

gm
an

,
1992).

T
h
e

k
ey

id
ea

is
as

fo
llow

s:
at

an
y

given
tim

e
t,

w
e

can
v
iew

th
e

p
ro

cess
d
efi

n
ed

b
y

th
e

o
p
tim

al
in

ten
sity

as
a

su
p

erp
osition

of
r(t)

in
h
om

ogen
eou

s
P

oisson
p
ro

cesses
w

ith
in

ten
sity

√
s(t)/q

r(t)
w

h
ich

starts
at

ju
m

p
s

of
th

e
ran

k
r(t),

an
d

fi
n
d

th
e

n
ex

t
sam

p
le

b
y

com
p
u
tin

g
th

e
m

in
im

u
m

across
all

sam
p
les

from
th

ese
p
ro

cesses.
A

lgorith
m

1
su

m
m

arizes
ou

r
(sam

p
lin

g)
m

eth
o
d
,

w
h
ich

w
e

n
am

e
R
e
d
Q
u
e
e
n

(C
arroll,

1917).
W

ith
in

th
e

alg
orith

m
,

S
a
m

p
le( √

s/q)
sam

p
les

from
a

P
oisson

p
ro

cess
w

ith
in

ten
sity

√
s/q

an
d
oth

ersN
ex
tP
ost(

)
retu

rn
s

th
e

tim
e

of
th

e
n
ex

t
even

t
b
y

oth
er

b
road

casters
in

th
e

follow
ers’

feed
s,

on
ce

th
e

ev
en

t
h
ap

p
en

s.
In

p
ractice,

w
e

on
ly

n
eed

to
k
n
ow

if
th

e
even

t
h
ap

p
en

s
b

efore
w

e
p

ost.
R

em
arkab

ly,
it

on
ly

n
eed

s
to

sam
p
le
M

(tf )
tim

es
from

a
(in

)h
om

ogen
eou

s
P

oisson
p
ro

cess
(if

sign
ifi

can
ce

is
tim

e
vary

in
g
)

an
d

req
u
ires

O
(1)

sp
ace.

O
p

tim
iz

in
g

fo
r

m
u

ltip
le

fo
llo

w
e
rs.

G
iven

a
b
road

caster
i

w
ith

N
i (t)

=
N

(t)
an

d
λ
i (t)

=
u

(t)
an

d
h
er

follow
ers
N

(i)
w

ith
M
\i (t)

=
M

(t)
an

d
γ
\i (t)

=
γ

(t),
w

e
can

w
rite

th
e

d
y
n
am

ics
of
M

(t)
an

d
r

(t),
w

h
ich

w
e

n
eed

to
solve

E
q
.

7,
u
sin

g
E

q
s.

1,
3

an
d

6:

d
γ

(t)
=
[γ
′0 (t)

+
w
γ

0 (t)−
w
γ

(t) ]
d
t

+
D
d
M

(t)

d
r

(t)
=
−
r

(t)
d
N

(t)
+
d
M

(t).

T
h
en

,
con

sid
er

th
e

follow
in

g
q
u
ad

ra
tic

form
s

for
th

e
loss

`
an

d
th

e
p

en
a
lty

φ
:

φ
(r

(tf ))
=

n
∑i=

1

12
r

2i (tf )

`(r
(t),u

(t),t)
=

n
∑i=

1

12
s
i (t)r

2i (t)
+

12
q
u

2(t).

1
2
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S
t
e
e
r
in
g

S
o
c
ia
l
A
c
t
iv
it
y

A
lg

o
ri

th
m

2
:

O
p
ti

m
al

p
os

ti
n
g

ti
m

es
w

it
h

an
or

ac
le

.

1
:

In
p

u
t:

In
it

ia
l

st
a
te
r 0

,
in

te
rv

al
w

id
th

s
w

1
,.
..
,w

m
+
1
,

p
ar

a
m

et
er
q

a
n
d

si
gn

ifi
ca

n
ce
s(
t)

=
s

;
2
:

O
u

tp
u

t:
O

v
er

al
l

co
st
J

(r
0
,0

),
op

ti
m

al
co

n
tr

ol
u
∗ 0
,.
..
,u

∗ m
;

3
:

fo
r
r
←
r 0

+
m

to
0

d
o

4
:

J
(r
,m

+
1)
←

1 2
r2

;
5
:

fo
r
k
←
m

to
0

d
o

6
:

fo
r
r
←
r 0

+
k
−

1
to

0
d

o
7
:

J
(r
,k

)
=

m
in
{1 2
q

+
J

(0
,k

+
1
),

1 2
sw

k
+
1
(r

+
1)

2
+
J

(r
+

1
,k

+
1)
};

8
:

fo
r
k
←

0
to

m
d

o
9
:

if
1 2
q

+
J

(0
,k

+
1
)
<

1 2
sw

k
+
1
(r

k
+

1
)2

+
J

(r
k

+
1
,k

+
1
)

th
e
n

1
0
:

u
∗ k
←

1;
r k

+
1
←

0;
1
1
:

e
ls

e
1
2
:

u
∗ k
←

0;
r k

+
1
←
r k

+
1;

re
tu

rn
J

(r
0
,0

),
u
∗ 0
,.
..
,u

∗ m

w
h
er

e
s i

(t
)

is
th

e
ti

m
e

si
gn

ifi
ca

n
ce

fu
n
ct

io
n

fo
r

fo
ll
ow

er
i,

as
d
efi

n
ed

ab
ov

e,
an

d
q

is
a

gi
v
en

p
ar

am
et

er
.

P
ro

ce
ed

in
g

si
m

il
ar

ly
as

in
th

e
ca

se
of

on
e

fo
ll
ow

er
,

w
e

ca
n

sh
ow

th
at

:

u
∗ (
t)

=
n ∑ i=

1

√
s i

(t
)/
q
r i

(t
),

(1
6)

w
h
ic

h
on

ly
d
ep

en
d
s

on
th

e
p

os
it

io
n

of
th

e
m

os
t

re
ce

n
t

p
os

t
b
y

b
ro

ad
ca

st
er
i

in
h
er

fo
ll
ow

er
s’

fe
ed

s.
F

in
al

ly
,

w
e

ca
n

re
ad

il
y

ad
ap

t
R
e
d
Q
u
e
e
n

(A
lg

or
it

h
m

1
)

to
effi

ci
en

tl
y

sa
m

p
le

th
e

p
os

ti
n
g

ti
m

es
u
si

n
g

th
e

ab
ov

e
in

te
n
si

ty
—

it
on

ly
n
ee

d
s

to
sa

m
p
le
|∪

j∈
N

(i
)
F j
\i

(t
f
)|

va
lu

es
fr

om
an

(i
n
)h

om
og

en
eo

u
s

P
oi

ss
on

p
ro

ce
ss

(i
f

si
gn

ifi
ca

n
ce

is
ti

m
e

va
ry

in
g)

an
d

re
q
u
ir

es
O

(|N
(i

)|)
sp

ac
e.

O
p

ti
m

iz
in

g
w

it
h

a
n

o
ra

c
le

.
In

th
is

se
ct

io
n
,
w

e
co

n
si

d
er

a
b
ro

ad
ca

st
er
i

w
it

h
N
i(
t)

=
N

(t
)

an
d
λ
i(
t)

=
u

(t
),

on
ly

on
e

of
h
er

fo
ll
ow

er
s
j

w
it

h
M
j\
i(
t)

=
M

(t
),

an
d

a
co

n
st

an
t

si
gn

ifi
ca

n
ce

s(
t)

=
s.

T
h
e

d
er

iv
at

io
n

ca
n

b
e

ea
si

ly
ad

ap
te

d
to

th
e

ca
se

of
m

u
lt

ip
le

fo
ll
ow

er
s

an
d

ti
m

e-
va

ry
in

g
si

gn
ifi

ca
n
ce

.

S
u
p
p

os
e

th
er

e
is

an
(i

d
ea

li
ze

d
)

or
ac

le
th

at
re

v
ea

ls
M

(t
)

fr
om

t 0
to
t f

,
i.

e.
,

th
e

h
is

to
ry

F j
\i

(t
f
)

=
F

(t
f
)

is
gi

ve
n
,

an
d
M

(t
f
)

=
|F

(t
f
)|

=
m

.
T

h
en

,
w

e
ca

n
re

w
ri

te
E

q
.

7
as

m
in

im
iz

e
u

(t
0
,t
f

]
E N

(t
0
,t
f

]

[ φ
(r

(t
f
))

+

∫
t f

t 0

`(
r(
s)
,u

(s
))
d
s]

su
b

je
ct

to
u

(t
)
≥

0
∀t
∈

(t
0
,t
f
],

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

on
ly

ta
ke

n
ov

er
al

l
p

os
si

b
le

re
al

iz
at

io
n
s

of
th

e
co

u
n
ti

n
g

p
ro

ce
ss

N
(t

0
,t
f
]

si
n
ce
M

(t
0
,t
f
]

is
re

ve
al

ed
b
y

th
e

or
ac

le
an

d
,

th
u
s,

d
et

er
m

in
is

ti
c.

S
im

il
ar

to
th

e
p
re

v
io

u
s

se
ct

io
n
s,

as
su

m
e

th
e

lo
ss
`

a
n
d

p
en

al
ty
φ

ar
e

q
u
ad

ra
ti

c.
T

h
e

b
es

t
ti

m
es

fo
r

u
se

r
i

to
p

os
t

w
il
l

al
w

ay
s

co
in

ci
d
e

w
it

h
on

e
of

th
e

ti
m

es
in
F

(t
f
)

si
n
ce

,
gi

ve
n

a
p

os
ti

n
g

ti
m

e
τ i
∈

(t
k
,t
k
+

1
),

w
h
er

e
t k
,t
k
+

1
∈
F

(t
f
),

on
e

ca
n

re
d
u
ce

th
e

co
st

b
y

(1
/2

)q
(τ
i
−
t k

)r
2
(t
k
)

b
y

ch
o
os

in
g

in
st

ea
d

to
p

os
t

at
t k

.
A

s
a

co
n
se

q
u
en

ce
,

w
e

ca
n

d
is

cr
et

iz
e

th
e

d
y
n
am

ic
s

of
r(
t)

in
ti

m
es
F

(t
f
),

an
d

w
ri

te
r k

+
1

=
r k

+
1
−

(r
k

+
1)
u
k
,

w
h
er

e
r k

=
r(
t− k

),
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Z
a
r
e
z
a
d
e
,
D
e
,
U
pa

d
h
y
a
y
,
R
a
b
ie
e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

u
k

=
u

(t
+ k

)
∈
{0
,1
},
t k
∈
F

(t
f
).

W
e

ca
n

ea
si

ly
se

e
th

at
r k

is
b

o
u
n
d
ed

b
y

0
≤
r k
<
r 0

+
m

.
S
im

il
ar

ly
,

w
e

ca
n

d
er

iv
e

th
e

op
ti

m
al

co
st

-t
o-

go
in

d
is

cr
et

e-
ti

m
e

as

J
(r
k
,k

)
=

m
in

u
k
,.
..
,u
m

1 2
r2 m

+
1

+
m ∑ i=
k

1 2
q
w
i+

1
r2 i

+
1

+
1 2
s
u

2 i
,

w
h
er

e
w
i

=
t i
−
t i
−

1
.

N
ex

t,
w

e
ca

n
b
re

a
k

th
e

m
in

im
iz

at
io

n
an

d
u
se

B
el

lm
an

’s
p
ri

n
ci

p
le

o
f

op
ti

m
al

it
y,

J
(r
k
,k

)
=

m
in
u
k

1 2
q
w
k
+

1
r2 k

+
1

+
1 2
s
u

2 k
+
J

(r
k
+

1
,k

+
1)
,

an
d
,

si
n
ce
u
k
∈
{0
,1
},

th
e

ab
ov

e
re

cu
rs

iv
e

eq
u
at

io
n

ca
n

b
e

w
ri

tt
en

as

J
(r
k
,k

)
=

m
in

{
1 2
s

+
J

(0
,k

+
1)
,

1 2
q
w
k
+

1
(r
k

+
1)

2
+
J

(r
k

+
1
,k

+
1
)}

.

F
in

al
ly

,
w

e
ca

n
fi
n
d

th
e

op
ti

m
al

co
n
tr

ol
u
∗ k,
k

=
0,
..
.,
m

an
d

co
st
J

(r
0
,0

)
b
y

b
a
ck

tr
a
ck

in
g

fr
om

th
e

te
rm

in
al

co
n
d
it

io
n
J

(r
m

+
1
,m

+
1)

=
r2 m

+
1
/
2

to
th

e
in

it
ia

l
st

at
e
r 0

,
a
s

su
m

m
a
ri

ze
d

in
A

lg
or

it
h
m

2,
w

h
ic

h
ca

n
b

e
ad

ap
te

d
to

m
u
lt

ip
le

fo
ll
ow

er
s.

N
ot

e
th

at
,

in
th

is
ca

se
,

th
e

op
ti

m
al

st
ra

te
gy

is
n
ot

st
o
ch

as
ti

c
an

d
co

n
si

st
s

of
a

se
t

of
op

ti
m

al
p

os
ti

n
g

ti
m

es
,
a
s

o
n
e

co
u
ld

h
av

e
gu

es
se

d
.

H
ow

ev
er

,
fo

r
m

u
lt

ip
le

fo
ll
ow

er
s,

th
e

co
m

p
le

x
it

y
of

th
e

al
go

ri
th

m
is
O

(m
2
),

w
h
er

e
m

=
|∪

j∈
N

(i
)
F j
\i

(t
f
)|.

4
.
A

G
lo
b
a
l
P
ro

b
le
m
:
A
ct
iv
it
y
M

a
x
im

iz
a
ti
o
n

In
th

is
se

ct
io

n
,

w
e

ta
ke

th
e

p
er

sp
ec

ti
ve

of
an

en
ti

re
on

li
n
e

so
ci

al
n
et

w
or

k
in

g
si

te
a
n
d

d
es

ig
n

an
on

li
n
e

al
go

ri
th

m
to

fi
n
d

h
ow

m
u
ch

sh
ou

ld
w

e
in

ce
n
ti

v
iz

e
a

sm
al

l
n
u
m

b
er

o
f

in
fl
u
en

ti
al

u
se

rs
to

p
os

t
m

or
e

ov
er

ti
m

e
to

in
cr

ea
se

th
e

ov
er

al
l

n
u
m

b
er

of
ad

d
it

io
n
a
l

p
o
st

s,
sh

a
re

s
or

re
p
li
es

in
th

e
si

te
.

T
o

th
is

ai
m

,
w

e
fi
rs

t
d
es

cr
ib

e
h
ow

to
fo

rm
al

ly
m

o
d
el

su
ch

in
ce

n
ti

ve
m

ec
h
an

is
m

in
so

ci
al

n
et

w
or

k
s.

T
h
en

,
w

e
st

at
e

th
e

ac
ti

v
it

y
sh

ap
in

g
p
ro

b
le

m
a
n
d

a
d
d
re

ss
th

e
p
ro

b
le

m
fr

om
th

e
p

er
sp

ec
ti

ve
of

st
o
ch

as
ti

c
op

ti
m

al
co

n
tr

ol
of

S
D

E
s

w
it

h
ju

m
p
s,

si
m

il
a
rl

y
as

in
S
ec

ti
on

3.

4
.1

T
ri

g
g
e
ri

n
g

A
d

d
it

io
n

a
l

E
n

d
o
g
e
n

o
u

s
A

c
ti

o
n

s

G
iv

en
a

so
ci

al
n
et

w
or

k
G

=
(V
,E

)
w

it
h
|V
|=

n
u
se

rs
,

w
e

tr
ig

ge
r

ad
d
it

io
n
a
l

en
d
o
g
en

o
u
s

u
se

r
ac

ti
on

s
b
y

d
ir

ec
tl

y
in

ce
n
ti

v
iz

in
g

(e
.g

.,
p
ay

in
g)

fo
r
P

(t
)

ac
ti

on
s,

w
h
er

e
P
i(
t)

co
u
n
ts

th
e

n
u
m

b
er

of
d
ir

ec
tl

y
in

ce
n
ti

v
iz

ed
ac

ti
on

s
ta

k
en

b
y

u
se

r
i
∈
V

b
ef

or
e

ti
m

e
t

a
n
d

w
e

ca
n

ch
ar

ac
te

ri
ze
P

(t
)

b
y

m
ea

n
s

of
n

in
te

n
si

ty
fu

n
ct

io
n
s
u

(t
),

i.
e.

,
E[
d
P

(t
)]

=
u

(t
)d
t.

T
h
en

,
if

w
e

as
su

m
e

th
e

st
re

n
gt

h
of

in
fl
u
en

ce
B

b
et

w
ee

n
u
se

rs
is

th
e

sa
m

e
b

ot
h

fo
r

o
rg

a
n
ic

a
n
d

in
ce

n
ti

v
iz

ed
ac

ti
on

s8
,

as
p
re

v
io

u
s

w
or

k
(F

ar
a
jt

ab
ar

et
a
l.
,

20
14

,
20

16
),

w
e

ca
n

re
w

ri
te

th
e

8
.

T
h

is
a
ss

u
m

p
ti

o
n

se
em

s
re

a
so

n
a
b

le
in

so
m

e
sc

en
a
ri

o
s,

e.
g.

,
it

is
o
ft

en
d
iffi

cu
lt

to
n

o
ti

ce
w

h
et

h
er

a
n

in
fl

u
en

ti
a
l

u
se

r
is

b
ei

n
g

p
a
id

fo
r

p
o
st

in
g

a
m

es
sa

g
e.

H
ow

ev
er

,
o
n

e
co

u
ld

re
la

x
th

is
a
ss

u
m

p
ti

o
n

b
y

co
n

si
d

er
in

g
a

d
iff

er
en

t
in

fl
u

en
ce

m
a
tr

ix
C
6=

B
fo

r
th

e
a
d

d
it

io
n

a
l

en
d

o
g
en

o
u

s
a
ct

io
n

s
in

E
q
.

1
7
,

ch
a
n

g
e

th
e

S
D

E
,

E
q
.

1
8

a
n

d
H

J
B

,
E

q
.

2
2

a
cc

o
rd

in
g
ly

,
a
n

d
d

er
iv

ed
th

e
n

ew
o
p

ti
m

a
l

co
n
tr

o
l

in
T

h
eo

re
m

1
1
.
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S
t
e
e
r
in
g

S
o
c
ia
l
A
c
t
iv
it
y

u
sers’

in
ten

sities
λ

(t),
given

b
y

E
q
.

2,
as

λ
(t)

=
λ

0 (t)
+
B

∫
t

0
κ
ω
(t−

s)
d
N

(s)
+
B

∫
t

0
κ
ω
(t−

s)
d
P

(s)

︸
︷︷

︸
A

d
d

itio
n

a
l

en
d

o
g
en

o
u

s
a
ctio

n
s .

(17)

H
ere,

n
o
te

th
a
t

treatin
g

d
irectly

in
cen

tiv
ized

action
s

as
a

d
iff

eren
t

cou
n
tin

g
p
ro

cess
P

(t)
p
reven

ts
th

e
in

ten
sities

λ
(t)

from
in

clu
d
in

g
th

eir
in

ten
sity

b
u
t

in
stead

in
clu

d
in

g
on

ly
th

e
in

ten
sity

o
f

th
eir

follow
-u

p
s

(i.e.,
ad

d
ition

al
en

d
ogen

ou
s

action
s),

w
h
ich

w
e

aim
to

m
ax

-
im

ize.
T

h
en

,
it

is
easy

to
d
erive

th
e

follow
in

g
altern

ative
rep

resen
tation

,
sim

ilarly
as

in
P

ro
p

o
sitio

n
1,

w
h
ich

w
e

w
ill

u
se

in
ou

r
sto

ch
astic

op
tim

al
con

trol
alg

orith
m

:

P
ro

p
o
sitio

n
7

L
et
N

(t)
a
n

d
P

(t)
be

tw
o

m
u

ltid
im

en
sio

n
a
l

co
u

n
tin

g
p
rocesses

w
ith

a
sso

-
cia

ted
in

ten
sities

λ
(t),

given
by

E
q.

1
7
,

a
n

d
u

(t),
respectively.

T
h
en

,
th

e
d
yn

a
m

ics
o
f

th
e

in
ten

sity
λ

(t)
ca

n
be

exp
ressed

u
sin

g
th

e
fo

llo
w

in
g

ju
m

p
S

D
E

s:

d
λ

(t)
=
[λ
′0 (t)

+
ω
λ

0 (t)−
ω
λ

(t) ]
d
t

+
B
d
N

(t)
+
B
d
P

(t)
(18)

w
ith

th
e

in
itia

l
co

n
d
itio

n
λ

(0)
=
λ

0 (0).

In
th

e
rem

a
in

d
er

of
th

e
section

,
for

ease
of

ex
p

osition
,

w
e

assu
m

e
λ

0 (t)
=
λ

0
an

d
th

u
s

λ
′0 (t)

=
0
.

4
.2

P
ro

b
le

m
F
o
rm

u
la

tio
n

G
iven

a
so

cia
l

n
etw

ork
G

=
(V
,E

)
w

ith
|V|

=
n

u
sers,

ou
r

goal
is

to
fi
n
d

th
e

op
tim

al
u
sers’

in
ten

sities
fo

r
d
irectly

in
cen

tiv
ized

action
s
u

(t)
(for

sh
ort,

con
trol

in
ten

sities)
th

at
m

in
im

ize
th

e
ex

p
ected

valu
e

of
a

p
articu

lar
loss

fu
n
ction

`(u
(t),λ

(t))
of

th
e

con
trol

in
ten

sities
a
n
d

th
e

u
sers’

in
ten

sities
for

n
ot

d
irectly

in
cen

tiv
ized

action
s

over
a

tim
e

w
in

d
ow

(t0 ,tf ],
i.e.,

m
in

im
ize

u
(t

0
,t
f

]
E

(N
,P

)(t
0
,t
f

] [
φ

(λ
(tf ))

+

∫
t
f

t
0

`(λ
(s),u

(s))
d
s ]

su
b

ject
to

u
i (t)≥

0
,
∀
t∈

(t0 ,tf ],
i

=
1,...,n

(19)

w
h
ere

u
(t0 ,tf ]

d
en

otes
th

e
con

trol
in

ten
sities
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b
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p
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b
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con
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sin

g
(n

on
d
ecreasin

g)
w

ith
resp

ect
to

th
e

in
ten

sities
λ

(t)
(u

(t)),
w

e
w

ill
trad

e-
o
ff

n
u
m

b
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d
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b
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p
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b
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d
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b
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con
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d
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o
n
s

ta
ke

p
la

ce
.

A
lg

or
it

h
m

3
su

m
m

ar
iz

es
ou

r
m

et
h
o
d
,

w
h
ic

h
w

e
n
am

e
C
h
e
sh

ir
e

(C
ar

ro
ll
,

1
9
1
7
).

W
it

h
in

th
e

al
go

ri
th

m
,

N
ex

tA
ct

io
n

()
re

tu
rn

s
th

e
ti

m
e

of
th

e
n
ex

t
(n

on
d
ir

ec
tl

y
in

ce
n
-

ti
v
iz

ed
)

ac
ti

on
in

th
e

n
et

w
or

k
as

w
el

l
as

th
e

id
en

ti
ty

of
th

e
u
se

r
w

h
o

ta
ke

s
th

e
a
ct

io
n
,

o
n
ce

th
e

ac
ti

on
h
ap

p
en

s,
e
j

is
an

in
d
ic

at
or

ve
ct

or
w

h
er

e
th

e
en

tr
y

co
rr

es
p

on
d
in

g
to

u
se

r
j

is
1,

an
d

S
a
m

p
le

(u
(t

))
sa

m
p
le

s
fr

om
a

m
u
lt

id
im

en
si

on
al

in
h
om

og
en

eo
u
s

P
oi

ss
o
n

p
ro

ce
ss

w
it

h
in

te
n
si

ty
u

(t
)

an
d

it
re

tu
rn

s
b

ot
h

th
e

sa
m

p
le

d
ti

m
e

an
d

d
im

en
si

on
(i

.e
.,

u
se

r)
.

M
o
re

ov
er

,
n
ot

e
th

at
th

e
al

go
ri

th
m

in
it

ia
ll
y

p
la

n
s

a
u
se

r
i

an
d

ti
m

e
τ

fo
r

th
e

n
ex

t
d
ir

ec
tl

y
in

ce
n
ti

v
iz

ed
ac

ti
on

,
h
ow

ev
er

,
if

b
ef

or
e
τ
,

a
n
ew

o
rg

an
ic

ac
ti

on
ta

ke
s

p
la

ce
at
s
<
τ

an
d

th
e

in
te

n
si

ty
λ

(t
)

ch
an

ge
s,

th
en

th
e

al
go

ri
th

m
u
p

d
at

es
th

e
u
se

r
an

d
ti

m
e

fo
r

th
e

n
ex

t
d
ir

ec
tl

y
in

ce
n
ti

v
iz

ed
ac

ti
on

u
si

n
g

th
e

su
p

er
p

os
it

io
n

p
ri

n
ci

p
le

.
T

o
sa

m
p
le

fr
om

a
m

u
lt

id
im

en
si

o
n
a
l

in
h
o
m

o
g
e-

n
eo

u
s

P
oi

ss
on

p
ro

ce
ss

,
th

er
e

ex
is

t
m

u
lt

ip
le

m
et

h
o
d
s

e.
g.

,
re

fe
r

to
L

ew
is

an
d

S
h
ed

le
r

(1
9
7
9)

.
F

in
al

ly
,

n
ot

e
th

at
on

e
ca

n
p
re

co
m

p
u
te

m
os

t
of

th
e

q
u
an

ti
ti

es
th

e
al

go
ri

th
m

n
ee

d
s,

e.
g.

,
li
n
es

2-
3,
B
e
j

in
li
n
e

8,
an

d
S
−

1
B
T
H

(t
)

in
li
n
e

9.
G

iv
en

th
es

e
p
re

co
m

p
u
ta

ti
on

s,
th

e
a
lg

o
ri

th
m

on
ly

n
ee

d
s

to
p

er
fo

rm
O

(n
)

op
er

at
io

n
s

an
d

sa
m

p
le

1
T
N

(t
f
)

ti
m

es
fr

om
an

in
h
o
m

o
g
en

eo
u
s

P
oi

ss
on

p
ro

ce
ss

.

5
.
E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

va
li
d
at

e
R
e
d
Q
u
e
e
n

(A
lg

or
it

h
m

1)
an

d
C
h
e
sh

ir
e

(A
lg

o
ri

th
m

3
)

u
si

n
g

b
ot

h
sy

n
th

et
ic

an
d

re
al

d
at

a
ga

th
er

ed
fr

om
T

w
it

te
r

an
d

co
m

p
ar

e
th

ei
r

p
er

fo
rm

a
n
ce

w
it

h
se

ve
ra

l
st

at
e

of
th

e
ar

t
m

et
h
o
d
s

an
d

co
m

p
et

it
iv

e
b
as

el
in

es
H

e
et

al
.

(2
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(b
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T
im

e
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th
e
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F
ig

u
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2:
O

p
tim

izin
g

for
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e
follow

er.
P

erform
an

ce
of

R
e
d
Q
u
e
e
n

in
com

p
arison

w
ith

th
e

o
ra

cle
a
n
d

th
e

m
eth

o
d

b
y

K
arim

i
et

al.
(2016)

again
st

n
u
m

b
er

of
b
ro

ad
ca

sted
even

ts.
T

h
e

feed
s

cou
n
tin

g
p
ro

cesses
M

(t)
d
u
e

to
oth

er
b
road

casters
are

H
aw

kes
p
ro

cesses
w

ith
γ

0
=

10,
α

=
1

a
n
d
w

=
10.

In
all

cases,
th

e
tim

e
h
orizon

tf −
t0

is
ch

osen
su

ch
th

at
th

e
n
u
m

b
er

of
sto

ries
p

o
sted

b
y

oth
er

b
road

casters
is∼

1000.
E

rror
b
ars

are
to

o
sm

all
to

b
e

seen
.

R
E

D
Q

U
E

E
N

K
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0
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4
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1
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0
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0
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2
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0
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0
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4
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1
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1
4
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1
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1
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1
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1
3

(a)
P

osition
over

tim
e

(b
)

T
im

e
at

th
e

top

F
ig

u
re

3
:

O
p
tim

izin
g

for
m

u
ltip

le
follow

ers.
P

erform
an

ce
of

R
e
d
Q
u
e
e
n

in
com

p
arison

w
ith

th
e

m
eth

o
d

b
y

K
arim

i
et

al.
(2

016)
again

st
n
u
m

b
er

of
follow

ers.
T

h
e

feed
s

cou
n
tin

g
p
ro

cesses
M

(t)
d
u
e

to
oth

er
b
road

casters
follow

p
iecew

ise
con

stan
t

in
ten

sities,
w

h
ere

th
e

in
ten

sity
o
f

ea
ch

follow
er

rem
ain

s
con

stan
t

w
ith

in
each

p
iece,

it
varies

a
s

a
h
alf-sin

u
soid

a
cro

ss
p
ieces

a
n
d

it
starts

w
ith

a
ran

d
om

in
itia

l
p
h
ase.

T
h
e

p
erform

an
ce

of
b

oth
m

eth
o
d
s

stay
s

co
n
sta

n
t

u
p

on
ad

d
ition

of
m

ore
follow

ers.

5
.1

W
h

e
n

-to
-p

o
st

5
.1
.1

E
x
p
e
r
im

e
n
t
s
o
n
sy

n
t
h
e
t
ic

d
a
t
a

E
x
p

e
rim

e
n
ta

l
se

tu
p

.
W

e
evalu

ate
th

e
p

erform
an

ce
v
ia

tw
o

q
u
ality

m
easu

res:
p

osi-
tio

n
over

tim
e,

∫
T0
r
(t)d

t,
an

d
tim

e
at

th
e

top
,

∫
T0
I(r

(t)<
1
)d
t

an
d

com
p
are

th
e

p
erform

an
ce

o
f
R
e
d
Q
u
e
e
n

again
st

th
e

oracle,
d
escrib

ed
in

S
ection

3.3
,

an
d

th
e

m
eth

o
d

b
y

K
a
rim

i
et

al.
(2

0
1
6
),

w
h
ich

,
to

th
e

b
est

of
ou

r
k
n
ow

led
ge,

is
th

e
state

of
th

e
art.

U
n
less

o
th

erw
ise

sta
ted

,
w

e
set

th
e

sig
n
ifi
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s
i (t)

=
1,∀

t,i
an

d
u
se

th
e

p
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q

to
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trol
th

e
n
u
m

b
er
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p

o
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b
y
R
e
d
Q
u
e
e
n

1
0.

O
p
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g
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r

o
n

e
fo

llo
w

e
r.

W
e

fi
rst

ex
p

erim
en

t
w

ith
on

e
b
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an

d
on

e
follow

er
a
g
a
in

st
a
n

in
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g
n
u
m

b
er

of
even

ts
(or

b
u
d
get).

W
e

gen
era

te
th

e
co

u
n
tin

g
p
ro

cesses

1
0
.

T
h

e
ex

p
ected

n
u

m
b

er
o
f

p
o
sts

b
y
R
e
d
Q
u
e
e
n

a
re

a
d

ecrea
sin

g
fu

n
ctio

n
o
f
q
.

H
en

ce,
w

e
ca

n
u
se

b
in

a
ry

sea
rch

to
g
u

ess
q

a
n

d
th

en
u

se
a
v
era

g
in

g
o
v
er

m
u

ltip
le

sim
u

la
tio

n
ru

n
s

to
estim

a
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th
e

n
u

m
b

er
o
f

p
o
sts

m
a
d

e.
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d
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,
D
e
,
U
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d
h
y
a
y
,
R
a
b
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e
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z

R
E

D
Q

U
E

E
N

K
arim

i
0
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0
.5

1
.0

R
E

D
Q

U
E

E
N

K
arim

i
1 2 3

(a)
P

osition
over

tim
e

(b
)

T
im

e
at

th
e

top

F
igu

re
4:

P
erform

an
ce

of
R
e
d
Q
u
e
e
n

an
d

th
e

m
eth

o
d

b
y

K
arim

i
et

al.
(2016

)
for

2000
T

w
itter

u
sers,

p
icked

at
ran

d
om

.
T

h
e

solid
h
orizon

tal
lin

e
(sq

u
are)

sh
ow

s
th

e
m

ed
ian

(m
ean

)
q
u
ality

m
easu

re,
n
orm

alized
w

ith
resp

ect
to

th
e

valu
e

ach
ieved

b
y

th
e

u
sers’

actu
al

tru
e

p
osts,

an
d

th
e

b
ox

lim
its

corresp
on

d
to

th
e

25%
-75%

p
ercen

tiles.

M
(t)

d
u
e

to
oth

er
b
road

casters
u
sin

g
H

aw
k
es

p
ro

cesses,
a
s

d
efi

n
ed

b
y

E
q
.

1.
W

e
p

erform
10

in
d
ep

en
d
en

t
sim

u
lation

ru
n
s

an
d

com
p
u
te

th
e

average
an

d
stan

d
ard

error
(or

stan
d
ard

d
ev

iation
)

of
th

e
q
u
ality

m
easu

res.
F

ig.
2

su
m

m
arizes

th
e

resu
lts,

w
h
ich

sh
ow

th
at

ou
r

m
eth

o
d
:

(i)
con

sisten
tly

ou
tp

erform
s

th
e

m
eth

o
d

b
y

K
arim

i
et

al.
b
y

large
m

argin
s;

(ii)
ach

ieves
at

m
ost

3×
h
igh

er
p

osition
ov

er
tim

e
th

an
th

e
oracle

as
lon

g
as

th
e

b
u
d
get

is
<

30%
of

th
e

p
osted

even
ts

b
y

all
oth

er
b
road

casters;
an

d
,

(iii)
ach

ieves
>

40%
of

th
e

valu
e

of
tim

e
at

th
e

top
th

at
th

e
oracle

ach
ieves.

O
p

tim
iz

in
g

fo
r

m
u

ltip
le

fo
llo

w
e
rs.

N
ex

t,
w

e
ex

p
erim

en
t

w
ith

on
e

b
road

caster
an

d
m

u
ltip

le
follow

ers.
In

th
is

case,
w

e
gen

erate
th

e
cou

n
tin

g
p
ro

cesses
M

(t)
d
u
e

to
oth

er
b
road

casters
u
sin

g
p
iece-w

ise
con

stan
t

in
ten

sity
fu

n
ctio

n
s.

M
ore

sp
ecifi

cally,
w

e
sim

u
late

th
e

feed
s

of
each

follow
er

for
1

d
ay,

u
sin

g
24

1-h
ou

r
lon

g
seg

m
en

ts,
w

h
ere

th
e

rate
of

p
osts

rem
ain

s
con

stan
t

p
er

follow
er

in
each

segm
en

t
an

d
th

e
rate

itself
varies

as
a

h
alf-sin

u
soid

(i.e.,
from

sin
0

to
sin

π
),

w
ith

each
follow

er
startin

g
w

ith
a

ran
d
om

in
itial

p
h
ase.

T
h
is

ex
p

erim
en

tal
setu

p
rep

ro
d
u
ces

volu
m

e
ch

an
ges

th
rou

gh
ou

t
th

e
d
ay

across
follow

ers’
feed

s
in

d
iff

eren
t

tim
e-zon

es
an

d
closely

resem
b
les

th
e

settin
gs

in
p
rev

iou
s

w
ork

(K
arim

i
et

al.,
2016).

T
h
e

total
n
u
m

b
er

of
p

osts
b
y

th
e
R
e
d
Q
u
e
e
n

b
ro

ad
caster

is
kep

t
n
early

co
n
stan

t
an

d
is

u
sed

as
th

e
b
u
d
get

for
th

e
oth

er
b
aselin

es.
A

d
d
ition

ally,
for

K
arim

i’s
m

eth
o
d
,

w
e

p
rov

id
e

as
in

p
u
t

th
e

tru
e

em
p
irical

rate
o
f

tw
eets

p
er

h
ou

r
for

each
u
ser.

H
ere,

w
e

d
o

n
ot

com
p
are

w
ith

th
e

oracle
sin

ce,
d
u
e

to
its

q
u
ad

ratic
com

p
lex

ity,
it

d
o
es

n
ot

scale.

F
igu

re
3

su
m

m
arizes

th
e

resu
lts.

In
term

s
of

p
osition

over
tim

e,
R
e
d
Q
u
e
e
n

ou
tp

erform
s

K
arim

i’s
m

eth
o
d

b
y

a
factor

of
2.

In
term

s
of

tim
e

at
th

e
top

,
R
e
d
Q
u
e
e
n

ach
ieves∼

18%
low

er
valu

es
th

an
K

arim
i’s

m
eth

o
d

for
1-4

follow
ers

b
u
t∼

10%
h
igh

er
valu

es
for

>
5

follow
ers.

A
p

oten
tial

reason
K

arim
i’s

m
eth

o
d

p
erform

s
b

est
in

term
s

of
tim

e
a
t

th
e

top
for

a
low

n
u
m

b
er

of
follow

ers
an

d
p
iecew

ise
con

stan
t

in
ten

sities
is

th
at,

w
h
ile

th
e

n
u
m

b
er

of
follow

ers
is

low
,
th

ere
are

segm
en

ts
w

h
ich

are
clearly

favorab
le

an
d

th
u
s

K
arim

i’s
m

eth
o
d

co
n
cen

trates
p

osts
on

th
ose.

H
ow

ever,
as

th
e

n
u
m

b
er

of
follow

ers
in

creases,
th

ere
are

n
o

clear
favorab

le
segm

en
ts

an
d

ad
van

ce
p
lan

n
in

g
d
o
es

n
ot

give
K

arim
i’s

m
eth

o
d

an
y

ad
van

tage.
O

n
th

e
oth

er
h
an

d
,
R
e
d
Q
u
e
e
n

,
d
u
e

to
its

on
lin

e
n
atu

re,
is

ab
le

to
ad

ap
t

to
tran

sien
t

variation
s

in
th

e
feed

s.

2
0
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in

fo
rm

at
iv

e,
w

e
ob

ta
in

p
ar

am
et

er
es

ti
m

at
es

w
it

h
g
re

a
te

r
ac

cu
ra

cy
,

an
d

al
so

im
p
ro

ve
d

co
m

p
u
ta

ti
on

co
m

p
le

x
it

y
th

an
ex

is
ti

n
g

m
o
m

en
t

b
as

ed
m

ix
tu

re
m

o
d
el

al
go

ri
th

m
s

(e
.g

.
te

n
so

r
m

et
h
o
d
s)

.
W

e
al

so
il
lu

st
ra

te
se

ve
ra

l
n
at

u
ra

l
w

ay
s

o
n
e

ca
n

ob
ta

in
su

ch
si

d
e

in
fo

rm
a
ti

o
n
,

fo
r

sp
ec

ifi
c

p
ro

b
le

m
in

st
a
n
ce

s.
O

u
r

ex
p

er
im

en
ts

o
n

re
a
l

d
at

a
se

ts
(N

Y
T

im
es

,
Y

el
p
,

B
S
D

S
50

0)
fu

rt
h
er

d
em

on
st

ra
te

th
e

p
ra

ct
ic

a
li
ty

of
ou

r
al

go
ri

th
m

s
sh

ow
in

g
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
t

in
ru

n
ti

m
e

a
n
d

ac
cu

ra
cy

.

K
e
y
w

o
rd

s:
m

ix
tu

re
m

o
d
el

s,
se

ar
ch

,
si

d
e

in
fo

rm
at

io
n
,

se
m

i-
su

p
er

v
is

ed
,

m
et

h
o
d

of
m

o-
m

en
ts

1
.

In
tr

o
d
u
ct

io
n

M
ix

tu
re

m
o
d
el

s
d
en

ot
e

th
e

st
at

is
ti

ca
l

se
tt

in
g

w
h
er

e
ob

se
rv

ed
sa

m
p
le

s
ca

n
co

m
e

fr
om

o
n
e

of
se

ve
ra

l
d
is

ti
n
ct

u
n
d
er

ly
in

g
p

op
u
la

ti
on

s—
ea

ch
ty

p
ic

al
ly

w
it

h
it

s
ow

n
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
—

c ©
2
0
1
8
A
v
ik

R
a
y,

J
o
e
N
ee
m
a
n
,
S
u
ja
y
S
a
n
g
h
a
v
i,
a
n
d
S
a
n
ja
y
S
h
a
k
k
o
tt
a
i.

L
ic
en

se
:
C
C
-B

Y
4
.0
,
se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.
A
tt
ri
b
u
ti
o
n
re
q
u
ir
em

en
ts

a
re

p
ro
v
id
ed

a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
4
8
3
.
h
t
m
l
.

JM
L

R
 1

8(
20

6)
:1

-6
1,

 2
01

8

R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

b
u
t

ar
e

n
ot

la
b

el
ed

as
se

p
ar

at
e

in
th

e
d
at

a
p
re

se
n
te

d
.

T
h
ey

h
av

e
b

ee
n

u
se

d
to

m
o
d
el

a
w

id
e

va
ri

et
y

of
p
h
en

om
en

a,
an

d
h
av

e
se

en
gr

ea
t

su
cc

es
s

in
p
ra

ct
ic

e,
go

in
g

b
ac

k
a
s

fa
r

a
s

P
ea

r-
so

n
(1

89
4)

.
In

th
is

p
ap

er
w

e
co

n
si

d
er

(w
h
at

w
e

ca
ll
)

th
e

se
a
rc

h
p

ro
b

le
m

in
th

e
m

ix
tu

re
m

o
d
el

se
tt

in
g:

gi
v
en

so
m

e
sp

ec
ia

l
si

d
e

in
fo

rm
a
ti

o
n

ab
ou

t
on

e
of

th
e

m
ix

tu
re

co
m

p
o
n
en

ts
,

is
it

p
os

si
b
le

to
effi

ci
en

tl
y

le
ar

n
th

e
p
ar

am
et

er
s

of
th

at
co

m
p

on
en

t
on

ly
?

G
iv

en
th

a
t

th
er

e
ar

e
k
n
ow

n
m

et
h
o
d
s

fo
r

le
ar

n
in

g
th

e
en

ti
re

se
t

of
p
ar

am
et

er
s

of
va

ri
ou

s
m

ix
tu

re
m

o
d
el

s,
“e

ffi
ci

en
t”

h
er

e
m

ea
n
s

m
or

e
effi

ci
en

t
(s

ta
ti

st
ic

al
ly

an
d
/o

r
co

m
p
u
ta

ti
on

al
ly

)
th

a
n

ex
is

ti
n
g

m
et

h
o
d
s

fo
r

le
ar

n
in

g
al

l
th

e
p
ar

am
et

er
s.

A
s

an
ex

am
p
le

,
w

e
co

n
si

d
er

th
e

“l
at

en
t

D
ir

ic
h
le

t
al

lo
ca

ti
on

”
m

o
d
el

fo
r

d
o
cu

m
en

t
g
en

er
-

at
io

n
.

In
th

is
m

o
d
el

,
“u

n
d
er

ly
in

g
p

op
u
la

ti
on

”
m

ea
n
s

th
e

se
t

of
to

p
ic

s
in

a
d
o
cu

m
en

t,
w

h
ic

h
d
et

er
m

in
es

th
e

fr
eq

u
en

ci
es

of
d
iff

er
en

t
w

or
d
s

in
th

e
d
o
cu

m
en

t.
“S

id
e

in
fo

rm
a
ti

o
n
”

co
u
ld

b
e

a
w

or
d

th
at

is
m

or
e

co
m

m
on

in
th

e
to

p
ic

of
in

te
re

st
th

an
it

is
in

an
y

o
th

er
to

p
ic

:
fo

r
ex

am
p
le

,
th

e
w

or
d

“s
em

i-
su

p
er

v
is

ed
”

m
ig

h
t

w
or

k
if

th
e

to
p
ic

of
in

te
re

st
is

m
a
ch

in
e

le
a
rn

in
g
.

S
id

e
in

fo
rm

at
io

n
co

u
ld

al
so

co
n
si

st
of

a
sm

al
l

n
u
m

b
er

of
la

b
el

le
d

ex
am

p
le

s.
W

e
m

ig
h
t

h
av

e
a

sm
al

l
co

ll
ec

ti
on

of
d
o
cu

m
en

ts
ab

ou
t

m
ac

h
in

e
le

ar
n
in

g
an

d
al

so
a

m
u
ch

la
rg

er
co

rp
u
s

th
at

in
cl

u
d
es

d
o
cu

m
en

ts
fr

om
m

an
y

to
p
ic

s.
O

u
r

m
et

h
o
d
s

w
il
l

al
lo

w
u
s

to
le

ve
ra

g
e

th
e

la
rg

e,
u
n
la

b
el

le
d

co
rp

u
s

to
ob

ta
in

go
o
d

es
ti

m
at

es
fo

r
w

or
d

fr
eq

u
en

ci
es

in
m

a
ch

in
e

le
a
rn

in
g

ar
ti

cl
es

—
an

d
th

es
e

es
ti

m
at

es
w

il
l

b
e

m
u
ch

b
et

te
r

th
an

an
y
th

in
g

th
at

co
u
ld

b
e

le
a
rn

ed
fr

o
m

th
e

sm
al

l
la

b
el

le
d

sa
m

p
le

.

M
a
in

c
o
n
tr

ib
u

ti
o
n

s:
W

e
p
ro

p
os

e
a

ge
n
er

al
se

tt
in

g
fo

r
si

d
e

in
fo

rm
at

io
n

in
m

ix
tu

re
m

o
d
el

s,
an

d
sh

ow
h
ow

to
so

lv
e

th
e

se
ar

ch
p
ro

b
le

m
b
y

es
ti

m
at

in
g

ce
rt

ai
n

m
a
tr

ic
es

o
f

m
o-

m
en

ts
.

W
e

p
ro

ve
er

ro
r

b
ou

n
d
s

on
th

e
re

su
lt

in
g

es
ti

m
at

es
;
ou

r
ra

te
s

h
av

e
a

sh
a
rp

d
ep

en
d
en

ce
on

th
e

sa
m

p
le

si
ze

(a
lt

h
ou

gh
th

ey
ar

e
p

os
si

b
ly

n
ot

sh
ar

p
in

th
e

ot
h
er

p
ar

am
et

er
s)

.

W
e

th
en

sp
ec

ia
li
ze

ou
r

ap
p
ro

ac
h

to
fo

u
r

p
op

u
la

r
fa

m
il
ie

s
of

m
ix

tu
re

m
o
d
el

s:
G

a
u
ss

ia
n

m
ix

tu
re

m
o
d
el

s
w

it
h

sp
h
er

ic
al

co
va

ri
an

ce
s,

la
te

n
t

D
ir

ic
h
le

t
al

lo
ca

ti
on

fo
r

to
p
ic

m
o
d
el

s,
m

ix
ed

li
n
ea

r
re

gr
es

si
on

,
an

d
su

b
sp

ac
e

cl
u
st

er
in

g.
W

e
gi

ve
co

n
cr

et
e

al
go

ri
th

m
s

fo
r

th
es

e
fo

u
r

fa
m

il
ie

s.
O

u
r

re
su

lt
s

al
so

in
cl

u
d
e

n
ew

m
om

en
t

d
er

iv
at

io
n
s

fo
r

m
ix

ed
li
n
ea

r
re

g
re

ss
io

n
an

d
su

b
sp

ac
e

cl
u
st

er
in

g
m

o
d
el

s.

F
in

al
ly

,
w

e
si

m
u
la

te
ou

r
al

go
ri

th
m

on
b

ot
h

re
al

an
d

sy
n
th

et
ic

d
at

a
se

ts
fo

r
th

e
G

a
u
ss

ia
n

m
ix

tu
re

m
o
d
el

,
to

p
ic

m
o
d
el

,
an

d
su

b
sp

ac
e

cl
u
st

er
in

g
ap

p
li
ca

ti
on

s.
F

or
sy

n
th

et
ic

d
a
ta

se
t

w
e

co
m

p
ar

e
it

s
p

er
fo

rm
an

ce
to

th
e

te
n
so

r
d
ec

om
p

os
it

io
n

m
et

h
o
d
s

d
is

cu
ss

ed
b
y

A
n
a
n
d
k
u
m

ar
et

al
.

(2
01

4)
in

b
ot

h
G

M
M

an
d

L
D

A
m

o
d
el

s,
an

d
k
-m

ea
n
s

fo
r

su
b
sp

ac
e

cl
u
st

er
in

g
.

W
e

sh
ow

th
at

ou
r

m
et

h
o
d
s

ou
tp

er
fo

rm
th

e
b
as

el
in

e
w

h
en

th
e

si
d
e

in
fo

rm
at

io
n

is
in

fo
rm

a
ti

ve
.

W
e

al
so

d
em

on
st

ra
te

th
e

p
ra

ct
ic

al
ap

p
li
ca

b
il
it

y
of

ou
r

al
go

ri
th

m
s

on
th

re
e

re
a
l

d
a
ta

se
ts

—
th

e
N

Y
T

im
es

d
at

a
se

t
of

n
ew

s
ar

ti
cl

es
,

Y
el

p
d
at

a
se

t
of

b
u
si

n
es

s
re

v
ie

w
s,

a
n
d

B
S
D

S
5
0
0

d
at

a
se

t
of

im
ag

es
.

In
th

e
fi
rs

t
tw

o
te

x
t

co
rp

u
s,

w
e

sh
ow

ou
r

al
go

ri
th

m
re

co
v
er

s
m

or
e

co
h
er

en
t

to
p
ic

s
th

an
to

p
ic

m
o
d
el

in
g

al
go

ri
th

m
b
y

A
ro

ra
et

al
.

(2
01

3)
.

In
th

e
B

S
D

S
5
0
0

d
a
ta

se
t,

w
e

d
em

on
st

ra
te

h
ow

ou
r

al
go

ri
th

m
ca

n
b

e
u
se

d
fo

r
p
ar

a
ll
el

im
ag

e
se

g
m

en
ta

ti
o
n
.

In
al

l
th

re
e

ca
se

s,
ou

r
al

go
ri

th
m

al
so

ex
h
ib

it
s

si
gn

ifi
ca

n
t

co
m

p
u
ta

ti
on

al
ga

in
s

ov
er

co
m

p
et

in
g

u
n
su

p
er

v
is

ed
an

d
se

m
i-

su
p

er
v
is

ed
al

go
ri

th
m

s. 2
JM

L
R
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8(

20
6)
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

1
.1

R
e
la

te
d

W
o
rk

T
h
ere

is
a

va
st

literatu
re

on
m

ix
tu

re
m

o
d
els;

to
o

m
u
ch

to
ev

en
su

m
m

arize
h
ere.

W
e

w
ill

th
erefo

re
fo

cu
s

th
is

section
on

tw
o

m
ore

closely
related

areas:
m

eth
o
d

of
m

om
en

ts
estim

ators
fo

r
m

ix
tu

re
m

o
d
els,

an
d

learn
in

g
w

ith
sid

e
in

form
ation

.

M
ix

tu
re

m
o
d

e
ls

a
n

d
m

e
th

o
d

o
f

m
o
m

e
n
ts:

A
co

m
m

on
m

eth
o
d

for
learn

in
g

m
ix

tu
re

m
o
d
els

is
th

e
E

M
algorith

m
of

D
em

p
ster

et
a
l.

(1977),
w

h
ich

ou
tp

u
ts

a
com

p
lete

set
of

m
o
d
el

p
a
ra

m
eters.

H
ow

ever,
E

M
m

ay
con

v
erge

slow
ly

(or
n
ot

at
all)

[R
ed

n
er

an
d

W
alker

1
9
8
4
];

th
is

w
ea

k
n
ess

of
E

M
h
as

sp
u
rred

a
resu

rgen
ce

in
m

eth
o
d
-o

f-m
om

en
ts

estim
ators

for
m

ix
tu

re
m

o
d
els.

A
lth

ou
gh

th
ese

m
eth

o
d
s

go
b
ack

to
th

e
p
ion

eerin
g

w
ork

of
P

earson
(1894)

o
n

G
a
u
ssia

n
m

ix
tu

re
m

o
d
els,

th
e

last
several

years
h
ave

seen
im

p
ortan

t
a
d
va

n
ces.

M
oitra

a
n
d

V
a
lia

n
t

(2
0
10),

an
d

H
ard

t
an

d
P

rice
(2015)

sh
ow

ed
th

at
G

au
ssian

m
ix

tu
re

m
o
d
els

w
ith

tw
o

co
m

p
o
n
en

ts
can

b
e

learn
ed

in
p

oly
n
om

ial
tim

e.
H

su
an

d
K

akad
e

(20
13)

con
sid

ered
m

ix
tu

res
o
f

m
o
re

G
au

ssian
s,

b
u
t

con
strain

ed
to

h
av

e
sp

h
erical

covarian
ces.

T
h
ey

gav
e

a
m

eth
o
d

b
a
sed

on
th

ird
-ord

er
ten

sor
d
ecom

p
osition

s,
w

h
ich

w
as

later
gen

eralized
to

oth
er

m
o
d
els

in
A

n
a
n
d
k
u
m

ar
et

al.
(2014).

L
e
a
rn

in
g

w
ith

sid
e

in
fo

rm
a
tio

n
:

A
s

h
as

b
een

ob
served

m
an

y
tim

es,
often

in
p
ractice

o
n
e

h
a
s

a
ccess

to
a

set
of

d
ata

th
at

is
som

ew
h
at

rich
er

th
an

stan
d
ard

m
o
d
els

of
d
ata

in
lea

rn
in

g
th

eory.
T

h
e

term
sid

e
in

fo
rm

a
tio

n
is

u
sed

a
s

a
catch

-all
for

ex
tra

d
ata

th
at

d
o
esn

’t
fi
t

in
to

p
re-ex

istin
g

m
o
d
els;

as
su

ch
,

th
e

literatu
re

con
tain

s
m

an
y

in
com

p
arab

le
m

o
d
els

of
sid

e
in

fo
rm

a
tio

n
.

X
in

g
et

a
l.

(2002)
an

d
Y

an
g

et
al.

(2010)
to

ok
u
n
su

p
erv

ised
clu

sterin
g

as
th

eir
startin

g
p

o
in

t.
F

o
r

th
em

,
sid

e
in

form
ation

arrived
as

p
airs

of
p

oin
ts

th
at

w
ere

k
n
ow

n
to

b
elon

g
to

th
e

sa
m

e
clu

ster;
th

ey
sh

ow
ed

h
ow

th
is

ex
tra

in
form

atio
n

cou
ld

su
b
stan

tially
im

p
rove

th
e

p
erfo

rm
a
n
ce

of
th

e
k
-m

ean
s

algorith
m

.

K
u
u
sela

a
n
d

O
con

e
(2004)

d
evelop

ed
a

fram
ew

o
rk

for
sid

e
in

form
ation

in
th

e
P

A
C

lea
rn

in
g

m
o
d
el,

in
w

h
ich

ex
tra

sam
p
les

w
ith

a
p
articu

lar
d
ep

en
d
en

ce
on

th
e

origin
al

sam
p
les

co
u
ld

so
m

etim
es

give
a

su
b
stan

tial
b

en
efi

t.

M
a
n
y

d
iff

eren
t

ty
p

es
of

m
etad

ata
h
ave

b
een

p
rop

osed
for

th
e

la
ten

t
D

irich
let

a
lloca

tio
n

(L
D

A
)

m
o
d
el

o
f

d
o
cu

m
en

t
gen

eration
.

M
ca

u
liff

e
an

d
B

lei
(2008)

in
tro

d
u
ced

th
e

su
pervised

L
D

A
m

o
d
el,

in
w

h
ich

each
d
o
cu

m
en

t
com

es
w

ith
an

ad
d
itio

n
al

resp
on

se
va

riab
le

fro
m

a
g
en

eralized
lin

ear
m

o
d
el.

O
n

th
e

oth
er

h
an

d
R

osen
-Z

v
i

et
al.

(2004)
p
rop

osed
th

e
a
u

th
o
r-

to
p
ic

m
od

el,
in

w
h
ich

th
e

m
etad

ata
(au

th
or

n
am

es)
aff

ects
th

e
d
istrib

u
tion

of
th

e
d
o
cu

m
en

ts
th

em
selves.

F
ro

m
a

m
ore

ex
p

erim
en

tal
p

oin
t

of
v
iew

,
L

u
an

d
Z

h
ai

(2008)
u
sed

lon
g,

d
etailed

p
ro

d
u
ct

rev
iew

s
as

sid
e

in
form

ation
for

categorizin
g

sh
ort

sn
ip

p
ets

an
d

b
log

en
tries.

T
h
e

n
o
tio

n
of

sem
i-su

pervised
lea

rn
in

g
(see

th
e

b
o
ok

b
y

C
h
ap

elle
et

al.
(20

06))
is

also
rela

ted
to

o
u
r

fram
ew

ork
of

sid
e

in
form

ation
.

In
sem

i-su
p

erv
ised

learn
in

g,
th

e
learn

er
h
as

a
ccess

to
a

sm
a
ll

n
u
m

b
er

of
lab

elled
ex

am
p
les

an
d

a
large

n
u
m

b
er

of
u
n
lab

elled
ex

am
p
les.

T
h
is

settin
g

is
u
sefu

l
for

u
s

to
o,

alth
ou

gh
ou

r
gen

eral
m

eth
o
d

d
o
es

n
ot

strictly
req

u
ire

d
ata

o
f

th
is

fo
rm

.

2
.

B
a
sic

Id
e
a

a
n
d

A
lg

o
rith

m

W
e

n
ow

fi
rst

b
riefl

y
d
escrib

e
th

e
b
asic

m
ix

tu
re

m
o
d
el

settin
g,

an
d

th
en

d
escrib

e
ou

r
m

eth
o
d
.

T
h
ese

d
escrip

tion
s

cover
several

p
op

u
lar

sp
ecifi

c
ex

am
p
les

for
m

ix
tu

re
m

o
d
els,

an
d

w
e

d
etail

th
e

a
p
p
lica

tio
n

to
each

of
th

em
in

S
ection
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R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

S
e
ttin

g
:

W
e

are
in

terested
in

th
e

stan
d
ard

statistical
settin

g
of

(p
ara

m
etric)

m
ix

tu
re

m
o
d
els:

th
at

is,
sam

p
les

are
d
raw

n
i.i.d

.
from

a
d
istrib

u
tion

f
given

b
y

f
(x

)
=

k
∑i=

1

α
i g

(x
;µ

i ).

H
ere

g
corresp

on
d
s

to
a

k
n
ow

n
p
aram

etric
class

of
d
istrib

u
tio

n
s,

an
d
k

is
th

e
n
u
m

b
er

of
m

ix
tu

re
com

p
on

en
ts.

T
h
e

corresp
on

d
in

g
p
aram

eter
vectors

are
µ
1 ,...,µ

k ,
an

d
th

eir
m

ix
tu

re
w

eigh
ts

/
p
rob

ab
ilities

are
α
1 ,...,α

k .
S
o,

for
ex

am
p
le,

in
th

e
case

of
th

e
stan

d
ard

(sp
h
erical)

G
au

ssian
m

ix
tu

re
m

o
d
el,
g
(x

;µ
i )

is
th

e
G

au
ssian

p
d
fN

(µ
i ,I

).
T

h
u
s

each
sam

p
le

can
b

e
con

sid
ered

to
b

e
d
raw

n
b
y

fi
rst

selectin
g

a
m

ix
tu

re
com

p
on

en
t
µ
i

w
ith

p
rob

ab
ility

α
i ,

an
d

th
en

d
raw

in
g

th
e

sam
p
le
x

accord
in

g
to
g
(x

;µ
i ).

W
e

assu
m

e
all

th
e
µ
i ’s

are
lin

ea
rly

in
d
epen

d
en

t.
T

h
is

is
a

com
m

on
a
ssu

m
p
tion

for
learn

in
g

m
ix

tu
re

m
o
d
els

u
sin

g
sp

ectral
m

eth
o
d
s.

S
e
a
rch

p
ro

b
le

m
:

T
h
e

stan
d
ard

p
aram

eter
estim

ation
p
ro

b
lem

is
to

fi
n
d

all
th

e
µ
i

vectors
giv

en
sam

p
les.

In
th

is
p
ap

er
w

e
are

in
terested

in
th

e
search

p
rob

lem
:

w
e

are
given

sid
e

in
fo

rm
a
tio

n
ab

ou
t

on
e

of
th

e
vectors—

say
µ
1 ,

w
ith

ou
t

loss
of

gen
erality

—
an

d
w

e
w

ou
ld

like
to

recov
er

o
n

ly
µ
1 .

O
f

cou
rse,

w
e

w
ou

ld
like

to
d
o

th
is

w
ith

sam
p
le

an
d

com
p
u
tation

al
com

p
lex

ity
low

er
th

an
w

h
at

w
ou

ld
b

e
req

u
ired

to
estim

a
te

all
p
aram

eter
v
ectors

(i.e.,
low

er
com

p
lex

ity
th

an
th

e
stan

d
ard

case).
S

id
e

in
fo

rm
a
tio

n
:

O
u
r

gen
eral

p
ro

ced
u
re

req
u
ires

th
e

follow
in

g
m

o
d
el

for
sid

e
in

for-
m

ation
:

w
e

assu
m

e
th

at
w

e
h
ave

access
to

a
vector

v
su

ch
th

at
th

e
in

n
er

p
ro

d
u
ct

w
ith

th
e

p
aram

eter
vector

µ
1 —

th
e

sp
ecial

on
e

w
e

a
re

search
in

g
for—

is
h
igh

er
th

an
th

e
in

n
er

p
ro

d
u
ct

w
ith

an
y

of
th

e
oth

er
µ
i ;

i.e.
th

ere
ex

ists
δ
>

0
su

ch
th

at;

〈µ
1 ,v〉≥

(1
+
δ)〈µ

i ,v〉
for

all
i6=

1

S
ection

3
sh

ow
s

h
ow

to
ob

tain
su

ch
sid

e
in

form
ation

in
som

e
sp

ecifi
c

m
o
d
els

of
in

terest:
sp

h
erical

G
au

ssian
m

ix
tu

re
m

o
d
els,

m
ix

ed
lin

ea
r

regression
,

su
b
sp

ace
clu

sterin
g

an
d

th
e

L
D

A
top

ic
m

o
d
el.

W
e

rem
ark

th
at

it’s
also

p
ossib

le
(an

d
p

erh
ap

s
m

ore
in

tu
itive

in
som

e
situ

ation
s)

to
ask

for
sid

e
in

form
ation

satisfy
in

g
|〈µ

1 ,v〉|≥
(1

+
δ)|〈µ

i ,v〉|.
H

ow
ev

er,
ou

r
assu

m
p
tion

ab
ove

is
sligh

tly
w

eaker,
sin

ce
for

an
y
v

satisfy
in

g
th

e
latter

assu
m

p
tion

,
eith

er
v

or−
v

satisfi
es

th
e

form
er

assu
m

p
tion

.
L

ater,
w

e
sh

ow
th

e
ab

ov
e

con
d
ition

is
su

ffi
cien

t
for

u
n
iq

u
ely

id
en

tify
in

g
th

e
req

u
ired

p
aram

eter
µ
1

(b
u
t

it
m

ay
n
ot

b
e

n
ecessary

).
W

e
refer

sid
e

in
form

ation
vector

v
as

in
fo

rm
a
tive

ab
ou

t
µ
1

if
it

satisfi
es

th
e

a
b

ove
con

d
ition

.

2
.1

G
e
n

e
ra

l
P

ro
c
e
d

u
re

T
h
e

m
ain

id
ea

b
eh

in
d

m
eth

o
d

of
m

om
en

ts
is

to
u
se

sa
m

p
les

to
estim

ate
certain

m
om

en
ts

of
th

e
d
istrib

u
tion

f
(x

),
u
sin

g
w

h
ich

w
e

can
recover

th
e

p
aram

eters
of

in
terest.

F
or

m
an

y
m

ix
tu

re
m

o
d
els

(in
clu

d
in

g
th

e
fou

r
com

m
on

ex
am

p
les

w
e

d
etail),

it
is

p
ossib

le
to

easily
an

d
d
irectly

estim
ate

u
sin

g
fi
rst

an
d

secon
d

ord
er

m
om

en
ts,

giv
en

su
ffi

cien
t

sam
p
les,

th
e

vector

m
:=

k
∑i=

1

α
i µ
i .

(1)
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

an
d

th
e

m
at

ri
x

A
:=

k ∑ i=
1

α
iµ
iµ
T i
.

(2
)

F
or

ex
am

p
le

,
in

m
an

y
m

o
d
el

s
th

e
es

ti
m

at
e

of
v
ec

to
r
m

is
si

m
p
ly

th
e

sa
m

p
le

m
ea

n
,

an
d

m
at

ri
x
A

ca
n

b
e

d
er

iv
ed

fr
om

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
.

T
h
e

ex
a
ct

p
ro

ce
d
u
re

fo
r

es
ti

m
at

in
g
m

an
d
A

va
ri

es
ac

co
rd

in
g

to
th

e
p
ar

ti
cu

la
r

p
ar

am
et

ri
c

m
o
d
el
g
.

T
h
e

fa
ct

th
at

m
an

d
A

(a
n
d

al
so

h
ig

h
er

-o
rd

er
te

n
so

rs
)

ca
n

b
e

es
ti

m
at

ed
fr

om
sa

m
p
le

s
is

w
el

l
k
n
ow

n
fo

r
m

an
y

m
o
d
el

s,
se

e
A

n
an

d
k
u
m

ar
et

al
.

(2
01

4)
fo

r
a

tr
ea

tm
en

t
of

se
ve

ra
l

d
iff

er
en

t
m

o
d
el

s,
an

d
fo

r
ot

h
er

p
oi

n
te

rs
to

th
e

li
te

ra
tu

re
.

T
y
p
ic

al
ly

,
al

l
m

ix
tu

re
m

o
d
el

co
m

p
on

en
ts

ca
n
n
ot

b
e

id
en

ti
fi
ed

fr
om

ju
st

th
e

fi
rs

t
an

d
se

co
n
d

or
d
er

m
om

en
ts

(o
r
m

an
d
A

).
It

is
of

te
n

n
ec

es
sa

ry
to

co
m

p
u
te

ev
en

h
ig

h
er

or
d
er

m
om

en
t

te
rm

s.
In

ou
r

se
ar

ch
p
ro

b
le

m
,

gi
ve

n
th

e
si

d
e

in
fo

rm
at

io
n
,
w

e
d

e
v
e
lo

p
p
ro

ce
d
u
re

s
to

es
ti

m
at

e
an

al
te

rn
at

iv
e

m
at

ri
x
B

,
u
si

n
g

h
ig

h
er

or
d
er

m
om

en
ts

,
gi

ve
n

b
y

B
:=

k ∑ i=
1

α
i〈µ

i,
v
〉µ
iµ
T i

(3
)

A
ga

in
,

th
e

ex
ac

t
p
ro

ce
d
u
re

fo
r

es
ti

m
at

in
g
B

fr
om

sa
m

p
le

s
d
ep

en
d
s

on
th

e
p
ar

ti
cu

la
r

p
ar

a-
m

et
ri

c
m

o
d
el
g
.

F
or

th
is

se
ct

io
n
,
w

e
as

su
m

e
w

e
ar

e
ab

le
to

es
ti

m
at

e
A
,B
,m

to
w

it
h
in

so
m

e
ac

cu
ra

cy
.

W
e

w
il
l
u
se

th
e

n
ot

at
io

n
Â
,B̂
,m̂

to
d
en

ot
e

th
es

e
fi
n
it

e
sa

m
p
le

es
ti

m
at

es
of
A
,B
,m

re
sp

ec
ti

ve
ly

,
an

d
n

d
en

ot
es

th
e

n
u
m

b
er

of
sa

m
p
le

s
u
se

d
to

co
m

p
u
te

th
es

e
es

ti
m

at
es

.
W

it
h

th
is

in
h
an

d
,
w

e
ou

tl
in

e
tw

o
ge

n
er

al
p
ro

ce
d
u
re

s
fo

r
es

ti
m

at
in

g
µ
1

(i
.e

.
th

e
co

m
p

on
en

t
th

at
w

e
ar

e
in

te
re

st
ed

in
).

T
h
e

fi
rs

t
p
ro

ce
d
u
re

is
b
as

ed
on

a
w

h
it

en
in

g
st

ep
,

m
u
ch

li
ke

th
e

on
e

th
at

is
u
se

d
in

th
e

sp
ec

tr
al

al
go

ri
th

m
s

in
H

su
an

d
K

ak
ad

e
(2

01
3)

;
A

n
an

d
k
u
m

ar
et

al
.

(2
01

2)
,

an
d

te
n
so

r
d
ec

om
p

os
it

io
n

m
et

h
o
d
s

of
A

n
an

d
k
u
m

ar
et

al
.

(2
01

4)
(p

le
as

e
se

e
re

m
ar

k
s

in
S
ec

ti
on

3
fo

r
th

e
d
iff

er
en

ce
s

fo
r

sp
ec

ifi
c

m
o
d
el

s)
.

T
h
e

se
co

n
d

p
ro

ce
d
u
re

u
se

s
a

li
n
e

se
ar

ch
in

st
ea

d
,

an
d

m
ay

b
e

co
m

p
u
ta

ti
on

al
ly

fa
vo

ra
b
le

w
h
en

k
is

la
rg

e,
b

ec
au

se
it

av
oi

d
s

th
e

n
ee

d
to

in
ve

rt
a

k
×
k

m
at

ri
x
.

B
ot

h
A

lg
or

it
h
m

s
1

a
n
d

2
ta

ke
as

in
p
u
t

th
e

es
ti

m
at

es
Â
,B̂
,m̂

(w
h
er

e
B̂

is
co

n
st

ru
ct

ed
u
si

n
g

si
d
e

in
fo

rm
at

io
n

v
ec

to
r
v
)

an
d

th
ey

ou
tp

u
t

es
ti

m
at

es
of

th
e

fi
rs

t
m

ix
tu

re
co

m
p

on
en

t
µ̂
1
,

an
d

al
so

th
e

p
ro

p
or

ti
on

of
th

e
fi
rs

t
co

m
p

on
en

t
α̂
1
.

2
.1
.1

T
h
e
W

h
it
e
n
in
g

M
e
t
h
o
d

O
u
r

m
ai

n
re

su
lt

ab
ou

t
A

lg
or

it
h
m

1
is

th
at

if
Â

an
d
B̂

ar
e

go
o
d

es
ti

m
at

es
of
A

a
n
d
B

th
en

A
lg

or
it

h
m

1
ou

tp
u
ts

go
o
d

es
ti

m
at

es
fo

r
µ
1

an
d
α
1
.

In
or

d
er

to
in

te
rp

re
t

T
h
eo

re
m

1
as

an
er

ro
r

ra
te

,
n
ot

e
th

at
if

al
l

p
ar

am
et

er
s

b
u
t
ε

ar
e

fi
x
ed

th
en

th
e

er
ro

r
is
O

(ε
).

S
in

ce
st

an
d
ar

d
co

n
ce

n
tr

at
io

n
re

su
lt

s
y
ie

ld
ε

=
O

(n
−
1
/
2
),

w
h
er

e
n

is
th

e
n
u
m

b
er

of
sa

m
p
le

s;
ou

r
er

ro
r

ra
te

in
te

rm
s

of
n

is
al

so
O

(n
−
1
/
2
).

T
h
is

ra
te

is
sh

ar
p
,

si
n
ce

it
is

al
so

th
e

ra
te

fo
r

es
ti

m
at

in
g

th
e

m
ea

n
of

a
si

n
gl

e
G

au
ss

ia
n

v
ec

to
r

(i
.e

.
a

G
M

M
w

it
h

on
ly

on
e

co
m

p
on

en
t)

.

T
h

e
o
re

m
1

S
u

p
po

se
th

a
t
µ
1
,.
..
,µ

k
a
re

li
n

ea
rl

y
in

d
ep

en
d
en

t,
a
n

d
th

a
t
Â

is
po

si
ti

ve
se

m
i-

d
efi

n
it

e.
A

ls
o

su
p
po

se
th

a
t
〈µ

1
,v
〉≥

(1
+
δ)
〈µ
i,
v
〉f

o
r

a
ll
i
6=

1.
A

ss
u

m
e

th
a
t

m
ax
{‖
A
−
Â
‖,
‖B
−
B̂
‖,
‖m
−
m̂
‖}
≤
ε
<
σ
k
(A

)/
4
,
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1,
 2

01
8

R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

A
lg

o
ri

th
m

1
E

x
tr

ac
ti

n
g

a
m

ix
tu

re
co

m
p

on
en

t
fr

om
si

d
e

in
fo

rm
at

io
n
:

th
e

w
h
it

en
in

g
m

et
h
o
d
.

In
p

u
t:
Â
,B̂
,m̂

O
u

tp
u

t:
µ̂
1
,α̂

1

1
:

le
t
{σ

j
,v
j
}

b
e

th
e

si
n
gu

la
r

va
lu

es
an

d
si

n
gu

la
r

ve
ct

or
s

of
Â

,
in

n
on

-i
n
cr

ea
si

n
g

o
rd

er
2
:

le
t
V

b
e

th
e
d
×
k

m
at

ri
x

w
h
os

e
jt

h
co

lu
m

n
is
v j

3
:

le
t
D

b
e

th
e
k
×
k

d
ia

go
n
al

m
at

ri
x

w
it

h
D
jj

=
σ
j

4
:

le
t
u

b
e

th
e

la
rg

es
t

ei
ge

n
ve

ct
or

of
D
−
1
/
2
V
T
B̂
V
D
−
1
/
2

5
:

le
t
w

=
V
D

1
/
2
u

6
:

le
t
E

b
e

th
e

sp
an

of
{V

D
1
/
2
v

:
v
⊥
u
}

7
:

w
ri

te
V
V
T
m̂

(u
n
iq

u
el

y
)

as
a
w

+
y
,

w
h
er

e
y
∈
E

8
:

re
tu

rn
w
/a

an
d
a
2

a
n

d
th

a
t

th
e

ri
gh

t
h
a
n

d
si

d
e

o
f

(4
)

is
a
t

m
o
st
α
1
.

T
h
en

‖µ
1
−
µ̂
1
‖
≤
C
R
|α
−
1
/
2

1
−
α̂
−
1
/
2

1
|+

C

√
σ
1
(A

)
√
α
1

η
,

a
n

d

|α
1
−
α̂
1
|≤

C
√
α
1
(α

1
R

+
η
)

σ
k
(A

)

( η
+
R

ε

σ
k
(A

)
+
ε)

(4
)

w
h
er

e
η

=
εσ

1

δ
σ
5
/
2

k

,
R

=
m

ax
i
‖µ

i‖
,
σ
1
(A

)
≥
··
·≥

σ
k
(A

)
>

0
a
re

th
e

n
o
n

-z
er

o
si

n
gu

la
r

va
lu

es

o
f
A

=
∑

i
α
iµ
iµ
T i

,
a
n

d
C

is
a

u
n

iv
er

sa
l

co
n

st
a
n

t.

O
u
r

er
ro

r
b

ou
n
d
s

ar
e

so
m

ew
h
at

co
m

p
li
ca

te
d
,

an
d

d
ep

en
d

on
m

an
y

d
iff

er
en

t
p
a
ra

m
et

er
s,

so
le

t
u
s

el
ab

or
at

e
on

th
em

sl
ig

h
tl

y.
F

ir
st

of
al

l,
th

e
d
ep

en
d
en

ce
on

σ
1
(A

)
a
n
d
σ
k
(A

)
is

of
th

e
or

d
er
‖µ

1
−
µ̂
1
‖
.
σ
1
(A

)3
/
2
/σ

k
(A

)5
/
2
,

w
h
ic

h
is

p
ro

b
ab

ly
an

ar
ti

fa
ct

o
f

th
e

a
n
a
ly

si
s,

an
d

n
ot

th
e

tr
u
e

b
eh

av
io

r
of

th
e

al
go

ri
th

m
.

O
n

th
e

ot
h
er

h
an

d
,

ou
r

d
ep

en
d
en

ce
o
n
ε

is
op

ti
m

al
:

w
e

h
av

e
|α

1
−
α̂
1
|.

ε
an

d
‖µ

1
−
µ̂
1
‖
.
ε.

N
ot

e
al

so
th

at
ou

r
b

o
u
n
d

h
a
s

n
o

ex
p
li
ci

t
d
ep

en
d
en

ce
on

k
;

th
is

fe
at

u
re

co
m

es
fr

om
th

e
fa

ct
th

at
ou

r
m

et
h
o
d

is
ta

rg
et

ed
a
t

a
si

n
gl

e
m

ix
tu

re
co

m
p

on
en

t.
B

y
co

m
p
ar

is
on

,
ot

h
er

m
et

h
o
d
s

ty
p
ic

al
ly

gi
ve

b
o
u
n
d
s

in
w

h
ic

h
th

e
a
ve

ra
ge

d
p

er
-m

ix
tu

re
-c

om
p

on
en

t
er

ro
r

d
o
es

n
ot

d
ep

en
d

on
k
.

In
te

rm
s

o
f

d
ep

en
d
en

ce
on

k
,

th
er

ef
or

e,
ou

r
b

ou
n
d
s

ar
e

b
et

te
r

th
an

p
re

v
io

u
s

b
ou

n
d
s

if
th

er
e

is
on

ly
o
n
e

co
m

p
o
n
en

t
of

in
te

re
st

.

F
in

al
ly

,
le

t
u
s

re
m

ar
k

on
th

e
as

su
m

p
ti

on
th

at
th

e
ri

gh
t

h
an

d
si

d
e

of
(4

)
is

a
t

m
os

t
α
1
.

T
h
is

am
ou

n
ts

to
an

as
su

m
p
ti

on
th

at
ε

is
su

ffi
ci

en
tl

y
sm

al
l

co
m

p
ar

ed
to

a
ll

th
e

o
th

er
p
ar

am
et

er
s.

W
it

h
ou

t
th

is
as

su
m

p
ti

on
,

th
e

b
ou

n
d

in
(4

)
w

ou
ld

n
ot

b
e

ve
ry

in
te

re
st

in
g
,

si
n
ce

|α
1
−
α̂
1
|≤

α
1

is
to

o
w

ea
k

to
gi

v
e

u
se

fu
l

in
fo

rm
at

io
n

ab
ou

t
α̂
1

(i
t

co
u
ld

ev
en

b
e

ze
ro

).

W
e

d
ef

er
th

e
ac

tu
al

an
al

y
si

s
of

A
lg

or
it

h
m

1
to

th
e

ap
p

en
d
ix

,
b
u
t

w
e

w
il
l

m
o
ti

va
te

th
e

al
go

ri
th

m
an

d
gi

ve
th

e
b
as

ic
id

ea
of

th
e

p
ro

of
b
y

sh
ow

in
g

th
at

if
Â
,B̂

,
an

d
m̂

a
re

eq
u
a
l

to
A
,B

an
d
m

re
sp

ec
ti

ve
ly

th
en

A
lg

or
it

h
m

1
ou

tp
u
ts
µ
1

an
d
α
1

ex
ac

tl
y.

L
e
m

m
a

2
L

et
m

,
A

,
a
n

d
B

be
d
efi

n
ed

by
in

(1
),

(2
),

a
n

d
(3

),
w

h
er

e
µ
1
,.
..
,µ

k
a
re

li
n

ea
rl

y
in

d
ep

en
d
en

t.
If
〈µ

1
,v
〉>
〈µ
i,
v
〉

fo
r

a
ll
i
6=

1
a
n

d
w

e
a
p
p
ly

A
lg

o
ri

th
m

1
to
A

,
B

,
a
n

d
m

,
th

en
it

re
tu

rn
s
µ
1

a
n

d
α
1
.
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

P
ro

o
f

L
et
V

a
n
d
D

b
e

as
d
efi

n
ed

in
A

lgorith
m

1.
S
in

ce
A

h
as

ran
k
k
,

k
∑i=

1

α
i D
−
1
/
2V

T
µ
i µ
Ti
V
D
−
1
/
2

=
D
−
1
/
2V

T
A
V
D
−
1
/
2

=
I
k .

D
efi

n
in

g
u
i

:=
√
α
i D
−
1
/
2V

T
µ
i ,

w
e

h
ave

∑
i u

i u
Ti

=
I
k ,

w
h
ich

im
p
lies

th
at

th
e
u
i

are
o
rth

o
n
o
rm

a
l

in
R
k.

N
ow

,

D
−
1
/
2V

T
B
V
D
−
1
/
2

=
k
∑i=

1

α
i 〈µ

i ,v〉D
−
1
/
2V

T
µ
i µ
Ti
V
D
−
1
/
2

=
k
∑i=

1 〈µ
i ,v〉u

i u
Ti
.

S
in

ce〈µ
1 ,v〉

w
a
s

assu
m

ed
to

b
e

larger
th

an
all

oth
er〈µ

i ,v〉,
it

follow
s

th
at
u
1

is
th

e
largest

eig
en

vecto
r

o
f
D
−
1
/
2V

T
B
V
D
−
1
/
2.

N
ow

,
if
w

=
V
D

1
/
2u

1
th

en
w

=
√
α
1 µ

1 .
N

ow
,

n
o
te

th
at

sin
ce

th
e
µ
i

are
lin

early
in

d
ep

en
d
en

t,
th

ere
is

a
u
n
iq

u
e

w
ay

to
w

rite
m

=
V
V
T
m

=
∑

i α
i µ

1
as
a
w

+
y
,

w
h
ere

y
b

elon
gs

to
th

e
sp

an
of{

µ
2 ,...,µ

k }
(w

h
ich

is
th

e
sa

m
e

a
s

th
e

sp
an

of{
V
D

1
/
2u
i

:
i≥

2}
.

M
oreov

er,
th

e
u
n
iq

u
e

ch
oice

of
a

th
at

allow
s

th
is

rep
resen

tatio
n

m
u
st

satisfy
a
w

=
α
1 µ

1 ,
w

h
ich

im
p
lies

th
at
a

=
√
α
1 .

T
h
erefore,

w
/
a

=
µ
1

a
n
d
a
2

=
α
1 .

T
h
e

p
ro

o
f

o
f

L
em

m
a

2
is

cru
cial

to
u
n
d
erstan

d
in

g
th

e
algo

rith
m

,
an

d
also

th
e

b
road

er
m

essa
g
e

o
f

th
is

article:
if

w
e

can
get

h
old

of
tw

o
d
iff

eren
t

n
orm

alization
s

o
f

som
eth

in
g,

th
en

w
e

ca
n

lea
rn

so
m

eth
in

g
ab

ou
t

it.
In

th
e

p
ro

of
of

L
em

m
a

2,
th

is
h
ap

p
en

s
tw

ice:
fi
rst,

w
e

u
se

th
e

fa
ct

th
a
t
A

an
d
B

con
tain

th
e

sam
e

com
p

on
en

ts
(b

u
t

w
ith

d
iff

erin
g

n
orm

alization
s)

to
ex

tra
ct

th
e

sp
a
n

of
a

sin
gle

com
p

on
en

t
of

in
terest.

T
h
e

d
iff

erin
g

n
orm

alization
is

cru
cial,

b
eca

u
se
A

b
y

itself
d
o
es

n
ot

u
n
iq

u
ely

d
eterm

in
e

th
e

set{µ
1 ,...,µ

k }
,

m
u
ch

less
sin

gle
ou

t
a

sp
ecifi

c
com

p
on

en
t

of
in

terest.
In

th
e

seco
n
d

step
of

L
em

m
a

2,
w

e
k
n
ow
√
α
1 µ

1 ,
w

h
ich

is
n
ot

en
ou

gh
to

d
eterm

in
e

eith
er
α
1

o
r
µ
1 .

H
ow

ever,
w

e
also

h
ave

access
to
m

,
w

h
ich

in
volves

a
con

trib
u
tion

of
α
1 µ

1 .
E

x
p
lo

itin
g

th
e

d
iff

eren
ce

b
etw

een
th

ese
tw

o
n
orm

alization
s,

w
e

recover
b

oth
α
1

a
n
d
µ
1 .

2
.1
.2

T
h
e
C
a
n
c
e
l
l
a
t
io
n
M
e
t
h
o
d

O
u
r

seco
n
d

m
eth

o
d

avoid
s

th
e

m
atrix

in
version

in
A

lgorith
m

1,
p
referrin

g
a

lin
e

sea
rch

in
stea

d
.

In
th

e
a
b

ove
A

lgorith
m

2,
w

e
assu

m
e
〈µ

1 ,v〉
>

0
.

W
h
en

th
is

is
n
ot

th
e

case
an

d
B

is
a

n
eg

a
tive

sem
i-d

efi
n
ite

m
atrix

,
w

e
sim

p
ly

h
ave

to
ch

an
ge

th
e

lin
e

search
step

to
search

fo
r

th
e

sm
a
llest

λ
<

0
su

ch
th

at
V̂
V̂
T

(Â
−
λ
B̂

)V̂
V̂
T

is
P

S
D

.
T

h
eorem

3
sh

ow
s

th
at

w
ith

m
,A
,B

estim
a
ted

u
p

to
O

(ε)
error,

th
e

p
aram

eter
estim

ation
error

in
A

lgorith
m

2
is

also
b

o
u
n
d
ed

a
s
O

(ε).

T
h

e
o
re

m
3

S
u

p
po

se
{µ

1 ,...,µ
k }

a
re

lin
ea

rly
in

d
epen

d
en

t
a
n

d
v

sa
tisfi

es
〈µ

1 ,v〉
≥

(1
+

δ)〈µ
i ,v〉

fo
r

a
ll
i6=

1
.

S
u

p
po

se
th

a
t

m
ax{‖Â

−
A‖,‖B̂

−
B
‖,‖m̂

−
m
‖}

<
ε,

a
n

d
λ
1

:=
1
/〈µ

1 ,v〉.
T

h
en

A
lgo

rith
m

2
retu

rn
s
µ̂
1 ,α̂

1
w

ith

‖
µ̂
1 −

µ
1 ‖

<
C
ε

α
21 a

21 (
σ
1 (A

) (
1

+
α
1 a

1

σ
k−

1 (Z
λ
1 ) )

+
σ
1 (A

)η
3 R

σ
k−

1 (Z
λ
1 ) )

|α̂
1 −

α
1 |

<
C
σ
1 (A

)ε

α
1 a

31

(
η
1

+
η
2 R
η
3

σ
k−

1 (Z
λ
1 ) )
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R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

A
lg

o
rith

m
2

E
x
tractin

g
a

m
ix

tu
re

com
p

on
en

t
from

sid
e

in
form

ation
:

th
e

can
cellation

m
eth

o
d
.

In
p

u
t:
Â
,B̂
,m̂

O
u

tp
u

t:
µ̂
1 ,α̂

1

1
:

let
V̂

b
e

th
e
d×

k
m

atrix
of
k

largest
eigen

vectors
of
Â

;
2
:

search
over

λ
to

fi
n
d

th
e

largest
λ

=
λ
∗

su
ch

th
at
V̂
V̂
T

(Â
−
λ
B̂

)V̂
V̂
T

is
P

S
D

;
3
:

let
Ẑ
λ
∗

=
Â
−
λ
∗B̂
,

an
d

let{v
2 ,...,v

k }
b

e
th

e
top

k−
1

sin
gu

lar
vectors

of
Ẑ
λ
∗

4
:

let
V
1
:(k−

1
)

b
e

th
e
d×

(k−
1)

m
atrix

w
ith

colu
m

n
s{
v
2 ,...,v

k }
5
:

let
x
1

=
m̂
−
V
1
:(k−

1
) V

T1
:(k−

1
) m̂

6
:

let
v
1

=
x
1 /‖

x
1 ‖

7
:

com
p
u
te
c
i

=
v
T1
Â
v
i

for
i

=
1

to
k

8
:

let
a
i

=
c
i /‖x

1 ‖
for

i
=

1
to
k

9
:

retu
rn
µ̂
1

=
∑

ki=
1
a
i v
i

an
d
α̂
1

=
c
1 /a

21

w
h
ere

η
1

:=
m

ax{
α
1 a

1 (2a
1

+
1),20},

η
2

:=
m

ax{α
1 a

21 ,10},
η
3

=
m

ax{1
,λ

1 ,σ
1 (B

)}
,
R

=
m

ax‖
µ
i ‖
,
a
1

=
‖
µ
1 −
∏
V
µ
1 ‖
,

w
h
ere
V

=
spa

n{
µ
2 ,...,µ

k }
,

a
n

d
C

is
a
n

u
n

iversa
l

co
n

sta
n

t.

A
gain

,
w

e
w

ill
d
efer

th
e

actu
al

an
aly

sis
to

th
e

ap
p

en
d
ix

,
an

d
in

stead
sh

ow
th

at
A

lgo-
rith

m
2

retu
rn

s
th

e
ex

act
an

sw
er

w
h
en

fed
ex

act
in

itial
d
ata.

W
e

w
ill

d
o

th
is

in
tw

o
lem

m
as:

L
em

m
as

4
an

d
5.

L
e
m

m
a

4
L

et
Z

=
∑

ki=
1
γ
i µ
i µ
Ti

w
h
ere{µ

1 ,...,µ
k }

a
re

lin
ea

rly
in

d
epen

d
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u
ti

on
µ
1
.

M
a
tr

ic
e
s
A

a
n

d
B

:
L

et
x
1

d
en

ot
e

th
e

ra
n
d
om

ve
ct

or
w

it
h
x
1
(w
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=

1
if
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e

fi
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t
w

or
d

is
w
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an
d
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o
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er
w
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im

il
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d
efi
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3
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n
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g
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n
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ir

d
w
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d
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ec
ti
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∑
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en
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m
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e
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D
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d
is

tr
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u
ti
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y
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s
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e
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ex
p
re
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d
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α
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x
1
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A
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α
0
(α

0
+
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E[
x
1
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T 2
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m
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T

B
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α
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0
+
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+
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,v
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1
x
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0
+
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m
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.
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p
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d
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∑
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b
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p
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b
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µ
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vector
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w
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〈µ

1 ,v〉
>
〈µ
i ,v〉
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1
.
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w
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ab
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1
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e
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ab
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o
se
v

=
e
`

(th
e
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b
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1
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fi
n
d
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b
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o
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con
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d
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0
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b
e
le
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u
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e
d
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t
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p
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+
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ou
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k
)
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ord
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w
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n
d
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v
.
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M
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L
D
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p
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en
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b
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et
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d
iff

eren
ce

w
ith

ou
r
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b
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e

secon
d
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b
y

tak
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a
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d
om
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ro

jection
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en
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A
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con
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to
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m
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m

ore
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d
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h
e

C
an
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n
ot

b
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A
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o
d
el.

3
.3

M
ix

e
d

R
e
g
re

ssio
n

T
h

e
m

o
d

e
l:

In
m

ix
ed

lin
ear

regression
th

e
m

ix
tu

re
sam

p
les

gen
erated

are
of

th
e

form
y

=
〈x
,µ

i 〉
+
ξ,

w
h
ere

x
∼
N

(0,I
)

an
d

n
oise

ξ∼
N

(0,σ
2).

A
s

b
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a
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p
le

is
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u
sin

g
th

e
i-th
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p
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en

t
µ
i ,

w
ith

p
rob

ab
ility

α
i .

W
e

h
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th
e

o
b
servation

s
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,x

)
b
u
t

th
e

p
articu

lar
µ
i

an
d
ξ
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u
n
k
n
ow

n
.

H
en

ce
th

e
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d
ition
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d
en
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g
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,y
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)
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a
m

u
ltiva
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te

G
au

ssian
w

h
ere

x
∼
N

(0,I
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y
∼
N
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i ‖

2
+
σ
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an
d

C
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=
µ
i .

M
a
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e
s
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a
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B

:
T

o
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p
u
te
A

an
d
B

,
w

e
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e
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g
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om
en
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m
o
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d
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A
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C
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y
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N
e
e
m
a
n
,
S
a
n
g
h
a
v
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a
n
d

S
h
a
k
k
o
t
t
a
i

M
1
,1

=
E

[y
x

]
=

k
∑i=

1

α
i µ
i

M
2
,2

=
E

[y
2x
x
T

]
=

2
k
∑i=

1

α
i µ
i µ
Ti

+
k
∑i=

1

α
i (σ

2
+
‖
µ
i ‖

2)I

M
3
,1

=
E

[y
3x

]
=

3
k
∑i=

1

α
i (σ

2
+
‖
µ
i ‖

2)µ
i

M
3
,3

=
E
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3〈x

,v〉x
x
T

]
=

6

k
∑i=

1

α
i 〈µ

i ,v〉µ
i µ
Ti

+
(M

3
,1 v

T
+
v
M

T3
,1

+
〈M

3
,1 ,v〉I )

L
et
τ
2

b
e

th
e

sm
allest

sin
gu

lar
valu

e
of

th
e

m
atrix

M
2
,2 .

T
h
en

w
e

ca
n

com
p
u
te
m
,A
,B

as
follow

s.

m
=

M
1
,1 ,

A
=

12
(M

2
,2 −

τ
2I

)

B
=

16
(M

3
,3 −

(M
3
,1 v

T
+
v
M

T3
,1

+
〈M

3
,1 ,v〉I

))

A
s

in
th

e
p
rev

iou
s

cases
w

ith
fi
n
ite

sam
p
les

th
e

estim
ates

m̂
,Â
,B̂

can
b

e
com

p
u
ted

b
y

tak
in

g
th

eir
em

p
irical

ex
p

ectation
s

e.g.,
M̂

1
,1

=
Ê

[y
x

]
=

1n ∑
ni=

1
ŷ
i x̂
i

a
n
d

so
on

,
w

h
ere

(ŷ
i ,x̂

i )
d
en

ote
th

e
i-th

sam
p
le.

E
x
a
m

p
le

s
o
f
v
:

S
u
p
p

ose
w

e
are

given
a

few
ran

d
om

lab
eled

ex
am

p
les

from
th

e
fi
rst

com
p

on
en

t.
T

h
en

assu
m

in
g
‖µ

1 ‖
2
>
〈µ

1 ,µ
i 〉

+
δ,‖

µ
i ‖

2≤
R
,

sim
ilar

to
th

e
G

M
M

case
w

e
can

estim
ate

a
v

:=
1` ∑

`j=
1
ŷ
j x̂
j

u
sin

g
on

ly
`

=
Ω
(R

4δ −
2

log
k )

lab
eled

sam
p
les

so
th

at
〈µ

1 ,v〉
>
〈µ
i ,v〉

h
old

s
w

ith
h
igh

p
rob

a
b
ility.

R
e
m

a
rk

s:
O

u
r

con
stru

ction
of

th
e

secon
d

m
a
trix

B
is

a
con

seq
u
en

ce
of

so
m

e
n
ew

m
om

en
t

resu
lts

for
th

e
m

ix
ed

lin
ear

regression
m

o
d
el.

W
e

p
resen

t
th

ese
d
etailed

m
om

en
t

d
erivation

s
in

A
p
p

en
d
ix

C
.4.

T
h
is

also
resu

lts
in

im
p
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ed
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p
le

com
p
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ity
b

ou
n
d
s

over
p
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iou
s

m
om

en
t

b
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algorith
m

s
(d
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S
ectio

n
3.5).

3
.4

S
u

b
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a
c
e

C
lu

ste
rin

g

T
h

e
m

o
d

e
l:

B
esid

es
th

e
m

ix
tu

re
p
aram

eters
α
1 ,...,α

k ,
th

e
su

b
sp

ace
clu

sterin
g

m
o
d
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h
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p
aram

eters
U
1 ,...,U
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R
d×
m

an
d
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∈
R

,
w

h
ere
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e

m
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U
1 ,...,U

k
h
ave
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on
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al
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m

n
s.

T
h
e

con
d
ition

al
d
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u
tion

g
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a
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d
a
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G
au

ssian
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p
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th
e
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m
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of
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lu
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d
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en
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en

t
G
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M
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p
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w
e
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p
le

y
∼
N

(0,I
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an
d

set
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=
U
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Ti
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+
ξ,

w
h
ere

ξ∼
N
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is
in

d
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en
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en

t
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.

M
a
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e
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h
e
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d
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b
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b
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r
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6=

1.
W

e
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A
:=
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]−
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=
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α
iU
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:=

E[
〈x
,v
〉2
x
x
T

]
−
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2
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A
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I d
−
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−
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(‖
v
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I d
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v
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p
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p
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p
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h
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p
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d
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p
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p
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m

3
S
u
b
sp

ac
e

cl
u
st

er
in
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b
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b
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b
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w
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b
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:
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b
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p
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b
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w
it

h
th

e
su

b
sp

ac
e

sp
an

n
ed

b
y
U
1

th
an

it
is

w
it

h
an

y
ot

h
er

su
b
sp

ac
e,

an
d

th
e

m
at

ri
ce

s
A
,B

ar
e

es
ti

m
at

ed
w

it
h
in
ε

ac
cu

ra
cy

,
th

en
A

lg
o
ri

th
m

3
ca

n
re

co
ve

r
th

e
re

q
u
ir

ed
su

b
sp

ac
e

w
it

h
a

sm
al

l
er

ro
r.

T
h

e
o
re

m
6

S
u

p
po

se
th

a
t
‖Â
−
A
‖
≤
ε

a
n

d
‖B̂
−
B
‖
≤
ε.

S
u

p
po

se
th

a
t

th
e

si
d
e

in
fo

rm
a
ti

o
n

ve
ct

o
r
v

sa
ti

sfi
es
‖U

iv
‖2
≤

(1
/
3
−
δ)
‖U

1
v
‖2

.
T

h
en

o
u

tp
u

t
Û

o
f

A
lg

o
ri

th
m

3
sa

ti
sfi

es

‖Û
Û
T
−
U
1
U
T 1
‖
≤
C
εα
−
1

1
σ
1
(A

)2
σ
m
k
(A

)−
2
δ−

1
.

W
e

p
ro

ve
T

h
eo

re
m

6
in

A
p
p

en
d
ix

F
.

N
ot

e
th

at
th

e
co

n
d
it

io
n
s

on
v

ca
n

b
e

sa
ti

sfi
ed

if
th

e
sp

ac
es
U
i

sa
ti

sf
y

a
ce

rt
ai

n
affi

n
it

y
co

n
d
it

io
n

an
d

w
e

h
av

e
a

fe
w

la
b

el
le

d
sa

m
p
le

s
fr

om
U
1
.

S
p

ec
ifi

ca
ll
y,

su
p
p

os
e

th
at
〈u
,w
〉<

(
1 √
3
−
η
)‖
u
‖‖
w
‖

fo
r

ev
er

y
u
∈
U
1

an
d
w
∈
U
i,
i
6=

1.

T
h
en

an
y
v
∈
U
1

w
il
l

sa
ti

sf
y

th
e

as
su

m
p
ti

on
of

T
h
eo

re
m

6.
H

en
ce

,
a

si
n
gl

e
la

b
el

le
d

sa
m

p
le

fr
om

U
1

(o
r

se
v
er

al
—

d
ep

en
d
in

g
on

η
—

n
oi

sy
sa

m
p
le

s)
is

en
o
u
gh

to
fi
n
d

a
su

it
ab

le
v
.

R
e
m

a
rk

s:
T

o
th

e
b

es
t

of
ou

r
k
n
ow

le
d
ge

A
lg

or
it

h
m

3
is

th
e

fi
rs

t
m

o
m

en
t

b
as

ed
al

go
-

ri
th

m
fo

r
th

e
su

b
sp

ac
e

cl
u
st

er
in

g
m

o
d
el

.
T

h
e

d
et

ai
le

d
m

om
en

t
d
er

iv
at

io
n
s

ar
e

p
re

se
n
te

d
in

A
p
p

en
d
ix

C
.5

.
A

ls
o

ou
r

ge
n
er

at
iv

e
m

o
d
el

al
lo

w
s

sa
m

p
le

s
to

b
e

n
oi

sy
,

h
en

ce
th

ey
d
o

n
ot

li
e

ex
ac

tl
y

on
th

e
su

b
sp

ac
e

b
u
t

cl
os

e
to

it
.

S
u
ch

a
se

tt
in

g
h
as

n
ot

b
ee

n
co

n
si

d
er

ed
in

m
os

t
su

b
sp

ac
e

cl
u
st

er
in

g
li
te

ra
tu

re
.
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01
8

R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

3
.5

C
o
m

p
a
ri

so
n

In
th

is
se

ct
io

n
w

e
co

m
p
ar

e
th

e
th

eo
re

ti
ca

l
p

er
fo

rm
an

ce
of

th
e

W
h
it

en
in

g
an

d
C

a
n
ce

ll
a
ti

o
n

al
go

ri
th

m
s

w
it

h
ot

h
er

al
go

ri
th

m
s.

B
ot

h
W

h
it

en
in

g
an

d
C

an
ce

ll
at

io
n

a
lg

o
ri

th
m

s
re

q
u
ir

e
es

ti
m

at
in

g
th

e
q
u
an

ti
ti

es
m
,A
,B

b
y

co
m

p
u
ti

n
g

m
om

en
ts

fr
om

th
e

sa
m

p
le

s.
T

h
er

ef
o
re

th
e

sa
m

p
le

co
m

p
le

x
it

y
p
ri

m
ar

il
y

d
ep

en
d
s

on
h
ow

w
el

l
th

es
e

q
u
an

ti
ti

es
co

n
ce

n
tr

at
e.

W
e

co
m

p
u
te

th
e

sp
ec

ifi
c

sa
m

p
le

co
m

p
le

x
it

ie
s

fo
r

ea
ch

m
o
d
el

in
A

p
p

en
d
ix

G
.

F
or

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

ou
r

al
go

ri
th

m
sc

al
es

a
s

Ω̃
(d
ε−

2
lo

g
d
)

si
m

il
ar

to
m

om
en

t
b
as

ed
al

go
ri

th
m

b
y

H
su

an
d

K
a
ka

d
e

(2
0
13

)
an

d
te

n
so

r
d
ec

o
m

p
o
si

ti
o
n

b
as

ed
al

go
ri

th
m

b
y

A
n
an

d
k
u
m

ar
et

al
.
(2

01
4)

.
In

te
rm

s
of

ru
n
ti

m
e

th
e

W
h
it

en
in

g
a
lg

o
ri

th
m

is
fa

st
er

th
an

th
e

te
n
so

r
d
ec

om
p

os
it

io
n

b
as

ed
al

go
ri

th
m

b
y

A
n
an

d
k
u
m

ar
et

a
l.

(2
0
1
4
).

T
h
is

ca
n

b
e

v
ie

w
ed

as
fo

ll
ow

s.
T

h
e

fi
rs

t
st

ep
in

b
ot

h
th

e
al

go
ri

th
m

s
ta

ke
O

(d
2
k
)

ti
m

e
to

co
m

p
u
te

th
e

w
h
it

en
in

g
m

at
ri

x
an

d
in

su
b
se

q
u
en

t
w

h
it

en
in

g
st

ep
s.

H
ow

ev
er

,
co

m
p
u
ti

n
g

th
e

la
rg

es
t

ei
ge

n
ve

ct
or

in
A

lg
or

it
h
m

1
ta

k
es

on
ly
O

(k
2
)

ti
m

e,
fa

st
er

th
an

O
(k

5
lo

g
k
)

ti
m

e
re

q
u
ir

ed
fo

r
ra

n
k
-k

te
n
so

r
p

ow
er

it
er

at
io

n
(w

e
al

so
ve

ri
fy

th
is

in
ou

r
ex

p
er

im
en

ts
in

S
ec

ti
o
n

4
).

In
L

D
A

to
p
ic

m
o
d
el

ou
r

al
go

ri
th

m
s

h
av

e
a

sa
m

p
le

co
m

p
le

x
it

y
of

Ω̃
(ε
−
2

lo
g
d
),

a
g
a
in

si
m

il
ar

to
te

n
so

r
d
ec

om
p

os
it

io
n

b
as

ed
al

go
ri

th
m

b
y

A
n
an

d
k
u
m

ar
et

al
.

(2
0
1
4
),

a
n
d

n
o
n
-

n
eg

at
iv

e
m

at
ri

x
fa

ct
or

iz
at

io
n

(N
M

F
)

b
as

ed
al

go
ri

th
m

b
y

A
ro

ra
et

al
.
(2

01
3)

.
T

h
e

W
h
it

en
in

g
al

go
ri

th
m

ag
ai

n
is

fa
st

er
th

an
te

n
so

r
d
ec

om
p

os
it

io
n

as
ar

gu
ed

fo
r

G
M

M
ca

se
.

T
h
e

N
M

F
b
as

ed
al

go
ri

th
m

u
si

n
g

op
ti

m
iz

at
io

n
b
as

ed
R

ec
ov

er
K

L
/R

ec
ov

er
L

2
p
ro

ce
d
u
re

s
a
ls

o
h
a
s

a
ru

n
ti

m
e

of
O

(d
2
k
)

si
m

il
ar

to
ou

r
al

go
ri

th
m

s
(i

n
S
ec

ti
on

4
ag

ai
n

w
e

ob
se

rv
e

ou
r

a
lg

o
ri

th
m

to
b

e
fa

st
er

in
p
ra

ct
ic

e)
.

T
h
e

sp
ec

tr
al

to
p
ic

m
o
d
el

in
g

a
lg

or
it

h
m

in
A

n
an

d
k
u
m

a
r

et
a
l.

(2
0
1
2
)

al
so

h
as

a
co

m
p
u
ta

ti
on

co
m

p
le

x
it

y
O

(d
2
k
)

si
m

il
ar

to
ou

r
al

g
or

it
h
m

s.
H

ow
ev

er
,

it
s

sa
m

p
le

co
m

p
le

x
it

y
h
as

a
h
ig

h
Ω

(k
5
)

d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
co

m
p

on
en

ts
.

T
h
is

sp
ec

tr
a
l

al
go

ri
th

m
al

so
su

ff
er

fr
om

in
st

ab
il
it

y
in

p
ra

ct
ic

e
d
u
e

to
th

e
ra

n
d
om

p
ro

je
ct

io
n

st
ep

(a
s

n
ot

ed
in

A
n
an

d
k
u
m

ar
et

al
.

20
14

).

In
th

e
ca

se
of

m
ix

ed
li
n
ea

r
re

gr
es

si
on

ag
ai

n
ou

r
m

et
h
o
d

h
as

a
sa

m
p
le

co
m

p
le

x
it

y
of

Ω̃
(d
ε−

2
lo

g
d
)

si
m

il
ar

(u
p
to

lo
g

fa
ct

or
s)

to
th

e
co

n
v
ex

op
ti

m
iz

at
io

n
b
as

ed
ap

p
ro

a
ch

b
y

C
h
en

et
al

.
(2

01
4)

,
al

te
rn

at
in

g
m

in
im

iz
at

io
n

b
as

ed
ap

p
ro

ac
h

b
y

Y
i

et
al

.
(2

01
4)

,
b
u
t

b
et

te
r

th
an

te
n
so

r
d
ec

om
p

os
it

io
n

b
as

ed
m

et
h
o
d

of
S
ed

gh
i

et
al

.
(2

01
6)

w
h
ic

h
h
as

a
sa

m
p
le

co
m

p
le

x
it

y
of

Ω̃
(d

3
ε−

2
).

H
ow

ev
er

u
n
li
ke

th
e

co
n
ve

x
op

ti
m

iz
at

io
n

an
d

al
te

rn
at

in
g

m
in

im
iz

a
ti

o
n

b
a
se

d
te

ch
n
iq

u
es

ou
r

m
et

h
o
d

is
al

so
ap

p
li
ca

b
le

w
h
en

th
e

n
u
m

b
er

of
co

m
p

on
en

ts
k
>

2
.

A
s

a
rg

u
ed

in
G

M
M

ca
se

th
e

W
h
it

en
in

g
al

go
ri

th
m

is
ag

ai
n

fa
st

er
th

an
th

e
te

n
so

r
al

go
ri

th
m

b
y

S
ed

g
h
i

et
al

.
(2

01
6)

.

S
u
b
sp

ac
e

cl
u
st

er
in

g
al

go
ri

th
m

s
li
k
e

gr
ee

d
y

su
b
sp

ac
e

cl
u
st

er
in

g
b
y

P
ar

k
et

a
l.

(2
0
1
4
),

op
ti

m
iz

at
io

n
b
as

ed
al

go
ri

th
m

s
b
y

E
lh

am
if

ar
an

d
V

id
al

(2
00

9)
,

S
ol

ta
n
ol

ko
ta

b
i

a
n
d

C
a
n
d
es

(2
01

2)
,

re
q
u
ir

es
th

e
sa

m
p
le

s
to

ex
ac

tl
y

li
e

on
a

su
b
sp

ac
e.

In
co

n
tr

as
t

ou
r

m
o
m

en
t

b
a
se

d
al

go
ri

th
m

w
or

k
s

ev
en

w
h
en

th
e

sa
m

p
le

s
ar

e
n
oi

sy
an

d
p

er
tu

rb
ed

fr
om

th
e

ac
tu

a
l

su
b
sp

a
ce

.
O

u
r

su
b
sp

ac
e

cl
u
st

er
in

g
al

go
ri

th
m

al
so

h
as

a
sa

m
p
le

co
m

p
le

x
it

y
of

Ω̃
(m
ε−

2
lo

g
d
)

w
h
ic

h
is

si
m

il
ar

(u
p

to
lo

g
fa

ct
or

s)
to

gr
ee

d
y

su
b
sp

ac
e

cl
u
st

er
in

g
al

go
ri

th
m

b
y

P
ar

k
et

a
l.

(2
0
1
4
).

W
e

n
ot

e
th

at
it

is
p

os
si

b
le

to
u
se

ap
p
ro

x
im

at
io

n
m

et
h
o
d
s

li
ke

ra
n
d
om

iz
ed

sv
d

to
fu

r-
th

er
sp

ee
d

u
p

th
e

W
h
it

en
in

g,
C

an
ce

ll
at

io
n

an
d

te
n
so

r
d
ec

om
p

os
it

io
n

b
a
se

d
a
lg

o
ri

th
m

s
b
y

A
n
an

d
k
u
m

ar
et

al
.
(2

01
4)

,
h
ow

ev
er

th
is

w
il
l
re

su
lt

in
d
ec

re
as

ed
ac

cu
ra

cy
in

b
o
th

a
lg

o
ri

th
m

s.
W

e
re

fe
r

to
H

u
an

g
et

al
.

(2
01

5)
fo

r
su

ch
st

o
ch

as
ti

c
op

ti
m

iz
at

io
n
,

an
d

p
ar

al
le

li
za

ti
o
n

te
ch

-
n
iq

u
es

u
se

d
to

sp
ee

d
u
p

th
e

te
n
so

r
al

go
ri

th
m
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

In
a

settin
g

w
h
ere

sid
e

in
form

ation
is

p
rov

id
ed

on
each

of
th

e
k

com
p

on
en

ts,
ob

serv
e

th
a
t

w
e

ca
n

ru
n

th
e

W
h
iten

in
g

algorith
m

in
d
ep

en
d
en

tly
for

each
of

th
e
k

com
p

on
en

ts,
p

o
ssib

ly
in

p
a
rallel.

H
en

ce
w

e
can

recover
all

k
com

p
on

en
ts,

w
ith

ou
t

lo
o
sin

g
th

e
ru

n
tim

e
a
d
va

n
ta

g
e

o
f

th
e

W
h
iten

in
g

algorith
m

.
W

e
d
em

on
strate

th
is

ap
p
lication

on
real

d
ata

set
in

S
ectio

n
4
.2

.
In

term
s

of
th

e
overall

com
p
u
tation

tim
e,

it
can

b
e

sh
ow

n
th

a
t

ru
n
n
in

g
th

e
W

h
iten

in
g

algorith
m

for
all

k
co

m
p

o
n
en

ts
is

still
faster

th
an

th
e

ten
sor

d
ecom

p
osition

b
a
sed

a
lg

orith
m

b
y

A
n
an

d
k
u
m

ar
et

al.
(2014),

w
h
en

k
=

Ω
(n

13d
13).

4
.

E
x
p

e
rim

e
n
ts

In
th

is
sectio

n
w

e
p
resen

t
th

e
em

p
irical

p
erform

an
ce

of
ou

r
W

h
iten

in
g,

C
a
n
cella

tion
,

an
d

S
u
b
sp

a
ce

clu
sterin

g
algorith

m
s.

W
e

con
sid

er
th

ree
of

th
e

settin
gs:

th
e

G
au

ssian
M

ix
tu

re
M

o
d
el

(G
M

M
),

an
d

L
aten

t
D

irich
let

A
llo

cation
(L

D
A

),
an

d
S
u
b
sp

ace
clu

sterin
g,

an
d

vali-
d
a
te

ou
r

a
lg

orith
m

s
on

b
oth

real
an

d
sy

n
th

etic
d
ata

sets.

4
.1

S
y
n
th

e
tic

D
a
ta

S
e
t

F
irst

w
e

co
m

p
a
re

th
e

sam
p
le

com
p
lex

ity
an

d
ru

n
tim

e
of

ou
r

algorith
m

s
w

ith
th

e
rob

u
st

ten
so

r
d
eco

m
p

osition
algorith

m
b
y

A
n
an

d
k
u
m

ar
et

al.
(2014),

w
h
ich

is
b
ased

on
ten

sor
p

ow
er

itera
tio

n
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Û
1

is
th

e
es

ti
m

at
ed

or
th

on
o
rm

a
l

b
a
si

s
fo

r
th

e
ta

rg
et

su
b
sp

ac
e
U
1
,

w
e

co
m

p
u
te

th
e

er
ro

r
as
E

=
‖Û
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Û
T 1
−
U
1
U
T 1
‖/
‖U

1
U
T 1
‖.

F
ig

u
re

5
sh

ow
s

th
at

A
lg

or
it

h
m

3
h
as

a
m

u
ch

b
et

te
r

er
ro

r
p

er
fo

rm
a
n
ce

ov
er

k
-m

ea
n
s.

In
th

e
sp

ee
d
u
p

p
lo

ts
in

F
ig

u
re

6
w

e
al

so
o
b
se

rv
e

th
at

ou
r

su
b
sp

ac
e

se
ar

ch
al

g
o
ri

th
m

is
ov

er
4
X

ti
m

es
fa

st
er

th
an

k
-m

ea
n
s.

4
.2

R
e
a
l

D
a
ta

S
e
ts

T
o
p

ic
M

o
d

e
li
n

g
:

In
th

is
se

ct
io

n
w

e
co

m
p
ar

e
th

e
p

er
fo

rm
an

ce
of

W
h
it

en
in

g
a
lg

o
ri

th
m

w
it

h
a

re
ce

n
t

n
on

-n
eg

at
iv

e
m

at
ri

x
fa

ct
o
ri

za
ti

on
b
as

ed
to

p
ic

m
o
d
el

in
g

al
go

ri
th

m
b
y

A
ro

ra
et

al
.

(2
01

3)
(w

e
re

fe
r

th
is

as
N

M
F

al
go

ri
th

m
),

an
d

al
so

th
e

se
m

i-
su

p
er

v
is

ed
ve

rs
io

n
o
f

th
is

N
M

F
al

go
ri

th
m

(w
e

re
fe

r
to

th
is

as
S
S
-N

M
F

).
W

e
te

st
on

tw
o

re
al

la
rg

e
d
a
ta

se
ts

;
(a

)
N

ew
Y

or
k

T
im

es
n
ew

s
ar

ti
cl

e
d
a
ta

se
t

[U
C

I
20

08
]

(3
00
,0

00
ar

ti
cl

es
)

(b
)

Y
el

p
d
a
ta

se
t

of
b
u
si

n
es

s
re

v
ie

w
s

[Y
el

p
20

14
]

(3
35
,0

2
2

re
v
ie

w
s)

.
W

e
ru

n
b

ot
h

al
go

ri
th

m
s

fo
r
k

=
1
0
0

to
p
ic

s.
F

or
th

is
ex

p
er

im
en

t
w

e
d
o

n
o
t

co
n
si

d
er

th
e

T
P

M
al

g
or

it
h
m

b
y

A
n
an

d
k
u
m

a
r

et
a
l.

(2
01

4)
si

n
ce

it
s

ru
n
ti

m
e

w
it

h
k

=
10

0
to

p
ic

s
b

ec
om

es
ex

tr
em

el
y

la
rg

e
on

th
es

e
d
a
ta

se
ts

.1

1
.

T
o

b
e

m
o
re

p
re

ci
se

,
w

it
h

ju
st

k
=

1
0

to
p

ic
s,

th
e

te
n

so
r

a
lg

o
ri

th
m

ta
k
es

9
0
8

se
co

n
d

s
in

N
Y

T
im

es
d

a
ta

se
t,

co
m

p
a
re

d
to

ju
st

1
8
8

se
co

n
d

s
fo

r
th

e
W

h
it

en
in

g
a
lg

o
ri

th
m

(u
si

n
g

M
A

T
L

A
B

).

18
JM

L
R

 1
8(

20
6)

:1
-6

1,
 2

01
8



T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

S
ubspace C

lustering K
=5, m

=10, d=500, n=6000

1
2

3
4

5

C
om

ponents

0 20 40 60 80

100

Percentage error gain over k-means

 = .1
 = .2

(a
)

S
ubspace C

lustering K
=5, m

=10, d=500, n=8000

1
2

3
4

5

C
om

ponents

0 20 40 60 80

100

Percentage error gain over k-means

 = .1
 = .2

(b
)

S
ubspace C

lustering K
=5, m

=10, d=500, n=10000

1
2

3
4

5

C
om

ponents

0 20 40 60 80

100

Percentage error gain over k-means

 = .1
 = .2

(c)

F
ig

u
re

5:
F

ig
u
re

sh
ow

in
g

th
e

p
ercen

tage
relative

error
gain

b
y

ou
r

su
b
sp

ace
search

al-
g
o
rith

m
(A

lgorith
m

3)
over

k
-m

ean
s

for
5

com
p

on
en

ts
of

in
creasin

g
size,

in
a

su
b
sp

ace
clu

sterin
g

m
o
d
el

w
ith

k
=

5
,m

=
1
0
,d

=
500

,σ
∈
{
.1
,.2}

,
an

d
th

ree
d
iff

eren
t

sam
p
le

com
p
lex

ities
(a)

n
=

6000
(b

)
n

=
8000

(c)
n

=
1
0000

.
O

u
r

alg
o
rith

m
sh

ow
s

m
u
ch

b
etter

error
p

erform
an

ce
th

an
k
-m

ean
s.

1
2

3
4

5

C
o

m
p

o
n

e
n

ts

0

0
.5 1

1
.5 2

2
.5 3

3
.5 4

4
.5

Average speedup over k-means

S
u

b
s

p
a

c
e

 C
lu

s
te

rin
g

 K
=

5
, m

=
1

0
, d

=
5

0
0

, n
=

6
0

0
0

σ
 =

 .1

σ
 =

 .2

(a
)

1
2

3
4

5

C
o

m
p

o
n

e
n

ts

0 1 2 3 4 5 6 7

Average speedup over k-means

S
u

b
s

p
a

c
e

 C
lu

s
te

rin
g

 K
=

5
, m

=
1

0
, d

=
5

0
0

, n
=

8
0

0
0

σ
 =

 .1

σ
 =

 .2

(b
)

1
2

3
4

5

C
o

m
p

o
n

e
n

ts

0 1 2 3 4 5 6 7 8 9

Average speedup over k-means

S
u

b
s

p
a

c
e

 C
lu

s
te

rin
g

 K
=

5
, m

=
1

0
, d

=
5

0
0

, n
=

1
0

0
0

0

σ
 =

 .1

σ
 =

 .2

(c)

F
ig

u
re

6:
F

ig
u
re

sh
ow

in
g

th
e

av
erage

sp
eed

u
p

of
ou

r
su

b
sp

ace
search

algorith
m

(A
lg

orith
m

3
)

over
k
-m

ean
s,

for
5

com
p

on
en

ts
of

in
creasin

g
size,

in
a

su
b
sp

a
ce

clu
sterin

g
m

o
d
el

w
ith

k
=

5,m
=

10,d
=

500,σ
∈
{.1
,.2}

,
an

d
th

ree
d
iff

eren
t

sam
p
le

co
m

p
lex

ities
(a)

n
=

6000
(b

)
n

=
8000

(c)
n

=
1000

0
.

O
u
r

su
b
sp

ace
clu

sterin
g

a
lg

orith
m

sh
ow

s
h
igh

sp
eed

u
p

ov
er

k
-m

ean
s.

In
co

n
tra

st,
th

e
N

M
F

algorith
m

is
k
n
ow

n
to

b
e

faster,
an

d
p
ro

d
u
ce

top
ics

of
com

p
a
rab

le
q
u
a
lity

to
m

o
re

p
op

u
lar

variation
al

in
feren

ce
b
a
sed

algorith
m

s
[B

lei
et

al.
2003].

T
h
e

sid
e

in
fo

rm
a
tio

n
for

th
is

ex
p

erim
en

t
are

ch
osen

as
follow

s.
F

irst
from

th
e

set
of

top
ics

p
ro

d
u
ced

b
y

N
M

F
algorith

m
w

e
ch

o
ose

a
su

b
set

of
in

terp
retab

le
top

ics,
th

en
w

e
ch

o
ose

la
b

eled
w

ord
s

rep
resen

tative
of

th
ese

top
ics.

W
e

test
w

ith
a

set
of

62
lab

eled
w

ord
s

for
N

Y
T

im
es

d
a
ta

set
an

d
54

lab
eled

w
ord

s
for

Y
elp

d
ata

set.
N

ote
th

at
g
iven

lab
eled

w
ord

w
l

th
e

w
h
iten

in
g

a
lgorith

m
p
ro

d
u
ces

on
e

top
ic

d
istrib

u
tion

µ
1 ,

b
u
t

th
e

N
M

F
algorith

m
fi
n
d
s

k
to

p
ics.

T
h
erefore

for
N

M
F

algorith
m

th
e

target
top

ic
i

is
th

e
on

e
w

h
ich

h
as

th
e

h
igh

est
p
ro

b
a
b
ility

o
f

th
e

lab
eled

w
ord

i.e.,
µ
i (w

l ).
F

or
th

e
sem

i-su
p

erv
ised

N
M

F
w

e
fi
rst

com
p
u
te

1
9

JM
L

R
 18(206):1-61, 2018

R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

th
e

w
eigh

ted
w

ord
-w

ord
co-o

ccu
rren

ce
m

atrix
Q
w

w
h
ere

w
e

re-w
eigh

each
d
o
cu

m
en

t
b
y

th
e

n
orm

alized
freq

u
en

cy
of

th
e

lab
eled

w
ord

w
l .

T
h
en

w
e

a
p
p
ly

th
e

N
M

F
algorith

m
[A

rora
et

al.
2013]

on
th

is
w

eigh
ted

m
atrix

Q
w
.

A
ll

th
ree

algorith
m

s
w

ere
im

p
lem

en
ted

in
P

y
th

on
.

P
erfo

rm
a
n

ce
m

etric:
W

e
com

p
are

th
e

q
u
ality

of
th

e
top

ics
retu

rn
ed

b
y

W
h
iten

in
g,

N
M

F
,

an
d

S
S
-N

M
F

algorith
m

s
u
sin

g
th

e
p

oin
tw

ise
m

u
tu

al
in

form
ation

(P
M

I)
score,

k
n
ow

n
to

b
e

a
go

o
d

m
etric

for
top

ic
coh

eren
ce

[N
ew

m
an

et
al.

2010
;
R

ö
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=
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T
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U
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T
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T
U
i U
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y
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T

=
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i U
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i U

Ti
+
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ξ
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+
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x
T
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i U
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T
U
i U
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i U
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T
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U
i U
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y
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i U
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ξ
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]

+
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[(v
T
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T
U
i U
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y
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T
U
i U

Ti
] )

=
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+
T
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+
T
3

+
T
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T
5
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k ∑ i=
1

α
iE

[v
T
ξξ
T
v
]E

[U
iU

T i
y
y
T
U
iU

T i
]

=
σ
2
‖v
‖2
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U
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T i
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iU
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U
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T i
y
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y
]
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=
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−
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p
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‖
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‖
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σ
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b
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b
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b
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b
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T

an
d
V
T
V

=
V̂
T
V̂

=
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T
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p
ti

o
n
s

o
f

T
h
eo

re
m

1;
in

p
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b
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‖
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‖
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p
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‖‖
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p
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p
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b
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p
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p
ly

p
ro

ve
T

h
eo

re
m

1
u
n
d
er

th
e

as
su

m
p
ti

on
‖B
‖
≤
‖A
‖.

O
u
r

b
as

ic
to

ol
is

W
ed

in
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w
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p
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Ŵ

T
V
V
T‖

=
‖P

Â≤
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sin

ce
‖
D
−
1
/
2‖

=
σ
−
1
/
2

k
,

‖
B
‖
≤
σ
1 ,

an
d
‖
V̂
‖,‖V

‖
,‖
V
T‖

=
1,

‖O
M
O
T
−
D
−
1
/
2V̂

T
B
V̂
D
−
1
/
2‖
≤

8εσ
1

σ
2k

N
ex

t,
w

e
w

ill
rep

lace
B

b
y
B̂

in
th

e
ab

ove
in

eq
u
ality.

S
in

ce
‖
V̂
‖

=
‖
V̂
T‖

=
1

an
d

‖
D
−
1
/
2‖

=
σ
−
1
/
2

k
,

‖D
−
1
/
2V̂

T
B
V̂
D
−
1
/
2−

D
−
1
/
2V̂

T
B̂
V̂
D
−
1
/
2‖

=
‖D
−
1
/
2V̂

T
(B
−
B̂

)V̂
D
−
1
/
2‖

≤
σ
−
1

k
‖B
−
B̂
‖
≤

εσ
k
.

P
u
ttin

g
th

is
togeth

er
w

ith
th

e
p
rev

iou
s

b
ou

n
d

y
ield

s

‖O
M
O
T
−
D
−
1
/
2V̂

T
B̂
V̂
D
−
1
/
2‖
≤

εσ
k

+
8
εσ

1

σ
2k

(8)

It
rem

ain
s

to
relate

D
−
1
/
2V̂

T
B̂
V̂
D
−
1
/
2

to
M̂

(w
h
ich

is
th

e
sam

e,
b
u
t

w
ith

D̂
in

stead
of

D
).

N
ow

,
W

ey
l’s

in
eq

u
ality

im
p
lies

th
at

‖
D
−
1
/
2−

D̂
−
1
/
2‖
≤
σ
−
1
/
2

k
−

(σ
k −

ε) −
1
/
2≤

εσ
−
3
/
2

k
,

w
h
ere

th
e

secon
d

in
eq

u
ality

follow
s

fro
m

a
fi
rst-o

rd
er

T
ay

lor
ex

p
an

sion
an

d
th

e
fact

th
at

ε≤
σ
k /2.

H
en

ce,

‖D
−
1
/
2V̂

T
B̂
V̂
D
−
1
/
2−

M̂
‖
≤
‖
D
−
1
/
2−

D̂
−
1
/
2‖‖

V̂
T
B̂
V̂
D
−
1
/
2‖

+
‖
D̂
−
1
/
2V̂

T
B̂
V̂
‖‖D

−
1
/
2−

D̂
−
1
/
2‖

≤
4εσ

1 σ
−
2

k
.
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
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r
e
M
o
d
e
l
s

C
om

b
in

in
g

th
is

w
it

h
(8

)
an

d
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y,

w
e

h
av

e

‖O
M
O
T
−
M̂
‖

=
ε σ
k

+
12
εσ

1

σ
2 k

≤
C
εσ

1

σ
2 k

.

S
in

ce
O

is
al

m
os

t
an

is
om

et
ry

,
it

fo
ll
ow

s
th

at
th

er
e

is
an

or
th

og
on

al
m

at
ri

x
Õ

th
at

is
cl

os
e

to
O

(f
or

ex
am

p
le

,
if
U
D
V
T

=
O

is
an

S
V

D
,

le
t
Õ

=
U
V
T

).
In

th
is

w
ay

,
w

e
m

ay
fi
n
d

an
or

th
og

on
al
Õ

su
ch

th
at

‖O
−
Õ
‖
≤

1
−
√

1
−

16
ε2

σ
2 k

≤
16
ε2

σ
2 k

.

N
ow

le
t
u

b
e

th
e

to
p

ei
ge

n
ve

ct
or

of
M

an
d

le
t
u
O

b
e

th
e

to
p

ei
ge

n
ve

ct
or

of
O
M
O
T

.
T

h
en

Õ
u

is
th

e
to

p
ei

ge
n
ve

ct
or

of
Õ
M
Õ
T

.
T

h
e

tr
ia

n
gl

e
in

eq
u
al

it
y

im
p
li
es

th
at

‖O
M
O
T
−
Õ
M
Õ
T
‖
≤

2‖
M
‖‖
O
−
Õ
‖
≤

3
2ε

2

σ
2 k

‖M
‖.

O
n

th
e

ot
h
er

h
an

d
,
M

w
as

as
su

m
ed

to
h
av

e
a

sp
ec

tr
al

ga
p

of
δ‖
M
‖.

B
y

W
ed

in
’s

th
eo

re
m

,
it

fo
ll
ow

s
th

at

‖u
−
Õ
T
u
O
‖

=
‖Õ
u
−
u
O
‖
≤

6
4ε

2

δσ
2 k

.

F
in

al
ly

,
le

t
û

b
e

th
e

to
p

ei
ge

n
ve

ct
or

of
M̂

.
B

y
L

em
m

a
17

an
d

W
ed

in
’s

th
eo

re
m

,

‖û
−
u
O
‖
≤
C
εσ

1

δσ
2 k

.

T
h
en

‖O
u
−
û
‖
≤
‖O
−
Õ
‖+
‖Õ
u
−
ĥ
‖
≤
C

m
ax

{
εσ

1

δσ
2 k

,
ε2 δσ

2 k

}
≤
C
εσ

1

δσ
2 k

,
(9

)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
b

ec
au

se
ε
≤
σ
k
/2
≤
σ
1
/
2.

N
ex

t,
w

e
u
n
p
ac

k
O

.
W

ey
l’
s

in
eq

u
al

it
y

im
p
li
es

th
at

‖D
−
1
/
2
−
D̂
−
1
/
2
‖
≤
σ
−
1
/
2

k
−

(σ
k
−
ε)
−
1
/
2
≤
εσ
−
3
/
2

k
,

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
a

fi
rs

t-
or

d
er

T
ay

lo
r

ex
p
an

si
on

an
d

th
e

fa
ct

th
at

ε
≤
σ
k
/4

.
H

en
ce

, ‖O
−
D̂
−
1
/
2
V̂
T
V
D

1
/
2
‖
≤
‖D

1
/
2
‖‖
D
−
1
/
2
−
D̂
−
1
/
2
‖
≤
ε√
σ
1

σ
3
/
2

k

.

T
h
e

ri
gh

t
h
an

d
si

d
e

is
sm

al
le

r
th

an
εσ

1

σ
2 k

,
an

d
so

w
e

m
ay

p
lu

g
it

in
to

(9
)

to
o
b
ta

in

‖D̂
−
1
/
2
V̂
T
V
D

1
/
2
u
−
û
‖
≤
C
εσ

1

δσ
2 k

.
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R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

F
in

al
ly

,
(a

ga
in

b
ec

au
se
ε
≤
σ
k
/
2)

,
‖D̂
−
1
/
2
‖
≤

(σ
k
/2

)−
1
/
2
,

an
d

so

‖V
D

1
/
2
u
−
V̂
D̂

1
/
2
û
‖
≤
C
εσ

1

δσ
5
/
2

k

.
(1

0
)

S
et

ti
n
g
w

=
V
D

1
/
2
u

an
d
ŵ

=
V̂
D̂

1
/
2
û

an
d

co
m

p
ar

in
g

th
is

to
th

e
se

tt
in

g
of

A
lg

o
ri

th
m

1
,
(1

0
)

sh
ow

s
th

at
th

e
fi
n
it

e-
sa

m
p
le

al
go

ri
th

m
ge

ts
al

m
os

t
th

e
sa

m
e
w

as
th

e
in

fi
n
it

e-
sa

m
p
le

ve
rs

io
n
.

It
re

m
ai

n
s

to
ch

ec
k

th
e

la
st

fe
w

li
n
es

of
A

lg
or

it
h
m

1;
i.
e.

,
to

se
e

th
at

w
e

re
co

ve
r

th
e

ri
gh

t
sc

al
in

g
of
w

.

L
e
m

m
a

1
8

L
et
M

be
a

sy
m

m
et

ri
c

m
a
tr

ix
o
f

ra
n

k
k
−

1
a
n

d
le

t
E

be
th

e
sp

a
n

o
f

it
s

co
lu

m
n

s.
T

h
en
‖w
‖d

is
t(
w
,E

)
≥
σ
k
(M

+
w
w
T

).

P
ro

o
f

It
su

ffi
ce

s
to

co
n
si

d
er

th
e

ca
se
‖w
‖

=
1

(f
or

a
ge

n
er

al
w

,
ap

p
ly

th
e

sp
ec

ia
l

ca
se

of
th

e
le

m
m

a
to
w
/‖
w
‖

an
d
M
/
‖w
‖2

).
L

et
P
E

d
en

ot
e

th
e

or
th

og
on

al
p
ro

je
ct

io
n

o
n
to
E

,
an

d
n
ot

e
th

at
‖w
−
P
E
w
‖

=
d
is

t(
w
,E

)
L

et
F

=
sp

an
{E
,w
}.

S
in

ce
F

h
a
s

d
im

en
si

o
n

k
an

d
y
∈
F
⊥

im
p
li
es
‖(
M

+
w
w
T

)y
‖

=
0
,

it
su

ffi
ce

s
to

fi
n
d

so
m

e
y
∈
F

su
ch

th
a
t

‖(
M

+
w
w
T

)y
‖
≤

d
is

t(
w
,E

)‖
y
‖.

C
h
o
os

e
y

=
w
−
P
E
w

.
T

h
en

M
y

=
0

a
n
d

so

‖(
M

+
w
w
T

)y
‖

=
|w

T
y
|=
‖w
−
P
E
w
‖2

=
d
is

t(
w
,E

)‖
y
‖.

L
e
m

m
a

1
9

L
et
E

be
a

su
bs

pa
ce

a
n

d
ta

ke
w
6∈
E

.
F

o
r
x
∈

sp
an
{E
,w
},

le
t
a
(x

)
∈
R

be
th

e
u

n
iq

u
e

so
lu

ti
o
n

to
x

=
a
w

+
e,
e
∈
E

.
T

h
en
|a

(x
)
−
a
(y

)|
≤
‖x
−
y
‖/

d
is

t(
w
,E

).

P
ro

o
f

G
iv

en
x
,y
∈

sp
an
{E
,w
},

w
e

ca
n

w
ri

te
x
−
y

=
(a

(x
)
−
a
(y

))
w

+
e,

w
h
er

e
e
∈
E

.
It

fo
ll
ow

s
th

at

‖x
−
y
‖

=
‖(
a
(x

)
−
a
(y

))
w

+
e‖
≥

in
f

e∈
E
‖(
a
(x

)
−
a
(y

))
w

+
e‖

=
|a

(x
)
−
a
(y

)|
d
is

t(
w
,E

).

F
in

al
ly

,
w

e
ap

p
ly

th
e

p
re

ce
d
in

g
tw

o
le

m
m

as
to

sh
ow

th
at
α̂
1

is
ac

cu
ra

te
in

A
lg

o
ri

th
m

1
.

T
og

et
h
er

w
it

h
(1

0)
(w

h
os

e
ri

gh
t

h
an

d
si

d
e

p
ro

v
id

es
th

e
va

lu
e

of
η

th
at

w
e

w
il
l

u
se

),
th

is
co

m
p
le

te
s

th
e

p
ro

of
of

T
h
eo

re
m

1.

L
e
m

m
a

2
0

L
et
m

=
∑

i
α
iµ
i.

If
‖Â
−
A
‖
≤
ε,
‖m̂
−
m
‖
≤
ε

a
n

d
‖ŵ
−
√
α
1
µ
1
‖
≤
η

th
en

|α̂
1
−
α
1
|≤

C
√
α
1
|α

1
R

+
η
|

σ
k

( η
+
R
ε σ
k

+
ε)

,

w
h
er

e
R

=
m

ax
i
‖µ

i‖
,

p
ro

vi
d
ed

th
a
t

th
e

ri
gh

t
h
a
n

d
si

d
e

a
bo

ve
is

a
t

m
o
st
α
1
.
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T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

P
ro

o
f

B
y

W
ed

in
’s

th
eorem

,

‖V
V
T
−
V̂
V̂
T‖
≤

2‖
Â
−
A‖

σ
k −
‖
Â
−
A‖
≤

4
εσ
k

if
ε≤

σ
k /2.

H
en

ce,

‖m
−
V̂
V̂
T
m̂
‖

=
‖
V
V
T
m
−
V̂
V̂
T
m̂
‖

≤
‖
(V
V
T
−
V̂
V̂
T

)m
‖

+
‖
V̂
V̂
T

(m
−
m̂

)‖
≤

4
εσ
k ‖m
‖

+
ε.

N
ow

,
let

y
=
√
α
1 ŵ

+
V̂
V̂
T
∑

ki=
2
α
i µ
i .

T
h
en

‖
m
−
y‖
≤
√
α
1 ‖ŵ
−
√
α
1 µ

1 ‖
+

∥∥∥∥∥
k
∑i=

2

α
i (µ

i −
V̂
V̂
T
µ
i ) ∥∥∥∥∥

≤
η

+
m

ax
i
‖µ

i ‖‖V
V
T
−
V̂
V̂
T‖

≤
η

+
4

m
ax
i
‖
µ
i ‖
εσ
k
.

D
efi

n
in

g
R

=
m

ax
i ‖
µ
i ‖

,
w

e
h
ave

‖
y−

V̂
V̂
T
m̂
‖
≤
η

+
8
R
εσ
k

+
ε.

N
ow

,
let

Ê
b

e
th

e
sp

an
of{

V̂
D̂

1
/
2v

:
v
∈
R
k,v
⊥
û},

an
d

n
ote

th
at
Ê

m
ay

also
b

e
w

ritten
as

th
e

co
lu

m
n

sp
a
ce

of
V̂
D̂

1
/
2(I

k −
û
û
T

)D̂
1
/
2V̂

T
=
V̂
D̂
V̂
T−

ŵ
ŵ
T

.
S
in

ce
V̂
D̂

1
/
2

is
in

jective,
Ê

h
a
s

d
im

en
sio

n
k−

1
an

d
d
o
es

n
ot

con
tain

ŵ
=
V̂
D̂

1
/
2û

.
H

en
ce,

y
=
√
α
1 ŵ

+
e

is
th

e
u
n
iq

u
e

w
ay

to
d
eco

m
p

ose
y

in
sp

an{ŵ}⊕
Ê

.
If

w
e

d
efi

n
e
a

b
y

th
e

d
ecom

p
osition

m̂
=
a
ŵ

+
e

th
en

L
em

m
a

1
9

im
p
lies

|a−
√
α
1 |
≤
‖
y−

m̂
‖
/

d
ist(ŵ

,Ê
)

≤
1

d
ist(ŵ

,Ê
) (

η
+

8
R
εσ
k

+
ε )

.

O
n

th
e

o
th

er
h
an

d
,

L
em

m
a

18
ap

p
lied

to
V̂
D̂
V̂
T
−
ŵ
ŵ
T

an
d
ŵ

im
p
lies

(b
ecau

se
th

e
k
th

sin
g
u
la

r
valu

e
of
V̂
D̂
V̂
T
≥
σ
k −

ε≥
σ
k /

2)
th

at‖
ŵ‖

d
ist(ŵ

,Ê
)≥

σ
k /

2.
T

h
erefo

re,

|a−
√
α
1 |≤

2‖
ŵ‖
σ
k

(
η

+
8
R
εσ
k

+
ε )
≤

2(α
1 ‖
µ
1 ‖

+
η
)

σ
k

(
η

+
8
R
εσ
k

+
ε )

.

F
in

a
lly,

n
o
te

th
at|α̂

1 −
α
1 |

=
|a

2−
α
1 |

=
|a
−
√
α
1 |(a

+
√
α
1 ).

W
e

con
sid

er
tw

o
cases:

if
a
≤
C
√
α
1

th
en
|α̂

1 −
α
1 |≤

(1
+
C

) √
α
1 |a−

√
α
1 |,

w
h
ich

com
p
letes

th
e

p
ro

of.
In

th
e

oth
er

ca
se,

w
e

h
ave

|α̂
1 −

α
1 |∼

α̂
1 ≤

C
√
α̂
1 |a−

√
α
1 |,

w
h
ich

im
p
lies

th
at

|α̂
1 −

α
1 |≤

C
|a−

√
α
1 | 2
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R
a
y
,
N
e
e
m
a
n
,
S
a
n
g
h
a
v
i,
a
n
d

S
h
a
k
k
o
t
t
a
i

for
som

e
oth

er
con

stan
t
C

.
T

h
is

im
p
lies

|α̂
1 −

α
1 |≤

C

[
(α

1 R
+
η
)

σ
k

(
η

+
R
εσ
k

+
ε )]

2≤
C
√
α
1 [

(α
1 R

+
η
)

σ
k

(
η

+
R
εσ
k

+
ε )]

,

w
h
ere

th
e

secon
d

in
eq

u
ality

com
es

from
th

e
assu

m
p
tion

th
at

th
e

righ
t

h
an

d
sid

e
in

th
e

lem
m

a
is

b
ou

n
d
ed

b
y
α
1 .

A
s

w
e

p
oin

ted
ou

t
in

S
ection

2,
sp

ectral
algorith

m
s

sim
ilar

to
A

lgorith
m

1
h
as

b
een

p
rop

osed
b

efore
for

G
M

M
[H

su
an

d
K
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(Ẑ
′ λ)
≤
a
′ 1
[(
α
1

+
ε)
−
λ

(w
1
α
1
−
ε)

]
≤
a
′ 1
[(
α
1

+
ε)
−
λ
2
(w

1
α
1
−
ε)

]
=

0

T
h
er

ef
or

e,
w

h
en

λ
>
λ
2

=
α
1
+
ε

α
1
w

1
−
ε
,
Ẑ
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ṽ k
,λ
,µ

i〉|
2
>

0
.

N
ow

u
si

n
g

th
e

lo
w

er
b

ou
n
d

of
W

ey
l’
s

in
eq

u
al

it
y, σ̃
k
(Ẑ
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‖Ẑ

λ
∗
−
Z
λ
1
‖
≤
ε 2
.

U
n
d
er

th
e

a
ss

u
m

p
ti

on
s

w
e

h
av

e
u
si

n
g

L
em

m
a

23
‖x̂

1
−
x
1
‖
<
ε 3

=
2ε

+
4
ε 2
R

σ
k
−
1
(Z
λ
1
)
,
‖v̂

1
−
v 1
‖
<
ε 4

=
2
ε 3

α
1
a
1
.

A
ls

o
fr

om
L

em
m

a
24

w
e

h
av

e
‖V̂

V̂
T
Â
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|â

1
−
a
1
|

|α
1
−
α̂
1
|
≤

1 â
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w
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∑
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u
a
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C
o
n
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n
y
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a
n{
v
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b
e

w
ritten
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s
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V
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1
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1
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1

1
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1
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Z
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u
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g
eq
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w
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V
1
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1
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−
1

1
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1
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T
h
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p
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a
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⊆
V
Z
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(27)

T
h
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m
b
in
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g

eq
u
ation

s
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),(27)
w

e
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a
n{v
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V
Z
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n{
µ
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k }
(28)

N
o
te
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a
t

b
o
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e
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ector

sp
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a
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v
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d
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−
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T
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eq
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=
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p
lies{v

2 ,...,v
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b
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m
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eigen

vectors
of

th
e

w
h
iten

ed
m

atrix
B

ca
n

b
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h
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u
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a
t
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>

0
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1 v‖

2
fo

r
a
ll

i6=
1
.
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e

m
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p
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o
f
R
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T
B
V
D
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1
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d
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V
D
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n
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f
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.

T
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U
1 v‖
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e
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Ũ
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Ũ
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Ũ
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e
w

h
iten

ed
B

m
atrix

.
U

sin
g

T
h
eorem

13,

D
−
1
/
2V

T
B
V
D
−
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Ti
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2
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Ũ
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U
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2
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Ũ
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Ũ
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Ũ
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Ũ
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∑i=

1

Ṽ
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p
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Ũ
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O
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T
h
en
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Z
=
V
D

1
/
2Y

=
V
D

1
/
2Ũ

i O
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α
1 U

1 O

T
h
is
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roves

th
e

fi
rst

statem
en

t
th

atZ
,
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secon
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eq
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e
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m
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1
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=
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U
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Â
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<
ε
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σ
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Ŵ
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(Ŵ
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Ŵ
w

h
iten

s
Â
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Ŵ
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Ŵ
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Ŵ
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Ŵ
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‖Ŵ

T
(Â
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‖Ŵ
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Ŵ
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Ŵ
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+
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(Ŵ
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2
ε/σ

m
k (A

))).
T

h
en

,

5
2

JM
L

R
 18(206):1-61, 2018



T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

(I
k
−

(Ŵ
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(Ŵ
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(Ŵ
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Ŵ

)−
1

I k
−

(Ŵ
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(Ŵ
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Ŵ

)−
1
) (I

k
+

(Ŵ
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(Ŵ
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−
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≤
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p
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‖
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Ŵ
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D
efi
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(Ŵ
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‖Ŵ
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W
e
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(Ŵ
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Ŵ
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(Ŵ
T
A
Ŵ
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‖Ŵ
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(Ŵ
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(Ŵ
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‖
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=
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a
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.

L
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m
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3
0

L
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m
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{‖
Â
−
A
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−
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a
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m
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1
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m
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(Ŵ
T
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e
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h
it

en
in
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D
efi

n
e
R
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B
W
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Ŵ
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Ŵ
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‖R̂
−
R
‖
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‖Ŵ
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‖Ŵ
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re
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‖Ŵ
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Ŵ
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Ŵ
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(Ŵ
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‖Ŵ
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‖Ŵ
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‖Ŵ
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‖Ŵ
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‖Ŵ
‖2
‖B̂
−
B
‖

<
48

σ
1
(B

)ε

σ
m
k
(A

)2
+
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σ
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Ŷ
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Ŵ
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Ŵ
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Ŷ
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‖Ẑ
Ẑ
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‖
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σ
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σ
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‖V̂
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‖
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‖R̂
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‖
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at
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Ŷ
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b
ou

n
d

th
e

fo
ll
ow

in
g

te
rm

.

‖V̂
D̂

1
/
2
W

T
−
V̂
V̂
T
‖

=
‖V̂

D̂
1
/
2
(Ŵ
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Ŷ
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‖
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1
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Ŷ
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(33)
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secon
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b
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p
ressed

as
Z

=
V
D

1
/
2U
′

w
h
ere

U
′

is
a

m
atrix

w
ith

o
rth

o
n
o
rm

a
l

colu
m

n
s.

T
h
is

im
p
lies‖

Z
Z
T‖
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T‖
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‖
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T
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D̂
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/
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V̂
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T
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T
V̂
V̂
T‖

≤
‖
(V̂
D̂

1
/
2W
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V̂
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T
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D̂

1
/
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T‖
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‖
V̂
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T
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Z
T
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D̂

1
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−
V̂
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T
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‖
(V̂
D̂

1
/
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T
−
V̂
V̂
T
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D̂
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/
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T‖
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‖
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D̂
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T
−
V̂
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≤
‖
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1
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T
−
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/
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+
‖
Z
Z
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D̂
1
/
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T
−
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≤
8σ
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)
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σ
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)
3
/
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×
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σ
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1
/
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)
3
/
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σ
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)
3
/
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)
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/
2

T
h
e
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n
d
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u
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32.
N
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u
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g
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e
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b
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n
d
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eq

u
ation

3
3

w
e
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‖
Ẑ
Ẑ
T
−
V̂
V̂
T
Z
Z
T
V̂
V̂
T‖
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σ
1 (Â

)‖Ŷ
Ŷ
T
−
Y
Y
T‖

+
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σ
1 (A

)
3
/
2ε

σ
m
k (A

)
3
/
2
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8
σ
1 (A
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1

σ
m
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σ
m
+
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)
+
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σ
1 (A

)
3
/
2ε

σ
m
k (A

)
3
/
2

(34)

w
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W

e
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a
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‖Ẑ
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=
‖
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V
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V
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‖
Ẑ
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T
−
V̂
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T
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T
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3‖
V
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T
−
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T‖‖

Z
Z
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1 (A
)ε

1
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σ
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3
/
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σ
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1 (A
)ε
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1
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)ε
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)−

σ
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+
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))σ
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)
2
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C
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t.
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d
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‖Û
Û
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p
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p
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b
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h
eorem

32.

T
h

e
o
re

m
3
3

S
u

p
po

se
th

a
t
A

1 ,...,A
n

a
re

i.i.d
.

sym
m

etric
ra

n
d

o
m
d×

d
m

a
trices

sa
tisfyin

g
th

e
ta

il
bo

u
n

d
P

r(‖A
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>
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‖Ê
B
−

EB
‖+
‖Ê
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=
p
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‖Ê
B
−

EB
‖.

G
.3

L
D

A
T

o
p

ic
M

o
d

e
l

F
or

th
e

fo
ll
ow

in
g

th
eo

re
m

,
w

e
re

v
er

t
to

th
e

n
ot

a
ti

on
of

th
e

L
D

A
to

p
ic

m
o
d
el

,
w

h
er

e
d

is
th

e
si

ze
of

th
e

d
ic

ti
on

ar
y.

T
h

e
o
re

m
3
5

F
ix
ε,
δ
>

0
.

L
et
Â
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‖Â
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‖
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2Â
−
σ
4(‖

v‖
2I
d

+
v
v
T

)−
2σ

2(Â
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ü
tze,

et
al.

In
trod

u
ctio

n
to

in
fo

rm
a
tio

n
retrieva

l,
v
olu

m
e

1.
C

am
b
rid

ge
u
n
iversity

p
ress

C
am

b
rid

ge,
2008.

J
on

D
M

cau
liff

e
an

d
D

av
id

M
B

lei.
S
u
p

erv
ised

top
ic

m
o
d
els.

In
A

d
va

n
ces

in
n

eu
ra

l
in

fo
r-

m
a
tio

n
p
rocessin

g
system

s,
p
ages

121–12
8,

2008.

A
n
k
u
r

M
oitra

an
d

G
regory

V
alian

t.
S
ettlin

g
th

e
p

oly
n
om

ial
learn

ab
ility

of
m

ix
tu

res
of

gau
s-

sian
s.

In
F

o
u

n
d
a
tio

n
s

o
f

C
o
m

p
u

ter
S

cien
ce

(F
O

C
S

),
2
0
1
0

5
1
st

A
n

n
u

a
l

IE
E

E
S

ym
po

siu
m

o
n

,
p
ages

93–102.
IE

E
E

,
2010.

D
av

id
N

ew
m

an
,

J
ey

H
an

L
au

,
K

arl
G

rieser,
an

d
T

im
oth

y
B

a
ld

w
in

.
A

u
tom

atic
evalu

ation
of

top
ic

coh
eren

ce.
In

H
u

m
a
n

L
a
n

gu
a
ge

T
ech

n
o
logies:

T
h
e

2
0
1

0
A

n
n

u
a
l

C
o
n

f.
o
f

th
e

N
o
rth

A
m

erica
n

C
h
a
p

ter
o
f

th
e

A
ssocia

tio
n

fo
r

C
o
m

p
u

ta
tio

n
a
l

L
in

gu
istics,

p
ages

100–
108.

A
sso

ciation
for

C
om

p
u
tation

al
L

in
gu

istics,
2010.

D
av

id
N

ew
m

an
,

E
d
w

in
V

B
on

illa,
an

d
W

ray
B

u
n
tin

e.
Im

p
rov

in
g

top
ic

coh
eren

ce
w

ith
regu

larized
top

ic
m

o
d
els.

In
A

d
va

n
ces

in
n

eu
ra

l
in

fo
rm

a
tio

n
p
rocessin

g
system

s,
p
ages

496–504,
2011.

D
oh

y
u
n
g

P
ark

,
C

on
stan

tin
e

C
aram

an
is,

an
d

S
u
jay

S
an

gh
av

i.
G

reed
y

su
b
sp

ace
clu

sterin
g.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

2753–2761
,

2014.

60
JM

L
R

 18(206):1-61, 2018



T
h
e
S
e
a
r
c
h
P
r
o
b
l
e
m

in
M
ix
t
u
r
e
M
o
d
e
l
s

K
ar

l
P

ea
rs

on
.

C
on

tr
ib

u
ti

on
s

to
th

e
m

at
h
em

at
ic

al
th

eo
ry

o
f

ev
ol

u
ti

on
.

P
h
il

o
so

p
h
ic

a
l

T
ra

n
s-

a
ct

io
n

s
o
f

th
e

R
o
ya

l
S

oc
ie

ty
o
f

L
o
n

d
o
n

.
A

,
p
ag

es
71

–1
10

,
18

9
4.

D
an

ie
l

R
am

ag
e,

D
av

id
H

al
l,

R
am

es
h

N
al

la
p
at

i,
a
n
d

C
h
ri

st
op

h
er

D
M

an
n
in

g.
L

ab
el

ed
ld

a:
A

su
p

er
v
is

ed
to

p
ic

m
o
d
el

fo
r

cr
ed

it
at

tr
ib

u
ti

on
in

m
u
lt

i-
la

b
el

ed
co

rp
or

a.
In

P
ro

c.
o
f

th
e

2
0
0
9

C
o
n

f.
o
n

E
m

p
ir

ic
a
l

M
et

h
od

s
in

N
a
tu

ra
l

L
a
n

gu
a
ge

P
ro

ce
ss

in
g:

V
o
lu

m
e

1
-V

o
lu

m
e

1
,

p
ag

es
24

8–
25

6.
A

ss
o
ci

at
io

n
fo

r
C

om
p
u
ta

ti
on

al
L

in
gu

is
ti

cs
,

20
09

.

R
ic

h
ar

d
A

R
ed

n
er

an
d

H
om

er
F

W
al

k
er

.
M

ix
tu

re
d
en

si
ti

es
,

m
ax

im
u
m

li
k
el

ih
o
o
d

an
d

th
e

em
al

go
ri

th
m

.
S

IA
M

re
vi

ew
,

26
(2

):
19

5–
23

9,
19

84
.

M
.

R
öd

er
,

A
.

B
ot

h
,

an
d

A
.

H
in

n
eb

u
rg

.
E

x
p
lo

ri
n
g

th
e

sp
ac

e
of

to
p
ic

co
h
er

en
ce

m
ea

su
re

s.
In

P
ro

ce
ed

in
gs

o
f

th
e

ei
gh

th
A

C
M

in
te

rn
a
ti

o
n

a
l

co
n

fe
re

n
ce

o
n

W
eb

se
a
rc

h
a
n

d
d
a
ta

m
in

in
g,

p
ag

es
39

9–
40

8.
A

C
M

,
20

15
.

M
ic

h
al

R
os

en
-Z

v
i,

T
h
om

as
G

ri
ffi

th
s,

M
ar

k
S
te

y
ve

rs
,

an
d

P
ad

h
ra

ic
S
m

y
th

.
In

P
ro

ce
ed

in
gs

o
f

th
e

2
0
th

co
n

fe
re

n
ce

o
n

U
n

ce
rt

a
in

ty
in

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

,
p
ag

es
4
87

–4
94

,
20

04
.

H
an

ie
S
ed

gh
i,

M
a

ji
d

J
an

za
m

in
,

an
d

A
n
im

a
A

n
an

d
k
u
m

ar
.

P
ro

va
b
le

te
n
so

r
m

et
h
o
d
s

fo
r

le
ar

n
in

g
m

ix
tu

re
s

of
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

s.
In

P
ro

ce
ed

in
gs

o
f

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s,
A

IS
T

A
T

S
2
0
1
6
,

p
ag

es
12

23
–1

2
3
1,

20
16

.

M
ah

d
i
S
ol

ta
n
ol

ko
ta

b
i
an

d
E

m
m

an
u
el

J
C

a
n
d
es

.
A

ge
om

et
ri

c
an

al
y
si

s
of

su
b
sp

ac
e

cl
u
st

er
in

g
w

it
h

ou
tl

ie
rs

.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

p
ag

es
21

95
–2

23
8,

20
12

.

T
A

C
C

.
T

ex
as

ad
va

n
ce

d
co

m
p
u
ti

n
g

ce
n
te

r,
20

18
.
h
t
t
p
:
/
/
w
w
w
.
t
a
c
c
.
u
t
e
x
a
s
.
e
d
u
.

J
o
el

T
ro

p
p
.

A
n

in
tr

o
d
u
ct

io
n

to
m

at
ri

x
co

n
ce

n
tr

at
io

n
in

eq
u
a
li
ti

es
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
0
1
.0

1
5
7
1
,

20
15

.

U
C

I.
N

Y
T

im
es

d
at

as
et

,
20

08
.

h
t
t
p
:
/
/
m
l
r
.
c
s
.
u
m
a
s
s
.
e
d
u
/
m
l
/

m
a
c
h
i
n
e
-
l
e
a
r
n
i
n
g
-
d
a
t
a
b
a
s
e
s
/
.

E
ri

c
P

X
in

g,
M

ic
h
ae

l
I

J
or

d
an

,
S
tu

ar
t

R
u
ss

el
l,

an
d

A
n
d
re

w
Y

N
g.

D
is

ta
n
ce

m
et

ri
c

le
ar

n
in

g
w

it
h

ap
p
li
ca

ti
on

to
cl

u
st

er
in

g
w

it
h

si
d
e-

in
fo

rm
at

io
n
.

In
A

d
va

n
ce

s
in

n
eu

ra
l

in
fo

rm
a
ti

o
n

p
ro

ce
ss

in
g

sy
st

em
s,

p
ag

es
50

5–
51

2,
20

02
.

T
ia

n
b
ao

Y
an

g,
R

on
g

J
in

,
an

d
A

n
il

K
J
ai

n
.

L
ea

rn
in

g
fr

om
n
oi

sy
si

d
e

in
fo

rm
at

io
n

b
y

ge
n
er

-
al

iz
ed

m
ax

im
u
m

en
tr

op
y

m
o
d
el

.
In

P
ro

ce
ed

in
gs

o
f

th
e

2
7
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
-1

0
),

p
ag

es
11

99
–1

20
6,

20
10

.

Y
el

p
.

Y
el

p
d
at

as
et

,
20

14
.
h
t
t
p
:
/
/
w
w
w
.
y
e
l
p
.
c
o
m
/
d
a
t
a
s
e
t
_
c
h
a
l
l
e
n
g
e
/
.

X
in

ya
n
g

Y
i,

C
on

st
an

ti
n
e

C
ar

am
an

is
,

an
d

S
u
ja

y
S
an

gh
av

i.
A

lt
er

n
at

in
g

m
in

im
iz

at
io

n
fo

r
m

ix
ed

li
n
ea

r
re

gr
es

si
on

.
In

P
ro

ce
ed

in
gs

o
f

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
IC

M
L

2
0
1
4
,

p
ag

es
61

3–
62

1,
20

14
.

61
JM

L
R

 1
8(

20
6)

:1
-6

1,
 2

01
8

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
8
)

1
-4

2
S

u
b

m
it

te
d

3
/
1
6
;

R
ev

is
ed

5
/
1
7
;

P
u

b
li

sh
ed

4
/
1
8

A
n

` ∞
E
ig
e
n
v
e
ct
o
r
P
e
rt
u
rb

a
ti
o
n
B
o
u
n
d
a
n
d
It
s
A
p
p
li
ca

ti
o
n

to
R
o
b
u
st

C
o
v
a
ri
a
n
ce

E
st
im

a
ti
o
n

J
ia

n
q
in

g
F
a
n

jq
fa

n
@
p
r
in
c
e
t
o
n
.e
d
u

W
e
ic

h
e
n

W
a
n

g
n
ic
k
w
e
ic
h
w
a
n
g
@
g
m
a
il
.c
o
m

Y
iq

ia
o

Z
h

o
n

g
y
iq
ia
o
z
@
p
r
in
c
e
t
o
n
.e
d
u

D
ep

a
rt

m
en

t
o
f

O
pe

ra
ti

o
n

s
R

es
ea

rc
h

a
n

d
F

in
a
n

ci
a
l

E
n

gi
n

ee
ri

n
g

P
ri

n
ce

to
n

U
n

iv
er

si
ty

P
ri

n
ce

to
n

,
N

J
0
8
5
4
4

,
U

S
A

E
d

it
o
r:

N
ic

ol
a
i

M
ei

n
sh

au
se

n

A
b
st
ra

ct

In
st

at
is

ti
cs

a
n
d

m
ac

h
in

e
le

ar
n
in

g,
w

e
ar

e
in

te
re

st
ed

in
th

e
ei

g
en

ve
ct

o
rs

(o
r

si
n
gu

la
r

ve
c-

to
rs

)
of

ce
rt

a
in

m
at

ri
ce

s
(e

.g
.

co
va

ri
an

ce
m

a
tr

ic
es

,
d
a
ta

m
at

ri
ce

s,
et

c)
.

H
ow

ev
er

,
th

os
e

m
a
tr

ic
es

a
re

u
su

al
ly

p
er

tu
rb

ed
b
y

n
o
is

es
o
r

st
at

is
ti

ca
l

er
ro

rs
,

ei
th

er
fr

om
ra

n
d
om

sa
m

p
li
n
g

or
st

ru
ct

u
ra

l
p
a
tt

er
n
s.

T
h
e

D
av

is
-K

a
h
an

si
n
θ

th
eo

re
m

is
of

te
n

u
se

d
to

b
ou

n
d

th
e

d
iff

er
-

en
ce

b
et

w
ee

n
th

e
ei

ge
n
ve

ct
or

s
o
f

a
m

at
ri

x
A

a
n
d

th
os

e
of

a
p

er
tu

rb
ed

m
at

ri
x
Ã
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m
s

is
to

co
n
si

d
er

Ã
=
A

+
S

+
N
,

(1
)

w
h
er

e
A

is
a

lo
w

ra
n
k

m
at

ri
x
,
S

is
a

sp
ar

se
m

at
ri

x
,

an
d
N

is
a

ra
n
d
om

m
a
tr

ix
re

g
a
rd

ed
as

ra
n
d
om

n
oi

se
or

es
ti

m
at

io
n

er
ro

r,
al

l
of

w
h
ic

h
h
av

e
th

e
sa

m
e

si
ze
d

1
×
d

2
.

U
su

a
ll
y
A

is
re

ga
rd

ed
as

th
e

‘s
ig

n
al

’
m

at
ri

x
w

e
ar

e
p
ri

m
ar

il
y

in
te

re
st

ed
in

,
S

is
so

m
e

sp
ar

se
co

n
ta

m
in

a
ti

o
n

w
h
os

e
eff

ec
t

w
e

w
an

t
to

se
p
ar

at
e

fr
om

A
,
an

d
N

is
th

e
n
oi

se
(o

r
es

ti
m

at
io

n
er

ro
r

in
co

va
ri

a
n
ce

m
at

ri
x

es
ti

m
at

io
n
).

T
h
e

d
ec

om
p

os
it

io
n

(1
)

fo
rm

s
th

e
co

re
o
f

a
fl
ou

ri
sh

in
g

li
te

ra
tu

re
on

ro
b
u
st

P
C

A
(C

h
a
n
-

d
ra

se
ka

ra
n

et
al

.,
20

11
;

C
an

d
ès

et
al

.,
20

1
1)

,
st

ru
ct

u
re

d
co

va
ri

an
ce

es
ti

m
at

io
n

(F
a
n

et
a
l.
,

20
08

,
20

13
),

m
u
lt

iv
ar

ia
te

re
gr

es
si

on
(Y

u
an

et
al

.,
2
00

7)
an

d
so

on
.

A
m

on
g

th
es

e
w

o
rk

s,
a

st
an

d
ar

d
co

n
d
it

io
n

on
A

is
m

at
ri

x
in

co
h
er

en
ce

(C
an

d
ès

et
al

.,
20

11
).

L
et

th
e

si
n
g
u
la

r
va

lu
e

d
ec

om
p

os
it

io
n

b
e

A
=
U

Σ
V
T

=
r ∑ i=
1

σ
iu
iv
T i
,

(2
)

w
h
er

e
r

is
th

e
ra

n
k

of
A

,
th

e
si

n
gu

la
r

va
lu

es
ar

e
σ

1
≥
σ

2
≥
..
.
≥
σ
r
>

0,
an

d
th

e
m

a
tr

ic
es

U
=

[u
1
,.
..
,u

r
]
∈

R
d
1
×
r
,
V

=
[v

1
,.
..
,v
r
]
∈

R
d
2
×
r

co
n
si

st
of

th
e

si
n
gu

la
r

ve
ct

o
rs

.
T

h
e

co
h
er

en
ce

s
µ

(U
),
µ

(V
)

ar
e

d
efi

n
ed

as

µ
(U

)
=
d

1 r
m

ax i

r ∑ j=
1

U
2 ij
,

µ
(V

)
=
d

2 r
m

ax i

r ∑ j=
1

V
2 ij
,

(3
)

w
h
er

e
U
ij

an
d
V
ij

ar
e

th
e

(i
,j

)
en

tr
y

of
U

an
d
V

,
re

sp
ec

ti
ve

ly
.

It
is

u
su

al
ly

ex
p

ec
te

d
th

a
t

µ
0

:=
m

ax
{µ

(U
),
µ

(V
)}

is
n
ot

to
o

la
rg

e,
w

h
ic

h
m

ea
n
s

th
e

si
n
gu

la
r

ve
ct

or
s
u
i

a
n
d
v i

a
re

in
co

h
er

en
t

w
it

h
th

e
st

an
d
ar

d
b
as

is
.

T
h
is

in
co

h
er

en
ce

co
n
d
it

io
n

(3
)

is
n
ec

es
sa

ry
fo

r
u
s

to
se

p
ar

at
e

th
e

sp
ar

se
co

m
p

on
en

t
S

fr
om

th
e

lo
w

ra
n
k

co
m

p
on

en
t
A

;
ot

h
er

w
is

e
A

a
n
d
S

a
re

n
ot

id
en

ti
fi
ab

le
.

N
ot

e
th

at
w

e
d
o

n
ot

n
ee

d
an

y
in

co
h
er

en
ce

co
n
d
it

io
n

on
U
V
T

,
w

h
ic

h
is

d
iff

er
en

t
fr

om
C

an
d
ès

et
al

.
(2

01
1)

a
n
d

is
ar

gu
ab

ly
u
n
n
ec

es
sa

ry
(C

h
en

,
20

15
).

N
ow

w
e

d
en

ot
e

th
e

ei
ge

n
ga

p
γ

0
=

m
in
{σ

i
−
σ
i+

1
:
i

=
1,
..
.,
r}

w
h
er

e
σ
r
+

1
:=

0
fo

r
n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

.
A

ls
o

w
e

le
t
E

=
S

+
N

,
an

d
v
ie

w
it

as
a

p
er

tu
rb

a
ti

o
n

m
a
tr

ix
to

th
e

m
at

ri
x
A

in
(1

).
T

o
q
u
an

ti
fy

th
e

p
er

tu
rb

at
io

n
,

w
e

d
efi

n
e

a
re

sc
al

ed
m

ea
su

re
a
s

τ 0
:=

m
ax
{√

d
2
/d

1
‖E
‖ 1
,√

d
1
/d

2
‖E
‖ ∞
},

w
h
er

e

‖E
‖ 1

=
m

ax j

d
1 ∑ i=
1

|E
ij
|,
‖E
‖ ∞

=
m

ax i

d
2 ∑ j=
1

|E
ij
|,

(4
)
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

w
h
ich

a
re

co
m

m
on

ly
u
sed

n
orm

s
g
au

gin
g

sp
arsity

(B
ickel

an
d

L
ev

in
a,

20
08).

T
h
ey

are
a
lso

o
p

era
tor

n
orm

s
in

su
itab

le
sp

aces
(see

S
ection

2).
T

h
e

rescaled
n
orm

s
√
d

2 /d
1 ‖E
‖

1

a
n
d
√
d

1 /d
2 ‖
E
‖∞

are
com

p
arab

le
to

th
e

sp
ectral

n
orm

‖
E
‖

2
:=

m
ax‖

u‖
2
=

1 ‖
E
u‖

2
in

m
an

y

ca
ses;

fo
r

ex
a
m

p
le,

w
h
en

E
is

an
all-on

e
m

atrix
, √

d
2 /d

1 ‖
E
‖

1
=
√
d

1 /d
2 ‖
E
‖∞

=
‖
E
‖

2 .

S
u
p
p

o
se

th
e

p
ertu

rb
ed

m
atrix

Ã
also

h
as

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

:

Ã
=

d
1 ∧
d
2

∑i=
1

σ̃
i ũ
i ṽ
Ti
,

(5)

w
h
ere

σ̃
i

a
re

n
on

n
egativ

e
an

d
in

th
e

d
ecreasin

g
ord

er,
an

d
th

e
n
otation

∧
m

ean
s
a
∧
b

=
m

in{a
,b}

.
D

en
ote

Ũ
=

[ũ
1 ,...,ũ

r ],V
=

[ṽ
1 ,...,ṽ

r ],
w

h
ich

are
cou

n
terp

arts
of

top
r

sin
gu

lar
vecto

rs
o
f
A

.
W

e
w

ill
p
resen

t
an

`∞
m

atrix
p

ertu
rb

ation
resu

lt
th

at
b

ou
n
d
s‖ũ

i −
u
i ‖∞

an
d
‖
ṽ
i −
v
i ‖∞

u
p

to
sig

n
. 1

T
h
is

resu
lt

is
d
iff

eren
t

from
`
2

b
ou

n
d
s,

F
rob

en
iu

s-n
orm

b
ou

n
d
s,

or
th

e
sin

Θ
b

o
u
n
d
s,

a
s

th
e
`∞

n
orm

is
n
ot

orth
og

on
al

in
varian

t.
T

h
e

follow
in

g
th

eorem
is

a
sim

p
lifi

ed
versio

n
o
f

o
u
r

m
ain

resu
lts

in
S
ection

2.

T
h

e
o
re

m
1

L
et
Ã

=
A

+
E

a
n

d
su

p
po

se
th

e
sin

gu
la

r
d
eco

m
po

sitio
n

in
(2

)
a
n

d
(5

).
D

en
o
te

γ
0

=
m

in{
σ
i −

σ
i+

1
:
i

=
1,...,r}

w
h
ere

σ
r
+

1
:=

0.
T

h
en

th
ere

exists
C

(r,µ
0 )

=
O

(r
4µ

20 )
su

ch
th

a
t,

if
γ

0
>
C

(r,µ
0 )τ

0 ,
u

p
to

sign
,

m
a
x

1≤
i≤
r ‖ũ

i −
u
i ‖∞
≤
C

(r,µ
0 )

τ
0

γ
0 √
d

1
a
n

d
m

ax
1≤
i≤
r ‖
ṽ
i −

v
i ‖∞
≤
C

(r,µ
0 )

τ
0

γ
0 √
d

2
,

(6)

w
h
ere

µ
0

=
m

ax{
µ

(U
),µ

(V
)}

is
th

e
co

h
eren

ce
given

a
fter

(3
)

a
n

d
τ

0
:=

m
a
x{ √

d
2 /
d

1 ‖
E
‖

1 , √
d

1 /d
2 ‖
E
‖∞
}
.

W
h
en

A
is

sy
m

m
etric,

τ
0

=
‖
E
‖∞

an
d

th
e

con
d
ition

on
th

e
eigen

gap
is

sim
p
ly
γ

0
>

C
(r,µ

0 )‖E
‖∞

.
T

h
e

in
coh

eren
ce

con
d
ition

n
atu

rally
h
old

s
fo

r
a

variety
of

ap
p
lication

s,
w

h
ere

th
e

low
ran

k
stru

ctu
re

em
erges

as
a

con
seq

u
en

ce
of

a
few

facto
rs

d
riv

in
g

th
e

d
ata

m
atrix

.
F

or
ex

am
p
le,

in
F

am
a-F

ren
ch

factor
m

o
d
els,

th
e

ex
cess

retu
rn

s
in

a
sto

ck
m

arket
a
re

d
riven

b
y

a
few

com
m

on
factors

(F
am

a
an

d
F

ren
ch

,
1993);

in
collab

orativ
e

fi
lterin

g,
th

e
ra

tin
g
s

o
f

u
sers

are
m

ostly
d
eterm

in
ed

b
y

a
few

com
m

on
p
referen

ces
(R

en
n
ie

an
d

S
reb

ro,
2
0
0
5
);

in
v
id

eo
su

rveillan
ce,

A
is

asso
ciated

w
ith

th
e

station
ary

b
ack

grou
n
d

a
cross

im
a
ge

fra
m

es
(O

liv
er

et
al.,

2000).
W

e
w

ill
h
av

e
a

d
etailed

d
iscu

ssion
in

S
ection

2.3.
T

h
e

eig
en

vector
p

ertu
rb

ation
w

a
s

stu
d
ied

b
y

D
av

is
an

d
K

ah
an

(1970),
w

h
ere

H
erm

itian
m

atrices
w

ere
con

sid
ered

,
an

d
th

e
resu

lts
w

ere
ex

ten
d
ed

b
y

W
ed

in
(1972)

to
gen

eral
rect-

a
n
g
u
la

r
m

a
trices.

T
o

com
p
are

ou
r

resu
lt

w
ith

th
ese

classical
resu

lts,
assu

m
in

g
γ

0 ≥
2‖
E
‖

2 ,
a

co
m

b
in

a
tio

n
o
f

W
ed

in
’s

th
eorem

an
d

M
irsk

y
’s

in
eq

u
ality

(M
irsk

y
,

1960)
(th

e
cou

n
terp

art
o
f

W
ey

l’s
in

eq
u
ality

for
sin

gu
lar

valu
es)

im
p
lies

m
ax

1≤
k≤

r {‖
v
k −

ṽ
k ‖

2 ∨
‖
u
k −

ũ
k ‖

2 }
≤

2 √
2‖
E
‖

2

γ
0

.
(7)

w
h
ere

a∨
b

:=
m

ax{a
,b}.

1
.

‘U
p

to
sig

n
’

m
ea

n
s

w
e

ca
n

a
p

p
ro

p
ria

tely
ch

o
o
se

a
n

eig
en

v
ecto

r
o
r

sin
g
u

la
r

v
ecto

r
u

to
b

e
eith

er
u

o
r−

u
in

th
e

b
o
u

n
d

s.
T

h
is

is
b

ecu
a
se

eig
en

v
ecto

rs
a
n

d
sin

g
u

la
r

v
ecto

rs
a
re

n
o
t

u
n

iq
u

e.
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

Y
u

et
al.

(2015)
also

p
roved

a
sim

ilar
b

ou
n
d

a
s

in
(7),

an
d

th
at

resu
lt

is
m

ore
con

v
en

ien
t

to
u
se.

If
w

e
are

in
terested

in
th

e
`∞

b
ou

n
d

b
u
t

n
aively

u
se

th
e

triv
ial

in
eq

u
ality

‖
x‖∞

≤
‖
x‖

2 ,
w

e
w

ou
ld

h
ave

a
su

b
op

tim
al

b
ou

n
d
O

(‖
E
‖

2 /γ
0 )

in
m

an
y

situ
ation

s,
esp

ecia
lly

in
cases

w
h
ere
‖
E
‖

2
is

com
p
arab

le
to
‖
E
‖∞

.
C

o
m

p
ared

w
ith

(6),
th

e
b

ou
n
d

is
w

orse
b
y

a
factor

of √
d

1
for

u
k

an
d
√
d

2
for

v
k .

In
oth

er
w

ord
s,

con
vertin

g
th

e
`
2

b
ou

n
d

from
D

av
is-K

ah
an

th
eorem

d
irectly

to
th

e
`∞

b
ou

n
d

d
o
es

n
ot

give
a

sh
arp

resu
lt

in
gen

era
l,

in
th

e
p
resen

ce
of

in
coh

eren
t

an
d

low
ran

k
stru

ctu
re

of
A

.
A

ctu
ally,

assu
m

in
g‖E

‖
2

is
com

p
arab

le
w

ith
‖
E
‖∞

,
for

sq
u
are

m
atrices,

ou
r
`∞

b
ou

n
d

(6)
m

atch
es

th
e
`
2

b
ou

n
d

(7)
in

term
s

of
d
im

en
sion

s
d

1

an
d
d

2 .
T

h
is

is
b

ecau
se‖

x‖
2 ≤
√
n‖x‖∞

for
an

y
x
∈
R
n
,

so
w

e
ex

p
ect

to
gain

a
factor √

d
1

or √
d

2
in

th
ose

`∞
b

ou
n
d
s.

T
h
e

in
tu

ition
is

th
at,

w
h
en

A
h
as

an
in

coh
eren

t
an

d
low

-ran
k

stru
ctu

re,
th

e
p

ertu
rb

ation
of

sin
gu

lar
vectors

is
n
ot

con
cen

trated
on

a
few

co
ord

in
ates.

T
o

u
n
d
erstan

d
h
ow

m
atrix

in
coh

eren
ce

h
elp

s,
let

u
s

con
sid

er
a

sim
p
le

ex
am

p
le

w
ith

n
o

m
atrix

in
coh

eren
ce,

in
w

h
ich

(7)
is

tigh
t

u
p

to
a

con
stan

t.
L

et
A

=
d
(1,0

,...,0)
T

(1,0
,...,0)

b
e

a
d
-d

im
en

sion
al

sq
u
are

m
atrix

,
an

d
E

=
d
(0,1

/2
,0
,...,0)

T
(1,0,...,0)

of
th

e
sam

e
size.

It
is

ap
p
aren

t
th

at
γ

0
=

d
,τ

0
=

d
/
2,

an
d

th
at

v
1

=
(1
,0
,...,0)

T
,ṽ

1
=

(2/ √
5
,1
/ √

5
,0
,...,0)

T
u
p

to
sign

.
C

learly,
th

e
p

ertu
rb

ation
‖
ṽ

1 −
v

1 ‖∞
is

n
ot

van
ish

-
in

g
as

d
ten

d
s

to
in

fi
n
ity

in
th

is
ex

am
p
le,

an
d

th
u
s,

th
ere

is
n
o

h
op

e
of

a
stron

g
u
p
p

er
b

ou
n
d

as
in

(6)
w

ith
ou

t
th

e
in

coh
eren

ce
con

d
ition

.

T
h
e

reason
th

at
th

e
factor √

d
1

or √
d

2
com

es
in

to
p
lay

in
(7)

is
th

at,
th

e
error

u
k −

ũ
k

(an
d

sim
ilarly

for
v
k )

sp
read

s
ou

t
ev

en
ly

in
d

1
(o

r
d

2 )
co

ord
in

ates,
so

th
at

th
e
`∞

error
is

far
sm

aller
th

an
th

e
`
2

error.
T

h
is,

of
cou

rse,
h
in

ges
o
n

th
e

in
coh

eren
ce

con
d
ition

,
w

h
ich

in
essen

ce
p
reclu

d
es

eigen
vectors

from
align

in
g

w
ith

an
y

co
ord

in
ate.

O
u
r

resu
lt

is
very

d
iff

eren
t

from
th

e
sp

arse
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p
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t
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e
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p
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d
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d
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‖
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p
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b
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p
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d
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p
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b
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p
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d
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p
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b
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b
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estim
ation

error
N

in
(1)

w
ith

an
op

tim
al

en
try

-w
ise

b
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b
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p
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=
d
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+
d
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p
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⊥
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+
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.
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iṽ
iṽ
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‖E
‖ ∞

gi
ve

n
b
y

(4
)

is
an

op
er

at
or

n
or

m
in

th
e
` ∞
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‖ ∞
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h
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h
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>
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p
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p
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n
d
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∈
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√
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eo

re
m

s,
le

t
u
s

co
n
si

d
er

th
e

ca
se

w
h
er

e
A

h
a
s

ex
a
ct

ly
ra

n
k
r

(i
.e

.,
ε

=
0)

,
an

d
r

an
d
µ

ar
e

n
ot

la
rg

e
(s

ay
,

b
ou

n
d
ed

b
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b
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u
ir

e
th

at
|λ
r
|i

s
la

rg
er

th
an

th
e

a
p
p
ro

x
im

a
ti

o
n

er
ro

r
‖A
−
A
r
‖ ∞

.
It

is
im

p
or

ta
n
t

to
st

at
e

th
at

th
is

as
su

m
p
ti

on
is

m
or

e
re

st
ri

ct
ed

th
a
n

th
e

ei
ge

n
ga

p
as

su
m

p
ti

on
in

th
e

D
av

is
-K

ah
an

th
eo

re
m

,
si

n
ce
‖A
−
A
r
‖ ∞
≥
‖A
−
A
r
‖ 2

=
|λ
r
+

1
|.

H
ow

ev
er

,
d
iff

er
en

t
fr

om
th

e
m

at
ri

x
m

ax
-n

or
m

,
th

e
sp

ec
tr

a
l

n
or

m
‖·
‖ 2

on
ly

d
ep

en
d
s

o
n

th
e

ei
ge

n
va

lu
es

of
a

m
at

ri
x
,

so
it

is
n
at

u
ra

l
to

ex
p

ec
t
` 2

p
er

tu
rb

at
io

n
b

ou
n
d
s

th
a
t

o
n
ly

in
vo

lv
e

λ
r

an
d
λ
r
+

1
.

It
is

n
ot

cl
ea

r
w

h
et

h
er

w
e

sh
ou

ld
ex

p
ec

t
an

` ∞
b

ou
n
d

th
at

in
vo

lv
es
λ
r
+

1

in
st

ea
d

of
ε.

M
or

e
d
is

cu
ss

io
n
s

ca
n

b
e

fo
u
n
d

in
S
ec

ti
on

5.

W
e

d
o

n
ot

p
u
rs

u
e

th
e

op
ti

m
al

b
ou

n
d

in
te

rm
s

of
r

an
d
µ

(V
)

in
th

is
p
ap

er
,

a
s

th
e

tw
o

q
u
an

ti
ti

es
ar

e
n
ot

la
rg

e
in

m
an

y
ap

p
li
ca

ti
on

s,
an

d
th

e
cu

rr
en

t
p
ro

of
is

al
re

ad
y

co
m

p
li
ca

te
d
.

4
.

T
o

se
e

h
ow

th
e

D
av

is
-K

a
h

a
n

si
n

Θ
th

eo
re

m
re

la
te

s
to

th
is

fo
rm

,
w

e
ca

n
u

se
th

e
id

en
ti

ty
‖s

in
Θ

(Ṽ
,V

)‖
2

=

‖Ṽ
Ṽ
T
−

V
V
T
‖ 2

(S
te

w
a
rt

,
1
9
9
0
),

a
n

d
th

e
(e

a
si

ly
v
er

ifi
a
b

le
)

in
eq

u
a
li

ty
2

m
in
R
‖Ṽ

R
−

V
‖ 2
≥
‖Ṽ

Ṽ
T
−

V
V
T
‖ 2
≥

m
in
R
‖Ṽ

R
−

V
‖ 2

w
h

er
e
R

is
a
n

o
rt

h
o
g
o
n

a
l

m
a
tr

ix
.

5
.

S
in

ce
‖E
‖ 1
‖E
‖ ∞
≥
‖E
‖2 2

(S
te

w
a
rt

,
1
9
9
0
),

th
e

in
eq

u
a
li

ty
fo

ll
ow

s
fr

o
m
‖E
‖ 1

=
‖E
‖ ∞

b
y

sy
m

m
et

ry
.
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

2
.2

R
e
c
ta

n
g
u

la
r

m
a
tric

e
s

N
ow

w
e

esta
b
lish

`∞
p

ertu
rb

ation
b

ou
n
d
s

for
gen

eral
rectan

gu
lar

m
atrices.

T
h
e

resu
lts

h
ere

a
re

m
o
re

g
en

eral
th

an
th

ose
in

S
ection

1,
an

d
in

p
articu

lar,
w

e
allow

th
e

m
atrix

A
to

b
e

of
a
p
p
rox

im
a
te

low
ran

k
.

S
u
p
p

ose
th

at
b

oth
A

an
d
E

are
d

1 ×
d

2
m

atrices,
an

d
Ã

:=
A

+
E

.
T

h
e

ra
n
k

o
f
A

is
at

m
ost

d
1 ∧

d
2

(w
h
ere

a∧
b

=
m

in{
a
,b}).

S
u
p
p

ose
an

in
teg

er
r

satisfi
es

r≤
ra

n
k
(A

).
L

et
th

e
sin

gu
lar

valu
e

d
eco

m
p

o
sition

o
f
A

b
e

A
=

r
∑i=

1

σ
i u
i v
Ti

+

d
1 ∧
d
2

∑i=
r
+

1

σ
i u
i v
Ti
,

w
h
ere

th
e

sin
g
u
lar

valu
es

are
ord

ered
as
σ

1 ≥
σ

2 ≥
...≥

σ
d
1 ∧
d
2 ≥

0,
an

d
th

e
u
n
it

v
ectors

u
1 ,...,u

d
1 ∧
d
2

(or
u
n
it

vectors
v

1 ,...,v
d
1 ∧
d
2 )

are
orth

ogon
al

to
ea

ch
oth

er.
W

e
d
en

ote
U

=
[u

1 ,...,u
r ]∈

R
d
1 ×
r

an
d
V

=
[v

1 ,...,v
r ]∈

R
d
2 ×
r.

A
n
alogou

sly,
th

e
sin

gu
lar

valu
e

d
eco

m
p

o
sitio

n
of
Ã

is

Ã
=

r
∑i=

1

σ̃
i ũ
i ṽ
Ti

+

d
1 ∧
d
2

∑i=
r
+

1

σ̃
i ũ
i ṽ
Ti
,

w
h
ere

σ̃
1
≥

...
≥

σ̃
d
1 ∧
d
2 .

S
im

ilarly,
colu

m
n
s

of
Ũ

=
[ũ

1 ,...,ũ
r ]
∈

R
d
1 ×
r

a
n
d
Ṽ

=
[ṽ

1 ,...,ṽ
r ]∈

R
d
2 ×
r

are
orth

on
orm

al.

D
efi

n
e
µ

0
=

m
ax{µ

(V
),µ

(U
)},

w
h
ere

µ
(U

)
(resp

.
µ

(V
))

is
th

e
coh

eren
ce

of
U

(resp
.

V
).

T
h
is
µ

0
w

ill
ap

p
ear

in
th

e
statem

en
t

of
ou

r
resu

lts,
as

it
con

trols
b

oth
th

e
stru

ctu
re

o
f

left
a
n
d

rig
h
t

sin
gu

lar
sp

aces.
W

h
en

,
sp

ecially,
A

is
a

sy
m

m
etric

m
a
trix

,
th

e
sp

ectral
d
eco

m
p

o
sitio

n
of
A

is
also

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

(u
p

to
sign

),
an

d
th

u
s
µ

0

co
in

cid
es

w
ith

µ
d
efi

n
ed

in
S
ection

2.1.

R
eca

ll
th

e
d
efi

n
ition

of
m

atrix
∞

-n
orm

an
d

1-n
orm

of
a

rectan
g
u
lar

m
atrix

(4).
S
im

ilar
to

th
e

m
a
trix
∞

-n
orm

,‖·‖
1

is
an

op
erato

r
n
orm

in
th

e
`
1

sp
ace.

A
n

ob
v
iou

s
relation

sh
ip

b
etw

een
m

a
trix

∞
-n

orm
an

d
1-n

orm
is
‖
E
‖∞

=
‖
E
T‖

1 .
N

ote
th

a
t

th
e

m
atrix

∞
-n

orm
a
n
d

1
-n

o
rm

h
ave

d
iff

eren
t

n
u
m

b
er

of
su

m
m

an
d
s

in
th

eir
d
efi

n
ition

s,
so

w
e

are
m

otivated
to

co
n
sid

er
τ

0
:=

m
ax{ √

d
1 /d

2 ‖
E
‖∞

, √
d

2 /d
1 ‖
E
‖

1 }
to

b
alan

ce
th

e
d
im

en
sion

s
d

1
an

d
d

2 .

L
et

A
r

=
∑

i≤
r
σ
i u
i v
Ti

b
e

th
e

b
est

ra
n
k
-r

ap
p
rox

im
ation

of
A

u
n
d
er

th
e

F
rob

en
iu

s

n
o
rm

,
a
n
d

let
ε

0
=
√
d

1 /d
2 ‖A
−
A
r ‖∞
∨
√
d

2 /d
1 ‖
A
−
A
r ‖

1 ,
w

h
ich

also
b
ala

n
ces

th
e

tw
o

d
im

en
sio

n
s.

N
o
te

th
at

in
th

e
sp

ecial
case

w
h
ere

A
is

sy
m

m
etric,

th
is

ap
p
rox

im
ation

error
ε

0
is

id
en

tica
l

to
ε

d
efi

n
ed

in
S
ection

2.1.
T

h
e

n
ex

t
th

eorem
b

ou
n
d
s

th
e

p
ertu

rb
ation

of
sin

g
u
la

r
sp

a
ces.

T
h

e
o
re

m
4

S
u

p
po

se
th

a
t
δ

0 −
ε

0
=

Ω
(r

3µ
20 τ

0 ).
T

h
en

,
th

ere
exists

o
rth

ogo
n

a
l

m
a
trices

R
U
,R

V
∈
R
r×
r

su
ch

th
a
t,

‖
Ũ
R
U
−
U
‖

m
a
x

=
O
(

r
5
/
2µ

20 τ
0

(σ
r −

ε
0 ) √

d
1 )
,

‖Ṽ
R
V
−
V
‖

m
a
x

=
O
(

r
5
/
2µ

20 τ
0

(σ
r −

ε
0 ) √

d
2 )
.

S
im

ilar
to

T
h
eorem

3,
u
n
d
er

an
assu

m
p
tion

of
gap

s
b

etw
een

sin
gu

lar
valu

es,
th

e
n
ex

t
th

eo
rem

b
o
u
n
d
s

th
e

p
ertu

rb
ation

of
in

d
iv

id
u
al

sin
gu

lar
vectors.
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

T
h

e
o
re

m
5

S
u

p
po

se
th

e
sa

m
e

a
ssu

m
p
tio

n
s

in
T

h
eo

rem
4

h
o
ld

.
In

a
d
d
itio

n
,

su
p
po

se
δ

0

sa
tisfi

es
δ

0
>
‖E
‖

2 ,
a
n

d
fo

r
a
n

y
i∈

[r],
th

e
in

terva
l

[σ
i −

δ
0 ,σ

i
+
δ

0 ]
d
oes

n
o
t

co
n

ta
in

a
n

y
eigen

va
lu

es
o
f
A

o
th

er
th

a
n
σ
i .

T
h
en

,
u

p
to

sign
,

m
ax

i∈
[r

] ‖
ũ
i −

u
i ‖∞

=
O
(

r
4µ

20 τ
0

(σ
r −

ε
0 ) √

d
1

+
r

3
/
2µ

1
/
2

0
‖E
‖

2

δ
0 √
d

1

)
,

(9)

m
ax

i∈
[r

] ‖
ṽ
i −

v
i ‖∞

=
O
(

r
4µ

20 τ
0

(σ
r −

ε
0 ) √

d
2

+
r

3
/
2µ

1
/
2

0
‖E
‖

2

δ
0 √
d

2

)
.

(10)

A
s

m
en

tion
ed

in
th

e
b

egin
n
in

g
of

th
is

section
,

w
e

w
ill

u
se

d
ilation

to
au

g
m

en
t

all
d

1 ×
d

2

m
atrices

in
to

sy
m

m
etric

on
es

w
ith

size
d

1
+
d

2 .
In

ord
er

to
b
alan

ce
th

e
p

ossib
ly

d
iff

eren
t

scales
of
d

1
an

d
d

2 ,
w

e
con

sid
er

a
w

eigh
ted

m
ax

-n
orm

.
T

h
is

id
ea

w
ill

b
e

fu
rth

er
illu

strated
in

S
ection

5.

2
.3

E
x
a
m

p
le

s:
w

h
ich

m
a
tric

e
s

h
a
v
e

su
ch

stru
c
tu

re
?

In
m

an
y

p
rob

lem
s,

low
-ran

k
stru

ctu
re

n
atu

rally
arises

d
u
e

to
th

e
im

p
act

of
p

ervasiv
e

laten
t

factors
th

at
in

fl
u
en

ce
m

ost
ob

served
d
ata.

S
in

ce
ob

servation
s

are
im

p
erfect,

th
e

low
-ran

k
stru

ctu
re

is
often

‘p
ertu

rb
ed

’
b
y

an
ad

d
ition

al
sp

arse
stru

ctu
re,

gro
ss

errors,
m

easu
rem

en
t

n
oises,

or
th

e
id

iosy
n
cratic

com
p

on
en

ts
th

a
t

ca
n

n
ot

b
e

cap
tu

red
b
y

th
e

laten
t

factors.
W

e
give

som
e

m
otivatin

g
ex

am
p
les

w
ith

su
ch

stru
ctu

re.

P
a
n

el
d
a
ta

in
stock

m
a
rkets.

C
on

sid
er

th
e

ex
cess

retu
rn

s
from

a
sto

ck
m

arket
over

a
p

erio
d

of
tim

e.
T

h
e

d
riv

in
g

factors
in

th
e

m
arket

are
refl

ected
in

th
e

covarian
ce

m
atrix

as
a

low
ran

k
com

p
on

en
t
A

.
T

h
e

resid
u
al

covarian
ce

of
th

e
id

iosy
n
cratic

com
p

on
en

ts
is

often
m

o
d
eled

b
y

a
sp

arse
com

p
on

en
t
S

.
S
tatistical

a
n
aly

sis
in

clu
d
in

g
P

C
A

is
u
su

ally
con

d
u
cted

b
ased

on
th

e
estim

ated
covarian

ce
m

atrix
Ã

=
Σ̂

,
w

h
ich

is
p

ertu
rb

ed
fro

m
th

e
tru

e
covarian

ce
Σ

=
A

+
S

b
y

th
e

estim
ation

error
N

(S
to

ck
an

d
W

atson
,

2002;
F

an
et

al.,
2013).

In
S
ection

3.1,
w

e
w

ill
d
evelop

a
rob

u
st

estim
ation

m
eth

o
d

in
th

e
p
resen

ce
of

h
eav

y
-

tailed
retu

rn
d
ata.

V
id

eo
su

rveilla
n

ce.
In

im
age

p
ro

cessin
g

an
d

com
p
u
ter

v
ision

,
it

is
often

d
esired

to
sep

arate
m

ov
in

g
ob

jects
from

static
b
ack

grou
n
d

b
efore

fu
rth

er
m

o
d
elin

g
an

d
an

aly
sis

(O
liv

er
et

al.,
2000;

H
u

et
al.,

2004).
T

h
e

static
b
a
ck

grou
n
d

corresp
on

d
s

to
th

e
low

ran
k

com
p

on
en

t
A

in
th

e
d
ata

m
atrix

,
w

h
ich

is
a

collection
of

v
id

eo
fram

es,
each

con
sistin

g
of

m
an

y
p
ix

els
rep

resen
ted

as
a

lon
g

vector
in

th
e

d
ata

m
atrix

.
M

ov
in

g
ob

jects
an

d
n
oise

corresp
on

d
to

th
e

sp
arse

m
atrix

S
an

d
n
oise

m
atrix

N
.

S
in

ce
th

e
b
ack

grou
n
d

is
glob

al
in

form
ation

an
d

refl
ected

b
y

m
an

y
p
ix

els
of

a
fram

e,
it

is
n
atu

ral
for

th
e

in
coh

eren
ce

con
d
ition

to
h
old

.

W
ireless

sen
so

r
n

etw
o
rk

loca
liza

tio
n

.
In

w
ireless

sen
sor

n
etw

ork
s,

w
e

are
u
su

ally
in

ter-
ested

in
d
eterm

in
in

g
th

e
lo

cation
of

sen
sor

n
o
d
es

w
ith

u
n
k
n
ow

n
p

osition
b
ased

on
a

few
(n

oisy
)

m
easu

rem
en

ts
b

etw
een

n
eigh

b
orin

g
n
o
d
es

(D
oh

erty
et

al.,
2001;

B
isw

as
an

d
Y

e,
2004).

L
et

X
b

e
an

r
b
y
n

m
atrix

su
ch

th
at

each
colu

m
n
x
i

gives
th

e
co

ord
in

ates
of

each
n
o
d
e

in
a

p
lan

e
(r

=
2)

or
a

sp
ace

(r
=

3).
A

ssu
m

e
th

e
cen

ter
of

th
e

sen
sors

h
as

b
een

relo
cated

at
origin

.
T

h
en

th
e

low
ran

k
m

atrix
A

=
X
TX

,
en

co
d
in

g
th

e
tru

e
d
istan

ce
in

for-
m

ation
,

h
as

to
satisfy

d
istan

ce
con

strain
ts

given
b
y

th
e

m
easu

rem
en

ts.
T

h
e

n
oisy

d
istan

ce
m

atrix
Ã

after
cen

terin
g,

eq
u
als

to
th

e
su

m
of
A

an
d

a
m

atrix
N

con
sistin

g
of

m
easu

rem
en

t
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

er
ro

rs
.

S
u
p
p

os
e

th
at

ea
ch

n
o
d
e

is
a

ra
n
d
om

p
o
in

t
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
in

a
re

ct
an

gu
la

r
re

gi
on

.
It

is
n
ot

d
iffi

cu
lt

to
se

e
th
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m
atrix

.
In

th
e

follow
in

g
su

b
sectio

n
s,

w
e

w
ill

estim
ate

th
e

cova
rian

ce
m

atrix
u
sin

g
m

ore
com

p
lica

ted
rob

u
st

p
ro

ce-
d
u
re.

O
u
r

p
ertu

rb
ation

th
eorem

s
in

S
ection

2
p
rov

id
e

a
fast

an
d

clean
ap

p
roach

to
ob

tain
n
ew

resu
lts.

3
.2

P
C

A
fo

r
ro

b
u

st
c
o
v
a
ria

n
c
e

e
stim

a
tio

n

T
h
e

u
sefu

ln
ess

of
T

h
eorem

3
is

m
ore

p
ron

ou
n
ced

w
h
en

th
e

ran
d
om

variab
les

are
h
eav

y
-

ta
iled

.
C

o
n
sid

er
again

th
e

covarian
ce

m
atrix

Σ
w

ith
stru

ctu
re

(11).
In

stead
of

assu
m

in
g

su
b
-

G
a
u
ssia

n
d
istrib

u
tion

,
w

e
assu

m
e

th
ere

ex
ists

a
con

stan
t
C
>

0
su

ch
th

at
m

ax
j≤
d
E
X

4j
<
C

,
i.e.

th
e

fo
u
rth

m
om

en
ts

of
th

e
ran

d
o
m

variab
les

are
u
n
iform

ly
b

ou
n
d
ed

.

U
n
like

su
b
-G

au
ssian

variab
les,

th
ere

is
n
o

con
cen

tration
b

ou
n
d

sim
ilar

to
(12)

for
th

e
em

p
irica

l
cova

rian
ce

m
atrix

.
F

ortu
n
ately,

th
an

k
s

to
recen

t
ad

van
ces

in
rob

u
st

statistics
(e.g

.,
C

a
to

n
i
(2

012)),
rob

u
st

estim
ate

of
Σ

w
ith

gu
aran

teed
con

cen
tration

p
rop

erty
b

ecom
es

p
o
ssib

le.
W

e
sh

all
u
se

th
e

m
eth

o
d

p
rop

osed
in

F
an

et
al.

(2017a).
M

otivated
b
y

th
e

classical
M

-estim
a
to

r
o
f

H
u
b

er
(1964),

F
an

et
al.

(2017a)
p
ro

p
osed

a
rob

u
st

estim
ator

fo
r

each
elem

en
t

o
f

Σ̂
,

b
y

solv
in

g
a

H
u
b

er
loss

b
ased

m
in

im
ization

p
rob

lem

Σ̂
ij

=
argm

in
µ

n
∑t=

1

lα
(X

ti X
tj −

µ
),

(14)

w
h
ere

lα
is

th
e

H
u
b

er
loss

d
efi

n
ed

as

lα
(x

)
=

{
2
α|x|−

α
2,
|x|≥

α
,

x
2,

|x|≤
α
.

T
h
e

p
a
ra

m
eter

α
is

su
ggested

to
b

e
α

=
√
n
v

2/
log

(ε −
1)

for
ε∈

(0,1),
w

h
ere

v
is

assu
m

ed
to

sa
tisfy

v
≥

m
ax

ij √
V

ar(X
i X

j ).
If

log
(ε −

1)≤
n
/
8,

F
an

et
al.

(201
7a)

sh
ow

ed

P
(|Σ̂

ij −
Σ
ij |≤

4v √
lo

g
(ε −

1)

n

)
≥

1−
2ε.
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

F
rom

th
is

resu
lt,

th
e

n
ex

t
p
rop

osition
is

im
m

ed
iate

b
y

tak
in

g
ε

=
d −

3.

P
ro

p
o
sitio

n
1

S
u

p
po

se
th

a
t

th
ere

is
a

co
n

sta
n

t
C

w
ith

m
ax

j≤
d
E
X

4j
<
C

.
T

h
en

w
ith

p
ro

ba
bility

grea
ter

th
a
n

1
−
d −

1(1
+
d −

1),
th

e
ro

bu
st

estim
a
te

o
f

co
va

ria
n

ce
m

a
trix

w
ith

α
=
√

3
n
v

2
log

(d
)

sa
tisfi

es

‖Σ̂
−

Σ‖
m

a
x ≤

4
v √

3
log

d

n
,

w
h
ere

v
is

a
p
re-d

eterm
in

ed
pa

ra
m

eter
a
ssu

m
ed

to
be

n
o

less
th

a
n

m
ax

ij √
V

a
r(X

i X
j ).

T
h
is

resu
lt

relax
es

th
e

su
b
-G

au
ssian

ity
assu

m
p
tion

b
y

rob
u
stify

in
g

th
e

covarian
ce

esti-
m

ate.
It

is
ap

p
aren

t
th

at
th

e
`∞

b
ou

n
d

in
th

e
p
rev

iou
s

section
is

still
valid

in
th

is
case.

T
o

b
e

m
ore

sp
ecifi

c,
su

p
p

ose
µ

(V
)

is
b

ou
n
d
ed

b
y

a
con

sta
n
t.

T
h
en

,
(13)

h
old

s
for

th
e

P
C

A
b
ased

on
th

e
rob

u
st

covarian
ce

estim
ation

.
W

h
en

λ
1 �

γ
an

d
γ
�

m
ax{

1
,σ

2d √
log

d
/n}

,
w

e
again

h
ave

m
ax

1≤
k≤

r ‖
v̂
k −

v
k ‖∞

=
O
P (

1
+
(d
σ

2
+
λ

1 ) √
log

d
/n

γ √
d

)
=
o
P (

1√d )
.

N
ote

th
at

an
en

try
w

ise
estim

ation
error

o
p (1/ √

d
)

n
ecessarily

im
p
lies

con
sisten

cy
of

th
e

estim
ated

eigen
vectors,

sin
ce

w
e

can
easily

con
vert

an
`∞

resu
lt

in
to

an
`
2

resu
lt.

T
h
e

m
in

im
u
m

sign
al

stren
gth

(or
m

agn
itu

d
e

of
lead

in
g

eigen
valu

es)
for

su
ch

con
sisten

cy
is

sh
ow

n
to

b
e
σ

2d
/n

u
n
d
er

th
e

su
b
-G

au
ssian

assu
m

p
tion

(W
an

g
a
n
d

F
an

,
2017).

If
th

e
goal

is
sim

p
ly

to
p
rove

con
sisten

cy
of
v̂
k ,

th
e

strategy
of

u
sin

g
ou

r
`∞

p
ertu

rb
ation

b
ou

n
d
s

is
n
ot

op
tim

al.
H

ow
ever,

th
ere

are
also

m
erits:

ou
r

resu
lt

is
n
on

asy
m

p
totic;

it
h
old

s
for

m
ore

gen
eral

d
istrib

u
tion

s
(b

ey
on

d
su

b
-G

au
ssian

d
istrib

u
tion

s);
an

d
its

en
try

w
ise

b
ou

n
d

gives
stron

ger
gu

aran
tee.

M
oreov

er,
th

e
`∞

p
ertu

rb
ation

b
ou

n
d
s

p
rov

id
e

greater
fl
ex

ib
ility

for
an

aly
sis,

sin
ce

it
is

straigh
tforw

ard
to

ad
ap

t
an

aly
sis

to
p
rob

lem
s

w
ith

m
o
re

com
p
licated

stru
ctu

re.
F

or
ex

a
m

p
le,

th
e

ab
ove

d
iscu

ssion
can

b
e

easily
ex

ten
d
ed

to
a

gen
eral

Σ
2

w
ith

b
ou

n
d
ed
‖Σ

2 ‖∞
rath

er
th

an
a

d
iagon

al
m

atrix
.

3
.3

R
o
b

u
st

c
o
v
a
ria

n
c
e

e
stim

a
tio

n
v
ia

fa
c
to

r
m

o
d

e
ls

In
th

is
su

b
section

,
w

e
w

ill
ap

p
ly

T
h
eorem

3
to

rob
u
st

large
covarian

ce
m

a
trix

estim
ation

for
ap

p
rox

im
ate

factor
m

o
d
els

in
econ

om
etrics.

W
ith

th
is

th
eorem

,
w

e
are

ab
le

to
ex

ten
d

th
e

d
ata

d
istrib

u
tion

in
factor

an
aly

sis
b

ey
on

d
ex

p
on

en
tially

d
ecayed

d
istrib

u
tion

s
con

sid
ered

b
y

F
an

et
al.

(2013),
to

in
clu

d
e

h
eav

y
-tailed

d
istrib

u
tion

s.

S
u
p
p

ose
th

e
ob

servation
y
it ,

say,
th

e
ex

cess
retu

rn
at

d
ay

t
for

sto
ck
i,

ad
m

its
a

d
ecom

-
p

osition
y
it

=
b
Ti
f
t
+
u
it ,

i≤
d
,t≤

n
,

(15)

w
h
ere

b
i ∈

R
r

is
th

e
u
n
k
n
ow

n
b
u
t

fi
x
ed

load
in

g
vector,

f
t ∈

R
r

d
en

otes
th

e
u
n
ob

served
factor

vector
at

tim
e
t,

an
d
u
it ’s

rep
resen

t
th

e
id

iosy
n
cratic

n
oises.

L
et
y
t

=
(y

1
t ,...,y

d
t )
T

an
d

u
t

=
(u

1
t ,...,u

d
t )
T

so
th

at
y
t

=
B
f
t

+
u
t ,

w
h
ere

B
=

(b
1 ,...,b

d )
T
∈
R
d×
r.

S
u
p
p

ose
th

at
f
t

an
d
u
t

are
u
n
correlated

an
d

cen
tered

ran
d
om

vectors,
w

ith
b

ou
n
d
ed

fou
rth

m
om

en
ts,

i.e.,
th

e
fou

rth
m

om
en

ts
of

all
en

tries
of
f
t

an
d
u
t

are
b

ou
n
d
ed

b
y

som
e

con
stan

t.
W

e
assu

m
e
{
f
t ,u

t }
are

in
d
ep

en
d
en

t
for

t,
alth

ou
gh

it
is

p
ossib

le
to

allow
for

w
eak

tem
p

oral
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

d
ep

en
d
en

ce
as

in
F

an
et

al
.

(2
01

3)
.

F
ro

m
(1

5)
,

w
e

ca
n

d
ec

om
p

os
e

Σ
=

C
ov

(y
t)

in
to

a
lo

w
ra

n
k

co
m

p
on

en
t

an
d

a
re

si
d
u
al

co
m

p
on

en
t:

Σ
=
B
B
T

+
Σ
u
,

(1
6)

w
h
er

e
Σ
u

:=
C

ov
(u
t)

.
T

o
ci

rc
u
m

ve
n
t

th
e

id
en

ti
fi
ab

il
it

y
is

su
e

co
m

m
on

in
la

te
n
t

va
ri

ab
le

m
o
d
el

s,
h
er

e
w

e
al

so
as

su
m

e,
w

it
h
ou

t
lo

ss
of

g
en

er
al

it
y,

C
ov

(f
t)

=
I r

an
d

th
at
B
T
B

is
a

d
ia

go
n
al

m
at

ri
x
,

si
n
ce

ro
ta

ti
n
g
B

w
il
l

n
ot

aff
ec

t
th

e
ab

ov
e

d
ec

om
p

os
it

io
n

(1
6)

.
W

e
w

il
l

n
ee

d
tw

o
m

a
jo

r
as

su
m

p
ti

on
s

fo
r

ou
r

an
al

y
si

s:
(1

)
th

e
fa

ct
or

s
ar

e
pe

rv
a
si

ve
in

th
e

se
n
se

of
D

efi
n
it

io
n

2,
an

d
(2

)
th

er
e

is
a

co
n
st

an
t
C
>

0
su

ch
th

at
‖Σ
−

1
u
‖ 2
,‖

Σ
u
‖ 2
≤
C

,
w

h
ic

h
ar

e
st

an
d
ar

d
as

su
m

p
ti

on
s

in
th

e
fa

ct
or

m
o
d
el

li
te

ra
tu

re
.

T
h
e

p
er

va
si

v
e

as
su

m
p
ti

on
is

re
as

on
ab

le
in

fi
n
an

ci
al

ap
p
li
ca

ti
on

s,
si

n
ce

th
e

fa
ct

or
s

h
av

e
im

p
ac

ts
on

a
la

rg
e

fr
ac

ti
on

of
th

e
ou

tc
om

es
(C

h
am

b
er

la
in

et
al

.,
19

83
;

B
ai

,
20

03
).

If
th

e
fa

ct
or

lo
ad

in
gs
{b
i}
d i=

1
ar

e
re

ga
rd

ed
as

ra
n
d
om

re
al

iz
at

io
n
s

fr
om

a
b

ou
n
d
ed

ra
n
d
om

v
ec

to
r,

th
e

as
su

m
p
ti

on
h
ol

d
s

(F
an

et
al

.,
20

13
).

D
e
fi

n
it

io
n

2
In

th
e

fa
ct

o
r

m
od

el
(1

5
),

th
e

fa
ct

o
rs

a
re

ca
ll

ed
pe

rv
a
si

ve
if

th
er

e
is

a
co

n
st

a
n

t
C
>

0
su

ch
th

a
t
‖B
‖ m

a
x
≤
C

a
n

d
th

e
ei

ge
n

va
lu

es
o
f

th
e
r

by
r

m
a
tr

ix
B
T
B
/d

a
re

d
is

ti
n

ct
a
n

d
bo

u
n

d
ed

a
w

a
y

fr
o
m

ze
ro

a
n

d
in

fi
n

it
y.

L
et
{λ

i,
v i
}r i=

1
b

e
th

e
to

p
r

ei
ge

n
va

lu
es

an
d

ei
g
en

ve
ct

or
s

of
Σ

,
an

d
si

m
il
ar

ly
,
{λ

i,
v
i}
r i=

1

fo
r
B
B
T

.
In

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
,

w
e

sh
ow

th
at

p
er

va
si

ve
n
es

s
is

n
at

u
ra

ll
y

co
n
n
ec

te
d

to
th

e
in

co
h
er

en
ce

st
ru

ct
u
re

.
T

h
is

co
n
n
ec

ts
th

e
ec

on
om

et
ri

cs
an

d
m

ac
h
in

e
le

ar
n
in

g
li
te

ra
tu

re
an

d
p
ro

v
id

e
a

go
o
d

in
te

rp
re

ta
ti

on
on

th
e

co
n
ce

p
t

of
th

e
in

co
h
er

en
ce

.
It

s
p
ro

of
ca

n
b

e
fo

u
n
d

in
th

e
ap

p
en

d
ix

.

P
ro

p
o
si

ti
o
n

3
S

u
p
po

se
th

er
e

ex
is

ts
a

co
n

st
a
n

t
C
>

0
su

ch
th

a
t
‖Σ

u
‖
≤
C

.
T

h
e

fa
ct

o
rs
f t

a
re

pe
rv

a
si

ve
if

a
n

d
o
n

ly
if

th
e

co
h
er

en
ce
µ

(V
)

fo
r
V

=
(v

1
,.
..
,v
r
)
∈

R
d
×
r

is
bo

u
n

d
ed

by
so

m
e

co
n

st
a
n

t,
a
n

d
λ
i

=
λ
i(

Σ
)
�
d

fo
r
i
≤
r

so
th

a
t

m
in

1
≤
i6=
j≤
r
|λ
i
−
λ
j
|/
λ
j
>

0
.

O
u
r

go
al

is
to

ob
ta

in
a

go
o
d

co
va

ri
an

ce
m

at
ri

x
es

ti
m

at
or

b
y

ex
p
lo

it
in

g
th

e
st

ru
ct

u
re

(1
6)

.
O

u
r

st
ra

te
gy

is
to

u
se

a
ge

n
er

al
iz

at
io

n
of

th
e

p
ri

n
ci

p
al

or
th

og
on

al
co

m
p
le

m
en

t
th

re
sh

ol
d
in

g
(P

O
E

T
)

m
et

h
o
d

p
ro

p
os

ed
in

F
an

et
al

.
(2

01
3)

.
T

h
e

ge
n
er

ic
P

O
E

T
p
ro

ce
d
u
re

en
co

m
p
as

se
s

th
re

e
st

ep
s:

(1
)

G
iv

en
th

re
e

p
il
ot

es
ti

m
at

or
s

Σ̂
,Λ̂

=
d
ia

g(
λ̂

1
,.
..
,λ̂

r
),
V̂

=
(v̂

1
,.
..
,v̂
r
)

re
sp

ec
ti

ve
ly

fo
r

tr
u
e

co
va

ri
an

ce
Σ

,
le

ad
in

g
ei

ge
n
va

lu
es

Λ
=

d
ia

g(
λ

1
,.
..
,λ

r
)

a
n
d

le
ad

in
g

ei
ge

n
ve

ct
or

s
V

=
(v

1
,.
..
,v
r
),

co
m

p
u
te

th
e

p
ri

n
ci

p
al

or
th

og
on

al
co

m
p
le

m
en

t
Σ̂
u
:

Σ̂
u

=
Σ̂
−
V̂

Λ̂
V̂
T
.

(1
7)

(2
)

A
p
p
ly

th
e

co
rr

el
at

io
n

th
re

sh
ol

d
in

g
to

Σ̂
u

to
ob

ta
in

th
re

sh
ol

d
ed

es
ti

m
at

e
Σ̂
> u

d
efi

n
ed

as
fo

ll
ow

s:

Σ̂
> u,
ij

=

{
Σ̂
u
,i
j
,

i
=
j

s i
j
(Σ̂

u
,i
j
)I

(|Σ̂
u
,i
j
|≥

τ i
j
),

i
6=
j
,

(1
8)

w
h
er

e
s i
j
(·)

is
th

e
ge

n
er

al
iz

ed
sh

ri
n
ka

ge
fu

n
ct

io
n

(A
n
to

n
ia

d
is

an
d

F
an

,
20

01
;
R

ot
h
m

an
et

al
.,

20
09

)
an

d
τ i
j

=
τ
(σ̂
u
,i
iσ̂
u
,j
j
)1
/
2

is
an

en
tr

y
-d

ep
en

d
en

t
th

re
sh

o
ld

.
τ

w
il
l

b
e

d
et

er
m

in
ed

la
te

r
in

T
h
eo

re
m

6.
T

h
is

st
ep

ex
p
lo

it
s

th
e

sp
ar

si
ty

of
Σ
u
.

1
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

(3
)

C
on

st
ru

ct
th

e
fi
n
al

es
ti

m
at

or
Σ̂
>

=
V̂

Λ̂
V̂
T

+
Σ̂
> u

.

T
h
e

k
ey

fe
at

u
re

in
th

e
ab

ov
e

p
ro

ce
d
u
re

li
es

in
th

e
fl
ex

ib
il
it

y
of

ch
o
os

in
g

th
e

p
il
o
t

es
ti

m
a-

to
rs

in
th

e
fi
rs

t
st

ep
.

W
e

w
il
l

ch
o
os

e
Σ̂

ac
co

rd
in

g
to

d
at

a
ge

n
er

at
in

g
d
is

tr
ib

u
ti

o
n
.

T
y
p
ic

a
ll
y

w
e

ca
n

u
se
λ̂
i,
v̂ i

fo
r
i
≤
r

as
th

e
ei

ge
n
va

lu
es

/v
ec

to
rs

of
Σ̂

.
H

ow
ev

er
,

Λ̂
an

d
V̂

in
g
en

er
a
l

d
o

n
ot

h
av

e
to

co
m

e
fr

om
th

e
sp

ec
tr

al
in

fo
rm

at
io

n
of

Σ̂
an

d
ca

n
b

e
ob

ta
in

ed
se

p
a
ra

te
ly

v
ia

d
iff

er
en

t
m

et
h
o
d
s.

T
o

gu
id

e
th

e
se

le
ct

io
n

of
p
ro

p
er

p
il
ot

es
ti

m
at

or
s,

F
an

et
al

.
(2

01
7
+

)
p
ro

v
id

ed
a

h
ig

h
le

ve
l

su
ffi

ci
en

t
co

n
d
it

io
n

fo
r

th
is

si
m

p
le

p
ro

ce
d
u
re

to
b

e
eff

ec
ti

ve
,

an
d

it
s

p
er

fo
rm

a
n
ce

is
ga

u
ge

d
,

in
p
ar

t,
th

ro
u
gh

th
e

sp
ar

si
ty

le
ve

l
of

Σ
u
,

d
efi

n
ed

as
m
d

:=
m

ax
i≤
d
∑

j≤
d
|Σ
u
,i
j
|q .

W
h
en

q
=

0,
m
d

co
rr

es
p

on
d
s

to
th

e
m

ax
im

u
m

n
u
m

b
er

of
n
on

ze
ro

el
em

en
ts

in
ea

ch
ro

w
o
f

Σ
u
.

F
or

co
m

p
le

te
n
es

s,
w

e
p
re

se
n
t

th
e

th
eo

re
m

gi
v
en

b
y

F
an

et
al

.
(2

01
7+

)
in

th
e

fo
ll
ow

in
g
.

T
h

e
o
re

m
6

L
et

w
n

=
√

lo
g
d
/n

+
1/
√
d

.
S

u
p
po

se
th

er
e

ex
is

ts
C

>
0

su
ch

th
a
t

‖Σ
−

1
u
‖,
‖Σ

u
‖
≤
C

a
n

d
w

e
h
a
ve

p
il

o
t

es
ti

m
a
to

rs
Σ̂
,Λ̂
,V̂

sa
ti

sf
yi

n
g

‖Σ̂
−

Σ
‖ m

a
x

=
O

(√
lo

g
d
/n

),
(1

9
)

|λ̂
i/
λ
i
−

1|
=
O

(√
lo

g
d
/n

),
(2

0
)

‖v̂
i
−
v i
‖ ∞

=
O

(w
n
/
√
d
).

(2
1
)

U
n

d
er

th
e

pe
rv

a
si

ve
n

es
s

co
n

d
it

io
n

o
f

th
e

fa
ct

o
r

m
od

el
(1

5
),

w
it

h
τ
�
w
n

,
if
m
d
w

1
−
q

n
=
o(

1
),

th
e

fo
ll

o
w

in
g

ra
te

s
o
f

co
n

ve
rg

en
ce

h
o
ld

w
it

h
th

e
ge

n
er

ic
P

O
E

T
p
ro

ce
d
u

re
:

‖Σ̂
> u
−

Σ
u
‖ 2

=
O
( m

d
w

1
−
q

n

)
=
‖(

Σ̂
> u

)−
1
−

Σ
u
−

1
‖ 2
,

(2
2
)

a
n

d
‖Σ̂
>
−

Σ
‖ m

a
x

=
O
( w

n

) ,

‖Σ̂
>
−

Σ
‖ Σ

=
O
(√

d
lo

g
d

n
+
m
d
w

1
−
q

n

) ,

‖(
Σ̂
>

)−
1
−

Σ
−

1
‖ 2

=
O
( m

d
w

1
−
q

n

) ,

(2
3)

w
h
er

e
‖A
‖ Σ

=
d
−

1
/
2
‖Σ
−

1
/
2
A

Σ
−

1
/
2
‖ F

is
th

e
re

la
ti

ve
F

ro
be

n
iu

s
n

o
rm

.

W
e

re
m

ar
k

th
at

th
e

ad
d
it

io
n
al

te
rm

1/
√
d

in
w
n
,
is

d
u
e

to
th

e
es

ti
m

at
io

n
o
f
u
n
o
b
se

rv
a
b
le

fa
ct

or
s

an
d

is
n
eg

li
gi

b
le

w
h
en

th
e

d
im

en
si

on
al
d

is
h
ig

h
.

T
h
e

op
ti

m
al

it
y

of
th

e
a
b

ov
e

ra
te

s
of

co
n
ve

rg
en

ce
is

d
is

cu
ss

ed
in

d
et

ai
ls

in
F

an
et

al
.

(2
01

7
+

).
T

h
eo

re
m

6
re

ve
a
ls

a
p
ro

fo
u
n
d

d
et

er
m

in
is

ti
c

co
n
n
ec

ti
on

b
et

w
ee

n
th

e
es

ti
m

at
io

n
er

ro
r

b
ou

n
d

of
th

e
p
il
ot

es
ti

m
a
to

rs
w

it
h

th
e

ra
te

of
co

n
ve

rg
en

ce
s

of
th

e
P

O
E

T
ou

tp
u
t

es
ti

m
at

or
s.

N
ot

ic
e

th
at

th
e

ei
ge

n
ve

ct
o
r

es
ti

m
a
ti

on
er

ro
r

is
u
n
d
er

th
e
` ∞

n
or

m
,

fo
r

w
h
ic

h
ou

r
` ∞

p
er

tu
rb

at
io

n
b

ou
n
d
s

w
il
l

p
ro

v
e

to
b

e
u
se

fu
l.

In
th

is
su

b
se

ct
io

n
,
si

n
ce

w
e

as
su

m
e

on
ly

b
ou

n
d
ed

fo
u
rt

h
m

om
en

ts
,
w

e
ch

o
o
se

Σ̂
to

b
e

th
e

ro
b
u
st

es
ti

m
at

e
of

co
va

ri
an

ce
m

at
ri

x
Σ

d
efi

n
ed

in
(1

4)
.

W
e

n
ow

in
vo

ke
ou

r
` ∞

b
o
u
n
d
s

to
sh

ow
th

at
th

e
sp

ec
tr

u
m

p
ro

p
er

ti
es

(e
ig

en
va

lu
es

an
d

ei
ge

n
ve

ct
or

s)
ar

e
st

a
b
le

to
p

er
tu

rb
a
ti

o
n
.
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

L
et

u
s

d
eco

m
p

ose
Σ̂

in
to

a
form

su
ch

th
at

T
h
eorem

3
can

b
e

in
voked

:

Σ̂
=

r
∑i=

1

λ
i v
i v
Ti

+
Σ
u

+
(Σ̂
−

Σ
),

w
h
ere

Σ̂
is

v
iew

ed
as
Ã

,
th

e
low

-ran
k

p
art ∑

ri=
1
λ
i v
i v
Ti

,
w

h
ich

is
also

B
B
T

,
is

v
iew

ed
as
A

,
a
n
d

th
e

rem
a
in

in
g

term
s

are
treated

as
E

.
T

h
e

follow
in

g
resu

lts
follow

im
m

ed
iately.

P
ro

p
o
sitio

n
4

A
ssu

m
e

th
a
t

th
ere

is
a

co
n

sta
n

t
C
>

0
su

ch
th

a
t‖

Σ
u ‖
≤
C

.
If

th
e

fa
cto

rs
a
re

perva
sive,

th
en

w
ith

p
ro

ba
bility

grea
ter

th
a
n

1−
d −

1,
w

e
h
a
ve

(1
9
)

–
(2

1
)

h
o
ld

w
ith

λ̂
i ,v̂

i

a
s

th
e

lea
d
in

g
eigen

va
lu

es/
vecto

rs
o
f

Σ̂
fo

r
i≤

r.
In

a
d
d
itio

n
,

(2
2
)

a
n

d
(2

3
)

h
o
ld

.

T
h
e

in
eq

u
a
lity

(19)
follow

s
d
irectly

from
P

rop
osition

1
u
n
d
er

th
e

assu
m

p
tion

of
b

ou
n
d
ed

fo
u
rth

m
o
m

en
ts.

It
is

also
easily

verifi
ab

le
th

at
(20),

(21)
follow

from
(19)

b
y

W
ey

l’s
in

eq
u
a
lity

an
d

T
h
eorem

3
(n

otin
g

th
at
‖Σ

u ‖∞
≤
√
d‖Σ

u ‖
).

S
ee

S
ection

3.2
for

m
ore

d
eta

ils.

N
o
te

th
a
t

in
th

e
case

of
su

b
-G

au
ssian

variab
les,

sam
p
le

covarian
ce

m
atrix

an
d

its
lead

in
g

eig
en

va
lu

es/
vectors

w
ill

also
serve

th
e

sam
e

p
u
rp

ose
d
u
e

to
(12)

an
d

T
h
eorem

3
as

d
iscu

ssed
in

S
ectio

n
3.1

.

W
e

h
ave

seen
th

at
th

e
`∞

p
ertu

rb
ation

b
ou

n
d
s

are
u
sefu

l
in

rob
u
st

covarian
ce

estim
a-

tio
n
,

a
n
d

p
a
rticu

larly,
th

ey
resolve

a
th

eoretical
d
iffi

cu
lty

in
th

e
gen

eric
P

O
E

T
p
ro

ced
u
re

fo
r

fa
cto

r
m

o
d
el

b
ased

covarian
ce

m
atrix

estim
ation

.

4
.
S
im

u
la
tio

n
s

4
.1

S
im

u
la

tio
n

:
th

e
p

e
rtu

rb
a
tio

n
re

su
lt

In
th

is
su

b
section

,
w

e
im

p
lem

en
t

n
u
m

erical
sim

u
lation

s
to

verify
th

e
p

ertu
rb

ation
b

ou
n
d

in
T

h
eo

rem
3
.

W
e

w
ill

sh
ow

th
at

th
e

error
b

eh
aves

in
th

e
sam

e
w

ay
as

in
d
icated

b
y

ou
r

th
eo

retica
l

b
o
u
n
d
.

In
th

e
ex

p
erim

en
ts,

w
e

let
th

e
m

atrix
size

d
ru

n
from

200
to

2000
b
y

an
in

crem
en

t
o
f

20
0
.

W
e

fi
x

th
e

ran
k

of
A

to
b

e
3

(r
=

3).
T

o
gen

erate
an

in
coh

eren
ce

low
ran

k
m

atrix
,

w
e

sam
p
le

a
d
×
d

ran
d
om

m
atrix

w
ith

iid
stan

d
ard

n
orm

al
variab

les,
p

erform
sin

g
u
la

r
va

lu
e

d
ecom

p
osition

,
an

d
ex

tract
th

e
fi
rst

r
righ

t
sin

gu
lar

vectors
v

1 ,v
2 ,...,v

r .
L

et
V

=
(v

1 ,...,v
r )

an
d
D

=
d
iag(rγ

,(r−
1)γ

,...,γ
)

w
h
ere

γ
as

b
efore

rep
resen

ts
th

e
eig

en
g
a
p
.

T
h
en

,
w

e
set

A
=
V
D
V
T

.
B

y
orth

ogon
a
l

in
varian

ce,
v
i

is
u
n
iform

ly
d
istrib

u
ted

o
n

th
e

u
n
it

sp
h
ere

S
d−

1.
It

is
n
ot

h
ard

to
see

th
at

w
ith

p
rob

ab
ility

1−
O

(d −
1),

th
e

coh
eren

ce
o
f
V
µ

(V
)

=
O

( √
log

d
).

W
e

co
n
sid

er
tw

o
ty

p
es

of
sp

arse
p

ertu
rb

ation
m

atrices
E

:
(a)

con
stru

ct
a
d×

d
m

a
trix

E
0

b
y

ra
n
d
o
m

ly
selectin

g
s

en
tries

for
each

row
,

an
d

sam
p
lin

g
a

u
n
iform

n
u
m

b
er

in
[0
,L

]
for

ea
ch

en
try,

a
n
d

th
en

sy
m

m
etrize

th
e

p
ertu

rb
ation

m
a
trix

b
y

settin
g
E

=
(E

0
+
E
T0

)/2;
(b

)
p
ick

ρ
∈

(0,1
),L
′
>

0,
an

d
let

E
ij

=
L
′ρ |i−

j|.
N

ote
th

at
in

(b
)

w
e

h
ave‖

E
‖∞
≤

2
L
′/(1−

ρ
),

a
n
d

th
u
s

w
e

ca
n

ch
o
ose

su
itab

le
L
′

a
n
d
ρ

to
con

trol
th

e
`∞

n
orm

of
E

.
T

h
is

cova
rian

ce
stru

ctu
re

is
co

m
m

on
in

cases
w

h
ere

correlation
s

b
etw

een
ran

d
om

variab
les

d
ep

en
d

on
th

eir
“
d
ista

n
ce”
|i−

j|,
w

h
ich

u
su

ally
arises

from
au

toregressive
m

o
d
els.

1
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

2
0
0

6
0
0

1
0
0
0

1
4
0
0

1
8
0
0

0

0
.0

5

0
.1

0
.1

5

0
.2

0
.2

5

0
.3

0
.3

5

0
.4

d

er r

5
.5

6
6
.5

7
7
.5

−
6
.5

−
5
.6

−
4
.7

−
3
.8

−
2
.9

−
2

−
1
.1

lo
g
d

log (err )

F
igu

re
1:

T
h
e

left
p
lo

t
sh

o
w

s
th

e
pertu

rba
tio

n
erro

r
o
f

eigen
vecto

rs
a
ga

in
st

m
a
trix

size
d

ra
n

gin
g

fro
m

200
to

2000
,

w
ith

d
iff

eren
t

eigen
ga

p
γ

.
T

h
e

righ
t

p
lo

t
sh

o
w

s
log

(err)
a
ga

in
st

log
(d

).
T

h
e

slo
pe

is
a
ro

u
n

d
−

0.5.
B

lu
e

lin
es

rep
resen

t
γ

=
10;

red
lin

es
γ

=
50;

green
lin

es
γ

=
100;

a
n

d
bla

ck
lin

es
γ

=
500.

W
e

repo
rt

th
e

la
rgest

erro
r

o
ver

100
ru

n
s.

T
h
e

p
ertu

rb
ation

of
eigen

vectors
is

m
easu

red
b
y

th
e

elem
en

t-w
ise

error:

err
:=

m
ax

1≤
i≤
r

m
in

η
i ∈{±

1} ‖
η
i ṽ
i −

v
i ‖∞

,

w
h
ere
{
ṽ
i }
ri=

1
are

th
e

eigen
vectors

of
Ã

=
A

+
E

in
th

e
d
escen

d
in

g
ord

er.

T
o

in
vestigate

h
ow

th
e

error
d
ep

en
d
s

on
γ

an
d
d
,
w

e
gen

erate
E

accord
in

g
to

m
ech

an
ism

(a)
w

ith
s

=
10
,L

=
3,

an
d

ru
n

sim
u
latio

n
s

in
d
iff

eren
t

p
aram

eter
con

fi
gu

ration
s:

(1)
let

th
e

m
atrix

size
d

ran
ge

from
200

to
2000,

an
d

ch
o
ose

th
e

eigen
g
ap

γ
in
{
10,50,100,500}

(F
igu

re
1);

(2)
fi
x

th
e

p
ro

d
u
ct
γ √

d
to

b
e

on
e

o
f{

2000,3000,4000,5000}
,

an
d

let
th

e
m

atrix
size

d
ru

n
from

200
to

2000
(F

igu
re

2).

T
o

fi
n
d

h
ow

th
e

errors
b

eh
ave

for
E

gen
erated

from
d
iff

eren
t

m
eth

o
d
s,

w
e

ru
n

sim
u
lation

s
as

in
(1)

b
u
t

gen
erate

E
d
iff

eren
tly.

W
e

con
stru

ct
E

th
rou

gh
m

ech
an

ism
(a)

w
ith

L
=

10,s
=

3
an

d
L

=
0
.6
,s

=
50,

an
d

also
th

ro
u
gh

m
ech

an
ism

(b
)

w
ith

L
′

=
1
.5,ρ

=
0
.9

an
d

L
′
=

7.5,ρ
=

0.5
(F

igu
re

3).
T

h
e

p
aram

eters
are

ch
osen

su
ch

th
at‖

E
‖∞

is
ab

ou
t

30.

In
F

igu
re

1
–

3,
w

e
rep

ort
th

e
largest

error
b
ased

on
100

ru
n
s.

F
igu

re
1

sh
ow

s
th

at
th

e
error

d
ecreases

as
d

in
creases

(th
e

left
p
lot);

an
d

m
oreover,

th
e

logarith
m

of
th

e
error

is
lin

ear
in

log
(d

),
w

ith
a

slop
e−

0
.5,

th
at

is,
err∝

1/ √
d

(th
e

righ
t

p
lot).

W
e

can
take

th
e

eigen
gap

γ
in

to
con

sid
eration

an
d

ch
aracterize

th
e

relation
sh

ip
in

a
m

ore
refi

n
ed

w
ay.

In
F

igu
re

2,
it

is
clear

th
at
err

alm
ost

falls
on

th
e

sam
e

h
orizon

tal
lin

e
for

d
iff

eren
t

co
n
fi
gu

ration
s

of
d

an
d
γ

,
w

ith
γ √

d
fi
x
ed

.
T

h
e

righ
t

p
an

el
clearly

in
d
icates

th
at
err×

γ √
d

is
a

con
stan

t,
an

d
th

erefore
err
∝

1
/(γ √

d
).

In
F

igu
re

3,
w

e
fi
n
d

th
at

th
e

errors
b

eh
ave

alm
ost

th
e

1
6

JM
L

R
 18(207):1-42, 2018



E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

2
0
0

6
0
0

1
0
0
0

1
4
0
0

1
8
0
0

0

0
.0

0
5

0
.0

1

0
.0

1
5

0
.0

2

0
.0

2
5

0
.0

3

d

err

2
0
0

6
0
0

1
0
0
0

1
4
0
0

1
8
0
0

5

1
5

2
5

3
5

4
5

5
5

6
5

7
5

d

err×γ

√

d

F
ig

u
re

2:
T

h
e

le
ft

p
lo

t
sh

o
w

s
th

e
pe

rt
u

rb
a
ti

o
n

er
ro

r
o
f

ei
ge

n
ve

ct
o
rs

a
ga

in
st

m
a
tr

ix
si

ze
d

ra
n

gi
n

g
fr

o
m

20
0

to
20

00
,

w
h
en

γ
√
d

is
ke

p
t

fi
xe

d
,

w
it

h
d
iff

er
en

t
va

lu
es

.
T

h
e

ri
gh

t
p
lo

t
sh

o
w

s
th

e
er

ro
r

m
u

lt
ip

li
ed

by
γ
√
d

a
ga

in
st
d

.
B

lu
e

li
n

es
re

p
re

se
n

t
γ
√
d

=
20

00
;

re
d

li
n

es
γ
√
d

=
30

00
;

gr
ee

n
li

n
es
γ
√
d

=
40

00
;

a
n

d
bl

a
ck

li
n

es
γ
√
d

=
50

00
.

W
e

re
po

rt
th

e
la

rg
es

t
er

ro
r

o
ve

r
10

0
ru

n
s.

sa
m

e
re

ga
rd

le
ss

of
h
ow

E
is

ge
n
er

at
ed

.
T

h
es

e
si

m
u
la

ti
o
n

re
su

lt
s

p
ro

v
id

e
st

ar
k

ev
id

en
ce

su
p
p

or
ti

n
g

th
e
` ∞

p
er

tu
rb

at
io

n
b

ou
n
d

in
T

h
eo

re
m

3.

4
.2

S
im

u
la

ti
o
n

:
ro

b
u

st
c
o
v
a
ri

a
n

c
e

e
si

tm
a
ti

o
n

W
e

co
n
si

d
er

th
e

p
er

fo
rm

an
ce

of
th

e
ge

n
er

ic
P

O
E

T
p
ro

ce
d
u
re

in
ro

b
u
st

co
va

ri
an

ce
es

ti
m

at
io

n
in

th
is

su
b
se

ct
io

n
.

N
ot

e
th

at
th

e
p
ro

ce
d
u
re

is
fl
ex

ib
le

in
em

p
lo

y
in

g
an

y
p
il
ot

es
ti

m
at

or
s

Σ̂
,Λ̂
,V̂

sa
ti

sf
y
in

g
th

e
co

n
d
it

io
n
s

(1
9
)

–
(2

1)
re

sp
ec

ti
ve

ly
.

W
e

im
p
le

m
en

te
d

th
e

ro
b
u
st

p
ro

ce
d
u
re

w
it

h
fo

u
r

d
iff

er
en

t
in

it
ia

l
tr

io
s:

(1
)

th
e

sa
m

p
le

co
va

ri
an

ce
Σ̂
S

w
it

h
it

s
le

ad
in

g
r

ei
ge

n
va

lu
es

an
d

ei
ge

n
ve

ct
or

s
as

Λ̂
S

an
d
V̂
S

;
(2

)
th

e
H

u
b

er
’s

ro
b
u
st

es
ti

m
at

or
Σ̂
R

gi
ve

n
in

(1
4)

an
d

it
s

to
p
r

ei
ge

n
-s

tr
u
ct

u
re

es
ti

m
at

o
rs

Λ̂
R

an
d
V̂
R

;
(3

)
th

e
m

ar
gi

n
al

K
en

d
al

l’
s

ta
u

es
ti

m
at

or
Σ̂
K

w
it

h
it

s
co

rr
es

p
on

d
in

g
Λ̂
K

an
d
V̂
K

;
(4

)
la

st
ly

,
w

e
u
se

th
e

sp
at

ia
l

K
en

d
al

l’
s

ta
u

es
ti

m
at

or
to

es
ti

m
at

e
th

e
le

ad
in

g
ei

ge
n
ve

ct
or

s
in

st
ea

d
of

th
e

m
ar

gi
n
al

K
en

d
al

l’
ta

u
,

so
V̂
K

in
(3

)
is

re
p
la

ce
d

w
it

h
Ṽ
K

.
W

e
n
ee

d
to

b
ri

efl
y

re
v
ie

w
th

e
tw

o
ty

p
es

of
K

en
d
al

l’
s

ta
u

es
ti

m
at

or
s

h
er

e,
an

d
sp

ec
ifi

ca
ll
y

gi
ve

th
e

fo
rm

u
la

fo
r

Σ̂
K

an
d
Ṽ
K

.

K
en

d
al

l’
s

ta
u

co
rr

el
at

io
n

co
effi

ci
en

t,
fo

r
es

ti
m

at
in

g
p
ai

rw
is

e
co

m
ov

em
en

t
co

rr
el

at
io

n
,

is
d
efi

n
ed

as

τ̂ j
k

:=
2

n
(n
−

1)

∑ t<
t′

sg
n
((
y t
j
−
y t
′ j

)(
y t
k
−
y t
′ k

))
.

(2
4)
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

5
.5

6
6
.5

7
7
.5

−
5
.8−
5

−
4
.2

−
3
.4

−
2
.6

−
1
.8−
1

5
.5

6
6
.5

7
7
.5

−
7
.3

−
6
.3

−
5
.2

−
4
.2

−
3
.2

−
2
.2

−
1
.1

5
.5

6
6
.5

7
7
.5

−
7

−
6

−
5
.1

−
4
.1

−
3
.1

−
2
.2

−
1
.2

5
.5

6
6
.5

7
7
.5

−
6
.6

−
5
.7

−
4
.9−
4

−
3
.1

−
2
.3

−
1
.4

log(err)

lo
g
d

F
ig

u
re

3:
T

h
es

e
p
lo

ts
sh

o
w

lo
g
(e
rr

)
a
gi

n
st

lo
g
(d

),
w

it
h

m
a
tr

ix
si

ze
d

ra
n

gi
n

g
fr

o
m

2
0
0

to
20

00
a
n

d
d
iff

er
en

t
ei

ge
n

ga
p
γ

.
T

h
e

pe
rt

u
rb

a
ti

o
n
E

is
ge

n
er

a
te

d
fr

o
m

d
iff

er
en

t
w

a
ys

.
T

o
p

le
ft

:
L

=
10
,s

=
3;

to
p

ri
gh

t:
L

=
0.

6,
s

=
50

;
bo

tt
o
m

le
ft

:
L
′

=
1.

5
,ρ

=
0.

9;
bo

tt
o
m

ri
gh

t:
L
′ =

7.
5,
ρ

=
0.

5
.

T
h
e

sl
o
pe

s
a
re

a
ro

u
n

d
−

0
.5

.
B

lu
e

li
n

es
re

p
re

se
n

t
γ

=
1
0;

re
d

li
n

es
γ

=
50

;
gr

ee
n

li
n

es
γ

=
10

0;
a
n

d
bl

a
ck

li
n

es
γ

=
50

0.
W

e
re

po
rt

th
e

la
rg

es
t

er
ro

r
o
ve

r
1
00

ru
n

s.

It
s

p
op

u
la

ti
on

ex
p

ec
ta

ti
on

is
re

la
te

d
to

th
e

P
ea

rs
on

co
rr

el
at

io
n

v
ia

th
e

tr
a
n
sf

o
rm

r j
k

=

si
n
( π 2

E
[τ̂
jk

])
fo

r
el

li
p
ti

ca
l

d
is

tr
ib

u
ti

on
s

(w
h
ic

h
ar

e
fa

r
to

o
re

st
ri

ct
iv

e
fo

r
h
ig

h
-d

im
en

si
o
n
a
l

ap
p
li
ca

ti
on

s)
.

T
h
en

r̂ j
k

=
si

n
( π 2
τ̂ j
k

)
is

a
va

li
d

es
ti

m
a
ti

on
fo

r
th

e
P

ea
rs

o
n

co
rr

el
a
ti

o
n

r j
k
.

L
et

ti
n
g
R̂

=
(r̂
jk

)
an

d
D̂

=
d
ia

g(
√

Σ̂
R 1
1
,.
..
,√

Σ̂
R d
d
)

co
n
ta

in
in

g
th

e
ro

b
u
st

ly
es

ti
m

a
te

d
st

an
d
ar

d
d
ev

ia
ti

on
s,

w
e

d
efi

n
e

th
e

m
ar

gi
n
al

K
en

d
al

l’
s

ta
u

es
ti

m
at

or
as

Σ̂
K

=
D̂
R̂
D̂
.

(2
5
)

In
th

e
ab

ov
e

co
n
st

ru
ct

io
n

of
D̂

,
w

e
st

il
l

u
se

th
e

ro
b
u
st

va
ri

an
ce

es
ti

m
at

es
fr

o
m

Σ̂
R

.

T
h
e

sp
at

ia
l

K
en

d
al

l’
s

ta
u

es
ti

m
a
to

r
is

a
se

co
n
d
-o

rd
er

U
-s

ta
ts

ti
c,

d
efi

n
ed

a
s

Σ̃
K

:=
2

n
(n
−

1)

∑ t<
t′

(y
t
−
y t
′ )

(y
t
−
y t
′ )
T

‖y
t
−
y t
′ ‖

2 2

.
(2

6
)
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

T
h
en

Ṽ
S

is
co

n
stru

cted
b
y

th
e

top
r

eigen
vectors

of
Σ̃
K

.
It

h
as

b
een

sh
ow

n
b
y

F
an

et
a
l.

(2
0
1
7+

)
th

at
u
n
d
er

ellip
tical

d
istrib

u
tion

,
Σ̂
K

an
d

its
top

r
eigen

valu
es

Λ̂
K

satisfy
(1

9
)

a
n
d

(2
0
)

w
h
ile

Ṽ
S

su
ffi

ces
to

con
clu

d
e

(21).
H

en
ce

M
eth

o
d

(4)
in

d
eed

p
rov

id
es

go
o
d

in
itia

l
estim

a
to

rs
if

d
ata

are
from

ellip
tical

d
istrib

u
tion

.
H

ow
ever,

sin
ce

Σ̂
K

attain
s

(19)
fo

r
ellip

tica
l

d
istrib

u
tion

,
b
y

sim
ilar

argu
m

en
t

for
d
eriv

in
g

P
rop

osition
4

b
ased

on
ou

r
`∞

p
ertu

b
a
tio

n
b

o
u
n
d
,
V̂
K

con
sistin

g
of

th
e

lead
in

g
eig

en
vectors

of
Σ̂
K

is
also

valid
for

th
e

g
en

eric
P

O
E

T
p
ro

ced
u
re.

F
or

m
ore

d
etails

ab
o
u
t

th
e

tw
o

ty
p

es
of

K
en

d
all’s

tau
,

w
e

refer
th

e
rea

d
ers

to
F

an
g

et
al.

(1990);
C

h
oi

an
d

M
ard

en
(1998);

H
an

an
d

L
iu

(2014);
F

an
et

al.
(2

0
1
7
+

)
a
n
d

referen
ces

th
erein

.

In
su

m
m

ary,
M

eth
o
d

(1)
is

d
esign

ed
for

th
e

case
of

su
b
-G

au
ssian

d
ata;

M
eth

o
d

(3)
a
n
d

(4
)

w
ork

u
n
d
er

th
e

situ
ation

of
ellip

tical
d
istrib

u
tion

;
w

h
ile

M
eth

o
d

(2)
is

p
rop

osed
in

th
is

p
a
p

er
for

th
e

gen
eral

h
eav

y
-tailed

case
w

ith
b

ou
n
d
ed

fou
rth

m
om

en
ts

w
ith

o
u
t

fu
rth

er
d
istrib

u
tio

n
a
l

sh
ap

e
con

strain
ts.

W
e

sim
u
la

ted
n

sam
p
les

of
(f
Tt
,u

Tt
)
T

from
tw

o
settin

gs:
(a)

a
m

u
ltivariate

t-d
istrib

u
tion

w
ith

cova
rian

ce
m

atrix
d
iag{I

r ,5I
d }

an
d

vario
u
s

d
egrees

of
freed

om
(ν

=
3

for
very

h
eav

y
ta

il,
ν

=
5

fo
r

m
ed

iu
m

h
eav

y
tail

an
d
ν

=
∞

for
G

au
ssian

tail),
w

h
ich

is
o
n
e

ex
am

p
le

o
f

th
e

ellip
tica

l
d
istrib

u
tion

(F
an

g
et

al.,
1990);

(b
)

an
elem

en
t-w

ise
iid

on
e-d

im
en

sion
al

t
d
istrib

u
tion

w
ith

th
e

sam
e

covarian
ce

m
atrix

an
d

d
eg

rees
of

freed
om

ν
=

3,5
an

d
∞

,
w

h
ich

is
a

n
o
n
-ellip

tical
h
eav

y
-tailed

d
istrib

u
tion

.

E
a
ch

row
o
f

co
effi

cien
t

m
atrix

B
is

in
d
ep

en
d
en

tly
sam

p
led

from
a

stan
d
ard

n
orm

al
d
istrib

u
tio

n
,
so

th
at

w
ith

h
igh

p
rob

ab
ility,

th
e

p
ervasiven

ess
con

d
ition

h
old

s
w

ith
‖
B
‖

m
a
x

=
O

( √
lo

g
d
).

T
h
e

d
ata

is
th

en
gen

erated
b
y
y
t

=
B
f
t +

u
t

an
d

th
e

tru
e

p
op

u
lation

covarian
ce

m
a
trix

is
Σ

=
B
B
T

+
5
I
d .

F
o
r
d

ru
n
n
in

g
from

200
to

900
an

d
n

=
d
/2,

w
e

calcu
lated

errors
of

th
e

fou
r

rob
u
st

estim
a
to

rs
in

d
iff

eren
t

n
orm

s.
T

h
e

tu
n
in

g
for

α
in

m
in

im
ization

(14)
is

d
iscu

ssed
m

ore
th

ro
u
g
h
ly

in
F

a
n

et
al.

(2017b
).

F
or

th
e

th
resh

old
in

g
p
aram

eter,
w

e
u
sed

τ
=

2 √
log

d
/n

.

T
h
e

estim
a
tio

n
errors

are
gau

ged
in

th
e

follow
in

g
n
orm

s:
‖Σ̂
>u
−

Σ
u ‖,‖(Σ̂

>
) −

1−
Σ
−

1‖
a
n
d
‖
Σ̂
>
−

Σ‖
Σ

as
sh

ow
n

in
T

h
eorem

6.
T

h
e

tw
o

d
iff

eren
t

settin
gs

are
sep

a
rately

p
lo

tted
in

F
ig

u
res

4
an

d
5.

T
h
e

estim
ation

errors
of

ap
p
ly

in
g

sam
p
le

covarian
ce

m
atrix

Σ̂
S

in
M

eth
o
d

(1
)

a
re

u
sed
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n
ce

w
e

h
av

e
su

ch
Q

(o
r

eq
u
iv

al
en

tl
y
Q

),
th

en
(V
,V
⊥

)T
Ã

(V
,V
⊥

)
is

a
b
lo

ck
d
ia

g
o
n
a
l

m
at

ri
x
,

an
d

th
e

sp
an

of
co

lu
m

n
ve

ct
or

s
of
V

is
a

ca
n
d
id

at
e

sp
ac

e
of

th
e

sp
a
n

o
f

fi
rs

t
r
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

eig
en

vecto
rs,

n
a
m

ely
sp

an{
ṽ

1 ,...,ṽ
r }

.
W

e
w

ill
verify

th
e

tw
o

sp
aces

are
id

en
tical

in
L

em
m

a
7
.

B
efo

re
sta

tin
g

th
at

lem
m

a,
w

e
fi
rst

p
rov

id
e

b
ou

n
d
s

on
‖
Q
‖

m
a
x

an
d
‖V
−
V
‖

m
a
x .

L
e
m

m
a

5
S

u
p
po

se
|λ
r |−

ε
>

4
rµ

(τ
+

2rκ
).

T
h
en

,
th

ere
exists

a
m

a
trix

Q
∈

R
(d−

r
)×
r

su
ch

th
a
t
Q

=
V
⊥
Q
∈

R
d×
r

is
a

so
lu

tio
n

to
th

e
qu

a
d
ra

tic
equ

a
tio

n
(3

0
),

a
n

d
Q

sa
tisfi

es
‖
Q
‖

m
a
x ≤

ω
/ √

d
.

M
o
reo

ver,
if
rω

<
1/

2
,

th
e

m
a
trix

V
d
efi

n
ed

in
(2

8
)

sa
tisfi

es

‖
V
−
V
‖

m
a
x ≤

2 √
µ
ω
r/ √

d
.

(31)

H
ere,

ω
is

d
efi

n
ed

a
s
ω

=
8(1

+
rµ

)κ
/(|λ

r |−
ε).

T
h
e

seco
n
d

cla
im

of
th

e
lem

m
a

(i.e.,
th

e
b

ou
n
d

(31))
is

relativ
ely

easy
to

p
rove

on
ce

th
e

fi
rst

cla
im

(i.e.,
th

e
b

ou
n
d

on
‖Q
‖

m
a
x )

is
p
roved

.
T

o
u
n
d
erstan

d
th

is,
n
ote

th
at

w
e

can

rew
rite

V
a
s
V

=
(V

+
Q

)(I
r

+
Q
T
Q

) −
1
/
2,

an
d
‖
Q
T
Q
‖

m
a
x

can
b

e
con

trolled
b
y

a
triv

ial

in
eq

u
a
lity
‖
Q
T
Q
‖

m
a
x
≤
d‖
Q
‖

2m
a
x
≤
w

2.
T

o
p
rove

th
e

fi
rst

claim
,

w
e

con
stru

ct
a

seq
u
en

ce
o
f

m
a
trices

th
rou

gh
recu

rsion
th

at
con

verges
to

th
e

fi
x
ed

p
oin

t
Q

,
w

h
ich

is
a

solu
tion

to
th

e
q
u
a
d
ra

tic
eq

u
a
tion

(30).
F

or
all

iterates
of

m
atrices,

w
e

p
rove

a
u
n
iform

m
ax

-n
orm

b
ou

n
d
,

w
h
ich

lea
d
s

to
a

m
ax

-b
ou

n
d

on
‖ Q
‖

m
a
x

b
y

con
tin

u
ity.

T
o

b
e

sp
ecifi

c,
w

e
in

itialize
Q

0
=

0,

a
n
d

g
iven

Q
t,

w
e

solve
a

lin
ear

eq
u
ation

:

Q
L

1 −
L

2 Q
=
H
−
Q
tH

T
Q
t,

(32)

a
n
d

th
e

so
lu

tio
n

is
d
efi

n
ed

as
Q
t+

1.
U

n
d
er

som
e

con
d
ition

s,
th

e
itera

te
Q
t

con
verges

to
a

lim
it
Q

,
w

h
ich

is
a

solu
tion

to
(30).

T
h
e

n
ex

t
gen

eral
lem

m
a

cap
tu

res
th

is
id

ea.
It

follow
s

fro
m

S
tew

a
rt

(1
990)

w
ith

m
in

or
ad

ap
tation

s.

L
e
m

m
a

6
L

et
T

be
a

bo
u

n
d
ed

lin
ea

r
o
pera

to
r

o
n

a
B

a
n

a
ch

spa
ce
B

equ
ip

ped
w

ith
a

n
o
rm

‖·‖.
A

ssu
m

e
th

a
t
T

h
a
s

a
bo

u
n

d
ed

in
verse,

a
n

d
d
efi

n
e
β

=
‖
T
−

1‖ −
1.

L
et
ϕ

:B
→
B

be
a

m
a
p

th
a
t

sa
tisfi

es

‖ϕ
(x

)‖
≤
η‖
x‖

2,
a
n

d
‖ϕ

(x
)−

ϕ
(y

)‖
≤

2η
m

ax{‖
x‖
,‖
y‖}‖

x
−
y‖

(33)

fo
r

so
m

e
η
≥

0
.

S
u

p
po

se
th

a
tB

0
is

a
clo

sed
su

bspa
ce

o
fB

su
ch

th
a
t
T
−

1(B
0 )
⊆
B

0
a
n

d
ϕ

(B
0 )⊆

B
0 .

S
u

p
po

se
y
∈
B

0
th

a
t

sa
tisfi

es
4η‖

y‖
<
β

2.
T

h
en

,
th

e
sequ

en
ce

in
itia

lized
w

ith
x

0
=

0
a
n

d
itera

ted
th

ro
u

gh

x
k
+

1
=
T
−

1(y
+
ϕ

(x
k )),

k
≥

0
(34)

co
n

verges
to

a
so

lu
tio

n
x
?

to
T
x

=
y

+
ϕ

(x
).

M
o
reo

ver,
w

e
h
a
ve

x
?
⊆
B

0 ,
a
n

d
‖x

?‖
≤

2‖
y‖/β

.

T
o

a
p
p
ly

th
is

lem
m

a
to

th
e

eq
u
ation

(30),
w

e
v
iew
B

as
th

e
sp

ace
of

m
atrices

R
d×
r

w
ith

th
e

m
a
x
-n

orm
‖·‖

m
a
x ,

an
d
B

0
as

th
e

su
b
sp

ace
of

m
atrices

of
th

e
form

V
⊥
Q

w
h
ere

Q
∈
R

(d−
r
)×
r.

T
h
e

lin
ear

op
erator

T
is

set
to

b
e

th
e
T

( Q
)

=
Q
L

1 −
L

2 Q
,

an
d

th
e

m
ap

ϕ
is

set
to

b
e

th
e

q
u
ad

ratic
fu

n
ction

ϕ
(Q

)
=
−
Q
H
T
Q

.
R

ou
gh

ly
sp

eak
in

g,
u
n
d
er

th
e

assu
m

p
tion

o
f

L
em

m
a

6
,

th
e

n
on

lin
ear

eff
ect

cau
sed

b
y
ϕ

is
w

eak
com

p
ared

w
ith

th
e

lin
ear

op
erator

T
.

T
h
erefo

re,
it

is
cru

cial
to

sh
ow

T
is

in
v
ertib

le,
i.e.

to
g
ive

a
go

o
d

low
er

b
ou

n
d

on
‖
T
−

1‖ −
1

m
a
x

=
in

f‖
Q
‖
m
a
x
=

1 ‖T
(Q

)‖
m

a
x .

S
in

ce
th

e
n
orm

is
n
ot

orth
ogon

al-in
varian

t,
a

su
b
tle
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

issu
e

arises
w

h
en

A
is

n
ot

of
ex

act
low

ran
k
,

w
h
ich

w
ill

b
e

d
iscu

ssed
at

th
e

en
d

of
th

e
su

b
section

.

If
th

ere
is

n
o

p
ertu

rb
ation

(i.e.,
E

=
0),

all
th

e
iterates

Q
t

are
sim

p
ly

0,
so
V

is
id

en
tical

to
V

.
If

th
e

p
ertu

rb
ation

is
n
ot

to
o

large,
th

e
n
ex

t
lem

m
a

sh
ow

s
th

at
th

e
co

lu
m

n
v
ectors

of
V

sp
an

th
e

sam
e

sp
ace

as
sp

an{
ṽ

1 ,...,ṽ
r }.

In
oth

er
w

ord
s,

w
ith

a
su

itab
le

orth
ogon

al
m

atrix
R

,
th

e
colu

m
n
s

of
V
R

are
ṽ

1 ,...,ṽ
r .

L
e
m

m
a

7
S

u
p
po

se
|λ
r |−

ε
>

m
ax{3

τ,64(1
+
rµ

)r
3
/
2µ

1
/
2κ}.

T
h
en

,
th

ere
exists

a
n

o
rth

og-
o
n

a
l

m
a
trix

R
∈
R
r×
r

su
ch

th
a
t

th
e

co
lu

m
n

vecto
rs

o
f
V
R

a
re
ṽ

1 ,...,ṽ
r .

P
ro

o
f

o
f

T
h

e
o
re

m
2

It
is

easy
to

ch
eck

th
at

u
n
d
er

th
e

assu
m

p
tion

of
T

h
eorem

2,
th

e
con

d
ition

s
req

u
ired

in
L

em
m

a
5

an
d

L
em

m
a

7
are

satisfi
ed

.
H

en
ce,

th
e

tw
o

lem
m

as
im

p
ly

T
h
eorem

2.

T
o

stu
d
y

th
e

p
ertu

rb
ation

of
in

d
iv

id
u
al

eig
en

v
ecto

rs,
w

e
assu

m
e,

in
ad

d
ition

to
th

e
con

-
d
ition

on
|λ
r |,

th
at
λ

1 ,...,λ
r

satisfy
a

u
n
iform

gap
,

(n
am

ely
δ
>
‖
E
‖

2 ).
T

h
is

ad
d
ition

al
assu

m
p
tion

is
n
ecessary,

b
ecau

se
oth

erw
ise,

th
e

p
ertu

rb
a
tion

m
ay

lead
to

a
ch

an
ge

of
rel-

ative
ord

er
of

eigen
valu

es,
an

d
w

e
m

ay
b

e
u
n
ab

le
to

m
atch

eigen
vectors

from
th

e
ord

er
of

eigen
valu

es.
S
u
p
p

ose
R
∈

R
r×
r

is
an

orth
ogon

al
m

atrix
su

ch
th

a
t
V
R

are
eigen

vectors
of

Ã
.

N
ow

,
u
n
d
er

th
e

assu
m

p
tion

of
T

h
eorem

2,
th

e
colu

m
n

vectors
of
Ṽ

an
d
V
R

a
re

id
en

tical
u
p

to
sign

,
so

w
e

can
rew

rite
th

e
d
iff

eren
ce
Ṽ
−
V

as

Ṽ
−
V

=
V

(R
−
I
r )

+
(V
−
V

).
(35)

W
e

alread
y

p
rov

id
ed

a
b

ou
n
d

on
‖V
−
V
‖

m
a
x

in
L

em
m

a
5.

B
y

th
e

trian
gu

lar
in

eq
u
ality,

w
e

can
d
erive

a
b

ou
n
d

on
‖
V
‖

m
a
x .

If
w

e
can

p
rov

e
a

b
ou

n
d

on
‖
R
−
I
r ‖

m
a
x ,

it
w

ill
fi
n
ally

lead
s

to
a

b
ou

n
d

on
‖
Ṽ
−
V
‖

m
a
x .

In
ord

er
to

d
o

so,
w

e
u
se

th
e

D
av

is-K
ah

an
th

eorem
to

ob
tain

an
b

ou
n
d

on
〈ṽ
i ,v

i 〉
for

all
i∈

[r].
T

h
is

w
ill

lead
to

a
m

a
x
-n

orm
b

ou
n
d

on
R
−
I
r

(w
ith

th
e

p
rice

of
p

oten
tially

in
creasin

g
th

e
b

ou
n
d

b
y

a
factor

of
r).

T
h
e

d
etails

ab
ou

t
th

e
p
ro

of
of

T
h
eorem

3
are

in
th

e
ap

p
en

d
ix

.

W
e

rem
ark

th
at

th
e

con
d
ition

s
on
|λ
r |−

ε
in

T
h
eorem

2
an

d
T

h
eorem

3
a
re

on
ly

u
sefu

l
in

cases
w

h
ere|λ

r |
>
‖A
−
A
r ‖∞

.
Id

eally,
w

e
w

ou
ld

like
to

h
av

e
resu

lts
w

ith
assu

m
p
tion

s
on

ly
in

volv
in

g
λ
r

an
d
λ
r
+

1 ,
lik

e
in

th
e

D
av

is-K
ah

an
th

eorem
.

U
n
fortu

n
ately,

u
n
like

orth
ogon

al-
in

varian
t

n
orm

s
th

at
on

ly
d
ep

en
d

on
th

e
eigen

valu
es

of
a

m
atrix

,
th

e
m

ax
-n

orm
‖·‖

m
a
x

is
n
ot

orth
ogon

al-in
varian

t,
an

d
th

u
s

it
also

d
ep

en
d
s

on
th

e
eigen

vectors
of

a
m

atrix
.

F
or

th
is

reason
,

it
is

n
ot

clear
w

h
eth

er
w

e
cou

ld
ob

tain
a

low
er

b
ou

n
d

on
‖
T
−

1‖ −
1

m
a
x

u
sin

g
on

ly
th

e
eigen

valu
es
λ
r

an
d
λ
r
+

1
so

th
at

L
em

m
a

6
cou

ld
b

e
ap

p
lied

.
T

h
e

a
n
aly

sis
ap

p
ears

to
b

e
d
iffi

cu
lt

if
w

e
d
o

n
ot

h
ave

a
b

ou
n
d

on
‖T
−

1‖ −
1

m
a
x ,

con
sid

erin
g

th
at

even
in

th
e

an
aly

sis
of

lin
ear

eq
u
ation

s,
w

e
n
eed

in
vertib

ility
an

d
a

w
ell-co

n
trolled

con
d
ition

n
u
m

b
er.

5
.2

A
sy

m
m

e
tric

c
a
se

L
et
A
d,E

d
b

e
d

1
+
d

2
sq

u
are

m
atrices

d
efi

n
ed

as

A
d

:=

(
0

A
A
T

0

)
,

E
d

:=

(
0

E
E
T

0

)
.

2
4
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

A
ls

o
d
en

ot
e
Ã
d

:=
A
d

+
E
d
.

T
h
is

au
gm

en
ta

ti
on

of
an

as
y
m

m
et

ri
c

m
at

ri
x

in
to

a
sy

m
m

et
ri

c
on

e
is

ca
ll
ed

H
er

m
it

ia
n

d
il
at

io
n
.

H
er

e
th

e
su

p
er

sc
ri

p
t
d

m
ea

n
s

th
e

H
er

m
it

ia
n

d
il
at

io
n
.

W
e

al
so

u
se

th
is

n
ot

at
io

n
to

d
en

ot
e

q
u
an

ti
ti

es
co

rr
es

p
on

d
in

g
to
A
d

a
n
d
Ã
d
.

A
n

im
p

or
ta

n
t

ob
se

rv
at

io
n

is
th

at

(
0

A
A
T

0

)
(

u
i

±
v i

)
=
±
σ
i

(
u
i

±
v i

)
.

F
ro

m
th

is
id

en
ti

ty
,

w
e

k
n
ow

th
at
A
d

h
av

e
n
on

ze
ro

ei
ge

n
va

lu
es
±
σ
i

w
h
er

e
1
≤
i
≤

ra
n
k
(A

),
an

d
it

s
co

rr
es

p
on

d
in

g
ei

ge
n
ve

ct
or

s
ar

e
(u
T i
,±

v
T i

)T
.

F
or

a
gi

ve
n
r,

w
e

st
a
ck

th
es

e
(n

or
m

al
-

iz
ed

)
ei

ge
n
ve

ct
or

s
w

it
h

in
d
ic

es
i
∈

[r
]

in
to

a
m

at
ri

x
V
d
∈
R

(d
1
+
d
2
)×

2
r
:

V
d

:=
1 √
2

(
U

U
V
−
V

)
.

T
h
ro

u
gh

th
e

au
gm

en
te

d
m

at
ri

ce
s,

w
e

ca
n

tr
an

sf
er

ei
ge

n
ve

ct
or

re
su

lt
s

fo
r

sy
m

m
et

ri
c

m
at

ri
ce

s
to

si
n
gu

la
r

ve
ct

or
s

of
as

y
m

m
et

ri
c

m
at

ri
ce

s.
H

ow
ev

er
,

w
e

ca
n
n
ot

d
ir

ec
tl

y
in

v
o
ke

th
e

re
su

lt
s

p
ro

ve
d

fo
r

sy
m

m
et

ri
c

m
at

ri
ce

s,
d
u
e

to
an

is
su

e
ab

ou
t

th
e

co
h
er

en
ce

of
V
d
:

w
h
en

d
1

an
d
d

2

ar
e

n
ot

co
m

p
ar

ab
le

,
th

e
co

h
er

en
ce
µ

(V
d
)

ca
n

b
e

ve
ry

la
rg

e
ev

en
w

h
en

µ
(V

)
a
n
d
µ

(U
)

ar
e

b
ou

n
d
ed

.
T

o
u
n
d
er

st
an

d
th

is
,

co
n
si

d
er

th
e

ca
se

w
h
er

e
r

=
1,
d

1
�
d

2
,

an
d

al
l

en
tr

ie
s

of
U

ar
e
O

(1
/√

d
1
),

an
d

al
l

en
tr

ie
s

of
V

ar
e
O

(1
/
√
d

2
).

T
h
en

,
th

e
co

h
er

en
ce

s
µ

(U
)

an
d
µ

(V
)

ar
e

O
(1

),
b
u
t
µ

(V
d
)

=
O

((
d

1
+
d

2
)/
d

2
)
�

1.

T
h
is

u
n
p
le

as
an

t
is

su
e

ab
ou

t
th

e
co

h
er

en
ce

,
n
ev

er
th

el
es

s,
ca

n
b

e
ta

ck
le

d
if

w
e

co
n
si

d
er

a
d
iff

er
en

t
m

at
ri

x
n
or

m
.

In
or

d
er

to
d
ea

l
w

it
h

th
e

d
iff

er
en

t
sc

al
es

of
d

1
an

d
d

2
,

w
e

d
efi

n
e

th
e

w
ei

gh
te

d
m

ax
-n

or
m

fo
r

an
y

m
at

ri
x
M

w
it

h
d

1
+
d

2
ro

w
s

as
fo

ll
ow

s:

‖M
‖ w

:=
∥ ∥ ∥(
√
d

1
I d

1
0

0
√
d

2
I d

2

)
M
∥ ∥ ∥ m

a
x
.

(3
6)

In
ot

h
er

w
or

d
s,

w
e

re
sc

al
e

th
e

to
p
d

1
ro

w
s

of
M

b
y

a
fa

ct
or

of
√
d

1
,

an
d

re
sc

al
e

th
e

b
ot

to
m

d
2

ro
w

s
b
y
√
d

2
.

T
h
is

w
ei

gh
te

d
n
or

m
se

rv
es

to
b
al

an
ce

th
e

p
ot

en
ti

al
d
iff

er
en

t
sc

al
es

of
d

1

an
d
d

2
.

T
h
e

p
ro

of
s

of
th

eo
re

m
s

in
S
ec

ti
on

2.
2

w
il
l
b

e
al

m
os

t
th

e
sa

m
e

w
it

h
th

os
e

in
th

e
sy

m
m

et
ri

c
ca

se
,
w

it
h

th
e

m
a
jo

r
d
iff

er
en

ce
b

ei
n
g

th
e

n
ew

m
at

ri
x

n
or

m
.

B
ec

au
se

th
e

d
er

iv
at

io
n

is
sl

ig
h
tl

y
re

p
et

it
iv

e,
w

e
w

il
l

p
ro

v
id

e
co

n
ci

se
p
ro

of
s

in
th

e
ap

p
en

d
ix

.
S
im

il
ar

to
th

e
d
ec

om
p

os
it

io
n

in
(2

.1
),

A
d

=

(
0

A
r

A
T r

0

)
+

(
0

A
−
A
r

A
T
−
A
T r

0

)
=

:
A
d r

+
(A

d
−
A
d r
),

w
h
er

e
A
d r

is
h
as

ra
n
k

2r
.

E
q
u
iv

al
en

tl
y,

A
d r

=
r ∑ i=
1

σ
i(
u
T i
,v
T i

)T
(u
T i
,v
T i

)
−

r ∑ i=
1

σ
i(
u
T i
,−
v
T i

)T
(u
T i
,−
v
T i

).

A
n
al

og
ou

sl
y,

w
e

d
efi

n
e

n
ot

at
io

n
s

in
(2

8)
–(

30
)

an
d

u
se

d
in

th
e

su
p

er
sc

ri
p
t

to
si

gn
if

y
th

at
th

ey
ar

e
au

gm
en

te
d

th
ro

u
gh

H
er

m
it

ia
n

d
il
at

io
n
.

It
is

w
or

th
w

h
il
e

to
n
ot

e
th

at
Λ
d 1

=
d
ia

g{
σ

1
,.
..
,σ

r
,−
σ
r
,.
..
,−
σ

1
},

an
d

th
at

m
in
{|
±
σ
i|

:
i
∈

[r
]}

=
σ
r

(a
si

m
i-
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F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

la
r

q
u
an

ti
ty

as
|λ
r
|).

R
ec

al
l
µ

0
=

µ
(U

)
∨
µ

(V
),
τ 0

=
√
d

1
/
d

2
‖E
‖ ∞
∨
√
d

2
/
d

1
‖E
‖ 1

an
d
ε 0

=
√
d

1
/d

2
‖A
−
A
r
‖ ∞
∨
√
d

2
/d

1
‖A
−
A
r
‖ 1

.
In

th
e

p
ro

of
,

w
e

w
il
l

a
ls

o
u
se

κ
0

=
m

ax
{√

d
1
‖E
V
‖ m

a
x
,√
d

2
‖E

T
U
‖ m

a
x
},

w
h
ic

h
is

a
q
u
an

ti
ty

si
m

il
ar

to
κ

.
T

h
e

n
ex

t
ke

y
le

m
m

a,
w

h
ic

h
is

p
ar

al
le

l
to

L
em

m
a

5,
p
ro

v
id

es
a

b
ou

n
d

o
n

th
e

so
lu

ti
o
n

Q
d

to
th

e
q
u
ad

ra
ti

c
eq

u
at

io
n Q
d
L
d 1
−
L
d 2
Q
d

=
H
d
−
Q
d
(H

d
)T
Q
d
.

(3
7
)

L
e
m

m
a

8
S

u
p
po

se
σ
r
−
ε 0

>
16
rµ

0
(τ

0
+
rκ

0
).

T
h
en

,
th

er
e

ex
is

ts
a

m
a
tr

ix
Q
d
∈

R
(d

1
+
d
2
−

2
r
)×

2
r

su
ch

th
a
t
Q
d

=
V
d ⊥
Q
d
∈

R
(d

1
+
d
2
)×

2
r

is
a

so
lu

ti
o
n

to
th

e
qu

a
d
ra

ti
c

eq
u

a
-

ti
o
n

(3
7
),

a
n

d
Q
d

sa
ti

sfi
es
‖Q

d
‖ w
≤
ω

0
.

M
o
re

o
ve

r,
if
rω

0
<

1
/2

,
th

e
m

a
tr

ix
V
d

d
efi

n
ed

in
(2

8
)

sa
ti

sfi
es

‖V
d
−
V
d
‖ w
≤

6
√
µ

0
rω

0
.

(3
8
)

H
er

e,
ω

0
is

d
efi

n
ed

a
s
ω

0
=

8(
1

+
rµ

0
)κ

0
/
3(
σ
r
−
ε 0

).

In
th

is
le

m
m

a,
th

e
b

ou
n
d

(3
8)

b
ea

rs
a

si
m

il
ar

fo
rm

to
(3

1)
:

if
w

e
co

n
si

d
er

th
e

m
a
x
-n

o
rm

,

th
e

fi
rs

t
d

1
ro

w
s

of
V
d
−
V
d

co
rr

es
p

on
d

to
th

e
le

ft
si

n
gu

la
r

ve
ct

or
s
u
i’

s,
a
n
d

th
ey

sc
a
le

w
it

h
1
/√

d
1
;

an
d

th
e

la
st
d

2
ro

w
s

co
rr

es
p

on
d

to
th

e
ri

gh
t

si
n
gu

la
r

ve
ct

or
s
v i

’s
,

w
h
ic

h
sc

a
le

w
it

h
1
/√

d
2
.

C
le

ar
ly

,
th

e
w

ei
gh

te
d

m
ax

-n
or

m
‖·
‖ w

in
d
ee

d
h
el

p
s

to
b
al

an
ce

th
e

tw
o

d
im

en
si

o
n
s.

T
h
e

re
st

of
th

e
p
ro

of
s

ca
n

b
e

fo
u
n
d

in
th

e
ap

p
en

d
ix

.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
li
k
e

to
ac

k
n
ow

le
d
ge

su
p
p

or
t

fo
r

th
is

p
ro

je
ct

fr
om

th
e

fo
ll
ow

in
g

gr
an

ts
:

N
S
F

g
ra

n
ts

D
M

S
-1

40
62

66
,

D
M

S
-1

66
21

39
,

D
M

S
-1

71
25

91
an

d
N

IH
gr

an
t

R
01

-G
M

07
26

11
-1

3
.
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

A
.
P
ro

o
fs

fo
r
S
e
ctio

n
2
.1

D
en

o
te

th
e

co
lu

m
n

sp
an

of
a

m
atrix

M
b
y

sp
an

(M
).

S
u
p
p

ose
tw

o
m

atrices
M

1 ,M
2 ∈

R
n×

m

(m
≤
n

)
h
ave

o
rth

on
orm

al
colu

m
n

vectors.
It

is
k
n
ow

n
th

a
t

(S
tew

art,
1
990)

d
(M

1 ,M
2 )

:=
‖
M

1 M
T1
−
M

2 M
T2 ‖

2
=
‖

sin
Θ

(M
1 ,M

2 )‖
2 .

(39)

w
h
ere

Θ
(M

1 ,M
2 )

are
th

e
can

on
ical

an
gles

b
etw

een
sp

an
(M

1 )
an

d
sp

an
(M

2 ).
R

eca
ll

th
e

n
o
ta

tio
n
s

d
efi

n
ed

in
(27),

an
d

also
recall

κ
=
√
d‖E

V
‖

m
a
x ,

Λ
1

=
d
iag{λ

1 ,...,λ
r },

Λ
2

=
d
ia

g{
λ
r
+

1 ,...,λ
n },

L
1

=
Λ

1
+
E

1
1 ,
L

2
=
V
⊥

(Λ
2
+
E

2
2 )V

T⊥
an

d
H

=
V
⊥
E

2
1 .

T
h
e

fi
rst

lem
m

a
b

o
u
n
d
s‖
H
‖

m
a
x .

L
e
m

m
a

9
W

e
h
a
ve

th
e

fo
llo

w
in

g
bo

u
n

d
o
n
‖H
‖

m
a
x :

‖
H
‖

m
a
x ≤

(1
+
rµ

)κ
/ √

d
.

P
ro

o
f

U
sin

g
th

e
d
efi

n
ition

E
2
1

=
V
T⊥
E
V

in
(27),

w
e

can
w

rite
H

=
V
⊥
V
T⊥
E
V

.
S
in

ce
th

e
co

lu
m

n
s

o
f
V

a
n
d
V
⊥

form
an

orth
ogon

al
b
asis

in
R
d,

clearly

V
V
T

+
V
⊥
V
T⊥

=
I
d
.

(40)

B
y

C
a
u
ch

y
-S

ch
w

arz
in

eq
u
ality

an
d

th
e

d
efi

n
ition

of
µ

,
for

an
y
i,j∈

[d
],

|(V
V
T

)
ij |

=
r
∑k

=
1 |V

ik V
jk |≤

(
r
∑k

=
1

V
2ik )

1
/
2· (

r
∑k

=
1

V
2jk )

1
/
2≤

rµd
.

U
sin

g
th

e
id

en
tity

(40)
an

d
th

e
ab

ove
in

eq
u
ality,

w
e

d
eriv

e

‖H
‖

m
a
x ≤
‖E
V
‖

m
a
x

+
‖
V
V
T
E
V
‖

m
a
x

≤
(1

+
d‖V

V
T‖

m
a
x )‖E

V
‖

m
a
x ≤

(1
+
rµ

)‖
E
V
‖

m
a
x
,

w
h
ich

co
m

p
letes

th
e

p
ro

of.

L
e
m

m
a

1
0

If|λ
r |
>
κ
r √

µ
,

th
en

L
1

is
a
n

in
vertible

m
a
trix.

F
u

rth
erm

o
re,

in
f

‖
Q

0 ‖
m
a
x
=

1 ‖Q
0 L

1 −
L

2 Q
0 ‖

m
a
x ≥
|λ
r |−

3rµ
(τ

+
rκ

)−
ε
,

(41)

w
h
ere

Q
0

is
a
n
d×

r
m

a
trix.

P
ro

o
f

L
et
Q

0
b

e
an

y
d×

r
m

atrix
w

ith
‖
Q

0 ‖
m

a
x

=
1.

N
ote

Q
0 L

1 −
L

2 Q
0

=
Q

0 Λ
1

+
Q

0 E
1
1 −

L
2 Q

0 .

W
e

w
ill

d
erive

u
p
p

er
b

ou
n
d
s

on
Q

0 E
1
1

an
d
L

2 Q
0 ,

an
d

a
low

er
b

o
u
n
d

on
Q

0 Λ
1 .

S
in

ce
E

1
1

=
V
T
E
V

b
y

d
efi

n
ition

,
w

e
ex

p
an

d
Q

0 E
1
1

an
d

u
se

a
triv

ial
in

eq
u
ality

to
d
erive

‖
Q

0 E
1
1 ‖

m
a
x ≤

d‖
Q

0 V
T‖

m
a
x ‖
E
V
‖

m
a
x
.

(42)

27
JM

L
R

 18(207):1-42, 2018

F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

B
y

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality

an
d

th
e

d
efi

n
ition

o
f
µ

in
(3

),
fo

r
i,j∈

[d
],

|(Q
0 V

T
)
ij |≤

r
∑k

=
1 |(Q

0 )
ik V

jk |≤
(

r
∑k

=
1 (Q

0 )
2ik )

1
/
2 (

r
∑k

=
1

V
2jk )

1
/
2≤
√
r· √

rµd
,

S
u
b
stitu

tin
g
‖
E
V
‖

m
a
x

=
κ
/ √

d
in

to
(42),

w
e

ob
tain

an
u
p
p

er
b

ou
n
d
:

‖
Q

0 E
1
1 ‖

m
a
x ≤

κ
r √

µ
.

(43)

T
o

b
ou

n
d
L

2 Q
0

=
(V
⊥
E

2
2 V

T⊥
+

(A
−
A
r ))Q

0 ,
w

e
u
se

th
e

id
en

tity
(40)

an
d

w
rite

V
⊥
E

2
2 V

T⊥
Q

0
=
V
⊥
V
T⊥
E
V
⊥
V
T⊥
Q

0
=

(I
d −

V
V
T

)E
(I
d −

V
V
T

)Q
0
.

U
sin

g
tw

o
triv

ial
in

eq
u
alities

‖
E
Q

0 ‖
m

a
x
≤
‖E
‖∞
‖
Q

0 ‖
m

a
x

=
‖
E
‖∞

an
d
‖V

T
Q

0 ‖
m

a
x
≤

‖V
T‖∞
‖Q

0 ‖
m

a
x ≤
√
d
,

w
e

h
ave

‖
E

(I
d −

V
V
T

)Q
0 ‖

m
a
x ≤
‖E
Q

0 ‖
m

a
x

+
r‖
E
V
‖

m
a
x ‖V

T
Q

0 ‖
m

a
x

≤
‖E
‖∞

+
r √

d‖E
V
‖

m
a
x

=
τ

+
rκ
.

In
th

e
p
ro

of
of

L
em

m
a

9,
w

e
sh

ow
ed
‖
V
V
T‖

m
a
x ≤

rµ
/d

.
T

h
u
s,

‖
V
⊥
E

2
2 V

T⊥
Q

0 ‖
m

a
x ≤

(1
+
d‖V

V
T‖

m
a
x )·‖

E
(I
d −

V
V
T

)Q
0 ‖

m
a
x ≤

(1
+
rµ

)(τ
+
rκ

)
.

M
oreover,‖(A

−
A
r )Q

0 ‖
m

a
x ≤
‖A
−
A
r ‖∞
‖
Q

0 ‖
m

a
x

=
ε.

C
om

b
in

in
g

th
e

tw
o

b
ou

n
d
s,

‖
L

2 Q
0 ‖

m
a
x ≤

(1
+
rµ

)(τ
+
rκ

)
+
ε.

(44)

It
is

straigh
tforw

ard
to

ob
tain

a
low

er
b

ou
n
d

on
‖
Q

0 Λ
1 ‖

m
a
x :

sin
ce

th
ere

is
an

en
try

of
Q

0 ,
say

(Q
0 )
ij ,

th
at

h
as

an
ab

solu
te

valu
e

of
1,

w
e

h
ave

‖
Q

0 Λ
1 ‖

m
a
x ≥
|(Q

0 )
ij λ

j |≥
|λ
r |.

(45)

T
o

sh
ow

L
1

is
in

v
ertib

le,
w

e
u
se

(42)
an

d
(45)

to
ob

tain

‖Q
0 L

1 ‖
m

a
x ≥
‖Q

0 Λ
1 ‖

m
a
x −
‖
Q

0 E
1
1 ‖

m
a
x ≥
|λ
r |−

κ
r √

µ
.

W
h
en
|λ
r |−

κ
r √

µ
>

0,
L

1
m

u
st

h
ave

fu
ll

ran
k
,

b
ecau

se
o
th

erw
ise

w
e

can
ch

o
ose

an

ap
p
rop

riate
Q

0
in

th
e

n
u
ll

sp
ace

of
L
T1

so
th

at
Q

0 L
1

=
0,

w
h
ich

is
a

con
trad

iction
.

T
o

p
rove

th
e

secon
d

claim
of

th
e

lem
m

a,
w

e
com

b
in

e
th

e
low

er
b

ou
n
d

(45)
w

ith
u
p
p

er
b

ou
n
d
s

(43)
an

d
(44)

to
d
erive

‖Q
0 L

1 −
L

2 Q
0 ‖

m
a
x ≥
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b
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d
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+
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≥
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ra
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n
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am

el
y

so
lu

ti
on

s
to
φ

(ξ
)

=
ξ)

,
an

d
th

e
sm

al
le

r
on

e
sa

ti
sfi

es

ξ ?
=

2
α

β
+
√
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φ
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φ
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b
y
ξ ?

.
T

h
is

im
p
li
es
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d
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‖,
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‖
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∈
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b
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h
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w
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p
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at
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∈
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+
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from

D
av

is-K
ah

an
sin

Θ
th

eorem
(D

av
is

an
d

K
ah

an
,

1970)
an

d
W

ey
l’s

in
eq

u
ality

th
at

d
(Ṽ
,V

)≤
‖
E
‖

2

δ
r −
‖
E
‖

2
,

w
h
en

δ
r
>
‖
E
‖

2 ,
w

h
ere

δ
r

=
|λ
r |−
|λ
r
+

1 |.
S
in

ce
λ
r
+

1 ≤
‖
A
−
A
r ‖

2 ≤
ε

an
d
‖
E
‖

2 ≤
τ
,

th
e

con
d
ition

|λ
r |−

ε
>

3τ
im

p
lies

δ
r
>

3‖E
‖

2 .
H

en
ce,

w
e

h
ave

d
(Ṽ
,V

)
<

1
/2.

M
oreover,

d
(V
,V

)
=
‖V

V
T
−
V
V
T‖

2 ≤
‖V

(V
−
V

)
T‖

2
+
‖
(V
−
V

)V
T‖

2

≤
2‖
V
−
V
‖

2 ≤
2 √

rd‖
V
−
V
‖

m
a
x

≤
4r

3
/
2 √
µ
ω
,

w
h
ere

w
e

u
sed

a
triv

ial
in

eq
u
ality

‖M
‖

2 ≤
‖M
‖
F
≤
√
rd‖M

‖
m

a
x

for
a
n
y
M
∈
R
d×
r.

U
n
d
er

th
e

con
d
ition

|λ
r |−

ε
>

64(1
+
rµ

)r
3
/
2µ

1
/
2κ

,
it

is
easy

to
ch

eck
th

at
4r

3
/
2 √
µ
ω
≤

1/
2.

T
h
u
s,

w
e

ob
tain

d
(V
,V

)
<

1/
2.

B
y

th
e

trian
gu

lar
in

eq
u
ality,

d
(Ṽ
,V

)≤
d
(Ṽ
,V

)
+
d
(V
,V

)
<

1
.

S
in

ce
(V
,V
⊥

)
T
Ã

(V
,V
⊥

)
is

a
b
lo

ck
d
iagon

al
m

atrix
,

sp
an

(V
)

is
th

e
sam

e
as

th
e

su
b
sp

ace
sp

an
n
ed

b
y
r

eigen
vectors

of
Ã

.
W

e
claim

th
at

sp
an

(V
)

=
sp

an
(ṽ

1 ,...,ṽ
r ).

O
th

erw
ise,

th
ere

ex
ists

an
eigen

vector
u
∈

sp
an

(V
)

w
h
ose

asso
ciated

eigen
valu

e
is

d
istin

ct
from

λ̃
1 ,...,λ̃

r

(sin
ce
δ
r
>

3‖E
‖

2 ),
an

d
th

u
s
u

is
orth

ogon
al

to
ṽ

1 ,...,ṽ
r .

T
h
erefore,

‖
(Ṽ
Ṽ
T
−
V
V
T

)u‖
2

=
‖V

V
T
u‖

2
=
‖u‖

2 .

T
h
is

im
p
lies

d
(Ṽ
,V

)≥
1,

w
h
ich

is
a

con
tra

d
iction

.

P
ro

o
f

o
f

T
h

e
o
re

m
3

W
e

sp
lit
Ṽ
−
V

in
to

tw
o

p
arts—

see
(35).

In
th

e
follow

in
g,

w
e

fi
rst

ob
tain

a
b

ou
n
d

on
‖
R
−
I
r ‖

m
a
x ,

w
h
ich

th
en

resu
lts

in
a

b
ou

n
d

on
‖
Ṽ
−
V
‖

m
a
x .

U
n
d
er

th
e

assu
m

p
tion

of
th

e
th

eorem
,
rω

<
1
/2,

so

‖
V
‖

m
a
x ≤
‖V
−
V
‖

m
a
x

+
‖
V
‖

m
a
x ≤

(2 √
µ
rω

)/ √
d

+
√
rµ
/ √

d
≤

2 √
rµ
/
d
.

(48)
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

T
o

b
ou

n
d
‖R
−
I r
‖ m

a
x
,

w
e

re
w

ri
te
R

as
R

=
V
T
V
R

=
V
T
Ṽ

.
E

x
p
an

d
V

ac
co

rd
in

g
to

(2
8)

,

R
=

(I
r

+
Q
T
Q

)−
1
/
2
(V

+
Q

)T
Ṽ
.

L
et

u
s

m
ak

e
a

fe
w

ob
se

rv
at

io
n
s:

(a
)
‖Q

T
Ṽ
‖ m

a
x
≤
√
d
‖Q
‖ m

a
x
≤
ω

b
y

C
a
u
ch

y
-S

ch
w

a
rz

in
-

eq
u
al

it
y
;
(b

)
‖Ṽ

T
V
‖ m

a
x
≤

1
b
y

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y

ag
ai

n
;
an

d
(c

)
‖(
I r

+
Q
T
Q

)−
1
/
2
−

I r
‖ m

a
x
≤
rω

2
b
y

L
em

m
a

12
.

U
si

n
g

th
es

e
in

eq
u
al

it
ie

s,
w

e
h
av

e

‖R
−

(V
+
Q

)T
Ṽ
‖ m

a
x
≤
r‖

(I
r

+
Q
T
Q

)−
1
/
2
−
I r
‖ m

a
x
‖(
V

+
Q

)T
Ṽ
‖ m

a
x

≤
r2
ω

2
(1

+
ω

)
.

(4
9)

F
u
rt

h
er

m
or

e,
b
y

D
av

is
-K

ah
n

si
n

Θ
th

eo
re

m
(D

av
is

an
d

K
ah

an
,
19

70
)

an
d

W
ey

l’
s

in
eq

u
a
li
ty

,
fo

r
an

y
i
∈

[r
],

si
n
θ(
v i
,ṽ
i)

=
√

1
−
〈v
i,
ṽ i
〉2
≤

‖E
‖ 2

δ
−
‖E
‖ 2
.

(5
0)

w
h
en
δ
>
‖E
‖ 2

(δ
is

d
efi

n
ed

in
T

h
eo

re
m

3)
.

T
h
is

le
ad

s
to

th
e

b
ou

n
d

si
n
θ(
v i
,ṽ
i)
≤

2
‖E
‖ 2
/δ

(w
h
ic

h
is

a
si

m
p
li
fi
ed

b
ou

n
d
).

T
h
is

is
b

ec
au

se
w

h
en

δ
≥

2‖
E
‖ 2

,
th

e
b

ou
n
d

is
im

p
li
ed

b
y

(5
0)

;
w

h
en

δ
<

2
‖E
‖ 2

,
th

e
b

ou
n
d

tr
iv

ia
ll
y

fo
ll
ow

s
fr

om
si

n
θ(
v i
,ṽ
i)
≤

1.
W

e
ob

ta
in

,
u
p

to
si

gn
,

fo
r
i
≤
r,

√
1
−
〈v
i,
ṽ i
〉≤

√
1
−
〈v
i,
ṽ i
〉2
≤

2
‖E
‖ 2

δ
.

(5
1)

In
ot

h
er

w
or

d
s,

ea
ch

d
ia

go
n
al

en
tr

y
of
I r
−
V
T
Ṽ

,
n
am

el
y

1
−
〈v
i,
ṽ i
〉,

is
b

ou
n
d
ed

b
y

4
‖E
‖2 2
/δ

2
.

S
in

ce
{ṽ
i}
r i=

1
ar

e
or

th
on

or
m

al
ve

ct
or

s,
w

e
h
av

e
1
−
〈v
i,
ṽ i
〉2
≥
∑

i′
6=
i〈v

i,
ṽ i
′ 〉2
≥
〈v
i,
ṽ j
〉2

fo
r

an
y
i
6=
j,

w
h
ic

h
le

ad
s

to
b

ou
n
d
s

on
off

-d
ia

go
n
al

en
tr

ie
s

of
V
T
Ṽ
−
I r

.
W

e
w

il
l

co
m

b
in

e
th

e
tw

o
b

ou
n
d
s.

N
ot

e
th

at
w

h
en

δ
≥

2
‖E
‖ 2

,

‖V
T
Ṽ
−
I r
‖ m

a
x
≤

m
ax
{ 4
‖E
‖2 2

δ2
,
2‖
E
‖ 2

δ

}
=

2
‖E
‖ 2

δ
;

an
d

w
h
en
δ
<

2‖
E
‖ 2

,
‖V

T
Ṽ
−
I r
‖ m

a
x

is
tr

iv
ia

ll
y

b
ou

n
d
ed

b
y

1
(u

p
to

si
gn

),
w

h
ic

h
is

tr
iv

ia
ll
y

b
ou

n
d
ed

b
y

2
‖E
‖ 2
/δ

.
In

ei
th

er
ca

se
,

w
e

d
ed

u
ce

‖V
T
Ṽ
−
I r
‖ m

a
x
≤

2
‖E
‖ 2

δ
.

(5
2)

U
si

n
g

th
e

b
ou

n
d
s

in
(4

9)
an

d
(5

2)
an

d
‖Q

T
Ṽ
‖ m

a
x
≤
ω

,
w

e
ob

ta
in

‖R
−
I r
‖ m

a
x
≤
‖R
−

(V
+
Q

)T
Ṽ
‖ m

a
x

+
‖V

T
Ṽ
−
I r
‖ m

a
x

+
‖Q

T
Ṽ
‖ m

a
x

≤
r2
ω

2
(1

+
ω

)
+

2‖
E
‖ 2

δ
+
ω
.

3
3

JM
L

R
 1

8(
20

7)
:1

-4
2,

 2
01

8

F
a
n
,
W
a
n
g

a
n
d

Z
h
o
n
g

W
e

u
se

th
e

in
eq

u
al

it
y
rω

<
1
/2

to
si

m
p
li
fy

th
e

ab
ov

e
b

ou
n
d
:

‖R
−
I r
‖ m

a
x
≤
r2
ω

2
(1

+
ω

)
+
ω

+
2
‖E
‖ 2
/δ
≤

(1 2
+

1 4
+

1)
rω

+
2
‖E
‖ 2
/
δ

≤
2
rω

+
2
‖E
‖ 2
/δ
.

(5
3
)

W
e

ar
e

n
ow

re
ad

y
to

b
ou

n
d
‖Ṽ
−
V
‖ m

a
x
.

In
(3

5)
,

w
e

u
se

th
e

b
ou

n
d
s

(4
8
),

(5
3
),

(3
1
)

to
ob

ta
in ‖Ṽ
−
V
‖ m

a
x

=
‖ V

(R
−
I r

)
+

(V
−
V

)‖
m

a
x
≤
r‖
V
‖ m

a
x
‖R
−
I r
‖ m

a
x

+
‖V
−
V
‖ m

a
x

≤
2
r√

rµ
/d

(2
rω

+
2
‖E
‖ 2
/δ

)
+

2
r√

µ
ω
/√

d

≤
(4
r5
/
2
µ

1
/
2

+
2
rµ

1
/
2
)ω

√
d

+
4
r3
/
2
µ

1
/
2
‖E
‖ 2

δ√
d

≤
48

(1
+
rµ

)r
5
/
2
µ

1
/
2
κ

(|λ
r
|−

ε)
√
d

+
4r

3
/
2
µ

1
/
2
‖E
‖ 2

δ√
d

.

U
si

n
g

a
tr

iv
ia

l
in

eq
u
al

it
y
κ
≤
√
rµ
τ
,

th
e

ab
ov

e
b

ou
n
d

le
ad

s
to

‖Ṽ
−
V
‖ m

a
x

=
O
(

r4
µ

2
τ

(|λ
r
|−

ε)
√
d

+
r3
/
2
µ

1
/
2
‖E
‖ 2

δ√
d

) .

B
.
P
ro

o
fs

fo
r
S
e
ct
io
n
2
.2

R
ec

al
l

th
e

d
efi

n
it

io
n
s

of
µ

0
,
τ 0

,
κ

0
an

d
ε 0

in
S
ec

ti
on

5
.2

.
S
im

il
a
r

to
th

e
sy

m
m

et
ri

c
ca

se
,

w
e

w
il
l

u
se

th
e

fo
ll
ow

in
g

ea
si

ly
ve

ri
fi
ab

le
in

eq
u
al

it
ie

s.

κ
0
≤
√
rµ

0
τ 0
,

‖E
‖ 2
≤
( √

d
1
/
d

2
‖E
‖ ∞
·√

d
2
/d

1
‖E
‖ 1
) 1
/
2
≤
τ 0
.

(5
4
)

L
e
m

m
a

1
3

P
a
ra

ll
el

to
L

em
m

a
9
,

w
e

h
a
ve

‖H
d
‖ w
≤

(1
+
rµ

0
)κ

0
,

w
h
er

e
κ

0
=
√
d

1
‖E
V
‖ m

a
x
∨
√
d

2
‖E

T
U
‖ m

a
x

a
s

d
efi

n
ed

.

P
ro

o
f

R
ec

al
l
H
d

=
V
d ⊥
(V

d ⊥
)T
E
d
V
d

=
E
d
V
d
−
V
d
(V

d
)T
E
d
V
d
.

N
ot

e
V
d
(V

d
)T

=
d
ia

g(
U
U
T
,V
V
T

)
an

d
‖U
U
T
‖ m

a
x
≤
rµ

(U
)/
d

1
,
‖V

V
T
‖ m

a
x
≤
rµ

(V
)/
d

2
.

T
h
u
s,

‖H
d
‖ w
≤
‖E

d
V
d
‖ w

+
‖V

d
(V

d
)T
E
d
V
d
‖ w

≤
(1

+
d

1
‖U
U
T
‖ m

a
x
∨
d

2
‖V

V
T
‖ m

a
x
)
‖E

d
V
d
‖ w
≤

(1
+
rµ

0
)κ

0
.
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E
ig
e
n
v
e
c
t
o
r
P
e
r
t
u
r
b
a
t
io
n
a
n
d

R
o
b
u
st

C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

L
e
m

m
a

1
4

P
a
ra

llel
to

L
em

m
a

1
0
,

if
σ
r
>

2
κ

0 r √
µ

0 ,
th

en
L
d1

is
a

n
o
n

-d
egen

era
te

m
a
trix.

F
u

rth
erm

o
re,

w
e

h
a
ve

th
e

fo
llo

w
in

g
bo

u
n

d

in
f

‖
Q
d0 ‖
w

=
1 ‖Q

d0 L
d1 −

L
d2 Q

d0 ‖
w
≥
σ
r −

4
rµ

0 (τ
0

+
rκ

0 )−
ε

0
,

(55)

w
h
ere

Q
d0 ∈

R
(d

1
+
d
2
)×

2
r.

P
ro

o
f

F
o
llow

in
g

sim
ilar

d
erivation

s
w

ith
L

em
m

a
10,

w
e

h
av

e
‖Q

d0 E
d1
1 ‖
w
≤

2
κ

0 r √
µ

0 ,
an

d

fo
r

a
n
y

m
a
trix

Q
d0 ∈

R
(d

1
+
d
2
)×

2
r

w
ith
‖Q

d0 ‖
w

=
1
,

‖
L
d2 Q

d0 ‖
w

=
‖
(A

d−
A
dr )Q

d0
+
V
d⊥ (V

d⊥ )
T
E
dV

d⊥ (V
d⊥ )
T
Q
d0 ‖
w
≤
ε

0
+

(1
+
rµ

0 )(τ
0

+
rκ

0 ).

T
h
is

ca
n

b
e

ch
ecked

b
y

ex
p
ressin

g
Q
d0

as
a

b
lo

ck
m

atrix
an

d
ex

p
an

d
th

e
m

atrix
m

u
l-

tip
lica

tio
n
.

In
p
articu

lar,
on

e
can

verify
th

at
(i)
‖
(A

d
−
A
dr )Q

d0 ‖
w
≤

ε
0 ;

(ii)
F

or
an

y
m

a
trix

M
w

ith
d

1
+
d

2
row

s,
‖
V
d(V

d)
T
M
‖
w
≤

rµ
0 ‖
M
‖
w

;
(iii)

‖E
dQ

d0 ‖
w
≤

τ
0 ;

(iv
)

‖E
dV

d(V
d)
T
Q
d0 ‖
w
≤
rκ

0 .
M

oreover,‖Q
d0 Λ

d1 ‖
w
≥
σ
r ‖Q

d0 ‖
w
≥
σ
r .

T
h
u
s,

in
f

‖
Q
d0 ‖
w

=
1 ‖Q

d0 L
d1 −

L
d2 Q

d0 ‖
w
≥
σ
r −

4
rµ

0 (τ
0

+
rκ

0 )−
ε

0
,

w
h
ich

is
th

e
d
esired

in
eq

u
ality

in
th

e
lem

m
a.

In
ad

d
ition

,
L
d1

is
n
on

-d
egen

erate
if

σ
r
>

2κ
0 r √

µ
0
>

0.

L
e
m

m
a

1
5

P
a
ra

llel
to

L
em

m
a

1
1
,

th
ere

is
a

so
lu

tio
n
Q
d∈
B

0
to

th
e

system
(3

7
)

su
ch

th
a
t

if
σ
r −

ε
0
>

1
6rµ

0 (τ
0

+
rκ

0 ),
th

en‖Q
d‖
w
≤

8(1
+
rµ

0 )κ
0

3(σ
r −

ε
0 )

.

P
ro

o
f

W
e

a
g
ain

in
vok

e
L

em
m

a
6.

L
et
B

b
e

th
e

sp
ace

R
(d

1
+
d
2
)×

2
r

eq
u
ip

p
ed

w
ith

th
e

w
eig

h
ted

m
a
x
-n

orm
‖
·‖

w
.

W
e

also
d
efi

n
e
B

0
as

a
su

b
sp

ace
ofB

con
sistin

g
o
f

m
atrices

o
f

th
e

fo
rm

V
d⊥ Q

d
w

h
ere

Q
d

h
as

size
(d

1
+
d

2 −
2
r)×

2r.
L

et
th

e
lin

ear
op

erator
T
d

b
e

T
d
Q
d

:=
Q
dL

d1 −
L
d2 Q

d.
F

irst
n
otice

from
L

em
m

a
14,T

d
is

a
lin

ear
op

erator
w

ith
b

o
u
n
d
ed

in
verse,

i.e.,
β

:=
‖(T

d) −
1‖ −

1
w

is
b
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dè
s

an
d

W
ak

in
,

20
08

)a
nd

m
at

he
m

at
ic

al
sc

ie
nc

e
(C

ha
nd

ra
se

ka
ra

n
et

al
.,

20
12

),
to

na
m

e
ju

st
a

fe
w

.I
n

or
de

rt
o

ob
ta

in
a

sp
ar

se
so

lu
tio

n,
a

pl
et

ho
ra

of
pr

ac
tic

al
al

go
ri

th
m

s
ha

ve
be

en
pr

es
en

te
d,

am
on

g
w

hi
ch

tw
o

pr
om

i-
ne

nt
ex

am
pl

es
ar

e
gr

ee
dy

pu
rs

ui
ta

nd
co

nv
ex

re
la

xa
tio

n
(T

ro
pp

an
d

W
ri

gh
t,

20
10

).
Fo

ri
ns

ta
nc

e,
as

on
e

of
th

e
ea

rl
ie

st
gr

ee
dy

al
go

ri
th

m
s,

or
th

og
on

al
m

at
ch

in
g

pu
rs

ui
t(

O
M

P)
(P

at
ie

ta
l.,

19
93

)r
ep

ea
t-

ed
ly

pi
ck

s
a

co
or

di
na

te
as

th
e

po
te

nt
ia

ls
up

po
rt

of
a

so
lu

tio
n.

W
hi

le
O

M
P

m
ay

fa
il

fo
rs

om
e

de
te

r-
m

in
is

tic
se

ns
in

g
m

at
ri

ce
s,

Tr
op

p
(2

00
4)

;T
ro

pp
an

d
G

ilb
er

t(
20

07
)

sh
ow

ed
th

at
it

re
co

ve
rs

th
e

tr
ue

si
gn

al
w

ith
hi

gh
pr

ob
ab

ili
ty

w
he

n
us

in
g

ra
nd

om
m

at
ri

ce
s

su
ch

as
G

au
ss

ia
n.

In
sp

ir
ed

by
th

e
su

cc
es

s
of

O
M

P,
th

e
tw

o
co

nc
ur

re
nt

w
or

k
of

co
m

pr
es

si
ve

sa
m

pl
in

g
m

at
ch

in
g

pu
rs

ui
t(

C
oS

aM
P)

(N
ee

de
ll

c ©
20

18
Ji

e
Sh

en
an

d
Pi

ng
L

i.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
2
9
9
.
h
t
m
l

.

JM
L

R
 1

8(
20

8)
:1

-4
2,

 2
01

8

S
H

E
N

A
N

D
L

I

an
d

Tr
op

p,
20

09
)a

nd
su

bs
pa

ce
pu

rs
ui

t(
SP

)(
D

ai
an

d
M

ile
nk

ov
ic

,2
00

9)
m

ad
e

im
pr

ov
em

en
tb

y
se

-
le

ct
in

g
m

ul
tip

le
co

or
di

na
te

s
fo

llo
w

ed
by

a
pr

un
in

g
st

ep
in

ea
ch

ite
ra

tio
n,

an
d

th
e

re
co

ve
ry

co
nd

iti
on

w
as

fr
am

ed
un

de
rt

he
re

st
ri

ct
ed

is
om

et
ry

pr
op

er
ty

(R
IP

)(
C

an
dè
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dè
s

an
d

Ta
o

(2
00

5)
ca

rr
ie

d
ou

ta
de

ta
ile

d
an

al
ys

is
on

th
e

re
co

ve
ry

pe
rf

or
m

an
ce

of
ba

si
s

pu
rs

ui
t.

A
no

th
er

po
pu

la
re

st
im

at
or

in
th

e
hi

gh
-d

im
en

si
on

al
st

at
is

tic
s

is
th

e
D

an
tz

ig
se

le
ct

or
(C

an
dè
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m
ax

im
um

m
ag
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D
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n
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so
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lin

ea
r
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ra
m

m
in

g,
w

hi
le

L
as

so
is

fo
rm
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at

ed
as

a
qu

ad
ra

tic
pr

ob
le

m
.

In
te

re
st

in
gl

y,
un

de
r

th
e

R
IP

co
nd

iti
on

or
th

e
un

if
or

m
un

ce
rt

ai
nt

y
as

su
m

pt
io

n
(C

an
dè

s
et
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.,

20
06
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a

se
ri

es
of

w
or

k
sh

ow
ed

th
at

ex
ac

tr
ec

ov
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y
by

co
nv

ex
pr

og
ra

m
s

is
po

ss
ib

le
as

so
on

as
th

e
ob

se
rv

at
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n
no

is
e

va
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sh
es

(C
an

dè
s

an
d

Ta
o,
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05
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an

dè
s,

20
08
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ai

nw
ri

gh
t,

20
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ai
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ca

rt
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.

In
th

is
pa

pe
r,

w
e
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e

in
te

re
st

ed
in

th
e

ha
rd

th
re

sh
ol

di
ng

(H
T

)o
pe

ra
to

ru
nd

er
ly

in
g

a
la

rg
e

bo
dy

of
th

e
de

ve
lo

pe
d

al
go

ri
th

m
s

in
co

m
pr

es
se

d
se

ns
in

g
(e

.g
.,

IH
T,

C
oS

aM
P,

SP
),

m
ac

hi
ne

le
ar

ni
ng

(Y
ua

n
an

d
Z

ha
ng

,2
01

3)
,a

nd
st

at
is

tic
s

(M
a,

20
13

).
O

ur
m

ot
iv

at
io

n
is

tw
o-

fo
ld

.
Fr

om
a

hi
gh

le
ve

l,
co

m
-

pa
re

d
to

th
e

co
nv

ex
pr

og
ra

m
s,

th
es

e
H

T-
ba

se
d

al
go

ri
th

m
s

ar
e

al
w

ay
s

or
de

rs
of

m
ag

ni
tu

de
co

m
pu

-
ta

tio
na

lly
m

or
e

ef
fic

ie
nt

,h
en

ce
m

or
e

pr
ac

tic
al

fo
r

la
rg

e-
sc

al
e

pr
ob

le
m

s
(T

ro
pp

an
d

W
ri

gh
t,

20
10

).
N

ev
er

th
el

es
s,

th
ey

us
ua

lly
re

qu
ir

e
a

m
or

e
st

ri
ng

en
tc

on
di

tio
n

to
gu

ar
an

te
e

th
e

su
cc

es
s.

T
hi

s
na

tu
-

ra
lly

ra
is

es
an

in
te

re
st

in
g

qu
es

tio
n

of
w

he
th

er
w

e
ca

n
de

riv
e

m
ild

er
co

nd
iti

on
s

fo
r

H
T-

ba
se

d
al

go
-

ri
th

m
s

to
ac

hi
ev

e
th

e
be

st
of

th
e

tw
o

w
or

ld
s.

Fo
rp

ra
ct

iti
on

er
s,

to
ad

dr
es

s
th

e
hu

ge
vo

lu
m

e
of

da
ta

,
a

po
pu

la
rs

tr
at

eg
y

in
m

ac
hi

ne
le

ar
ni

ng
is

to
ap

pe
al

to
st

oc
ha

st
ic

al
go

ri
th

m
s

th
at

se
qu

en
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lly
up

da
te

th
e

so
lu

tio
n.

H
ow

ev
er

,
as

m
an

y
re

se
ar

ch
er

s
ob

se
rv

ed
(L

an
gf

or
d

et
al

.,
20

09
;

D
uc

hi
an

d
Si

ng
er

,
20

09
;X

ia
o,

20
10

),
it

is
ha

rd
fo

r
th

e
` 1

-b
as

ed
st

oc
ha

st
ic

al
go

ri
th

m
s

to
pr

es
er

ve
th

e
sp

ar
se

st
ru

ct
ur

e
of

th
e

so
lu

tio
n

as
th

e
ba

tc
h

so
lv

er
s

do
.T

hi
s

im
m

ed
ia

te
ly

po
se

s
th

e
qu

es
tio

n
of

w
he

th
er

w
e

ar
e

ab
le

to
ap

pl
y

th
e

pr
in

ci
pa

li
de

a
of

ha
rd

th
re

sh
ol

di
ng

to
st

oc
ha

st
ic

al
go

ri
th

m
s

w
hi

le
st

ill
en

su
ri

ng
a

fa
st

co
nv

er
ge

nc
e.

To
el

ab
or

at
e

th
e

pr
ob

le
m

m
or

e
pr

ec
is

el
y,

le
tu

s
fir

st
tu

rn
to

so
m

e
ba

si
c

pr
op

er
tie

s
of

ha
rd

th
re

sh
-

ol
di

ng
al

on
g

w
ith

si
m

pl
e

ye
ti

llu
st

ra
tiv

e
ca

se
s.

Fo
r

a
ge

ne
ra

lv
ec

to
r
b
∈

R
d
,t

he
ha

rd
th

re
sh

ol
de

d
si

gn
al
H
k

(b
)

is
fo

rm
ed

by
se

tti
ng

al
lb

ut
th

e
la

rg
es

t(
in

m
ag

ni
tu

de
)
k

el
em

en
ts

of
b

to
ze

ro
.

Ti
es

ar
e

br
ok

en
le

xi
co

gr
ap

hi
ca

lly
.H

en
ce

,t
he

ha
rd

th
re

sh
ol

de
d

si
gn

al
H
k

(b
)

is
al

w
ay

s
k

-s
pa

rs
e,

i.e
.,

th
e

nu
m

be
ro

fn
on

-z
er

o
co

m
po

ne
nt

s
do

es
no

te
xc

ee
d
k

.M
or

eo
ve

r,
th

e
re

su
lta

nt
si

gn
al
H
k

(b
)

is
a

be
st
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k-sparse
approxim

ation
to
b

in
term

s
ofany

`
p

norm
(p
≥

1).T
hatis,forany

k-sparse
vector

x

‖H
k

(b
)−

b‖
p ≤
‖x
−
b‖

p .

In
view

of
the

above
inequality,

a
broadly

used
bound

in
the

literature
for

the
deviation

of
the

thresholded
signalis

as
follow

s:

‖H
k

(b
)−

x‖
2 ≤

2‖b−
x‖

2
.

(1.1)

To
gain

intuition
on

the
utility

of(1.1)and
to

spelloutthe
im

portance
ofoffering

a
tightbound

for
it,letus

consider
the

com
pressed

sensing
problem

as
an

exam
ple

for
w

hich
w

e
aim

to
recover

the
true

sparse
signal

x
from

its
linear

m
easurem

ents.
H

ere,
b

is
a

good
butdense

approxim
ation

to
x

obtained
by,e.g.,full

gradient
descent.

T
hen

(1.1)
justifies

that
in

order
to

obtain
a

structured
(i.e.,sparse)

approxim
ation

by
hard

thresholding,the
distance

of
the

iterate
to

the
true

signal
x

is
upper

bounded
by

a
m

ultiple
of

2
to

the
one

before.
For

com
parison,itis

w
orth

m
entioning

that
`
1 -based

convex
algorithm

s
usually

utilize
the

soft
thresholding

operator
w

hich
enjoys

the
non-

expansiveness
property

(D
efazio

etal.,2014),i.e.,the
iterate

becom
es

closer
to

the
optim

um
after

projection.
T

his
salient

feature
m

ight
partially

attribute
to

the
w

ide
range

of
applications

of
the

`
1 -regularized

form
ulations.

H
ence,

to
derive

com
parable

perform
ance

guarantee,
tightening

the
bound

(1.1)is
crucialin

thatitcontrols
how

m
uch

deviation
the

hard
thresholding

operatorinduces.
T

his
turns

out
to

be
m

ore
dem

anding
for

stochastic
gradient

m
ethods,

w
here

the
proxy

b
itself

is
affected

by
the

random
ness

of
sam

ple
realization.

In
other

w
ords,

since
b

does
not

m
inim

ize
the

objective
function

(it
only

optim
izes

the
objective

in
expectation),

the
deviation

(1.1)
m

akes
it

m
ore

challenging
to

analyze
the

convergence
behavior.

A
s

an
exam

ple,
N

guyen
et

al.
(2014)

proposed
a

stochastic
solverforgeneralsparsity-constrained

program
s

butsuffered
a

non-vanishing
optim

ization
error

due
to

random
ness.

T
his

indicates
thatto

m
itigate

the
random

ness
barrier,w

e
have

to
seek

a
betterbound

to
controlthe

precision
ofthe

thresholded
solution

and
the

variance.

1.1
Sum

m
ary

ofC
ontributions

In
this

w
ork,w

e
m

ake
three

contributions:

1.
W

e
exam

ine
the

tightness
of

(1.1)
thathas

been
used

for
a

decade
in

the
literature

and
show

thatthe
equality

therein
w

illneverbe
attained.W

e
then

im
prove

this
bound

and
quantitatively

characterize
thatthe

deviation
isinversely

proportionalto
the

value
of √

k.O
urbound

istight,
in

the
sense

thatthe
equality

w
e

build
can

be
attained

for
specific

signals,hence
cannotbe

im
proved

ifno
additionalinform

ation
is

available.O
urbound

is
universalin

the
sense

thatit
holds

forallchoices
of
k-sparse

signals
x

and
forgeneralsignals

b.

2.
O

w
ing

to
the

tight
estim

ate,w
e

dem
onstrate

how
the

R
IP

(or
R

IP-like)
condition

assum
ed

by
a

w
ide

range
of

hard
thresholding

based
algorithm

s
can

be
relaxed.

In
the

context
of

com
pressed

sensing,itm
eans

thatin
essence,m

any
m

ore
kinds

ofsensing
m

atrices
orfew

er
m

easurem
ents

can
be

utilized
for

data
acquisition.

For
m

achine
learning,

it
suggests

that
existing

algorithm
s

are
capable

ofhandling
m

ore
difficultstatisticalm

odels.

3.
Finally,w

e
presentan

com
putationally

efficientalgorithm
thatapplies

hard
thresholding

in
large-scale

setting
and

w
e

prove
itslinearconvergence

to
a

globaloptim
um

up
to

the
statistical

precision
ofthe

problem
.W

e
also

prove
thatw

ith
sufficientsam

ples,ouralgorithm
identifies

3
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S
H

E
N

A
N

D
L

I

the
true

param
eter

for
prevalent

statistical
m

odels.
R

eturning
to

(1.1),
our

analysis
show

s
thatonly

w
hen

the
deviation

is
controlled

below
the

m
ultiple

of
1
.15

can
such

an
algorithm

succeed.
T

his
im

m
ediately

im
plies

thatthe
conventionalbound

(1.1)
is

notapplicable
in

the
challenging

scenario.

1.2
N

otation

B
efore

delivering
the

algorithm
and

m
ain

theoreticalresults,letus
instate

severalpieces
ofnotation

thatare
involved

throughoutthe
paper.

W
e

use
bold

low
ercase

letters,e.g.,
v

,to
denote

a
vector

(eithercolum
n

orrow
)and

its
ith

elem
entis

denoted
by
v
i .T

he
`
2 -norm

ofa
vector

v
is

denoted
by

‖
v‖

2 .
T

he
supportsetof

v
,i.e.,indices

of
non-zeros,is

denoted
by

su
p
p

(v
)

w
hose

cardinality
is

w
ritten

as|su
p
p

(v
)|or‖

v‖
0 .W

e
w

rite
bold

capitalletters
such

as
M

form
atrices

and
its

(i,j)-th
entry

is
denoted

by
m
ij .

T
he

capital
upright

letter
C

and
its

subscript
variants

(e.g.,
C

0 ,C
1 )

are
reserved

forabsolute
constants

w
hose

values
m

ay
change

from
appearance

to
appearance.

For
an

integer
d
>

0,suppose
that

Ω
is

a
subsetof{1

,
2
,
...,

d}.
T

hen
for

a
generalvector

v
∈
R
d,w

e
defineP

Ω
(·)

as
the

orthogonalprojection
onto

the
supportsetΩ

w
hich

retains
elem

ents
contained

in
Ω

and
sets

others
to

zero.T
hatis,

(P
Ω

(v
))
i

=

{
v
i ,

if
i∈

Ω
,

0
,

otherw
ise.

In
particular,let

Γ
be

the
supportsetindexing

the
k

largestabsolute
com

ponents
of
v

.
In

this
w

ay,
the

hard
thresholding

operatoris
given

byH
k

(v
)

=
P

Γ
(v

).

W
e

w
illalso

use
the

orthogonalprojection
ofa

vector
v

onto
an
`
2 -ballw

ith
radius

ω
.T

hatis,

Π
ω
(v

)
=

v

m
ax{

1,‖v‖
2
/ω}

.

1.3
R

oadm
ap

W
e

presentthe
key

tightbound
for

hard
thresholding

in
Section

2,along
w

ith
a

justification
w

hy
the

conventionalbound
(1.1)

is
nottight.

W
e

then
discuss

the
im

plications
of

the
developed

tight
bound

to
com

pressed
sensing

and
m

achine
learning

in
Section

3,w
hich

show
s

thatthe
R

IP
orR

IP-
like

condition
can

be
im

proved
fora

num
berofpopularalgorithm

s.T
hanks

to
ournew

estim
ation,

Section
4

develops
a

novelstochastic
algorithm

w
hich

applies
hard

thresholding
to

large-scale
prob-

lem
s

and
establishes

the
globallinear

convergence.
A

com
prehensive

em
piricalstudy

on
the

tasks
of

sparse
recovery

and
binary

classification
is

carried
out

in
Section

5.
Finally,W

e
conclude

the
paperin

Section
6

and
allthe

proofs
are

deferred
to

the
appendix.

2.T
he

K
ey

B
ound

W
e

argue
that

the
conventional

bound
(1.1)

is
not

tight,in
the

sense
thatthe

equality
therein

can
hardly

be
attained.

To
see

this,
recall

how
the

bound
w

as
derived

for
a
k-sparse

signal
x

and
a

generalone
b:

‖H
k

(b
)−

x‖
2

=
‖H

k
(b

)−
b

+
b−

x‖
2

ξ≤
‖H

k
(b

)−
b‖

2
+
‖
b−

x‖
2 ≤

2‖
b−

x‖
2
,
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w
he

re
th

e
la

st
in

eq
ua

lit
y

ho
ld

s
be

ca
us

e
H
k

(b
)

is
a

be
st
k

-s
pa

rs
e

ap
pr

ox
im

at
io

n
to
b

.
T

he
m

aj
or

is
su

e
oc

cu
rs

in
ξ.

T
ho

ug
h

it
is

th
e

w
el

l-
kn

ow
n

tr
ia

ng
le

in
eq

ua
lit

y
an

d
th

e
eq

ua
lit

y
co

ul
d

be
at

ta
in

ed
if

th
er

e
is

no
re

st
ri

ct
io

n
on

th
e

si
gn

al
s
x

an
d
b

,
w

e
re

m
in

d
he

re
th

at
th

e
si

gn
al
x

do
es

ha
ve

a
sp

ec
ifi

c
st

ru
ct

ur
e

–
it

is
k

-s
pa

rs
e.

N
ot

e
th

at
in

or
de

r
to

fu
lfi

ll
th

e
eq

ua
lit

y
in
ξ,

w
e

m
us

t
ha

ve
H
k

(b
)
−
b

=
γ

(b
−
x

)
fo

rs
om

e
γ
≥

0
,t

ha
ti

s,

H
k

(b
)

=
(γ

+
1)
b
−
γ
x
.

(2
.1

)

O
ne

m
ay

ve
ri

fy
th

at
th

e
ab

ov
e

eq
ua

lit
y

ho
ld

s
if

an
d

on
ly

if

x
=
b

=
H
k

(b
)
.

(2
.2

)

To
se

e
th

is
,l

et
Ω

be
th

e
su

pp
or

ts
et

of
H
k

(b
)

an
d

Ω
be

th
e

co
m

pl
em

en
t.

L
et
b

1
=
P Ω

(b
)

=
H
k

(b
)

an
d
b

2
=
P Ω

(b
).

L
ik

ew
is

e,
w

e
de

fin
e
x

1
an

d
x

2
as

th
e

co
m

po
ne

nt
s

of
x

su
pp

or
te

d
on

Ω
an

d
Ω

re
sp

ec
tiv

el
y.

H
en

ce
,(

2.
1)

in
di

ca
te

s
x

1
=
b

1
an

d
x

2
=

(1
+
γ
−

1
)b

2
w

he
re

w
e

as
su

m
e
γ
>

0
si

nc
e

γ
=

0
im

m
ed

ia
te

ly
im

pl
ie

s
H
k

(b
)

=
b

an
d

he
nc

e
th

e
eq

ua
lit

y
of

(1
.1

)d
oe

s
no

th
ol

d.
If
‖b

1
‖ 0
<
k

,
th

en
w

e
ha

ve
x

2
=
b

2
=

0
si

nc
e
b

1
co

nt
ai

ns
th

e
k

la
rg

es
ta

bs
ol

ut
e

el
em

en
ts

of
b

.
O

th
er

w
is

e,
th

e
fa

ct
th

at
‖x
‖ 0
≤
k

an
d
x

1
=
b

1
im

pl
ie

s
x

2
=

0
,a

nd
he

nc
e
b

2
.T

he
re

fo
re

,w
e

ob
ta

in
(2

.2
).

W
he

n
(2

.2
)

ha
pp

en
s,

ho
w

ev
er

,w
e

in
re

al
ity

ha
ve
‖H

k
(b

)
−
x
‖ 2

=
‖b
−
x
‖ 2

=
0.

In
ot

he
r

w
or

ds
,t

he
fa

ct
or

of
2

in
(1

.1
)c

an
es

se
nt

ia
lly

be
re

pl
ac

ed
w

ith
an

ar
bi

tr
ar

y
co

ns
ta

nt
!

In
th

is
se

ns
e,

w
e

co
nc

lu
de

th
at

th
e

bo
un

d
(1

.1
)i

s
no

tt
ig

ht
.O

ur
ne

w
es

tim
at

e
fo

rh
ar

d
th

re
sh

ol
di

ng
is

as
fo

llo
w

s:

T
he

or
em

1
(T

ig
ht

B
ou

nd
fo

r
H

ar
d

T
hr

es
ho

ld
in

g)
Le

tb
∈
R
d

be
an

ar
bi

tr
ar

y
ve

ct
or

an
d
x
∈
R
d

be
an

y
K

-s
pa

rs
e

si
gn

al
.F

or
an

y
k
≥
K

,w
e

ha
ve

th
e

fo
llo

w
in

g
bo

un
d:

‖H
k

(b
)
−
x
‖ 2
≤
√
ν
‖b
−
x
‖ 2
,

ν
=

1
+
ρ

+
√

(4
+
ρ
)
ρ

2
,

ρ
=

m
in
{K

,d
−
k
}

k
−
K

+
m

in
{K

,d
−
k
}.

In
pa

rt
ic

ul
ar

,o
ur

bo
un

d
is

tig
ht

in
th

e
se

ns
e

th
at

th
er

e
ex

is
ts

pe
ci

fic
ve

ct
or

s
of
b

an
d
x

su
ch

th
at

th
e

eq
ua

lit
y

ho
ld

s.

R
em

ar
k

2
(M

ax
im

um
of
ν

)
In

co
nt

ra
st

to
th

e
co

ns
ta

nt
bo

un
d

(1
.1

),
ou

r
re

su
lt

as
se

rt
s

th
at

th
e

de
vi

at
io

n
re

su
lti

ng
fr

om
ha

rd
th

re
sh

ol
di

ng
is

in
ve

rs
el

y
pr

op
or

tio
na

lt
o
√
k

(w
he

n
K
≤
d
−
k

)
in

a
un

iv
er

sa
lm

an
ne

r.
W

he
n
k

te
nd

s
to
d

,ρ
is

gi
ve

n
by

(d
−
k
)/

(d
−
K

)
w

hi
ch

is
st

ill
de

cr
ea

si
ng

w
ith

re
sp

ec
t

to
k

.
Th

us
,

th
e

m
ax

im
um

va
lu

e
of
ρ

eq
ua

ls
on

e.
E

ve
n

in
th

is
ca

se
,

w
e

fin
d

th
at

√
ν m

a
x

=

√
1

+
√

5
+

1
2

=
√

5
+

1
2
≈

1
.6

18
.

R
em

ar
k

3
Th

ou
gh

fo
r

so
m

e
ba

tc
h

al
go

ri
th

m
s

su
ch

as
IH

T
an

d
C

oS
aM

P,
th

e
co

ns
ta

nt
bo

un
d

(1
.1

)
su

ffi
ce

s
to

es
ta

bl
is

h
th

e
co

nv
er

ge
nc

e
du

e
to

sp
ec

ifi
c

co
nd

iti
on

s,
w

e
sh

ow
in

Se
ct

io
n

4
th

at
it

ca
nn

ot
en

su
re

th
e

gl
ob

al
co

nv
er

ge
nc

e
fo

r
st

oc
ha

st
ic

al
go

ri
th

m
s.

R
em

ar
k

4
W

he
n
x

is
no

t
ex

ac
tly

K
-s

pa
rs

e,
w

e
st

ill
ca

n
bo

un
d

th
e

er
ro

r
by
‖H

k
(b

)
−
x
‖ 2
≤

‖H
k

(b
)
−
H
k

(x
)‖

2
+
‖H

k
(x

)
−
x
‖ 2

.T
hu

s,
w

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
as

su
m

ed
th

at
th

e
si

gn
al

x
is
K

-s
pa

rs
e.

Pr
oo

f(
Sk

et
ch

)O
ur

bo
un

d
fo

llo
w

s
fr

om
fu

lly
ex

pl
or

in
g

th
e

sp
ar

si
ty

pa
tte

rn
of

th
e

si
gn

al
s

an
d

fr
om

fu
nd

am
en

ta
la

rg
um

en
ts

in
op

tim
iz

at
io

n.
D

en
ot

e

w
:=
H
k

(b
)
.
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L
et

Ω
be

th
e

su
pp

or
ts

et
of
w

an
d

le
tΩ

be
its

co
m

pl
em

en
t.

W
e

im
m

ed
ia

te
ly

ha
ve
P Ω

(b
)

=
w

.L
et

Ω
′ b

e
th

e
su

pp
or

ts
et

of
x

.D
efi

ne

b
1

=
P Ω
\Ω
′
(b

)
,
b

2
=
P Ω
∩Ω
′
(b

)
,
b

3
=
P Ω
\Ω
′
(b

)
,
b

4
=
P Ω
∩Ω
′
(b

)
.

L
ik

ew
is

e,
w

e
de

fin
e
x
i

an
d
w
i

fo
r

1
≤
i
≤

4
.

D
ue

to
th

e
co

ns
tr

uc
tio

n,
w

e
ha

ve
w

1
=
b

1
,w

2
=

b
2
,w

3
=
w

4
=
x

1
=
x

3
=

0
.O

ur
go

al
is

to
es

tim
at

e
th

e
m

ax
im

um
va

lu
e

of
‖w
−
x
‖2 2
/
‖b
−
x
‖2 2

.
It

is
ea

sy
to

sh
ow

th
at

w
he

n
at

ta
in

in
g

th
e

m
ax

im
um

,‖
b

3
‖ 2

m
us

tb
e

ze
ro

.D
en

ot
e

γ
:=
‖w
−
x
‖2 2

‖b
−
x
‖2 2

=
‖b

1
‖2 2

+
‖b

2
−
x

2
‖2 2

+
‖x

4
‖2 2

‖b
1
‖2 2

+
‖b

2
−
x

2
‖2 2

+
‖b

4
−
x

4
‖2 2

.
(2

.3
)

N
ot

e
th

at
th

e
va

ri
ab

le
s

he
re

on
ly

in
vo

lv
e
x

an
d
b

.A
rr

an
gi

ng
th

e
eq

ua
tio

n
w

e
ob

ta
in

(γ
−

1)
‖b

2
−
x

2
‖2 2

+
γ
‖b

4
−
x

4
‖2 2
−
‖x

4
‖2 2

+
(γ
−

1)
‖b

1
‖2 2

=
0.

(2
.4

)

It
is

ev
id

en
t

th
at

fo
r

sp
ec

ifi
c

ch
oi

ce
s

of
b

an
d
x

,w
e

ha
ve
γ

=
1.

Si
nc

e
w

e
ar

e
in

te
re

st
ed

in
th

e
m

ax
im

um
of
γ

,w
e

as
su

m
e
γ
>

1
be

lo
w

.
Fi

xi
ng
b

,w
e

ca
n

vi
ew

th
e

le
ft

-h
an

d
si

de
of

th
e

ab
ov

e
eq

ua
tio

n
as

a
fu

nc
tio

n
of
x

.O
ne

m
ay

ve
ri

fy
th

at
th

e
fu

nc
tio

n
ha

s
a

po
si

tiv
e

de
fin

ite
H

es
si

an
m

at
ri

x
an

d
th

us
it

at
ta

in
s

th
e

m
in

im
um

at
st

at
io

na
ry

po
in

tg
iv

en
by

x
∗ 2

=
b

2
,
x
∗ 4

=
γ

γ
−

1
b

4
.

(2
.5

)

O
n

th
e

ot
he

r
ha

nd
,(

2.
4)

im
pl

ie
s

th
at

th
e

m
in

im
um

fu
nc

tio
n

va
lu

e
sh

ou
ld

no
tb

e
gr

ea
te

r
th

an
ze

ro
.

Pl
ug

gi
ng

th
e

st
at

io
na

ry
po

in
tb

ac
k

gi
ve

s

‖b
1
‖2 2
γ

2
−

(2
‖b

1
‖2 2

+
‖b

4
‖2 2

)γ
+
‖b

1
‖2 2
≤

0
.

So
lv

in
g

th
e

ab
ov

e
in

eq
ua

lit
y

w
ith

re
sp

ec
tt

o
γ

,w
e

ob
ta

in

γ
≤

1
+
( 2
‖b

1
‖2 2

) −
1
(
‖b

4
‖2 2

+

√
( 4
‖b

1
‖2 2

+
‖b

4
‖2 2

) ‖
b

4
‖2 2

)
.

(2
.6

)

To
de

riv
e

an
up

pe
rb

ou
nd

th
at

is
un

if
or

m
ov

er
th

e
ch

oi
ce

of
b

,w
e

re
ca

ll
th

at
b

1
co

nt
ai

ns
th

e
la

rg
es

t
ab

so
lu

te
el

em
en

ts
of
b

w
hi

le
b

4
ha

s
sm

al
le

r
va

lu
es

.
In

pa
rt

ic
ul

ar
,t

he
av

er
ag

e
in
b

1
is

la
rg

er
th

an
th

at
in
b

4
,w

hi
ch

gi
ve

s
‖b

4
‖2 2
/
‖b

4
‖ 0
≤
‖b

1
‖2 2
/
‖b

1
‖ 0
.

N
ot

e
th

at
‖b

1
‖ 0

=
k
−
‖b

2
‖ 0

=
k
−

(K
−
‖b

4
‖ 0

).
H

en
ce

,c
om

bi
ni

ng
w

ith
th

e
fa

ct
th

at
0
≤
‖b

4
‖ 0
≤

m
in
{K

,d
−
k
}a

nd
op

tim
iz

in
g

ov
er
‖b

4
‖ 0

in
th

e
ab

ov
e

in
eq

ua
lit

y
gi

ve
s

‖b
4
‖2 2
≤

m
in
{K

,d
−
k
}

k
−
K

+
m

in
{K

,d
−
k
}
‖b

1
‖2 2
.

(2
.7

)

Fi
na

lly
,w

e
ar

riv
e

at
a

un
if

or
m

up
pe

rb
ou

nd

γ
≤

1
+
ρ

+
√

(4
+
ρ
)
ρ

2
,

ρ
=

m
in
{K

,d
−
k
}

k
−
K

+
m

in
{K

,d
−
k
}.

Se
e

A
pp

en
di

x
B

fo
rt

he
fu

ll
pr

oo
f.
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A
T

IG
H

T
B

O
U

N
D

O
F

H
A

R
D

T
H

R
E

S
H

O
L

D
IN

G

R
em

ark
5

(Tightness)
W

e
constructproper

vectors
b

and
x

to
establish

the
tightness

ofour
bound

by
a

backw
ard

induction.N
ote

that
γ

equals
ν

ifand
only

if‖b
4 ‖

22
=
ρ‖b

1 ‖
22 .H

ence,w
e

pick

‖b
4 ‖

22
=
ρ‖b

1 ‖
22
,
x

2
=
b

2 ,
x

4
=

ν

ν
−

1
b

4 ,
(2.8)

w
here

x
2

and
x

4
are

actually
chosen

as
the

stationary
pointas

in
(2.5).W

e
note

thatthe
quantity

of
ν

only
depends

on
d,
k

and
K

,noton
the

com
ponents

of
b

or
x

.
P

lugging
the

above
back

to
(2.3)

justifies
γ

=
ν.

Itrem
ains

to
show

thatour
choices

in
(2.8)do

notviolate
the

definition
of
b
i ’s,i.e.,w

e
need

to
ensure

thatthe
elem

ents
in
b

1
or
b

2
are

equalto
or

greater
than

those
in
b

3
or
b

4 .N
ote

thatthere
is

no
such

constraintfor
the

K
-sparse

vector
x

.Letus
consider

the
case

K
<
d−

k
and‖

b
4 ‖

0
=
K

,
so

that‖
b

1 ‖
0

=
k

and
ρ

=
K
/k.Thus,the

firstequality
of

(2.8)holds
as

soon
as

allthe
entries

of
b

have
sam

e
m

agnitude.
The

fact‖
b

4 ‖
0

=
K

also
im

plies
Ω
′is

a
subsetof

Ω
due

to
the

definition
of
b

4
and

the
sparsity

of
x

,hence
w

e
have

x
2

=
0

=
b

2 .
Finally,picking

x
4

as
w

e
did

in
(2.8)

com
pletes

the
reasoning

since
itdoes

notviolate
the

sparsity
constrainton

x
.

A
s

w
e

pointed
outand

justverified,the
bound

given
by

T
heorem

1
is

tight.H
ow

ever,ifthere
is

additionalinform
ation

forthe
signals,a

betterbound
can

be
established.Forinstance,letus

further
assum

e
thatthe

signal
b

is
r-sparse.

If
r
≤
k,then

b
4

is
a

zero
vector

and
(2.6)

reads
as
γ
≤

1.
O

therw
ise,w

e
have‖

b
4 ‖

0 ≤
m

in{K
,r−

k}
and

(2.7)is
im

proved
to

‖b
4 ‖

22 ≤
m

in{
K
,r−

k}
k−

K
+

m
in{K

,r−
k}
‖
b

1 ‖
22
.

H
enceforth,w

e
can

show
thatthe

param
eter

ρ
is

given
by

ρ
=

m
in{K

,r−
k}

k−
K

+
m

in{
K
,r−

k}
.

N
ote

thatthe
fact

r≤
d

im
plies

thatthe
above

is
a

tighterbound
than

the
one

in
T

heorem
1.

W
e

w
ould

also
like

to
m

ention
thatin

L
em

m
a

1
of

Jain
etal.(2014),a

closely
related

bound
w

as
established:

‖H
k

(b
)−

b‖
2 ≤

√
d−

k

d−
K
‖
b−

x‖
2
.

(2.9)

O
ne

m
ay

use
this

nice
resultto

show
that

‖H
k

(b
)−

x‖
2 ≤
‖H

k
(b

)−
b‖

2
+
‖
b−

x‖
2 ≤

(
1

+

√
d−

k

d−
K

)
‖
b−

x‖
2
,

(2.10)

w
hich

also
im

proves
on

(1.1)
provided

k
>
K

.
H

ow
ever,

one
shortcom

ing
of

(2.10)
is

that
the

factor
depends

on
the

dim
ension.

For
com

parison,w
e

recall
that

in
the

regim
e
K
≤
d
−
k,our

bound
is

free
of

the
dim

ension.
T

his
turns

outto
be

a
salientfeature

to
integrate

hard
thresholding

into
stochastic

m
ethods,and

w
e

w
illcom

m
enton

itm
ore

in
Section

4.
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3.Im
plicationsto

C
om

pressed
Sensing

In
this

section,
w

e
investigate

the
im

plications
of

T
heorem

1
for

com
pressed

sensing
and

signal
processing.

Since
m

ostof
the

H
T-based

algorithm
s

utilize
the

deviation
bound

(1.1)
to

derive
the

convergence
condition,they

can
be

im
proved

by
our

new
bound.

W
e

exem
plify

the
pow

er
of

our
theorem

on
tw

o
popular

algorithm
s:

IH
T

(B
lum

ensath
and

D
avies,2009)

and
C

oSaM
P

(N
eedell

and
Tropp,2009).

W
e

note
thatouranalysis

also
applies

to
theirextensions

such
as

B
ahm

anietal.
(2013).To

be
clear,the

purpose
ofthis

section
is

notdedicated
to

im
proving

the
bestR

IP
condition

forw
hich

recovery
is

possible
by

any
m

ethods
(eitherconvex

ornon-convex).
R

ather,w
e

focus
on

tw
o

broadly
used

greedy
algorithm

s
and

illustrate
how

ourbound
im

proves
on

previous
results.

W
e

proceed
w

ith
a

brief
review

of
the

problem
setting

in
com

pressed
sensing.

C
om

pressed
sensing

algorithm
s

aim
to

recover
the

true
K

-sparse
signal

x
∗
∈

R
d

from
a

set
of

its
(perhaps

noisy)m
easurem

ents
y

=
A
x
∗

+
ε
,

(3.1)

w
here

ε
∈

R
d

is
som

e
observation

noise
and

A
is

a
know

n
n
×
d

sensing
m

atrix
w

ith
n
�

d,
hence

the
nam

e
com

pressive
sam

pling.In
general,the

m
odelis

notidentifiable
since

itis
an

under-
determ

ined
system

.
Y

et,the
prior

know
ledge

that
x
∗

is
sparse

radically
changes

the
prem

ise.
T

hat
is,ifthe

geom
etry

ofthe
sparse

signalis
preserved

underthe
action

ofthe
sam

pling
m

atrix
A

fora
restricted

setofdirections,then
itis

possible
to

invertthe
sam

pling
process.Such

a
novelidea

w
as

quantified
as

the
kth

restricted
isom

etry
property

of
A

by
C

andès
and

Tao
(2005),w

hich
requires

thatthere
exists

a
constant

δ≥
0,such

thatforall
k-sparse

signals
x

(1−
δ)‖x‖

22 ≤
‖A
x‖

22 ≤
(1

+
δ)‖

x‖
22
.

(3.2)

T
he
kth

restricted
isom

etry
constant(R

IC
)
δ
k

is
then

defined
as

the
sm

allestone
thatsatisfies

the
above

inequalities.
N

ote
that

δ
2
k
<

1
is

the
m

inim
um

requirem
entfor

distinguishing
all
k-sparse

signals
from

the
m

easurem
ents.

T
his

is
because

for
tw

o
arbitrary

k-sparse
vectors

x
1

and
x

2
and

theirrespective
m

easurem
ents

y
1

and
y

2 ,the
R

IP
condition

reads
as

(1−
δ

2
k )‖

x
1 −

x
2 ‖

22 ≤
‖y

1 −
y

2 ‖
22 ≤

(1
+
δ

2
k )‖

x
1 −

x
2 ‖

22
,

for
w

hich
δ

2
k
<

1
guarantees

that
x

1 6=
x

2
im

plies
y

1 6=
y

2 .
To

date,there
are

three
quintessen-

tial
exam

ples
know

n
to

exhibit
a

profound
restricted

isom
etry

behavior
as

long
as

the
num

ber
of

m
easurem

ents
is

large
enough:

G
aussian

m
atrices

(optim
alR

IP,i.e.,very
sm

all
δ
k ),partialFourier

m
atrices(fastcom

putation)and
B

ernoulliensem
bles(low

m
em

ory
footprint).N

otably,itw
asshow

n
in

recentw
ork

thatrandom
m

atrices
w

ith
a

heavy-tailed
distribution

also
satisfy

the
R

IP
w

ith
over-

w
helm

ing
probability

(A
dam

czak
etal.,2011;L

ietal.,2014).
E

quipped
w

ith
the

standard
R

IP
condition,

m
any

efficient
algorithm

s
have

been
developed.

A
partial

list
includes

`
1 -norm

based
convex

program
s,

IH
T,C

oSaM
P,SP

and
regularized

O
M

P
(N

eedelland
V

ershynin,2010),along
w

ith
m

uch
interesting

w
ork

devoted
to

im
proving

or
sharp-

ening
the

R
IP

condition
(W

ang
and

Shim
,2012;M

o
and

Shen,2012;C
aiand

Z
hang,2013;M

o,
2015).

To
see

w
hy

relaxing
R

IP
is

of
centralinterest,note

thatthe
standard

result(B
araniuk

etal.,
2008)asserts

thatthe
R

IP
condition

δ
k ≤

δ
holds

w
ith

high
probability

overthe
draw

of
A

provided

n
≥

C
0 δ −

2k
log

(d
/k

).
(3.3)

H
ence,a

slightrelaxation
of

the
condition

δ
k
≤
δ

m
ay

dram
atically

decrease
the

num
ber

of
m

ea-
surem

ents.
T

hat
being

said,
since

the
constant

C
0

above
is

unknow
n,

in
general

one
cannot

tell
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(3
.4

)

N
ot

e
th

at
B

lu
m

en
sa

th
an

d
D

av
ie

s
(2

00
9)

us
ed

th
e

pa
ra

m
et

er
k

=
K

.H
ow

ev
er

,i
n

pr
ac

tic
e

on
e

m
ay

on
ly

kn
ow

to
an

up
pe

rb
ou

nd
on

th
e

tr
ue

sp
ar

si
ty
K

.T
hu

s,
w

e
co

ns
id

er
th

e
pr

oj
ec

tio
n

sp
ar

si
ty
k

as
a

pa
ra

m
et

er
th

at
de

pe
nd

s
on
K

.
To

es
ta

bl
is

h
th

e
gl

ob
al

co
nv

er
ge

nc
e

w
ith

a
ge

om
et

ri
c

ra
te

of
0
.5

,
B

lu
m

en
sa

th
an

d
D

av
ie

s
(2

00
9)

ap
pl

ie
d

th
e

bo
un

d
(1

.1
)a

nd
as

su
m

ed
th

e
R

IP
co

nd
iti

on

δ 2
k
+
K
≤

0
.1

8.
(3

.5
)

A
s

w
e

ha
ve

sh
ow

n,
(1

.1
)

is
ac

tu
al

ly
no

tt
ig

ht
an

d
he

nc
e,

th
ei

r
re

su
lts

,e
sp

ec
ia

lly
th

e
R

IP
co

nd
iti

on
ca

n
be

im
pr

ov
ed

by
T

he
or

em
1.

T
he

or
em

6
C

on
si

de
r

th
e

m
od

el
(3

.1
)a

nd
th

e
IH

T
al

go
ri

th
m

(3
.4

).
P

ic
k
k
≥
K

an
d

le
t{
x
t }
t≥

1
be

th
e

ite
ra

te
s

pr
od

uc
ed

by
IH

T.
Th

en
,u

nd
er

th
e

R
IP

co
nd

iti
on
δ 2
k
+
K
≤

1
/
√

8
ν

,f
or

al
lt
≥

1

∥ ∥ x
t
−
x
∗∥ ∥

2
≤

0
.5
t
∥ ∥ x

0
−
x
∗∥ ∥

2
+

C
‖ε
‖ 2
,

w
he

re
ν

is
gi

ve
n

by
Th

eo
re

m
1.

L
et

us
fir

st
st

ud
y

th
e

va
ni

lla
ca

se
k

=
K

.
B

lu
m

en
sa

th
an

d
D

av
ie

s
(2

00
9)

re
qu

ir
ed

δ 3
K
≤

0
.1

8
w

he
re

as
ou

r
an

al
ys

is
sh

ow
s
δ 3
K
≤

0.
22

su
ffi

ce
s.

N
ot

e
th

at
ev

en
a

lit
tle

re
la

xa
tio

n
on

R
IP

is
ch

al
le

ng
in

g
an

d
m

ay
re

qu
ir

e
se

ve
ra

lp
ag

es
of

m
at

he
m

at
ic

al
in

du
ct

io
n

(C
an

dè
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.
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obtained
the

R
IP

condition
δ

4
K
≤

0
.35

forC
oSaM

P.

4.H
ard

T
hresholding

in
L

arge-Scale
O

ptim
ization

N
ow

w
e

m
ove

on
to

the
m

achine
learning

setting
w

here
our

focus
is

pursuing
an

optim
al

sparse
solution

thatm
inim

izesa
given

objective
function

based
on

a
setoftraining

sam
ples

Z
n1

:=
{
Z
i }
ni=

1 .
D

ifferentfrom
com

pressed
sensing,w

e
usually

have
sufficientsam

ples
w

hich
m

eans
n

can
be

very
large.

T
herefore,the

com
putationalcom

plexity
is

of
prim

ary
interest.

Form
ally,w

e
are

interested
in

optim
izing

the
follow

ing
program

:

m
in

x∈
R
d
F

(x
;Z

n1
)

=
1n

n
∑i=

1

f
(x

;Z
i ),

s.t.‖x‖
0 ≤

K
,‖x‖

2 ≤
ω
.

(4.1)

T
he

globaloptim
um

ofthe
above

problem
is

denoted
by
x

o
p

t .W
e

note
thatthe

objective
function

is
presum

ed
to

be
decom

posable
w

ith
respectto

the
sam

ples.T
his

is
quite

a
m

ild
condition

and
m

ost
of

the
popular

m
achine

learning
m

odels
fulfillit.

Typicalexam
ples

include
(butnotlim

ited
to)

the
sparse

linearregression
and

sparse
logistic

regression:

•
Sparse

L
inear

R
egression:

For
all

1
≤

i
≤

n,
w

e
have

Z
i

=
(a

i ,y
i )
∈

R
d
×

R
and

the
loss

function
F

(x
;Z

n1
)

=
12
n ‖A

x
−
y‖

22
is

the
least-squares

and
can

be
explained

by
f

(x
;Z

i )
=

12 ‖a
i ·x
−
y
i ‖

22 .

•
Sparse

L
ogistic

R
egression:Forall

1
≤
i≤

n,w
e

have
Z
i

=
(a

i ,y
i )∈

R
d×
{
+

1,−
1}

and
the

negative
log-likelihood

is
penalized,i.e.,

F
(x

;Z
n1
)

=
1n ∑

ni=
1

log
(1

+
ex

p
(−
y
i a
i ·
x

))
forw

hich
f

(x
;Z

i )
=

log
(1

+
ex

p
(−
y
i a
i ·
x

)).

To
ease

notation,w
e

w
illoften

w
rite

F
(x

;Z
n1
)

as
F

(x
)

and
f

(x
;Z

i )
as
f
i (x

)
for

i
=

1
,2,···

,n.
It

is
w

orth
m

entioning
that

the
objective

function
F

(x
)

is
allow

ed
to

be
non-convex.

H
ence,

in
orderto

ensure
the

existence
ofa

globaloptim
um

,a
naturaloption

is
to

im
pose

an
`
p -norm

(p
≥

1)
constraint(L

oh
and

W
ainw

right,2012,2015).
H

ere
w

e
choose

the
`
2 -norm

constraintow
ing

to
its

fastprojection.Previous
w

ork,e.g.,A
garw

aletal.(2012)prefers
the

com
putationally

less
efficient

`
1 -norm

to
prom

ote
sparsity

and
to

guarantee
the

existence
of

optim
um

.
In

our
problem

,yet,w
e

already
have

im
posed

the
hard

sparsity
constraintso

the
`
2 -norm

constraintis
a

betterfit.
T

he
m

ajor
contribution

of
this

section
is

a
com

putationally
efficient

algorithm
term

ed
hard

thresholded
stochastic

variance
reduced

gradient
m

ethod
(H

T-SV
R

G
)

to
optim

ize
(4.1),

tackling
one

ofthe
m

ostim
portantproblem

s
in

large-scale
m

achine
learning:producing

sparse
solutions

by
stochastic

m
ethods.W

e
em

phasize
thatthe

form
ulation

(4.1)isin
stark

contrastto
the

`
1 -regularized

program
s

considered
by

previous
stochastic

solvers
such

as
Prox-SV

R
G

(X
iao

and
Z

hang,2014)
and

SA
G

A
(D

efazio
etal.,2014).W

e
targethere

a
stochastic

algorithm
forthe

non-convex
problem

thatis
less

exploited
in

the
literature.

From
a

theoreticalperspective,(4.1)
is

m
ore

difficultto
ana-

lyze
butitalw

ays
produces

sparse
solutions,w

hereas
perform

ance
guarantees

forconvex
program

s
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S
H

E
N

A
N

D
L

I

are
fruitfulbutone

cannotcharacterize
the

sparsity
ofthe

obtained
solution

(usually
the

solution
is

notsparse).
W

hen
w

e
appealto

stochastic
algorithm

s
to

solve
the

convex
program

s,the
`
1 -norm

form
ulation

becom
es

m
uch

less
effective

in
term

s
ofsparsification,naturally

ow
ing

to
the

random
-

ness.See
L

angford
etal.(2009);X

iao
(2010);D

uchiand
Singer(2009)form

ore
detailed

discussion
on

the
issue.

W
e

also
rem

ark
thatexisting

w
ork

such
as

Y
uan

etal.(2018);B
ahm

anietal.(2013);
Jain

etal.(2014)
investigated

the
sparsity-constrained

problem
(4.1)

in
a

batch
scenario,w

hich
is

not
practical

for
large-scale

learning
problem

s.
T

he
perhaps

m
ost

related
w

ork
to

our
new

algo-
rithm

is
N

guyen
etal.(2014).N

onetheless,the
optim

ization
errortherein

does
notvanish

fornoisy
statisticalm

odels.
O

ur
m

ain
result

show
s

that
for

prevalent
statistical

m
odels,

our
algorithm

is
able

to
recover

the
true

param
eter

w
ith

a
linear

rate.
R

eaders
should

distinguish
the

optim
al

solution
x

o
p

t
and

the
true

param
eter.

For
instance,consider

the
m

odel(3.1).
M

inim
izing

(4.1)
does

notam
ountto

recovering
x
∗

ifthere
is

observation
noise.In

fact,the
convergence

to
x

o
p

t is
only

guaranteed
to

an
accuracy

reflected
by

the
statisticalprecision

of
the

problem
,i.e.,‖x

∗−
x

o
p

t ‖
2 ,w

hich
is

the
best

one
can

hope
forany

statisticalm
odel(A

garw
aletal.,2012).W

e
find

thatthe
globalconvergence

is
attributed

to
both

the
tightbound

and
the

variance
reduction

technique
to

be
introduced

below
,and

exam
ining

the
necessity

ofthem
is

an
interesting

future
w

ork.

A
lgorithm

1
H

ard
T

hresholded
Stochastic

V
ariance

R
educed

G
radientM

ethod
(H

T-SV
R

G
)

R
equire:

Training
sam

ples{Z
i }
ni=

1 ,
m

axim
um

stage
count

S
,

sparsity
param

eter
k,

update
fre-

quency
m

,learning
rate

η,radius
ω

,initialsolution
x̃

0.
E

nsure:
O

ptim
alsolution

x̃
S.

1:
for

s
=

1
to
S

do
2:

Set
x̃

=
x̃
s−

1,
µ̃

=
1n ∑

ni=
1 ∇

f
i (x̃

),
x

0
=
x̃

.
3:

for
t

=
1

to
m

do
4:

U
niform

ly
pick

it ∈
{1
,2
,···

,n}
and

update
the

solution

b
t

=
x
t−

1−
η (∇

f
it (x

t−
1)−

∇
f
it (x̃

)
+
µ̃ )

,

r
t

=
H
k (b

t )
,

x
t

=
Π
ω
(r
t).

5:
end

for
6:

U
niform

ly
choose

j
s∈
{0,1,···

,m
−

1}
and

set
x̃
s

=
x
j
s.

7:
end

for

4.1
A

lgorithm

O
ur

algorithm
(A

lgorithm
1)

applies
the

fram
ew

ork
of

Johnson
and

Z
hang

(2013),w
here

the
pri-

m
ary

idea
is

to
leverage

pastgradients
for

the
currentupdate

forthe
sake

ofvariance
reduction

–
a

technique
thathas

a
long

history
in

statistics
(O

w
en

and
Z

hou,2000).To
guarantee

thateach
iterate

is
k-sparse,

it
then

invokes
the

hard
thresholding

operation.
N

ote
that

the
orthogonal

projection
for
r
t

w
ill

not
change

the
support

set,and
hence

x
t

is
still

k-sparse.
A

lso
note

that
our

sparsity
constraintin

(4.1)
reads

as‖x‖
0
≤
K

.
W

hatw
e

w
illshow

below
is

thatw
hen

the
param

eter
k

is
properly

chosen
(w

hich
depends

on
K

),w
e

obtain
a

globally
convergentsequence

ofiterates.
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d
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at
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w
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W
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ill

fir
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h
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ra
m

et
er

(e
.g

.,
x
∗

of
th

e
co

m
pr

es
se

d
se

ns
in

g
pr

ob
le

m
).

4.
2.

1
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S
S

U
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P
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IO
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O
ur

an
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nd
s
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o
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er

tie
s

of
th

e
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rv
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ur
e

of
th

e
ob

je
ct

iv
e

fu
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tio
n

th
at

ha
ve

be
en

st
an

da
rd

in
th

e
lit

er
at

ur
e.

R
ea

de
rs

m
ay

re
fe

r
to

B
ic

ke
le

ta
l.

(2
00

9)
;N

eg
ah

ba
n

et
al

.(
20

09
);

Ja
in

et
al

.(
20

14
)f

or
a

de
ta

ile
d

de
sc

ri
pt

io
n.

D
efi

ni
tio

n
8

(R
es

tr
ic

te
d

St
ro

ng
C

on
ve

xi
ty

)
A

di
ffe

re
nt

ia
bl

e
fu

nc
tio

n
g

:
R
d
→

R
is

sa
id

to
sa

t-
is

fy
th

e
pr

op
er

ty
of

re
st

ri
ct

ed
st

ro
ng

co
nv

ex
ity

(R
SC

)
w

ith
pa

ra
m

et
er
α
r
>

0,
if

fo
r

al
lv

ec
to

rs
x

,
x
′ ∈

R
d

w
ith
‖x
−
x
′ ‖ 0
≤
r,

it
ho

ld
s

th
at

g
(x
′ )
−
g
(x

)
−
〈 ∇

g
(x

),
x
′ −
x
〉 ≥

α
r 2

∥ ∥ x
′ −
x
∥ ∥2 2
.

D
efi

ni
tio

n
9

(R
es

tr
ic

te
d
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oo

th
ne

ss
)

A
di

ffe
re

nt
ia

bl
e

fu
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tio
n
g

:
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→

R
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tis
fy
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e
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>
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x
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∈
R
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w
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−
x
′ ‖ 0
≤
r,
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ld
s

th
at
∥ ∥ ∇

g
(x
′ )
−
∇
g
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)∥ ∥
2
≤
L
r
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′ −
x
∥ ∥ 2
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uc
ia

lt
o

m
ea

su
re

th
e
` 2

-n
or

m
of

th
e

gr
ad

ie
nt

re
st

ri
ct

ed
on

sp
ar

se
di

re
ct

io
ns

,a
nd

w
e

w
ri

te

‖∇
3
k
+
K
F

(x
)‖

2
:=

m
ax Ω

{ ‖
P Ω

(∇
F

(x
))
‖ 2

:
|Ω
|≤

3k
+
K
} .

N
ot

e
th

at
fo

r
co

nv
ex

pr
og

ra
m

s,
th

e
ab

ov
e

ev
al

ua
te

d
at

a
gl

ob
al

op
tim

um
is

ze
ro

.
A

s
w

ill
be

cl
ea

r,
‖∇

3
k
+
K
F

(x
)‖

2
re

fle
ct

s
ho

w
cl

os
e

th
e

ite
ra

te
s

re
tu

rn
ed

by
H

T-
SV

R
G

ca
n

be
to

th
e

po
in

tx
.

Fo
r

pr
ev

al
en

ts
ta

tis
tic

al
m

od
el

s,
it

va
ni

sh
es

w
he

n
th

er
e

ar
e

su
ffi

ci
en

ts
am

pl
es

.
R

el
at

ed
to

th
is

qu
an

tit
y,

ou
ra

na
ly

si
s

al
so

in
vo

lv
es

Q
(x

)
:=

( 16
ν
η

2
L
ω
m

+
2ω α

)
‖∇

3
k
+
K
F

(x
)‖

2
+

4
ν
η

2
m
‖∇

3
k
+
K
F

(x
)‖

2 2
,

w
he

re
w

e
re

ca
ll

th
at
ν

is
th

e
ex

pa
ns

iv
en

es
s

fa
ct

or
gi

ve
n

by
T

he
or

em
1,
η

an
d
m

ar
e

us
ed

in
th

e
al

go
ri

th
m

an
d
ω

is
a

un
iv

er
sa

l
co

ns
ta

nt
th

at
up

pe
r

bo
un

ds
th

e
` 2

-n
or

m
of

th
e

si
gn

al
w

e
ho

pe
to

es
tim

at
e.

V
ir

tu
al

ly
,w

ith
an

ap
pr

op
ri

at
e

pa
ra

m
et

er
se

tti
ng

,Q
(x

)
sc

al
es

as
‖∇

3
k
+
K
F

(x
)‖

2
w

hi
ch

w
ill

be
cl

ar
ifi

ed
.

Fo
r

a
pa

rt
ic

ul
ar

st
ag

e
s,

w
e

de
no

te
Is

:=
{i

1
,i

2
,·
··
,i
m
},

i.e
.,

th
e

sa
m

pl
es

ra
nd

om
ly

ch
os

en
fo

ru
pd

at
in

g
th

e
so

lu
tio

n.

T
he

or
em

10
C

on
si

de
r

A
lg

or
ith

m
1

an
d

a
K

-s
pa

rs
e

si
gn

al
x̂

of
in

te
re

st
.

A
ss

um
e

(A
1
)

an
d

(A
2
).

P
ic

k
th

e
st

ep
si

ze
0
<
η
<

1/
(4
L

).
If
ν
<

4L
/(

4L
−
α

),
th

en
it

ho
ld

s
th

at

E
[ F

(x̃
s
)
−
F

(x̂
)]
≤
β
s
[ F

(x̃
0
)
−
F

(x̂
)]

+
τ
(x̂

),

w
he

re
th

e
ex

pe
ct

at
io

n
is

ta
ke

n
ov

er
{I

1
,j

1
,I

2
,j

2
,·
··
,I

s
,j
s
}a

nd
0
<
β
<

1
pr

ov
id

ed
th

at
m

is
la

rg
e

en
ou

gh
.I

n
pa

rt
ic

ul
ar

,f
or

1
/(

1
−
η
α

)
<
ν
<

4
L
/(

4L
−
α

),
w

e
ha

ve

β
=
β

1
:=

1

(2
ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1)
m

+
2ν
η

2
α
L

2ν
η
α
−

2ν
η

2
α
L
−
ν

+
1
,

τ
(x̂

)
=
τ 1

(x̂
)

:=
α
Q

(x̂
)

2(
2ν
η
α
−

2ν
η

2
α
L
−
ν

+
1)

(1
−
β

1
)m

.

Fo
r
ν
≤

1
/(

1
−
η
α

),
w

e
ha

ve

β
=
β

2
:=

1

ν
η
α

(1
−

2
η
L

)m
+

2η
L

1
−

2η
L
,

τ
(x̂

)
=
τ 2

(x̂
)

:=
Q

(x̂
)

2ν
η
α

(1
−

2
η
L

)(
1
−
β

2
)m

.
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T
he

proofcan
be

found
in

A
ppendix

D
.1.

R
em

ark
11

For
the

theorem
to

hold, √
ν
<
√

4L
/(4L

−
α

)
≤
√

4/
3
≈

1.15
due

to
L
≥
α

.
H

ence,
the

conventional
bound

(1.1)
is

not
applicable.

In
contrast,

Theorem
1

asserts
that

this
condition

can
be

fulfilled
by

tuning
k

slightly
larger

than
K

.

R
em

ark
12

W
ith

the
conditions

on
η

and
ν,the

coefficient
β

is
alw

ays
less

than
one

provided
that

m
is

sufficiently
large.

R
em

ark
13

The
theorem

does
not

assert
convergence

to
an

arbitrary
sparse

vector
x̂

.
This

is
because

F
(x̃

s)−
F

(x̂
)

m
ight

be
less

than
zero.

H
ow

ever,
specifying

x̂
does

give
convergence

results,as
to

be
elaborated

later.

4.2.3
H

Y
P

E
R-P

A
R

A
M

E
T

E
R

S
E

T
T

IN
G

B
efore

m
oving

on
to

the
convergence

guarantee,
let

us
discuss

the
m

inim
um

requirem
ent

on
the

hyper-param
eters

k,
m

and
η,and

determ
ine

how
to

choose
them

to
sim

plify
T

heorem
10.

Forthe
sake

ofsuccessofH
T-SV

R
G

,w
e

require
ν
<

4
c/(4c−

1),w
hich

im
plies

ρ
<

1
/(16

c
2−

4c).
R

ecallthat
ρ

is
given

in
T

heorem
1.

In
general,w

e
are

interested
in

the
regim

e
K
≤
k
�

d.
H

ence,w
e

have
ρ

=
K
/k

and
the

m
inim

um
requirem

entforthe
sparsity

param
eteris

k
>

(16
c

2−
4
c)K

.
(4.2)

To
our

know
ledge,the

idea
of

relaxed
sparsity

w
as

firstintroduced
in

Z
hang

(2011)
for

O
M

P
and

in
Jain

etal.(2014)forprojected
gradientdescent.H

ow
ever,the

relaxed
sparsity

here
em

erges
in

a
differentw

ay
in

thatH
T-SV

R
G

is
a

stochastic
algorithm

,and
theirprooftechnique

cannotbe
used.

W
e

also
contrast

our
tight

bound
to

the
inequality

(2.10)
that

is
obtained

by
com

bining
the

triangle
inequality

and
L

em
m

a
1

ofJain
etal.(2014).Follow

ing
ourproofpipeline,(2.10)gives

k
≥
(

1−
(√

4c(4c−
1) −

1−
1 )

2 )
d

+
(√

4
c(4c−

1) −
1−

1 )
2
K

w
hich

grow
s

w
ith

the
dim

ension
d,w

hereas
using

T
heorem

1
the

sparsity
param

eter
k

depends
only

on
the

desired
sparsity

K
.In

this
regard,w

e
conclude

thatforthe
stochastic

case,ourbound
is

vital.
A

nothercom
ponentofthe

algorithm
isthe

update
frequency

m
.Intuitively,H

T-SV
R

G
perform

s
m

num
berofstochastic

gradientupdate
follow

ed
by

a
fullgradientevaluation,in

orderto
m

itigate
the

variance.
In

this
light,

m
should

not
be

too
sm

all.
O

therw
ise,

the
algorithm

reduces
to

the
full

gradient
m

ethod
w

hich
is

not
com

putationally
efficient.

O
n

the
other

spectrum
,

a
large

m
leads

to
a

slow
convergence

that
is

reflected
in

the
convergence

coefficient
β

.
To

quantitatively
analyze

how
m

should
be

selected,letus
considerthe

case
ν
≤

1/
(1−

η
α

)
forexam

ple.T
he

case
1
/(1−

η
α

)
<
ν
<

4L
/(4L

−
α

)
follow

s
in

a
sim

ilarw
ay.In

orderto
ensure

β
2
<

1,w
e

m
usthave

m
>

1/
(ν
η
α

(1−
4
η
L

)).In
particular,picking

η
=
η ′L
,

η ′∈
(0,1

/4),
(4.3)

w
e

find
thatthe

update
frequency

m
has

to
satisfy

m
>

c

ν
η ′(1−

η ′) ,
(4.4)
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S
H

E
N

A
N

D
L

I

w
hich

is
of

the
sam

e
order

as
in

the
convex

case
(Johnson

and
Z

hang,
2013)

w
hen

η ′
=

Θ
(1).

N
ote

that
the

w
ay

w
e

choose
the

learning
rate

η
=
η ′/L

is
also

a
com

m
on

practice
in

convex
optim

ization
(N

esterov,2004).
W

ith
(4.2),(4.3)

and
(4.4)

in
m

ind,w
e

provide
detailed

choices
of

the
hyper-param

eters.
D

ue
to

0
<
η
<

1
/(4L

),β
1

is
m

onotonically
increasing

w
ith

respectto
ν.B

y
T

heorem
1,w

e
know

that
ν

is
decreasing

w
ith

respectto
k.

T
hus,a

larger
quantity

of
k

results
in

a
sm

aller
value

of
β

1 ,and
hence

a
fasterrate.Interestingly,for

β
2

w
e

discoverthatthe
sm

allerthe
k

is,the
fasterthe

algorithm
concentrates.H

ence,w
e

have
the

follow
ing

consequence:

Proposition
14

Fix
η

and
m

.Then
the

optim
alchoice

of
ν

in
Theorem

10
is
ν

=
1/

(1−
η
α

)
in

the
sense

thatthe
convergence

coefficient
β

attains
the

m
inim

um
.

In
lightofthe

proposition,in
the

sectionsto
follow

,w
e

w
illonly

considerthe
setting

ν
=

1/(1−
η
α

).B
utw

e
em

phasize
thatouranalysis

and
results

essentially
apply

to
any

ν
≤

4L
/(4L

−
α

).
N

ow
let

η
=

18L
,

m
=

4(8c−
1),

k
=

8c(8c−
1)K

.
(4.5)

T
his

gives

β
=

23
,

τ
(x̂

)
=

5ωα
‖∇

3
k
+
K
F

(x̂
)‖

2
+

1α
L
‖∇

3
k
+
K
F

(x̂
)‖

22
.

(4.6)

4.2.4
G

L
O

B
A

L
L

IN
E

A
R

C
O

N
V

E
R

G
E

N
C

E

W
e

are
in

the
position

to
state

the
globallinearconvergence

to
an

optim
um

ofthe
sparsity-constrained

optim
ization

program
(4.1).

C
orollary

15
A

ssum
e

(A
1)

and
(A

2).
C

onsider
the

H
T-SV

R
G

algorithm
w

ith
hyper-param

eters
given

in
(4.5).Then

the
sequence{

x̃
s}
s≥

1
converges

linearly
to

a
globaloptim

um
x

o
p

t
of

(4.1)

E
[F

(x̃
s)−

F
(x

o
p

t ) ]≤
(

23 )
s[F

(x̃
0)−

F
(x

o
p

t ) ]

+
5ωα
‖∇

3
k
+
K
F

(x
o
p

t )‖
2

+
1α
L
‖∇

3
k
+
K
F

(x
o
p

t )‖
22
.

Proof
T

his
is

a
directconsequence

ofT
heorem

10.

W
henever∇

3
k
+
K
F

(x
o
p

t )
=

0,the
corollary

reads
as

E
[F

(x̃
s)−

F
(x

o
p

t ) ]≤
(

23 )
s[F

(x̃
0)−

F
(x

o
p

t ) ].

It
im

plies
that

if
one

is
solving

a
convex

problem
w

ithout
the

sparsity
constraint

but
the

optim
al

solution
happens

to
be

sparse,itis
safe

to
perform

hard
thresholding

w
ithoutloss

ofoptim
ality.W

e
exem

plify
such

behavior
w

ith
another

algorithm
SA

G
A

(D
efazio

et
al.,2014)

in
A

ppendix
E

.In
the

noiseless
com

pressed
sensing

setting
w

here
y

=
A
x
∗,the

corollary
guarantees

thatH
T-SV

R
G

exactly
recovers

the
underlying

true
signal

x
∗

w
hen

F
(x

)
is

chosen
as

the
least-squares

loss
in

that
x

o
p

t
=
x
∗

and∇
F

(x
∗)

=
A
>

(A
x
∗−

y
)

=
0.

O
n

the
otherside,the

R
SC

property
im

plies
that

‖x̃
s−

x̂‖
2 ≤

√
2

m
ax{

F
(x̃

s)−
F

(x̂
),0}

α
+

2‖∇
k
+
K
F

(x̂
)‖

2

α
.
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T
he

pr
oo

fi
ss

tr
ai

gh
tf

or
w

ar
d

an
d

ca
n

be
fo

un
d

in
L

em
m

a
14

of
Sh

en
an

d
L

i(
20

17
a)

.N
ow

w
e

sp
ec

if
y

x̂
as

th
e

tr
ue

pa
ra

m
et

er
of

so
m

e
st

at
is

tic
al

m
od

el
,f

or
in

st
an

ce
,x
∗

in
(3

.1
).

It
is

he
nc

e
po

ss
ib

le
to

es
ta

bl
is

h
re

co
ve

ry
gu

ar
an

te
e

of
x
∗ ,

w
hi

ch
is

kn
ow

n
as

th
e

pr
ob

le
m

of
pa

ra
m

et
er

es
tim

at
io

n.

C
or

ol
la

ry
16

A
ss

um
e

(A
1)

an
d

(A
2)

.
Le

tL
′ b

e
th

e
R

SS
pa

ra
m

et
er

of
F

(x
)

at
th

e
sp

ar
si

ty
le

ve
l

3
k

+
K

.C
on

si
de

r
th

e
H

T-
SV

R
G

al
go

ri
th

m
w

ith
hy

pe
r-

pa
ra

m
et

er
s

gi
ve

n
in

(4
.5

).
Th

en
th

e
se

qu
en

ce
{x̃

s
} s
≥

1
re

co
ve

rs
a
K

-s
pa

rs
e

si
gn

al
x
∗

w
ith

a
ge

om
et

ri
c

ra
te

E
[ ‖
x̃
s
−
x
∗ ‖

2

] ≤
√

2L
′

α
·(

2 3

)
s 2
∥ ∥ ∥x̃

0
−
x
∗∥ ∥ ∥

2
+

√
10
ω

α
2
‖∇

3
k
+
K
F

(x
∗ )
‖ 2

+

(
√

2 α
3

+
3 α

)
‖∇

3
k
+
K
F

(x
∗ )
‖ 2
.

T
he

pr
oo

fc
an

be
fo

un
d

in
A

pp
en

di
x

D
.2

.

R
em

ar
k

17
Th

e
R

SS
pa

ra
m

et
er
L
′ o

fF
(x

)
al

w
ay

s
ra

ng
es

in
[α
,L

],
w

hi
ch

is
si

m
pl

y
by

de
fin

iti
on

.

4.
2.

5
C

O
M

P
U

TA
T

IO
N

A
L

C
O

M
P

L
E

X
IT

Y

W
e

co
m

pa
re

th
e

co
m

pu
ta

tio
na

lc
om

pl
ex

ity
of

H
T-

SV
R

G
to

th
at

of
pr

oj
ec

te
d

gr
ad

ie
nt

de
sc

en
t(

PG
D

)
st

ud
ie

d
in

Ja
in

et
al

.(
20

14
),

w
hi

ch
is

a
ba

tc
h

co
un

te
rp

ar
tt

o
H

T-
SV

R
G

.F
ir

st
,w

e
re

m
ar

k
th

at
th

e
an

al
ys

is
of

PG
D

is
ba

se
d

on
th

e
sm

oo
th

ne
ss

pa
ra

m
et

er
L
′ o

f
F

(x
)

at
sp

ar
si

ty
le

ve
l2
k

+
K

.
W

e
w

ri
te
c′

=
L
′ /
α

.T
o

ac
hi

ev
e

a
gi

ve
n

ac
cu

ra
cy
ε
>

0
,P

G
D

re
qu

ir
es
O

(c
′ l

og
(1
/ε

))
ite

ra
tio

ns
.H

en
ce

th
e

to
ta

lc
om

pu
ta

tio
na

lc
om

pl
ex

ity
is
O

(n
c′
d

lo
g
(1
/ε

))
.

Fo
r

H
T-

SV
R

G
,i

n
vi

ew
of

C
or

ol
la

ry
15

,
th

e
co

nv
er

ge
nc

e
co

ef
fic

ie
nt

is
a

co
ns

ta
nt

.
H

en
ce

,H
T-

SV
R

G
ne

ed
s
O

(l
og

(1
/ε

))
ite

ra
tio

ns
w

he
re

w
e

no
te

th
at

th
e

er
ro

r
te

rm
‖∇

3
k
+
K
F

(x
∗ )
‖ 2

ca
n

be
m

ad
e

as
sm

al
la

s
ε

w
ith

su
ffi

ci
en

ts
am

pl
es

(t
o

be
cl

ar
ifi

ed
in

th
e

se
qu

el
).

In
ea

ch
st

ag
e,

H
T-

SV
R

G
co

m
pu

te
s

a
fu

ll
gr

ad
ie

nt
µ̃

fo
llo

w
ed

by
m

tim
es

st
oc

ha
st

ic
up

da
te

s.
T

he
re

fo
re

,t
he

to
ta

lc
om

pl
ex

ity
of

H
T-

SV
R

G
is

gi
ve

n
by
O

((
n

+
c)
d

lo
g
(1
/ε

))
by

no
tin

g
th

e
fa

ct
m

=
O

(c
).

In
th

e
sc

en
ar

io
c
<
n

(c
′ −

1)
,H

T-
SV

R
G

si
gn

ifi
ca

nt
ly

im
pr

ov
es

on
PG

D
in

te
rm

s
of

tim
e

co
st

.

4.
3

St
at

is
tic

al
R

es
ul

ts

T
he

la
st

in
gr

ed
ie

nt
of

ou
rt

he
or

em
is

th
e

te
rm

τ
(x̂

)
w

hi
ch

m
ea

su
re

sh
ow

cl
os

e
th

e
ite

ra
te

sc
ou

ld
be

to
a

gi
ve

n
sp

ar
se

si
gn

al
x̂

.
W

ith
ap

pr
op

ri
at

e
hy

pe
r-

pa
ra

m
et

er
se

tti
ng

s,
th

e
qu

an
tit

y
re

lie
s

ex
cl

us
iv

el
y

on
‖∇

3
k
+
K
F

(x̂
)‖

2
,

as
su

gg
es

te
d

by
(4

.6
).

T
he

re
by

,
th

is
se

ct
io

n
is

de
di

ca
te

d
to

ch
ar

ac
te

ri
zi

ng
‖∇

3
k
+
K
F

(x̂
)‖

2
.W

e
w

ill
al

so
gi

ve
ex

am
pl

es
fo

rw
hi

ch
H

T-
SV

R
G

is
co

m
pu

ta
tio

na
lly

m
or

e
ef

fic
ie

nt
th

an
PG

D
.F

or
th

e
pu

rp
os

e
of

a
co

nc
re

te
re

su
lt,

w
e

st
ud

y
tw

o
pr

ob
le

m
s:

sp
ar

se
lin

ea
r

re
gr

es
si

on
an

d
sp

ar
se

lo
gi

st
ic

re
gr

es
si

on
.T

he
se

ar
e

tw
o

of
th

e
m

os
tp

op
ul

ar
st

at
is

tic
al

m
od

el
s

in
th

e
lit

er
at

ur
e

an
d

ha
ve

fo
un

d
a

va
ri

et
y

of
ap

pl
ic

at
io

ns
in

m
ac

hi
ne

le
ar

ni
ng

an
d

st
at

is
tic

s
(R

as
ku

tti
et

al
.,

20
11

).
N

ot
ab

ly
,i

ti
s

kn
ow

n
th

at
si

m
ila

rs
ta

tis
tic

al
re

su
lts

ca
n

be
bu

ilt
fo

rl
ow

-r
an

k
m

at
ri

x
re

gr
es

si
on

,s
pa

rs
e

pr
ec

is
io

n
m

at
ri

x
es

tim
at

io
n,

as
su

gg
es

te
d

in
N

eg
ah

ba
n

et
al

.(
20

09
);

A
ga

rw
al

et
al

.(
20

12
).

4.
3.

1
S

PA
R

S
E

L
IN

E
A

R
R

E
G

R
E

S
S

IO
N

Fo
rs

pa
rs

e
lin

ea
rr

eg
re

ss
io

n,
th

e
ob

se
rv

at
io

n
m

od
el

is
gi

ve
n

by

y
=
A
x
∗

+
ε
,
‖x
∗ ‖

0
≤
K
,
‖x
∗ ‖

2
≤
ω
,

(4
.7

)
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S
H

E
N

A
N

D
L

I

w
he

re
A
∈
R
n
×
d

is
th

e
de

si
gn

m
at

ri
x,
y
∈
R
n

is
th

e
re

sp
on

se
,ε
∈
R
n

is
so

m
e

no
is

e,
an

d
x
∗

is
th

e
K

-s
pa

rs
e

tr
ue

pa
ra

m
et

er
w

e
ho

pe
to

es
tim

at
e

fr
om

th
e

kn
ow

le
dg

e
of
A

an
d
y

.
N

ot
e

th
at

w
he

n
w

e
ha

ve
th

e
ad

di
tio

na
lc

on
st

ra
in

tn
�
d

,t
he

m
od

el
ab

ov
e

is
ex

ac
tly

th
at

of
co

m
pr

es
se

d
se

ns
in

g
(3

.1
).

In
or

de
rt

o
(a

pp
ro

xi
m

at
el

y)
es

tim
at

e
th

e
pa

ra
m

et
er

,a
na

tu
ra

la
pp

ro
ac

h
is

to
op

tim
iz

e
th

e
fo

llo
w

-
in

g
no

n-
co

nv
ex

pr
og

ra
m

:

m
in x
F

(x
)

:=
1 2
n

n ∑ i=
1

‖y
i
−
a
i
·x
‖2 2
,

s.
t.
‖x
‖ 0
≤
K
,
‖x
‖ 2
≤
ω
.

(4
.8

)

Fo
ro

ur
an

al
ys

is
,w

e
as

su
m

e
th

e
fo

llo
w

in
g

on
th

e
de

si
gn

m
at

ri
x

an
d

th
e

no
is

e:

(A
3)
a

1
,a

2
,.
..
,a

n
ar

e
in

de
pe

nd
en

ta
nd

id
en

tic
al

ly
di

st
ri

bu
te

d
(i

.i.
d.

)
G

au
ss

ia
n

ra
nd

om
ve

ct
or

s
N

(0
,Σ

).
A

ll
th

e
di

ag
on

al
el

em
en

ts
of

Σ
sa

tis
fy

Σ
jj
≤

1
.

T
he

no
is

e
ε

is
in

de
pe

nd
en

to
f
A

an
d

its
en

tr
ie

s
ar

e
i.i

.d
.G

au
ss

ia
n

ra
nd

om
va

ri
ab

le
s
N

(0
,σ

2
).

Pr
op

os
iti

on
18

C
on

si
de

r
th

e
sp

ar
se

lin
ea

r
re

gr
es

si
on

m
od

el
(4

.7
)

an
d

th
e

pr
og

ra
m

(4
.8

).
A

s-
su

m
e

(A
3)

.T
he

n
fo

r
a

sp
ar

si
ty

le
ve

lr
,

•
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

ex
p
(−

C
0
n

),

α
r

=
λ

m
in

(Σ
)
−

C
1
r

lo
g
d

n
,

L
′ r

=
λ

m
a
x
(Σ

)
+

C
2
r

lo
g
d

n
;

•
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

C
3
r/
d

L
r

=
C

4
r

lo
g
d
;

•
an

d
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

C
5
/d

‖∇
r
F

(x
∗ )
‖ 2
≤

C
6
σ

√
r

lo
g
d

n
,
‖∇

r
F

(x
o
p

t)
‖ 2
≤
L
′ r
‖x

o
p

t
−
x
∗ ‖

2
+

C
6
σ

√
r

lo
g
d

n
.

A
bo

ve
,λ

m
in

(Σ
)

an
d
λ

m
a
x
(Σ

)
ar

e
th

e
m

in
im

um
an

d
m

ax
im

um
si

ng
ul

ar
va

lu
es

of
Σ

re
sp

ec
tiv

el
y.

W
e

re
ca

ll
th

at
α
r

an
d
L
r

ar
e

in
vo

lv
ed

in
ou

r
as

su
m

pt
io

ns
(A

1)
an

d
(A

2)
,a

nd
L
′ r

is
th

e
R

SS
pa

-
ra

m
et

er
of
F

(x
).

T
he

es
tim

at
io

n
fo

r
α
r
,L
′ r

an
d
‖∇

r
F

(x
∗ )
‖ 2

fo
llo

w
s

fr
om

st
an

da
rd

re
su

lts
in

th
e

lit
er

at
ur

e
(R

as
ku

tti
et

al
.,

20
11

),
w

hi
le

th
at

fo
r
L
r

fo
llo

w
s

fr
om

Pr
op

os
iti

on
E

.1
in

B
el

le
c

et
al

.
(2

01
6)

by
no

tin
g

th
e

fa
ct

th
at

bo
un

di
ng

L
r

am
ou

nt
s

to
es

tim
at

in
g

m
ax

i
‖H

r
(a

i)
‖2 2

.
In

or
de

r
to

es
tim

at
e
‖∇

r
F

(x
o
p

t)
‖ 2

,n
ot

ic
e

th
at

‖∇
r
F

(x
o
p

t)
‖ 2
≤
‖∇

r
F

(x
o
p

t)
−
∇
r
F

(x
∗ )
‖ 2

+
‖∇

r
F

(x
∗ )
‖ 2

≤
‖∇

F
(x

o
p

t)
−
∇
F

(x
∗ )
‖ 2

+
‖∇

r
F

(x
∗ )
‖ 2

≤
L
′ r
‖x

o
p

t
−
x
∗ ‖

2
+
‖∇

r
F

(x
∗ )
‖ 2
,

w
he

re
w

e
us

e
th

e
de

fin
iti

on
of

R
SS

in
th

e
la

st
in

eq
ua

lit
y.

N
ow

w
e

le
tr

=
3k

+
K

=
co

ns
t·
c2
K

an
d

ge
tα

=
λ

m
in

(Σ
)
−

C
1
c2
K

lo
g
d

n
,L

=
C

4
c2
K

lo
g
d

.
Su

pp
os

e
th

at
λ

m
in

(Σ
)

=
2C

4
(K

lo
g
d
)2

an
d
n

=
q
·C

1
C

4
K

lo
g
d

w
ith

q
≥

1.
T

he
n

ou
r

as
su

m
p-

tio
ns

(A
1)

an
d

(A
2)

ar
e

m
et

w
ith

hi
gh

pr
ob

ab
ili

ty
w

ith

α
=

C
4
(K

lo
g
d
)2
,
L

=
C

4
(K

lo
g
d
)3
,

an
d
c

=
K

lo
g
d
.
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ForC
orollary

15,as
faras

s≥
C

7
log (

F
(x̃

0)−
F

(x
o
p

t )

ε

)
,
n

=
C

7
(ω
σ

)
2
ε −

2K
log

d
,

w
e

haveE
[F

(x̃
s)−

F
(x

o
p

t ) ]≤
ε

+
λ

m
a
x (Σ

)

λ
m

in (Σ
) ‖
x

o
p

t −
x
∗‖

2
+

(
λ

m
a
x (Σ

)

λ
m

in (Σ
) ‖
x

o
p

t −
x
∗‖

2 )
2

for
som

e
accuracy

param
eter

ε
>

0.
T

his
suggests

thatitis
possible

for
H

T-SV
R

G
to

approxim
ate

a
globaloptim

um
of(4.1)up

to‖
x

o
p

t −
x
∗‖

2 ,nam
ely

the
statisticalprecision

ofthe
problem

.
R

eturning
to

C
orollary

16,to
guarantee

that

E
[‖x̃

s−
x
∗‖

2 ]≤
ε,

itsuffices
to

pick
s≥

C
8

log
(ω √

c ′/ε),
n

=
C

8 (ω
σ

)
2ε −

4K
log

d
.

Finally,w
e

com
pare

the
com

putationalcostto
PG

D
.Itis

nothard
to

see
thatunder

the
sam

e
situation

λ
m

in (Σ
)

=
2C

4 (K
log

d
)
2

and
n

=
C

1
C

4 K
log

d,

L
′
=

C
4 (K

lo
g
d
)
3,
c ′

=
K

log
d
,

provided
that

λ
m

a
x (Σ

)
=

C
4 (K

log
d
)
3−

C
2 C

4

C
1

(K
log

d
)
2.

T
hus

c
<
n

(c ′−
1),i.e.,H

T-SV
R

G
is

m
ore

efficientthan
PG

D
.Itis

also
possible

to
considerother

regim
es

ofthe
covariance

m
atrix

and
the

sam
ple

size,though
w

e
do

notpursue
ithere.

4.3.2
S

PA
R

S
E

L
O

G
IS

T
IC

R
E

G
R

E
S

S
IO

N

Forsparse
logistic

regression,the
observation

m
odelis

given
by

P
r(y

i |
a
i ;
x
∗)

=
1

1
+

ex
p
(−
y
i a
i ·
x
∗) ,

‖
x
∗‖

0 ≤
K
,‖x‖

2 ≤
ω
,∀

1
≤
i≤

n
,

(4.9)

w
here

y
i is

either
0

or
1.Itthen

learns
the

param
eterby

m
inim

izing
the

negative
log-likelihood:

m
in
x

F
(x

)
:=

1n

n
∑i=

1

log
(1

+
ex

p
(−
y
i a
i ·x

))
,

s.t.‖x‖
0 ≤

K
,‖x‖

2 ≤
ω
.

(4.10)

T
here

is
a

large
body

of
w

ork
show

ing
that

the
statistical

property
is

rather
analogous

to
that

of
linear

regression.
See,for

exam
ple,N

egahban
etal.(2009).

In
fact,the

statisticalresults
apply

to
generalized

linearm
odels

as
w

ell.

4.4
A

C
oncurrentW

ork

A
fterw

e
posted

the
firstversion

Shen
and

L
i(2016)on

arX
iv,L

ietal.(2016)m
ade

theirw
ork

public
w

here
a

sim
ilaralgorithm

to
H

T-SV
R

G
w

as
presented.T

heirtheoreticalanalysis
applies

to
convex

objective
functions

w
hile

w
e

allow
the

function
F

(x
)

to
be

non-convex.W
e

also
fully

characterize
the

convergence
behaviorofthe

algorithm
by

show
ing

the
trade-offbetw

een
the

sparsity
param

eter
k

and
the

convergence
coefficient

β
(Proposition

14).
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S
H

E
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A
N

D
L
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5.E
xperim

ents

In
this

section,w
e

presenta
com

prehensive
em

piricalstudy
for

the
proposed

H
T-SV

R
G

algorithm
on

tw
o

tasks:
sparse

recovery
(com

pressed
sensing)

and
im

age
classification.

T
he

experim
ents

on
sparse

recovery
is

dedicated
to

verifying
the

theoreticalresults
w

e
presented,and

w
e

visualize
the

classification
m

odels
learned

by
H

T-SV
R

G
to

dem
onstrate

the
practicalefficacy.

5.1
Sparse

R
ecovery

To
understand

the
practicalbehavior

of
our

algorithm
as

w
ellas

to
justify

the
theoreticalanalysis,

w
e

perform
experim

ents
on

synthetic
data.T

he
experim

entalsettings
are

as
follow

s:

•
D

ata
G

eneration.
T

he
data

dim
ension

d
is

fixed
as

256
and

w
e

generate
an
n
×
d

G
aussian

random
sensing

m
atrix

A
w

hose
entries

are
i.i.d.

w
ith

zero
m

ean
and

variance
1
/n.

T
hen

1000
K

-sparse
signals

x
∗

are
independently

generated,
w

here
the

support
of

each
signal

is
uniform

ly
chosen.

T
hat

is,
w

e
run

our
algorithm

and
the

baselines
for

10
00

trials.
T

he
m

easurem
ents

y
foreach

signal
x
∗

is
obtained

by
y

=
A
x
∗

w
hich

is
noise

free.In
this

w
ay,

w
e

are
able

to
study

the
convergence

rate
by

plotting
the

logarithm
of

the
objective

value
since

the
optim

alobjective
value

is
know

n
to

be
zero.

•
B

aselines.
W

e
m

ainly
com

pare
w

ith
tw

o
closely

related
algorithm

s:
IH

T
and

PG
D

.B
oth

of
them

com
pute

the
fullgradientof

the
least-squares

loss
follow

ed
by

hard
thresholding.

Y
et,

PG
D

is
m

ore
general,in

the
sense

thatitallow
s

the
sparsity

param
eter

k
to

be
largerthan

the
true

sparsity
K

(k
=
K

for
IH

T
)

and
also

considers
a

flexible
step

size
η

(η
=

1
for

IH
T

).
H

ence,PG
D

can
be

view
ed

as
a

batch
counterpartto

ourm
ethod

H
T-SV

R
G

.

•
E

valuation
M

etric.
W

e
say

a
signal

x
∗

is
successfully

recovered
by

a
solution

x
if

‖x
−
x
∗‖

2

‖
x
∗‖

2

<
1
0 −

3.

In
this

w
ay,w

e
can

com
pute

the
percentage

ofsuccess
overthe

1000
trials

foreach
algorithm

.

•
H

yper-Param
eters.

If
notspecified,w

e
use

m
=

3n,
k

=
9K

,and
S

=
10000

for
H

T-
SV

R
G

.
W

e
also

use
the

heuristic
step

size
η

=
2/sv

d
s(A

A
>

)
for

H
T-SV

R
G

and
PG

D
,

w
here

sv
d
s(A

A
>

)
returns

the
largest

singular
value

of
the

m
atrix

A
A
>

.
Since

for
each

stage,H
T-SV

R
G

com
putes

the
fullgradientfor

(2m
/n

+
1)

tim
es,w

e
run

the
IH

T
and

PG
D

for
(2m

/n
+

1)S
iterations

for
fair

com
parison,

i.e.,
all

of
the

algorithm
s

have
the

sam
e

num
beroffullgradientevaluations.

5.1.1
P

H
A

S
E

T
R

A
N

S
IT

IO
N

O
ur

first
sim

ulation
aim

s
at

offering
a

big
picture

on
the

recovery
perform

ance.
To

this
end,

w
e

vary
the

num
ber

of
m

easurem
ents

n
from

1
to

256,roughly
w

ith
a

step
size

8.
W

e
also

study
the

perform
ance

w
ith

respectto
the

true
sparsity

param
eter

K
,w

hich
ranges

from
1

to
26,roughly

w
ith

step
size

2.T
he

results
are

illustrated
in

Figure
1,w

here
a

brighterblock
m

eans
a

higherpercentage
of

success
and

the
brightestones

indicate
exactsparse

recovery.
Itis

apparentthatPG
D

and
H

T-
SV

R
G

require
few

erm
easurem

ents
foran

accurate
recovery

than
IH

T,possibly
due

to
the

flexibility
in

choosing
the

sparsity
param
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Figure
5:

C
onvergence

behavior
under

sm
allstep

size.
W

e
observe

that
as

long
as

w
e

pick
a

sufficiently
large

value
for

m
,H

T-SV
R

G
alw

ays
converges.

T
his

is
notsurprising

since
our

theorem
guarantees

for
any

η
<

1/
(4L

),
H

T-SV
R

G
w

ill
converge

if
m

is
large

enough.A
lso

note
thatthe

geom
etric

convergence
rate

is
observed

aftercertain
iterations,

e.g.,for
η

=
3×

10 −
5,the

log(error)decreases
linearly

after20
thousands

iterations.

5.2
C

lassification

In
addition

to
the

application
ofsparse

recovery,w
e

illustrated
thatH

T-SV
R

G
can

dealw
ith

binary
classification

by
m

inim
izing

the
sparse

logistic
regression

problem
(4.10).

H
ere,w

e
study

the
per-

form
ance

on
a

realistic
im

age
datasetM

N
IST

1,consisting
of60

thousands
training

sam
ples

and
10

thousands
sam

ples
for

testing.
T

here
is

one
digiton

each
im

age
of

size
28-by-28,hence

totally
10

classes.Som
e

ofthe
im

ages
are

show
n

in
Figure

6.
T

he
update

frequency
m

is
fixed

as
m

=
3
n.

W
e

com
pute

the
heuristic

step
size

η
as

in
the

previoussection,i.e.,η
=

2/
sv

d
s(A

A
>

)≈
10 −

3.Since
forthe

real-w
orld

dataset,the
true

sparsity
is

actually
unknow

n,w
e

tune
the

sparsity
param

eter
k

and
study

the
perform

ance
ofthe

algorithm
.

First,w
e

visualize
five

pair-w
ise

m
odels

learned
by

H
T-SV

R
G

in
Figure

7,w
here

each
row

is
associated

w
ith

a
binary

classification
task

indicated
by

the
tw

o
digits

at
the

leading
of

the
row

,
and

the
subsequentred-blue

figures
are

used
to

illustrate
the

learned
m

odels
under

differentspar-

1.
h
t
t
p
:
/
/
y
a
n
n
.
l
e
c
u
n
.
c
o
m
/
e
x
d
b
/
m
n
i
s
t
/
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Figure
6:Sam

ple
im

agesin
the

M
N

IST
database.

sity
param

eter.
For

exam
ple,the

third
colorful

figure
depicted

on
the

second
row

corresponds
to

recognizing
a

digitis
“1”

or
“7”

w
ith

the
sparsity

k
=

30.
In

particular,for
each

pair,w
e

labelthe
sm

alldigitas
positive

and
the

large
one

as
negative,and

the
blue

and
red

pixels
are

the
w

eights
w

ith
positive

and
negative

values
respectively.A

pparently,the
m

odels
w

e
learned

are
discrim

inative.

k
 =

 1
0

1
0
0

1
2
0

1
5
0

2
0

3
0

4
0

5
0

6
0

8
0

Figure
7:

V
isualization

ofthe
m

odels.W
e

visualize
5

m
odels

learned
by

H
T-SV

R
G

underdiffer-
entchoices

ofsparsity
show

n
on

the
top

ofeach
colum

n.N
ote

thatthe
feature

dim
ension

is
784.From

the
top

row
to

the
bottom

row
,w

e
illustrate

the
m

odels
of“0

vs
9”,“1

vs
7”,

“2
vs

3”,“4
vs

5”
and

“6
vs

8”,w
here

for
each

pair,w
e

labelthe
sm

alldigitas
positive

and
the

large
one

as
negative.

T
he

red
color

represents
negative

w
eights

w
hile

the
blue

pixels
correspond

w
ith

positive
w

eights.

W
e

also
quantitatively

show
the

convergence
and

prediction
accuracy

curves
in

Figure
8.

N
ote

thathere,the
y-axis

is
the

objective
value

F
(x̃

s)
ratherthan

log
(F

(x̃
s)−

F
(x

o
p

t )),due
to

the
fact

thatcom
puting

the
exactoptim

um
of

(4.10)
is

N
P-hard.

G
enerally

speaking,H
T-SV

R
G

converges
quite

fastand
usually

attains
the

m
inim

um
ofobjective

value
w

ithin
20

stages.Itis
notsurprising

to
see

thatchoosing
a

large
quantity

forthe
sparsity

leads
to

a
better(low

er)objective
value.H

ow
ever,
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G

w
here

the
second

inequality
follow

s
from

(A
.1).

N
ow

expanding
∇

Ω
G

(x
′)

and
rearranging

the
term

s
gives

the
desired

result.

L
em

m
a

20
C

onsider
the

H
T-SV

R
G

algorithm
for

a
fixed

stage
s.Let

x̂
be

the
targetsparse

vector.
Let

Ω
be

a
supportsetsuch

that
su

p
p (x

t−
1 )∪

su
p
p

(x̃
)∪

su
p
p

(x̂
)⊆

Ω
.

P
ut
r

=
|Ω|.

A
ssum

e
(A

2
).For

all
1
≤
t≤

m
,denote

v
t

=
∇
f
it (x

t−
1)−

∇
f
it (x̃

)
+
µ̃

.Then
w

e
have

the
follow

ing:

E
it |x

t−
1 [∥∥P

Ω

(v
t ) ∥∥

22 ]≤
4
L
r [F

(x
t−

1)−
F

(x̂
) ]

+
4
L
r

[F
(x̃

)−
F

(x̂
)]

−
4
L
r 〈∇

F
(x̂

),x
t−

1
+
x̃
−

2x̂ 〉
+

4‖P
Ω

(∇
F

(x̂
))‖

22
.

Proof
W

e
have

∥∥P
Ω

(v
t ) ∥∥

22
=
∥∥P

Ω

(∇
f
it (x

t−
1)−

∇
f
it (x̃

)
+
µ̃ ) ∥∥

22

≤
2 ∥∥P

Ω

(∇
f
it (x

t−
1)−

∇
f
it (x̂

) ) ∥∥
22

+
2‖P

Ω
(∇
f
it (x̃

)−
∇
f
it (x̂

)−
µ̃

)‖
22

=
2 ∥∥P

Ω

(∇
f
it (x

t−
1)−

∇
f
it (x̂

) ) ∥∥
22

+
2‖P

Ω
(∇
f
it (x̃

)−
∇
f
it (x̂

))‖
22

+
2‖P

Ω
(µ̃

)‖
22 −

4〈P
Ω

(∇
f
it (x̃

)−
∇
f
it (x̂

))
,P

Ω
(µ̃

)〉
ξ
1

=
2 ∥∥P

Ω

(∇
f
it (x

t−
1)−

∇
f
it (x̂

) ) ∥∥
22

+
2‖P

Ω
(∇
f
it (x̃

)−
∇
f
it (x̂

))‖
22

+
2‖P

Ω
(µ̃

)‖
22 −

4〈∇
f
it (x̃

)−
∇
f
it (x̂

),P
Ω

(µ̃
)〉

ξ
2

≤
4
L
r [f

it (x
t−

1)−
f
it (x̂

)−
〈∇

f
it (x̂

),x
t−

1−
x̂ 〉]

+
4
L
r

[f
it (x̃

)−
f
it (x̂

)−
〈∇
f
it (x̂

),x̃
−
x̂〉]

+
2‖P

Ω
(µ̃

)‖
22 −

4〈∇
f
it (x̃

)−
∇
f
it (x̂

),P
Ω

(µ̃
)〉
,

w
here

ξ
1

is
by

algebra,ξ
2

applies
L

em
m

a
19

and
the

factthat|Ω|
=
r.

Taking
the

conditionalexpectation,w
e

obtain
the

follow
ing:

E
it |x

t−
1 [∥∥P

Ω

(v
t ) ∥∥

22 ]

≤
4L

r [F
(x

t−
1)−

F
(x̂

) ]
+

4
L
r

[F
(x̃

)−
F

(x̂
)]

−
4
L
r 〈∇

F
(x̂

),x
t−

1
+
x̃
−

2
x̂ 〉

+
2〈2P

Ω
(∇
F

(x̂
))−
P

Ω
(µ̃

)
,P

Ω
(µ̃

)〉
=

4L
r [F

(x
t−

1)−
F

(x̂
) ]

+
4
L
r

[F
(x̃

)−
F

(x̂
)]

−
4
L
r 〈∇

F
(x̂

),x
t−

1
+
x̃
−

2
x̂ 〉

+
‖
2P

Ω
(∇
F

(x̂
))‖

22

−
‖
2P

Ω
(∇
F

(x̂
))−
P

Ω
(µ̃

)‖
22 −
‖P

Ω
(µ̃

)‖
22

≤
4L

r [F
(x

t−
1)−

F
(x̂

) ]
+

4
L
r

[F
(x̃

)−
F

(x̂
)]

−
4
L
r 〈∇

F
(x̂

),x
t−

1
+
x̃
−

2
x̂ 〉

+
4‖P

Ω
(∇
F

(x̂
))‖

22
.

T
he

proofis
com

plete.

C
orollary

21
A

ssum
e

the
sam

e
conditions

as
in

Lem
m

a
20.If∇

F
(x̂

)
=

0,w
e

have

E
it |x

t−
1 [∥∥P

Ω

(v
t ) ∥∥

22 ]≤
4L

r [F
(x

t−
1)

+
F

(x̃
)−

2
F

(x̂
) ]
.
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A
ppendix

B
.Proofsfor

Section
2

B
.1

ProofofT
heorem

1

Proof
T

he
resultis

true
forthe

trivialcase
that

b
is

a
zero

vector.In
the

follow
ing,w

e
assum

e
that

b
is

nota
zero

vector.D
enote

w
:=
H
k

(b
)
.

L
et

Ω
be

the
supportsetof

w
and

let
Ω

be
its

com
plem

ent.W
e

im
m

ediately
haveP

Ω
(b

)
=
w

.
L

et
Ω
′be

the
supportsetof

x
.Forthe

sake
ofsim

plicity,letus
splitthe

vector
b

as
follow

s:

b
1

=
P

Ω\
Ω
′(b

)
,
b

2
=
P

Ω∩
Ω
′(b

)
,

b
3

=
P

Ω\
Ω
′ (b

)
,
b

4
=
P

Ω∩
Ω
′ (b

)
.

L
ikew

ise,w
e

denote

w
1

=
P

Ω\
Ω
′(w

)
,
w

2
=
P

Ω∩
Ω
′(w

)
,
w

3
=
P

Ω\
Ω
′ (w

)
=

0
,
w

4
=
P

Ω∩
Ω
′ (w

)
=

0
,

x
1

=
P

Ω\
Ω
′(x

)
=

0
,
x

2
=
P

Ω∩
Ω
′(x

)
,
x

3
=
P

Ω\
Ω
′ (x

)
=

0
,
x

4
=
P

Ω∩
Ω
′ (x

)
.

D
ue

to
the

hard
thresholding,w

e
have

w
1

=
b

1 ,
w

2
=
b

2 .

In
this

w
ay,by

sim
ple

algebra
w

e
have

‖
w
−
x‖

22
=
‖
b

1 ‖
22

+
‖
b

2 −
x

2 ‖
22

+
‖
x

4 ‖
22
,

‖
b−

x‖
22

=
‖
b

1 ‖
22

+
‖
b

2 −
x

2 ‖
22

+
‖
b

3 ‖
22

+
‖b

4 −
x

4 ‖
22
.

O
ur

goal
is

to
estim

ate
the

m
axim

um
of‖w

−
x‖

22
/‖
b−

x‖
22 .

It
is

easy
to

show
that

w
hen

attaining
the

m
axim

um
value,‖

b
3 ‖

2
m

ustbe
zero

since
otherw

ise
one

m
ay

decrease
this

term
to

m
ake

the
objective

larger.
H

ence,
m

axim
izing

‖
w
−
x‖

22
/‖b−

x‖
22

am
ounts

to
estim

ating
the

upperbound
ofthe

follow
ing

overallchoices
of
x

and
b:

γ
:=

‖b
1 ‖

22
+
‖b

2 −
x

2 ‖
22

+
‖
x

4 ‖
22

‖
b

1 ‖
22

+
‖b

2 −
x

2 ‖
22

+
‖b

4 −
x

4 ‖
22

.
(B

.1)

Firstly,
w

e
consider

the
case

of‖b
1 ‖

2
=

0,
w

hich
m

eans
Ω

=
Ω
′

im
plying

γ
=

1.
In

the
follow

ing,w
e

consider‖b
1 ‖

2 6=
0.

In
particular,w

e
consider

γ
>

1
since

w
e

are
interested

in
the

m
axim

um
value

of
γ.

A
rranging

(B
.1)w

e
obtain

(γ
−

1)‖
b

2 −
x

2 ‖
22

+
γ‖
b

4 −
x

4 ‖
22 −
‖
x

4 ‖
22

+
(γ
−

1)‖
b

1 ‖
22

=
0.

(B
.2)

L
etus

fix
b

and
define

the
function

G
(x

2 ,x
4 )

=
(γ
−

1)‖b
2 −

x
2 ‖

22
+
γ‖b

4 −
x

4 ‖
22 −
‖
x

4 ‖
22

+
(γ
−

1)‖
b

1 ‖
22
.
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T
hu

s,
(B

.2
)i

nd
ic

at
es

th
at
G

(x
2
,x

4
)

ca
n

at
ta

in
th

e
ob

je
ct

iv
e

va
lu

e
of

ze
ro

.N
ot

e
th

at
G

(x
2
,x

4
)

is
a

qu
ad

ra
tic

fu
nc

tio
n

an
d

its
gr

ad
ie

nt
an

d
H

es
si

an
m

at
ri

x
ca

n
be

co
m

pu
te

d
as

fo
llo

w
s:

∂

∂
x

2
G

(x
2
,x

4
)

=
2(
γ
−

1)
(x

2
−
b

2
),

∂

∂
x

4
G

(x
2
,x

4
)

=
2γ

(x
4
−
b

4
)
−

2
x

4
,

∇
2
G

(x
2
,x

4
)

=
2(
γ
−

1)
I
,

w
he

re
I

is
th

e
id

en
tit

y
m

at
ri

x.
Si

nc
e

th
e

H
es

si
an

m
at

ri
x

is
po

si
tiv

e
de

fin
ite

,G
(x

2
,x

4
)

at
ta

in
s

th
e

gl
ob

al
m

in
im

um
at

th
e

st
at

io
na

ry
po

in
t,

w
hi

ch
is

gi
ve

n
by

x
∗ 2

=
b

2
,
x
∗ 4

=
γ

γ
−

1
b

4
,

re
su

lti
ng

in
th

e
m

in
im

um
ob

je
ct

iv
e

va
lu

e

G
(x
∗ 2
,x
∗ 4
)

=
γ

1
−
γ
‖b

4
‖2 2

+
(γ
−

1)
‖b

1
‖2 2
.

In
or

de
rt

o
gu

ar
an

te
e

th
e

fe
as

ib
le

se
to

f(
B

.2
)i

s
no

n-
em

pt
y,

w
e

re
qu

ir
e

th
at

G
(x
∗ 2
,x
∗ 4
)
≤

0
,

im
pl

yi
ng

‖b
1
‖2 2
γ

2
−

(2
‖b

1
‖2 2

+
‖b

4
‖2 2

)γ
+
‖b

1
‖2 2
≤

0
.

So
lv

in
g

th
e

ab
ov

e
in

eq
ua

lit
y

w
ith

re
sp

ec
tt

o
γ

,w
e

ob
ta

in

γ
≤

1
+

‖b
4
‖2 2

+

√
( 4
‖b

1
‖2 2

+
‖b

4
‖2 2

) ‖
b

4
‖2 2

2
‖b

1
‖2 2

.
(B

.3
)

To
de

riv
e

an
up

pe
rb

ou
nd

th
at

is
un

if
or

m
ov

er
th

e
ch

oi
ce

of
b

,w
e

re
ca

ll
th

at
b

1
co

nt
ai

ns
th

e
la

rg
es

t
ab

so
lu

te
el

em
en

ts
of
b

w
hi

le
b

4
ha

s
sm

al
le

r
va

lu
es

.
In

pa
rt

ic
ul

ar
,t

he
av

er
ag

ed
va

lu
e

of
b

4
is

no
gr

ea
te

rt
ha

n
th

at
of
b

1
in

m
ag

ni
tu

de
,i

.e
.,

‖b
4
‖2 2

‖b
4
‖ 0
≤
‖b

1
‖2 2

‖b
1
‖ 0
.

N
ot

e
th

at
‖b

1
‖ 0

=
k
−
‖b

2
‖ 0

=
k
−

(K
−
‖b

4
‖ 0

).
H

en
ce

,c
om

bi
ni

ng
w

ith
th

e
fa

ct
th

at
0
≤
‖b

4
‖ 0
≤

m
in
{K

,d
−
k
}a

nd
op

tim
iz

in
g

ov
er
‖b

4
‖ 0

gi
ve

s

‖b
4
‖2 2
≤

m
in
{K

,d
−
k
}

k
−
K

+
m

in
{K

,d
−
k
}
‖b

1
‖2 2
.

Pl
ug

gi
ng

ba
ck

to
(B

.3
),

w
e

fin
al

ly
ob

ta
in

γ
≤

1
+
ρ

+
√

(4
+
ρ
)
ρ

2
,

ρ
=

m
in
{K

,d
−
k
}

k
−
K

+
m

in
{K

,d
−
k
}.

T
he

pr
oo

fi
s

co
m

pl
et

e.
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A
pp

en
di

x
C

.P
ro

of
sf

or
Se

ct
io

n
3

C
.1

Pr
oo

fo
fT

he
or

em
6

W
e

fo
llo

w
th

e
pr

oo
f

pi
pe

lin
e

of
B

lu
m

en
sa

th
an

d
D

av
ie

s
(2

00
9)

an
d

on
ly

re
m

ar
k

th
e

di
ff

er
en

ce
of

ou
r

pr
oo

f
an

d
th

ei
rs

,i
.e

.,
w

he
re

T
he

or
em

1
ap

pl
ie

s.
In

ca
se

of
po

ss
ib

le
co

nf
us

io
n

du
e

to
no

ta
tio

n,
w

e
fo

llo
w

th
e

sy
m

bo
ls

in
B

lu
m

en
sa

th
an

d
D

av
ie

s.
O

ne
m

ay
re

fe
r

to
th

at
ar

tic
le

fo
r

a
co

m
pl

et
e

pr
oo

f. T
he

fir
st

di
ff

er
en

ce
oc

cu
rs

in
E

q.
(2

2)
of

B
lu

m
en

sa
th

an
d

D
av

ie
s

(2
00

9)
,w

he
re

th
ey

re
ac

he
d

(O
ld

)
∥ ∥ ∥x

s
−
x

[n
+

1
]∥ ∥ ∥

2
≤

2
∥ ∥ ∥x

s B
n

+
1
−
a

[n
+

1
]

B
n

+
1

∥ ∥ ∥ 2
,

w
hi

le
T

he
or

em
1

gi
ve

s (N
ew

)
∥ ∥ ∥x

s
−
x

[n
+

1
]∥ ∥ ∥

2
≤
√
ν
∥ ∥ ∥x

s B
n

+
1
−
a

[n
+

1
]

B
n

+
1

∥ ∥ ∥ 2
.

C
om

bi
ni

ng
th

is
ne

w
in

eq
ua

lit
y

an
d

E
q.

(2
3)

th
er

ei
n,

w
e

ob
ta

in

∥ ∥ ∥x
s
−
x

[n
+

1
]∥ ∥ ∥

2
≤
√
ν
∥ ∥ ∥(
I
−

Φ
> B
n

+
1
Φ
B
n

+
1
)r

[n
]

B
n

+
1

∥ ∥ ∥ 2
+
√
ν
∥ ∥ ∥(

Φ
> B
n

+
1
Φ
B
n

+
1
\B

n
+

1
)r

[n
]

B
n

+
1
\B

n
+

1

∥ ∥ ∥ 2
.

B
y

no
tin

g
th

e
fa

ct
th

at
∣ ∣ B

n
∪
B
n

+
1
∣ ∣ ≤

2
s

+
s∗

w
he

re
s∗

de
no

te
s

th
e

sp
ar

si
ty

of
th

e
gl

ob
al

op
tim

um
an

d
fo

llo
w

in
g

th
ei

rr
ea

so
ni

ng
of

E
q.

(2
4)

an
d

(2
5)

,w
e

ha
ve

a
ne

w
bo

un
d

fo
rE

q.
(2

6)
:

(N
ew

)
∥ ∥ ∥r

[n
+

1
]∥ ∥ ∥

2
≤
√

2
ν
δ 2
s+
s∗

∥ ∥ ∥r
[n

]∥ ∥ ∥
2

+
√

(1
+
δ s

+
s∗

)ν
‖e
‖ 2
.

N
ow

ou
rr

es
ul

tf
ol

lo
w

s
by

se
tti

ng
th

e
co

ef
fic

ie
nt

of
∥ ∥ r

[n
]∥ ∥

2
to

0.
5

.N
ot

e
th

at
sp

ec
if

yi
ng
ν

=
4

gi
ve

s
th

e
re

su
lt

of
B

lu
m

en
sa

th
an

d
D

av
ie

s
(2

00
9)

.

C
.2

Pr
oo

fo
fT

he
or

em
7

W
e

fo
llo

w
th

e
pr

oo
ft

ec
hn

iq
ue

of
T

he
or

em
6.
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Fo
uc

ar
ta

nd
R

au
hu

t(
20

13
)w

hi
ch

gi
ve

s
th

e
be

st
kn

ow
n

R
IP

co
nd

iti
on

fo
r

th
e

C
oS

aM
P

al
go

ri
th

m
to

da
te

.
Si

nc
e

m
os

t
of

th
e

re
as

on
in

g
is

si
m

ila
r,

w
e

on
ly

po
in

to
ut

th
e

di
ff

er
en

ce
of

ou
r

pr
oo

f
an

d
th

ei
rs

,i
.e

.,
w

he
re

T
he

or
em

1
ap

pl
ie

s.
In

ca
se

of
co

nf
us

io
n

by
no

ta
tio

n,
w

e
fo

llo
w

th
e

sy
m

bo
ls

us
ed

in
Fo

uc
ar

ta
nd

R
au

hu
t(

20
13

).
T

he
re

ad
er

m
ay

re
fe

rt
o

th
at

bo
ok

fo
ra

co
m

pl
et

e
pr

oo
f.

T
he

fir
st

di
ff

er
en

ce
is

in
E

q.
(6

.4
9)

of
Fo

uc
ar

t
an

d
R

au
hu

t
(2

01
3)

.
N

ot
e

th
at

to
de

riv
e

th
is

in
eq

ua
lit

y,
Fo

uc
ar

ta
nd

R
au

hu
ti

nv
ok

ed
th

e
co

nv
en

tio
na

lb
ou

nd
(1

.1
),

w
hi

ch
gi

ve
s

(O
ld

)
∥ ∥ x

S
−
x
n

+
1
∥ ∥2 2
≤
∥ ∥ (
x
S
−
u
n

+
1
) U

n
+

1

∥ ∥2 2
+

4
∥ ∥ (
x
S
−
u
n

+
1
) U

n
+

1

∥ ∥2 2
,

w
hi

le
ut

ili
zi

ng
T

he
or

em
1

gi
ve

s

(N
ew

)
∥ ∥ x

S
−
x
n

+
1
∥ ∥2 2
≤
∥ ∥ (
x
S
−
u
n

+
1
) U

n
+

1

∥ ∥2 2
+
ν
∥ ∥ (
x
S
−
u
n

+
1
) U

n
+

1

∥ ∥2 2
.
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C
om

bining
this

new
inequality

w
ith

E
q.(6.50)and

E
q.(6.51)therein,w

e
obtain

∥∥
x
S
−
x
n

+
1 ∥∥

2 ≤
√

2
δ

3
s+
s ∗ √

1
+

(ν
−

1)δ
23
s+
s ∗

1−
δ

23
s+
s ∗

‖x
n−

x
S ‖

2

+
√

2
δ

3
s+
s ∗ √

1
+

(ν
−

1)δ
23
s+
s ∗

1−
δ

23
s+
s ∗

∥∥
(A
∗e ′)

(S∪
S
n

)∆
T
n

+
1 ∥∥

2

+
2

1−
δ

3
s+
s ∗ ∥∥

(A
∗e ′)

U
n

+
1 ∥∥

2
,

w
here

s ∗
denotes

the
sparsity

ofthe
optim

um
.

O
urnew

bound
follow

s
by

setting
the

coefficientof
‖
x
n−

x
S ‖

2
to

0
.5

and
solving

the
resultantequation.

N
ote

thatsetting
ν

=
4

gives
the

old
bound

ofFoucartand
R

auhut.

A
ppendix

D
.Proofsfor

Section
4

D
.1

ProofofT
heorem

10

Proof
Fix

a
stage

s.L
etus

denotev
t

=
∇
f
it (x

t−
1)−

∇
f
it (x̃

)
+
µ̃
,

so
that

b
t

=
x
t−

1−
η
v
t.

B
y

specifying
Ω

=
su

p
p (x

t−
1 )∪

su
p
p (x

t )∪
su

p
p

(x̃
)∪

su
p
p

(x̂
),itfollow

s
that

r
t

=
H
k (b

t )
=
H
k (P

Ω

(b
t ))

.

T
hus,the

E
uclidean

distance
of
x
tand

x̂
can

be
bounded

as
follow

s:

∥∥
x
t−

x̂ ∥∥
22 ≤

∥∥
r
t−

x̂ ∥∥
22

=
∥∥H

k (P
Ω

(b
t ))−

x̂ ∥∥
22 ≤

ν ∥∥P
Ω

(b
t )−

x̂ ∥∥
22
,

(D
.1)

w
here

the
firstinequality

holds
because

x
t

=
Π
ω
(r
t)

and‖
x̂‖

2 ≤
ω

.W
e

also
have

∥∥P
Ω

(b
t )−

x̂ ∥∥
22

=
∥∥
x
t−

1−
x̂
−
ηP

Ω

(v
t ) ∥∥

22

=
∥∥
x
t−

1−
x̂ ∥∥

22
+
η

2 ∥∥P
Ω

(v
t ) ∥∥

22 −
2η 〈x

t−
1−

x̂
,v

t 〉
,

w
here

the
second

equality
uses

the
fact

that 〈x
t−

1−
x̂
,P

Ω

(v
t )〉

=
〈x

t−
1−

x̂
,v

t 〉.
T

he
first

term
w

illbe
preserved

for
m

athem
aticalinduction.

T
he

third
term

is
easy

to
m

anipulate
thanks

to
the

unbiasedness
of
v
t.

For
the

second
term

,
w

e
use

L
em

m
a

20
to

bound
it.

Put
them

together,

31
JM

L
R

 18(208):1-42, 2018

S
H

E
N

A
N

D
L

I

conditioning
on
x
t−

1
and

taking
the

expectation
over

it for(D
.1),w

e
have

E
it |x

t−
1 [∥∥

x
t−

x̂ ∥∥
22 ]

ξ
1

≤
ν ∥∥
x
t−

1−
x̂ ∥∥

22
+

4
ν
η

2L
[F

(x
t−

1)−
F

(x̂
)

+
F

(x̃
)−

F
(x̂

) ]−
2
ν
η 〈x

t−
1−

x̂
,∇
F

(x
t−

1) 〉

−
4
ν
η

2L
〈∇

F
(x̂

),x
t−

1
+
x̃
−

2x̂ 〉
+

4
ν
η

2‖P
Ω

(∇
F

(x̂
))‖

22

ξ
2

≤
ν

(1−
η
α

) ∥∥
x
t−

1−
x̂ ∥∥

22 −
2
ν
η
(1−

2
η
L

) [F
(x

t−
1)−

F
(x̂

) ]
+

4
ν
η

2L
[F

(x̃
)−

F
(x̂

)]

+
4
ν
η

2L
‖P

Ω
(∇
F

(x̂
))‖

2 · ∥∥
x
t−

1
+
x̃
−

2
x̂ ∥∥

2
+

4
ν
η

2‖P
Ω

(∇
F

(x̂
))‖

22

≤
ν

(1−
η
α

) ∥∥
x
t−

1−
x̂ ∥∥

22 −
2ν
η
(1−

2
η
L

) [F
(x

t−
1)−

F
(x̂

) ]

+
4
ν
η

2L
[F

(x̃
)−

F
(x̂

)]+
4
ν
η

2Q
′(4L

ω
+
Q
′)

w
here

ξ
1

applies
L

em
m

a
20,

ξ
2

applies
A

ssum
ption

(A
1)

and
w

e
w

rite
Q
′
:=
‖∇

3
k
+
K
F

(x̂
)‖

2
for

brevity.
N

ow
sum

m
ing

over
the

inequalities
over

t
=

1,2,···
,m

,
conditioning

on
x̃

and
taking

the
expectation

w
ith

respecttoI
s

=
{i1 ,i2 ,···

,im },w
e

have

E
I
s|x̃ [‖x

m
−
x̂‖

22 ]

≤
[ν

(1−
η
α

)−
1]E

I
s|x̃

m
∑t=

1 ∥∥
x
t−

1−
x̂ ∥∥

22
+
∥∥
x

0−
x̂ ∥∥

22
+

4
ν
η

2Q
′(4L

ω
+
Q
′)m

−
2ν
η
(1−

2η
L

)E
I
s|x̃

m
∑t=

1 [F
(x

t−
1)−

F
(x̂

) ]
+

4
ν
η

2L
m

[F
(x̃

)−
F

(x̂
)]

=
[ν

(1−
η
α

)−
1]m

E
I
s
,j
s|x̃ ‖x̃

s−
x̂‖

22
+
‖
x̃
−
x̂‖

22
+

4
ν
η

2Q
′(4L

ω
+
Q
′)m

−
2
ν
η
(1−

2η
L

)m
E
I
s
,j
s|x̃

[F
(x̃

s)−
F

(x̂
)]+

4
ν
η

2L
m

[F
(x̃

)−
F

(x̂
)]

≤
[ν

(1−
η
α

)−
1]m

E
I
s
,j
s|x̃ ‖x̃

s−
x̂‖

22
+

(
2α

+
4
ν
η

2L
m

)
[F

(x̃
)−

F
(x̂

)]

−
2ν
η
(1−

2
η
L

)m
E
I
s
,j
s|x̃

[F
(x̃

s)−
F

(x̂
)]+

4
ν
η

2Q
′(4L

ω
+
Q
′)m

+
2
Q
′ω
/α
,

(D
.2)

w
here

w
e

recallthat
j
s

is
the

random
ly

chosen
index

used
to

determ
ine
x̃
s

(see
A

lgorithm
1).

T
he

lastinequality
holds

due
to

the
R

SC
condition

and ∥∥
x
t ∥∥

2 ≤
ω

.Forbrevity,w
e

w
rite

Q
:=

4ν
η

2Q
′(4L

ω
+
Q
′)m

+
2
Q
′ω
/α
,

Q
′
=
‖∇

3
k
+
K
F

(x̂
)‖

2
.

B
ased

on
(D

.2),w
e

discuss
tw

o
cases

to
exam

ine
the

convergence
ofthe

algorithm
.

C
ase

1.
ν

(1−
η
α

)≤
1.T

his
im

m
ediately

results
in

E
I
s|x̃ [‖

x
m
−
x̂‖

22 ]

≤
(

2α
+

4
ν
η

2L
m

)
[F

(x̃
)−

F
(x̂

)]−
2
ν
η
(1−

2
η
L

)m
E
I
s
,j
s|x̃

[F
(x̃

s)−
F

(x̂
)]+

Q
,
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w
hi

ch
im

pl
ie

s

ν
η
(1
−

2η
L

)m
E I

s
,j
s
|x̃

[F
(x̃

s
)
−
F

(x̂
)]
≤
(

1 α
+

2
ν
η

2
L
m

)
[F

(x̃
)
−
F

(x̂
)]

+
Q 2
.

Pi
ck
η

su
ch

th
at

1
−

2
η
L
>

0,
(D

.3
)

w
e

ob
ta

in

E I
s
,j
s
|x̃

[F
(x̃

s
)
−
F

(x̂
)]
≤
(

1

ν
η
α

(1
−

2
η
L

)m
+

2
η
L

1
−

2
η
L

)
[F

(x̃
)
−
F

(x̂
)]

+
Q

2
ν
η
α

(1
−

2
η
L

)m
.

To
gu

ar
an

te
e

th
e

co
nv

er
ge

nc
e,

w
e

m
us

ti
m

po
se 2
η
L

1
−

2
η
L
<

1
.

(D
.4

)

Pu
tti

ng
(D

.3
),

(D
.4

)a
nd
ν

(1
−
η
α

)
≤

1
to

ge
th

er
gi

ve
s

η
<

1 4
L
,

ν
≤

1

1
−
η
α
.

(D
.5

)

T
he

co
nv

er
ge

nc
e

co
ef

fic
ie

nt
he

re
is

β
=

1

ν
η
α

(1
−

2η
L

)m
+

2
η
L

1
−

2
η
L
.

(D
.6

)

T
hu

s,
w

e
ha

ve E
[F

(x̃
s
)
−
F

(x̂
)]
≤
β
s
[ F

(x̃
0
)
−
F

(x̂
)] +

Q

2
ν
η
α

(1
−

2η
L

)(
1
−
β

)m
,

w
he

re
th

e
ex

pe
ct

at
io

n
is

ta
ke

n
ov

er
{I

1
,j

1
,I

2
,j

2
,·
··
,I

s
,j
s
}.

C
as

e
2.
ν

(1
−
η
α

)
>

1
.I

n
th

is
ca

se
,(

D
.2

)i
m

pl
ie

s

E I
s
|x̃
[ ‖
x
m
−
x̂
‖2 2

] ≤
(

2 α
+

4
ν
η

2
L
m

)
[F

(x̃
)
−
F

(x̂
)]

+
Q

+

(
2 α

[ν
(1
−
η
α

)
−

1]
m
−

2
ν
η
(1
−

2
η
L

)m

)
E I

s
,j
s
|x̃

[F
(x̃

s
)
−
F

(x̂
)]
.

R
ea

rr
an

gi
ng

th
e

te
rm

s
gi

ve
s

( 2
ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1
) m

E I
s
,j
s
|x̃

[F
(x̃

s
)
−
F

(x̂
)]
≤
( 1

+
2
ν
η

2
α
L
m
) [F

(x̃
)
−
F

(x̂
)]

+
α
Q 2
.

To
en

su
re

th
e

co
nv

er
ge

nc
e,

th
e

m
in

im
um

re
qu

ir
em

en
ts

ar
e

2ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1
>

0
,

2ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1
>

2
ν
η

2
α
L
.
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S
H

E
N

A
N

D
L

I

T
ha

ti
s,

4ν
α
L
η

2
−

2ν
α
η

+
ν
−

1
<

0
.

W
e

ne
ed

to
gu

ar
an

te
e

th
e

fe
as

ib
le

se
to

ft
he

ab
ov

e
in

eq
ua

lit
y

is
no

n-
em

pt
y

fo
rt

he
po

si
tiv

e
va

ri
ab

le
η

.T
hu

s,
w

e
re

qu
ir

e
4
ν

2
α

2
−

4
×

4ν
α
L

(ν
−

1)
>

0
,

w
hi

ch
is

eq
ui

va
le

nt
to

ν
<

4L

4L
−
α
.

C
om

bi
ni

ng
it

w
ith

ν
(1
−
η
α

)
>

1
gi

ve
s 1

1
−
η
α
<
ν
<

4
L

4
L
−
α
.

To
en

su
re

th
e

ab
ov

e
fe

as
ib

le
se

ti
s

no
n-

em
pt

y,
w

e
im

po
se

1

1
−
η
α
<

4
L

4
L
−
α
,

so
th

at

0
<
η
<

1 4
L
,

1

1
−
η
α
<
ν
<

4L

4L
−
α
.

(D
.7

)

T
he

co
nv

er
ge

nc
e

co
ef

fic
ie

nt
fo

rt
hi

s
ca

se
is

β
=

1

(2
ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1)
m

+
2ν
η

2
α
L

2
ν
η
α
−

2ν
η

2
α
L
−
ν

+
1
.

(D
.8

)

T
hu

s,

E
[F

(x̃
s
)
−
F

(x̂
)]
≤
β
s
[ F

(x̃
0
)
−
F

(x̂
)] +

α
Q

2(
2ν
η
α
−

2
ν
η

2
α
L
−
ν

+
1)

(1
−
β

)m
.

B
y

co
m

bi
ni

ng
(D

.5
)a

nd
(D

.7
),

th
e

m
in

im
um

re
qu

ir
em

en
tf

or
η

an
d
ν

is

0
<
η
<

1 4
L
,

ν
<

4
L

4
L
−
α
.

T
he

pr
oo

fi
s

co
m

pl
et

e.

D
.2

Pr
oo

fo
fC

or
ol

la
ry

16

Pr
oo

f
B

y
no

tin
g

th
e

co
nc

av
ity

of
th

e
sq

ua
re

ro
ot

fu
nc

tio
n,

w
e

ha
ve

E
[ √

m
ax
{F

(x̃
s
)
−
F

(x̂
),

0
}]
≤
√

E
[ m

ax
{F

(x̃
s
)
−
F

(x̂
),

0}
]

≤
√

(2
/
3
)s

m
ax
{F

(x̃
0
)
−
F

(x̂
),

0
}+

τ
(x̂

).
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Suppose
that

F
(x

)
satisfies

R
SS

w
ith

param
eter

L
′∈

[α
,L

].Itfollow
s

that

F
(x̃

0)−
F

(x̂
)≤

〈∇
F

(x̂
),x̃

0−
x̂ 〉

+
L
′2

∥∥∥
x̃

0−
x̂ ∥∥∥

22 ≤
12
L
′ ‖∇

k
+
K
F

(x̂
)‖

22
+
L
′ ∥∥∥
x̃

0−
x̂ ∥∥∥

22
.

R
ecallthat

τ
(x̂

)
=

5ωα
‖∇

3
k
+
K
F

(x̂
)‖

2
+

1α
L
‖∇

3
k
+
K
F

(x̂
)‖

22
.

H
ence

using √
a

+
b

+
c

+
d
≤
√
a

+
√
b

+
√
c

+
√
d

gives

E
[√

m
ax{F

(x̃
s)−

F
(x̂

),0} ]≤
√
L
′ (

23 )
s2 ∥∥∥
x̃

0−
x̂ ∥∥∥

2
+

√
5ωα
‖∇

3
k
+
K
F

(x̂
)‖

2

+

(
1α

+

√
12α )
‖∇

3
k
+
K
F

(x̂
)‖

2
.

Finally,the
R

SC
property

im
m

ediately
suggests

that(see,e.g.,L
em

m
a

20
in

Shen
and

L
i(2017b))

E
[‖
x̃
s−

x̂‖
2 ]≤

√
2α
E
[√

m
ax{F

(x̃
s)−

F
(x̂

),0} ]
+

2‖∇
k
+
K
F

(x̂
)‖

2

α

≤
√

2
L
′

α
· (

23 )
s2 ∥∥∥
x̃

0−
x̂ ∥∥∥

2
+

√
10ω

α
2
‖∇

3
k
+
K
F

(x̂
)‖

2

+

(
√

2α
3

+
3α )
‖∇

3
k
+
K
F

(x̂
)‖

2
.

T
he

proofis
com

plete.

A
ppendix

E
.H

T-SA
G

A

W
e

dem
onstrate

thatthe
hard

thresholding
step

can
be

integrated
into

SA
G

A
(D

efazio
etal.,2014)

as
show

n
in

A
lgorithm

2.
N

ote
that

the
only

difference
of

A
lgorithm

2
and

the
one

proposed
in

D
efazio

etal.(2014)is
thatw

e
perform

hard
thresholding

ratherthan
proxim

aloperator.H
ence,

ouralgorithm
guarantees

k-sparse
solution.

T
heorem

22
A

ssum
e

the
sam

e
conditions

as
in

D
efazio

etal.(2014).F
urther

assum
e

the
optim

um
of

(4.1)w
ithoutthe

sparsity
constrainthappens

to
be
k-sparse.Then,the

sequence
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solutions
produced

by
A
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2

converges
to

the
optim

um
w

ith
geom

etric
rate

for
som

e
properly

chosen
sparsity

param
eter

k.

Proof
D

efine
the

Lyapunov
function

Z
as

follow
s:

Z
t

:=
Z

(x
t,{φ

ti }
)

=
1n

n
∑i=

1

f
i (φ

ti )−
F

(x̂
)−

1n

n
∑i=

1 〈∇
f
i (x̂

),φ
ti −

x̂ 〉
+
c ∥∥
x
t−

x̂ ∥∥
22
.
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T
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currentiterate
x
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f
i (φ

ti )
atthe
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ofiteration

t,the
step

size
η.

E
nsure:

T
he

new
iterate.

1:
Pick

j∈
{1
,2
,···

,n}
uniform

ly
atrandom

.
2:

Take
φ
t+

1
j

=
x
t

and
store∇

f
j (φ

t+
1

j
)

in
the

table.
A

ll
other

entries
in

the
table

rem
ain

un-
changed.

3:
U

pdate
the

new
iterate

x
t+

1
as

follow
s:

b
t+

1
=
x
t−

η [∇
f
j (φ

t+
1

j
)−
∇
f
j (φ

tj )
+

1n

n
∑i=

1 ∇
f
i (φ

ti ) ]
,

x
t+

1
=
H
k (b

t+
1 )
.

W
e

exam
ine

Z
t+

1.W
e

have

E

[
1n

∑

i

f
i (φ

t+
1

i
) ]

=
1n
F

(x
t)

+

(
1−

1n )
1n

∑

i

f
i (φ

ti ),

E

[−
1n

∑

i

〈∇
f
i (x̂

),φ
t+

1
i
−
x̂ 〉 ]

=
−

1n

〈∇
F

(x̂
),x

t−
x̂ 〉

−
(

1−
1n )

1n

∑

i

〈∇
f
i (x̂

),φ
ti −

x̂ 〉
.

A
lso,

c ∥∥
x
t+

1−
x̂ ∥∥

22 ≤
cν ∥∥

b
t+

1−
x̂ ∥∥

22
=
cν ∥∥

b
t+

1−
x̂

+
η∇

F
(x̂

) ∥∥
22
.

Forthe
firstterm

,w
e

have

cν
E
∥∥
b
t+

1−
x̂

+
η∇

F
(x̂

) ∥∥
22

≤
cν

(1−
η
α

) ∥∥
x
t−

x̂ ∥∥
22

+
cν (

(1
+
µ

)η
2−

ηL

)
E
∥∥∇

f
j (x

t)−
∇
f
j (x̂

) ∥∥
22

−
2cν

η
(L
−
α

)

L

[F
(x

t)−
F

(x̂
)−

〈∇
F

(x̂
),x

t−
x̂ 〉]−

cν
η

2µ ∥∥∇
F

(x
t)−
∇
F

(x̂
) ∥∥

22

+
2
cν

(1
+
µ
−

1)η
2L

[
1n

∑

i

f
i (φ

ti )−
F

(x̂
)−

1n

∑

i

〈∇
f
i (x̂

),φ
ti −

x̂ 〉 ]
.

T
herefore,

E
[Z

t+
1]−

Z
t

≤
−

1κ
Z
t
+

(
1n
−

2
cν
η
(L
−
α

)

L
−

2
cν
η

2α
µ )
[F

(x
t)−

F
(x̂

)−
〈∇

F
(x̂

),x
t−

x̂ 〉]

+

(
1κ

+
2
cν

(1
+
µ
−

1)η
2L
−

1n )
[

1n

∑

i

f
i (φ

ti )−
F

(x̂
)−

1n

∑

i

〈∇
f
i (x̂

),φ
ti −

x̂ 〉 ]

+
(
cκ
−
cν
η
α )∥∥

x
t−

x̂ ∥∥
22

+

(
(1

+
µ

)η−
1L

)
cν
η
E
∥∥∇

f
j (x

t)−
∇
f
j (x̂

) ∥∥
22
.
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E
st

im
a
t
io
n
o
f
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

tu
n
in

g
to

recover
th

e
sp

arse
com

p
o
n
en

t
of

in
terest.

T
h
is

lin
e

of
reason

in
g

is
also

ad
op

ted
in

C
h
ern

o
zh

u
kov

et
al.

(2017).
N

ote
h
ow

ever,
th

at
th

e
m

o
d
el

m
ay

also
b

e
u
sed

in
settin

gs
w

h
ere

th
ere

is
a

sign
ifi

can
t

d
en

se
com

p
on

en
t;

h
ow

ever,
as

d
iscu

ssed
in

C
h
ern

ozh
u
kov

et
al.

(2
0
1
7
)

recovery
of

th
e

in
d
iv

id
u
al

com
p

on
en

t
is

n
ot

gu
aran

teed
.

H
en

ce,
in

th
is

w
ork

w
e

a
d
o
p
t

th
e

v
iew

p
oin

t
th

at
E

rep
resen

ts
a

sm
all

”p
ertu

rb
ation

”
of

th
e

sp
arse+

stru
ctu

red
sp

a
rse

stru
ctu

re.
T

o
ach

ieve
th

ese
goals,

it
leverages

a
n
ew

stru
ctu

red
n
orm

th
at

is
u
sed

as
th

e
reg

u
la

riza
tion

term
of

th
e

corresp
on

d
in

g
ob

jective
fu

n
ction

.

T
h
e

resu
ltin

g
op

tim
ization

p
rob

lem
is

solved
th

rou
gh

a
m

u
lti-b

lo
ck

A
D

M
M

algorith
m

.
A

key
tech

n
ica

l
in

n
ovation

is
th

e
d
evelop

m
en

t
of

a
lin

earized
A

D
M

M
algorith

m
th

at
av

oid
s

in
tro

d
u
cin

g
au

x
iliary

variab
les

w
h
ich

is
a

com
m

on
strategy

in
th

e
litera

tu
re.

W
e

estab
-

lish
th

e
glo

b
a
l

con
vergen

ce
of

th
e

p
rop

osed
algorith

m
an

d
illu

strate
its

effi
cien

cy
th

rou
gh

n
u
m

erica
l

ex
p

erim
en

tation
.

T
h
e

algorith
m

takes
ad

van
tage

of
th

e
sp

ecial
stru

ctu
re

of
th

e
p
ro

b
lem

fo
rm

u
lation

an
d

th
u
s

is
su

itab
le

for
large

in
stan

ces
of

th
e

p
rob

lem
.

T
o

th
e

b
est

of
o
u
r

k
n
ow

led
g
e,

th
is

is
th

e
fi
rst

w
ork

th
at

gives
glo

b
al

co
n
v
ergen

ce
gu

aran
tees

for
lin

earized
m

u
lti-b

lo
ck

A
D

M
M

w
ith

G
au

ss-S
eid

el
u
p

d
ates,

w
h
ich

is
of

in
terest

in
its

ow
n

accord
.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

organ
ized

a
s

follow
s:

In
S
ection

2
,

w
e

p
resen

t
th

e
n
ew

stru
ctu

red
n
orm

u
sed

as
th

e
regu

larization
term

in
th

e
ob

jective
fu

n
ctio

n
of

th
e

M
ark

ov
R

a
n
d
o
m

F
ield

,
covarian

ce
grap

h
,
regression

an
d

v
ector

au
to-regression

m
o
d
els.

In
S
ectio

n
3,

w
e

in
tro

d
u
ce

a
n

effi
cien

t
m

u
lti-b

lo
ck

A
D

M
M

algorith
m

to
solve

th
e

p
ro

b
lem

,
an

d
p
rov

id
e

th
e

co
n
verg

en
ce

a
n
aly

sis
of

th
e

algorith
m

.
In

S
ection

4,
w

e
illu

strate
th

e
p
rop

osed
fram

ew
ork

o
n

a
n
u
m

b
er

of
sy

n
th

etic
an

d
real

d
ata

sets,
w

h
ile

som
e

con
clu

d
in

g
rem

ark
s

are
d
raw

n
in

S
ectio

n
5
.

2
.
A

G
e
n
e
ra

l
F
ra

m
e
w
o
rk

fo
r
L
e
a
rn

in
g
u
n
d
e
r
S
tru

ctu
re
d
S
p
a
rsity

W
e

sta
rt

b
y

in
tro

d
u
cin

g
key

d
efi

n
ition

s
an

d
asso

ciated
n
otation

.

2
.1

S
y
m

m
e
tric

S
tru

c
tu

re
d

O
v
e
rla

p
N

o
rm

L
et
X

b
e

a
n
m
×
p

d
ata

m
atrix

,
Θ

b
e

a
p×

p
sy

m
m

etric
m

atrix
con

tain
in

g
th

e
p
aram

eters
o
f

in
terest

o
f

th
e

statistical
loss

fu
n
ction

G
(X
,Θ

).
T

h
e

m
ost

p
op

u
lar

assu
m

p
tion

u
sed

in
th

e
literatu

re
is

th
at

Θ
is

spa
rse

an
d

can
b

e
su

ccessfu
lly

recovered
from

h
igh

-d
im

en
sion

al
d
a
ta

b
y

so
lv

in
g

th
e

follow
in

g
op

tim
ization

p
rob

lem

m
in

im
ize

Θ
∈S

G
(X
,Θ

)
+
λ ∥∥

Θ
∥∥

1 ,
(2)

w
h
ere
S

is
so

m
e

set
d
ep

en
d
in

g
on

th
e

loss
fu

n
ction

;
λ

is
s

a
n
on

-n
egative

regu
larization

co
n
sta

n
t;

a
n
d
‖.‖

1
d
en

otes
th

e
`
1

n
orm

or
th

e
su

m
of

th
e

ab
solu

te
valu

es
of

th
e

m
a
trix

elem
en

ts.

T
o

ex
p
licitly

m
o
d
el

d
iff

eren
t

stru
ctu

res
in

th
e

p
aram

eter
Θ

,
w

e
in

tro
d
u
ce

th
e

follow
in

g
sym

m
etric

stru
ctu

red
o
verla

p
n

o
rm

(S
S

O
N

):

D
e
fi

n
itio

n
1

(S
y
m
m
e
tric

S
tru

c
tu

red
O
v
e
rla

p
N
o
rm

).
L

et
Θ

be
a
p×

p
sym

m
etric

m
a
trix

co
n

ta
in

in
g

th
e

m
od

el
pa

ra
m

eters
o
f

in
terest.

T
h
e

sym
m

etric
stru

ctu
red

o
verla

p
n

o
rm

3
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T
a
r
z
a
n
a
g
h
a
n
d

M
ic
h
a
il
id
is

fo
r

a
set

o
f

pa
rtitio

n
ed

m
a
trices

Z
1 ,...,Z

n
is

given
by,

m
in

im
ize

Z
1
,...,Z

n
,
E

Ω
(Θ
,Z

1 ,...,Z
n
,E

)
:=

λ
1 ‖
Z

1 −
d
iag

(Z
1 )‖

1

+
n
∑i=

2

λ̂
i ‖Z

i −
d
iag

(Z
i )‖

1
+
λ
i

li
∑j=

1 ‖(Z
i −

d
iag

(Z
i ))

j ‖
F

+
λ
e2
‖
E
‖

2F
,

Θ
=

n
∑i=

1 (Z
i
+
Z
>i )

+
E
,

(3)

w
h
ere
{
λ
i }
ni=

1
a
n

d
{λ̂

i }
ni=

2
a
re

n
o
n

n
ega

tive
regu

la
riza

tio
n

co
n

sta
n

ts;
li

is
th

e
n

u
m

ber
o
f

blocks
o
f

th
e

pa
rtitio

n
ed

m
a
trix

Z
i ;

(Z
i −

d
iag

(Z
i ))

j
is

th
e
jth

block
o
f

th
e

pa
rtitio

n
ed

m
a
trix

Z
i ;
E

is
a
n

u
n

stru
ctu

red
n

o
ise

m
a
trix;‖

.‖
1

d
en

o
tes

th
e
`
1

n
o
rm

o
r

th
e

su
m

o
f

th
e

a
bso

lu
te

va
lu

es
o
f

th
e

m
a
trix

elem
en

ts;
a
n

d
‖.‖

F
th

e
F

ro
ben

iu
s

n
o
rm

.

W
e

n
ote

th
at

th
e

overlap
n
orm

d
efi

n
ed

b
y

M
oh

an
et

al.
(2012);

T
an

et
a
l.

(20
14)

en
-

cou
rages

th
e

recovery
of

m
atrices

th
at

can
b

e
ex

p
ressed

as
a

u
n
ion

of
few

row
s

an
d

th
e

corresp
on

d
in

g
colu

m
n
s

(i.e.
h
u
b

n
o
d
es).

H
ow

ever,
S
S
O

N
rep

resen
ts

a
n
ew

sy
m

m
etric

an
d

sign
ifi

can
tly

m
ore

gen
eral

varian
t

of
th

e
overlap

n
orm

th
a
t

p
rom

otes
m

atrices
th

at
can

b
e

ex
p
ressed

as
th

e
su

m
of

sy
m

m
etric

stru
ctu

red
m

atrices.
M

oreover,
u
n
like

th
e

p
rev

iou
s

grou
p

sp
arsity

an
d

th
e

laten
t

grou
p

lasso
d
iscu

ssed
in

Y
u
an

an
d

L
in

(2007
);

J
acob

et
al.

(2009);
O

b
ozin

sk
i

et
al.

(2011)
th

at
req

u
ire

u
sers

to
sp

ecify
stru

ctu
res

of
in

terest
a

p
rio

ri,
th

e
S
S
O

N
ach

ieves
a

sim
ilar

ob
jective

in
an

a
gn

o
stic

m
a
n

n
er,

rely
in

g
on

ly
on

h
ow

w
ell

su
ch

stru
ctu

res
fi
t

th
e

ob
served

d
ata.

In
m

an
y

ap
p
lication

s,
su

ch
as

regression
m

o
d
els,

w
e

are
in

terested
in

m
o
d
elin

g
d
iff

eren
t

stru
ctu

res
in

a
p
aram

eter
vector

θ.
In

th
ese

cases,
w

e
h
ave

th
e

follow
in

g
d
efi

n
ition

as
a

sp
ecial

case
of

S
S
O

N
:

D
e
fi

n
itio

n
2

L
et
θ

be
a
p
×

1
vecto

r
co

n
ta

in
in

g
th

e
m

od
el

pa
ra

m
eters

o
f

in
terest.

T
h
e

stru
ctu

red
o
verla

p
n

o
rm

fo
r

a
set

o
f

pa
rtitio

n
ed

vecto
rs
z

1 ,...,z
n

is
given

by,

m
in

im
ize

z
1
,...,z

n
,
e

ω
(θ,z

1 ,...,z
n
,e)

:=
λ

1 ‖
z

1 ‖
1

+
n
∑i=

2

λ̂
i ‖
z
i ‖

1
+
λ
i

li
∑j=

1 ‖
z
ij ‖

2
+
λ
e2
‖e‖

22 ,

θ
=

z
1

+
z

2
+
···

+
z
n

+
e,

(4)

w
h
ere
{
λ
i }
ni=

1
a
n

d
{λ̂

i }
ni=

2
a
re

n
o
n

n
ega

tive
regu

la
riza

tio
n

co
n

sta
n

ts;
li

is
th

e
n

u
m

ber
o
f

blocks
o
f

th
e

pa
rtitio

n
ed

vecto
r
z
i ;
z
ij

is
th

e
jth

block
o
f

th
e

pa
rtitio

n
ed

vecto
r
z
i

(see,
F

igu
re

1
);
e

is
a
n

u
n

stru
ctu

red
n

o
ise

vecto
r;‖

.‖
1

d
en

o
tes

th
e
`
1

n
o
rm

o
r

th
e

su
m

o
f

th
e

a
bso

lu
te

va
lu

es
o
f

th
e

vecto
r

elem
en

ts;
a
n

d
‖
.‖

2
th

e
tw

o
n

o
rm

.

R
e
m

a
rk

3
In

th
e

fo
rm

u
la

tio
n

o
f

th
e

p
ro

blem
,
λ

1 ,
{λ̂

2 ,...,λ̂
n
,λ

2 ,...,λ
n }

,
a
n

d
λ
e

a
re

tu
n

in
g

pa
ra

m
eters

co
rrespo

n
d
in

g
to

th
e

spa
rse

co
m

po
n

en
t
Z

1 ,
th

e
stru

ctu
red

co
m

po
n

en
ts

{
Z

2 ,...Z
n }

a
n

d
th

e
d
en

se
(n

o
isy)

co
m

po
n

en
t
E

,
respectively.

W
h
ile

th
e

n
o
n

zero
co

m
po

-
n

en
ts

m
a
y

be
clu

stered
in

to
gro

u
p
s,

th
e

n
o
n

zero
gro

u
p
s

m
a
y

a
lso

be
spa

rse.
T

h
e

la
tter

ca
n

be
a
ch

ieved
by

(3)
w

h
en
{λ̂

2 ,...,λ̂
n }

a
re

po
sitive

co
n

sta
n

ts.
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E
st

im
a
t
io
n
o
f
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

F
ig

u
re

1:
D

ec
om

p
os

it
io

n
of

a
ve

ct
or

θ
in

to
p
ar

ti
ti

on
ed

ve
ct

or
s
z 1

,
z 2

an
d
z 3

,
w

h
er

e
z 1

is
sp

ar
se

,
z 2

an
d
z 3

ar
e

st
ru

ct
u
re

d
sp

ar
se

v
ec

to
rs

.
W

h
it

e
an

d
re

d
el

em
en

ts
ar

e
ze

ro
an

d
n
on

-z
er

o
in

th
e

m
o
d
el

p
ar

am
et

er
v
ec

to
r
θ,

re
sp

ec
ti

ve
ly

.

R
e
m

a
rk

4
T

h
e

S
S

O
N

a
d
m

it
s

th
e

la
ss

o
(T

ib
sh

ir
a
n

i,
1
9
9
6
),

th
e

gr
o
u

p
la

ss
o

w
it

h
o
ve

rl
a
p
s

(J
a
co

b
et

a
l.

,
2
0
0
9
;

O
bo

zi
n

sk
i

et
a
l.

,
2
0
1
1
)

a
n

d
th

e
ri

d
ge

sh
ri

n
ka

ge
(H

oe
rl

a
n

d
K

en
n

a
rd

,
1
9
7
0
)

m
et

h
od

s
a
s

th
re

e
ex

tr
em

e
ca

se
s,

by
re

sp
ec

ti
ve

ly
se

tt
in

g
{λ̂

2
,.
..
,λ̂

n
,λ

2
,.
..
,λ

n
,λ

e
}
→

∞
,
{λ

1
,λ̂

2
,.
..
,λ̂

n
,λ

e
}
→
∞

,
a
n

d
{λ

1
,.
..
,λ

n
,λ̂

2
,.
..
,λ̂

n
}
→
∞

1
.

N
ot

e
th

at
S
S
O

N
is

ra
th

er
d
iff

er
en

t
fr

om
th

e
sp

ar
se

gr
ou

p
la

ss
o,

w
h
ic

h
al

so
u
se

s
a

co
m

-
b
in

at
io

n
of
` 1

an
d
` G

p
en

al
iz

at
io

n
,

w
h
er

e
‖.
‖ G

is
th

e
gr

ou
p

la
ss

o
n
or

m
.

T
h
e

sp
ar

se
gr

ou
p

la
ss

o
p

en
al

ty
is
ω̄

(θ
)

=
λ

1
‖θ
‖ 1

+
λ

2
‖θ
‖ G

,
an

d
th

u
s

th
e

in
cl

u
d
es

la
ss

o
an

d
gr

ou
p

la
ss

o
as

ex
tr

em
e

ca
se

s
co

rr
es

p
on

d
in

g
to
λ

2
=

0
an

d
λ

1
=

0,
re

sp
ec

ti
ve

ly
.

H
ow

ev
er

,
ω̄

(θ
)

d
o
es

n
ot

sp
li
t
θ

in
to

a
sp

ar
se

an
d

a
gr

ou
p

sp
ar

se
p
ar

t
an

d
w

il
l

p
ro

d
u
ce

a
sp

ar
se

so
lu

ti
on

as
lo

n
g

as
λ

1
>

0.
H

en
ce

,
th

e
sp

ar
se

gr
ou

p
la

ss
o

m
et

h
o
d

ca
n

b
e

th
ou

gh
t

o
f

as
a

sp
ar

si
ty

-b
as

ed
m

et
h
o
d

w
it

h
ad

d
it

io
n
al

sh
ri

n
ka

ge
b
y
‖θ
‖ G

.
T

h
e

gr
ou

p
sp

ar
si

ty
p
ro

ce
ss

es
d
at

a
ve

ry
d
iff

er
en

tl
y

fr
om

S
S
O

N
an

d
co

n
se

q
u
en

tl
y

h
as

ve
ry

d
iff

er
en

t
p
re

d
ic

ti
on

ri
sk

b
eh

av
io

r.
T

h
e

sa
m

e
ar

gu
m

en
t

il
lu

st
ra

te
s

th
e

ad
va

n
ta

ge
s

of
th

e
p
ro

p
os

ed
S
S
O

N
p

en
al

ty
ov

er
th

e
w

el
l-

k
n
ow

n
el

as
ti

c
n
et

p
en

al
ty

.
T

h
e

el
as

ti
c

n
et

is
a

co
m

b
in

at
io

n
of

la
ss

o
a
n
d

ri
d
ge

p
en

al
ti

es
(Z

ou
an

d
H

as
ti

e,
20

05
).

H
ow

ev
er

,
th

e
el

as
ti

c
n
et

d
o
es

n
ot

sp
li
t
θ

in
to

a
sp

ar
se

an
d

a
d
en

se
co

m
p

on
en

t.
O

u
r

re
su
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p
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p
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d
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c
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en
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b
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li
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er
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u
ra

ge
d
iff

er
en

t
st

ru
ct

u
re

s
in

th
e

pa
ra

m
et

er
m
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tr
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Θ
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w

e
co

n
-

si
d
er

th
e

F
ro

be
n
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s

n
o
rm

o
f

bl
oc

ks
o
f
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rt

it
io

n
ed

m
a
tr

ic
es

,
w

h
ic

h
le

a
d
s

to
re

co
ve

ry
o
f

d
en

se
su

bg
ra

p
h
s.

O
th

er
va

lu
es

fo
r

th
e

n
o
rm

o
f

su
ch

bl
oc

ks
a
re

a
ls

o
po

ss
ib

le
;

e.
g.

th
e
` ∞

n
o
rm
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R
e
m

a
rk

6
T

h
e

m
a
tr

ix
E

is
a
n

im
po

rt
a
n

t
co

m
po

n
en

t
o
f

th
e

S
S

O
N

fr
a
m
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o
rk

.

It
en

a
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o
p

a
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n
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en

t
m
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i-
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A

D
M

M
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so
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e
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e
p
ro

bl
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o
f
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m
a
ti
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g
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M
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a
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o
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F
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el

.
N

o
te
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t
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n
er
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l,
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d
ir

ec
t

1
.

F
o
r

ex
a
m

p
le

,
w

it
h
λ
e
→
∞

,
w

e
se

t
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e 2
‖E
‖2 F
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en
E
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0
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p

ro
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d
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r
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d
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n
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p
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o
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u
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l.
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2
0
1
7
)
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,
F
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u
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2
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r

a
n
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a
m

p
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o
f
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m
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p
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N
oi

sy
p
ar

t.

F
ig

u
re

2:
H

ea
t

m
ap

of
th

e
co

va
ri

an
ce

m
at

ri
x

Θ
3

d
ec

om
p

os
ed

in
to

sp
ar

se
a
n
d

st
ru

ct
u
re

d
sp

ar
se

p
ar

ts
in

th
e

p
re

se
n
ce

of
n
oi

se
,

es
ti

m
at

ed
b
y

S
S
O

N
u
si

n
g

p
ro

b
le

m
(1

1
).

N
ex

t,
w

e
d
is

cu
ss

th
e

u
se

of
th

e
S
S
O

N
as

a
re

gu
la

ri
ze

r
fo

r
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
a
ti

o
n

of
th

e
fo

ll
ow

in
g

p
op

u
la

r
st

at
is

ti
ca

l
m

o
d
el

s:
(i

)
m

em
b

er
s

of
th

e
M

a
rk

ov
R

a
n
d
o
m

F
ie

ld
fa

m
il
y

in
cl

u
d
in

g
th

e
G

au
ss

ia
n

gr
ap

h
ic

al
m

o
d
el

,
th

e
G

au
ss

ia
n

gr
ap

h
ic

al
m

o
d
el

w
it

h
la

te
n
t

va
ri

ab
le

s
an

d
th

e
b
in

ar
y

Is
in

g
m

o
d
el

,
(i

i)
th

e
G

au
ss

ia
n

co
va

ri
an

ce
gr

ap
h

m
o
d
el

a
n
d

(i
ii
)

th
e

cl
as

si
ca

l
re

gr
es

si
on

an
d

th
e

ve
ct

or
au

to
-r

eg
re

ss
io

n
m

o
d
el
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F

or
th

e
sa

ke
of

co
m

p
le

te
n
es

s,
w

e
p
ro

v
id

e
a

co
m

p
le

te
,

b
u
t

su
cc

in
ct

d
es

cr
ip

ti
o
n

of
th

e
co

rr
es

p
on

d
in

g
m

o
d
el

s
an

d
th

e
p
ro

p
o
se

d
re

gu
la

ri
za

ti
on

.
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G
a
u
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ia

n
G

ra
p

h
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a
l
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o
d
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X

b
e

a
d
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a
m
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x
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si
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in

g
of
p
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p
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n
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n

d
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u
ti

on
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x
1
,.
..
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i.

i.
d

.
∼
N

(0
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).
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or

d
er

to
ob

ta
in

a
sp

ar
se

an
d

in
te

rp
re

ta
b
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es
ti
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e
of

th
e

p
re
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si
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m
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x
Σ
−

1
th
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t
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p
-
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n
d
it
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n
al

d
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en
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re

la
ti

on
sh
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m
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y
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th
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s
h
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e
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n
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e
w

el
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k
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E
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o
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G
r
a
p
h
ic
a
l
M
o
d
e
l
s

(a
)

P
o
stp

a
rtu

m
N
A
C

G
e
n
e

N
e
tw

o
rk

(Z
h
a
o

e
t
a
l.,

2
0
1
4
).

Θ

Z
1

Z
T1

Z
2

Z
T2

Z
3

Z
T3

(b
)

E
x
a
m
p
le
s
o
f
p
a
rtitio

n
e
d

m
a
tric

e
s
fo
r
th

e
u
n
d
e
rly

in
g
n
e
t-

w
o
rk

in
(a

).

F
ig

u
re

3
:

T
h
e

fi
gu

re
illu

strates
th

at
b
lo

ck
p
artition

s
th

rou
gh

stru
ctu

red
m

atrices
cou

ld
b

e
set

b
a
sed

on
a

d
esire

for
in

terp
retab

ility
of

th
e

resu
ltin

g
estim

ated
n
etw

ork
stru

ctu
re.

P
an

el
(a

)
sh

ow
s

ex
a
m

p
le

of
stru

ctu
red

gen
e

n
etw

ork
,

w
h
ile

p
an

el
(b

)
p
rov

id
es

d
ecom

p
osition

in
to

stru
ctu

red
m

a
trices

for
th

e
n
etw

ork
in

(a).
B

lu
e

elem
en

ts
are

d
iagon

al
on

es,
w

h
ite

elem
en

ts
a
re

zero
a
n
d

red
elem

en
ts

are
n
on

-zero
in

th
e

m
o
d
el

p
aram

eter
m

atrix
Θ

.
T

h
e

stru
ctu

red
p

en
a
lty

fu
n
ctio

n
(3)

is
th

en
ap

p
lied

to
each

b
lo

ck
for

m
atrices{

Z
i }
ni=

1 .

gra
p
h
ica

l
la

sso
p
rob

lem
(F

ried
m

an
et

al.,
2008;

R
oth

m
an

et
al.,

2008)
in

th
e

form
of

(2)
w

ith
lo

ss
fu

n
ction

G
1 (X

,Θ
1 )

:=
trace(Σ̂

Θ
1 )−

log
d
et

Θ
1 ,

Θ
1 ∈
S
,

(5)

w
h
ere

Σ̂
is

th
e

em
p
irical

covarian
ce

m
atrix

of
X

;
Θ

1
is

th
e

estim
ate

of
th

e
p
recision

m
atrix

Σ
−

1;
a
n
d
S

is
th

e
set

of
p×

p
sy

m
m

etric
p

ositive
d
efi

n
ite

m
a
trices.

A
s

is
w

ell
k
n
ow

n
,

th
e

n
orm

p
en

alty
in

(2)
en

cou
rages

zeros
(sp

arsity
)

in
th

e
solu

tion
.

H
ow

ever,
as

p
rev

iou
sly

argu
ed

,
m

an
y

b
iological

an
d

so
cial

n
etw

ork
ap

p
lication

s
ex

h
ib

it
m

ore
co

m
p
lex

stru
ctu

res
th

an
m

ere
sp

arsity.
U

sin
g

th
e

p
rop

osed
S
S
O

N
,

w
e

d
efi

n
e

th
e

follow
in

g
ob

jective
fu

n
ction

for
th

e
p
rob

lem
at

h
an

d
:

m
in

im
ize

Θ
1
,Z

1
,...,Z

n ∈S
,
E

G
1 (X

,Θ
1 )

+
Ω

(Θ
1 ,Z

1 ,...,Z
n
,E

),

Θ
1

=
n
∑i=

1 (Z
i
+
Z
>i )

+
E
,

(6)

w
h
ere

Θ
1

is
th

e
m

o
d
el

p
aram

eter
m

atrix
an

d
Ω

(Θ
1 ,Z

1 ,...,Z
n
,E

)
th

e
corresp

on
d
in

g
S
S
O

N
d
efi

n
ed

in
(3

).
F

o
rm

u
la

tio
n

(6)
allow

s
u
s

to
ob

tain
m

ore
accu

rate
an

d
com

p
act

n
etw

o
rk

estim
ates

th
an

con
ven

tio
n
a
l

m
eth

o
d
s

w
h
en

ever
th

e
n
etw

ork
ex

h
ib

its
d
iff

eren
t

stru
ctu

res.
M

oreover,
ou

r
fo

rm
u
la

tio
n

d
o
es

n
ot

req
u
ire

a
p
rio

ri
k
n
ow

led
ge

of
th

e
u
n
d
erly

in
g

n
etw

o
rk

stru
ctu

re
(i.e.

w
h
ich

n
o
d
es

in
th

e
n
etw

ork
form

d
en

sely
con

n
ected

su
b
grap

h
s

(see,
F

igu
re

4)).

7
JM

L
R

 18(209):1-48, 2018

T
a
r
z
a
n
a
g
h
a
n
d

M
ic
h
a
il
id
is

(a)
G

rap
h
ical

lasso
reg

u
lar-

ization
.

(b
)

S
S
O

N
b
ased

reg
u
lariza-

tion
.

(c)
G

ro
u
n
d

tru
th

.

(d
)

G
rap

h
ical

lasso
reg

u
lariza-

tion
.

(e)
S
S
O

N
b
ased

regu
lariza-

tion
.

(f)
G

rou
n
d

tru
th

.

F
igu

re
4:

E
stim

ates
from

th
e

S
S
O

N
b
ased

regu
larization

on
tw

o
ex

am
p
les

of
G

au
ssian

grap
h
ical

m
o
d
els

com
p
risin

g
of
p

=
100

n
o
d
es,

u
sin

g
in

(4b
)

th
ree

stru
ctu

red
m

atrices
an

d
in

(4e)
fou

r
stru

ctu
red

m
atrices.

In
F

igu
re

4,
th

e
p

erform
an

ce
of

ou
r

p
rop

osed
ap

p
roach

is
illu

strated
on

tw
o

sim
u
lated

d
ata

sets
ex

h
ib

itin
g

d
iff

eren
t

stru
ctu

res
(su

b
-fi

gu
res

(4c)
an

d
(4

f));
it

can
b

e
seen

th
at

th
e

p
rop

osed
S
S
O

N
b
ased

grap
h
ical

lasso
(su

b
-fi

gu
res

(4b
)

an
d

(4e))
can

recover
th

e
n
etw

ork
stru

ctu
re

m
u
ch

b
etter

th
an

th
e

p
op

u
lar

grap
h
ical

lasso
b
ased

estim
ator

(F
ried

m
an

et
al.,

2008)
(su

b
fi
gu

res
(4a)

an
d

(4d
)).

2
.3

S
tru

c
tu

re
d

Isin
g

M
o
d

e
l

A
n
oth

er
p

op
u
lar

grap
h
ical

m
o
d
el,

su
itab

le
for

b
in

ary
or

categorical
d
ata,

is
th

e
Isin

g
on

e
(Isin

g,
1925).

It
is

assu
m

ed
th

at
ob

servation
s
x

1 ,...,x
m

are
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

from

f
(x
,Θ

2 )
=

1

W
(Θ

2 )
ex

p (
p
∑j=

1

θ
jj x

j
+

∑

1≤
j<
j ′≤

p

θ
jj ′x

j x
j ′ )
,

(7)

w
h
ere

W
(Θ

2 )
is

th
e

p
artition

fu
n
ction

,
w

h
ich

en
su

res
th

a
t

th
e

d
en

sity
su

m
s

to
on

e.
H

ere,
Θ

2
is

a
p×

p
sy

m
m

etric
m

atrix
th

at
sp

ecifi
es

th
e

n
etw

ork
stru

ctu
re:

θ
jj ′

=
0

im
p
lies

th
at

th
e
jth

an
d
j ′th

variab
les

are
con

d
ition

ally
in

d
ep

en
d
en

t
given

th
e

rem
ain

in
g

on
es.

S
everal

p
ap

ers
p
rop

osin
g

estim
ation

p
ro

ced
u
res

for
th

is
m

o
d
el

h
ave

b
een

p
u
b
lish

ed
.

L
ee

et
al.

(2007)
con

sid
ered

m
ax

im
izin

g
an

`
1 -p

en
alized

log-lik
elih

o
o
d

for
th

is
m

o
d
el.

D
u
e

to
th

e
d
iffi

cu
lty

in
com

p
u
tin

g
th

e
log-likelih

o
o
d

w
ith

th
e

ex
p

en
sive

p
artition

fu
n
ction

,
several

au
th

ors
h
ave

con
sid

ered
altern

ative
ap

p
roach

es.
F

or
in

stan
ce,

R
av

ik
u
m

ar
et

al.
(2011)

8
JM

L
R

 18(209):1-48, 2018



E
st

im
a
t
io
n
o
f
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

p
ro

p
os

ed
a

n
ei

gh
b

or
h
o
o
d

se
le

ct
io

n
ap

p
ro

ac
h
.

T
h
e

la
tt

er
p
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si
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at
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o
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p
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at
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c.
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co

n
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ra
l
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or
s
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n
si

d
er

ed
m

ax
im

iz
in

g
an
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︸
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itia

liz
e

T
h
e

p
aram

eters:

(a
)

P
rim

a
l

variab
les

Θ
,
Z

1 ,
...,

Z
n
,
E

,
to

th
e
p×

p
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√
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/‖

Θ
k−

1‖
F
≤
τ

is
m

et:

(a
)

U
p

d
a
te

Θ
:

Θ
k
+

1
=

argm
in

Θ
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+
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‖
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∑
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p
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Λ
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h
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∈
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‖Φ
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=
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=
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Θ
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∇
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p
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∩
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Γ
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→
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∈
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p
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−
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( ‖
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B
arab

ási
an

d
R
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e
co

ord
in

ate
ax

es
o
n

th
e

rig
h
t

fi
g
u
re

rep
resen

t
tim

e
R

+
.

W
e

g
et

th
e

g
ra

p
h
G
t

b
y

co
n
sid

erin
g

th
e

ed
g
es

restricted
to

[0
,t] 2.

N
o
te

th
a
t

th
e

co
o
rd

in
a
te

a
x
es

in
th

e
rig

h
t

fi
g
u
re

a
n
d

th
e

g
ra

p
h
s
G̃
t

in
th

e
left

fi
g
u
re

a
re

slig
h
tly

in
a
ccu

ra
te

if
w

e
a
ssu

m
e
µ

(S
)

=
∞

,
sin

ce
in

th
is

ca
se

th
ere

a
re

in
fi

n
itely

m
a
n
y

iso
la

ted
v
ertices

in
G̃
t

fo
r

ea
ch

t
>

0
.

W
e

h
av

e
ch

o
sen

to
la

b
el

th
e

v
ertices

b
y

th
e

o
rd

er
in

w
h
ich

th
ey

a
p
p

ea
r

in
G
t ,

w
h
ere

ties
a
re

reso
lv

ed
b
y

co
n
sid

erin
g

th
e

tim
e

th
e

v
ertices

w
ere

b
o
rn

,
i.e.,

b
y

co
n
sid

erin
g

th
e

tim
e

th
ey

a
p
p

eared
in
G̃
t .

th
en

con
n
ectin

g
tw

o
p

oin
ts
x
i ,x

j
in

Γ
t

w
ith

p
rob

ab
ility

W
(x
i ,x

j ).
A

s
ex

p
lain

ed
in

th
e

n
ex

t

p
a
ra

g
ra

p
h
,

th
is

lea
d
s

to
a

fa
m

ily
o
f

g
ra

p
h
s

(G̃
t )
t≥

0
su

ch
th

a
t

th
e

g
ra

p
h
s
G̃
t

h
av

e
a
lm

o
st

su
rely

a
t

m
o
st

co
u

n
ta

b
ly

in
fi

n
itely

m
a
n
y

v
ertices

a
n

d
(a

ssu
m

in
g

a
p

p
ro

p
ria

te
in

teg
ra

b
ility

co
n
d
itio

n
s

o
n
W

,
e.g

.,
W
∈
L

1)
a

fi
n
ite

n
u
m

b
er

o
f

ed
g
es.

R
em

ov
in

g
a
ll

iso
la

ted
v
ertices

from
G̃
t ,

w
e

ob
tain

a
fam

ily
of

grap
h
s

(G
t )
t≥

0
th

at
are

alm
ost

su
rely

fi
n
ite.

W
e

refer
to

th
e

fa
m

ilies
(G̃

t )
t≥

0
a
n
d

(G
t )
t≥

0
a
s

gra
p
h
o
n

p
rocesses;

w
h
en

it
is

n
ecessa

ry
to

d
istin

g
u
ish

th
e

tw
o
,

w
e

ca
ll

th
em

grap
h
on

p
ro

cesses
w

ith
o
r

w
ith

ou
t

isolated
vertices,

resp
ectively.

T
o

in
terp

ret
th

e
grap

h
on

p
ro

cess
(G

t )
t≥

0
as

a
fam

ily
of

grow
in

g
grap

h
s

w
e

w
ill

n
eed

to
co

u
p
le

th
e

g
ra

p
h
s
G
t

fo
r

d
iff

eren
t

tim
es
t≥

0
.

T
o

th
is

en
d
,

w
e

co
n
sid

er
a

P
o
isso

n
p

o
in

t
p
ro

cess
Γ

o
n
R

+
×
S

(w
ith

R
+

:=
[0
,∞

)
b

ein
g

eq
u
ip

p
ed

w
ith

th
e

B
o
rel

σ
-a

lg
eb

ra
a
n
d

L
eb

esg
u

e
m

ea
su

re).
E

a
ch

p
o
in

t
v

=
(t,x

)
o
f

Γ
co

rresp
o
n

d
s

to
a

v
ertex

o
f

a
n

in
fi

n
ite

g
ra

p
h

G̃
,

w
h

ere
th

e
co

o
rd

in
a
te
t

is
in

terp
reted

a
s

th
e

tim
e

th
e

v
ertex

is
b

o
rn

a
n

d
th

e
co

o
rd

in
a
te
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

x
d
escrib

es
a

fea
tu

re
o
f

th
e

v
ertex

.
T

w
o

d
istin

ct
v
ertices

v
=

(t,x
)

a
n
d
v ′

=
(t ′,x

′)
a
re

con
n
ected

b
y

an
u
n
d
irected

ed
ge

w
ith

p
rob

ab
ility

W
(x
,x
′),

in
d
ep

en
d
en

tly
for

each
p

ossib
le

p
a
ir

o
f

d
istin

ct
v
ertices.

F
o
r

ea
ch

fi
x
ed

tim
e
t≥

0
d
efi

n
e

a
g
ra

p
h
G
t

b
y

co
n
sid

erin
g

th
e

in
d

u
ced

su
b

grap
h

of
G̃

corresp
on

d
in

g
to

vertices
w

h
ich

are
b

orn
at

tim
e
t

or
earlier,

w
h
ere

w
e

d
o

n
o
t

in
clu

d
e

v
ertices

w
h

ich
w

o
u

ld
b

e
iso

la
ted

in
G
t .

S
ee

F
ig

u
re

1
fo

r
a
n

illu
stra

tio
n

.
T

h
e

fa
m

ily
o
f

g
row

in
g

g
ra

p
h
s

(G
t )
t≥

0
ju

st
d
escrib

ed
in

clu
d
es

cla
ssica

l
d
en

se
W

-ra
n
d
o
m

g
ra

p
h
s

(u
p

to
iso

la
ted

v
ertices)

a
n
d

th
e

sp
a
rse

g
ra

p
h
s

stu
d
ied

b
y

C
a
ro

n
a
n
d

F
ox

(2
0
1
4
)

an
d

H
erlau

,
S
ch

m
id

t,
an

d
M

øru
p

(2016)
as

sp
ecial

cases,
an

d
is

(ex
cep

t
for

m
in

or
tech

n
ical

d
iff

eren
ces)

id
en

tica
l

to
th

e
fa

m
ily

o
f

ra
n
d
o
m

g
ra

p
h
s

stu
d
ied

b
y

V
eitch

a
n
d

R
oy

(2
0
1
5
),

a
p
a
p

er
w

h
ich

w
a
s

w
ritten

in
p
a
ra

llel
w

ith
o
u
r

p
a
p

er;
see

o
u
r

rem
a
rk

a
t

th
e

en
d

o
f

th
is

in
tro

d
u
ction

.

T
h
e

g
ra

p
h
o
n

p
ro

cess
(G̃

t )
t≥

0
sa

tisfi
es

a
n
a
tu

ra
l

n
o
tio

n
o
f

ex
ch

a
n
g
ea

b
ility.

R
o
u
g
h
ly

sp
eak

in
g,

in
ou

r
settin

g
th

is
m

ean
s

th
at

th
e

featu
res

of
n
ew

ly
b

orn
vertices

are
h
om

ogen
eou

s
in

tim
e.

M
ore

p
recisely,

it
can

b
e

d
efi

n
ed

as
join

t
ex

ch
an

geab
ility

of
a

ran
d
om

m
easu

re
in

R
2+

,
w

h
ere

th
e

tw
o

co
ord

in
ates

corresp
on

d
to

tim
e,

an
d

each
ed

ge
of

th
e

grap
h

corresp
on

d
s

to
a

p
oin

t
m

ass.
W

e
w

ill
p

rove
th

at
grap

h
on

p
ro

cesses
as

d
efi

n
ed

ab
ove,

w
ith

W
in

tegrab
le

an
d

p
ossib

ly
ran

d
om

,
are

ch
aracterized

b
y

ex
ch

an
geab

ility
of

th
e

ran
d

om
m

easu
re

in
R

2+
alon

g
w

ith
a

certain
regu

larity
con

d
ition

w
e

call
u

n
ifo

rm
regu

la
rity

o
f

ta
ils.

S
ee

P
rop

osition
26

in
S
ection

2.4.
T

h
is

resu
lt

is
an

an
alogu

e
in

th
e

settin
g

of
p

ossib
ly

sp
arse

grap
h
s

satisfy
in

g
th

e
a
fo

rem
en

tio
n

ed
reg

u
la

rity
co

n
d

itio
n

o
f

th
e

A
ld

o
u

s-H
o
ov

er
th

eo
rem

(A
ld

o
u
s,

1
9
8
1
;

H
o
ov

er,
1
9
7
9
),

w
h
ich

ch
a
ra

cterizes
W

-ra
n
d
o
m

g
ra

p
h
s

ov
er

p
ro

b
a
b
ility

sp
a
ces

a
s

g
ra

p
h
s

th
a
t

a
re

in
varian

t
in

law
u
n
d
er

p
erm

u
tation

of
th

eir
vertices.

T
h
e

grap
h
on

p
ro

cesses
d
efi

n
ed

ab
ove

also
h
ave

a
n
u
m

b
er

of
oth

er
p
rop

erties
m

ak
in

g
th

em
p

a
rticu

la
rly

n
a
tu

ra
l

to
m

o
d

el
sp

a
rse

g
ra

p
h

s
o
r

n
etw

o
rk

s.
T

h
ey

a
re

su
ita

b
le

fo
r

m
o
d

ellin
g

n
etw

ork
s

w
h
ich

grow
over

tim
e

sin
ce

n
o

ad
d
ition

al
rescalin

g
p
aram

eters
(like

th
e

ex
p
licitly

given
d
en

sity
d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
vertices

sp
ecifi

ed
b
y

B
ollob

ás
an

d
R

iord
an

,
2009,

an
d

B
orgs,

C
h
ayes,

C
oh

n
,

an
d

Z
h
ao,

2014a)
are

n
ecessary

;
all

in
form

ation
ab

ou
t

th
e

ran
d
om

grap
h

m
o
d
el

is
en

co
d
ed

b
y

th
e

grap
h
on

alon
e.

T
h
e

grap
h
s

are
p
ro

jective
in

th
e

sen
se

th
at

if
s
<
t

th
e

grap
h
G
s

is
an

in
d
u
ced

su
b
grap

h
of
G
t .

F
in

ally,
a

closely
related

fam
ily

of
w

eigh
ted

grap
h
s

is
p
roven

b
y

C
aron

an
d

F
ox

(2014)
to

h
ave

p
ow

er
law

d
egree

d
istrib

u
tion

for
certain

W
,

a
n
d

o
u
r

g
ra

p
h
o
n

p
ro

cesses
a
re

ex
p

ected
to

b
eh

av
e

sim
ila

rly.
T

h
e

g
ra

p
h
o
n

p
ro

cesses
stu

d
ied

in
th

is
p
ap

er
h
ave

a
d
iff

eren
t

q
u
alitative

b
eh

av
ior

th
an

th
e

sp
arseW

-ran
d
om

grap
h
s

stu
d
ied

b
y

B
ollob

ás
an

d
R

iord
an

(2009)
an

d
B

orgs,
C

h
ayes,

C
oh

n
,

an
d

Z
h
ao

(2014a,b
)

(see
F

ig
u

re
2
),

w
ith

th
e

o
n

ly
ov

erla
p

o
f

th
e

tw
o

th
eo

ries
o
ccu

rrin
g

w
h

en
th

e
g
ra

p
h

s
a
re

d
en

se.
If

th
e

sp
a
rsity

o
f

th
e

g
ra

p
h
s

is
ca

u
sed

b
y

th
e

d
eg

rees
o
f

th
e

v
ertices

b
ein

g
sca

led
d
ow

n
ap

p
rox

im
ately

u
n
iform

ly
over

tim
e,

th
en

th
e

m
o
d
el

stu
d
ied

b
y

B
ollob

ás
an

d
R

iord
an

(2009)
an

d
B

orgs,
C

h
ayes,

C
oh

n
,

an
d

Z
h

ao
(2014a,b

)
is

m
ost

n
atu

ral.
If

th
e

sp
arsity

is
cau

sed
b
y

la
ter

v
ertices

ty
p
ica

lly
h
av

in
g

low
er

co
n
n
ectiv

ity
p
ro

b
a
b
ilities

th
a
n

ea
rlier

v
ertices,

th
en

th
e

m
o
d
el

p
resen

ted
in

th
is

p
a
p

er
is

m
o
st

n
a
tu

ra
l.

T
h
e

sa
m

p
lin

g
m

eth
o
d

w
e

w
ill

u
se

in
o
u
r

fo
rth

co
m

in
g

p
a
p

er
(B

o
rg

s,
C

h
ay

es,
C

o
h
n
,

a
n
d

H
o
ld

en
,

2
0
1
7
)

g
en

era
lizes

b
o
th

o
f

th
ese

m
eth

o
d
s.

T
o

co
m

p
a
re

d
iff

eren
t

m
o
d
els,

a
n
d

to
d
iscu

ss
n
o
tio

n
s

o
f

co
n
v
erg

en
ce,

w
e

in
tro

d
u
ce

th
e

follow
in

g
n
atu

ral
gen

eralization
of

th
e

cu
t

m
etric

for
grap

h
on

s
on

p
rob

ab
ility

sp
aces

to
ou

r
settin

g
.

F
o
r

tw
o

g
ra

p
h
o
n
s
W

1
=

(W
1 ,S

1 )
a
n
d
W

2
=

(W
2 ,S

2 ),
th

is
m

etric
is

ea
siest

to
d
efi

n
e

w
h
en

th
e

tw
o

grap
h
on

s
are

d
efi

n
ed

over
th

e
sam

e
sp

ace.
H

ow
ever,

for
ap

p
lication

s
w

e
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

re
sc

al
ed

gr
ap

h
on

on
p
ro

b
ab

il
it

y
sp

a
ce

gr
ap

h
on

w
it

h
n
on

-c
om

p
ac

t
su

p
p

or
t

F
ig

u
re

2:
T

h
e

ad
ja

ce
n

cy
m

at
ri

ce
s

of
gr

ap
h

s
sa

m
p

le
d

as
d

es
cr

ib
ed

b
y

B
or

gs
,

C
h

ay
es

,
C

oh
n

,
a
n
d

Z
h
a
o

(2
0
1
4
a
)

(l
ef

t)
a
n
d

in
th

is
p
a
p

er
(r

ig
h
t)

,
w

h
er

e
w

e
u
se

d
th

e
g
ra

p
h
o
n

W
1

=
(W

1
,[

0,
1]

)
(l

ef
t)

an
d

th
e

gr
ap

h
on
W

2
=

(W
2
,R

+
)

(r
ig

h
t)

,
w

it
h
W

1
(x

1
,x

2
)

=

x
−

1
/
2

1
x
−

1
/
2

2
fo

r
x

1
,x

2
∈

[0
,1

]
an

d
W

2
(x

1
,x

2
)

=
m

in
(0
.8
,7

m
in

(1
,x
−

2
1

)
m

in
(1
,x
−

2
2

))
fo

r
x

1
,x

2
∈
R

+
.

B
la

ck
(r

es
p

.
w

h
it

e)
in

d
ic

at
es

th
at

th
er

e
is

(r
es

p
.

is
n

ot
)

an
ed

ge
.

W
e

re
sc

al
ed

th
e

h
ei

gh
t

of
th

e
gr

ap
h
on

b
y
ρ

:=
1/

40
on

th
e

le
ft

fi
gu

re
.

A
s

d
es

cr
ib

ed
b
y

B
o
rg

s,
C

h
ay

es
,

C
o
h
n

,
a
n

d
Z

h
a
o

(2
0
1
4
a
,b

)
th

e
ty

p
e

o
f

ea
ch

v
er

te
x

is
sa

m
p
le

d
in

d
ep

en
d
en

tl
y

a
n
d

u
n
if

o
rm

ly
fr

o
m

[0
,1

],
a
n
d

ea
ch

p
a
ir

o
f

v
er

ti
ce

s
is

co
n
n
ec

te
d

w
it

h
p

ro
b

a
b
il

it
y

m
in

(ρ
W

1
,1

).
In

th
e

ri
g
h
t

fi
g
u

re
th

e
v
er

ti
ce

s
w

er
e

sa
m

p
le

d
b
y

a
P

o
is

so
n

p
o
in

t
p
ro

ce
ss

o
n
R

+
o
f

in
te

n
si

ty
t

=
4
,

a
n
d

tw
o

v
er

ti
ce

s
w

er
e

co
n
n
ec

te
d

in
d
ep

en
d
en

tl
y

w
it

h
a

p
ro

b
ab

il
it

y
gi

ve
n

b
y
W

2
;

se
e

S
ec

ti
on

2.
4

an
d

th
e

m
ai

n
te

x
t

of
th

is
in

tr
o
d
u
ct

io
n
.

T
h
e

tw
o

gr
ap

h
s

h
av

e
ve

ry
d
iff

er
en

t
q
u
al

it
at

iv
e

p
ro

p
er

ti
es

.
In

th
e

le
ft

gr
ap

h
m

os
t

ve
rt

ic
es

h
av

e
a

d
eg

re
e

cl
os

e
to

th
e

av
er

ag
e

d
eg

re
e,

w
h
er

e
th

e
av

er
a
g
e

d
eg

re
e

d
ep

en
d
s

o
n

o
u
r

sc
a
li
n
g

fa
ct

o
r
ρ
.

In
th

e
ri

g
h
t

g
ra

p
h

th
e

ed
g
es
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p
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d
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b
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b
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→
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∈
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b
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⊆
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b
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p
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d
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p
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e
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d
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a
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p
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p
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d
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h
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d
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w
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b
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p
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s
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d
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e
g
et

a
n
o
ti

o
n

o
f

co
n
v
er

g
en

ce
in

m
et

ri
c

o
f

a
se

q
u
en

ce
of

gr
ap

h
s

(G
n
) n
∈N

to
a

gr
ap

h
on
W

.

In
th

e
cl

a
ss

ic
a
l

th
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p
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d
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p
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.
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p
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h
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p
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p
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d
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h
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w
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e
m

ea
su

re
sp

ac
e,

an
d

p
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d
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p
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p
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−
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d
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a
b
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e
G
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a
p
h
s

1

1

1

ca
n
o
n
ical

grap
h
on

1

1

rescaled
grap

h
on

1

stretch
ed

grap
h
on

F
ig

u
re

3
:

T
h
e

fi
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re
sh

ow
s

th
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grap
h
on

s
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w

ith
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e
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p
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h
G
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v
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In
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e
cla
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l
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ry
o
f

g
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p
h

o
n

s
a
ll

sim
p

le
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p
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n
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W
e
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t
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is

b
y
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e
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p
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eith
er

b
y
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eig
h
t

o
f

th
e

g
ra

p
h

o
n

(m
id

d
le)

o
r

b
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e
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b
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d
R

iord
an

(2009)
an

d
B

orgs,
C

h
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Z
h
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e
secon

d
ap

p
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r
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b
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]
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∈
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ciab
ility

p
a
ra

m
eter,

su
ch

th
a
t

th
e

p
ro

b
a
b
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s

b
o
th

o
n
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ca
n

o
b

ta
in

sp
a
rse

g
ra

p
h

s
w

ith
b

lo
ck

stru
ctu

re
b
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b
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2 ∈
{
1
,...,K

}
,

a
n
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d
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b
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b
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d
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I
k ⊂
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r
k
∈
N

,
a
n
d

d
efi

n
e

W
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∑

k
1
,k

2 ∈
N
p
k
1
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2 1
I
k
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I
k
2
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n
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n
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p
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2 ∈
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F

o
r
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e

b
lo
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m

o
d
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H
erla

u
,

S
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m
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a
n
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ø
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1
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a
n
d

o
u
r

fi
rst

g
en
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n

a
b
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e
d
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d
istrib

u
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e
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b
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b
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b
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b
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b
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b
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d
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⊂
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p
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=
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p
art

of
com

m
u
n
ity

j∈
[K

],
a
n
d

th
e

seco
n
d

co
o
rd

in
a
te
x

d
escrib

es
th

e
ro

le
o
f

th
e

v
ertex

w
ith

in
th

e
co

m
m

u
n
ity

;
fo

r
ex

am
p
le,

x
cou

ld
b

e
a

so
ciab

ility
p
aram

eter.
F

or
each

k
1 ,k

2 ∈
[K

]
letW

k
1
,k

2
=

(W
k
1
,k

2 ,R
+

)
b

e
a

grap
h
on

d
escrib

in
g

th
e

in
teraction

s
b

etw
een

th
e

com
m

u
n
ities

k
1

an
d
k

2 .
W

e
d
efi

n
e

ou
r

m
ix

ed
m

em
b

ersh
ip

grap
h
on
W

=
(W

,S
)

b
y

W
((x̃

1,x
1),(x̃

2,x
2) )

:=
∑

k
1
,k

2 ∈
[K

] x̃
1k
1 x̃

2k
2 W

k
1
,k

2 (x
1,x

2).
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

A
ltern

atively,
w

e
cou

ld
d
efi

n
e
S

:=
S̃
×
R
K+

,
w

h
ich

w
ou

ld
p
rov

id
e

a
m

o
d
el

w
h
ere,

for
ex

am
p
le,

th
e

so
ciab

ility
of

a
n
o
d
e

varies
d
ep

en
d
in

g
on

w
h
ich

com
m

u
n
ity

it
is

p
art

of.

In
th

e
classical

settin
g

of
d
en

se
grap

h
s,

m
an

y
p
ap

ers
on

ly
con

sid
er

grap
h
on

s
d
efi

n
ed

on
th

e
u

n
it

sq
u

are,
in

stead
of

grap
h

on
s

on
m

ore
gen

eral
p

rob
ab

ility
sp

aces.
T

h
is

is
ju

stifi
ed

b
y

th
e

fact
th

at
every

grap
h
on

w
ith

a
p
rob

ab
ility

sp
ace

as
b
ase

sp
ace

is
eq

u
ivalen

t
to

a
grap

h
on

w
ith

b
a
se

sp
a
ce

[0
,1

].
T

h
e

a
n
a
lo

g
u
e

in
o
u
r

settin
g

w
o
u
ld

b
e

g
ra

p
h
o
n
s

ov
er

R
+

eq
u
ip

p
ed

w
ith

th
e

L
eb

esg
u
e

m
ea

su
re.

A
s

th
e

ex
a
m

p
les

in
th

e
p
reced

in
g

p
a
ra

g
ra

p
h
s

illu
stra

te,
fo

r
certa

in
ra

n
d
o
m

g
ra

p
h

m
o
d
els

it
is

m
o
re

n
a
tu

ra
l

to
co

n
sid

er
a
n
o
th

er
u
n
d
erly

in
g

m
ea

su
re

sp
ace.

F
or

ex
am

p
le,

each
co

ord
in

ate
in

som
e

h
igh

er-d
im

en
sion

al
sp

ace
m

ay
corresp

on
d

to
a

p
articu

lar
featu

re
of

th
e

vertices,
an

d
ch

an
gin

g
th

e
b
ase

sp
ace

can
d
isru

p
t

certain
p
rop

erties
of

th
e

grap
h
on

,
su

ch
as

sm
o
oth

n
ess

con
d
ition

s.
F

or
th

is
reason

w
e

con
sid

er
grap

h
on

s
d
efi

n
ed

on
gen

eral
σ

-fi
n
ite

m
easu

re
sp

aces
in

th
is

p
ap

er.
H

ow
ever,

w
e

w
ill

p
rove

th
at

every
grap

h
on

is
eq

u
ivalen

t
to

a
grap

h
on

on
R

+
eq

u
ip

p
ed

w
ith

th
e

B
orel

σ
-algeb

ra
an

d
L

eb
esgu

e
m

easu
re,

in
th

e
sen

se
th

a
t

th
eir

cu
t

d
ista

n
ce

is
zero

;
see

P
ro

p
o
sitio

n
1
0

in
S
ectio

n
2
.2

.
A

s
sta

ted
b

efore,
ou

r
resu

lts
th

en
im

p
ly

th
at

th
ey

corresp
on

d
to

th
e

sam
e

ran
d
om

grap
h

m
o
d
el.

T
h
e

set
of

[0,1]-valu
ed

grap
h
on

s
on

p
rob

ab
ility

sp
aces

is
com

p
act

for
th

e
cu

t
m

etric.
F

or
th

e
p

ossib
ly

u
n
b

ou
n
d
ed

grap
h
on

s
stu

d
ied

b
y

B
orgs,

C
h
ayes,

C
oh

n
,

an
d

Z
h
ao

(2014a),
w

h
ich

a
re

rea
l-va

lu
ed

a
n

d
d

efi
n

ed
o
n

p
ro

b
a
b

ility
sp

a
ces,

co
m

p
a
ctn

ess
h

o
ld

s
if

w
e

co
n

sid
er

clo
sed

su
b

sets
of

th
e

sp
ace

of
grap

h
on

s
w

h
ich

are
u

n
ifo

rm
ly

u
p
per

regu
la

r
(see

S
ection

2.3
for

th
e

d
efi

n
ition

).
In

ou
r

settin
g,

w
h
ere

w
e

lo
ok

at
grap

h
on

s
over

sp
aces

of
p

ossib
ly

in
fi
n
ite

m
easu

re,
th

e
an

alogou
s

regu
larity

con
d
ition

is
u

n
ifo

rm
regu

la
rity

o
f

ta
ils

if
w

e
restrict

ou
rselves

to,
say,

[0,1]-valu
ed

grap
h
on

s.
In

p
articu

lar
ou

r
resu

lts
im

p
ly

th
at

a
seq

u
en

ce
of

sim
p
le

grap
h
s

w
ith

u
n
iform

ly
regu

lar
tails

is
su

b
seq

u
en

tially
con

vergen
t,

an
d

con
versely,

th
at

every
con

vergen
t

seq
u
en

ce
o
f

sim
p
le

g
ra

p
h
s

h
a
s

u
n
ifo

rm
ly

reg
u
la

r
ta

ils.
S
ee

T
h
eo

rem
1
5

in
S
ectio

n
2
.3

a
n
d

th
e

tw
o

corollaries
follow

in
g

th
is

th
eorem

.

In
th

e
settin

g
o
f

d
en

se
g
ra

p
h
s,

co
n
v
erg

en
ce

fo
r

th
e

cu
t

m
etric

is
eq

u
iva

len
t

to
left

co
n
v
erg

en
ce,

m
ea

n
in

g
th

a
t

su
b
g
ra

p
h

d
en

sities
co

n
v
erg

e.
T

h
is

eq
u
iva

len
ce

d
o
es

n
o
t

h
o
ld

in
o
u

r
settin

g
,

o
r

fo
r

th
e

u
n
b

o
u

n
d
ed

g
ra

p
h

o
n

s
stu

d
ied

b
y

B
o
rg

s,
C

h
ay

es,
C

o
h

n
,

a
n

d
Z

h
a
o

(2014a,b
);

its
failu

re
is

ch
aracteristic

of
sp

arse
grap

h
s,

b
ecau

se
d
eletin

g
even

a
tin

y
fraction

o
f

th
e

ed
g
es

in
a

sp
a
rse

g
ra

p
h

ca
n

ra
d
ica

lly
ch

a
n
g
e

th
e

d
en

sities
o
f

la
rg

er
su

b
g
ra

p
h
s

(see
th

e
d
iscu

ssion
b
y

B
orgs,

C
h
ayes,

C
oh

n
,

an
d

Z
h
ao,

2014a,
S
ection

2.9).
H

ow
ever,

ran
d
om

ly
sam

p
led

grap
h
s

d
o

satisfy
a

n
otion

of
left

con
vergen

ce;
see

P
rop

osition
30

in
S
ection

2.5.

A
s

p
rev

iou
sly

m
en

tion
ed

,
in

ou
r

forth
com

in
g

p
ap

er
(B

org
s,

C
h
ayes,

C
oh

n
,

an
d

H
old

en
,

2
0
1
7
)

w
e

w
ill

g
en

era
lize

a
n
d

u
n
ify

th
e

th
eo

ries
a
n
d

m
o
d
els

p
resen

ted
b
y

B
o
llo

b
á
s

a
n
d

R
io

rd
a
n

(2
0
0
9
),

B
o
rg

s,
C

h
ay

es,
C

o
h

n
,

a
n

d
Z

h
a
o

(2
0
1
4
a
,b

),
C

a
ro

n
a
n

d
F

ox
(2

0
1
4
),

H
erla

u
,

S
ch

m
id

t,
a
n
d

M
ø
ru

p
(2

0
1
6
),

a
n
d

V
eitch

a
n
d

R
oy

(2
0
1
5
).

A
lo

n
g

w
ith

th
e

in
tro

d
u
ctio

n
o
f

a
g
en

era
lized

m
o
d
el

fo
r

sa
m

p
lin

g
g
ra

p
h
s

a
n
d

a
n

a
ltern

a
tiv

e
(a

n
d

w
ea

k
er)

cu
t

m
etric,

w
e

w
ill

p
rov

e
a

n
u
m

b
er

o
f

co
n
v
erg

en
ce

p
ro

p
erties

o
f

th
ese

g
ra

p
h
s.

S
in

ce
th

e
g
ra

p
h
s

in
th

is
p

ap
er

are
ob

tain
ed

as
a

sp
ecial

case
of

th
e

grap
h

s
in

ou
r

forth
com

in
g

p
ap

er,
th

e
m

en
tion

ed
con

vergen
ce

resu
lts

also
h
old

in
ou

r
settin

g.

In
S
ectio

n
2

w
e

w
ill

sta
te

th
e

m
a
in

resu
lts

o
f

th
is

p
a
p

er,
w

h
ich

w
ill

b
e

p
rov

ed
in

th
e

su
b
seq

u
en

t
ap

p
en

d
ices.

In
A

p
p

en
d
ix

A
w

e
p
rove

th
at

th
e

cu
t

m
etric

δ�
is

w
ell

d
efi

n
ed

.
In

A
p

p
en

d
ix

B
w

e
p

rove
th

at
an

y
grap

h
on

is
eq

u
ivalen

t
to

a
grap

h
on

w
ith

u
n

d
erly

in
g

m
easu

re
sp

ace
R

+
.

W
e

also
p
rove

th
at

u
n
d
er

certain
con

d
ition

s
on

th
e

u
n
d
erly

in
g

m
easu

re
sp

ace
w

e
m

ay
d

efi
n

e
th

e
cu

t
m

etric
δ�

in
a

n
u

m
b

er
of

eq
u

ivalen
t

w
ay

s.
In

A
p

p
en

d
ix

C
,

w
e

d
eal

w
ith
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

so
m

e
te

ch
n

ic
al

it
ie

s
re

ga
rd

in
g

gr
ap

h
-v

al
u

ed
p

ro
ce

ss
es

.
In

A
p

p
en

d
ix

D
w

e
p
ro

ve
th

at
ce

rt
ai

n
ra

n
d

o
m

g
ra

p
h

m
o
d

el
s

d
er

iv
ed

fr
o
m

a
g
ra

p
h

o
n
W

,
in

cl
u

d
in

g
th

e
g
ra

p
h

o
n

p
ro

ce
ss

es
d

efi
n

ed
a
b

ov
e,

g
iv

e
g
ra

p
h
s

co
n
v
er

g
in

g
to
W

fo
r

th
e

cu
t

m
et

ri
c.

W
e

a
ls

o
p
ro

v
e

th
a
t

tw
o

g
ra

p
h
o
n
s

a
re

eq
u
iv

a
le

n
t

(i
.e

.,
th

ey
h
av

e
cu

t
d
is

ta
n
ce

ze
ro

)
iff

th
e

co
rr

es
p

o
n
d
in

g
g
ra

p
h
o
n

p
ro

ce
ss

es
a
re

eq
u
a
l

in
la

w
.

In
A

p
p

en
d
ix

E
w

e
p
ro

v
e

th
a
t

u
n
if

o
rm

re
g
u
la

ri
ty

o
f

ta
il
s

is
su

ffi
ci

en
t

to
g
u
a
ra

n
te

e
su

b
se

q
u
en

ti
a
l

m
et

ri
c

co
n
v
er

g
en

ce
fo

r
a

se
q
u
en

ce
o
f

g
ra

p
h
s;

co
n
v
er

se
ly

,
w

e
p
ro

v
e

th
a
t

ev
er

y
co

n
v
er

g
en

t
se

q
u
en

ce
o
f

g
ra

p
h
s

w
it

h
n
o
n
-n

eg
a
ti

v
e

ed
g
e

w
ei

g
h
ts

h
a
s

u
n
if

o
rm

ly
re

gu
la

r
ta

il
s.

In
A

p
p

en
d
ix

F
w

e
p
ro

ve
so

m
e

b
as

ic
p
ro

p
er

ti
es

of
se

q
u
en

ce
s

of
gr

ap
h
s

w
h
ic

h
ar

e
m

et
ri

c
co

n
ve

rg
en

t,
fo

r
ex

am
p
le

th
at

m
et

ri
c

co
n
ve

rg
en

ce
im

p
li
es

u
n
b

ou
n
d
ed

av
er

ag
e

d
eg

re
e

if
th

e
n
u
m

b
er

o
f

ed
g
es

d
iv

er
g
e

a
n
d

th
e

g
ra

p
h

d
o
es

n
o
t

h
av

e
to

o
m

a
n
y

is
o
la

te
d

v
er

ti
ce

s;
se

e
P

ro
p

os
it

io
n

22
b

el
ow

.
W

e
al

so
co

m
p
ar

e
th

e
n
ot

io
n

of
m

et
ri

c
gr

ap
h

co
n
ve

rg
en

ce
in

th
is

p
ap

er
to

th
e

o
n
e

st
u
d
ie

d
b
y

B
o
rg

s,
C

h
ay

es
,

C
o
h
n
,

a
n
d

Z
h
a
o

(2
0
1
4
a
).

In
A

p
p

en
d
ix

G
w

e
p
ro

v
e

w
it

h
re

fe
re

n
ce

to
th

e
K

a
ll
en

b
er

g
th

eo
re

m
fo

r
jo

in
tl

y
ex

ch
a
n
g
ea

b
le

m
ea

su
re

s
th

a
t

g
ra

p
h
o
n

p
ro

ce
ss

es
fo

r
in

te
g
ra

b
le
W

a
re

u
n
iq

u
el

y
ch

a
ra

ct
er

iz
ed

a
s

ex
ch

a
n
g
ea

b
le

g
ra

p
h

p
ro

ce
ss

es
sa

ti
sf

y
in

g
u
n
if

o
rm

ta
il

re
g
u
la

ri
ty

.
W

e
a
ls

o
d
es

cr
ib

e
m

o
re

g
en

er
a
l

fa
m

il
ie

s
o
f

g
ra

p
h
s

th
a
t

m
ay

b
e

ob
ta

in
ed

fr
om

th
e

K
al

le
n
b

er
g

re
p

re
se

n
ta

ti
on

th
eo

re
m

if
th

is
re

gu
la

ri
ty

co
n

d
it

io
n

is
n

o
t

im
p

o
se

d
.

F
in

a
ll

y,
in

A
p

p
en

d
ix

H
w

e
p

ro
v
e

o
u

r
re

su
lt

s
o
n

le
ft

co
n
v
er

g
en

ce
o
f

g
ra

p
h

o
n

p
ro

ce
ss

es
.

R
e
m

a
rk

1
A

ft
er

w
ri

ti
n

g
a

fi
rs

t
d
ra

ft
o
f

th
is

w
o
rk

,
bu

t
a

li
tt

le
o
ve

r
a

m
o
n

th
be

fo
re

co
m

p
le

ti
n

g
th

e
pa

pe
r,

w
e

be
ca

m
e

a
w

a
re

o
f

pa
ra

ll
el

,
in

d
ep

en
d
en

t
w

o
rk

by
V

ei
tc

h
a
n

d
R

o
y

(2
0
1
5
),

w
h
o

in
tr

od
u

ce
a

cl
o
se

ly
re

la
te

d
m

od
el

fo
r

ex
ch

a
n

ge
a
bl

e
sp

a
rs

e
gr

a
p
h
s

a
n

d
in

te
rp

re
t

it
w

it
h

re
fe

re
n

ce
to

th
e

K
a
ll

en
be

rg
th

eo
re

m
fo

r
ex

ch
a
n

ge
a
bl

e
m

ea
su

re
s.

T
h
e

ra
n

d
o
m

gr
a
p
h

m
od

el
st

u
d
ie

d
by

V
ei

tc
h

a
n

d
R

o
y

(2
0
1
5
)

is
(u

p
to

m
in

o
r

d
iff

er
en

ce
s)

th
e

sa
m

e
a
s

th
e

gr
a
p
h
o
n

p
ro

ce
ss

es
in

tr
od

u
ce

d
in

th
e

cu
rr

en
t

pa
pe

r.
A

si
d
e

fr
o
m

bo
th

in
tr

od
u

ci
n

g
th

is
m

od
el

,
th

e
re

su
lt

s
o
f

th
e

tw
o

pa
pe

rs
a
re

es
se

n
ti

a
ll

y
d
is

jo
in

t.
W

h
il

e
V

ei
tc

h
a
n

d
R

o
y

(2
0
1
5
)

fo
cu

s
o
n

pa
rt

ic
u

la
r
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p
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is
a

pa
ir
W

=
(W
,S

),
w

h
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th

e
p
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h
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i

b
ein

g
th

e
in

terval
[a
i−

1 ,a
i )

w
h

ere
w

e
a
ssu

m
e

th
e

v
ertices

o
f
G

h
av

e
b

een
la

b
eled

1
,2
,...,

a
n
d
a
i

=
∑

1≤
k≤

i α
k

fo
r
i

=
0
,1
,....

T
h

e
stretch

ed
ca

n
o
n

ica
l

g
ra

p
h

o
n

w
ill

th
en

b
e

d
efi

n
ed

a
s

th
e

g
ra

p
h

o
n
W

G
,s

:=
(W

G
,s,R

+
)

w
ith

W
G
,s(x

1 ,x
2 )

:=
W̃

G
(‖
W̃

G‖
1
/
2

1
x

1 ,‖W̃
G‖

1
/
2

1
x

2 )
,

a
d
efi

n
itio

n
w

h
ich

ca
n

ea
sily

b
e

seen
to

b
e

eq
u
iva

len
t

to
th

e
p
rev

io
u
s

o
n
e

if
G

is
a

fi
n
ite

g
ra

p
h
.

A
ltern

atively,
on

e
can

d
efi

n
e

a
stretch

ed
grap

h
on

G
s

as
a

grap
h
on

over
V

(G
)

eq
u
ip

p
ed

w
ith

th
e

m
ea

su
re
µ̂
G

,
w

h
ere

µ̂
G

(A
)

=
1

√
‖β

(G
)‖

1 ∑i∈
A

α
i

for
an

y
A
⊆
V

(G
).

In
th

e
case

w
h
ere ∑

i α
i
<
∞

,
th

is
grap

h
on

is
ob

tain
ed

from
th

e
grap

h
on

rep
resen

tin
g
G

b
y

rescalin
g

th
e

p
rob

ab
ility

m
easu

re

µ
G

(A
)

=
1

∑
i∈
V

(G
)
α
i ∑i∈

A

α
i

to
th

e
m

easu
re
µ̂
G

,
w

h
ile

th
e

fu
n

ction
β

(G
):
V

(G
)×

V
(G

)→
R

w
ith

(i,j)7→
β
ij (G

)
is

left
u
n
to

u
ch

ed
.

N
o
te

th
a
t

a
n
y

g
ra

p
h
o
n

w
ith

u
n
d
erly

in
g

m
ea

su
re

sp
a
ce

R
+

ca
n

b
e

“
stretch

ed
”

in
th

e
sam

e
w

ay
as
W

G
;

in
oth

er
w

ord
s,

given
an

y
grap

h
on
W

=
(W
,R

+
)

w
e

m
ay

d
efi

n
e

a
grap

h
on

(W
φ
,R

+
),

w
h
ere

φ
:R

+
→

R
+

is
d
efi

n
ed

to
b

e
th

e
lin

ear
m

ap
su

ch
th

at‖
W

φ‖
1

=
1,

ex
cep

t
w

h
en
‖
W
‖

1
=

0
,

in
w

h
ich

ca
se

w
e

d
efi

n
e

th
e

stretch
ed

g
ra

p
h

o
n

to
b

e
0
.

B
u

t
fo

r
g
ra

p
h

o
n
s

ov
er

g
en

era
l

m
ea

su
re

sp
a
ces,

th
is

resca
lin

g
is

ill-d
efi

n
ed

.
In

stea
d
,

w
e

co
n
sid

er
a

d
iff

eren
t,

b
u

t
related

,
n

otion
of

rescalin
g,

b
y

rescalin
g

th
e

m
easu

re
of

th
e

u
n

d
erly

in
g

sp
ace,

a
n

otion
w

h
ich

is
th

e
d
irect

gen
eralization

of
ou

r
d
efi

n
ition

of
th

e
stretch

ed
grap

h
on

G
s.

D
e
fi

n
itio

n
1
1

(i)
F

o
r

tw
o

gra
p
h
o
n

s
W
i

=
(W

i ,S
i )

w
ith

S
i

=
(S
i ,S

i ,µ
i )

fo
r
i

=
1
,2

,
d
efi

n
e

th
e

stretch
ed

cu
t

m
etric

δ
s�

by

δ
s�

(W
1 ,W

2 )
:=

δ�
(Ŵ

1 ,Ŵ
2 ),

5
.

M
o
re

g
en

era
lly,

in
th

e
settin

g
o
f

w
eig

h
ted

g
ra

p
h
s,

w
e

ca
n

a
llow

fo
r

in
fi
n
itely

m
a
n
y

ed
g
es

a
s

lo
n
g

a
s

‖
β

(G
)‖

1
<
∞

.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

w
h
ere
Ŵ
i

:=
(W

i ,Ŝ
i )

w
ith

Ŝ
i

:=
(S
i ,S

i ,µ̂
i )

a
n

d
µ̂
i

:=
‖
W
i ‖ −

1
/
2

1
µ
i .

(In
th

e
pa

rticu
la

r

ca
se

w
h
ere
‖
W
i ‖

1
=

0
,

w
e

d
efi

n
e
Ŵ
i

:=
(0
,S

i ).)
Id

en
tifyin

g
G

w
ith

th
e

gra
p
h
o
n
W̃

G

in
trod

u
ced

a
bo

ve,
th

is
a
lso

d
efi

n
es

th
e

stretch
ed

d
ista

n
ce

betw
een

tw
o

gra
p
h
s,

o
r

a
gra

p
h

a
n

d
a

gra
p
h
o

n
.

(ii)
A

sequ
en

ce
o
f

gra
p
h
s

(G
n
)
n∈

N
o
r

gra
p
h
o
n

s
(W

n
)
n∈

N
is

ca
lled

con
vergen

t
in

th
e

stretch
ed

cu
t

m
etric

if
th

ey
fo

rm
a

C
a
u

ch
y

sequ
en

ce
fo

r
th

is
m

etric;
th

ey
a
re

ca
lled

con
vergen

t
to

a
g
ra

p
h
o
n
W

fo
r

th
e

stretch
ed

cu
t

m
etric

if
δ
s�

(G
n
,W

)→
0

o
r
δ
s�

(W
n
,W

)→
0
,

respectively.

N
ote

th
at

for
th

e
case

of
grap

h
on

s
over

R
+

,
th

e
ab

ove
n
otion

of
con

vergen
ce

is
eq

u
ivalen

t
to

th
e

on
e

in
volv

in
g

th
e

stretch
ed

grap
h
on

sW
si

=
(W

si ,R
+

)
ofW

i
d
efi

n
ed

b
y

W
si (x

1 ,x
2 )

:=
W
i (‖

W
i ‖

1
/
2

1
x

1 ,‖
W
i ‖

1
/
2

1
x

2 )
.

T
o

see
th

is,
ju

st
n
o
te

th
a
t

b
y

th
e

o
b
v
io

u
s

co
u
p
lin

g
b

etw
een

λ
a
n
d
µ̂
i ,

w
h
ere

in
th

is
ca

se
µ̂
i

is
a

co
n
sta

n
t

m
u
ltip

le
o
f

L
eb

esg
u
e

m
ea

su
re,

w
e

h
av

e
δ�

(W
si ,Ŵ

i )
=

0
,

a
n
d

h
en

ce
δ
s�

(W
1 ,W

2 )
=
δ�

(W
s1 ,W

s2 ).
A

s
a

co
n
seq

u
en

ce,
w

e
h
av

e
in

p
a
rticu

la
r

th
a
t
δ
s�

(G
,G
′)

=
δ�

(G
s,(G

′)
s)

=
δ�

(W
G
,s,W

G
′,s)

for
an

y
tw

o
grap

h
s
G

an
d
G
′.

N
ote

also
th

at
th

e
stretch

ed
cu

t
m

etric
d
o
es

n
o
t

d
istin

g
u
ish

tw
o

g
ra

p
h
s

o
b
ta

in
ed

fro
m

ea
ch

o
th

er
b
y

d
eletin

g
iso

la
ted

vertices,
in

th
e

sen
se

th
at

δ
s�

(G
,G
′)

=
0

(3)

w
h
en

ever
G

is
ob

tain
ed

from
G
′

b
y

rem
ov

in
g

a
set

o
f

vertices
th

at
h
ave

d
egree

0
in
G
′.

T
h
e

follow
in

g
b
asic

ex
am

p
le

illu
strates

th
e

d
iff

eren
ce

b
etw

een
th

e
n
otion

s
of

con
vergen

ce
in

th
e

cla
ssica

l
th

eo
ry

o
f

g
ra

p
h
o
n
s,

th
e

a
p
p
ro

a
ch

fo
r

sp
a
rse

g
ra

p
h
s

ta
k
en

b
y

B
o
llo

b
á
s

a
n
d

R
iord

an
(2009)

an
d

B
orgs,

C
h
ayes,

C
oh

n
,

an
d

Z
h
ao

(2014a),
an

d
th

e
ap

p
roach

of
th

e
cu

rren
t

p
ap

er.
P

rop
ositio

n
20

b
elow

m
akes

th
is

com
p
arison

m
ore

gen
eral.

E
x
a
m

p
le

1
2

L
et
α
∈

(0
,1

).
F

o
r

a
n

y
n
∈
N

let
G
n

be
a
n

E
rd

ő
s-R

én
yi

gra
p
h

o
n
n

vertices
w

ith
pa

ra
m

eter
n
α−

1;
i.e.,

ea
ch

tw
o

vertices
o
f

th
e

gra
p
h

a
re

co
n

n
ected

in
d
epen

d
en

tly
w

ith
p
ro

ba
bility

n
α−

1.
L

et
G̃
n

be
a

sim
p
le

gra
p
h

o
n
n

vertices,
su

ch
th

a
tbn

(1
+
α

)/
2c

vertices
fo

rm
a

co
m

p
lete

su
bgra

p
h
,

a
n

d
n
−
bn

(1
+
α

)/
2c

vertices
a
re

iso
la

ted
.

B
o
th

gra
p
h

sequ
en

ces
a
re

spa
rse,

a
n

d
h
en

ce
th

eir
ca

n
o
n

ica
l

gra
p
h
o
n

s
co

n
verge

to
th

e
trivia

l
gra

p
h
o
n

fo
r

w
h
ich

W
≡

0,

i.e.,
δ�

(W
G
n
,0),δ�

(W
G̃
n
,0)→

0,
w

h
ere

w
e

let
0

d
en

o
te

th
e

m
en

tio
n

ed
trivia

l
gra

p
h
o
n

.
T

h
e

sequ
en

ce
(G

n
)
n∈

N
co

n
verges

to
W

1
:=

(1
[0
,1

] 2 ,[0,1])
w

ith
th

e
n

o
tio

n
o
f

co
n

vergen
ce

in
trod

u
ced

by
B

o
llo

bá
s

a
n

d
R

io
rd

a
n

(2
0
0
9
)

a
n

d
B

o
rgs,

C
h
a
yes,

C
o
h
n

,
a
n

d
Z

h
a
o

(2
0
1
4
a
),

bu
t

d
oes

n
o
t

co
n

verge
fo

r
δ
s�

.
T

h
e

sequ
en

ce
( G̃

n
)
n∈

N
co

n
verges

to
W

1
fo

r
th

e
stretch

ed
cu

t
m

etric,
i.e.,

δ
s�

(G̃
n
,W

1 )
=
δ�

(W
G̃
n
,s,W

1 )→
0
,

bu
t

it
d
oes

n
o
t

co
n

verge
w

ith
th

e
n

o
tio

n
o
f

co
n

vergen
ce

stu
d
ied

by
B

o
llo

bá
s

a
n

d
R

io
rd

a
n

(2
0
0
9
)

a
n

d
B

o
rgs,

C
h
a
yes,

C
o
h
n

,
a
n

d
Z

h
a
o

(2
0
1
4
a
).

T
h

e
seq

u
en

ce
(G̃

n
)
n∈

N
d

efi
n

ed
ab

ove
illu

strates
on

e
of

ou
r

m
otivation

s
to

in
tro

d
u

ce
th

e
stretch

ed
cu

t
m

etric.
O

n
e

m
igh

t
argu

e
th

at
th

is
seq

u
en

ce
of

grap
h
s

sh
ou

ld
con

verge
to

th
e

sam
e

lim
it

as
a

seq
u
en

ce
of

com
p
lete

grap
h
s;

h
ow

ever,
earlier

th
eories

for
grap

h
con

vergen
ce

are
to

o
sen

sitiv
e

to
isolated

vertices
or

vertices
w

ith
very

low
d
egree

to
accom

m
o
d
ate

th
is.

T
h
e

sp
ace

of
all

[0,1]-valu
ed

grap
h
on

s
over

[0,1]
is

com
p
act

u
n
d
er

th
e

cu
t

m
etric

(L
ov

ász
a
n
d

S
zeg

ed
y
,

2
0
0
7
).

T
h
is

im
p
lies

th
a
t

ev
ery

seq
u
en

ce
o
f

sim
p
le

g
ra

p
h
s

is
su

b
seq

u
en

tia
lly
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

co
n
ve

rg
en

t
to

so
m

e
gr

ap
h
on

u
n
d
er
δ �

,
w

h
en

w
e

id
en

ti
fy

a
gr

ap
h
G

w
it

h
it

s
ca

n
on

ic
al

gr
ap

h
on

W
G

.
O

u
r

g
en

er
a
li
ze

d
d
efi

n
it

io
n

o
f

a
g
ra

p
h
o
n
,

a
lo

n
g

w
it

h
th

e
in

tr
o
d
u
ct

io
n

o
f

th
e

st
re

tc
h
ed

ca
n

o
n

ic
a
l

g
ra

p
h

o
n
W

G
,s

a
n

d
th

e
st

re
tc

h
ed

cu
t

m
et

ri
c
δs �

,
ra

is
es

th
e

q
u

es
ti

o
n

o
f

w
h

et
h

er
a

si
m

il
ar

re
su

lt
h
ol

d
s

in
th

is
se

tt
in

g.
W

e
w

il
l

se
e

in
T

h
eo

re
m

15
an

d
C

or
ol

la
ry

17
b

el
ow

th
at

th
e

an
sw

er
is

ye
s,

p
ro

v
id

ed
w

e
re

st
ri

ct
ou

rs
el

ve
s

to
u
n
if

or
m

ly
b

ou
n
d
ed

gr
ap

h
on

s
an

d
im

p
os

e
a

su
it

a
b
le

re
g
u
la

ri
ty

co
n
d
it

io
n
;

se
e

D
efi

n
it

io
n

1
3
.

T
h
e

se
q
u
en

ce
(G

n
) n
∈N

in
E

x
a
m

p
le

1
2

il
lu

st
ra

te
s

th
at

w
e

m
ay

n
ot

h
av

e
su

b
se

q
u
en

ti
al

co
n
ve

rg
en

ce
w

h
en

th
is

re
gu

la
ri

ty
co

n
d
it

io
n

is
n
ot

sa
ti

sfi
ed

.

D
e
fi

n
it

io
n

1
3

L
et

W̃
be

a
se

t
o
f

u
n

if
o
rm

ly
bo

u
n

d
ed

gr
a
p
h
o
n

s.
W

e
sa

y
th

a
t
W̃

h
a
s

u
n
if

or
m

ly
re

gu
la

r
ta

il
s

if
fo

r
ev

er
y
ε
>

0
w

e
ca

n
fi

n
d

a
n
M

>
0

su
ch

th
a
t

fo
r

ev
er

y
W

=
(W
,S

)
∈

W̃
w

it
h

S
=

(S
,S
,µ

),
th

er
e

ex
is

ts
U
∈
S

su
ch

th
a
t
‖W
−
W

1
U
×
U
‖ 1
<
ε

a
n

d
µ

(U
)
≤
M

.
A

se
t

G
o
f

gr
a
p
h
s

h
a
s

u
n
if

or
m

ly
re

gu
la

r
ta

il
s

if
‖β

(G
)‖

1
<
∞

fo
r

a
ll
G
∈
G

a
n

d
th

e
co

rr
es

po
n

d
in

g
se

t
o
f

st
re

tc
h
ed

ca
n

o
n

ic
a
l

gr
a
p
h
o
n

s
{W

G
,s

:
G
∈
G}

h
a
s

u
n

if
o
rm

ly
re

gu
la

r
ta

il
s.

R
e
m

a
rk

1
4

It
is

im
m

ed
ia

te
fr

o
m

th
e

d
efi

n
it

io
n

th
a
t

a
se

t
o
f

si
m

p
le

gr
a
p
h
s
G

h
a
s

u
n

if
o
rm

ly
re

gu
la

r
ta

il
s

if
a
n

d
o
n

ly
if

fo
r

ea
ch

ε
>

0
w

e
ca

n
fi

n
d
M

>
0

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

h
o
ld

s.
F

o
r

a
ll
G
∈
G,

a
ss

u
m

in
g

th
e

ve
rt

ic
es

o
f
G

a
re

la
be

le
d

by
d
eg

re
e

(f
ro

m
la

rg
es

t
to

sm
a
ll

es
t)

w
it

h
ti

es
re

so
lv

ed
in

a
n

a
rb

it
ra

ry
w

a
y,

∑

i≤
dM
√
|E

(G
)|e

d
eg

(i
;G

)
≤
ε|E

(G
)|.

In
L

em
m

a
5
9

in
A

p
p

en
d
ix

F
w

e
w

il
l

p
ro

v
e

th
a
t

fo
r

a
se

t
o
f

g
ra

p
h
s

w
it

h
u
n
if

o
rm

ly
re

gu
la

r
ta

il
s

w
e

m
ay

as
su
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b
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p
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∈
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p
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,∞

)
a
n
d

a
seq

u
en

ce
{
η
n }

n∈
N

o
f

p
o
sitiv

e
real

n
u
m

b
ers

con
vergin

g
to

zero,
su

ch
th

at
for

every
ε
>

0,
n
∈
N

,
an

d
p
a
rtitio
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p
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d
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p
h
o
n
W

G
o
f
G

,
ex

cep
t

th
a
t

w
e

resca
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p
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p
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d
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‖
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p
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w
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w
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h
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b
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d
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b
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o
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∞
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∈
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p
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verge
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w
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d
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.
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p
ly

bein
g

a
C

a
u

ch
y

sequ
en

ce
fo

r
δ
s�

(resp
.
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h
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d
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p
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p
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p
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b
y

B
o
rg

s,
C

h
ay

es,
C

o
h
n
,

a
n
d

G
a
n
g
u
ly

(2
0
1
5
,

S
ectio

n
2
.6

)
th

a
t

th
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b
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h
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d
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con
sid

er
a

n
o
rm

a
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b
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∈
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d
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W
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d
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e
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e
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=

∫
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m
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o
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=
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p
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p
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>
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h
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W
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>
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p
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p
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stretch
ed

cu
t

m
etric

a
n

d
µ

({
D
W
s
>
λ}

)
is

co
n

tin
u

o
u

s
a
t
λ

.

O
u
r

fi
n
a
l

resu
lt

in
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b
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p
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p
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h
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h
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con
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u
n
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t
m
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C

h
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C
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n
,
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d

Z
h
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P
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C
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p
o
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2
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)
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N
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o
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n
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p
h
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m
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∞
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∞
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p
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∞
δ
s�

(G
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d
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o
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b
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d
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b
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p
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p
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=
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w
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n
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d
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p
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b
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b
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p
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0 ,
w

h
ere

th
e

v
ertices

h
av

e
la

b
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p
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b
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d
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b
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r
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b
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w
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cà
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b
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p
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p
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u
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.
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b
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cà
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e
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p
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p
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d
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p
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p
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p
le

a
P

oi
ss

on
ra

n
d
om

m
ea

su
re
V

on
R

+
×
S

w
it

h
in

te
n
si

ty
gi

ve
n

b
y
λ
×
µ

(s
ee

th
e

b
o
ok

o
f

Ç
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p
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b
e

a
gr

ap
h

w
it

h
ve

rt
ex

se
t
V,

su
ch

th
at

fo
r

ea
ch

p
ai

r
of

ve
rt

ic
es
v 1

=
(t

1
,x

1
)

an
d
v 2

=
(t

2
,x

2
)

w
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b
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re
e

a
t

le
a
st

o
n
e.

W
h
il
e
G̃
t

is
a

gr
ap

h
on

in
fi
n
it

el
y

m
an

y
ve

rt
ic

es
if
µ

(S
)

=
∞

,
it

h
as

fi
n
it

el
y

m
an

y
ed

ge
s

al
m

os
t

su
re

ly
,

an
d

th
u

s
G
t

is
a

g
ra

p
h

w
it

h
fi

n
it

el
y

m
a
n
y

v
er

ti
ce

s.
W

e
v
ie

w
th

e
g
ra

p
h

s
G
t

a
n

d
G̃
t

a
s

el
em

en
ts

of
G

b
y

en
u
m

er
at

in
g

th
e

p
oi

n
ts

of
V

in
an

ar
b
it

ra
ry

b
u
t

fi
x
ed

w
ay

.
W

h
en

µ
(S

)
<
∞

th
e

se
t

o
f

g
ra

p
h
s
{G̃

t
:
t
≥

0
}

co
n
si

d
er

ed
a
b

ov
e

is
id

en
ti

ca
l

in
la

w
to

a
se

q
u

en
ce

o
f
W

-r
a
n

d
o
m

g
ra

p
h

s
a
s

d
efi

n
ed

b
y

L
ov

á
sz

a
n

d
S

ze
g
ed

y
(2

0
0
6
)

fo
r

g
ra

p
h

o
n

s
ov

er
[0
,1

]
a
n
d
,

fo
r

ex
a
m

p
le

,
b
y

B
o
ll
o
b

á
s,

J
a
n
so

n
,

a
n
d

R
io

rd
a
n

(2
0
0
7
)

fo
r

g
ra

p
h
o
n
s

ov
er

ge
n
er

al
p
ro

b
ab

il
it

y
sp

ac
es

.
M

or
e

p
re

ci
se

ly
,

d
efi

n
in

g
a

st
op

p
in

g
ti

m
e
t n

as
th

e
fi
rs

t
ti

m
e

w
h
en

|V
(G̃

t)
|=

n
an

d
re

la
b

el
in

g
th

e
ve

rt
ic

es
in
V

(G̃
t n

)
b
y

la
b

el
s

in
[n

],
w

e
h
av

e
th

at
th

e
se

q
u
en

ce
{G̃

t n
:
n
∈
N
}

h
as

th
e

sa
m

e
d
is

tr
ib

u
ti

on
as

th
e

se
q
u
en

ce
of

ra
n
d
om

gr
ap

h
s

ge
n
er

at
ed

fr
om

W
,

ex
ce

p
t

fo
r

th
e

fa
ct

th
a
t
µ

sh
o
u

ld
b

e
re

p
la

ce
d

b
y

th
e

p
ro

b
a
b

il
it

y
m

ea
su

re
µ̃

=
1

µ
(S

)
µ

,
a

fa
ct

w
h
ic

h
fo

ll
ow

s
im

m
ed

ia
te

ly
fr

o
m

th
e

o
b
se

rv
a
ti

o
n

th
a
t

a
P

o
is

so
n

p
ro

ce
ss

w
it

h
in

te
n
si

ty
tµ

co
n
d
it

io
n
ed

o
n

h
av

in
g
n

p
o
in

ts
is

ju
st

a
d
is

tr
ib

u
ti

o
n

o
f
n

p
o
in

ts
ch

o
se

n
i.
i.
d
.

fr
o
m

th
e

d
is

tr
ib

u
ti

o
n
µ̃

.
In

th
e

ca
se

w
h
en

µ
(S

)
=
∞

it
is

p
ri

m
a
ri

ly
th

e
g
ra

p
h
s
G
t

(r
a
th

er
th

a
n
G̃
t)

w
h
ic

h
a
re

o
f

in
te

re
st

fo
r

a
p
p
li
ca

ti
o
n
s,

si
n
ce

th
e

g
ra

p
h
s
G̃
t

h
av

e
in

fi
n
it

el
y

m
a
n
y

(i
so

la
te

d
)

ve
rt

ic
es

.
B

u
t

fr
om

a
m

at
h
em

at
ic

al
p

oi
n
t

of
v
ie

w
,

b
ot

h
tu

rn
ou

t
to

b
e

u
se

fu
l.

D
e
fi

n
it

io
n

2
4

T
w

o
gr

a
p
h

p
ro

ce
ss

es
(G

1 t
) t
≥

0
a
n

d
(G

2 t
) t
≥

0
a
re

sa
id

to
be

eq
u
al

u
p

to
re

la
b

el
in

g
o
f

th
e

v
er

ti
ce

s
if

th
er

e
is

a
bi

je
ct

io
n
φ

:
⋃
t≥

0
V

(G
1 t
)
→
⋃
t≥

0
V

(G
2 t
)

su
ch

th
a
t
φ

(G
1 t
)

=
G

2 t

fo
r

a
ll
t
≥

0
,

w
h
er

e
φ

(G
1 t
)

is
th

e
gr

a
p
h

w
h
o
se

ve
rt

ex
a
n

d
ed

ge
se

ts
a
re
{φ

(i
)}
i∈
V

(G
t
)

a
n

d

6
.

W
e

se
e

th
a
t

th
is

co
ll
ec

ti
o
n

o
f

p
o
in

ts
ex

is
ts

b
y

o
b
se

rv
in

g
th

a
t

fo
r

a
n
y

m
ea

su
ra

b
le

se
t
A
⊂

R
+
×
S

o
f

fi
n
it

e
m

ea
su

re
,

w
e

m
ay

sa
m

p
le
{(
t,
x

)
∈
V
∩
A
}

b
y

fi
rs

t
sa

m
p
li
n
g

th
e

to
ta

l
n
u
m

b
er

o
f

p
o
in

ts
N
A
∈

N
∪
{0
}

in
th

e
se

t
(w

h
ic

h
is

a
P

o
is

so
n

ra
n
d
o
m

va
ri

a
b
le

w
it

h
p
a
ra

m
et

er
µ

(A
))

,
a
n
d

th
en

sa
m

p
li
n
g
N
A

p
o
in

ts
in

d
ep

en
d
en

tl
y

a
t

ra
n
d
o
m

fr
o
m
A

u
si

n
g

th
e

m
ea

su
re
µ
| A

re
n
o
rm

a
li
ze

d
to

b
e

a
p
ro

b
a
b
il
it

y
m

ea
su

re
.

N
o
te

th
a
t

o
u
r

P
o
is

so
n

ra
n
d
o
m

m
ea

su
re

is
n
o
t

n
ec

es
sa

ri
ly

a
ra

n
d
o
m

co
u
n
ti

n
g

m
ea

su
re

a
s

d
efi

n
ed

fo
r

ex
a
m

p
le

b
y

Ç
ın

la
r

(2
0
1
1
),

si
n
ce

in
g
en

er
a
l,

n
o
t

a
ll

si
n
g
le

to
n
s

(t
,x

)
a
re

m
ea

su
ra

b
le

,
u
n
le

ss
w

e
a
ss

u
m

e
th

a
t

th
e

si
n

g
le

to
n

s
{x
}

in
S

a
re

m
ea

su
ra

b
le

.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

{φ
(i

)φ
(j

)}
ij
∈E

(G
t
),

re
sp

ec
ti

ve
ly

.
T

w
o

gr
a
p
h

p
ro

ce
ss

es
(G

1 t
) t
≥

0
a
n

d
(G

2 t
) t
≥

0
a
re

sa
id

to
be

eq
u
a
l

in
la

w
u
p

to
re

la
b

el
in

g
o
f

th
e

v
er

ti
ce

s
if

th
ey

ca
n

be
co

u
p
le

d
in

su
ch

a
w

a
y

th
a
t

a
.s

.,
th

e
tw

o
fa

m
il

ie
s

a
re

eq
u

a
l

u
p

to
re

la
be

li
n

g
o
f

th
e

ve
rt

ic
es

.

N
ot

e
th

at
in

or
d

er
fo

r
th

e
n

ot
io

n
of

“e
q
u

al
in

la
w

u
p

to
re

la
b

el
in

g
of

th
e

ve
rt

ic
es

”
to

b
e

w
el

l
d
efi

n
ed

,
on

e
n
ee

d
s

to
sh

ow
th

at
th

e
ev

en
t

th
at

tw
o

gr
ap

h
p
ro

ce
ss

es
(G

t)
t≥

0
an

d
(G̃

t)
t≥

0

a
re

eq
u
a
l

u
p

to
re

la
b

el
in

g
is

m
ea

su
ra

b
le

.
T

h
e

p
ro

o
f

o
f

th
is

fa
ct

is
so

m
ew

h
a
t

te
ch

n
ic

a
l

a
n

d
w

il
l

b
e

gi
v
en

in
A

p
p

en
d
ix

C
.

D
e
fi

n
it

io
n

2
5

L
et
W

=
(W

,S
)

be
a

[0
,1

]-
va

lu
ed

gr
a
p
h
o
n

.
D

efi
n

e
G̃(
W

)
=

(G̃
t(
W

))
t≥

0

(r
es

p
.
G(
W

)
=

(G
t(
W

))
t≥

0
)

to
be

a
ra

n
d
o
m

fa
m

il
y

o
f

gr
a
p
h
s

w
it

h
th

e
sa

m
e

la
w

a
s

th
e

gr
a
p
h
s

(G̃
t)
t≥

0
(r

es
p
.

(G
t)
t≥

0
)

d
efi

n
ed

a
bo

ve
.

(i
)

A
ra

n
d
o
m

fa
m

il
y

o
f

si
m

p
le

gr
a
p
h
s

is
ca

ll
ed

a
gr

ap
h
on

p
ro

ce
ss

w
it

h
ou

t
is

ol
at

ed
ve

rt
ic

es
ge

n
er

a
te

d
by
W

if
it

h
a
s

th
e

sa
m

e
la

w
a
s
G(
W

)
u

p
to

re
la

be
li

n
g

o
f

th
e

ve
rt

ic
es

,
a
n

d
it

is
ca

ll
ed

a
g
ra

p
h
o
n

p
ro

ce
ss

w
it

h
is

o
la

te
d

v
er

ti
ce

s
ge

n
er

a
te

d
by
W

if
it

h
a
s

th
e

sa
m

e
la

w
a
s
G̃(
W

)
u

p
to

re
la

be
li

n
g

o
f

th
e

ve
rt

ic
es

.

(i
i)

A
ra

n
d
o
m

fa
m

il
y
G̃

=
(G̃

t)
t≥

0
o
f

si
m

p
le

gr
a
p
h
s

is
ca

ll
ed

a
g
ra

p
h
o
n

p
ro

ce
ss

if
th

er
e

ex
is

ts
a

gr
a
p
h
o
n
W

su
ch

th
a
t

a
ft

er
re

m
o
va

l
o
f

a
ll

is
o
la

te
d

ve
rt

ic
es

,
G̃

h
a
s

th
e

sa
m

e
la

w
a
s
G(
W

)
u

p
to

re
la

be
li

n
g

o
f

th
e

ve
rt

ic
es

.

If
G

=
(G

t)
t≥

0
is

a
gr

a
p
h
o
n

p
ro

ce
ss

,
th

en
w

e
re

fe
r

to
G
t

a
s

th
e

gr
ap

h
on

p
ro

ce
ss

at
ti

m
e
t.

G
iv

en
a

g
ra

p
h
o
n
W

=
(W

,S
)

o
n
e

ca
n

d
efi

n
e

m
u
lt

ip
le

o
th

er
n
a
tu

ra
l

ra
n
d
o
m

g
ra

p
h

m
o
d
el

s;
se

e
b

el
ow

.
H

ow
ev

er
,

th
e

g
ra

p
h

m
o
d
el

s
o
f

D
efi

n
it

io
n

2
5

h
av

e
o
n
e

p
ro

p
er

ty
w

h
ic

h
se

ts
th

em
a
p
a
rt

fr
o
m

th
es

e
m

o
d
el

s:
ex

ch
a
n
g
ea

b
il
it

y.
T

o
fo

rm
u
la

te
th

is
,

w
e

fi
rs

t
re

ca
ll

th
a
t

a
ra

n
d
o
m

m
ea

su
re
ξ

in
th

e
fi
rs

t
q
u
a
d
ra

n
t
R

2 +
is

jo
in

tl
y

ex
ch

a
n
g
ea

b
le

iff
fo

r
ev

er
y
h
>

0
,

p
er

m
u
ta

ti
on

σ
of

N
,

an
d
i,
j
∈
N

,

ξ(
I i
×
I j

)
d =
ξ(
I σ

(i
)
×
I σ

(j
))
,

w
h
er

e
I k

:=
[h

(k
−

1)
,h
k
].

H
er

e
d =

m
ea

n
s

eq
u
al

it
y

in
d
is

tr
ib

u
ti

on
,

an
d
,

as
u
su

al
,

a
ra

n
d
om

m
ea

su
re

on
R

2 +
is

a
m

ea
su

re
d
ra

w
n

fr
om

so
m

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
ov

er
th

e
se

t
of

al
l

B
or

el
m

ea
su

re
s

on
R

2 +
,

eq
u
ip

p
ed

w
it

h
th

e
m

in
im

a
l
σ

-a
lg

eb
ra

fo
r

w
h

ic
h

th
e

fu
n

ct
io

n
s
µ
7→
µ

(B
)

a
re

m
ea

su
ra

b
le

fo
r

a
ll

B
o
re

l
se

ts
B

.

T
o

re
la

te
th

is
n
ot

io
n

of
ex

ch
an

ge
ab

il
it

y
to

a
p
ro

p
er

ty
of

a
gr

ap
h
on

p
ro

ce
ss

,
w

e
w

il
l

as
si

gn
a

ra
n

d
om

m
ea

su
re
ξ(
G)

to
an

ar
b

it
ra

ry
p
ro

je
ct

iv
e

gr
ap

h
p

ro
ce

ss
G

=
(G

t)
t≥

0
.

D
efi

n
in

g
th

e
b

ir
th

ti
m

e
t v

of
a

ve
rt

ex
v
∈
V

(G
)

as
th

e
in

fi
m

u
m

ov
er

al
l

ti
m

es
t

su
ch

th
at
v
∈
V

(G
t)

,
w

e
d
efi

n
e

a
ra

n
d
om

m
ea

su
re
ξ

=
ξ(
G)

on
R

2 +
b
y

ξ(
G)

:=
∑

(u
,v

)∈
E

(G
)

δ (
t u
,t
v
),

(4
)

w
h

er
e

ea
ch

ed
ge

(u
,v

)
=

(v
,u

)
is

co
u

n
te

d
tw

ic
e

so
th

at
th

e
m

ea
su

re
is

sy
m

m
et

ri
c.

If
G

is
a

gr
ap

h
on

p
ro

ce
ss

w
it

h
is

ol
at

ed
ve

rt
ic

es
,

i.
e.

,
G

=
G̃(
W

)
fo

r
so

m
e

gr
ap

h
on
W

,
it

is
ea

sy
to

se
e
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

th
at

at
an

y
given

tim
e,

at
m

ost
on

e
vertex

is
b

orn
,

an
d

th
at

at
tim

e
t

=
0,
G
t

is
em

p
ty.

In
o
th

er
w

o
rd

s,

V
(G

0 )
=
∅

an
d
|V

(G
t )\V

(G
t −

)|≤
1

for
all

t
>

0.
(5)

It
is

n
ot

th
at

h
ard

to
ch

eck
th

at
th

e
m

easu
re
ξ

is
join

tly
ex

ch
an

geab
le

ifG
is

a
grap

h
on

p
ro

cess
w

ith
iso

la
ted

v
ertices

7
g
en

era
ted

fro
m

so
m

e
g
ra

p
h

o
n
W

.
B

u
t

it
tu

rn
s

o
u

t
th

a
t

th
e

co
n
v
erse

is
tru

e
a
s

w
ell,

p
rov

id
ed

th
e

seq
u
en

ce
h
a
s

u
n
ifo

rm
ly

reg
u
la

r
ta

ils.
T

h
e

fo
llow

in
g

th
eo

rem
w

ill
b

e
p
rov

ed
in

A
p
p

en
d
ix

G
,

a
n
d

a
s

w
ith

C
a
ro

n
a
n
d

F
ox

(2
0
1
4
)

w
e

w
ill

rely
o
n

th
e

K
allen

b
erg

th
eorem

for
join

tly
ex

ch
an

geab
le

m
easu

res
(K

allen
b

erg,
2005,

T
h
eorem

9.24)
fo

r
th

is
d
escrip

tio
n
.

V
eitch

a
n
d

R
oy

(2
0
1
5
)

h
av

e
in

d
ep

en
d
en

tly
fo

rm
u
la

ted
a
n
d

p
rov

ed
a

sim
ila

r
th

eo
rem

,
ex

cep
t

th
a
t

th
eir

v
ersio

n
d

o
es

n
o
t

in
clu

d
e

in
teg

ra
b

ility
o
f

th
e

g
ra

p
h

o
n

o
r

u
n
ifo

rm
ta

il
regu

larity
of

th
e

seq
u
en

ce
of

ran
d
om

grap
h
s.

B
efo

re
sta

tin
g

o
u
r

th
eo

rem
,

w
e

n
o
te

th
a
t

g
iv

en
a

lo
ca

lly
fi
n
ite

sy
m

m
etric

m
ea

su
re
ξ

th
a
t

is
a

co
u
n
ta

b
le

su
m

o
f

o
ff

-d
ia

g
o
n
a
l,

d
istin

ct
a
to

m
s

o
f

w
eig

h
t

o
n
e

in
th

e
in

terio
r

o
fR

2+
,

w
e

ca
n

a
lw

ay
s

fi
n

d
a

p
ro

jectiv
e

fa
m

ily
o
f

sim
p

le
g
ra

p
h

s
G
t

o
b

ey
in

g
th

e
co

n
d

itio
n

(5)
a
n

d
th

e
o
th

er
a
ssu

m
p
tio

n
s

w
e

m
a
k
e

a
b

ov
e,

a
n
d

th
a
t

u
p

to
v
ertices

w
h
ich

stay
iso

la
ted

fo
r

a
ll

tim
es,

th
is

fam
ily

of
grap

h
s

is
u
n
iq

u
ely

d
eterm

in
ed

b
y
ξ

u
p

to
relab

elin
g

of
th

e
vertices.

A
n
y

p
ro

jectiv
e

fa
m

ily
o
f

co
u

n
ta

b
le

sim
p
le

g
ra

p
h
sG

w
ith

fi
n

itely
m

a
n
y

ed
g
es

a
t

a
n
y

g
iv

en
tim

e
can

b
e

tran
sform

ed
in

to
on

e
ob

ey
in

g
th

e
con

d
ition

(5)
(b

y
lettin

g
th

e
vertices

ap
p

ear
in

th
e

g
ra

p
h
G
t

ex
a
ctly

a
t

th
e

tim
e

th
ey

w
ere

b
o
rn

a
n
d

m
erg

in
g

v
ertices

b
o
rn

a
t

th
e

sa
m

e
tim

e,
a
n

d
th

en
la

b
elin

g
v
ertices

b
y

th
eir

b
irth

tim
e),

p
rov

id
ed

th
e

m
ea

su
re
ξ(G

)
h

a
s

o
n

ly
p

o
in

t
m

asses
o
f

w
eig

h
t

on
e,

an
d

h
as

n
o

p
oin

ts
on

th
e

d
iagon

al
an

d
th

e
co

ord
in

ate
ax

es.

T
h

e
o
re

m
2
6

L
etG̃

=
(G̃

t )
t≥

0
be

a
p
ro

jective
fa

m
ily

o
f

ra
n

d
o
m

sim
p
le

gra
p
h
s

w
h
ich

sa
tisfy

(5
),

a
n

d
d
efi

n
e
ξ

=
ξ(G̃

)
by

(4).
T

h
en

th
e

fo
llo

w
in

g
tw

o
co

n
d
itio

n
s

a
re

equ
iva

len
t:

(i)
T

h
e

m
ea

su
re
ξ

is
a

jo
in

tly
exch

a
n

gea
ble

ra
n

d
o
m

m
ea

su
re

a
n

d
(G̃

t )
t≥

0
h
a
s

u
n

ifo
rm

ly
regu

la
r

ta
ils.

(ii)
T

h
ere

is
a
R

+
-va

lu
ed

ra
n

d
o
m

va
ria

ble
α

su
ch

th
a
tW

α
=

(W
α
,R

+
)

is
a

[0
,1

]-va
lu

ed
gra

p
h
o
n

a
lm

o
st

su
rely,

a
n

d
su

ch
th

a
t

co
n

d
itio

n
ed

o
n
α

,
(G̃

t )
t≥

0
(m

od
u

lo
vertices

th
a
t

a
re

iso
la

ted
fo

r
a
ll
t≥

0
)

h
a
s

th
e

la
w

o
fG̃

(W
α
)

u
p

to
rela

belin
g

o
f

th
e

vertices.

R
eca

ll
th

a
t

w
e

ca
lled

tw
o

g
ra

p
h
o
n
s

eq
u
iva

len
t

if
th

eir
d
ista

n
ce

in
th

e
cu

t
m

etric
δ�

is
zero.

T
h
e

follow
in

g
th

eorem
sh

ow
s

th
at

th
is

n
otion

of
eq

u
ivalen

ce
is

th
e

sam
e

as
eq

u
ivalen

ce
of

th
e

grap
h
on

p
ro

cess
gen

erated
from

tw
o

grap
h
on

s,
in

th
e

sen
se

th
at

th
e

resu
ltin

g
ran

d
om

g
ra

p
h
s

h
av

e
th

e
sa

m
e

d
istrib

u
tio

n
.

N
o
te

th
a
t

in
(ii)

w
e

o
n
ly

id
en

tify
th

e
law

o
f
G̃
t

u
p

to
v
ertices

th
a
t

a
re

iso
la

ted
fo

r
a
ll

tim
es;

it
is

clea
r

th
a
t

if
w

e
ex

ten
d

th
e

u
n
d
erly

in
g

m
ea

su
re

sp
a
ce

S
a
n
d

ex
ten

d
W

triv
ially

to
th

is
m

easu
re

sp
ace,

th
e

resu
ltin

g
grap

h
on

is
eq

u
ivalen

t
to
W

a
n

d
th

e
law

o
f

th
e

g
ra

p
h

s
G
t

rem
a
in

s
u

n
ch

a
n

g
ed

,
w

h
ile

th
e

law
o
f
G̃
t

m
ig

h
t

ch
a
n

g
e

d
u
e

to
a
d
d
itio

n
al

isolated
vertices.

7
.

T
h
is

is
o
n
e

o
f

th
e

in
sta

n
ces

in
w

h
ich

th
e

fa
m

ily
G̃

(W
)

is
m

o
re

u
sefu

l
th

a
t

th
e

fa
m

ily
G

(W
):

th
e

la
tter

o
n
ly

co
n
ta

in
s

in
fo

rm
a
tio

n
a
b

o
u
t

w
h
en

a
v
ertex

fi
rst

a
p
p

ea
red

in
a
n

ed
g
e

in
G̃

(W
),

a
n
d

n
o
t

in
fo

rm
a
tio

n
a
b

o
u

t
w

h
en

it
w

a
s

b
o
rn

.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

T
h

e
o
re

m
2
7

F
o
r
i

=
1,2

letW
i

=
(W

i ,S
i )

be
[0,1]-va

lu
ed

gra
p
h
o
n

s,
a
n

d
let

(G̃
it )
t≥

0
a
n

d
(G

it )
t≥

0
be

th
e

gra
p
h
o
n

p
rocesses

gen
era

ted
fro

m
W
i

w
ith

a
n

d
w

ith
o
u

t,
respectively,

iso
la

ted
vertices.

T
h
en

th
e

fo
llo

w
in

g
sta

tem
en

ts
a
re

equ
iva

len
t:

(i)
δ�

(W
1 ,W

2 )
=

0
.

(ii)
A

fter
rem

o
vin

g
a
ll

vertices
w

h
ich

a
re

iso
la

ted
fo

r
a
ll

tim
es,

(G̃
1t )
t≥

0
a
n

d
(G̃

2t )
t≥

0
a
re

equ
a
l

in
la

w
u

p
to

rela
belin

g
o
f

th
e

vertices.

(iii)
(G

1t )
t≥

0
a
n

d
(G

2t )
t≥

0
a
re

equ
a
l

in
la

w
u

p
to

rela
belin

g
o
f

th
e

vertices.

T
h
e

th
eo

rem
w

ill
b

e
p
rov

ed
in

A
p
p

en
d
ix

D
.

W
e

sh
ow

th
a
t

(i)
im

p
lies

(ii)
a
n
d

(iii)
b
y

u
sin

g
P

rop
osition

51,
w

h
ich

say
s

th
at

th
e

in
fi

m
u

m
in

th
e

d
efi

n
ition

of
δ�

is
attain

ed
u

n
d

er
certa

in
a
ssu

m
p
tio

n
s

o
n

th
e

u
n
d
erly

in
g

g
ra

p
h
o
n
s.

W
e

sh
ow

th
a
t

(ii)
o
r

(iii)
im

p
ly

(i)
b
y

u
sin

g
T

h
eorem

28
(i).

A
s

in
d
icated

b
efore,

in
ad

d
ition

to
th

e
grap

h
on

p
ro

cesses
d
efi

n
ed

ab
ove,

th
ere

are
several

o
th

er
n
a
tu

ra
l

ra
n
d

o
m

g
ra

p
h

m
o
d

els
g
en

era
ted

fro
m

a
g
ra

p
h
o
n
W

.
C

o
n

sid
er

a
seq

u
en

ce
o
f

p
rob

ab
ility

m
easu

res
(µ
n
)
n∈

N
on

(S
,S

),
an

d
con

stru
ct

a
seq

u
en

ce
of

ran
d
om

grap
h
s
G
n

as
follow

s.
S
tart

w
ith

a
sin

gle
vertex

(1,x
1 )

w
ith

x
1

sam
p
led

from
µ

1 .
In

step
n

,
sam

p
le
x
n

from
µ
n
,

in
d
ep

en
d
en

tly
from

all
vertices

an
d

ed
ges

sam
p
led

so
far,

an
d

for
each

i
=

1,...k
,

ad
d

an
ed

ge
b

etw
een

(i,x
i )

an
d

(n
,x

n
)

w
ith

p
rob

ab
ility

W
(x
i ,x

n
),

again
in

d
ep

en
d
en

tly
for

each
i

(an
d

in
d
ep

en
d
en

tly
of

all
vertices

an
d

ed
ges

ch
osen

b
efore).

A
ltern

atively,
sam

p
le

an
in

fi
n
ite

seq
u
en

ce
of

in
d
ep

en
d
en

t
featu

res
x

1 ,x
2 ,...

d
istrib

u
ted

accord
in

g
to
µ

1 ,µ
2 ,...,

an
d

let
G

b
e

th
e

grap
h

on
in

fi
n
itely

m
an

y
vertices

w
ith

vertex
set

id
en

tifi
ed

w
ith
{(n

,x
n
)

:
n
∈
N}

,
su

ch
th

a
t

fo
r

a
n
y

tw
o
n

1 ,n
2 ∈

N
th

ere
is

a
n

ed
g
e

b
etw

een
(n

1 ,x
n
1 )

a
n
d

(n
2 ,x

n
2 )

in
d
ep

en
d
en

tly
w

ith
p
rob

ab
ility

W
(x
n
1 ,x

n
2 ).

F
or

each
n
∈
N

let
G
n

b
e

th
e

in
d
u
ced

su
b
grap

h
of
G

con
sistin

g
on

ly
of

th
e

vertices
(k
,x

k )
for

w
h
ich

k
≤
n

.
It

w
a
s

p
rov

en
b
y

B
o
rg

s,
C

h
ay

es,
L

ov
á
sz,

S
ó
s,

a
n
d

V
eszterg

o
m

b
i

(2
0
0
8
)

th
a
t

d
en

se
W

-ra
n
d
o
m

g
ra

p
h
s

g
en

era
ted

fro
m

g
ra

p
h
o
n
s

o
n

p
ro

b
a
b
ility

sp
a
ces

co
n
v
erg

e
to
W

.
T

h
e

follow
in

g
th

eorem
gen

eralizes
th

is
to

grap
h

on
p

ro
cesses,

as
w

ell
as

for
th

e
altern

ative
m

o
d

el
d
efi

n
ed

in
term

s
of

a
su

itab
le

seq
u
en

ce
of

m
easu

res
µ
n
.

T
h

e
o
re

m
2
8

L
etW

=
(W

,S
)

w
ith

S
=

(S
,S
,µ

)
be

a
[0
,1

]-va
lu

ed
gra

p
h
o
n

.
T

h
en

th
e

fo
llo

w
in

g
h
o
ld

:

(i)
A

lm
o
st

su
rely

lim
t→
∞
δ
s�

(W
,G̃

t (W
))

=
0

a
n

d
lim

t→
∞
δ
s�

(W
,G

t (W
))

=
0.

(ii)
L

et
(G

n
)
n∈
N

be
th

e
sequ

en
ce

o
f

sim
p
le

gra
p
h
s

gen
era

ted
fro

m
W

w
ith

a
rriva

l
p
ro

ba
bili-

ties
µ
n

:=
µ

(S
n
) −

1µ|S
n

a
s

d
escribed

a
bo

ve,
w

h
ere

w
e

a
ssu

m
e
⋃
n∈

N
S
n

=
S

,
S
n
⊆
S
n

+
1 ,

a
n

d
0
<
µ

(S
n
)
<
∞

fo
r

a
ll
n
∈
N

,
a
n

d
W

is
n

o
t

equ
a
l

to
0

a
lm

o
st

everyw
h
ere.

T
h
en

a
.s.-lim

n→
∞
δ
s�

(W
,G

n
)

=
0

if
a
n

d
o
n

ly
if ∑

∞n
=

1
µ

(S
n
) −

1
=
∞

.

W
e

w
ill

p
rove

th
e

th
eorem

in
A

p
p

en
d
ix

D
.

P
art

(i)
of

th
e

th
eorem

is
p
roved

b
y

ob
serv

in
g

th
at

for
an

y
set

A
⊆
S

of
fi
n
ite

m
easu

re,
th

e
in

d
u
ced

su
b
grap

h
of
G̃
t

con
sistin

g
of

th
e

vertices
w

ith
featu

re
in
A

h
as

th
e

law
of

a
grap

h
gen

erated
from

a
grap

h
on

over
a

p
rob

ab
ility

sp
ace.

T
h
is

im
p
lies

th
at

w
e

can
u
se

con
vergen

ce
resu

lts
for

d
en

se
grap

h
s

to
con

clu
d
e

th
e

p
ro

of.
In
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

ou
r

p
ro

of
of

p
ar

t
(i

i)
w

e
fi
rs

t
sh

ow
th

at
th

e
co

n
d
it

io
n

on
S
n

is
n
ec

es
sa

ry
fo

r
co

n
ve

rg
en

ce
,

b
y

sh
ow

in
g

th
a
t

o
th

er
w

is
e
E

(G
n
)

is
em

p
ty

fo
r

a
ll
n
∈
N

w
it

h
p

o
si

ti
v
e

p
ro

b
a
b
il
it

y.
W

e
sh

ow
th

at
th

e
co

n
d
it

io
n

on
S
n

is
su

ffi
ci

en
t

b
y

co
n
st

ru
ct

in
g

a
co

u
p
li
n
g

of
(G

n
) n
∈N

an
d

a
gr

ap
h
on

p
ro

ce
ss

(G̃
t)
t≥

0
.

2
.5

L
e
ft

C
o
n
v
e
rg

e
n

c
e

L
ef

t
co

n
v
er

g
en

ce
is

a
n
o
ti

o
n

o
f

co
n
v
er

g
en

ce
w

h
er

e
w

e
co

n
si

d
er

su
b
g
ra

p
h

co
u
n
ts

o
f

sm
a
ll

te
st

gr
ap

h
s.

E
x
is

ti
n
g

li
te

ra
tu

re
d
efi

n
es

le
ft

co
n
ve

rg
en

ce
b

ot
h

fo
r

d
en

se
gr

ap
h
s

(L
ov

ás
z

an
d

S
ze

g
ed

y
,

2
0
0
6
)

a
n
d

fo
r

b
o
u
n
d
ed

d
eg

re
e

g
ra

p
h
s

(B
o
rg

s,
C

h
ay

es
,

K
a
h
n
,

a
n
d

L
ov

á
sz

,
2
0
1
3
),

w
it

h
a

d
iff

er
en

t
re

n
o
rm

a
li

za
ti

o
n

fa
ct

o
r

to
a
d

ju
st

fo
r

th
e

d
iff

er
en

ce
in

ed
g
e

d
en

si
ty

.
W

e
w

il
l

o
p

er
a
te

w
it

h
a

d
efi

n
it

io
n

o
f

su
b
g
ra

p
h

d
en

si
ty

w
it

h
a
n

in
te

rm
ed

ia
ry

re
n
o
rm

a
li
za

ti
o
n

fa
ct

o
r,

to
ta

ke
in

to
ac

co
u
n
t

th
at

ou
r

gr
ap

h
on

p
ro

ce
ss

sa
ti

sfi
es
ω

(|V
(G

t)
|)

=
|E

(G
t)
|=

O
(|V

(G
t)
|2 )

.
F

or
d

en
se

gr
ap

h
s

ou
r

d
efi

n
it

io
n

of
le

ft
co

n
ve

rg
en

ce
co

in
ci

d
es

w
it

h
th

e
st

an
d

ar
d

d
efi

n
it

io
n

in
th

e
th

eo
ry

of
d
en

se
gr

ap
h
s.

F
o
r

a
si

m
p
le

g
ra

p
h
F

a
n
d

a
si

m
p
le

g
ra

p
h
G

d
efi

n
e

h
om

(F
,G

)
to

b
e

th
e

n
u
m

b
er

o
f

ad
ja

ce
n
cy

p
re

se
rv

in
g

m
ap

s
φ

:
V

(F
)
→
V

(G
),

i.
e.

,
m

ap
s
φ

su
ch

th
at

if
(v

1
,v

2
)
∈
E

(F
),

th
en

(φ
(v

1
),
φ

(v
2
))
∈
E

(G
),

an
d

d
efi

n
e

in
j(
F
,G

)
b

e
th

e
n
u
m

b
er

of
su

ch
m

ap
s

th
at

ar
e

in
je

ct
iv

e.
D

efi
n

e
th

e
re

sc
a
le

d
h
o
m

o
m

o
rp

h
is

m
d
en

si
ty
h

(F
,G

)
an

d
th

e
re

sc
a
le
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Ŝ
k .

L
et
µ̃

a
n

d
µ̂

be
co

u
p
lin

gs
o
f
µ̃

1
a
n

d
µ̃

2 ,
a
n

d
µ̂

1
a
n

d
µ̂

2 ,
respectively.

If
µ̃

a
n

d
µ̂

a
gree

o
n
S

1 ×
S

2 ,
th

en
‖W̃

π
1

1
−
W̃

π
2

2
‖�

,µ̃
=
‖Ŵ
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t
to

p
rove

th
at

for
each

cou
p
lin

g
m

easu
re
µ

on
S
×
S

w
e

can

d
efi

n
e

a
cou

p
lin

g
m

easu
re
µ̃

on
N
×
N

su
ch

th
at‖

W
π
1

1
−
W

π
2

2
‖�

,µ
=
‖W̃

π̃
1

1
−
W̃

π̃
2

2
‖�

,µ̃
.
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

th
is

is
im

m
ed

ia
te

,
si

n
ce

w
e

ca
n

d
efi

n
e
µ̃

su
ch

th
at
µ̃
| S
×
S

=
µ

,
an

d
µ̃

(A
1
×
A

2
)

=
c|A

1
∩
A

2
|

fo
r
A
i
⊆

N
\S

.

N
ex

t
w

e
w

il
l

p
ro

v
e

th
at

δ �
(W

1
,W

2
)
≤
δ �

(W̃
1
,W̃

2
).

(7
)

A
g
a
in

b
y

D
efi

n
it

io
n

5
(i

),
it

w
il
l

b
e

su
ffi

ci
en

t
to

p
ro

v
e

th
a
t

g
iv

en
a
n
y

co
u
p
li
n
g

m
ea

su
re

µ̃
o
n
N
×

N
w

e
ca

n
fi
n
d

a
co

u
p
li
n
g

m
ea

su
re
µ

o
n
S
×
S

su
ch

th
a
t
‖W

π
1

1
−
W

π
2

2
‖ �

,µ
≤

‖W̃
π
1

1
−
W̃

π
2

2
‖ �

,µ̃
.

B
y

th
e

fo
ll
ow

in
g

a
rg

u
m

en
t

w
e

m
ay

a
p
p
ro

x
im

a
te
‖W̃

π
1

1
−
W̃

π
2

2
‖ �

,µ̃
a
rb

it
ra

ri
ly

w
el

l
b
y

re
p
la

ci
n
g
µ̃

w
it

h
a

co
u
p
li
n
g

m
ea

su
re

w
h
ic

h
is

su
p
p

o
rt

ed
o
n

(Ŝ
×
Ŝ

)
∪

((
N
\Ŝ

)
×

(N
\Ŝ

))
,

w
h
er

e
Ŝ

:=
{1
,.
..
,K
}

fo
r

so
m

e
su

ffi
ci

en
tl

y
la

rg
e
K
∈
N

.
In

d
ee

d
,

b
y

C
o
ro

ll
a
ry

3
5
,

g
iv

en
a

co
u
p
li
n
g

m
ea

su
re
µ̃

o
n

N
×

N
a
n
d
K
∈

N
,

w
e

ca
n

d
efi

n
e

a
m

ea
su

re
µ̂

su
p
p

o
rt

ed
o
n

( Ŝ
×
Ŝ

)
∪

((
N
\Ŝ

)
×

(N
\Ŝ

))
su

ch
th

at
µ̂
≥
µ̃

on
( Ŝ
×
Ŝ

)
∪

((
N
\Ŝ

)
×

(N
\Ŝ

))
.

It
is

ea
sy

to
se

e
fr

o
m

th
e

co
n

st
ru

ct
io

n
o
f

th
is

m
ea

su
re

in
th

e
p

ro
o
f

o
f

C
o
ro

ll
a
ry

3
5

th
a
t

w
h

en
K

co
n
v
er

g
es

to
in

fi
n
it

y,
th

e
m

ea
su

re
µ̂

co
n
ve

rg
es

to
µ̃

w
h
en

re
st

ri
ct

ed
to

(S
×

N
)
∪

(N
×
S

)
(f

or
ex

am
p
le

fo
r

th
e

to
p

o
lo

g
y

w
h
er

e
w

e
lo

o
k

a
t

th
e

m
a
x
im

u
m

d
iff

er
en

ce
o
f

th
e

m
ea

su
re

a
ss

ig
n
ed

to
a
n
y

se
t

in
(S
×
N

)
∪

(N
×
S

))
.

T
h
er

ef
or

e
th

e
co

rr
es

p
on

d
in

g
cu

t
n
or

m
s

al
so

co
n
ve

rg
e.

T
h
is

sh
ow

s
th

a
t

w
e

m
ay

a
ss

u
m

e
th

a
t
µ̃

is
su

p
p

o
rt

ed
o
n

(Ŝ
×
Ŝ

)
∪

((
N
\Ŝ

)
×

(N
\Ŝ

))
fo

r
so

m
e
K
∈

N
w

h
en

p
ro

v
in

g
(7

).

L
et
µ̃
′ b

e
th

e
re

st
ri

ct
io

n
of
µ̃

to
Ŝ
×
Ŝ

.
T

h
en
‖W̃

1
−
W̃

2
‖ �

,N
×
N
,µ̃

=
‖Ŵ

1
−
Ŵ

2
‖ �

,Ŝ
×
Ŝ
,µ̃
′
w

h
er

e

Ŵ
i

=
(Ŵ

i,
Ŝ
i)

is
th

e
tr

iv
ia

l
ex

te
n
si

on
s

of
W
i

to
th

e
m

ea
su

re
sp

ac
e

Ŝ
i

as
so

ci
at

ed
w

it
h
Ŝ
i.

W
e

w
il
l
p
ro

ve
th

at
w

e
m

ay
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
µ̃
′ c

or
re

sp
on

d
s

to
a

p
er

m
u
ta

ti
on

o
f
Ŝ

.
B

y
ch

o
o
si

n
g
M
∈
N

su
ffi

ci
en

tl
y

la
rg

e
w

e
ca

n
a
p
p
ro

x
im

a
te
‖Ŵ

1
−
Ŵ

2
‖ �

,µ̃
′

a
rb

it
ra

ri
ly

w
el

l
b
y

re
p
la

ci
n
g
µ̃
′ w

it
h

a
m

ea
su

re
su

ch
th

at
ea

ch
el

em
en

t
(i
,j

)
∈
Ŝ
×
Ŝ

h
as

a
m

ea
su

re
w

h
ic

h
is

an
in

te
ge

r
m

u
lt

ip
le

of
c/
M

;
h
en

ce
w

e
m

ay
as

su
m

e
µ̃
′

is
on

th
is

fo
rm

.
E

ac
h

su
ch
µ̃
′

ca
n

b
e

d
es

cr
ib

ed
in

te
rm

s
of

a
p

er
m

u
ta

ti
on

σ
′ o

f
[K
M

]
v
ia
µ̃
′ (

(i
,j

))
=
∑

K
M

`=
1
c/
M
δ i
,d`
/M
eδ
j,
dσ
′ (
`)
/M
e.

L
et
Ŵ
′ i
=

(Ŵ
′ i,

[K
M

])
b

e
th

e
gr

ap
h
on

su
ch

th
at

ea
ch
j
∈

[K
M

]
h
as

m
ea

su
re
c/
M

,
an

d
su

ch

th
at
Ŵ
′ i
=

(Ŵ
i)
φ

fo
r

th
e

m
ea

su
re

-p
re

se
rv

in
g

m
ap

φ
:

[K
M

]
→

[K
]

d
efi

n
ed

b
y
φ

(j
)

:=
dj
/M
e.

U
si

n
g

P
ro

p
o
si

ti
o
n

3
9

a
n
d

th
e

a
b

ov
e

o
b
se

rv
a
ti

o
n

o
n

d
es

cr
ib

in
g
µ̃
′ (

(i
,j

))
in

te
rm

s
o
f

a

p
er

m
u
ta

ti
on

σ
′

of
[K
M

]
w

e
se

e
th

at
‖Ŵ

1
−
Ŵ

2
‖ �

,µ̃
′

=
‖Ŵ

′ 1
−

(Ŵ
′ 2
)σ
′ ‖
�

.
U

p
on

re
p
la

ci
n
g
Ŵ
i

b
y
Ŵ
′ i

th
ro

u
gh

ou
t

th
e

p
ro

of
,

w
e

m
ay

as
su

m
e

th
at

th
e

m
ea

su
re
µ̃
′

is
a

p
er

m
u
ta

ti
on

.

T
o

co
m

p
le

te
th

e
p

ro
of

it
is

th
er

ef
or

e
su

ffi
ci

en
t

to
co

n
si

d
er

so
m

e
p

er
m

u
ta

ti
on

σ̂
of
Ŝ

an
d

p
ro

ve
th

at
w

e
ca

n
fi
n
d

a
p

er
m

u
ta

ti
o
n
σ

of
Ŝ

m
ap

p
in

g
S

to
S

su
ch

th
at

‖Ŵ
1
−
Ŵ

σ̂ 2
‖ �
≥
‖Ŵ

1
−
Ŵ

σ 2
‖ �
.

(8
)

W
e

m
o
d
if

y
th

e
p

er
m

u
ta

ti
on

σ̂
st

ep
b
y

st
ep

to
ob

ta
in

a
p

er
m

u
ta

ti
on

m
ap

p
in

g
S

to
S

.
A

b
u
si

n
g

n
ot

at
io

n
sl

ig
h
tl

y
w

e
le

t
σ̂

an
d
σ

d
en

ot
e

th
e

ol
d

an
d

n
ew

,
re

sp
ec

ti
ve

ly
,

p
er

m
u
ta

ti
on

s
in

a
si

n
gl

e
st

ep
.

In
ea

ch
st

ep
ch

o
os

e
i 1
,i

2
≤
n

an
d
j 1
,j

2
>
n

su
ch

th
at
σ̂

(i
1
)

=
j 1

an
d
σ̂

(j
2
)

=
i 2

;
if

su
ch

i 1
,i

2
,j

1
,j

2
d
o

n
ot

ex
is

t
w

e
k
n
ow

th
at
σ̂

m
ap

s
S

to
S

.
T

h
en

d
efi

n
e
σ

(i
1
)

:=
i 2

an
d
σ

(j
2
)

:=
j 1

,

a
n
d

fo
r
k
6∈
{i

1
,j

2
}

d
efi

n
e
σ

(k
)

:=
σ̂

(k
).

W
e

h
av

e
‖Ŵ

1
−
Ŵ

σ 2
‖ �
≤
‖Ŵ

1
−
Ŵ

σ̂ 2
‖ �

b
y

th
e

fo
ll
ow

in
g

a
rg

u
m

en
t.

L
et
U
,V
⊆

N
b

e
su

ch
th

a
t
‖Ŵ

1
−
Ŵ

σ 2
‖ �

=
|∫
U
×
V

( Ŵ
1
−
Ŵ

σ 2

) d
x
d
y
|.

S
in

ce
σ

(j
2
)
>
n

(i
m

p
ly

in
g

th
a
t

b
o
th

Ŵ
1

a
n
d
Ŵ

σ 2
a
re

tr
iv

ia
l

o
n

(j
2
×

N
)

a
n
d

(N
×
j 2

))

3
3

JM
L
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0)
:1

-7
1,

 2
01

8

B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

th
e

fo
ll
ow

in
g

id
en

ti
ty

h
o
ld

s
if

w
e

d
efi

n
e
U
′ :

=
U
\{
j 2
}

o
r
U
′ :

=
U
∪
{j

2
},

a
n
d

if
w

e
d
efi

n
e

V
′ :

=
V
\{
j 2
}

or
V
′ :

=
V
∪
{j

2
}:

∫ U
×
V

( Ŵ
1
−
Ŵ

σ 2

) d
x
d
y

=

∫ U
′ ×
V
′

( Ŵ
1
−
Ŵ

σ 2

) d
x
d
y
.

In
o
th

er
w

o
rd

s,
∫ U
×
V

(Ŵ
1
−
Ŵ

σ 2
)
d
x
d
y

is
in

va
ri

a
n
t

u
n
d
er

a
d
d
in

g
o
r

re
m

ov
in

g
j 2

fr
o
m
U

an
d
/o

r
V

.
T

h
er

ef
or

e
w

e
m

ay
as

su
m

e
w

it
h
o
u
t

lo
ss

of
ge

n
er

al
it

y
th

at

j 2
∈
U

iff
i 1
∈
U
,

j 2
∈
V

iff
i 1
∈
V
,

(9
)

si
n
ce

if
(9

)
is

n
o
t

sa
ti

sfi
ed

w
e

m
ay

re
d
efi

n
e
U

a
n
d
V

su
ch

th
a
t

(9
)

h
o
ld

s,
a
n
d

w
e

st
il
l

h
av

e

‖Ŵ
1
−
Ŵ

σ 2
‖ �

=
|∫
U
×
V

(Ŵ
1
−
Ŵ

σ 2
)
d
x
d
y
|.

T
h
e

a
ss

u
m

p
ti

o
n

(9
)

im
p
li
es

th
a
t
∫ U
×
V

(Ŵ
1
−

Ŵ
σ 2
)
d
x
d
y

=
∫ U
×
V

(Ŵ
1
−
Ŵ

σ̂ 2
)
d
x
d
y
,

w
h
ic

h
im

p
li
es

(8
)

si
n
ce

w
e

ca
n

ob
ta

in
a

p
er

m
u
ta

ti
on

σ
m

ap
p
in

g
S

to
S

in
fi
n
it

el
y

m
an

y
st

ep
s

as
d
es

cr
ib

ed
ab

ov
e.

N
ow

w
e

w
il
l

p
ro

ve
th

e
le

m
m

a
fo

r
ge

n
er

al
gr

ap
h
on

s.
W

e
w

il
l

re
d
u
ce

th
e

p
ro

b
le

m
st

ep
b
y

st
ep

to
a

p
ro

b
le

m
w

it
h

ad
d
it

io
n
al

co
n
d
it

io
n

s
on

th
e

m
ea

su
re

sp
ac

es
in

vo
lv

ed
,

u
n
ti

l
w

e
h
av

e
re

d
u
ce

d
th

e
p
ro

b
le

m
to

th
e

sp
ec

ia
l

ca
se

co
n
si

d
er

ed
ab

ov
e.

F
ir

st
w

e
sh

ow
th

at
w

e
m

ay
as

su
m

e
S
i

an
d

S̃
i

ar
e

n
on

-a
to

m
ic

.
D

efi
n
e
S
′ i
:=

S
i
×

[0
,1

]
an

d

S̃
′ i
:=

S̃
i
×

[0
,1

],
le

t
S
′ i

an
d

S̃
′ i

b
e

th
e

co
rr

es
p

on
d
in

g
at

om
le

ss
p
ro

d
u
ct

m
ea

su
re

sp
ac

es
w

h
en

[0
,1

]
is

eq
u
ip

p
ed

w
it

h
L

eb
es

g
u
e

m
ea

su
re

,
a
n
d

le
t
W
′ i

=
(W
′ i,

S
′ i)

a
n
d
W̃
′ i

=
(W̃
′ i,

S̃
′ i)

b
e

gr
ap

h
on

s
su

ch
th

at
W
′ i
=

(W
i)
π
1 i

an
d
W̃
′ i
=

(W̃
i)
π̃
1 i
,

w
h
er

e
π

1 i
:
S
′ i
→

S
i

an
d
π̃

1 i
:
S̃
′ i
→

S̃
i

ar
e

th
e

p
ro

je
ct

io
n

m
ap

s
on

th
e

fi
rs

t
co

or
d
in

at
es

.
B

y
co

n
si

d
er

in
g

th
e

n
at

u
ra

l
co

u
p
li
n

g
of
S̃
′ i

an
d
S̃
i

it
is

cl
ea

r
th

at
δ �

(W̃
′ i,
W̃
i)

=
0.

It
th

er
ef

or
e

fo
ll
ow

s
fr

om
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y

th
at

δ �
(W̃

1
,W̃

2
)

=
δ �

(W̃
′ 1
,W̃
′ 2
).

S
im

il
a
rl

y,
δ �

(W
1
,W

2
)

=
δ �

(W
′ 1
,W
′ 2
).

In
o
rd

er
to

p
ro

v
e

th
a
t

δ �
(W̃

1
,W̃

2
)

=
δ �

(W
1
,W

2
)

it
is

th
er

ef
or

e
su

ffi
ci

en
t

to
p

ro
ve

th
at
δ �

(W̃
′ 1
,W̃
′ 2
)

=
δ �

(W
′ 1
,W
′ 2
).

S
in

ce
S
′ i

a
n
d

S̃
′ i

a
re

a
to

m
le

ss
a
n
d
W̃
′ i

is
a

tr
iv

ia
l

ex
te

n
si

o
n

o
f
W
′ i

it
is

th
er

ef
o
re

su
ffi

ci
en

t
to

p
ro

v
e

th
e

le
m

m
a

fo
r

at
om

le
ss

m
ea

su
re

sp
ac

es
.

N
ex

t
w

e
w

il
l

re
d
u
ce

th
e

g
en

er
a
l

ca
se

to
th

e
ca

se
w

h
en

µ̃
i(
S̃
i)

=
∞

.
If
µ̃
i(
S̃
i)
<
∞

w
e

ex
te

n
d

S̃
i

to
a

sp
ac

e
Ŝ
i

of
in

fi
n
it

e
m

ea
su

re
,

an
d

le
t
Ŵ
i

b
e

th
e

tr
iv

ia
l

ex
te

n
si

on
of
W̃
i

to
Ŝ
i.

A
ss

u
m

in
g

w
e

h
av

e
p
ro

v
ed

th
e

le
m

m
a

fo
r

th
e

ca
se

w
h
en

th
e

ex
te

n
d
ed

m
ea

su
re

sp
a
ce

s
h
av

e
in

fi
n
it

e
m

ea
su

re
,

it
fo

ll
ow

s
th

at

δ �
(W

1
,W

2
)

=
δ �

(Ŵ
1
,Ŵ

2
)

=
δ �

(W̃
1
,W̃

2
);

h
en

ce
th

e
le

m
m

a
al

so
h
ol

d
s

fo
r

th
e

ca
se

w
h
en

µ̃
i(
S̃
i)
<
∞

.
N

ex
t

w
e

p
ro

v
e

th
a
t

w
e

m
ay

a
ss

u
m

e
µ
i(
S
i)
<
∞

.
W

e
p
ro

ce
ed

si
m

il
a
rl

y
a
s

in
th

e
p
re

v
io

u
s

p
a
ra

g
ra

p
h
,

a
n
d

a
ss

u
m

e
µ
i(
S
i)

=
∞

.
B

y
L

em
m

a
3
6

w
e

m
ay

a
ss

u
m

e
W
i

a
re

su
p
p

o
rt

ed
o
n

se
ts

o
f

fi
n
it

e
m

ea
su

re
,

a
n
d

w
e

le
t

Ŝ
i

=
( Ŝ
i,
Ŝ i
,µ̂

i)
b

e
a

re
st

ri
ct

io
n

o
f

S
i

su
ch

th
a
t

su
p
p
(W

i)
⊆
Ŝ
i
×
Ŝ
i

a
n
d
µ̂
i(
Ŝ
i)
<
∞

.
S
in

ce
S
i

is
n
o
n
-a

to
m

ic
w

e
m

ay
a
ss

u
m

e

µ̂
1
( Ŝ

1
)

=
µ̂

2
( Ŝ

2
).

D
efi

n
e

th
e

g
ra

p
h
o
n
Ŵ
i

=
( Ŵ

i,
Ŝ
i)

to
b

e
su

ch
th

a
t
W
i

is
th

e
tr

iv
ia

l

ex
te

n
si

on
of
Ŵ
i

to
S
i.

A
ss

u
m

in
g

w
e

h
av

e
p
ro

ve
d

th
e

le
m

m
a

fo
r

th
e

ca
se

w
h
en

µ
i(
S
i)
<
∞

,
it

fo
ll
ow

s
th

at
δ �

(W
1
,W

2
)

=
δ �

(Ŵ
1
,Ŵ

2
)

=
δ �

(W̃
1
,W̃

2
);

h
en

ce
th

e
le

m
m

a
al

so
h
ol

d
s

fo
r

th
e

ca
se

w
h
en

µ
i(
S
i)
<
∞

.

34
JM

L
R

 1
8(

21
0)

:1
-7

1,
 2

01
8



L
im

it
s
o
f
S
pa

r
se
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b
l
e
G
r
a
p
h
s
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t

w
e

m
ay
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m
e
W
i

is
a

step
fu
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1
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ch
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t

ea
ch

step
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s
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e
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m

e
m

ea
su

re
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>

0
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S
tep

fu
n
ctio

n
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a
re
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en
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L
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a
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d
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en
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is
im

m
ed

ia
te

fro
m

L
em

m
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3
6

th
a
t

w
e

m
ay
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ssu

m
e
W
i

is
a

step
fu

n
ctio

n
.

W
e

m
ay

a
ssu

m
e

th
at

th
e

m
easu

re
of

each
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a

ration
al

m
u
ltip
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of
µ
i (S

i );
if

th
is

is
n
ot

th
e

case
w

e
m

ay
a
d
ju

st
th

e
step

s
slig

h
tly

(b
eca

u
se

S
i

is
n
o
n
-a

to
m

ic,
w

e
ca

n
ch

o
o
se

su
b
sets

o
f

th
e

step
s

o
f

a
n
y

d
esired

m
ea

su
res,

b
y

E
x
ercise

2
fro

m
§4

1
in

th
e

b
o
o
k

o
f

H
a
lm

o
s,

1
9
7
4
)

to
o
b

ta
in

th
is.

A
ssu

m
in

g
each

step
h
as

a
m

easu
re

w
h
ich

is
a

ration
al

m
u
ltip

le
of
µ
i (S

i )
w

e
m

ay
su

b
d
iv

id
e

ea
ch

step
su

ch
th

a
t

ea
ch

step
o
b
ta

in
s

th
e

sa
m

e
m

ea
su

re
c
>

0
,

a
g
a
in

u
sin

g
th

e
ex

ercise
in

th
e

b
o
o
k

b
y

H
a
lm

os
(1974).

A
ssu

m
e
W
i

a
re

step
fu

n
ctio

n
s

co
n
sistin

g
o
f
k
∈

N
step

s
ea

ch
h
av

in
g

m
ea

su
re
c
>

0
,

a
n
d

th
a
t
µ
i (S

i )
<
∞

a
n
d
µ̃
i (S̃

i )
=
∞

.
L

et
W
′i

=
(W
′i ,[n

])
(resp

.W̃
′i

=
(W̃
′i ,N

))
b

e
a

g
ra

p
h
o
n

ov
er

[n
]

:=
{1
,...,n}

(resp
.N

)
eq

u
ip

p
ed

w
ith

th
e

d
iscrete

σ
-a

lg
eb

ra
,

su
ch

th
a
t

each
j∈

[n
]

(resp
.
j∈

N
)

h
as

m
easu

re
c,

an
d

su
ch

th
at
W
i

=
(W
′i )
φ
i

(resp
.
W̃
i

=
(W̃
′i )
φ̃
i)

for

a
m

easu
re-p

reserv
in

g
m

ap
φ
i :
S
i →

[k
]

(resp
.
φ̃
i :
S̃
i →

N
).

T
h
en
δ�

(W
1 ,W

2 )
=
δ�

(W
′1 ,W

′2 )

an
d
δ�

(W̃
1 ,W̃

2 )
=
δ�

(W̃
′1 ,W̃

′2 ).
B

y
th

e
sp

ecial
case

w
e

con
sid

ered
in

th
e

fi
rst

p
aragrap

h
s

of

th
e

p
ro

o
f,
δ�

(W
′1 ,W

′2 )
=
δ�

(W̃
′1 ,W̃

′2 ).
C

o
m

b
in

in
g

th
e

a
b

ov
e

id
en

tities,
o
u
r

d
esired

resu
lt

δ�
(W

1 ,W
2 )

=
δ�

(W̃
1 ,W̃

2 )
follow

s.
T

o
p
rov

e
th

e
resu

lt
fo

r
th

e
m

etric
δ
p ,

w
e

fo
llow

th
e

step
s

a
b

ov
e.

T
h
e

o
n
ly

p
la

ce
w

h
ere

th
e

p
ro

o
f

d
iff

ers
is

in
th

e
p
ro

o
f

o
f

(8).
L

et
σ

,
σ̂

,
a
n
d
i1 ,i2 ,j

1 ,j
2

b
e

a
s

in
th

e
p
ro

o
f

o
f

(8).
W

e
w

o
u
ld

lik
e

to
sh

ow
th

at

‖Ŵ
1 −

Ŵ
σ2 ‖

pp ≤
‖Ŵ

1 −
Ŵ

σ̂2 ‖
pp .

W
ritin

g
b

oth
sid

es
as

a
su

m
over

(i,j)∈
Ŝ

2
w

e
con

sid
er

th
e

follow
in

g
th

ree
cases

sep
arately

:
(i)

(i,j)∈
(Ŝ
\{i1 ,j

2 })
2,

(ii)
(i,j)∈

{i1 ,j
2 }×

(Ŝ
\{i1 ,j

2 }
)

or
(i,j)∈

(Ŝ
\{i1 ,j

2 })×
{i1 ,j

2 }
,

a
n
d

(iii)
(i,j)∈

{
i1 ,j

2 }×
{i1 ,j

2 }
.

In
ca

se
(i)

th
e

term
s

a
re

id
en

tica
l

o
n

th
e

left
sid

e
a
n
d

o
n

th
e

rig
h
t

sid
e.

F
o
r

d
ea

lin
g

w
ith

ca
se

(ii)
it

is
su

ffi
cien

t
to

p
rov

e
th

a
t

fo
r

a
n

a
rb

itra
ry

i∈
(Ŝ
\{
i1 ,j

2 }
),

|Ŵ
1 (i1 ,i)−

Ŵ
σ2
(i1 ,i)| p

+
|Ŵ

1 (j
2 ,i)−

Ŵ
σ2
(j

2 ,i)| p

≤
|Ŵ

1 (i1 ,i)−
Ŵ

σ̂2
(i1 ,i)| p

+
|Ŵ

1 (j
2 ,i)−

Ŵ
σ̂2
(j

2 ,i)| p.

T
h
is

is
eq

u
iva

len
t

to

|Ŵ
1 (i1 ,i)−

Ŵ
2 (i2 ,σ̂

(i))| p≤
|Ŵ

1 (i1 ,i)| p
+
|Ŵ

2 (i2 ,σ̂
(i))| p.

T
h
is

in
eq

u
a
lity

is
o
b
v
io

u
sly

tru
e

if
eith

er
p

=
1

o
r

b
o
th
Ŵ

1
a
n
d
Ŵ

2
a
re

n
o
n
-n

eg
a
tiv

e.
F

o
r

ca
se

(iii)
w

e
n
eed

to
sh

ow
th

at

∑

i,j∈{
i1
,j
2 } |Ŵ

1 (i,j)−
Ŵ

σ2
(i,j)| p≤

∑

i,j∈{
i1
,j
2 } |Ŵ

1 (i,j)−
Ŵ

σ̂2
(i,j)| p.

W
ritin

g
o
u
t

b
o
th

sid
es

w
e

see
th

at
th

is
is

eq
u
ivalen

t
to

|Ŵ
1 (i1 ,i1 )−

Ŵ
2 (i2 ,i2 )| p≤

|Ŵ
1 (i1 ,i1 )| p

+
|Ŵ

2 (i2 ,i2 )| p,

w
h
ich

is
a
g
a
in

tru
e

if
eith

er
p

=
1

or
b

oth
Ŵ

1
an

d
Ŵ

2
are

n
on

-n
egative.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

P
ro

o
f

o
f

P
ro

p
o
sitio

n
6

a
n

d
P

ro
p

o
sitio

n
3
2

T
h

e
ex

isten
ce

o
f

a
co

u
p

lin
g

fo
llow

s
fro

m
L

em
m

a
34

w
ith

D
1

=
D

2
=
∅
.

T
o

p
rov

e
th

e
n
ex

t
sta

tem
en

t
o
f

th
e

p
ro

p
o
sitio

n
,

i.e.,
th

a
t

th
e

va
lu

e
o
f
δ�

(W
1 ,W

2 )
is

in
d
ep

en
d
en

t
o
f

th
e

ex
ten

sio
n
s

S̃
i ,

w
e

co
n
sid

er
a
ltern

a
tiv

e
ex

ten
sio

n
s

Ŝ
i

=
(Ŝ
i ,Ŝ

i ,µ̂
i )

o
f

S
i

fo
r
i

=
1
,2

,
a
n
d

letŴ
i

d
en

o
te

th
e

triv
ia

l
ex

ten
sio

n
o
fW

i
to

Ŝ
i .

B
y

L
em

m
a

4
2

it
is

su
ffi

cien
t

to
co

n
sid

er
th

e
ca

se
w

h
en

µ̃
i (S̃

i \S
i )

=
µ̂
i (Ŝ

i \
S
i )

=
∞

,
sin

ce
if

th
e

ex
ten

sio
n

s
d

o
n

ot
satisfy

th
is

p
rop

erty
w

e
can

ex
ten

d
th

em
to

a
sp

ace
of

in
fi

n
ite

m
easu

re,
an

d
L

em
m

a
42

sh
ow

s
th

a
t

th
e

cu
t

n
o
rm

is
u
n
ch

a
n
g
ed

.
It

is
su

ffi
cien

t
to

p
rov

e
th

a
t,

g
iv

en
a
n
y

co
u
p
lin

g
m

easu
re
µ̃

on
S̃

1 ×
S̃

2 ,
w

e
can

fi
n
d

a
cou

p
lin

g
m

easu
re
µ̂

on
Ŝ

1 ×
Ŝ

2 ,
su

ch
th

at

‖
W̃

π
1

1
−
W̃

π
2

2
‖�

,S̃
1 ×
S̃
2
,µ̃

=
‖
Ŵ

π
1

1
−
Ŵ

π
2

2
‖�

,Ŝ
1 ×
Ŝ
2
,µ̂
.

(10)

B
y

C
o
ro

lla
ry

4
0
,

th
e

left
sid

e
o
f

(10)
o
n
ly

d
ep

en
d
s

o
n
µ̃

restricted
to
S

1 ×
S

2 ;
in

a
sim

ila
r

w
ay,

th
e

rig
h
t

sid
e

o
n
ly

d
ep

en
d
s

o
n
µ̂

restricted
to
S

1 ×
S

2 .
W

e
th

erefo
re

ca
n

d
efi

n
e

a
n

a
p
p
ro

p
ria

te
m

ea
su

re
µ̂

o
n
Ŝ

1 ×
Ŝ

2
b
y

d
efi

n
in

g
µ̂|S

1 ×
S
2

=
µ̃|S

1 ×
S
2 ,

a
n
d

ex
ten

d
in

g
it

to
a

cou
p
lin

g
m

easu
re

on
Ŝ

1 ×
Ŝ

2
b
y

L
em

m
a

34;
th

is
y
ield

s
(10).

T
h
e

fu
n
ction

δ�
is

clearly
sy

m
m

etric
an

d
n
on

-n
egative.

T
o

p
rove

th
at

it
is

a
p
seu

d
om

etric
it

is
th

erefo
re

su
ffi

cien
t

to
p
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e

th
a
t

it
sa

tisfi
es

th
e

tria
n

g
le

in
eq

u
a
lity.

T
h

is
is

im
m

ed
ia

te
b
y

L
em

m
a

41
an

d
th

e
d
efi

n
ition

of
δ�

as
giv

en
in

D
efi

n
ition

5(ii).
T

h
e

p
ro

of
for

th
e

m
etric

δ
1

follow
s

ex
actly

th
e

sam
e

step
s.

U
sin

g
th

e
sta

tem
en

ts
o
f

L
em

m
a

4
2
,

C
o
ro

lla
ry

4
0
,

a
n

d
L

em
m

a
4
1

fo
r
p
>

1
,

th
e

a
b

ov
e

p
ro

of
of

P
rop

osition
6

im
m

ed
iately

gen
eralizes

to
th

e
in

varian
t
L
p

m
etric

δ
p

a
s

lon
g

as
th

e
grap

h
on

s
in

q
u
estion

are
n
on

-n
egative

grap
h
on

s
in
L
p

(in
ad

d
ition

to
b

ein
g

in
L

1,
as

req
u
ired

b
y

th
e

d
efi

n
ition

of
a

grap
h
on

).
T

h
is

p
rov

es
P

rop
osition

32.

F
o
r

tw
o

g
ra

p
h
o
n
sW

=
(W

,S
)

a
n
d
W̃

=
(W̃

,S̃
)

fo
r

w
h
ich

S
=

S̃
,

it
is

im
m

ed
ia

te

th
a
t
δ�

(W
,W̃

)≤
‖
W
−
W̃
‖

1 .
T

h
e

fo
llow

in
g

lem
m

a
g
iv

es
a
n

a
n
a
lo

g
o
u
s

b
o
u
n
d

w
h
en

W

a
n
d
W̃

a
re

d
efi

n
ed

o
n

th
e

sa
m

e
m

ea
su

ra
b
le

sp
a
ce

a
n
d
W

=
W̃

,
b
u
t

th
e

m
ea

su
res

a
re

n
o
t

id
en

tica
l.

If
µ

a
n
d
µ̃

a
re

tw
o

m
ea

su
res

o
n

th
e

sa
m

e
m

ea
su

ra
b
le

sp
a
ce

(S
,S

)
a
n
d
a
≥

0
w

e
w

rite
µ
≤
a
µ̃

to
m

ean
th

at
µ

(A
)≤

a
µ̃

(A
)

for
every

A
∈
S

.

L
e
m

m
a

4
4

L
etW

=
(W

,S
)

w
ith

S
=

(S
,S
,µ

)
a
n

d
W̃

=
(W

,S̃
)

w
ith

S̃
=

(S
,S
,µ̃

)
be

gra
p
h
o

n
s,

a
n

d
a
ssu

m
e

th
ere

is
a
n
ε∈

(0,1)
su

ch
th

a
t
µ
≤
µ̃
≤

(1
+
ε)µ

.
T

h
en

δ�
(W

,W̃
)≤

3
ε‖W

‖
1
,µ

.

P
ro

o
f

T
o

d
istin

g
u
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b
etw
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e
g
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p
h
o
n
s
W

a
n
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W̃

w
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w
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w
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=
(W̃

,S̃
)

a
n
d

S̃
=

(S̃
,S̃
,µ̃

),
b
u
t

reca
ll

th
ro

u
g
h
o
u
t

th
e

p
ro

o
f

th
a
t
W̃

=
W

a
n
d

(S̃
,S̃

)
=

(S
,S

).
D

efi
n
e

(S
′,S
′)

:=
(S
,S

),
µ
′
:=

µ̃
−
µ

,
an

d
S
′
:=

(S
′,S
′,µ
′),

an
d

let
S
′′

b
e

th
e

d
isjoin

t
u

n
ion

of
S

a
n

d
S
′.

L
etW

′′
=

(W
′′,S

′′)
b

e
th

e
triv

ia
l

ex
ten

sio
n

o
fW

to
S
′′,

a
n

d
n

o
te

th
a
tW

′′
a
n

d

W̃
are

grap
h

on
s

over
sp

aces
of

eq
u
al

total
m

easu
re.

S
in

ce
δ�

(W
′′,W

)
=

0
it

is
su

ffi
cien

t
to

p
rov

e
th

a
t
δ�

(W̃
,W
′′)≤

3
ε‖W

‖
1
,µ

.
L

et
µ̂

b
e

th
e

co
u

p
lin

g
m

ea
su

re
o
n
S̃
×
S
′′

su
ch

th
a
t

if

Ã
∈
S̃

,
A
∈
S

,
an

d
A
′∈
S
′,

th
en

µ̂
(Ã
×

(A
∪
A
′))

=
µ

(Ã
∩
A

)
+
µ
′(Ã
∩
A
′).

(11)
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p
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f
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th
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m

m
a

it
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su
ffi
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t
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ow
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a
t

fo
r

a
ll

m
ea

su
ra

b
le

se
ts

U
′′ ,
V
′′
⊆
S̃
×
S
′′ ,

∣ ∣ ∣ ∣∫ U
′′
×
V
′′
(W̃

π
1
−

(W
′′ )
π
2
)
d
µ̂
d
µ̂

∣ ∣ ∣ ∣≤
3
ε‖
W
‖ 1
,µ
,

(1
2)

w
h
er

e
π

1
:
S̃
×
S
′′
→
S̃

(r
es

p
.
π

2
:
S̃
×
S
′′
→
S
′′ )

is
th

e
p
ro

je
ct

io
n

on
to

th
e

fi
rs

t
(r

es
p
.

se
co

n
d
)

co
o
rd

in
a
te

o
f
S̃
×
S
′′ .

L
et
U
,V
⊆
S̃
×
S

a
n
d
U
′ ,
V
′
⊆
S̃
×
S
′

b
e

su
ch

th
a
t
U
′′

=
U
∪
U
′

a
n
d
V
′′

=
V
∪
V
′ .

R
ec

a
ll

th
a
t

si
n
ce
S
′ =

S
w

e
m

ay
a
ls

o
v
ie

w
U
′ ,
V
′

a
s

se
ts

in
S̃
×
S

,
a
n
d

w
e

d
en

o
te

th
es

e
se

ts
b
y
U
′ S,
V
′ S,

re
sp

ec
ti

v
el

y.
B

y
fi
rs

t
u
si

n
g
W
′′ | (

S
′′
×
S
′′

)\
(S
×
S

)
=

0
w

h
il
e

µ̂
-a

lm
o
st

su
re

ly
W̃

π
1

=
(W
′′ )
π
2

o
n

(S̃
×
S

)2
,

th
en

u
si

n
g
µ
′ ≤

εµ
,

a
n
d

th
en

u
si

n
g
W̃

=
W

an
d

(1
1)

,
w

e
ob

ta
in

th
e

es
ti

m
at

e
(1

2)
:

∣ ∣ ∣ ∣∫ U
′′
×
V
′′

( W̃
π
1
−

(W
′′ )
π
2
) d
µ̂
d
µ̂

∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣∫ U
×
V
′
W̃

π
1
d
µ̂
d
µ̂

+

∫ U
′ ×
V
W̃

π
1
d
µ̂
d
µ̂

+

∫ U
′ ×
V
′
W̃

π
1
d
µ̂
d
µ̂

∣ ∣ ∣ ∣

≤
ε

∫ U
×
V
′ S

|W̃
|π 1

d
µ̂
d
µ̂

+
ε

∫ U
′ S
×
V
|W̃
|π 1

d
µ̂
d
µ̂

+
ε2
∫ U
′ S
×
V
′ S

|W̃
|π 1

d
µ̂
d
µ̂

≤
3
ε‖
W
‖ 1
.

W
e

cl
os

e
th

is
ap

p
en

d
ix

w
it

h
a

le
m

m
a

th
at

im
m

ed
ia

te
ly

im
p
li
es

P
ro

p
os

it
io

n
2
1.

L
e
m

m
a

4
5

L
et
ε
≥

0
a
n

d
le

t
W

=
(W
,(
S
,S
,µ

))
a
n

d
W
′ =

(W
′ ,

(S
′ ,
S′
,µ
′ )

)
be

tw
o

gr
a
p
h
o
n

s
w

it
h
δ �

(W
,W
′ )
≤
ε2
/
2
.

T
h
en

µ
({
D
W
>
λ

+
2
ε}

)
−
ε
≤
µ
′ (
{D

W
′
>
λ

+
ε}

)
≤
µ

({
D
W
>
λ
})

+
ε

fo
r

a
ll
λ
≥

0
.

P
ro

o
f

S
in

ce
th

e
tr

iv
ia

l
ex

te
n
si

o
n

o
f

a
g
ra

p
h
o
n
W

o
n
ly

ch
a
n
g
es

th
e

m
ea

su
re

o
f

th
e

se
t

{D
W

=
0}

,
w

e
m

ay
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
µ

(S
)

=
µ
′ (
S
′ )

.
L

et
π

1
an

d
π

2
b

e
th

e
p
ro

je
ct

io
n
s

fr
om

S
×
S
′

on
to

th
e

tw
o

co
or

d
in

at
es

,
le

t
ε′
>
ε,

an
d

le
t
µ̂

b
e

a
co

u
p
li
n
g

of
µ

an
d
µ
′

su
ch

th
at

‖W
π
1
−

(W
′ )
π
2
‖ �

,µ̂
≤

(ε
′ )

2

2
.

B
y

d
efi

n
it

io
n

of
th

e
cu

t
m

et
ri

c,
th

is
im

p
li
es

th
at

∣ ∣ ∣ ∣∫ U
(D

W
(x

)
−
D
W
′ (
x
′ )

)
d
µ̂

(x
,x
′ )

∣ ∣ ∣ ∣≤
(ε
′ )

2

2

fo
r

al
l
U
⊆
S
×
S
′ .

A
p
p
ly

in
g

th
is

b
ou

n
d

fo
r
U

=
{(
x
,x
′ )
∈
S
×
S
′ :
D
W

(x
)
−
D
W
′ (
x
′ )
≥

0}
an

d
U

=
{(
x
,x
′ )
∈
S
×
S
′ :
D
W

(x
)
−
D
W
′ (
x
′ )
≤

0}
,

th
is

im
p
li
es

th
at

∫ S
×
S
′

∣ ∣ D
W

(x
)
−
D
W
′ (
x
′ )
∣ ∣ d
µ̂

(x
,x
′ )
≤

(ε
′ )

2
,
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

w
h
ic

h
in

tu
rn

im
p
li
es

th
at

µ̂
( {

(x
,x
′ )
∈
S
×
S
′ :
∣ ∣ D

W
(x

)
−
D
W
′ (
x
′ )
∣ ∣ ≥

ε′
})
≤
ε′
.

A
s

a
co

n
se

q
u
en

ce

µ
({
D
W
>
λ

+
2
ε′
})
−
ε′
≤
µ̂

({
(x
,x
′ )

:
D
W

(x
)
>
λ

+
2
ε′

an
d
∣ ∣ D

W
(x

)
−
D
W
′ (
x
′ )
∣ ∣ <

ε′
})

≤
µ̂

({
(x
,x
′ )

:
D
W
′ (
x
′ )
>
λ

+
ε′

an
d
∣ ∣ D

W
(x

)
−
D
W
′ (
x
′ )
∣ ∣ <

ε′
})

≤
µ
′ (
{D

W
′
>
λ

+
ε′
})
.

T
ak

in
g
ε′
↓
ε

an
d

u
si

n
g

m
on

ot
on

e
co

n
ve

rg
en

ce
w

e
ob

ta
in

th
e

fi
rs

t
in

eq
u
al

it
y

in
th

e
st

at
em

en
t

of
th

e
le

m
m

a.
T

h
e

se
co

n
d

is
p
ro

v
ed

in
th

e
sa

m
e

w
ay

.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

2
1

L
et
ε n

=
δ �

(W
n
,W

),
an

d
ch

o
os

e
n

la
rg

e
en

ou
gh

so
th

at
ε n
<
λ

.
B

y
L

em
m

a
45

,
µ
n
({
D
W
n
>
λ
})
≤
µ

({
D
W
>
λ
−
ε n
})

+
ε n
.

S
in

ce
µ

({
D
W
>
λ
})

is
as

su
m

ed
to

b
e

co
n
ti

n
u
ou

s
at
λ

,
th

is
gi

ve
s

li
m

su
p

n
→
∞

µ
n
({
D
W
n
>
λ
})
≤
µ

({
D
W
>
λ
})
.

T
h
e

m
at

ch
in

g
lo

w
er

b
ou

n
d

on
th

e
li
m

in
f

is
p
ro

v
ed

in
th

e
sa

m
e

w
ay

.

A
p
p

e
n
d
ix

B
.

R
e
p
re

se
n
ta

ti
o
n

o
f

G
ra

p
h
o
n
s

O
v
e
r
R

+

In
th

is
a
p
p

en
d
ix

w
e

w
il
l

p
ro

v
e

th
a
t

ev
er

y
g
ra

p
h
o
n

is
eq

u
iv

a
le

n
t

to
a

g
ra

p
h
o
n

ov
er

R
+

(P
ro

p
os

it
io

n
10

),
an

d
p
ro

ve
th

at
u
n
d
er

ce
rt

ai
n

as
su

m
p
ti

on
s

on
th

e
u
n
d
er

ly
in

g
m

ea
su

re
sp

ac
e

of
a

gr
ap

h
on

th
e

cu
t

m
et

ri
c

ca
n

b
e

d
efi

n
ed

in
a

n
u

m
b

er
of

eq
u

iv
al

en
t

w
ay

s
(P

ro
p

os
it

io
n

48
).

T
h
e

fi
rs

t
st

at
em

en
t

of
th

e
fo

ll
ow

in
g

le
m

m
a

is
a

ge
n
er

al
iz

at
io

n
of

th
e

an
al

og
ou

s
re

su
lt

fo
r

p
ro

b
ab

il
it

y
sp

ac
es

,
w

h
ic

h
w

as
co

n
si

d
er

ed
b
y

B
or

gs
,

C
h
ay

es
,

an
d

L
ov

ás
z

(2
01

0,
C

or
ol

la
ry

3.
3)

a
n
d

J
a
n
so

n
(2

0
1
3
,

L
em

m
a

7
.3

).
It

w
il
l

b
e

u
se

d
to

p
ro

v
e

T
h
eo

re
m

1
5

a
n
d

P
ro

p
o
si

ti
o
n

1
0
.

W
e

p
ro

ce
ed

si
m

il
a
rl

y
to

th
e

p
ro

o
f

b
y

J
a
n
so

n
(2

0
1
3
,

L
em

m
a

7
.3

),
b
u
t

in
th

is
ca

se
w

e
a
ls

o
n
ee

d
to

ar
gu

e
th

at
u
n
d
er

ly
in

g
m

ea
su

re
sp

ac
e

of
th

e
co

n
st

ru
ct

ed
gr

ap
h
on

is
σ

-fi
n
it

e,
an

d
w

e
in

cl
u
d
e

an
ad

d
it

io
n
al

re
su

lt
on

at
om

le
ss

m
ea

su
re

sp
ac

es
.

L
e
m

m
a

4
6

E
ve

ry
gr

a
p
h
o
n
W

=
(W

,S
)

w
it

h
S

=
(S
,S
,µ

)
is

a
p
u

ll
ba

ck
by

a
m

ea
su

re
-

p
re

se
rv

in
g

m
a
p

o
f

a
gr

a
p
h

o
n

o
n

so
m

e
σ

-fi
n

it
e

B
o
re

l
m

ea
su

re
sp

a
ce

.
If

S
is

a
to

m
le

ss
,

th
e

σ
-fi

n
it

e
B

o
re

l
sp

a
ce

ca
n

be
ta

ke
n

to
be

a
to

m
le

ss
a
s

w
el

l.

P
ro

o
f

L
et
S

0
:=
∅,

an
d

le
t

(S
k
) k
∈N

b
e

su
ch

th
at

fo
r

ea
ch
k
∈
N

,
w

e
h
av

e
S
k
∈
S,
S
k
⊆
S
k
+

1
,

µ
(S
k
)
<
∞

,
a
n
d
⋃
k
∈N
S
k

=
S

.
W

e
cl

a
im

th
a
t

w
e

ca
n

fi
n
d

a
se

q
u
en

ce
o
f

se
ts

(A
i)
i∈

N
sa

ti
sf

y
in

g
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

:
(i

)
if
A

:=
{A

i
:
i
∈

N
}

a
n
d
S 0

:=
σ

(A
),

th
en

W
is

S 0
×
S 0

-m
ea

su
ra

b
le

,
(i

i)
fo

r
al

l
k
∈
N

th
er

e
ex

is
ts
i
∈
N

su
ch

th
at
A
i

=
S
k
\S

k
−

1
,

(i
ii
)

fo
r

ea
ch

i
∈
N

th
er

e
ex

is
ts

a
k
∈
N

su
ch

th
at
A
i
⊆
S
k
\S

k
−

1
,

an
d

(i
v
)
⋃
i∈

N
A
i

=
S

.
A

se
t
A

sa
ti

sf
y
in

g
(i

)
ca

n
b

e
co

n
st

ru
ct

ed
b
y

n
o
ti

n
g

th
a
t

ea
ch

le
v
el

se
t
{(
x

1
,x

2
)
∈
S
×
S

:
W

(x
1
,x

2
)
<
q}
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

fo
r
q∈

Q
is

m
ea

su
ra

b
le

w
ith

resp
ect

to
σ

(σ
(A

q )×
σ

(A
q ))

fo
r

so
m

e
co

u
n
ta

b
le

setA
q

(th
is

fo
llow

s,
fo

r
ex

a
m

p
le,

b
y

L
em

m
a

3
.4

in
th

e
p
a
p

er
o
f

B
o
rg

s,
C

h
ay

es,
a
n
d

L
ov

á
sz,

2
0
1
0
).

B
y

ad
d
in

g
th

e
sets

S
k \

S
k−

1
to
A

w
e

ob
tain

a
collection

of
sets

satisfy
in

g
(i)

an
d

(ii).
G

iven
a

setÃ
satisfy

in
g

(i)
an

d
(ii),

w
e

can
easily

ob
tain

an
A

satisfy
in

g
(i)–(iii)

b
y

rep
lacin

g
each

A
∈
Ã

w
ith

th
e

co
u
n
ta

b
le

co
llectio

n
o
f

sets{
A
∩

(S
k \S

k−
1 )

:
k
∈
N}.

F
in

a
lly,

(ii)
im

p
lies

(iv
).L

etC
=
{0
,1} ∞

b
e

th
e

C
a
n
to

r
cu

b
e

eq
u
ip

p
ed

w
ith

th
e

p
ro

d
u
ct

to
p

o
lo

g
y,

a
n
d

d
efi

n
e

φ
:
S
→
C

b
y
φ

(x
)

:=
(1
x∈
A
i )
i∈

N
.

L
et
ν

b
e

th
e

p
u
sh

fo
rw

a
rd

m
ea

su
re

o
f
µ

o
n
to
C

eq
u
ip

p
ed

w
ith

th
e

B
o
rel

σ
-a

lg
eb

ra
.

W
e

cla
im

th
a
t
ν

is
a
σ

-fi
n
ite

m
ea

su
re

o
n
C

.
F

o
r

ea
ch

k
∈

N
d
efi

n
e
Ĉ
k

:=
{(a

i )
i∈

N
∈
C

:
a
i

=
0

if
A
i 6⊆

S
k \S

k−
1 }

a
n
d
C̃
k

:=
( ⋃

i≤
k
Ĉ
i )∪

Ĉ
0 ,

w
h
ere

Ĉ
0

:=
C\( ⋃

i∈
N
Ĉ
i )⊆

C\
φ

(S
),

an
d

ob
serve

th
at

allth
e

su
b
sets

ofC
ju

st
d
efi

n
ed

are
m

easu
rab

le.

T
h
e

claim
w

ill
follow

if
w

e
can

p
rove

th
at

(a)
ν

( C̃
k )
<
∞

for
each

k
∈
N

,
an

d
(b

) ⋃
k∈

N
C̃
k

=
C

.

P
rop

erty
(a)

is
im

m
ed

iate
sin

ce
from

th
e

d
efi

n
ition

of
ν

,
th

e
fact

ν
(Ĉ

0 )
=

0,
an

d
th

e
p
rop

erties
(ii)

a
n
d

(iii)
o
fA

,
w

h
ich

im
p
ly

th
a
t
ν
(Ĉ

k )
=
µ

(φ
−

1(Ĉ
k ))

=
µ

(S
k \S

k−
1 )
<
∞

.
T

o
p
rov

e
(b

)
let

(a
i )
i∈

N
∈
C

.
W

e
w

a
n
t

to
p
rov

e
th

a
t

(a
i )
i∈

N
∈
C̃
k

fo
r

so
m

e
k
∈
N

.
If

(a
i )
i∈

N
6∈
φ

(S
)

w
e

h
av

e
x
∈
Ĉ

0 ,
so

(a
i )
i∈

N
∈
C̃
k

fo
r

a
ll
k
∈

N
.

If
(a
i )
i∈

N
=
φ

(x
)

fo
r

so
m

e
x
∈
S

,
th

en
x
∈
S
k \
S
k−

1
for

ex
actly

on
e
k
∈
N

,
so

(a
i )
i∈

N
=
φ

(x
)∈

Ĉ
k ⊆

C̃
k .

T
h
e

a
rg

u
m

en
t

in
th

e
fo

llow
in

g
p
a
ra

g
ra

p
h

is
sim

ila
r

to
th

e
p
ro

o
f

b
y

J
a
n
so

n
(2

0
1
3
,

L
em

m
a

7
.3

),
b
u
t

w
e

rep
ea

t
it

fo
r

co
m

p
leten

ess.
S
in

ce
th

e
σ

-fi
eld

o
n
S

g
en

era
ted

b
y
φ

eq
u
a
lsS

0 ,
th

e
σ

-fi
eld

o
n
S
×
S

g
en

era
ted

b
y

(φ
,φ

)
:
S

2→
C

2
eq

u
a
lsS

0 ×
S

0 .
S
in

ce
W

is
m

easu
rab

le
w

ith
resp

ect
to
S

0 ×
S

0
w

e
m

ay
u
se

th
e

D
o
ob

-D
y
n
k
in

L
em

m
a

(see,
for

ex
am

p
le,

th
e

b
o
o
k

o
f

K
a
llen

b
erg

,
2
0
0
2
,

L
em

m
a

1
.1

3
)

to
co

n
clu
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ó
s,

a
n
d

V
eszterg

o
m

b
i

(2
0
0
8
,

L
em

m
a

3
.5

)
a
n
d

J
a
n
so

n
(2

0
1
3
,

T
h
eo

rem
6
.9

)
fo

r
a
n
a
lo

g
o
u
s

resu
lts

for
p
rob

ab
ility

sp
aces.

P
ro

p
o
sitio

n
4
8

F
o
r
j

=
1
,2

let
W
j

=
(W

j ,S
j )

w
ith

S
j

=
(S
j ,S

j ,µ
j )

be
a

gra
p
h
o
n

sa
tisfyin

g
µ
j (S

j )
=
∞

.
T

h
en

th
e

fo
llo

w
in

g
id

en
tities

h
o
ld

,
a
n

d
th

u
s

(a
)–

(e)
p
ro

vid
e

a
ltern

a
tive

d
efi

n
itio

n
s

o
f
δ�

u
n

d
er

certa
in

a
ssu

m
p
tio

n
s

o
n

th
e

u
n

d
erlyin

g
m

ea
su

re
spa

ces:

(a
)

If
S
j

a
re

B
o
rel

spa
ces,

th
en

δ�
(W

1 ,W
2 )

=
in

f
ψ
1
,ψ

2 ‖W
ψ
1

1
−
W

ψ
2

2
‖�

,
w

h
ere

w
e

ta
ke

th
e

in
fi

m
u

m
o
ver

m
ea

su
re-p

reservin
g
ψ
j
:R

+
→
S
j

fo
r
j

=
1,2,

w
h
ere

R
+

is
equ

ip
ped

w
ith

th
e

B
o
rel

σ
-a

lgebra
a
n

d
L

ebesgu
e

m
ea

su
re.

(b)
If
S
j

a
re

a
to

m
less

B
o
rel

spa
ces,

th
en

δ�
(W

1 ,W
2 )

=
in

f
ψ ‖
W

1 −
W

ψ2 ‖�
,

w
h
ere

w
e

ta
ke

th
e

in
fi

m
u

m
o
ver

m
ea

su
re-p

reservin
g
ψ

:
S

1 →
S

2 .

(c)
If
S
j

a
re

a
to

m
less

B
o
rel

spa
ces,

th
en

δ�
(W

1 ,W
2 )

=
in

f
ψ ‖
W

1 −
W

ψ2 ‖�
,

w
h
ere

w
e

ta
ke

th
e

in
fi

m
u

m
o
ver

iso
m

o
rp

h
ism

s
ψ

:
S

1 →
S

2 .

(d
)

If
S
j

=
R

+
,

th
en

δ�
(W

1 ,W
2 )

=
in

f
σ̃ ‖
W

1 −
W

σ̃2 ‖�
,

w
h
ere

w
e

ta
ke

th
e

in
fi

m
u

m
o
ver

a
ll

in
terva

l
perm

u
ta

tio
n

s
σ̃

(i.e.,
σ̃

m
a
p
s
I
i

to
I
σ

(i)
fo

r
so

m
e

perm
u

ta
tio

n
σ

o
f

th
e

n
o
n

-n
ega

tive
in

tegers,
a
n

d
I
i

:=
[ih
,(i

+
1)h

]
fo

r
so

m
e
h
>

0).

4
0

JM
L

R
 18(210):1-71, 2018



L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

(e
)

F
o
r
j

=
1
,2

le
t

(S
k j
) k
∈N

be
in

cr
ea

si
n

g
se

ts
sa

ti
sf

yi
n

g
µ
j
(S

k j
)
<
∞

a
n

d
⋃
k
∈N
S
k j

=
S
j
.

T
h
en

δ �
(W

1
,W

2
)

=
li
m
k
→
∞
δ �

(W
1
| S
k 1
,W

2
| S
k 2
),

w
h
er

e
W
j
| S
k j

:=
(W

j
1
S
k j
×
S
k j
,S

k j
)

a
n

d

S
k j

is
th

e
re

st
ri

ct
io

n
o
f
S

k
to
S
k j
.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

4
8

L
et
δ(a

)
�

,
δ(b

)
�

,
δ(c

)
�

,
an

d
δ(d

)
�

d
en

ot
e

th
e

ri
gh

t
si

d
es

of
th

e
eq

u
al

it
ie

s
in

(a
),

(b
),

(c
),

a
n
d

(d
),

re
sp

ec
ti

v
el

y.
F

o
r
j

=
1
,2

fi
x

so
m

e
a
rb

it
ra

ry
se

q
u
en

ce
(S

k j
) k
∈N

sa
ti

sf
y
in

g
µ
j
(S

k j
)
<
∞

fo
r

al
l
k
∈
N

,
S
k j
⊆
S
k
+

1
j

,
an

d
⋃
k
∈N
S
k j

=
S
j
.

D
efi

n
e
δ(e

)
�

an
d
δ(e
′ )
�

b
y

δ(e
)
�

(W
1
,W

2
)

:=
li
m

su
p

k
→
∞

δ �
(W

k 1
,W

k 2
)

an
d

δ(e
′ )
�

(W
1
,W

2
)

:=
li
m

in
f

k
→
∞

δ �
(W

k 1
,W

k 2
),

w
h
er

e
W

j k
=
W
j
| S
k j
.

B
y

L
em

m
a

33
it

is
su

ffi
ci

en
t

to
co

n
si

d
er

th
e

ca
se

S
=

(R
+
,B
,λ

)
in

(b
)

an
d

(c
),

si
n
ce

w
e

ca
n

co
n
si

d
er

gr
ap

h
on

s
(W

φ
j

j
,R

+
)

on
R

+
,
w

h
ic

h
sa

ti
sf

y
δ �

((
W

φ
j

j
,R

+
),
W
j
)

=
0
,

b
y

u
si

n
g

m
ea

su
re

-p
re

se
rv

in
g

tr
a
n
sf

o
rm

a
ti

o
n
s
φ
j
:
R

+
→
S
j
.

U
n
d
er

th
is

a
ss

u
m

p
ti

o
n

w
e

h
av

e
δ �
≤
δ(b

)
�
≤
δ(c

)
�
≤
δ(d

)
�

,
si

n
ce

w
e

ta
ke

th
e

in
fi
m

u
m

ov
er

sm
al

le
r

an
d

sm
al

le
r

se
ts

of
m

ap
s.

B
y

d
efi

n
it

io
n

,
δ(e
′ )
�
≤
δ(e

)
�

.
T

o
co

m
p
le

te
th

e
p

ro
of

of
th

e
p
ro

p
os

it
io

n
it

is
th

er
ef

or
e

su
ffi

ci
en

t

to
p
ro

ve
th

e
fo

ll
ow

in
g

re
su

lt
s:

(i
)
δ(e

)
�
≤
δ �
≤
δ(e
′ )
�

fo
r

ge
n
er

al
σ

-fi
n
it

e
m

ea
su

re
sp

ac
es

S
1
,S

2

of
in

fi
n
it

e
m

ea
su

re
,

(i
i)
δ(d

)
�
≤
δ �

fo
r

S
1

=
S

2
=

(R
+
,B
,λ

),
an

d
(i

ii
)
δ(a

)
�

=
δ(c

)
�

.
W

e
w

il
l

st
a
rt

b
y

p
ro

v
in

g
(i

).
S
in

ce
li
m
k
→
∞
‖W

j
−
W
j
1
S
k j
×
S
k j
‖ 1

=
0
,

L
em

m
a

3
6

im
p
li
es

th
a
t

it
is

su
ffi

ci
en

t
to

p
ro

v
e
δ(e

)
�
≤
δ �
≤
δ(e
′ )
�

fo
r

th
e

ca
se

w
h
en

su
p
p
(W

j
)
⊆
S
k j
×
S
k j

fo
r

so
m

e
k
∈
N

.
U

n
d
er

th
is

as
su

m
p
ti

on
δ �

(W
1
,W

2
)

=
δ �

(W
1
| S
k
′

1
,W

2
| S
k
′

2
)

fo
r

al
l
k
′ ≥

k
,

an
d

(i
)

fo
ll
ow

s.
N

ow
w

e
w

il
l

p
ro

ve
(i

i)
.

S
in

ce
li
m
M
→
∞
‖W

j
−
W
j
1
|W

j
|≤
M

1
[0
,M

]2
‖ 1

=
0

b
y

th
e

d
om

in
at

ed
co

n
ve

rg
en

ce
th

eo
re

m
,
as

ab
ov

e
w

e
m

ay
as

su
m

e
b
y

L
em

m
a

36
th

at
th

er
e

is
an
M

>
0

su
ch

th
at

W
is

b
o
u
n
d
ed

a
n
d

su
p
p
(W

j
)
⊆

[0
,M

]2
fo

r
j

=
1
,2

.
F

o
r
j

=
1
,2

d
efi

n
e
Ŵ
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(Ŵ
1
,Ŵ
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R
+

is
a

co
n
ti

n
u
ou

s
fu

n
ct

io
n

w
it

h
su

p
p

or
t

in
[0
,K
′ ]

ap
p
ro

x
im

at
in

g
f

an
d

sa
ti

sf
y
in

g
‖f̂
‖ ∞
≤

‖f
‖ ∞

,
a
n
d
χ

:
R

+
→

[0
,1

]
is

a
co

n
ti

n
u
o
u
s

fu
n
ct

io
n

w
it

h
su

p
p

o
rt

in
[0
,K

]
a
p
p
ro

x
im

a
ti

n
g

th
e

in
d
ic

at
or

fu
n
ct

io
n

of
th

e
se

t
[0
,K

].
S

in
ce
f̂

an
d
χ

ca
n

b
e

ch
os

en
to

b
e

ar
b
it

ra
ri

ly
cl

os
e

ap
p
ro

x
im

at
io

n
s

in
th

e
L

1
n
or

m
an

d
th

e
m

ar
gi

n
al

s
of
µ
n

ar
e

gi
ve

n
b
y

L
eb

es
gu

e
m

ea
su

re
,

th
is

im
p
li
es

th
e

cl
ai

m
.

T
h
er

ef
or

e
w

e
ca

n
fi
n
d
n
K
∈
N

d
ep

en
d
in

g
on

K
,

su
ch

th
at

fo
r

al
l
n
≥
n
K

∣ ∣ ∣ ∣∫ A
1
×
A

2

W̃
1
(x
,x
′ )
d
(µ

1
,K
−
µ

1
,K
n

)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣<
ε.

C
om

b
in

in
g

th
e

ab
ov

e
es

ti
m

at
es

an
d

u
si

n
g

th
e

tr
ia

n
gl

e
in

eq
u

al
it

y,
w

e
ge

t
th

at
fo

r
su

ffi
ci

en
tl

y
la

rg
e
K

an
d
n
≥
n
K

,

∣ ∣ ∣ ∣∫ A
1
×
A

2

W
1
(x
,x
′ )
d
(λ
−
µ

1
)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣≤
∣ ∣ ∣ ∣∫ A

1
×
A

2

W
1
(x
,x
′ )
−
W̃

1
(x
,x
′ )
d
(λ
−
µ

1
)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣

+

∣ ∣ ∣ ∣∫ A
1
×
A

2

W̃
1
(x
,x
′ )
d
(λ
−
µ

1
,K
n

)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣

+

∣ ∣ ∣ ∣∫ A
1
×
A

2

W̃
1
(x
,x
′ )
d
(µ

1
,K
n
−
µ

1
,K

)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣

+

∣ ∣ ∣ ∣∫ A
1
×
A

2

W̃
1
(x
,x
′ )
d
(µ

1
,K
−
µ

1
)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣
<

4ε
.

S
in

ce
ε
>

0
w

as
ar

b
it

ra
ry

th
is

im
p
li
es

th
at

∣ ∣ ∣ ∣∫ A
1
×
A

2

W
1
(x
,x
′ )
d
(λ
−
µ

1
)(
x

)
d
λ

(x
′ )

∣ ∣ ∣ ∣=
0.

S
in

ce
λ
−
µ

1
is

a
b

so
lu

te
ly

co
n
ti

n
u

o
u

s
w

it
h

re
sp

ec
t

to
λ

,
w

e
k
n

ow
b
y

th
e

R
a
d

o
n

-N
ik

o
d

y
m

th
eo

re
m

th
a
t

th
er

e
is

a
n

o
n
-n

eg
a
ti

v
e

fu
n

ct
io

n
f

su
ch

th
a
t
d
(λ
−
µ

1
)(
x

)
=
f

(x
)
d
λ

(x
).

T
h
e

L
eb

es
gu

e
d
iff

er
en

ti
at

io
n

th
eo

re
m

n
ow

sa
y
s

th
at
W

1
(x
,x
′ )
f

(x
)

=
0

al
m

os
t

ev
er

y
w

h
er

e,
w

h
ic

h
im

p
li
es

(i
ii
).

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

5
0

S
in

ce
δ �

(W
1
,W

2
)
≤
δ 1

(W
1
,W

2
),

w
e

o
n
ly

n
ee

d
to

p
ro

v
e

th
a
t

δ �
(W

1
,W

2
)

=
0

im
p
li
es

δ 1
(W

1
,W

2
)

=
0

in
o
rd

er
to

p
ro

v
e

(i
).

A
ss

u
m

e
fi
rs

t
th

a
t

th
e

g
ra

p
h
o
n
s

a
re

ov
er

R
+

,
a
n
d

le
t
µ

b
e

a
s

in
P

ro
p

o
si

ti
o
n

5
1
.

T
h
en

W
π
1

1
−
W

π
2

2
=

0
µ

-a
lm

o
st

ev
er

y
w

h
er

e.
F

or
ea

ch
n
∈
N

le
t
µ
n

b
e

so
m

e
ar

b
it

ra
ry

co
u
p
li
n
g

m
ea

su
re

on
S

1
×
S

2
su

ch
th

at
µ
n
| [0
,n

]2
=
µ
| [0
,n

]2
.

T
h
en

li
m
n
→
∞
‖W

π
1

1
−
W

π
2

2
‖ 1
,µ
n

=
0
,

so
δ 1

(W
1
,W

2
)

=
0
.

T
o

o
b
ta

in
th

e
re

su
lt

fo
r

gr
ap

h
on

s
ov

er
ge

n
er

al
m

ea
su

re
sp

ac
es

w
e

u
se

P
ro

p
os

it
io

n
10

,
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y,

a
n

d
th

e
fa

ct
th

a
t

tw
o

g
ra

p
h

o
n
s

h
av

e
d

is
ta

n
ce

ze
ro

fo
r
δ �

a
n

d
δ 1

if
o
n

e
is

a
p

u
ll

b
a
ck

o
f

th
e

ot
h
er

.
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

F
o
r

(ii)
w

ith
grap

h
on

s
over

R
+

an
d
δ�

d
efi

n
ed

in
term

s
of

m
easu

re-p
reserv

in
g

tran
sfor-

m
a
tio

n
s,

w
e

w
ill

fi
rst

p
rov

e
th

a
t
δ�

(W
1 ,W

2 )
=

0
im

p
lies

δ
p (W

1 ,W
2 )

=
0
.

T
h

is
fo

llow
s

b
y

th
e

ex
a
ct

sa
m

e
a
rg

u
m

en
t

a
s

in
th

e
p
reced

in
g

p
a
ra

g
ra

p
h
,

i.e.,
b
y

u
sin

g
P

ro
p

o
sitio

n
5
1

to
co

n
stru

ct
a

m
easu

re
µ

an
d

cou
p
lin

g
m

easu
res

µ
n

on
S

1 ×
S

2 .
N

ow
w

e
w

ill
p
rov

e
th

a
t
δ
p (W

1 ,W
2 )

=
0

im
p
lies

δ�
(W

1 ,W
2 )

=
0
,

still
a
ssu

m
in

g
th

e
grap

h
on

s
are

over
R

+
an

d
th

at
δ
p

is
d
efi

n
ed

in
term

s
of

m
easu

re-p
reserv

in
g

tran
sform

ation
s.

B
y

p
a
rt

(i)
it

is
su

ffi
cien

t
to

sh
ow

th
a
t
δ
p (W

1 ,W
2 )

=
0

im
p

lies
δ

1 (W
1 ,W

2 )
=

0
.

F
ix
ε
>

0
an

d
let

A
1 ,A

2 ⊆
R

+
b

e
su

ch
th

at‖
W
i −

W
i 1
A
i ×
A
i ‖

1
<
ε/ 2

an
d
M

:=
λ

(A
1 )

+
λ

(A
2 )
<
∞

.
B

y
H

ö
ld

er’s
in

eq
u
ality,

for
an

y
isom

orp
h
ism

φ
:R

+
→

R
+

an
d
A

:=
A

1 ∪
φ
−

1(A
2 ),

‖W
1 −

W
φ2 ‖

1 ≤
‖(1
−

1
A
×
A

)(W
1 −

W
φ2
)‖

1
+
‖(W

1 −
W

φ2
)1
A
×
A ‖

1

≤
ε

+
‖W

1 −
W

φ2 ‖
p ·M

2−
2
/
p.

T
a
k
in

g
th

e
in

fi
m

u
m

ov
er
φ

w
e

see
th

a
t
δ

1 (W
1 ,W

2 )≤
ε

+
M

2−
2
/
pδ
p (W

1 ,W
2 )

=
ε.

S
in

ce
ε

w
a
s

a
rb

itra
ry,

th
is

sh
ow

s
th

at
δ

1 (W
1 ,W

2 )
=

0.
W

e
g
et

(ii)
fo

r
n
o
n
-n

eg
a
tiv

e
g
ra

p
h
o
n
s

a
n
d
δ
p

d
efi

n
ed

in
term

s
o
f

co
u
p
lin

g
s

b
y

u
sin

g
P

ro
p

o
sitio

n
4
8

a
n
d

R
em

a
rk

4
9
,

a
n
d

to
m

ov
e

fro
m

g
ra

p
h
o
n
s

ov
er

R
+

to
g
ra

p
h
o
n
s

ov
er

a
g
en

era
l
σ

-fi
n
ite

sp
ace

w
e

u
se

L
em

m
a

47.

A
p
p

e
n
d
ix

C
.

M
e
a
su

ra
b
ility

p
ro

p
e
rtie

s
o
f

g
ra

p
h

p
ro

ce
sse

s

R
ecall

th
e

d
efi

n
ition

of
a

grap
h

p
ro

cess
(D

efi
n
ition

23)
an

d
th

e
m

easu
rab

le
sp

ace
of

grap
h
sG

,
as

w
ell

as
w

h
at

it
m

ean
s

for
tw

o
grap

h
p

ro
cesses

to
b

e
eq

u
al

u
p

to
relab

elin
g

of
th

e
vertices

(D
efi

n
itio

n
2
4
).

B
efo

re
sta

tin
g

o
u
r

m
a
in

resu
lt

a
b

o
u
t

th
e

m
ea

su
ra

b
ility

o
f

th
e

rela
tio

n
o
f

b
ein

g
eq

u
a
l

u
p

to
relab

elin
g,

w
e

state
an

d
p
rov

e
th

e
follow

in
g

sim
p
le

lem
m

a.

L
e
m

m
a

5
4

L
etG

=
(G

t )
t≥

0
be

a
gra

p
h

p
rocess.

(i)
L

et
V
⊂
V
′⊂

N
a
n

d
E
⊂
E
′⊂

(N2 )
be

fi
n

ite
sets.

T
h
en

th
ere

a
re

in
crea

sin
g

sequ
en

ces
(a
k )
k∈

N
a
n

d
(b
k )
k∈

N
o
f

rea
l

n
u

m
bers

su
ch

th
a
t

{t∈
R

+
:
V
′∩

V
(G

t )
=
V

a
n

d
E
′∩

E
(G

t )
=
E
}

=
⋃k∈

N

[a
k ,b

k ).

F
u

rth
erm

o
re,

fo
r

a
n

y
set

o
f

th
e

fo
rm

T
=
⋃
k∈

N
[a
k ,b

k )
w

ith
a
k ,b

k
a
s

a
bo

ve,
th

e
even

t
th

a
t
T

=
{t∈

R
+

:
V
′∩

V
(G

t )
=
V

a
n

d
E
′∩

E
(G

t )
=
E
}

is
m

ea
su

ra
ble.

(ii)
F

o
r
i

=
1
,2

let
V
i ⊂

V
′i ⊂

N
a
n

d
E
i ⊂

E
′i ⊂

(N2 )
be

fi
n

ite
sets,

letG
i

=
(G

it )
t≥

0
be

a
gra

p
h

p
rocess,

a
n

d
let

T
i (G

i)
be

th
e

set
o
f

tim
es

fo
r

w
h
ich

V
′i ∩

V
(G

it )
=
V
i

a
n

d
E
′i ∩

E
(G

it )
=
E
i .

T
h
en

th
e

even
t

th
a
t
T

1 (G
1)

=
T

2 (G
2)

is
m

ea
su

ra
ble.

(iii)
T

h
e

even
t

th
a
t

a
specifi

ed
vertex

in
N

is
iso

la
ted

fo
r

a
ll

tim
es

is
m

ea
su

ra
ble.

(iv)
IfG

=
(G

t )
t≥

0
is

p
ro

jective,
th

en
th

e
birth

tim
e
tv
∈

[0
,∞

]
o
f

a
n

y
vertex

v
∈

N
is

m
ea

su
ra

ble,
a
n

d
u

n
d
er

th
e

a
ssu

m
p
tio

n
s

(5)
fro

m
S

ectio
n

2
.4

,
th

e
m

a
p

d
efi

n
ed

in
(4)

is
m

ea
su

ra
ble,

w
h
ere

th
e
σ

-a
lgebra

u
sed

o
n

th
e

spa
ce

o
f

m
ea

su
res

is
d
efi

n
ed

a
bo

ve
(4).
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

P
ro

o
f

T
h
e

tim
e

set
co

n
sid

ered
in

(i)
ta

k
es

th
e

req
u
ired

fo
rm

sin
ce

th
e

set
o
f

g
ra

p
h
s

{
G

:
V
′∩
V

(G
)

=
V

an
d
E
′∩
E

(G
)

=
E
}

is
an

op
en

set
in

G
an

d
sin

ceG
=

(G
t )
t≥

0
is

càd
làg.

T
h
e

m
ea

su
ra

b
ility

cla
im

in
(i)

fo
llow

s
sin

ce
th

e
ev

en
t

in
q
u
estio

n
o
ccu

rs
if

a
n
d

o
n
ly

if
th

e
tw

o
tim

e
sets

h
av

e
th

e
sa

m
e

in
tersectio

n
w

ith
Q

.
T

h
e

sta
tem

en
t

(ii)
fo

llow
s

b
y

a
sim

ila
r

argu
m

en
t.

B
oth

statem
en

ts
(iii)

an
d

(iv
)

im
m

ed
iately

follow
from

(i).

P
ro

p
o
sitio

n
5
5

T
h
e

even
t

th
a
t

tw
o

gra
p
h

p
rocesses

(G
t )
t≥

0
a
n

d
(Ĝ

t )
t≥

0
a
re

equ
a
l

u
p

to
rela

belin
g

is
m

ea
su

ra
ble.

P
ro

o
f

T
h
e

p
ro

p
o
sitio

n
is

im
m

ed
ia

te
in

th
e

ca
se

w
h
ere

⋃
t≥

0
V

(G
t )

o
r ⋃

t≥
0
V

(Ĝ
t )

is
fi
n
ite,

sin
ce

th
e

set
of

m
ap

s
φ

:
[n

]→
[n

]
is

fi
n
ite,

an
d

given
an

y
φ

th
e

even
t

th
at

th
is

m
ap

satisfi
es

th
e

req
u

irem
en

ts
o
f

D
efi

n
itio

n
2
4

is
m

ea
su

ra
b

le
b
y

L
em

m
a

5
4
.

W
e

m
ay

th
erefo

re
a
ssu

m
e

th
at

b
oth

⋃
t≥

0
V

(G
t )

an
d
⋃
t≥

0
V

( Ĝ
t )

are
in

fi
n

ite.
W

e
m

ay
fu

rth
er

assu
m

e
w

ith
ou

t
loss

of

gen
erality

th
at ⋃

t≥
0
V

(G
t )

=
⋃
t≥

0
V

(Ĝ
t )

=
N

;
w

e
m

ay
d
o

th
is

u
p

on
relab

elin
g

th
e

vertices
of

b
oth

grap
h

p
ro

cesses.

N
ex

t,
w

e
red

u
ce

th
e

p
ro

o
f

o
f

th
e

p
ro

p
o
sitio

n
to

th
e

ca
se

w
h
ere

n
o

v
ertices

a
re

iso
la

ted
fo

r
a
ll

tim
es.

F
o
r
V
⊆

N
let

G
Vt

d
en

o
te

th
e

in
d
u
ced

su
b
g
ra

p
h

o
f
G
t

th
a
t

h
a
s

v
ertex

set
V
∩
V

(G
t ).

L
et
V

0 ⊆
N

(resp
.
V̂

0 ⊆
N

)
d

en
ote

th
e

set
of

vertices
for

(G
t )
t≥

0
(resp

.
( Ĝ

t )
t≥

0 )

th
a
t

a
re

iso
la

ted
fo

r
a
ll

tim
es.

T
h
en

(G
t )
t≥

0
a
n
d

(Ĝ
t )
t≥

0
a
re

eq
u
a
l

u
p

to
rela

b
elin

g
o
f

th
e

v
ertices

if
a
n
d

o
n
ly

if
th

is
p
ro

p
erty

h
o
ld

s
fo

r
(G

V
0
t

)
t≥

0
a
n
d

(Ĝ
V̂
0
t

)
t≥

0
a
n
d

fo
r

(G
N\
V
0

t
)
t≥

0

a
n
d

(Ĝ
N\
V̂
0

t
)
t≥

0 .
T

o
red

u
ce

to
th

e
ca

se
in

w
h
ich

n
o

v
ertices

a
re

iso
la

ted
fo

r
a
ll

tim
es,

it
is

su
ffi

cien
t

to
sh

ow
m

ea
su

ra
b
ility

o
f

th
e

ev
en

t
th

a
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Ĝ
t

fo
r

a
ll
t
≥

0
,

w
e

fi
rs

t
n
o
te

th
a
t

th
e

o
cc

u
rr

en
ce

o
f
B
j

im
p
li
es

th
e

ex
is

te
n
ce

o
f

a
se

q
u

en
ce

o
f

m
ap

s
φ
n
∈
A
n

su
ch

th
at
φ
n
(1

)
=
j.

A
cc

or
d
in

gl
y,

w
e

se
t
φ

0
(1

)
=
j.

In
th

e
se

co
n
d

st
ep

of
th

e
co

n
st

ru
ct

io
n

(e
x
p
la

in
ed

b
el

ow
),

w
e

w
il
l

d
et

er
m

in
e
φ
−

1
0

(1
)

b
y

p
a
ss

in
g

to
a

su
b
se

q
u
en

ce
fo

r
w

h
ic

h
φ
−

1
n

(1
)

is
co

n
st

a
n
t.

M
o
re

g
en

er
a
ll
y,

in
th

e
k
th

st
ep

o
f

th
e

co
n
st

ru
ct

io
n
,

w
e

w
il
l

p
a
ss

to
a

su
b
se

q
u
en

ce
to

en
su

re
th

a
t
φ
n
(i

)
is

co
n
st

a
n
t

fo
r

1
≤
i
≤
dk
/
2
e

a
n
d
φ
−

1
n

(i
)

is
co

n
st

a
n
t

fo
r

1
≤
i
≤
bk
/
2
c.

W
e

w
il
l

ca
rr

y
o
u
t

th
is

co
n
st

ru
ct

io
n

b
y

in
d
u
ct

io
n

o
n
k
.

S
u
p
p

o
se

th
a
t

w
e

h
av

e
d
efi

n
ed

φ
0
(1

),
..
.,
φ

0
(d
k
/
2e

)
an

d
φ
−

1
0

(1
),
..
.,
φ
−

1
0

(b
k
/2
c)

so
th

at
th

er
e

ex
is

ts
a

se
q
u
en

ce
(φ
k n
) n
≥
k

of
m

ap
s
φ
k n
∈
A
n

fo
r

w
h
ic

h

φ
k n
(i

)
=
φ

0
(i

)
fo

r
al

l
n
≥
k

an
d

al
l
i
≤
dk
/2
e,

an
d

(φ
k n
)−

1
(i

)
=
φ
−

1
0

(i
)

fo
r

a
ll
n
≥
k

an
d

al
l
i
≤
bk
/2
c.

A
ss

u
m

e
fi
rs

t
th

a
t
k

is
o
d
d
,

in
w

h
ic

h
ca

se
w

e
n
ee

d
to

d
efi

n
e
φ
−

1
0

(b
(k

+
1
)/

2
c)

.
C

h
o
o
se
t

in
su

ch
a

w
ay

th
a
t
b(
k

+
1
)/

2
c

is
n
o
t

is
o
la

te
d

in
Ĝ
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h
er

e
ev

er
y

ve
rt

ex
h
a
s

a
.s

.
in

fi
n

it
e

d
eg

re
e,

w
h
il

e
a
ll

su
bg

ra
p
h

fr
eq

u
en

ci
es

fo
r

gr
a
p
h
s
F

th
a
t

a
re

n
o
t

bi
pa

rt
it

e
co

n
ve

rg
e

to
ze

ro
.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

5
6

W
e

fi
rs

t
p

ro
v
e

th
e

p
ro

p
o
si

ti
o
n

u
n

d
er

th
e

a
ss

u
m

p
ti

o
n

th
a
t

th
e

ri
gh

t
si

d
e

of
(1

4)
is

fi
n
it

e.
T

h
ro

u
gh

ou
t

th
e

p
ro

of
w

e
le

t
G
t

:=
G̃
t(
W

)
b

e
th

e
gr

ap
h
on

p
ro

ce
ss

g
en

er
a
te

d
b
y
W

w
it

h
is

o
la

te
d

v
er

ti
ce

s.
N

o
te

th
a
t

th
e

le
ft

si
d
e

o
f

(1
4)

is
in

va
ri

a
n
t

u
n
d
er

re
p
la

ci
n
g
G
t(
W

)
w

it
h
G̃
t(
W

),
b

ec
au

se
F

h
as

n
o

is
ol

at
ed

ve
rt

ic
es

.
F

or
ea

ch
t
>

0
d
efi

n
e
Y
−
t

to
b

e
th

e
le

ft
si

d
e

of
(1

4)
(w

it
h
G
t(
W

)
re

p
la

ce
d

b
y
G
t)

,
i.
e.

,

Y
−
t

:=
t−
k

in
j(
F
,G

t)
=
t−
k

∑

v
1
,.
..
,v
k
∈V

(G
t
)

∏

(i
,j

)∈
E

(F
)

1
(v
i
,v
j
)∈
E

(G
t
).

A
s

a
fi
rs

t
st

ep
,

w
e

w
il
l

p
ro

v
e

th
at

fo
r

ea
ch

t
>

0,

E[
Y
−
t]

=

∫ S
k

∏

(i
,j

)∈
E

(F
)

W
(x
i,
x
j
)
d
x

1
··
·d
x
k
.

(1
5
)

W
e

m
ay

a
ss

u
m

e
th

a
t
µ

(S
)
<
∞

,
si

n
ce

w
e

ca
n

w
ri

te
S

a
s

a
u
n
io

n
o
f

in
cr

ea
si

n
g

se
ts
S
m

o
f

fi
n
it

e
m

ea
su

re
fo

r
ea

ch
m
∈
N

,
a
n
d

b
y

th
e

m
o
n
o
to

n
e

co
n
v
er

g
en

ce
th

eo
re

m
it

is
su

ffi
ci

en
t

to
es

ta
b
li
sh

(1
5)

w
it

h
W

re
p
la

ce
d

b
y
W

1
S
m
×
S
m

,
a
n
d

w
it

h
Y
−
t

d
efi

n
ed

in
te

rm
s

o
f

g
ra

p
h
s

w
h
er

e
w

e
o
n
ly

co
n
si

d
er

v
er

ti
ce

s
v

=
(t
,x

)
fo

r
w

h
ic

h
x
∈
S
m

.
If
N

:=
|V

(G
t)
|<

k
,

th
en

Y
−
t

=
0.

If
N
≥
k
,

th
en

E[
Y
−
t
|N

]
=

1 tk
N

!

(N
−
k
)!

1

µ
(S

)k

∫ S
k

∏

(i
,j

)∈
E

(F
)

W
(x
i,
x
j
)
d
x

1
··
·d
x
k
,

si
n
ce

w
e

ca
n

fo
rm

N
!

(N
−
k
)!

o
rd

er
ed

se
ts

o
f

si
ze

k
fr

o
m
V

(G
t)

,
a
n
d

th
e

p
ro

b
a
b
il
it

y
th

a
t

a

u
n
if

or
m

ly
ch

os
en

in
je

ct
iv

e
m

ap
fr

om
V

(F
)

to
V

(G
t)

is
a

h
om

om
or

p
h
is

m
,

is
g
iv

en
b
y

1

µ
(S

)k

∫ S
k

∏

(i
,j

)∈
E

(F
)

W
(x
i,
x
j
)
d
x

1
··
·d
x
k
.
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

S
in

ce
N

h
a
s

th
e

law
o
f

a
P

o
isso

n
ra

n
d

o
m

va
ria

b
le

w
ith

p
a
ra

m
eter

tµ
(S

)
w

e
ca

n
co

n
clu

d
e

th
a
t

(1
5)

h
o
ld

s:

E
[Y
−
t ]

=
∞∑n
=

0 P
(N

=
n

)E
[Y
−
t |N

=
n

]

=
∞∑n
=
k

(tµ
(S

))
n

n
!

e −
tµ

(S
)

1t k
n

!

(n
−
k
)!

1

µ
(S

)
k ∫

S
k

∏

(i,j)∈
E

(F
) W

(x
i ,x

j )
d
x

1 ···
d
x
k

=

∫

S
k

∏

(i,j)∈
E

(F
) W

(x
i ,x

j )
d
x

1 ···
d
x
k ,

im
p
ly

in
g

in
p
a
rticu

la
r

th
a
t
Y
t

is
in

teg
ra

b
le

fo
r

a
ll
t
<

0
g
iv

en
th

a
t

fo
r

n
ow

w
e

a
ssu

m
ed

th
at

th
e

righ
t

sid
e

of
(14)

is
fi

n
ite.

N
ote

th
at

in
p

articu
lar

th
is

im
p

lies
th

at
Y
t

is
a.s.

fi
n

ite,
even

th
ou

gh
W

m
ay

b
e

su
ch

th
at

th
e

even
t

th
at
G
t

h
as

in
fi
n
itely

m
an

y
ed

ges
h
as

n
on

-zero
p
ro

b
a
b
ility.

L
et
Ĝ
t

b
e

id
en

tica
l

to
G
t ,

ex
cep

t
th

a
t

a
v
ertex

v
=

(t,x
)∈

V
(G

t )
is

la
b

eled
o
n

ly
w

ith
x

.
In

o
rd

er
w

o
rd

s,
co

n
d
itio

n
in

g
o
n

a
rea

liza
tio

n
o
f
Ĝ
t

is
eq

u
iva

len
t

to
co

n
d
itio

n
in

g
o
n

a
rea

liza
tio

n
o
f
G
t ,

ex
cep

t
th

a
t

th
e

tim
e

th
e

d
iff

eren
t

v
ertices

w
ere

b
o
rn

(i.e.,
th

e
tim

e
th

ey
a
p
p

ea
red

in
th

e
g
ra

p
h
o
n

p
ro

cess
(G̃

t )
t≥

0 )
is

u
n
k
n
ow

n
.

N
o
te

th
a
t

sin
ce
S

m
ay

h
av

e
p

o
in

t

m
asses

m
u
ltip

le
vertices

of
Ĝ
t

m
ay

h
ave

th
e

sam
e

lab
el,

b
u
t

th
ey

are
still

con
sid

ered
to

b
e

d
iff

eren
t.

F
o
r
t≤
−

1
,

d
efi

n
e
S
t

to
b

e
th

e
σ

-a
lg

eb
ra

g
en

era
ted

b
y

(Ĝ
s )
s≥
−
t .

T
h
en
S
s ⊆
S
t

fo
r
s
≤
t≤
−

1
,

so
(S
t )
t≤
−

1
is

a
fi
ltra

tio
n
,

a
n
d
Y
t

is
m

ea
su

ra
b
le

w
ith

resp
ect

to
Ĝ
−
t

a
n
d

h
en

ce
S
t ;

in
o
th

er
w

ord
s,

(Y
t )
t≤
−

1
is

ad
ap

ted
to

th
e

fi
ltratio

n
.

L
et
t
>
s
>

0
.

G
iv

en
a
n
y
k

d
istin

ct
v
ertices

in
Ĝ
t ,

th
e

p
ro

b
a
b
ility

(co
n
d
itio

n
ed

o
n

(Ĝ
t ′)
t ′≥

t )
th

at
all

k
vertices

are
also

in
Ĝ
s

is
given

b
y

(s/t)
k.

S
in

ce
Ĝ
s

is
an

in
d
u
ced

su
b
grap

h

o
f
Ĝ
t ,

it
fo

llow
s

th
at

E
[Y
−
s |S

−
t ]

=
E

[Y
−
s |(Ĝ

t ′)
t ′≥

t ]

=
1s
k

∑

v
1
,...,v

k ∈
V

(Ĝ
t )

∏

(i,j)∈
E

(F
) 1

(v
i ,v
j )∈

E
(G

t ) ·

P
(v

1 ,...,v
k ∈

V
(Ĝ

s )|v
1 ,...,v

k ∈
V

(Ĝ
t ) )

=
Y
−
t ,

p
rov

in
g

th
a
t

(Y
t )
t<

0
is

a
b
a
ck

w
a
rd

s
m

a
rtin

g
a
le.

T
h
e

lim
it
Y
−
∞

=
lim

t→
∞
,t∈

Q
Y
−
t

ex
ists

a
lm

o
st

su
rely

(K
a
llen

b
erg

,
2
0
0
2
,

T
h
eo

rem
7
.1

8
).

S
in

ce
E

[Y
−
t ]
<
∞

fo
r

a
ll
t
>

0
w

e
k
n
ow

th
at

a.s.,
Y
−
t
<
∞

for
all

t
>

0,
w

h
ich

im
p
lies

th
at

a.s.,|E
(G

t )|
<
∞

for
all

t
>

0.
T

h
erefore

(Y
t )
t<

0
h
as

fi
n
itely

m
an

y
d
iscon

tin
u
ities

in
an

y
b

ou
n
d
ed

in
terval,

an
d

is
left-con

tin
u
ou

s
w

ith
lim

its
fro

m
th

e
rig

h
t.

It
fo

llow
s

th
a
t
Y
−
∞

=
lim

t→
∞
Y
−
t ;

i.e.,
w

e
d
o

n
o
t

n
eed

to
ta

k
e

th
e

lim
it

a
lo

n
g

ra
tion

als.

T
o

co
m

p
lete

th
e

p
ro

o
f

it
is

su
ffi

cien
t

to
p
rov

e
th

a
t

th
e

lim
it
Y
−
∞

is
eq

u
a
l

to
th

e
rig

h
t

sid
e

o
f

(1
5)

a
lm

o
st

su
rely.

T
o

esta
b

lish
th

is
it

is
su

ffi
cien

t
to

p
rov

e
th

a
t
Y
−
∞

is
eq

u
a
l

to
a

d
eterm

in
istic

con
stan

t
alm

ost
su

rely,
sin

ce
(Y
t )
t<

0
is

u
n

iform
ly

in
tegrab

le
(K

allen
b

erg,
2002,

T
h
eo

rem
7
.2

1
),

w
h
ich

im
p
lies

th
at

(Y
t )
t<

0
con

verges
to
Y
−
∞

also
in
L

1.

5
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

W
e

w
ill

u
se

th
e

K
olm

ogorov
0-1

law
(S

tro
o
ck

,
2011a,

T
h
eorem

1.1.2)
to

d
ed

u
ce

th
is.

F
or

an
y
n
∈
N

d
efi

n
eV

n
:=
{
(s,x

)∈
V

:
n
−

1≤
s
<
n}.

L
etF

n
b

e
th

e
σ

-algeb
ra

gen
erated

b
y

th
e

setV
n

a
n
d

th
e

ed
g
es

b
etw

een
th

e
v
ertex

setV
n

a
n
d

th
e

v
ertex

set ⋃
1≤
m
≤
n V

m
.

S
in

ce
th

e
ra

n
d
o
m

n
ess

o
f

th
e

ed
g
es

ca
n

b
e

rep
resen

ted
a
s

a
n

in
fi
n
ite

seq
u
en

ce
o
f

in
d
ep

en
d
en

t
u
n
ifo

rm
ra

n
d
o
m

va
ria

b
les,

th
e
σ

-a
lg

eb
ra

s
F
n

ca
n

b
e

co
n
sid

ered
in

d
ep

en
d
en

t
ev

en
if

th
e

ed
ges

con
sid

ered
in
F
n

join
vertices

in
V
n

an
d
V
m

for
m
<
n

.
In

ord
er

to
ap

p
ly

th
e

0-1
law

it
is

su
ffi

cien
t

to
p

rov
e

th
a
t
Y
−
∞

is
m

ea
su

ra
b

le
w

ith
resp

ect
to

th
e
σ

-a
lg

eb
ra

g
en

era
ted

b
y

⋃
n≥

n
0 F

n
for

all
n

0 ∈
N

.
D

efi
n
e
Y
−
t,≥

n
0

in
th

e
sa

m
e

w
ay

a
s
Y
−
t ,

ex
cep

t
th

a
t

in
stea

d
o
f

su
m

m
in

g
ov

er
v
ertices

in
V

(G
t ),

w
e

su
m

ov
er

v
ertices

in
V

(G
t )∩
V
≥
n
0 ,

w
h
ere
V
≥
n
0

=
⋃
n≥

n
0 V

n
.

S
in

ce
Y
−
t,≥

n
0

is
m

ea
su

ra
b
le

w
ith

resp
ect

to
th

e
σ

-a
lg

eb
ra

g
en

era
ted

b
y
⋃
n≥

n
0 F

n
,

a
ll

w
e

n
eed

to
sh

ow
is

th
a
t

fo
r

a
ll
n
≥
n

0 ,
a
.s.,

Y
−
t −

Y
−
t,≥

n
0 →

0
a
s
t→
∞

.
T

h
e

d
iff

eren
ce

b
etw

een
Y
−
t

a
n
d

Y
−
t,≥

n
0

can
th

en
b

e
b

ou
n
d
ed

b
y

t −
k

∑

v
1
,...,v

k ∈
V

(G
t )

t
i ≤
n
0

fo
r

so
m

e
i∈

[k
]

∏

(i,j)∈
E

(F
) 1

(v
i ,v
j )∈

E
(G

t ) ,

w
h
ere

ti
is

th
e

tim
e

la
b

el
o
f
v
i .

C
o
n
d
itio

n
ed

o
n
v

1 ,...,v
k ∈

V
(G

t ),
th

e
p
ro

b
a
b
ility

th
a
t

a
t

least
on

e
of

th
em

h
as

tim
e

lab
el
ti ≤

t0
is

b
ou

n
d
ed

b
y
k
t0 /t.

C
on

tin
u
in

g
as

in
th

e
p
ro

of
of

(15),
w

e
th

erefore
ob

tain
th

at

0
≤

E
[Y
−
t −

Y
−
t,≥

n
0 ]≤

k (
t0t ) ∫

S
k

∏

(i,j)∈
E

(F
) W

(x
i ,x

j )
d
x

1 ···
d
x
k .

(16)

S
in

ce
th

e
lim

it
Y
−
∞

=
lim

t→
∞
Y
−
t

ex
ists,

w
e

ca
n

ca
lcu

la
te
Y
−
∞

a
lo

n
g

a
n
y

seq
u
en

ce,
say

th
e

seq
u
en

ce
(Y
−
n
2 )
n∈

N
.

T
h
e

b
o
u
n
d

(16)
co

m
b
in

ed
w

ith
M

a
rk

ov
’s

in
eq

u
a
lity

a
n
d

th
e

B
o
rel-C

a
n
telli

lem
m

a
th

erefo
re

im
p
lies

th
a
t
Y
−
∞

=
lim

n→
∞
Y
−
n
2
,≥
n
0 ,

p
rov

in
g

th
a
t
Y
−
∞

is
m

ea
su

ra
b
le

w
ith

resp
ect

to
th

e
σ

-a
lg

eb
ra

g
en

era
ted

b
y
⋃
n≥

n
0 F

n
,

a
s

req
u
ired

fo
r

th
e

ap
p
lication

of
th

e
0-1

law
.

T
h

is
com

p
letes

th
e

p
ro

of
of

th
e

p
rop

osition
u

n
d

er
th

e
assu

m
p

tion
th

at
th

e
righ

t
sid

e
of

(14)
is

fi
n
ite.

If
th

e
rig

h
t

sid
e

is
in

fi
n
ite,

w
e

n
o
te

th
a
t

fo
r

a
n
y

set
A

o
f

fi
n
ite

m
ea

su
re

(14)
h

old
s

w
ith

W
1
A
×
A

in
stead

of
W

on
b

oth
th

e
left

sid
e

an
d

th
e

righ
t

sid
e.

W
e

can
m

ake
th

e
rig

h
t

sid
e

a
rb

itra
rily

la
rg

e
b
y

in
crea

sin
g
A

.
T

h
e

left
sid

e
is

m
o
n

o
to

n
e

in
A

,
a
n

d
th

erefo
re

th
e

lim
it

in
ferio

r
o
f

th
e

left
sid

e
(w

ith
W

,
n
o
t
W

1
A
×
A

)
is

la
rg

er
th

a
n

a
n
y

fi
x
ed

co
n
sta

n
t,

an
d

h
en

ce
is

eq
u
al∞

.

P
ro

o
f

o
f

T
h

e
o
re

m
2
8

(i)
S
in

ce
th

e
resu

lt
of

th
e

th
eorem

is
im

m
ed

iate
for‖W

‖
1

=
0,

w
e

w
ill

assu
m

e
th

rou
gh

ou
t

th
e

p
ro

of
th

at‖W
‖

1
>

0.
S

in
ce
δ�

(G̃
t ,G

t )
=

0
b
y

(3),
it

is
en

ou
gh

to
p
rov

e
th

e
statem

en
t

for
eith

er
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d
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p
h

in
th
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p
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á
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b
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‖
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‖
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‖
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‖
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b
in

ed
w

ith
L

em
m

a
44,

th
is

im
p
lies

th
at
δ
s�

(G̃
t ,W

)→
0

w
h
en
π

(S
)
<
∞
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p
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p
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b
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.
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d
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p
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p
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re
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is

p
ro

of
,

w
e

w
il
l

al
w

ay
s

as
su

m
e

th
at
t
≥
t M

.
D

efi
n
in

g
G
′ t
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b
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v
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p
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p
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p
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b
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d
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e
fa

ct
th

a
t

W̃
G
′ t,
s
| [0
,λ
−
1

M
]2

=
W̃

G̃
M t
,s

,

δs �
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b
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b
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v
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v
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p
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p
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or
an

y
n
∈
N

th
e

p
ro

b
ab

il
it

y
th

at
a

fe
at

u
re

sa
m

p
le

d
fr

om
th

e
m

ea
su

re
µ
n

is
co

n
ta

in
ed

in
A

is
g
iv

en
b
y
µ

(A
∩
S
n
)/
µ

(S
n
)
≤
µ

(A
)/
µ

(S
n
).

H
en

ce
th

e
B

o
re

l-
C

a
n
te

ll
i

le
m

m
a

im
p

li
es

th
a
t

fi
n
it

el
y

m
a
n
y

v
er

ti
ce

s
in
⋃
n
≥

1
V

(G
n
)

h
av

e
a

fe
a
tu

re
in
A

.
T

h
er

ef
o
re

w
e

ca
n

fi
n
d

a
d

et
er

m
in

is
ti

c
n

0
∈
N

su
ch

th
at

P(
x
n
6∈
A

fo
r

al
l
n
≥
n

0
)
>

0.
It

fo
ll

ow
s

th
at

w
it

h
u

n
if

or
m

ly
p

os
it

iv
e

p
ro

b
ab

il
it

y
co

n
d
it

io
n
ed

on
G
n
0
,

n
o

ed
ge

s
ar

e
ad

d
ed

to
G
n

af
te

r
ti

m
e
n

0
.

T
o

co
n
cl

u
d
e

o
u
r

p
ro

o
f

(i
.e

.,
o
b
ta

in
a

co
n
tr

a
d
ic

ti
o
n

b
y

p
ro

v
in

g
th

a
t
E

(G
n
)

=
∅

w
it

h
p

o
si

ti
v
e

p
ro

b
a
b
il
it

y
)

it
is

th
er

ef
o
re

su
ffi

ci
en

t
to

p
ro

v
e

th
a
t
E

(G
n
0
)

=
∅

w
it

h
p

o
si

ti
v
e

p
ro

b
a
b
il
it

y.
W

e
w

il
l

d
o

th
is

b
y

sa
m

p
li
n
g

a
se

q
u
en

ce
o
f

g
ra

p
h
s

(Ĝ
n
) n
∈N

fr
o
m
Ŵ

w
h
ic

h
is

cl
o
se

in
la

w
to

(G
n
) n
∈N

,
a
n
d

u
se

th
a
t
E

(Ĝ
n
)

=
∅

w
it

h
p

o
si

ti
v
e

p
ro

b
a
b
il
it

y
si

n
ce
Ŵ

is
ze

ro
on

a
ce

rt
ai

n
su

b
d
om

ai
n

si
n
ce

th
e

gr
ap

h
s

w
e

co
n
si

d
er

h
av

e
n
o

lo
op

s.
(N

ot
e

th
at

ou
r

ap
p
ro

ac
h

w
ou

ld
n
ot

h
av

e
w

or
ke

d
if

w
e

al
lo

w
ed

fo
r

lo
op

s;
if

,
fo

r
ex

am
p
le

,
Ŵ
| [0
,1

]2
≡

1
an

d
S

1
,S

2
⊂

[0
,1

]

w
e

w
ou

ld
h
av

e
h
ad

P(
E

(Ĝ
n
)

=
∅)

=
0.

)
L

et
ε
>

0,
an

d
re

ca
ll
in

g
th

at
δ 1

(Ŵ
,W

)
=

0,
ch

o
os

e

a
co

u
p
li
n
g

m
ea

su
re
µ̃

on
S
×
R

+
su

ch
th

at
‖W

π
1
−
Ŵ

π
2
‖ 1
,µ̃
<
ε.

B
y

u
si

n
g
µ̃

w
e

ca
n

sa
m

p
le

5
4
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

tw
o

cou
p

led
seq

u
en

ces
of

grap
h

s
(G

n
)
1≤
n≤

n
0

an
d

(Ĝ
n
)
1≤
n≤

n
0 ,

su
ch

th
at

th
e

tw
o

seq
u
en

ces
h
av

e
a

law
w

h
ich

is
clo

se
in

to
ta

l
va

ria
tio

n
d
ista

n
ce,

(G
n
)
1≤
n≤

n
0

h
a
s

th
e

law
o
f

th
e

g
ra

p
h
s

in
th

e
statem

en
t

of
th

e
th

eorem
,

an
d

(Ĝ
n
)
1≤
n≤

n
0

is
sam

p
led

sim
ilarly

as
(G

n
)
n∈

N
b
u
t

w
ith

Ŵ
in

stead
ofW

.
M

ore
p

recisely,
for

each
n
∈
{1,...,n

0 }
w

e
sam

p
le

(x
,x̂

)∈
S
n ×

R
+

from
th

e
p
rob

ab
ility

m
easu

re
µ

(S
n
) −

1µ̃|S
n ×

R
+

,
w

e
let

x
(resp

.
x̂

)
b

e
th

e
featu

re
of

th
e
n

th
vertex

o
f
G
n

(resp
.
Ĝ
n
),

a
n
d

b
y

u
sin

g
th

a
t‖
W

π
1−

Ŵ
π
2‖

1
,µ̃
<
ε

w
e

ca
n

co
u
p
le

(G
n
)
1≤
n≤

n
0

a
n
d

(Ĝ
n
)
1≤
n≤

n
0

su
ch

th
at

for
each

n
1 ,n

2 ∈
{1
,...,n

0 }
for

w
h
ich

n
1 6=

n
2

w
e

h
ave

P
({

(x
n
1 ,x

n
2 )∈

E
(G

n
0 ),(x̂

n
1 ,x̂

n
2 )6∈

E
(Ĝ

n
0 ) }
∪

{
(x
n
1 ,x

n
2 )6∈

E
(G

n
0 ),(x̂

n
1 ,x̂

n
2 )∈

E
(Ĝ

n
0 ) } )

≤
µ

(S
n
1 ) −

1µ
(S
n
2 ) −

1 ∫

(S
n
1 ×

R
+

)×
(S
n
2 ×

R
+

) ∣∣∣ W
π
1−

Ŵ
π
2 ∣∣∣
d
µ̃
d
µ̃

<
µ

(S
n
1 ) −

1µ
(S
n
2 ) −

1ε.

H
en

ce
th

e
to

ta
l

va
ria

tio
n

d
ista

n
ce

b
etw

een
th

e
law

s
o
f

(G
n
)
1≤
n≤

n
0

a
n
d

(Ĝ
n
)
1≤
n≤

n
0

is
b

ou
n

d
ed

b
y
n

20 µ
(S

1 ) −
2ε.

S
in

ce
w

e
can

m
ake

th
is

d
istan

ce
arb

itrarily
sm

all
b
y

d
ecreasin

g
ε,

in
o
rd

er
to

co
m

p
lete

o
u
r

p
ro

o
f

it
is

su
ffi

cien
t

to
p
rov

e
th

a
t
E

( Ĝ
n
0 )

=
∅

w
ith

a
u
n
ifo

rm
ly

p
ositive

p
rob

ab
ility

for
all

cou
p
lin

g
m

easu
res

µ̃
.

W
rite

R
+

=
⋃
Nn

=
0
A
n
,

su
ch

th
at
A

0 ,...,A
N

co
rresp

o
n
d

to
th

e
step

s
o
f

th
e

step
fu

n
ctio

n
Ŵ

,
w

ith
,

say,
A

0
co

rresp
o
n
d
in

g
to

th
e

set
o
f

a
ll
x

su
ch

th
a
t ∫

Ŵ
(x
,y

)
d
y

=
0
.

F
o
r

a
n
y

ch
o
ice

o
f
µ̃

w
e

ca
n

fi
n
d

a
k

=
k
µ̃
∈
{
0
,...,N

}
su

ch
th

at
µ̃

(S
1 ×

A
k )≥

µ
(S

1 )/(N
+

1).
T

h
erefore

th
ere

is
a

u
n

iform
ly

p
ositive

p
rob

ab
ility

th
a
t

a
ll

th
e

v
ertices

o
f
Ĝ
n
0

h
av

e
a

fea
tu

re
in
A
k .

O
n

th
is

ev
en

t
w

e
h
av

e
E

( Ĝ
n
0 )

=
∅
,

sin
ce

Ŵ
|A
k ×

A
k
≡

0
a
s

th
e

g
ra

p
h
s

w
e

co
n
sid

er
a
re

sim
p
le

(i.e.,
th

ey
d
o

n
o
t

h
av

e
lo

o
p
s).

T
h
is

co
m

p
letes

ou
r

p
ro

of
th

at
th

e
con

d
itio

n
∑
∞n

=
1
µ

(S
n
) −

1
=
∞

is
n
ecessary.

N
ow

w
e

w
ill

p
rov

e
th

a
t

th
e

co
n
d
itio

n
∑
∞n

=
1
µ

(S
n
) −

1
=
∞

is
su

ffi
cien

t
to

g
u
a
ra

n
tee

th
a
t

a
.s.-lim

n→
∞
δ
s�

(W
,G

n
)

=
0
.

W
e

w
ill

co
u
p
le

(G
n
)
n∈

N
to

a
g
ra

p
h
o
n

p
ro

cess
(G̃

t )
t≥

0

w
ith

iso
la

ted
v
ertices.

F
ix
ε
>

0
,

a
n
d

ch
o
o
se
N
∈

N
su

ffi
cien

tly
la

rg
e

su
ch

th
a
t
‖W
−

W
1
S
N
×
S
N ‖�

<
ε.

S
a
m

p
le

(G̃
t )
t≥

0 ,
a
n

d
in

d
ep

en
d

en
tly

fro
m

(G̃
t )
t≥

0 ,
sa

m
p

le
(G

n
)
1≤
n≤

N
a
s

d
escrib

ed
in

th
e

statem
en

t
of

th
e

th
eorem

.
D

efi
n
e

(tn
)
n≥

N
in

d
u
ctively

as
follow

s

tN
=

0,
tn

=
in

f{
t
>
tn−

1
:

th
ere

ex
ists

x
∈
S
n

su
ch

th
at

(t,x
)∈

V
(G̃

t )}
.

N
o
te

th
a
t
tn
→
∞

a
.s.

a
s
n
→
∞

,
b

eca
u
se

th
e

in
crem

en
ts
tn −

tn−
1

a
re

in
d
ep

en
d
en

t
a
n
d

ex
p

o
n
en

tia
lly

d
istrib

u
ted

w
ith

m
ea

n
µ

(S
n
) −

1,
a
n
d
∑
∞n

=
N

+
1
µ

(S
n
) −

1
=
∞

b
y

a
ssu

m
p
tio

n
.

F
o
r
n
>
N

let
Ĝ
n

b
e

th
e

in
d
u
ced

su
b
grap

h
of
G̃
t
n

w
h
ose

v
ertex

set
is

V
(Ĝ

n
)

=
{
(t,x

)∈
V

(G̃
t
n
)

:
th

ere
ex

ists
ñ
∈
{N

+
1
,...,n}

su
ch

th
at
t

=
tñ }.

F
o
r

ea
ch

n
>
N

let
G
n

b
e

th
e

u
n
io

n
o
f
G
N

a
n
d
Ĝ
n
,

su
ch

th
a
t

th
e

ed
g
e

set
o
f
G
n

is
g
iv

en
b
y
E

(G
N

)∪
E

(Ĝ
n
)

in
ad

d
ition

to
in

d
ep

en
d

en
tly

sam
p
led

ed
ges

b
etw

een
th

e
vertices

of
G
N

an
d

th
e

vertices
of
Ĝ
n
,

su
ch

th
at

th
e

p
rob

ab
ility

of
con

n
ectin

g
vertices

w
ith

featu
res

x
an

d
x
′

is
W

(x
,x
′),

a
n
d

su
ch

th
a
t
G
n−

1
is

a
n

in
d
u
ced

su
b
g
ra

p
h

o
f
G
n
.

It
is

im
m

ed
ia

te
th

a
t

(G
n
)
n∈

N
h
as

th
e

sam
e

law
as

th
e

seq
u
en

ce
of

grap
h
s

(G
n
)
n∈

N
d
escrib

ed
in

th
e

statem
en

t
of

th
e

th
eo

rem
.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

W
e

w
ill

p
rove

th
at|E

(G
n
)\E

(G̃
t
n
)|

=
o(|E

(G̃
t
n
)|)

an
d
|E

(G̃
t
n
)\
E

(G
n
)|
<
ε|E

(G̃
t
n
)|

for
all

large
n
∈
N

.
T

h
is

is
su

ffi
cien

t
to

com
p
lete

th
e

p
ro

of
of

th
e

th
eorem

,
sin

ce
ε
>

0
w

as
arb

i-
tra

ry,
sin

ce
lim

n→
∞
δ
s�

(W
,G̃

t
n
)

=
0

b
y

p
a
rt

(i)
o
f

th
e

th
eo

rem
,

a
n
d

sin
ce
δ
s�

(G
n
,G̃

t
n
)→

0

a
s
n
→
∞

a
n
d
ε
→

0
b
y

th
e

fo
llow

in
g

a
rg

u
m

en
t.

D
efi

n
e
W̃

G
n
,s

:=
(W̃

G
n
,s,R

+
)

a
n
d

W̃
G
n
,s

:=
W

G
n
,s(r −

1
n
·
,r −

1
n
·
)

fo
r
r
n

=
|E

(G
n
)| 1

/
2|E

(G̃
t
n
)| −

1
/
2;

i.e.,
W̃

G
n
,s

is
a

stretch
ed

v
ersio

n
o
f
W

G
n
,s

d
efi

n
ed

su
ch

th
a
t

ea
ch

v
ertex

o
f
G
n

co
rresp

o
n
d

s
to

a
n

in
terva

l
o
f

len
g
th

(2|E
(G̃

t
n
)|) −

1
/
2.

T
h
en

ea
ch

v
ertex

co
rresp

o
n
d
s

to
a
n

in
terva

l
o
f

len
g
th

(2|E
(G̃

t
n
)|) −

1
/
2

b
o
th

fo
r
W̃

G
n
,s

a
n
d

fo
r
W

G̃
tn
,s,

so
b
y

o
rd

erin
g

th
e

v
ertices

a
p
p
ro

p
ria

tely
w

h
en

d
efi

n
-

in
g

th
e

g
ra

p
h
o
n
s

w
e

h
av

e
‖
W̃

G
n
,s−

W
G̃
tn
,s‖

1
≤
|E

(G
n
)4

E
(G̃

t
n
)||E

(G̃
t
n
)| −

1
=
o
n
(1

)
+

ε.
F

o
r

su
ffi

cien
tly

sm
a
ll
ε
>

0
a
n
d

la
rg

e
n
∈

N
w

e
h
av

e
|r
n
−

1|
<
∣∣|E

(G
n
)| 1

/
2
−

|E
(G̃

t
n
)| 1

/
2 ∣∣|E

(G̃
t
n
)| −

1
/
2
<
o
n
(1)+

ε,
an

d
h
en

ce
L

em
m

a
44

im
p
lies

th
at
δ�

(W
G
n
,s,W̃

G
n
,s)
<

4ε
for

all
su

ffi
cien

tly
sm

all
ε
>

0
an

d
su

ffi
cien

tly
large

n
∈
N

.
C

om
b
in

in
g

th
e

ab
ove

estim
ates

w
e

get
th

at
for

all
su

ffi
cien

tly
sm

all
ε
>

0
a
n
d

su
ffi

cien
tly

large
n
∈
N

,

δ
s�

(G
n
,G̃

t
n
)≤

δ�
(W

G
n
,s,W̃

G
n
,s)

+
δ�

(W̃
G
n
,s,W

G̃
tn
,s)≤

4
ε

+
‖
W̃

G
n
,s−

W
G̃
tn
,s‖

1 ≤
6ε.

F
irst

w
e

p
rov

e
th

a
t

co
n
d
itio

n
ed

o
n

a
lm

o
st

a
n
y

rea
liza

tio
n

o
f
G
N

,|E
(G

n
)\
E

(G̃
t
n
)|

=
o(|E

( G̃
t
n
)|)

a
s
n
→
∞

.
N

o
te

th
a
t
E

(G
n
)\
E

( G̃
t
n
)

co
n
sists

o
f

th
e

ed
g
es

in
E

(G
N

),
p
lu

s
in

d
ep

en
d
en

tly
sa

m
p
led

ed
g
es

b
etw

een
V

(G
N

)
a
n
d
V

(Ĝ
n
).

S
in

ce
V

(Ĝ
n
)
⊂
V

(G̃
t
n
),

w
e

overcou
n
t

th
e

latter
if

w
e

in
d
ep

en
d
en

tly
sam

p
le

on
e

ed
ge

for
each

v
∈
V

(G
N

)
an

d
v ′∈

V
( G̃

t
n
),

w
ith

th
e

p
ro

b
a
b
ility

o
f

a
n

ed
g
e

b
etw

een
v

a
n
d
v ′

g
iv

en
b
y
W

eva
lu

a
ted

a
t

th
e

fea
tu

res
o
f

v
a
n
d
v ′.

D
efi

n
in

g
d
eg

(v
;G̃

t
n
)

to
b

e
th

e
n
u
m

b
er

o
f

ed
g
es

b
etw

een
v
∈
V

(G
N

)
a
n
d
V

(G̃
t
n
)

ob
tain

ed
in

th
is

w
ay,

w
e

th
u
s

h
ave

|E
(G

n
)\
E

(G̃
t
n
)|≤

|E
(G

N
)|

+
∑

v∈
V

(G
N

) d
eg

(v
;G̃

t
n
).

B
y

P
ro

p
o
sitio

n
5
6

a
p
p
lied

w
ith

F
b

ein
g

th
e

sim
p
le

co
n
n
ected

g
ra

p
h

w
ith

tw
o

v
ertices,

|E
(G̃

t
n
)|

=
Θ

(t 2n
).

In
o
rd

er
to

p
rov

e
th

a
t
|E

(G
n
)\
E

(G̃
t
n
)|

=
o(|E

(G̃
t
n
)|)

it
is

th
erefo

re
su

ffi
cien

t
to

p
rove

th
at,

con
d
ition

ed
on

alm
ost

an
y

realization
of
G
N

,
each

vertex
v
∈
V

(G
N

)
sa

tisfi
es

d
eg

(v
; G̃

t
n
)≤

C
tn

fo
r

a
ll

su
ffi

cien
tly

la
rg

e
n

a
n
d

so
m

e
C
>

0
d
ep

en
d
in

g
o
n

th
e

featu
re

of
th

e
vertex

.
C

on
d

ition
on

a
realization

of
G
N

su
ch

th
at ∫

S
W

(x
,y

)
d
µ

(y
)
<
∞

for
all

x
∈
S

su
ch

th
at
x

is
th

e
featu

re
of

som
e

vertex
in
G
N

.
W

e
w

ill
p
rove

th
at

if
x
∈
S

is
th

e
featu

re
of
v
∈
V

(G
N

)
th

en
a.s.

lim
t→
∞
Y
−
t

=

∫

S
W

(x
,y

)
d
µ

(y
),

w
h
ere

Y
−
t

:=
t −

1
d
eg

(v
;G̃

t )
fo

r
all

t
>

0,
(18)

w
h
ich

is
su

ffi
cien

t
to

im
p
ly

th
e

ex
isten

ce
o
f

a
n

a
p
p
ro

p
ria

te
co

n
sta

n
t
C

.
T

h
e

co
n
v
erg

en
ce

resu
lt

(18)
fo

llow
s

b
y

n
o
tin

g
th

a
t

(Y
t )
t<

0
is

a
b
a
ck

w
a
rd

s
m

a
rtin

g
a
le

w
ith

ex
p

ecta
tio

n
∫
S
W

(x
,y

)
d
µ

(y
),

w
h
ich

is
left-co

n
tin

u
o
u
s

w
ith

rig
h
t

lim
its

a
t

ea
ch

t
<

0
;

see
th

e
p
ro

o
f

o
f

P
rop

osition
56

for
a

very
sim

ilar
argu

m
en

t.
H

en
ce

th
e

K
olm

ogorov
0-1

law
im

p
lies

(18).
W

e
can

con
clu

d
e

th
at|E

(G
n
)\
E

(G̃
t
n
)|

=
o(|E

(G̃
t
n
)|).

N
ow

w
e

p
rov

e
|E

(G̃
t
n
)\E

(G
n
)|
<
ε|E

(G̃
t
n
)|.

L
et
G
t
n

b
e

th
e

in
d
u
ced

su
b
g
ra

p
h

o
f
G̃
t
n

corresp
on

d
in

g
to

v
ertices

w
ith

featu
re

in
S
N

.
T

h
en

|E
(G̃

t
n
)\
E

(G
n
)|≤
|E

(G̃
t
n
)|−
|E

(G
t
n
)|.
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

B
y

ap
p
ly

in
g

P
ro

p
os

it
io

n
56

to
ea

ch
of

th
e

gr
ap

h
s
G
t n

an
d
Ĝ
t n

,
an

d
w

it
h
F

b
ei

n
g

th
e

si
m

p
le

co
n
n
ec

te
d

gr
ap

h
on

tw
o

ve
rt

ic
es

,
it

fo
ll
ow

s
th

at

li
m

su
p

n
→
∞
|E

(G̃
t n

)|−
1
|E

(G̃
t n

)\
E

(G
n
)|
≤

li
m

n
→
∞
|E

(G̃
t n

)|−
1
(|E

(G̃
t n

)|
−
|E

( G
t n

)|)

=
‖W
‖ 1
−
‖W

1
S
N
×
S
N
‖ 1

=
‖W
−
W

1
S
N
×
S
N
‖ 1
<
ε.

P
ro

o
f

o
f

T
h

e
o
re

m
2
7

A
ss

u
m

e
th

a
t

(i
)

h
o
ld

s,
i.
e.

,
δ �

(W
1
,W

2
)

=
0
.

W
e

w
il
l

p
ro

v
e

th
a
t

(i
i)

an
d

(i
ii
)

al
so

h
ol

d
.

It
is

su
ffi

ci
en

t
to

p
ro

ve
th

at
(i

i)
h
ol

d
s,

si
n
ce

(i
i)

im
p
li
es

(i
ii
).

W
e

fi
rs

t
co

n
si

d
er

th
e

ca
se

w
h
en

µ
i(
I i

)
<
∞

fo
r
i

=
1,

2,
w

h
er

e
I i

:=
{x
∈
S
i

:
D
W
i
(x

)
>

0}
.

R
ec

al
l

th
at

b
y

P
ro

p
os

it
io

n
21

w
e

h
av

e
µ

1
(I

1
)

=
µ

2
(I

2
),

so
b
y

re
st

ri
ct

in
g

th
e

gr
ap

h
on
W
i

to
th

e
sp

a
ce
I i

fo
r
i

=
1
,2

w
e

o
b
ta

in
tw

o
g
ra

p
h
o
n
s

w
it

h
cu

t
d
is

ta
n
ce

ze
ro

ov
er

sp
a
ce

s
o
f

fi
n
it

e
a
n
d

eq
u
a
l

m
ea

su
re

.
B

y
d
efi

n
it

io
n

o
f
I i

,
a
lm

o
st

su
re

ly
n
o

v
er

ti
ce

s
o
f

(G̃
t)
t≥

0
w

il
l

b
e

is
o
la

te
d

fo
r

a
ll

ti
m

es
,

a
n
d

it
is

p
ro

v
ed

th
a
t

(i
i)

h
o
ld

s
in

,
fo

r
ex

a
m

p
le

,
a

p
a
p

er
b
y

J
a
n
so

n
(2

01
3,

T
h
eo

re
m

8.
10

),
w

h
o

re
fe

rs
to

p
ap

er
s

b
y

B
or

gs
,

C
h
ay

es
,

L
ov

ás
z,

S
ós

,
an

d
V

es
zt

er
go

m
b
i

(2
00

8)
,

B
or

gs
,

C
h

ay
es

,
an

d
L

ov
ás

z
(2

01
0)

,
an

d
D

ia
co

n
is

an
d

J
an

so
n

(2
00

8)
fo

r
th

e
or

ig
in

al
p
ro

of
s.

N
ex

t
w

e
co

n
si

d
er

th
e

ca
se

w
h
er

e
µ

1
(I

1
)

=
µ

2
(I

2
)

=
∞

.
W

e
m

ay
a
ss

u
m

e
µ
i(
S
i
\I

i)
=

0
,

si
n
ce

re
p
la

ci
n
g

th
e

g
ra

p
h
o
n
W
i

b
y

it
s

re
st

ri
ct

io
n

to
S
i
\I

i
a
m

o
u
n
ts

to
re

m
ov

in
g

v
er

ti
ce

s
w

h
ic

h
a
re

is
o
la

te
d

fo
r

a
ll

ti
m

es
.

P
a
rt

(i
)

o
f

P
ro

p
o
si

ti
o
n

5
1

n
ow

im
p
li
es

th
a
t

w
e

ca
n

fi
n
d

a
m

ea
su

re
µ

su
ch

th
a
t
W

π
1

1
=
W

π
2

2
µ

-a
lm

o
st

ev
er

y
w

h
er

e.
B

y
th

e
a
ss

u
m

p
ti

o
n
µ
i(
S
i
\I

i)
=

0
,

p
a
rt

(i
v
)

o
f

th
e

p
ro

p
o
si

ti
o
n

im
p
li
es

th
a
t
µ

is
a

co
u
p
li
n
g

m
ea

su
re

.
S
a
m

p
li
n
g

a
g
ra

p
h
o
n

p
ro

ce
ss

fr
o
m
W
i

m
ay

b
e

d
o
n
e

b
y

a
ss

o
ci

a
ti

n
g

th
e

v
er

te
x

se
t

w
it

h
a

P
o
is

so
n

p
o
in

t
p
ro

ce
ss

o
n

(S
1
×
S

2
)
×

R
+

w
it

h
in

te
n
si

ty
µ
×
λ

,
su

ch
th

a
t

ea
ch

((
x

1
,x

2
),
t)
∈

(S
1
×
S

2
)
×

R
+

is
as

so
ci

at
ed

w
it

h
a

ve
rt

ex
w

it
h

fe
at

u
re
x
i

ap
p

ea
ri

n
g

at
ti

m
e
t.

N
ow

w
e

w
il
l

p
ro

ve
th

at
(i

i)
or

(i
ii
)

im
p
ly

(i
).

W
e

w
il
l

on
ly

sh
ow

th
at

(i
i)

im
p
li
es

(i
),

si
n
ce

w
e

ca
n

p
ro

v
e

th
a
t

(i
ii
)

im
p
li
es

(i
)

b
y

th
e

ex
a
ct

sa
m

e
a
rg

u
m

en
t.

W
e

a
ss

u
m

e
(i

i)
h
o
ld

s,
a
n
d

co
u
p
le

(G̃
1 t
) t
≥

0
a
n
d

(G̃
2 t
) t
≥

0
su

ch
th

a
t
G̃

1 t
=
G̃

2 t
fo

r
a
ll
t
≥

0
.

B
y

T
h
eo

re
m

2
8
(i

)
w

e
k
n
ow

th
a
t

li
m
t→
∞
δ �

(W
i,
W

G̃
i t
)

=
0
.

S
in

ce
W

G̃
1 t

=
W

G̃
2 t

fo
r

a
ll
t
≥

0
it

fo
ll
ow

s
b
y

th
e

tr
ia

n
g
le

in
eq

u
al

it
y

th
at
δ �

(W
1
,W

2
)

=
0,

so
(i

)
h
ol

d
s.

A
p
p

e
n
d
ix

E
.

C
o
m

p
a
ct

n
e
ss

In
th

is
ap

p
en

d
ix

w
e

w
il
l

es
ta

b
li
sh

T
h
eo

re
m

15
.

L
e
m

m
a

5
8

L
et

(W
n
) n
∈N

a
n

d
(W̃

n
) n
∈N

be
tw

o
se

qu
en

ce
s

o
f

gr
a
p
h
o
n

s,
w

it
h
W
n

=
(W

n
,S

n
),

S
n

=
(S
n
,S

n
,µ

n
),
W̃
n

=
(W̃

n
,S̃

n
),

a
n

d
S̃
n

=
(S̃
n
,S̃

n
,µ̃

n
),

su
ch

th
a
t

th
er

e
a
re

m
ea

su
re

-

p
re

se
rv

in
g

tr
a
n

sf
o
rm

a
ti

o
n

s
φ
n

:
S
n
→
S̃
n

fo
r

w
h
ic

h
li
m
n
→
∞
‖W

n
−
W̃

φ
n

n
‖ 1

=
0.

F
u

rt
h
er

m
o
re

,
a
ss

u
m

e
th

a
t

ei
th

er
(i

)
φ
n

is
a

bi
m

ea
su

ra
bl

e
bi

je
ct

io
n

,
o
r

(i
i)
S
n

=
S̃
n
×

[0
,1

],
w

h
er

e
[0
,1

]
is

eq
u

ip
pe

d
w

it
h

L
eb

es
gu

e
m

ea
su

re
,

a
n

d
φ
n

:
S
n
→

S̃
n

is
th

e
p
ro

je
ct

io
n

m
a
p
.

T
h
en

(W
n
) n
∈N

h
a
s

u
n

if
o
rm

ly
re

gu
la

r
ta

il
s

iff
(W̃

n
) n
∈N

h
a
s

u
n

if
o
rm

ly
re

gu
la

r
ta

il
s.
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

P
ro

o
f

L
et

(ε
n
) n
∈N

b
e

a
se

q
u
en

ce
o
f

p
o
si

ti
v
e

re
a
l

n
u
m

b
er

s
co

n
v
er

g
in

g
to

ze
ro

,
su

ch
th

a
t

‖W
n
−
W̃

φ
n

n
‖ 1

<
ε n

fo
r

a
ll
n
∈

N
.

F
ir

st
a
ss

u
m

e
(W̃

n
) n
∈N

h
a
s

u
n
if

o
rm

ly
re

g
u
la

r
ta

il
s.

G
iv

en
a
n
y
ε
>

0
le

t
M

>
0

b
e

su
ch

th
a
t

fo
r

a
ll
n
∈

N
w

e
ca

n
fi
n
d
Ũ
n
∈
S̃ n

sa
ti

sf
y
in

g
µ̃
n
(Ũ

n
)
<
M

a
n
d
‖W̃

n
−
W̃
n
1
Ũ
n
×
Ũ
n
‖ 1
<
ε/

2
.

D
efi

n
e
U
n

:=
φ
−

1
n

(Ũ
n
).

S
in

ce
φ
n

is
m

ea
su

re
-

p
re

se
rv

in
g
,
µ
n
(U

n
)

=
µ
n
( Ũ

n
)
<
M

.
B

y
fi
rs

t
u

si
n
g
‖W

n
−
W̃

φ
n

n
‖ 1
<
ε n

(w
h
ic

h
im

p
li

es
th

a
t

‖(
W
n
−
W̃

φ
n

n
)1
U
n
×
U
n
‖ 1
<
ε n

)
an

d
th

en
u
si

n
g

th
at
φ
n

is
m

ea
su

re
-p

re
se

rv
in

g
w

e
g
et

‖W
n
−
W
n
1
U
n
×
U
n
‖ 1

≤
‖W

n
−
W̃

φ
n

n
‖ 1

+
‖W̃

φ
n

n
−
W̃

φ
n

n
1
U
n
×
U
n
‖ 1

+
‖(
W̃

φ
n

n
−
W
n
)1
U
n
×
U
n
‖ 1

≤
‖W̃

φ
n

n
−
W̃

φ
n

n
1
U
n
×
U
n
‖ 1

+
2
ε n

=
‖W̃

n
−
W̃
n
1
Ũ
n
×
Ũ
n
‖ 1

+
2
ε n

<
ε/

2
+

2
ε n
.

T
h
e

ri
gh

t
si

d
e

is
le

ss
th

an
ε

fo
r

al
l

su
ffi

ci
en

tl
y

la
rg

e
n
∈
N

.
T

h
er

ef
or

e
(W

n
) n
∈N

h
as

u
n
if

or
m

ly
re

gu
la

r
ta

il
s.

N
ex

t
as

su
m

e
(W

n
) n
∈N

h
as

u
n
if

or
m

ly
re

gu
la

r
ta

il
s.

W
e

co
n
si

d
er

th
e

tw
o

ca
se

s
(i

)
an

d
(i

i)

se
p
a
ra

te
ly

.
In

ca
se

(i
)

it
is

im
m

ed
ia

te
fr

o
m

th
e

a
b

ov
e

re
su

lt
th

a
t

(W̃
n
) n
∈N

h
a
s

u
n
if

o
rm

ly

re
g
u
la

r
ta

il
s,

si
n
ce
‖W̃

n
−
W

φ
−
1

n
n
‖ 1

<
ε n

.
N

ow
co

n
si

d
er

ca
se

(i
i)

.
G

iv
en

a
n
y
ε
>

0
le

t
M

>
0

b
e

su
ch

th
a
t

fo
r

a
ll
n
∈

N
w

e
ca

n
fi
n
d
U
n
∈
S n

sa
ti

sf
y
in

g
µ
n
(U

n
)
<
M
/2

a
n
d

‖W
n
−
W
n
1
U
n
×
U
n
‖ 1
<
ε/

5.
D

efi
n
e
Ũ
n

b
y

Ũ
n

:=

{ x
∈
S̃
n

:

∫
1

0
1

(x
,s

)∈
U
n
d
s
>

1 2

}
,

a
n
d

d
efi

n
e
U
′ n

:=
φ
−

1
n

(Ũ
n
).

N
o
te

th
a
t
Ũ
n

is
a

m
ea

su
ra

b
le

se
t

si
n
ce

(x
,s

)
7→

1
(x
,s

)∈
U
n

is

m
ea

su
ra

b
le

.
T

h
en

µ̃
n
(Ũ

n
)
<
M

,
si

n
ce

µ
n
(U

n
)

=

∫ S̃
n

∫
1

0
1

(x
,s

)∈
U
n
d
s
d
µ̃

(x
)
≥
∫ Ũ

n

∫
1

0
1

(x
,s

)∈
U
n
d
s
d
µ̃

(x
)
≥
∫ Ũ

n

1 2
d
µ̃

(x
)

=
1 2
µ̃
n
(Ũ

n
).

N
ex

t
w

e
w

il
l

ar
gu

e
th

at ‖W̃
n
−
W̃
n
1
Ũ
n
×
Ũ
n
‖ 1
≤

2
‖W̃

φ
n

n
−
W̃

φ
n

n
1
U
n
×
U
n
‖ 1
.

(1
9
)

If
(x
,x
′ )
∈

(S̃
n
×
S̃
n
)\

(Ũ
n
×
Ũ
n
)

it
h
ol

d
s

b
y

th
e

d
efi

n
it

io
n

of
Ũ
n

th
at

∫
1

0

∫
1

0
1

((
x
,s

),
(x
′ ,
s′

))
∈(
S
n
×
S
n

)\
(U
n
×
U
n

)
d
s′
d
s

=
1
−
∫

1

0
1

(x
,s

)∈
U
n
d
s

∫
1

0
1

(x
′ ,
s)
∈U

n
d
s
≥

1 2
,
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
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(19)
b
y

‖
W̃
n −
W̃
n
1
Ũ
n ×

Ũ
n ‖

1
=

∫

S̃
n ×

S̃
n
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µ
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)
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µ
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′) ∣∣∣ 1

(x
,x
′)∈

(S̃
n ×
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n
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(Ũ
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Ũ
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1
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n ×
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(Ũ
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Ũ
n
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· ∫
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S
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n ×

U
n

)
d
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2 ∫

S̃
n ×

S̃
n

d
µ

(x
)
d
µ

(x
′) ∣∣∣ W̃

n
(x
,x
′) ∣∣∣ ∫
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Ũ
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cien

tly
large

n
∈
N

,
an

d
th

u
s

(W̃
n
)
n∈
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w
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∞
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w
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∈
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y
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4
6

a
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d
3
3

w
e

ca
n
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n

d
g
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p
h
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n

s W̃
n

=
( W̃

n
,R

+
)

an
d

m
easu

re-p
reserv

in
g

m
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s
ψ
n

:
S
n
→

R
+

su
ch
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W
n

=
(W̃

n
)
ψ
n
.

S
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(W̃
n
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=
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(W̃
n
)
n∈

N
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a
C
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ch

y
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u
en
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G

iven
an

y
ε
>

0
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N
∈
N

su
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(W̃
N
,W̃
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)
<
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n
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F

o
r
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n
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N
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M
n
∈
R

+
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e
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ch
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a
t‖W̃

n −
W̃
n
1
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,M

n
] 2 ‖

1
<
ε/

3
,

a
n
d

d
efi

n
e
M
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p
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N
M
n
<
∞

.
T

o
p
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e
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a
t

(W̃
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N
h
a
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u
n
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rm
ly

reg
u
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r
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w
e

ca
n

fi
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a
B

o
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b
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Ã
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⊂

R
+
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λ
(Ã
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M
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n
1
Ã
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Ã
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1
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(20)

W
e
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n
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rly
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n
d

a
n

a
p
p
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p
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Ã
n
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r
n
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;
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d
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,
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e
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n
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n
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a
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Ã
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⊂
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a
t
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e
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n
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o
u
n
d

h
o
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s
w

ith
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3
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o
f
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B
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o
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n
4
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w
e
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n

fi
n
d
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m

o
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h
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φ
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→
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+
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a
t
‖
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N
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φ
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3
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r
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e

Ã
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=
φ
n
(Ã

N
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d
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‖
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n −
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n
1
Ã
n ×

Ã
n ‖�

=
‖W̃

φ
n
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φ
n

n
1
Ã
N
×
Ã
N ‖�

≤
‖W̃

N
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1
Ã
N
×
Ã
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2ε3
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th
e
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−
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w
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o
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‖
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larity

of
tails

im
p
lies

su
b
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b
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a
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w
e
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∈
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,
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d
b
y
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d
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g
W
n
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a
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a

sp
ace
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in
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n
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total
m
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if

n
eed
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,

w
e
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ay
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m

e
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at
µ
n
(S
n
)

=
∞

.
R

ecall
th

e
d

efi
n

ition
of

a
p
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a

m
easu

rab
le

sp
ace,

w
h

ich
w

a
s

g
iv

en
a
s

p
a
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o
f

th
e

d
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n

b
efo

re
th

e
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tem
en

t
o
f

P
ro

p
o
sitio

n
2
0
.

W
e

w
ill

p
rov

e
th

at
w

e
can

fi
n
d

in
creasin

g
seq

u
en

ces
(m

k )
k∈

N
an

d
(M

k )
k∈

N
w

ith
valu

es
in

N
,

su
ch

th
at

for
ea

ch
k
,n
∈
N

th
ere

is
a

p
a
rtitio

n
P
n
,k

o
f
S
n

a
n
d

a
g
ra

p
h
o
n
W
n
,k

=
(W

n
,k ,R

+
)

su
ch

th
a
t

th
e

follow
in

g
h
old

:

(i)
W

e
h
av

e
P
n
,k

=
{I

in
,k

:
i

=
0
,...,m

k }
,

w
h
ere

µ
n
(S
n
\
I

0n
,k )

=
M
k

a
n
d
µ
n
(I
in
,k )

=
M
k /m

k
for

i∈
{1
,...,m

k }.
(ii)

W
e

h
ave

δ�
(W

n
,W

n
,k )

<
1/k

for
all

n
∈
N

.

(iii)
F

o
r

ea
ch

i1 ,i2 ∈
{1
,...,m

k }
th

e
va

lu
e

o
f
W
n
,k

o
n

([i1 −
1
,i1 )×

[i2 −
1
,i2 ))M

k /m
k

is
co

n
sta

n
t

a
n
d

eq
u
a
l

to
th

e
va

lu
e

o
f

(W
n
)P

n
,k

o
n
I
i1n,k ×

I
i2n,k .

O
n

th
e

co
m

p
lem

en
t

o
f

[0,M
k ] 2,

w
e

h
ave

W
n
,k

=
0.

(iv
)

T
h
e

p
a
rtitio

n
P
n
,k

+
1

refi
n
es

th
e

p
a
rtitio

n
P
n
,k .

W
e

n
u
m

b
er

th
e
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en

ts
o
f

th
e

p
a
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n
P
n
,k

+
1

to
b

e
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n
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t
w
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e
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em

en
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o
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d
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n
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g
r
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k /m
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k
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1 /m
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+

1 )∈
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to
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e
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p
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e
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+

1
I
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P
a
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P
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a
n
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o
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n
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b
y
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u
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B
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p
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ifo
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u
la
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ch
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∈
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M
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∈

N
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r

a
p
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I
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,k
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tisfy
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\
I

0n
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M
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e
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1

(S
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) ‖
1
<

1/(3k
)

for
all

n
∈
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∈
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u
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b
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p
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,
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∈
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u
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p
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‖
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‖
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‖
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‖
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re
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δ �
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=
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∈
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→
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−

1
,i

1
]
×

[i
2
−
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−
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×
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−
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b
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≥
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b
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⊂
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∈

R
2 +
\E

d
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∈
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p
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∈
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∞
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∞
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∈
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3
`)

fo
r

a
ll
k
,`
∈

N
fo

r

w
h
ic

h
k
>
`.

T
h
is

fo
ll
ow

s
b
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=
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3`
).

B
y

th
e

re
su

lt
of

th
e

p
re

ce
d
in
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∞
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∞
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b
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∞
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∞
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∞
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p

e
rt

ie
s

o
f

M
e
tr

ic
C

o
n
v
e
rg

e
n
t

S
e
q
u
e
n
ce

s
o
f

G
ra

p
h
s
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p
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w
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p
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w
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v
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w
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p
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w
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>
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⊂
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h
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d
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w
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Ũ
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v
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1
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Ũ
‖ 1

<
ε/

2
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(Ũ
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⊂

R
+

fo
r
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n
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n
W
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p
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G
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Ũ
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as
ab

ov
e,

d
efi

n
e

U
:=
⋃ i∈
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Ũ
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b
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(Ũ
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Ũ
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Ũ
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Ũ
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⊆
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∞
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∞
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b
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=
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v
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v
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p
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l
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e
ca

n
o
n

ic
a
l

g
ra

p
h

o
n
W

G
n

w
e

w
il
l

h
av

e

M̃
n
>
M
n
).

If
li
m
n
→
∞
M̃
n

=
∞

an
d
‖W

G
n
,s
1

[0
,M
′ ]
2
‖ 1
>

1
/
2

fo
r

al
l
n
∈
N

,
th

en

‖W
G
n
,r
1

[0
,a
n

]2
‖ 1
>

1
/2

an
d

li
m

n
→
∞
a
n

=
0,

w
h
er

e
a
n

:=
m

in
( M
′ M̃
−

1
n
,1
) .
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p
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p
le

te
if

w
e

ca
n

p
ro

ve
th

at
(2

1)
im

p
li
es

th
at

(G
n
) n
∈N

is
n
ot

u
n
if

or
m

ly
u
p
p

er
re

g
u
la

r.
A

ss
u
m

e
th

e
o
p
p

o
si

te
,

a
n
d

le
t
K

:
(0
,∞

)
→

(0
,∞

)
a
n
d

(η
n
) n
∈N

b
e

a
s

in
th

e
d
efi

n
it

io
n

o
f

u
n
if

o
rm

u
p
p

er
re

g
u
la

ri
ty

.
L

et
P n

b
e

a
p
a
rt

it
io

n
o
f
R

+
su

ch
th

a
t

o
n
e

o
f

th
e

p
a
rt

s
is

[0
,a
′ n]

,
w

h
er

e
a
′ n
≥
a
n

is
ch

o
se

n
a
s

sm
a
ll

a
s

p
o
ss

ib
le

su
ch

th
a
t

[0
,a
′ n]

co
rr

es
p

o
n
d
s

to
a
n

in
te

g
er

n
u
m

b
er

o
f

v
er

ti
ce

s
o
f
G
n

fo
r

th
e

ca
n
o
n
ic

a
l

g
ra

p
h
o
n
.

T
h
en

li
m
n
→
∞
a
′ n

=
0

si
n
ce

li
m
n
→
∞
a
n

=
0

a
n
d

li
m
n
→
∞
V

(G
n
)

=
∞

.
B

y
th

e
fi
rs

t
p
a
rt

o
f

(2
1)

it
fo

ll
ow

s
th

a
t

(W
G
n
,r

) P
n
>
K

(1
/
2)

on
[0
,a
′ n]

2
fo

r
al

l
su

ffi
ci

en
tl

y
la

rg
e
n

;
h
en

ce
fo

r
al

l
su

ffi
ci

en
tl

y
la

rg
e
n

,

‖(
W

G
n
,r

) P
n
1
|(W

G
n
,r

) P
n
|≥
K

(1
/
2
)‖

1
≥
‖(
W

G
n
,r

) P
n
1

[0
,a
′ n

]2
‖ 1

=
‖W

G
n
,r
1

[0
,a
′ n

]2
‖ 1
>

1
/
2.

W
e

h
av

e
o
b
ta

in
ed

a
co

n
tr

a
d
ic

ti
o
n

to
th

e
a
ss

u
m

p
ti

o
n

o
f

u
n

if
o
rm

u
p

p
er

re
g
u
la

ri
ty

,
a
n
d

th
u
s

th
e

p
ro

of
of

(i
)

is
co

m
p
le

te
.

D
efi

n
in

g
ρ
n

:=
ρ
(G

n
)

(r
ec

a
ll

th
e

d
efi

n
it

io
n

o
f
ρ

in
th

e
b

eg
in

n
in

g
o
f

S
ec

ti
o
n

2
),

w
e

h
av

e

W
G
n
,s

=
W

G
n
(ρ

1
/
2

n
·,
ρ

1
/
2

n
·)

an
d
W

G
n
,r

=
ρ
−

1
n
W

G
n
.

If
(G

n
) n
∈N

is
d
en

se
an

d
h
as

co
n
ve

rg
en

t

6
2

JM
L

R
 1

8(
21

0)
:1

-7
1,

 2
01

8



L
im

it
s
o
f
S
pa

r
se

E
x
c
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b
l
e
G
r
a
p
h
s

ed
g
e

d
en

sity
th
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/
2·),R

+
) )

+
δ� ((W

G
m

(ρ
1
/
2·
,ρ

1
/
2·

),R
+

),W
G
m
,s )

→
0

as
n
,m
→
∞

,
an

d
a

sim
ilar

estim
ate

h
old

s
w

ith
δ
r�

in
stead

of
δ
s�

.
T

h
is

com
p
letes

th
e

p
ro

of
o
f

th
e

fi
rst

a
ssertion

of
(ii).

T
o

p
rov

e
th

e
seco

n
d

a
ssertio

n
o
f

(ii)
co

n
sid

er
th

e
fo

llow
in

g
seq

u
en

ce
o
f

d
en

se
g
ra

p
h
s

(G
n
)
n∈

N
,

w
h
ich

is
a

C
au

ch
y

seq
u
en

ce
for

δ
s�

b
u
t

n
ot

for
δ
r�

.
F

or
o
d
d
n

let
G
n

b
e

a
com

p
lete

sim
p
le

grap
h

on
n

vertices,
an

d
for

even
n

let
G
n

b
e

th
e

u
n
ion

of
a

com
p
lete

grap
h

on
n
/2

vertices
an

d
n
/
2

isolated
vertices.

T
h
is

seq
u
en

ce
con

verges
to
W

1
:=

(1
[0
,1

] 2 ,R
+

)
for

δ
s�

,
b
u
t

d
o
es

n
ot

co
n
verge

for
δ
r�

.
C

on
versely,

th
e

follow
in

g
seq

u
en

ce
of

d
en

se
grap

h
s

(G
n
)
n∈

N
is

a
C

au
ch

y
seq

u
en

ce
for

δ
r�

b
u
t

n
o
t

for
δ
s�

.
F

or
o
d
d
n

let
G
n

b
e

a
com

p
lete

grap
h

on
n

vertices,
an

d
for

even
n

let
G
n

b
e

an
E

rd
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o
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Ĝ
t

a
n

d
G̃
t

sa
ti

sf
y

th
e

co
n

d
it

io
n

s
o
f

L
em

m
a

6
0

w
it

h
d

=
1
.

H
en

ce
li
m
t→
∞
|E

(Ĝ
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in

g
o
f

th
e

v
er

ti
ce

s
fo

r
w

h
ic

h
th

e
fe

a
tu

re
x

sa
ti

sfi
es
x
∈
I

:=
{x
′
∈

R
+

:
∫ R

+
W

(x
,x
′ )
d
x
′
≥

1
}

(r
es

p
.
x
6∈
I
).

L
et
W

+
=

(W
+
,R

+
)

a
n
d
W
−

=
(W
−
,R

+
)

d
en

o
te

th
e

co
rr

es
p

o
n
d
in

g
g
ra

p
h
o
n
s

(w
e

w
il
l

se
e

sh
o
rt

ly
th

a
t

th
ey

a
re

in
te

g
ra

b
le

),
i.
e.

,
W

+
=
W

1
I
×
I

a
n
d
W
−

=
W

1
I
c
×
I
c
.

S
in

ce
|E

(Ĝ
t)
|<
∞

a.
s.

fo
r

ea
ch
t
≥

0
th

e
m

ea
su

re
ξ

is
lo

ca
ll
y

fi
n
it

e
a.

s.
W

e
d
ed

u
ce

fr
om

th
is

th
at

λ
(I

)
<
∞

a
n
d
‖W

−
‖ 1
<
∞

(K
a
ll
en

b
er

g
,

2
0
0
5
,

T
h
eo

re
m

9
.2

5
,

(i
ii

)
a
n
d

(i
v
))

.
B

y
a
p
p
ly

in
g

P
ro

p
os

it
io

n
56

th
is

im
p
li
es

fu
rt

h
er

th
at

li
m

t→
∞
t−

2
|E

(Ĝ
+ t

)|
=

1 2
‖W

+
‖ 1
≤

1 2
λ

(I
)2
<
∞
,
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

li
m

t→
∞
t−

2
|E

(Ĝ
− t

)|
=

1 2
‖W

−
‖ 1
<
∞
,

an
d

li
m

t→
∞
t−

2
|E

(Ĝ
t)
|=
∞
.

It
fo

ll
ow

s
th

at
if
Ẽ

(Ĝ
t)

:=
E

(Ĝ
t)
\(
E

(Ĝ
+ t

)
∪
E

(Ĝ
− t

))
is

th
e

se
t

of
ed

ge
s

h
av

in
g

on
e

en
d
p

oi
n
t

in
V

(Ĝ
+ t

)
an

d
on

e
en

d
p

oi
n
t

in
V

(Ĝ
− t

),
w

e
h
av

e

li
m

t→
∞
|Ẽ

(Ĝ
t)
|/
|E

(Ĝ
t)
|=

1.
(2

3
)

F
o
r

th
e

st
re

tc
h
ed

ca
n
o
n
ic

a
l

g
ra

p
h
o
n
W

Ĝ
t
,s

th
e

ed
g
es
Ẽ

( Ĝ
t)

co
rr

es
p

o
n
d

to
A

:=
(J
t
×

J
c t
)
∪

(J
c t
×
J
t)
⊂

R
2 +

,
w

h
er

e
J
t
⊂

R
+

co
rr

es
p

o
n
d
s

to
V

(Ĝ
+ t

).
S
in

ce
|V

(Ĝ
+ t

)|
=

Θ
(t

),

w
e

h
av

e
λ

(J
t)

=
|V

(Ĝ
+ t

)|(
2
|E

(Ĝ
t)
|)−

1
/
2

=
o t

(1
).

B
y

(2
3
)

a
n
d
‖W

Ĝ
t
,s
‖ 1

=
1
,

w
e

h
av

e

li
m
t→
∞
‖W

Ĝ
t
,s
1
A
c
‖ 1

=
0
.

S
in

ce
λ

(J
t)

=
o t

(1
)

a
n
d
W

Ĝ
t
,s

ta
k
es

va
lu

es
in

[0
,1

],
w

e
h
av

e

li
m
t→
∞
‖W

Ĝ
t
,s
1
A
∩U

2 t
‖ 1

=
0

fo
r

a
ll

se
ts
U
t
⊂

R
+

o
f

b
o
u
n
d
ed

m
ea

su
re

.
W

e
h
av

e
o
b
ta

in
ed

a
co

n
tr

ad
ic

ti
on

to
th

e
h
y
p

ot
h
es

is
of

u
n
if

or
m

re
gu

la
ri

ty
of

ta
il
s,

si
n
ce

li
m

t→
∞
‖W

Ĝ
t
,s
1
U

2 t
‖ 1
≤

li
m

t→
∞
‖W

Ĝ
t
,s
1
U

2 t
∩A
‖ 1

+
li
m

t→
∞
‖W

Ĝ
t
,s
1
A
c
‖ 1

=
0.

T
o

co
m

p
le

te
th

e
p
ro

o
f

th
a
t

(G̃
t)
t≥

0
h
a
s

th
e

la
w

o
f

a
g
ra

p
h
o
n

p
ro

ce
ss

w
it

h
is

o
la

te
d

ve
rt

ic
es

,
w

e
n
ee

d
to

ar
gu

e
th

at
a.

s.

l(
α
,η
k
)

=
g
(α
,x

j
,χ

j,
k
)

=
0

fo
r

al
l
k
,j
∈
N
.

(2
4
)

L
et
N
t
∈
N

0
d
en

ot
e

th
e

n
u
m

b
er

of
ed

ge
s

as
so

ci
at

ed
w

it
h

te
rm

s
of
ξ

of
th

e
fo

rm
δ ρ
k
,ρ
′ k

+
δ ρ
′ k,
ρ
k
,

an
d

le
t
Ñ
t

d
en

ot
e

th
e

n
u
m

b
er

of
ed

ge
s

as
so

ci
at

ed
w

it
h

te
rm

s
of
ξ

of
th

e
fo

rm
δ σ
j
,k
,t
j

+
δ t
j
,σ
j
,k

.

S
in

ce
Ĝ
t

an
d
G̃
t

sa
ti

sf
y

th
e

co
n
d
it

io
n
s

of
L

em
m

a
60

w
it

h
d

=
1,

an
d

si
n
ce

L
em

m
a

56
im

p
li
es

th
at

a.
s.

-l
im

t→
∞
|E

(G̃
t)
|/
t2

=
1 2
‖W
‖ 1

,
it

fo
ll
ow

s
th

at
a.

s.

li
m

t→
∞
N
t/
t2

=
0

an
d

li
m

t→
∞
Ñ
t/
t2

=
0.

(2
5
)

W
e

w
il
l

p
ro

v
e

(2
4)

b
y

co
n
tr

a
d
ic

ti
o
n
,

a
n
d

w
il
l

co
n
si

d
er

ea
ch

te
rm

se
p
a
ra

te
ly

.
F

ir
st

a
ss

u
m

e
λ

(s
u
p
p
(l

(α
,
·)

)
>

0
w

it
h

p
o
si

ti
v
e

p
ro

b
a
b
il
it

y.
C

o
n
d
it

io
n
ed

o
n

a
re

a
li
za

ti
o
n

o
f
α

su
ch

th
a
t
p

:=
λ

(s
u
p
p
(l

(α
,
·)

)
>

0
,

th
e

ra
n
d
o
m

va
ri

a
b
le
N
t

is
a

P
o
is

so
n

ra
n
d
o
m

va
ri

a
b
le

w
it

h
ex

p
ec

ta
ti

o
n
t2
p
.

H
en

ce
li
m
t→
∞
N
t/
t2

=
p
,

w
h

ic
h

is
a

co
n
tr

a
d

ic
ti

o
n

to
(2

5)
.

It
fo

ll
ow

s
th

a
t

λ
(s

u
p
p
(l

(α
,
·)

)
=

0
a.

s.
,

an
d

th
u
s
l(
α
,η
k
)

=
0

fo
r

al
l
k
∈
N

a.
s.

N
ow

a
ss

u
m

e
λ

(s
u
p
p
(g

(α
,
·,
·)

))
>

0
w

it
h

p
o
si

ti
v
e

p
ro

b
a
b
il
it

y.
T

h
en

th
er

e
ex

is
ts
ε
>

0
su

ch
th

at
w

it
h

p
os

it
iv

e
p
ro

b
ab

il
it

y
th

er
e

is
a

se
t
I
⊂

R
+

(d
ep

en
d
in

g
on
α

)
sa

ti
sf

y
in

g
λ

(I
)

=
ε,

a
n

d
su

ch
th

a
t

fo
r

a
ll
x
∈
I

it
h

o
ld

s
th

a
t
λ

(I
x
)
>
ε,

w
h

er
e
I x

:=
{x
′ ∈

R
+

:
g
(α
,x
,x
′ )

=
1
}.

C
on

si
d
er

th
e

P
oi

ss
on

p
oi

n
t

p
ro

ce
ss

(t
j
,x

j
) j
∈N

co
rr

es
p

on
d
in

g
to

th
e

gr
ap

h
on

p
ro

ce
ss
G̃
t

w
it

h
is

o
la

te
d

v
er

ti
ce

s.
T

h
e

n
u
m

b
er

o
f

p
o
in

ts
(t
j
,x

j
)
∈

[0
,t

]
×
I

ev
o
lv

es
a
s

a
fu

n
ct

io
n

o
f
t

a
s

a
P

o
is

so
n

p
ro

ce
ss

w
it

h
ra

te
ε
>

0
;

h
en

ce
th

e
n
u
m

b
er

o
f

su
ch

p
o
in

ts
d
iv

id
ed

b
y
t

co
n
v
er

g
es

to
ε

a.
s.

F
or

an
y

gi
ve

n
p

ai
r

(t
j
,x

j
)
∈

[0
,t

]×
I

th
e

n
u
m

b
er

of
p

oi
n
ts

(σ
i,
j
,χ

i,
j
)
∈

[0
,t

]×
I x
j
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L
im

it
s
o
f
S
pa

r
se

E
x
c
h
a
n
g
e
a
b
l
e
G
r
a
p
h
s

fo
r

th
e

P
o
isso

n
p

o
in

t
p

ro
cess

(σ
i,j ,χ

i,j )
i∈

N
h

a
s

th
e

law
o
f

a
P

o
isso

n
ra

n
d

o
m

va
ria

b
le

w
ith

in
ten

sity
g
rea

ter
th

an
tε.

H
en

ce,

t −
2

lim
t→
∞
Ñ
t

=
t −

2
lim
t→
∞

∑

j,k
:t
j ,σ

j
,k ≤

t g
(α
,x

j ,χ
j,k )

>
ε

2.

T
h

is
co

n
tra

d
icts

(25),
a
n

d
th

u
s

co
m

p
letes

o
u

r
p

ro
o
f

th
a
t

(G̃
t )
t≥

0
h

a
s

th
e

law
o
f

a
g
ra

p
h

o
n

p
ro

cess
w

ith
iso

lated
vertices.

R
e
m

a
rk

6
1

In
o
u

r
p
roo

f
a
bo

ve
w

e
o
bserved

th
a
t

th
e

a
ssu

m
p
tio

n
o
f

exch
a
n

gea
bility

a
lo

n
e

is
n

o
t

su
ffi

cien
t

to
p
ro

ve
th

a
t

(G̃
t )
t≥

0
h
a
s

th
e

la
w

o
f

a
gra

p
h
o
n

p
rocess

w
ith

iso
la

ted
vertices.

M
o
re

p
recisely,

w
ith

o
u

t
th

is
a
ssu

m
p
tio

n
w

e
m

igh
t

h
a
ve

W
6∈
L

1
a
n

d
th

e
m

ea
su

re
m

igh
t

a
lso

co
n

sist
o
f

th
e

term
s

co
n

ta
in

in
g
g
,g ′

a
n

d
l,l ′.

W
e

o
bserved

in
th

e
p
roo

f
th

a
t

th
e

term
s

co
n

ta
in

in
g
l,l ′

co
rrespo

n
d

to
iso

la
ted

ed
ges,

a
n

d
th

a
t

th
e

term
s

co
n

ta
in

in
g
g
,g ′

co
rrespo

n
d

to
“

sta
rs”

cen
tered

a
t

a
vertex

in
th

e
gra

p
h
o
n

p
rocess.

It
is

o
u

tsid
e

th
e

sco
pe

o
f

th
is

pa
per

to
d
o

a
n

y
fu

rth
er

a
n

a
lysis

o
f

th
ese

m
o
re

gen
era

l
exch

a
n

gea
ble

gra
p
h
s.

A
p
p

e
n
d
ix

H
.

L
e
ft

C
o
n
v
e
rg

e
n
ce

o
f

G
ra

p
h
o
n

P
ro

ce
sse

s

In
th

is
a
p

p
en

d
ix

w
e

w
ill

p
rov

e
P

ro
p

o
sitio

n
3
0
.

T
h

e
fo

llow
in

g
lem

m
a

w
ill

im
p

ly
p
a
rt

(ii)
o
f

th
e

p
ro

p
o
sitio

n
.

L
e
m

m
a

6
2

L
etW

be
a

bo
u

n
d
ed

,
n

o
n

-n
ega

tive
gra

p
h
o
n

,
a
n

d
a
ssu

m
e

th
a
t
h

(F
k ,W

)
<
∞

fo
r

a
sta

r
F
k

w
ith

k
lea

ves.
T

h
en

h
(F
,W

)
<
∞

fo
r

a
ll

sim
p
le,

co
n

n
ected

gra
p
h
s
F

o
f

m
a
xim

a
l

d
egree

a
t

m
o
st
k

.

P
ro

o
f

W
e

fi
rst

n
ote

th
at

if
h

(F
k ,W

)
=
∫
D
W

(x
)
k
d
µ

(x
)
<
∞

for
a

star
w

ith
k

leaves,
th

en
th

e
sa

m
e

h
o
ld

s
fo

r
a
ll

sta
rs

w
ith

a
t

m
o
st
k

leav
es,

sin
ce

w
e

k
n
ow

th
a
t
D
W
∈
L

1(S
)

b
y

o
u

r
d
efi

n
ition

of
a

grap
h
on

.
A

lso,
u
sin

g
th

at
W

is
b

ou
n
d
ed

,
w

e
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
a
t
F

is
a

tree
T

of
m

ax
im

al
d
egree

∆
≤
k
.

D
esign

ate
on

e
of

th
e

vertices,
r,

as
th

e
ro

ot
of

th
e

tree,
an

d
ch

o
ose

a
vertex

u
1

su
ch

th
at

n
o

o
th

er
v
ertex

is
fu

rth
er

fro
m

th
e

ro
o
t.

If
u

1
h
a
s

d
ista

n
ce

1
fro

m
r,

th
en

T
is

a
sta

r
a
n

d
th

ere
is

n
o
th

in
g

to
p
rov

e.
L

et
u

b
e
u

1 ’s
gran

d
p
aren

t,
let

v
b

e
its

p
aren

t,
an

d
let

u
2 ,...,u

s

fo
r

1
≤
s
≤

∆
−

1
b

e
its

sib
lin

g
s.

N
o
te

th
a
t

b
y

o
u
r

a
ssu

m
p
tio

n
o
n
u

1 ,
a
ll

th
e

sib
lin

g
s

u
1 ,...,u

s
a
re

leav
es.

F
u
rth

erm
o
re,

if
th

eir
g
ra

n
d
p
a
ren

t
u

is
th

e
ro

o
t

a
n
d

th
e

ro
o
t

h
a
s

n
o

o
th

er
ch

ild
ren

,
th

en
T

is
again

a
star,

so
w

e
can

ru
le

th
at

ou
t

a
s

w
ell.

If
w

e
rem

ov
e

th
e

ed
g
e
u
v

fro
m
T

,
w

e
o
b
ta

in
tw

o
d
isjo

in
t

trees
T

1
a
n
d
T

2 ,
a
n
d

a
s

ju
st

a
rg

u
ed

,
th

e
o
n
e

co
n
ta

in
in

g
u

is
a

tree
w

ith
a
t

lea
st

2
v
ertices

a
n
d

m
a
x
im

a
l

d
eg

ree
a
t

m
o
st

∆
,

w
h
ile

th
e

seco
n
d

o
n
e

is
a

sta
r,

a
g
a
in

o
f

m
a
x
im

a
l

d
eg

ree
a
t

m
o
st

∆
.

B
eca

u
se

h
(T
,W

)≤
‖W
‖∞

h
(T

1 ,W
)h

(T
2 ,W

),
th

e
lem

m
a

n
ow

follow
s

b
y

in
d
u
ction

.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
3
0

W
e

w
ill

start
b
y

p
rov

in
g

(i).
F

ix
som

e
sim

p
le

con
n
ected

grap
h

F
w

ith
k

v
ertices.

B
y

P
ro

p
o
sitio

n
5
6

a
p
p
lied

w
ith

F
a
n
d

th
e

sim
p
le

co
n
n
ected

g
ra

p
h

o
n

tw
o

vertices,
resp

ectively,

lim
t→
∞
t −
kin

j(F
,G

t )
=
‖W
‖
k
/
2

1
h

(F
,W

),
2

lim
t→
∞
t −

2|E
(G

t )|
=
‖
W
‖

1 ,

6
7
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B
o
r
g
s,

C
h
a
y
e
s,

C
o
h
n
,
a
n
d

H
o
l
d
e
n

an
d

h
en

ce

lim
t→
∞
|2E

(G
t )| −

k
/
2in

j(F
,G

t )
=
h

(F
,W

),
(26)

p
rov

in
g

(i).

(ii)
S
in

ce
h

(F
,W

)
=
∫
D
kw

if
F

is
a

star
w

ith
k

leaves,
w

e
can

u
se

L
em

m
a

62
to

con
clu

d
e

th
a
t
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á
sz

,
V

.
T

.
S

ó
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é

C
H

R
IS

M
R

E
@

C
S
.S

TA
N

F
O

R
D

.E
D

U
D

ep
ar

tm
en

to
fC

om
pu

te
r

Sc
ie

nc
e

St
an

fo
rd

U
ni

ve
rs

ity
St

an
fo

rd
,C

A
94

30
5,

U
SA

M
ic

ha
el

W
.M

ah
on

ey
M

M
A

H
O

N
E

Y
@

S
TA

T.
B

E
R

K
E

L
E

Y
.E

D
U

In
te

rn
at

io
na

lC
om

pu
te

r
Sc

ie
nc

e
In

st
itu

te
an

d
D

ep
ar

tm
en

to
fS

ta
tis

tic
s

U
ni

ve
rs

ity
of

C
al

ifo
rn

ia
,B

er
ke

le
y

B
er

ke
le

y,
C

A
94

72
0,

U
SA

E
di

to
r:

Z
hi

hu
a

Z
ha

ng

A
bs

tr
ac

t
In

re
ce

nt
ye

ar
s,

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

t(
SG

D
)

m
et

ho
ds

an
d

ra
nd

om
iz

ed
lin

ea
r

al
ge

br
a

(R
L

A
)

al
go

ri
th

m
s

ha
ve

be
en

ap
pl

ie
d

to
m

an
y

la
rg

e-
sc

al
e

pr
ob

le
m

s
in

m
ac

hi
ne

le
ar

ni
ng

an
d

da
ta

an
al

y-
si

s.
SG

D
m

et
ho

ds
ar

e
ea

sy
to

im
pl

em
en

ta
nd

ap
pl

ic
ab

le
to

a
w

id
e

ra
ng

e
of

co
nv

ex
op

tim
iz

at
io

n
pr

ob
le

m
s.

In
co

nt
ra

st
,

R
L

A
al

go
ri

th
m

s
pr

ov
id

e
m

uc
h

st
ro

ng
er

pe
rf

or
m

an
ce

gu
ar

an
te

es
bu

t
ar

e
ap

pl
ic

ab
le

to
a

na
rr

ow
er

cl
as

s
of

pr
ob

le
m

s.
W

e
ai

m
to

br
id

ge
th

e
ga

p
be

tw
ee

n
th

es
e

tw
o

m
et

h-
od

s
in

so
lv

in
g

co
ns

tr
ai

ne
d

ov
er

de
te

rm
in

ed
lin

ea
r

re
gr

es
si

on
pr

ob
le

m
s—

e.
g.

,`
2

an
d
` 1

re
gr

es
si

on
pr

ob
le

m
s.

•
W

e
pr

op
os

e
a

hy
br

id
al

go
ri

th
m

na
m

ed
P

W
S

G
D

th
at

us
es

R
L

A
te

ch
ni

qu
es

fo
r

pr
ec

on
di

tio
ni

ng
an

d
co

ns
tr

uc
tin

g
an

im
po

rt
an

ce
sa

m
pl

in
g

di
st

ri
bu

tio
n,

an
d

th
en

pe
rf

or
m

s
an

SG
D

-l
ik

e
ite

ra
tiv

e
pr

oc
es

s
w

ith
w

ei
gh

te
d

sa
m

pl
in

g
on

th
e

pr
ec

on
di

tio
ne

d
sy

st
em

.

•
B

y
re

w
ri

tin
g

a
de

te
rm

in
is

tic
` p

re
gr

es
si

on
pr

ob
le

m
as

a
st

oc
ha

st
ic

op
tim

iz
at

io
n

pr
ob

le
m

,w
e

co
n-

ne
ct

P
W

S
G

D
to

se
ve

ra
le

xi
st

in
g
` p

so
lv

er
s

in
cl

ud
in

g
R

L
A

m
et

ho
ds

w
ith

al
go

ri
th

m
ic

le
ve

ra
gi

ng
(R

L
A

fo
rs

ho
rt

).

•
W

e
pr

ov
e

th
at

P
W

S
G

D
in

he
ri

ts
fa

st
er

co
nv

er
ge

nc
e

ra
te

st
ha

to
nl

y
de

pe
nd

on
th

e
lo

w
er

di
m

en
si

on
of

th
e

lin
ea

r
sy

st
em

,
w

hi
le

m
ai

nt
ai

ni
ng

lo
w

co
m

pu
ta

tio
n

co
m

pl
ex

ity
.

Su
ch

SG
D

co
nv

er
ge

nc
e

ra
te

s
ar

e
su

pe
ri

or
to

ot
he

r
re

la
te

d
SG

D
al

go
ri

th
m

su
ch

as
th

e
w

ei
gh

te
d

ra
nd

om
iz

ed
K

ac
zm

ar
z

al
go

ri
th

m
.

•
Pa

rt
ic

ul
ar

ly
,w

he
n

so
lv

in
g
` 1

re
gr

es
si

on
w

ith
si

ze
n

by
d

,P
W

S
G

D
re

tu
rn

s
an

ap
pr

ox
im

at
e

so
-

lu
tio

n
w

ith
ε

re
la

tiv
e

er
ro

r
in

th
e

ob
je

ct
iv

e
va

lu
e

in
O

(l
o
g
n
·n

n
z(
A

)
+

p
ol

y
(d

)/
ε2

)
tim

e.
T

hi
s

∗.
A

co
nf

er
en

ce
ve

rs
io

n
of

th
is

pa
pe

ra
pp

ea
rs

un
de

rt
he

sa
m

e
tit

le
in

P
ro

ce
ed

in
gs

of
AC

M
-S

IA
M

Sy
m

po
si

um
on

D
is

cr
et

e
A

lg
or

ith
m

s,
A

rl
in

gt
on

,V
A

,2
01

6
(Y

an
g

et
al

.,
20

16
a)

.

c ©
20

18
Ji

ya
n

Y
an

g,
Y

in
-L

am
C

ho
w

,C
hr

is
to

ph
er

R
e,

an
d

M
ic

ha
el

W
.M

ah
on

ey
.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
0
4
4
.
h
t
m
l

.

JM
L

R
 1

8(
21

1)
:1

-4
3,

 2
01

8

Y
A

N
G

E
T

A
L

.

co
m

pl
ex

ity
is

un
ifo

rm
ly

be
tte

r
th

an
th

at
of

R
L

A
m

et
ho

ds
in

te
rm

s
of

bo
th
ε

an
d
d

w
he

n
th

e
pr

ob
le

m
is

un
co

ns
tr

ai
ne

d.
In

th
e

pr
es

en
ce

of
co

ns
tr

ai
nt

s,
P

W
S

G
D

on
ly

ha
s

to
so

lv
e

a
se

qu
en

ce
of

m
uc

h
si

m
pl

er
an

d
sm

al
le

r
op

tim
iz

at
io

n
pr

ob
le

m
ov

er
th

e
sa

m
e

co
ns

tr
ai

nt
s.

In
ge

ne
ra

lt
hi

s
is

m
or

e
ef

fic
ie

nt
th

an
so

lv
in

g
th

e
co

ns
tr

ai
ne

d
su

bp
ro

bl
em

re
qu

ir
ed

in
R

L
A

.

•
Fo

r`
2

re
gr

es
si

on
,P

W
S

G
D

re
tu

rn
s

an
ap

pr
ox

im
at

e
so

lu
tio

n
w

ith
ε

re
la

tiv
e

er
ro

ri
n

th
e

ob
je

ct
iv

e
va

lu
e

an
d

th
e

so
lu

tio
n

ve
ct

or
m

ea
su

re
d

in
pr

ed
ic

tio
n

no
rm

in
O

(l
o
g
n
·n

n
z(
A

)+
p

o
ly

(d
)

lo
g
(1
/ε

)/
ε)

tim
e.

W
e

sh
ow

th
at

fo
ru

nc
on

st
ra

in
ed
` 2

re
gr

es
si

on
,t

hi
sc

om
pl

ex
ity

is
co

m
pa

ra
bl

e
to

th
at

of
R

L
A

an
d

is
as

ym
pt

ot
ic

al
ly

be
tte

r
ov

er
se

ve
ra

ls
ta

te
-o

f-
th

e-
ar

ts
ol

ve
rs

in
th

e
re

gi
m

e
w

he
re

th
e

de
si

re
d

ac
cu

ra
cy
ε,

hi
gh

di
m

en
si

on
n

an
d

lo
w

di
m

en
si

on
d

sa
tis

fy
d
≥
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e-
br

a
(R

L
A

)a
lg

or
ith

m
s

ha
ve

re
ce

iv
ed

m
uc

h
at

te
nt

io
n—

bo
th

fo
rt

he
ir

st
ro

ng
pe

rf
or

m
an

ce
in

pr
ac

tic
al

ap
pl

ic
at

io
ns

an
d

fo
r

th
ei

r
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re
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ne
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ad
va
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th

R
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SG

D
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re
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re
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=
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w
he

re
p
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∈
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∈
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�
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Z
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∈
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re
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ra
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

1.1
O

verview
ofour

m
ain

algorithm

O
ur

m
ain

algorithm
P

W
S

G
D

is
a

hybrid
m

ethod
for

solving
constrained

overdeterm
ined

`
1

and
`
2

regression
problem

s.Itconsists
oftw

o
m

ain
steps.First,apply

R
L

A
techniques

forpreconditioning
and

constructan
im

portance
sam

pling
distribution.Second,apply

an
SG

D
-like

iterative
phase

w
ith

w
eighted

sam
pling

on
the

preconditioned
system

.
Such

an
algorithm

preserves
the

sim
plicity

of
SG

D
and

the
high

quality
theoreticalguarantees

of
R

L
A

.In
particular,w

e
prove

thatafter
precon-

ditioning,the
num

berofiterations
required

to
converge

to
a

targetaccuracy
is

fully
predictable

and
only

depends
on

the
low

dim
ension

d,i.e.,itis
independentofthe

high
dim

ension
n.W

e
show

that,
w

ith
a

proper
choice

of
preconditioner,

P
W

S
G

D
runs

in
O

(log
n
·
n
n
z(A

)
+

p
oly

(d
)/ε

2)
tim

e
to

return
an

approxim
ate

solution
w

ith
ε

relative
error

in
the

objective
for

constrained
`
1

regression;
and

inO
(lo

g
n
·
n
n
z(A

)
+

p
oly

(d
)

log
(1
/ε)/ε)

tim
e

to
return

an
approxim

ate
solution

w
ith

ε
rela-

tive
error

in
the

solution
vector

in
prediction

norm
for

constrained
`
2

regression.
Furtherm

ore,for
unconstrained

`
2

regression,
P

W
S

G
D

runs
inO

(log
n
·
n
n
z(A

)
+
d

3
log

(1/ε)/ε)
tim

e
to

return
an

approxim
ate

solution
w

ith
ε

relative
errorin

the
objective.

To
provide

a
quick

overview
ofhow

P
W

S
G

D
com

paresto
existing

algorithm
s,in

Tables1
and

2,
w

e
sum

m
arize

the
com

plexity
required

to
com

pute
a

solution
x̂

w
ith

relative
error,

i.e.,
(f

(x̂
)−

f
(x
∗))/

f
(x
∗)

=
ε,

of
several

solvers
for

unconstrained
`
1

and
`
2

regression.
In

Table
1,

R
L

A
w

ith
algorithm

ic
leveraging

(R
L

A
for

short)
(C

larkson
etal.,2013;Y

ang
etal.,2014)

is
a

popular
m

ethod
for

obtaining
a

low
-precision

solution
and

random
ized

IPC
PM

is
an

iterative
m

ethod
for

finding
a

higher-precision
solution

(M
eng

and
M

ahoney,2013b)
for

unconstrained
`
1

regression.
C

learly,
P

W
S

G
D

has
a

uniform
ly

better
com

plexity
than

thatof
R

L
A

m
ethods

in
term

s
of

both
d

and
ε,no

m
atter

w
hich

underlying
preconditioning

m
ethod

is
used.

T
his

m
akes

P
W

S
G

D
a

m
ore

suitable
candidate

forgetting
a

m
edium

-precision,e.g.,ε
=

10 −
3,solution.

In
Table

2,all
the

m
ethods

require
constructing

a
sketch

first.
A

m
ong

them
,“low

-precision”
solvers

referto
“sketching

+
directsolver”

type
algorithm

s;see
D

rineas
etal.(2011);C

larkson
and

W
oodruff

(2013)
for

projection-based
exam

ples
and

C
larkson

and
W

oodruff
(2013);D

rineas
etal.

(2012)
for

sam
pling-based

exam
ples.

“H
igh-precision”

solvers
refer

to
“sketching

+
precondition-

ing
+

iterative
solver”

type
algorithm

s;
see

A
vron

etal.(2010);M
eng

etal.(2014)
for

exam
ples.

O
ne

can
show

that,
w

hen
d
≥

1
/ε

and
n
≥
d

2/ε,
P

W
S

G
D

is
asym

ptotically
better

than
all

the
solvers

show
n

in
Table

2.
M

oreover,
although

high-precision
solvers

are
m

ore
efficient

w
hen

a
high-precision

solution
is

desired,usually
they

are
designed

for
unconstrained

problem
s,w

hereas
P

W
S

G
D

also
w

orks
forconstrained

problem
s.

W
e

rem
ark

that,com
pared

to
generalSG

D
algorithm

s,ourR
LA

-SG
D

hybrid
algorithm

P
W

S
G

D
w

orks
for

problem
s

in
a

narrow
er

range,i.e.,`
p

regression,butinherits
the

strong
theoreticalguar-

antees
ofR

LA
.W

hen
solving

`
2

regression,for
w

hich
traditionalR

LA
m

ethods
are

w
elldesigned,

P
W

S
G

D
has

a
com

parable
com

plexity.
O

n
the

other
hand,w

hen
solving

`
1

regression,due
to

the
efficiency

of
SG

D
update,

P
W

S
G

D
has

a
strong

advantage
over

traditional
R

LA
m

ethods.
See

Sections
4.3

and
4.4

form
ore

detailed
discussions.

Finally,in
Section

5,em
pirically

w
e

show
that

P
W

S
G

D
perform

s
favorably

com
pared

to
other

com
peting

m
ethods,as

itconverges
to

a
m

edium
-precision

solution
m

ore
quickly.
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Y
A

N
G

E
T

A
L.

solver
com

plexity
(general)

com
plexity

(sparse)

R
L

A
w

ith
algorithm

ic
leveraging

tim
e(R

)
+
O

(n
n

z(A
)

lo
g
n

+
κ̄

541
d

1
74
/
ε
52

)
O

(n
n

z(A
)

lo
g
n

+
d

6
98

lo
g

2
58
d
/
ε
52

)
random

ized
IPC

PM
tim

e(R
)

+
n
d
2

+
O

((n
d

+
p

o
ly

(d
))

lo
g
(κ̄

1
d
/
ε))

n
d
2

+
O

((n
d

+
p

o
ly

(d
))

lo
g
(d
/
ε))

P
W

S
G

D
tim

e(R
)

+
O

(n
n

z(A
)

lo
g
n

+
d
3
κ̄
1
/
ε
2
)

O
(n

n
z(A

)
lo

g
n

+
d

1
32

lo
g

52
d
/
ε
2
)

Table
1:

Sum
m

ary
of

com
plexity

of
several

unconstrained
`
1

solvers
that

use
random

ized
linear

algebra.
T

he
targetis

to
find

a
solution

x̂
w

ith
accuracy

(f
(x̂

)−
f

(x
∗))/

f
(x

∗)≤
ε,w

here
f

(x
)

=
‖
A
x
−

b‖
1 .

In
the

above,
tim

e(R
)

denotes
the

tim
e

needed
to

com
pute

a
m

atrix
R

such
that

A
R

−
1

is
w

ell-conditioned
w

ith
condition

num
ber

κ̄
1

(D
efinition

1).T
he

generalcom
plexity

bound
and

the
one

using
sparse

reciprocalexponentialtransform
(W

oodruff
and

Z
hang,2013)

as
the

underlying
sketching

m
ethod

are
presented.H

ere,w
e

assum
e
n
�
d

such
thatn

>
d
3

lo
g
d

and
the

underlying
`
1

regression
solverin

R
L

A
w

ith
algorithm

ic
leveraging

algorithm
takesO

(n
54
d
3)

tim
e

to
return

a
solution

(Portnoy
and

K
oenker,1997).

T
he

com
plexity

of
each

algorithm
is

com
puted

by
setting

the
failure

probability
to

be
a

constant.

solver
com

plexity
(SR

H
T

)
com

plexity
(C

W
)

low
-precision

solvers
(projection)

O
(n
d

lo
g
(d
/
ε)

+
d
3

lo
g
n

(lo
g
d

+
1
/
ε) )

O
(n

n
z(A

)
+
d
4
/
ε
2 )

low
-precision

solvers
(sam

pling)
O
(n
d

lo
g
n

+
d
3

lo
g
n

lo
g
d

+
d
3

lo
g
d
/
ε )

O
(n

n
z(A

)
lo

g
n

+
d
4

+
d
3

lo
g
d
/
ε )

high-precision
solvers

O
(n
d

lo
g
n

+
d
3

lo
g
n

lo
g
d

+
n
d

lo
g
(1
/
ε) )

O
(n

n
z(A

)
+
d
4

+
n
d

lo
g
(1
/
ε) )

P
W

S
G

D
O
(n
d

lo
g
n

+
d
3

lo
g
n

lo
g
d

+
d
3

lo
g
(1
/
ε)/
ε )

O
(n

n
z(A

)
lo

g
n

+
d
4

+
d
3

lo
g
(1
/
ε)/
ε )

Table
2:

Sum
m

ary
ofcom

plexity
ofseveralunconstrained

`
2

solversthatuse
random

ized
linearalgebra.T

he
targetis

to
find

a
solution

x̂
w

ith
accuracy

(f
(x̂

)−
f

(x
∗))/f

(x
∗)≤

ε,w
here

f
(x

)
=
‖
A
x
−
b‖

2 .
Tw

o
sketching

m
ethods,nam

ely,SR
H

T
(D

rineas
etal.,2011;Tropp,2011)and

C
W

(C
larkson

and
W

oodruff,2013)are
considered.H

ere,w
e

assum
e
d
≤
n
≤
e
d.T

he
com

plexity
ofeach

algorithm
is

com
puted

by
setting

the
failure

probability
to

be
a

constant.

1.2
C

onnection
to

related
algorithm

s

A
s

a
side

pointofpotentially
independentinterest,a

connection
betw

een
`
p

regression
and

stochas-
tic

optim
ization

w
illallow

us
to

unify
ourm

ain
algorithm

P
W

S
G

D
and

som
e

existing
`
p

regression
solvers

under
the

sam
e

fram
ew

ork.
In

Figure
1,w

e
presentthe

basic
structure

of
this

fram
ew

ork,
w

hich
provides

a
view

of
P

W
S

G
D

from
another

perspective.
To

be
m

ore
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{
p
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m
th

at
co

ns
tr

uc
ts

a
w

el
l-

co
nd

iti
on

ed
ba

si
s

by
el

lip
so

id
ro

un
di

ng
an

d
a

su
bs

pa
ce

-p
re

se
rv

in
g

sa
m

pl
in

g
m

at
ri

x
fo

r
` p

re
gr

es
si

on
pr

ob
le

m
s

in
O

(n
d

5
lo

g
n

)
tim

e;
a

sa
m

pl
in

g
al

go
ri

th
m

ba
se

d
on

L
ew

is
w

ei
gh

ts
fo

r
` p

re
gr

es
si

on
ha

ve
be

en
pr

o-
po

se
d

by
C

oh
en

an
d

Pe
ng

(2
01

5)
;

th
e

al
go

ri
th

m
s

in
So

hl
er

an
d

W
oo

dr
uf

f
(2

01
1)

an
d

C
la

rk
so

n
et

al
.(

20
13

)u
se

th
e

“s
lo

w
”

an
d

“f
as

t”
C

au
ch

y
Tr

an
sf

or
m

to
co

m
pu

te
th

e
lo

w
-d

is
to

rt
io

n
` 1

em
be

d-
di

ng
m

at
ri

x
an

d
so

lv
e

th
e

ov
er

-c
on

st
ra

in
ed
` 1

re
gr

es
si

on
pr

ob
le

m
in
O

(n
d

1
.3

7
6
+

)
an

d
O

(n
d

lo
g
n

)
tim

e,
re

sp
ec

tiv
el

y;
th

e
al

go
ri

th
m

s
in

D
ri

ne
as

et
al

.(
20

12
)e

st
im

at
e

th
e

le
ve

ra
ge

sc
or

es
up

to
a

sm
al

l
fa

ct
or

an
d

so
lv

e
th

e
` 2

re
gr

es
si

on
pr

ob
le

m
in
O

(n
d

lo
g
n

)
tim

e
re

sp
ec

tiv
el

y;
an

d
th

e
al

go
ri

th
m

s
in

C
la

rk
so

n
an

d
W

oo
dr

uf
f

(2
01

3)
;M

en
g

an
d

M
ah

on
ey

(2
01

3a
);

N
el

so
n

an
d

N
gu

ye
n

(2
01

3)
,s

ol
ve

th
e

pr
ob

le
m

vi
a

sp
ar

se
ra

nd
om

pr
oj

ec
tio

ns
in

ne
ar

ly
in

pu
t-

sp
ar

si
ty

tim
e,

i.e
.,
O

(l
o
g
n
·n

n
z(
A

))
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

tim
e,plus

low
er-order

term
s,and

a
tighter

analysis
is

provided
by

C
ohen

(2016).
A

s
for

iterative
algorithm

s,the
algorithm

s
in

A
vron

etal.(2010);M
eng

etal.(2014)use
random

ized
linearalgebra

to
com

pute
a

preconditioner
and

call
iterative

solvers
such

as
L

SQ
R

to
solve

the
preconditioned

problem
.

In
contrast,

SG
D

algorithm
s

update
the

solution
vector

in
an

iterative
fashion

and
are

sim
ple

to
im

plem
entand

scalable
to

large
datasets

(B
ottou

and
L

e
C

un,2004;Shalev-Shw
artz

and
Srebro,

2008;B
ottou

and
B

ousquet,2008).
M

oreover,these
m

ethods
can

be
easily

extended
for

problem
s

w
ith

generalconvex
lossfunctionsand

constraints,such
asPegasos(Shalev-Shw

artz
etal.,2007)for

regularized
SV

M
and

stochastic
coordinate

descent(SC
D

)for
`
1

regularization
(Shalev-Shw

artz
and

Tew
ari,2009).

Severaltechniques,such
as

SA
G

E
(H

u
etal.,2009),A

daG
rad

(D
uchietal.,2011),

SV
R

G
(Johnson

and
Z

hang,2013),have
recently

been
proposed

to
accelerate

the
convergence

rate
ofSG

D
,and

N
iu

etal.(2011)also
show

thatSG
D

is
favorable

forparallel/distributed
com

putation.
M

ore
recently,several

w
orks,e.g.,Z

hao
and

Z
hang

(2015);N
eedell

etal.(2014)
regarding

SG
D

w
ith

w
eighted

sam
pling

are
proposed,in

w
hich

the
authors

show
thatthe

perform
ance

ofSG
D

can
be

im
proved

by
using

a
nonuniform

sam
pling

distribution.
In

addition,
as

w
e

point
out

in
Section

4.2,
P

W
S

G
D

has
a

close
relationship

to
second-order

m
ethods.

Itcan
be

view
ed

as
an

algorithm
w

ith
approxim

ate
H

essians
obtained

by
sketching

and
stochastic

gradients.
T

his
is

related
to

the
iterative

H
essian

sketching
algorithm

for
solving

con-
strained

leastsquares
problem

s
proposed

by
Pilanciand

W
ainw

right(2014)
w

hich
is

essentially
a

N
ew

ton-type
algorithm

w
ith

iterative
sketched

H
essians

and
batch

gradients.M
oreover,the

idea
of

using
approxim

ate
H

essians
and

stochastic
gradients

have
been

discussed
in

severalrecentpapers.
Forexam

ple,(M
oritz

etal.,2016;B
yrd

etal.,2016;C
urtis,2016)exploitthe

idea
ofapproxim

ating
H

essian
w

ith
L

-B
FG

S
type

updates
and

(variance-reduced)stochastic
updates.

2.Prelim
inaries

Forany
m

atrix
A
∈
R
n×

d,w
e

use
A
i and

A
j

to
denote

the
i-th

row
and

j-th
colum

n
of
A

,respec-
tively.

W
e

assum
e
A

has
full

rank,
i.e.,

rank
(A

)
=
d.

A
lso

denote
by

κ
(A

)
the

usual
condition

num
berof

A
,by

n
n
z(A

)
the

num
berofnonzero

elem
ents

in
A

,and
by

p
oly

(d
)

a
low

-degree
poly-

nom
ialin

d.W
e

also
use

[n
]to

denote
the

setofindices
1,...,n.

T
hroughoutthis

subsection,the
definitions

are
applied

to
general

p
∈

[1,∞
).W

e
denote

by|·|p
the

elem
ent-w

ise
`
p

norm
ofa

m
atrix:|A|p

=
(∑

ni=
1 ∑

dj=
1 |A

ij | p )
1
/
p.In

particular,w
hen

p
=

2,
|·|2

is
equivalentto

the
Frobenius

norm
.

T
he

follow
ing

tw
o

notions
on

w
ell-conditioned

bases
and

leverage
scores

are
crucial

to
our

m
ethods.

T
he

firstnotion
is

originally
introduced

by
C

larkson
(2005)

and
stated

m
ore

precisely
in

D
asgupta

etal.(2009),and
itis

used
to

justify
the

w
ell-posedness

ofa
`
p

regression
problem

.T
hese

notions
w

ere
introduced

by
D

asgupta
etal.(2009).

D
efinition

1
((α

,β
,p

)-conditioning
and

w
ell-conditioned

basis)
A

m
atrix

A
∈
R
n×

d
is

(α
,β
,p

)-
conditioned

if|A|p ≤
α

and
for

all
x
∈
R
d,
β‖A

x‖
p ≥
‖x‖

q ,w
here

1
/p

+
1/
q

=
1.D

efine
κ̄
p (A

)
asthe

m
inim

um
value

ofα
β

such
thatA

is
(α
,β
,p

)-conditioned.W
e

say
thata

basis
U

forrange(A
)

is
a

w
ell-conditioned

basis
if
κ̄
p

=
κ̄
p (U

)
is

a
low

-degree
polynom

ialin
d,independentof

n
.

T
he

notion
of

leverage
scores

captures
how

im
portanteach

row
in

the
datasetis,and

is
used

in
the

construction
ofthe

sam
pling

probability.
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Y
A

N
G

E
T

A
L.

D
efinition

2
(`
p

leverage
scores)

G
iven

A
∈

R
n×

d,
suppose

U
is

an
(α
,β
,p

)
w

ell-conditioned
basis

for
range(A

).Then
the

i-th
leverage

score
λ
i of

A
is

defined
as
λ
i

=
‖
U
i ‖
pp

for
i

=
1,...,n

.

2.1
Preconditioning

H
ere,w

e
briefly

review
the

preconditioning
m

ethods
thatw

illbe
used

in
our

m
ain

algorithm
s.

A
detailed

sum
m

ary
of

various
preconditioning

m
ethods

can
be

found
in

Y
ang

etal.(2014,2016b).
T

he
procedure

forcom
puting

a
preconditionercan

be
sum

m
arized

in
the

follow
ing

tw
o

steps.

•
G

iven
a

m
atrix

A
∈

R
n×

d
w

ith
full

rank,
w

e
first

construct
a

sketch
S
A
∈

R
s×
d

for
A

satisfying
σ
S
·‖
A
x‖

p ≤
‖S
A
x‖

p ≤
κ
S
σ
S
·‖
A
x‖

p ,
∀
x
∈
R
d,

(2)

w
here

κ
S

is
the

distortion
factorindependentof

n.

•
N

ext,w
e

com
pute

the
Q

R
factorization

of
S
A

w
hose

size
only

depends
on
d.R

eturn
R
−

1.

T
he

follow
ing

lem
m

a
guarantees

thatthe
preconditionersatisfies

thatA
R
−

1
is

w
ell-conditioned

since
κ
S

and
s

depend
on
d

only,independentof
n.

L
em

m
a

3
Let

R
be

the
m

atrix
returned

by
the

above
preconditioning

procedure,then
w

e
have

κ̄
p (A

R
−

1)≤
κ
S
d

m
a
x{

12
,
1p }s |

1p −
12 |.

(3)

V
arious

w
ays

of
com

puting
a

sketching
m

atrix
S

satisfying
(2)

are
proposed

recently.
Itis

w
orth

m
entioning

thatsketching
algorithm

s
thatrun

in
nearly

input-sparsity
tim

e,i.e.,in
tim

e
proportional

to
O

(n
n
z(A

))
to

obtain
such

a
sketch

m
atrix

for
p

=
1

and
p

=
2

are
available

via
random

projections
com

posed
of

sparse
m

atrices;see
C

larkson
and

W
oodruff

(2013);M
eng

and
M

ahoney
(2013a);W

oodruff
and

Z
hang

(2013);N
elson

and
N

guyen
(2013)

for
details.

In
Tables

5
and

6
in

A
ppendix

A
w

e
provide

a
shortsum

m
ary

ofthese
sketching

m
ethods

and
the

resulting
running

tim
e

and
condition

num
ber.

3.A
connection

to
stochastic

optim
ization

In
this

section,w
e

describe
our

fram
ew

ork
for

view
ing

determ
inistic

`
p

regression
problem

s
from

the
perspective

ofstochastic
optim

ization.
T

his
fram

ew
ork

w
illrecoverboth

R
L

A
and

SG
D

m
eth-

ods
in

a
naturalm

anner;and
by

com
bining

these
tw

o
approaches

in
a

particularw
ay

w
e

w
illobtain

ourm
ain

algorithm
.

W
e

reform
ulate

overdeterm
ined

`
p

regression
problem

s
of

the
form

(1)
into

a
stochastic

opti-
m

ization
problem

of
the

form
(4)

1,w
hich

reform
ulates

a
determ

inistic
regression

problem
into

a
stochastic

optim
ization

problem
.N

ote
thatthe

resultholds
forgeneral

p
∈

[1,∞
).

Proposition
4

Let
U
∈

R
n×

d
be

a
basis

of
the

range
space

of
A

in
the

form
U

=
A
F

,
w

here
F
∈
R
d×
d.The

constrained
overdeterm

ined
`
p

regression
problem

(1)is
equivalentto

m
in

y∈Y
‖
U
y−

b‖
pp

=
m

in
y∈Y

E
ξ∼
P

[H
(y
,ξ)],

(4)

1.Technically,this
resultis

straightforw
ard;butthis

reform
ulation

allow
s

us
to

introduce
random

ness—
param

eterized
by

a
probability

distribution
P

—
into

the
determ

inistic
problem

(1)in
orderto

develop
random

ized
algorithm

s
forit.
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
` p

R
E

G
R

E
S

S
IO

N

w
he

re
ξ

is
a

ra
nd

om
va

ri
ab

le
ov

er
{1
,.
..
,n
}

w
ith

di
st

ri
bu

tio
n
P

=
{p
i}
n i=

1
,
y

is
th

e
de

ci
si

on
va

ri
ab

le
in
Y,

an
d
H

(y
,ξ

)
=
|U
ξ
y
−
b ξ
|p /
p
ξ
.

Th
e

co
ns

tr
ai

nt
se

t
of
y

is
Y

=
{y
∈

R
d
|y

=
F
−

1
x
,x
∈
Z
}.

W
ith

Pr
op

os
iti

on
4,

as
su

gg
es

te
d

in
Fi

gu
re

1,
on

e
ca

n
so

lv
e

th
e

ov
er

de
te

rm
in

ed
` p

re
gr

es
si

on
pr

ob
le

m
(1

)b
y

ap
pl

yi
ng

ei
th

er
SA

A
or

SA
,i

.e
.,

(C
1

)o
n

th
e

st
oc

ha
st

ic
op

tim
iz

at
io

n
pr

ob
le

m
(4

).
In

ad
di

tio
n

to
th

e
ch

oi
ce

of
SA

ve
rs

us
SA

A
,o

ne
al

so
ha

s
to

ch
oo

se
U

an
d
P

,i
.e

.,
(C

2)
,a

nd
de

te
rm

in
e

th
e

un
de

rl
yi

ng
so

lv
er

,i
.e

.,
(C

3
).

A
ss

um
e

th
at

if
SA

A
is

us
ed

,t
he

n
fo

r(
C

3)
w

e
so

lv
e

th
e

su
bp

ro
bl

em
ex

ac
tly

,i
.e

.,
w

e
co

m
pu

te
a

hi
gh

-p
re

ci
si

on
so

lu
tio

n
of

th
e

su
bp

ro
bl

em
;t

hi
s

le
ad

s
to

a
cl

as
s

of
ra

nd
om

iz
ed

lin
ea

r
al

ge
br

a
(R

L
A

)
al

go
ri

th
m

s
fo

r
so

lv
in

g
` p

re
gr

es
si

on
.

A
lte

rn
at

iv
el

y,
if

w
e

as
su

m
e

th
at

SA
is

us
ed

,t
he

n
w

e
ex

tr
ac

t
th

e
fir

st
-o

rd
er

in
fo

rm
at

io
n,

i.e
.,

su
b-

gr
ad

ie
nt

of
th

e
sa

m
pl

e,
an

d
up

da
te

th
e

w
ei

gh
t

in
a

gr
ad

ie
nt

de
sc

en
tf

as
hi

on
;t

hi
s

le
ad

s
to

a
fa

m
ily

of
st

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
t(

SG
D

)
al

go
ri

th
m

s
fo

r
so

lv
in

g
` p

re
gr

es
si

on
.

Fo
r(
C

2)
,w

e
ne

ed
to

ch
oo

se
a

ba
si

s
U

th
at

co
nv

er
ts

(1
)i

nt
o

an
eq

ui
va

le
nt

pr
ob

le
m

re
pr

es
en

te
d

by
U

an
d

ch
oo

se
a

di
st

ri
bu

tio
n
P

fo
r

w
hi

ch
th

e
al

go
ri

th
m

sa
m

pl
es

a
ro

w
at

ev
er

y
ite

ra
tio

n
ac

co
rd

-
in

gl
y.

In
ge

ne
ra

l,
di

ff
er

en
tc

ho
ic

es
of
U

an
d
P

le
ad

to
di

ff
er

en
ta

lg
or

ith
m

s.
In

th
e

fo
llo

w
in

g
tw

o
su

bs
ec

tio
ns

,w
e

w
ill

di
sc

us
s

th
ei

r
ef

fe
ct

s
on

SA
A

an
d

SA
an

d
m

ak
e

co
nn

ec
tio

ns
be

tw
ee

n
ex

is
tin

g
so

lv
er

s
an

d
ou

r
ne

w
so

lu
tio

n
m

et
ho

ds
.

Fo
r

si
m

pl
ic

ity
,

w
e

as
su

m
e

th
er

e
ar

e
no

co
ns

tr
ai

nt
s,

i.e
.,

Z
=

R
d

(a
lth

ou
gh

m
uc

h
of

th
is

fr
am

ew
or

k
ge

ne
ra

liz
es

to
no

nt
riv

ia
lc

on
st

ra
in

ts
).

3.
1

U
si

ng
R

L
A

(S
A

A
)t

o
so

lv
e
` p

re
gr

es
si

on

In
th

is
su

bs
ec

tio
n,

w
e

br
ie

fly
di

sc
us

s
th

e
al

go
ri

th
m

s
in

du
ce

d
by

ap
pl

yi
ng

SA
A

to
(4

)w
ith

di
ff

er
en

t
ch

oi
ce

s
of

ba
si

s
U

an
d

di
st

ri
bu

tio
n
P

in
Pr

op
os

iti
on

4.
W

e
fir

st
sh

ow
th

at
th

e
ch

oi
ce

of
th

e
ba

si
s
U

ha
s

no
ef

fe
ct

on
th

e
re

su
lti

ng
sa

m
pl

in
g

al
go

ri
th

m
.

L
et
S
∈
R
s×
n

be
th

e
eq

ui
va

le
nt

sa
m

pl
in

g
m

at
ri

x
in

th
e

sa
m

pl
in

g
al

go
ri

th
m

.T
ha

ti
s,

S
ij

=

{
1/
p
j

if
th

e
j-

th
ro

w
is

sa
m

pl
ed

in
th

e
i-

th
ite

ra
tio

n
0

ot
he

rw
is

e.

T
he

n
th

e
su

bp
ro

bl
em

ca
n

be
ca

st
as

m
in
y
∈Y
‖S
U
y
−
b‖
p p
,

w
hi

ch
is

eq
ui

va
le

nt
to

m
in
x
∈Z
‖S
A
x
−

b‖
p p
.

T
he

re
fo

re
,w

ith
a

gi
ve

n
di

st
ri

bu
tio

n
P

,a
pp

ly
in

g
SA

A
to

th
e

st
oc

ha
st

ic
op

tim
iz

at
io

n
pr

ob
le

m
as

so
ci

at
ed

w
ith

an
y

ba
si

s
U

is
eq

ui
va

le
nt

to
ap

pl
yi

ng
SA

A
to

th
e

or
ig

in
al

pr
ob

le
m

w
ith

m
at

ri
x
A

.
N

ex
t,

w
e

di
sc

us
s

th
e

ef
fe

ct
of

th
e

ch
oi

ce
of
P

,i
.e

.,
th

e
sa

m
pl

in
g

di
st

ri
bu

tio
n

in
SA

A
,o

n
th

e
re

qu
ir

ed
sa

m
pl

in
g

si
ze

.

N
ai

ve
ch

oi
ce

of
P

O
ne

ch
oi

ce
of
P

is
a

un
if

or
m

di
st

ri
bu

tio
n,

i.e
.,
p
i

=
1
/n

fo
r
i

=
1
,.
..
,n

.
T

he
re

su
lti

ng
SA

A
al

go
ri

th
m

be
co

m
es

un
if

or
m

ly
sa

m
pl

in
g
s

ro
w

s
fr

om
th

e
or

ig
in

al
n

ro
w

s
an

d
so

lv
in

g
th

e
su

bp
ro

bl
em

in
du

ce
d

by
th

e
se

le
ct

ed
ro

w
s.

If
al

lt
he

ro
w

s
ar

e
eq

ua
lly

“i
m

po
rt

an
t”

,s
uc

h
an

al
go

ri
th

m
ca

n
be

ex
pe

ct
ed

to
w

or
k.

H
ow

ev
er

,
co

ns
id

er
th

e
fo

llo
w

in
g

to
y

ex
am

pl
e

fo
r

w
hi

ch
un

if
or

m
sa

m
pl

in
g

gi
ve

s
un

de
si

ra
bl

e
an

sw
er

s
w

ith
hi

gh
pr

ob
ab

ili
ty

.
Su

pp
os

e
th

e
fir

st
ro

w
of

th
e

m
at

ri
x

co
nt

ai
ns

th
e

on
ly

no
nz

er
o

el
em

en
ti

n
th

e
fir

st
co

lu
m

n
of

th
e

de
si

gn
m

at
ri

x
A

.S
in

ce
th

e
on

ly
m

ea
su

re
m

en
to

f
x

1
lie

s
in

th
e

fir
st

ro
w

,i
n

or
de

r
to

re
co

ve
r

th
e

op
tim

al
va

lu
e,

na
m

el
y
x
∗ 1
,t

he
fir

st
ro

w
in

m
at

ri
x
A

is
cr

uc
ia

l.
H

ow
ev

er
,w

he
n

a
un

if
or

m
sa

m
pl

in
g

sc
he

m
e

is
us

ed
,t

he
sa

m
pl

in
g

si
ze

re
qu

ir
ed

in
or

de
rt

o
sa

m
pl

e
th

e
fir

st
ro

w
is

Ω
(n

).
T

hi
s

im
pl

ie
s

th
at

R
L

A
w

ith
un

if
or

m
sa

m
pl

in
g

w
ill

fa
il

w
ith

hi
gh

pr
ob

ab
ili

ty
un

le
ss

th
e

sa
m

pl
in

g
si

ze
s

=
Ω

(n
).
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Sm
ar

te
r

ch
oi

ce
of
P

In
th

e
ab

ov
e

ex
am

pl
e,

it
is

no
th

ar
d

to
sh

ow
th

at
th

e
le

ve
ra

ge
sc

or
e

of
th

e
fir

st
ro

w
is

1
,i

.e
.,

it
is

m
uc

h
la

rg
er

th
an

th
e

av
er

ag
e

va
lu

e
of

th
e

le
ve

ra
ge

sc
or

es
.

T
hi

s
in

sp
ir

es
us

to
pu

t
m

or
e

w
ei

gh
ts

on
“i

m
po

rt
an

t”
ro

w
s,

i.e
.,

ro
w

s
w

ith
hi

gh
er

le
ve

ra
ge

sc
or

es
.

A
n

im
m

ed
ia

te
so

lu
tio

n
is

to
de

fin
e
P

ba
se

d
on

th
e

le
ve

ra
ge

sc
or

es
as

fo
llo

w
s:

p
i

=
λ
i

∑
n j=

1
λ
j
,

w
he

re
λ
i

is
th

e
i-

th
le

ve
ra

ge
sc

or
e

of
A

(w
hi

ch
de

pe
nd

s
on

w
he

th
er

on
e

is
w

or
ki

ng
w

ith
` 1

,
` 2

,
or

m
or

e
ge

ne
ra

l
` p

re
gr

es
si

on
).

A
pp

ly
in

g
SA

A
w

ith
th

is
di

st
ri

bu
tio

n
an

d
so

lv
in

g
th

e
su

bp
ro

b-
le

m
ex

ac
tly

re
co

ve
rs

th
e

re
ce

nt
ly

pr
op

os
ed

R
L

A
m

et
ho

ds
w

ith
al

go
ri

th
m

ic
le

ve
ra

gi
ng

fo
r

so
lv

in
g

ov
er

de
te

rm
in

ed
` p

re
gr

es
si

on
pr

ob
le

m
s;

se
e

M
ah

on
ey

(2
01

1)
;D

as
gu

pt
a

et
al

.(
20

09
);

C
la

rk
so

n
et

al
.

(2
01

3)
;Y

an
g

et
al

.(
20

14
);

C
la

rk
so

n
an

d
W

oo
dr

uf
f

(2
01

3)
;M

en
g

an
d

M
ah

on
ey

(2
01

3a
);

M
a

et
al

.
(2

01
4)

fo
r

de
ta

ils
.

(I
n

R
L

A
,t

hi
s

is
si

m
pl

y
so

lv
in

g
th

e
su

bp
ro

bl
em

of
th

e
or

ig
in

al
pr

ob
le

m
,b

ut
in

st
at

is
tic

al
le

ar
ni

ng
th

eo
ry

,t
hi

s
ha

s
th

e
in

te
rp

re
ta

tio
n

of
E

m
pi

ri
ri

ca
lR

is
k

M
in

im
iz

at
io

n.
)

T
hi

s
al

go
-

ri
th

m
is

fo
rm

al
ly

st
at

ed
in

A
lg

or
ith

m
3

in
A

pp
en

di
x

B
.W

e
al

so
in

cl
ud

e
its

ap
pr

ox
im

at
io

n-
of

-q
ua

lit
y

re
su

lts
fr

om
(D

as
gu

pt
a

et
al

.,
20

09
)

in
A

pp
en

di
x

B
,w

hi
ch

st
at

e
th

at
th

e
re

su
lti

ng
ap

pr
ox

im
at

e
so

-
lu

tio
n
x̂

pr
od

uc
es

a
(1

+
ε)

-a
pp

ro
xi

m
at

io
n

to
th

e
ob

je
ct

iv
e

if
th

e
sa

m
pl

in
g

si
ze
s

is
la

rg
e

en
ou

gh
.

(N
ot

e,
in

pa
rt

ic
ul

ar
,t

ha
t“

la
rg

e
en

ou
gh

”
he

re
m

ea
ns

th
at

w
he

n
th

e
de

si
re

d
ac

cu
ra

cy
an

d
fa

ilu
re

pr
ob

-
ab

ili
ty

ar
e

fix
ed

,t
he

re
qu

ir
ed

sa
m

pl
in

g
si

ze
on

ly
de

pe
nd

s
on

th
e

lo
w

er
di

m
en

si
on
d

,i
nd

ep
en

de
nt

of
n

.) 3.
2

U
si

ng
SG

D
(S

A
)t

o
so

lv
e
` p

re
gr

es
si

on

A
pp

ly
in

g
SA

to
(4

)
an

d
up

da
tin

g
th

e
w

ei
gh

tv
ec

to
r

us
in

g
fir

st
-o

rd
er

in
fo

rm
at

io
n

re
su

lts
in

a
SG

D
al

go
ri

th
m

.
It

is
no

t
ha

rd
to

sh
ow

th
at

,
gi

ve
n
U

=
A
F

an
d
P

=
{p
i}
n i=

1
,

th
e

up
da

te
ru

le
is

as
fo

llo
w

s.
Su

pp
os

e
th

e
ξ t

-t
h

ro
w

is
sa

m
pl

ed
;t

he
n

th
e

w
ei

gh
tv

ec
to

rx
t

is
up

da
te

d
by

x
t+

1
=
x
t
−
η
c t
H
−

1
A
ξ t
,

w
he

re
H

=
( F
F
>
) −

1
∈
R
d
×
d
,η

is
th

e
st

ep
si

ze
,a

nd
c t

is
a

co
ns

ta
nt

th
at

de
pe

nd
s

on
x
t

an
d
ξ t

.
N

ex
t,

w
e

di
sc

us
s

ho
w

di
ff

er
en

tc
ho

ic
es

of
U

an
d
P

af
fe

ct
th

e
co

nv
er

ge
nc

e
ra

te
s

of
th

e
re

su
lti

ng
SG

D
al

go
ri

th
m

s.
Fo

rs
im

pl
ic

ity
,w

e
re

st
ri

ct
ou

rd
is

cu
ss

io
ns

to
un

co
ns

tr
ai

ne
d
` 1

re
gr

es
si

on
s.

N
ai

ve
ch

oi
ce

of
U

an
d
P

C
on

si
de

r
th

e
fo

llo
w

in
g

ch
oi

ce
s

of
U

an
d
P

th
at

le
ad

to
un

de
si

ra
bl

e
co

nv
er

ge
nc

e
ra

te
s.

L
et
U

=
A

.
If

w
e

ap
pl

y
th

e
SG

D
w

ith
so

m
e

di
st

ri
bu

tio
n
P

=
{p
i}
n i=

1
,s

om
e

si
m

pl
e

ar
gu

m
en

ts
in

th
e

SG
D

co
nv

er
ge

nc
e

ra
te

an
al

ys
is

le
ad

to
a

re
la

tiv
e

ap
pr

ox
im

at
io

n
er

ro
ro

f

f
(x̂

)−
f

(x
∗ )

f
(x̂

)
=
O
(
‖x
∗ ‖

2
m

ax
1
≤
i≤
n
‖A

i‖
1
/p
i

‖A
x
∗
−
b‖

1

)
,

(5
)

w
he

re
f

(x
)

=
‖A
x
−
b‖

1
an

d
x
∗

is
th

e
op

tim
al

so
lu

tio
n.

W
he

n
{p
i}
n i=

1
is

th
e

un
if

or
m

di
st

ri
bu

tio
n,

(5
)

be
co

m
es
O
( n
‖x
∗ ‖

2
·M

‖A
x
∗ −
b‖

1

) ,w
he

re
M

=
m

ax
1
≤
i≤
n
‖A

i‖
1

is
th

e
m

ax
im

um
` 1

ro
w

no
rm

of
A

.

A
lte

rn
at

iv
el

y,
if

on
e

ch
oo

se
s
p
i

to
be

pr
op

or
tio

na
lt

o
th

e
ro

w
no

rm
s

of
A

,i
.e

.,
p
i

=
‖A

i
‖ 1

‖A
‖ 1

,t
he

n
(5

)

be
co

m
es
O
( ‖

x
∗ ‖

2
·‖
A
‖ 1

‖A
x
∗ −
b‖

1

) .
C

on
si

de
rt

he
fo

llo
w

in
g

sc
en

ar
io

.
G

iv
en
A

an
d
b,

w
e

co
nt

in
ue

to
ap

pe
nd

sa
m

pl
es

(z
,c

)
sa

tis
fy

in
g
z
>
x
∗

=
c

an
d
‖z
‖ 2
≤
M

to
A

an
d
b,

re
sp

ec
tiv

el
y.

T
hi

s
pr

oc
es

s
w

ill
ke

ep
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

x
∗,
M

and‖
A
x
∗−

b‖
1

unchanged.
H

ow
ever,the

value
of
n

and‖
A‖

1
w

illincrease.
T

hus,in
this

case,the
expected

tim
e

forconvergence
ofSG

D
w

ith
these

naive
sam

pling
distributions

m
ightblow

up
as

the
size

ofthe
m

atrix
grow

s.

Sm
arter

choice
of
U

and
P

To
avoid

this
problem

,w
e

need
to

precondition
the

linearregression
problem

.
If

w
e

w
ork

w
ith

a
w

ell-conditioned
basis

U
for

the
range

space
of
A

and
choose

the
sam

pling
probabilities

proportional
to

the
row

norm
s

of
U

,
i.e.,

leverage
scores

of
A

,
then

the
resulting

convergence
rate

on
the

relative
errorofthe

objective
becom

esO
(
‖
y ∗‖

2 ·‖
U
‖
1

‖
U
y ∗−

b‖
1 ),w

here
y ∗

is
an

optim
alsolution

to
the

transform
ed

problem
.B

y
D

efinition
1,if

U
is

a
w

ell-conditioned
basis,

then
one

obtains‖U
‖

1
≤
α

and
‖y ∗‖∞

≤
β‖
U
y ∗‖

1 .
Since

the
condition

num
ber

α
β

of
a

w
ell-

conditioned
basis

depends
only

on
d

and
since‖

U
y ∗−

b‖
1 /‖

U
y ∗‖

1
is

a
constant,itim

plies
thatthe

resulting
SG

D
inherits

a
convergence

rate
in

a
relative

scale
thatdepends

on
d

and
is

independent
of
n.T

he
idea

ofusing
a

preconditionerand
a

sam
pling

distribution
according

to
the

leverage
scores

leads
to

ourm
ain

algorithm
.

4.O
ur

M
ain

A
lgorithm

In
this

section,w
e

w
illstate

ourm
ain

algorithm
P

W
S

G
D

(A
lgorithm

1)forsolving
the

constrained
overdeterm

ined
`
1

and
`
2

regression
problem

s.
W

e
now

sum
m

arize
the

m
ain

steps
of

our
m

ain
algorithm

as
follow

s.
First,w

e
com

pute
a

w
ell-conditioned

basis
U

(D
efinition

1)forthe
range

space
of
A

im
plicitly

via
a

conditioning
m

ethod;see
Tables

5
and

6
in

A
ppendix

A
for

a
sum

m
ary

of
recently

proposed
random

ized
conditioning

m
ethods.

W
e

refer
this

as
the

“im
plicit”

m
ethod,i.e.,itfocuses

on
com

-
puting

R
∈
R
d×
d

such
that

U
=
A
R
−

1.A
typicalw

ay
ofobtaining

R
is

via
the

Q
R

decom
position

of
S
A

w
here

S
A

is
a

sketch
of
A

;see
A

ppendix
A

form
ore

details.
Second,w

e
either

exactly
com

pute
or

quickly
approxim

ate
the

leverage
scores

(D
efinition

2),
i.e.,

the
row

norm
s

of
U

as{λ
i }
ni=

1 .
To

com
pute

{
λ
i }
ni=

1
exactly,

w
e

have
to

form
the

m
atrix

U
explicitly,w

hich
takes

tim
eO

(n
d

2).
A

lternatively,w
e

can
estim

ate
the

row
norm

s
of
U

w
ith-

out
com

puting
the

product
betw

een
A

and
R
−

1,
in

order
to

further
reduce

the
running

tim
e;

see
A

ppendix
A

form
ore

details.W
e

assum
e

that{
λ
i }
ni=

1
satisfy

(1−
γ

)‖
U
i ‖
pp ≤

λ
i ≤

(1
+
γ

)‖
U
i ‖
pp ,

(6)

w
here

γ
is

the
approxim

ation
factorofestim

ation.W
hen

the
leverage

scores
are

exact,the
approx-

im
ation

factor
γ

=
0.

From
that,w

e
can

define
a

distribution
P

over{
1
,...,n}

based
on{

λ
i }
ni=

1

as
follow

s:
p
i

=
λ
i

∑
nj=

1
λ
j
.

(7)

T
hird,in

each
iteration

a
new

sam
ple

corresponding
to

a
row

of
A

is
draw

n
according

to
distri-

bution
P

and
w

e
apply

an
SG

D
process

to
solve

the
follow

ing
equivalentproblem

w
ith

a
specific

choice
of
F
∈
R
d×
d:

m
in

y∈Y
h

(y
)

=
‖A
F
y−

b‖
pp

=
E
ξ∼
P

[|A
ξ F
y−

b
ξ | p/p

ξ ].
(8)

H
ere

the
m

atrix
F

is
called

the
preconditionerforthe

linearsystem
being

solved;see
Section

4.2
for

severalchoices
of
F

.
B

elow
,w

e
show

thatw
ith

a
suitable

choice
of
F

,the
convergence

rate
ofthe
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A
lgorithm

1
P

W
S

G
D

—
preconditioned

w
eighted

SG
D

forover-determ
ined

`
1

and
`
2

regression
1:

Input:
A
∈
R
n×

d,
b∈

R
n

w
ith

rank(A
)

=
d,x

0 ∈
Z

,η
and

T
.

2:
O

utput:
A

n
approxim

ate
solution

vectorto
problem

m
in
x∈Z

‖A
x
−
b‖
pp

for
p

=
1

or
2.

3:
C

om
pute

R
∈

R
d×
d

such
that

U
=
A
R
−

1
is

a
w

ell-conditioned
basis

U
as

described
in

Sec-
tion

2.1.
4:

C
om

pute
orestim

ate‖U
i ‖
pp

w
ith

leverage
scores

λ
i ,for

i∈
[n

],thatsatisfies
(6).

5:
L

et
p
i

=
λ
i

∑
nj
=
1
λ
j ,for

i∈
[n

].

6:
C

onstructthe
preconditioner

F
∈
R
d×
d

based
on
R

;see
Section

4.2
fordetails.

7:
for

t
=

0,...,T
do

8:
Pick

ξ
t from

[n
]based

on
distribution{p

i }
ni=

1 .
9:

c
t

=

{
sgn

(A
ξ
t x
t −

b
ξ
t )
/p
ξ
t

if
p

=
1;

2
(A

ξ
t x
t −

b
ξ
t )
/p
ξ
t

if
p

=
2.

10:
U

pdate
x

by

x
t+

1
=


x
t −

η
c
t H
−

1A
ξ
t

ifZ
=

R
d;

arg
m

in
x∈Z

η
c
t A

ξ
t x

+
12 ‖x

t −
x‖

2H
otherw

ise.
(11)

w
here

H
=
(F
F
> )−

1.
11:

end
for

12:
R

eturn
x̄

for
p

=
1

or
x
T

for
p

=
2.

SG
D

phase
can

be
im

proved
significantly.

Indeed,w
e

can
perform

the
update

rule
in

the
original

dom
ain

(w
ith

solution
vector

x
instead

of
y),i.e.,(11).

N
otice

thatifZ
=

R
d

and
F

=
I,then

the
update

rule
can

be
sim

plified
as

x
t+

1
=
x
t −

η
c
t A

ξ
t .

(9)

IfZ
=

R
d

and
F

=
R
−

1,then
the

update
rule

becom
es

x
t+

1
=
x
t −

η
c
t H
−

1A
ξ
t ,

(10)

w
here

H
=

(R
>
R

) −
1.

In
the

presence
of

constraints,
(11)

only
needs

to
solve

an
optim

ization
problem

w
ith

a
quadratic

objective
overthe

sam
e

constraints
w

hose
size

is
independentof

n.
Finally,the

outputis
the

averaged
value

overalliterates,i.e.,x̄
=

1T

∑
>t=

1
x
t ,for

`
1

regression,
orthe

lastiterate,i.e.,x
T

,for
`
2

regression.

4.1
M

ain
resultsfor

`
1

and
`
2

regression
problem

s

T
he

quality-of-approxim
ation

ofA
lgorithm

1
is

presented
in

Proposition
5

and
Proposition

6
for

`
1

and
`
2

regression,respectively,in
w

hich
w

e
give

the
expected

num
ber

of
iterations

that
P

W
S

G
D

needs
for

convergence
w

ithin
sm

alltolerance.
W

e
show

that
P

W
S

G
D

inherits
a

convergence
rate

ofO
(

1/ √
T )

for
`
1

regression
and
O

(log
T
/T

)
for

`
2

regression
and

the
constant

term
only

depends
on

the
low

er
dim

ension
d

w
hen

F
=
R
−

1.
W

orth
m

entioning
is

that
for

`
2

regression,
ourbound

on
the

solution
vectoris

m
easured

in
prediction

norm
,i.e.,‖

A
x‖

2 .Forcom
pleteness,w

e
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e-
co

nd
iti

on
er

is
on

ly
O

(d
).

In
Se

ct
io

n
5

w
e

w
ill

ill
us

tr
at

e
th

e
tr

ad
eo

ff
s

am
on

g
th

es
e

th
re

e
ch

oi
ce

s
of

pr
ec

on
di

tio
ne

rs
em

pi
ri

ca
lly

.

3.
O

ne
ca

n
sh

ow
th

at
κ̄
2

is
a

sc
al

ed
ve

rs
io

n
of

th
e

st
an

da
rd

co
nd

iti
on

nu
m

be
r
κ

.
κ̄
1

is
al

so
re

la
te

d
to
κ

w
ith

κ̄
1
≥

κ
/
√
n
d

.
T

hi
s

im
pl

ie
s

th
at

in
ge

ne
ra

l
κ̄
1

ca
n

be
la

rg
e

w
ith

ou
t

pr
ec

on
di

tio
ni

ng
,e

.g
.,

th
e
b
u
z
z

da
ta

se
t

us
ed

in
ou

r
ex

pe
ri

m
en

ts
.

4.
It

is
al

so
re

fle
ct

ed
in
κ̂

(R
F

);
ho

w
ev

er
,

it
de

pe
nd

s
on

κ
(R
F

)
be

ca
us

e
on

e
ca

n
sh

ow
m

1
κ

(R
F

)
≤

κ̂
(R
F

)
≤

m
2
κ

(R
F

),
w

he
re
m

1
,m

2
ar

e
co

ns
ta

nt
s

de
riv

ed
us

in
g

m
at

ri
x

no
rm

eq
ui

va
le

nc
es

.
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

4.3
C

om
plexities

H
ere,

w
e

discuss
the

com
plexity

of
P

W
S

G
D

w
ith

F
=
R
−

1.
T

he
running

tim
e

of
A

lgorithm
1

consists
of

three
parts.

First,for
com

puting
a

m
atrix

R
such

that
U

=
A
R
−

1
is

w
ell-conditioned,

A
ppendix

A
provides

a
brief

overview
of

various
recently

proposed
preconditioning

m
ethods

for
com

puting
R

forboth
`
1

and
`
2

norm
s;see

also
Table

5
and

Table
6

fortheirrunning
tim

e
tim

e(R
)

and
preconditioning

quality
κ̄
p (U

).
Particularly,there

are
severalavailable

sparse
preconditioning

m
ethods

thatrun
in
O

(n
n
z(A

))
plus

low
er

order
term

s
in
d

tim
e

(C
larkson

and
W

oodruff,2013;
M

eng
and

M
ahoney,2013a;N

elson
and

N
guyen,2013;Y

ang
etal.,2016b;W

oodruff
and

Z
hang,

2013).Second,to
estim

ate
the

leverage
scores,i.e.,the

row
norm

s
of
A
R
−

1,D
rineas

etal.(2012);
C

larkson
etal.(2013)proposed

severalalgorithm
s

forapproxim
ating

the
`
1

and
`
2

leverage
scores

w
ithout

form
ing

m
atrix

U
.

For
a

target
constant

approxim
ation

quality,
e.g.,

γ
=

0.5
and

c
1

=
1
+
γ

1−
γ

=
3,

the
running

tim
e

of
these

algorithm
s

isO
(log

n
·

n
n
z(A

)).
T

hird,
Proposition

5
and

Proposition
6

provide
upperbounds

forthe
expected

algorithm
ic

com
plexity

ofourproposed
SG

D
algorithm

w
hen

a
targetaccuracy

is
fixed.C

om
bining

these,w
e

have
the

follow
ing

results.

Proposition
7

Suppose
the

preconditioner
in

step
3

of
A

lgorithm
1,

is
chosen

from
Table

5
or

Table
6,w

ith
constantprobability,one

ofthe
follow

ing
events

holds
for

P
W

S
G

D
w

ith
F

=
R
−

1.To
return

a
solution

x̃
w

ith
relative

error
ε

on
the

objective,
•

Itruns
in
tim

e(R
)

+
O

(log
n
·n

n
z(A

)
+
d

3κ̄
1 (U

)/ε
2)

for
unconstrained

`
1

regression.
•

Itrunsin
tim

e(R
)+
O

(log
n·n

n
z(A

)+
tim

e
u
p
d
a
te ·d

κ̄
1 (U

)/ε
2)forconstrained

`
1

regression.
•

Itruns
in
tim

e(R
)

+
O

(log
n
·n

n
z(A

)
+
d

3
log

(1/ε)/ε)
for

unconstrained
`
2

regression.
•

It
runs

in
tim

e(R
)

+
O

(log
n
·

n
n
z(A

)
+
tim

e
u
p
d
a
te ·

d
log

(1/ε)/ε
2)

for
constrained

`
2

regression.
In

the
above,tim

e(R
)

denotes
the

tim
e

for
com

puting
the

m
atrix

R
and

tim
e
u
p
d
a
te

denotes
the

tim
e

for
solving

the
optim

ization
problem

in
(11).

N
otice

that,since
tim

e
u
p
d
a
te

only
depends

on
d,an

im
m

ediate
conclusion

is
thatby

using
sparse

preconditioning
m

ethods,to
find

an
ε-approxim

ate
solution,

P
W

S
G

D
runs

in
O

(log
n
·
n
n
z(A

)
+

p
o
ly

(d
)/
ε
2)

tim
e

for
`
1

regression
and

in
O

(log
n
·

n
n
z(A

)
+

p
oly

(d
)

log
(1
/ε)/ε)

tim
e

for
`
2

regression
(in

term
s

of
solution

vector
in

prediction
norm

for
constrained

problem
s

or
objective

value
forunconstrained

problem
s).

A
lso,

as
can

be
seen

in
Proposition

7,
for

the
com

plexity
for

`
1

regression,
the

tradeoffs
in

choosing
preconditioners

from
Table

5
are

reflected
here.O

n
the

otherhand,for
`
2

regression,as
all

the
preconditioning

m
ethods

in
Table

5
provide

sim
ilarpreconditioning

quality,i.e.,
κ

(U
)

=
O

(1),
tim

e(R
)

becom
es

the
key

factorforchoosing
a

preconditioning
m

ethod.In
Table

3,w
e

sum
m

arize
the

com
plexity

of
P

W
S

G
D

using
various

sketching
m

ethods
for

solving
unconstrained

`
1

and
`
2

regression
problem

s.
T

he
results

are
obtained

by
a

direct
com

bination
of

Tables
2,5

and
6.

W
e

rem
ark

that,w
ith

decaying
step-sizes,itis

possible
to

im
prove

the
dependence

on
ε

from
log

(1/ε)/ε
to

1
/
ε

(R
akhlin

etal.,2012).
Finally,

w
e

rem
ind

readers
that

Table
1

and
2

sum
m

arize
the

com
plexities

of
several

related
algorithm

s
for

unconstrained
`
1

and
`
2

regression.
A

s
w

e
can

see,
P

W
S

G
D

is
m

ore
suitable

for
finding

a
m

edium
-precision,e.g.,

ε
=

10 −
3,solution.

In
particular,ithas

a
dependency

uniform
ly

better
than

R
L

A
m

ethods
for

`
1

regression.
M

oreover,unlike
the

high-precision
solvers,

P
W

S
G

D
also

w
orks

for
constrained

problem
s,in

w
hich

case
each

iteration
of

P
W

S
G

D
only

needs
to

solve
an

optim
ization

problem
w

ith
quadratic

objective
overthe

sam
e

constraints.
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Y
A

N
G

E
T

A
L.

type
sketch

com
plexity

`
1

D
ense

C
auchy

(Sohlerand
W

oodruff,2011)
O

(n
d
2

lo
g
n

+
d
3

lo
g
d

+
d

1
12

lo
g

32
d
/
ε
2
)

`
1

FastC
auchy

(C
larkson

etal.,2013)
O

(n
d

lo
g
n

+
d
3

lo
g
5
d

+
d

1
72

lo
g

92
d
/
ε
2
)

`
1

Sparse
C

auchy
(M

eng
and

M
ahoney,2013a)

O
(n

n
z(A

)
lo

g
n

+
d
7

lo
g
5
d

+
d

1
92

lo
g

1
12
d
/
ε
2
)

`
1

R
eciprocalE

xponential(W
oodruffand

Z
hang,2013)

O
(nnz(A

)
lo

g
n

+
d
3

lo
g
d

+
d

1
32

lo
g

52
d
/
ε
2
)

`
1

L
ew

is
W

eights
(C

ohen
and

Peng,2015)
O

(n
n

z(A
)

lo
g
n

+
d
3

lo
g
d

+
d

92
lo

g
12
d
/
ε
2
)

`
2

G
aussian

Transform
O

(n
d
2

+
d
3

lo
g
(1
/
ε)/
ε)

`
2

SR
H

T
(Tropp,2011)

O
(n
d

lo
g
n

+
d
3

lo
g
n

lo
g
d

+
d
3

lo
g
(1
/
ε)/
ε)

`
2

Sparse
`
2

em
bedding

(C
ohen,2016)

O
(n

n
z(A

)
lo

g
n

+
d
3

lo
g
d

+
d
3

lo
g
(1
/
ε)/
ε)

`
2

R
efinem

entSam
pling

(C
ohen

etal.,2015a)
O

(n
n

z(A
)

lo
g
(n
/
d
)

lo
g
d

+
d
3

lo
g
(n
/
d
)

lo
g
d

+
d
3

lo
g
(1
/
ε)/
ε)

Table
3:

Sum
m

ary
ofcom

plexity
of

P
W

S
G

D
w

ith
differentsketching

m
ethods

forcom
puting

the
precondi-

tionerw
hen

solving
unconstrained

`
1

and
`
2

regression
problem

s.T
he

targetis
to

return
a

solution
x̃

w
ith

relative
error

ε
on

the
objective.

H
ere,the

com
plexity

of
each

algorithm
is

calculated
by

setting
the

failure
probability

to
be

a
constant.

4.4
C

om
plexity

com
parison

betw
een

P
W

SG
D

and
R

L
A

A
s

w
e

pointed
out

in
Section

3,
P

W
S

G
D

and
R

L
A

m
ethods

w
ith

algorithm
ic

leveraging
(A

p-
pendix

B
)

(R
L

A
for

short)
are

closely
related

as
they

can
be

view
ed

as
m

ethods
using

SA
and

SA
A

to
solve

the
stochastic

optim
ization

problem
(4).

O
m

itting
the

tim
e

for
com

puting
basis

U
and

sam
pling

distribution
P

,the
com

parison
ofcom

plexity
boils

dow
n

to
com

paring
tim

e
su
b (s,d

)
(for

R
L

A
)

and
tim

e
u
p
d
a
te ·

T
(for

P
W

S
G

D
)

w
here

tim
e
su
b (s,d

)
is

the
tim

e
needed

to
solve

the
sam

e
constrained

regression
problem

w
ith

size
s

by
d

and
tim

e
u
p
d
a
te

denotes
the

tim
e

needed
for

to
solve

the
optim

ization
problem

in
(11).

A
ccording

to
the

theory,for
the

sam
e

target
accu-

racy,the
required

s
(sam

pling
size)

and
T

(num
ber

of
iterations)

are
the

sam
e

asym
ptotically,up

to
logarithm

ic
factors;

see
D

asgupta
et

al.
(2009);

Y
ang

et
al.

(2014);
D

rineas
et

al.
(2011)

and
Section

B
for

expression
of
s.

W
hen

the
problem

is
unconstrained,due

to
the

efficiency
of

SG
D

,
tim

e
u
p
d
a
te

=
O

(d
2)asindicated

in
(11).For

`
2

regression,due
to

the
efficiency

ofthe
directsolver,

tim
e
su
b (s,d

)
=
O

(sd
2).

T
his

explains
w

hy
P

W
S

G
D

and
R

L
A

(low
-precision

solvers
(sam

pling))
have

sim
ilarcom

plexities
as

show
n

in
Table

2.
O

n
the

otherhand,forunconstrained
`
1

regression,
a

typical
`
1

regression
solver

requires
tim

e
tim

e
su
b (s,d

)
>
sd

2.
For

exam
ple,if

an
interior

point
m

ethod
is

used
(Portnoy

and
K

oenker,1997),
tim

e
su
b (s,d

)
is

noteven
linear

in
s.

T
his

explains
the

advantage
P

W
S

G
D

has
over

R
L

A
as

show
n

in
Table

1.
W

e
also

note
that

in
the

presence
of

constraints,
P

W
S

G
D

m
ay

stillbe
m

ore
efficientforsolving

`
1

regression
because

roughly
speaking,

tim
e
su
b (s,d

)/s
>
tim

e
u
p
d
a
te .

4.5
C

onnection
to

w
eighted

random
ized

K
aczm

arz
algorithm

A
s

m
entioned

in
Section

1,
our

algorithm
P

W
S

G
D

for
least-squares

regression
is

related
to

the
w

eighted
random

ized
K

aczm
arz

(R
K

)
algorithm

(Strohm
er

and
V

ershynin,
2009;

N
eedell

et
al.,

2014).
To

be
m

ore
specific,w

eighted
R

K
algorithm

can
be

view
ed

as
an

SG
D

algorithm
w

ith
con-

stantstep-size
thatexploitsa

sam
pling

distribution
based

on
row

norm
sof

A
,i.e.,p

i
=
‖
A
i ‖

22 /‖
A‖

2F
.

In
P

W
S

G
D

,if
the

preconditioner
F

=
R
−

1
is

used
and

the
leverage

scores
are

com
puted

exactly,
the

resulting
algorithm

is
equivalentto

applying
the

w
eighted

random
ized

K
arczm

arz
algorithm

on
a

w
ell-conditioned

basis
U

=
A
R
−

1
since

leverage
scores

are
defined

as
the

row
norm

s
of
U

.
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R
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R
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Si
nc

e
th

e
m

at
ri

x
A

its
el

f
ca

n
be

a
ba

si
s

fo
r

its
ra

ng
e

sp
ac

e,
se

tti
ng

U
=
A

an
d
F

=
R

=
I

in
Pr

op
os

iti
on

6
in

di
ca

te
s

th
at

w
ei

gh
te

d
R

K
al

go
ri

th
m

in
he

ri
ts

a
co

nv
er

ge
nc

e
ra

te
th

at
de

pe
nd

s
on

co
nd

iti
on

nu
m

be
r
κ

(A
)

tim
es

th
e

sc
al

ed
co

nd
iti

on
nu

m
be

r
κ̄

2
(A

).
N

ot
ic

e
th

at
in

P
W

S
G

D
,

th
e

pr
ec

on
di

tio
ni

ng
st

ep
im

pl
ic

itl
y

co
m

pu
te

s
a

ba
si

s
U

su
ch

th
at

bo
th
κ

(U
)

an
d
κ̄

(U
)

ar
e

lo
w

.
O

ne
sh

ou
ld

ex
pe

ct
th

e
SG

D
ph

as
e

in
P

W
S

G
D

in
he

ri
ts

a
fa

st
er

co
nv

er
ge

nc
e

ra
te

,a
s

ve
ri

fie
d

nu
m

er
ic

al
ly

in
Se

ct
io

n
5.

5.
E

xp
er

im
en

ts

In
th

is
se

ct
io

n,
w

e
pr

ov
id

e
em

pi
ri

ca
le

va
lu

at
io

ns
of

ou
r

m
ai

n
al

go
ri

th
m

P
W

S
G

D
.W

e
ev

al
ua

te
its

co
nv

er
ge

nc
e

ra
te

an
d

ov
er

al
lr

un
ni

ng
tim

e
on

bo
th

sy
nt

he
tic

an
d

re
al

da
ta

se
ts

.F
or

P
W

S
G

D
,w

e
im

-
pl

em
en

ti
tw

ith
th

re
e

di
ff

er
en

tc
ho

ic
es

of
th

e
pr

ec
on

di
tio

ne
rF

.H
er

ei
n,

th
ro

ug
ho

ut
th

e
ex

pe
ri

m
en

ts
,

by
P

W
S

G
D

-f
ul

l,
P

W
S

G
D

-d
ia

g,
P

W
S

G
D

-n
oc

o,
w

e
re

sp
ec

tiv
el

y
m

ea
n

P
W

S
G

D
w

ith
pr

ec
on

di
tio

ne
r

F
=
R
−

1
,D
,I

;s
ee

Se
ct

io
n

4.
2

fo
rd

et
ai

ls
.N

ot
e

th
at

,f
or

P
W

S
G

D
,w

e
us

e
th

e
m

et
ho

ds
fr

om
C

la
rk

-
so

n
an

d
W

oo
dr

uf
f

(2
01

3)
fo

r
pr

ec
on

di
tio

ni
ng

.
A

ls
o,

w
e

ex
ac

tly
co

m
pu

te
th

e
ro

w
no

rm
s

of
A
R
−

1

an
d

us
e

th
em

as
th

e
le

ve
ra

ge
sc

or
es

.
In

ea
ch

ex
pe

ri
m

en
t,

th
e

in
iti

al
so

lu
tio

n
ve

ct
or

es
tim

at
e

is
se

t
as

ze
ro

.
T

he
ab

ov
e

al
go

ri
th

m
s

ar
e

th
en

ru
n

in
th

e
fo

llo
w

in
g

m
an

ne
r.

E
ac

h
ep

oc
h

co
nt

ai
ns
dn
/1

0e
ite

ra
tio

ns
.

A
tt

he
be

gi
nn

in
g

of
ea

ch
ep

oc
h,

w
e

sa
m

pl
e
dn
/
10
ei

nd
ic

es
ac

co
rd

in
g

to
th

e
un

de
rl

yi
ng

di
st

ri
bu

tio
n

w
ith

ou
tr

ep
la

ce
m

en
ta

nd
up

da
te

th
e

w
ei

gh
tu

si
ng

th
e
dn
/
10
er

ow
sa

m
pl

es
fr

om
th

e
da

ta
m

at
ri

x.
Fi

na
lly

,t
he

pl
ot

s
ar

e
ge

ne
ra

te
d

by
av

er
ag

in
g

th
e

re
su

lts
ov

er
20

in
de

pe
nd

en
tt

ri
al

s.

5.
1

E
m

pi
ri

ca
le

va
lu

at
io

ns
on

sy
nt

he
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s,step-size
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4
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ating
the

solution
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2

norm
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z

(Figure
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ethods
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P
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anifested.
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id-size
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`
2
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D
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R

L
A

in
term

s
of

speed
and

feasibility
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hen
the

size
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datasetbecom
es

increasingly
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7
by

5
00.
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onvergence
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choices
of
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2

regression
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condition
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ethod,the
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m
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theory
w
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)−

f
(x
∗)|/f

(x
∗)

=
0
.1.T
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show
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relative
erroron
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Figure
3:

C
onvergence

rate
com

parison
of

several
SG

D
-type

algorithm
s

including
P

W
S

G
D

w
ith

three
different

choices
of

preconditioners
for

solving
`
2

regression
on

S
y
n
t
h
e
t
i
c

2
datasets

w
ith

increasing
condition

num
ber.

For
each

m
ethod,the

optim
alstep-size

is
set

according
to

the
theory

w
ith

targetaccuracy|f
(x̂

)−
f

(x
∗)|/f

(x
∗)

=
0.1.

T
he
y-axis

is
show

ing
the

m
inim

um
num

ber
of

iterations
for

each
m

ethod
to

find
a

solution
w

ith
the

targetaccuracy.

5.3
E

m
piricalevaluationsw

ith
sparse

`
2

regression

Finally,
w

e
evaluate

our
algorithm

on
a

constrained
problem

—
sparse

`
2

regression,
w

hich
is

a
specialcase

of(1).
T

he
problem

form
ulation

is
as

follow
s.

G
iven

a
m

atrix
A
∈
R
n×

d
and

a
vector
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`
2

regression
problem

w
ith

difference
choices

ofstepsize
η.B

oth
optim

ization
errorand

statisticalerrorare
show

n.

6.C
onnection

w
ith

C
oresetM

ethods

A
fterview

ing
R

L
A

and
SG

D
from

the
stochastic

optim
ization

perspective
and

using
thatto

develop
our

m
ain

algorithm
,a

naturalquestion
arises:

can
w

e
do

this
for

other
types

of
problem

s?
To

do
so,w

e
need

to
define

“leverage
scores”

for
them

,since
they

play
a

crucial
role

in
this

stochastic
fram

ew
ork.

H
ere,w

e
firstdescribe

the
coresetfram

ew
ork

of
Feldm

an
and

L
angberg

(2011).
T

hen
w

e
show

that—
on
`
p

regression
problem

s—
tw

o
key

notions
(leverage

scores
from

R
L

A
and

sensi-
tivities

from
coresets)

correspond.
Finally

w
e

w
illshow

w
hatam

ounts
to

a
negative

result(i.e.,a
low

er
bound)

for
other

problem
s.

N
ote

here,in
this

section,w
e

w
ork

on
constrained

`
p

regression
(1)w

ith
p
∈

[1,∞
)

and
w

e
use

Ā
to

denote
the

augm
ented

linearsystem
(A

b ).

6.1
Shortsum

m
ary

ofcoresetm
ethods

In
Feldm

an
and

L
angberg

(2011),the
authors

propose
a

fram
ew

ork
forcom

puting
a

coresetofF
to

a
given

optim
ization

problem
ofthe

form
,

cost(F
,x

)
=

m
in

x∈X

∑f∈F
f

(x
),

w
hereF

is
a

setof
functions

from
a

setX
to

[0,∞
).

B
y

Proposition
4,itis

nothard
to

see,the
`
p

regression
problem

(1)can
be

w
ritten

as

m
in

x∈C

n
∑i=

1

f
i (x

),
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A
lgorithm

2
C

om
pute

ε-coreset
1:

Input:
A

class
offunctionsF

,sam
pling

size
s.

2:
O

utput:
A

n
ε-coresettoF

.
3:

InitializeD
as

an
em

pty
set.

4:
C

om
pute

the
sensitivity

m
(f

)
foreach

function
f
∈
F

.
5:
M

(F
)←

∑
f∈F

m
(f

).
6:

for
f
∈
F

do
7:

C
om

pute
probabilities

p
(f

)
=

m
(f

)
M

(F
) .

8:
end

for
9:

for
i

=
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do
10:

Pick
f

from
F

w
ith

probability
p
(f

).
11:

A
dd
f
/(s·

p
(f

))
toD

.
12:

end
for

13:
R

eturnD
.

w
here

f
i (x

)
=
|Ā

i x| p
and
C

=
{
x
∈

R
d
+

1|x
d
+

1
=
−

1},in
w

hich
case

one
can

define
a

setof
functionsF

=
{f
i }
ni=

1 .
C

entralto
the

coresetm
ethod

ofFeldm
an

and
L

angberg
(2011)isthe

follow
ing

notion
ofsensitivity,

w
hich

is
used

to
construct

im
portance

sam
pling

probabilities,
as

show
n

in
A

lgorithm
2,

and
the

dim
ension

ofthe
given

class
offunction,w
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is

based
as

D
efinition

6.1
in

Feldm
an

and
L

angberg
(2011).T

hey
are

defined
as

below
.

D
efinition

8
G

iven
a

setoffunctionF
=
{
f
i }
ni=

1 ,the
sensitivity

m
(f

)
ofeach

function
is

defined
as
m

(f
)

=
bsu

p
x∈X

n
·

f
(x

)
co

st(F
,x

) c
+

1,
and

the
total

sensitivity
M

(F
)

of
the

set
of

functions
is

defined
as
M

(F
)

=
∑

f∈F
m

(f
).

D
efinition

9
The

dim
ension

ofF
is

defined
as

the
sm

allestinteger
d

such
thatfor

any
G
⊂
F

,

|{R
ange(G

,x
,r)|

x
∈
X
,r≥

0}|≤
|G
| d,

w
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R
ange(G

,x
,r)

=
{
g
∈
G
|
g
(x

)≤
r}.

T
he

algorithm
proposed

in
Feldm
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and

L
angberg

(2011)is
sum

m
arized

in
A

lgorithm
2

below
,

and
the

corresponding
resultofquality

ofapproxim
ation

is
presented

in
T

heorem
10.

T
heorem

10
G

iven
a

setoffunctionsF
from

X
to

[0,∞
],if

s≥
cM

(F
)

ε
2

(d
im

(F
′)

+
log (

1δ )),then
w

ith
probability

atleast
1−

δ,A
lgorithm

2
returns

an
ε-coresetforF

.Thatis,

(1−
ε) ∑f∈F

f
(x

)≤
∑f∈D

f
(x

)≤
(1

+
ε) ∑f∈F

f
(x

),

w
hereF

′
=
{f
/s(f

)|
f
∈
F
}

is
a

rescaled
version

ofF
.

24
JM

L
R

 18(211):1-43, 2018



P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
` p

R
E

G
R

E
S

S
IO

N

6.
2

C
on

ne
ct

io
ns

be
tw

ee
n

R
L

A
an

d
co

re
se

tm
et

ho
ds

In
th

e
fo

llo
w

in
g,

w
e

pr
es

en
tt

w
o

re
su

lts
on

th
e

co
nn

ec
tio

n
be

tw
ee

n
R

L
A

w
ith

al
go

ri
th

m
ic

le
ve

ra
g-

in
g,

i.e
.,

w
ith

sa
m

pl
in

g
ba

se
d

on
ex

ac
to

ra
pp

ro
xi

m
at

e
le

ve
ra

ge
sc

or
es

,a
nd

co
re

se
tm

et
ho

ds
.T

he
se

re
su

lts
or

ig
in

al
ly

ap
pe

ar
ed

in
V

ar
ad

ar
aj

an
an

d
X

ia
o

(2
01

2)
.W

e
in

cl
ud

e
th

em
he

re
an

d
gi

ve
di

ff
er

en
t

pr
oo

fs
.

T
he

fir
st

re
su

lt
sh

ow
s

th
at

th
e

se
ns

iti
vi

tie
s

ar
e

up
pe

r
bo

un
de

d
by

a
co

ns
ta

nt
fa

ct
or

tim
es

th
e
` p

le
ve

ra
ge

sc
or

es
.

W
ith

th
is

co
nn

ec
tio

n
be

tw
ee

n
le

ve
ra

ge
sc

or
es

an
d

se
ns

iti
vi

tie
s,

it
is

no
t

ha
rd

to
se

e
th

at
ap

pl
yi

ng
A

lg
or

ith
m

2
to
` p

re
gr

es
si

on
is

ex
ac

tly
th

e
sa

m
e

as
ap

pl
yi

ng
A

lg
or

ith
m

3
(R

L
A

sa
m

pl
in

g
al

go
ri

th
m

de
sc

ri
be

d
in

A
pp

en
di

x
B

).

Pr
op

os
iti

on
11

G
iv

en
Ā
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+
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on

nu
m

be
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fo
r

se
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ra
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di
ff
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en

t
` 1
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in
g
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et
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ilu

re
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ra
l

di
ff

er
en

t
` 2

co
nd

iti
on

in
g

m
et

ho
ds

.
H

er
e,

w
e

as
su

m
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.
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re
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e
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ra
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sc
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i‖
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ex
ac

tly
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e

ha
s
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U
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s
O
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d

2
)
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e.
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ra
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ec
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n
m

at
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x;
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e
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so
n

et
al

.(
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13
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D
ri

ne
as

et
al

.
(2

01
2)

fo
rt

he
ca

se
sw

he
n
p

=
1,

2
re

sp
ec

tiv
el

y.
T

he
ab

ov
e

pr
oc

es
sc

an
be

do
ne

in
O

(n
n
z(
A

)·l
o
g
n

)
tim

e. Fi
na

lly
,

w
e

pr
es

en
t

tw
o

ad
di

tio
na

l
re

su
lts

re
ga

rd
in

g
th

e
no

n-
as

ym
pt

ot
ic

co
nv

er
ge

nc
e

ra
te

of
P

W
S

G
D

on
` 1

an
d
` 2

re
gr

es
si

on
,r

es
pe

ct
iv

el
y.

N
ot

at
io

n
is

si
m

ila
r

to
th

e
on

e
us

ed
in

Pr
op

os
iti

on
5

an
d

Pr
op

os
iti

on
6.

Pr
op

os
iti

on
14

Fo
r
A
∈

R
n
×
d

an
d
b
∈

R
n

,d
efi

ne
f

(x
)

=
‖A
x
−
b‖

1
.

A
lg

or
ith

m
1

w
ith

p
=

1
re

tu
rn

s
a

so
lu

tio
n

ve
ct

or
es

tim
at

e
x̄

th
at

sa
tis

fie
s

th
e

fo
llo

w
in

g
ex

pe
ct

ed
er

ro
r

bo
un

d

E
[f

(x̄
)]
−
f

(x
∗ )
≤

1

2
η
T
‖x
∗
−
x

1
‖2 H

+
η 2

(c
1
α
‖R
F
‖ 1

)2
.

(1
3)

H
er

eb
y,

th
e

ex
pe

ct
at

io
n

is
ta

ke
n

ov
er

al
lt

he
sa

m
pl

es
ξ 1
,.
..
,ξ
T

an
d
x
∗

is
an

op
tim

al
so

lu
tio

n
to

th
e

pr
ob

le
m

m
in
x
∈Z

f
(x

).
Th

e
co

ns
ta

nt
in

th
e

er
ro

r
bo

un
d

is
gi

ve
n

by
c 1

=
1
+
γ

1
−
γ

.

9.
In

C
oh

en
(2

01
6)

,
th

e
au

th
or

an
al

yz
es

a
m

or
e

ge
ne

ra
l

ve
rs

io
n
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th

e
or

ig
in
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co

un
t-

sk
et
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e
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di
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n

an
d

W
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ra
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E
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O
N

D
IT
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N

E
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W
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T
E

D
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G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

Proposition
15

For
A
∈

R
n×

d
and

b
∈

R
n,define

f
(x

)
=
‖
A
x
−
b‖

2 .
A

lgorithm
1

w
ith

p
=

2
returns

a
solution

vector
estim

ate
x
T

thatsatisfies
the

follow
ing

expected
error

bound

E
[‖
x
t −

x
∗‖

2H ]≤
(

1−
4η (1−

2
η
c

1 α
2‖R

F
‖

22 )

β
2‖

(R
F

) −
1‖

22

)
T‖
x

0 −
x
∗‖

2H
+

2
c

1 η
κ̄

22 (U
)κ

2(R
F

)h
(y ∗)

1−
2
c

1 η
α

2‖R
F
‖

22

.

(14)
H

ereby,H
=

(F
−

1) >
F
−

1
is

the
w

eighs
ofthe

ellipsoidalnorm
and

the
expectation

is
taken

over
all

the
sam

ples
ξ

1 ,...,ξ
T

and
x
∗

is
an

optim
alsolutions

to
the

problem
m

in
x∈Z

f
(x

).The
constantin

the
error

bound
is

given
by
c

1
=

1
+
γ

1−
γ .

A
ppendix

B
.R

L
A

M
ethodsw

ith
A

lgorithm
ic

L
everaging

In
this

section,w
e

presentthe
R

L
A

sam
pling

algorithm
s

w
ith

algorithm
ic

leveraging
forsolving

`
p

regression
problem

s
m

entioned
in

Section
3.T

he
m

ain
idea

in
this

class
ofalgorithm

s
is

to
sam

ple
row

s
based

on
the

leverage
scores

of (A
b )

and
solve

the
sam

ple
average

approxim
ation

ofthe
`
p

regression
problem

.T
his

m
ethod

is
form

ally
stated

in
A

lgorithm
3.

T
he

follow
ing

theorem
(from

D
asgupta

etal.(2009))
states

thatif
the

sam
pling

size
s

is
large

enough,
the

resulting
approxim

ation
solution

x̂
produces

a
(

1
+
ε

1−
ε )-approxim

ation
to

the
original

solution
vector.

T
he

follow
ing

theorem
also

show
s

thatw
hen

the
desired

accuracy
and

confidence
intervalare

fixed,the
required

sam
pling

size
only

depends
on

the
low

erdim
ension

d
since

α
and

β
are

independentof
n.

T
heorem

16
G

iven
inputm

atrix
A
∈
R
n×

d
and

vector
b∈

R
n,letα

,β
be

the
condition

num
bersof

the
w

ell-conditioned
basis

U
for

the
range

space
of (A

b )
and

γ
be

the
quality

ofapproxim
ation

to
the

leverage
scores

satisfying
(6).

Then
w

hen
ε
<

1/
2

and
the

sam
pling

size
satisfies

the
follow

ing
condition

s≥
1

+
γ

1−
γ

(32α
β

)
p

p
2ε

2

(
(d

+
1)

log (
12ε

)
+

log (
2δ ))

,
(15)

A
lgorithm

3
returns

a
solution

vector
x̂

that
satisfies

the
follow

ing
inequality

w
ith

probability
at

least
1−

δ,

‖A
x̂
−
b‖
p ≤

(
1

+
ε

1−
ε )
‖A
x
∗−

b‖
p ,

(16)

w
here

x
∗∈
Z

is
an

optim
alsolution

to
the

originalproblem
m

in
x∈Z
‖A
x
−
b‖
p .

R
em

ark.
C

om
pared

to
the

R
L

A
algorithm

described
in

Section
3,

the
algorithm

described
here

com
putes

the
leverage

scored
based

on
a

basis
for

the
range

space
of

the
augm

ented
linear

system
Ā

=
(A

b )
rather

than
A

.
O

ne
can

show
sim

ilar
results

if
the

basis
is

com
puted

for
the

range
space

of
A

.
R

em
ark.

A
s

can
be

seen,
the

sam
pling

size
is
s

=
O

(p
oly

(d
)

log
(1
/ε)/ε

2)
for

a
target

accu-
racy

ε.
For

unconstrained
`
2

regression,
how

ever,
it

can
be

show
n

that
a

sam
pling

size
s

=
O

(p
o
ly

(d
)

log
(1/ε)/ε)issufficientto

com
pute

an
ε-approxim

ate
solution;see

D
rineasetal.(2011);

C
larkson

and
W

oodruff(2013)fordetails.

A
ppendix

C
.Proofs

H
ere,w

e
presentthe

proofs
ofthe

theoreticalresults
in

the
m

ain
text.
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Y
A

N
G

E
T

A
L.

A
lgorithm

3
R

L
A

m
ethods

w
ith

algorithm
ic

leveraging
forconstrained

`
p

regression

1:
Input:

A
∈
R
n×

d,
b∈

R
n

w
ith

rank(Ā
)

=
k

w
here

Ā
=
(A

b ),Z
and

s
>

0.
2:

O
utput:

A
n

approxim
ate

solution
x̂
∈
R
d

to
problem

m
inim

ize
x∈Z
‖A
x
−
b‖
pp .

3:
C

om
pute

R
∈
R
k×

(d
+

1
)such

that
Ā

=
U
R

and
U

is
an

(α
,β

)
w

ell-conditioned
basis

U
forthe

range
space

of
Ā

.
4:

C
om

pute
orestim

ate‖U
i ‖
pp

by
λ
i satisfying

(6)w
ith

γ,for
i∈

[n
].

5:
L

et
p
i

=
λ
i

∑
nj
=
1
λ
j ,for

i∈
[n

].

6:
L

et
S
∈
R
s×
n

be
a

zero
m

atrix.
7:

for
i

=
1,...,s

do
8:

Pick
ξ
t from

[n
]based

on
distribution{p

i }
ni=

1 .

9:
Set

S
i,ξ
t

=
(

1p
ξ
t )

1p.
10:

end
for

11:
R

eturn
x̂

=
arg

m
in
x∈Z
‖
S
A
x
−
S
b‖
p .

C
.1

ProofofProposition
7

C
onsiderthe

follow
ing

three
events:

•
E

1 :
C

om
pute

a
m

atrix
R

such
that

U
=
A
R
−

1
has

condition
num

ber
κ̄
p ,and

then
com

pute
F

=
R
−

1
and

H
=
(F
F
> )−

1.

•
E

2 :G
iven

R
−

1,com
pute{λ

i }
ni=

1
as

an
estim

ation
ofrow

norm
s

of
A
R
−

1
satisfying

(6)w
ith

γ
=

0.5.

•
E

3 :Fora
given

basis
U

w
ith

condition
num

ber
κ̄
p (U

)
and{

λ
i }
ni=

1
w

ith
approxim

ation
qual-

ity
γ,

P
W

S
G

D
returns

a
solution

w
ith

the
desired

accuracy
w

ith
iterations

10T
w

here
T

is
specified

in
Proposition

5
orProposition

6.

Since
each

preconditioning
m

ethod
show

n
in

Table
5

successes
w

ith
constant

probability,E
1

holds
w

ith
a

constant
probability.

A
lso,

as
introduced

in
A

ppendix
A

,E
2

has
a

constant
failure

probability.
Finally,by

M
arkov

inequality,w
e

know
thatE

3
holds

w
ith

probability
atleast

0
.9.

A
s

setting
the

failure
probability

ofE
1

and
E

2
to

be
arbitrarily

sm
allw

illnotalter
the

results
in

big-O
notation,w

e
can

ensure
that,w

ith
constantprobability,E

1 ∩
E

2 ∩
E

3
holds.

C
onditioned

on
the

fact
thatE

1 ∩
E

2 ∩
E

3
holds,

to
converge

to
the

desired
solution,

for
`
1

regression,
P

W
S

G
D

runs
in
O

(d
κ̄

1 (U
)/ε

2)
iterations.

Since
all

the
preconditioning

m
ethods

in
Table

6
provide

κ
(U

)
=
O

(1)
and

κ̄
2 (U

)
=
O

( √
d
),

for
unconstrained

`
2

regression,
it

runs
in

O
(d

log
(1/ε)/ε)

iterations.Forconstrained
`
2

regression,since
an
ε-approxim

ate
solution

in
term

s
of

the
solution

vector
m

easured
in

the
prediction

norm
im

plies
a √

ε-approxim
ate

solution
on

the
objective,itruns

inO
(d

log
(1/ε)/ε

2)
iterations

to
return

an
ε-solution

in
the

objective
value.

T
he

overallcom
plexity

is
the

sum
of

the
com

plexity
needed

in
each

of
the

above
events.

For
E

1 ,itis
tim

e(R
)

since
the

tim
e

forcom
puting

F
and

H
isO

(d
3)

w
hich

can
absorbed

into
tim

e(R
)

and
they

only
have

to
be

com
puted

once.
ForE

2 ,itisO
(n

n
z(A

)·
log

n
).

Finally,forE
3 ,w

hen
the

problem
is

unconstrained,
tim

e
u
p
d
a
te

=
O

(d
2);

w
hen

the
problem

is
constrained,

tim
e
u
p
d
a
te

=
p

oly
(d

).
C

om
bining

these,
w

e
get

the
com

plexities
show

n
in

the
statem

ent.
T

his
com

pletes
the

proof.
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C
.2

Pr
oo

fo
fP

ro
po

si
tio

n
14

T
he

pr
oo

fo
ft

hi
sp

ro
po

si
tio

n
is

st
ru

ct
ur

ed
as

fo
llo

w
s.

Fi
rs

tw
e

re
fo

rm
ul

at
e

th
e

pr
ob

le
m

us
in

g
Pr

op
o-

si
tio

n
4.

Se
co

nd
w

e
sh

ow
th

at
th

e
se

qu
en

ce
of

so
lu

tio
n

ve
ct

or
es

tim
at

es
{x

t}
T t=

1
in

A
lg

or
ith

m
1

is
eq

ui
va

le
nt

to
th

e
so

lu
tio

n
ve

ct
or

es
tim

at
es
{y
t}
T t=

1
ob

ta
in

ed
by

ru
nn

in
g

SG
D

on
th

e
eq

ui
va

le
nt

pr
ob

le
m

.T
hi

rd
,w

e
an

al
yz

e
th

e
co

nv
er

ge
nc

e
ra

te
of
{y
t}
T t=

1
an

d
co

nc
lu

de
th

e
er

ro
rb

ou
nd

an
al

ys
is

.

Pr
ob

le
m

re
fo

rm
ul

at
io

n
Su

pp
os

e
U

is
an
` p

w
el

l-
co

nd
iti

on
ed

ba
si

s
fo

rt
he

ra
ng

e
sp

ac
e

of
A

an
d

A
=
U
R

fo
rs

om
e

no
ns

in
gu

la
rm

at
ri

x
R

.L
et
P

be
th

e
di

st
ri

bu
tio

n
de

fin
ed

ba
se

d
on

th
e

es
tim

at
io

n
of

th
e

co
rr

es
po

nd
in

g
le

ve
ra

ge
sc

or
es

.T
ha

ti
s,

fo
ri
∈

[n
],

p
i

=
λ
i

∑
n j=

1
λ
j
,

(1
7)

w
he

re
λ
i

is
an

es
tim

at
io

n
of
‖U

i‖
p p

sa
tis

fy
in

g

(1
−
γ

)‖
U
i‖
p p
≤
λ
i
≤

(1
+
γ

)‖
U
i‖
p p
.

(1
8)

T
hi

s
im

pl
ie

s
1
−
γ

1
+
γ

‖U
i‖
p p

‖U
‖p p
≤
p
i
≤

1
+
γ

1
−
γ

‖U
i‖
p p

‖U
‖p p
.

(1
9)

Fr
om

Pr
op

os
iti

on
4,

re
ca

ll
th

at
fo

r
an

y
no

n-
si

ng
ul

ar
m

at
ri

x
F
∈

R
(d

+
1
)×

(d
+

1
) ,

th
e

co
ns

tr
ai

ne
d
` p

re
gr

es
si

on
pr

ob
le

m
m

in
x
∈Z

f
(x

)
:=
‖A
x
−
b‖
p p

(2
0)

ca
n

be
eq

ui
va

le
nt

ly
w

ri
tte

n
as

th
e

fo
llo

w
in

g
st

oc
ha

st
ic

op
tim

iz
at

io
n

pr
ob

le
m

,

m
in

y
∈Y

h
(y

)
=
‖U
R
F
y
−
b‖
p p

=
E ξ
∼
P

[|U
ξ
R
F
y
−
b ξ
|p /
p
ξ
].

(2
1)

N
ot

ic
e

th
at

by
co

m
pa

ri
ng

to
th

e
ob

je
ct

iv
e

fu
nc

tio
n

de
fin

ed
in

(1
)

w
he

re
f

(x
)

=
‖A
x
−
b‖
p
,

w
e

re
w

ri
te
f

(x
)

in
to

th
e

fo
rm

of
th

e
su

m
of

su
bf

un
ct

io
ns

,i
.e

.,
f

(x
)

=
‖A
x
−
b‖
p p
,s

o
th

at
SG

D
ca

n
be

ap
pl

ie
d.

E
qu

iv
al

en
ce

of
se

qu
en

ce
s

B
y

us
in

g
th

e
fo

llo
w

in
g

lin
ea

r
tr

an
sf

or
m

at
io

n,
on

e
no

tic
es

th
at

th
e

se
-

qu
en

ce
{x

t}
T t=

1
ob

ta
in

ed
by

(1
1)

in
A

lg
or

ith
m

1
ha

s
a

on
e-

to
-o

ne
co

rr
es

po
nd

en
ce

to
th

e
se

qu
en

ce
{y
t}
T t=

1
ob

ta
in

ed
by

ru
nn

in
g

SG
D

on
pr

ob
le

m
(2

1)
:

F
y t

=
x
t,

F
ȳ

=
x̄
,

F
y
∗

=
x
∗ .

(2
2)

T
hu

s
w

ith
co

nd
iti

on
(2

2)
,i

m
m

ed
ia

te
ly

th
e

ob
je

ct
iv

e
fu

nc
tio

n
va

lu
e

ha
s

th
e

fo
llo

w
in

g
eq

ui
va

le
nc

e
as

w
el

l:

h
(y
t)

=
f

(x
t)
,

h
(ȳ

)
=

f
(x̄

),

h
(y
∗ )

=
f

(x
∗ )
,

(2
3)
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w
he

re
x̄

=
1 T

∑
T i=

1
x
t,
ȳ

=
1 T

∑
T i=

1
y t

an
d
x
∗

an
d
y
∗

ar
e

th
e

op
tim

al
po

in
tt

o
op

tim
iz

at
io

n
pr

ob
le

m
(2

0)
an

d
(2

1)
re

sp
ec

tiv
el

y.
N

ow
w

e
pr

ov
e

(2
2)

by
in

du
ct

io
n.

B
y

de
fin

in
g
F
y 0

=
x

0
,

on
e

im
m

ed
ia

te
ly

sh
ow

s
th

at
th

e
eq

ui
va

le
nc

e
co

nd
iti

on
ho

ld
s

at
th

e
ba

se
ca

se
(t

=
0)

.
N

ow
by

in
du

ct
io

n
hy

po
th

es
is

,a
ss

um
e

(2
2)

ho
ld

s
fo

r
ca

se
t

=
k

.
N

ow
fo

r
t

=
k

+
1

,w
e

sh
ow

th
at
x
k
+

1
re

tu
rn

ed
by

A
lg

or
ith

m
1

an
d
y k

+
1

re
tu

rn
ed

by
th

e
up

da
te

ru
le

of
SG

D
sa

tis
fy

(2
2)

.
Fo

r
si

m
pl

ic
ity

,a
ss

um
e

th
at

at
k

-t
h

ite
ra

tio
n,

th
e
i-

th
ro

w
is

pi
ck

ed
.

Fo
r

su
bf

un
ct

io
n
h
k
(y

)
=

|U
iR
F
y
|p
−
b i
/p
i,

its
(s

ub
)g

ra
di

en
ti

s

g k
(y

)
=
p
·s

gn
(U

iR
F
y
−
b i

)
·(
U
iR
F
y
−
b i

)p
−

1
·U

iR
F
/p
i,

(2
4)

fo
rw

hi
ch

th
e

SG
D

up
da

te
ru

le
be

co
m

es

y k
+

1
=

ar
g

m
in

y
∈Y

η
〈y
−
y k
,c
k
U
iR
F
〉+

1 2
‖y
k
−
y
‖2 2
,

(2
5)

w
he

re
c k

=
p
·s

gn
(U

iR
F
y
−
b i

)
·(
U
iR
F
y
−
b i

)p
−

1
/p
i

is
th

e
co

rr
es

po
nd

in
g

(s
ub

)g
ra

di
en

t.
R

ec
al

l
th

e
lin

ea
rt

ra
ns

fo
rm

at
io

n
F
y k

=
x
k
,f

ea
si

bl
e

se
tY

=
{y
∈
R
k
|y

=
F
−

1
x
,x
∈
Z
}a

nd
in

pu
tm

at
ri

x
A
i

=
U
iR

,t
he

up
da

te
ru

le
(2

5)
be

co
m

es

x
k
+

1
=

ar
g

m
in

x
∈Z

η
c k
A
ix

+
1 2
‖F
−

1
(x
k
−
x

)‖
2 2
.

(2
6)

T
he

eq
ua

tio
n

ab
ov

e
is

ex
ac

tly
th

e
up

da
te

pe
rf

or
m

ed
in

(1
1)

.I
n

pa
rt

ic
ul

ar
,w

he
n
Z

=
R
d
,i

.e
.,

in
th

e
un

co
ns

tr
ai

ne
d

ca
se

,(
26

)
ha

s
a

cl
os

ed
-f

or
m

so
lu

tio
n

as
sh

ow
n

in
(1

1)
.

Fr
om

th
e

ab
ov

e
an

al
ys

is
on

th
e

eq
ui

va
le

nc
e

be
tw

ee
n

(2
5)

an
d

(2
6)

,o
ne

no
tic

es
x
k
+

1
an

d
y k

+
1

sa
tis

fy
th

e
re

la
tio

ns
hi

p
de

fin
ed

in
(2

2)
,i

.e
.,

th
e

in
du

ct
io

n
hy

po
th

es
is

ho
ld

s
at
t

=
k

+
1

.
T

he
re

fo
re

by
in

du
ct

io
n,

w
e

ju
st

sh
ow

ed
th

at
co

nd
iti

on
(2

2)
,a

nd
th

er
ef

or
e

co
nd

iti
on

(2
3)

,h
ol

d
fo

ra
ny
t.

C
on

ve
rg

en
ce

ra
te

B
as

ed
on

th
e

eq
ui

va
le

nc
e

co
nd

iti
on

in
(2

3)
,i

ti
s

su
ffi

ci
en

tt
o

an
al

yz
e

th
e

pe
r-

fo
rm

an
ce

of
se

qu
en

ce
{y
t}
T t=

1
.

W
he

n
p

=
1

,t
he

ob
je

ct
iv

e
fu

nc
tio

n
is

no
n-

di
ff

er
en

tia
bl

e.
T

hu
s

by
su

bs
tit

ut
in

g
th

e
su

bg
ra

di
en

to
fa

n
` 1

ob
je

ct
iv

e
fu

nc
tio

n
to

th
e

up
da

te
in

(2
5)

,o
ne

no
tic

es
th

at
th

e
SA

m
et

ho
d

si
m

pl
y

re
du

ce
s

to
st

oc
ha

st
ic

su
bg

ra
di

en
td

es
ce

nt
.

W
e

no
w

an
al

yz
e

th
e

co
nv

er
ge

nc
e

ra
te

of
ru

nn
in

g
st

oc
ha

st
ic

su
bg

ra
di

en
td

es
ce

nt
on

pr
ob

le
m

(2
1)

w
ith

p
=

1.
Su

pp
os

e
th

e
i-

th
ro

w
is

pi
ck

ed
at

th
e
t-

th
ite

ra
tio

n.
R

ec
al

lt
ha

tt
he

(s
ub

)g
ra

di
en

to
f

th
e

sa
m

pl
e

ob
je

ct
iv

e
|U
iR
F
y
−
b i
|/
p
i

in
(2

5)
is

ex
pr

es
se

d
as

g t
(y

)
=

sg
n(
U
iR
F
y
−
b i

)
·U

iR
F
/p
i.

(2
7)

H
en

ce
,b

y
in

eq
ua

lit
y

(1
9)

,t
he

no
rm

of
g t

(y
)

is
up

pe
r-

bo
un

de
d

as
fo

llo
w

s:

‖g
t(
y
)‖

1
=
‖U

iR
F
·s

gn
(U

iR
F
y
−
b i

)‖
1
/p
i

≤
|R
F
| 1‖
U
i‖

1
1

+
γ

1
−
γ
·
|U
| 1

‖U
i‖

1
≤
α
|R
F
| 1

1
+
γ

1
−
γ
.

(2
8)
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In
above,w

e
use

the
property

ofthe
w

ell-conditioned
basis

U
.

Furtherm
ore

by
Proposition

17
and

the
equivalence

condition
in

(23),for
H

=
(F
F
> )−

1
w

e
have

E
[f

(x̄
)]−

f
(x
∗)

=
E

[h
(ȳ

)]−
h

(y ∗)
(29)

≤
1

2
η
(T

+
1) ‖

y ∗−
y

0 ‖
22

+
η2

(
α|R

F
|1

1
+
γ

1−
γ )

2

=
1

2
η
(T

+
1) ‖

x
∗−

x
0 ‖

2H
+
η2

(
α|R

F
|1

1
+
γ

1−
γ )

2

,
(30)

w
hich

com
pletes

the
proof.

C
.3

ProofofProposition
5

B
y

Proposition
17,w

hen
the

step-size
equals

to

η
=

‖
y ∗−

y
0 ‖

2

α|R
F
|1 √

T
+

1

1−
γ

1
+
γ
,

the
expected

errorbound
is

given
by

E
[h

(ȳ
)]−

h
(y ∗)

≤
α|R

F
|1 ‖

y ∗−
y

0 ‖
2

√
T

+
1

1
+
γ

1−
γ
.

(31)

B
y

sim
ple

algebraic
m

anipulations,w
e

have
that

1√d ‖
y ∗‖

2
≤
‖
y ∗‖∞

=
‖
(R
F

) −
1R
F
y ∗‖∞

≤
|(R

F
) −

1|1 ‖
R
F
y ∗‖∞

≤
β|(R

F
) −

1|1 ‖U
R
F
y ∗‖

1
=
c

3 β|(R
F

) −
1|1 h

(y ∗),
(32)

w
here

c
3

=
‖
U
R
F
y ∗‖

1 /h
(y ∗).In

above,w
e

use
the

property
ofthe

w
ell-conditioned

basis
U

.
Furtherm

ore
from

inequality
(31)

and
the

equivalence
condition

in
(23),the

expected
relative

errorbound
can

be
upper-bounded

by

E
[f

(x̄
)]−

f
(x
∗)

f
(x
∗)

=
E

[h
(ȳ

)]−
h

(y ∗)
h

(y ∗)

≤
c

3 √
d
β|(R

F
) −

1|1
‖y ∗‖

2

(
α|R

F
|1 ‖

y ∗−
y

0 ‖
2

√
T

+
1

1
+
γ

1−
γ )

≤
|R
F
|1 |(R

F
) −

1|1 ‖
y ∗−

y
0 ‖

2

‖
y ∗‖

2

(
c

3 √
d
α
β

√
T

+
1

1
+
γ

1−
γ )

.
(33)

Since
the

right
hand

side
of

the
above

inequality
is

a
function

of
stopping

tim
e
T
>

0,
for

any
arbitrarily

given
errorbound

threshold
ε
>

0,by
setting

the
righthand

side
to

be
ε,one

obtains
the

follow
ing

stopping
condition:

√
d
α
β

√
T

+
1

=
ε

c
1 c

3 √
c

2 |R
F
|1 |(R

F
) −

1|1
,

(34)
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w
here

the
above

constants
are

given
by

c
1

=
1

+
γ

1−
γ
,
c

2
=
‖x

0 −
x
∗‖

2H

‖x
∗‖

2H

=
‖
y

0 −
y ∗‖

22

‖
y ∗‖

22

.

R
earranging

the
above

term
s

w
e

know
thatafter

T
≥
d
α

2β
2c

21 c
2 c

23

ε
2

|R
F
| 21 |(R

F
) −

1| 21
(35)

iterations,the
relative

expected
erroris

upper-bounded
by
ε
>

0,i.e.,

E
[f

(x̄
)]−

f
(x
∗)

f
(x
∗)

≤
ε.

(36)

T
his

com
pletes

the
proof.

C
.4

ProofofProposition
15

Sim
ilarto

the
proofofProposition

14,the
proofofthis

proposition
is

splitinto
three

parts:Problem
reform

ulation,E
quivalence

of
sequences

and
C

onvergence
rates.

From
the

proof
of

Proposi-
tion

14,one
notices

thatthe
proofs

in
Problem

reform
ulation

and
E

quivalence
ofsequences

hold
for

general
p,and

thus
the

proofs
hold

for
the

case
w

hen
p

=
2

as
w

ell.
N

ow
w

e
proceed

to
the

proof
of

the
convergence

rate.
A

gain
by

the
equivalence

condition,w
e

can
show

the
convergence

rate
of

solution
vector

estim
ate
{
x
t }

by
show

ing
the

convergence
rate

achieved
by

the
sequence

{
y
t },i.e.,the

convergence
rate

ofSG
D

ofproblem
(21)for

p
=

2.
T

hroughoutthe
restofthe

proof,w
e

denote

f
(x

)
=
‖A
x
−
b‖

22 ,
h

(y
)

=
‖A
F
y−

b‖
22 .

(37)

D
enote

by
H

=
(F
F
> )−

1
the

w
eighs

of
the

ellipsoidalnorm
.

A
lso

recallthatw
hen

the
leverage

scores
satisfy

the
errorcondition

in
(6),w

e
have

the
follow

ing
condition

1−
γ

1
+
γ

‖U
i ‖

22

‖U
‖

22

≤
p
i ≤

1
+
γ

1−
γ

‖U
i ‖

22

‖
U
‖

22

.
(38)

A
lso,w

e
assum

e
that

U
is

(α
,β

)-conditioned
w

ith
κ̄

2 (U
)

=
α
β

.B
ased

on
D

efinition
1,w

e
have

α
2

=
‖U
‖

2F
,

(39)

β
2

=
‖(U

>
U

) −
1‖

2 ,
(40)

and
thus

κ̄
22 (U

)
=
‖(U

>
U

) −
1‖

2 ·‖
U
‖

2F
=
α

2β
2.

(41)

B
efore

deriving
the

convergence
rate,w

e
com

pute
a

few
constants.

µ
=

2σ
2m

in (A
F

)
=

2
∥∥∥
((U

R
F

) >
U
R
F

) −
1 ∥∥∥

22

≥
2

∥∥∥
(U
>
U

) −
1 ∥∥∥

2 ·‖
(R
F

) −
1‖

22

=
2

β
2·‖

(R
F

) −
1‖

22

,

(42)
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an
d

su
p i
L
i

=
su

p i

2‖
A
iF
‖2 2

p
i

=
su

p i

2‖
U
iR
F
‖2 2

p
i

≤
2
c 1
‖U
‖2 F
·‖
R
F
‖2 2

=
2c

1
α

2
·‖
R
F
‖2 2
,

(4
3)

an
d

σ
2

=
E i
∼
D
[ ‖
g i

(y
∗ )
‖2
]

=
4

n ∑ i=
1

(A
iF
y
∗
−
b i

)2
‖A

iF
‖2
/p
i

=
4

n ∑ i=
1

(U
iR
F
y
∗
−
b i

)2
‖U

iR
F
‖2
/p
i

≤
4
c 1
‖R
F
‖2 2
‖U
‖2 F

(
n ∑ i=

1

(U
iR
F
y
∗
−
b i

)2

)

=
4
c 1
‖U
‖2 F
·‖
R
F
‖2 2
·h

(y
∗ )

=
4
c 1
α

2
·‖
R
F
‖2 2
·h

(y
∗ )
.

(4
4)

E
qu

ip
pe

d
w

ith
th

es
e

co
ns

ta
nt

an
d

fr
om

Pr
op

os
iti

on
18

,w
e

ha
ve

th
e

fo
llo

w
in

g
er

ro
r

bo
un

d
of

th
e

so
lu

tio
n

ve
ct

or
es

tim
at

e
{y
t}
T t=

1
ge

ne
ra

te
d

by
th

e
w

ei
gh

te
d

SG
D

al
go

ri
th

m

E
[ ‖
x
T
−
x
∗ ‖

2 H

]

=
E
[ ‖
y T
−
y
∗ ‖

2 2

]

≤
( 1
−

4η
σ

2 m
in

(A
F

)

( 1
−
η

su
p i

2‖
A
iF
‖2 2

p
i

))
T

‖y
0
−
y
∗ ‖

2 2

+
2
η
∑

n i=
1
(A

iF
y
∗
−
b i

)2
‖A

iF
‖2 2
/p
i

σ
2 m

in
(A
F

)(
1
−
η

su
p
i

2
‖A

i
F
‖2 2

p
i

)

=

( 1
−

4η
σ

2 m
in

(A
F

)

( 1
−
η

su
p i

2‖
A
iF
‖2 2

p
i

))
T

‖x
0
−
x
∗ ‖

2 H

+
2
η
∑

n i=
1
(A

iF
y
∗
−
b i

)2
‖A

iF
‖2 2
/p
i

σ
2 m

in
(A
F

)(
1
−
η

su
p
i

2
‖A

i
F
‖2 2

p
i

)

≤
(

1
−

4
η
( 1
−

2
η
c 1
α

2
‖R
F
‖2 2

)

β
2
‖(
R
F

)−
1
‖2 2

)
T

‖x
0
−
x
∗ ‖

2 H
+

2c
1
η
κ̄

2 2
(U

)κ
2
(R
F

)h
(y
∗ )

1
−

2
η
c 1
α

2
‖R
F
‖2 2

.
(4

5)

N
ot

ic
e

th
at

th
e

ab
ov

e
eq

ua
lit

ie
s

fo
llo

w
fr

om
th

e
eq

ui
va

le
nc

e
co

nd
iti

on
in

(2
3)

.
C

om
bi

ni
ng

th
e

re
su

lts
fr

om
th

e
ab

ov
e

pa
rt

s
co

m
pl

et
es

th
e

pr
oo

fo
ft

hi
s

le
m

m
a.

C
.5

Pr
oo

fo
fP

ro
po

si
tio

n
6

T
hr

ou
gh

ou
tt

he
pr

oo
f,

w
e

de
no

te

f
(x

)
=
‖A
x
−
b‖

2 2
,

h
(y

)
=
‖A
F
y
−
b‖

2 2
.

(4
6)

D
en

ot
e

by
H

=
( F
F
>
) −

1
th

e
w

ei
gh

ts
of

th
e

el
lip

so
id

al
no

rm
.A

ls
o

re
ca

ll
th

e
fo

llo
w

in
g

co
ns

ta
nt

s
de

fin
ed

in
th

e
st

at
em

en
to

fp
ro

po
si

tio
n

c 1
=

1
+
γ

1
−
γ
,
c 2

=
‖y

0
−
y
∗ ‖

2 2

‖y
∗ ‖

2 2

=
‖x

0
−
x
∗ ‖

2 H

‖x
∗ ‖

2 H

,
c 3

=
‖A
x
∗ ‖

2 2

f
(x
∗ )

.
(4

7)
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B
ef

or
e

di
vi

ng
in

to
th

e
de

ta
ile

d
pr

oo
f,

w
e

fir
st

sh
ow

a
us

ef
ul

in
eq

ua
lit

y.

c 3
h

(y
∗ )

=
c 3
f

(x
∗ )

=
‖A
x
∗ ‖

2 2
=
‖U
R
F
y
∗ ‖

2 2
≥
µ
‖y
∗ ‖

2 2
/
2.

(4
8)

N
ow

w
e

sh
ow

th
e

fir
st

pa
rt

.F
or

an
ar

bi
tr

ar
y

ta
rg

et
er

ro
rε
>

0
,u

si
ng

(4
2)

,(
43

),
(4

4)
an

d
se

tti
ng

c 3
ε
·h

(y
∗ )

‖A
F
‖2 2

→
ε

(4
9)

in
C

or
ol

la
ry

19
w

e
ha

ve
th

at
w

he
n

th
e

st
ep

-s
iz

e
is

se
tt

o
be

η
=

1 4

c 3
ε
·σ

2 m
in

(A
F

)
·h

(y
∗ )
/
‖A
F
‖2 2

∑
n i=

1
(A

iF
y
∗
−
b i

)2
‖A

iF
‖2 2
/p
i
+
c 3
( ε
·h

(y
∗ )
/
‖A
F
‖2 2

) σ
2 m

in
(A
F

)
su

p
i
‖A

i
F
‖2 2

p
i

,
(5

0)

th
en

af
te

r lo
g

(
2‖
y 0
−
y
∗ ‖

2 2

c 3
ε
·h

(y
∗ )
/
(‖
U
‖2 2
‖R
F
‖2 2

))
·

( c 1
α

2
β

2
‖R
F
‖2 2
‖(
R
F

)−
1
‖2 2

+
c 1
α

2
β

4
‖U
‖2 2
‖R
F
‖4 2
‖(
R
F

)−
1
‖4 2

c 3
ε

)

≤
lo

g

(
2‖
U
‖2 2
‖R
F
‖2 2
·‖
y 0
−
y
∗ ‖

2 2

c 3
ε
·h

(y
∗ )

)
( c 1

κ̄
2 2
(U

)κ
2
(R
F

)
+
c 1
κ̄

2 2
(U

)κ
2
(U

)κ
4
(R
F

)

c 3
ε

)

≤
lo

g

(
2c

2
κ

2
(U

)κ
2
(R
F

))

ε

)
( c

1
κ̄

2 2
(U

)κ
2
(R
F

))
( 1

+
κ

2
(U

)κ
2
(R
F

)

c 3
ε

)
(5

1)

ite
ra

tio
ns

,t
he

se
qu

en
ce
{y
t}
T k
=

1
ge

ne
ra

te
d

by
ru

nn
in

g
w

ei
gh

te
d

SG
D

al
go

ri
th

m
sa

tis
fie

s
th

e
er

ro
r

bo
un

d

‖y
T
−
y
∗ ‖

2 2
≤
c 3
ε
·h

(y
∗ )

‖A
F
‖2 2

.
(5

2)

N
ot

ic
e

th
at

in
(5

1)
,w

e
us

ed
(4

8)
.F

ro
m

th
is

,w
e

ha
ve

‖A
(x
T
−
x
∗ )
‖2 2

=
‖A
F
F
−

1
(x
T
−
x
∗ )
‖2 2

≤
‖A
F
‖2 2
·‖
x
T
−
x
∗ ‖

2 H

=
‖A
F
‖2 2
·‖
y T
−
y
∗ ‖

2 2

=
c 3
ε
·h

(y
∗ )

=
ε‖
A
x
∗ ‖

2 2
.

(5
3)

Fo
rt

he
se

co
nd

pa
rt

,w
e

sh
ow

th
e

re
su

lt
fo

rg
en

er
al

ch
oi

ce
of
F

.T
he

pr
oo

fi
s

ba
si

ca
lly

th
e

sa
m

e
as

th
at

of
th

e
fir

st
pa

rt
ex

ce
pt

th
at

w
e

se
t

2ε
h

(y
∗ )

‖A
F
‖2 2

→
ε

(5
4)

in
C

or
ol

la
ry

19
.T

he
re

su
lti

ng
st

ep
-s

iz
e
η

an
d

nu
m

be
ro

fi
te

ra
tio

ns
re

qu
ir

ed
T

be
co

m
e

η
=

1 4

2ε
·σ

2 m
in

(A
F

)
·h

(y
∗ )
/‖
A
F
‖2 2

∑
n i=

1
(A

iF
y
∗
−
b i

)2
‖A

iF
‖2 2
/p
i
+
( 2
ε
·h

(y
∗ )
/‖
A
F
‖2 2

) σ
2 m

in
(A
F

)
su

p
i
‖A

i
F
‖2 2

p
i

(5
5)
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

and

T
=

log (
c

2 κ
2(U

)κ
2(R

F
))

ε

)
(c

1 κ̄
22 (U

)κ
2(R

F
) ) (

1
+
κ

2(U
)κ

2(R
F

)

2ε

)
.

(56)

Setting
F

=
R
−

1
recovers

the
value

of
T

show
n

in
Proposition

6.T
he

sequence{
y
t }
Tk
=

1
generated

by
running

w
eighted

SG
D

algorithm
satisfies

the
errorbound

‖
y
T
−
y ∗‖

22 ≤
2
εh

(y ∗)
‖A
F
‖

22

.
(57)

N
otice

thatw
hen

the
problem

is
unconstrained,by

sm
oothness

ofthe
objective

h
(y

),w
e

have

h
(y
T

)−
h

(y ∗)≤
‖A
F
‖

22 ·‖
y
T
−
y ∗‖

22 ≤
2
εh

(y ∗).
(58)

T
hen

by
(23),w

e
have

f
(x
T

)≤
(1

+
2
ε)f

(x
∗)≤

(1
+

2
ε

+
ε
2)f

(x
∗).

(59)

T
his

im
plies

√
f

(x
T

)≤
(1

+
ε) √

f
(x
∗).

(60)

T
his

com
pletes

the
proofsince √

f
(x

)
=
‖A
x
−
b‖

2 .

C
.6

ProofofT
heorem

10

L
et
G
f

consistof
m
f

copies
of
g
f

and
G

=
⋃
f∈F

G
f .

W
e

m
ay

view
the

sam
pling

step
in

A
lgo-

rithm
2

as
follow

s.
Sam

ple
s

item
s

uniform
ly

from
G

independently
w

ith
replacem

entand
denote

the
corresponding

subsetofsam
ples

by
S

.T
hen

rescale
every

function
in
S

by
M

(F
)/s

and
obtain

D
.

B
y

T
heorem

4.1
in

Feldm
an

and
L

angberg
(2011),w

e
know

thatifthe
above

interm
ediate

set
S

is
an

(ε·
n
/M

(F
))−

approxim
ation

of
the

set
G

,then
the

resulting
setD

is
a

desired
ε-coresetfor

F
.Indeed,S

is
such

a
setaccording

to
T

heorem
6.10

in
Feldm

an
and

L
angberg

(2011).

C
.7

ProofofProposition
11

W
e

use
A

to
denote

Ā
forthe

sake
ofsim

plicity.A
lso

define
the

sensitivity
atrow

index
i∈

[n
]as

s
i

=
n
·su

p
x∈C

|A
i x| p

∑
nj=

1 |A
j x| p

.
(61)

Suppose
U
∈
R
n×

k
is

an
(α
,β

)
w

ell-conditioned
basis

ofthe
range

space
of
A

satisfying
A

=
U
R

,
w

here
k

=
rank(A

)
and

R
∈
R
k×

(d
+

1
).T

hen
from

(61),w
e

have
that

s
i

n
=

su
p

x∈C

|A
i x| p

‖
A
x‖

pp
=

su
p

x∈C

|U
i R
x| p

‖U
R
x‖

pp
=

su
p

y∈C
′ |U

i y| p
‖
U
y‖

pp
≤

su
p

y∈C
′ ‖U

i ‖
pp ‖
y‖

pq

‖y‖
pq /β

p
=
β
p‖
U
i ‖
pp

=
β
p·λ

i ,
(62)

w
hereC

′
=
{
y
∈

R
d|y

=
R
x
,x
∈
C}

is
a

one-to-one
m

apping.
T

he
firstinequality

follow
s

from
H

ölder’s
inequality

w
ith

1p
+

1q
=

1
and

the
properties

ofw
ell-conditioned

bases.A
ccording

to
the

definition
ofsensitivity

m
(f
i )

=
bs
i c

+
1,the

above
property

im
plies

m
(f
i )≤

n
β
pλ

i
+

1
.

(63)

w
hich

im
plies

M
(F

)
=
∑

ni=
1
s
i ≤

(n
β
p ∑

ni=
1
λ
i )

+
n

=
n

((α
β

)
p

+
1),and

com
pletes

the
proof.
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C
.8

ProofofProposition
12

A
ccording

to
D

efinition
9,w

e
only

have
to

show
thatforany

arbitrary
constant

n
and

setofpoints
G

=
{a

1 ,...,a
n }
⊆

R
d,the

follow
ing

condition
holds:

|{R
ange(G

,x
,r)|x

∈
X
,r≥

0}|≤
n
d
+

1,

w
hereR

ange(G
,x
,r)

=
{
a
i ||a >i

x| p≤
r}

isthe
region

located
in

the
p−

norm
ellipsoid|a >i

x| p
=
r.

Since
the

follow
ing

condition
holds:{

a
i ||a >i

x| p
≤
r}

=
{a

i ||a >i
x|≤

r
1p}

and
the

constant
r

is
non-negative

and
arbitrary.W

ithoutloss
ofgenerality,w

e
assum

e
p

=
1

in
the

above
definition,i.e.,

R
ange(G

,x
,r)

=
{
a
i ||a >i

x|≤
r}.

N
otice

that
for

every
x

and
r,R

ange(G
,x
,r)

is
a

subset
of
G

.
H

ence,
w

e
m

ay
view

it
as

a
binary

classifieron
G

,denoted
by
c
x
,r .G

iven
x
∈
X

and
r≥

0,forany
a
i ∈

G
w

e
have

that

c
x
,r (a

i )
=

{
1,

if|a >i
x|≤

r;

0,
otherw

ise.

T
herefore,one

im
m

ediately
sees

that|{R
ange(G

,x
,r)|x

∈
X
,r≥

0}|is
the

shattering
coefficient

of
C

:=
{c
x
,r |x
∈
X
,r
≥

0}
on
n

points,denoted
by
s(C

,n
).

To
bound

the
shattering

coefficient
of
C

,w
e

provide
an

upperbound
based

on
its

V
C

dim
ension.

W
e

claim
thatthe

V
C

dim
ension

of
C

is
atm

ost
d

+
1.

B
y

contradiction,suppose
there

exists
n

+
2

points
such

that
any

labeling
on

these
n

+
2

points
can

be
shattered

by
C

.
B

y
R

adon’s
T

heorem
(C

larkson
etal.,1993),w

e
can

partition
these

points
into

tw
o

disjointsubsets,nam
ely,

V
and

W
w

ith
size

n
1

and
n

2
respectively,w

here
the

intersection
of

their
convex

hulls
is

nonem
pty.

L
et
b

be
a

pointlocated
in

the
intersection

ofthe
convex

hulls
of
V

and
W

,w
hich

in
generalcan

be
w

ritten
as

b
=

n
1
∑i=

1

λ
i v
i

=

n
2
∑i=

1

σ
i w

i ,
(64)

w
here

λ
i ≥

0,σ
i ≥

0
and ∑

n
1
i=

1
λ
i

=
∑

n
2
i=

1
σ
i

=
1.

B
y

the
above

assum
ption,w

e
can

find
vector

x
∈
R
n

and
nonnegative

constant
r

such
thatthe

follow
ing

conditions
hold:

−
r≤

x
>
v
i ≤

r,
i

=
1,...,n

1 ;
(65)

x
>
w
i
>
r

or
x
>
w
i
<
−
r,

i
=

1,...,n
2 .

(66)

B
y

com
bining

the
conditions

in
(64),(65)and

(66),w
e

furtherobtain
both

inequalities

−
r≤

b >
x
≤
r,

(67)

and
b >
x
<
−
r

or
b >
x
>
r,

(68)

w
hich

is
clearly

paradoxical!
T

his
concludes

thatthe
V

C
dim

ension
of
C

is
less

than
or

equalto
d

+
1.

Furtherm
ore,

by
Sauer’s

L
em

m
a

(Sauer),
for

n
≥

2
the

shattering
coefficient

s(C
,n

)
=

|{R
ange(G

,x
,r)|x

∈
X
,r≥

0}|is
less

than
n
d
+

1,w
hich

com
pletes

the
proofofthis

proposition.
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C
.9

Pr
oo

fo
fP

ro
po

si
tio

n
13

W
ith

ou
tl

os
s

of
ge

ne
ra

lit
y,

as
su

m
e

th
e

lo
w

di
m

en
si

on
d

is
ev

en
(b

ec
au

se
if
d

is
od

d,
w

e
ca

n
al

w
ay

s
ad

d
an

ex
tr

a
ar

bi
tr

ar
y

ro
w

to
in

pu
tm

at
ri

x
A

an
d

up
pe

rb
ou

nd
th

e
si

ze
of

th
e

or
ig

in
al

to
ta

ls
en

si
tiv

ity
se

tb
y

th
e

sa
m

e
an

al
ys

is
).

L
et
a
i
∈

[0
,1

]d
be

a
ve

ct
or

w
ith

ex
ac

tly
d
/
2

el
em

en
ts

to
be

1.
Fo

r
ea

ch
i
∈

[n
],

le
tB

i
=
{j
|a
ij

=
1
},

w
he

re
a
ij

de
no

te
s

th
e
j-

th
el

em
en

to
fv

ec
to

ra
i.

Fo
rfi

xe
d
i,

de
fin

e
x

as
fo

llo
w

s,

x
j

=

{
2
/d
,

if
j
∈
B
i,

−
d
,

ot
he

rw
is

e.
(6

9)

O
ne

im
m

ed
ia

te
ly

no
tic

es
fr

om
th

e
ab

ov
e

ex
pr

es
si

on
th

at
x
>
a
i

=
1.

T
hu

s
fo

rj
6=
i,
a
j
6=
a
i,

th
er

e
ex

is
ts

an
in

de
x
k
∈

[d
]

su
ch

th
at
a
jk

=
1

bu
ta

ik
=

0.
Fu

rt
he

rm
or

e
th

e
ab

ov
e

co
nd

iti
on

im
pl

ie
s

x
>
a
j

=
d ∑ l=
1

x
la
jl

=
d ∑

l∈
B
j
,l
6=
k

x
la
jl

+
d ∑ l6=
B
j

x
la
jl

+
x
k
a
jk
≤

(d
/
2
−

1)
(2
/d

)
−
d
<

0,
(7

0)

w
hi

ch
fu

rt
he

ri
m

pl
ie

s
f j

(x
)

=
x
>
a
j

=
0;

T
he

re
fo

re
,t

he
i-

th
se

ns
iti

vi
ty

be
co

m
es

s i
=

su
p
x

f i
(x

)
∑

n i=
j
f j

(x
)
≥

1
.

(7
1)

Si
nc

e
th

e
ab

ov
e

co
nd

iti
on

ho
ld

s
fo

r
ar

bi
tr

ar
y

in
de

x
i
∈

[n
],

an
d

w
e

ha
ve
(
d
d
/
2

) nu
m

be
r

of
ve

ct
or

s

a
i,

i.e
.,
n

=
(
d
d
/
2

) ,t
hi

s
co

nc
lu

de
s

th
at

th
e

si
ze

of
th

e
to

ta
ls

en
si

tiv
ity

se
ti

s
at

le
as

t(
d
d
/
2

) ≈
2
d
.

A
pp

en
di

x
D

.S
to

ch
as

tic
G

ra
di

en
tD

es
ce

nt

C
on

si
de

rm
in

im
iz

in
g

th
e

fo
llo

w
in

g
ob

je
ct

iv
e

m
in

im
iz

e x
∈X
f

(x
)

=
E i
∼
P

[f
i(
x

)]
.

(7
2)

St
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

t(
SG

D
)e

xp
lo

its
th

e
fo

llo
w

in
g

up
da

te
ru

le

x
t+

1
=

ar
g

m
in

x
∈X

η
〈x
−
x
t,
g ξ
t
(x
t)
〉+

1 2
‖x
−
x
t‖

2 2
,

(7
3)

w
he

re
ξ t
∈

[n
]

is
an

in
de

x
dr

aw
n

ac
co

rd
in

g
to
P

,g
ξ t

(x
)

=
∇
f ξ
t
(x

)
an

d
E ξ

t
∼
P

[f
ξ t

(x
)]

=
f

(x
).

W
he

n
X

=
R
d
,t

he
up

da
te

ru
le

(7
3)

bo
ils

do
w

n
to
x
t+

1
=
x
t
−
η
g ξ
t
(x
t)

.N
ot

e
he

re
,i

ff
ξ t

(x
)

is
no

t
di

ff
er

en
tia

bl
e,

w
e

ta
ke
g ξ
t
(x
t)

to
be

on
e

of
its

su
b-

gr
ad

ie
nt

s,
i.e

.,
g ξ
t
(x
t)
∈
∂
f ξ
t
(x
t)

.
In

th
is

ca
se

,
SG

D
bo

ils
do

w
n

to
st

oc
ha

st
ic

su
b-

gr
ad

ie
nt

m
et

ho
d.

Fo
r

si
m

pl
ic

ity
,w

e
st

ill
re

fe
r

to
th

e
al

go
ri

th
m

s
as

SG
D

.
In

th
e

fo
llo

w
in

g,
w

e
pr

es
en

tt
w

o
re

su
lts

re
ga

rd
in

g
th

e
co

nv
er

ge
nc

e
ra

te
of

SG
D

on
pr

ob
le

m
w

ith
no

n-
st

ro
ng

ly
co

nv
ex

ob
je

ct
iv

e
an

d
st

ro
ng

ly
co

nv
ex

ob
je

ct
iv

e,
re

sp
ec

tiv
el

y.

D
.1

N
on

-s
tr

on
gl

y
co

nv
ex

ca
se

H
er

e
w

e
an

al
yz

e
th

e
ca

se
w

he
re

th
e

ob
je

ct
iv

e
fu

nc
tio

n
f

(x
)

is
no

t
st

ro
ng

ly
co

nv
ex

.
A

ls
o,

ea
ch

su
b-

fu
nc

tio
n

is
no

tn
ec

es
sa

ry
di

ff
er

en
tia

bl
e.

T
ha

ti
s,
g i

(x
)

ca
n

be
a

su
b-

gr
ad

ie
nt

of
fu

nc
tio

n
f i

at
x

.
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Y
A

N
G

E
T

A
L

.

Pr
op

os
iti

on
17

A
ss

um
e

th
at

1 2
‖·
‖2 2
≥

λ 2
‖·
‖2

fo
rs

om
e

no
rm
‖·
‖2

.A
ls

o
as

su
m

e
th

at
‖g
t(
x
t)
‖ ∗
≤
M

fo
r

an
y
t
>

0
w

he
re
‖·
‖ ∗

is
th

e
du

al
no

rm
of
‖·
‖.

Th
e

ou
tp

ut
x̄

=
1

T
+

1

∑
T t=

1
x
t

of
SG

D
sa

tis
fie

s,
fo

r
an

y
y
∈
X

,

E
[f

(x̄
)]
−
f

(y
)
≤
‖y
−
x

0
‖2 2

2η
(T

+
1)

+
η 2λ
M

2
.

(7
4)

In
pa

rt
ic

ul
ar

,w
he

n
η

=
‖y
−
x
0
‖ 2

M

√
λ

T
+

1
,w

e
ha

ve

E
[f

(x̄
)]
−
f

(y
)
≤
M
‖y
−
x

0
‖ 2
√

1

(T
+

1)
λ
.

(7
5)

Pr
oo

f
Fr

om
L

em
m

a
1

in
D

uc
hi

et
al

.(
20

10
),

at
st

ep
t,

w
e

ha
ve

th
at

η
(f
t(
x
t)
−
f t

(y
))
≤

1 2
‖y
−
x
t‖

2 2
−

1 2
‖y
−
x
t+

1
‖2 2

+
η

2

2
λ
‖g
t(
x
t)
‖2 ∗
.

(7
6)

C
on

di
tio

ne
d

on
x
t,

ta
ki

ng
th

e
co

nd
iti

on
al

ex
pe

ct
at

io
n

w
ith

re
sp

ec
tt

o
ξ t

on
bo

th
si

de
s,

w
e

ha
ve

E
[η

(f
t(
x
t)
−
f t

(y
))
|x
t]
≤

E
[ 1 2
‖y
−
x
t‖

2 2
−

1 2
‖y
−
x
t+

1
‖2 2

+
η

2

2λ
‖g
t(
x
t)
‖2 ∗
|x
t] .

(7
7)

N
ot

ic
in

g
th

at
E ξ

t
∼
P

[f
t(
x

)]
=
f

(x
),

w
e

ha
ve

η
f

(x
t)
−
η
f

(y
)
≤

1 2
‖y
−
x
t‖

2 2
+

E
[ −

1 2
‖y
−
x
t+

1
‖2 2

+
η

2

2
λ
‖g
t(
x
t)
‖2 ∗
|x
t] .

(7
8)

T
he

n
by

ta
ki

ng
th

e
ex

pe
ct

at
io

n
ov

er
x
t

an
d

us
in

g
th

e
fa

ct
th

at
‖g
t(
x
t)
‖ ∗
≤
M

,w
e

ha
ve

E
[η
f

(x
t)

]−
η
f

(y
)
≤

E
[ 1 2
‖y
−
x
t‖

2 2

] −
E
[ 1 2
‖y
−
x
t+

1
‖2 2

] +
η

2

2λ
M

2
.

(7
9)

Su
m

m
in

g
up

th
e

ab
ov

e
eq

ua
tio

n
w

ith
t

=
0,
..
.,
T

an
d

no
tic

in
g
‖y
−
x
t+

1
‖2 2
≥

0
,w

e
ha

ve

η
T ∑ t=

0

E
[f

(x
t)

]−
η
(T

+
1)
f

(y
)
≤

1 2
‖y
−
x

0
‖2 2

+
η

2
(T

+
1)

2λ
M

2
.

(8
0)

Fi
na

lly
by

co
nv

ex
ity

of
f

,w
e

ha
ve

th
at

E
[f

(x̄
)]
−
f

(y
)
≤
‖y
−
x

0
‖2 2

2η
(T

+
1)

+
η 2λ
M

2
.

(8
1)

In
pa

rt
ic

ul
ar

w
ith

η
=
‖y
−
y
1
‖ 2

M

√
λ

T
+

1
,w

e
ha

ve

E
[f

(x̄
)]
−
f

(y
)
≤
M
‖y
−
x

0
‖ 2
√

1

(T
+

1)
λ
,

(8
2)

w
hi

ch
co

m
pl

et
es

th
e

pr
oo

f.
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P
R

E
C

O
N

D
IT

IO
N

E
D

W
E

IG
H

T
E

D
S

G
D

F
O

R
`
p

R
E

G
R

E
S

S
IO

N

D
.2

Strongly
convex

case

H
ere

w
e

analyze
the

case
w

here
the

objective
function

f
(x

)
is

strongly
convex.

W
e

m
ake

the
follow

ing
tw

o
assum

ptions:

(A
1)

Function
f

(x
)

is
strongly

convex
w

ith
m

odulus
µ

.T
hatis,forany

x
,y
∈
X

,

f
(y

)≥
f

(x
)

+
〈∇
f

(x
),y−

x〉
+
µ2 ‖y−

x‖
22 .

(83)

(A
2)

For
each

i
∈

[n
],

the
gradient

of
each

sub-function
∇
f
i (x

)
is

L
ipschitz

continuous
w

ith
constant

L
i .T

hatis,forany
x
,y
∈
X

,

‖∇
f
i (y

)−
∇
f
i (x

)‖
2 ≤

L
i ‖y−

x‖
2 .

(84)

T
he

follow
ing

results
also

appeared
in

N
eedelletal.(2014).

Proposition
18

U
nder

assum
ption

(A
1),(A

2),the
sequence{x

t }
generated

by
SG

D
satisfies

E
[‖
x
T
−
x
∗‖

22 ]≤
(1−

2
η
µ

(1−
η

su
p
L
i ))

T‖
x

0 −
x
∗‖

22
+

η
σ

2

µ
(1−

η
su

p
L
i ) ,

(85)

w
here

σ
2

=
E
i∼
D
[‖∇

f
i (x
∗)‖

22 ]
and

x
∗

is
the

optim
alsolution

to
(72).

Proof
T

he
proof

essentially
follow

s
the

sam
e

lines
of

argum
ents

as
in

N
eedelletal.(2014).

T
he

only
difference

is
that,here

w
e

are
w

orking
on

the
constrained

problem
w

here
update

rule
(73)

is
equivalentto

x
t+

1
=

Π
X

(x
t −

η
g
t (x

t )).
(86)

N
otice

that
Π
X

(x
)

is
a

projection
operatorto

the
feasible

setX
and

itis
non-expansive.T

his
further

im
plies

‖
x
t+

1 −
x
∗‖

22
=
‖
Π
X

(x
t −

η
g
t (x

t ))−
x
∗‖

22 ≤
‖x

t −
η
g
t (x

t )−
x
∗‖

22 .
(87)

T
he

restofthe
prooffollow

s
analogous

argum
ents

in
N

eedelletal.(2014).

C
orollary

19
G

iven
a

targetaccuracy
ε
>

0,and
letthe

step-size
be
η

=
εµ

2
σ
2
+

2
εµ

su
p
L
i .Then

after

T
≥

log (
2‖
x

0 −
x
∗‖

2

ε

)
(
σ

2

εµ
2

+
su

p
L
i

µ

)
(88)

iterations,w
e

have
that

E
[‖
x
T
−
x
∗‖

22 ]≤
ε.

(89)

Proof
T

he
proofcan

be
found

in
N

eedelletal.(2014).
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at
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h
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e
le

ar
n
in

g

1
.
In

tr
o
d
u
ct
io
n

A
la

rg
e

n
u
m

b
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b
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e
f 0

is
co

n
v
ex

an
d
L

-s
m

o
ot

h
,

a
n
d
ψ

is
co

n
v
ex

b
u
t

m
ay

n
o
t

b
e

d
iff

er
en

ti
ab

le
.

W
e

ca
ll

a
fu

n
ct

io
n
L

-s
m

o
ot

h
w

h
en

it
is

d
iff

er
en

ti
ab

le
an

d
it

s
gr

ad
ie

n
t

is
L

-L
ip

sc
h
it

z
co

n
ti

n
u
ou

s.

∗.
In

st
it

u
te

o
f

E
n

g
in

ee
ri

n
g

U
n

iv
.

G
re

n
o
b

le
A

lp
es

c ©
2
0
1
8

H
o
n

g
zh

o
u

L
in

,
J
u

li
en

M
a
ir

a
l

a
n

d
Z

a
id

H
a
rc

h
a
o
u

i.

L
ic

en
se

:
C

C
-B

Y
4
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,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
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.
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r
g
/
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a
p
e
r
s
/
v
1
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/
1
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-
7
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.
h
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.
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

In
st

at
is

ti
cs

or
m

ac
h
in

e
le

ar
n
in

g,
th

e
va

ri
ab

le
x

m
ay

re
p
re

se
n
t

m
o
d
el

p
a
ra

m
et

er
s,

a
n
d

th
e

ro
le

of
f 0

is
to

en
su

re
th

at
th

e
es

ti
m

at
ed

p
ar

am
et

er
s

fi
t

so
m

e
ob

se
rv

ed
d
at

a
.

S
p

ec
ifi

ca
ll
y,

f 0
is

of
te

n
a

la
rg

e
su

m
of

fu
n
ct

io
n
s

an
d

(1
)

is
a

re
gu

la
ri

ze
d

em
p
ir

ic
al

ri
sk

w
h
ic

h
w

ri
te

s
a
s

m
in

x
∈R

p

{
f

(x
)
,

1 n

n ∑ i=
1

f i
(x

)
+
ψ

(x
)}

.
(2

)

E
ac

h
te

rm
f i

(x
)

m
ea

su
re

s
th

e
fi
t

b
et

w
ee

n
x

an
d

a
d
a
ta

p
oi

n
t

in
d
ex

ed
b
y
i,

w
h
er

ea
s

th
e

fu
n
ct

io
n
ψ

ac
ts

as
a

re
gu

la
ri

ze
r;

it
is

ty
p
ic

al
ly

ch
os

en
to

b
e

th
e

sq
u
a
re

d
` 2

-n
o
rm

,
w

h
ic

h
is

sm
o
ot

h
,

or
to

b
e

a
n
on

-d
iff

er
en

ti
ab

le
p

en
al

ty
su

ch
as

th
e
` 1

-n
or

m
or

an
o
th

er
sp

a
rs

it
y
-

in
d
u
ci

n
g

n
or

m
(B

ac
h

et
al

.,
20

12
).

W
e

p
re

se
n
t

a
u
n
ifi

ed
fr

am
ew

or
k

al
lo

w
in

g
on

e
to

ac
ce

le
ra

te
gr

ad
ie

n
t-

b
as

ed
o
r

fi
rs

t-
o
rd

er
m

et
h
o
d
s,

w
it

h
a

p
ar

ti
cu

la
r

fo
cu

s
on

p
ro

b
le

m
s

in
vo

lv
in

g
la

rg
e

su
m

s
of

fu
n
ct

io
n
s.

B
y

“
a
c-

ce
le

ra
ti

n
g”

,
w

e
m

ea
n

ge
n
er

al
iz

in
g

a
m

ec
h
an

is
m

in
ve

n
te

d
b
y

N
es

te
ro

v
(1

98
3)

th
a
t

im
p
ro

v
es

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

gr
ad

ie
n
t

d
es

ce
n
t

al
go

ri
th

m
.

W
h
en

ψ
=

0,
gr

a
d
ie

n
t

d
es

ce
n
t

st
ep

s
p
ro

d
u
ce

it
er

at
es

(x
k
) k
≥

0
su

ch
th

at
f

(x
k
)
−
f
∗
≤
ε

in
O

(1
/ε

)
it

er
at

io
n
s,

w
h
er

e
f
∗

d
en

ot
es

th
e

m
in

im
u
m

va
lu

e
of
f

.
F

u
rt

h
er

m
or

e,
w

h
en

th
e

ob
je

ct
iv

e
f

is
µ

-s
tr

o
n
g
ly

co
n
ve

x
,

th
e

p
re

v
io

u
s

it
er

at
io

n
-c

om
p
le

x
it

y
b

ec
om

es
O

((
L
/µ

)
lo

g
(1
/ε

))
,

w
h
ic

h
is

p
ro

p
o
rt

io
n
a
l

to
th

e
co

n
d
it

io
n

n
u
m

b
er
L
/µ

.
H

ow
ev

er
,

th
es

e
ra

te
s

w
er

e
sh

ow
n

to
b

e
su

b
op

ti
m

a
l

fo
r

th
e

cl
a
ss

of
fi
rs

t-
or

d
er

m
et

h
o
d
s,

an
d

a
si

m
p
le

st
ra

te
gy

of
ta

k
in

g
th

e
gr

ad
ie

n
t

st
ep

at
a

w
el

l-
ch

o
se

n
p

oi
n
t

d
iff

er
en

t
fr

om
x
k

y
ie

ld
s

th
e

op
ti

m
al

co
m

p
le

x
it

y
—
O

(1
/
√
ε)

fo
r

th
e

co
n
ve

x
ca

se
a
n
d

O
(√

L
/µ

lo
g
(1
/ε

))
fo

r
th

e
µ

-s
tr

on
gl

y
co

n
ve

x
on

e
(N

es
te

ro
v
,

19
83

).
L

at
er

,
th

is
a
cc

el
er

a
ti

o
n

te
ch

n
iq

u
e

w
as

ex
te

n
d
ed

to
d
ea

l
w

it
h

n
on

-d
iff

er
en

ti
ab

le
p

en
al

ti
es
ψ

fo
r

w
h
ic

h
th

e
p
ro

x
im

a
l

op
er

at
or

d
efi

n
ed

b
el

ow
is

ea
sy

to
co

m
p
u
te

(B
ec

k
an

d
T

eb
ou

ll
e,

20
09

;
N

es
te

ro
v
,

2
0
1
3
).

p
ro

x
ψ

(x
)
,

ar
g

m
in

z
∈R

p

{ ψ
(z

)
+

1 2
‖x
−
z
‖2
}
,

(3
)

w
h
er

e
‖.
‖

d
en

ot
es

th
e

E
u
cl

id
ea

n
n
or

m
.

F
or

m
ac

h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

in
vo

lv
in

g
a

la
rg

e
su

m
of
n

fu
n
ct

io
n
s,

a
re

ce
n
t

eff
o
rt

h
a
s

b
ee

n
d
ev

ot
ed

to
d
ev

el
op

in
g

fa
st

in
cr

em
en

ta
l

al
go

ri
th

m
s

su
ch

as
S
A

G
(S

ch
m

id
t

et
a
l.
,

2
0
1
7)

,
S
A

G
A

(D
ef

az
io

et
al

.,
20

14
a)

,
S
D

C
A

(S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

12
),

S
V

R
G

(J
o
h
n
so

n
an

d
Z

h
an

g,
20

13
;

X
ia

o
an

d
Z

h
an

g,
20

14
),

or
M

IS
O

/F
in

it
o

(M
ai

ra
l,

20
15

;
D

ef
a
zi

o
et

a
l.
,

20
14

b
),

w
h
ic

h
ca

n
ex

p
lo

it
th

e
p
ar

ti
cu

la
r

st
ru

ct
u
re

(2
).

U
n
li
ke

fu
ll

gr
ad

ie
n
t

a
p
p
ro

a
ch

es
,

w
h
ic

h
re

q
u
ir

e
co

m
p
u
ti

n
g

an
d

av
er

ag
in

g
n

gr
ad

ie
n
ts

(1
/n

)
∑

n i=
1
∇
f i

(x
)

at
ev

er
y

it
er

a
ti

o
n
,

in
cr

em
en

ta
l
te

ch
n
iq

u
es

h
av

e
a

co
st

p
er

-i
te

ra
ti

on
th

at
is

in
d
ep

en
d
en

t
of
n

.
T

h
e

p
ri

ce
to

p
ay

is
th

e
n
ee

d
to

st
or

e
a

m
o
d
er

at
e

am
ou

n
t

of
in

fo
rm

at
io

n
re

ga
rd

in
g

p
as

t
it

er
at

es
,
b
u
t

th
e

b
en

efi
ts

m
ay

b
e

si
gn

ifi
ca

n
t

in
te

rm
s

of
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y.
In

or
d
er

to
a
ch

ie
ve

a
n
ε-

a
cc

u
ra

te
so

lu
ti

on
fo

r
a
µ

-s
tr

on
gl

y
co

n
ve

x
ob

je
ct

iv
e,

th
e

n
u
m

b
er

of
gr

ad
ie

n
t

ev
al

u
at

io
n
s

re
q
u
ir

ed
b
y

th
e

m
et

h
o
d
s

m
en

ti
on

ed
ab

ov
e

is
b

ou
n
d
ed

b
y
O
((
n

+
L̄ µ

) lo
g
(1 ε

)) ,
w

h
er

e
L̄

is
ei

th
er

th
e

m
ax

im
u
m

L
ip

sc
h
it

z
co

n
st

an
t

ac
ro

ss
th

e
gr

ad
ie

n
ts
∇
f i

,
or

th
e

av
er

ag
e

va
lu

e,
d
ep

en
d
in

g
on

th
e

al
go

ri
th

m
va

ri
an

t
co

n
si

d
er

ed
.

U
n
le

ss
th

er
e

is
a

b
ig

m
is

m
at

ch
b

et
w

ee
n
L̄

a
n
d
L

(g
lo

b
al

L
ip

sc
h
it

z
co

n
st

an
t

fo
r

th
e

su
m

o
f

gr
ad

ie
n
ts

),
in

cr
em

en
ta

l
ap

p
ro

ac
h
es

si
g
n
ifi

ca
n
tl

y
ou

tp
er

fo
rm

th
e

fu
ll

gr
ad

ie
n
t

m
et

h
o
d
,

w
h
os

e
co

m
p
le

x
it

y
in

te
rm

s
of

gr
ad

ie
n
t

ev
a
lu

a
ti

o
n
s

is

b
ou

n
d
ed

b
y
O
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g
(1 ε

)) .
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

Y
et,

th
ese

in
crem

en
tal

ap
p
roach

es
d
o

n
ot

u
se

N
esterov

’s
ex

trap
olation

step
s

an
d

w
h
eth

er
o
r

n
o
t

th
ey

co
u
ld

b
e

accelerated
w

as
an

im
p

ortan
t

op
en

q
u
estion

w
h
en

th
ese

m
eth

o
d
s

w
ere

in
tro

d
u
ced

.
It

w
as

in
d
eed

on
ly

k
n
ow

n
to

b
e

th
e

case
for

S
D

C
A

(S
h
alev

-S
h
w

artz
a
n
d

Z
h
a
n
g,

2
0
1
6
)

fo
r

stro
n
gly

con
v
ex

ob
jectives.

L
ater,

oth
er

accelerated
in

crem
en

tal
algorith

m
s

w
ere

p
ro

p
o
sed

su
ch

as
K

aty
u
sh

a
(A

llen
-Z

h
u
,

2017),
or

th
e

m
eth

o
d

of
L

an
an

d
Z

h
ou

(2017).

W
e

g
ive

h
ere

a
p

ositiv
e

an
sw

er
to

th
is

op
en

q
u
estion

.
B

y
an

alogy
w

ith
su

b
stan

ces
th

at
in

crea
se

ch
em

ical
reaction

rates,
w

e
call

ou
r

ap
p
roa

ch
“C

ataly
st”

.
G

iv
en

an
op

tim
ization

m
eth

o
d
M

a
s

in
p
u
t,

C
ataly

st
ou

tp
u
ts

an
accelera

ted
version

o
f

it,
even

tu
a
lly

th
e

sam
e

algo-
rith

m
if

th
e

m
eth

o
d
M

is
alread

y
op

tim
al.

T
h
e

sole
req

u
irem

en
t

on
th

e
m

eth
o
d

in
ord

er
to

a
ch

ieve
a
ccelera

tion
is

th
at

it
sh

ou
ld

h
ave

lin
ear

con
vergen

ce
rate

for
stron

g
ly

con
v
ex

p
rob

-
lem

s.
T

h
is

is
th

e
case

for
fu

ll
grad

ien
t

m
eth

o
d
s

(B
eck

an
d

T
eb

ou
lle,

2009;
N

esterov
,

20
13)

a
n
d

b
lo

ck
co

o
rd

in
ate

d
escen

t
m

eth
o
d
s

(N
esterov

,
2012;

R
ich

tárik
a
n
d

T
a
k
áč,

201
4),

w
h
ich

a
lrea

d
y

h
av

e
w

ell-k
n
ow

n
accelerated

varian
ts.

M
ore

im
p

ortan
tly,

it
also

ap
p
lies

to
th

e
p
re-

v
io

u
in

crem
en

ta
l
m

eth
o
d
s,

w
h
ose

com
p
lex

ity
is

th
en

b
ou

n
d
ed

b
y
Õ
((
n

+
√
n
L̄
/µ )

log
(

1ε ) )

a
fter

C
a
taly

st
a
cceleration

,
w

h
ere

Õ
h
id

es
som

e
logarith

m
ic

d
ep

en
d
en

cies
on

th
e

con
d
ition

n
u
m

b
er
L̄
/
µ

.
T

h
is

im
p
roves

u
p

on
th

e
n
on

-accelerated
varian

ts,
w

h
en

th
e

con
d
itio

n
n
u
m

-
b

er
is

la
rg

er
th

an
n

.
B

esid
es,

acceleration
o
ccu

rs
regard

less
of

th
e

stron
g

con
v
ex

ity
o
f

th
e

o
b

jective—
th

a
t

is,
ev

en
if
µ

=
0—

w
h
ich

b
rin

gs
u
s

to
ou

r
secon

d
ach

ievem
en

t.

S
om

e
a
p
p
roach

es
su

ch
as

M
IS

O
,

S
D

C
A

,
or

S
V

R
G

are
on

ly
d
efi

n
ed

for
stron

gly
con

v
ex

o
b

jectives.
A

classical
trick

to
ap

p
ly

th
em

to
gen

eral
con

vex
fu

n
ction

s
is

to
ad

d
a

sm
all

reg
u
la

riza
tio

n
term

ε‖
x‖

2
in

th
e

ob
jective

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2012).

T
h
e

d
raw

b
ack

o
f

th
is

stra
teg

y
is

th
at

it
req

u
ires

ch
o
osin

g
in

ad
van

ce
th

e
p
aram

eter
ε,

w
h
ich

is
related

to
th

e
ta

rg
et

a
ccu

racy.
T

h
e

ap
p
roach

w
e

p
resen

t
h
ere

p
rov

id
es

a
d
irect

su
p
po

rt
fo

r
n

o
n

-
stro

n
gly

co
n

vex
o
bjectives,

th
u
s

rem
ov

in
g

th
e

n
eed

of
selectin

g
ε

b
eforeh

an
d
.

M
oreover,

w
e

ca
n

im
m

ed
ia

tely
estab

lish
a

faster
rate

for
th

e
resu

ltin
g

algorith
m

.
F

in
ally,

som
e

m
eth

o
d
s

su
ch

a
s

M
IS

O
are

n
u
m

erically
u
n
stab

le
w

h
en

th
ey

are
ap

p
lied

to
stron

gly
con

v
ex

ob
jective

fu
n
ctio

n
s

w
ith

sm
all

stron
g

con
vex

ity
con

stan
t.

B
y

d
efi

n
in

g
b

etter
con

d
itio

n
ed

au
x
iliary

su
b
p
ro

b
lem

s,
C

ataly
st

also
p
rov

id
es

b
etter

n
u
m

erical
stab

ility
to

th
ese

m
eth

o
d
s.

A
sh

o
rt

version
of

th
is

p
ap

er
h
as

b
een

p
u
b
lish

ed
at

th
e

N
IP

S
con

feren
ce

in
2015

(L
in

et
a
l.,

2
0
1
5a

);
in

ad
d
ition

to
sim

p
ler

con
vergen

ce
p
ro

ofs
an

d
m

ore
ex

ten
siv

e
n
u
m

erical
evalu

-
a
tio

n
,

w
e

ex
ten

d
th

e
con

feren
ce

p
ap

er
w

ith
a

n
ew

M
o
reau

-Y
osid

a
sm

o
oth

in
g

in
terp

retation
w

ith
sig

n
ifi

ca
n
t

th
eoretical

an
d

p
ractical

con
seq

u
en

ces
as

w
ell

as
n
ew

p
ractical

stop
p
in

g
criteria

a
n
d

w
a
rm

-start
strategies.

T
h
e

p
a
p

er
is

stru
ctu

red
as

follow
s.

W
e

com
p
lete

th
is

in
tro

d
u
ctory

section
w

ith
som

e
rela

ted
w

o
rk

in
S
ection

1.1,
an

d
give

a
sh

ort
d
escrip

tion
of

th
e

tw
o-lo

op
C

ataly
st

algorith
m

in
S
ectio

n
1.2

.
T

h
en

,
S
ection

2
in

tro
d
u
ces

th
e

M
oreau

-Y
osid

a
sm

o
oth

in
g

an
d

its
in

ex
act

va
ria

n
t.

In
S
ection

3,
w

e
in

tro
d
u
ce

fo
rm

ally
th

e
m

ain
algorith

m
,
an

d
its

con
vergen

ce
an

aly
sis

is
p
resen

ted
in

S
ection

4.
S
ection

5
is

d
evoted

to
n
u
m

erical
ex

p
erim

en
ts

a
n
d

S
ection

6
co

n
clu

d
es

th
e

p
ap

er.

1
.1

R
e
la

te
d

W
o
rk

C
a
ta

ly
st

ca
n

b
e

in
terp

reted
as

a
varian

t
of

th
e

p
rox

im
al

p
oin

t
algorith

m
(R

o
ckafellar,

1976;
G

ü
ler,

1
9
9
1
),

w
h
ich

is
a

cen
tral

con
cep

t
in

con
vex

op
tim

ization
,

u
n
d
erly

in
g

a
u
gm

en
ted

L
a
g
ra

n
g
ian

a
p
p
roach

es,
an

d
com

p
osite

m
in

im
ization

sch
em

es
(B

ertsekas,
2015;

P
arik

h
an

d
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

B
oy

d
,
2014).

T
h
e

p
rox

im
al

p
oin

t
algorith

m
con

sists
of

solv
in

g
(1)

b
y

m
in

im
izin

g
a

seq
u
en

ce
of

au
x
iliary

p
rob

lem
s

in
volv

in
g

a
q
u
ad

ratic
regu

larization
term

.
In

gen
eral,

th
ese

au
x
iliary

p
rob

lem
s

can
n
ot

b
e

solved
w

ith
p

erfect
accu

racy,
an

d
several

n
otion

s
of

in
ex

actn
ess

w
ere

p
rop

osed
b
y

G
ü
ler

(1992);
H

e
an

d
Y

u
an

(2012)
an

d
S
alzo

an
d

V
illa

(2012).
T

h
e

C
ata-

ly
st

ap
p
roach

h
in

ges
u
p

on
(i)

an
acceleration

tech
n
iq

u
e

for
th

e
p
rox

im
al

p
oin

t
algorith

m
origin

ally
in

tro
d
u
ced

in
th

e
p
ion

eer
w

ork
of

G
ü
ler

(1992);
(ii)

a
m

ore
p
ractical

in
ex

act-
n
ess

criterion
th

an
th

ose
p
rop

osed
in

th
e

p
ast. 1

A
s

a
resu

lt,
w

e
are

ab
le

to
con

trol
th

e
rate

of
con

vergen
ce

for
ap

p
rox

im
ately

solv
in

g
th

e
au

x
iliary

p
rob

lem
s

w
ith

an
op

tim
ization

m
eth

o
d
M

.
In

tu
rn

,
w

e
are

also
ab

le
to

ob
tain

th
e

com
p
u
tation

al
com

p
lex

ity
of

th
e

g
lob

al
p
ro

ced
u
re,

w
h
ich

w
as

n
ot

p
ossib

le
w

ith
p
rev

iou
s

an
aly

sis
(G

ü
ler,

1992
;

H
e

an
d

Y
u
an

,
2012;

S
alzo

an
d

V
illa,

2012).
W

h
en

in
stan

tiated
in

d
iff

eren
t

fi
rst-ord

er
op

tim
ization

settin
gs,

ou
r

an
aly

sis
y
ield

s
sy

stem
atic

acceleration
.

B
eyon

d
G

ü
ler

(1992),
several

w
ork

s
h
av

e
in

sp
ired

th
is

w
ork

.
In

p
articu

lar,
accelerated

S
D

C
A

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2016)

is
an

in
stan

ce
of

an
in

ex
act

accelerated
p
rox

im
al

p
oin

t
algorith

m
,

even
th

ou
gh

th
is

w
as

n
ot

ex
p
licitly

stated
in

th
e

origin
al

p
ap

er.
C

ataly
st

can
b

e
seen

as
a

gen
eralization

of
th

eir
algorith

m
,

origin
ally

d
esign

ed
for

sto
ch

astic
d
u
al

co
ord

in
ate

ascen
t

ap
p
roach

es.
Y

et
th

eir
p
ro

of
of

con
v
ergen

ce
relies

o
n

d
iff

eren
t

to
ols

th
an

ou
rs.

S
p

ecifi
cally,

w
e

in
tro

d
u
ce

an
ap

p
rox

im
ate

su
ffi

cien
t

d
escen

t
con

d
ition

,
w

h
ich

,
w

h
en

satisfi
ed

,
gran

ts
acceleration

to
an

y
op

tim
ization

m
eth

o
d
,
w

h
ereas

th
e

d
irect

p
ro

of
of

S
h
a
lev

-
S
h
w

artz
an

d
Z

h
an

g
(2016),

in
th

e
con

tex
t

of
S
D

C
A

,
d
o
es

n
ot

ex
ten

d
to

n
o
n
-stron

gly
con

vex
ob

jectives.
A

n
oth

er
u
sefu

l
m

eth
o
d
ological

co
n
trib

u
tion

w
as

th
e

con
vergen

ce
an

aly
sis

of
in

ex
act

p
rox

im
al

grad
ien

t
m

eth
o
d
s

of
S
ch

m
id

t
et

al.
(2011)

an
d

D
evold

er
et

al.
(2014).

F
in

ally,
sim

ilar
id

eas
ap

p
eared

in
th

e
in

d
ep

en
d
en

t
w

ork
(F

rostig
et

al.,
2015).

T
h
eir

resu
lts

p
artially

ov
erlap

w
ith

ou
rs,

b
u
t

th
e

tw
o

p
ap

ers
ad

op
t

rath
er

d
iff

eren
t

d
irection

s.
O

u
r

an
aly

sis
is

m
ore

gen
eral,

coverin
g

b
oth

stron
gly

-con
vex

an
d

n
on

-stron
gly

con
vex

ob
jectiv

es,
an

d
com

p
rises

several
varian

ts
in

clu
d
in

g
an

alm
ost

p
aram

eter-free
varian

t.

T
h
en

,
b

ey
on

d
accelerated

S
D

C
A

(S
h
a
lev

-S
h
w

artz
an

d
Z

h
an

g,
2016),

oth
er

accelerated
in

crem
en

tal
m

eth
o
d
s

h
ave

b
een

p
rop

osed
,

su
ch

as
A

P
C

G
(L

in
et

al.,
20

15b
),

S
D

P
C

(Z
h
an

g
an

d
X

iao,
2015),

R
P

D
G

(L
an

an
d

Z
h
ou

,
2017),

P
oin

t-S
A

G
A

(D
efazio,

2016)
an

d
K

aty
u
sh

a
(A

llen
-Z

h
u
,

2017).
T

h
eir

tech
n
iq

u
es

are
algorith

m
-sp

ecifi
c

an
d

can
n
ot

b
e

d
irectly

gen
era

l-
ized

in
to

a
u
n
ifi

ed
sch

em
e.

H
ow

ever,
w

e
sh

ou
ld

m
en

tion
th

at
th

e
com

p
lex

ity
ob

tain
ed

b
y

ap
p
ly

in
g

C
ataly

st
acceleration

to
in

crem
en

tal
m

eth
o
d
s

m
atch

es
th

e
op

tim
al

b
o
u
n
d

u
p

to
a

logarith
m

ic
factor,

w
h
ich

m
ay

b
e

th
e

p
rice

to
p
ay

for
a

gen
eric

acceleration
sch

em
e.

A
related

recen
t

lin
e

of
w

ork
h
as

also
com

b
in

ed
sm

o
oth

in
g

tech
n
iq

u
es

w
ith

ou
ter-lo

op
algorith

m
s

su
ch

as
Q

u
asi-N

ew
ton

m
eth

o
d
s

(T
h
em

elis
et

al.,
2016;

G
iselsso

n
an

d
F

ält,
2016).

T
h
eir

p
u
rp

ose
w

as
n
ot

to
accelerate

ex
istin

g
tech

n
iq

u
es,

b
u
t

rath
er

to
d
erive

n
ew

algorith
m

s
for

n
on

sm
o
oth

op
tim

ization
.

T
o

con
clu

d
e

th
is

su
rv

ey,
w

e
m

en
tion

th
e

b
road

fam
ily

of
ex

trap
olation

m
eth

o
d
s

(S
id

i,
2017),

w
h
ich

allow
on

e
to

ex
trap

olate
to

th
e

lim
it

seq
u
en

ces
gen

erated
b
y

iterativ
e

al-
gorith

m
s

for
variou

s
n
u
m

erical
an

aly
sis

p
rob

lem
s.

S
cieu

r
et

al.
(2016)

p
rop

osed
su

ch
an

ap
p
roach

for
con

v
ex

op
tim

ization
p
rob

lem
s

w
ith

sm
o
oth

an
d

stron
gly

con
vex

ob
jectiv

es.
T

h
e

ap
p
roach

w
e

p
resen

t
h
ere

allow
s

u
s

to
ob

tain
glob

al
com

p
lex

ity
b

ou
n
d
s

for
stron

gly

1
.

N
o
te

th
a
t

o
u
r

in
ex

a
ct

criterio
n

w
a
s

a
lso

stu
d
ied

,
a
m

o
n

g
o
th

ers,
b
y

S
a
lzo

a
n

d
V

illa
(2

0
1
2
),

b
u

t
th

eir
a
n

a
ly

sis
led

to
th

e
co

n
jectu

re
th

a
t

th
is

criterio
n

w
a
s

to
o

w
ea

k
to

w
a
rra

n
t

a
ccelera

tio
n

.
O

u
r

a
n

a
ly

sis
refu

tes
th

is
co

n
jectu

re.
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

A
lg

o
ri

th
m

1
C

at
al

y
st

-
O

ve
rv

ie
w

in
p

u
t

in
it

ia
l

es
ti

m
at

e
x

0
in

R
p
,

sm
o
ot

h
in

g
p
ar

a
m

et
er
κ

,
op

ti
m

iz
at

io
n

m
et

h
o
d
M

.
1
:

In
it

ia
li
ze
y 0

=
x

0
.

2
:

w
h

il
e

th
e

d
es

ir
ed

ac
cu

ra
cy

is
n
o
t

ac
h
ie

ve
d

d
o

3
:

F
in

d
x
k

u
si

n
g
M

x
k
≈

ar
g

m
in

x
∈R

p

{ h
k
(x

)
,
f

(x
)

+
κ 2
‖x
−
y k
−

1
‖2
}
.

(4
)

4
:

C
om

p
u
te
y k

u
si

n
g

an
ex

tr
ap

ol
at

io
n

st
ep

,
w

it
h
β
k
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,1
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=
x
k

+
β
k
(x
k
−
x
k
−

1
).

5
:

e
n

d
w

h
il
e

o
u
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u

t
x
k
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n
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m
at

e)
.
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n
ve

x
an

d
n
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st
ro

n
gl

y
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n
v
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es
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w
h
ic

h
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n
b

e
d
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p
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ed

in
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a
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o
ot

h
p
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t
an

d
a

n
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-s
m

o
ot

h
p
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x
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al
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ri
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d
ly

p
ar

t.

1
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O
v
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C
a
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o
d
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p
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w

e
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a

q
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k
ov

er
v
ie

w
of

th
e

al
go

-
ri

th
m

an
d

it
s

m
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n
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s.

C
at

al
y
st
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a

ge
n
er
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ap

p
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h

th
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w
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p
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an
al

g
or

it
h
m
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ra
te

d
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e
A

,
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d
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h
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e
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m
e
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ra
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a
s
M

w
it

h
re

d
u
ce

d
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m
p
u
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-
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on
al

co
m

p
le

x
it

y.
T

h
e

re
su
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in

g
m

et
h
o
d
A

is
an

in
n
er
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u
te

r
lo
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n
st
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p
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se
n
te

d
in

A
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it

h
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w

h
er

e
in

th
e

in
n

er
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o
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e

m
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h
o
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to
so
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e

an
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x
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ry
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n
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n
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x
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b
le

m
,

an
d

w
h
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e
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o
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se
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it
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a
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s
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u
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d
b
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M

ar
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d
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T
h
er

e
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e
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e
m

a
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C

at
al

y
st

:
a)

a
sm

o
ot

h
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g
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ch
n
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u
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b
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b
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p
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b
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m
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) lo
g
( 1 ε

))
Õ

( √
n
L̄ ε

)
M

IS
O

n
ot

av
ai

l.
S
D

C
A

S
V

R
G

A
cc

-F
G

O
( n
√

L µ
lo

g
( 1 ε

))
O
( n

L √
ε

)
n
o

ac
ce

le
ra

ti
o
n

A
cc

-S
D

C
A

Õ
((
n

+
√

n
L̄ µ

) lo
g
( 1 ε

))
n
ot

av
ai

l.

T
ab

le
1:

C
om

p
ar

is
on

of
ra

te
s

of
co

n
ve

rg
en

ce
,

b
ef

or
e

an
d

af
te

r
th

e
C

at
al

y
st

a
cc

el
er

a
ti

o
n
,

in
th

e
st

ro
n
gl

y
-c

on
ve

x
an

d
n
on

st
ro

n
gl

y
-c

on
ve

x
ca

se
s,

re
sp

ec
ti

v
el

y.
T

h
e

n
o
ta

ti
o
n
Õ

h
id

es
lo

ga
ri

th
m

ic
fa

ct
or

s.
T

h
e

co
n
st

an
t
L

is
th

e
gl

ob
al

L
ip

sc
h
it

z
co

n
st

a
n
t

o
f

th
e

gr
ad

ie
n
t’

s
ob

je
ct

iv
e,

w
h
il
e
L̄

is
th

e
av

er
ag

e
L

ip
sc

h
it

z
co

n
st

an
ts

of
th

e
g
ra

d
ie

n
ts

∇
f i

,
or

th
e

m
ax

im
u
m

va
lu

e,
d
ep

en
d
in

g
on

th
e

al
go

ri
th

m
’s

va
ri

an
ts

co
n
si

d
er

ed
.

W
e

sh
al

l
sh

ow
in

S
ec

ti
on

4
th

at
w

e
ca

n
ge

t
fa

st
er

ra
te

s
of

co
n
ve

rg
en

ce
th

a
n
k
s

to
th

is
ex

tr
ap

ol
at

io
n

st
ep

w
h
en

th
e

sm
o
ot

h
in

g
p
ar

am
et

er
κ

,
th

e
in

n
er

-l
o
op

st
op

p
in

g
cr

it
er

io
n
,

a
n
d

th
e

se
q
u
en

ce
(β
k
) k
≥

0
ar

e
ca

re
fu

ll
y

b
u
il
t.

B
a
la

n
c
in

g
in

n
e
r

a
n

d
o
u

te
r

c
o
m

p
le

x
it

ie
s

T
h
e

op
ti

m
al

b
al

an
ce

b
et

w
ee

n
in

n
er

lo
o
p

a
n
d

ou
te

r
lo

op
co

m
p
le

x
it

y
d
er

iv
es

fr
om

th
e

co
m

p
le

x
it

y
b

ou
n
d
s

es
ta

b
li
sh

ed
in

S
ec

ti
o
n

4
.

G
iv

en
an

es
ti

m
at

e
ab

ou
t

th
e

co
n
d
it

io
n

n
u
m

b
er

of
f

,
ou

r
b

ou
n
d
s

d
ic

ta
te

a
ch

o
ic

e
of
κ

th
a
t

g
iv

es
th

e
op

ti
m

al
se

tt
in

g
fo

r
th

e
in

n
er

-l
o
op

st
op

p
in

g
cr

it
er

io
n

an
d

al
l

te
ch

n
ic

al
q
u
an

ti
ti

es
in

vo
lv

ed
in

th
e

al
go

ri
th

m
.

W
e

sh
al

l
d
em

on
st

ra
te

in
p
ar

ti
cu

la
r

th
e

p
ow

er
of

an
ap

p
ro

p
ri

a
te

w
a
rm

-s
ta

rt
st

ra
te

gy
to

ac
h
ie

ve
n
ea

r-
op

ti
m

al
co

m
p
le

x
it

y.

O
v
e
rv

ie
w

o
f

th
e

c
o
m

p
le

x
it

y
re

su
lt

s
F

in
al

ly
,

w
e

p
ro

v
id

e
in

T
ab

le
1

a
b
ri

ef
ov

er
v
ie

w
of

th
e

co
m

p
le

x
it

y
re

su
lt

s
ob

ta
in

ed
fr

o
m

th
e

C
at

al
y
st

ac
ce

le
ra

ti
on

,
w

h
en

ap
p
li
ed

to
va

ri
o
u
s

op
ti

m
iz

at
io

n
m

et
h
o
d
s
M

fo
r

m
in

im
iz

in
g

a
la

rg
e

fi
n
it

e
su

m
of
n

fu
n
ct

io
n
s.

N
o
te

th
a
t

th
e

co
m

p
le

x
it

y
re

su
lt

s
ob

ta
in

ed
w

it
h

C
at

al
y
st

ar
e

op
ti

m
al

,
u
p

to
so

m
e

lo
ga

ri
th

m
ic

fa
ct

o
rs

(s
ee

A
ga

rw
al

an
d

B
ot

to
u
,

20
15

;
A

rj
ev

an
i

an
d

S
h
am

ir
,

20
16

;
W

o
o
d
w

or
th

an
d

S
re

b
ro

,
2
0
1
6
).

2
.
T
h
e
M

o
re
a
u
E
n
v
e
lo
p
e
a
n
d
it
s
A
p
p
ro
x
im

a
te

V
a
ri
a
n
t

In
th

is
se

ct
io

n
,

w
e

re
ca

ll
a

cl
as

si
ca

l
to

ol
fr

om
co

n
ve

x
an

al
y
si

s
ca

ll
ed

th
e

M
o
re

a
u

en
ve

lo
p

e
or

M
or

ea
u
-Y

os
id

a
sm

o
ot

h
in

g
(M

or
ea

u
,

19
62

;
Y

os
id

a,
19

80
),

w
h
ic

h
p
la

y
s

a
ke

y
ro

le
fo

r
u
n
d
er

st
an

d
in

g
th

e
C

at
al

y
st

ac
ce

le
ra

ti
on

.
T

h
is

to
ol

ca
n

b
e

se
en

as
a

sm
o
ot

h
in

g
te

ch
n
iq

u
e,
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

w
h
ich

ca
n

tu
rn

an
y

con
vex

low
er

sem
icon

tin
u
ou

s
fu

n
ction

f
in

to
a

sm
o
oth

fu
n
ction

,
an

d
an

ill-co
n
d
itio

n
ed

sm
o
oth

con
vex

fu
n
ction

in
to

a
w

ell-con
d
ition

ed
sm

o
oth

co
n
vex

fu
n
ction

.

T
h
e

M
orea

u
en

velop
e

resu
lts

from
th

e
in

fi
m

al
con

volu
tion

of
f

w
ith

a
q
u
ad

ratic
p

en
alty

:

F
(x

),
m

in
z∈

R
p {
f

(z
)

+
κ2 ‖z−

x‖
2 }
,

(5)

w
h
ere

κ
is

a
p

o
sitive

regu
larization

p
aram

eter.
T

h
e

p
rox

im
al

op
erator

is
th

en
th

e
u
n
iq

u
e

m
in

im
izer

o
f

th
e

p
rob

lem
—

th
at

is,

p
(x

),
p
rox

f
/
κ (x

)
=

arg
m

in
z∈

R
p

{
f

(z
)

+
κ2 ‖z−

x‖
2 }
.

N
o
te

th
a
t
p
(x

)
d
o
es

n
ot

ad
m

it
a

closed
form

in
gen

eral.
T

h
erefore,

com
p
u
tin

g
it

req
u
ires

to
so

lv
e

th
e

su
b
-p

rob
lem

to
h
igh

accu
racy

w
ith

som
e

iterative
algorith

m
.

2
.1

B
a
sic

P
ro

p
e
rtie

s
o
f

th
e

M
o
re

a
u

E
n
v
e
lo

p
e

T
h
e

sm
o
o
th

in
g

eff
ect

of
th

e
M

oreau
regu

larization
can

b
e

ch
aracterized

b
y

th
e

n
ex

t
p
rop

o-
sitio

n
(see

L
em

aréch
al

an
d

S
agastizá

b
al,

1997,
for

elem
en

tary
p
ro

ofs).

P
ro

p
o
sitio

n
1

(R
e
g
u

la
riz

a
tio

n
p

ro
p

e
rtie

s
o
f

th
e

M
o
re

a
u

E
n
v
e
lo

p
e
)

G
iven

a
co

n
-

vex
co

n
tin

u
o
u

s
fu

n
ctio

n
f

a
n

d
a

regu
la

riza
tio

n
pa

ra
m

eter
κ
>

0
,

co
n

sid
er

th
e

M
o
rea

u
en

velo
pe
F

d
efi

n
ed

in
(5

).
T

h
en

,

1
.
F

is
co

n
vex

a
n

d
m

in
im

izin
g
f

a
n

d
F

a
re

equ
iva

len
t

in
th

e
sen

se
th

a
t

m
in

x∈
R
p
F

(x
)

=
m

in
x∈

R
p
f

(x
)
.

M
o
reo

ver
th

e
so

lu
tio

n
set

o
f

th
e

tw
o

a
bo

ve
p
ro

blem
s

co
in

cid
e

w
ith

ea
ch

o
th

er.

2
.
F

is
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
even

w
h
en

f
is

n
o
t

a
n

d

∇
F

(x
)

=
κ

(x
−
p
(x

))
.

(6)

M
o
reo

ver
th

e
gra

d
ien

t∇
F

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith
co

n
sta

n
t
L
F

=
κ

.

3
.

If
f

is
µ

-stro
n

gly
co

n
vex,

th
en

F
is
µ
F

-stro
n

gly
co

n
vex

w
ith

µ
F

=
µ
κ

µ
+
κ
.

In
terestin

g
ly,

F
is

frien
d
ly

from
an

op
tim

ization
p

oin
t

of
v
iew

as
it

is
con

vex
an

d
d
iff

eren
-

tia
b
le.

B
esid

es,
F

is
κ

-sm
o
oth

w
ith

con
d
ition

n
u
m

b
er

µ
+
κ

µ
w

h
en

f
is
µ

-stron
gly

co
n
vex

.
T

h
u
s
F

ca
n

b
e

m
ad

e
arb

itrarily
w

ell
con

d
ition

ed
b
y

ch
o
osin

g
a

sm
all
κ

.
S
in

ce
b

oth
fu

n
ction

s
f

a
n
d
F

a
d
m

it
th

e
sam

e
solu

tion
s,

a
n
a
ive

ap
p
roach

to
m

in
im

ize
a

n
on

-sm
o
o
th

fu
n
ctio

n
f

is
to

fi
rst

co
n
stru

ct
its

M
oreau

en
velop

e
F

a
n
d

th
en

ap
p
ly

a
sm

o
oth

op
tim

ization
m

eth
o
d

o
n

it.
A

s
w

e
w

ill
see

n
ex

t,
C

ataly
st

ca
n

b
e

seen
as

an
accelerated

grad
ien

t
d
escen

t
tech

n
iq

u
e

a
p
p
lied

to
F

w
ith

in
ex

act
grad

ien
ts.

2
.2

A
F
re

sh
L

o
o
k

a
t

C
a
ta

ly
st

F
irst-o

rd
er

m
eth

o
d
s

ap
p
lied

to
F

p
rov

id
e

u
s

several
w

ell-k
n
ow

n
algorith

m
s.
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

T
h

e
p

ro
x
im

a
l

p
o
in

t
a
lg

o
rith

m
.

C
o
n
sid

er
grad

ien
t

d
escen

t
step

s
on

F
:

x
k
+

1
=
x
k −

1L
F ∇

F
(x
k ).

B
y

n
oticin

g
th

at∇
F

(x
k )

=
κ

(x
k −

p
(x
k ))

an
d
L
f

=
κ

,
w

e
ob

tain
in

fact

x
k
+

1
=
p
(x
k )

=
arg

m
in

z∈
R
p

{
f

(z
)

+
κ2 ‖z−

x
k ‖

2 }
,

w
h
ich

is
ex

actly
th

e
p
rox

im
al

p
oin

t
algorith

m
(M

artin
et,

1970
;

R
o
ckafellar,

1976).

A
c
c
e
le

ra
te

d
p

ro
x
im

a
l

p
o
in

t
a
lg

o
rith

m
.

If
grad

ien
t

d
escen

t
step

s
on

F
y
ield

s
th

e
p
rox

im
al

p
oin

t
algorith

m
,

it
is

th
en

n
atu

ral
to

con
sid

er
th

e
follow

in
g

seq
u
en

ce

x
k
+

1
=
y
k −

1L
F ∇

F
(y
k )

an
d

y
k
+

1
=
x
k
+

1
+
β
k
+

1 (x
k
+

1 −
x
k ),

w
h
ere

β
k
+

1
is

N
esterov

’s
ex

trap
olation

p
ara

m
eter

(N
esterov

,
2004).

A
gain

,
b
y

u
sin

g
th

e
closed

form
of

th
e

grad
ien

t,
th

is
is

eq
u
ivalen

t
to

th
e

u
p

d
ate

x
k
+

1
=
p
(y
k )

an
d

y
k
+

1
=
x
k
+

1
+
β
k
+

1 (x
k
+

1 −
x
k ),

w
h
ich

is
k
n
ow

n
as

th
e

accelerated
p
rox

im
al

p
oin

t
algorith

m
of

G
ü
ler

(1
992).

W
h
ile

th
ese

algorith
m

s
are

con
cep

tu
ally

elegan
t,

th
ey

su
ff

er
from

a
m

a
jor

d
raw

b
ack

in
p
ractice:

each
u
p

d
ate

req
u
ires

to
evalu

ate
th

e
p
rox

im
a
l

op
erato

r
p
(x

).
U

n
less

a
closed

form
is

availab
le,

w
h
ich

is
alm

ost
n
ever

th
e

case,
w

e
are

n
ot

ab
le

to
evalu

ate
p
(x

)
ex

actly.
H

en
ce

an
iterativ

e
algorith

m
is

req
u
ired

fo
r

each
evalu

ation
of

th
e

p
rox

im
al

op
erator

w
h
ich

lead
s

to
th

e
in

n
er-ou

ter
con

stru
ction

(see
A

lgorith
m

1).
C

a
taly

st
can

th
en

b
e

in
terp

reted
as

an
accelerated

p
rox

im
al

p
oin

t
algorith

m
th

at
calls

an
op

tim
ization

m
eth

o
d
M

to
com

p
u
te

in
ex

act
solu

tion
s

to
th

e
su

b
-p

rob
lem

s.
T

h
e

fact
th

at
su

ch
a

strategy
cou

ld
b

e
u
sed

to
solve

n
on

-sm
o
oth

op
tim

ization
p
rob

lem
s

w
as

w
ell-k

n
ow

n
,

b
u
t

th
e

fact
th

at
it

cou
ld

b
e

u
sed

for
acceleration

is
m

o
re

su
rp

risin
g.

T
h
e

m
ain

ch
allen

ge
th

at
w

ill
b

e
ad

d
ressed

in
S
ection

3
is

h
ow

to
con

trol
th

e
com

p
lex

ity
of

th
e

in
n
er-lo

op
m

in
im

ization
.

2
.3

T
h

e
A

p
p

ro
x
im

a
te

M
o
re

a
u

E
n
v
e
lo

p
e

S
in

ce
C

ataly
st

u
ses

in
ex

act
grad

ien
ts

o
f

th
e

M
oreau

en
v
elop

e,
w

e
sta

rt
w

ith
sp

ecify
in

g
th

e
in

ex
actn

ess
criteria.

In
e
x
a
c
tn

e
ss

th
ro

u
g
h

a
b

so
lu

te
a
c
c
u

ra
c
y
.

G
iven

a
p
rox

im
a
l

cen
ter

x
,

a
sm

o
oth

in
g

p
aram

eter
κ

,
an

d
an

accu
racy

ε
>

0,
w

e
d
en

ote
th

e
set

of
ε-ap

p
rox

im
ation

s
of

th
e

p
rox

im
al

op
erator

p
(x

)
b
y

p
ε(x

),
{z
∈
R
p

s.t.
h

(z
)−

h
∗≤

ε}
w

h
ere

h
(z

)
=
f

(z
)

+
κ2 ‖x
−
z‖

2,
(C

1)

an
d
h
∗

is
th

e
m

in
im

u
m

fu
n
ction

valu
e

of
h

.
C

h
eck

in
g

w
h
eth

er
h

(z
)−

h
∗
≤
ε

m
ay

b
e

im
p
actical

sin
ce
h
∗

is
u
n
k
n
ow

n
in

m
an

y
sit-

u
ation

s.
W

e
m

ay
th

en
rep

lace
h
∗

b
y

a
low

er
b

ou
n
d

th
at

can
b

e
com

p
u
ted

m
ore

easily.
W

e
m

ay
u
se

th
e

F
en

ch
el

con
ju

gate
for

in
stan

ce.
T

h
en

,
given

a
p

oin
t
z

an
d

a
low

er-b
ou

n
d
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

d
(z

)
≤
h
∗ ,

w
e

ca
n

gu
ar

an
te

e
z
∈
p
ε
(x

)
if
h

(z
)
−
d
(z

)
≤
ε.

T
h
er

e
ar

e
ot

h
er

ch
oi

ce
s

fo
r

th
e

lo
w

er
b

ou
n
d
in

g
fu

n
ct

io
n
d

w
h
ic

h
re

su
lt

fr
om

th
e

sp
ec

ifi
c

co
n
st

ru
ct

io
n

of
th

e
op

ti
m

iz
at

io
n

al
go

ri
th

m
.

F
or

in
st

an
ce

,
d
u
al

ty
p

e
al

go
ri

th
m

s
su

ch
as

S
D

C
A

(S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

12
)

or
M

IS
O

(M
ai

ra
l,

20
15

)
m

ai
n
ta

in
a

lo
w

er
b

o
u
n
d

al
on

g
th

e
it

er
at

io
n
s,

a
ll
ow

in
g

on
e

to
co

m
p
u
te
h

(z
)
−
d
(z

)
≤
ε.

W
h
en

n
on

e
of

th
e

op
ti

on
s

m
en

ti
on

ed
a
b

ov
e

ar
e

av
ai

la
b
le

,
w

e
ca

n
u
se

th
e

fo
ll
ow

in
g

fa
ct

,
b
as

ed
on

th
e

n
ot

io
n

of
gr

ad
ie

n
t

m
ap

p
in

g;
se

e
S
ec

ti
on

2.
3.

2
of

(N
es

te
ro

v
,
20

04
).

T
h
e

in
tu

it
io

n
co

m
es

fr
om

th
e

sm
o
ot

h
ca

se
:

w
h
en

h
is

sm
o
ot

h
,

th
e

st
ro

n
g

co
n
v
ex

it
y

y
ie

ld
s

h
(z

)
−

1 2κ
‖∇

h
(z

)‖
2
≤
h
∗ .

In
ot

h
er

w
or

d
s,

th
e

n
or

m
of

th
e

gr
ad

ie
n
t

p
ro

v
id

es
en

ou
gh

in
fo

rm
at

io
n

to
as

se
ss

h
ow

fa
r

w
e

ar
e

fr
om

th
e

op
ti

m
u
m

.
F

ro
m

th
is

p
er

sp
ec

ti
ve

,
th

e
gr

ad
ie

n
t

m
ap

p
in

g
ca

n
b

e
se

en
as

an
ex

te
n
si

on
of

th
e

gr
ad

ie
n
t

fo
r

th
e

co
m

p
os

it
e

ca
se

w
h
er

e
th

e
ob

je
ct

iv
e

d
ec

o
m

p
os

es
as

a
su

m
of

a
sm

o
ot

h
p
ar

t
an

d
a

n
on

-s
m

o
ot

h
p
ar

t
(N

es
te

ro
v
,

20
04

).

L
e
m

m
a

2
(C

h
e
ck

in
g

th
e

a
b

so
lu

te
a
c
c
u

ra
c
y

c
ri

te
ri

o
n

)
C

o
n

si
d
er

a
p
ro

xi
m

a
l
ce

n
te

r
x

,
a

sm
oo

th
in

g
pa

ra
m

et
er
κ

a
n

d
a
n

a
cc

u
ra

cy
ε
>

0
.

C
o
n

si
d
er

a
n

o
bj

ec
ti

ve
w

it
h

th
e

co
m

po
si

te
fo

rm
(1

)
a
n

d
w

e
se

t
fu

n
ct

io
n
h

a
s

h
(z

)
=
f

(z
)

+
κ 2
‖x
−
z
‖2

=
f 0

(z
)

+
κ 2
‖x
−
z
‖2

︸
︷︷

︸
,
h
0

+
ψ

(x
).

F
o
r

a
n

y
z
∈
R
p
,

w
e

d
efi

n
e

[z
] η

=
p
ro

x
η
ψ

(z
−
η
∇
h

0
(z

))
,

w
it

h
η

=
1

κ
+
L
.

(7
)

T
h
en

,
th

e
gr

a
d
ie

n
t

m
a
p
p
in

g
o
f
h

a
t
z

is
d
efi

n
ed

by
1 η
(z
−

[z
] η

)
a
n

d

1 η
‖z
−

[z
] η
‖
≤
√

2
κ
ε

im
p
li

es
[z

] η
∈
p
ε
(x

).

T
h
e

p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

B
.

T
h
e

le
m

m
a

sh
ow

s
th

at
it

is
su

ffi
ci

en
t

to
ch

ec
k

th
e

n
or

m
of

th
e

gr
ad

ie
n
t

m
ap

p
in

g
to

en
su

re
co

n
d
it

io
n

(C
1)

.
H

ow
ev

er
,

th
is

re
q
u
ir

es
an

ad
d
it

io
n
al

fu
ll

gr
ad

ie
n
t

st
ep

an
d

p
ro

x
im

al
st

ep
at

ea
ch

it
er

at
io

n
.

A
s

so
on

as
w

e
h
av

e
an

ap
p
ro

x
im

at
e

p
ro

x
im

al
op

er
at

or
z

in
p
ε
(x

)
in

h
an

d
,

w
e

ca
n

d
efi

n
e

an
ap

p
ro

x
im

at
e

gr
ad

ie
n
t

of
th

e
M

or
ea

u
en

v
el

op
e,

g
(z

)
,
κ

(x
−
z
),

(8
)

b
y

m
im

ic
k
in

g
th

e
ex

ac
t

gr
ad

ie
n
t

fo
rm

u
la
∇
F

(x
)

=
κ

(x
−
p
(x

))
.

A
s

a
co

n
se

q
u
en

ce
,

w
e

m
ay

im
m

ed
ia

te
ly

d
ra

w
a

li
n
k

z
∈
p
ε
(x

)
=
⇒

‖z
−
p
(x

)‖
≤
√

2
ε κ
⇐
⇒

‖g
(z

)
−
∇
F

(x
)‖
≤
√

2
κ
ε,

(9
)

w
h
er

e
th

e
fi
rs

t
im

p
li
ca

ti
on

is
a

co
n
se

q
u
en

ce
of

th
e

st
ro

n
g

co
n
ve

x
it

y
of
h

at
it

s
m

in
im

u
m
p
(x

).
W

e
w

il
l

th
en

ap
p
ly

th
e

ap
p
ro

x
im

at
e

gr
ad

ie
n
t
g

in
st

ea
d

of
∇
F

to
b
u
il
d

th
e

in
ex

ac
t

p
ro

x
im

al
p

oi
n
t

al
go

ri
th

m
.

S
in

ce
th

e
in

ex
ac

tn
es

s
of

th
e

ap
p
ro

x
im

at
e

gr
ad

ie
n
t

ca
n

b
e

b
o
u
n
d
ed

b
y

an
ab

so
lu

te
va

lu
e
√

2κ
ε,

w
e

ca
ll

(C
1)

th
e

ab
so

lu
te

ac
cu

ra
cy

cr
it

er
io

n
.
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

R
e
la

ti
v
e

e
rr

o
r

c
ri

te
ri

o
n

.
A

n
ot

h
er

n
at

u
ra

l
w

ay
to

b
ou

n
d

th
e

gr
ad

ie
n
t

ap
p
ro

x
im

a
ti

o
n

is
b
y

u
si

n
g

a
re

la
ti

ve
er

ro
r,

n
am

el
y

in
th

e
fo

rm
‖g

(z
)
−
∇
F

(x
)‖
≤
δ′
‖∇

F
(x

)‖
fo

r
so

m
e
δ′
>

0
.

T
h
is

le
ad

s
u
s

to
th

e
fo

ll
ow

in
g

in
ex

ac
tn

es
s

cr
it

er
io

n
.

G
iv

en
a

p
ro

x
im

al
ce

n
te

r
x

,
a

sm
o
ot

h
in

g
p
ar

am
et

er
κ

an
d

a
re

la
ti

ve
ac

cu
ra

cy
δ

in
[0
,1

),
w

e
d
en

ot
e

th
e

se
t

of
δ-

re
la

ti
ve

ap
p
ro

x
im

at
io

n
s

b
y

g
δ
(x

)
,
{ z
∈
R
p

s.
t.

h
(z

)
−
h
∗
≤
δκ 2
‖x
−
z
‖2
}
,

(C
2)

A
t

a
fi
rs

t
gl

an
ce

,
w

e
m

ay
in

te
rp

re
t

th
e

cr
it

er
io

n
(C

2)
as

(C
1)

b
y

se
tt

in
g
ε

=
δ
κ 2
‖x
−
z
‖2

.
B

u
t

w
e

sh
ou

ld
th

en
n
ot

ic
e

th
at

th
e

ac
cu

ra
cy

d
ep

en
d
s

on
th

e
p

oi
n
t
z
,

w
h
ic

h
is

is
n
o

lo
n
g
er

an
ab

so
lu

te
co

n
st

an
t.

In
ot

h
er

w
or

d
s,

th
e

ac
cu

ra
cy

va
ri

es
fr

om
p

oi
n
t

to
p

o
in

t,
w

h
ic

h
is

p
ro

p
or

ti
on

al
to

th
e

sq
u
ar

ed
d
is

ta
n
ce

b
et

w
ee

n
z

an
d
x

.
F

ir
st

on
e

m
ay

w
on

d
er

w
h
et

h
er
g
δ
(x

)
is

an
em

p
ty

se
t.

In
d
ee

d
,

it
is

ea
sy

to
se

e
th

at
p
(x

)
∈
g
δ
(x

)
si

n
ce

h
(p

(x
))
−
h
∗

=
0
≤

δ
κ 2
‖x
−
p
(x

)‖
2
.

M
or

eo
ve

r,
b
y

co
n
ti

n
u
it

y,
g
δ
(x

)
is

cl
os

ed
se

t
ar

ou
n
d
p
(x

).
T

h
en

,
b
y

fo
ll
ow

in
g

si
m

il
ar

st
ep

s
as

in
(9

),
w

e
h
av

e

z
∈
g
δ
(x

)
=
⇒

‖z
−
p
(x

)‖
≤
√
δ‖
x
−
z
‖
≤
√
δ(
‖x
−
p
(x

)‖
+
‖p

(x
)
−
z
‖)
.

B
y

d
efi

n
in

g
th

e
ap

p
ro

x
im

at
e

gr
ad

ie
n
t

in
th

e
sa

m
e

w
ay

g
(z

)
=
κ

(x
−
z
)

y
ie

ld
s,

z
∈
g
δ
(x

)
=
⇒

‖g
(z

)
−
∇
F

(x
)‖
≤
δ′
‖∇

F
(x

)‖
w

it
h

δ′
=

√
δ

1
−
√
δ
,

w
h
ic

h
is

th
e

d
es

ir
ed

re
la

ti
v
e

gr
ad

ie
n
t

ap
p
ro

x
im

at
io

n
.

F
in

al
ly

,
th

e
d
is

cu
ss

io
n

ab
ou

t
b

ou
n
d
in

g
h

(z
)−

h
∗

st
il
l
h
ol

d
s

h
er

e.
In

p
ar

ti
cu

la
r,

L
em

m
a

2
m

ay
b

e
u
se

d
b
y

se
tt

in
g

th
e

va
lu

e
ε

=
δ
κ 2
‖x
−
z
‖2

.
T

h
e

p
ri

ce
to

p
ay

is
as

an
ad

d
it

io
n
a
l
g
ra

d
ie

n
t

st
ep

an
d

an
ad

d
it

io
n
al

p
ro

x
im

al
st

ep
p

er
it

er
at

io
n
.

A
fe

w
re

m
a
rk

s
o
n

re
la

te
d

w
o
rk

s.
In

ex
ac

tn
es

s
cr

it
er

ia
w

it
h

re
sp

ec
t

to
su

b
g
ra

d
ie

n
t

n
or

m
s

h
av

e
b

ee
n

in
v
es

ti
ga

te
d

in
th

e
p
as

t,
st

ar
ti

n
g

fr
o
m

th
e

p
io

n
ee

r
w

or
k

o
f

R
o
ck

a
fe

l-
la

r
(1

97
6)

in
th

e
co

n
te

x
t

of
th

e
in

ex
ac

t
p
ro

x
im

al
p

oi
n
t

al
go

ri
th

m
.

L
at

er
,

d
iff

er
en

t
w

o
rk

s
h
av

e
b

ee
n

d
ed

ic
at

ed
to

m
or

e
p
ra

ct
ic

al
in

ex
ac

tn
es

s
cr

it
er

ia
(A

u
sl

en
d
er

,
19

8
7
;

C
o
rr

ea
a
n
d

L
em

ar
éc

h
al

,
19

93
;

S
ol

o
d
ov

an
d

S
va

it
er

,
20

01
;

F
u
en

te
s

et
al

.,
20

12
).

T
h
es

e
cr

it
er

ia
in

cl
u
d
e

d
u
al

it
y

ga
p
,
ε-

su
b

d
iff

er
en

ti
al

,
or

d
ec

re
as

e
in

te
rm

s
of

fu
n
ct

io
n

va
lu

e.
H

er
e,

w
e

p
re

se
n
t

a
m

or
e

in
tu

it
iv

e
p

oi
n
t

of
v
ie

w
u
si

n
g

th
e

M
or

ea
u

en
ve

lo
p

e.
W

h
il
e

th
e

p
ro

x
im

al
p

oi
n
t

al
go

ri
th

m
h
as

ca
u
gh

t
a

lo
t

of
at

te
n
ti

on
,

v
er

y
fe

w
w

o
rk

s
h
av

e
fo

cu
se

d
on

it
s

ac
ce

le
ra

te
d

va
ri

an
t.

T
h
e

fi
rs

t
ac

ce
le

ra
te

d
p
ro

x
im

al
p

oi
n
t

a
lg

o
ri

th
m

w
it

h
in

ex
ac

t
gr

ad
ie

n
ts

w
as

p
ro

p
os

ed
b
y

G
ü
le

r
(1

99
2)

.
T

h
en

,
S
a
lz

o
an

d
V

il
la

(2
0
1
2
)

p
ro

p
o
se

d
a

m
or

e
ri

go
ro

u
s

co
n
ve

rg
en

ce
an

al
y
si

s,
an

d
m

or
e

in
ex

ac
tn

es
s

cr
it

er
ia

,
w

h
ic

h
a
re

ty
p
ic

a
ll
y

st
ro

n
ge

r
th

an
ou

rs
.

In
th

e
sa

m
e

w
ay

,
a

m
or

e
ge

n
er

al
in

ex
ac

t
or

ac
le

fr
am

ew
o
rk

h
a
s

b
ee

n
p
ro

p
os

ed
la

te
r

b
y

D
ev

ol
d
er

et
al

.
(2

01
4)

.
T

o
ac

h
ie

v
e

th
e

C
at

al
y
st

ac
ce

le
ra

ti
o
n
,

o
u
r

m
a
in

eff
or

t
w

as
to

p
ro

p
os

e
an

d
an

al
y
ze

cr
it

er
ia

th
at

al
lo

w
u
s

to
co

n
tr

ol
th

e
co

m
p
le

x
it

y
fo

r
fi
n
d
in

g
ap

p
ro

x
im

at
e

so
lu

ti
on

s
of

th
e

su
b
-p

ro
b
le

m
s.

3
.
C
a
ta
ly
st

A
cc
e
le
ra

ti
o
n

C
at

al
y
st

is
p
re

se
n
te

d
in

A
lg

or
it

h
m

2.
A

s
d
is

cu
ss

ed
in

S
ec

ti
on

2,
th

is
sc

h
em

e
ca

n
b

e
in

te
r-

p
re

te
d

as
an

in
ex

ac
t

ac
ce

le
ra

te
d

p
ro

x
im

al
p

oi
n
t

al
go

ri
th

m
,

or
eq

u
iv

al
en

tl
y

as
a
n

a
cc

el
er

a
te

d
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

g
ra

d
ien

t
d
escen

t
m

eth
o
d

ap
p
lied

to
th

e
M

oreau
en

velop
e

of
th

e
ob

jective
w

ith
in

ex
act

grad
i-

en
ts.

S
in

ce
a
n

overv
iew

h
as

alread
y

b
een

p
resen

ted
in

S
ection

1.2,
w

e
n
ow

p
resen

t
im

p
o
rta

n
t

d
eta

ils
to

o
b
ta

in
acceleration

in
th

eory
an

d
in

p
ra

ctice.

A
lg

o
rith

m
2

C
ataly

st

in
p

u
t

In
itia

l
estim

ate
x

0
in

R
p,

sm
o
oth

in
g

p
aram

eter
κ

,
stron

g
con

vex
ity

p
aram

eter
µ

,
op

tim
iza

tio
n

m
eth

o
d
M

an
d

a
stop

p
in

g
criterion

b
ased

o
n

a
seq

u
en

ce
of

accu
racies

(ε
k )
k≥

0 ,
or

(δ
k )
k≥

0 ,
or

a
fi
x
ed

b
u
d
get

T
.

1
:

In
itia

lize
y

0
=
x

0 ,
q

=
µ

µ
+
κ

.
If
µ
>

0,
set

α
0

=
√
q,

oth
erw

ise
α

0
=

1.
2
:

w
h

ile
th

e
d
esired

accu
racy

is
n
ot

ach
ieved

d
o

3
:

C
o
m

p
u
te

an
ap

p
rox

im
ate

solu
tio

n
of

th
e

follow
in

g
p
rob

lem
w

ith
M

x
k ≈

arg
m

in
x∈

R
p

{
h
k (x

),
f

(x
)

+
κ2 ‖x
−
y
k−

1 ‖
2 }
,

u
sin

g
th

e
w

arm
-start

strategy
of

S
ection

3
an

d
on

e
of

th
e

follow
in

g
stop

p
in

g
criteria:

(a
)

a
bso

lu
te

a
ccu

ra
cy:

fi
n
d
x
k

in
p
ε
k(y

k−
1 )

b
y

u
sin

g
criterion

(C
1);

(b
)

rela
tive

a
ccu

ra
cy:

fi
n
d
x
k

in
g
δ
k(y

k−
1 )

b
y

u
sin

g
criterion

(C
2);

(c)
fi

xed
bu

d
get:

ru
n
M

for
T

iteration
s

an
d

ou
tp

u
t
x
k .

4
:

U
p

d
a
te
α
k

in
(0
,1)

b
y

solv
in

g
th

e
eq

u
ation

α
2k

=
(1−

α
k )α

2k−
1

+
qα

k .
(10)

5
:

C
o
m

p
u
te
y
k

w
ith

N
esterov

’s
ex

trap
o
lation

step

y
k

=
x
k

+
β
k (x

k −
x
k−

1 )
w

ith
β
k

=
α
k−

1 (1−
α
k−

1 )

α
2k−

1
+
α
k

.
(11)

6
:

e
n

d
w

h
ile

o
u

tp
u

t
x
k

(fi
n
al

estim
ate).

R
e
q
u

ire
m

e
n
t:

lin
e
a
r

c
o
n
v
e
rg

e
n

c
e

o
f

th
e

m
e
th

o
d
M

.
O

n
e

of
th

e
m

ain
ch

aracteristic
o
f

C
a
ta

ly
st

is
to

ap
p
ly

th
e

m
eth

o
d
M

to
stron

gly
-con

vex
su

b
-p

rob
lem

s,
w

ith
ou

t
req

u
irin

g
stro

n
g

co
n
vex

ity
of

th
e

ob
jectiv

e
f

.
A

s
a

con
seq

u
en

ce,
C

a
taly

st
p
rov

id
es

d
irect

su
p
p

ort
fo

r
co

n
vex

b
u
t

n
on

-stron
gly

con
v
ex

ob
jectives

to
M

,
w

h
ich

m
ay

b
e

u
sefu

l
to

ex
ten

d
th

e
sco

p
e

o
f

a
p
p
lication

of
tech

n
iq

u
es

th
at

n
eed

stron
g

con
vex

ity
to

op
erate.

Y
et,

C
ataly

st
req

u
ires

solv
in

g
th

ese
su

b
-p

rob
lem

s
effi

cien
tly

en
ou

gh
in

ord
er

to
con

trol
th

e
com

p
lex

ity
of

th
e

in
n
er-lo

o
p

com
p
u
tation

s.
W

h
en

ap
p
ly

in
g
M

to
m

in
im

ize
a

stron
gly

-con
vex

fu
n
ction

h
,

w
e

a
ssu

m
e

th
a
tM

is
ab

le
to

p
ro

d
u
ce

a
seq

u
en

ce
of

iterates
(z
t )
t≥

0
su

ch
th

at

h
(z
t )−

h
∗≤

C
M

(1−
τM

)
t(h

(z
0 )−

h
∗),

(12)

w
h
ere

z
0

is
th

e
in

itial
p

oin
t

given
toM

,
an

d
τM

in
(0,1),

C
M
>

0
are

tw
o

con
stan

ts.
In

su
ch

a
ca

se,
w

e
say

th
atM

ad
m

its
a

lin
ear

con
vergen

ce
rate.

T
h
e

q
u
an

tity
τM

con
trols

th
e

sp
eed

1
1
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

of
con

vergen
ce

for
solv

in
g

th
e

su
b
-p

rob
lem

s:
th

e
larger

is
τM

,
th

e
faster

is
th

e
con

vergen
ce.

F
or

a
given

algorith
m
M

,
th

e
q
u
an

tity
τM

d
ep

en
d
s

u
su

ally
on

th
e

con
d
ition

n
u
m

b
er

of
h

.
F

or
in

stan
ce,

for
th

e
p
rox

im
al

grad
ien

t
m

eth
o
d

an
d

m
an

y
fi
rst-ord

er
algorith

m
s,

w
e

sim
p
ly

h
ave

τM
=
O

((µ
+
κ

)/
(L

+
κ

)),
as
h

is
(µ

+
κ

)-stro
n
gly

con
vex

an
d

(L
+
κ

)-sm
o
oth

.
C

ataly
st

can
also

b
e

ap
p
lied

to
ran

d
om

ized
m

eth
o
d
sM

th
at

satisfy
(12)

in
ex

p
ectation

:

E
[h

(z
t )−

h
∗]≤

C
M

(1−
τM

)
t(h

(z
0 )−

h
∗),

(13)

T
h
en

,
th

e
com

p
lex

ity
resu

lts
of

S
ection

4
also

h
old

in
ex

p
ectation

.
T

h
is

allow
s

u
s

to
ap

p
ly

C
ataly

st
to

ran
d
om

ized
b
lo

ck
co

ord
in

ate
d
escen

t
algorith

m
s

(see
R

ich
tárik

an
d

T
ak

áč,
2014,

an
d

referen
ces

th
erein

),
an

d
som

e
in

crem
en

tal
algorith

m
s

su
ch

as
S
A

G
,

S
A

G
A

,
or

S
V

R
G

.
F

or
oth

er
m

eth
o
d
s

th
at

ad
m

it
a

lin
ea

r
con

vergen
ce

rates
in

term
s

of
d
u
ality

gap
,

su
ch

as
S
D

C
A

,
M

IS
O

/F
in

ito,
C

ataly
st

can
also

b
e

ap
p
lied

as
ex

p
lain

ed
in

A
p
p

en
d
ix

C
.

S
to

p
p

in
g

c
rite

ria
.

C
ataly

st
m

ay
b

e
u
sed

w
ith

th
ree

ty
p

es
of

stop
p
in

g
criteria

for
solv

in
g

th
e

in
n
er-lo

op
p
rob

lem
s.

W
e

n
ow

d
etail

th
em

b
elow

.

(a)
a
bso

lu
te

a
ccu

ra
cy

:
w

e
p
red

efi
n
e

a
seq

u
en

ce
(ε
k )
k≥

0
of

accu
racies,

an
d

stop
th

e
m

eth
o
d
M

b
y

u
sin

g
th

e
ab

so
lu

te
stop

p
in

g
criterion

(C
1
).

O
u
r

an
aly

sis
su

ggests

–
if
f

is
µ

-stron
gly

con
vex

,

ε
k

=
12

(1−
ρ
)
k(f

(x
0 )−

f
∗)

w
ith

ρ
<
√
q
.

–
if
f

is
con

vex
b
u
t

n
ot

stron
gly

con
vex

,

ε
k

=
f

(x
0 )−

f
∗

2(k
+

2)
4
+
γ

w
ith

γ
>

0
.

T
y
p
ically,

γ
=

0
.1

an
d
ρ

=
0
.9 √

q
are

reason
ab

le
ch

oices,
b

oth
in

th
eory

an
d

in
p
ractice.

O
f

cou
rse,

th
e

q
u
an

tity
f

(x
0 )−

f
∗

is
u
n
k
n
ow

n
an

d
w

e
n
eed

to
u
p
p

er
b

ou
n
d

it
b
y

a
d
u
ality

gap
or

b
y

L
em

m
a

2
as

d
iscu

ssed
in

S
ection

2.3.

(b
)

rela
tive

a
ccu

ra
cy

:
T

o
u
se

th
e

relativ
e

stop
p
in

g
criterion

(C
2
),

ou
r

an
aly

sis
su

ggests
th

e
follow

in
g

ch
oice

for
th

e
seq

u
en

ce
(δ
k )
k≥

0 :

–
if
f

is
µ

-stron
gly

con
vex

,

δ
k

=

√
q

2−
√
q
.

–
if
f

is
con

vex
b
u
t

n
ot

stron
gly

con
vex

,

δ
k

=
1

(k
+

1)
2
.

(c)
fi

xed
bu

d
get:

F
in

ally,
th

e
sim

p
lest

w
ay

of
u
sin

g
C

ata
ly

st
is

to
fi
x

in
ad

van
ce

th
e

n
u
m

b
er
T

of
iteration

s
of

th
e

m
eth

o
d
M

for
solv

in
g

th
e

su
b
-p

rob
lem

s
w

ith
ou

t
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

ch
ec

k
in

g
an

y
op

ti
m

al
it

y
cr

it
er

io
n
.

W
h
er

ea
s

ou
r

an
al

y
si

s
p
ro

v
id

es
th

eo
re

ti
ca

l
b
u
d
-

ge
ts

th
at

ar
e

co
m

p
at

ib
le

w
it

h
th

is
st

ra
te

gy
,

w
e

fo
u
n
d

th
em

to
b

e
p

es
si

m
is

ti
c

an
d

im
p
ra

ct
ic

al
.

In
st

ea
d
,

w
e

p
ro

p
os

e
an

ag
gr

es
si

ve
st

ra
te

gy
fo

r
in

cr
em

en
ta

l
m

et
h
o
d
s

th
at

si
m

p
ly

co
n
si

st
s

of
se

tt
in

g
T

=
n

.
T

h
is

se
tt

in
g

w
as

ca
ll
ed

th
e

“o
n
e-

p
as

s”
st

ra
te

gy
in

th
e

or
ig

in
al

C
at

al
y
st

p
ap

er
(L

in
et

al
.,

20
15

a)
.

W
a
rm

-s
ta

rt
s

in
in

n
e
r

lo
o
p

s.
B

es
id

es
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
,

an
ad

eq
u
at

e
w

ar
m

-s
ta

rt
st

ra
te

gy
n
ee

d
s

to
b

e
u
se

d
to

gu
ar

an
te

e
th

at
th

e
su

b
-p

ro
b
le

m
s

w
il
l

b
e

so
lv

ed
in

re
a
so

n
ab

le
co

m
p
u
ta

ti
on

al
ti

m
e.

T
h
e

in
tu

it
io

n
is

th
at

th
e

p
re

v
io

u
s

so
lu

ti
on

m
ay

st
il
l

b
e

a
go

o
d

ap
-

p
ro

x
im

at
io

n
of

th
e

cu
rr

en
t

su
b
p
ro

b
le

m
.

S
p

ec
ifi

ca
ll
y,

th
e

fo
ll
ow

in
g

ch
oi

ce
s

ar
is

e
fr

om
th

e
co

n
ve

rg
en

ce
an

al
y
si

s
th

at
w

il
l

b
e

d
et

ai
le

d
in

S
ec

ti
on

4.

C
on

si
d
er

th
e

m
in

im
iz

at
io

n
of

th
e

(k
+

1)
-t

h
su

b
p
ro

b
le

m
h
k
+

1
(z

)
=
f

(z
)

+
κ 2
‖z
−
y k
‖2

,
w

e
w

ar
m

st
ar

t
th

e
op

ti
m

iz
at

io
n

m
et

h
o
d
M

at
z 0

as
fo

ll
ow

in
g:

(a
)

w
h
en

u
si

n
g

cr
it

er
io

n
(C

1)
to

fi
n
d
x
k
+

1
in
p
ε k

(y
k
),

–
if
f

is
sm

o
ot

h
(ψ

=
0)

,
th

en
ch

o
o
se
z 0

=
x
k

+
κ

κ
+
µ

(y
k
−
y k
−

1
).

–
if
f

is
co

m
p

os
it

e
as

in
(1

),
th

en
d
efi

n
e
w

0
=
x
k

+
κ

κ
+
µ

(y
k
−
y k
−

1
)

an
d

z 0
=

[w
0
] η

=
p
ro

x
η
ψ

(w
0
−
η
g
)

w
it

h
η

=
1

L
+
κ

an
d
g

=
∇
f 0

(w
0
)+
κ

(w
0
−
y k

).

(b
)

w
h
en

u
si

n
g

cr
it

er
ia

(C
2)

to
fi
n
d
x
k
+

1
in
g
δ k

(y
k
),

–
if
f

is
sm

o
ot

h
(ψ

=
0)

,
th

en
ch

o
o
se
z 0

=
y k

.

–
if
f

is
co

m
p

os
it

e
as

in
(1

),
th

en
ch

o
os

e

z 0
=

[y
k
] η

=
p
ro

x
η
ψ

(y
k
−
η
∇
f 0

(y
k
))

w
it

h
η

=
1

L
+
κ
.

(c
)

w
h
en

u
si

n
g

a
fi
x
ed

b
u
d
ge

t
T

,
ch

o
os

e
th

e
sa

m
e

w
ar

m
st

a
rt

st
ra

te
gy

as
in

(b
).

N
ot

e
th

at
th

e
ea

rl
ie

r
co

n
fe

re
n
ce

p
ap

er
(L

in
et

al
.,

20
15

a)
co

n
si

d
er

ed
th

e
th

e
w

ar
m

st
ar

t
ru

le
z 0

=
x
k
−

1
.

T
h
at

va
ri

an
t

is
al

so
th

eo
re

ti
ca

ll
y

va
li
d
at

ed
b
u
t

it
d
o
es

n
o
t

p
er

fo
rm

as
w

el
l

as
th

e
on

es
p
ro

p
os

ed
h
er

e
in

p
ra

ct
ic

e.

O
p

ti
m

a
l

b
a
la

n
c
e
:

ch
o
ic

e
o
f

p
a
ra

m
e
te

r
κ
.

F
in

al
ly

,
th

e
la

st
in

gr
ed

ie
n
t

is
to

fi
n
d

an
op

ti
m

al
b
al

an
ce

b
et

w
ee

n
th

e
in

n
er

-l
o
op

(f
or

so
lv

in
g

ea
ch

su
b
-p

ro
b
le

m
)

an
d

ou
te

r-
lo

op
co

m
-

p
u
ta

ti
on

s.
T

o
d
o

so
,

w
e

m
in

im
iz

e
ou

r
gl

ob
al

co
m

p
le

x
it

y
b

ou
n
d
s

w
it

h
re

sp
ec

t
to

th
e

va
lu

e
of
κ

.
A

s
w

e
sh

al
l

se
e

in
S
ec

ti
on

5,
th

is
st

ra
te

gy
tu

rn
s

ou
t

to
b

e
re

as
on

ab
le

in
p
ra

ct
ic

e.
T

h
en

,
as

sh
ow

n
in

th
e

th
eo

re
ti

ca
l

se
ct

io
n
,

th
e

re
su

lt
in

g
ru

le
of

th
u
m

b
is

W
e

se
le

ct
κ

b
y

m
ax

im
iz

in
g

th
e

ra
ti

o
τ M

/√
µ

+
κ

.
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:1
-5

4,
 2

01
8

L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

W
e

re
ca

ll
th

at
τ M

ch
ar

ac
te

ri
ze

s
h
ow

fa
st
M

so
lv

es
th

e
su

b
-p

ro
b
le

m
s,

ac
co

rd
in

g
to

(1
2
);

ty
p
ic

al
ly

,
τ M

d
ep

en
d
s

on
th

e
co

n
d
it

io
n

n
u
m

b
er

L
+
κ

µ
+
κ

an
d

is
a

fu
n
ct

io
n

o
f
κ

.2
In

T
a
b
le

2
,

w
e

il
lu

st
ra

te
th

e
ch

oi
ce

of
κ

fo
r

d
iff

er
en

t
m

et
h
o
d
s.

N
ot

e
th

at
th

e
re

su
lt

in
g

ru
le

fo
r

in
cr

em
en

ta
l

m
et

h
o
d
s

is
ve

ry
si

m
p
le

fo
r

th
e

p
ra

ci
ti

on
er

:
se

le
ct
κ

su
ch

th
at

th
e

co
n
d
it

io
n

n
u
m

b
er

L̄
+
κ

µ
+
κ

is
of

th
e

or
d
er

of
n

;
th

en
,

th
e

in
n
er

-c
om

p
le

x
it

y
b

ec
om

es
O

(n
lo

g
(1
/ε

))
.

M
et

h
o
d
M

In
n
er

-c
om

p
le

x
it

y
τ M

C
h
oi

ce
fo

r
κ

F
G

O
( n

L
+
κ

µ
+
κ

lo
g
( 1 ε

))
∝

µ
+
κ

L
+
κ

L
−

2
µ

S
A

G
/S

A
G

A
/S

V
R

G
O
((
n

+
L̄

+
κ

µ
+
κ

) lo
g
( 1 ε

))
∝

µ
+
κ

n
(µ

+
κ

)+
L̄

+
κ

L̄
−
µ

n
+

1
−
µ

T
ab

le
2:

E
x
am

p
le

of
ch

oi
ce

s
of

th
e

p
a
ra

m
et

er
κ

fo
r

th
e

fu
ll

gr
a
d
ie

n
t

(F
G

)
an

d
in

cr
em

en
ta

l
m

et
h
o
d
s

S
A

G
/S

A
G

A
/S

V
R

G
.

S
ee

T
ab

le
1

fo
r

d
et

ai
ls

ab
ou

t
th

e
co

m
p
le

x
it

y.

4
.
C
o
n
v
e
rg

e
n
ce

a
n
d
C
o
m
p
le
x
it
y
A
n
a
ly
si
s

W
e

n
ow

p
re

se
n
t

th
e

co
m

p
le

x
it

y
an

al
y
si

s
of

C
at

al
y
st

.
In

S
ec

ti
on

4.
1,

w
e

an
a
ly

ze
th

e
co

n
-

ve
rg

en
ce

ra
te

of
th

e
ou

te
r

lo
op

,
re

ga
rd

le
ss

of
th

e
co

m
p
le

x
it

y
fo

r
so

lv
in

g
th

e
su

b
-p

ro
b
le

m
s.

T
h
en

,
w

e
an

al
y
ze

th
e

co
m

p
le

x
it

y
of

th
e

in
n
er

-l
o
op

co
m

p
u
ta

ti
on

s
fo

r
ou

r
va

ri
o
u
s

st
o
p
p
in

g
cr

it
er

ia
an

d
w

ar
m

-s
ta

rt
st

ra
te

gi
es

in
S
ec

ti
on

4.
2.

S
ec

ti
on

4.
3

co
m

b
in

es
th

e
ou

te
r-

a
n
d

in
n
er

-
lo

op
an

al
y
si

s
to

p
ro

v
id

e
th

e
gl

ob
al

co
m

p
le

x
it

y
of

C
at

al
y
st

ap
p
li
ed

to
a

gi
ve

n
o
p
ti

m
iz

a
ti

o
n

m
et

h
o
d
M

.

4
.1

C
o
m

p
le

x
it

y
A

n
a
ly

si
s

fo
r

th
e

O
u

te
r-

L
o
o
p

T
h
e

co
m

p
le

x
it

y
an

al
y
si

s
of

th
e

fi
rs

t
va

ri
an

t
of

C
at

al
y
st

w
e

p
re

se
n
te

d
in

(L
in

et
a
l.
,

2
0
1
5
a
)

u
se

d
a

to
ol

ca
ll
ed

“e
st

im
at

e
se

q
u
en

ce
”,

w
h
ic

h
w

as
in

tr
o
d
u
ce

d
b
y

N
es

te
ro

v
(2

0
0
4
).

H
er

e,
w

e
p
ro

v
id

e
a

si
m

p
le

r
p
ro

of
.

W
e

st
ar

t
w

it
h

cr
it

er
io

n
(C

1)
,

b
ef

or
e

ex
te

n
d
in

g
th

e
re

su
lt

to
(C

2)
.

4
.1
.1

A
n
a
ly

si
s
f
o
r
C
r
it
e
r
io
n
(C

1
)

T
h
e

n
ex

t
th

eo
re

m
d
es

cr
ib

es
h
ow

th
e

er
ro

rs
(ε
k
) k
≥

0
ac

cu
m

u
la

te
in

C
at

al
y
st

.

T
h

e
o
re

m
3

(C
o
n
v
e
rg

e
n

c
e

o
f

o
u

te
r-

lo
o
p

fo
r

c
ri

te
ri

o
n

(C
1
))

C
o
n

si
d
er

th
e

se
qu

en
ce

s
(x
k
) k
≥

0
a
n

d
(y
k
) k
≥

0
p
ro

d
u

ce
d

by
A

lg
o
ri

th
m

2
,

a
ss

u
m

in
g

th
a
t
x
k

is
in
p
ε k

(y
k
−

1
)

fo
r

a
ll
k
≥

1,
T

h
en

, f
(x
k
)
−
f
∗
≤
A
k
−

1

 
√

(1
−
α

0
)(
f

(x
0
)
−
f
∗ )

+
γ

0 2
‖x
∗
−
x

0
‖2

+
3

k ∑ j=
1

√
ε j
A
j−

1

 
2

,

2
.

N
o
te

th
a
t

th
e

ru
le

fo
r

th
e

n
o
n

st
ro

n
g
ly

co
n
v
ex

ca
se

,
d

en
o
te

d
h

er
e

b
y
µ

=
0
,

sl
ig

h
tl

y
d

iff
er

s
fr

o
m

L
in

et
a
l.

(2
0
1
5
a
)

a
n

d
re

su
lt

s
fr

o
m

a
ti

g
h
te

r
co

m
p

le
x
it

y
a
n

a
ly

si
s.
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

w
h
ere

γ
0

=
(κ

+
µ

)α
0 (α

0 −
q)

a
n

d
A
k

=
k
∏j=

1 (1−
α
j )

w
ith

A
0

=
1
.

(14)

B
efo

re
w

e
p
rove

th
is

th
eorem

,
w

e
n
ote

th
at

b
y

settin
g
ε
k

=
0

for
all

k
,

th
e

sp
eed

of
co

n
verg

en
ce

o
f
f

(x
k )−

f
∗

is
d
riven

b
y

th
e

seq
u
en

ce
(A

k )
k≥

0 .
T

h
u
s

w
e

fi
rst

sh
ow

th
e

sp
eed

o
f
A
k

b
y

reca
llin

g
th

e
L

em
m

a
2.2.4

o
f

N
esterov

(2004).

L
e
m

m
a

4
(L

e
m

m
a

2
.2

.4
o
f

N
e
ste

ro
v

2
0
0
4
)

C
o
n

sid
er

th
e

qu
a
n

tities
γ

0 ,A
k

d
efi

n
ed

in
(1

4
)

a
n

d
th

e
α
k ’s

d
efi

n
ed

in
A

lgo
rith

m
2
.

T
h
en

,
if
γ

0 ≥
µ

,

A
k ≤

m
in 

(1−
√
q)
k
,

4
(

2
+
k √

γ
0κ )

2 
.

F
o
r

n
o
n
-stro

n
g
ly

con
v
ex

ob
jectives,

A
k

follow
s

th
e

classical
accelerated

O
(1/k

2)
rate

of
co

n
vergen

ce,
w

h
ereas

it
ach

ieves
a

lin
ear

con
vergen

ce
rate

for
th

e
stron

gly
con

vex
case.

In
tu

itively,
w

e
are

ap
p
ly

in
g

an
in

ex
a
ct

N
esterov

m
eth

o
d

on
th

e
M

oreau
en

velo
p

e
F

,
th

u
s

th
e

co
n
verg

en
ce

rate
n
atu

rally
d
ep

en
d
s

on
th

e
in

verse
of

its
con

d
itio

n
n
u
m

b
er,

w
h
ich

is
q

=
µ

µ
+
κ

.
W

e
n
ow

p
rov

id
e

th
e

p
ro

of
of

th
e

th
eorem

b
elow

.

P
ro

o
f

W
e

sta
rt

b
y

d
efi

n
in

g
an

a
p
p
rox

im
ate

su
ffi

cien
t

d
escen

t
con

d
ition

in
sp

ired
b
y

a
rem

a
rk

of
C

h
a
m

b
olle

an
d

P
o
ck

(20
15)

regard
in

g
accelerated

gra
d
ien

t
d
escen

t
m

eth
o
d
s.

A
related

co
n
d
itio

n
w

as
also

u
sed

b
y

P
aq

u
ette

et
al.

(2018)
in

th
e

con
tex

t
of

n
on

-con
v
ex

o
p
tim

iza
tio

n
.

A
p

p
ro

x
im

a
te

su
ffi

c
ie

n
t

d
e
sc

e
n
t

c
o
n

d
itio

n
.

L
et

u
s

d
efi

n
e

th
e

fu
n
ction

h
k (x

)
=
f

(x
)

+
κ2 ‖
x
−
y
k−

1 ‖
2.

S
in

ce
p
(y
k−

1 )
is

th
e

u
n
iq

u
e

m
in

im
izer

of
h
k ,

th
e

stron
g

con
vex

ity
of
h
k

y
ield

s:
for

an
y
k
≥

1,
fo

r
a
ll
x

in
R
p

an
d

an
y
θ
k
>

0,

h
k (x

)≥
h
∗k

+
κ

+
µ

2
‖
x
−
p
(y
k−

1 )‖
2

≥
h
∗k

+
κ

+
µ

2
(1−

θ
k )‖

x
−
x
k ‖

2
+
κ

+
µ

2

(
1−

1θ
k )
‖
x
k −

p
(y
k−

1 )‖
2

≥
h
k (x

k )−
ε
k

+
κ

+
µ

2
(1−

θ
k )‖x

−
x
k ‖

2
+
κ

+
µ

2

(
1−

1θ
k )
‖
x
k −

p
(y
k−

1 )‖
2,

w
h
ere

th
e

(µ
+
κ

)-stron
g

con
vex

ity
of
h
k

is
u
sed

in
th

e
fi
rst

in
eq

u
ality

;
L

em
m

a
19

is
u
sed

in
th

e
seco

n
d

in
eq

u
ality,

an
d

th
e

last
o
n
e

u
ses

th
e

relation
h
k (x

k )−
h
∗k
≤
ε
k .

M
oreover,

w
h
en

θ
k ≥

1
,

th
e

last
term

is
p

ositiv
e

an
d

w
e

h
ave

h
k (x

)≥
h
k (x

k )−
ε
k

+
κ

+
µ

2
(1−

θ
k )‖

x
−
x
k ‖

2.
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

If
in

stead
θ
k ≤

1,
th

e
co

effi
cien

t
1θ
k −

1
is

n
on

-n
egative

an
d

w
e

h
ave

−
κ

+
µ

2

(
1θ
k
−

1 )
‖x

k −
p
(y
k−

1 )‖
2≥
−
(

1θ
k
−

1 )
(h
k (x

k )−
h
∗k )≥

−
(

1θ
k
−

1 )
ε
k .

In
th

is
case,

w
e

h
ave

h
k (x

)≥
h
k (x

k )−
ε
k

θ
k

+
κ

+
µ

2
(1−

θ
k )‖x

−
x
k ‖

2.

A
s

a
resu

lt,
w

e
h
ave

for
all

valu
e

of
θ
k
>

0,

h
k (x

)≥
h
k (x

k )
+
κ

+
µ

2
(1−

θ
k )‖x

−
x
k ‖

2−
ε
k

m
in{

1,θ
k }
.

A
fter

ex
p
an

d
in

g
th

e
ex

p
ression

of
h
k ,

w
e

th
en

ob
tain

th
e

ap
p
rox

im
ate

d
escen

t
con

d
ition

f
(x
k )+

κ2 ‖x
k −

y
k−

1 ‖
2
+
κ

+
µ

2
(1−

θ
k )‖

x−
x
k ‖

2≤
f

(x
)+

κ2 ‖
x−

y
k−

1 ‖
2
+

ε
k

m
in{1

,θ
k }
.

(15)

D
e
fi

n
itio

n
o
f

th
e

L
y
a
p

u
n

o
v

fu
n

c
tio

n
.

W
e

in
tro

d
u
ce

a
seq

u
en

ce
(S
k )
k≥

0
th

at
w

ill
act

as
a

L
yap

u
n
ov

fu
n
ction

,
w

ith

S
k

=
(1−

α
k )(f

(x
k )−

f
∗)

+
α
k
κ
η
k

2
‖
x
∗−

v
k ‖

2.
(16)

w
h
ere

x
∗

is
a

m
in

im
izer

of
f

,
(v
k )
k≥

0
is

a
seq

u
en

ce
d
efi

n
ed

b
y
v

0
=
x

0
an

d

v
k

=
x
k

+
1−

α
k−

1

α
k−

1
(x
k −

x
k−

1 )
for

k
≥

1
,

an
d

(η
k )
k≥

0
is

an
au

x
iliary

q
u
an

tity
d
efi

n
ed

b
y

η
k

=
α
k −

q

1−
q
.

T
h
e

w
ay

w
e

in
tro

d
u
ce

th
ese

variab
les

allow
u
s

to
w

rite
th

e
follow

in
g

relation
sh

ip
,

y
k

=
η
k v
k

+
(1−

η
k )x

k ,
for

all
k
≥

0,

w
h
ich

follow
s

from
a

sim
p
le

calcu
lation

.
T

h
en

b
y

settin
g
z
k

=
α
k−

1 x
∗

+
(1−

α
k−

1 )x
k−

1
th

e
follow

in
g

relation
s

h
old

for
all

k
≥

1.

f
(z
k )≤

α
k−

1 f
∗

+
(1−

α
k−

1 )f
(x
k−

1 )−
µ
α
k−

1 (1−
α
k−

1 )

2
‖x
∗−

x
k−

1 ‖
2,

z
k −

x
k

=
α
k−

1 (x
∗−

v
k ),

an
d

also
th

e
follow

in
g

on
e

‖z
k −

y
k−

1 ‖
2

=
‖(α

k−
1 −

η
k−

1 )(x
∗−

x
k−

1 )
+
η
k−

1 (x
∗−

v
k−

1 )‖
2

=
α

2k−
1 ∥∥∥∥ (

1−
η
k−

1

α
k−

1 )
(x
∗−

x
k−

1 )
+
η
k−

1

α
k−

1
(x
∗−

v
k−

1 ) ∥∥∥∥
2

≤
α

2k−
1 (

1−
η
k−

1

α
k−

1 )
‖x
∗−

x
k−

1 ‖
2

+
α

2k−
1

η
k−

1

α
k−

1 ‖
x
∗−

v
k−

1 ‖
2

=
α
k−

1 (α
k−

1 −
η
k−

1 )‖
x
∗−

x
k−

1 ‖
2

+
α
k−

1 η
k−

1 ‖x
∗−

v
k−

1 ‖
2,
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

w
h
er

e
w

e
u
se

d
th

e
co

n
ve

x
it

y
of

th
e

n
or

m
an

d
th

e
fa

ct
th

at
η k
≤
α
k
.

U
si

n
g

th
e

p
re

v
io

u
s

re
la

ti
on

s
in

(1
5)

w
it

h
x

=
z k

=
α
k
−

1
x
∗

+
(1
−
α
k
−

1
)x
k
−

1
,

gi
v
es

fo
r

al
l
k
≥

1,

f
(x
k
)

+
κ 2
‖x

k
−
y k
−

1
‖2

+
κ

+
µ

2
(1
−
θ k

)
α

2 k
−

1
‖x
∗
−
v k
‖2

≤
α
k
−

1
f
∗

+
(1
−
α
k
−

1
)f

(x
k
−

1
)
−
µ 2
α
k
−

1
(1
−
α
k
−

1
)‖
x
∗
−
x
k
−

1
‖2

+
κ
α
k
−

1
(α

k
−

1
−
η k
−

1
)

2
‖x
∗
−
x
k
−

1
‖2

+
κ
α
k
−

1
η k
−

1

2
‖x
∗
−
v k
−

1
‖2

+
ε k

m
in
{1
,θ
k
}.

R
em

ar
k

th
at

fo
r

al
l
k
≥

1,

α
k
−

1
−
η k
−

1
=
α
k
−

1
−
α
k
−

1
−
q

1
−
q

=
q(

1
−
α
k
−

1
)

1
−
q

=
µ κ

(1
−
α
k
−

1
),

an
d

th
e

q
u
ad

ra
ti

c
te

rm
s

in
vo

lv
in

g
x
∗
−
x
k
−

1
ca

n
ce

l
ea

ch
ot

h
er

.
T

h
en

,
af

te
r

n
ot

ic
in

g
th

at
fo

r
al

l
k
≥

1,

η k
α
k

=
α

2 k
−
qα

k

1
−
q

=
(κ

+
µ

)(
1
−
α
k
)α

2 k
−

1

κ
,

w
h
ic

h
al

lo
w

s
u
s

to
w

ri
te f

(x
k
)
−
f
∗

+
κ

+
µ

2
α

2 k
−

1
‖x
∗
−
v k
‖2

=
S
k

1
−
α
k
.

(1
7)

W
e

ar
e

le
ft

,
fo

r
al

l
k
≥

1,
w

it
h

1

1
−
α
k
S
k
≤
S
k
−

1
+

ε k
m

in
{1
,θ
k
}
−
κ 2
‖x

k
−
y k
−

1
‖2

+
(κ

+
µ

)α
2 k
−

1
θ k

2
‖x
∗
−
v k
‖2
.

(1
8)

C
o
n
tr

o
l

o
f

th
e

a
p

p
ro

x
im

a
ti

o
n

e
rr

o
rs

fo
r

c
ri

te
ri

o
n

(C
1
).

U
si

n
g

th
e

fa
ct

th
at

1

m
in
{1
,θ
k
}
≤

1
+

1 θ k
,

w
e

im
m

ed
ia

te
ly

d
er

iv
e

fr
om

eq
u
at

io
n

(1
8)

th
at

1

1
−
α
k
S
k
≤
S
k
−

1
+
ε k

+
ε k θ k
−
κ 2
‖x

k
−
y k
−

1
‖2

+
(κ

+
µ

)α
2 k
−

1
θ k

2
‖x
∗
−
v k
‖2
.

(1
9)

B
y

m
in

im
iz

in
g

th
e

ri
gh

t-
h
an

d
si

d
e

of
(1

9)
w

it
h

re
sp

ec
t

to
θ k

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y

1

1
−
α
k
S
k
≤
S
k
−

1
+
ε k

+
√

2ε
k
(µ

+
κ

)α
k
−

1
‖x
∗
−
v k
‖,

an
d

af
te

r
u
n
ro

ll
in

g
th

e
re

cu
rs

io
n
,

S
k

A
k
≤
S

0
+

k ∑ j=
1

ε j
A
j−

1
+

k ∑ j=
1

√
2
ε j

(µ
+
κ

)α
j−

1
‖x
∗
−
v j
‖

A
j−

1
.
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n
v
e
x

c
a
se

.
W

h
en

f
is

sm
o
ot

h
,

b
y

th
e

gr
ad

ie
n
t

L
ip

sc
h
it

z
as

-
su

m
p
ti

on
,

h
k
+

1
(z

0
)
−
h
∗ k+

1
≤

(L
+
κ

)

2
‖z

0
−
p
(y
k
)‖

2
.

M
or

eo
ve

r,

‖z
0
−
p
(y
k
)‖

2
=

∥ ∥ ∥ ∥x
k

+
κ

κ
+
µ

(y
k
−
y k
−

1
)
−
p
(y
k
)∥ ∥ ∥ ∥2

=

∥ ∥ ∥ ∥x
k
−
p
(y
k
−

1
)

+
κ

κ
+
µ

(y
k
−
y k
−

1
)
−

(p
(y
k
)
−
p
(y
k
−

1
))

∥ ∥ ∥ ∥2

≤
2‖
x
k
−
p
(y
k
−

1
)‖

2
+

2

∥ ∥ ∥ ∥
κ

κ
+
µ

(y
k
−
y k
−

1
)
−

(p
(y
k
)
−
p
(y
k
−

1
))

∥ ∥ ∥ ∥2

.
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

S
in

ce
x
k

is
in
p
ε k

(y
k
−

1
),

w
e

m
ay

co
n
tr

ol
th

e
fi
rs

t
q
u
ad

ra
ti

c
te

rm
on

th
e

ri
g
h
t

b
y

n
o
ti

n
g

th
at

‖x
k
−
p
(y
k
−

1
)‖

2
≤

2

κ
+
µ

(h
k
(x
k
)
−
h
∗ k)
≤

2ε
k

κ
+
µ
.

M
or

eo
ve

r,
b
y

th
e

co
er

ci
v
en

es
s

p
ro

p
er

ty
o
f

th
e

p
ro

x
im

al
op

er
at

or
,

∥ ∥ ∥ ∥
κ

κ
+
µ

(y
k
−
y k
−

1
)
−

(p
(y
k
)
−
p
(y
k
−

1
))

∥ ∥ ∥ ∥2

≤
‖y
k
−
y k
−

1
‖2
,

se
e

A
p
p

en
d
ix

B
.5

fo
r

th
e

p
ro

of
.

A
s

a
co

n
se

q
u
en

ce
,

h
k
+

1
(z

0
)
−
h
∗ k+

1
≤

(L
+
κ

)

2
‖z

0
−
p
(y
k
)‖

2

≤
2
L

+
κ

µ
+
κ
ε k

+
(L

+
κ

)‖
y k
−
y k
−

1
‖2
,

(2
4
)

T
h
en

,
w

e
n
ee

d
to

co
n
tr

ol
th

e
te

rm
‖y
k
−
y k
−

1
‖2

.
In

sp
ir

ed
b
y

th
e

p
ro

of
of

ac
ce

le
ra

te
d

S
D

C
A

of
S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
6)

,

‖y
k
−
y k
−

1
‖

=
‖x

k
+
β
k
(x
k
−
x
k
−

1
)
−
x
k
−

1
−
β
k
−

1
(x
k
−

1
−
x
k
−

2
)‖

≤
(1

+
β
k
)‖
x
k
−
x
k
−

1
‖+

β
k
−

1
‖x

k
−

1
−
x
k
−

2
‖

≤
3

m
ax
{‖
x
k
−
x
k
−

1
‖,
‖x

k
−

1
−
x
k
−

2
‖}
,

T
h
e

la
st

in
eq

u
al

it
y

w
as

d
u
e

to
th

e
fa

ct
th

at
β
k
≤

1.
In

fa
ct

,

β
2 k

=

( α
k
−

1
−
α

2 k
−

1

) 2
( α

2 k
−

1
+
α
k

) 2
=
α

2 k
−

1
+
α

4 k
−

1
−

2α
3 k
−

1

α
2 k

+
2
α
k
α

2 k
−

1
+
α

4 k
−

1

=
α

2 k
−

1
+
α

4 k
−

1
−

2
α

3 k
−

1

α
2 k
−

1
+
α

4 k
−

1
+
qα

k
+
α
k
α

2 k
−

1

≤
1
,

w
h
er

e
th

e
la

st
eq

u
al

it
y

u
se

s
th

e
re

la
ti

on
α

2 k
+
α
k
α

2 k
−

1
=
α

2 k
−

1
+
qα

k
fr

om
(1

0
).

T
h
en

,

‖x
k
−
x
k
−

1
‖
≤
‖x

k
−
x
∗ ‖

+
‖x

k
−

1
−
x
∗ ‖
,

an
d

b
y

st
ro

n
g

co
n
ve

x
it

y
of
f

µ 2
‖x

k
−
x
∗ ‖

2
≤
f

(x
k
)
−
f
∗
≤

36

(√
q
−
ρ
)2
ε k

+
1
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
ob

ta
in

ed
fr

om
P

ro
p

os
it

io
n

5.
A

s
a

re
su

lt
,

‖y
k
−
y k
−

1
‖2
≤

9
m

ax
{ ‖
x
k
−
x
k
−

1
‖2
,‖
x
k
−

1
−
x
k
−

2
‖2
}

≤
36

m
ax
{ ‖
x
k
−
x
∗ ‖

2
,‖
x
k
−

1
−
x
∗ ‖

2
,‖
x
k
−

2
−
x
∗ ‖

2
}

≤
25

92
ε k
−

1

(√
q
−
ρ
)2
µ
.

S
in

ce
ε k

+
1

=
(1
−
ρ
)2
ε k
−

1
,

w
e

m
ay

n
ow

ob
ta

in
(2

1)
fr

om
(2

4)
an

d
th

e
p
re

v
io

u
s

b
o
u
n
d
.
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

S
m

o
o
th

a
n

d
c
o
n
v
e
x

c
a
se

.
W

h
en

µ
=

0,
E

q
.

(24)
is

still
valid

b
u
t

w
e

n
eed

to
con

trol
‖
y
k −

y
k−

1 ‖
2

in
a

d
iff

eren
t

w
ay.

F
rom

P
rop

osition
6,

th
e

seq
u
en

ce
(f

(x
k ))

k≥
0

is
b

ou
n
d
ed

b
y

a
co

n
sta

n
t

th
a
t

on
ly

d
ep

en
d
s

on
f

an
d
x

0 ;
th

erefore,
b
y

th
e

b
ou

n
d
ed

level
set

assu
m

p
tion

,
th

ere
ex

ists
R
>

0
su

ch
th

at

‖
x
k −

x
∗‖
≤
R
,

for
all

k
≥

0
.

T
h
u
s,

fo
llow

in
g

th
e

sam
e

argu
m

en
t

a
s

th
e

stron
gly

con
v
ex

case,
w

e
h
ave

‖y
k −

y
k−

1 ‖
≤

36R
2

for
all

k
≥

1
,

a
n
d

w
e

o
b
tain

(23)
b
y

com
b
in

in
g

th
e

p
rev

iou
s

in
eq

u
ality

w
ith

(24).

C
o
m

p
o
site

c
a
se

.
B

y
u
sin

g
th

e
n
otation

of
grad

ien
t

m
a
p
p
in

g
in

tro
d
u
ced

in
(7),

w
e

h
ave

z
0

=
[w

0 ]η .
B

y
follow

in
g

sim
ilar

step
s

as
in

th
e

p
ro

of
of

L
em

m
a

2,
th

e
gra

d
ien

t
m

a
p
p
in

g
sa

tisfi
es

th
e

follow
in

g
relation

h
k
+

1 (z
0 )−

h
∗k
+

1 ≤
1

2(κ
+
µ

) ∥∥∥∥
1η

(w
0 −

z
0 ) ∥∥∥∥

2

,

a
n
d

it
is

su
ffi

cien
t

to
b

ou
n
d
‖w

0 −
z

0 ‖
=
‖
w

0 −
[w

0 ]η ‖
.

F
o
r

th
at,

w
e

in
tro

d
u
ce

[x
k ]η

=
p
rox

η
ψ

(x
k −

η
(∇
f

0 (x
k )

+
κ

(x
k −

y
k−

1 ))).

T
h
en

,
‖
w

0 −
[w

0 ]η ‖
≤
‖
w

0 −
x
k ‖

+
‖
x
k −

[x
k ]η ‖

+
‖
[x
k ]η −

[w
0 ]η ‖

,
(25)

a
n
d

w
e

w
ill

b
ou

n
d

each
term

on
th

e
righ

t.
B

y
con

stru
ction

‖w
0 −

x
k ‖

=
κ

κ
+
µ ‖
y
k −

y
k−

1 ‖
≤
‖y
k −

y
k−

1 ‖
.

N
ex

t,
it

is
p

o
ssib

le
to

sh
ow

th
at

th
e

grad
ien

t
m

ap
p
in

g
satisfi

es
th

e
follow

in
g

relation
(see

N
esterov

,
2
0
1
3),

12
η ‖
x
k −

[x
k ]η ‖

2≤
h
k (x

k )−
h
∗k ≤

ε
k .

A
n
d

th
en

sin
ce

[x
k ]η

=
p
rox

η
ψ

(x
k −

η
(∇
f

0 (x
k )

+
κ

(x
k −

y
k−

1 )))
an

d
[w

0 ]η
=

p
rox

η
ψ

(w
0 −

η
(∇
f

0 (w
0 )

+
κ

(w
0 −

y
k ))).

F
rom

th
e

n
on

ex
p
an

siven
ess

of
th

e
p
rox

im
al

o
p

erator,
w

e
h
av

e

‖
[x
k ]η −

[w
0 ]η ‖
≤
‖x

k −
η
(∇
f

0 (x
k )

+
κ

(x
k −

y
k−

1 ))−
(w

0 −
η
(∇
f

0 (w
0 )

+
κ

(w
0 −

y
k )))‖

≤
‖x

k −
η
(∇
f

0 (x
k )

+
κ

(x
k −

y
k−

1 ))−
(w

0 −
η
(∇
f

0 (w
0 )

+
κ

(w
0 −

y
k−

1 )))‖
+
η
κ‖y

k −
y
k−

1 ‖
≤
‖x

k −
w

0 ‖
+
η
κ‖
y
k −

y
k−

1 ‖
≤

2‖y
k −

y
k−

1 ‖.

W
e

h
ave

u
sed

th
e

fact
th

at
‖
x
−
η∇

h
(x

)−
(y
−
η∇

h
(y

))‖
≤
‖
x
−
y‖.

B
y

com
b
in

in
g

th
e

p
rev

io
u
s

in
eq

u
a
lities

w
ith

(25),
w

e
fi
n
ally

h
ave

‖
w

0 −
[w

0 ]η ‖
≤
√

2
η
ε
k

+
3‖y

k −
y
k−

1 ‖.

2
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L
in
,
M
a
ir
a
l
a
n
d

H
a
r
c
h
a
o
u
i

T
h
u
s,

b
y

u
sin

g
th

e
fact

th
at

(a
+
b)

2≤
2
a

2
+

2
b
2

for
all

a
,b,

h
k
+

1 (z
0 )−

h
∗k
+

1 ≤
L

+
κ

κ
+
µ

(2ε
k

+
9(L

+
κ

)‖y
k −

y
k−

1 ‖
2 )
,

an
d

w
e

can
ob

tain
(22)

an
d

(23)
b
y

u
p
p

er-b
ou

n
d
in

g
‖
y
k −

y
k−

1 ‖
2

in
a

sim
ilar

w
ay

as
in

th
e

sm
o
oth

case,
b

oth
w

h
en

µ
>

0
an

d
µ

=
0.

F
in

ally,
th

e
com

p
lex

ity
of

th
e

in
n
er

lo
op

can
b

e
ob

tain
ed

d
irectly

b
y

com
b
in

in
g

th
e

p
rev

iou
s

p
rop

osition
w

ith
L

em
m

a
11.

C
o
ro

lla
ry

1
3

(In
n

e
r-lo

o
p

C
o
m

p
le

x
ity

fo
r

C
rite

rio
n

(C
1
))

C
o
n

sid
er

th
e

settin
g

o
f

P
ro

po
-

sitio
n

1
2
;

th
en

,
th

e
sequ

en
ce

(z
t )
t≥

0
m

in
im

izin
g
h
k
+

1
is

su
ch

th
a
t

th
e

co
m

p
lexity

T
k
+

1
=

in
f{t≥

0
,h

k
+

1 (z
t )−

h
∗k
+

1 ≤
ε
k
+

1 }
sa

tisfi
es

T
k
+

1 ≤
1τM

log
(C
M
C

)
if
µ
>

0
=⇒

T
k
+

1
=
Õ

(
1τM

)
,

w
h
ere

C
is

th
e

co
n

sta
n

t
d
efi

n
ed

in
(2

1
)

o
r

in
(2

2
)

fo
r

th
e

co
m

po
site

ca
se;

a
n

d

T
k
+

1 ≤
1τM

log (
9
C
M

(k
+

2)
4
+
ηB

2(f
(x

0 )−
f
∗)

)
if
µ

=
0

=⇒
T
k
+

1
=
Õ

(
log

(k
+

2)

τM

)
,

w
h
ere

B
is

th
e

u
n

ifo
rm

u
p
per

bo
u

n
d

in
(2

3
).

F
u

rth
erm

o
re,

w
h
en
M

is
ra

n
d
o
m

ized
,

th
e

expected
co

m
p
lexity

E
[T
k
+

1 ]
is

sim
ila

r,
u

p
to

a
fa

cto
r

2/τM
in

th
e

loga
rith

m
—

see
L

em
m

a
1
1
,

a
n

d
w

e
h
a
ve

E
[T
k
+

1 ]
=
Õ

(1/τM
)

w
h
en

µ
>

0
a
n

d
E

[T
k
+

1 ]
=
Õ

(lo
g
(k

+
2)/τM

).
H

ere,
Õ

(.)
h
id

es
loga

rith
m

ic
d
epen

d
en

cies
in

pa
ra

m
eters

µ
,L
,κ
,C
M

,
τM

a
n

d
f

(x
0 )−

f
∗.

4
.2
.2

W
a
r
m

S
t
a
r
t
S
t
r
a
t
e
g
ie
s
f
o
r
C
r
it
e
r
io
n
(C

2
)

W
e

m
ay

n
ow

an
aly

ze
th

e
in

n
er-lo

op
com

p
lex

ity
for

criterion
(C

2)
lead

in
g

to
u
p
p

er
b

ou
n
d
s

w
ith

sm
aller

con
stan

ts
an

d
sim

p
ler

p
ro

ofs.
N

ote
also

th
at

in
th

e
con

vex
case,

th
e

b
ou

n
d
ed

level
set

con
d
ition

w
ill

n
ot

b
e

n
eed

ed
,

u
n
like

for
criterion

(C
1).

T
o

p
ro

ceed
,

w
e

start
w

ith
a

sim
p
le

lem
m

a
th

at
giv

es
u
s

a
su

ffi
cien

t
con

d
ition

for
(C

2)
to

b
e

satisfi
ed

.

L
e
m

m
a

1
4

(S
u

ffi
c
ie

n
t

c
o
n

d
itio

n
fo

r
c
rite

rio
n

(C
2
))

If
a

po
in

t
z

sa
tisfi

es

h
k
+

1 (z
)−

h
∗k
+

1 ≤
δ
k
+

1 κ

8
‖
p
(y
k )−

y
k ‖

2,

th
en

z
is

in
g
δ
k
+
1(y

k ).
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C
a
t
a
ly

st
f
o
r
F
ir
st

-o
r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

P
ro

o
f

h
k
+

1
(z

)
−
h
∗ k+

1
≤
δ k

+
1
κ

8
‖p

(y
k
)
−
y k
‖2

≤
δ k

+
1
κ

4

( ‖
p
(y
k
)
−
z
‖2

+
‖z
−
y k
‖2
)

≤
δ k

+
1
κ

4

(
2

µ
+
κ

(h
k
+

1
(z

)
−
h
∗ k+

1
)

+
‖z
−
y k
‖2
)

≤
1 2

( h
k
+

1
(z

)
−
h
∗ k+

1

) +
δ k

+
1
κ

4
‖z
−
y k
‖2
.

R
ea

rr
an

gi
n
g

th
e

te
rm

s
gi

ve
s

th
e

d
es

ir
ed

re
su

lt
.

W
it

h
th

e
p
re

v
io

u
s

re
su

lt
,

w
e

ca
n

co
n
tr

ol
th

e
co

m
p
le

x
it

y
of

th
e

in
n
er

-l
o
op

m
in

im
iz

a
ti

on
w

it
h

L
em

m
a

11
b
y

ch
o
os

in
g
ε

=
δ k

+
1
κ

8
‖p

(y
k
)
−
y k
‖2

.
H

ow
ev

er
,

to
ob

ta
in

a
m

ea
n
in

gf
u
l

u
p
p

er
b

ou
n
d
,

w
e

n
ee

d
to

co
n
tr

ol
th

e
ra

ti
o

h
k
+

1
(z

0
)
−
h
∗ k+

1

ε
=

8(
h
k
+

1
(z

0
)
−
h
∗ k+

1
)

δ k
+

1
κ
‖p

(y
k
)
−
y k
‖2
.

P
ro

p
o
si

ti
o
n

1
5

(W
a
rm

st
a
rt

fo
r

c
ri

te
ri

o
n

(C
2
))

A
ss

u
m

e
th

a
t
M

is
li

n
ea

rl
y

co
n

ve
r-

ge
n

t
fo

r
st

ro
n

gl
y

co
n

ve
x

p
ro

bl
em

s
w

it
h
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)
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e
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ed

ca
se

.
A

t
it

er
a
ti

o
n
k
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A
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u

s
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+
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;
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∇
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∇
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=
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+
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e
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+
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+
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p
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=
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p
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b
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p
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≥
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+
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Õ
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p
le

x
it

y
is

as
y
m

p
to
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b
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p
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b
in

e
th

e
p
re

v
io

u
s

ou
te

r-
lo

op
a
n
d
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p
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=
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p
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b
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b
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s
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k
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Õ
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h
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e
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at
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ra
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at
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0
)
−
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−
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a
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d
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p
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is
th
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κ

con
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f

m
a
x
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e

rate
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con
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ergen
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(27).
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s,
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m
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=

Õ
( √
qτM
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=
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µ
+
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ization
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τM

/ √
µ

+
κ
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p
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c
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a
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a
re

ch
o
sen

a
cco

rd
in

g
to

P
ro

po
sitio

n
s

5
a
n

d
1
2
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en
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sin
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1
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o
r
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ro

po
sitio

n
s

8
a
n

d
1
5

fo
r

(C
2),

th
en

A
lgo

rith
m

2
fi

n
d
s

a
so

lu
tio

n
x̂

su
ch

th
a
t
f

(x̂
)−

f
∗≤

ε
in

a
t

m
o
st
N
M

itera
tio

n
s

o
f

a
d
eterm

in
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m
eth
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M

w
ith

1
.

w
h
en

criterio
n

(C
1)
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u

sed
,

N
M
≤

1

τM
ρ

log
(C
M
C

)·log (
8(f

(x
0 )−

f
∗)

( √
q−

ρ
)
2ε

)
=
Õ

(
1

τM
√
q

log (
1ε ))

,

w
h
ere

ρ
=

0.9 √
q

a
n

d
C

is
th

e
co

n
sta

n
t

d
efi

n
ed

in
(2

1
)

o
r
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2
)

fo
r

th
e

co
m

po
site

ca
se;

2
.

w
h
en

criterio
n

(C
2)

is
u

sed
,

N
M
≤

2

τM
√
q

log (
4
C
M
L

+
κ

κ

2−
√
q

√
q

)·log (
2(f

(x
0 )−

f
∗)

ε

)
=
Õ

(
1

τM
√
q

log (
1ε ))

.

N
o
te

th
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t

sim
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r
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lts
h
o
ld
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term
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o
f

expected
n

u
m

ber
o
f

itera
tio
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w
h
en

th
e

m
eth

od
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is
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n
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m

ized
(see

th
e

en
d

o
f

P
ro

po
sitio

n
1
2
).

P
ro

o
f

L
et
K

b
e

th
e

n
u
m

b
er

of
iteration

s
of

th
e

ou
ter-lo

op
a
lgorith

m
req

u
ired
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tain
a
n
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ra

te
solu

tion
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s
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≤

1ρ
log (

8(f
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f
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( √
q−

ρ
)
2ε
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ro

m
P

ro
p

osition
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u
sin
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e

n
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b
er

of
ru

n
s

ofM
is

con
stan

t
for

an
y

in
n
er

lo
op

,
th

e
to

tal
n
u
m

b
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b
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b
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=
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b
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=
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w
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aréch
al.

C
on

vergen
ce

of
som

e
algorith

m
s

for
con

vex
m

in
im

ization
.

M
a
th

em
a
tica

l
P

rogra
m

m
in

g,
62(1):261–275,

1993.

A
.

D
efa

zio
.

A
sim

p
le

p
ractical

accelerated
m

eth
o
d

for
fi
n
ite

su
m

s.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2016.

A
.
D

efa
zio

,
F

.
B

ach
,
an

d
S
.
L

acoste-J
u
lien

.
S
A

G
A

:
A

fast
in

crem
en

tal
grad

ien
t

m
eth

o
d

w
ith

su
p
p

ort
fo

r
n
on

-stron
gly

con
vex

com
p

osite
ob

jectives.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2014a.

A
.

D
efa

zio
,

J
.

D
om

ke,
an

d
T

.
S
.

C
aetan

o.
F

in
ito:

A
faster,

p
erm

u
tab

le
in

crem
en

tal
gra-

d
ien

t
m

eth
o
d

for
b
ig

d
ata

p
rob

lem
s.

In
P

roceed
in

gs
o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ces

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
2014b

.

O
.

D
evo

ld
er,

F
.

G
lin

eu
r,

an
d

Y
.

N
esterov

.
F

irst-ord
er

m
eth

o
d
s

of
sm

o
oth

con
vex

op
tim

iza-
tio

n
w

ith
in

ex
act

oracle.
M

a
th

em
a
tica

l
P

rogra
m

m
in

g,
14

6(1-2):37–75,
2014.

R
.

F
ro

stig
,

R
.

G
e,

S
.

M
.

K
akad

e,
an

d
A

.
S
id

ford
.

U
n
-regu

larizin
g:

ap
p
rox

im
ate

p
rox

im
al

p
o
in

t
a
n
d

fa
ster

sto
ch

astic
algorith

m
s

for
em

p
irical

risk
m

in
im

ization
.

In
P

roceed
in

gs
o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ces

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
2015.

M
.

F
u
en

tes,
J
.

M
alick

,
an

d
C

.
L

em
aréch
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ält.

N
on

sm
o
oth

m
in

im
ization

u
sin

g
sm

o
oth

en
velop

e
fu

n
ction

s.
a
rX

iv:1
6
0
6
.0

1
3
2
7
,

2016.

O
.

G
ü
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ra
ry

jo
in

t
d
is

tr
ib

u
ti

o
n

is
n
ot

a
si

m
p
le

ta
sk

.
In

th
e

in
tr

o
d
u
ct

io
n

of
th

e
IB

m
et

h
o
d
,

T
is

h
b
y

et
al

.
(1

99
9
)

d
efi

n
ed

a
se

t
o
f

se
lf

-c
on

si
st

en
t

eq
u
at

io
n
s

w
h
ic

h
fo

rm
u
la

te
th

e
n
ec

es
sa

ry
co

n
d
it

io
n
s

fo
r

th
e

op
ti

m
a
l

so
lu

ti
o
n

of
(1

).
F

u
rt

h
er

,
th

ey
p
ro

v
id

ed
an

it
er

at
iv

e
A

ri
m

ot
o–

B
la

h
u
t

li
ke

al
go

ri
th

m
w

h
ic

h
sh

ow
s

to
co

n
ve

rg
e

to
lo

ca
l

op
ti

m
u
m

.
In

ge
n
er

al
,

th
es

e
eq

u
at

io
n
s

d
o

n
ot

h
ol

d
a

tr
ac

ta
b
le

so
lu

ti
o
n

a
n
d

ar
e

u
su

al
ly

ap
p
ro

x
im

at
ed

b
y

d
iff

er
en

t
m

ea
n
s

(S
lo

n
im

,
20

02
).

A
n

ex
te

n
si

ve
a
tt

en
ti

o
n

w
a
s

gi
ve

n
to

th
e

si
m

p
le

r
ca

te
go

ri
ca

l
se

tu
p
,
w

h
er

e
th

e
IB

cu
rv

e
is

so
m

ew
h
at

ea
si

er
to

a
p
p
ro

x
im

a
te

.
H

er
e,
X

an
d
Y

ta
ke

va
lu

es
on

a
fi
n
it

e
se

t
an

d
T

re
p
re

se
n
ts

(s
of

t
an

d
in

fo
rm

at
iv

e)
cl

u
st

er
s

o
f

X
(S

lo
n
im

,
20

02
).

N
at

u
ra

ll
y,

th
e

IB
p
ro

b
le

m
al

so
ap

p
li
es

fo
r

co
n
ti

n
u
ou

s
va

ri
a
b
le

s.
In

th
is

ca
se

,
ap

p
ro

x
im

at
in

g
th

e
so

lu
ti

on
to

th
e

se
lf

-c
on

si
st

en
t

eq
u
at

io
n
s

is
ev

en
m

o
re

in
v
o
lv

ed
.

A
sp

ec
ia

l
ex

ce
p
ti

on
is

th
e

G
au

ss
ia

n
ca

se
,
w

h
er

e
X

an
d
Y

ar
e

as
su

m
ed

to
fo

ll
ow

a
jo

in
tl

y
n
o
rm

al
d
is

tr
ib

u
ti

on
an

d
th

e
G

a
u

ss
ia

n
IB

p
ro

b
le

m
(G

IB
)

is
an

al
y
ti

ca
ll
y

so
lv

ed
b
y

li
n
ea

r
p
ro

je
ct

io
n
s

to
th

e
ca

n
on

ic
al

co
rr

el
at

io
n

ve
ct

or
sp

ac
e

(C
h
ec

h
ik

et
al

.,
20

05
).

H
ow

ev
er

,
ev

a
lu

a
ti

n
g

th
e

IB
cu

rv
e

fo
r

ar
b
it

ra
ry

co
n
ti

n
u
ou

s
ra

n
d
om

va
ri

ab
le

s
is

st
il
l

co
n
si

d
er

ed
a

h
ig

h
ly

co
m

p
li
ca

te
d

ta
sk

w
h
er

e
m

os
t

at
te

m
p
ts

fo
cu

s
on

ap
p
ro

x
im

at
in

g
or

b
ou

n
d
in

g
it

(R
ey

an
d

R
o
th

,
2
0
12

;
C

h
al

k
et

al
.,

20
16

).
A

d
et

ai
le

d
d
is

cu
ss

io
n

re
ga

rd
in

g
cu

rr
en

tl
y

k
n
ow

n
m

et
h
o
d
s

is
p
ro

v
id

ed
in

th
e

fo
ll
ow

in
g

se
ct

io
n
.

In
th

is
w

or
k

w
e

p
re

se
n
t

a
n
ov

el
G

au
ss

ia
n

lo
w

er
b

ou
n
d

to
th

e
IB

cu
rv

e,
w

h
ic

h
a
p
p
li
es

to
al

l
ty

p
es

of
ra

n
d
om

va
ri

ab
le

s
(c

on
ti

n
u
ou

s,
n
om

in
al

an
d

ca
te

go
ri

ca
l)

.
O

u
r

b
o
u
n
d

st
ri

ve
s

to
m

ax
im

iz
e

th
e

“j
oi

n
tl

y
G

au
ss

ia
n

p
ar

t”
of

th
e

d
at

a
an

d
ap

p
ly

th
e

an
al

y
ti

ca
l

G
IB

to
it

.
S
p

ec
ifi

ca
ll
y,

w
e

se
ek

fo
r

tw
o

tr
an

sf
or

m
at

io
n
s,
U

=
φ

(X
)

an
d
V

=
ψ

(Y
)

so
th

a
t
U

a
n
d
V

ar
e

h
ig

h
ly

co
rr

el
at

ed
an

d
“a

s
jo

in
tl

y
G

au
ss

ia
n

as
p

os
si

b
le

”.
In

ad
d
it

io
n
,

w
e

a
sk

th
a
t

th
e

tr
an

sf
or

m
at

io
n
s

p
re

se
rv

e
as

m
u
ch

in
fo

rm
at

io
n

as
p

os
si

b
le

b
et

w
ee

n
X

an
d
Y

.
T

h
is

w
ay

,
w

e
m

ax
im

iz
e

th
e

p
or

ti
on

of
th

e
d
at

a
th

at
ca

n
b

e
ex

p
la

in
ed

b
y

li
n
ea

r
m

ea
n
s,
I
(U

;V
)
≤
I
(X

;Y
),

sp
ec

ifi
ca

ll
y

u
si

n
g

th
e

G
IB

.

In
fa

ct
,

ou
r

re
su

lt
s

go
b

ey
on

d
th

e
sp

ec
ifi

c
co

n
te

x
t

of
th

e
in

fo
rm

a
ti

on
b

o
tt

le
n
ec

k
.

In
th

is
w

or
k

w
e

ta
ck

le
th

e
fu

n
d
am

en
ta

l
q
u
es

ti
on

of
li
n
ea

ri
zi

n
g

n
on

-l
in

ea
r

p
ro

b
le

m
s.

In
o
th

er
w

or
d
s,

w
e

as
k

ou
rs

el
ve

s
w

h
et

h
er

it
is

p
os

si
b
le

to
“p

u
sh

”
al

l
th

e
in

fo
rm

at
io

n
in

th
e

d
a
ta

2
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G
a
u
ssia

n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

to
its

secon
d

m
om

en
ts.

T
h
is

p
rob

lem
h
as

receiv
ed

a
great

am
ou

n
t

of
atten

tion
over

th
e

yea
rs.

F
o
r

ex
a
m

p
le,

S
ch

n
eid

m
an

et
al.

(2006)
d
iscu

ss
th

is
p
rob

lem
in

th
e

con
tex

t
of

n
eu

ral
n
etw

o
rk

s;
th

ey
p
rov

id
e

p
relim

in
ary

ev
id

en
ce

th
at

in
th

e
verteb

rate
retin

a,
w

eak
p
airw

ise
co

rrela
tio

n
s

m
ay

d
escrib

e
th

e
collective

(n
on

-lin
ear)

b
eh

av
ior

of
n
eu

ron
s.

In
th

is
w

ork
,

w
e

p
rov

id
e

b
o
th

fu
n
d
am

en
tal

lim
its

an
d

co
n
stru

ctive
algorith

m
s

for
m

ax
im

izin
g

th
e

p
art

o
f

th
e

d
a
ta

th
at

can
b

e
op

tim
ally

an
aly

zed
b
y

lin
ear

m
ean

s.
T

h
is

b
asic

p
rop

erty
h
old

s
b

o
th

th
eoretica

l
an

d
p
ractical

im
p
lication

s,
as

it
d
efi

n
es

th
e

m
ax

im
al

p
ortion

w
h
ich

allow
s

favo
ra

b
le

a
n
a
ly

tical
p
rop

erties
in

m
an

y
ap

p
lication

s.
In

terestin
gly,

w
e

sh
ow

th
at

even
if

w
e

a
llow

th
e

tra
n
sform

ation
s
U

=
φ

(X
)

an
d
V

=
ψ

(Y
)

to
in

crease
th

e
d
im

en
sion

s
of
X

an
d
Y

,
o
u
r

a
b
ility

to
lin

earize
th

e
p
rob

lem
is

still
lim

ited
,

an
d

gov
ern

ed
b
y

th
e

n
on

-lin
ear

ca
n
on

ical
co

rrela
tio

n
s

(B
reim

an
an

d
F

ried
m

an
,

1985)
of

th
e

origin
al

variab
les.

O
u
r

su
g
g
ested

ap
p
roach

m
ay

also
b

e
v
iew

ed
as

an
ex

ten
sion

of
th

e
S

h
a
n

n
o
n

lo
w

er
bo

u
n

d
(C

over
a
n
d

T
h
om

as,
2012),

for
evalu

atin
g

th
e

m
u
tu

al
in

form
ation

.
In

h
is

sem
in

al
w

ork
,

S
h
a
n
n
o
n

p
rov

id
ed

an
an

aly
tical

G
au

ssian
low

er
b

ou
n
d

for
th

e
gen

erally
in

volved
rate

d
is-

to
rtio

n
fu

n
ctio

n
.

H
e

sh
ow

ed
th

at
th

e
rate

d
istortion

fu
n
ction

R
(D

)
can

b
e

b
ou

n
d
ed

from
b

elow
b
y
h

(X
)−

12
log

(2π
eD

)
w

h
ere

X
is

th
e

com
p
ressed

sou
rce,

h
(X

)
is

its
corresp

on
d
in

g
d
eferen

tial
en

trop
y

an
d

12
log

(2π
eD

)
is

th
e

d
iff

eren
tial

en
trop

y
of

an
in

d
ep

en
d
en

t
G

au
ssian

n
o
ise

w
ith

a
m

a
x
im

al
d
istortion

lev
el
D

.
T

h
is

b
ou

n
d

h
old

s
som

e
fav

orab
le

th
eoretical

p
rop

-
erties

(C
over

a
n
d

T
h
om

as,
2012)

an
d

serv
es

as
on

e
of

th
e

m
ost

b
a
sic

to
ols

for
ap

p
rox

im
atin

g
th

e
ra

te
d
isto

rtion
fu

n
ction

to
th

is
very

d
ay.

In
th

is
w

ork
,

w
e

u
se

a
sim

ilar
ration

ale
an

d
d
erive

a
G

a
u
ssian

low
er

b
ou

n
d

for
th

e
m

u
tu

al
in

form
ation

of
tw

o
ran

d
om

variab
les,

w
h
ich

h
o
ld

s
a
n

a
n
a
ly

tical
ex

p
ression

ju
st

like
th

e
S
h
an

n
on

’s
b

ou
n
d
.

W
e

th
en

ex
ten

d
ou

r
resu

lt
to

th
e

en
tire

IB
cu

rv
e

an
d

d
iscu

ss
its

th
eoretical

p
rop

erties
an

d
p
ra

ctical
con

sid
eration

s.
A

m
a
tla

b
im

p
lem

en
tation

of
ou

r
su

ggested
a
p
p
roach

is
p
u
b
licly

availab
le

at
th

e
fi
rst

au
th

or’s
w

eb
-p

a
g
e

1.

T
h
e

rest
o
f

th
is

m
an

u
scrip

t
is

organ
ized

as
follow

s:
In

S
ection

2
w

e
rev

iew
p
rev

iou
s

w
ork

o
n

th
e

IB
m

eth
o
d

for
con

tin
u
ou

s
ran

d
om

variab
les.

S
ection

3
d
efi

n
es

ou
r

su
ggested

low
er

b
o
u
n
d

a
n
d

fo
rm

u
lates

it
as

an
op

tim
ization

p
rob

lem
.

W
e

th
en

p
rop

ose
a

set
of

solu
tion

s
a
n
d

b
o
u
n
d
s

to
th

is
p
rob

lem
,

as
w

e
d
istin

gu
ish

b
etw

een
th

e
ea

sier
u
n
ivariate

case
(S

ection
4
)

a
n
d

th
e

m
ore

in
volv

ed
m

u
ltivariate

case
(S

ectio
n

5).
F

in
ally,

in
S
ectio

n
6

w
e

ex
ten

d
ou

r
resu

lts
to

th
e

en
tire

IB
cu

rve.

2
.
R
e
la
te
d
w
o
rk

A
s

d
iscu

ssed
in

th
e

p
rev

iou
s

section
,

solv
in

g
th

e
IB

p
rob

lem
for

con
tin

u
ou

s
variab

les
is

in
g
en

era
l

a
d
iffi

cu
lt

task
.

A
sp

ecial
ex

cep
tion

is
w

h
ere

X
an

d
Y

follow
a

join
tly

n
orm

al
d
istrib

u
tion

.
C

h
ech

ik
et

al.
(2005)

sh
ow

th
at

in
th

is
ca

se,
th

e
G

au
ssian

IB
p
rob

lem
(G

IB
)

is
so

lved
b
y

a
n
oisy

lin
ear

p
ro

jection
,
T

=
A
X

+
ζ
.

S
p

ecifi
cally,

assu
m

e
th

at
X

an
d
Y

are
o
f

d
im

en
sio

n
s
n
X

an
d
n
Y

resp
ectively

an
d

d
en

ote
th

e
covarian

ce
m

atrix
of
X

as
C
X

w
h
ile

th
e

co
n
d
ition

a
l

covarian
ce

m
atrix

of
X
|Y

is
C
X
|Y

.
T

h
en

,
ζ

is
a

G
au

ssian
ran

d
om

vector
w

ith
a

zero
m

ea
n

an
d

a
u
n
it

covarian
ce

m
atrix

,
in

d
ep

en
d
en

t
of
X

.
T

h
e

m
atrix

A
is

d
efi

n
ed

1
.
h
t
t
p
s
:
/
/
s
i
t
e
s
.
g
o
o
g
l
e
.
c
o
m
/
s
i
t
e
/
a
m
i
c
h
a
i
p
a
i
n
s
k
y
/
s
o
f
t
w
a
r
e

3
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P
a
in
sk

y
a
n
d

T
ish

b
y

as
follow

s:

A
=



[0
T

;...;0
T

]
0
≤
β
≤
β
C1

[a
1 v
T1

;0
T

;...;0
T

]
β
C1
≤
β
≤
β
C2

[a
1 v
T1

;a
2 v
T2

;0
T

;...;0
T

]
β
C2
≤
β
≤
β
C3

...
...


.

(2)

w
h
ere{

v
T1
,v
T2
,...,v

Tn
x }

are
th

e
left

eigen
vectors

of
C
X
|Y
C
−

1
X

,
sorted

b
y

th
eir

corresp
on

d
in

g

ascen
d
in

g
eigen

valu
es

λ
1 ,...,λ

n
X

,
β
CI

=
1λ
i

are
th

e
critical

β
valu

es,
a
i

are
d
efi

n
ed

b
y

a
i

=
√

β
(1−

λ
i )−

1
λ
i r
i

.
r
i

=
v
Ti
C
X
v
i

an
d

0
T

is
an

n
X

row
vector

of
zeros.

N
otice

th
a
t

th
e

critical

valu
es
β

corresp
on

d
to

th
e

slop
e

of
th

e
IB

cu
rv

e,
as

th
ey

rep
resen

t
th

e
L

agran
ge

m
u
ltip

liers
of

th
e

IB
p
rob

lem
.

U
n
fortu

n
ately,

th
is

solu
tion

is
lim

ited
to

join
tly

G
au

ssian
ran

d
om

variab
les.

In
fact,

it
can

b
e

sh
ow

n
th

at
a

closed
form

an
aly

tical
solu

tion
(for

con
tin

u
ou

s
ran

d
om

variab
les)

m
ay

on
ly

ex
ist

u
n
d
er

q
u
ite

restrictive
assu

m
p
tion

s
on

th
e

u
n
d
erlay

in
g

d
istrib

u
tion

.
M

oreov
er,

as
th

e
IB

cu
rve

is
so

ch
allen

gin
g

to
evalu

ate
in

th
e

gen
eral

ca
se,

m
ost

k
n
ow

n
attem

p
ts

eith
er

fo
cu

s
on

ex
ten

d
in

g
th

e
G

IB
to

oth
er

d
istrib

u
tion

s
u
n
d
er

vary
in

g
assu

m
p
tion

s,
or

ap
p
rox

im
ate

th
e

IB
cu

rve
b
y

d
iff

eren
t

m
ean

s.

R
ey

an
d

R
oth

(2012)
reform

u
late

th
e

IB
p
rob

lem
in

term
s

of
p
rob

ab
ilistic

cop
u
las.

T
h
ey

sh
ow

th
at

u
n
d
er

a
G

au
ssian

cop
u
la

assu
m

p
tion

,
an

an
aly

tical
solu

tion
(w

h
ich

ex
ten

d
s

th
e

G
IB

)
ap

p
lies

to
join

t
d
istrib

u
tion

s
w

ith
arb

itrary
m

argin
als.

T
h
is

form
u
lation

p
rov

id
es

several
in

terestin
g

in
sigh

ts
on

th
e

IB
p
rob

lem
.

H
ow

ever,
its

p
ractica

l
im

p
lication

s
are

q
u
ite

lim
ited

as
th

e
G

au
ssian

cop
u
la

assu
m

p
tion

is
very

restrictive.
In

fact,
it

im
p
licitly

req
u
ires

th
at

th
e

join
t

d
istrib

u
tion

w
ou

ld
m

ain
tain

a
G

au
ssian

stru
ctu

re.
A

s
w

e
sh

ow
in

th
e

follow
in

g
section

s,
th

is
assu

m
p
tion

m
akes

th
e

p
rob

lem
sign

ifi
can

tly
easier

an
d

d
o
es

n
ot

h
old

in
gen

eral.

C
h
alk

et
al.

(2016)
p
rov

id
e

a
low

er
b

ou
n
d

to
th

e
IB

cu
rve

b
y

u
sin

g
an

ap
p
rox

im
a
te

varia-
tion

al
sch

em
e,

an
alogou

s
to

variation
al

ex
p

ectation
m

ax
im

ization
.

T
h
eir

m
eth

o
d

relax
es

th
e

IB
p
rob

lem
b
y

restrictin
g

th
e

class
of

d
istrib

u
tion

s,
P

(Y
|T

)
an

d
P

(T
)

to
a

set
of

p
aram

etric
m

o
d
els.

T
h
is

w
ay,

th
e

relax
ed

IB
p
rob

lem
m

ay
b

e
solved

in
E

M
-lik

e
step

s;
th

eir
su

ggested
algorith

m
iteratively

m
ax

im
izes

th
e

ob
jectiv

e
over

th
e

m
ap

p
in

gs
(for

fi
x
ed

p
aram

eters)
an

d
th

en
m

ax
im

ize
th

e
set

of
p
aram

eters,
for

fi
x
ed

m
ap

p
in

gs.
C

h
alk

et
al.

(2016)
sh

ow
th

at
th

is
m

eth
o
d

can
b

e
eff

ectively
ap

p
lied

to
“sp

arse”
d
ata

in
w

h
ich

X
an

d
Y

are
gen

erated
b
y

sp
arsely

o
ccu

rrin
g

laten
t

featu
res.

H
ow

ev
er,

in
th

e
gen

eral
case,

th
eir

su
ggested

b
ou

n
d

stron
gly

d
ep

en
d
s

on
th

e
assu

m
p
tion

th
at

th
e

ch
osen

p
aram

etric
m

o
d
els

p
rov

id
e

reason
ab

le
ap

p
rox

im
ation

s
for

th
e

op
tim

al
d
istrib

u
tion

s.
T

h
is

assu
m

p
tion

is
ob

v
iou

sly
q
u
ite

restric-
tive.

M
oreover,

it
is

u
su

ally
d
iffi

cu
lt

to
valid

ate,
as

th
e

op
tim

al
d
istrib

u
tion

s
are

u
n
k
n
ow

n
.

K
olch

in
sk

y
et

al.
(2017)

take
a

som
ew

h
at

sim
ilar

ap
p
roach

,
as

th
ey

su
ggest

a
variation

al
u
p
p

er
b

ou
n
d

to
th

e
IB

cu
rve.

T
h
e

m
ain

d
iff

eren
ce

b
etw

een
th

e
tw

o
m

eth
o
d
s

relies
on

th
e

variation
al

ap
p
rox

im
ation

of
ob

jectiv
e,
I
(X

;Y
).

H
ow

ever,
th

ey
are

b
oth

p
ron

e
to

th
e

sam
e

d
iffi

cu
lties

stated
ab

ove.

A
lem

i
et

al.
(2016)

p
rop

ose
an

ad
d
ition

al
variation

al
in

feren
ce

m
eth

o
d

to
con

stru
ct

a
low

er
b

ou
n
d

to
th

e
IB

cu
rve.

H
ere,

th
ey

re-p
aram

eterize
th

e
IB

p
rob

lem
follow

ed
b
y

M
on

te
C

arlo
sam

p
lin

g,
to

get
an

u
n
b
iased

estim
ate

of
th

e
IB

ob
jectiv

e
grad

ien
t.

T
h
is

allow
s

th
em

to
ap

p
ly

d
eep

n
eu

ral
n
etw

ork
s

in
ord

er
to

p
aram

eterize
an

y
given

d
istrib

u
tion

.
H

ow
ever,
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h
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c
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d
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p
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te
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e
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d
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at
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e

th
e
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d
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d
en
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a
m

on
g

th
e

co
m

p
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en
ts

of
th

e
re

p
re

se
n
ta
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on

T
.

T
h
ey

sh
ow

th
at

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
th

e
L

ag
ra

n
ge

m
u
lt

ip
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er

s
of

th
e

T
C

an
d

M
I

co
n
st

ra
in

ts
ar

e
id

en
ti

ca
l,

th
e

re
la

x
ed

p
ro

b
le

m
m

ay
b

e
so

lv
ed

b
y

ad
d
in

g
au

x
il
ia

ry
va

ri
ab

le
s.

H
ow

ev
er

,
th

is
as

su
m

p
ti

on
is

u
su

al
ly

in
va

li
d
,

an
d

th
e

su
gg

es
te

d
m

et
h
o
d

fa
il
s

to
p
ro

v
id

e
gu

a
ra

n
te

es
on

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

o
b
ta

in
ed

ob
je

ct
iv

e
an

d
or

ig
in

al
IB

fo
rm

u
la

ti
on

.

In
th

is
w

or
k

w
e

su
gg

es
t

a
n
ov

el
lo

w
er

b
ou

n
d

to
th

e
IB

cu
rv

e
w

h
ic

h
p
ro

v
id

es
b

ot
h

th
eo

re
ti

ca
l

an
d

p
ra

ct
ic

al
gu

ar
an

te
es

.
In

ad
d
it

io
n
,

w
e

in
tr

o
d
u
ce

u
p
p

er
an

d
lo

w
er

b
ou

n
d
s

to
ou

r
su

gg
es

te
d

so
lu

ti
on

th
at

ar
e

ve
ry

ea
sy

to
at

ta
in

.
T

h
is

w
ay

w
e

al
lo

w
im

m
ed

ia
te

b
en

ch
m

ar
k
s

to
th

e
IB

cu
rv

e
u
si

n
g

co
m

m
on

o
ff

-t
h
e-

sh
el

f
m

et
h
o
d
s.

3
.
P
ro

b
le
m

fo
rm

u
la
ti
o
n

T
h
ro

u
gh

ou
t

th
is

m
an

u
sc

ri
p
t

w
e

u
se

th
e

fo
ll
ow

in
g

st
a
n
d
ar

d
n
ot

at
io

n
:

u
n
d
er

li
n
es

d
en

ot
e

ve
c-

to
r

q
u
an

ti
ti

es
,

w
h
er

e
th

ei
r

re
sp

ec
ti

ve
co

m
p

on
en

ts
ar

e
w

ri
tt

en
w

it
h
ou

t
u
n
d
er

li
n
es

b
u
t

w
it

h
in

d
ex

.
F

or
ex

am
p
le

,
th

e
co

m
p

on
en

ts
of

th
e
n

-d
im

en
si

on
al

ve
ct

or
X

ar
e
X

1
,X

2
,.
..
X
n
.

R
an

-
d
om

va
ri

ab
le

s
ar

e
d
en

ot
ed

w
it

h
ca

p
it

al
le

tt
er

s
w

h
il
e

th
ei

r
re

al
iz

at
io

n
s

ar
e

d
en

ot
ed

w
it

h
th

e
re

sp
ec

ti
ve

lo
w

er
-c

as
e

le
tt

er
s.

T
h
e

m
u
tu

al
in

fo
rm

a
ti

on
of

tw
o

ra
n
d
o
m

va
ri

ab
le

s
is

d
efi

n
ed

as
I
(X

;Y
)

=
h

(X
)
+
h

(Y
)
−
h

(X
,X

)
w

h
er

e
h

(X
)

=
−
∫ X

f X
(x

)
lo

g
f X

(x
)d
x

is
th

e
d
iff

er
en

ti
al

en
tr

op
y

of
X

an
d
f X

(x
)

is
it

s
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
.

W
e

b
eg

in
b
y

in
tr

o
d
u
ci

n
g

a
G

au
ss

ia
n

lo
w

er
b

ou
n
d

to
th

e
m

u
tu

al
in

fo
rm

at
io

n
I
(X

;Y
).

W
e

th
en

ex
te

n
d

ou
r

re
su

lt
to

th
e

en
ti

re
IB

cu
rv

e.

3
.1

P
ro

b
le

m
st

a
te

m
e
n
t

L
et
X
∈
R
d
x
,Y
∈
R
d
y

b
e

tw
o

m
u
lt

iv
ar

ia
te

ra
n
d
om

ve
ct

or
s

w
it

h
a

jo
in

t
cu

m
u
la

ti
v
e

d
is

tr
ib

u
-

ti
on

fu
n
ct

io
n

(C
D

F
)
F
X
Y

(x
,y

)
an

d
m

u
tu

al
in

fo
rm

at
io

n
I
(X
,Y

).
In

th
e

fo
ll
ow

in
g

se
ct

io
n
s

w
e

fo
cu

s
on

b
ou

n
d
in

g
I
(X
,Y

)
fr

om
b

el
ow

w
it

h
an

an
al

y
ti

ca
l

ex
p
re

ss
io

n
.

L
et
U

=
φ

(X
)

an
d
V

=
ψ

(Y
)

b
e

tw
o

tr
an

sf
or

m
at

io
n
s

of
X

an
d
Y

,
re

sp
ec

ti
ve

ly
.

A
ss

u
m

e
th

at
U
∈
R
d
u

an
d
V
∈
R
d
v

ar
e

se
pa

ra
te

ly
n

o
rm

a
ll

y
d
is

tr
ib

u
te

d
.

T
h
is

m
ea

n
s

th
at
U
∼
N
( µ

U
,C

U

)
an

d
V
∼
N
( µ

V
,C

V

) b
u
t

th
e

ve
ct

or
[U
,V

]T
is

n
ot

n
ec

es
sa

ri
ly

n
or

m
al

ly
d
is

tr
ib

u
te

d
.

T
h
is

al
lo

w
s

u
s

to
d
er

iv
e

th
e

fo
ll
ow

in
g

b
as

ic
in

eq
u
al

it
y

I
(X
,Y

)
≥
I
(U
,V

)
=
h

(U
)

+
h

(V
)
−
h

(U
,V

)
≥

(3
)

h
(U

)
+
h

(V
)
−
h

(U
jg
,V

jg
)

=
1 2

lo
g

(
∣ ∣ C

[U
,V

]∣ ∣
|C
U
||C

V
|)

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
D

at
a

P
ro

ce
ss

in
g

le
m

m
a

(C
ov

er
an

d
T

h
om

as
,2

0
12

)

an
d

th
e

se
co

n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
[ U

jg
,V

jg

] T
b

ei
n
g

jo
in

tl
y

G
au

ss
ia

n
(j

g)
d
is

tr
ib

u
te

d

w
it

h
th

e
sa

m
e

co
va

ri
an

ce
m

at
ri

x
as

[U
,V

]T
,
C

[U
j
g
,V
j
g
]

=
C

[U
,V

],
so

th
at

h
(U

jg
,V

jg
)
≥

h
(U
,V

)
(C

ov
er

an
d

T
h
om

as
,
20

12
).

N
ot

ic
e

th
at

(3
)

ca
n

al
so

b
e

d
er

iv
ed

fr
o
m

an
in

fo
rm

a
ti

o
n

ge
o
m

et
ry

(I
G

)
v
ie

w
p

oi
n
t,

as
sh

ow
n

b
y

C
ar

d
os

o
(2

00
3)

.
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P
a
in
sk

y
a
n
d

T
is
h
b
y

E
q
u
al

it
y

is
at

ta
in

ed
in

(3
)

iff
I
(X
,Y

)
=
I
(U
,V

)
(n

o
in

fo
rm

at
io

n
is

lo
st

in
th

e
tr

a
n
s-

fo
rm

at
io

n
)

an
d
U

=
φ

(X
),
V

=
ψ

(Y
)

ar
e

jo
in

tl
y

n
or

m
al

ly
d
is

tr
ib

u
te

d
.

In
o
th

er
w

o
rd

s,
in

or
d
er

to
p
re

se
rv

e
al

l
th

e
in

fo
rm

at
io

n
w

e
m

u
st

fi
n
d
φ

a
n
d
ψ

th
at

ca
p
tu

re
a
ll

th
e

m
u
tu

a
l

in
fo

rm
at

io
n
,

an
d

at
th

e
sa

m
e

ti
m

e
m

ak
e
X

a
n
d
Y

jo
in

tl
y

n
or

m
al

.
T

h
is

is
ob

v
io

u
sl

y
a

co
m

-
p
li
ca

te
d

ta
sk

as
φ

an
d
ψ

on
ly

op
er

at
e

on
X

an
d
Y

se
p
ar

at
el

y.
T

h
er

ef
or

e,
w

e
a
re

in
te

re
st

ed
in

m
ax

im
iz

in
g

th
is

lo
w

er
b

ou
n
d

as
m

u
ch

as
p

os
si

b
le

:

m
ax

φ
,ψ

lo
g

(
∣ ∣ C

[U
,V

]∣ ∣
|C
U
||C

V
|)

su
b

je
ct

to
U

=
φ

(X
)
∼
N
( 0
,C

U

)

V
=
ψ

(Y
)
∼
N
( 0
,C

V

)
(4

)

w
h
er

e
th

e
co

n
st

ra
in

ts
im

p
ly

th
at

U
an

d
V

ar
e

se
p
ar

at
el

y
n
or

m
al

ly
d
is

tr
ib

u
te

d
ra

n
d
om

ve
ct

or
s

w
it

h
ze

ro
m

ea
n
s

an
d

co
va

ri
an

ce
m

at
ri

ce
s
C
U

an
d
C
V

,
re

sp
ec

ti
ve

ly
.

In
o
th

er
w

o
rd

s,
w

e
w

ou
ld

li
ke

to
m

ax
im

iz
e

C
ar

d
os

o
(2

00
3)

IG
b

ou
n
d

b
y

ap
p
ly

in
g

tw
o

tr
an

sf
o
rm

a
ti

o
n
s,
φ

an
d
ψ

,
to

th
e

or
ig

in
al

va
ri

ab
le

s.
T

h
is

w
ou

ld
al

lo
w

u
s

to
ac

h
ie

ve
a

ti
gh

te
r

re
su

lt
.

N
ot

ic
e

th
at

ou
r

ob
je

ct
iv

e
is

in
va

ri
an

t
to

th
e

m
ea

n
s

of
U
,V

so
th

ey
ar

e
ch

o
se

n
to

b
e

ze
ro

.
In

ad
d
it

io
n
,

it
is

ea
sy

to
sh

ow
th

at
ou

r
ob

je
ct

iv
e

is
in

va
ri

an
t

to
li
n
ea

r
tr

an
sf

o
rm

a
ti

o
n
s

o
f

U
,V

.
T

h
is

m
ea

n
s

w
e

ca
n

eq
u
iv

al
en

tl
y

as
su

m
e

th
at
C
U
,C

V
ar

e
id

en
ti

ty
co

va
ri

a
n
ce

m
a
tr

ic
es

.
A

s
sh

ow
n

b
y

K
ay

(1
99

2)
an

d
ot

h
er

s
(K

la
m

i
an

d
K

as
k
i,

20
05

;
C

h
ec

h
ik

et
al

.,
2
0
0
5
),

m
a
x
im

iz
-

in
g

th
e

ob
je

ct
iv

e
of

(4
)

is
eq

u
iv

al
en

t
to

m
a
x
im

iz
in

g
th

e
ca

n
on

ic
al

co
rr

el
at

io
n
s,

co
v
(U

i,
V
i)

.
T

h
er

ef
or

e,
ou

r
p
ro

b
le

m
m

ay
b

e
w

ri
tt

en
as

m
ax

φ
,ψ

k ∑ i=
1

E
(U

iV
i)

su
b

je
ct

to
U

=
φ

(X
)
∼
N

(0
,I

)

V
=
ψ

(Y
)
∼
N

(0
,I

)

(5
)

w
h
er

e
k

=
m

in
{d

u
,d
v
}.

T
h
is

p
ro

b
le

m
m

ay
al

so
b

e
v
ie

w
ed

as
a

va
ri

an
t

o
f

th
e

w
el

l-
k
n
ow

n
C

C
A

p
ro

b
le

m
(H

ot
el

li
n
g,

19
36

),
w

h
er

e
w

e
op

ti
m

iz
e

ov
er

n
on

li
n
ea

r
tr

an
sf

or
m

a
ti

o
n
s
φ

a
n
d

ψ
,

an
d

im
p

os
e

ad
d
it

io
n
al

n
or

m
al

it
y

co
n
st

ra
in

ts
.

A
s

in
C

C
A

,
th

is
p
ro

b
le

m
ca

n
b

e
so

lv
ed

it
er

at
iv

el
y

b
y

gr
ad

u
al

ly
fi
n
d
in

g
th

e
th

e
op

ti
m

al
ca

n
on

ic
al

co
m

p
on

en
ts

in
ea

ch
st

ep
(s

u
b

je
ct

to
th

e
n
or

m
al

it
y

co
n
st

ra
in

t)
,

w
h
il
e

m
ai

n
ta

in
in

g
or

th
og

on
al

it
y

w
it

h
th

e
co

m
p

o
n
en

ts
th

a
t

w
er

e
p
re

v
io

u
sl

y
fo

u
n
d
.

F
or

si
m

p
li
ci

ty
of

th
e

p
re

se
n
ta

ti
on

w
e

b
eg

in
b
y

so
lv

in
g

(5
)

in
th

e
u
n
iv

ar
ia

te
(1

-D
)

ca
se

.
T

h
en

,
w

e
ge

n
er

al
iz

e
to

th
e

m
u
lt

iv
ar

ia
te

ca
se

.
In

ea
ch

o
f

th
es

e
se

tu
p
s

w
e

p
re

se
n
t

a
so

lu
ti

on
to

th
e

p
ro

b
le

m
,

fo
ll
ow

ed
b
y

si
m

p
le

r
u
p
p

er
an

d
lo

w
er

b
o
u
n
d
s.

4
.
T
h
e
u
n
iv
a
ri
a
te

ca
se

In
th

e
u
n
iv

ar
ia

te
ca

se
w

e
as

su
m

e
th

at
d
x

=
d
y

=
k

=
1.

W
e

se
ek

φ
,ψ

su
ch

th
a
t

m
ax

φ
,ψ

ρ
=
E

(U
V

)

su
b

je
ct

to
U

=
φ

(X
)
∼
N

(0
,1

)

V
=
ψ

(Y
)
∼
N

(0
,1

).

(6
)
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G
a
u
ssia

n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

A
s

a
fi
rst

step
tow

ard
s

th
is

goal,
let

u
s

rela
x

ou
r

p
rob

lem
b
y

rep
lacin

g
th

e
n
orm

ality
co

n
stra

in
t

w
ith

sim
p
ler

secon
d

ord
er

statistics
con

strain
ts,

m
ax

φ
,ψ

ρ
=
E

(U
V

)

su
b

ject
to

U
=
φ

(X
),
E

(U
)

=
0,
E

(U
2)

=
1

V
=
ψ

(Y
),
E

(V
)

=
0,
E

(V
2)

=
1.

(7)

A
s

m
en

tio
n
ed

a
b

ove,
th

is
p
rob

lem
is

a
n
on

-lin
ear

ex
ten

sion
of

C
C

A
,

w
h
ich

traces
b
ack

to
ea

rly
w

o
rk

b
y

L
an

caster
(1963).

A
s

th
is

p
rob

lem
is

also
a

relax
ed

v
ersio

n
of

ou
r

origin
al

ta
sk

(6
),

it
m

ay
serve

u
s

as
an

u
p
p

er
b

ou
n
d
.

T
h
is

m
ean

s
th

at
th

e
op

tim
u
m

of
(7),

d
en

oted
a
s
ρ
u
b ,

n
ecessa

rily
b

ou
n
d

from
ab

ove
ρ∗ ,

th
e

op
tim

u
m

of
(6).

4
.1

A
lte

rn
a
tio

n
C

o
n

d
itio

n
a
l

E
x
p

e
c
ta

tio
n

(A
C

E
)

B
reim

a
n

a
n
d

F
ried

m
an

(1985)
sh

ow
th

at
th

e
op

tim
al

solu
tion

to
(7)

is
ach

ieved
b
y

a
sim

p
le

a
ltern

a
tin

g
co

n
d
ition

al
ex

p
ectation

p
ro

ced
u
re,

n
am

ed
A

C
E

.
A

ssu
m

e
th

at
ψ

(Y
)

is
fi
x
ed

,
k
n
ow

n
a
n
d

sa
tistfi

es
th

e
con

strain
ts.

T
h
en

,
w

e
op

tim
ize

(7)
on

ly
over

φ
an

d
b
y

C
au

ch
y
-

S
ch

w
a
rz

in
eq

u
a
lity,

w
e

h
ave

th
at

E
(φ

(X
)ψ

(Y
))

=
E
x

(φ
(X

)E
(ψ

(Y
)|X

))≤
√

var(φ
(X

)) √
var(E

(ψ
(Y

)|X
))

w
ith

eq
u
a
lity

iff
φ

(X
)

=
c·
E

(ψ
(Y

)|X
).

T
h
erefore,

ch
o
osin

g
th

e
co

n
stan

t
c

to
satisfy

th
e

u
n
it

va
ria

n
ce

con
strain

t
w

e
ach

ieve
φ

(X
)

=
E

(ψ
(Y

)|X
)

√
v
a
r
(E

(ψ
(Y

)|X
)) .

In
th

e
sam

e
m

an
n
er

w
e

m
ay

fi
x
φ

(X
)

a
n
d

a
ttain

ψ
(Y

)
=

E
(φ

(X
)|Y

)
√
v
a
r
(E

(φ
(X

)|Y
)) .

T
h
ese

cou
p
led

eq
u
ation

s
are

in
fact

n
ecessa

ry

co
n
d
itio

n
s

fo
r

th
e

op
tim

ality
of
φ

an
d
ψ

,
lead

in
g

to
an

altern
atin

g
p
ro

ced
u
re

in
w

h
ich

at
ea

ch
step

w
e

fi
x

on
e

tran
sform

ation
an

d
op

tim
ize

th
e

oth
er.

B
reim

an
an

d
F

ried
m

an
(19

85)
p
rove

th
a
t

th
is

p
ro

ced
u
re

con
v
ergen

ces
to

th
e

glob
al

o
p
tim

u
m

u
sin

g
H

ilb
ert

sp
ace

algeb
ra.

T
h
ey

sh
ow

th
a
t

th
e

tran
sform

ation
s
φ

an
d
ψ

m
ay

b
e

rep
resen

ted
in

a
zero-m

ean
an

d
fi
n
ite

va
ria

n
ce

H
ilb

ert
sp

ace,
w

h
ile

th
e

con
d
itio

n
al

ex
p

ectation
p
ro

jection
is

lin
ear,

closed
,

an
d

sh
ow

n
to

b
e

self-ad
join

t
an

d
com

p
act

u
n
d
er

m
ild

assu
m

p
tion

s.
T

h
en

,
th

e
cou

p
led

eq
u
ation

s
m

ay
b

e
fo

rm
u
la

te
as

an
eigen

p
rob

lem
in

th
e

H
ilb

ert
sp

ace,
for

w
h
ich

th
ere

ex
ists

a
u
n
iq

u
e

a
n
d

o
p
tim

a
l

so
lu

tion
.

T
h
e

fo
llow

in
g

lem
m

a
d
efi

n
es

a
strict

con
n
ection

b
etw

een
th

e
n
on

-lin
ear

ca
n
on

ical
co

r-
rela

tio
n
s

a
n
d

th
e

G
au

ssin
ized

IB
p
rob

lem
.

L
e
m

m
a

1
L

et
ρ
u
b

be
th

e
so

lu
tio

n
to

(7
).

If
I
(X

;Y
)
>
−

log (1−
ρ

2u
b ),

th
en

th
ere

a
re

n
o

tra
n

sfo
rm

a
tio

n
s
φ
,ψ

su
ch

th
a
t
U

=
φ

(X
)

a
n

d
V

=
ψ

(Y
)

a
re

jo
in

tly
n

o
rm

a
lly

d
istribu

ted
a
n

d
p
reserve

a
ll

o
f

th
e

m
u

tu
a
l

in
fo

rm
a
tio

n
,
I
(X

;Y
).

P
ro

o
f

L
et
ρ∗

b
e

th
e

solu
tion

to
(6).

A
s

m
en

tion
ed

ab
ove,

ρ
u
b ≥

ρ∗ .
T

h
erefore,

I
(X

;Y
)
>

−
lo

g (1−
ρ

2u
b )
>
−

log (1−
ρ

2∗ ).
T

h
is

m
ean

s
th

at
th

e
in

eq
u
ality

(3)
can

n
ot

b
e

ach
ieved

w
ith

eq
u
a
lity.

H
en

ce,
th

ere
are

n
o

tran
sform

ation
s
U

=
φ

(X
)

an
d
V

=
ψ

(Y
)

so
th

at
U

an
d

V
are

jo
in

tly
n
orm

al
an

d
p
reserv

e
all

of
th

e
m

u
tu

al
in

form
ation

,
I
(X

;Y
).

L
em

m
a

1
su

g
gests

th
at

if
th

e
op

tim
al

tran
sform

ation
s

of
th

e
relax

ed
p
rob

lem
(w

h
ich

can
b

e
o
b
ta

in
ed

b
y

A
C

E
)

fails
to

cap
tu

re
all

th
e

m
u
tu

al
in

form
ation

b
etw

een
X

an
d
Y

,
th

en
th

ere

7
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P
a
in
sk

y
a
n
d

T
ish

b
y

are
n
o

tran
sform

ation
s

th
at

can
p
ro

ject
X

an
d
Y

on
to

join
tly

n
orm

al
variab

les
w

ith
ou

t
losin

g
in

form
ation

.
M

oreover,
n
otice

th
at

th
e

m
ax

im
al

level
of

correlation
ρ
u
b

can
n
o
t

b
e

fu
rth

er
in

creased
,

even
if

w
e

allow
U

=
φ

(X
)

an
d
V

=
φ

(Y
)

to
resid

e
in

greater
d
im

en
sion

s.
T

h
is

m
ean

s
th

at
L

em
m

a
1

h
old

s
for

an
y
φ

:
R
d
x
→

R
d
u

an
d
ψ

:
R
d
y
→

R
d
v,

su
ch

th
at

d
u ,d

v ≥
0.

4
.2

A
lte

rn
a
tin

g
G

a
u

ssin
iz

e
d

C
o
n

d
itio

n
a
l

E
x
p

e
c
ta

tio
n

s
(A

G
C

E
)

L
et

u
s

go
b
ack

to
ou

r
origin

al
p
rob

lem
,

w
h
ich

strives
to

m
ax

im
ize

th
e

correlation
b

etw
een

U
an

d
V

,
su

b
ject

to
m

argin
al

n
orm

ality
con

strain
ts

(6
).

H
ere

w
e

follow
B

reim
an

an
d

F
ried

m
an

(1985),
an

d
su

ggest
an

altern
atin

g
op

tim
ization

p
ro

ced
u
re.

L
et

u
s

fi
x
ψ

(Y
)

an
d

op
tim

ize
(6)

w
ith

resp
ect

to
φ

(X
).

A
s

b
efore,

w
e

can
w

rite
th

e
cor-

relation
ob

jective
as
E

(φ
(X

)ψ
(Y

))
=
E
x

(φ
(X

)E
(ψ

(Y
)|X

)).
S
in

ce
E

(φ
(X

)
2)

is
con

strain
ed

to
b

e
eq

u
al

to
1

w
h
ile
E
(E

(ψ
(Y

)|X
)
2 )

is
fi
x
ed

,
m

ax
im

izin
g
E
x

(φ
(X

)E
(ψ

(Y
)|X

))
is

eq
u
iv

-

alen
t

to
m

in
im

izin
g
E
x

(φ
(X

)−
E

(ψ
(Y

)|X
))

2.
F

or
sim

p
licity,

d
en

ote
X̄
≡
E

(ψ
(Y

)|X
).

T
h
en

,
ou

r
op

tim
ization

p
rob

lem
can

b
e

refo
rm

u
lated

as

m
in
φ

E
(φ

(X̄
)−

X̄
)

2

su
b

ject
to

X̄
∼
F
X̄

φ
(X̄

)∼
N

(0,1)

(8)

w
h
ere

F
X̄

is
th

e
(fi

x
ed

)
C

D
F

of
X̄
≡
E

(ψ
(Y

)|X
).

N
otice

th
at
φ

is
n
ecessarily

a
fu

n
ction

of
X̄

alon
e

(as
op

p
osed

to
X

),
for

sim
p
le

op
tim

ization
con

sid
eration

s.
A

ssu
m

in
g

th
a
t
X̄

an
d
U

=
φ

(X̄
)

are
tw

o
sep

arab
le

m
etric

sp
aces

su
ch

th
at

an
y

p
rob

ab
ility

m
easu

re
on

X̄
(or

U
)

is
a

R
ad

on
m

easu
re

(i.e.
th

ey
are

R
ad

on
sp

aces),
th

en
(8)

is
sim

p
ly

an
op

tim
al

tran
sp

ortation
p
rob

lem
(M

on
ge,

1781)
w

ith
a

strictly
con

v
ex

cost
fu

n
ction

(m
ean

sq
u
are

error).
W

e
refer

to
φ
∗(X̄

)
th

at
m

in
im

izes
(8)

as
th

e
op

tim
al

m
ap

.

T
h
e

op
tim

al
tran

sp
ortation

p
ro

b
lem

w
as

p
resen

ted
b
y

M
on

ge
(1781)

an
d

h
as

gen
erated

an
im

p
ortan

t
b
ran

ch
of

m
ath

em
atics.

T
h
e

p
rob

lem
origin

ally
stu

d
ied

b
y

M
on

g
e

w
as

th
e

follow
in

g:
assu

m
e

w
e

are
given

a
p
ile

of
san

d
(in
R

3)
a
n
d

a
h
ole

th
at

w
e

h
av

e
to

com
p
letely

fi
ll

u
p

w
ith

th
at

san
d
.

C
learly

th
e

p
ile

an
d

th
e

h
ole

m
u
st

h
ave

th
e

sam
e

volu
m

e
an

d
d
iff

eren
t

w
ay

s
of

m
ov

in
g

th
e

san
d

w
ill

give
d
iff

eren
t

costs
of

th
e

op
eration

.
M

on
ge

w
an

ted
to

m
in

im
ize

th
e

cost
of

th
is

op
eration

.
F

orm
ally,

th
e

op
tim

al
tran

sp
o
rtation

p
rob

lem
is

d
efi

n
ed

as

in
f {∫

X̄
c(X̄

,φ
(X̄

))d
µ

(X̄
) ∣∣∣ φ
∗ (µ

)
=
ν }

w
h
ere

µ
an

d
ν

are
th

e
p
rob

ab
ility

m
easu

res
of
X̄

an
d
U

resp
ectively,

c(·,·)
is

som
e

cost
fu

n
ction

an
d
φ
∗ (µ

)
d
en

otes
th

e
p
u
sh

forw
ard

of
µ

b
y

th
e

m
a
p
φ

.
C

learly,
(8)

is
a

sp
ecial

case
of

th
e

op
tim

al
tran

sp
ortation

p
rob

lem
w

h
ere

th
e
µ

=
F
X̄

,
ν

is
a

stan
d
a
rd

n
orm

al
d
istrib

u
tion

an
d

th
e

cost
fu

n
ction

is
th

e
eu

clid
ean

d
istan

ce
b

etw
een

th
e

tw
o.

A
ssu

m
e

th
at
X̄
∈
R

h
as

fi
n
ite

p
th

m
om

en
ts

for
1
≤
p
<
∞

an
d

a
strictly

con
tin

u
ou

s
C

D
F

,
F
X̄

(th
at

is
X̄

is
a

strictly
con

tin
u
ou

s
ran

d
om

variab
le).

T
h
en

,
R

ach
ev

a
n
d

R
ü
sch

en
d
orf

(1998)
sh

ow
th

at
th

e
op

tim
al

m
ap

(w
h
ich

m
in

im
izes

(8))
is

ex
actly

φ
∗(X̄

)
=

Φ
−

1
N
◦
F
X̄

(X̄
)

w
h
ere

Φ
−

1
N

is
th

e
in

v
erse

C
D

F
of

a
stan

d
ard

n
orm

a
l

d
istrib

u
tion

.
A

s
sh

ow
n

b
y

R
ach

ev
an

d
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G
a
u
ss
ia
n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

R
ü
sc

h
en

d
or

f
(1

99
8)

,
th

e
op

ti
m

al
m

ap
is

u
n
iq

u
e

an
d

ac
h
ie

ve
s

E
( (
φ
∗ (
X̄

)
−
X̄
) 2
)

=

∫
1

0
(F

X̄
(s

)
−

Φ
N

(s
))

2
d
s.

(9
)

N
ot

ic
e

th
at

th
e

op
ti

m
al

m
ap

m
ay

b
e

ge
n
er

al
iz

ed
to

th
e

m
u
lt

iv
ar

ia
te

ca
se

,
as

d
is

cu
ss

ed
in

th
e

n
ex

t
S
ec

ti
on

.
T

h
e

so
lu

ti
on

to
th

e
op

ti
m

al
tr

an
sp

or
ta

ti
on

p
ro

b
le

m
is

in
fa

ct
th

e
“o

p
ti

m
al

p
ro

je
ct

io
n
”

of
ou

r
p
ro

b
le

m
(8

).
F

u
rt

h
er

,
it

a
ll
ow

s
u
s

to
q
u
an

ti
fy

h
ow

m
u
ch

w
e

lo
se

fr
om

im
p

os
in

g
th

e
m

ar
gi

n
al

n
or

m
al

it
y

co
n
st

ra
in

t,
co

m
p
ar

ed
w

it
h

A
C

E
’s

op
ti

m
al

p
ro

je
ct

io
n
.

N
ot

ic
e

th
at

th
e

op
ti

m
al

m
ap

,
φ
∗ (
X̄

)
=

Φ
−

1
N
◦F

X̄
(X̄

),
is

si
m

p
ly

m
ar

gi
n
al

G
au

ss
ia

n
iz

at
io

n
of
X̄

:
ap

p
ly

in
g
X̄

’s
C

D
F

to
it

se
lf

re
su

lt
s

in
a

u
n
if

or
m

ly
d
is

tr
ib

u
te

d
ra

n
d
o
m

va
ri

ab
le

,
w

h
il
e

Φ
−

1
N

sh
ap

es
th

is
u
n
if

or
m

d
is

tr
ib

u
ti

on
in

to
a

st
an

d
ar

d
n
or

m
al

.
In

ot
h
er

w
or

d
s,

w
h
il
e

th
e

op
ti

m
al

p
ro

je
ct

io
n

of
ψ

(Y
)

on
X

is
it

s
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

,
th

e
op

ti
m

al
p
ro

je
ct

io
n

u
n
d
er
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n
or

m
al

it
y

co
n
st

ra
in
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is

si
m

p
ly

a
G

au
ss

ia
n
iz

at
io

n
of

th
e
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n
d
it
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n
al

ex
p

ec
ta

ti
o
n
.

T
h
e

u
n
iq

u
en

es
s

of
th

e
op

ti
m

al
m

ap
le

ad
s

to
th

e
fo

ll
ow

in
g

n
ec

es
sa

ry
co

n
d
it

io
n
s

fo
r

an
op

ti
m

al
so

lu
ti

on
to

(6
),

φ
(X

)
=

Φ
−

1
N
◦F

E
(ψ

(Y
)|X

)(
E

(ψ
(Y

)|X
))

(1
0)

ψ
(Y

)
=

Φ
−

1
N
◦F

E
(φ

(X
)|Y

)(
E

(φ
(X

)|Y
))
.

A
s

in
A

C
E

,
th

es
e

n
ec

es
sa

ry
co

n
d
it

io
n
s

im
p
ly

an
a
lt

er
n
at

in
g

p
ro

je
ct

io
n

al
go

ri
th

m
,

n
am

el
y,

th
e

A
lt

er
n
at

in
g

G
au

ss
in

iz
ed

C
on

d
it

io
n
al

E
x
p

ec
ta

ti
on

(A
G

C
E

).
H

er
e,

w
e

b
eg

in
b
y

ra
n
d
om

ly
ch

o
os

in
g

a
tr

an
sf

or
m

at
io

n
th

at
on

ly
sa

ti
sfi

es
th

e
n
or

m
al

it
y

co
n
st

ra
in

t
ψ

(Y
)
∼

N
(0
,1

).
T

h
en

,
w

e
it

er
at

e
b
y

fi
x
in

g
on

e
of

th
e

tr
an

sf
or

m
a
ti

on
w

h
il
e

op
ti

m
iz

in
g

th
e

o
th

er
,
a
cc

or
d
in

g
to

(1
0)

.
W

e
te

rm
in

at
e

on
ce
E

(φ
(X

)ψ
(Y

))
fa

il
s

to
in

cr
ea

se
,
w

h
ic

h
m

ea
n
s

th
at

w
e

co
n
ve

rg
ed

to
a

se
t

of
tr

an
sf

or
m

at
io

n
s

th
at

sa
ti

sf
y

th
e

n
ec

es
sa

ry
co

n
d
it

io
n
s

fo
r

op
ti

m
al

so
lu

ti
on

.
A

lg
or

it
h
m

1
su

m
m

ar
iz

es
ou

r
su

gg
es

te
d

ap
p
ro

ac
h
.

N
ot

ic
e

th
at

in
ev

er
y

st
ep

of
ou

r
p
ro

ce
d
u
re

,
w

e
m

ay
ei

th
er

:

1.
In

cr
ea

se
ou

r
ob

je
ct

iv
e

va
lu

e,
as

a
re

su
lt

of
th

e
op

ti
m

al
m

ap
fo

r
(8

).

2.
M

ai
n
ta

in
w

it
h

th
e

sa
m

e
ob

je
ct

iv
e

va
lu

e
an

d
w

it
h

th
e

sa
m

e
tr

an
sf

o
rm

a
ti

on
th

at
w
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fo

u
n
d

in
of

th
e

p
re

v
io

u
s

it
er

at
io

n
,

as
w

e
co

n
ve

rg
ed
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(1

0)
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T
h
is

m
ea

n
s

th
at

ou
r

al
te

rn
at

in
g

m
et

h
o
d

ge
n
er

at
es

a
m

on
ot

on
ic

al
ly

in
cr

ea
si

n
g

se
q
u
en

ce
of

ob
je

ct
iv

e
va

lu
es

.
M

or
eo

ve
r,

as
w

ri
tt

en
in

S
ec

ti
on

4,
th

is
se

q
u
en

ce
is

b
ou

n
d
ed

fr
o
m

a
b

ov
e

b
y

th
e

op
ti

m
al

co
rr

el
at

io
n

gi
ve

n
b
y

A
C

E
.

T
h
er

ef
or

e,
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co
rd

in
g

to
th

e
m

on
ot

on
e

co
n
ve

rg
en

ce
th

eo
re

m
,

ou
r

su
gg

es
te

d
m

et
h
o
d

co
n
v
er

ge
s

to
a

lo
ca

l
o
p
ti

m
u
m

.
U

n
fo
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u
n
at

el
y,
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op

p
os

ed
to

A
C

E
,

ou
r

p
ro

je
ct

io
n

op
er

at
or

is
n
ot

li
n
ea

r
an

d
w

e
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n
n
ot
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m
fo

r
gl
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op
ti

m
al

it
y.

W
e
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e
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r

d
iff

er
en
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ti
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e

to
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m
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ed

n
u
m

b
er

)
of

lo
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l
op
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m

a.
Y

et
,

A
G

C
E

p
ro

v
id

es
an

eff
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ti
ve

to
o
l

fo
r

fi
n
d
in

g
lo

ca
l

m
ax

im
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er
s
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(4

),
w

h
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h
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ge
th

er
w

it
h

M
C

M
C

(G
il
k
s,

20
05

)
in

it
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ti
o
n
s
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r
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y

ot
h
er

ra
n
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p
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n
d
in

g
th

e
gl
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op
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m
u
m

.
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b
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m
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p
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p
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w
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P
a
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y
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n
d

T
is
h
b
y

A
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o
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th
m

1
A

lt
er

n
at

in
g

G
au

ss
in

iz
ed

C
on

d
it

io
n
al

E
x
p

ec
ta

ti
on

s
(A

G
C

E
)

fo
r

th
e

u
n
iv

a
ri

a
te

ca
se

R
e
q
u

ir
e
:
F
X
Y

,
th

e
jo

in
t

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
X

an
d
Y

.
R

e
q
u

ir
e
:
g

:
R
→
R

,
a

ra
n
d
om

m
ap

p
in

g.
1
:

S
et
ψ

(Y
)

=
Φ
−

1
N
◦F

g
(Y

)
(g

(Y
))

.

2
:

S
et
φ

(X
)

=
Φ
−

1
N
◦F

E
(ψ

(Y
)|X

)(
E

(ψ
(Y

)|X
))

.
3
:

S
et
ρ

=
E

(φ
(X

)ψ
(Y

))
.

4
:

S
et
T

=
0

5
:

w
h

il
e
T
6=

1
d

o
6
:

S
et
ψ

(Y
)

=
Φ
−

1
N
◦F

E
(φ

(X
)|Y

)(
E

(φ
(X

)|Y
))

.

7
:

S
et
φ

(X
)

=
Φ
−

1
N
◦F

E
(ψ

(Y
)|X

)(
E

(ψ
(Y

)|X
))

.
8
:

if
E

(φ
(X

)ψ
(Y

))
≯
ρ

th
e
n

9
:

T
=

1
1
0
:
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ls

e
1
1
:

ρ
=
E
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(X

)ψ
(Y

))
1
2
:

e
n

d
if

1
3
:

e
n

d
w

h
il
e

1
4
:
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φ
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),
ψ
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),
ρ

b
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n
d
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e
b
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t

w
e
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n

h
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e
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r.
H

er
e,

w
e

ta
ck

le
(4

)
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o

p
h
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.
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e
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p
h
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e
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b
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re
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n
d
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is
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n
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ra
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s
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n
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.
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ra
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b
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ra
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p
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.
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ot
h
er

w
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d
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w
e
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t
ap

p
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A
C

E
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in
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ou
r
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je
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e
a
s

m
u
ch

as
p

o
ss
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le

,
a
n
d

th
en

se
p
ar

at
el

y
G

au
ss

ia
n
iz

e
th

e
re

su
lt

s
to

m
ee

t
th

e
n
or

m
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it
y

co
n
st

ra
in

ts
,
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op

in
g
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p
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d
o
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n
ot
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d
u
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ou
r

ob
je

ct
iv

e
“t

o
o

m
u
ch

”.
N

o
ti

ce
th

at
in

th
is

u
n
iv

ar
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te
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se
,

se
p
a
ra

te
G

au
ss

ia
n
iz

at
io

n
is

ac
h
ie

ve
d

ac
co

rd
in

g
to

T
h
eo

re
m

2:

T
h

e
o
re

m
2

L
et
X

be
a
n

y
ra

n
d
o
m

va
ri

a
bl

e
X
∼
F
X

(x
)

a
n

d
θ
∼

U
n

if
[0
,1

]
be

st
a
ti
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ic

a
ll

y
in

d
ep

en
d
en

t
o
f

it
.
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o
rd

er
to

sh
a
pe
X

to
a

n
o
rm

a
l

d
is

tr
ib

u
ti

o
n

th
e
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ll

o
w

in
g

a
p
p
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es
:

1
.

A
ss

u
m

e
X
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a

n
o
n

-a
to

m
ic

d
is

tr
ib

u
ti

o
n

(F
X

(x
)

is
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ri
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ly
in

cr
ea

si
n
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th

en

Φ
−

1
N
◦F

X
(X

)
∼
N

(0
,1

)

2
.

A
ss

u
m

e
X

is
d
is

cr
et

e
o
r

a
m
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tu

re
p
ro
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li
ty

d
is

tr
ib

u
ti

o
n

th
en

Φ
−

1
N
◦(
F
X

(X
)
−
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X
(x
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∼
N
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)

T
h
e

p
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of
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m
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n

b
e

lo
ca

te
d

in
A

p
p

en
d
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1
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(S
h
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ev
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z
an

d
F

ed
er

,
2
0
1
1
).

T
h
eo

re
m

2
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p
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th
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if
X
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st
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n
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n
u
ou

s
th

en
w

e
m

ay
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h
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ve
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n
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m
a
l
d
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ib

u
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o
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b
y

ap
p
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in
g

Φ
−

1
N
◦F

X
(X

)
to

it
,

as
d
is
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ed
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e

p
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v
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u
s
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n
.
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w
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e,

w
e
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a
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h
an

d
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it
s

C
D

F
’s
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n
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ri
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p
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n
ts

b
y

ra
n
d
om

ly
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at
te

ri
n
g

th
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u
n
if

o
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m
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n
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er

,
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ed
b
y

ap
p
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in
g

Φ
−

1
N
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e
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n
d
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ri
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w
e

ac
h
ie
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d
.
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at
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G
a
u
ssia

n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

m
u
ltiva

ria
te

ca
se

(S
ection

(5.3))
th

e
eq

u
ivalen

t
p
ro

cess
is

q
u
ite

fl
ex

ib
le

an
d

allow
s

u
s

to
co

n
tro

l
th

e
co

rrelation
ob

jective.
F

u
rth

er,
n
o
tice

th
at

th
is

low
er

b
ou

n
d

is
b
y

n
o

m
ean

s
a

can
d
id

ate
for

an
op

tim
al

solu
tion

to
(6

),
a
s

it
d
o
es

n
ot

m
eet

th
e

n
ecessary

con
d
ition

s
d
escrib

ed
in

(10).
Y

et,
b
y

fi
n
d
in

g
b

oth
a
n

u
p
p

er
a
n
d

low
er

b
ou

n
d
s

(th
rou

gh
A

C
E

,
an

d
th

en
sep

arately
G

au
ssia

n
izin

g
th

e
resu

lt
o
f

A
C

E
)

w
e

m
ay

im
m

ed
iately

ach
ieve

th
e

ran
ge

in
w

h
ich

th
e

op
tim

al
so

lu
tion

n
ecessarily

resid
es.

A
ssu

m
in

g
th

is
ran

ge
is

n
ot

to
o

large,
on

e
m

ay
settle

fo
r

a
su

b
-op

tim
al

solu
tion

w
ith

o
u
t

a
n
eed

to
ap

p
ly

A
G

C
E

at
all.

4
.4

Illu
stra

tiv
e

e
x
a
m

p
le

W
e

n
ow

d
em

o
n
strate

ou
r

su
ggested

m
eth

o
d
o
logy

w
ith

a
sim

p
le

illu
strative

ex
a
m

p
le.

L
et

X
∼

N
(0,1

),
W
∼

N
(0,ε

2)
an

d
Z
∼

N
(µ
z ,1)

b
e

th
ree

n
orm

ally
d
istrib

u
ted

ran
d
om

va
ria

b
les,

a
ll

in
d
ep

en
d
en

t
of

each
oth

er.
L

et
P

b
e

a
B

ern
ou

lli
d
istrib

u
ted

ran
d
om

variab
le

w
ith

a
p
a
ra

m
eter

12 ,
in

d
ep

en
d
en

t
of
X
,W

an
d
Z

.
D

efi
n
e
Y

as:

Y
=

{
X

+
W

P
=

0
Z

P
=

1

}
.

T
h
en

,
Y

is
a

b
a
lan

ced
G

au
ssian

m
ix

tu
re

w
ith

p
aram

eters

θ
y

=
{
µ

1
=

0,σ
21

=
1

+
ε
2,µ

2
=
µ
z ,σ

22
=

1 }
.

T
h
e

jo
in

t
p
ro

b
a
b
ility

d
en

sity
fu

n
ction

of
X

an
d
Y

is
also

a
b
alan

ced
tw

o-d
im

en
sion

al
G

au
s-

sia
n

m
ix

tu
re

w
ith

p
aram

eters

θ
x
y

=

{
µ

1
=

[
00

]
,C

1
=

[
1

1
1

1+
ε
2

]
,µ

2
=

[
0µ
z

]
,C

2
=
I }

.

L
et

u
s

fu
rth

er
assu

m
e

th
at
µ
z

is
large

en
ou

gh
,

an
d
ε
2

is
sm

all
en

ou
gh

,
so

th
at

th
e

overlap
b

etw
een
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ss
ia

n
iz

at
io

n
to

th
e

ou
tc

om
e

of
th

e
A

C
E

p
ro

ce
d
u
re

.
T

h
is

re
su

lt
s

in
ρ
lb

=
0.

64
6

an
d

a
co

rr
es

p
on

d
in

g
I g

=
0.

38
9.

T
h
e

ri
gh

t
sc

at
te

r
p
lo

t
of

F
ig

u
re

2
sh

ow
s

th
e

G
au

ss
ia

n
iz

ed
sa

m
p
le

s
th

e
w

e
ac

h
ie

v
e.

W
e

n
ot

ic
e

th
at

th
is

lo
w

er
b

ou
n
d

is
n
o
t

si
g
n
ifi

ca
n
tl

y
lo

w
er

th
an

A
G

C
E

,
su

gg
es

ti
n
g

th
at

in
so

m
e

ca
se

s
w

e
m

ay
se

tt
le

fo
r

th
is

le
ss

in
v
o
lv

ed
m

et
h
o
d
.

T
o

co
n
cl

u
d
e,

ou
r

su
gg

es
te

d
so

lu
ti

on
su

rp
as

se
s

th
e

b
en

ch
m

ar
k
s

q
u
it

e
ea

si
ly

,
a
s

w
e

in
cr

ea
se

th
e

lo
w

er
b

ou
n
d

fr
om

0.
20

4
b
it

s
u
si

n
g

th
e

cu
st

om
G

au
ss

ia
n
iz

at
io

n
p
ro

ce
d
u
re

to
0
.4

1
1

b
it

s
u
si

n
g

ou
r

su
gg

es
te

d
so

lu
ti

on
.

W
e

n
ot

ic
e

th
at

al
l

of
th

e
d
is

cu
ss

ed
p
ro

ce
d
u
re

s
re

su
lt

in
jo

in
t

d
is

tr
ib

u
ti

on
s

th
at

ar
e

q
u
it

e
fa

r
fr

om
n
or

m
al

.
T

h
is

is
n
ot

su
rp

ri
si

n
g,

si
n
ce
X

a
n
d
Y

w
er

e
h
ig

h
ly

“n
on

-n
or

m
al

”
to

b
eg

in
w

it
h
.

S
p

ec
ifi

ca
ll
y,

al
l

of
th

e
su

gg
es

te
d

p
ro

ce
d
u
re

s
lo

se
in

fo
rm

at
io

n
,

co
m

p
ar

ed
w

it
h

th
e

or
ig

in
al
I
(X

;Y
)

=
1.

66
.

H
ow

ev
er

,
ou

r
su

gg
es

te
d

so
lu

ti
o
n

m
in

im
iz

es
th

is
lo

ss
,

an
d

m
ay

b
e

co
n
si

d
er

ed
“m

or
e

jo
in

tl
y

n
or

m
al

”
th

an
o
th

er
s,

in
th

is
re

ga
rd

s.

5
.
T
h
e
m
u
lt
iv
a
ri
a
te

ca
se

L
et

u
s

n
ow

co
n
si

d
er

th
e

m
u
lt

iv
ar

ia
te

ca
se

w
h
er

e
b

ot
h
X
∈
R
d
x

an
d
Y
∈
R
d
y

a
re

ra
n
d
om

ve
ct

or
s

w
it

h
a

jo
in

t
C

D
F
F
X
,Y

.
O

n
e

of
th

e
fu

n
d
am

en
ta

l
d
iff

er
en

ce
s

fr
om

th
e

u
n
iv

a
ri

a
te

ca
se

is
th

at
G

au
ss

ia
n
iz

in
g

ea
ch

of
th

es
e

ve
ct

or
s

(e
v
en

se
p
ar

at
el

y
)

is
n
ot

a
si

m
p
le

ta
sk

.
In

o
th

er
w

or
d
s,

fi
n
d
in

g
a

tr
an

sf
or

m
at

io
n
φ

:
R
d
x
→
R
d
u

su
ch

th
a
t
U

=
φ

(X
)

is
n
or

m
a
ll
y

d
is

tr
ib

u
te

d
m

ay
b

e
th

eo
re

ti
ca

ll
y

st
ra

ig
h
t-

fo
rw

ar
d

b
u
t

p
ra

ct
ic

al
ly

in
vo

lv
ed

.

F
or

th
e

si
m

p
li
ci

ty
of

th
e

p
re

se
n
ta

ti
on

,
as

su
m

e
th

at
X

=
[X

1
,X

2
]T

is
a

tw
o

d
im

en
si

o
n
al

,
st

ri
ct

ly
co

n
ti

n
u
ou

s,
ra

n
d
om

ve
ct

or
.

T
h
en

,
G

au
ss

ia
n
iz

at
io

n
m

ay
b

e
ac

h
ie

ve
d

in
tw

o
st

ep
s:

fi
rs

t,
ap

p
ly

m
ar

gi
n
al

G
au

ss
ia

n
iz

at
io

n
to

X
1
,

so
th

at
U

1
=

Φ
−

1
N
◦
F
X

1
(X

1
).

T
h
en

,
a
p
p
ly

m
ar

gi
n
al

G
au

ss
ia

n
iz

at
io

n
on

X
2
,

co
n
d
it

io
n
ed

on
ea

ch
p

os
si

b
le

re
al

iz
at

io
n

o
f

th
e

p
re

v
io

u
s

co
m

p
on

en
t,
U

2
|u

1
=

Φ
−

1
N
◦F

X
2
|U

1
(X

2
|U

1
=
u

1
).

T
h
is

re
su

lt
s

in
a

jo
in

tl
y

n
or

m
a
ll
y

d
is

tr
ib

u
te

d

ve
ct

or
U

=
[U

1
,U

2
]T

.
W

h
il
e

th
is

p
ro

ce
d
u
re

is
th

eo
re

ti
ca

ll
y

si
m

p
le

,
it

is
q
u
it

e
p
ro

b
le

m
a
ti

c
to

ap
p
ly

in
p
ra

ct
ic

e,
as

it
re

q
u
ir

es
G

au
ss

ia
n
iz

in
g

ea
ch

an
d

ev
er

y
co

n
d
it

io
n
a
l

C
D

F
.

T
h
is

is
ob

v
io

u
sl

y
im

p
os

si
b
le

,
gi

v
en

a
fi
n
it

e
n
u
m

b
er

of
sa

m
p
le

s.
Y

et
,

it
gi

ve
s

u
s

a
co

n
st

ru
ct

iv
e
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a
u
ssia

n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

-2
0

2
-2

-1
.5 -1

-0
.5 0

0
.5 1

1
.5 2

2
.5

u

ρ
u
b =
0
.7
0
3

.

v

A
C
E

-5
0

5
-4 -3 -2 -1 0 1 2 3 4

v
u

ρ
lb =
0
.6
4
6

Ig =
0
.3
8
9

G
a
u
s
s
ia
n
iz
e
d

A
C
E

-5
0

5
-4 -3 -2 -1 0 1 2 3 4

v

u

ρ
* =
0
.6
6

Ig =
0
.4
1
1

A
G
C
E

F
ig

u
re

2
:

O
u
r

S
u
ggested

U
n
ivariate

G
au

ssian
ization

S
ch

em
es:

L
eft:

u
p
p

er
b

ou
n
d

b
y

A
C

E
.

M
id

d
le:

(lo
ca

l)
op

tim
al

solu
tion

b
y

A
G

C
E

.
R

igh
t:

low
er

b
ou

n
d

b
y

sep
arate

G
u
assian

ization
to

A
C

E
.

m
eth

o
d
,

assu
m

in
g

th
at

all
th

e
C

D
F

’s
are

k
n
ow

n
.

In
th

e
follow

in
g

section
s

w
e

sh
all

p
resen

t
severa

l
a
ltern

a
tives

for
G

au
ssian

ization
in

a
fi
n
ite

sam
p
le

size
setu

p
.

5
.1

U
p

p
e
r

b
o
u

n
d

b
y

A
C

E

A
s

in
th

e
u
n
ivariate

case,
w

e
b

egin
ou

r
an

aly
sis

b
y

relax
in

g
th

e
n
orm

ality
con

strain
ts

w
ith

so
fter

secon
d

ord
er

statistics
con

strain
ts.

T
h
is

lead
s

to
an

im
m

ed
iate

m
u
ltivariate

g
en

era
liza

tio
n

o
f

th
e

A
C

E
p
ro

ced
u
re:

W
e

b
eg

in
b
y

ex
tractin

g
th

e
fi
rst

can
on

ical
p
air,

w
h
ich

satisfi
es
U

1
=
c·
E

(V
1 |X

)
an

d
V

1
=
c·E

(U
1 |Y

).
A

s
in

th
e

u
n
ivariate

case,
c

is
a

n
orm

alization
co

effi
cien

t
(th

e
sq

u
are

ro
ot

o
f

th
e

va
rian

ce
of

th
e

con
d
ition

al
ex

p
ectation

),
an

d
th

e
op

tim
ization

is
d
on

e
b
y

altern
atin

g
p
ro

jectio
n
s.

T
h
en

,
w

e
sh

all
ex

tract
th

e
secon

d
p
air

of
can

on
ical

com
p

on
en

ts,
su

b
ject

to
an

o
rth

og
o
n
ality

con
strain

t
w

ith
th

e
fi
rst

p
air.

It
is

easy
to

sh
ow

th
at

if
V

2
is

orth
o
gon

al
to
V

1 ,
th

en
U

2
=
c·
E

(V
2 |X

)
is

orth
ogon

al
to
U

1 ,
an

d
ob

v
iou

sly
m

a
x
im

izes
th

e
correlation

w
ith

V
2 .

T
h
erefo

re,
w

e
m

ay
ex

tract
th

e
secon

d
ca

n
on

ical
p
air

b
y

fi
rst

ran
d
om

ly
assign

in
g

a
zero-

m
ean

a
n
d

u
n
it

varian
ce
V

2
th

at
is

also
orth

ogon
al

to
V

1
(b

y
th

e
G

ram
-S

ch
m

id
t

p
ro

ced
u
re,

fo
r

ex
a
m

p
le),

follow
ed

b
y

altern
atin

g
con

d
itio

n
al

ex
p

ectation
s

w
ith

resp
ect

to
V

2
an

d
U

2 ,
in

th
e

sam
e

m
a
n
n
er

as
w

e
d
id

w
ith

th
e

fi
rst

p
air.

W
e

con
tin

u
e

th
is

w
ay

for
th

e
rest

of
th

e
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P
a
in
sk

y
a
n
d

T
ish

b
y

can
on

ical
p
airs.

A
s

in
th

e
u
n
ivariate

case,
con

v
ergen

ce
to

a
glob

al
m

ax
im

u
m

is
gu

aran
teed

from
th

e
sam

e
H

ilb
ert

sp
ace

argu
m

en
ts.

A
s

b
efore,

th
e

m
u
ltivariate

A
C

E
sets

an
u
p
p

er
b

ou
n
d

to
(5)

as
it

m
ax

im
izes

a
relax

ed
v
ersion

of
th

is
p
rob

lem
.

L
e
m

m
a

3
L

et
U
∗ ,V

∗
be

th
e

o
u

tco
m

e
o
f

m
u

ltiva
ria

te
A

C
E

p
roced

u
re

(th
e

ca
n

o
n

ica
l

vec-
to

rs).
A

ssu
m

in
g

th
a
t
I
(X

;Y
)
>

log ∣∣C
[U
∗
,V
∗
] ∣∣,

th
en

th
ere

a
re

n
o

tra
n

sfo
rm

a
tio

n
s

su
ch

th
a
t

U
=
φ

(X
)

a
n

d
V

=
ψ

(Y
)

fo
llo

w
a

jo
in

tly
n

o
rm

a
l

d
istribu

tio
n

a
n

d
p
reserve

a
ll

o
f

th
e

m
u

tu
a
l

in
fo

rm
a
tio

n
,
I
(X

;Y
).

T
h
e

p
ro

of
of

L
em

m
a

3
follow

s
ex

actly
from

th
e

p
ro

of
of

L
em

m
a

1.
H

ere
a
gain

,
th

e
m

u
l-

tivariate
A

C
E

ob
jectiv

e,
log ∣∣C

[U
∗
,V
∗
] ∣∣,

can
n
ot

b
e

fu
rth

er
in

creased
b
y

artifi
cially

in
fl
a
tin

g

th
e

d
im

en
sion

of
th

e
p
rob

lem
.

T
h
erefore,

L
em

m
a

3
h
old

s
for

a
n
y
φ

:
R
d
x
→
R
d
u

an
d

ψ
:R

d
y→

R
d
v,

su
ch

th
at
d
u ,d

v ≥
0.

5
.2

m
u

ltiv
a
ria

te
A

G
C

E

A
s

w
ith

th
e

m
u
ltivariate

A
C

E
,

w
e

p
rop

ose
a

gen
eralized

m
u
ltivariate

p
ro

ced
u
re

for
A

G
C

E
.

W
e

b
egin

b
y

ex
tractin

g
th

e
fi
rst

p
air,

in
th

e
sam

e
m

an
n
er

as
w

e
d
id

in
th

e
u
n
ivariate

case.
T

h
at

is,
w

e
fi
n
d

a
p
air

U
1

an
d
V

1
th

at
satisfi

es

U
1

=
Φ
−

1
N
◦
F
E

(U
1 |X

) (E
(U

1 |X
))

(16)

V
1

=
Φ
−

1
N
◦
F
E

(V
1 |Y

) (E
(V

1 |Y
))

b
y

ap
p
ly

in
g

th
e

altern
atin

g
op

tim
ization

sch
em

e.
A

s
w

e
p
ro

ceed
to

th
e

secon
d

p
air,

w
e

req
u
ire

th
at
U

2
is

b
oth

orth
ogon

al
an

d
join

tly
n
orm

ally
d
istrib

u
ted

w
ith

U
1

(sam
e

go
es

for
V

2
w

ith
resp

ect
to
V

1 ).
T

h
is

m
ean

s
th

at
th

e
seco

n
d

p
air

n
eed

s
n
ot

on
ly

to
b

e
orth

ogon
al,

b
u
t

also
statistically

in
d
ep

en
d
en

t
w

ith
th

e
fi
rst

p
air.

In
o
th

er
w

ord
s,

assu
m

in
g
V

2
is

fi
x
ed

,
ou

r
b
asic

p
ro

jection
step

is

m
ax
φ
2

E
(φ

2 (X
)V

2 )

su
b

ject
to

φ
2 (X

)∼
N

(0,1)

φ
2 (X

)

|=φ
1 (X

).

(17)

L
et

u
s

d
en

ote
a

su
b
sp

ace
X̃
⊂
X

th
at

is
statistically

in
d
ep

en
d
en

t
o
f
U

1
=
φ

1 (X
).

T
h
en

,

th
e

p
rob

lem
of

m
ax

im
izin

g
E
(
φ

2 (X̃
)V

2 )
su

b
ject

to
φ

2 (X̃
)∼

N
(0,1)

is
again

solved
b
y

th
e

op
tim

al
m

ap
,
φ

2 (X̃
)

=
Φ
−

1
N
◦
F
E

(V
2 |X̃

) (E
(V

2 |X̃
)).

T
h
erefore,

th
e

rem
ain

in
g

task
is

to
fi
n
d

th
e

“b
est”

su
b
sp

a
ce
X̃
⊂
X

,
so

th
at
E
(
φ

2 (X̃
)V

2 )
is

m
ax

im
al,

w
h
en

p
lu

ggin
g

th
e

op
tim

al
m

ap
.

P
ro

p
o
sitio

n
4

L
et
U

1
=
u

1
be

th
e

va
lu

e
(rea

liza
tio

n
)

o
f
U

1 .
L

et
X̃

=
g

(X
,u

1 )
be

a
su

bspa
ce

o
f
X

,
in

d
epen

d
en

t
o
f
U

1 .
If
g

(X
,u

1 )
is

a
n

in
vertible

fu
n

ctio
n

w
ith

respect
to
X

given
u

1 ,
th

en
X̃

is
a
n

o
p
tim

a
l

su
bspa

ce
fo

r
m

a
xim

izin
g
E
(
φ

2 (X̃
)V

2 )
su

bject
to
φ

2 (X̃
)∼

N
(0,1).
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ia
n
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o
w
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r
B
o
u
n
d

f
o
r
t
h
e
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f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

P
ro

o
f

A
ss

u
m

e
th

er
e

ex
is

ts
a

d
iff

er
en

t
su

b
sp

ac
e
X̃
′ =

g
′ (
X
,u

1
)

so
th

at

m
ax φ
′ 2
E
( φ
′ 2
(X̃
′ )V

2

)
>

m
ax φ 2
E
( φ

2
(X̃

)V
2

)

su
b

je
ct

to
th

e
n
or

m
al

it
y

co
n
st

ra
in

t.
S
in

ce
g

is
in

ve
rt

ib
le

w
e

h
av

e
th

at
X

=
g
−

1
(X̃
,u

1
).

T
h
er

ef
or

e,
X̃
′ =

g
′(
g
−

1
(X̃
,u

1
))
≡
f

(X̃
,u

1
).

P
lu

gg
in

g
th

is
to

th
e

in
eq

u
al

it
y

ab
ov

e
le

ad
s

to

m
ax φ
′ 2
E
( φ
′ 2
(f

(X̃
,u

1
))
V

2

)
>

m
ax φ 2
E
( φ

2
(X̃

)V
2

)

w
h
ic

h
ob

v
io

u
sl

y
co

n
tr

ad
ic

ts
th

e
op

ti
m

al
it

y
of

m
ax

im
iz

at
io

n
ov
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p
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p
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p
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b
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ra
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at
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b
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b
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d
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h
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p
ly

a
si

m
p
le

o
ff

-t
h
e-

sh
el

f
lo

w
er

b
ou

n
d

to
(4

)
b
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b
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p
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at
io

n
m

ay
b

e
p
ra

ct
ic

al
ly

in
fe

as
ib

le
.

T
h
er

ef
or

e,
w

e
b

eg
in

th
is

se
ct

io
n

b
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at
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P
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w
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h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

(a
s

m
u
ch

a
s

w
e

can
)

from
red

u
cin

g
ou

r
ob

jective,

log (
∣∣C
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tive

p
ro

cess,
w

h
ere

in
each

iteration
w

e
ap

p
ly

a
rotation

m
atrix

to
b

oth
v
ectors,

fo
llow

ed
b
y

m
argin

al
G

au
ssian

ization
to

each
of

th
e

com
p

on
en

ts
o
f

th
e

tw
o

v
ectors.

It
is

ea
sy

to
sh

ow
th

at
(19)

is
in

varian
t

to
fu

ll
ran

k
lin

ear
tran

sform
ation

s.
H

ow
ever,

it
m

ay
b

e
eff

ected
b
y

th
e

(n
on

-lin
ear)

m
argin

al
G

au
ssia

n
ization

of
th

e
com

p
on

en
ts

(as
d
escrib

ed
in

T
h
eo

rem
2
).

T
h
erefore,

w
e

w
ou

ld
like

to
fi
n
d

rotation
m

atrices
th

at
m

in
im

ize
th

e
eff

ect
of

th
e

co
n
seq

u
en

t
m

argin
al

G
au

ssian
ization

step
.

T
h
is

p
rob

lem
is

far
from

triv
ial.

In
fact,

d
u
e

to
th

e
co

m
p
lica

ted
n
atu

re
of

th
e

m
argin

al
G

au
ssian

ization
p
ro

ced
u
re,

it
is

q
u
ite

im
p

ossib
le

to
m

in
im

ize
th

e
eff

ect
of

th
e

m
argin

al
G

au
ssian

ization
a-p

riori,
w

ith
ou

t
actu

ally
ap

p
ly

in
g

it
a
n
d

see
h
ow

it
eff

ects
(19).

T
h
erefore,

w
e

su
ggest

a
sto

ch
astic

search
m

ech
an

ism
,

w
h
ich

a
llow

s
u
s

to
con

stru
ct

a
“reason

ab
le”

rotation
m

atrix
.

O
u
r

su
g
g
ested

m
ech

an
ism

w
ork

s
as

follow
:

A
t

each
iteration

w
e

b
egin

b
y

d
raw

in
g

tw
o

ran
d
om

ro
ta

tio
n

m
atrices

R
1

an
d
R

2
for

th
e

tw
o

vecto
rs

w
e

are
to

G
au

ssian
ize,

ju
st

like
L

a
p
a
rra

et
a
l.

(2011).
W

e
ap

p
ly

m
argin

al
G

au
ssian

ization
to

all
th

e
com

p
on

en
ts

an
d

eval-
u
ate

o
u
r

o
b

jective
(19).

T
h
en

,
w

e
ran

d
om

ly
ch

o
ose

tw
o

d
im

en
sion

s
an

d
a
n

an
g
le,

θ,
a
n
d

co
n
stru

ct
a

co
rresp

on
d
in

g
rotation

m
atrix

R̃
th

at
rotates

th
e

sp
ace

sp
an

n
ed

b
y

th
e

tw
o

d
i-

m
en

sio
n
s

in
θ

d
egrees.

W
e

ap
p
ly
R̃
·R

1
to

ou
r

vector,
follow

ed
b
y

m
argin

al
G

au
ssian

ization
,

a
n
d

a
g
a
in

evalu
ate

(19).
If

th
e

ob
jective

in
creases

w
e

assign
R

1
=
R̃
·
R

1 .
W

e
rep

eat
th

is
p
ro

cess
a

con
fi
gu

rab
le

n
u
m

b
er

of
tim

es,
for

th
e

tw
o

vectors
w

e
are

to
G

au
ssian

ize.
N

otice
th

a
t

ou
r

su
ggested

p
ro

ced
u
re

ap
p
lies

a
sto

ch
astic

h
ill

clim
b
in

g
(S

H
C

)
search

in
ea

ch
step

:
it

ra
n
d
om

ly
search

es
for

th
e

b
est

rotation
m

atrix
b
y

grad
u
ally

com
p

osin
g

“sm
all”

rota
tio

n
step

s
(of

tw
o

d
im

en
sion

s
an

d
an

an
gle),

as
th

e
com

p
lete

search
sp

ace
is

p
ractically

in
fi
n
ite.

T
h
is

p
ro

ced
u
re

gu
aran

tees
to

con
verge

to
tw

o
m

u
ltivariate

n
o
rm

al
vectors,

as
sh

ow
n

b
y

L
a
p
a
rra

et
al.

(2011),
u
n
d
er

th
e

reason
ab

le
assu

m
p
tion

th
at
R

1
an

d
R

2
d
o

n
ot

rep
ea

ted
ly

co
n
verge

to
id

en
tity

m
atrices.

O
u
r

su
ggested

ap
p
roach

is
d
escrib

ed
in

d
etail

in
A

lg
o
rith

m
2
.

A
s

w
e

see
in

ou
r

ex
p

erim
en

ts,
th

e
B

i-term
in

al
G

au
ssian

ization
p
ro

cess
is

su
p

erior
to

n
a
ively

a
p
p
ly

in
g

a
G

au
ssian

ization
p
ro

ced
u
re

to
ea

ch
of

th
e

vectors
sep

ara
tely

(as
su

g
gested

b
y

C
h
en

a
n
d

G
op

in
ath

(2001)
or

L
ap

arra
et

al.
(2011)),

in
all

th
e

cases
w

e
ex

am
in

e.

5
.4

Illu
stra

tiv
e

e
x
a
m

p
le

s

W
e

n
ow

ex
a
m

in
e

ou
r

su
ggests

m
u
ltivariate

a
p
p
roach

in
d
iff

eren
t

setu
p
s.

A
s

in
th

e
u
n
ivariate

ca
se,

w
e

d
raw

sam
p
les

from
a

given
m

o
d
el

an
d

b
ou

n
d

from
b

elow
th

e
m

u
tu

al
in

form
ation

I
(X
,Y

)
acco

rd
in

g
to

(3).
F

irst,
w

e
ap

p
ly

th
e

m
u
ltiva

riate
A

C
E

p
ro

ced
u
re

(S
ection

5.1)
to

a
ch

ieve
a
n

u
p
p

er
b

ou
n
d

to
ou

r
ob

jective.
T

h
en

,
w

e
ap

p
ly

sep
arate

G
au

ssian
izatio

n
to

A
C

E
’s

o
u
tco

m
e,

to
attain

an
im

m
ed

iate
low

er
b

ou
n
d

(S
ection

5.3.1
).

F
u
rth

er,
w

e
tigh

ten
th

is
low

er
b

o
u
n
d

b
y

rep
lacin

g
th

e
sep

arate
G

au
ssian

ization
w

ith
b
i-term

in
al

G
au

ssian
iza

tion
to

A
C

E
’s

o
u
tco

m
e

(S
ection

5.3.2).
S
in

ce
ou

r
m

u
ltivariate

A
G

C
E

p
ro

ced
u
re

(S
ection

5.2)
is

p
ra

ctica
lly

in
feasib

le,
w

e
refrain

from
u
sin

g
it.

T
h
is

w
ou

ld
b

e
fu

rth
er

ju
stifi

ed
later

in
ou

r
resu

lts,
a
s

w
e

see
th

at
th

e
gap

b
etw

een
th

e
low

er
an

d
u
p
p

er
b

o
u
n
d
s

is
relativ

ely
sm

all.
In
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P
a
in
sk

y
a
n
d

T
ish

b
y

A
lg

o
rith

m
2

B
i-term

in
al

m
u
ltivariate

G
au

ssian
ization

R
e
q
u

ire
:
X
∈
R
d
x,
Y
∈
R
d
y.

R
e
q
u

ire
:
T
h

,
a

G
au

ssian
ization

con
vergen

ce
th

resh
old

an
d
N

,
th

e
S
H

C
p
a
ram

eter.
1
:

S
et
U

=
X

an
d
V

=
Y

.
2
:

S
et
J
U

=
J

(U
)

an
d
J
V

=
J

(V
)

accord
in

g
to

(18).
3
:

w
h

ile
J
U
≥
T
h

O
R
J
V
≥
T
h

d
o

4
:

D
raw

a
rotation

m
artix

R
1

of
d
im

en
sion

s
d
x ×

d
x

a
n
d

set
U
∗

=
R

1 U
.

5
:

D
raw

a
rotation

m
artix

R
2

of
d
im

en
sion

s
d
y ×

d
y

an
d

set
V
∗

=
R

2 V
.

6
:

A
p
p
ly

m
arg

in
al

G
au

ssian
ization

to
U
∗

an
d
V
∗.

7
:

S
et
ρ ∗

=
log (

| C
[U
∗
,V
∗
] |

|C
U
∗ ||C

V
∗ | )

.

8
:

fo
r

a
ll
n

=
1

to
N

d
o

9
:

D
raw

an
an

gle
θ.

1
0
:

D
raw

(w
ith

ou
t

rep
lacem

en
t)

tw
o

d
im

en
sion

s
d
a ,d

b
from

th
e

set{1
,...,d

x }
.

1
1
:

C
on

stru
ct

a
rotation

m
atrix

R̃
from

θ,d
a ,d

b
an

d
set

Ũ
=
R̃
R

1 U
.

1
2
:

A
p
p
ly

m
argin

al
G

au
ssian

ization
to
Ũ

.

1
3
:

S
et
ρ̃

=
log (

∣∣∣ C
[Ũ
,V
∗
] ∣∣∣

|C
Ũ ||C

V
∗ | )

.

1
4
:

if
ρ̃
>
ρ ∗

th
e
n

1
5
:

S
et
R

1
=
R̃
R

1 ,
U
∗

=
Ũ

an
d
ρ ∗

=
ρ̃
.

1
6
:

e
n

d
if

1
7
:

D
raw

an
an

gle
θ.

1
8
:

D
raw

(w
ith

ou
t

rep
lacem

en
t)

tw
o

d
im

en
sion

s
d
a ,d

b
from

th
e

set{1
,...,d

y }
.

1
9
:

C
on

stru
ct

a
rotation

m
atrix

R̃
from

θ,d
a ,d

b
an

d
set

Ṽ
=
R̃
R

2 U
.

2
0
:

A
p
p
ly

m
argin

al
G

au
ssian

izatio
n

to
Ṽ

.

2
1
:

S
et
ρ̃

=
log (

∣∣∣ C
[U
∗
,Ṽ

] ∣∣∣
|C
U
∗ ||C

Ṽ
| )

.

2
2
:

if
ρ̃
>
ρ

th
e
n

2
3
:

S
et
R

2
=
R̃
R

2 ,
V
∗

=
Ṽ

an
d
ρ ∗

=
ρ̃
.

2
4
:

e
n

d
if

2
5
:

e
n

d
fo

r
2
6
:

S
et
U

=
U
∗

an
d
V

=
V
∗.

2
7
:

S
et
J
U

=
J

(U
)

an
d
J
V

=
J

(V
)

accord
in

g
to

(18).
2
8
:

e
n

d
w

h
ile

2
9
:

re
tu

rn
U
,V
,ρ ∗.
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G
a
u
ss
ia
n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

al
l

of
ou

r
ex

p
er

im
en

ts
,

ou
r

b
en

ch
m

ar
k

w
ou

ld
b

e
a

d
ir

ec
t

se
p
ar

at
e

G
au

ss
ia

n
iz

at
io

n
of
X

an
d

Y
,

as
an

im
m

ed
ia

te
al

te
rn

at
iv

e.
W

e
b

eg
in

w
it

h
a

si
m

p
le

to
y

ex
am

p
le

.
L

et
X
∼
N

(0
,I

)
an

d
W
∼
N

(0
,I

)
b

e
in

d
ep

en
d
en

t
ra

n
d
om

ve
ct

or
s.

D
efi

n
e
Y

=
X

+
W

,
so

th
at
X

an
d
Y

ar
e

jo
in

tl
y

n
or

m
al

ly
d
is

tr
ib

u
te

d
.

F
u
r-

th
er

,
w

e
“s

cr
am

b
le

”
X

an
d
Y

b
y

ap
p
ly

in
g

in
ve

rt
ib

le
,

ye
t

n
on

-m
on

ot
on

ic
,

tr
an

sf
or

m
at

io
n
s

to
ea

ch
of

th
em

se
p
ar

at
el

y.
W

e
as

k
th

at
th

e
tr

an
sf

or
m

a
ti

on
s

ar
e

in
ve

rt
ib

le
to

gu
ar

an
-

te
e

th
at

th
e

(a
n
al

y
ti

ca
ll
y

d
er

iv
ed

)
m

u
tu

al
in

fo
rm

at
io

n
is

p
re

se
rv

ed
.

W
e

fu
rt

h
er

re
q
u
ir

e
n
on

-m
on

ot
on

ic
tr

an
sf

or
m

at
io

n
s

si
n
ce

m
ar

gi
n
al

G
au

ss
ia

n
iz

at
io

n
is

in
va

ri
an

t
to

m
on

ot
on

ic
fu

n
ct

io
n
s

(s
ee

P
ro

p
os

it
io

n
5)

,
w

h
ic

h
w

ou
ld

m
ak

e
th

is
ex

p
er

im
en

t
to

o
ea

sy
.

In
th

is
ex

p
er

i-
m

en
t,

w
e

m
u
lt

ip
ly

al
l

th
e

ob
se

rv
at

io
n
s

in
th

e
ra

n
ge

[−
1
,1

]
b
y
−

1.
T

h
is

op
er

at
io

n
si

m
p
ly

m
ir

ro
rs

th
es

e
ob

se
rv

at
io

n
s

w
it

h
re

sp
ec

t
to

th
e

or
ig

in
.

P
ro

p
o
si

ti
o
n

5
L

et
X̃

=
g
(X

)
be

a
m

o
n

o
to

n
ic

tr
a
n

sf
o
rm

a
ti

o
n

o
n
X
∈
R

.
T

h
en

G
a
u

ss
in

iz
-

in
g
X̃

is
eq

u
iv

a
le

n
t

to
G

a
u

ss
in

iz
in

g
X

.

P
ro

o
f

L
et
Ṽ

=
Φ
−

1
N

( F
X̃

( X̃
))

b
e

th
e

G
au

ss
ia

n
iz

at
io

n
X̃

an
d
V

=
Φ
−

1
N

(F
X

(X
))

is
th

e

G
au

ss
ia

n
iz

at
io

n
of
X

.
A

ss
u
m

e
th

at
g

is
m

on
ot

on
ic

al
ly

in
cr

ea
si

n
g.

T
h
en

,

F
X̃

(a
)

=
P

(X̃
≤
a
)

=
P

(g
(X

)
≤
a
)

=
P

(X
≤
g
−

1
(a

))
.

T
h
er

ef
or

e,
F
X̃

( X̃
)

=
F
X

( g
−

1
(X̃

))
=
F
X

(X
)

an
d
Ṽ

=
V

.
A

n
eq

u
iv

al
en

t
d
er

iv
at

io
n

h
o
ld

s

fo
r

th
e

m
on

ot
on

ic
al

ly
d
ec

re
as

in
g

ca
se

.

B
ef

or
e

w
e

p
ro

ce
ed

,
it

is
im

p
or

ta
n
t

to
b
ri

efl
y

co
m

m
en

t
on

th
e

im
p
li
ca

ti
on

s
of

th
e

fi
n
it

e
sa

m
p
le

si
ze

in
ou

r
m

u
lt

iv
ar

ia
te

ex
p

er
im

en
ts

.
T

h
e

A
C

E
p
ro

ce
d
u
re

es
ti

m
at

es
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
at

ea
ch

of
it

s
it

er
at

io
n
s.

T
h
is

es
ti

m
at

io
n

ta
sk

is
k
n
ow

n
to

b
e

q
u
it

e
ch

al
le

n
gi

n
g

in
a

fi
n
it

e
sa

m
p
le

si
ze

re
gi

m
e.

B
re

im
an

an
d

F
ri

ed
m

a
n

(1
98

5)
su

gg
es

t
a

k
n

ea
re

st
n

ei
gh

bo
r

es
ti

m
at

or
w

h
ic

h
gu

ar
an

te
es

fa
vo

ra
b
le

co
n
si

st
en

cy
p
ro

p
er

ti
es

.
U

n
fo

rt
u
n
a
te

ly
,

th
is

so
lu

ti
on

su
ff

er
s

fr
om

th
e

cu
rs

e
of

d
im

en
si

on
al

it
y

(H
as

ti
e

et
al

.,
20

05
).

T
h
er

ef
or

e,
as

th
e

d
im

en
si

on
of

ou
r

p
ro

b
le

m
in

cr
ea

se
s,

w
e

ca
n
n
ot

tu
rn

to
A

C
E

an
d

h
av

e
to

se
tt

le
fo

r
su

b
op

ti
m

al
so

lu
ti

on
s.

In
ou

r
ex

p
er

im
en

ts
,

w
e

u
se

th
e

ke
rn

el
C

C
A

(L
ai

an
d

F
y
fe

,
20

00
)

as
an

al
te

rn
at

iv
e

to
A

C
E

w
h
en

th
e

d
im

en
si

on
si

ze
is

gr
ea

te
r

th
an

d
=

5.
T

h
e

ke
rn

el
C

C
A

(K
C

C
A

)
is

a
n
on

-l
in

ea
r

ge
n
er

al
iz

at
io

n
to

th
e

cl
as

si
ca

l
C

C
A

w
h
ic

h
em

b
ed

s
th

e
d
at

a
in

a
h
ig

h
-d

im
en

si
on

al
H

il
b

er
t

sp
ac

e
an

d
ap

p
li
es

C
C

A
in

th
at

sp
ac

e.
It

is
k
n
ow

n
to

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
th

e
fl
ex

ib
il
it

y
of

C
C

A
w

h
il
e

av
oi

d
in

g
ov

er
-fi

tt
in

g
of

th
e

d
at

a
.

N
ot

ic
e

th
at

ot
h
er

n
on

-l
in

ea
r

C
C

A
ex

te
n
si

o
n
s,

su
ch

as
D

ee
p

C
C

A
(A

n
d
re

w
et

al
.,

2
01

3)
or

n
o
n

pa
ra

m
et

ri
c

C
C

A
(M

ic
h
ae

li
et

al
.,

20
16

),
m

ay
al

so
ap

p
ly

as
a

fi
n
it

e
sa

m
p
le

si
ze

al
te

rn
at

iv
e

to
A

C
E

.
W

e
n
ow

d
em

on
st

ra
te

ou
r

su
gg

es
te

d
ap

p
ro

ac
h

to
th

e
jo

in
tl

y
G

au
ss

ia
n

m
o
d
el

d
is

cu
ss

ed
ab

ov
e.

T
h
e

le
ft

p
lo

t
of

F
ig

u
re

3
d
em

on
st

ra
te

s
th

e
re

su
lt

s
w

e
ac

h
ie

v
e

fo
r

d
iff

er
en

t
d
im

en
si

on
si

ze
s
d
.

T
h
e

b
la

ck
li
n
e

on
th

e
to

p
is
I
(X
,Y

),
w

h
ic

h
ca

n
b

e
an

al
y
ti

ca
ll
y

d
er

iv
ed

.
T

h
e

re
d

cu
rv

e
w

it
h

th
e

sq
u
ar

es
at

th
e

b
ot

to
m

is
se

p
ar

at
e

G
au

ss
ia

n
iz

at
io

n
of
X

an
d
Y

,
w

h
ic

h
re

su
lt

s
in

a
ve

ry
p

o
or

lo
w

er
b

ou
n
d

to
th

e
m

u
tu

al
in

fo
rm

at
io

n
d
u
e

to
th

e
n
on

-m
on

ot
o
n
ic

n
at

u
re

of
th

e
tr

an
sf

or
m

at
io

n
th

at
w

e
ap

p
ly

.
T

h
e

gr
ee

n
cu

rv
e

w
it

h
th

e
ci

rc
le

s
is

A
C

E
,
w

h
il
e

th
e

d
as

h
ed

b
lu

e
cu

rv
e

is
se

p
ar

at
e

G
au

ss
ia

n
iz

at
io

n
of

A
C

E
.
F

in
al

ly
,

th
e

b
lu

e
li
n
e

b
et

w
ee

n
th

em
is

b
i-

te
rm

in
al

G
au

ss
ia

n
iz

at
io

n
of

A
C

E
.

A
s

w
e

ca
n

se
e,

A
C

E
su

cc
ee

d
s

in
re

co
ve

ri
n
g

th
e

jo
in

tl
y

G
a
u
ss

ia
n
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P
a
in
sk

y
a
n
d

T
is
h
b
y

re
p
re

se
n
ta

ti
on

of
X

an
d
Y

,
w

h
ic

h
m

ak
es

fu
rt

h
er

G
au

ss
ia

n
iz

at
io

n
re

d
u
n
d
an

t.
U

n
fo

rt
u
n
a
te

ly
,

fo
r
d
>

5
w

e
ca

n
n
o

lo
n
ge

r
ap

p
ly

A
C

E
an

d
tu

rn
to

K
C

C
A

in
st

ea
d
.

W
e

u
se

a
G

a
u
ss

ia
n

ke
rn

el
w

it
h

va
ry

in
g

p
ar

am
et

er
s

to
ac

h
ie

ve
th

e
re

p
or

te
d

re
su

lt
s.

S
in

ce
th

e
K

C
C

A
a
tt

a
in

s
a

su
b

op
ti

m
al

re
p
re

se
n
ta

ti
on

it
is

fo
ll
ow

ed
b
y

G
a
u
ss

ia
n
iz

at
io

n
,

w
h
ic

h
fu

rt
h
er

d
ec

re
a
se

s
o
u
r

ob
je

ct
iv

e.
H

er
e,

w
e

n
ot

ic
e

th
e

im
p
ro

ve
d

eff
ec

t
of

th
e

b
i-

te
rm

in
al

G
au

ss
ia

n
iz

at
io

n
,

co
m

p
a
re

d
w

it
h

se
p
ar

at
e

G
au

ss
ia

n
iz

at
io

n
.

N
ex

t,
w

e
tu

rn
to

a
m

or
e

ch
al

le
n
gi

n
g

ex
p

on
en

ti
al

m
o
d
el

.
In

th
is

m
o
d
el

,
ea

ch
co

m
p

o
n
en

t
of
X

an
d
W

is
ex

p
on

en
ti

al
ly

d
is

tr
ib

u
te

d
w

it
h

a
u
n
it

p
ar

am
et

er
,

w
h
il
e

al
l

th
e

co
m

p
o
n
en

ts
ar

e
in

d
ep

en
d
en

t
of

ea
ch

ot
h
er

.
A

ga
in

,
w

e
d
efi

n
e
Y

=
X

+
W

so
th

at
Y

is
G

a
m

m
a

d
is

-
tr

ib
u
te

d
.

T
h
is

al
lo

w
s

u
s

to
an

al
y
ti

ca
ll
y

d
er

iv
e
I
(X
,Y

).
A

s
b

ef
or

e,
w

e
ap

p
ly

a
n

in
ve

rt
ib

le
n
on

-m
on

ot
on

ic
tr

an
sf

or
m

at
io

n
to

ea
ch

of
th

e
co

m
p

on
en

ts
of
X

an
d
Y

.
N

o
ti

ce
th

a
t

th
is

ti
m

e
w

e
m

ir
ro

r
th

e
ob

se
rv

at
io

n
s

in
th

e
ra

n
ge

[0
,2

]
w

it
h

re
sp

ec
t

to
1.

W
e

th
en

a
p
p
ly

a
li
n
ea

r
ro

ta
ti

on
,

so
th

at
th

e
co

m
p

on
en

ts
ar

e
n
o

lo
n
ge

r
in

d
ep

en
d
en

t.
T

h
e

p
lo

t
in

th
e

m
id

d
le

of
F

ig
u
re

3
d
em

on
st

ra
te

s
th

e
re

su
lt

s
w

e
ac

h
ie

ve
.

A
s

b
ef

o
re

,
w

e
n
ot

ic
e

th
at

se
p
a
ra

te
G

a
u
s-

si
an

za
ti

on
of
X

an
d
Y

p
re

fo
rm

s
v
er

y
p

o
or

ly
.

O
n

th
e

ot
h
er

h
an

d
,

A
C

E
as

w
el

l
d
o
es

n
ot

su
cc

ee
d

in
m

ai
n
ta

in
in

g
th

e
M

I.
T

h
is

m
ea

n
s

th
a
t

n
o

G
au

ss
ia

n
za

ti
on

p
ro

ce
d
u
re

w
o
u
ld

a
ll
ow

jo
in

tl
y

n
or

m
al

re
p
re

se
n
ta

ti
on

of
X

an
d
Y

w
it

h
ou

t
lo

si
n
g

in
fo

rm
at

io
n

(L
em

m
a

3
).

S
ti

ll
,

b
y

ap
p
ly

in
g

b
i-

te
rm

in
al

G
au

ss
ia

n
iz

at
io

n
to

A
C

E
’s

re
su

lt
s

w
e

ar
e

ab
le

to
ca

p
tu

re
m

o
re

th
a
n

h
al

f
of

th
e

in
fo

rm
at

io
n

in
th

e
w

or
st

ca
se

(f
or
d

=
5,

w
h
er

e
A

C
E

st
il
l

ap
p
li
es

).
A

s
b

ef
o
re

,
w

e
w

it
n
es

s
a

re
d
u
ct

io
n

of
p

er
fo

rm
an

ce
w

h
en

tu
rn

in
g

fr
om

A
C

E
to

K
C

C
A

.

F
in

al
ly

,
w

e
go

b
ac

k
to

th
e

m
u
lt

iv
ar

ia
te

ex
te

n
si

on
of

th
e

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

d
e-

sc
ri

b
ed

in
S
ec

ti
on

4.
4

an
d

ap
p
ly

ou
r

su
gg

es
te

d
p
ro

ce
d
u
re

s.
A

ga
in

,
w

e
w

it
n
es

s
th

e
sa

m
e

b
eh

av
io

r
d
es

cr
ib

ed
in

th
e

p
re

v
io

u
s

ex
p

er
im

en
ts

.
In

ad
d
it

io
n
,

ou
r

re
su

lt
s

in
d
ic

a
te

th
a
t

in
th

is
m

o
d
el

,
th

e
G

au
ss

ia
n

p
ar

t
of

th
e

M
I

is
si

gn
ifi

ca
n
tl

y
sm

al
le

r,
co

m
p
ar

ed
w

it
h

th
e

ex
p

o
-

n
en

ti
al

m
o
d
el

.
T

h
is

fu
rt

h
er

d
em

on
st

ra
te

s
th

e
a
b
il
it

y
of

ou
r

m
et

h
o
d

to
q
u
a
n
ti

fy
h
ow

w
el

l
an

ar
b
it

ra
ry

d
is

tr
ib

u
ti

on
m

ay
b

e
re

p
re

se
n
te

d
as

jo
in

tl
y

n
or

m
al

.

6
.
G
a
u
ss
ia
n
lo
w
e
r
b
o
u
n
d
fo
r
th

e
In

fo
rm

a
ti
o
n
B
o
tt
le
n
e
ck

C
u
rv

e

W
e

n
ow

ex
te

n
d
ed

ou
r

d
er

iv
at

io
n

to
th

e
In

fo
rm

at
io

n
B

ot
tl

en
ec

k
(I

B
)

cu
rv

e.
W

e
sh

ow
th

a
t

b
y

m
ax

im
iz

in
g

th
e

G
au

ss
ia

n
lo

w
er

b
ou

n
d

of
th

e
m

u
tu

al
in

fo
rm

at
io

n
(3

),
w

e
al

lo
w

a
m

a
x
im

iz
a
-

ti
on

of
a

G
au

ss
ia

n
lo

w
er

b
ou

n
d

to
th

e
en

ti
re

IB
cu

rv
e.

W
e

p
ro

ve
th

is
in

tw
o

st
ep

s.
F

ir
st

,
w

e
sh

ow
th

at
th

e
IB

cu
rv

e
of
φ

(X
),
ψ

(Y
)

b
ou

n
d
s

fr
om

b
el

ow
th

e
IB

cu
rv

e
o
f
X

a
n
d
Y

,
fo

r
an

y
ch

oi
ce

of
φ
,ψ

(s
p

ec
ifi

ca
ll
y,
φ

(X
)
∼
N

an
d
ψ

(Y
)
∼
N

,
in

ou
r

ca
se

).
T

h
is

p
ro

p
er

ty
is

re
fe

rr
ed

to
as

th
e

d
a
ta

p
ro

ce
ss

in
g

le
m

m
a

fo
r

th
e

IB
cu

rv
e.

T
h
en

,
w

e
sh

ow
th

a
t

th
e

IB
cu

rv
e

of
jo

in
tl

y
n
or

m
al

ra
n
d
om

va
ri

ab
le

s
b

o
u
n
d
s

fr
om

b
el

ow
th

e
IB

cu
rv

e
of

se
p
a
ra

te
ly

n
o
rm

a
l

ra
n
d
om

va
ri

ab
le

.
F

in
al

ly
,

b
y

ap
p
ly

in
g

th
e

G
IB

(C
h
ec

h
ik

et
al

.,
20

05
)

to
th

e
m

a
x
im

a
ll
y

co
rr

el
at

ed
jo

in
tl

y
n
or

m
al

ra
n
d
om

va
ri

ab
le

s
th

at
sa

ti
sf

y
(3

),
w

e
at

ta
in

th
e

d
es

ir
ed

G
a
u
ss

ia
n

lo
w

er
b

ou
n
d

fo
r

th
e

IB
of
X

an
d
Y

.

L
e
m

m
a

6
(d

a
ta

p
ro

ce
ss

in
g

le
m

m
a

fo
r

th
e

IB
C

u
rv

e)
:

L
et

(2
0
)

be
th

e
eq

u
iv

a
le

n
t

m
a
xi

m
iz

a
-

ti
o
n

p
ro

bl
em

o
f

th
e

IB
p
ro

bl
em

(1
):

m
ax T

I
(T

(X
);
Y

)

su
bj

ec
t

to
I
(T

(X
);
X

)
≤
I X
.

(2
0
)

2
2
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G
a
u
ssia

n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

2
4

6
8

0

0
.5 1

1
.5 2

2
.5 3

3
.5 4

d
im
e
n
s
io
n

I(X;Y) and I
g
(U;V)

J
o
in
tly
 N
o
rm
a
l

2
4

6
8

0 2 4 6 8

1
0

1
2

1
4

d
im
e
n
s
io
n

G
a
u
s
s
ia
n
 M
ix
tu
re

2
4

6
8

0

0
.5 1

1
.5 2

2
.5 3

3
.5 4

4
.5 5

d
im
e
n
s
io
n

E
x
p
o
n
e
n
tia
l

F
ig

u
re

3
:

M
u
ltivariate

G
au

ssian
ization

ex
p

erim
en

ts:
T

h
e

b
lack

lin
e

on
th

e
top

of
each

p
lot

is
I
(X
,Y

).
T

h
e

red
cu

rv
e

w
ith

th
e

sq
u
ares

at
th

e
b

ottom
is

sep
arate

G
au

ssian
ization

of
X

a
n
d
Y

.
T

h
e

g
reen

cu
rve

w
ith

th
e

circles
is

A
C

E
,

w
h
ile

th
e

d
ash

ed
b
lu

e
cu

rv
e

is
sep

arate
G

a
u
ssia

n
izatio

n
of

A
C

E
.

T
h
e

b
lu

e
lin

e
in

b
etw

een
is

b
i-term

in
al

G
au

ssian
iza

tion
of

A
C

E
.

D
en

o
te

its
so

lu
tio

n
a
s
I
β∗

(X
;Y

).
T

h
en

,
I
β∗

(X
;Y

)≥
I
β∗

(φ
(X

);ψ
(Y

))
fo

r
a
n

y
φ
,ψ

,
a
n

d
w

ith
equ

a
lity

iff
I

(X
;Y

)
=
I

(φ
(X

);ψ
(Y

)).

P
ro

o
f

W
e

p
rove

th
is

lem
m

a
b
y

sh
ow

in
g

th
at
I
β∗

(X
;Y

)≥
I
β∗

(X
;ψ

(Y
))≥

I
β∗

(ψ
(X

);ψ
(Y

)).
W

e
sta

rt
w

ith
th

e
fi
rst

in
eq

u
ality.

A
ccord

in
g

to
th

e
d
ata

p
ro

cessin
g

lem
m

a,
w

e
h
ave

th
at

I
(T

(X
);Y

)≥
I
(T

(X
);ψ

(Y
)).

N
otice

th
at

for
con

ven
ien

ce,
w

e
em

p
h
asize

th
at
T

is
in

d
eed

a
m

a
p
p
in

g
o
f
X

alon
e.

In
ad

d
ition

,
sin

ce
ou

r
con

strain
t

(1)
is

in
d
ep

en
d
en

t
of
Y

,
w

e
h
ave

th
a
t
I
β∗

(X
;Y

)≥
I
β∗

(X
;ψ

(Y
)),

as
d
esired

.
S
econ

d
,

d
en

ote
th

e
m

in
im

izer
o
f

(1
)

as
I∗ (X

;Y
).

A
ssu

m
e

th
a
t

th
ere

ex
ists

su
ch

φ
th

at

I∗ (X
;Y

)
>
I∗ (φ

(X
);Y

).
(21)

T
h
is

m
ea

n
s

th
a
t

for
I
(T

(X
);Y

)≥
I
Y

an
d
I
(T
′(φ

(X
));Y

)≥
I
Y

w
e

h
ave

th
at
I
(T

(X
);X

)
>

I
(T
′(φ

(X
));φ

(X
))

w
h
ere

T
an

d
T
′

are
th

e
op

tim
izers

of
(1)

w
ith

resp
ect

to
(X
,Y

)
an

d
(φ

(X
),Y

),
fo

r
a

giv
en
I
Y

,
resp

ectively.
L

et
u
s

set
T̄
≡
T
′◦
φ

an
d

ap
p
ly

th
is

tran
sform

ation
to
X

.
T

h
en

,
w

e
h
ave

th
at

th
e

con
strain

t
of

(1)
is

m
et,

as
I
(T̄

(X
);Y

)≡
I
(T
′(φ

(X
));Y

)≥
I
Y

.
In

a
d
d
itio

n
,

w
e

h
ave

th
at

I
(T̄

(X
);X

)≡
I
(T
′(φ

(X
));X

)
=
I
(T
′(φ

(X
));φ

(X
))

w
h
ere

th
e

secon
d

eq
u
ality

follow
s

fro
m
T
′

b
ein

g
in

d
ep

en
d
en

t
of
X

,
given

φ
(X

).
T

h
erefore,

T̄
=
T
′◦
φ

is
a

b
etter

op
tim

izer
to

(1)
w

ith
resp

ect
to
X

an
d
Y

,
th

en
T

.
T

h
is

con
trad

icts
th

e
o
p
tim

a
lity

of
T

as
a

m
in

im
izer

of
(1),

w
h
ich

m
ean

s
th

at
th

e
assu

m
p
tion

in
(21)

is
false.

T
h
erefore,

I∗ (X
;Y

)≤
I∗ (φ

(X
);Y

)
w

h
ich

m
ean

s
th

at
I
β∗
(X

;Y
)≥

I
β∗
(φ

(X
);Y

)
for

an
y
Y

(sp
ecifi

ca
lly,

φ
(Y

))
an

d
ou

r
p
ro

of
is

co
n
clu

d
ed

.
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P
a
in
sk

y
a
n
d

T
ish

b
y

L
e
m

m
a

7
L

et
U

a
n

d
V

be
sepa

ra
tely

G
a
u

ssia
n

ra
n

d
o
m

vecto
rs

w
ith

a
jo

in
t

co
va

ria
n

ce
m

a
trix

C
[U
,V

]
(th

a
t

is,
U
∼
N

a
n

d
V
∼
N

bu
t

[U
,V

] T
is

n
o
t

n
o
rm

a
lly

d
istribu

ted
).

L
et

U
jg ,V

jg
be

tw
o

jo
in

tly
n

o
rm

a
lly

d
istribu

ted
ra

n
d
o
m

vecto
rs

w
ith

th
e

sa
m

e
co

va
ria

n
ce

m
a
trix,

C
[U
j
g
,V
j
g
]
=
C

[U
,V

] .
T

h
en

,
th

e
IB

cu
rve

o
f
U
jg

a
n

d
V
jg

bo
u

n
d
s

fro
m

belo
w

th
e

IB
cu

rve
o
f

U
a
n

d
V

.

P
ro

o
f

L
et (I

(U
jg ;T

),I
(T

;V
jg ) )

b
e

a
p

oin
t

of
th

e
IB

cu
rve

of
U
jg

an
d
V
jg .

S
in

ce
U
jg

an
d

V
jg

are
join

tly
n
orm

ally
d
istrib

u
ted

,
T

is
n
ecessarily

a
lin

ear
tran

sform
ation

of
U
jg ,

w
ith

ad
d
itive

in
d
ep

en
d
en

t
G

au
ssian

n
oise

(C
h
ech

ik
et

al.,
2005).

S
p

ecifi
cally,

T
=
A
U
jg

+
ζ
,

w
h
ere

ζ
∼
N

(0,I
),

in
d
ep

en
d
en

t
of
U
jg

an
d
V
jg .

F
u
rth

er,
let

T
′
=
A
U

+
ζ

b
e

th
e

sam
e

tran
sform

ation
,

ap
p
lied

of
U

.
S
in

ce
U

an
d
V

are
n
ot

join
tly

n
orm

al,
th

e
p

oin
t

(I
(U

;T
′),I

(T
′;V

))
is

b
elow

th
e

IB
cu

rve
o
f
U

an
d
V

.
F

irst,
n
otice

th
at

I
(U

;T
′)≡

I
(U

;A
U

+
ζ
)

=
I
(U

jg ;A
U
jg

+
ζ
)≡

I
(U

jg ,T
)

w
h
ere

th
e

secon
d

eq
u
ality

follow
s

from
U

an
d
U
jg

h
av

in
g

th
e

sam
e

d
istrib

u
tion

.
In

ad
-

d
ition

,
sin

ce
C

[U
j
g
,V
j
g
]

=
C

[U
,V

]
w

e
h
av

e
th

at
C

[A
U
j
g
+
ζ
,V
j
g
]

=
C

[A
U

+
ζ
,V

] .
T

h
erefore,

I
(A
U

+
ζ
;V

)
≥
I
(A
U
jg

+
ζ
;V

jg ),
in

th
e

sam
e

m
an

n
er

as
th

e
in

(3).
T

h
is

m
ean

s
th

at

I
(T
′;V

)≥
I
(T

;V
jg ).

T
o

con
clu

d
e,

w
e

sh
ow

ed
th

at
for

th
e

tw
o

p
airs, (I

(U
jg ;T

),I
(T

;V
jg ) )

an
d

(I
(U

;T
′),I

(T
′;V

)),
w

e
h
av

e
th

at
I
(U

;T
′)

=
I
(U

jg ,T
)

w
h
ile

I
(T
′;V

)≥
I
(T

;V
jg ),

as
d
esired

.

T
h
e

tw
o

th
eorem

s
ab

ove
gu

aran
tee

th
at

th
e

IB
cu

rve
of
X

an
d
Y

is
b

ou
n
d
ed

from
b

elow
b
y

th
e

IB
cu

rve
of
U
jg

an
d
V
jg ,

w
h
ere

C
[U
j
g
,V
j
g
]
=
C

[U
,V

] ,
an

d
U

=
φ

(X
)∼

N
,
V

=

ψ
(Y

)∼
N

.
T

h
erefore,

in
ord

er
to

m
ax

im
ize

th
is

low
er

b
ou

n
d
,

on
e

n
eed

s
to

m
ax

im
ize

th
e

correlation
b

etw
een

U
an

d
V

,
su

b
ject

to
a

n
orm

ality
con

strain
t,

as
d
iscu

ssed
th

rou
gh

ou
t

th
is

m
an

u
scrip

t.
M

oreov
er,

on
ce

w
e

h
ave

fou
n
d

a
p
air

of
(U

jg ,V
jg )

w
ith

a
m

ax
im

al
correlation

,
w

e
m

ay
d
irectly

ap
p
ly

th
e

G
IB

to
it,

as
sh

ow
n

b
y

C
h
ech

ik
et

al.
(2005),

to
ach

ieve
th

e
op

tim
al

G
au

ssian
low

er
b

ou
n
d

oIB
cu

rve
for

X
an

d
Y

.

6
.1

E
x
a
m

p
le

s

W
e

n
ow

d
em

on
strate

ou
r

su
ggested

G
au

ssian
low

er
b

ou
n
d

for
th

e
IB

cu
rv

e
in

tw
o

d
iff

eren
t

setu
p
s.

H
ere,

w
e

w
ou

ld
like

to
com

p
are

o
u
r

b
ou

n
d

w
ith

th
e

“tru
e”

IB
cu

rve,
an

d
w

ith
an

ad
d
ition

al
b

en
ch

m
ark

off
-th

e-sh
elf

low
er

b
ou

n
d
.

A
s

d
iscu

ssed
in

S
ection

1,
com

p
u
tin

g
th

e
ex

act
IB

cu
rve

(for
a

gen
eral

join
t

d
istrib

u
tion

)
is

n
ot

a
sim

p
le

task
.

T
h
is

task
b

ecom
es

even
m

ore
com

p
licated

w
h
en

d
ealin

g
w

ith
con

tin
u
ou

s
ran

d
om

variab
les.

In
fact,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

all
cu

rren
tly

k
n
ow

n
m

eth
o
d
s

p
rov

id
e

a
p
p
rox

im
ated

cu
rv

es,
w

h
ich

d
o

n
ot

claim
to

con
verge

to
th

e
ex

act
IB

cu
rve.

M
oreover,

th
ese

m
eth

o
d
s

fail
to

p
rov

id
e

an
y

gu
aran

tees
on

th
e

ex
ten

t
of

th
eir

d
ivergen

ce
from

th
e

tru
e

IB
cu

rve.
T

h
erefore,

in
ou

r
ex

p
erim

en
ts,

w
e

ap
p
ly

th
e

com
m

on
ly

u
sed

reverse
an

n
ealin

g
tech

n
iq

u
e

(S
lon

im
,

2002)
in

ord
er

to
ap

p
rox

im
ate

th
e

“tru
e”

IB
cu

rve.
T

h
e

reverse
an

n
ealin

g
algorith

m
is

in
itiated

b
y

com
p
u
tin

g
th

e
m

u
tu

al
in

form
ation

b
etw

een
X

an
d
Y

,
w

h
ich

corresp
on

d
s

to
ex

trem
e

p
oin

t
w

h
ere

I
Y
→
∞

on
th

e
IB

cu
rve.

T
h
en

,
I
Y

is
grad

u
ally

d
ecreased

a
n
d

th
e

solu
tion

of
th

e
IB

p
rob

lem
(1)

w
ith

th
e

p
rev

iou
s

valu
e

of
I
Y

serves
as

a
startin

g
p

oin
t

to
th

e
cu

rren
tly

solved
I
Y

.
T

h
is

resu
lts

in
a

greed
y

“n
o-regret”

o
p
tim

ization
m

eth
o
d
,

w
h
ich

in
gen

eral,
fails

to
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G
a
u
ss
ia
n
L
o
w
e
r
B
o
u
n
d

f
o
r
t
h
e
In

f
o
r
m
a
t
io
n
B
o
t
t
l
e
n
e
c
k

L
im

it

co
n
ve

rg
e

to
th

e
ex

ac
t

IB
cu

rv
e.

H
ow

ev
er

,
in

so
m

e
sp

ec
ia

l
ca

se
s

(s
u
ch

as
th

e
G

IB
),

it
ca

n
b

e
sh

ow
n

th
at

th
e

op
ti

m
al

so
lu

ti
on

fo
r

a
gi

ve
n

va
lu

e
of
I Y

is
,

in
fa

ct
,

th
e

op
ti

m
al

st
ar

ti
n
g

p
oi

n
t

fo
r

a
sm

al
le

r
va

lu
e

of
I Y

.
In

th
e

ge
n
er

al
ca

se
,

it
is

im
p
li
ci

tl
y

as
su

m
ed

to
b

e
a

re
as

on
ab

le
lo

ca
l

op
ti

m
iz

at
io

n
d
om

ai
n
.

S
in

ce
th

e
re

ve
rs

e
an

n
ea

li
n
g

w
as

o
ri

gi
n
al

ly
d
es

ig
n
ed

fo
r

d
is

cr
et

e
ra

n
d
om

va
ri

ab
le

s,
w

e
ap

p
ly

d
is

cr
et

iz
at

io
n

(v
ia

G
a
u
ss

ia
n

q
u
ad

ra
tu

re
s)

to
ou

r
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

is
al

l
of

ou
r

ex
p

er
im

en
ts

.

W
e

b
eg

in
b
y

re
v
is

it
in

g
th

e
ex

p
on

en
ti

al
m

o
d
el

,
d
es

cr
ib

ed
in

S
ec

ti
on

5.
4.

In
th

is
m

o
d
el

,
X

an
d
W

ar
e

in
d
ep

en
d
en

t
ex

p
on

en
ti

al
ly

d
is

tr
ib

u
te

d
ra

n
d
om

va
ri

ab
le

s
w

it
h

a
u
n
it

p
ar

am
et

er
.

W
e

d
efi

n
e
Y

=
X

+
W

so
th

at
Y

is
G

am
m

a
d
is

tr
ib

u
te

d
.

A
s

in
S
ec

ti
on

5.
4

w
e

ap
p
ly

an
in

ve
rt

ib
le

n
on

-m
on

ot
on

ic
tr

an
sf

or
m

at
io

n
to
X

an
d
Y

,
to

m
ak

e
th

is
p
ro

b
le

m
m

o
re

ch
al

le
n
g-

in
g.

S
in

ce
ap

p
ro

x
im

at
in

g
th

e
IB

cu
rv

e
is

in
vo

lv
ed

en
ou

gh
fo

r
co

n
ti

n
u
ou

s
ra

n
d
om

va
ri

ab
le

s,
w

e
li
m

it
ou

r
at

te
n
ti

on
to

th
e

si
m

p
le

st
u
n
iv

ar
ia

te
ca

se
.

T
h
e

p
lo

t
on

th
e

le
ft

of
F

ig
u
re

4
d
em

on
st

ra
te

s
th

e
re

su
lt

s
w

e
ac

h
ie

v
e.

T
h
e

b
la

ck
cu

rv
e

on
to

p
is

th
e

ap
p
ro

x
im

at
ed

IB
cu

rv
e,

u
si

n
g

th
e

re
ve

rs
e

an
n
ea

li
n
g

p
ro

ce
d
u
re

.
T

h
e

re
d

cu
rv

e
on

th
e

b
ot

to
m

is
a

b
en

ch
m

ar
k

lo
w

er
b

ou
n
d
,

ac
h
ie

ve
d

b
y

si
m

p
ly

ap
p
ly

in
g

th
e

G
IB

to
X

an
d
Y

,
as

if
th

ey
w

er
e

jo
in

tl
y

G
au

ss
ia

n
.

T
h
e

b
lu

e
cu

rv
e

in
th

e
m

id
d
le

is
ou

r
su

gg
es

te
d

G
au

ss
ia

n
lo

w
er

b
ou

n
d

(S
ec

ti
on

4.
2)

.
A

s
w

e
ca

n
se

e,
ou

r
su

gg
es

te
d

b
ou

n
d

su
rp

a
ss

es
th

e
G

IB
q
u
it

e
re

m
ar

ka
b
ly

.
T

h
is

is
m

ai
n
ly

d
u
e

to
th

e
n
on

-m
on

ot
on

ic
tr

an
sf

or
m

at
io

n
w

e
ap

p
ly

,
w

h
ic

h
m

ak
es

th
e

jo
in

t
d
is

tr
ib

u
ti

on
h
ig

h
ly

n
on

-G
au

ss
ia

n
.

W
e

fu
rt

h
er

n
ot

ic
e

th
at

ou
r

b
ou

n
d

is
q
u
it

e
ti

gh
t

fo
r

sm
al

le
r
I Y

’s
(c

lo
se

r
to

th
e

or
ig

in
)

b
u
t

in
cr

ea
si

n
gl

y
d
iv

er
ge

s
as
I Y

in
cr

ea
se

s.
T

h
e

re
as

on
is

th
at

m
or

e
co

m
p
re

ss
ed

re
p
re

se
n
ta

ti
on

s
ar

e
m

or
e

“d
eg

en
er

at
e”

an
d

ar
e

ea
si

er
to

G
au

ss
ia

n
iz

e
w

h
il
e

m
ai

n
ta

in
in

g
re

a
so

n
ab

ly
h
ig

h
co

rr
el

at
io

n
s.

N
ex

t,
w

e
re

v
is

it
th

e
m

or
e

ch
al

le
n
gi

n
g

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

,
d
es

cr
ib

ed
in

S
ec

ti
on

4.
4.

T
h
e

ri
gh

t
p
lo

t
in

F
ig

u
re

4
d
em

on
st

ra
te

s
th

e
re

su
lt

s
w

e
ac

h
ie

v
e.

A
s

b
ef

o
re

,
w

e
n
ot

ic
e

th
at

ou
r

su
gg

es
te

d
lo

w
er

b
ou

n
d

su
rp

as
se

s
th

e
n
ai

ve
b

en
ch

m
ar

k
,

w
h
il
e

d
em

on
st

ra
ti

n
g

fa
vo

ra
b
le

p
er

fo
rm

an
ce

cl
os

er
to

th
e

or
ig

in
.

C
om

p
ar

in
g

th
e

tw
o

m
o
d
el

s,
w

e
n
ot

ic
e

th
at

th
e

G
au

ss
ia

n
m

ix
tu

re
is

m
or

e
d
iffi

cu
lt

to
b

ou
n
d

fr
om

b
el

ow
u
si

n
g

ou
r

su
gg

es
te

d
m

et
h
o
d
.

T
h
is

re
su

lt
is

n
ot

su
rp

ri
si

n
g,

gi
ve

n
th

e
ga

p
in

ou
r

ab
il
it

y
to

b
ou

n
d

fr
om

b
el

ow
th

e
m

u
tu

al
in

fo
rm

at
io

n
in

th
es

e
tw

o
m

o
d
el

s,
as

d
is

cu
ss

ed
in

S
ec

ti
on

5.
4.

7
.
D
is
cu

ss
io
n
a
n
d
co

n
cl
u
si
o
n

In
th

is
w

or
k

w
e

ad
d
re

ss
th

e
fu

n
d
am

en
ta

l
p
ro

b
le

m
of

n
or

m
al

iz
in

g
n
on

-G
au

ss
ia

n
d
at

a,
w

h
il
e

tr
y
in

g
to

av
oi

d
lo

ss
of

in
fo

rm
at

io
n
.

T
h
is

al
lo

w
s

u
s

to
so

lv
e

co
m

p
le

x
p
ro

b
le

m
s

b
y

li
n
ea

r
m

ea
n
s,

as
w

e
p
u
sh

in
fo

rm
at

io
n

to
th

e
d
at

a’
s

se
co

n
d

m
om

en
ts

.
W

e
sh

ow
th

at
ou

r
ab

il
it

y
to

d
o

so
is

st
ro

n
gl

y
go

ve
rn

ed
b
y

th
e

n
on

-l
in

ea
r

ca
n
on

ic
al

co
rr

el
at

io
n
s

of
th

e
d
at

a.
In

ot
h
er

w
or

d
s,

if
th

e
n
on

-l
in

ea
r

ca
n
on

ic
al

co
effi

ci
en

ts
of

th
e

d
at

a
fa

il
to

m
ai

n
ta

in
it

s
m

u
tu

al
in

fo
rm

at
io

n
,
th

en
it

is
im

p
os

si
b
le

to
d
es

cr
ib

e
it

s
h
ig

h
or

d
er

d
ep

en
d
en

ci
es

ju
st

b
y

se
co

n
d

or
d
er

st
at

is
ti

cs
.

T
h
is

re
su

lt
is

of
h
ig

h
in

te
re

st
to

a
b
ro

ad
va

ri
et

y
of

ap
p
li
ca

ti
on

s,
as

so
lv

in
g

n
on

-l
in

ea
r

p
ro

b
le

m
s

b
y

li
n
ea

r
m

ea
n
s

is
a

co
m

m
on

al
te

rn
at

iv
e

in
m

an
y

sc
ie

n
ti

fi
c

an
d

en
gi

n
ee

ri
n
g

fi
el

d
s.

F
u
rt

h
er

,
w

e
p
ro

v
id

e
a

va
ri

et
y

of
m

et
h
o
d
s

to
q
u
an

ti
fy

th
e

m
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ä
ıf
fa

s
a
n
d

P
o
u
l
se

n

t
i
m
e
s
t
a
m
p
s
_
l
i
s
t

=
f
e
t
c
h
_
h
a
w
k
e
s
_
b
u
n
d
_
d
a
t
a
(
)

h
a
w
k
e
s
_
l
e
a
r
n
e
r

=
H
a
w
k
e
s
C
o
n
d
i
t
i
o
n
a
l
L
a
w
(

c
l
a
w
_
m
e
t
h
o
d
=
"
l
o
g
"
,

q
u
a
d
_
m
e
t
h
o
d
=
"
l
o
g
"
,

n
_
q
u
a
d
=
5
0
,

d
e
l
t
a
_
l
a
g
=
0
.
1
,

m
i
n
_
l
a
g
=
5
e
-
4
,

m
a
x
_
l
a
g
=
5
0
0
,

m
i
n
_
s
u
p
p
o
r
t
=
1
e
-
4
,

m
a
x
_
s
u
p
p
o
r
t
=
1
,

n
_
t
h
r
e
a
d
s
=
4
)

h
a
w
k
e
s
_
l
e
a
r
n
e
r
.
f
i
t
(
t
i
m
e
s
t
a
m
p
s
_
l
i
s
t
)

p
l
o
t
_
h
a
w
k
e
s
_
k
e
r
n
e
l
_
n
o
r
m
s
(

h
a
w
k
e
s
_
l
e
a
r
n
e
r
,

n
o
d
e
_
n
a
m
e
s
=
[
"
P
_
u
"
,

"
P
_
d
"
,

"
T
_
a
"
,

"
T
_
b
"
]
)

F
igu

re
2:

K
ern

el
n
orm

s
of

a
H
aw

kes
p
ro
cess

fi
tted

on
h
igh

-freq
u
en

cy
fi
n
an

cial
d
ata

from
th
e
B
u
n
d

m
arket

(B
acry

et
al.,

2016)
w
h
ere

P
u
(resp

.
P

d )
cou

n
ts

th
e
n
u
m
b
er

of
u
p
w
ard

(resp
.
d
ow

n
w
ard

)
m
id
-p
rice

m
ov
es

an
d
T

a
(resp

.
T

b )
cou

n
ts

th
e
n
u
m
b
er

of
m
arket

ord
ers

at
th
e
ask

(resp
.
b
id
)
th
a
t

d
o
n
ot

m
ove

th
e
p
rice.

F
igu

re
3:

M
o
d
elin

g
of

earth
q
u
ake

p
rop

agation
w
ith

H
aw

kes
p
ro
cesses

on
a
d
ataset

from
O
gata

(1988).
T
h
e
left

h
an

d
sid

e
gives

th
e
lo
cation

of
th
e
earth

q
u
ak

es
w
h
ile

righ
t
h
an

d
sid

e
illu

strates
th
e

p
rop

agation
m
atrix

,
n
am

ely
h
ow

likely
an

earth
q
u
ake

in
a
given

zon
e
w
ill

trigger
an

aftersh
o
ck

in
an

oth
er

zon
e.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e
au

th
ors

th
an

k
th
e
D
ata-scien

ce
In
itiative

of
É
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e
an

d
in

ve
st

ig
at

e
th

e
p

er
fo

rm
a
n
ce

o
f

a
ra

n
d
om

iz
ed

p
ol

ic
y,

w
e

ca
ll
ε t

-g
re

ed
y
-L

P
p

ol
ic

y,
as

w
el

l
as

an
u
p
p

er
co

n
fi
d
en

ce
b

o
u
n
d

b
as

ed
p

ol
ic

y,
w

e
ca

ll
U

C
B

-L
P

p
ol

ic
y.

B
ot

h
of

th
es

e
p

ol
ic

ie
s

ex
p
lo

re
ea

ch
a
ct

io
n

a
t

a
ra

te
th

a
t

is
a

fu
n

ct
io

n
o
f

it
s

lo
ca

ti
o
n

in
th

e
n

et
w

o
rk

.
W

e
sh

ow
u
n
d
er

so
m

e
m

il
d

as
su

m
p
ti

on
s

th
at

th
es

e
p

ol
ic

ie
s

ar
e

op
ti

m
al

in
th

e
se

n
se

th
a
t

th
ey

ac
h
ie

ve
th

e
a
sy

m
p
-

to
ti

c
lo

w
er

b
ou

n
d

on
th

e
re

gr
et

u
p

to
a

m
u
lt

ip
li
ca

ti
v
e

co
n
st

an
t

th
at

is
in

d
ep

en
d
en

t
of

th
e

n
et

w
or

k
st

ru
ct

u
re

.

T
h
e

m
o
d
el

co
n
si

d
er

ed
in

th
is

w
or

k
is

an
im

p
or

ta
n
t

fi
rs

t
st

ep
in

th
e

d
ir

ec
ti

o
n

o
f

m
o
re

ge
n
er

al
m

o
d
el

s
of

in
te

rd
ep

en
d
en

ce
ac

ro
ss

ac
ti

on
s.

F
or

th
is

m
o
d
el

,
w

e
sh

ow
th

a
t

a
s

th
e

2
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R
e
w
a
r
d

M
a
x
im

iz
a
t
io
n
U
n
d
e
r
U
n
c
e
r
t
a
in
t
y
:
L
e
v
e
r
a
g
in
g

S
id
e
-O

b
se

r
v
a
t
io
n
s

n
u
m

b
er

o
f

a
ction

s
b

ecom
es

large,
sig

n
ifi

can
t

b
en

efi
ts

can
b

e
ob

tain
ed

from
p

olicies
th

at
ex

p
licitly

ta
ke

n
etw

ork
stru

ctu
re

in
to

a
ccou

n
t.

W
h
ile

ε
t -greed

y
-L

P
p

olicy
ex

p
lores

action
s

a
t

a
ra

te
p
ro

p
o
rtion

al
to

th
eir

n
etw

o
rk

p
o
sition

,
its

ex
p
loration

is
ob

liv
io

u
s

to
th

e
average

rew
a
rd

s
o
f

th
e

su
b
-op

tim
al

action
s.

O
n

th
e

oth
er

h
an

d
,

U
C

B
-L

P
p

olicy
takes

in
to

accou
n
t

b
o
th

th
e

u
p
p

er
con

fi
d
en

ce
b

ou
n
d
s

on
th

e
m

ean
rew

ard
s

as
w

ell
as

n
etw

ork
p

osition
of

d
iff

eren
t

a
ctio

n
s

at
each

tim
e.

2
.
R
e
la
te
d
W

o
rk

T
h
e

sem
in

a
l
w

o
rk

of
L

ai
an

d
R

ob
b
in

s
(1985)

sh
ow

ed
th

at
th

e
asy

m
p
totic

low
er

b
ou

n
d

on
th

e
reg

ret
o
f

a
n
y

u
n
iform

ly
go

o
d

p
olicy

scales
logarith

m
ically

w
ith

tim
e

w
ith

a
m

u
ltip

licative
co

n
sta

n
t

th
a
t

is
a

fu
n
ction

of
th

e
d
istrib

u
tion

s
of

action
s.

F
u
rth

er,
L

ai
an

d
R

ob
b
in

s
(1985)

p
rov

id
e

co
n
stru

ctive
p

olicies
called

U
p
p

er
C

on
fi
d
en

ce
B

ou
n
d

(U
C

B
)

p
olicies

b
ased

on
th

e
co

n
cep

t
o
f

o
p
tim

ism
in

th
e

face
of

u
n
certain

ty
th

at
asy

m
p
to

tically
ach

ieve
th

e
low

er
b

ou
n
d
.

M
o
re

recen
tly,

A
u
er

et
al.

(2002)
con

sid
ered

th
e

case
of

b
ou

n
d
ed

rew
a
rd

s
an

d
p
rop

ose
sim

p
ler

sa
m

p
le-m

ean
-b

ased
U

C
B

p
olicies

a
n
d

a
d
ecreasin

g
-ε
t -greed

y
p

olicy
th

at
ach

ieve
lo

g
a
rith

m
ic

reg
ret

u
n
iform

ly
ov

er
tim

e,
rath

er
th

an
on

ly
asy

m
p
totically

as
in

th
e

p
rev

iou
s

w
o
rk

s.

T
h
e

tra
d
itio

n
al

m
u
lti-arm

ed
b
an

d
it

p
olicies

in
cu

r
a

regret
th

at
is

lin
ear

in
th

e
n
u
m

b
er

of
su

b
o
p
tim

a
l

a
rm

s.
T

h
is

m
ak

es
th

em
u
n
su

itab
le

in
settin

gs
su

ch
as

con
ten

t
recom

m
en

d
ation

,
a
d
vertisin

g
,

etc,
w

h
ere

th
e

action
sp

ace
is

ty
p
ically

very
large.

T
o

overco
m

e
th

is
d
iffi

cu
lty,

rich
er

m
o
d
els

sp
ecify

in
g

ad
d
ition

al
in

form
a
tion

across
rew

ard
d
istrib

u
tion

s
of

d
iff

eren
t

a
c-

tio
n
s

h
ave

b
een

stu
d
ied

,
su

ch
as

d
ep

en
d
en

t
b
an

d
its

b
y

P
an

d
ey

et
al.

(20
07),

X
-arm

ed
b
a
n
d
its

b
y

B
u
b

eck
et

al.
(2011),

lin
ear

b
an

d
its

b
y

R
u
sm

ev
ich

ien
ton

g
an

d
T

sitsik
lis

(2010),
co

n
tex

tu
a
l

sid
e

in
form

ation
in

b
an

d
it

p
rob

lem
s

b
y

L
i

et
al.

(2010),
co

m
b
in

atorial
b
an

d
its

b
y

C
h
en

et
a
l.

(2013)
etc..

T
h
e

w
o
rk

s
o
f

M
an

n
or

an
d

S
h
am

ir
(2011),

C
aron

et
al.

(2012),
an

d
B

u
ccap

atn
am

et
al.

(2
0
1
4
)

p
ro

p
o
sed

to
h
an

d
le

th
e

large
n
u
m

b
er

of
action

s
b
y

assu
m

in
g

th
at

ch
o
osin

g
an

action
revea

ls
o
b
serva

tion
s

from
a

larger
set

of
action

s.
In

th
is

settin
g
,

action
s

are
em

b
ed

ed
in

a
n
etw

o
rk

a
n
d

ch
o
osin

g
an

action
p
rov

id
es

ob
servatio

n
s

for
all

th
e

im
m

ed
iate

n
eigh

b
ors

in
th

e
n
etw

o
rk

.
T

h
e

p
olicies

p
rop

osed
in

M
an

n
or

an
d

S
h
a
m

ir
(20

11)
ach

ieve
th

e
b

est
p

o
ssib

le
reg

ret
in

th
e

ad
v
ersarial

settin
g

(see
B

u
b

eck
an

d
C

esa-B
ia

n
ch

i
(2

012)
for

a
su

rvey
o
f

a
d
versa

ria
l

M
A

B
s)

w
ith

sid
e-ob

servatio
n
s,

an
d

th
e

regret
b

ou
n
d
s

of
th

ese
p

olicies
are

in
term

s
o
f

th
e

in
d
ep

en
d
en

ce
n
u
m

b
er

of
th

e
n
etw

ork
.

T
h
e

sto
ch

astic
version

of
th

is
p
rob

lem
is

in
tro

d
u
ced

in
C

aron
et

al.
(2012)

an
d

B
u
ccap

atn
am

et
a
l.

(2
014),

w
h
ich

im
p
roves

u
p

on
th

e
resu

lts
in

C
aron

et
al.

(2012).
In

B
u
ccap

atn
am

et
al.

(2014),
th

e
au

th
ors

d
erive

a
low

er
b

o
u
n
d

o
n

reg
ret

in
sto

ch
astic

n
etw

ork
settin

g
for

an
y

u
n
iform

ly
go

o
d

p
olicy

an
d

p
ro

p
ose

tw
o

p
o
licies

th
a
t

ach
ieve

th
is

low
er

b
ou

n
d

in
th

ese
settin

gs
u
p

to
a

m
u
ltip

licative
con

stan
t.

O
u
r

cu
rren

t
w

o
rk

ex
ten

d
s

th
e

settin
g

in
C

aron
et

al.
(201

2);
B

u
ccap

atn
a
m

et
al.

(2014)
to

a
m

o
re

g
en

era
l

an
d

im
p

ortan
t

grap
h

feed
b
ack

stru
ctu

re
b

etw
een

th
e

set
of

action
s

an
d

a
set

o
f

co
m

m
o
n

u
n
k
n
ow

n
s,

w
h
ich

m
ay

or
m

ay
n
ot

coin
cid

e
w

ith
th

e
set

of
action

s
availab

le
to

th
e

d
ecisio

n
m

aker.
T

h
e

settin
g

of
M

an
n
or

an
d

S
h
am

ir
(2011),

C
aron

et
al.

(20
12),

a
n
d

B
u
ccap

a
tn

am
et

al.
(2014)

is
a

sp
ecial

case
of

th
is

gen
eral

feed
b
ack

stru
ctu

re,
w

h
ere

th
e

set
o
f

u
n
k
n
ow

n
s

an
d

th
e

set
of

action
s

coin
cid

e.
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B
u
c
c
a
pa

t
n
a
m
,
L
iu
,
E
r
y
il
m
a
z
a
n
d

S
h
r
o
f
f

M
ore

recen
tly,

C
oh

en
et

al.
(2016),

h
ave

stu
d
ied

th
e

m
u
lti-arm

ed
b
an

d
it

p
rob

lem
w

ith
a

grap
h

b
ased

feed
b
ack

stru
ctu

re
sim

ilar
to

M
an

n
or

an
d

S
h
am

ir
(2011),

an
d

B
u
ccap

a
tn

am
et

al.
(2014).

H
ow

ever,
th

ey
assu

m
e

th
at

th
e

grap
h

stru
ctu

re
is

n
ever

fu
lly

revealed
.

In
con

trast,
in

m
an

y
cases

su
ch

as
th

e
p
rob

lem
of

rou
tin

g
in

com
m

u
n
ication

n
etw

ork
s

an
d

th
e

p
rob

lem
of

in
fl
u
en

ce
m

ax
im

ization
in

so
cial

n
etw

ork
s,

th
e

grap
h

stru
ctu

re
is

rev
ealed

or
learn

t
ap

riori
an

d
is

k
n
ow

n
.

W
h
en

th
e

grap
h

stru
ctu

re
is

k
n
ow

n
,

th
e

a
u
th

ors
in

B
u
ccap

-
atn

am
et

al.
(2014

)
p
rop

ose
algorith

m
s

for
th

e
sto

ch
astic

settin
g

w
h
ose

regret
p

erform
an

ce
is

b
ou

n
d
ed

b
y

th
e

d
om

in
ation

n
u
m

b
er

of
th

e
grap

h
.

In
con

trast,
th

e
algorith

m
s

p
rop

osed
in

C
oh

en
et

al.
(2016)

assu
m

e
th

at
th

e
grap

h
is

u
n
k
n
ow

n
an

d
ach

ieve
a

regret
th

at
is

u
p
p

er
b

ou
n
d
ed

b
y

th
e

in
d
ep

en
d
en

ce
n
u
m

b
er

of
th

e
grap

h
.

(N
ote

th
at

th
e

in
d
ep

en
d
en

ce
n
u
m

b
er

of
a

grap
h

is
larger

th
an

or
eq

u
al

to
th

e
d
om

in
ation

n
u
m

b
er).

O
u
r

cu
rren

t
w

ork
p
rop

oses
a

gen
eral

feed
b
ack

stru
ctu

re
of

w
h
ich

B
u
ccap

atn
am

et
al.

(2014)
an

d
C

oh
en

et
al.

(2
016)

can
b

e
v
iew

ed
as

a
sp

ecial
case.

M
oreover,

w
e

p
resen

t
algorith

m
s

th
at

b
en

efi
t

sign
ifi

can
tly

from
th

e
k
n
ow

led
ge

of
th

e
grap

h
feed

b
ack

stru
ctu

re.

T
h
e

settin
g

of
com

b
in

atorial
b
a
n
d
its

(C
M

A
B

)
b
y

C
h
en

et
al.

(201
3)

is
also

closely
related

to
ou

r
w

ork
.

In
C

M
A

B
,

a
su

b
set

of
b
ase

action
s

w
ith

u
n
k
n
ow

n
d
istrib

u
tion

s
form

su
p

er
action

s
an

d
in

each
rou

n
d
,

ch
o
o
sin

g
a

su
p

er
action

reveals
ou

tcom
es

of
its

con
stitu

en
t

action
s.

T
h
e

rew
ard

ob
tain

ed
is

a
fu

n
ction

of
th

ese
ou

tcom
es.

T
h
e

n
u
m

b
er

of
su

p
er

action
s

an
d

th
eir

com
p

osition
in

term
s

of
b
ase

action
s

is
assu

m
ed

to
b

e
arb

itrary
an

d
th

e
p

olicies
d
o

n
ot

u
tilize

th
e

u
n
d
erly

in
g

n
etw

ork
stru

ctu
re

b
etw

een
b
ase

action
s

an
d

su
p

er
actio

n
s.

In
con

trast,
in

ou
r

w
ork

,
w

e
d
erive

a
regret

low
er

b
ou

n
d

in
term

s
of

th
e

u
n
d
erly

in
g

n
etw

ork
stru

ctu
re

an
d

p
rop

ose
p

olicies
th

at
ach

ieve
th

is
b

ou
n
d
.

T
h
is

resu
lts

in
m

ark
ed

ly
im

p
roved

p
erform

an
ce

w
h
en

th
e

n
u
m

b
er

of
su

p
er

action
s

is
n
ot

su
b
stan

tially
larg

er
th

an
th

e
n
u
m

b
er

of
b
ase

action
s.

3
.
P
ro

b
le
m

F
o
rm

u
la
tio

n

In
th

is
section

,
w

e
form

ally
d
efi

n
e

th
e

gen
eral

b
an

d
it

p
rob

lem
in

th
e

p
resen

ce
of

sid
e

ob
serva-

tion
s

across
action

s.
L

etN
=
{
1,...,N

}
d
en

ote
th

e
collection

o
f

ba
se-a

rm
s

w
ith

u
n
k
n
ow

n
d
istrib

u
tion

s.
S
u
b
sets

of
b
ase-arm

s
form

a
ctio

n
s,

an
d

are
in

d
ex

ed
b
y
K

=
{
1,...,K

}
.

A
d
ecision

m
ak

er
m

u
st

ch
o
ose

an
action

j
∈
K

at
each

tim
e
t

an
d

ob
serves

th
e

rew
ard

s
of

related
b
ase-arm

s.
L

et
X
i (t)

b
e

th
e

rew
ard

of
b
ase-arm

i
ob

served
b
y

th
e

d
ecision

m
aker

(on
ch

o
osin

g
som

e
action

)
at

tim
e
t.

W
e

assu
m

e
th

at{X
i (t),t≥

0}
are

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.)

for
each

i
an

d
{
X
i (t),∀

i∈
N
}

are
in

d
ep

en
d
en

t
for

each
tim

e
t.

L
et
V
j ⊆
N

b
e

th
e

su
b
set

of
b
ase-arm

s
th

at
are

ob
serv

ed
w

h
en

p
lay

in
g

action
j.

T
h
en

,
w

e
d
efi

n
e
S
i

=
{
j

:
i
∈
V
j }

as
th

e
su

p
p

ort
of

b
a
se-arm

i,
i.e.,

th
e

d
ecision

m
aker

gets
ob

servation
s

for
b
ase-arm

i
on

p
lay

in
g

action
j
∈
S
i .

W
h
en

th
e

d
ecision

m
aker

ch
o
oses

action
j

at
tim

e
t,

h
e

or
sh

e
ob

serves
on

e
realization

for
each

of
th

e
ran

d
om

variab
les

X
i (t),

i∈
V
j .

T
h
e

rew
ard

of
th

e
p
layed

action
j

d
ep

en
d
s

on
th

e
ou

tcom
es

of
its

related
b
ase-arm

s
su

b
set,

d
en

oted
b
y
K
j ⊆
N

,
an

d
som

e
k
n
ow

n
fu

n
ction

f
j (·).

N
ote

th
atK

j ⊆
V
j

b
ecau

se
th

ere
m

ay
b

e
som

e
b
ase-arm

s
th

at
can

b
e

ob
served

b
y

action
j

b
u
t

n
ot

cou
n
ted

as
rew

ard
in

gen
eral

(see
F

igu
re

2
for

a
con

crete
ex

am
p
le).

L
et

th
e

vector
~X
j (t)

=
[X

i (t)]i∈K
j

d
en

ote
th

e
collection

of
ran
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ard
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a
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e
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b
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~X
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W
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e
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e
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b
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for
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th
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w
e

on
ly

assu
m

e
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e
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ard
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n
ction
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j (·)
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b

ou
n
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b
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b
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b
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p
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b
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b
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d
b
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∈K

.
T

h
e
N
×
K

ad
ja

ce
n
cy

m
at

ri
x
E

=
[e
ij

]
is

d
efi

n
ed

b
y
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∈
V
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er
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se
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n
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b
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ar
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i

w
h
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g
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ti

on
j.
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tu

it
iv

el
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ip

ar
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gr
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h

d
et

er
m

in
ed
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∈K
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si

d
e-
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se

rv
at

io
n

re
la

ti
o
n
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ip
s

w
h
il
e
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ll
ec

ti
on
{K

j
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∈K

ca
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th
e
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ar
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W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

at
∪ i
∈K
K i

=
N

,
w

h
ic

h
m

ea
n
s

th
at

th
er

e
ar

e
n
o

u
se

le
ss
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u
m

m
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)

u
n
k
n
ow

n
b
as

e-
ar

m
s

in
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e
n
et

w
or

k
.

U
se
r	

i	

U
se
r	

j	

U
se
r	

k	

U
se
r	

m
	

X i
(t
)	

X j
(t
)	

X k
(t
)	

F
ig

u
re

1:
A

t
ti

m
e
t,

su
p
p

os
e

th
at

th
e

d
ec

is
io

n
m
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ke

r
ch

o
os
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u
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r
i
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off

er
a

p
ro

m
ot
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H
e
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en

re
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X
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t)
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u
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r
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U
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n
g
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e

so
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n
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h
e
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se

s
X
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)
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s
n
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b

or
s
j
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d
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F
ig

u
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1
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e
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d
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o
d
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u
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n
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u
ch

si
d
e

ob
se

rv
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n
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b
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k
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F
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b
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k
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g
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u
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r’
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n
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b

or
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s
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,
d
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o
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et
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)
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u
se

r’
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ac
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y.
T

h
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p
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b
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w
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th
e
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n
e
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d
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p
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b
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re
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b
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e
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h
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n
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u
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h
e
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b
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s
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d
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p
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n
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e
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h
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h
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e
u
n
k
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h
e

se
t
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e
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m
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=
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p
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b
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e

n
ei

g
h
b

o
rs

d
o

n
o
t

h
av

e
a
n
y

in
fo

rm
a
ti

o
n

o
n

w
h

et
h

er
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r
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p
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b
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n
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a
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w
o
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p
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b
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e

d
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n
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t
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w
h
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h
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n
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e
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o
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p
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y
in

g
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e
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se
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h
e

re
w

ar
d

fu
n
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b
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b
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m
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o
d
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th

e
b
ip

ar
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h
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b
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n
er
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b
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h
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p
re

fe
re

n
ce

p
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v
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b
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b
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.
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v
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ra
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b
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ra
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≥
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w
h
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e
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∈
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e
a
ct

io
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b
y
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y
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e
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b
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b
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b
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T
h
en

,
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e
re

g
re
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o
f

p
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ic
y
φ

at
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m
e
t
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r

a
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x
ed
µ

=
(µ

1
,.
..
,µ

K
)
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d
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n
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b
y

R
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µ
j
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T
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∆
j
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T
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w
h
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e
∆
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µ
j

an
d
µ
∗
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K
µ
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H
en
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fo
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h
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w
e

d
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p
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e
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p
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p
t
φ

u
n
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u
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T
h
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e
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n
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p
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s
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e
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ra
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h
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m
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r
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ig
at

io
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o
f

u
n
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or
m

ly
go

o
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p
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b
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d
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b
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c
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b
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∞
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n
d
it

io
n

im
p
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e
op

ti
m

a
l

lo
n
g

te
rm

av
er

ag
e

re
w

ar
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b
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p
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⊆
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p
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∈
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y
n

etw
o
rk

G
w

ith
bipa

rtite
gra

p
h

(K
,N

,E
)

a
n

d{K
j }
j∈K

,
if∪

j∈K K
j

=
N

,
th

en
γ

(G
)≤

χ̄
(G

).

P
ro

o
f

L
etC

=
{
C

1 ,C
2 ,...,C

m }
b

e
a

cliq
u
e

cover
w

ith
card

in
ality

m
,

i.e.,|C|
=
m

an
d

each
C
k

is
a

cliq
u
e

for
k

=
1,...,m

.
P

ick
a
rb

itrarily
a
n

elem
en

t
a
k

fro
m
C
k

for
each

k
.

D
efi

n
e

H
=
{
a
k

:
k

=
1
,...,m

}.
N

ow
it

rem
ain

s
to

sh
ow

th
at
H

is
a

h
ittin

g
set,

w
h
ich

im
p
lies

γ
(G

)≤
χ̄

(G
).

W
e

p
rove

th
is

b
y

con
trad

iction
.

S
u
p
p

o
se
H

is
n
ot

a
h
ittin

g
set,

th
en
∃
i
∈
N

s.t.
S
i ∩
H

=
∅
.

S
in

ce
∪
j∈K K

j
=
N

,
∃
j
∈
K

s.t.
i∈
K
j .
C

is
a

cliq
u
e

cov
er,

th
en
∃
k
(j)∈

{1
,2
,...,m

}
su

ch
th

at
j
∈
C
k
(j) .

B
y

th
e

co
n
stru

ctio
n

ofH
,

th
ere

ex
ists

a
k
(j) ∈

H
∩
C
k
(j) .

B
y

th
e

d
efi

n
ition

of
cliq

u
e,

w
e

h
av

e
K
j
⊆
V
a
k
(j

) .
T

h
u
s,

w
e

h
ave

a
k
(j)
∈
S
i

sin
ce

i∈
K
j .

It
follow

s
th

at
S
i ∩
H
6=
∅,

w
h
ich

co
n
tra

d
icts

to
S
i ∩
H

=
∅
.

H
en

ce,H
is

a
h
ittin

g
set.

In
th

e
n
ex

t
section

,
w

e
ob

tain
an

asy
m

p
totic

low
er

b
ou

n
d

on
th

e
regret

of
u
n
iform

ly
g
o
o
d

p
o
licies

fo
r

th
e

settin
g

of
M

A
B

s
w

ith
sid

e-ob
servation

s.
T

h
is

low
er

b
ou

n
d

is
ex

p
ressed

a
s

th
e

o
p
tim

a
l

valu
e

of
a

lin
ear

p
rogram

(L
P

),
w

h
ere

th
e

con
strain

ts
of

th
e

L
P

cap
tu

re
th

e
co

n
n
ectiv

ity
o
f

each
action

in
th

e
n
etw

ork
.

4
.
R
e
g
re
t
L
o
w
e
r
B
o
u
n
d
in

th
e
P
re
se
n
ce

o
f
S
id
e
O
b
se
rv
a
tio

n
s

In
o
rd

er
to

d
erive

a
low

er
b

ou
n
d

on
th

e
regret,

w
e

n
eed

som
e

m
ild

regu
la

rity
assu

m
p
-

tio
n
s

(A
ssu

m
p
tion

s
1,

2,
an

d
3)

on
th

e
d
istrib

u
tion

s
F
i

(asso
ciated

w
ith

b
ase-arm

i)
th

at
a
re

sim
ila

r
to

th
e

on
es

in
L

ai
an

d
R

ob
b
in

s
(1985).

L
et

th
e

p
rob

ab
ility

d
istrib

u
tio

n
F
i

h
ave

a
u
n
iva

ria
te

d
en

sity
fu

n
ction

g
(x

;θ
i )

w
ith

u
n
k
n
ow

n
p
aram

eters
θ
i ,

for
each

i∈
N

.
L

et
D

(θ||σ
)

d
en

ote
th

e
K

u
llb

ack
L

eib
ler

(K
L

)
d
istan

ce
b

etw
een

d
istrib

u
tion

s
w

ith
d
en

sity
fu

n
ctio

n
s
g
(x

;θ)
an

d
g
(x

;σ
)

an
d

w
ith

m
ean

s
u

(θ)
an

d
u

(σ
)

resp
ectively.

A
ssu

m
p

tio
n

1
(F

in
iten

ess)
W

e
a
ssu

m
e

th
a
t
g
(·;·)

is
su

ch
th

a
t

0
<
D

(θ||σ
)
<
∞

w
h
en

ever
u

(σ
)
>
u

(θ).

A
ssu

m
p

tio
n

2
(C

o
n

tin
u

ity)
F

o
r

a
n

y
ε
>

0
a
n

d
θ,σ

su
ch

th
a
t
u

(σ
)
>
u

(θ),
th

ere
exists

η
>

0
fo

r
w

h
ich
|D

(θ||σ
)−

D
(θ||ρ

)|
<
ε

w
h
en

ever
u

(σ
)
<
u

(ρ
)
<
u

(σ
)

+
η
.

A
ssu

m
p

tio
n

3
(D

en
sen

ess)
F

o
r

ea
ch
i∈
N
,
θ
i ∈

Θ
w

h
ere

th
e

set
Θ

sa
tisfi

es:
fo

r
a
ll
θ
∈

Θ
a
n

d
fo

r
a
ll
η
>

0
,

th
ere

exists
θ ′∈

Θ
su

ch
th

a
t
u

(θ)
<
u

(θ ′)
<
u

(θ)
+
η
.
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B
u
c
c
a
pa

t
n
a
m
,
L
iu
,
E
r
y
il
m
a
z
a
n
d

S
h
r
o
f
f

L
et
~θ

b
e

th
e

vector
[θ

1 ,...,θ
N

].
D

efi
n
e

Θ
i

=
{
~θ

:∃
k
∈
S
i

su
ch

th
at
µ
k ( ~θ)

<
µ
∗( ~θ)}

.
S
o,

n
ot

all
action

s
th

at
su

p
p

ort
b
ase-arm

i
are

op
tim

al.
S
u
p
p

ose
~θ∈

Θ
i .

F
or

b
ase

arm
i,

d
efi

n
e

th
e

set
B
i (θ

i )
=
{θ ′i

:∃
k
∈
S
i

su
ch

th
at
µ
k ( ~θ ′i )

>
µ
∗( ~θ)}

,

w
h
ere

~θ ′i
=

[θ
1 ,...,θ ′i ,...θ

N
].
~θ ′i

d
iff

ers
from

~θ
on

ly
in

th
e
i th

p
aram

eter.
In

th
is

set
B
i (θ

i ),
b
ase-arm

i
con

trib
u
tes

tow
ard

s
a

u
n
iq

u
e

op
tim

al
action

.
D

efi
n
e

con
stan

t
J
i (θ

i )
=

in
f{D

(θ
i ||θ ′i )

:
θ ′i ∈

B
i (θ

i )}.
T

h
is

is
w

ell-d
efi

n
ed

w
h
en
B
i (θ

i )6=
∅.

T
h
e

follow
in

g
p
rop

osition
is

ob
tain

ed
u
sin

g
T

h
eorem

2
in

L
ai

an
d

R
ob

b
in

s
(198

5).
It

p
rov

id
es

an
asy

m
p
totic

low
er

b
ou

n
d

on
th

e
regret

of
an

y
u
n
iform

ly
go

o
d

p
olicy

u
n
d
er

th
e

m
o
d
el

d
escrib

ed
in

S
ection

3:

P
ro

p
o
sitio

n
4

S
u

p
po

se
A

ssu
m

p
tio

n
s

1
,

2
,

a
n

d
3

h
o
ld

.
L

etU
=
{
j

:
µ
j
<
µ
∗}

be
th

e
set

o
f

su
bo

p
tim

a
l

a
ctio

n
s.

A
lso

,
let

∆
j

=
µ
∗−

µ
j .

T
h
en

,
u

n
d
er

a
n

y
u

n
ifo

rm
ly

good
po

licy
φ
,

th
e

expected
regret

is
a
sym

p
to

tica
lly

bo
u

n
d
ed

belo
w

a
s

fo
llo

w
s:

lim
in

f
t→
∞

R
µ

(t)

log
(t)
≥
c
µ
,

(1)

w
h
ere

c
µ

is
th

e
o
p
tim

a
l

va
lu

e
o
f

th
e

fo
llo

w
in

g
lin

ea
r

p
rogra

m
(L

P
)
P

1 :

P
1

:
m

in ∑j∈U
∆
j w

j ,

su
bject

to
:
∑j∈
S
i w

j ≥
1

J
i (θ

i ) ,
∀
i∈
N
,

w
j ≥

0,
∀
j∈
K
.

P
ro

o
f

(S
ketch

)
L

et
M
i (t)

b
e

th
e

total
n
u
m

b
er

of
ob

servation
s

corresp
on

d
in

g
to

b
ase-arm

i
availab

le
at

tim
e
t.

T
h
en

,
b
y

m
o
d
ify

in
g

th
e

p
ro

of
of

T
h
eorem

2
of

L
ai

an
d

R
ob

b
in

s
(1985),

w
e

h
ave

th
at,

for
i∈
N
,

lim
in

f
t→
∞

E
[M

i (t)]

log
(t)

≥
1

J
i (θ

i ) .

A
n

ob
servation

is
receiv

ed
for

b
ase-arm

i
w

h
en

ever
an

y
action

in
S
i

is
ch

osen
.

H
en

ce,

M
i (t)

=
∑j∈
S
i T

j (t).
T

h
ese

tw
o

facts
give

u
s

th
e

con
strain

ts
in

L
P
P

1 .
S
ee

A
p
p

en
d
ix

A
for

th
e

fu
ll

p
ro

of.

T
h
e

lin
ear

p
rogram

given
in
P

1
con

tain
s

th
e

g
rap

h
ical

in
form

ation
th

at
govern

s
th

e
low

er
b

ou
n
d
.

H
ow

ever,
it

req
u
ires

th
e

k
n
ow

led
ge

of
~θ,

w
h
ich

is
u
n
k
n
ow

n
.

T
h
is

m
otivates

th
e

con
stru

ction
of

th
e

follow
in

g
lin

ear
p
rogram

,
L

P
P

2 ,
w

h
ich

p
reserves

th
e

grap
h
ical

stru
ctu

re
w

h
ile

elim
in

atin
g

th
e

d
istrib

u
tion

al
d
ep

en
d
en

ce
on

~θ.

P
2

:
m

in ∑j∈K
z
j

su
b

ject
to:

∑j∈
S
i z
j ≥

1,
∀
i∈
N
,

an
d
z
j ≥

0,
∀
j∈
K
.
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R
e
w
a
r
d

M
a
x
im

iz
a
t
io
n
U
n
d
e
r
U
n
c
e
r
t
a
in
t
y
:
L
e
v
e
r
a
g
in
g

S
id
e
-O

b
se

r
v
a
t
io
n
s

L
et

z
∗

=
(z
∗ j)
j∈
K

b
e

th
e

op
ti

m
al

so
lu

ti
on

of
L

P
P

2
.

In
S
ec

ti
on

s
5

an
d

6,
w

e
u
se

th
e

ab
ov

e
L

P
P

2
to

m
o
d
if

y
th

e
ε-

gr
ee

d
y

p
ol

ic
y

in
A

u
er

et
al

.
(2

00
2)

an
d

U
C

B
p

ol
ic

y
in

A
u
er

an
d

O
rt

n
er

(2
01

0)
fo

r
th

e
se

tt
in

g
of

si
d
e-

ob
se

rv
at

io
n
s.

W
e

p
ro

v
id

e
re

gr
et

gu
ar

an
te

es
of

th
es

e
m

o
d
ifi

ed
p

ol
ic

ie
s

in
te

rm
s

of
th

e
op

ti
m

al
va

lu
e
∑

j∈
K
z
∗ j

of
L

P
P

2
.

W
e

n
ot

e
th

at
th

e
li
n
ea

r
p
ro

gr
am

P
2

is
,

in
fa

ct
,

th
e

L
P

re
la

x
at

io
n

o
f

th
e

m
in

im
u
m

h
it

ti
n
g

se
t

p
ro

b
le

m
on

n
et

w
or

k
G
.

S
in

ce
,

an
y

h
it

ti
n
g

se
t

of
n
et

w
or

k
G

is
a

fe
as

ib
le

so
lu

ti
on

to
th

e
L

P
P

2
,

w
e

h
av

e
th

at
th

e
op

ti
m

al
va

lu
e

of
th

e
L

P
∑

j∈
K
z
∗ j
≤
γ

(G
)
≤
χ̄

(G
).

P
ro

p
o
si

ti
o
n

5
C

o
n

si
d
er

a
n

E
rd

o
s-

R
en

yi
ra

n
d
o
m

bi
pa

rt
it

e
gr

a
p
h

(K
,N

,E
)

su
ch

th
a
t

ea
ch

en
tr

y
o
f

th
e

m
a
tr

ix
E

eq
u

a
ls

1
w

it
h

p
ro

ba
bi

li
ty
p
,

w
h
er

e
0
<
p
<

1
.

S
u

p
po

se
∪ j
∈K
K j

=
N

,
i.

e.
,

th
er

e
a
re

n
o

u
se

le
ss

ba
se

-a
rm

s
in

th
e

n
et

w
o
rk

,
th

en
∑

j∈
K
z
∗ j

is
u

p
pe

r-
bo

u
n

d
ed

by
lo

g
1

1
−
p
N

a
s
N
→
∞

in
p
ro

ba
bi

li
ty

.

P
ro

o
f

(s
ke

tc
h
)

S
in

ce
∑

j∈
K
z
∗ j
≤
γ

(G
),

it
re

m
ai

n
s

to
b

e
sh

ow
n

th
at
γ

(G
)

is
u
p
p

er
b

ou
n
d
ed

b
y

th
e

ab
ov

e
re

su
lt

.
S
u
p
p

os
e

th
er

e
ar

e
n
o

u
se

le
ss

b
as

e-
ar

m
s

in
th

e
n
et

w
or

k
.

T
h
en

th
e

se
t

of
al

l
ac

ti
on

s
is

a
h
it

ti
n
g

se
t.

B
as

ed
on

th
is

ob
se

rv
at

io
n
,

w
e

co
n
st

ru
ct

a
re

p
ea

te
d

ex
p

er
im

en
t

to
ge

n
er

at
e

ac
ti

on
s

se
q
u
en

ti
al

ly
.

T
h
en

w
e

d
efi

n
e

a
st

op
p
in

g
ti

m
e
τ

a
s

th
e

fi
rs

t
ti

m
e

th
at

al
l

th
e

ge
n
er

at
ed

ac
ti

on
s

fo
rm

a
h
it

ti
n
g

se
t.

H
en

ce
,

w
e

sh
ow

th
e

as
y
m

p
to

ti
c

re
su

lt
of
τ

as
th

e
u
p
p

er
b

ou
n
d

of
γ

(G
).

S
ee

fu
ll

p
ro

of
in

A
p
p

en
d
ix

B
.

In
th

e
n
ex

t
p
ro

p
os

it
io

n
,

w
e

p
ro

v
id

e
a

lo
w

er
b

ou
n
d

on
c µ

in
E

q
u
at

io
n

(1
)

u
si

n
g

th
e

op
ti

m
al

so
lu

ti
on

z
∗

=
(z
∗ j)
j∈
K

of
L

P
P

2
.

P
ro

p
o
si

ti
o
n

6
L

et
U

=
{j

:
µ
j
<
µ
∗ }

be
th

e
se

t
o
f

su
bo

p
ti

m
a
l

a
ct

io
n

s.
L

et
O

=
{j

:
µ
j

=
µ
∗ }

be
th

e
se

t
o
f

o
p
ti

m
a
l

a
ct

io
n

s.
T

h
en

,

m
ax

i∈
N
J
i(
θ i

)

m
in
j∈
U

∆
j
c µ

+
|O
|≥

∑ j∈
K
z
∗ j
≥

m
in
i∈
N
J
i(
θ i

)

m
ax

j∈
U

∆
j
c µ
.

(2
)

P
ro

o
f

(S
ke

tc
h
)

U
si

n
g

th
e

op
ti

m
al

so
lu

ti
on

of
L

P
P

1
,

w
e

co
n
st

ru
ct

a
fe

as
ib

le
so

lu
ti

on
sa

t-
is

fy
in

g
co

n
st

ra
in

ts
in

L
P
P

2
fo

r
b
as

e-
ar

m
s

in
N

.
T

h
e

fe
as

ib
le

so
lu

ti
on

co
n
st

ru
ct

ed
in

th
is

w
ay

gi
ve

s
an

u
p
p

er
b

ou
n
d

on
th

e
op

ti
m

al
va

lu
e

of
L

P
P

2
in

te
rm

s
of

th
e

op
ti

m
al

va
lu

e
of

L
P
P

1
.

F
or

th
e

lo
w

er
b

ou
n
d
,

w
e

u
se

th
e

fa
ct

th
at

an
y

fe
as

ib
le

so
lu

ti
on

of
P

2
,

in
p
ar

ti
cu

la
r

z
∗ ,

ca
n

b
e

u
se

d
to

co
n
st

ru
ct

a
fe

as
ib

le
so

lu
ti

on
of
P

1
.

S
ee

A
p
p

en
d
ix

C
fo

r
th

e
fu

ll
p
ro

of
.

W
e

n
ot

e
th

at
∑

j∈
K
z
∗ j

=
Θ

(c
µ
)

co
m

p
le

te
ly

ca
p
tu

re
s

th
e

ti
m

e
d
ep

en
d
en

ce
of

th
e

re
gr

et
on

n
et

w
or

k
st

ru
ct

u
re

u
n
d
er

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
:

A
ss

u
m

p
ti

o
n

4
T

h
e

qu
a
n

ti
ti

es
|O
|,

m
in

j∈
U

∆
j
,

a
n

d
m

in
i∈
N
J
i(
θ i

)
a
re

co
n

st
a
n

ts
th

a
t

a
re

in
d
ep

en
-

d
en

t
o
f

n
et

w
o
rk

si
ze
K

a
n

d
N

.

N
ot

e
th

at
th

e
co

n
st

an
ts

in
th

e
ab

ov
e

as
su

m
p
ti

on
ar

e
u
n
k
n
ow

n
to

th
e

d
ec

is
io

n
m

ak
er

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

p
ro

p
os

e
th

e
ε t

-g
re

ed
y
-L

P
p

ol
ic

y
w

h
ic

h
ac

h
ie

ve
s

th
e

re
gr

et
lo

w
er

b
ou

n
d

of
c µ

lo
g
(t

)
u
p

to
a

m
u
lt

ip
li
ca

ti
ve

co
n
st

an
t

fa
ct

or
th

at
is

in
d
ep

en
d
en

t
of

th
e

n
et

w
or

k
st

ru
ct

u
re

an
d

ti
m

e.
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01
8

B
u
c
c
a
pa

t
n
a
m
,
L
iu
,
E
r
y
il
m
a
z
a
n
d

S
h
r
o
f
f

5
.
E
p
si
lo
n
-g
re
e
d
y
-L

P
p
o
li
cy

M
ot

iv
at

ed
b
y

th
e

L
P

s
P

1
an

d
P

2
,

w
e

p
ro

p
os

e
a

n
et

w
o
rk

-a
w

a
re

ra
n
d
om

iz
ed

p
o
li
cy

ca
ll
ed

th
e
ε t

-g
re

ed
y
-L

P
p

ol
ic

y.
W

e
p
ro

v
id

e
an

u
p
p

er
b

ou
n
d

on
th

e
re

gr
et

of
th

is
p

o
li
cy

a
n
d

sh
ow

th
at

it
ac

h
ie

ve
s

th
e

as
y
m

p
to

ti
c

lo
w

er
b

ou
n
d
,

u
p

to
a

co
n
st

an
t

m
u
lt

ip
li
er

,
in

d
ep

en
d
en

t
o
f

th
e

n
et

w
or

k
st

ru
ct

u
re

.
L

et
f̄ j

(t
)

b
e

th
e

em
p
ir

ic
al

av
er

a
ge

of
ob

se
rv

at
io

n
s

(r
ew

a
rd

s
a
n
d

si
d
e-

ob
se

rv
at

io
n
s

co
m

b
in

ed
)

av
ai

la
b
le

fo
r

ac
ti

on
j

u
p

to
ti

m
e
t.

T
h
e
ε t

-g
re

ed
y
-L

P
p

o
li
cy

is
d
es

cr
ib

ed
in

A
lg

or
it

h
m

1.
T

h
e

p
ol

ic
y

co
n
si

st
s

of
tw

o
it

er
at

io
n
s

-
ex

p
lo

it
at

io
n

a
n
d

ex
p
lo

-
ra

ti
on

,
w

h
er

e
th

e
ex

p
lo

ra
ti

on
p
ro

b
ab

il
it

y
d
ec

re
as

es
a
s

1
/t
,

si
m

il
ar

ly
to

th
at

o
f

th
e
ε t

-g
re

ed
y

p
ol

ic
y

p
ro

p
os

ed
b
y

A
u
er

et
al

.
(2

00
2)

.
H

ow
ev

er
,

in
ou

r
p

ol
ic

y,
w

e
ch

o
os

e
th

e
ex

p
lo

ra
ti

o
n

p
ro

b
ab

il
it

y
fo

r
ac

ti
on

j
to

b
e

p
ro

p
or

ti
on

al
to
z
∗ j/
t,

w
h
er

e
z
∗

is
th

e
op

ti
m

al
so

lu
ti

o
n

o
f

L
P

P
2
,

w
h
il
e

in
th

e
or

ig
in

al
p

ol
ic

y
in

A
u
er

et
al

.
(2

0
02

),
th

e
ex

p
lo

ra
ti

on
p
ro

b
ab

il
it

y
is

u
n
if

o
rm

ov
er

al
l

ac
ti

on
s.

A
lg

o
ri

th
m

1
:
ε t

-g
re

ed
y
-L

P

In
p

u
t:
c
>

0
,

0
<
d
<

1
,

op
ti

m
al

so
lu

ti
on

z
∗

of
L

P
P

2
.

fo
r

ea
ch

ti
m

e
t

d
o

U
p

d
at

e
f̄ j

(t
)

fo
r

ea
ch

j
∈
K

,
w

h
er

e
f̄ j

(t
)

is
th

e
em

p
ir

ic
al

ly
av

er
a
ge

ov
er

a
ll

th
e

o
b
se

r-
va

ti
on

s
of

ac
ti

on
j.

L
et
ε(
t)

=
m

in

( 1,
c
∑

j∈
K
z
∗ j

d
2
t

)
an

d
a
∗

=
ar

g
m

ax
j∈
K
f̄ j

(t
).

S
am

p
le
a

fr
om

th
e

d
is

tr
ib

u
ti

on
su

ch
th

at
P{
a

=
j}

=
z
∗ j

∑
i∈
K
z
∗ i

fo
r

al
l
j
∈
K

.

P
la

y
ac

ti
on

φ
(t

)
su

ch
th

at

φ
(t

)
=

{
a
,

w
it

h
p
ro

b
ab

il
it

y
ε(
t)

a
∗ ,

w
it

h
p
ro

b
ab

il
it

y
1
−
ε(
t)

(3
)

e
n

d
fo

r

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
p
ro

v
id

es
p

er
fo

rm
an

ce
gu

ar
an

te
es

on
th

e
ε t

-g
re

ed
y
-L

P
p

o
li
cy

:

P
ro

p
o
si

ti
o
n

7
F

o
r

0
<
d
<

m
in

j∈
U

∆
j
,

a
n

y
c
>

0
,

a
n

d
α
>

1,
th

e
p
ro

ba
bi

li
ty

w
it

h
w

h
ic

h
a

su
bo

p
ti

m
a
l

a
ct

io
n
j

is
se

le
ct

ed
by

th
e
ε t

-g
re

ed
y-

L
P

po
li

cy
,

d
es

cr
ib

ed
in

A
lg

o
ri

th
m

1
,

fo
r

a
ll

t
>
t′

=
c
∑

i∈
K
z
∗ i

d
2

is
a
t

m
o

st

(
c d
2
tz
∗ j)

+
2
λ
cδ

α
d

2

(
et
′ t

) c
r
/
α
d

2

lo
g

(
e2
t

t′

)
+

4 ∆
2 j

(
et
′ t

)
c
∆

2 j

2
α
d
2

,
(4

)

w
h
er

e
r

=
3
(α
−

1
)2

8
α
−

2
,
λ

=
m

ax
j∈
K
|K

j
|,

a
n

d
δ

=
m

ax
i∈
N
|S
i|

is
th

e
m

a
xi

m
u

m
d
eg

re
e

o
f

th
e

su
p
po

rt
s

in
th

e
n

et
w

o
rk

.
N

o
te

th
a
t
α

is
a

pa
ra

m
et

er
w

e
in

tr
od

u
ce

in
th

e
p
ro

o
f,

w
h
ic

h
is

u
se

d
to

d
et

er
m

in
e

a
ra

n
ge

fo
r

th
e

ch
o
ic

e
o
f

pa
ra

m
et

er
c

a
s

sh
o
w

n
in

C
o
ro

ll
a
ry

8
.

P
ro

o
f

(S
ke

tc
h
)

S
in

ce
z
∗

sa
ti

sfi
es

th
e

co
n
st

ra
in

ts
in

L
P
P

2
,

th
er

e
is

su
ffi

ci
en

t
ex

p
lo

ra
ti

o
n

w
it

h
in

ea
ch

su
b

op
ti

m
al

ac
ti

on
’s

n
ei

gh
b

or
h
o
o
d
.

T
h
e

p
ro

o
f

is
th

en
a

co
m

b
in

at
io

n
o
f

th
is

fa
ct
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R
e
w
a
r
d

M
a
x
im

iz
a
t
io
n
U
n
d
e
r
U
n
c
e
r
t
a
in
t
y
:
L
e
v
e
r
a
g
in
g

S
id
e
-O

b
se

r
v
a
t
io
n
s

a
n
d

th
e

p
ro

o
f

o
f

T
h
eorem

3
in

A
u
er

et
al.

(2002).
In

p
articu

lar,
w

e
d
erive

an
u
p
p

er
b

ou
n
d

fo
r

th
e

p
ro

b
a
b
ility

th
at

su
b

op
tim

al
action

j
is

p
layed

a
t

each
tim

e
an

d
th

en
su

m
over

th
e

tim
e.

S
ee

A
p
p

en
d
ix

D
for

th
e

fu
ll

p
ro

of.

In
th

e
a
b

ove
p
rop

osition
,

for
large

en
o
u
gh

c,
w

e
see

th
at

th
e

secon
d

an
d

th
ird

term
s

are
O

(1/t 1
+
ε)

fo
r

so
m

e
ε
>

0
(A

u
er

et
al.,

2002).
U

sin
g

th
is

fact,
th

e
follow

in
g

corollary
b

o
u
n
d
s

th
e

ex
p

ected
regret

of
th

e
ε
t -greed

y
-L

P
p

olicy
:

C
o
ro

lla
ry

8
C

h
oo

se
pa

ra
m

eters
c

a
n

d
d

su
ch

th
a
t,

0
<
d
<

m
in

j∈U
∆
j ,

a
n

d
c
>

m
ax

(2α
d

2/r,4α
),

fo
r

a
n

y
α
>

1
.

T
h
en

,
th

e
expected

regret
a
t

tim
e
T

o
f

th
e
ε
t -greed

y-L
P

po
licy

d
escribed

in
A

lgo
rith

m
1

is
a
t

m
o
st


cd
2 ∑j∈U

∆
j z ∗j 

log
(T

)
+
O

(K
),

(5)

w
h
ere

th
e
O

(K
)

term
ca

p
tu

res
co

n
sta

n
ts

in
d
epen

d
en

t
o
f

tim
e

bu
t

d
epen

d
en

t
o
n

th
e

n
etw

o
rk

stru
ctu

re.
In

pa
rticu

la
r,

th
e
O

(K
)

term
is

a
t

m
o
st

∑j∈U [
π

2λ
cδ∆

j

3
α
d

2

(et ′ )
cr
/
α
d

2

+
2π

2

3∆
j (et ′ )

c
∆

2j

2
α
d
2 ]
,

w
h
ere

t ′,
r,
λ

a
n

d
δ

a
re

d
efi

n
ed

in
P

ro
po

sitio
n

7
.

R
e
m

a
rk

9
U

n
d
er

A
ssu

m
p
tio

n
4
,

w
e

ca
n

see
fro

m
P

ro
po

sitio
n

6
a
n

d
C

o
ro

lla
ry

8
th

a
t,

ε
t -greed

y-L
P

a
lgo

rith
m

is
ord

er
op

tim
al

a
ch

ievin
g

th
e

lo
w

er
bo

u
n

d
Ω


∑j∈K

z ∗j
log

(T
) 

=

Ω
(c
µ

lo
g
(T

))
a
s

th
e

n
etw

o
rk

a
n

d
tim

e
sca

le.

W
h
ile

th
e
ε
t -g

reed
y
-L

P
p

olicy
is

n
etw

ork
aw

are,
its

ex
p
loration

is
ob

liv
iou

s
to

th
e

ob
served

avera
g
e

rew
a
rd

s
of

th
e

su
b
-op

tim
al

action
s.

F
u
rth

er,
its

p
erform

an
ce

gu
aran

tees
d
ep

en
d

o
n

th
e

k
n
ow

led
ge

of
m

in
j∈U

∆
j ,

w
h
ich

is
th

e
d
iff

eren
ce

b
etw

een
th

e
b

est
an

d
th

e
seco

n
d

b
est

o
p
tim

a
l

a
ction

s.
O

n
th

e
oth

er
h
an

d
,

th
e

U
C

B
-L

P
p

olicy
p
rop

osed
in

th
e

n
ex

t
section

is
n
etw

o
rk

-aw
a
re

tak
in

g
in

to
accou

n
t

th
e

av
erage

rew
ard

s
of

su
b

op
tim

al
action

s.
T

h
is

co
u
ld

lea
d

to
b

etter
p

erform
an

ce
com

p
ared

to
ε
t -greed

y
-L

P
p

olicy
in

certa
in

situ
a
tion

s,
for

ex
a
m

p
le,

w
h
en

th
e

action
w

ith
greater

z ∗j
is

also
h
igh

ly
su

b
op

tim
al.

6
.
U
C
B
-L

P
p
o
licy

In
th

is
sectio

n
w

e
d
evelop

th
e

U
C

B
-L

P
p

olicy
d
efi

n
ed

in
A

lgorith
m

2
an

d
ob

tain
u
p
p

er
b

o
u
n
d
s

o
n

its
regret.

T
h
e

U
C

B
-L

P
p

olicy
is

b
ased

on
th

e
im

p
roved

U
C

B
p

olicy
p
ro

p
osed

in
A

u
er

a
n
d

O
rtn

er
(2010),

w
h
ich

can
b

e
su

m
m

arized
as

follow
s:

th
e

p
olicy

estim
ates

th
e

va
lu

es
o
f

∆
i

in
each

rou
n
d

b
y

a
valu

e
∆̃
m

w
h
ich

is
in

itialized
to

1
an

d
h
alv

ed
in

each
rou

n
d

m
.

B
y

each
ro

u
n
d
m

,
th

e
p

olicy
d
raw

s
n

(m
)

ob
servation

s
for

ea
ch

action
in

th
e

set
of
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B
u
c
c
a
pa

t
n
a
m
,
L
iu
,
E
r
y
il
m
a
z
a
n
d

S
h
r
o
f
f

action
s

n
ot

elim
in

ated
b
y

rou
n
d
m
,

w
h
ere

n
(m

)
is

d
eterm

in
ed

b
y

∆̃
m
.

T
h
en

,
it

elim
in

ates
th

ose
action

s
w

h
ose

U
C

B
in

d
ices

p
erform

p
o
orly.

O
u
r

p
olicy

d
iff

ers
from

th
e

on
e

in
A

u
er

an
d

O
rtn

er
(2010)

b
y

accou
n
tin

g
for

th
e

p
resen

ce
of

sid
e-ob

servation
s

-
th

is
is

ach
iev

ed
b
y

ch
o
osin

g
each

action
accord

in
g

to
th

e
op

tim
al

solu
tion

of
L

P
P

2 ,
w

h
ile

en
su

rin
g

th
at
n

(m
)

ob
servation

s
are

availab
le

for
each

action
n
ot

elim
in

ated
b
y

rou
n
d
m
.

A
lg

o
rith

m
2

:
U

C
B

-L
P

p
olicy

In
p

u
t:

S
et

of
action

sK
,

tim
e

h
orizon

T
,

an
d

op
tim

al
solu

tion
z ∗

of
L

P
P

2 .

In
itia

liz
a
tio

n
:

L
et

∆̃
0

:=
1,
A

0
:=
K
,

an
d
B

0
:=
K

fo
r

rou
n
d
m

=
0,1

,2
,...,b

12
log

2
Te c

d
o

A
c
tio

n
S

e
le

c
tio

n
:

L
et
n

(m
)

:=

⌈
2

log
(T

∆̃
2m

)

∆̃
2m

⌉

If
|B

m |
=

1:
ch

o
ose

th
e

sin
gle

action
in
B
m

u
n
til

tim
e
T
.

E
lse

If
∑i∈K

z ∗i ≤
2|B

m |∆̃
m

:∀
j∈

A
m

,
ch

o
ose

action
j
[z ∗j (n

(m
)−

n
(m
−

1)) ]
tim

es.

E
lse

F
or

each
action

j
in
B
m
,

ch
o
ose

j
for

[n
(m

)−
n

(m
−

1)]
tim

es.

U
p

d
ate

f̄
j (m

)
an

d
T
j (m

)
for

each
j∈
K

,
w

h
ere

f̄
j (m

)
is

th
e

em
p
irical

average
rew

ard
of

action
j,

an
d
T
j (m

)
is

th
e

total
n
u
m

b
er

of
ob

servation
s

for
action

j
u
p

to
rou

n
d
m

.

A
c
tio

n
E

lim
in

a
tio

n
:

T
o

get
B
m

+
1 ,

d
elete

all
action

s
j

in
B
m

for
w

h
ich

f̄
j (m

)
+

√
log

(T
∆̃

2m
)

2T
j (m

)
<

m
ax

a∈
B
m


f̄
a (m

)−
√

log
(T

∆̃
2m

)

2T
a (m

)


,

R
e
se

t:
T

h
e

set
A
m

+
1

is
giv

en
as
A
m

+
1

=
⋃
i∈
D
m

+
1
S
i ,

w
h
ere

D
m

+
1

=
⋃
j∈
B
m

+
1 K

j .

L
et

∆̃
m

+
1

=
∆̃
m2
.

e
n

d
fo

r

T
h
e

follow
in

g
p
rop

osition
p
rov

id
es

p
erform

an
ce

gu
aran

tees
on

th
e

ex
p

ected
regret

d
u
e

to
U

C
B

-L
P

p
olicy

:

P
ro

p
o
sitio

n
1
0

F
o
r

a
ctio

n
j,

d
efi
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p
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p
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p
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w
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p
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p
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o
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b
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∆
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p
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∞
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∀
i∈
N
.

(8)

A
n

ob
servation

is
receiv
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∑j∈
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u
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∞
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∆
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b
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p
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con
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ab
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⊆
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b
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=
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=
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=
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−
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=
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→
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/
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→
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p
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at
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b
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p
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e

u
p
p
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( m
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p
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∆
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∆
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b
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p
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∑
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T ∑ t=
1

P
[{
I
(t

)
=
j}
∩

(∪
a
∈U

:m
a
≤
m
∗
E
c a
)
|{
m
∗

=
m
}]
p
m

≤
m
f

∑ m
=

0
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en
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∆
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∆
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e

con
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∆
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=
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=
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=
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p
m

≤
E
[R
µ

(T
)|{m

∗
=
m
f },E

m
f ]

m
f
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=
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+
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b
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n
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m
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∆̂
2j

+
∑j∈
B

∆
j

32
log

(T
∆

2j )

∆
2j

,
(22)

w
h
ere
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h
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=
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ab
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∆
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∑j∈U

64

∆
2j

=
O

(K
).

(23)

N
ow

w
e

get
th

e
resu

lt
(6)

b
y

com
b
in
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n
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p
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∆
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b
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1.
H

en
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e
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ou
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∆
j
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∗ j
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g
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∆̂
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lo
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∆
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∆
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H
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ce
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w
e
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t
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)

fr
om

(2
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,
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an
d
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p
p
e
n
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F
.
S
u
p
p
le
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e
n
ta
ry
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te
ri
a
l

S
n

=
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∑
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1
X
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p
le
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ra
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.
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e
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m
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n
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o
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ra
n
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X
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t
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L
et
S
n

=
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∑
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1
X
j
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T
h
en

,
fo

r
a
ll
ε
>

0,
w

e
h
a
ve
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S
n
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ε]
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e−

2
n
ε2
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S
n
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µ
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ε]
≤
e−

2
n
ε2
.
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1
6
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et
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ra
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∑
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et
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∑
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h
en
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r
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ll
ε
>

0,
w

e
h
a
ve

,
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S
n
≥
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S
n
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−
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+
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ε
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S
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≤
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p
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−
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+
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h
e

n
ex
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le

m
m
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is

u
se

d
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th
e

p
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of
of

P
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it
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n
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.

L
e
m

m
a

1
7

T
h
e

p
ro

ba
bi

li
ty

th
a
t

a
ct

io
n
j

is
n

o
t

el
im

in
a
te

d
in

ro
u

n
d
m
j
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∗
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a
t

m
o
st

2
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∆̃
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.
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ro

o
f

L
et
f̄ j

(m
)

b
e

th
e
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m

p
le

m
ea

n
of
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n
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b
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n
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et
f̄
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m

)
b

e
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e
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m
p
le

m
ea

n
of

th
e
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ti

m
al

ac
ti

o
n
.

T
h
e
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n
st

ra
in
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of

L
P
P

2
en

su
re

th
at
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th

e
en

d
of

ea
ch

ro
u
n
d
m
,

fo
r

al
l

a
ct

io
n
s
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B
m
,

w
e

h
av

e
at

le
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n
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)

:=
⌈ 2

lo
g
(T

∆̃
2 m

)

∆̃
2 m

⌉
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se

rv
at

io
n
s.

T
h
e

re
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on
is
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fo

ll
ow

s.
T

h
e

se
t
A
m
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n
ta

in
s

se
t
B
m

.
In

p
ar

ti
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la
r,
A
m

=
∪ i
∈D

m
S
i

an
d
D
m

=
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∈B

m
K j

.
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ea
ch
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ti

on
j

in
A
m

is
p
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ye
d
z
∗ j
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m
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th
en
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l

th
e

b
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e-
ar

m
s

in
D
m

h
av

e
at

le
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t
1
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se

rv
at

io
n
s
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in
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e
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ra
in
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z
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f
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B
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rv
at

io
n
s.
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m
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r

al
l

ac
ti

on
s

in
B
m

,
w

e
h
av

e
at

le
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t
n

(m
)
−
n
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−

1)
ob

se
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at
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n
s
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u
n
d

m
.
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av
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at

le
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)
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b
se

rv
a
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n
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in
B
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.
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r
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e
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∆̃
2 m

)

2n
(m

)
an

d
f̄
∗ (
m

)
≥
µ
∗
−
√

lo
g
(T
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.
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∆
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at
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ic

y,
if
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)
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d
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H
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p
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p
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er

on
e

of
th

e
in

eq
u
al

it
ie

s
in
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d
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b
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lo
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1
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)
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∆̂
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h
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d
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p
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p
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b
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b
e

av
a
il
a
b
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b
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p
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p
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p
or

ta
n
t

ta
sk

is
to

fi
n
d

th
e

m
o
st

su
it

a
b
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r
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b
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p
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re
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p
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p
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g.

T
h
is

is
b

ec
au

se
u
se

rs
w

it
h

si
m

il
ar

at
tr

ib
u
te

s,
su

ch
a
s

g
en

d
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b
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p
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n
d
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︸
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og

en
eo

u
s

gr
ap

h
ic

al
m

o
d
el

s
an

d
th

e
S
C

A
N

m
et

h
o
d
.

S
ec

ti
on

3
p
ro

v
id

es
so

m
e

st
at

is
ti

ca
l

gu
ar

an
te

es
fo

r
th

e
ou

tp
u
t

d
ir

ec
tl

y
fr

om
th

e
S
C

A
N

m
et

h
o
d
.

S
ec

ti
on

4
sh

ow
s

so
m

e
si

m
u
la

ti
on

re
su

lt
s

as
w

el
l

as
a

re
al

d
at

a
an

al
y
si

s
on

th
e

G
li
ob

la
st

om
a

ca
n
ce

r
d
at

a.
S
ec

ti
on

5
g
iv

es
so

m
e

d
is

cu
ss

io
n
s
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

fo
r

fu
tu

re
w

or
k
s.

T
h
e

ap
p

en
d
ix

is
d
ev

ot
ed

to
th

e
te

ch
n
ic

al
d
et

a
il
s

of
th

e
m

a
in

th
eo

re
m

s,
an

d
th

e
on

li
n
e

su
p
p
le

m
en

ta
ry

m
at

er
ia

l
co

n
ta

in
s

al
l

th
e

su
p
p

or
ti

n
g

le
m

m
as

an
d

th
ei

r
p
ro

o
fs

.

2
.
M

e
th

o
d
o
lo
g
y

In
th

is
se

ct
io

n
,
w

e
in

tr
o
d
u
ce

th
e

S
C

A
N

m
et

h
o
d

th
at

si
m

u
lt

an
eo

u
sl

y
co

n
d
u
ct

s
h
ig

h
-d

im
en

si
o
n
a
l

cl
u
st

er
in

g
an

d
es

ti
m

at
io

n
of

h
et

er
og

en
eo

u
s

gr
ap

h
ic

al
m

o
d
el

s.

2
.1

H
e
te

ro
g
e
n

e
o
u

s
G

ra
p

h
ic

a
l

M
o
d

e
ls

W
e

st
ar

t
ou

r
d
is

cu
ss

io
n
s

fr
om

h
et

er
og

en
eo

u
s

gr
ap

h
ic

al
m

o
d
el

s
w

it
h

k
n
ow

n
la

b
el

s.
A

ss
u
m

e
w

e
ar

e
gi

v
en

K
g
ro

u
p
s

of
d
at

a
se

ts
A

1
,.
..
,A

K
an

d
th

e
sa

m
p
le

s
in

th
e
k
-t

h
g
ro

u
p

a
re

ge
n
er

at
ed

i.
i.
d
.

fr
om

th
e

fo
ll
ow

in
g

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
:

f k
(x

;µ
k
,Σ

k
)

=
(2
π

)−
p
/
2
|Σ

k
|−

1
/
2

ex
p

{ −
1 2

(x
−
µ
k
)>

Σ
−

1
k

(x
−
µ
k
)}

,k
=

1,
..
.,
K
.

(2
)

L
et

Ω
k

=
Σ
−

1
k

b
e

th
e
k
-t

h
p
re

ci
si

on
m

at
ri

x
w

it
h

th
e
ij

-t
h

en
tr

y
ω
k
ij

.
F

or
th

e
k
-t

h
p
a
ir

o
f

p
ar

am
et

er
s

(µ
k
,Ω

k
),

i.
e.

, µ
k

=

  
µ
k
1 . . .

µ
k
p

  
,Ω

k
=

  
ω
k
1
1
··
·

ω
k
1
p

. . .
. .

.
. . .

ω
k
p
1
··
·

ω
k
p
p

  
,

w
e

w
ri

te
Θ
k

:=
ve

c(
µ
k
,Ω

k
)

=
(µ
k
1
,.
..
,µ

k
p
,ω

k
1
1
,.
..
,ω

k
p
1
,.
..
,ω

k
1
p
,.
..
,ω

k
p
p
)
∈

R
p
2
+
p

a
s

it
s

v
ec

to
ri

ze
d

re
p
re

se
n
ta

ti
on

,
an

d
w

ri
te

th
e

p
ar

am
et

er
of

in
te

re
st

Θ
as

Θ
=
( Θ

1
,.
..
,Θ

K

) >
∈
R
K

(p
2
+
p
) .

(3
)

N
ot

e
th

at
th

e
d
eg

re
es

of
fr

ee
d
om

of
Θ

ar
e
K

(0
.5
p

2
+

1
.5
p
),

in
cl

u
d
in

g
K

se
ts

o
f
p

m
ea

n
s,
p

va
ri

an
ce

s,
as

w
el

l
as
p
(p
−

1)
/
2

co
va

ri
an

ce
s.

In
so

m
e

ca
se

s,
th

er
e

m
ay

al
so

ex
is

t
so

m
e

co
m

m
on

st
ru

ct
u
re

ac
ro

ss
K

p
re

ci
si

o
n

m
a
tr

ic
es

.
D

an
ah

er
et

al
.

(2
01

4)
fo

rm
u
la

te
d

th
e

jo
in

t
es

ti
m

at
io

n
of

h
et

er
og

en
eo

u
s

gr
ap

h
ic

a
l

m
o
d
el

s
a
s

ar
gm

ax
Ω

1
,.
..
,Ω
K
�

0

K ∑ k
=

1

∑ x
∈A

k

lo
g
f k

(x
;Θ

k
)
−
P

(Ω
1
,.
..
,Ω

K
),

(4
)

w
h
er

e
P

(Ω
1
,.
..
,Ω

K
)

is
an

en
tr

y
-w

is
e

p
en

al
ty

w
h
ic

h
en

co
u
ra

ge
s

b
ot

h
sp

ar
si

ty
o
f

ea
ch

in
-

d
iv

id
u
al

p
re

ci
si

on
m

at
ri

x
an

d
si

m
il
ar

it
y

am
on

g
al

l
p
re

ci
si

on
m

at
ri

ce
s.

In
p
ra

ct
ic

e,
th

e
cl

u
st

er
la

b
el

is
n
ot

al
w

ay
s

av
ai

la
b
le

.
A

p
ro

b
ab

il
is

ti
c

m
o
d
el

is
th

u
s

n
ee

d
ed

to
ac

co
m

m
o
d
at

e
th

e
la

te
n
t

st
ru

ct
u
re

in
th

e
d
at

a.
A

ss
u
m

e
th

e
ob

se
rv

at
io

n
x
i;
i

=
1
,.
..
,n

,
fr

om
u
n
la

b
el

ed
h
et

er
og

en
eo

u
s

p
op

u
la

ti
on

h
as

th
e

u
n
d
er

ly
in

g
d
en

si
ty

f
(x
,Θ

)
=

K ∑ k
=

1

π
k
f k

(x
;Θ

k
),

(5
)

w
h
er

e
π
k

is
th

e
p
ro

b
ab

il
it

y
th

at
an

ob
se

rv
at

io
n
x
i

b
el

on
gs

to
th

e
k
-t

h
su

b
p

op
u
la

ti
o
n
.

H
er

e,
fo

r
si

m
p
li
ci

ty
w

e
as

su
m

e
th

e
n
u
m

b
er

of
cl

u
st

er
K

is
id

en
ti

fi
a
b
le

.
In

or
d
er

to
en

su
re

th
e
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S
im

u
lt
a
n
e
o
u
s
C
l
u
st

e
r
in
g

a
n
d

E
st

im
a
t
io
n
o
f
H
e
t
e
r
o
g
e
n
e
o
u
s
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

id
en

tifi
a
b
ility

o
f

fi
x
ed

-d
im

en
sion

al
G

au
ssian

g
rap

h
ical

m
o
d
els,

som
e

su
ffi

cien
t

con
d
ition

s
su

ch
a
s

th
e

stro
n
g

id
en

tifi
ab

ility
con

d
ition

w
as

im
p

osed
on

th
e

d
en

sity
fu

n
ction

s.
H

ow
ever

th
ese

co
n
d
ition

s
are

h
ard

to
verify

in
p
ractice.

In
fact,

th
e

id
en

tifi
ab

ility
issu

e
for

h
igh

d
im

en
sio

n
a
l

m
ix

tu
re

m
o
d
el

is
still

an
op

en
p
rob

lem
(H

o
an

d
N

gu
yen

,
201

5)
an

d
is

b
eyon

d
th

e
sco

p
e

o
f

th
is

p
ap

er.

C
o
n
sid

er
th

e
p

en
alized

log-likelih
o
o
d

fu
n
ction

for
th

e
o
bserved

d
a
ta

lo
gL

(Θ
|X

)
:=

1n

n
∑i=

1

log (
K
∑k

=
1

π
k f
k (
x
i ;µ

k ,(Ω
k ) −

1 ) )
−
R

(Θ
).

O
u
r

S
im

u
lta

n
eou

s
C

lu
sterin

g
A

n
d

estim
atio

N
(S

C
A

N
)

m
eth

o
d

a
im

s
to

solve

m
ax

π
k
,µ
k
,Ω
k

logL
(Θ
|X

).
(6)

F
o
r

a
n

illu
stra

tion
,

w
e

take

R
(Θ

)
=
λ

1

K
∑k

=
1

p
∑j=

1 |µ
k
j |

︸
︷︷

︸
P
1
(Θ

)

+
λ

2

K
∑k

=
1 ∑i6=

j |ω
k
ij |

︸
︷︷

︸
P
2
(Θ

)

+
λ

3 ∑i6=
j (

K
∑k

=
1

ω
2k
ij )

1
/
2

︸
︷︷

︸
P
3
(Θ

)

,
(7)

w
h
ereP

1 (Θ
)

a
n
d
P

2 (Θ
)

im
p

ose
sp

arsity
of

th
e

estim
ated

clu
ster

m
ean

an
d

p
recision

m
atrix

,
a
n
d
P

3 (Θ
)

en
cou

rages
sim

ilarity
am

on
g

all
estim

ated
p
recision

m
atrices.

T
h
e

ab
ove

th
ree

tu
n
in

g
p
a
ra

m
eters

can
b

e
tu

n
ed

effi
cien

tly
v
ia

ad
ap

tiv
e

B
IC

.
M

ore
d
eta

ils
can

b
e

fo
u
n
d

in
S
ectio

n
4
.1

.

R
e
m

a
rk

1
It

is
w

o
rth

m
en

tio
n

in
g

th
a
t

o
u

r
S

C
A

N
m

eth
od

is
a
p
p
lica

ble
to

pen
a
lty

fu
n

ctio
n

s
o
th

er
th

a
n

(7
).

F
o
r

in
sta

n
ce,

th
e

clu
ster

m
ea

n
pen

a
lty

ca
n

be
rep

la
ced

by
th

e
gro

u
p

la
sso

pen
a
lty

in
S

u
n

et
a
l.

(2
0
1
2
)

o
r

th
e
`
0 -n

o
rm

pen
a
lty

in
S

h
en

et
a
l.

(2
0
1
2
).

T
h
e

gro
u

p
gra

p
h
ica

l
la

sso
pen

a
lty

fo
r

th
e

p
recisio

n
m

a
trix

estim
a
tio

n
ca

n
be

su
bstitu

ted
by

th
e

stru
ctu

ra
l

p
u

rsu
it

pen
a
lty

in
Z

h
u

et
a
l.

(2
0
1
4
)

o
r

th
e

w
eigh

ted
brid

ge
pen

a
lty

in
R

o
th

m
a
n

a
n

d
F

o
rza

n
i

(2
0
1
4
).

A
s

sh
o
w

n
in

S
ectio

n
2
.2

,
o
n

ly
a

sligh
t

m
od

ifi
ca

tio
n

o
f

o
u

r
a
lgo

rith
m

is
n

eed
ed

to
a
cco

m
m

od
a
te

o
th

er
pen

a
lty

fu
n

ctio
n

s.
W

e
a
lso

n
o
te

th
a
t

S
C

A
N

red
u

ces
to

th
e

regu
la

rized
m

od
el-ba

sed
clu

sterin
g

(P
a
n

a
n

d
S

h
en

,
2
0
0
7
)

w
h
en

λ
2

=
λ

3
=

0
,

red
u

ces
to

th
e

m
eth

od
by

Z
h
o
u

et
a
l.

(2
0
0
9
)

w
h
en

λ
3

=
0
,

a
n

d
red

u
ces

to
th

e
m

eth
od

by
G

a
o

et
a
l.

(2
0
1
6
)

w
h
en

λ
1

=
0.

C
o
n

sequ
en

tly,
th

e
tech

n
ica

l
too

ls
d
evelo

ped
fo

r
th

e
S

C
A

N
estim

a
to

r
in

S
ectio

n
3

a
re

a
lso

a
p
p
lica

ble
to

th
ese

specia
l

ca
ses.

2
.2

E
C

M
A

lg
o
rith

m

In
th

is
su

b
section

,
w

e
in

tro
d
u
ce

an
effi

cien
t

E
C

M
algorith

m
to

solve
th

e
gen

eral
n
on

-con
vex

o
p
tim

iza
tio

n
p
rob

lem
in

(6).
T

h
e

E
C

M
rep

laces
each

M
-step

w
ith

an
con

d
ition

al
m

ax
i-

m
iza

tio
n

(C
M

)
step

in
w

h
ich

each
p
aram

eter
π
k ,µ

k ,Ω
k

is
m

ax
im

ized
sep

arately,
b
y

fi
x
in

g
o
th

er
p
a
ra

m
eters.

D
en

ote
th

e
laten

t
clu

ster
assign

m
en

t
m

atrix
as
L

,
w

h
ere

L
ik

=
1(x

i ∈
A
k );

i
=

1,...,n
,

k
=

1
,...,K

.
If

th
e

clu
ster

lab
el
L
ik

is
availab

le,
th

e
p

en
alized

log-likelih
o
o
d

fu
n
ction

for
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

th
e

co
m

p
lete

d
a
ta

can
b

e
form

u
lated

as

logL
(Θ
|X
,L

)
:=

1n

n
∑i=

1

K
∑k

=
1

L
ik [

log
π
k

+
log

f
k (x

i ;Θ
k ) ]−

R
(Θ

).

In
th

e
ex

p
ectation

step
,

th
e

con
d
ition

al
ex

p
ectation

of
th

e
p

en
a
lized

log-likelih
o
o
d

fu
n
ction

is
com

p
u
ted

as

E
L
|X
,Θ

(t−
1
) [

logL
(Θ
|X
,L

) ]
=
Q
n
(Θ
|Θ

(t−
1
))−
R

(Θ
),

(8)

w
h
ere
R

(Θ
)

is
th

e
p

en
alty

in
(7)

an
d

Q
n
(Θ
|Θ

(t−
1
))

:=
1n

n
∑i=

1

K
∑k

=
1

L
Θ

(t−
1
),k (x

i ) [
log

π
k

+
log

f
k (x

i ;Θ
k ) ],

(9)

w
ith

th
e

class
lab

el
b

ein
g

com
p
u
ted

b
ased

on
th

e
p
aram

eter
Θ

(t−
1
)

an
d
π

(t−
1
)

k
ob

tain
ed

at
th

e
p
rev

iou
s

itera
tion

,
th

at
is,

L
Θ

(t−
1
),k (x

i )
=

π
(t−

1
)

k
f
k (x

i ;Θ
(t−

1
)

k
)

∑
Kk
=

1
π

(t−
1
)

k
f
k (x

i ;Θ
(t−

1
)

k
) .

(10)

In
th

e
con

d
itio

n
al

m
ax

im
ization

step
,

m
ax

im
izin

g
(8)

w
ith

resp
ect

to
π
k ,
µ
k ,

Ω
k

y
ield

s
th

e
u
p

d
ate

of
p
aram

eters.
In

p
articu

lar,
th

e
u
p

d
ate

of
π
k

is
giv

en
as

π
(t)
k

=
n
∑i=

1

L
Θ

(t−
1
),k (x

i )

n
,

(11)

an
d

th
e

u
p

d
ate

of
µ
k

is
giv

en
in

th
e

follow
in

g
L

em
m

a.

L
e
m

m
a

2
L

et
µ

(t)
k

:=
arg

m
ax
µ
k
Q
n
(Θ
|Θ

(t−
1
))−
R

(Θ
)

a
n

d
d
en

o
te
n
k

:=
∑

ni=
1
L

Θ
(t−

1
),k (x

i ).
W

e
h
a
ve,

fo
r
j

=
1,...,p

,

µ
(t)
k
j

=


g

1
,j (x

;Θ
(t−

1
)

k
)−

n
λ
1

n
k
ω
(t−

1
)

k
j
j

sign
(µ

(t−
1
)

k
j

)
if ∣∣∣ ∑

ni=
1
g

2
,j (x

i ;Θ
(t−

1
)

k
) ∣∣∣
>
λ

1 ;

0
o
th

erw
ise,

w
h
ere

g
1
,j (x

;Θ
(t−

1
)

k
)

=

∑
ni=

1
L

Θ
(t−

1
),k (x

i ) (∑
pl=

1
x
il ω

(t−
1
)

k
lj

)

ω
(t−

1
)

k
jj

n
k

−
∑

pl=
1
µ

(t−
1
)

k
l

ω
(t−

1
)

k
lj

ω
(t−

1
)

k
jj

+
µ

(t−
1
)

k
j

,

g
2
,j (x

i ;Θ
(t−

1
)

k
)

=
L

Θ
(t−

1
),k (x

i ) (
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rep
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p
en

alty
fu

n
ction

s,
th

en
th

e
u
p

d
ate

form
u
la

of
µ

(t)
k

in
L

em
m

a
2

can
b

e
m

o
d
ifi

ed
acco

rd
in
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p
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b
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e
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)
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it

h
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)
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eq
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le

n
t
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)
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g
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g
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et
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Ω
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w
h
er

e
S̃
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p
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m

p
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co
va
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tr
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n
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∑
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−
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∑
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b
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b
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h
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p
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p
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.
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et

ri
ze
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)
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b
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)
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)
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)
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)

k
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)

k
ji
I
(|ω

(t
)

k
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)
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of
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d
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h
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h
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ra
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.
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th
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d

in
T

ab
le

1.
O

u
r

al
go

ri
th

m
is

co
m

p
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n
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n
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N
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u
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u
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b
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p
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st
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b
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L
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u
st
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m
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n
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k
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d
p
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Ω
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u
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k
,
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d
efi

n
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e
p
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si
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n
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Ω
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k

,

an
d

se
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∈
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S
te

p
2

:
U

n
ti
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so

m
e

te
rm

in
a
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n
d
it

io
n
s

ar
e

m
et

,
fo

r
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er
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io
n
t

=
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2
,.
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(a
)

E
-s

te
p
.

F
in

d
th

e
cl

u
st

er
as

si
gn

m
en

t
L
Θ

(
t
−

1
)
,k

(x
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as
in
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0)
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)

C
M

-s
te

p
.

G
iv

en
L
Θ

(
t
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1
)
,k

(x
i)

,
u
p

d
at

e
π
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)

k
,
µ

(t
)

k
,

an
d
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)

k
in
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,
L

em
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em
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a
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.

S
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et
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)
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b
y

(1
3)

.
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l
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ou
r
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p

er
im

en
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,
w

e
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ta
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(µ
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,Ω
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)
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)

b
y
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n
d
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in
it
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li
za

ti
on
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w

h
ic

h
is

co
m
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p
u
ta

ti
on

al
ly

effi
ci

en
t

an
d

p
ra
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ic

al
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re
li
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le
.

In
th

e
th

eo
re

ti
ca

l
st

u
d
y,

w
e

re
q
u
ir

e
th

e
in
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al
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b
e
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co
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t
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d
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e
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p
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S
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w
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u
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p
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e
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−
µ

(t
−

1
)

k
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R
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e
th

e
co

va
ri

a
n

ce
m

a
tr

ix
is

a
ss

u
m

ed
to
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p
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d
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p
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p
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p
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p
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p
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p
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d
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p
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p
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d
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b
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e
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S
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m
at
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b
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sa
m
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-
b
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y
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s
of
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)
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d

p
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u
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on

-b
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ed
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y
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s
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(1
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H

er
e,

w
e
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n
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d
er

th
e

h
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h
-

d
im

en
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al

se
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e
p
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d
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b
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at
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n
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l
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m

p
o
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p
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b
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=
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+
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p
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∈
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b
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an
d
Gc

=
O
\G

b
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t
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D
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e
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µ
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6=

0}
w

h
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e
µ
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e
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u
e

m
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n
p
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,
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:
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w
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Ω
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u
e

p
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m
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=
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⊆
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K

(p
2
+
p
)
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so

m
e

n
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m

p
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co
n
ve

x
se

t
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p
ar
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et
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D
en
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e
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su
p
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t
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∣ ∣ µ
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ω
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d
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D
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e
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p

u
la

ti
o
n

-B
a
se

d
A

n
a
ly

si
s

W
e

d
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a
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p
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d
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g
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u
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n
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n

in
(9
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)
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E
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K ∑ k
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Θ
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g
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u
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p
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=
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d
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ra
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m
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Ω
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u
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e
r
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e
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h
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d
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d
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b
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=
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d
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M
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p
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Ω
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p
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Ω
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M
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Θ
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M
Ω
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=

E
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Θ
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Θ
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µ
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µ
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d
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sim
u
ltan

eou
s

clu
sterin

g
an

d
estim

ation
ca

n
b

e
ch

aracterized
b
y

th
e

follow
-

in
g

su
ffi
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sepa
ra

ble
co

n
d
itio

n
.

D
efi

n
e
B
α
(Θ
∗)

:=
{
Θ
∈

Ξ
: ∥∥

Θ
−

Θ
∗ ∥∥

2 ≤
α }
.

C
o
n

d
itio

n
6

(S
u

ffi
cien

tly
S

ep
arab

le
C

on
d

ition
)

D
en

o
te

W
=

m
ax

j
W
j ,
W
′

=
m

ax
j
W
′j ,

W
′′

=
m

a
x
j
W
′′j

w
ith

W
j ,W

′j ,W
′′j

d
efi

n
ed

in
(S

.4),
(S

.7)
a
n

d
(S

.8),
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W
e

a
s-

su
m

e
K

clu
sters

a
re

su
ffi

cien
tly

sepa
ra

ble
su

ch
th

a
t
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a
n

a
p
p
ro

p
ria

tely
sm

a
ll

pa
ra

m
eter

γ
>

0
,

it
h

o
ld

s
a
.s.L

Θ
,k (X

)·L
Θ
,j (X

)≤
γ

24(K
−

1) √
m

ax{W
,W

′,W
′′}
,

(20)

fo
r

ea
ch

pa
ir
{
(j,k

),j,k
∈

[K
],j6=

k}
a
n

d
a
n

y
Θ
∈
B
α
(Θ
∗).

C
o
n
d
ition

6
req

u
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K
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su
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tly
sep

arab
le
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e
sen
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X

b
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e
k
-th

clu
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w
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p
rob

ab
ility

eith
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or
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o
n
e

su
ch

th
at
L

Θ
,k (X

)·
L

Θ
,j (X

)
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zero.
In

th
e
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th

at
K

=
2

an
d

Ω
∗1

=
Ω
∗2

=
1
p ,

B
a
lak

rish
n
an

et
a
l.

(2
0
1
6
)

req
u
ires‖µ

∗1 −
µ
∗2 ‖

2
is

su
ffi

cien
tly

large.
O

u
r

C
on

d
itio

n
6
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d
s

it
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g
en

eral
K

a
n
d

g
en
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l
p
recision

m
atrices.

N
o
te
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at
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e
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d
ition

(20)
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w
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e
n
u
m

b
er

of
clu

sters
K

.
A

s
K

grow
s,

th
e

clu
sterin

g
p
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h
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er
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d
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a

stron
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b
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n
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ition
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n
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.

T
h
e

n
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m
a
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aran
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e
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Q

(·|Θ
)
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th
at

of
Q

(·|Θ
∗)

w
h
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Θ
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Θ
∗,

w
h
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a
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ien
t
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o
u
r
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op
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-b
ased

an
aly

sis.

L
e
m
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7
(G

rad
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S
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U

n
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C
o
n

d
itio

n
6
,
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e
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n

ctio
n
{
Q

(·|Θ
),Θ
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Ξ}
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∥∥∇
Q

(Θ
∗|Θ

)−
∇
Q

(Θ
∗|Θ
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2 ≤

τ· ∥∥
Θ
−

Θ
∗ ∥∥

2 ,
(21)
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pa
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τ
≤
γ
/12
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n
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Θ
∈
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α
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∗).
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e
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∇
Q
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∗|Θ

)
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e
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rst
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o
f
Q

(·|·).
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,
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3
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p
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d
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b
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con
d
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d
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m
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con
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d
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eigen
valu

e
con

d
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b
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d
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∈
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′∈

C
:=
{
Θ
′|‖Θ

′−
Θ
∗‖

2
≤

2α}
sa

tisfi
es

Q
n
(Θ
′|Θ
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ra
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b
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d
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2 ≤

ε
2 ,

(24)

w
h
ereG

is
th

e
d
ia

go
n

a
l

in
d
ex

set
d
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d
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∥∥∥ ∇
Q
n
(Θ
∗|Θ

)−
∇
Q

(Θ
∗|Θ

) ∥∥∥P
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iagon

al
term

s
of

p
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b
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p
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s
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e
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p
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d
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p
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e
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p
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b
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⊆
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n
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re
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c
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p
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p
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p
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p
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d
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n
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C
h
e
n
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d
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er

s
an
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ti

m
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w
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h
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p
ro

ve
d
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ra
cy

w
h
en
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m

p
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ed
to

th
e

tw
o

st
a
g
e

m
et

h
o
d

w
h
ic

h
ap

p
li
es

jo
in

t
gr

ap
h
ic

al
la

ss
o

(J
G

L
)

to
th

e
cl

u
st

er
s

ob
ta

in
ed

fr
om

th
e
K

-m
ea

n
s

cl
u
s-

te
ri

n
g.

T
h
is

su
gg

es
ts

th
at

an
ac

cu
ra

te
cl

u
st

er
in

g
is

cr
it

ic
al

fo
r

th
e

es
ti

m
at

io
n

p
er

fo
rm

a
n
ce

of
h
et

er
og

en
eo

u
s

g
ra

p
h
ic

al
m

o
d
el

s.

F
ig

u
re

3:
T

h
e

tr
u
e

p
re

ci
si

on
m

at
ri

x
an

d
th

e
es

ti
m

at
ed

p
re

ci
si

on
m

at
ri

ce
s

fr
om

th
e

tw
o

st
a
ge

m
et

h
o
d

(K
m

ea
n
s

+
J
G

L
)

an
d

ou
r

S
C

A
N

m
et

h
o
d

in
th

e
ex

am
p
le

o
f

S
ec

ti
o
n

4
.2

.

Tr
ue

K
m

ea
ns

 +
 J

G
L

S
C

A
N

4
.3

E
ff

e
c
t

o
f

S
a
m

p
le

S
iz

e
a
n
d

D
im

e
n

si
o
n

W
e

in
ve

st
ig

at
e

th
e

eff
ec

t
of

sa
m

p
le

si
ze

an
d

d
im

en
si

on
in

te
rm

s
of

th
e

es
ti

m
a
ti

o
n

er
ro

r
a
n
d

co
m

p
u
ta

ti
on

al
ti

m
e.

F
ir

st
,

w
e

em
p
ir

ic
al

ly
d
em

on
st

ra
te

th
e

d
er

iv
ed

u
p
p

er
b

o
u
n
d

(2
8
)
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r

th
e
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ti

m
at

io
n

er
ro

r
b
y

d
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w
in

g
th

e
er

ro
r

p
at

te
rn
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ou

r
p
re

ci
si

on
m

at
ri

x
es

ti
m

a
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r
a
g
a
in

st
sa

m
p
le

si
ze

an
d

d
im

en
si

on
.

T
h
e

se
tt

in
g
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th

e
sa

m
e
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S
ec

ti
on

4.
2

ex
ce

p
t

th
a
t

w
e

co
n
si

d
er

a
tr

i-
d
ia

go
n
al

co
n
va

ri
an

ce
st

ru
ct

u
re

.
T

h
e

re
su

lt
s

ar
e

su
m

m
ar

iz
ed

in
F

ig
u
re

4
.

In
th

e
fi
rs

t
p
lo

t,
w

e
fi
x

th
e

d
im

en
si

on
to

b
e

10
an

d
va

ry
th

e
sa

m
p
le

si
ze
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om
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2
0
0
0
.
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th

e
se

co
n
d

p
lo
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w

e
fi
x
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e
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m

p
le

si
ze

to
b

e
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00
an

d
va

ry
th

e
d
im

en
si
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fr

om
5

to
5
0
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T
h
e

b
ox

p
lo

t
re

fe
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to
th

e
th

e
ac

tu
al

n
u
m

er
ic

al
va

lu
es

of
p
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ci
si

on
m

at
ri

x
es

ti
m

at
io

n
er

ro
rs

,
a
n
d

th
e

re
d

d
ot

is
th

e
th

eo
re

ti
ca

l
er

ro
r

ra
te

in
ea

ch
sc

en
ar

io
.

T
h
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e
re

su
lt

s
d
em

o
n
st

ra
te

th
a
t

th
e

em
p
ir

ic
al

er
ro

rs
m

at
ch

ve
ry

w
el

l
w

it
h

th
e

th
eo

re
ti

ca
l

er
ro

r
b

ou
n
d
.

S
ec

on
d
,

w
e

co
m

p
ar

e
th

e
av

er
ag

e
ru

n
n
in

g
ti

m
e

of
ou

r
S
C

A
N

al
g
or

it
h
m

w
it

h
va

ry
in

g
sa

m
p
le

si
ze

s
an

d
d
im

en
si

on
s.

F
ig

u
re

5
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ow
s

th
at

ou
r

al
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ri
th
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sc

al
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n
ea
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y

w
it

h
th

e
sa

m
p
le

si
ze

an
d

ro
u
gh

ly
li
n
ea

rl
y

w
it

h
th

e
d
im

en
si

on
.

T
h
is

il
lu

st
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te
s

th
e

effi
ci

en
cy

a
n
d

sc
al

ab
il
it

y
of

ou
r

p
ro
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os

ed
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ri

th
m
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b
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n
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m
u
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u
d
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s
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e
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e
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a
n
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r
al
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ri
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m

.
T

o
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e
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g
p
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ou
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o
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w
e
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m

p
u
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g
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r
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u
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b
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u
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t
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o
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e
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m

p
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d
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a
X

1
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n
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a
n
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;
S
u
n
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C
E
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1
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)
:
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=
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C
o
m

p
arison

of
th

e
n
u
m

erical
error

an
d

th
e

th
eoretical

error
rates
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ou

r
S
C

A
N

m
eth

o
d
.

T
h
e

left
p
an

el
d
isp

lay
s
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e

p
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m
atrix

estim
ation

error
w
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vary
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p
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h
e

righ
t

p
an

el
d
isp

lay
s
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e

p
recision

m
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estim
ation

error
w
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en
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n
n
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m
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T

h
e

left
p
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th
e

ru
n
n
in

g
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e
w

ith
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g
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m

p
le
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d
fi
x
ed

d
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en
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=
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T

h
e
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an
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is

th
e

ru
n
n
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e
w

ith
vary

in
g

d
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en
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x
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p
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in
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.
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e
estim

ation
q
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w
e
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te
th

e
p
recisio

n
m
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M
E

)
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d
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error
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M

E
)

P
M

E
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1K

K
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=
1 ∥∥∥
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(k
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Ω
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) ∥∥∥
F
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C

M
E
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1K

K
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p
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1K

K
∑k

=
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j

1(ω
k
ij 6=

0,ω̂
k
ij 6=

0)
∑
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j

1(ω
k
ij 6=
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F
P

R
:=

1K

K
∑k

=
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j
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k
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=
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k
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∑
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j
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k
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=
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con
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e
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t
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n
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rst
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e
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h
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e
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ctu
res.
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e

gen
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a
5-b
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p
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p
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Ω
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3
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,
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d

1.01η
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T
h
e

d
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n
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Ω

1 ,Ω
2 ,
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d

Ω
3
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1.
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e

secon
d
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d

th
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b
y

D
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a
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w
e
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u
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n
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g
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d
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m

o
d
u
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y
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n
etw
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e
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h
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a

m
o
d
u
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re
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p
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m
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y

d
isjoin

ted
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osely
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n
ected
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p
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en
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atively
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size
(P

en
g

et
al.,

2009).
T

h
u
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each
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th
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n
etw
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s
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w
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p
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w

h
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h
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u
ally

sized
u
n
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n
ected

su
b
n
etw

ork
s.

A
m

on
g

th
e

ten
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b
n
etw

ork
s,

eigh
t

h
ave

th
e
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e
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ctu

re
an

d
ed

ge
valu

es
a
cross

all
th

e
th

ree
classes,
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e

rem
ain

s
th

e
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e
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ly
for

th
e

fi
rst

tw
o

classes
an

d
th

e
last
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e

ap
p

ears
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ly
for

th
e

fi
rst

class.
F

or
th

e
clu

ster
stru

ctu
re
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su

b
n
etw

ork
,

w
e
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n
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er
tw
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p

ow
er-law

n
etw

ork
an

d
ch

ain
n
etw

ork
,
w

h
ich

are
gen

erated
u
sin

g
th

e
algorith

m
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P
en

g
et

al.
(2009)

a
n
d

F
an

et
al.

(2009).
T

h
e

d
etail
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stru
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is

d
escrib

ed
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b
elow

.

P
o
w

e
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w
n

e
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o
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.
G

iven
an

u
n
d
irected

n
etw

ork
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ctu
re
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ove,

th
e

in
itial

ten
-b

lo
ck

p
recision

m
atrix

(w
1ij )

p×
p

is
gen

erated
b
y

w
1ij

=


1

i6=
j;

0
i6=

j,
n
o

ed
ge;

U
n
if([−

0.4,−
0.1]∪

[0.1,0.4])
i6=

j,
ed

ge
ex

its;

T
o

en
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p

ositive
d
efi

n
iten
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d
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m
m

etry,
w

e
d
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id
e
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-d
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al
en

try
b
y

0.9
tim
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e
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m
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e
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m

atrix
w
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tran
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D
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e
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n
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tran
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m
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A
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T

h
e
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m
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d
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g
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b
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=
d
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−

1
ij

√
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−

1
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−

1
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(30)
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-d
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d
d
ij

=
1
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d
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try.
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e
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m
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d
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g
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w
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Σ
2

b
e
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en
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Σ
1

b
u
t
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on

e
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b
lo

ck
m

atrix
to

th
e

id
en

tity
m

atrix
.

S
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w

e
reset

on
e

ad
d
ition

al
b
lo

ck
m

atrix
for

Σ
3 .

C
h
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n
e
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o
rk

.
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th
e
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b
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ck
s

of
th

e
fi
rst
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ce

m
atrix

Σ
1
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cted
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e
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g
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ay.
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e
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t
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b
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h
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0.
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th
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re
gr

es
si
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e
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er
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e.
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ou

r
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w
e
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o
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e
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=
1

an
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−
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−

1
∼

U
n
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r
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..
.,
p
/
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.
S
im

il
ar
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,

w
e
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te
Σ

2
b

e
id

en
ti
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l

to
Σ

1
b
u
t
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se

t
on

e
of

te
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b
lo
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m
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ri

x
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at
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d
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e
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d
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⊥
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∈
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Π
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d
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Π
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Π
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Π
M
⊥
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p
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p
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h
e
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h
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⊥
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Θ
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⊥
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√
µ

2 k
j
,M

2

√
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h
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p
en

al
ty

fo
r

p
re

ci
si

o
n

m
a
tr
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d
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m
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√
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d
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p
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p
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.
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∈
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=
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‖Θ
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Θ
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p
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d
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P
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p
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p
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p
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d
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=
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∈
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p
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w
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p
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&
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( √
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=
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lf
-c

on
si

st
en

cy
p
ro

p
er

ty
fo

r
p

op
u
la

ti
on

ve
rs

io
n

ob
je

ct
iv

e
fu

n
ct

io
n

in
M

cL
ac

h
la

n
an

d
K

ri
sh

n
an

(2
00

7)
,

w
h
ic

h
in

d
et

ai
l

is

Θ
∗

=
ar

g
m

ax
Θ
′
Q

(Θ
′ |Θ
∗ )
.

(3
6)

T
h
e

w
h
ol

e
p
ro

of
fo

ll
ow

s
tw

o
st

ep
s.

In
S
te

p
I,

w
e

sh
ow

th
at
f

(∆
)
<

0
if
‖∆
‖ 2

=
ξ.

N
ex

t
in

S
te

p
II

,
w

e
sh

ow
th

at
th

e
er

ro
r

te
rm

∆̂
m

u
st

sa
ti

sf
y
‖∆̂
‖ 2
<
ξ

u
n
d
er

th
e

re
su

lt
in

S
te

p
I.

S
te

p
I:

w
e

b
eg

in
to

es
ta

b
li
sh

an
u
p
p

er
b

ou
n
d

on
f

(∆
)

ov
er

th
e

se
t
C

(ξ
)

:=
{∆

:

‖∆
‖ 2

=
ξ}

fo
r

th
e

ch
os

en
ra

d
iu

s
ξ

=
6λ

(t
)

n
ν

(M
)/
γ

.
F

ro
m

th
e

as
su

m
p
ti

on
on

n
,

w
h
en

n
is

la
rg

e
en

ou
gh

,

ε
≤

(1
−
κ

)α
γ

6
ν

(M
)
≤

(2
−
κ

)α
γ

6ν
(M

)
,

6
ν

(M
)ε

γ
≤

(2
−
κ

)α
.

O
n

th
e

ot
h
er

h
an

d
,

as
‖Θ

(t
−

1
)
−

Θ
∗ ‖

2
≤
α

,
ξ

sa
ti

sfi
es

,

ξ
=

6ν
(M

)ε

γ
+
κ
∥ ∥ ∥Θ

(t
−

1
)
−

Θ
∗∥ ∥ ∥

2
≤

2α
.

It
is

su
ffi

ci
en

t
to

sh
ow

th
at

C
(ξ

)
⊆

C
=
{∆
|‖

∆
‖ 2
≤

2
α
}.

A
cc

or
d
in

g
to

L
em

m
a

9,
re

p
la

ci
n
g

Θ
′ −

Θ
∗

b
y

∆
,
th

en
an

y
∆
∈
C

(ξ
)

en
jo

y
s

re
st

ri
ct

ed
st

ro
n
g

co
n
ca

v
it

y
p
ro

p
er

ty
,
w

h
ic

h
im

p
li
es

:

Q
n
(Θ
∗

+
∆
|Θ

(t
−

1
) )
−
Q
n
(Θ
∗ |Θ

(t
−

1
) )
≤
〈 ∇

Q
n
(Θ
∗ |Θ

(t
−

1
) ),

∆
〉 −

γ 2
‖∆
‖2 2
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ.

S
u
b
tr

ac
ti

n
g
λ

(t
)

n
(P

(Θ
∗

+
∆

)
−
P

(Θ
∗ )

)
fr

om
b

ot
h

si
d
es

,
w

e
co

n
st

ru
ct

an
u
p
p

er
b

ou
n
d

of
f

(∆
)

in
th

e
ri

gh
t

si
d
e,

f
(∆

)
≤

〈 ∇
Q
n
(Θ
∗ |Θ

(t
−

1
) ),

∆
〉

︸
︷︷

︸
(i

)

−
λ

(t
)

n

( P
(Θ
∗

+
∆

)
−
P

(Θ
∗ )
)

︸
︷︷

︸
(i
i)

−
γ 2
‖∆
‖2 2
.

B
o
u

n
d

in
g

(i
):

N
ot

e
th

at
Q
n

is
a

sa
m

p
le

ve
rs

io
n
Q

-f
u
n
ct

io
n

b
u
t

Θ
∗

co
m

es
fr

om
p

op
u
la

ti
on

ve
rs

io
n
Q

-f
u
n
ct

io
n

(3
6)

.
S
o

w
e

u
se
∇
Q

(Θ
∗ |Θ

(t
−

1
) )

as
a

b
ri

d
ge

to
co

n
n
ec

t
th

e
sa

m
p
le

-b
as

ed

2
9
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

an
al

y
si

s
an

d
p

op
u
la

ti
on

-b
as

ed
an

al
y
si

s
to

ge
th

er
.

(i
)
≤
|〈 ∇

Q
n
(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

(t
−

1
) )

+
∇
Q

(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

∗ )
,∆
〉 |

≤
|〈 ∇

Q
n
(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

(t
−

1
) ),

∆
〉 |

︸
︷︷

︸
S

ta
ti

st
ic

a
l

E
rr

o
r(

S
E

)

+
|〈 ∇

Q
(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

∗ )
,∆
〉 |

︸
︷︷

︸
O

p
ti

m
iz

a
ti

o
n

E
rr

o
r(

O
E

)

.

N
ot

e
th

at
Θ
∗

li
es

in
th

e
in

te
ri

or
of

Ξ
.

A
cc

or
d
in

g
to

th
e

se
lf

-c
on

si
st

en
cy

p
ro

p
er

ty
(3

6
),

∇
Q

(Θ
∗ |Θ

∗ )
=

0
w

h
ic

h
im

p
li
es

th
e

fi
rs

t
in

eq
u
al

it
y

h
ol

d
s.

T
h
is

d
ec

om
p

os
it

io
n

fo
r

(i
)

le
a
d
s

to
th

e
op

ti
m

iz
at

io
n

er
ro

r
p
ar

t
an

d
st

at
is

ti
ca

l
er

ro
r

p
ar

t.
F

or
si

m
p
li
ci

ty
,

w
e

w
ri

te
h

(Θ
∗ |Θ

(t
−

1
) )

=
∇
Q
n
(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

(t
−

1
) )

.
S
in

ce
th

e
gr

ou
p

gr
ap

h
ic

al
la

ss
o

p
en

al
ty

d
o
es

n
ot

p
en

al
iz

e
th

e
d
ia

go
n
al

el
em

en
t,

it
is

a
se

m
i-

n
o
rm

.
R

ec
al

l
th

at
b

ot
h

∆
an

d
h

(Θ
∗ |Θ

(t
−

1
) )

ar
e
K

(p
2

+
p
)

d
im

en
si

on
al

ve
ct

or
s.

T
h
en

b
y

th
e

d
efi

n
it

io
n

of
G

an
d
Gc

in
(1

4)
,

st
at

is
ti

ca
l

er
ro

r
ca

n
b

e
d
ec

om
p

os
ed

fu
rt

h
er

b
y
:

S
E
≤

∣ ∣ ∣〈h
(Θ
∗ |Θ

(t
−

1
) ) G

c
,∆
Gc
〉|

+
|〈h

(Θ
∗ |Θ

(t
−

1
) ) G
,∆
G〉
∣ ∣ ∣

≤
∥ ∥ ∥h

(Θ
∗ |Θ

(t
−

1
) ) G

c

∥ ∥ ∥ P
∗
·P

(∆
Gc

)
+
‖h

(Θ
∗ |Θ

(t
−

1
) ) G
‖ 2
·‖

∆
G‖

2

≤
‖h

(Θ
∗ |Θ

(t
−

1
) )‖
P
∗
·P

(∆
)

+
‖h

(Θ
∗ |Θ

(t
−

1
) ) G
‖ 2
·‖

∆
‖ 2
.

T
h
e

se
co

n
d

in
eq

u
al

it
y

co
m

es
fr

om
th

e
g
en

er
al

iz
ed

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
a
li
ty

.
A

ft
er

ex
-

cl
u
d
in

g
th

e
d
ia

go
n
al

te
rm

s
fr

om
p
re

ci
si

on
m

at
ri

ce
s,
P

(∆
Gc

)
ca

n
b

e
tr

ea
te

d
a
s

a
n
o
rm

.
T

h
e

la
st

in
eq

u
al

it
y

is
b

ec
au

se
b

ot
h

th
e

p
en

al
ti

es
P

an
d
P
∗

d
o

n
ot

p
en

al
iz

e
th

e
d
ia

g
o
n
a
l

te
rm

of
p
re

ci
si

on
m

at
ri

ce
s.

U
n
d
er

st
at

is
ti

ca
l

er
ro

r
C

on
d
it

io
n

10
,

S
E
≤
ε 1
P

(∆
)

+
ε 2
‖∆
‖ 2
,

(3
7)

w
it

h
p
ro

b
ab

il
it

y
a
t

le
as

t
1
−

(δ
1

+
δ 2

).
O

n
th

e
ot

h
er

h
an

d
,

fr
om

th
e

as
su

m
p
ti

on
th

at
Θ

(t
−

1
)

is
in

th
e
B α

(Θ
∗ )

,
w

e
a
re

a
b
le

to
ap

p
ly

th
e

G
ra

d
ie

n
t

S
ta

b
il
it

y
co

n
d
it

io
n

in
L

em
m

a
7

to
b

ou
n
d

O
E

.

O
E
≤
‖∇

Q
(Θ
∗ |Θ

(t
−

1
) )
−
∇
Q

(Θ
∗ |Θ

∗ )
‖ 2
·‖

∆
‖ 2

(3
8
)

≤
τ
‖Θ

(t
−

1
)
−

Θ
∗ ‖

2
·‖

∆
‖ 2
.

T
h
er

ef
or

e,
p
u
tt

in
g

(3
7)

an
d

(3
8)

to
ge

th
er

,
(i

)
is

u
p
p

er
b

ou
n
d
ed

b
y

(i
)
≤
ε 1
P

(∆
)

+
ε 2
‖∆
‖ 2

+
τ
‖Θ

(t
−

1
)
−

Θ
∗ ‖

2
·‖

∆
‖ 2
,

(3
9
)

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

(δ
1

+
δ 2

).
B

o
u

n
d

in
g

(i
i)

:
T

h
e

d
ec

om
p

os
ab

il
it

y
of

S
C

A
N

p
en

al
ty

in
L

em
m

a
21

im
p
li
es
P

(Θ
∗

+
∆

)
=

P
(Θ
∗

+
∆
M

)
+
P

(∆
M
⊥

).
B

y
tr

ia
n
gl

e
in

eq
u
al

it
y,

it
is

su
ffi

ci
en

t
to

b
ou

n
d

(i
i)

,

(i
i)

=
P

(Θ
∗

+
∆
M

)
+
P

(∆
M
⊥

)
−
P

(Θ
∗ )

(4
0)

≥
P

(Θ
∗ )
−
P

(∆
M

)
+
P

(∆
M
⊥

)
−
P

(Θ
∗ )

=
P

(∆
M
⊥

)
−
P

(∆
M

).
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S
im

u
lt
a
n
e
o
u
s
C
l
u
st

e
r
in
g

a
n
d

E
st

im
a
t
io
n
o
f
H
e
t
e
r
o
g
e
n
e
o
u
s
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

C
o
m

b
in

in
g

(39)
an

d
(40),

f
(∆

)
is

u
p
p

er
b

ou
n
d
ed

b
y
:

f
(∆

)≤
ε

1 P
(∆

)
+
ε

2 ‖
∆
‖

2
+
τ‖Θ

(t−
1
)−

Θ
∗‖

2 ·‖
∆
‖

2

−
λ

(t)
n

(P
(∆
M
⊥

)−
P

(∆
M

))−
γ2 ‖

∆
‖

22 .

T
ria

n
g
le

in
eq

u
a
lity

im
p
liesP

(∆
)≤
P

(∆
M

)
+
P

(∆
M
⊥

).
A

fter
com

b
in

in
g

som
e

term
s,

th
e

rig
h
t

h
a
n
d

sid
e

ab
ove

cou
ld

b
e

fu
rth

er
b

ou
n
d
ed

b
y
:

f
(∆

)≤
−
γ2 ‖

∆
‖

22
+

(λ
(t)
n

+
ε

1 )P
(∆
M

)
+

(ε
1 −

λ
(t)
n

)P
(∆
M
⊥

)
(41)

+
ε

2 ‖
∆
‖

2
+
τ‖Θ

(t−
1
)−

Θ
∗‖

2 ·‖
∆
‖

2 ,

w
ith

p
ro

b
a
b
ility

at
least

1−
(δ

+
δ

1
+
δ

2 ).
L

et
δ ′

=
δ

+
δ

1
+
δ

2 .
A

ccord
in

g
to

L
em

m
a

22,
w

e
h
ave

th
e

in
eq

u
ality

P
(∆
M

)≤
ν

(M
)‖

∆
M
‖

2 .
B

y
th

e
d
efi

n
ition

of
Π
M

(∆
),

w
e

h
ave

‖
∆
M
‖

2
=
‖
Π
M

(∆
)−

Π
M

(0
)‖

2 ≤
‖∆
−

0‖
2

=
‖∆
‖

2 .

T
h
en
P

(∆
M

)
is

fu
rth

er
b

ou
n
d
ed

b
y

P
(∆
M

)≤
ν

(M
)‖∆
‖

2 .
(42)

S
u
b
stitu

tin
g

(42)
in

to
(41),

w
e

ob
tain

:

f
(∆

)≤
(
ε

1
+
ε

2
+
τ‖Θ

(t−
1
)−

Θ
∗‖

2

ν
(M

)

)
ν

(M
)‖

∆
‖

2 −
γ2 ‖∆

‖
22

+
λ

(t)
n
ν

(M
)‖

∆
‖

2
+

(ε
1 −

λ
(t)
n

)P
(∆
M
⊥

),

w
ith

a
t

lea
st

p
rob

ab
ility

1−
δ ′.

R
ecall

th
at

w
e

ch
o
ose

λ
(t)
n

=
ε

+
τ‖

Θ
(t−

1
)−

Θ
∗‖

2

ν
(M

)
,ε

=
ε
1

+
ε
2

ν
(M

) .

F
ro

m
th

e
co

n
stru

ction
of
λ

(t)
n

,
th

e
in

eq
u
ality

ε
1 −

λ
(t)
n

<
0

alw
ay

s
h
old

s.
T

h
erefore,

th
e

u
p
p

er
b

ou
n
d

fo
r
f

(∆
)

can
b

e
sim

p
lifi

ed
b
y

f
(∆

)
≤
−
γ2 ‖∆

‖
22

+
2
λ

(t)
n
ν

(M
)‖

∆
‖

2

=
−

6(λ
(t)
n
ν

(M
))

2

γ
<

0
.

w
h
ere

th
e

a
b

ove
eq

u
ality

is
d
u
e

to
∆
∈
C

(ξ).
N

ow
w

e
reach

th
e

co
n
clu

sion
th

at
f

(∆
)
<

0
fo

r
a
ll

vecto
rs

∆
∈
C

(ξ).

S
te

p
II:

N
ow

w
e

start
to

p
rove

th
e

follow
in

g
statem

en
t:

if
for

som
e

op
tim

al
solu

tion
Θ

(t)
in

(3
5
),

th
e

corresp
on

d
in

g
error

term
∆̂

=
Θ

(t)−
Θ
∗

satisfi
es

th
e

in
eq

u
ality

‖
∆̂
‖

2
>
ξ,

th
ere

m
u
st

ex
ist

som
e

v
ectors

∆̃
w

h
ich

b
elon

g
to

C
(ξ)

su
ch

th
at

f
(∆̃

)
≥

0.
B

efore
ou

r
fo

rw
a
rd

p
ro

o
fs,

let’s
state

a
lem

m
a

w
h
ich

d
escrib

e
th

e
cu

rvatu
re

of
fu

n
ctio

n
Q
n
(·|Θ

(t−
1
)).
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

L
e
m

m
a

2
4
Q
n
(·|Θ

(t−
1
))

sa
tisfi

es
th

e
fo

llo
w

in
g

in
equ

a
lity

a
.s.:

Q
n
(Θ

(1
)|Θ

(t−
1
))−

Q
n (

Θ
(2

)|Θ
(t−

1
) )
≤
〈∇

Q
n (

Θ
(2

) ∣∣Θ
(t−

1
) )
,Θ

(1
)−

Θ
(2

) 〉
.

w
h
en

(Θ
(1

),Θ
(2

))
=

(Θ
(t),t ∗Θ

(t)
+

(1−
t ∗)Θ

∗)
o
r

(Θ
∗,t ∗Θ

(t)
+

(1−
t ∗)Θ

∗).

P
ro

o
f

o
f

L
e
m

m
a

2
4
:

T
h
e

d
etailed

p
ro

of
of

L
em

m
a

2
4

is
d
iscu

ssed
in

S
.V

I.
�

T
h
e

lem
m

a
tells

u
s

th
at

w
e

on
ly

req
u
ire

sam
p
le-b

a
sed

Q
-fu

n
ction

to
b

e
p

oin
t-w

ise
con

cave
rath

er
th

an
glob

al
con

cave.
If‖∆̂

‖
2
>
ξ,

th
en

th
e

lin
e

join
in

g
∆̂

to
0

m
u
st

in
tersect

th
e

set
C

(ξ)
at

som
e

in
term

ed
iate

p
oin

ts
t ∗∆̂

,
for

som
e
t ∗
∈

(0,1).
A

ccord
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(X
)]
>
,.
..
,[
∇

Θ
K
L

Θ
,k

(X
)]
>
) >

,
(S

.3
)

w
h
er

e

∇
Θ
j
L

Θ
,k

(X
)

=

{
−
L

Θ
,k

(X
)
·L

Θ
,j

(X
)
·δ

Θ
j
(X

)
w

h
en

j
6=
k
;

L
Θ
,k

(X
)[

1
−
L

Θ
,k

(X
)]
·δ

Θ
k
(X

)
w

h
en

j
=
k
,

an
d
,

fo
r
j

=
1
..
.,
K

,
an

d
Θ
j

=
ve

c(
µ
j
,Ω

j
),

δ Θ
j
(X

)
=

(
Ω
j
(X
−
µ
j
)

1 2
ve

c
{ Ω
−

1
j
−

(X
−
µ
j
)(
X
−
µ
j
)>
})

.

N
ex

t
w

e
ap

p
ly

th
is

T
ay

lo
r

ex
p
an

si
on

to
b

ou
n
d
I
.

A
cc

or
d
in

g
to

(S
.2

),
w

e
h
av

e

I
=

∥ ∥ ∥E
[ Ω
∗ k(
X
−
µ
∗ k)

[∇
Θ
L

Θ
t
,k

(X
)]
>

(Θ
−

Θ
∗ )
]∥ ∥ ∥

2 2

=
∥ ∥ ∥E
[ Ω
∗ k(
X
−
µ
∗ k)

[∇
Θ
L

Θ
t
,k

(X
)]
>
]∥ ∥ ∥

2 2
·‖

Θ
−

Θ
∗ ‖

2 2

≤
su

p
t∈

[0
,1

]
E
[ ‖

Ω
∗ k(
X
−
µ
∗ k)
‖2 2
·‖
∇

Θ
L

Θ
t
,k

(X
)‖

2 2

]

︸
︷︷

︸
τ 1

·‖
Θ
−

Θ
∗ ‖

2 2
.

B
y

th
e

d
efi

n
it

io
n

of
∇

Θ
L

Θ
t
,k

(X
),

w
h
ic

h
eq

u
al

s
to

(S
.3

)
w

it
h

Θ
=

Θ
t,

w
e

h
av

e

‖∇
Θ
L

Θ
t
,k

(X
)‖

2 2
=

∑ j6=
k

[L
Θ
t
,k

(X
)L

Θ
t
,j

(X
)]

2
·[
δ Θ

tj
(X

)]
>
δ Θ

tj
(X

)

︸
︷︷

︸
A

1

+
[ L

Θ
t
,k

(X
)(

1
−
L

Θ
t
,k

(X
))
] 2
·[
δ Θ

tk
(X

)]
>
δ Θ

tk
(X

)
︸

︷︷
︸

A
2

.
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S
im
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lt
a
n
e
o
u
s
C
l
u
st

e
r
in
g

a
n
d

E
st

im
a
t
io
n
o
f
H
e
t
e
r
o
g
e
n
e
o
u
s
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

F
o
r

ea
ch

j
=

1,...,K
,

w
e

d
efi

n
e

W
j

:=
su

p
t∈

[0
,1

] E
{

[δ
Θ
tj (X

)] >
δ
Θ
tj (X

)·‖
Ω
∗k (X

−
µ
∗k )‖

22 }
,

(S
.4)

T
h
en

τ
1 ≤

su
p

t∈
[0
,1

] E
[‖

Ω
∗k (X

−
µ
∗k )‖

22
(A

1
+
A

2 ) ]
.

(S
.5)

U
n
d
er

C
o
n
d
itio

n
6,

it
is

su
ffi

cien
t

to
get

an
u
p
p

er
b

ou
n
d

fo
r
τ

1 ,

τ
1
≤

su
p

t∈
[0
,1

] E
[‖

Ω
∗k (X

−
µ
∗k )‖

22
A

1 ]
+

su
p

t∈
[0
,1

] E
[‖

Ω
∗k (X

−
µ
∗k )‖

22
A

2 ]

≤
∑j6=
k

γ
2

24
2(K
−

1)
2M

j ·W
j

+

(
γ

24(K
−

1) √
M
k

(K
−

1) )
2·
W
k .

It
im

p
lies

th
a
t

τ
1 ≤

γ
2

288
.

(S
.6)

B
o
u

n
d

in
g

II:
W

e
can

ap
p
ly

sim
ilar

trick
ab

ove
to

b
ou

n
d

II.
B

y
trian

gle
in

eq
u
ality,

w
e

h
ave

I
I
≤

∥∥∥∥
12 E [D

L
(Θ
∗,Θ

)Ω
∗−

1
k

] ∥∥∥∥
2F

︸
︷︷

︸
I
I
1

+

∥∥∥∥
12 E [D

L
(Θ
∗,Θ

)(X
−
µ
∗k )(X

−
µ
∗k ) > ] ∥∥∥∥

2F
︸

︷︷
︸

I
I
2

.

A
p
p
ly

T
ay

lo
r

ex
p
an

sion
in

(S
.2),

w
e

ob
tain

I
I

1
≤

12 E
[‖∇

Θ
L

Θ
t ,k (X

)‖
22 ‖Ω

∗−
1

k
‖

2F ]

︸
︷︷

︸
γ
2
1

·‖Θ
−

Θ
∗‖

22

I
I

2
≤

12 E
[‖∇

Θ
L

Θ
t ,k (X

)‖
22 ∥∥∥

(X
−
µ
∗k )(X

−
µ
∗k ) > ∥∥∥

2F ]

︸
︷︷

︸
γ
2
2

·‖Θ
−

Θ
∗‖

22
.

A
n
a
lo

g
o
u
sly

to
(S

.4),
w

e
d
efi

n
e

W
′j

:=
su

p
t∈

[0
,1

] E
{

[δ
Θ
tj (X

)] >
δ
Θ
tj (X

) ∥∥
Ω
∗−

1
k

∥∥
2F }

,
(S

.7)

W
′′j

:=
su

p
t∈

[0
,1

] E
{

[δ
Θ
tj (X

)] >
δ
Θ
tj (X

) ∥∥∥
(X
−
µ
∗k )(X

−
µ
∗k )> ∥∥∥

2F }
.

(S
.8)
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

for
each

j
=

1,...,K
.

U
n
d
er

C
on

d
ition

6,
w

e
h
ave

th
at,

τ
2
1
<

γ
2

576
,

τ
2
2
<

γ
2

576
,

an
d

h
en

ce
τ

2
<

γ
2

288
.

T
h
is

togeth
er

w
ith

(S
.6)

im
p
lies

th
at
τ

=
√
τ

1
+
τ

2
<
γ
/
12,

n
am

ely
∥∥∥ ∇

Θ
′k Q

(µ
∗k ,Ω

∗k |Θ
∗)−

∇
Θ
′k Q

(µ
∗k ,Ω

∗k |Θ
) ∥∥∥

2 ≤
γ12
.

N
ow

w
e

take
th

e
su

m
m

ation

K
∑k

=
1 ∥∥∥ ∇

Θ
′k Q

(µ
∗k ,Ω

∗k |Θ
∗)−

∇
Θ
′k Q

(µ
∗k ,Ω

∗k |Θ
) ∥∥∥

22 ≤
γ12 ‖Θ

−
Θ
∗‖

2 ,
(S

.9)

for
an

y
Θ
∈
B
α
(Θ
∗).

T
h
is

en
d
s

th
e

p
ro

of
of

L
em

m
a

7.
�

S
.III

P
ro

o
f

o
f

L
e
m

m
a

9

In
ord

er
to

com
p
u
te
γ

,
w

e
con

sid
er

each
Θ
k

=
{
µ
k ,Ω

k }
in

d
iv

id
u
ally.

T
h
at

m
ean

s
w

e
p
rove

th
e

follow
in

g
p
art

fi
rst:

Q
n
(Θ
′k |Θ

)−
Q
n
(Θ
∗k |Θ

)−
〈∇

Q
n
(Θ
∗k |Θ

),Θ
′k −

Θ
∗k 〉≤

−
γ2

∥∥
Θ
′k −

Θ
∗k ∥∥

22
,

w
h
ere

Q
n
(Θ

k |Θ
)

m
ean

s
w

e
set

Θ
i
i6=

k
to

zero.
It

is
su

ffi
cien

t
to

com
p
u
te
γ
k

in
(22).

R
em

in
d

th
at

Θ
′k

=
vec(µ

k ,Ω
k )∈

R
p
2
+
p.

T
h
ere-

fore,
∇

Θ
′k Q

n
(Θ
′k |Θ

)
=

([∇
µ
′k Q

n
(Θ
′k |Θ

)] >
,[vec(∇

Ω
′k Q

n
(Θ
′k |Θ

))] >
) >
,

(S
.10)

w
ith

∇
µ
′k Q

n
(Θ
′k |Θ

)
=

1n

n
∑i=

1 [L
Θ
,k (x

i )Ω
′k (x

i −
µ
′k ) ]

∇
Ω
′k Q

n
(Θ
′k |Θ

)
=

12n

n
∑i=

1 [L
Θ
,k (x

i )]Ω
′−

1
k

−
12n

n
∑i=

1 [L
Θ
,k (x

i )(x
i −

µ
′k )(x

i −
µ
′k ) >

].

D
en

ote
h

(µ
,Ω

)
:=

12 (x
i −

µ
) >

Ω
(x

i −
µ

).
A

ccord
in

g
to

th
e

d
efi

n
ition

in
(9),

w
e

h
ave

Q
n
(Θ
′k |Θ

)−
Q
n
(Θ
∗k |Θ

)
=

1n

n
∑i=

1 [L
Θ
,k (x

i ) {
12

log
d
et(Ω

′k )

−
12

log
d
et(Ω

∗k )
+
h

(µ
∗k ,Ω

∗k )−
h

(µ
′k ,Ω

′k ) } ].

T
h
is

togeth
er

w
ith

(S
.10)

im
p
lies

th
at

Q
n
(Θ
′k |Θ

)−
Q
n
(Θ
∗k |Θ

)−
〈∇

Θ
′k Q

n
(Θ
∗k |Θ

),Θ
′k −

Θ
∗k 〉

=
I

+
I
I
,
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im
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n
o
f
H
e
t
e
r
o
g
e
n
e
o
u
s
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

w
h
er

e

I
=

1 n

n ∑ i=
1

[ L
Θ
,k

(x
i)
{ h

(µ
∗ k,

Ω
∗ k)
−
h

(µ
′ k,

Ω
∗ k)
}]

−
(µ
′ k
−
µ
∗ k)
>
∇
µ
′ k
Q
n
(Θ
∗ k|Θ

(t
) ),

I
I

=
1 n

n ∑ i=
1

[ L
Θ
,k

(x
i)
{

1 2
lo

g
d
et

(Ω
′ k)
−

1 2
lo

g
d
et

(Ω
∗ k)

+
h

(µ
′ k,

Ω
∗ k)
−
h

(µ
′ k,

Ω
′ k)
}]
−

[v
ec

(Ω
′ k
−

Ω
∗ k)

]>
∇

Ω
′ k
Q
n
(Θ
∗ k|Θ

(t
) ).

B
y

a
li
tt

le
al

ge
b
ra

,
w

e
ca

n
sh

ow
th

at

I
=
−

1 2
n

n ∑ i=
1

L
Θ
,k

(x
i)

(µ
′ k
−
µ
∗ k)
>

Ω
∗ k(
µ
′ k
−
µ
∗ k)
.

D
u
e

to
th

e
p

os
it

iv
e

d
efi

n
it

en
es

s
of

Ω
∗ k

,
it

is
sh

ow
n

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y

(µ
′ k
−
µ
∗ k)
>

(Ω
∗ k
−
σ

m
in

(Ω
∗ k)
I p

)(
µ
′ k
−
µ
∗ k)
≥

0

(µ
′ k
−
µ
∗ k)
>

Ω
∗ k(
µ
′ k
−
µ
∗ k)
≥

(µ
′ k
−
µ
∗ k)
>
σ

m
in

(Ω
∗ k)
I p

(µ
′ k
−
µ
∗ k)
≥
β

1

∥ ∥ µ
′ k
−
µ
∗ k∥ ∥

2 2
.

S
u
b
st

it
u
ti

n
g

th
e

ab
ov

e
b

ou
n
d
,

it
is

sh
ow

n
th

at

I
≤
−
β

1

2n

n ∑ i=
1

L
Θ
,k

(x
i)
‖µ
′ k
−
µ
∗ k‖

2 2
.

(S
.1

1)

T
h
er

ef
or

e,
it

re
m

ai
n
s

to
sh

ow
th

at

I
I
≤
−

1 2
n

n ∑ i=
1

L
Θ
,k

(x
i)

2(
β

2
+

2
α

)2
‖v

ec
(Ω
′ k
−

Ω
∗ k)
‖2 2
.

(S
.1

2)

N
ot

e
th

at
,
in

or
d
er

to
sh

ow
(S
.1

2)
,
it

is
eq

u
iv

al
en

t
to

d
er

iv
in

g
th

e
st

ro
n
g

co
n
ca

v
it

y
p
ar

a
m

et
er

of
g
(Ω

k
),

w
h
er

e

g
(Ω

k
)

:=
1 n

n ∑ i=
1

[ L
Θ
,k

(x
i)

{
1 2

lo
g

d
et

(Ω
k
)
−
h

(µ
′ k,

Ω
k
)}]

.

T
o

se
e

it
,

fi
n
d
in

g
th

e
st

ro
n
g

co
n
ca

v
it

y
p
ar

am
et

er
of
g
(Ω

k
)

a
im

s
to

co
m

p
u
te
ρ
k

su
ch

th
at

,
fo

r
an

y
Ω
′ k,

Ω
∗ k
∈
B α

(Ω
∗ k)

,

g
(Ω
′ k)
−
g
(Ω
∗ k)
−
〈 ve

c
(∇
g
(Ω
∗ k)

)
,v

ec
(Ω
′ k
−

Ω
∗ k)
〉 ≤
−
ρ
k
/2
·‖

Ω
′ k
−

Ω
∗ k‖

2 F
,

w
h
er

e
th

e
le

ft
h
an

d
si

d
e

is
ex

ac
tl

y
I
I
.

A
cc

or
d
in

g
to

T
ay

lo
r

ex
p
an

si
on

,
w

e
ca

n
ex

p
an

d
g
(Ω
′ k)

ar
ou

n
d

Ω
∗ k

an
d

ob
ta

in

g
(Ω
′ k)

=
g
(Ω
∗ k)

+
〈 ve

c(
∇
g
(Ω
∗ k)
,v

ec
(Ω
′ k
−

Ω
∗ k)
〉

+
1 2

[ ve
c(

Ω
′ k
−

Ω
∗ k)
] >
∇

2
g
(Z

)
[ ve

c(
Ω
′ k
−

Ω
∗ k)
] ,
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H
a
o
,
S
u
n
,
L
iu

a
n
d

C
h
e
n
g

w
h
er

e
Z

=
tΩ
′ k

+
(1
−
t)

Ω
∗ k

w
it

h
t
∈

[0
,1

].
F

or
an

y
tw

o
m

at
ri

ce
s

A
,B

,
w

e
w

ri
te

A
�

B
if

A
−

B
is

p
os

it
iv

e
se

m
i-

d
efi

n
it

e.
W

e
d
en

ot
e

1 p
as

th
e

id
en

ti
ty

m
at

ri
x

w
it

h
d
im

en
si

o
n
p
×
p
.

A
n
d
σ
i(
A

)
is

th
e
i-

th
ei

ge
n
va

lu
e

of
m

at
ri

x
A

.
T

h
er

ef
or

e,
if

w
e

ca
n

sh
ow

th
a
t
−
∇

2
g
(Z

)
�

m
1
p
,

i.
e.

,
th

e
m

in
im

al
ei

ge
n
va

lu
e

va
lu

e
σ

m
in

(−
∇

2
g
(Z

))
≥
m

,
fo

r
so

m
e

p
os

it
iv

e
m
∈
R

,
th

en
w

e
h
av

e
th

e
st

ro
n
gl

y
co

n
ca

v
it

y
p
ar

am
et

er
ρ
k

=
m

.
B

y
th

e
d
efi

n
it

io
n
,

w
e

h
av

e
∇

2
g
(Ω
∗ k)

=

−
1 2
n

∑
n i=

1
L

Θ
,k

(x
i)

[Ω
∗ k]
−

1
⊗

[Ω
∗ k]
−

1
.

D
en

ot
e

∆̃
=

Ω
′ k
−

Ω
∗ k.

W
e

ob
ta

in

−
∇

2
g
(Z

)
=

1 2n

n ∑ i=
1

L
Θ
,k

(x
i)
( Ω
∗ k

+
t∆̃
) −

1
⊗
( Ω
∗ k

+
t∆̃
) −

1
.

A
cc

or
d
in

g
to

T
h
eo

re
m

4.
2.

1
2

in
H

or
n

an
d

J
oh

n
so

n
(1

98
8)

,
fo

r
an

y
tw

o
m

at
ri

ce
s

A
,B

,
th

e
m

in
im

al
ei

ge
n
va

lu
e

va
lu

e
of

A
⊗

B
eq

u
al

s
th

e
p
ro

d
u
ct

s
of

th
e

m
in

im
al

ei
ge

n
va

lu
e

va
lu

es
o
f

A
an

d
B

.
T

h
er

ef
or

e,
w

e
h
av

e
σ

m
in

( A
−

1
⊗

A
−

1
) =

[ σ
m

in
(A
−

1
)]

2
=

[σ
m

a
x
(A

)]
−

2
=
‖A
‖−

2
2

,
w

h
er

e
‖A
‖ 2

re
fe

rs
to

th
e

sp
ec

tr
al

n
or

m
of

m
at

ri
x

A
.

H
en

ce
,

σ
m

in
(−
∇

2
g
(Z

))
=

1 2n

n ∑ i=
1

L
Θ
,k

(x
i)
‖Ω
∗ k

+
t∆̃
‖−

2
2

≥
1 2n

n ∑ i=
1

L
Θ
,k

(x
i)
[ ‖

Ω
∗ k‖

2
+
‖t

∆̃
‖ 2
] −

2
.

A
s
‖Θ
′ −

Θ
∗ ‖
≤

2
α

,
‖Ω
′ k
−

Ω
∗ k‖

2
≤
‖Θ
′ −

Θ
∗ ‖

2
≤

2α
.

T
h
er

ef
or

e,

σ
m

in
(−
∇

2
g
(Z

))
≥

1 2
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p
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re
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at
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b
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h
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≤
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p
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at
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√
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−
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‖Θ
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con
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p
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p
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d
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p
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d
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d
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=
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p
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con
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con
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Q
n
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∇
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R
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∇
Q
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(Θ
∗|Θ
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∇
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∗|Θ

)
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∇

Θ
∗1 Q

n
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∇

Θ
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∗|Θ

)
...

∇
Θ
∗K
Q
n
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∗|Θ
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∇

Θ
∗K
Q
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∗|Θ

) 

=



∇
µ
∗1 Q

n
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∗|Θ
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∇
µ
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∗|Θ

)

vec {∇
Ω
∗1 Q

n
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∗|Θ
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∇

Ω
∗1 Q
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∗|Θ

) }
>
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∇
µ
∗K
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n
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∇
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∇

Ω
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Q
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F
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p
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w
e
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n
e
h
µ
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∗)
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∇
µ
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∇
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∇
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∗k Q
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∗|Θ
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∇
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T
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e
d
efi

n
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P
∗
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w
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e
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Q
n
(Θ
∗|Θ
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∇
Q
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∗|Θ

)‖P
∗ ≤

M
1

m
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µ
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︷︷
︸

I

+
M

2
m
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k∈
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h

Ω
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∗) ∥∥∥
m

a
x

︸
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︸
I
I

+
M

3
m

ax
i,j

∥∥∥∥ [h
Ω
∗k (Θ

∗) ]
ij
,..., [h

Ω
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I
I
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p
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o
u
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S
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tistic
a
l

E
rro

r
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r
k
-th

C
lu

ste
r

M
e
a
n

:
R

eferrin
g

to
th

e
p
ro

of
in

L
em

m
a

5,

h
µ
∗k (Θ

∗)
=

1n

n
∑i=

1

L
Θ
,k (x

i )Ω
∗k (x

i −
µ
∗k )−

E
[L

Θ
,k (X

)Ω
∗k (X

−
µ
∗k )].

N
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at‖

Ω
∗k ‖∞
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scalar.
B
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g
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g
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eq

u
ality,

w
e
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I
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y
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o

p
arts:

I
≤
‖
Ω
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∥∥∥∥∥
1n

n
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1

L
Θ
,k (x

i )(x
i −

µ
∗k )−

E
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Θ
,k (X
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−
µ
∗k )] ∥∥∥∥∥∞

≤
‖
Ω
∗k ‖∞

∥∥∥∥∥
1n

n
∑i=

1

L
Θ
,k (x

i )x
i −

E
[L

Θ
,k (X

)X
] ∥∥∥∥∥∞

︸
︷︷

︸
I
1

+
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∗k ‖∞

∥∥∥∥∥ (
1n

n
∑i=

1

L
Θ
,k (x

i )−
E
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Θ
,k (X

)] )
µ
∗k ∥∥∥∥∥∞
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︸
I
2

.

B
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u

n
d
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g
I

1 :
D
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ζ
=
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Θ
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∈
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Θ
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tr

o
d
u
ce

a
se

t
of

m
is

si
n
g

d
at

a
{c
i,
i

=
1,
..
.,
n
},

w
h
ic

h
ar

e
in

d
ep

en
d
en

t
co

p
ie

s
of

ra
n
d
om

va
ri

ab
le
c.

T
h
e

p
ai

r
(x

i,
c i

)
ar
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b
y

th
e
k
′ -

th
m

ix
tu

re
co

m
p

on
en

t.
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b
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X
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re
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b
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{c
i

=
k
′ }(
µ
∗ k′
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∈
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]∣ ∣ ∣ ∣ ∣
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︸
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︸
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∗ k′
j

]∣ ∣ ∣ ∣ ∣
︸

︷︷
︸
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‖ ∞
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p
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‖ ∞
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∥ ∥ ∥L
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]∥ ∥ ∥
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tu

re
,

e.
g.

,
D

ri
n
ea

s
et

a
l.

(2
00

6b
,

20
11

),
w

h
er

e
th

e
b

eh
av

io
r

of
sk

et
ch

ed
L

S
R

w
a
s

fi
rs

t
st

u
d
ie

d
fr

o
m

a
n

o
p
ti

m
iz

a
ti

o
n

p
er

sp
ec

ti
ve

.
L

et
w
?

b
e

th
e

op
ti

m
al

L
S
R

so
lu

ti
on

an
d

w̃
b

e
th

e
so

lu
ti

on
to

sk
et

ch
ed

L
S
R

.
T

h
is

li
n
e

of
w

or
k

es
ta

b
li
sh

ed
th

at
if
s

=
O

(d
/ε

+
p

ol
y
(d

))
,
th

en
th

e
ob

je
ct

iv
e

va
lu

e
‖X

w̃
−

y
∥ ∥2 2

is
at

m
os

t
(1

+
ε)

ti
m

es
gr

ea
te

r
th

an
‖X

w
?
−

y
∥ ∥2 2

.
T

h
es

e
w

or
k
s

al
so

b
ou

n
d
ed
‖w̃
−

w
?
‖2 2

in
te

rm
s

of
th

e
d
iff

er
en

ce
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

va
lu

es
at

w̃
an

d
w
?

an
d

th
e

co
n
d
it

io
n

n
u
m

b
er

of
X
T
X

.

A
m

or
e

re
ce

n
t

li
n
e

of
w

or
k

h
as

st
u
d
ie

d
sk

et
ch

ed
L

S
R

fr
om

a
st

at
is

ti
ca

l
p

er
sp

ec
ti

v
e:

M
a

et
al

.
(2

01
5)

;
R

as
k
u
tt

i
an

d
M

ah
on

ey
(2

01
6)

;
P

il
an

ci
an

d
W

ai
n
w

ri
gh

t
(2

01
5
);

W
a
n
g

et
a
l.

(2
01

7c
)

co
n
si

d
er

ed
st

at
is

ti
ca

l
p
ro

p
er

ti
es

of
sk

et
ch

ed
L

S
R

su
ch

as
th

e
b
ia

s
an

d
va

ri
a
n
ce

.
In

p
ar

ti
cu

la
r,

P
il
an

ci
an

d
W

ai
n
w

ri
gh

t
(2

01
5)

sh
ow

ed
th

a
t

th
e

so
lu

ti
on

s
to

sk
et

ch
ed

L
S
R

h
av

e
m

u
ch

h
ig

h
er

va
ri

an
ce

th
an

th
e

op
ti

m
al

so
lu

ti
on

s.

B
ot

h
of

th
es

e
p

er
sp

ec
ti

v
es

ar
e

im
p

or
ta

n
t

an
d

of
p
ra

ct
ic

al
in

te
re

st
.

T
h
e

o
p
ti

m
iz

a
ti

o
n

p
er

sp
ec

ti
ve

is
re

le
va

n
t

w
h
en

th
e

ap
p
ro

x
im

at
e

so
lu

ti
on

is
u
se

d
to

in
it

ia
li
ze

a
n

(e
x
p

en
si

ve
)

it
er

at
iv

e
op

ti
m

iz
at

io
n

al
go

ri
th

m
;

th
e

st
at

is
ti

ca
l

p
er

sp
ec

ti
ve

is
re

le
va

n
t

in
m

a
ch

in
e

le
a
rn

in
g

an
d

st
at

is
ti

cs
ap

p
li
ca

ti
on

s
w

h
er

e
th

e
ap

p
ro

x
im

at
e

so
lu

ti
on

is
d
ir

ec
tl

y
u
se

d
in

li
eu

o
f

th
e

op
ti

m
al

so
lu

ti
on

.

1
.

T
h

e
co

n
d

it
io

n
n
u

m
b

er
o
f
X
T
S
S
T
X

is
v
er

y
cl

o
se

to
th

a
t

o
f
X
T
X

,
a
n

d
th

u
s

th
e

n
u

m
b

er
o
f

it
er

a
ti

o
n

s
t

is
a
lm

o
st

u
n

ch
a
n

g
ed

.
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S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ssio

n

In
p
ra

ctice,
regu

larized
regression

,
e.g.,

rid
ge

regression
an

d
L

A
S
S
O

,
ex

h
ib

it
m

ore
a
ttra

ctive
b
ia

s-varian
ce

trad
e-off

s
an

d
gen

eralization
errors

th
an

van
illa

L
S
R

.
F

u
rth

erm
o
re,

th
e

m
a
trix

g
en

eralization
of

L
S
R

,
w

h
ere

m
u
ltip

le
resp

on
ses

are
to

b
e

p
red

icted
,

is
often

m
ore

u
sefu

l
th

a
n

L
S
R

.
H

ow
ever,

th
e

p
rop

erties
of

sketch
ed

regu
larized

m
atrix

regression
a
re

la
rg

ely
u
n
k
n
ow

n
.

H
en

ce,
w

e
con

sid
er

th
e

q
u
estion

:
h
o
w

d
oes

o
u

r
u

n
d
ersta

n
d
in

g
o
f

th
e

o
p
tim

iza
tio

n
a
n

d
sta

tistica
l

p
ro

perties
o
f

sketch
ed

L
S

R
gen

era
lize

to
sketch

ed
regu

la
rized

regressio
n

p
ro

blem
s?

W
e

an
sw

er
th

is
q
u
estion

for
th

e
sk

etch
ed

m
atrix

rid
ge

regression
(M

R
R

)
p
ro

b
lem

.

R
eca

ll
th

a
t

X
is
n
×
d
.

L
et

Y
∈
R
n×

m
d
en

ote
a

m
atrix

of
corresp

on
d
in

g
resp

on
ses.

W
e

stu
d
y

th
e

M
R

R
p
rob

lem

m
in

W

{
f

(W
)
,

1n ∥∥
X

W
−

Y
∥∥
2F

+
γ‖W

‖
2F }

,
(1)

w
h
ich

h
a
s

o
p
tim

al
solu

tion

W
?

=
(X

T
X

+
n
γ
I
d ) †X

T
Y
.

(2)

H
ere,

(·) †
d
en

o
tes

th
e

M
o
ore-P

en
rose

in
version

o
p

eration
.

L
S
R

is
a

sp
ecial

case
of

M
R

R
,

w
ith

m
=

1
a
n
d
γ

=
0.

T
h
e

op
tim

al
solu

tion
W

?
can

b
e

ob
ta

in
ed

in
O

(n
d
2

+
n
m
d
)

tim
e

u
sin

g
a

Q
R

d
ecom

p
osition

of
X

.
S
k
etch

in
g

ca
n

b
e

ap
p
lied

to
M

R
R

in
tw

o
w

ay
s:

W
c

=
(X

T
S

S
T
X

+
n
γ
I
d ) †(X

T
S

S
T
Y

),
(3)

W
h

=
(X

T
S

S
T
X

+
n
γ
I
d ) †X

T
Y
.

(4)

F
o
llow

in
g

th
e

con
ven

tion
of

P
ilan

ci
an

d
W

a
in

w
righ

t
(20

15);
W

an
g

et
al.

(2
017a),

w
e

call
W

c
th

e
c
la

ssic
a
l

sk
e
tch

an
d

W
h

th
e

H
e
ssia

n
sk

e
tch

.
T

ab
le

1
lists

th
e

tim
e

co
sts

of
th

e
th

ree
so

lu
tio

n
s

to
M

R
R

.

T
a
b
le

1
:

T
h
e

tim
e

cost
of

th
e

solu
tion

s
to

M
R

R
.

H
ere

T
s (X

)
an

d
T
s (Y

)
d
en

ote
th

e
tim

e
co

st
o
f

form
in

g
th

e
sk

etch
es

S
T
X
∈
R
s×
d

an
d

S
T
Y
∈
R
s×
m

.

S
o
lu

tio
n

D
e
fi

n
itio

n
T

im
e

C
o
m

p
le

x
ity

O
p
tim

al
S
o
lu

tion
(2)

O
(n
d
2

+
n
m
d
)

C
la

ssical
S
k
etch

(3
)

O
(sd

2
+
sm

d
)

+
T
s (X

)
+
T
s (Y

)
H

essia
n

S
k
etch

(4)
O

(sd
2

+
n
m
d
)

+
T
s (X

)

1
.1

M
a
in

R
e
su

lts
a
n

d
C

o
n
trib

u
tio

n
s

W
e

su
m

m
a
rize

all
of

ou
r

u
p
p

er
b

ou
n
d
s

in
T

ab
le

2.
O

u
r

op
tim

ization
an

aly
sis

b
ou

n
d
s

th
e

g
a
p

b
etw

een
th

e
ob

jective
fu

n
ction

valu
es

a
t

th
e

sk
etch

ed
an

d
op

tim
al

solu
tion

s,
w

h
ile

ou
r

sta
tistica

l
a
n
a
ly

sis
q
u
an

tifi
es

th
e

b
eh

av
io

r
of

th
e

b
ias

an
d

varian
ce

of
th

e
sketch

ed
so

lu
tion

s
relative

to
th

o
se

of
th

e
tru

e
solu

tion
s.

W
e

fi
rst

stu
d
y

classical
an

d
H

essian
sk

etch
es

from
th

e
o
p

tim
iz

a
tio

n
p

e
rsp

e
c
tiv

e
.

T
h
eo

rem
s

1
a
n
d

2
sh

ow
:

3
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W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

T
ab

le
2:

A
su

m
m

ary
of

ou
r

m
ain

resu
lts.

In
th

e
tab

le,
W

is
th

e
solu

tion
of

classical/H
essian

sketch
w

ith
or

w
ith

ou
t

m
o
d
el

averagin
g

(m
o
d
.

av
g.);

W
?

is
th

e
op

tim
al

solu
tion

;

g
is

th
e

n
u
m

b
er

of
m

o
d
els

u
sed

in
m

o
d
el

averagin
g;

an
d
β

=
‖
X
‖
22

‖
X
‖
22
+
n
γ
≤

1,
w

h
ere

γ
is

th
e

regu
larization

p
aram

eter.
F

or
con

cisen
ess,

w
e

take
th

e
sketch

in
g

m
atrix

S
∈
R
n×

s
to

corresp
on

d
to

G
au

ssian
p
ro

jection
,
S
R

H
T

,
or

sh
rin

kage
leverage

score
sam

p
lin

g.
S
im

ilar
b
u
t

m
ore

com
p
lex

ex
p
ression

s
h
old

for
u
n
iform

sam
p
lin

g
(w

ith
or

w
ith

ou
t

m
o
d
el

averagin
g)

an
d

C
ou

n
tS

ketch
(on

ly
w

ith
o
u
t

m
o
d
el

averagin
g.)

A
ll

th
e

b
ou

n
d
s

h
old

w
ith

con
stan

t
p
rob

ab
ility.

T
h
e

n
otation

Õ
con

ceals
logarith

m
ic

factors.

C
la
ssic

a
l
S
k
e
tch

H
e
ssia

n
S
k
e
tch

w
/
o

m
o
d

.
a
v
g
.

w
/

m
o
d

.
a
v
g
.

w
/
o

m
o
d

.
a
v
g
.

w
/

m
o
d

.
a
v
g
.

s
=

Õ
(d
/
ε)

Õ
(d
/
ε)

f
(W

)−
f
(W

?
)
≤

β
εf

(W
?)

β
(
εg

+
β
2ε

2)f
(W

?)
β
2ε [
‖
Y
‖
2F

n
−
f

(W
?) ]

β
2(
εg

+
ε
2) [
‖
Y
‖
2F

n
−
f

(W
?) ]

T
h

eo
rem

s
T

h
eo

rem
1

T
h

eo
rem

7
T

h
eo

rem
2

T
h

eo
rem

8

s
=

Õ
(d
/
ε
2)

Õ
(d
/
ε
2)

b
ia
s(W

)
b
ia
s(W

?
) ≤

1
+
ε

1
+
ε

(1
+
ε)(1

+
ε‖

X
‖
22

n
γ

)
1

+
ε

+
(
ε
√
g

+
ε
2 )
‖
X
‖
22

n
γ

var(W
)

var(W
?
) ≤

(1
+
ε)
ns

ns ( √
1
+
ε
/
g

g
+
ε )

2

1
+
ε

1
+
ε

T
h

eo
rem

s
T

h
eo

rem
5

T
h

eo
rem

1
0

T
h

eo
rem

6
T

h
eo

rem
1
1

•
C

lassical
sketch

ach
ieves

relative
error

in
th

e
ob

jective
valu

e.
W

ith
sketch

size
s

=
Õ

(d
/ε),

th
e

sketch
ed

solu
tion

satisfi
es
f

(W
c)≤

(1
+
ε)f

(W
?).

•
H

essian
sk

etch
d
o
es

n
ot

ach
ieve

relativ
e

error
in

th
e

ob
jectiv

e
valu

e.
In

p
articu

la
r,

if
1n ‖

Y
‖
2F

is
m

u
ch

larger
th

an
f

(W
?),

th
en

f
(W

h)
can

b
e

far
larger

th
an

f
(W

?).

•
F

or
b

oth
classical

an
d

H
essian

sketch
,

th
e

relative
q
u
ality

of
a
p
p
rox

im
ation

often
im

p
roves

as
th

e
regu

larization
p
aram

eter
γ

in
creases

(b
ecau

se
β

d
ecreases).

W
e

th
en

stu
d
y

classical
an

d
H

essian
sk

etch
from

th
e

sta
tistic

a
l

p
e
rsp

e
c
tiv

e
,

b
y

m
o
d
elin

g
Y

=
X

W
0

+
Ξ

as
th

e
su

m
of

a
tru

e
lin

ear
m

o
d
el

an
d

ran
d
om

n
oise,

d
ecom

p
osin

g
th

e
risk

R
(W

)
=

E‖
X

W
−

X
W

0 ‖
2F

in
to

b
ias

an
d

varian
ce

term
s,

a
n
d

b
ou

n
d
in

g
th

ese
term

s.
W

e
d
raw

th
e

follow
in

g
con

clu
sion

s
(see

T
h
eorem

s
4,

5,
6

for
th

e
d
etails):

•
T

h
e

b
ias

of
classical

sketch
can

b
e

n
early

as
sm

all
as

th
at

o
f

th
e

op
tim

al
solu

tion
.

T
h
e

varian
ce

is
Θ
(
ns )

tim
es

th
at

of
th

e
op

tim
a
l

solu
tio

n
;

th
is

b
ou

n
d

is
op

tim
al.

T
h
erefore

over-regu
larization

2
sh

ou
ld

b
e

u
sed

to
su

p
ress

th
e

varian
ce.

(A
s
γ

in
creases,

th
e

b
ias

in
creases,

an
d

th
e

varian
ce

d
ecreases.)

2
.

F
o
r

ex
a
m

p
le,

u
sin

g
a

la
rg

er
va

lu
e

o
f

th
e

reg
u

la
riza

tio
n

p
a
ra

m
eter

γ
th

a
n

o
n

e
w

o
u

ld
o
p
tim

a
lly

ch
o
o
se

fo
r

th
e

u
n
sk

etch
ed

p
ro

b
lem

.
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S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ss
io
n

•
S
in

ce
H

es
si

an
sk

et
ch

u
se

s
th

e
w

h
ol

e
o
f

Y
,

th
e

va
ri

an
ce

of
H

es
si

an
sk

et
ch

ca
n

b
e

cl
os

e
to

th
at

of
th

e
op

ti
m

al
so

lu
ti

on
.

H
ow

ev
er

,
H

es
si

an
sk

et
ch

in
cu

rs
a

h
ig

h
b
ia

s,
es

p
ec

ia
ll
y

w
h
en
n
γ

is
sm

al
l
co

m
p
ar

ed
to
‖X
‖2 2

.
T

h
is

in
d
ic

at
es

th
at

ov
er

-r
eg

u
la

ri
za

ti
on

is
n
ec

es
sa

ry
fo

r
H

es
si

an
sk

et
ch

to
d
el

iv
er

so
lu

ti
on

s
w

it
h

lo
w

b
ia

s.

O
u
r

em
p
ir

ic
al

ev
al

u
at

io
n
s

b
ea

r
ou

t
th

es
e

th
eo

re
ti

ca
l

re
su

lt
s.

In
p
ar

ti
cu

la
r,

in
S
ec

ti
on

4,
w

e
sh

ow
in

F
ig

u
re

3
th

at
ev

en
w

h
en

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
γ

is
fi
n
e-

tu
n
ed

,
th

e
ri

sk
s

of
cl

as
si

ca
l

an
d

H
es

si
an

sk
et

ch
ar

e
w

or
se

th
an

th
at

of
th

e
op

ti
m

a
l

so
lu

ti
on

b
y

an
or

d
er

of
m

ag
n
it

u
d
e.

T
h
is

is
an

em
p
ir

ic
al

d
em

on
st

ra
ti

on
of

th
e

fa
ct

th
at

th
e

n
ea

r-
op

ti
m

al
p
ro

p
er

ti
es

of
sk

et
ch

fr
om

th
e

op
ti

m
iz

at
io

n
p

er
sp

ec
ti

ve
ar

e
m

u
ch

le
ss

re
le

va
n
t

in
a

st
at

is
ti

ca
l

se
tt

in
g

th
an

it
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W

e
set

ρ
=

ran
k
(X

)
a
n
d

w
rite

th
e

S
V

D
o
f

X
as

X
=

U
Σ

V
T

,
w

h
ere

U
,

Σ
,

V
are

resp
ectively

n
×
ρ
,
ρ
×
ρ
,

an
d
d
×
ρ

m
a
trices.

W
e

let
σ
1 ≥
···≥

σ
ρ
>

0
b

e
th

e
sin

gu
lar

valu
es

of
X

.
T

h
e

M
o
ore-P

en
rose

in
verse

o
f
X

is
d
efi

n
ed

b
y

X
†

=
V

Σ
−
1U

T
.

T
h
e

row
leverage

scores
of

X
are

li
=
‖
u
:i ‖

22
for

i∈
[n

].
T

h
e

row
co

h
eren

ce
of

X
is
µ

(X
)

=
nρ

m
ax

i ‖
u
:i ‖

22 .
T

h
rou

gh
ou

t,
w

e
let

µ
b

e
sh

orth
an

d
for

µ
(X

).
T

h
e

n
o
ta

tion
d
efi

n
ed

in
T

ab
le

3
is

u
sed

th
rou

gh
o
u
t

th
is

p
ap

er.

M
a
trix

sketch
in

g
attem

p
ts

to
red

u
ce

th
e

size
of

large
m

atrices
w

h
ile

m
in

im
izin

g
th

e
loss

o
f

sp
ectra

l
in

fo
rm

ation
th

at
is

u
sefu

l
in

task
s

like
lin

ear
regression

.
W

e
d
en

ote
th

e
p
ro

cess
o
f

sk
etch

in
g

a
m

atrix
X
∈
R
n×

d
b
y

X
′
=

S
T
X

.
H

ere,
S
∈
R
n×

s
is

ca
lled

a
sk

etch
in

g
m

atrix
a
n
d

X
′∈

R
s×
d

is
called

a
sketch

of
X

.
In

p
ractice,

ex
cep

t
for

G
au

ssian
p
ro

jection
(w

h
ere

th
e

en
tries

o
f

S
are

i.i.d
.

sam
p
led

from
N

(0,1
/s)),

th
e

sketch
in

g
m

atrix
S

is
n
o
t

form
ed

ex
p
licitly.

M
a
trix

sketch
in

g
can

b
e

accom
p
lish

ed
b
y

ran
d
om

sam
p
lin

g
or

ran
d
o
m

p
ro

jection
.

R
a
n

d
o
m

sa
m

p
lin

g
corresp

on
d
s

to
sam

p
lin

g
row

s
of

X
i.i.d

.
w

ith
rep

lacem
en

t
accord

in
g

to
g
iven

row
sam

p
lin

g
p
rob

ab
ilities

p
1 ,···

,p
m
∈

(0,1).
T

h
e

corresp
on

d
in

g
(ran

d
om

)
sketch

in
g

m
a
trix

S
∈
R
n×

s
h
as

ex
actly

on
e

n
on

-zero
en

try,
w

h
ose

p
osition

in
d
icates

th
e

in
d
ex

of
th

e
selected

row
in

each
colu

m
n
;
in

p
ractice,

th
is

S
is

n
ot

ex
p
licitly

form
ed

.
U

n
ifo

rm
sa

m
p

lin
g

fi
x
es
p
1

=
···

=
p
n

=
1n
.

L
e
v
e
ra

g
e

sc
o
re

sa
m

p
lin

g
sets

p
i

p
rop

ortion
al

to
th

e
(ex

act
o
r

a
p
p
rox

im
a
te

(D
rin

eas
et

al.,
2012

))
row

lev
erage

scores
li

of
X

.
In

p
ractice

sh
rin

k
e
d

le
v
e
ra

g
e

sc
o
re

sa
m

p
lin

g
can

b
e

a
b

etter
ch

oice
th

an
lev

erage
sco

re
sam

p
lin

g
(M

a
et

al.,

7
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W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

T
ab

le
3:

T
h
e

com
m

on
ly

u
sed

n
otation

.
N

o
ta

tio
n

D
e
fi
n

itio
n

X
∈
R
n×

d
each

row
is

a
d
ata

sam
p
le

(featu
re

vector)

Y
∈
R
n×

m
each

row
co

n
ta

in
s

th
e

corresp
on

d
in

g
resp

on
ses

U
Σ

V
T

th
e

S
V

D
o
f
X

ρ
th

e
ra

n
k

o
f
X

µ
th

e
row

co
h
eren

ce
of

X

σ
i

th
e
i-th

la
rg

est
sin

gu
la

r
valu

e
o
f
X

γ
th

e
reg

u
lariza

tion
p
aram

eter

β
β

=
‖
X
‖
22

‖
X
‖
22
+
n
γ
≤

1

S
∈
R
n×

s
th

e
sk

etch
in

g
m

a
trix

W
?∈

R
d×
m

th
e

o
p
tim

a
l

so
lu

tion
(2

)

W
c∈

R
d×
m

ap
p
rox

im
a
te

solu
tion

o
b
ta

in
ed

u
sin

g
th

e
cla

ssical
sketch

(3)

W
h∈

R
d×
m

ap
p
rox

im
a
te

solu
tio

n
ob

tain
ed

u
sin

g
th

e
H

essia
n

sketch
(4)

W
0 ∈

R
d×
m

th
e

u
n
k
n
ow

n
g
rou

n
d

tru
th

(in
th

e
statistica

l
settin

g
)

2015).
T

h
e

sam
p
lin

g
p
rob

ab
ilities

of
sh

rin
ked

lev
erage

score
sam

p
lin

g
are

d
efi

n
ed

b
y

p
i

=
12 (

li
∑
nj
=
1
lj

+
1n ). 4

T
h
e

ex
act

leverage
scores

are
u
n
n
ecessary

in
p
ractice;

con
stan

t-fa
cto

r
a
p
p
rox

im
ation

to
th

e
leverage

scores
is

su
ffi

cien
t.

L
everage

scores
can

b
e

effi
cien

tly
ap

p
rox

im
ated

b
y

th
e

algorith
m

s
of

(D
rin

eas
et

al.,
2012).

L
et
l1 ,···

,ln
b

e
th

e
tru

e
leverage

scores.
W

e
d
en

ote
th

e
ap

p
rox

im
ate

leverages
b
y
l̃1 ,···

,l̃n
a
n
d

req
u
ire

th
at

th
ey

satisfy

l̃q ∈
[lq ,τ

lq ]
for

all
q∈

[n
],

(5)

w
h
ere

τ
≥

1
in

d
icates

th
e

q
u
ality

o
f

ap
p
rox

im
ation

.
W

e
th

en
u
se

p
q

=
l̃q / ∑

j
l̃j

as
th

e
sam

p
lin

g
p
rob

ab
ilities.

O
n
e

can
ob

tain
th

e
sam

e
accu

racies
w

h
en

u
sin

g
ap

p
rox

im
ate

leverage
scores

in
p
lace

of
th

e
tru

e
leverage

scores
b
y

in
creasin

g
s

b
y

a
factor

o
f
τ
,

so
as

lon
g

as
τ

is
a

sm
all

con
stan

t,
th

e
ord

ers
of

th
e

sketch
sizes

w
h
en

u
sin

g
ex

act
or

ap
p
rox

im
ate

leverage
score

sam
p
lin

g
are

th
e

sam
e.

T
h
u
s

w
e

d
o

n
ot

d
istin

g
u
ish

b
etw

een
ex

act
an

d
ap

p
rox

im
ate

leverage
scores

in
th

is
p
ap

er.
F

or
sh

rin
k
ed

leverage
score

sam
p
lin

g,
w

e
d
efi

n
e

th
e

sam
p
lin

g
p
rob

ab
ilities

p
i

=
12 (

l̃i
∑
nj
=
1
l̃j

+
1n )

for
i

=
1,...,n

.
(6)

G
a
u

ssia
n

p
ro

je
c
tio

n
is

also
w

ell-k
n
ow

n
as

th
e

p
rototy

p
ical

J
oh

n
son

-L
in

d
en

strau
ss

tran
sform

(J
oh

n
son

an
d

L
in

d
en

strau
ss,

1984).
L

et
G
∈

R
n×

s
b

e
a

stan
d
ard

G
au

ssian
m

atrix
,

i.e.,
each

en
try

is
sam

p
led

in
d
ep

en
d
en

tly
from

N
(0,1).

T
h
e

m
atrix

S
=

1√s G
is

a

G
au

ssian
p
ro

jection
m

atrix
.

It
tak

esO
(n
d
s)

tim
e

to
ap

p
ly

S
∈

R
n×

s
to

an
y
n
×
d

d
en

se
m

atrix
,

w
h
ich

m
akes

G
au

ssian
p
ro

jection
com

p
u
tation

ally
in

effi
cien

t
relative

to
oth

er
form

s
of

sk
etch

in
g.

4
.

In
fa

ct,
p
i

ca
n

b
e

a
n
y

co
n
v
ex

co
m

b
in

a
tio

n
o
f

li
∑
nj
=

1
lj

a
n

d
1n

(M
a

et
a
l.,

2
0
1
5
).

W
e

u
se

th
e

w
eig

h
t

12
fo

r

co
n
v
en

ien
ce;

o
u

r
co

n
clu

sio
n

s
ex

ten
d

in
a

stra
ig

h
tfo

rw
a
rd

m
a
n

n
er

to
o
th

er
w

eig
h
tin

g
s.
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S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ss
io
n

T
h
e

S
u

b
sa

m
p

le
d

ra
n

d
o
m

iz
e
d

H
a
d

a
m

a
rd

tr
a
n

sf
o
rm

(S
R

H
T

)
(D

ri
n
ea

s
et

al
.,

20
11

;
L

u
et

al
.,

20
13

;
T

ro
p
p
,

20
11

)
is

a
m

or
e

effi
ci

en
t

al
te

rn
at

iv
e

to
G

au
ss

ia
n

p
ro

je
ct

io
n
.

L
et

H
n
∈

R
n
×
n

b
e

th
e

W
al

sh
-H

ad
am

ar
d

m
at

ri
x

w
it

h
+

1
an

d
−

1
en

tr
ie

s,
D
∈

R
n
×
n

b
e

a
d
ia

go
n
al

m
at

ri
x

w
it

h
d
ia

go
n
al

en
tr

ie
s

sa
m

p
le

d
u
n
if

or
m

ly
fr

om
{+

1
,−

1}
,

an
d

P
∈
R
n
×
s

b
e

th
e

u
n
if

or
m

ro
w

sa
m

p
li
n
g

m
at

ri
x

d
efi

n
ed

ab
ov

e.
T

h
e

m
at

ri
x

S
=

1 √
n
D

H
n
P
∈
R
n
×
s

is
an

S
R

H
T

m
at

ri
x
,

an
d

ca
n

b
e

ap
p
li
ed

to
an

y
n
×
d

m
at

ri
x

in
O

(n
d

lo
g
s)

ti
m

e.
In

p
ra

ct
ic

e,
th

e
su

b
sa

m
p
le

d
ra

n
d
om

iz
ed

F
ou

ri
er

tr
an

sf
or

m
(S

R
F

T
)

(W
o
ol

fe
et

al
.,

2
00

8)
is

of
te

n
u
se

d
in

li
eu

of
th

e
S
R

H
T

,
b

ec
au

se
th

e
S
R

F
T

ex
is

ts
fo

r
al

l
va

lu
es

of
n

,
w

h
er

ea
s

H
n

ex
is

ts
on

ly
fo

r
so

m
e

va
lu

es
of
n

.
T

h
ei

r
p

er
fo

rm
an

ce
an

d
th

eo
re

ti
ca

l
an

al
y
se

s
ar

e
ve

ry
si

m
il
ar

.
C

o
u

n
tS

k
e
tc

h
ca

n
b

e
ap

p
li
ed

to
an

y
X
∈

R
n
×
d

in
O

(n
d
)

ti
m

e
(C

h
ar

ik
ar

et
al

.,
20

04
;

C
la

rk
so

n
an

d
W

o
o
d
ru

ff
,

20
13

;
M

en
g

an
d

M
ah

on
ey

,
20

13
;

N
el

so
n

an
d

N
gu

y
ên

,
20

13
;

P
h
am

an
d

P
ag

h
,

20
13

;
W

ei
n
b

er
ge

r
et

al
.,

20
09

).
T

h
ou

gh
m

or
e

effi
ci

en
t

to
ap

p
ly

,
C

ou
n
tS

ke
tc

h
re

q
u
ir

es
a

la
rg

er
sk

et
ch

si
ze

th
an

G
au

ss
ia

n
p
ro

je
ct

io
n
s,

S
R

H
T

,
an

d
le

ve
ra

ge
sc

or
e

sa
m

p
li
n
g

to
at

ta
in

th
e

sa
m

e
th

eo
re

ti
ca

l
gu

ar
an

te
es

.
In

te
re

st
ed

re
a
d
er

s
ca

n
re

fe
r

to
(W

o
o
d
ru

ff
,

20
14

)
fo

r
a

d
et

ai
le

d
d
es

cr
ip

ti
on

of
C

ou
n
tS

ke
tc

h
.

U
n
li
ke

th
e

ot
h
er

sk
et

ch
in

g
m

et
h
o
d
s

m
en

ti
on

ed
h
er

e,
m

o
d
el

av
er

ag
in

g
w

it
h

C
ou

n
tS

ke
tc

h
m

ay
n
ot

b
e

th
eo

re
ti

ca
ll
y

so
u
n
d
.

S
ee

R
em

ar
k

5
fo

r
fu

rt
h
er

d
is

cu
ss

io
n
.

3
.
M

a
in

R
e
su

lt
s

S
ec

ti
on

s
3.

1
an

d
3.

2
an

al
y
ze

sk
et

ch
ed

M
R

R
fr

om
,

re
sp

ec
ti

ve
ly

,
th

e
o
p
ti

m
iz

at
io

n
a
n
d

st
at

is
ti

ca
l

p
er

sp
ec

ti
ve

s.
S
ec

ti
on

s
3.

3
an

d
3.

4
ca

p
tu

re
th

e
im

p
ac

ts
of

m
o
d
el

av
er

ag
in

g
on

,
re

sp
ec

ti
ve

ly
,

th
e

op
ti

m
iz

at
io

n
an

d
st

at
is

ti
ca

l
p
ro

p
er

ti
es

of
sk

et
ch

ed
M

R
R

.
W

e
d
es

cr
ib

ed
si

x
sk

et
ch

in
g

m
et

h
o
d
s

in
S
ec

ti
on

2
.

F
or

si
m

p
li
ci

ty
,

in
th

is
se

ct
io

n
,

w
e

re
fe

r
to

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g,

sh
ri

n
k
ed

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g,

G
au

ss
ia

n
p
ro

je
ct

io
n
,

an
d

S
R

H
T

as
th

e
fo

u
r

sk
e
tc

h
in

g
m

e
th

o
d

s
w

h
il
e

w
e

re
fe

r
to

u
n
if

or
m

sa
m

p
li
n
g

a
n
d

C
ou

n
tS

ke
tc

h
b
y

n
am

e.
T

h
ro

u
gh

ou
t,

le
t
µ

b
e

th
e

ro
w

co
h
er

en
ce

of
X

an
d
β

=
‖X
‖2 2

‖X
‖2 2

+
n
γ
≤

1.

3
.1

S
k
e
tc

h
e
d

M
R

R
:

O
p

ti
m

iz
a
ti

o
n

P
e
rs

p
e
c
ti

v
e

T
h
eo

re
m

1
sh

ow
s

th
at
f

(W
c
),

th
e

ob
je

ct
iv

e
va

lu
e

of
cl

as
si

ca
l

sk
et

ch
,

is
cl

os
e

to
th

e
op

ti
m

al
ob

je
ct

iv
e

va
lu

e
f

(W
?
),

an
d

th
at

th
e

ap
p
ro

x
im

at
io

n
q
u
al

it
y

im
p
ro

ve
s

as
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
γ

in
cr

ea
se

s.

T
h

e
o
re

m
1

(C
la

ss
ic

a
l

S
k
e
tc

h
)

L
et
β

=
‖X
‖2 2

‖X
‖2 2

+
n
γ
≤

1.
F

o
r

th
e

fo
u

r
sk

et
ch

in
g

m
et

h
od

s

w
it

h
s

=
Õ
( d ε
) ,

u
n

if
o
rm

sa
m

p
li

n
g

w
it

h
s

=
O
( µ

d
lo
g
d

ε

) ,
a
n

d
C

o
u

n
tS

ke
tc

h
w

it
h
s

=
O
( d

2 ε

) ,
th

e
in

eq
u

a
li

ty

f
(W

c
)
−
f

(W
?
)
≤

εβ
f

(W
?
)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

0
.9

.
T

h
e

u
n

ce
rt

a
in

ty
is

w
it

h
re

sp
ec

t
to

th
e

ra
n

d
o
m

ch
o
ic

e
o
f

sk
et

ch
in

g
m

a
tr

ix
.

T
h
e

co
rr

es
p

on
d
in

g
gu

ar
an

te
e

fo
r

th
e

p
er

fo
rm

a
n
ce

of
H

es
si

an
sk

et
ch

is
gi

ve
n

in
T

h
eo

re
m

2.
It

is
w

ea
ke

r
th

an
th

e
gu

ar
an

te
e

fo
r

cl
as

si
ca

l
sk

et
ch

,
es

p
ec

ia
ll
y

w
h
en

1 n
‖Y
‖2 F

is
fa

r
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Õ

(d
g
2),

th
is

ratio
sh

ou
ld

grow
n
early

lin
early

in
g
.

F
igu

re
6

sh
ow

s
th

at
on

ly
for

large
s

an
d

very
sm

all
g
,

th
e

grow
th

is
n
ear

lin
ear

in
g
;

th
is

verifi
es

ou
r

th
eory.

W
h
en

w
e

sim
ilarly

p
lot

var (w
h[g
] )

a
gain

st
g
,

w
e

ob
serve

th
at

var (w
h[g
] )

rem
ain

s
n
ea

rly
u
n
aff

ected
as
g

grow
s

from
1

to
50.

S
in

ce
th

e
cu

rves
o
f

th
e

varian
ce

again
st
g

are
alm

ost
h
orizon

tal
lin

es,
w

e
d
o

n
ot

sh
ow

th
is

p
lot

in
th

e
p
ap

er.

2
0

JM
L

R
 18(218):1-50, 2018



S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ss
io
n

g
(=

n s
)

2
10

0
20

0
30

0
40

0
50

0
60

0
70

0

MSE 10
1

10
2

10
3

10
4

10
5

10
6

10
7

C
la

ss
ic

al
 S

ke
tc

h
M

od
el

 A
ve

ra
gi

ng
O

pt
im

al
 S

ol
ut

io
n

F
ig

u
re

7:
P

re
d
ic

ti
on

p
er

fo
rm

an
ce

of
cl

as
si

ca
l

sk
et

ch
w

it
h

an
d

w
it

h
ou

t
m

o
d
el

av
er

ag
in

g
on

th
e

Y
ea

r
P

re
d
ic

ti
on

d
at

a
se

t.
T

h
e
x

-a
x
is

is
g
,

th
e

n
u
m

b
er

of
d
at

a
p
ar

ti
ti

on
s,

an
d

th
e
y
-a

x
is

is
th

e
m

ea
n

sq
u
a
re

d
er

ro
r

(M
S
E

)
on

th
e

te
st

se
t.

5
.
M

o
d
e
l
A
v
e
ra

g
in
g
E
x
p
e
ri
m
e
n
ts

o
n
R
e
a
l-
W

o
rl
d
D
a
ta

In
S
ec

ti
on

1
w

e
m

en
ti

on
ed

th
at

in
th

e
d
is

tr
ib

u
te

d
se

tt
in

g
w

h
er

e
th

e
fe

at
u
re

-r
es

p
on

se
p
ai

rs
(x

1
,y

1
),
··
·,

(x
n
,y

n
)
∈

R
d
×
m

ar
e

ra
n
d
om

ly
an

d
u
n
if

or
m

ly
p
ar

ti
ti

on
ed

ac
ro

ss
g

m
ac

h
in

es
,5

cl
as

si
ca

l
sk

et
ch

w
it

h
m

o
d
el

av
er

ag
in

g
re

q
u
ir

es
on

ly
on

e
ro

u
n
d

of
co

m
m

u
n
ic

at
io

n
,

an
d

is
th

er
ef

or
e

a
co

m
m

u
n
ic

at
io

n
-e

ffi
ci

en
t

al
go

ri
th

m
th

at
ca

n
b

e
u
se

d
to

:
(1

)
ob

ta
in

an
ap

p
ro

x
im

at
e

so
lu

ti
on

of
th

e
M

R
R

p
ro

b
le

m
w

it
h

ri
sk

co
m

p
ar

ab
le

to
a

b
at

ch
so

lu
ti

on
,

an
d

(2
)

ob
ta

in
a

lo
w

-p
re

ci
si

on
so

lu
ti

on
of

th
e

M
R

R
op

ti
m

iz
at

io
n

p
ro

b
le

m
th

at
ca

n
b

e
u
se

d
as

an
in

it
ia

li
ze

r
fo

r
m

or
e

co
m

m
u
n
ic

at
io

n
-i

n
te

n
si

ve
op

ti
m

iz
a
ti

on
al

go
ri

th
m

s.
In

th
is

se
ct

io
n
,

w
e

d
em

on
st

ra
te

b
ot

h
ap

p
li
ca

ti
on

s.

W
e

u
se

th
e

M
il
li
on

S
on

g
Y

ea
r

P
re

d
ic

ti
on

d
at

a
se

t,
w

h
ic

h
h
a
s

46
3,

71
5

tr
ai

n
in

g
sa

m
p
le

s
an

d
51
,6

30
te

st
sa

m
p
le

s
w

it
h

90
fe

at
u
re

s
an

d
on

e
re

sp
on

se
.

W
e

n
or

m
al

iz
e

th
e

d
at

a
b
y

sh
if

ti
n
g

th
e

re
sp

on
se

s
to

h
av

e
ze

ro
m

ea
n

an
d

sc
al

in
g

th
e

ra
n
ge

of
ea

ch
fe

at
u
re

to
[−

1,
1]

.
W

e
ra

n
d
om

ly
p
ar

ti
ti

on
th

e
tr

ai
n
in

g
d
at

a
in

to
g

p
ar

ts
,

w
h
ic

h
am

o
u
n
ts

to
u
n
if

or
m

ro
w

se
le

ct
io

n
w

it
h

sk
et

ch
si

ze
s

=
n g

.

5
.1

P
re

d
ic

ti
o
n

E
rr

o
r

W
e

te
st

ed
th

e
p
re

d
ic

ti
on

p
er

fo
rm

an
ce

of
sk

et
ch

ed
ri

d
ge

re
gr

es
si

on
b
y

im
p
le

m
en

ti
n
g

cl
as

si
ca

l
sk

et
ch

w
it

h
m

o
d
el

av
er

ag
in

g
in

P
y
S
p
ar

k
(Z

ah
ar

ia
et

al
.,

20
10

).
6

W
e

ra
n

ou
r

ex
p

er
im

en
ts

u
si

n
g

P
y
S
p
ar

k
in

lo
ca

l
m

o
d
e;

th
e

ex
p

er
im

en
ts

p
ro

ce
ed

ed
in

th
re

e
st

ep
s:

(1
)

u
se

fi
v
e-

fo
ld

cr
os

s-
va

li
d
at

io
n

to
d
et

er
m

in
e

th
e

re
gu

la
ri

za
ti

o
n

p
ar

am
et

er
γ

;
(2

)
le

ar
n

th
e

m
o
d
el

w
u
si

n
g

th
e

se
le

ct
ed

γ
;

an
d

(3
)

u
se

w
to

p
re

d
ic

t
on

th
e

te
st

se
t

an
d

re
co

rd
th

e
m

ea
n

sq
u
ar

ed
er

ro
rs

(M
S
E

s)
.

T
h
es

e
st

ep
s

m
ap

cl
ea

n
ly

on
to

th
e

M
ap

-R
ed

u
ce

p
ro

gr
am

m
in

g
m

o
d
el

u
se

d
b
y

P
y
S
p
ar

k
.

5
.

If
th

e
sa

m
p

le
s

a
re

i.
i.

d
.,

th
en

a
n
y

d
et

er
m

in
is

ti
c

p
a
rt

it
io

n
is

es
se

n
ti

a
ll

y
a

u
n

if
o
rm

ly
ra

n
d

o
m

ly
d

is
tr

ib
u

te
d

p
a
rt

it
io

n
.

O
th

er
w

is
e,

w
e

ca
n

in
v
o
k
e

a
S

h
u

ffl
e

o
p

er
a
ti

o
n

,
w

h
ic

h
is

su
p

p
o
rt

ed
b
y

sy
st

em
s

su
ch

a
s

A
p

a
ch

e
S

p
a
rk

(Z
a
h

a
ri

a
et

a
l.

,
2
0
1
0
),

to
m

a
k
e

th
e

p
a
rt

it
io

n
in

g
u

n
if

o
rm

ly
ra

n
d

o
m

ly
d

is
tr

ib
u

te
d

.
6
.

T
h

e
co

d
e

is
av

a
il

a
b

le
a
t

h
tt

p
s:

/
/
g
it

h
u

b
.c

o
m

/
w

a
n

g
sh

u
se

n
/
S

k
et

ch
ed

R
id

g
eR

eg
re

ss
io

n
.g

it

21
JM

L
R

 1
8(

21
8)

:1
-5

0,
 2

01
8

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

g
(=

n s
)

0
20

40
60

80
10

0
0

0.
2

0.
4

0.
6

0.
81

1.
2

γ
 =

 1
0-1

2

γ
 =

 1
0-6

γ
 =

 1
0-4

γ
 =

 1
0-2

γ
 =

 1
0-1

(a
)

C
la

ss
ic

a
l

sk
et

ch

g
(=

n s
)

0
20

40
60

80
10

0
0

0.
02

0.
04

0.
06

0.
080.
1

γ
 =

 1
0-1

2

γ
 =

 1
0-6

γ
 =

 1
0-4

γ
 =

 1
0-2

γ
 =

 1
0-1

(b
)

C
la

ss
ic

a
l

sk
et

ch
w

it
h

m
o
d

el
av

er
a
g
in

g

F
ig

u
re

8:
O

p
ti

m
iz

at
io

n
p

er
fo

rm
an

ce
of

cl
as

si
ca

l
sk

et
ch

w
it

h
an

d
w

it
h
ou

t
m

o
d
el

av
er

a
g
in

g
.

T
h
e
x

-a
x
is

is
g
,
th

e
n
u
m

b
er

of
d
at

a
p
ar

ti
ti

o
n
s,

an
d

th
e
y
-a

x
is

is
th

e
ra

ti
o
‖w
−

w
?
‖ 2

‖w
?
‖ 2

.

In
F

ig
u
re

7,
w

e
p
lo

t
th

e
te

st
M

S
E

ag
ai

n
st
g

=
n s

.
A

s
g

gr
ow

s,
th

e
sk

et
ch

si
ze
s

=
n g

d
ec

re
as

es
,

so
th

e
p

er
fo

rm
an

ce
of

cl
as

si
ca

l
sk

et
ch

d
et

er
io

ra
te

s.
H

ow
ev

er
cl

as
si

ca
l

sk
et

ch
w

it
h

m
o
d
el

av
er

ag
in

g
al

w
ay

s
h
as

te
st

M
S
E

co
m

p
ar

ab
le

to
th

e
op

ti
m

al
so

lu
ti

on
.

5
.2

O
p

ti
m

iz
a
ti

o
n

E
rr

o
r

W
e

m
en

ti
on

ed
ea

rl
ie

r
th

at
cl

as
si

ca
l

sk
et

ch
w

it
h

or
w

it
h
ou

t
m

o
d
el

av
er

ag
in

g
ca

n
b

e
u
se

d
to

in
it

ia
li
ze

op
ti

m
iz

at
io

n
al

go
ri

th
m

s
fo

r
so

lv
in

g
M

R
R

p
ro

b
le

m
s.

If
w

is
in

it
ia

li
ze

d
w

it
h

ze
ro

-m
ea

n
ra

n
d
om

va
ri

ab
le

s
or

d
et

er
m

in
is

ti
ca

ll
y

w
it

h
ze

ro
s,

th
en

E[
‖w
−

w
?
‖ 2
/
‖w

?
‖ 2
] ≥

1.
A

n
y

w
w

it
h

th
e

ab
ov

e
ra

ti
o

su
b
st

an
ti

al
ly

sm
al

le
r

th
an

1
p
ro

v
id

es
a

b
et

te
r

in
it

ia
li
za

ti
o
n
.

W
e

im
p
le

m
en

te
d

cl
as

si
ca

l
sk

et
ch

w
it

h
an

d
w

it
h
ou

t
m

o
d
el

av
er

ag
in

g
in

P
y
th

on
a
n
d

ca
lc

u
la

te
d

th
e

ab
ov

e
ra

ti
o

on
th

e
tr

ai
n
in

g
se

t
of

th
e

Y
ea

r
P

re
d
ic

ti
on

d
at

a
se

t;
to

es
ti

m
a
te

th
e

ex
p

ec
ta

ti
on

,
w

e
re

p
ea

te
d

th
e

p
ro

ce
d
u
re

10
0

ti
m

es
an

d
re

p
or

t
th

e
av

er
ag

e
of

th
e

ra
ti

o
s.

In
F

ig
u
re

8,
w

e
p
lo

t
th

e
av

er
ag

e
of

th
e

ra
ti

o
‖w
−

w
?
‖ 2

‖w
?
‖ 2

ag
ai

n
st
g

fo
r

d
iff

er
en

t
se

tt
in

g
s

o
f

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
γ

.
C

le
a
rl

y,
cl

as
si

ca
l

sk
et

ch
d
o
es

n
ot

gi
ve

a
go

o
d

in
it

ia
li
za

ti
o
n

u
n
le

ss
g

is
sm

al
l

(e
q
u
iv

al
en

tl
y,

th
e

sk
et

ch
si

ze
s

=
n g

is
la

rg
e)

.
In

co
n
tr

as
t,

th
e

av
er

a
g
ed

so
lu

ti
on

is
al

w
ay

s
cl

os
e

to
w
?
.

6
.
S
k
e
tc
h
o
f
P
ro

o
f

In
th

is
se

ct
io

n
,

w
e

ou
tl

in
e

th
e

p
ro

of
s

of
ou

r
m

ai
n

re
su

lt
s.

T
h
e

co
m

p
le

te
d
et

a
il
s

a
re

p
ro

v
id

ed
in

th
e

ap
p

en
d
ix

.
S
ec

ti
on

6.
1

re
ca

p
s

se
ve

ra
l
re

le
va

n
t

p
ro

p
er

ti
es

o
f

m
a
tr

ix
sk

et
ch

in
g
.

S
ec

ti
on

6.
2

es
ta

b
li
sh

es
ce

rt
ai

n
p
ro

p
er

ti
es

of
av

er
ag

es
of

sk
et

ch
es

;
th

es
e

re
su

lt
s

a
re

u
se

d
to

an
al

y
ze

th
e

ap
p
li
ca

ti
on

of
m

o
d
el

av
er

ag
in

g
to

th
e

M
R

R
p
ro

b
le

m
.

S
ec

ti
o
n
s

6
.3

to
6
.6

p
ro

v
id

e
ke

y
st

ru
ct

u
ra

l
re

su
lt

s
on

sk
et

ch
ed

so
lu

ti
on

s
to

th
e

M
R

R
p
ro

b
le

m
co

n
st

ru
ct

ed
w

it
h

or
w

it
h
ou

t
m

o
d
el

av
er

ag
in

g.

O
u
r

m
ai

n
re

su
lt

s
in

S
ec

ti
on

3
(T

h
eo

re
m

s
1,

2,
5,

6,
7,

8,
10

,
an

d
11

)
fo

ll
ow

d
ir

ec
tl

y
fr

o
m

th
e

re
le

va
n
t

p
ro

p
er

ti
es

of
m

at
ri

x
sk

et
ch

in
g

an
d

th
e

st
ru

ct
u
ra

l
re

su
lt

s
fo

r
so

lu
ti

o
n
s

to
th

e

22
JM

L
R

 1
8(

21
8)

:1
-5

0,
 2

01
8



S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ssio

n

sketch
ed

M
R

R
p
rob

lem
.

T
ab

le
4

su
m

m
arizes

th
e

d
ep

en
d
en

cy
relatio

n
sh

ip
s

am
on

g
th

ese
th

eo
rem

s.
F

o
r

ex
am

p
le,

T
h
eorem

1,
w

h
ich

stu
d
ies

classical
sketch

in
g

from
th

e
op

tim
ization

p
ersp

ective,
is

on
e

of
ou

r
m

ain
th

eorem
s

an
d

is
p
roven

u
sin

g
T

h
eorem

s
12

an
d

15.

T
a
b
le

4:
A

n
overv

iew
of

ou
r

resu
lts

an
d

th
eir

d
ep

en
d
en

cy
relation

sh
ip

s.
M

a
in

T
h

e
o
re

m
s

S
o
lu

tio
n

P
e
rsp

e
c
tiv

e
P

re
re

q
u

isite
s

T
h
eorem

1
classical

op
tim

iza
tio

n
T

h
eo

rem
s

12
an

d
15

T
h
eorem

2
H

essia
n

op
tim

ization
T

h
eorem

s
12

an
d

16
T

h
eorem

5
classical

sta
tistical

T
h
eo

rem
s

12,
13,

17,
18

T
h
eorem

6
H

essia
n

statistical
T

h
eorem

s
12

an
d

19
T

h
eorem

7
classical,

averag
in

g
op

tim
ization

T
h
eorem

s
14

an
d

20
T

h
eorem

8
H

essian
,

avera
gin

g
o
p
tim

ization
T

h
eorem

s
14

an
d

21
T

h
eorem

10
cla

ssical,
averagin

g
statistical

T
h
eorem

s
14

an
d

22
T

h
eorem

11
H

essia
n
,

averag
in

g
sta

tistical
T

h
eo

rem
s

14
an

d
23

6
.1

P
ro

p
e
rtie

s
o
f

M
a
trix

S
k
e
tch

in
g

O
u
r

a
n
a
ly

sis
o
f

th
e

p
erform

an
ce

of
solu

tion
s

to
th

e
sk

etch
ed

M
R

R
p
rob

lem
d
raw

s
h
eav

ily
o
n

th
e

th
ree

key
p
rop

erties
d
efi

n
ed

in
A

ssu
m

p
tion

1.
T

h
eorem

12
estab

lish
es

th
a
t

th
e

six
sketch

in
g

m
eth

o
d
s

con
sid

ered
in

th
is

p
ap

er
in

d
eed

en
joy

th
e

th
ree

key
p
rop

erties
u
n
d
er

certa
in

co
n
d
ition

s.
F

in
ally,

T
h
eorem

13
estab

lish
es

th
e

low
er

b
ou

n
d
s

of‖S‖
22

th
at

are
u
sed

to
p
rov

e
th

e
low

er
b

ou
n
d
s

on
th

e
varian

ce
of

sketch
ed

M
R

R
solu

tion
s

in
T

h
eorem

5.

A
ssu

m
p

tio
n

1
L

et
η
,ε∈

(0,1)
be

fi
xed

pa
ra

m
eters.

L
et

B
be

a
n

y
fi

xed
m

a
trix

o
f

co
n

fo
rm

a
l

sh
a
pe,

ρ
=

ran
k
(X

),
a
n

d
U
∈
R
n×

ρ
be

a
n

o
rth

o
n

o
rm

a
l

ba
sis

fo
r

th
e

co
lu

m
n

spa
n

o
f

X
.

L
et

S
∈
R
n×

s
be

a
sketch

in
g

m
a
trix,

w
h
ere

s
d
epen

d
s

o
n
η

a
n

d
/
o
r
ε.

T
h
ro

u
gh

o
u

t
th

is
pa

per,
w

e
a
ssu

m
e

th
a
t

S
sa

tisfi
es

th
e

fo
llo

w
in

g
p
ro

perties
w

ith
a

p
ro

ba
bility

th
a
t

d
epen

d
s

o
n
s:

1
.1
∥∥
U
T
S

S
T
U
−

I
ρ ∥∥

2 ≤
η

(S
u

bspa
ce

E
m

bed
d
in

g
P

ro
perty);

1
.2
∥∥
U
T
S

S
T
B
−

U
T
B
∥∥
2F
≤
ε‖

B
‖
2F

(M
a
trix

M
u

ltip
lica

tio
n

P
ro

perty);

1
.3

W
h
en

s
<
n

,‖
S‖

22 ≤
θ
ns

fo
r

so
m

e
co

n
sta

n
t
θ

(B
o
u

n
d
ed

S
pectra

l
N

o
rm

P
ro

perty).

T
h
e

su
b
sp

a
ce

em
b

ed
d
in

g
p
rop

erty
req

u
ires

th
at

sketch
in

g
p
reserves

th
e

in
n
er

p
ro

d
u
cts

b
etw

een
th

e
colu

m
n
s

of
a

m
atrix

w
ith

orth
on

orm
al

colu
m

n
s.

E
q
u
ivalen

tly,
it

en
su

res
th

at
th

e
sin

g
u
lar

va
lu

es
of

an
y

sketch
ed

co
lu

m
n
-orth

on
o
rm

al
m

atrix
are

all
close

to
on

e.
T

h
e

su
b
sp

a
ce

em
b

ed
d
in

g
p
rop

erty
im

p
lies

th
at,

in
p
articu

lar,
th

e
sq

u
ared

n
orm

of
S

x
is

close
to

th
a
t

o
f

x
fo

r
an

y
n

-d
im

en
sion

al
vector

in
a

fi
x
ed

ρ
-d

im
en

sion
al

su
b
sp

ace.
A

d
im

en
sion

co
u
n
tin

g
a
rg

u
m

en
t

su
ggests

th
at

sin
ce

S
x

is
an

s-d
im

en
sion

al
vector,

its
len

gth
m

u
st

b
e

sca
led

b
y

a
factor

of √
ns

to
en

su
re

th
at

th
is

con
seq

u
en

ce
of

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
h
o
ld

s.
T

h
e

b
o
u
n
d
ed

sp
ectral

n
orm

p
rop

erty
req

u
ires

th
at

th
e

sp
ectral

n
orm

of
S

is
n
o
t

m
u
ch

la
rg

er
th

a
n

th
is

rescalin
g

factor
of √

ns
.

R
e
m

a
rk

2
T

h
e

fi
rst

tw
o

a
ssu

m
p
tio

n
s

w
ere

id
en

tifi
ed

in
(M

a
h
o
n

ey,
2
0
1

1
)

a
n

d
a
re

th
e

releva
n

t
stru

ctu
ra

l
co

n
d
itio

n
s

th
a
t

a
llo

w
stro

n
g

resu
lts

fro
m

th
e

o
p
tim

iza
tio

n
perspective.

23
JM

L
R

 18(218):1-50, 2018

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

T
ab

le
5:

T
h
e

tw
o

m
id

d
le

colu
m

n
s

p
rov

id
e

an
u
p
p

er
b

ou
n
d

on
th

e
sketch

size
s

n
eed

ed
to

satisfy
th

e
su

b
sp

ace
em

b
ed

d
in

g
p
rop

erty
an

d
th

e
m

atrix
m

u
ltip

lication
p
rop

erty,
resp

ectively,
u
n
d
er

th
e

d
iff

eren
t

sketch
in

g
m

o
d
alities

con
sid

ered
;

th
e

righ
t

colu
m

n
lists

th
e

p
aram

eter
θ

w
ith

w
h
ich

th
e

b
ou

n
d
ed

sp
ectral

n
orm

p
rop

erty
h
old

s.
T

h
ese

p
rop

erties
h
old

w
ith

con
stan

t
p
rob

ab
ility

for
th

e
in

d
icated

valu
es

of
s.

H
ere

τ
is

d
efi

n
ed

in
(5)

an
d

refl
ects

th
e

q
u
ality

of
th

e
ap

p
rox

im
ation

of
th

e
leverage

scores
of

U
;
µ

is
th

e
row

coh
eren

ce
of

U
.

F
or

G
au

ssian
p
ro

jection
an

d
C

ou
n
tS

ketch
,

th
e

sm
all-o

n
otation

is
a

con
seq

u
en

ce
of
s

=
o(n

).

S
k
e
tch

in
g

S
u
b
sp

a
c
e
E
m
b
e
d
d
in
g

M
a
trix

M
u
ltip

lic
a
tio

n
S
p
e
c
tra

l
N
o
rm

L
ev

era
g
e

s
=
O
(
τ
ρ
η
2

lo
g
ρδ1 )

s
=
O
(
τ
ρ

ε
δ
2 )

θ
=
∞

U
n

ifo
rm

s
=
O
(
µ
ρ
η
2

lo
g
ρδ1 )

s
=
O
(
µ
ρ

ε
δ
2 )

θ
=

1

S
h

rin
k
ed

L
ev

era
g
e

s
=
O
(
τ
ρ
η
2

lo
g
ρδ1 )

s
=
O
(
τ
ρ

ε
δ
2 )

θ
=

2

S
R

H
T

s
=
O
(
ρ
+
lo
g
n

η
2

lo
g
ρδ1 )

s
=
O
(
ρ
+
lo
g
n

ε
δ
2

)
θ

=
1

G
a
u

ssia
n

P
ro

jectio
n

s
=
O
(
ρ
+
lo
g
(1
/
δ
1
)

η
2

)
s

=
O
(
ρ
ε
δ
2 )

θ
=

1
+
o(1

)
w

.h
.p

.

C
o
u

n
tS

k
etch

s
=
O
(
ρ
2

δ
1
η
2 )

s
=
O
(
ρ
ε
δ
2 )

θ
=

1
+
o(1

)
w

.h
.p

.

T
h
e

th
ird

a
ssu

m
p
tio

n
is

n
ew

,
bu

t
M

a
et

a
l.

(2
0
1
5
);

R
a
sku

tti
a
n

d
M

a
h
o
n

ey
(2

0
1
6
)

d
em

o
n

stra
ted

th
a
t

so
m

e
so

rt
o
f

a
d
d
itio

n
a
l

co
n

d
itio

n
is

n
ecessa

ry
to

o
bta

in
stro

n
g

resu
lts

fro
m

th
e

sta
tistica

l
perspective.

R
e
m

a
rk

3
W

e
n

o
te

th
a
t

U
T
U

=
I
ρ ,

a
n

d
th

u
s

A
ssu

m
p
tio

n
1
.1

ca
n

be
exp

ressed
in

th
e

fo
rm

o
f

a
n

a
p
p
ro

xim
a
te

m
a
trix

m
u

ltip
lica

tio
n

bo
u

n
d

(D
rin

ea
s

et
a
l.,

2
0
0
6
a
).

W
e

ca
ll

it
th

e
S

u
bspa

ce
E

m
bed

d
in

g
P

ro
perty

sin
ce,

a
s

fi
rst

h
igh

ligh
ted

in
D

rin
ea

s
et

a
l.

(2
0
0
6
b),

th
is

su
bspa

ce
em

bed
d
in

g
p
ro

perty
is

th
e

key
resu

lt
n

ecessa
ry

to
o
bta

in
h
igh

-qu
a
lity

sketch
in

g
a
lgo

rith
m

s
fo

r
regressio

n
a
n

d
rela

ted
p
ro

blem
s.

T
h
eorem

12
sh

ow
s

th
at

th
e

six
sk

etch
in

g
m

eth
o
d
s

satisfy
th

e
th

ree
p
rop

erties
w

h
en

s
is

su
ffi

cien
tly

large.
In

p
articu

lar,
T

h
eorem

12
sh

ow
s

th
at

for
all

th
e

sketch
in

g
m

eth
o
d
s

ex
cep

t
leverage

score
sam

p
lin

g, 7‖
S‖

22
h
as

n
on

triv
ial

u
p
p

er
b

ou
n
d
.

T
h
is

is
w

h
y

T
h
eorem

s
5

an
d

1
0

d
o

n
ot

ap
p
ly

to
lev

erage
score

sam
p
lin

g.
T

h
is

fact
can

also
b

e
v
iew

ed
a
s

a
m

otivation
to

u
se

sh
rin

ked
leverage

score
sam

p
lin

g.
W

e
p
rov

e
T

h
eorem

12
in

A
p
p

en
d
ix

A
.

T
h

e
o
re

m
1
2

F
ix

fa
ilu

re
p
ro

ba
bility

δ
a
n

d
erro

r
pa

ra
m

eters
η

a
n

d
ε;

set
th

e
sketch

size
s

a
s

T
a
ble

5
.

A
ssu

m
p
tio

n
1
.1

is
sa

tisfi
ed

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ
1 .

A
ssu

m
p
tio

n
1
.2

is
sa

tisfi
ed

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ
2 .

A
ssu

m
p
tio

n
1
.3

is
sa

tisfi
ed

eith
er

su
rely

o
r

w
ith

h
igh

p
ro

ba
bility

(w
.h

.p
.);

th
e

pa
ra

m
eter

θ
is

in
d
ica

ted
in

T
a
ble

5
.

T
h
eorem

13
estab

lish
es

low
er

b
ou

n
d
s

on
‖S‖

22 ,
an

d
w

ill
b

e
ap

p
lied

to
p
rove

th
e

low
er

b
ou

n
d

on
th

e
varian

ce
of

th
e

classical
sketch

.
F

rom
T

ab
le

6
w

e
see

th
at

th
e

low
er

b
ou

n
d

for

7
.

If
o
n

e
lev

era
g
e

sco
re

a
p

p
ro

a
ch

es
zero

,
th

en
th

e
co

rresp
o
n

d
in

g
sa

m
p

lin
g

p
ro

b
a
b

ility
p
i

g
o
es

to
zero

.
B

y
th

e
d

efi
n

itio
n

o
f
S

,
th

e
sca

le
fa

cto
r

1
√
s
p
i

g
o
es

to
in

fi
n

ity,
w

h
ich

m
a
k
es
‖
S‖

22
u

n
b

o
u

n
d

ed
.

T
h

e
sh

in
k
ed

lev
era

g
e

sco
re

sa
m

p
lin

g
av

o
id

s
th

is
p

ro
b

lem
a
n
d

is
th

u
s

a
b

etter
ch

o
ice

th
a
n

th
e

lev
era

g
e

sco
re

sa
m

p
lin

g
.

2
4

JM
L

R
 18(218):1-50, 2018



S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ss
io
n

(s
h
ri

n
ke

d
)

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g

is
n
ot

in
te

re
st

in
g,

b
ec

au
se
µ

ca
n

b
e

ve
ry

la
rg

e.
T

h
is

is
w

h
y

T
h
eo

re
m

5
d
o
es

n
ot

p
ro

v
id

e
a

lo
w

er
b

ou
n
d

fo
r

sh
ri

n
k
ed

le
ve

ra
g
e

sc
or

e
sa

m
p
li
n
g.

W
e

p
ro

ve
T

h
eo

re
m

13
in

A
p
p

en
d
ix

A
.

T
ab

le
6:

L
ow

er
b

ou
n
d
s

on
ϑ

fo
r

th
e

sk
et

ch
in

g
m

o
d
al

it
ie

s
(ϑ

is
d
efi

n
ed

in
T

h
eo

re
m

13
).

T
h
e

sh
ri

n
ke

d
le

ve
ra

ge
sc

or
e

sa
m

p
li
n
g

is
p

er
fo

rm
ed

u
si

n
g

th
e

ro
w

le
v
er

ag
e

sc
or

es
of

a
m

at
ri

x
X
∈
R
n
×
d
,

an
d
µ

is
th

e
ro

w
co

h
er

en
ce

of
X

.

U
n
if

or
m

ϑ
=

1
L

ev
er

ag
e

ϑ
≥

1 µ

S
h
ri

n
ke

d
L

ev
er

a
ge

ϑ
≥

2
1
+
µ

S
R

H
T

ϑ
=

1
G

au
ss

ia
n

P
ro

je
ct

io
n

ϑ
≥

1
−
o(

1)
w

.h
.p

.
C

ou
n
tS

ke
tc

h
ϑ
≥

1
−
o(

1)
w

.h
.p

.

T
h

e
o
re

m
1
3

(S
e
m

id
e
fi

n
it

e
L

o
w

e
r

B
o
u

n
d

o
n

th
e

S
k
e
tc

h
in

g
M

a
tr

ix
)

W
h
en

s
<
n

,
S
T
S
�

ϑ
n s
I s

h
o
ld

s
ei

th
er

su
re

ly
o
r

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

(w
.h

.p
.)

,
w

h
er

e
T

a
bl

e
6

p
ro

vi
d
es

th
e

a
p
p
li

ca
bl

e
ϑ

fo
r

ea
ch

sk
et

ch
in

g
m

et
h
od

.

R
e
m

a
rk

4
L

et
p
1
,·
··
,p
n

be
a
n

a
rb

it
ra

ry
se

t
o
f

sa
m

p
li

n
g

p
ro

ba
bi

li
ti

es
.

B
y

th
e

d
efi

n
it

io
n

o
f

th
e

a
ss

oc
ia

te
d

sa
m

p
li

n
g

m
a
tr

ix
S
∈
R
n
×
s
,

th
e

n
o
n

-z
er

o
en

tr
ie

s
o
f

S
ca

n
be

a
n

y
o
f

1
√
sp
i
,

fo
r
i
∈

[n
].

F
o
r

le
ve

ra
ge

sc
o
re

sa
m

p
li

n
g,

si
n

ce
th

e
sm

a
ll

es
t

sa
m

p
li

n
g

p
ro

ba
bi

li
ty

ca
n

be
ze

ro
o
r

cl
o
se

,
a
n

d
th

e
la

rg
es

t
sa

m
p
li

n
g

p
ro

ba
bi

li
ty

ca
n

be
cl

o
se

to
o
n

e,
‖S
‖2 2

h
a
s

n
o

n
o
n

tr
iv

ia
l

u
p
pe

r
o
r

lo
w

er
bo

u
n

d
.8

It
is

be
ca

u
se

m
in
i
p
i

ca
n

be
cl

o
se

to
ze

ro
a
n

d
m

ax
i
p
i

ca
n

be
la

rg
e

(c
lo

se
to

o
n

e)
. F
o
r

sh
ri

n
ke

d
le

ve
ra

ge
sc

o
re

sa
m

p
li

n
g,

be
ca

u
se

m
in
i
p
i

is
a
t

le
a
st

1 2
n

,
‖S
‖2 2

h
a
s

a
n

o
n

tr
iv

ia
l

u
p
pe

r
bo

u
n

d
;

bu
t

a
s

in
th

e
ca

se
o
f

le
ve

ra
ge

sc
o
re

sa
m

p
li

n
g,

si
n

ce
m

ax
i
p
i

ca
n

be
la

rg
e,

th
er

e
is

n
o

n
o
n

tr
iv

ia
l

lo
w

er
bo

u
n

d
o
n
‖S
‖2 2

.

6
.2

M
a
tr

ix
S

k
e
tc

h
in

g
w

it
h

A
v
e
ra

g
in

g

A
ss

u
m

p
ti

on
s

1.
1

an
d

1.
2

im
p
ly

th
at

sk
et

ch
in

g
ca

n
b

e
u
se

d
to

ap
p
ro

x
im

at
e

ce
rt

ai
n

m
at

ri
x

p
ro

d
u
ct

s,
b
u
t

w
h
at

h
ap

p
en

s
if

w
e

in
d
ep

en
d
en

tl
y

d
ra

w
g

sk
et

ch
es

,
u
se

th
em

to
ap

p
ro

x
im

at
e

th
e

sa
m

e
m

at
ri

x
p
ro

d
u
ct

,
an

d
th

en
av

er
ag

e
th

e
g

re
su

lt
s?

In
tu

it
iv

el
y,

av
er

ag
in

g
sh

ou
ld

lo
w

er
th

e
va

ri
an

ce
of

th
e

ap
p
ro

x
im

a
ti

on
w

it
h
ou

t
aff

ec
ti

n
g

it
s

b
ia

s,
an

d
th

u
s

p
ro

v
id

e
a

b
et

te
r

ap
p
ro

x
im

at
io

n
of

th
e

tr
u
e

p
ro

d
u
ct

.
T

o
ju

st
if

y
th

is
in

tu
it

io
n

fo
rm

al
ly

,
le

t
S
1
,·
··
,S

g
∈

R
n
×
s

b
e

sk
et

ch
in

g
m

at
ri

ce
s

an
d

A
an

d
B

b
e

fi
x
ed

co
n
fo

rm
al

m
at

ri
ce

s.
T

h
en

ev
id

en
tl

y

1 g

g ∑ i=
1

A
T
S
iS
T i
B

=
A
T
S

S
T
B
,

8
.

In
o
u

r
a
p

p
li

ca
ti

o
n

,
n

o
n
tr

iv
ia

l
b

o
u

n
d

m
ea

n
s
‖S
‖2 2

is
o
f

o
rd

er
n s

.

2
5

JM
L

R
 1

8(
21

8)
:1

-5
0,

 2
01

8

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

w
h
er

e
S

=
1 √
g
[S

1
,·
··
,S

g
]
∈

R
n
×
g
s

ca
n

b
e

th
ou

gh
t

of
as

a
sk

et
ch

in
g

m
at

ri
x

fo
rm

ed
b
y

co
n
ca

te
n
at

in
g

th
e
g

sm
al

le
r

sk
et

ch
in

g
m

at
ri

ce
s.

If
S
1
,·
··
,S

g
ar

e
al

l
in

st
a
n
ce

o
f

co
lu

m
n

se
le

ct
io

n
,

S
R

H
T

,
or

G
au

ss
ia

n
p
ro

je
ct

io
n

sk
et

ch
in

g
m

at
ri

ce
s,

th
en

S
is

a
la

rg
er

in
st

a
n
ce

of
th

e
sa

m
e

ty
p

e
of

sk
et

ch
in

g
m

at
ri

x
.9

T
o

an
al

y
ze

th
e

eff
ec

t
of

m
o
d
el

av
er

ag
in

g
on

th
e

so
lu

ti
on

to
th

e
sk

et
ch

ed
M

R
R

p
ro

b
le

m
,

w
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
s

on
th

e
co

n
ca

te
n
at

ed
sk

et
ch

m
at

ri
x
.

A
ss

u
m

p
ti

o
n

2
.1

is
th

e
su

b
sp

ac
e

em
b

ed
d
in

g
p
ro

p
er

ty
,

A
ss

u
m

p
ti

on
2
.2

is
th

e
m

at
ri

x
m

u
lt

ip
li
ca

ti
o
n

p
ro

p
er

ty
,

an
d

A
ss

u
m

p
ti

on
2.

3
is

th
e

b
ou

n
d
ed

sp
ec

tr
al

n
or

m
p
ro

p
er

ty
.

A
ss

u
m

p
ti

o
n

2
L

et
η
,ε
∈

(0
,1

)
be

fi
xe

d
pa

ra
m

et
er

s.
L

et
B

be
a
n

y
fi

xe
d

m
a
tr

ix
o
f

p
ro

pe
r

si
ze

,
ρ

=
ra

n
k
(X

),
a
n

d
U
∈
R
n
×
ρ

be
a
n

o
rt

h
o
n

o
rm

a
l

ba
si

s
fo

r
th

e
co

lu
m

n
sp

a
n

o
f

X
.

L
et

S
1
,·
··
,S

g
∈
R
n
×
s

be
sk

et
ch

in
g

m
a
tr

ic
es

a
n

d
S

=
1 √
g
[S

1
,·
··
,S

g
]
∈
R
n
×
g
s
;

h
er

e
s

d
ep

en
d
s

o
n
η

a
n

d
/
o
r
ε.

T
h
ro

u
gh

o
u

t
th

is
pa

pe
r

w
e

a
ss

u
m

e
th

a
t

S
a
n

d
th

e
S
i

sa
ti

sf
y

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s

w
it

h
a

p
ro

ba
bi

li
ty

th
a
t

d
ep

en
d
s

o
n
g

a
n

d
s:

2
.1
∥ ∥ U

T
S
iS
T i
U
−

I ρ
∥ ∥ 2
≤
η

fo
r

a
ll
i
∈

[g
]

a
n

d
∥ ∥ U

T
S

S
T
U
−

I ρ
∥ ∥ 2
≤

η √
g
;

2
.2
( 1 g

∑
g i=

1

∥ ∥ U
T
S
iS
T i
B
−

U
T
B
∥ ∥ F
) 2
≤
ε‖

B
‖2 F

a
n

d
∥ ∥ U

T
S

S
T
B
−

U
T
B
∥ ∥2 F
≤

ε g
‖B
‖2 F

;

2
.3

F
o
r

so
m

e
co

n
st

a
n

t
θ,
‖S

i‖
2 2
≤

θ
n s

fo
r

a
ll
i
∈

[g
],

a
n

d
‖S
‖2 2
≤

θ
n g
s

fo
r
g
s
<
n

.

E
xc

ep
t

in
th

e
ca

se
o
f

le
ve

ra
ge

sc
o
re

sa
m

p
li

n
g,

w
h
en

g
s

is
co

m
pa

ra
bl

e
to

o
r

la
rg

er
th

a
n
n

,
‖S
‖2 2

=
Θ

(1
).

T
h
eo

re
m

14
es

ta
b
li
sh

es
th

at
ra

n
d
om

co
lu

m
n

se
le

ct
io

n
,

S
R

H
T

,
an

d
G

au
ss

ia
n

p
ro

je
ct

io
n

m
at

ri
ce

s
sa

ti
sf

y
A

ss
u
m

p
ti

on
s

2.
1,

2.
2,

an
d

2.
3.

W
e

p
ro

ve
T

h
eo

re
m

14
in

A
p
p

en
d
ix

A
.

T
h

e
o
re

m
1
4

L
et

S
1
,·
··
,S

g
∈

R
n
×
s

be
in

d
ep

en
d
en

t
a
n

d
id

en
ti

ca
ll

y
d
is

tr
ib

u
te

d
ra

n
d
o
m

sk
et

ch
in

g
m

a
tr

ic
es

th
a
t

a
re

ei
th

er
co

lu
m

n
se

le
ct

io
n

,
S

R
H

T
,

o
r

G
a
u

ss
ia

n
p
ro

je
ct

io
n

m
a
tr

ic
es

.
F

ix
a

fa
il

u
re

p
ro

ba
bi

li
ty
δ

a
n

d
er

ro
r

pa
ra

m
et

er
s
η

a
n

d
ε,

th
en

se
t

th
e

sk
et

ch
si

ze
s

a
s

T
a
bl

e
5
.

A
ss

u
m

p
ti

o
n

2
.1

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

(g
+

1)
δ 1

.
A

ss
u

m
p
ti

o
n

2
.2

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2
δ 2

.
A

ss
u

m
p
ti

o
n

2
.3

is
sa

ti
sfi

ed
ei

th
er

su
re

ly
o
r

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,
w

it
h

th
e

pa
ra

m
et

er
θ

sp
ec

ifi
ed

in
T

a
bl

e
5
.

In
T

h
eo

re
m

12
,

A
ss

u
m

p
ti

on
1.

1
fa

il
s

w
it

h
p
ro

b
ab

il
it

y
at

m
os

t
δ 1

.
In

co
n
tr

a
st

,
in

T
h
eo

re
m

14
,

th
e

co
u
n
te

rp
ar

t
as

su
m

p
ti

on
fa

il
s

w
it

h
p
ro

b
ab

il
it

y
at

m
os

t
(g

+
1
)δ

1
.

H
ow

ev
er

,
th

is
m

ak
es

li
tt

le
d
iff

er
en

ce
in

p
ra

ct
ic

e,
b

ec
au

se
th

e
d
ep

en
d
en

ce
of
s

on
δ 1

is
lo

g
a
ri

th
m

ic
,

so
δ 1

ca
n

b
e

se
t

ve
ry

sm
al

l
(r

ec
al

l
T

ab
le

5)
w

it
h
ou

t
in

cr
ea

si
n
g
s

si
gn

ifi
ca

n
tl

y.

R
e
m

a
rk

5
W

e
d
o

n
o
t

kn
o
w

w
h
et

h
er

C
o
u

n
tS

ke
tc

h
en

jo
ys

th
e

p
ro

pe
rt

ie
s

in
A

ss
u

m
p
ti

o
n

2
.

T
h
er

e
a
re

tw
o

d
iffi

cu
lt

ie
s

in
es

ta
bl

is
h
in

g
th

is
u

si
n

g
th

e
sa

m
e

ro
u

te
a
s

is
em

p
lo

ye
d

in
o
u

r
p
ro

o
f

o
f

T
h
eo

re
m

1
2

fo
r

o
th

er
sk

et
ch

in
g

m
et

h
od

s.
F

ir
st

,
th

e
co

n
ca

te
n

a
ti

o
n

o
f

m
u

lt
ip

le
C

o
u

n
tS

ke
tc

h
m

a
tr

ic
es

is
n

o
t

a
C

o
u

n
tS

ke
tc

h
m

a
tr

ix
.

S
ec

o
n

d
,

th
e

p
ro

ba
bi

li
ty

th
a
t

a
C

o
u

n
tS

ke
tc

h
m

a
tr

ix
d
oe

s
n

o
t

h
a
ve

th
e

su
bs

pa
ce

em
be

d
d
in

g
p
ro

pe
rt

y
is

co
n

st
a
n

t,
ra

th
er

th
a
n

ex
po

n
en

ti
a
ll

y
sm

a
ll

.

9
.

C
o
u

n
tS

k
et

ch
sk

et
ch

in
g

m
a
tr

ic
es

d
o
es

n
o
t

h
av

e
th

is
p

ro
p

er
ty

.
If
S
i
∈
R
n
×
s

is
a

C
o
u

n
tS

k
et

ch
m

a
tr

ix
,

th
en

it
h

a
s

o
n

ly
o
n

e
n

o
n

-z
er

o
en

tr
y

in
ea

ch
ro

w
.

In
co

n
tr

a
st

,
S
∈
R
n
×
g
s

h
a
s
g

n
o
n

-z
er

o
en

tr
ie

s
in

ea
ch

ro
w

.

26
JM

L
R

 1
8(

21
8)

:1
-5

0,
 2

01
8



S
k
e
t
c
h
e
d

R
id
g
e
R
e
g
r
e
ssio

n

6
.3

S
k
e
tch

e
d

M
R

R
:

O
p

tim
iz

a
tio

n
P

e
rsp

e
c
tiv

e

T
h
e

ra
n
d
o
m

n
ess

in
th

e
p

erform
an

ce
of

th
e

classical
an

d
H

essian
sketch

is
en

tirely
d
u
e

to
th

e
ch

o
ice

o
f

ran
d
om

sketch
in

g
m

atrix
.

W
e

n
ow

assu
m

e
th

at
th

e
ran

d
om

ly
sam

p
led

sketch
in

g
m

a
trices

are
“n

ice”
in

th
at

th
ey

satisfy
th

e
assu

m
p
tion

s
ju

st
in

tro
d
u
ced

,
an

d
sta

te
d
eterm

in
istic

resu
lts

on
th

e
op

tim
ization

p
erform

an
ce

of
th

e
classical

an
d

H
essian

sketch
es.

T
h
eorem

15
h
old

s
u
n
d
er

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
an

d
th

e
m

atrix
m

u
ltip

lication
p
ro

p
erty

(A
ssu

m
p
tion

s
1.1

an
d

1.2),
an

d
q
u
a
n
tifi

es
th

e
su

b
op

tim
ality

of
th

e
classical

sketch
.

W
e

p
rove

th
is

resu
lt

in
A

p
p

en
d
ix

B
.

T
h

e
o
re

m
1
5

(C
la

ssic
a
l

S
k
e
tch

)
L

et
A

ssu
m

p
tio

n
s

1
.1

a
n

d
1
.2

h
o
ld

fo
r

th
e

sketch
in

g

m
a
trix

S
∈

R
n×

s.
L

et
η

a
n

d
ε

be
d
efi

n
ed

in
A

ssu
m

p
tio

n
1
,

a
n

d
let

α
=

2
m
a
x{
ε,η

2}
1−
η

a
n

d

β
=

‖
X
‖
22

‖
X
‖
22
+
n
γ

,
th

en

f
(W

c)−
f

(W
?)
≤

α
β
f

(W
?).

T
h
eo

rem
16

h
old

s
u
n
d
er

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
(A

ssu
m

p
tion

1.1),
an

d
q
u
a
n
tifi

es
th

e
su

b
op

tim
ality

of
th

e
H

essian
sketch

.
W

e
p
rove

th
is

resu
lt

in
A

p
p

en
d
ix

B
.

T
h

e
o
re

m
1
6

(H
e
ssia

n
S

k
e
tch

)
L

et
A

ssu
m

p
tio

n
1
.1

h
o
ld

fo
r

th
e

sketch
in

g
m

a
trix

S
∈

R
n×

s.
L

et
η

be
d
efi

n
ed

in
A

ssu
m

p
tio

n
1

a
n

d
β

=
‖
X
‖
22

‖
X
‖
22
+
n
γ

,
th

en

f
(W

h)−
f

(W
?)
≤

η
2β

2

(1−
η
)
2 (
‖
Y
‖
2F

n
−
f

(W
?) )

.

6
.4

S
k
e
tch

e
d

M
R

R
:

S
ta

tistic
a
l

P
e
rsp

e
c
tiv

e

S
im

ila
rly,

w
e

a
ssu

m
e

th
at

th
e

ran
d
om

ly
sam

p
led

sketch
in

g
m

a
trices

a
re

n
ice,

an
d

state
d
eterm

in
istic

resu
lts

on
th

e
b
ias

an
d

varian
ce

of
th

e
classical

an
d

H
essian

sk
etch

es.

T
h
eorem

1
7

h
old

s
u
n
d
er

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
(A

ssu
m

p
tion

1.1)
an

d
th

e
b

o
u
n
d
ed

sp
ectral

n
orm

p
rop

erty
(A

ssu
m

p
tion

1.3),
an

d
b

ou
n
d
s

th
e

b
ias

an
d

varian
ce

o
f

th
e

cla
ssica

l
sketch

.
S
p

ecifi
cally,

it
sh

ow
s

th
at

th
e

b
ias

of
th

e
classical

sketch
is

close
to

th
at

o
f

th
e

o
p
tim

a
l

solu
tion

,
b
u
t

th
at

th
e

varian
ce

m
ay

b
e

m
u
ch

larger.
W

e
p
rove

th
is

resu
lt

in
A

p
p

en
d
ix

C
.

T
h

e
o
re

m
1
7

(C
la

ssic
a
l

S
k
e
tch

)
L

et
η

a
n

d
θ

be
d
efi

n
ed

in
A

ssu
m

p
tio

n
1
.

U
n

d
er

A
ssu

m
p
tio

n
1
.1

,
it

h
o
ld

s
th

a
t

1
1
+
η
≤

b
ia
s(W

c)
b
ia
s(W

?
)
≤

1
1−
η
.

F
u

rth
er

a
ssu

m
e
s≤

n
;

u
n

d
er

A
ssu

m
p
tio

n
s

1
.1

a
n

d
1
.3

,
it

h
o
ld

s
th

a
t

var(W
c)

var(W
?
)
≤

(1
+
η
)

(1−
η
)
2
θ
ns
.

T
h
eorem

18
estab

lish
es

a
low

er
b

ou
n
d

on
th

e
varian

ce
o
f

th
e

classical
sk

etch
.

W
e

p
rove

th
is

resu
lt

in
A

p
p

en
d
ix

C
.

27
JM

L
R

 18(218):1-50, 2018

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

T
h

e
o
re

m
1
8

(L
o
w

e
r

B
o
u

n
d

o
n

th
e

V
a
ria

n
c
e
)

U
n

d
er

A
ssu

m
p
tio

n
1
.1

a
n

d
th

e
a
d
d
i-

tio
n

a
l

a
ssu

m
p
tio

n
th

a
t

S
T
S
�

ϑ
ns
I
s ,

it
h
o
ld

s
th

a
t

var(W
c)

var(W
?
)
≥

1−
η

(1
+
η
)
2
ϑ
ns
.

T
h
eorem

19
h
old

s
u
n
d
er

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
(A

ssu
m

p
tion

1.1),
an

d
q
u
an

tifi
es

th
e

b
ias

an
d

varian
ce

of
th

e
H

essian
sketch

.
W

e
p
rove

th
is

resu
lt

in
A

p
p

en
d
ix

C
.

T
h

e
o
re

m
1
9

(H
e
ssia

n
S

k
e
tch

)
L

et
η

be
d
efi

n
ed

in
A

ssu
m

p
tio

n
1
,

ta
ke

ρ
=

ran
k
(X

),
a
n

d
let

σ
1 ≥
···≥

σ
ρ

be
th

e
sin

gu
la

r
va

lu
es

o
f

X
.

U
n

d
er

A
ssu

m
p
tio

n
1
.1

,
it

h
o
ld

s
th

a
t

b
ia
s(W

h
)

b
ia
s(W

?
)
≤

1
1−
η (

1
+

η
σ
21

n
γ )

,

1
1
+
η
≤

var(W
h
)

var(W
?
)
≤

1
1−
η
.

F
u

rth
er

a
ssu

m
e

th
a
t
σ
2ρ ≥

n
γη

.
T

h
en

b
ia
s(W

h
)

b
ia
s(W

?
)
≥

1
1
+
η (

η
σ
2ρ

n
γ
−

1 )
.

6
.5

M
o
d

e
l

A
v
e
ra

g
in

g
:

O
p

tim
iz

a
tio

n
P

e
rsp

e
c
tiv

e

T
h
eorem
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h
old

s
u
n
d
er

th
e

su
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sp
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em

b
ed

d
in

g
p
rop

erty
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ssu
m

p
tio

n
2.1

)
an

d
th

e
m
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m

u
ltip

lication
p
rop

erty
(A

ssu
m

p
tion

2.2).
W

e
p
rov

e
th

is
resu

lt
in

A
p
p

en
d
ix

D
.

T
h

e
o
re

m
2
0

(C
la

ssic
a
l

S
k
e
tch

w
ith

M
o
d

e
l

A
v
e
ra

g
in

g
)

L
et

η
a
n

d
ε

be
d
efi

n
ed

in

A
ssu

m
p
tio

n
2
,

a
n

d
let

α
=

2 (
1√g

+
2β
η )

2
m

ax {
ε,η

2 }
a
n

d
β

=
‖
X
‖
22

‖
X
‖
22
+
n
γ
≤

1.
U

n
d
er

A
ssu

m
p
tio

n
2
.1

a
n

d
2
.2

,
w

e
h
a
ve

th
a
t

f
(W

c)−
f

(W
?)
≤

α
β
f

(W
?).

T
h
eorem

21
h
old

s
u
n
d
er

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
(A

ssu
m

p
tion

2.1),
an

d
is

p
roven

in
A

p
p

en
d
ix

D
.

T
h

e
o
re

m
2
1

(H
e
ssia

n
S

k
e
tch

w
ith

M
o
d

e
l

A
v
e
ra

g
in

g
)

L
et
η

be
d
efi

n
ed

in
A

ssu
m

p
-

tio
n

2
,

a
n

d
let

α
=
(
η√g

+
η
2

1−
η )

a
n

d
β

=
‖
X
‖
22

‖
X
‖
22
+
n
γ
≤

1.
U

n
d
er

A
ssu

m
p
tio

n
2
.1

,
w

e
h
a
ve

th
a
t

f
(W

h)−
f

(W
?)
≤

α
2β

2 (
1n ‖

Y
‖
2F
−
f

(W
?) )

.

6
.6

M
o
d

e
l

A
v
e
ra

g
in

g
:

S
ta

tistic
a
l

P
e
rsp

e
c
tiv

e

T
h
eorem

22
req

u
ires

th
e

su
b
sp

ace
em

b
ed

d
in

g
p
rop

erty
(A

ssu
m

p
tion

2.1).
In

ad
d
ition

,
to

b
ou

n
d

th
e

varian
ce,

th
e

sp
ectral

n
orm

s
of

S
1 ,···

,S
g

an
d

S
=

1√g
[S

1 ,···
,S

g ]
m

u
st

b
e

b
ou

n
d
ed

(A
ssu

m
p
tion

2.3).
T

h
is

resu
lt

sh
ow

s
th

at
m

o
d
el

averag
in

g
d
ecreases

th
e

varian
ce

of
th

e
classical

sketch
w

ith
ou

t
in

creasin
g

its
b
ias.

W
e

p
rov

e
th

is
resu

lt
in

A
p
p

en
d
ix

E
.
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S
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id
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e
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e
o
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m
2
2
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a
l

S
k
e
tc

h
w

it
h

M
o
d

e
l

A
v
e
ra

g
in

g
)

U
n

d
er

A
ss

u
m

p
ti

o
n

2
.1

,
it

h
o
ld

s
th

a
t

b
ia
s(

W
c
)

b
ia
s(

W
?
)
≤

1

1
−
η
.

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2
.1

a
n

d
2
.3

,
it

h
o
ld

s
th

a
t

va
r(

W
c
)

va
r(

W
?
)
≤

θn s

(
√

1
+
η
/
√
g

√
h

+
η
√
1
+
η

1
−
η

) 2
.

H
er

e
η

a
n

d
θ

a
re

d
efi

n
ed

in
A

ss
u

m
p
ti

o
n

2
a
n

d
h

=
m

in
{g
,
n s

( 1
−
o(

1)
) }

,

T
h
eo

re
m

23
re

q
u
ir

es
th

e
su

b
sp

ac
e

em
b

ed
d
in

g
p
ro

p
er

ty
(A

ss
u
m

p
ti

on
2
.1

),
an

d
sh

ow
s

th
at

m
o
d
el

av
er

ag
in

g
d
ec

re
as

es
th

e
b
ia

s
of

th
e

H
es

si
an

sk
et

ch
w

it
h
ou

t
in

cr
ea

si
n
g

it
s

va
ri

an
ce

.
W

e
p
ro

ve
th

is
re

su
lt

in
A

p
p

en
d
ix

E
.

T
h

e
o
re

m
2
3

(H
e
ss

ia
n

S
k
e
tc

h
w

it
h

M
o
d

e
l

A
v
e
ra

g
in

g
)

U
n

d
er

A
ss

u
m

p
ti

o
n

2
.1

,
it

h
o
ld

s
th

a
t:

b
ia
s(

W
h
)

b
ia
s(

W
?
)
≤

1

1
−
η

+
(
η √
g

+
η
2

1
−
η

) ‖
X
‖2 2

n
γ
,

va
r(

W
h
)

va
r(

W
?
)
≤

1

1
−
η
.

H
er

e
η

is
d
efi

n
ed

in
A

ss
u

m
p
ti

o
n

2
.

7
.
C
o
n
cl
u
si
o
n
s

W
e

st
u
d
ie

d
sk

et
ch

ed
m

at
ri

x
ri

d
ge

re
gr

es
si

on
(M

R
R

)
fr

om
th

e
op

ti
m

iz
at

io
n

an
d

st
at

is
ti

ca
l

p
er

sp
ec

ti
ve

s.
U

si
n
g

cl
as

si
ca

l
sk

et
ch

,
b
y

ta
k
in

g
a

la
rg

e
en

ou
gh

sk
et

ch
,

on
e

ca
n

ob
ta

in
an

ε-
ac

cu
ra

te
ap

p
ro

x
im

at
e

so
lu

ti
on

.
C

ou
n
te

ri
n
tu

it
iv

el
y

an
d

in
co

n
tr

as
t

to
cl

as
si

ca
l

sk
et

ch
,

th
e

re
la

ti
v
e

er
ro

r
of

H
es

si
an

sk
et

ch
in

cr
ea

se
s

as
th

e
re

sp
on

se
s

Y
ar

e
b

et
te

r
ap

p
ro

x
im

at
ed

b
y

li
n
ea

r
co

m
b
in

at
io

n
s

of
th

e
co

lu
m

n
s

of
X

.
B

ot
h

cl
as

si
ca

l
an

d
H

es
si

an
sk

et
ch

es
ca

n
h
av

e
st

at
is

ti
ca

l
ri

sk
s

th
at

ar
e

w
or

se
th

an
th

e
ri

sk
of

th
e

op
ti

m
al

so
lu

ti
on

b
y

an
or

d
er

of
m

ag
n
it

u
d
e.

W
e

p
ro

p
os

ed
th

e
u
se

of
m

o
d
el

av
er

ag
in

g
to

at
ta

in
b

et
te

r
op

ti
m

iz
at

io
n

an
d

st
at

is
ti

ca
l

p
ro

p
er

ti
es

.
W

e
h
av

e
sh

ow
n

th
at

m
o
d
el

av
er

ag
in

g
le

ad
s

to
su

b
st

an
ti

al
im

p
ro

v
em

en
ts

in
th

e
th

eo
re

ti
ca

l
er

ro
r

b
ou

n
d
s,

su
gg

es
ti

n
g

ap
p
li
ca

ti
o
n
s

in
d
is

tr
ib

u
te

d
o
p
ti

m
iz

at
io

n
an

d
m

ac
h
in

e
le

ar
n
in

g.
W

e
al

so
em

p
ir

ic
al

ly
ve

ri
fi
ed

it
s

p
ra

ct
ic

al
b

en
efi

ts
.

O
u
r

fi
x
ed

-d
es

ig
n

st
at

is
ti

ca
l

an
al

y
si

s
h
as

li
m

it
at

io
n
s.

W
e

h
av

e
sh

ow
n

th
at

th
e

cl
as

si
ca

l
sk

et
ch

an
d

H
es

si
an

sk
et

ch
ca

n
si

gn
ifi

ca
n
tl

y
in

cr
ea

se
th

e
in

-s
am

p
le

st
at

is
ti

ca
l

ri
sk

,
w

h
ic

h
im

p
li
es

la
rg

e
tr

ai
n
in

g
er

ro
r,

an
d

th
at

m
o
d
el

av
er

ag
in

g
ca

n
al

le
v
ia

te
su

ch
p
ro

b
le

m
s.

H
ow

ev
er

,
ou

r
st

at
is

ti
ca

l
re

su
lt

s
ar

e
n
ot

d
ir

ec
tl

y
ap

p
li
ca

b
le

to
an

u
n
se

en
te

st
sa

m
p
le

.
W

e
co

n
je

ct
u
re

th
at

th
e

ge
n
er

al
iz

at
io

n
er

ro
r

ca
n

b
e

b
ou

n
d
ed

b
y

fo
ll
ow

in
g

th
e

ra
n
d
om

d
es

ig
n

an
al

y
si

s
of

H
su

et
al

.
(2

01
4)

,
w

h
ic

h
is

le
ft

as
fu

tu
re

w
or

k
.

A
ck

n
o
w
le
d
g
m
e
n
ts
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h
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e
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y
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ffi
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an

d
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e
D

ef
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A

d
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n
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d
R
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h

P
ro

je
ct

s
A

ge
n
cy

fo
r

p
a
rt
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l

su
p
p

or
t

of
th

is
w

or
k
.

A
p
p
e
n
d
ix

A
.
P
ro

p
e
rt
ie
s
o
f
M

a
tr
ix

S
k
e
tc
h
in
g
:
P
ro

o
fs

In
S
ec

ti
on

A
.1

w
e

p
ro

ve
T

h
eo

re
m

12
.

In
S
ec

ti
on

A
.2

,
w

e
p
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ve
T

h
eo

re
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.

In
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ti
o
n

A
.3

w
e

p
ro

ve
T

h
eo

re
m

14
.

A
.1

P
ro

o
f

o
f

T
h

e
o
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m
1
2

W
e

p
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ve
th
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th

e
si

x
sk

et
ch
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g

m
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h
o
d
s
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n
si

d
er
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er
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y
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e
th
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e
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y

p
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p
er

ti
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.
In

S
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ti
on

A
.1
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w

e
sh

ow
th

e
si

x
sk

et
ch

in
g

m
et

h
o
d
s

sa
ti

sf
y

A
ss

u
m

p
ti

o
n
s

1
.1

an
d

1.
2.

In
se

ct
io

n
A

.1
.2

w
e

sh
ow

th
e

si
x

sk
et

ch
in

g
m

et
h
o
d
s

sa
ti

sf
y

A
ss

u
m

p
ti

o
n

1
.3

.

A
.1
.1

P
r
o
o
f
o
f
A
ss
u
m
p
t
io
n
s
1
.1

a
n
d

1
.2

F
or

u
n
if

or
m

sa
m

p
li
n
g,

le
ve

ra
ge

sc
or

e
sa

m
p
li
n
g,

G
au

ss
ia

n
p
ro

je
ct

io
n
,

S
R

H
T

,
a
n
d

C
o
u
n
tS

-
ke

tc
h
,

th
e

su
b
sp

ac
e

em
b

ed
d
in

g
p
ro

p
er

ty
a
n
d

m
at

ri
x

m
u
lt

ip
li
ca

ti
on

p
ro

p
er

ty
h
av

e
b

ee
n

es
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b
li
sh

ed
b
y

th
e

p
re

v
io

u
s

w
or

k
s

(D
ri

n
ea

s
et

al
.,

20
08

,
20

11
;

M
en

g
an

d
M

a
h
o
n
ey

,
2
0
1
3
;

N
el

so
n

an
d

N
gu

y
ên

,
20

13
;

T
ro

p
p
,

20
11

;
W

o
o
d
ru

ff
,

20
14

).
S
ee

al
so

(W
an

g
et

a
l.
,

2
0
1
6
b
)

fo
r

a
su

m
m

ar
y.

In
th

e
fo

ll
ow

in
g

w
e

p
ro

ve
on

ly
th

at
sh

ri
n

k
e
d

le
v
e
ra

g
e

sc
o
re

sa
m

p
li
n

g
sa

ti
sfi

es
as

su
m

p
ti

on
s

1.
1

an
d

1.
2.

W
e

ci
te

th
e

fo
ll
ow

in
g

le
m

m
a

fr
o
m

(W
an

g
et

al
.,

2
0
1
6
a
);

th
is

le
m

m
a

w
as

fi
rs

t
es

ta
b
li
sh

ed
in

th
e

w
or

k
s

(D
ri

n
ea

s
et

al
.,

20
08

;
G

it
te

n
s,

20
1
1
;

W
o
o
d
ru

ff
,

20
14

).

L
e
m

m
a

2
4

(W
a
n

g
e
t

a
l.

(2
0
1
6
a
))

L
et

U
∈

R
n
×
ρ

be
a

fi
xe

d
m

a
tr

ix
w

it
h

o
rt

h
o
n

o
rm

a
l
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lu

m
n

s.
L

et
th

e
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lu
m

n
se
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ct

io
n

m
a
tr
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S
∈

R
n
×
s

sa
m

p
le
s

co
lu

m
n

s
a
cc

o
rd

in
g

to
p
ro

ba
bi

li
ti

es
p
1
,p

2
,·
··
,p
n

.
A

ss
u

m
e
α
≥
ρ

a
n

d

m
ax

i∈
[n
]

‖u
i:
‖2 2

p
i
≤

α
.

W
h
en

s
≥
α

6
+
2
η

3
η
2

lo
g
(ρ
/δ

1
),

it
h

o
ld

s
th

a
t

P{
∥ ∥ I
ρ
−

U
T
S

S
T
U
∥ ∥ 2
≥

η
}
≤

δ 1
.

W
h
en

s
≥

α εδ
2
,

it
h
o
ld

s
th

a
t E∥ ∥

U
B
−

U
T
S

S
T
B
∥ ∥2 F
≤

δ 2
ε‖

B
‖2 F

;

a
s

a
co

n
se
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en

ce
o
f

M
a
rk

o
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s
in

eq
u

a
li

ty
,

it
h
o
ld

s
th

a
t
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∥ ∥ U

B
−

U
T
S

S
T
B
∥ ∥2 F
≥

ε‖
B
‖2 F
}
≤

δ 2
.

H
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e
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e
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a
ti

o
n
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n
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a
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S
k
e
t
c
h
e
d

R
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g
e
R
e
g
r
e
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n

N
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w
e

a
p
p
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e

ab
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lem
m

a
to

a
n
aly

ze
sh

rin
k
e
d

le
v
e
ra

g
e

sc
o
re

sa
m

p
lin

g
.

G
iven

th
e

a
p
p
rox

im
a
te

sh
rin

ked
leverage

scores
d
efi

n
ed

in
(5),

th
e

sam
p
lin

g
p
rob

ab
ilities

satisfy

p
i

=
12 (

1n
+

l̃i
∑
nq
=
1
l̃q )
≥
‖
u
i: ‖

22
2
τ
ρ
.

H
ere

l̃i
a
n
d
τ

a
re

d
efi

n
ed

in
(5).

T
h
u
s

for
all

i∈
[n

],
‖
u
i: ‖

22
p
i
≤

2
τ
ρ
.

W
e

ca
n

th
en

ap
p
ly

L
em

m
a

2
4

to
sh

ow
th

at
A

ssu
m

p
tion

1.1
h
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s
w

ith
p
rob

a
b
ility

at
least

1−
δ
1

w
h
en

s
≥

2
τ
ρ
6
+
2
η

3
η
2

lo
g
ρδ
1

a
n
d

th
at

A
ssu

m
p
tion

1
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e

al
go

ri
th

m
co

nv
er

ge
s

w
ith

a
ra

te
of
1
=
t

to
th

e
pr

oj
ec

tio
n.

O
ur

in
iti

al
ob

se
rv

at
io

n
w

as
in

a
w

ay
na

ı̈v
e

si
nc

e
th

e
lit

er
at

ur
e

on
he

rd
in

g
pr

ov
id

es
a

w
ay

to
sh

ow
th

at
th

e
al

go
ri

th
m

w
ith

an
ad

de
d

lin
e

se
ar

ch
co

nv
er

ge
s

to
th

e
pr

oj
ec

tio
n.

T
he

ar
gu

m
en

t
to

ve
ri

fy
th

e
co

nv
er

ge
nc

e
is

ba
se

d
on

th
e

ob
se

rv
at

io
n

fr
om

B
ac

h,
L

ac
os

te
-J

ul
ie

n,
an

d
O

bo
zi

ns
ki

(2
01

2)
th

at
th

e
he

rd
in

g
al

go
ri

th
m

w
ith

an
ad

de
d

lin
e

se
ar

ch
is

eq
ui

va
le

nt
to

a
w

el
l

kn
ow

n
m

et
ho

d
ca

lle
d

th
e

co
nd

iti
on

al
gr

ad
ie

nt
m

et
ho

d
(C

G
M

,F
ra

nk
an

d
W

ol
fe

(1
95

6)
).

B
as

ic
gu

ar
an

te
es

on
th

e
co

nv
er

ge
nc

e
of

th
e

C
G

M
im

pl
y

di
re

ct
ly

th
at

th
e

m
et

ho
d

co
nv

er
ge

s
w

ith
a

ra
te

of
1
=
p
t

to
th

e
pr

oj
ec

tio
n

(s
ee

ou
r

L
ite

ra
tu

re
Se

ct
io

n
be

lo
w

fo
rm

or
e

de
ta

ils
).

T
hi

s
co

nv
er

ge
nc

e
re

su
lt

is
re

af
fir

m
in

g,
ho

w
ev

er
,t

he
ra

te
of

co
nv

er
ge

nc
e

th
e

re
su

lt
gu

ar
an

te
es

is
a

sl
ow

ra
te

of
1
=
p
t

an
d

no
t1
=
t.

T
he

ra
te

of
1
=
p
t

is
,i

n
fa

ct
,t

he
ac

tu
al

ra
te

w
ith

w
hi

ch
C

G
M

co
nv

er
ge

s
in

no
n-

tr
iv

ia
lp

ro
je

ct
io

n
pr

ob
le

m
s.

T
he

re
as

on
fo

r
th

is
is

th
at

,
in

in
te

re
st

in
g

ca
se

s,
pr

oj
ec

tio
ns

lie
in

th
e

bo
un

da
ry

of
th

e
co

nv
ex

se
ta

nd
C

G
M

its
el

f
ac

hi
ev

es
on

ly
in

ex
ce

pt
io

na
lc

as
es

a
ra

te
th

at
is

be
tte

r
th

an
1
=
p
t

if
th

e
so

lu
tio

n
of

an
op

tim
iz

at
io

n
pr

ob
le

m
lie

s
in

th
e

bo
un

da
ry

(C
an

no
n

an
d

C
ul

lu
m

,1
96

8)
.

In
re

ce
nt

ye
ar

s
ex

te
ns

io
ns

of
th

e
ba

si
c

C
G

M
al

go
ri

th
m

ha
ve

be
co

m
e

po
pu

la
r

an
d

it
w

as
sh

ow
n

th
at

a
lin

ea
r

ra
te

of
co

nv
er

ge
nc

e
(a

ra
te

si
gn

ifi
ca

nt
ly

be
tte

r
th

an
1
=
t)

is
ac

hi
ev

ed
by

a
pa

rt
ic

ul
ar

ex
te

ns
io

n,
th

e
C

G
M

w
ith

aw
ay

st
ep

s
al

go
ri

th
m

,e
ve

n
if

th
e

so
lu

tio
n

lie
s

in
th

e
bo

un
da

ry
(L

ac
os

te
-J

ul
ie

n
an

d
Ja

gg
i,

20
15

).
T

hi
s

is
a

si
gn

ifi
ca

nt
re

su
lt,

bu
t

it
co

m
es

w
ith

a
ca

ve
at

:
w

e
ga

in
st

ro
ng

gu
ar

an
te

es
on

ly
if

th
e

co
nv

ex
se

t
ha

s
a

la
rg

e
py

ra
m

id
al

w
id

th
.

Fo
r

in
st

an
ce

,
th

e
d

di
m

en
si

on
al

cu
be

ha
s

a
la

rg
e

py
ra

m
id

al
w

id
th

an
d

th
e

au
th

or
s

pr
ov

id
e

an
up

pe
r

bo
un

d
on

th
e

re
du

ct
io

n
of

th
e

ap
pr

ox
im

at
io

n
er

ro
r

in
th

e
or

de
r

of
1
=
d
2

pe
r

st
ep

.
T

he
co

nv
ex

se
ts

w
e

ar
e

m
ai

nl
y

in
te

re
st

ed
in

ar
e

of
th

e
fo

rm
C
D
f
k
.x
;�
/
W
x
2
X
g
�

H
,

w
he

re
k

is
th

e
re

pr
od

uc
in

g
ke

rn
el

of
th

e
R

K
H

S
H

.
H

er
e,

th
e

di
m

en
si

on
of

th
e

sp
an

ne
d

su
bs

pa
ce

is
of

te
n

eq
ua

lt
o

th
e

sa
m

pl
e

si
ze

(w
he

n
us

in
g

a
G

au
ss

ia
n

ke
rn

el
,

2
JM

L
R

 1
8(

21
9)

:1
-4

3,
 2

01
8



C
O

M
PA

C
T

C
O

N
V

E
X

P
R

O
JE

C
T

IO
N

S

Figure
1:

A
n

illustration
of

the
application

of
the

herding
algorithm

to
a

projection
problem

.
T

he
aim

is
to

find
the

projection
of

a
ray

starting
atthe

black
dotonto

the
house.

T
he

house
is

com
pactand

convex.
T

he
herding

algorithm
finds

for
such

sets
approxim

ations
of

the
projection

w
ith

an
accuracy

in
the

orderof
1
=
t,w

here
t

is
the

num
berofiterations.

T
he

red
dots

show
the

approxim
ation

after
0
;2
;5

and
1
0
0

steps
w

ith
an

initialestim
ate

that
equals

the
N

orth-W
estcorneron

the
bottom

ofthe
house.

forexam
ple).Furtherm

ore,
C

is
significantly

m
ore

com
plicated

than
a

cube
and

w
e

expectthatthe
upperbound

givesusguaranteeson
the

reduction
thatare

significantly
w

orse
than

1
=
n
2

periteration,
w

here
n

is
the

size
of

the
sam

ple.
In

the
large

data
context,w

here
n
�
1
0
5,these

reductions
per

step
are

tiny.
A

nother
recentapproach

to
im

prove
the

convergence
behavior

of
the

C
G

M
has

been
developed

in
G

arber
and

H
azan

(2013).
Standard

C
G

M
is

in
this

approach
com

bined
w

ith
w

hat
the

authors
call

a
L

ocal
L

inear
O

ptim
ization

O
racle

(L
L

O
O

)
and

it
is

show
n

that
a

linear
rate

of
convergence

isachieved
by

theirm
ethod.L

ike
in

the
aw

ay
step

approach
the

geom
etry

ofthe
convex

set
factors

into
the

perform
ance.

For
the

m
ethod

from
G

arber
and

H
azan

(2013)
the

geom
etry

affects
the

run-tim
e

ofthe
L

L
O

O
and,hence,the

run-tim
e

ofthe
C

G
M

w
ith

the
added

L
L

O
O

.T
he

approach
w

orks
w

ell
for

sim
ple

shaped
convex

sets
like

the
sim

plex
but

becom
es

difficult
w

hen
C

has
no

particular
structure

as
in

our
R

K
H

S
setting.

U
nderstanding

better
the

relevantgeom
etric

properties
of
C

w
ith

respectto
the

reproducing
kernelis

an
intriguing

problem
,butitis

beyond
the

aim
softhispaper.W

e
aim

here
fora

deeperunderstanding
ofthe

core
algorithm

sand
theirinterplay

w
ith

the
projection

problem
in

H
ilbertspace.

T
he

follow
ing

figure
visualizes

the
relation

betw
een

the
differentC

G
M

like
m

ethods.W
e

focus
in

this
paperon

the
m

ethods
in

the
shaded

area.

H
erding

C
G

M
C

G
M

w
ith

aw
ay

steps

C
G

M
w

ith
L

L
O

O

:::

Figure
2:T

he
relation

betw
een

various
C

G
M

like
m

ethods.

C
G

M
is

know
n

to
converge

w
ith

a
linear

rate
if

there
exists

a
ball

around
the

solution
inside

the
convex

set(this
is

also
know

n
as

Slater’s
condition,B

eck
and

Teboulle
(2004)).

Sim
ilarly,for

the
herding

algorithm
it

has
been

show
n

that
this

very
sam

e
condition

guarantees
a

rate
of
1
=
t

(C
hen

et
al.,

2010).
To

the
best

of
our

know
ledge,

both
convergence

results
have

been
derived
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G
R

Ü
N

E
W

Ä
L

D
E

R

independently
of

each
other

and
itis

telling
thatin

both
approaches

the
sam

e
assum

ption
plays

a
fundam

entalrole
(the

existence
of

a
ballaround

the
optim

um
).

T
he

assum
ption

appears
naturally

in
the

analyses
since

itallow
s

a
strong

reduction
ofestim

ation
errors

periteration
independently

of
the

direction
in

w
hich

the
errors

point.
If

this
assum

ption
does

nothold
then

there
are

directions
w

hich
pose

problem
s,i.e.ifan

errorbuilds
up

in
such

a
direction

then
these

errors
w

illonly
decay

slow
ly

over
tim

e.
T

his
is

w
hy

solutions
thatlie

in
the

boundary
pose

problem
s:

errors
thatpoint

aw
ay

from
the

convex
set

can
not

be
easily

reduced.
W

e
refine

the
convergence

argum
ent

to
be

able
to

dealw
ith

such
errors.

O
n

a
high

levelour
approach

can
be

described
in

the
follow

ing
w

ay:
considera

convex
setw

ith
finitely

m
any

extrem
es

then
each

pointin
the

boundary
is

in
the

relative
interior

of
a

face
of

the
originalconvex

set.
For

exam
ple,in

Figure
1

our
convex

setis
the

house
and

w
e

w
antto

com
pute

the
projection

of
the

black
dotonto

the
house.

T
he

dotted
line

visualizes
the

process
of

projecting
onto

the
house

and
the

red
dotatthe

end
of

the
line

is
the

projection
that

w
e

w
antto

determ
ine

algorithm
ically.T

he
projection

does
notlie

in
the

interiorofthe
house

butit
lies

inside
a

face
ofthe

convex
set(the

triangle
thatcontains

the
projection).A

face
ofa

convex
set

is
in

turn
a

convex
setand

ifw
e

w
ould

apply
the

algorithm
directly

to
this

face
then

w
e

could
show

fastconvergence.In
general,w

e
can

notidentify
the

face
thatcontains

the
projection

w
ithoutusing

significantcom
putationalresources.H

ow
ever,w

e
can

treatelem
ents

outside
ofthis

face,w
hich

are
chosen

by
the

algorithm
,as

perturbations
thatdisturb

the
behavior

of
the

algorithm
.

For
instance,

w
e

applied
the

herding
algorithm

to
the

problem
in

Figure
1

and
w

e
used

an
initialapproxim

ation
of

the
projection

w
hich

corresponds
to

the
N

orth-W
est

corner
on

the
bottom

of
the

house.
T

he
dashed

line
in

red
show

s
how

the
approxim

ation
evolves

overm
ultiple

steps
and

how
the

errorthat
is

introduced
by

the
initialization

shrinks
over

tim
e.

O
ur

line
of

attack
in

the
theoretical

part
of

this
paper

is
to

controlsuch
perturbations

and
to

show
thatthe

rate
of

convergence
of

the
herding

algorithm
is

notnegatively
affected

by
these.

W
e

w
ere

also
interested

in
understanding

how
C

G
M

like
algorithm

s
to

determ
ine

projections
in

H
ilbertspaces

can
be

exploited
in

statisticalproblem
s.

A
blueprintis

given
in

the
paper

by
C

hen
etal.(2010)w

here
the

herding
algorithm

is
applied

in
an

R
K

H
S

H
to

approxim
ate

elem
ents

inside
a

com
pact

and
convex

set
C
�

H
.

It
is

natural
to

consider
extensions

in
w

hich
C

is
m

odified
in

a
suitable

w
ay

to
represent

a
space

of
solutions

of
certain

statistical
problem

s.
W

e
show

case
this

approach
in

the
regression

problem
.

In
this

case,
C

is
the

space
of

regression
functions.

T
he

projection
approach

itselfis
generic

and
one

can
gain

w
ith

relative
ease

algorithm
s

thatinferkernel
regressors

from
data.

W
e

call
these

C
C

P-regressors
w

here
the

acronym
C

C
P

stands
for

com
pact

convex
projection.T

he
advantage

ofthis
approach

is
thatthe

corresponding
algorithm

s
are

cheap
to

com
pute

and
they

are
applicable

in
the

large
data

context.W
e

find
in

experim
entsthatthe

algorithm
s

w
e

derive
are

en-parw
ith

established
kernelregression

algorithm
s

like
the

G
aussian

process
orthe

fastkernelridge
regressor(FastK

R
R

,Z
hang,D

uchi,and
W

ainw
right(2013)).

1.1
L

iterature

W
e

aim
in

thissection
fora

shortoverview
sum

m
arizing

key
resultsthatputourw

ork
in

perspective.
W

e
startby

stating
the

herding
algorithm

for
approxim

ating
a

point
x
�

inside
a

convex
set
C

that
is

induced
by

the
finite

setof
points

S
,i.e.

C
D

cch
S

,w
here

cch
denotes

the
closed

convex
hull

operator.
C

is
typically

a
subsetof

R
d

equipped
w

ith
the

E
uclidean

inner
productor

som
e

other
H

ilbertspace.
G

iven
the

starting
value

w
0
D
x
�

and
the

initialization
t
D
1

the
herding

algorithm
iterates
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Ü
N

E
W

Ä
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to

w
hi

ch
w

el
l-

kn
ow

n
re

su
lts

ca
n

be
ea

si
ly

ad
ap

te
d

an
d

co
nt

ro
lli

ng
pe

rt
ur

ba
tio

ns
w

hi
ch

ar
e

in
tr

od
uc

ed
by

el
em

en
ts

ou
ts

id
e

of
th

e
m

in
im

al
fa

ce
)

is
to

th
e

be
st

of
ou

r
kn

ow
le

dg
e

ne
w

an
d

w
e

ex
pe

ct
th

at
th

is
lin

e
of

re
as

on
in

g
ca

n
be

ex
te

nd
ed

in
th

e
fu

tu
re

to
st

ud
y

m
or

e
ad

va
nc

ed
m

et
ho

ds
lik

e
th

e
C

G
M

w
ith

aw
ay

st
ep

s.
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C
O

M
PA

C
T

C
O

N
V

E
X

P
R

O
JE

C
T

IO
N

S

O
ur

second
theorem

analyses
w

hy
the

standard
C

G
M

fares
w

orse
in

this
setting

than
the

herding
algorithm

.
O

n
the

applied
side

w
e

show
how

projections
onto

com
pactconvex

sets
in

kernelspace
can

be
exploited

to
develop

novelm
achine

learning
algorithm

s.W
e

dem
onstrate

this
by

developing
a

new
and

fastkernelregressor
thatis

en-par
w

ith
state-of-the-artnon-param

etric
regressors.

W
e

provide
approxim

ation
error

bounds
for

the
m

ethod
by

m
eans

of
a

dualapproach
and

w
e

study
its

perform
ance

in
experim

ents.T
he

approxim
ation

errorbound
is

a
novelm

odification
ofan

approach
from

W
olfe

(1976)w
hich

sacrifices
tightness

in
favorofa

significantly
reduced

com
putation

tim
e.

2.C
om

pactC
onvex

Projections

W
e

use
the

follow
ing

algorithm
to

find
the

projection
of
y
2

H
onto

the
com

pact
convex

set
C
�

H
in

term
s

of
a

setof
supportpoints

from
the

com
pactset

S
�
C

w
hich

contains
the

ex-
trem

es
of
C

.
In

the
follow

ing
w

e
denote

the
extrem

es
of
C

w
ith

ex
C

,
i.e.

ex
C
D
fx
W
x
2

C
;

there
exists

no
y
;z
2
C
;˛
2
.0
;1
/

such
that

x
D
˛
y
C
.1
�
˛
/z
g.

A
lgorithm

1.
Input:

y
2

H
,
T
2

N
,and

S
�

H
.

1.
[Initialize]Set

w
0
D
y
;t
D
1.

2.
[O

ptim
ization

oracle]C
hoose

x
t
2

arg
m

ax
x
2
S
h w
t
�
1
;x
i .

3.
[U

pdate
w

eight]Set
w
t
D
w
t
�
1
�
.x
t
�
y
/.

4.
[Iterate]If

t
<
T

then
increm

ent
t

by
1

and
go

back
to

2.

5.
[Term

inate]R
eturn

the
approxim

ation
.x
1
C
:::
C
x
T
/=
T

.

A
m

axim
izer

exists
in

Step
2

because
w

e
search

for
a

m
axim

um
of

a
continuous

function
on

a
com

pact
set.

If
there

are
m

ultiple
m

axim
izer

then
w

e
can

choose
an

arbitrary
one,

for
instance,

w
e

can
enum

erate
S

and
choose

the
m

axim
izer

w
ith

the
low

est
index.

T
his

is
the

herding
algo-

rithm
as

stated
in

Section
1.1

w
ith

the
only

m
odification

being
thatitis

applied
to
y

w
hich

can
lie

outside
of
C

.
T

he
w

eight
at

step
t

is
essentially

the
approxim

ation
error

scaled
up

by
t

because
w
t
D
.t
C
1
/y
�
.x
1
C
:::
C
x
t /
�
t.y
�
p
t /,w

here
p
t
D
.x
1
C
:::
C
x
t /=
t

is
the

approxim
ation.

W
e

can
also

add
a

line
search

to
the

optim
ization:

A
lgorithm

1
(ls).

Input:
y
2

H
,
T
2

N
,and

S
�

H
.

1.
[Initialize]Set

w
0
D
y
;t
D
1.

2.
[O

ptim
ization

oracle]C
hoose

x
t
2

arg
m

ax
x
2
S
h w
t
�
1
;x
i .

3.
[L

ine
search]C

alculate
Q̨
t
D
h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i
=
k
w
t
�
1
C
.x
t
�
y
/
k
2.

4.
[L

ine
search]If

t
D
1

set
˛
t
D
1,otherw

ise
set
˛
t
D
1
^
Q̨
t .

5.
[U

pdate
w

eight]Set
w
t
D
.1
�
˛
t /w

t
�
1
�
˛
t .x

t
�
y
/.

6.
[Iterate]If

t
<
T

then
increm

ent
t

by
1

and
go

back
to

2.

7.
[Term

inate]Set
ˇ
i
D
˛
i Q

Tj
D
i
C
1
.1
�

j̨
/

forall
i
�
T

and
return

the
approxim

ation
ˇ
1
x
1
C
:::
C
ˇ
T
x
T

.

W
e

use
here

the
convention

that
0
=
0
D
1

w
hich

im
plies

that
˛
t
D
1

if
x
t
D
p
t .T

he
w

eightin
the

7
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G
R

Ü
N

E
W

Ä
L

D
E

R

line
search

algorithm
is

sim
ilarto

the
w

eightofthe
herding

algorithm
scaled

dow
n

by
1
=
t,i.e.

the
w

eightin
the

line
search

algorithm
is
w
t
D
y
�
.ˇ
t1 x
1
C
:::C

ˇ
tt x
t /w

here
ˇ
ti
D
˛
i Q

tj
D
i
C
1
.1
�

j̨
/.

T
he

choice
Q̨
t
D
h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i
=
k
w
t
�
1
C
.x
t
�
y
/
k
2

m
inim

izes
k
w
t k

overallchoices
of
Q̨
t
2

R
.

W
e

need
to

be
assured

thatthe
scaling

˛
t

lies
in

the
interval

Œ0
;1
�to

guarantee
thatw

e
have

a
convex

com
bination

ofpoints
of
S

as
the

approxim
ation.

Q̨
t is

alw
ays

non-negative
since

for
t
�
1

h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i
D
h w
t
�
1
;x
t i
�

t
�
1

Xi
D
1

ˇ
t
�
1

i
h w
t
�
1
;x
i i
�
h w
t
�
1
;x
t i
�

m
ax

x
2
S
h w
t
�
1
;x
i
D
0
;

w
here

w
e

define
a

sum
from

i
D
1

to
0

to
be
0.

T
he

inequality
above

holds
because

the
ˇ

’s
are

non-negative
and

they
sum

to
1.
Q̨
t

can,how
ever,be

strictly
largerthan

1.H
ence,to

guarantee
that

our
approxim

ation
is

a
convex

com
bination

of
points

from
S

w
e

need
to

force
the

scaling
factor

back
into

the
interval

Œ0
;1
�.

W
e

do
this

in
the

algorithm
by

assigning
the

value
1

to
the

scaling
factor

in
this

case.
T

his
choice

m
inim

izes
k
w
t k

because
the

derivative
of
k
w
t k
2

w
ith

respectto
˛

is
non-positive

forall
˛
�
Q̨,thatis

2
.˛
k
w
t
�
1
C
.x
t
�
y
/
k
2
�
h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i /
�
0
;

forall
˛
2
.
�
1
;
Q̨
t �:

N
ote

that
A

lgorithm
1

is
the

herding
algorithm

applied
to

a
point

outside
the

convex
set.

T
his

corresponds
to

the
C

G
M

w
here

the
optim

ization
overthe

step
size

is
replaced

by
a

step
size

of
1
=
t.

A
lgorithm

1
(ls)is

the
C

G
M

algorithm
applied

to
the

problem
offinding

the
projection

of
y

on
the

convex
setspanned

by
S

.

2.1
R

ate
ofC

onvergence

W
e

take
a

closerlook
atthe

convergence
behaviorofthe

herding
algorithm

and
the

standard
C

G
M

w
hen

applied
to

a
projection

problem
.

It
is

know
n

that
the

herding
algorithm

converges
w

ith
a

rate
of
1
=
t

to
elem

ents
in

the
interior

of
com

pact
convex

sets
in

H
ilbert

space
(this

is
show

n
in

C
hen

et
al.(2010)

for
w

hat
is

called
the

m
arginal

polytope.
T

he
sam

e
proof

w
orks

for
arbitrary

com
pact

convex
sets

in
a

H
ilbert

space).
H

ence,
if

w
e

w
ant

to
approxim

ate
the

projection
of

an
elem

ent
y

onto
the

convex
set
C

and
y

is
already

in
the

interiorof
C

(in
essence

a
trivialprojection

problem
)then

standard
proofs

guarantee
a

rate
of
1
=
t.O

bviously,the
interesting

case
is

one
w

here
the

projection
lies

in
the

boundary.W
e

provide
a

theorem
below

(w
ith

the
proofbeing

postponed
to

Section
6.1,p.26)w

hich
extends

currentresults
to

the
case

w
here

y
lies

in
the

boundary
oroutside

the
convex

setifan
assum

ption
on

the
perturbations

is
fulfilled.W

e
also

show
thatthis

assum
ption

is
both

necessary
and

sufficientfor
the

algorithm
to

converge
w

ith
a

rate
of
1
=
t.

W
e

conclude
this

section
by

presenting
a

num
berofsettings

in
w

hich
this

assum
ption

is
fulfilled.

It
is

instructive
to

go
through

the
m

ain
ideas

of
our

approach.
C

onsider
again

Figure
1.

W
e

can
observe

thatthere
is

a
m

inim
alface

of
the

convex
setw

hich
contains

the
projection

P
y

of
y

onto
the

convex
set,i.e.

there
exists

a
face

thatcontains
P
y

and
is

a
subsetof

any
other

face
that

contains
P
y

.
In

the
figure,the

m
inim

alface
is

the
convex

setw
hich

contains
the

projection,i.e.
the

red
dot.

T
he

vector
y
�
P
y

,
w

ith
P
y
2
C

being
the

projection,
stands

orthogonal
on

this
m

inim
alface.

Furtherm
ore,this

m
inim

alface
is

either
an

extrem
e

pointor
P
y

lies
in

the
relative

interiorofit.In
the

lattercase
w

e
have

a
ballaround

P
y

(relative
to

the
affine

subspace
spanned

by
the

m
inim

alface)
w

hich
is

contained
in

the
m

inim
alface.

T
his

property
of

the
existence

of
a

ball
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(a
)

(b
)

U
F

U
b

U
ı

(c
)

U
F
˚
U
ı

Fi
gu

re
3:

(a
)

A
vi

su
al

iz
at

io
n

of
L

em
m

a
1.

(b
)

T
he

fig
ur

e
de

pi
ct

s
a

tr
ia

ng
ul

ar
pr

is
m

.
T

he
po

in
t

of
pr

oj
ec

tio
n
P
y

is
m

ar
ke

d
by

th
e

re
d

do
t.

T
he

m
in

im
al

fa
ce

th
at

co
nt

ai
ns
P
y

is
th

e
to

p
ed

ge
of

th
e

pr
is

m
.

T
he

re
d

ar
ro

w
s

vi
su

al
iz

e
th

e
th

re
e

su
bs

pa
ce

s
U
F
;U
b

an
d
U
ı
.

(c
)T

he
fig

ur
e

sh
ow

s
th

e
pr

oj
ec

tio
n

of
a

se
tC

c
on

to
th

e
su

bs
pa

ce
U
F
˚
U
ı

(t
he

po
ly

to
pe

en
cl

os
ed

by
th

e
th

ic
k

lin
e)

.T
he

re
d

do
tm

ar
ks

th
e

pr
oj

ec
tio

n
of
P
y

on
to

th
e

su
bs

pa
ce

an
d

th
e

re
d

ar
ro

w
vi

su
al

iz
es

th
e

er
ro

ra
ts

om
e

st
ag

e
t,

i.e
.
w
t
.

T
he

ho
ri

zo
nt

al
lin

e
re

pr
es

en
ts

f
x
W
h
w
t
;x
i
D
0
g
.

T
he

in
ne

r
pr

od
uc

t
be

tw
ee

n
th

e
bl

ac
k

do
t

an
d
w
t

m
ig

ht
be

ve
ry

di
ff

er
en

ti
fe

va
lu

at
ed

ov
er

th
e

w
ho

le
sp

ac
e,

i.e
.i

ft
he

co
m

po
ne

nt
P
b
w
t

is
co

ns
id

er
ed

to
o.

In
pa

rt
ic

ul
ar

,
th

e
po

ly
to

pe
m

ig
ht

ap
pe

ar
to

th
e

al
go

ri
th

m
lik

e
th

e
m

od
ifi

ed
po

ly
to

pe
in

w
hi

ch
th

e
bl

ac
k

do
ti

s
re

pl
ac

ed
by

th
e

bl
ue

do
t.

In
th

is
m

od
ifi

ed
po

ly
to

pe
th

e
be

st
al

ig
ne

d
el

em
en

ti
s

th
e

le
ft

m
os

tp
oi

nt
.

ar
ou

nd
th

e
el

em
en

tt
ha

tw
e

w
an

tt
o

ap
pr

ox
im

at
e

is
of

cr
uc

ia
li

m
po

rt
an

ce
in

al
lc

ur
re

nt
ap

pr
oa

ch
es

th
at

de
m

on
st

ra
te

a
fa

st
re

du
ct

io
n

of
er

ro
r.

W
e

ca
n

th
er

ef
or

e
ho

pe
fo

ra
fa

st
re

du
ct

io
n

of
er

ro
ri

n
th

e
af

fin
e

su
bs

pa
ce

sp
an

ne
d

by
F

.
In

fa
ct

,s
in

ce
y
�
P
y

st
an

ds
or

th
og

on
al

on
th

e
m

in
im

al
fa

ce
,w

e
ca

n
al

so
ob

se
rv

e
th

at
th

e
al

go
ri

th
m

ap
pl

ie
d

to
th

e
m

in
im

al
fa

ce
be

ha
ve

s
in

ex
ac

tly
th

e
sa

m
e

w
ay

as
if

w
e

ru
n

it
w

ith
P
y

in
st

ea
d

of
y

an
d

w
e

ca
n

co
nc

lu
de

th
at

th
e

al
go

ri
th

m
co

nv
er

ge
s

w
ith

a
ra

te
of
1
=
t

if
it

ch
oo

se
s

on
ly

el
em

en
ts

of
F

.
T

he
ob

vi
ou

s
pr

ob
le

m
is

th
at

w
e

do
no

tk
no

w
th

e
m

in
im

al
fa

ce
be

fo
re

ha
nd

an
d

w
e

ca
n

no
tf

or
ce

th
e

al
go

ri
th

m
to

ch
oo

se
on

ly
el

em
en

ts
fr

om
it.

A
tt

hi
s

po
in

t,
a

di
ffi

cu
lt

ta
sk

is
to

m
ea

su
re

ho
w

m
uc

h
ha

rm
el

em
en

ts
ou

ts
id

e
th

e
m

in
im

al
fa

ce
ca

n
do

w
he

n
th

ey
ar

e
ch

os
en

by
th

e
al

go
ri

th
m

.
O

ne
im

po
rt

an
to

bs
er

va
tio

n
he

re
is

th
at

fo
r

an
y

el
em

en
tx

ou
ts

id
e

th
e

m
in

im
al

fa
ce

th
er

e
ex

is
ts

no
ba

ll
B

ar
ou

nd
P
y

su
ch

th
at

af
ff
x
;P
y
g
\
B

is
co

nt
ai

ne
d

in
C

(a
ff

re
fe

rs
to

th
e

af
fin

e
hu

ll
op

er
at

or
).

Fi
gu

re
3

(a
)

is
a

vi
su

al
iz

at
io

n
of

th
is

pr
op

er
ty

.
T

he
re

d
do

tm
ar

ks
P
y

.
T

he
lin

e
go

in
g

th
ro

ug
h

th
e

bo
tto

m
le

ft
co

rn
er

an
d
P
y

le
av

es
th

e
po

ly
to

pe
at
P
y

an
d

th
er

e
ex

is
ts

no
ba

ll
in
C

su
ch

th
at

th
e

lin
e

se
gm

en
ti

n
th

is
ba

ll
lie

s
fu

lly
in
C

.T
hi

s
pr

op
er

ty
is

al
so

no
td

iffi
cu

lt
to

pr
ov

e
fo

rm
al

ly
.W

e
su

m
m

ar
iz

e
th

e
re

su
lt

in
th

e
fo

llo
w

in
g

si
m

pl
e

le
m

m
a.

L
em

m
a

1
G

iv
en

a
co

m
pa

ct
co

nv
ex

se
tC
�

H
an

d
a
y
2

H
th

er
e

ex
is

ts
a

m
in

im
al

fa
ce
F

th
at

co
nt

ai
ns
P
y

an
d

fo
r

ev
er

y
x
2
C
n
F

an
d

an
y

ba
ll
B

ce
nt

er
ed

at
P
y

w
ith

ra
di

us
gr

ea
te

r
th

an
ze

ro
w

e
ha

ve
th

at
af

ff
x
;P
y
g
\
B
6�
C

.

T
he

ex
is

te
nc

e
of

th
e

m
in

im
al

fa
ce

is
sh

ow
n

in
St

ep
(i

i)
of

th
e

pr
oo

f
of

T
he

or
em

2.
If

th
e

se
co

nd
pa

rt
of

th
e

le
m

m
a

w
ou

ld
be

fa
ls

e
th

en
w

e
w

ou
ld

ha
ve

a
po

in
ti

n
af

ff
x
;P
y
g
\
C

su
ch

th
at
P
y

is
a

co
nv

ex
co

m
bi

na
tio

n
of
x

an
d

th
is

po
in

t.
T

hi
s

w
ou

ld
im

pl
y
x
2
F

(s
ee

eq
.

3
on

p.
28

)
w

ith
a

co
nt

ra
di

ct
io

n
to

th
e

as
su

m
pt

io
ns

of
th

e
le

m
m

a.
T

he
le

m
m

a
im

pl
ie

s
th

at
an

y
el

em
en

to
ut

si
de

th
e

m
in

im
al

fa
ce

w
hi

ch
is

ch
os

en
by

th
e

al
go

ri
th

m
w

ill
in

tr
od

uc
e

pe
rt

ur
ba

tio
ns

in
to

th
e

es
tim

at
e

th
at

ca
n

no
tb

e
ea

si
ly

re
m

ov
ed

:t
he

lin
e

fr
om

x
th

ro
ug

h
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P
y

le
av

es
th

e
co

nv
ex

se
ta

tP
y

an
d

th
er

e
is

no
el

em
en

tz
2
C

th
at

is
w

el
la

lig
ne

d
w

ith
�
.x
�
P
y
/,

i.e
.a

co
m

po
ne

nt
of
�
.x
�
P
y
/

po
in

ts
ou

tw
ar

d
of

th
e

co
nv

ex
se

ta
nd

th
er

e
ex

is
ts

no
z

in
C

su
ch

th
at

z
�
P
y

ha
s

a
po

si
tiv

e
in

ne
rp

ro
du

ct
w

ith
th

is
co

m
po

ne
nt

.T
he

se
pe

rt
ur

ba
tio

ns
ge

to
nl

y
sm

al
le

ro
ve

r
tim

e
be

ca
us

e
of

th
e

do
w

n-
sc

al
in

g
of

th
e

ol
d

ap
pr

ox
im

at
io

n
at

st
ep

s
t

by
t=
.t
C
1
/

an
d

no
tb

ec
au

se
of

fu
tu

re
ch

oi
ce

s
of

th
e

al
go

ri
th

m
w

hi
ch

ar
e

w
el

la
lig

ne
d

w
ith

th
e

er
ro

r.
W

e
ar

e
ab

le
to

sh
ow

th
at

de
sp

ite
th

is
pr

op
er

ty
th

e
he

rd
in

g
al

go
ri

th
m

co
nv

er
ge

sw
ith

th
e

sa
m

e
ra

te
of
1
=
t

th
at

it
w

ou
ld

ac
hi

ev
e

if
P
y

w
ou

ld
lie

in
si

de
C

un
de

ra
n

as
su

m
pt

io
n

on
th

es
e

pe
rt

ur
ba

tio
ns

.

T
hr

ee
su

bs
pa

ce
s.

To
st

at
e

ou
r

as
su

m
pt

io
n,

it
is

co
nv

en
ie

nt
to

in
tr

od
uc

e
th

e
ce

nt
er

ed
ve

rs
io

ns
C
c
D
f
x
�
P
y
W
x
2
C
g

of
C

an
d
F
c
D
f
x
�
P
y
W
x
2
F
g

of
F

.
W

e
de

no
te

th
e

lin
ea

r
su

bs
pa

ce
sp

an
ne

d
by
C
c

w
ith

sp
an
C
c
.

W
e

ca
n

w
ri

te
sp

an
C
c

as
a

di
re

ct
su

m
U
F
˚
U
ı
˚
U
b

of
th

re
e

or
th

og
on

al
su

bs
pa

ce
s
U
F
;U
ı
;U
b
�

sp
an
C
c

an
d

w
e

de
no

te
th

e
or

th
og

on
al

pr
oj

ec
tio

ns
on

to
th

es
e

su
bs

pa
ce

s
an

d
on

to
sp

an
C
c

by
P
F
;P
ı
;P
b

an
d
P
C

.H
er

e,

�
U
F
D

sp
an
F
c

(U
F
D
f
0
g

if
F
c
D
f
0
g
)

is
th

e
(u

ni
qu

e)
su

bs
pa

ce
sp

an
ne

d
by

th
e

m
in

im
al

fa
ce

,

�
U
ı

an
d
U
b

ar
e

an
y

tw
o

or
th

og
on

al
su

bs
pa

ce
s

of
sp

an
C
c

th
at

ar
e

al
so

or
th

og
on

al
to
U
F

an
d

w
hi

ch
fu

lfi
ll

1.
sp

an
C
c
D
U
F
˚
U
ı
˚
U
b
,

2.
th

er
e

ex
is

ts
a

ba
ll

(r
el

at
iv

e
to

th
e

su
bs

pa
ce
U
ı
)a

ro
un

d
0

in
f
P
ı
x
W
x
2
C
c
g
,

3.
th

er
e

ex
is

ts
an

or
th

on
or

m
al

ba
si

s
of
U
b
,s

ay
e 1
;:
::
;e
k

,k
D

di
m
U
b
,s

uc
h

th
at

fo
r

al
l

i
�
k

,f
0
g
6D
f
h
e i
;x
i
W
x
2
C
c
g
�
.�
1
;0
�,

4.
P
C
.y
�
P
y
/
2
U
b
.

U
b
D
f
0
g

an
d
U
ı
D
f
0
g

ar
e

po
ss

ib
le

.

O
bs

er
ve

th
at

th
is

re
pr

es
en

ta
tio

n
is

no
ti

nv
ar

ia
nt

un
de

rr
ot

at
io

ns
.I

n
pa

rt
ic

ul
ar

,U
ı

an
d
U
b

ca
n

ch
an

ge
di

m
en

si
on

s
w

he
n
C

is
ro

ta
te

d
(s

ee
Fi

gu
re

4
(a

)f
or

an
ex

am
pl

e)
.T

he
sp

lit
in

to
th

es
e

th
re

e
su

bs
pa

ce
s

is
he

lp
fu

l
si

nc
e

it
al

lo
w

s
us

to
se

pa
ra

te
th

e
er

ro
rs

th
at

ca
n

be
m

in
im

iz
ed

by
ch

oo
si

ng
pa

rt
ic

ul
ar

el
em

en
ts
x
2
S

fr
om

th
e

er
ro

rs
th

at
ca

nn
ot

be
re

du
ce

d
by

ch
oo

si
ng

el
em

en
ts

in
S

.
R

ec
al

lt
ha

tt
he

er
ro

rs
of

ou
r

al
go

ri
th

m
s

at
st

ep
t

ar
e
w
t
.

T
he

pe
rt

ur
ba

tio
ns

at
st

ep
t

th
at

ca
nn

ot
be

m
in

im
iz

ed
by

su
ita

bl
e

ch
oi

ce
s

of
el

em
en

ts
in
S

ar
e
P
b
w
t

an
d

th
e

re
m

ai
nd

er
P
ı
w
t
C
P
F
w
t

co
ns

is
ts

of
th

e
er

ro
r

th
at

ca
n

be
re

du
ce

d
by

ch
oo

si
ng

ap
pr

op
ri

at
e

el
em

en
ts

in
S

.T
he

sp
lit

in
to

th
es

e
su

bs
pa

ce
s

is
sh

ow
n

in
Fi

gu
re

3
(b

).
U
F

is
he

re
th

e
su

bs
pa

ce
sp

an
ne

d
by

th
e

lin
e

on
to

p
of

th
e

tr
ia

ng
ul

ar
pr

is
m

,U
ı

is
th

e
su

bs
pa

ce
or

th
og

on
al

to
it

an
d

al
ig

ne
d

w
ith

th
e

ba
se

of
th

e
pr

is
m

.U
b

is
or

th
og

on
al

to
th

es
e

tw
o

su
bs

pa
ce

s
an

d
th

e
w

ho
le

pr
is

m
lie

s
be

lo
w
P
y

(t
he

re
d

do
t)

in
U
b
.

A
pe

rt
ur

be
d

op
tim

iz
at

io
n

pr
ob

le
m

.
A

pa
rt

fr
om

ad
di

ng
to

th
e

ov
er

al
le

rr
or

,t
he

se
pe

rt
ur

ba
tio

ns
in

tr
od

uc
e

a
su

bt
le

an
d

m
or

e
se

ri
ou

s
pr

ob
le

m
as

fo
llo

w
s.

Fo
ra

ny
.P
F
C
P
ı
/w
t

w
e

ha
ve

an
el

em
en

t
s�

th
at

m
ax

im
iz

es
h
s�
;.
P
F
C
P
ı
/w
t
i

an
d

by
ch

oo
si

ng
s�

w
e

re
du

ce
th

e
ov

er
al

le
rr

or
(t

he
re

du
ct

io
n

w
ill

be
si

gn
ifi

ca
nt

if
k
.P
F
C
P
ı
/w
t
k

is
la

rg
e)

.
Im

ag
in

e
th

er
e

is
a

se
co

nd
el

em
en

t
s

w
hi

ch
ha

s
a

ve
ry

sm
al

l
po

si
tiv

e
in

ne
r

pr
od

uc
t

w
ith

.P
F
C
P
ı
/w
t
,

i.e
.
0
<
�
t
D
h
s;
.P
F
C
P
ı
/w
t
i
�

h
s�
;.
P
F
C
P
ı
/w
t
i
.s

w
ill

no
tb

e
ch

os
en

if
th

e
al

go
ri

th
m

op
tim

iz
es

ov
er
U
F
˚
U
ı
,h

ow
ev

er
,s

in
ce

w
e

op
tim

iz
e

ov
er

al
lo

fs
pa

n
C
c
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ti
s

po
ss

ib
le

th
at
h
s;
w
t
i
>
h
s�
;w

t
i
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n
pa

rt
ic

ul
ar

,t
hi

s
m
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ha

pp
en

if
h
P
b
w
t
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�
i
=
h
P
b
w
t
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i

is
la
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e

an
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th
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pe
rt
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w
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fe
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C
O

M
PA

C
T

C
O

N
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E
X

P
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O
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C
T
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N

S

of
the

optim
ization

problem
in
U
F
˚
U
ı

(see
Figure

3
(c)

for
a

visualization
of

this
effect).

T
he

rate
of

convergence
can

be
significantly

reduced
by

this
effect.

In
particular

this
happens

if
the

perturbations
m

ake
the

algorithm
choose

a
sequence

ofelem
ents

w
ith

innerproducts
�
t

converging
to
0

since
the

error
in
U
F
˚
U
ı

w
ill

then
not

decrease
over

tim
e.

T
his

problem
can

only
occur

if
the

P
b
w
t

values
affectthe

differentelem
ents

in
S

in
a

very
unbalanced

w
ay,i.e.

there
m

ustbe
som

e
elem

ents
x
;x
0
2
S

such
that
h P
b
w
t ;x
i
�
h P
b
w
t ;x
0i .

O
ur

theorem
below

show
s

thatthis
is

the
centralproblem

thatcan
hinder

the
rate

of
convergence.

W
e

dem
onstrate

thatA
lgorithm

1
converges

w
ith

a
rate

of
1
=
t

if,and
only

if,the
perturbations

affectthe
differentelem

ents
in
S

in
a

sufficiently
balanced

w
ay.

T
he

m
ain

assum
ption

and
the

theorem
s.

A
ssum

ption
1

below
form

alizes
the

conceptof
a

bal-
anced

influence
of

the
perturbations

on
the

elem
ents

of
S

.
W

e
need

the
follow

ing
set

of
critical

points
fora

given
sequence

ofelem
ents

x
t

chosen
by

the
algorithm

to
state

this
assum

ption,

D
.
fx
t g/
D
fx
W
x
2
S
n
F
;x
t
D
x

forinfinitely
m

any
t
g:

W
e

use
here
fx
t g

to
abbreviate

fx
t g
t
�
1 .O

nly
elem

entsin
D
.
fx
t g/can

lead
to

a
reduction

in
conver-

gence
rates

and
itsuffices

to
check

thatnone
ofthe

elem
ents

in
D
.
fx
t g/

lead
to

the
above

described
effectto

dem
onstrate

fastconvergence.O
urm

ain
assum

ption
is

now
the

follow
ing:

A
ssum

ption
1:

G
iven

sequences
fx
t g
t
�
1
;
fw

t g
t
�
0

w
e

assum
e

thatthere
exists

a
representation

U
F
˚
U
ı
˚
U
b
D

span
C
c

as
described

above,w
here

for
all
x
;x
0
2
D
.
fx
t g/

there
exists

a
�
<
1

and
a
t
0
<
1

such
that
h
�
P
b
w
t ;x
�
P
y
i
�
�
h
�
P
b
w
t ;x
0
�
P
y
i

for
all
t
�
t
0.

W
e

restrictour
analysis

to
the

case
w

here
there

are
only

finitely
m

any
extrem

es
of
C

.
W

e
thus

assum
e

that
C

is
com

pact,convex
and

has
only

finitely
m

any
extrem

es.A
set
C

w
ith

these
proper-

ties
is

called
a

convex
polytope.T

he
follow

ing
theorem

dem
onstrates

thatfora
convex

polytope
the

above
assum

ption
is

both
necessary

and
sufficientforthe

fastrate
ofconvergence

ofA
lgorithm

1.

T
heorem

2
G

iven
a

com
pactconvex

set
C
�

H
and

a
finite

subset
S

of
C

w
ith

ex
C
�
S

there
exists

for
y
2

H
a

constant
b
>
0

such
thatA

lgorithm
1

has
a

w
orst-case

approxim
ation

error
of

b
=
t

for
all
t
�
1

if,and
only

if,A
ssum

ption
1

is
fulfilled

for
the

sequences
fx
t g
t
�
1

and
fw

t g
t
�
0

generated
by

the
algorithm

.

T
he

reason
w

hy
the

herding
algorithm

retains
its

rate
of

convergence
is

thatelem
ents

outside
the

m
inim

alface
w

illnotbe
chosen

anym
ore

after
som

e
tim

e
t0
2

N
and

the
decay

t=
.t
C
1
/

is
high

enough
to

rem
ove

the
perturbations

introduced
in

these
first

t0
m

any
steps

fastenough
so

thatthey
do

notharm
the

overallrate
ofconvergence,i.e.ifw

e
assum

e
P
y
D
0

then

k
.I
�
P
F
/w
t k
D
t
�
1

t
k
.I
�
P
F
/w
t
�
1
k
D
t
�
2

t
k
.I
�
P
F
/w
t
�
2
k
D
t0t
k
.I
�
P
F
/w
t0
k

and
the

errororthogonalto
the

m
inim

alface
decays

w
ith

a
rate

of
1
=
t.T

he
situation

is
differentfor

the
C

G
M

.W
hile

w
e

can
show

thatno
elem

entsoutside
the

m
inim

alface
ischosen

aftersom
e
t0
2

N
the

perturbations
introduced

in
these

initialsteps
dom

inate
the

rate
ofconvergence

ofthe
algorithm

even
forsteps

t
�
t0

(in
the

case
ofapplying

the
C

G
M

w
ith

aw
ay-stepsitisknow

n
thatthe

m
inim

al
face

is
identified

afterfinite
m

any
steps

undercertain
conditions

and
the

algorithm
s

optim
izes

after
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this
step

overthe
m

inim
alface

(W
olfe,1970;G

uélatand
M

arcotte,1986)).W
e

decom
pose

the
error

in
the

theorem
below

into
tw

o
parts,the

errorin
the

affine
subspace

spanned
by

m
inim

alface
F

and
the

errorin
the

orthogonalcom
plem

entofthatspace.T
his

decom
position

is
naturalin

the
w

ay
that

w
e

have
a

strong
reduction

ofthe
errorin

the
m

inim
alface

perstep
and

only
a

w
eak

reduction
in

the
orthogonalcom

plem
entof

the
m

inim
alface.

T
he

firstpartof
the

theorem
is

standard
and

follow
s

from
B

eck
and

Teboulle
(2004).

In
the

follow
ing,

p
t

denotes
the

approxim
ation

attim
e
t.

W
e

use
again

A
ssum

ption
1,butbe

aw
are

the
the

w
eight

w
t

is
defined

slightly
differently

forthe
C

G
M

,i.e.
the

w
eightis

scaled
dow

n
by

a
factorof

1
=
t

atstep
t.

T
heorem

3
G

iven
a

com
pact

convex
set

C
�

H
,a

finite
subset

S
of
C

w
ith

ex
C
�
S

and
an

elem
ent

y
2

H
the

follow
ing

holds:

�
Ifonly

elem
ents

in
F
\
S

,w
here

F
�
C

is
the

m
inim

alface
thatcontains

P
y

,are
chosen

then
the

m
ethod

converges
linearly

to
the

projection
and

there
existconstants

b
;ˇ
>
0

w
ith

k
P
y
�
p
t k
�
b
e
�
ˇ
t:

�
U

nder
A

ssum
ption

1
ifm

in
x
2
S
k
P
y
�
x
k
>
0

and
the

approxim
ation

does
notequal

P
y

in
finite

m
any

steps
then

the
sequence

f
k
.I
�
P
F
/.P

y
�
p
t /
k
g
t
�
0

converges
sub-linearly

and
there

exists
a

constant
d
>
0

such
that

k
P
F
.P
y
�
p
t /
k
2
�
.1
�
ı
2F
=diam

2
.F
//
k
P
F
.P
y
�
p
t
�
1
/
k
2
C
d
k
.I
�
P
F
/.P

y
�
p
t
�
1
/
k
2
:

F
urtherm

ore,there
exists

a
tim

e
t0

after
w

hich
only

elem
ents

in
F
\
S

are
chosen.

Itis
w

orth
noting

thatthe
term

.1
�
ı
2F
=diam

2
.F
//
k
P
F
.P
y
�
p
t
�
1
/
k
2

w
ould

guarantee
a

linear
rate

ofconvergence
ifthe

extra
perturbation

partw
ould

notbe
present.

T
he

constant.
It

is
of

obvious
interest

to
get

insight
into

the
size

of
the

involved
constants,

in
particular

into
the

size
of

the
constant

b
in

T
heorem

2
and

its
relation

to
quantities

like
ı
F

and
the

dim
ension

of
span

C
c .

T
he

baseline
is

here
the

constantthatw
e

gain
in

the
trivialcase

w
here

F
D
C

.
H

ere,
b

can
be

taken
to

be
3
r
C
2
r
2
=
ı
F

,w
ith
r
D

sup
x
2
C
k
x
k ,and
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the
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the
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p
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f
0
;1
g
d

an
d

th
e
d

-d
im

en
si

on
al

hy
pe

rc
ub

e
ha

s
2
d
�
m
� d m� m

an
y
m

-d
im

en
si

on
al

fa
ce

s,
w

he
re
m
�
d

.W
e

fo
rm

ul
at

e
th

e
fo

llo
w

in
g

co
ro

lla
ry

in
te

rm
so

fa
ro

ta
tio

n
m

at
ri

x
Q

,a
tr

an
sl

at
io

n
by

a
ve

ct
or
z

an
d

a
sc

al
in

g
by

a
sc

al
ar
c

.I
n

th
e

pr
oo

fo
ft

he
co

ro
lla

ry
w

e
tr

an
sf

or
m

th
e

hy
pe

rc
ub

e
to

th
e

st
an

da
rd

hy
pe

rc
ub

e
an

d
w

e
sh

ow
th

at
U
ı
D
f
0
g

in
de

pe
nd

en
to

ft
he

lo
ca

tio
n

of
y

.T
hi

s
is

vi
su

al
iz

ed
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in
Figure

4
(b)fora

3-dim
ensionalhypercube.(1)and

(2)are
here

tw
o

projection
problem

s
and

the
red

arrow
s

depicttw
o

bases
of
U
b .C

onstructing
such

bases
forw

hich
U
ı
D
f0
g

is
alw

ays
possible

forthe
standard

hypercube.

C
orollary

7
Let

y
2

R
d,
Q

any
orthogonalm

atrix,
c
>
0

any
scaling,

z
2

R
d,
S
D
f0
;1
g
d

and
C
D
Œ0
;1
� d,

d
�
1.

A
ssum

ption
1

is
fulfilled

for
the

set
QS
D
c
Q
ŒS
C
z
�and

QC
D
c
Q
ŒC
C
z
�

(independently
ofthe

dim
ensionality

ofthe
face

P
y

lies
in).

In
particular,there

exists
a

constant
b
>
0

such
thatA

lgorithm
1

hasa
w

orst-case
approxim

ation
errorof

b
=
tforall

t
�
1.The

constant
b

can
be

chosen
as
p
d
4
r
3
=
.c
ı
F
/
C
6
r
2
.1
=
ı
F
C
1
=
c
/
C
5
r.

Standard
Sim

plex.
A

lgorithm
1

also
attains

a
fastrate

ofconvergence
ifthe

convex
setw

e
use

is
the

standard
sim

plex
in

R
d

independently
ofthe

location
of
y

.T
he

standard
sim

plex
has �

dm �
m

any
faces

of
dim

ension
m
�
1,i.e.

1
�
m
�
d

and
the

dim
ension

of
the

corresponding
span

of
the

centered
face

is
m
�
1.T

he
faces

ofsuch
a

sim
plex

are
again

sim
plices.In

particular,ifw
e

denote
the

standard
sim

plex
w

ith
�
d
�
1
D

cch
fe
1
;:::;e

d
g,then

the
set

of
m
�
1

dim
ensional

faces
of

�
d
�
1

are
fcch
fe
i1 ;:::;e

im
g
W
i1
<
i2
:::

<
im
;ij
�
d
8
j
�
m
g.

A
s

for
the

hypercube
w

e
can

show
that

U
ı
D
f0
g.

T
his

is
visualized

in
Figure

4
(c)

for
the

standard
sim

plex
in

R
3.

T
he

figure
show

s
tw

o
projection

problem
s

(1)and
(2)and

corresponding
bases

of
U
b .

C
orollary

8
Let

y
2

R
d,
S
D
fe
i
W
i
�
d
g

and
C
D
�
d
�
1
D

cch
S

,
d
�
1.

A
ssum

ption
1

is
fulfilled

and
there

exists
a

constant
b
>
0

such
thatA

lgorithm
1

has
a

w
orst-case

approxim
ation

error
of
b
=
t

for
all
t
�
1.The

constant
b

can
be

chosen
as
4
d
r
3
=
ı
F
C
6
r
2
.1
=
ı
F
C
p
d
/
C
5
r.

2.2
T

he
A

lgorithm
for

Finite
S

W
e

are
particularly

interested
in

the
case

w
here

S
D
fx
1
;:::;x

n
g

is
finite.

If
S

is
finite

w
e

can
change

the
algorithm

to
keep

track
of
h w
t ;x

i i
D
W
a
ti

instead
of
w
t
2

H
.

T
his

reflects
a

change
ofrepresentation

from
a

basis
representation

of
w
t

to
one

based
on
S

.T
he

w
eightvectorcan,after

this
change

ofrepresentation,be
replaced

by
a
t
D
.a
t1
;:::;a

tn
/

in
the

algorithm
.

A
lgorithm

2.
Input:

y
2

H
,
T
2

N
,and

S
�

H
.

1.
[Initialize]Set

a
0
D
.
h y
;x
1
i
;:::;

h y
;x
n
i /

and
t
D
1.

2.
[O

ptim
ization

oracle]C
hoose

it
2

arg
m

ax
j
�
n
a
.t
�
1
/j .

3.
[U

pdate
w

eight]Set
a
t
D
a
t
�
1
�
.
h x
i
t ;x

1
i
;:::;

h x
i
t ;x

n
i /
C
a
0 .

4.
[Iterate]If

t
<
T

then
increm

ent
t

by
1

and
go

back
to

2.

5.
[Term

inate]R
eturn

the
approxim

ation
.x
i1
C
:::
C
x
iT
/=
T

.

T
he

com
putational

costs
per

iteration
are

then
determ

ined
by

the
num

ber
of

sam
ples

n
and

the
com

putationalcosts
ofcalculating

innerproducts
in

H
(n

innerproducts
periteration).

2.3
L

ine
Search

for
Finite

S

T
he

line
search

in
A

lgorithm
1

(ls)
contains

term
s

of
the

form
k
w
t
�
1
k
2.

T
he

philosophy
in

A
lgo-

rithm
2

isto
avoid

m
easuring

objectsin
theirnorm

and
to

w
ork

solely
w

ith
relationsbetw

een
objects

in
the

form
of

inner
products

h y
;x
i i

to
reduce

com
putationalcosts.

To
follow

this
philosophy

w
e

need
a

version
ofthe

line
search

thatdoes
notneed

access
to
k
w
t
�
1
k

or
k
y
k .A

chieving
this

goalis
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G
R

Ü
N

E
W

Ä
L

D
E

R

easy
enough:

the
line

search
aim

s
forfinding

an
˛
t

such
that

p
t
D
.1
�
˛
t /p

t
�
1
C
˛
t x
i
t ,w

ith
p
t

being
ourapproxim

ation
atstep

t,achieves
m

inim
aldistance

to
y

.So
w

e
w

antthat

˛
t
2

arg
m

in
˛
2
Œ0
;1
�

k
.1
�
˛
/p
t
�
1
C
˛
x
i
t
�
y
k
2
:

Setting
the

derivative
ofthe

squared
norm

to
zero

w
ith

respectto
˛

w
e

gain

Q̨
t
D
h y
�
p
t
�
1
;x
i
t
�
p
t
�
1
i

k
p
t
�
1
�
x
i
t k
2

:

T
he

norm
in

the
denom

inator
can

be
calculated

recursively
and

calculating
its

value
needs

no
sig-

nificantcom
putationalresources.

B
ecause

k
w
t k
D
k
p
t
�
y
k

w
e

gain
the

sam
e
Q̨
t
2
Œ0
;
1
/

as
in

A
lgorithm

1
(ls).A

lso,the
m

inim
izeroverthe

interval
Œ0
;1
�is

again
˛
t
D
1
^
Q̨
t .

2.4
A

pproxim
ation

E
rror

B
oundsthrough

D
uality

T
here

existsa
w

ellestablished
testforthe

approxim
ation

error(W
olfe,1976).L

et
S
D
fx
1
;:::;x

n
g

still
be

finite.
For

any
p
2
C

,
p
6D

y
,

w
e

can
w

rite
h p
;P
y
i
D
h p
;˛
1
x
1
C
:::˛

n
x
n
i
�

m
in
i
�
n
h p
;x
i i

and

k
p
�
y
k
�
k
P
y
�
y
k
�

n
Xi
D
1

˛
i ˝x

i
�
y
;
p
�
y

k
p
�
y
k ˛
�

m
in

x
2
S ˝x
�
y
;
p
�
y

k
p
�
y
k ˛:

So
k
p
�
y
k
�
k
P
y
�
y
k
�
k
p
�
y
k
�

m
in

x
2
S ˝x
�
y
;
p
�
y

k
p
�
y
k ˛:

T
he

last
term

tells
us

how
far

w
e

are
aw

ay
from

the
optim

um
and

it
can

be
used

to
guarantee

a
specific

approxim
ation

error
atterm

ination.
In

the
settings

w
e

are
interested

in
k
p
�
y
k

is,in
fact,

too
expensive

to
com

pute
and

w
e

need
to

m
odify

the
approach

from
W

olfe
(1976).O

bserve
that

m
ax

x
2
S ˝p
�
x
;
p
�
y

k
p
�
y
k ˛
D
k
p
�
y
k
�

m
in

x
2
S ˝x
�
y
;
p
�
y

k
p
�
y
k ˛

gives
us

the
easierto

com
pute

m
ax

x
2
S ˝p
�
x
;p
�
y ˛
�
k
p
�
y
k
.
k
p
�
y
k
�
k
P
y
�
y
k
/

T
he

rightside
isdirectly

an
upperbound

on
.
k
p
�
y
k
�
k
P
y
�
y
k
/
2,because

k
p
�
y
k
�
k
p
�
y
k
�

k
P
y
�
y
k
�
0.

H
ow

ever,this
bound

is
overly

conservative
and

w
e

loose
an

order
of

m
agnitude

since
w

e
low

erbound
k
p
�
y
k
�
k
P
y
�
y
k

w
ith

a
quantity

thatgoes
to
0.

A
betterw

ay
seem

s
to

be
to

use
linearfunctionals

to
approxim

ate
p
�
y

.N
aturalchoices

are
here
h x
;
�
i

for
x
2
S

or
h p
;
�
i

because
w

e
can

often
com

pute
these

functionals
efficiently.

T
he

form
er

choice
can

be
exploited

in
the

follow
ing

w
ay

k
y
�
p
k
�

m
ax

x
2
S ˇ̌˝y

�
p
;
x

k
x
k ˛ ˇ̌

and
w

e
can

calculate
a

low
erbound

on
k
y
�
p
k

in
about

O
.n
/

operations
(depending

on
the

repre-
sentation

of
p

)
by

calculating
the

righthand
side

inner
productfor

every
x
2
S

.
U

sing
this

bound
w

e
getthe

follow
ing

upperbound
on

the
approxim

ation
error

m
ax
x
2
S
h p
�
x
;p
�
y
i

m
ax
x
2
S
jh y
�
p
;x
=
k
x
k
i
j
�
k
p
�
y
k
�
k
P
y
�
y
k
:
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T
he

la
tte

rc
ho

ic
e

le
ad

s
to

k
y
�
p
k
�
˝ y�

p
;
p

k
p
k

˛ D˝ y
;
p

k
p
k

˛ � kp
k
:

T
he

in
eq

ua
lit

y
al

so
ho

ld
s

w
he

n
ta

ki
ng

th
e

ab
so

lu
te

va
lu

e
of

th
e

ri
gh

ts
id

e
an

d

m
ax

x
2
S

˝ p�
x
;p
�
y
˛

jk
p
k
�
h
y
;p
=
k
p
k
i
j
�
k
p
�
y
k
�
k
P
y
�
y
k
:

If
ou

rc
on

ve
x

se
ti

s
a

no
rm

ba
ll

th
en

as
p
!
P
y

w
e

al
so

ha
ve

th
at
y
�
p

ge
ts

m
or

e
an

d
m

or
e

al
ig

ne
d

w
ith
p
=
k
p
k

an
d

w
e

ex
pe

ct
th

is
bo

un
d

to
be

go
od

.

2.
5

Pa
ra

lle
liz

at
io

n

A
lg

or
ith

m
2

is
ea

sy
to

pa
ra

lle
liz

e
si

nc
e

th
e

bo
ttl

en
ec

k
pe

r
ite

ra
tio

n
is

th
e

ca
lc

ul
at

io
n

of
n

in
ne

r
pr

od
uc

ts
in

th
e

up
da

te
eq

ua
tio

n
of
a
t
.T

he
se

in
ne

rp
ro

du
ct

s
ca

n
be

ca
lc

ul
at

ed
in

de
pe

nd
en

tly
of

ea
ch

ot
he

ra
nd

by
ha

vi
ng
c

pr
oc

es
se

s
av

ai
la

bl
e

w
e

ca
n

di
st

ri
bu

te
th

e
co

m
pu

ta
tio

n
su

ch
th

at
ea

ch
pr

oc
es

s
ha

s
to

ca
lc

ul
at

e
at

m
os

td
n
=
c
e

m
an

y
in

ne
rp

ro
du

ct
s

pe
ri

te
ra

tio
n.

D
et

er
m

in
in

g
th

e
ar

g
m

ax
ca

n
th

en
be

ac
hi

ev
ed

by
a

lo
op

ov
er

th
e
n

en
tr

ie
s

of
a
t
.T

hi
s

op
er

at
io

n
is

ty
pi

ca
lly

fa
st

an
d

no
pa

ra
lle

liz
at

io
n

is
ne

ed
ed

.
T

ho
ug

h,
it

is
ea

sy
to

di
st

ri
bu

te
th

is
op

er
at

io
n

to
o

to
re

du
ce

th
e

co
m

pu
ta

tio
n

tim
e

to
d
n
=
c
e
C
c

by
fir

st
ca

lc
ul

at
in

g
c

m
ax

im
a

ov
er

se
ts

of
si

ze
at

m
os

td
n
=
c
e

an
d

by
th

en
ca

lc
ul

at
in

g
th

e
m

ax
im

um
of

th
es

e
c

m
ax

im
a.

Fi
na

lly
,t

he
su

m
m

at
io

n
of

th
e

ve
ct

or
of

in
ne

rp
ro

du
ct

s
w

ith
a
t�
1
�
a
0

ca
n

al
so

be
sp

lit
su

ch
th

at
ea

ch
pr

oc
es

s
ha

s
to

pe
rf

or
m

at
m

os
td
n
=
c
e

m
an

y
of

th
es

e
su

m
m

at
io

ns
.

T
hi

s
gi

ve
s

us
in

to
ta

la
co

m
pu

ta
tio

n
tim

e
in

th
e

or
de

ro
fd
n
=
c
e
.

3.
C

C
P-

K
er

ne
lR

eg
re

ss
io

n

W
e

no
w

w
an

t
to

ap
pl

y
th

e
al

go
ri

th
m

to
a

ch
al

le
ng

in
g

st
at

is
tic

al
pr

ob
le

m
.

T
ha

t
is

th
e

pr
ob

le
m

of
no

n-
pa

ra
m

et
ri

c
re

gr
es

si
on

.
Fo

r
th

is
w

e
us

e
a

re
pr

od
uc

in
g

ke
rn

el
H

ilb
er

ts
pa

ce
(R

K
H

S,
A

ro
ns

za
jn

(1
95

0)
)

w
hi

ch
is

in
a

ce
rt

ai
n

se
ns

e
na

tu
ra

lg
iv

en
pa

st
he

rd
in

g
ap

pl
ic

at
io

ns
,b

ut
it

is
al

so
co

m
pu

ta
-

tio
na

lly
ef

fic
ie

nt
th

an
ks

to
th

e
re

pr
od

uc
in

g
pr

op
er

ty
.

A
n

R
K

H
S

H
is

im
pl

ic
itl

y
de

fin
ed

th
ro

ug
h

a
ke

rn
el

fu
nc

tio
n
k
.x
;x
0 /

.H
is

th
e

co
m

pl
et

io
n

of

L
WD

nn X iD
1

˛
i
k
.x
i
;�
/
W
n
2

N
;x
i
2
X
;˛
i
2

R
o ;

w
he

re
X

is
th

e
do

m
ai

n
of

th
e

co
va

ri
at

es
(o

ri
np

ut
s)

.I
n

st
at

is
tic

al
ap

pl
ic

at
io

ns
w

e
lik

e
to

ap
pr

ox
im

at
e

H
w

ith
a

ne
st

ed
fa

m
ily

of
se

ts
of

fu
nc

tio
ns

th
at

ar
e

re
st

ri
ct

ed
in

a
ce

rt
ai

n
w

ay
in

th
ei

r
si

ze
.

O
ne

ne
st

ed
fa

m
ily

is
,f

or
in

st
an

ce
,t

he
fa

m
ily

of
cl

os
ed

ba
lls
B
r

of
ra

di
us
r

ce
nt

er
ed

at
ze

ro
.

Fo
r

th
es

e
w

e
kn

ow
th

at
S r
�
0
B
r
D

H
.T

he
ba

lls
B
r

ar
e,

ho
w

ev
er

,n
ot

co
m

pa
ct

if
H

is
in

fin
ite

di
m

en
si

on
al

.
A

ls
o,

co
nt

ro
lli

ng
th

e
ex

tr
em

es
of
B
r

is
no

tn
ec

es
sa

ri
ly

ea
sy

si
nc

e
w

e
us

ua
lly

on
ly

ha
ve

ac
ce

ss
to

th
e

ke
rn

el
fu

nc
tio

n
k

an
d

no
ta

ba
si

s
f
e n
g
n
�
1

of
H

.
So

id
ea

lly
w

e
w

ou
ld

lik
e

a
fa

m
ily

of
se

ts
th

at
ca

n
ap

pr
ox

im
at

e
H

lik
e

th
e

ba
lls
B
r
,b

ut
in

co
nt

ra
st

to
B
r

th
e

di
ff

er
en

ts
et

s
w

ou
ld

be
co

m
pa

ct
,c

on
ve

x
an

d
co

nt
ro

lla
bl

e
th

ro
ug

h
th

e
ke

rn
el

.
T

he
re

is
a

fa
m

ily
of

se
ts

w
ith

th
es

e
pr

op
er

tie
s

w
hi

ch
ar

is
es

na
tu

ra
lly

fr
om

th
e

ke
rn

el
fu

nc
tio

n
(c

ld
en

ot
es

th
e

cl
os

ur
e

op
er

at
or

):

C
.r
/
D

cc
h
f
k
.x
;�
/
W
x
2
X
g
D

cl
nn X iD

1

˛
i
k
.x
i
;�
/
W
n
2

N
;x
2
X
n
;˛
2

R
n C
; k
˛
k
`

1
�
r
o �H

:
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C
.r
/

is
co

m
pa

ct
an

d
co

nv
ex

an
d

th
e

ex
tr

em
es

of
C
.r
/

ar
e

co
nt

ai
ne

d
in

th
e

se
tS
D
f
k
.x
;�
/
W
x
2

X
g
.

T
he

re
is

an
ob

vi
ou

s
si

m
ila

ri
ty

to
th

e
de

fin
iti

on
of
L

an
d

by
su

ita
bl

y
sy

m
m

et
ri

zi
ng
C
.r
/

w
e

ga
in

a
fa

m
ily

of
se

ts
w

hi
ch

co
ve

rs
al

lo
f
L

an
d

ca
n

ap
pr

ox
im

at
e

an
y

el
em

en
ti

n
H

up
to

ar
bi

tr
ar

y
pr

ec
is

io
n.

3.
1

Sy
m

m
et

ri
c

C
lo

se
d-

C
on

ve
x

H
ul

l

T
he

se
ts
C
.r
/

m
ig

ht
no

tc
on

ta
in
0

or
an

y
el

em
en

ts
on

th
e

ne
ga

tiv
e

ax
es

.T
hi

s
is

ob
vi

ou
sl

y
no

ti
de

al
fo

r
re

pr
es

en
tin

g
fu

nc
tio

ns
.

W
e

ov
er

co
m

e
th

is
sh

or
tc

om
in

g
by

sy
m

m
et

ri
si

ng
C
.r
/

by
in

cl
ud

in
g

th
e

el
em

en
ts
�
k
.x
;�
/.

In
th

is
w

ay
w

e
ge

tt
he

fa
m

ily
of

se
ts

C
s
.r
/
D

cl
nn X iD

1

˛
i
k
.x
i
;�
/
W
n
2

N
;x
2
X
n
;˛
2

R
n
; k
˛
k
`

1
�
r
o :

T
hi

s
fa

m
ily

of
se

ts
ha

s
so

m
e

si
m

ila
ri

ty
to

th
e

cl
os

ed
ba

lls
in

H
.I

n
pa

rt
ic

ul
ar

,i
ft

he
ke

rn
el

fu
nc

tio
n

is
bo

un
de

d
th

en
C
s
.r
/

is
a

su
bs

et
of

th
e

cl
os

ed
ba

ll
of

ra
di

us
Qr
D
r

su
p x
2
X
k
.x
;x
/

in
H

si
nc

e

  n X iD
1

˛
i
k
.x
i
;�
/  � k

˛
k
`

1
su

p
x
2
X

k
.x
;x
/
�
Qr

an
d

th
e

sm
al

le
st

cl
os

ed
se

t
co

nt
ai

ni
ng

th
e

el
em

en
ts
P i

˛
i
k
.x
i
;�
/

ca
n

no
t

be
la

rg
er

th
an

a
cl

os
ed

ba
ll

of
ra

di
us
Qr
.

D
en

se
ne

ss
an

d
U

ni
ve

rs
al

A
pp

ro
xi

m
at

io
n.

M
or

e
im

po
rt

an
tf

or
us

is
th

e
fo

llo
w

in
g

pr
op

er
ty

:
th

e
se

tS r
�
0
C
s
.r
/

is
de

ns
e

in
H

,s
in

ce
fo

r
an

y
f
2

H
an

d
�
>
0

th
er

e
ex

is
ts

an
n
2

N
,e

le
m

en
ts

x
1
;:
::
;x
n
2
X

an
d

co
ef

fic
ie

nt
s
˛
1
;:
::
;˛
n
2

R
su

ch
th

at
  f�

P n iD
1
˛
i
k
.x
i
;�
/  �

�
.

B
ut

P n iD
1
˛
i
k
.x
i
;�
/

is
an

el
em

en
t

of
C
s
.r
/

if
r
�
P n iD

1
j˛
i
j.

In
ot

he
r

w
or

ds
,

w
e

ca
n

ap
pr

ox
im

at
e

an
y

fu
nc

tio
n

in
H

ar
bi

tr
ar

y
w

el
l

by
m

ak
in

g
r

la
rg

e
en

ou
gh

.
Fu

rt
he

rm
or

e,
if

ou
r

ke
rn

el
fu

nc
tio

n
is

a
un

iv
er

sa
lk

er
ne

lt
he

n
w

e
ca

n
ap

pr
ox

im
at

e
an

y
co

nt
in

uo
us

fu
nc

tio
n

on
X

ar
bi

tr
ar

y
w

el
li

n
th

e
su

pr
em

um
s

no
rm

.T
hi

s
pr

op
er

ty
is

so
m

et
im

es
ca

lle
d

th
e

un
iv

er
sa

la
pp

ro
xi

m
at

io
n

pr
op

er
ty

.

3.
2

Si
m

pl
ify

in
g

th
e

Se
ts

O
pt

im
iz

in
g

ov
er
C
s
.r
/

its
el

fi
s

di
ffi

cu
lt

an
d

fr
om

a
pr

ac
tic

al
po

in
to

fv
ie

w
it

m
ak

es
se

ns
e

to
re

du
ce

th
e

se
ts

fu
rt

he
rt

o
sa

ve
co

m
pu

ta
tio

n
tim

e.
In

re
gr

es
si

on
w

e
ha

ve
a

nu
m

be
ro

fc
ov

ar
ia

te
s
x
1
;:
::
;x
n

gi
ve

n
an

d
w

e
kn

ow
th

at
w

e
ca

n
re

pr
es

en
ta

ny
R

K
H

S
fu

nc
tio

n
h

ex
ac

tly
on

th
es

e
po

in
ts
x
i
;i
�
n

,
by

fu
nc

tio
ns

of
th

e
fo

rm
P n iD

1
˛
i
k
.x
i
;�
/,

w
he

re
˛
2

R
n

ar
e

su
ita

bl
e

w
ei

gh
ts

,i
f

th
e

ke
rn

el
m

at
ri

x
K
D
.k
.x
i
;x
j
//
i;
j
�
n

is
of

fu
ll

ra
nk

be
ca

us
e

K
˛
D

0 B @h
.x
1
/

: : :

h
.x
n
/1 C A

ha
s

th
en

a
(u

ni
qu

e)
so

lu
tio

n.
Fr

om
th

is
po

in
to

fv
ie

w
it

m
ak

es
se

ns
e

to
us

e
th

e
fa

m
ily

of
se

ts

C
.r
/
WD

nn X iD
1

˛
i
k
.x
i
;�
/
W
˛
2

R
n
; k
˛
k
`

1
�
r
o :
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C
O

M
PA

C
T

C
O

N
V

E
X

P
R

O
JE

C
T

IO
N

S

instead
of
C
s .r
/.

C
.r
/

is
fully

characterized
by
S
D
f
˙
r
k
.x
1
;
�/;:::;

˙
r
k
.x
n
;
�/
g

in
the

sense
that

C
.r
/
D

cch
S

and
S

contains
the

extrem
es

of
C
.r
/.
S

itself
is

of
size

2
n

and
w

e
can

optim
ize

efficiently
overit.

3.3
Interpolation

in
H

B
efore

approaching
the

regression
problem

w
e

startw
ith

a
closely

related
interpolation

problem
.W

e
aim

for
interpolating

a
function

g
2

H
at
n

supportpoints
x
1
;:::;x

n .
L

et
y
1
D
g
.x
1
/;:::;y

n
D

g
.x
n
/.

T
he

interpolation
algorithm

is
essentially

an
efficientversion

of
A

lgorithm
2

applied
to

the
elem

ents
˙
r
k
.x
1
;
�/;:::;

˙
r
k
.x
n
;
�/,w

here
r

is
the

scaling
factor

of
C
.r
/.

So
atthe

heartof
the

algorithm
w

e
have

a
vector

a
2

R
n

w
hich

keeps
track

of
the

approxim
ation

error
and

the
entries

a
i

are
just
h w
t ;k
.x
i ;
�/
i ,

w
here

w
t

is
the

w
eight

vector
used

in
A

lgorithm
1.

W
e

form
ulate

the
algorithm

in
term

s
of“
 

”
assignm

ents
w

hich
denote

the
operation

ofoverw
riting

the
lefthand

side
w

ith
the

value
on

the
righthand

side.

A
lgorithm

3.
Input:

y
2

R
n,
T
2

N
,
r
>
0,a

kernelfunction
k

and
x
1
;:::;x

n
2
X

.

1.
[Initialize]Set

a
D
ry

and
t
D
1.

2.
[O

ptim
ization

oracle]C
hoose

j
0
2

arg
m

in
i
�
n
a
i ,
j
00
2

arg
m

ax
i
�
n
a
i .

3.
If
�

m
in
i
�
n
a
i
�

m
ax
i
�
n
a
i

then
let
j
D
j
0;z

t
D
x
j

and
s
t
D
1

4.
else

let
j
D
j
00;z

t
D
x
j

and
s
t
D
�
1.

5.
[U

pdate
w

eight]Set
a
i
 
a
i
C
ry
i
�
r
2
s
t k
.x
i ;z

t /
forall

i
�
n.

6.
[Iterate]If

t
<
T

then
increm

ent
t

by
1

and
go

back
to

2.

7.
[Term

inate]R
eturn

the
regressor

f
.x
/
D
r
.s
1
k
.z
1
;x
/
C
:::
C
s
T
k
.z
T
;x
//=
T

.

T
he

com
plexity

ofthe
algorithm

is
O
.T
n
/since

w
e

have
T

iterations
and

w
e

need
to

update
in

each
iteration

a
2

R
n.T

he
bottleneck

in
this

algorithm
is

the
evaluation

ofthe
k
.z
i ;x

/.

L
ine

search.
T

he
line

search
version

of
this

algorithm
is

based
on

Section
2.3.

W
e

update
re-

cursively
the

elem
ents

�
;
;�

,
w

here
at

step
t

w
e

have
that

�
D
k
p
t
�
1
k
2,

D
h p
t
�
1
;y
i

and
�
D
.
h p
t
�
1
;k
.x
1
;
�/
i
;:::;

h p
t
�
1
;k
.x
n
;
�/
i /,to

keep
the

com
plexity

ofthe
algorithm

at
O
.T
n
/.

A
lgorithm

3
(ls).

Input:
y
2

R
n,
T
2

N
,
r
>
0,a

kernelfunction
k

and
x
1
;:::;x

n
2
X

.

1.
[Initialize]Set

a
D
ry
;t
D
1
;�
D
0
;
D
0

and
�
D
.0
;:::;0

/.

2.
[O

ptim
ization

oracle]C
hoose

j
0
2

arg
m

in
i
�
n
a
i ,
j
00
2

arg
m

ax
i
�
n
a
i .

3.
If
�

m
in
i
�
n
a
i
�

m
ax
i
�
n
a
i

then
let
j
D
j
0;z

t
D
x
j

and
s
t
D
1

4.
else

let
j
D
j
00;z

t
D
x
j

and
s
t
D
�
1.
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5.
[C

alculate
step

size]L
et
v
D
r
2
.k
.x
1
;z
t /;:::;k

.x
n
;z
t //

and

Q̨
t
D
r
s
t y
j
�
r
s
t �
j
�

C
�

�
�
2
r
s
t �
j
C
v
j

;
if
t
D
1

let
˛
t
D
1

and
otherw

ise
let
˛
t
D
1
^
Q̨
t :

6.
[U

pdate
w

eight]
a
 
.1
�
˛
t /a
C
˛
t .ry
�
s
t v
/.

7.
[U

pdate
line

search
variables]

�
 
.1
�
˛
t /
2
�
C
2
˛
t .1
�
˛
t /r
s
t �
j
C
˛
2t
v
j ,
�
 
.1
�
˛
t /�
C

˛
t .s

t =
r
/v

and

 
.1
�
˛
t /
C
˛
t s
t ry

j .

8.
[Iterate]If

t
<
T

then
increm

ent
t

by
1

and
go

back
to

2.

9.
[Term

inate]
R

eturn
the

regressor
f
.x
/
D
r
.s
1
ˇ
1
k
.z
1
;x
/
C
:::
C
s
T
ˇ
T
k
.z
T
;x
//=
T

,w
ith

ˇ
i
D
˛
i Q

Tn
D
i
C
1
.1
�
˛
n
/.

T
he

expensive
calculation

is
here

the
calculation

of
v
D
.k
.x
1
;z
t /;:::;k

.x
n
;z
t //.

A
pproxim

ation
error

stopping
rule.

W
e

can
also

use
an

approxim
ation

error
of

below
�

as
the

stopping
criterion

by
using

bounds
from

Section
2.4.

T
he

algorithm
below

achieves
this

in
O
.T
n
/

for
the

bound
thatuses

our
approxim

ation
p
t

to
gauge

the
approxim

ation
error.

T
he

algorithm
is

very
sim

ilarto
the

line
search

algorithm
because

w
e

need
to

store
sim

ilarquantities
forcalculating

the
bound

as
forthe

line
search.W

e
update

recursively
the

elem
ents

�
;
;�

,w
here

atstep
t

(before
the

update)w
e

have
that

�
D
k
p
t
�
1
k
2,
D
h p
t
�
1
;y
i ,�
D
.
h p
t
�
1
;k
.x
1
;
�/
i
;:::;

h p
t
�
1
;k
.x
n
;
�/
i /.

T
he

com
plexity

of
the

algorithm
is

again
O
.T
n
/.

T
he

version
show

n
below

is
for

the
line

search.
B

y
replacing

˛
t

w
ith

1
=
t

one
can

gain
a

version
for

the
standard

algorithm
.

W
e

state
only

the
changes

to
A

lgorithm
3

(ls).

A
lgorithm

3
(ls,ae).

(replace
8.

and
9.

in
A

lgorithm
3

(ls)).
Input:

y
2

R
n,
�
>
0,
r
>
0,a

kernelfunction
k

and
x
1
;:::;x

n
2
X

.

8.
[U

pperbound]C
alculate

the
upperbound

b
D

m
ax

i
�
n

�
�
r
�
i
�

C
ry
i

ˇ̌p
�
�

=
p
� ˇ̌

_
m

ax
i
�
n

�
C
r
�
i
�

�
ry
i

ˇ̌p
�
�

=
p
� ˇ̌

:

9.
[Term

inate]
If
b
�
�

return
the

regressor
f
.x
/
D
r
.s
1
ˇ
1
k
.z
1
;x
/
C
:::
C
s
t ˇ
t k
.z
m
;x
//

w
here

ˇ
i
D
˛
i Q

tn
D
i
C
1
.1
�
˛
n
/.O

therw
ise,go

back
to

2.

A
s

forthe
othertw

o
algorithm

s
above

the
com

putationally
m

ostdem
anding

operation
in

this
algo-

rithm
is

the
calculation

of
.k
.x
1
;z
t /;:::;k

.x
n
;z
t //.

3.4
N

orm
M

inim
izing

R
egressor

T
he

interpolation
algorithm

s
can

also
be

applied
to

the
regression

problem
.

L
et

the
observations

be
.x
1
;y
1
/;:::;.x

n
;y
n
/

and
let
K

be
the

kernelm
atrix.

If
the

kernelm
atrix

is
of

fullrank
then

w
ith
˛
D
K
�
1
y

,w
here

y
D
.y
1
;:::;y

n
/
>

,the
function

h
.x
/
D P

ni
D
1
˛
i k
.x
i ;
�/
2

H
fulfills

.h
.x
1
/;:::;h

.x
n
//
D
K
˛
D
y
>

and
the

interpolation
algorithm

applied
to
h

w
illconverge

under
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th
e

us
ua

lc
on

di
tio

ns
w

ith
a

ra
te

of
1
=
t,

th
at

is
k
h
�
g
t
k
2
�
b
2
=
t2

w
ith
g
t
D
.1
=
t/
P t iD

1
k
.z
i
;�
/.

T
he

re
ar

e
tw

o
in

te
re

st
in

g
ob

se
rv

at
io

ns
he

re
:

fir
st

,
th

e
al

go
ri

th
m

m
in

im
iz

es
th

e
di

st
an

ce
to
h

im
-

pl
ic

itl
y

w
ith

ou
tk

no
w

le
dg

e
of
h

its
el

f.
In

fa
ct

,d
et

er
m

in
in

g
h

nu
m

er
ic

al
ly

is
us

ua
lly

im
po

ss
ib

le
du

e
to

ill
-c

on
di

tio
ni

ng
.

Se
co

nd
,t

he
al

go
ri

th
m

m
in

im
iz

es
th

e
di

st
an

ce
in

th
e

R
K

H
S

no
rm

an
d

no
ti

n
a

le
as

t-
sq

ua
re

s
se

ns
e.

B
ot

h,
th

e
R

K
H

S
no

rm
an

d
th

e
le

as
t-

sq
ua

re
s

cr
ite

ri
on

ca
n

be
se

en
as

di
st

an
ce

m
ea

su
re

s
th

at
ar

e
in

ce
rt

ai
n

w
ay

s
re

la
te

d.
Fo

ri
ns

ta
nc

e,
a

no
rm

-d
is

ta
nc

e
of

ze
ro

be
tw

ee
n

tw
o

fu
nc

-
tio

ns
im

pl
ie

s
th

at
th

ey
ha

ve
th

e
sa

m
e

le
as

t-
sq

ua
re

er
ro

ra
nd

,f
ur

th
er

m
or

e,
th

e
le

as
t-

sq
ua

re
s

er
ro

ro
f

ou
ra

pp
ro

xi
m

at
io

n
is

bo
un

de
d

by

1 n

n X iD
1

.y
i
�
g
t
.x
i
//
2
D
1 n

n X iD
1

jh
h
�
g
t
;k
.x
i
;�
/ i
j2
�

 1 n

n X iD
1

k
.x
i
;x
i
/! . k

h
�
P
h
k
2
C
c
=
t2
/

w
he

re
P
h

de
no

te
s

th
e

pr
oj

ec
tio

n
of
h
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m
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the
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Figure
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results.
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Figure
7:

T
he

table
show

s
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parison
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G

P/ridge
regressor,
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Fast-K

R
R

and
the
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C

P-regressor.E
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entry
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algorithm
,how

ever,is
strongly

affected
by
r

w
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is
consistent

w
ith

ourbound
in

w
hich

r
influences

the
constantofthe

convergence
rate.

Forboth
thresholds

the
com

putation
tim

e
increases

slightly
non-linearly

in
r.T

he
least-squares

errordepends
on

both
�

and
r.Increasing

r
results

in
this

experim
entin

a
higherreduction

in
least-squares

errorin
dependence

ofthe
added

com
putation

tim
e.

T
he

low
esterroris

achieved
by

the
G

P-regressor(w
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corresponds
to

the
Fast-K

R
R

w
ith

one
partition).

A
slightly

suboptim
al

solution
w

ith
a

least-squares
error

of
0.124

is
achieved

by
the

C
C

P-regressor
in

about25
seconds

less
than

w
hatthe

G
P-regressor

needs.
O

ne
can

also
observe

thatFast-K
R

R
is

fastin
com

puting
an

estim
ate

w
ith

a
low

least-squares
errors

w
hich

is
en

parw
ith
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0
:2
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0
:1
7).
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interesting
question
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the
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P-regressorscale
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arge

Scale
Sam

ple
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e
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R
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the
C
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P-regressor

(line
search)
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data
set.
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Z
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etal.(2013)
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and
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C

C
P-regressor
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r
D
1
0
0
0
0
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P-regressor

is
the

num
ber

of
kernelevaluations

thatneed
to

be
perform

ed
w
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n
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R

R
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that
0
�
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)in
the

orderof
n
2
=
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any

kernelevaluationsand
itneedsto

calculate
m

m
any
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atricesofsize

.n
=
m
/
�
.n
=
m
/.

So
if
t
D
n
=
m

then
the

C
C

P-regressor
needs

to
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exactly
as

m
any

kernel
evaluations

as
the

Fast-K
R

R
algorithm

.E
specially

forlarge
m

this
w
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for
the

C
C

P-regressor
and

one
expects

thatif
the

kernelevaluation
is

expensive
in
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parison

to
the

com
putationalcostof

an
inverse

then
Fast-K

R
R

w
illperform

better.
O

n
the

other
hand

if
w
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eithersm
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to

evaluate
kernels

then
the

C
C

P-regressorw
illexcelcom

pared
to

Fast-K
R

R
.In

term
s

of
m
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ory:

the
C

C
P-regressor

needs
a

sm
allm

ultiple
of

the
originaldata

size
w

hile
the

Fast-K
R

R
needs

to
store

another
n
=
m
�
n
=
m

m
atrix.

W
e

m
ade

25
G

B
of

m
em

ory
available

to
the

Fast-K
R

R
m

ethod,w
hich

allow
ed

us
to

go
dow

n
to

26
partitions

on
ourcluster.T

he
results

ofthe
com

parison
are

show
n

in
Figure

8
(m

ean
over10

runs
w

ith
random

ly
chosen

training
and

testsets).
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Figure
8:

T
he

plotshow
s

the
perform

ance
ofthe

Fast-K
R

R
and

cpp-regressorin
dependence

ofthe
run-tim

e.
W

e
used

partition
sizes

26,32,38,48,64,96,128
and

256
for

Fast-K
R

R
.26

w
as

the
lim

itw
e

could
achieve

w
ith

25
G

B
ofm

em
ory.

W
e

also
determ

ined
the

standard
deviations.

T
hese

w
ere

for
both

regressors
m

arginaland
w

e
did

notploterror-bars
(m

axim
alstandard

deviation
forFast-K

R
R

:
0
:1
6
�
1
0
�
4;C

C
P:
0
:0
2).
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th

e
fo

llo
w

in
g,

w
e

de
no

te
w

ith
C
t

th
e

co
m

po
si

tio
n

op
er

at
or

th
at

co
ns

is
ts

of
th

e
fir

st
t

op
er

at
or

s
in
C

(i
n

th
e

ab
ov

e
ex

am
pl

e
C
3
D
A
2
B

)
an

d
w

e
us

e
th

e
no

ta
tio

n
C
s
;t

fo
r

th
e

op
er

at
or

th
at

fu
lfi

lls
C
t
D
C
s
;t
ı
C
s
�
1
.

W
e

sp
lit

th
e

pr
oo

f
of

th
e

le
m

m
a

an
d

th
e

fo
llo

w
in

g
th

eo
re

m
s

in
to

a
nu

m
be

r
of

se
pa

ra
te

cl
ai

m
s

an
d

w
e

us
e

PPP
(p

ro
of

)a
nd

QQQ
(q

.e
.d

.)
br

ac
ke

ts
fo

rt
he

pr
oo

fs
of

th
e

cl
ai

m
s.

L
em

m
a

9
Le

t
H

be
a

H
ilb

er
t

sp
ac

e,
K

a
cl

os
ed

su
bs

pa
ce

of
H

,
P

th
e

pr
oj

ec
tio

n
on

to
K

,
B
W

H
!

H
,B
x
D
.I
�
P
/x
C
P
B
P
x

an
op

er
at

or
,A

a
fa

m
ily

of
op

er
at

or
s
A
W

H
!

H
,C

a
fin

ite
co

m
po

si
tio

n
of

op
er

at
or

s
of

A
an

d
B

,a
nd
x
0
2

H
su

ch
th

at
th

er
e

ex
is

tc
on

st
an

ts
a
;b
;�
>
0

w
ith

(i
)
k
A
x
k
; k
B
x
k
�
k
x
k
C
b

fo
r

ev
er

y
A
2

A
,x
2

H
.

(i
i)

Fo
r

an
y

el
em

en
tx
2
f
C
t
x
0
g
t�
1

an
d

fo
r

an
y
t
�
1

fo
r

w
hi

ch
C
t;
t
2

A
,i

.e
.a

n
op

er
at

or
in

A

is
ch

os
en

at
tim

e
t,

w
e

ha
ve

w
ith
A
D
C
t;
t
2

A
th

at

k
A
x
k
2
�
k
x
k
. k
x
k
�
�
/
C
b
:

(i
ii)

If
k
P
x
k
�
a

fo
r

an
el

em
en

tx
2

H
th

en
k
B
x
k
�
k
x
k
.

Th
en

fo
r

al
lt
�
1

k
C
t
x
0
k
2
�
k
x
k
2
_
.c
C
b
/2
C
.a
C
b
/2

an
d
k
C
t
x
0
k
�
k
x
k
_
.c
C
b
/
C
a
C
b
;

w
ith

th
e

co
ns

ta
nt
c
WD
..
a
C
b
/2
C
b
/=
�

.

Pr
oo

f
(a

)F
or

an
y
n
�
0
,x
2

H
,i

th
ol

ds
th

at
k
B
n
x
k
2
�
k
x
k
2
C
.a
C
b
/2

.
PPP

O
bs

er
ve

th
at
B
x
D
.I
�
P
/x
C
B
P
x

. k
P
x
k
<
a

im
pl

ie
s
k
B
P
x
k
�
a
C
b

an
d

if
k
P
x
k
�
a

th
en

k
B
P
x
k
2
D
k
B
x
k
2
�
k
.I
�
P
/x
k
2
�
k
x
k
2
�
k
.I
�
P
/x
k
2
D
k
P
x
k
2

an
d
k
B
P
x
k
�
k
P
x
k
_
.a
C
b
/.

H
en

ce
,

k
B
n
P
x
k
�
  PBn

�
1
x
  _.

a
C
b
/
D
  Bn�

1
P
x
  _.

a
C
b
/
�
k
P
x
k
_
.a
C
b
/:

So
fo

ra
ny
n
�
0

an
d
x
2

H
w

e
kn

ow
th

at

k
B
n
x
k
2
D
k
.I
�
P
/x
k
2
C
k
B
n
P
x
k
2
�
k
.I
�
P
/x
k
2
C
k
P
x
k
2
_
.a
C
b
/2
�
k
x
k
2
C
.a
C
b
/2
:

QQQ
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(b)Forany
n
�
0,
A
2

A
,if
k
x
k
�
c
C
b,
x
D
C
t x
0

and
C
t
C
1
;t
C
n
C
1
D
A
B
n

forsom
e
t
�
0

then
k
A
B
n
x
k
�
k
x
k

and
k
A
B
n
x
k
�
k
x
k
_
.c
C
b
/.

PPP
If
k
x
0k
�
c

then
(ii)tells

us
that


A
x
0 
2
� 

x
0 
2
�
� 
x
0 
C
b
� 

x
0 
2
�
.a
C
b
/
2
:

So,if
k
B
n
x
k
�
c

then
(a)tellsusthat

k
A
B
n
x
k
2
�
k
B
n
x
k
2
�
.a
C
b
/
2
�
k
x
k
2.A

nd,if
k
B
n
x
k
<
c

then
k
A
B
n
x
k
�
c
C
b.A

lso,
k
A
B
n
x
k
�
k
x
k

if
k
x
k
�
c
C
b.QQQ

(c)
For

any
n
�
0
;m
�
1,
A
1
;:::;A

m
2

A
,

if
k
x
k
�
c
C
b,
x
D
C
t x
0 ,
C
t
C
1
;t
C
n
C
m
D

A
1
:::A

m
B
n

for
som

e
t
�
1

then
k
A
1
:::A

m
B
n
x
k
�
k
x
k

and
itholds

that
k
A
1
:::A

m
B
n
x
k
�

k
x
k
_
.c
C
b
/.

PPP
If
k
z
k
�
b
=
�

for
a
z
2

H
then
k
A
z
k
�
k
z
k

for
all
A
2

A
.

If
k
x
k
�
c
C
b

then
(b)

tells
us

that
k
A
B
n
x
k
�
k
x
k

for
all
A
2

A
.

H
ence,for

any
2
�
l
�
m
�
1,
k
A
m
�
l
�
1
:::A

m
B
n
x
k
>

k
A
m
�
l
:::A

m
B
n
x
k

im
plies

k
A
m
�
l
:::A

m
B
n
x
k
<
b
=
�
�
c.

T
he

m
axim

alincrease
of

operators
A
2

A
is

bounded
by
b

due
to

(i).Since
w

e
can

only
see

an
increase

if
k
A
m
�
l
:::A

m
B
n
x
k
�
c

w
e

gain
k
A
m
�
l
�
1
:::A

m
B
n
x
k
�
.c
C
b
/
_
k
x
k
D
k
x
k .A

slightm
odification

ofthe
argum

entyields
the

second
case.QQQ

(d)Itfollow
s

thatcom
positions

ofsuch
sequences,say

A
1
:::A

m
1 B

n
1A

m
1
C
1
:::A

m
1
C
m

2 B
n

2,
m
1
;m

2
>
0,A

1
;:::;A

m
1
C
m

2
2

A
do

notincrease
the

bound
since

w
ith
x
0
D
A
m

1
C
1
:::A

m
2 B

n
2x,


x
0 
D
k
A
m

1
C
1
:::A

m
2 B

n
2x
k
�
k
x
k
_
.c
C
b
/

w
e

have

A
1
:::A

m
1 B

n
1x
0 
� 

x
0 
_
.c
C
b
/
�
k
x
k
_
.c
C
b
/:

T
hese

cases
cover

all
possible

com
positions

w
ith

the
only

exception
of

sequences
that

start
w

ith
som

e
B
n,
n
�
1.B

ut,if
k
x
0k
�
k
x
k
_
.c
C
b
/

then
from

(a)w
e

know
that

k
C
x
k
2
D 

B
n
x
0 
2
� 

x
0 
2
C
.a
C
b
/
2
�
k
x
k
2
_
.c
C
b
/
2
C
.a
C
b
/
2
:

W
e

need
the

definitions
of

the
affine

hull
and

the
affine

dim
ension.

T
he

affine
hull

of
a

set
A
�

H
is

aff
A
D �

n
Xi
D
1

˛
i x
i
W
n
�
1
;x
i
2
A
;

n
Xi
D
1

˛
i
D
1 �
:

T
he

affine
hull

can
be

identified
w

ith
a

vector
space

by
centering

it
around

an
arbitrary

elem
ent

x
0
2

aff
A

,i.e.
V
D
fx
�
x
0
W
x
2

aff
A
g

is
a

vector
space.

T
he

dim
ension

of
this

vector
space

is
called

the
affine

dim
ension

of
A

.If
A
D
fx
g

forsom
e

elem
ent

x
2

H
then

aff
A

is
also

just
fx
g

and
w

e
define

its
affine

dim
ension

to
be
0.

W
e

recall
som

e
basic

properties
of

the
projection

P
y

of
y

onto
a

com
pact

convex
set

C
.

T
he

projection
P
y

is
characterized

by
k
y
�
P
y
k
D

m
in
x
2
C
k
y
�
x
k

and
the

geom
etric

prop-
erty
h y
�
P
y
;x
�
P
y
i
�
0

forevery
x
2
C

.T
he

latterproperty
translates

into
a

sortoforthogonal
decom

position
forconvex

sets,thatis

k
y
�
x
k
2
D
k
y
�
P
y
k
2
�
2
h y
�
P
y
;x
�
P
y
i
C
k
P
y
�
x
k
2
�
k
y
�
P
y
k
2
C
k
P
y
�
x
k
2
:

(1)

W
e

also
need

the
definition

ofa
face

ofa
convex

set
C

.A
face

F
isa

setw
hich

fulfillsthatw
henever

there
are

tw
o

points
a
;b
2
C

and
�
2
.0
;1
/

w
ith
�
a
C
.1
�
�
/b
2
F

then
a
;b
2
F

.
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G
R

Ü
N

E
W

Ä
L

D
E

R

T
heorem

2
G

iven
a

com
pactconvex

set
C
�

H
and

a
finite

subset
S

of
C

w
ith

ex
C
�
S

there
exists

for
y
2

H
a

constant
b
>
0

such
thatA

lgorithm
1

has
a

w
orst-case

approxim
ation

error
of

b
=
t

for
all
t
�
1

if,and
only

if,A
ssum

ption
1

is
fulfilled

for
the

sequences
fx
t g
t
�
1

and
fw

t g
t
�
0

generated
by

the
algorithm

.

Proof
W

e
startw

ith
som

e
generalobservations

before
proving

thatthe
assum

ption
is

sufficientfor
the

fastrate
ofconvergence.T

hatthe
condition

is
necessary

is
show

n
atthe

end
(see

(v)).
(i)T

he
algorithm

converges
w

ith
the

rightrate
to
P
y

ifthe
sequence

fw
t
�
y
�
t.y
�
P
y
/
g
t
�
1

stays
in

a
bounded

norm
ballofradius

b
since

then

b
�
k
w
t
�
y
�
t.y
�
P
y
/
k
D 

.t
C
1
/y
�

t
Xi
D
1

x
i
�
y
�
t.y
�
P
y
/ 
D 

tP
y
�

t
Xi
D
1

x
i 

(2)

because
w
t
D
.t
C
1
/y
�
.x
1
C
:::
C
x
t /

and
hence

k
P
y
�
.x
1
C
:::
C
x
t /=
t
k
�
b
=
t.

A
lso

observe
thatw

e
can

replace
forany

z
2

H

arg
m

ax
x
2
S

h z
;x
i

w
ith

arg
m

ax
x
2
S

h z
;x
�
P
y
i

in
the

m
axim

ization
step.

(ii)(a)T
here

exists
a

m
inim

alface
F

thatcontains
P
y

w
hich

is

F
D
fP
y
g
[
fx
2
C
W
9
z
2
C
;�
2
.0
;1
/

such
that

�
x
C
.1
�
�
/z
D
P
y
g:

(3)

(b)
F

is
a

com
pactand

convex
setand

the
extrem

es
of
F

are
ex
F
D

ex
C
\
F

.
L

et
F
c
D
fz
�
P
y
W
z
2
F
g

be
the

face
F

centered
around

P
y
2
F

.T
he

setaff
F
c
D

span
F
c

is
a

closed
subspace

of
H

w
ith

orthogonalcom
plem

ent
.aff

F
c /
?
D
F
?c

.So
to

any
elem

ent
z
2

H

w
e

have
a

unique
z
jj
2

aff
F
c

and
z
?
2
.aff

F
c /
?

w
ith
z
D
z
jj
C
z
?

.
In

the
follow

ing,denote
the

projection
onto

aff
F
c

w
ith
P
F

.
(c)
y
�
P
y

stands
orthogonalon

the
centered

face
F
c ,i.e.

y
�
P
y
2
F
?c

.So
the

term
t.y
�
P
y
/

contained
in
w
t

does
notinfluence

the
m

axim
ization

over
F

.
(d)

E
ither

F
c
D
f0
g

or
there

exists
a
ı
F
>
0

such
that

B
.0
;ı
F
/
\

span
F
c
D
B
.0
;ı
F
/
\
F
c ,

w
here

B
.0
;ı
F
/

is
a

the
closed

ballofradius
ı
F

centered
atthe

origin.
(e)

For
any

w
t ,
t
�
0,

there
exists

an
x
2
C

such
that
h x
�
P
y
;w

t i
�
0.

Furtherm
ore,

if
F
c
6D
f0
g

and
w

henever
k
P
F
w
t k
�
2
r
2
=
ı
F

,
r
WD

sup
x
2
C
k
x
k
<
1

,and
an

elem
entin

S
\
F

is
chosen

by
the

algorithm
then
k
P
F
w
t
C
1
k
�
k
P
F
w
t k .So,if

k
P
F
w
t k
�
2
r
2
=
ı
F

and
an

elem
entin

S
\
F

is
chosen

then
k
w
t
C
1
�
y
�
.t
C
1
/.y
�
P
y
/
k
�
k
w
t
�
y
�
t.y
�
P
y
/
k .

(f)
If
F
D
C

then
b
D
2
r
2
=
ı
F
C
3
r

satisfies
eq.

2
and

the
error

of
the

algorithm
is

bounded
by
.2
r
2
=
ı
F
C
3
r
/=
t

forany
t
�
1.

PPP
(a)
F

is
the

m
inim

alface.
F

is
certainly

a
subsetof

any
face

thatcontains
P
y

by
the

very
definition

of
a

face.
Itis

also
a

face
itself

since
if

for
any

x
2
F

,
x
6D
P
y

,there
existtw

o
points

a
;b
2
C

and
a
�
2
.0
;1
/

such
that

x
D
�
a
C
.1
�
�
/b

then
there

exists
a
�
2
.0
;1
/

and
a
z
2
C

such
that

P
y
D
�
x
C
.1
�
�
/z
D
�
.�
a
C
.1
�
�
/b
/
C
.1
�
�
/z
D
�
�
a
C
�
.1
�
�
/b
C
.1
�
�
/z
D

�
�
a
C
.1
�
�
�
/ �

�
.1
�
�
/

1
�
�
�
b
C

1
�
�

1
�
�
�
z �
:
c
WD
�
.1
�
�
/=
.1
�
�
�
/b
C
.1
�
�
/=
.1
�
�
�
/z

is
an

elem
ent

of
C

since
it

is
a

convex
com

bination
of
b

and
z

and
hence

w
ith
�
WD

�
�
2
.0
;1
/

w
e

see
that

P
y
D
�
a
C
.1
�
�
/c

and
a
2
F

.
A

pplying
the

sam
e

argum
entto

b
show

s
us

also
that

b
2
F

and
F

is
a

face.
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(b
)
F

is
co

m
pa

ct
an

d
co

nv
ex

an
d

ex
F
D

ex
C
\
F

.
F

is
a

fa
ce

an
d

as
su

ch
al

so
co

nv
ex

.
Fu

rt
he

rm
or

e,
F
D
C
\

af
fF

w
he

re
af

fF
is

th
e

af
fin

e
hu

ll
of
F

.
T

he
af

fin
e

hu
ll

ha
s

fin
ite

af
fin

e
di

m
en

si
on

si
nc

e
C

ha
s

fin
ite

af
fin

e
di

m
en

si
on

.A
ffi

ne
hu

lls
w

ith
fin

ite
af

fin
e

di
m

en
si

on
ar

e
cl

os
ed

.
H

en
ce

,
F

is
cl

os
ed

as
th

e
in

te
rs

ec
tio

n
of

tw
o

cl
os

ed
se

ts
.

A
nd

si
nc

e
cl

os
ed

su
bs

et
s

of
co

m
pa

ct
se

ts
ar

e
co

m
pa

ct
w

e
se

e
th

at
F

is
co

m
pa

ct
.

Fi
na

lly
,e

x
F
D
F
\

ex
C

,t
ha

ti
s

th
e

ex
tr

em
es

of
F

ar
e

ju
st

th
e

ex
tr

em
es

of
C

w
hi

ch
lie

in
F

.
T

he
la

st
pr

op
er

ty
ca

n
be

ve
ri

fie
d

in
th

e
fo

llo
w

in
g

w
ay

:
th

e
ex

tr
em

es
of
C

ar
e

by
de

fin
iti

on
no

tc
on

ve
x

co
m

bi
na

tio
ns

of
an

y
tw

o
po

in
ts
a
;b
2
C

,a
6D
b

,
an

d
he

nc
e

of
no

tw
o

po
in

ts
in
F

.
So
F
\

ex
C
�

ex
F

.
O

n
th

e
ot

he
r

ha
nd

,
if
c
2

ex
F

th
en

th
er

e
is

no
po

in
ta
2
C
n
F

fo
r

w
hi

ch
a

co
rr

es
po

nd
in

g
po

in
tb
2
C

an
d
�
2
�0
;1
Œ

ex
is

ts
su

ch
th

at
c
D
�
a
C
.1
�
�
/b

(a
w

ou
ld

ot
he

rw
is

e
be

in
th

e
fa

ce
F

).
H

ow
ev

er
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P
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th

e
pr

op
er

tie
s

of
P
y

, h
y
�
P
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P
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.
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r
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P
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w
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d
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is

ca
se

cl
os

ed
.

T
ha

t
m

ea
ns

an
y

el
-
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pr
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P
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�
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P
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C
O

M
PA

C
T

C
O

N
V

E
X

P
R

O
JE

C
T

IO
N

S

a
basis

of
U
ı

and
let
E
ı

be
the

setofthese
basis

elem
ents.Finally,group

the
basis

elem
ents

of
U
b ,

guaranteed
to

us
in

ourassum
ption,in

E
b .Furtherm

ore,let
ı
m

be
the

largestradius
ofan

open
ball

around
0

in
U
F
˚
U
ı .
ı
m

is
alw

ays
strictly

largerthan
0.Forany

e
2
E
b

and
t
�
0

h w
t ;e
i
D
h P
y
;e
i
C
h .t
C
1
/.y
�
P
y
/;e
i
�

t
Xn
D
1

h x
n
�
P
y
;e
i
�
h .t
C
1
/.y
�
P
y
/;e
i
C
h P
y
;e
i

and
forany

e
2
E
b

and
any

t
�
0

itholds
that

h w
t
C
1
�
.y
�
P
y
/;e
i
�
h w
t ;e
i
D
�
h x
t
C
1
�
P
y
;e
i
�
0
:

H
ence
h w
t
C
1
�
.y
�
P
y
/;e
i
�
h w
t ;e
i

forall
e
2
E
b .

C
learly,

F
c

lies
in
U
F
˚
U
ı .M

ore
im

portantly,any
elem

entthatis
notin

F
c

lies
atleastpartly

in
U
b ,orin

otherw
ords,if

x
2
C
n
F

then
P
b
.x
�
P
y
/
6D
0.

PPP
For

any
elem

ent
x
2
C

thatis
notin

F
there

exists
an
e
2
E
b

such
that
h x
�
P
y
;e
i
6D
0.

O
therw

ise,
x
�
P
y

w
ould

lie
in

a
subspace

A
for

w
hich

there
is

a
ı
0
>
0

and
B
.0
;ı
0/
\
A
D

B
.0
;ı
0/
\
A
\
C
c .

T
he

elem
ent
�
.x
�
P
y
/

w
ould

then
also

lie
in
A

and
z
D
�
.ı
0=
2
/.x
�

P
y
/=
k
x
�
P
y
k
2
B
.0
;ı
0/
\
A
D
B
.0
;ı
0/
\
A
\
C
c

(x
6D
P
y

,
since

P
y
2
F

and
the

norm
k
x
�
P
y
k

is
strictly

positive).So
w

ith
�
D
ı
0=
.2
k
x
�
P
y
k
/

and
�
D
�
=
.1
C
�
/
2
�0
;1
Œw

e
w

ould
have

that�
.x
�
P
y
/
C
.1
�
�
/z
D
.x
�
P
y
/�
=
.1
C
�
/
�
.x
�
P
y
/�
.1
�
�
=
.1
C
�
//
D
0

and
�
x
C
.1
�
�
/.z
C
P
y
/
D
P
y

.B
ut,because

x
and

z
C
P
y
2
C

this
im

plies
that

x
2
F

by
the

definition
ofthe

m
inim

alface.T
he

conclusion
x
2
F

is
a

contradiction
to

ouroriginalassum
ption

and
ourclaim

holds.QQQ
(iv)(a)Ifthe

sequence
f
k
.P
F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
//
k
g
t
�
1

is
bounded

then
the

sequence
f
k
P
b
.w
t
�
y
�
t.y
�
P
y
/
k
g
t
�
1

is
also

bounded
and

elem
ents

in
S
n
F

are
chosen

only
finitely

often.(b)
U

nder
A

ssum
ption

1
the

sequence
f
k
.P
F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
//
k
g
t
�
1

is
bounded.

Furtherm
ore,underthisassum

ption
the

sequence
f
k
w
t
�
y
�
t.y
�
P
y
/
k
g
t
�
1

isbounded
and

there
exists

a
constant

b
such

thatthe
approxim

ation
erroris

bounded
by
b
=
t.

PPP
(a)L

etus
assum

e
that
f
k
P
b
.w
t
�
y
�
t.y
�
P
y
/
k
g
t
�
1

is
unbounded.Ifelem

ents
in
F

are
chosen

atany
stage

tthen
P
b
.w
t
�
y
�
t.y
�
P
y
//
D
P
b
.w
t
C
1
�
y
�
.t
C
1
/.y
�
P
y
//and

there
isno

increase
ofthe

norm
ed

sequence.
H

ence,there
m

ustexistan
elem

ent
x
�
2
S
n
F

w
hich

is
selected

infinitely
often.

L
et
e
D
�
P
b
.x
�
�
P
y
/=
k
P
b
.x
�
�
P
y
/
k

and
observe

that
h e
;x
�
P
y
i
�
0

for
all
x
2
C

because
h P
b
.x
�
�
P
y
/;x
�
P
y
i
D P

e
02
E

b
h e
0;x
�
�
P
y
i
h e
0;x
�
P
y
i
�
0.

If
x
�

is
selected

atany
step

t
then

from
h x
�
�
P
y
;w

t i
�
0

itfollow
s

that
˝x
�
�
P
y
;.P

F
C
P
ı /w

t ˛
�
� ˝x

�
�
P
y
;P
b
w
t ˛
D 

P
b
.x
�
�
P
y
/ 
h e
;w

t i

and
h x
�
�
P
y
;y
�
P
y
i
�
0

im
plies
h x
�
�
P
y
;.P

F
C
P
ı /.y
�
P
y
/
i
�
�
h x
�
�
P
y
;P
b
.y
�
P
y
/
i

w
hich

in
turn

im
plies

hx
�
�
P
y
;.P

F
C
P
ı /.
�
y
�
t.y
�
P
y
//
i
�
�
hx
�
�
P
y
;P
b
.
�
y
�
t.y
�
P
y
//
i
�
hx
�
�
P
y
;P
y
i

�
�
hP
b
.x
�
�
P
y
/;P

b
.
�
y
�
t.y
�
P
y
//
i
�
2
r:
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Together,these
inequalities

give
us

˝x
�
�
P
y
;.P

F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
// ˛
� 

P
b
.x
�
�
P
y
/ 
h e
;P
b
.w
t
�
y
�
t.y
�
P
y
/
i
�
2
r:

A
pplying

the
C

auchy-Schw
arz

inequality
yields

then

k
x
�
�
P
y
k

k
P
b
.x
�
�
P
y
/
k
k
.P
F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
//
k
C

2
r

k
P
b
.x
�
�
P
y
/
k
�
h e
;w

t
�
y
�
t.y
�
P
y
/
i

�
�

t
Xs
D
1

h e
;x
s
�
P
y
i
�
�
fx
s
D
x
�
g
D

t
Xs
D
1 
P
b
.x
�
�
P
y
/ 
�
�
fx
s
D
x
�
g

w
here

�
is

the
characteristic

function.Since
k
P
b
.x
�
�
P
y
/
k
>
0

and
x
�

is
selected

infinitely
often

w
e

conclude
that
k
.P
F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
//
k

divergesin
tand

the
corresponding

sequence
f
k
.P
F
C
P
ı /.w

t
�
y
�
t.y
�
P
y
/
k
g
t
�
1

is
unbounded.

(b)If
U
F
D
U
ı
D
f0
g

then
.P
F
C
P
ı /x
D
0

forall
x
2

H
and

(a)gives
us

k
w
t
�
y
�
t.y
�
P
y
/
k
D 

t
Xi
D
1 .x

i
�
P
y
/ 
D 

t
Xi
D
1

P
b
.x
i
�
P
y
/ 
D
k
P
b
.w
t
�
y
�
t.y
�
P
y
/
k

and
the

sequence
is

bounded
due

to
(a).H

ence,the
resultfollow

s.
N

ow
letus

assum
e

that
U
F
˚
U
ı
6D
f0
g.W

e
w

antto
apply

L
em

m
a

9.L
et
Q

H
WD
U
F
˚
U
ı .
Q

H

together
w

ith
the

inner
productinherited

from
H

is
a

H
ilbertspace.

L
et
A

be
the

operator
defined

forall
w
2

H
throughx

0
2

arg
m

ax
x
2
S
n
F

h x
�
P
y
;w
i

and
A
w
D
w
C
y
�
x
0:

For
any

w
for

w
hich

there
existm

ultiple
m

axim
izer

assign
to
A
w

one
of

these
m

axim
izer.

L
et
B

be
defined

in
the

sam
e

w
ay

w
ith

the
only

difference
that

S
n
F

is
replaced

by
S
\
F

.
W

e
like

to
study

the
interaction

betw
een

A
and

B
on

the
subspace

U
F
˚
U
ı .

T
he

operator
B

optim
izes

over
elem

ents
in
S
\
F

.
For

such
elem

ents
x
2
S
\
F

w
e

know
that

x
�
P
y

is
orthogonalto

P
b
w

for
allpossible

w
eights

w
and

P
b
w

does
notinfluence

the
behavior

of
the

operator
B

.
L

et
QB

be
.P
F
C
P
ı /B

restricted
to
Q

H
and

let
K
WD
U
F
�
Q
H

.T
he

operator
QB

fulfills
the

assum
ptions

ofthe
lem

m
a:

�
QB

leaves
the

space
orthogonalto

K
in
Q
H

unchanged
and

the
m

axim
ization

over
S
\
F

does
only

depend
on
P
F
w

for
any

w
2
Q

H
so
QBw
D
.I
�
P
F
/w
C
P
F
QBP
F
w

.
T

his
also

holds
(trivially)if

F
c
D
f0
g.

�
L

et
b
WD

2
r

then
for

w
2
Q

H
, 
QBw 

D
k
.P
F
C
P
ı /.w

C
.y
�
P
y
/
�
.x
�
P
y
//
k
�

k
w
k
C
k
x
�
P
y
k
�
k
w
k
C
b

w
here

x
2
S
\
F

and
.P
F
C
P
ı /.y
�
P
y
/
D
0

by
ourchoice

of
U
ı .

�
If
F
c
D
f0
g

then
point(iii)

in
L

em
m

a
9

holds
trivially.

In
allother

cases
let
a
WD

2
r
2
=
ı
F

,
ı
F
>
0,

then
an

argum
ent

as
in

(ii.e)
tells

us
that

if
k
P
F
w
k
�
a

for
som

e
w
2
Q

H
then


QBw 
�
k
w
k .
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al
so

w
or

ks
fo

r
x
2
F

w
ith

ou
t

th
e

ne
ed

to
ad

ap
t

th
e

m
ul

tip
lie

r
�
0
WD
Q �
.s

up
x
2
M
�
x
C
1
/.

N
ow

,w
e

kn
ow

th
at

th
er

e
ex

is
ts

an
el

em
en

tx
�
2
S

su
ch

th
at

h
x
�
�
P
y
;.
P
F
C
P
ı
/w
t
i
�
k
.P
F
C
P
ı
/w
t
k
ı m

an
d,

he
nc

e,

h
x
t
�
P
y
;.
P
F
C
P
ı
/w
t
i
�
h
x
�
�
P
y
;.
P
F
C
P
ı
/w
t
i
=
�
0
�
k
.P
F
C
P
ı
/w
t
k
ı m
=
�
0

w
hi

ch
pr

ov
es

th
e

cl
ai

m
.Q

QQ
W

ri
tin

g
u
D
w
C
v

,w
2
U
b
˚
U
ı
,v
2
U
b
,t

hi
s

be
co

m
es
h
x
t
�
P
y
;w
i
�
k
w
k
ı m
=
�
0

fo
r

al
lt
�
Q t.

T
he

us
ua

la
rg

um
en

tg
iv

es
us

fo
rt

he
op

er
at

or
Q A

be
in

g
us

ed
at

tim
e
t

th
at

  Q Aw
 2 D

  .P F
C
P
ı
/.
w
C
v
C
.y
�
P
y
/
�
.x
0
�
P
y
//
 2

D
k
w
k
2
�
2
˝ x0 �

P
y
;w
˛ C 

x
0
�
P
y
 2

�
k
w
k
2
�
2
k
w
k
ı m
=
�
0
C
b
D
k
w
k
. k
w
k
�
2
�
/
C
b
:

34
JM

L
R

 1
8(

21
9)

:1
-4

3,
 2

01
8



C
O

M
PA

C
T

C
O

N
V

E
X

P
R

O
JE

C
T

IO
N

S

H
ence,the

lem
m

a
can

be
applied

and
the

sequence
ofw

eights
projected

onto
U
F
˚
U
ı ,i.e.

f.P
F
C

P
ı /w

t g
t
�
0

is
bounded

in
norm

.
Together

w
ith

(a)
this

im
plies

that
the

w
eight

sequence
stays

bounded
and

the
resultfollow

s.QQQ
(v)

T
he

condition
is

also
necessary

for
the

fastrate
of

convergence.
O

bserve
thatthere

alw
ays

exists
a

decom
position

U
F
˚
U
ı
˚
U
b

of
span

C
c :

let
U
F
D

span
F
c .

L
et
QU

be
the

orthogonal
com

plem
entof

U
F

in
span

C
c .Ifthis

is
em

pty
then

w
e

are
done.O

therw
ise,chose

an
orthonorm

al
basis

e
1
;:::;e

k
of
QU,k
D

dim
QU

such
that

e
1
D
P
C
.y
�
P
y
/=
k
P
C
.y
�
P
y
/
k

if
P
C
.y
�
P
y
/
6D
0.

C
onsider

the
set

E
b
D
fe
i
W
i
�
k
;P
e

i ŒC
c �
�
.
�
1
;0
�or

P
e

i ŒC
c �
�
Œ0
;
1
/
g

and
let
E
ı
D

fe
1
;:::e

k
g
n
E
b .

T
hen

U
b
D

span
E
b
;U
ı
D

span
E
ı

fulfill
the

assum
ptions.

Since
P
ı ŒC

c �
is

convex
and

w
e

have
an

open
interval

around
0

in
each

direction
e
2
E
ı

w
e

have
a

ball
around

0
in
U
ı .

Sim
ilarly,the

assum
ption

for
U
b

is
fulfilled

if
w

e
exchange

e
2
E
b

w
ith
�
e

w
henever

P
e ŒC

c �
�
Œ0
;
1
/.

If
A

ssum
ption

1
is

notfulfilled
for

this
decom

position
then

there
exists

an
elem

ent
x
2
S
n
F

w
hich

is
selected

infinitely
often

by
the

algorithm
.

B
ut,since

k
P
b
.w
t
�
y
�
t.y
�
P
y
//
k

is
non-

decreasing
in
tand

because
x
2
S
n
F

fulfills
k
P
b
.x
�
P
y
/
k
>
0,w

e
have
k
w
t
�
y
�
t.y
�
P
y
/
k
�

k
P
b
.x
�
P
y
/
k P

ts
D
1
�
fx
s
D
x
g

and
the

rightside
diverges

in
t.T

herefore,w
e

have
an

unbounded
sequence

f
k
w
t
�
y
�
t.y
�
P
y
/
k
g
t
�
1 .O

bserve
thatthe

algorithm
does

notconverge
w

ith
the

rate
1
=
t

if
f
k
w
t
�
y
�
t.y
�
P
y
/
k
g
t
�
1

is
unbounded.

6.2
T

he
Second

T
heorem

T
heorem

3
G

iven
a

com
pact

convex
set

C
�

H
,a

finite
subset

S
of
C

w
ith

ex
C
�
S

and
an

elem
ent

y
2

H
the

follow
ing

holds:

�
Ifonly

elem
ents

in
F
\
S

,w
here

F
�
C

is
the

m
inim

alface
thatcontains

P
y

,are
chosen

then
the

m
ethod

converges
linearly

to
the

projection
and

there
existconstants

b
;ˇ
>
0

w
ith

k
P
y
�
p
t k
�
b
e
�
ˇ
t:

�
U

nder
A

ssum
ption

1
ifm

in
x
2
S
k
P
y
�
x
k
>
0

and
the

approxim
ation

does
notequal

P
y

in
finite

m
any

steps
then

the
sequence

f
k
.I
�
P
F
/.P

y
�
p
t /
k
g
t
�
0

converges
sub-linearly

and
there

exists
a

constant
d
>
0

such
that

k
P
F
.P
y
�
p
t /
k
2
�
.1
�
ı
2F
=diam

2
.F
//
k
P
F
.P
y
�
p
t
�
1
/
k
2
C
d
k
.I
�
P
F
/.P

y
�
p
t
�
1
/
k
2
:

F
urtherm

ore,there
exists

a
tim

e
t0

after
w

hich
only

elem
ents

in
F
\
S

are
chosen.

Proof
W

e
aim

for
a

sim
ilar

argum
ent

as
in

the
proof

of
the

first
theorem

:
(1)

optim
izing

the
approxim

ation
of
P
y

by
using

y
instead

of
P
y

does
not

hurt
the

rate
of

convergence.
(2)

T
his

guaranteesusthatthe
rate

ofconvergence
isw

hatw
e

aim
forifw

e
w

ork
solely

w
ith

the
m

inim
alface

F
thatcontains

P
y

.
Since,w

e
do

notknow
this

m
inim

alface
w

e
need

to
dealw

ith
perturbations

thatare
introduced

by
elem

ents
in
S
n
F

.T
hese

perturbations
do

slow
dow

n
the

rate
ofconvergence.

W
e

adapt
the

proof
from

B
eck

and
Teboulle

(2004)
to

address
(1).

W
e

m
ake

use
of

parts
of

the
proofofT

heorem
2

and
w

e
use

T
heorem

2
(ii.a)etc.to

referto
it.In

the
follow

ing
w

e
w

illuse
p
t to

denote
the

approxim
ation

atstep
t

(w
ith
p
0
D
0),
x
t

as
the

elem
entthatis

chosen
by

the
algorithm

and
w
t
D
y
�
p
t .
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(i)L
et
F

be
the

m
inim

alface
w

hich
contains

P
y

(T
hm

.2
(ii.a))and

assum
e

thateither
C
D
F

or
only

elem
ents

in
F

are
chosen

by
the

algorithm
.

(a)
W

e
claim

thatin
this

case
Q̨
t
2
Œ0
;1
�for

all
t
�
1.

PPP
In

step
1

w
e

have
by

definition
that
Q̨
t
D
1.

If
C

consists
of

a
single

elem
entthen

Q̨
t
D
0
=
0,w

hich
w

e
define

to
be
0,forall

t
�
2.Forthe

case
that

C
consists

ofm
ore

than
a

single
elem

entand
forany

step
t
�
2

w
e

have
that

Q̨
t
D
h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i

k
w
t
�
1
C
x
t
�
y
k
2

D
h y
�
p
t
�
1
;x
t
�
p
t
�
1
i

k
x
t
�
p
t
�
1
k
2

D
h P
y
�
p
t
�
1
;x
t
�
p
t
�
1
i

k
x
t
�
p
t
�
1
k
2

w
here

the
laststep

holds
because

x
t
�
p
t
�
1

lies
in

the
span

of
C
c

and
y
�
P
y

stands
orthogonalon

span
C
c

(T
hm

.2
(ii.c)),i.e.

h y
�
P
y
;x
t
�
p
t
�
1
i
D
0.W

e
can

also
observe

that

h P
y
�
p
t
�
1
;x
t
�
P
y
i
D

m
ax

x
2
C
h P
y
�
p
t
�
1
;x
�
P
y
i
�
ı
F
k
P
y
�
p
t
�
1
k
�
0

(4)

holds:
y
�
P
y

stands
orthogonalon

span
C
c

and,hence,

arg
m

ax
x
2
S

h w
t
�
1
;x
i
D

arg
m

ax
x
2
S

h P
y
�
p
t
�
1
;x
i
�

arg
m

ax
x
2
C

h P
y
�
p
t
�
1
;x
i
:

Furtherm
ore,

P
y
�
p
t
�
1

lies
in

the
span

of
the

centered
m

inim
alface,i.e.

P
y
�
p
t
�
1
2
F
c ,and

T
hm

.
2

(ii.d)
tells

us
thatthere

exists
a

constant
ı
F
>
0

w
hich

m
akes

the
above

true.
Follow

ing
B

eck
and

Teboulle
(2004)w

e
com

plete
the

square

h P
y
�
p
t
�
1
;P
y
�
p
t
�
1
�
.P
y
�
x
t /
i
�
k
P
y
�
p
t
�
1
k
2
�
2
h P
y
�
p
t
�
1
;P
y
�
x
t i
C
k
P
y
�
x
t k
2

D
k
p
t
�
1
�
x
t k
2

and
observe

that
Q̨
t
�
1.H

ence,
˛
t
D
Q̨
t .QQQ

(b)
If
F
D
C

or
only

elem
ents

in
F

are
chosen

by
the

algorithm
then

for
any

t
�
2

either
P
y
D
p
t

and
for

all
s
�
t

w
e

have
P
y
D
p
s

or
k
P
y
�
p
t k
2
�
.1
�
ı
2F
=diam

2
.C
//
k
Qw
t
�
1
k
2.

Furtherm
ore,there

existconstants
b
;ˇ
>
0

such
that
k
P
y
�
p
t k
�
b
e
�
ˇ
t.PPP

W
e

aim
atreproduc-

ing
the

argum
entfrom

B
eck

and
Teboulle

(2004)
by

exploiting
the

orthogonality
betw

een
y
�
P
y

and
span

C
c .

L
et
Qw
t
D
P
y
�
p
t
D
Qw
t
�
1
�
˛
t .x

t
�
P
y
C
Qw
t
�
1
/

and
assum

e
that
Qw
t
�
1
6D
0.

In
short,if

C
consists

of
a

single
elem

entthen
there

is
nothing

to
show

and,otherw
ise,w

e
have

for
t
�
2

that
˛
t
D
Q̨
t

and

k
Qw
t k
2
D
k
Qw
t
�
1
k
2
�
2
˛
t
h
Qw
t
�
1
;
Qw
t
�
1
C
.x
t
�
P
y
/
i
C
˛
2t
k
x
t
�
p
t
�
1
k
2
:

O
bserve

that
h w
t ;
Qw
t i
D
h y
�
p
t ;P

y
�
p
t i
D
k
Qw
t k
2

because
of

the
orthogonality

and
because

P
y
�
p
t
2

span
C
c .T

his,togetherw
ith

the
orthogonality

betw
een

y
�
P
y

and
x
t
�
P
y

yields

h w
t
�
1
;w

t
�
1
C
.x
t
�
y
/
i
D
h w
t
�
1
;P
y
�
p
t
�
1
C
x
t
�
P
y
i
D
h
Qw
t
�
1
;
Qw
t
�
1
C
x
t
�
P
y
i
:

Furtherm
ore,
k
w
t
�
1
C
x
t
�
y
k
D
k
x
t
�
p
t
�
1
k

and,hence,

˛
t
D
h
Qw
t
�
1
;
Qw
t
�
1
C
.x
t
�
P
y
/
i

k
x
t
�
p
t
�
1
k
2

:
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B
y

fil
lin

g
in

th
is

va
lu

e
of
˛
t

w
e

ga
in

k
Qw
t
k
2
D
k
Qw
t�
1
k
2
�
2
jh
Qw
t�
1
;
Qw
t�
1
C
x
t
�
P
y
i
j2

k
x
t
�
p
t�
1
k
2

C
jh
Qw
t�
1
;
Qw
t�
1
C
x
t
�
P
y
i
j2

k
x
t
�
p
t�
1
k
2

D
k
Qw
t�
1
k
2
k
P
y
�
x
t
k
2
�
jh
Qw
t�
1
;P
y
�
x
t
i
j2

k
x
t
�
p
t�
1
k
2

:

Si
nc

e
ar

g
m

ax
x
2
S
h
w
t�
1
;x
i
D

ar
g

m
ax
x
2
S
h
Qw
t�
1
;x
i

w
e

ha
ve

th
at

h
Qw
t�
1
;x
t
�
P
y
i
D

m
ax

x
2
C
h
Qw
t�
1
;x
�
P
y
i
�
ı F
k
Qw
t�
1
k

an
d

k
Qw
t�
1
k
2
k
P
y
�
x
t
k
2
�
jh
Qw
t�
1
;P
y
�
x
t
i
j2
�
k
Qw
t�
1
k
2
. k
P
y
�
x
t
k
2
�
ı
2 F
/:

E
q.

4
te

lls
us

no
w

th
at
k
x
t
�
P
y
C
.P
y
�
p
t�
1
/ k
2
�
k
x
t
�
P
y
k
2

an
d

k
Qw
t
k
2
�
k
Qw
t�
1
k
2
. k
x
t
�
P
y
k
2
�
ı
2 F
/

k
x
t
�
P
y
k
2

�
.1
�
ı
2 F
=

di
am

2
.C
//
k
Qw
t�
1
k
2
:

T
hi

s
is

th
e

se
co

nd
pa

rt
of

ou
rc

la
im

.
T

he
fir

st
pa

rt
fo

llo
w

s
di

re
ct

ly
fr

om
th

e
pa

rt
ic

ul
ar

fo
rm

th
at
˛
t

at
ta

in
s.

W
ith
Qw
t�
1
D
0

w
e

ha
ve ˛
t
D
h
Qw
t�
1
;
Qw
t�
1
C
.x
t
�
P
y
/ i

k
x
t
�
p
t�
1
k
2

D
0

an
d
Qw
t
D
Qw
t�
1
D
0
.F

in
al

ly
,b

ot
h

ca
se

si
m

pl
y

th
e

fa
st

ra
te

of
co

nv
er

ge
nc

e:
L

et

D
ı
2 F
=

di
am

2
.C
/
2

.0
;1
/

th
en

in
bo

th
ca

se
s
k
Qw
t
k
2
�
.1
�

/
k
Qw
t�
1
k
2

fo
r

al
l
t
�
2

an
d

L
em

m
a

A
.1

(i
i)

fr
om

B
ec

k
an

d
Te

bo
ul

le
(2

00
4)

te
lls

us
th

at
k
Qw
t
k
2
�
e
�

t
k
Qw
1
k
2
.

B
ut

th
en

w
ith
ˇ
D

=
2

w
e

ha
ve

k
P
y
�
p
t
k
�
e
�
ˇ
t
k
Qw
1
k

an
d

th
e

re
su

lt
fo

llo
w

s.
QQQ

(ii
)W

e
ad

dr
es

s
no

w
F
6D
C

.F
ir

st
,w

e
ca

n
ob

se
rv

e
th

at
in

th
e

ge
ne

ra
lc

as
e

ei
th

er
Q̨
t
�
1

ho
ld

s
af

te
r

at
m

os
tfi

ni
te

m
an

y
st

ep
s

or
th

er
e

is
on

e
fin

al
st

ep
w

he
re
Q̨
t
>
1

an
d

th
e

ap
pr

ox
im

at
io

n
er

ro
r

be
co

m
es

ze
ro

af
te

rw
ar

ds
,

i.e
.

th
er

e
ex

is
ts

a
tim

e
t 0
<
1

su
ch

th
at
Q̨
t
�
1

fo
r

al
l
t
�
t 0

or
,

if
Q̨
t
>
1

fo
rs

om
e
t
�
t 0

,t
he

n
fo

ra
ll
s
>
t

w
e

ha
ve

th
at
p
s
D
P
y

an
d
Q̨
s
2
Œ0
;1
�.
t 0

de
pe

nd
s

he
re

on
y

an
d
S

.
PPP

W
e

ex
pa

nd
th

e
ar

gu
m

en
to

f
(i

.a
).

In
th

e
ca

se
th

at
S

do
es

no
tc

on
ta

in
th

e
el

em
en

t
P
y

w
e

ca
n

ar
gu

e
in

th
e

fo
llo

w
in

g
w

ay
:

If
k
y
�
P
y
k
>
0

an
d
k
p
t�
1
�
P
y
k
�
. k
x
t
�
P
y
k
2
�

h
p
t�
1
�
P
y
;x
t
�
P
y
i
/=
k
y
�
P
y
k

th
en

h
y
�
p
t�
1
;x
t
�
p
t�
1
i
D
k
y
�
p
t�
1
k
2
C
h
y
�
p
t�
1
;x
t
�
y
i

D
k
y
�
p
t�
1
k
2
C
h
y
�
P
y
;x
t
�
y
i
C
h
P
y
�
p
t�
1
;P
y
�
y
i
C
h
P
y
�
p
t�
1
;x
t
�
P
y
i

D
k
P
y
�
p
t�
1
k
2
�
h
p
t�
1
�
P
y
;x
t
�
P
y
i
C
h
y
�
P
y
;P
y
�
p
t�
1
i
C
h
y
�
P
y
;x
t
�
P
y
i

�
k
P
y
�
p
t�
1
k
2
�
h
p
t�
1
�
P
y
;x
t
�
P
y
i
C
k
y
�
P
y
k
k
p
t�
1
�
P
y
k

�
k
x
t
�
p
t�
1
k
2

an
d
Q̨
t
�
1
.
S

co
ns

is
ts

of
fin

ite
m

an
y

el
em

en
ts

an
d
�
WD

di
st
.S
;P
y
/
D

m
in
x
2
S
k
x
�
P
y
k
>
0
.

Si
nc

e
x
t
2
S

w
e

kn
ow

th
at
k
x
t
�
P
y
k
�
�

.F
ur

th
er

m
or

e,

h
P
y
�
p
t�
1
;x
t
�
P
y
i
D
�
h
y
�
P
y
;x
t
�
P
y
i
C
h
y
�
p
t�
1
;x
t
�
P
y
i
�
0
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be
ca

us
e

th
e

fir
st

in
ne

r
pr

od
uc

ti
s

no
n-

po
si

tiv
e

an
d

th
e

se
co

nd
te

rm
is

no
n-

ne
ga

tiv
e

(t
he

sa
m

e
ar

gu
-

m
en

ta
s

in
T

he
or

em
2

(i
i.e

))
.H

en
ce

,

k
x
t
�
P
y
k
2
�
h
p
t�
1
�
P
y
;x
t
�
P
y
i
�
�
2
>
0
:

St
an

da
rd

re
su

lts
fo

r
th

e
C

G
M

te
ll

us
th

at
w

e
ha

ve
a

co
ns

ta
nt
c
>
0

su
ch

th
at
k
p
t
�
y
k
2
�

k
P
y
�
y
k
2
�
c
=
t

an
d

he
nc

e

k
p
t
�
P
y
k
2
D
k
p
t
�
y
k
2
C
2
h
p
t
�
y
;y
�
P
y
i
C
k
y
�
P
y
k
2
�
k
p
t
�
y
k
2
�
k
y
�
P
y
k
2
�
c
=
t

w
he

re
w

e
us

ed
th

at

h
p
t
�
y
;y
�
P
y
i
D
h
p
t
�
P
y
;y
�
P
y
i
�
k
y
�
P
y
k
2
�
�
k
y
�
P
y
k
2
:

H
en

ce
,f

or
al

lt
2

N
w

ith
t
�
t 0

,w
he

re
t 0
D
c
k
y
�
P
y
k
2
=
�
4
,w

e
kn

ow
th

at
Q̨
t
�
1
.

If
y
D
P
y

th
en

th
e

ar
gu

m
en

ts
im

pl
ifi

es
to

h
y
�
p
t�
1
;x
t
�
p
t�
1
i
�
k
P
y
�
p
t�
1
k
2
�
h
p
t�
1
�
P
y
;x
t
�
P
y
i
�
k
x
t
�
p
t�
1
k
2
:

T
he

re
m

ai
ni

ng
ca

se
is

th
e

ca
se

w
he

re
P
y
2
S

.I
n

fa
ct

,t
he

on
ly

cr
iti

ca
lc

as
e

is
w

he
re
x
t
D
P
y

.W
e

ca
n

ar
gu

e
in

th
e

fo
llo

w
in

g
w

ay
:

Q̨
t
D
h
y
�
P
y
;P
y
�
p
t�
1
i
C
h
P
y
�
p
t�
1
;P
y
�
p
t�
1
i

k
P
y
�
p
t�
1
k
2

�
1

an
d
˛
t
D
1
.H

en
ce

,p
t
D
P
y

an
d
x
tC
1
D

ar
g

m
ax
x
2
S
h
y
�
p
t
;x
i
D

ar
g

m
ax
x
2
S
h
y
�
P
y
;x
�
P
y
i
.

If
x
tC
1
D
P
y

th
en
p
tC
1
D
P
y

an
d
Q̨
tC
1
D
1
.O

th
er

w
is

e,
x
tC
1

is
an

el
em

en
to

ft
he

m
in

im
al

fa
ce

.
H

en
ce

,i
fp

t
D
P
y

an
d
x
tC
1
6D
P
y

th
en

Q̨
tC
1
D
h
y
�
P
y
;x
tC
1
�
p
t
i
C
h
P
y
�
p
t
;x
tC
1
�
p
t
i

k
x
tC
1
�
p
t
k
2

D
0
D
˛
tC
1

an
d
p
tC
1
D
P
y

.T
he

sa
m

e
ar

gu
m

en
ty

ie
ld

s
th

at
p
s
D
P
y

fo
ra

ll
s
�
t

an
d
Q̨
s
2
Œ0
;1
�.

QQQ
(ii

i)
C

on
si

de
r

no
w

th
e

sp
lit

sp
an
C
c
D
U
F
˚
U
ı
˚
U
b
.

W
e

w
ill

us
e

he
re

th
e

sa
m

e
no

ta
tio

n
ı m
;ı
F

et
c.

as
in

T
he

or
em

2.
(a

)
If

A
ss

um
pt

io
n

1
ho

ld
s

th
en

th
er

e
ex

is
ts

a
s 0
<
1

su
ch

th
at

fo
r

al
l
t
�
s 0

th
e

al
go

ri
th

m
ch

oo
se

s
el

em
en

ts
x
t
2
F

.
PPP

A
ss

um
pt

io
n

1
pr

ov
id

es
us

w
ith

a
tim

e
s 0

af
te

r
w

hi
ch

on
ly

el
em

en
ts

in
D
.f
x
t
g
/
[
F

ar
e

ch
os

en
.A

s
in

T
he

or
em

2
(iv

)w
e

ca
n

ob
se

rv
e

th
at

th
er

e
ex

is
ts

a
co

ns
ta

nt
c
>
0

su
ch

th
at

fo
ra

ll
t
�
s 0

h
x
t
�
P
y
;.
P
F
C
P
ı
/w
t
i
�
c
k
.P
F
C
P
ı
/w
t
k
:

x
t
2
S

is
he

re
th

e
el

em
en

tc
ho

se
n

at
st

ep
t.

H
en

ce
,t

he
se

qu
en

ce
f
k
t.
P
F
C
P
ı
/w
t
k
g
t�
0

is
bo

un
de

d.
Fu

rt
he

rm
or

e,
be

ca
us

e
0
�
h
x
t
�
P
y
;t
w
t
i
D
h
x
t
�
P
y
;t
.P
F
C
P
ı
/w
t
i
C
h
x
t
�
P
y
;t
P
b
w
t
i

w
e

ca
n

in
fe

rt
ha

t

�
h
x
t
�
P
y
;t
P
b
w
t
i
�
h
x
t
�
P
y
;t
.P
F
C
P
ı
/w
t
i
�
k
x
t
�
P
y
k
k
t.
P
F
C
P
ı
/w
t
k

an
d

th
e

se
qu

en
ce
f
�
h
x
t
�
P
y
;t
P
b
w
t
i
g
t�
0

is
bo

un
de

d.
B

ut
th

is
im

pl
ie

s
th

at
x
D
x
t

is
ei

th
er

an
el

em
en

to
f
F

or
it

is
se

le
ct

ed
on

ly
fin

ite
ly

of
te

n
(a

nd
,h

en
ce

,x
62
D
.f
x
t
g
/)

.
T

he
re

fo
re

,D
.f
x
t
g
/

is
em

pt
y

an
d

th
e

re
su

lt
fo

llo
w

s.
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(b)T
here

exists
a

constant
d
>
0

and
a

tim
e
u
0

afterw
hich

forall
t
�
u
0

k
P
F
Qw
t k
2
�  

1
�

ı
2F

diam
2
.F
/ !
k
P
F
Qw
t
�
1
k
2
C
d
k
.I
�
P
F
/
Qw
t
�
1
k
2
:

PPP
L

etus
consider

t
>
t0
_
s
0

w
ith
s
0

from
(a)and

t0
from

(ii).W
e

know
thatonly

elem
ents

in
F

are
chosen

at
t

and
hence

k
x
t
�
p
t
�
1
k
2
Q̨
t
D
h w
t
�
1
;
Qw
t
�
1
C
x
t
�
P
y
i
D
h
Qw
t
�
1
;
Qw
t
�
1
C
x
t
�
P
y
i
C
h y
�
P
y
;
Qw
t
�
1
i

D
h P
F
Qw
t
�
1
;P
F
Qw
t
�
1
C
x
t
�
P
y
i
C
k
.I
�
P
F
/
Qw
t
�
1
k
2
C
h y
�
P
y
;
Qw
t
�
1
i
:

A
lso,
Q̨
t
D
˛
t

and

k
P
F
Qw
t k
2
D
k
P
F
Qw
t
�
1
k
2
�
2
˛
t
h P
F
Qw
t
�
1
;P
F
Qw
t
�
1
C
x
t
�
P
y
i
C
˛
2t
k
x
t
�
P
F
p
t
�
1
k
2

�  
1
�

ı
2F

diam
2
.F
/ !
k
P
F
Qw
t
�
1
k
2
C
.
k
.I
�
P
F
/
Qw
t
�
1
k
2
C
h y
�
P
y
;
Qw
t
�
1
i /
2

k
x
t
�
p
t
�
1
k
2

:

N
ow

,
since

p
t

converges
to
P
y

there
exists

a
tim

e
u
0
>
t0
_
s
0

after
w

hich
k
x
t
�
p
t
�
1
k
�

k
x
t
�
P
y
k
=
2
�

m
in
x
2
S
k
x
�
P
y
k
=
2

and
k
.I
�
P
F
/
Qw
t
�
1
k
2
�
k
.I
�
P
F
/
Qw
t
�
1
k
�
1.

H
ence,

forall
t
�
u
0

w
e

have
that

k
P
F
Qw
t k
2
�  

1
�

ı
2F

diam
2
.F
/ !
k
P
F
Qw
t
�
1
k
2
C

4
.1
C
k
y
�
P
y
k
/

m
in
x
2
S
k
x
�
P
y
k
2
k
.I
�
P
F
/
Qw
t
�
1
k
2
:

C
hoosing

d
D
4
.1
C
k
y
�
P
y
k
/=
.m

in
x
2
S
k
x
�
P
y
k
2
/

yields
the

result.
QQQ

(c)
If

m
in
x
2
S
k
x
�
P
y
k
>
0

and
if
k
.I
�
P
F
/
Qw
t0
_
s

0
k
>
0

w
ith
s
0

from
(a)

and
t0

from
(ii)

then
the

sequence
f
k
.I
�
P
F
/
Qw
t k
g
t
�
1

converges
sub-linearly.PPP

L
etus

consider
t
�
t0
_
s
0 .W

e
know

thatonly
elem

ents
in
F

are
chosen

at
t

and
that

˛
t
D
Q̨
t .

T
herefore

k
.I
�
P
F
/
Qw
t
C
1
k
D

.1
�
˛
t
C
1
/
k
.I
�
P
F
/
Qw
t k

and

k
.I
�
P
F
/
Qw
t
C
1
k

k
.I
�
P
F
/
Qw
t k
D
1
�
˛
t
C
1
D
k
x
t
C
1
�
P
y
C
Qw
t k
2
�
h w
t ;
Qw
t
C
x
t
C
1
�
P
y
i

k
x
t
C
1
�
p
t k
2

D
k
x
t
C
1
�
P
y
k
2
C
h P
F
Qw
t ;x

t
C
1
�
P
y
i
�
h y
�
P
y
;P
b
Qw
t i

k
x
t
C
1
�
P
y
k
2
C
2
h x
t
C
1
�
P
y
;
Qw
t i
C
k
Qw
t k
2

w
hich

converges
to
1

since
lim

t
!
1
k
Qw
t k
D
0.

T
his

m
eans

that
the

sequence
converges

sub-
linearly.

QQQ

6.3
C

orollaries

C
orollary

4
G

iven
a

com
pactconvex

set
C
�

H
and

a
finite

subset
S

of
C

w
ith

ex
C
�
S

.
Iffor

y
2

H
there

exists
a

decom
position

U
F
˚
U
ı
˚
U
b

ofspan
C
c

such
that

U
b

is
one

dim
ensional

then
A

ssum
ption

1
is

fulfilled.
In

particular,
in

this
case

there
exists

a
constant

b
>
0

such
that

A
lgorithm

1
has

a
w

orst-case
approxim

ation
error

of
b
=
t

for
all
t
�
1.
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Proof
C

onsider
elem

ents
x
;x
0
2
S
n
F

.
Since

k
P
b
.x
�
P
y
/
k
;
k
P
b
.x
0
�
P
y
/
k
>
0

w
e

know
that

�
D
k
P
b
.x
�
P
y
/
k
=
k
P
b
.x
0
�
P
y
/
k
<
1

and
since

U
b

is
one-dim

ensionalw
e

have
forany

t

h
�
P
b
w
t ;x
�
P
y
i
D
k
P
b
w
t k
k
P
b
.x
�
P
y
/
k
�
�
k
P
b
w
t k
k
P
b
.x
0�
P
y
/
k
D
�
h
�
P
b
w
t ;x
0�
P
y
i

and
A

ssum
ption

1
is

fulfilled.

L
etforthe

follow
ing

corollary
A
D
fz
2

H
W
z
D
˛
P
C
.y
�
P
y
/
C
P
C
P
y
;˛
2
Œ0
;
1
/
g.

C
orollary

5
G

iven
a

com
pact

convex
set

C
�

H
and

a
finite

subset
S

of
C

w
ith

ex
C
�
S

.
A

ssum
ption

1
is

fulfilled
if
P
C
y
2

H
n
C

and
w

henever
P
z
D
P
y

for
som

e
z
2

H
then

P
C
z
2
A

holds.In
particular,in

thiscase
there

existsa
constant

b
>
0

such
thatA

lgorithm
1

hasa
w

orst-case
approxim

ation
error

of
b
=
t

for
all
t
�
1.

Proof
T

he
assum

ption
guarantees

us
that

U
b

is
one-dim

ensional.
A

ssum
e

otherw
ise.

B
y

assum
p-

tion
k
P
C
.y
�
P
y
/
k
>
0

and
w

e
can

chose
E
b

such
that

there
exist

tw
o

elem
ents

e
1
;e
2

in
E
b

w
ith
e
1
D
P
C
.y
�
P
y
/=
k
P
C
.y
�
P
y
/
k

and
h e
1
;e
2
i
D
0
;
k
e
1
k
D
k
e
2
k
D
1.

W
e

claim
that

z
1
D
P
y
C
e
1

and
z
2
D
P
y
C
e
2

are
both

projected
onto

P
y

,i.e.
P
z
1
D
P
y
D
P
z
2 :

W
e

know
that

P
e

1 ŒC
c �
�
.
�
1
;0
�

and
h e
1
;x
�
P
y
i
�
0

for
all
x
2
C

.
H

ence,
for

all
x
2
C

w
e

know
that
h z
1
�
P
y
;x
�
P
y
i
D
h e
1
;x
�
P
y
i
�
0.

B
ut,this

m
eans

that
P
z
1
D
P
y

.
T

he
sam

e
argu-

m
entapplies

to
z
2

and
P
y

is
the

projection
of

tw
o

elem
ents

for
w

hich
h z
1
�
P
y
;z
2
�
P
y
i
D
0.

Furtherm
ore,

P
C
z
1
D
P
C
P
y
C
e
1

and
P
C
z
2
D
P
C
P
y
C
e
2 .

If
P
C
z
2
2
A

then
there

exist
˛
;
Q̨
>
0,

e
2
C
P
C
P
y
D
P
C
z
2
D
˛
P
C
.y
�
P
y
/
C
P
C
P
y
D
Q̨e
1
C
P
C
P
y

and
e
2
D
Q̨e
1

w
ith

a
contradiction

to
orthogonality.

Forthe
nextcorollaries

let
d
D

dim
U
b ,let

e
1
;:::;e

d
be

any
basis

of
U
b

and
let
r
D

sup
x
2
C
k
x
k.

A
lso

introduce
˛
D

m
in
i
�
d

m
in
f
j
h e
i ;x
�
P
y
i
j
W
x
2
S
n
F
;
h e
i ;x
�
P
y
i
6D
0
g
>
0.

C
orollary

6
Let

C
be

a
com

pactconvex
setin

som
e

H
ilbertspace

H
,S

a
finite

setw
ith

cch
S
D
C

,
and

y
2

H
such

thatthere
exists

a
splitinto

U
F
˚
U
ı
˚
U
b

ofspan
C
c

w
ith
U
ı
D
f0
g.A

ssum
ption

1
is

fulfilled
and

there
exists

a
constant

b
>
0

such
thatA

lgorithm
1

has
a

w
orst-case

approxim
ation

error
of
b
=
t

for
all
t
�
1.The

constant
b

can
be

chosen
as
p
d
4
r
3
=
.˛
ı
F
/
C
6
r
2
.1
=
ı
F
C
1
=
˛
/
C
5
r.

Proof
If
F
c
D
f0
g

then
each

elem
ent

x
2
S
n
F

can
only

be
chosen

once
since

0
>
h w
t ;x
�
P
y
i
D

h P
b
w
t ;x
�
P
y
i

if
x

has
been

chosen
atleastonce.T

his
im

plies
that

D
.
fx
t g/

is,in
fact,the

em
pty

setand
A

ssum
ption

1
is

fulfilled.Itis
also

easy
to

see
that
h w
t ;e

i i
�
k
x
�
P
y
k
�
2
r

forall
i
�
d

.
T

his
im

plies
thatthe

constant
b

can
in

this
case

be
chosen

as
2
r
p
d

.A
lso,since

ı
F

and
˛

are
upper

bounded
by
r

this
im

plies
that

b
�
2
r
3
p
d
=
.˛
ı
F
/.

A
ssum

e
now

that
F
c
6D
f0
g

and
thatthere

exists
a
x
2
D
.
fx
t g/.B

y
definition

x
2
S
n
F

and
x

is
chosen

infinitely
often.H

ence,
f
h P
b
w
t ;x
�
P
y
i
g
t
�
1

is
a

non-increasing
sequence

thatdiverges
to
�
1

.
T

here
exists

a
ı
F
>
0

such
thatfor

any
w
t ,m

ax
x

02
S
\
F
h w
t ;x
0
�
P
y
i
�
ı
F
k
P
F
w
t k .

A
lso,for

any
x
0
2
S

,w
e

have
that
h w
t ;x
0
�
P
y
i
D
h P
F
w
t ;x
0
�
P
y
i
C
h P
b
w
t ;x
0
�
P
y
i

and,
since

the
term

h P
b
w
t ;x
0
�
P
y
i

is
alw

ays
non-positive,w

e
know

thatif
P
F
w
t
6D
0

elem
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G
s)
.
Fu

rt
he

rm
or
e,

in
P
er
ko
vi
ć
et

al
.(

20
17

),
w
e
ex
te
nd

th
e
ge
ne
ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
to

m
ax

im
al
ly

or
i-

en
te
d

pa
rt
ia
lly

di
re
ct
ed

ac
yc
lic

gr
ap

hs
(P

D
A
G
s)
,
w
hi
ch

re
pr
es
en
t

C
P

D
A

G
s
w
it
h

ad
de

d
ba

ck
gr
ou

nd
kn

ow
le
dg

e.
T
o
ill
us
tr
at
e
th
e
us
e
of

ou
r
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n,

su
pp

os
e
w
e
ar
e
gi
ve
n
th
e

C
P

D
A

G
in

F
ig
ur
e
1a

an
d

w
e
w
an

t
to

es
ti
m
at
e
th
e
to
ta
l
ca
us
al

eff
ec
t
of
X

on
Y
.

O
ur
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

A
B

I
Z

X
Y

(a)

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

A
B

I
Z

X
Y

(b)

F
igure

1:
(a)

A
C

P
D

A
G

in
w
hich,

according
to

our
criterion,{A

,Z}
is

an
adjustm

ent
set

for
the

totalcausaleffect
of
X

on
Y
.
(b)

T
he

M
arkov

equivalence
class

of
D

A
G
s
represented

by
the

C
P

D
A

G
.
A
n
adjustm

ent
set

for
a

C
P

D
A

G
(P

A
G

)
is

one
that

is
valid

for
all

D
A

G
s

(M
A

G
s)

in
the

M
arkov

equivalence
class.

criterion
w
illinform

us
that

the
set{A

,Z}
is

an
adjustm

ent
set

for
this

C
P

D
A

G
,m

eaning
that

it
is
an

adjustm
ent

set
in

every
D

A
G

that
the

C
P

D
A

G
represents

(F
igure

1b).
H
ence,

w
e
can

estim
ate

the
causaleffect

w
ithout

know
ledge

ofthe
fullcausalstructure.

In
a
sim

ilar
m
anner,

by
applying

our
criterion

to
a

M
A

G
or

a
P

A
G
,
w
e
find

adjustm
ent

sets
that

are
valid

for
all

D
A

G
s
represented

by
this

M
A

G
or

P
A

G
.
O
ur

criterion
finds

such
adjustm

ent
sets

w
henever

they
exist;

else,
the

causal
effect

is
not

identifiable
by

covariate
adjustm

ent.
W
e
hope

that
this

ability
to

allow
for

incom
plete

structuralknow
ledge,latent

confounding,
or

both
w
ill

help
address

concerns
that

graphical
causal

m
odelling

“assum
es

that
all

[...]
D

A
G
s
have

been
properly

specified”
(W

est
and

K
och,

2014).
M
oreover,

our
criterion

for
C

P
D

A
G
s
and

P
A

G
s
can

be
com

bined
w
ith

causalstructure
learning

algorithm
s.

In
the

current
paper,

w
e
give

full
proofs

of
the

results
in

P
erković

et
al.

(2015).
In

addition,
w
e
provide

several
new

results
that

allow
us

to
construct

sets
Z

that
fulfill

the
generalized

adjustm
ent

criterion
for

given
sets

X
ofexposures

and
Y

ofresponse
variables

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
In

C
orollary

15
w
e
define

a
specific

set
that

satisfies
our

criterion,ifany
set

does.
W
e
refer

to
this

set
as

a
“constructive

set”.
In

T
heorem

7,w
e
show

how
one

can
express

adjustm
ent

sets
in

term
s
of
m
-separating

sets
in

a
certain

subgraph
of

G
.
T
his

theorem
reduces

the
problem

of
finding

adjustm
ent

sets
to

the
problem

of
finding

m
-separating

sets,
w
hich

has
been

studied
in

detail
by

van
der

Zander
et

al.
(2014).

In
Lem

m
a
10,

w
e
prove

that
all

adjustm
ent

sets
for

a
C

P
D

A
G

(P
A

G
)G

can
be

found
in

an
arbitrary

orientation
ofG

into
a
valid

D
A

G
(M

A
G
).

T
his

allow
s
us

to
leverage

existing
im

plem
entations

(van
der

Zander
et

al.,2014).
W
e
im

plem
ented

the
criterion

itselfand
the

construction
of

all
adjustm

ent
sets

in
the

softw
are

dagitty
(T

extor
et

al.,
2016),

available
as

a
w
eb-based

G
U
I
and

an
R

package,and
in

the
R

package
pcalg

(K
alisch

et
al.,2012).

Furtherm
ore,w

e
explore

the
relationships

betw
een

our
generalized

adjustm
ent

criterion
and

the
previously

suggested
generalized

back-door
criterion

and
P
earl’s

back-door
criterion.

For
both

P
earl’s

back-door
criterion

and
the

generalized
back-door

criterion,a
constructive

3
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

set
w
as

given
only

in
the

case
w
hen

the
num

ber
ofexposures

is
lim

ited
to

one
(|X
|

=
1).

W
e

give
constructive

sets
foreach

ofthese
criteria

forgeneral
X

in
C
orollary

22
and

C
orollary

24.
M
oreover,

in
T
heorem

26
w
e
identify

cases
in

w
hich

there
exist

sets
satisfying

tw
o,

or
all

three
ofthese

criteria,as
w
ellas

cases
in

w
hich

there
are

only
sets

satisfying
the

generalized
adjustm

ent
criterion.

A
nother

im
portant

contribution,included
in

the
appendix,are

new
soundness

and
com

-
pleteness

proofs
of

the
adjustm

ent
criterion

for
D

A
G
s
as

defined
in

Shpitser
et

al.
(2010)

and
in

the
unpublished

addendum
Shpitser

(2012),
w
here

the
adjustm

ent
criterion

in
Sh-

pitser
(2012)

is
a
revised

version
of

the
criterion

in
Shpitser

et
al.(2010)

(see
D
efinition

55
in

A
ppendix

E
).

Since
there

are
no

published
soundness

and
com

pleteness
proofs

for
the

revised
criterion

and
since

w
e
build

on
this

w
ork,w

e
felt

it
w
as

im
portant

to
provide

these
proofs.

T
he

proofs
are

non-trivial,but
rely

only
on

elem
entary

concepts.
W
e
note

that,
although

w
e
can

find
all

causal
effects

that
are

identifiable
by

covariate
adjustm

ent,w
e
generally

do
not

find
allidentifiable

causaleffects,since
som

e
effects

m
ay

be
identifiable

only
by

other
m
eans,using

for
exam

ple
ID

A
approaches

(M
aathuis

et
al.,2009,

2010;
N
andy

et
al.,

2017;
M
alinsky

and
Spirtes,

2017),
P
earl’s

front-door
criterion

(P
earl,

2009,Section
3.3.2)

or
the

ID
algorithm

(T
ian

and
P
earl,2002;Shpitser

and
P
earl,2006).

W
e
also

point
out

that
M

A
G
s
and

P
A

G
s
are

in
principle

not
only

able
to

represent
unobserved

confounding,
but

can
also

account
for

unobserved
selection

variables.
In

this
paper,how

ever,w
e
assum

e
that

there
are

no
unobserved

selection
variables,since

selection
bias

often
rules

out
causaleffect

identification
using

just
covariate

adjustm
ent.

B
areinboim

et
al.(2014)

discuss
these

problem
s
and

present
creative

approaches
to

w
ork

around
them

,
for

exam
ple

by
com

bining
data

from
different

sources.
T
he

question
w
hether

our
adjustm

ent
criterion

could
be

com
bined

w
ith

such
auxiliary

m
ethods

is
left

for
future

research.

2.
P

relim
in

aries

T
hroughout

the
paper

w
e
denote

sets
in

bold
(for

exam
ple

X
),

graphs
in

calligraphic
font

(for
exam

ple
G
)
and

nodes
in

a
graph

in
uppercase

letters
(for

exam
ple

X
).

A
ll
om

itted
proofs

are
given

in
the

appendix.
N
od

es
an

d
ed

ges.
A

graph
G

=
(V
,E

)
consists

of
a
set

of
nodes

(variables)
V

=
{
X

1 ,...,X
p }

and
a
set

of
edges

E
.
W
e
consider

sim
ple

graphs,
m
eaning

that
there

is
at

m
ostone

edge
betw

een
any

pairofnodes.
T
w
o
nodesare

called
adjacent

ifthey
are

connected
by

an
edge.

E
very

edge
has

tw
o
edge

m
arks

that
can

be
arrow

heads,tails
or

circles.
E
dges

can
be

directed
→

,bi-directed
↔

,non-directed bb,or
partially

directed b→
.
W
e
use
•
as

a
stand

in
for

any
of

the
allow

ed
edge

m
arks.

A
n
edge

is
into

(out
of)

a
node

X
if
the

edge
has

an
arrow

head
(tail)

at
X
.
A

directed
graph

contains
only

directed
edges.

A
m
ixed

graph
m
ay

contain
directed

and
bi-directed

edges.
A

partialm
ixed

graph
m
ay

contain
any

of
the

described
edges.

U
nless

stated
otherw

ise,definitions
apply

to
partialm

ixed
graphs.

P
ath

s.
A

path
p
from

X
to
Y

in
G
is

a
sequence

of
distinct

nodes〈X
,...,Y

〉
in

w
hich

every
pair

of
successive

nodes
is

adjacent
in
G
.
If
p

=
〈X

1 ,X
2 ,...,X

k ,〉,k
≥

2,
then

w
ith

−
p
w
e
denote

the
path

〈X
k ,...,X

2 ,X
1 〉.

A
node

V
lies

on
a
path

p
if
V

occurs
in

the
sequence

ofnodes.
If
p

=
〈X

1 ,X
2 ,...,X

k ,〉,k
≥

2,then
X

1
and

X
k
are

endpoints
of
p,and

any
other

node
X
i ,1

<
i
<
k
,is

a
non-endpoint

node
on

p.
T
he

length
ofa

path
equals

the
num

ber
ofedges

on
the

path.
A

directed
path

from
X

to
Y

is
a
path

from
X

to
Y

in
w
hich
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

al
l
ed

ge
s
ar
e
di
re
ct
ed

to
w
ar
ds

Y
,
th
at

is
,
X
→
··
·→

Y
.
W
e
al
so

re
fe
r
to

th
is

as
a
ca
us
al

pa
th
.
A

po
ss
ib
ly

di
re
ct
ed

pa
th

or
po
ss
ib
ly

ca
us
al

pa
th

fr
om

X
to
Y

is
a
pa

th
fr
om

X
to
Y

th
at

do
es

no
t
co
nt
ai
n
an

ar
ro
w
he

ad
po

in
ti
ng

in
th
e
di
re
ct
io
n
of
X
.
A

pa
th

fr
om

X
to
Y

th
at

is
no

t
po

ss
ib
ly

ca
us
al

is
ca
lle

d
a
no

n-
ca
us
al

pa
th

fr
om

X
to
Y
.
A

di
re
ct
ed

pa
th

fr
om

X
to
Y

to
ge
th
er

w
it
h
Y
→
X

fo
rm

s
a
di
re
ct
ed

cy
cl
e.

A
di
re
ct
ed

pa
th

fr
om

X
to
Y

to
ge
th
er

w
it
h
Y
↔
X

fo
rm

s
an

al
m
os
t
di
re
ct
ed

cy
cl
e.

Fo
r
tw

o
di
sj
oi
nt

su
bs
et
s

X
an

d
Y

of
V
,a

pa
th

fr
om

X
to

Y
is

a
pa

th
fr
om

so
m
e
X
∈

X
to

so
m
e
Y
∈

Y
.
A

pa
th

fr
om

X
to

Y
is

pr
op
er

(w
rt

X
)
if
on

ly
it
s
fir
st

no
de

is
in

X
.
If
G
an

d
G∗

ar
e
tw

o
gr
ap

hs
w
it
h
id
en
ti
ca
la

dj
ac
en

ci
es

an
d
p
is

a
pa

th
in
G,

th
en

th
e
co
rr
es
po
nd

in
g
pa
th
p
∗
is

th
e
pa

th
in
G∗

co
ns
ti
tu
te
d
by

th
e

sa
m
e
se
qu

en
ce

of
no

de
s
as
p
.

S
u
b
se
qu

en
ce
s,

su
b
p
at
h
s
an

d
co
n
ca
te
n
at
io
n
.

A
su
bs
eq
ue
nc
e
of

a
pa

th
p
is

a
se
-

qu
en

ce
of

no
de

s
ob

ta
in
ed

by
de

le
ti
ng

so
m
e
no

de
s
fr
om

p
w
it
ho

ut
ch
an

gi
ng

th
e
or
de

r
of

th
e
re
m
ai
ni
ng

no
de

s.
A

su
bs
eq
ue

nc
e
of

a
pa

th
is

no
t
ne

ce
ss
ar
ily

a
pa

th
.

Fo
r
a

pa
th

p
=
〈X

1
,X

2
,.
..
,X

m
〉,

th
e
su
bp
at
h
fr
om

X
i
to
X
k
(1
≤
i
≤
k
≤
m

)
is

th
e
pa

th
p
(X

i,
X
k
)

=
〈X

i,
X
i+

1
,.
..
,X

k
〉.

W
e
de

no
te

th
e
co
nc

at
en

at
io
n

of
pa

th
s
by
⊕
,
so

th
at

fo
r
ex
am

pl
e

p
=

p
(X

1
,X

k
)
⊕
p
(X

k
,X

m
).

In
th
is

pa
pe

r,
w
e
on

ly
co
nc

at
en

at
e
pa

th
s
if

th
e
re
su
lt

of
th
e
co
nc

at
en

at
io
n
is

ag
ai
n
a
pa

th
.

A
n
ce
st
ra
l
re
la
ti
on

sh
ip
s.

If
X
→

Y
,
th
en

X
is

a
pa
re
nt

of
Y
.
If

th
er
e
is

a
di
re
ct
ed

(p
os
si
bl
y
di
re
ct
ed

)
pa

th
fr
om

X
to
Y
,
th
en

X
is

a
an

ce
st
or

(p
os
si
bl
e
an

ce
st
or

)
of
Y
,
an

d
Y

is
a
de
sc
en
da
nt

(p
os
si
bl
e
de
sc
en
da
nt
)
of
X
.
W
e
al
so

us
e
th
e
co
nv

en
ti
on

th
at

ev
er
y
no

de
is

a
de

sc
en

da
nt
,
po

ss
ib
le

de
sc
en

da
nt
,
an

ce
st
or

an
d

po
ss
ib
le

an
ce
st
or

of
it
se
lf.

T
he

se
ts

of
pa

re
nt
s,

de
sc
en

da
nt
s
an

d
an

ce
st
or
s
of
X

in
G

ar
e
de

no
te
d
by

P
a(
X
,G

),
D

e(
X
,G

)
an

d
A

n
(X
,G

)
re
sp
ec
ti
ve
ly
.

T
he

se
ts

of
po

ss
ib
le

de
sc
en

da
nt
s
an

d
po

ss
ib
le

an
ce
st
or
s
of
X

in
G

ar
e
de

no
te
d
by

P
os

sD
e(
X
,G

)
an

d
P

os
sA

n
(X
,G

)
re
sp
ec
ti
ve
ly
.

Fo
r
a
se
t
of

no
de

s
X
⊆

V
,
w
e
le
t

P
a(

X
,G

)
=
∪ X
∈X

P
a(
X
,G

),
w
it
h
an

al
og

ou
s
de
fin

it
io
ns

fo
r

D
e(

X
,G

),
A

n
(X
,G

),
P

os
sD

e(
X
,G

)
an

d
P

os
sA

n
(X
,G

).

C
ol
li
d
er
s,
sh
ie
ld
s
an

d
d
efi

n
it
e
st
at
u
s
p
at
h
s.

If
a
pa

th
p
co
nt
ai
ns
X
i•→

X
j
←•
X
k
as

a
su
bp

at
h,

th
en
X
j
is
a
co
lli
de
r
on

p
.
A

co
lli
de
r
pa
th

is
a
pa

th
on

w
hi
ch

ev
er
y
no

n-
en

dp
oi
nt

no
de

is
a
co
lli
de

r.
A

pa
th

of
le
ng

th
on

e
is

a
tr
iv
ia
lc

ol
lid

er
pa

th
.
A

pa
th
〈X

i,
X
j
,X

k
〉i

s
an

(u
n)
sh
ie
ld
ed

tr
ip
le

if
X
i
an

d
X
k
ar
e
(n
ot
)
ad

ja
ce
nt
.
A

pa
th

is
un

sh
ie
ld
ed

if
al
l
su
cc
es
si
ve

tr
ip
le
s
on

th
e
pa

th
ar
e
un

sh
ie
ld
ed
.

A
no

de
X
j
is

a
de
fin

it
e
no

n-
co
lli
de
r
(Z

ha
ng

,
20

08
a)

on
a
pa

th
p
if
th
er
e
is

at
le
as
t
on

e
ed

ge
ou

t
of
X
j
on

p
,
or

if
X
i•

b X jb
•X

k
is

a
su
bp

at
h

of
p
an

d
〈X

i,
X
j
,X

k
〉
is

an
un

sh
ie
ld
ed

tr
ip
le
.
A
ny

co
lli
de

r
on

a
pa

th
is

al
w
ay
s
of

de
fin

it
e

st
at
us

an
d
he

nc
e,

a
de
fin

it
e
co
lli
de
r.

In
a

D
A

G
(M

A
G
)
w
e
re
fe
r
to

de
fin

it
e
no

n-
co
lli
de

rs
as

no
n-
co
lli
de
rs
.
A

no
de

is
of

de
fin

it
e
st
at
us

on
a
pa

th
if
it
is
a
co
lli
de

r
or

a
de

fin
it
e
no

n-
co
lli
de

r
on

th
e
pa

th
.
A

pa
th

p
is

of
de

fin
it
e
st
at
us

if
ev
er
y
no

n-
en

dp
oi
nt

no
de

on
p
is

of
de

fin
it
e

st
at
us
.

m
-s
ep

ar
at
io
n
an

d
m
-c
on

n
ec
ti
on

.
A

de
fin

it
e
st
at
us

pa
th

p
be

tw
ee
n
no

de
s
X

an
d
Y

is
m
-c
on

ne
ct
in
g
gi
ve
n
a
se
t
of

no
de

s
Z

(X
,Y

/∈
Z
)
if
ev
er
y
de

fin
it
e
no

n-
co
lli
de

r
on

p
is

no
t

in
Z
,a

nd
ev
er
y
co
lli
de

r
on

p
ha

s
a
de

sc
en

da
nt

in
Z

(R
ic
ha

rd
so
n,

20
03

).
O
th
er
w
is
e

Z
bl
oc
ks

p
.
If
G

is
a

D
A

G
or

M
A

G
(d
efi

ne
d
la
te
r)

an
d
if

Z
bl
oc
ks

al
l
pa

th
s
be

tw
ee
n
X

an
d
Y
,
w
e

sa
y
th
at
X

an
d
Y

ar
e
m
-s
ep

ar
at
ed

gi
ve
n

Z
in
G.

O
th
er
w
is
e,
X

an
d
Y

ar
e
m
-c
on

ne
ct
ed

gi
ve
n

Z
in
G.

Fo
r
pa

ir
w
is
e
di
sj
oi
nt

su
bs
et
s

X
,

Y
an

d
Z

of
V

in
G,

w
e
sa
y
th
at

X
an

d
Y

ar
e
m
-s
ep

ar
at
ed

gi
ve
n

Z
in
G
if
X

an
d
Y

ar
e
m
-s
ep

ar
at
ed

gi
ve
n

Z
in
G
fo
r
an

y
X
∈

X
an

d
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

Y
∈

Y
.
O
th
er
w
is
e,

X
an

d
Y

ar
e
m
-c
on

ne
ct
ed

gi
ve
n

Z
in
G.

In
a

D
A

G
,
m
-s
ep

ar
at
io
n
an

d
m
-c
on

ne
ct
io
n
si
m
pl
ify

to
d-
se
pa

ra
ti
on

an
d
d-
co
nn

ec
ti
on

(P
ea
rl
,2

00
9)
.

C
au

sa
l
B
ay
es
ia
n
n
et
w
or
ks
.

A
di
re
ct
ed

gr
ap

h
w
it
ho

ut
di
re
ct
ed

cy
cl
es

is
a
di
re
ct
ed

ac
yc
lic

gr
ap
h

(D
A

G
).

A
B
ay
es
ia
n
ne

tw
or
k
fo
r
a
se
t
of

va
ri
ab

le
s

V
=
{X

1
,.
..
,X

p
}
is

a
pa

ir
(G
,f

),
w
he

re
G

is
a

D
A

G
,
an

d
f

is
a
jo
in
t
de

ns
it
y
fo
r

V
th
at

fa
ct
or
iz
es

as
f

(V
)

=
∏
p i=

1
f

(X
i|P

a(
X
i,
G)

)
(P

ea
rl
,
20

09
).

W
e
ca
ll
a

D
A

G
ca
us
al

if
ev
er
y
ed

ge
X
i
→

X
j
in
G

re
pr
es
en
ts

a
di
re
ct

ca
us
al

eff
ec
t
of
X
i
on

X
j
.
A

B
ay
es
ia
n
ne

tw
or
k
(G
,f

)
is
a
ca
us
al

B
ay
es
ia
n

ne
tw
or
k
if
G

is
a
ca
us
al

D
A

G
.
If

a
ca
us
al

B
ay
es
ia
n
ne

tw
or
k
is

gi
ve
n
an

d
al
l
va
ri
ab

le
s
ar
e

ob
se
rv
ed

,o
ne

ca
n
ea
si
ly

de
ri
ve

po
st
-in

te
rv
en
ti
on

de
ns
it
ie
s.

In
pa

rt
ic
ul
ar
,w

e
co
ns
id
er

in
te
r-

ve
nt
io
ns

d
o(

X
=

x
),

or
sh
or
th
an

d
d
o(

x
),

(X
⊆

V
),

w
hi
ch

re
pr
es
en
t
ou

ts
id
e
in
te
rv
en
ti
on

s
th
at

se
t

X
to

x
,u

ni
fo
rm

ly
in

th
e
po

pu
la
ti
on

(s
ee

P
ea
rl
,2

00
9)
:

f
(v
|d
o(

x
))

=

{
∏
{i
|X
i
∈V
\X
}
f

(x
i
|P

a(
x
i,
G)

),
if

v
is

co
ns
is
te
nt

w
it
h

x
,

0
,

ot
he

rw
is
e.

(1
)

E
qu

at
io
n
(1
)
is

kn
ow

n
as

th
e
tr
un

ca
te
d
fa
ct
or
iz
at
io
n
fo
rm

ul
a
(P

ea
rl
,
20
09

),
th
e
g-
fo
rm

ul
a

(R
ob

in
s,

19
86

)
or

th
e
m
an

ip
ul
at
ed

de
ns
it
y
(S
pi
rt
es

et
al
.,
20

00
).

M
ax

im
al

an
ce
st
ra
l
gr
ap

h
s.

A
m
ix
ed

gr
ap

h
G

w
it
ho

ut
di
re
ct
ed

cy
cl
es

an
d
al
m
os
t

di
re
ct
ed

cy
cl
es

is
ca
lle
d
an

ce
st
ra
l.
A

m
ax
im

al
an

ce
st
ra
lg

ra
ph

(M
A

G
)
is

an
an

ce
st
ra
lg

ra
ph

G
=

(V
,E

)
w
he

re
ev
er
y
pa

ir
of

no
n-
ad

ja
ce
nt

no
de
s
X

an
d
Y

in
G
ca
n
be

m
-s
ep
ar
at
ed

by
a

se
t

Z
⊆

V
\{
X
,Y
}.

A
D

A
G

w
it
h
un

ob
se
rv
ed

va
ri
ab

le
s
ca
n
be

un
iq
ue

ly
re
pr
es
en
te
d
by

a
M

A
G

on
th
e
ob

se
rv
ed

va
ri
ab

le
s
th
at

pr
es
er
ve
s
th
e
an

ce
st
ra
la

nd
m
-s
ep

ar
at
io
n
re
la
ti
on

sh
ip
s

am
on

g
th
e
ob

se
rv
ed

va
ri
ab

le
s
(p
ag
e
98

1
in

R
ic
ha

rd
so
n
an

d
Sp

ir
te
s,
20

02
).

Si
nc
e
w
e
co
ns
id
er

M
A

G
s
th
at

do
no

t
en

co
de

se
le
ct
io
n
bi
as
,t
he

M
A

G
s
in

th
is
pa

pe
r
ca
n
on

ly
co
nt
ai
n
di
re
ct
ed

(→
)
an

d
bi
-d
ir
ec
te
d
(↔

)
ed
ge
s.

T
he

M
A

G
of

a
ca
us
al

D
A

G
is

a
ca
us
al

M
A

G
.

M
ar
ko
v
eq
u
iv
al
en

ce
.
Se

ve
ra
lD

A
G
s
ca
n
en
co
de

th
e
sa
m
e
co
nd

it
io
na

li
nd

ep
en

de
nc

ie
s

vi
a
d-
se
pa

ra
ti
on

.
Su

ch
D

A
G
s
fo
rm

a
M
ar
ko
v
eq
ui
va
le
nc
e
cl
as
s
w
hi
ch

ca
n

be
de

sc
ri
be

d
un

iq
ue

ly
by

a
co
m
pl
et
ed

pa
rt
ia
lly

di
re
ct
ed

ac
yc
lic

gr
ap
h

(C
P

D
A

G
)
(M

ee
k,

19
95

).
A

C
P

D
A

G
C
ha

s
th
e
sa
m
e
ad

ja
ce
nc

ie
s
as

an
y

D
A

G
in

th
e
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
C.

A
di
re
ct
ed

ed
ge

X
→

Y
in

a
C

P
D

A
G
C
co
rr
es
po

nd
s
to

a
di
re
ct
ed

ed
ge

X
→

Y
in

ev
er
y

D
A

G
in

th
e
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
C.

Fo
r
an

y
no

n-
di
re
ct
ed

ed
ge
X

bb Y
in

a
C

P
D

A
G
C,

th
e
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
C
co
nt
ai
ns

a
D

A
G

w
it
h
X
→
Y

an
d

a
D

A
G

w
it
h
X
←

Y
1 .

T
hu

s,
C

P
D

A
G
s
on

ly
co
nt
ai
n
di
re
ct
ed

(→
)
an

d
no

n-
di
re
ct
ed

(
bb )

ed
ge
s. Se
ve
ra
l

M
A

G
s
ca
n
al
so

en
co
de

th
e
sa
m
e
co
nd

it
io
na

l
in
de

pe
nd

en
ci
es

vi
a
m
-s
ep

ar
at
io
n.

Su
ch

M
A

G
s
fo
rm

a
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
w
hi
ch

ca
n
be

de
sc
ri
be

d
un

iq
ue

ly
by

a
pa
rt
ia
l

an
ce
st
ra
l
gr
ap
h

(P
A

G
)
(R

ic
ha

rd
so
n
an

d
Sp

ir
te
s,

20
02

;
A
li
et

al
.,
20

09
).

A
P

A
G
P

ha
s
th
e

sa
m
e
ad

ja
ce
nc

ie
s
as

an
y

M
A

G
in

th
e
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
P
.
A
ny

no
n-

ci
rc
le

ed
ge
-m

ar
k
in

a
P

A
G
P

co
rr
es
po

nd
s
to

th
at

sa
m
e
no

n-
ci
rc
le

ed
ge
-m

ar
k
in

ev
er
y

M
A

G
in

th
e
M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
P
.
W
e
on

ly
co
ns
id
er

m
ax

im
al
ly

in
fo
rm

at
iv
e

P
A

G
s
(Z

ha
ng

,2
00

8b
),
th
at

is
,f
or

an
y
ci
rc
le
m
ar
k
X

b •in
a

P
A

G
P
,t
he

M
ar
ko
v
eq
ui
va
le
nc

e
cl
as
s
de

sc
ri
be

d
by
P

co
nt
ai
ns

a
M

A
G

w
it
h
X
←•
Y

an
d
a

M
A

G
w
it
h
X
•Y

.
W
e
de
no

te
al
l

1.
T
he

no
n-
di
re
ct
ed

ed
ge
s
in

a
C
P
D
A
G
,
w
hi
ch

w
e
de

no
te

as
bb ,a

re
of
te
n
de

no
te
d
as
−

in
th
e
re
le
va
nt

lit
er
at
ur
e,

se
e
fo
r
ex
am

pl
e
(M

ee
k,

19
95
).

W
e
us
e

bb in
st
ea
d
of
−

fo
r
th
e
sa
ke

of
co
ns
is
te
nc
y
am

on
g

di
ffe

re
nt

gr
ap

h
cl
as
se
s.
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

X

V

Y

(a)

X

V
n

V
3

V
2

V
1

Y

(b)

F
igure

2:
T
w
o
configurationsw

here
the

edge
X
→
Y

isvisible.
N
odes

V
and

Y
m
ustbe

nonadjacent
in

2a,and
V
1
and

Y
m
ust

be
nonadjacent

in
2b.

D
A

G
s
(M

A
G
s)

in
the

M
arkov

equivalence
class

described
by

a
C

P
D

A
G

(P
A

G
)
G

by
[G

].
T
he

C
P

D
A

G
(P

A
G
)
of

a
causal

D
A

G
(M

A
G
)
is

a
causal

C
P

D
A

G
(P

A
G
).

C
on

sistent
d
en

sities.
A

density
f
is
consistent

w
ith

a
causal

D
A

G
D

ifthe
pair

(D
,f)

form
s
a
causalB

ayesian
netw

ork.
A

density
f
is

consistent
w
ith

a
causal

M
A

G
M

if
there

exists
a
causalB

ayesian
netw

ork
(D
′,f
′)
such

thatM
representsD

′and
f
is

the
observed

m
arginalof

f
′.

A
density

f
is

consistent
w
ith

a
causal

C
P

D
A

G
(P

A
G

)G
if
it

is
consistent

w
ith

a
causal

D
A

G
(M

A
G

)
in

[G
].

V
isib

le
an

d
invisib

le
ed

ges.
A
lldirected

edges
in

D
A

G
s
and

C
P

D
A

G
s
are

said
to

be
visible.

G
iven

a
M

A
G
M

or
a

P
A

G
G
,a

directed
edge

X
→
Y

is
visible

ifthere
is
a
node

V
not

adjacent
to
Y

such
that

there
is

an
edge

V
•→
X
,
or

if
there

is
a
collider

path
betw

een
V

and
X

that
is

into
X

and
every

non-endpoint
node

on
the

path
is

a
parent

of
Y
,
see

F
igure

2
(Zhang,2006).

A
visible

edge
X
→
Y

m
eans

that
there

are
no

latent
confounders

betw
een

X
and

Y
.
A

directed
edge

X
→

Y
that

is
not

visible
in

a
M

A
G
M

or
a

P
A

G
G

is
said

to
be

invisible.
In

the
FC

I
algorithm

,
invisible

edges
can

occur
due

to
orientation

rules
R
5
-
R
10

of
Zhang

(2008b).
W

hen
considering

M
A

G
s
and

P
A

G
s
that

do
not

encode
selection

bias,
invisible

edges
occur

as
a
consequence

of
the

orientation
rules

R
8
-
R
10

of
Zhang

(2008b).

3.
T

h
e

G
en

eralized
A

d
ju

stm
ent

C
riterion

T
hroughout,

letG
=

(V
,E

)
represent

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
,
and

let
X
,

Y
and

Z
be

pairw
ise

disjoint
subsets

of
V
,
w
ith

X
6=
∅
and

Y
6=
∅.

H
ere,

X
represents

the
set

of
exposures

and
Y

represents
the

set
of

response
variables.

W
e
w
ill

define
sound

and
com

plete
graphical

conditions
for

adjustm
ent

sets
relative

to
(X
,Y

)in
G
.
T
hus,ifa

set
Z
satisfies

ourconditions
relative

to
(X
,Y

)in
G
(see

D
efinition

4),
then

it
is
a
valid

adjustm
ent

set
for

calculating
the

causaleffect
of

X
on

Y
(see

D
efinition

1),
and

every
existing

valid
adjustm

ent
set

satisfies
our

conditions
(see

T
heorem

5).
F
irst,

w
e

define
w
hat

w
e
m
ean

by
an

adjustm
ent

set.
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

D
efi

n
ition

1
(A

djustm
en

t
set;M

aathuis
and

C
olom

bo,2015)
Let

X
,Y

and
Z
be

pairw
ise

disjoint
node

sets
in

a
causal

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
hen

Z
is

an
adjustm

ent
set

relative
to

(X
,Y

)
in
G
if
for

any
density

2
f
consistent

w
ith
G
w
e
have

f
(y
|
d
o(x

))
=

{
f

(y
|
x

)
if

Z
=
∅,

∫
z
f

(y
|
x
,z

)f
(z

)d
z

otherw
ise.

(2)

T
hus,adjustm

ent
sets

allow
post-intervention

densities
involving

the
do-operator

(left-hand
side

ofE
quation

2)
to

be
identified

as
specific

functions
ofconditionaldensities

(right-hand
side

of
E
quation

2).
T
he

latter
can

be
estim

ated
from

observational
data.

A
s
a
result,

adjustm
ent

sets
are

im
portant

for
the

com
putation

of
causal

effects.
T
his

is
illustrated

in
E
xam

ple
1
for

the
specialcase

of
m
ultivariate

G
aussian

densities.

E
xam

p
le

1
Suppose

f
is

a
m
ultivariate

G
aussian

density
that

is
consistent

w
ith

a
causal

D
A

G
D
.
Let

Z
6=
∅
be

an
adjustm

ent
set

relative
to

tw
o
distinct

variables
X

and
Y

in
D

such
that

Z
∩
{
X
∪
Y
}

=
∅.

T
hen

E
(Y
|d
o(x

))
=

∫

y
y
f

(y|
d
o(x

))d
y

=

∫

y
y ∫

z
f

(y|x
,z

)f
(z

)d
z
d
y

=

∫

z ∫

y
y
f

(y|x
,z

)d
y
f

(z
)d

z
=

∫

z
E

(Y
|x
,z

)f
(z

)d
z

=

∫

z (α
+
γ
x

+
β
T
z
)f

(z
)d

z
=
α

+
γ
x

+
β
T
E

(Z
),

w
here

w
e
use

the
factthatallconditionalexpectations

in
a
m
ultivariate

G
aussian

distribution
are

linear,
so

that
E

(Y
|x
,z

)
=
α

+
γ
x

+
β
T
z,

for
som

e
α
,γ
∈
R

and
β
∈
R
|z|.

D
efining

the
totalcausaleffect

of
X

on
Y

as
∂∂x
E

(Y
|
d
o(x

)),
w
e
obtain

that
the

totalcausaleffect
of
X

on
Y

is
γ,

that
is,

the
regression

coeffi
cient

of
X

in
the

regression
of
Y

on
X

and
Z
.

O
ur

first
goal

in
this

paper
is

to
give

a
graphical

criterion
(see

D
efinition

4)
that

is
equivalent

to
D
efinition

1.
T
o
this

end,w
e
introduce

som
e
additionalterm

inology.

D
efi

n
ition

2
(A

m
en

ability)
Let

X
and

Y
be

disjointnode
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
hen
G
is

said
to

be
am

enable
relative

to
(X
,Y

)
ifevery

proper
possibly

directed
path

from
X

to
Y

in
G
starts

w
ith

a
visible

edge
out

of
X
.

IfG
isa

M
A

G
,then

D
efinition

2
reduces

to
the

notion
ofam

enability
asintroduced

in
van

der
Zander

et
al.

(2014).
T
he

intuition
behind

the
concept

of
am

enability
is

the
follow

ing:
In

M
A

G
s
and

P
A

G
s,directed

edges
X
→
Y

can
represent

causaleffects,but
also

m
ixtures

of
causaleffects

and
latent

confounding.
For

instance,
w
hen

the
graph

X
→

Y
is

interpreted
as

a
D

A
G
,the

em
pty

set
is

a
valid

adjustm
ent

set
w
ith

respect
to

(X
,Y

).
W

hen
the

sam
e

graph
is

interpreted
as

a
M

A
G
,
it

can
still

represent
the

D
A

G
X
→

Y
,
but

also
the

D
A

G
X
→
Y

w
ith

an
additionalnon-causalpath

X
←
L
→
Y

w
here

L
is

latent.

2.
W
e
use

the
notation

for
continuous

random
variables

throughout.
T
he

discrete
analogues

should
be

obvious.
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

In
C

P
D

A
G
s
an

d
P

A
G
s,

th
er
e
ar
e
ed

ge
s
w
it
h

un
kn

ow
n

di
re
ct
io
n.

T
hi
s
co
m
pl
ic
at
es

ad
ju
st
m
en
t
be

ca
us
e
pa

th
s
co
nt
ai
ni
ng

su
ch

ed
ge
s
ca
n
co
rr
es
po

nd
to

ca
us
al

pa
th
s
in

so
m
e

re
pr
es
en
te
d

D
A

G
s
an

d
to

no
n-
ca
us
al

pa
th
s
in

ot
he

rs
.

Fo
r
ex
am

pl
e,

th
e

C
P

D
A

G
X

bb Y
re
pr
es
en
ts

th
e

D
A

G
s
X
→

Y
an

d
X
←

Y
.

A
m
en
ab

le
gr
ap

hs
ar
e
gr
ap

hs
w
he
re

th
es
e

pr
ob

le
m
s
do

no
t
oc
cu

r.

D
efi

n
it
io
n
3

(F
or

bi
dd

en
se

t;
F

or
b

(X
,Y

,G
))

Le
t

X
an

d
Y

be
di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

T
he
n
th
e
fo
rb
id
de
n
se
t
re
la
ti
ve

to
(X
,Y

)
is

de
fin

ed
as

F
or

b
(X
,Y

,G
)

=
{W

′ ∈
V

:
W
′ ∈

P
os

sD
e(
W
,G

),
fo
r
so
m
e
W

/∈
X

w
hi
ch

lie
s
on

a
pr
op
er

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to

Y
in
G}
.

D
efi

n
it
io
n
4

(G
en

er
al

iz
ed

ad
ju

st
m

en
t
cr

it
er

io
n
)
Le

t
X
,Y

an
d

Z
be

pa
ir
w
is
e
di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,C

P
D

A
G
,M

A
G

or
P

A
G
G.

T
he
n

Z
sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t

cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G
if
th
e
fo
llo

w
in
g
th
re
e
co
nd

it
io
ns

ho
ld
:

(A
m

en
ab

il
it
y)
G
is

ad
ju
st
m
en
t
am

en
ab
le

re
la
ti
ve

to
(X
,Y

),
an

d

(F
or

bi
dd

en
se

t)
Z
∩

F
or

b
(X
,Y

,G
)

=
∅,

an
d

(B
lo

ck
in

g)
al
lp

ro
pe
r
de
fin

it
e
st
at
us

no
n-
ca
us
al

pa
th
s
fr
om

X
to

Y
ar
e
bl
oc
ke
d
by

Z
in
G.

If
G
is

a
D

A
G

(M
A

G
),
ou

r
cr
it
er
io
n
re
du

ce
s
to

th
e
ad

ju
st
m
en
t
cr
it
er
io
n
of

Sh
pi
ts
er

(2
01

2)
,

(v
an

de
r
Za

nd
er

et
al
.,
20

14
)
(s
ee

D
efi

ni
ti
on

55
in

A
pp

en
di
x
E
).

Fo
r
co
ns
is
te
nc

y,
ho

w
ev
er
,

w
e
w
ill

re
fe
r
to

th
e
ge
ne
ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
fo
r
al
lg

ra
ph

ty
pe

s.
W
e
no

te
th
at

th
e
am

en
ab

ili
ty

co
nd

it
io
n
do

es
no

t
de

pe
nd

on
Z
.
In

ot
he

r
w
or
ds
,
if
th
e

am
en

ab
ili
ty

co
nd

it
io
n
is

vi
ol
at
ed

,t
he

n
no

se
t
sa
ti
sfi
es

th
e
ge
ne

ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n

re
la
ti
ve

to
(X
,Y

)
in
G.

T
he

fo
rb
id
de

n
se
tc

on
ta
in
sn

od
es

th
at

ca
nn

ot
be

us
ed

fo
ra

dj
us
tm

en
t.

W
e
w
ill

tr
y
to

gi
ve

so
m
e
in
tu
it
io
n.

Fo
r
si
m
pl
ic
it
y,

w
e
co
ns
id
er

X
=
{X
}
an

d
Y

=
{Y
}
in

a
D

A
G
D
,
an

d
w
e
ar
e
in
te
re
st
ed

in
es
ti
m
at
in
g
th
e
to
ta
l
ca
us
al

eff
ec
t
of
X

on
Y

in
D
.
It

is
cl
ea
r
th
at

no
de
s
on

an
y
ca
us
al

pa
th

fr
om

X
to
Y

in
D

sh
ou

ld
no

t
be

in
cl
ud

ed
in

th
e
se
t

us
ed

fo
r
ad

ju
st
m
en
t,
si
nc

e
in
cl
ud

in
g
su
ch

no
de

s
w
ou

ld
bl
oc
k
th
e
ca
us
al

pa
th
.

T
o
un

de
rs
ta
nd

w
hy

w
e
ca
nn

ot
in
cl
ud

e
de

sc
en

da
nt
s
of

no
de

s
on

a
ca
us
al

pa
th

fr
om

X
to
Y

in
D

(e
xc
ep

t
fo
r
de

sc
en

da
nt
s
of
X
),

it
is

us
ef
ul

to
co
ns
id
er

w
al
ks

fr
om

X
to
Y

in
D
,

th
at

is
,
se
qu

en
ce
s
of

no
de

s
〈X
,.
..
,Y
〉
in

w
hi
ch

ev
er
y
pa

ir
of

su
cc
es
si
ve

no
de

s
is

ad
ja
ce
nt

in
D

(b
ut

th
e
no

de
s
ar
e
no

t
ne

ce
ss
ar
ily

di
st
in
ct
).

A
w
al
k
r

=
〈X

=
V
0
,V

1
,.
..
,V

k
=
Y
〉i

s
no

n-
ca
us
al

if
V
i←
•V

i+
1
fo
r
at

le
as
t
on

e
i
∈
{0
,.
..
,k
−

1}
.
A

w
al
k
r
fr
om

X
to
Y

in
D

is
co
nn

ec
ti
ng

gi
ve
n
a
se
t
of

no
de

s
Z

if
Z

co
nt
ai
ns

al
lc

ol
lid

er
s
on

r
an

d
no

no
n-
co
lli
de

r
on

r
is

in
Z
.
If

a
w
al
k
r
is

no
t
co
nn

ec
ti
ng

gi
ve
n

Z
,
th
en

r
is

bl
oc
ke
d
by

Z
.
K
os
te
r
(2
00

2)
pr
ov
ed

th
at

th
er
e
is
a
w
al
k
fr
om

X
to
Y

th
at

is
co
nn

ec
ti
ng

gi
ve
n

Z
in
D

if
an

d
on

ly
if
th
er
e
is
pa

th
fr
om

X
to
Y

th
at

is
d-
co
nn

ec
ti
ng

gi
ve
n

Z
in
D
.

In
tu
it
iv
el
y,

al
ln

on
-c
au

sa
lw

al
ks

fr
om

X
to
Y

sh
ou

ld
be

bl
oc
ke
d
in

or
de

r
to

es
ti
m
at
e
th
e

to
ta
lc

au
sa
le

ffe
ct

of
X

on
Y
.
N
ow

,c
on

si
de

r
a
pa

th
p
of

th
e
fo
rm

X
→
V
1
→
··
·→

V
k
→
Y

in
G.

A
ss
um

e
V
i
/∈

Z
,
fo
r
al
l
i
∈
{1
,.
..
,k
}.

In
cl
ud

in
g
a
de

sc
en

da
nt
A

of
V
i
in

th
e
se
t

Z
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

le
ad

s
to

w
al
k
of

th
e
fo
rm

X
→
··
·→

V
i
→
··
·→

A
←
··
·←

V
i
→
··
·→

V
k
→

Y
be

in
g

co
nn

ec
ti
ng

gi
ve
n

Z
in
G.

H
en

ce
,i
nc

lu
di
ng

A
in

th
e
ad

ju
st
m
en
t
se
t
op

en
s
a
no

n-
ca
us
al

w
al
k

fr
om

X
to
Y

in
G.

W
e
no

w
gi
ve

th
e
m
ai
n
th
eo
re
m

of
th
is
se
ct
io
n.

C
or
re
sp
on

di
ng

ex
am

pl
es

ca
n
be

fo
un

d
in

Se
ct
io
n
3.
1
an

d
th
e
pr
oo

f
of

th
e
th
eo
re
m

is
gi
ve
n
in

Se
ct
io
n
3.
2.

T
h
eo
re
m

5
Le

t
X
,Y

an
d

Z
be

pa
ir
w
is
e
di
sj
oi
nt

no
de

se
ts

in
a
ca
us
al

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

T
he
n

Z
is

an
ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G

(s
ee

D
efi

ni
ti
on

1)
if

an
d
on

ly
if

Z
sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G

(s
ee

D
efi

ni
ti
on

4)
.

V
er
ify

in
g
th
e
bl
oc
ki
ng

co
nd

it
io
n
by

ch
ec
ki
ng

al
l
pa

th
s
re
qu

ir
es

ke
ep

in
g
tr
ac
k
of

w
hi
ch

pa
th
s
ar
e
no

n-
ca
us
al

an
d
he

nc
e,

sc
al
es

po
or
ly

to
la
rg
er

gr
ap

hs
.
W
e
th
er
ef
or
e
gi
ve

an
al
te
rn
a-

ti
ve

de
fin

it
io
n
of

th
is
co
nd

it
io
n
w
hi
ch

re
lie

s
on

m
-s
ep

ar
at
io
n
in

a
so
-c
al
le
d
pr
op

er
ba

ck
-d
oo

r
gr
ap

h.

D
efi

n
it
io
n
6

(P
ro

pe
r

ba
ck

-d
oo

r
gr

ap
h;
Gp

bd
X
Y
)
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

T
he

pr
op
er

ba
ck
-d
oo
r
gr
ap
h
Gp

bd
X
Y

is
ob
ta
in
ed

fr
om
G

by
re
m
ov
in
g
al
l
vi
si
bl
e
ed
ge
s
ou

t
of

X
th
at

ar
e
on

pr
op
er

po
ss
ib
ly

di
re
ct
ed

pa
th
s
fr
om

X
to

Y
in
G.

If
G

is
a

D
A

G
or

M
A

G
,
th
en

D
efi

ni
ti
on

6
re
du

ce
s
to

th
e
de
fin

it
io
n
of

pr
op

er
ba

ck
-d
oo

r
gr
ap

hs
as

in
tr
od

uc
ed

in
va
n
de

r
Za

nd
er

et
al
.(
20

14
).

T
h
eo
re
m

7
R
ep
la
ci
ng

th
e
B
lo
ck
in
g
co
nd

it
io
n
in

D
efi

ni
ti
on

4
w
it
h:

(S
ep

ar
at

io
n
)

Z
m
-s
ep
ar
at
es

X
an

d
Y

in
Gp

bd
X
Y
,

re
su
lts

in
a
cr
it
er
io
n
th
at

is
eq
ui
va
le
nt

to
th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n.

If
G

is
a

D
A

G
or

M
A

G
,
th
en

T
he

or
em

7
re
du

ce
s
to

T
he

or
em

4.
6
in

va
n
de
r
Za

nd
er

et
al
.

(2
01

4)
.

3.
1
E
xa

m
p
le
s

W
e
no

w
pr
ov
id
e
so
m
e
ex
am

pl
es

th
at

ill
us
tr
at
e
ho

w
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
ca
n

be
ap

pl
ie
d.

E
xa

m
p
le

2
W
e
re
tu
rn

to
th
e

C
P

D
A

G
C
in

F
ig
ur
e
1(
a)
.
C
is

am
en
ab
le

re
la
ti
ve

to
(X
,Y

)
an

d
F

or
b

(X
,Y
,C

)
=
{Y
}.

O
ne

ca
n
ea
si
ly

ve
ri
fy

th
at

an
y
su
pe
rs
et

of
{Z
,A
}
or

of
{Z
,B
}

th
at

do
es

no
t
co
nt
ai
n
X

or
Y

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
C.

E
xa

m
p
le

3
T
o
ill
us
tr
at
e
th
e
co
nc
ep
t
of

am
en
ab
ili
ty
,
co
ns
id
er

F
ig
ur
e
3
w
it
h
a

P
A

G
P

in
(a
),

an
d
tw
o

M
A

G
s
M

1
an

d
M

2
in

[P
]
in

(b
)
an

d
(c
).

T
he

gr
ap
hs
P

an
d
M

1
ar
e
no

t
am

en
ab
le

re
la
ti
ve

to
(X
,Y

).
Fo

r
P

th
is
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du

e
to

th
e
pa
th
X

bb Y,
an

d
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r
M

1
th
is

is
du

e
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

X
V

1

V
2

Y

(a)

X
V

1

V
2

Y

(b)

X
V

1

V
2

Y

(c)

F
igure

3:
(a)

P
A

G
P
,(b)

M
A

G
M

1 ,(c)
M

A
G
M

2
used

in
E
xam

ple
3.

X

V
2

V
1

V
3

V
4

Y

(a)

X

V
2

V
1

V
3

V
4

Y

(b)

F
igure

4:
(a)

P
A

G
P
1 ,(b)

P
A

G
P
2
used

in
E
xam

ple
4
and

E
xam

ple
6.

to
the

invisible
edge

X
→

Y
(w

hich
im

plies
thatM

1
also

represents
a
D
A
G

that
contains

a
hidden

confounder
that

is
an

ancestor
of

both
X

and
Y
).

O
n

the
other

hand,
M

2
is

am
enable

relative
to

(X
,Y

),
since

the
edges

X
→
Y

and
X
→
V
2
are

visible
due

to
the

edge
V
1 →

X
,w

ith
V
1
notadjacentto

Y
or
V
2 .

Since
there

are
no

proper
definite

status
non-causal

paths
from

X
to
Y

in
M

2 ,
it
follow

s
that

the
em

pty
set

satisfies
the

generalized
adjustm

ent
criterion

relative
to

(X
,Y

)
in
M

2 .
F
inally,

note
thatM

1
could

also
be

interpreted
as

a
D

A
G
.
In

that
case,

it
w
ould

be
am

enable
relative

to
(X
,Y

).
T
his

show
s
that

am
enability

depends
crucially

on
the

interpretation
of

the
graph.

E
xam

p
le

4
LetP

1
and
P
2
be

the
P

A
G
s
in

F
igure

4(a)
and

F
igure

4(b),
respectively.

B
oth

P
A

G
s
are

am
enable

relative
to

(X
,Y

).
W
e
w
illshow

that
there

is
an

adjustm
ent

set
relative

to
(X
,Y

)
in
P
1
but

not
in
P
2 .

T
his

illustrates
that

am
enability

is
not

a
suffi

cient
criterion

for
the

existence
of

an
adjustm

ent
set.

W
e
first

consider
P
1 .

N
ote

that
F

orb
(X
,Y
,P

1 )
=
{V

4 ,Y
}
and

that
there

are
tw
o
proper

definite
status

non-causalpaths
from

X
to
Y
:
X
← bV

3 →
Y

and
X
→
V
4 ←

V
3 →

Y
.
P
ath

X
← bV

3 →
V
4 b→

Y
is

not
of

definite
status,

as
node

V
4
is

not
of

definite
status

on
this

path.
B
oth

proper
definite

status
non-causalpaths

from
X

to
Y

are
blocked

by
any

set
containing

V
3 .

H
ence,

all
sets

satisfying
the

generalized
adjustm

ent
criterion

relative
to

(X
,Y

)
in
P
1

are:{
V
3 },{V

1 ,V
3 },{V

2 ,V
3 }

and
{
V
1 ,V

2 ,V
3 }.

In
P
2 ,

w
e
have

F
orb

(X
,Y
,P

2 )
=

F
orb

(X
,Y
,P

1 )
=
{
V
4 ,Y
},

and
there

are
three

proper
definite

status
non-causalpaths

from
X

to
Y

in
P
2 :
p
1
of

the
form

X
↔
V
3 →

Y
,
p
2
of

the
form

X
↔
V
3 ↔

V
4 →

Y
and

p
3
of

the
form

X
→
V
4 ↔

V
3 →

Y
.
T
o
block

p
1 ,

w
e
m
ust

use
V
3 ,

and
this

im
plies

that
w
e
m
ust

use
V
4
to

block
p
2 .

B
ut
V
4 ∈

F
orb

(X
,Y
,P

2 ).
H
ence,

no
set

satisfies
the

generalized
adjustm

ent
criterion

Z
relative

to
(X
,Y

)
in
P
2 .
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

3.2
P
roof

of
T
h
eorem

5

T
o
prove

that
the

generalized
adjustm

ent
criterion

is
sound

and
com

plete
for

adjustm
ent

(T
heorem

5),
w
e
build

on
the

fact
that

the
adjustm

ent
criterion

for
D

A
G
s
and

M
A

G
s
is

sound
and

com
plete

for
adjustm

ent.
T
he

adjustm
ent

criterion
for

D
A

G
s
w
as

first
presented

in
Shpitser

et
al.

(2010)
and

w
as

m
odified

in
the

unpublished
addendum

(Shpitser,
2012).

In
A
ppendix

E
w
e
give

the
revised

version
of

the
criterion,

as
w
ell

as
new

soundness
and

com
pleteness

proofs,
relying

only
on

basic
probability

calculus,
linear

algebra
and

the
do-

calculusrules.
T
he

adjustm
entcriterion

for
M

A
G
sw

aspresented
and

proved
to

be
sound

and
com

plete
for

adjustm
ent

in
van

der
Zander

et
al.(2014,see

T
heorem

5.8).
H
ow

ever,van
der

Zander
et

al.
(2014)’s

proof
assum

ed
the

soundness
and

com
pleteness

of
the

adjustm
ent

criterion
for

D
A
G
s
given

in
Shpitser

(2012).
T
his

latter
claim

is
proved

here
in

T
heorem

56
in

A
ppendix

E
.

Lastly,
our

proof
of

T
heorem

5
heavily

relies
on

the
three

lem
m
as

given
below

.
T
heir

proofs
can

be
found

in
A
ppendix

B
.

L
em

m
a
8

Let
X

and
Y

be
disjoint

node
sets

in
a

C
P

D
A

G
(P

A
G

)
G
.
IfG

is
am

enable
(see

D
efinition

4)
relative

to
(X
,Y

),
then

every
D

A
G

(M
A

G
)
in

[G
]is

am
enable

relative
to

(X
,Y

).
O
n
the

other
hand,

ifG
violates

the
am

enability
condition

relative
to

(X
,Y

),
then

there
is

no
adjustm

ent
set

relative
to

(X
,Y

)
in
G
(see

D
efinition

1).

L
em

m
a
9

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

C
P

D
A

G
(P

A
G

)
G
.
IfG

is
am

enable
relative

to
(X
,Y

),
then

the
follow

ing
statem

ents
are

equivalent:

(i)
Z

satisfies
the

forbidden
set

condition
(see

D
efinition

4)
relative

to
(X
,Y

)
in
G
.

(ii)
Z

satisfies
the

forbidden
set

condition
relative

to
(X
,Y

)
in

every
D

A
G

(M
A

G
)
in

[G
].

L
em

m
a
10

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

C
P

D
A

G
(P

A
G

)G
.
IfG

is
am

enable
relative

to
(X
,Y

),
and

Z
satisfies

the
forbidden

set
condition

relative
to

(X
,Y

),
then

the
follow

ing
statem

ents
are

equivalent:

(i)
Z

satisfies
the

blocking
condition

(see
D
efinition

4)
relative

to
(X
,Y

)
in
G
.

(ii)
Z

satisfies
the

blocking
condition

relative
to

(X
,Y

)
in

every
D

A
G

(M
A

G
)
in

[G
].

(iii)
Z

satisfies
the

blocking
condition

relative
to

(X
,Y

)
in

a
D

A
G
D

(M
A

G
M

)
in

[G
].

P
roof

of
T
h
eorem

5.
IfG

is
a

D
A

G
(M

A
G
),then

our
criterion

reduces
to

the
adjustm

ent
criterion

from
Shpitser

(2012)
(van

der
Zander

et
al.,

2014)
w
hich

is
sound

and
com

plete
for

adjustm
ent

(T
heorem

56
in

A
ppendix

E
,
T
heorem

5.8
in

van
der

Zander
et

al.,
2014).

H
ence,w

e
only

consider
the

case
thatG

is
a

C
P

D
A

G
(P

A
G

).
Suppose

first
that

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in

the
C

P
D

A
G

(P
A

G
)
G
.

W
e
need

to
show

that
Z

is
an

adjustm
ent

set
(see

D
efinition

1)
relative

to
(X
,Y

)
in

every
D

A
G
D

(M
A

G
M

)
in

[G
].

B
y
applying

Lem
m
as

8,
9
and

10
in

turn,
it

directly
follow

s
that

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in

every
D

A
G
D

(M
A

G
M

)
in

[G
].

Since
the

generalized
adjustm

ent
criterion

is
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

so
un

d
fo
r
ad

ju
st
m
en
t
in

D
A

G
s
(M

A
G
s)

(s
ee

T
he

or
em

58
in

A
pp

en
di
x
E

an
d
T
he

or
em

5.
8

in
va
n
de

r
Za

nd
er

et
al
.,
20

14
),

Z
is

an
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in

ev
er
y
D

(M
)

in
[G

]. T
o
pr
ov
e
th
e
ot
he

r
di
re
ct
io
n,

su
pp

os
e
th
at

Z
do

es
no

t
sa
ti
sf
y
th
e
ge
ne

ra
liz
ed

ad
ju
st
m
en
t

cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.

F
ir
st
,
su
pp

os
e
th
at
G

vi
ol
at
es

th
e
am

en
ab

ili
ty

co
nd

it
io
n

re
la
ti
ve

to
(X
,Y

).
T
he

n
by

Le
m
m
a
8,

th
er
e
is

no
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

O
th
er
w
is
e,
G
is
am

en
ab

le
re
la
ti
ve

to
(X
,Y

),
bu

tZ
vi
ol
at
es

th
e
fo
rb
id
de

n
se
tc

on
di
ti
on

or
th
e

bl
oc
ki
ng

co
nd

it
io
n.

W
e
ne

ed
to

sh
ow

Z
is
no

ta
n
ad

ju
st
m
en
ts

et
in

at
le
as
to

ne
D

A
G
D

(M
A

G
M

)
in

[G
].

Su
pp

os
e

Z
vi
ol
at
es

th
e
fo
rb
id
de

n
se
t
co
nd

it
io
n.

T
he

n
by

Le
m
m
a
9,

it
fo
llo

w
s

th
at

th
er
e
ex
is
ts

a
D

A
G
D

(M
A

G
M

)
in

[G
]
su
ch

th
at

Z
do

es
no

t
sa
ti
sf
y
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

(M
).

Si
nc

e
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n

is
co
m
pl
et
e
fo
r
ad

ju
st
m
en
t
in

D
A

G
s
(M

A
G
s)

(s
ee

T
he

or
em

57
in

A
pp

en
di
x
E
an

d
T
he

or
em

5.
8
in

va
n
de
r
Za

nd
er

et
al
.,
20

14
),

it
fo
llo

w
s
th
at

Z
is

no
t
an

ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
D

(M
).

O
th
er
w
is
e,

su
pp

os
e

Z
sa
ti
sfi
es

th
e
fo
rb
id
de

n
se
t
co
nd

it
io
n,

bu
t
vi
ol
at
es

th
e
bl
oc
ki
ng

co
nd

it
io
n.

T
he

n
by

Le
m
m
a
10

,
it

fo
llo

w
s
th
at

th
er
e
is

a
D

A
G
D

(M
A

G
M

)
in

[G
]
su
ch

th
at

Z
do

es
no

t
sa
ti
sf
y
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

(M
).

Si
nc

e
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
is

co
m
pl
et
e
fo
r
ad

ju
st
m
en
t
in

D
A

G
s

(M
A

G
s)
,i
t
fo
llo

w
s
th
at

Z
is

no
t
an

ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
D

(M
).

�

4.
C

on
st

ru
ct

in
g

A
d
ju

st
m

en
t

S
et

s

W
e
no

w
pr
es
en
t
ap

pr
oa

ch
es

to
co
ns
tr
uc

t
ad

ju
st
m
en
t
se
ts
.
F
ir
st
,i
n
T
he

or
em

11
,w

e
di
sc
us
s

a
pr
e-
pr
oc
es
si
ng

of
th
e
no

de
se
t

X
th
at

in
co
nj
un

ct
io
n

w
it
h

ou
r
ge
ne

ra
liz

ed
ad

ju
st
m
en
t

cr
it
er
io
n
ca
n
he

lp
id
en
ti
fy
f

(y
|d
o(

x
))

in
D
A
G
,C

P
D
A
G
,M

A
G

or
PA

G
G
vi
a
ad

ju
st
m
en
t.

A
s
m
en
ti
on

ed
be

fo
re
,
if
f

(y
|d
o(

x
))

is
no

t
id
en
ti
fia

bl
e
vi
a
ad

ju
st
m
en
t
in
G,

it
m
ay

be
id
en
ti
fia

bl
e
th
ro
ug

h
ot
he

r
m
ea
ns
.
In

pa
rt
ic
ul
ar
,i
f
f

(y
|d
o(

x
))

is
no

t
id
en
ti
fia

bl
e
vi
a
ad

ju
st
-

m
en
t
in
G,

th
er
e
m
ay

be
a
se
t

X
′ ⊆

X
su
ch

th
at
f

(y
|d
o(

x
))

=
f

(y
|d
o(

x
′ )

),
an

d
f

(y
|d
o(

x
′ )

)
is

id
en
ti
fia

bl
e
vi
a
ad

ju
st
m
en
t
in
G.

O
ne

su
ch

ex
am

pl
e
is

gi
ve
n
in

T
he

or
em

11
.

N
ex
t,

w
e
in
tr
od

uc
e
T
he
or
em

14
th
at

w
ill

al
lo
w

us
to

ea
si
ly

co
ns
tr
uc

t
ad

ju
st
m
en
t
se
ts

th
at

do
no

t
co
nt
ai
n
ce
rt
ai
n
no

de
s,
if
an

y
su
ch

ad
ju
st
m
en
t
se
t
ex
is
ts
.
W
e
ill
us
tr
at
e
th
e
re
su
lt
s

of
T
he

or
em

14
w
it
h
ex
am

pl
es

in
Se

ct
io
n
4.
1
an

d
gi
ve

th
e
pr
oo

fo
ft
hi
s
th
eo
re
m

in
Se

ct
io
n
4.
2.

In
Se

ct
io
n
4.
3
w
e
ex
pl
ai
n
ho

w
to

le
ve
ra
ge

pr
ev
io
us

re
su
lt
s
of

va
n
de

r
Za

nd
er

et
al
.
(2
01

4)
to

en
um

er
at
e
al
l
(m

in
im

al
)
ad

ju
st
m
en
t
se
ts
,
an

d
di
sc
us
s
ho

w
to

im
pl
em

en
t
th
is

pr
oc
ed

ur
e

effi
ci
en
tl
y.

T
h
eo
re
m

11
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a
ca
us
al

D
A
G
,
C
P
D
A
G
,
M
A
G

or
PA

G
G.

Le
t

X
′ ⊆

X
su
ch

th
at

th
er
e
is

no
po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
\X

′
to

Y
th
at

is
pr
op
er

w
it
h
re
sp
ec
t
to

X
.
T
he
n

f
(y
|d
o(

x
))

=

{
f

(y
)

if
X
′ =
∅,

f
(y
|d
o(

x
′ )

)
ot
he
rw

is
e.

Fu
rt
he
rm

or
e,

if
X
′ 6=
∅
an

d
if

Z
is

an
ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G,

th
en

Z
is

an
ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
′ ,

Y
)
in
G.

Fo
llo

w
in
g
T
he

or
em

11
,w

e
re
co
m
m
en

d
pr
e-
pr
oc
es
si
ng

th
e
se
t

X
as

fo
llo

w
s:

re
m
ov
e
al
ln

od
es

X
∈

X
th
at

do
no

t
ha

ve
a
po

ss
ib
ly

di
re
ct
ed

pa
th

to
Y

w
hi
ch

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
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P
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ex
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,
K

a
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sc
h

a
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d

M
a
at

h
u
is

X
1

V
1

V
2

Y
X

2

F
ig
ur
e
5:

M
A

G
M

.

in
G.

In
ot
he

r
w
or
ds
,
if

W
is

th
e
se
t
of

al
l
no

de
s
th
at

ha
ve

a
po

ss
ib
ly

di
re
ct
ed

pa
th

to
Y

w
hi
ch

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
in
G,

th
en

X
′

=
X
∩

W
.
T
he

n
by

ch
oi
ce
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W

an
d
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e

pr
oo

fo
fT

he
or
em
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,a
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de
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id
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x
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vi
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Fo
r
ex
am
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th
e
M
A
G
M

in
F
ig
ur
e
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th
er
e
is
no

ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
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X
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2
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Y
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H
ow

ev
er
,t
he

re
is
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w
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re
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w
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∪
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n

I
is

ca
lle
d
de
sc
en
dr
al

in
G
if

I
=

P
os

sD
e(

I,
G)

.

A
de

sc
en

dr
al

se
t
is

in
a
se
ns
e
an

al
og
ou

s
to

an
an

ce
st
ra
l
se
t,

w
hi
ch

is
a
se
t
co
nt
ai
ni
ng

al
l

an
ce
st
or
s
of

it
se
lf.

N
ot
e
th
at

F
or

b
(X
,Y

,G
)
an

d
P

os
sD

e(
X
,G

)
ar
e
bo

th
de

sc
en

dr
al

se
ts
.

T
hi
s
pr
op

er
ty

w
ill

be
us
ed

th
ro
ug

ho
ut

th
e
pr
oo

fs
.
N
ot
e
th
at

if
A

is
an

an
ce
st
ra
ls

et
an

d
B

is
a
de

sc
en

dr
al

se
t,

th
en

A
\B

is
an

an
ce
st
ra
ls

et
an

d
B
\A

is
a
de
sc
en
dr
al

se
t.

T
h
eo
re
m

14
(C

on
st

ru
ct

iv
e

se
t)

Le
t

X
an

d
Y

be
di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

Le
t

I
⊇

F
or

b
(X
,Y

,G
)
be

a
de
sc
en
dr
al

se
t
in
G.

T
he
n
th
er
e
ex
is
ts

a
se
t

Z
th
at

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G
su
ch

th
at

Z
∩

I
=
∅

if
an

d
on

ly
if

A
d

ju
st

(X
,Y

,G
)
\I

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

T
he

sm
allestsetw

e
can

take
for

I
in

T
heorem

14
is

F
orb

(X
,Y

,G
).

T
hisleadsto

C
orollary

15.
P
earl’s

back-door
criterion

does
not

allow
using

descendants
of

X
in

a
D

A
G
D
.
M
oreover,

the
generalized

back-door
criterion

does
not

allow
using

possible
descendants

of
X

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
hus,another

naturalset
to

consider
for

I
is

P
ossD

e(X
,G

).
W
e

w
illuse

I
=

P
o
ssD

e(X
,G

)
and

T
heorem

14
in

Section
5
to

define
sets

that
satisfy

generalized
back-door

criterion
and

P
earl’s

back-door
criterion.

C
orollary

15
Let

X
and

Y
be

disjoint
node

sets
in

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.

T
he

follow
ing

statem
ents

are
equivalent:

(i)
T
here

exists
an

adjustm
ent

set
relative

to
(X
,Y

)
in
G
.

(ii)
A

d
ju

st(X
,Y

,G
)
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G
.

(iii)
G

is
am

enable
relative

to
(X
,Y

)
in
G

and
A

d
ju

st(X
,Y

,G
)
satisfies

the
blocking

con-
dition

relative
to

(X
,Y

)
in
G
.

4.1
E
xam

p
les

W
e
now

provide
som

e
exam

ples
that

illustrate
the

construction
of

adjustm
ent

sets.

E
xam

p
le

5
C
onsider

again
the

C
P

D
A

G
C
in

F
igure

1(a).
A
s
previously

discussed
in

E
x-

am
ple

2,C
is

am
enable

relative
to

(X
,Y

).
T
he

set
A

d
ju

st(X
,Y
,C

)
=
{X

,Y
,I
,A
,Z
,B
}\

{
X
,Y
}

=
{
I
,A
,Z
,B
}
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
C.

H
ence,

by
C
orollary

15,{
I
,A
,Z
,B
}
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
C.

E
xam

p
le

6
C
onsider

again
the

P
A

G
s
P
1
and
P
2
in

F
igure

4(a)
and

F
igure

4(b),
respec-

tively.
A
s
previously

discussed
in

E
xam

ple
4,both

P
1
and
P
2
are

am
enable

relative
to

(X
,Y

).
In
P
1 ,

F
o
rb

(X
,Y
,P

1 )
=
{
V
4 ,Y
},so

A
d

ju
st(X

,Y
,P

1 )
=
{X

,Y
,V

1 ,V
2 ,V

3 ,V
4 }\{X

,Y
,V

4 }
=
{V

1 ,V
2 ,V

3 }.
Since

{
V
1 ,V

2 ,V
3 }

satisfies
the

blocking
condition

relative
to

(X
,Y

)
in
G
,
it

follow
s
that{V

1 ,V
2 ,V

3 }
satisfies

the
generalized

adjustm
entcriterion

relative
to

(X
,Y

)
in
G
.

In
P
2 ,

again
F

orb
(X
,Y
,P

2 )
=
{V

4 ,Y
},

so
A

d
ju

st(X
,Y
,P

2 )
=
{
X
,Y
,V

1 ,V
2 ,V

3 ,V
4 }

\{X
,Y
,V

4 }
=
{V

1 ,V
2 ,V

3 }.
Since

{
V
1 ,V

2 ,V
3 }

does
not

block
the

path
X
↔
V
3 ↔

V
4 →

Y
it

does
not

satisfy
the

blocking
condition

relative
to

(X
,Y

)
in
G
.
H
ence,

C
orollary

15
im

plies
that

there
is

no
adjustm

ent
set

relative
to

(X
,Y

)
in
P
2 .

4.2
P
roof

of
T
h
eorem

14

T
o
prove

T
heorem

14
w
e
heavily

rely
on

Lem
m
a
16

and
Lem

m
a
17

given
below

.
T
heir

proofs
are

given
in

A
ppendix

C
.Lem

m
a
17

is
related

to
Lem

m
a
1
from

R
ichardson

(2003)
(see

Lem
m
a
37

in
A
ppendix

A
).

L
em

m
a
16

Let
X

and
Y

be
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
Let

I⊇
F

o
rb

(X
,Y

,G
)
be

a
descendralset

in
G

(see
D
efinition

13).
If

there
is

a
proper

definite
status

non-causal
path

from
X

to
Y

in
G

that
is

m
-connecting

given
A

d
ju

st(X
,Y

,G
)\

I,
then

there
is

a
path

p
from

X
to

Y
in
G
such

that:

15
JM
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

(i)
p
is

a
proper

definite
status

non-causalpath
from

X
to

Y
in
G
,
and

(ii)
allcolliders

on
p
are

in
A

d
ju

st(X
,Y

,G
)\

I,
and

(iii)
alldefinite

non-colliders
on

p
are

in
I,

and

(iv)
for

any
collider

C
on

p,
there

is
an

unshielded
possibly

directed
path

from
C

to
X
∪

Y
,

that
starts

w
ith b→

or→
.

L
em

m
a
17

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
Let

I⊇
F

orb
(X
,Y

,G
)
be

a
node

set
in
G
such

that
Z
∩

I
=
∅.

Let
p
be

a
path

from
X

to
Y

in
G
such

that:

(i)
p
is

a
proper

definite
status

non-causalpath
from

X
to

Y
in
G
,
and

(ii)
allcolliders

on
p
are

in
A

n
(X
∪

Y
∪

Z
,G

)\
I,

and

(iii)
no

definite
non-collider

on
p
is

in
Z
.

T
hen

there
is

a
proper

definite
status

non-causal
path

from
X

to
Y

that
is

m
-connecting

given
Z

in
G
.

P
roof

of
T
h
eorem

14.
W
e
only

prove
the

non-trivial
direction.

T
hus,

assum
e
there

is
a
set

Z
satisfying

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G

such
that

Z
∩

I
=
∅.

W
e
w
ill

prove
that

A
d

ju
st(X

,Y
,G

)\
I
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G
.

Since
Z

satisfies
the

generalized
adjustm

ent
criterion

relative
to

(X
,Y

)
in
G
,
G

is
am

enable
relative

to
(X
,Y

).
A
dditionally,

since
F

orb
(X
,Y

,G
)
⊆

I,
A

d
ju

st(X
,Y

,G
)\

I
satisfies

the
forbidden

set
condition

relative
to

(X
,Y

)
in
G
.
It

is
only

left
to

prove
that

A
d

ju
st(X

,Y
,G

)\
I
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
G
.

Suppose
for

a
contradiction

that
there

is
a
proper

definite
status

non-causalpath
from

X
to

Y
that

is
m
-connecting

given
A

d
ju

st(X
,Y

,G
)\

I.
T
hen

w
e
can

choose
a
path

p ∗
in
G
that

satisfies
(i)−

(iv)
in

Lem
m
a
16.

T
hen

p ∗
also

satisfies
(i)

in
Lem

m
a
17.

B
y
(iii)

in
Lem

m
a
16,

every
definite

non-collider
on

p ∗
is

in
I.

Since
Z
∩

I
=
∅,

no
definite

non-collider
on

p ∗
is

in
Z
.
So

p ∗
satisfies

(iii)
in

Lem
m
a
17.

A
lso,since

by
(iv)

in
Lem

m
a
16

there
is

a
possibly

directed
unshielded

path
q ∗

from
every

collider
C

on
p ∗

to
X
∪

Y
that

starts
w
ith

C b→
,

Lem
m
a
42

im
plies

that
any

other
edge

on
q ∗

(if
there

is
any)

is
directed

in
G
.

T
hen

ifG
is
a

D
A

G
,

C
P

D
A

G
or

M
A

G
,it

follow
s
from

(iv)
in

Lem
m
a
16

that
allcolliders

on
p ∗

are
in

A
n

(X
∪

Y
,G

).
C
om

bining
this

w
ith

(ii)
in

Lem
m
a
16

im
plies

that
allcolliders

on
p ∗

are
in

A
n

(X
∪

Y
,G

)\
I,so

that
p ∗

satisfies
(ii)

in
Lem

m
a
17.

H
ence,ifG

is
a

D
A

G
,

C
P

D
A

G
or

M
A

G
,
all

conditions
of

Lem
m
a
17

are
satisfied,

w
hich

im
plies

that
Z

does
not

satisfy
the

blocking
condition

relative
to

(X
,Y

)
in
G
.

T
hus,assum

eG
is
a

P
A

G
.
LetM

∈
[G

]be
a

M
A

G
obtained

from
G
by

first
replacing

all
partially

directed
edges b→

by
directed

edges→
,and

then
orienting

allnon-directed
edges

b bas
a

D
A

G
w
ithout

unshielded
colliders

(see
Lem

m
a
43

in
A
ppendix

A
).Let

p
be

the
path

in
M

corresponding
to
p ∗

in
G
.
T
hen

p
satisfies

(i)
and

(iii)
in

Lem
m
a
17.

B
y
the

choice
of

M
and

Lem
m
a
42,any

possibly
directed

unshielded
path

q ∗
in
G
that

starts
w
ith

a
partially
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

di
re
ct
ed

ed
ge

b →,c
or
re
sp
on

ds
to

a
di
re
ct
ed

pa
th
q
in
M

.
H
en

ce
,b

y
(i
v)

in
Le

m
m
a
16

,e
ve
ry

co
lli
de

r
on

p
is
in

A
n

(X
∪

Y
,M

).
Si
nc

e
p
∗
sa
ti
sfi
es

(i
i)
in

Le
m
m
a
16

in
G,

no
co
lli
de

r
on

p
∗

is
in

I.
H
en

ce
,a

ls
o
no

co
lli
de

r
on

p
is
in

I.
T
he

n
al
lc

ol
lid

er
s
on

p
ar
e
in

A
n

(X
∪

Y
,M

)
\I

.
A
dd

it
io
na

lly
,s

in
ce

I
⊇

F
or

b
(X
,Y

,G
),

an
d

F
or

b
(X
,Y

,G
)
⊇

F
or

b
(X
,Y

,M
),

it
fo
llo

w
s
th
at

p
sa
ti
sfi
es

(i
i)

in
Le

m
m
a
17

.
T
hu

s,
al
l
co
nd

it
io
ns

of
Le

m
m
a
17

ar
e
sa
ti
sfi
ed
,
w
hi
ch

im
pl
ie
s

th
at

Z
do

es
no

t
sa
ti
sf
y
th
e
bl
oc
ki
ng

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

)
in
M

.
T
hi
s
co
nt
ra
di
ct
s

Le
m
m
a
10

.
�

4.
3
Im

p
le
m
en
ta
ti
on

W
e
no

w
di
sc
us
s
ho

w
on

e
ca
n
im

pl
em

en
t
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
in

an
al
go

ri
th
-

m
ic
al
ly

effi
ci
en
t
m
an

ne
r,
an

d
de

sc
ri
be

ou
r
im

pl
em

en
ta
ti
on

in
th
e
so
ft
w
ar
e
da

gi
tt

y
an

d
th
e

R
pa

ck
ag

e
pc

al
g.

V
er
ifi
ca
ti
on

of
th
e
cr
it
er
io
n
.

G
iv
en

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G

an
d
th
re
e

di
sj
oi
nt

no
de

se
ts

X
,Y

,a
nd

Z
,w

e
w
is
h
to

te
st

w
he

th
er

Z
fu
lfi
lls

th
e
ge
ne
ra
liz

ed
ad

ju
st
m
en
t

cr
it
er
io
n
w
it
h
re
sp
ec
t
to

(X
,Y

).
O
f
co
ur
se
,w

e
co
ul
d
do

th
is

si
m
pl
y
by

ve
ri
fy
in
g
th
e
th
re
e

co
nd

it
io
ns

of
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
(s
ee

D
efi

ni
ti
on

4)
.
H
ow

ev
er
,t
he

bl
oc
ki
ng

co
nd

it
io
n
is

a
st
at
em

en
t
ab

ou
t
in
di
vi
du

al
pa

th
s,

w
hi
ch

ca
n
po

se
pr
ob

le
m
s
fo
r
la
rg
e
gr
ap

hs
.

A
s
a
w
or
st
-c
as
e
ex
am

pl
e,

co
ns
id
er

a
D

A
G

w
it
h
X
,
Y

an
d
p
re
m
ai
ni
ng

va
ri
ab

le
s.

Le
t

ev
er
y
pa

ir
of

va
ri
ab

le
s
be

co
nn

ec
te
d
by

an
ed

ge
.
T
he

n
th
e

D
A

G
co
nt
ai
ns
∑

p i=
0
p
!/
i!
≈
p
!e

pa
th
s
fr
om

X
to
Y
.
T
hu

s,
a
di
re
ct

im
pl
em

en
ta
ti
on

of
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n

ha
s
an

ex
po

ne
nt
ia
l
ru
nt
im

e
in
p
.
St
ill
,
a
ve
rb
at
im

im
pl
em

en
ta
ti
on

of
th
e
cr
it
er
io
n
ca
n
be

us
ef
ul

fo
r
ve
ri
fic

at
io
n
an

d
di
da

ct
ic

pu
rp
os
es
,
as

w
el
l
as

fo
r
sp
ar
se

gr
ap

hs
w
it
h
fe
w

pa
th
s,

an
d
w
e
th
er
ef
or
e
pr
ov

id
e
on

e
in

th
e
fu
nc
ti
on

ga
c
of

th
e
R

pa
ck
ag
e
pc

al
g.

T
he

ke
y
re
su
lt
fo
r
im

pl
em

en
ti
ng

th
e
cr
it
er
io
n
in

an
effi

ci
en
t
m
an

ne
r
is
T
he

or
em

7,
w
hi
ch

re
pl
ac
es

th
e
pa

th
bl
oc
ki
ng

co
nd

it
io
n
by

an
m
-s
ep

ar
at
io
n
co
nd

it
io
n
in

a
su
bg

ra
ph

of
G,

th
e

pr
op

er
ba

ck
-d
oo

r
gr
ap

h
Gp

bd
X
Y
.
T
hi
s
co
nd

it
io
n
ca
n
be

ch
ec
ke
d
effi

ci
en
tl
y
by

a
si
m
pl
e
de

pt
h-

fir
st

or
br
ea
dt
h-
fir
st

gr
ap

h
tr
av
er
sa
l,
kn

ow
n
as

th
e
“B

ay
es
-B

al
la

lg
or
it
hm

”
(S
ha

ch
te
r,
19

98
).

Sp
ec
ifi
ca
lly

,f
or

gr
ap

hs
re
pr
es
en
te
d
as

ad
ja
ce
nc

y
lis
ts
,t
he

ru
nt
im

e
is
O

(|p
|+
|E
|)

w
he

re
|E
|

is
th
e
nu

m
be

r
of

ed
ge
s.

O
ur

im
pl
em

en
ta
ti
on

of
th
is
m
et
ho

d
ca
n
be

ac
ce
ss
ed

vi
a
th
e
fu
nc

ti
on

is
Ad

ju
st

me
nt

Se
t
of

th
e
R

pa
ck
ag

e
da

gi
tt

y.
C
on

st
ru
ct
in
g
ad

ju
st
m
en
t
se
ts
.
G
iv
en

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G

an
d
tw

o
di
sj
oi
nt

va
ri
ab

le
se
ts

X
,Y

,w
e
w
is
h
to

fin
d
on

e
or

se
ve
ra
ls

et
s

Z
th
at

fu
lfi
ll
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

).
If

a
si
ng

le
se
t
is

su
ffi
ci
en
t,

w
e
ca
n
di
re
ct
ly

ap
pl
y

th
e
m
ai
n
re
su
lt

of
Se

ct
io
n
4
an

d
co
ns
tr
uc

t
A

d
ju

st
(X
,Y

,G
)
(s
ee

D
efi

ni
ti
on

12
)
an

d
ve
ri
fy

w
he

th
er

it
sa
ti
sfi
es

th
e
ge
ne

ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

).
Si
nc

e
th
is
se
t
is

de
fin

ed
in

te
rm

s
of

(p
os
si
bl
e)

an
ce
st
or
s
of

X
an

d
Y
,i
t
ca
n
be

co
ns
tr
uc

te
d
by

gr
ap

h
tr
av
er
sa
l

in
lin

ea
r
ti
m
e.

H
ow

ev
er
,A

d
ju

st
(X
,Y

,G
)
ca
n
be

a
la
rg
e
se
t,

si
nc

e
it

co
nt
ai
ns

al
l(

po
ss
ib
le
)

an
ce
st
or
s
of

X
an

d
Y

ex
ce
pt

th
e
fo
rb
id
de

n
no

de
s.

T
hi
s
m
ay

re
su
lt

in
a
lo
ss

of
st
at
is
ti
ca
l

pr
ec
is
io
n.

T
o
av
oi
d
th
is
,i
t
is
of

in
te
re
st

to
co
ns
tr
uc

t
al
lp

os
si
bl
e
ad

ju
st
m
en
t
se
ts
.
A
ga

in
,T

he
or
em

7
is
ke
y
to

ac
hi
ev
in
g
th
is
:
it
al
lo
w
s
us

to
us
e
th
e
al
go

ri
th
m
ic

fr
am

ew
or
k
de

ve
lo
pe

d
by

va
n
de

r
Za

nd
er

et
al
.(
20

14
)f
or

co
ns
tr
uc

ti
ng

an
d
en
um

er
at
in
g
m
-s
ep

ar
at
in
g
se
ts

in
D

A
G
sa

nd
M

A
G
s.

Fo
r

D
A

G
s
an

d
M

A
G
s,
th
is
ca
n
be

di
re
ct
ly

ap
pl
ie
d.

W
e
pr
op

os
e
th
e
fo
llo

w
in
g
pr
oc
ed

ur
e
fo
r

C
P

D
A

G
s
an

d
P

A
G
s:
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

Fo
r
a
gi
ve
n

C
P

D
A

G
or

P
A

G
G
an

d
di
sj
oi
nt

no
de

se
ts

X
an

d
Y
,

(1
)
C
he

ck
if
G
is
am

en
ab

le
re
la
ti
ve

to
(X
,Y

).
If
no

t,
st
op

be
ca
us
e
th
er
e
is
no

ad
ju
st
m
en
t

se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

O
th
er
w
is
e,

co
nt
in
ue

.

(2
)
F
in
d

F
or

b
(X
,Y

,G
).

(3
)
If
G
is

a
C

P
D

A
G
,o

ri
en
t
G
in
to

a
D

A
G
D

in
[G

].
If
G
is

a
P

A
G
,o

ri
en
t
G
in
to

a
M

A
G

M
in

[G
]
ac
co
rd
in
g
to

T
he

or
em

2
fr
om

Zh
an

g
(2
00

8b
)
(s
ee

Le
m
m
a
43

in
A
pp

en
di
x
A
).

(4
)
B
y
Le

m
m
a
10

,fi
nd

in
g
al
ls

et
s
sa
ti
sf
yi
ng

th
e
ge
ne

ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G

is
eq
ui
va
le
nt

to
fin

di
ng

al
l
se
ts

Z
sa
ti
sf
yi
ng

th
e
se
pa

ra
ti
on

co
nd

it
io
n

re
la
ti
ve

to
(X
,Y

)
in
D

(M
)
su
ch

th
at

Z
∩

(X
∪

Y
∪

F
or

b
(X
,Y

,G
))

=
∅.

T
hu

s,
w
e
ca
n

ap
pl
y
th
e
al
go

ri
th
m
s
fr
om

va
n
de

r
Za

nd
er

et
al
.(

20
14

)
on
D

(M
).

T
he

se
al
go

ri
th
m
s

ar
e
ab

le
to

de
al

w
it
h
th
e
ad

di
ti
on

al
re
st
ri
ct
io
n
th
at

th
e
re
su
lt
in
g
se
t
m
us
t
no

t
co
nt
ai
n

no
de
s
in

F
or

b
(X
,Y

,G
).

T
hu

s,
th
ro
ug

h
th
is

si
m
pl
e
pr
oc
ed
ur
e
w
e
ga

in
co
m
pl
et
e
ac
ce
ss

to
al
l
fu
nc

ti
on

s
in

th
e

al
go

ri
th
m
ic

fr
am

ew
or
k
by

va
n
de

r
Za

nd
er

et
al
.(
20

14
).

T
he

se
in
cl
ud

e
lis
ti
ng

al
la

dj
us
tm

en
t

se
ts

an
d
al
l
m
in
im

al
ad

ju
st
m
en
t
se
ts

(i
n
po

ly
no

m
ia
l
ti
m
e
pe

r
se
t
th
at

is
lis
te
d)
.
W
e
ha

ve
im

pl
em

en
te
d
th
es
e
fe
at
ur
es

in
th
e
fu
nc

ti
on

ad
ju

st
me

nt
Se

ts
of

th
e
R

pa
ck
ag

e
da

gi
tt

y.

5.
R

el
at

io
n
sh

ip
to

(G
en

er
al

iz
ed

)
B

ac
k-

d
oo

r
C

ri
te

ri
a

W
e
no

w
di
sc
us
st

he
re
la
ti
on

sh
ip

be
tw

ee
n
ou

rg
en

er
al
iz
ed

ad
ju
st
m
en
tc

ri
te
ri
on

an
d
so
m
e
ot
he

r
ex
is
ti
ng

gr
ap

hi
ca
l
cr
it
er
ia

fo
r
co
va
ri
at
e
ad

ju
st
m
en
t.

In
pa

rt
ic
ul
ar
,
w
e
di
sc
us
s
P
ea
rl
’s

ba
ck
-

do
or

cr
it
er
io
n
(s
ee

D
efi

ni
ti
on

18
)
an

d
th
e
ge
ne
ra
liz

ed
ba

ck
-d
oo

r
cr
it
er
io
n
(s
ee

D
efi

ni
ti
on

20
)

an
d
gi
ve

co
ns
tr
uc

ti
ve

se
ts

fo
r
bo

th
in

Se
ct
io
n
5.
1.

W
e
us
e
th
e
re
su
lt
s
fr
om

Se
ct
io
n
5.
1
to

pr
ec
is
el
y
ch
ar
ac
te
ri
ze

th
e
di
ffe

re
nc

es
be

tw
ee
n
ou

r
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n,

P
ea
rl
’s

ba
ck
-d
oo

r
cr
it
er
io
n
an

d
th
e
ge
ne
ra
liz

ed
ba

ck
-d
oo

r
cr
it
er
io
n
in

T
he

or
em

26
of

Se
ct
io
n
5.
2.

W
e
ill
us
tr
at
e
th
e
re
su
lt
s
of

Se
ct
io
ns

5.
1
an

d
5.
2
w
it
h
ex
am

pl
es

in
Se

ct
io
n
5.
3.

D
efi

n
it
io
n
18

(B
ac

k-
do

or
cr

it
er

io
n
;
P
ea
rl
,
19
93
)
Le

t
X

an
d
Y

be
di
st
in
ct

no
de
s
in

a
D

A
G
D
.
A

se
t
of

no
de
s

Z
no

t
co
nt
ai
ni
ng

X
or

Y
sa
ti
sfi
es

th
e
ba
ck
-d
oo
r
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

if:

(i
)
no

no
de

in
Z

is
a
de
sc
en
da
nt

of
X
,
an

d

(i
i)

Z
bl
oc
ks

ev
er
y
pa
th

be
tw
ee
n
X

an
d
Y

th
at

co
nt
ai
ns

an
ar
ro
w
in
to
X
.

If
X

an
d

Y
ar
e
tw
o
di
sj
oi
nt

se
ts

of
no
de
s
in
D
,
th
en

Z
is

sa
id

to
sa
ti
sf
y
th
e
ba
ck
-d
oo
r

cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
if
it
sa
ti
sfi
es

th
e
cr
it
er
io
n
re
la
ti
ve

to
an

y
pa
ir

(X
,Y

)
su
ch

th
at

X
∈

X
,
an

d
Y
∈

Y
.
A

se
t

Z
th
at

sa
ti
sfi
es

th
e
ba
ck
-d
oo
r
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

is
ca
lle
d
a
ba
ck
-d
oo
r
se
t
re
la
ti
ve

to
(X
,Y

)
in
D
.

D
efi

n
it
io
n
19

(B
ac

k-
do

or
pa

th
;
M
aa
th
ui
s
an

d
C
ol
om

bo
,
20
15
)
Le

t
X

an
d
Y

be
di
st
in
ct

no
de
s
in

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

A
pa
th

fr
om

X
to
Y

in
G
is

a
ba
ck
-d
oo
r
pa
th

if
it
do
es

no
t
st
ar
t
w
it
h
a
vi
si
bl
e
ed
ge

ou
t
of
X
.
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

D
efi

n
ition

20
(G

en
eralized

back-door
criterion

;
M
aathuis

and
C
olom

bo,
2015)

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
hen

Z
satisfies

the
generalized

back-door
criterion

relative
to

(X
,Y

)
in
G
if:

(i)
Z

does
not

contain
possible

descendants
of

X
in
G
,
and

(ii)
for

every
X
∈

X
,
the

set
Z
∪

X
\{X

}
blocks

every
definite

status
back-door

path
from

X
to

any
m
em

ber
of

Y
,
if
any,

in
G
.

A
set

Z
that

satisfies
the

generalized
back-door

criterion
relative

to
(X
,Y

)
in
G

is
called

a
generalized

back-door
set

relative
to

(X
,Y

)
in
G
.

5.1
C
on

stru
ctin

g
(G

en
eralized

)
B
ack-d

oor
S
ets

W
e
first

focus
on

P
earl’s

back-door
criterion.

If|X
|

=
1,

the
existence

and
construction

of
a
back-door

set
in

a
causal

D
A

G
D

is
w
ell

understood.
If
Y
∈

P
a(X

,D
),

then
there

is
no

back-door
set

relative
to

(X
,Y

)
in
D
,
but

it
is

obvious
that

f
(y
|do(x

))
=
f

(y
).

If
Y
/∈

P
a
(X
,D

),then
P

a(X
,D

)
is

a
back-door

set
relative

to
(X
,Y

)
in
D
.

If|X
|≥

1,
the

construction
of

a
back-door

set
relative

to
(X
,Y

)
in
D

is
less

obvious.
O
ne

could
perhaps

think
that

any
set

Z
that

satisfies
our

generalized
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D

such
that

Z
∩

D
e(X

,D
)

=
∅
satisfies

P
earl’s

back-door
criterion.

T
his

is
not

true,
as

show
n
in

Lem
m
a
21

that
describes

the
graphical

pattern
that

appears
w
hen

there
is

an
adjustm

ent
set

but
no

back-door
set.

A
n
exam

ple
of

a
D

A
G

that
satisfies

(i)-(iv)
in

Lem
m
a
21

is
given

in
F
igure

8.
U
sing

this
result

and
T
heorem

14
w
e
are

able
to

define
a
specific

set
that

satisfies
P
earl’s

back-door
criterion,

w
hen

such
a
set

exists.
T
his

result
is

given
in

C
orollary

22.

L
em

m
a
21

Let
X

and
Y

be
disjointnode

sets
in

a
D

A
G
D
.
A
ssum

e
there

is
a
setsatisfying

the
generalized

adjustm
ent

criterion
Z

relative
to

(X
,Y

)
in
D

such
that

Z
∩

D
e(X

,D
)

=
∅.

T
hen

there
is

no
back-door

set
relative

to
(X
,Y

)
in
D

if
and

only
if
there

is
a
path

p
from

X
to

Y
such

that:

(i)
p
is

a
back-door

path,
and

(ii)
a
proper

subpath
of
p
is

a
causalpath,

and

(iii)
there

are
no

colliders
on

p,
and

(iv)
allnodes

on
p
are

in
D

e(X
,D

).

C
orollary

22
(C

on
structive

back-door
set)

Let
X

and
Y

be
disjointnode

sets
in

a
D

A
G

D
.
T
he

follow
ing

statem
ents

are
equivalent:

(i)
T
here

exists
a
set

that
satisfies

P
earl’s

back-door
criterion

relative
to

(X
,Y

)
in
D
.

(ii)
A

d
ju

st(X
,Y

,D
)\

D
e(X

,D
)
satisfies

P
earl’s

back-door
criterion

relative
to

(X
,Y

)
in
D
.

(iii)
For

all
X
∈

X
,
Y
∈

Y
,

A
d

ju
st(X

,Y
,D

)\
D

e(X
,D

)
satisfies

condition
(ii)

of
P
earl’s

back-door
criterion.
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

M
aathuis

and
C
olom

bo
(2015)

presented
a
constructive

generalized
back-door

set
for

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G

w
hen
|X
|

=
1.

In
Lem

m
a
23,

w
e
show

that
any

set
Z

that
satisfies

our
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G

such
that

Z
∩

P
ossD

e(X
,G

)
=
∅
is

a
generalized

back-door
set

relative
to

(X
,Y

)
in
G
.
U
sing

this
result

and
T
heorem

14,w
e
give

a
constructive

set
that

satisfies
the

generalized
back-door

criterion,
w
hen

such
a
set

exists.
T
his

set
is

given
in

C
orollary

24.
If|X

|
=

1,
our

constructive
set

for
the

generalized
back-door

criterion
is

a
superset

of
the

set
presented

in
M
aathuis

and
C
olom

bo
(2015)

(C
orollary

53
in

A
ppendix

D
).

L
em

m
a
23

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
IfG

is
am

enable
relative

to
(X
,Y

)
and

Z
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
G
,
then

Z
satisfies

condition
(ii)

of
the

generalized
back-door

criterion
relative

to
(X
,Y

)
in
G
.

C
orollary

24
(C

on
structive

gen
eralized

back-door
set)

Let
X

and
Y

be
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
he

follow
ing

statem
ents

are
equivalent:

(i)
T
here

exists
a
set

that
satisfies

the
generalized

back-door
criterion

relative
to

(X
,Y

)
in
G
.

(ii)
A

d
ju

st(X
,Y

,G
)\

P
ossD

e(X
,G

)
satisfies

the
generalized

back-door
criterion

relative
to

(X
,Y

)
in
G
.

(iii)
G
is

am
enable

and
A

d
ju

st(X
,Y

,G
)\

P
ossD

e(X
,G

)
satisfies

condition
(ii)

of
the

gen-
eralized

back-door
criterion

relative
to

(X
,Y

)
in
G
.

5.2
G
rap

h
s
for

W
h
ich

th
e
C
riteria

D
iff
er

W
e
now

define
graphicalconditions

for
the

existence
ofa

set
satisfying

one,tw
o,or

allthree
of

the
m
entioned

criteria.
T
he

m
ain

result
of

this
section

is
given

in
T
heorem

26,
w
hich

describes
the

4
graphical

patterns
that

can
appear

w
hen

there
is

no
set

satisfying
at

least
one

of
the

criteria.
P
reviously,in

Lem
m
a
8
and

Lem
m
a
16,w

e
described

such
patterns

for
our

generalized
adjustm

ent
criterion.

In
Section

5.1,w
e
show

ed
that

any
set

Z
that

satisfies
our

generalized
adjustm

ent
criterion

such
that

Z
∩

P
ossD

e(X
,G

)
=
∅
satisfies

the
generalized

back-door
criterion.

T
hus,

to
describe

an
additional

pattern
that

appears
w
hen

there
is

no
set

that
satisfiesthe

generalized
back-doorcriterion

relative
to

(X
,Y

)in
G
w
e
give

Lem
m
a
25.

Lastly,
to

com
plete

T
heorem

26
w
e
add

the
pattern

described
in

Lem
m
a
21

thatadditionally
appears

w
hen

there
is
no

set
that

satisfies
P
earl’s

back-door
criterion

relative
to

(X
,Y

)
in
G
.
T
hus,

T
heorem

26
sum

m
arizes

and
subsum

es
the

results
of

Lem
m
as

8,16,21
and

25.

L
em

m
a
25

Let
X

and
Y

be
disjoint

node
sets

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
such

that
there

exists
an

adjustm
ent

set
relative

to
(X
,Y

)
in
G
.
T
here

is
no

set
that

satisfies
the

generalized
back-door

criterion
relative

to
(X
,Y

)
in
G

if
and

only
if
there

is
a
path

p
from

X
∈

X
to
Y
∈

Y
in
G
and

a
node

V
on

p
such

that:

(i)
p
is

a
proper

definite
status

non-causalpath
from

X
to

Y
in
G
,
and
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a
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d
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A
d
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st
m
en

t
S
et

s

(i
i)
V
∈

A
d

ju
st

(X
,Y

,G
)
∩

P
os

sD
e(

X
,G

)
an

d
is

a
de
fin

it
e
no

n-
co
lli
de
r
on

p
,
an

d

(i
ii)

an
y
co
lli
de
r
on

p
is

in
A

d
ju

st
(X
,Y

,G
)
\P

os
sD

e(
X
,G

)
an

d
an

y
de
fin

it
e
no

n-
co
lli
de
r

on
p
(V
,Y

)
is

in
F

or
b

(X
,Y

,G
),

an
d

(i
v)

pa
th
p
is
of

th
e
fo
rm

X
←
··
·←

V
←•
W
..
.Y

,w
he
re
W

=
Y

is
po
ss
ib
le
an

d
if
W
6=
Y

th
en

V
↔
W

is
on

p
.

T
h
eo
re
m

26
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

C
on

si
de
r
th
e
fo
llo

w
in
g
cr
it
er
ia
:

(1
)
G
vi
ol
at
es

th
e
am

en
ab
ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

).

(2
)
T
he
re

is
a

pr
op
er

de
fin

it
e
st
at
us

no
n-
ca
us
al

pa
th

p
fr
om

X
to

Y
in
G

su
ch

th
at

ev
er
y
co
lli
de
r
on

p
is

in
A

d
ju

st
(X
,Y

,G
)
an

d
ev
er
y
de
fin

it
e
no

n-
co
lli
de
r
on

p
is

in
F

or
b

(X
,Y

,G
).

(3
)
T
he
re

is
a
pa
th
p
fr
om

X
to

Y
in
G
th
at

sa
ti
sfi
es

(i
)−

(i
v)

in
Le

m
m
a
25
.

(4
)
T
he
re

is
a
ba
ck
-d
oo
r
pa
th
p
fr
om

X
to

Y
in
G
th
at

sa
ti
sfi
es

(i
)−

(i
v)

in
Le

m
m
a
21
.

T
he

fo
llo

w
in
g
ho
ld
:

(i
)
T
he
re

is
no

se
t
th
at

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G
if
an

d
on

ly
if
(1
)
or

(2
)
ar
e
sa
ti
sfi
ed
.

(i
i)

T
he
re

is
no

ge
ne
ra
liz
ed

ba
ck
-d
oo
r
se
t
re
la
ti
ve

to
(X
,Y

)
in
G
if
an

d
on

ly
if
(1
),

(2
)
or

(3
)
ar
e
sa
ti
sfi
ed
.

(i
ii)

If
G

is
a

D
A

G
,
th
en

th
er
e
is

no
ba
ck
-d
oo
r
se
t
re
la
ti
ve

to
(X
,Y

)
in
G

if
an

d
on

ly
if
(1
),

(2
),

(3
)
or

(4
)
ar
e
sa
ti
sfi
ed
.

W
e
no

w
fu
rt
he

r
ex
pl
or
e
co
nd

it
io
n

(2
)
in

T
he

or
em

26
un

de
r
th
e
as
su
m
pt
io
n

th
at

th
e

D
A
G
,C

P
D
A
G
,M

A
G

or
PA

G
G

is
am

en
ab

le
re
la
ti
ve

to
di
sj
oi
nt

no
de

se
ts

(X
,Y

)
(t
ha

t
is
,

(1
)
in

T
he

or
em

26
is
vi
ol
at
ed
).

C
on

di
ti
on

(2
)
in

T
he
or
em

26
is
sa
ti
sfi
ed

re
la
ti
ve

to
(X
,Y

)
in

G
if
an

d
on

ly
if
th
er
e
is
no

ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G
(T

he
or
em

5)
.
C
or
ol
la
ry

27
pr
ov
id
es

a
si
m
pl
e
su
ffi
ci
en
tc

on
di
ti
on

fo
rc

on
di
ti
on

(2
)i
n
T
he

or
em

26
to

be
sa
ti
sfi
ed

in
D
A
G
s,

C
P
D
A
G
s,
M
A
G
s
an

d
PA

G
s,
as

w
el
la

s
a
ne

ce
ss
ar
y
an

d
su
ffi
ci
en
t
co
nd

it
io
n
fo
r
co
nd

it
io
n
(2
)

in
T
he

or
em

26
in

ce
rt
ai
n
D
A
G
s
an

d
C
P
D
A
G
s.

C
or
ol
la
ry

27
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a
D
A
G
,C

P
D
A
G
,M

A
G

or
PA

G
G
su
ch

th
at
G
is

am
en
ab
le

re
la
ti
ve

to
(X
,Y

).
T
he

fo
llo

w
in
g
st
at
em

en
ts

ho
ld
:

(i
)
If

X
∩

F
or

b
(X
,Y

,G
)
6=
∅,

th
en

th
er
e
is

no
ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

(i
i)

Le
t
G

be
a
D
A
G

or
C
P
D
A
G

an
d

Y
⊆

P
os

sD
e(

X
,G

).
T
he
n

X
∩

F
or

b
(X
,Y

,G
)
6=
∅
if

an
d
on

ly
if
th
er
e
is

no
ad
ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.
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M
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u
is

A
ne

ce
ss
ar
y

co
nd

it
io
n

fo
r
bo

th
(3
)
an

d
(4
)
in

T
he

or
em

26
is

th
at
G

co
nt
ai
ns

a
(p
os
si
-

bl
y)

di
re
ct
ed

pa
th

fr
om

on
e
no

de
in

X
to

an
ot
he

r
no

de
in

X
.

T
hu

s,
if
|X
|=

1
,
bo

th
(3
)
an

d
(4
)
in

T
he
or
em

26
ar
e
vi
ol
at
ed
.
H
en

ce
,i
f|

X
|=

1
th
er
e
is
a
(g
en
er
al
iz
ed

)
ba

ck
-d
oo

r
se
t
re
la
ti
ve

to
(X
,Y

)
in

a
D

A
G

(o
r
a

C
P

D
A

G
,

M
A

G
or

P
A

G
)
G,

if
an

d
on

ly
if
th
er
e
is

a
se
t
sa
ti
sf
yi
ng

th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.

W
e
fin

is
h
th
is
se
ct
io
n
by

gi
vi
ng

tw
o
co
ro
lla

ri
es

th
at

de
sc
ri
be

so
m
e
ad

di
ti
on

al
si
m
pl
e
co
n-

di
ti
on

s
un

de
r
w
hi
ch

th
er
e
ex
is
ts

a
se
t
sa
ti
sf
yi
ng

tw
o
or

al
lt
hr
ee

of
th
e
di
sc
us
se
d
ad

ju
st
m
en
t

cr
it
er
ia
.

T
he

in
tu
it
io
n

be
hi
nd

th
es
e
re
su
lt
s
is

as
fo
llo

w
s.

A
ne

ce
ss
ar
y
co
nd

it
io
n

fo
r
th
e

ex
is
te
nc

e
of

a
pa

th
p
fr
om

X
to

Y
in

a
D

A
G
D

th
at

sa
ti
sfi
es

Le
m
m
a
21

is
th
e
ex
is
te
nc

e
of

a
ca
us
al

pa
th

fr
om

on
e
no

de
in

X
to

an
ot
he

r
no

de
in

X
in
D
.
T
hi
s
gi
ve
s
us

C
or
ol
la
ry

28
.
Si
m
-

ila
rl
y,

a
ne

ce
ss
ar
y
co
nd

it
io
n
fo
r
th
e
ex
is
te
nc

e
of

a
pa

th
p
fr
om

X
to

Y
in

a
D

A
G
,C

P
D

A
G
,

M
A

G
or

P
A

G
G
th
at

sa
ti
sfi
es

Le
m
m
a
25

is
th
e
ex
is
te
nc
e
of

a
ca
us
al

pa
th

fr
om

on
e
no

de
in

X
to

an
ot
he

r
no

de
in

X
th
at

co
nt
ai
ns

at
le
as
t
on

e
no

de
no

t
in

X
in
G.

O
r,
in

th
e
ca
se

w
he
n

G
is

a
D

A
G

or
C

P
D

A
G
,
an

ot
he

r
ne

ce
ss
ar
y
co
nd

it
io
n
fo
r
th
e
ex
is
te
nc

e
of

a
pa

th
p
fr
om

X
to

Y
th
at

sa
ti
sfi
es

Le
m
m
a
25

in
G
is

th
at

Y
6⊆

P
os

sD
e(

X
,G

).
T
hi
s
gi
ve
s
us

C
or
ol
la
ry

29
.

C
or
ol
la
ry

28
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
D
.
If

th
er
e
is

no
di
re
ct
ed

pa
th

fr
om

on
e
no
de

in
X

to
an

ot
he
r
no
de

in
X

in
D
,t
he
n
th
e
fo
llo

w
in
g
st
at
em

en
ts

ar
e
eq
ui
va
le
nt
:

(i
)
T
he
re

ex
is
ts

a
se
t
th
at

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D
.

(i
i)

T
he
re

ex
is
ts

a
ba
ck
-d
oo
r
se
t
re
la
ti
ve

to
(X
,Y

)
in
D
.

C
or
ol
la
ry

29
Le

t
X

an
d

Y
be

di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G.

If
G

co
nt
ai
ns

no
po
ss
ib
ly

di
re
ct
ed

pa
th
p

=
〈V

1
,.
..
,V

k
〉w

it
h
k
≥

3
su
ch

th
at
{V

1
,V

k
}
⊆

X
an

d
{V

2
,.
..
,V

k
−
1
}∩

X
=
∅,

or
if
G
is

a
D

A
G

or
C

P
D

A
G

an
d

Y
⊆

P
os

sD
e(

X
,G

),
th
en

th
e

fo
llo

w
in
g
st
at
em

en
ts

ar
e
eq
ui
va
le
nt
:

(i
)
T
he
re

ex
is
ts

a
se
t
th
at

sa
ti
sfi
es

th
e
ge
ne
ra
liz
ed

ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.

(i
i)

T
he
re

ex
is
ts

a
ge
ne
ra
liz
ed

ba
ck
-d
oo
r
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

5.
3
E
xa

m
p
le
s

F
ig
ur
e
3
(s
ee

E
xa

m
pl
e
3)

in
Se

ct
io
n
3.
1
sh
ow

s
a
no

n-
am

en
ab

le
gr
ap

h
(t
ha

t
is
,c

on
di
ti
on

(1
)

in
T
he

or
em

26
is

sa
ti
sfi
ed

).
F
ig
ur
e
4(
b)

(s
ee

E
xa

m
pl
e
4)

in
Se

ct
io
n
3.
1
sh
ow

s
an

am
en

ab
le

gr
ap

h
fo
r
w
hi
ch

th
er
e
is

no
se
t
th
at

sa
ti
sfi
es

th
e
ge
ne
ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
(t
ha

t
is
,

co
nd

it
io
n
(1
)
in

T
he

or
em

26
is

vi
ol
at
ed
,b

ut
co
nd

it
io
n
(2
)
is

sa
ti
sfi
ed
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W
e
no

w
gi
ve

th
re
e
ad
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al
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pl
es
.
F
ig
ur
e
6(
b)

(s
ee

E
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m
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e
7)
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s
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h
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r
w
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e
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no
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t
th
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ti
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th
e
ge
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ra
liz
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m
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t
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io
n
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t
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)
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T
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is
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ed
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T
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s
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e
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at
es
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e
re
su
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of
C
or
ol
la
ry

27
.

F
ig
ur
e
6(
a)

(s
ee

E
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m
pl
e
7)

an
d
F
ig
ur
e
7
(s
ee

E
xa

m
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e
8)

sh
ow
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se
s
w
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th
er
e
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a
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at
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sfi
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th
e
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ra
liz

ed
ad
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m
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t
cr
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t
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e
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ra
liz
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t
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,
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)
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d
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)
in
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ar
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at
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n
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a
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izin
g
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n
d

C
o
n
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A
d
ju

stm
en
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S
ets

X
1

V
1

V
2

X
2

Y
1

Y
2

(a)

X
1

V
1

V
2

X
2

Y
1

Y
2

(b)

F
igure

6:
(a)

D
A

G
D

1 ,(b)
D

A
G
D

2
used

in
E
xam

ple
7.

X
1 V

4
V

5

V
1

V
2

L

V
3

X
2

Y

(a)

X
1 V

4
V

5

V
1

V
2

V
3

X
2

Y

(b)

F
igure

7:
(a)

D
A

G
D
,(b)

P
A

G
P

used
in

E
xam

ple
8.

F
igure

8
(see

E
xam

ple
9)

show
s
an

exam
ple

ofa
D

A
G

in
w
hich

there
are

sets
that

satisfy
the

generalized
adjustm

ent
criterion

and
the

generalized
back-door

criterion,but
no

set
satisfies

P
earl’s

back-door
criterion

(that
is,conditions

(1),(2)
and

(3)
in

T
heorem

26
are

violated,
but

condition
(4)

is
satisfied).

E
xam

p
le

7
Let

X
=
{
X

1 ,X
2 }

and
Y

=
{
Y
1 ,Y

2 }
and

consider
the

D
A

G
s
D

1
and
D

2
in

F
igure

6(a)
and

6(b)
respectively.

W
e
first

consider
D

A
G
D

1 .
T
he

proper
non-causal

path
X

2 ←
V
2 ←

Y
1
satisfies

(i)−
(iv)

in
Lem

m
a
25.

H
ence,

there
is

no
generalized

back-door
set

relative
to

(X
,Y

)
in
D

1 .
H
ow

ever,{V
1 ,V

2 }
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D

1 .
W
e
now

consider
D

A
G
D

2 .
N
ote

that
the

only
difference

betw
een
D

1
and

D
2
is

the
additional

edge
X

1
→

Y
1
in
D

2 .
T
his

edge
im

plies
that

Y
1
∈

F
orb

(X
,Y

,D
2 ).

H
ence,

the
proper

non-causal
path

X
2
←

V
2
←

Y
1
satisfies

(2)
in

T
heorem

26
and

thus,
there

is
no

set
that

satisfies
the

generalized
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D

2 .
T
hen

by
T
heorem

5
there

is
no

adjustm
ent

set
relative

to
(X
,Y

)
in
D

2 .
SinceD

2
is

a
D
A
G

such
that

Y
⊆

D
e(X

,D
2 ),

(ii)
in

C
orollary

27
im

plies
that

X
∩

F
orb

(X
,Y

,D
2 )6=

∅.
T
his

is
indeed

true,
since

F
o
rb

(X
,Y

,D
2 )

=
{
X

2 ,V
2 ,Y

1 ,Y
2 }.

E
xam

p
le

8
Let

X
=
{X

1 ,X
2 }

and
Y

=
{
Y
}
and

consider
D

A
G
D

and
P

A
G
P

in
F
ig-

ures
7(a)

and
7(b).

W
e
first

consider
D

A
G
D
.

A
ny

generalized
back-door

set
relative

to
(X
,Y

)
in
D

m
ust

contain
L
.
H
ow

ever,
the

sam
e
is

not
true

for
the

generalized
adjustm

ent
criterion.

For
exam

ple,
{
V
1 ,V

2 }
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D
.

W
e
now

consider
P
.
N
ote

thatP
is

the
PA

G
ofD

w
hen

L
is

unobserved.
T
he

proper
non-causal

path
X

2
←

V
2
↔

V
3
→

Y
satisfies

(i)−
(iv)

in
Lem

m
a
25.

H
ence,

there
is

no
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P
er
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ić,
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r
,
K
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a
n
d
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ath

u
is

X
1

V
1

X
2

Y
V

2
V

3

F
igure

8:
D

A
G
D

used
in

E
xam

ple
9.

generalized
back-door

set
relative

to
(X
,Y

)
in
P
.
H
ow

ever,
the

sets
{
V
1 ,V

2 },{V
1 ,V

2 ,V
4 },

{V
1 ,V

2 ,V
5 },{V

1 ,V
2 ,V

4 ,V
5 }

allsatisfy
the

generalized
adjustm

entcriterion
relative

to
(X
,Y

)
in
P
.

E
xam

p
le

9
Let

X
=
{X

1 ,X
2 }

and
Y

=
{
Y
}
and

consider
D

A
G
D

in
F
igure

8.
T
he

non-
causalpath

X
1 ←

V
1 →

X
2 →

Y
satisfies

(i)−
(iv)

in
Lem

m
a
21.

H
ence,

no
set

can
satisfy

the
back-door

criterion
relative

to
(X
,Y

)
in
D
.
H
ow

ever,{V
2 },{

V
3 },{

V
2 ,V

3 },{
V
1 ,V

2 },
{V

1 ,V
3 },and

{
V
1 ,V

2 ,V
3 }

allsatisfy
the

generalized
adjustm

entcriterion
and
{V

2 },{V
3 }

and
{V

2 ,V
3 }

allsatisfy
the

generalized
back-door

criterion
relative

to
(X
,Y

)
in
D
.

6.
D

iscu
ssion

W
e
have

derived
a
generalized

adjustm
ent

criterion
that

is
sound

and
com

plete
for

adjust-
m
ent

in
D

A
G
s,

M
A

G
s,

C
P

D
A

G
s
and

P
A

G
s
(see

D
efinition

4,T
heorem

5).
T
his

is
relevant

in
practice,in

particular
in

com
bination

w
ith

algorithm
s
that

can
learn

C
P

D
A

G
s
or

P
A

G
s

from
observationaldata.

In
addition

to
the

criterion
itself,w

e
have

also
given

allnecessary
ingredients

for
im

ple-
m
enting

effi
cient

algorithm
s
to

test
the

criterion
for

a
given

set
and

to
construct

allsets
that

fulfill
it,

or
to

learn
that

no
set

fulfilling
the

criterion
exists.

T
hus,

w
e
obtain

a
com

plete
generalization

of
the

algorithm
ic

fram
ew

ork
for

D
A

G
s
and

M
A

G
s
by

van
der

Zander
et

al.
(2014)

to
C

P
D

A
G
s
or

P
A

G
s.

In
this

sense,our
w
ork

presented
in

this
paper

is
a
theoretical

contribution
that

closes
the

chapter
on

covariate
adjustm

ent
for

D
A

G
s,

C
P

D
A

G
s,

M
A

G
s

and
P

A
G
s
w
ithout

selection
variables.

C
orrea

and
B
areinboim

(2017)
define

necessary
and

suffi
cient

graphicalconditions
for

co-
variate

adjustm
ent

in
latent

projection
graphs

in
the

presence
ofselection

variables.
Future

w
ork

m
ay

explore
how

to
extend

their
results

to
M
A
G
s
and

PA
G
s
w
ith

selection
variables.

O
ther

future
w
ork

m
ay

study
the

estim
ation

accuracy
of

estim
ators

based
on

different
ad-

justm
ent

sets.
A
ny

valid
adjustm

ent
set

can
be

used
to

produce
an

unbiased
estim

ator
of

the
total

causal
effect.

H
ow

ever,
the

effi
ciency

of
the

estim
ators

induced
by

distinct
ad-

justm
ent

sets
varies

(G
reenland

et
al.,1999;K

urokiand
M
iyakaw

a,2003;K
urokiand

C
ai,

2004;
H
ahn,

2004,
1998;

G
uo

and
D
aw

id,
2010;

D
e
Luna

et
al.,

2011).
M
oreover,

K
uroki

and
M
iyakaw

a
(2003)

and
K
uroki

and
C
ai

(2004)
indicate

that
a
m
inim

al
adjustm

ent
set

does
not

necessarily
lead

to
the

m
ost

effi
cient

estim
ator.

D
efining

a
best

adjustm
ent

set
in

term
s
of

effi
ciency

is
stillan

open
question.
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X
to
Y

in
G,

th
en

so
m
e

su
bs
eq
ue
nc
e
of
p
fo
rm

s
an

un
sh
ie
ld
ed

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to
Y

in
G.

L
em

m
a
42

(c
f.
Le

m
m
a
B
.2

in
Zh

an
g,

20
08
b,

Le
m
m
a
7.
2
in

M
aa
th
ui
s
an

d
C
ol
om

bo
,2

01
5)

Le
t
X

an
d
Y

be
di
st
in
ct

no
de
s
in

a
C

P
D

A
G

or
P

A
G
G.

If
p

=
〈X

=
V
0
,.
..
,V

k
=
Y
〉,

k
≥

2
is

an
un

sh
ie
ld
ed

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to
Y

in
G,

an
d
V
i−

1
•→
V
i
fo
r
so
m
e

i
∈
{1
,.
..
,k
},

th
en

V
j−

1
→
V
j
fo
r
al
lj
∈
{i

+
1
,.
..
,k
}.

L
em

m
a
43

(c
f.
T
he
or
em

2
in

Zh
an

g,
20
08
b,

Le
m
m
a
7.
6
in

M
aa
th
ui
s
an

d
C
ol
om

bo
,
20
15
)

Le
t
G

be
a

P
A

G
(C

P
D

A
G

).
Le

t
M

(D
)
be

th
e
gr
ap
h
re
su
lti
ng

fr
om

th
e
fo
llo

w
in
g
pr
oc
ed
ur
e

ap
pl
ie
d
to

a
G:
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

(1)
replace

allpartially
directed

edges b→
in
G
w
ith

directed
edges→

,
and

(2)
orient

the
subgraph

ofG
consisting

of
all

non-directed
edges bb

into
a

D
A

G
w
ith

no
unshielded

colliders.

T
hen
M

(D
)
is
in

[G
].
M
oreover,if

X
is
a
node

in
G
,then

one
can

alw
ays

find
an

orientation
of

(2)
that

does
not

create
any

new
edges

into
X
.

L
em

m
a
44

(Lem
m
a
7.5

in
M
aathuis

and
C
olom

bo,
2015)

Let
X

and
Y

be
tw
o
distinct

nodes
in

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
T
hen
G

cannot
have

both
a
possibly

directed
path

from
X

to
Y

and
an

edge
of

the
form

Y
•→
X
.

D
efi

n
ition

45
(D
S
E
P

(X
,Y
,G

);
Spirtes

et
al.,

2000,
p136)

Let
X

and
Y

be
tw
o
distinct

nodes
in

a
D

A
G

or
M

A
G
G
.
W
e
say

that
V
∈
D
S
E
P

(X
,Y
,G

)
if
V
6=
X

and
there

is
a

collider
path

betw
een

X
and

V
in
G

such
that

every
node

on
this

path
is

an
ancestor

of
X

or
Y

in
G
.

D
efi

n
ition

46
(R

and
R
X
;
M
aathuis

and
C
olom

bo,
2015)

Let
X

be
a
node

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
LetR

be
a

D
A

G
or

M
A

G
represented

by
G
,
in

the
follow

ing
sense.

IfG
is

a
D

A
G

or
M

A
G
,
letR

=
G
.
IfG

is
a

C
P

D
A

G
(P

A
G

),
letR

be
a

D
A

G
(M

A
G

)
in

[G
]
as

defined
in

Lem
m
a
43,

so
thatR

has
the

sam
e
num

ber
of

edges
into

X
as

G
.
LetR

X
be

the
graph

obtained
from

R
by

rem
oving

all
directed

edges
out

of
X

that
are

visible
in
G
.

T
h
eorem

47
(T

heorem
4.1

in
M
aathuis

and
C
olom

bo,
2015)

Let
X

and
Y

be
distinct

nodes
in

a
D

A
G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
.
LetR

and
R
X

be
defined

as
in

D
efinition

46.
T
hen

there
exists

a
generalized

back-door
set

relative
to

(X
,Y

)
in
G

if
and

only
if

Y
/∈

A
d

j(X
,R

X
)
and

D
S
E
P

(X
,Y
,R

X
)∩

P
ossD

e(X
,G

)
=
∅.

M
oreover,

ifsuch
a
set

exists,
then

D
S
E
P

(X
,Y
,R

X
)
is

a
generalized

back-door
set

relative
to

(X
,Y

)
in
G
.

A
.1

R
u
les

of
th
e
D
o-calcu

lu
s
(P

earl,
2009,

C
h
ap

ter
3.4)

Let
X
′,Y

′,Z
′,W

′be
pairw

ise
disjoint

(possibly
em

pty)
sets

of
nodes

in
a
causal

D
A

G
D
.

LetD
X
′ denote

the
graph

obtained
by

deleting
alledges

into
X
′from

D
.
Sim

ilarly,letD
X
′

denote
the

graph
obtained

by
deleting

all
edges

out
of

X
′
in
D

and
let
D

X
′Z
′
denote

the
graph

obtained
by

deleting
alledges

into
X
′and

alledges
out

of
Z
′in
D
.
T
hen

the
follow

ing
three

rules
are

valid
for

every
density

function
consistent

w
ith
D
.

R
u
le

1
(Insertion/deletion

of
observations)

If
Y
′⊥

d
Z
′|

X
′∪

W
′in
D

X
′ ,then

f
(y
′|do(x

′),w
′)

=
f

(y
′|do(x

′),z ′,w
′).

(4)

R
u
le

2
(A

ction/observation
exchange)

If
Y
′⊥

d
Z
′|

X
′∪

W
′in
D

X
′Z
′ ,then

f
(y
′|do(x

′),do(z ′),w
′)

=
f

(y
′|do(x

′),z ′,w
′).

(5)

R
u
le

3
(Insertion/deletion

of
actions)If

Y
′⊥

d
Z
′|X

′∪
W
′in
D

X
′∪

Z
′(W

′) ,then

f
(y
′|do(x

′),w
′)

=
f

(y
′|do(x

′),do(z ′),w
′),

(6)

w
here

Z
′(W

′)
denotes

the
set

of
Z
′-nodes

that
are

not
ancestors

ofany
W
′node

in
D

X
′ .

If
W
′
=
∅,then

Z
′(W

′)
=

Z
′.
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

T
h
eorem

5
Lem

m
a
9

Lem
m
a
8

Lem
m
a
49

Lem
m
a
48

Lem
m
a
10

Lem
m
a
52

Lem
m
a
51

Lem
m
a
50

F
igure

9:
P
roof

structure
of

T
heorem

5.

A
.2

F
C
I
O
rientation

R
u
les

(S
p
irtes

et
al.,

2000,
p
183)

Let
A
,B
,C

and
D

be
distinct

nodes
in

a
P

A
G
P
.
B
elow

,
w
e
give

the
first

4
orientation

rules
of

the
FC

I
algorithm

defined
in

Spirtes
et

al.(2000).
R
1
If
A
•→
B b•

C
,and

A
and

C
are

notadjacent,then
orientthe

triple〈A
,B
,C
〉as

A
•→
B
→

C
.

R
2
If
A
→
B
•→
C

or
A
•→
B
→
C

and
A
• bC

,then
orient

A
• bC

as
A
•→
C
.

R
3
If
A
•→
B
←•
C
,
A
• bD b•

C
,
A

and
C

are
not

adjacent,
and

D
• bB

,
then

orient
D
• bB

as
D
•→
B
.

R
4
If〈D

,...,A
,B
,C
〉
is

a
discrim

inating
path

from
D

to
C

for
B

and
B b•

C
,then

orient
B b•

C
as

B
→

C
if
B

is
in

the
separation

set
of
D

and
C
;
otherw

ise
orient

the
triple

〈A
,B
,C
〉
as
A
↔
B
↔
C
.

T
hese

four
rules

w
ere

proven
to

be
sound

in
Spirtes

et
al.(2000),m

eaning
that

edge
m
arks

oriented
by

these
rules

correspond
to

invariant
edge

m
arks

in
the

m
axim

ally
inform

ative
P

A
G

for
the

true
causal

M
A

G
.
Six

additionalorientation
rules

for
the

FC
I
algorithm

w
ere

defined
in

Zhang
(2008b).

T
he

augm
ented

FC
I
algorithm

,including
allten

orientation
rules

w
as

proven
to

be
sound

and
com

plete
in

Zhang
(2008b).

A
p
p
en

d
ix

B
.

P
roofs

for
S
ection

3

F
igure

9
show

s
how

alllem
m
as

in
this

section
fit

together
to

prove
T
heorem

5.

L
em

m
a
48

Let
X

be
a
node

in
a

P
A

G
P
.

Let
M

be
a

M
A

G
M

in
[P

]
that

satisfies
Lem

m
a
43.

T
hen

any
edge

that
is

either
X bbY

,
X b→

Y
or

invisible
X
→

Y
in
P

is
invisible

X
→
Y

in
M

.

P
roof

of
L
em

m
a
48.

LetM
be

a
M

A
G

in
[P

]
that

satisfies
Lem

m
a
43.

T
hen

the
edge

X bbY
,
X b→

Y
,
or

invisible
X
→

Y
in
P

corresponds
to

edge
X
→

Y
in
M

.
It

is
left

to
prove

that
X
→
Y

is
invisible

in
M

in
allthese

cases.
Suppose

for
a
contradiction

that
X
→

Y
is

visible
in
M

.
T
hen

there
is

a
node

D
/∈

A
d

j(Y
,M

)
such

that
(1)

D
•→
X

is
in
M

,or
(2)

there
is
a
collider

path
〈D
,D

1 ,...,D
k ,X
〉,

k
≥

1,into
X

such
that

every
D
i ,1
≤
i≤

k
is
a
parent

of
X

in
M

.
W
e
consider

these
cases

separately
and

show
that

w
e
arrive

at
a
contradiction.

(1)
Since

D
•→
X

is
in
M

,
the

choice
ofM

im
plies

that
D
•→
X

is
in
P
.

Since
D

/∈
A

d
j(Y

,P
),
X
→
Y

m
ust

be
in
P
,since

otherw
ise

rule
R
1
ofthe

FC
I
algorithm

from
Spirtes

et
al.

(2000)
(see

A
ppendix

A
)
w
ould

have
been

applied
in
P
.
B
ut

then
X
→

Y
is

visible
in
P
,w

hich
is

a
contradiction.
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

(2
)
P
at
h
p

=
〈D
,D

1
,.
..
D
k
,X
,Y
〉
is

a
di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to

Y
fo
r
X
,
th
at

is
in
to
X

in
M

.
Le

t
p
∗
be

th
e
pa

th
in
P

co
rr
es
po

nd
in
g
to
p
in
M

.
T
he
n
si
nc
e
p
(D

1
,X

)
co
nt
ai
ns

on
ly

bi
-d
ir
ec
te
d
ed

ge
s
in
M

,t
he

ch
oi
ce

of
M

im
pl
ie
s
th
at
p
∗ (
D

1
,X

)
al
so

co
nt
ai
ns

on
ly

bi
-d
ir
ec
te
d
ed
ge
s
in
P
.
Si
nc

e
D
•→
D

1
is

in
M

,D
bb D

1
or
D
•→
D

1
is

in
P
.

Su
pp

os
e
fir
st

th
at
D
•→
D

1
is
in
P
,t
he

n
by

Le
m
m
a
0
fr
om

Zh
an

g
(2
00

6)
(s
ee

Le
m
m
a
38

),
p
∗
is
a
di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to
Y

fo
r
X
,t
ha

t
is
in
to
X

in
P
.
H
en

ce
,X
→
Y

is
in
P
,

si
nc

e
ot
he

rw
is
e
ru
le
R
4
in

A
pp

en
di
x
A

w
ou

ld
ha

ve
be

en
ap

pl
ie
d.

B
ut

th
en

X
→

Y
is

a
vi
si
bl
e
ed

ge
in
P
,w

hi
ch

is
a
co
nt
ra
di
ct
io
n.

N
ex
t,
su
pp

os
e
th
at
D

bb D
1
is
in
P
.
Si
nc

e
D

1
↔
D

2
is
in
P
,b

y
Le

m
m
a
36
D
←•
D

2
is
in
P
.

T
hi
s
ed
ge

ca
nn

ot
be

D
←

b D 2
or
D
←

D
2
,
ot
he

rw
is
e
D
←

b D 1
w
ou

ld
be

in
P

(L
em

m
a
36
,

or
R
2
of

th
e
FC

I
or
ie
nt
at
io
n
ru
le
s
in

A
pp

en
di
x
A
),

co
nt
ra
ry

to
ou

r
as
su
m
pt
io
n.

H
en

ce
,

th
e
ed

ge
D
↔

D
2
is

in
P
.

T
he
n
D
↔

D
2
is

al
so

in
M

an
d
p
1

=
〈D
,D

2
,.
..
D
k
,X
,Y
〉

is
a
di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to

Y
fo
r
X
,
th
at

is
in
to

X
in
M

.
A
dd

it
io
na

lly
,
si
nc

e
D
↔
D

2
↔
··
·↔

D
k
↔
X

is
in
P
,b

y
Le

m
m
a
38

th
e
pa

th
p
1
∗

=
〈D
,D

2
,.
..
D
k
,X
,Y
〉i

s
a

di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to
Y

fo
r
X
,t

ha
t
is

in
to
X
.
B
ut

th
en

X
→

Y
is

a
vi
si
bl
e
ed

ge
in
P
,w

hi
ch

is
a
co
nt
ra
di
ct
io
n.

�

L
em

m
a
49

Le
t
X

an
d
Y

be
di
st
in
ct

no
de
s
in

a
P

A
G
P

su
ch

th
at

th
er
e
is
a
po
ss
ib
ly

di
re
ct
ed

pa
th
p
∗
fr
om

X
to
Y

in
P

th
at

do
es

no
t
st
ar
t
w
it
h
a
vi
si
bl
e
ed
ge

ou
t
of
X
.
T
he
n
th
er
e
is

a
M

A
G
M

in
[P

]
su
ch

th
at

th
e
pa
th
p
in
M

,
co
ns
is
ti
ng

of
th
e
sa
m
e
se
qu
en
ce

of
no
de
s
as
p
∗

in
P
,c

on
ta
in
s
a
su
bs
eq
ue
nc
e
p
′ t
ha
t
is

a
di
re
ct
ed

pa
th

fr
om

X
to
Y

st
ar
ti
ng

w
it
h
an

in
vi
si
bl
e

ed
ge

in
M

.
In

ot
he
r
w
or
ds
,
M

vi
ol
at
es

th
e
am

en
ab
ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

).

P
ro
of

of
L
em

m
a
49

.
If
P

vi
ol
at
es

th
e
am

en
ab

ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

),
th
en

th
er
e

is
a
po

ss
ib
ly

di
re
ct
ed

pa
th
p
∗
fr
om

X
to
Y

in
P

th
at

do
es

no
t
st
ar
t
w
it
h
a
vi
si
bl
e
ed

ge
ou

t
of
X
.
Le

t
M

be
a

M
A

G
in

[P
]
th
at

sa
ti
sfi
es

Le
m
m
a
43

.
W
e
w
ill

sh
ow

th
at
M

vi
ol
at
es

th
e

am
en

ab
ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

).
Le

t
p
′∗

be
a
sh
or
te
st

su
bs
eq
ue

nc
e
of
p
∗
su
ch

th
at

p
′∗

is
al
so

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to

Y
in
P

th
at

do
es

no
t
st
ar
t
w
it
h

a
vi
si
bl
e
ed

ge
ou

t
of
X
.

W
e
w
ri
te

p
′∗

=
〈X

=
V
0
,V

1
,.
..
,V

r
=
Y
〉,
r
≥

1
.
Le

t
p
′
in
M

be
th
e
pa

th
co
rr
es
po

nd
in
g
to
p
′∗

in
P
.
T
he

n
by

Le
m
m
a
48

,X
→
V
1
is
an

in
vi
si
bl
e
ed

ge
in
M

.
It

is
le
ft
to

sh
ow

th
at
p
′ i
s
a
di
re
ct
ed

pa
th

fr
om

X
to
Y

in
M

.
Su

pp
os
e
fir
st

th
at
p
′∗

is
a
de

fin
it
e
st
at
us

pa
th

in
P
.
T
he

n
al
ln

on
-e
nd

po
in
t
no

de
s
on

p
′∗

ar
e
de

fin
it
e
no

n-
co
lli
de

rs
.
H
en

ce
,
X
→

V
1
in
M

im
pl
ie
s
th
at

al
lt

he
re
m
ai
ni
ng

ed
ge
s
on

p
′

ar
e
or
ie
nt
ed

to
w
ar
ds
Y
.

E
ls
e,
p
′∗

is
no

t
of

de
fin

it
e
st
at
us

in
P

an
d
r
≥

2
.
Si
nc

e
X
→
V
1
is

in
M

,i
t
is

su
ffi
ci
en
t

to
sh
ow

th
at

p
′ (
V
1
,Y

)
is

a
di
re
ct
ed

pa
th

fr
om

V
1
to

Y
.

N
ot
e
th
at

by
th
e
ch
oi
ce

of
p
′∗
,

p
′∗

(V
1
,Y

)
is

a
sh
or
te
st

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
1
to
Y

in
P
.
H
en

ce
,
it

is
un

sh
ie
ld
ed

(L
em

m
a
B
.1

fr
om

Zh
an

g
(2
00

8b
),

se
e
Le

m
m
a
41

in
A
pp

en
di
x
A
).

If
V
1
b →V 2

or
V
1
→
V
2
is

in
P
,t
he

n
by

th
e
ch
oi
ce

of
M

(L
em

m
a
43

),
V
1
→
V
2
is

in
M

.
A
dd

it
io
na

lly
,s

in
ce
p
′ (
V
1
,Y

)
is

a
po

ss
ib
ly

di
re
ct
ed

de
fin

it
e
st
at
us

pa
th
,
V
1
→

V
2
in
M

im
pl
ie
s
th
at

al
l
th
e
re
m
ai
ni
ng

ed
ge
s
on

p
′ (
V
1
,Y

)
ar
e
or
ie
nt
ed

to
w
ar
ds
Y
.

O
th
er
w
is
e,
V
1
b b V 2

is
in
P
.

P
at
h
p
′∗

is
no

t
of

de
fin

it
e
st
at
us
,
w
he
re
as

p
′∗

(V
1
,Y

)
is

of
de

fin
it
e
st
at
us
,
as

it
is

un
sh
ie
ld
ed
.
T
hu

s,
no

de
V
1
is

no
t
of

de
fin

it
e
st
at
us

on
p
′∗

an
d

X
∈

A
d

j(
V
2
,P

).
T
he

ed
ge

X
←•
V
2
is

no
t
in
P

si
nc

e
p
′∗

(X
,V

2
)
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to

V
2
in
P

(L
em

m
a
7.
5
fr
om

M
aa

th
ui
s
an

d
C
ol
om

bo
(2
01

5)
,
se
e
Le

m
m
a
44

in
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

A
pp

en
di
x
A
).
Si
nc

e
p
′∗

is
a
sh
or
te
st

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to
Y

in
P

th
at

do
es

no
t

st
ar
t
w
it
h
a
vi
si
bl
e
ed

ge
ou

t
of
X
,a

nd
X
←•
V
2
is
no

t
in
P
,i
t
fo
llo

w
s
th
at
X
→
V
2
is
vi
si
bl
e

in
P
.
Si
nc

e
X
→
V
2
is
vi
si
bl
e,

th
er
e
is
a
no

de
D
/∈

A
d

j(
V
2
,P

)
su
ch

th
at

(1
)
D
•→
X

is
in
P
,

or
(2
)
th
er
e
is
a
co
lli
de

r
pa

th
〈D
,D

1
,.
..
,D

k
,X
〉,
k
≥

1
,t
ha

t
is
in
to
X

in
P

su
ch

th
at

ev
er
y

D
i,

1
≤
i
≤
k
is

a
pa

re
nt

of
V
2
in
P
.
W
e
co
ns
id
er

th
es
e
ca
se
s
se
pa

ra
te
ly

an
d
sh
ow

th
at

w
e

ar
ri
ve

at
a
co
nt
ra
di
ct
io
n,

im
pl
yi
ng

th
at
p
′∗

(V
1
,Y

)
ca
nn

ot
st
ar
t
w
it
h
V
1
bb V 2

.
(1
)
A

no
de
D
/∈

A
d

j(
V
2
,P

)
su
ch

th
at
D
•→
X

is
in
P
.
Si
nc

e
D
•→
X

an
d
X

bb V 1
,X

b →V 1
or
X
→
V
1
is

in
vi
si
bl
e
in
P
,b

y
Le

m
m
a
36

an
d
th
e
de

fin
it
io
n
of

vi
si
bi
lit
y,

an
ed

ge
be

tw
ee
n

D
an

d
V
1
is

in
P
.
T
hi
s
ed

ge
is

of
ty
pe

D
•→
V
1
,
si
nc

e
ot
he
rw

is
e
bo

th
a
po

ss
ib
ly

di
re
ct
ed

pa
th
〈X
,V

1
,D
〉a

nd
D
•→
X

ar
e
in
P

(c
on

tr
ar
y
to

Le
m
m
a
44
).

T
he

n
D
•→
V
1
bb V 2

is
in
P

an
d
Le

m
m
a
36

im
pl
ie
s
th
at
D
∈

A
d

j(
V
2
,P

),
a
co
nt
ra
di
ct
io
n.

(2
)
T
he

re
is

a
no

de
D
/∈

A
d

j(
V
2
,P

)
an

d
a
co
lli
de

r
pa

th
〈D
,D

1
,.
..
,D

k
,X
〉,
k
≥

1,
in
to

X
su
ch

th
at

ev
er
y
D
i,

1
≤
i
≤
k
is

a
pa

re
nt

of
V
2
in
P
.
P
at
hs

D
i
→

V
2
b b V 1

,
i

=
1
,.
..
,k

ar
e
in
P
,s
o
by

Le
m
m
a
36

ei
th
er
D
i
b →V 1

or
D
i
→
V
1
is
in
P
,f
or
i

=
1,
..
.,
k
.
If
D

1
b →V 1

is
in
P
,
th
en

D
•→
D

1
b →V 1

im
pl
ie
s
D
•→
V
1
is

al
so

in
P

(L
em

m
a
36

).
B
ut
,
th
en

D
•→
V
1
b b V 2

im
pl
ie
s
D
∈

A
d

j(
V
2
,P

)
(L

em
m
a
36

),
a
co
nt
ra
di
ct
io
n.

H
en

ce
,D

1
→
V
1
is

in
P
.

T
hi
s
al
lo
w
s
us

to
de

du
ce

th
at
D

/∈
A

d
j(
V
1
,P

),
ot
he
rw

is
e
D
•→
D

1
→

V
1
w
ou

ld
im

pl
y

D
•→
V
1
(L

em
m
a
44

)
an

d
w
e
ar
ri
ve

at
th
e
co
nt
ra
di
ct
io
n
D
∈

A
d

j(
V
2
,P

),
as

ab
ov
e.

H
en
ce
,

〈D
,D

1
,D

2
,V

1
〉i
s
a
di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to
V
1
fo
r
D

2
,i
m
pl
yi
ng

th
at
D

2
is
of

de
fin

it
e

st
at
us

on
th
is

pa
th

(R
4
of

th
e
FC

I
or
ie
nt
at
io
n
ru
le
s
in

A
pp

en
di
x
A
).
T
hu

s,
D

2
b →V 1

is
no

t
po

ss
ib
le
,
an

d
si
nc

e
D

2
↔

V
1
is

al
re
ad

y
ru
le
d
ou

t
by

Le
m
m
a
36

,
D

2
→

V
1
is

in
P
.
B
y
th
e

sa
m
e
re
as
on

in
g,
D
i
→
V
1
is
in
P
,f
or
i

=
3,
..
.k

.
It

th
en

fo
llo

w
s
th
at
〈D
,D

1
,.
..
,D

k
,X
,V

1
〉

is
a
di
sc
ri
m
in
at
in
g
pa

th
fr
om

D
to
V
1
fo
r
X

in
P
,
so
X
→

V
1
is

in
P

(R
4
in

A
pp

en
di
x
A

an
d
th
e
fa
ct

th
at
X

bb V 1
,X

b →V 1
or

in
vi
si
bl
e
X
→
V
1
is
in
P
)
an

d
X
→
V
1
is
vi
si
bl
e.

T
hi
s

co
nt
ra
di
ct
s
th
e
fa
ct
X

bb V 1
,X

b →V 1
or

in
vi
si
bl
e
X
→
V
1
is

in
P
.

�

P
ro
of

of
L
em

m
a
8.

F
ir
st

su
pp

os
e
th
at
G

is
am

en
ab

le
re
la
ti
ve

to
(X
,Y

),
m
ea
ni
ng

th
at

ev
er
y
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to

Y
in
G

st
ar
ts

w
it
h
a
vi
si
bl
e
ed

ge
ou

t
of

X
.

A
ny

vi
si
bl
e
ed

ge
in
G

is
vi
si
bl
e
in

al
l

D
A

G
s
(M

A
G
s)

in
[G

],
an

d
an

y
pr
op

er
di
re
ct
ed

pa
th

in
a

D
A

G
(M

A
G

)
in

[G
]
co
rr
es
po

nd
s
to

a
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th

in
G.

H
en

ce
,
an

y
pr
op

er
di
re
ct
ed

pa
th

fr
om

X
to

Y
in

an
y

D
A

G
(M

A
G

)
in

[G
]
st
ar
ts

w
it
h
a
vi
si
bl
e
ed

ge
ou

t
of

X
. N
ex
t,

su
pp

os
e
th
at
G

vi
ol
at
es

th
e
am

en
ab

ili
ty

co
nd

it
io
n

re
la
ti
ve

to
(X
,Y

).
W
e
w
ill

sh
ow

th
at

th
is

im
pl
ie
s
th
at

th
er
e
is

no
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

Si
nc
e
ev
er
y

di
re
ct
ed

ed
ge

in
a

C
P

D
A

G
is

vi
si
bl
e
an

d
si
nc

e
th
e
sa
m
e
do

es
no

t
ho

ld
tr
ue

in
a

P
A

G
,
w
e

gi
ve

se
pa

ra
te

pr
oo

fs
fo
r

C
P

D
A

G
s
an

d
P

A
G
s.

Su
pp

os
e
th
at
G
is
a

P
A

G
.
Si
nc

e
G
vi
ol
at
es

th
e
am

en
ab

ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

),
th
er
e
ex
is
ts

a
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th

p
∗
fr
om

so
m
e
X
∈

X
to

so
m
e
Y
∈

Y
in
G

th
at

do
es

no
t
st
ar
t
w
it
h
vi
si
bl
e
ed

ge
ou

t
of
X

in
G.

T
he

n
by

Le
m
m
a
49

th
er
e
is

a
M

A
G

M
in

[G
]
su
ch

th
at

th
e
pa

th
p
in
M

,
co
ns
is
ti
ng

of
th
e
sa
m
e
se
qu

en
ce

of
no

de
s
as
p
∗
in
P
,

co
nt
ai
ns

a
su
bs
eq
ue

nc
e
p
′
th
at

is
a
pr
op

er
di
re
ct
ed

pa
th

fr
om

X
to

Y
st
ar
ti
ng

w
it
h

an
in
vi
si
bl
e
ed

ge
in
M

.
H
en

ce
,M

vi
ol
at
es

th
e
am

en
ab

ili
ty

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

).
Si
nc

e
th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
is
co
m
pl
et
e
fo
r

M
A

G
s
(T

he
or
em

5.
8
in

va
n
de
r
Za

nd
er

et
al
.,
20

14
)
th
is

m
ea
ns

th
at

th
er
e
is

no
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
M

.
H
en

ce
,

th
er
e
is

no
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

N
ext,suppose

G
is

a
C

P
D

A
G
.
W
e
now

show
how

to
find

D
A

G
sD

1
and
D

2
in

[G
],such

that
a
proper

causal
path

q ′1
from

X
to

Y
in
D

1
corresponds

to
a
proper

non-causal
path

q ′2
from

X
to

Y
in
D

2
that

does
not

contain
colliders.

Since
G

is
not

am
enable

relative
to

(X
,Y

),
there

is
a
proper

possibly
directed

path
q ∗

from
a
node

X
∈

X
to

a
node

Y
∈

Y
that

starts
w
ith

a
non-directed

edge
( b b).

Let
q ′ ∗

=
〈X

=
V
0 ,V

1 ,...,V
k

=
Y
〉,k
≥

1
,be

a
shortest

subsequence
of
q ∗

such
that

q ′ ∗

is
also

a
proper

possibly
directed

path
from

X
to
Y

starting
w
ith

a
non-directed

edge
in
G
.

Since
w
e
chose

q ′ ∗
using

the
additional

constraint
that

it
m
ust

start
w
ith

a
non-directed

edge
in
G
,
w
e
cannot

use
Lem

m
a
41

to
guarantee

that
q ′ ∗

is
of

definite
status.

H
ence,

w
e

first
show

that
q ′ ∗

is
a
definite

status
path,

by
contradiction.

T
hus,

suppose
that

q ′ ∗
is

not
a
definite

status
path.

T
hen

k
≥

2.
Since

the
subpath

q ′ ∗(V
1 ,Y

)
is

a
definite

status
path

(otherw
ise,by

Lem
m
a
41

w
e
can

choose
a
shorter

path),this
m
eans

that
V
1
is

not
of

definite
status

on
q ′ ∗.

T
his

im
plies

X
∈

A
d

j(V
2 ,G

).
M
oreover,w

e
m
ust

have
X
→
V
2 ,since

X b bV
2
contradicts

the
choice

of
q ′ ∗,and

X
←
V
2
together

w
ith

the
possibly

directed
path

q ′ ∗(X
,V

2 )
contradicts

Lem
m
a
44.

T
hen

X
→
V
2
im

plies
V
1 →

V
2 ,otherw

ise
X
→
V
2
and

a
possibly

directed
path

−
q ′ ∗(V

2 ,X
)
are

in
G
,w

hich
contradicts

Lem
m
a
44.

B
ut

then
V
1
is
a

definite
non-collider

on
q ′ ∗,w

hich
contradicts

that
V
1
is

not
of

definite
status.

H
ence,

q ′ ∗
is
a
proper

definite
status

possibly
directed

path
from

X
to
Y
.
B
y
Lem

m
a
43,

there
is

a
D

A
G
D

1
in

[G
]such

that
there

are
no

additionalarrow
heads

into
X
,as

w
ellas

a
D

A
G
D

2
in

[G
]such

that
there

are
no

additionalarrow
heads

into
V
1 .

Let
q ′1

in
D

1
(q ′2

in
D

2 )
be

the
path

corresponding
to
q ′ ∗

in
G
.
T
hen

q ′1
is
ofthe

form
=
X
→
V
1 →
···→

Y
and

q ′2
is
ofthe

form
X
←
V
1 →
···→

Y
.
Since

q ′1
is
a
proper

causalpath
from

X
to
Y

and
q ′2

is
a

proper
non-causalpath

from
X

to
Y
,
f

(y
|
d
o(x

))
generally

differs
in
D

1
and
D

2 .
SinceD

1

and
D

2
are

both
represented

by
C,this

im
plies

that
f

(y
|
d
o(x

))
is

not
identifiable

in
C.
�

P
roof

of
L
em

m
a
9.

W
e
first

prove
(i)⇒

(ii).
Suppose

that
Z
∩

F
orb

(X
,Y

,G
)

=
∅.

Since
F

o
rb

(X
,Y

,D
)⊆

F
orb

(X
,Y

,G
)
(F

orb
(X
,Y

,M
)⊆

F
orb

(X
,Y

,G
))

for
any

D
A

G
D

(M
A

G
M

)
in

[G
],it

follow
s
directly

that
Z

satisfies
the

forbidden
set

condition
relative

to
(X
,Y

)
in

all
D

A
G
s
(M

A
G
s)

in
[G

].
N
ext,w

e
prove¬

(i)⇒
¬

(ii).
Suppose

thatG
is

am
enable

relative
to

(X
,Y

),but
there

is
a
node

V
∈

(Z
∩

F
orb

(X
,Y

,G
)).

T
hen

V
∈

P
o
ssD

e(W
,G

)
for

som
e
W

=
V
i ,1
≤
i≤

k
on

a
proper

possibly
directed

path
p

=
〈X

=
V
0 ,V

1 ,...,V
k

=
Y
〉,k
≥

1.
T
hen

q
=
p
(X
,W

)
is

proper
and

r
=
p
(W

,Y
),

w
here

r
is

allow
ed

to
be

of
zero

length
(if

W
=
Y
),

does
not

contain
a
node

in
X
.
M
oreover,there

is
a
possibly

directed
path

s
from

W
to
V
,w

here
this

path
is

allow
ed

to
be

of
zero

length.
W
e
w
illshow

that
this

im
plies

that
there

is
a

D
A

G
D

(M
A

G
M

)
in

[G
]such

that
Z
∩

F
orb

(X
,Y

,D
)6=
∅

(Z
∩

F
orb

(X
,Y

,M
)6=
∅
).

B
y
Lem

m
a
41,

there
are

subsequences
q ′,

r ′
and

s ′
of
q,
r
and

s
that

are
unshielded

possibly
directed

paths
(again

r ′and
s ′are

allow
ed

to
be

paths
ofzero

length).
M
oreover,

q ′

is
properand

m
uststartw

ith
a
directed

(visible)edge,since
otherw

ise
the

concatenated
path

q ′⊕
r ′,w

hich
is
a
proper

possibly
directed

path
from

X
to
Y
,w

ould
violate

the
am

enability
condition.

Lem
m
a
42

then
im

plies
that

q ′is
a
directed

path
from

X
to
W

in
G
.

B
y
Lem

m
a
43,

there
is

at
least

one
D

A
G
D

(M
A

G
M

)
in

[G
]
that

has
no

additional
arrow

heads
into

W
.
In

this
graph

D
(M

),the
first

edge
on

the
path

corresponding
to
r ′is

oriented
out

of
W

and
since

r ′is
an

unshielded
possibly

directed
path

in
P
,by

Lem
m
a
42

the
path

in
D

(M
)
corresponding

to
r ′

is
a
directed

path
from

W
to

Y
.

B
y
the

sam
e
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

reasoning,the
path

corresponding
to
s ′in

D
(M

)
is

a
directed

path
from

W
to
V
.
H
ence,

V
∈

F
orb

(X
,Y

,D
)
(V
∈

F
orb

(X
,Y

,M
)),

so
that

Z
does

not
satisfy

the
forbidden

set
condition

relative
to

(X
,Y

)
in
D

(M
).

�

W
e
now

start
the

path
of

proving
Lem

m
a
10.

T
he

m
ost

involved
part

is
proving

the
im

plication
¬
(ii)⇒

¬
(i),that

is,ifthere
is
a
proper

non-causalpath
p
from

X
to

Y
that

is
m
-connecting

given
Z
in

a
D

A
G
D

(M
A

G
M

)
in

[G
],then

there
m
ust

be
a
proper

non-causal
definite

status
path

p ∗
from

X
to

Y
that

is
m
-connecting

given
Z
in
G
as

w
ell.

W
e
proceed

in
three

steps.
F
irst,w

e
show

that
proper

non-causalpaths
from

X
to

Y
that

are
m
-connecting

given
Z

in
D

(M
)
correspond

to
proper

non-causal
paths

in
G

(Lem
m
a
50).

Second,
w
e

show
that

a
certain

shortest
proper

non-causalpath
from

X
to

Y
that

is
m
-connecting

given
Z

in
D

(M
)
corresponds

to
a
proper

definite
status

non-causal
path

p ∗
from

X
to

Y
in
G

(Lem
m
a
51).

Lastly,w
e
show

that
p ∗

is
also

m
-connecting

given
Z

in
G
(Lem

m
a
52).

L
em

m
a
50

Let
X
,Y

and
Z
be

pairw
ise

disjoint
node

sets
in

a
P

A
G

(C
P

D
A

G
)P

.
LetP

be
am

enable
relative

to
(X
,Y

)
and

let
Z

satisfy
the

forbidden
set

condition
relative

to
(X
,Y

)
in
P
.
LetM

be
a

M
A

G
(D

A
G

)
in

[P
]
and

let
p

=
〈X

=
V
0 ,V

1 ,...,V
n

=
Y
〉,n
≥

2,
be

a
proper

non-causalpath
from

X
to

Y
that

is
m
-connecting

given
Z

in
M

.
Let

p ∗
in
P

denote
the

path
corresponding

to
p
in
M

.
T
hen:

(i)
Let

i,j
∈

N
,0

<
i
<

j
≤

n
such

that
there

is
an

edge
〈V
i ,V

j 〉
in
P
.

T
he

path
p ∗(X

,V
i )⊕
〈V
i ,V

j 〉⊕
p ∗(V

j ,Y
)
(p ∗(V

j ,Y
)
is

possibly
of

zero
length)

is
a
proper

non-
causalpath

in
P
.
For

j
=
i

+
1,

this
im

plies
that

p ∗
is

a
proper

non-causalpath.

(ii)
If
V
1
is

not
of

definite
status

on
p ∗,

then
〈X
,V

2 〉⊕
p ∗(V

2 ,Y
),

(p ∗(V
2 ,Y

)
is

possibly
of

zero
length)

exists
and

is
a
proper

non-causalpath
in
P
.

(iii)
If
n
≥

3
and

V
k ,2
≤
k
<
n

is
not

of
definite

status
on

p ∗,
and

every
non-endpoint

node
on

p ∗(X
,V

k )
is

a
collider

on
p ∗

and
a
parent

of
V
k
+
1
in
M

,
then

〈X
,V

k
+
1 〉⊕

p ∗(V
k
+
1 ,Y

),
(p ∗(V

k
+
1 ,Y

)
is

possibly
of

zero
length)

exists
and

is
a
proper

non-causal
path

in
P
.

.P
roof

of
L
em

m
a
50.

A
ll

paths
considered

are
proper

as
they

are
subsequences

of
p ∗,

w
hich

consists
of

the
sam

e
sequence

of
nodes

as
the

proper
path

p.
(i)

Suppose
for

a
contradiction

that
q ∗

=
p ∗(X

,V
i )⊕

〈V
i ,V

j 〉⊕
p ∗(V

j ,Y
)
is

possibly
directed

in
P
.
A
llnodes

on
q ∗

except
X

are
in

F
orb

(X
,Y

,P
).

SinceP
is
am

enable
relative

to
(X
,Y

),
q ∗

starts
w
ith

a
visible

edge
X
→
V
1
in
P
.
E
dge

X
→
V
1
is

then
also

in
M

and
since

p
is

a
non-causalpath

in
M

,there
is

at
least

one
collider

on
p.

Let
V
r ,r
≥

1,be
the

collider
closest

to
X

on
p.

T
hen

V
r
∈

F
orb

(X
,Y

,P
).

Since
p
is

m
-connecting

given
Z
,
a

descendant
of
V
r
is

in
Z
.
T
his

contradicts
Z
∩

F
orb

(X
,Y

,P
)

=
∅.

(ii)
Since

V
1
is

not
of

definite
status

on
p ∗

there
is

an
edge

betw
een

X
and

V
2
in
P
,
so

path
q ∗

=
〈X
,V

2 〉⊕
p ∗(V

2 ,Y
)
exists

in
P
.
Suppose

for
a
contradiction

that
q ∗

is
a
possibly

directed
path

from
X

to
Y

in
P
.
T
hen

X
→

V
2
is

in
P
,
since

P
is

am
enable

relative
to
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).
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e
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,t
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re
is
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he
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X
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).
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e
X
••
V
1
←•
V
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.

T
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X
→

V
2
•→
V
1
im

pl
ie
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X
•→
V
1
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in
P
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si
nc

e
P
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an
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ra
l.

T
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ra
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V
1
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V
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V
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.
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P
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P

D
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G
th
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1
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e
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ra
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1
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.
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P
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ge
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e
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D
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P
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re
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D
•→
D

1
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D
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1
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de
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s
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in
P
).

T
he

pa
th
〈D
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1
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at
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P

is
a

C
P

D
A

G
an

d
p
(X
,V

k
),
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≥

2
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he
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k
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V
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e
st
at
us

on
p
.
H
en

ce
,l
et
P

be
a

P
A

G
.
T
he

re
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w
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th
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+
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〉⊕

p
∗ (
V
k
+
1
,Y

)
ex
is
ts

in
P
.
Su

pp
os
e
fo
r
a
co
nt
ra
di
ct
io
n
th
at
q∗

is
a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to
Y

in
P
.

B
ec
au

se
P

is
am

en
ab

le
re
la
ti
ve

to
(X
,Y

)
th
e
ed

ge
X
→
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+
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+
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+
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P
.
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p
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∈
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⊆
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⊆
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∈

F
or

b
(X
,Y

,P
).

T
hi
s
co
nt
ra
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re
is

a
co
lli
de

r
pa

th
D
•→
D

1
↔

··
·↔
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p
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.
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t
p
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=
V
0
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1
,.
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k
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ch
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at
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∈
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m
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.
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is
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.
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th
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w
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f
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m
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g
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00
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m
m
a
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A
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)
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e
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e
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g
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im

1
If
V
r
,1
≤
r
≤
k
−

1
is

no
t
of

de
fin

it
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V
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is

a
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−
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ti
ve

to
(X
,Y

)
an

d
le
t

Z
sa
ti
sf
y
th
e
fo
rb
id
de
n
se
t
co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

)
in
P
.
Le

t
M

be
a

M
A

G
(D

A
G

)
in

[P
]
an

d
le
t
p
be

a
pa
th

w
it
h
m
in
im

al
d

is
ta

n
ce

-f
ro

m
-Z

am
on

g
th
e
sh
or
te
st

pr
op
er

no
n-
ca
us
al

pa
th
s
fr
om

X
to

Y
th
at

ar
e
m
-c
on

ne
ct
in
g
gi
ve
n

Z
in
M

.
Le

t
p
∗
in
P

be
th
e
co
rr
es
po
nd

in
g
pa
th

to
p
in
M

.
T
he
n
p
∗
is

a
pr
op
er

de
fin

it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

Z
in
P
.

P
ro
of

of
L
em

m
a
52

.
B
y
Le

m
m
a
51

,p
∗
is

a
pr
op

er
de
fin

it
e
st
at
us

no
n-
ca
us
al

pa
th

in
P
.

It
is

on
ly

le
ft

to
pr
ov
e
th
at
p
∗
is

m
-c
on

ne
ct
in
g
gi
ve
n

Z
in
P
.

E
ve
ry

de
fin

it
e
no

n-
co
lli
de

r
on

p
∗
in
P

co
rr
es
po

nd
s
to

a
no

n-
co
lli
de

r
on

p
in
M

,a
nd

ev
er
y

co
lli
de

r
on

p
∗
is
al
so

a
co
lli
de
r
on

p
.
Si
nc

e
p
is
m
-c
on

ne
ct
in
g
gi
ve
n

Z
,n

o
no

n-
co
lli
de

r
is
in

Z
an

d
ev
er
y
co
lli
de

r
ha

s
a
de

sc
en

da
nt

in
Z
.
Le

t
Q

be
an

ar
bi
tr
ar
y
co
lli
de

r
(i
ft

he
re

is
on

e)
on

p
.
T
he

n
th
er
e
is
a
di
re
ct
ed

pa
th

(p
os
si
bl
y
of

ze
ro

le
ng

th
)
fr
om

Q
to

a
no

de
in

Z
in
M

.
Le

t
d
be

a
sh
or
te
st

su
ch

pa
th

fr
om

Q
to

a
no

de
in

Z
.
Le

t
d
∗
in
P

de
no

te
th
e
co
rr
es
po

nd
in
g
pa

th
to
p
in
M

.
T
he

n
d
∗
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

Q
to
Z

in
P
.
It

is
on

ly
le
ft

to
pr
ov
e

th
at
d
∗
is

a
di
re
ct
ed

pa
th
.
If
d
∗
is

of
ze
ro

le
ng

th
,
th
is

is
tr
iv
ia
lly

tr
ue

.
O
th
er
w
is
e,

su
pp

os
e

fo
r
a
co
nt
ra
di
ct
io
n
th
at

th
er
e
is
a
ci
rc
le

m
ar
k
on

d
∗ .

T
he

n
d
∗
m
us
t
st
ar
t
w
it
h
a
ci
rc
le

m
ar
k

at
Q

(L
em

m
a
7.
2
fr
om

M
aa

th
ui
s
an

d
C
ol
om

bo
(2
01

5)
an

d
Le

m
m
a
42

,s
ee

A
pp

en
di
x
A
).

W
e
fir
st

pr
ov
e
th
at
d
∗
is
un

sh
ie
ld
ed

in
P
.
Su

pp
os
e
fo
r
a
co
nt
ra
di
ct
io
n
th
at
d
∗
is
sh
ie
ld
ed

.
T
he

n
th
er
e
ex
is
ts

a
su
bp

at
h
〈A
,B
,C
〉
of
d
∗
su
ch

th
at

th
e
ed
ge
〈A
,C
〉
is

in
P
.
T
he

pa
th

co
rr
es
po

nd
in
g
to
d
∗ (
Q
,A

)⊕
〈A
,C
〉⊕

d
∗ (
C
,Z

)
m
us
t
be

a
no

n-
ca
us
al

pa
th

fr
om

Q
to
Z

in
M

,
ot
he

rw
is
e
w
e
co
ul
d
ha

ve
ch
os
en

a
sh
or
te
r
pa

th
d
.
H
en

ce
,t
he

ed
ge
A
←•
C

is
in
M

.
B
ut

pa
th

d
is

di
re
ct
ed

fr
om

Q
to
Z

in
M

so
A
→

B
→

C
is

al
so

in
M

.
T
hi
s
co
nt
ra
di
ct
s
th
at
M

is
an

ce
st
ra
l.

Le
t
S
be

th
e
fir
st

no
de

on
d
af
te
r
Q
.
If
S
is
no

t
a
no

de
on

p
,t
he

n
fo
llo

w
in
g
th
e
pr
oo

fo
f

Le
m
m
a
2
fr
om

Zh
an

g
(2
00

6)
(L

em
m
a
40

in
A
pp

en
di
x
2)

th
er
e
ex
is
t
no

de
s
W

on
p
(X
,Q

)
an

d
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

V
on

p
(Q
,Y

),distinct
from

Q
,such

that
the

path
W
•→
S←•

V
is
in
M

and
both

W
and

V
have

the
sam

e
colliders/non-collider

status
ofboth

p
and

p ′
=
p
(X
,W

)⊕
〈W

,S
,V
〉⊕

p
(V
,Y

).
T
hen

p ′
is

m
-connecting

given
Z
.
Since

p ′
is

non-causal
and

shorter
than

p,
or

as
long

as
p
but

w
ith

a
shorter

d
istan

ce-from
-Z

than
p,
p ′m

ust
be

non-proper,
that

is,
S
∈

X
.
B
ut

then
〈S
,V
〉⊕

p
(V
,Y

)
is

a
proper

non-causalm
-connecting

path
from

X
to

Y
given

Z
that

is
shorter

than
p
in
M

.
T
his

contradicts
our

assum
ption

about
p.

If
S

is
a
node

on
p,

then
it

lies
either

on
p
(X
,Q

)
or

p
(Q
,Y

).
A
ssum

e
w
ithout

loss
of

generality
that

S
is

on
p
(Q
,Y

).
Follow

ing
the

proof
of

Lem
m
a
2
from

Zhang
(2006),

there
exists

a
node

W
,W

6=
Q
,
on

p
(X
,Q

)
such

that
W
•→
S

is
in
M

and
W

has
the

sam
e
collider/non-collider

status
on

both
p
and

p ′
=
p
(X
,W

)⊕
〈W

,S〉⊕
p
(S
,Y

).
T
hen

p ′
is

m
-connecting

given
Z
.

Since
p ′

is
proper,

and
shorter

than
p,

or
as

long
as

p
but

w
ith

a
shorter

d
istan

ce-from
-Z

than
p,
p ′

m
ust

be
causal

in
M

.
Let

p ′ ∗
in
P

denote
the

corresponding
path

to
p
in
M

.
T
hen

p ′ ∗
is

a
possibly

directed
path

from
X

to
Y
,
S

is
on

p ′ ∗
and

Z
∈

P
ossD

e(S
,P

),
so

Z
∈

F
orb

(X
,Y

,P
)∩

Z
.

T
his

is
a
contradiction

w
ith

Z
∩

F
o
rb

(X
,Y

,P
)

=
∅.

�
P
roof

of
L
em

m
a
10.

Let
the

C
P

D
A

G
(P

A
G

)G
be

am
enable

relative
to

(X
,Y

),
and

let
Z
∩

F
o
rb

(X
,Y

,G
)

=
∅.

W
e
first

prove¬
(i)⇒

¬
(iii).

A
ssum

e
Z

does
not

satisfy
the

blocking
condition

relative
to

(X
,Y

)
in
G
.
T
hus,

there
is

a
proper

definite
status

non-causal
path

p
from

X
∈

X
to

Y
∈

Y
that

is
m
-connecting

given
Z
in
G
.
C
onsider

any
D

A
G
D

(M
A

G
M

)
in

[G
].
T
he

path
corresponding

to
p
in
D

(M
)
is
a
proper

non-causalpath
from

X
to

Y
that

is
m
-connecting

given
Z
.
H
ence,

Z
does

not
satisfy

the
blocking

condition
relative

to
(X
,Y

)
in
D

(M
)
for

allD
(M

)
in

[G
].

T
he

im
plication

¬
(iii)⇒

¬
(ii)trivially

holds,so
itis

only
leftto

prove
that¬

(ii)⇒
¬
(i).

T
hus,

assum
e
that

there
is

a
D

A
G
D

(M
A

G
M

)
in

[G
]
such

that
there

is
a
proper

non-
causalpath

from
X

to
Y

in
D

(M
)
that

is
m
-connecting

given
Z
.
W
e
choose

a
path

p
w
ith

m
inim

al
d

ista
n

ce-from
-Z

am
ong

the
shortest

proper
non-causalpaths

from
X

to
Y

that
are

m
-connecting

given
Z

in
D

(M
).

B
y
Lem

m
a
52,the

corresponding
path

p ∗
in
G
is
a
proper

definite
status

non-causalpath
from

X
to

Y
that

is
m
-connecting

given
Z
.

�
P
roof

of
T
h
eorem

7.
A
ssum

e
thatG

is
am

enable
relative

to
(X
,Y

)
and

Z
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
G
.

T
hen

it
is

left
to

prove
that

Z
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
G
ifand

only
ifit

satisfies
the

separation
condition

relative
to

(X
,Y

)
in
G
p
bd

X
Y
.

W
e
first

prove
that

if
Z

satisfies
the

blocking
condition,

then
Z

m
-separates

X
and

Y
in
G
p
bd

X
Y
,that

is,
Z

blocks
alldefinite

status
paths

from
X

to
Y

in
G
p
bd

X
Y
.
Since

every
definite

status
path

from
X

to
Y

has
a
proper

definite
status

path
as

a
subpath,

it
is

enough
to

show
that

Z
blocks

allproper
definite

status
paths

from
X

to
Y

in
G
p
bd

X
Y
.
Let

p
be

a
proper

definite
status

path
from

X
to

Y
in
G
p
bd

X
Y
.
T
hen

p
m
ust

be
non-causal,since

otherw
iseG

is
not

am
enable.

Let
p ∗

in
G

be
the

path
corresponding

to
p
in
G
p
bd

X
Y
,
consisting

of
the

sam
e

sequence
of

nodes
as
p.

T
hen

p ∗
is

a
proper

definite
status

non-causal
path

from
X

to
Y

in
G
.
T
hus,

p ∗
is
blocked

by
Z
.
Since

rem
oving

edges
cannot

m
-connect

a
previously

blocked
path,

p
is

blocked
by

Z
in
G
p
bd

X
Y
.

N
ext,

w
e
prove

that
if

Z
m
-separates

X
and

Y
in
G
p
bd

X
Y
,
then

Z
satisfies

the
blocking

condition.
Suppose

for
a
contradiction

that
there

exists
a
proper

definite
status

non-causal
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

path
p ∗

from
X

to
Y

in
G

that
is

m
-connecting

given
Z
.

Let
p̃ ∗

in
G
p
bd

X
Y

be
the

path
corresponding

to
p ∗

in
G
,
constituted

by
the

sam
e
sequence

of
nodes

as
p ∗,

if
such

a
path

exists
in
G
p
bd

X
Y
.

F
irst,

suppose
p̃ ∗

does
not

exist
in
G
p
bd

X
Y
.
T
hen

since
p ∗

is
proper,

it
m
ust

start
w
ith

a
visible

edge
X
→

D
in
G

such
that

D
lies

on
a
proper

causal
path

from
X

to
Y
,
that

is,
D
∈

F
orb

(X
,Y

,G
).

Since
p ∗

is
non-causal

and
of

definite
status

it
m
ust

contain
a

collider
C
∈

P
ossD

e(D
,G

).
Since

F
orb

(X
,Y

,G
)
is

descendral
(see

D
efinition

13),
C
∈

F
orb

(X
,Y

,G
)
and

sim
ilarly

all
descendants

of
C

are
in

F
orb

(X
,Y

,G
).

C
onsidering

that
p ∗

is
m
-connecting

given
Z

and
C

is
a
collider

on
p ∗,

it
follow

s
that

C
∈

A
n

(Z
,G

).
T
his

contradicts
Z
∩

F
orb

(X
,Y

,G
)

=
∅.

O
therw

ise,
p̃ ∗

is
a
path

in
G
p
bd

X
Y
.
T
hen

p̃ ∗
is
a
proper

definite
status

non-causalpath
from

X
to

Y
in
G
p
bd

X
Y

that
is
blocked

by
Z
.
Since

p ∗
is
m
-connecting

given
Z

in
G
,allcolliders

on
p ∗

are
in

A
n

(Z
,G

).
Since

no
definite

non-collider
on

p ∗
is
in

Z
,no

definite
non-collider

on
p̃ ∗

is
in

Z
.
H
ow

ever,
p̃ ∗

is
blocked

by
Z
in
G
p
bd

X
Y
,so

at
least

one
collider

C
on
p̃ ∗

(and
therefore

p ∗

as
w
ell)

is
not

in
A

n
(Z
,G

p
bd

X
Y

).
T
hus,any

directed
path

from
C

to
Z

m
ust

contain
a
visible

edge
X
→

D
,
w
here

D
∈

F
orb

(X
,Y

,G
).

T
his

im
plies

D
∈

A
n

(Z
,G

),
w
hich

contradicts
Z
∩

F
orb

(X
,Y

,G
)

=
∅.

�

A
p
p
en

d
ix

C
.

P
roofs

for
S
ection

4

P
roof

of
T
h
eorem

11.
T
he

first
part

of
the

theorem
follow

s
from

from
R
ule

3
of

the
do-

calculus
for

D
A
G
s
from

P
earl

(2009),
R
ule

3
of

the
do-calculus

for
M
A
G
s
and

PA
G
s
from

Zhang
(2006)

and
the

properties
of

the
C
P
D
A
G
.

Since
the

generalized
adjustm

ent
criterion

is
sound

and
com

plete
w
ith

respect
to

adjust-
m
ent

in
D
A
G
s,C

P
D
A
G
s,M

A
G
s
and

PA
G
s
(T

heorem
5),w

e
w
illprove

the
second

part
of

this
theorem

by
proving

that
if

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G
,
then

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
′,Y

)
in
G
.

W
e
prove

this
by

show
ing

that
Z

satisfies
the

three
conditions

of
D
efinition

4
relative

to
(X
′,Y

)
in
G
.

W
e
first

show
that

a
possibly

directed
path

from
X
′to

Y
is

proper
w
ith

respect
to

X
′

if
and

only
if
it

is
proper

w
ith

respect
to

X
.
Since

X
′⊆

X
any

path
that

is
proper

w
ith

respect
to

X
w
ill

also
be

proper
w
ith

respect
to

X
′.

H
ence,

w
e
only

need
to

show
that

if
p
is

a
possibly

directed
path

from
X
′∈

X
′
to
Y
∈

Y
that

is
proper

w
ith

respect
to

X
′,

then
p
is

also
proper

w
ith

respect
to

X
.
Suppose

for
a
contradiction

that
p
is

not
proper

w
ith

respect
to

X
.
Let

p
(X
,Y

)
be

the
subpath

of
p
that

is
proper

w
ith

respect
to

X
.
Since

X
/∈

X
′,
X

m
ust

be
in

X
\

X
′,w

hich
contradicts

the
assum

ption
that

there
are

no
possibly

directed
paths

from
X
\

X
′to

Y
that

are
proper

w
ith

respect
to

X
.

T
hen

F
orb

(X
′,Y

,G
)
⊆

F
orb

(X
,Y

,G
),

so
Z

m
ust

satisfy
the

forbidden
set

condition
relative

to
(X
′,Y

)
in
G
.
A
dditionally,since

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G
,G

m
ust

be
am

enable
relative

to
(X
,Y

).
T
his

m
eans

that
every

possibly
directed

path
from

X
to

Y
that

is
proper

w
ith

respect
to

X
starts

w
ith

a
visible

edge
out

of
X
.
Since

X
′⊆

X
and

since
possibly

directed
paths

from
X
′to

Y
that

are
proper

w
ith

respect
to

X
′are

proper
w
ith

respect
to

X
,
it

follow
s
that

the
am

enability
condition

is
satisfied

relative
to

(X
′,Y

)
and
G
.
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

It
is

on
ly

le
ft

to
sh
ow

th
at

Z
sa
ti
sfi
es

th
e
bl
oc
ki
ng

co
nd

it
io
n
re
la
ti
ve

to
(X
′ ,

Y
)
in
G.

Si
nc

e
Z

sa
ti
sfi
es

th
e
bl
oc
ki
ng

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

)
in
G
an

d
si
nc

e
X
′ ⊆

X
,Z

bl
oc
ks

ev
er
y
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
′ t
o

Y
th
at

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
.
H
en

ce
,

w
e
on

ly
ne

ed
to

sh
ow

th
at

Z
al
so

bl
oc
ks

ev
er
y
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
′ t
o

Y
th
at

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
′ ,
bu

t
no

t
pr
op

er
w
it
h
re
sp
ec
t
to

X
.
Le

t
p
be

on
e
su
ch

pa
th

fr
om

X
′ ∈

X
′ t
o
Y
∈

Y
.
Si
nc
e
p
is
pr
op

er
w
it
h
re
sp
ec
t
to

X
′ ,
bu

t
no

t
w
it
h
re
sp
ec
t
to

X
,l
et

X
∈

X
\X

′
be

th
e
no

de
on

p
su
ch

th
at
p
(X
,Y

)
is

pr
op

er
w
it
h
re
sp
ec
t
to

X
.
Si
nc

e
th
er
e
is

no
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
\X

′
to

Y
th
at

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
,p

(X
,Y

)
m
us
t

be
a
no

n-
ca
us
al

pa
th

fr
om

X
to
Y
.
A
dd

it
io
na

lly
,
si
nc

e
p
(X
,Y

)
is

a
su
bp

at
h
of
p
,
p
(X
,Y

)
is

of
de

fin
it
e
st
at
us
.
T
he
n
p
(X
,Y

)
is

a
no

n-
ca
us
al

de
fin

it
e
st
at
us

pa
th

fr
om

X
to

Y
th
at

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
,s

o
p
(X
,Y

)
is

bl
oc
ke
d
by

Z
.
T
hu

s,
p
is

al
so

bl
oc
ke
d
by

Z
.

�

P
ro
of

of
L
em

m
a
16

.
T
he

re
is
a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\

I.
A
m
on

g
al
l
su
ch

pa
th
s
co
ns
id
er

th
e
on

es
w
it
h

m
in
im

al
le
ng

th
an

d
am

on
g
th
os
e
le
t
p

=
〈X
,.
..
,Y
〉,
X
∈

X
,Y
∈

Y
be

th
e
pa

th
w
it
h

a
sh
or
te
st

di
st
an

ce
-f
ro
m
-(

X
∪

Y
)
in
G.

B
y
th
e
ch
oi
ce

of
p
,
(i
)
ho

ld
s.

It
is

le
ft

to
pr
ov
e

th
at

(i
i)
−
(i
v)

al
so

ho
ld

fo
r
p
.

(i
i)

Si
nc

e
p
is

m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\

I
an

d
si
nc

e
A

d
ju

st
(X
,Y

,G
)
\

I
=

P
os

sA
n

(X
∪

Y
,G

)
\(

X
∪

Y
∪

I)
,
an

y
co
lli
de

r
on

p
is

in
P

os
sA

n
(X
∪

Y
,G

).
Si
nc

e
p
is

pr
op

er
,
no

co
lli
de

r
on

p
is

in
X
.

A
dd

it
io
na

lly
,
no

co
lli
de

r
C

on
p
is

in
Y
\

I,
ot
he

rw
is
e

p
(X
,C

)
is

a
no

n-
ca
us
al

pa
th

an
d
w
e
co
ul
d
ha

ve
ch
os
en

a
sh
or
te
r
p
.
It

is
on

ly
le
ft

to
sh
ow

th
at

no
co
lli
de

r
on

p
is
in

I.
Su

pp
os
e
fo
r
a
co
nt
ra
di
ct
io
n
th
at

a
co
lli
de

r
on

p
is
in

I.
Si
nc

e
I

is
a
de

sc
en

dr
al

se
t,
al
l(
po

ss
ib
le
)
de

sc
en

da
nt
s
of

th
is
co
lli
de

r
ar
e
al
so

in
I.

B
ut

th
en

p
is
no

t
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

,a
co
nt
ra
di
ct
io
n.

(i
ii)

A
ny

de
fin

it
e
no

n-
co
lli
de

r
on

p
is
a
po

ss
ib
le

an
ce
st
or

of
an

en
dp

oi
nt

no
de

of
p
or

of
a

co
lli
de

r
on

p
.
T
he

n
it
fo
llo

w
s
fr
om

(i
i)
th
at

an
y
de

fin
it
e
no

n-
co
lli
de

r
on

p
is

in
P

os
sA

n
(X
∪

Y
,G

).
Fu

rt
he

rm
or
e,
p
is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

,s
o
no

de
fin

it
e
no

n-
co
lli
de

r
on

p
is
in

A
d

ju
st

(X
,Y

,G
)
\I

.
Si
nc

e
A

d
ju

st
(X
,Y

,G
)
\I

=
P

os
sA

n
(X
∪

Y
,G

)
\(

X
∪

Y
∪

I)
,

it
fo
llo

w
s
th
at

al
ld

efi
ni
te

no
n-
co
lli
de

rs
on

p
ar
e
in

P
os

sA
n

(X
∪

Y
,G

)
∩

(X
∪

Y
∪

I)
.
Si
nc

e
p

is
pr
op

er
,
no

de
fin

it
e
no

n-
co
lli
de

r
on

p
is

in
X
.
A
dd

it
io
na

lly
,
no

de
fin

it
e
no

n-
co
lli
de

r
C

on
p
is

in
Y
\I

,
ot
he

rw
is
e
w
e
co
ul
d
ha

ve
ch
os
en

pa
th
p
(X
,C

)
in
st
ea
d
of
p
.
T
hu

s,
al
l
de

fin
it
e

no
n-
co
lli
de

rs
on

p
ar
e
in

P
os

sA
n

(X
∪

Y
,G

)
∩

I
⊆

I.
(i
v)

Le
t
C

be
a
co
lli
de

r
on

p
.

Fr
om

(i
i)
,
it

fo
llo

w
s
th
at

C
/∈

X
∪

Y
an

d
th
at

th
er
e

is
an

un
sh
ie
ld
ed

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

C
to

a
no

de
V
∈

X
∪

Y
.
Su

pp
os
e
th
at

th
is

pa
th

st
ar
ts

w
it
h
an

ed
ge

of
ty
pe

C
bb Q

(p
os
si
bl
y
Q

=
V
).

W
e
de

ri
ve

a
co
nt
ra
di
ct
io
n
by

co
ns
tr
uc

ti
ng

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

is
m
-c
on

ne
ct
in
g

gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

an
d
sh
or
te
r
th
an

p
,o

r
of

th
e
sa
m
e
le
ng

th
as
p
,b

ut
w
it
h
a
sh
or
te
r

di
st
an

ce
-f
ro
m
-(

X
∪

Y
).

Le
t
A

an
d
B

be
no

de
s
on

p
su
ch

th
at
A
•→
C
←•
B

is
a
su
bp

at
h
of
p
(p
os
si
bl
y
A

=
X
,

B
=
Y
).

T
he

n
pa

th
s
A
•→
C

b b Q
an

d
B
•→
C

bb Q
to
ge
th
er

w
it
h

Le
m
m
a
36

im
pl
y
th
at

A
•→
Q
←•
B

is
in
G.

Si
nc

e
al
lc

ol
lid

er
s
on

p
ar
e
no

t
in

I,
an

d
al
ld

efi
ni
te

no
n-
co
lli
de

rs
on

p
ar
e
in

I,
an

d
si
nc

e
I
is

a
de

sc
en

dr
al

se
t,

it
fo
llo

w
s
th
at

no
co
lli
de

r
on

p
is

a
po

ss
ib
le

de
sc
en

da
nt

of
a
de

fin
it
e

no
n-
co
lli
de

r
on

p
.
T
hu

s,
if
A
6=
X

(B
6=
Y
),

th
en

A
↔

C
(C
↔

B
)
is

in
G.

M
or
eo
ve
r,

if
A
↔
C

(C
↔
B
)
is

in
G,

th
en

A
↔
Q

(Q
↔
B

)
is

in
G,

ot
he

rw
is
e
a
po

ss
ib
ly

di
re
ct
ed

pa
th
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

〈A
,Q
,C
〉(
〈B
,Q
,C
〉)

an
d
C
↔
A

(C
↔
B

)
ar
e
in
G,

w
hi
ch

co
nt
ra
di
ct
s
Le

m
m
a
44

.
H
en

ce
,

if
A
6=
X

(B
6=
Y

),
th
e
co
lli
de

r/
de
fin

it
e
no

n-
co
lli
de

r
st
at
us

of
A

(B
)
is

th
e
sa
m
e
on

p
an

d
on

p
(X
,A

)
⊕
〈A
,Q
〉(
〈Q
,B
〉⊕

p
(B
,Y

))
.

Su
pp

os
e
fir
st

th
at
Q
∈

X
∪

Y
.
If
Q
∈

X
,
th
en
〈Q
,B
〉⊕

p
(B
,Y

)
is

a
pr
op

er
de

fin
it
e

st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

in
G
an

d
sh
or
te
r
th
an

p
.
O
th
er
w
is
e,
Q
∈

Y
.
If
Q
∈

Y
∩

I,
th
is

w
ou

ld
im

pl
y
th
at
C
∈

I,
w
hi
ch

co
nt
ra
di
ct
s
(i
i)
.

So
Q

m
us
t
be

in
Y
\I

.
T
he

n
p
(X
,A

)
⊕
〈A
,Q
〉
is

a
no

n-
ca
us
al

pa
th
.
H
en
ce
,
w
e
fo
un

d
a

pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

in
G

an
d
sh
or
te
r
th
an

p
,w

hi
ch

is
a
co
nt
ra
di
ct
io
n.

N
ex
t,

su
pp

os
e
th
at
Q
/∈

X
∪

Y
.
T
he

n
if
Q

is
no

t
on

p
,
p
(X
,A

)
⊕
〈A
,Q
,B
〉⊕

p
(B
,Y

)
is

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

in
G

an
d
of

th
e
sa
m
e
le
ng

th
as
p
,
bu

t
w
it
h
a
sh
or
te
r
di
st
an

ce
-f
ro
m
-(

X
∪

Y
).

O
th
er
w
is
e,

Q
is

on
p
.
T
he

n
Q

is
a
co
lli
de

r
on

p
,
ot
he

rw
is
e
Q
∈

I
an

d
C
∈

I.
Su

pp
os
e
fir
st

th
at
Q

is
on

p
(C
,Y

).
T
he

n
p
(X
,A

)
⊕
〈A
,Q
〉⊕

p
(Q
,Y

)
is

a
no

n-
ca
us
al

pa
th

be
ca
us
e
p
(Q
,Y

)
is

in
to
Q
.
H
en

ce
,t

he
re

is
a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

in
G

an
d
sh
or
te
r
th
an

p
,
w
hi
ch

is
a
co
nt
ra
di
ct
io
n.

N
ex
t,

su
pp

os
e
th
at

Q
is

on
p
(X
,C

).
T
he

n
p
(X
,Q

)
⊕
〈Q
,B
〉⊕

p
(B
,Y

)
is

a
no

n-
ca
us
al

pa
th

si
nc
e
it

co
nt
ai
ns

Q
←

B
.
T
hi
s
pa

th
is

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\I

in
G
an

d
sh
or
te
r
th
an

p
,w

hi
ch

is
a
co
nt
ra
di
ct
io
n.

�

T
he

fo
llo

w
in
g
pr
oo

f
is

si
m
ila

r
to

th
e
pr
oo

f
of

Le
m
m
a
1
fr
om

R
ic
ha

rd
so
n

(2
00

3)
(s
ee

Le
m
m
a
37

in
A
pp

en
di
x

A
).

T
he

di
ffe

re
nc

e
lie

s
in

th
e
fa
ct

th
at

Le
m
m
a
17

ad
di
ti
on

al
ly

co
ns
id
er
s

C
P

D
A

G
s
an

d
P

A
G
s
G

in
w
hi
ch

w
e
de
fin

e
m
-s
ep
ar
at
io
n
(m

-c
on

ne
ct
io
n)

on
ly

fo
r

pa
th
s
of

de
fin

it
e
st
at
us
,a

s
w
el
la

s
th
e
fa
ct

th
at

w
e
re
qu

ir
e
th
e
re
su
lt
in
g
pa

th
p
to

be
pr
op

er
an

d
no

n-
ca
us
al

fr
om

X
to

Y
in
G.

P
ro
of

of
L
em

m
a
17

.
Le

t
p
be

a
pa

th
in
G
sa
ti
sf
yi
ng

(i
)−

(i
i)
.
If

th
er
e
is

no
co
lli
de

r
on

p
,

or
al
lc

ol
lid

er
s
on

p
ar
e
in

A
n

(Z
,G

),
th
en

p
is

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

Z
in
G
an

d
th
e
le
m
m
a
ho

ld
s.

H
en

ce
,
as
su
m
e
th
er
e
is

at
le
as
t
on

e
co
lli
de

r
C

on
p
th
at

is
no

t
in

A
n

(Z
,G

).
B
y
(i
i)
,

C
∈

A
n

(X
∪

Y
,G

)
\

A
n

(Z
,G

).
W
e
no

w
co
ns
tr
uc

t
a
pa

th
q
fr
om

X
to

Y
in
G

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

Z
an

d
pr
ov
e
it
is

pr
op

er
,o

f
de

fin
it
e
st
at
us

an
d
no

n-
ca
us
al
.

Le
t
D

be
th
e
no

de
cl
os
es
t
to

Y
on

p
su
ch

th
at

D
∈

A
n

(X
,G

)
\

A
n

(Z
,G

)
if

su
ch

a
no

de
ex
is
ts
,
ot
he
rw

is
e
le
t
D

=
X
.
Le

t
E

be
th
e
no

de
cl
os
es
t
to
D

on
p
(D
,Y

)
su
ch

th
at

E
∈

A
n

(Y
,G

)
\

A
n

(Z
,G

)
if
su
ch

a
no

de
ex
is
ts
,
ot
he

rw
is
e
le
t
E

=
Y
.
Si
nc
e
at

le
as
t
on

e
co
lli
de

r
on

p
is

in
A

n
(X
∪

Y
)
\A

n
(Z
,G

),
ei
th
er
D
6=
X

or
E
6=
Y

m
us
t
ho

ld
.
M
or
eo
ve
r,

if
D

=
X
,t
he

n
si
nc

e
th
er
e
is

at
le
as
t
on

e
co
lli
de

r
C

on
p
th
at

is
in

A
n

(X
∪

Y
,G

)
\A

n
(Z
,G

),
it
fo
llo

w
s
th
at
E
6=
D
.
H
ow

ev
er
,i
f
D
6=
X
,t
he
n
D

=
E

is
po

ss
ib
le
.

Si
nc

e
D
∈

A
n

(X
,G

)
\A

n
(Z
,G

),
le
t
v D

be
a
sh
or
te
st

di
re
ct
ed

pa
th

fr
om

D
to

a
no

de
in

X
(p
os
si
bl
y
of

le
ng

th
ze
ro
).

Si
nc

e
E
∈

A
n

(Y
,G

)
\A

n
(Z
,G

),
le
t
v E

be
a
sh
or
te
st

di
re
ct
ed

pa
th

fr
om

E
to

a
no

de
in

Y
(p
os
si
bl
y
of

le
ng

th
ze
ro
).

T
hu

s,
al
ln

on
-e
nd

po
in
t
no

de
s
on

v D
an

d
v E

ar
e
in

A
n

(X
∪

Y
,G

)
\A

n
(Z
,G

).
A
ls
o,

by
th
e
ch
oi
ce

of
D

an
d
E
,
no

no
n-
en

dp
oi
nt

no
de

on
p
(D
,E

)
is
in

A
n

(X
∪

Y
,G

)
\A

n
(Z
,G

).
H
en

ce
,n

o
no

n-
en

dp
oi
nt

no
de

on
ei
th
er
v D

or
v E

is
al
so

on
p
(D
,E

).
Le

tq
=

(−
v D

)⊕
p
(D
,E

)⊕
v E

.
W
e
pr
ov
e
th
at
q
is
a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
to

Y
in
G
th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

Z
.
P
at
h
q
is
of

de
fin

it
e
st
at
us

by
co
ns
tr
uc
ti
on
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

T
o
prove

that
q
is
proper

w
e
m
ust

show
that

no
non-endpoint

node
on

v
D

or
v
E
is
in

X
.
N
o

non-endpoint
node

on
v
D

is
in

X
,
otherw

ise
w
e
could

have
chosen

a
shorter

v
D
.
Sim

ilarly,
no

non-endpoint
node

on
v
E

is
in

X
,as

this
w
ould

contradict
the

choice
of
D
.
It

is
left

to
show

that
q
is

non-causalfrom
X

to
Y

and
m
-connecting

given
Z
.

W
e
first

show
that

q
is

m
-connecting

given
Z
.
B
y
assum

ption,
no

definite
non-collider

on
p
is

in
Z
.
A
dditionally,

if
D

and
E

are
non-endpoints

on
p,

then
all

nodes
on

v
D

and
v
E

are
in

A
n

(X
∪

Y
,G

)\
A

n
(Z
,G

),that
is,no

node
on

either
v
D

or
v
E

is
in

Z
.
H
ence,no

definite
non-collider

on
q
is

in
Z
.
For

q
to

be
m
-connecting

given
Z

w
e
still

have
to

show
that

allcolliders
on

q
are

in
A

n
(Z
,G

).
A
ny

collider
on

q
is
a
non-endpoint

node
on

p
(D
,E

).
Since

no
non-endpoint

node
on

p
(D
,E

)
is

in
A

n
(X
∪

Y
,G

)\
A

n
(Z
,G

),by
choice

of
D

and
E
,and

allcolliders
on

p
are

in
A

n
(X
∪

Y
∪

Z
,G

),by
assum

ption,it
follow

s
that

any
collider

on
p
(D
,E

)
m
ust

be
in

A
n

(Z
,G

).
It

is
only

left
to

show
that

q
is

a
non-causal

path
from

X
to

Y
in
G
.
If
v
D

is
not

of
zero

length,
this

is
obviously

true.
If
v
D

is
of

zero
length,

then
q

=
p
(X
,E

)⊕
v
E
.
Since

v
E

is
a
directed

path
from

E
to
Y
,w

e
need

to
show

that
p
(X
,E

)
is

non-causalfrom
X

to
E
.
Suppose

for
a
contradiction

that
p
(X
,E

)
is

possibly
directed

from
X

to
E
.
T
hen

q
is

a
proper

possibly
directed

path
from

X
to

Y
,
so
E
∈

F
orb

(X
,Y

,G
)⊆

I.
B
y
assum

ption,
there

is
at

least
one

collider
on

p,
and

in
particular

on
p
(E
,Y

).
Let

C
be

the
collider

on
p
(E
,Y

)
closest

to
E
.
T
hen

C
∈

D
e(E

,G
).

Since
D

e(E
,G

)⊆
F

orb
(X
,Y

,G
),it

follow
s
that

C
∈

F
o
rb

(X
,Y

,G
).

Since
F

orb
(X
,Y

,G
)⊆

I,this
is

in
contradiction

w
ith

(ii).
�

A
p
p
en

d
ix

D
.

P
roofs

for
S
ection

5

P
roof

of
L
em

m
a
21.

If
there

is
a
path

p
from

X
to

Y
for

w
hich

the
listed

statem
ents

hold,then
no

set
Z

such
that

Z
∩

D
e(X

,D
)

=
∅
can

block
p.

C
onversely,since

Z
∩

D
e(X

,D
)

=
∅
and

Z
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D
,
then

Z
′

=
A

d
ju

st(X
,Y

,D
)\

D
e(X

,D
)
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D

(T
heorem

14).
Suppose

there
is

no
back-door

set
relative

to
(X
,Y

)
in
D
.
T
hen

Z
′
violates

condition
(ii)

of
P
earl’s

back-door
criterion

relative
to

at
least

one
X
∈

X
and

Y
∈

Y
in
D
.
H
ence,

w
e
can

choose
p
to

be
a
shortest

back-door
path

from
a
node

X
∈

X
to

a
node

Y
∈

Y
that

is
d-connecting

given
Z
′in
D
.

T
hen

the
statem

ent
in

(i)
holds

for
p.

W
e
prove

that
the

statem
ents

(ii)−
(iv)

also
hold

for
p.

(ii)
Since

Z
′
satisfies

the
generalized

adjustm
ent

criterion
and

Z
′
does

not
block

the
back-door

path
p,it

follow
s
that

p
is
not

proper.
Since

p
is
not

proper,a
subpath

of
p
form

s
a
proper

path
q
from

X
to

Y
.
If
q
is

non-causal,then
it

is
blocked

by
Z
′.

B
ut

in
this

case
Z
′w

ould
block

p
as

w
ell.

H
ence,

q
is

causal.
(iii)

A
ny

non-collider
on

p
is

an
ancestor

of
an

endpoint
or

a
collider

on
p.

Since
p
is

d-connecting
given

Z
′,allcolliders

on
p
are

in
A

n
(Z
′,D

).
B
y
our

choice
of

Z
′,

A
n

(Z
′,D

)⊆
A

n
(X
∪

Y
,D

),
so

all
colliders

on
p
are

in
A

n
(X
∪

Y
,D

).
Since

any
non-collider

on
p
is

an
ancestor

of
an

endpoint
or

a
collider

on
p,

it
follow

s
that

all
non-colliders

on
p
are

also
in

A
n

(X
∪

Y
,D

).
M
oreover,

since
p
is

d-connecting
given

Z
′,
no

non-collider
on

p
is

in
Z
′.

T
hus,

since
Z
′

=
A

n
(X
∪

Y
,D

)\
(D

e(X
,D

)∪
Y

),
any

non-collider
on

p
m
ust

be
in

A
n

(X
∪

Y
,D

)∩
(D

e(X
,D

)∪
Y

).
P
ath

p
is

a
shortest

back-door
path

from
X

to
Y
,
so

no
non-collider

on
p
is

in
Y
.
H
ence,allnon-colliders

on
p
are

in
D

e(X
,D

).
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

N
ow

,
assum

e
that

there
is

a
collider

C
on

p.
T
his

collider
is

a
descendant

of
X

or
a
non-collider

on
p,

so
C
∈

D
e(X

,D
)
as

w
ell.

H
ow

ever,
since

D
e(X

,D
)∩

Z
=
∅
and

D
e(C

,D
)
⊆

D
e(X

,D
)
it

follow
s
that

p
is

blocked
by

Z
′.

T
his

contradicts
that

p
is

d-
connecting

given
Z
′.

(iv)
From

(ii),it
follow

s
that

Y
∈

D
e(X

,D
).

A
dditionally,w

e’ve
show

n
in

(iii)
that

there
is

no
collider

on
p
and

that
allnon-collider

on
p
are

in
D

e(X
,D

).
T
hus,allnodes

on
p
are

in
D

e(X
,D

).
�

P
roof

of
L
em

m
a
23.

Let
p
be

a
definite

status
back-door

path
from

a
node

X
∈

X
to

a
node

Y
∈

Y
in
G
.
T
hen

there
exists

a
node

X
′∈

X
(possibly

X
′

=
X
)
on

p
such

that
the

subpath
p
(X
′,Y

)
is

a
proper

path
from

X
to

Y
in
G
.
Since

p
(X
′,Y

)
is

a
subpath

of
p,

p
(X
′,Y

)
is

of
definite

status.
If
X
′6=

X
and

X
′
is

a
definite

non-collider
on

p,
then

since
X
′∈

Z
∪

X
\{
X
},
p
is

blocked
by

Z
∪

X
\{
X
}.

E
lse,

X
′6=

X
and

X
′is

a
definite

collider
on

p,or
X
′
=
X

and
p

is
a
proper

back-door
path

in
G
.
SinceG

is
am

enable,allproper
back-door

paths
from

X
to

Y
are

also
proper

non-causalpaths
from

X
to

Y
in
G
.
W
e
prove

that
Z
∪

X
\{
X
}
blocks

p,by
proving

that
it

blocks
p
(X
′,Y

).
Suppose

for
a
contradiction

that
p
(X
′,Y

)
is

m
-connecting

given
Z
∪

X
\{X

}
in
G
.
W
e

show
that

it
is

then
possible

to
construct

a
proper

definite
status

non-causal
path

from
X

to
Y

in
G
,
that

is
m
-connecting

given
Z
,
w
hich

contradicts
that

Z
satisfies

the
blocking

condition
relative

to
(X
,Y

)
in
G
.
Since

p
(X
′,Y

)
is

a
proper

back-door
path

and
since

G
is

am
enable

relative
to

(X
,Y

),
p
(X
′,Y

)
is

a
non-causal

path
from

X
to

Y
in
G
.
T
hen

since
p
(X
′,Y

)
also

ofdefinite
status,it

m
ust

be
blocked

by
Z
in
G
.
Since

p
(X
′,Y

)
is
m
-connecting

given
Z
∪

X
\{
X
}
and

blocked
by

Z
,it

follow
s
that

no
definite

non-collider
on

p
(X
′,Y

)
is

in
Z

and
there

is
at

least
one

collider
on

p
(X
′,Y

)
that

is
in

A
n

(X
\{
X
}
,G

)\
A

n
(Z
,G

).
Let

C
be

the
collider

closest
to
Y

on
p
(X
′,Y

)
such

that
C
∈

A
n

(X
,G

)\
A

n
(Z
,G

).
Let

q
be

of
the

form
C
→
···→

X
′′,X

′′∈
X

be
the

shortest
causalpath

from
C

to
X
.
Since

p
(X
′,Y

)
is

proper,it
follow

s
that

C
6=
X
′′.

Let
D

be
the

node
closest

to
X
′′on

−
q
such

that
D

is
also

on
p
(C
,Y

)
(possibly

D
=
C
)

and
r

=
−
q(X

′′,D
)⊕

p
(D
,Y

).
It

is
left

to
show

that
r
is
a
proper

definite
status

non-causal
path

from
X

to
Y

that
is
m
-connecting

given
Z
in
G
.
Since

p
(C
,Y

)
does

not
contain

a
node

in
X
,
it

follow
s
that−

q(X
′′,D

)
is

of
non-zero

length.
So

r
is

a
definite

status
non-causal

path.
A
dditionally,since

q
w
as

chosen
as

the
shortest

path
from

C
to

X
,it

follow
s
that

r
is

proper.
Lastly,

since
both

q
and

p
(C
,Y

)
are

m
-connecting

given
Z

and
D
/∈

Z
and

D
is

a
definite

non-collider
on

r,it
follow

s
that

r
is

m
-connecting

given
Z
.

�

C
orollary

53
Let

X
and

Y
be

distinct
nodes

in
a

D
A

G
,

C
P

D
A

G
,

M
A

G
or

P
A

G
G
and

let
R
X

be
a
graph

as
defined

in
D
efinition

46.
Ifthere

exists
a
generalized

back-door
set

relative
to

(X
,Y

)
in
G
,
then

D
S
E
P

(X
,Y
,R

X
)⊆

A
d

ju
st(X

,Y
,G

)\
P

ossD
e(X

,G
).

P
roof

of
C
orollary

53.
Since

there
exists

a
generalized

back-door
set

relative
to

(X
,Y

)
in
G
,by

T
heorem

47
D
S
E
P

(X
,Y
,R

X
)⊆

P
ossA

n
(X
∪
Y
,G

)\
(P

ossD
e(X

,G
)∪
Y

)
is
a
gener-

alized
back-door

set
relative

to
(X
,Y

)
in
G
.
A
dditionally,by

C
orollary

24
A

d
ju

st(X
,Y
,G

)\
P

ossD
e(X

,G
)
is
also

generalized
back-door

set
relative

to
(X
,Y

)
in
G
and

A
d

ju
st(X

,Y
,G

)\
P

ossD
e(X

,G
)

=
P

ossA
n

(X
∪
Y
,G

)\
(P

ossD
e(X

,G
)∪

Y
).

�
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

P
ro
of

of
L
em

m
a
25

.
Le

t
th
er
e
be

a
p
fr
om

X
to

Y
in
G

fo
r
w
hi
ch

(i
)−

(i
v)

ho
ld
.
T
he
n

p
is

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\

P
os

sD
e(

X
,G

).
T
hu

s,
A

d
ju

st
(X
,Y

,G
)\

P
os

sD
e(

X
,G

)
vi
ol
at
es

th
e
bl
oc
ki
ng

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

)
in
G
an

d
T
he

or
em

14
im

pl
ie
s
th
at

th
er
e
is
no

ad
ju
st
m
en
t
se
t

Z
re
la
ti
ve

to
(X
,Y

)
in
G
su
ch

th
at

Z
∩

P
os

sD
e(

X
,G

)
=
∅.

C
on

ve
rs
el
y,

as
su
m
e
th
er
e
is

no
ad

ju
st
m
en
t
se
t

Z
re
la
ti
ve

to
(X
,Y

)
in
G

su
ch

th
at

Z
∩

P
os

sD
e(

X
,G

)
=
∅.

Si
nc
e
th
er
e
ex
is
ts

an
ad

ju
st
m
en
ts

et
re
la
ti
ve

to
(X
,Y

)
in
G,
G
is
am

en
ab

le
re
la
ti
ve

to
(X
,Y

).
T
he
n
T
he

or
em

14
im

pl
ie
s
th
at

A
d

ju
st

(X
,Y

,G
)
\P

os
sD

e(
X
,G

)
vi
ol
at
es

th
e
bl
oc
ki
ng

co
nd

it
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.

H
en

ce
,t
he

re
is
a
pr
op

er
de

fin
it
e
st
at
us

no
n-

ca
us
al

pa
th

fr
om

X
to

Y
in
G
th
at

is
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\P

o
ss

D
e(

X
,G

).
T
he

n
w
e
ca
n
us
e
Le

m
m
a
16

w
it
h

I
=

P
os

sD
e(

X
,G

)
to

ch
oo

se
a
sh
or
te
st

pa
th
p
fr
om

X
∈

X
to
Y
∈

Y
fo
r
w
hi
ch

(i
)−

(i
v)

in
Le

m
m
a
16

ho
ld
.

W
e
no

w
sh
ow

th
at

(i
)−

(i
v)

in
Le

m
m
a
25

ho
ld

fo
r
p
.

(i
)
Fo

llo
w
s
im

m
ed

ia
te
ly

fr
om

(i
)
in

Le
m
m
a
16

.
(i
i)
A
ny

de
fin

it
e
no

n-
co
lli
de

r
on

p
is
in

P
os

sD
e(

X
,G

)
((
iii
)
in

Le
m
m
a
16

).
Si
nc

e
th
er
e
is

an
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G,

it
fo
llo

w
s
fr
om

C
or
ol
la
ry

15
th
at

A
d

ju
st

(X
,Y

,G
)

sa
ti
sfi
es

th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n.

T
hu

s,
p
is

bl
oc
ke
d
by

A
d

ju
st

(X
,Y

,G
)
an

d
m
-c
on

ne
ct
in
g
gi
ve
n

A
d

ju
st

(X
,Y

,G
)
\P

os
sD

e(
X
,G

).
T
hi
s
im

pl
ie
s
th
at

at
le
as
t
on

e
de
fin

it
e

no
n-
co
lli
de

r
on

p
m
us
t
be

in
A

d
ju

st
(X
,Y

,G
)
∩

P
os

sD
e(

X
,G

).
Fo

r
th
e
re
m
ai
nd

er
of

th
e
pr
oo

f
le
t
V

be
th
e
de

fin
it
e
no

n-
co
lli
de

r
th
at

is
cl
os
es
t
to
Y

on
p
,a

m
on

g
al
ld

efi
ni
te

no
n-
co
lli
de

rs
on

p
in

A
d

ju
st

(X
,Y

,G
)
∩

P
os

sD
e(

X
,G

).
(i
ii)

B
y
(i
i)
in

Le
m
m
a
16

,a
ll
co
lli
de

rs
on

p
ar
e
in

A
d

ju
st

(X
,Y

,G
)
\P

o
ss

D
e(

X
,G

).
It

is
le
ft

to
sh
ow

th
at

al
ld

efi
ni
te

no
n-
co
lli
de

rs
on

p
(V
,Y

)
ar
e
in

F
or

b
(X
,Y

,G
).

A
ll
de

fin
it
e
no

n-
co
lli
de
rs

on
p
ar
e
po

ss
ib
le
an

ce
st
or
s
of

an
en

dp
oi
nt

no
de

of
p
or

a
co
lli
de

r
on
p
.
H
en

ce
,a

ll
de

fin
it
e
no

n-
co
lli
de

rs
on
p
ar
e
in

P
os

sA
n

(X
∪Y

,G
).

B
y
(i
ii)

in
Le

m
m
a
16

,a
ll

de
fin

it
e
no

n-
co
lli
de

rs
ar
e
al
so

in
P

os
sD

e(
X
,G

).
H
en

ce
,a

ll
de

fin
it
e
no

n-
co
lli
de

rs
on

p
ar
e
in

P
os

sA
n

(X
∪

Y
,G

)
∩

P
os

sD
e(

X
,G

).
A
dd

it
io
na

lly
,b

y
th
e
ch
oi
ce

of
V
,n

o
de
fin

it
e
no

n-
co
lli
de

r
on

p
(V
,Y

)
is

in
A

d
ju

st
(X
,Y

,G
)
∩

P
os

sD
e(

X
,G

).
Si
nc

e
A

d
ju

st
(X
,Y

,G
)
∩

P
os

sD
e(

X
,G

)
=

(P
os

sA
n

(X
∪

Y
,G

)
∩

P
os

sD
e(

X
,G

))
\(

X
∪

Y
∪

F
or

b
(X
,Y

,G
))
,
it

fo
llo

w
s
th
at

al
l
de

fin
it
e

no
n-
co
lli
de

rs
on

p
(V
,Y

)
ar
e
in

X
∪

Y
∪

F
o
rb

(X
,Y

,G
).

It
is
on

ly
le
ft
to

sh
ow

th
at

no
de

fin
it
e

no
n-
co
lli
de

r
on

p
(V
,Y

)
is

in
X

or
Y
\F

or
b

(X
,Y

,G
).

Si
nc

e
p
is

pr
op

er
,
no

de
fin

it
e
no

n-
co
lli
de

r
on

p
is
in

X
.
A
ls
o,

no
no

n-
en

dp
oi
nt

no
de

C
on

p
is
in

Y
\F

or
b

(X
,Y

,G
),
ot
he

rw
is
e

p
(X
,C

)
is

a
no

n-
ca
us
al

pa
th

an
d
w
e
co
ul
d
ha

ve
ch
os
en

a
sh
or
te
r
p
.
H
en

ce
,
an

y
de

fin
it
e

no
n-
co
lli
de

r
on

p
(V
,Y

)
is

in
F

or
b

(X
,Y

,G
).

(i
v)

Le
t
V
2
be

th
e
no

de
cl
os
es
t
to
Y

on
p
su
ch

th
at
p
(V
,V

2
)
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
to
V
2
(p
os
si
bl
y
of

ze
ro

le
ng

th
).

W
e
w
ill

sh
ow

th
at
V
2

=
V
.
N
ot
e
th
at
V
2
is

ei
th
er

Y
,V

or
a
co
lli
de

r
on

p
.
Si
nc

e
V
2
∈

P
os

sD
e(
V
,G

)
an

d
P

os
sD

e(
V
,G

)
⊆

P
os

sD
e(

X
,G

),
by

(i
ii)

V
2
ca
nn

ot
be

a
co
lli
de

r
on

p
.
H
en

ce
,V

2
is

ei
th
er
Y

or
V
.

Le
t
V
1
be

th
e
no

de
cl
os
es
t
to
X

on
p
su
ch

th
at
−
p
(V
,V

1
)
is

an
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
to
V
1
(p
os
si
bl
y
of

ze
ro

le
ng

th
).

W
e
w
ill

sh
ow

th
at
V
1

=
X
.
N
ot
e
th
at
V
1
is

ei
th
er

X
,
V

or
a
co
lli
de

r
on

p
.
U
si
ng

th
e
sa
m
e
re
as
on

in
g
as

fo
r
V
2
,
V
1
ca
nn

ot
be

a
co
lli
de

r
on

p
.

So
V
1
is

ei
th
er
X

or
V
.
A
s
V

is
a
de

fin
it
e
no

n-
co
lli
de

r
on

p
,e

it
he

r
V
1
6=
V

or
V
2
6=
V
.

Su
pp

os
e
th
at
V
2
6=
V
.
T
he

n
V
2

=
Y

an
d
p
(V
,Y

)
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
to

Y
.
Si
nc

e
V
∈

P
os

sD
e(

X
,G

),
le
t
q
be

a
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
′ ∈

X
(p
os
si
bl
y

X
=
X
′ )
to
V

in
G.

Le
t
W
′ (
po

ss
ib
ly
W
′ =

V
)
be

th
e
no

de
cl
os
es
t
to
X
′ o

n
q
th
at

is
al
so

on
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

p
(V
,Y

).
T
he

n
q(
X
′ ,
W
′ )
⊕
p
(W
′ ,
Y

)
is

a
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
to

Y
in
G,

so
W
′ ∈

F
or

b
(X
,Y

,G
).

Si
nc
e
V
∈

P
os

sD
e(
W
′ ,
G)

,i
t
fo
llo

w
s
th
at
V
∈

F
or

b
(X
,Y

,G
).

T
hi
s

co
nt
ra
di
ct
s
(i
i)
.

H
en

ce
,
V
2

=
V
.

T
he

n
V
1

=
X

an
d
p
is

of
th
e
fo
rm

X
··
·←

V
←•
W
..
.Y
,
po

ss
ib
ly

W
=
Y

is
in
G.

Si
nc

e
p
is

of
de

fin
it
e
st
at
us
,p

(X
,V

)
m
us
t
be

of
th
e
fo
rm

X
←
··
·←

V
.
If

W
6=
Y
,t
he

n
if
W

is
a
de

fin
it
e
no

n-
co
lli
de

r
on

p
(V
,Y

),
(i
ii)

im
pl
ie
s
th
at
W
∈

F
o
rb

(X
,Y

,G
).

H
en

ce
,
V
↔

W
is

in
G,

ot
he

rw
is
e
V
∈

P
os

sD
e(
W
,G

)
⊆

F
or

b
(X
,Y

,G
),

w
hi
ch

co
nt
ra
di
ct
s

(i
i)
.
E
ls
e,
W

is
a
co
lli
de

r
on

p
(V
,Y

),
so
V
↔
W

m
us
t
be

on
p
.

�

P
ro
of

of
C
or
ol
la
ry

27
.
(i
)
Le

t
X
′

=
X
∩

F
or

b
(X
,Y

,G
).

Si
nc

e
X
′
6=
∅,

th
er
e
ex
is
ts

a
pr
op

er
po

ss
ib
ly

di
re
ct
ed

pa
th
p

=
〈X

=
V
1
,.
..
,V

k
=
Y
〉,
k
>

1
,
fr
om

X
∈

X
to
Y
∈

Y
in

G
su
ch

th
at

fo
r
so
m
e
V
i,
i
∈
{2
,.
..
,k
},

P
os

sD
e(
V
i,
G)
∩

X
′
6=
∅.

Le
t
V
j
,j
∈
{2
,.
..
,k
},

be
th
e
no

de
cl
os
es
t
to
Y

on
p
su
ch

th
at

P
os

sD
e(
V
j
,G

)
∩

X
′
6=
∅.

Le
t
q
be

a
sh
or
te
st

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
j
to

a
no

de
X
′
in

X
′ .
Si
nc

e
p
w
as

ch
os
en

to
be

pr
op

er
w
it
h
re
sp
ec
t
to

X
,w

e
kn

ow
th
at
V
j
6=
X
′ .

B
y
th
e
ch
oi
ce

of
V
j
on

p
,n

o
ot
he

r
no

de
fr
om

p
(V
j
,Y

)
is
on

q.
B
y
Le

m
m
a
41

,l
et
p
(V
j
,Y

)
be

a
su
bs
eq
ue

nc
e
of
p
(V
j
,Y

)
th
at

fo
rm

s
a
po

ss
ib
ly

di
re
ct
ed

de
fin

it
e
st
at
us

pa
th

fr
om

V
j
to

Y
.
N
ow

,w
e
ca
n
co
nc

at
en

at
e
−
q
an

d
p
(V
j
,Y

)
to

fo
rm

th
e
pa

th
r

=
(−
q)
⊕
p
(V
j
,Y

).
W
e
w
ill

sh
ow

th
at
r
is

a
pr
op

er
de

fin
it
e
st
at
us

no
n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

do
es

no
t
co
nt
ai
n

a
co
lli
de

r
an

d
co
ns
is
ts

of
no

de
s
in

F
or

b
(X
,Y

,G
).

T
hi
s
m
ea
ns

th
at
r
sa
ti
sfi
es

co
nd

it
io
n
(2
)

in
T
he

or
em

26
,s

o
th
er
e
is
no

se
t
th
at

sa
ti
sfi
es

th
e
ge
ne

ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
G.

B
y
co
m
pl
et
en

es
s
of

th
e
ge
ne
ra
liz

ed
ad

ju
st
m
en
t
cr
it
er
io
n
(T

he
or
em

5)
,t
he

re
is

no
ad

ju
st
m
en
t
se
t
re
la
ti
ve

to
(X
,Y

)
in
G.

W
e
fir
st

sh
ow

th
at
r
is

pr
op

er
w
it
h
re
sp
ec
t
to

X
.
Si
nc

e
p
is

pr
op

er
w
it
h
re
sp
ec
t
to

X
an

d
si
nc

e
V
j
6=
X
,
p
(V
j
,Y

)
do

es
no

t
co
nt
ai
n
a
no

de
in

X
.
A
dd

it
io
na

lly
,
by

ch
oi
ce

of
q,
X
′

is
th
e
on

ly
no

de
fr
om

X
on

q.
H
en

ce
,r

is
pr
op

er
w
it
h
re
sp
ec
t
to

X
.

Si
nc

e
q
an

d
p
(V
j
,Y

)
ar
e
po

ss
ib
ly

di
re
ct
ed

pa
th
s
fr
om

V
j
to
X
′
an

d
fr
om

V
j
to
Y
,t

he
re

is
no

co
lli
de
r
on

r.
A
dd

it
io
na

lly
,
si
nc
e
V
j
∈

F
or

b
(X
,Y

,G
)
an

d
si
nc

e
F

or
b

(X
,Y

,G
)
is

a
de

sc
en

dr
al

se
t
in
G,

al
ln

od
es

on
r
ar
e
in

F
or

b
(X
,Y

,G
).

N
ex
t,
w
e
sh
ow

th
at
r
is
of

de
fin

it
e
st
at
us
.
F
ir
st
,p

(V
j
,Y

)
is
of

de
fin

it
e
st
at
us
.
Si
nc
e
q
is

a
sh
or
te
st

po
ss
ib
ly

di
re
ct
ed

pa
th

fr
om

V
j
to
X
′ ,
it
is
of

de
fin

it
e
st
at
us

by
Le

m
m
a
41

.
H
en
ce
,

if
V
j

=
Y
,
th
en

r
=

(−
q)

is
of

de
fin

it
e
st
at
us
.
If
V
j
6=
Y
,
it

is
le
ft

to
sh
ow

th
at
V
j
is

of
de

fin
it
e
st
at
us

on
r.

W
e
pr
ov
e
th
is

by
co
nt
ra
di
ct
io
n.

T
hu

s,
su
pp

os
e
th
at
V
j
is

no
t
of

de
fin

it
e
st
at
us

on
r.

Le
t
〈A
,V

j
,B
〉
be

a
su
bp

at
h
of
r,

so
th
at
A

is
th
e
no

de
ad

ja
ce
nt

to
V
j
on

q
an

d
B

is
th
e

no
de

ad
ja
ce
nt

to
V
j
on

p
(V
j
,Y

).
T
he

n
A
•→
V
j
b •B

,A
•

b V j←
•B

,o
r
A
•

b V jb
•B

is
in
G
an

d
th
er
e
is

an
ed

ge
〈A
,B
〉i

n
G.

Si
nc

e
q
an

d
p
(V
j
,Y

)
ar
e
po

ss
ib
ly

di
re
ct
ed

pa
th
s
fr
om

V
j
to

X
′
an

d
fr
om

V
j
to
Y
,
A
•→
V
j
b •B

an
d
A
•

b V j←
•B

ca
nn

ot
be

in
G.

H
en

ce
,
A
•

b V jb
•B

is
a
su
bp

at
h
of
r.

Si
nc

e
A
•

b V jb
•B

is
in
G,

ne
it
he
r
A
•→
B

no
r
A
←•
B

ca
n
be

in
G

(L
em

m
a
36
).

T
hi
s

im
pl
ie
s
th
at
A

bb B
is

in
G

an
d
so
,〈
B
,A
〉⊕

q(
A
,X
′ )
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

B
to

X
′ ,
w
hi
ch

co
nt
ra
di
ct
s
th
e
ch
oi
ce

of
V
j
(s
in
ce
B

is
cl
os
er

to
Y

on
p
).

It
is

on
ly

le
ft

to
sh
ow

th
at
r
is

a
no

n-
ca
us
al

pa
th

fr
om

X
′
to
Y
.
W
e
ag
ai
n
us
e
a
pr
oo

f
by

co
nt
ra
di
ct
io
n.

T
hu

s,
su
pp

os
e
th
at
r
is

a
po

ss
ib
ly

di
re
ct
ed

pa
th

fr
om

X
′
to
Y
.
T
he
n,

si
nc

e
r(
X
′ ,
V
j
)

=
(−
q)

an
d
q
ar
e
bo

th
po

ss
ib
ly

di
re
ct
ed

pa
th
s
in
G,

r
m
us
t
st
ar
t
w
it
h
a
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

non-directed
edge.

H
ence,

r
is
a
proper

possibly
directed

path
from

X
to

Y
in
G
that

starts
w
ith

a
non-directed

edge,w
hich

contradicts
thatG

is
am

enable
relative

to
(X
,Y

).
(ii)

Let
G

be
a

D
A

G
or

C
P

D
A

G
that

is
am

enable
relative

to
(X
,Y

)
and

let
Y
⊆

P
o
ssD

e(X
,G

).
B
y
(i),it

follow
s
that

if
X
∩

F
orb

(X
,Y

,G
)6=
∅,then

there
is
no

adjustm
ent

set
relative

to
(X
,Y

)
in
G
.
H
ence,w

e
only

prove
the

converse
statem

ent.
If

there
is

no
adjustm

ent
set

relative
to

(X
,Y

)
in
G
,
then

by
the

soundness
of

the
generalized

adjustm
ent

criterion
(T

heorem
5)

there
is

no
set

that
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
G
.
Since

G
is

am
enable

relative
to

(X
,Y

),
this

m
eans

that
there

is
a
path

p
from

X
∈

X
to

Y
∈

Y
in
G

that
satisfies

condition
(2)

in
T
heorem

26
i.e.,

p
is

a
proper

definite
status

non-causal
path

from
X

to
Y

in
G

such
that

every
collider

on
p
is

in
A

d
ju

st(X
,Y

,G
)
and

every
definite

non-collider
on

p
is

in
F

o
rb

(X
,Y

,G
).

W
e
first

note
that,

since
Y
⊆

P
ossD

e(X
,G

),
Y
⊆

F
orb

(X
,Y

,G
).

W
e
now

show
,
by

contradiction,that
there

is
no

collider
on

p.
T
hus,suppose

that
there

is
a
collider

C
on

p.
T
hen

C
m
ust

be
either

a
descendant

of
a
non-collider

on
p
or

a
descendant

of
both

X
and

Y
.
Since

C
∈

A
d

ju
st(X

,Y
,G

),
C
/∈

F
orb

(X
,Y

,G
).

M
oreover,every

non-collider
on

p
is

in
F

o
rb

(X
,Y

,G
)
and

since
F

orb
(X
,Y

,G
)
is

a
descendral

set,
C

cannot
be

a
descendant

of
a

non-collider
on

p.
T
hen

p
m
ust

be
of

the
form

X
→
C
←
Y
.
Since

Y
∈

P
ossD

e(X
,G

)
and

C
∈

D
e(Y

,G
),this

contradicts
that

C
/∈

F
orb

(X
,Y

,G
).

H
ence,

p
does

not
contain

a
collider.

A
dditionally,

p
is

a
non-causalpath

from
X

to
Y
.

T
his

im
plies

that
there

is
a
node

A
on

p,
A
6=
X
,
such

that
−
p
(A
,X

)
is

a
directed

path
from

A
to
X
.
Since

A
is

either
a
non-collider

on
p,

or
A

=
Y
,
A
∈

F
orb

(X
,Y

,G
).

H
ence,

X
∈

X
∩

F
o
rb

(X
,Y

,G
).

�

P
roof

of
C
orollary

28.
Since

there
is

no
directed

path
from

one
node

in
X

to
another

node
in

X
in
D
,it

is
easy

to
see

that
a
path

ofthe
form

X
←
V
...Y

,w
here

X
∈

X
,Y
∈

Y
and

V
∈

D
e(X

,D
)
cannot

occur
in
D
.
T
hen

there
can

be
no

path
p
from

X
to

Y
that

satisfies
condition

(i)
in

Lem
m
a
21

(condition
(iv)

in
Lem

m
a
25)

in
D
.
H
ence,

conditions
(3)

and
(4)

in
T
heorem

26
are

violated
relative

to
(X
,Y

)
in
D
.
T
hen

by
(i)

and
(iii)

in
T
he-

orem
26

it
follow

s
that

there
exists

a
set

that
satisfies

the
generalized

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D

ifand
only

ifthere
exists

a
back-door

set
relative

to
(X
,Y

)
in
D
.�

P
roof

of
C
orollary

29.
It

is
enough

to
prove

that
ifthere

exists
an

adjustm
ent

set
relative

to
(X
,Y

)
in
G

and
the

assum
ptions

of
the

corollary
hold,

then
there

is
no

proper
definite

status
non-causalpath

p
1
that

satisfies
(i)−

(iv)
in

Lem
m
a
25.

IfG
contains

no
possibly

directed
path

p
=
〈V

1 ,...,V
k 〉,

w
ith

k
≥

3
,{
V
1 ,V

k }
⊆

X
and

{
V
2 ,...,V

k−
1 }∩

X
=
∅,

it
follow

s
that

there
cannot

be
a
node

V
∈

P
ossD

e(X
,G

)
and

the
path

X
←
···←

V
in
G
.
So

there
cannot

be
a
proper

definite
status

non-causal
path

p
1

that
satisfies

(i)−
(iv)

in
Lem

m
a
25.

N
ext,

suppose
that

G
is

a
D

A
G

or
C

P
D

A
G

and
that

Y
⊆

P
ossD

e(X
,G

)
and

that
there

exists
an

adjustm
ent

set
relative

to
(X
,Y

)
in
G
.

B
y
C
orollary

15,
it

follow
s
that

A
d

ju
st(X

,Y
,G

)
then

satisfies
the

blocking
condition

relative
to

(X
,Y

)
in
G
.
Suppose

for
a

contradiction
that

there
is
a
proper

definite
status

non-causalpath
p
1
that

satisfies
(i)−

(iv)
in

Lem
m
a
25.

T
hen

p
1
is
ofthe

form
X
←
···←

V
←
Y
.
B
y
assum

ption
Y
∈

P
ossD

e(X
,G

),
so

it
follow

s
that

Y
∈

F
orb

(X
,Y

,G
).

B
y
the

definition
of

the
forbidden

set,
every

other
node

on
p
is

also
in

F
orb

(X
,Y

,G
).

B
ut

then
A

d
ju

st(X
,Y

,G
)
does

cannot
block

p.
T
his

is
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

in
contradiction

w
ith

A
d

ju
st(X

,Y
,G

)
satisfying

the
blocking

condition
relative

to
(X
,Y

)
in
G
.

�

A
p
p
en

d
ix

E
.

A
d
ju

stm
ent

C
riterion

for
D

A
G

s

In
this

section
w
e
provide

the
soundness

and
com

pleteness
prooffor

the
adjustm

ent
criterion

from
Shpitser

(2012);
van

der
Zander

et
al.

(2014)
(see

D
efinition

55).
T
he

m
ain

result
is

given
in

T
heorem

56.
T
his

section
can

be
read

independently
from

the
rest

of
the

paper.
Since

w
e
restrict

our
proof

to
D

A
G
s,

w
e
first

define
adjustm

ent
sets

(see
D
efinition

54)
and

the
adjustm

ent
criterion

(see
D
efinition

55)
in

D
A

G
s.

T
hus,

D
efinition

54
and

D
efinition

55
are

special
cases

of
D
efinition

1
and

D
efinition

4
for

D
A

G
s.

D
efi

n
ition

54
(A

djustm
en

t
set;

P
earl,

2009,
C
hapter

3.3.1)
Let

X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a
causal

D
A

G
D
.
T
hen

Z
is

an
adjustm

ent
set

relative
to

(X
,Y

)
in
D

if
for

any
density

f
consistent

w
ith
D
:

f
(y
|
d
o(x

))
=

{
f

(y
|
x

)
if

Z
=
∅,

∫
z
f

(y
|
x
,z

)f
(z

)d
z

otherw
ise.

D
efi

n
ition

55
(A

djustm
en

t
criterion

;
cf.

Shpitser,
2012,

van
der

Zander
et

al.,
2014)

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a

D
A

G
D
.
Let

F
orb

(X
,Y

,D
)
denote

the
set

of
alldescendants

in
D

of
any

W
/∈

X
w
hich

lies
on

a
proper

causalpath
from

X
to

Y
in
D
.
T
hen

Z
satisfies

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D

if
the

follow
ing

tw
o

conditions
hold:

(F
orbidden

set)
Z
∩

F
orb

(X
,Y

,D
)

=
∅,

and

(B
lockin

g)
allproper

non-causalpaths
from

X
to

Y
in
D

are
blocked

by
Z
.

D
efinition

55
w
asintroduced

in
van

derZanderetal.(2014)and
differsfrom

the
definition

ofthe
adjustm

ent
criterion

in
Shpitser

(2012)
in

that
it
usesD

in
the

forbidden
set

condition,
as

opposed
to
D

X
,
w
here

D
X

is
the

graph
obtained

by
rem

oving
all

edges
into

X
from

D
.

T
hese

tw
o
form

ulations
of

the
adjustm

ent
criterion

are
equivalent

(R
em

ark
4.3

in
van

der
Zander

et
al.,2014).

W
e
now

give
the

m
ain

result
in

T
heorem

56,w
hich

follow
s
directly

from
T
heorem

57
and

T
heorem

58.
T
o
prove

T
heorem

58
w
e
rely

on
Lem

m
a
59

and
Lem

m
a
60,

w
hich

are
given

later
in

this
section.

T
h
eorem

56
Let

X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a
causal

D
A

G
D

=
(V
,E

).
T
hen

Z
satisfies

the
adjustm

entcriterion
(see

D
efinition

55)
ifand

only
if

Z
is
an

adjustm
ent

set
(see

D
efinition

54).

T
h
eorem

57
(C

om
pleten

ess
of

the
adjustm

en
t

criterion
for

D
A

G
s)

Let
X
,Y

and
Z

be
pairw

ise
disjoint

node
sets

in
a
causal

D
A

G
D
.
If

Z
does

not
satisfy

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D
,
then

there
exists

a
density

f
consistent

w
ith
D

such
that

f
(y
|do

(x
))6=

∫
z
f

(y
|
x
,z

)f
(z

)d
z.
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

P
ro
of

of
T
h
eo
re
m

57
.
Su

pp
os
e
th
at

Z
do

es
no

t
sa
ti
sf
y
th
e
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

=
(V
,E

).
It

su
ffi
ce
s
to

sh
ow

th
at

th
er
e
is

a
de

ns
it
y
co
ns
is
te
nt

w
it
h
D

su
ch

th
at
E

[Y
|d
o(

X
=

1
)]
6=
∫ z
E

[Y
|X

=
1
,z

]f
(z

)d
z
fo
r
at

le
as
t
on

e
no

de
Y
∈

Y
.

W
e
co
ns
id
er

m
ul
ti
va
ri
at
e
G
au

ss
ia
n
de

ns
it
ie
s
w
it
h
m
ea
n
ve
ct
or

ze
ro
,
co
ns
tr
uc

te
d
us
in
g

lin
ea
r
st
ru
ct
ur
al

eq
ua

ti
on

m
od

el
s
(S
E
M
s)

w
it
h
G
au

ss
ia
n
no

is
e.

In
pa

rt
ic
ul
ar
,
w
e
le
t
ea
ch

ra
nd

om
va
ri
ab

le
A
∈

V
be

a
lin

ea
r
co
m
bi
na

ti
on

of
it
s
pa

re
nt
s
in
D

an
d

a
de

si
gn

at
ed

G
au

ss
ia
n
no

is
e
va
ri
ab

le
ε A

w
it
h
ze
ro

m
ea
n
an

d
a
fix

ed
va
ri
an

ce
.
W
e
al
so

as
su
m
e
th
at

th
e

G
au

ss
ia
n
no

is
e
va
ri
ab

le
s
{ε
A

:
A
∈

V
},

ar
e
m
ut
ua

lly
in
de

pe
nd

en
t.

T
hu

s,
th
is

m
od

el
ca
n
be

pa
ra
m
et
er
iz
ed

us
in
g
on

e
nu

m
be

r
pe

r
no

de
(t
he

re
si
du

al
va
ri
an

ce
)
an

d
on

e
nu

m
be

r
pe

r
ed

ge
(t
he

ed
ge

co
effi

ci
en
t)
.

Si
nc

e
Z

do
es

no
t
sa
ti
sf
y
th
e
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D
,Z

vi
ol
at
es

th
e

fo
rb
id
de

n
se
t
co
nd

it
io
n
or

th
e
bl
oc
ki
ng

co
nd

it
io
n.

1
If

Z
vi
ol
at
es

th
e
fo
rb
id
de

n
se
t
co
nd

it
io
n,

th
en

th
er
e
is
a
pr
op

er
ca
us
al

pa
th
〈X
,V

1
,.
..
,

V
k

=
Y
〉,
k
≥

1,
fr
om

X
∈

X
to
Y
∈

Y
in
D

an
d
a
no

de
Z
∈

Z
su
ch

th
at

(a
)
Z

=
V
i,
fo
r
so
m
e
i
∈
{1
,.
..
k
−

1}
,o

r
(b
)
Z
∈

D
e(

Y
,D

),
or

(c
)
Z
∈

D
e(
V
i,
D

)
\{
V
1
,.
..
,V

k
−
1
}
fo
r
so
m
e
i
∈
{1
,.
..
k
−

1
}.

2
If

Z
vi
ol
at
es

th
e
bl
oc
ki
ng

co
nd

it
io
n,

th
en

th
er
e
ex
is
ts

a
pr
op

er
no

n-
ca
us
al

pa
th

fr
om

X
∈

X
to
Y
∈

Y
th
at

is
d-
co
nn

ec
ti
ng

gi
ve
n

Z
in
D

su
ch

th
at
:

(a
)
th
e
pa

th
do

es
no

t
co
nt
ai
n
an

y
co
lli
de

rs
,o

r
(b
)
th
e
pa

th
co
nt
ai
ns

at
le
as
t
on

e
co
lli
de
r.

W
e
no

w
di
sc
us
s
th
es
e
ca
se
s
sy
st
em

at
ic
al
ly
.

(i
)
Su

pp
os
e
th
er
e
is

a
pa

th
p
fr
om

X
∈

X
to
Y
∈

Y
th
at

sa
ti
sfi
es

2(
a)

in
D
.
Si
nc

e
p
is

a
pr
op

er
no

n-
ca
us
al

pa
th

th
at

do
es

no
t
co
nt
ai
n
co
lli
de

rs
,p

st
ar
ts

w
it
h
an

ed
ge

in
to
X
,

th
at

is
,p

is
of

th
e
fo
rm

X
←
..
.Y

.

W
e
de

fin
e
ou

r
SE

M
so

th
at

al
le

dg
e
co
effi

ci
en
ts

ex
ce
pt

fo
r
th
e
on

es
on

p
ar
e

0
,a

nd
al
l

ed
ge

co
effi

ci
en
ts

on
p
ar
e
in

(0
,1

)
an

d
sm

al
le

no
ug

h
so

th
at

w
e
ca
n
ch
oo

se
th
e
re
si
du

al
va
ri
an

ce
s
so

th
at

th
e
va
ri
an

ce
of

ev
er
y
ra
nd

om
va
ri
ab

le
in

V
is

1.
T
he

n
th
e
de

ns
it
y

f
ge
ne

ra
te
d
by

th
is

SE
M

is
co
ns
is
te
nt

w
it
h
th
e
ca
us
al

D
A

G
D
.
M
or
eo
ve
r,
f
is

al
so

co
ns
is
te
nt

w
it
h
th
e
ca
us
al

D
A

G
D
′
th
at

is
ob

ta
in
ed

fr
om
D

by
re
m
ov
in
g
al
l
ed

ge
s

ex
ce
pt

fo
r
th
e
on

es
on

p
.

Si
nc

e
Y
⊥
d

X
in
D
′ X
,w

e
us
e
R
ul
e
3
of

th
e
do

-c
al
cu

lu
s
(s
ee

E
qu

at
io
n
6
in

A
pp

en
di
x
A
),

w
it
h

X
′ =
∅,

W
′ =
∅,

Z
′ =

X
an

d
Y
′ =
{Y
},

so
th
at
E

[Y
|d
o(

X
=

1
)]

=
E

[Y
]

=
0.

Si
nc

e
p
is
pr
op

er
,n

o
no

de
in

X
\{
X
}i

s
on
p
.
A
dd

it
io
na

lly
,s
in
ce
p
is
d-
co
nn

ec
ti
ng

gi
ve
n

Z
an

d
p
do

es
no

t
co
nt
ai
n
co
lli
de

rs
,n

o
no

de
in

Z
is
on

p
.
T
hi
s
im

pl
ie
s
Y
⊥
d

Z
∪X
\{
X
}

in
D
′ .
Fu

rt
he

rm
or
e,
Y
⊥
d

Z
∪

X
|S

in
D
′
fo
r
an

y
su
bs
et

S
of

th
e
re
m
ai
ni
ng

no
de
s.

In
pa

rt
ic
ul
ar
,w

e
ha

ve
Y
⊥
d

Z
∪

X
\{
X
}|
X

in
D
′ ,
so

th
at
∫ z
E

[Y
|X

=
1
,z

]f
(z

)d
z

=
E

[Y
|
X

=
1]
.

B
y
T
he

or
em

32
,
E

[Y
|
X

=
1]

=
C

ov
(X
,Y

).
B
y
W
ri
gh

t’
s
ru
le

(T
he

or
em

31
),

C
ov

(X
,Y

)
=
a
,
w
he

re
a
is

th
e
pr
od

uc
t
of

al
l
ed

ge
co
effi

ci
en
ts

on
p
.

Si
nc

e
∫ z
E

[Y
|X

=
1
,z

]f
(z

)d
z

=
a
6=

0,
th
is

ca
se

is
co
m
pl
et
ed

.
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:1
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2,
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01
8

P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

X
a

Y
b

Z

F
ig
ur
e
10

:
A
n
ex
am

pl
e
of

pa
th
p
⊕
q
in
D

co
rr
es
po

nd
in
g
to

(i
ii)
,w

he
re
Z
∈

Z
.

(i
i)

Su
pp

os
e
no

pa
th

sa
ti
sfi
es

2(
a)

in
D
,b

ut
th
er
e
is
a
pa

th
p
fr
om

X
∈

X
to
Y
∈

Y
th
at

sa
ti
sfi
es

1(
a)

in
D
.
Le

t
Z̃

be
th
e
se
t
of

al
ln

od
es

in
Z

th
at

ar
e
on

p
an

d
le
t
Z
∈

Z̃
.

W
e
de

fin
e
ou

r
SE

M
so

th
at

al
l
ed
ge

co
effi

ci
en
ts

ex
ce
pt

th
e
on

es
on

p
ar
e

0
,
an

d
al
l

ed
ge

co
effi

ci
en
ts

on
p
ar
e
in

(0
,1

)
an

d
sm

al
le

no
ug

h
so

th
at

w
e
ca
n
ch
oo

se
th
e
re
si
du

al
va
ri
an

ce
s
su
ch

th
at

th
e
va
ri
an

ce
of

ev
er
y
ra
nd

om
va
ri
ab

le
in

V
is
1.

T
he

n
th
e
de
ns
it
y

f
ge
ne

ra
te
d

by
th
is

SE
M

is
co
ns
is
te
nt

w
it
h

th
e
ca
us
al

D
A

G
D
,
an

d
al
so

w
it
h

th
e

ca
us
al

D
A

G
D
′
th
at

is
ob

ta
in
ed

fr
om
D

by
re
m
ov
in
g
al
le

dg
es

ex
ce
pt

fo
r
th
e
on

es
on

p
. Si
nc

e
no

no
de

fr
om

X
\{
X
}
is
on

p
,i
t
fo
llo

w
s
th
at
Y
⊥
d

X
\{
X
}
in
D
′ .
Fu

rt
he
rm

or
e,

Y
⊥
d

X
\{
X
}|
X

in
D
′ X
.
W
e
us
e
R
ul
e
3
of

th
e
do

-c
al
cu

lu
s,

w
it
h

X
′ =
{X
},

W
′ =
∅,

Z
′

=
X
\{
X
}
an

d
Y
′

=
{Y
},

so
th
at
E

[Y
|d
o(

X
=

1
)]

=
E

[Y
|d
o(
X

=
1
)]
.
T
hi
s

m
ea
ns

th
at

w
e
ha

ve
re
du

ce
d
a
jo
in
t
in
te
rv
en
ti
on

to
a
si
ng

le
in
te
rv
en
ti
on

.

A
dd

it
io
na

lly
,
si
nc

e
Y
⊥
d
X

in
D
′ X
,
w
e
us
e
R
ul
e
2
of

th
e
do

-c
al
cu

lu
s,

w
it
h

X
′

=
∅,

W
′

=
∅,

Z
′

=
X

an
d

Y
′

=
{Y
},

so
th
at
E
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|d
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]
=
E
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=
1
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B
y

T
he

or
em

32
,E
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=
1]

=
C

ov
(X
,Y
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Le

t
a
be

th
e
pr
od

uc
t
of

al
le

dg
e
co
effi

ci
en
ts

on
p
.
B
y
W
ri
gh

t’
s
ru
le

(T
he

or
em

31
),
w
e
ha

ve
th
at

C
ov

(X
,Y

)
=
a
6=

0.

W
e
co
m
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et
e
th
is

ca
se

by
sh
ow

in
g
th
at
∫ z
E

[Y
|X

=
1
,z

]f
(z

)d
z

=
0.

Si
nc

e
p
is

pr
op

er
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o
no

de
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X
\{
X
}
is
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p
.
A
dd

it
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lly
,b

y
ou

r
ch
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Z̃
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o
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de
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Z
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is
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p
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T
hu
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Y
⊥
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D
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T
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n
∫ z
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=
1
,z

]f
(z
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z

=
∫ z̃
E
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|

z̃
]f

(z̃
)d
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=
E

[Y
]

=
0.

(i
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Su
pp
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e
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2(
a)
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1(
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,
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t
th
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e
is

a
pa
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p
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X
∈

X
to
Y
∈

Y
th
at

sa
ti
sfi
es

1(
b)

in
D
.
C
ho

os
e
Z
∈

Z
su
ch

th
at

th
e
ca
us
al
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q
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Y
to
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sh
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al

pa
th

fr
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Y
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a
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de
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Z
.
T
he

n
Y

is
th
e
on
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de
th
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is
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bo
th

p
an

d
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ot
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rw
is
e
th
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e
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a
cy
cl
e
in
D
.
H
en
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,
p
⊕
q
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a
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al

pa
th

fr
om

X
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th
at
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nt
ai
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Y

(s
ee

F
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ur
e
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W
e
de

fin
e
ou

r
SE

M
so

th
at

al
l
ed

ge
co
effi

ci
en
ts

ex
ce
pt

th
e
on

es
on

p
⊕
q
ar
e

0
,
an

d
al
le

dg
e
co
effi

ci
en
ts

on
p
⊕
q
ar
e
in

(0
,1

)
an

d
sm

al
le

no
ug

h
so

th
at

w
e
ca
n
ch
oo

se
th
e

re
si
du

al
va
ri
an

ce
s
su
ch

th
at

th
e
va
ri
an

ce
of

ev
er
y
ra
nd

om
va
ri
ab

le
in

V
is
1.

T
he

n
th
e

de
ns
it
y
f
ge
ne

ra
te
d
by

th
is
SE

M
is
co
ns
is
te
nt

w
it
h
th
e
ca
us
al

D
A

G
D
,a

s
w
el
la

s
w
it
h

th
e
ca
us
al

D
A

G
D
′
th
at

is
ob

ta
in
ed

fr
om
D

by
re
m
ov
in
g
al
le

dg
es

ex
ce
pt

th
e
on

es
on

p
⊕
q.

Si
nc

e
th
er
e
is

no
pa

th
th
at

sa
ti
sfi
es

2(
a)

in
D
,n

o
no

de
fr
om

X
is

on
q.

A
dd

it
io
na

lly
,

si
nc

e
p
is

pr
op

er
,
no

no
de

in
X
\{
X
}
is

on
p
⊕
q.

T
hu

s,
Y
⊥
d

X
\{
X
}|

X
in
D
′ .

Fu
rt
he

rm
or
e,
Y
⊥
d

X
\{
X
}|
X

in
D
′ X
.
H
en

ce
,w

e
us
e
R
ul
e
3
of

th
e
do

-c
al
cu

lu
s,
w
it
h

X
′ =
{X
},

W
′ =
∅,

Z
′ =

X
\{
X
}
an

d
Y
′ =
{Y
},

so
th
at
E

[Y
|d
o(

X
=

1
)]

=
E

[Y
|

d
o(
X

=
1)

].
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

X
a

V
i

Y
b

c
Z

F
igure

11:
A
n
exam

ple
of

paths
p
and

q
i
in
D

corresponding
to

(iv),w
here

Z
∈

Z
.

M
oreover,

Y
⊥
d
X

in
D
′X
.

H
ence,

w
e
use

R
ule

2
of

the
do-calculus,

w
ith

X
′

=
∅,W

′
=
∅,

Z
′
=
X

and
Y
′
=
{
Y
},so

that
E

[Y
|
d
o(X

=
1)]

=
E

[Y
|
X

=
1].

Lastly,
using

T
heorem

32
and

W
right’s

rule
(T

heorem
31),

w
e
have

that
E

[Y
|
X

=
1
]

=
C

ov
(X
,Y

)
=
a,w

here
a
is

the
product

of
alledge

coeffi
cients

on
p
.

N
ext,

w
e
show

that
∫
z
E

[Y
|

X
=

1
,z

]f
(z

)d
z
6=
a.

Since
no

path
satisfies

1(a),
no

node
from

Z
is

on
p.

Furtherm
ore,by

the
choice

of
q,no

node
from

Z
\{Z}

is
on

q.
H
ence,

Z
is
the

only
node

from
Z

that
is
on

p⊕
q.

From
the

above,w
e
also

know
that

X
is

the
only

node
from

X
that

is
on

p⊕
q.

H
ence,

Y
⊥
d

(X
∪

Z
)\{

X
,Z}|{

X
,Z}

in
D
′and

w
e
have

that ∫
z
E

[Y
|
X

=
1
,z

]f
(z

)d
z

=
∫
z
E

[Y
|
X

=
1,z

]f
(z

)d
z.

Let
b
be

the
product

of
all

edge
coeffi

cients
on

q.
B
y
W
right’s

rule
(T

heorem
31),

w
e
have

that
C

ov
(X
,Y

)
=
a
,C

ov
(Y
,Z

)
=
b
and

C
ov

(X
,Z

)
=
a
b.

N
ow

,
w
e
use

T
heorem

32
to

calculate
E

[Y
|
X

=
1,z

]:

E
[Y
|
X

=
1,z

]
=
[a

b ] [
1

a
b

a
b

1 ]−
1 [

1z ]
=
a
(1−

b
2)

1−
(a
b)

2
+
b(1−

a
2)

1−
(a
b)

2
z
.

∫

z
E

[Y
|
X

=
1,z

]f
(z

)d
z

=
a

1−
b
2

1−
(a
b)

2
+
b(1−

a
2)

1−
(a
b)

2
E

[Z
]

=
a

1−
b
2

1−
(a
b)

2
.

(7)

Since
0
<
a
<

1
and

0
<
b
<

1,right-hand
side

ofE
quation

(7)
is
strictly

sm
aller

than
a

=
E

[Y
|
d
o(X

=
1

)].

(iv)
Suppose

no
path

satisfies
1(a),

1(b),
or

2(a),
but

there
is

a
path

p
from

X
∈

X
to

Y
∈

Y
that

satisfies
1(c)

in
D
.
Let

V
i ,
i∈
{
1,...,k

−
1},

be
a
node

on
p
that

has
a
shortest

causal
path

to
a
node

in
Z
.
Let

q
i
be

such
a
shortest

causal
path

from
V
i

to
Z
.
T
hen

no
node

except
V
i
is

on
both

p
and

q
i ,otherw

ise
w
e
w
ould

have
chosen

a
different

V
i
(see

F
igure

11).

W
e
define

our
SE

M
so

that
alledge

coeffi
cients

w
hich

are
not

on
p
or
q
i are

0,and
all

edge
coeffi

cients
on

p
and

q
i
are

in
(0,1)

and
sm

allenough
so

that
w
e
can

choose
the

residual
variances

so
that

the
variance

of
every

random
variable

in
V

is
1.

T
hen

the
density

f
generated

by
this

SE
M

is
consistent

w
ith

the
causal

D
A

G
D
,as

w
ellas

w
ith

the
causal

D
A

G
D
′that

is
obtained

from
D

by
rem

oving
alledges

except
for

the
ones

on
p
and

q
i .

Since
there

is
no

path
that

satisfies
2(a),no

node
from

X
is
on

q
i .

A
dditionally,since

p
is

proper,
no

node
from

X
\{
X
}
is

on
p.

T
hus,

Y
⊥
d

X
\{
X
}|
X

in
D
′X

and
w
e
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

use
R
ule

3
of

the
do-calculus,w

ith
X
′
=
{X
}
,W

′
=
∅,

Z
′
=

X
\{X

}
and

Y
′
=
{Y
},

so
that

E
[Y
|
d
o(X

=
1

)]
=
E

[Y
|
d
o(X

=
1)].

A
dditionally,

Y
⊥
d
X

in
D
′X
.

H
ence,

w
e
use

R
ule

2
of

the
do-calculus

w
ith

X
′

=
∅,W

′
=
∅,

Z
′
=
{
X
}
and

Y
′
=
{Y
},so

that
E

[Y
|
d
o(X

=
1)]

=
E

[Y
|
X

=
1].

Let
a

be
the

product
of

alledge
coeffi

cients
on

p
(X
,V

i )
and

let
b
be

the
product

of
alledge

coeffi
cients

on
p
(V
i ,Y

).
T
hen,using

T
heorem

32
and

W
right’s

rule
(T

heorem
31),w

e
have

that
E

[Y
|
X

=
1]

=
C

ov
(X
,Y

)
=
a
b.

Since
there

is
no

path
that

satisfies
1(a),no

node
from

Z
is
on

p.
B
y
the

choice
of
q
i ,no

node
from

Z
\{Z}

is
on

q
i .

H
ence,no

node
from

(X
∪

Z
)\{X

,Z}
is
on

p
nor

q
i .

T
hen

Y
⊥
d

(X
∪

Z
)\{

X
,Z}|{

X
,Z}

in
D
′and

it
follow

s
that ∫

z
E

[Y
|
X

=
1
,z

]f
(z

)d
z

=
∫
z
E

[Y
|
X

=
1,z

]f
(z

)d
z.

Let
c
be

the
product

of
all

edge
coeffi

cients
on

q
i .

B
y
W
right’s

rule
(T

heorem
31),

w
e
have

that
C

ov
(X
,Y

)
=
a
b,C

ov
(Y
,Z

)
=
bc

and
C

ov
(X
,Z

)
=
a
c.

W
e
can

now
use

T
heorem

32
to

calculate
E

[Y
|
X

=
1,z

]:

E
[Y
|
X

=
1,z

]
=
[a
b

bc ] [
1

a
c

a
c

1 ]−
1 [

1z ]
=
a
b(1−

c
2)

1−
(a
c)

2
+
bc(1−

a
2)

1−
(a
c)

2
z
.

H
ence,∫

z
E

[Y
|
X

=
1,z

]f
(z

)d
z

=
a
b(1−

c
2)

1−
(a
c)

2
+
bc(1−

a
2)

1−
(a
c)

2
E

[Z
]

=
a
b

1−
c
2

1−
(a
c)

2
.

(8)

Since
0
<
a
<

1,
0
<
b
<

1
and

0
<
c
<

1,
right-hand

side
of

E
quation

(8)
is

strictly
sm

aller
than

a
b

=
E

[Y
|
d
o(X

=
1

)].

(v)
Suppose

there
is
no

path
that

satisfies
1(a),1(b),1(c),or

2(a),but
there

is
a
path

that
satisfies

2(b)
in
D
.
Let

p
be

such
a
path

from
X
∈

X
to
Y
∈

Y
in
D

that
contains

the
sm

allest
num

ber
of

colliders
am

ong
allsuch

paths.
Since

no
path

satisfies
2(a),there

is
at

least
one

collider
on

p.
Let

C
1 ,...,C

r ,
r
≥

1,
be

allcolliders
on

p
ordered

from
the

collider
closest

to
X

on
p,w

hich
is
C
1 ,to

the
collider

closest
to
Y

on
p,w

hich
is

C
r .

Since
p
is

d-connecting
given

Z
,w

e
have

C
i ∈

A
n

(Z
,D

)
for

all
i

=
1
,...,r.

.
For

each
i

=
1,...,r,let

q
i
be

a
shortest

path
(possibly

oflength
zero)

from
C
i
to

Z
.
Let

Z̃
be

the
collection

of
allnodes

in
Z

that
are

enpoints
of
q
1 ,...,q

r .

W
e
define

our
SE

M
so

that
alledge

coeffi
cients

w
hich

are
not

on
p
,q

1 ,...,q
r
are

0,and
alledge

coeffi
cients

w
hich

are
on

p
,q

1 ,...,q
r
are

in
(0,1)

and
are

sm
allenough

so
that

w
e
can

choose
the

residualvariances
such

that
the

variance
of

every
random

variable
in

V
is

1.
T
hen

the
density

f
generated

by
this

SE
M

is
consistent

w
ith

the
causal

D
A

G
D
,as

w
ellas

w
ith

the
causal

D
A

G
D
′w

hich
is
obtained

from
D

by
rem

oving
all

edges
except

the
ones

on
p,
q
1 ,...,q

r .
M
oreover,

f
is

a
non-degenerate

m
ultivariate

G
aussian

density
on

V
.

Since
there

is
no

path
that

satisfies
2(a)

in
D
,no

node
from

X
is
on

q
r .

A
dditionally,

no
node

from
X

is
on

q
i ,for

any
i∈
{1
,...,r−

1},w
hen

r
>

1,since
otherw

ise
there

is
a
proper

non-causal
path

p ′
from

X
to

Y
in
D

that
is

d-connecting
given

Z
and
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

X
a

1
C

1
C
r

a
r+

1

Y

b 1
Z

1

b r
Z
r

F
ig
ur
e
12

:
A
n
ex
am

pl
e
of

pa
th
s
p
an

d
q 1
,.
..
,q
r
in
D

co
rr
es
po

nd
in
g
to

(v
).

th
at

co
nt
ai
ns

a
sm

al
le
r
nu

m
be

r
of

co
lli
de

rs
th
an

p
.
H
en

ce
,X

is
th
e
on

ly
no

de
fr
om

X
th
at

is
on

p
,q

1
,.
..
,q
r
.

Si
nc

e
X

is
th
e
on

ly
no

de
fr
om

X
th
at

is
on

p
,q

1
,.
..
,q
r
,
Y
⊥
d

X
\{
X
}
in
D
′ .

B
y

as
su
m
pt
io
n
th
er
e
is
at

le
as
t
on

e
co
lli
de

r
on

p
.
Si
nc

e
th
er
e
is
no

pa
th

th
at

sa
ti
sfi
es

1(
b)

in
D
,Y

is
no

t
on

q 1
.
A
dd

it
io
na

lly
,Y

is
no

t
on

q i
,f
or

an
y
i
∈
{2
,.
..
,r
},

w
he

n
r
>

1,
ot
he

rw
is
e
th
er
e
is
a
pr
op

er
no

n-
ca
us
al

pa
th
p
′
fr
om

X
to

Y
in
D

th
at

is
d-
co
nn

ec
ti
ng

gi
ve
n

Z
an

d
th
at

co
nt
ai
ns

a
sm

al
le
r
nu

m
be

r
of

co
lli
de

rs
th
an

p
.
H
en

ce
,Y
⊥
d

X
in
D
′ .

Fu
rt
he

rm
or
e,
Y
⊥
d

X
in
D
′ X
,s
o
w
e
us
e
R
ul
e
3
of

th
e
do

-c
al
cu

lu
s,
w
it
h

X
′ =
∅,

W
′ =
∅,

Z
′ =

X
an

d
Y
′ =
{Y
},

so
th
at
E

[Y
|d
o(

X
=

1
)]

=
E

[Y
]

=
0.

B
y
th
e
ch
oi
ce

of
p
,q

1
,.
..
,q
r
,

Z̃
ar
e
th
e
on

ly
no

de
s
fr
om

Z
th
at

ar
e
on

p
,q

1
,.
..
,q
r
.

T
he

n
{X
}∪

Z̃
ar
e
th
e
on

ly
no

de
s
fr
om

X
∪

Z
th
at

ar
e
on

p
,q

1
,.
..
,q
r
.
H
en

ce
,
Y
⊥
d

(X
∪

Z
)
\(
{X
}∪

Z̃
)
in
D
′ .
Fu

rt
he

rm
or
e,
Y
⊥
d

(X
∪

Z
)
\(
{X
}∪

Z̃
)
|{
X
}∪

Z̃
in
D
′ .

H
en

ce
,∫

z
E

[Y
|X

=
1
,z

]f
(z

)d
z

=
∫ z̃
E

[Y
|X

=
1,

z̃
]f

(z̃
)d

z̃
.

W
e
no

w
sh
ow
∫ z̃
E

[Y
|X

=
1,

z̃
]f

(z̃
)d

z̃
6=

0.
Fo

r
th
is
w
e
ne

ed
th
e
co
va
ri
an

ce
m
at
ri
x
of

(X
,Z̃
,Y

)T
,w

hi
ch

w
e
w
ill

co
m
pu

te
by

ap
pl
yi
ng

W
ri
gh

t’
s
ru
le

to
D
′ (
se
e
F
ig
ur
e
12

).
In

or
de

rt
o
do

th
is
,w

e
fir
st

ne
ed

to
sh
ow

th
at

no
no

de
on
q i

is
on
q j
,f
or

al
li
,j
∈
{1
,.
..
,r
}

w
it
h
i
6=
j
an

d
th
at

no
no

de
on

q i
ex
ce
pt
C
i
is

on
p
,f
or

al
li
∈
{1
,.
..
,r
}.

Fr
om

th
is

it
w
ill

fo
llo

w
th
at

ea
ch

pa
th
q i

en
ds

in
a
di
ffe

re
nt

no
de

in
Z̃
.
W
e
la
be

lt
he
se

no
de

s
as

Z̃
=

(Z
1
,.
..
,Z

r
)T

(s
ee

F
ig
ur
e
12

).

W
e
st
ar
t
by

sh
ow

in
g
th
at

no
no

de
on

q i
,
ex
ce
pt

C
i,

is
on

p
,
fo
r
an

y
i
∈
{1
,.
..
,r
}.

Su
pp

os
e
fo
r
a
co
nt
ra
di
ct
io
n
th
at

fo
r
so
m
e
i
∈
{1
,.
..
,r
}
a
no

de
on

q i
,
ot
he

r
th
an

C
i,

is
on

p
.
T
he

n
q i

is
at

le
as
t
of

le
ng

th
1,

th
at

is
,C

i
/∈

Z
.
Le

t
D

be
th
e
no

de
cl
os
es
t
to

C
i
on

q i
th
at

is
al
so

on
p
.
T
he

n
D

is
ei
th
er

on
p
(X
,C

i)
or

on
p
(C

i,
Y

).

Su
pp

os
e
fir
st

th
at
D

is
on

p
(X
,C

i)
.
Le

t
p
′ =

p
(X
,D

)
⊕

(−
q i

)(
D
,C

i)
⊕
p
(C

i,
Y

).
Fr
om

th
e
ab

ov
e,

w
e
kn

ow
th
at
p
′
is

a
pr
op

er
pa

th
fr
om

X
to

Y
.
Si
nc

e
(−
q i

)(
D
,C

i)
is

of
th
e
fo
rm

D
←
··
·←

C
i,
p
′
is

a
no

n-
ca
us
al

pa
th

fr
om

X
to
Y
.
B
y
co
ns
tr
uc

ti
on

p
′

w
ill

ha
ve

fe
w
er

co
lli
de

rs
th
an

p
.
H
en

ce
,
p
′
is

a
pr
op

er
no

n-
ca
us
al

pa
th

fr
om

X
to
Y

w
it
h
fe
w
er

co
lli
de

rs
th
an

p
,s
in
ce
C
i
is
a
no

n-
co
lli
de

r
on

p
′ .
H
en

ce
,i
n
or
de

r
to

re
ac
h
a

co
nt
ra
di
ct
io
n,

w
e
on

ly
ne

ed
to

sh
ow

th
at
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

Si
nc

e
p
,q

1
,.
..
,q
r
ar
e
d-
co
nn

ec
ti
ng

gi
ve
n

Z
,w

e
on

ly
ne

ed
to

di
sc
us
s
th
e
co
lli
de

r/
no

n-
co
lli
de

r
st
at
us

of
D

an
d
C
i
on

p
′ .

Si
nc

e
C
i
/∈

Z
an

d
si
nc

e
C
i
is

a
no

n-
co
lli
de

r
on

p
′ ,

w
e
ha

ve
th
at
p
′ (
D
,Y

)
=

(−
q i

)(
D
,C

i)
⊕
p
(C

i,
Y

)
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.
Si
nc

e
D

is
on

q i
,D
∈

A
n

(Z
,D

).
So

if
D

is
a
co
lli
de

r
on

p
′ ,
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.
If
D

is
a

no
n-
co
lli
de

r
on

p
′ ,
th
en

(−
p
)(
D
,X

)
is
ou

t
of
D
,s
o
D

is
al
so

a
no

n-
co
lli
de

r
on

p
.
T
hu

s,
in

th
is

ca
se
D
/∈

Z
an

d
he

nc
e,
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

N
ex
t,
su
pp

os
e
th
at
D

is
on

p
(C

i,
Y

).
Le

t
p
′ =

p
(X
,C

i)
⊕
q i

(C
i,
D

)⊕
p
(D
,Y

).
Fr
om

th
e

ab
ov
e,

w
e
kn

ow
th
at
p
′
is

a
pr
op

er
pa

th
fr
om

X
to

Y
.
Si
nc

e
D
∈

A
n

(Z
,D

)
an

d
si
nc

e
th
er
e
is

no
pa

th
th
at

sa
ti
sfi
es

1(
a)
,
1(
b)
,
or

1(
c)
,
p
′
ca
nn

ot
be

a
ca
us
al

pa
th
.
T
hu

s,
p
′
is

a
pr
op

er
no

n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

by
co
ns
tr
uc

ti
on

ha
s
fe
w
er

co
lli
de

rs
th
an

p
,
si
nc

e
C
i
is

a
no

n-
co
lli
de

r
on

p
′ .

H
en

ce
,
in

or
de
r
to

re
ac
h
a
co
nt
ra
di
ct
io
n,

w
e

on
ly

ne
ed

to
sh
ow

th
at
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

Si
nc

e
p
,q

1
,.
..
,q
r
ar
e
d-
co
nn

ec
ti
ng

gi
ve
n

Z
,w

e
on

ly
ne
ed

to
di
sc
us
s
th
e
co
lli
de

r/
no

n-
co
lli
de

r
st
at
us

of
D

an
d
C
i
on

p
′ .

Si
nc

e
C
i
/∈

Z
an

d
si
nc

e
C
i
is

a
no

n-
co
lli
de

r
on

p
′ ,
w
e
ha

ve
th
at
p
′ (
X
,D

)
=
p
(X
,C

i)
⊕
q i

(C
i,
D

)
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.
Si
m
ila

rl
y

as
ab

ov
e,
D
∈

A
n

(Z
,D

),
so

if
D

is
a
co
lli
de
r
on

p
′ ,
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

If
D

is
a
no

n-
co
lli
de

r
on

p
′ ,
th
en

p
(D
,Y

)
st
ar
ts

w
it
h
an

ed
ge

ou
t
of
D
,
so
D

is
al
so

a
no

n-
co
lli
de

r
on

p
.
T
hu

s,
in

th
is

ca
se
D
/∈

Z
an

d
he

nc
e,
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

T
hu

s,
w
e
ha

ve
sh
ow

n
th
at

no
no

de
on

q i
,o

th
er

th
an

C
i,
is
on

p
,f
or

al
li
∈
{1
,.
..
,r
}.

N
ex
t,
w
e
co
ns
id
er

th
e
ca
se
r
>

1
an

d
sh
ow

,b
y
co
nt
ra
di
ct
io
n,

th
at

no
no

de
on

q i
is
on

q j
,
fo
r
an

y
i,
j
∈
{1
,.
..
,r
}
w
it
h
i
6=
j.

H
en

ce
,
su
pp

os
e
th
at

th
er
e
ar
e
q i

an
d
q j

su
ch

th
at

a
no

de
on

q i
is

al
so

on
q j
,f
or

so
m
e
i
<
j.

Le
t
D

be
th
e
no

de
cl
os
es
t
to
C
i
on

q i
,

th
at

is
al
so

on
q j
.
N
ot
e
th
at

fr
om

th
e
ab

ov
e,
D
6=
C
j
an

d
D
6=
C
i,
so

th
at
q i

an
d
q j

ar
e
at

le
as
t
of

le
ng

th
1
.
T
he

n
le
t
p
′ =

p
(X
,C

i)
⊕
q i

(C
i,
D

)
⊕

(−
q j

)(
D
,C

j
)
⊕
p
(C

j
,Y

).
A
s
di
sc
us
se
d
ab

ov
e,

no
no

de
on

q i
(o
r
q j
)
is

in
X
.
H
en

ce
,p
′
is

a
pr
op

er
pa

th
fr
om

X
to

Y
.
Si
nc

e
(−
q j

)(
D
,C

j
)
is

of
th
e
fo
rm

D
←
··
·←

C
j
,
p
′
is

al
so

a
no

n-
ca
us
al

pa
th

fr
om

X
to
Y
.
T
hu

s
p
′
is

a
pr
op

er
no

n-
ca
us
al

pa
th

fr
om

X
to

Y
th
at

by
co
ns
tr
uc

ti
on

ha
s
fe
w
er

co
lli
de

rs
th
an

p
,s

in
ce
C
i
an

d
C
j
ar
e
no

n-
co
lli
de
rs

on
p
′ .
H
en
ce
,i
n
or
de

r
to

re
ac
h
a
co
nt
ra
di
ct
io
n
w
e
on

ly
ne

ed
to

sh
ow

th
at

it
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

Si
nc

e
p
,q

1
,.
..
,q
r
ar
e
d-
co
nn

ec
ti
ng

gi
ve
n

Z
,w

e
on

ly
ne
ed

to
di
sc
us
s
th
e
co
lli
de
r/
no

n-
co
lli
de

r
st
at
us

of
D
,
C
i
an

d
C
j
on

p
′ .

Si
nc

e
C
i
an

d
C
j
ar
e
no

n-
co
lli
de

rs
on

p
′ ,
w
e

ha
ve

th
at

p
′ (
X
,D

)
an

d
p
′ (
D
,Y

)
ar
e
bo

th
d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

Si
nc

e
D

is
on

q i
,

D
∈

A
n

(Z
,D

).
Si
nc

e
D

is
a
co
lli
de

r
on

p
′ ,
p
′
is

d-
co
nn

ec
ti
ng

gi
ve
n

Z
.

W
e
ha

ve
no

w
es
ta
bl
is
he
d
th
at
D
′
lo
ok

s
lik

e
F
ig
ur
e
12

,w
he

re
no

ne
of

th
e
pa

th
s
in
te
r-

se
ct
,
an

d
w
e
ca
n
co
m
pu

te
th
e
co
va
ri
an

ce
m
at
ri
x
of

(X
,Z̃

T
,Y

)T
us
in
g
W
ri
gh

t’
s
ru
le

(T
he

or
em

31
)
on
D
′ .

Fo
r
th
is

pu
rp
os
e,

le
t
a
1
an

d
a
r
+
1
be

th
e
pr
od

uc
ts

of
al
l
ed
ge

co
effi

ci
en
ts

on
p
(X
,C

1
)
an

d
p
(C

r
,Y

),
re
sp
ec
ti
ve
ly
.
Le

t
b i
,
i
∈
{1
,.
..
,r
}
be

pr
od

uc
t

of
al
le

dg
e
co
effi

ci
en
ts

on
q i
.
If
r
>

1,
le
t
a
j
,j
∈
{2
,.
..
,r
}
be

th
e
pr
od

uc
t
of

al
le

dg
e

co
effi

ci
en
ts

on
p
(C

j−
1
,C

j
).

Le
t

Σ
be

th
e
co
va
ri
an

ce
m
at
ri
x
of

(X
,Z̃

T
,Y

)T
.

T
he

n
us
in
g
W
ri
gh

t’
s
ru
le

(T
he

or
em

31
)
on
D
′
yi
el
ds
:

Σ
=

1
2

3
··
·

r
+

1
r

+
2

          

          

1
a
1
b 1

a
1
b 1

1
b 1
a
2
b 2

b 1
a
2
b 2

1
. .
.

0
. .
.

. .
.

. .
.

0
1

b r
−
1
a
r
b r

b r
−
1
a
r
b r

1
b r
a
r
+
1

b r
a
r
+
1

1

=

[ Σ
1
1

Σ
1
2

Σ
2
1

Σ
2
2

] ,

50
JM

L
R

 1
8(

22
0)

:1
-6

2,
 2

01
8



C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

w
here

Σ
1
1
is

the
covariance

m
atrix

of
(X
,Z̃

T
)
T,

Σ
2
2

=
1,

Σ
2
1

=
Σ
T1
2
and

Σ
2
1

=
[0
···

0
b
r a
r
+
1 ],

Σ
2
1 ∈

R
1×

(r
+
1
).

T
hen

using
T
heorem

32
w
e
have

that

E
[Y
|
X

=
1,z̃

]
=
[0

...
0

b
r a
r
+
1 ]

Σ
−
1

1
1

[
1z̃ ]
.

Since
our

m
ultivariate

G
aussian

distribution
is

non-degenerate,
D

et(Σ
1
1 )
>

0.
Let

ti,j
denote

(i,j)
th

elem
ent

of
Σ
−
1

1
1
,

Σ
−
1

1
1
∈
R
(r
+
1
)×

(r
+
1
).

P
utting

everything
together,

w
e
have

that
∫

z
E

[Y
|X

=
1
,z

]f
(z

)d
z

=

∫

z̃
E

[Y
|X

=
1,z̃

]f
(z̃

)d
z̃

=

∫

z̃ [0
...

0
b
r a
r
+
1 ] 

t1
,1

...
t1
,r
+
1

...
...

...
tr

+
1
,1

...
tr

+
1
,r
+
1 
[
1z̃ ]
f

(z̃
)d

z̃

=
b
r a
r
+
1 tr

+
1
,1

+
r
∑i=

1

b
r a
r
+
1 tr

+
1
,i+

1 E
[Z
i ]

=
b
r a
r
+
1 tr

+
1
,1 .

Since
b
r
6=

0
and

a
r
+
1
6=

0,
it

is
only

left
to

show
that

tr
+
1
,1
6=

0.
U
sing

standard
linear

algebra,w
e
find

tr
+
1
,1

=
(−

1)
r

D
et(Σ

1
1 )

a
1 b

1
1

b
1 a

2 b
2

b
1 a

2 b
2

1
b
2 a

3 b
3

0
...

...
...

0
b
r−

3 a
r−

2 b
r−

2
1

b
r−

2 a
r−

1 b
r−

1

b
r−

2 a
r−

1 b
r−

1
1

b
r−

1 a
r b
r

=
(−

1)
ra
r b
r

D
et(Σ

1
1 )

r−
1

∏i=
1

a
i b

2i .

Since
a
i 6=

0
and

b
i 6=

0
for

all
i∈
{1,...,r},the

proof
is

com
pleted.

�

T
h
eorem

58
(S

oun
dn

ess
of

the
adjustm

en
t

criterion
for

D
A

G
s)

Let
X
,Y

and
Z
0

be
pairw

ise
disjoint

node
sets

in
a
causal

D
A

G
D
.
If

Z
0
satisfies

the
adjustm

ent
criterion

(see
D
efinition

55),
then

Z
0
is

an
adjustm

ent
set

(see
D
efinition

54).

P
roof

of
T
h
eorem

58.
A
ssum

e
that

Z
0

satisfies
the

adjustm
ent

criterion
(see

D
efini-

tion
55)

relative
to

(X
,Y

)
in
D

and
let

f
be

a
density

consistent
w
ith
D
.

W
e
need

to
show

that

51
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L
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

f
(y
|do(x

))
=

∫

z
0

f
(y
|
x
,z

0 )f
(z

0 )d
z
0 .

(9)

Let
Y

D
=

Y
∩

D
e(X

,D
)
and

Y
N

=
Y
\

D
e(X

,D
).

T
hen

Y
N
⊥
d

X
in
D

X
,
since

D
X

does
not

contain
paths

into
X

and
allpaths

from
X

to
Y

N
that

are
out

of
X

in
D

X
m
ust

contain
a
collider

by
definition

of
Y

N
.
H
ence,using

R
ule

3
ofthe

do-calculus
(see

E
quation

6
in

A
ppendix

A
),w

ith
X
′
=
∅,W

′
=
∅,

Z
′
=

X
and

Y
′
=

Y
N

w
e
have

f
(y

N
)

=
f

(y
N
|do(x

)).
(10)

N
ow

,assum
e
that

Y
D

=
∅,so

that
Y

=
Y

N
.
T
hen

allpaths
from

X
to

Y
are

non-causal
in
D
.
Since

Z
0
satisfies

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D

it
blocks

allproper
non-causal

paths
from

X
to

Y
.
T
hus,

Z
0
also

blocks
all

non-causal
paths

from
X

to
Y

in
D
,
so

X
⊥
d

Y
|
Z
0
in
D
.
C
om

bining
the

probabilistic
im

plications
of

d-separation
and

E
quation

(10)
w
ith

the
right-hand

side
of

E
quation

(9)
w
e
obtain

∫

z
0

f
(y
|x
,z

0 )f
(z

0 )d
z
0

=

∫

z
0

f
(y
|
z
0 )f

(z
0 )d

z
0

(11)

=
f

(y
)

=
f

(y
|do(x

)).

For
the

rem
ainder

of
the

proof
w
e
assum

e
Y

D
6=
∅.

W
e
enlarge

the
set

Z
0
to

Z
=

Z
0 ∪

A
n

(X
∪

Y
,D

)\
(D

e(X
,D

)∪
Y

).
T
hen

applying
(iii)

in
Lem

m
a
59

to
the

right-hand
side

of
E
quation

(9)
w
e
get
∫

z
0

f
(y
|
x
,z

0 )f
(z

0 )d
z
0

=

∫

z
f

(y
|
x
,z

)f
(z

)d
z
.

(12)

Let
Z
D

=
Z
∩

D
e(X

,D
)
and

Z
N

=
Z
\

D
e(X

,D
).

N
ow

suppose
that

Y
=

Y
D
,so

that
Y

N
=
∅.

From
(iii)

in
Lem

m
a
60,

w
e
have

Y
D
⊥
d

Z
D
|
X
∪

Z
N
.
U
sing

the
probabilistic

im
plications

of
d-separation,the

right-hand
side

of
E
quation

(12)
equals

∫

z
D
,z

N

f
(y
|
x
,z

D
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫

z
D
,z

N

f
(y
|
x
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫

z
N

f
(y
|
x
,z

N
)f

(z
N

)d
z
N
.

(13)

Since
Z
N

satisfies
the

generalized
back-door

criterion
relative

to
(X
,Y

)
in
D

(see
(iv)

in
Lem

m
a
60)

and
since

the
generalized

back-door
criterion

is
sound

by
T
heorem

3.1
in

M
aathuis

and
C
olom

bo
(2015),w

e
have

∫

z
N

f
(y
|x
,z

N
)f

(z
N

)d
z
N

=
f

(y
|do(x

)).
(14)

C
om

bining
E
quations

(12),
(13)

and
(14)

com
pletes

the
proof

w
hen

Y
N

=
∅.

In
the

rem
ainder

of
the

proof
w
e
assum

e
Y

D
6=
∅

and
Y

N
6=
∅.

From
(iii)

in
Lem

m
a

60,
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C
h
a
r
ac

te
r
iz

in
g

a
n
d

C
o
n
st

ru
ct

in
g

A
d
ju

st
m
en

t
S
et

s

Y
D
⊥
d

Z
D
|Y

N
∪

X
∪

Z
N
.
U
si
ng

th
e
pr
ob

ab
ili
st
ic

im
pl
ic
at
io
ns

of
d-
se
pa

ra
ti
on

,t
he

ri
gh

t-
ha

nd
si
de

of
E
qu

at
io
n
(1
2)

eq
ua

ls
∫ z

D
,z

N

f
(y

D
,y

N
|x
,z

D
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫ z
D
,z

N

f
(y

D
|y

N
,x
,z

D
,z

N
)f

(y
N
|x
,z

D
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫ z
N

f
(y

D
|y

N
,x
,z

N
)

∫ z
D

f
(y

N
|x
,z

D
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N
.

(1
5)

Si
nc

e
Z

sa
ti
sfi
es

th
e
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

((
ii)

in
Le

m
m
a
59

),
Z

bl
oc
ks

al
lp

ro
pe

r
no

n-
ca
us
al

pa
th
s
fr
om

X
to

Y
.
H
en

ce
,Z

bl
oc
ks

al
lp

ro
pe

r
pa

th
s
fr
om

X
to

Y
N

in
D
,s

o
X
⊥
d

Y
N
|Z

in
D
.
A
dd

it
io
na

lly
,t

he
em

pt
y
se
t
sa
ti
sfi
es

th
e
ge
ne

ra
liz

ed
ba

ck
-

do
or

cr
it
er
io
n
re
la
ti
ve

to
((

Y
N
∪

X
∪

Z
N

),
Y

D
)
((
v)

in
Le

m
m
a
60
).

Si
nc

e
th
e
ge
ne
ra
liz

ed
ba

ck
-d
oo

r
cr
it
er
io
n
is

so
un

d
by

T
he

or
em

3.
1
in

M
aa

th
ui
s
an

d
C
ol
om

bo
(2
01

5)
,
w
e
ap

pl
y

th
is

to
th
e
ri
gh

t-
ha

nd
si
de

of
E
qu

at
io
n
(1
5)

∫ z
N

f
(y

D
|y

N
,x
,z

N
)

∫ z
D

f
(y

N
|x
,z

D
,z

N
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫ z
N

f
(y

D
|d

o(
x
,y

N
,z

N
))

∫ z
D

f
(y

N
|z

N
,z

D
)f

(z
D
,z

N
)d

z
D
d
z
N

=

∫ z
N

f
(y

D
|d

o(
x
,y

N
,z

N
))
f

(z
N
|y

N
)f

(y
N

)d
z
N
.

(1
6)

T
o
fin

is
h
th
e
pr
oo

f
w
e
re
ly

on
th
e
do

-c
al
cu

lu
s
ru
le
s.

B
y
(v
i)

in
Le

m
m
a
60

,
it

fo
llo

w
s

th
at

Y
N
∪

Z
N
⊥
d

Y
D
|X

in
D X

Y
N
∪Z

N
.
U
si
ng

R
ul
e
2
of

th
e
do

-c
al
cu

lu
s
(s
ee

E
qu

at
io
n
5
in

A
pp

en
di
x
A
)
w
it
h

X
′ =

X
,W

′ =
∅,

Z
′ =

Y
N
∪

Z
N

an
d

Y
′ =

Y
D
:

f
(y

D
|d

o(
x
,y

N
,z

N
))

=
f

(y
D
|d

o(
x

),
z
N
,y

N
).

(1
7)

A
dd

it
io
na

lly
,b

y
(v
ii)

in
Le

m
m
a
60

,Z
N
⊥
d

X
|Y

N
in
D X

.
U
si
ng

R
ul
e
3
of

th
e
do

-c
al
cu

lu
s

(s
ee

E
qu

at
io
n
6
in

A
pp

en
di
x
A
)
w
it
h

X
′ =
∅,

W
′ =

Y
N
,Z
′ =

X
an

d
Y
′ =

Z
N
:

f
(z

N
|y

N
)

=
f

(z
N
|d

o(
x

),
y
N

).
(1
8)

F
in
al
ly
,w

e
co
m
bi
ne

E
qu

at
io
ns

(1
7)
,(
18

)
an

d
(1
0)

w
it
h
th
e
ri
gh

t-
ha

nd
si
de

of
E
qu

at
io
n
(1
6)
:

∫ z
N

f
(y

D
|d

o(
y
N
,x
,z

N
))
f

(z
N
|y

N
)f

(y
N

)d
z
N

=

∫ z
N

f
(y

D
|z

N
,y

N
,d

o(
x

))
f

(z
N
|y

N
,d

o(
x

))
f

(y
N
|d

o(
x

))
d
z
N

=

∫ z
N

f
(y

D
,z

N
|y

N
,d

o(
x

))
f

(y
N
|d

o(
x

))
d
z
N

=
f

(y
D
|y

N
,d

o(
x

))
f

(y
N
|d

o(
x

))
=
f

(y
D
,y

N
|d

o(
x

))
=
f

(y
|d

o(
x

))
.

�
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P
er

k
o
v
ić

,
T

ex
to

r
,
K

a
li

sc
h

a
n
d

M
a
at

h
u
is

L
em

m
a
59

Le
t
X
,Y

an
d

Z
0
be

pa
ir
w
is
e
di
sj
oi
nt

no
de

se
ts

in
a

D
A

G
D

su
ch

th
at

Z
0
sa
ti
s-

fie
s
th
e
ad
ju
st
m
en
tc

ri
te
ri
on

re
la
ti
ve

to
(X
,Y

)
in
D
.
Le

tZ
1
⊆

A
n

(X
∪Y

,D
)\

(D
e(

X
,D

)∪
Y

)
an

d
Z

=
Z
0
∪

Z
1
.
T
he
n:

(i
)

X
,Y

an
d

Z
ar
e
pa
ir
w
is
e
di
sj
oi
nt
,
an

d

(i
i)

Z
sa
ti
sfi
es

th
e
ad
ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D
,
an

d

(i
ii)
∫ z

0
f

(y
|x

,z
0
)f

(z
0
)d

z
0

=
∫ z

0
,z

1
f

(y
|x

,z
0
,z

1
)f

(z
0
,z

1
)d

z
0
d
z
1
,
fo
r
an

y
de
ns
it
y
f

co
ns
is
te
nt

w
it
h
D
.

P
ro
of

of
L
em

m
a
59

.
(i
)
Si
nc

e
X
,Y

an
d

Z
0
ar
e
pa

ir
w
is
e
di
sj
oi
nt
,a

nd
Z

=
Z
0
∪Z

1
,w

he
re

Z
1
∩

(X
∪

Y
)

=
∅,

it
fo
llo

w
s
th
at

X
,Y

an
d

Z
ar
e
al
so

pa
ir
w
is
e
di
sj
oi
nt
.

(i
i)

A
se
t
th
at

sa
ti
sfi
es

th
e
fo
rb
id
de

n
se
t
co
nd

it
io
n
of

th
e
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

sa
ti
sfi
es

th
e
bl
oc
ki
ng

co
nd

it
io
n
if
an

d
on

ly
if
it
d
-s
ep
ar
at
es

X
an

d
Y

in
th
e

pr
op

er
ba

ck
-d
oo

r
gr
ap

h
D
p
bd

X
Y

(v
an

de
r
Za

nd
er

et
al
.
(2
01
4,

T
he
or
em

4.
6)
;
se
e
T
he
or
em

7
in

Se
ct
io
n
3)
.
T
hu

s,
Z
0
d-
se
pa

ra
te
s

X
an

d
Y

in
D
p
bd

X
Y
.
T
he

n
by

T
he
or
em

35
,
an

y
pa

th
be

tw
ee
n

X
an

d
Y

in
((
D
p
bd

X
Y

) A
n
(X
∪Y
∪Z

0
,D
p
b
d

X
Y
))
m

co
nt
ai
ns

a
no

de
in

Z
0
.

Si
nc

e
Z
1
∩

D
e(

X
,D

)
=
∅,

F
or

b
(X
,Y

,D
)
⊆

D
e(

X
,D

)
an

d
Z
0
∩

F
or

b
(X
,Y

,D
)

=
∅,

Z
∩

F
or

b
(X
,Y

,D
)

=
∅.

A
dd

it
io
na

lly
,
si
nc

e
Z
⊇

Z
0
,
al
l
pa

th
s
be

tw
ee
n

X
an

d
Y

in
((
D
p
bd

X
Y

) A
n
(X
∪Y
∪Z

0
,D
p
b
d

X
Y
))
m

co
nt
ai
n

a
no

de
in

Z
.

Fu
rt
he

rm
or
e,

Z
1
⊆

A
n

(X
∪

Y
,D

)
im

-
pl
ie
s
th
at

A
n

(X
∪

Y
∪

Z
,D

)
=

A
n

(X
∪

Y
∪

Z
0
,D

).
T
hu

s,
al
l
pa

th
s
be

tw
ee
n

X
an

d
Y

in
((
D
p
bd

X
Y

) A
n
(X
∪Y
∪Z

,D
p
b
d

X
Y
))
m

co
nt
ai
n
a
no

de
in

Z
.
H
en

ce
,Z

sa
ti
sfi
es

th
e
bl
oc
ki
ng

co
nd

it
io
n

re
la
ti
ve

to
(X
,Y

)
in
D

(T
he

or
em

35
,T

he
or
em

7)
.

(i
ii)

W
e
pr
ov
e
th
is

st
at
em

en
t
by

in
du

ct
io
n
on

th
e
nu

m
be

r
of

no
de

s
in

Z
1
.
B
el
ow

,
w
e

pr
ov
e
th
e
ba

se
ca
se
:
|Z

1
|=

1.
W
e
th
en

as
su
m
e
th
at

th
e
re
su
lt
ho

ld
s
fo
r
|Z

1
|=

k
,a

nd
sh
ow

th
at

it
ho

ld
s
fo
r
|Z

1
|=

k
+

1
.
T
hu

s,
le
t
|Z

1
|=

k
+

1
an

d
ta
ke

an
ar
bi
tr
ar
y
Z
1
∈

Z
1
.
Le

t
Z
′ 0

=
Z
0
∪
{Z

1
}
an

d
Z
′ 1

=
Z
1
\{
Z
1
}.

T
he

ba
se

ca
se

th
en

im
pl
ie
s

∫ z
0

f
(y
|x
,z

0
)f

(z
0
)d

z
0

=

∫ z
0

f
(y
|x
,z

0
)

∫ z 1

f
(z

0
,z

1
)d
z 1
d
z
0

=

∫ z
0
,z

1

f
(y
|x
,z

0
,z

1
)f

(z
0
,z

1
)d

z
0
d
z 1

=

∫ z
′ 0

f
(y
|x
,z
′ 0
)f

(z
′ 0
)d

z
′ 0
.

(1
9)

B
y
(i
i)
ab

ov
e

Z
′ 0
sa
ti
sfi
es

th
e
ad

ju
st
m
en
t
cr
it
er
io
n
re
la
ti
ve

to
(X
,Y

)
in
D

an
d

Z
′ 1
⊆

A
n

(X
∪

Y
,D

).
T
he

n
si
nc

e
|Z
′ 1|

=
k
,b

y
th
e
in
du

ct
io
n
hy

po
th
es
is

∫ z
′ 0

f
(y
|x
,z
′ 0
)f

(z
′ 0
)d

z
′ 0

=

∫ z
′ 0,
z
′ 1

f
(y
|x
,z
′ 0
,z
′ 1
)f

(z
′ 0
,z
′ 1
)d

z
′ 0
d
z
′ 1
.

(2
0)

C
om

bi
ni
ng

19
an

d
20

yi
el
ds

∫ z
0

f
(y
|x
,z

0
)f

(z
0
)d

z
0

=

∫ z
0
,z

1

f
(y
|x
,z

0
,z

1
)f

(z
0
,z

1
)d

z
0
d
z
1
.
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C
h
a
r
acter

izin
g

a
n
d

C
o
n
stru

ctin
g

A
d
ju

stm
en

t
S
ets

It
is

left
to

prove
the

base
case

of
the

induction.
H
ence,

suppose
Z
1

=
{
Z
1 }.

W
e
show

below
that

either
(a)

Y
⊥
d
Z
1 |

X
∪

Z
0
or

(b)
X
⊥
d
Z
1 |

Z
0
are

satisfied
in
D
.

(N
ote

that
(a)

and
(b)

are
very

sim
ilar

to
the

conditions
U
1
and

U
2,

as
w
ell

as
U
1*

and
U
2*,

from
G
reenland

et
al.,

1999.
T
hese

conditions
are

also
used

in
T
heorem

5
from

K
uroki

and
M
iyakaw

a,
2003,

Lem
m
a
3
from

K
uroki

and
C
ai,

2004
and

are
the

foundation
for

the
results

in
D
e
Luna

et
al.,2011.

A
dditionally,P

earland
P
az,2014

give
a
discussion

ofthese
conditions,w

hich
they

refer
to

as
c-equivalence

conditions,in
their

T
heorem

1.)
If

(a)
Y
⊥
d
Z
1 |

X
∪

Z
0
in
D
,then

by
the

probabilistic
im

plications
of

d-separation
w
e

have
that

for
any

density
f
consistent

w
ith
D

∫

z
0

f
(y
|
x
,z

0 )f
(z

0 )d
z
0

=

∫

z
0

f
(y
|
x
,z

0 ) ∫

z
1

f
(z

0 ,z
1 )d

z
1 d

z
0

=

∫

z
0
,z

1

f
(y
|
x
,z

0 )f
(z

0 ,z
1 )d

z
0 d
z
1

=

∫

z
0
,z

1

f
(y
|
x
,z

0 ,z
1 )f

(z
0 ,z

1 )d
z
0 d
z
1 .

If
(b)

X
⊥
d
Z
1 |

Z
0
in
D
,then

sim
ilarly

∫

z
0

f
(y
|
x
,z

0 )f
(z

0 )d
z
0

=

∫

z
0

f
(z

0 ) ∫

z
1

f
(y
,z

1 |
x
,z

0 )d
z
1 d

z
0

=

∫

z
0
,z

1

f
(y
,z

1 |
x
,z

0 )f
(z

0 )d
z
0 d
z
1

=

∫

z
0
,z

1

f
(y
|
x
,z

0 ,z
1 )f

(z
1 |x

,z
0 )f

(z
0 )d

z
0 d
z
1

=

∫

z
0
,z

1

f
(y
|
x
,z

0 ,z
1 )f

(z
1 |z

0 )f
(z

0 )d
z
0 d
z
1

=

∫

z
0
,z

1

f
(y
|
x
,z

0 ,z
1 )f

(z
1 ,z

0 )d
z
0 d
z
1 .

W
e
com

plete
the

proofby
show

ing
that

(a)
or

(b)
m
ust

hold.
Suppose

for
a
contradiction

that
both

(a)
and

(b)
are

violated.
T
hen

there
is

a
path

from
X

to
Z
1
that

is
d-connecting

given
Z
0
and

a
path

from
Y

to
Z
1
that

is
d-connecting

given
X
∪

Z
0 .

Let
p
be

a
proper

path
from

X
∈

X
to
Z
1
that

is
d-connecting

given
Z
0
in
D

and
let

q
be

a
path

from
Z
1
to

Y
∈

Y
that

is
d-connecting

given
X
∪

Z
0
in
D
.
W
e
w
illshow

that
this

contradicts
that

Z
0

satisfies
the

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D
.

W
e
first

show
,by

contradiction,that
q
also

is
d-connecting

given
Z
0 .

T
hus,assum

e
that

q
=
〈Z

1 ,...,Y
〉
is

blocked
by

Z
0 .

Since
q
is

d-connecting
given

X
∪

Z
0
and

blocked
by

Z
0 ,

it
m
ust

contain
at

least
one

collider
in

A
n

(X
,D

)\
A

n
(Z

0 ,D
).

Let
C

be
the

collider
closest

to
Y

on
q
such

that
C
∈

A
n

(X
,D

)\
A

n
(Z

0 ,D
).

Let
r

=
〈C
,...,X

′〉,X
′∈

X
be

a
shortest

directed
path

from
C

to
X

(possibly
of

zero
length).

T
hen

no
node

on
q(C

,Y
)

or
r,

except
possibly

C
,
is

in
X
.
W
e
now

concatenate
the

paths
−
r(X

′,C
)
and

q(C
,Y

),
w
hile

taking
out

possible
loops.

H
ence,

let
V

be
the

node
closest

to
X
′
on

r
that

is
also

on
q(C

,Y
).

T
hen
−
r(X

′,V
)⊕

q(V
,Y

)
is

non-causal
since

either−
r(X

′,V
)
is

of
non-zero

length,
or
X
′

=
V

=
C

and
q(C

,Y
)
is

a
path

into
C
,
because

C
is

a
collider

on
q.

B
y
the
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P
er

k
o
v
ić,

T
ex

to
r
,
K

a
lisch

a
n
d

M
a
ath

u
is

choice
of
C

and
r,−

r(X
′,V

)⊕
q(V

,Y
)
is
a
proper

path
that

is
d-connecting

given
Z
0 .

T
his

contradicts
that

Z
0
satisfies

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D
.
T
hus,

q
is

also
d-connecting

given
Z
0 .

Let
p̃
and

q̃
be

paths
in

the
proper

back-door
graph

D
p
bd

X
Y

constituted
by

the
sam

e
sequences

ofnodes
as
p
and

q
in
D

respectively.
W
e
first

prove
that

the
paths

p̃
and

q̃
exist

in
D
p
bd

X
Y
.
P
ath

q
is
d-connecting

given
X
∪

Z
0 ,so

any
node

in
X

on
q
m
ust

be
a
collider

on
q.

Since
D
p
bd

X
Y

is
obtained

from
D

by
rem

oving
certain

edges
out

of
X
,no

edges
from

q
are

rem
oved

and
q̃
exists

in
D
p
bd

X
Y
.

Since
p
is
proper,for

p̃
to

exist
in
D
p
bd

X
Y
,it

is
enough

to
show

that
p
does

not
start

w
ith

an
edge

of
type

X
→

W
in
D

w
here

W
lies

on
a
proper

causal
path

from
X

to
Y

in
D
.

Suppose
for

a
contradiction

that
p
does

start
w
ith

X
→

W
.
T
hen

W
∈

F
orb

(X
,Y

,D
).

T
hen

either
p
is
a
directed

path
from

X
to
Z
1
so

that
Z
1 ∈

D
e(W

,D
),or

p
is
non-causaland

there
is

a
collider

C
′on

p
such

that
C
′∈

D
e(W

,D
).

In
the

form
er

case,
since

D
e(W

,D
)⊆

F
orb

(X
,Y

,D
),

it
follow

s
that

Z
1
∈

F
orb

(X
,Y

,D
),

w
hich

contradicts
the

choice
of
Z
1

because
Z
1
/∈

D
e(X

,D
).

In
the

latter
case,

since
p
is

d-connecting
given

Z
0 ,

w
e
have

D
e(C

′,D
)∩

Z
0
6=
∅.

C
om

bining
this

w
ith

D
e(C

′,D
)
⊆

F
orb

(X
,Y

,D
),

it
follow

s
that

F
orb

(X
,Y

,D
)∩

Z
0
6=
∅
w
hich

contradicts
that

Z
0
satisfies

the
forbidden

set
condition

relative
to

(X
,Y

)
in
D
.
T
hus,

p̃
exists

in
D
p
bd

X
Y
.

W
e
now

show
that

p̃
and

q̃
are

d-connecting
given

Z
0
in
D
p
bd

X
Y
.
T
he

collider/non-collider
status

ofany
node

on
p̃
and

q̃
in
D
p
bd

X
Y

is
the

sam
e
as

the
collider/non-collider

status
ofthat

sam
e
node

on
p
and

q
in
D

respectively.
So

p̃
and

q̃
are

both
d-connecting

given
Z
0 ,unless

every
causal

path
from

a
collider

on
either

p
or
q
to

Z
0
contains

a
first

edge
on

a
proper

causalpath
from

X
to

Y
in
D
.
A
ny

such
causalpath

also
contains

a
node

in
F

orb
(X
,Y

,D
),

so
a
node

in
Z
0
w
ould

be
a
descendant

of
F

orb
(X
,Y

,D
)
in
D
.

Since
F

orb
(X
,Y

,D
)
is

descendral,
it

follow
s
that

Z
0 ∩

F
orb

(X
,Y

,D
)6=
∅.

T
his

contradicts
that

Z
0
satisfies

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D
,specifically

the
forbidden

set
condition.

Since
p̃
is
d-connecting

given
Z
0
in
D
p
bd

X
Y
,by

T
heorem

35
it
follow

s
that

there
is
a
path

a

from
X

to
Z
1
that

does
not

contain
a
node

in
Z
0
in

the
m
oralinduced

subgraph
ofD

p
bd

X
Y

on
nodes

A
n

(X
∪

Y
∪

Z
0 ∪
{
Z
1 }
,D

p
bd

X
Y

).
Sim

ilarly,
q̃
is
a
d-connecting

path
from

Z
1
to
Y

given
Z
0
in
D
p
bd

X
Y
,so

there
is
a
path

b
from

Z
1
to
Y

that
does

not
contain

a
node

in
Z
0
in

the
m
oral

induced
subgraph

ofD
p
bd

X
Y

on
nodes

A
n

(X
∪

Y
∪

Z
0 ∪
{
Z
1 }
,D

p
bd

X
Y

).
B
y
com

bining
paths

a
and

b
w
e
get

a
path

c
from

X
to

Y
that

does
not

contain
a
node

in
Z
0
in

the
m
oralinduced

subgraph
ofD

p
bd

X
Y
on

nodes
A

n
(X
∪

Y
∪

Z
0 ∪{Z

1 }
,D

p
bd

X
Y

).
Since

Z
1 ∈

A
n

(X
∪

Y
,D

)
and
D
p
bd

X
Y

is
obtained

from
D

by
rem

oving
certain

edges
outof

X
,itfollow

s
that

Z
1 ∈

A
n

(X
∪

Y
,D

p
bd

X
Y

).
T
hen

A
n

(X
∪

Y
∪

Z
0 ∪
{Z

1 }
,D

p
bd

X
Y

)
=

A
n

(X
∪

Y
∪

Z
0 ,D

p
bd

X
Y

).
H
ence,

c
is

a
path

from
X

to
Y

that
does

not
contain

a
node

in
Z
0
in

the
m
oralinduced

subgraph
ofD

p
bd

X
Y

on
nodes

A
n

(X
∪

Y
∪

Z
0 ,D

p
bd

X
Y

).
T
hus,by

T
heorem

35,
X

and
Y

are
d-connected

given
Z
0
in
D
p
bd

X
Y
.

B
y
T
heorem

7,this
contradicts

that
Z
0
satisfies

the
adjustm

ent
criterion

relative
to

(X
,Y

)
in
D
.

�

L
em

m
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60

Let
X
,Y

and
Z
0
be

pairw
ise

disjoint
node

sets
in

a
D

A
G
D

such
that

Z
0

satisfies
the

adjustm
ent

criterion
relative

to
(X
,Y

)
in
D
.
Let

Z
=

Z
0 ∪

A
n

(X
∪

Y
,D

)\
(D

e(X
,D

)∪
Y

).
A
dditionally,

let
Z
D

=
Z
∩

D
e(X

,D
),

Z
N

=
Z
\

D
e(X

,D
),

Y
D

=
Y
∩

D
e(X

,D
)
and

Y
N

=
Y
\

D
e(X

,D
).

T
hen

the
follow

ing
statem

ents
hold:
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)
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,
Z

sa
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sfi
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th
e
ad

ju
st
m
en
t
cr
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n
re
la
ti
ve

to
(X
,Y

)
in
D
,i
m
pl
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ng

th
at

Z
∩

F
or

b
(X
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,D
)

=
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B
y
de

fin
it
io
n

Y
N
∩

D
e(

X
,D

)
=
∅
an

d
D

e(
X
,D

)
⊇

F
or
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(X
,Y
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).

H
en

ce
,

Y
N
∩

F
or

b
(X
,Y

,D
)

=
∅.

It
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on
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le
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to
sh
ow

th
at

X
∩

F
or

b
(X
,Y

,D
)

=
∅.

Su
pp
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e
fo
r
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di
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n
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at

X
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F
or

b
(X
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6=
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Le
t
V

/∈
X
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de
on
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pr
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p
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Y
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V
∈

Y
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∈

A
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∈

X
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ca
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to

X
.
A
ll
no

de
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W
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(V
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T
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X
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p
(W

,Y
)
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no
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to

Y
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ot
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bl
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e
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or
b

(X
,Y

,D
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(i
i)
W
e
di
st
in
gu
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h
th
e
ca
se
s
th
at
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is

(a
)
ou

t
of
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r
(b
)
in
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(a
)
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be
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of
Y
d
.
Si
nc

e
Y
d
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F
or

b
(X
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,D
)
an

d
si
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e
by

(i
)
no

de
A
/∈

F
or

b
(X
,Y

,D
),

th
er
e
is

at
le
as
t
on

e
co
lli
de

r
on

p
.

T
he

co
lli
de

r
cl
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es
t
to

Y
d
on

p
an

d
al
l
of

it
s

de
sc
en

da
nt
s
ar
e
al
so

in
F

or
b

(X
,Y

,D
).

It
th
en

fo
llo

w
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fr
om

(i
)
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p
is

bl
oc
ke
d
by

(X
∪

Y
N
∪

Z
N

)
\{
A
}.

(b
)
Le

t
p
be
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to
Y
d
.
Si
nc

e
p
is
a
no

n-
ca
us
al

pa
th

fr
om

A
to
Y
d
,t
he

re
is
at

le
as
t
on

e
no

de
on

p
th
at

ha
s
tw

o
ed

ge
s
ou

t
of

it
.
Le

t
B

be
th
e
cl
os
es
t
su
ch

no
de

to
Y
d
on

p
.
T
he

n
B
∈

A
n

(Y
d
,D

).
If
an

y
no

de
on

p
(B
,Y

d
)
is

in
X
∪

Y
N
∪

Z
N
,t
he

n
(i
i)
ho

ld
s.

H
en

ce
,a

ss
um

e
no

no
de

on
p
(B
,Y

d
)
is
in

X
∪

Y
N
∪

Z
N
.
T
he

n
B
/∈

X
∪

Y
N
∪

Z
N
.
Si
nc

e
B
/∈

Z
N
,Z

N
⊇

A
n

(X
∪

Y
,D

)
\(

D
e(

X
,D

)
∪

Y
),

it
fo
llo

w
s
th
at
B
/∈

A
n

(X
∪

Y
,D

)
\

(D
e(

X
,D

)
∪

Y
).

A
dd

it
io
na

lly
,
si
nc

e
B
∈

A
n

(Y
d
,D

),
B
∈

A
n

(X
∪

Y
,D

).
C
om

bi
ni
ng

B
/∈

A
n

(X
∪Y

,D
)\

(D
e(

X
,D

)∪
Y

)
an

d
B
∈

A
n

(X
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)
im
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s
B
∈

D
e(

X
,D

)∪
Y
.

Fu
rt
he

rm
or
e,
B

/∈
X
∪

Y
N

an
d

Y
D
⊆

D
e(

X
,D

)
\

X
,
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B
∈

D
e(

X
,D

)
\

X
.

B
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∈

A
n
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p
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N
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A
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g,
2
01

3
;

Z
h
a
n
g

et
al.,

2013).
K

eep
a

sn
a
p
sh

o
t

vector
x̃

=
x
k

th
at

is
u
p

d
ated

on
ce

ev
ery

m
iteratio

n
s

(w
h
ere

m
is

som
e

p
aram

eter
u
su

ally
arou

n
d

2
n

),
an

d
com

p
u
te

th
e

fu
ll

grad
ien

t
∇
f

(x̃
)

o
n
ly

fo
r

su
ch

sn
ap

sh
ots.

T
h
en

,
set

∇̃
k

=
∇
f
i (x

k )−
∇
f
i (x̃

)
+
∇
f

(x̃
)
.

(1.2)

T
h
is

ch
o
ice

of
grad

ien
t

estim
ator

en
su

res
th

at
its

varian
ce

ap
p
roach

es
to

zero
as

k
g
row

s.
F

u
rth

erm
ore,

th
e

n
u
m

b
er

of
sto

ch
a
stic

grad
ien

ts
(i.e.,

th
e

n
u
m

b
er

of
com

p
u
tation

s
o
f∇

f
i (x

)
fo

r
som

e
i)

req
u
ired

to
reach

an
ε-ap

p
rox

im
ate

m
in

im
izer

of
P

rob
lem

(1.1)
is

o
n
ly
O
((n

+
Lσ )

log
1ε ).

S
in

ce
it

is
often

d
en

oted
b
y
κ

d
e
f

=
L
/σ

th
e

con
d
ition

n
u
m

b
er

of
th

e
p
ro

b
lem

,
w

e
rew

rite
th

e
ab

ove
iteration

com
p
lex

ity
as
O
((n

+
κ

)
log

1ε ).
U

n
fo

rtu
n
a
tely,

th
e

iteration
com

p
lex

ities
of

all
k
n
ow

n
varian

ce-red
u
ction

b
ased

m
eth

-
o
d
s

h
ave

a
lin

ear
d
ep

en
d
en

ce
on

κ
.

It
w

as
an

op
en

q
u
estion

regard
in

g
h
ow

to
ob

ta
in

an
a
ccelera

ted
sto

ch
astic

grad
ien

t
m

eth
o
d

w
ith

an
op

tim
al √

κ
d
ep

en
d
en

cy.

T
h

e
T

h
ird

E
ra

:
A

c
c
e
le

ra
tio

n
G

iv
e
s

F
a
ste

st
C

o
n
v
e
rg

e
n

c
e
.

T
h
is

o
p

en
q
u
estion

w
as

p
artially

solved
recen

tly
b
y

th
e

A
P

P
A

(F
rostig

et
al.,

2015)
an

d
C

a
ta

ly
st

(L
in

et
al.,

2015)
red

u
ction

s,
b

oth
b
ased

on
an

ou
ter-in

n
er

lo
op

stru
ctu

re
fi
rst

p
ro

p
o
sed

b
y

S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2014

).
W

e
refer

to
b

oth
of

th
em

as
C

ataly
st

in
th

is
p
a
p

er.
C

a
taly

st
solves

P
rob

lem
(1.1)

u
sin

g
O
((n

+
√
n
κ )

log
κ

log
1ε )

sto
ch

astic
grad

ien
t

itera
tio

n
s,

th
ro

u
gh

a
logarith

m
ic

n
u
m

b
er

of
calls

to
a

varian
ce-red

u
ction

m
eth

o
d
. 2

H
ow

ever,
C

a
ta

ly
st

is
still

im
p

erfect
for

th
e

follow
in

g
reason

s:

•
O
p
t
im

a
l
it
y
.

C
ataly

st
d
o
es

n
ot

m
atch

th
e

op
tim

al √
κ

d
ep

en
d
en

ce
(W

o
o
d
w

orth
a
n
d

S
reb

ro
,

2
0
1
6
)

an
d

h
as

an
ex

tra
log

κ
factor.

It
y
ield

s
su

b
op

tim
al

ra
te

lo
g
4
T

T
2

if
th

e
ob

jec-

tive
is

n
ot

stron
gly

con
vex

or
is

n
on

-sm
o
oth

;
an

d
it

y
ield

s
su

b
op

tim
al

rate
lo
g
4
T

T
if

th
e

o
b

jective
is

b
oth

n
on

-stron
gly

con
vex

an
d

n
on

-sm
o
oth

. 3

•
P
r
a
c
t
ic
a
l
it
y
.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

C
ataly

st
is

n
ot

very
p
ractical

sin
ce

each
o
f

its
in

n
er

iteration
s

n
eed

s
to

b
e

very
accu

rately
ex

ecu
ted

.
T

h
is

m
akes

th
e

stop
p
in

g
cri-

terio
n

h
a
rd

to
b

e
tu

n
ed

,
an

d
m

akes
C

ataly
st

som
etim

es
ru

n
slow

er
th

an
n
on

-a
ccelera

ted
va

ria
n
ce-red

u
ction

m
eth

o
d
s.

W
e

h
ave

also
con

fi
rm

ed
th

is
in

ou
r

ex
p

erim
en

ts.

•
P
a
r
a
l
l
e
l
ism

.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

C
ata

ly
st

d
o
es

n
ot

give
com

p
eten

t
p
arallel

p
erform

a
n
ce

(see
S
ection

1.2).
If
b
∈
{
1,...,n}

sto
ch

astic
grad

ien
ts

(in
stead

of
on

e)
a
re

co
m

p
u
ted

in
each

iteration
,

th
e

n
u
m

b
er

of
iteration

s
of

C
ataly

st
red

u
ces

b
y
O

( √
b).

2
.

N
o
te

th
a
t
n

+
√
n
κ

is
a
lw

ay
s

less
th

a
n
O

(n
+
κ

).
3
.

O
b

ta
in

in
g

o
p

tim
a

l
ra

tes
is

o
n

e
o
f

th
e

m
a
in

g
o
a
ls

in
o
p

tim
iza

tio
n

a
n

d
m

a
ch

in
e

lea
rn

in
g
.

F
o
r

in
sta

n
ce,

o
b

ta
in

in
g

th
e

o
p

tim
a
l
1
/
T

ra
te

fo
r

o
n

lin
e

lea
rn

in
g

w
a
s

a
v
ery

m
ea

n
in

g
fu

l
resu

lt,
ev

en
th

o
u

g
h

th
e

lo
g
T
/
T

ra
te

w
a
s

k
n

ow
n

(H
a
za

n
a
n

d
K

a
le,

2
0
1
4
;

R
a
k
h

lin
et

a
l.,

2
0
1
2
).
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A
l
l
e
n
-Z

h
u

In
con

trast,
th

e
b

est
p
arallel

sp
eed

u
p

on
e

can
h
op

e
for

is
“lin

ear
sp

eed
u
p
”:

th
at

is,
to

red
u
ce

th
e

n
u
m

b
er

of
iteration

s
b
y

a
factor

of
O

(b)
for

b≤
√
n

.

•
G
e
n
e
r
a
l
it
y
.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

b
ein

g
a

red
u
ction

-b
ased

m
eth

o
d
,

C
ataly

st
d
o
es

n
ot

seem
to

su
p
p

ort
n
on

-E
u
clid

ean
n
orm

sm
o
oth

n
ess

(see
S
ection

1.2).

A
n
oth

er
acceleration

m
eth

o
d

b
y

L
an

an
d

Z
h
ou

(2015)
is

b
ased

on
a

p
rim

al-d
u
al

an
aly

sis
th

at
also

h
as

su
b

op
tim

al
con

vergen
ce

rates
lik

e
C

ataly
st.

T
h
eir

m
eth

o
d

req
u
ires

n
tim

es
m

ore
storage

com
p
ared

w
ith

C
ataly

st
for

solv
in

g
P

ro
b
lem

(1
.1).

In
su

m
,

it
is

d
esirab

le
an

d
also

an
op

en
q
u
estion

to
d
ev

elop
a

d
irect,

p
rim

a
l-o

n
ly,

an
d

o
p
tim

a
l

accelerated
sto

ch
astic

grad
ien

t
m

eth
o
d

w
ith

ou
t

u
sin

g
red

u
ction

s.
T

h
is

cou
ld

h
ave

b
oth

th
eoretical

an
d

p
ractical

im
p
acts

to
th

e
p
rob

lem
s

th
at

fa
ll

in
to

th
e

gen
eral

fra
m

ew
ork

of
(1.1),

an
d

p
oten

tially
d
eep

en
ou

r
u
n
d
erstan

d
in

g
to

acceleration
in

sto
ch

astic
settin

gs.

1
.1

O
u

r
M

a
in

R
e
su

lts
a
n

d
H

ig
h

-L
e
v
e
l

Id
e
a
s

W
e

d
evelop

a
d
irect,

accelerated
sto

ch
astic

gra
d
ien

t
m

eth
o
d
K
a
t
y
u
s
h
a

for
P

rob
lem

(1.1)
in

O
((n

+
√
n
κ )

log
(1/ε) )

sto
ch

astic
grad

ien
t

iteration
s

(see
T

h
eorem

2.1).

T
h
is

gives
b

oth
op

tim
al

d
ep

en
d
en

cy
on

κ
an

d
on

ε
w

h
ich

w
as

n
ot

o
b
tain

ed
b

efore
for

sto
ch

astic
grad

ien
t

m
eth

o
d
s.

In
ad

d
ition

,
if
F

(·)
is

n
on

-stron
gly

con
vex

(n
on

-S
C

),
K
a
t
y
u
s
h
a

con
verges

to
an

ε-m
in

im
izer

in

O
(n

log
(1/ε)

+
√
n
L
/ε )

sto
ch

astic
g
rad

ien
t

iteration
s

(see
C

orollary
3.7).

T
h
is

gives
an

op
tim

al
ε
∝

nT
2

rate
w

h
ere

in
con

trast
C

ataly
st

h
as

rate
ε
∝

n
lo
g
4
T

T
2

.
T

h
e

low
er

b
ou

n
d

from
W

o
o
d
w

orth
an

d
S
reb

ro
(2016)

is
Ω (n

+
√
n
L
/ε ).

O
u

r
A

lg
o
rith

m
.

If
ign

orin
g

th
e

p
rox

im
al

term
ψ

(·)
an

d
v
iew

in
g

it
as

zero,
ou

r
K
a
t
y
u
s
h
a

m
eth

o
d

iteratively
p

erform
th

e
follow

in
g

u
p

d
ates

for
k

=
0,1,...:

•
x
k
+
1 ←

τ
1 z
k

+
τ
2 x̃

+
(1−

τ
1 −

τ
2 )y

k ;
(so

x
k
+
1

=
y
k

+
τ
1 (z

k −
y
k )

+
τ
2 (x̃
−
y
k )

)

•
∇̃
k
+
1 ←
∇
f

(x̃
)

+
∇
f
i (x

k
+
1 )−

∇
f
i (x̃

)
w

h
ere

i
is

a
ran

d
om

in
d
ex

in
[n

];

•
y
k
+
1 ←

x
k
+
1 −

13
L ∇̃

k
+
1 ,

an
d

•
z
k
+
1 ←

z
k −

α∇̃
k
+
1 .

A
b

ove,
x̃

is
a

sn
ap

sh
ot

p
oin

t
w

h
ich

is
u
p

d
ated

every
m

iteration
s,∇̃

k
+
1

is
th

e
grad

ien
t

estim
ator

d
efi

n
ed

in
th

e
sam

e
w

ay
as

(1.2),
τ
1 ,τ

2
∈

[0,1]
are

tw
o

m
om

en
tu

m
p
aram

eters,
an

d
α

is
a

p
aram

eter
th

at
is

eq
u
al

to
1

3
τ
1
L

.
T

h
e

reaso
n

for
keep

in
g

th
ree

vector
seq

u
en

ces

(x
k ,y

k ,z
k )

is
a

co
m

m
on

in
gred

ien
t

th
at

can
b

e
fou

n
d

in
all

ex
istin

g
accelerated

m
eth

o
d
s. 4

O
u

r
N

e
w

T
e
ch

n
iq

u
e

–
K

a
ty

u
sh

a
M

o
m

e
n
tu

m
.

T
h
e

m
ost

in
terestin

g
in

gred
ien

t
of

K
a
t
y
u
s
h
a

is
th

e
n
ovel

ch
oice

of
x
k
+
1

w
h
ich

is
a

co
n
v
ex

com
b
in

ation
of
y
k ,
z
k ,

an
d
x̃

.
O

u
r

th
eory

su
ggests

th
e

p
aram

eter
ch

oices
τ
2

=
0
.5

an
d
τ
1

=
m

in{ √
n
σ
/L
,0
.5}

an
d

th
ey

w
ork

w
ell

in
p
ractice

to
o.

T
o

ex
p
la

in
th

is
n
ovel

com
b
in

ation
,

let
u
s

recall
th

e
classical

“m
om

en
tu

m
”

v
iew

of
accelerated

m
eth

o
d
s.

4
.

O
n

e
ca

n
o
f

co
u

rse
rew

rite
th

e
a
lg

o
rith

m
a
n

d
k
eep

tra
ck

o
f

o
n

ly
tw

o
v
ecto

rs
p

er
itera

tio
n

d
u

rin
g

im
-

p
lem

en
ta

tio
n

.
T

h
is

w
ill

m
a
k
e

th
e

a
lg

o
rith

m
sta

tem
en

t
less

clea
n

so
w

e
refra

in
fro

m
d

o
in

g
so

in
th

is
p

a
p

er.
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K
a
t
y
u
sh

a
:
T
h
e
F
ir
st

D
ir
e
c
t
A
c
c
e
l
e
r
a
t
io
n
o
f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

In
a

cl
as

si
ca

l
ac

ce
le

ra
te

d
gr

ad
ie

n
t

m
et

h
o
d
,
x
k
+
1

is
on

ly
a

co
n
v
ex

co
m

b
in

at
io

n
of
y k

an
d
z k

(o
r

eq
u
iv

al
en

tl
y,
τ 2

=
0

in
ou

r
fo

rm
u
la

ti
on

).
A

t
a

h
ig

h
le

ve
l,
z k

p
la

y
s

th
e

ro
le

of
“m

om
en

tu
m

”
w

h
ic

h
ad

d
s

a
w

ei
gh

te
d

su
m

o
f
th

e
gr

ad
ie

n
t

h
is

to
ry

in
to
y k

+
1
.

A
s

an
il
lu

st
ra

ti
ve

ex
am

p
le

,
su

p
p

os
e
τ 2

=
0,
τ 1

=
τ
,

an
d
x
0

=
y 0

=
z 0

.
T

h
en

,
o
n
e

ca
n

co
m

p
u
te

th
at

y k
=

    

x
0
−

1 3
L
∇̃

1
,

k
=

1;

x
0
−

1 3
L
∇̃

2
−
( (1
−
τ
)

1 3
L

+
τ
α
) ∇̃

1
,

k
=

2;

x
0
−

1 3
L
∇̃

3
−
( (1
−
τ
)

1 3
L

+
τ
α
) ∇̃

2
−
( (1
−
τ
)2

1 3
L

+
(1
−

(1
−
τ
)2

)α
) ∇̃

1
,
k

=
3.

S
in

ce
α

is
u
su

al
ly

m
u
ch

la
rg

er
th

an
1/

3L
,
th

e
ab

ov
e

re
cu

rs
io

n
su

gg
es

ts
th

at
th

e
co

n
tr

ib
u
ti

on
of

a
fi
x
ed

gr
ad

ie
n
t
∇̃
t

gr
ad

u
al

ly
in

cr
ea

se
s

as
ti

m
e

go
es

.
F

or
in

st
an

ce
,

th
e

w
ei

g
h
t

on
∇̃

1
is

in
cr

ea
si

n
g

b
ec

au
se

1 3
L
<
( (1
−
τ
)

1 3
L

+
τ
α
) <

( (1
−
τ
)2

1 3
L

+
(1
−

(1
−
τ
)2

)α
)
.

T
h
is

is
k
n
ow

n
as

“m
om

en
tu

m
”

w
h
ic

h
is

at
th

e
h
ea

rt
of

al
l

ac
ce

le
ra

te
d

fi
rs

t-
or

d
er

m
et

h
o
d
s.

In
K
a
t
y
u
s
h
a
,

w
e

p
u
t

a
“m

ag
n
et

”
ar

ou
n
d
x̃

,
w

h
er

e
w

e
ch

o
os

e
x̃

to
b

e
es

se
n
ti

a
ll
y

“t
h
e

av
er

ag
e
x
t

of
th

e
m

os
t

re
ce

n
t
n

it
er

at
io

n
s”

.
W

h
en

ev
er

w
e

co
m

p
u
te

th
e

n
ex

t
x
k
+
1
,

it
w

il
l

b
e

at
tr

ac
te

d
b
y

th
e

m
ag

n
et
x̃

w
it

h
w

ei
gh

t
τ 2

=
0.

5.
T

h
is

is
a

st
ro

n
g

m
ag

n
et

:
it

en
su

re
s

th
at
x
k
+
1

is
n
ot

to
o

fa
r

aw
ay

fr
om

x̃
so

th
e

gr
ad

ie
n
t

es
ti

m
at

or
re

m
ai

n
s

“a
cc

u
ra

te
en

ou
gh

”.
T

h
is

ca
n

b
e

v
ie

w
ed

as
a

“n
eg

at
iv

e
m

om
en

tu
m

”
co

m
p

on
en

t,
b

ec
au

se
th

e
m

ag
n
et

re
tr

ac
ts

x
k
+
1

b
ac

k
to

x̃
an

d
th

is
ca

n
b

e
u
n
d
er

st
o
o
d

as
“c

ou
n
te

ra
ct

in
g

a
fr

ac
ti

o
n

of
th

e
p

os
it

iv
e

m
om

en
tu

m
in

cu
rr

ed
fr

om
ea

rl
ie

r
it

er
at

io
n
s.

”

W
e

ca
ll

it
th

e
K
at
yu
sh
a
m
om

en
tu
m

.

T
h
is

su
m

m
ar

iz
es

th
e

h
ig

h
-l

ev
el

id
ea

b
eh

in
d

ou
r
K
a
t
y
u
s
h
a

m
et

h
o
d
.

W
e

re
m

ar
k

h
er

e
if

τ 1
=
τ 2

=
0,

K
a
t
y
u
s
h
a

b
ec

om
es

al
m

o
st

id
en

ti
ca

l
to

S
V

R
G

(J
oh

n
so

n
an

d
Z

h
an

g,
20

13
;

Z
h
an

g
et

al
.,

20
13

)
w

h
ic

h
is

a
va

ri
an

ce
-r

ed
u
ct

io
n

b
as

ed
m

et
h
o
d
.

1
.2

O
u

r
S

id
e

R
e
su

lt
s

P
a
ra

ll
e
li
sm

/
M

in
i-

b
a
tc

h
.

In
st

ea
d

of
u
si

n
g

a
si

n
gl

e
∇
f i

(·)
p

er
it

er
at

io
n
,

fo
r

an
y

st
o
ch

as
-

ti
c

gr
ad

ie
n
t

m
et

h
o
d
,
on

e
ca

n
re

p
la

ce
it

w
it

h
th

e
av

er
ag

e
of
b

st
o
ch

as
ti

c
gr

ad
ie

n
ts

1 b

∑
i∈
S
∇
f i

(·)
,

w
h
er

e
S

is
a

ra
n
d
om

su
b
se

t
of

[n
]

w
it

h
ca

rd
in

al
it

y
b.

T
h
is

is
k
n
ow

n
as

th
e

m
in

i-
ba

tc
h

te
ch

-
n
iq

u
e

an
d

it
al

lo
w

s
th

e
st

o
ch

as
ti

c
g
ra

d
ie

n
ts

to
b

e
co

m
p
u
te

d
in

a
d
is

tr
ib

u
te

d
m

an
n
er

,
u
si

n
g

u
p

to
b

p
ro

ce
ss

or
s.

O
u
r
K
a
t
y
u
s
h
a

m
et

h
o
d

tr
iv

ia
ll
y

ex
te

n
d
s

to
th

is
m

in
i-

b
at

ch
se

tt
in

g.
F

or
in

st
an

ce
,

at
le

a
st

fo
r
b
∈
{1
,2
,.
..
,d
√
n
e}

,
K
a
t
y
u
s
h
a

en
jo

y
s

a
li

n
ea

r
sp

ee
d
-u

p
in

th
e

p
ar

al
le

l
ru

n
n
in

g
ti

m
e.

In
ot

h
er

w
or

d
s,

if
ig

n
or

in
g

co
m

m
u
n
ic

at
io

n
ov

er
h
ea

d
,

K
a
t
y
u
s
h
a

ca
n

b
e

d
is

tr
ib

u
te

d
to
b
≤
√
n

m
ac

h
in

es
w

it
h

a
p
ar

a
ll
el

sp
ee

d
-u

p
fa

ct
or
b.

In
co

n
tr

as
t,

to
th

e
b

es
t

of
ou

r
k
n
ow

le
d
g
e,

w
it

h
ou

t
an

y
ad

d
it

io
n
al

as
su

m
p
ti

on
,

(1
)

n
on

-
ac

ce
le

ra
te

d
m

et
h
o
d
s

su
ch

as
S
V

R
G

or
S
A

G
A

ar
e

n
ot

k
n
ow

n
to

en
jo

y
an

y
p
ar

al
le

l
sp

ee
d
-u

p
;

(2
)

C
at

al
y
st

en
jo

y
s

a
p
ar

al
le

l
sp

ee
d
-u

p
fa

ct
or

of
on

ly
√
b.

D
et

ai
ls

ar
e

in
S
ec

ti
on

5.

N
o
n

-U
n

if
o
rm

S
m

o
o
th

n
e
ss

.
If

ea
ch

f i
(·)

h
as

a
p

o
ss

ib
ly

d
iff

er
en

t
sm

o
ot

h
p
ar

am
et

er
L
i

an
d
L

=
1 n

∑
n i=

1
L
i,

th
en

an
n
ai

ve
im

p
le

m
en

ta
ti

on
of

K
a
t
y
u
s
h
a

on
ly

gi
v
es

a
co

m
p
le

x
it

y
th

at
d
ep

en
d
s

on
m

ax
i
L
i

b
u
t

n
ot
L

.
In

su
ch

a
ca

se
,

w
e

ca
n

se
le

ct
th

e
ra

n
d
om

in
d
ex
i
∈

[n
]

w
it

h
p
ro

b
ab

il
it

y
p
ro

p
or

ti
on

al
to
L
i

p
er

it
er

a
ti

on
to

sl
ig

h
tl

y
im

p
ro

ve
th

e
to

ta
l

ru
n
n
in

g
ti

m
e.
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A
l
l
e
n
-Z

h
u

F
u
rt

h
er

m
or

e,
su

p
p

os
e
f

(x
)

=
1 n

∑
n i=

1
f i

(x
)

is
sm

o
ot

h
w

it
h

p
ar

am
et

er
L

,
it

sa
ti

sfi
es

L
∈

[L
,n
L

].
O

n
e

ca
n

as
k

w
h
et

h
er

or
n
ot
L

in
fl
u
en

ce
s

th
e

p
er

fo
rm

an
ce

of
K
a
t
y
u
s
h
a
.

W
e

sh
ow

th
at

,
in

th
e

m
in

i-
b
at

ch
se

tt
in

g
w

h
en
b

is
la

rg
e,

th
e

to
ta

l
co

m
p
le

x
it

y
b

ec
o
m

es
a

fu
n
ct

io
n

on
L

as
op

p
os

ed
to
L

.
T

h
e

d
et

ai
ls

ar
e

in
S
ec

ti
on

5.

A
P

re
c
is

e
S

ta
te

m
e
n
t.

T
ak

in
g

in
to

ac
co

u
n
t

b
ot

h
th

e
m

in
i-

b
at

ch
p
ar

am
et

er
b

a
n
d

th
e

n
on

-u
n
if

or
m

sm
o
ot

h
n
es

s
p
ar

am
et

er
s
L

an
d
L

,
w

e
sh

ow
K
a
t
y
u
s
h
a

so
lv

es
P

ro
b
le

m
(1

.1
)

in

O
( (
n

+
b√

L
/σ

+

√
n
L
/σ
) ·

lo
g

1 ε

)
st

o
ch

as
ti

c
gr

ad
ie

n
t

co
m

p
u
ta

ti
on

s
(s

ee
T

h
eo

re
m

5
.2

)

N
o
n

-E
u

c
li
d

e
a
n

N
o
rm

s.
If

th
e

sm
o
ot

h
n
es

s
of

ea
ch

f i
(x

)
is

w
it

h
re

sp
ec

t
to

a
n
o
n
-

E
u
cl

id
ea

n
n
or

m
(s

u
ch

as
th

e
w

el
l
k
n
ow

n
` 1

n
or

m
ca

se
ov

er
th

e
si

m
p
le

x
),

ou
r

m
a
in

re
su

lt
st

il
l

h
ol

d
s.

O
u
r

u
p

d
at

e
on

th
e
y k

+
1

si
d
e

b
ec

om
es

th
e

n
on

-E
u
cl

id
ea

n
n
or

m
gr

ad
ie

n
t

d
es

ce
n
t,

a
n
d

ou
r

u
p

d
at

e
on

th
e
z k

+
1

si
d
e

b
ec

om
es

th
e

n
on

-E
u
cl

id
ea

n
n
or

m
m

ir
ro

r
d
es

ce
n
t.

W
e

in
cl

u
d
e

su
ch

d
et

ai
ls

in
S
ec

ti
on

6.
T

o
th

e
b

es
t

of
ou

r
k
n
ow

le
d
ge

,
m

os
t

k
n
ow

n
ac

ce
le

ra
te

d
m

et
h
o
d
s

(i
n
cl

u
d
in

g
C

at
al

y
st

,
A

cc
S
D

C
A

an
d

A
P

C
G

)
d
o

n
ot

w
or

k
w

it
h

n
on

-E
u
cl

id
ea

n
n
o
rm

s.
S
P

D
C

ca
n

b
e

re
v
is

ed
to

w
or

k
w

it
h

n
on

-E
u
cl

id
ea

n
n
or

m
s,

se
e

(A
ll
en

-Z
h
u

et
al

.,
20

1
6
b
).

R
e
m

a
rk

o
n

K
a
ty

u
sh

a
M

o
m

e
n
tu

m
W

e
ig

h
t
τ
2
.

T
o

p
ro

v
id

e
th

e
si

m
p
le

st
p
ro

o
f,

w
e

ch
o
os

e
τ 2

=
1
/2

w
h
ic

h
al

so
w

or
k
s

w
el

l
in

p
ra

ct
ic

e.
O

u
r

p
ro

of
tr

iv
ia

ll
y

ge
n
er

a
li
ze

s
to

al
l

co
n
st

an
t

va
lu

es
τ 2
∈

(0
,1

),
an

d
it

co
u
ld

b
e

b
en

efi
ci

al
to

tu
n
e
τ 2

fo
r

d
iff

er
en

t
d
a
ta

se
ts

.
H

ow
ev

er
,

fo
r

a
st

ro
n
ge

r
co

m
p
ar

is
on

,
in

ou
r

ex
p

er
im

en
ts

w
e

re
fr

ai
n

fr
om

tu
n
in

g
τ 2

:
b
y

fi
x
in

g
τ 2

=
1/

2
an

d
w

it
h
ou

t
in

cr
ea

si
n
g

p
ar

am
et

er
tu

n
in

g
d
iffi

cu
lt

ie
s,

K
a
t
y
u
s
h
a

a
lr

ea
d
y

ou
tp

er
fo

rm
s

m
os

t
of

th
e

st
at

e-
of

-t
h
e-

ar
ts

.

In
th

e
m

in
i-

b
at

ch
se

tt
in

g,
it

tu
rn

s
ou

t
th

e
b

es
t

th
eo

re
ti

ca
l

ch
oi

ce
is

es
se

n
ti

a
ll
y
τ 2

=
1 2
b
,

w
h
er

e
b

is
th

e
si

ze
of

th
e

m
in

i-
b
at

ch
.

In
ot

h
er

w
or

d
s,

th
e

la
rg

er
th

e
m

in
i-

b
a
tc

h
si

ze
,

th
e

sm
al

le
r

w
ei

gh
t

w
e

w
an

t
to

gi
ve

to
K

at
y
u
sh

a
m

om
en

tu
m

.
T

h
is

sh
ou

ld
b

e
in

tu
it

iv
e,

b
ec

a
u
se

w
h
en
b

=
n

w
e

ar
e

al
m

os
t

in
th

e
fu

ll
-g

ra
d
ie

n
t

se
tt

in
g

an
d

d
o

n
ot

n
ee

d
K

at
y
u
sh

a
m

o
m

en
tu

m
.

1
.3

A
p

p
li
c
a
ti

o
n

s:
O

p
ti

m
a
l

R
a
te

s
fo

r
E

m
p

ir
ic

a
l

R
is

k
M

in
im

iz
a
ti

o
n

S
u
p
p

os
e

w
e

ar
e

gi
v
en

n
fe

at
u
re

v
ec

to
rs
a
1
,.
..
,a
n
∈

R
d

co
rr

es
p

on
d
in

g
to
n

d
a
ta

sa
m

p
le

s.
T

h
en

,
th

e
em

p
ir

ic
a
l

ri
sk

m
in

im
iz

a
ti

o
n

(E
R

M
)

p
ro

b
le

m
is

to
st

u
d
y

P
ro

b
le

m
(1

.1
)

w
h
en

ea
ch

f i
(x

)
is

“r
an

k
-o

n
e”

st
ru

ct
u
re

d
:
f i

(x
)

d
e
f

=
g i

(〈
a
i,
x
〉)

fo
r

so
m

e
lo

ss
fu

n
ct

io
n
g i

:
R
→

R
.

S
li
g
h
tl

y
ab

u
si

n
g

n
ot

at
io

n
,

w
e

w
ri

te
f i

(x
)

=
f i

(〈
a
i,
x
〉)

.5
In

su
ch

a
ca

se
,

P
ro

b
le

m
(1

.1
)

b
ec

o
m

es

E
R
M
:

m
in
x
∈R

d

{ F
(x

)
d
e
f

=
f

(x
)

+
ψ

(x
)

d
e
f

=
1 n

∑
n i=

1
f i

(〈
a
i,
x
〉)

+
ψ

(x
)}

.
(1

.3
)

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
ea

ch
a
i

h
as

n
or

m
1

b
ec

au
se

ot
h
er

w
is

e
o
n
e

ca
n

sc
a
le

f i
(·)

ac
co

rd
in

gl
y.

A
s

su
m

m
ar

iz
ed

fo
r

in
st

an
ce

in
A

ll
en

-Z
h
u

an
d

H
az

an
(2

01
6
b
),

th
er

e
a
re

fo
u
r

in
te

re
st

in
g

ca
se

s
of

E
R

M
p
ro

b
le

m
s,

al
l

ca
n

b
e

w
ri

tt
en

in
th

e
fo

rm
of

(1
.3

):

C
as

e
1:
ψ

(x
)

is
σ

-S
C

an
d
f i

(x
)

is
L

-s
m

o
ot

h
.

E
x
am

p
le

s:
ri

d
ge

re
gr

es
si

on
,

el
a
st

ic
n
et

;

C
as

e
2:
ψ

(x
)

is
n
on

-S
C

an
d
f i

(x
)

is
L

-s
m

o
ot

h
.

E
x
am

p
le

s:
L

as
so

,
lo

gi
st

ic
re

g
re

ss
io

n
;

C
as

e
3:
ψ

(x
)

is
σ

-S
C

an
d
f i

(x
)

is
n
on

-s
m

o
ot

h
.

E
x
am

p
le

s:
su

p
p

or
t

ve
ct

or
m

a
ch

in
e;

5
.

A
ss

u
m

in
g

“
ra

n
k
-o

n
e”

si
m

p
li

fi
es

th
e

n
o
ta

ti
o
n

s;
a
ll

o
f

th
e

re
su

lt
s

st
a
te

d
in

th
is

su
b

se
ct

io
n

g
en

er
a
li

ze
to

co
n

st
a
n
t-

ra
n

k
st

ru
ct

u
re

d
fu

n
ct

io
n

s
f i

(x
).
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K
a
t
y
u
sh

a
:
T
h
e
F
ir
st

D
ir
e
c
t
A
c
c
e
l
e
r
a
t
io
n
o
f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

C
a
se

4
:
ψ

(x
)

is
n
on

-S
C

an
d
f
i (x

)
is

n
on

-sm
o
oth

.
E

x
am

p
les:

`
1 -S

V
M

.

K
n

o
w

n
R

e
su

lts.
F

or
all

of
th

e
fou

r
E

R
M

cases
ab

ove,
accelerated

sto
ch

astic
m

eth
o
d
s

w
ere

in
tro

d
u
ced

in
th

e
literatu

re,
m

ost
n
otab

ly
A

ccS
D

C
A

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2
014),

A
P

C
G

(L
in

et
al.,

2014),
S
P

D
C

(Z
h
an

g
an

d
X

iao,
2015).

T
h
ese

m
eth

o
d
s

h
ave

su
b

op
tim

al
co

n
verg

en
ce

rates
for

C
ases

2,
3

an
d

4.
(In

fact,
th

ey
also

h
ave

th
e

su
b

op
tim

a
l
d
ep

en
d
en

ce
on

th
e

co
n
d
itio

n
n
u
m

b
er
L
/σ

for
C

ase
1.)

T
h
e

b
est

k
n
ow

n
rate

w
as

lo
g
(1
/
ε)

√
ε

,
lo
g
(1
/
ε)

√
ε

,
or

lo
g
(1
/
ε)

ε

resp
ectively

fo
r

C
ases

2,
3,

or
4,

an
d

is
a

fa
ctor

log
(1
/ε)

w
o
rse

th
an

o
p
tim

al
(W

o
o
d
w

orth
a
n
d

S
reb

ro
,

2
0
1
6).

It
is

a
n

o
p

en
q
u
estion

to
d
esign

a
sto

ch
astic

grad
ien

t
m

eth
o
d

w
ith

op
tim

a
l

con
v
ergen

ce
fo

r
su

ch
p
ro

b
lem

s.
In

p
articu

lar,
D

an
g

an
d

L
an

(2014)
p
rov

id
ed

an
in

terestin
g

attem
p
t

to
rem

ove
su

ch
lo

g
factors

b
u
t

u
sin

g
a

n
on

-classical
n
otion

of
con

vergen
ce. 6

B
esid

es
th

e
log

factor
loss

in
th

e
ru

n
n
in

g
tim

e, 7
th

e
a
forem

en
tion

ed
m

eth
o
d
s

su
ff

er
from

severa
l

o
th

er
issu

es
th

at
m

ost
d
u
al-b

ased
m

eth
o
d
s

also
su

ff
er.

F
irst,

th
ey

o
n
ly

ap
p
ly

to
E

R
M

p
rob

lem
s

b
u
t

n
ot

to
th

e
m

ore
gen

era
l

P
rob

lem
(1.1).

S
econ

d
,

th
ey

req
u
ire

p
rox

im
al

u
p

d
a
tes

w
ith

resp
ect

to
th

e
F

en
ch

el
con

ju
gate

f
∗i (·)

w
h
ich

is
som

etim
es

u
n
p
leasan

t
to

w
ork

w
ith

.
T

h
ird

,
th

eir
p

erform
an

ces
can

n
ot

b
en

efi
t

from
th

e
im

p
licit

stro
n
g

con
v
ex

ity
in
f

(·).
A

ll
of

th
ese

issu
es

togeth
er

m
ake

th
ese

m
eth

o
d
s

som
etim

es
even

ou
tp

erform
ed

b
y

p
rim

al-
o
n
ly

n
o
n
-a

ccelerated
on

es,
su

ch
as

S
A

G
A

(D
efazio

et
al.,

2014)
or

S
V

R
G

(J
oh

n
son

an
d

Z
h
a
n
g
,

2
0
1
3
;

Z
h
an

g
et

al.,
2013).

O
u

r
R

e
su

lts.
K
a
t
y
u
s
h
a

sim
u
ltan

eou
sly

closes
th

e
ga

p
for

all
of

th
e

th
ree

classes
of

p
ro

b
lem

s
w

ith
th

e
h
elp

from
th

e
op

tim
al

red
u
ction

s
d
ev

elop
ed

in
A

llen
-Z

h
u

an
d

H
azan

(2
0
1
6
b
).

W
e

o
b
tain

an
ε-ap

p
rox

im
ate

m
in

im
izer

for
C

ase
2

in
O
(n

log
1ε

+
√
n
L

√
ε

)
iteration

s,

fo
r

C
a
se

3
in
O
(n

log
1ε

+
√
n

√
σ
ε )

iteration
s,

an
d

for
C

ase
4

in
O
(n

log
1ε

+
√
nε

)
iteration

s.

N
o
n
e

o
f

th
e

ex
istin

g
accelerated

m
eth

o
d
s

can
lead

to
su

ch
op

tim
al

rates
even

if
th

e
o
p
tim

al
red

u
ctio

n
s

a
re

u
sed

.

W
o
o
d
w

o
rth

an
d

S
reb

ro
(2016)

p
roved

th
e

tigh
tn

ess
of

ou
r

resu
lts.

T
h
ey

sh
ow

ed
low

er

b
o
u
n
d
s

Ω (n
+
√
n
L

√
ε

),
Ω (n

+
√
n

√
σ
ε ),

an
d

Ω (n
+
√
nε

)
for

C
ases

2,
3,

an
d

4
resp

ectively. 8

1
.4

R
o
a
d

m
a
p

•
In

S
ectio

n
2
,

w
e

state
an

d
p
rove

ou
r

th
eorem

on
K
a
t
y
u
s
h
a

for
th

e
stron

gly
con

vex
case.

6
.

D
a
n

g
a
n

d
L

a
n

(2
0
1
4
)

w
o
rk

in
a

p
rim

a
l-d

u
a
l
φ

(x
,y

)
fo

rm
u

la
tio

n
o
f

P
ro

b
lem

(1
.1

),
a
n

d
p

ro
d

u
ce

a
p

rim
a
l-

d
u

a
l

p
a
ir

(x
,y

)
so

th
a
t

fo
r

ev
ery

fi
x
ed

(u
,v

),
th

e
ex

p
ecta

tio
n
E

[φ
(x
,v

)−
φ

(u
,y

)]≤
ε.

U
n

fo
rtu

n
a
tely,

to
en

su
re
x

is
a
n
ε-a

p
p

rox
im

a
te

m
in

im
izer

o
f

P
ro

b
lem

(1
.1

),
o
n

e
n

eed
s

th
e

stro
n

g
er

E
[m

a
x
(u
,v

)
φ

(x
,v

)−
φ

(u
,y

)]≤
ε

to
h

o
ld

.
7
.

In
fa

ct,
d
u

a
l-b

a
sed

m
eth

o
d

s
h

av
e

to
su

ff
er

fro
m

a
lo

g
fa

cto
r

lo
ss

in
th

e
co

n
v
erg

en
ce

ra
te.

T
h

is
is

so
b

eca
u

se
ev

en
fo

r
C

a
se

1
o
f

P
ro

b
lem

(1
.3

),
co

n
v
ertin

g
a
n
ε-m

a
x
im

izer
fo

r
th

e
d

u
a
l

o
b

jectiv
e

to
th

e
p

rim
a
l,

o
n

e
o
n

ly
o
b

ta
in

s
a
n
n
κ
ε-m

in
im

izer
o
n

th
e

p
rim

a
l

o
b

jectiv
e.

A
s

a
resu

lt,
a
lg

o
rith

m
s

lik
e

A
P

C
G

w
h

o
d

irectly
w

o
rk

o
n

th
e

d
u

a
l,

a
lg

o
rith

m
s

lik
e

S
P

D
C

w
h

o
m

a
in

ta
in

b
o
th

p
rim

a
l

a
n

d
d

u
a
l

va
ria

b
les,

a
n

d
a
lg

o
rith

m
s

lik
e

R
P

D
G

(L
a
n

a
n

d
Z

h
o
u

,
2
0
1
5
)

th
a
t

a
re

p
rim

a
l-lik

e
b

u
t

still
u

se
d

u
a
l

a
n

a
ly

sis,
h

av
e

to
su

ff
er

fro
m

a
lo

g
lo

ss
in

th
e

co
n
v
erg

en
ce

ra
tes.

8
.

M
o
re

p
recisely,

th
eir

low
er

b
o
u

n
d

s
fo

r
C

a
ses

3
a
n

d
4

a
re

Ω (
m

in {
1σε
,n

+
√
n

√
σ
ε })

a
n

d
Ω (

m
in {

1ε
2
,n

+
√
nε }).

H
ow

ev
er,

sin
ce

th
e

va
n

illa
S

G
D

req
u

ires
O

(
1σε

)
a
n

d
O

(
1ε
2
)

itera
tio

n
s

fo
r

C
a
ses

3
a
n

d
4
,
su

ch
low

er
b

o
u

n
d

s
a
re

m
a
tch

ed
b
y

co
m

b
in

in
g

th
e

b
est

b
etw

een
K
a
t
y
u
s
h
a

a
n

d
S

G
D

.
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A
l
l
e
n
-Z

h
u

•
In

S
ection

3,
w

e
ap

p
ly

K
a
t
y
u
s
h
a

to
n
on

-stron
gly

con
vex

or
n
o
n
-sm

o
oth

cases
b
y

red
u
c-

tion
s.

•
In

S
ection

4,
w

e
p
rov

id
e

a
d
irect

algorith
m

K
a
t
y
u
s
h
a
n
s

for
th

e
n
on

-stron
gly

case.
•

In
S
ection

5,
w

e
gen

eralize
K
a
t
y
u
s
h
a

to
m

in
i-b

atch
an

d
n
on

-u
n
iform

sm
o
oth

n
ess.

•
In

S
ection

6,
w

e
gen

eralize
K
a
t
y
u
s
h
a

to
th

e
n
on

-E
u
clid

ean
n
o
rm

settin
g.

•
In

S
ection

7,
w

e
p
rov

id
e

an
em

p
irical

evalu
ation

to
illu

strate
th

e
n
ecessity

of
K

aty
u
sh

a
m

om
en

tu
m

,
an

d
th

e
p
ractical

p
erform

an
ce

of
K
a
t
y
u
s
h
a
.

1
.5

N
o
ta

tio
n

s

T
h
rou

gh
ou

t
th

is
p
ap

er
(ex

cep
t

S
ection

6),
w

e
d
en

ote
b
y
‖·‖

th
e

E
u
clid

ean
n
orm

.
W

e
d
en

ote
b
y
∇
f

(x
)

th
e

fu
ll

grad
ien

t
of

fu
n
ction

f
if

it
is

d
iff

eren
tiab

le,
or

an
y

of
its

su
b
g
rad

ien
ts

if
f

is
on

ly
L

ip
sch

itz
con

tin
u
ou

s.
R

ecall
som

e
classical

d
efi

n
ition

s
on

stron
g

con
v
ex

ity
(S

C
)

an
d

sm
o
oth

n
ess.

D
e
fi

n
itio

n
1
.1

F
o
r

a
co

n
vex

fu
n

ctio
n
f

:R
n
→

R
,

•
f

is
σ

-stro
n

gly
co

n
vex

if∀
x
,y
∈
R
n

,
it

sa
tisfi

es
f

(y
)≥

f
(x

)+
〈∇
f

(x
),y−

x〉+
σ2 ‖x−

y‖
2.

•
f

is
L

-sm
oo

th
if∀

x
,y
∈
R
n

,
it

sa
tisfi

es‖∇
f

(x
)−
∇
f

(y
)‖
≤
L‖
x
−
y‖

.

2
.
K
a
ty

u
sh

a
in

th
e
S
tro

n
g
ly

C
o
n
v
e
x
S
e
ttin

g

W
e

form
ally

in
tro

d
u
ce

ou
r
K
a
t
y
u
s
h
a

algorith
m

in
A

lgorith
m

1.
It

fo
llow

s
from

ou
r

h
igh

-
level

d
escrip

tion
in

S
ection

1.1,
an

d
w

e
m

ake
several

rem
ark

s
h
ere

b
eh

in
d

ou
r

sp
ecifi

c
d
esign

.

•
K
a
t
y
u
s
h
a

is
d
ivid

ed
in

to
epoch

s
ea

ch
co

n
sistin

g
o
f
m

itera
tio

n
s.

In
th

eo
ry,

m
ca

n
be

a
n

yth
in

g
lin

ea
r

in
n

.
W

e
let

sn
a
p
sh

o
t
x̃

be
a

w
eigh

ted
a
vera

ge
o
f
y
k

in
th

e
m

o
st

recen
t

epoch
.

x̃
an

d
∇̃
k

corresp
on

d
to

a
stan

d
ard

d
esign

o
n

varian
ce-red

u
ced

grad
ien

t
estim

ators,
called

S
V

R
G

(J
oh

n
son

an
d

Z
h
an

g,
2013;

Z
h
an

g
et

al.,
2013

).
T

h
e

p
ractica

l
recom

m
en

d
ation

is
m

=
2n

(J
oh

n
son

an
d

Z
h
an

g,
2013).

O
u
r

ch
oice∇̃

k
is

in
d
ep

en
d
en

t
from

ou
r

acceleration
tech

n
iq

u
es,

an
d

w
e

ex
p

ect
ou

r
resu

lt
con

tin
u
es

to
ap

p
ly

to
oth

er
ch

oices
of

grad
ien

t
estim

ators.
W

e
ch

o
ose

x̃
to

b
e

a
w

eigh
ted

average,
rath

er
th

an
th

e
last

or
th

e
u
n
iform

average,
b

ecau
se

it
y
ield

s
th

e
tigh

test
p

ossib
le

resu
lt. 9

•
τ
1

a
n

d
α

a
re

sta
n

d
a
rd

pa
ra

m
eters

a
lrea

d
y

p
resen

t
in

N
estero

v’s
fu

ll-gra
d
ien

t
m

eth
od

(A
llen

-
Z

h
u

a
n

d
O

recch
ia

,
2
0
1
7
).

W
e

ch
o
ose

α
=

1/
3τ

1 L
to

p
resen

t
th

e
sim

p
lest

p
ro

of,
an

d
recall

it
w

as
α

=
1/τ

1 L
in

th
e

origin
al

N
esterov

’s
fu

ll-grad
ien

t
m

eth
o
d
.

(A
n
y
α

th
at

is
con

stan
t

factor
sm

a
ller

th
an

1
/τ

1 L
w

ork
s

in
th

eory,
an

d
w

e
u
se

1
/3

to
p
rov

id
e

th
e

sim
p
lest

p
ro

of.)
In

p
ractice,

like
oth

er
accelerated

m
eth

o
d
s,

it
su

ffi
ces

to
fi
x
α

=
1
/
3τ

1 L
an

d
on

ly
tu

n
e
τ
1

an
d

th
u
s
τ
1

is
v
iew

ed
as

th
e

learn
in

g
rate.

9
.

If
o
n

e
u

ses
th

e
u

n
ifo

rm
av

era
g
e,

in
th

eo
ry,

th
e

a
lg

o
rith

m
n

eed
s

to
resta

rt
ev

ery
a

n
u

m
b

er
o
f

ep
o
ch

s
(th

a
t

is,
b
y

resettin
g
k

=
0
,
s

=
0
,

a
n

d
x
0

=
y
0

=
z
0 );

w
e

refra
in

fro
m

d
o
in

g
so

b
eca

u
se

w
e

w
ish

to
p

rov
id

e
a

sim
p

le
a
n

d
d

irect
a
lg

o
rith

m
.

W
e

ca
n

a
lso

u
se

th
e

la
st

itera
te,

th
en

th
e

to
ta

l
co

m
p

lex
ity

lo
ses

a
fa

cto
r

lo
g
(L
/
σ

).
In

p
ra

ctice,
it

w
a
s

rep
o
rted

th
a
t

ev
en

fo
r

S
V

R
G

,
ch

o
o
sin

g
av

era
g
e

w
o
rk

s
b

etter
th

a
n

ch
o
o
sin

g
th

e
la

st
itera

te
(A

llen
-Z

h
u

a
n

d
Y

u
a
n

,
2
0
1
6
).
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K
a
t
y
u
sh

a
:
T
h
e
F
ir
st

D
ir
e
c
t
A
c
c
e
l
e
r
a
t
io
n
o
f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

A
lg

o
ri

th
m

1
K
a
t
y
u
s
h
a
(x

0
,S
,σ
,L

)

1
:
m
←

2
n

;
�

ep
oc

h
le

n
gt

h

2
:
τ 2
←

1 2
,
τ 1
←

m
in
{√

m
σ

√
3
L
,
1 2

} ,
α
←

1
3
τ 1
L

;
�

pa
ra

m
et

er
s

3
:
y 0

=
z 0

=
x̃
0
←
x
0
;

�
in

it
ia

l
ve

ct
o

rs

4
:

fo
r
s
←

0
to

S
−

1
d

o
5
:

µ
s
←
∇
f

(x̃
s
);

�
co

m
p

u
te

th
e

fu
ll

gr
a

d
ie

n
t

o
n

ce
ev

er
y
m

it
er

a
ti

o
n

s

6
:

fo
r
j
←

0
to

m
−

1
d

o
7
:

k
←

(s
m

)
+
j;

8
:

x
k
+
1
←
τ 1
z k

+
τ 2
x̃
s

+
(1
−
τ 1
−
τ 2

)y
k
;

9
:

∇̃
k
+
1
←
µ
s

+
∇
f i

(x
k
+
1
)
−
∇
f i

(x̃
s
)

w
h
er

e
i

is
ra

n
d
o
m

fr
om
{1
,2
,.
..
,n
};

1
0
:

z k
+
1

=
ar

g
m

in
z

{
1 2
α
‖z
−
z k
‖2

+
〈∇̃

k
+
1
,z
〉+

ψ
(z

)}
;

1
1
:

O
p
ti

on
I:
y k

+
1
←

ar
g

m
in
y

{ 3
L 2
‖y
−
x
k
+
1
‖2

+
〈∇̃

k
+
1
,y
〉+

ψ
(y

)}
;

1
2
:

O
p
ti

on
II

:
y k

+
1
←
x
k
+
1

+
τ 1

(z
k
+
1
−
z k

)
�

w
e

a
n

a
ly

ze
o

n
ly

I
bu

t
II

a
ls

o
w

o
rk

s

1
3
:

e
n

d
fo

r
1
4
:

x̃
s+

1
←
( ∑

m
−
1

j=
0

(1
+
α
σ

)j
) −

1
·(
∑

m
−
1

j=
0

(1
+
α
σ

)j
·y
sm

+
j+

1

) ;
�

co
m

p
u

te
sn

a
p

sh
o

t
x̃

1
5
:

e
n

d
fo

r
1
6
:

re
tu

rn
x̃
S

.

•
T

h
e

pa
ra

m
et

er
τ 2

is
o
u

r
n

o
ve

l
w

ei
gh

t
fo

r
th

e
K

a
ty

u
sh

a
m

o
m

en
tu

m
.

A
n

y
co

n
st

a
n

t
in

(0
,1

)
w

o
rk

s
fo

r
τ 2

,
a
n

d
w

e
si

m
p
ly

ch
oo

se
τ 2

=
1
/2

fo
r

o
u

r
th

eo
re

ti
ca

l
a
n

d
ex

pe
ri

m
en

ta
l

re
su

lt
s.

W
e

st
at

e
ou

r
m

ai
n

th
eo

re
m

fo
r
K
a
t
y
u
s
h
a

as
fo

ll
ow

s:

T
h

e
o
re

m
2
.1

If
ea

ch
f i

(x
)

is
co

n
ve

x,
L

-s
m

oo
th

,
a
n

d
ψ

(x
)

is
σ

-s
tr

o
n

gl
y

co
n

ve
x

in
th

e
a
bo

ve
P

ro
bl

em
(1

.1
),

th
en

K
a
t
y
u
s
h
a
(x

0
,S
,σ
,L

)
sa

ti
sfi

es

E[
F

(x̃
S

)]
−
F

(x
∗ )
≤
{
O
( (

1
+
√
σ
/(

3L
m

))
−
S
m
)
·(
F

(x
0
)
−
F

(x
∗ )
) ,

if
m
σ
L
≤

3 4
;

O
( 1.

5
−
S
) ·
( F

(x
0
)
−
F

(x
∗ )
) ,

if
m
σ
L
>

3 4
.

In
o
th

er
w

o
rd

s,
ch

oo
si

n
g
m

=
Θ

(n
),
K
a
t
y
u
s
h
a

a
ch

ie
ve

s
a
n
ε-

a
d
d
it

iv
e

er
ro

r
(i

.e
.,
E[
F

(x̃
S

)]
−

F
(x
∗ )
≤
ε)

u
si

n
g

a
t

m
o
st
O
((
n

+
√
n
L
/σ
) ·

lo
g
F
(x

0
)−
F
(x
∗ )

ε

)
it

er
a
ti

o
n

s.
1
0

T
h
e

p
ro

of
of

T
h
eo

re
m

2.
1

is
in

cl
u
d
ed

in
S
ec

ti
on

2.
1

an
d

2.
2
.

A
s

d
is

cu
ss

ed
in

S
ec

ti
on

1.
1,

th
e

m
ai

n
id

ea
b

eh
in

d
ou

r
th

eo
re

m
is

th
e

n
eg

at
iv

e
m

om
en

tu
m

th
at

h
el

p
s

re
d
u
ce

th
e

er
ro

r
o
cc

u
rr

ed
fr

om
th

e
st

o
ch

as
ti

c
gr

ad
ie

n
t

es
ti

m
at

or
.

R
e
m

a
rk

2
.2

B
ec

a
u

se
m

=
2n

,
ea

ch
it

er
a
ti

o
n

o
f
K
a
t
y
u
s
h
a

co
m

p
u

te
s

o
n

ly
1
.5

st
oc

h
a
s-

ti
c

gr
a
d
ie

n
ts
∇
f i

(·)
in

th
e

a
m

o
rt

iz
ed

se
n

se
,

th
e

sa
m

e
a
s

n
o
n

-a
cc

el
er

a
te

d
m

et
h
od

s
su

ch
a
s

S
V

R
G

(J
o
h
n

so
n

a
n

d
Z

h
a
n

g,
2
0
1
3
).
1
1

T
h
er

ef
o
re

,
th

e
pe

r-
it

er
a
ti

o
n

co
st

o
f
K
a
t
y
u
s
h
a

is
d
o
m

-
in

a
te

d
by

th
e

co
m

p
u

ta
ti

o
n

o
f
∇
f i

(·)
,

th
e

p
ro

xi
m

a
l

u
pd

a
te

in
L

in
e

1
0

o
f

A
lg

o
ri

th
m

1
,

p
lu

s

1
1
.

T
h

e
cl

a
im

“
S

V
R

G
o
r
K
a
t
y
u
s
h
a

co
m

p
u

te
s

1
.5

st
o
ch

a
st

ic
g
ra

d
ie

n
ts

”
re

q
u

ir
es

o
n

e
to

st
o
re
∇
i
f

(x̃
)

in
th

e
m

em
o
ry

fo
r

ea
ch

i
∈

[n
],

a
n

d
th

is
co

st
s
O

(d
n

)
sp

a
ce

in
th

e
m

o
st

g
en

er
a
l

se
tt

in
g
.

If
o
n

e
d

o
es

n
o
t

st
o
re

∇
i
f

(x̃
)

in
th

e
m

em
o
ry

,
th

en
ea

ch
it

er
a
ti

o
n

o
f

S
V

R
G

o
r
K
a
t
y
u
s
h
a

co
m

p
u

te
s

2
.5

st
o
ch

a
st

ic
g
ra

d
ie

n
ts

fo
r

th
e

ch
o
ic

e
m

=
2
n

.
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A
l
l
e
n
-Z

h
u

a
n

o
ve

rh
ea

d
O

(d
).

If
∇
f i

(·)
h
a
s

a
t

m
o
st
d
′
≤
d

n
o
n

-z
er

o
en

tr
ie

s,
th

is
o
ve

rh
ea

d
O

(d
)

is
im

p
ro

va
bl

e
to
O

(d
′ )

u
si

n
g

a
sp

a
rs

e
im

p
le

m
en

ta
ti

o
n

o
f
K
a
t
y
u
s
h
a

.1
2

F
o
r

E
R

M
p
ro

bl
em

s
d
efi

n
ed

in
P

ro
bl

em
(1

.3
),

th
e

a
m

o
rt

iz
ed

pe
r-

it
er

a
ti

o
n

co
m

p
le

xi
ty

o
f

K
a
t
y
u
s
h
a

is
O

(d
′ )

w
h
er

e
d
′

is
th

e
sp

a
rs

it
y

o
f

fe
a
tu

re
ve

ct
o
rs

,
th

e
sa

m
e

a
s

th
e

pe
r-

it
er

a
ti

o
n

co
m

p
le

xi
ty

o
f

S
G

D
.

2
.1

O
n

e
-I

te
ra

ti
o
n

A
n

a
ly

si
s

In
th

is
su

b
se

ct
io

n
,

w
e

fi
rs

t
an

al
y
ze

th
e

b
eh

av
io

r
of

K
a
t
y
u
s
h
a

in
a

si
n
gl

e
it

er
a
ti

o
n

(i
.e

.,
fo

r
a

fi
x
ed

k
).

W
e

v
ie

w
y k
,z
k

an
d
x
k
+
1

as
fi
x
ed

in
th

is
se

ct
io

n
so

th
e

on
ly

ra
n
d
o
m

n
es

s
co

m
es

fr
om

th
e

ch
oi

ce
of
i

in
it

er
at

io
n
k
.

W
e

ab
b
re

v
ia

te
in

th
is

su
b
se

ct
io

n
b
y
x̃

=
x̃
s

w
h
er

e
s

is
th

e
ep

o
ch

th
at

it
er

at
io

n
k

b
el

on
gs

to
,

an
d

d
en

o
te

b
y
σ
2 k
+
1

d
e
f

=
‖∇

f
(x
k
+
1
)
−
∇̃
k
+
1
‖2

so

E[
σ
2 k
+
1
]

is
th

e
va

ri
an

ce
of

th
e

gr
ad

ie
n
t

es
ti

m
at

or
∇̃
k
+
1

in
th

is
it

er
at

io
n
.

O
u
r

fi
rs

t
le

m
m

a
lo

w
er

b
ou

n
d
s

th
e

ex
p

ec
te

d
ob

je
ct

iv
e

d
ec

re
as

e
F

(x
k
+
1
)
−

E[
F

(y
k
+
1
)]

.
O

u
r
P
ro
g
(x
k
+
1
)

d
efi

n
ed

b
el

ow
is

a
n
on

-n
eg

at
iv

e,
cl

as
si

ca
l

q
u
an

ti
ty

th
at

w
o
u
ld

b
e

a
lo

w
er

b
ou

n
d

on
th

e
am

ou
n
t

of
ob

je
ct

iv
e

d
ec

re
as

e
if
∇̃
k
+
1

w
er

e
eq

u
al

to
∇
f

(x
k
+
1
)

(A
ll
en

-Z
h
u

a
n
d

O
re

cc
h
ia

,
20

17
).

H
ow

ev
er

,
si

n
ce

th
e

va
ri

an
ce
σ
2 k
+
1

is
n
on

-z
er

o,
th

is
lo

w
er

b
o
u
n
d

m
u
st

b
e

co
m

p
en

sa
te

d
b
y

a
n
eg

at
iv

e
te

rm
th

at
d
ep

en
d
s

on
E[
σ
2 k
+
1
].

L
e
m

m
a

2
.3

(p
ro

x
im

a
l

g
ra

d
ie

n
t

d
e
sc

e
n
t)

If

y k
+
1

=
ar

g
m

in
y

{ 3
L 2
‖y
−
x
k
+
1
‖2

+
〈∇̃

k
+
1
,y
−
x
k
+
1
〉+

ψ
(y

)
−
ψ

(x
k
+
1
)}

,
a
n

d

P
ro
g
(x
k
+
1
)

d
e
f

=
−

m
in y

{ 3
L 2
‖y
−
x
k
+
1
‖2

+
〈∇̃

k
+
1
,y
−
x
k
+
1
〉+

ψ
(y

)
−
ψ

(x
k
+
1
)}
≥

0
,

w
e

h
a
ve

(w
h
er

e
th

e
ex

pe
ct

a
ti

o
n

is
o
n

ly
o
ve

r
th

e
ra

n
d
o
m

n
es

s
o
f
∇̃
k
+
1
)

F
(x
k
+
1
)
−

E[
F

(y
k
+
1
)]
≥

E[
P
ro
g
(x
k
+
1
)]
−

1 4L
E[
σ
2 k
+
1

]
.

P
ro

o
f

P
ro
g
(x
k
+
1
)

=
−

m
in y

{
3
L 2
‖y
−
x
k
+
1
‖2

+
〈∇̃

k
+
1
,y
−
x
k
+
1
〉+

ψ
(y

)
−
ψ

(x
k
+
1
)}

¬ =
−
( 3
L 2
‖y
k
+
1
−
x
k
+
1
‖2

+
〈∇̃

k
+
1
,y
k
+
1
−
x
k
+
1
〉+

ψ
(y
k
+
1
)
−
ψ

(x
k
+
1
))

=
−
( L

2
‖y
k
+
1
−
x
k
+
1
‖2

+
〈∇
f

(x
k
+
1
),
y k

+
1
−
x
k
+
1
〉+

ψ
(y
k
+
1
)
−
ψ

(x
k
+
1
))

+
( 〈
∇
f

(x
k
+
1
)
−
∇̃
k
+
1
,y
k
+
1
−
x
k
+
1
〉−

L
‖y
k
+
1
−
x
k
+
1
‖2
)

 ≤
−
( f

(y
k
+
1
)
−
f

(x
k
+
1
)

+
ψ

(y
k
+
1
)
−
ψ

(x
k
+
1
))

+
1 4
L
‖∇

f
(x
k
+
1
)
−
∇̃
k
+
1
‖2

.

A
b

ov
e,

¬
is

b
y

th
e

d
efi

n
it

io
n

of
y k

+
1
,

an
d


u
se

s
th

e
sm

o
ot

h
n
es

s
of

fu
n
ct

io
n
f

(·)
,

a
s

w
el

l
as

Y
ou

n
g’

s
in

eq
u
a
li
ty
〈a
,b
〉−

1 2
‖b
‖2
≤

1 2
‖a
‖2

.
T

ak
in

g
ex

p
ec

ta
ti

on
on

b
ot

h
si

d
es

w
e

a
rr

iv
e

at
th

e
d
es

ir
ed

re
su

lt
.

1
2
.

T
h

is
re

q
u

ir
es

to
d

ef
er

a
co

o
rd

in
a
te

u
p

d
a
te

to
th

e
m

o
m

en
t

it
is

a
cc

es
se

d
.

U
p

d
a
te

d
ef

er
ra

l
is

a
st

a
n

d
a
rd

te
ch

n
iq

u
e

u
se

d
in

sp
a
rs

e
im

p
le

m
en

ta
ti

o
n

s
o
f

a
ll

st
o
ch

a
st

ic
g
ra

d
ie

n
t

m
et

h
o
d

s,
in

cl
u

d
in

g
S

V
R

G
,

S
A

G
A

,
A

P
C

G
(J

o
h

n
so

n
a
n

d
Z

h
a
n

g
,

2
0
1
3
;

D
ef

a
zi

o
et

a
l.

,
2
0
1
4
;

L
in

et
a
l.

,
2
0
1
4
).
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K
a
t
y
u
sh

a
:
T
h
e
F
ir
st

D
ir
e
c
t
A
c
c
e
l
e
r
a
t
io
n
o
f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

T
h
e

fo
llow

in
g

lem
m

a
p
rov

id
es

a
n
ov

el
u
p
p

er
b

ou
n
d

on
th

e
ex

p
ected

varian
ce

of
th

e
g
ra

d
ien

t
estim

a
tor.

N
ote

th
at

all
k
n
ow

n
varian

ce
red

u
ction

an
aly

sis
for

con
vex

op
tim

ization
,

in
o
n
e

w
ay

o
r

an
oth

er,
u
p
p

er
b

ou
n
d
s

th
is

varian
ce

essen
tially

b
y

4L
·
(f

(x̃
)−

f
(x
∗)),

th
e

o
b

jective
d
ista

n
ce

to
th

e
m

in
im

izer
(c.f.

J
oh

n
son

an
d

Z
h
an

g
(20

13);
D

efa
zio

et
al.

(2014)).
T

h
e

recen
t

resu
lt

of
A

llen
-Z

h
u

an
d

H
azan

(2016b
)

u
p
p

er
b

ou
n
d
s

it
b
y

th
e

p
oin

t
d
istan

ce
‖x

k
+
1 −

x̃‖
2

fo
r

n
on

-con
vex

ob
jectives,

w
h
ich

is
tigh

ter
if
x̃

is
close

to
x
k
+
1

b
u
t

u
n
fortu

n
ately

n
o
t

en
o
u
gh

fo
r

th
e

p
u
rp

ose
of

th
is

p
ap

er.

In
th

is
p
a
p

er,
w

e
u
p
p

er
b

ou
n
d

it
b
y

th
e

tigh
test

p
ossib

le
q
u
an

tity
w

h
ich

is
essen

tially
2L
· (f

(x̃
)−

f
(x
k
+
1 ) )�

4
L
· (f

(x̃
)−

f
(x
∗) ).

U
n
fortu

n
ately,

th
is

u
p
p

er
b

ou
n
d

n
eed

s
to

b
e

co
m

p
en

sa
ted

b
y

an
ad

d
ition

al
term

〈∇
f

(x
k
+
1 ),x̃

−
x
k
+
1 〉,

w
h
ich

cou
ld

b
e

p
ositive

b
u
t

w
e

sh
a
ll

ca
n
cel

it
u
sin

g
th

e
in

tro
d
u
ced

K
aty

u
sh

a
m

om
en

tu
m

.

L
e
m

m
a

2
.4

(v
a
ria

n
c
e

u
p

p
e
r

b
o
u

n
d

)

E [‖∇̃
k
+
1 −
∇
f

(x
k
+
1 )‖

2 ]≤
2L
· (f

(x̃
)−

f
(x
k
+
1 )−

〈∇
f

(x
k
+
1 ),x̃

−
x
k
+
1 〉 )

.

P
ro

o
f

E
a
ch

f
i (x

),
b

ein
g

con
vex

an
d
L

-sm
o
oth

,
im

p
lies

th
e

follow
in

g
in

eq
u
a
lity

w
h
ich

is
cla

ssical
in

con
vex

op
tim

ization
an

d
can

b
e

fou
n
d

for
in

stan
ce

in
T

h
eorem

2.1.5
of

th
e

tex
tb

o
o
k

o
f

N
esterov

(2004).

‖∇
f
i (x

k
+
1 )−

∇
f
i (x̃

)‖
2≤

2L
· (f

i (x̃
)−

f
i (x

k
+
1 )−

〈∇
f
i (x

k
+
1 ),x̃

−
x
k
+
1 〉 )

T
h
erefo

re,
ta

k
in

g
ex

p
ectation

over
th

e
ran

d
om

ch
oice

of
i,

w
e

h
ave

E [‖∇̃
k
+
1 −
∇
f

(x
k
+
1 )‖

2 ]
=

E [ ∥∥ (∇
f
i (x

k
+
1 )−

∇
f
i (x̃

) )−
(∇
f

(x
k
+
1 )−

∇
f

(x̃
) ) ∥∥

2 ]

¬≤
E [ ∥∥∇

f
i (x

k
+
1 )−

∇
f
i (x̃

) ∥∥
2 ]

≤
2L
·E [f

i (x̃
)−

f
i (x

k
+
1 )−

〈∇
f
i (x

k
+
1 ),x̃

−
x
k
+
1 〉 ]

=
2L
· (f

(x̃
)−

f
(x
k
+
1 )−

〈∇
f

(x
k
+
1 ),x̃

−
x
k
+
1 〉 )

.

A
b

ove,
¬

is
b

ecau
se

for
an

y
ran

d
om

vector
ζ
∈
R
d,

it
h
old

s
th

atE‖
ζ−

E
ζ‖

2
=

E‖
ζ‖

2−
‖E
ζ‖

2;


fo
llow

s
fro

m
th

e
fi
rst

in
eq

u
ality

in
th

is
p
ro

of.

T
h
e

n
ex

t
lem

m
a

is
a

classical
on

e
for

p
rox

im
al

m
irror

d
escen

t.

L
e
m

m
a

2
.5

(p
ro

x
im

a
l

m
irro

r
d

e
sc

e
n
t)

S
u

p
po

se
ψ

(·)
is
σ

-S
C

.
T

h
en

,
fi

xin
g
∇̃
k
+
1

a
n

d
lettin

g

z
k
+
1

=
arg

m
in

z

{
12 ‖
z−

z
k ‖

2
+
α〈∇̃

k
+
1 ,z−

z
k 〉

+
α
ψ

(z
)−

α
ψ

(z
k ) }

,

it
sa

tisfi
es

fo
r

a
ll
u
∈
R
d,

α〈∇̃
k
+
1 ,z

k
+
1 −

u〉
+
α
ψ

(z
k
+
1 )−

α
ψ

(u
)≤
−

12 ‖
z
k −

z
k
+
1 ‖

2
+

12 ‖
z
k −

u‖
2−

1
+
α
σ

2
‖
z
k
+
1 −

u‖
2
.

P
ro

o
f

B
y

th
e

m
in

im
ality

d
efi

n
ition

of
z
k
+
1 ,

w
e

h
ave

th
at

z
k
+
1 −

z
k

+
α∇̃

k
+
1

+
α
g

=
0
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A
l
l
e
n
-Z

h
u

w
h
ere

g
is

so
m

e
su

b
grad

ien
t

of
ψ

(z
)

at
p

oin
t
z

=
z
k
+
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ar

ti
cu

la
r

w
it

h
ou

t
u
si

n
g

an
y

re
d
u
ct

io
n
s

su
ch

a
s

T
h
eo

re
m

3.
4

(D
e-

fa
zi

o
et

al
.,

20
14

;
A

ll
en

-Z
h
u

an
d

Y
u
an

,
20

16
). 17
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A
l
l
e
n
-Z

h
u

In
th

is
se

ct
io

n
,

w
e

al
so

d
ev

el
op

ou
r

d
ir

ec
t

a
n

d
a
cc

el
er

a
te

d
m

et
h
o
d

fo
r

th
e

n
o
n
-s

tr
o
n
g
ly

co
n
ve

x
va

ri
an

t
of

P
ro

b
le

m
(1

.1
).

W
e

ca
ll

it
K
a
t
y
u
s
h
a
n
s

an
d

st
at

e
it

in
A

lg
or

it
h
m

2
.

T
h
e

on
ly

d
iff

er
en

ce
b

et
w

ee
n
K
a
t
y
u
s
h
a
n
s

an
d
K
a
t
y
u
s
h
a

is
th

at
w

e
ch

o
o
se
τ 1

=
τ 1
,s

=
2
s+

4
to

b
e

a
p
ar

am
et

er
th

at
d
ep

en
d
s

on
th

e
ep

o
ch

in
d
ex

s,
an

d
ac

co
rd

in
g
ly
α

=
α
s

=
1

3
L
τ 1
,s

.
T

h
is

sh
ou

ld
n
ot

b
e

a
b
ig

su
rp

ri
se

b
ec

au
se

in
ac

ce
le

ra
te

d
fu

ll
-g

ra
d
ie

n
t

m
et

h
o
d
s,

th
e

va
lu

es
τ 1

an
d
α

al
so

d
ec

re
as

e
(a

lt
h
ou

gh
w

it
h

re
sp

ec
t

to
k

ra
th

er
th

an
s)

w
h
en

th
er

e
is

n
o

st
ro

n
g

co
n
ve

x
it

y
(A

ll
en

-Z
h
u

an
d

O
re

cc
h
ia

,
20

17
).

W
e

n
ot

e
th

at
τ 1

an
d
τ 2

re
m

a
in

co
n
st

a
n
t

th
ro

u
gh

ou
t

an
ep

o
ch

,
an

d
th

is
co

u
ld

si
m

p
li
fy

th
e

im
p
le

m
en

ta
ti

on
s.

W
e

st
at

e
th

e
fo

ll
ow

in
g

co
n
ve

rg
en

ce
th

eo
re

m
fo

r
K
a
t
y
u
s
h
a
n
s

an
d

d
ef

er
it

s
p
ro

o
f

to
A

p
p

en
d
ix

C
.1

.
T

h
e

p
ro

of
al

so
re

li
es

on
th

e
on

e-
it

er
at

io
n

in
eq

u
al

it
y

in
L

em
m

a
2
.7

,
b
u
t

re
-

q
u
ir

es
te

le
sc

op
in

g
su

ch
in

eq
u
al

it
ie

s
in

a
d
iff

er
en

t
m

an
n
er

as
co

m
p
ar

ed
w

it
h

T
h
eo

re
m

2
.1

.

T
h

e
o
re

m
4
.1

If
ea

ch
f i

(x
)

is
co

n
ve

x,
L

-s
m

oo
th

in
P

ro
bl

em
(1

.1
)

a
n

d
ψ

(·)
is

n
o
t

n
ec

es
-

sa
ri

ly
st

ro
n

gl
y

co
n

ve
x,

th
en

K
a
t
y
u
s
h
a
n
s (
x
0
,S
,L

)
sa

ti
sfi

es

E[
F

(x̃
S

)]
−
F

(x
∗ )
≤
O
( F

(x
0
)
−
F

(x
∗ )

S
2

+
L
‖x

0
−
x
∗ ‖

2

m
S
2

)

In
o
th

er
w

o
rd

s,
ch

oo
si

n
g
m

=
Θ

(n
),

K
a
t
y
u
s
h
a
n
s

a
ch

ie
ve

s
a
n
ε-

a
d
d
it

iv
e

er
ro

r
(i

.e
.,

E[
F

(x̃
S

)]
−
F

(x
∗ )
≤
ε)

u
si

n
g

a
t

m
o
st
O
( n
√
F
(x

0
)−
F
(x
∗ )

√
ε

+
√
n
L
‖x

0
−
x
∗ ‖

√
ε

)
it

er
a
ti

o
n

s.

R
e
m

a
rk

4
.2

K
a
t
y
u
s
h
a
n
s

is
a

d
ir

ec
t,

ac
ce

le
ra

te
d

so
lv

er
fo

r
th

e
n

o
n

-S
C

ca
se

o
f

P
ro

bl
em

(1
.1

).
It

is
il

lu
st

ra
ti

ve
to

co
m

pa
re

it
w

it
h

th
e

co
n

ve
rg

en
ce

th
eo

re
m

o
f

a
d
ir

ec
t,

n
o
n
-a

cc
el

er
a
te

d
so

lv
er

o
f

th
e

sa
m

e
se

tt
in

g.
B

el
o
w

is
th

e
co

n
ve

rg
en

ce
th

eo
re

m
o
f

S
A

G
A

a
ft

er
tr

a
n

sl
a
ti

n
g

to
o
u

r
n

o
ta

ti
o
n

s: S
A

G
A

:
E[
F

(x
)]
−
F

(x
∗ )
≤
O
( F

(x
0
)
−
F

(x
∗ )

S
+
L
‖x

0
−
x
∗ ‖

2

n
S

)
.

It
is

cl
ea

r
fr

o
m

th
is

co
m

pa
ri

so
n

th
a
t
K
a
t
y
u
s
h
a
n
s

is
a

fa
ct

o
r
S

fa
st

er
th

a
n

n
o
n

-a
cc

el
er

a
te

d
m

et
h
od

s
su

ch
a
s

S
A

G
A

,
w

h
er

e
S

=
T
/n

if
T

is
th

e
to

ta
l

n
u

m
be

r
o
f

st
oc

h
a
st

ic
it

er
a
-

ti
o
n

s.
T

h
is

co
n

ve
rg

en
ce

ca
n

a
ls

o
be

w
ri

tt
en

in
te

rm
s

o
f

th
e

n
u

m
be

r
o
f

it
er

a
ti

o
n

s
w

h
ic

h

is
O
( n

(F
(x

0
)−
F
(x
∗ )
)

ε
+

L
‖x

0
−
x
∗ ‖

2

ε

) .

R
e
m

a
rk

4
.3

T
h
eo

re
m

4
.1

a
p
pe

a
rs

w
o
rs

e
th

a
n

th
e

re
d
u

ct
io

n
-b

a
se

d
co

m
p
le

xi
ty

in
C

o
ro

ll
a
ry

3
.7

.
T

h
is

ca
n

be
fi

xe
d

by
se

tt
in

g
ei

th
er

th
e

pa
ra

m
et

er
s
τ 1

o
r

th
e

ep
oc

h
le

n
gt

h
m

in
a

m
o
re

so
-

p
h
is

ti
ca

te
d

w
a
y.

S
in

ce
it

co
m

p
li

ca
te

s
th

e
p
ro

o
fs

a
n

d
th

e
n

o
ta

ti
o
n

s
w

e
re

fr
a
in

fr
o
m

d
o
in

g
so

in
th

is
ve

rs
io

n
o
f

th
e

pa
pe

r.
1
3

In
p
ra

ct
ic

e,
be

in
g

a
d
ir

ec
t

m
et

h
od

,
K
a
t
y
u
s
h
a
n
s

en
jo

ys
sa

ti
sf

a
ct

o
ry

pe
rf

o
rm

a
n

ce
.

5
.
K
a
ty

u
sh

a
in

th
e
M

in
i-
B
a
tc
h
S
e
tt
in
g

W
e

m
en

ti
on

ed
in

ea
rl

ie
r

ve
rs

io
n
s

of
th

is
p
ap

er
th

at
ou

r
K

at
y
u
sh

a
m

et
h
o
d

n
a
tu

ra
ll
y

g
en

er
-

al
iz

es
to

m
in

i-
b
at

ch
(p

ar
al

le
l)

se
tt

in
gs

an
d

n
on

-u
n
if

or
m

sm
o
ot

h
n
es

s
se

tt
in

g
s,

b
u
t

d
id

n
o
t

in
cl

u
d
e

a
fu

ll
p
ro

of
.

In
th

is
se

ct
io

n
,

w
e

ca
re

fu
ll
y

d
ea

l
w

it
h

b
ot

h
ge

n
er

al
iz

at
io

n
s

to
g
et

h
er

.

1
3
.

R
ec

a
ll

th
a
t

a
si

m
il

a
r

is
su

e
h

a
s

a
ls

o
h

a
p

p
en

ed
in

th
e

n
o
n

-a
cc

el
er

a
te

d
w

o
rl

d
:

th
e

it
er

a
ti

o
n

co
m

p
le

x
it

y
O

(
n
+
L
ε

)
in

S
A

G
A

ca
n

b
e

im
p

ro
v
ed

to
O

(n
lo

g
1 ε

+
L ε

)
b
y

d
o
u

b
li

n
g

th
e

ep
o
ch

le
n

g
th

a
cr

o
ss

ep
o
ch

s
(A

ll
en

-
Z

h
u

a
n

d
Y

u
a
n

,
2
0
1
6
).

S
im

il
a
r

te
ch

n
iq

u
es

ca
n

a
ls

o
b

e
u

se
d

to
im

p
ro

v
e

o
u

r
re

su
lt

a
b

ov
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K
a
t
y
u
sh

a
:
T
h
e
F
ir
st

D
ir
e
c
t
A
c
c
e
l
e
r
a
t
io
n
o
f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

M
in

i-b
a
tch

.
In

each
iteration

k
,

in
stead

of
u
sin

g
a

sin
gle
∇
f
i (x

k
+
1 ),

on
e

can

u
se

th
e

average
of
b

sto
ch

astic
g
rad

ien
ts

1b ∑
i∈
S
k ∇

f
i (x

k
+
1 )

w
h
ere

S
k

is
a

ran
d
om

su
b
set

of
[n

]
w

ith
card

in
ality

b.
T

h
is

average
can

b
e

com
p
u
ted

in
a

d
istrib

u
ted

m
a
n
n
er

u
sin

g
u
p

to
b

p
ro

cessors.
T

h
is

id
ea

is
k
n
ow

n
as

m
in

i-ba
tch

for
sto

ch
astic

g
ra

d
ien

t
m

eth
o
d
s.

N
o
n

-U
n

ifo
rm

S
m

o
o
th

n
e
ss.

S
u
p
p

ose
in

P
rob

lem
(1.1),

each
f
i (x

)
is
L
i -sm

o
oth

an
d
f

(x
)

=
1n ∑

ni=
1
f
i (x

)
is
L

-sm
o
oth

.

W
e

d
en

o
te

b
y
L

=
1n ∑

ni=
1
L
i ,

an
d

assu
m

e
w

ith
ou

t
loss

of
gen

erality
L
≤
L
≤
n
L

.
1
4

W
e

n
o
te

th
a
t
L

can
som

etim
es

b
e

in
d
eed

m
u
ch

greater
th

an
L

,
see

R
em

ark
5.3.

R
e
m

a
rk

5
.1

L
i

a
n

d
L

o
n

ly
n

eed
to

be
u

p
per

bo
u

n
d
s

to
th

e
m

in
im

u
m

sm
oo

th
n

ess
pa

ra
m

e-
ters

o
f
f
i (·)

a
n

d
f

(·)
respectively.

In
p
ra

ctice,
so

m
etim

es
th

e
m

in
im

u
m

sm
oo

th
n

ess
pa

ra
m

-
eters

fo
r
f
i (x

)
is

effi
cien

tly
co

m
p
u

ta
ble

(su
ch

a
s

fo
r

E
R

M
p
ro

blem
s).

5
.1

A
lg

o
rith

m
ic

C
h
a
n

g
e
s

a
n

d
T

h
e
o
re

m
R

e
sta

te
m

e
n
t

T
o

sim
u
lta

n
eo

u
sly

d
eal

w
ith

m
in

i-b
atch

an
d

n
on

-u
n
iform

sm
o
oth

n
ess,

w
e

p
rop

ose
th

e
fol-

low
in

g
ch

a
n
g
es

to
K
a
t
y
u
s
h
a
:

•
C

h
a
n

ge
th

e
epoch

len
gth

fro
m
m

=
Θ

(n
)

to
m

=
d
nb e.

T
h
is

is
sta

n
d
ard

.
In

each
iteration

w
e

n
eed

to
com

p
u
te
O

(b)
sto

ch
astic

grad
ien

ts;
th

ere-
fo

re
every

d
nb e

iteration
s,

w
e

can
com

p
u
te

th
e

fu
ll

grad
ien

t
on

ce
w

ith
ou

t
h
u
rtin

g
th

e
to

ta
l

p
erfo

rm
an

ce.

•
D

efi
n

e
d
istribu

tio
n
D

o
ver

[n
]

to
be

ch
oo

sin
g
i∈

[n
]

w
ith

p
ro

ba
bility

p
i

d
e
f

=
L
i /n

L
,

a
n

d

d
efi

n
e

gra
d
ien

t
estim

a
to

r
∇̃
k
+
1

d
e
f

=
∇
f

(x̃
)

+
1b ∑

i∈
S
k

1
n
p
i (∇

f
i (x

k
+
1 )−

∇
f
i (x̃

) ),
w

h
ere

S
k ⊆

[n
]

is
a

m
u

ltiset
w

ith
b

elem
en

ts
ea

ch
i.i.d

.
gen

era
ted

fro
m
D

.

T
h
is

is
sta

n
d
ard

,
see

for
in

stan
ce

P
rox

-S
V

R
G

(X
iao

an
d

Z
h
an

g,
2014),

an
d

it
is

easy
to

verify
E

[∇̃
k
+
1 ]

=
∇
f

(x
k
+
1 ).

•
C

h
a
n

ge
τ
2

fro
m

12
to

m
in {

L2
L
b ,

12 }
.

N
o
te

th
a
t

if
L

=
L

th
en

w
e

h
ave

τ
2

=
12
b .

In
oth

er
w

ord
s,

th
e

larger
th

e
m

in
i-b

atch
size,

th
e

sm
a
ller

w
eigh

t
w

e
w

an
t

to
give

to
K

aty
u
sh

a
m

om
en

tu
m

.
T

h
is

sh
ou

ld
b

e
in

tu
itive.

T
h
e

rea
so

n
τ
2

h
as

a
m

ore
in

volv
ed

form
w

h
en

L
6=
L

is
ex

p
lain

ed
in

R
em

ark
5.4

later.

•
C

h
a
n

ge
L

in
gra

d
ien

t
d
escen

t
step

(L
in

e
1
9
)

to
so

m
e

o
th

er
L
� ≥

L
,

a
n

d
d
efi

n
e
α

=
1

3
τ
1
L
�

in
stea

d
.

In
m

o
st

ca
ses

(e.g.,
w

h
en

L
=
L

or
L
≥
L
m
/b)

w
e

ch
o
ose

L
�

=
L

.
O

th
erw

ise,
w

e
let

L
�

=
L

2
bτ

2
≥
L

.
T

h
e

reason
L
�

h
as

a
m

o
re

in
volved

form
is

ex
p
lain

ed
in

R
em

ark
5.4

la
ter.

1
4
.

It
is

ea
sy

to
v
erify

(u
sin

g
tria

n
g
le

in
eq

u
a
lity

)
th

a
t
f

(x
)

=
1n ∑

i∈
[n

] f
i (x

)
m

u
st

b
e
L

sm
o
o
th

.
A

lso
,

if
f

(x
)

is
L

-sm
o
o
th

th
en

ea
ch

f
i (x

)
m

u
st

b
e
n
L

sm
o
o
th

(th
is

ca
n

b
e

ch
eck

ed
v
ia

H
essia

n
∇

2f
i (x

)�
n∇

2f
(x

)
o
r

sim
ila

rly
if
f

is
n

o
t

tw
ice-d

iff
eren

tia
b

le).
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A
l
l
e
n
-Z

h
u

A
lg

o
rith

m
3
K
a
t
y
u
s
h
a
1
(x

0 ,S
,σ
,L
,(L

1 ,...,L
n
),b)

1
:
m
←
dn
/be

an
d
L
←

1n
(L

1
+
···

+
L
n
);

�
m

is
epoch

len
gth

2
:
τ
2 ←

m
in {

L2
L
b ,

12 }
;

�
if
L

=
L

th
en

τ
2

=
12
b

a
n

d
L
�

=
L

3
:

if
L
≤

L
mb

th
e
n

4
:

τ
1 ←

m
in {

√
8
bm

σ
√

3
L
τ
2 ,τ

2 }
an

d
L
� ←

L
2
bτ

2 ;

5
:

e
lse

6
:

τ
1 ←

m
in {

√
2
σ

√
3
L
,

12
m

}
an

d
L
� ←

L
;

7
:

e
n

d
if

8
:
α
←

1
3
τ
1
L
�
;

�
pa

ra
m

eters

9
:

L
et

d
istrib

u
tion

D
b

e
to

ou
tp

u
t
i∈

[n
]

w
ith

p
ro

b
ab

ility
p
i

d
e
f

=
L
i /

(n
L

).
1
0
:
y
0

=
z
0

=
x̃
0←

x
0 ;

�
in

itia
l

vecto
rs

1
1
:

fo
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m
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+
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∇
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p
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+
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+
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τ
1 −
τ
2
)

.

•
C

h
a
n

ge
τ
1

to
be
τ
1

=
m

in {
√
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√
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√
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√
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In
tu

itively,
w

h
en

L
≤
L
m
/b

th
en

w
e

are
in

a
m

in
i-b

atch
p
h
ase;

w
h
en

L
>
L
m
/b

w
e

are
in

a
fu

ll-b
atch

p
h
ase.

•
D

u
e

to
tech

n
ica

l
rea

so
n

s,
w

e
d
efi

n
e
x̃
s

a
s

a
sligh

tly
d
iff

eren
t

w
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d
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p
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≤
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≤
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d
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u
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u
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p
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b
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b
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p
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d
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p
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p
ar

al
le

l
d
ep

th
)

to
re

fe
r

to
th

e
to

ta
l

n
u
m

b
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c
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∈

[ √
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√
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b
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√
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at
io

n
ov

er
h
ea

d
.)

In
co

n
tr

as
t,

ev
en

in
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b
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d
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Õ
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b
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p
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√
bL
n

√
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d
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b
y

a
fa

ct
or

√
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√
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h
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p
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b
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b
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p
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p
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√
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p
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l
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ra
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b
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Õ
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d
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p
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at
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re
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=
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o
u

ld
n

o
t

be
su

rp
ri

si
n

g
th

a
t
τ 1

d
ep

en
d
s

o
n
L

bu
t

n
o
t
L

in
th

e
m

in
i-

ba
tc

h
p
h
a
se

,
a
n

d
d
ep

en
d
s

o
n
L

bu
t

n
o
t
L

in
th

e
fu

ll
-b

a
tc

h
p
h
a
se

.
In

a
d
d
it

io
n

,
o
n

e
ca

n
ev

en
tu

n
e

th
e

pa
ra

m
et

er
s

so
th

a
t

it
su

ffi
ce

s
fo

r
K
a
t
y
u
s
h
a

to
o
u

tp
u

t
x̃
S

in
th

e
m

in
i-

ba
tc

h
p
h
a
se

a
n

d
y S
m

in
th

e
fu

ll
-b

a
tc

h
p
h
a
se

;
w

e
d
id

n
o
t

d
o

so
a
n

d
si

m
p
ly

ch
oo

se
to

o
u

tp
u

t
x
o
u
t

w
h
ic

h
is

a
co

n
ve

x
co

m
bi

n
a
ti

o
n

o
f
x̃
S

a
n

d
y S
m

.

R
e
m

a
rk

5
.6

In
th

e
si

m
p
le

ca
se
L

=
L

,
N

it
a
n

d
a

(2
0
1
4
)

o
bt

a
in

ed
a

to
ta

l
w

o
rk
Õ
( n

+
n
−
b

n
−
1
L σ

+

b√
L
/σ
) ,

w
h
ic

h
a
ls

o
im

p
li

es
a

p
h
a
se

tr
a
n

si
ti

o
n

fo
r
b.

H
o
w

ev
er

,
th

is
re

su
lt

is
n

o
be

tt
er

th
a
n

o
u

rs
fo

r
a
ll
b,

a
n

d
in

a
d
d
it

io
n

,
in

te
rm

s
o
f

to
ta

l
w

o
rk

,
it

is
n

o
fa

st
er

th
a
n

S
V

R
G

w
h
en

b
≤
n
/
2,

a
n

d
n

o
fa

st
er

th
a
n

a
cc

el
er

a
te

d
fu

ll
-g

ra
d
ie

n
t

d
es

ce
n

t
w

h
en

b
>
n
/
2
.

5
.3

C
o
ro

ll
a
ri

e
s

o
n

N
o
n

-S
m

o
o
th

o
r

N
o
n

-S
C

P
ro

b
le

m
s

In
th

e
sa

m
e

w
ay

as
S
ec

ti
on

3,
w

e
ca

n
ap

p
ly

th
e

re
d
u
ct

io
n
s

fr
om

A
ll
en

-Z
h
u

a
n
d

H
a
za

n
(2

01
6b

)
to

co
n
ve

rt
th

e
p

er
fo

rm
an

ce
of

T
h
eo

re
m

5.
2

to
n
on

-s
m

o
ot

h
or

n
on

-s
tr

o
n
g
ly

co
n
ve

x
se

tt
in

gs
.

W
e

st
at

e
th

e
co

ro
ll
ar

ie
s

b
el

ow
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A
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l
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f
S
t
o
c
h
a
st

ic
G
r
a
d
ie
n
t
M
e
t
h
o
d
s

C
o
ro

lla
ry

5
.7

If
ea

ch
f
i (x

)
is

co
n

vex
a
n

d
L
i -sm

oo
th

,
f

(x
)

is
L

-sm
oo

th
,
ψ

(·)
is

n
o
t

n
ecessa

rily
stro

n
gly

co
n

vex
in

P
ro

blem
(1

.1
),

th
en

fo
r

a
n

y
b∈

[n
],

by
a
p
p
lyin

g
A
d
ap
tR

eg
o
n

K
a
t
y
u
s
h
a
1

w
ith

a
sta

rtin
g

vecto
r
x
0 ,

w
e

o
bta

in
a
n

o
u

tp
u

t
x

sa
tisfyin

g
E

[F
(x

)]−
F

(x
∗)≤

ε
in

a
t

m
o

st

O
(
n

lo
g
F
(x

0
)−
F
(x
∗
)

ε
+

b √
L·‖

x
0 −
x
∗‖

√
ε

+

√
n
L·‖

x
0 −
x
∗‖

√
ε

)
stoch

a
stic

gra
d
ien

t
co

m
p
u

ta
tio

n
s.

C
o
ro
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ry

5
.8

If
ea

ch
f
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is √

G
i -L

ip
sch
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n
tin

u
o
u

s
a
n

d
ψ

(x
)

is
σ

-S
C

in
P

ro
blem

(1
.3

),
th

en
fo

r
a
n

y
b∈

[n
],

by
a
p
p
lyin

g
A
d
ap
tS
m
o
oth

o
n
K
a
t
y
u
s
h
a
1

w
ith

a
sta

rtin
g

vecto
r
x
0 ,

w
e

o
bta

in
a
n

o
u

tp
u

t
x

sa
tisfyin

g
E

[F
(x

)]−
F

(x
∗)≤

ε
in

a
t

m
o
st

O
(
n

log
F
(x

0
)−
F
(x
∗
)

ε
+

b √
G

√
σ
ε

+

√
n
G

√
σ
ε )

stoch
a
stic

gra
d
ien

t
co

m
p
u

ta
tio

n
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o
ro

lla
ry
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If
ea

ch
f
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)
is
√
G
i -L

ip
sch

itz
co

n
tin

u
o
u

s
a
n

d
ψ

(x
)

is
n

o
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n
ecessa

rily
stro

n
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n

vex
in

P
ro

blem
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.3
),

th
en
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a
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y
b∈
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a
p
p
lyin

g
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d
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tR

egS
m
o
oth

o
n

K
a
t
y
u
s
h
a
1

w
ith

a
sta

rtin
g

vecto
r
x
0 ,

w
e

o
bta

in
a
n

o
u

tp
u

t
x

sa
tisfyin

g
E

[F
(x

)]−
F

(x
∗)≤

ε
in

a
t

m
o
st

O
(
n
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g
F
(x

0
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F
(x
∗
)

ε
+

b
G
‖
x
0 −
x
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ε
+
√
n
G
‖
x
0 −
x
∗‖

ε

)
stoch

a
stic

gra
d
ien

t
co

m
p
u

ta
tio

n
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.
K
a
ty

u
sh

a
in

th
e
N
o
n
-E

u
clid

e
a
n
N
o
rm

S
e
ttin

g

In
th

is
sectio

n
,

w
e

sh
ow

th
at

K
a
t
y
u
s
h
a

an
d
K
a
t
y
u
s
h
a
n
s

n
atu

rally
ex

ten
d

to
settin

gs
w

h
ere

th
e

sm
o
oth

n
ess

d
efi

n
ition

is
w

ith
resp

ect
to

a
n
on

-E
u
clid

ean
n
orm

.

N
o
n

-E
u

c
lid

e
a
n

N
o
rm

S
m

o
o
th

n
e
ss.

W
e

con
sid

er
sm

o
oth

n
ess

(an
d

stron
gly

con
vex

ity
)

w
ith

resp
ect

to
an

arb
itrary

n
orm
‖·‖

in
d
om

ain
Q

d
e
f

=
{x
∈
R
d

:
ψ

(x
)
<

+
∞
}
.

S
y
m

b
olically,

w
e

say

•
f

is
σ

-stron
gly

con
vex

w
.r.t.‖·‖

if∀
x
,y
∈
Q

,
it

satisfi
es
f

(y
)≥

f
(x

)
+
〈∇
f

(x
),y−

x〉
+

σ2 ‖x
−
y‖

2;

•
f

is
L

-sm
o
oth

w
.r.t.‖·‖

if∀
x
,y
∈
Q

,
it

satisfi
es‖∇

f
(x

)−
∇
f

(y
)‖∗ ≤

L‖
x
−
y‖. 1

6

A
b

ove,‖·‖∗
d
e
f

=
m

ax{〈ξ,x〉
:‖
x‖
≤

1}
is

th
e

d
u
al

n
orm

of‖·‖.
F

or
in

stan
ce,

`
p

n
orm

is
d
u
al

to
`
q

n
o
rm

if
1p

+
1q

=
1.

S
om

e
fam

ou
s

p
rob

lem
s

h
ave

b
etter

sm
o
oth

n
ess

p
aram

eters
w

h
en

n
o
n
-E

u
clid

ea
n

n
orm

s
are

ad
op

ted
,

see
th

e
d
iscu

ssion
s

in
A

llen
-Z

h
u

an
d

O
recch

ia
(20

17).

B
re

g
m

a
n

D
iv

e
rg

e
n

c
e
.

F
ollow

in
g

th
e

trad
ition

s
in

th
e

n
on

-E
u
clid

ean
n
orm

settin
g

(A
llen

-
Z

h
u

a
n
d

O
recch

ia,
2017),

w
e

•
select

a
d
ista

n
ce

gen
era

tin
g

fu
n

ctio
n
w

(·)
th

at
is

1-stron
gly

con
v
ex

w
.r.t.‖·‖

,
an

d
1
7

•
d
efi

n
e

th
e

B
regm

a
n

d
ivergen

ce
fu

n
ctio

n
V
x (y

)
d
e
f

=
w

(y
)−

w
(x

)−
〈∇
w

(x
),y−

x〉.
T

h
e

fi
n
a
l

a
lg

o
rith

m
s

an
d

p
ro

ofs
w

ill
b

e
d
escrib

ed
u
sin

g
V
x (y

)
a
n
d
w

(x
).

1
6
.

T
h

is
d

efi
n

itio
n

h
a
s

a
n

o
th

er
eq

u
iva

len
t

fo
rm

:∀
x
,y
∈
Q

,
it

sa
tisfi

es
f

(y
)≤

f
(x

)+
〈∇
f

(x
),y−

x〉+
L2 ‖
y−

x‖
2.

1
7
.

F
o
r

in
sta

n
ce,

if
Q

=
R
d

a
n

d
‖·‖

p
is

th
e
`
p

n
o
rm

fo
r

so
m

e
p
∈

(1
,2

],
o
n

e
ca

n
ch

o
o
se
w

(x
)

=
1

2
(p−

1
) ‖
x‖

2p ;

if
Q

=
{
x
∈

R
d

:
∑
i
x
i

=
1}

is
th

e
p

ro
b

a
b

ility
sp

a
ce

a
n

d
‖
·‖

1
is

th
e
`
1

n
o
rm

,
o
n

e
ca

n
ch

o
o
se

w
(x

)
=
∑
i
x
i
lo

g
x
i .
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A
l
l
e
n
-Z

h
u

G
e
n

e
ra

liz
e
d

S
tro

n
g

C
o
n
v
e
x
ity

o
f
ψ

(·).
W

e
req

u
ire

ψ
(·)

to
b

e
σ

-stron
gly

con
vex

ity
w

ith
resp

ect
to

fu
n
ction

V
x (y

)
rath

er
th

an
th

e
‖·‖

n
orm

;
or

sy
m

b
olically,

ψ
(y

)≥
ψ

(x
)

+
〈∇
ψ

(x
),y−

x〉
+
σ
V
x (y

)
.

(F
or

in
stan

ce,
th

is
is

satisfi
ed

if
ω

(y
)

d
e
f

=
1σ
ψ

(y
).)

T
h
is

is
k
n
ow

n
as

th
e

“gen
eralized

stron
g

con
vex

ity
”

(S
h
alev

-S
h
w

artz,
2007)

an
d

is
n
ecessary

for
an

y
lin

ear-con
vergen

ce
resu

lt
in

th
e

S
C

settin
g.

O
f

cou
rse,

in
th

e
n
on

-S
C

settin
g,

w
e

d
o

n
ot

req
u
ire

a
n
y

(gen
eral

or
n
ot)

stron
g

con
vex

ity
for

ψ
(·).

6
.1

A
lg

o
rith

m
C

h
a
n

g
e
s

a
n

d
T

h
e
o
re

m
R

e
sta

te
m

e
n
ts

S
u
p
p

ose
each

f
i (x

)
is
L
i -sm

o
oth

w
ith

resp
ect

to
n
orm

‖
·‖

,
an

d
a

B
regm

an
d
ivergen

ce
fu

n
ction

V
x (y

)
is

given
.

W
e

p
erform

th
e

fo
llow

in
g

ch
an

ges
to

th
e

algorith
m

s:

•
In

L
in

e
9

of
K
a
t
y
u
s
h
a

(resp
.

L
in

e
1
0

of
K
a
t
y
u
s
h
a
n
s),

w
e

ch
o
ose

i
w

ith
p
rob

ab
ility

p
rop

ortion
al

to
L
i

in
stead

of
u
n
ifo

rm
ly

at
ran

d
om

.

•
In

L
in

e
10

of
K
a
t
y
u
s
h
a

(resp
.

L
in

e
1
1

of
K
a
t
y
u
s
h
a
n
s),

w
e

ch
an

ge
th

e
arg

m
in

to
b

e
its

n
on

-E
u
clid

ean
n
orm

varian
t

(A
llen

-Z
h
u

a
n
d

O
recch

ia,
2017):

z
k
+
1

=
arg

m
in
z {

1α
V
z
k (z

)+

〈∇̃
k
+
1 ,z〉

+
ψ

(z
) }

•
W

e
forb

id
d
en

O
p
tion

II
an

d
u
se

O
p
tion

I
on

ly
(b

u
t

w
ith

o
u

t
rep

lacin
g
‖
y−

x
k
+
1 ‖

2
w

ith
V
x
k
+
1 (y

)).

In
terested

read
ers

can
fi
n
d

d
iscu

ssion
s

regard
in

g
w

h
y

su
ch

ch
an

ges
are

n
atu

ral
in

A
llen

-Z
h
u

an
d

O
recch

ia
(2017).

W
e

call
th

e
resu

ltin
g

alg
orith

m
s
K
a
t
y
u
s
h
a
2

an
d
K
a
t
y
u
s
h
a
2
n
s,

an
d

in
clu

d
e

th
em

in
A

p
p

en
d
ix

E
for

com
p
leten

ess’
sak

e.
W

e
state

ou
r

fi
n
al

th
eorem

s
b

elow
(recall

L
=

1n ∑
ni=

1
L
i ).

T
h

e
o
re

m
6
.1

(e
x
t.

o
f

T
h

e
o
re

m
2
.1

)
If

ea
ch

f
i (x

)
is

co
n

vex
a
n

d
L
i -sm

oo
th

w
ith

re-
spect

to
so

m
e

n
o
rm
‖·‖

,
V
x (y

)
is

a
B

regm
a
n

d
ivergen

ce
fu

n
ctio

n
fo

r
‖·‖

,
a
n

d
ψ

(x
)

is
σ

-stro
n

gly
co

n
vex

w
ith

respect
to
V
x (y

),
th

en
K
a
t
y
u
s
h
a
2
(x

0 ,S
,σ
,(L

1 ,...,L
n
))

sa
tisfi

es

E [F
(x̃
S

) ]−
F

(x
∗)≤

{
O
((

1
+
√
σ
/(9L

m
) )
−
S
m )
· (F

(x
0 )−

F
(x
∗) ),

if
m
σ
/L
≤

94 ;

O
(1.5 −

S )· (F
(x

0 )−
F

(x
∗) ),

if
m
σ
/L

>
94 .

In
o
th

er
w

o
rd

s,
ch

oo
sin

g
m

=
Θ

(n
),
K
a
t
y
u
s
h
a
2

a
ch

ieves
a
n
ε-a

d
d
itive

erro
r

(i.e.,E [F
(x̃
S

) ]−
F

(x
∗)≤

ε)
u

sin
g

a
t

m
o
st
O
((n

+
√
n
L
/σ )·

log
F
(x

0
)−
F
(x
∗
)

ε

)
itera

tio
n

s.

T
h

e
o
re

m
6
.2

(e
x
t.

o
f

T
h

e
o
re

m
4
.1

)
If

ea
ch

f
i (x

)
is

co
n

vex
a
n

d
L
i -sm

oo
th

w
ith

re-
spect

to
so

m
e

n
o
rm
‖·‖,

V
x (y

)
is

a
B

regm
a
n

d
ivergen

ce
fu

n
ctio

n
fo

r‖·‖
,

a
n

d
ψ

(·)
is

n
o
t

n
ecessa

rily
stro

n
gly

co
n

vex,
th

en
K
a
t
y
u
s
h
a
2
n
s(x

0 ,S
,(L

1 ,...,L
n
))

sa
tisfi

es

E [F
(x̃
S

) ]−
F

(x
∗)≤

O
(
F

(x
0 )−

F
(x
∗)

S
2

+
L
V
x
0 (x
∗)

n
S
2

)
.

In
o
th

er
w

o
rd

s,
K
a
t
y
u
s
h
a
2
n
s

a
ch

ieves
a
n
ε-a

d
d
itive

erro
r

(i.e.,
E [F

(x̃
S

) ]−
F

(x
∗)≤

ε)

u
sin

g
a
t

m
o
st
O
(
n √

F
(x

0
)−
F
(x
∗
)

√
ε

+

√
n
L
V
x
0
(x
∗
)

√
ε

)
itera

tio
n

s.
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re
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A
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p
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C
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A
p
p
e
n
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r
S
e
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io
n
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C
.1

P
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o
f

o
f

T
h

e
o
re

m
4
.1

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

4.
1]

F
ir

st
of

al
l,

th
e

p
ar

a
m

et
er
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o
ic

es
sa

ti
sf

y
th

e
p
re

su
m

p
ti

o
n
s

in
L

em
m

a
2.

6,
so

ag
ai

n
b
y

d
efi

n
in

g
D
k

d
e
f

=
F

(y
k
)
−
F

(x
∗ )

an
d
D̃
s

d
e
f

=
F

(x̃
s
)
−
F
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∗ )

,
w

e
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n
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te
L

em
m

a
2.
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α
s
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−
τ 1
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−
τ 2
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τ 1
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D
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−

α
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τ 1
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k
+
1
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α
s
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τ 1
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‖z
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∗ ‖

2
−

1 2
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−
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at
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+
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−
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α
s
1
−
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−
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τ 1
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D
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+
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+
α
s
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+
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α
s
1
−
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−
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τ 1
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D
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+
α
s
τ 2 τ 1
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+
1 2
‖z
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−
x
∗ ‖
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1 2
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+
1
)m
−
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∗ ‖

2
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e
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e
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eq
u
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y

w
e

h
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e
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m

ed
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l
th

e
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n
d
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n
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s
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th
e
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t
s
−

1
ep

o
ch

s
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e
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x
ed

an
d

th
e
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so
u
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e
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n
d
om

n
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s
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m
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ep
o
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w
e

d
efi

n
e
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∑
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1
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1
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+
j
,
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b
y
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e
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n
v
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y
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n
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n
F
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w

e
h
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e

m
D̃
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≤
∑

n j=
1
D
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−
1
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+
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.

T
h
er
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or
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n
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th
e

p
ar
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er
ch

o
ic

e
α
s

=
1

3
τ 1
,s
L

,
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r
ev
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y
s
≥

1

w
e
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n
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er
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e
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.1

)
th
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E[
1 τ
2 1
,s

D
(s
+
1
)m

+
τ 1
,s

+
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2 1
,s

m
−
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1

D
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+
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τ
2 1
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D
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−
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−
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−
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3
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b
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e
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D
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D
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D
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e
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≤
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+
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+
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=
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−
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∑
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=
O
(

1

m
S
2 )· (

m
(F

(x
0 )−

F
(x
∗) )

+
L‖x

0 −
x
∗‖

2 )
.

A
p
p
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p
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r
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e
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b
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b
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s
is

th
e
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o
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d
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b
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d
e
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u
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L
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m
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n
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w
e
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o
f
L
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L

em
m

a
2.3
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L
� ≥

L
:

L
e
m

m
a

D
.1
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x
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a
l

g
ra

d
ie

n
t

d
e
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e
n
t)
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L
� ≥
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d

y
k
+
1
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y
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3
L
�

2
‖
y−

x
k
+
1 ‖

2
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〈∇̃

k
+
1 ,y−

x
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+
1 〉

+
ψ
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+
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d

P
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e
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L
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x
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+
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≥
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+
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+
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+
1 ]

.

P
ro

o
f

P
rog

(x
k
+
1 )

=
−

m
iny {

3
L
�

2
‖
y−

x
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〈∇
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+
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+
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m
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e
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n
on

-u
n
iform

case
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e
u
se

of
L

in
L

em
m

a
2.4
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k
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1 −
∇
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(x
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+
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+
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+
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∇
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p
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f
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f
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≤
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]
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+
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=
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p
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e
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h
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xin
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in
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α
ψ
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−
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−
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G
o
n
e
n
a
n
d

S
h
a
l
e
v
-S
h
w
a
r
t
z

L
e
m
m
a
3

L
et
A

be
a

po
ssibly

ra
n

d
o
m

ized
a
lgo

rith
m

a
n

d
d
en

o
te

by
ŵ

its
o
u

tp
u

t.
T

h
e

gen
era

liza
tio

n
erro

r
o
fA

sa
tisfi

es

E
S∼
D
n−

1 [L
(ŵ

)−
L̂

(ŵ
)]

=
E
S∼
D
n
[∆

(S
)]
.

(5)

F
u

rth
erm

o
re,

ifA
sa

tisfi
es,

fo
r

every
sa

m
p
le
S

,
E

[L̂
(ŵ

)]≤
m

in
w
∈W

L̂
(w

)
+
ε,

w
h
ere

th
e

expecta
tio

n
is

w
ith

respect
to
A

’s
o
w

n
ra

n
d
o
m

iza
tio

n
,

th
en

th
e

excess
risk

o
fA

is
bo

u
n

d
ed

by
E
S∼
D
n−

1 [L
(ŵ

)−
L

(w
?)]≤

E
S∼
D
n
[∆

(S
)]+

ε
.

(6)

P
ro

o
f

S
in

ce
ŵ
i

d
o
es

n
ot

d
ep

en
d

on
th

e
i.i.d

.
p
air

(x
i ,y

i ),

E
S∼
D
n
[ ˆ̀i (ŵ

i )]
=

E
S∼
D
n−

1 [L
(ŵ

(S
))]

,i
=

1,...,n
.

B
y

lin
earity

of
ex

p
ectation

,
w

e
ob

tain

E
S∼
D
n [

1n

n
∑i=

1

ˆ̀i (ŵ
i ) ]

=
E
S∼
D
n−

1 [L
(ŵ

(S
))]

.

T
h
erefore,

E
[∆

(S
)]

=
E
S∼
D
n [

1n

n
∑i=

1

ˆ̀i (ŵ
i ) ]
−

E
S∼
D
n [

1n

n
∑i=

1

ˆ̀i (ŵ
) ]

=
E
S∼
D
n−

1 [L
(ŵ

)]−
E

[L̂
(ŵ

)]
.

T
h
is

estab
lish

es
th

e
fi
rst

claim
.

N
ex

t,
b
y

assu
m

p
tion

,
for

ev
ery

S
,
E

[L̂
(ŵ

)]≤
L̂

(w
?)

+
ε.

H
en

ce,

E
S∼
D
n
[L̂

(ŵ
)]≤

E
S∼
D
n
[L̂

(w
?)]+

ε
=
L

(w
?)

+
ε
.

C
om

b
in

in
g

th
is

in
eq

u
ality

w
ith

th
e

fi
rst

claim
,

con
clu

d
es

th
e

p
ro

of.

2
.2
.1

S
t
a
b
il
it
y
o
f
W

e
l
l
-c
o
n
d
it
io
n
e
d

O
b
je
c
t
iv
e
s

L
em

m
a

3
m

otivates
u
s

to
d
erive

an
u
p
p

er
b

ou
n
d

on
th

e
average

sta
b
ility.

A
key

q
u
an

-
tity

th
at

gov
ern

s
∆

(S
)

is
th

e
con

d
ition

n
u
m

b
er

of
th

e
ob

jective.
W

e
n
ex

t
p
rov

id
e

ex
act

d
efi

n
ition

s
an

d
d
iscu

ss
th

is
relation

.
F

ix
a

train
in

g
seq

u
en

ce
S

.
W

e
d
en

ote
th

e
em

p
irical

covarian
ce

m
atrix

b
y

Ĉ
:=

Ĉ
(S

)
=

1n

n
∑i=

1

x
i x
>i
.

T
h
e

(average)
em

p
irical

con
d
ition

n
u
m

b
er

of
Ĉ

is
d
efi

n
ed

as

κ
(Ĉ

)
=

tr(Ĉ
)

λ
m

in (Ĉ
)
,

4
JM

L
R

 18(222):1-13, 2018



A
v
e
r
a
g
e
S
t
a
b
il
it
y
is

In
v
a
r
ia
n
t
t
o

D
a
t
a
P
r
e
c
o
n
d
it
io
n
in
g

w
h
er

e
tr

(Ĉ
)

is
th

e
tr

ac
e

of
Ĉ

an
d
λ

m
in

(Ĉ
)

is
th

e
sm

al
le

st
n
on

ze
ro

ei
ge

n
va

lu
e

of
Ĉ

.
W

e
d
efi

n
e

th
e

fu
n
ct

io
n
al

co
n
d
it

io
n

n
u
m

b
er

as
th

e
ra

ti
o

b
et

w
ee

n
th

e
sq

u
ar

ed
L

ip
sc

h
it

z
p
ar

a
m

et
er

an
d

th
e

st
ro

n
g

co
n
ve

x
it

y
p
ar

am
et

er
:

κ
(φ

)
=
ρ

2 α
.

F
in

al
ly

,
w

e
d
efi

n
e

th
e

co
n
d
it

io
n

n
u
m

b
er

of
th

e
o
b

je
ct

iv
e

as
th

e
p
ro

d
u
ct

b
et

w
ee

n
th

e
em

p
ir

ic
al

an
d

th
e

fu
n
ct

io
n
al

co
n
d
it

io
n

n
u
m

b
er

: κ
=
κ

(Ĉ
)κ

(φ
)
.

L
e
m
m
a
4

F
o
r

ev
er

y
tr

a
in

in
g

se
qu

en
ce
S

,

∆
(S

)
≤

2
κ n

=
2κ

(Ĉ
)κ

(φ
)

n
=

2
ρ

2

α
n
κ

(Ĉ
)
.

(7
)

T
o

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
th

is
re

su
lt

h
as

o
n
ly

b
ee

n
p
ro

ve
d

in
th

e
co

n
te

x
t

of
re

gu
la

ri
ze

d
lo

ss
m

in
im

iz
at

io
n

(e
.g

.,
th

e
b

ou
n
d

on
th

e
u
n
if

or
m

st
ab

il
it

y
in

S
h
al

ev
-S

h
w

ar
tz

a
n
d

B
en

-D
av

id
(2

01
4)

[C
or

ol
la

ry
13

.6
])

.
In

sp
ec

ti
n
g

th
e

p
ro

of
s,

on
e

ca
n

n
ot

ic
e

th
at

th
e

ro
le

of
re

gu
la

ri
za

ti
on

is
m

er
el

y
to

en
su

re
th

e
st

ro
n
g

co
n
v
ex

it
y

of
th

e
ob

je
ct

iv
e.

T
h
is

si
m

p
le

ob
se

rv
at

io
n

is
cr

u
ci

al
fo

r
ou

r
d
ev

el
op

m
en

t.

P
ro

o
f

(o
f
L
e
m
m
a

4
)

W
e

fi
rs

t
as

su
m

e
th

at
Ĉ

is
of

fu
ll

ra
n
k
.

N
ot

e
th

a
t

fo
r

al
l
w

,
th

e
H

es
si

an
of
L̂

at
w

is
gi

v
en

b
y

∇
2
L̂

(w
)

=
1 n

n ∑ i=
1

φ
′′ (
w
>
x
i)
x
ix
> i
�

1 n

n ∑ i=
1

α
x
ix
> i

=
α
Ĉ
.

(8
)

In
p
ar

ti
cu

la
r,
L̂

is
st

ro
n
gl

y
co

n
ve

x
an

d
ŵ

is
u
n
iq

u
el

y
d
efi

n
ed

.
D

en
ot

e
th

e
st

ro
n
g

co
n
ve

x
it

y
p
ar

am
et

er
of
L̂

b
y
µ̂

.
W

e
al

so
d
en

ot
e

th
e

L
ip

sc
h
it

z
p
ar

am
et

er
of

ea
ch

ˆ̀ i
b
y
ρ̂
i

an
d

d
efi

n
e

ρ̂
2

=
1 n

∑
n i=

1
ρ̂

2 i
.

W
e

w
il
l

sh
or

tl
y

d
er

iv
e

u
p
p

er
a
n
d

lo
w

er
b

ou
n
d
s

on
th

es
e

p
ar

am
et

er
s,

b
u
t

fi
rs

t
le

t
u
s

re
la

te
th

em
to

th
e

av
er

ag
e

st
ab

il
it

y.
F

ix
so

m
e
i
∈

[n
]

an
d

le
t

∆̂
i

=
ˆ̀ i

(ŵ
i)
−

ˆ̀ i
(ŵ

)
(w

e
d
o

n
ot

as
su

m
e

th
at

ŵ
i

is
u
n
iq

u
el

y
d
efi

n
ed

).
T

h
e
ρ̂
i-

L
ip

sc
h
it

zn
es

s
of

ˆ̀ i
y
ie

ld
s

th
e

b
ou

n
d

∆̂
i
≤
ρ̂
i‖
ŵ
i
−
ŵ
‖
.

T
h
e
µ̂

-s
tr

on
g

co
n
ve

x
it

y
of
L̂

im
p
li
es

(e
.g

.
u
si

n
g

S
h
al

ev
-S

h
w

ar
tz

(2
01

1)
[L

em
m

a
2.

8]
)

th
at

µ̂ 2
‖ŵ

i
−
ŵ
‖2
≤
L̂

(ŵ
i)
−
L̂

(ŵ
)
.

O
n

th
e

ot
h
er

h
an

d
,

si
n
ce
ŵ
i

m
in

im
iz

es
th

e
ri

sk
ov

er
S
\{

(x
i,
y i

)}
,

w
e

h
av

e
th

at

L̂
(ŵ

i)
−
L̂

(ŵ
)

=

∑
j6=
i(

ˆ̀ j
(ŵ

i)
−

ˆ̀ j
(ŵ

))

n
+

ˆ̀ i
(ŵ

i)
−

ˆ̀ i
(ŵ

)

n
≤

0
+

∆̂
i

n
.
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G
o
n
e
n
a
n
d

S
h
a
l
e
v
-S
h
w
a
r
t
z

C
om

b
in

in
g

th
e

b
ou

n
d
s,

w
e

co
n
cl

u
d
e

th
e

fo
ll
ow

in
g

b
ou

n
d

fo
r

ev
er

y
i
∈

[n
]:

∆̂
2 i
≤
ρ̂

2 i
‖ŵ

i
−
ŵ
‖2
≤

2ρ̂
2 i

µ̂
(L̂

(ŵ
i)
−
L̂

(ŵ
))
≤

2
ρ̂

2 i

n
µ̂

∆̂
i
.

D
iv

id
in

g
b
y

∆̂
i

(w
e

m
ay

as
su

m
e

w
.l
.o

.g
.

th
at

∆̂
i
>

0)
,

w
e

ob
ta

in

∆̂
i
≤

2
ρ̂

2 i

n
µ̂
.

(9
)

L
et

u
s

re
m

ar
k

th
at

at
th

is
p

oi
n
t,

w
e

ca
n

d
ed

u
ce

a
b

ou
n
d

of
m

a
x
i∈

[n
]

2
ρ̂
2 i

n
µ̂

o
n

th
e

u
n
if

o
rm

st
ab

il
it

y.
T

h
is

m
at

ch
es

th
e

b
ou

n
d

in
S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
(2

01
4)

[C
o
ro

ll
a
ry

1
3
.6

].
W

e
n
ex

t
p
ro

ce
ed

to
es

ta
b
li
sh

th
e

cl
ai

m
ed

b
ou

n
d

on
th

e
av

er
ag

e
st

ab
il
it

y.
B

y
av

er
ag

in
g

(9
)

ov
er
i

=
1,
..
.,
n

,
w

e
ob

ta
in

∆̂
=

1 n

n ∑ i=
1

∆̂
i
≤
(

1 n

n ∑ i=
1

ρ̂
2 i

)
2 n
µ̂

=
2ρ̂

2

n
µ̂
.

(1
0
)

It
re

m
ai

n
s

to
d
er

iv
e

b
ou

n
d
s

on
ρ̂

an
d
µ̂

.
N

ot
e

th
at

‖∇
ˆ̀ i

(w
)‖

2
=
‖φ
′ (
w
>
x
i)
x
i‖

2
≤
ρ

2
‖x

i‖
2

=
ρ

2
tr

(x
ix
> i

)
.

H
en

ce
,
ρ̂

2 i
≤
ρ

2
tr

(x
ix
> i

).
B

y
av

er
ag

in
g,

w
e

ob
ta

in
th

at
ρ̂

2
≤
ρ

2
tr

(Ĉ
).

N
ex

t,
u
si

n
g

(8
)

w
e

ob
ta

in
th

at
µ̂
≥
α
λ
d
(Ĉ

).
B

y
su

b
st

it
u
ti

n
g

th
e

b
ou

n
d
s

on
ρ̂

2
an

d
µ̂

in
(1

0)
,

w
e

co
n
cl

u
d
e

th
e

d
es

ir
ed

b
ou

n
d
.

N
ot

e
th

at
if
Ĉ

is
n
ot

of
fu

ll
ra

n
k
,

w
e

ca
n

re
p
la

ce
ea

ch
ve

ct
or

x
∈

R
d

w
it

h
U
>
x

,
w

h
er

e
th

e
co

lu
m

n
s

of
U

fo
rm

an
or

th
on

or
m

al
b
as

is
fo

r
sp

an
({
x

1
,.
..
,x

n
})

,
w

it
h
o
u
t

a
ff

ec
ti

n
g

∆̂
,∆̂

1
,.
..
,∆̂

n
(t

h
is

m
o
d
ifi

ca
ti

on
is

on
ly

fo
r

th
e

sa
ke

of
th

e
an

al
y
si

s)
.

A
s

a
re

su
lt

,
th

e
n
ew

co
va

ri
an

ce
m

at
ri

x
is

of
fu

ll
ra

n
k

an
d

it
s

ei
ge

n
va

lu
es

ar
e
λ

1
(Ĉ

),
..
.,
λ

m
in

(Ĉ
).

R
ep

ea
ti

n
g

th
e

ab
ov

e
ar

gu
m

en
ts

,
w

e
co

n
cl

u
d
e

th
e

p
ro

of
.

L
et

u
s

sp
ec

if
y

th
e

b
ou

n
d

to
li
n
ea

r
re

gr
es

si
on

as
fo

rm
u
la

te
d

in
E

x
am

p
le

(1
).

A
s
α

=
1

a
n
d

ρ
=

2Y
,

th
e

fu
n
ct

io
n
al

co
n
d
it

io
n

n
u
m

b
er

is
4Y

2
.

H
en

ce
,

th
e

av
er

a
ge

st
ab

il
it

y
is

b
o
u
n
d
ed

b
y

∆
(S

)
≤

4
Y

2

n
κ̂

(Ĉ
)
.

(1
1
)

U
si

n
g

L
em

m
a

3
w

e
d
ed

u
ce

th
e

sa
m

e
b

ou
n
d

on
th

e
ex

ce
ss

ri
sk

.
T

h
e

w
ea

k
n
es

s
o
f

th
is

b
o
u
n
d

st
em

s
fr

om
th

e
fa

ct
th

at
em

p
ir

ic
al

ly
,

th
e

em
p
ir

ic
a
l

co
n
d
it

io
n

n
u
m

b
er

te
n
d
s

to
b

e
h
u
g
e

(e
.g

.,
se

e
th

e
em

p
ir

ic
al

st
u
d
y

in
G

on
en

et
al

.
(2

01
6)

).
In

th
e

n
ex

t
se

ct
io

n
w

e
sh

ow
th

at
th

e
(d

ep
en

d
en

ce
o
n

th
e)

em
p
ir

ic
a
l

co
n
d
it

io
n

n
u
m

b
er

as
so

ci
at

ed
w

it
h

ou
r

ar
b
it

ra
ry

ch
oi

ce
of

co
or

d
in

at
e

sy
st

em
ca

n
b

e
re

p
la

ce
d

b
y

th
e

em
p
ir

ic
al

co
n
d
it

io
n

n
u
m

b
er

ob
ta

in
ed

b
y

an
op

ti
m

al
p
re

co
n
d
it

io
n
in

g.

3
.
P
re
co

n
d
it
io
n
e
d
S
ta
b
il
it
y

W
e

ar
e

n
ow

in
p

os
it

io
n

to
d
es

cr
ib

e
ou

r
m

a
in

re
su

lt
.

L
et

P
b

e
a

(s
y
m

m
et

ri
c)

p
o
si

ti
ve

d
efi

n
it

e
m

at
ri

x
,
S
P

b
e

th
e

tr
ai

n
in

g
se

t
ob

ta
in

ed
b
y

re
p
la

ci
n
g

ev
er

y
x
j

w
it

h
x̃
j

=
P
−

1
/
2
x
j
,

an
d
W
P

=
P

1
/
2
W

.
W

e
ca

ll
P
−

1
/
2

a
p
re

co
n

d
it

io
n

er
.

R
ec

al
l
th

e
d
efi

n
it

io
n

of
av

er
a
g
e

st
a
b
il
it

y
fr

om
E

q
u
at

io
n

(4
).

O
u
r

m
ai

n
th

eo
re

m
is
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A
v
e
r
a
g
e
S
t
a
b
il
it
y
is

In
v
a
r
ia
n
t
t
o

D
a
t
a
P
r
e
c
o
n
d
it
io
n
in
g

T
h
e
o
re

m
5

F
o
r

a
n

y
tra

in
in

g
sequ

en
ce
S

a
n

d
po

sitive
d
efi

n
ite

m
a
trix

P
,

∆
(S
P
,W

P
)

=
∆

(S
,W

)
.

In
w

o
rd

s,
th

e
a
vera

ge
sta

bility
is

in
va

ria
n

t
to

th
e

ch
o
ice

o
f

th
e

coo
rd

in
a
te

system
.

P
ro

o
f

T
h
e

cru
cial

ob
servation

is
th

at
th

e
em

p
irical

risk
m

in
im

ization
w

ith
resp

ect
to
S
P

over
th

e
d
o
m

a
in
W
P

is
eq

u
ivalen

t
to

th
e

E
R

M
w

.r.t.
S

over
th

e
d
om

ain
W

in
th

e
follow

in
g

sen
se.

F
o
r

a
n
y

p
air

(w
,w̃

=
P

1
/
2w

)∈
W
×
W
P

an
d

an
y
j
∈

[n
],

th
e

p
red

iction
(w̃

) >
x̃
j

is
eq

u
a
l

to
th

e
p
red

iction
w
>
x
j

.
T

h
erefore,

th
e

em
p
irical

risk
s
L̂
S
p (w̃

)
an

d
L̂
S

(w
)

are
eq

u
al.

B
y

a
sso

cia
tin

g
th

e
corresp

on
d
in

g
m

in
im

izers
of

th
e

em
p
irical

risk
(i.e.,

ŵ
is

asso
ciated

w
ith

P
1
/
2ŵ

a
n
d

fo
r

an
y
i∈

[n
],
ŵ
i

is
asso

ciated
w

ith
P

1
/
2ŵ

i ),
w

e
con

clu
d
e

ou
r

p
ro

of.

T
h
eo

rem
5

tells
u
s

th
at

w
e

can
an

aly
ze

th
e

stab
ility

of
S
P

in
stead

of
th

e
stab

ility
of
S

.
C

ru
-

cia
lly,

th
is

is
tru

e
for

every
P

,
even

on
e

th
at

is
ch

osen
b
ased

on
S

.
T

h
erefore,

th
e

ex
p

ected
su

b
o
p
tim

a
lity

is
u
p
p

er
b

ou
n
d
ed

b
y

th
e

ex
p

ected
valu

e
of

th
e

q
u
an

tity,
in

f
P
�

0
∆

(S
P
,W

P
),

w
h
ich

w
e

refer
to

as
th

e
p
reco

n
d
itio

n
ed

a
vera

ge
sta

bility.
E

q
u
ip

p
ed

w
ith

th
is

ob
servation

,
w

e
n
ex

t
ch

o
o
se
P

th
at

lead
s

to
a

m
in

im
al

con
d
ition

n
u
m

b
er,

an
d

con
seq

u
en

tly
ob

tain
a

tig
h
ter

b
o
u
n
d

on
th

e
ex

cess
risk

.
N

o
te

th
at

for
every

P
�

0,
th

e
em

p
irical

covarian
ce

m
atrix

th
at

co
rresp

on
d
s

to
th

e
p
reco

n
d
itio

n
ed

train
in

g
seq

u
en

ce,
S
P

,
is

1n

n
∑i=

1 (P
−

1
/
2x
i )(P

−
1
/
2x
i ) >

=
P
−

1
/
2 (

1n

n
∑i=

1

x
i x
>i )

P
−

1
/
2

=
P
−

1
/
2Ĉ
P
−

1
/
2
.

W
h
en

Ĉ
is

o
f

fu
ll

ran
k
,

b
y

ch
o
osin

g
P

=
Ĉ

,
w

e
ob

tain
th

at

κ
(P
−

1
/
2Ĉ
P
−

1
/
2

︸
︷︷

︸
I

)
=

tr(I
)

λ
m

in (I
)

=
d
.

If
Ĉ

is
n
o
t

o
f

fu
ll

ran
k
,

w
e

can
ad

d
arb

itrary
“n

oise”
in

d
irection

s
th

at
d
o

n
ot

lie
in

th
e

co
lu

m
n

sp
a
ce

o
f
Ĉ

.
F

or
ex

am
p
le,

b
y

ch
o
osin

g
P

=
Ĉ

+
δ(I−

Ĉ
Ĉ
†),

(w
h
ere

δ
can

b
e

an
y

p
o
sitive

sca
la

r),
w

e
ob

tain
th

at
κ

(P
−

1
/
2Ĉ
P
−

1
/
2)

=
ran

k
(Ĉ

)
≤
d
.

It
is

ea
sy

to
see

th
at

in
b

o
th

cases,
w

e
ob

tain
th

e
m

in
im

al
valu

e
of
κ

(P
−

1
/
2Ĉ
P
−

1
/
2)

over
all

m
atrices

P
�

0.
C

o
m

b
in

in
g

th
is

b
ou

n
d

w
ith

L
em

m
a

3
an

d
L

em
m

a
4,

w
e

arrive
at

th
e

follow
in

g
con

clu
sion

.

C
o
ro

lla
ry

6
C

o
n

sid
er

th
e

o
p
tim

iza
tio

n
p
ro

blem
(1

),
w

h
ere

fo
r

a
ll
y
∈
Y

,
φ
y

is
ρ

-L
ip

sch
itz

a
n

d
α

-stro
n

gly
co

n
vex.

T
h
e

expected
excess

risk
o
f

em
p
irica

l
risk

m
in

im
iza

tio
n

is
bo

u
n

d
ed

by

E
S∼
D
n−

1 [L
(ŵ

)−
L

(w
?)]≤

E
S∼
D
n
[∆

(S
)]

=
E
S∼
D
n
[in

f
P
�

0
∆

(S
P

)]≤
2
ρ

2
d

α
n

.

4
.
S
o
m
e
Im

p
lica

tio
n
s

4
.1

L
in
e
a
r
R
e
g
re

ssio
n

W
e

sta
rt

b
y

sp
ecify

in
g

ou
r

b
ou

n
d
s

to
lin

ear
regression

(E
x
am

p
le

(1)).
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G
o
n
e
n
a
n
d

S
h
a
l
e
v
-S
h
w
a
r
t
z

C
o
ro

lla
ry

7
(L

in
ea

r
R
eg

re
ssio

n
)

C
o
n

sid
er

lin
ea

r
regressio

n
a
s

fo
rm

u
la

ted
in

E
xa

m
-

p
le

(1
).

T
h
e

expected
excess

risk
o
f

E
R

M
is

bo
u

n
d
ed

by

E
S∼
D
n−

1 [L
(ŵ

)−
L

(w
?)]≤

∆
(S

)≤
4
Y

2d

n
.

C
om

p
arin

g
th

e
b

ou
n
d
s

in
(11)

an
d

C
orollary

7,
w

e
see

th
at

th
e

d
ep

en
d
en

ce
on

κ̂
(Ĉ

)
is

rep
laced

b
y

th
e

o
p
tim

al
em

p
irical

con
d
ition

n
u
m

b
er,

κ̂
(I

)
=
d
.

A
s

w
e

m
en

tion
ed

ab
ove,

th
is

gap
ten

d
s

to
b

e
h
u
ge

in
p
ractice.

A
s

w
e

d
iscu

ss
in

S
ection

5,
stan

d
ard

b
ou

n
d
s

for
th

is
settin

g
d
ep

en
d

on
th

e
geom

etry
of

X
an

d
W

.
O

n
th

e
con

trary,
it

follow
s

from
th

e
gen

eralized
C

a
u
ch

y
-S

ch
w

arz
in

eq
u
ality

th
at

for
an

y
ch

oice
of

a
n
orm

‖·‖
on

R
d,

ou
r

b
ou

n
d

ap
p
lies

to
th

e
sets

3

X
=
B
‖·‖

=
{
x
∈
R
d

:‖
x‖
≤

1},
W

=
Y
B
‖·‖

?
:=
{
w
∈
R
d

:‖w‖
?≤

Y
}

(12)

4
.2

T
h
e
A
v
e
ra

g
e
S
ta

b
ility

o
f
S
to

ch
a
stic

G
ra

d
ie
n
t
D
e
sc
e
n
t

O
n
e

of
th

e
m

ost
w

id
ely

u
sed

algorith
m

s
in

m
ach

in
e

learn
in

g
is

S
to

ch
astic

G
rad

ien
t

D
escen

t
(S

G
D

).
B

esid
es

its
com

p
u
tation

al
sim

p
licity,

its
p

op
u
larity

stem
s

also
from

its
gen

eralization
ab

ilities
S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

(2014)[S
ection

14.5].
R

ecen
tly,

H
ard

t
et

al.
(2015)

stu
d
ied

th
e

(u
n
iform

)
stab

ility
of

S
G

D
in

variou
s

settin
gs.

F
ollow

in
g

ou
r

n
otation

,
th

eorem

3.9
of

th
eir

p
ap

er
im

p
lies

a
b

ou
n
d

of
m

ax
i

2
ρ̂
2i

γ
n

on
th

e
u
n
iform

stab
ility,

w
h
ere

γ
is

th
e

stron
g

con
vex

ity
of

th
e

en
tire

ob
jective,

an
d

for
an

y
i∈

[n
],
ρ̂
i

is
th

e
L

ip
sch

itz
p
aram

eter
of

ˆ̀i .
A

s
th

e
p
ro

of
of

L
em

m
a

4
reveals,

γ
can

b
e

b
ou

n
d
ed

b
y
α
κ̂

(Ĉ
)

an
d
ρ̂
i

is
at

m
ost

ρ̂
2‖
x
i ‖

2.
In

p
articu

lar,
th

e
b

ou
n
d

d
ep

en
d
s

on
th

e
ch

oice
of

th
e

co
ord

in
ate

sy
stem

.
A

s
im

p
lied

b
y

B
u
b

eck
(2015)[T

h
eorem

3.2],
S
G

D
can

b
e

v
iew

ed
in

ou
r

con
tex

t
as

an
(ap

p
rox

im
ate)

E
R

M
.

H
en

ce,
th

e
avera

ge
stab

ility
of

S
G

D
is

in
varian

t
to

th
e

ch
oice

of
th

e
co

ord
in

ate
sy

stem
an

d
th

e
stab

ility
rate

of
S
G

D
is

b
ou

n
d
ed

as
in

C
orollary

6.
It

sh
ou

ld
b

e
n
oted

th
at

ou
r

b
ou

n
d

h
old

s
in

th
e

regim
e

w
h
ere

S
G

D
con

verges
to

a
m

in
im

izer
of

th
e

em
p
irical

risk
,

w
h
ereas

th
e

resu
lt

of
H

ard
t

et
al.

h
old

s
for

th
e

en
tire

tra
jecto

ry
of

S
G

D
.

5
.
R
e
la
te
d
W

o
rk

5
.1

S
lo
w
e
r
ra

te
s

O
n
e

of
th

e
m

ost
d
irect

tech
n
iq

u
es

for
estab

lish
in

g
b

ou
n
d
s

on
th

e
ex

cess
risk

is
v
ia

an
aly

z-
in

g
th

e
R

ad
em

ach
er

com
p
lex

ity
B

artlett
a
n
d

M
en

d
elson

(20
03)

of
th

e
a
sso

ciated
class

of
p
red

ictors.
In

ou
r

settin
g,

th
ese

tech
n
iq

u
es

h
ave

b
een

em
p
loy

ed
b
y

K
akad

e
et

al.
(2009)

to

3
.

In
fa

ct,
u

n
d

er
m

ild
a
d

d
itio

n
a
l

a
ssu

m
p

tio
n

s
o
n
X

,
a
n
y

tw
o

sets
X

a
n

d
W

th
a
t

sa
tisfy

o
u

r
a
ssu

m
p

tio
n

s
ca

n
b

e
p

resen
ted

in
th

is
w

ay.
A

ssu
m

e
th

a
t
X

is
sy

m
m

etric
(i.e.,

x
∈
X

iff
−
x
∈
X

)
a
n

d
0
∈

in
t(X

).
T

h
en

it
is

k
n

ow
n

C
o
n
w

ay
(2

0
1
3
)

th
a
tX

in
d

u
ces

a
n

o
rm

o
n
R
d

th
ro

u
g
h

th
e

M
in

k
ow

sk
y

fu
n

ctio
n

a
l

‖
x‖

:=
p
(x

)
=

in
f{
t∈

R
:
x
∈
tB
}
.

It
is

im
m

ed
ia

te
th

a
t

th
e

clo
sed

u
n

it
b

a
ll{

x
:‖
x‖
≤

1}
is
X

itself.
T

h
erefo

re,
th

e
d

u
a
l

n
o
rm

is
sim

p
ly

th
e

su
p
p

o
rt

fu
n

ctio
n

o
fX

‖
w‖

?
=

m
a
x

x∈
X
w
>
x
.

It
fo

llow
s

th
a
tX

a
n

d
W

ca
n

b
e

d
escrib

ed
a
s

in
(1

2
).
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A
v
e
r
a
g
e
S
t
a
b
il
it
y
is

In
v
a
r
ia
n
t
t
o

D
a
t
a
P
r
e
c
o
n
d
it
io
n
in
g

es
ta

b
li
sh

b
ou

n
d
s

of
or

d
er

1
/
√
n

on
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

of
E

R
M

.
W

e
re

fe
r

to
th

es
e

ra
te

s
as

sl
ow

er
d
u
e

to
th

e
in

fe
ri

or
d
ep

en
d
en

ce
on

th
e

sa
m

p
le

si
ze
n

.

5
.2

D
e
p
e
n
d
e
n
c
e
o
n

N
o
rm

N
ot

e
th

at
si

n
ce

b
ot

h
th

e
u
n
if

or
m

an
d

th
e

av
er

ag
e

st
ab

il
it

y
of

E
R

M
ar

e
b

ou
n
d
ed

ab
ov

e
b
y

it
s

ge
n
er

al
iz

at
io

n
er

ro
r

S
h
al

ev
-S

h
w

ar
tz

et
al

.
(2

01
0)

,
th

e
b

ou
n
d
s

of
K

ak
a
d
e

et
a
l.

(2
00

9)
tr

an
sl

at
e

in
to

b
ou

n
d
s

on
th

e
av

er
ag

e
st

a
b
il
it

y.
U

n
li
ke

ou
r

fa
st

ra
te

s,
th

e
ex

ac
t

b
ou

n
d
s

d
ep

en
d

on
th

e
ge

om
et

ry
of

th
e

se
t
X

an
d
W

.
F

or
ex

am
p
le

:
a)

If
b

ot
h
X

an
d
W

ar
e

th
e

E
u
cl

id
ea

n
u
n
it

b
al

l
in

R
d
,

th
en

th
e

ob
ta

in
ed

b
ou

n
d

sc
al

es
w

it
h

1
/
√
n

.
b
)

If
X

is
th

e
u
n
it
` ∞

-b
al

l
an

d
W

is
th

e
` 1

-b
al

l,
th

en
th

e
ob

ta
in

ed
b

ou
n
d

sc
al

es
w

it
h
√

lo
g
(d

)/
n

.

5
.3

L
o
w
e
r
b
o
u
n
d
s
o
n

th
e
e
x
c
e
ss

ri
sk

L
ow

er
b

ou
n
d
s

fo
r

st
o
ch

as
ti

c
m

in
im

iz
at

io
n

of
ex

p
-c

on
ca

ve
fu

n
ct

io
n
s

h
av

e
b

ee
n

st
u
d
ie

d
in

M
ah

d
av

i
et

al
.

(2
01

5)
.

F
or

ou
r

se
tt

in
g,

th
eo

re
m

2
in

th
is

p
ap

er
im

p
li
es

a
b

ou
n
d

of
Ω

(d
/n

)
on

th
e

ex
ce

ss
ri

sk
of

an
y

al
go

ri
th

m
.

F
or

th
e

sp
ec

ia
l

ca
se

of
li
n
ea

r
re

gr
es

si
on

w
it

h

X
=
{x
∈
R
d

:
‖x
‖ 2
≤

1}
,
W

=
{w
∈
R
d

:
‖w
‖ 2
≤
B
},
Y

=
[−
Y
,Y

]
(1

3)

S
h
am

ir
(2

01
4)

p
ro

ve
d

th
e

lo
w

er
b

ou
n
d

Ω
( m

in
{Y

2
,
B

2
+
d
Y

2

n
,
B
Y √
n
})

on
th

e
ge

n
er

al
iz

at
io

n

er
ro

r
of

E
R

M
.

T
h
e

le
ft

-m
os

t
te

rm
is

tr
iv

ia
ll
y

at
ta

in
ed

b
y

th
e

p
re

d
ic

to
r
w

=
0.

T
h
e

m
id

d
le

te
rm

is
at

ta
in

ed
b
y

co
m

b
in

in
g

th
e

V
ov

k
-A

zo
u
ry

-W
ar

m
u
th

fo
re

ca
st

er
A

zo
u
ry

an
d

W
ar

m
u
th

(2
00

1)
;

V
ov

k
(2

00
1)

w
it

h
st

an
d
ar

d
on

li
n
e-

to
-b

at
ch

co
n
ve

rs
io

n
s

(C
es

a-
B

ia
n
ch

i
et

al
.

(2
00

4)
).

L
as

t,
th

e
ri

gh
t

te
rm

is
at

ta
in

ed
b
y

E
R

M
,

as
im

p
li
ed

b
y

th
e

af
or

em
en

ti
on

ed
u
p
p

er
b

ou
n
d

of
K

ak
ad

e
et

al
.

(2
00

9)
.

It
is

le
ft

op
en

w
h
et

h
er

th
e

m
id

d
le

te
rm

in
th

e
lo

w
er

b
ou

n
d

is
at

ta
in

ed
b
y

E
R

M
.

N
ot

e
th

at
if
B

=
ω

(√
d
Y

),
th

en
th

e
m

id
d
le

te
rm

in
th

e
ab

ov
e

lo
w

er
b

ou
n
d

is
as

y
m

p
to

ti
ca

ll
y

la
rg

er
th

an
ou

r
u
p
p

er
b

ou
n
d
.

H
ow

ev
er

,
si

n
ce

in
th

e
se

tt
in

g
of

S
h
am

ir
(2

01
4)

,
E

q
u
at

io
n

(1
3)

)
th

e
m

ag
n
it

u
d
e

of
th

e
p
re

d
ic

ti
on

s
is

n
ot

u
n
if

or
m

ly
u
p
p

er
b

ou
n
d
ed

b
y
Y

,
n
o

co
n
tr

ad
ic

ti
on

ar
is

es
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S
ta

b
il
it
y
a
n
d

R
e
g
u
la
ri
z
a
ti
o
n

P
re

v
io

u
s

w
or

k
B

ou
sq

u
et

an
d

E
li
ss

ee
ff

(2
00

2)
;

S
h
al

ev
-S

h
w

ar
tz

et
al

.
(2

01
0)

st
u
d
ie

d
th

e
ra

te
of

u
n
if

or
m

st
ab

il
it

y
in

va
ri

ou
s

se
tt

in
g
s.

F
or

ou
r

se
tt

in
g,

th
ei

r
b

ou
n
d
s

on
th

e
ex

p
ec

te
d

ri
sk

ar
e

id
en

ti
ca

l
to

th
e

b
ou

n
d

in
L

em
m

a
4.

A
s

w
e

ex
p
la

in
ed

ab
ov

e,
th

es
e

fa
st

ra
te

s
ar

e
of

te
n

w
or

se
th

an
th

e
so

-c
al

le
d

sl
ow

er
ra

te
s

d
u
e

to
th

e
d
ep

en
d
en

ce
on

th
e

em
p
ir

ic
al

co
n
d
it

io
n

n
u
m

b
er

.
T

h
e

st
an

d
ar

d
ap

p
ro

ac
h

fo
r

ta
ck

li
n
g

th
is

p
ro

b
le

m
is

ad
d

a
re

gu
la

ri
za

ti
on

te
rm

.
B

y
ad

d
in

g
th

e
re

gu
la

ri
za

ti
on

te
rm

λ
‖w
‖2

to
th

e
ob

je
ct

iv
e,

on
e

eff
ec

ti
ve

ly
in

cr
ea

se
s

th
e

ei
ge

n
va

lu
es

of
Ĉ

b
y
λ

,
an

d
co

n
se

q
u
en

tl
y,

th
e

ov
er

al
l
co

n
d
it

io
n

n
u
m

b
er

is
d
ec

re
as

ed
.

H
ow

ev
er

,
as

ex
p
la

in
ed

in
S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
(2

01
4)

[S
ec

ti
on

13
.4

],
th

is
m

o
d
ifi

ca
ti

on
u
su

al
ly

d
o
es

n
ot

p
re

se
rv

e
th

e
fa

st
ra

te
s.

4

4
.

N
a
m

el
y,

w
h

en
tu

n
in

g
λ

,
w

e
n
ee

d
to

en
su

re
th

a
t

a
n
y
ε/

2
-a

p
p

ro
x
im

a
te

m
in

im
iz

er
w

it
h

re
sp

ec
t

to
th

e
re

g
u

la
ri

ze
d

o
b

je
ct

iv
e

is
a
ls

o
a
n
ε-

a
p

p
ro

x
im

a
te

m
in

im
iz

er
w

it
h

re
sp

ec
t

to
th

e
u

n
re

g
u

la
ri

ze
d

o
b
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ct
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e.
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5
.5

S
ta

b
il
it
y
a
n
d

E
x
p
-c
o
n
c
a
v
it
y

In
fo

rm
al

ly
,
ex

p
-c

on
ca

v
it

y
ca

n
b

e
se

en
as

a
lo

ca
l
an

d
w

ea
ke

r
fo

rm
of

st
ro

n
g

co
n
ve

x
it

y.
In

d
ee

d
,

th
e

O
n
li
n
e

N
ew

to
n

S
te

p
(O

N
S
)

of
H

az
an

et
a
l.

(2
00

7)
,

w
h
ic

h
h
as

b
ee

n
d
es

ig
n
ed

fo
r

o
n
li
n
e

m
in

im
iz

at
io

n
of

ex
p
-c

on
ca

ve
fu

n
ct

io
n
s,

ac
h
ie

ve
s

im
p
ro

v
ed

(l
og

ar
it

h
m

ic
)

re
gr

et
b

o
u
n
d
s

th
at

re
se

m
b
le

th
e

re
gr

et
b

ou
n
d
s

fo
r

st
ro

n
gl

y
co

n
v
ex

fu
n
ct

io
n
s

H
az

an
et

al
.

(2
0
07

).
T

h
e

o
n
li
n
e-

to
-b
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ch

an
al

y
si

s
of

M
ah

d
av

i
et

al
.

(2
01

5
)

y
ie

ld
s

a
b

ou
n
d

on
th

e
ex

ce
ss

ri
sk

th
a
t

co
in

ci
d
es

w
it

h
ou

r
b

ou
n
d
s

u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s.
T

h
e

m
ai

n
sh

or
tc

om
in

g
of

th
e

O
N

S
a
lg

o
ri

th
m

is
th

at
it

em
p
lo

y
s

ex
p

en
si

v
e

it
er

at
io

n
s

(t
h
e

ru
n
ti

m
e

p
er

it
er

at
io

n
sc

al
es

at
le

as
t

q
u
a
d
ra

ti
ca

ll
y

w
it

h
d
).

H
en

ce
,

it
is

n
at

u
ra

l
to

as
k

w
h
et

h
er

th
er

e
ex

is
t

si
m

p
le

r
al

go
ri

th
m

s
th

a
t

a
ch

ie
ve

fa
st

ra
te

s. T
h
is

q
u
es

ti
on

w
as

an
sw

er
ed

affi
rm

at
iv

el
y

b
y

K
or

en
an

d
L

ev
y

(2
01

5)
.

T
h
is

w
o
rk

,
w

h
ic

h
is

m
os

t
cl

os
el

y
re

la
te

d
to

ou
r

w
or

k
,

co
n
si

d
er

s
th

e
m

in
im

iz
at

io
n

of
a

ri
sk

o
f

th
e

fo
rm

F
(w

)
=

E[
f

(w
,Z

)]
,

w
h
er

e
fo

r
an

y
z
,
f

(·,
z
)

is
β̄

-s
m

o
ot

h
5

an
d
ᾱ

-e
x
p
-c

on
ca

ve
fu

n
ct

io
n
.

T
h
ey

es
ta

b
li
sh

ed
fa

st
ra

te
s

fo
r

an
y

al
go

ri
th

m
th

at
m

in
im

iz
es

th
e

re
gu

la
ri

ze
d

ri
sk
L̂

(w
)

+
1 n
R

(w
),

w
h
er

e
R

(w
)

is
as

su
m

ed
to

b
e

a
1-

st
ro

n
gl

y
co

n
ve

x
fu

n
ct

io
n

(e
.g

.,
o
n
e

ca
n

se
t
R

(w
)

=
1 2
‖w
‖2

).
W

h
il
e

ex
p
-c

on
ca

v
it

y
is

w
ea

ke
r

th
an

st
ro

n
g

co
n
ve

x
it

y,
K

or
en

an
d

L
ev

y
(2

01
5)

[s
ec

ti
o
n

4
.2

]
in

-
te

rp
re

ts
ex

p
-c

on
ca

v
it

y
as

st
ro

n
g

co
n
v
ex

it
y

in
th

e
(l

o
ca

l)
n
or

m
in

d
u
ce

d
b
y

th
e

o
u
te

r
p
ro

d
u
ct

s
of

th
e

gr
ad

ie
n
ts

an
d

th
e

re
gu

la
ri

za
ti

on
te

rm
.

In
ot

h
er

w
or

d
s,

th
e

p
ro

b
le

m
is

w
el

l-
co

n
d
it

io
n
ed

w
it

h
re

sp
ec

t
to

th
is

lo
ca

l
n
or

m
.

N
ot

e
th

at
th

ei
r

fo
rm

u
la

ti
on

is
m

or
e

ge
n
er

a
l

in
th

e
se

n
se

th
at

th
ey

d
o

n
ot

as
su

m
e

a
G

L
M

st
ru

ct
u
re

.
H

ow
ev

er
,

it
sh

ou
ld

b
e

em
p
h
as

iz
ed

th
a
t

a
ll

th
e

k
n
ow

n
ex

p
-c

on
ca

ve
fu

n
ct

io
n
s

in
m

ac
h
in

e
le

ar
n
in

g
ar

e
o
f

th
e

fo
rm

(1
))

.
T

h
e

ab
ov

e
in

te
rp

re
ta

ti
on

of
K

or
en

an
d

L
ev

y
(2

01
5)

in
sp

ir
ed

u
s

to
m

ak
e

on
e

st
ep

fo
rw

a
rd

an
d

d
ir

ec
tl

y
sh

ow
th

at
re

gu
la

ri
za

ti
on

is
n
ot

re
q
u
ir

ed
as

lo
n
g

as
a

re
la

te
d

(p
re

co
n
d
it

io
n
ed

)
p
ro

b
le

m
is

w
el

l
co

n
d
it

io
n
ed

.
B

es
id

es
th

e
ob

v
io

u
s

im
p

or
ta

n
ce

of
sh

ow
in

g
th

e
in

si
g
n
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ca
n
ce

of
re

gu
la

ri
za

ti
on

in
th
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n
te

x
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w
e

b
el

ie
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th
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th
e
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n
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p
re
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n
d
it
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n
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st
a
b
il
it

y
a
n
d

it
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e
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ri
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m
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e
th

es
e
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s
m
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e
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en
t

an
d
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m

p
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th
e

p
ro

o
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T
h
e

u
p
p

er
b

ou
n
d

of
K

or
en

an
d

L
ev

y
(2

01
5)

on
th

e
ex

ce
ss

ri
sk
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al

es
w

it
h

2
4
β
d

ᾱ
n

=
2
4
β
d
ρ
2

α
n

(r
ec

al
l
th

at
th

e
ex

p
-c

on
ca

v
it

y
p
ar

am
et

er
ᾱ

is
eq

u
al
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).

N
ot

e
th

at
ou

r
an

a
ly

si
s

d
o
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n
o
t
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su

m
e

sm
o
ot

h
n
es

s
of

th
e

lo
ss

.
T

h
is

re
so

lv
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th
e

q
u
es

ti
on

ra
is

ed
b
y

K
or

en
an

d
L

ev
y

(2
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1
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)
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ga
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in

g
th

e
n
ec

es
si

ty
of

th
e

sm
o
ot

h
n
es

s
as

su
m

p
ti
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.

N
ot

e
th

at
fo

r
li
n
ea

r
re

g
re

ss
io

n
,

th
e

sm
o
ot

h
n
es

s
is

1,
m

ak
in

g
ou

r
b

ou
n
d
s

id
en

ti
ca

l
to

th
e

b
ou

n
d
s

of
K

or
en

an
d

L
ev

y
(2

0
1
5
)

fo
r

th
is

sp
ec

ia
l

ca
se

.
A

s
d
is

cu
ss

ed
in

K
or

en
an

d
L

ev
y

(2
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5)
,

it
is

d
iffi

cu
lt

to
tr

an
sl

at
e

b
ou

n
d
s

o
n

th
e

av
er

a
ge

st
ab

il
it

y
in
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h
ig

h
-p

ro
b
ab

il
it

y
b

ou
n
d
s

(w
h
il
e

p
re

se
rv

in
g

th
e

fa
st

ra
te

an
d

in
tr

o
d
u
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n
g

o
n
ly
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ri
th

m
ic

d
ep

en
d
en

ce
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1/
δ)

.

5
.6

O
th

e
r
T
e
ch

n
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u
e
s
a
n
d

H
ig
h
-P

ro
b
a
b
il
it
y
B
o
u
n
d
s

T
h
e

b
ou

n
d
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th

e
ex

p
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te
d

ex
ce
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ri

sk
in

C
or

ol
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ry
6

ca
n

b
e

ob
ta

in
ed

b
y

u
si

n
g
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o

a
d
d
it
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n
al
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n
iq

u
es

.
B

ot
h
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e
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n
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u
es
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y
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h
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h
p
ro

b
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il
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y
b

ou
n
d
s.

W
e

n
ex

t
su
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ey

th
e
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es
p

on
d
in

g
re
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lt

s.
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p
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ed
in

S
h

a
le

v
-S

h
w

a
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z
a
n

d
B
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-D
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(2
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1
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S
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ti
o
n

1
3
.3
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b
y

o
p
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m

a
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y
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n
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o
ll
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g
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a
d

eo
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,
w

e
n

o
lo

n
g
er

o
b

ta
in

fa
st

ra
te

s
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.e
.,

th
e
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a
b

il
it

y
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a
le

s
w

it
h

1
/
√
n

ra
th

er
th

a
n

1
/
n

).
5
.

T
h

a
t

is
,
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e

m
a
x
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a
l
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g
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lu

e
o
f
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e

H
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a
n

o
f
f

a
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a
n
y

p
o
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t
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a
t
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A
v
e
r
a
g
e
S
t
a
b
il
it
y
is

In
v
a
r
ia
n
t
t
o

D
a
t
a
P
r
e
c
o
n
d
it
io
n
in
g

A
recen

t
fo

llow
-u

p
w

ork
b
y

M
eh

ta
(2016)

estab
lish

ed
a

b
ou

n
d

of
Õ

(d
log

(n
)+

log
(1
/δ)/n

)
o
n

th
e

ex
cess

risk
of

E
R

M
,

w
h
ere

δ
is

th
e

con
fi
d
en

ce
p
aram

eter. 6.
H

e
also

sh
ow

ed
h
ow

to
g
et

rid
o
f

th
e

log
(n

)
factor

b
y

b
o
ostin

g
th

e
con

fi
d
en

ce
of

E
R

M
.
T

h
e

p
ro

of
is

cen
tered

arou
n
d

a
B

ern
stein

co
n
d
ition

w
h
ich

h
old

s
d
u
e

to
th

e
ex

p
-con

cav
ity

assu
m

p
tion

.
A

n
o
th

er
a
ltern

ative,
is

to
b

ou
n
d

th
e

ex
cess

risk
b
y

th
e

lo
cal

R
ad

em
a
ch

er
com

p
lex

ity
(L

R
C

)
o
f
th

e
a
sso

ciated
class

of
p
red

ictors
(e.g.,

u
sin

g
C

orollary
5.3

in
B

artlett
et

al.
(2005)).

In
o
u
r

settin
g
,

on
e

can
d
erive

b
ou

n
d
s

on
th

e
L

R
C

(e.g.,
u
sin

g
K

oltch
in

sk
ii

(2008))
w

h
ich

co
in

cid
e

w
ith

o
u
r

b
ou

n
d
s.

A
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o
f

th
ese

tech
n
iq

u
es

em
p
loy

arg
u
ab

ly
h
eav

y
m

ach
in

ery
an

d
lack

th
e

geom
etric

in
ter-

p
reta

tio
n
,

w
h
ich

is
n
icely

cap
tu

red
b
y

ou
r

n
otion

of
p
recon

d
ition

ed
stab

ility.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
a
n
k

Iliya
T

olstik
h
in

for
p

oin
tin

g
ou

t
th

e
altern

ative
p
ro

of
of

C
orollary

6
u
sin

g
lo

cal
R

a
d
em

a
ch

er
co

m
p
lex

ities.

6
.

T
h

e
d

ep
en

d
en

ce
o
n

th
e

ex
p

-co
n

cav
ity

p
a
ra

m
eter

a
s

w
ell

a
s

th
e

d
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m
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o
f
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e

lo
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n

ctio
n
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h
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d

en
.

11
JM

L
R

 18(222):1-13, 2018

G
o
n
e
n
a
n
d

S
h
a
l
e
v
-S
h
w
a
r
t
z

R
e
fe
re
n
ce

s

K
aty

S
A

zou
ry

an
d

M
an

fred
K

W
arm

u
th

.
R

elative
loss

b
ou

n
d
s

for
on

-lin
e

d
en

sity
estim

ation
w

ith
th

e
ex

p
on

en
tial

fam
ily

of
d
istrib

u
tion

s.
M

a
ch

in
e

L
ea

rn
in

g,
43(3):211–246,

2001.

P
eter

L
B

artlett
an

d
S
h
ah

ar
M

en
d
elson

.
R

ad
em

ach
er

an
d

gau
ssian

com
p
lex

ities:
R

isk
b

ou
n
d
s

an
d

stru
ctu

ral
resu

lts.
T

h
e

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
3:463–482,

2003.

P
eter

L
B

artlett,
O

liv
ier

B
ou

sq
u
et,

an
d

S
h
ah

ar
M

en
d
elson

.
L

o
cal

rad
em

ach
er

com
p
lex

ities.
A

n
n

a
ls

o
f

S
ta

tistics,
p
ages

1497–1
537,

2005.

O
liv

ier
B

ou
sq

u
et

an
d

A
n
d
ré
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at
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k
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m

M
.K
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ah
ul

K
id

am
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,P
ra

ne
et

h
N

et
ra
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an
d

A
ar
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Si
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d.

L
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C
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e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
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n
s
.
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r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr
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n

re
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em

en
ts
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e
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t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
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a
p
e
r
s
/
v
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-
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JA
IN

,K
A

K
A

D
E

,K
ID

A
M

B
I,

N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

1.
In

tr
od

uc
tio

n
an

d
Pr

ob
le

m
Se

tu
p

W
ith

th
e

ev
er

in
cr

ea
si

ng
si

ze
of

m
od

er
n

da
y

da
ta

se
ts

,p
ra

ct
ic

al
al

go
ri

th
m

s
fo

rm
ac

hi
ne

le
ar

ni
ng

ar
e

in
cr

ea
si

ng
ly

co
ns

tr
ai

ne
d

to
sp

en
d

le
ss

tim
e

an
d

us
e

le
ss

m
em

or
y.

T
hi

sm
ak

es
it

pa
rt

ic
ul

ar
ly

de
si

ra
bl

e
to

em
pl

oy
si

m
pl

e
st

re
am

in
g

al
go

ri
th

m
s

th
at

ge
ne

ra
liz

e
w

el
li

n
a

fe
w

pa
ss

es
ov

er
th

e
da

ta
se

t.
St

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
t(

SG
D

)i
s

pe
rh

ap
s

th
e

si
m

pl
es

ta
nd

m
os

tw
el

ls
tu

di
ed

al
go

ri
th

m
th

at
m

ee
ts

th
es

e
co

ns
tr

ai
nt

s.
T

he
al

go
ri

th
m

re
pe

at
ed

ly
sa

m
pl

es
an

in
st

an
ce

fr
om

th
e

st
re

am
of

da
ta

an
d

up
da

te
s

th
e

cu
rr

en
tp

ar
am

et
er

es
tim

at
e

us
in

g
th

e
gr

ad
ie

nt
of

th
e

sa
m

pl
ed

in
st

an
ce

.
D

es
pi

te
its

si
m

pl
ic

ity
,S

G
D

ha
s

be
en

im
m

en
se

ly
su

cc
es

sf
ul

an
d

is
th

e
de

-f
ac

to
m

et
ho

d
fo

r
la

rg
e

sc
al

e
le

ar
n-

in
g

pr
ob

le
m

s.
T

he
m

er
its

of
SG

D
fo

r
la

rg
e

sc
al

e
le

ar
ni

ng
an

d
th

e
as

so
ci

at
ed

co
m

pu
ta

tio
n

ve
rs

us
st

at
is

tic
s

tr
ad

eo
ff

s
is

di
sc

us
se

d
in

de
ta

il
by

th
e

se
m

in
al

w
or

k
of

B
ot

to
u

an
d

B
ou

sq
ue

t(
20

07
).

W
hi

le
a

po
w

er
fu

lm
ac

hi
ne

le
ar

ni
ng

to
ol

,u
nf

or
tu

na
te

ly
SG

D
in

its
si

m
pl

es
tf

or
m

s
is

in
he

re
nt

ly
se

ri
al

.O
ve

rt
he

pa
st

ye
ar

s,
as

da
ta

se
ts

iz
es

ha
ve

gr
ow

n
th

er
e

ha
ve

be
en

re
m

ar
ka

bl
e

de
ve

lo
pm

en
ts

in
pr

oc
es

si
ng

ca
pa

bi
lit

ie
s

w
ith

m
ul

ti-
co

re
/d

is
tr

ib
ut

ed
/G

PU
co

m
pu

tin
g

in
fr

as
tr

uc
tu

re
av

ai
la

bl
e

in
ab

un
-

da
nc

e.
T

he
pr

es
en

ce
of

th
is

co
m

pu
tin

g
po

w
er

ha
s

tr
ig

ge
re

d
th

e
de

ve
lo

pm
en

to
fp

ar
al

le
l/d

is
tr

ib
ut

ed
m

ac
hi

ne
le

ar
ni

ng
al

go
ri

th
m

s
(M

an
n

et
al

.(
20

09
);

Z
in

ke
vi

ch
et

al
.(

20
11

);
B

ra
dl

ey
et

al
.(

20
11

);
N

iu
et

al
.(

20
11

);
L

ie
ta

l.
(2

01
4)

;Z
ha

ng
an

d
X

ia
o

(2
01

5)
)t

ha
tp

os
se

ss
th

e
ca

pa
bi

lit
y

to
ut

ili
ze

m
ul

tip
le

co
re

s/
m

ac
hi

ne
s.

H
ow

ev
er

,d
es

pi
te

th
is

ex
ci

tin
g

lin
e

of
w

or
k,

it
is

ye
tu

nc
le

ar
ho

w
to

be
st

pa
ra

lle
liz

e
SG

D
an

d
fu

lly
ut

ili
ze

th
es

e
co

m
pu

tin
g

in
fr

as
tr

uc
tu

re
s.

T
hi

s
pa

pe
rt

ak
es

a
st

ep
to

w
ar

ds
an

sw
er

in
g

th
is

qu
es

tio
n,

by
ch

ar
ac

te
ri

zi
ng

th
e

be
ha

vi
or

of
co

n-
st

an
ts

te
ps

iz
e

SG
D

fo
rt

he
pr

ob
le

m
of

st
ro

ng
ly

co
nv

ex
st

oc
ha

st
ic

le
as

ts
qu

ar
e

re
gr

es
si

on
(L

SR
)u

n-
de

rt
w

o
av

er
ag

in
g

sc
he

m
es

w
id

el
y

be
lie

ve
d

to
im

pr
ov

e
th

e
pe

rf
or

m
an

ce
of

SG
D

.I
n

pa
rt

ic
ul

ar
,t

hi
s

w
or

k
co

ns
id

er
s

th
e

na
tu

ra
l

pa
ra

lle
liz

at
io

n
te

ch
ni

qu
e

of
m

in
i-

ba
tc

hi
ng

,w
he

re
m

ul
tip

le
da

ta
-p

oi
nt

s
ar

e
pr

oc
es

se
d

si
m

ul
ta

ne
ou

sl
y

an
d

th
e

cu
rr

en
ti

te
ra

te
is

up
da

te
d

by
th

e
av

er
ag

e
gr

ad
ie

nt
ov

er
th

es
e

sa
m

pl
es

,a
nd

co
m

bi
ne

it
w

ith
va

ri
an

ce
re

du
ci

ng
te

ch
ni

qu
e

of
ta

il-
av

er
ag

in
g,

w
he

re
th

e
av

er
ag

e
of

m
an

y
of

th
e

fin
al

ite
ra

te
s

ar
e

re
tu

rn
ed

as
SG

D
’s

es
tim

at
e

of
th

e
so

lu
tio

n.
In

th
is

w
or

k,
pa

ra
lle

liz
at

io
n

ar
gu

m
en

ts
ar

e
st

ru
ct

ur
ed

th
ro

ug
h

th
e

le
ns

of
a

w
or

k-
de

pt
h

tr
ad

eo
ff

:
w

or
k

re
fe

rs
to

th
e

to
ta

lc
om

pu
ta

tio
n

re
qu

ir
ed

to
re

ac
h

a
ce

rt
ai

n
ge

ne
ra

liz
at

io
n

er
ro

r,
an

d
de

pt
h

re
fe

rs
to

th
e

nu
m

be
r

of
se

ri
al

up
da

te
s.

D
ep

th
,

de
fin

ed
in

th
is

m
an

ne
r,

is
a

re
as

on
ab

le
es

tim
at

e
of

th
e

ru
nt

im
e

of
th

e
al

go
ri

th
m

on
a

la
rg

e
m

ul
ti-

co
re

ar
ch

ite
ct

ur
e

w
ith

sh
ar

ed
m

em
or

y,
w

he
re

th
er

e
is

no
co

m
m

un
ic

at
io

n
ov

er
he

ad
,a

nd
ha

s
st

ro
ng

im
pl

ic
at

io
ns

fo
rp

ar
al

le
liz

ab
ili

ty
on

ot
he

ra
rc

hi
te

ct
ur

es
.

1.
1

Pr
ob

le
m

Se
tu

p
an

d
N

ot
at

io
ns

W
e

us
e

bo
ld

fa
ce

sm
al

ll
et

te
rs

(x
,w

et
c.

)
fo

rv
ec

to
rs

,b
ol

df
ac

e
ca

pi
ta

ll
et

te
rs

(A
,H

et
c.

)
fo

rm
at

ri
ce

s
an

d
no

rm
al

sc
ri

pt
fo

nt
le

tte
rs

(M
,T

et
c)

fo
r

te
ns

or
s.

W
e

us
e
⊗

to
de

no
te

th
e

ou
te

r
pr

od
uc

to
f

tw
o

ve
ct

or
s

or
m

at
ri

ce
s.

L
oe

w
ne

ro
rd

er
in

g
be

tw
ee

n
tw

o
PS

D
m

at
ri

ce
s

is
re

pr
es

en
te

d
us

in
g
�
,�

.
T

hi
s

pa
pe

rc
on

si
de

rs
th

e
st

oc
ha

st
ic

ap
pr

ox
im

at
io

n
pr

ob
le

m
of

L
ea

st
Sq

ua
re

s
R

eg
re

ss
io

n
(L

SR
).

L
et

L
:
R
d
→

R
be

th
e

ex
pe

ct
ed

sq
ua

re
lo

ss
ov

er
tu

pl
es

(x
,y

)
sa

m
pl

ed
fr

om
a

di
st

ri
bu

tio
n
D

:

L
(w

)
=

1 2
·E

(x
,y

)∼
D

[(
y
−
〈w
,x
〉)

2
]
∀

w
∈
R
d
.

(1
)

L
et

w
∗

be
a

m
in

im
iz

er
of

th
e

pr
ob

le
m

(1
).

N
ow

,l
et

th
e

H
es

si
an

of
th

e
pr

ob
le

m
(1

)b
e

de
no

te
d

as
:

H
d

ef =
∇

2
L

(w
)

=
E
[ x

x
>
] .
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P
A

R
A

L
L

E
L

IZ
IN

G
S

T
O

C
H

A
S

T
IC

G
R

A
D

IE
N

T
D

E
S

C
E

N
T

F
O

R
L

E
A

S
T

S
Q

U
A

R
E

S
R

E
G

R
E

S
S

IO
N

N
ext,w

e
define

the
fourth

m
om

enttensorM
ofthe

inputs
x

as:

M
d

ef
=

E
[x
⊗

x
⊗

x
⊗

x
].

L
etthe

noise
ε
x
,y

in
a

sam
ple

(x
,y

)∼
D

w
ith

respectto
the

m
inim

izer
w
∗

of(1)be
denoted

as:

ε
x
,y

d
ef

=
y−
〈w
∗,x〉.

Finally,letthe
noise

covariance
m

atrix
Σ

be
denoted

as:

Σ
d

ef
=

E
[ε

2x
,y x

x
> ]
.

T
he

hom
oscedastic

(or,additive
noise/w

ellspecified)
case

of
L

SR
refers

to
the

case
w

hen
ε
x
,y

is
m

utually
independentfrom

x
.

T
his

is
the

case,say,w
hen

ε
x
,y

sam
pled

from
a

G
aussian,

N
(0,σ

2)
independent

of
x

.
In

this
case,

Σ
=
σ

2H
,

w
here,

σ
2

=
E
[ε

2 ],
w

here
the

subscript
on

ε
x
,y

is
suppressed

ow
ing

to
the

independence
of
ε

on
any

sam
ple

(x
,y

)
∼
D

.
O

n
the

other
hand,

the
heteroscedastic

(or,m
is-specified)case

refers
to

the
setting

w
hen

ε
x
,y

is
correlated

w
ith

the
input

x
.

In
this

paper,allourresults
apply

to
the

generalm
is-specified

case
ofthe

L
SR

problem
.

1.1.1
A

S
S

U
M

P
T

IO
N

S

W
e

m
ake

the
follow

ing
assum

ptions
aboutthe

problem
.

(A
1
)

Finite
fourth

m
om

ent:
T

he
fourth

m
om

enttensorM
=

E
[x
⊗

4 ]
exists

and
is

finite.

(A
2
)

Strong
convexity:

T
he

H
essian

of
L

(·),
H

=
E
[x

x
> ]

is
positive

definite
i.e.,H

�
0.

(A
1
)

is
a

standard
regularity

assum
ption

for
the

analysis
of

SG
D

and
related

algorithm
s.

(A
2)

is
also

a
standard

assum
ption

and
guarantees

thatthe
m

inim
izerof(1),i.e.,w

∗
is

unique.

1.1.2
IM

P
O

R
TA

N
T

Q
U

A
N

T
IT

IE
S

In
this

section,w
e

w
illintroduce

som
e

im
portantquantities

required
to

presentour
results.

L
et

I

denote
the

d×
d

identity
m

atrix.Forany
m

atrix
A

,M
A

d
ef

=
E
[(x
>

A
x )

x
x
> ].L

etH
L

=
H
⊗

I
and
H
R

=
I⊗

H
representthe

leftand
rightm

ultiplication
operators

of
the

m
atrix

H
so

thatfor
any

m
atrix

A
,w

e
haveH

L
A

=
H

A
andH

R
A

=
A

H
.

•
Fourth

m
om

entbound:
L

et
R

2
be

the
sm

allestnum
bersuch

thatM
I�

R
2H

.

•
Sm

allesteigenvalue:
L

et
µ

be
the

sm
allesteigenvalue

of
H

i.e.,H
�
µ
I.

T
he

fourth
m

om
entbound

im
pliesthatE

[‖x‖
2 ]≤

R
2.Furtherm

ore,(A
2)im

pliesthatthe
sm

allest
eigenvalue

µ
of

H
is

strictly
greaterthan

zero
(µ
>

0).

1.1.3
S

T
O

C
H

A
S

T
IC

G
R

A
D

IE
N

T
D

E
S

C
E

N
T:

M
IN

I-B
A

T
C

H
IN

G
A

N
D

IT
E

R
A

T
E

A
V

E
R

A
G

IN
G

In
this

paper,w
e

w
ork

w
ith

a
stochastic

firstorder
oracle.

T
his

oracle,w
hen

queried
at

w
sam

ples
an

instance
(x
,y

)∼
D

and
uses

this
to

return
an

unbiased
estim

ate
ofthe

gradientof
L

(w
):

∇̂
L

(w
)

=
−

(y−
〈w
,x〉)·

x
;
E
[∇̂

L
(w

) ]
=
∇
L

(w
).
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N
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S
ID

F
O

R
D

W
e

consider
the

stochastic
gradient

descent
(SG

D
)

m
ethod

(R
obbins

and
M

onro,
1951),

w
hich

m
inim

izes
L

(w
)

by
follow

ing
the

direction
opposite

to
this

noisy
stochastic

gradientestim
ate,i.e.:

w
t

=
w
t−

1 −
γ
·∇̂

L
t (w

t−
1 ),

w
ith,∇̂

L
t (w

t−
1 )

=
−

(y
t −
〈w

t−
1 ,x

t 〉)·
x
t

w
ith

γ
>

0
being

a
constantstep

size/learning
rate;∇̂

L
t (w

t−
1 )

is
the

stochastic
gradientevaluated

using
the

sam
ple

(x
t ,y

t )∼
D

at
w
t−

1 .W
e

considertw
o

algorithm
ic

prim
itives

used
in

conjunction
w

ith
SG

D
nam

ely,m
ini-batching

and
tail-averaging

(also
referred

to
as

iterate/suffix
averaging).

M
ini-batching

involves
querying

the
gradientoracle

severaltim
es

and
using

the
average

of
the

returned
stochastic

gradients
to

take
a

single
step.T

hatis,

w
t

=
w
t−

1 −
γ
· (

1b

b
∑i=

1 ∇̂
L
t,i (w

t−
1 ) )

,

w
here,

b
is

the
batch

size.
N

ote
thatatiteration

t,m
ini-batching

involves
repeatedly

querying
the

stochastic
gradientoracle

atw
t−

1
fora

totalof
b

tim
es.Forevery

query
i

=
1,...,b

atiteration
t,the

oracle
sam

ples
an

instance{
x
ti ,y

ti }
and

returns
a

stochastic
gradientestim

ate∇̂
L
t,i (w

t−
1 ).T

hese
estim

ates{∇̂
L
t,i (w

t−
1 )}

bi=
1

are
averaged

and
then

used
to

perform
a

single
step

from
w
t−

1
to

w
t .

M
ini-batching

enablesthe
possibility

ofparallelization
ow

ing
to

the
use

ofcheap
m

atrix-vectorm
ul-

tiplication
for

com
puting

stochastic
gradientestim

ates.
Furtherm

ore,m
ini-batching

allow
s

for
the

possible
reduction

ofvariance
ow

ing
to

the
effectofaveraging

severalstochastic
gradientestim

ates.
Tail-averaging

(or
suffix

averaging)
refers

to
returning

the
average

of
the

final
few

iterates
of

a
stochastic

gradientm
ethod

as
a

m
eans

to
im

prove
its

variance
properties

(R
uppert,1988;Polyak

and
Juditsky,

1992).
In

particular,
assum

ing
the

stochastic
gradient

m
ethod

is
run

for
n−

steps,
tail-averaging

involves
returning

w̄
=

1

n
−
s

n
∑t=
s+

1

w
t

as
an

estim
ate

of
w
∗.N

ote
that

s
can

be
interpreted

as
being

cn,w
ith

c
<

1
being

som
e

constant.
Typical

excess
risk

bounds
(or,

generalization
error

bounds)
for

the
stochastic

approxim
ation

problem
involve

the
contribution

oftw
o

errorterm
s

nam
ely,(i)the

bias,w
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w
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g
N

em
ir

ov
sk

y
an

d
Y

ud
in
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re
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A
lgorithm

Finalerror
R

untim
e/W

ork
D

epth
Stream

ing
M

is-specified
G

radientD
escent

(C
auchy,1847)

O
(
σ
2
d
n

)
κ
n
d

log
n·∆

0
σ
2
d

κ
log

n·∆
0

σ
2
d

×
X

SD
C

A
(Shalev-Shw

artz
and

Z
hang,2012)

O
(
σ
2
d
n

)
(n

+
R

2

λ
m

in d
)d·

lo
g
n·∆

0
σ
2
d

(n
+

R
2

λ
m

in d
)·

log
n·∆

0
σ
2
d

×
X

A
veraged

SG
D

(D
éfossez

and
B

ach,2015) 1
O
(

1
λ
2m

in n
2
γ
2 ·

∆
0

+
σ
2
d
n

)
n
d

n
X

×
Stream

ing
SV

R
G

w
ith

initialerrororacle
2

(Frostig
etal.,2015b)

O
(

ex
p (−

n
λ

m
in (H

)
R

2

)
·∆

0 )
+

σ
2
d
n

n
d

(
R

2

λ
m

in (H
) )·log

n·∆
0

σ
2
d

X
X

A
lgorithm

2
(this

paper)
O
((

R
2
t

‖
H
‖
2
n )

t
κ
lo
g
(κ

)·∆
0

+
σ
2
d
n

)
n
d

t
t−
κ

lo
g
(κ

) ·
κ

log
(κ

)·
log (

n·∆
0

σ
2
d
·
R

2
t

‖
H
‖
2 )

X
X

A
lgorithm

2
w

ith
initialerrororacle
(this

paper)
O
(

ex
p (−

n
λ

m
in (H

)
R

2·lo
g
(κ

) )
·
∆

0
+

σ
2
d
n

)
n
d

κ
lo

g
(κ

)
lo

g
n·∆

0
σ
2
d

X
X

Table
1:

C
om

parison
of

A
lgorithm

2
w

ith
existing

algorithm
s

including
offline

m
ethods

such
as

G
radientD

escent,SD
C

A
and

stream
ing

m
ethods

such
as

averaged
SG

D
,stream

ing
SV

R
G

given
n

sam
ples

for
L

SR
,w

ith
∆

0
=
L

(w
0 )−

L
(w
∗).

T
he

error
of

offline
m

ethods
are

obtained
by

running
these

algorithm
s

so
thattheir

finalerror
isO

(σ
2d
/n

)
(w

hich
is

the
m

inim
ax

rate
for

the
w

ell-specified
case).

T
he

table
is

w
ritten

assum
ing

the
additive

noise/w
ellspecified

case;for
algo-

rithm
s

w
hich

supportthe
m

is-specified
case,these

bounds
can

be
appropriately

m
odified.

R
efer

to
Section

1.1
forthe

definitions
ofallquantities.W

e
do

notconsideraccelerated
variants

in
this

table.
N

ote
thatthe

accelerated
variants

have
served

to
im

prove
running

tim
es

of
the

offline
algorithm

s,
w

ith
the

sole
exception

ofJain
etal.(2017b).ForA

lgorithm
2,w

e
require

t≥
24κ

log
(κ

).Finally,
note

thatstream
ing

SV
R

G
does

notconform
to

the
firstorderoracle

m
odel(A

garw
aletal.(2012)).

convergence.H
ow

ever,a
m

ultiplicative
coupling

ofnum
berofsam

ples
n

and
condition

num
berin

the
com

putationaleffortis
a

m
ajor

draw
back

in
the

large
scale

context.
T

hese
lim

itations
are

ad-
dressed

through
developm

ents
in

offline
stochastic

m
ethods

(R
oux

etal.,2012;Shalev-Shw
artz

and
Z

hang,2012;Johnson
and

Z
hang,2013;D

efazio
etal.,2014)and

theiraccelerated
variants

(Shalev-
Shw

artz
and

Z
hang,2013a;Frostig

etal.,2015a;L
in

etal.,2015;D
efazio,2016;A

llen-Z
hu,2016)

w
hich

offer
near

linear
running

tim
e

in
the

num
ber

of
sam

ples
and

condition
num

ber
w

ith
log

(n
)

passes
overthe

datasetstored
in

m
em

ory.
For

stochastic
approxim

ation
w

ith
strongly

convex
objectives,

SG
D

offers
linear

rates
on

the
bias

w
ithout

achieving
m

inim
ax

rates
on

the
variance

(B
ach

and
M

oulines,2011;
N

eedell
et

al.,
2016;B

ottou
etal.,2016).

In
contrast,iterate

averaged
SG

D
(R

uppert,1988;Polyak
and

Juditsky,
1992)offers

a
sub-linearO

(1/n
2)

rate
on

the
bias

(D
éfossez

and
B

ach,2015;D
ieuleveutand

B
ach,

2015)w
hile

achieving
m

inim
ax

rates
on

the
variance.

N
ote

thatallthese
results

considerthe
w

ell-
specified

(additive
noise)case

w
hen

stating
the

generalization
errorbounds.W

e
are

unaw
are

ofany
results

that
provide

sharp
non-asym

ptotic
analysis

of
SG

D
and

the
related

step
size

issues
in

the
generalm

is-specified
case.

Stream
ing

SV
R

G
(Frostig

etal.,2015b)
offers

a
geom

etric
rate

on
the

bias
and

optim
alstatisticalerrorrates;w

e
w

illreturn
to

a
discussion

ofStream
ing

SV
R

G
below

.In
term

s
of

m
ethods

faster
than

SG
D

,our
ow

n
effort(Jain

etal.,2017b)
provides

the
firstaccelerated

stochastic
approxim

ation
m

ethod
thatim

proves
overSG

D
on

every
problem

instance.
Parallelization

ofM
achine

Learning
algorithm

s:
In

offline
optim

ization,B
radley

etal.(2011)
study

parallel
co-ordinate

descent
for

sparse
optim

ization.
Parallelization

via
m

ini-batching
has

been
studied

in
C

otteretal.(2011);Takác
etal.(2013);Shalev-Shw

artz
and

Z
hang

(2013b);Takác

1.D
éfossez

and
B

ach
(2015)’sbound

holdsw
ith

learning
rate

γ
→

0.T
hisw

ork
supportsthese

boundsw
ith
γ

=
1
/
R

2.
2.Initialerrororacle

provides
initialexcess

risk
∆

0
=
L

(w
0 )−

L
(w
∗)

and
noise

level
σ
2.
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JA
IN

,K
A

K
A

D
E,K

ID
A

M
B

I,N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

et
al.(2015).

T
hese

results
com

pare
w

orst
case

upper
bounds

on
the

training
error

to
argue

par-
allelization

speedups,thus
providing

w
eak

upper
bounds

on
m

ini-batching
lim

its.
Param

eter
m

ix-
ing/M

odelaveraging
(M

ann
etal.,2009)guarantees

linearparallelization
speedups

on
the

variance
butdo

notim
prove

the
bias.

A
pproaches

thatattem
ptto

re-conciliate
com

m
unication-com

putation
tradeoffs(L

ietal.,2014)indicate
increased

m
ini-batching

hurtsconvergence,and
thisislikely

an
ar-

tifactofcom
paring

w
eak

upperbounds.H
ogw

ild
(N

iu
etal.,2011)indicates

near-linearparalleliza-
tion

speedups
in

the
harder

asynchronous
optim

ization
setting,relying

on
specific

inputstructures
like

hard
sparsity;

these
bounds

are
obtained

by
com

paring
w

orst
case

upper
bounds

on
training

error.R
eferto

oracle
m

odels
paragraph

below
fordetails

on
these

w
orstcase

upperbounds.
In

the
stochastic

approxim
ation

context,D
ekel

et
al.(2012)

study
m

ini-batching
in

an
oracle

m
odel

that
assum

es
bounded

variance
of

stochastic
gradients.

T
hese

results
com

pare
w

orst
case

bounds
on

the
generalization

error
to

prescribe
m

ini-batching
lim

its,
w

hich
renders

these
lim

its
to

be
too

loose
(as

m
entioned

in
theirpaper).O

urpaper’s
m

ini-batching
resultoffers

guidelines
on

batch
sizesforlinearparallelization

speedupsby
com

paring
generalization

boundsthathold
on

a
per

problem
basis

as
opposed

to
w

orstcase
bounds.

R
efer

to
the

paragraph
on

oracle
m

odels
for

m
ore

details.
Finally,param

eter
m

ixing
in

the
stochastic

approxim
ation

context(R
osenblattand

N
adler,

2014;Z
hang

etal.,2015)
offers

linear
parallelization

speedups
on

the
variance

error
w

hile
notim

-
proving

the
bias

(R
osenblattand

N
adler,2014).

Finally,D
uchietal.(2015)guarantees

asym
ptotic

optim
ality

ofasynchronous
optim

ization
w

ith
linearparallelization

speedups
on

the
variance.

O
racle

m
odels

and
optim

ality:
In

stochastic
approxim

ation,
there

are
at

least
tw

o
lines

of
thought

w
ith

regards
to

oracle
m

odels
and

notions
of

optim
ality.

O
ne

line
involves

considering
the

case
ofbounded

noise
(K

ushnerand
Y

in,2003;K
ushnerand

C
lark,1978),or,bounded

variance
ofthe

stochastic
gradient,w

hich
in

the
leastsquares

setting
am

ounts
to

assum
ing

bounds
on

∇̂
L

(w
)−
∇
L

(w
)

=
(x

x
>
−

H
)(w
−

w
∗)−

εx
.

T
his

im
plies

additionalassum
ptions

are
required

on
com

pactness
of

the
param

eter
set(w

hich
are

enforced
via

projection
steps);such

assum
ptionsdo

nothold
in

practicalim
plem

entation
ofstochas-

tic
gradientm

ethods
and

in
the

setting
considered

by
this

paper.T
hus,the

m
ini-batching

thresholds
in

C
otteretal.(2011);N

iu
etal.(2011);D

ekeletal.(2012);L
ietal.(2014)presentbounds

in
the

above
w

orst-case
oracle

m
odelby

com
paring

w
eak

upperbounds
on

the
training/testerror.

A
nother

view
of

optim
ality

(A
nbar,1971;Fabian,1973)

considers
an

objective
w

here
the

goal
is

to
m

atch
the

rate
ofthe

statistically
optim

alestim
ator(referred

to
as

the
M
−

estim
ator)on

every
problem

instance.Polyak
and

Juditsky
(1992)considerthis

oracle
m

odelforthe
L

SR
problem

and
prove

that
the

distribution
of

the
averaged

SG
D

estim
ator

on
every

problem
m

atches
that

of
the

M
−

estim
ator

under
certain

regularity
conditions

(L
ehm

ann
and

C
asella,1998).

A
recent

line
of

w
ork

(B
ach

and
M

oulines,2013;Frostig
etal.,2015b)

aim
s

to
provide

non-asym
ptotic

guarantees
for

SG
D

and
its

variants
in

this
oracle

m
odel.

T
his

paper
aim

s
to

understand
m

ini-batching
and

othercom
putationalaspects

ofparallelizing
stochastic

approxim
ation

on
every

problem
instance

by
w

orking
in

this
practically

relevantoracle
m

odel.R
eferto

Jain
etal.(2017b)form

ore
details.

C
om

paring
offline

and
stream

ing
algorithm

s:
Firstly,

offline
algorithm

s
require

perform
ing

m
ultiple

passes
over

a
dataset

stored
in

m
em

ory.
N

ote
that

results
and

convergence
rates

estab-
lished

in
the

finite
sum

/offline
optim

ization
contextdo

nottranslate
to

rates
on

the
generalization

error.
Indeed,these

results
require

going
though

concentration
and

a
generalization

error
analysis

forthis
translation

to
occur.R

eferto
Frostig

etal.(2015b)form
ore

details.
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te
th

at
th

is
ch

ar
ac

te
ri

za
tio

n
sh

ed
s
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ht

on
ho

w
th

e
di

ve
rg

en
tl

ea
rn

in
g

ra
te

s
in

te
rp

ol
at

e
fr

om
ba

tc
h

si
ze

1
(w

hi
ch

is
≤

2
/

T
r
H

)
to

th
e

ba
tc

h
gr

ad
ie

nt
de

sc
en

tl
ea

rn
in

g
ra

te
(s

et
tin

g
b

to
∞

),
w

hi
ch

tu
rn

so
ut

to
be

2
/λ

m
ax

(H
).

A
pr

op
er

ty
of
γ
d
iv
b,

m
ax

w
or

th
no

tin
g

is
th

at
it

do
es

no
td

ep
en

d
on

pr
op

er
tie

s
of

th
e

no
is

e
(Σ

),
an

d
de

pe
nd

s
on

ly
on

th
e

se
co

nd
an

d
fo

ur
th

m
om

en
tp

ro
pe

rt
ie

s
of

th
e

co
va

ri
at

e
x

.
W

e
no

te
th

at
in

th
is

pa
pe

r,
ou

ri
nt

er
es

td
oe

sn
ot

lie
in

th
e

no
n-

di
ve

rg
en

ts
te

ps
iz

es
0
≤
γ
≤
γ
d
iv
b,

m
ax

,
bu

t
in

th
e

se
t

of
(m

ax
im

al
)

st
ep

si
ze

s
0
≤
γ
≤
γ
b,

m
ax

(<
γ
d
iv
b,

m
ax

)
th

at
ar

e
su

ffi
ci

en
t

to
gu

ar
an

te
e

m
in

im
ax

er
ro

rr
at

es
of
O

(σ̂
2 M

L
E
/n

).
Fo

rt
he

L
SR

pr
ob

le
m

,t
he

se
m

ax
im

al
le

ar
ni

ng
ra

te
s
γ
b,

m
ax

ar
e:

γ
b,

m
ax

d
ef =

2
b

R
2
·ρ

m
+

(b
−

1)
‖H
‖ 2
,

w
he

re
,ρ

m
d

ef =
d
‖(
H
L

+
H
R

)−
1
Σ
‖ 2

T
r

((
H
L

+
H
R

)−
1
Σ

).
(3

)

N
ot

e
th

at
ρ

m
≥

1
ca

pt
ur

es
a

no
tio

n
of

“d
eg

re
e”

of
m

od
el

m
is

m
at

ch
,a

nd
ho

w
it

im
pa

ct
s

th
e

le
ar

ni
ng

ra
te
γ
b,

m
ax

;
fo

r
th

e
ad

di
tiv

e
no

is
e/

w
el

ls
pe

ci
fie

d/
ho

m
os

ce
da

st
ic

ca
se

,ρ
m

=
1.

T
hu

s,
fo

r
pr

ob
le

m
s

w
he

re
R

2
an

d
‖H
‖ 2

is
he

ld
th

e
sa

m
e,

th
e

w
el

l-
sp

ec
ifi

ed
va

ri
an

to
ft

he
L

SR
pr

ob
le

m
ad

m
its

a
st

ri
ct

ly
la

rg
er

le
ar

ni
ng

ra
te

(t
ha

ta
ch

ie
ve

sm
in

im
ax

ra
te

so
n

th
e

va
ri

an
ce

)c
om

pa
re

d
to

th
e

m
is

-s
pe

ci
fie

d
ca

se
.

Fu
rt

he
rm

or
e,

in
st

ar
k

co
nt

ra
st

to
th

e
w

el
l-

sp
ec

ifi
ed

ca
se

,γ
b,

m
ax

in
th

e
m

is
-s

pe
ci

fie
d

ca
se

de
pe

nd
s

no
tj

us
to

n
th

e
se

co
nd

an
d

fo
ur

th
m

om
en

tp
ro

pe
rt

ie
s

of
th

e
in

pu
t,

bu
ta

ls
o

on
th

e
no

is
e

co
va

ri
an

ce
Σ

.
W

e
sh

ow
th

at
ou

r
ch

ar
ac

te
ri

za
tio

n
of
γ
b,

m
ax

in
th

e
m

is
-s

pe
ci

fie
d

ca
se

is
tig

ht
in

th
at

th
er

e
ex

is
t

pr
ob

le
m

in
st

an
ce

s
w

he
re
γ
b,

m
ax

(e
qu

at
io

n
3)

is
of

f
th

e
m

ax
im

al
le

ar
ni

ng
ra

te
in

th
e

w
el

l-
sp

ec
ifi

ed
ca

se
(o

bt
ai

ne
d

by
se

tti
ng
ρ

m
=

1
in

eq
ua

tio
n

3)
by

a
fa

ct
or

of
th

e
di

m
en

si
on
d

an
d
γ
b,

m
ax

is
st

ill
th

e
la

rg
es

ts
te

p
si

ze
yi

el
di

ng
m

in
im

ax
ra

te
s.

W
e

al
so

no
te

th
at

th
er

e
co

ul
d

ex
is

tm
is

-s
pe

ci
fie

d
pr

ob
le

m
in

st
an

ce
s

w
he

re
a

st
ep

si
ze
γ

ex
ce

ed
in

g
γ
b,

m
ax

ac
hi

ev
es

m
in

im
ax

ra
te

s.
C

ha
ra

ct
er

iz
in

g
th

e
m

ax
im

al
le

ar
ni

ng
ra

te
th

at
ac

hi
ev

es
m

in
im

ax
ra

te
s

on
ev

er
y

m
is

-s
pe

ci
fie

d
pr

ob
le

m
in

st
an

ce
is

an
in

te
re

st
in

g
op

en
qu

es
tio

n.
W

e
re

tu
rn

to
th

e
ch

ar
ac

te
ri

za
tio

n
of
γ
b,

m
ax

in
se

ct
io

n
3.

1.
N

ot
e

th
at

th
is

pa
pe

rc
ha

ra
ct

er
iz

es
th

e
pe

rf
or

m
an

ce
of

A
lg

or
ith

m
s

1
an

d
2

w
he

n
ru

n
w

ith
a

st
ep

si
ze
γ
≤

γ
b
,m

a
x

2
.

T
he

pr
oo

fs
tu

rn
ou

t
to

be
si

gn
ifi

ca
nt

ly
co

m
pl

ic
at

ed
fo

r
γ
∈
( γ

b
,m

ax
2
,γ
b,

m
ax
)

an
d

ca
n

be
fo

un
d

in
th

e
in

iti
al

ve
rs

io
n

of
th

is
pa

pe
rJ

ai
n

et
al

.(
20

16
b)

an
d

th
es

e
w

er
e

ob
ta

in
ed

th
ro

ug
h

ge
ne

ra
liz

in
g

th
e

op
er

at
or

vi
ew

of
an

al
yz

in
g

SG
D

m
et

ho
ds

in
tr

od
uc

ed
by

D
éf

os
se

z
an

d
B

ac
h

(2
01

5)
.

N
ot

e
th

at
fo

rt
he

w
el

l-
sp

ec
ifi

ed
ca

se
,t

hi
s

pa
pe

r’
s

re
su

lts
ho

ld
fo

rt
he

sa
m

e
le

ar
ni

ng
ra

te
re

gi
m
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JA
IN

,K
A

K
A

D
E

,K
ID

A
M

B
I,

N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

A
lg

or
ith

m
1

M
in

ib
at

ch
-T

ai
lA

ve
ra

gi
ng

-S
G

D

In
pu

t:
In

iti
al

po
in

tw
0
,s

te
ps

iz
e
γ

,m
in

ib
at

ch
si

ze
b,

in
iti

al
ite

ra
tio

ns
s,

to
ta

ls
am

pl
es
n

.
1:

fo
r
t

=
1,

2
,.
.,
bn b
cd

o
2:

Sa
m

pl
e

“b
”

tu
pl

es
{(
x
ti
,y
ti

)}
b i=

1
∼
D
b

3:
w
t
←

w
t−

1
−

γ b

∑
b i=

1
∇̂
L
ti

(w
t−

1
)

O
ut

pu
t:

w̄
=

1
bn b
c−
s

∑
i>
s
w
i

B
ac

h
an

d
M

ou
lin

es
(2

01
3)

;F
ro

st
ig

et
al

.(
20

15
b)

,t
ha

ta
re

kn
ow

n
to

ad
m

it
st

at
is

tic
al

op
tim

al
ity

.W
e

al
so

no
te

th
at

in
th

e
ad

di
tiv

e
no

is
e

ca
se

,w
e

ar
e

un
aw

ar
e

of
a

se
pa

ra
tio

n
be

tw
ee

n
γ
b,

m
ax

an
d
γ
d
iv
b,

m
ax

;
bu

ta
s

w
e

w
ill

se
e,

th
is

is
no

to
f

m
uc

h
co

ns
eq

ue
nc

e
gi

ve
n

th
at

th
er

e
ex

is
ts

a
st

ri
ct

se
pa

ra
tio

n
in

th
e

le
ar

ni
ng

ra
te
γ
b,

m
ax

be
tw

ee
n

th
e

w
el

l-
sp

ec
ifi

ed
an

d
m

is
-s

pe
ci

fie
d

pr
ob

le
m

in
st

an
ce

s.
Fi

na
lly

,w
e

no
te

th
at

th
e

st
oc

ha
st

ic
pr

oc
es

s
vi

ew
po

in
ta

llo
w

s
us

to
w

or
k

w
ith

le
ar

ni
ng

ra
te

s
th

at
ar

e
si

gn
ifi

ca
nt

ly
la

rg
er

co
m

pa
re

d
to

st
an

da
rd

an
al

ys
es

th
at

us
e

fu
nc

tio
n

va
lu

e
co

nt
ra

ct
io

n
e.

g.
,B

ot
-

to
u

et
al

.(
20

16
,T

he
or

em
4.

6)
.

To
th

e
be

st
of

ou
r

kn
ow

le
dg

e,
al

le
xi

st
in

g
w

or
ks

es
ta

bl
is

hi
ng

m
in

i-
ba

tc
hi

ng
th

re
sh

ol
ds

in
th

e
st

oc
ha

st
ic

op
tim

iz
at

io
n

se
tti

ng
e.

g.
,D

ek
el

et
al

.(
20

12
)w

or
k

in
th

e
w

or
st

ca
se

(b
ou

nd
ed

no
is

e)
or

ac
le

m
od

el
,

w
ith

sm
al

l
st

ep
si

ze
s,

an
d

dr
aw

co
nc

lu
si

on
s

on
m

in
i-

ba
tc

h
th

re
sh

ol
ds

an
d

ef
fe

ct
s

by
co

m
pa

ri
ng

w
ea

k
up

pe
rb

ou
nd

s
on

th
e

ex
ce

ss
ri

sk
.

M
in

i-
B

at
ch

ed
Ta

il-
Av

er
ag

ed
SG

D
fo

r
th

e
m

is
-s

pe
ci

fie
d

ca
se

:
W

e
pr

es
en

to
ur

m
ai

n
re

su
lt,

w
hi

ch
is

th
e

er
ro

rb
ou

nd
fo

rm
in

i-
ba

tc
h

ta
il-

av
er

ag
ed

SG
D

fo
rt

he
ge

ne
ra

lm
is

-s
pe

ci
fie

d
L

SR
pr

ob
le

m
.

T
he

or
em

1
C

on
si

de
r

th
e

ge
ne

ra
lm

is
-s

pe
ci

fie
d

ca
se

of
th

e
LS

R
pr

ob
le

m
1.

R
un

ni
ng

A
lg

or
ith

m
1

w
ith

a
ba

tc
h

si
ze
b
≥

1
,s

te
p

si
ze
γ
≤
γ
b,

m
ax
/
2,

nu
m

be
r

of
un

av
er

ag
ed

ite
ra

tio
ns
s,

to
ta

ln
um

be
r

of
sa

m
pl

es
n

,w
e

ob
ta

in
an

ite
ra

te
w

sa
tis

fy
in

g
th

e
fo

llo
w

in
g

ex
ce

ss
ri

sk
bo

un
d:

E
[L

(w
)]
−
L

(w
∗ )
≤

2

γ
2
µ

2
·(1
−
γ
µ

)s
( n b
−
s)

2
·(
L

(w
0
)
−
L

(w
∗ )
) +

4
·

σ̂
2 M

LE
b
·(
n b
−
s)
.

(4
)

In
pa

rt
ic

ul
ar

,w
ith

γ
=
γ
b,

m
ax
/
2

,w
e

ha
ve

th
e

fo
llo

w
in

g
ex

ce
ss

ri
sk

bo
un

d:

L
(w

)
−
L

(w
∗ )
≤

2
κ

2 b
( n b
−
s)

2
ex

p

( −
s κ
b

)
( L

(w
0
)
−
L

(w
∗ )
)

︸
︷︷

︸
T
1

+
4
·

σ̂
2 M

LE
b(
n b
−
s)

︸
︷︷

︸
T
2

,

w
ith

κ
b

=
R

2
·ρ

m
+

(b
−

1
)‖

H
‖ 2

bλ
m

in
(H

)
.

N
ot

e
th

at
th

e
ab

ov
e

th
eo

re
m

in
di

ca
te

s
th

at
th

e
ex

ce
ss

ri
sk

is
co

m
po

se
d

of
tw

o
te

rm
s,

na
m

el
y

th
e

bi
as

(T
1
),

w
hi

ch
re

pr
es

en
ts

th
e

de
pe

nd
en

ce
on

th
e

in
iti

al
co

nd
iti

on
s

w
0

an
d

th
e

va
ri

an
ce

(T
2
),

w
hi

ch
de

pe
nd

s
on

th
e

st
at

is
tic

al
no

is
e

(σ̂
2 M

L
E
);

th
e

bi
as

de
ca

ys
ge

om
et

ri
ca

lly
du

ri
ng

th
e

“s
”

un
av

er
ag

ed
ite

ra
tio

ns
w

hi
le

th
e

va
ri

an
ce

is
m

in
im

ax
op

tim
al

(u
p

to
co

ns
ta

nt
s)

pr
ov

id
ed
s

=
O

(n
).

W
e

w
ill

un
de

rs
ta

nd
th

is
ge

om
et

ri
c

de
ca

y
on

th
e

bi
as

m
or

e
pr

ec
is

el
y.

E
ffe

ct
of

ta
il-

av
er

ag
in

g
SG

D
’s

ite
ra

te
s:

To
un

de
rs

ta
nd

ta
il-

av
er

ag
in

g,
w

e
sp

ec
ia

liz
e

th
eo

re
m

1
w

ith
a

ba
tc

h
si

ze
1

to
th

e
w

el
l-

sp
ec

ifi
ed

ca
se

,i
.e

.,
w

he
re

,Σ
=
σ

2
H

,σ̂
2 M

L
E

=
d
σ

2
an

d
ρ

m
=

1.
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R
A

L
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E
L
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G
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T
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C
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A
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T
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G
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A
D

IE
N

T
D

E
S

C
E

N
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F
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R
L

E
A

S
T

S
Q

U
A

R
E

S
R

E
G

R
E

S
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C
orollary

2
C

onsider
the

w
ell-specified

(additive
noise)case

ofthe
stream

ing
LSR

problem
(Σ

=
σ

2H
),w

ith
a

batch
size

b
=

1.
W

ith
a

learning
rate

γ
=

γ
1
,m

ax
2

=
1R
2 ,unaveraged

iterations
s

and
totalsam

ples
n

,w
e

have
the

follow
ing

excess
risk

bound:

L
( w

)−
L

(w
∗)≤

2κ
21

(n
−
s)

2
ex

p (−
sκ
1 )
{L

(w
0 )−

L
(w
∗)}

︸
︷︷

︸
T
1

+
4·

d
σ

2

n
−
s

︸
︷︷

︸
T
2

,w
here,

κ
1

=
R

2/µ
.

Tail-averaging
allow

sfora
geom

etric
decay

ofthe
initialerror

T
1 ,w

hile
tail-averaging

over
s

=
c·n

(w
ith

c
<

1),allow
s

forthe
variance

T
2

to
be

m
inim

ax
optim

al(up
to

constants).
W

e
note

thatthe
w

ork
ofM

erity
etal.(2017),w

hich
studiesem

piricaloptim
ization

fortraining
non-convex

sequence
m

odels(e.g.L
ong-Shortterm

m
em

ory
m

odels(L
ST

M
s))also

indicate
the

benefitsoftail-averaging.
N

ote
thatthis

particularcase
(i.e.additive

noise/w
ell-specified

case
w

ith
batch

size
1)w

ith
tail-

averaging
from

start(s
=

0)
is

precisely
the

setting
considered

in
D

éfossez
and

B
ach

(2015),and
their

result(a)
achieves

a
sub-linearO

(1/n
2)

rate
on

the
bias

and
(b)

their
variance

term
is

show
n

to
be

m
inim

ax
optim

alonly
w

ith
learning

rates
thatapproach

zero
(i.e.

γ
→

0).

3.1
E

ffectsO
fL

earning
R

ate,B
atch

Size
and

T
he

R
ole

ofM
is-specified

M
odels

W
e

now
consider

the
interplay

of
learning

rate,batch
size

and
how

m
odelm

is-specification
plays

into
the

m
ix.

Tow
ards

this,
w

e
split

this
section

into
three

parts:
(a)

understanding
learning

rate
versus

m
ini-batch

size
in

the
w

ell-specified
case,(b)how

m
odelm

is-specification
leads

to
a

signif-
icantdifference

in
the

behaviorofSG
D

and
(c)how

m
odelm

is-specification
m

anifests
itselfw

hen
considered

in
tradeoffbetw

een
the

learning
rate

versus
batch-size.

E
ffectsofm

ini-batching
in

the
w

ell-specified
case:

A
sm

entioned
previously,in

the
w

ell-specified
case,Σ

=
σ

2H
and

ρ
m

=
1.Forthis

case,equation
(3)can

be
specialized

as:

γ
b,m

ax
=

2
b

R
2

+
(b−

1)‖
H
‖

2
.

(5)

O
bserve

thatthe
learning

rate
γ
b,m

ax
grow

s
linearly

as
a

function
ofthe

batch
size

b
untila

batch
size

b
=
bthresh

=
1

+
R

2

‖
H
‖
2 .

In
the

regim
e

ofbatch
sizes

1
<
b≤

bthresh ,the
resulting

m
ini-batch

SG
D

updates
offer

near-linear
parallelization

speedups
over

SG
D

w
ith

a
batch

size
of

1.
Furtherm

ore,
increasing

batch
sizes

beyond
bthresh

leads
to

sub-linearincrease
in

the
learning

rate,and
this

im
plies

thatw
e

lose
the

linearparallelization
speedup

offered
by

m
ini-batching

w
ith

a
batch-size

b≤
bthresh .

L
osing

the
linear

parallelization
is

indicative
of

the
follow

ing:
consider

the
case

w
hen

w
e

double
batch-size

from
b
>
bthresh

to
2
b.Suppose

the
biaserror

T
1

islargerthan
the

variance
T

2 ,w
e

require
perform

ing
the

sam
e

num
berofupdatesw

ith
a

batch
size

2b
asw

e
did

w
ith

a
batch

size
b

to
achieve

a
sim

ilarexcess
risk

bound;this
im

plies
w

e
are

inefficientin
term

s
ofnum

berofsam
ples

(or,num
ber

of
gradient

com
putations)

used
to

achieve
a

given
excess

risk.
W

hen
the

estim
ation

error
(T

2 )
dom

inates
the

approxim
ation

error(T
1 ),w

e
note

thatlargerbatch
sizes

b
(w

ith
b
>
bthresh )serves

to
im

prove
the

variance
term

,thus
allow

ing
linearparallelization

speedups
via

m
ini-batching.

N
ote

thatw
ith

a
batch

size
of
b

=
bthresh ,the

learning
rate

ofO
(1/λ

m
ax (H

))
em

ployed
by

m
ini-

batch
SG

D
resem

bles
ones

used
by

batch
gradient

descent.
T

his
m

ini-batching
characterization

thus
allow

s
for

understanding
tradeoffs

of
learning

rate
versus

batch
size.

T
his

behavior
is

noted
in

practice
(em

pirically,butw
ith

no
underlying

rigorous
theory)

for
a

variety
of

problem
s

(going
beyond

linearregression/convex
optim

ization),in
the

deep
learning

context(G
oyaletal.,2017).
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SG
D

’s
behaviour

w
ith

m
is-specified

m
odels:

N
ext,this

paper
attem

pts
to

shed
light

on
som

e
fundam

entaldifferencesin
the

behaviorofSG
D

w
hen

dealing
w

ith
the

m
is-specified

case
(asagainst

the
w

ell-specified
case,w

hich
is

the
focus

ofexisting
results

(Polyak
and

Juditsky,1992;B
ach

and
M

oulines,2013;D
ieuleveutand

B
ach,2015;D

éfossez
and

B
ach,2015))ofthe

L
SR

problem
.T

his
paper’s

results
in

general
m

is-specified
case

w
ith

batch
sizes

b
>

1
specialize

to
existing

results
additive

noise/w
ell-specified

case
w

ith
batch

size
1

(B
ach

and
M

oulines,
2013;

D
ieuleveut

and
B

ach,2015).To
understand

these
issues

better,w
e

consider
γ
b,m

ax
in

equation
3

w
ith

a
batch

size
1:

γ
1
,m

ax
=

2

R
2·
ρ

m
.

(6)

R
ecounting

that
ρ

m
≥

1,observe
thatthe

m
is-specified

case
adm

its
a

m
axim

allearning
rate

(w
ith

a
view

of
achieving

m
inim

ax
rates)

thatis
atm

ostas
large

as
the

additive
noise/w

ell-specified
case,

w
here

ρ
m

=
1.N

ote
thatw

hen
T

r (H
L

+
H
R

) −
1Σ
)

is
nearly

the
sam

e
(say,upto

constants)as
the

spectralnorm
∥∥H
L

+
H
R

) −
1Σ
∥∥

2 ,then
ρ

m
=
O

(d
)

and
γ

1
,m

ax
=
O

(
1
R

2
d
).

T
his

im
plies

thatthere
existm

is-specified
m

odelsw
hose

noise
properties(captured

through
the

noise
covariance

m
atrix

Σ
)

prevents
SG

D
from

w
orking

w
ith

large
learning

rates
ofO

(1/R
2)

used
in

the
w

ell-specified
case.

T
his

notion
is

form
alized

in
the

follow
ing

lem
m

a,w
hich

presents
an

instance
w

orking
w

ith
the

m
is-specified

case,
w

herein,
SG

D
cannot

em
ploy

large
learning

rates
used

by
the

w
ell-specified

variantofthe
problem

,w
hile

retaining
m

inim
ax

optim
ality.T

his
behavioris

in
stark

contrastto
al-

gorithm
s

such
as

stream
ing

SV
R

G
(Frostig

etal.(2015b)),w
hich

w
ork

w
ith

the
sam

e
large

learning
rates

in
the

m
is-specified

case
as

in
the

w
ell-specified

case,w
hile

guaranteeing
m

inim
ax

optim
al

rates.T
he

proofoflem
m

a
3

can
be

found
in

the
appendix

A
.5.6.

L
em

m
a

3
C

onsider
a

Stream
ing

LSR
exam

ple
w

ith
G

aussian
covariates

(i.e.
x
∼
N

(0,H
))

w
ith

a
diagonalsecond

m
om

entm
atrix

H
thatis

defined
by:

H
ii

=

{
1

if
i

=
1

1
/d

if
i
>

1
.

F
urther,letthe

noise
covariance

m
atrix

Σ
be

diagonalas
w

ell,w
ith

the
follow

ing
entries:

Σ
ii

=

{
1

if
i

=
1

1
/[(d−

1)d
]

if
i
>

1
.

For
this

problem
instance,

γ
1
,m

ax ≤
4

(d
+

2
)(1

+
1d

)
is

necessary
for

retaining
m

inim
ax

rates,w
hile

the

w
ell-specified

variantofthis
problem

perm
its

a
m

axim
allearning

rate≤
d

(d
+

2
)(1

+
1d

) ,thus
im

plying

anO
(d

)
separation

in
learning

rates
betw

een
the

w
ell-specified

and
m

is-specified
case.

Learning
rate

versus
m

ini-batch
size

issues
in

the
m

is-specified
case:

N
oting

thatfor
the

batch
size

1,as
m

entioned
in

equation
6,the

learning
rate

forthe
m

is-specified
case

in
the

m
ostoptim

istic
situation

(w
hen

ρ
m

=
constant)

can
be

atm
ost

as
large

as
the

learning
rate

for
the

w
ell-specified

case.
Furtherm

ore,w
e

also
know

from
the

observations
in

the
m

is-specified
case

thatthe
learning

rate
tends

to
grow

linearly
as

a
function

of
the

batch
size

untilithits
the

lim
itofO

(1/λ
m

ax (H
)).

C
om

bining
these

observations,w
e

w
illrevisitequation

3,w
hich

says:

γ
b,m

ax
d

ef
=

2
b

R
2·
ρ

m
+

(b−
1)‖

H
‖

2
.
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w
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tc

h
gr
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de

sc
en

t,
w

hi
le

be
in

g
a

st
re

am
in

g
al

go
ri

th
m

th
at

do
es

no
tr

eq
ui

re
st

or
in

g
th

e
en

tir
e

da
ta

se
ti

n
m

em
or

y.
Fo

llo
w

in
g

th
is

,w
e

pr
es

en
ta

no
n-
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ym

pt
ot
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bo

un
d

fo
rp

ar
am

et
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m
ix
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g/

m
od
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ag
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g,

w
hi
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a
co

m
m
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ic

at
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fic
ie
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liz
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m
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th
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e
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tie
s
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n
th

e
es

tim
at

io
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er
ro

r(
i.e

.v
ar

ia
nc

e)
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th
e

do
m

in
at

in
g

te
rm

of
th

e
ex

ce
ss

ri
sk

.
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ea
rl
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M

at
ch
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g

th
e
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h
of
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ch
G

ra
di

en
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D
es
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nt

:
T

he
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th
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m
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is

he
s
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sc
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ge
ne

ra
liz
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d
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or
ith
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th
e
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ne
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ca
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th
e

de
pt
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th
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)
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cr
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se
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/
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hi

s
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ild
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th
is
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en
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si
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d
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d
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.
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ch
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th
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cr
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se

d
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a
fa

ct
or
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2

w
hi

le
ap

pl
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ng
A

lg
or

ith
m

1
(w

ith
no

ta
il-

av
er

ag
in

g)
w

ith
tw

ic
e

as
m

an
y

sa
m

pl
es

as
th

e
pr

ev
io

us
ep

oc
h.

A
ft

er
ru

nn
in

g
ov

er
n
/2

sa
m

pl
es

us
in

g
th

is
ep

oc
h

ba
se

d
ap

pr
oa

ch
,w

e
ru

n
A

lg
or

ith
m

1
(w

ith
ta

il-
av

er
ag

in
g)

w
ith

th
e

re
m

ai
ni

ng
n
/
2

po
in

ts
.I

nt
ui

tiv
el

y,
ea

ch
of

th
e

ep
oc

h
de

ca
ys

th
e

bi
as

of
th

e
pr

ev
io

us
ep

oc
h

lin
ea

rl
y

an
d

ha
lv

es
th

e
st

at
is

tic
al

er
ro

r(
ow

in
g

to
do

ub
lin

g
of

m
in

i-
ba

tc
h

si
ze

s)
.T

he
fin

al
ta

il-
av

er
ag

in
g

ph
as

e
en

su
re

s
th

at
th

e
va

ri
an

ce
is

sm
al

l.
T

he
ne

xt
th

eo
re

m
fo

rm
al

iz
es

th
is

in
tu

iti
on

an
d

sh
ow

s
A

lg
or

ith
m

2
im

pr
ov

es
th

e
de

pt
h

ex
po

ne
n-

tia
lly

fr
om

n
/b

th
re

sh
to
O
( κ

lo
g
(d
κ

)
lo

g
(n
{L

(w
0
)
−
L

(w
∗ )
}/
σ̂

2 M
L

E
))

in
th

e
pr

es
en

ce
of

an
er

ro
r

or
ac

le
th

at
pr

ov
id

es
us

w
ith

th
e

in
iti

al
ex

ce
ss

ri
sk
L

(w
0
)
−
L

(w
∗ )

an
d

th
e

no
is

e
le

ve
lσ̂

2 M
L

E
.

T
he

or
em

5
C

on
si

de
r

th
e

ge
ne

ra
lm

is
-s

pe
ci

fie
d

ca
se

of
LS

R
.S

up
po

se
in

A
lg

or
ith

m
2,

w
e

us
e

in
iti

al
ba

tc
hs

iz
e

of
b

=
b t

hr
es

h,
st

ep
si

ze
γ

=
γ
b
,m

ax
2

an
d

nu
m

be
r

of
ite

ra
tio

ns
in

ea
ch

ep
oc

h
be

in
g
t
≥

24
κ

lo
g
(κ

),
w

e
ob

ta
in

th
e

fo
llo

w
in

g
ex

ce
ss

ri
sk

bo
un

d
on

w
:

E
[L

(w
)]
−
L

(w
∗ )
≤
(

2
bt n

)
t

1
2
κ
lo
g
(κ

)

·(
L

(w
0
)
−
L

(w
∗ )
) +

80
σ̂

2 M
LE n
.

R
em

ar
ks

:
T

he
fin

al
er

ro
r

ag
ai

n
ha

s
tw

o
pa

rt
s:

th
e

bi
as

te
rm

th
at

de
pe

nd
s

on
th

e
in

iti
al

er
ro

r
L

(w
0
)
−
L

(w
∗ )

an
d

th
e

va
ri

an
ce

te
rm

th
at

de
pe

nd
s

on
th

e
st

at
is

tic
al

no
is

e
σ̂

2 M
L

E
.

N
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e
th

at
th

e
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ri

an
ce

er
ro

rd
ec

ay
s

at
a

ra
te

of
O
( σ̂

2 M
L

E
/n
)

w
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ch
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m
in

im
ax
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tim
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ns
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nt
fa

ct
or

s.
A

lg
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ith
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2
de
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e
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l

ra
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t
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m
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P
A

R
A

L
L

E
L

IZ
IN

G
S

T
O

C
H

A
S

T
IC

G
R

A
D

IE
N

T
D

E
S

C
E

N
T

F
O

R
L

E
A

S
T

S
Q

U
A

R
E

S
R

E
G

R
E

S
S

IO
N

A
lgorithm

2
w

ith
a

batch
size

bthresh
untilthe

excess
risk

drops
to

the
noise

level
σ̂

2M
L

E
and

subse-
quently

begin
doubling

the
batch

size.Such
an

algorithm
indeed

gives
geom

etric
convergence

w
ith

a
generalization

errorbound
as:

E
[L

(w
)]−

L
(w
∗)≤

ex
p (−

(
n
λ

m
in

R
2·lo

g
(κ

)
)·

1ρ
m )
{
L

(w
0 )−

L
(w
∗)}

+
80
σ̂
2M

L
E

n
,

w
ith

a
depth

ofO
(
κ

log
(d
κ

)
log

n{
L

(w
0
)−
L

(w
∗
)}

σ̂
2M

L
E

)
.

T
he

proof
of

this
claim

follow
s

relatively

straightforw
ardly

from
the

proof
of

T
heorem

5.
W

e
note

thatthis
depth

nearly
m

atches
(up

to
log

factors),the
depth

of
standard

offline
gradientdescentdespite

being
a

stream
ing

algorithm
.

T
his

algorithm
(aside

from
tail-averaging

in
the

final
epoch)

resem
bles

em
pirically

effective
schem

es
proposed

in
the

contextoftraining
deep

m
odels

(Sm
ith

etal.,2017).
Param

eter
M

ixing/M
odel-Averaging:

W
e

consider
a

com
m

unication
efficient

m
ethod

for
dis-

tributed
optim

ization
w

hich
involves

running
m

ini-batch
tail-averaged

SG
D

independently
on

P
separate

m
achines

(each
containing

their
ow

n
independent

sam
ples)

and
averaging

the
resulting

solution
estim

ates.
T

his
is

a
w

ellstudied
schem

e
for

distributed
optim

ization
(M

ann
etal.,2009;

Z
inkevich

etal.,2011;R
osenblattand

N
adler,2014;Z

hang
etal.,2015).

A
s

m
entioned

in
R

osen-
blattand

N
adler(2014),these

schem
es

do
notappearto

offerim
provem

ents
in

the
bias

errorw
hile

offering
near

linear
parallelization

speedups
on

the
variance.

W
e

provide
here

a
non-asym

ptotic
characterization

ofthe
behaviorofm

odelaveraging
forthe

generalm
is-specified

L
SR

problem
.

T
heorem

6
C

onsiderrunning
A

lgorithm
(1),i.e.,m

ini-batch
tail-averaged

SG
D

(forthe
m

is-specified
LSR

problem
(1))

independently
in
P

m
achines,

each
of

w
hich

contains
N
/P

sam
ples.

Let
al-

gorithm
(1)

be
run

w
ith

a
batch

size
b,

learning
rate

γ
≤
γ
b,m

ax /
2,

tail-averaging
begun

after
s−

iterations,and
leteach

ofthese
m

achines
output{ w

i }
Pi=

1 .The
excess

risk
ofthe

m
odel-averaged

estim
ator

w
=

1P

∑
Pi=

1
w
i is

upper
bounded

as:

E
[L

( w
)]−

L
(w
∗)≤

(1−
γ
µ

)
s

γ
2µ

2 (
nP·b −

s )
2 ·

2
+

(P
−

1)(1−
γ
µ

)
s

P
· (
L

(w
0 )−

L
(w
∗) )

+
4·

σ̂
2M

LE

P
·b· (

nP·b −
s )
.

In
particular,w

ith
γ

=
γ
b,m

ax /
2,w

e
have

the
follow

ing
excess

risk
bound:

E
[L

(w
)]−

L
(w
∗)≤

ex
p (
−

sκ
b )
·

κ
2b

(
nP·b −

s )
2 ·

2
+

(P
−

1)·ex
p
(−
s/κ

b )

P
· (L

(w
0 )−

L
(w
∗) )

+
4·

σ̂
2M

LE

P
·
b· (

nP·b −
s )
.

R
em

arks:
W

e
note

thatduring
the

iterate-averaged
phase

(i.e.
t
>
s),there

is
no

reduction
of

the
bias,

w
hereas,

during
the

(initial)
unaveraged

iterations,
once

s
>
κ
b
log

(P
),

w
e

achieve
linear

speedups
on

the
bias.

W
e

note
thatm

odelaveraging
offers

linear
parallelization

speedups
on

the
variance

error.Furtherm
ore,w

hen
the

bias
reduces

to
the

noise
level,m

odelaveraging
offers

linear
parallelization

speedups
on

the
overall

excess
risk.

N
ote

that
if
s

=
c·

n
/
(P
·
b),

w
ith

c
<

1,
then

the
excess

risk
is

m
inim

ax
optim

al.
Finally,w

e
note

thatthe
theorem

can
be

generalized
in

a
straightforw

ard
m

annerto
the

situation
w

hen
each

m
achine

has
differentnum

berofexam
ples.
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JA
IN

,K
A

K
A

D
E,K

ID
A

M
B

I,N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

4.ProofO
utline

W
e

present
here

the
fram

ew
ork

for
obtaining

the
results

described
in

this
paper;

the
fram

ew
ork

has
been

introduced
in

the
w

ork
of

D
éfossez

and
B

ach
(2015).

Tow
ards

this
purpose,w

e
begin

by
introducing

som
e

notations.W
e

begin
by

defining
the

centered
estim

ate
η
t as:

η
t

d
ef

=
w
t −

w
∗.

M
ini-batch

SG
D

(w
ith

a
batch

size
b)m

oves
η
t−

1
to
η
t using

the
follow

ing
update:

η
t

=

(
I−

γb
·

b
∑i=

1

x
ti ⊗

x
ti )
η
t−

1
+
γb

b
∑i=

1

ε
ti x

ti
=

(I−
γ
Ĥ
tb )η

t−
1

+
γ
·ξ

tb ,

w
here,

Ĥ
tb

=
1b ∑

bi=
1
x
ti ⊗

x
ti

and
ξ
tb

=
1b ∑

bi=
1
ε
ti x

ti .
N

ext,
the

tail-averaged
iterate

x̄
s,n

is
associated

w
ith

its
ow

n
centered

estim
ate

η̄
s,n

=
1

n−
s ∑

ni=
s+

1
η
i .

T
he

analysis
proceeds

by
tracking

the
covariance

ofthe
centered

estim
ates

η
t ,i.e.by

tracking
E

[η
t ⊗

η
t ].

B
ias-Variance

decom
position:

T
he

m
ain

results
of

this
paper

are
derived

by
going

through
the

bias-variance
decom

position,
w

hich
is

w
ell

know
n

in
the

context
of

Stochastic
A

pproxim
a-

tion
(B

ach
and

M
oulines,

2011,
2013;

Frostig
et

al.,
2015b).

T
he

bias-variance
decom

position
allow

s
forus

to
bound

the
generalization

errorby
analyzing

tw
o

sub-problem
s,nam

ely,(i)T
he

bias
sub-problem

,w
hich

analyzes
the

noiseless/realizable
(or

the
consistentlinear

system
)

problem
,by

setting
the

noise
ε
ti

=
0∀

t,i,
η

bias
0

=
η

0
and

(ii)
the

variance
sub-problem

,w
hich

involves
start-

ing
atthe

solution,i.e.,
η

variance
0

=
0

and
allow

ing
the

noise
ε
ti to

drive
the

resulting
process.

T
he

corresponding
tail-averaged

iterates
are

associated
w

ith
their

centered
estim

ates
η̄

bias
s,n

and
η̄

variance
s,n

respectively.T
he

bias-variance
decom

position
forthe

square
loss

establishes
the

follow
ing

relation:

E
[η̄

s,n ⊗
η̄
s,n ]�

2· (
E
[η̄

bias
s,n
⊗
η̄

bias
s,n ]

+
E
[η̄

variance
s,n

⊗
η̄

variance
s,n

] )
.

(10)

U
sing

the
bias-variance

decom
position,w

e
obtain

an
estim

ate
ofthe

generalization
erroras

E
[L

(x̄
s,n

)]−
L

(x
∗)

=
12 ·〈H

,E
[η̄

s,n ⊗
η̄
s,n ]〉

≤
T

r (H
·E
[η̄

bias
s,n
⊗
η̄

bias
s,n ])

+
T

r (H
·E
[η̄

variance
s,n

⊗
η̄

variance
s,n

])
.

W
e

now
provide

a
few

lem
m

as
thathelp

us
bound

the
behaviorofthe

bias
and

variance
error.

L
em

m
a

7
W

ith
a

batch
size

b,step
size

γ
=
γ
b,m

ax /
2,the

centered
bias

estim
ate
η

bias
t

exhibits
the

follow
ing

per
step

contraction:

〈I,E
[η

bias
t
⊗
η

bias
t

]〉≤
c
κ
b 〈I,E

[η
bias
t−

1 ⊗
η

bias
t−

1 ]〉,

w
here,c

κ
b

=
1−

1
/κ

b ,w
here

κ
b

=
R

2·ρ
m

+
(b−

1
)‖

H
‖
2

bµ
.

L
em

m
a

(7)
ensures

thatthe
bias

decays
ata

geom
etric

rate
during

the
burn-in

iterations
w

hen
the

iterates
are

notaveraged;this
rate

holds
only

w
hen

the
excess

risk
is

largerthan
the

noise
level

σ
2.

W
e

now
turn

to
bounding

the
variance

error.Itturns
outthatitsuffices

to
understand

the
behav-

ioroflim
iting

centered
variance

E
[η

variance
∞

⊗
η

variance
∞

].
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f
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h
si

ze
s

on
th

e
A

lg
or

ith
m

’s
ge
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ra

liz
at

io
n
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ro

r.
T

he
va

ri
an

ce
de

-
cr

ea
se

s
m

on
ot

on
ic

al
ly

w
ith

in
cr

ea
si

ng
ba

tc
h

si
ze

.T
he

bi
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in
di

ca
te

s
th

at
th

e
ra

te
of

de
ca

y
in

cr
ea

se
s

til
lt

he
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tim
al
b t
h
r
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h
.

W
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b
=
b t
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es

h,
m

in
i-

ba
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ppendix
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e

begin
w

ith
a

note
on

the
organization:

•
Section

A
.1
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notations

necessary
forthe

restofthe
appendix.

•
Section

A
.2

derivesthe
m

ini-batch
SG

D
update
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bias-variance
decom

position
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reasons
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plication
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bounding

the
generalization

error.
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Section

A
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bound

the
bias

error.
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Section

A
.4
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bound

the
variance

error.

•
Section

A
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sections
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results
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paper.

A
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∑
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∑
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.
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L
et

us
first

denote
the

residual
error

term
by

ε
i

=
y
i −
〈w
∗,x

i 〉.
B

y
the

first
order

optim
ality

conditions
of

w
∗,w

e
observe

that
ε

and
x

are
orthogonal,i.e,E

(x
,y

)∼
D

[ε·x
]

=
0.Forany

estim
ate

w
,the

excess
risk/generalization

errorcan
be

w
ritten

as:

L
(w

)−
L

(w
∗)

=
12

T
r (

H
· (η
⊗
η ) )

,
w

ith
η

=
w
−

w
∗.

(11)

W
e

now
w

rite
outthe

m
ain

recursion
governing

the
m

ini-batch
SG

D
updates

in
term

s
of
η
. :

η
t

=
(
I−

γb

b
∑i=

1

x
ti ⊗

x
ti )
η
t−

1
+
γb

b
∑i=

1

ε
ti x

ti

=
(
I−

γb

b
∑i=

1

x
ti ⊗

x
ti )
η
t−

1
+
γb

b
∑i=

1

ξ
ti

=
P
tb η

t−
1

+
γ
ζ
tb ,

(12)

w
here,

P
tb

d
ef

=
(
I−

γb ∑
bi=

1
x
ti ⊗

x
ti )

and
ζ
tb

d
ef

=
1b ∑

bi=
1
ξ
ti

=
1b ∑

bi=
1
ε
ti x

ti .
E

quation
12

autom
atically

brings
outthe

“operator”
view

ofanalyzing
the

(expected)covariance
ofthe

centered
estim

ate
Φ
t

=
E

[η
t ⊗

η
t ]

to
provide

an
estim

ate
of

the
generalization

error.
W

e
now

note
the

follow
ing

aboutthe
covariance

of
ζ
tb :

E
[ζ
tb ⊗

ζ
t ′b ]

=
1b
2 ∑i,j

E
[ξ
ti ⊗

ξ
t ′j ]

=
[

1b
2

b
∑i=

1 E
[ξ
ti ⊗

ξ
ti ] ]

1
[t

=
t ′]

=
1b
Σ

1
[t

=
t ′],

(13)

w
here,

1
[.]is

the
indicatorfunction,and

equals
1

ifthe
argum

entinside
[.]is

true
and

0
otherw

ise.
W

e
note

thatthe
expectation

ofthe
cross

term
s

in
equation

13
is

zero
ow

ing
to

independence
ofthe

sam
ples{x

ti ,y
ti }

bi=
1

as
w

ellas
betw

een{x
ti ,y

ti }
bi=

1 ,{x
t ′i ,y

t ′i }
bi=

1 ∀
t6=

t ′and
ow

ing
to

the
first

order
optim

ality
conditions.

O
w

ing
to

the
invariance

of
ζ
tb

on
the

iteration
t,contextperm

itting,
w

e
som

etim
es

drop
the

iteration
index

t
from

ζ
tb

and
sim

ply
referto

itas
ζ
b .

N
ext

w
e

expand
out

the
recurrence

(12).
L

et
Q
j,t

=
( ∏

tk
=
j
P
k
b )
T

w
ith

the
convention

that
Q
t ′,t

=
I∀

t ′
>
t.W

ith
this

notation
w

e
have:

η
t

=
P
tb η

t−
1

+
γ
ζ
tb

=
P
tb P

t−
1
,b ...P

1
,b η

0
+
γ
t−

1
∑j=

0 {
P
tb ....P

t−
j+

1
,b }
ζ
t−
j,b

=
Q

1
,t η

0
+
γ
t−

1
∑j=

0

Q
t−
j+

1
,t ζ

t−
j,b

=
Q

1
,t η

0
+
γ

t
∑j=

1

Q
j+

1
,t ζ

j,b

=
η

bias
t

+
η

variance
t

,
(14)
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w
he

re
,w

e
no

te
th

at

η
bi

as
t

d
ef =

Q
1
,t
η

0
(1

5)

re
la

te
s

to
un

de
rs

ta
nd

in
g

th
e

be
ha

vi
or

of
SG

D
on

th
e

no
is

el
es

s
pr

ob
le

m
(i

.e
.
ζ
·,·

=
0

a.
s.

)
an

d
ai

m
s

to
qu

an
tif

y
th

e
de

pe
nd

en
ce

on
th

e
in

iti
al

co
nd

iti
on

s.
Fu

rt
he

r,

η
va

ri
an

ce
t

d
ef =
γ

t ∑ j=
1

Q
j+

1
,t
ζ
j,
b

(1
6)

re
la

te
s

to
th

e
be

ha
vi

or
of

SG
D

w
he

n
be

gu
n

at
th

e
so

lu
tio

n
(i

.e
.η

0
=

0
)a

nd
al

lo
w

in
g

th
e

no
is

e
ζ
·,·

to
dr

iv
e

th
e

pr
oc

es
s.

Fu
rt

he
rm

or
e,

co
ns

id
er

in
g

th
e

ta
il-

av
er

ag
ed

ite
ra

te
ob

ta
in

ed
by

av
er

ag
in

g
th

e
ite

ra
te

s
of

th
e

SG
D

pr
oc

ed
ur

e
fo

r
N

ite
ra

tio
ns

st
ar

tin
g

fr
om

a
ce

rt
ai

n
nu

m
be

r
of

ite
ra

tio
ns

“s
”,

i.e
.,

w
e

ex
am

in
e

th
e

qu
an

tit
y
η̄
s+

1
,N

=
w
s+

1
,N
−

w
∗ ,

w
he

re
w
s+

1
,N

=
1 N

∑
s+
N

t=
s+

1
w
t.

W
e

w
ri

te
ou

tt
he

ex
pr

es
si

on
fo

rη̄
s+

1
,N

st
ar

tin
g

ou
tf

ro
m

eq
ua

tio
n

14
:

η̄
s+

1
,N

=
1 N

s+
N

∑

t=
s+

1

η
t

=
1 N

s+
N

∑

t=
s+

1

( η
bi

as
t

+
η

va
ri

an
ce

t

)
(f

ro
m

eq
ua

tio
n

14
)

=
η̄

bi
as

s+
1
,N

+
η̄

va
ri

an
ce

s+
1
,N
.

(1
7)

A
.2

.2
T

H
E

F
IN

A
L

IT
E

R
A

T
E

:
B

IA
S
-V

A
R

IA
N

C
E

D
E

C
O

M
P

O
S

IT
IO

N

T
he

be
ha

vi
or

of
th

e
fin

al
ite

ra
te

is
co

ns
id

er
ed

to
be

of
gr

ea
tp

ra
ct

ic
al

in
te

re
st

an
d

w
e

ho
pe

to
sh

ed
lig

ht
on

th
e

be
ha

vi
or

of
th

is
fin

al
ite

ra
te

an
d

th
e

tr
ad

eo
ff

s
be

tw
ee

n
th

e
le

ar
ni

ng
ra

te
an

d
ba

tc
h

si
ze

.
Si

nc
e

th
e

ge
ne

ra
liz

at
io

n
er

ro
ro

fa
ny

ite
ra

te
w
N

ob
ta

in
ed

by
ru

nn
in

g
m

in
i-

ba
tc

h
SG

D
w

ith
a

ba
tc

h
si

ze
b

fo
ra

to
ta

lo
fN

ite
ra

tio
ns

ca
n

be
es

tim
at

ed
by

tr
ac

ki
ng

E
[η
N
⊗
η
N

],
w

he
re

,η
N

=
w
N
−

w
∗ ,

w
e

pr
ov

id
e

a
si

m
pl

e
ps

d
up

pe
rb

ou
nd

on
th

e
ou

te
rp

ro
du

ct
of

in
te

re
st

,i
.e

.:

E
[η
N
⊗
η
N

]
=

E
[(
η

bi
as

N
+
η

va
ri

an
ce

N

) ⊗
( η

bi
as

N
+
η

va
ri

an
ce

N

)]
(b

y
su

bs
tit

ut
in

g
eq

ua
tio

n
14

)

�
2
·( E

[(
η

bi
as

N
⊗
η

bi
as

N

)]
+

E
[(
η

va
ri

an
ce

N
⊗
η

va
ri

an
ce

N

)]
) .

U
si

ng
th

is
ex

pr
es

si
on

,w
e

no
w

w
ri

te
ou

tt
he

ex
pr

es
si

on
fo

rt
he

ex
ce

ss
ri

sk
of

th
e

fin
al

ite
ra

te
:

E
[L

(w
N

)]
−
L

(w
∗ )

=
1 2
〈H
,E

[η
N
⊗
η
N

]〉

≤
1 2
〈H
,2
·(
E
[ η

bi
as

N
⊗
η

bi
as

N

] +
E
[ η

va
ri

an
ce

N
⊗
η

va
ri

an
ce

N

])
〉

≤
2
·(

1 2
〈H
,E
[ η

bi
as

N
⊗
η

bi
as

N

] 〉
+

1 2
〈H
,E
[ η

va
ri

an
ce

N
⊗
η

va
ri

an
ce

N

] 〉
)

=
2
·( (

E
[ L

(w
bi

as
N

)]
−
L

(w
∗ )
) +

( E
[ L

(w
va

ri
an

ce
N

)]
−
L

(w
∗ )
))
.

(1
8)
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N
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,
co
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id

er
in

g
th

e
fa

ct
th
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th

e
ex

ce
ss

ri
sk

/g
en

er
al

iz
at

io
n

er
ro

r
(e

qu
at

io
n

11
)

in
vo

lv
es

tr
ac

k-
in

g
E
[ η̄

s+
1
,N
⊗
η̄
s+

1
,N

] ,w
e

se
e

th
at

th
e

qu
an

tit
y

of
in

te
re

st
ca

n
be

bo
un

de
d

by
co

ns
id

er
in

g
th

e
be

ha
vi

or
of

SG
D

on
bi

as
an

d
va

ri
an

ce
su

b-
pr

ob
le

m
.

In
pa

rt
ic

ul
ar

,w
ri

tin
g

ou
tt

he
ou

te
rp

ro
du

ct
of

eq
ua

tio
n

17
,w

e
se

e
th

e
fo

llo
w

in
g

in
eq

ua
lit

y
ho

ld
s

th
ro

ug
h

a
st

ra
ig

ht
fo

rw
ar

d
ap

pl
ic

at
io

n
of

C
au

ch
y-

Sh
w

ar
tz

in
eq

ua
lit

y:

E
[ η̄

s+
1
,N
⊗
η̄
s+

1
,N

] �
2
·(
E
[ η̄

bi
as

s+
1
,N
⊗
η̄

bi
as

s+
1
,N

] +
E
[ η̄

va
ri

an
ce

s+
1
,N
⊗
η̄

va
ri

an
ce

s+
1
,N

] ).
(1

9)

T
he

ab
ov

e
eq

ua
tio

n
is

re
fe

rr
ed

to
as

th
e

bi
as

-v
ar

ia
nc

e
de

co
m

po
si

tio
n

an
d

is
w

el
lk

no
w

n
fr

om
pr

ev
i-

ou
s

w
or

k
on

St
oc

ha
st

ic
A

pp
ro

xi
m

at
io

n
(B

ac
h

an
d

M
ou

lin
es

,2
01

3;
Fr

os
tig

et
al

.,
20

15
b;

D
éf

os
se

z
an

d
B

ac
h,

20
15

).
T

hi
s

im
pl

ie
s

th
at

an
up

pe
rb

ou
nd

on
th

e
ge

ne
ra

liz
at

io
n

er
ro

r(
eq

ua
tio

n
11

)i
s:

L
( w

s+
1
,N

)
−
L

(w
∗ )

=
1 2
〈H
,E
[ η̄

s+
1
,N
⊗
η̄
s+

1
,N

] 〉

≤
〈H
,E
[ η̄

bi
as

s+
1
,N
⊗
η̄

bi
as

s+
1
,N

] 〉
+
〈H
,E
[ η̄

va
ri

an
ce

s+
1
,N
⊗
η̄

va
ri

an
ce

s+
1
,N

] 〉
.

(2
0)

H
er

e,
w

e
ad

op
tt

he
pr

oo
f

ap
pr

oa
ch

of
Ja

in
et

al
.(

20
17

a)
.

In
pa

rt
ic

ul
ar

,J
ai

n
et

al
.(

20
17

a)
pr

ov
id

e
a

cl
ea

n
w

ay
to

si
m

pl
if

y
th

e
ex

pr
es

si
on

co
rr

es
po

nd
in

g
to

th
e

ta
il-

av
er

ag
ed

ite
ra

te
.

L
et

us
co

ns
id

er
E
[ η̄

s+
1
,N
⊗
η̄
s+

1
,N

] an
d

si
m

pl
if

y
th

e
re

su
lti

ng
ex

pr
es

si
on

:i
n

pa
rt

ic
ul

ar
,

E
[ η̄

s+
1
,N
η̄
> s+

1
,N

] =
1 N

2

s+
N

∑

l=
s+

1

s+
N

∑

k
=
s+

1

E
[η
l
⊗
η
k
]

=
1 N

2
·(
∑ l≥
k

E
[η
l
⊗
η
k
]+
∑ l<
k

E
[η
l
⊗
η
k
])

�
1 N

2
·(
∑ l≥
k

E
[η
l
⊗
η
k
]+
∑ l≤
k

E
[η
l
⊗
η
k
])

(∗
)

=
1 N

2
·(
∑ l≥
k

(I
−
γ
H

)l
−
k
E

[η
k
⊗
η
k
]+
∑ l≤
k

E
[η
l
⊗
η
l]

(I
−
γ
H

)k
−
l)

(∗
∗)

=
1 N

2
·∑ l≤

k

( E
[η
l
⊗
η
l]

(I
−
γ
H

)k
−
l
+

(I
−
γ
H

)k
−
l E

[η
l
⊗
η
l]

)

=
1 N

2
·s+

N
∑

l=
s+

1

s+
N

∑ k
=
l

( E
[η
l
⊗
η
l]

(I
−
γ
H

)k
−
l
+

(I
−
γ
H

)k
−
l E

[η
l
⊗
η
l]

)

=
1 N

2
·s+

N
∑

l=
s+

1

∞ ∑ k
=
l

( E
[η
l
⊗
η
l]

(I
−
γ
H

)k
−
l
+

(I
−
γ
H

)k
−
l E

[η
l
⊗
η
l]

)

−
1 N

2
·s+

N
∑

l=
s+

1

∞ ∑

k
=
s+
N

+
1

( E
[η
l
⊗
η
l]

(I
−
γ
H

)k
−
l
+

(I
−
γ
H

)k
−
l E

[η
l
⊗
η
l]

)

=
1 N

2
·s+

N
∑

l=
s+

1

( E
[η
l
⊗
η
l]

(γ
H

)−
1

+
(γ

H
)−

1
E

[η
l
⊗
η
l]

)
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F
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R
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E
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S
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S
Q

U
A

R
E

S
R

E
G

R
E

S
S

IO
N

−
1N

2

s+
N

∑l=
s+

1

∞∑

k
=
s+
N

+
1 (

E
[η
l ⊗
η
l ](I−

γ
H

)
k−

l
+

(I−
γ
H

)
k−

lE
[η
l ⊗
η
l ] )

(∗∗∗
),

(21)

w
here,(∗)isa

valid
PSD

upperbound
asw

e
add

and
subtractthe

diagonalterm
s{E

[η
k η
>k ]}

s+
N

k
=
s+

1 .
(∗∗)

follow
s

because
ofthe

follow
ing

(assum
e
l
>
k;the

othercase
follow

s
sim

ilarly):

E
[η
l ⊗
η
k ]

=
E
[(P

lb η
l−

1
+
γ
ζ
lb )⊗

η
k ]

=
E
[E
[(P

lb η
l−

1
+
γ
ζ
lb )⊗

η
k |F

l−
1 ]]

=
E
[E
[(P

lb η
l−

1
+
γ
ζ
lb )|F

l−
1 ]⊗

η
k ]

=
(I−

γ
H

)E
[η

l−
1 ⊗

η
k ]
,

w
here,the

finalequation
follow

s
since

E
[P

lb |F
l−

1 ]
=

E
[I−

γb ∑
bi=

1
x
li ⊗

x
li |F

l−
1 ]

=
I−

γ
H

and
E

[ζ
lb |F

l−
1 ]

=
0

from
first

order
optim

ality
conditions.

R
ecursing

over
l

yields
the

result.
(∗∗∗

)
follow

s
from

sum
m

ing
a

(convergent)geom
etric

series.
T

his
im

plies
thatthe

excess
risk

corresponding
to

the
bias/variance

term
can

be
obtained

from
equation

21
by

taking
an

innerproductw
ith

H
,i.e.:

〈H
,E
[η̄

s+
1
,N
⊗
η̄
s+

1
,N ]〉≤

1N
2 ·

s+
N

∑l=
s+

1 (〈H
,E

[η
l ⊗
η
l ](γ

H
) −

1
+

(γ
H

) −
1E

[η
l ⊗
η
l ]〉 )

−
1N

2 ·
s+
N

∑l=
s+

1

∞∑

k
=
s+
N

+
1 (〈H

,E
[η
l ⊗
η
l ](I−

γ
H

)
k−

l

+
(I−

γ
H

)
k−

lE
[η
l ⊗
η
l ]〉 )

≤
1N

2 ·
s+
N

∑l=
s+

1 (〈H
,E

[η
l ⊗
η
l ](γ

H
) −

1
+

(γ
H

) −
1E

[η
l ⊗
η
l ]〉 )

=
2

γ
N

2 ·
s+
N

∑l=
s+

1

T
r (

E
[η
l ⊗
η
l ] )

.
(22)

T
he

upper
bound

on
the

finalline
follow

s
because

each
term

w
ithin

the
sum

m
ation

in
the

second
line

is
negative

ow
ing

to
the

follow
ing

argum
ent.C

onsidersay,

〈H
,E

[η
l ⊗
η
l ](I−

γ
H

)
k−

l
+

(I−
γ
H

)
k−

lE
[η
l ⊗
η
l ]〉

=
2

T
r [H

(I−
γ
H

)
k−

lE
[η
l ⊗
η
l ] ]≥

0.

N
ote

that
H

and
(I−

γ
H

)
com

m
ute

and
both

are
psd,im

plying
that

H
(I−

γ
H

)
k−

lis
PSD

.Finally,
the

trace
ofthe

productoftw
o

PSD
m

atrices
is

positive
w

ith
H

(I−
γ
H

)
k−

lbeing
one

ofthese
PSD

m
atrices

and
E

[η
l ⊗
η
l ]being

the
other,thus

yielding
the

claim
ed

bound
in

equation
22.

T
his

im
plies

thatthe
overallerror(through

equation
11)can

be
upperbounded

as:

E
[L

( w
s+

1
,N

)]−
L

(w
∗)

=
12
·〈H

,E
[η̄

s+
1
,N
⊗
η̄
s+

1
,N ]〉
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JA
IN

,K
A

K
A

D
E,K

ID
A

M
B

I,N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

≤
1

γ
N

2

s+
N

∑l=
s+

1

T
r (E

[η
l ⊗
η
l ] )

≤
2

γ
N

2 ·
s+
N

∑l=
s+

1 (
T

r (E
[η

bias
l
⊗
η

bias
l

])
+

T
r (E

[η
variance
l

⊗
η

variance
l

]) )
,

(23)

w
here

the
finalline

follow
s

from
equation

19.
W

e
w

illnow
bound

each
ofthese

term
s

to
precisely

characterize
the

excess
risk

of
m

ini-batch
tail-averaged

SG
D

.W
e

refer
to

the
bias

error
of

the
tail-

averaged
iterate

as
the

follow
ing:

E
[L

( w
bias
s+

1
,N

) ]−
L

(w
∗)

d
ef

=
2

γ
N

2

s+
N

∑l=
s+

1

T
r (

E
[η

bias
l
⊗
η

bias
l

] )
.

(24)

Sim
ilarly,w

e
referto

the
variance

errorofthe
tail-averaged

iterate
as

the
follow

ing:

E
[L

(w
variance
s+

1
,N

) ]−
L

(w
∗)

d
ef

=
2

γ
N

2

s+
N

∑l=
s+

1

T
r (

E
[η

variance
l

⊗
η

variance
l

] )
.

(25)

A
.3

L
em

m
asFor

B
ounding

T
he

B
iasE

rror

L
em

m
a

9
W

ith
γ
≤

γ
b
,m

ax
2

=
b

R
2·ρ

m
+

(b−
1
)‖

H
‖
2 ,the

follow
ing

bound
holds:

∥∥∥∥ E


(I−

γb

b
∑j=

1

x
li ⊗

x
li )(I−

γb

b
∑j=

1

x
li ⊗

x
li ) 

∥∥∥∥
2 ≤

1−
γ
µ
.

Proof
T

his
lem

m
a

generalizes
one

appearing
in

Jain
etal.(2017a)

to
the

m
ini-batch

size
b

case.
D

enote
by

U
the

m
atrix

ofinterestand
considerthe

follow
ing:

U
=

E


(I−

γb

b
∑j=

1

x
li ⊗

x
li )(I−

γb

b
∑j=

1

x
li ⊗

x
li ) 

=
I−

γ
H
−
γ
H

+

(
γb )

2· (
bE
[‖

x‖
2x

x
> ]

+
b(b−

1)H
2 )

�
I−

2
γ
H

+
γ

2b
· (R

2H
+

(b−
1)‖H

‖
2 )H

=
I−

γ
H
,

from
w

hich
a

spectralnorm
bound

im
plied

by
the

lem
m

a
naturally

follow
s.

L
em

m
a

10
For

any
learning

rate
γ
≤
γ
b,m

ax /
2,the

bias
error

ofthe
tail-averaged

iterate
w

bias
s+

1
,N

is
upper

bounded
as:

E
[L

( w
bias
s+

1
,N

) ]−
L

(w
∗)≤

2

γ
2N

2µ
2
(1−

γ
µ

)
s+

1· (L
(w

0 )−
L

(w
∗) ).
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E
S

R
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S

S
IO
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Pr
oo

f
B

ef
or

e
w

ri
tin

g
ou

tt
he

pr
oo

f
of

th
e

bo
un

d
in

th
e

le
m

m
a,

w
e

re
qu

ir
e

to
bo

un
d

th
e

pe
r

st
ep

co
nt

ra
ct

io
n

pr
op

er
tie

s
of

an
SG

D
up

da
te

in
th

e
ca

se
of

th
e

bi
as

er
ro

r(
i.e

.ζ
·=

0)
:

E
[ ‖
η
l‖

2
] =

E

[ η
> l−

1
(I
−
γ b

b ∑ i=
1

x
li
⊗

x
li
)(

I
−
γ b

b ∑ i=
1

x
li
⊗

x
li
)η

l−
1

]

=
E

[ η
> l−

1
E

[ (I
−
γ b

b ∑ i=
1

x
li
⊗

x
li
)(

I
−
γ b

b ∑ i=
1

x
li
⊗

x
li
)∣ ∣ ∣ ∣F

l−
1

] η
l−

1

]

≤
(1
−
γ
µ

)E
[ ‖
η
l−

1
‖2
]

(u
si

ng
le

m
m

a
9)
.

T
hi

si
m

pl
ie

st
ha

ta
re

cu
rs

iv
e

ap
pl

ic
at

io
n

of
th

e
ab

ov
e

bo
un

d
yi

el
ds

E
[ ‖
η
l‖

2
] ≤

(1
−
γ
µ

)l
E
[ ‖
η

0
‖2
] .

N
ex

t,
w

e
co

ns
id

er
th

e
bi

as
er

ro
rf

ro
m

eq
ua

tio
n

24
:

E
[ L

(w
bi

as
s+

1
,N

)]
−
L

(w
∗ )

=
2

γ
N

2

s+
N

∑

t=
s+

1

E
[ ‖
η
t‖

2
]

≤
2

γ
N

2

∞ ∑

t=
s+

1

E
[ ‖
η
t‖

2
]

≤
2

γ
N

2

∞ ∑

t=
s+

1

(1
−
γ
µ

)t
‖η

0
‖2

=
2

γ
N

2
(γ
µ

)−
1
(1
−
γ
µ

)s
+

1
‖η

0
‖2

=
2

γ
2
µ
N

2
(1
−
γ
µ

)s
+

1
‖η

0
‖2

=
2

γ
2
µ

2
N

2
(1
−
γ
µ

)s
+

1
·( µ

·‖
η

0
‖2
)

≤
2

γ
2
µ

2
N

2
(1
−
γ
µ

)s
+

1
·( L

(w
0
)
−
L

(w
∗ )
) ,

w
he

re
in

th
e

fin
al

lin
e,

w
e

us
e

th
e

fa
ct

th
at
µ
I
�

H
.T

hi
s

pr
ov

es
th

e
cl

ai
m

ed
bo

un
d.

L
em

m
a

11
Fo

r
an

y
le

ar
ni

ng
ra

te
γ
≤
γ
b,

m
ax
/
2,

th
e

bi
as

er
ro

r
of

th
e

fin
al

ite
ra

te
w

bi
as

N
is

up
pe

r
bo

un
de

d
as

:

E
[ L

(w
bi

as
N

)]
−
L

(w
∗ )
≤
κ 2
·(

1
−
γ
µ

)N
·(
L

(w
0
)
−
L

(w
∗ )
) .

Pr
oo

f
Si

m
ila

r
to

th
e

ta
il-

av
er

ag
ed

ca
se

,w
e

re
qu

ir
e

to
bo

un
d

th
e

pe
r

st
ep

co
nt

ra
ct

io
n

pr
op

er
tie

s
of

an
SG

D
up

da
te

in
th

e
ca

se
of

th
e

bi
as

er
ro

r(
i.e

.ζ
·=

0)
:

E
[ ‖
η
N
‖2
] =

E

[ η
> N
−

1
(I
−
γ b

b ∑ i=
1

x
N
i
⊗

x
N
i)

(I
−
γ b

b ∑ i=
1

x
N
i
⊗

x
N
i)
η
N
−

1

]

=
E

[ η
> N
−

1
E

[ (I
−
γ b

b ∑ i=
1

x
N
i
⊗

x
N
i)

(I
−
γ b

b ∑ i=
1

x
N
i
⊗

x
N
i)

∣ ∣ ∣ ∣F
N
−

1

] η
N
−

1

]
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B
I,

N
E
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R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

≤
(1
−
γ
µ

)E
[ ‖
η
N
−

1
‖2
]

(u
si

ng
le

m
m

a
9)
.

T
hi

si
m

pl
ie

st
ha

ta
re

cu
rs

iv
e

ap
pl

ic
at

io
n

of
th

e
ab

ov
e

bo
un

d
yi

el
ds

E
[ ‖
η
N
‖2
] ≤

(1
−
γ
µ

)N
E
[ ‖
η

0
‖2
] .

T
he

n, E
[ L

(w
bi

as
N

)]
−
L

(w
∗ )

=
1 2

T
r
( (η

bi
as

N
)>

H
η

bi
as

N

)

≤
λ

m
ax

(H
)

2
T

r
( ‖
η

bi
as

N
‖2
)

≤
λ

m
ax

(H
)(

1
−
γ
µ

)N

2
λ

m
in

(H
)

T
r
( λ

m
in

(H
)‖
η

0
‖2
)

≤
λ

m
ax

(H
)(

1
−
γ
µ

)N

2
λ

m
in

(H
)

( L
(w

0
)
−
L

(w
∗ )
)

(s
in

ce
,w

0
=

w
bi

as
0

).

≤
κ 2
·(

1
−
γ
µ

)N
( L

(w
0
)
−
L

(w
∗ )
) .

A
.4

L
em

m
as

Fo
r

B
ou

nd
in

g
T

he
Va

ri
an

ce
E

rr
or

N
ow

,w
e

se
ek

to
un

de
rs

ta
nd

th
e

be
ha

vi
or

of
th

e
va

ri
an

ce
er

ro
r

of
th

e
ta

il-
av

er
ag

ed
ite

ra
te

w
s+

1
,N

.
W

e
be

gi
n

by
no

tin
g

he
re

th
at

th
e

va
ri

an
ce

er
ro

r
is

an
al

yz
ed

by
be

gi
nn

in
g

th
e

op
tim

iz
at

io
n

at
th

e
so

lu
tio

n,
i.e

.η
va

ri
an

ce
0

=
0

an
d

al
lo

w
in

g
th

e
no

is
e

to
dr

iv
e

th
e

pr
oc

es
s.

In
pa

rt
ic

ul
ar

,w
e

w
ri

te
ou

tt
he

re
cu

rs
iv

e
up

da
te

s
th

at
ch

ar
ac

te
ri

ze
th

e
va

ri
an

ce
er

ro
r:

η
va

ri
an

ce
t

=
P
tb
η

va
ri

an
ce

t−
1

+
γ
ζ
tb
,

w
ith
η

va
ri

an
ce

0
=

0.

T
hi

s
im

pl
ie

s
th

at
by

de
fin

in
g

Φ
va

ri
an

ce
t

d
ef =
E
[ η

va
ri

an
ce

t
⊗
η

va
ri

an
ce

t

] ,w
e

ha
ve

:

Φ
va

ri
an

ce
t

=
E
[ η

va
ri

an
ce

t
⊗
η

va
ri

an
ce

t

]

=
E
[ E
[(

P
tb
η

va
ri

an
ce

t−
1

+
γ
ζ
tb

) ⊗
( P

tb
η

va
ri

an
ce

t−
1

+
γ
ζ
tb

) |F
t−

1

]]

=
E
[ P

tb
Φ

va
ri

an
ce

t−
1

P
> tb
] +

γ
2 b
Σ
.

(2
6)

w
he

re
,F

t−
1

is
th

e
fil

tr
at

io
n

de
fin

ed
us

in
g

th
e

sa
m

pl
es
{x

ji
,y
ji
}j

=
t−

1
,i

=
b

j=
1
,i

=
1

.F
ur

th
er

m
or

e
cr

os
s

te
rm

s
ar

e
ze

ro
si

nc
e
E

[ζ
tb
|F
t−

1
]

=
0

ow
in

g
to

fir
st

or
de

r
op

tim
al

ity
co

nd
iti

on
s.

R
ec

ou
nt

in
g

th
at

P
tb

=
I
−

γ b

∑
b i=

1
x
ti
⊗

x
ti

,w
e

ex
pr

es
s

eq
ua

tio
n

26
us

in
g

a
lin

ea
ro

pe
ra

to
ra

s
fo

llo
w

s:

E
[ P

tb
Φ

va
ri

an
ce

t−
1

P
> tb
] =

E

[ (
I
−
γ b

b ∑ i=
1

x
ti
⊗

x
ti

) Φ
va

ri
an

ce
t−

1

( I
−
γ b

b ∑ i=
1

x
ti
⊗

x
ti

)]

d
ef =

(I
−
γ
T b

)Φ
va

ri
an

ce
t−

1
,

w
ith
T b

re
pr

es
en

tin
g

th
e

fo
llo

w
in

g
lin

ea
ro

pe
ra

to
r:

T b
=
H
L

+
H
R
−
γ b
M
−
γ
b
−

1

b
H
L
H
R
,
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P
A

R
A

L
L

E
L

IZ
IN

G
S

T
O

C
H

A
S

T
IC

G
R

A
D

IE
N

T
D

E
S

C
E

N
T

F
O

R
L

E
A

S
T

S
Q

U
A

R
E

S
R

E
G

R
E

S
S

IO
N

w
ith
M

=
E

[x
⊗

x
⊗

x
⊗

x
],H

L
=

H
⊗

I
and
H
R

=
I⊗

H
representing

the
left

and
right

m
ultiplication

linear
operators

corresponding
to

the
m

atrix
H

.
G

iven
this

notation,
w

e
consider

Φ
variance
t

:

Φ
variance
t

=
(I
−
γT

b )Φ
variance
t−

1
+
γ

2b
Σ

=
γ

2b

(
t−

1
∑k

=
0 (I
−
γT

b )
k )

Σ
.

(27)

B
efore

bounding
the

variance
error,w

e
w

illdescribe
a

lem
m

a
thatshow

s
thatthe

expected
covari-

ance
ofthe

variance
error

Φ
variance
t

initialized
at

0
grow

s
m

onotonically
to

its
steady

state
value

(in
a

PSD
sense).

L
em

m
a

12
The

sequence
of

centered
variance

iterates
η

variance
t

have
expected

covariances
that

m
onotonically

grow
in

a
P

SD
sense,i.e.:

0
=

Φ
variance
0

�
Φ

variance
1

�
Φ

variance
2

....�
Φ

variance
∞

.

Proof
T

hislem
m

a
generalizesthe

lem
m

a
appearing

in
Jain

etal.(2017a,b).W
e

begin
by

recounting
the

t th
variance

iterate,i.e.:

η
variance
t

=
γ

t
∑j=

1

Q
j+

1
,t ζ

j,b .

T
his

im
plies

in
particularthat

Φ
variance
t

=
E
[η

variance
t

⊗
η

variance
t

]

=
γ

2
t
∑j=

1

t
∑l=

1 E
[Q

j+
1
,t ζ

j,b ⊗
ζ
l,b Q

>l+
1
,b ]

(from
equation

14)

=
γ

2
t
∑j=

1

t
∑l=

1 E
[Q

j+
1
,t E
[ζ
j,b ⊗

ζ
l,b |F

j−
1 ]

Q
>l+

1
,b ]

=
γ

2
t
∑j=

1 E
[Q

j+
1
,t ζ

j,b ⊗
ζ
j,b Q

>j+
1
,t ]

=
γ

2b

t
∑j=

1 E
[Q

j+
1
,t Σ

Q
>j+

1
,t ]
.

w
here,the

third
line

follow
ssinceE

[ζ
l,b ⊗

ζ
j,b ]

=
0

for
j6=

l,sim
ilarto

argum
entsin

equation
13.

T
his

im
m

ediately
reveals

thatthe
sequence

ofcovariances
grow

s
as

a
function

oftim
e,since,

Φ
variance
t+

1
−

Φ
variance
t

=
γ

2b
E
[Q

2
,t+

1 Σ
Q
>2
,t+

1 ]�
0
.

T
his

lem
m

a
leads

to
a

naturalupperbound
on

the
variance

error,as
expressed

below
:
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W

ith
γ
<

γ
b
,m

ax
2

,
the

variance
error

of
the

tail-averaged
iterate

w
variance
s+

1
,N

is
upper

bounded
as:

E
[L

( w
variance
s+

1
,N

) ]−
L

(w
∗)≤

2N
b

T
r (T

b −
1Σ
).

Proof
C

onsidering
the

variance
erroroftail-averaged

iterate
from

equation
25:

E
[L

( w
variance
s+

1
,N

) ]−
L

(w
∗)

=
2

γ
N

2 ·
s+
N

∑l=
s+

1 (
T

r (E
[Φ

variance
l

]) )

≤
2γ
N
·T

r (
E
[Φ

variance
∞

] )
(from

lem
m

a
12)

=
2γ
N
·
γ

2b
·T

r (
∞∑k
=

0 (I
−
γT

b )
kΣ

)
(from

equation
14)

=
2N
b

T
r

(T
b −

1Σ
).

L
em

m
a

14
W

ith
γ
<

γ
b
,m

ax
2

,the
variance

error
ofthe

finaliterate
w

variance
N

,obtained
by

running
m

ini-batch
SG

D
for

N
steps

is
upper

bounded
as:

E
[L

(w
variance
N

) ]−
L

(w
∗)≤

γ2
b

T
r (H
T
b −

1Σ
).

Proof
W

e
note

thatsince
w

e
dealw

ith
the

square
loss

case,

E
[L

(w
variance
N

) ]−
L

(w
∗)

=
12

T
r

(H
Φ

variance
N

)

≤
12

T
r

(H
Φ

variance
∞

)
(using

lem
m

a
12)

=
γ

2

2b
T

r (
H
∞∑j=

0 (I
−
γT

b )
jΣ

)

=
γ2
b

T
r (

H
T
b −

1Σ

)
.

L
em

m
a

15
D

enoting
the

assum
ption

(A
)
γ
≤
γ
b,m

ax /
2,

1.
W

ith
(A

)in
place,T

b �
0.

2.
W

ith
(A

)in
place,T

b −
1W
�

0
for

every
W
∈
S

(d
),

W
�

0
.

3.
T

r (
(H
R

+
H
L

) −
1A
)

=
12

T
r (H

−
1A
)
∀

A
∈
S

+
(R

d)
.
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PA
R

A
L

L
E

L
IZ

IN
G

S
T

O
C

H
A

S
T

IC
G

R
A

D
IE

N
T

D
E

S
C

E
N

T
F

O
R

L
E

A
S

T
S

Q
U

A
R

E
S

R
E

G
R

E
S

S
IO

N

4.
W

ith
(A

)i
n

pl
ac

e,

T
r
( T
b
−

1
Σ
) ≤

2
T

r
( H
−

1
Σ
) .

Pr
oo

f P
ro

of
of

cl
ai

m
1

in
Le

m
m

a
15

:
T b
�

0
im

pl
ie

s
th

at
fo

r
al

ls
ym

m
et

ri
c

m
at

ri
ce

s
A
∈
S(
d
),

w
e

ha
ve

T
r

(A
T b

A
)
≥

0
,a

nd
th

is
is

tr
ue

ow
in

g
to

th
e

fo
llo

w
in

g
in

eq
ua

lit
ie

s:

〈A
,T
b
A
〉=

2
T

r
(A

H
A

)
−
γ b
E
[ 〈

x
,A

x
〉2
] −

γ
(b
−

1)

b
〈H
,A

H
A
〉

≥
2

T
r

(A
H

A
)
−
γ b
E
[ ‖

x
‖2
‖A

x
‖2
] −

γ
(b
−

1)

b
‖H
‖T

r
(A

H
A

)

≥
2

T
r

(A
H

A
)
−
γ b
R

2
E
[ ‖

A
x
‖2
] −

γ
(b
−

1
)

b
‖H
‖T

r
(A

H
A

)

≥
( 2
−
γ b

( R
2

+
(b
−

1)
‖H
‖)
) T

r
(A

H
A

)
.

U
si

ng
th

e
de

fin
iti

on
of
γ
b,

m
ax

co
m

pl
et

es
th

e
pr

oo
fo

ft
he

cl
ai

m
.

P
ro

of
of

cl
ai

m
2

in
Le

m
m

a
15

:W
e

re
qu

ir
e

to
pr

ov
e
T b
−

1
op

er
at

in
g

on
a

PS
D

m
at

ri
x

pr
od

uc
es

a
PS

D
m

at
ri

x,
or

in
ot

he
rw

or
ds

,T
b
−

1
is

a
PS

D
m

ap
.

T b
−

1
=

[H
L

+
H
R
−
γ b

(M
+

(b
−

1)
H
L
H
R

)]
−

1

=
(H
L

+
H
R

)−
1 2
(H
L

+
H
R

)1 2
[H
L

+
H
R
−
γ b

(M
+

(b
−

1)
H
L
H
R

)]
−

1
·

(H
L

+
H
R

)1 2
(H
L

+
H
R

)−
1 2

=
(H
L

+
H
R

)−
1 2
[I
−
γ b

(H
L

+
H
R

)−
1 2
(M

+
(b
−

1)
H
L
H
R

)(
H
L

+
H
R

)−
1 2
]−

1
(H
L

+
H
R

)−
1 2
.

(2
8)

N
ow

,
w

e
pr

ov
e

th
at
‖γ b

(H
L

+
H
R

)−
1 2
(M

+
(b
−

1)
H
L
H
R

)(
H
L

+
H
R

)−
1 2
‖
<

1.
G

iv
en
γ
<

γ
b,

m
ax
/
2

,w
e

em
pl

oy
cl

ai
m

1
to

no
te

th
at
T b
�

0
.

T b
�

0

⇒
H
L

+
H
R
−
γ b

(M
+

(b
−

1)
H
L
H
R

)
�

0

⇒
γ b

(M
+

(b
−

1)
H
L
H
R

)
≺
H
L

+
H
R

⇒
γ b

(H
L

+
H
R

)−
1 2
(M

+
(b
−

1)
H
L
H
R

)(
H
L

+
H
R

)−
1 2
≺
I

⇒
‖γ b

(H
L

+
H
R

)−
1 2
(M

+
(b
−

1)
H
L
H
R

)(
H
L

+
H
R

)−
1 2
‖
<

1
.

W
ith

th
is

fa
ct

in
pl

ac
e,

w
e

em
pl

oy
Ta

yl
or

se
ri

es
to

ex
pa

nd
T b
−

1
in

eq
ua

tio
n

28
,i

.e
.:

T b
−

1
=

(H
L

+
H
R

)−
1 2

∞ ∑ i=
0

(γ

b
(H
L

+
H
R

)−
1 2
(M

+
(b
−

1)
H
L
H
R

)(
H
L

+
H
R

)−
1 2
)i

(H
L

+
H
R

)−
1 2

=
∞ ∑ i=

0

(γ

b
(H
L

+
H
R

)−
1
(M

+
(b
−

1)
H
L
H
R

))
i (
H
L

+
H
R

)−
1
.
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JA
IN

,K
A

K
A

D
E

,K
ID

A
M

B
I,

N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

T
he

pr
oo

f
co

m
pl

et
es

by
em

pl
oy

in
g

th
e

fo
llo

w
in

g
fa

ct
s:

U
si

ng
Ly

ap
un

ov
’s

th
eo

re
m

(B
ha

tia
(2

00
7)

pr
op

os
iti

on
A

1.
2.

6)
,w

e
kn

ow
(H
L

+
H
R

)−
1

is
a

PS
D

m
ap

,i
.e

.
if

(H
L

+
H
R

)−
1
(A

)
=
B

,t
he

n,
if
A

is
PS

D
=
⇒

B
is

PS
D

.F
ur

th
er

m
or

e,
M

is
al

so
a

PS
D

m
ap

,i
.e

.
if
A

1
is

PS
D

,M
(A

1
)

=
E

[(
x
T
A

1
x

)x
⊗
x

]
is

PS
D

as
w

el
l.

Fi
na

lly
,H
L
H
R

is
al

so
a

PS
D

m
ap

,s
in

ce
,i

f
A

2
is

PS
D

,t
he

n,
H
L
H
R

(A
2
)

=
H
A

2
H

w
hi

ch
is

PS
D

as
w

el
l.

W
ith

al
lt

he
se

fa
ct

si
n

pl
ac

e,
w

e
no

te
th

at
ea

ch
te

rm
in

th
e

Ta
yl

or
’s

ex
pa

ns
io

n
ab

ov
e

is
a

PS
D

m
ap

im
pl

yi
ng

th
e

ov
er

al
lm

ap
is

PS
D

as
w

el
l,

th
us

ro
un

di
ng

up
th

e
pr

oo
ft

o
cl

ai
m

2
in

L
em

m
a

15
.

P
ro

of
of

cl
ai

m
3

in
Le

m
m

a
15

:
W

e
kn

ow
th

at
th

e
op

er
at

or
(H
R

+
H
L

)−
1

is
a

PS
D

m
ap

,
i.e

,
it

m
ap

s
PS

D
m

at
ri

ce
s

to
PS

D
m

at
ri

ce
s.

Si
nc

e
A
�

0,
w

e
re

pl
ac

e
th

is
co

nd
iti

on
w

ith
U

=
(H
R

+
H
L

)−
1
A
�

0
im

pl
yi

ng
,w

e
ne

ed
to

sh
ow

th
e

fo
llo

w
in

g:

T
r

(U
)

=
1 2

T
r
( H
−

1
A
)
∀

U
�

0.

E
xa

m
in

in
g

th
e

ri
gh

th
an

d
si

de
,w

e
se

e
th

e
fo

llo
w

in
g:

1 2
T

r
( H
−

1
A
) =

1 2
T

r
( H
−

1
(H
L

+
H
R

)U
)

=
1 2

T
r
( H
−

1
H

U
+

H
−

1
U

H
)

=
T

r
(U

)
.

th
us

w
ra

pp
in

g
up

th
e

pr
oo

fo
fc

la
im

4.
P

ro
of

of
cl

ai
m

4
in

Le
m

m
a

15
:L

et
U

=
H
L

+
H
R
−

γ b
·(
b
−

1)
H
L
H
R

.T
he

n,

T b
−

1
Σ

=

( U
−
γ b
M
) −

1

Σ

=
∞ ∑ i=

0

(
γ b
U−

1
M
) i
U−

1
Σ
.

L
et

A
=
U−

1
Σ

,A
′ =
U−

1
H

.T
he

n, T b
−

1
Σ

=
∞ ∑ i=

1

(
γ b
U−

1
M
) i

A
.

T
he
i

=
0

te
rm

is
ju

st
=

A
.N

ow
,c

on
si

de
ri

ng
i

=
1,

w
e

ha
ve

:

γ b
U−

1
M

A
�
γ b
‖A
‖ 2
U−

1
M

I

�
γ b
‖A
‖ 2
R

2
U−

1
H

=
γ b
‖A
‖ 2
R

2
A
′ .

N
ex

t,
co

ns
id

er
in

g
i

=
2,

w
e

ha
ve

:
(
γ b
U−

1
M
) 2

A
=

(
γ b
U−

1
M
)
·(

γ b
U−

1
M
) A
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L
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P
A

R
A

L
L

E
L

IZ
IN

G
S

T
O

C
H

A
S

T
IC

G
R

A
D

IE
N

T
D

E
S

C
E

N
T

F
O

R
L

E
A

S
T

S
Q

U
A

R
E

S
R

E
G

R
E

S
S

IO
N

�
(
γb ‖

A
‖

2 R
2 )
· (

γb U
−

1M
)

A
′

�
(
γb ‖

A
‖

2 R
2 )
· (

γb U
−

1 )
·‖

A
′‖

2 ·R
2H

�
(
γb ‖

A
‖

2 R
2 )
· (

γb ‖A
′‖

2 R
2 )
·
A
′.

N
oting

this
recursive

structure,w
e

see
that:

T
b −

1Σ
=
∞∑i=

0 (
γb U
−

1M
)
iA

�
A

+
∞∑i=

1 (
γb ‖

A
‖

2 R
2 )
· (

γb ‖
A
′‖

2 R
2 )

i−
1·A

′

=
A

+

(
γb ‖

A
‖

2 R
2 )

1−
(
γb ‖A

′‖
2 R

2 )
·A
′.

N
ote

that
this

sum
m

ation
is

finite
iff
γ
≤

b
R

2‖
A
′‖

2 .
Further,

applying
the

trace
operator

on
both

sides,w
e

have:

T
r (T

b −
1Σ
)≤

T
r

(A
)

+

(
γb ‖A
‖

2 R
2 )

1−
(
γb ‖

A
′‖

2 R
2 )

T
r (A

′ )
.

(29)

N
ow

,forany
psd

m
atrix

B
�

0,letus
upperboundU

−
1B

:

U
−

1B
=
∞∑j=

0 (
γ
·
b−

1

b
·(H

L
+
H
R

) −
1·H

L H
R )

i(H
L

+
H
R

) −
1Σ
.

T
he

recursion
can

be
bounded

by
analyzing

i
=

1:

γ
·
b−

1

b
·
(H
L

+
H
R

) −
1·H

L H
R
·
(H
L

+
H
R

) −
1B

�
‖(H

L
+
H
R

) −
1B
‖

2 ·γ
·
b−

1

b
·(H

L
+
H
R

) −
1·H

L H
R
·
I

�
‖(H

L
+
H
R

) −
1B
‖

2 ·γ
·
b−

1

b
·(H

L
+
H
R

) −
1·‖

H
‖

2 H

=
‖
(H
L

+
H
R

) −
1B
‖

2 ·γ
·
b−

1

2
b
·‖

H
‖

2 ·
I.

T
his

indicates
the

m
eans

to
recurse

forbounding
term

s
i≥

2:

U
−

1B
�
∞∑j=

0 ‖(H
L

+
H
R

) −
1B
‖

2 (
γ
·
b−

1

2
b
·‖

H
‖

2 )
j·I
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JA
IN

,K
A

K
A

D
E,K

ID
A

M
B

I,N
E

T
R

A
PA

L
L

I
A

N
D

S
ID

F
O

R
D

=
‖(H

L
+
H
R

) −
1B
‖

2

1−
γ
·

(b−
1
)‖

H
‖
2

2
b

·I.

T
he

upperbound
above

is
true

as
long

as
γ
<

2
b

(b−
1
)‖

H
‖
2 .

T
his

now
allow

s
us

to
obtain

bounds
on

‖
A
‖

2 ,‖A
′‖

2 ,T
r

(A
′):

‖A
‖

2 ≤
‖(H

L
+
H
R

) −
1Σ
‖

2

1−
γ
·
b−

1
2
b
·‖

H
‖

2

‖
A
′‖

2 ≤
1
/2

1−
γ
·
b−

1
2
b
·‖

H
‖

2

T
r (A

′ )≤
d
/
2

1−
γ
·
b−

1
2
b
·‖

H
‖

2

.

Substituting
these

in
equation

29:

T
r (T

b −
1Σ
)≤

T
r

(A
)

+
γ
R

2

2
b
·
d‖(H

L
+
H
R

) −
1Σ
‖

2
(

1−
γ2
b ·

(R
2

+
(b−

1)‖
H
‖

2 ) )
· (

1−
γ
·
b−

1
2
b ‖H

‖
2 )
.

(30)

w
ith

the
conditions

on
γ

being:
γ
≤

2
b

(b−
1
)‖

H
‖
2 ,
γ
≤

2
b

R
2
+

(b−
1
)‖

H
‖
2 ,
γ
≤

2
b

R
2 .

T
hese

are
com

bined

using
γ
≤

2
b

R
2
+

(b−
1
)‖

H
‖
2 .

O
nce

this
condition

is
satisfied,

the
denom

inator
of

the
second

term
can

be
upperbounded

by
atm

ost
a

constant.
N

ext,
looking

at
the

num
erator

of
the

second
term

,
w

e
see

that
γ
≤

2
b

R
2·
d‖

(H
L
+
H
R

) −
1
Σ
‖
2

T
r(

(H
L
+
H
R

) −
1
Σ

)

=
2
b

R
2
ρ

m
allow

s
for

the
second

term
to

be
upperbounded

by

O
(T

r ((H
L

+
H
R

) −
1Σ
)).T

his
is

clearly
satisfied

if
γ
≤

2
b

R
2·ρ

m
+

(b−
1
)‖

H
‖
2 .In

particular,setting
γ

to
be

halfofthis
m

axim
um

,w
e

have:

T
r (T

b −
1Σ
)≤

T
r

(A
)

+
2

T
r ((H

L
+
H
R

) −
1Σ
)
.

(31)

D
enoting

Σ̂
=

(H
L

+
H
R
−
γ·

b−
1
b
·H
L H
R

) −
1Σ

,in
orderto

bound
T

r
(A

),w
e

require
com

paring

T
r (

Σ̂
)w

ith
T

r (
Σ̃
)

=
T

r ((H
L

+
H
R

) −
1Σ
).Forthis,w

ithoutlossofgenerality,w
e

can
consider

H
to

be
diagonal,

and
this

im
plies

that
com

paring
the

diagonal
elem

ents
of

Σ̂
ii

=
Σ
ii /(2λ

i −
γ
b−

1
b
λ

2i )
w

hile
Σ̃
ii

=
Σ
ii /

2λ
i .C

om
paring

these,w
e

see
that

T
r (

Σ̂
)

=
T

r (
(H
L

+
H
R
−
γ
·
b−

1

b
·H
L H
R

) −
1Σ

)
≤

1

1−
γ
b−

1
2
b ‖H

‖
2

T
r (

Σ̃
)

=
1

1−
γ
b−

1
2
b ‖H

‖
2

T
r ((H

L
+
H
R

) −
1Σ
)
.

N
oting

that
T

r
(A

)
=

T
r (

Σ̂
),w

e
see

thatsubstituting
the

above
in

equation
31,w

e
have:

T
r (T

b −
1Σ
)≤

1

1−
γ
b−

1
2
b ‖

H
‖

2

T
r ((H

L
+
H
R

) −
1Σ
)

+
2

T
r ((H

L
+
H
R

) −
1Σ
)

≤
4

T
r ((H

L
+
H
R

) −
1Σ
)

=
2

T
r (H

−
1Σ
)
.
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b
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w
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rounds
up

the
proofofthe

theorem
.
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Proof
For

analyzing
the

param
eter

m
ixing

schem
e,

w
e

require
tracking

the
progress

of
the

i th

m
achine’s

SG
D

updates
using

its
centered

estim
ate
η

(i)
k

.
Furtherm

ore,the
tail-averaged

iterate
for

the
i th

m
achine

is
representeed
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η̄

(i)
d

ef
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1N

∑
s+
N

k
=
s+

1
η

(i)
k
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m

odelaveraged
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w
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ow
n

centered
estim
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η̄

=
1P

∑
Pi=

1
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(i).
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ow
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m

anner
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m

ini-batch
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D
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a
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m

achine,the
m
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n
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variance
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w
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η̄

=
η̄
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η̄
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upperbound
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w

ritten
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=
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,H
η̄〉 ]
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.
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η̄

(j),variance ]

=
1P
2 (
∑

i

E
[η̄

(i),variance⊗
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η̄
(j
),variance ] )

=
1P
E
[η̄

(1
),variance⊗
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(34)

W
here,

the
final

line
follow

s
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∀
i
6=
j,
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term

s
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in
expectation

equal
to

zero
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expectation
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noise
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s
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zero
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first

order
optim

ality
conditions).
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other
observation

is
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s
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P
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D
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of
the
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P
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L
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(35)

N
ext,letus

considerthe
bias

error:

η̄
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=
1P

P
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︸
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+
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,

(36)
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u
lation

stu
d
ies

an
d

a
real

d
ata

ap
p
lication

in
v
olv

in
g

m
u
lti-va

riate
cou

n
t

d
ata

th
at

ou
r

O
D

S
algorith

m
p

erform
s

favorab
ly

com
p
ared

to
th

e
sta

te-o
f-th

e-art
G

E
S

an
d

M
M

H
C

algorith
m

s.
In

ou
r

sim
u
lation

stu
d
y,

w
e

con
sid

er
b

o
th

th
e

low
-d

im
en

sion
al

an
d

h
igh

-d
im

en
sion

al
settin

g.
O

u
r

real
d
a
ta

ex
am

p
le

in
-

vo
lv

in
g

N
B

A
p
layer

statistics
for

2009/10
season

sh
ow

s
th

at
ou

r
O

D
S

algorith
m

is
a
p
p
lica

b
le

to
m

u
lti-variate

cou
n
t

d
a
ta

w
h
ile

th
e

G
E

S
an

d
M

M
H

C
alg

orith
m

s
ten

d
to

select
v
ery

few
ed

ges
w

h
en

variab
les

rep
resen

t
cou

n
ts.

T
h
e

rem
ain

d
er

of
th

e
p
ap

er
is

orga
n
ized

as
follow

s:
In

S
ection

2,
w

e
d
efi

n
e

Q
V

F
D

A
G

m
o
d
els

a
n
d

p
rove

id
en

tifi
ab

ility
for

th
is

class
of

m
o
d
els.

In
S
ection

3,
w

e
in

tro
d
u
ce

ou
r

p
o
ly

n
o
m

ial-tim
e

D
A

G
learn

in
g

algorith
m

w
h
ich

w
e

refer
to

as
th

e
gen

eralized
O

verD
isp

er-
sio

n
S
co

rin
g

(O
D

S
).

S
tatistical

gu
aran

tees
for

learn
in

g
Q

V
F

D
A

G
m

o
d
els

u
sin

g
ou

r
O

D
S

a
lg

o
rith

m
a
re

p
rov

id
ed

in
S
ection

3.2,
an

d
w

e
p
rov

id
e

n
u
m

erical
ex

p
erim

en
ts

on
b

o
th

sm
all

D
A

G
s

a
n
d

la
rge-scale

D
A

G
s

w
ith

n
o
d
e-size

u
p

to
5000

n
o
d
es

in
S
ection

4
.

O
u
r

th
eoretical

g
u
a
ra

n
tees

in
S
ection

3.2
p
rove

th
at

even
in

th
e

settin
g

w
h
ere

th
e

n
u
m

b
er

of
n
o
d
es
p

is
la

rg
er

th
a
n

th
e

sam
p
le

size
n

,
it

is
p

ossib
le

to
learn

th
e

D
A

G
stru

ctu
re

u
n
d
er

th
e

a
ssu

m
p
tion

th
a
t

th
e

d
eg

ree
d

of
th

e
so-called

m
oralized

grap
h

of
th

e
D

A
G

is
sm

all.
O

u
r

n
u
m

erical
ex

-
p

erim
en

ts
in

S
ection

4
su

p
p

ort
th

e
th

eo
retical

resu
lts

an
d

sh
ow

th
a
t

ou
r

algorith
m

p
erform

s
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

w
ell

com
p
ared

to
oth

er
state-of-th

e-art
D

A
G

learn
in

g
m

eth
o
d
s.

O
u
r

n
u
m

erical
ex

p
erim

en
ts

con
fi
rm

th
at

ou
r

algorith
m

is
on

e
of

th
e

few
D

A
G

-learn
in

g
algorith

m
s

th
at

p
erform

s
w

ell
in

term
s

of
statistical

an
d

com
p
u
tation

al
com

p
lex

ity
in

h
igh

-d
im

en
sion

al
p
>
n

settin
gs,

p
rov

id
ed

th
at

th
e

d
egree

of
th

e
m

oralized
grap

h
d

is
b

o
u
n
d
ed

.
F

in
ally

in
S
ection

5
w

e
sh

ow
th

at
ou

r
O

D
S

algorith
m

p
erform

s
w

ell
in

term
s

of
th

e
eye

test
com

p
ared

to
state-of-th

e-art
algorith

m
s

for
a

m
u
lti-variate

cou
n
t

d
ata

set
th

at
in

v
olves

b
asketb

all
statistics.

2
.

Q
u
a
d
ra

tic
V

a
ria

n
ce

F
u
n
ctio

n
(Q

V
F

)
D

A
G

M
o
d
e
ls

a
n
d

Id
e
n
tifi

a
b
ility

A
D

A
G
G

=
(V
,E

)
con

sists
of

a
set

of
n
o
d
es
V

an
d

a
set

of
d
irected

ed
ges

E
∈
V
×
V

w
h
ere

each
e∈

E
is

an
ord

ered
p
air

of
d
istin

ct
n
o
d
es.

H
en

ce
ou

r
grap

h
s

are
sim

p
le,

i.e.,
th

ere
are

n
o

d
irected

cy
cles

or
m

u
ltip

le
ed

ges
b

etw
een

an
y

p
air

of
n
o
d
es.

A
d
irected

ed
ge

from
n
o
d
e

j
to
k

is
d
en

oted
b
y

(j,k
)

or
j→

k
.

T
h
e

set
of

pa
ren

ts
of

n
o
d
e
k

d
en

oted
b
y

p
a(k

)
con

sists
of

all
n
o
d
es
j

su
ch

th
at

(j,k
)∈

E
.

If
th

ere
is

a
d
irected

p
ath

j→
···→

k
,

th
en

k
is

called
a

d
escen

d
a
n

t
of
j

an
d
j

is
an

a
n

cesto
r

of
k
.

T
h
e

set
d
e(k

)
d
en

otes
th

e
set

of
all

d
escen

d
a
n
ts

of
n
o
d
e
k
.

T
h
e

n
o
n

-d
escen

d
a
n

ts
of

n
o
d
e
k

are
n
d
(k

)
:=

V
\

({
k}∪

d
e(k

)).
A

n
im

p
ortan

t
p
rop

erty
of

D
A

G
s

is
th

at
th

ere
ex

ists
an

(p
ossib

ly
n
on

-u
n
iq

u
e)

o
rd

erin
g
π
∗

of
a

d
irected

grap
h

th
at

rep
resen

ts
d
irection

s
of

ed
ges

su
ch

th
at

for
ev

ery
d
irected

ed
ge

(j,k
)
∈
E

,
j

com
es

b
efore

k
in

th
e

ord
erin

g.
W

ith
ou

t
loss

of
g
en

erality,
w

e
set

V
=
{
1,2,···

,p}
an

d
assu

m
e

th
e

tru
e

ord
erin

g
is
π
∗

=
(1,2

,···
,p

).

W
e

con
sid

er
a

set
of

ran
d
om

variab
les

X
:=

(X
j ),j∈

V
w

ith
p
rob

ab
ility

d
istrib

u
tion

P
tak

in
g

valu
es

in
p
rob

ab
ility

sp
ace
X
v

over
th

e
n
o
d
es

in
G

.
S
u
p
p

ose
th

at
a

ran
d
om

vector
X

h
as

join
t

p
rob

ab
ility

d
en

sity
fu

n
ction

f
G

(X
).

F
or

a
n
y

su
b
set

S
of
V

,
let

X
S

:=
{
X
s

:
s∈

S
⊂
V
}

an
d
X

(S
)

:=
×
j∈
S X

j .
F

or
j∈

V
,
f
j (X

j |
X
S

)
d
en

otes
th

e
con

d
ition

al
d
istrib

u
tion

of
a

ran
d
om

variab
le
X
v

given
a

ran
d
om

v
ector

X
S

.
T

h
en

,
a

p
rob

ab
ilistic

D
A

G
m

o
d
el

h
as

th
e

follow
in

g
factorization

(L
au

ritzen
,

1996):

f
G

(X
)

=
∏j∈
V

f
j (X

j |
X

p
a

(j) ),
(1)

w
h
ere

f
j (X

j
|
X

p
a

(j) )
refers

to
th

e
con

d
itio

n
al

d
istrib

u
tion

of
a

ran
d
om

variab
le
X
j

in
term

s
of

its
p
aren

ts
X

p
a

(j)
:=
{X

s
:
s∈

p
a(j)}.

A
core

con
cep

t
in

th
is

p
ap

er
is

id
en

tifi
a
bility

for
a

fam
ily

of
p
rob

ab
ility

d
istrib

u
tion

s
d
efi

n
ed

b
y

th
e

D
A

G
factorization

p
rov

id
ed

ab
ove.

In
tu

itively
id

en
tifi

ab
ility

ad
d
resses

th
e

q
u
estion

of
w

h
at

assu
m

p
tion

w
e

m
ake

on
th

e
con

d
itio

n
al

d
istrib

u
tion

s
f
j (X

j
|
X

p
a

(j) )
allow

s
u
s

to
u
n
iq

u
ely

d
eterm

in
e

th
e

stru
ctu

re
of

th
at

D
A

G
G

given
th

e
jo

in
t

P
D

F
f
G

(X
).

T
o

d
efi

n
e

id
en

tifi
ab

ility
p
recisely,

letP
d
en

ote
th

e
set

of
co

n
d
itio

n
a
l

d
istribu

tio
n

s
f
j (X

j |
X

p
a

(j) )
for

all
j∈

V
.

F
u
rth

er
for

a
grap

h
G

=
(V
,E

),
d
efi

n
e

th
e

class
of

jo
in

t
d
istribu

tio
n

s
w

ith
resp

ect
to

grap
h
G

an
d

class
of

d
istrib

u
tion

sP
b
y

F
(G

;P
)

:=
{
f
G

(X
)

=
∏j∈
V

f
j (X

j |
X

p
a

(j) )
;

w
h
ere

f
j (X

j |
X

p
a

(j) )∈
P
∀
j∈

V
}
.

N
ex

t
letG

p
d
en

ote
th

e
set

of
p
-n

o
d
e

d
irected

acy
clic

grap
h
s.

N
ow

w
e

d
efi

n
e

id
en

tifi
ab

ility
for

th
e

classP
over

th
e

sp
ace

of
D

A
G

sG
p .
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L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
is
p
e
r
si
o
n
S
c
o
r
in
g

D
e
fi

n
it

io
n

1
(I

d
e
n
ti

fi
a
b

il
it

y
)

A
cl

a
ss

o
f

co
n

d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

s
P

is
id

en
ti

fi
ab

le
o
ve

r
G p

if
G
6=
G
′

w
h
er

e
G
,G
′ ∈
G p

,
th

er
e

ex
is

ts
n

o
f G
∈
F

(G
;P

)
a
n

d
f G
′
∈
F

(G
′ ;
P

)
su

ch
th

a
t

f G
=
f G
′ .

P
ri

or
w

or
k

h
as

ad
d
re

ss
ed

th
e

q
u
es

ti
on

of
id

en
ti

fi
ab

il
it

y
fo

r
d
iff

er
en

t
cl

as
se

s
of
P

.
F

or
ex

am
p
le

IC
A

-b
as

ed
m

et
h
o
d
s

m
ak

e
th

e
as

su
m

p
ti

on
th

at
P

ar
e

in
d
ep

en
d
en

t
er

ro
r

w
it

h
n
on

-
G

au
ss

ia
n

co
m

p
on

en
ts

(S
h
im

iz
u

et
al

.,
20

06
)

an
d

p
ro

ve
th

at
th

is
cl

as
s

is
id

en
ti

fi
ab

le
as

w
el

l
as
P

co
rr

es
p

on
d
in

g
to

a
n
on

-p
ar

am
et

ri
c

m
o
d
el

w
it

h
ad

d
it

iv
e

in
d
ep

en
d
en

t
n
o
is

e
(P

et
er

s
an

d
B

ü
h
lm

an
n
,

20
13

),
P

re
p
re

se
n
ts

st
ru

ct
u
ra

l
li
n
ea

r
eq

u
at

io
n

m
o
d
el

s
w

it
h

G
au

ss
ia

n
er

ro
rs

w
it

h
eq

u
al

or
k
n
ow

n
va

ri
an

ce
s

(P
et

er
s

et
al

.,
20

12
).

O
n

th
e

ot
h
er

h
an

d
,

if
P

re
p
re

se
n
ts

st
ru

ct
u
ra

l
li
n
ea

r
eq

u
at

io
n

m
o
d
el

s
w

it
h

G
au

ss
ia

n
er

ro
rs

w
it

h
ge

n
er

al
va

ri
an

ce
is

n
o
t

id
en

ti
fi
ab

le
an

d
on

ly
th

e
M

ar
ko

v
eq

u
iv

al
en

ce
cl

as
s

of
D

A
G

m
o
d
el

s
is

id
en

ti
fi
ab

le
(H

ec
ke

rm
an

et
al

.,
19

95
).

T
h
e

m
ai

n
re

su
lt

s
of

ou
r

p
ap

er
gi

ve
an

ot
h
er

cl
as

s
of

id
en

ti
fi
ab

le
gr

ap
h
ic

al
m

o
d
el

s.
In

ou
r

se
tt

in
g,
P

is
a

se
tt

in
g

w
h
er

e
th

e
va

ri
an

ce
is

a
li
n
ea

r
fu

n
ct

io
n

of
th

e
m

ea
n

so
w

e
d
ea

l
w

it
h

si
gn

al
-d

ep
en

d
en

t
n
oi

se
or

va
ri

an
ce

,
an

d
m

or
e

im
p

or
ta

n
tl

y
is

ap
p
li
ca

b
le

fo
r

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s.

W
e

d
efi

n
e
P

m
or

e
p
re

ci
se

ly
in

th
e

n
ex

t
se

ct
io

n
.

2
.1

Q
u

a
d

ra
ti

c
V

a
ri

a
n

c
e

F
u

n
c
ti

o
n

(Q
V

F
)

D
A

G
M

o
d

e
ls

N
ow

w
e

d
efi

n
e

q
u
ad

ra
ti

c
va

ri
an

ce
fu

n
ct

io
n

(Q
V

F
)

D
A

G
m

o
d
el

s.
F

or
Q

V
F

D
A

G
m

o
d
el

s
ea

ch
n
o
d
e

h
as

a
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
P

gi
ve

n
it

s
p
ar

en
ts

w
it

h
th

e
p
ro

p
er

ty
th

a
t

th
e

va
ri

an
ce

is
a

q
u
ad

ra
ti

c
fu

n
ct

io
n

of
th

e
m

ea
n
.

M
or

e
p
re

ci
se

ly
,

D
e
fi

n
it

io
n

2
(Q

V
F

D
A

G
m

o
d

e
ls

)
Q

u
a
d
ra

ti
c

va
ri

a
n

ce
fu

n
ct

io
n

(Q
V

F
)

D
A

G
m

od
el

s
a
re

D
A

G
m

od
el

s
w

h
er

e
co

n
d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

o
f

ea
ch

n
od

e
gi

ve
n

it
s

pa
re

n
ts

sa
ti

sfi
es

th
e

q
u
ad

ra
ti

c
va

ri
an

ce
fu

n
ct

io
n

p
ro

p
er

ty
:

fo
r

a
ll
j
∈
V

,
th

er
e

ex
is

t
β
j0
,β
j1
∈
R

su
ch

th
a
t

V
a
r(
X
j
|X

pa
(j

))
=
β
j0
E(
X
j
|X

pa
(j

))
+
β
j1
E(
X
j
|X

pa
(j

))
2
.

(2
)

T
o

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
q
u
ad

ra
ti

c
va

ri
an

ce
fu

n
ct

io
n

(Q
V

F
)

p
ro

b
ab

il
it

y
d
is

tr
ib

u
-

ti
on

s
w

er
e

fi
rs

t
in

tr
o
d
u
ce

d
in

th
e

co
n
te

x
t

of
n
a
tu

ra
l

p
ar

am
et

er
ex

p
on

en
ti

al
fa

m
il
ie

s
(N

E
F

)
(M

or
ri

s,
19

82
)

w
h
ic

h
in

cl
u
d
e

P
oi

ss
on

,
B

in
om

ia
l,

N
eg

at
iv

e
B

in
om

ia
l

an
d

G
am

m
a

d
is

tr
ib

u
-

ti
on

s.
In

th
e

d
ir

ec
te

d
gr

ap
h
ic

al
m

o
d
el

fr
am

ew
or

k
,

ea
ch

n
o
d
e

d
is

tr
ib

u
ti

on
is

in
fl
u
en

ce
d

b
y

it
s

p
ar

en
ts

.
H

en
ce

fo
r

n
at

u
ra

l
ex

p
on

en
ti

al
fa

m
il
ie

s
w

it
h

q
u
ad

ra
ti

c
va

ri
an

ce
fu

n
ct

io
n
s

(N
E

F
-Q

V
F

),
w

e
p
ro

v
id

e
an

ex
p
li
ci

t
fo

rm
of

jo
in

t
d
is

tr
ib

u
ti

on
s

fo
r

D
A

G
m

o
d
el

s.
F

or
N
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d
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p
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∑
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k
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∑
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p
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d
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b
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∈
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p
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d
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d
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∑
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k
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−
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∑
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p
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(·)

),
a
n
d

B
j
(·)

=
−
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d
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p
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d
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d
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d
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d
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d
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p
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d
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d
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p
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at
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p
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p
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p
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d
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p
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p
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d
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P
o
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e
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P
o
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∼
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b
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∪
{0
}
→

R
+

.
O

u
r

go
al

is
to

d
et

er
m

in
e

w
h
et

h
er

th
e

u
n
d
er

ly
in

g
D

A
G

m
o
d
el

is
M

1
,M

2
or
M

3
.

W
e

ex
p
lo

it
th
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=
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h
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d
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d
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d
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>
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is
m

or
e

p
re

ci
se

ly
in

S
ec

ti
on

s
3

a
n
d

3
.2

.

F
or

ge
n
er

al
Q

V
F

D
A

G
m

o
d
el

s,
th

e
va

ri
an

ce
fo

r
ea

ch
n
o
d
e

d
is

tr
ib

u
ti

on
is

n
o
t

n
ec

es
-

sa
ri

ly
eq

u
al

to
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p
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b
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d
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d
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p
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=
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b
les

u
s

to
u
se

th
e

n
otion

of
o
verd

ispersio
n

for
recov

erin
g

Q
V

F
D

A
G

m
o
d
els.

W
e

p
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p
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d
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o
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ra
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o
m
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G
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cien
ts

(β
j0 ,β

j1 )
pj=

1
specifi

ed
in

E
qu

a
tio

n
(2).

T
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=
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=
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p
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=
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d
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n
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d
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con
d
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∈
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∅
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⊂
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con
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d
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p
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p
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=
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d
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e
n

eigh
bo

rh
ood

for
a

n
o
d
e
j

refers
to

th
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E
m}

.

O
u
r

gen
eralized

O
D

S
algorith

m
(A

lgorith
m

1)
h
as

th
ree

m
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p
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p
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h
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m
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d
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p
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h
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1

(X
(i

)
S

=
x
S

)
fo

r
x
S
∈
X

(S
)

to
d
en

ot
e

th
e

co
n
d
it

io
n
al

sa
m

p
le

si
ze

,
an

d
n
S

:=
∑

x
S
n

(x
S

)1
(n

(x
S

)
≥

c 0
·n

)
fo

r
an

ar
b
it

ra
ry
c 0
∈

(0
,1

)
to

d
en

ot
e

a
tr

u
n
ca

te
d

co
n
d
it

io
n
al

sa
m

p
le

si
ze

.
W

e
d
is

cu
ss

th
e

ch
oi

ce
of
c 0

sh
or

tl
y.

M
or

e
p
re

ci
se

ly
th

e
ov

er
d
is

p
er

si
o
n

sc
or

es
in

S
te

p
2)

o
f

A
lg

or
it

h
m

1
in

vo
lv

es
th

e
fo

ll
ow

in
g

eq
u
at

io
n
s:

Ŝ(
1,
j)

:=
ω̂

2 j
·V̂

ar
(X

j
)
−
ω̂
j
·Ê

(X
j
)

w
h
er

e
ω̂
j

:=
(β

1
0

+
β

1
1
Ê(
X
j
))
−

1
,

(4
)

Ŝ(
m
,j

)
:=

∑

x
∈X

Ĉ
m
j

n
(x

)

n
Ĉ
m
j

[ ω̂
m
j
(x

)2
V̂

ar
(X

j
|X

Ĉ
m
j

=
x

)
−
ω̂
m
j
(x

)Ê
(X

j
|X

Ĉ
m
j

=
x

)] (5
)

w
h
er

e
ω̂
m
j
(x

)
:=

(β
j0

+
β
j1
Ê(
X
j
|X

Ĉ
m
j

=
x

))
−

1
.
Ĉ
m
j

is
th

e
es

ti
m

at
ed

ca
n
d
id

a
te

p
a
re

n
ts

se
t

of
n
o
d
e
j

fo
r

th
e
m
th

el
em

en
t

of
th

e
or

d
er

in
g

an
d
X Ĉ

m
j

:=
{x

Ĉ
m
j
∈
X

(Ĉ
m
j
)

:
n

(x
Ĉ
m
j
)
≥

c 0
·n
}

to
en

su
re

w
e

h
av

e
en

ou
gh

sa
m

p
le

s
fo

r
ea

ch
el

em
en

t
of

an
ov

er
d
is

p
er

si
o
n

sc
o
re

.
c 0

is
a

tu
n
in

g
p
ar

am
et

er
of

ou
r

al
go

ri
th

m
th

at
w

e
sp

ec
if

y
in

T
h
eo

re
m

14
an

d
ou

r
n
u
m

er
ic

a
l

ex
-

p
er

im
en

ts
.
ω̂
m
j
(x

)
is

an
em

p
ir

ic
al

ve
rs

io
n

of
th

e
tr

an
sf

or
m

at
io

n
in

P
ro

p
os

it
io

n
3

a
ss

u
m

in
g

Ĉ
m
j

is
th

e
p
ar

en
ts

of
a

n
o
d
e
j.

S
in

ce
th

er
e

ar
e

m
an

y
co

n
d
it

io
n
a
l

d
is

tr
ib

u
ti

on
s,

o
u
r

ov
er

d
is

-
p

er
si

on
sc

or
e

is
th

e
w

ei
gh

te
d

av
er

ag
e

of
d
iff

er
en

ce
s

b
et

w
ee

n
co

n
d
it

io
n
al

sa
m

p
le

m
ea

n
s

a
n
d

va
ri

an
ce

s
af

te
r

th
e

es
ti

m
at

ed
tr

an
sf

or
m

at
io

n
ω̂
m
j
(x

).
T

h
en

,
th

e
sc

or
e

is
a

m
ea

su
re

o
f

th
e

le
ve

l
of

ov
er

d
is

p
er

si
on

.
A

s
d
em

on
st

ra
te

d
in

S
ec

ti
on

2.
2,

th
e

co
rr

ec
t

el
em

en
ts

o
f

a
n

o
rd

er
in

g
ac

h
ie

ve
ze

ro
ov

er
d
is

p
er

si
on

sc
or

e,
ot

h
er

w
is

e
p

os
it

iv
e

in
p

op
u
la

ti
on

.

F
in

d
in

g
th

e
se

t
of

p
ar

en
ts

of
a

n
o
d
e
j

b
oi

ls
d
ow

n
to

se
le

ct
in

g
th

e
p
ar

en
ts

o
u
t

o
f

a
ll

el
em

en
ts

b
ef

or
e

a
n
o
d
e
j

in
th

e
or

d
er

in
g.

H
en

ce
gi

ve
n

th
e

es
ti

m
at

ed
or

d
er

in
g

fr
o
m

S
te

p
2
),
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L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
isp

e
r
sio

n
S
c
o
r
in
g

S
tep

3
)

ca
n

b
e

red
u
ced

to
p

n
eigh

b
orh

o
o
d

selection
p
rob

lem
s

w
h
ich

can
b

e
p

erform
ed

u
sin

g
`
1 -p

en
a
lized

likelih
o
o
d

regression
for

G
L

M
s

(F
ried

m
an

et
al.,

2009)
as

w
ell

as
stan

d
ard

D
A

G
learn

in
g

algorith
m

s
su

ch
as

th
e

P
C

(S
p
irtes

et
al.,

2000
),

G
E

S
(C

h
ickerin

g
,

2003
),

a
n
d

M
M

H
C

a
lg

orith
m

s
(T

sam
ard

in
os

an
d

A
liferis,

2003).

3
.1

C
o
m

p
u

ta
tio

n
a
l

C
o
m

p
le

x
ity

F
o
r

S
tep

s
1)

a
n
d

3)
of

th
e

gen
eralized

O
D

S
algorith

m
,

w
e

u
se

off
-th

e-sh
elf

algo
rith

m
s

an
d

th
e

co
m

p
u
ta

tio
n
al

com
p
lex

ity
d
ep

en
d
s

on
th

e
ch

oice
o
f

algorith
m

.
F

or
ex

am
p
le,

if
w

e
u
se

th
e

n
eigh

b
orh

o
o
d

selection
`
1 -p

en
alized

likelih
o
o
d

regression
for

G
L

M
s

(F
ried

m
an

et
al.,

2
0
0
9
)

a
s

is
u
sed

in
Y

an
g

et
al.

(2012),
th

e
w

orst-case
co

m
p
lex

ity
is
O

(m
in

(n
,p

)n
p
)

for
a

sin
g
le
`
1 -p

en
a
lized

likelih
o
o
d

regression
,

b
u
t

sin
ce

th
ere

are
p

n
o
d
es,

th
e

total
w

orst-case
co

m
p
lex

ity
is
O

(m
in

(n
,p

)n
p

2).
S
im

ilarly,
if

w
e

u
se
`
1 -p

en
alized

likelih
o
o
d

regressio
n

for
S
tep

3
)

th
e

w
o
rst-case

com
p
lex

ity
is

also
O

(m
in

(n
,p

)n
p

2)
b
u
t

m
ay

b
e

less
if

th
e

d
eg

ree
d

of
th

e
m

o
ra

lized
g
rap

h
is

sm
all.

F
o
r

S
tep

2
)

w
h
ere

w
e

estim
ate

th
e

ord
erin

g,
th

ere
are

(p−
1)

iteration
s

an
d

each
iteration

h
a
s

a
n
u
m

b
er

o
f

ov
erd

isp
ersion

scoresŜ
(m
,j)

to
b

e
com

p
u
ted

w
h
ich

is
b

ou
n
d
ed

b
y
O

(p
).

H
en

ce
th

e
to

ta
l

n
u
m

b
er

of
overd

isp
ersion

scores
th

at
n
eed

to
b

e
com

p
u
ted

is
O

(p
2).

S
in

ce
th

e
tim

e
fo

r
ca

lcu
latin

g
each

overd
isp

ersion
score

is
p
rop

ortio
n
al

to
th

e
sam

p
le

size
n

,
th

e
co

m
p
lex

ity
is
O

(n
p

2).
H

en
ce,

S
tep

1)
is

th
e

m
ain

com
p
u
tation

al
b

ottlen
eck

of
th

e
gen

eralized
O

D
S

algorith
m

.
T

h
e

a
d
d
itio

n
o
f

S
tep

2)
w

h
ich

estim
ates

th
e

ord
erin

g
d
o
es

n
ot

sign
ifi

can
tly

ad
d

to
th

e
co

m
p
u
ta

tio
n
a
l

b
ottlen

eck
.

C
on

seq
u
en

tly,
th

e
gen

eralized
O

D
S

algorith
m

,
w

h
ich

is
d
esign

ed
fo

r
lea

rn
in

g
D

A
G

s
is

alm
ost

as
com

p
u
tation

ally
effi

cien
t

as
stan

d
ard

m
eth

o
d
s

for
learn

in
g

u
n
d
irected

g
ra

p
h
ical

m
o
d
els.

A
s

w
e

sh
ow

in
n
u
m

erical
ex

p
erim

en
ts,

th
e

O
D

S
algorith

m
u
sin

g
`
1 -p

en
a
lized

lik
elih

o
o
d

regression
for

G
L

M
s

in
b

oth
S
tep

s
1)

an
d

3)
is

faster
th

an
th

e
sta

te-o
f-th

e-a
rt

G
E

S
algorith

m
.

3
.2

S
ta

tistic
a
l

G
u

a
ra

n
te

e
s

In
th

is
sectio

n
,

w
e

p
rov

id
e

th
eoretica

l
gu

a
ran

tees
for

ou
r

gen
eralized

O
D

S
algorith

m
.

W
e

p
rov

id
e

sa
m

p
le

com
p
lex

ity
gu

aran
tees

for
th

e
algorith

m
in

th
e

h
igh

-d
im

en
sion

al
settin

g
in

th
ree

step
s,

b
y

p
rov

in
g

con
sisten

cy
of

S
tep

s
1),

2)
an

d
3)

in
S
ection

s
3.2.1,

3
.2.2

a
n
d

3
.2.3,

resp
ectively.

A
ll

th
ree

m
ain

resu
lts

are
ex

p
ressed

in
term

s
of

th
e

trip
le

(n
,p
,d

).
A

lth
ou

g
h

a
n
y

off
-th

e-sh
elf

algorith
m

s
can

b
e

u
sed

in
S
tep

s
1)

an
d

3),
ou

r
th

eoretical
g
u
a
ra

n
tees

fo
cu

s
on

th
e

case
w

h
en

w
e

u
se

th
e

R
p
ackage

glm
n
et

(F
ried

m
a
n

et
al.,

2009)
for

n
eig

h
b

o
rh

o
o
d

selection
.

W
e

fo
cu

s
on

glm
n
et

sin
ce

th
ere

ex
ist

p
rovab

le
th

eoretical
gu

aran
tees

fo
r

n
eig

h
b

o
rh

o
o
d

selection
for

grap
h
ical

m
o
d
el

learn
in

g
in

th
e

h
igh

-d
im

en
sion

al
settin

g
(see

e.g
.,

Y
a
n
g

et
a
l.

2012;
R

av
ik

u
m

ar
et

al.
2010)

an
d

p
erform

s
w

ell
in

ou
r

sim
u
lation

stu
d
y.

T
h
e

g
lm

n
et

p
a
ckage

in
volves

m
in

im
izin

g
th

e
`
1 -p

en
alized

gen
eralized

lin
ear

m
o
d
el

loss.
W

ith
o
u
t

lo
ss

of
gen

erality,
assu

m
e

th
at

(1,2,···
,p

)
is

th
e

tru
e

ord
erin

g
an

d
for

ease
of

n
o
ta

tio
n

let
[·]k

an
d

[·]S
d
en

otes
p
aram

eter(s)
corresp

on
d
in

g
to

th
e

variab
le
X
k

an
d

ra
n
d
om

vecto
r
X
S

,
resp

ectively.
S
u
p
p

ose
th

at
θ ∗D

j ∈
Θ
D
j

d
en

otes
th

e
so

lu
tion

of
th

e
follow

in
g

G
L

M

p
ro

b
lem

w
h
ere

Θ
D
j

:=
{θ
∈
R
p

:
[θ]k

=
0

for
k
/∈

p
a(j)}

.

θ ∗D
j

:=
a
rg

m
in

θ∈
Θ
D
j E
(−
X
j ([θ]j

+
〈[θ]p

a
(j) ,X

p
a

(j) 〉)
+
A
j ([θ]j

+
〈[θ]p

a
(j) ,X

p
a

(j) 〉) )
,

(6)
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

w
h
ere

A
j (·)

is
th

e
log-p

artition
fu

n
ction

d
eterm

in
ed

b
y

th
e

G
L

M
fam

ily
(3),

an
d
〈·,·〉

rep
resen

ts
th

e
in

n
er

p
ro

d
u
ct.

In
th

e
sp

ecial
case

w
h
ere

X
j

h
as

an
N

E
F

-Q
V

F
d
istrib

u
tion

(3)
w

ith
log-p

artition
fu

n
ction

A
j (·),

θ ∗D
j

corresp
on

d
s

ex
actly

to
th

e
set

of
tru

e
p
aram

eters,
th

at

is
θ ∗jk

is
th

e
co

effi
cien

t
k
∈

p
a(j)

w
h
ich

rep
resen

ts
th

e
in

fl
u
en

ce
of

n
o
d
e
k

on
n
o
d
e
j.

H
ow

ever
ou

r
resu

lts
ap

p
ly

m
ore

gen
erally

an
d

w
e

d
o

n
ot

req
u
ire

th
at
X
j

b
elon

gs
to

an
N

E
F

-Q
V

F
D

A
G

m
o
d
el.

S
im

ilar
d
efi

n
ition

s
are

req
u
ired

for
p
aram

eters
asso

ciated
w

ith
th

e
m

oralized
grap

h
G
m

.
D

efi
n
e
θ ∗M

j
∈

Θ
M
j

as
th

e
solu

tion
of

th
e

follow
in

g
G

L
M

p
rob

lem
for

a
n
o
d
e
j

over
its

n
eigh

b
ors

w
h
ere

Θ
M
j

:=
{θ
∈
R
p

:
[θ]k

=
0

for
k
/∈
N

(j)}
.

θ ∗M
j

:=
arg

m
in

θ∈
Θ
M
j E
(−
X
j ([θ]j

+
〈[θ]N

(j) ,X
N

(j) 〉)
+
A
j ([θ]j

+
〈[θ]N

(j) ,X
N

(j) 〉) )
.

(7)

W
e

im
p

ose
th

e
follow

in
g

id
en

tifi
ab

ility
assu

m
p
tion

s
on

θ ∗D
j

an
d
θ ∗M

j
for

en
su

rin
g

each
p
aren

ts
an

d
each

n
eigh

b
or

h
as

n
on

-zero
in

fl
u
en

ce
o
n

a
n
o
d
e
j,

resp
ectively.

A
ssu

m
p

tio
n

6
(a

)
F

o
r

a
n

y
n

od
e
j∈

V
a
n

d
k
∈

pa
(j),

C
o
v(X

j ,X
k )6=

C
o
v(X

k ,5
A
j ([θ ∗D

j ]j
+
〈[θ ∗D

j ]pa
(j)\

k ,X
pa

(j)\
j 〉)).

(b)
F

o
r

a
n

y
n

od
e
j∈

V
a
n

d
k
∈
N

(j),

C
o
v(X

j ,X
k )6=

C
o
v(X

k ,5
A
j ([θ ∗M

j ]j
+
〈[θ ∗M

j ]N
(j)\

k ,X
N

(j)\
j 〉)).

A
ssu

m
p
tion

6
can

b
e

u
n
d
ersto

o
d

as
a

n
otion

of
restricted

faith
fu

ln
ess

on
ly

for
n
eigh

b
ors

an
d

p
aren

ts
for

each
n
o
d
e.

T
o

p
rov

id
e

in
tu

ition
co

n
sid

er
th

e
sp

ecial
case

of
G

au
ssian

D
A

G
m

o
d
els.

T
h
e

log-p
artition

fu
n
ction

is
A
j (η

)
=

η
22
,

so
th

at
5
A
j (η

)
=

η
.

T
h
en

,
th

e
con

d
ition

b
oils

d
ow

n
to

C
ov

(X
j ,X

k )
6=
∑

m
∈
p
a

(j)\
k [θ ∗D

j ]m
C

ov
(X

k ,X
m

),
m

ean
in

g
th

e
d
irected

p
ath

from
X
k

to
X
j

d
o
es

n
ot

ex
actly

can
cel

th
e

su
m

of
p
ath

s
from

oth
er

p
aren

ts
of
X
k .

F
or

gen
eral

ex
p

on
en

tial
fam

ilies,
th

e
righ

t-h
an

d
sid

e
in

volves
n
on

-lin
ear

fu
n
ction

s
of

th
e

variab
les

of
X

corresp
on

d
in

g
to

sets
of

m
easu

re
0.

U
n
d
er

A
ssu

m
p
tion

6,
th

e
follow

in
g

resu
lt

h
old

s.

L
e
m

m
a

7
(a

)
U

n
d
er

A
ssu

m
p
tio

n
6
(a

),
fo

r
a
ll

1
≤
j≤

p
,

su
p
p
(θ ∗D

j )
=

pa
(j).

(b)
U

n
d
er

A
ssu

m
p
tio

n
6
(b),

fo
r

a
ll

1
≤
j≤

p
,

su
p
p
(θ ∗M

j )
=
N

(j).

U
sin

g
th

e
p
aram

eters
(θ ∗M

j )
pj=

1
an

d
(θ ∗D

j )
pj=

1
an
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eir
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con
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R
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l
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e
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=
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b
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p
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c
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p
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m
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m
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m
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.
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m
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p
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p
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∈
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t.
In

ad
d
it

io
n
,

th
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p
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p
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P
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p
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h
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n
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p
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b
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b
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d
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b
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p
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p
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d
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d
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p
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d
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d
ar

d
er

ro
r

of
th

e
m

in
im

u
m

m
ea

n
sq

u
ar

ed
of

er
ro

r
b

ec
au

se
w

e
p
re

fe
r

a
sp

a
rs

e
gr

ap
h

co
n
ta

in
in

g
on

ly
le

gi
ti

m
at

e
ed

ge
s.

F
ig

u
re

9
(l

ef
t)

sh
ow

s
th

e
d
ir

ec
te

d
g
ra

p
h

es
ti

m
at

ed
b
y

ou
r

m
et

h
o
d
.

T
h
e

es
ti

m
a
te

d
gr

ap
h

re
ve

al
s

cl
ea

r
ca

u
sa

l/
d
ir

ec
ti

on
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b
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b
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b
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b
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p
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d
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n
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d
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r
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d
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h
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→
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h
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b
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w
e

ch
o
se

a
la

rg
er

tu
n
in

g
p
aram

eter
w

h
ere

m
ean

sq
u
ared

of
error

is
w

ith
in

2.5
stan

d
ard

error
o
f

th
e

m
in

im
u
m

m
ean

sq
u
ared

of
error.

F
ig

u
re

9
(righ

t)
sh

ow
s

th
e

estim
ated

d
irected

grap
h

u
sin

g
large

tu
n
in

g
p
aram

eters.
C

o
m

p
a
red

to
F

igu
re

9
(left),

th
e

estim
ated

D
A

G
h
a
s

few
er

ed
g
es

as
ex

p
ected

.
S
p

ecifi
cally,

th
e

estim
a
ted

D
A

G
in

F
igu

re
9

(righ
t)

ex
clu

d
es

u
n
realistic

ed
ges

(E
lim

in
ated

E
d
ges

1
in

T
a
b
le.

2
).

H
ow

ever
th

e
estim

ated
D

A
G

also
loses

a
legitim

ate
ed

ge
(E

lim
in

ated
E

d
g
e

2
in

T
a
b
le.

2
)

b
eca

u
se

C
an

d
P

F
h
av

e
few

er
n
u
m

b
er

of
th

ree
p

oin
ts

m
ad

e.
L

astly,
th

e
estim

ated
D

A
G

in
clu

d
es

ex
p
lain

ab
le

ad
d
ition

al
ed

ge
(A

d
d
ed

E
d
ge

in
T

ab
le.

2)
b

ecau
se

S
tep

1)
of

th
e

O
D

S
a
lg

orith
m

red
u
ces

th
e

search
-sp

ace
of

D
A

G
s

w
ell,

an
d

im
p
rov

es
th

e
accu

racy
of

th
e

g
ra

p
h

stru
ctu

re
learn

in
g.

W
e

a
ck

n
ow

led
ge

th
at

ou
r

estim
ated

D
A

G
m

o
d
el

m
akes

m
an

y
errors

d
u
e

to
th

e
restric-

tive
a
ssu

m
p
tio

n
.

H
ow

ever
th

e
b

en
efi

t
is

b
est

seen
b
y

com
p
arin

g
to

oth
er

D
A

G
learn

in
g

a
p
p
ro

a
ch

es
a
n
d

an
u
n
d
irected

grap
h
ical

m
o
d
el.

In
p
articu

lar,
w

e
ap

p
lied

P
oisson

u
n
d
i-

rected
g
ra

p
h
ica

l
m

o
d
els

(Y
an

g
et

al.,
2013)

w
h
ich

is
th

e
sam

e
p
ro

ced
u
re

o
f

S
tep

1)
o
f

ou
r

a
lg

o
rith

m
.

T
h
e

estim
ated

u
n
d
irected

gra
p
h

in
F

igu
re

10
(left)

sh
ow

s
th

at
a

lot
of

n
o
d
es

are
co

n
n
ected

b
y

ed
ges,

an
d

m
an

y
ed

ges
are

n
ot

ex
p
lain

ab
le

b
ecau

se
th

e
P

oisson
u
n
d
irected

g
ra

p
h
ical

m
o
d
el

on
ly

p
erm

its
n
egative

con
d
ition

al
relation

sh
ip

s
w

h
ile

all
18

varia
b
les

are
p

o
sitively

co
rrelated

.
H

en
ce

it
is

n
ot

u
sefu

l
to

u
n
d
erstan

d
th

e
relation

sh
ip

s
b

etw
een

N
B

A
sta

tistics.
W

e
p
rov

id
e

th
e

estim
ated

u
n
d
irected

grap
h

w
ith

larger
tu

n
in

g
p
aram

eter
w

h
ere

m
ean

sq
u
a
red

o
f

error
is

w
ith

in
2.5

stan
d
a
rd

error
of

th
e

m
in

im
u
m

m
ean

sq
u
ared

of
error.

W
e

a
lso

com
p
are

to
th

e
G

E
S

an
d

M
M

H
C

algorith
m

s.
In

p
articu

lar,
th

e
estim

ated
g
ra

p
h
s

in
F

igu
re

10
(righ

t)
are

th
e

sam
e

an
d

b
oth

algo
rith

m
s

u
se

th
e

B
ayesian

D
irich

let
sco

re
fo

r
co

u
n
t

d
ata

w
h
ich

p
refers

a
sp

arse
grap

h
w

h
en

th
e

p
ositiv

ity
assu

m
p
tion

is
v
iolated

(i.e.,
P̂

(X
j

=
x
j |

p
a(X

j ))≈
0).

S
in

ce
all

statistics
h
ave

h
igh

card
in

ality,
w

h
ich

m
ean

s
each

varia
b
le

h
a
s

a
lm

ost
n
o

rep
eats

in
its

d
ata

ran
ge,

th
e

p
ositiv

ity
assu

m
p
tio

n
is

n
ot

satisfi
ed

.
H

en
ce

th
e

estim
ated

d
irected

grap
h
s

are
ex

trem
ely

sp
arse

w
h
ich

h
ave

a
sin

g
le

d
irected

ed
ge

b
etw

een
tech

n
ical

fou
ls

an
d

d
isq

u
alifi

cation
.

S
in

ce
o
u
r

m
eth

o
d

is
th

e
fi
rst

id
en

tifi
ab

ility
resu

lt
for

th
e

cou
n
t

d
ata

to
th

e
b

est
o
f

ou
r

k
n
ow

led
g
e,

ou
r

m
eth

o
d

m
ore

reliab
ly

recovers
th

e
d
irection

al/cau
sal

relation
sh

ip
s

b
etw

een

23
JM

L
R

 18(224):1-44, 2018

P
a
r
k

a
n
d

R
a
sk

u
t
t
i

F
igu

re
9:

N
B

A
p
layers

statistics
d
irected

gra
p
h

estim
ated

b
y

th
e

O
D

S
algorith

m
for

P
oisson

D
A

G
m

o
d
els

u
sin

g
`
1 -p

en
alized

likelih
o
o
d

regression
in

S
tep

s
1)

an
d

3)
w

ith
sm

all
tu

n
in

g
p
aram

eters
(left)

an
d

large
tu

n
in

g
p
aram

eters
(righ

t).

F
igu

re
10:

N
B

A
p
layers

statistics
u
n
d
irected

grap
h

estim
ated

b
y
`
1 -p

en
alized

likelih
o
o
d

regression
(left)

an
d

d
irected

acy
clic

grap
h

estim
ated

b
y

G
E

S
an

d
M

M
H

C
algo-

rith
m

s
(righ

t).

N
B

A
statistics.

H
ow

ever
w

e
ack

n
ow

led
ge

th
at

like
m

ost
oth

er
D

A
G

-learn
in

g
ap

p
roach

es,
very

stron
g

assu
m

p
tion

s
are

req
u
ired

fore
reliab

le
recovery.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

w
ou

ld
like

to
ack

n
ow

led
ge

su
p
p

ort
for

th
is

p
ro

ject
from

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

(N
S
F

D
M

S
-1407028).

2
4

JM
L

R
 18(224):1-44, 2018



L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
is
p
e
r
si
o
n
S
c
o
r
in
g

A
p
p

e
n
d
ix

A
.

P
ro

o
f

fo
r

T
h
e
o
re

m
5

P
ro

o
f

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

e
or

d
er

in
g

is
π
∗

=
(1
,2
,·
··
,p

).
F

o
r

n
ot

a-
ti

on
al

co
n
ve

n
ie

n
ce

,
w

e
d
efi

n
e
X

1
:j

=
{X

1
,X

2
,·
··
,X

j
}a

n
d
X

1
:0

=
∅.

F
or
m
∈
{1
,2
,.
..
,p
−

1}
an

d
j
∈
{m

,m
+

1
,·
··
,p
},

le
t
ω
jm

=
(β

0
+
β

1
E(
X
j
|X

1
:m
−

1
))
−

1
an

d
ω
j1

=
(β

0
+
β

1
E(
X
j
))
−

1
.

R
ec

al
l
th

at
th

e
ov

er
d
is

p
er

si
on

sc
or

e
of

n
o
d
e
j

fo
r
m
th

el
em

en
t

of
th

e
or

d
er

in
g

is
E

q
u
at

io
n

(5
):

S(
m
,j

)
=
ω

2 jm
V

ar
(X

j
|X

1
:m
−

1
)
−
ω
jm

E(
X
j
|X

1
:m
−

1
).

W
e

n
ow

p
ro

ve
id

en
ti

fi
ab

il
it

y
of

ou
r

cl
as

s
of

D
A

G
m

o
d
el

s
b
y

in
d
u
ct

io
n
.

F
or

th
e

fi
rs

t
el

em
en

t
of

th
e

or
d
er

in
g

(m
=

1)
,

S(
1,
j)

=
ω

2 j1
V

ar
(X

j
)
−
ω
j1
E(
X
j
)

(a
)

=
ω

2 j1

{ V
ar

(E
(X

j
|X

p
a(
j)

))
+

E(
V

ar
(X

j
|X

p
a(
j)

))
−
ω
−

1
j1

E(
X
j
)}

(b
)

=
ω

2 j1

{ V
ar

(E
(X

j
|X

p
a
(j

))
)

+
E(
β

0
E(
X
j
|X

p
a

(j
))

+
β

1
E(
X
j
|X

p
a(
j)

)2
)

−
(β

0
+
β

1
E(
X
j
))
E(
X
j
)}

=
ω

2 j1

{ V
ar

(E
(X

j
|X

p
a
(j

))
)

+
β

1
E(

E(
X
j
|X

p
a(
j)

)2
)
−
β

1
E(
X
j
)2
}

=
ω

2 j1
(1

+
β

1
)V

ar
(E

(X
j
|X

p
a
(j

))
).

(a
)

fo
ll
ow

s
fr

om
th

e
va

ri
an

ce
d
ec

om
p

os
it

io
n

fo
rm

u
la

V
ar

(Y
)

=
E(

V
ar

(Y
|X

))
+

V
ar

(E
(Y
|

X
))

fo
r

so
m

e
ra

n
d
om

va
ri

ab
le

s
X

an
d
Y

.
In

ad
d
it

io
n

(b
)

fo
ll
ow

s
fr

om
th

e
q
u
ad

ra
ti

c
va

ri
a
n
ce

p
ro

p
er

ty
(2

)
of

ou
r

cl
as

s
of

d
is

tr
ib

u
ti

on
s

an
d

th
e

d
efi

n
it

io
n

of
ω
j1

.
N

ot
e

th
at

th
e

sc
or

e
of

th
e

fi
rs

t
el

em
en

t
of

th
e

or
d
er

in
g

is
S(

1,
1)

=
0

b
ec

au
se

V
ar

(E
(X

1
))

=
0,

an
d

ot
h
er

sc
or

es
ar

e
st

ri
ct

ly
p

os
it

iv
e
S(
j,

1)
>

0
b
y

th
e

a
ss

u
m

p
ti

on
β

1
>
−

1
.

T
h
er

ef
o
re

1
is

th
e

fi
rs

t
el

em
en

t
of

th
e

or
d
er

in
g.

F
or

th
e

(m
−

1)
th

el
em

en
t

of
th

e
or

d
er

in
g,

as
su

m
e

th
at

th
e

fi
rs

t
m
−

1
el

em
en

ts
of

th
e

or
d
er

in
g

ar
e

co
rr

ec
tl

y
es

ti
m

at
ed

.
N

ow
,

w
e

co
n
si

d
er

th
e
m
th

el
em

en
t

of
th

e
or

d
er

in
g.

T
h
en

,
fo

r
j
∈
{m

,m
+

1
,·
··
,p
},

S(
m
,j

)
=
ω
2 j
m

V
ar

(X
j
|X

1
:m
−
1
)
−
ω
j
m
E(
X

j
|X

1
:m
−
1
)

(a
)

=
ω
2 j
m

{ V
ar

(E
(X

j
|X

p
a(

j
)
)
|X

1
:m
−
1
)

+
E(

V
ar

(X
j
|X

p
a(

j
)
)
|X

1
:m
−
1
)
−
ω
−
1

j
m
E(
X

j
|X

1
:m
−
1
)}

(b
)

=
ω
2 j
m

{ V
a
r(
E(
X

j
|X

p
a
(j
)
)
|X

1
:m
−
1
)

+
E(
β
0
E(
X

j
|X

p
a(

j
)
|X

1
:m
−
1
)

+
β
1
E(
X

j
|X

p
a(

j
)
|X

1
:m
−
1
)2

)
−

(β
0

+
β
1
E(
X

j
|X

1
:m
−
1
))
E(
X

j
|X

1
:m
−
1
)}

=
ω
2 j
m

{ V
ar

(E
(X

j
|X

p
a
(j
)
)
|X

1
:m
−
1
)

+
β
1
E(

E(
X

j
|X

p
a(

j
)
)2
|X

1
:m
−
1
)
−
β
1
E(
X

j
|X

1
:m
−
1
)2
}

=
ω
2 j
m

(1
+
β
1
)V

ar
(E

(X
j
|X

p
a
(j
)
)
|X

1
:m
−
1
).

A
ga

in
(a

)
fo

ll
ow

s
fr

om
th

e
va

ri
an

ce
d
ec

om
p

os
it

io
n

fo
rm

u
la

,
an

d
(b

)
fo

ll
ow

s
fr

om
th

e
q
u
ad

ra
ti

c
va

ri
an

ce
p
ro

p
er

ty
(2

)
of

ou
r

cl
as

s
of

d
is

tr
ib

u
ti

on
s

an
d

th
e

d
efi

n
it

io
n

of
ω
jm

.
If

p
a(
j)
\{

1,
2,
··
·,
m
−

1}
is

em
p
ty

,
V

ar
(E

(X
j
|X

p
a
(j

))
|X

1
:m
−

1
)

=
0,

an
d

h
en

ce
S(
m
,m

)
=

0.
O

n
th

e
ot

h
er

h
an

d
,
fo

r
an

y
n
o
d
e
j

in
w

h
ic

h
p
a(
j)
\{

1
,2
,·
··
,m
−

1}
is

n
on

-e
m

p
ty

,
S(
m
,j

)
>

0
b
y

th
e

as
su

m
p
ti

on
β
j1
>
−

1,
w

h
ic

h
ex

cl
u
d
es

it
fr

om
b

ei
n
g

n
ex

t
in

th
e

or
d
er

in
g.

T
h
er

ef
or

e,
w

e
ca

n
es

ti
m

at
e

a
va

li
d
m
th

co
m

p
on

en
t

of
th

e
or

d
er

in
g,
π̂
m

=
m

.
B

y
in

d
u
ct

io
n

th
is

co
m

-
p
le

te
s

th
e

p
ro

of
.

2
5

JM
L

R
 1

8(
22

4)
:1

-4
4,

 2
01

8

P
a
r
k

a
n
d

R
a
sk

u
t
t
i

A
p
p

e
n
d
ix

B
.

P
ro

o
f

fo
r

L
e
m

m
a

7

P
ro

o
f

W
e

b
eg

in
w

it
h

p
ar

t
(a

).
B

y
th

e
co

n
st

ru
ct

io
n
θ∗ D

j
in

E
q
u
at

io
n

(6
),

[θ
∗ D
j
] k

=
0

fo
r

a
n
y

n
o
d
e
k
/∈

p
a(
j)

.
H

en
ce

,
it

is
su

ffi
ci

en
t

to
sh

ow
th

at
fo

r
an

y
k
∈

p
a(
j)

,
[θ
∗ D
j
] k
6=

0
.

A
ss

u
m

e

fo
r

th
e

sa
k
e

of
co

n
tr

ad
ic

ti
on

th
at

[θ
∗ D
j
] k

=
0.

A
p
p
ly

in
g

th
e

fi
rs

t
or

d
er

op
ti

m
a
li
ty

co
n
d
it

io
n

to
E

q
u
at

io
n

(6
),

w
e

h
av

e

E(
X
j
)

=
E(
A
′ j(

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
,X

p
a(
j)
〉)

)
(1

2
)

E(
X
j
X
k
)

=
E(
A
′ j(

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
,X

p
a(
j)
〉)
X
k
).

B
y

th
e

d
efi

n
it

io
n

of
th

e
co

va
ri

an
ce

,
w

e
ob

ta
in

E(
X
j
X
k
)

=
C

ov
(A
′ (

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
,X

p
a(
j)
〉)
,X

k
),

+
E(
A
′ (

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a
(j

),
X

p
a(
j)
〉)

)E
(X

k
).

B
y

E
q
u
at

io
n

(1
2)

,

E(
X
j
X
k
)

=
C

ov
(A
′ (

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
,X

p
a

(j
)〉)
,X

k
)

+
E(
X
j
)E

(X
k
).

T
h
er

ef
or

e,

C
ov

(X
j
,X

k
)

=
C

ov
(A
′ (

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
,X

p
a

(j
)〉)
,X

k
).

B
y

A
ss

u
m

p
ti

on
6

(a
),

w
e

h
av

e
[θ
∗ D
j
] k

=
0,

an
d

C
ov

(X
j
,X

k
)

=
C

ov
(D
′ (

[θ
∗ D
j
] j

+
〈[θ
∗ D
j
] p

a(
j)
\k
,X

p
a(
j)
\j
〉)
,X

k
),

w
h
ic

h
is

a
co

n
tr

a
d
ic

ti
on

b
y

ou
r

ea
rl

ie
r

as
su

m
p
ti

on
.

T
h
er

ef
or

e
[θ
∗ D
j
] k
6=

0.
F

u
rt

h
er

m
or

e

si
n
ce
k
∈

p
a(
j)

is
ar

b
it

ra
ry

,
th

e
p
ro

of
is

co
m

p
le

te
.

T
h
e

p
ro

of
fo

r
p
ar

t
(b

)
fo

ll
ow

s
ex

a
ct

ly
th

e
sa

m
e

li
n
e

of
re

as
on

in
g.

A
p
p

e
n
d
ix

C
.

P
ro

o
f

fo
r

T
h
e
o
re

m
1
2

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
th

e
p
ro

of
fo

r
T

h
eo

re
m

12
u
si

n
g

th
e

p
ri

m
a
l-

d
u

a
l

w
it

n
es

s
m

et
h
od

th
at

al
so

u
se

d
m

an
y

w
or

k
s

(s
ee

e.
g.

,
Y

an
g

et
al

.
2
01

2;
M

ei
n
sh

au
se

n
an

d
B

ü
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follow

in
g

con
d
ition

:

5
θ L

j (θ̂
M
j ,λ

n
)

=
5
θ `
j (θ̂

M
j ;X

1
:n

)
+
λ
n
Ẑ

=
0

(15)

w
h
ere

Ẑ
∈
R
p−

1
an

d
Ẑ
t

=
sign

([θ̂
M
j ]t )

if
t∈
N

(j),
oth

erw
ise
|Ẑ
t |
<

1.
T

h
e

fo
llow

in
g

L
em

m
a

19
d
irectly

follow
s

from
p
rior

w
ork

s
in

R
av

ik
u
m

a
r

et
al.

(2010)
a
n
d

Y
a
n
g

et
a
l.

(2012)
w

h
ere

each
n
o
d
e

co
n
d
ition

al
d
istrib

u
tion

is
in

th
e

form
of

a
gen

er-
a
lized

lin
ea

r
m

o
d
el.

F
or

n
otation

al
con

ven
ien

ce,
let

S
=
N

(j).

L
e
m

m
a

1
9

S
u

p
po

se
th

a
t
|Ẑ
t |
<

1
fo

r
t
/∈
S

.
T

h
en

,
th

e
so

lu
tio

n
θ̂
M
j

o
f

(14)
sa

tisfi
es

[θ̂
M
j ]t

=
0

fo
r
t
/∈
S

.
F

u
rth

erm
o
re,

if
th

e
su

b-m
a
trix

o
f

th
e

H
essia

n
m

a
trix

Q
M
j

S
S

is
in

vertible,

th
en

θ̂
M
j

is
u

n
iqu

e.

T
h
e

rem
ain

d
er

of
th

e
p
ro

of
is

to
sh

ow
|Z̃
t |
<

1
for

all
t
/∈
S

.
N

o
te

th
at

th
e

restricted
so-

lu
tio

n
in

E
q
u
a
tion

(19)
is

(θ̃
M
j ,Z̃

).
E

q
u
atio

n
(15)

w
ith

th
e

d
u
al

solu
tion

can
b

e
rep

resen
ted

b
y

5
2`
j (θ ∗M

j ;X
1
:n

)(θ̃
M
j −

θ ∗M
j )

=
−
λ
n
Z̃
−
W

nj
+
R
nj

w
h
ere:

(a
)
W

nj
is

th
e

sam
p
le

score
fu

n
ction

.

W
nj

:=
−
5
`
j (θ ∗M

j ;X
1
:n

).
(16)

(b
)
R
nj

=
(R

nj1 ,R
nj2 ,···

,R
njp−

1 )
an

d
R
njk

is
th

e
rem

ain
d
er

term
b
y

ap
p
ly

in
g

th
e

co
ord

in
ate-

w
ise

m
ea

n
valu

e
th

eorem
.

R
njk

:=
[5

2`
j (θ ∗M

j ;X
1
:n

)−
5

2`
j (θ̄

(k
)

M
j ;X

1
:n

)] Tk
(θ̃

(k
)

M
j −

θ ∗M
j ).

(17)

H
ere

θ̄
(k

)
M
j

is
a

vector
on

th
e

lin
e

b
etw

een
θ̃

an
d
θ ∗M

j
an

d
[·] Tk

is
th

e
k
th

row
of

a
m

atrix
.

T
h
en

,
th

e
fo

llow
in

g
p
rop

osition
p
rov

id
es

a
su

ffi
cien

t
con

d
ition

to
con

trol
Z̃

.

P
ro

p
o
sitio

n
2
0

S
u

p
po

se
th

a
t

m
ax

(‖W
nj ‖∞

,‖
R
nj ‖∞

)≤
λ
n
α

4
(2−

α
) .

T
h
en
|Z̃
t |
<

1
fo

r
a
ll
t
/∈
S

.
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

N
ex

t
w

e
in

tro
d
u
ce

th
e

follow
in

g
th

ree
lem

m
as

to
sh

ow
th

at
con

d
ition

s
in

P
rop

osition
20

h
old

.
F

or
ease

of
n
otation

,
let

η
=

m
ax{n

,p}
an

d
θ̃
S

=
[θ̃
M
j ]S

an
d
θ̃
S
c

=
[θ̃
M
j ]S

c.
S
u
p
p

ose
th

at
A

ssu
m

p
tion

s
8,

9,
10,

an
d

11
are

satisfi
ed

.

L
e
m

m
a

2
1

S
u

p
po

se
th

a
t
λ
n
≥

1
6

m
a
x{
n
κ
2

lo
g
η
,lo

g
2
η
)}

n
a

fo
r

so
m

e
a
∈
R

.
T

h
en

,

P

(
‖
W

nj ‖∞
λ
n

≤
α

4(2−
α

) )
≥

1−
2
d·exp

(−
α

2

8(2−
α

)
2 ·n

1−
2
a)−

M
·η −

2.

L
e
m

m
a

2
2

S
u

p
po

se
th

a
t‖
W

nj ‖∞
≤

λ
n4

.
F

o
r
λ
n
≤

14
0
ρ
2m
in

ρ
m
a
x

1
n
κ
2
d

lo
g
η

,

P

(‖
θ̃
S
−
θ ∗S ‖

2 ≤
5

λ
m

in √
d
λ
n )
≥

1−
2M
·
η −

2.

L
e
m

m
a

2
3

S
u

p
po

se
th

a
t‖
W

nj ‖∞
≤

λ
n4

.
F

o
r
λ
n
≤

α
4
0
0
(2−

α
)
ρ
2m
in

ρ
m
a
x

1
n
κ
2
d

lo
g
η

,

P

(
‖
R
nj ‖∞
λ
n
≤

α

4(2−
α

) )
≥

1−
2
M
·η −

2.

T
h
e

rest
of

th
e

p
ro

of
is

straigh
tforw

ard
u
sin

g
L

em
m

as
21,

22,
an

d
23.

C
on

sid
er

th
e

ch
oice

of
regu

larization
p
aram

eter
λ
n

=
1
6

m
a
x{
n
κ
2

lo
g
η
,lo

g
2
η}

n
a

for
a

con
stan

t
a
∈

(2κ
2 ,1/

2)
w

h
ere

κ
2

is
d
eterm

in
ed

b
y

A
ssu

m
p
tion

11.
T

h
en

,
th

e
con

d
ition

for
L

em
m

a
21

is
satisfi

ed
,

an
d

th
erefore

‖W
n ‖∞

≤
λ
n4

.
M

oreover,
th

e
con

d
itio

n
s

for
L

em
m

as
22

an
d

23
are

satisfi
ed

for
n
≥
C
′m

ax{(d
log

2
η
)

1
a−

2
κ
2
,(d

log
3
η
)

1
a−
κ
2}

for
som

e
p

ositiv
e

con
stan

t
C
′.

T
h
en

,

‖Z̃
S
c‖∞
≤

(1−
α

)
+

(2−
α

) [‖W
nj ‖∞
λ
n

+
‖
R
nj ‖∞
λ
n

]
≤

(1−
α

)
+
α4

+
α4
<

1
,

(18)

w
ith

p
rob

ab
ility

of
at

least
1−

C
1 d

ex
p
(−
C

2 n
1−

2
a)−

C
3 η −

2
for

p
ositive

co
n
stan

ts
C

1 ,C
2

an
d
C

3 .

T
o

p
rove

sign
con

sisten
cy,

it
is

su
ffi

cien
t

to
sh

ow
th

at
‖θ̂
M
j −

θ ∗M
j ‖∞

≤
‖
θ ∗M

j ‖
m
in

2
.

B
y

L
em

m
a

22,
w

e
h
ave
‖θ̂
M
j −

θ ∗M
j ‖∞

≤
‖
θ̂
M
j −

θ ∗M
j ‖

2
≤

5
λ
m
in √

d
λ
n
≤
‖
θ ∗M

j ‖
m
in

2
as

lon
g

as

‖
θ ∗M

j ‖
m

in ≥
1
0

λ
m
in √

d
λ
n
.

L
em

m
a

7(b
)

gu
aran

tees
th

at
`
1 -p

en
alized

likelih
o
o
d

regression
recovers

th
e

tru
e

n
eigh

-
b

orh
o
o
d

for
each

n
o
d
e

w
ith

h
igh

p
rob

ab
ility.

B
ecau

se
w

e
h
ave

p
likelih

o
o
d

regression

p
rob

lem
s,

if
n
≥
C
′(d

log
2
η
)

1
a−

2
κ
2
),

it
follow

s
th

at:

P
(Ĝ

m
=
G
m

)≥
1−

C
1 d·p·

ex
p
(−
C

2 n
1−

2
a)−

C
3 η −

1.

C
.1

P
ro

o
f

fo
r

P
ro

p
o
sitio

n
1
7

P
ro

o
f

A
p
p
ly

in
g

th
e

u
n
ion

b
ou

n
d

an
d

th
e

C
h
ern

off
b

ou
n
d
,

P
(ξ
c1 )≤

n
.p
.m

ax
j∈
V

m
ax

i∈{
1
,···,n}

P
(|X

(i)
j
|
>

4
log

η )
≤
η −

2
m

ax
i,j

E
[ex

p
(|X

(i)
j
|)].

B
y

A
ssu

m
p
tion

10,
w

e
ob

tain
m

ax
i,j E

(ex
p
(|X

j | (i)))
<
M

,
w

h
ich

com
p
letes

th
e

p
ro

of.
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L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
is
p
e
r
si
o
n
S
c
o
r
in
g

C
.2

P
ro

o
f

fo
r

P
ro

p
o
si

ti
o
n

1
8

P
ro

o
f

W
e

ex
p
lo

it
H

öl
d
er

’s
in

eq
u
al

it
y
〈u
,X
〉≤
‖u
‖ 1

m
ax

j∈
V
|X

j
|.

T
h
er

ef
or

e,
w

e
h
av

e

P
(|〈
u
,X
〉)
|≥

δ
lo

g
η
)
≤
P

(m
ax

j∈
V
|X

j
|≥

δ ‖u
‖ 1

lo
g
η
).

U
si

n
g

th
e

u
n
io

n
b

ou
n
d
,

w
e

h
av

e

P
(m

ax
j∈
V
|X

j
|≥

δ ‖u
‖ 1

lo
g
η
)
≤
p
·m

ax
j∈
V
P

(|X
j
|≥

δ ‖u
‖ 1

lo
g
η
).

A
p
p
ly

in
g

th
e

C
h
er

n
off

b
ou

n
d
in

g
te

ch
n
iq

u
e

an
d

A
ss

u
m

p
ti

on
10

m
ax

j
E(

ex
p
(|X

j
|)
<
M

,
w

e
ob

ta
in

p
·m

ax
j∈
V
P

(|X
j
|≥

δ ‖u
‖ 1

lo
g
η
)
≤
M
·p
·η
−

δ
‖u
‖ 1
.

B
y

th
e

as
su

m
p
ti

on
‖u
‖ 1
≤
c′

,
w

e
co

m
p

et
e

th
e

p
ro

of
.

C
.3

P
ro

o
f

fo
r

P
ro

p
o
si

ti
o
n

2
0

P
ro

o
f

S
in

ce
θ̃ S

c
=

(0
,0
,.
..
,0

)
∈

R
|S
c
|

in
ou

r
p
ri

m
al

-d
u
al

co
n
st

ru
ct

io
n
,

w
e

ca
n

re
-s

ta
te

co
n
d
it

io
n

(1
5)

in
b
lo

ck
fo

rm
as

fo
ll
ow

s.
F

or
n
ot

at
io

n
al

si
m

p
li
ci

ty
,
Q

:=
Q
M
j
.

Q
S
c
S

[θ̃
S
−
θ S

]
=

W
n S
c
−
λ
n
Z̃
S
c

+
R
n S
c
,.

Q
S
S

[θ̃
S
−
θ∗ S

]
=

W
n S
−
λ
n
Z̃
S

+
R
n S
,

w
h
er

e
W

n S
an

d
R
n S

ar
e

su
b
-v

ec
to

rs
of
W

n j
an

d
R
n j

in
d
ex

ed
b
y
S

,
re

sp
ec

ti
ve

ly
.

S
in

ce
th

e
m

at
ri

x
Q
S
S

is
in

v
er

ti
b
le

,
th

e
ab

ov
e

eq
u
at

io
n
s

ca
n

b
e

re
w

ri
tt

en
as

Q
S
c
S
Q
−

1
S
S

[W
n S
−
λ
n
Z̃
S
−
R
n S
]

=
W

n S
c
−
λ
n
Z̃
S
c
−
R
n S
c
.

T
h
er

ef
or

e

[W
n S
c
−
R
n S
c
]
−
Q
S
c
S
Q
−

1
S
S

[W
n S
−
R
n S
]+

λ
n
Q
S
c
S
Q
−

1
S
S
Z̃
S

=
λ
n
Z̃
S
c
.

T
ak

in
g

th
e
` ∞

n
or

m
of

b
ot

h
si

d
es

y
ie

ld
s

‖Z̃
S
c
‖ ∞

≤
|‖
Q
S
c
S
Q
−

1
S
S
‖|
∞

[ ‖
W

n S
‖ ∞

λ
n

+
‖R

n S
‖ ∞

λ
n

+
1

] +
‖W

n S
c
‖ ∞

λ
n

+
‖R

n S
c
‖ ∞

λ
n

.

R
ec

al
li
n
g

A
ss

u
m

p
ti

on
(9

),
w

e
ob

ta
in
|‖
Q
S
c
S
Q
−

1
S
S
‖|
∞
≤

(1
−
α

),
h
en

ce
w

e
h
av

e

‖Z̃
S
c
‖ ∞

≤
(1
−
α

)

[ ‖
W

n S
‖ ∞

λ
n

+
‖R

n S
‖ ∞

λ
n

+
1

] +
‖W

n S
c
‖ ∞

λ
n

+
‖R

n S
c
‖ ∞

λ
n

≤
(1
−
α

)
+

(2
−
α

)

[ ‖
W

n j
‖ ∞

λ
n

+
‖R

n
‖ ∞

λ
n

] .

If
‖W

n j
‖ ∞

an
d
‖R

n j
‖ ∞
≤

λ
n
α

4
(2
−
α

)
as

as
su

m
ed

,

‖Z̃
S
c
‖ ∞
≤

(1
−
α

)
+
α 2
≤

1.
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8(
22

4)
:1

-4
4,

 2
01

8

P
a
r
k

a
n
d

R
a
sk

u
t
t
i

C
.4

P
ro

o
f

fo
r

L
e
m

m
a

1
9

P
ro

o
f

T
h
e

m
ai

n
id

ea
of

th
e

p
ro

of
is

th
e

p
ri

m
a
l-

d
u

a
l-

w
it

n
es

s
m

et
h
o
d

w
h
ic

h
a
ss

er
ts

th
a
t

th
er

e
is

a
so

lu
ti

on
to

th
e

d
u
al

p
ro

b
le

m
θ̃ M

j
=
θ̂ M

j
if

th
e

fo
ll
ow

in
g

K
K

T
co

n
d
it

io
n
s

a
re

sa
ti

sfi
ed

:

(a
)

W
e

d
efi

n
e
θ̃ M

j
∈

Θ
M
j

w
h
er

e
Θ
M
j

=
{θ
∈

R
p
−

1
:
θ S

c
=

0
}

as
th

e
so

lu
ti

o
n

to
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

θ̃ M
j

:=
ar

g
m

in
θ
∈Θ

M
j

L(
θ,
λ
n
)

=
ar

g
m

in
θ
∈Θ

M
j

{`
j
(θ

;X
1
:n

)
+
λ
n
‖θ
‖ 1
}.

(1
9
)

(b
)

D
efi

n
e
Z̃

to
b

e
a

su
b
-d

iff
er

en
ti

al
fo

r
th

e
re

gu
la

ri
ze

r
‖·
‖ 1

ev
al

u
at

ed
at
θ̃ M

j
.

F
o
r

a
n
y

t
∈
S

,
Z̃
t

=
si

gn
([
θ̃ M

j
] t

).

(c
)

F
or

an
y
t
/∈
S

,
|Z̃
t|
<

1.

If
co

n
d
it

io
n
s

(a
),

(b
),

an
d

(c
)

ar
e

sa
ti

sfi
ed

,
θ̂ M

j
=
θ̃ M

j
,

m
ea

n
in

g
th

at
th

e
so

lu
ti

o
n

o
f

th
e

u
n
re

st
ri

ct
ed

p
ro

b
le

m
(1

4)
is

th
e

sa
m

e
as

th
e

so
lu

ti
on

of
th

e
re

st
ri

ct
ed

p
ro

b
le

m
(1

9
).

C
on

d
it

io
n
s

(a
),

(b
)

an
d

(c
)

su
ffi

ce
to

ob
ta

in
a

p
ai

r
(θ̃
M
j
,Z̃

)
th

at
sa

ti
sfi

es
th

e
o
p
ti

m
a
li
ty

co
n
d
it

io
n

(1
5)

,
b
u
t

d
o

n
ot

gu
ar

an
te

e
th

at
Z̃

is
an

el
em

en
t

of
th

e
su

b
-d

iff
er

en
ti

a
l
‖θ̃
M
j
‖ 1

(s
ee

d
et

ai
ls

in
R

av
ik

u
m

ar
et

al
.

20
10

,
20

11
).

S
in

ce
th

e
su

b
-m

at
ri

x
of

th
e

H
es

si
a
n
Q
M
j

S
S

is

in
ve

rt
ib

le
,

th
e

re
st

ri
ct

ed
p
ro

b
le

m
(1

9)
is

st
ri

ct
ly

co
n
ve

x
,
θ̃ M

j
is

u
n
iq

u
e.

C
.5

P
ro

o
f

fo
r

L
e
m

m
a

2
1

P
ro

o
f

E
ac

h
en

tr
y

of
th

e
sa

m
p
le

sc
or

e
fu

n
ct

io
n
W

n j
in

E
q
u
at

io
n

(1
6)

h
as

th
e

fo
rm

W
n jt

=
1 n

∑
n i=

1
W

(i
)

jt
fo

r
an

y
t
∈
S

.
In

ad
d
it

io
n
,
W

n jt
=

0
fo

r
al

l
t
/∈
S

si
n
ce

[θ
∗ M
j
] t

=
0

b
y

th
e

co
n
st

ru
ct

io
n

of
θ∗ M

j
in

E
q
u
at

io
n

(7
).

F
or

a
n
y
t
∈
S

an
d
i
∈
{1
,2
,·
··
,n
},
W

(i
)

jt
=

X
(i

)
t
X

(i
)

j
−
A
′ j(
〈θ
∗ S,
X

(i
)

S
〉)
X

(i
)

t
ar

e
in

d
ep

en
d
en

t
an

d
h
av

e
m

ea
n

0.

N
ow

,
w

e
sh

ow
th

at
(|W

(i
)

jt
|)n i

=
1

ar
e

b
ou

n
d
ed

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
gi

ve
n

th
e

fo
ll
ow

in
g

ev
en

t
ξ 1

u
si

n
g

H
o
eff

d
in

g’
s

in
eq

u
al

it
y.

E
ve

n
t
ξ 1

is
d
efi

n
ed

as
fo

ll
ow

s:

ξ 1
:=

{ m
ax

j∈
V

m
ax

i∈
{1
,··
·,n
}|
X

(i
)

j
|<

4
lo

g
η

}
.

C
on

d
it

io
n
in

g
on

ξ 1
,

it
fo

ll
ow

s
th

at
〈θ
∗ S,
X

(i
)

S
〉
<

4
lo

g
(η

)
·‖
θ∗ S
‖ 1

,
A

ss
u
m

p
ti

o
n

1
1

is

sa
ti

sfi
ed

.
H

en
ce

m
ax

i
|A
′ j(
〈θ
∗ S,
X

(i
)

S
〉)
|
≤

n
κ
2
.

F
u
rt

h
er

m
o
re

gi
ve

n
ξ 1

,
m

a
x
i
X

(i
)

t
X

(i
)

j
<

16
lo

g
2
η
.

T
h
er

ef
o
re

th
er

e
ex

is
ts

a
co

n
st

an
t
C

m
a
x
(η
,κ

2
)

:=
16

m
ax
{n

κ
2

lo
g
η
,l

o
g

2
η
}

su
ch

th
at

m
ax

i,
j,
t
|W

(i
)

jt
|≤

C
m

a
x
(η
,κ

2
).

R
ec

al
l
th

at
d

is
th

e
m

ax
im

u
m

d
eg

re
e

of
th

e
m

or
al

iz
ed

gr
ap

h
,
th

er
ef

or
e
|S
|≤

d
.

A
p
p
ly

in
g

th
e

u
n
io

n
b

ou
n
d
,

P
(‖
W

n j
‖ ∞

>
δ,
ξ 1

)
≤
d
·m

ax
t∈
S
P

(|W
n jt
|>

δ,
ξ 1

).
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L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
isp

e
r
sio

n
S
c
o
r
in
g

U
sin

g
H

o
eff

d
in

g’s
in

eq
u
ality,

d·m
ax

t∈
S
P

(|W
njt |
>
δ,ξ

1 )≤
2
d·

ex
p
(−

2n
δ

2

C
m

a
x (η

,κ
2 )

2
).

S
u
p
p

o
se

th
a
t
δ

=
λ
n
α

4
(2−

α
)

an
d
λ
n
≥

C
m
a
x
(η
,κ

2
)

n
a

for
som

e
a
∈

[0,1
/2).

T
h
en

P
( ‖
W

nj ‖∞
λ
n

>
α

4(2−
α

) ,ξ
1 )≤

2d·
ex

p (
−

α
2

8(2−
α

)
2

n
λ

2n

C
m

a
x (η

,κ
2 )

2 )

≤
2d·

ex
p (
−

α
2

8(2−
α

)
2
n

1−
2
a )
.

(20)

S
in

ce
P

(A
)

=
P

(A
∩
B

)
+
P

(A
∩
B
c)≤

P
(A
∩
B

)
+
P

(B
c),

P
( ‖
W

nj ‖∞
λ
n

>
α

4(2−
α

) )
≤

P
( ‖
W

nj ‖∞
λ
n

>
α

4(2−
α

) ,ξ
1 )

+
P

(ξ
c1 ).

T
h
en

,
th

e
p
rob

ab
ility

b
ou

n
d

in
E

q
u
ation

(20)
an

d
P

rop
osition

17
P

(ξ
c1 )
≤
M
·
η −

2

d
irectly

im
p
lies

th
at

P
( ‖W

nj ‖∞
λ
n

>
α

4(2−
α

) )≤
2d·ex

p (
−

α
2

8(2−
α

)
2
n

1−
2
a )

+
M
·
η −

2.

C
.6

P
ro

o
f

fo
r

L
e
m

m
a

2
2

P
ro

o
f

In
o
rd

er
to

estab
lish

th
e

error
b

ou
n
d
‖
θ̃
S
−
θ ∗S ‖
≤
B

for
som

e
rad

iu
s
B

,
sev

eral
w

o
rk

s
(Y

a
n
g

et
al.,

2012;
R

av
ik

u
m

ar
et

al.,
2010,

2011)
alrea

d
y

p
rov

ed
th

at
it

su
ffi

ces
to

sh
ow

F
(u
S

)
>

0
for

all
u
S

:=
θ̃
S
−
θ ∗S

su
ch

th
at‖u

S ‖
2

=
B

w
h
ere

F
(a

)
:=

`
j (θ ∗S

+
a
;X

1
:n

)−
`
j (θ ∗S

;X
1
:n

)
+
λ
n
(‖
θ ∗S

+
a‖

1 −
‖
θ ∗S ‖

1 ).
(21)

M
o
re

sp
ecifi

cally,
sin

ce
u
S

=
θ̃
S
−
θ ∗S

is
th

e
m

in
im

izer
of
F

an
d
F

(0
)

=
0

b
y

th
e

co
n
stru

ctio
n

of
E

q
u
ation

(21),
F

(u
S

)≤
0
.

N
ote

th
at
F

is
con

vex
,

an
d

th
erefore

w
e

h
ave

F
(u
S

)
<

0
.

N
ex

t
w

e
claim

th
at‖

u
S ‖

2 ≤
B

.
In

fact,
if
u
S

lies
ou

tsid
e

th
e

b
all

of
rad

iu
s
B

,
th

en
th

e
co

n
vex

com
b
in

ation
v·
u
S

+
(1−

v
)·

0
w

ou
ld

lie
on

th
e

b
ou

n
d
ary

of
th

e
b
all,

for
a
n

a
p
p
rop

ria
tely

ch
osen

v
∈

(0,1).
B

y
con

vex
ity,

F
(v·u

S
+

(1−
v
)·0)≤

v·
F

(u
S

)
+

(1−
v
)·

0
≤

0
(22)

co
n
tra

d
ictin

g
th

e
assu

m
ed

strict
p

ositiv
ity

of
F

on
th

e
b

ou
n
d
ary.

T
h
u
s

it
su

ffi
ces

to
estab

lish
strict

p
ositiv

ity
of
F

on
th

e
b

ou
n
d
ary

of
th

e
b
all

w
ith

rad
iu

s
B

:=
M

1 λ
n √

d
w

h
ere

M
1
>

0
is

a
p
aram

eter
to

b
e

ch
osen

later
in

th
e

p
ro

o
f.

L
et
u
S
∈
R
|S|

b
e

a
n

a
rb

itra
ry

vector
w

ith
‖u

S ‖
2

=
B

.
B

y
th

e
T

ay
lor

series
ex

p
an

sion
of
F

(21),

F
(u
S

)
=

(W
nS
)
T
u
S

+
u
TS

[5
2`
j (θ ∗M

+
v
u
S

;x
)]u

S
+
λ
n
(‖
θ ∗S

+
u
S ‖

1 −
‖
θ ∗S ‖

1 ),
(23)
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

for
som

e
v
∈

[0,1].
S
in

ce‖W
nS ‖∞

≤
λ
n4

b
y

assu
m

p
tio

n
an

d
‖u

S ‖
1 ≤
√
d‖
u
S ‖

2 ≤
√
d·B

,
th

e
fi
rst

term
in

E
q
u
ation

(23)
h
as

th
e

fo
llow

in
g

b
ou

n
d
:

|(W
nS
)
T
u
S |≤

‖
W

nS ‖∞
‖u

S ‖
1 ≤
‖W

nS ‖∞
√
d‖
u
S ‖

2 ≤
(λ
n √

d
)
2
M

1

4
.

A
p
p
ly

in
g

th
e

trian
gle

in
eq

u
ality

to
th

e
last

p
art

of
E

q
u
ation

(2
3),

w
e

h
av

e
th

e
follow

in
g

b
ou

n
d
.

λ
n
(‖θ ∗S

+
u
S ‖

1 −
‖
θ ∗S ‖

1 )≥
−
λ
n ‖u

S ‖
1 ≥
−
λ
n √

d‖
u
S ‖

2
=
−
M

1 (λ
n √

d
)
2.

N
ex

t
w

e
b

ou
n
d
λ

m
in (5

2`
j (θ ∗S

+
v
u
S

) )
w

h
ere

λ
m

in (·)
is

th
e

m
in

im
u
m

eigen
valu

e
of

a
m

atrix
:q ∗

:=
λ

m
in (5

2`
j (θ ∗S

+
v
u
S

) )

≥
m

in
v∈

[0
,1

] λ
m

in (5
2`
j (θ ∗S

+
v
u
S

) )

≥
λ

m
in (5

2`
j (θ ∗S

) )−
m

ax
v∈

[0
,1

] ‖
1n

n
∑i=

1

A
′′′j (〈θ ∗S

+
v
u
S
,X

S 〉)u
TS
X

(i)
S
X

(i)
S

(X
(i)
S

)
T‖

2

≥
ρ

m
in −

m
ax

v∈
[0
,1

]
m

ax
y
:‖
y‖

2
=

1

1n

n
∑i=

1 |A
′′′j (〈θ ∗S

+
v
u
S
,X

S 〉)|·|u
TS
X

(i)
S
|·

(y
T
X

(i)
S

)
2.

(24)

N
ex

t
w

e
d
efi

n
e

th
e

even
t
ξ

2
in

ord
er

to
b

ou
n
d
A
′′′j (〈θ ∗S

+
v
u
S
,X

S 〉).

ξ
2

:=
{

m
ax

i∈{
1
,···,n} 〈θ ∗S

+
v
u
S
,X

(i)
S
〉
<
κ

1
log

η}
.

O
n
ξ

2 ,
A

ssu
m

p
tion

11
is

satisfi
ed

an
d

A
′′′j (〈θ ∗S

+
v
u
S
,X

S 〉)≤
n
κ
2.

(25)

In
ad

d
ition

,
w

e
b

ou
n
d

th
e

secon
d

term
in

E
q
u
ation

(24).
R

ecall
th

at‖
X

(i)
S
‖∞
≤

4
log

η

for
all

i∈
{1,2,···

,n}
on

ξ
1 .

S
in

ce
‖u

S ‖
1 ≤
√
d‖
u
S ‖

2 ≤
√
d·
B

,

|u
TS
X

(i)
S
|≤

4
log

(η
) √
d‖u

S ‖
2 ≤

4
log

(η
)·
M

1 λ
n
d
.

(26)

L
astly,

it
is

clear
th

at
m

ax
y
:‖
y‖

2
=

1 (y
T
X

(i)
S

)
2
≤
ρ

m
a
x

b
y

th
e

d
efi

n
itio

n
of

th
e

m
ax

im
u
m

eigen
valu

e
an

d
A

ssu
m

p
tion

8.
T

ogeth
er

w
ith

th
e

b
ou

n
d
s

of
E

q
u
ation

s
(25)

an
d

(26)
on

th
e

even
ts
ξ

1
an

d
ξ

2 ,
q ∗≤

ρ
m

in −
4
n
κ
2

log
(η

)·
M

1 λ
n
d
ρ

m
a
x .

F
or
λ
n
≤

ρ
m
in

8
n
κ
2

lo
g
(η

)M
1
d
ρ
m
a
x
,

w
e

h
ave

q ∗≤
ρ
m
in

2
.

T
h
erefore,

F
(u

)≥
(λ
n √

n
)
2 {
−

14
M

1
+
ρ

m
in

2
M

21 −
M

1 }
,

w
h
ich

is
strictly

p
ositive

for
M

1
=

5
ρ
m
in

.
T

h
erefore

for
λ
n
≤

ρ
2m
in

4
0
n
κ
2

lo
g
(η

)d
ρ
m
a
x

given
ξ

1
an

d
ξ

2 ,

‖θ̃
S
−
θ ∗S ‖

2 ≤
5

ρ
m

in √
d
λ
n
.
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n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
is
p
e
r
si
o
n
S
c
o
r
in
g

S
in

ce
P

(A
)

=
P

(A
∩
B
∩
C

)
+
P

(A
∩

(B
∩
C

)c
)
≤
P

(A
∩
B
∩
C

)
+
P

(B
c
)

+
P

(C
c
),

P

( ‖
θ̃ S
−
θ∗ S
‖ 2
>

5

ρ
m

in

√
d
λ
n

)
≤
P

( ‖
θ̃ S
−
θ∗ S
‖ 2
>

5

ρ
m

in

√
d
λ
n
,ξ

1
,ξ

2

)
+
P

(ξ
c 1
)

+
P

(ξ
c 2
).

H
er

e
th

e
p
ro

b
ab

il
it

y
of
ξc 2

is
u
p
p

ed
b

ou
n
d
ed

as
fo

ll
ow

s.

P
(ξ
c 2
)

(a
) ≤
n

m
ax i
P

(〈
θ∗ M

j
+
v
u
S
,X

(i
)

S
〉>

κ
1

lo
g
η
)

(b
) ≤
n
·M
·η
−

κ
1

2
‖θ
∗ M
j
‖ 1

(c
) ≤
M
·η
−

2
.

(a
)

fo
ll
ow

s
fr

om
th

e
u
n
io

n
b

ou
n
d
,

an
d

(b
)

fo
ll
ow

s
fr

om
P

ro
p

os
it

io
n

18
,

an
d
‖u

S
‖ 1
≤

√
d
‖u

S
‖ 2
≤
d
M

1
λ
n
≤
‖θ
∗ M
j
‖ 1

an
d

m
in
j∈
V

m
in
t∈
S
|[θ
∗ M

] t
|≥

1
0

ρ
m
in

√
d
λ
n
.

L
as

tl
y

(c
)

fo
ll
ow

s

fr
om

A
ss

u
m

p
ti

on
11

th
at
κ

1
≥

6
‖θ
∗ M
j
‖ 1

.
In

ad
d
it

io
n

th
e

p
ro

b
ab

il
it

y
b

ou
n
d

of
ξc 1

is
p
ro

v
id

ed
in

P
ro

p
os

it
io

n
17

.
T

h
er

ef
or

e

P

( ‖
θ̃ S
−
θ∗ S
‖ 2
≤

5

λ
m

in

√
d
λ
n

)
≥

1
−

2
M
·η
−

2
.

C
.7

P
ro

o
f

fo
r

L
e
m

m
a

2
3

P
ro

o
f

A
cc

or
d
in

g
to

E
q
u
at

io
n

(1
7)

,
R
n jt

fo
r

an
y
t
∈
S

ca
n

b
e

ex
p
re

ss
ed

as

R
n jt

=
1 n

n ∑ i=
1

[5
2
` j

(θ
∗ M
j
;X

1
:n

)
−
5

2
` j

(θ̄
(t

)
M
j
;X

1
:n

)]
T t

(θ̃
−
θ∗ M

j
)

=
1 n

n ∑ i=
1

[A
′′ j(
〈θ
∗ S,
X

(i
)

V
\j
〉)
−
A
′′ j(
〈θ̄

(t
)

M
j
,X

(i
)

V
\j
〉)

][
X

(i
)

V
\j

(X
(i

)
V
\j

)T
]T t

(θ̃
−
θ∗ M

j
)

fo
r
θ̄(t

)
M
j

w
h
ic

h
is

so
m

e
p

oi
n
t

in
th

e
li
n
e

b
et

w
ee

n
θ̃ M

j
an

d
θ∗ M

j
(i

.e
.,
θ̄(t

)
M
j

=
v
·θ̃
M
j
+

(1
−
v
)·
θ∗ M

j

fo
r

so
m

e
v
∈

[0
,1

])
.

B
y

th
e

m
ea

n
va

lu
e

th
eo

re
m

,

R
t jt

=
1 n

n ∑ i=
1

{ A
′′′ j

(〈
¯̄ θ(t

)
M
j
,X

(i
)

V
\j
〉)
X

(i
)

t

}{
v
(θ̃
M
j
−
θ∗ M

j
)T
X

(i
)

V
\j

(X
(i

)
V
\j

)T
(θ̃
M
j
−
θ∗ M

j
)}

fo
r

¯̄ θ(t
)

M
j

w
h
ic

h
is

a
p

oi
n
t

on
th

e
li
n
e

b
et

w
ee

n
θ̄(t

)
M
j

an
d
θ∗ M

j
.

B
y

P
ro

p
os

it
io

n
17

,
m

ax
i,
j
|X

(i
)

j
|≤

4
lo

g
η

gi
ve

n
ξ 1

.
F

u
rt

h
er

m
or

e
in

S
ec

ti
on

C
.6

,
w

e

sh
ow

ed
th

at
A
′′′ j

(〈
¯̄ θ(t

)
M
j
,X

M
\j
〉)
≤
n
κ
2

gi
ve

n
ξ 2

.
T

h
er

ef
or

e,
on

ξ 1
an

d
ξ 2

,
it

fo
ll
ow

s
th

at
:

|R
n jt
|≤

4
n
κ
2

lo
g
(η

)ρ
m

a
x
‖θ̃
−
θ∗ M
‖2 2
.
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

W
e

sh
ow

ed
th

at
‖θ̃
−
θ∗ M
‖ 2
≤

5
ρ
m
in

√
d
λ
n

fo
r
λ
n
≤

α
4
0
0
(2
−
α

)
ρ
2 m
in

ρ
m
a
x

1
d
n
κ
2

lo
g
(η

)
g
iv

en
ξ 1

a
n
d
ξ 2

in
th

e
p
ro

of
of

L
em

m
a

22
.

T
h
er

ef
or

e
w

e
ob

ta
in

‖R
n
‖ ∞
≤

10
0ρ

m
a
x

ρ
2 m

in

d
n
κ
2

lo
g
(η

)
λ

2 n
≤

α
λ
n

4(
2
−
α

).

S
in

ce
P

(A
)

=
P

(A
∩
B
∩
C

)
+
P

(A
∩

(B
∩
C

)c
)
≤
P

(A
∩
B
∩
C

)
+
P

(B
c
)

+
P

(C
c
)

,

P

( ‖
R
n
‖ ∞

>
α
λ
n

4(
2
−
α

))
≤
P

( ‖
R
n
‖ ∞

>
α
λ
n

4(
2
−
α

),
ξ 1
,ξ

2

)
+
P

(ξ
c 1
)

+
P

(ξ
c 2
).

P
u
tt

in
g

th
e

p
ro

b
ab

il
it

y
b

ou
n
d
s

fo
r
ξc 1

an
d
ξc 2

sp
ec

ifi
ed

in
P

ro
p

os
it

io
n

17
an

d
S
ec

ti
o
n

C
.6

to
ge

th
er

,
w

e
h
av

e

P

( ‖
R
n j
‖ ∞
≤

α
λ
n

4(
2
−
α

))
≥

1
−

2M
·η
−

2
.

A
p
p

e
n
d
ix

D
.

P
ro

o
f

fo
r

T
h
e
o
re

m
1
4

P
ro

o
f

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
as

su
m

e
th

at
th

e
tr

u
e

or
d
er

in
g

is
π
∗

=
(1
,2
,·
··
,p

).
L

et
T
j
(X

j
)

:=
ω
j
X
j

w
h
er

e
ω
j

=
(β

0
+
β

1
E(
X
j
|X

p
a

(j
))

)−
1

(s
p

ec
ifi

ed
in

P
ro

p
os

it
io

n
3
).

F
o
r

a
n
y

n
o
d
e
j
∈
V

an
d
S
⊂
V
\{
j}

,
le

t
µ
j|
S

an
d
σ

2 j|
S

re
p
re

se
n
t
E(
T
j
(X

j
)
|X

S
)

an
d

V
a
r(
T
j
(X

j
)
|

X
S

)
re

sp
ec

ti
ve

ly
.

F
or

re
al

iz
at

io
n
s
x
S

,
le

t
µ
j|
S

(x
S

)
an

d
σ

2 j|
S

(x
S

)
d
en

ot
e
E(
T
j
(X

j
)
|X

S
=
x
S

)

an
d

V
ar

(T
j
(X

j
)
|X

S
=
x
S

),
re

sp
ec

ti
ve

ly
.

L
et
n

(x
S

)
=
∑

n i=
1
1

(X
(i

)
S

=
x
S

)
d
en

o
te

th
e

to
ta

l
co

n
d
it

io
n
al

sa
m

p
le

si
ze

,
an

d
n
S

=
∑

x
S
n

(x
S

)1
(n

(x
S

)
≥
c 0
·n

)
fo

r
an

ar
b
it

ra
ry
c 0
∈

(0
,1

)
to

d
en

ot
e

th
e

tr
u
n
ca

te
d

co
n
d
it

io
n
al

sa
m

p
le

si
ze

.

L
et
E
m

d
en

ot
e

th
e

se
t

of
u
n
d
ir

ec
te

d
ed

ge
s

co
rr

es
p

o
n
d
in

g
to

th
e

m
o
ra

li
ze

d
g
ra

p
h
.

R
ec

al
l

th
e

d
efi

n
it

io
n
s
N

(j
)

=
{k
∈
V

:
(j
,k

)
or

(k
,j

)
∈
E
m
}

d
en

ot
e

th
e

n
ei

gh
b

or
h
o
o
d

se
t

o
f

n
o
d
e

j
in

th
e

m
or

al
iz

ed
gr

ap
h
,
C
jk

=
N

(k
)
∩
{π

1
,π

2
,·
··
,π
j−

1
}.

S
in

ce
w

e
as

su
m

e
th

e
st

ru
ct

u
re

of
th

e
m

or
al

iz
ed

gr
ap

h
is

p
ro

v
id

ed
,
Ĉ
jk

=
C
jk

.
H

en
ce
C
jk

is
u
se

d
in

st
ea

d
o
f

a
n

es
ti

m
a
te

d

se
t
Ĉ
jk

.

T
h
e

ov
er

d
is

p
er

si
on

sc
or

e
of

n
o
d
e
k
∈
V
\
{π

1
,.
..
,π
j−

1
}

fo
r

th
e
jt
h

co
m

p
o
n
en

t
o
f

th
e

or
d
er

in
g
π
j

on
ly

d
ep

en
d
s

on
X

(C
jk

)
=
{x
∈
{X

(1
)

C
j
k
,X

(2
)

C
j
k
,·
··
,X

(n
)

C
j
k
}

:
n

(x
)
≥
c 0
·n
},

so
w

e

on
ly

co
u
n
t

u
p

el
em

en
ts

th
at

o
cc

u
r

su
ffi

ci
en

tl
y

fr
eq

u
en

tl
y.

A
cc

or
d
in

g
to

th
e

ge
n
er

al
iz

ed
O

D
S

al
go

ri
th

m
,

th
e

tr
u
n
ca

te
d

sa
m

p
le

co
n
d
it

io
n
a
l

m
ea

n
an

d
va

ri
an

ce
of
T
j
(X

j
)

gi
ve

n
X
S

=
x
S

ar
e:

µ̂
j|
S

(x
S

)
:=

1

n
S

(x
S

)

n ∑ i=
1

T
j
(X

(i
)

j
)1

(X
(i

)
S

=
x
S

),

σ̂
2 j|
S

(x
S

)
:=

1

n
S

(x
S

)
−

1

n ∑ i=
1

(T
j
(X

(i
)

j
)
−
µ̂
j|
S

(x
S

))
2
1

(X
(i

)
S

=
x
S

).
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L
e
a
r
n
in
g

Q
u
a
d
r
a
t
ic

V
a
r
ia
n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
isp

e
r
sio

n
S
c
o
r
in
g

W
e

rew
rite

th
e

overd
isp

ersion
sco

re
(5)

of
n
o
d
e
k
∈
V
\{
π

1 ,...,π
j−

1 }
for

π
j

as
follow

s:

Ŝ
(1,k

)
:=

[(
σ̂
k

β
0

+
β

1 µ̂
k )

2−
µ̂
k

β
0

+
β

1 µ̂
k ]

,

Ŝ
(m
,k

)
:=

∑

x∈X
(C
m
k
)

n
(x

)

n
C
m
k [(

σ̂
k|C

m
k (x

)

β
0

+
β

1 µ̂
k|C

m
k (x

) )
2−

µ̂
k|C

m
k (x

)

β
0

+
β

1 µ̂
k|C

m
k (x

) ]
.

F
o
r

n
ota

tio
n
al

con
ven

ien
ce,

let
each

en
try

of
th

e
overd

isp
ersion

score
Ŝ

(m
,k

)
for

x
∈

X
(C

m
k )

b
e

d
efi

n
ed

as:

Ŝ
(m
,k

)(x
)

:=

(
σ̂
k|C

m
k (x

)

β
0

+
β

1 µ̂
k|C

m
k (x

) )
2−

µ̂
k|C

m
k (x

)

β
0

+
β

1 µ̂
k|C

m
k (x

) .
(27)

T
h
e

tru
e

overd
isp

ersion
scores

are:

S
∗(1,k

)
:=

[(
σ
k

β
0

+
β

1 µ
k )

2−
µ
k

β
0

+
β

1 µ
k ]

,

S
∗(m

,k
)

:=
∑

x∈X
(C
m
k
)

n
(x

)

n
C
m
k [(

σ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

) )
2−

µ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

) ]
,

S
∗(m

,k
)(x

)
:=

(
σ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

) )
2−

µ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

)
for

x
∈
X

(C
m
k ).

N
ex

t
w

e
in

tro
d
u
ce

P
rop

osition
24

w
h
ich

en
su

res
th

e
each

com
p

on
en

t
of

th
e

tru
e

overd
is-

p
ersio

n
score

S
∗(m

,k
)(x

)
for

k
6=
π
m

is
b

ou
n
d
ed

aw
ay

from
m

m
in
>

0.

P
ro

p
o
sitio

n
2
4

F
o
r

a
ll
j
∈
V

,
pa

0 (j)⊂
pa

(j),
pa

0 (j)6=
∅

a
n

d
S
⊂

n
d
(j)\

pa
0 (j),

th
ere

exists
m

m
in
>

0
su

ch
th

a
t

V
a
r(T

j (X
j )|

X
S

)−
E

(T
j (X

j )|
X
S

)
>
m

m
in .

N
ow

w
e

d
efi

n
e

th
e

follow
in

g
tw

o
even

ts:
F

or
an

y
j
∈
V

,
k
∈
V
\
{π

1 ,...,π
j−

1 }
an

d
m
∈
{1
,2
,...,p−

1}

ξ
1

:=
{
m

ax
j

m
ax

i∈{
1
,2
,···,n} |X

(i)
j
|
<

4
log

η}

ξ
3

:=
{
m

ax
m
,k
|Ŝ

(m
,k

)−
S
∗(m

,k
)|
<
m

m
in

2
}
.

T
h
en

,

P
(π̂
6=
π
∗)

(a
)

≤
P

(π̂
6=
π
∗,ξ

3 )
+
P

(ξ
c3 ,ξ

1 )
+
P

(ξ
c1 )

(b)

≤
P

(π̂
1 6=

π
∗1 ,ξ

3 )
+
P

(π̂
2 6=

π
∗2 ,ξ

3 |
π̂

1
=
π
∗1 )

+
···

+
P

(π̂
p 6=

π
∗p ,ξ

3 |
π̂

1
=
π
∗1 ,···

,π̂
p−

1
=
π
∗p−

1 )
+
P

(ξ
c3 ,ξ

1 )
+
P

(ξ
c1 ).

(28)
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

(a)
follow

s
from

P
(A

)≤
P

(A
∩
B

)
+
P

(B
c),

an
d

(b
)

follow
s

from
th

e
in

d
u
ction

an
d

th
e

fact
P

(A
∪
B

)
=
P

(A
)

+
P

(B
∩
A
c)

=
P

(A
)

+
P

(B
|
A
c)P

(A
c)≤

P
(A

)
+
P

(B
|
A
c).

W
e

p
rov

e
th

e
p
rob

ab
ility

b
ou

n
d

(28)
b
y

in
d
u
ction

.
F

or
th

e
fi
rst

step
(m

=
1),

overd
is-

p
ersion

scores
of
π

1
in

E
q
u
ation

(4)
are

u
sed

w
h
ere

a
set

of
can

d
id

ate
elem

en
t

of
π

1
is

{1
,2
,···

,p}
.

T
h
en

,

P
(π̂

1 6=
π
∗1 ,ξ

3 )
=

P
(∃
k ′∈

V
\{
π
∗1 }

su
ch

th
atŜ

(1,π
∗1 )
>
Ŝ

(1,k ′),ξ
3 )

(a
)

≤
(p−

1)
m

ax
k ′∈

V
\{
π
∗1 }
P
(S
∗(1,π

∗1 )
+
m

m
in

2
>
S
∗(1,k ′)−

m
m

in

2
,ξ

3 )

(b)
=

(p−
1)

m
ax

k ′∈
V
\{
π
∗1 }
P

(m
m

in
>
S
∗(1,k

),ξ
3 )

(c)
=

0
.

(a)
follow

s
from

th
e

u
n
ion

b
ou

n
d

an
d

th
e

d
efi

n
ition

of
ξ

3 .
(b

)
follow

s
from

th
atS

∗(1,π
∗1 )

=
0

b
y

th
e

p
rop

erty
of

th
e

tran
sform

ation
T
j (·)

sp
ecifi

ed
in

P
rop

osition
3,

an
d

(c)
fo

llow
s

from
P

rop
osition

24.
F

or
th

e
m

=
(j−

1)
th

step
,

assu
m

e
th

at
th

e
fi
rst

j−
1

elem
en

ts
of

th
e

estim
ated

ord
erin

g
are

correct
(π̂

1 ,π̂
2 ,···

,π̂
j−

1 )
=

(π
∗1 ,···

,π
∗j−

1 ).
T

h
en

for
th

e
m

=
j
th

step
,

w
e

con
sid

er
th

e
p
rob

ab
ility

of
a

false
recovery

of
π
∗j

given
(π
∗1 ,···

,π
∗j−

1 ).
U

sin
g

th
e

sam
e

argu
m

en
t

as
th

e
fi
rst

step
,

th
e

follow
in

g
resu

lt
is

stra
igh

tforw
ard

.

P
(π̂
j 6=

π
∗j ,ξ

3 |
π
∗1 ,···

,π
∗j−

1 )
=

P
(∃
k
∈
V
\{
π
∗j }

su
ch

th
atŜ

(j,π
∗j )
>
Ŝ

(j,k
),ξ

3 )

(a
)

≤
p

m
ax

k∈
V
\{
π
∗j }
P
(S
∗(j,π

∗j )
+
m

m
in

2
>
S
∗(j,k

)−
m

m
in

2
,ξ

3 )

(b)
=

p
m

ax
k∈
V
\{
π
∗j }
P

(m
m

in
>
S
∗(j,k

),ξ
3 )

(c)
=

0
.

T
h
erefore,

for
an

y
j∈

V
,

P
(π̂
j 6=

π
∗j ,ξ

3 |
π̂

1
=
π
∗1 ,···

,π̂
j−

1
=
π
∗j−

1 )
=

0.

T
h
en

,
th

e
p
rob

ab
ility

b
ou

n
d

(28)
is

red
u
ced

to
P

(π̂
6=
π
∗)≤

P
(ξ
c3 ,ξ

1 )
+
P

(ξ
c1 ).

N
ote

th
at

P
(ξ
c1 )
≤
M
·
η −

2
b
y

P
rop

osition
17.

T
h
e

follow
in

g
lem

m
a

p
rov

id
es

th
e

u
p
p

er
b

ou
n
d

of
P

(ξ
c3 ,ξ

1 ).

L
e
m

m
a

2
5

T
h
ere

exist
po

sitive
co

n
sta

n
ts
C

1
a
n

d
C

2
su

ch
th

a
t

P
(ξ
c3 ,ξ

1 )≤
C

1 p
2c −

1
0

exp (−
C

2
c

0 ·
n

log
4
η )

.

w
h
ere

c
0

is
th

e
sa

m
p
le

cu
t-o

ff
pa

ra
m

eter.

L
astly,

w
e

d
efi

n
e

a
con

d
ition

on
th

e
sam

p
le

cu
t-off

p
aram

eter
c

0 .
In

tu
itively

if
c

0
is

to
o

sm
all,

th
e

estim
ated

overd
isp

ersion
scores

m
ay

b
e

b
iased

d
u
e

to
th

e
lack

o
f

sam
p
les.
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e,

al
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p
on

en
ts

of
th

e
co

n
d
it

io
n
in

g
se

t
C
m
k

m
ay

n
ot

h
av

e
en

ou
gh

sa
m

p
le

s
si

ze
(>

c 0
·n

),
an

d
th

er
ef

or
e

ov
er

d
is

p
er

si
on

sc
or

es
ca

n
n
ot

b
e

ca
lc

u
la

te
d
.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
p
ro

v
id

es
a

m
ax

im
u
m

va
lu

e
of
c 0

en
su

ri
n
g

th
at

ov
er

d
is

p
er

si
on

sc
or

es
ex

is
t.

P
ro

p
o
si

ti
o
n

2
6

O
n

th
e

ev
en

t
ξ 1

,
if
c 0
≤

(3
lo

g
(η

))
−
d

th
en

th
e

co
n

d
it

io
n

in
g

se
t
C
m
k

h
a
s

a
t

le
a
st
c 0
·n

sa
m

p
le

s.

T
h
e

co
m

b
in

at
io

n
of

L
em

m
a

25
an

d
P

ro
p

os
it

io
n

26
im

p
ly

th
a
t

fo
r

so
m

e
C

1
an

d
C

2

P
(ξ
c 3
,ξ

1
)
≤
C

1
p

2
lo

g
d
(η

)e
x
p

( −
C

2
n

(l
og

(η
))

4
+
d

)
.

T
h
er

ef
or

e,

P
(π̂
6=
π
∗ )
≤
C

1
p

2
lo

g
d
(η

)e
x
p

( −
C

2
n

lo
g

4
+
d
η

)
+
M η

2
.

D
.1

P
ro

o
f

fo
r

P
ro

p
o
si

ti
o
n

2
4

P
ro

o
f

In
th

e
p
ro

of
of

th
e

id
en

ti
fi
ab

il
it

y
th

eo
re

m
in

A
p
p

en
d
ix

A
,

w
e

ob
ta

in

V
ar

(T
j
(X

j
)
|X

S
)
−

E(
T
j
(X

j
)
|X

S
)

=
(1

+
β

1
)V

ar
(E

(X
j
|X

p
a
(j

))
|X

S
)

(β
0

+
β

1
E(
X
j
|X

S
))

2
.

B
y

A
ss

u
m

p
ti

on
13

,
V

ar
(E

(X
j
|X

p
a
(j

))
|X

S
)
>
M

m
in

an
d
|β
j0

+
β
j1
E(
X
j
|X

S
)|
>
ω

m
in

.
T

h
en

,

V
ar

(T
j
(X

j
)
|X

S
)
−

E(
T
j
(X

j
)
|X

S
)
≥

(1
+
β

1
)M

m
in

ω
2 m

in

.

S
in

ce
β

1
>
−

1,
th

e
p
ro

of
is

co
m

p
le

te
.

D
.2

P
ro

o
f

fo
r

P
ro

p
o
si

ti
o
n

2
6

P
ro

o
f

L
et
|X

S
|d

en
ot

e
th

e
ca

rd
in

al
it

y
of

a
se

t
{X

(1
)

S
,X

(2
)

S
,·
··
,X

(n
)

S
}

an
d
|X

(S
)|

d
en

ot
e

th
e

ca
rd

in
al

it
y

of
th

e
tr

u
n
ca

te
d

se
t
X

(S
)

:=
{x
∈
{X

(1
)

S
,X

(2
)

S
,·
··
,X

(n
)

S
}

:
n

(x
)
≥
c 0
·n
}.

If
|X

(S
)|

=
1,

fo
r

al
l
x
∈
{X

(1
)

S
,X

(2
)

S
,·
··
,X

(n
)

S
},
n
S

(x
)

=
c 0
·n
−

1
ex

ce
p
t

fo
r

a
si

n
gl

e
z
∈

X
(S

)
w

h
er

e
n
S

(z
)
≥
c 0
.n

.
In

th
is

ca
se

,
th

e
to

ta
l
sa

m
p
le

si
ze
n

=
n
S

(z
)+

(|X
S
|−

1)
(c

0
·n
−

1
).

H
en

ce

n
S

(z
)

=
n
−

(|X
S
|−

1)
(c

0
.n
−

1)
=
n
−
c 0
·n
·|
X
S
|+

c 0
·n

+
|X

S
|−

1.

S
in

ce
c 0
·n
≤
n
S

(z
),

c 0
≤
n

+
|X

S
|−

1

n
·|
X
S
|

.
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

N
ot

e
th

at
1
|X
S
|
≤

n
+
|X
S
|−

1
n
·|X

S
|

an
d
|X

(i
)

j
|≤

4
lo

g
(η

)
fo

r
al

l
j
∈
V

an
d
i
∈
{1
,2
,·
··
,n
}

g
iv

en

ξ 1
.

T
h
en

th
e

m
ax

im
u
m

ca
rd

in
al

it
y

of
X
S

is
(4

lo
g
(η

))
|S
| .

H
en

ce
if
c 0
≤

(4
lo

g
(η

))
−
|S
|

th
er

e
ex

is
ts

a
z
∈
X

(S
).

R
ec

al
l
th

at
th

e
si

ze
of

a
ca

n
d
id

at
e

p
a
re

n
ts

se
t
C
m
k

is
b

ou
n
d
ed

b
y

th
e

m
ax

im
u
m

d
eg

re
e

o
f

th
e

m
or

al
iz

ed
gr

ap
h
d
.

T
h
er

ef
or

e
if
c 0
≤

4
lo

g
(η

)−
d
,

th
er

e
ex

is
ts

at
le

as
t

on
e
z
∈
X

(C
m
k
).

D
.3

P
ro

o
f

fo
r

L
e
m

m
a

2
5

P
ro

o
f

F
or

ea
se

of
n
ot

at
io

n
,

le
t
n
m
k

=
n
C
m
k

an
d
n
m
k
(x

)
=
n
C
m
k
(x

)
fo

r
x
∈
X

(C
m
k
).

U
si

n
g

th
e

u
n
io

n
b

ou
n
d
,

fo
r
m
∈
{1
,2
,.
..
,p
−

1
}

an
d
k
∈
V
\{
π

1
,.
..
,π
j−

1
}

P
(ξ
c 3
,ξ

1
)

=
P

(m
ax

m
,k
|Ŝ

(m
,k

)
−
S∗

(m
,k

)|
>
m

m
in

2
,ξ

1
)

≤
p

2
m

ax
m
,k
P

(|Ŝ
(m
,k

)
−
S∗

(m
,k

)|
>
m

m
in

2
,ξ

1
).

S
in

ce
ov

er
d
is

p
er

si
on

sc
or

es
h
av

e
an

ad
d
it

iv
e

fo
rm

,

P
(|Ŝ

(m
,k

)
−
S∗

(m
,k

)|
>
m

m
in

2
,ξ

1
)
≤
P

(
∑

x
∈X

(C
m

k
)

n
m

k
(x

)

n
m

k
|Ŝ

(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
).

A
p
p
ly

in
g
P

(∑
i
Y
i
>
δ)
≤
∑

i
P

(Y
i
>
ω
iδ

)
fo

r
an

y
δ
∈
R

an
d
ω
i
∈
R

+
su

ch
th

a
t
∑

i
ω
i

=
1,

w
e

h
av

e P
(
∑

x
∈X

(C
m
k
)

n
m
k
(x

)

n
m
k
|Ŝ

(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
)

≤
∑

x
∈X

(C
m
k
)

P
(|Ŝ

(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
).

A
p
p
ly

in
g

th
e

u
n
io

n
b

ou
n
d
,

∑

x
∈X

(C
m
k
)

P
(|Ŝ

(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
)

≤
|X

(C
m
k
)|

m
ax

x
∈X

(C
m
k
)
P

(|Ŝ
(m
,k

)(
x

)
−
S(
m
,k

)∗
(x

)|
>
m

m
in

2
,ξ

1
).

S
in

ce
w

e
on

ly
co

n
si

d
er
x
∈
X

(C
m
k
),

it
fo

ll
ow

s
th

at
n
m
k
(x

)
≥
c 0
·n

.
F

u
rt

h
er

si
n
ce

th
e

to
ta

l
tr

u
n
ca

te
d

sa
m

p
le

si
ze

is
le

ss
th

an
to

ta
l

sa
m

p
le

si
ze

,
c 0
·n
·|X

(C
m
k
)|
≤
n

,
a
n
d

th
er

ef
o
re

th
e

ca
rd

in
al

it
y

of
C
m
k

is
at

m
os

t
c−

1
0

.
H

en
ce

|X
(C

m
k
)|

m
ax

x
∈X

(C
m
k
)
P

(|Ŝ
(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
)

≤
c−

1
0

m
ax

x
∈X

(C
m
k
)
P

(|Ŝ
(m
,k

)(
x

)
−
S∗

(m
,k

)(
x

)|
>
m

m
in

2
,ξ

1
).

S
in

ce
th

e
ov

er
d
is

p
er

si
on

sc
or

e
is

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

co
n
d
it

io
n
al

m
ea

n
a
n
d

co
n
d
i-

ti
on

al
va

ri
an

ce
,

th
e

re
m

ai
n
d
er

of
th

e
p
ro

of
is

re
d
u
ce

d
to

fi
n
d
in

g
th

e
sa

m
p
le

co
m

p
le

x
it

y
fo

r
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V
a
r
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n
c
e
F
u
n
c
t
io
n
D
A
G

M
o
d
e
l
s
v
ia

O
v
e
r
D
isp

e
r
sio

n
S
c
o
r
in
g

th
e

sa
m

p
le

con
d
ition

al
m

ean
an

d
va

rian
ce.

S
u
p
p

ose
th

at
ε

:=
µ̂
k|C

m
k (x

)−
µ
k|C

m
k (x

)
a
n
d

κ·ε
:=

σ̂
2k|C

m
k (x

)−
σ

2k|C
m
k (x

)
for

som
e
κ
∈
R

.
B

y
th

e
d
efi

n
ition

of
th

e
overd

isp
ersion

scores

in
E

q
u
a
tion

(2
7
),

w
e

h
ave

{
ε

:|Ŝ
(m
,k

)(x
)−
S
∗(m

,k
)(x

)|
>
m

m
in

2
}

⊂
{
ε

: ∣∣∣∣∣ (
σ
k|C

m
k (x

)
+
κ
ε

β
0

+
β

1 µ
k|C

m
k (x

)
+
ε )

2−
µ
k|C

m
k (x

)
+
ε

β
0

+
β

1 µ
k|C

m
k (x

)
+
ε

−
(

σ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

) )
2−

µ
k|C

m
k (x

)

β
0

+
β

1 µ
k|C

m
k (x

) ∣∣∣∣∣
>
m

m
in

2

}

=
{
ε

:
ε∈

(ε
1 ,ε

2 )∪
(ε

3 ,ε
4 )}

.

w
h
ere

ε
1 ,ε

2 ,ε
3 ,ε

4
are

con
stan

ts
th

at
d
ep

en
d

on
µ
,σ

2,β
0 ,β

1 ,m
m

in ,
an

d
κ

an
d

are
con

stru
cted

a
s

fo
llow

s:

ζ
1 (µ

,σ
2,β

0 ,β
1 ,m

m
in ,κ

)
:=

β
30 (1

+
β

1 m
m

in )−
β

41 m
m

in µ
3

+
2
β

21 µ
2κ
σ

2−
2β

21 µ
σ

4

+
β

20 (−
2β

1 µ
−

3β
21 m

m
in µ

+
2
κ
σ

2)−
β

0 β
1 {
β

1 µ
2

+
3
β

21 m
m

in µ
2

+
2
σ

2(−
2κ
µ

+
σ

2) }
,

ζ
2 (µ

,σ
2,β

0 ,β
1 ,m

m
in ,κ

)
:=

(β
0

+
β

1 µ
)
2 [β

40 (1
+

2
κ
µ

)
+

2
β

21 (κ
µ
−
σ

2)
2(β

21 µ
2m

m
in

+
2
σ

4)

+
4
β

0 β
1 (κ

µ
−
σ

2) {
β

21 µ
m

m
in (2κ

µ
−
σ

2)
+
β

1 µ
σ

2−
2
κ
σ

2}
+

2
β

30 {
−

2κ
σ

2
+
β

1 (µ
+

4
m

m
in κ

2µ
−

2m
m

in κ
σ

2) }

+
β

20 {
4κ

2σ
4

+
4
β

1 σ
2(−

2
κ
µ

+
σ

2)
+
β

21 (µ
2

+
12
m

m
in κ

2µ
2−

12m
m

in µ
κ
σ

2
+

2
m

m
in σ

4) } ],

ζ
3 (µ

,σ
2,β

0 ,β
1 ,m

m
in ,κ

)
:=

β
20 (−

2
κ

2
+

2
β

1
+
β

21 m
m

in )
+

2
β

0 β
µ

(β
1

+
β

21 m
m

in −
κ

2)

+
β

21 (β
21 m

m
in µ

2
+

2
σ

4−
2
κ

2µ
2).

G
iven

ζ
1 ,ζ

2 ,ζ
3 ,

ε ′1
=
ζ

1 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

+
√
ζ

2 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

ζ
3 (µ

k|C
m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

,

ε ′2
=
−
ζ

1 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

+
√
ζ

2 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

ζ
3 (µ

k|C
m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,m
m

in ,κ
)

,

ε ′3
=
ζ

1 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)
+
√
ζ

2 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)

ζ
3 (µ

k|C
m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)
,

ε ′4
=
−
ζ

1 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)
+
√
ζ

2 (µ
k|C

m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)

ζ
3 (µ

k|C
m
k (x

),σ
2k|C

m
k (x

),β
0 ,β

1 ,−
m

m
in ,κ

)
.

L
et

(ε
1 ,ε

2 ,ε
3 ,ε

4 )
b

e
th

e
ord

ered
valu

es
of

(ε ′1 ,ε ′2 ,ε ′3 ,ε ′4 )
from

sm
allest

to
largest.

S
in

ce
m

m
in
>

0
it

fo
llow

s
th

at
ε
1 ,ε

2
<

0
an

d
ε
3 ,ε

4
>

0.
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P
a
r
k

a
n
d

R
a
sk

u
t
t
i

F
or

ease
of

n
otation

,
ε
m

in
=

m
in{|ε

2 |,|ε
3 |}.

T
h
en

,

{ε
:|Ŝ

(j,k
)(x

)−
S
∗(j,k

)(x
)|
>
m

m
in

2
}
⊂

(−
∞
,−
ε
m

in )∪
(ε

m
in ,∞

).

H
en

ce

P
{|Ŝ

(m
,k

)(x
)−
S
∗(m

,k
)(x

)|
>
m

m
in

2
}

≤
P
(|µ̂

k|C
m
k (x

)−
µ
k|C

m
k (x

)|
>
ε
m

in )
+
P
(|σ̂

2k|C
m
k (x

)−
σ

2k|C
m
k (x

)|
>
κ
ε
m

in )
.

O
n
ξ

1 ,
m

ax
i,j |X

(i)
j
|≤

4
log

(η
).

F
u
rth

erm
ore

recall
th

at
n
m
k (x

)≥
c

0 ·
n

.
B

y
ap

p
ly

in
g

H
o
eff

d
in

g’s
in

eq
u
a
lity,

P
(|µ̂

k|C
m
k (x

)−
µ
k|C

m
k (x

)|
>
ε
m

in ,ξ
1 )≤

2ex
p (−

ε
2m

in c
0 .n

8
log

2
η

)
.

N
ote

th
at

sam
p
le

varian
ce

can
b

e
d
ecom

p
osed

as
follow

s:

1

n
−

1

(
n
∑

i

X
2i −

1n
(
n
∑

i

X
i )

2 )
=

1n

n
∑

i

X
2i −

1

n
(n
−

1) ∑i6=
j

X
i X

j .

U
sin

g
H

o
eff

d
in

g’s
in

eq
u
ality

for
th

e
d
ecom

p
osed

sam
p
le

varian
ce,

P
(|σ̂

2k|C
m
k (x

)−
σ

2k|C
m
k (x

)|
>
|κ|·ε

m
in ,ξ

1 )≤
2ex

p (−
κ

2ε
2m

in c
0 ·
n

128
log

4
η

)
+

2ex
p (−

κ
2ε

2m
in c

0 ·
n

256
log

4
η

)
.

T
h
erefore,

P
{|Ŝ

(m
,k

)(x
)−
S
∗(m

,k
)(x

)|
>
m

m
in

2
,ξ

1 }

≤
2 (

ex
p (−

ε
2m

in c
0 .n

8
log

2
η

)
+

ex
p (−

κ
2ε

2m
in c

0 ·n
128

log
4
η

)
+

ex
p (−

κ
2ε

2m
in c

0 ·
n

256
log

4
η

))
.

T
h
is

com
p
letes

th
e

p
ro

of
sin

ce
th

ere
ex

ist
con

stan
ts
C

1
an

d
C

2
su

ch
th

at

P
(ξ
c3 ,ξ

1 )≤
C

1 p
2c −

1
0

ex
p (−

C
2
c

0 ·n
log

4
η )

.

A
p
p

e
n
d
ix

E
.

P
ro

o
f

fo
r

T
h
e
o
re

m
1
5

P
ro

o
f

O
n
ce

again
w

e
u
se

th
e

p
rim

a
l-d

u
a
l

w
itn

ess
m

eth
o
d

u
sed

in
th

e
th

e
p
ro

of
for

T
h
e-

orem
12.

T
h
e

on
ly

d
iff

eren
ce

is
th

e
con

d
ition

in
g

set.
In

th
is

p
ro

of,
th

e
con

d
ition

in
g

set
is

all
elem

en
ts

of
th

e
ord

erin
g

b
efore

n
o
d
e
j

rath
er

th
an

j
is
V
\
{
j}

.
W

ith
ou

t
loss

of
gen

erality,
w

e
assu

m
e

th
e

tru
e

ord
erin

g
is
π
∗

=
(1
,2
,···
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té

P
a
ri

s
S

a
cl

a
y

L
a
bo

ra
to

ir
e

d
es

S
ig

n
a
u

x
et

S
ys

tè
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b
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=
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.
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re
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p
to
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∞
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∈
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√
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>
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p
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b
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b
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ti
ca

ll
y

p
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d
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p
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d
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p
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p
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v
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b
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resp
ect

to
n

)
an

d
trailin

g
term

s
(van

ish
in

g
sp

ectral
n

orm
s

w
ith

resp
ect

to
n

),
so

th
at

w
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p
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−
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−

2
0

2
4

6

−
S
α

S
α

S
α

T
w

o
sp

ik
es

−
4

−
2

0
2

4

O
n

e
sp

ik
e

F
igu

re
2
:

T
w

o
grap

h
s

gen
erated

u
p
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−
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−
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p
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b
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b
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ĝ
α
(x

)
as

p
er

P
ro

p
o
si

ti
on

12
.

2
:

R
et

ri
ev

e
th

e
`

ei
ge

n
ve

ct
or

s
co

rr
es

p
on

d
in

g
to

th
e
`

la
rg

es
t

ei
ge

n
va

lu
es

of

L
α

=
(2
m

)α
1 √
n
D
−
α
[ A
−

d
d
T

2
m

] D
−
α
.

D
en

ot
e

u
α 1
,.
..
,u

α `
th

os
e

ei
ge

n
ve

ct
or

s.

3
:

L
et

ti
n

g
v
α i

=
D
α
−

1
u
α i

an
d

v̄
α i

=
v
α i

‖v
α i
‖,

st
a
ck

th
e

ve
ct

or
s

v̄
α i
’s

co
lu

m
n
w

is
e

in
a

m
a
tr

ix

W
=

[v̄
α 1
,.
..
,v̄

α `
]
∈
R
n
×
` .

4
:

L
et

r 1
,.
..
,r
n
∈
R
`

b
e

th
e

ro
w

s
of

W
.

C
lu

st
er

r i
∈
R
` ,

1
≤
i
≤
n

in
on

e
of

th
e
K

gr
ou

p
s

u
si

n
g

a
n
y

lo
w

-d
im

en
si

o
n

al
cl

as
si

fi
ca

ti
on

al
go

ri
th

m
(e

.g
.,

k
-m

ea
n

s
or

E
M

).
T

h
e

la
b

el
a
ss

ig
n

ed
to

r i
th

en
co

rr
es

p
on

d
s

to
th

e
la

b
el

of
n

o
d

e
i.

p
er

fo
rm

a
n

ce
s

of
A

lg
or

it
h

m
2

m
ai

n
ly

d
ep

en
d

o
n

th
e

co
n
te

n
t

o
f

th
e

ei
ge

n
ve

ct
or

s
v̄
α i
’s

.
T

h
es

e
re

g
u

la
ri

ze
d

ei
g
en

ve
ct

or
s

h
ap

p
en

to
b

e
sh

ap
p

ed
li

k
e

n
o
is

y
“
p

la
te

au
s”

(s
te

p
fu

n
ct

io
n

s)
,

ea
ch

p
la

te
a
u

ch
ar

ac
te

ri
zi

n
g

a
cl

as
s.

T
h

e
ob

je
ct

iv
e

o
f

th
e

n
ex

t
se

ct
io

n
is

to
p

ro
v
id

e
d

et
er

m
in

is
ti

c
li

m
it

s
o
f

th
e

p
ar

am
et

er
s

of
th

os
e

n
oi

sy
p

la
te

au
s

fr
o
m

w
h

ic
h

th
e

as
y
m

p
to

ti
c

p
er

fo
rm

a
n

ce
s

of
A

lg
o
ri

th
m

2
u

n
fo

ld
.

3
.5

E
ig

e
n
v
e
c
to

rs
a
n

d
im

p
ro

v
e
m

e
n
t

o
f

E
x
p

e
c
ta

ti
o
n

M
a
x
im

iz
a
ti

o
n

(E
M

)
a
lg

o
ri

th
m

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
a

p
re

ci
se

ch
ar

ac
te

ri
za

ti
o
n

o
f

th
e

a
sy

m
p

to
ti

c
cl

as
s

m
ea

n
s

an
d

cl
as

s
co

va
ri

an
ce

s
of

th
e

d
om

in
an

t
ei

ge
n
ve

ct
o
rs

en
tr

ie
s

(u
se

d
fo

r
cl

u
st

er
in

g)
w

h
ic

h
in

tu
rn

al
lo

w
s

to
im

p
ro

ve
th

e
cl

a
ss

ic
al

E
M

al
go

ri
th

m
u

se
d

in
th

e
la

st
st

ep
o
f

sp
ec

tr
al

cl
u

st
er

in
g

p
ro

ce
d

u
re

s.
T

h
e

ei
ge

n
ve

ct
or

s
of

L
α

h
av

e
th

e
p

ro
p

er
ty

of
re

m
ai

n
in

g
“s

ta
b

le
”

in
th

e
la

rg
e

d
im

en
si

on
a
l
li

m
it

,
th

er
eb

y
al

lo
w

in
g

fo
r

a
p

re
ci

se
ch

ar
ac

te
ri

za
ti

o
n

of
th

ei
r

co
n
te

n
t.

T
h

is
b

eh
av

io
r

(c
la

ss
ic

al
in

th
e

sp
ik

e
m

o
d

el
an

a
ly

si
s

of
ra

n
d

om
m

at
ri

ce
s)

h
ow

ev
er

on
ly

h
ol

d
s

fo
r

ei
ge

n
v
ec

to
rs

as
so

ci
a
te

d
to

st
ri

ct
ly

is
ol

at
ed

ei
ge

n
va

lu
es

(i
n

th
e

se
n

se
th

at
th

e
la

tt
er

re
m

ai
n

at
m

ac
ro

sc
op

ic
d

is
ta

n
ce

of
al

l
ot

h
er

ei
ge

n
va

lu
es

).
In

th
e

re
m

ai
n

d
er

,
w

e
th

u
s

as
su

m
e

th
at

th
e

n
o
rm

al
iz

ed
ei

ge
n
ve

ct
or

v̄
α i

u
n

d
er

st
u

d
y

is
a
ss

o
ci

at
ed

w
it

h
su

ch
a

st
ri

ct
ly

is
o
la

te
d

ei
ge

n
va

lu
e.

A
s

o
n

e
ca

n
se

e
in

F
ig

u
re

3,
th

e
d

iff
er

en
t

cl
u

st
er

s
o
f

p
oi

n
ts

(r
ow

s
of

W
in

A
lg

or
it

h
m

2)
h

av
e

d
iff

er
en

t
d

is
p

er
si

on
s

(v
ar

ia
n

ce
s)

in
th

e
D

C
S

B
M

m
o
d

el
u

n
d

er
co

n
si

d
er

at
io

n
.

T
h

e
m

os
t

ap
p

ro
p

ri
at

e
al

go
ri

th
m

to
u

se
in

st
ep

4
of

A
lg

or
it

h
m

2
is

th
e

ex
p

ec
ta

ti
o
n

m
ax

im
iz

a
ti

o
n

(E
M

)
m

et
h

o
d

.
E

M
co

n
si

d
er

s
ea

ch
p

oi
n
t
r i
∈
R
`

ar
is

in
g

fr
om

[v̄
α 1
,.
..
,v̄

α `
]
as

a
m

ix
tu

re
o
f
K

G
a
u

ss
ia

n
ra

n
d

om
ve

ct
o
rs

w
it

h
m

ea
n

s
ν
a E
M

an
d

co
va

ri
an

ce
s

Σ
a E
M
∈
R
`×
` ,
a
∈
{1
,.
..
,K
}.

S
ta

rt
in

g
fr

om
in

it
ia

l
m

ea
n

s
an

d
co

va
ri

an
ce

s,
th

ey
ar

e
se

q
u

en
ti

al
ly

u
p

d
a
te

d
u

n
ti

l
co

n
v
er

ge
n

ce
.

T
o

id
en

ti
fy

ν
a E
M

,
Σ
a E
M

a
n

d
th

u
s

u
n

d
er

st
an

d
th

e
p

er
fo

rm
a
n

ce
of

A
lg

o
ri

th
m

2,
w

e
m

ay
w

ri
te

v̄
α i

1
0

as
th

e

1
0
.

R
ec

a
ll

th
a
t

th
e

g
ra

p
h

n
o
d

es
w

er
e

a
ss

u
m

ed
la

b
el

ed
b
y

cl
a
ss

,
a
n

d
th

u
s

th
e

en
tr

ie
s

o
f
v̄
α i

a
re

si
m

il
a
rl

y
so

rt
ed

b
y

cl
a
ss

.

1
4

JM
L

R
 1

8(
22

5)
:1

-4
9,

 2
01

8



Im
p
r
o
v
e
d

sp
e
c
t
r
a
l
c
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n

“n
o
isy

p
latea

u
s”

vector

v̄
αi

=
K
∑a

=
1

ν
ai

ja
√
n
a

+
√
σ
aii w

ai
(4)

w
h

ere
w
ai
∈

R
n

is
a

ran
d

om
vector

orth
ogon

al
to

ja ,
of

n
o
rm
√
n
a

an
d

su
p

p
orted

on
th

e
in

d
ices

o
fC

a
an

d

ν
ai

=
1
√
n
a

(v̄
αi
)
T

ja
=

1
√
n
a

(u
αi
)
T
D
α−

1ja
√

(u
αi
)
T
D

2
(α−

1
)u
αi

(5)

σ
aij

=
(u

αi
)
T
D
α−

1D
a D

α−
1u

αj
√

(u
αi
)
T
D

2
(α−

1
)u
i √

(u
αj
)
T
D

2
(α−

1
)u
αj

−
ν
ai ν

aj
(6)

w
ith
D
a

=
D

(ja ).
T

h
e

vector
ν
a

=
(ν
ai )
`i=

1
∈

R
`

an
d

th
e

m
atrix

Σ
a

=
(σ
aij )

`i,j=
1
∈

R
`×
`

rep
resen

t
resp

ectively
th

e
em

p
irical

m
ea

n
s

an
d

em
p

irica
l

cova
rian

ces
of

th
e

p
o
in

ts
r
i

(d
efi

n
ed

in
A

lg
orith

m
2)

b
elon

gin
g

to
class

C
a .

T
h
u

s,
p

rov
id

ed
th

at
E

M
con

verg
es

to
th

e
correct

solu
tion

,
(ν

aE
M

)
i

an
d

(Σ
aE
M

)
ij

sh
a
ll

con
verge

asy
m

p
to

tically
to

th
e

lim
itin

g
va

lu
es

of
ν
ai ∈

R
a
n

d
σ
aij

resp
ectively.

C
learly,

for
sm

all
valu

es
of

Σ
a

com
p

ared
to
ν
a,

clu
sterin

g
th

e
vectors

v̄
αi

sh
all

lead
to

go
o
d

p
erform

an
ces.

W
e

fi
n

d
th

e
asy

m
p

totic
lim

its
of

th
e

class
m

ean
s
ν
ai

an
d

th
e

cla
ss

covaria
n

ces
σ
aij .

T
h

e
ex

p
licit

ex
p

ression
s

of
th

ose
lim

its
are

p
rov

id
ed

in
th

e
p

ro
o
f

sectio
n

(T
h

eo
rem

s
22

a
n

d
23)

for
rea

d
ab

ility
reason

s.

T
h

e
o
re

m
1
5

F
o
r
ν
ai ,
σ
aij

d
efi

n
ed

in
(2

6),
(2

7)respectively,
th

ere
exist

d
eterm

in
istic

lim
its

ν
a
,∞
i

a
n

d
σ
a
,∞
ij

(exp
licitely

d
efi

n
ed

in
T

h
eo

rem
s

2
2

a
n

d
2
3

in
S

ectio
n

6
.4

)
su

ch
th

a
t,

a
s

n
→
∞

,
a
lm

o
st

su
rely

∣∣(ν
ai )

2−
(ν
a
,∞
i

)
2 ∣∣→

0
∣∣∣ σ
aij −

σ
a
,∞
ij

∣∣∣ →
0
.

P
ro

o
f

[S
ketch

]
T

ech
n

ically,
th

e
stan

d
a
rd

to
ols

u
sed

in
sp

iked
ran

d
om

m
atrix

a
n

a
ly

sis
d

o
n

ot
allow

for
an

im
m

ed
iate

assessm
en

t
of

th
e

q
u

an
tities

ν
ai

an
d
σ
aij .

A
s

a
w

orka
ro

u
n
d

,
w

e
fo

llow
th

e
ap

p
roa

ch
u

sed
in

(C
ou

illet
et

al.,
2
016

)
w

h
ich

relies
on

th
e

p
ossib

ility
to

estim
ate

b
ilin

ear
form

s
of

th
e

ty
p

e
a
T
u
αi
(u

αi
)
T
b

for
giv

en
vectors

a
,b
∈
R
n

a
n

d
u

n
it

m
u

ltip
licity

eig
en

vectors
u
αi

of
L
α

sin
ce

w
e

h
ave

from
C

a
u

ch
y

fo
rm

u
la,

a
s
n
→
∞

alm
ost

su
rely,

(sin
ce
λ
i (L

α
)→

ρ
)

a
T
u
αi
(u

αi
)
T
b

=
−

12
π
i ∮

Γ
ρ

a
T

(L
α −

z
I
n
) −

1
b

d
z

an
d

for
a

given
m

a
trix

D

(u
αi
)
T
D

u
αi

=
tr

u
αi
(u

αi
)
T
D

=
−

12π
i ∮

Γ
ρ

tr
(L

α −
z
I
n
) −

1
D

d
z

w
h

ere
Γ
ρ

is
a

p
ositively

orien
ted

con
tou

r
circlin

g
arou

n
d

th
e

lim
itin

g
eigen

va
lu

e
ρ

of
λ
i (L

α
)

asso
ciated

to
th

e
eigen

vector
u
αi

of
L
α
.

T
h

e
ca

lcu
lu

s
d

etails
a
re

p
rov

id
ed

in
S

ection
6.4.

15
JM

L
R

 18(225):1-49, 2018

T
io
m
o
k
o
,
C
o
u
il
l
e
t

E
ig

en
v
ecto

r
1

Eigenvector 2

F
igu

re
6:
n

=
80

0,
K

=
3

classes
C

1 ,
C

2
an

d
C

3
of

sizes
|C

1 |
=
|C

2 |
=

n4
,
|C

3 |
=

n2
,

34
of

th
e

n
o
d

es
h

av
in

g
q
i

=
0
.3

a
n

d
th

e
o
th

ers
h

av
in

g
q
i

=
0
.8

,
m

atrix
of

w
eigh

ts
C

=
1

3 1
T3

+
3
0
√
n
I

3 .
T

w
o

d
im

en
sion

al
rep

resen
ta

tion
of

th
e

d
om

in
an

t
eigen

vectors
1

an
d

2
of

L
α
.

In
b

lu
e,

th
eoretica

l
m

ean
s

an
d

o
n

e-
an

d
tw

o-
sta

n
d

a
rd

d
ev

iation
s.

U
sin

g
th

e
asy

m
p

totic
resu

lts
in

T
h

eo
rem

15,
w

e
d

isp
lay

in
F

igu
res

6
an

d
7

th
e

th
eoretical

m
ean

s
an

d
stan

d
ard

d
ev

iation
s

v
ersu

s
g
rou

n
d

tru
th

s
for

ea
ch

class-w
ise

b
lo

ck
of

th
e

eig
en

-
vectors

en
tries.

T
h

e
go

o
d

fi
t

b
etw

een
th

e
grou

n
d

tru
th

s
a
n

d
th

e
th

eoretical
fi

n
d

in
gs

of
th

e
class

m
ean

s
an

d
class

covarian
ces,

calls
for

th
e

im
p

rovem
en

t
of

th
e

ran
d
om

in
itializatio

n
of

th
e

E
M

p
ro

ced
u

re
in

th
e

last
step

of
sp

ectra
l

clu
sterin

g
.

T
h

e
p

erform
an

ces
of

E
M

h
igh

ly
d

ep
en

d
on

th
e

ch
o
sen

startin
g

p
aram

eters;
a

fi
rst

n
a
tu

ral
ch

o
ice

is
to

set
th

em
ran

d
om

ly,
w

h
ich

as
w

e
sh

a
ll

see
lead

s
to

p
o
or

p
erfo

rm
an

ces
esp

ecially
in

ca
ses

w
h

ere
th

e
clu

sters
are

n
ot

easily
sep

arab
le.

S
in

ce
th

e
th

eo
retical

lim
itin

g
m

ean
s

ν
a
,∞

an
d

covarian
ces

Σ
a
,∞

a
re

resp
ectively

th
e

lim
itin

g
va

lu
es

o
f
ν
aE
M

an
d

covarian
ces

Σ
aE
M

p
rov

id
ed

E
M

con
verges

to
th

e
correct

solu
tion

,
w

e
m

ay
set

a
s

in
itial

p
aram

eters
of

E
M

o
u

r
fi

n
d

in
gs
ν
a
,∞

(T
h

eorem
22)

an
d

Σ
a
,∞

(T
h

eorem
23)

for
a
∈
{1,...,K

}
p

rov
id

ed
th

ose
can

b
e

estim
ated

.
In

m
ost

scen
arios,

th
e

m
an

y
u

n
k
n

ow
n

s
p

reven
t

su
ch

an
estim

atio
n

.
N

on
eth

eless,
fro

m
C

o
rollary

25
(S

ectio
n

6
.4),

p
rov

id
ed

th
e

class
p

rop
o
rtion

s
(or

th
e

sizes
of

each
class)

a
re

(m
ore

or
less)

k
n

ow
n

,
w

e
can

con
sisten

tly
estim

a
te
ν
∞

an
d

Σ
∞

in
a

2-class
scen

a
rio.

A
s

w
e

sh
all

see,
th

is
n

ew
settin

g
of

in
itial

p
a
ram

eters
is

m
u

ch
b

etter
th

an
oth

er
in

itialization
s

a
p

p
roa

ch
es.

T
o

sh
ow

th
e

eff
ect

of
ou

r
settin

g
of

in
itial

p
aram

eters
o
f

E
M

b
ased

on
th

e
fi

n
d

in
gs
ν
∞

a
n

d
Σ
∞

,
F

igu
re

8
com

p
ares

th
e

em
p

irica
l
p

erform
a
n

ces
o
f
ou

r
n

ew
sp

ectral
algo

rith
m

b
a
sed

on
th

e
reg

u
la

rized
eigen

vector
of

L
0
.5

for
d
iff

eren
t

in
itia

l
settin

gs
of

th
e

E
M

p
aram

eters
i)

ra
n

d
om

settin
g

(R
an

d
om

E
M

)
ii)

ou
r

th
eoretical

settin
g

(b
y

a
ssu

m
in

g
th

at
th

e
class

p
rop

ortion
s

are
k
n

ow
n

)
a
n

d
iii)

th
e

grou
n

d
tru

th
settin

g
(oracle

E
M

w
h

ere
w

e
set

th
e

in
itial

p
oin

ts
to

th
e

em
p

irically
evalu

ated
m

ean
s

a
n

d
cova

ria
n

ces
of

each
clu

ster
b

ased
on

g
rou

n
d

tru
th

).
B

elow
th

e
tran

sition
p

oin
t,

n
o

con
sisten

t
clu

sterin
g

ca
n

b
e

ach
ieved

fo
r

la
rge

n
u

sin
g

th
e

eigen
vectors

asso
ciated

to
h

igh
est

eigen
valu

es
sin

ce
th

e
clu

sters
are

n
ot

sep
arab

le
a
n

d
ou

r
th

eoretical
lim

itin
g

m
ean

s
an

d
covaria

n
ces

are
n

ot
d

efi
n

ed
sin

ce
th

ere
is

n
o

isolated
eig

en
valu

es

16
JM

L
R

 18(225):1-49, 2018



Im
p
r
o
v
e
d

sp
e
c
t
r
a
l
c
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n

E
ig

en
v
ec

to
r

1

Eigenvector2

F
ig

u
re

7:
n

=
80

0,
K

=
3

cl
as

se
s
C 1

,
C 2

an
d
C 3

of
si

ze
s
|C

1
|=

|C
2
|=

n 4
,
|C

3
|=

n 2
,
q i

’s
u

n
if

or
m

ly
d

is
tr

ib
u

te
d

ov
er

[0
.1
,0
.9

],
m

at
ri

x
o
f

w
ei

g
h
ts

C
=

1
3
1
T 3

+
1
0
0
√
n
I 3
.

T
w

o

d
im

en
si

on
al

re
p

re
se

n
ta

ti
o
n

of
th

e
d

om
in

an
t

ei
ge

n
v
ec

to
rs

1
a
n

d
2

of
L
α
.

In
b

lu
e,

th
eo

re
ti

ca
l

m
ea

n
s

an
d

o
n

e-
an

d
tw

o-
st

an
d

ar
d

d
ev

ia
ti

on
s

in
th

at
ca

se
.

W
e

h
av

e
th

u
s

in
it

ia
li

ze
d

E
M

at
ra

n
d

o
m

in
th

is
n

on
in

te
re

st
in

g
re

gi
m

e
(a

s
fo

r
R

an
d

om
E

M
).

T
h

e
E

M
al

go
ri

th
m

m
ay

in
th

a
t

re
gi

m
e

se
t

al
l

th
e

n
o
d

es
to

th
e

sa
m

e
cl

u
st

er
,

w
h

ic
h

w
il

l
th

en
re

su
lt

to
a

cl
a
ss

ifi
ca

ti
on

ra
te

cl
os

e
to

th
e

p
ro

p
or

ti
on

o
f

th
e

n
o
d

es
in

th
e

cl
u

st
er

o
f

la
rg

es
t

si
ze

.
In

th
e

in
te

re
st

in
g

re
g
im

e
(a

ft
er

th
e

tr
a
n

si
ti

o
n

p
oi

n
t)

,
w

e
se

e
th

at
th

e
p

er
fo

rm
an

ce
s

(i
n

te
rm

s
of

co
rr

ec
t

cl
as

si
fi

ca
ti

o
n

ra
te

)
of

th
e

al
go

ri
th

m
u

si
n

g
ou

r
th

eo
re

ti
ca

l
se

tt
in

g
of

E
M

cl
os

el
y

m
at

ch
th

e
p

er
fo

rm
an

ce
s

of
an

id
ea

l
se

tt
in

g
w

it
h

g
ro

u
n

d
tr

u
th

(o
ra

cl
e

E
M

).
T

h
e

p
er

fo
rm

an
ce

s
of

th
e

al
go

ri
th

m
u

si
n

g
a

ra
n

d
om

in
it

ia
li

za
ti

o
n

(R
an

d
om

E
M

)
ar

e
co

m
p

le
te

ly
d

eg
ra

d
ed

es
p

ec
ia

ll
y

ar
ou

n
d

cr
it

ic
a
l

ca
se

s
(s

m
al

l
va

lu
es

of
∆

).
R

a
n

d
o
m

E
M

b
ec

om
es

re
li

ab
le

on
ly

fo
r

ve
ry

la
rg

e
va

lu
es

of
∆

w
h

er
e

cl
u

st
er

in
g

is
so

m
ew

h
at

tr
iv

ia
l.

4
.
N
u
m
e
ri
ca

l
si
m
u
la
ti
o
n
s

W
e

re
st

ri
ct

ou
rs

el
ve

s
to

α
∈
A

=
[0
,1

]
fo

r
th

e
n
u

m
er

ic
al

si
m

u
la

ti
on

s.
T

o
il

lu
st

ra
te

th
e

im
p

or
ta

n
ce

o
f

th
e

ch
oi

ce
of
α

o
p

t,
F

ig
u

re
9

p
re

se
n
ts

th
e

th
eo

re
ti

ca
l

(a
sy

m
p

to
ti

c)
ra

ti
o

b
et

w
ee

n
th

e
li

m
it

in
g

la
rg

es
t

ei
ge

n
va

lu
e
ρ

of
L
α

an
d

th
e

ri
g
h
t

ed
g
e
S
α

of
th

e
li

m
it

in
g

su
p

p
o
rt
Sα

w
it

h
re

sp
ec

t
to

th
e

am
p

li
tu

d
e

of
th

e
ei

ge
n
va

lu
es

o
f

M̄
.

A
lt

h
o
u
gh

α
o
p

t
o
n

ly
en

su
re

s
in

th
eo

ry
to

h
av

e
th

e
b

es
t

is
ol

at
io

n
of

th
e

ei
ge

n
va

lu
es

on
ly

in
“w

or
st

ca
se

s
sc

en
ar

io
s”

(i
.e

.,
w

h
en

λ
(M̄

)
is

sl
ig

h
ty

la
rg

er
th

an
τ
α
o
p
t
),

F
ig

u
re

9
sh

ow
s

th
a
t

ta
k
in

g
α

=
α

o
p

t
p

ro
v
id

es
th

e
la

rg
es

t
g
ap

ρ S
α

fo
r

al
l

va
lu

es
o
f
λ

(M̄
).

T
h

is
su

gg
es

ts
(a

g
ai

n
,

w
it

h
o
u

t
an

y
th

eo
re

ti
ca

l
su

p
p

or
t)

b
es

t
p

er
fo

rm
a
n
ce

s
w

it
h
α

=
α

o
p

t
in

al
l

ca
se

s
(f

or
an

y
va

lu
e

of
M

).

In
th

e
se

q
u

el
,

to
co

m
p

ar
e

th
e

d
iff

er
en

t
al

g
or

it
h

m
s,

w
e

w
il

l
u

se
th

e
p

er
fo

rm
a
n

ce
ev

al
u

at
io

n
m

ea
su

re
k
n

ow
n

as
o
ve

rl
a
p

to
gr

o
u

n
d

tr
u

th
co

m
m

u
n

it
ie

s,
d

efi
n

ed
in

(K
rz

ak
al

a
et

al
.,

2
01

3)
as

O
ve

rl
ap
≡

1 n

∑
n i=

1
δ g
i
ĝ
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eq
u

iv
al

en
ts

fo
r

th
e

S
ti

el
je

s
tr

an
sf

o
rm

of
em

p
ir

ic
a
l

sp
ec

tr
a
l

m
ea

su
re

s
as

so
ci

at
ed

w
it

h
ce

n
te

re
d

an
d

sy
m

m
et

ri
c

ra
n

d
o
m

m
at

ri
x

m
o
d

el
s

w
it

h
a

va
ri

an
ce

p
ro

fi
le

h
av

e
al

re
ad

y
b

ee
n

st
u

d
ie

d
in

fo
r

ex
am

p
le

(A
ja

n
k
i

et
a
l.

,
2
01

5;
H

ac
h

em
et

al
.,

20
0
7)

.
W

e
gi

ve
in

A
p

p
en

d
ix

C
a
n

ex
h

au
st

iv
e

d
ev

el
op

m
en

t
o
f

th
e

G
au

ss
ia

n
ca

lc
u
lu

s
to

ob
ta

in
eα 0

0
(z

).
T

h
e

fi
n

al
re

su
lt

is
as

fo
ll

ow
s.

L
e
m

m
a

1
6

(A
fi

rs
t

d
e
te

rm
in

is
ti

c
e
q
u

iv
a
le

n
t)

L
et

Q
=

(X̄
−
z
I n

)−
1
.

T
h
en

,
fo

r
a
ll
z
∈

C
+

,
Q
↔

Q̄
=

(−
z
I n
−
D

(e
i(
z
))
n i=

1
)−

1
(1

7)

w
h
er

e
e i

(z
)

th
e

u
n

iq
u

e
so

lu
ti

o
n

o
f
e i

(z
)

=
1 n

tr
D
( σ

2 ij

) n j=
1

( −
z
I n
−
D

(e
j
(z

))
n j=

1

) −
1

a
n

d
th

e

n
o
ta

ti
o
n

A
↔

B
st

a
n

d
s

fo
r

1 n
tr

C
A
−

1 n
tr

C
B
→

0
a
n

d
d
T 1

(A
−

B
)d

2
→

0
a
lm

o
st

su
re

ly
,

fo
r

a
ll

d
et

er
m

in
is

ti
c

H
er

m
it

ia
n

m
a
tr

ix
C

a
n

d
d
et

er
m

in
is

ti
c

ve
ct

o
rs

d
i

o
f

bo
u

n
d
ed

n
o
rm

s
(s

pe
ct

ra
l

n
o
rm

fo
r

m
a
tr

ic
es

a
n

d
E

u
cl

id
ia

n
n

o
rm

fo
r

ve
ct

o
rs

).

F
ro

m
L

em
m

a
16

,
w

e
ge

t
d

ir
ec

tl
y

1 n
tr

Q
−
eα 0

0
(z

)
a
.s
.

−→
0

w
it

h
eα 0

0
(z

)
=

1 n

∑
n i=

1
1

−
z
−
e i

(z
)
.
O

b
se

rv
e

n
ow

th
at

e i
(z

)
=

1 n

n ∑ j=
1

q1
−

2
α

i
q1
−

2
α

j
−
q2
−

2
α

i
q2
−

2
α

j

−
z
−
e j

(z
)

=
q1
−

2
α

i
eα 1

1
(z

)
−
q2
−

2
α

i
eα 2

1
(z

)
(1

8)
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T
io
m
o
k
o
,
C
o
u
il
l
e
t

w
h

er
e

eα 1
1
(z

)
=

1 n

n ∑ j=
1

q1
−

2
α

j

−
z
−
q1
−

2
α

j
eα 1

1
(z

)
+
q2
−

2
α

j
eα 2

1
(z

)

eα 2
1
(z

)
=

1 n

n ∑ j=
1

q2
−

2
α

j

−
z
−
q1
−

2
α

j
eα 1

1
(z

)
+
q2
−

2
α

j
eα 2

1
(z

)
(1

9)

fr
om

w
h

ic
h

w
e

ge
t

eα 0
0
(z

)
=

∫
1

−
z
−
eα 1

1
(z

)q
1
−

2
α

+
eα 2

1
(z

)q
2
−

2
α
µ

(d
q)
.

w
h

er
e

fo
r
z
∈
C

+
an

d
a
,b
∈
Z

w
e

d
efi

n
e

eα a
b
(z

)
=

∫
qa
−

2
bα
µ

(d
q)

−
z
−
eα 1

1
(z

)q
1
−

2
α

+
eα 2

1
(z

)q
2
−

2
α
.

(2
0)

w
it

h
µ

(d
q)

=
li

m
n
→
∞

1 n

∑
n i=

1
δ q
i
.

F
ro

m
th

is
,

w
e

h
av

e
th

at
eα 0

0
(z

)
d

o
es

n
ot

d
ep

en
d

on
n

,
so

th
a
t

1 n
tr

Q
a
.s
.

−→
E
α 0
(z

),
π̃
α
→

π̄
α
,

an
d

th
u

s
π
α
→

π̄
α

si
n

ce
L̃
α

an
d

X̄
on

ly
d

iff
er

b
y

a
fi

n
it

e
ra

n
k

m
a
tr

ix
.

T
h

is
p

ro
ve

s
T

h
eo

re
m

4.

In
th

e
m

ai
n

co
re

of
th

e
ar

ti
cl

e,
w

e
h

av
e

d
efi

n
ed

eα 0
0
(z

)
,
m
α
(z

),
eα 1

1
(z

)
,
f
α
(z

)
a
n

d
eα 2

1
(z

)
,
g
α
(z

)
fo

r
re

ad
a
b

il
it

y
re

as
on

s.
F

or
fu

tu
re

u
se

,
w

e
d

efi
n

e
fo

r
z
,z̃
∈
C
\S

α

eα a
b;

2
(z
,z̃

)
=

∫
qa
−

2
bα
µ

(d
q)

(−
z
−
E
α 1
(z

)q
1
−

2
α

+
E
α 2
(z

)q
2
−

2
α
)(
−
z̃
−
E
α 1
(z̃

)q
1
−

2
α

+
E
α 2
(z̃

)q
2
−

2
α
)

(2
1)

a
n

d eα a
b;

3
(z
,z̃

)
=

∫
qa
−

2
bα
µ

(d
q)

(−
z
−
E
α 1
(z

)q
1
−

2
α

+
E
α 2
(z

)q
2
−

2
α
)2

(−
z̃
−
E
α 1
(z̃

)q
1
−

2
α

+
E
α 2
(z̃

)q
2
−

2
α
).

(2
2)

C
o
n
v
e
rg

e
n

c
e

o
f

th
e
e i

’s

S
im

il
ar

re
su

lt
s

to
L

em
m

a
16

h
av

e
b

ee
n

d
er

iv
ed

fo
r

ex
a
m

p
le

in
(H

ac
h

em
et

al
.,

20
07

)
an

d
th

e
fi

x
ed

p
oi

n
t

al
go

ri
th

m
(1

7)
w

h
ic

h
co

n
si

st
s

of
it

er
at

in
g

th
e
e i

’s
is

sh
ow

n
to

co
n
ve

rg
e.

S
in

ce
th

e
ca

lc
u

lt
at

io
n

o
f
th

e
e a
b
’s

is
an

in
te

rm
ed

ia
ry

st
ep

of
(1

7
)

fr
om

(1
8)

,
th

e
fi

x
ed

p
o
in

t
al

go
ri

th
m

(1
9)

a
ls

o
co

n
ve

rg
es

.
F

ro
m

th
e

an
al

y
ti

ci
ty

of
th

e
S

ti
el

je
s

tr
an

sf
or

m
ou

ts
id

e
it

s
su

p
p

or
t,

L
em

m
a

16
ex

te
n

d
s

n
a
tu

ra
ll

y
to

C
\S

α
.

T
h

is
p

ro
ve

s
T

h
eo

re
m

4
.

R
e
m

a
rk

1
7

S
im

il
a
rl

y
to

(H
a
ch

em
et

a
l.

,
2
0
0
7
),

w
h
en

n
o
n

e
o
f

th
e

(D
−
α

q
) i
i’

s
is

is
o
la

te
d
,

th
e

ra
n

d
o
m

m
a
tr

ix
X̄

d
oe

s
n

o
t

p
ro

d
u

ce
is

o
la

te
d

ei
ge

n
va

lu
es

o
u

ts
id

e
th

e
su

p
po

rt
Sα

o
f
π̄
α

.
H

er
e,

fo
r

la
rg

e
n

,
th

is
p

ro
pe

rt
y

is
ve

ri
fi

ed
si

n
ce

fr
o
m

A
ss

u
m

p
ti

o
n

1
,

th
e
q i

’s
a
re

i.
i.

d
.

a
ri

si
n

g
fr

o
m

a
la

w
w

it
h

co
m

pa
ct

su
p
po

rt
(t

h
e

p
ro

ba
bi

li
ty

th
a
t

a
(D
−
α

q
) i
i

ge
ts

is
o
la

te
d

te
n

d
s

to
0

a
sy

m
p
to

ti
ca

ll
y)

.
T

h
is

gi
ve

s
P

ro
po

si
ti

o
n

1
8

w
h
ic

h
w

e
w

il
l

n
o
t

p
ro

ve
h
er

e;
si

m
il

a
r

p
ro

o
fs

a
re

p
ro

vi
d
ed

fo
r

ex
a
m

p
le

in
(B

a
i

a
n

d
S

il
ve

rs
te

in
,

1
9
9
8
).
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Im
p
r
o
v
e
d

sp
e
c
t
r
a
l
c
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n

P
ro

p
o
sitio

n
1
8

(N
o

e
ig

e
n
v
a
lu

e
s

o
u

tsid
e

th
e

su
p

p
o
rt)

F
o
llo

w
in

g
th

e
sta

tem
en

t
o
f

T
h
e-

o
rem

4
,

let
S
α−

a
n

d
S
α+

be
respectively

th
e

left
a
n

d
righ

t
ed

ges
o
fS

α
.

T
h
en

,
fo

r
a
n

y
ε
>

0
,

by
lettin

g
S
αε

=
[S
α−
−
ε;S

α+
+
ε]

,
fo

r
a
ll

la
rge

n
a
lm

o
st

su
rely,

{
λ
i (

D
−
α

q

X√
n

D
−
α

q

)
,1
≤
i≤

n }
∩

(R
\S

αε
)

=
∅.

R
e
m

a
rk

1
9

T
h
e

su
p
po

rtS
α

is
sym

m
etric

i.e.,
π̄
α
([a
,b])

=
π̄
α
([−

b,−
a
]).

W
e

h
a
ve

in
pa

r-
ticu

la
r
S
α−

=
−
S
α+

=
−
S
α

w
h
ere

w
e

d
en

o
te
S
α+
,

su
pS

α
a
n

d
S
α−
,

in
fS

α
.

6
.3

Iso
la

te
d

e
ig

e
n
v
a
lu

e
s

o
f

L
α

a
n

d
p

h
a
se

tra
n

sitio
n

.

In
th

e
p

rev
iou

s
section

,
w

e
h

ave
sh

ow
n

th
at

th
e

e.s.d
.

of
L
α

con
verg

es
w

eak
ly

to
th

e
lim

itin
g

law
of

th
e

eigen
valu

es
of

X̄
sin

ce
th

ey
on

ly
d

iff
er

b
y

a
fi

n
ite

ran
k

m
a
trix

.
W

e
sh

all
h

ave
in

a
d

d
ition

isolated
eigen

valu
es

of
L
α

in
d

u
ced

b
y

th
e

afo
rem

en
tion

n
ed

low
ra

n
k

m
atrix

.
W

e
are

in
terested

h
ere

in
th

e
lo

calization
of

eigen
valu

es
of

L
α

isolated
fro

m
th

e
su

p
p

ort
S
α

of
th

e
lim

itin
g

law
of

its
e.s.d

.
A

ccord
in

g
to

P
rop

osition
1
8,

th
ere

is
alm

ost
su

rely
n

o
eig

en
valu

e
of

X̄
at

n
on

-van
ish

in
g

d
istan

ce
from

S
α

asy
m

p
to

tica
lly

as
n
→
∞

an
d

h
en

ce
th

e
p

lau
sib

le
isolated

eigen
valu

es
of

L
α

are
on

ly
d

u
e

to
th

e
m

a
trix

U
Λ

U
T

.
W

e
follow

cla
ssical

ra
n

d
o
m

m
atrix

ap
p

roach
es

u
sed

for
th

e
stu

d
y

of
th

e
sp

ectru
m

of
sp

iked
ran

d
o
m

m
atrices

(B
en

ay
ch

-
G

eorges
an

d
N

ad
ak

u
d

iti,
2
012;

C
h

a
p

on
et

al.,
2012

).
F

rom
T

h
eorem

2
,

th
e

eig
en

va
lu

es
ρ

of
L
α

fallin
g

at
n

o
n

-van
ish

in
g

d
istan

ce
from

th
e

lim
itin

g
su

p
p

ort
S
α

so
lve

fo
r

larg
e
n

,
0

=
d
et(L

α −
ρ
I
n
)

alm
ost

su
rely

for
ρ
/∈
S
α
.

S
in

ce‖
L
α −

L̃
α ‖

a
.s.
−→

0,
ρ
i (L

α
)−

ρ
i (L̃

α
)

a
.s.
−→

0
for

all
eigen

valu
es
ρ
i (L

α
).

W
e

m
ay

th
en

ju
st

solve
0

=
d

et(D
−
α

q
X√
n
D
−
α

q
+

U
Λ

U
T
−
ρ
I
n
).

N
ow

,

as
from

P
rop

osition
18

,
th

e
ran

d
om

m
a
trix

X̄
d

o
es

n
ot

h
av

e
eigen

valu
es

at
n

o
n

-va
n

ish
in

g
d

ista
n

ce
from

S
α

asy
m

p
totically,

for
ρ
/∈
S
α
,

w
e

can
th

u
s

facto
r

an
d

ca
n

cel
o
u

t
d

et(X̄
−
ρ
I
n
)

from
th

e
p

rev
iou

s
d

eterm
in

an
t

eq
u

ation
,

so
th

at
w

e
are

left
to

so
lve

0
=

d
et(I

n
+

Q
αρ
U

Λ
U

T
)

=
d
et(I

K
+

1
+

U
T
Q
αρ
U

Λ
)

w
h

ere
Q
αρ

=
(X̄
−
ρ
I
n
) −

1.
A

s
w

e
w

ill
sh

ow
n

ex
t,

th
e

m
atrix

I
K

+
1

+
U

T
Q
αρ
U

Λ
co

n
verg

es
to

a
d

eterm
in

istic
m

atrix
,

alm
ost

su
rely

for
large

n
.

B
y

th
e

a
rgu

m
en

t
p

rin
cip

le
(sim

ilar
to

e.g.,
(C

h
ap

on
et

al.,
2012)),

th
e

ro
ots

of
I
K

+
1
+

U
T
Q
αρ
U

Λ
a
re

asy
m

p
totically

th
ose

of
th

e
lim

itin
g

m
atrix

,
w

ith
sam

e
m

u
ltip

licity
an

d
it

su
ffi

ces
to

stu
d

y
th

e
latter.

W
e

th
en

p
ro

ceed
to

retriev
in

g
a

lim
it

for
I
K

+
1

+
U

T
Q
αρ
U

Λ
.

F
rom

T
h

eo
rem

2
,

w
e

h
ave

U
T
Q
αρ
U

=

(
1n
J
T
D

1−
α

q
Q
αρ
D

1−
α

q
J

1
√
n

(q
T
1
n

) J
T
D

1−
α

q
Q
αρ
D
−
α

q
X

1
n

1
√
n

(q
T
1
n

) 1
Tn
X

D
−
α

q
Q
αρ
D

1−
α

q
J

1
(q

T
1
n

)
2 1

Tn
X

D
−
α

q
Q
αρ
D
−
α

q
X

1
n )

.

T
h

e
en

tries
(1,2),

(2,1
)

an
d

(2
,2)

of
U

T
Q
αρ
U

are
ra

n
d

om
as

th
ey

con
tain

th
e

ra
n

d
om

m
atrix

X
b

u
t

ten
d

to
b

e
d

eterm
in

istic
in

th
e

lim
it.

In
fa

ct,
u

sin
g

th
e

reso
lven

t
id

en
-

tity,
w

e
h

ave
th

at
Q
αρ
D
−
α

q
X√
n
D
−
α

q
=

I
n

+
ρ
Q
αρ
,

th
e

en
try

(1,2)
b

ecom
es

1
(q

T
1
n

) J
T
D
q 1
n

+

ρ
1

√
n

(q
T
1
n

) J
T
D

1−
α

q
Q
αρ
D
αq
1
n

an
d

th
e

en
try

(2
,2)

is
eq

u
al

to
n

(q
T
1
n

)
2 (

1
Tn
X

1
n

+
ρ
1
Tn
D

2
α
q

1
n

+

ρ
21

Tn
D
αq
Q
αρ
D
αq
1
n )

.
N

ow
,

w
e

can
freely

u
se

L
em

m
a

16
to

evalu
a
te

th
e

lim
its

o
f

th
e

en
-

tries
o
f

U
T
Q
αρ
U

sin
ce

all
th

e
term

s
are

of
th

e
fo

rm
a
T
Q
αρ
b

w
ith

a
an

d
b

d
eterm

in
istic

vectors.
F

rom
L

em
m

a
16,

th
e

en
tries

(1
,1),

(1
,2

)
a
n

d
(2
,2)

con
v
erge

alm
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at
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th
e
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×
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T
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−

1
u
α i
(u
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−
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−
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en
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at

e
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e
si

gn
o
f

u
α i
).

•
S
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w
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t
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at
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m

or
e
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−

1
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α i
(u
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D
α
−

1
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−

1
u
α j
(u

α j
)T

D
α
−
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−
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−
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√
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√
(u
α j

)T
D

2
(α
−
1
)
u
α j

is
re

tr
ie

v
ed

b
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b
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r
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u
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,
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e
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al
w
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t
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e
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d

ex
f
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is
ei
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v
a
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a
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f
t
h
e
c
l
a
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m
e
a
n
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ν
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T
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e
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u
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J
T
D
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u
α i
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α i
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D
α
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α i
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D

2
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−
1
)
u
α i
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r

u
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en

ve
ct

or
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g
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o
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d

ei
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e
ρ
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u
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u
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L
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B
y
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d
u

e
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u
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w
e

h
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e
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at 1 n
J
T
D
α
−

1
u
α i
(u

α i
)T

D
α
−

1
J

=
−

1 2
π
i

∮ Γ
ρ

1 n
J
T
D
α
−

1
(L

α
−
z
I n

)−
1
D
α
−

1
J

d
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(2
8)

1
4
.
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t

th
e

g
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p
h

n
o
d
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e
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b
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e

en
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s

o
f
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α i
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y
so

rt
ed

b
y

cl
a
ss

.
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+
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b
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e
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=
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+
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Λ
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−
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+
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p
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Γ
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Γ
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U
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e
b

lo
ck
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w
e
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(
I
K

+
1

+
U

T
Q
αz
U

Λ
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−

1
a
.s.
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I
K

+
e
α2
1 (z

)(D
(c

)−
c
c
T

)M
(I
K
−

c
1
TK
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(

1
+

z
m
µ
e
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c
1
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−
e
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z
m
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µ

+
z
e
α0
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) )

1
TK
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e
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−
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.

L
et
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γ
(z
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=

z
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µ
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K

+
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T
Q
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U

Λ
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1
a
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−
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)

m
µ

+
γ

(z
)e
α1
0
(z

)1
TK

[
G
αz −
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µ
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(29)

w
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G
αz

=
I
K

+
e
α2
1 (z

) (D
(c

)−
c
c
T )

M
(I
K
−

c
1
TK )

+
θ
α
(z
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1
TK
.

T
h

e
en

tries
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e
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b
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b

u
t

as
w

e
w

ill
see,
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In
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1
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θ
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TK
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=

1
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w
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w
e

are
con

sid
erin

g
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e
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se
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θ
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0.

S
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[
G
αz −

γ
(z
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µ
e
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z
e
α2
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)
c
1
TK ]

c
=
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z
e
α1
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)

m
µ

)
c

m
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g
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at [G

αz −
γ

(z
)m

µ
e
α2
1
(z

)
z
e
α1
0
(z

)
c
1
TK ]−

1
c

=
−

m
µ

z
e
α1
0
(z

) c
.

S
o

fi
n

ally,
th

e
term

s
(1
,2),

(2
,1)

an
d

(2,2)
of (I

K
+

1
+

U
T
Q
αz
U

Λ
)−

1
d

o
n

o
lon

g
er

d
ep

en
d

on
(G

αz
) −

1
an

d
th

u
s

d
o

n
ot

h
ave

p
o
les

in
th

e
con

tou
r

Γ
ρ .

W
e

can
th

en
w

rite

(I
K

+
1

+
U
T
Q
αz
U

Λ
)−

1
=

(
(G

αz
) −

1
0

0
0 )

+
R

1 (z
)

w
ith

R
1 (z

)
h

av
in

g
n

o
resid

u
e

in
th

e
con

tou
r

Γ
ρ .

T
h
u

s,
to

p
erform

th
e

con
to

u
r

in
tegra

tio
n

of
th

e
in

tegran
d

in
(28)

arou
n

d
Γ
ρ ,

w
e

ju
st

n
eed

to
evalu

ate
th

e
top

-left
en

tries
of

J
T
D
α−

1Q
αz
U

Λ
an

d
U

T
Q
αz
D
α−

1J
.

T
h

ose
are

easily
retriev

ed
from

th
e

calcu
lu

s
in

S
ectio

n
6
.3.
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T
io
m
o
k
o
,
C
o
u
il
l
e
t

W
e

h
ave

in
p
articu

lar
(

1√n
J
T
D
α−

1Q
αz
U

Λ
)
1
1

a
.s.
−→

e
α0
0 (z

)(D
(c

)−
c
c
T

)M
(I
K
−

c
1
TK

)−
β
α
(z

)c
1
TK

w
h

ere
β
α
(z

)
=

1
m
µ [∫

t 2
α−

1µ
(d
t)

+
e
α−

1
;−

1 (z
) ]

an
d

sim
ila

rly
(U

T
Q
αz
D
α−

1J
)
1
1

a
.s.
−→

e
α0
0 (z

)D
(c

),
so

th
a
t

fi
n

ally

1n
J
T
D
α−

1u
αi
(u

αi
)
T
D
α−

1J
a
.s.
−→

−
12π
i ∮

Γ
ρ [(

e
α0
0 (z

)(D
(c

)−
c
c
T

)M
(I
K
−

c
1
TK

)−
β
α
(z

)c
1
TK )

(G
αz
) −

1×
e
α0
0 (z

)D
(c

)
+

R
2 (z

)d
z ]

w
h

ere
R
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)
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a

m
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h
av

in
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o

resid
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e
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th
e
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sid
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con
to

u
r.

N
ow
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w

e
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p

u
te

th
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in
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F
rom

th
e

C
au

ch
y
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form
u
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1n
J
T
D
α−

1u
αi
(u

αi
)
T
D
α−

1J
a
.s.
−→
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z→

ρ
(z−

ρ
) [e

α0
0 (z

)(D
(c

)−
c
c
T

)M
(I
K
−

c
1
TK

)−
β
α
(z

)c
1
TK ]

(G
αz
) −

1×
e
α0
0 (z

)D
(c

).

B
y

w
ritin

g
G
αz

=
ρ
z v

r,z v
Tl,z

+
Ṽ
r,z Σ̃

z ṽ
Tl,z

w
h

ere
v
r,z

an
d

v
l,z

are
resp

ectiv
ely

righ
t

an
d

left

eigen
vectors

asso
ciated

w
ith

th
e

van
ish

in
g

eigen
valu

e
ρ
z

of
G
αz

w
h

en
z
→

ρ
;

Ṽ
r,z
∈

R
n×

η
ρ

an
d

Ṽ
l,z R

n×
η
ρ

are
resp

ectively
sets

of
righ

t
an

d
left

eigen
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asso

ciated
w

ith
n

o
n

van
ish

in
g

eigen
valu

es,
w

e
th

en
h

ave

lim
z→

ρ (z−
ρ
)(G

αz
) −

1
(1

)
=

lim
z→

ρ (z−
ρ
) v

r,z v
Tl,z

ρ
′z

w
h

ere
w

e
h

av
e

u
sed

th
e

l’H
op

ital
ru

le
an

d
th

e
fact

th
at

th
e

n
on

va
n

ish
in

g
eigen

valu
e

p
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of
G
αz

w
ill

p
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d
u
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zero

in
th

e
lim
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z
→
ρ
.

U
sin

g
ρ
z

=
v
Tl,z G

αz
v
r,z ,

w
e

o
b

ta
in

1n
J
T
D
α−

1u
αi
(u

αi
)
T
D
α−

1J
a
.s.
−→

[e
α0
0 (ρ

)(D
(c

)−
c
c
T

)M
(I
K
−

c
1
TK

)−
β
α
(ρ

)c
1
TK ]

v
r,ρ v

Tl,ρ
(
v
Tl,z G

αz
v
r,z )

′z
=
ρ ×

e
α0
0 (ρ

)D
(c

).

S
in

ce
(v
l,ρ )

T
G
αρ

=
G
αρ
v
r,ρ

=
0,

((v
l,z )

T
G
αz
v
r,z )

′z
=
ρ

=
((v

l,z )
T

) ′z
=
ρ G

αρ
v
r,ρ

+
(v
l,ρ )

T
(G

αz
) ′z

=
ρ
v
r,ρ

+
(v
l,ρ )

T
G
αρ
(v
r,z ) ′z

=
ρ

=
(v
l,ρ )

T
(G

αz
) ′z

=
ρ
v
r,ρ

=
(e
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1 (ρ

)) ′(v
l,ρ )

T
(D

(c
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c
c
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K
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c
1
TK )

v
r,ρ

w
h
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e
su

b
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en

otes
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ith
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U
sin

g
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e
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a
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v
r,ρ
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to
1
TK
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an
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is
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a

p
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of (D

(c
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c
c
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M
(I
K
−
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TK )
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w

ith
eigen

valu
e
−

1
e
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e
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J
T
D
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1u
αi
(u

i α
)
T
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a
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(e
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0 (ρ

))
2

e
α2
1 (ρ

) ′
v
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T
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Tl,ρ v

r,ρ
D
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)
.
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c
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−
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−
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−
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D
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D
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.
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−
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-
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−
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) d
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∮ Γ
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Λ
)−

1
d

o
n

ot
co

n
ta

in
(G

α z
)−

1
si

n
ce

[ G
α z
−
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=
−
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=
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ρ̃
)

(
(G

α z
)−

1
0

γ
(z

)m
µ

z
eα 2

1
(z

)
1
T K

(G
α z
)−

1
0

)
] U

T
Q
α ρ̃
J
.

(4
5)

W
e

re
ca

ll
th

at
in

th
e

ca
se

u
n

d
er

st
u

d
y

(1
+
θα

(ρ̃
)

=
0)

,
1
K

a
n

d
c

ar
e

re
sp

ec
ti

ve
ly

le
ft

an
d

ri
g
h
t

ei
ge

n
ve

ct
or

s
of

G
α z

as
so

ci
at

ed
to

th
e

va
n

is
h

in
g

ei
ge

n
va

lu
e.

W
e

ca
n

th
u

s
w

ri
te

3
8

JM
L

R
 1

8(
22

5)
:1

-4
9,

 2
01

8



Im
p
r
o
v
e
d

sp
e
c
t
r
a
l
c
o
m
m
u
n
it
y
d
e
t
e
c
t
io
n

G
αz

=
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Tl,z

w
h

ere
ρ
z

is
th

e
van

ish
in

g
eigen

va
lu

e
w

h
en
z
→
ρ̃

an
d

Ṽ
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=
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=
lim
z→

ρ̃

c
1
TK

1
TK

(G
αz
) ′c

(3
)

=
lim
z→

ρ̃

c
1
TK

(θ
α
(z

)) ′
(4

)
=

c
1
TK

(θ
α
(ρ̃

)) ′
(46)

w
h

ere
in

(1
)

w
e

h
ave

u
sed

th
e

l’H
op

ital
ru

le,
in

(2
)

w
e

u
sed

th
e

fact
th

at
ρ
z

can
b

e
w

ritten
ρ
z

=

1
TK

G
αz
c

an
d

in
(3)

w
e

h
ave

u
sed

(G
αρ̃
) ′

=
(e
α2
1 (ρ̃

)) ′ (D
(c

)−
c
c
T )

M
(I
K
−

c
1
TK )

+
(θ
α
(ρ̃

)) ′c
1
TK

an
d

1
TK

c
=

1.
W

e
th

en
h

av
e

1n
J
T
ũ
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+
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con
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+
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d
m

ac
h
in

e
le

ar
n
in

g,
as

w
el

l
a
s

a
w

id
e

sp
ec

-
tr

u
m

of
ap

p
li
ca

ti
on

d
om

ai
n
s

fr
om

n
eu

ro
sc

ie
n
ce

to
so

ci
ol

og
y.

S
ta

ti
st

ic
al

in
fe

re
n
ce

o
n

ra
n
-

d
om

gr
ap

h
s

an
d

n
et

w
or

k
s,

in
p
ar

ti
cu

la
r,

h
as

w
it

n
es

se
d

ex
tr

a
or

d
in

ar
y

gr
ow

th
ov

er
th

e
la

st
d
ec

ad
e:

se
e,

fo
r

ex
am

p
le

,
G

ol
d
en

b
er

g
et

al
.

(2
01

0)
an

d
K

ol
ac

zy
k

(2
00

9)
fo

r
a

d
is

cu
ss

io
n

of
th

e
co

n
si

d
er

ab
le

ap
p
li
ca

ti
on

s
in

re
ce

n
t

n
et

w
or

k
sc

ie
n
ce

of
se

ve
ra

l
ca

n
o
n
ic

al
ra

n
d
o
m

g
ra

p
h

m
o
d
el

s.

O
f

co
u
rs

e,
co

m
b
in

at
or

ia
l
gr

ap
h

th
eo

ry
it

se
lf

is
ce

n
tu

ri
es

ol
d
—

in
d
ee

d
,

in
h
is

re
so

lu
ti

o
n

to
th

e
p
ro

b
le

m
of

th
e

b
ri

d
ge

s
of

K
ön

ig
sb

er
g,

L
eo

n
ar

d
E

u
le

r
fi
rs

t
fo

rm
al

iz
ed

gr
ap

h
s

as
m

a
th

em
a
ti

ca
l

ob
je

ct
s

co
n
si

st
in

g
of

v
er

ti
ce

s
an

d
ed

ge
s.

T
h
e

n
ot

io
n

of
a

ra
n
d
om

gr
ap

h
,

h
ow

ev
er

,
a
n
d

th
e

m
o
d
er

n
th

eo
ry

of
in

fe
re

n
ce

on
su

ch
gr

ap
h
s,

is
co

m
p
ar

at
iv

el
y

n
ew

,
an

d
ow

es
m

u
ch

to
th

e
p
io

n
ee

ri
n
g

w
or

k
of

E
rd

ős
,

R
én

y
i,

an
d

ot
h
er

s
in

th
e

la
te

19
50

s.
E

.N
.

G
il
b

er
t’

s
sh

o
rt

1
9
5
9

p
ap

er
(G

il
b

er
t,

19
59

)
co

n
si

d
er

ed
a

ra
n
d
om

gr
ap

h
fo

r
w

h
ic

h
th

e
ex

is
te

n
ce

of
ed

g
es

b
et

w
ee

n
ve

rt
ic

es
ar

e
in

d
ep

en
d
en

t
B

er
n
ou

ll
i

ra
n
d
om

va
ri

ab
le

s
w

it
h

co
m

m
on

p
ro

b
ab

il
it

y
p
;

ro
u
g
h
ly

co
n
cu

rr
en

tl
y,

E
rd

ős
an

d
R

én
y
i

p
ro

v
id

ed
th

e
fi
rs

t
d
et

ai
le

d
an

al
y
si

s
of

th
e

p
ro

b
a
b
il
it

ie
s

o
f

th
e

em
er

ge
n
ce

of
ce

rt
ai

n
ty

p
es

of
su

b
gr

ap
h
s

w
it

h
in

su
ch

gr
ap

h
s

(E
rd

ős
an

d
R

én
y
i,

1
9
6
0
),

a
n
d

to
d
ay

,
gr

ap
h
s

in
w

h
ic

h
th

e
ed

ge
s

ar
is

e
in

d
ep

en
d
en

tl
y

an
d

w
it

h
co

m
m

on
p
ro

b
a
b
il
it

y
p

a
re

k
n
ow

n
as

E
rd

ő
s-

R
én

yi
(o

r
E

R
)

gr
a
p
h
s.

T
h
e

E
rd

ős
-R

én
y
i

(E
R

)
m

o
d
el

is
on

e
of

th
e

si
m

p
le

st
ge

n
er

at
iv

e
m

o
d
el

s
fo

r
ra

n
d
o
m

g
ra

p
h
s,

b
u
t

th
is

si
m

p
li
ci

ty
b

el
ie

s
as

to
n
is

h
in

gl
y

ri
ch

b
eh

av
io

r
(s

ee
A

lo
n

an
d

S
p

en
ce

r,
2
0
0
8
;

B
o
ll
o
b
á
s

et
al

.,
20

07
).

N
ev

er
th

el
es

s,
in

m
an

y
ap

p
li
ca

ti
on

s,
th

e
re

q
u
ir

em
en

t
of

a
co

m
m

o
n

co
n
n
ec

ti
o
n

p
ro

b
ab

il
it

y
is

to
o

st
ri

n
ge

n
t:

gr
ap

h
ve

rt
ic

es
of

te
n

re
p
re

se
n
t

h
et

er
og

en
eo

u
s

en
ti

ti
es

,
su

ch
a
s

d
iff

er
en

t
p

eo
p
le

in
a

so
ci

al
n
et

w
or

k
or

ci
ti

es
in

a
tr

an
sp

or
ta

ti
on

gr
ap

h
,

an
d

th
e

co
n
n
ec

ti
o
n

p
ro

b
ab

il
it

y
p
ij

b
et

w
ee

n
v
er

te
x
i

an
d
j

m
ay

w
el

l
ch

an
ge

w
it

h
i

an
d
j

or
d
ep

en
d

o
n

u
n
d
er

ly
in

g
at

tr
ib

u
te

s
of

th
e

ve
rt

ic
es

.
M

or
eo

ve
r,

th
es

e
h
et

er
og

en
eo

u
s

ve
rt

ex
at

tr
ib

u
te

s
m

ay
n
o
t

b
e

ob
se

rv
ab

le
;

fo
r

ex
am

p
le

,
gi

v
en

th
e

ad
ja

ce
n
cy

m
at

ri
x

of
a

F
ac

eb
o
ok

co
m

m
u
n
it

y,
th

e
sp

ec
ifi

c
in

te
re

st
s

of
th

e
in

d
iv

id
u
al

s
m

ay
re

m
ai

n
h
id

d
en

.
T

o
m

or
e

eff
ec

ti
ve

ly
m

o
d
el

su
ch

re
a
l-

w
o
rl

d
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

n
etw

o
rk

s,
w

e
co

n
sid

er
la

ten
t

po
sitio

n
ran

d
o
m

gra
p
h
s

(H
off

et
al.,

2002).
In

a
laten

t
p

osition
g
ra

p
h
,

to
ea

ch
v
ertex

i
in

th
e

grap
h

th
ere

is
asso

ciated
a
n

elem
en

t
x
i

of
th

e
so-called

la
ten

t
spa

ceX
,

a
n
d

th
e

p
rob

ab
ility

of
con

n
ection

p
ij

b
etw

een
an

y
tw

o
ed

ges
i

an
d
j

is
given

b
y

a
lin

k
o
r

kern
el

fu
n
ction

κ∶X×X→[0
,1].

T
h
at

is,
th

e
ed

ges
are

gen
erated

in
d
ep

en
d
en

tly
(so

th
e

g
ra

p
h

is
an

in
d
epen

d
en

t-ed
ge

gra
p
h
)

an
d
p
ij =

κ(x
i ,x

j ).
T

h
e

ra
n

d
o
m

d
o
t

p
rod

u
ct

gra
p
h

(R
D

P
G

)
of

Y
ou

n
g

an
d

S
ch

ein
erm

an
(Y

ou
n
g

an
d

S
ch

ein
-

erm
a
n
,

2
00

7
)

is
an

esp
ecially

tractab
le

laten
t

p
osition

grap
h
;

h
ere,

th
e

laten
t

sp
ace

is
an

a
p
p
ro

p
ria

tely
con

strain
ed

su
b
sp

ace
o
f

E
u
clid

ean
sp

ace
R
d,

an
d

th
e

lin
k

fu
n
ction

is
sim

-
p
ly

th
e

d
o
t

o
r

in
n
er

p
ro

d
u
ct

of
th

e
p
air

of
d
-d

im
en

sion
al

laten
t

p
osition

s.
T

h
u
s,

in
a

d
-d

im
en

sio
n
a
l

ran
d
om

d
ot

p
ro

d
u
ct

grap
h

w
ith

n
vertices,

th
e

laten
t

p
osition

s
asso

ciated
to

th
e

vertices
ca

n
b

e
rep

resen
ted

b
y

an
n×

d
m

atrix
X

w
h
ose

row
s

are
th

e
laten

t
p

osition
s,

a
n
d

th
e

m
atrix

of
con

n
ection

p
rob

ab
ilities

P=(P
ij )

is
given

b
y

P=
X

X ⊺.
C

on
d
itio

n
al

on
th

is
m

a
trix

P
,

th
e

R
D

P
G

h
as

an
ad

jacen
cy

m
atrix

A=(A
ij )

w
h
ose

en
tries

are
B

ern
ou

lli
ra

n
d
o
m

varia
b
les

w
ith

p
rob

ab
ility

P
ij .

F
or

sim
p
licity,

w
e

w
ill

ty
p
ically

con
sid

er
sy

m
m

etric,
h
o
llo

w
R

D
P

G
g
rap

h
s;

th
at

is,
u
n
d
irected

,
u
n
w

eigh
ted

grap
h
s

in
w

h
ich

A
ii =

0,
so

th
ere

are
n
o

self-ed
g
es.

In
ou

r
real

d
ata

an
aly

sis
of

a
n
eu

ral
con

n
ecto

m
e

in
S
ection

6.3,
h
ow

ever,
w

e
d
escrib

e
h
ow

to
ad

ap
t

ou
r

resu
lts

to
w

eigh
ted

an
d

d
irected

grap
h
s.

In
a
n
y

laten
t

p
o
sition

grap
h
,
th

e
laten

t
p

osition
s

asso
ciated

to
grap

h
v
ertices

can
th

em
selv

es
b

e
ra

n
d
o
m

;
fo

r
in

stan
ce,

th
e

laten
t

p
osition

s
m

ay
b

e
in

d
ep

en
d
en

t,
id

en
tically

d
istrib

u
ted

ra
n
d
o
m

va
ria

b
les

w
ith

som
e

d
istrib

u
tion

F
on

R
d.

T
h
e

w
ell-k

n
ow

n
stoch

a
stic

blockm
od

el
(S

B
M

),
in

w
h
ich

each
vertex

b
elon

gs
to

on
e

of
K

su
b
sets

k
n
ow

n
as

blocks,
w

ith
con

n
ection

p
ro

b
a
b
ilities

d
eterm

in
ed

solely
b
y

b
lo

ck
m

em
b

ersh
ip

(H
ollan

d
et

al.,
1983),

can
b

e
rep

re-
sen

ted
a
s

a
ra

n
d
om

d
ot

p
ro

d
u
ct

grap
h

in
w

h
ich

all
th

e
vertices

in
a

given
b
lo

ck
h
ave

th
e

sa
m

e
la

ten
t

p
osition

s
(or,

in
th

e
case

of
ran

d
om

laten
t

p
osition

s,
an

R
D

P
G

for
w

h
ich

th
e

d
istrib

u
tio

n
F

is
su

p
p

orted
on

a
fi
n
ite

set).
D

esp
ite

th
eir

stru
ctu

ral
sim

p
licity,

sto
ch

astic
b
lo

ck
m

o
d
els

a
re

th
e

b
u
ild

in
g

b
lo

ck
s

for
all

in
d
ep

en
d
en

t-ed
ge

ran
d
om

grap
h
s;

in
W

olfe
an

d
O

lh
ed

e
(2

0
13

),
th

e
au

th
ors

d
em

on
strate

th
at

an
y

in
d
ep

en
d
en

t-ed
g
e

ran
d
om

gra
p
h

ca
n

b
e

w
ell-a

p
p
rox

im
a
ted

b
y

a
sto

ch
astic

b
lo

ck
m

o
d
el

w
ith

a
su

ffi
cien

tly
large

n
u
m

b
er

of
b
lo

ck
s.

S
in

ce
sto

ch
a
stic

b
lo

ck
m

o
d
els

can
th

em
selves

b
e

v
iew

ed
as

ran
d
om

d
ot

p
ro

d
u
ct

grap
h
s,

w
e

see
th

at
su

ita
b
ly

h
igh

-d
im

en
sion

al
ran

d
om

d
ot

p
ro

d
u
ct

grap
h
s

can
p
rov

id
e

accu
rate

ap
-

p
rox

im
a
tio

n
s

o
f

laten
t

p
osition

gra
p
h
s

(T
an

g
et

al.,
2013),

an
d
,

in
tu

rn
,

in
d
ep

en
d
en

t-ed
ge

g
ra

p
h
s.

T
h
u
s,

th
e

arch
itectu

ral
sim

p
licity

of
th

e
ran

d
om

d
ot

p
ro

d
u
ct

grap
h

m
akes

it
p
ar-

ticu
la

rly
am

en
a
b
le

to
an

aly
sis,

an
d

its
n
ear-u

n
iversality

in
grap

h
ap

p
rox

im
atio

n
ren

d
ers

it
ex

p
a
n
sively

a
p
p
licab

le.
In

ad
d
ition

,
th

e
corn

erston
e

of
ou

r
an

aly
sis

of
ran

d
om

d
ot

p
ro

d
u
ct

g
ra

p
h
s

is
a

set
of

classical
p
rob

ab
ilistic

a
n
d

lin
ear

algeb
raic

tech
n
iq

u
es

th
at

are
u
sefu

l
in

m
u
ch

b
roa

d
er

settin
gs,

su
ch

as
ran

d
om

m
atrix

th
eory.

A
s

su
ch

,
th

e
ran

d
om

d
ot

p
ro

d
u
ct

g
ra

p
h

is
b

o
th

a
rich

an
d

in
terestin

g
ob

ject
of

stu
d
y

in
its

ow
n

righ
t

an
d

a
n
atu

ral
p

oin
t

of
d
ep

a
rtu

re
fo

r
w

id
er

grap
h

in
feren

ce.

A
cla

ssica
l

in
feren

ce
task

for
E

u
clid

ean
d
ata

is
to

estim
ate,

from
sam

p
le

d
ata,

certain
u
n
d
erly

in
g

d
istrib

u
tion

al
p
aram

eters.
S
im

ilarly,
for

a
laten

t
p

osition
g
rap

h
,

a
cla

ssical
g
ra

p
h

in
feren

ce
task

is
to

in
fer

th
e

grap
h

p
aram

eters
from

an
ob

servation
of

th
e

ad
jacen

cy
m

a
trix

A
.

In
d
eed

,
ou

r
overall

p
arad

ig
m

for
ran

d
om

grap
h

in
feren

ce
is

in
sp

ired
b
y

th
e

fu
n
d
am

en
ta

l
ten

ets
of

classical
statistical

in
feren

ce
for

E
u
clid

ean
d
ata.

N
am

ely,
ou

r
goal

3
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A
t
h
r
e
y
a
e
t
a
l
.

is
to

con
stru

ct
m

eth
o
d
s

an
d

estim
ators

of
grap

h
p
aram

eters
or

grap
h

d
istrib

u
tion

s;
an

d
,

for
th

ese
estim

ators,
to

an
aly

ze
th

eir
(1)

con
sisten

cy
;

(2)
asy

m
p
totic

d
istrib

u
tio

n
s;

(3)
asy

m
p
totic

relative
effi

cien
cy

;
(4)

rob
u
stn

ess
to

m
o
d
el

m
issp

ecifi
cation

;
an

d
(5)

im
p
lication

s
for

su
b
seq

u
en

t
in

feren
ce

in
clu

d
in

g
on

e-
an

d
m

u
lti-sam

p
le

h
y
p

oth
esis

testin
g.

In
th

is
p
ap

er,
w

e
su

m
m

arize
an

d
sy

n
th

esize
a

con
sid

erab
le

b
o
d
y

o
f

w
ork

on
sp

ectral
m

eth
o
d
s

for
in

feren
ce

in
ran

d
om

d
ot

p
ro

d
u
ct

grap
h
s,

all
of

w
h
ich

n
o
t

on
ly

ad
van

ce
fu

n
d
am

en
tal

ten
ets

of
th

is
p
arad

igm
,

b
u
t

d
o

so
w

ith
in

a
u
n
ifi

ed
an

d
p
arsim

on
iou

s
fram

ew
ork

.
T

h
e

ran
d
om

grap
h

estim
ators

an
d

test
statistics

w
e

d
iscu

ss
all

ex
p
loit

th
e

a
d
ja

cen
cy

spectra
l

em
bed

d
in

g
(A

S
E

)
or

th
e

L
a
p
la

cia
n

spectra
l

em
bed

d
in

g
(L

S
E

),
w

h
ich

are
eigen

d
ecom

p
osition

s
of

th
e

ad
jacen

cy
m

atrix
A

an
d

n
o
rm

a
lized

L
ap

lacian
m

atrix
L=

D −
1/2A

D −
1/2,

w
h
ere

D
is

th
e

d
iagon

al
d
egree

m
atrix

D
ii =∑

j≠
i A

ij .

T
h
e

am
b
ition

an
d

scop
e

of
ou

r
ap

p
roach

to
grap

h
in

feren
ce

m
ea

n
s

th
at

m
ere

u
p
p

er
b

ou
n
d
s

on
d
iscrep

an
cies

b
etw

een
p
aram

eters
an

d
th

eir
estim

ates
w

ill
n
ot

su
ffi

ce.
S
u
ch

b
ou

n
d
s

are
legion

.
In

ou
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rn
,

an
d

ty
p
ic

al
ly

d
o

n
o
t

b
ro

a
ch

th
e

q
u
es

ti
on

of
th

e
ex

ac
t

li
m

it
s

of
ou

r
p
ro

ce
d
u
re

s.
O

u
r

sp
ec

tr
al

m
et

h
o
d
s

m
ay

n
o
t

b
e

o
p
ti

m
a
l

fo
r

al
l

ra
n
d
om

gr
ap

h
m

o
d
el

s,
of

co
u
rs

e
(K

rz
ak

al
a

et
al

.,
20

1
3;

K
aw

a
m

ot
o

an
d

K
a
b
a
sh

im
a
,

20
15

),
b
u
t

th
ey

ar
e

ve
ry

u
se

fu
l,

in
th

at
th

ey
re

ly
o
n

w
el

l-
op

ti
m

iz
ed

co
m

p
u
ta

ti
o
n
a
l

m
et

h
o
d
s,

ca
n

b
e

im
p
le

m
en

te
d

q
u
ic

k
ly

in
m

an
y

st
an

d
ar

d
la

n
gu

ag
es

,
ex

te
n
d

re
ad

il
y

to
o
th

er
m

o
d
el

s,
an

d
se

rv
e

as
a

fo
u
n
d
at

io
n

fo
r

m
or

e
co

m
p
le

x
an

al
y
se

s.

F
in

al
ly

,
w

e
w

ou
ld

b
e

re
m

is
s

n
ot

to
p

oi
n
t

ou
t

th
at

w
h
il
e

sp
ec

tr
a
l
d
ec

om
p

os
it

io
n
s

a
n
d

cl
u
st

er
-

in
gs

of
th

e
ad

ja
ce

n
cy

m
at

ri
x

ar
e

ap
p
ro

p
ri

at
e

fo
r

gr
ap

h
in

fe
re

n
ce

,
th

ey
ar

e
al

so
o
f
co

n
si

d
er

a
b
le

im
p

or
t

in
co

m
b
in

at
or

ia
l

gr
ap

h
th

eo
ry

:
re

ad
er

s
m

ay
re

ca
ll
,

fo
r

in
st

an
ce

,
th

e
co

m
b
in

a
to

ri
a
l

ra
ti

o
-c

u
t

p
ro

b
le

m
,

w
h
os

e
ob

je
ct

iv
e

is
to

p
ar

ti
ti

on
th

e
ve

rt
ex

se
t

of
a

gr
ap

h
in

to
tw

o
d
is

jo
in

t
se

ts
in

a
w

ay
th

at
m

in
im

iz
es

th
e

n
u
m

b
er

of
ed

ge
s

b
et

w
ee

n
ve

rt
ic

es
in

th
e

tw
o

se
ts

.
T

h
e

m
in

-
im

iz
er

of
a

re
la

x
at

io
n

to
th

e
ra

ti
o-

cu
t

p
ro

b
le

m
(F

ie
d
le

r,
19

73
)

is
th

e
ei

ge
n
ve

ct
o
r

a
ss

o
ci

a
te

d
to

th
e

se
co

n
d

sm
a
ll
es

t
ei

ge
n
va

lu
e

of
th

e
gr

ap
h

L
ap

la
ci

an
L

.
W

h
il
e

w
e

d
o

n
o
t

p
u
rs

u
e

m
o
re

sp
ec

ifi
c

co
m

b
in

at
or

ia
l

ap
p
li
ca

ti
on

s
of

sp
ec

tr
al

m
et

h
o
d
s

h
er

e,
w

e
n
ot

e
th

at
C

h
u
n
g

(1
9
9
7
)

p
ro

v
id

es
a

co
m

p
re

h
en

si
ve

ov
er

v
ie

w
,

an
d

vo
n

L
u
x
b
u
rg

(2
00

7)
gi

ve
s

a
n

ac
ce

ss
ib

le
tu

to
ri

a
l

o
n

sp
ec

tr
al

m
et

h
o
d
s.

W
e

or
ga

n
iz

e
th

e
p
ap

er
as

fo
ll
ow

s.
In

S
ec

ti
o
n

2,
w

e
d
efi

n
e

ra
n
d
om

d
ot

p
ro

d
u
ct

g
ra

p
h
s

a
n
d

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g,
an

d
w

e
re

ca
ll

im
p

or
ta

n
t

li
n
ea

r
al

ge
b
ra

ic
b
a
ck

g
ro

u
n
d
.

In
S
ec

ti
on

4,
w

e
d
is

cu
ss

co
n
si

st
en

cy
,

as
y
m

p
to

ti
c

n
or

m
al

it
y,

an
d

h
y
p

ot
h
es

is
te

st
in

g
,

a
s

w
el

l
a
s

in
fe

re
n
ce

fo
r

h
ie

ra
rc

h
ic

al
m

o
d
el

s.
In

S
ec

ti
on

6,
w

e
d
is

cu
ss

a
p
p
li
ca

ti
on

s
of

th
es

e
re

su
lt

s
to

re
al

d
at

a.
F

in
al

ly
,

in
S
ec

ti
on

7
w

e
d
is

cu
ss

cu
rr

en
t

th
eo

re
ti

ca
l

an
d

co
m

p
u
ta

ti
o
n
a
l

d
iffi

cu
lt

ie
s

an
d

op
en

q
u
es

ti
on

s,
in

cl
u
d
in

g
is

su
es

of
op

ti
m

al
em

b
ed

d
in

g
d
im

en
si

on
,

m
o
d
el

li
m

it
a
ti

o
n
s,

ro
b
u
st

n
es

s
to

er
ro

rf
u
l

ob
se

rv
at

io
n
s,

an
d

jo
in

t
gr

ap
h

in
fe

re
n
ce

.
F

in
al

ly
,

in
A

,
w

e
p
ro

v
id

e
fu

rt
h
er

d
et

ai
ls

in
th

e
p
ro

of
s

of
ou

r
m

ai
n

re
su

lt
s.

2
.

D
e
fi
n
it

io
n
s,

n
o
ta

ti
o
n
,

a
n
d

b
a
ck

g
ro

u
n
d

2
.1

P
re

li
m

in
a
ri

e
s

a
n

d
n

o
ta

ti
o
n

W
e

b
eg

in
b
y

es
ta

b
li
sh

in
g

n
ot

at
io

n
.

F
or

a
p

os
it

iv
e

in
te

ge
r
n

,
w

e
le

t
[n]

={1
,2
,⋯,

n
}.F

o
r

a
ve

ct
or

v
∈Rn

,
w

e
le

t
∥v∥

d
en

ot
e

th
e

E
u
cl

id
ea

n
n
or

m
of

v
.

W
e

d
en

ot
e

th
e

id
en

ti
ty

m
a
tr

ix
,

ze
ro

m
at

ri
x
,

an
d

th
e

sq
u
ar

e
m

at
ri

x
of

al
l

on
es

b
y,

I,
0

,
an

d
J

,
re

sp
ec

ti
ve

ly
.

W
e

u
se

⊗to
d
en

ot
e

th
e

K
ro

n
ec

ke
r

p
ro

d
u
ct

.
F

or
an

n
1
×n 2

m
at

ri
x

H
,

w
e

le
t

H
ij

d
en

ot
e

it
s
i,
jt

h
en

tr
y
;

w
e

d
en

ot
e

b
y

H
⋅jt

h
e

co
lu

m
n

ve
ct

or
fo

rm
ed

b
y

th
e
j-

th
co

lu
m

n
of

H
;

an
d

w
e

d
en

o
te

b
y

H
i⋅t

h
e

ro
w

ve
ct

or
fo

rm
ed

b
y

th
e
i-

th
ro

w
of

H
.

F
or

a
sl

ig
h
t

ab
u
se

of
n
ot

a
ti

o
n
,

w
e

a
ls

o
le

t
H
i
∈Rn

2
d
en

ot
e

th
e

co
lu

m
n

ve
ct

or
fo

rm
ed

b
y

tr
an

sp
os

in
g

th
e
i-

th
ro

w
o
f

H
.

T
h
a
t

is
,

H
i
=(H

i⋅)⊺ .
G

iv
en

an
y

su
it

ab
ly

sp
ec

ifi
ed

or
d
er

in
g

on
ei

ge
n
va

lu
es

of
a

sq
u
ar

e
m

a
tr

ix
H

,
w

e
le

t
λ
i(H

)de
n
ot

e
th

e
i-

th
ei

ge
n
va

lu
e

(u
n
d
er

su
ch

an
or

d
er

in
g)

of
H

an
d
σ
i(H

)=√ λ i
(H⊺

H
)

th
e
i-

th
si

n
gu

la
r

va
lu

e
of

H
.

W
e

le
t
∥H∥

d
en

ot
e

th
e

sp
ec

tr
al

n
or

m
of

H
an

d
∥H∥

F
d
en

o
te

th
e

F
ro

b
en

iu
s

n
or

m
of

H
.

W
e

le
t
∥H∥

2
→∞

d
en

ot
e

th
e

m
ax

im
u
m

of
th

e
E

u
cl

id
ea

n
n
o
rm

s
of
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

th
e

row
s

o
f
H

,
so

th
at∥H∥

2→∞ =
m

ax
i ∥H

i ∥.
W

e
d
en

ote
th

e
trace

of
a

m
atrix

H
b
y

tr(H).
F

o
r

a
n
n×

n
sy

m
m

etric
m

atrix
H

w
h
ose

en
tries

are
all

n
on

-n
egative,

w
e

w
ill

freq
u
en

tly
h
ave

to
a
cco

u
n
t

fo
r

term
s

related
to

m
atrix

sp
arsity,

an
d

w
e

d
efi

n
e
δ(H)

an
d
γ(H)

as
follow

s:

δ(H)=
m

ax
1≤
i≤
n

n∑j=
1

H
ij

γ(H)=
σ
d (H)−

σ
d+

1 (H)
δ(H)

(1)

(W
e

rem
ark

th
a
t

w
h
en

H
is

a
m

atrix
of

con
n
ection

p
rob

ab
ilities

for
a

ran
d
om

grap
h
,
δ

can
b

e
in

terp
reted

as
th

e
m

ax
im

u
m

ex
p

ected
d
egree,

an
d
γ

relates
th

is
q
u
an

tity
to

an
eigen

gap
th

a
t

is
esp

ecia
lly

u
sefu

l
in

th
e

case
of

p
rob

a
b
ility

m
atrices

of
su

itab
ly

low
ra

n
k
.)

In
a

n
u
m

b
er

o
f

ca
ses,

w
e

n
eed

to
con

sid
er

a
seq

u
en

ce
of

m
atrices.

W
e

w
ill

d
en

ote
su

ch
a

seq
u
en

ce
b
y

H
n
,

w
h
ere

n
is

ty
p
ically

u
sed

to
d
en

ote
th

e
in

d
ex

of
th

e
seq

u
en

ce.
T

h
e

d
istin

ction
b

etw
een

a
p
articu

la
r

elem
en

t
H
n

in
a

seq
u
en

ce
of

m
atrices

an
d

a
p
articu

lar
row

H
i

of
a

m
a
trix

w
ill

b
e

clear
fro

m
con

tex
t,

an
d

ou
r

con
v
en

tion
is

ty
p
ically

to
u
se
n

to
d
en

ote
th

e
in

d
ex

of
a

seq
u
en

ce
a
n
d
i

or
h

to
d
en

ote
a

p
articu

lar
row

of
a

m
atrix

.
In

th
e

case
w

h
ere

w
e

n
eed

to
co

n
sid

er
th

e
ith

row
of

a
m

atrix
th

at
is

itself
th

e
n

th
elem

en
t

of
a

seq
u
en

ce,
w

e
w

ill
u
se

th
e

n
o
ta

tio
n(H

n )
i .

W
e

d
efi

n
e

a
gra

p
h
G

to
b

e
an

ord
ered

p
air

of(V
,E)

w
h
ere

V
is

th
e

so-called
vertex

or
n

od
e

set,
a
n
d
E

,
th

e
set

of
ed

ges,
is

a
su

b
set

of
th

e
C

artesian
p
ro

d
u
ct

of
V×

V
.

In
a

grap
h

w
h
ose

vertex
set

h
a
s

card
in

ality
n

,
w

e
w

ill
u
su

ally
rep

resen
t
V

as
V={1

,2,⋯
,n},

an
d

w
e

say
th

ere
is

a
n

ed
ge

betw
een

i
an

d
j

if(i,j)∈
E

.
T

h
e

a
d
ja

cen
cy

m
atrix

A
p
rov

id
es

a
com

p
act

rep
resen

ta
tio

n
of

su
ch

a
grap

h
:

A
ij =

1
if(i,j)∈

E
,

an
d

A
ij =

0
oth

erw
ise.

W
h
ere

th
ere

is
n
o

d
an

ger
of

con
fu

sion
,

w
e

w
ill

often
refer

to
a

grap
h
G

a
n
d

its
ad

jacen
cy

m
a
trix

A
in

terch
an

geab
ly.

O
u
r

fo
cu

s
is

ra
n
d
om

grap
h
s,

an
d

th
u
s

w
e

w
ill

let
Ω

d
en

ote
o
u
r

sam
p
le

sp
a
ce,F

th
e
σ

-
a
lg

eb
ra

o
f

su
b
sets

of
Ω

an
d
P

ou
r

p
rob

ab
ility

m
easu

re
P∶F→[0,1].

W
e

w
ill

d
en

ote
th

e
ex

p
ecta

tio
n

o
f

a
(p

oten
tially

m
u
lti-d

im
en

sion
al)

ran
d
om

variab
le
X

w
ith

resp
ect

to
th

is
m

ea
su

re
b
y
E

.
G

iven
an

ev
en

t
F∈F

,
w

e
d
en

o
te

its
com

p
lem

en
t

b
y
F
c,

an
d

w
e

let
P

r(F)
d
en

o
te

th
e

p
ro

b
ab

ility
of
F

.
A

s
w

e
w

ill
see,

in
m

an
y

cases
w

e
can

ch
o
ose

Ω
to

b
e

su
b
set

of
E

u
clid

ea
n

sp
a
ce.

B
ecau

se
w

e
are

in
terested

in
large-grap

h
in

feren
ce,

w
e

w
ill

freq
u
en

tly
n
eed

to
d
em

o
n
stra

te
th

at
p
rob

ab
ilities

of
certain

even
ts

d
ecay

at
sp

ecifi
ed

ra
tes.

T
h
is

m
otivates

th
e

fo
llow

in
g

d
efi

n
ition

.

D
e
fi

n
itio

n
1

(C
o
n
v
e
rg

e
n

c
e

a
.a

.s.
a
n

d
w

.h
.p

.)
G

iven
a

sequ
en

ce
o
f

even
ts{F

n }∈F
,

w
h
ere

n=
1,2

,⋯
,

w
e

sa
y

th
a
t
F
n

occu
rs

asy
m

p
totically

alm
ost

su
rely

(a
.a

.s.)
if

P
r(F

n )→
1

a
s
n→∞

.
W

e
sa

y
th

a
t
F
n

o
ccu

rs
w

ith
h
igh

p
rob

ab
ility

(w
.h

.p
.),

a
n

d
w

rite
F
n

w
.h

.p
.

,
if

fo
r

a
n

y
c

0 >
1
,

th
ere

exists
fi

n
ite

po
sitive

co
n

sta
n

t
C

0
d
epen

d
in

g
o
n
c

0
su

ch
th

a
t

P
r[F

cn ]≤
C

0 n −
c
0

fo
r

a
ll
n

.
W

e
n

o
te

th
a
t
F
n

occu
rrin

g
w

.h
.p

.
is

stro
n

ger
th

a
n
F
n

occu
rrin

g
a
sym

p
to

tica
lly

a
lm

o
st

su
rely.

M
o
rever,

F
n

occu
rrin

g
w

ith
h
igh

p
ro

ba
bility

im
p
lies,

by
th

e
B

o
rel-C

a
n

telli
L

em
m

a
C

h
u

n
g

(2
0
0
1
),

th
a
t

w
ith

p
ro

ba
bility

1
th

ere
exists

a
n
n

0
su

ch
th

a
t
F
n

h
o
ld

s
fo

r
a
ll

n≥
n

0 .

M
o
reover,

sin
ce

ou
r

goal
is

often
to

u
n
d
erstan

d
large-grap

h
in

feren
ce,

w
e

n
eed

to
con

sid
er

a
sy

m
p
to

tics
a
s

a
fu

n
ction

of
grap

h
size

n
.

A
s

su
ch

,
w

e
reca

ll
fam

iliar
asy

m
p
totic

n
otation

:
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A
t
h
r
e
y
a
e
t
a
l
.

D
e
fi

n
itio

n
2

(A
sy

m
p

to
tic

n
o
ta

tio
n

)
If
w(n)

is
a

qu
a
n

tity
d
epen

d
in

g
o
n
n

,
w

e
w

ill
sa

y
th

a
t
w

is
of

ord
er
α(n)

a
n

d
u

se
th

e
n

o
ta

tio
n
w(n)∼

Θ(α(n))
to

d
en

o
te

th
a
t

th
ere

exist
po

sitive
co

n
sta

n
ts
c,C

su
ch

th
a
t

fo
r
n

su
ffi

cien
tly

la
rge,

cα(n)≤
w(n)≤

C
α(n).

W
h
en

th
e

qu
a
n

tity
w(n)

is
clea

r
a
n

d
w(n)∼

Θ(α(n)),
w

e
so

m
etim

es
sim

p
ly

w
rite

“
w

is
o
f

o
rd

er
α(n)”

.
W

e
w

rite
w(n)∼

O(n)
if

th
ere

exists
a

co
n

sta
n

t
C

su
ch

th
a
t

fo
r
n

su
ffi

cien
tly

la
rge,

w(n)≤
C
n

.
W

e
w

rite
w(n)∼

o(n)
if
w(n)/n→

0
a
s
n→∞

,
a

n
d
w(n)∼

o(1)
if

w(n)→
0

a
s
n→∞

.
W

e
w

rite
w(n)∼

Ω(n)
if

th
ere

exists
a

co
n

sta
n

t
C

su
ch

th
a
t

fo
r

a
ll
n

su
ffi

cien
tly

la
rge,

w(n)≥
C
n

.

T
h
rou

gh
ou

t,
w

e
w

ill
u
se
C>

0
to

d
en

ote
a

con
stan

t,
n
ot

d
ep

en
d
in

g
on

n
,

w
h
ich

m
ay

vary
from

on
e

lin
e

to
an

oth
er.

2
.2

M
o
d

e
ls

S
in

ce
ou

r
fo

cu
s

is
on

d
-d

im
en

sion
al

ran
d
om

d
ot

p
ro

d
u
ct

grap
h
s,

w
e

fi
rst

d
efi

n
e

an
a
n

in
n

er
p
rod

u
ct

d
istribu

tio
n

as
a

p
rob

ab
ility

d
istrib

u
tion

ov
er

a
su

itab
le

su
b
set

ofR
d,

as
follow

s:

D
e
fi

n
itio

n
3

(
d
-d

im
e
n

sio
n

a
l

in
n
e
r

p
ro

d
u

c
t

d
istrib

u
tio

n
)

L
et
F

be
a

p
ro

ba
bility

d
is-

tribu
tio

n
w

h
o
se

su
p
po

rt
is

given
by

su
p
p
F=X

d ⊂
R
d.

W
e

sa
y

th
a
t
F

is
a
d
-d

im
en

sion
al

in
n
er

p
ro

d
u
ct

d
istrib

u
tion

o
n
R
d

if
fo

r
a
ll

x
,y∈X

d =
su

p
p
F

,
w

e
h
a
ve

x ⊺y∈[0
,1].

N
ex

t,
w

e
d
efi

n
e

a
ran

d
om

d
ot

p
ro

d
u
ct

grap
h

as
an

in
d
ep

en
d
en

t-ed
ge

ran
d
om

grap
h

for
w

h
ich

th
e

ed
ge

p
rob

ab
ilities

are
given

b
y

th
e

d
ot

p
ro

d
u
cts

of
th

e
laten

t
p

o
sition

s
asso

ciated
to

th
e

vertices.
W

e
restrict

ou
r

atten
tion

h
ere

to
grap

h
s

th
at

are
u
n
d
irected

an
d

in
w

h
ich

n
o

vertex
h
as

an
ed

ge
to

itself.

D
e
fi

n
itio

n
4

(R
D

P
G

w
ith

d
istrib

u
tio

n
F

)
L

et
F

be
a
d

-d
im

en
sio

n
a
l

in
n

er
p
rod

u
ct

d
istribu

tio
n

w
ith

X
1 ,X

2 ,...,X
n

i.i.d
.

∼
F

,
co

llected
in

th
e

ro
w

s
o
f

th
e

m
a
trix

X=[X
1 ,X

2 ,...,X
n ] ⊺∈

R
n×
d.

S
u

p
po

se
A

is
a

ra
n

d
o
m

a
d
ja

cen
cy

m
a
trix

given
by

P
r[A∣X]=∏i<

j (X ⊺i X
j )

A
ij(1−

X ⊺i X
j )

1−
A
ij

(2)

W
e

th
en

w
rite(A

,X)∼
R

D
P

G(F
,n)

a
n

d
sa

y
th

a
t

A
is

th
e

a
d
ja

cen
cy

m
a
trix

o
f

a
ran

d
om

d
ot

p
ro

d
u
ct

grap
h

(R
D

P
G

)
of

d
im

en
sion

or
ran

k
at

m
ost

d
a
n

d
w

ith
laten

t
p

osition
s

given
by

th
e

ro
w

s
o
f

X
.

If
X

X ⊺
is,

in
fa

ct,
a

ra
n

k
d

m
a
trix,

w
e

sa
y

A
is

th
e

a
d
ja

cen
cy

m
a
trix

o
f

a
ra

n
k
d

ra
n

d
o
m

d
o
t

p
rod

u
ct

gra
p
h
.

N
ex

t,
for

su
ch

ran
d
om

d
ot

p
ro

d
u
ct

grap
h
s,

w
e

freq
u
en

tly
n
eed

to
con

sid
er

th
e
d×

d
seco

n
d

m
o
m

en
t

m
a
trix

∆
,

d
efi

n
ed

as
follow

s:

D
e
fi

n
itio

n
5

(S
e
c
o
n

d
m

o
m

e
n
t

m
a
trix

)
S

u
p
po

se
A

is
a
n

a
d
ja

cen
cy

m
a
trix

fro
m

th
e

ra
n

d
o
m

d
o
t

p
rod

u
ct

gra
p
h

m
od

el
w

ith
d
istribu

tio
n
F

.
L

et
X

1 ∼
F

be
o
n

e
o
f

th
e

i.i.d
vecto

rs
o
f

la
ten

t
po

sitio
n

s.
D

efi
n

e
th

e
secon

d
m

om
en

t
m

atrix
∆

via
th

e
expecta

tio
n

∆=
E[X

1 X ⊺1 ]
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S
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c
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D
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S
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W
h
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e
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r

n
ot

at
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r
a
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n
d
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d
ot

p
ro

d
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h
w

it
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d
is
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ib

u
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F

is
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X
)∼

R
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P
G
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,
w

e
em

p
h
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iz
e

th
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p
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er
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e
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p
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p
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(R

D
P

G
w

it
h

fi
x
e
d

la
te

n
t

p
o
si

ti
o
n

s)
In

th
e

d
efi

n
it

io
n

4
gi

ve
n

a
bo

ve
,

th
e

la
te

n
t

po
si

ti
o
n

s
a
re

th
em

se
lv

es
ra

n
d
o
m

.
If

,
in

st
ea

d
,

th
e

la
te

n
t

po
si

ti
o
n

s
a
re

gi
ve

n
by

a
fi

xe
d

m
a
tr

ix
X

a
n

d
,

gi
ve

n
th

is
m

a
tr

ix
,

th
e

gr
a
p
h

is
ge

n
er

a
te

d
a
cc

o
rd

in
g

to
E

q.
(2

),
w

e
sa

y
th

a
t

A
is

a
re

a
li

za
ti

o
n

o
f

a
ra

n
d
o
m

d
o
t

p
ro

d
u

ct
gr

a
p
h

w
it

h
la

te
n

t
po

si
ti

o
n

s
X

,
a
n

d
w

e
w

ri
te

A
∼RD

P
G
(X)

.

R
e
m

a
rk

7
(N

o
n

id
e
n
ti

fi
a
b

il
it

y
)

G
iv

en
a

gr
a
p
h

d
is

tr
ib

u
te

d
a
s

a
n

R
D

P
G

,
th

e
n

a
tu

ra
l

ta
sk

is
to

re
co

ve
r

th
e

la
te

n
t

po
si

ti
o
n

s
X

th
a
t

ga
ve

ri
se

to
th

e
o
bs

er
ve

d
gr

a
p
h
.

H
o
w

ev
er

,
th

e
R

D
P

G
m

od
el

h
a
s

a
n

in
h
er

en
t

n
o
n

id
en

ti
fi

a
bi

li
ty

:
le

t
X

∈Rn
×d

be
a

m
a
tr

ix
o
f

la
te

n
t

po
si

ti
o
n

s
a
n

d
le

t
W

∈Rd
×d

be
a

u
n

it
a
ry

m
a
tr

ix
.

S
in

ce
X

X
⊺ =

(XW
)(X

W
)⊺ ,

it
is

cl
ea

r
th

a
t

th
e

la
te

n
t

po
si

ti
o
n

s
X

a
n

d
X

W
gi

ve
ri

se
to

th
e

sa
m

e
d
is

tr
ib

u
ti

o
n

o
ve

r
gr

a
p
h
s

in
E

qu
a
ti

o
n

(2
).

N
o
te

th
a
t

m
o
st

la
te

n
t

po
si

ti
o
n

m
od

el
s,

a
s

d
efi

n
ed

be
lo

w
,

a
ls

o
su

ff
er

fr
o
m

si
m

il
a
r

ty
pe

s
o
f

n
o
n

-i
d
en

ti
fi

a
bi

li
ty

a
s

ed
ge

-p
ro

ba
bi

li
ti

es
m

a
y

be
in

va
ri

a
n

t
to

va
ri

o
u

s
tr

a
n

sf
o
rm

a
ti

o
n

s.

A
s

w
e

m
en

ti
on

ed
,

th
e

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
is

a
sp

ec
ifi

c
in

st
an

ce
of

th
e

m
or

e
ge

n
er

al
la

te
n

t
po

si
ti

o
n

ra
n

d
o
m

gr
a
p
h

w
it

h
li

n
k

or
ke

rn
el

fu
n
ct

io
n
κ

.
In

d
ee

d
,

th
e

la
te

n
t

p
os

it
io

n
s

th
em

se
lv

es
n
ee

d
n
ot

b
el

on
g

to
E

u
cl

id
ea

n
sp

ac
e

p
er

se
,

an
d

th
e

li
n
k

fu
n
ct

io
n

n
ee

d
n
o
t

b
e

an
in

n
er

p
ro

d
u
ct

.

D
e
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n
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8
(L

a
te

n
t

p
o
si

ti
o
n

ra
n
d

o
m

g
ra

p
h

w
it

h
k
e
rn

e
l
κ
)

L
et
Xb

e
a

se
t

a
n

d
κ
∶

X×
X→

[0,1
]a

sy
m

m
et

ri
c

fu
n

ct
io

n
.

S
u

p
po

se
to

ea
ch

i
∈[n

]th
er

e
is

a
ss

oc
ia

te
d

a
po

in
t

X
i
∈X.

G
iv

en
X

={X
1
,⋯,

X
n
}co

n
si

d
er

th
e

gr
a
p
h

w
it

h
a
d
ja

ce
n

cy
m

a
tr

ix
A

d
efi

n
ed

by

P
r[A

∣X]
= ∏ i<j

κ
(X i

,X
j
)A ij

(1−
κ
(X i

,X
j
))1

−A
ij

(3
)

T
h
en

A
is

th
e

a
d
ja

ce
n

cy
m

a
tr

ix
o
f

a
la

te
n

t
po

si
ti

o
n

ra
n

d
o
m

gr
a
p
h

w
it

h
la

te
n

t
po

si
ti

o
n

X
a
n

d
li

n
k

fu
n

ct
io

n
κ

.

S
im

il
ar

ly
,

w
e

ca
n

d
efi

n
e

in
d
ep

en
d
en

t
ed

ge
gr

ap
h
s

fo
r

w
h
ic

h
la

te
n
t

p
os

it
io

n
s

n
ee

d
n
ot

p
la

y
a

ro
le

.

D
e
fi

n
it

io
n

9
(I

n
d

e
p

e
n

d
e
n
t-

e
d

g
e

g
ra

p
h

s)
F

o
r

a
m

a
tr

ix
sy

m
m

et
ri

c
m

a
tr

ix
P

o
f

p
ro

ba
-

bi
li

ti
es

,
w

e
sa

y
th

a
t

A
is

d
is

tr
ib

u
te

d
a
s

a
n

in
d
ep

en
d
en

t
ed

ge
gr

a
p
h

w
it

h
p
ro

ba
bi

li
ti

es
P

if

P
r[A

∣X]
= ∏ i<j

P
A
ij

ij
(1−

P
ij
)1
−A

ij
(4

)

B
y

th
ei

r
ve

ry
st

ru
ct

u
re

,
la

te
n
t

p
os

it
io

n
ra

n
d
om

gr
ap

h
s,

fo
r

fi
x
ed

la
te

n
t

p
os

it
io

n
s,

a
re

in
d
ep

en
d
en

t-
ed

ge
ra

n
d
om

gr
ap

h
s.

In
ge

n
er

al
,

fo
r

an
y

la
te

n
t

p
os

it
io

n
gr

ap
h

th
e

m
at

ri
x

of
ed

ge
p
ro

b
ab

il
it

ie
s

P
is

gi
ve

n
b
y

P
ij
=κ(

X
i,

X
j
)O

f
co

u
rs

e,
in

th
e

ca
se

of
an

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
w

it
h

la
te

n
t

p
os

it
io

n
m

a
tr

ix
X

,
th

e
p
ro

b
ab

il
it

y
P
ij

of
ob

se
rv

in
g

an
ed

ge
b

et
w

ee
n

v
er

te
x
i

an
d

ve
rt

ex
j

is
si

m
p
ly

X
⊺ iX

j
.

T
h
u
s,

fo
r

an
R

D
P

G
w

it
h

la
te

n
t

p
os

it
io

n
s

X
,

th
e

m
at

ri
x

P
=[p

ij
]is

gi
v
en

b
y

P
=X

X
⊺ . 9
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A
t
h
r
e
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e
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a
l
.

In
or

d
er

to
m

or
e

ca
re

fu
ll
y

re
la

te
la

te
n
t

p
os

it
io

n
m

o
d
el

s
an

d
R

D
P

G
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w
e

ca
n
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n
si
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er

th
e

se
t
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p
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it
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e

se
m

id
efi

n
it

e
la

te
n
t

p
os
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io

n
gr

a
p
h
s.

N
am

el
y,

w
e

w
il
l

sa
y

th
at

a
la

te
n
t

p
o
si

ti
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ra
n
d
om

gr
ap

h
is

p
os

it
iv

e
se

m
id

efi
n
it

e
if

th
e

m
at

ri
x

P
is

p
os

it
iv

e
se

m
id

efi
n
it

e.
In

th
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ca
se

,
w

e
n
ot

e
th

at
an

R
D

P
G

ca
n

b
e

u
se

d
to

ap
p
ro

x
im

at
e

th
e

la
te

n
t

p
os

it
io

n
ra

n
d
o
m

g
ra

p
h

d
is

tr
ib

u
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n
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,
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w
e

d
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e
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h
er

b
el

ow
,

n
ew

w
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k
of

R
u
b
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-D
el

a
n
ch

y,
T

a
n
g
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a
n
d

P
ri
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e

(R
u
b
in

-D
el
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et
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p
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ge

n
er
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at
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R
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P
G
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p
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e
p
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m

id
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en
es

s
re

q
u
ir

em
en

t.
)

T
h
e

b
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ck
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an
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n
g,
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il
l
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d
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R
D

P
G

w
it
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d
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al
la

te
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os

it
io

n
s.

In
th
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se

n
se

,
b
y
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w
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g
d

to
b

e
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e
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n
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,

an
y

p
os

it
iv

e
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d
efi

n
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te
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gr
ap

h
d
is

tr
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W
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d
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ra
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R
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b
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re
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th
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e
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ed

st
oc
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st
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el
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n
d

et
a
l.
,

1
9
8
3)

.
T

h
e

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

is
al

so
an

in
d
ep

en
d
en

t-
ed

ge
ra

n
d
om

gr
ap

h
w

h
os

e
v
er

te
x

se
t

is
p
ar

ti
ti

on
ed

in
to
K

gr
ou

p
s,

ca
ll
ed

bl
oc

ks
,

an
d

th
e

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

is
ty

p
ic

a
ll
y

p
a
ra

m
-

et
er

iz
ed

b
y

(1
)

a
K
×K

m
at

ri
x

of
p
ro

b
ab

il
it

ie
s

B
of

ad
ja

ce
n
ci

es
b

et
w

ee
n

v
er

ti
ce

s
in

ea
ch

of
th

e
b
lo

ck
s,

an
d

(2
)

a
bl

oc
k-

a
ss

ig
n

m
en

t
ve

ct
o
r
τ
∶[n]

→[K
]wh

ic
h

as
si

gn
s

ea
ch

ve
rt

ex
to

it
s

b
lo

ck
.

T
h
at

is
,

fo
r

an
y

tw
o

ve
rt

ic
es
i,
j,

th
e

p
ro

b
ab

il
it

y
of

th
ei

r
co

n
n
ec

ti
on

is

P
ij
=B

τ
(i),

τ
(j),

an
d

w
e

ty
p
ic

al
ly

w
ri

te
A

∼SB
M

(B,
τ
).H

er
e

w
e

p
re

se
n
t

an
al

te
rn

at
iv

e
d
efi

n
it

io
n

in
te

rm
s

of
th

e
R

D
P

G
m

o
d
el

.

D
e
fi

n
it

io
n

1
0

(P
o
si

ti
v
e

se
m

id
e
fi

n
it

e
k
-b

lo
ck

S
B

M
)

W
e

sa
y

a
n

R
D

P
G

w
it

h
la

te
n

t
po

-
si

ti
o
n

s
X

is
a
n

S
B

M
w

it
h
K

bl
oc

ks
if

th
e

n
u

m
be

r
o
f

d
is

ti
n

ct
ro

w
s

in
X

is
K

,
d
en

o
te

d
X
(1),

⋯,X
(K)

In
th

is
ca

se
,

w
e

d
efi

n
e

th
e

bl
oc

k
m

em
be

rs
h
ip

fu
n

ct
io

n
τ
∶[n]

↦[K
]to

be
a

fu
n

ct
io

n
su

ch
th

a
t
τ
(i)=

τ
(j)

if
a
n

d
o
n

ly
if

X
i
=X

j
.

W
e

th
en

w
ri

te

A
∼SB

M
(τ,{

X
(i)}K i

=1)
In

a
d
d
it

io
n

,
w

e
a
ls

o
co

n
si

d
er

th
e

ca
se

o
f

a
st

oc
h
a
st

ic
bl

oc
k

m
od

el
in

w
h
ic

h
th

e
bl

oc
k

m
em

-
be

rs
h
ip

s
o
f

ea
ch

ve
rt

ex
is

ra
n

d
o
m

ly
a
ss

ig
n

ed
.

M
o
re

p
re

ci
se

ly
,

le
t
π
∈(0

,1
)K w

it
h
∑n k=

1
π
k
=1

a
n

d
su

p
po

se
th

a
t
τ
(1),

τ
(2),

..
.,
τ
(n)

a
re

n
o
w

i.
i.

d
.

ra
n

d
o
m

va
ri

a
bl

es
w

it
h

d
is

tr
ib

u
ti

o
n

C
at

eg
or

ic
al
(π);

th
a
t

is
,

P
r(τ(

i)=
k
)=

π
k

fo
r

a
ll
k

.
T

h
en

w
e

sa
y

A
is

a
n

S
B

M
w

it
h

i.
i.
d

b
lo

ck
m

em
b

er
sh

ip
s,

a
n

d
w

e
w

ri
te

A
∼SB

M
(π,{

X
(i)})

.

W
e

al
so

co
n
si

d
er

th
e

d
eg

re
e-

co
rr

ec
te

d
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

(K
ar

re
r

an
d

N
ew

m
a
n
,

2
0
1
1
):

D
e
fi

n
it

io
n

1
1

(D
e
g
re

e
C

o
rr

e
c
te

d
S

B
M

)
W

e
sa

y
a
n

R
D

P
G

is
a

d
eg

re
e-

co
rr

ec
te

d
st

oc
h
a
s-

ti
c

bl
oc

k
m

od
el

(D
C

S
B

M
)

w
it

h
K

bl
oc

ks
if

th
er

e
ex

is
t
K

u
n

it
ve

ct
o
rs
y 1
,.
..
,y
K
∈Rd

su
ch

th
a
t

fo
r

ea
ch

i
∈[n

],th
er

e
ex

is
ts
k
∈[K

]an
d
c i
∈(0

,1
)su

ch
th

a
t
X
i
=c iy

k
.

R
e
m

a
rk

1
2

T
h
e

d
eg

re
e-

co
rr

ec
te

d
st

oc
h
a
st

ic
bl

oc
km

od
el

m
od

el
is

in
h
er

en
tl

y
m

o
re

fl
ex

ib
le

th
a
n

th
e

st
a
n

d
a
rd

S
B

M
be

ca
u

se
it

a
ll

o
w

s
fo

r
ve

rt
ic

es
w

it
h
in

ea
ch

bl
oc

k/
co

m
m

u
n

it
y

to
h
a
ve

d
iff

er
en

t
ex

pe
ct

ed
d
eg

re
es

.
T

h
is

fl
ex

ib
il

it
y

h
a
s

m
a
d
e

it
a

po
p
u

la
r

ch
o
ic

e
fo

r
m

od
el

in
g

n
et

w
o
rk

d
a
ta

(a
ga

in
,

se
e

K
a
rr

er
a
n

d
N

ew
m

a
n

,
2
0
1
1
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

F
o
r

a
n

im
p

o
rta

n
t

gen
eralization

th
at

off
ers

m
ore

fl
ex

ib
ility

in
b
lo

ck
m

em
b

ersh
ip

s,
w

e
con

-
sid

er
th

e
m

ixed
-m

em
bersh

ip
stoch

a
stic

block
m

od
el

(M
M

S
B

M
)

of
A

irold
i

et
al.

(2008):

D
e
fi

n
itio

n
1
3

(M
ix

e
d

M
e
m

b
e
rsh

ip
S

B
M

)
W

e
sa

y
a
n

R
D

P
G

is
a

m
ixed

m
em

bersh
ip

stoch
a
stic

block
m

od
el

(M
M

S
B

M
)

w
ith

K
blocks

if
th

ere
exists

K
u

n
it

vecto
rs
y

1 ,...,y
K ∈

R
d

su
ch

th
a
t

fo
r

ea
ch

i∈[n],
th

ere
exists

α
1 ,...,α

K >
0

su
ch

th
a
t∑

Kk=
1
α
k =

1
a
n

d
X
i =

∑
Kk=

1
α
k y
k .

R
e
m

a
rk

1
4

T
h
e

m
ixed

m
em

bersh
ip

S
B

M
a
llo

w
s

fo
r

ea
ch

vertex
to

be
in

a
m

ixtu
re

o
f

d
iff

eren
t

blocks.
A

d
d
itio

n
a
lly,

n
o
te

th
a
t

every
R

D
P

G
is

a
M

M
S

B
M

fo
r

so
m

e
ch

o
ice

o
f
K

.

O
u
r

n
ex

t
th

eo
rem

su
m

m
arizes

th
e

relatio
n
sh

ip
b

etw
een

th
ese

m
o
d
els.

T
h

e
o
re

m
1
5

C
o
n

sid
ered

a
s

sta
tistica

l
m

od
els

fo
r

gra
p
h
s—

to
w

it,
sets

o
f

p
ro

ba
bility

d
is-

tribu
tio

n
s

o
n

gra
p
h
s—

th
e

po
sitive-sem

id
efi

n
ite

K
-block

S
B

M
is

a
su

bset
o
f

th
e
K

-block
D

C
S

B
M

a
n

d
th

e
K

-block
M

M
S

B
M

.
B

o
th

th
e

po
sitive

sem
id

efi
n

ite
K

-block
D

C
S

B
M

a
n

d
K

-
block

M
M

S
B

M
a
re

su
bsets

o
f

th
e

R
D

P
G

m
od

el
w

ith
K

-d
im

en
sio

n
a
l

la
ten

t
po

sitio
n

s.
F

in
a
lly,

th
e

u
n

io
n

o
f

a
ll

po
ssible

R
D

P
G

m
od

els,
w

ith
o
u

t
restrictio

n
o
f

la
ten

t
po

sitio
n

d
im

en
sio

n
,

is
d
en

se
in

th
e

set
o
f

po
sitive

sem
id

efi
n

ite
la

ten
t

po
sitio

n
m

od
els.

W
e

em
p
h
a
size

th
at,

as
m

en
tion

ed
p
rev

iou
sly,

very
recen

t
w

ork
of

R
u
b
in

-D
elan

ch
y,

P
rieb

e,
a
n
d

T
a
n
g

(R
u
b
in

-D
elan

ch
y

et
al.,

2017)
on

th
e

gen
era

lized
ra

n
d
o
m

d
o
t

p
rod

u
ct

gra
p
h

(g
R

D
P

G
)

ex
ten

d
s

th
e

essen
tial

con
stru

ction
of

th
e

ran
d
o
m

d
ot

p
ro

d
u
ct

gra
p
h

to
en

com
-

p
ass

n
o
n
-p

o
sitive-sem

id
efi

n
ite

sto
ch

astic
b
lo

ck
m

o
d
els

an
d

m
ix

ed
m

em
b

ersh
ip

b
lo

ck
m

o
d
els,

a
n
d

th
e

g
R

D
P

G
p

ossesses
an

elegan
t

u
n
iq

u
en

ess
p
rop

erty
th

at
p

erm
its

th
e

rep
resen

tation
o
f

m
ix

ed
m

em
b

ersh
ip

as
a

con
vex

com
b
in

ation
of

ex
trem

e
p

oin
ts

in
a

sim
p
lex

.
S
o,

w
h
ile

w
e

im
p

o
se

so
m

e
restriction

s
on

p
ositive-d

efi
n
iten

ess
h
ere,

th
ese

are
p
rim

arily
for

ease
of

ex
p

o
sition

.
O

u
r

m
eth

o
d
ology

is
gen

eral
en

ou
gh

to
en

com
p
ass

n
etw

ork
s

th
at

ex
h
ib

it
b

oth
h
om

o
p
h
ily

a
n
d

h
eterop

h
ily

(see,
for

ex
am

p
le,

H
off

,
2
00

7).
M

oreo
ev

er,
w

h
en

con
sid

erin
g

n
orm

a
lized

la
ten

t
p

osition
s

for
ran

d
om

d
ot

p
ro

d
u
ct

grap
h
s,

ou
r

req
u
irem

en
t

of
p

ositive
d
efi

n
iten

ess
is,

in
eff

ect,
a

d
egree-corrected

“affi
n
ity.”

A
lso,

as
w

e
sh

ow
in

S
ection

6.3,
ou

r
tech

n
iq

u
es

h
ave

p
roven

em
p
irically

ap
p
rop

riate
in

th
e

an
aly

sis
of

certain
d
irected

grap
h
s,

w
h
erein

w
e

co
n
sid

er
righ

t-
an

d
left-sin

gu
lar

vectors
in

a
sin

gu
lar

valu
e

d
ecom

p
osition

of
th

e
a
d
ja

cen
cy

m
a
trix

.

2
.3

E
m

b
e
d

d
in

g
s

S
in

ce
w

e
rely

o
n

sp
ectral

d
ecom

p
osition

s,
w

e
b

egin
w

ith
d
escrib

in
g

th
e

n
otation

s
for

th
e

sp
ectra

l
d
eco

m
p

osition
of

th
e

ran
k
d

p
ositive

sem
id

efi
n
ite

m
atrix

P=
X

X ⊺.
D

e
fi

n
itio

n
1
6

(S
p

e
c
tra

l
D

e
c
o
m

p
.

o
f

P
)

S
in

ce
P

is
sym

m
etric

a
n

d
po

sitive
sem

id
efi

-
n

ite,
let

P=
U

P
S
P

U ⊺P
d
en

o
te

its
spectra

l
d
eco

m
po

sitio
n

,
w

ith
U

P ∈
R
n×
d

h
a
vin

g
o
rth

o
n

o
r-

m
a
l

co
lu

m
n

s
a
n

d
S
P ∈

R
d×
d

a
d
ia

go
n

a
l

m
a
trix

w
ith

n
o
n

in
crea

sin
g

en
tries

(S
P )

1
,1 ≥(S

P )
2
,2 ≥⋯≥(S

P )
d
,d >

0
.

A
s

w
ith

th
e

sp
ectral

d
ecom

p
osition

of
th

e
m

atrix
P

,
given

an
ad

jan
cen

cy
m

atrix
A

,
w

e
d
efi

n
e

its
a
d
ja

cen
cy

sp
ectral

em
b

ed
d
in

g
as

follow
s;
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A
t
h
r
e
y
a
e
t
a
l
.

D
e
fi

n
itio

n
1
7

(A
d

ja
c
e
n

c
y

sp
e
c
tra

l
e
m

b
e
d

d
in

g
(A

S
E

))
G

iven
a

po
sitive

in
teger

d≥
1
,

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
(A

S
E

)
o
f

A
in

to
R
d

is
given

by
X̂=

U
A

S
1/2A

w
h
ere

∣A∣=[U
A ∣U ⊥A ][S

A ⊕
S ⊥A ][U

A ∣U ⊥A ] ⊺
is

th
e

spectra
l

d
eco

m
po

sitio
n

o
f∣A∣=(A

T
A)

1/2
a
n

d
S
A

is
th

e
d
ia

go
n

a
l

m
a
trix

o
f

th
e
d

la
rgest

eigen
va

lu
es

o
f∣A∣

a
n

d
U

A
is

th
e
n×

d
m

a
trix

w
h
o
se

co
lu

m
n

s
a
re

th
e

co
rrespo

n
d
in

g
eigen

vecto
rs.

T
h
e

in
tu

ition
b

eh
in

d
th

e
n
otion

of
ad

jacen
cy

sp
ectral

em
b

ed
d
in

g
is

as
follow

s.
O

u
r

g
oal

is
to

estim
ate

th
e

laten
t

p
osition

m
atrix

X
.

N
ow

,
if

th
e

m
atrix

P
w

ere
actu

ally
ob

servab
le,

th
en

th
e

sp
ectral

em
b

ed
d
in

g
of

P
,

given
b
y

U
P

S
1/2P

,
is

sim
p
ly

som
e

orth
ogon

al
tran

sform
ation

of
X

.
O

f
cou

rse,
P

is
ty

p
ically

n
ot

ob
servab

le;
in

stead
w

e
ob

serve
A

,
a

n
oisy

version
of

P
.

T
h
e

A
S
E

w
ill

b
e

a
go

o
d

estim
ate

of
X

p
rov

id
ed

th
at

th
e

n
oise

d
o
es

n
ot

greatly
im

p
act

th
e

em
b

ed
d
in

g—
th

at
is,

if
A

an
d

P
are

su
ita

b
ly

close.
A

s
w

e
w

ill
see

sh
ortly,

on
e

can
sh

ow
th

at
∥A−

X
X ⊺∥=

O(∥X∥)=
o(∥X

X ⊺∥)
w

ith
h
igh

p
rob

ab
ility

(O
liv

eira,
2009;

L
u

an
d

P
en

g,
2013;

T
rop

p
,

2015;
L

ei
an

d
R

in
ald

o,
2015).

T
h
at

is
to

say,
A

can
b

e
v
iew

ed
as

a
com

p
aratively

sm
all

p
ertu

rb
ation

of
X

X ⊺.
W

ey
l’s

in
eq

u
ality

or
th

e
K

ato-T
em

p
le

in
eq

u
ality

(C
ap

e
et

al.,
2017a;

K
ato,

1950)
gu

aran
tee

th
at

th
e

eigen
valu

es
of

A
are

“close”
to

th
e

eigen
valu

es
of

X
X ⊺.

In
ad

d
ition

,
b
y

th
e

D
av

is-K
ah

an
th

eorem
(D

av
is

an
d

K
ah

an
,

1970),
th

e
su

b
sp

ace
sp

an
n
ed

b
y

th
e

top
d

eigen
vectors

of
X

X ⊺
is

w
ell-ap

p
rox

im
ated

b
y

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e

top
d

eigen
vectors

of
A

.

H
av

in
g

d
efi

n
ed

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g,
w

e
n
ex

t
d
efi

n
e

th
e

an
alogou

s
L

ap
lacian

sp
ectral

em
b

ed
d
in

g,
w

h
ich

u
ses

th
e

sp
ectral

d
ecom

p
osition

of
th

e
n
orm

alized
L

ap
la

cian
m

atrix
.

D
e
fi

n
itio

n
1
8

(L
a
p

la
c
ia

n
S

p
e
c
tra

l
E

m
b

e
d

d
in

g
(L

S
E

))
L

etL(A)=
D −

1/2A
D −

1/2
d
e-

n
o
te

th
e

n
o
rm

a
lized

L
a
p
la

cia
n

o
f

A
w

h
ere

D
is

th
e

d
ia

go
n

a
l

m
a
trix

w
h
o
se

d
ia

go
n

a
l

en
tries

D
ii =∑

j/=
i A

ij .
G

iven
a

po
sitive

in
teger

d≥
1
,

th
e

L
a
p
lacian

sp
ectral

em
b

ed
d
in

g
(L

S
E

)
o
f

A
in

to
R
d

is
given

by
X̆=

UL(A) S̃
1/2A

w
h
ere

∣L(A)∣=[UL(A) ∣U ⊥L(A) ][SL(A) ⊕
S ⊥L(A) ][UL(A) ∣U ⊥L(A) ] ⊺

is
th

e
spectra

l
d
eco

m
po

sitio
n

o
f∣L(A)∣=(L(A) ⊺L(A))

1/2
a
n

d
SL(A)

is
th

e
d
ia

go
n

a
l

m
a
trix

co
n

ta
in

g
th

e
d

la
rgest

eigen
va

lu
es

o
f∣L(A)∣

o
n

th
e

d
ia

go
n

a
l

a
n

d
UL(A)

is
th

e
n×

d
m

a
trix

w
h
o
se

co
lu

m
n

s
a
re

th
e

co
rrespo

n
d
in

g
eigen

vecto
rs.

F
in

ally,
th

ere
are

a
variety

oth
er

m
atrices

for
w

h
ich

sp
ectral

d
ecom

p
osition

s
m

ay
b

e
ap

p
lied

to
y
ield

an
em

b
ed

d
in

g
of

th
e

grap
h

(L
e

et
al.,

2017).
T

h
ese

are
often

d
u
b
b

ed
as

“regu
lar-

ized
”

em
b

ed
d
in

gs,
an

d
m

an
y

su
ch

em
b

ed
d
in

gs
are

con
stru

cted
w

ith
th

e
aim

of
im

p
rov

in
g

rob
u
stn

ess
of

sp
ectral

d
ecom

p
osition

s
to

grap
h

sp
arsity.

W
h
ile

w
e

d
o

n
o
t

an
aly

ze
th

ese
em

-
b

ed
d
in

gs
d
irectly,

a
n
u
m

b
er

of
ou

r
ap

p
roach

es
can

b
e

ad
ap

ted
to

th
ese

oth
er

em
b

ed
d
in

gs.
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S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

3
.

C
o
re

p
ro

o
f

te
ch

n
iq

u
e
s:

p
ro

b
a
b
il
is

ti
c

a
n
d

li
n
e
a
r

a
lg

e
b
ra

ic
b

o
u
n
d
s

In
th

is
se

ct
io

n
,

w
e

gi
ve

an
ov

er
v
ie

w
of

th
e

co
re

b
ac

k
gr

ou
n
d

re
su

lt
s

u
se

d
in

ou
r

p
ro

of
s.

W
h
il
e

w
e

d
ef

er
to

th
e

ap
p

en
d
ix

th
e

p
ro

of
s

of
ou

r
p
ri

m
ar

y
re

su
lt

s
on

co
n
si

st
en

cy
an

d
n
or

m
al

it
y

fo
r

sp
ec

tr
al

gr
ap

h
es

ti
m

at
es

,
w

e
p
ro

v
id

e
k
ey

b
a
ck

gr
ou

n
d

h
er

e
to

al
lo

w
th

e
re

ad
er

a
co

n
so

li
d
at

ed
,

ac
ce

ss
ib

le
gu

id
e

to
th

e
es

se
n
ti

al
li
n
ea

r
al

ge
b
ra

ic
fo

u
n
d
at

io
n
s

of
ou

r
ap

p
ro

ac
h
.

T
h
e

ke
y

to
ol

s
to

se
ve

ra
l

of
ou

r
re

su
lt

s
on

co
n
si

st
en

cy
an

d
n
or

m
al

it
y

of
th

e
ad

ja
ce

n
cy

sp
ec

tr
al

em
b

ed
d
in

g
d
ep

en
d

on
a

tr
iu

m
v
ir

at
e

of
m

at
ri

x
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s,
th

e
D

av
is

-K
ah

an
T

h
eo

re
m

,
an

d
d
et

ai
le

d
b

ou
n
d
s

v
ia

th
e

p
ow

er
m

et
h
o
d
.

3
.1

C
o
n

c
e
n
tr

a
ti

o
n

in
e
q
u

a
li

ti
e
s

C
on

ce
n
tr

at
io

n
in

eq
u
al

it
ie

s
fo

r
re

al
-

an
d

m
at

ri
x
-v

al
u
ed

d
a
ta

ar
e

a
cr

it
ic

al
co

m
p

on
en

t
to

ou
r

p
ro

of
s

of
co

n
si

st
en

cy
fo

r
sp

ec
tr

al
es

ti
m

at
es

.
W

e
m

ak
e

u
se

of
cl

as
si

ca
l

in
eq

u
al

it
ie

s,
su

ch
as

H
o
eff

d
in

g’
s

in
eq

u
al

it
y,

fo
r

re
al

-v
al

u
ed

ra
n
d
om

va
ri

ab
le

s,
an

d
w

e
al

so
ex

p
lo

it
m

or
e

re
ce

n
t

w
or

k
on

th
e

co
n
ce

n
tr

at
io

n
of

su
m

s
of

ra
n
d
om

m
at

ri
ce

s
an

d
m

at
ri

x
m

ar
ti

n
g
al

es
ar

ou
n
d

th
ei

r
ex

p
ec

ta
ti

on
.

F
or

a
ca

re
fu

l
st

u
d
y

of
se

ve
ra

l
im

p
or

ta
n
t

m
at

ri
x

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s,
se

e
T

ro
p
p

(2
01

5)
.

W
e

b
eg

in
b
y

re
ca

ll
in

g
H

o
eff

d
in

g’
s

in
eq

u
al

it
y,

w
h
ic

h
b

ou
n
d
s

th
e

d
ev

ia
ti

on
s

b
et

w
ee

n
a

sa
m

p
le

m
ea

n
of

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s
an

d
th

e
ex

p
ec

te
d

va
lu

e
o
f

th
at

sa
m

p
le

m
ea

n
.

T
h

e
o
re

m
1
9

L
et
X
i,

1
≤i≤

n
,

be
in

d
ep

en
d
en

t,
bo

u
n

d
ed

ra
n

d
o
m

va
ri

a
bl

es
d
efi

n
ed

o
n

so
m

e
p
ro

ba
bi

li
ty

sp
a
ce

(Ω,
F,P

).S
u

p
po

se
a
i,
b i

a
re

re
a
l

n
u

m
be

rs
su

ch
th

a
t
a
i
≤X

i
≤b i.

L
et
X̄

be
th

ei
r

sa
m

p
le

m
ea

n
:

X̄
=1 n

n ∑ i=1
X
i

T
h
en

P
r
( X̄

−E(
X̄

)≥t
) ≤e

x
p
(

[−2n
2
t2
]

∑n i=1
(b i−

a
i)2)

(5
)

a
n

d

P
r
( ∣X̄

−E(
X̄

)∣≥
t) ≤

2
ex

p
(

[−2n
2
t2
]

∑n i=1
(b i−

a
i)2)

(6
)

F
or

an
u
n
d
ir

ec
te

d
,

h
ol

lo
w

R
D

P
G

w
it

h
p
ro

b
a
b
il
it

y
m

at
ri

x
P

,
E(A

ij
)=P

ij
fo

r
al

l
i
≠j.

A
s

su
ch

,
on

e
ca

n
re

ga
rd

A
as

a
“n

oi
sy

”
v
er

si
on

of
P

.
It

is
te

m
p
ti

n
g

to
b

el
ie

v
e

th
at

A
an

d
P

ar
e

cl
os

e
in

te
rm

s
of

th
e

F
ro

b
en

iu
s

n
or

m
,

b
u
t

th
is

is
sa

d
ly

n
ot

tr
u
e;

in
d
ee

d
,

it
is

ea
sy

to
se

e
th

at
∥A−

P
∥2 F

=Θ
(∥P

∥2 F
)

T
o

ov
er

co
m

e
th

is
u
si

n
g

on
ly

H
o
eff

d
in

g’
s

in
eq

u
al

it
y,

w
e

ca
n

in
st

ea
d

co
n
si

d
er

th
e

d
iff

er
en

ce
(A2

−P2
) ij,

w
h
ic

h
is

a
su

m
of

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s.
H

en
ce

,
H

o
eff

d
in

g’
s

in
eq

u
al

it
y

im
p
li
es

th
at

∣(A2
−P

2
) ij∣2

=o(
∣P2

ij
∣2
)

S
in

ce
th

e
ei

ge
n
ve

ct
or

s
of

A
an

d
A

2
co

in
ci

d
e,

th
is

is
it

se
lf

su
ffi

ci
en

t
to

sh
ow

co
n
ce

n
tr

a
ti

on
of

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
(S

u
ss

m
an

et
al

.,
20

12
;

R
oh

e
et

al
.,

20
11

).
H

ow
ev

er
,
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22
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:1
-9

2,
 2

01
8

A
t
h
r
e
y
a
e
t
a
l
.

so
m

ew
h
at

st
ro

n
ge

r
an

d
m

or
e

el
eg

an
t

re
su

lt
s

ca
n

b
e

sh
ow

n
b
y

co
n
si

d
er

in
g

th
e

sp
ec

tr
a
l

n
o
rm

in
st

ea
d
.

In
p
ar

ti
cu

la
r,

a
n
on

tr
iv

ia
l

b
o
d
y

of
re

ce
n
t

w
or

k
on

m
at

ri
x

co
n
ce

n
tr

a
ti

o
n

im
p
li
es

th
at

,
u
n
d
er

ce
rt

ai
n

as
su

m
p
ti

on
s

on
th

e
sp

ar
si

ty
of

P
,

th
e

sp
ec

tr
al

n
or

m
of

A
−P

ca
n

b
e

w
el

l-
co

n
tr

ol
le

d
.

W
e

fo
cu

s
on

th
e

fo
ll
ow

in
g

im
p

o
rt

an
t

re
su

lt
s

of
O

li
ve

ir
a

(2
0
0
9
)

a
n
d

T
ro

p
p

(2
01

5)
an

d
fu

rt
h
er

im
p
ro

ve
m

en
ts

of
L

u
an

d
P

en
g

(2
01

3)
an

d
L

ei
an

d
R

in
al

d
o

(2
0
1
5
),

a
ll

o
f

w
h
ic

h
es

ta
b
li
sh

th
at

th
e

A
an

d
P

ar
e

cl
os

e
in

sp
ec

tr
al

n
or

m
.

T
h

e
o
re

m
2
0

(S
p

e
c
tr

a
l

n
o
rm

c
o
n
tr

o
l

o
f

A
−P

)
S

u
p
po

se
L

et
A

be
th

e
a
d
ja

ce
n

cy
m

a
-

tr
ix

o
f

a
n

in
d
ep

en
d
en

t-
ed

ge
ra

n
d
o
m

gr
a
p
h

o
n

[n]
w

it
h

m
a
tr

ix
o
f

ed
ge

p
ro

ba
bi

li
ti

es
P

.
F

o
r

a
n

y
co

n
st

a
n

t
c,

th
er

e
ex

is
ts

a
n

o
th

er
co

n
st

a
n

t
C

,
in

d
ep

en
d
en

t
o
f
n

a
n

d
P

,
su

ch
th

a
t

if
δ(P

)>C
ln
n

,
th

en
fo

r
a
n

y
n
−c <

η
<1/

2
,

P
r
(∥A

−P
∥≤4

√ δ(P
)ln(

n
/η))

≥1−
η
.

(7
)

In
L

u
an

d
P

en
g

(2
01

3)
,

th
e

au
th

or
s

gi
ve

an
im

p
ro

ve
m

en
t

u
n
d
er

sl
ig

h
tl

y
st

ro
n
g
er

d
en

si
ty

as
su

m
p
ti

on
s1

:

T
h

e
o
re

m
2
1

(R
e
fi

n
e
d

sp
e
c
tr

a
l

n
o
rm

c
o
n
tr

o
l

o
f

A
−P

)
W

it
h

n
o
ta

ti
o
n

a
s

a
bo

ve
,

su
p
-

po
se

th
er

e
ex

is
t

po
si

ti
ve

co
n

st
a
n

ts
su

ch
th

a
t

fo
r
n

su
ffi

ci
en

tl
y

la
rg

e,
δ(P

)>(
lo

g
n
)4
+a .

T
h
en

fo
r

a
n

y
c
>0

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C

d
ep

en
d
in

g
o
n
c

su
ch

th
a
t

P
(∥A

−P
∥≤2

√ δ(P
)+C

δ1
/4 (P

)ln
n
)≥1

−n−
c
.

(8
)

3
.2

M
a
tr

ix
p

e
rt

u
rb

a
ti

o
n

s
a
n

d
sp

e
c
tr

a
l

d
e
c
o
m

p
o
si

ti
o
n

s

T
h
e

ab
ov

e
re

su
lt

s
fo

rm
al

iz
e

ou
r

in
tu

it
io

n
th

at
A

p
ro

v
id

es
a

“r
ea

so
n
ab

le
”

es
ti

m
a
te

fo
r

P
.

M
or

eo
ve

r,
in

th
e

R
D

P
G

ca
se

,
w

h
er

e
P

is
of

lo
w

ra
n
k

an
d

is
n
ec

es
sa

ri
ly

p
os

it
iv

e
se

m
id

efi
n
it

e,
th

es
e

re
su

lt
s

h
av

e
im

p
li
ca

ti
on

s
ab

ou
t

th
e

n
on

n
eg

at
iv

it
y

of
th

e
ei

ge
n
va

lu
es

of
A

.
S
p

ec
ifi

ca
ll
y,

w
e

u
se

W
ey

l’
s

T
h
eo

re
m

to
in

fe
r

b
ou

n
d
s

on
th

e
d
iff

er
en

ce
s

b
et

w
ee

n
th

e
ei

g
en

va
lu

es
o
f

A
an

d
P

fr
om

th
e

sp
ec

tr
al

n
or

m
of

th
ei

r
d
iff

er
en

ce
,

an
d

th
e

G
er

sc
h
go

ri
n

D
is

k
s

T
h
eo

re
m

to
in

fe
r

lo
w

er
b

ou
n
d
s

on
th

e
m

ax
im

u
m

ro
w

su
m

s
of

P
fr

o
m

as
su

m
p
ti

o
n
s

on
th

e
ei

g
en

g
a
p

o
f
P

(s
in

ce
b

ot
h

P
an

d
A

ar
e

n
on

n
eg

at
iv

e
m

at
ri

ce
s,

on
e

co
u
ld

al
so

ob
ta

in
th

e
sa

m
e

lo
w

er
b

o
u
n
d
s

b
y

in
v
ok

in
g

th
e

P
er

ro
n
-F

ro
b

en
iu

s
T

h
eo

re
m

).
F

or
co

m
p
le

te
n
es

s,
w

e
re

ca
ll

th
e

G
er

sc
h
g
o
ri

n
D

is
k
s

T
h
eo

re
m

an
d

W
ey

l’
s

T
h
eo

re
m

(t
h
es

e
ca

n
b

e
fo

u
n
d
,
fo

r
ex

am
p
le

,
in

H
or

n
a
n
d

J
o
h
n
so

n
,

19
85

).
T

h
e

fo
rm

er
re

la
te

s
th

e
ei

ge
n
va

lu
es

of
a

m
at

ri
x

to
th

e
su

m
s

of
th

e
ab

so
lu

te
va

lu
es

of
th

e
en

tr
ie

s
in

ea
ch

ro
w

,
an

d
th

e
la

tt
er

es
ta

b
li
sh

es
b

ou
n
d
s

on
th

e
d
iff

er
en

ce
s

in
ei

g
en

va
lu

es
b

et
w

ee
n

a
m

at
ri

x
an

d
a

p
er

tu
rb

at
io

n
.

T
h

e
o
re

m
2
2

(G
e
rs

ch
g
o
ri

n
D

is
k
s)

L
et

H
be

a
co

m
p
le

x
n
×n

m
a
tr

ix
,

w
it

h
en

tr
ie

s
H
ij

.
F

o
r
i
∈{1

,⋯,
n
}let

R
i
= ∑

j≠i
∣H ij

∣.L
et

th
e
it

h
G

er
sc

h
go

ri
n

d
is

k
D

(H i
i,
R
i)b

e
th

e
cl

o
se

d
d
is

k
ce

n
te

re
d

a
t

H
ii

w
it

h
ra

d
iu

s
R
i.

T
h
en

ev
er

y
ei

ge
n

va
lu

e
o
f

H
li

es
w

it
h
in

a
t

le
a
st

o
n

e
o
f

th
e

G
er

sh
go

ri
n

d
is

cs
D

(H i
i,
R
i).

1
.

A
si

m
il

a
r

b
o
u

n
d

is
p
ro

v
id

ed
in

L
ei

a
n

d
R

in
a
ld

o
(2

0
1
5
),

b
u

t
w

it
h
δ(P

)de
fi

n
ed

a
s
δ(P

)=n
m

a
x
ij
P
ij

a
n

d
a

d
en

si
ty

a
ss

u
m

p
ti

o
n

o
f

th
e

fo
rm

(nm
a
x
ij
P
ij
)>(

lo
g
n
)1+a

.
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

T
h

e
o
re

m
2
3

(W
e
y
l)

L
et

M
,H

,
a
n

d
R

be
n×

n
H

erm
itia

n
m

a
trices,

a
n

d
su

p
po

se
M=

H+
R

.
S

u
p
po

se
H

a
n

d
R

h
a
ve

eigen
va

lu
es

ν
1 ≥⋯≥

ν
n

a
n

d
r

1 ≥⋯≥
r
n

,
respectively.

S
u

p
po

se
th

e
eigen

va
lu

es
o
f

M
a
re

given
by

µ
1 ≥⋯≥

µ
n

.
T

h
en

ν
i +

r
n ≤

µ
i ≤

ν
i +

r
1

F
ro

m
o
u
r

ra
n
d
om

grap
h

m
o
d
el

assu
m

p
tion

s
an

d
ou

r
grap

h
d
en

sity
assu

m
p
tion

s,
w

e
can

co
n
clu

d
e

th
a
t

w
ith

for
su

ffi
cien

tly
large

n
,

th
e

top
d

eigen
valu

es
of

A
w

ill
b

e
n
on

n
egative:

R
e
m

a
rk

2
4

(N
o
n

n
e
g
a
tiv

ity
o
f

th
e

to
p
d

e
ig

e
n
v
a
lu

e
s

o
f

A
)

S
u

p
po

se
A∼

R
D

P
G(X).

S
in

ce
P=

X
X ⊺,

it
is

n
ecessa

rily
po

sitive
sem

id
efi

n
ite,

a
n

d
th

u
s

h
a
s

n
o
n

n
ega

tive
eigen

-
va

lu
es.

If
w

e
n

o
w

a
ssu

m
e

th
a
t
γ(P)>

c
0

fo
r

so
m

e
co

n
sta

n
t
c

0 ,
th

en
a
lo

n
g

w
ith

th
e

G
ersh

go
rin

D
isks

T
h
eo

rem
,

gu
a
ra

n
tee

th
a
t

th
e

to
p
d

eigen
va

lu
es

o
f

P
a
re

a
ll

o
f

o
rd

er
δ(P),

a
n

d
o
u

r
ra

n
k

a
ssu

m
p
tio

n
o
n

P
m

a
n

d
a
tes

th
a
t

th
e

rem
a
in

in
g

eigen
va

lu
es

be
zero

.
If
δ(P)>

lo
g

4+
a ′n

,
th

e
spectra

l
n

o
rm

bo
u

n
d

in
(8)

a
p
p
lies,

en
su

rin
g

th
a
t

fo
r
n

su
ffi

cien
tly

la
rge,∥A−

P∥
2 ∼

O( √
δ(P))

w
ith

h
igh

p
ro

ba
bility.

T
h
u

s,
by

W
eyl’s

in
equ

a
lity,

w
e

see
th

a
t

th
e

to
p
d

eigen
va

lu
es

o
f
A

a
re,

w
ith

h
igh

p
ro

ba
bility,

o
f

o
rd

er
δ,

a
n

d
th

e
rem

a
in

in
g

a
re,

w
ith

h
igh

p
ro

ba
bility,

w
ith

in √
δ

o
f

zero
.

S
in

ce
P=

X
X ⊺=

U
P

S
1/2P (U

P
S

1/2P ) ⊺
an

d
A

is
close

to
P

,
it

is
in

tu
itiv

ely
ap

p
ealin

g
to

co
n
jectu

re
th

at,
in

fact,
X̂=

U
A

S
1/2A

sh
ou

ld
b

e
close

to
som

e
rotation

of
U

P
S

1/2P
.

T
h
at

is,

if
X

is
th

e
m

a
trix

of
tru

e
laten

t
p

osition
s—

-so
X

W=
U

P
S

1/2P
for

som
e

orth
ogon

al
m

atrix

W
—

th
en

it
is

p
lau

sib
le

th
at∥X̂−

X
W∥

F
ou

gh
t

to
b

e
com

p
arativ

ely
sm

all.
T

o
m

ake
th

is
p
recise,

h
ow

ever,
w

e
n
eed

to
u
n
d
erstan

d
h
ow

b
oth

eigen
va

lu
es

an
d

eigen
vectors

of
a

m
atrix

b
eh

ave
w

h
en

th
e

m
atrix

is
p

ertu
rb

ed
.

W
ey

l’s
in

eq
u
ality

ad
d
resses

th
e

form
er.

T
h
e

im
p
act

o
f

m
a
trix

p
ertu

rb
ation

s
on

asso
ciated

eigen
sp

aces
is

sign
ifi

can
tly

m
ore

com
p
licated

,
an

d
th

e
D

av
is-K

a
h
a
n

T
h
eorem

(D
av

is
an

d
K

a
h
an

,
1970;

B
h
atia,

1997)
p
rov

id
es

on
e

ap
p
roa

ch
to

th
e

la
tter.

T
h
e

D
av

is-K
ah

an
h
as

a
sign

ifi
can

t
role

in
several

ap
p
roach

es
to

sp
ectral

estim
ation

fo
r

g
ra

p
h
s:

fo
r

ex
am

p
le,

R
oh

e,
C

h
atterjee,

an
d

Y
u

leverage
it

in
R

oh
e

et
al.

(2011)
to

p
rove

th
e

a
ccu

ra
cy

o
f

sp
ectral

estim
ates

(sp
ecifi

cally,
th

e
grap

h
L

ap
lacia

n
)

in
h
igh

-d
im

en
sion

al
sto

ch
a
stic

b
lo

ck
m

o
d
els.

T
h
e

version
w

e
give

b
elow

is
from

Y
u

et
al.

(2015),
w

h
ich

is
a

u
ser-frien

d
ly

gu
id

e
to

th
e

th
e

D
av

is-K
ah

an
T

h
eorem

an
d

its
statistical

im
p
lication

s.

T
h
e

D
av

is-K
a
h
an

T
h
eorem

is
often

stated
as

a
resu

lt
on

can
on

ical
an

gles
b

etw
een

su
b
sp

aces.
T

o
th

a
t

en
d
,

w
e

recall
th

at
if

U
an

d
V

are
tw

o
n×

d
m

atrices
w

ith
orth

on
orm

al
colu

m
n
s,

th
en

w
e

d
efi

n
e

th
e

vector
of
d

ca
n

o
n

ica
l

or
p
rin

cipa
l

an
gles

b
etw

een
th

eir
colu

m
n

sp
a
ces

to
b

e
th

e
v
ecto

r
Θ

su
ch

th
at

Θ=(θ
1 =

cos −
1
σ

1 ,⋯
,θ
d =

co
s −

1
σ
d ) ⊺

w
h
ere

σ
1 ,⋯

,σ
d

are
th

e
sin

gu
lar

valu
es

of
U ⊺V

.
W

e
d
efi

n
e

th
e

m
atrix

sin(Θ)
to

b
e

th
e
d×

d
d
ia

g
o
n
a
l

m
a
trix

for
w

h
ich

sin(θ)
ii =

sin
θ
i .

T
h

e
o
re

m
2
5

(A
v
a
ria

n
t

o
f

D
a
v
is-K

a
h

a
n

)
S

u
p
po

se
H

a
n

d
H ′

a
re

tw
o

sym
m

etric
n×

n
m

a
trices

w
ith

rea
l

en
tries

w
ith

spectru
m

given
by

λ
1 ≥

λ
2 ⋯≥

λ
n

a
n

d
λ ′1 ≥

λ ′2 ⋯≥
λ ′n

,
respec-

tively;
a
n

d
let

v
1 ,⋯

,v
n

a
n

d
v ′1 ,⋯

,v ′n
d
en

o
te

th
eir

co
rrespo

n
d
in

g
o
rth

o
n

o
rm

a
l

eigen
vecto

rs.
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A
t
h
r
e
y
a
e
t
a
l
.

L
et

0<
d≤

n
be

fi
xed

,
a
n

d
let

V
be

th
e

m
a
trix

o
f

w
h
o
se

co
lu

m
n

s
a
re

th
e

eigen
vecto

rs
v

1 ,⋯
,v
d ,

a
n

d
sim

ila
rly

V ′
th

e
m

a
trix

w
h
o
se

co
lu

m
n

s
a
re

th
e

eigen
vecto

rs
v ′1 ,⋯

v ′n
.

T
h
en

∥
sin(Θ)∥

F ≤
2 √

d∥V−
V ′∥

λ
d (H)−

λ
d+

1 (H)
.

O
b
serve

th
at

if
w

e
assu

m
e

th
at

P
is

of
ran

k
d

an
d

h
as

a
su

ffi
cien

t
eigen

ga
p
,

th
e

D
av

is-
K

ah
an

T
h
eorem

g
iv

es
u
s

an
im

m
ed

iate
b

o
u
n
d

on
th

e
sp

ectral
n
o
rm

of
th

e
d
iff

eren
ce

b
etw

een
U

A
U ⊺A

an
d

U
P

U ⊺P
in

term
s

of
th

is
eigen

gap
an

d
th

e
sp

ectral
n
orm

d
iff

eren
ce

of
A−

P
,

n
am

ely
:

∥U
A

U ⊺A −
U

P
U ⊺P ∥=

m
ax
i ∥

sin(θ
i )∥≤

C∥A−
P∥

λ
d (P)

.

R
ecall

th
at

th
e

F
rob

en
iu

s
n
orm

of
a

m
atrix

H
satisfi

es

(∥H∥
F )

2=∑i,j

H
2ij =

tr(H ⊺H)≥∥H∥
2

an
d

fu
rth

er
th

at
if

H
is

of
ran

k
d
,

th
en

(∥H∥
F )

2≤
d∥H∥

2

an
d

h
en

ce
for

ran
k
d

m
atrices,

sp
ectral

n
orm

b
ou

n
d
s

are
easily

tran
slated

in
to

b
ou

n
d
s

on
th

e
F

rob
en

iu
s

n
orm

.
It

is
w

orth
n
otin

g
th

at
R

oh
e

et
al.

(20
11)

g
u
aran

tees
th

at
a

d
iff

eren
ce

in
p
ro

jection
s

can
b

e
tran

sform
ed

in
to

a
d
iff

eren
ce

b
etw

een
eigen

vectors
th

em
selves:

n
am

ely,
given

th
e

ab
ove

b
ou

n
d

for∥U
A

U ⊺A −
U

P
U ⊺P ∥

F
,

th
ere

is
a

con
stan

t
C

an
d

an
orth

on
orm

al
m

atrix
W∈

R
d×
d

su
ch

th
at∥U

P
W−

U
A ∥

F ≤
C √

d ∥A−
P∥

λ
d (P)

.
(9)

W
h
ile

th
ese

im
p

ortan
t

resu
lts

p
rov

id
e

th
e

b
ack

b
on

e
for

m
u
ch

of
ou

r
th

eory,
th

e
d
etailed

b
ou

n
d
s

an
d

d
istrib

u
tion

al
resu

lts
d
escrib

ed
in

th
e

n
ex

t
section

rely
on

a
d
ecom

p
osition

of
X̂

in
term

s
of(A−

P)U
P

S −
1/2

P
an

d
a

rem
ain

d
er.

T
h
is

fi
rst

term
can

b
e

v
iew

ed
as

an
ap

p
lication

of
th

e
p

ow
er

m
eth

o
d

for
fi
n
d
in

g
eigen

vectors.
A

d
d
itio

n
ally,

stan
d
ard

u
n
ivaria

te
an

d
m

u
ltivariate

con
cen

tration
in

eq
u
alities

an
d

d
istrib

u
tion

al
resu

lts
can

b
e

read
ily

ap
p
lied

to
th

is
term

.
O

n
th

e
oth

er
h
an

d
,

th
e

rem
ain

d
er

term
can

b
e

sh
ow

n
to

b
e

of
sm

aller
ord

er
th

an
th

e
fi
rst,

an
d

m
u
ch

of
th

e
tech

n
ical

ch
allen

ges
of

th
is

w
ork

rely
on

carefu
lly

b
ou

n
d
in

g
th

e
rem

ain
d
er

term
.

4
.

S
p

e
ctra

l
e
m

b
e
d
d
in

g
s

a
n
d

e
stim

a
tio

n
fo

r
R

D
P

G
s

T
h
ere

is
a

w
ealth

of
literatu

re
on

sp
ectral

m
eth

o
d
s

fo
r

estim
atin

g
m

o
d
el

p
aram

eters
in

ran
d
om

grap
h
s,

d
atin

g
b
ack

m
ore

th
an

h
alf

a
cen

tu
ry

to
estim

ation
in

sim
p
le

E
rd

ős-R
én

y
i

m
o
d
els.

M
ore

sp
ecifi

cally,
for

E
rd

ős-R
én

y
i
gra

p
h
s,

w
e

w
ou

ld
b

e
rem

iss
n
ot

to
p

oin
t

to
F

u
red

i
an

d
K

om
los’s

classic
w

ork
(F

ü
red

i
an

d
K

om
lós,

1981)
on

th
e

eigen
valu

es
an

d
eigen

v
ectors
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S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

of
th

e
ad

ja
ce

n
cy

m
at

ri
x

of
an

E
R

gr
ap

h
.

A
ga

in
,

d
es

p
it

e
th

ei
r

m
o
d
el

si
m

p
li
ci

ty
,

E
rd

ős
-

R
én

y
i

gr
ap

h
s

ve
ri

ta
b
ly

te
em

w
it

h
op

en
q
u
es

ti
o
n
s;

to
ci

te
b
u
t

on
e

ex
am

p
le

,
in

a
ve

ry
re

ce
n
t

m
an

u
sc

ri
p
t,

A
ri

as
-C

as
tr

o
an

d
V

er
zh

el
en

(A
ri

as
-C

as
tr

o
an

d
V

er
ze

le
n
,

20
14

)
ad

d
re

ss
,

in
th

e
fr

am
ew

or
k

of
h
y
p

ot
h
es

is
te

st
in

g,
th

e
q
u
es

ti
on

of
su

b
gr

ap
h

d
et

ec
ti

on
w

it
h
in

an
E

R
gr

ap
h
.

M
ov

in
g

u
p

to
th

e
sl

ig
h
tl

y
m

or
e

h
et

er
og

en
eo

u
s

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

,
w

e
ag

ai
n

fi
n
d

a
ri

ch
li
te

ra
tu

re
on

co
n
si

st
en

t
b
lo

ck
es

ti
m

at
io

n
in

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

s.
F

or
tu

n
a
to

(F
or

tu
n
a
to

,
20

10
)

p
ro

v
id

es
an

ov
er

v
ie

w
of

p
ar

ti
ti

on
in

g
te

ch
n
iq

u
es

fo
r

gr
ap

h
s

in
ge

n
er

a
l,

a
n
d

co
n
si

st
en

t
p
ar

ti
ti

on
in

g
of

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

s
fo

r
tw

o
b
lo

ck
s

w
as

ac
co

m
p
li
sh

ed
b
y

S
n
ij

d
er

s
an

d
N

ow
ic

k
i

(S
n
ij

d
er

s
an

d
K

.N
ow

ic
k
i,

19
97

)
an

d
fo

r
eq

u
al

-s
iz

ed
b
lo

ck
s

b
y

C
o
n
d
on

an
d

K
ar

p
in

20
01

.
F

or
th

e
m

or
e

ge
n
er

al
ca

se
,

B
ic

ke
l

an
d

C
h
en

(B
ic

ke
l

a
n
d

C
h
en

,
20

09
)

d
em

on
st

ra
te

a
st

ro
n
ge

r
ve

rs
io

n
of

co
n
si

st
en

cy
v
ia

m
ax

im
iz

in
g

N
ew

m
an

-G
ir

va
n

m
o
d
u
la

ri
ty

(N
ew

m
an

,
20

06
)

an
d

ot
h
er

m
o
d
u
la

ri
ti

es
.

F
or

a
gr

ow
in

g
n
u
m

b
er

of
b
lo

ck
s,

C
h
oi

et
al

.
(B

ic
ke

l
et

al
.,

20
13

)
p
ro

ve
co

n
si

st
en

cy
of

li
ke

li
h
o
o
d

b
as

ed
m

et
h
o
d
s,

an
d

B
ic

ke
l

et
al

.
(B

ic
ke

l
et

al
.,

20
11

)
p
ro

v
id

e
a

m
et

h
o
d

to
co

n
si

st
en

tl
y

es
ti

m
at

e
th

e
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

p
ar

a
m

et
er

s
u
si

n
g

su
b
-

gr
ap

h
co

u
n
ts

an
d

d
eg

re
e

d
is

tr
ib

u
ti

on
s.

T
h
is

w
or

k
an

d
th

e
w

or
k

of
B

ic
ke

l
an

d
C

h
en

(B
ic

k
el

an
d

C
h
en

,
20

09
)

b
ot

h
co

n
si

d
er

th
e

ca
se

of
ve

ry
sp

ar
se

gr
ap

h
s.

In
A

ir
o
ld

i
et

al
.

(2
00

8)
,

A
ir

ol
d
i

et
al

.
d
efi

n
e

th
e

im
p

or
ta

n
t

ge
n
er

al
iz

at
io

n
of

a
m

ix
ed

-m
em

be
rs

h
ip

st
o
ch

as
ti

c
b
lo

ck
-

m
o
d
el

,
in

w
h
ic

h
b
lo

ck
m

em
b

er
sh

ip
m

ay
ch

an
ge

d
ep

en
d
in

g
on

v
er

te
x
-t

o-
ve

rt
ex

in
te

ra
ct

io
n
s,

an
d

th
e

au
th

or
s

d
em

on
st

ra
te

m
et

h
o
d
s

of
in

fe
re

n
ce

fo
r

th
e

m
ix

ed
m

em
b

er
sh

ip
an

d
b
lo

ck
p
ro

b
ab

il
it

ie
s.

R
oh

e,
C

h
at

te
rj

ee
an

d
Y

u
sh

ow
in

R
o
h
e

et
al

.
(2

01
1)

th
at

sp
ec

tr
al

em
b

ed
d
in

gs
o
f

th
e

L
ap

la
-

ci
an

gi
ve

co
n
si

st
en

t
es

ti
m

at
es

of
b
lo

ck
m

em
b

er
sh

ip
s

in
a

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

,
an

d
th

ey
al

so
d
em

on
st

ra
te

h
ow

to
d
ep

lo
y

sp
ec

tr
al

ap
p
ro

ac
h
es

to
es

ti
m

at
e

b
lo

ck
m

em
b

er
sh

ip
s

ev
en

in
st

ro
n
gl

y
h
et

er
op

h
il
ic

b
lo

ck
m

o
d
el

s.
O

n
e

o
f

th
e

ea
rl

ie
st

co
rr

es
p

on
d
in

g
re

su
lt

s
on

th
e

co
n
si

st
en

cy
of

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
th

e
es

ti
m

at
io

n
of

b
lo

ck
m

em
b

er
sh

ip
s

is
gi

ve
n

b
y

S
u
ss

m
an

an
d

co
au

th
or

s
in

S
u
ss

m
an

et
a
l.

(2
01

2)
,

w
h
er

e
it

is
p
ro

ve
d

th
at

fo
r

a
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

w
it

h
K

b
lo

ck
s

an
d

a
ra

n
k
d

b
lo

ck
p
ro

b
ab

il
it

y
m

at
ri

x
B

,
cl

u
st

er
in

g
th

e
ro

w
s

of
th

e
ad

ja
ce

n
cy

sp
ec

tr
al

em
b

ed
d
in

g
v
ia
k
-m

ea
n
s

cl
u
st

er
in

g
(s

ee
P

ol
la

rd
,

19
81

)
re

su
lt

s
in

at
m

os
t

lo
g
n

ve
rt

ic
es

b
ei

n
g

m
is

cl
as

si
fi
ed

.
A

n
im

p
ro

v
em

en
t

to
th

is
ca

n
b

e
fo

u
n
d

in
F

is
h
k
in

d
et

al
.

(2
01

3)
,

w
h
er

e
co

n
si

st
en

cy
re

co
ve

ry
is

p
os

si
b
le

ev
en

if
th

e
ra

n
k

of
th

e
em

b
ed

d
in

g
d
im

en
si

on
is

u
n
k
n
ow

n
.

In
L

y
zi

n
sk

i
et

al
.
(2

01
4)

,
u
n
d
er

th
e

as
su

m
p
ti

on
of

d
is

ti
n
ct

ei
ge

n
va

lu
es

fo
r

th
e

se
co

n
d

m
om

en
t

m
at

ri
x

∆
(r

ec
al

l
w

e
d
efi

n
ed

th
is

in
5)

of
a

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
,

it
is

sh
ow

n
th

at
cl

u
st

er
in

g
th

e
ro

w
s

of
th

e
ad

ja
ce

n
cy

sp
ec

tr
a
l

em
b

ed
d
in

g
re

su
lt

s
in

as
y
m

p
to

ti
ca

ll
y

al
m

os
t

su
re

ly
p

er
fe

ct
re

co
ve

ry
of

th
e

b
lo

ck
m

em
b

er
sh

ip
s

in
a

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

—
th

a
t

is
,

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n

,
th

e
p
ro

b
ab

il
it

y
of

al
l

ve
rt

ic
es

b
ei

n
g

co
rr

ec
tl

y
as

si
gn

ed
is

cl
os

e
to

1.
A

n
es

p
ec

ia
ll
y

st
ro

n
g

re
co

ve
ry

is
ex

h
ib

it
ed

h
er

e:
it

is
sh

ow
n

th
at

in
th

e
2
→∞

n
or

m
,

X̂
is

su
ffi

ci
en

tl
y

cl
os

e
to

a
ro

ta
ti

on
of

th
e

th
e

tr
u
e

la
te

n
t

p
os

it
io

n
s.

In
fa

ct
,

ea
ch

ro
w

in
X̂

is
w

it
h
in
C

lo
g
n
/√ n

of
th

e
co

rr
es

p
on

d
in

g
ro

w
in

X
.

U
n
li
ke

a
F

ro
b

en
iu

s
n
or

m
b

ou
n
d
,

in
w

h
ic

h
it

is
p

os
si

b
le

th
at

so
m

e
ro

w
s

of
X̂

m
ay

b
e

cl
os

e
to

th
e

tr
u
e

p
os

it
io

n
s

b
u
t

ot
h
er

s
m

ay
b

e
si

gn
ifi

ca
n
tl

y
fa

rt
h
er

aw
ay

,
th

is
2
→∞

b
ou

n
d

im
p
li
es

th
at

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
h
as

a
u

n
if

o
rm

co
n
si

st
en

cy
.
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A
t
h
r
e
y
a
e
t
a
l
.

F
u
rt

h
er

m
or

e,
in

T
an

g
et

al
.

(2
01

7a
),

on
e

fi
n
d
s

a
n
on

tr
iv

ia
l

ti
gh

te
n
in

g
of

th
e

F
ro

b
en

iu
s

n
o
rm

b
ou

n
d

fo
r

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

(r
ot

at
ed

)
tr

u
e

an
d

es
ti

m
at

ed
la

te
n
t

p
o
si

ti
o
n
s:

in
fa

ct
th

e
F

ro
b

en
iu

s
n
or

m
is

n
ot

m
er

el
y

b
ou

n
d
ed

fr
om

ab
ov

e
b
y

a
te

rm
of

or
d
er

lo
g
n

,
b
u
t

ra
th

er
co

n
ce

n
tr

at
es

ar
ou

n
d

a
co

n
st

a
n

t.
T

h
is

co
n
st

an
t-

or
d
er

F
ro

b
en

iu
s

b
ou

n
d

fo
rm

s
th

e
b
a
si

s
o
f

a
p
ri

n
ci

p
le

d
tw

o-
sa

m
p
le

h
y
p

ot
h
es

is
te

st
fo

r
d
et

er
m

in
in

g
w

h
et

h
er

tw
o

ra
n
d
o
m

d
o
t

p
ro

d
u
ct

gr
ap

h
s

h
av

e
th

e
sa

m
e

ge
n
er

at
in

g
la

te
n
t

p
os

it
io

n
s

(s
ee

S
ec

ti
on

5.
2)

.

In
L

y
zi

n
sk

i
et

al
.

(2
01

7)
,

th
e

2
→∞

-n
or

m
b

ou
n
d

is
ex

te
n
d
ed

ev
en

to
th

e
ca

se
w

h
en

th
e

se
co

n
d

m
om

en
t

m
at

ri
x

∆
d
o
es

n
ot

h
av

e
d
is

ti
n
ct

ei
ge

n
va

lu
es

.
T

h
is

tu
rn

s
o
u
t

to
b

e
cr

it
i-

ca
l

in
gu

ar
an

te
ei

n
g

th
at

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
ca

n
b

e
eff

ec
ti

ve
ly

d
ep

lo
ye

d
fo

r
co

m
m

u
n
it

y
d
et

ec
ti

on
in

h
ie

ra
rc

h
ic

al
b
lo

ck
m

o
d
el

s.
W

e
p
re

se
n
t

th
is

b
ou

n
d

fo
r

th
e

2
→∞

n
or

m
in

so
m

e
d
et

ai
l

h
er

e;
it

il
lu

st
ra

te
s

th
e

co
n
fl
u
en

ce
of

o
u
r

ke
y

te
ch

n
iq

u
es

a
n
d

p
ro

v
id

es
a
n

eff
ec

ti
ve

ro
ad

m
ap

fo
r

se
ve

ra
l

su
b
se

q
u
en

t
re

su
lt

s
on

as
y
m

p
to

ti
c

n
or

m
al

it
y

a
n
d

tw
o
-s

a
m

p
le

te
st

in
g.

4
.1

C
o
n

si
st

e
n

c
y

o
f

la
te

n
t

p
o
si

ti
o
n

e
st

im
a
te

s

W
e

st
at

e
h
er

e
on

e
of

ou
r

ly
n
ch

p
in

re
su

lt
s

on
co

n
si

st
en

cy
,
in

th
e

2
→∞

n
or

m
,
o
f
th

e
a
d
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
fo

r
la

te
n
t

p
os

it
io

n
es

ti
m

at
io

n
of

a
ra

n
d
om

d
ot

p
ro

d
u
ct

gr
a
p
h
.

W
e

g
iv

en
an

ou
tl

in
e

of
th

e
p
ro

of
h
er

e,
an

d
re

fe
r

th
e

re
a
d
er

to
th

e
A

p
p

en
d
ix

A
fo

r
th

e
d
et

a
il
s,

w
h
ic

h
es

se
n
ti

al
ly

fo
ll
ow

th
e

p
ro

of
gi

ve
n

in
L

y
zi

n
sk

i
et

al
.

(2
0
17

).
W

e
em

p
h
as

iz
e

o
u
r

se
tt

in
g

is
a

se
q
u
en

ce
of

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s

A
n
∼R

D
P

G
(X n

)fo
r

in
cr

ea
si

n
g
n

a
n
d

th
u
s

w
e

m
ak

e
th

e
fo

ll
ow

in
g

d
en

si
ty

as
su

m
p
ti

on
on

P
n

as
n

in
cr

ea
se

s:

A
ss

u
m

p
ti

o
n

1
L

et
A
n
∼RD

P
G
(X n

)fo
r
n
≥1

be
a

se
qu

en
ce

o
f

ra
n

d
o
m

d
o
t

p
ro

d
u

ct
gr

a
p
h
s

w
it

h
A
n

be
in

g
a
n
×n

a
d
ja

ce
n

cy
m

a
tr

ix
.

S
u

p
po

se
th

a
t

X
n

is
o
f

ra
n

k
d

fo
r

a
ll
n

su
ffi

ci
en

tl
y

la
rg

e.
S

u
p
po

se
a
ls

o
th

a
t

th
er

e
ex

is
ts

co
n

st
a
n

ts
a
>0

a
n

d
c 0

>0
su

ch
th

a
t

fo
r

a
ll
n

su
ffi

ci
en

tl
y

la
rg

e,

δ(P
n
)=m

ax i

n ∑ j=1
(P n

) ij≥
lo

g
4
+a (n

);
γ
(P n

)=
λ
d
(P n

)
δ(P

n
)≥

c 0
.

W
e

re
m

ar
k

th
at

th
is

as
su

m
p
ti

on
is

,
in

es
se

n
ce

,
a

re
st

ri
ct

io
n

on
gr

ap
h

sp
a
rs

it
y,

a
n
d

n
ot

a
p
ar

ti
cu

la
r

on
er

ou
s

on
e;
d
-d

im
en

si
on

al
ra

n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s

w
it

h
i.
i.
d

la
te

n
t

p
o
-

si
ti

on
s

th
at

ar
e

n
ot

“t
o
o”

d
eg

en
er

at
e

w
il
l

m
ee

t
th

es
e

re
q
u
ir

em
en

ts
,

an
d

b
o
u
n
d
s

o
n
δ

o
f

th
e

p
ol

y
lo

ga
ri

th
m

ic
or

d
er

gi
ve

n
ab

ov
e

ar
e

q
u
it

e
co

m
m

on
(s

ee
O

li
ve

ir
a,

20
09

;
L

u
a
n
d

P
en

g
,

20
13

).

O
u
r

co
n
si

st
en

cy
re

su
lt

fo
r

th
e

2
→∞

n
or

m
is

T
h
eo

re
m

26
b

el
ow

.
In

th
e

p
ro

o
f

o
f

th
is

p
ar

ti
cu

la
r

re
su

lt
,

w
e

co
n
si

d
er

a
p
ar

ti
cu

la
r

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
w

it
h

n
o
n
-r

a
n
d
o
m

(t
h
at

is
,

fi
x
ed

)
la

te
n
t

p
os

it
io

n
s,

b
u
t

ou
r

re
su

lt
s

ap
p
ly

al
so

to
th

e
ca

se
of

ra
n
d
o
m

la
te

n
t

p
os

it
io

n
s.

In
S
ec

ti
on

4.
2,

w
h
er

e
w

e
p
ro

v
id

e
a

ce
n
tr

al
li
m

it
th

eo
re

m
,

w
e

fo
cu

s
o
n

th
e

ca
se

in
w

h
ic

h
th

e
la

te
n
t

p
os

it
io

n
s

ar
e

th
em

se
lv

es
ra

n
d
om

.
S
im

il
ar

ly
,

in
S
ec

ti
on

5.
2,

in
o
u
r

a
n
a
ly

si
s

of
th

e
se

m
ip

ar
am

et
ri

c
tw

o-
sa

m
p
le

h
y
p

ot
h
es

is
te

st
fo

r
th

e
eq

u
al

it
y

of
la

te
n
t

p
o
si

ti
o
n
s

in
a

p
ai

r
of

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s,

w
e

re
tu

rn
to

th
e

se
tt

in
g

in
w

h
ic

h
th

e
la

te
n
t

p
o
si

ti
o
n
s

ar
e

fi
x
ed

,
an

d
in

th
e

n
on

p
ar

am
et

ri
c

h
y
p

ot
h
es

is
te

st
of

eq
u
al

it
y

of
d
is

tr
ib

u
ti

o
n
s,

w
e

a
n
a
ly

ze
ag

ai
n

th
e

ca
se

w
h
en

th
e

la
te

n
t

p
os

it
io

n
s

ar
e

ra
n
d
om

.
It

is
co

n
ve

n
ie

n
t

to
b

e
a
b
le

to
m

ov
e

18
JM

L
R

 1
8(

22
6)

:1
-9

2,
 2

01
8



S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

fl
u
id

ly
b

etw
een

th
e

tw
o

version
s

of
a

ran
d
om

d
ot

p
ro

d
u
ct

grap
h
,

ad
ap

tin
g

ou
r

resu
lts

as
a
p
p
ro

p
ria

te
in

each
case.

In
th

e
A

p
p

en
d
ix

,
w

e
giv

e
a

d
etailed

p
ro

of
of

T
h
eorem

26
an

d
w

e
p

oin
t

o
u
t

th
e

argu
m

en
t

u
sed

th
erein

a
lso

sets
th

e
stage

for
th

e
cen

tral
lim

it
th

eorem
for

th
e

row
s

o
f

th
e

ad
jacen

cy
sp

ectra
l

em
b

ed
d
in

g
giv

en
in

S
u
b
section

4
.2.

T
h

e
o
re

m
2
6

L
et

A
n ∼

R
D

P
G(X

n )
fo

r
n≥

1
be

a
sequ

en
ce

o
f

ra
n

d
o
m

d
o
t

p
rod

u
ct

gra
p
h
s

w
h
ere

th
e

X
n

is
a
ssu

m
ed

to
be

o
f

ra
n

k
d

fo
r

a
ll
n

su
ffi

cien
tly

la
rge.

D
en

o
te

by
X̂
n

th
e

a
d
ja

cen
cy

spectra
l

em
bed

d
in

g
o
f
A
n

a
n

d
let(X̂

n )
i

a
n

d(X
n )
i

be
th

e
i-th

ro
w

o
f
X̂
n

a
n

d
X
n

,
respectively.

L
et
E
n

be
th

e
even

t
th

a
t

th
ere

exists
a
n

o
rth

ogo
n

a
l

tra
n

sfo
rm

a
tio

n
W

n ∈
R
d×
d

su
ch

th
a
t

m
ax
i ∥(X̂

n )
i −

W
n (X

n )
i ∥≤

C
d

1/2
log

2
n

δ
1/2(P

n )
w

h
ere

C>
0

is
so

m
e

fi
xed

co
n

sta
n

t
a
n

d
P
n =

X
n
X ⊺n

.
T

h
en

E
n

occu
rs

a
sym

p
to

tica
lly

a
lm

o
st

su
rely;

th
a
t

is,
P

r(E
n )→

1
a
s
n→∞

.

U
n
d
er

th
e

sto
ch

astic
b
lo

ck
m

o
d
el,

p
rev

iou
s

b
o
u
n
d
s

on∥X−
X̂∥

F
im

p
lied

th
at

k
-m

ean
s

a
p
p
lied

to
th

e
row

s
of

X̂
w

ou
ld

ap
p
rox

im
ately

correctly
p
artitio

n
th

e
vertices

in
to

th
eir

th
e

tru
e

b
lo

ck
s

w
ith

u
p

to
O(log

n)
errors.

H
ow

ever,
th

is
F

rob
en

iu
s

n
o
rm

b
ou

n
d

d
o
es

n
ot

p
reclu

d
e

th
e

p
o
ssib

ility
of

large
ou

tliers
in

th
e

in
d
iv

id
u
al

row
s

of
X−

X̂
.

T
h
e

im
p
rovem

en
ts

p
rov

id
ed

b
y

T
h
eorem

26
overcom

e
th

is
h
u
rd

le
an

d
,

as
sh

ow
n

in
L

y
zin

sk
i
et

a
l.

(2014),
u
n
d
er

su
ita

b
le

sp
a
rsity

an
d

eigen
gap

assu
m

p
tion

s,
k
-m

ean
s

ap
p
lied

to
X̂

w
ill

exa
ctly

co
rrectly

p
a
rtitio

n
th

e
vertices

in
to

th
eir

tru
e

b
lo

ck
s.

T
h
is

im
p
lication

d
em

on
strates

th
e

im
p

ortan
ce

o
f

im
p
rov

in
g

th
e

ov
erall

b
ou

n
d
s

an
d

in
fo

cu
sin

g
on

th
e

co
rrect

m
etrics

fo
r

a
given

task
—

in
th

is
ca

se,
fo

r
in

stan
ce,

b
lo

ck
id

en
tifi

cation
.

W
h
ile

w
e

d
efer

th
e

p
ro

of
of

th
is

resu
lt

to
th

e
A

p
p

en
d
ix

,
in

A
.1,

w
e

p
rov

id
e

a
b
rief

ou
tlin

e
a
n
d

n
o
te

several
k
ey

in
gred

ien
ts

h
ere.

F
irst

is
a

lem
m

a
gu

aran
teein

g
th

e
ex

isten
ce

of
an

o
rth

o
g
o
n
a
l

m
atrix

W
∗

su
ch

th
at

∥W
∗S

A −
S
P

W
∗∥
F =

O((log
n)δ

1/2(P)
T

h
a
t

is,
th

ere
is

an
ap

p
rox

im
ate

com
m

u
tativ

ity
b

etw
een

righ
t

an
d

left
m

u
ltip

lication
of

th
e

corresp
o
n
d
in

g
m

atrices
of

eigen
valu

es
b
y

th
is

orth
ogon

al
tran

sform
ation

.
T

h
e

secon
d

essen
tia

l
co

m
p

o
n
en

t
is,

at
h
eart,

a
b

ou
n
d

in
sp

ired
b
y

th
e

p
ow

er
m

eth
o
d
.

S
p

ecifi
cally,

w
e

sh
ow

th
a
t

th
ere

ex
ists

an
orth

ogon
al

m
atrix

∥X̂−
X

W∥=∥(A−
P)U

P
S −

1/2
P

∥
F +

O((log
n)δ −

1/2)
F

in
a
lly,

fro
m

th
is

p
oin

t,
estab

lish
in

g
th

e
b

ou
n
d

o
n

th
e

2→∞
n
o
rm

is
a

con
seq

u
en

ce
of

H
o
eff

d
in

g
’s

in
eq

u
ality

ap
p
lied

to
su

m
s

of
th

e
form

∑k (A
ik −

P
ik U

k
j )

.T
h
e

2→∞
b

ou
n
d

in
T

h
eorem

26
h
as

several
im

p
ortan

t
im

p
lication

s.
A

s
w

e
m

en
tion

ed
,

th
e

resu
lts

in
L

y
zin

sk
i

et
al.

(2014)
estab

lish
an

earlier
form

of
th

is
b

ou
n
d
,

w
ith

m
ore

1
9
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L
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A
t
h
r
e
y
a
e
t
a
l
.

restrictive
assu

m
p
tion

s
on

th
e

th
e

secon
d

m
om

en
t

m
atrix

,
an

d
illu

strate
h
ow

th
is

can
b

e
u
sed

to
clu

ster
vertices

in
an

S
B

M
p

erfectly
;

th
at

is,
w

ith
n
o

v
ertices

m
isclassifi

ed
.

In
ad

d
ition

,
in

L
y
zin

sk
i

et
al.

(2014),
w

e
sh

ow
th

at
clu

sterin
g

th
e

row
s

of
th

e
A

S
E

can
b

e
u
sefu

l
for

in
feren

ce
in

a
d
egree-corrected

sto
ch

astic
b
lo

ck
m

o
d
el

as
w

ell.
In

S
ection

6,
w

e
see

th
at

b
ecau

se
of

T
h
eorem

26,
th

e
ad

jacen
cy

sp
ectral

em
b

ed
d
in

g
an

d
a

n
ov

el
an

gle-b
ased

clu
sterin

g
p
ro

ced
u
re

can
b

e
u
sed

for
accu

rately
id

en
tify

in
g

su
b

com
m

u
n
ities

in
an

affi
n
ity

-
stru

ctu
red

,
h
ierarch

ical
sto

ch
astic

b
lo

ck
m

o
d
el

(L
y
zin

sk
i

et
al.,

2017).
In

th
e

n
ex

t
section

,
w

e
see

h
ow

ou
r

p
ro

of
tech

n
iq

u
e

h
ere

can
b

e
u
sed

to
ob

tain
d
istrib

u
tion

al
resu

lts
for

th
e

row
s

of
th

e
ad

jacen
cy

sp
ectral

em
b

ed
d
in

g.

4
.2

D
istrib

u
tio

n
a
l

re
su

lts
fo

r
th

e
A

S
E

In
th

e
classical

statistical
task

of
p
aram

etric
estim

ation
,

on
e

ob
serves

a
collection

of
i.i.d

ob
servation

s
X

1 ,⋯
,X

n
from

som
e

fam
ily

of
d
istrib

u
tion

s
F
θ ∶θ∈

Θ
,

w
h
ere

Θ
is

som
e

su
b
set

of
E

u
clid

ean
sp

ace,
an

d
on

e
seek

s
to

fi
n
d

a
con

sisten
t

estim
ator

T(X
1 ,⋯

,X
n )

for
θ.

A
s

w
e

m
en

tion
ed

in
S
ection

1,
often

a
n
ex

t
task

is
to

d
eterm

in
e

th
e

a
sy

m
p
totic

d
istrib

u
tion

,
as

n→∞
,

of
a

su
itab

le
n
orm

alization
of

th
is

estim
ator

T
.

S
u
ch

d
istrib

u
tion

al
resu

lts,
in

tu
rn

,
can

b
e

u
sefu

l
for

gen
eratin

g
con

fi
d
en

ce
in

tervals
an

d
testin

g
h
y
p

o
th

eses.

W
e

ad
op

t
a

sim
ilar

fram
ew

ork
for

ran
d
om

grap
h

in
feren

ce.
In

th
e

p
rev

iou
s

section
,

w
e

d
em

on
strate

th
e

con
sisten

cy
of

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
for

th
e

tru
e

laten
t

p
osition

of
a

ran
d
om

d
ot

p
ro

d
u
ct

grap
h
.

In
th

is
section

,
w

e
estab

lish
th

e
asy

m
p
totic

n
orm

ality
of

th
e

row
s

of
th

is
em

b
ed

d
in

g
an

d
th

e
L

ap
lacian

sp
ectral

em
b

ed
d
in

g.
In

th
e

su
b
seq

u
en

t
section

,
w

e
ex

am
in

e
h
ow

ou
r

m
eth

o
d
ology

can
b

e
d
ep

loy
ed

fo
r

m
u
ltisam

p
le

grap
h

h
y
p

oth
esis

testin
g.

W
e

em
p
h
asize

th
at

d
istrib

u
tion

al
resu

lts
for

sp
ectral

d
ecom

p
osition

s
of

ran
d
om

grap
h
s

are
com

p
aratively

few
.

T
h
e

classic
resu

lts
of

F
ü
red

i
an

d
K

om
lós

(F
ü
red

i
an

d
K

om
lós,

19
81)

d
escrib

e
th

e
eigen

valu
es

of
th

e
E

rd
ős-R

én
y
i
ra

n
d
om

grap
h

an
d

th
e

w
ork

of
T

ao
an

d
V

u
(T

a
o

an
d

V
u
,

2012)
is

fo
cu

sed
on

d
istrib

u
tio

n
s

of
eigen

vectors
of

m
ore

gen
eral

ran
d
om

m
atrices

u
n
d
er

m
om

en
t

restriction
s,

b
u
t

A
th

reya
et

al.
(2016)

an
d

T
an

g
an

d
P

rieb
e

(2018)
are

am
on

g
th

e
on

ly
referen

ces
for

cen
tral

lim
it

th
eorem

s
for

sp
ectral

d
ecom

p
osition

s
of

a
d
jacen

cy
an

d
L

ap
lacian

m
atrices

for
a

w
id

er
class

of
in

d
ep

en
d
en

t-ed
ge

ran
d
om

grap
h
s

th
an

m
erely

th
e

E
rd

ős-R
én

y
i

m
o
d
el.

A
p
art

from
th

eir
in

h
eren

t
in

terest,
th

ese
lim

it
th

eorem
s

p
oin

t
u
s

to
cu

rren
t

op
en

q
u
estion

s
on

effi
cien

t
estim

ation
an

d
th

e
relative

m
erits

of
d
iff

eren
t

estim
ators

an
d

em
b

ed
d
in

gs,
in

p
art

b
y

ren
d
erin

g
p

ossib
le

a
com

p
arison

of
asy

m
p
totic

varian
ces

an
d

allow
in

g
u
s

to
q
u
an

tify
relativ

e
effi

cien
cy

(see
T

an
g

et
al.

(2016)
an

d
to

p
recisely

con
jectu

re
a

d
ecom

p
osition

of
th

e
sou

rces
of

varian
ce

in
d
iff

eren
t

sp
ectral

em
b

ed
d
in

gs
for

m
u
ltip

le
grap

h
s

(see
L

ev
in

et
al.,

2017).

S
p

ecifi
cally,

w
e

sh
ow

th
at

for
a
d
-d

im
en

sion
al

ran
d
om

d
o
t

p
ro

d
u
ct

grap
h

w
ith

i.i.d
laten

t
p

osition
s,

th
ere

ex
ists

a
seq

u
en

ce
of
d×

d
orth

ogon
a
l

m
atrices

W
n

su
ch

th
at

for
an

y
row

in
d
ex

i, √
n(W

n (X̂
n )
i −(X

n )
i )

con
verges

as
n→∞

to
a

m
ix

tu
re

of
m

u
ltivariate

n
orm

als.

T
h

e
o
re

m
2
7

(C
e
n
tra

l
L

im
it

T
h

e
o
re

m
fo

r
ro

w
s

o
f

A
S

E
)

L
et(A

n
,X

n )∼
R

D
P

G(F)
be

a
sequ

en
ce

o
f

a
d
ja

cen
cy

m
a
trices

a
n

d
a
ssocia

ted
la

ten
t

po
sitio

n
s

o
f

a
d

-d
im

en
sio

n
a
l

ra
n

-
d
o
m

d
o
t

p
rod

u
ct

gra
p
h

a
cco

rd
in

g
to

a
n

in
n

er
p
rod

u
ct

d
istribu

tio
n
F

.
L

et
Φ(x

,Σ)
d
en

o
te

2
0

JM
L

R
 18(226):1-92, 2018



S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

th
e

cd
f

o
f

a
(m

u
lt

iv
a
ri

a
te

)
G

a
u

ss
ia

n
w

it
h

m
ea

n
ze

ro
a
n

d
co

va
ri

a
n

ce
m

a
tr

ix
Σ

,
ev

a
lu

a
te

d
a
t

x
∈Rd

.
T

h
en

th
er

e
ex

is
ts

a
se

qu
en

ce
o
f

o
rt

h
og

o
n

a
l
d

-b
y-
d

m
a
tr

ic
es

(W
n
)∞ n=1

su
ch

th
a
t

fo
r

a
ll
z
∈Rd

a
n

d
fo

r
a
n

y
fi

xe
d

in
d
ex
i,

li
m

n
→∞

P
r
[n1
/2 ( X̂

n
W

n
−X

n
) i≤

z
]= ∫

su
p

p
F

Φ
(z,Σ

(x))
d
F
(x),

w
h
er

e
Σ
(x)

=∆
−1 E

[ (x⊺
X

1
−(x

⊺ X
1
)2

)X 1
X
⊺ 1
] ∆−

1
;

a
n

d
∆
=E[

X
1
X
⊺ 1
].

(1
0)

W
e

al
so

n
ot

e
th

e
fo

ll
ow

in
g

im
p

or
ta

n
t

co
ro

ll
ar

y
of

T
h
eo

re
m

27
fo

r
w

h
en
F

is
a

m
ix

tu
re

of
K

p
oi

n
t

m
as

se
s;

th
at

is
,
(X,

A
)∼R

D
P

G
(F)

is
a
K

-b
lo

ck
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

gr
a
p
h
.

T
h
en

fo
r

an
y

fi
x
ed

in
d
ex

i,
th

e
ev

en
t

th
at

X
i

is
as

si
gn

ed
to

b
lo

ck
k
∈{1

,2
,.
..
,K

}ha
s

n
on

-z
er

o
p
ro

b
ab

il
it

y
an

d
h
en

ce
on

e
ca

n
co

n
d
it

io
n

on
th

e
b
lo

ck
as

si
gn

m
en

t
of

X
i

to
sh

ow
th

at
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of

√ n(
W

n
(X̂ n

) i−
(X n

) i)c
on

ve
rg

es
to

a
m

u
lt

iv
ar

ia
te

n
or

m
al

.
T

h
is

is
in

co
n
tr

as
t

to
th

e
u
n
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

o
n

b
ei

n
g

a
m

ix
tu

re
of

m
u
lt

iv
ar

ia
te

n
or

m
al

s
as

gi
ve

n
in

T
h
eo

re
m

27
.

C
o
ro

ll
a
ry

2
8

(S
B

M
)

A
ss

u
m

e
th

e
se

tt
in

g
a
n

d
n

o
ta

ti
o
n

s
o
f

T
h
eo

re
m

2
7

a
n

d
le

t

F
=K ∑ k

=1π
k
δ ν
k
,

π
1
,⋯,

π
K
>0,
∑ k

π
k
=1

be
a

m
ix

tu
re

o
f
K

po
in

t
m

a
ss

es
in

R
d

w
h
er

e
δ ν
k

is
th

e
D

ir
a
c

d
el

ta
m

ea
su

re
a
t
ν k

.
T

h
en

th
er

e
ex

is
ts

a
se

qu
en

ce
o
f

o
rt

h
og

o
n

a
l

m
a
tr

ic
es

W
n

su
ch

th
a
t

fo
r

a
ll
z
∈Rd

a
n

d
fo

r
a
n

y
fi

xe
d

in
d
ex
i,

P{√ n(
W

n
X̂
n
−X

n
) i≤

z
∣X i

=ν k
}Ð→

Φ
(z,Σ

k
)

(1
1)

w
h
er

e
Σ
k
=Σ(

ν k
)is

a
s

d
efi

n
ed

in
E

q.
(5

2)
.

W
e

re
le

ga
te

th
e

fu
ll

d
et

ai
ls

of
th

e
p
ro

of
of

th
is

ce
n
tr

al
li
m

it
th

eo
re

m
to

th
e

A
p
p

en
d
ix

,
in

S
ec

ti
on

A
.2

,
b
u
t

a
fe

w
p

oi
n
ts

b
ea

r
n
ot

in
g

h
er

e.
F

ir
st

,
b

ot
h

T
h
eo

re
m

27
an

d
C

or
ol

la
ry

28
ar

e
ve

ry
si

m
il
ar

to
re

su
lt

s
p
ro

ve
d

in
A

th
re

y
a

et
al

.
(2

01
6)

,
b
u
t

w
it

h
th

e
cr

u
ci

al
d
iff

er
en

ce
b

ei
n
g

th
at

w
e

n
o

lo
n
ge

r
re

q
u
ir

e
th

at
th

e
se

co
n
d

m
om

en
t

m
at

ri
x

∆
=E[

X
1
X
⊺ 1
]of

X
1
∼F

h
av

e
d
is

ti
n
ct

ei
ge

n
va

lu
es

(f
or

m
or

e
d
et

ai
ls

,
se

e
T

an
g

an
d

P
ri

eb
e

(2
01

8)
).

A
s

in
A

th
re

ya
et

al
.

(2
01

6)
,

ou
r

p
ro

of
h
er

e
d
ep

en
d
s

on
w

ri
ti

n
g

th
e

d
iff

er
en

ce
b

et
w

ee
n

a
ro

w
of

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
an

d
it

s
co

rr
es

p
on

d
in

g
la

te
n
t

p
os

it
io

n
as

a
p
ai

r
of

su
m

m
an

d
s:

th
e

fi
rs

t,
to

w
h
ic

h
a

cl
as

si
ca

l
C

en
tr

al
L

im
it

T
h
eo

re
m

ca
n

b
e

ap
p
li
ed

,
an

d
th

e
se

co
n
d
,

es
se

n
ti

a
ll
y

a
co

m
b
in

at
io

n
of

re
si

d
u
al

te
rm

s,
w

h
ic

h
w

e
sh

ow
,

u
si

n
g

te
ch

n
iq

u
es

si
m

il
ar

to
th

os
e

in
th

e
p
ro

of
of

T
h
eo

re
m

26
,

co
n
ve

rg
es

to
ze

ro
.

T
h
e

w
ea

ke
n
in

g
of

th
e

as
su

m
p
ti

on
of

d
is

ti
n
ct

ei
ge

n
va

lu
es

n
ec

es
si

ta
te

s
si

gn
ifi

ca
n
t

ch
an

ge
s

fr
om

A
th

re
y
a

et
al

.
(2

01
6)

in
h
ow

to
b

ou
n
d

th
e

re
si

d
u
al

te
rm

s,
b

ec
au

se
th

e
ar

gu
m

en
ts

in
A

th
re

ya
et

al
.

(2
01

6)
re

q
u
ir

e
an

ad
ap

ta
ti

o
n

of
a

re
su

lt
of

B
ic

ke
l

an
d

S
ar

ka
r

(2
01

5)
—

th
e

la
tt

er
of

w
h
ic

h
d
ep

en
d
s

on
th

e
as

su
m

p
ti

on
o
f

d
is

ti
n
ct

ei
ge

n
va

lu
es

—
to

co
n
tr

ol
th

es
e

te
rm

s.
H

er
e,

w
e

re
so

rt
to

so
m

ew
h
at

d
iff

er
en

t
m

et
h
o
d
ol

og
y
:

w
e

p
ro

v
e

in
st

ea
d

th
at

an
al

og
ou

s
b

ou
n
d
s

to
th

os
e

in
L

y
zi

n
sk

i
et

a
l.

(2
01

7)
an

d
in

T
a
n
g

an
d

P
ri

eb
e

(2
01

8)
h
ol

d
fo

r
th

e
es

ti
m

at
ed

la
te

n
t

p
os

it
io

n
s.

T
h
is

en
a
b
le

s
u
s

to
es

ta
b
li
sh

th
at

h
er

e,
to

o,
th

e
ro

w
s

of
th

e
ad

ja
ce

n
cy

sp
ec

tr
al

em
b

ed
d
in

g
ar

e
al

so
ap

p
ro

x
im

at
el

y
n
or

m
al

ly
d
is

tr
ib

u
te

d
.
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A
t
h
r
e
y
a
e
t
a
l
.

W
e

st
re

ss
th

at
th

is
ce

n
tr

al
li
m

it
th

eo
re

m
d
ep

en
d
s

on
a

d
el

ic
at

e
b

ou
n
d
in

g
o
f

a
se

q
u
en

ce
of

so
-c

al
le

d
re

si
d
u
al

te
rm

s,
b
u
t

it
s

es
se

n
ce

is
st

ra
ig

h
tf

or
w

ar
d
.

S
p

ec
ifi

ca
ll
y,

th
er

e
ex

is
ts

a
n

or
th

og
on

al
tr

an
sf

or
m

at
io

n
W

∗ s
u
ch

th
at

w
e

ca
n

w
ri

te
th

e
it

h
ro

w
of

th
e

m
a
tr

ix

√ n(
U

A
S

1
/2

A
−U

P
S

1
/2

P
W

∗ )
as

√ n(
U

A
S

1
/2

A
−U

P
S

1
/2

P
W

∗ ) i=
√ n(

A
−P

)U P
S
−1/

2
P

W
∗ ) i+

R
es

id
u
al

te
rm

s
(1

2
)

w
h
er

e
th

e
re

si
d
u
al

te
rm

s
ar

e
al

l
of

or
d
er
O
(n−1

/2 l
og
n
)in

p
ro

b
ab

il
it

y.
N

ow
,

to
h
a
n
d
le

th
e

fi
rs

t
te

rm
in

E
q
.(

12
),

w
e

ca
n

co
n
d
it

io
n

on
a

fi
x
ed

la
te

n
t

p
os

it
io

n
X
i
=x i

,
a
n
d

w
h
en

th
is

is
fi
x
ed

,
th

e
cl

as
si

ca
l

L
in

d
eb

er
g-

F
el

le
r

C
en

tr
al

L
im

it
T

h
eo

re
m

es
ta

b
li
sh

es
th

e
a
sy

m
p
to

ti
c

n
or

m
al

it
y

of
th

is
te

rm
.

T
h
e

or
d
er

of
th

e
re

si
d
u
al

te
rm

s
th

en
gu

ar
an

te
es

,
b
y

S
lu

ts
k
y
’s

T
h
eo

re
m

,
th

e
d
es

ir
ed

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
th

e
ga

p
b

et
w

ee
n

es
ti

m
at

ed
a
n
d

tr
u
e

la
te

n
t

p
os

it
io

n
s,

an
d

fi
n
al

ly
w

e
n
ee

d
on

ly
in

te
gr

at
e

ov
er

th
e

p
os

si
b
le

la
te

n
t

p
os

it
io

n
s

to
o
b
ta

in
a

m
ix

tu
re

of
n
or

m
al

s.

4
.3

A
n

e
x
a
m

p
le

u
n

d
e
r

th
e

st
o
ch

a
st

ic
b

lo
ck

m
o
d

e
l

T
o

il
lu

st
ra

te
T

h
eo

re
m

27
,

w
e

re
fe

r
th

e
re

ad
er

to
A

th
re

ya
et

al
.

(2
01

6)
,

fr
o
m

w
h
ic

h
w

e
re

p
ro

d
u
ce

th
e

fo
ll
ow

in
g

si
m

u
la

ti
on

.
C

on
si

d
er

ra
n
d
om

gr
ap

h
s

ge
n
er

at
ed

a
cc

o
rd

in
g

to
a

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

w
it

h
p
ar

am
et

er
s

B
=[0

.4
2

0
.4

2
0
.4

2
0
.5

]
an

d
π
=(0

.6
,0
.4
).

(1
3
)

In
th

is
m

o
d
el

,
ea

ch
n
o
d
e

is
ei

th
er

in
b
lo

ck
1

(w
it

h
p
ro

b
ab

il
it

y
0.

6)
o
r

b
lo

ck
2

(w
it

h
p
ro

b
-

ab
il
it

y
0.

4)
.

A
d
ja

ce
n
cy

p
ro

b
ab

il
it

ie
s

ar
e

d
et

er
m

in
ed

b
y

th
e

en
tr

ie
s

in
B

b
a
se

d
o
n

th
e

b
lo

ck
m

em
b

er
sh

ip
s

of
th

e
in

ci
d
en

t
v
er

ti
ce

s.
T

h
e

ab
ov

e
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

co
rr

es
p

o
n
d
s

to
a

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
m

o
d
el

in
R

2
w

h
er

e
th

e
d
is

tr
ib

u
ti

on
F

o
f

th
e

la
te

n
t

p
o
si

-
ti

on
s

is
a

m
ix

tu
re

of
p

oi
n
t

m
as

se
s

lo
ca

te
d

at
x

1
≈(0

.6
3,
−0.1

4)(
w

it
h

p
ro

b
a
b
il
it

y
0
.6

)
a
n
d

x
2
≈(0

.6
9,

0
.1

3)(
w

it
h

p
ro

b
ab

il
it

y
0.

4)
.

W
e

sa
m

p
le

an
ad

ja
ce

n
cy

m
at

ri
x

A
fo

r
gr

ap
h
s

on
n

ve
rt

ic
es

fr
om

th
e

ab
ov

e
m

o
d
el

fo
r

va
ri

o
u
s

ch
oi

ce
s

of
n

.
F

or
ea

ch
gr

ap
h
G

,
le

t
X̂

∈Rn
×2

d
en

ot
e

th
e

em
b

ed
d
in

g
of
A

an
d

le
t

X̂
i⋅d

en
ot

e
th

e
it

h
ro

w
of

X̂
.

In
F

ig
u
re

1,
w

e
p
lo

t
th

e
n

ro
w

s
of

X̂
fo

r
th

e
va

ri
ou

s
ch

oi
ce

s
o
f
n

.
T

h
e

p
o
in

ts
ar

e
d
en

ot
ed

b
y

sy
m

b
ol

s
ac

co
rd

in
g

to
th

e
b
lo

ck
m

em
b

er
sh

ip
of

th
e

co
rr

es
p

on
d
in

g
ve

rt
ex

in
th

e
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

.
T

h
e

el
li
p
se

s
sh

ow
th

e
95

%
le

ve
l

cu
rv

es
fo

r
th

e
d
is

tr
ib

u
ti

o
n

o
f
X̂
i

fo
r

ea
ch

b
lo

ck
as

sp
ec

ifi
ed

b
y

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

on
.

W
e

es
ti

m
at

e
th

e
co

va
ri

an
ce

m
at

ri
ce

s
fo

r
th

e
re

si
d
u
al

s.
T

h
e

th
eo

re
ti

ca
l

co
va

ri
a
n
ce

m
a
tr

ic
es

ar
e

gi
ve

n
in

th
e

la
st

co
lu

m
n

of
T

ab
le

1,
w

h
er

e
Σ

1
an

d
Σ

2
ar

e
th

e
co

va
ri

an
ce

m
a
tr

ic
es

fo
r

th
e

re
si

d
u
al

√ n(
X̂
i
−X

i)w
h
en

X
i

is
fr

om
th

e
fi
rs

t
b
lo

ck
an

d
se

co
n
d

b
lo

ck
,

re
sp

ec
ti

v
el

y.
T

h
e

em
p
ir

ic
al

co
va

ri
an

ce
m

at
ri

ce
s,

d
en

ot
ed

Σ̂
1

an
d

Σ̂
2
,

ar
e

co
m

p
u
te

d
b
y

ev
al

u
at

in
g

th
e

sa
m

p
le

co
va

ri
an

ce
of

th
e

ro
w

s
of

√ nX̂
i

co
rr

es
p

on
d
in

g
to

ve
rt

ic
es

in
b
lo

ck
1

an
d

2
re

sp
ec

ti
ve

ly
.

T
h
e

es
ti

m
at

es
of

th
e

co
va

ri
an

ce
m

at
ri

ce
s

ar
e

gi
ve

n
in

T
ab

le
1.

W
e

se
e

th
at

a
s
n

in
cr

ea
se

s,
th

e
sa

m
p
le

co
va

ri
an

ce
s

te
n
d

to
w

ar
d

th
e

sp
ec

ifi
ed

li
m

it
in

g
co

va
ri

an
ce

m
at

ri
x

gi
ve

n
in

th
e

la
st

co
lu

m
n
.
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

−
0.3

0.0

0.3

0.55
0.60

0.65
0.70

0.75
x

y

block12

(a
)
n=

1
0
0
0

−
0.25

0.00

0.25

0.60
0.65

0.70
0.75

x

y

block12

(b
)
n=

2
0
0
0

−
0.2

0.0

0.2

0.4

0.60
0.65

0.70
x

y

block12

(c)
n=

4
0
0
0

−
0.3

−
0.2

−
0.1

0.0

0.1

0.2

0.600
0.625

0.650
0.675

0.700
0.725

x

y

block12

(d
)
n=

8
0
0
0

F
ig

u
re

1
:

P
lo

t
of

th
e

estim
ated

laten
t

p
osition

s
in

a
tw

o-b
lo

ck
sto

ch
astic

b
lo

ck
m

o
d
el

grap
h

o
n
n

vertices.
T

h
e

p
oin

ts
are

d
en

oted
b
y

sy
m

b
ols

accord
in

g
to

th
e

b
lo

ck
m

em
b

ersh
ip

of
th

e
co

rresp
o
n
d
in

g
v
ertices.

D
ash

ed
ellip

ses
give

th
e

95%
level

cu
rves

for
th

e
d
istrib

u
tion

s
a
s

sp
ecifi

ed
in

T
h
eorem

27.
F

igu
re

d
u
p
licated

from
A

th
reya

et
al.

(2016).

n
2
0
0
0

4
0
0
0

8
0
0
0

1
6
0
0
0

∞
Σ̂

1
[ .5

8
.5

4
.5

4
1
6
.5

6 ]
[ .5

8
.6

3
.6

3
1
4
.8

7 ]
[ .6

0
.6

1
.6

1
1
4
.2

0 ]
[ .5

9
.5

8
.5

8
1
3
.9

6 ]
[ .5

9
.5

5
.5

5
1
3
.0

7 ]
Σ̂

2
[ .5

8
.7

5
.7

5
1
6
.2

8 ]
[ .5

9
.7

1
.7

1
1
5
.7

9 ]
[ .5

8
.5

4
.5

4
1
4
.2

3 ]
[ .6

1
.6

9
.6

9
1
3
.9

2 ]
[ .6

0
.5

9
.5

9
1
3
.2

6 ]
T

a
b
le

1
:

T
h
e

sam
p
le

covarian
ce

m
atrices

for √
n(X̂

i −
X
i )

for
each

b
lo

ck
in

a
sto

ch
astic

b
lo

ck
m

o
d
el

w
ith

tw
o

b
lo

ck
s.

H
ere

n∈{2000
,4000,80

00,16000}.
In

th
e

last
colu

m
n

are
th

e
th

eo
retica

l
covarian

ce
m

atrices
for

th
e

lim
itin

g
d
istrib

u
tion

.
T

ab
le

rep
ro

d
u
ced

from
A

th
reya

et
a
l.

(2016).

2
3

JM
L

R
 18(226):1-92, 2018

A
t
h
r
e
y
a
e
t
a
l
.

W
e

also
in

v
estigate

th
e

eff
ects

of
th

e
m

u
ltivariate

n
orm

al
d
istrib

u
tion

as
sp

ecifi
ed

in
T

h
eo-

rem
27

on
in

feren
ce

p
ro

ced
u
res.

It
is

sh
ow

n
in

S
u
ssm

an
et

al.
(2012,

2014)
th

a
t

th
e

ap
p
roach

of
em

b
ed

d
in

g
a

grap
h

in
to

som
e

E
u
clid

ean
sp

ace,
follow

ed
b
y

in
feren

ce
(for

ex
am

p
le,

clu
s-

terin
g

or
classifi

cation
)

in
th

at
sp

ace
can

b
e

con
sisten

t.
H

ow
ever,

th
ese

con
sisten

cy
resu

lts
are,

in
a

sen
se,

on
ly

fi
rst-ord

er
resu

lts.
In

p
articu

lar,
th

ey
d
em

on
strate

on
ly

th
at

th
e

error
of

th
e

in
feren

ce
p
ro

ced
u
re

con
verges

to
0

as
th

e
n
u
m

b
er

of
vertices

in
th

e
grap

h
in

creases.
W

e
n
ow

illu
strate

h
ow

T
h
eorem

27
m

ay
lead

to
a

m
ore

refi
n
ed

error
an

aly
sis.

W
e

con
stru

ct
a

seq
u
en

ce
of

ran
d
om

g
rap

h
s

on
n

vertices,
w

h
ere

n
ran

ges
from

1000
th

ro
u
gh

4000
in

in
crem

en
ts

of
250,

follow
in

g
th

e
sto

ch
astic

b
lo

ck
m

o
d
el

w
ith

p
aram

eters
as

giv
en

ab
ove

in
E

q
.
(13).

F
or

each
grap

h
G
n

on
n

vertices,
w

e
em

b
ed
G
n

an
d

clu
ster

th
e

em
b

ed
d
ed

vertices
of
G
n

v
ia

G
au

ssian
m

ix
tu

re
m

o
d
el

an
d

K
-m

ean
s

clu
sterin

g.
G

au
ssian

m
ix

tu
re

m
o
d
el-b

ased
clu

sterin
g

is
d
on

e
u
sin

g
th

e
M

C
L

U
S
T

im
p
lem

en
tation

of
(F

raley
an

d
R

aftery
,

1999).
W

e
th

en
m

easu
re

th
e

classifi
cation

error
of

th
e

clu
sterin

g
solu

tion
.

W
e

rep
eat

th
is

p
ro

ced
u
re

100
tim

es
to

ob
tain

an
estim

ate
of

th
e

m
isclassifi

cation
rate.

T
h
e

resu
lts

are
p
lotted

in
F

igu
re

2.
F

or
com

p
arison

,
w

e
p
lot

th
e

B
ayes

op
tim

al
classifi

cation
error

rate
u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

em
b

ed
d
ed

p
oin

ts
d
o

in
d
eed

follow
a

m
u
ltivariate

n
orm

al
m

ix
tu

re
w

ith
cova

rian
ce

m
atrices

Σ
1

an
d

Σ
2

as
given

in
th

e
last

colu
m
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s
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ra
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1

X ⊺1 µ −
x ⊺

2x ⊺µ ) (x ⊺X
1 −

x ⊺X
1 X ⊺1 x)
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∫Φ
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red

u
ces

th
e

w
ith

in
-b

lo
ck

varian
ce

(o
ccasion

-
a
lly

b
y

a
fa

cto
r

of
fou

r)
w

h
ile

p
reserv

in
g

th
e

b
etw

een
-b

lo
ck

varian
ce,

as
com

p
ared

to
th

at
o
f

th
e

a
d
ja

cen
cy

sp
ectral

em
b

ed
d
in

g.
T

h
is

su
ggests

th
at

for
a

large
region

of
th

e
p
aram

-
eter

sp
a
ce

for
tw

o-b
lo

ck
sto

ch
astic

b
lo

ck
m

o
d
els,

th
e

sp
ectral

em
b

ed
d
in

g
of

th
e

L
ap

lacian
is

p
refera

b
le

to
th

e
sp

ectral
em

b
ed

d
in

g
of

th
e

ad
jacen

cy
m

atrix
for

su
b
seq

u
en

t
in

feren
ce.

H
ow

ever,
w

e
o
b
serv

e
th

at
th

e
m

etric
in

B
ickel

an
d

S
a
rkar

(2015)
is

in
trin

sically
tied

to
th

e
u
se

o
f
K

-m
ea

n
s

as
th

e
clu

sterin
g

p
ro

ced
u
re:

sp
ecifi

cally,
a

sm
aller

valu
e

of
th

e
m

etric
for

th
e

L
a
p
la

cia
n

sp
ectral

em
b

ed
d
in

g
as

com
p
ared

to
th

at
for

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
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A
t
h
r
e
y
a
e
t
a
l
.

on
ly

im
p
lies

th
at

clu
sterin

g
th

e
L

ap
lacian

sp
ectral

em
b

ed
d
in

g
u
sin

g
K

-m
ean

s
is

p
ossib

ly
b

etter
th

an
clu

sterin
g

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
u
sin

g
K

-m
ean

s.

M
otivated

b
y

th
e

ab
ove

ob
servation

,
in

T
an

g
an

d
P

rieb
e

(2018),
w

e
p
rop

ose
a

m
etric

th
at

is
in

d
epen

d
en

t
of

an
y

sp
ecifi

c
clu

sterin
g

p
ro

ced
u
re,

a
m

etric
th

at
ch

aracterizes
th

e
m

in
im

u
m

error
ach

ievab
le

b
y

a
n

y
clu

sterin
g

p
ro

ced
u
re

th
at

u
ses

on
ly

th
e

sp
ectral

em
b

ed
d
in

g
for

th
e

recovery
of

b
lo

ck
assign

m
en

ts
in

sto
ch

astic
b
lo

ck
m

o
d
el

grap
h
s.

F
or

a
given

em
b

ed
d
in

g
m

eth
o
d
,

th
e

m
etric

u
sed

in
T

an
g

an
d

P
rieb

e
(2018)

is
b
ased

on
th

e
n
otion

of
statistical

in
form

ation
b

etw
een

th
e

lim
itin

g
d
istrib

u
tion

s
of

th
e

b
lo

ck
s.

R
ou

gh
ly

sp
ea

k
in

g,
sm

aller
statistical

in
form

ation
im

p
lies

less
in

form
ation

to
d
iscrim

in
ate

b
etw

een
th

e
b
lo

ck
s

of
th

e
sto

ch
astic

b
lo

ck
m

o
d
el.

M
ore

sp
ecifi

cally,
th

e
lim

it
resu

lt
in

S
ection

4.2
an

d
S
ection

4.4
state

th
at,

for
sto

ch
astic

b
lo

ck
m

o
d
el

grap
h
s,

con
d
ition

al
on

th
e

b
lo

ck
assign

m
en

ts
th

e
en

tries
of

th
e

scaled
eigen

vectors
corresp

on
d
in

g
to

th
e

few
largest

eigen
valu

es
of

th
e

ad
jacen

cy
m

atrix
an

d
th

e
n
orm

alized
L

ap
lacian

m
atrix

con
verge

to
a

m
u
ltivariate

n
orm

al
as

th
e

n
u
m

b
er

of
vertices

in
creases.

F
u
rth

erm
ore,

th
e

a
sso

ciated
covarian

ce
m

atrices
are

n
ot

sp
h
erical,

so
K

-m
ean

s
clu

sterin
g

for
th

e
ad

jacen
cy

sp
ectral

em
b

ed
d
in

g
or

L
ap

lacian
sp

ectral
em

b
ed

d
in

g
d
o
es

n
ot

y
ield

m
in

im
u
m

error
for

recoverin
g

th
e

b
lo

ck
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m
en

t.
N

ev
erth
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th
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lim
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g
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lts

also
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p
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b
etw

een
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e
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o
em

b
ed

d
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g
m
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o
d
s

v
ia
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e

classical
n
otion

of
C

h
ern

off
in

form
ation

(C
h
ern

off
,

1952).

W
e

n
ow

recall
th

e
n
otion

of
th

e
C

h
ern

off
α

-d
ivergen

ces
(for

α∈(0
,1))

an
d

C
h
ern

off
in

form
a-

tion
.

L
et
F

0
an

d
F

1
b

e
tw

o
ab

solu
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tin

u
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s
m

u
ltivariate

d
istrib

u
tion

s
in

Ω=
R
d

w
ith

d
en

sity
fu

n
ction

s
f

0
an

d
f

1 ,
resp

ectively.
S
u
p
p

ose
th
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Y

1 ,Y
2 ,...,Y

m
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in
d
ep

en
d
en

t
a
n
d

id
en

tically
d
istrib

u
ted

ran
d
om

variab
les,

w
ith

Y
i

d
istrib

u
ted

eith
er
F

0
or
F

1 .
W

e
are

in
ter-

ested
in
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g

th
e

sim
p
le

n
u
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h
y
p
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H
0 ∶F=

F
0
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th
e

sim
p
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altern
a
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h
y
p

oth
-

esisH
1 ∶F=

F
1 .

A
test

T
can

b
e
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a
s

a
seq

u
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ce
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m
ap

p
in
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T
m ∶Ω

m↦{0,1}
su

ch
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at
given

Y
1 =

y
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2 =
y

2 ,...,Y
m =

y
m

,
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e
test

rejectsH
0

in
favor

ofH
1

if
T
m (y

1 ,y
2 ,...,y

m )=
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e

test
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H
0

if
T
m (y

1 ,y
2 ,...,y

m )=
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T
h
e

N
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m
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m

a
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th
at,
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Y
1 =

y
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2 =
y
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m =

y
m

an
d

a
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resh
old

η
m ∈

R
,

th
e

likelih
o
o
d

ratio
test

w
h
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H

0
in

fav
or

ofH
1

w
h
en

ever

(
m∑i=

1

log
f

0 (y
i )−

m∑i=
1

log
f

1 (y
i ))≤

η
m

is
th

e
m

ost
p

ow
erfu

l
test

at
sign

ifi
can

ce
level

α
m =

α(η
m ),

so
th

at
th

e
likelih

o
o
d

ratio
test

m
in

im
izes

th
e

T
y
p

e
II

error
β
m

su
b

ject
to

th
e

con
strain

t
th

at
th

e
T

y
p

e
I

error
is

at
m
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α
m

.
A

ssu
m

in
g

th
at

π∈(0
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is
a

p
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p
rob
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ility
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H
0

is
tru

e.
T

h
en

,
for

a
given

α ∗m ∈(0,1),
let

β ∗m =
β ∗m (α ∗m )

b
e

th
e

T
y
p

e
II

error
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ciated
w

ith
th

e
likelih

o
o
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ratio
test

w
h
en

th
e

T
y
p

e
I

error
is

at
m

ost
α ∗m

.
T

h
e

q
u
an

tity

in
f

α ∗m ∈(0
,1) π

α ∗m +(1−
π)β ∗m

is
th

e
B

ayes
risk

in
d
ecid

in
g

b
etw

een
H

0
an

d
H

1
given

th
e
m

in
d
ep

en
d
en

t
ran

d
om

variab
les

Y
1 ,Y

2 ,...,Y
m

.
A

classical
resu

lt
of

C
h
ern

off
(C

h
ern

off
,
1952,

1956)
states

th
at

th
e

B
ay

es
risk

is
in

trin
sically

lin
k
ed

to
a

q
u
an

tity
k
n
ow

n
as

th
e

C
h
ern

o
ff

in
fo

rm
a
tio

n
.

M
ore

sp
ecifi

cally,
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d
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p
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p
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re
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e

la
rg

e-
sa

m
p
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p
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h
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p
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b
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b
se

q
u
en

t
d
is

cu
ss

io
n
.

T
h
e

ra
ti

o
ρ

A
/ρ L

is
a

su
rr

og
at

e
m

ea
su

re
of

th
e

re
la

ti
v
e

la
rg

e-
sa

m
p
le

p
er

fo
rm

an
ce

o
f

th
e

a
d
ja

-
ce

n
cy

sp
ec

tr
al

em
b

ed
d
in

g
as

co
m

p
ar

ed
to

th
e

L
ap

la
ci

an
sp

ec
tr

al
em

b
ed

d
in

g
fo

r
su

b
se

q
u
en

t
in

fe
re

n
ce

,
at

le
as

t
in

th
e

co
n
te

x
t

of
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

gr
a
p
h
s.

T
h
at

is
to

sa
y,

fo
r

g
iv

en
p
ar

am
et

er
s
π

an
d

B
,

if
ρ

A
/ρ L

>1,
th

en
ad

ja
ce

n
cy

sp
ec

tr
al

em
b

ed
d
in

g
is

p
re

fe
rr

ed
ov

er
L

ap
la

ci
an

sp
ec

tr
al

em
b

ed
d
in

g
w

h
en

n
,

th
e

n
u
m

b
er

of
ve

rt
ic

es
in

th
e

gr
ap

h
,

is
su

ffi
ci

en
tl

y
la

rg
e;

si
m

il
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ra
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b
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d
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at
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h
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.
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p
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0.96
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p
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.
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t∈(0
,1)
n
t(1−

t)
2

(
p

√
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√
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d
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b
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b
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con
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r
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b
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b
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p
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p
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P
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p
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p
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al

em
b

ed
d
in

g
ca

n
b

e
in

te
gr

at
ed

w
it

h
a

k
er

n
el

d
en

si
ty

es
ti

m
at

or
to

ac
cu

ra
te

ly
es

ti
m

at
e

th
e

u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
F

fo
r

in
a

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
w

it
h

i.
i.
d

la
te

n
t

p
os

it
io

n
s.

W
e

re
p
ro

d
u
ce

h
er

e
se

ve
ra

l
im

p
or

ta
n
t

p
oi

n
ts

fr
om

T
an

g
et

al
.

(2
01

7a
,b

).
T

o
b

eg
in

ou
r

su
m

m
ar

y
of

tw
o-

sa
m

p
le

h
y
p

ot
h
es

is
te

st
in

g
fo

r
gr

ap
h
s,

w
e

fi
rs

t
co

n
si

d
er

th
e

p
ro

b
le

m
of

d
ev

el
op

in
g

a
te

st
fo

r
th

e
h
y
p

ot
h
es

is
th

at
tw

o
ra

n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s

on
th

e
sa

m
e

ve
rt

ex
se

t,
w

it
h

k
n
ow

n
ve

rt
ex

co
rr

es
p

on
d
en

ce
,

h
av

e
th

e
sa

m
e

ge
n
er

at
in

g
la

te
n
t

p
os

it
io

n
or

h
av

e
ge

n
er

at
in

g
la

te
n
t

p
os

it
io

n
s

th
at

ar
e

sc
al

ed
or

d
ia

go
n
al

tr
an

sf
or

m
at

io
n
s

of
on

e
an

ot
h
er

,
m

o
d
u
lo

a
p

os
si

b
le

(n
on

-i
d
en

ti
fi
ab

le
)

or
th

og
on

al
tr

an
sf

or
m

at
io

n
.

T
h
is

fr
am

ew
or

k
in

cl
u
d
es

,
as

a
sp

ec
ia

l
ca

se
,

a
te

st
fo

r
w

h
et

h
er

tw
o

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

s
h
av

e
th

e
sa

m
e

or
re

la
te

d
b
lo

ck
p
ro

b
ab

il
it

y
m

at
ri

ce
s.

In
th

is
tw

o-
sa

m
p
le

te
st

in
g

p
ro

b
le

m
,

th
ou

gh
,

th
e

p
ar

am
et

er
d
im

en
si

on
gr

ow
s

as
th

e
sa

m
p
le

si
ze

gr
ow

s.
T

h
er

ef
or

e,
th

e
p
ro

b
le

m
is

n
ot

p
re

ci
se

ly
an

al
og

ou
s

to
cl

as
si

ca
l

tw
o-

sa
m

p
le

te
st

s
fo

r,
sa

y,
th

e
d
iff

er
en

ce
of

tw
o

p
ar

am
et

er
s

b
el

on
gi

n
g

to
so

m
e

fi
x
ed

E
u
cl

id
ea

n
sp

ac
e,

in
w

h
ic

h
an

in
cr

ea
se

in
d
at

a
h
as

n
o

eff
ec

t
on

th
e

d
im

en
si

on
of

th
e

p
ar

am
et

er
.

T
h
e

p
ro

b
le

m
is

al
so

n
ot

n
on

p
ar

am
et

ri
c,

si
n
ce

w
e

v
ie

w
ou

r
la

te
n
t

p
os

it
io

n
s

as
fi
x
ed

an
d

im
p

os
e

sp
ec

ifi
c

d
is

tr
ib

u
ti

on
al

re
q
u
ir

em
en

ts
on

th
e

d
at

a—
th

at
is

,
on

th
e

ad
ja

ce
n
cy

m
at

ri
ce

s.
In

d
ee

d
,

w
e

re
ga

rd
th

e
p
ro

b
le

m
as

se
m

ip
ar

am
et

ri
c,

an
d

T
an

g
et

al
.

(2
0
17

a)
ad

a
p
ts

th
e

tr
ad

it
io

n
al

d
efi

n
it

io
n

of
co

n
si

st
en

cy
to

th
is

se
tt

in
g.

In
p
ar

ti
cu

la
r,

fo
r

th
e

te
st

p
ro

ce
d
u
re

w
e

d
es

cr
ib

e,
p

ow
er

w
il
l

in
cr

ea
se

to
on

e
fo

r
al

te
rn

at
iv

es
in

w
h
ic

h
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

la
te

n
t

p
os

it
io

n
s

gr
ow

s
w

it
h

th
e

sa
m

p
le

si
ze

.

O
u
r

te
st

p
ro

ce
d
u
re

is
,

at
fi
rs

t
gl

an
ce

,
d
ec

ep
ti

v
el

y
si

m
p
le

:
gi

v
en

a
p
ai

r
of

ad
ja

ce
n
cy

m
at

ri
-

ce
s

A
an

d
B

fo
r

tw
o
d
-d

im
en

si
on

al
ra

n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s,

w
e

ge
n
er

at
e

th
ei

r
ad

ja
-

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

gs
,

d
en

ot
ed

X̂
an

d
Ŷ

,
re

sp
ec

ti
ve

ly
,

an
d

co
m

p
u
te

an
ap

p
ro

p
ri

at
el

y
n
or

m
al

iz
ed

ve
rs

io
n

of
th

e
so

-c
al

le
d

P
ro

cr
u

st
es

fi
t

or
P

ro
cr

u
st

es
d
is

ta
n

ce
b

et
w

ee
n

th
e

tw
o

em
b

ed
d
in

gs
:

m
in

W
∈Od

×d
∥X̂−

Ŷ
W

∥ F
(R

ec
al

l
th

at
su

ch
a

fi
t

is
n
ec

es
sa

ry
b

ec
au

se
of

th
e

in
h
er

en
t

n
on

id
en

ti
fi
ab

il
it

y
of

th
e

ra
n
d
om

d
ot

p
ro

d
u
ct

m
o
d
el

.)

U
n
d
er

st
an

d
in

g
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of

th
is

te
st

st
at

is
ti

c
is

m
o
re

co
m

p
li
ca

te
d
,

h
ow

ev
er

,
an

d
ap

p
ro

p
ri

at
el

y
fr

am
in

g
th

e
se

t
of

n
u
ll

an
d

al
te

rn
at

iv
e

h
y
p

ot
h
es

is
fo

r
w

h
ic

h
th

e
te

st
is

va
li
d

an
d

co
n
si

st
en

t
(t

h
at

is
,

a
le

v
el
α

-t
es

t
w

it
h

p
ow

er
co

n
v
er

gi
n
g

to
1

as
n
→∞

)
is

d
el

ic
at

e.
T

o
th

at
en

d
,

w
e

fi
rs

t
st

at
e

th
e

ke
y

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
y

fo
r

m
in

W
∈Od

×d
∥X̂−

Ŷ
W

∥ F.
T

h
e
o
re

m
3
2

S
u

p
po

se
P
=X

X
⊺ is

a
n
n
×n

p
ro

ba
bi

li
ty

m
a
tr

ix
o
f

ra
n

k
d

.
S

u
p
po

se
a
ls

o
th

a
t

th
er

e
ex

is
ts
ε
>0

su
ch

th
a
t
δ(P

)>
(log

n
)2
+ε .

L
et
c
>0

be
a
rb

it
ra

ry
bu

t
fi

xe
d
.

T
h
en

th
er

e
ex

is
ts

a
n

0
(c)

a
n

d
a

u
n

iv
er

sa
l

co
n

st
a
n

t
C

≥0
su

ch
th

a
t

if
n
≥n 0

a
n

d
n
−c

<η
<1/

2,
th

en

33
JM

L
R

 1
8(

22
6)

:1
-9

2,
 2

01
8

A
t
h
r
e
y
a
e
t
a
l
.

th
er

e
ex

is
ts

a
d
et

er
m

in
is

ti
c

W
∈O(

d
)su

ch
th

a
t,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−3η

,

∣∥X̂
−X

W
∥ F−

C
(X)

∣≤
C
d

lo
g
(n/η

)
C
(X)

√ γ5
(P)

δ(P
)

(2
8
)

w
h
er

e
C
(X)

is
a

fu
n

ct
io

n
o
f

X
gi

ve
n

by

C
(X)

=√ tr
S
−1/

2
P

U
⊺ P
E[(A

−P
)2 ]U

P
S
−1/

2
P

(2
9
)

w
h
er

e
E[(A

−P
)2

]is
ta

ke
n

w
it

h
re

sp
ec

t
to

A
a
n

d
co

n
d
it

io
n

a
l

o
n

X
.

W
e

n
ot

e
th

at
th

e
p
ro

of
of

th
is

th
eo

re
m

co
n
si

st
s

of
tw

o
p
ie

ce
s:

it
is

st
ra

ig
h
tf

o
rw

a
rd

to
sh

ow
th

at
th

e
F

ro
b

en
iu

s
n
or

m
b

ou
n
d

of
L

em
m

a
50

im
p
li
es

th
at

∥X̂−
X

W
∥ F=

∥(A
−P

)U P
S
−1/

2
P

∥ F+
O
(dlo

g
(n)δ

−1/
2
(P)

γ
−5/

2
(P)

)
T

o
co

m
p
le

te
th

e
th

eo
re

m
,

th
en

,
in

T
an

g
et

al
.
(2

01
7a

)
w

e
p
ro

v
id

e
a

co
n
ce

n
tr

a
ti

o
n

in
eq

u
a
li
ty

fo
r
∥(A

−P
)U P

S
−1/

2
P

∥2 F
,

sh
ow

in
g

th
at

∣ ∥(A
−P

)U P
S
−1/

2
P

∥2 F
−C

2
(X)

∣ ≤14
√ 2d

lo
g
(n/η

)
γ
(P)

√ δ(
P
).

(3
0
)

w
h
er

e
C
(X)

is
as

d
efi

n
ed

in
(2

9)
.

W
e

d
o

n
ot

go
in

to
th

e
d
et

ai
ls

of
th

is
co

n
ce

n
tr

a
ti

o
n

in
eq

u
al

it
y

h
er

e,
b
u
t

ra
th

er
p

oi
n
t

th
e

re
ad

er
to

T
a
n
g

et
al

.
(2

0
17

a)
.

W
e

ob
se

rv
e,

h
ow

ev
er

,
th

at
th

is
in

eq
u
al

it
y

h
as

im
m

ed
ia

te
co

n
se

q
u
en

ce
s

fo
r

tw
o-

sa
m

p
le

te
st

in
g

fo
r

ra
n
d
o
m

d
ot

p
ro

d
u
ct

gr
ap

h
s.

F
or

tw
o

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
a
p
h
s

w
it

h
p
ro

b
a
b
il
it

y
m

at
ri

ce
s

P
=X

X
⊺

an
d

Q
=Y

Y
⊺ ,

co
n
si

d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
X

=Y
W

fo
r

so
m

e
or

th
og

on
al

W
.

It
ca

n
b

e
sh

ow
n

th
at

m
in

W
∈Od

×d
∥X̂−

Ŷ
W

∥ Fi
s

th
e

b
as

is
fo

r
a

va
li
d

an
d

co
n
si

st
en

t
te

st
.

W
e

em
p
h
a
si

ze
,

th
ou

gh
,

th
at

as
th

e
gr

ap
h

si
ze
n

in
cr

ea
se

s,
th

e
n
×dm

at
ri

x
of

la
te

n
t

p
os

it
io

n
s

a
ls

o
in

cr
ea

se
s

in
si

ze
.

A
s

a
co

n
se

q
u
en

ce
of

th
is

,
w

e
co

n
si

d
er

th
e

fo
ll
ow

in
g

n
ot

io
n

of
co

n
si

st
en

cy
in

th
is

se
m

ip
ar

am
et

ri
c

se
tt

in
g.

A
s

an
as

id
e

on
th

e
n
ot

at
io

n
,

in
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

a
se

q
u
en

ce
of

gr
ap

h
s

w
it

h
la

te
n
t

p
os

it
io

n
s,

al
l

in
d
ex

ed
b
y
n

;
th

u
s,

as
w

e
n
ot

ed
in

o
u
r

p
re

li
m

in
a
ry

re
m

ar
k
s

on
n
ot

at
io

n
,
X
n

an
d

X̂
n

re
fe

r
to

th
e

m
a
tr

ic
es

of
tr

u
e

a
n
d

es
ti

m
at

ed
la

te
n
t

p
o
si

ti
o
n
s

in
th

is
se

q
u
en

ce
.

W
e

le
t

X
n
= W

Y
n

d
en

ot
e

th
at

X
n

an
d

Y
n

ar
e

eq
u
iv

al
en

t
u
p

to
or

th
og

on
al

tr
an

sf
or

m
at

io
n
;

th
a
t

is

X
n
=Y

n
W

fo
r

so
m

e
or

th
og

on
al

W
∈Rd

×d .
D

e
fi

n
it

io
n

3
3

L
et

(X n
,Y

n
) n∈N

,
be

a
gi

ve
n

se
qu

en
ce

o
f

la
te

n
t

po
si

ti
o
n

s,
w

h
er

e
X
n

a
n

d
Y
n

a
re

bo
th

in
R
n
×d .

A
te

st
st

a
ti

st
ic
T
n

a
n

d
a
ss

oc
ia

te
d

re
je

ct
io

n
re

gi
o
n
R
n

to
te

st
th

e
n

u
ll

h
yp

o
th

es
is

H
n 0
∶X n

= W
Y
n

a
ga

in
st

H
n a
∶X n

/= W
Y
n

is
a

co
n
si

st
en

t,
as

y
m

p
to

ti
ca

ll
y

le
ve

l
α

te
st

if
fo

r
a
n

y
η
>0,

th
er

e
ex

is
ts
n

0
=n 0

(η)
su

ch
th

a
t

3
4

JM
L

R
 1

8(
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6)
:1
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

(i)
If
n>

n
0

a
n

d
H
na

is
tru

e,
th

en
P(T

n ∈
R
n )>

1−
η

(ii)
If
n>

n
0

a
n

d
H
n0

is
tru

e,
th

en
P(T

n ∈
R
n )≤

α+
η

W
ith

th
is

d
efi

n
ition

of
con

sisten
cy,

w
e

ob
tain

th
e

follow
in

g
th

eorem
on

tw
o-sam

p
le

testin
g

fo
r

ra
n
d
o
m

d
o
t

p
ro

d
u
cts

on
th

e
sam

e
vertex

set
an

d
w

ith
k
n
ow

n
vertex

corresp
on

d
en

ce.

T
h

e
o
re

m
3
4

F
o
r

ea
ch

fi
xed

n
,

co
n

sid
er

th
e

h
ypo

th
esis

test

H
n0 ∶X

n =
W

Y
n

versu
s

H
na ∶X

n /=
W

Y
n

w
h
ere

X
n

a
n

d
Y
n ∈

R
n×
d

a
re

m
a
trices

o
f

la
ten

t
po

sitio
n

s
fo

r
tw

o
ra

n
d
o
m

d
o
t

p
rod

u
ct

gra
p
h
s.

L
et

X̂
n

a
n

d
Ŷ
n

be
th

e
a
d
ja

cen
cy

spectra
l

em
bed

d
in

gs
o
f
A
n ∼

B
ern

ou
lli(X

n
X ⊺n )

a
n

d
B
n ∼

B
ern

o
u
lli(Y

n
Y ⊺n ),

respectively.
D

efi
n

e
th

e
test

sta
tistic

T
n

a
s

fo
llo

w
s:

T
n =

m
in

W∈O(d) ∥X̂
n
W−

Ŷ
n ∥
F

√
d
γ −

1(A
n )+ √

d
γ −

1(B
n )
.

(31)

L
et
α∈(0,1)

be
given

.
T

h
en

fo
r

a
ll
C>

1,
if

th
e

rejectio
n

regio
n

is
R∶={t∈

R∶t≥
C},

th
en

th
ere

exists
a
n
n

1 =
n

1 (α
,C)∈

N
su

ch
th

a
t

fo
r

a
ll
n≥

n
1 ,

th
e

test
p
roced

u
re

w
ith

T
n

a
n

d
rejectio

n
regio

n
R

is
a
n

a
t

m
o
st

level
α

test,
th

a
t

is,
fo

r
a
ll
n≥

n
1 ,

if
X
n =

W
Y
n

,
th

en
P(T

n ∈
R)≤

α
.

F
u

rth
erm

o
re,

su
p
po

se
th

e
sequ

en
ce

o
f

la
ten

t
po

sitio
n

s{X
n }

a
n

d{Y
n },

n∈
N

,
a
d
h
ere

to
th

e
fo

llo
w

in
g

requ
irem

en
ts:

(i)
T

h
e

la
ten

t
po

sitio
n

s
sa

tisfy
th

e
eigen

ga
p

a
ssu

m
p
tio

n
s

in
A

ssu
m

p
tio

n
1
;

(ii)
W

ith
d
n

d
en

o
tin

g
th

e
qu

a
n

tity
d
n ∶=

m
in

W∈O(d) ∥X
n
W−

Y
n ∥,

su
p
po

se
d
n ≠

0
fo

r
in

fi
n

itely

m
a
n

y
n

.
L

et
t1 =

m
in{k>

0∶d
k >

0}
a
n

d
sequ

en
tia

lly
d
efi

n
e
tn =

m
in{k>

tn−
1 ∶d

k >
0}.

L
et
b
n =

d
t
n

.
S

u
p
po

se
lim

in
f
b
n =∞

.

T
h
en

th
is

test
p
roced

u
re

is
co

n
sisten

t
in

th
e

sen
se

o
f

D
efi

n
itio

n
3
3

o
ver

th
is

sequ
en

ce
o
f

la
ten

t
po

sitio
n

s.

R
e
m

a
rk

3
5

T
h
is

resu
lt

d
oes

n
o
t

requ
ire

th
a
t

A
n

a
n

d
B
n

be
in

d
epen

d
en

t
fo

r
a
n

y
fi

xed
n

,
n

o
r

th
a
t

th
e

sequ
en

ce
o
f

pa
irs(A

n
,B

n ),
n∈

N
,

be
in

d
epen

d
en

t.
F

u
rth

er,
w

ith
rega

rd
to

requ
irem

en
t

(ii)
a

bo
ve,

w
e

n
o
te

th
a
t

T
h
eo

rem
3
4

is
w

ritten
to

em
p
h
a
size

co
n

sisten
cy

in
th

e
sen

se
o
f

D
efi

n
itio

n
3
3
,

even
in

a
ca

se
w

h
en

,
fo

r
exa

m
p
le,

th
e

la
ten

t
po

sitio
n

sequ
en

ce
is

su
ch

th
a
t

X
n =

W
Y
n

fo
r

a
ll

even
n

,
bu

t
X
n

a
n

d
Y
n

a
re

su
ffi

cien
tly

fa
r

a
pa

rt
fo

r
od

d
n

.
In

a
d
d
itio

n
,

th
e

in
sisten

ce
th

a
t

lim
in

f
b
k =∞

ca
n

a
lso

be
rela

xed
so

m
ew

h
a
t.

S
pecifi

ca
lly,

co
n

sisten
cy

is
a
ch

ieved
a
s

lo
n

g
a
s

lim
in

f
n→∞ (∥X

n
W−

Y
n ∥
F −

C(X
n )−

C(Y
n ))>

0.

It
a
lso

p
o
ssib

le
to

con
stru

ct
an

alogou
s

tests
for

laten
t

p
osition

s
related

b
y

scalin
g

facto
rs,

o
r,

in
th

e
ca

se
o
f

th
e

d
egree-corrected

sto
ch

astic
b
lo

ck
m

o
d
el,

b
y

p
ro

jection
.

W
e

su
m

m
arize

th
ese

b
elow

,
b

egin
n
in

g
w

ith
th

e
case

of
scalin

g.

F
o
r

th
e

scalin
g

case,
letC=C(Y

n )
d
en

ote
th

e
class

o
f

all
p

ositive
con

stan
ts
c

for
w

h
ich

a
ll

th
e

en
tries

o
f
c

2Y
n
Y ⊺n

b
elon

g
to

th
e

u
n
it

in
terval.

W
e

w
ish

to
test

th
e

n
u
ll

h
y
p

oth
esis

35
JM

L
R

 18(226):1-92, 2018

A
t
h
r
e
y
a
e
t
a
l
.

H
0 ∶X

n =
W
c
n
Y
n

for
som

e
c
n ∈C

again
st

th
e

altern
ativ

e
H
a ∶X

n /=
W
c
n
Y
n

for
an

y
c
n ∈C

.
R

ecall,
again

,
th

at
ou

r
n
otation

d
en

otes
eq

u
ivalen

ce
u
p

to
d×

d
orth

ogon
al

tran
sform

ation
W

.
In

w
h
at

follow
s

b
elow

,
w

e
w

ill
on

ly
w

rite
c
n >

0,
b
u
t

w
ill

alw
ay

s
assu

m
e

th
at
c
n ∈C

,
sin

ce
th

e
p
rob

lem
is

ill-p
osed

oth
erw

ise.
T

h
e

test
statistic

T
n

is
n
ow

a
sim

p
le

m
o
d
ifi

cation
of

th
e

on
e

u
sed

in
T

h
eorem

34:
for

th
is

test,
w

e
com

p
u
te

a
P

ro
cru

stes
d
istan

ce
b

etw
een

scaled
ad

jacen
cy

sp
ectral

em
b

ed
d
in

gs
fo

r
th

e
tw

o
grap

h
s.

T
h

e
o
re

m
3
6

F
o
r

ea
ch

fi
xed

n
,

co
n

sid
er

th
e

h
ypo

th
esis

test

H
n0 ∶X

n =
W
c
n
Y
n

fo
r

so
m

e
c
n >

0
versu

s
H
na ∶X

n /=
W
c
n
Y
n

fo
r

a
ll
c
n >

0

w
h
ere

X
n

a
n

d
Y
n ∈

R
n×
d

a
re

la
ten

t
po

sitio
n

s
fo

r
tw

o
ra

n
d
o
m

d
o
t

p
rod

u
ct

gra
p
h
s

w
ith

a
d
ja

cen
cy

m
a
trices

A
n

a
n

d
B
n

,
respectively.

D
efi

n
e

th
e

test
sta

tistic
T
n

a
s

fo
llo

w
s:

T
n =

m
in

W∈O(d) ∥X̂
n
W/∥X̂

n ∥
F −

Ŷ
n /∥Ŷ

n ∥
F ∥

F

2 √
d
γ −

1(A
n )/∥X̂

n ∥
F +

2 √
d
γ −

1(B
n )/∥Ŷ

n ∥
F

.
(32)

L
et
α∈(0,1)

be
given

.
T

h
en

fo
r

a
ll
C>

1,
if

th
e

rejectio
n

regio
n

is
R∶={t∈

R∶t≥
C},

th
en

th
ere

exists
a
n
n

1 =
n

1 (α
,C)∈

N
su

ch
th

a
t

fo
r

a
ll
n≥

n
1 ,

th
e

test
p
roced

u
re

w
ith

T
n

a
n

d
rejectio

n
regio

n
R

is
a
n

a
t

m
o
st

level
α

test.
F

u
rth

erm
o
re,

co
n

sid
er

th
e

sequ
en

ce
o
f

la
ten

t
po

sitio
n{X

n }
a
n

d{Y
n },

n∈
N

,
sa

tisfyin
g

A
ssu

m
p
tio

n
1

a
n

d
d
en

o
te

by
d
n

th
e

qu
a
n

tity

d
n ∶=

m
in

W∈O(d) ∥X
n
W/∥X

n ∥
F −

Y
n /∥Y

n ∥
F ∥

F

1/∥X
n ∥
F +

1/∥Y
n ∥
F

=
m

in
W∈O(d) ∥X

n ∥Y
n ∥
F

W−
Y
n ∥X

n ∥
F ∥

F

∥X
n ∥
F +∥Y

n ∥
F

(33)

S
u

p
po

se
d
n ≠

0
fo

r
in

fi
n

itely
m

a
n

y
n

.
L

et
t1 =

m
in{k>

0∶
d
k >

0}
a
n

d
sequ

en
tia

lly
d
efi

n
e

tn =
m

in{k>
tn−

1 ∶
d
k >

0}.
L

et
b
n =

d
t
n

.
If

lim
in

f
b
n =∞

,
th

en
th

is
test

p
roced

u
re

is
co

n
sisten

t
in

th
e

sen
se

o
f

D
efi

n
itio

n
3
3

o
ver

th
is

sequ
en

ce
o
f

la
ten

t
po

sitio
n

s.

W
e

n
ex

t
con

sid
er

th
e

case
of

testin
g

w
h
eth

er
th

e
la

ten
t

p
osition

s
are

related
b
y

a
d
iagon

al
tran

sform
ation

:
th

at
is,

w
h
eth

er
H

0 ∶X
n =

W
D
n
Y
n

for
som

e
d
iagon

al
m

atrix
D
n
.

W
e

p
ro

ceed
an

alogou
sly

to
th

e
scalin

g
case,

ab
ove,

b
y

d
efi

n
in

g
th

e
classE=E(Y

n )
to

b
e

all
p

ositive
d
iagon

al
m

atrices
D
n ∈

R
n×
n

su
ch

th
a
t

D
n
Y
n
Y ⊺n D

n
h
as

all
en

tries
in

th
e

u
n
it

in
terval.

A
s

b
efore,

w
e

w
ill

alw
ay

s
assu

m
e

th
at

D
n

b
elon

gs
toE

,
even

if
th

is
assu

m
p
tion

is
n
ot

ex
p
licitly

stated
.

T
h
e

test
statistic

T
n

in
th

is
case

is
again

a
sim

p
le

m
o
d
ifi

cation
of

th
e

on
e

u
sed

in
T

h
eorem

34.
H

ow
ever,

for
tech

n
ical

reason
s,

ou
r

p
ro

of
of

con
sisten

cy
req

u
ires

an
ad

d
ition

al
con

d
ition

on
th

e
m

in
im

u
m

E
u
clid

ean
n
orm

of
each

row
o
f

th
e

m
atrices

X
n

an
d

Y
n
.

T
o

avoid
certain

tech
n
ical

issu
es,

w
e

im
p

ose
a

sligh
tly

stron
g
er

d
en

sity
assu

m
p
tion

on
ou

r
grap

h
s

for
th

is
test.

T
h
ese

assu
m

p
tion

s
can

b
e

w
eaken

ed
,

b
u
t

at
th

e
cost

of
in

ter-
p
retab

ility.
T

h
e

assu
m

p
tion

s
w

e
m

ak
e

on
th

e
laten

t
p

osition
s,

w
h
ich

w
e

su
m

m
arize

h
ere,

are
m

o
d
erate

restriction
s

on
th

e
sp

arsity
of

th
e

grap
h
s.

A
ssu

m
p

tio
n

2
W

e
a
ssu

m
e

th
a
t

th
ere

exists
d∈

N
su

ch
th

a
t

fo
r

a
ll
n

,
P
n

is
o
f

ra
n

k
d

.
F

u
rth

er,
w

e
a
ssu

m
e

th
a
t

th
ere

exist
co

n
sta

n
ts
ε
1 >

0
,
ε
2 ∈(0

,1),
c

0 >
0

a
n

d
n

0 (ε
1 ,ε

2 ,c)∈
N

3
6
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S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

su
ch

th
a
t

fo
r

a
ll
n
≥n 0

:

γ
(P n

)≥c
0
;

δ(P
n
)≥(

lo
g
n
)2
+ε 1

;
m

in i
∥X i

∥>⎛ ⎝lo
g
n

√ δ(
P
n
)⎞ ⎠1

−ε 2
(3

4)

W
e

th
en

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
3
7

F
o
r

ea
ch

fi
xe

d
n

,
co

n
si

d
er

th
e

h
yp

o
th

es
is

te
st

H
n 0
∶X n

= W
D
n
Y
n

fo
r

so
m

e
D
n
∈E

ve
rs

u
s
H
n a
∶X n

/= W
D
n
Y
n

fo
r

a
n

y
D
n
∈E

w
h
er

e
X
n

a
n

d
Y
n
∈Rn

×d
a
re

m
a
tr

ic
es

o
f

la
te

n
t

po
si

ti
o
n

s
fo

r
tw

o
ra

n
d
o
m

d
o
t

p
ro

d
u

ct
gr

a
p
h
s.

F
o
r

a
n

y
m

a
tr

ix
Z
∈Rn

×d ,
le

t
D(Z

)be
th

e
d
ia

go
n

a
l

m
a
tr

ix
w

h
o
se

d
ia

go
n

a
l

en
tr

ie
s

a
re

th
e

E
u

cl
id

ea
n

n
o
rm

o
f

th
e

ro
w

s
o
f

Z
a
n

d
le

t
P(Z

)be
th

e
m

a
tr

ix
w

h
o
se

ro
w

s
a
re

th
e

p
ro

je
ct

io
n

o
f

th
e

ro
w

s
o
f

Z
o
n

to
th

e
u

n
it

sp
h
er

e.
W

e
d
efi

n
e

th
e

te
st

st
a
ti

st
ic

a
s

fo
ll

o
w

s:

T
n
=

m
in

W
∈O(

d
)∥P(

X̂
n
)W

−P
(Ŷ n

)∥ F
2√ dγ

−1 (A
)∥D

−1 (X̂
n
)∥+

2
√ dγ

−1 (B
n
)∥D

−1 (Ŷ
n
)∥.

(3
5)

w
h
er

e
w

e
w

ri
te
D−1

(Z)
fo

r
(D(

Z
))−1

.
N

o
te

th
a
t
∥D−

1
(Z)

∥=1
/(m

in
i
∥Z i∥

).
L

et
α
∈(0

,1
)be

gi
ve

n
.

T
h
en

fo
r

a
ll
C
>1,

if
th

e
re

je
ct

io
n

re
gi

o
n

is
R
∶={t

∈R
∶t≥

C
},t

h
en

th
er

e
ex

is
ts

a
n
n

1
=n 1

(α,C
)∈N

su
ch

th
a
t

fo
r

a
ll
n
≥n 1

,
th

e
te

st
p
ro

ce
d
u

re
w

it
h
T
n

a
n

d
re

je
ct

io
n

re
gi

o
n
R

is
a
n

a
t

m
o
st

le
ve

l-
α

te
st

.
F

u
rt

h
er

m
o
re

,
co

n
si

d
er

th
e

se
qu

en
ce

o
f

la
te

n
t

po
si

ti
o
n

{X n
}an

d
{Y n

},n
∈N,

sa
ti

sf
yi

n
g

A
ss

u
m

p
ti

o
n

2
a
n

d
d
en

o
te

by
d
n

th
e

qu
a
n

ti
ty

d
n
∶=

m
in

W
∈O(

d
)∥P(

X
n
)W

−P
(Y n

)∥ F
∥D−

1
(X)

∥+∥
D−1

(Y)
∥

=D
P(X

n
,Y

n
)

(3
6)

S
u

p
po

se
d
n
≠0

fo
r

in
fi

n
it

el
y

m
a
n

y
n

.
L

et
t 1

=m
in
{k>

0
∶d k

>0}
a
n

d
se

qu
en

ti
a
ll

y
d
efi

n
e

t n
=m

in
{k>

t n
−1

∶d k
>0}

.
L

et
b n

=d t
n

.
If

li
m

in
f
b n

=∞
,

th
en

th
is

te
st

p
ro

ce
d
u

re
is

co
n

si
st

en
t

in
th

e
se

n
se

o
f

D
efi

n
it

io
n

3
3

o
ve

r
th

is
se

qu
en

ce
o
f

la
te

n
t

po
si

ti
o
n

s.

T
h
is

co
ll
ec

ti
on

of
se

m
ip

ar
am

et
ri

c
te

st
s

h
as

n
u
m

er
ou

s
ap

p
li
ca

ti
on

s
in

gr
ap

h
co

m
p
ar

is
on

;
in

S
ec

ti
on

6
,

w
e

d
es

cr
ib

e
it

s
u
se

in
co

n
n
ec

to
m

ic
s

an
d

b
ra

in
sc

an
d
at

a.
W

e
st

re
ss

,
th

ou
g
h
,

th
at

th
e

P
ro

cr
u
st

es
tr

an
sf

or
m

at
io

n
s

a
re

ra
th

er
cu

m
b

er
so

m
e,

an
d

th
ey

li
m

it
ou

r
ab

il
it

y
to

ge
n
er

al
iz

e
th

es
e

p
ro

ce
d
u
re

s
to

gr
ap

h
co

m
p
ar

is
on

s
in

vo
lv

in
g

m
or

e
th

an
tw

o
gr

ap
h
s.

A
s

a
co

n
se

q
u
en

ce
,

it
ca

n
b

e
u
se

fu
l

to
co

n
si

d
er

jo
in

t
or

o
m

n
ib

u
s

em
b

ed
d
in

gs
,

in
w

h
ic

h
ad

ja
ce

n
cy

m
at

ri
ce

s
fo

r
m

u
lt

ip
le

gr
ap

h
s

on
th

e
sa

m
e

ve
rt

ex
se

t
ar

e
jo

n
tl

y
em

b
ed

d
ed

in
to

a
si

n
gl

e
(l

ar
ge

r-
d
im

en
si

on
al

)
sp

ac
e,

b
u
t

w
it

h
a

d
is

ti
n

ct
re

p
re

se
n

ta
ti

o
n

fo
r

ea
ch

gr
a
p
h
.

F
or

an
il
lu

m
in

at
in

g
jo

in
t

gr
ap

h
in

fe
re

n
ce

st
u
d
y

on
th

e
C

.
el

eg
a
n

s
co

n
n
ec

to
m

e
th

at
ad

d
re

ss
es

so
m

ew
h
at

d
iff

er
en

t
q
u
es

ti
on

s
fr

om
se

m
ip

ar
am

et
ri

c
te

st
in

g,
se

e
C

h
en

et
al

.
(2

01
6)

.
S
im

u
lt

an
eo

u
sl

y
em

b
ed

d
in

g
m

u
lt

ip
le

gr
ap

h
s

in
to

a
sh

ar
ed

sp
ac

e
al

lo
w

s
co

m
p
ar

is
on

of
gr

ap
h
s

w
it

h
ou

t
th

e
n
ee

d
to

p
er

-
fo

rm
p
ai

rw
is

e
al

ig
n
m

en
ts

of
gr

ap
h

em
b

ed
d
in

gs
.

F
u
rt

h
er

,
a

d
is

ti
n
ct

re
p
re

se
n
ta

ti
on

of
ea

ch
gr

ap
h

re
n
d
er

s
th

e
om

n
ib

u
s

em
b

ed
d
in

g
es

p
ec

ia
ll
y

u
se

fu
l

fo
r

su
b
se

q
u
en

t
co

m
p
ar

at
iv

e
gr

ap
h

in
fe

re
n
ce

.
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8(

22
6)

:1
-9

2,
 2

01
8

A
t
h
r
e
y
a
e
t
a
l
.

5
.3

O
m

n
ib

u
s

e
m

b
e
d

d
in

g

In
L

ev
in

et
al

.
(2

01
7)

,
w

e
sh

ow
th

at
an

om
n
ib

u
s

em
b

ed
d
in

g—
th

at
is

,
a
n

em
b

ed
d
in

g
o
f

m
u
lt

ip
le

gr
ap

h
s

in
to

a
si

n
gl

e
sh

ar
ed

sp
ac

e—
ca

n
y
ie

ld
co

n
si

st
en

t
es

ti
m

at
es

o
f

u
n
d
er

ly
in

g
la

te
n
t

p
os

it
io

n
s.

M
or

eo
ve

r,
li
ke

th
e

ad
ja

ce
n
cy

sp
ec

tr
al

em
b

ed
d
in

g
fo

r
a

si
n
g
le

g
ra

p
h
,

th
e

ro
w

s
of

th
is

om
n
ib

u
s

em
b

ed
d
in

g,
su

it
ab

ly
-s

ca
le

d
,

ar
e

as
y
m

p
to

ti
ca

ll
y

n
or

m
al

ly
d
is

tr
ib

u
te

d
.

A
s

m
ig

h
t

b
e

an
ti

ci
p
at

ed
,

th
e

u
se

of
m

u
lt

ip
le

in
d
ep

en
d
en

t
gr

ap
h
s

ge
n
er

at
ed

fr
o
m

th
e

sa
m

e
la

te
n
t

p
os

it
io

n
s,

a
s

op
p

os
ed

ju
st

a
si

n
gl

e
gr

ap
h
,

y
ie

ld
s

a
re

d
u
ct

io
n

in
va

ri
an

ce
fo

r
th

e
es

ti
-

m
at

ed
la

te
n
t

p
os

it
io

n
s,

an
d

si
n
ce

th
e

om
n
ib

u
s

em
b

ed
d
in

g
p
ro

v
id

es
a

d
is

ti
n
ct

re
p
re

se
n
ta

ti
on

fo
r

ea
ch

gr
ap

h
,

su
b
se

q
u
en

tl
y

av
er

ag
in

g
th

es
e

es
ti

m
at

es
re

d
u
ce

s
th

e
va

ri
an

ce
fu

rt
h
er

st
il
l.

F
u
rt

h
er

,
th

e
om

n
ib

u
s

em
b

ed
d
in

g
al

lo
w

s
u
s

to
co

m
p
ar

e
gr

ap
h
s

w
it

h
ou

t
cu

m
b

er
so

m
e

P
ro

-
cr

u
st

es
al

ig
n
m

en
ts

,
b
u
t

w
it

h
n
ev

er
th

el
es

s
ve

ry
si

m
il
ar

em
p
ir

ic
al

p
ow

er
,

at
le

a
st

in
ce

rt
a
in

si
m

p
le

ca
se

s,
as

th
at

of
th

e
P

ro
cr

u
st

es
-c

en
te

re
d

se
m

ip
a
ra

m
et

ri
c

te
st

d
ec

ri
b

ed
ea

rl
ie

r.
In

su
m

,
th

e
om

n
ib

u
s

em
b

ed
d
in

g
ca

n
d
el

iv
er

n
ea

rl
y
-o

p
ti

m
al

es
ti

m
at

io
n

of
la

te
n
t

p
o
si

ti
o
n
s,

a
n
d

im
p
ro

ve
m

en
ts

in
te

st
in

g.
F

in
al

ly
,

w
h
en

em
b

ed
d
in

g
m
d
-d

im
en

si
on

al
ra

n
d
o
m

d
o
t

p
ro

d
u
ct

gr
ap

h
s,

ea
ch

w
it

h
n

ve
rt

ic
es

,
th

e
om

n
ib

u
s

em
b

ed
d
in

g
p
ro

v
id

es
a

m
at

ri
x

in
R
n
m
×d ,

w
it

h
a

se
p
ar

at
e

re
p
re

se
n
ta

ti
on

in
R
d

fo
r

ea
ch

v
er

te
x

in
ea

ch
gr

a
p
h
.

W
e

su
rm

is
e

th
a
t

th
is

d
is

ti
n
ct

re
p
re

se
n
ta

ti
on

m
ay

b
e

es
p

ec
ia

ll
y

h
el

p
fu

l
fo

r
in

fe
re

n
ce

ta
sk

s
su

ch
as

gr
ap

h
re

gr
es

si
o
n
,
es

ti
m

a
-

ti
on

of
ad

d
it

io
n
al

ve
rt

ex
co

va
ri

at
es

,
or

ch
an

ge
p

oi
n
t

d
et

ec
ti

on
in

a
ti

m
e

se
ri

es
o
f

g
ra

p
h
s,

a
n
d

th
e

im
p
ac

t
of

th
e

om
n
ib

u
s

em
b

ed
d
in

g
on

su
ch

p
ro

b
le

m
s

is
a

to
p
ic

of
cu

rr
en

in
ve

st
ig

a
ti

o
n
.

T
h
e

d
is

cu
ss

io
n

w
e

gi
ve

h
er

e
is

co
n
d
en

se
d

an
d

re
p
ro

d
u
ce

d
in

si
gn

ifi
ca

n
t

p
a
rt

s
fr

o
m

L
ev

in
et

al
.

(2
01

7)
.

T
o

co
n
st

ru
ct

th
e

om
n
ib

u
s

em
b

ed
d
in

g,
w

e
co

n
si

d
er

a
co

ll
ec

ti
on

o
f
m

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s,

al
l

w
it

h
th

e
sa

m
e

ge
n
er

at
in

g
la

te
n
t

p
os

it
io

n
s.

T
h
is

m
o
ti

va
te

s
th

e
fo

ll
ow

in
g

d
efi

n
it

io
n
:

D
e
fi

n
it

io
n

3
8

(C
o
n

d
it

io
n

a
ll
y

in
d

e
p

e
n

d
e
n
t,

id
e
n
ti

c
a
ll
y

d
is

tr
ib

u
te

d
jo

in
t

R
D

P
G

)
L

et
F

be
a
d

-d
im

en
si

o
n

a
l

in
n

er
p
ro

d
u

ct
d
is

tr
ib

u
ti

o
n

o
n
R
d
.

W
e

sa
y

th
a
t

ra
n

d
o
m

gr
a
p
h
s

A
(1) ,

A
(2) ,

..
.,

A
(m)

a
re

d
is

tr
ib

u
te

d
a
s

a
co

n
d
it

io
n
al

ly
in

d
ep

en
d
en

t,
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
jo

in
t

ra
n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
(c

iJ
R

D
P

G
)

a
n

d
w

ri
te

(A(
1
) ,A

(2) ,
..
.,

A
(m)

,X
)∼c

iJ
R

D
P

G
(F,n

,m
)

if
X

=[X
1
,X

2
,.
..
,X

n
]⊺ ∈

R
n
×d

h
a
s

it
s

(t
ra

n
sp

o
se

d
)

ro
w

s
d
is

tr
ib

u
te

d
i.

i.
d
.

a
s

X
i
∼F

,
a
n

d
w

e
h
a
ve

m
a
rg

in
a
l

d
is

tr
ib

u
ti

o
n

s
(A(

k
) ,X

)∼R
D

P
G
(F,n

)fo
r

ea
ch

k
=1,

2
,.
..
,m

.
T

h
a
t

is
,

th
e

A
(k)

a
re

co
n

d
it

io
n

a
ll

y
in

d
ep

en
d
en

t
gi

ve
n

X
,

w
it

h
ed

ge
s

in
d
ep

en
d
en

tl
y

d
is

tr
ib

u
te

d
a
s

A
(k) i,
j
∼Be

rn
ou

ll
i((X

X
⊺ ) ij

)fo
r

a
ll

1
≤i<

j
≤n

a
n

d
a
ll
k
∈[m

].
R

e
m

a
rk

3
9

W
e

o
bs

er
ve

th
a
t

th
e

n
o
ti

o
n

o
f

a
jo

in
t

ra
n

d
o
m

d
o
t

p
ro

d
u

ct
gr

a
p
h

ca
n

be
m

u
ch

m
o
re

ge
n

er
a
l

th
a
n

th
is

d
efi

n
it

io
n

a
lo

n
e,

a
n

d
in

d
ee

d
ca

n
a
ll

o
w

fo
r

d
iff

er
en

t
m

ec
h
a
n

is
m

s
o
f

d
ep

en
d
en

ce
a
cr

o
ss

gr
a
p
h
s.

H
er

e,
h
o
w

ev
er

,
w

e
a
re

in
te

re
st

ed
in

th
e

si
m

p
le

ca
se

in
w

h
ic

h
th

e
gr

a
p
h
s

a
re

a
ll

o
n

th
e

sa
m

e
ve

rt
ex

se
t,

a
n

d
la

te
n

t
po

si
ti

o
n

s
fo

r
th

e
gr

a
p
h
s

h
a
ve

th
e

sa
m

e
d
is

tr
ib

u
ti

o
n

;
gi

ve
n

th
e

la
te

n
t

po
si

ti
o
n

m
a
tr

ix
,

th
e
m

gr
a
p
h
s

a
re

ge
n

er
a
te

d
in

d
ep

en
d
en

tl
y

o
f

o
n

e
a
n

o
th

er
fr

o
m

th
e

sa
m

e
la

te
n

t
po

si
ti

o
n

s.

G
iv

en
a

se
t

of
m

ad
ja

ce
n
cy

m
at

ri
ce

s
d
is

tr
ib

u
te

d
as

(A(
1
) ,A

(2) ,
..
.,

A
(m)

,X
)∼c

iJ
R

D
P

G
(F,n

,m
)
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

fo
r

d
istrib

u
tion

F
on

R
d,

a
n
atu

ral
in

feren
ce

task
is

to
recover

th
e
n

la
ten

t
p

osition
s

X
1 ,X

2 ,...,X
n ∈

R
d

sh
ared

b
y

th
e

vertices
of

th
e
m

grap
h
s.

T
o

estim
a
te

th
e

u
n
d
erly

in
g

la-
ten

t
p

o
stio

n
s

from
th

ese
m

grap
h
s,

T
an

g
et

al.
(20

16)
p
rov

id
es

ju
stifi

ca
tion

for
th

e
estim

ate
X̄=

A
S
E(Ā

,d),
w

h
ere

Ā
is

th
e

sam
p
le

m
ean

of
th

e
ad

jacen
cy

m
atrices

A (1),A (2),...,A (m).
H

ow
ever,

X̄
is

ill-su
ited

to
an

y
task

th
at

req
u
ires

com
p
arin

g
la

ten
t

p
osition

s
across

th
e
m

g
ra

p
h
s,

sin
ce

th
e

X̄
estim

ate
collap

ses
th

e
m

grap
h
s

in
to

a
sin

gle
set

of
n

laten
t

p
o
sition

s.
T

h
is

m
o
tiva

tes
th

e
o
m

n
ibu

s
em

bed
d
in

g,
w

h
ich

still
y
ield

s
a

sin
gle

sp
ectral

d
eco

m
p

osition
,

b
u
t

w
ith

a
sep

a
rate

d
-d

im
en

sion
al

rep
resen

ta
tion

for
each

of
th

e
m

grap
h
s.

T
h
is

m
akes

th
e

o
m

n
ib

u
s

em
b

ed
d
in

g
u
sefu

l
for

sim
u

lta
n

eo
u

s
in

feren
ce

across
all

m
ob

served
grap

h
s.

D
e
fi

n
itio

n
4
0

(O
m

n
ib

u
s

e
m

b
e
d

d
in

g
)

L
et

A (1),A (2),...,A (m)∈
R
n×
n

be
a
d
ja

cen
cy

m
a
-

trices
o
f

a
co

llectio
n

o
f
m

u
n

d
irected

gra
p
h
s.

W
e

d
efi

n
e

th
e
m
n

-by-m
n

o
m

n
ibu

s
m

a
trix

o
f

A (1),A (2),...,A (m)
by

M= ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

A (1)
12 (A (1)+

A (2))
...

12 (A (1)+
A (m))

12 (A (2)+
A (1)2 )

A (2)
...

12 (A (2)+
A (m))

⋮
⋮

⋱
⋮

12 (A (m)+
A (1))

12 (A (m)+
A (2))

...
A (m)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(37)

a
n

d
th

e
d

-d
im

en
sio

n
a
l

om
n
ib

u
s

em
b

ed
d
in

g
o
f
A (1),A (2),...,A (m)

is
th

e
a
d
ja

cen
cy

spectra
l

em
bed

d
in

g
o
f

M
:

O
M

N
I(A (1),A (2),...,A (m),d)=

A
S
E(M

,d).
w

h
ere

A
S
E

is
th

e
d
-d

im
en

sion
al

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
.

U
n
d
er

th
e

ciJ
R

D
P

G
m

o
d
el,

given
th

e
la

ten
t

p
osition

s
X

,
th

e
om

n
ib

u
s

m
atrix

h
as

ex
p

ected
valu

e

E
M=

P̃=
J
m ⊗

P=
U

P̃
S
P̃

U ⊺̃P

fo
r

U
P̃ ∈

R
m
n×
d

h
av

in
g
d

orth
on

orm
al

colu
m

n
s

an
d

S
P̃ ∈

R
d×
d

d
iagon

al.
S
in

ce
M

is
a

rea
so

n
a
b
le

estim
ate

for
P̃=

E
M

,
th

e
m

atrix
Ẑ=

O
M

N
I(A (1),A (2),...,A (m),d)

is
a

n
atu

ral
estim

a
te

o
f

th
e
m
n

laten
t

p
osition

s
collected

in
th

e
m

atrix
Z=[X ⊺

X ⊺
...

X ⊺] ⊺∈
R
m
n×
d.

H
ere

a
g
a
in

,
a
s

in
R

em
ark

7,
Ẑ

on
ly

recovers
th

e
tru

e
laten

t
p

osition
s

Z
u
p

to
an

orth
ogo

n
al

rota
tio

n
.

T
h
e

m
atrix

Z ∗= ⎡⎢⎢⎢⎢⎢⎢⎢⎣ X ∗X ∗⋮X ∗ ⎤⎥⎥⎥⎥⎥⎥⎥⎦ =
U

P̃
S

1/2P̃ ∈
R
m
n×
d,

(38)

p
rov

id
es

a
rea

son
ab

le
can

on
ical

ch
oice

of
laten

t
p

osition
s,

so
th

at
Z=

Z ∗W
for

so
m

e
su

ita
b
ly

-ch
o
sen

orth
ogon

al
m

atrix
W∈

R
d×
d;

again
,

ju
st

as
for

a
sin

gle
ran

d
om

d
ot

p
ro

d
u
ct

g
ra

p
h
,

sp
ectra

l
em

b
ed

d
in

g
of

th
e

om
n
ib

u
s

m
atrix

is
a

con
sisten

t
estim

ator
for

th
e

laten
t

p
o
sitio

n
s

(u
p

to
rotation

).

B
elow

,
w

e
sta

te
p
recise

resu
lts

on
con

sisten
cy

an
d

a
sy

m
p
totic

n
orm

ality
of

th
e

em
b

ed
d
in

g
o
f

th
e

o
m

n
ib

u
s

m
atrix

M
.

T
h
e

p
ro

ofs
are

sim
ilar

to,
b
u
t

som
ew

h
at

m
ore

in
volved

th
an

,
th

e
a
fo

rem
en

tion
ed

an
alogu

es
for

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
fo

r
on

e
grap

h
.

W
e

also
d
em

o
n
stra

te
from

sim
u
lation

s
th

at
th

e
om

n
ib

u
s

em
b

ed
d
in

g
can

b
e

su
ccessfu

lly
leveraged

fo
r

su
b
seq

u
en

t
in

feren
ce,

sp
ecifi

cally
tw

o-sam
p
le

testin
g.
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A
t
h
r
e
y
a
e
t
a
l
.

F
irst,

L
em

m
a

41
sh

ow
s

th
at

th
e

om
n
ib

u
s

em
b

ed
d
in

g
p
rov

id
es

u
n
iform

ly
con

sisten
t

estim
ates

of
th

e
tru

e
laten

t
p

osition
s,

u
p

to
an

orth
ogon

al
tran

sform
ation

,
ro

u
gh

ly
an

alogou
s

to
L

em
m

a
5

in
L

y
zin

sk
i

et
al.

(2014).
L

em
m

a
41

sh
ow

s
con

sisten
cy

of
th

e
om

n
ib

u
s

em
b

ed
d
in

g
u
n
d
er

th
e

2→∞
n
orm

,
im

p
ly

in
g

th
a
t

all
m
n

of
th

e
estim

ated
laten

t
p

osition
s

are
n
ear

(a
rotation

of)
th

eir
corresp

on
d
in

g
tru

e
p

o
sition

s.

L
e
m

m
a

4
1

W
ith

P̃
,

M
,

U
M

,
a
n

d
U

P̃
d
efi

n
ed

a
s

a
bo

ve,
th

ere
exists

a
n

o
rth

ogo
n

a
l

m
a
trix

W̃∈
R
d×
d

su
ch

th
a
t

w
ith

h
igh

p
ro

ba
bility,

∥U
M

S
1/2M −

U
P̃

S
1/2P̃

W̃∥
2→∞ ≤

C
m

1/2
log

m
n

√
n

.
(39)

A
s

w
ith

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g,
w

e
on

ce
again

can
sh

ow
th

e
asy

m
p
totic

n
orm

ality
of

th
e

in
d
iv

id
u
al

row
s

of
th

e
om

n
ib

u
s

em
b

ed
d
in

g.
N

ote
th

at
th

e
covarian

ce
m

atrix
d
o
es

ch
an

ge
w

ith
m

,
an

d
for

m
large,

th
is

resu
lts

in
a

n
on

triv
ial

varian
ce

red
u
ctio

n
.

T
h

e
o
re

m
4
2
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W̃

n −
Z )

h ≤
x]=∫

su
p

p
F

Φ(x
,Σ(y))

d
F(y),

w
h
ere

Σ(y)=(m+
3)∆ −

1Σ̃(y)∆ −
1/(4

m),
∆=

E[X
1 X ⊺1 ]

a
n

d

Σ̃(y)=
E [(y ⊺X

1 −(y ⊺X
1 )

2)X
1 X ⊺1 ]

.

N
ex

t,
w

e
su

m
m

arize
from

L
ev

in
et

al.
(2017)

ex
p

erim
en

ts
on

sy
n
th

etic
d
ata

ex
p
lorin

g
th

e
effi

cacy
of

th
e

om
n
ib

u
s

em
b

ed
d
in

g
d
escrib

ed
ab

ove.
If

w
e

m
erely

w
ish

to
estim

a
te

th
e

laten
t

p
osition

s
X

of
a

set
of
m

grap
h
s(A (1),A (2),...,A (m),X)∼

ciJ
R

D
P

G(F
,n
,m),

th
e

estim
ate

X̄=
A

S
E(∑

mi=
1
A (i)/m

,d),
th

e
em

b
ed

d
in

g
of

th
e

sam
p
le

m
ean

of
th

e
ad

jacen
cy

m
atrices

p
erform

s
w

ell
asy

m
p
totically

(see
T

an
g

et
al.,

2016).
In

d
eed

,
all

else
eq

u
al,

th
e

em
b

ed
d
in

g
X̄

is
p
referab

le
to

th
e

om
n
ib

u
s

em
b

ed
d
in

g
if

on
ly

b
ecau

se
it

req
u
ires

an
eigen

d
ecom

p
ositio

n
of

an
n

-b
y
-n

m
atrix

rath
er

th
an

th
e

m
u
ch

larger
m
n

-b
y
-m
n

om
n
ib

u
s

m
atrix

.

O
f

cou
rse,

th
e

om
n
ib

u
s

em
b

ed
d
in

g
ca

n
still

b
e

u
sed

to
to

estim
ate

th
e

laten
t

p
osition

s,
p

oten
tially

at
th

e
cost

of
in

creased
varian

ce.
F

igu
re

5
com

p
ares

th
e

m
ean

-sq
u
ared

error
of

variou
s

tech
n
iq

u
es

for
estim

atin
g

th
e

laten
t

p
osition

s
for

a
ran

d
om

d
ot

p
ro

d
u
ct

grap
h
.

T
h
e

fi
gu

re
p
lots

th
e

(em
p
irical)

m
ean

sq
u
ared

error
in

recov
erin

g
th

e
la

ten
t

p
osition

s
of

a
3-d

im
en

sion
al

ciJ
R

D
P

G
as

a
fu

n
ction

of
th

e
n
u
m

b
er

of
vertices

n
.

E
ach

p
o
in

t
in

th
e

p
lot

is
th

e
em

p
irical

m
ean

of
50

in
d
ep

en
d
en

t
trials;

in
each

trial,
th

e
laten

t
p

ositio
n
s

are

40
JM

L
R

 18(226):1-92, 2018



S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

●

●

●
●

●

●
●

●
●

●

●

●
●

●

●

●
●

●
●

●

●

●
●

●

●

●
●

●
●

●

●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●
●

●
●

●

10

20
30

50
80

10
0

20
0

30
0

50
0

80
01

00
0

N
um

be
r 

of
 v

er
tic

es
 (

lo
g 

sc
al

e)

Mean Squared Error (log scale)

M
et

ho
d

● ● ● ● ●

A
ba

r

A
S

E
1

O
M

N
I

O
M

N
Ib

ar

P
R

O
C

ba
r

F
ig

u
re

5:
M

ea
n

sq
u
ar

ed
er

ro
r

(M
S
E

)
in

re
co

ve
ry

of
la

te
n
t

p
os

it
io

n
s

(u
p

to
ro

ta
ti

on
)

in
a

2-
gr

ap
h

jo
in

t
R

D
P

G
m

o
d
el

as
a

fu
n
ct

io
n

of
th

e
n
u
m

b
er

of
ve

rt
ic

es
.

P
er

fo
rm

an
ce

of
A

S
E

ap
p
li
ed

to
a

si
n
gl

e
gr

ap
h

(r
ed

),
A

S
E

em
b

ed
d
in

g
of

th
e

m
ea

n
gr

ap
h

(g
ol

d
),

th
e

P
ro

cr
u
st

es
-

b
as

ed
p
ai

rw
is

e
em

b
ed

d
in

g
(b

lu
e)

,
th

e
om

n
ib

u
s

em
b

ed
d
in

g
(g

re
en

)
an

d
th

e
m

ea
n

om
n
ib

u
s

em
b

ed
d
in

g
(p

u
rp

le
).

E
ac

h
p

oi
n
t

is
th

e
m

ea
n

of
5
0

tr
ia

ls
;

er
ro

r
b
ar

s
in

d
ic

at
e
±2(S

E
).

M
ea

n
om

n
ib

u
s

em
b

ed
d
in

g
(O

M
N

Ib
ar

)
is

co
m

p
et

it
iv

e
w

it
h

A
S
E
(Ā,
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Ẑ
=AS

E
(M,

3),w
h
er

e
M

is
as

in
E

q
u
at

io
n

(3
7)

.
W

e
th

en
u
se

on
ly

th
e

fi
rs

t
n

ro
w

s
of

Ẑ
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h
av

e
ed

ge
s

d
is

tr
ib

u
te

d
in

d
ep

en
d
en

tl
y

as
A
(1) ij

∼B
er

n
o
u
ll
i(X

⊺ iX
j
).

S
im

il
ar

ly
,
le

t
G

2
h
av

e
ad

ja
ce

n
cy

m
at

ri
x

A
(2)

w
it

h
ed

ge
s

d
is

tr
ib

u
te

d
in

d
ep

en
d
en

tl
y

a
s

A
(2) ij

∼
B

er
n
ou

ll
i(Y

⊺ iY
j
).C

on
si

d
er

th
e

fo
ll
ow

in
g

n
u
ll

h
y
p

ot
h
es

is
:

H
0
∶X

= W
Y

(4
0)

w
h
er

e
X

an
d

Y
ar

e
th

e
m

at
ri

ce
s

w
h
os

e
ro

w
s

ar
e

th
e

la
te

n
t

p
os

it
io

n
s

X
i,

Y
i,

re
sp

ec
ti

v
el

y.
T

h
e

om
n
ib

u
s

em
b

ed
d
in

g
p
ro

v
id

es
a

n
at

u
ra

l
te

st
of

th
is

n
u
ll

h
y
p

ot
h
es

is
(4

0)
b
y

co
m

p
a
ri

n
g

th
e

fi
rs

t
n

an
d

la
st
n

ro
w

s
of

a
lo

w
er

-d
im

en
si

on
al

em
b

ed
d
in

g
of

th
e

om
n
ib

u
s

m
a
tr

ix

M
=[

A
(1)

(A(
1
) +A

(2) )
/2

(A(
1
) +A

(2) )
/2

A
(2)

].
In

tu
it

iv
el

y,
w

h
en

H
0

h
ol

d
s,

th
e

d
is

tr
ib

u
ti

on
a
l

re
su

lt
in

T
h
eo

re
m

42
h
ol

d
s,

an
d

th
e
i-

th
a
n
d

(n+
i)-th

ro
w

s
of

O
M

N
I(A

(1) ,
A
(2) ,

d
)ar

e
eq

u
id

is
tr

ib
u
te

d
(t

h
ou

gh
th

ey
ar

e
n
o
t

in
d
ep

en
-

d
en

t)
.

O
n

th
e

ot
h
er

h
an

d
,

w
h
en

H
0

fa
il
s

to
h
ol

d
,

th
er

e
ex

is
ts

at
le

as
t

on
e
i
∈[n

]for
w

h
ic

h
th

e
i-

th
an

d
(n+

i)-th
ro

w
s

of
M

ar
e

n
o
t

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
,

an
d

th
u
s

th
e

co
rr

es
p

o
n
d
in

g
em

b
ed

d
in

gs
ar

e
al

so
d
is

tr
ib

u
ti

on
al

ly
d
is

ti
n
ct

.
T

h
is

su
gg

es
ts

a
te

st
th

at
co

m
p
a
re

s
th

e
fi
rs

t
n

ro
w

s
of

O
M

N
I(A

(1) ,
A
(2) ,

d
)ag

ai
n
st

th
e

la
st
n

ro
w

s.
T

h
at

is
,

ou
r

om
n
ib

u
s

te
st

st
a
ti

st
ic

si
m

p
ly

co
n
si

d
er

s
th

e
F

ro
b

en
iu

s
n
or

m
of

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

to
p
n
×d

su
b
m

a
tr

ix
of

th
e

om
n
ib

u
s

em
b

ed
d
in

g
an

d
th

e
b

ot
to

m
n
×d

su
b
m

at
ri

x
of

th
e

om
n
ib

u
s

em
b

ed
d
in

g,
w

it
h

n
o

P
ro

cr
u

st
es

a
li

gn
m

en
t.

H
er

e,
w

e
em

p
ir

ic
al

ly
ex

p
lo

re
th

e
p

ow
er

th
is

te
st

a
g
a
in

st
it

s
P

ro
cr

u
st

es
-b

as
ed

al
te

rn
at

iv
e

fr
om

T
an

g
et

a
l.

(2
01

7a
).

W
e

d
ra

w
X

1
,X

2
,.
..
,X

n
∈R3

i.
i.
d
.

ac
co

rd
in

g
to

a
D

ir
ic

h
le

t
d
is

tr
ib

u
ti

on
F

w
it

h
p
a
ra

m
et

er
α⃗
=[1

,1
,1

]⊺ .
W

it
h

X
d
efi

n
ed

as
th

e
m

at
ri

x
X

=[X
1
X

2
..
.X

n
]⊺ ∈

R
n
×3 ,

le
t

g
ra

p
h
G

1
h
av

e
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

a
d
ja

cen
cy

m
atrix

A (1),
w

h
ere

A (1)ij ∼
B

ern
ou

lli((X
X ⊺)

ij ).
W

e
gen

erate
a

seco
n
d

grap
h
G

2

b
y

fi
rst

d
raw

in
g

ran
d
om

p
oin

ts
Z

1 ,Z
2 ,...,Z

n
i.i.d

.
∼

F
.

S
electin

g
a

set
of

in
d
ices

I⊂[n]
of

size
k<

n
u
n
ifo

rm
ly

at
ran

d
om

from
am

on
g

all
su

ch (
nk )

sets,
w

e
let

G
2

h
ave

laten
t

p
osition

s

Y
i = ⎧⎪⎪⎨⎪⎪⎩

Z
i

if
i∈
I

X
i

oth
erw

ise.

W
ith

Y
th

e
m

atrix
Y=[Y

1 ,Y
2 ,...,Y

n ] ⊺∈
R
n×

3,
w

e
gen

erate
gra

p
h
G

2
w

ith
ad

jacen
cy

m
a
trix

A (2),
w

h
ere

A (2)ij ∼
B

ern
ou

lli((Y
Y ⊺)

ij ).
W

e
w

ish
to

test

H
0 ∶X=

W
Y
.

(41)

C
o
n
sid

er
tw

o
d
iff

eren
t

tests,
on

e
b
ased

on
a

P
ro

cru
stes

align
m

en
t

of
th

e
a
d
jacen

cy
sp

ectral
em

b
ed

d
in

g
s

o
f
G

1
an

d
G

2 ,
as

in
T

an
g

et
al.

(2017a),
an

d
th

e
oth

er
b
ased

on
th

e
om

n
ib

u
s

em
b

ed
d
in

g
.

B
oth

ap
p
roach

es
are

b
ased

on
estim

ates
of

th
e

laten
t

p
osition

s
of

th
e

tw
o

g
ra

p
h
s.

In
b

oth
cases

w
e

u
se

a
test

statistic
th

at
is

som
e

varian
t

of
th

e
form

T=∑
ni=

1 ∥X̂
i −

Ŷ
i ∥

2F
,

a
n
d

a
ccep

t
or

reject
b
ased

on
a

M
o
n
te

C
arlo

estim
ate

of
th

e
critical

valu
e

of
T

u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis,

in
w

h
ich

X
i =

Y
i

for
all

i∈[n].
In

each
trial,

w
e

u
se

500
M

on
te

C
arlo

iterates
to

estim
ate

th
e

d
istrib

u
tion

of
T

.

W
e

n
o
te

th
a
t

in
th

e
ex

p
erim

en
ts

p
resen

ted
h
ere,

w
e

assu
m

e
th

at
th

e
laten

t
p

osition
s

X
1 ,X

2 ,...,X
n

of
grap

h
G

1
are

k
n
ow

n
for

sam
p
lin

g
p
u
rp

oses,
so

th
at

th
e

m
atrix

P=
E

A (1)
is

k
n
ow

n
ex

a
ctly,

rath
er

th
an

estim
ated

from
th

e
ob

served
ad

jacen
cy

m
atrix

A (1).
T

h
is

a
llow

s
u
s

to
sa

m
p
le

from
th

e
tru

e
n
u
ll

d
istrib

u
tion

.
A

s
p
roved

in
L

y
zin

sk
i

et
al.

(2014),
th

e
estim

a
ted

la
ten

t
p

osition
s

X̂
1 =

A
S
E(A (1))

an
d

X̂
2 =

A
S
E(A (2))

recov
er

th
e

tru
e

la
ten

t
p

o
sitio

n
s

X
1

a
n
d

X
2

(u
p

to
rotation

)
to

arb
itrary

accu
racy

in(2
,∞)-n

orm
for

su
itab

ly
large

n
(L

y
zin

sk
i

et
al.,

2014).
W

ith
ou

t
u
sin

g
th

is
k
n
ow

n
m

atrix
P

,
w

e
w

ou
ld

req
u
ire

th
at

ou
r

m
a
trices

h
ave

ten
s

of
th

ou
san

d
s

of
vertices

b
efore

th
e

varian
ce

asso
ciated

w
ith

estim
atin

g
th

e
la

ten
t

p
o
sition

s
w

ou
ld

n
o

lon
ger

overw
h
elm

th
e

sign
al

p
resen

t
in

th
e

few
altered

laten
t

p
o
sitio

n
s.

T
h
ree

m
a

jo
r

fa
ctors

in
fl
u
en

ce
th

e
com

p
lex

ity
of

testin
g

th
e

n
u
ll

h
y
p

oth
esis

in
E

q
u
ation

(41):
th

e
n
u
m

b
er

o
f

vertices
n

,
th

e
n
u
m

b
er

of
ch

an
ged

laten
t

p
osition

s
k=∣I∣,

an
d

th
e

d
istan

ces
∥X

i −
Y
i ∥
F

b
etw

een
th

e
laten

t
p

osition
s.

T
h
e

th
ree

p
lots

in
F

igu
re

6
illu

strate
th

e
fi
rst

tw
o

o
f

th
ese

th
ree

factors.
T

h
ese

th
ree

p
lots

sh
ow

th
e

p
ow

er
of

tw
o

d
iff

eren
t

ap
p
roach

es
to

testin
g

th
e

n
u
ll

h
y
p

oth
esis

(41)
for

d
iff

eren
t

sized
grap

h
s

an
d

for
d
iff

eren
t

valu
es

of
k
,

th
e

n
u
m

b
er

o
f

a
ltered

laten
t

p
osition

s.
In

all
th

ree
co

n
d
itio

n
s,

b
oth

m
eth

o
d
s

im
p
rove

as
th

e
n
u
m

b
er

o
f

vertices
in

creases,
as

ex
p

ected
,

esp
ecially

sin
ce

w
e

d
o

n
ot

req
u
ire

estim
ation

of
th

e
u
n
d
erly

in
g

ex
p

ected
m

atrix
P

for
M

on
te

C
arlo

estim
ation

of
th

e
n
u
ll

d
istrib

u
tion

of
th

e
test

sta
tistic.

W
e

see
th

at
w

h
en

on
ly

on
e

v
ertex

is
ch

an
ged

,
n
eith

er
m

eth
o
d

h
as

p
ow

er
m

u
ch

a
b

ove
0.2

5
.

H
ow

ever,
in

th
e

case
of
k=

5
an

d
k=

10,
is

it
clear

th
at

th
e

om
n
ib

u
s-b

ased
test

ach
iev

es
h
igh

er
p

ow
er

th
an

th
e

P
ro

cru
stes-b

ased
test,

esp
ecially

in
th

e
ran

ge
of

30
to

2
5
0

vertices.
A

m
ore

d
etailed

ex
am

in
ation

of
th

e
relative

im
p
act

of
th

ese
factors

in
testin

g
is

g
iv

en
in

L
ev

in
et

al.
(2017).

W
e

n
ote

th
at

ou
r

p
resen

t
p

ow
er

an
aly

sis
is

lim
ited

to
a
n

em
p
irical

stu
d
y

in
a

few
sp

ecial
cases,

an
d

a
m

ore
d
etailed

an
aly

sis
of

th
eoretical

p
ow

er
g
u
a
ra

n
tees

fo
r

th
is

em
b

ed
d
in

g
is

on
goin

g.
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A
t
h
r
e
y
a
e
t
a
l
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P
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F
igu

re
6:

P
ow

er
of

th
e

A
S
E

-b
ased

(b
lu

e)
an

d
om

n
ib

u
s-b

ased
(green

)
tests

to
d
etect

w
h
en

th
e

tw
o

grap
h
s

b
ein

g
testin

g
d
iff

er
in

(a)
o
n
e,

(b
)

fi
ve,

an
d

(c)
ten

of
th

eir
laten

t
p

osition
s.

E
ach

p
oin

t
is

th
e

p
rop

ortion
of

100
0

trials
for

w
h
ich

th
e

giv
en

tech
n
iq

u
e

correctly
rejected

th
e

n
u
ll

h
y
p

oth
esis,

an
d

error
b
ars

d
en

ote
tw

o
stan

d
ard

errors
of

th
is

em
p
irical

m
ean

in
eith

er
d
irection

.
F

igu
re

d
u
p
licated

from
L

ev
in

et
al.

(2017).

In
su

m
,

ou
r

om
n
ib

u
s

em
b

ed
d
in

g
p
rov

id
es

a
n
atu

ral
m

ech
a
n
ism

for
th

e
sim

u
ltan

eo
u
s

em
-

b
ed

d
in

g
of

m
u
ltip

le
grap

h
s

in
to

a
sin

gle
v
ector

sp
ace.

T
h
is

elim
in

ates
th

e
n
eed

for
m

u
ltip

le
P

ro
cru

stes
align

m
en

ts,
w

h
ich

w
ere

req
u
ired

in
p
rev

iou
sly

-ex
p
lored

ap
p
roach

es
to

m
u
ltip

le-
grap

h
testin

g
(see

T
an

g
et

al.,
2017a).

In
th

e
P

ro
cru

stes-b
a
sed

ap
p
roach

,
each

grap
h

is
em

b
ed

d
ed

sep
arately,

y
ield

in
g

estim
ates

X
1

an
d

X
2 ,

a
n
d

th
e

test
statistic

is

m
in

W∈O
d ∥X̂

1 −
X̂

2 W∥
F
,

(42)

U
n
d
er

th
e

n
u
ll

h
y
p

oth
esis,

a
su

itab
le

rescalin
g

of
th

is
con

verges
as
n→∞

.
T

h
e

eff
ect

of
th

is
P

ro
cru

stes
align

m
en

t
on

su
b
seq

u
en

t
in

feren
ce

is
ill-u

n
d
ersto

o
d
;

it
h
as

th
e

p
oten

tial
to

in
tro

d
u
ce

varian
ce,

an
d

ou
r

sim
u
lation

s
resu

lts
su

ggest
th

at
it

n
egatively

im
p
acts

p
erfor-

m
an

ce
in

b
oth

estim
ation

an
d

testin
g

settin
gs.

F
u
rth

erm
ore,

w
h
en

th
e

m
atrix

P=
X

X ⊺
d
o
es

n
ot

h
ave

d
istin

ct
eigen

valu
es

(an
d

is
th

u
s

n
ot

u
n
iq

u
ely

d
iagon

alizab
le),

th
is

P
ro

cru
stes

step
is

u
n
avoid

ab
le,

sin
ce

th
e

d
iff

eren
ce∥X̂

1 −
X̂

2 ∥
F

n
eed

n
o
t

con
verge

at
all.

In
con

trast,
ou

r
om

n
ib

u
s

em
b

ed
d
in

g
b
u
ild

s
an

align
m

en
t

of
th

e
grap

h
s

in
to

its
very

stru
c-

tu
re.

T
o

see
th

is,
con

sid
er,

for
sim

p
licity,

th
e
m=

2
case.

L
et

X∈
R
n×
d

b
e

th
e

m
atrix

w
h
ose

row
s

are
th

e
laten

t
p

osition
s

of
b

oth
grap

h
s
G

1
an

d
G

2 ,
an

d
let

M∈
R

2
n×

2
n

b
e

th
eir

om
n
ib

u
s

m
atrix

.
T

h
en

E
M=

P̃=[ P
P

P
P ]=[ XX ][ XX ] ⊺

.

S
u
p
p

ose
n
ow

th
at

w
e

w
ish

to
factorize

P̃
as

P̃=[
X

X
W

∗ ][
X

X
W

∗ ] ⊺=[
P

X(W
∗) ⊺X ⊺

X
W

∗X ⊺
P

]
.

T
h
at

is,
w

e
w

an
t

to
con

sid
er

grap
h
s
G

1
an

d
G

2
a
s

b
ein

g
gen

erated
from

th
e

sam
e

laten
t

p
osition

s,
b
u
t

in
on

e
case,

say,
u
n
d
er

a
d
iff

eren
t

rotation
.

T
h
is

p
ossib

ility
n
ecessitates

th
e

P
ro

cru
stes

align
m

en
t

in
th

e
case

of
sep

arately
-em

b
ed

d
ed

grap
h
s.

In
th
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d
istribu

tio
n
G

,
a
n

d
X

is
in

d
epen

d
en

t
o
f
Y

.
T

h
en

∥µ[F]−
µ[G]∥

2H =
su

p
h∈H∶∥h∥H ≤

1 ∣E
F [h]−

E
G [h]∣ 2

=
E[κ(X

,X ′)]−
2E[κ(X

,Y)]+
E[κ(Y

,Y ′)].
(43)

G
iven

X={X
i }
ni=

1
a
n

d
Y={Y

k }
mk=

1
w

ith{X
i }

i.i.d
∼

F
a
n

d{Y
i }

i.i.d
∼

G
,

th
e

qu
a
n

tity
U
n
,m (X

,Y)
d
efi

n
ed

by

U
n
,m (X

,Y)=
1

n(n−
1) ∑j/=

i κ(X
i ,X

j )−
2m
n

n∑i=
1

m∑k=
1

κ(X
i ,Y

k )
+

1

m(m−
1) ∑l/=

k

κ(Y
k ,Y

l )
(44)

is
a
n

u
n

bia
sed

co
n

sisten
t

estim
a
te

o
f∥µ[F]−

µ[G]∥
2H

.
D

en
o
te

by
κ̃

th
e

kern
el

κ̃(x
,y)=

κ(x
,y)−

E
z κ(x

,z)−
E
z ′κ(z ′,y)+

E
z
,z ′κ(z

,z ′)
w

h
ere

th
e

expecta
tio

n
is
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w
ith

respect
to
z
,z ′∼

F
.

S
u

p
po

se
th

a
t

m
m+

n →
ρ∈(0,1)

a
s

m
,n→∞

.
T

h
en

u
n

d
er

th
e

n
u

ll
h
ypo

th
esis

o
f
F=

G
,

(m+
n)U

n
,m (X

,Y)
d
Ð→

1

ρ(1−
ρ) ∞∑l=

1

λ
l (χ

21
l −

1)
(45)

w
h
ere{χ
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l } ∞l=
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en
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o
f
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d
epen
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en

t
χ

2
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n
d
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w
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d
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o
f

freed
o
m
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d{λ
l }

a
re

th
e

eigen
va

lu
es

o
f

th
e

in
tegra

l
o
pera

to
rI

F
,κ̃ ∶H↦H

d
efi

n
ed

a
s

I
F
,κ̃ (φ)(x)=∫

Ω
φ(y)κ̃(x

,y)d
F(y).

F
in
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if
κ
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a

u
n

iversa
l
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r

ch
a
ra

cteristic
kern

el
(S

riperu
m
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d
u

r
et

a
l.,

2
0
1
1
;

S
tein

w
a
rt,

2
0
0
1
),

th
en

µ
is

a
n

in
jective

m
a
p
:

th
a
t

is,
µ[F]=

µ[G]
if

a
n

d
o
n

ly
if
F=

G
.

R
e
m

a
rk

4
4

A
kern

el
κ∶X×X↦

R
is

u
n

iversa
l

if
κ

is
a

co
n

tin
u

o
u

s
fu

n
ctio

n
o
f

bo
th

its
a
rgu

m
en

ts
a
n

d
if

th
e
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rod

u
cin

g
kern

el
H

ilbert
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ceH
in

d
u

ced
by

κ
is

d
en

se
in

th
e
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ce

o
f
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n

tin
u

o
u

s
fu

n
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n
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w
ith

respect
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th
e
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p
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u
m

n
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L
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m
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f

B
o
rel

p
ro
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bility
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ea
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res
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nX

.
A

kern
el
κ

is
ch

a
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cteristic
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if

th
e

m
a
p

µ∈M
↦∫

κ(⋅,z)µ(d
z)

is
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jective.
If
κ
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l,
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en
κ
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ch

a
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r
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n

y
M

(S
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m
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d
u
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et

a
l.,

2
0
1
1
).

A
s
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n

exa
m

p
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letX
be

a
fi

n
ite

d
im

en
sio

n
a
l

E
u
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ea

n
spa

ce
a
n

d
d
efi

n
e,

fo
r

a
n

y
q∈(0,2),

k
q (x

,y)=
12 (∥x∥

q+∥y∥
q−∥x−

y∥
q).
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h
e
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els

k
q
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th
en
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cteristic
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r
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e
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f
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ro
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bility

d
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n
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2
0
1
3
;

S
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0
1
3
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In
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d
d
itio

n
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by
E

q.
(43),

th
e

m
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xim
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m
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ea
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n
cy
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rod
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M
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D
2(F
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q )=

2E∥X−
Y∥

q−
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d
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cid
es

w
ith

th
e

n
o
tio

n
o
f

th
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th
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ll
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ypo
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o
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h
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n

-free.
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best,
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F
is
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.

In
p
ra
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u
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p
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p
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g
o
r
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u
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n
test.

W
e
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e
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p
aram

etric
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p
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h
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p

oth
esis

test
ofH

0 ∶F⍊
G

again
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A ∶Fé
G

.
F
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ou

r
p
u
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w

e
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all
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m
e
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en
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κ
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a
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con
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ou
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iff
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el
an

d
th

at
κ

is
also

u
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iversal.
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o

ju
stify

th
is

assu
m

p
tion

on
ou

r
kern

el,
w

e
p

oin
t

ou
t

th
at

in
T

h
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,

w
e
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ow

th
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th
e

test
statistic
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n
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b
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e
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laten

t
p
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s
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to
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e
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b
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D
u
e
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e
n
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ility
of

th
e
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d
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p
ro

d
u
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u
n
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u
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tran
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y
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of
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e

laten
t
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osition

s
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on
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u
p

to
an
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p
rop

riate
orth

ogon
al

tran
sform

ation
,

to
X

an
d

Y
.

F
or

a
rad

ial
kern

el
κ

,
th

is
im

p
lies

th
e

ap
p
rox

im
ation

s
κ(X̂

i ,X̂
j )≈

κ(X
i ,X

j ),
κ(Ŷ

k ,Ŷ
l )≈

κ(Y
k ,Y

l )
an

d
th

e
con

vergen
ce

of

U
n
,m (X̂

,Ŷ)
to
U
n
,m (X

,Y).
If
κ

is
n
ot

a
rad

ial
k
ern

el,
th

e
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ove
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p
rox

im
ation

s
m
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n
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d
U
n
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con
verge
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n
,m (X

,Y).
T

h
e
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m

p
tion

th
at
κ
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u
ou

sly
-d

iff
eren

tiab
le

is
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n
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F
in

ally,
th

e
assu

m
p
tion

th
at
κ

is
u
n
iversal

allow
s

th
e

test
p
ro

ced
u
re

to
b

e
con

sisten
t

again
st

a
larg

e
class

of
altern

ativ
es.

T
h

e
o
re

m
4
5

L
et(X

,A)∼
R

D
P

G(F)
a
n

d(Y
,B)∼

R
D

P
G(G)

be
in

d
epen

d
en

t
ra

n
d
o
m

d
o
t

p
rod

u
ct

gra
p
h
s

w
ith

la
ten

t
po

sitio
n

d
istribu

tio
n

s
F

a
n

d
G

.
F

u
rth

erm
o
re,

su
p
po

se
th

a
t

bo
th
F

a
n

d
G

sa
tisfi

es
th

e
d
istin

ct
eigen

va
lu

es
co

n
d
itio

n
in

A
ssu

m
p
tio

n
3
.

C
o
n

sid
er

th
e

h
ypo

th
esis

test

H
0 ∶F⍊

G
a
ga

in
st

H
A ∶Fé

G
.

D
en

o
te

by
X̂={X̂

1 ,...,X̂
n }

a
n

d
Ŷ={Ŷ

1 ,...,Ŷ
m }

th
e

a
d
ja

cen
cy

spectra
l

em
bed

d
in

g
o
f

A
a
n

d
B

,
respectively.

L
et
κ

be
a
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ice

co
n

tin
u

o
u

sly-d
iff

eren
tia

ble
ra

d
ia

l
kern

el
a
n

d
U
n
,m (X̂

,Ŷ)
be

d
efi

n
ed

a
s

U
n
,m (X̂

,Ŷ)=
1

n(n−
1) ∑j/=

i κ(X̂
i ,X̂

j )−
2m
n

n∑i=
1

m∑k=
1

κ(X̂
i ,Ŷ

k )+
1

m(m−
1) ∑l/=

k

κ(Ŷ
k ,Ŷ

l ).
L
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W

1
a
n

d
W

2
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d
o
rth

ogo
n

a
l

m
a
trices

in
th

e
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d
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m
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sitio
n

W
1 S

1 W
⊺1 =
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W
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Y ⊺Y
,

respectively.
S

u
p
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th

a
t
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n

d
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T

h
en

u
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e

n
u
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e
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o
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⊺1
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.

(46)
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e

a
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.

(47)
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.

If
w

e
as

su
m

e
th

at
κ

is
a

u
n
iv

er
sa

l
ke

rn
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Ŷ
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p
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p
ti

on
3,

n
am

el
y

th
at

th
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d
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d
er

th
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d
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p
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p
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b
y

fi
rs

t
sc

al
in

g
th

e
ad

ja
ce

n
cy

sp
ec

tr
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Ŷ

)an
d
U
n
,m

(X,
Y

W
n
,m

)
w

it
h
U
n
,m

(X̂/
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{Ĥ 1
0
,Ĥ
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,Ĥ

1
5
},tw

o
of

w
h
ic

h
a
re

in
th

e
sa

m
e

m
ot

if
(8

an
d

15
)

an
d

b
ot

h
d
iff

er
in

g
si

gn
ifi

ca
n
tl

y
fr

om
su

b
gr

ap
h

2
ac

co
rd

in
g

to
Ŝ
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Ĉ KC

fo
r

th
e

K
C

la
te

n
t-

sp
ac

e
cu

rv
e

in
R

6
.

F
ig

u
re

d
u
p
li
-

ca
te

d
fr

om
P

ri
eb

e
et

al
.

(2
01

7)
.

d
is

ta
n
ce

to
th

e
M

B
n
eu

ro
p
il
e

fr
om

th
e

b
u
n
d
le

en
tr

y
p

oi
n
t

of
ea

ch
K

C
n
eu

ro
n
i

–
a
s

a
p
ro

x
y

fo
r

n
eu

ro
n

ag
e,

an
d

an
al

y
ze

s
th

is
d
is

ta
n
ce

in
te

rm
s

of
n
u
m

b
er

of
cl

aw
s

fo
r

n
eu

ro
n
i

(s
ee

F
ig

u
re

19
).

W
e

n
ow

d
em

on
st

ra
te

th
at

th
e

co
rr

el
at

io
n

of
th

is
d
is

ta
n
ce

w
it

h
th

e
K

C
n
eu

ro
n
s’

p
ro

je
ct

io
n

on
to

th
e

p
ar

am
et

er
iz

ed
cu

rv
e
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p
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b
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e
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d
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h
r
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b
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at
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p
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h
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p
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d
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p
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p
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w
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d
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p
ro

ac
h
es

to
v
er

te
x

cl
a
ss

ifi
ca

ti
o
n

a
n
d

gr
ap

h
re

co
ve

ry
,

d
em

on
st

ra
ti

n
g

th
at

sp
ec

tr
al

em
b

ed
d
in

gs
ar

e
ro

b
u
st

to
ce

rt
a
in

so
u
rc

es
of

gr
ap

h
er

ro
r.

V
io

la
ti

on
s

of
th

e
in

d
ep

en
d
en

t
ed

ge
as

su
m

p
ti

on
,

th
ou

gh
,

ca
n

le
a
d

to
m

o
re

si
gn

ifi
ca

n
t

h
u
rd

le
s,

b
ot

h
th

eo
re

ti
ca

l
p
ra

ct
ic

al
,

si
n
ce

it
is

a
re

q
u
ir

em
en

t
fo

r
a

n
u
m

b
er

o
f

th
e

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
on

w
h
ic

h
w

e
d
ep

en
d
.

F
or

jo
in

t
gr

ap
h

in
fe

re
n
ce

an
d

te
st

in
g,

op
en

p
ro

b
le

m
s

ab
ou

n
d
.

W
e

m
en

ti
on

,
fo

r
in

st
a
n
ce

,
th

e
an

al
y
si

s
of

th
e

om
n
ib

u
s

em
b
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u
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f
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c
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p
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p
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p
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r
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∥
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F =∥(A−

P)U
P

W
∗S −

1/2
A

∥
F +

O((log
n)
δ −

1/2(P))
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∥
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∥
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b
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con
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∥
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m
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b
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con
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c
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b
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istrib

u
tion

F
.

L
et

Φ(x
,Σ)

d
en

ote
th
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at
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d
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fa
ct

w
it

h
(6

4
),

th
e

m
u
lt

i-
va

ri
at

e
ve

rs
io

n
of

S
lu

ts
k
y
’s

th
eo

re
m

y
ie

ld
s

n
1
/2 W

⊺ n[(A
−P

)U P
S
−1/

2
P

] hL Ð→N
(0,Σ

(x i)
)

w
h
er

e
Σ
(x i)

=∆
−1 Σ̃

(x i)
∆

−1 .
In

te
gr

at
in

g
ov

er
th

e
p

os
si

b
le

va
lu

es
of

x
i

w
it

h
re

sp
ec

t
to

d
is

tr
ib

u
ti

on
F

co
m

p
le

te
s

th
e

p
ro

of
.

L
em

m
as

52
an

d
53

ar
e

th
e

m
ai

n
in

gr
ed

ie
n
ts

in
th

e
p
ro

of
of

T
h
eo

re
m

27
,

w
h
o
se

p
ro

o
f

n
ow

fo
ll
ow

s
ea

si
ly

:

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

27
].

W
e

st
ar

t
w

it
h

th
e

fo
ll
ow

in
g

d
ec

om
p

os
it

io
n

th
at

w
a
s

o
ri

g
in

a
ll
y

u
se

d
in

th
e

p
ro

of
of

T
h
eo

re
m

50
.

√ n
(U A

S
1
/2

A
−U

P
S

1
/2

P
W

∗ )=
√ n(

A
−P

)U P
S
−1/

2
P

W
∗ +√ n(

A
−P

)U P
(W

∗ S−
1
/2

A
−S−

1
/2

P
W

∗ )
−√ nU

P
U
⊺ P
(A−

P
)U P

W
∗ S−

1
/2

A

+√ n(
I
−U

P
U
⊺ P
)(A

−P
)R 3

S
−1/

2
A

+√ nR
1
S

1
/2

A
+√ nU

P
R

2
.

(6
5
)

N
ow

gi
ve

n
an

y
in

d
ex

i,
L

em
m

a
52

ca
n

b
e

u
se

d
to

b
ou

n
d

th
e

E
u
cl

id
ea

n
n
or

m
s

o
f

th
e
i-

th
ro

w
s

of
(A−

P
)U P

(W
∗ S−

1
/2

A
−S−

1
/2

P
W

∗ ),
U

P
U
⊺ P
(A−

P
)U P

W
∗ S−

1
/2

A

an
d

(I−
U

P
U
⊺ P
)(A

−P
)R 3

S
−1/

2
A

.

T
h
e

E
u
cl

id
ea

n
n
or

m
s

of
th

e
i-

th
ro

w
of

R
1
S

1
/2

A
an

d
U

P
R

2
ca

n
b

e
b

ou
n
d
ed

fr
o
m

a
b

ov
e

b
y

th
e

b
ou

n
d
s

on
∥R 1

S
1
/2

A
∥ 2→∞

an
d

∥U P
R

2
∥ 2→∞

.
S
in

ce

∥U P
∥ 2→∞

=O
(n−1

/2 )
b
y

E
q
.

(5
6)

,
w

e
co

n
cl

u
d
e

th
at √ n∥

R
1
S

1
/2

A
∥ 2→∞

=O
(n−1

/2 lo
g

1
/2 n

)
an

d
√ n∥

U
P

R
2
∥ 2→∞

=O
(n−1

/2 lo
g

1
/2 n

)
T

h
er

ef
or

e,
fo

r
an

y
fi
x
ed

in
d
ex

i,
w

e
h
av

e
√ n

(U A
S

1
/2

A
−U

P
S

1
/2

P
W

∗ ) i=
√ n(

(A−
P
)U P

S
−1/

2
P

W
∗ ) i+

O
(n−1

/2 lo
g

1
/2 n

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
S
in

ce
X

=U
P

S
P

W
,

w
e

ca
n

re
w

ri
te

th
e

ab
ov

e
ex

p
re

ss
io

n
a
s

√ n
(U A

S
1
/2

A
(W

∗ )⊺ W
−U

P
S

1
/2

P
W

) i=
√ n(

(A−
P
)U P

S
−1/

2
P

W
) i+

O
(n−1

/2 lo
g

1
/2 n

).
L

em
m

a
53

th
en

es
ta

b
li
sh

es
th

e
as

y
m

p
to

ti
c

n
or

m
a
li
ty

of
√ n(

(A
−P

)U P
S
−1/

2
P

W
) ia

s
d
e-

si
re

d
.

W
e

n
ow

tu
rn

ou
t

at
te

n
ti

on
a

b
ri

ef
sk

et
ch

of
th

e
p
ro

of
o
f

th
e

ce
n
tr

al
li
m

it
th

eo
re

m
fo

r
th

e
L

ap
la

ci
an

sp
ec

tr
al

em
b

ed
d
in

g.
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

A
.3

S
k
e
tch

o
f

p
ro

o
f

o
f

T
h

e
o
re

m
2
9

W
e

p
resen

t
in

th
is

su
b
section

a
sketch

of
th

e
m

a
in

id
eas

in
th

e
p
ro

o
f

of
T

h
eorem

29;
d
etailed

p
ro

o
fs

a
re

g
iven

in
T

an
g

an
d

P
rieb

e
(2018).

W
e

fi
rst

in
tro

d
u
ce

som
e

ad
d
ition

al
n
otation

.
F

o
r(X

n
,A

n )∼
R

D
P

G(F),
let

T
n =

d
iag(P

n
1)

b
e

th
e
n×

n
d
iagon

a
l

m
atrices

w
h
ose

d
ia

g
on

a
l

en
tries

are
th

e
expected

vertex
d
egrees.

T
h
en

d
efi

n
in

g
X̃
n =

T −
1/2
n

X
n
,

an
d

n
o
tin

g

th
a
t

X̃
n
X̃ ⊺n =L(P

n )=
T −

1/2
n

P
n
T −

1/2
n

,
T

h
eorem

29
d
ep

en
d
s

on
sh

ow
in

g
th

at
th

ere
ex

ists
an

o
rth

o
g
o
n
a
l

m
a
trix

W
n

su
ch

th
at

X̆
n
W

n −
X̃
n =

T −
1/2
n

(A
n −

P
n )T −

1/2
n

X̃
n (X̃ ⊺n

X̃
n ) −

1+
12 (I−

D
n
T −

1
n )X̃

n +
R
n

(66)

w
h
ere∥R

n ∥
F =

O(n −
1)

w
ith

h
igh

p
rob

ab
ility.

T
h
e

m
otivation

b
eh

in
d

E
q
.

(66)
is

as
follow

s.
G

iven
X̃
n
,

th
e

en
tries

of
th

e
righ

t
h
an

d
sid

e
of

E
q
.

(66),
ex

cep
t

for
th

e
term

R
n
,

can
b

e
ex

p
ressed

ex
p
licitly

in
term

s
of

lin
ear

com
b
in

a
tion

s
of

th
e

en
tries

a
ij −

p
ij

of
A
n −

P
n
.

T
h
is

is
in

co
n
trast

w
ith

th
e

left
h
an

d
sid

e
of

E
q
.

(66),
w

h
ich

d
ep

en
d
s

on
th

e
q
u
an

tities
UL(A

n )
an

d
SL(A

n )
(reca

ll
D

efi
n
ition

18).
S
in

ce
th

e
q
u
an

tities
UL(A

n )
an

d
SL(A

n )
can

n
ot

b
e

ex
p
ressed

ex
p
licitly

in
term

s
of

th
e

en
tries

of
A
n

an
d

P
n
,

w
e

co
n
clu

d
e

th
at

th
e

righ
t

h
an

d
sid

e
of

E
q
.

(6
6
)

is
sim

p
ler

to
an

aly
ze.

O
n
ce

E
q
.

(66
)

is
estab

lish
ed

,
w

e
can

d
erive

T
h
eorem

29
as

follow
s.

L
et
ξ
i

d
en

ote
th

e
i-th

row
o
f
n(X̆

n
W

n −
X̃
n )

an
d

let
r
i

d
en

ote
th

e
i-th

row
of

R
n
.

E
q
.

(66)
th

en
im

p
lies

ξ
i =(X̃ ⊺n

X̃
n ) −

1
n√ti (∑j

a
ij −

p
ij

√
tj (X̃

n )
j )+

n(ti −
d
i )

2ti
(X̃

n )
i +

n
r
i

=(X̃ ⊺n
X̃
n ) −

1 √
n

√
ti (∑j √

n
ρ
n (a

ij −
p
ij )(X

n )
j

tj
)−

n(X
n )
i

2t 3/2i

∑j (a
ij −

p
ij )+

n
r
i

= √
n

√
ti ∑j (a

ij −
p
ij )

√
n

( (X̃ ⊺n
X̃
n ) −

1(X
n )
j

tj /n
− (X

n )
i

2
ti /n )+

n
r
i

w
h
ere

a
ij

a
n
d
p
ij

are
th

e
ij-th

en
tries

of
A

an
d

P
,

resp
ectively,

an
d
ti

is
th

e
i-th

d
iagon

al

en
try

o
f

T
n
.

W
e

can
th

en
sh

ow
th

at
n
r
i

d
Ð→

0.
In

d
eed

,
th

ere
are

n
row

s
in

R
n

an
d

∥R
n ∥
F =

O(n −
1);

h
en

ce,
on

average,
for

ea
ch

in
d
ex

i,∥r
i ∥

2=
O(n −

3)
w

ith
h
igh

p
ro

b
ab

ility
(a

m
o
re

p
recise

argu
m

en
t

sim
ilar

to
th

at
u
sed

in
p
rov

in
g

L
em

m
a

52
is

n
eed

ed
to

estab
lish

th
is

rig
orou

sly
).

F
u
rth

erm
ore,

ti /n=∑j (X
n ) ⊺i (X

n )
j /n

a
.s.
Ð→(X

n ) ⊺i µ
a
s
n→∞

.
F

in
a
lly,

X̃ ⊺n
X̃
n =∑

i ((X
n )
i (X

n ) ⊺i /(∑j (X
n ) ⊺i (X

n )
j ) ),
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A
t
h
r
e
y
a
e
t
a
l
.

an
d

th
is

can
b

e
sh

ow
n

to
con

v
erge

to
∆̃=

E [
X

1
X ⊺1

X ⊺1
µ ]

as
n→∞

.
W

e
th

erefore
h
ave,

after

ad
d
ition

al
algeb

raic
m

an
ip

u
lation

s,
th

at

ξ
i = √

n
√
ti ∑j (a

ij −
p
ij )

√
n

(
∆̃ −

1(X
n )
j

(X
n ) ⊺j µ −

(X
n )
i

2(X
n ) ⊺i µ )+

o(1)
= √

n
√
ti ∑j (a

ij −(X
n ) ⊺i (X

n )
j )

√
n

(
∆̃ −

1(X
n )
j

(X
n ) ⊺j µ −

(X
n )
i

2(X
n ) ⊺i µ )+

o(1)
w

ith
h
igh

p
rob

ab
ility.

C
on

d
ition

in
g

on(X
n )
i =
x

,
th

e
a
b

ove
ex

p
ression

for
ξ
i

is
rou

gh
ly

a
su

m
of

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

m
ean

0
ran

d
om

variab
les.

T
h
e

m
u
ltivariate

cen
tral

lim
it

th
eorem

can
th

en
b

e
ap

p
lied

to
th

e
ab

ov
e

ex
p
ression

for
ξ
i ,

th
ereb

y
y
ield

in
g

T
h
eorem

29.

W
e

n
ow

sketch
th

e
d
erivation

of
E

q
.

(6
6).

F
or

sim
p
licity

o
f

n
otation

,
w

e
sh

all
ign

ore
th

e
su

b
scrip

t
n

in
th

e
m

atrices
A
n
,
X
n
,
P
n

an
d

related
m

atrices.
F

irst,
con

sid
er

th
e

follow
in

g
ex

p
ression

.

UL(A) S
1/2L(A) −

UL(P) S
1/2L(P) U ⊺L(P) UL(A) =L(A)ŨL(A) S̃ −

1/2
L(A) −L(P)ŨL(P) S̃ −

1/2
L(P) Ũ ⊺L(P) ŨL(A)

=L(A)UL(A) U ⊺L(A) UL(A) S −
1/2
L(A) −L(P)UL(P) S −

1/2
L(P) U ⊺L(P) UL(A)(67)

N
owL(A)

is
con

cen
trated

arou
n
dL(P):

n
am

ely,
in

th
e

cu
rren

t
settin

g,

∥L(A)−L(P)∥=
O(n −

1/2)
w

ith
h
igh

p
rob

ab
ility

(see
T

h
eorem

2
in

L
u

an
d

P
en

g,
2013).

S
in

ce∥L(P)∥=
Θ(1)

an
d

th
e

n
on

-zero
eigen

valu
es

ofL(P)
are

all
of

ord
er

Θ(1),
th

is
again

im
p
lies,

b
y

th
e

D
av

is-
K

ah
an

th
eorem

,
th

at
th

e
eigen

sp
ace

sp
an

n
ed

b
y

th
e
d

largest
eigen

valu
es

o
fL(A)

is
“close”

to
th

at
sp

an
n
ed

b
y

th
e
d

largest
eig

en
valu

es
ofL(P).

M
ore

p
recisely,∥UL(A) UL(A) −

UL(P) UL(P) ∥=
O(n −

1/2)
w

ith
h
igh

p
rob

ab
ility,

an
d

UL(A) S
1/2L(A) −

UL(P) S
1/2L(P) U ⊺L(P) UL(A) =L(A)UL(P) U ⊺L(P) UL(A) S −

1/2
L(A)

−L(P)UL(P) S −
1/2
L(P) U ⊺L(P) UL(A) +

R
n

w
h
ere∥R

n ∥=
O(n −

1)
w

ith
h
igh

p
rob

ab
ility.

In
ad

d
ition

,∥UL(A) UL(A) −
UL(P) UL(P) ∥=

O(n −
1/2)

also
im

p
lies

th
at

th
ere

ex
ists

an
orth

ogon
al

m
atrix

W
∗

su
ch

th
at∥U ⊺L(P) UL(A) −

W
∗∥=

O(n −
1)

w
ith

h
igh

p
rob

ab
ility.

W
e

n
ex

t
con

sid
er

th
e

term
s

S −
1/2
L(P) U ⊺L(P) UL(A)

a
n
d

U ⊺L(P) UL(A) S −
1/2
L(A) .

N
ote

th
at

th
e

b
oth

are
d×
d

m
atrices;

fu
rth

erm
ore,

sin
ce

SL(A)
an

d
SL(P)

are
d
iagon

al
m

atrices,
th

e
ij-th

en
try

of
S −

1/2
L(P) U ⊺L(P) UL(A) −

U ⊺L(P) UL(A) S −
1/2
L(A)

can
b

e
w

ritten
as

th
e
ζ
ij ×

h
ij

w
h
ere

ζ
ij

is
th

e

ij-th
en

try
of

SL(P) U ⊺L(P) UL(A) −
U ⊺L(P) UL(A) SL(A)

an
d

th
e
h
ij

are
fu

n
ction

s
of
λ
i (L(A))
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S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
e
o
n
R
D
P
G
s:

a
S
u
r
v
e
y

an
d
λ
j
(L(

P
).In

p
ar

ti
cu

la
r,

∣h ij∣
<C

fo
r

so
m

e
p

os
it

iv
e

co
n
st

an
t
C

fo
r

al
l
n

.
W

e
th

en
h
av

e
th

at

S
L(P

)U
⊺ L(P

)U
L(A

)−U
⊺ L(P

)U
L(A

)S L
(A)

=U
⊺ L(P

)(L(
P
)−L

(A)
)U L

(A)
=U

⊺ L(P
)(L(

P
)−L

(A)
)U L

(P)
U
⊺ L(P

)U
L(A

)
+U

⊺ L(P
)((L

(P)
−L(

A
))(I

−U
L(P

)U
⊺ L(P

))U
L(A

)
N

ow
,

co
n
d
it

io
n
in

g
on

P
,

th
e
ij

-t
h

en
tr

y
o
f

U
⊺ L(P

)(L(
P
)−L

(A)
)U L

(P)
ca

n
b

e
w

ri
tt

en
as

a
li
n
ea

r
co

m
b
in

at
io

n
of

th
e

en
tr

ie
s

of
A
−P

(w
h
ic

h
ar

e
in

d
ep

en
d
en

t)
an

d
th

e
ro

w
s

of
X

;
h
en

ce
,

it
ca

n
b

e
b

ou
n
d
ed

u
si

n
g

H
o
eff

d
in

g’
s

in
eq

u
al

it
y.

M
ea

n
w

h
il
e,

th
e

te
rm

U
⊺ L(P

)((L
(P)

−L(
A

))(I
−U

L(P
)U

⊺ L(P
))U

L(A
)

ca
n

b
e

b
ou

n
d
ed

b
y

th
e

D
av

is
-K

ah
an

T
h
eo

re
m

an
d

th
e

sp
ec

tr
al

n
or

m
d
iff

er
en

ce
o
f
∥L(

A
)−

L(P
)∥.

W
e

th
er

ef
or

e
ar

ri
ve

at
th

e
im

p
or

ta
n
t

fa
ct

th
at

∥S L
(P)

U
⊺ L(P

)U
L(A

)−U
⊺ L(P

)U
L(A

)S L
(A)

∥ F=
O
(n−1

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y,
an

d
h
en

ce

∥S−
1
/2 L(P
)U

⊺ L(P
)U
L(A

)−U
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,

G
er

m
a
n

y

E
d

it
o
r:

J
oh

n
S
h
aw

e-
T

ay
lo

r

A
b
st

ra
ct

A
b
in

a
ry

cl
a
ss

ifi
ca

ti
on

p
ro

b
le

m
is

co
n
si

d
er

ed
.

T
h
e

ex
ce

ss
er

ro
r

p
ro

b
a
b
il
it

y
of

th
e
k
-n

ea
re

st
-

n
ei

gh
b

o
r

cl
a
ss

ifi
ca

ti
o
n

ru
le

ac
co

rd
in

g
to

th
e

er
ro

r
p
ro

b
ab

il
it

y
of

th
e

B
ay

es
d
ec

is
io

n
is

re
v
is

-
it

ed
b
y

a
d
ec

om
p

o
si

ti
o
n

of
th

e
ex

ce
ss

er
ro

r
p
ro

b
a
b
il
it

y
in

to
ap

p
ro

x
im

at
io

n
an

d
es

ti
m

at
io

n
er

ro
rs

.
U

n
d
er

a
w

ea
k

m
a
rg

in
co

n
d
it

io
n

a
n
d

u
n
d
er

a
m

o
d
ifi

ed
L

ip
sc

h
it

z
co

n
d
it

io
n

or
a

lo
ca

l
L

ip
sc

h
it

z
co

n
d
it

io
n
,

ti
gh

t
u
p
p

er
b

o
u
n
d
s

a
re

p
re

se
n
te

d
su

ch
th

at
o
n
e

av
oi

d
s

th
e

co
n
d
it

io
n

th
a
t

th
e

fe
at

u
re

v
ec

to
r

is
b

ou
n
d
ed

.
T

h
e

co
n
ce

p
t

o
f

m
o
d
ifi

ed
L

ip
sc

h
it

z
co

n
d
it

io
n

is
ap

p
li
ed

fo
r

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s,

to
o.

A
s

a
co

n
se

q
u
en

ce
of

b
ot

h
co

n
ce

p
ts

,
w

e
p
re

se
n
t

th
e

ra
te

of
co

n
ve

rg
en

ce
of
L
2

er
ro

r
fo

r
th

e
co

rr
es

p
on

d
in

g
n
ea

re
st

n
ei

gh
b

or
re

g
re

ss
io

n
es

ti
m

at
e.

K
e
y
w

o
rd

s:
ra

te
of

co
n
ve

rg
en

ce
,

cl
as

si
fi
ca

ti
on

,
er

ro
r

p
ro

b
a
b
il
it

y,
k
-n

ea
re

st
-n

ei
gh

b
or

ru
le

1
.

In
tr

o
d
u
ct

io
n

L
et

th
e

fe
at

u
re

ve
ct

or
X

ta
ke

va
lu

es
in

R
d
,

an
d

le
t

it
s

la
b

el
Y

b
e
±

1
va

lu
ed

.
If
g

is
an

ar
b
it

ra
ry

d
ec

is
io

n
fu

n
ct

io
n

th
en

it
s

er
ro

r
p
ro

b
ab

il
it

y
is

d
en

ot
ed

b
y

L
(g

)
=

P{
g
(X

)
6=
Y
}.

P
u
t

D
(x

)
=

E{
Y
|X

=
x
},

th
en

th
e

B
ay

es
d
ec

is
io

n
g
∗

m
in

im
iz

es
th

e
er

ro
r

p
ro

b
ab

il
it

y
:

g
∗ (
x

)
=
si
g
n
D

(x
),

w
h
er

e
si
g
n

(z
)

=
1

fo
r
z
>

0
an

d
si
g
n

(z
)

=
−

1
fo

r
z
≤

0,
an

d

L
∗

=
P{
g
∗ (
X

)
6=
Y
}

c ©
2
0
1
8

M
a
ik

D
ö
ri

n
g
,

L
á
sz

ló
G

y
ö
rfi

a
n

d
H

a
rr

o
W

a
lk

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
7
-
7
5
5
.
h
t
m
l
.
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D
ö
r
in
g
,
G
y
ö
r
f
i
a
n
d

W
a
l
k

d
en

ot
es

it
s

er
ro

r
p
ro

b
ab

il
it

y.
In

th
e

st
an

d
ar

d
m

o
d
el

of
p
at

te
rn

re
co

gn
it

io
n
,

w
e

ar
e

gi
v
en

tr
ai

n
in

g
la

b
el

ed
sa

m
p
le

s,
w

h
ic

h
ar

e
in

d
ep

en
d
en

t
an

d
id

en
ti

ca
l

co
p
ie

s
of

(X
,Y

):

D n
=
{(
X

1
,Y

1
),
..
.,

(X
n
,Y

n
)}
.

B
as

ed
on

th
es

e
la

b
el

ed
sa

m
p
le

s,
on

e
ca

n
es

ti
m

at
e

th
e

re
gr

es
si

on
fu

n
ct

io
n
D

b
y
D̃

,
a
n
d

th
e

co
rr

es
p

on
d
in

g
p
lu

g-
in

cl
as

si
fi
ca

ti
on

ru
le
g

d
er

iv
ed

fr
om

D̃
is

d
efi

n
ed

b
y

g
(x

)
=
si
g
n
D̃

(x
).

T
h
en

fo
r

an
y

p
lu

g-
in

ru
le
g

d
er

iv
ed

fr
om

th
e

re
gr

es
si

on
es

ti
m

at
e
D̃

w
e

h
av

e

L
(g

)
−
L
∗

=
E
{ I
{g

(X
)6=
g
∗ (
X

)}
|D

(X
)|}

=
E
{ I {

si
g
n
D̃

(X
)6=
si
g
n
D

(X
)}
|D

(X
)|}

,
(1

)

w
h
er

e
Id

en
ot

es
th

e
in

d
ic

at
or

fu
n
ct

io
n

(c
o
m

p
ar

e
T

h
eo

re
m

2.
2

in
D

ev
ro

y
e,

G
y
ö
rfi

a
n
d

L
u
g
o
si

19
96

). In
th

e
se

q
u
el

ou
r

fo
cu

s
li
es

on
th

e
ra

te
of

co
n
ve

rg
en

ce
of

th
e

ex
ce

ss
er

ro
r

p
ro

b
a
b
il
it

y
E{
L

(g
n
,k

)}
−
L
∗ ,

w
h
er

e
g n
,k

is
th

e
k
-n

ea
re

st
-n

ei
gh

b
or

ru
le

d
efi

n
ed

as
fo

ll
ow

s.
W

e
fi
x
x
∈
R
d
,

an
d

re
or

d
er

th
e

d
at

a
(X

1
,Y

1
),
..
.,

(X
n
,Y

n
)

ac
co

rd
in

g
to

in
cr

ea
si

n
g

va
lu

es
of
‖X

i
−
x
‖,

w
h
er

e
‖·
‖

d
en

ot
es

th
e

E
u
cl

id
ea

n
n
or

m
.

T
h
e

re
or

d
er

ed
d
at

a
se

q
u
en

ce
is

d
en

ot
ed

b
y

(X
(n
,1

)(
x

),
Y

(n
,1

)(
x

))
,.
..
,(
X

(n
,n

)(
x

),
Y

(n
,n

)(
x

))
.

X
(n
,k

)(
x

)
is

th
e
k
-t

h
n
ea

re
st

n
ei

gh
b

or
of
x

.
In

th
is

p
ap

er
w

e
as

su
m

e
th

at
ti

e
h
a
p
p

en
s

w
it

h
p
ro

b
ab

il
it

y
0.

F
or

in
st

an
ce

w
h
en

th
e

d
is

tr
ib

u
ti

on
µ

o
f
X

h
as

a
d
en

si
ty
f

,
th

is
a
ss

u
m

p
ti

o
n

is
sa

ti
sfi

ed
.

In
an

y
ca

se
,

b
y

ad
d
in

g
a

ra
n
d
om

iz
in

g
co

m
p

on
en

t
to
X

on
e

ca
n

en
su

re
th

a
t

th
is

as
su

m
p
ti

on
h
ol

d
s.

C
h
o
os

e
an

in
te

ge
r
k

le
ss

th
an

n
,

th
en

th
e
k
-n

ea
re

st
-n

ei
gh

b
o
r

es
ti

m
a
te

o
f

D
is

D
n
,k

(x
)

=
1 k

k ∑ i=
1

Y
(n
,i

)(
x

),

an
d

th
e
k
-n

ea
re

st
-n

ei
gh

b
or

cl
as

si
fi
ca

ti
on

ru
le

is

g n
,k

(x
)

=
si
g
n
D
n
,k

(x
).

C
on

ce
rn

in
g

th
e

p
ro

p
er

ti
es

of
k
-n

ea
re

st
-n

ei
gh

b
or

ru
le

an
d

th
e

re
la

te
d

li
te

ra
tu

re
se

e
B

ia
u

a
n
d

D
ev

ro
ye

(2
01

5)
.

T
h
e

m
ai

n
ai

m
of

th
is

p
ap

er
is

to
sh

ow
ti

gh
t

u
p
p

er
b

ou
n
d
s

on
th

e
ex

ce
ss

er
ro

r
p
ro

b
a-

b
il
it

y
E{
L

(g
n
,k

)}
−
L
∗

of
th

e
k
-n

ea
re

st
-n

ei
gh

b
or

cl
as

si
fi
ca

ti
on

ru
le
g n
,k

.
G

iv
en

th
e

p
lu

g
-i

n
cl

as
si

fi
ca

ti
on

ru
le
g

d
er

iv
ed

fr
om

D̃
,

(1
)

im
p
li
es

th
at

E{
L

(g
)}
−
L
∗
≤

E{
|D

(X
)
−
D̃

(X
)|}
.

T
h
er

ef
or

e
w

e
m

ay
ge

t
an

u
p
p

er
b

ou
n
d

on
th

e
ra

te
of

co
n
ve

rg
en

ce
of

th
e

ex
ce

ss
er

ro
r

p
ro

b
-

ab
il
it

y
E{
L

(g
n
,k

)}
−
L
∗

v
ia

th
e
L

1
ra

te
of

co
n
ve

rg
en

ce
of

th
e

co
rr

es
p

on
d
in

g
re

g
re

ss
io

n
es

ti
m

at
io

n
.

T
h
en

E{
L

(g
n
,k

)}
−
L
∗
≤

E{
|D

(X
)
−
D
n
,k

(X
)|}
.
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R
a
t
e
o
f
c
o
n
v
e
r
g
e
n
c
e
o
f
k
-N

N
c
l
a
ssif

ic
a
t
io
n
r
u
l
e

U
n
d
er

so
m

e
sm

o
oth

n
ess

assu
m

p
tion

s
on

D
on

e
cou

ld
fu

rth
er

u
p
p

er
b

ou
n
d

th
e
L

1
rate.

F
o
r

in
sta

n
ce

w
e

m
ay

assu
m

e
th

at
D

satisfi
es

th
e

L
ip

sch
itz

co
n

d
itio

n
:

th
ere

is
a

con
stan

t
C

su
ch

th
a
t

fo
r

a
n
y
x
,z
∈
R
d

|D
(x

)−
D

(z
)|≤

C
‖x
−
z‖
.

If
D

is
L

ip
sch

itz
con

tin
u
ou

s
an

d
X

is
b

ou
n
d
ed

w
ith

th
e

d
iam

eter
M

of
th

e
su

p
p

ort
of
µ

,
th

en

E{|D
(X

)−
D
n
,k (X

)| 2}
≤
c

1 M
2(k

/n
)
2
/
d

+
c

2 /k
(2)

w
ith

d
≥

2
(co

m
p
are

C
h
ap

ter
6

in
G

y
örfi

et
al.

2002
an

d
L

iitiäin
en

,
C

oron
a

an
d

L
en

d
asse

2
0
1
0
),

so
fo

r
k

=
bc

3 n
2
/
(d

+
2
)c,

E{L
(g
n
,k )}−

L
∗≤

√
E{|D

(X
)−

D
n
,k (X

)| 2}
≤
c

4 n
−

1
/
(d

+
2
).

(3)

H
ow

ev
er,

accord
in

g
to

S
ection

6.7
in

D
ev

roye,
G

y
örfi

an
d

L
u
gosi

(1996)
th

e
cla

ssifi
cation

is
ea

sier
th

a
n
L

1
regression

fu
n
ction

estim
ation

,
sin

ce
th

e
rate

of
con

vergen
ce

of
th

e
error

p
ro

b
a
b
ility

d
ep

en
d
s

on
th

e
b

eh
av

ior
of

th
e

fu
n
ction

D
in

th
e

n
eigh

b
orh

o
o
d

o
f

th
e

d
ecision

b
o
u
n
d
a
ry

B
0

=
{x

;D
(x

)
=

0}.
(4)

T
h
is

p
h
en

om
en

on
h
as

b
een

d
iscovered

an
d

in
vestigated

b
y

M
am

m
en

an
d

T
sy

b
akov

(1
999);

T
sy

b
a
kov

(2
0
0
4);

A
u
d
ib

ert
an

d
T

sy
b
ak

ov
(2007)

an
d

K
oh

ler
an

d
K

rzy
żak

(2007),
w

h
o

in
tro

d
u
ced

th
e

(w
eak

)
m

argin
con

d
ition

:

•
T

h
e

w
ea

k
m

a
rgin

co
n

d
itio

n
m

ean
s

th
at

for
all

0
<
t≤

1,

P{0
<
|D

(X
)|≤

t}
≤
c ∗·t α

,

w
h
ere

α
>

0
an

d
c ∗
>

0.

D
en

o
te

b
y

B
0
,r

=

{
x

;
m

in
z∈
B

0 ‖
x
−
z‖
≤
r }

,
r
>

0
,

th
e

closed
r-n

eigh
b

orh
o
o
d

of
th

e
d
ecision

b
ou

n
d
ary

B
0

d
efi

n
ed

b
y

(4).
L

et
λ

b
e

th
e

L
eb

esgu
e

m
ea

su
re

a
n
d

let
M
∗(B

0 )
b

e
th

e
ou

ter
su

rface
(M

in
kow

sk
i

con
ten

t)
of

th
e

d
ecision

b
ou

n
d
ary

B
0

d
efi

n
ed

b
y

M
∗(B

0 )
=

limr↓0
λ

(B
0
,r \

B
0 )

r
.

If
D

sa
tisfi

es
th

e
L

ip
sch

itz
con

d
ition

,
X

h
as

a
d
en

sity
f

,
th

e
d
en

sity
f

is
b

ou
n
d
ed

b
y
f
m
a
x

a
n
d
M
∗(B

0 )
is

fi
n
ite,

th
en

L
em

m
a

2
in

D
örin

g,
G

y
örfi

an
d

W
alk

(2015
)

im
p
lies

th
at

th
e

w
eak

m
argin

co
n
d
ition

h
old

s
w

ith
α

=
1.

N
otice

th
at

th
e

L
ip

sch
itz

con
d
ition

im
p
lies

α
≤

1.

In
th

e
a
n
a
ly

sis
of

classifi
cation

ru
le

o
n
e

m
ay

u
se

con
d
ition

s
on

th
e

d
en

sity
f

of
X

:

•
T

h
e

stro
n

g
d
en

sity
co

n
d
itio

n
m

ean
s

th
at

for
f

(x
)
>

0,

f
(x

)≥
f
m
in
>

0
.
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D
ö
r
in
g
,
G
y
ö
r
f
i
a
n
d

W
a
l
k

T
h
e

stron
g

d
en

sity
con

d
ition

im
p
lies

th
at

th
e

su
p
p

ort
o
f

th
e

d
en

sity
f

h
as

fi
n
ite

L
eb

esgu
e

m
easu

re,
an

d
so

th
is

assu
m

p
tion

is
close

to
th

e
con

d
itio

n
th

at
X

is
b

ou
n
d
ed

.
It

is
a

very
restrictive

con
d
ition

,
ex

clu
d
in

g
im

p
ortan

t
d
en

sities
like

G
au

ssian
d
en

sities.
K

oh
ler

an
d

K
rzy

żak
(2007)

p
rov

ed
th

at
u
n
d
er

th
e

m
argin

con
d
ition

,
L

ip
sch

itz
con

d
ition

an
d

stron
g

d
en

sity
assu

m
p
tion

,
for

ch
oice

k
n

=
b(log

n
)
2n

2
/
(d

+
2
)c,

th
e

ord
er

of
th

e
u
p
p

er
b

ou
n
d

is
sm

aller
th

an
(3):

(log
n

)
2
(1

+
α
)

d
n
−

1
+
α

d
+
2
.

G
ad

at,
K

lein
an

d
M

arteau
(2016)

(com
p
reh

en
d
in

g
also

som
e

classes
of

d
istrib

u
tion

s
w

ith
u
n
b

ou
n
d
ed

su
p
p

ort)
ex

ten
d
ed

th
is

b
ou

n
d

su
ch

th
at

u
n
d
er

th
e

m
argin

con
d
ition

,
L

ip
sch

itz
con

d
ition

an
d

th
e

so
called

stron
g

m
in

im
al

m
ass
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p
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.
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m
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p
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con
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at
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b
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′∈

R
d

:‖
x
′−

x‖
≤
r}

an
d
S
ox
,r

=
{
x
′∈
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b
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∈
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p
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e
n
earest

n
eigh

b
or

classifi
cation

ru
le

in
th

e
fram

ew
ork

of
m

etric
sp

aces.
T

h
erein

a
sm

o
oth

n
ess

con
d
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p
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con
d
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b
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b
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d
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p
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d
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d
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m
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con
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=
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/
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−

4
d
+
4.
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u
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b
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→
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>

0.

In
te

re
st

in
gl

y,
th

e
an

al
y
si

s
of

em
p
ir

ic
al

er
ro

r
m

in
im

iz
at

io
n

ru
le

s
ca

n
av

o
id

th
e

co
n
d
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b
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e
(2

01
4)

an
d
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d
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p
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b
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h
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at
is

,
th

ey
ar

e
d
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p
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p
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h
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p
ar

ti
cu

la
rl

y
th

e
n
on

-w
ei

gh
te

d
k
-n

ea
re

st
-n

ei
gh

b
or

cl
as

si
fi
er

s,
at

ta
in

th
is

m
in

im
ax

ra
te

.

2
.

R
a
te

o
f

C
o
n
v
e
rg

e
n
ce

o
f

th
e

E
rr

o
r

P
ro

b
a
b
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b
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p
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b
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p
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d
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d
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d
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/
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p
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h
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/
d
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r
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n
d
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d
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b
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b
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p
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at
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b
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p
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h
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h
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d
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b
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h
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p
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d
it

io
n

w
it

h
0
<
α
≤

1
a
n

d
th

e
m

od
ifi

ed
L

ip
sc

h
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n
d
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+
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ed
L

ip
sc

h
it

z
co

n
d
it

io
n

h
o
ld

s,
th

en

I n
,k
≤
e−

(1
−

lo
g

2
)k

+
O

((
k
/n

)(α
+

1
)/
d
).

(9
)
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R
a
t
e
o
f
c
o
n
v
e
r
g
e
n
c
e
o
f
k
-N

N
c
l
a
ssif

ic
a
t
io
n
r
u
l
e

T
h
e

p
ro

o
fs

o
f

th
ese

lem
m

as
are

in
S
ection

4.
T

h
e

co
n
cep

t
of

m
o
d
ifi

ed
L

ip
sch

itz
con

d
ition

can
b

e
ap

p
lied

for
d
iscrete

d
istrib

u
tion

s,
to

o
.

A
s

a
n

ex
a
m

p
le,

assu
m

e
th

at
th

e
va

lu
es

of
X

are
p

ositive
in

tegers:

P{
X

=
j}

=
p
j .

F
o
r

th
e

cla
ssical

ex
am

p
le

for
slow

rate
of

con
v
ergen

ce,
p
u
t
Y

=
D

(X
),

th
a
t

m
ean

s
th

e
fu

n
ctio

n
D

ta
kes±

1
valu

es.
T

h
en
L
∗

=
0

an
d
D

satisfi
es

th
e

L
ip

sch
itz

con
d
itio

n
w

ith
C

=
2.

A
s

in
th

e
p
ro

o
f

of
T

h
eorem

7.2
in

D
ev

roye,
G

y
örfi

a
n
d

L
u
gosi

(1996),
fo

r
an

y
cla

ssifi
er
g
n
,

th
e

ra
te

o
f

co
n
vergen

ce
of

E{
L

(g
n
)}

to
zero

can
b

e
arb

itrarily
slow

b
y

ap
p
rop

riate
ch

oice
o
f

th
e

d
istrib

u
tion

{
p
i }

of
large

tail.
C

o
n
sid

er
th

is
d
iscrete

case
w

ith
arb

itrary
fu

n
ction

D
su

ch
th

at
th

e
m

o
d
ifi

ed
L

ip
sch

itz
co

n
d
itio

n
h
a
s

th
e

form

|D
(j)−

D
(j ′)|≤

C
∗µ

([j−
|j−

j ′|+
1
,j

+
|j−

j ′|−
1]).

(10)

N
ex

t
w

e
sh

ow
th

at
u
n
d
er

(10)
an

d
for

an
y

d
istrib

u
tion

{p
i }

,
even

w
ith

large
tail,

th
e

slow
rate

o
f

co
n
verg

en
ce

is
ex

clu
d
ed

.
A

p
p
ly

th
e
k
-N

N
ru

le
w

ith
tie-b

reak
in

g
b
y

in
d
ices,

su
ch

th
a
t

th
e
k
-N

N
estim

ate
of
D

h
as

th
e

form

D
n
,k (j)

=
1k

k
∑i=

1

Y
(n
,i) (j).

P
ro

p
o
sitio

n
4

U
n

d
er

th
e

m
od

ifi
ed

L
ip

sch
itz

co
n

d
itio

n
(1

0
),

E{
L

(g
n
,k )}−

L
∗≤

2
m

ax{
0≤
z}
z
e −

z
2
/
8

√
k

+
e −

3
k
/
1
4

+
4
C
∗k
/n
.

T
h
e

m
o
d
ifi

ed
L

ip
sch

itz
con

d
ition

is
an

im
p
licit

con
d
ition

,
it

is
u
sed

in
th

e
p
ro

of
of

L
em

m
a

3
in

S
ection

4.
W

e
sh

ow
h
ow

to
ex

ten
d

th
is

p
ro

o
f

startin
g

from
a

seco
n
d

con
cep

t
su

ch
th

a
t

w
e

avoid
th

e
b

ou
n
d
ed

n
ess

of
X

again
.

O
n
e

can
ch

eck
th

at
th

e
L

ip
sch

itz
con

d
ition

a
n
d

th
e

stro
n
g

d
en

sity
con

d
ition

im
p
ly

b
oth

con
cep

ts.
H

ow
ever,

as
w

e
m

en
tion

ed
earlier,

th
e

stro
n
g

d
en

sity
con

d
ition

is
close

to
th

e
con

d
ition

,
th

at
X

is
b

ou
n
d
ed

.
In

th
e

fra
m

ew
ork

of
th

e
secon

d
con

cep
t

w
e

assu
m

e
th

at
µ

h
as

a
d
en

sity
f

satisfy
in

g
a

m
ild

co
n
d
itio

n
:

•
T

h
e

w
ea

k
d
en

sity
co

n
d
itio

n
m

ean
s

th
at

th
ere

ex
ist

c
m
in
>

0
an

d
δ
>

0
su

ch
th

at
for

f
(x

)r
d≤

δ
d,

µ
(S
x
,r )≥

c
dm
in
f

(x
)r
d.

If
v
d

d
en

o
tes

th
e

volu
m

e
of

th
e

u
n
it

b
all

S
0
,1 ,

th
en

th
e

L
eb

esgu
e

d
en

sity
th

eorem
im

p
lies

th
at

fo
r

a
ll
f

a
n
d

for
alm

ost
all

x
w

ith
resp

ect
to

th
e

L
eb

esgu
es

m
easu

re,

limr↓0
µ

(S
x
,r )

v
d r
d

=
f

(x
),

th
erefo

re,
fo

r
sm

all
r
>

0,
µ

(S
x
,r )≈

f
(x

)v
d r
d.

T
h
u
s,

th
e

w
ea

k
d
en

sity
con

d
ition

req
u
ires

a
b
it

m
ore

th
an

th
e

L
eb

esgu
e

d
en

sity
th

eo
rem

.
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D
ö
r
in
g
,
G
y
ö
r
f
i
a
n
d

W
a
l
k

•
T

h
e

loca
l

L
ip

sch
itz

co
n

d
itio

n
m

ean
s

th
at

th
ere

ex
ists

a
con

stan
t
C̄

su
ch

th
at

for
an

y
x
,z
∈
R
d

w
ith

f
(x

)
>

0

|D
(x

)−
D

(z
)|≤

C
f

(x
)
1
/
d‖
x
−
z‖
.

F
or

th
e

lo
cal

L
ip

sch
itz

con
d
ition

th
e

L
ip

sch
itz

factor
is

p
rop

ortion
al

to
f

(x
)
1
/
d.

T
h
u
s,

th
e

fl
u
ctu

ation
of
D

is
sm

all
if

th
e

d
en

sity
is

sm
all.

O
n
e

m
ay

h
ave

a
sy

m
m

etric
d
efi

n
ition

m
ean

in
g

th
at

th
ere

ex
ists

a
con

stan
t
C̄

su
ch

th
at

for
m

in{
f

(x
),f

(z
)}
>

0

|D
(x

)−
D

(z
)|≤

C
m

in{f
(x

),f
(z

)}
1
/
d‖
x
−
z‖
.

H
ow

ever,
th

is
d
efi

n
ition

h
as

n
o

ad
d
ition

al
ad

van
tage,

ju
st

m
akes

th
e

d
erivation

m
o
re

in
-

volved
.

B
ecau

se
allth

ree
sets{(x

,z
);f

(x
)

=
0},{

(x
,z

);f
(z

)
=

0}
,{

(x
,z

);f
(x

)
=

0
orf

(z
)

=
0}

h
ave

zero
p
ro

d
u
ct

m
easu

re
µ
⊗
µ

,
b

oth
d
efi

n
ition

s
are

eq
u
ivalen

t.
N

otice
th

at
th

e
lo

cal
L

ip
sch

itz
con

d
ition

is
satisfi

ed
for

an
y

p
air

of
d
en

sity
f

a
n
d

fu
n
ction

D
of

p
ractical

in
terest.

T
h
eorem

5
b

elow
states

th
at

u
n
d
er

th
e

lo
cal

L
ip

sch
itz

con
d
ition

togeth
er

w
ith

th
e

w
eak

d
en

sity
con

d
ition

in
stead

of
th

e
m

o
d
ifi

ed
L

ip
sch

itz
con

d
ition

,
th

e
assertion

of
T

h
eorem

1
rem

ain
s

valid
.

It
w

ill
b

e
sh

ow
n

in
S
ection

4
b
y

a
m

o
d
ifi

cation
of

th
e

p
ro

of
of

L
em

m
a

3.

T
h

e
o
re

m
5

A
ssu

m
e

th
a
t
µ

h
a
s

a
d
en

sity
su

ch
th

a
t

th
e

w
ea

k
d
en

sity
co

n
d
itio

n
h
o
ld

s.
F

u
r-

th
erm

o
re,

su
p
po

se
th

a
t
D

sa
tisfi

es
th

e
w

ea
k

m
a
rgin

co
n

d
itio

n
w

ith
0
<
α
≤

1
a
n

d
th

e
loca

l
L

ip
sch

itz
co

n
d
itio

n
.

T
h
en

E{L
(g
n
,k )}−

L
∗

=
O

(1/k
(1

+
α

)/
2)

+
O

((k
/n

)
(α

+
1
)/
d),

a
n

d
th

e
ch

o
ice

(5
)

yield
s

th
e

o
rd

er
(6

).

O
n

th
e

on
e

h
a
n
d
,

n
ote

th
at

th
e

co
n
d
ition

s
of

T
h
eorem

1
d
on

’t
im

p
ly

th
e

con
d
ition

s
of

T
h
eorem

5,
b

ecau
se

for
T

h
eorem

1,
even

th
e

ex
isten

ce
of

a
d
en

sity
is

n
ot

req
u
ired

.
O

n
th

e
oth

er
h
an

d
,

th
e

lo
cal

L
ip

sch
itz

an
d

th
e

w
eak

d
en

sity
con

d
ition

s
im

p
ly

th
at

th
e

m
o
d
ifi

ed
L

ip
sch

itz
con

d
ition

h
old

s
in

a
n
eigh

b
orh

o
o
d

of
x

.
It

m
ean

s
th

at
for

all
x
,z
∈

R
d

w
ith

f
(x

)
>

0
an

d
w

ith
‖x
−
z‖
≤
δf

(x
) −

1
/
d,

on
e

h
as

|D
(x

)−
D

(z
)|≤

C
f

(x
)
1
/
d‖x
−
z‖
≤
C
µ

(S
ox
,‖
x−

z‖ )
1
/
d/c

m
in
.

3
.

R
a
te

o
f

C
o
n
v
e
rg

e
n
ce

o
f

th
e
L

2
E

rro
r

fo
r
k
-N

N
R

e
g
re

ssio
n

E
stim

a
to

r

In
th

is
section

w
e

su
m

m
arize

th
e

con
seq

u
en

ces
of

th
e

p
rev

iou
s

section
for

k
-N

N
regression

estim
ation

su
ch

th
at

w
e

p
rove

(2)
w

ith
ou

t
assu

m
in

g
th

at
X

is
b

ou
n
d
ed

.
U

su
ally,

(2)
is

p
roved

su
ch

th
at

after
ap

p
ly

in
g

th
e

L
ip

sch
itz

con
d
ition

on
e

in
vestigates

E{‖X
(n
,k

) (X
)−

X
‖

2}
,

w
h
ich

in
volves

th
e

con
d
ition

th
at

X
is

b
ou

n
d
ed

.
C

om
p
are

T
h
eorem

14.5
in

B
iau

an
d

D
ev

roye
(2015),

T
h
eorem

6.2
in

G
y
örfi

et
al.

(2002
)

an
d

T
h
eorem

3.2
in

L
iitiäin

en
,

C
oron

a
an

d
L

en
d
asse

(2010),
also

T
h
eorem

2
in

K
oh

ler,
K

rzy
żak

an
d

W
alk

(2006),
w

h
ere

a
m

om
en

t
con

d
ition

on
X

is
assu

m
ed

.
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R
a
t
e
o
f
c
o
n
v
e
r
g
e
n
c
e
o
f
k
-N

N
c
l
a
ss
if
ic
a
t
io
n
r
u
l
e

T
h

e
o
re

m
6

P
u

t

σ
2
(x

)
=

E
{ (Y
−
D

(X
))

2
|X

=
x
} .

If
ti

e
h
a
p
pe

n
s

w
it

h
p
ro

ba
bi

li
ty

0
,
D

sa
ti

sfi
es

th
e

m
od

ifi
ed

L
ip

sc
h
it

z
co

n
d
it

io
n

a
n

d
k
/n
→

0
,

th
en

∫
E{

(D
n
,k

(x
)
−
D

(x
))

2
}µ

(d
x

)
≤

(E
{σ

2
(X

)}
+
o(

1)
)/
k

+
2
C
∗2

(k
/n

)2
/
d
.

T
h
e

p
ro

of
of

T
h
eo

re
m

6
is

at
th

e
en

d
of

S
ec

ti
on

4
.

S
im

il
ar

ly
to

T
h
eo

re
m

5
,

in
T

h
eo

re
m

6
th

e
m

o
d
ifi

ed
L

ip
sc

h
it

z
co

n
d
it

io
n

ca
n

b
e

re
p
la

ce
d

b
y

th
e

lo
ca

l
L

ip
sc

h
it

z
co

n
d
it

io
n

to
ge

th
er

w
it

h
th

e
w

ea
k

d
en

si
ty

co
n
d
it

io
n
.

4
.

P
ro

o
fs

In
th

is
se

ct
io

n
w

e
p
re

se
n
t

th
e

p
ro

of
s

of
L

em
m

as
2

an
d

3,
h
en

ce
T

h
eo

re
m

1,
an

d
o
f

P
ro

p
o-

si
ti

on
4,

an
d

of
T

h
eo

re
m

s
5

an
d

6.

P
ro

o
f

o
f

L
e
m

m
a

2
.

F
or

a
fi
x
ed

x
,

P
ro

p
os

it
io

n
8.

1
in

B
ia

u
an

d
D

ev
ro

ye
(2

01
5)

sa
y
s

th
e

fo
ll
ow

in
g:

gi
v
en

X
1
,.
..
,X

n
,

th
e

ra
n
d
o
m

p
ai

rs

(X
(n
,1

)(
x

),
Y

(n
,1

)(
x

))
,.
..
,(
X

(n
,k

)(
x

),
Y

(n
,k

)(
x

))

ar
e

in
d
ep

en
d
en

t,
an

d

E{
Y

(n
,i

)(
x

)
−
D

(X
(n
,i

)(
x

))
|X

1
,.
..
,X

n
}

=
0.

T
h
er

ef
or

e,
th

e
H

o
eff

d
in

g
in

eq
u
al

it
y

im
p
li
es

th
at

P{
|D

n
,k

(x
)
−
D
n
,k

(x
)|
≥
|D

(x
)|/

2
|X

1
,.
..
,X

n
}

=
P

{
∣ ∣ ∣ ∣ ∣1 k

k ∑ i=
1

(Y
(n
,i

)(
x

)
−
D

(X
(n
,i

)(
x

))
)∣ ∣ ∣ ∣ ∣≥

|D
(x

)|/
2
|X

1
,.
..
,X

n

}

≤
2
e−

k
|D

(x
)|2
/
8
.

T
h
u
s,

J
n
,k
≤

2

∫
|D

(x
)|e
−
k
|D

(x
)|2
/
8
µ

(d
x

).

T
h
e

w
ea

k
m

ar
gi

n
co

n
d
it

io
n G

(t
)

:=
P{

0
<
|D

(X
)|
≤
t}
≤
c∗
·t
α
,
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6,
 2

01
8

D
ö
r
in
g
,
G
y
ö
r
f
i
a
n
d

W
a
l
k

im
p
li
es

b
y

u
se

of
p
ar

ti
al

in
te

gr
at

io
n

w
it

h
re

sp
ec

t
to
G

(s
)

th
at

∫
|D

(x
)|e
−
k
|D

(x
)|2
/
8
µ

(d
x

)
=

∫
1

0
se
−
k
s2
/
8
G

(d
s)

=
e−

k
/
8
−
∫

1

0
e−

k
s2
/
8
[1
−
k
s2
/
4]
G

(s
)d
s

≤
e−

k
/
8

+
c∗ 4

∫
1

0
e−

k
s2
/
8
k
s2

+
α
d
s

≤
e−

k
/
8

+
c∗ 4
k
−

(α
+

1
)/

2

∫
∞

0
e−

u
2
/
8
u

2
+
α
d
u

=
O

(k
−

(α
+

1
)/

2
).

T
h
u
s,

(8
)

is
ob

ta
in

ed
.

P
ro

o
f
o
f
L

e
m

m
a

3
.

F
or
U

1
,.
..
,U

n
i.
i.
d
.

u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

[0
,1

],
le

t
U

(1
,n

),
..
.,
U

(n
,n

)

d
en

ot
e

th
e

co
rr

es
p

on
d
in

g
or

d
er

st
at

is
ti

c.
If

ti
e

h
ap

p
en

s
w

it
h

p
ro

b
ab

il
it

y
0
,

th
en

fo
r

a
n
y

fi
x
ed

x
,
µ

(S
x
,r

)
is

co
n
ti

n
u
ou

s
in
r,

w
h
ic

h
im

p
li
es

th
at
µ

(S
x
,‖
x
−
X
‖)

is
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

[0
,1

].
F

ro
m

S
ec

ti
on

1.
2

in
B

ia
u

an
d

D
ev

ro
ye

(2
01

5)
fo

r
an

y
fi
x
ed

x
w

e
h
av

e
th

a
t

µ
(S
x
,‖
x
−
X

(n
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e
re

co
ns

tr
uc

tib
le

,
th

ey
ar

e
no

t
ou

r
in

te
re

st
he

re
.W

e
al

so
do

no
tc

on
si

de
rn

on
-r

ec
on

st
ru

ct
ib

le
pr

ob
le

m
s

su
ch

as
m

ul
tip

le
in

st
an

ce
le

ar
n-

in
g/

le
ar

ni
ng

w
ith

la
be

lp
ro

po
rt

io
ns

.

T
he

co
nc

re
te

co
nt

ri
bu

tio
ns

of
th

is
pa

pe
ra

re
:

•
A

ge
ne

ra
lm

et
ho

d
fo

rl
ea

rn
in

g
fr

om
co

rr
up

te
d

la
be

ls
ba

se
d

on
a

ge
ne

ra
liz

at
io

n
of

th
e

m
et

ho
d

of
un

bi
as

ed
es

tim
at

or
s

pr
es

en
te

d
in

N
at

ar
aj

an
et

al
.(

20
13

)a
nd

im
pl

ic
it

in
th

e
ea

rl
ie

rw
or

k
of

K
ea

rn
s

(1
99

8)
(t

he
or

em
s

5
an

d
6)

.

•
U

pp
er

an
d

lo
w

er
bo

un
ds

on
th

e
ri

sk
of

le
ar

ni
ng

fr
om

co
m

bi
na

tio
ns

of
co

rr
up

te
d

la
be

ls
,w

ith
so

m
e

an
al

ys
es

of
th

ei
r

tig
ht

ne
ss

(t
he

or
em

s
7

an
d

16
).

O
ur

re
su

lts
gr

ea
tly

ex
te

nd
th

e
st

at
e

of
th

e
ar

to
fC

ra
m

m
er

et
al

.(
20

05
),

bo
th

in
sc

op
e

an
d

in
co

m
pl

et
en

es
s.

•
D

em
on

st
ra

tio
n

of
th

e
co

m
pu

ta
tio

na
lf

ea
si

bi
lit

y
of

ou
r

ap
pr

oa
ch

vi
a

th
e

pr
es

er
va

tio
n

of
co

n-
ve

xi
ty

(t
he

or
em

29
).

E
le

m
en

ts
of

ou
r

fr
am

ew
or

k
ha

ve
ap

pe
ar

ed
el

se
w

he
re

,f
or

ex
am

pl
e

in
C

ra
m

m
er

et
al

.(
20

05
);

C
id

-
Su

ei
ro

et
al

.(
20

14
);

B
la

nc
ha

rd
et

al
.(

20
16

);
N

at
ar

aj
an

et
al

.(
20

13
).

W
hi

le
no

tt
he

co
m

pl
et

e
st

or
y

fo
r

al
lp

ro
bl

em
s,

th
e

co
nt

ri
bu

tio
ns

ou
tli

ne
d

ab
ov

e
m

ak
e

pr
og

re
ss

to
w

ar
d

th
e

fin
al

go
al

of
in

fo
rm

ed
ec

on
om

ic
de

ci
si

on
s.

T
he

en
d

re
su

lt
is

a
co

lle
ct

io
n

of
ge

ne
ra

lt
oo

ls
th

at
al

lo
w

on
e

to
le

ar
n

fr
om

an
d

co
m

pa
re

th
e

us
ef

ul
ne

ss
of

va
ri

ou
s

co
rr

up
te

d
la

be
ls

.

2.
B

as
ic

N
ot

at
io

n

L
et

R
+

be
th

e
se

to
fn

on
-n

eg
at

iv
e

re
al

nu
m

be
rs

.L
et
Y
X

be
th

e
se

to
ff

un
ct

io
ns

w
ith

do
m

ai
n
X

an
d

ra
ng

e
Y

.F
or

a
se

tX
de

fin
e

th
e

fu
nc

tio
ns

id
X

(x
)

=
x

,a
nd

1
X

(x
)

=
1

.F
or

a
fu

nc
tio

n
f
∈

R
X
×
Y

an
d
y
∈
Y

,w
e

de
no

te
th

e
pa

rt
ia

lf
un

ct
io

n
f

(−
,y

)
∈

R
X

,w
ith

f
(−
,y

)(
x

)
=
f

(x
,y

),
w

ith
si

m
ila

r
no

ta
tio

n
fo

r
fix

in
g

th
e

fir
st

ar
gu

m
en

t.
W

e
de

no
te

th
e

du
al

sp
ac

e
of

R
X

,
th

e
se

t
of

lin
ea

r
m

ap
s

R
X
→

R
,b

y
(R

X
)∗

.
W

e
ta

ke
th

e
ge

ne
ra

lv
ie

w
th

at
a

pr
ob

ab
ili

ty
di

st
ri

bu
tio

n
is

an
el

em
en

to
f

th
e

du
al

.

D
efi

ni
tio

n
1

A
pr

ob
ab

ili
ty

di
st

ri
bu

tio
n

on
a

se
t
X

is
an

el
em

en
t

of
(R

X
)∗

,
i.e

.
a

lin
ea

r
fu

nc
tio

n
〈P
,−
〉:

R
X
→

R
,s

uc
h

th
at

:
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1.〈P
,1

X 〉
=

1.

2.
If
f

(x
)≤

g
(x

),∀
x
∈
X

then〈P
,f〉≤

〈P
,g〉.

T
he

linearfunction〈P
,−
〉

is
called

an
expectation.Fora

large
class

ofgeneraltopologicalspaces,
this

definition
is

equivalentto
the

usualone
in

term
s

ofm
easures

on
sigm

a
algebras

(R
udin,1991).

If
X

is
finite,a

distribution
is

nothing
m

ore
than

a
vector.

A
ttim

es
w

e
use

the
standard

prefix
notation,w

ith
E
P
f

=
〈P
,f〉.D

efine
the

setofalldistributions
on

a
set

X
to

be
P

(X
).

For
any

x
∈
X

define
the

pointm
ass

distribution
δ
x ,w

ith
〈δ
x ,f〉

=
f

(x
)

for
allfunctions

f.
Finally,for

a
boolean

predicate
p

:
X
→
{T

ru
e,F

alse},let
[[p

(x
)]]

=
1

if
p
(x

)
is

true
and

0
otherw

ise.O
thernotation

w
illbe

developed
as

necessary.

3.T
he

G
eneralD

ecision
Problem

C
onsider

the
problem

faced
by

a
scientistin

a
laboratory.

In
frontof

them
is

a
beaker,containing

an
unknow

n
substance.

A
vailable

to
them

are
a

m
yriad

of
experim

ents
that

can
be

perform
ed

to
ascertain

its
identity.T

he
scientistcould

attem
ptto

ignite
it,m

ix
a

bitofitw
ith

a
know

n
substance

and
see

w
hathappens,x-ray

a
sam

ple,throw
som

e
ofitathigh

velocity
tow

ard
an

oncom
ing

beam
of

electrons
and

so
on.

D
ue

to
tim

e
and

budgetconstraints,only
a

lim
ited

num
ber

of
experim

ents
can

be
perform

ed
to

ascertain
the

substance’s
true

identity.T
herefore

the
scientistshould

focus
their

efforton
the

“m
ostinform

ative”
experim

ents.
O

f
course,w

hatis
inform

ative
depends

on
how

the
substance

is
to

be
used.

For
exam

ple,if
the

scientistw
ishes

to
sprinkle

som
e

of
iton

their
food

to
enhance

its
flavor,m

isidentifying
arsenic

as
table

saltis
a

very
bad

idea.
H

ow
ever,if

they
w

antto
sprinkle

iton
the

snails
in

their
garden,this

distinction
is

less
im

portant.
T

he
focus

of
this

section
is

the
abstractform

ulation
of

this
problem

.
W

e
consider

the
problem

of
how

a
decision

m
aker,or

scientist,uses
observations

from
experim

ents
to

inform
theiractions.

L
et

Θ
be

a
set

of
possible

values
of

som
e

unknow
n

quantity,
and

A
the

set
of

actions
available

to
the

decision
m

aker.T
he

consequence
ofan

action
is

m
easured

by
a

loss
function

L
:

Θ
×
A
→

R
.

A
negative

loss
represents

a
gain

to
the

decision
m

aker.
In

light
of

our
previous

exam
ple,

Θ
are

the
possible

substances
thatcould

be
in

the
beaker,

A
is

w
hatthe

decision
m

aker
can

do
w

ith
the

substance
(eatit,putiton

snails
and

so
on),and

L
m

easures
the

consequence
ofan

action
to

the
sci-

entist(L
(a

rsen
ic,eat)

should
be

high).
T

he
norm

ofa
loss

function
is

given
by

its
largestpossible

consequence
(positive

ornegative),‖
L‖∞

=
m

ax
θ
,a |L

(θ,a
)|.

U
nknow

n
to

the
decision

m
aker

is
the

exact
value

of
θ.

To
discover

this,
the

decision
m

aker
is

guided
by

experim
ents.

L
etZ

be
the

setof
possible

outcom
es

of
an

experim
ent.

W
e

w
illassum

e
thatZ

has
enough

m
athem

aticalstructure
so

as
to

m
ake

sense
of

the
theorem

s.
A

s
is

standard
in

m
achine

learning,the
reader

can
assum

e
thatZ

is
of

the
form

X
×
Y

w
here

X
is

a
com

pactsub-
setof

R
d

and
Y

is
a

finite
set.

A
llof

the
key

ideas
can

be
gleaned

from
assum

ing
Z

finite.
T

his
placesno

restrictionsw
hatsoeverone

the
usefulnessofthe

theory
in

application
to

com
puterscience

problem
s.A

fterall,com
puters

w
ork

perfectly
w

ellw
ith

finite
state

spaces.T
he

outcom
e

ofthe
ex-

perim
ent,

z
∈
Z

,is
assum

ed
related

to
the

unknow
n,certain

outcom
es

are
m

ore
strongly

linked
to

certain
values

of
θ.

T
he

relationship
betw

een
the

unknow
n

and
the

outcom
e

of
the

experim
entis

m
odeled

by
a

transition.
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3.1
Transitions

D
efinition

2
A

transition
from

a
set

X
to

a
set

Y
is

a
linear

m
ap
T

:
(R

X
) ∗→

(R
Y

) ∗.

W
hile

abstractin
appearance,w

e
rem

ark
thatw

hen
X

and
Y

are
finite,a

transition
is

nothing
m

ore
than

a
m

atrix.
In

general,a
transition

is
an

integraloperator.
D

enote
the

setof
alltransitions

from
X

to
Y

by
T

(X
,Y

).W
e

calla
transition

M
arkov

if
T

(P
(X

))⊆
P

(Y
),ie

itm
aps

distributions
over

X
to

distributions
over

Y
.W

hen
X

and
Y

are
finite,M

arkov
transitions

are
represented

by
colum

n
stochastic

m
atrices.

M
arkov

transitions
constitute

a
m

odern
approach

to
conditional

probability
(C

hang
and

Pollard,
1997;Torgersen,1991;L

e
C

am
,1964;C

hentsov,1982).T
he

distribution,

T
(x

)
:=

T
(δ
x )

is
how

the
decision

m
akersum

m
arizes

theiruncertainty
about

Y
ifthe

true
value

of
X

is
x.In

fact
a

transition
is

com
pletely

determ
ined

by
its

value
on

pointm
asses.E

very
function

φ
∈
Y
X

defines
a

transition
w

ith,
〈φ

(α
),f〉

Y
:=
〈α
,f
◦
φ〉
X
,∀
f
∈

R
Y
,∀
α
∈

(R
X

) ∗.

Such
a

transition
is

called
determ

inistic.Transitions
can

be
com

bined
in

series
and

in
parallel.

For
transitions

T
∈

T
(X
,Y

)
and

S
∈

T
(Y
,Z

)
w

e
can

define
S
◦
T
∈

T
(X
,Z

)
by

usual
func-

tion
com

position.
If
X
,Y

and
Z

are
finite,then

this
is

justm
atrix

m
ultiplication.

If
T

and
S

are
M

arkov,this
is

justiterated
expectation.

Intuitively,this
can

be
seen

as
“m

arginalizing”
over

Y
in

the
M

arkov
chain,

X
→
Y
→
Z
.

C
om

bination
oftransitions

in
series

m
odels

corruptions
thatare

perform
ed

one
afteranother.

Transitions
can

be
com

bined
in

parallel.
For

α
,β
∈

(R
X

) ∗,
denote

the
product

by
α
⊗
β
∈

(R
X
×
X

) ∗.If
T
i ∈

T
(X

i ,Y
i ),
i∈

[1;k
],are

transitions
then

denote,

⊗
ki=

1 T
i ∈

T
(×

ki=
i X

i ,×
ki=

1 Y
i )

w
ith
⊗
ki=

1 T
i (x

)
=
T

1 (x
1 )⊗

···⊗
T
k (x

k ),w
here×

denotes
the

C
artesian

productand
⊗

denotes
products

of
duals.

Transitions
can

also
be

replicated.
For

any
transition

T
∈

T
(X
,Y

)
w

e
denote

the
replicated

transition
T
n
∈

T
(X
,Y

n
),
n
∈
{1,2,...},w

ith,

T
n
(x

)
:=

T
(x

)⊗
···⊗

T
(x

)
︸

︷︷
︸

n
tim

es

:=
T

(x
)
n
,

the
n-fold

productof
T

(x
).

Parallelcom
position

of
transitions

m
odels

perform
ing

tw
o

differentexperim
ents

as
w

ellas
the

re-
peated

perform
ance

ofthe
sam

e
experim

ent.
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3.
2

E
xp

er
im

en
ts

an
d

R
is

k

A
n

ex
pe

ri
m

en
ti

s
a

M
ar

ko
v

tr
an

si
tio

n
e
∈

T
(Θ
,Z

).
W

e
ca

ll
Z

th
e

ob
se

rv
at

io
n

sp
ac

e
of

th
e

ex
pe

r-
im

en
t.

T
he

di
st

ri
bu

tio
n
e(
θ)

su
m

m
ar

iz
es

un
ce

rt
ai

nt
y

in
th

e
ob

se
rv

at
io

n
w

he
n
θ

is
th

e
va

lu
e

of
th

e
un

kn
ow

n.
A

ft
er

ob
se

rv
in

g
th

e
re

su
lts

of
an

ex
pe

ri
m

en
t,

th
e

de
ci

si
on

m
ak

er
is

ta
sk

ed
w

ith
ch

oo
si

ng
a

su
ita

bl
e

ac
tio

n.
T

he
y

do
th

is
vi

a
a

le
ar

ni
ng

al
go

ri
th

m
.

In
ou

r
la

ng
ua

ge
,a

le
ar

ni
ng

al
go

ri
th

m
is

a
M

ar
ko

v
tr

an
si

tio
n
A
∈

T
(Z
,A

)
1 .
A

(z
)

su
m

m
ar

iz
es

th
e

de
ci

si
on

m
ak

er
s

un
ce

rt
ai

nt
y

in
w

hi
ch

ac
tio

n
to

ch
oo

se
.W

e
de

fin
e

th
e

ri
sk

,

R
is

k
L

(θ
,e
,A

)
:=

E
z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)
=
〈A
◦e

(θ
),
L

(θ
,−

)〉
.

T
he

ri
sk

m
ea

su
re

s
th

e
qu

al
ity

of
th

e
fin

al
ac

tio
n

ch
os

en
by

th
e

de
ci

si
on

m
ak

er
w

he
n

th
ey

us
e

th
e

le
ar

ni
ng

al
go

ri
th

m
A

,a
ft

er
pe

rf
or

m
in

g
ex

pe
ri

m
en

te
,a

ss
um

in
g
θ

is
th

e
tr

ue
va

lu
e

of
th

e
un

kn
ow

n.
T

he
ri

sk
do

es
no

tp
ro

vi
de

a
si

ng
le

nu
m

be
rf

or
th

e
co

m
pa

ri
so

n
of

ex
pe

ri
m

en
ts

,r
at

he
ri

tp
ro

vi
de

s
an

en
tir

e
ri

sk
pr

ofi
le

.T
o

co
m

pa
re

ex
pe

ri
m

en
ts

di
re

ct
ly

w
e

us
e

th
e

m
in

im
ax

ri
sk

,

R
is

k
L

(e
)

:=
in

f A
su

p
θ

R
is

k
L

(θ
,e
,A

),

3.
3

T
he

St
an

da
rd

Pr
ed

ic
tio

n
Pr

ob
le

m

T
he

pr
ec

ed
in

g
fr

am
ew

or
k

fo
rd

efi
ni

ng
an

d
m

ea
su

ri
ng

th
e

va
lu

e
of

di
ff

er
en

te
xp

er
im

en
ts

w
as

la
rg

el
y

co
nc

ei
ve

d
in

th
e

fie
ld

of
th

eo
re

tic
al

st
at

is
tic

s,
in

th
e

w
or

ks
of

vo
n

N
eu

m
an

n
an

d
M

or
ge

ns
te

rn
(1

94
7)

;
B

la
ck

w
el

l(
19

51
);

D
eG

ro
ot

(1
96

2)
an

d
L

e
C

am
(1

96
4)

.
T

he
re

is
a

pe
rc

ei
ve

d
te

ns
io

n
be

tw
ee

n
th

e
go

al
s

of
st

at
is

tic
s,

th
at

is
to

di
sc

ov
er
θ,

ve
rs

us
th

e
go

al
s

of
m

ac
hi

ne
le

ar
ni

ng
,t

ha
ti

s
to

pr
ed

ic
tt

he
ou

tc
om

es
of

th
e

ex
pe

ri
m

en
te

.A
sw

e
no

w
sh

ow
,t

hi
sd

is
tin

ct
io

n
is

on
ly

su
pe

rfi
ci

al
.L

et
`

:
Z
×
A
→

R
be

a
“p

re
di

ct
iv

e”
lo

ss
,t

ha
tm

ea
su

re
s

ho
w

w
el

lt
he

ac
tio

n
a

pr
ed

ic
ts

th
e

ou
tc

om
e

of
th

e
ex

pe
ri

m
en

t
e.

C
om

m
on

ex
am

pl
es

in
cl

ud
e: O

bs
er

va
tio

ns
Z

A
ct

io
ns
A

L
os

s
`

D
en

si
ty

E
st

im
at

io
n

X
⊆

R
d

M
od

el
Θ
⊆
P

(X
)

−
lo

g
(P

θ
(x

))

C
la

ss
ifi

ca
tio

n
X
×
{±

1}
Fu

nc
tio

n
cl

as
s
F
⊆
{±

1
}X

[[y
=
f

(x
)]]

R
eg

re
ss

io
n

X
×

R
Fu

nc
tio

n
cl

as
s
F
⊆

R
X

(y
−
f

(x
))

2

Su
pe

rv
is

ed
L

ea
rn

in
g

X
×
Y

Fu
nc

tio
n

cl
as

s
F
⊆

P
(Y

)X
`(
y
,f

(x
))

D
ue

to
th

e
fr

eq
ue

nc
y

w
ith

w
hi

ch
w

e
ta

ke
ex

pe
ct

at
io

ns
w

e
ov

er
lo

ad
ou

rn
ot

at
io

n
an

d
de

fin
e,

`(
P
,Q

)
:=

E
z
∼
P

E
a
∼
Q
`(
z
,a

).

In
le

ar
ni

ng
th

eo
ry

,`
(P
,Q

)
as

de
fin

ed
ab

ov
e

is
re

fe
re

d
to

as
th

e
ri

sk
,h

er
e

w
e

re
se

rv
e

th
e

te
rm

ri
sk

fo
ri

ts
m

or
e

cl
as

si
ca

ls
ta

tis
tic

al
de

fin
iti

on
.L

et
Θ

=
P

(Z
),

th
e

se
to

fa
ll

po
ss

ib
le

di
st

ri
bu

tio
ns

on
th

e
ob

se
rv

at
io

n
sp

ac
e.

T
he

lo
ss

fu
nc

tio
n
L

:
P

(Z
)
×

P
(A

)
→

R
of

in
te

re
st

is
th

e
re

gr
et

,

L
(P
,Q

)
:=

`(
P
,Q

)
−

in
f

a
∈A
`(
P
,a

),

L
et
e n

be
th

e
ex

pe
ri

m
en

tt
ha

tm
ap

s
ea

ch
P
∈

P
(Z

)
to

its
n

-f
ol

d
pr

od
uc

tP
n

.T
he

n,

R
is

k
L

(e
n
)

=
in

f A
su

p
P

E
S
∼
P
n
`(
P
,A

(S
))
−

in
f

a
∈A
`(
P
,a

),

1.
W

e
ad

op
tt

he
co

m
m

on
te

rm
in

ol
og

y
of

al
go

ri
th

m
,w

hi
le

no
ta

dd
re

ss
in

g
co

m
pu

ta
tio

na
li

ss
ue

s.
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O
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N
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M

S
O

N

is
th

e
m

in
im

ax
re

gr
et

,a
ce

nt
ra

lo
bj

ec
ti

n
le

ar
ni

ng
th

eo
ry

.T
he

re
fo

re
,t

he
pr

ed
ic

tio
n

pr
ob

le
m

of
m

a-
ch

in
e

le
ar

ni
ng

ca
n

be
un

de
rs

to
od

in
th

e
m

or
e

ge
ne

ra
ll

an
gu

ag
e

of
ex

pe
ri

m
en

ts
.I

ti
s

th
es

e
pr

ob
le

m
s

th
at

ar
e

of
ce

nt
ra

li
nt

er
es

ti
n

th
is

pa
pe

r.
Fo

rt
he

re
m

ai
nd

er
L

w
ill

re
pr

es
en

tt
he

re
gr

et
fo

ra
lo

ss
`.

4.
C

or
ru

pt
ed

Pr
ed

ic
tio

n
Pr

ob
le

m
s

D
ue

to
lim

ita
tio

ns
in

th
e

m
ea

su
re

m
en

ta
pp

ar
at

us
av

ai
la

bl
e

to
th

e
de

ci
si

on
m

ak
er

,r
at

he
rt

ha
n

ob
se

rv
-

in
g
z
∈
Z

,i
ti

so
ft

en
th

e
ca

se
th

at
th

e
de

ci
si

on
m

ak
er

ob
se

rv
es

a
co

rr
up

te
d
z̃

in
a

po
te

nt
ia

lly
di

ff
er

en
t

ob
se

rv
at

io
n

sp
ac

e
Z̃

.W
e

m
od

el
th

e
co

rr
up

tio
n

pr
oc

es
s

vi
a

a
M

ar
ko

v
tr

an
si

tio
n
T
∈

T
(Z
,Z̃

).

D
efi

ni
tio

n
3

A
co

rr
up

tio
n

is
a

M
ar

ko
v

tr
an

si
tio

n
T

(Z
,Z̃

).

Fo
re

xa
m

pl
e,

w
e

m
ay

w
is

h
to

le
ar

n
a

re
la

tio
ns

hi
p

be
tw

ee
n

m
ea

su
re

d
sy

m
pt

om
s

an
d

a
m

ed
ic

al
di

ag
-

no
si

s,
as

pr
ov

id
ed

to
us

by
an

ex
pe

rt
.T

o
do

so
,r

at
he

rt
ha

n
ac

ce
ss

to
th

e
ex

pe
rt

’s
da

ta
,w

e
ar

e
gi

ve
n

da
ta

fr
om

on
e

of
th

ei
r

ap
pr

en
tic

es
.

H
er

e
T

m
od

el
s

th
e

hy
po

th
es

iz
ed

lin
k

be
tw

ee
n

th
e

ex
pe

rt
’s

an
d

ap
pr

en
tic

e’
s

da
ta

.T
he

go
al

of
pr

ed
ic

tin
g

as
w

el
la

s
th

e
ex

pe
rt

re
m

ai
ns

.

M
or

e
co

nc
re

te
ly

,w
e

ar
e

in
te

re
st

ed
in

su
pe

rv
is

ed
le

ar
ni

ng
pr

ob
le

m
s

w
he

re
in

,

Z
=
X
×
Y

an
d
Z̃

=
X
×
Ỹ
,

w
ith

T
co

rr
up

tin
g

on
ly

th
e

la
be

lY
an

d
ac

tin
g

as
th

e
id

en
tit

y
on

th
e

in
st

an
ce
X

,

T
=
id
X
⊗
T
Y
.

Pr
om

in
en

te
xa

m
pl

es
in

cl
ud

e:

•
L

ea
rn

in
g

w
ith

L
ab

el
N

oi
se

:

T
Y

=

(
1
−
σ
−

1
σ

1

σ
−

1
1
−
σ

1

)
.

•
Se

m
iS

up
er

vi
se

d
L

ea
rn

in
g:

T
Y

=

  
σ
−

1
0

0
σ

1

1
−
σ
−

1
1
−
σ

1

  

•
L

ea
rn

in
g

w
ith

pa
rt

ia
ll

ab
el

s:
W

e
as

su
m

e
th

at
a

pa
rt

ia
ll

ab
el

al
w

ay
s

in
cl

ud
es

th
e

tr
ue

la
be

l
as

on
e

of
th

e
po

ss
ib

ili
tie

s
an

d
fu

rt
he

rm
or

e
th

at
sp

ur
io

us
la

be
ls

ar
e

ad
de

d
w

ith
pr

ob
ab

ili
ty
σ

.

T
Y

=

            

(1
−
σ

)2
0

0

0
(1
−
σ

)2
0

0
0

(1
−
σ

)2

(1
−
σ

)σ
(1
−
σ

)σ
0

(1
−
σ

)σ
0

(1
−
σ

)σ

0
(1
−
σ

)σ
(1
−
σ

)σ

σ
2

σ
2

σ
2

            

.
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For
convenience

w
e

define
the

corrupted
experim

ent
ẽ

=
T
◦
e.

W
e

order
the

utility
of

different
corruptions

via
the

m
inim

ax
risk,

R
isk

L
(ẽ
n
)

:=
m

in
A

m
ax
P

R
isk

L
(P
,ẽ
n
,A

).

N
ote

thatthe
dom

ain
ofA

is
now
Z̃
n.Ideally

w
e

w
ish

to
com

pare
R

isk
L

(ẽ
n
)

w
ith

R
isk

L
(e
n
),the

m
inim

um
risk

ofthe
corrupted

and
the

clean
experim

ents.B
y

the
generaldata

processing
theorem

,
R

isk
L

(ẽ
n
)≥

R
isk

L
(e
n
),how

everthis
does

notallow
one

to
rank

the
utility

ofdifferent
T

.

E
ven

after
m

any
years

of
directed

research,
in

general
w

e
can

not
com

pute
R

isk
L

(e
n
)

exactly,
let

alone
R

isk
L

(ẽ
n
)

for
general

corruptions.
C

onsequently
our

effort
for

the
rem

aining
turns

to
upperand

low
erbounds

of
R

isk
L

(ẽ
n
).

4.1
C

orruption
C

orrected
L

osses

W
hen

convenientw
e

use
the

shorthand
T

(P
)

=
P̃

.N
atarajan

etal.(2013)introduced
a

m
ethod

of
learning

classifiers
from

data
subjected

to
labelnoise,called

the
“m

ethod
of

unbiased
estim

ators”.
H

ere
w

e
show

thatthis
m

ethod
can

be
generalized

to
othercorruptions.

R
ecall

that
a

transition
T
∈

T
(Z
,Z̃

)
is

a
linear

m
ap

T
:

(R
Z

) ∗
→

(R
Z̃

) ∗.
A

ssociated
w

ith
any

transition
is

a
dualoradjointlinearm

ap
T
∗

:R
Z̃
→

R
Z

w
ith,

〈
α
,T
∗(f̃

) 〉
Z

:=
〈
T

(α
),f̃ 〉

Z̃
,∀
f̃
∈

R
Z̃
,∀
α
∈

(R
Z

) ∗,

In
w

ords,T
∗

“pulls
back”

functions
ofthe

corrupted
sam

ple
to

functions
ofthe

clean
sam

ple.W
hen

T
is

a
m

atrix,
T
∗

is
the

transpose
of
T

.
W

e
w

ish
to

go
in

the
other

direction,to
transfer

functions
ofclean

sam
ples

to
those

ofcorrupted
sam

ples.

D
efinition

4
A

transition
T
∈

T
(Z
,Z̃

)
is

reconstructible
if
T

has
a

leftinverse;thatis
there

exists
a

transition
R
∈

T
(Z̃
,Z

)
such

that
R
◦
T

=
id

(R
Z

) ∗ .

Intuitively,
T

is
reconstructible

ifthere
is

som
e

transform
ation

that“undoes”
the

effects
of
T

.N
ote

that
R

need
notbe

M
arkov

for
M

arkov
T

.
W

e
denote

the
setof

allreconstructible
transitions

by
T
←

(Z
,Z̃

).

M
any

form
s

of
corrupted

learning
are

reconstructible,
including

sem
i-supervised

learning,
learn-

ing
w

ith
labelnoise

and
learning

w
ith

partiallabels
for

allbuta
few

pathologicalcases.
A

ppendix
A

contains
severalw

orked
exam

ples.

W
e

calla
leftinverse

of
T

a
reconstruction.Forconcreteness

one
can

alw
ays

take,

R
=

(T
∗T

) −
1T
∗,

the
M

oore-Penrose
pseudo

inverse
of
T

.
For

invertible
T

,
R

is
given

by
the

standard
inverse.

In
generalitw

illbe
usefulto

considerotherreconstructions.In
particular,forthe

proofoftheorem
29,

w
e

use
reconstructions

w
ith,

R
∗(1
Z

)
=

1
Z̃
,

7
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V
A

N
R

O
O

Y
E

N
,W

IL
L

IA
M

S
O

N

ie
those

w
hich

preserve
the

constant
loss

function.
T

his
condition

is
alw

ays
satisfied

w
hen

T
is

invertible.M
ore

broadly,there
is

no
loss

in
generality

w
orking

w
ith

such
reconstructions.

R
econstructible

transitions
are

exactly
those

w
here

w
e

can
transfer

a
function

of
the

clean
z

to
one

ofthe
corrupted

z̃
w

hile
preserving

expectations.B
y

properties
ofadjoints,

〈P
,f〉

=
〈R
◦
T

(P
),f〉

=
〈T

(P
),R

∗(f
)〉
.

In
w

ords,
to

take
expectations

of
f

w
ith

sam
ples

from
P̃

,
w

e
use

the
corruption

corrected
f̃

=
R
∗(f

).
R

ecallthe
partialloss

function
`(−

,a
)∈

R
Z

.
U

sing
R

w
e

can
reconstructthe

partialloss
from

corrupted
exam

ples.

T
heorem

5
(C

orruption
C

orrected
L

oss)
For

all
reconstructible

corruptions
T
∈

T
(Z
,Z̃

)
and

loss
functions

`
:Z
×
A
→

R
define

the
corruption

corrected
loss

`
R

:Z̃
×
A
→

R
w

ith,

`
R

(−
,a

)
=
R
∗(`(−

,a
)),∀

a
∈
A
.

Then
for

alldistributions
P
∈

P
(Z

),E
z ∼
P
`(z

,a
)

=
E
z̃ ∼
P̃
`
R

(z̃
,a

).

4.1.1
U

S
E

S
O

F
C

O
R

R
U

P
T

IO
N

C
O

R
R

E
C

T
E

D
L

O
S

S
E

S
IN

S
U

P
E

R
V

IS
E

D
L

E
A

R
N

IN
G

In
supervised

learning
Z

=
X
×
Y

and
the

goal
is

to
find

a
function

that
predicts

y
∈
Y

from
x
∈
X

w
ith

low
expected

loss.G
iven

a
suitable

function
classF

⊆
A
X

and
a

loss
`

:
Y
×
A
→

R
one

attem
pts

to
find,

f
∗

=
arg

m
in

f∈F
E

(x
,y

) ∼
P
`(y

,f
(x

)).

Ifthe
labels

have
been

corrupted
by
T
Y
∈

T
(Y
,Ỹ

),w
e

can
correctforthe

corruption
and

find,

f
∗

=
arg

m
in

f∈F
E

(x
,ỹ

) ∼
P̃
`
R
Y

(ỹ
,f

(x
))

=
arg

m
in

f∈F
E

(x
,y

) ∼
P
`(y

,f
(x

)).

4.1.2
A

W
O

R
K

E
D

E
X

A
M

P
L

E:
L

E
A

R
N

IN
G

W
IT

H
S

Y
M

M
E

T
R

IC
L

A
B

E
L

N
O

IS
E

W
hen

learning
undersym

m
etric

labelnoise,the
decision

m
akeris

required
to

predicta
binary

label
y
∈
{−

1
,1},w

here
y ∼
P

.
R

ather
than

observing
the

true
y,the

decision
m

aker
observes

ỹ,w
here

ỹ
=
y

w
ith

probability
1−

σ
and

ỹ
=
−
y

w
ith

probability
σ

.
T

his
process

can
be

m
odeled

by
the

follow
ing

corruption
and

reconstruction
respectively;

T
=

(
1−

σ
σ

σ
1−

σ

)
,
R
∗

=
1

1−
2
σ

(
1−

σ
−
σ

−
σ

1−
σ

)
.

N
ote

that
R

is
notM

arkov,as
som

e
ofthe

entries
of
R

are
negative.Fora

loss
`

:{−
1
,1}×

A
→

R
w

e
have,

(
`
R

(−
1
,a

)

`
R

(1,a
)

)
=

1

1−
2
σ

(
1−

σ
−
σ

−
σ

1−
σ

)
(
`(−

1,a
)

`(1,a
)

)
,

orm
ore

com
pactly,

`
R

(y
,a

)
=

(1−
σ

)`(y
,a

)−
σ
`(−

y
,a

)

1−
2
σ

.

T
his

is
equivalentto

the
“m

ethod
ofunbiased

estim
ators”

ofN
atarajan

etal.(2013).Severalexam
-

ples
ofcorruption

corrected
losses

are
given

in
appendix

A
.
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4.
1.

3
W

H
E

N
T

O
A

P
P

E
A

L
T

O
A

S
U

R
R

O
G

A
T

E
L

O
S

S

M
an

y
lo

ss
fu

nc
tio

ns
in

m
ac

hi
ne

le
ar

ni
ng

ar
e

no
n

co
nv

ex
,t

he
ze

ro
on

e
lo

ss
a

pr
im

e
ex

am
pl

e.
R

at
he

r
th

an
m

in
im

iz
in

g
on

e
of

th
es

e
lo

ss
es

di
re

ct
ly

,
it

is
co

m
m

on
to

in
st

ea
d

m
in

im
iz

e
a

co
nv

ex
su

rr
o-

ga
te

lo
ss

fu
nc

tio
n,

su
ch

as
th

e
hi

ng
e

lo
ss

.
W

he
n

le
ar

ni
ng

in
th

e
pr

es
en

ce
of

co
rr

up
tio

n
w

e
fa

ce
a

di
le

m
m

a;
w

he
n

do
es

on
e

ap
pe

al
to

a
su

rr
og

at
e?

T
he

m
et

ho
d

of
un

bi
as

ed
es

tim
at

or
s

fir
st

ap
pe

al
s

to
a

su
rr

og
at

e
lo

ss
be

fo
re

co
rr

ec
tin

g
fo

r
no

is
e.

T
he

m
et

ho
d

of
la

be
ld

ep
en

de
nt

co
st

s
(N

at
ar

aj
an

et
al

.,
20

13
)fi

rs
tc

or
re

ct
s

fo
rn

oi
se

be
fo

re
ap

pe
al

in
g

to
a

su
rr

og
at

e.

4.
2

Si
m

ila
ri

tie
sw

ith
O

th
er

Fr
am

ew
or

ks

T
he

fr
am

ew
or

k
he

re
sh

ar
es

co
m

m
on

po
in

ts
w

ith
tw

o
ot

he
r

br
oa

d
di

re
ct

io
ns

in
th

e
lit

er
at

ur
e,

in
th

e
lin

e
of

w
or

ki
ng

of
C

id
-S

ue
ir

o
et

al
.(

20
14

)a
nd

B
la

nc
ha

rd
et

al
.(

20
16

).

C
id

-S
ue

ir
o

et
al

.(
20

14
);

C
id

-S
ue

ir
o

(2
01

2)
co

ns
id

er
th

e
pr

ob
le

m
of

le
ar

ni
ng

w
he

n
th

e
co

rr
up

tio
n

is
on

ly
pa

rt
ia

lly
kn

ow
n.

T
he

y
al

so
us

e
tr

an
si

tio
ns

(s
to

ch
as

tic
m

at
ri

ce
s)

an
d

th
ei

rr
ec

on
st

ru
ct

io
ns

to
co

ns
tr

uc
tl

os
s

fu
nc

tio
ns

th
at

“c
or

re
ct

fo
r”

no
is

e
in

th
e

la
be

lin
g

pr
oc

es
s.

T
he

ir
de

ve
lo

pm
en

tc
lo

se
ly

m
ir

ro
rs

th
at

of
se

ct
io

n
11

,w
ith

su
bt

le
di

ff
er

en
ce

s
(s

ee
se

ct
io

n
11

.3
).

B
la

nc
ha

rd
et

al
.(

20
16

)
co

ns
id

er
th

e
cl

os
el

y
re

la
te

d
pr

ob
le

m
of

le
ar

ni
ng

un
de

r
m

ut
ua

lly
co

nt
am

-
in

at
ed

di
st

ri
bu

tio
ns

.F
or

ex
am

pl
e,

in
bi

na
ry

cl
as

si
fic

at
io

n
m

an
y

pe
rf

or
m

an
ce

m
ea

su
re

s
ca

n
be

op
ti-

m
iz

ed
w

ith
ac

ce
ss

to
sa

m
pl

es
fr

om
P

1
,P
−

1
∈

P
(X

),
th

e
di

st
ri

bu
tio

n
ov

er
in

st
an

ce
s

gi
ve

n
a

po
si

tiv
e

or
ne

ga
tiv

e
la

be
lr

es
pe

ct
iv

el
y.

In
pr

ac
tic

e
ho

w
ev

er
th

e
sa

m
pl

es
ca

n
be

m
ix

ed
,y

ie
ld

in
g

di
st

ri
bu

tio
ns

,

P̃
±

1
=

(1
−
π
±

1
)P

1
+
π
±

1
P
−

1
.

In
ge

ne
ra

l
th

e
m

ix
in

g
co

ns
ta

nt
s
π
±

1
ar

e
un

kn
ow

n.
U

nd
er

th
e

as
su

m
pt

io
n

th
at
P

1
an

d
P
−

1
ar

e
m

ut
ua

lly
ir

re
du

ci
bl

e,
B

la
nc

ha
rd

et
al

.(
20

16
)s

ho
w

s
th

at
on

e
ca

n
re

co
ns

tr
uc

tt
he

cl
ea

n
di

st
ri

bu
tio

ns
to

ge
th

er
w

ith
th

e
m

ix
in

g
co

ef
fic

ie
nt

s,
pr

ov
id

in
g

m
ea

ns
to

es
tim

at
e

th
e

co
rr

up
tio

n.
T

he
ir

fr
am

ew
or

k
ha

s
be

en
ex

te
nd

ed
to

ot
he

rp
ro

bl
em

s
(K

at
z-

Sa
m

ue
ls

an
d

Sc
ot

t,
20

16
).

5.
U

pp
er

B
ou

nd
sf

or
C

or
ru

pt
ed

L
ea

rn
in

g

In
th

is
se

ct
io

n
w

e
de

ve
lo

p
up

pe
r

bo
un

ds
on

th
e

ri
sk

of
an

y
al

go
ri

th
m

th
at

le
ar

ns
fr

om
a

co
rr

up
te

d
sa

m
pl

e,
in

te
rm

s
of

th
e

sa
m

pl
e

ri
sk

,S̃
∼
P̃
n

.F
or

si
m

pl
ic

ity
w

e
as

su
m

e
th

at
A

is
fin

ite
.T

hi
s

as
su

m
p-

tio
n

ca
n

be
re

m
ov

ed
by

PA
C

-B
ay

es
ia

n
bo

un
ds

(a
s

w
e

do
in

th
e

ap
pe

nd
ix

),
vi

a
co

ve
ri

ng
nu

m
be

r
ar

gu
m

en
ts

(B
ar

tle
tt

et
al

.,
19

97
)o

rv
ia

m
or

e
re

fin
ed

bo
un

ds
fr

om
em

pi
ri

ca
lp

ro
ce

ss
th

eo
ry

(B
ar

tle
tt

an
d

M
en

de
ls

on
,2

00
6)

.

B
y

an
ap

pl
ic

at
io

n
of

th
e

PA
C

-B
ay

es
bo

un
d

(Z
ha

ng
,2

00
6)

,o
ne

ha
s

fo
ra

ll
al

go
ri

th
m

s
A
∈

T
(Z̃

n
,A

)
an

d
di

st
ri

bu
tio

ns
P
∈

P
(Z

),

E
S̃
∼
P̃
n
` R

(P̃
,A

(S̃
))
≤

E
S̃
∼
P̃
n
` R

(S̃
,A

(S̃
))

+
‖`
R
‖ ∞
√

2
lo

g
(|A
|)

n
.

B
y

th
e

co
ns

tr
uc

tio
n

of
` R

,`
R

(P̃
,A

(S̃
))

=
`(
P
,A

(S̃
))

,a
nd

th
e

ab
ov

e
bo

un
d

yi
el

ds
th

e
fo

llo
w

in
g

th
eo

re
m

.
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T
he

or
em

6
Fo

r
al

l
re

co
ns

tr
uc

tib
le
T
∈

T
(Z
,Z̃

),
al

go
ri

th
m

s
A
∈

T
(Z̃

n
,A

),
di

st
ri

bu
tio

ns
P
∈

P
(Z

)
an

d
bo

un
de

d
lo

ss
fu

nc
tio

ns
`,

E
S̃
∼
P̃
n
`(
P
,A

(S̃
))
≤

E
S̃
∼
P̃
n
` R

(S̃
,A

(S̃
))

+
‖`
R
‖ ∞
√

2
lo

g
(|A
|)

n
.

A
si

m
ila

r
re

su
lt

al
so

ho
ld

s
w

ith
hi

gh
pr

ob
ab

ili
ty

on
dr

aw
s

fr
om

P̃
n

.
T

hi
s

bo
un

d
m

ot
iv

at
es

th
e

fo
llo

w
in

g
al

go
ri

th
m

fo
rl

ea
rn

in
g

fr
om

co
rr

up
te

d
da

ta
,

A
E
R
M

(S̃
)

=
ar

g
m

in
a
∈A

` R
(S̃
,a

).

A
s

th
is

al
go

ri
th

m
m

in
im

iz
es

th
e

lo
ss

on
th

e
sa

m
pl

e,

E
S̃
∼
P̃
n
` R

(S̃
,A

E
R
M

(S̃
))
≤

E
S̃
∼
P̃
n
` R

(S̃
,a

)
=
`(
P
,a

),
∀a
∈
A
.

To
ge

th
er

w
ith

th
eo

re
m

6
w

e
ha

ve
,

E
S̃
∼
P̃
n
`(
P
,A

E
R
M

(S̃
))
≤

in
f
a
`(
P
,a

)
+
‖`
R
‖ ∞
√

2
lo

g
(|A
|)

n
,
∀P

yi
el

di
ng

,

R
is

k
L

(ẽ
n
)
≤
‖`
R
‖ ∞
√

2
lo

g
(|A
|)

n
.

Si
m

ila
rl

y,

R
is

k
L

(e
n
)
≤
‖`
‖ ∞
√

2
lo

g
(|A
|)

n
.

T
he

re
fo

re
,

th
e

ra
tio
‖`
R
‖ ∞

‖`
‖ ∞

m
ea

su
re

s
th

e
re

la
tiv

e
di

ffi
cu

lty
of

co
rr

up
te

d
ve

rs
us

cl
ea

n
le

ar
ni

ng
,

as
ju

dg
ed

so
le

ly
by

ou
ru

pp
er

bo
un

d.

5.
1

U
pp

er
B

ou
nd

sf
or

C
om

bi
na

tio
ns

of
C

or
ru

pt
ed

D
at

a

R
ec

al
lt

ha
to

ur
fin

al
go

al
is

to
qu

an
tif

y
th

e
ut

ili
ty

of
a

da
ta

se
tc

om
pr

is
in

g
di

ff
er

en
tc

or
ru

pt
ed

da
ta

.
Fo

r
ex

am
pl

e
in

le
ar

ni
ng

w
ith

no
is

y
la

be
ls

ou
to

f
n

da
ta

,t
he

re
co

ul
d

be
n

1
cl

ea
n,
n

2
sl

ig
ht

ly
no

is
y

an
d
n

3
ve

ry
no

is
y

sa
m

pl
es

an
d

so
on

.
M

or
e

ge
ne

ra
lly

w
e

as
su

m
e

ac
ce

ss
to

a
co

rr
up

te
d

sa
m

pl
e
S̃

,
m

ad
e

up
of
k

di
ff

er
en

tt
yp

es
of

co
rr

up
te

d
da

ta
,w

ith
S̃
i∼
P̃
n
i
,i
∈

[1
;k

].

T
he

or
em

7
Le

tT
i
∈

T
(Z
,Z̃

i)
be

a
co

lle
ct

io
n

of
k

re
co

ns
tr

uc
tib

le
co

rr
up

tio
ns

.L
et
P̃

=
⊗
k i=
iP̃

n
i

i
,

Z̃
=
×
k i=

1
Z̃
n
i

i
,n

=
∑

k i=
1
n
i

an
d
r i

=
n
i n
.

Th
en

fo
r

al
la

lg
or

ith
m

s
A
∈

T
(Z̃
,A

),
di

st
ri

bu
tio

ns
P
∈

P
(Z

)
an

d
bo

un
de

d
lo

ss
fu

nc
tio

ns
`,

E
S̃
∼
P̃
`(
P
,A

(S̃
))
≤

E
S̃
∼
P̃

k ∑ i=
1

r i
` R

i
(S̃
i,
A

(S̃
))

+
K

√
2

lo
g
(|A
|)

n
,

w
he

re
K

=

√
k ∑ i=

1
r i
‖`
R
i
‖2 ∞

.
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A
sim

ilarresultalso
holds

w
ith

high
probability

on
draw

s
from

P̃
.T

heorem
7

is
a

generalization
of

the
finalbound

appearing
in

C
ram

m
eretal.(2005)thatonly

pertains
to

sym
m

etric
labelnoise

and
binary

classification.
T

heorem
7

suggests
the

follow
ing

m
eans

ofchoosing
n
i exam

ples
from

each
ofthe

corrupted
experim

ents.L
et
c
i be

the
costofacquiring

data
corrupted

by
T
i .First,choose

data
from

the
T
i

w
ith

low
est

c
i ‖`

R
i ‖

2∞
untilpicking

m
ore

violates
the

budgetconstraint.
T

hen
choose

data
from

the
second

low
estand

so
on.

O
ne

m
ustbe

carefulw
hen

com
paring

upperbounds,as
there

m
ay

existalternate
m

ethods
forlearn-

ing
from

the
corrupted

sam
ple

w
ith

better
properties.

In
the

next
section

w
e

present
argum

ents
indicating

this
is

notthe
case.

6.L
ow

er
B

oundsfor
C

orrupted
L

earning

T
hus

far
w

e
have

developed
upper

bounds
for

E
R

M
algorithm

s.
In

particular
w

e
have

found
that

reconstructible
corruption

does
notaffectthe

rate
atw

hich
learning

occurs,itonly
affects

constants
in

the
upper

bound.
C

an
w

e
do

better?
A

re
these

constants
tight?

To
answ

er
this

question
w

e
develop

low
erbounds

forcorrupted
learning.

H
ere

w
e

review
L

e
C

am
’sm

ethod
(see

Y
u

(1997)fora
m

ore
detailed

account),a
pow

erfultechnique
forgenerating

low
erbounds

fordecision
problem

s
thatvery

often
gives

the
correctrate

and
depen-

dence
on

constants
(including

being
able

to
reproduce

the
standard

V
C

dim
ension

low
erbounds

for
classification

presented
in

M
assartand

N
édélec

(2006)).In
recenttim

es
ithas

been
used

to
establish

low
erbounds

for:differentially
private

learning
(D

uchietal.,2013),learning
in

a
distributed

setup
(Z

hang
etal.,2013),function

evaluations
required

in
convex

optim
ization

(A
garw

aletal.,2012)as
w

ellas
generic

low
erbounds

in
statisticalestim

ation
problem

s
(Y

ang
and

B
arron,1999).W

e
show

how
this

m
ethod

can
be

extended
using

the
strong

data
processing

theorem
(C

ohen
and

K
em

per-
m

ann,1998)
to

provide
a

general
tool

for
low

er
bounding

the
possible

perform
ance

attainable
in

corrupted
prediction

problem
s.

W
e

stress
thatthese

techniques
apply

to
generalexperim

ents
e
∈

T
(Θ
,Z

),and
generalloss

func-
tions

L
:

Θ
×
A
→

R
,and

notonly
the

predictive
problem

s
ofinteresthere.

6.1
L

e
C

am
’sM

ethod
and

M
inim

ax
L

ow
er

B
ounds

L
e

C
am

’s
m

ethod
proceeds

by
reducing

a
generaldecision

problem
to

an
easierbinary

classification
problem

,before
relating

the
bestpossible

perform
ance

on
thisclassification

problem
to

the
m

inim
ax

risk.
L

et
Θ

be
a

setof
unknow

ns,
e
∈

T
(Θ
,Z

)
an

experim
entand

L
:

Θ
×
A
→

R
a

loss.
W

e
assum

e
furtherthat

in
f
a
L

(θ,a
)

=
0

forall
θ∈

Θ
.D

efine
the

separation
ρ

:
Θ
×

Θ
→

R
,

ρ
(θ

1 ,θ
2 )

:=
in

fa
L

(θ
1 ,a

)
+
L

(θ
2 ,a

).

T
he

separation
m

easures
how

hard
itis

to
actw

ellagainstboth
θ

1
and

θ
2

sim
ultaneously.

Further-
m

ore
define

the
variationaldivergence,

V
(P
,Q

)
:=

su
p

f∈
[−

1
,1

] Z
E
P
f
−

E
Q
f
,∀
P
,Q
∈

P
(Z

),
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T
he

variationaldivergence
m

easures
how

hard
to

is
to

distinguish
tw

o
distributions

P
and

Q
and

is
deeply

related
to

binary
classification.

L
em

m
a

8
For

allexperim
ents

e∈
T

(Θ
,Z

)
and

loss
functions

L
,

R
isk

L
(e)≥

14
su

p
θ
1
,θ

2 ∈
Θ
ρ
(θ

1 ,θ
2 )

(1−
V

(e(θ
1 ),e(θ

2 )))
.

A
com

pactproofisgiven
in

appendix
B

.T
hislow

erbound
isa

trade
offbetw

een
distancesm

easured
by
ρ

and
statisticaldistances

m
easured

by
the

variationaldivergence.A
decision

problem
is

easy
if

proxim
ity

in
variationaldivergence

of
e(θ

1 )
and

e(θ
2 )

(hard
to

distinguish
θ

1
and

θ
2

statistically)
im

plies
proxim

ity
of
θ

1
and

θ
2

in
ρ

(hard
to

distinguish
θ

1
and

θ
2

w
ith

actions).

L
em

m
a

8
suggests

that
to

rank
the

difficulty
of

various
experim

ents,
one

should
w

ork
w

ith
their

Le
C

am
function.

D
efinition

9
Let

e
be

an
experim

entand
L

a
loss.The

L
e

C
am

function
of
e

is,

L
e

C
am

L
(e,γ

)
=

14
su

p
θ
1
,θ

2 ∈
Θ
ρ
(θ

1 ,θ
2 )

(1−
γ
V

(e(θ
1 ),e(θ

2 )))
,∀
γ
≥

0
.

L
em

m
a

8
can

be
restated

as,
R

isk
L

(e)≥
L

e
C

am
L

(e,1).

R
E

P
L

IC
A

T
IO

N
A

N
D

R
A

T
E

S

W
e

w
ish

to
low

er
bound

how
the

risk
decreases

as
n,the

num
ber

of
tim

es
the

experim
entis

repli-
cated,grow

s.T
he

follow
ing

lem
m

a
provides

a
sim

ple
w

ay
to

do
this.

L
em

m
a

10
For

allcollections
ofdistributions

P
i ,Q

i ∈
P

(Z
i ),i∈

[1;k
],

V
(⊗

ki=
1 P

i ,⊗
ki=

1 Q
i )≤

k
∑i=

1

V
(P

i ,Q
i ).

W
e

m
ake

use
of

the
specific

case
w

here
P
i

=
P

and
Q
i

=
Q

for
all

i.
L

em
m

a
8

and
lem

m
a

10
yield

the
follow

ing.

L
em

m
a

11
For

allexperim
ents

e∈
T

(Θ
,Z

),loss
functions

L
and

n
,

R
isk

L
(e
n
)≥

L
e

C
am

L
(e
n
,1)≥

L
e

C
am

L
(e,n

).

O
T

H
E

R
M

E
T

H
O

D
S

F
O

R
O

B
TA

IN
IN

G
M

IN
IM

A
X

L
O

W
E

R
B

O
U

N
D

S

T
here

are
m

any
other

techniques
for

constructing
low

er
bounds

in
term

s
of

functions
of

pairw
ise

K
L

divergences
(Y

u,1997)
as

w
ell

as
functions

of
pairw

ise
f-divergences

(G
untuboyina,2011).

U
ltim

ately
these

m
ethods

replace
the

V
ariational

divergence
and

separation
in

lem
m

a
11

w
ith

a
m

ore
general

function
of

the
experim

ent.
W

hile
such

m
ethods

are
often

required
to

get
tighter

low
erbounds,allofw

hatfollow
s

can
be

applied
to

these
m

ore
intricate

techniques.Forthe
sake

of
conceptualclarity

w
e

proceed
w

ith
L

e
C

am
’s

m
ethod.

12
JM

L
R

 18(228):1-50, 2018



L
E

A
R

N
IN

G
W

IT
H

C
O

R
R

U
P

T
E

D
L

A
B

E
L

S

6.
2

M
ea

su
ri

ng
th

e
A

m
ou

nt
of

C
or

ru
pt

io
n

R
at

he
rt

ha
n

th
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tẽ
.

T
he

da
ta

pr
oc

es
si

ng
th
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.
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T
∈
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C
la

ri
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(T
)

:=
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p
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∈P
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)

V
(T

(P
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T

(Q
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V
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,Q
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ha
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V
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(P
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T
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))
≤
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la

ri
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ri
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C
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ri
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fT

is
an
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le
fu
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tio
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th

en
C

la
ri

ty
(T

)
=
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he
n

Z
an

d
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e
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C
la

ri
ty

(T
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w
he

re
Ω

=
{v

:
∑
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ri
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T

1
∈
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1
)

an
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T

2
∈

T
(Z̃

1
,Z̃

2
),

C
la

ri
ty

(T
2
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1
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C
la

ri
ty

(T
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)C

la
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(C
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ri
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C
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at
le

as
ta

s
co

rr
up
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C
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ri
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ra
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n
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s
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∈
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≥
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≥
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f
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at
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.
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.
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∈
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≥
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s
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w
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w
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.
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∈
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⊗
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∑
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1

n
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F
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m
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k
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L
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(
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1

n
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ri
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(T
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m
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w
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re
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er
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→
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=
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∈
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( d
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w
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)
su
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D
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C
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T
heorem

18
(Strong

D
ata

Processing(T
heorem

4.1
ofC

ohen
etal.(1993)))

Let
T
∈

T
(Z
,Z̃

)
be

a
M

arkov
transition.Then

for
all

P
,Q
,f

,

D
f (T

(P
),T

(Q
))≤

C
larity

(T
)D

f (P
,Q

).

7.M
easuring

the
Tightnessofthe

U
pper

B
oundsand

L
ow

er
B

ounds

In
the

previoussectionsw
e

have
show

n
upperboundsthatdepend

on‖
`
R ‖∞

asw
ellaslow

erbounds
thatdepend

on
C

larity
(T

).H
ere

w
e

com
pare

these
bounds.

R
ecall

from
theorem

5,
`
R

(−
,a

)
=
R
∗(`(−

,a
)).

T
he

w
orst

case
ratio

‖
`
R ‖∞
‖
`‖∞

is
determ

ined
by

the
operator

norm
of
R
∗.Fora

linearm
ap
R

:R
X
→

R
Y

define,

‖R‖
1

:=
su

p
v∈

R
X

‖R
v‖

1

‖
v‖

1
and‖

R‖∞
:=

su
p

v∈
R
X

‖
R
v‖∞
‖v‖∞

w
hich

are
tw

o
operatornorm

s
of
R

.T
hey

are
equalto

the
m

axim
um

absolute
colum

n
and

row
sum

of
R

respectively
(B

ernstein,2009).H
ence‖R‖

1
=
‖
R
∗‖∞

.

L
em

m
a

19
For

alllosses
`,
T
∈

T
(Z
,Z̃

)
and

reconstructions
R

,
‖
`
R ‖∞
‖
`‖∞

≤
‖R
∗‖∞

.

L
em

m
a

20
If
T
∈

T
(Z
,Z̃

)
is

reconstructible,w
ith

reconstruction
R

,then,

1

C
larity

(T
)
≤

1
/ (

in
f

u∈
R
X

‖T
u‖

1

‖u‖
1

)
≤
‖R
∗‖∞

.

N
ote

thatfor
low

er
bounds

w
e

look
atthe

bestcase
separation

of
colum

ns
of
T

,for
upper

bounds
w

e
essentially

use
the

w
orst.W

e
also

getthe
follow

ing
com

positionaltheorem
.

L
em

m
a

21
If
T

1
∈

T
(Z
,Z̃

1 )
and

T
2
∈

T
(Z̃

1 ,Z̃
2 )

are
reconstructible,

w
ith

reconstructions
R

1

and
R

2 ,then
T

2 ◦
T

1
is

reconstructible
w

ith
reconstruction

R
1 ◦

R
2 .F

urtherm
ore,

1

C
larity

(T
1 )C

larity
(T

2 )
≤
‖R

1 ◦
R

2 ‖
1 ≤
‖R

1 ‖
1 ‖R

2 ‖
1 .

Proof
T

he
first

statem
ent

is
obvious.

For
the

first
inequality

sim
ply

use
lem

m
a

20
follow

ed
by

lem
m

a
13.T

he
second

inequality
is

an
easy

to
prove

property
ofoperatornorm

s.

7.1
C

om
paring

T
heorem

s6
and

15

W
e

have
show

n
the

follow
ing

im
plication,

C
1
√
n
≤

R
isk

L
(e
n
)≤

C
2 ‖
`‖∞
√
n
⇒

C
1

√
C

larity
(T

)n
≤

R
isk

L
(ẽ
n
)≤

C
2 ‖`

R ‖∞
√
n

,

for
allreconstructible

T
.

B
y

lem
m

a
20,in

the
w

orstcase‖
`
R ‖∞

≥
‖
`‖∞

C
la

rity
(T

) .
T

hus
in

the
w

orst
case

overalllosses,w
e

arrive
atupperand

low
erbounds

forthe
corrupted

problem
thatare

atleast
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S
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N

factor
of √

C
larity

(T
)

apart.
W

e
do

notknow
if

this
is

the
faultof

our
upper

or
low

er
bounding

techniques.H
ow

ever,forspecific
`

and
T

this
gap

can
be

sm
aller.

For
exam

ple,
in

the
problem

of
learning

w
ith

sym
m

etric
label

noise
discussed

in
section

4.1.2,
w

ith
m

isclassification
loss

`
0
1 ,

C
larity

(T
)

=
1−

2
σ

and
‖
`
0
1
,T ‖

=
1−

σ

1−
2σ
,

respectively.T
he

w
orstcase

ratio
ofupperand

low
erbounds

overalllosses
is

oforder
1

√
1−

2
σ .For

m
isclassification

loss
the

actualratio
is

1−
σ

√
1−

2
σ .

For
all

σ
∈

[0,
21
0 ],i.e.

up
to

0
.2

flip
probability,

this
ratio

is
neverlargerthan

4
√

1
5
≈

1.03.

7.2
C

om
paring

T
heorem

s7
and

16

L
et

C
ost(T

)
be

the
costofacquiring

data
corrupted

by
T

.T
heorem

7
prefers

corruptions
w

ith
low

‖
`
R ‖

2∞
C

ost(T
),orequivalently

those
w

ith
high,1

‖`
R ‖∞

C
ost(T

)

T
heorem

16
prefers

corruptions
w

ith
high,

C
larity

(T
)

C
ost(T

)
≈

‖`‖∞
‖`
R ‖∞

C
ost(T

) .

In
theorem

s
16

and
7

w
e

have,
respectively,

best
case

and
a

w
orst

case
loss

specific
m

ethod
for

choosing
data

sets.
T

heorem
7

com
bined

w
ith

1em
m

a
19

provides
a

w
orst

case
loss

insensitive
m

ethod
forchoosing

data
sets.

8.C
orrupted

L
earning

w
hen

C
lean

L
earning

isFast

T
he

contents
of

this
paper

largely
solve

the
problem

of
learning

from
data

w
ith

corrupted
labels,

w
hen

learning
on

the
originalproblem

occurs
atthe

standard
1√n

rate.
T

here
are

m
any

conditions
under

w
hich

clean
learning

is
fast,here

w
e

focus
on

the
B

ernstein
condition

presented
in

B
artlett

and
M

endelson
(2006);van

E
rven

etal.(2012).

D
efinition

22
Let

P
∈

P
(Z

),
`

a
loss

and
a
P

=
arg

m
in
a

E
z ∼
P
`(z

,a
).

A
pair

(`,P
)

satisfies
the

B
ernstein

condition
w

ith
constant

K
iffor

all
a
∈
A

,

E
z ∼
P

(`(z
,a

)−
`(z

,a
P

))
2≤

K
E
z ∼
P
`(z

,a
)−

`(z
,a
P

)

W
hen

A
is

finite,such
a

condition
leads

to
1n

rates
of

convergence
for

em
piricalrisk

m
inim

ization
(E

R
M

).

T
heorem

23
LetA

be
E

R
M

w
ith

A
finite.

If
(`,P

)
satisfies

the
B

ernstein
condition

then
for

som
e

constant
C
>

0,

E
S ∼

P
n
`(P

,A
(S

))−
`(P

,a
P

)≤
C

log
(|A|)
n

.
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F
ur

th
er

m
or

e
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
δ

on
a

dr
aw

fr
om

P
n

on
e

ha
s,

`(
P
,A

(S
))
−
`(
P
,a
P

)
≤
C
( lo

g
(|A
|)

+
lo

g
( 1 δ

))

n
.

W
hi

le
ou

r
lo

w
er

bo
un

di
ng

te
ch

ni
qu

es
w

ill
tu

rn
a

lo
w

er
bo

un
d

of
1 n

fo
r

cl
ea

n
le

ar
ni

ng
to

on
e

of
1

α
(T

)n
fo

r
co

rr
up

te
d

le
ar

ni
ng

,i
tm

ay
be

th
e

ca
se

th
at

th
is

bo
un

d
is

to
o

op
tim

is
tic

,t
he

re
m

ay
be

no
al

go
ri

th
m

th
at

gi
ve

s
a

1 n
ra

te
of

co
nv

er
ge

nc
e.

A
na

tu
ra

lq
ue

st
io

n
to

as
k

is
w

he
n

us
in

g
th

e
E

R
M

al
go

ri
th

m
fo

rt
he

lo
ss
` R

co
nv

er
ge

s
qu

ic
kl

y
fr

om
sa

m
pl

es
dr

aw
n

fr
om

P̃
.H

er
e

w
e

as
k

th
e

si
m

pl
er

qu
es

tio
n:

w
he

n
do

es
(`
R
,P̃

)
sa

tis
fy

th
e

B
er

ns
te

in
co

nd
iti

on
?

L
em

m
a

24
If

(`
R
,P̃

)
sa

tis
fie

s
th

e
B

er
ns

te
in

co
nd

iti
on

w
ith

co
ns

ta
nt
K

th
en

(`
,P

)
al

so
sa

tis
fie

s
th

e
B

er
ns

te
in

co
nd

iti
on

w
ith

th
e

sa
m

e
co

ns
ta

nt
.

T
hi

s
th

eo
re

m
(a

lm
os

t)
ru

le
s

ou
tp

at
ho

lo
gi

ca
lb

eh
av

io
r

w
he

re
E

R
M

le
ar

ns
qu

ic
kl

y
fr

om
co

rr
up

te
d

da
ta

an
d

ye
ts

lo
w

ly
fo

rc
le

an
da

ta
.

T
he

co
nv

er
se

of
le

m
m

a
24

is
no

tt
ru

e,
fo

re
xa

m
pl

e
co

ns
id

er
th

e
ca

se
of

PA
C

le
ar

ni
ng

ve
rs

us
PA

C
le

ar
ni

ng
w

ith
ar

bi
tr

ar
y

in
st

an
ce

de
pe

nd
en

tn
oi

se
.

In
so

m
e

ca
se

s
th

e
B

er
ns

te
in

co
nd

iti
on

ca
n

be
tr

an
sf

er
ed

fr
om

th
e

cl
ea

n
pr

ob
le

m
to

th
e

co
rr

up
te

d
pr

ob
le

m
,a

s
w

e
no

w
ex

pl
or

e.

D
efi

ni
tio

n
25

Le
tT
∈

T
(Z
,Z̃

)b
e

a
co

rr
up

tio
n

an
d
`

a
lo

ss
.

A
pa

ir
(`
,T

)
ar

e
η

-c
om

pa
tib

le
if

fo
r

al
lz
∈
Z

an
d
a

1
,a

2
∈
A

,

E
z̃
∼
T

(z
)(
` R

(z̃
,a

1
)
−
` R

(z̃
,a

2
))

2
≤
η
(`

(z
,a

1
)
−
`(
z
,a

2
))

2
.

T
he

or
em

26
If

th
e

pa
ir

(`
,P

)
sa

tis
fie

s
th

e
B

er
ns

te
in

co
nd

iti
on

w
ith

co
ns

ta
nt
K

an
d

th
e

pa
ir

(`
,T

)
ar

e
η

-c
om

pa
tib

le
th

en
(`
R
,P̃

)
sa

tis
fie

s
th

e
B

er
ns

te
in

co
nd

iti
on

w
ith

co
ns

ta
nt
η
K

.

W
hi

le
by

no
m

ea
ns

th
e

fin
al

w
or

d
on

fa
st

co
rr

up
te

d
le

ar
ni

ng
,t

hi
s

th
eo

re
m

do
es

al
lo

w
on

e
to

pr
ov

e
in

te
re

st
in

g
re

su
lts

in
th

e
bi

na
ry

cl
as

si
fic

at
io

n
se

tti
ng

.

T
he

or
em

27
Le

t
T

be
la

be
l

no
is

e,
T

=

(
1
−
σ
−

1
σ

1

σ
−

1
1
−
σ

1

)
,

th
en

th
e

pa
ir

(`
0
1
,T

)
is
η

-

co
m

pa
tib

le
w

ith
η

=
( 1

+
|σ
−

1
−
σ

1
|

1
−
σ
−

1
−
σ

1

) 2
.

O
ne

ve
ry

us
ef

ul
ex

am
pl

e
of

a
pa

ir
(P
,`

)
sa

tis
fy

in
g

th
e

B
er

ns
te

in
co

nd
iti

on
w

ith
co

ns
ta

nt
1

is
w

he
n

P
is

se
pa

ra
bl

e,
`

is
01

lo
ss

an
d

th
e

B
ay

es
op

tim
al

cl
as

si
fie

r
is

in
th

e
fu

nc
tio

n
cl

as
s.

T
he

or
em

27
gu

ar
an

te
es

th
at

as
lo

ng
as
σ
−

1
+
σ

1
6=

1
(i

.e
.i

ti
s

po
ss

ib
le

to
le

ar
n

fr
om

no
is

y
la

be
ls

),
on

e
le

ar
ns

at
a

fa
st

ra
te

fr
om

no
is

y
ex

am
pl

es
.
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N

9.
C

an
on

ic
al

L
os

se
sa

nd
C

on
ve

xi
ty

T
hu

s
fa

r
w

e
ha

ve
fo

cu
se

d
on

th
e

st
at

is
tic

al
pr

op
er

tie
s

of
co

rr
ec

te
d

lo
ss

m
in

im
iz

at
io

n
pr

oc
ed

ur
es

.
H

ow
ev

er
,p

er
fo

rm
in

g
ou

r
co

rr
ec

tio
n

m
ay

in
cu

r
a

co
m

pu
ta

tio
na

lp
en

al
ty

.
E

ve
n

if
th

e
lo

ss
`

is
co

n-
ve

x,
th

er
e

is
no

gu
ar

an
te

e
th

at
th

e
co

rr
ec

te
d

lo
ss

re
m

ai
ns

so
.

H
er

e
w

e
sh

ow
th

at
a

la
rg

e
an

d
us

ef
ul

cl
as

s
of

lo
ss

fu
nc

tio
ns

re
m

ai
n

co
nv

ex
w

he
n

co
rr

ec
te

d.

R
ec

al
lt

he
co

ns
ta

nt
fu

nc
tio

n,
1
Z

(z
)

an
d

de
fin

e,

1
⊥ Z

:=

{
v
∈

R
Z

:
∑ z
∈Z
v
(z

)
=

0

}
,

th
os

e
fu

nc
tio

ns
th

at
ar

e
or

th
og

on
al

to
1
Z

.
Pr

op
er

lo
ss

es
an

d
th

e
cl

os
el

y
re

la
te

d
ca

no
ni

ca
l

lo
ss

es
fo

rm
a

la
rg

e
cl

as
s

of
lo

ss
fu

nc
tio

ns
th

at
pr

ov
id

e
m

ea
ns

of
at

ta
ck

in
g

pr
ed

ic
tio

n
pr

ob
le

m
s.

D
efi

ni
tio

n
28

A
lo

ss
L

:
Z
×
A
→

R
is

ca
no

ni
ca

li
fA

is
a

co
nv

ex
su

bs
et

of
1
⊥ Z

an
d,

L(
z
,v

)
=
−
〈δ
z
,v
〉+

Ψ
(v

),

fo
r

so
m

e
co

nv
ex

fu
nc

tio
n

Ψ
:
A
→

R
.

In
tu

iti
ve

ly
,m

in
im

iz
in

g
a

ca
no

ni
ca

ll
os

s
re

du
ce

s
to

“l
in

in
g

up
”

w
ith

th
e

av
er

ag
e

ob
se

rv
ed

la
be

l,
w

ith
“o

ve
r

co
nfi

de
nt

”
pr

ed
ic

tio
ns

pe
na

liz
ed

by
th

e
fu

nc
tio

n
Ψ

.
In

ap
pe

nd
ix

C
w

e
sh

ow
th

at
al

ll
os

se
s

ar
e

es
se

nt
ia

lly
ca

no
ni

ca
ll

os
se

s
in

di
sg

ui
se

(t
he

or
em

49
).

N
ot

e
th

at
ca

no
ni

ca
ll

os
se

s
sp

lit
in

to
tw

o
te

rm
s,

on
e

co
nv

ex
in
v

an
d

un
af

fe
ct

ed
by

th
e

ob
se

rv
at

io
n,

an
d

a
te

rm
lin

ea
r

in
v

.
T

he
se

lo
ss

es
ar

e
pa

rt
ic

ul
ar

ea
sy

to
co

rr
ec

tf
or

co
rr

up
tio

n,
as

on
ly

th
e

lin
ea

rt
er

m
ne

ed
s

to
be

co
rr

ec
te

d.

T
he

or
em

29
(C

or
re

ct
in

g
C

an
on

ic
al

L
os

se
s)

Le
t
L

:
Z
×
A
→

R
be

a
ca

no
ni

ca
l

lo
ss

.
Fo

r
al

l
re

co
ns

tr
uc

tib
le

co
rr

up
tio

ns
T
∈

T
(Z
,Z̃

)
th

er
e

ex
is

ts
a

re
co

ns
tr

uc
tio

n
R

su
ch

th
at

,

L R
(z̃
,v

)
=
−
〈δ
z̃
,R
∗ (
v
)〉

+
Ψ

(v
)

F
ur

th
er

m
or

e
R

ca
n

be
ca

lc
ul

at
ed

ef
fic

ie
nt

ly
vi

a
G

au
ss

ia
n

el
im

in
at

io
n.

W
e

de
ve

lo
p

th
e

ne
ce

ss
ar

y
re

pr
es

en
ta

tio
n

re
su

lts
ne

ed
ed

to
pr

ov
e

th
is

th
eo

re
m

in
ap

pe
nd

ix
C

.

T
he

or
em

29
ex

te
nd

s
re

su
lts

pr
es

en
te

d
in

N
at

ar
aj

an
et

al
.(

20
13

)
co

nc
er

ni
ng

w
he

n
lo

ss
es

us
ed

fo
r

le
ar

ni
ng

bi
na

ry
cl

as
si

fie
rs

re
m

ai
n

co
nv

ex
w

he
n

co
rr

ec
te

d
fo

ra
sy

m
m

et
ri

c
la

be
ln

oi
se

.T
he

re
fo

re
w

e
ne

ed
no

ta
ba

nd
on

th
e

fr
am

ew
or

k
of

co
nv

ex
su

rr
og

at
es

w
he

n
th

e
co

rr
up

tio
n

is
kn

ow
n.

9.
1

C
om

pa
ri

so
n

w
ith

N
at

ar
aj

an
et

al
.(

20
13

)

R
ec

al
li

n
th

e
pr

ob
le

m
of

le
ar

ni
ng

w
ith

la
be

ln
oi

se
,

T
=

(
1
−
σ
−

1
σ

1

σ
−

1
1
−
σ

1

)
,
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S

w
here

σ
y

is
the

probability
oflabel

y
being

flipped.Forthis
problem

,the
corrected

loss
is,

`
R

(y
,a

)
=

(1−
σ
−
y )`(y

,a
)−

σ
y `(−

y
,a

)

1−
σ
−

1 −
σ

1
.

If
`

:{±
1}×

R
→

R
is

convex,sm
ooth

and
satisfies,

` ′′(y
,a

)
=
` ′′(−

y
,a

),

then
lem

m
a

4
ofN

atarajan
etal.(2013)guarantees

that
`
R

is
convex.Integrating

tw
ice

yields,

`(y
,a

)
=
b
y

+
c
y v

+
g
(a

),

Forsom
e

convex
function

g.R
earranging

one
has,

`(y
,a

)
=

(
b−

1 −
b
1

+
(c

1 −
c−

1 )
a

2

)
y

+
b
1

+
b−

1
+

(c
1

+
c−

1 )
a

2
+
g
(a

)
︸

︷︷
︸

convex
in
a

.

Forcanonicallosses,corollary
50

statesthatany
binary

canonicallossisofthe
form

L
:{±

1}×
I
→

R
,

L
(y
,v

)
=
−
y
v

+
Ψ

(v
),
v
∈
I
,

w
here

I
is

a
convex

subsetof
R

and
Ψ

:
I
→

R
a

convex
function.L

etting,

ν
=
−
(
b−

1 −
b
1

+
(c

1 −
c−

1 )
a

2

)
,

one
can

see
that

the
losses

considered
in

N
atarajan

et
al.(2013)

are
affine

re-param
etrizations

of
canonicallosses.T

heorem
29

is
therefore

a
generalization

oflem
m

a
4

ofN
atarajan

etal.(2013).

9.2
C

om
parison

w
ith

C
id-Sueiro

etal.(2014)

Section
5

of
C

id-Sueiro
etal.(2014)

provides
som

e
discussion

of
the

convexity
of

corruption
cor-

rected
losses.

T
hey

state,
w

ithout
proof,

that
a

requirem
ent

for
the

preservation
of

convexity
is

thatthe
reconstruction

have
non

negative
entries.

T
heorem

29
show

s
thatthis

is
notthe

case,one
can

alw
ays

preserve
convexity

as
long

as
the

correctreconstruction
and

param
etrization

ofthe
loss

function
are

used.

10.L
earning

w
hen

the
C

orruption
ProcessisPartially

K
now

n

T
hus

far
w

e
have

considered
the

problem
of

learning
w

hen
T

is
know

n.
H

ere
w

e
consider

the
problem

of
w

hen
T

lies
in

a
subsetC

⊂
T
←

(Z
,Z̃

).
For

exam
ple

w
hen

learning
classifiers

under
sym

m
etric

labelnoise
(A

ngluin
and

L
aird,1988),the

corruption
is

ofthe
form

,

T
σ

=

(
1−

σ
σ

σ
1−

σ

)
,

w
here

σ
6=

12 .T
here

are
three

w
ays

in
w

hich
one

can
proceed.
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N

If
w

e
assum

e
access

to
a

“gold
standard”

sam
ple

S
∼
P
n

as
w

ellas
a

corrupted
sam

ple
S̃

,w
e

can
use

m
ethods

akin
to

those
in

K
earns

(1998).
O

ne
covers

the
setC

to
som

e
tolerance

ε
w

ith
a

finite
cover{T

i }
ki=

1 .
For

each
T
i in

the
cover,estim

ate
an

action
a
i using

`
R
i

and
the

corrupted
sam

ple.
Finally,choose

the
a
i thatbestpredicts

the
gold

standard
sam

ple.
U

sing
theorem

6,w
e

know
that

fora
large

enough
corrupted

sam
ple,one

ofthe
a
i has

perform
ance

close
to

thatofthe
optim

al
a.

O
ne

can
attem

ptto
estim

ate
T

from
the

corrupted
sam

ple.U
ndercertain

distributionalassum
ptions

(such
as

separability
and

m
utualirreducibility),M

enon
etal.(2015)surveys

m
ethods

forestim
ating

T
for

the
problem

of
learning

under
asym

m
etric

labelnoise.
B

lanchard
etal.(2016)

gives
theory

for
these

estim
ators.

T
here

is
a

grow
ing

literature
extending

these
estim

ates
to

other
problem

s
as

w
ellas

new
,com

putationalefficientestim
ates

(B
lanchard

and
Scott,2014;K

atz-Sam
uels

and
Scott,

2016;R
am

asw
am

y
etal.,2016).W

e
believe

these
m

ethods
can

be
extended

to
generalcorruptions.

In
both

of
the

above
m

ethods,
operator

norm
s

can
provide

suitable
losses/m

etrics
that

can
guide

theiruse.

L
em

m
a

30
Let

T
,T
′∈

T
←

(Z
,Z̃

).Then,

‖`
R
−
`
R
′‖∞
≤
∥∥
R
−
R
′ ∥∥

1 ‖
`‖∞

.

T
he

quantity‖
R
−
R
′‖

1
is

a
statistically

m
otivated

distance
thatcan

be
used

w
hen

coveringC.Fur-
therm

ore,itcan
be

used
w

hen
designing

loss
functions

forestim
ating

T
.

Finally,
one

can
look

for
loss

functions
that

are
“invariant”

to
C.

T
his

approach
is

explored
fur-

therin
section

11
and

in
van

R
ooyen

etal.(2017).

11.C
orruption

InvariantL
ossFunctions

W
hile

exact
know

ledge
of
T
∈
C
⊂

T
←

(Z
,Z̃

)
is

required
to

estim
ate

the
expected

loss
from

a
corrupted

distribution,in
certain

situations
this

is
unnecessary

for
estim

ating
optim

al
actions

and
any

reconstruction
w

illsuffice.In
this

section
w

e
form

alize
this

notion
and

characterize
w

hen
exact

know
ledge

of
T

is
unnecessary.

W
e

assum
e

for
each

T
∈
C

an
explicit

reconstruction
R

,
ie

a
function,

R
ec

:C
→

T
(Z̃
,Z

),

w
ith

R
ec(T

)T
=

idZ
.A

s
in

theorem
29,w

e
w

illassum
e

that,

R
ec(T

) ∗(1
Z

)
=

1
Z̃
,∀
T
∈
C
.

W
e

focus
on

the
problem

of
prediction.

L
et
`

:Z
×
A
→

R
be

a
loss.

`
provides

an
ordering

on
P

(Z
×
A

).
P

1 ≤
`
P

2
if,

E
(z
,a

) ∼
P

1 `(z
,a

)≤
E

(z
,a

) ∼
P

2 `(z
,a

).

In
w

ords,
P

1
is

m
aking

betterdecisions
than

P
2 .

O
ne

can
think

of
P

1
and

P
2

being
the

outputofa
learning

algorithm
,although

exactly
how

they
cam

e
to

be
is

ofno
concern

in
this

section.

L
et
T
∈
C

be
the

true
corruption

and
T

0 ∈
C

the
assum

ed
corruption.B

y
properties

ofadjoints,

〈T
(P

),R
ec(T

0 ) ∗`(−
,a

)〉
=
〈P
,(R

ec(T
0 )T

) ∗`(−
,a

)〉
.
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W
he

n
us

in
g

th
e

w
ro

ng
re

co
ns

tr
uc

tio
n

th
e

de
ci

si
on

m
ak

er
is

ef
fe

ct
iv

el
y

us
in

g
th

e
lo

ss
,

˜̀ T
(−
,a

)
:=

(R
ec

(T
0
)T

)∗
`(
−
,a

),

in
pl

ac
e

of
`.

In
ge

ne
ra

lt
he

re
is

no
gu

ar
an

te
e,

P
1
≤
`
P

2
⇔
P

1
≤

˜̀ T
P

2
.

In
w

or
ds

,
as

su
m

in
g

th
e

w
ro

ng
co

rr
up

tio
n

m
ay

le
ad

to
th

e
w

ro
ng

or
de

ri
ng

.
C

or
ru

pt
io

n
im

m
un

e
lo

ss
es

ar
e

pr
ec

is
el

y
th

os
e

w
he

re
th

e
or

de
ri

ng
is

un
al

te
re

d.

T
he

re
ad

er
m

ay
w

on
de

r
w

hy
w

e
fo

cu
s

on
pr

es
er

vi
ng

or
de

r
ra

th
er

th
an

pr
es

er
vi

ng
on

ly
th

e
op

ti-
m

al
ac

tio
n.

In
va

ri
ab

ly
in

m
ac

hi
ne

le
ar

ni
ng

w
e

m
ak

e
ap

pr
ox

im
at

io
ns

,b
e

it
vi

a
w

or
ki

ng
w

ith
a

fin
ite

si
m

pl
e,

or
a

re
st

ri
ct

ed
fu

nc
tio

n
cl

as
s.

W
ha

ti
s

ke
y

th
er

ef
or

e
is

pr
es

er
vi

ng
w

ha
ti

s
be

tte
r

an
d

no
to

nl
y

w
ha

ti
s

be
st

.

D
efi

ni
tio

n
31

(O
rd

er
E

qu
iv

al
en

ce
)

Le
t`
,`
′ :
Z
×
A
→

R
be

lo
ss

fu
nc

tio
ns

.`
is

or
de

re
qu

iv
al

en
t

to
`′

if
fo

r
al

lP
1
,P

2
∈

P
(A
×
Z

),

P
1
≤
`
P

2
⇔
P

1
≤
`′
P

2
.

T
he

le
m

m
a

be
lo

w
ch

ar
ac

te
ri

ze
s

w
he

n
lo

ss
es

ar
e

or
de

re
qu

iv
al

en
t.

L
em

m
a

32
(T

he
or

em
2,

Se
ct

io
n

7.
9

of
D

eG
ro

ot
(1

96
2)

)
`

is
or

de
r

eq
ui

va
le

nt
to
`′

if
an

d
on

ly
if

th
er

e
ex

is
ts

a
co

ns
ta

nt
s
α
>

0
an

d
β

su
ch

th
at

,

`(
z
,a

)
=
α
`′

(z
,a

)
+
β
,
∀z
∈
Z
,
∀a
∈
A
.

D
efi

ni
tio

n
33

Le
tC
⊂

T
(Z
,Z̃

)
be

a
se

to
fr

ec
on

st
ru

ct
ib

le
tr

an
si

tio
ns

.
A

lo
ss
`

is
im

m
un

e
to
C

if
fo

r
al

lT
∈
C,
`

is
or

de
r

eq
ui

va
le

nt
to

˜̀ T
.

L
os

se
s

th
at

ar
e

im
m

un
e

to
C

ar
e

pr
ec

is
el

y
th

os
e

w
he

re
ex

ac
tk

no
w

le
dg

e
of

th
e

co
rr

up
tio

n
is

un
ne

c-
es

sa
ry

,a
ss

um
in

g
an

y
T
∈
C

an
d

us
in

g
its

co
rr

es
po

nd
in

g
re

co
ns

tr
uc

tio
n

is
su

ffi
ci

en
t.

T
he

or
em

34
Fi

x
T

0
∈
C.

A
lo

ss
`

is
im

m
un

e
to
C
⊂

T
←

(Z
,Z̃

)
if

an
d

on
ly

if
fo

r
al

lT
∈
C.

(R
ec

(T
0
)T

)∗
`(
−
,a

)
=
α

(T
)`

(−
,a

)
+
β

(T
)1
Z
,
∀a
∈
A
,

fo
r

fu
nc

tio
ns
α

:
C
→

R
+

an
d
β

:
C
→

R
.

T
he

pr
oo

f
fo

llo
w

s
di

re
ct

ly
fr

om
th

e
de

fin
iti

on
an

d
le

m
m

a
32

.
T

he
op

er
at

or
(R

ec
(T

0
)T

)
m

ea
su

re
s

th
e

ef
fe

ct
of

re
co

ns
tr

uc
tin

g
in

co
rr

ec
tly

.
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C
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n
Im

m
un

e
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os
sF

un
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ns

T
he

or
em

34
pr

ov
id

es
m

ea
ns

to
te

st
w

he
n

a
lo

ss
fu

nc
tio

n
is

im
m

un
e

to
C.

H
er

e
w

e
sh

ow
ho

w
to

co
ns

tr
uc

ts
uc

h
lo

ss
es

.I
m

m
un

e
lo

ss
es

ar
is

e
fr

om
th

e
pe

rs
is

te
nt

ei
ge

nv
ec

to
rs

of
(R

ec
(T

0
)T

)∗
.

L
et
S
⊂

T
(Z
,Z

).
W

e
ca

ll
v

a
pe

rs
is

te
nt

ei
ge

nv
ec

to
r

of
S

if
,

M
v

=
λ

(M
)v
,
∀M
∈
S
,

ie
,v

is
an

ei
ge

nv
ec

to
r

fo
r

al
l
M
∈
S

,a
lb

ei
t

w
ith

di
ff

er
in

g
ei

ge
nv

al
ue

.
W

e
ca

ll
th

e
fu

nc
tio

n
λ

:
S
→

R
a

pe
rs

is
te

nt
ei

ge
nv

al
ue

.M
uc

h
lik

e
no

rm
al

ei
ge

ns
pa

ce
s,

w
e

de
fin

e
pe

rs
is

te
nt

ei
ge

ns
pa

ce
s

as
su

bs
pa

ce
s

of
R
Z

w
ith

th
e

sa
m

e
pe

rs
is

te
nt

ei
ge

nv
al

ue
,

E
λ
,S

=
{ v
∈

R
Z

:
M
v

=
λ

(M
)v
,
∀T
∈
S
} .

Pe
rs

is
te

nt
ei

ge
ns

pa
ce

s
pr

ov
id

e
an

al
te

rn
at

iv
e

st
at

em
en

to
ft

he
or

em
34

.

C
or

ol
la

ry
35

Le
tC
⊂

T
←

(Z
,Z̃

),
w

ith
T

0
∈
C.

Le
t,

S
=
{(

R
ec

(T
0
)T

)∗
:
T
∈
C}
.

an
d

le
tα

:
S
→

R
+

be
a

pe
rs

is
te

nt
ei

ge
nv

al
ue

of
S

.A
ny

lo
ss
`

of
th

e
fo

rm
,

`(
−
,a

)
=
v
(a

)
+
γ
1
Z
,

w
he

re
v
(a

)
∈
E
α
,S
∀a
∈
A

an
d
γ
∈

R
is

im
m

un
e

to
C.

T
he

re
fo

re
th

e
se

ar
ch

fo
r

lo
ss

es
th

at
ar

e
im

m
un

e
to
C

re
du

ce
s

to
th

e
ca

lc
ul

at
io

n
of

th
e

pe
rs

is
te

nt
ei

ge
ns

pa
ce

s
of
{(

R
ec

(T
0
)T

)∗
:
T
∈
C}

.
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ow
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w
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35

to
fin

d
lo

ss
es

th
at

ar
e

im
m

un
e

to
fa

m
ili

es
of

co
rr

up
tio

ns
.
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.2

.1
S

Y
M

M
E

T
R

IC
L
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E
L

N
O
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E

A
N

D
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H
E

L
IN

E
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R
L

O
S

S

W
e

pr
oc

ee
d

as
in

va
n

R
oo
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et
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).

In
th

e
pr

ob
le

m
of

sy
m

m
et

ri
c

la
be

ln
oi

se
Z

=
{−

1,
+

1}
w

ith
,

T
=

(
1
−
σ

σ

σ
1
−
σ

)
an

d
R

=
1

1
−

2σ

(
1
−
σ
−
σ

−
σ

1
−
σ

)
,

fo
rσ
6=

1 2
.L

et
C

be
al

ls
uc

h
T

w
ith

σ
6=

1 2
.D

efi
ne

th
e

lin
ea

r
lo

ss
fu

nc
tio

n,

`(
y
,v

)
=
−
y
v
,
v
∈

R
,

or
in

pa
rt

ia
lf

or
m

,

`(
−
,v

)
=

(
v −
v

)
.
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W
e

can
quickly

verify
that

the
linear

loss
is

im
m

une
to
C.

L
et
T

0
=

idZ
.

A
s (

1−
1

)
is

an

eigenvectorof
T
∗

w
ith

eigenvalue
of

1−
2σ

w
e

have,

T
∗`(−

,v
)

=
(1−

2
σ

)
`(−

,v
),∀

v
∈

R
,∀
σ
6=

12
.

T
herefore

the
linearloss

is
im

m
une

toC.

11.2.2
M

U
LT

I-C
L

A
S

S
IM

M
U

N
E

L
O

S
S

E
S

H
ere

w
e

considerthe
three-class

generalization
oflinearloss

w
ithZ

=
{1
,2
,3}

and,

`(−
,v

)
=
v
,v
∈
1
⊥Z
,

w
ith,

v
=
v

1 
−

23
1313


+
v

2 
13

−
23

13


,
v

1 ,v
2 ∈

R
.

W
e

considertw
o

classes
ofcorruption,firstly

three-class
sym

m
etric

noise,secondly
sym

m
etric

par-
tiallabelnoise.

Forthree-class
sym

m
etric

noise,

T
=


1−

σ
σ2

σ2
σ2

1−
σ

σ2
σ2

σ2
1−

σ


and

R
=


2−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

2−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

2−
σ

2−
3
σ


,

for
σ
6=

23 .Fix
T

0
=

idZ
.B

oth,v
=
v

1 
−

23
1313


and


13

−
23

13


,

are
eigenvalues

of
T
∗

w
ith

eigenvalue
2−

3
σ

2
.T

herefore,

T
∗`(−

,v
)

=
2−

3
σ

2
`(−

,v
),∀

v
∈
1
⊥Z
,∀
σ
6=

23
,

H
ence

linear
loss

is
im

m
une

to
three-class

sym
m

etric
noise.

N
ote

thatgenerallosses
are

not
im

-
m

une
to

sym
m

etric
three-class

labelnoise.
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In
learning

undersym
m

etric
partiallabelnoise,

T
=



(1−
σ

)
2

0
0

0
(1−

σ
)
2

0

0
0

(1−
σ

)
2

(1−
σ

)σ
(1−

σ
)σ

0

(1−
σ

)σ
0

(1−
σ

)σ

0
(1−

σ
)σ

(1−
σ

)σ

σ
2

σ
2

σ
2



and
R

=



1
0

0
3−

2
σ

3−
3
σ

3−
2
σ

3−
3
σ

−
σ−

3
3
(σ−

1
)

13

0
1

0
3−

2
σ

3−
3
σ

−
σ−

3
3
(σ−

1
)

3−
2
σ

3−
3
σ

13

0
0

1
−

σ−
3

3
(σ−

1
)

3−
2
σ

3−
3
σ

3−
2
σ

3−
3
σ

13


,

for
σ
6=

1.Taking,

T
1

=



1
0

0

0
1

0

0
0

1

0
0

0

0
0

0

0
0

0

0
0

0



,

ie
σ

=
0,one

has,

(R
T

1 ) ∗
=


1

0
0

0
1

0

0
0

1


,∀
σ
6=

1.

T
his

m
eans

thatalllosses
are

im
m

une
to

sym
m

etric
partiallabelnoise.

11.3
C

om
parison

w
ith

C
id-Sueiro

etal.(2014)

T
he

developm
enthere

closely
m

irrorsthatofC
id-Sueiro

etal.(2014)w
ith

one
key

exception.W
hile

w
e

look
forlosses

w
ith,

(R
ec(T

0 )T
) ∗`(−

,a
) ∼=

`(−
,a

),∀
T
∈
C
,

C
id-Sueiro

etal.(2014)looks
forclasses

oflosses
`

:Z
×

R
Z
→

R
thatare

closed
underthe

action
of

(R
ec(T

0 )T
).

In
particular

they
consider

strictly
proper

and
classification

calibrated
(B

artlett
etal.,2006)loss

functions.T
hey

show
(theorem

2)thatif,

(R
ec(T

0 )T
) ∗

=
α

(T
)idZ

,∀
T
∈
C
,

for
α

(T
)
>

0,then
properlosses

are
m

apped
to

properlosses
by

(R
ec(T

0 )T
) ∗.B

y
theorem

34
this

w
ould

guarantee,

(R
ec(T

0 )T
) ∗`(−

,a
)

=
α

(T
)`(−

,a
),∀

T
∈
C
,∀
a
∈
A
,∀
`,

ie
alllossesare

im
m

une
toC.W

e
saw

an
exam

ple
ofthisin

section
11.2.2.T

hey
also

show
(theorem

5)thatif,
(R

ec(T
0 )T

) ∗
=
α

(T
)idZ

+
v
(T

)⊗
µ
,∀
T
∈
C
,
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fo
rα

(T
)
>

0
an

d
v
(T

)
∈

R
Z

,w
he

re
µ

is
th

e
un

if
or

m
di

st
ri

bu
tio

n
ov

er
th

e
ou

tc
om

es
,t

he
n

cl
as

si
fi-

ca
tio

n
ca

lib
ra

te
d

lo
ss

es
ar

e
m

ap
pe

d
to

cl
as

si
fic

at
io

n
ca

lib
ra

te
d

lo
ss

es
.T

hi
s

yi
el

ds
,

(R
ec

(T
0
)T

)∗
`(
−
,a

)
=
α

(T
)`

(−
,a

)
+

(
∑ z
∈Z
`(
z
,a

))
v
(T

),
∀T
∈
C,
∀a
∈
A
,
∀`
,

or
in

ex
pe

ct
at

io
n,

〈P
,(

R
ec

(T
0
)T

)∗
`(
−
,a

)〉
=
α

(T
)`

(P
,a

)
+
〈P
,v

(T
)〉
`(
µ
,a

),

ie
th

e
ef

fe
ct

of
re

co
ns

tr
uc

tin
g

in
co

rr
ec

tly
is

to
ad

d
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=
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w
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m
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=
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‖R

σ −
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′‖
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m

easure
of
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m
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used

w
hen
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.See

text.

A
.2

Sem
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e
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problem
of
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i-supervised
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et

al.,2010).
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−
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probability
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a
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issing

label.W
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−
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=
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=
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inim
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Ỹ
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(Ỹ
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PartialL
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Ỹ
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e
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u
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b

e
l

P
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 L
ab

e
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 U
p

p
e
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B

o
u

n
d

s

W
o
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t 

C
as

e 
U

p
p

er
 B

o
u

n
d

In
ve

rs
e 

o
f 

A
lp

h
a

0
1

 L
o

ss
 U

p
p

er
 B

o
u

n
d

Fi
gu

re
2:

U
pp

er
an

d
lo

w
er

bo
un

ds
fo

rt
he

pr
ob

le
m

of
le

ar
ni

ng
fr

om
pa

rt
ia

ll
ab

el
s,

se
e

te
xt

.
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N
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O
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Y
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N
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IL
L

IA
M

S
O

N

A
pp

en
di

x
B

.L
e

C
am

’s
M

et
ho

d
an

d
M

in
im

ax
L

ow
er

B
ou

nd
s

T
he

de
ve

lo
pm

en
th

er
e

cl
os

el
y

fo
llo

w
s

D
uc

hi
et

al
.(

20
13

)
w

ith
so

m
e

st
re

am
lin

in
g.

W
e

co
ns

id
er

a
ge

ne
ra

ld
ec

is
io

n
pr

ob
le

m
w

ith
un

kn
ow

ns
Θ

,o
bs

er
va

tio
n

sp
ac

e
Z

an
d

lo
ss
L

:
Θ
×
A
→

R
,w

ith
in

f a
L

(θ
,a

)
=

0
.

Fo
r

an
y

le
ar

ni
ng

al
go

ri
th

m
A
∈

T
(Z
,A

)
w

e
w

is
h

to
lo

w
er

bo
un

d
th

e
m

in
im

ax
ri

sk
,

R
is

k
L

(e
)

=
in

f A
su

p
θ

E
z
∼
e(
θ
)L

(θ
,A

(z
))
.

T
he

m
et

ho
d

pr
oc

ee
ds

by
re

du
ci

ng
a

ge
ne

ra
l

de
ci

si
on

pr
ob

le
m

to
an

ea
si

er
bi

na
ry

cl
as

si
fic

at
io

n
pr

ob
le

m
,

by
co

ns
id

er
in

g
a

su
pr

em
um

of
th

e
ri

sk
ov

er
a

re
st

ri
ct

ed
se

t
{θ

1
,θ

2
}.

U
si

ng
M

ar
ko

v’
s

in
eq

ua
lit

y
w

e
th

en
re

la
te

th
is

to
th

e
m

in
im

um
01

lo
ss

in
a

pa
rt

ic
ul

ar
bi

na
ry

cl
as

si
fic

at
io

n
pr

ob
le

m
.

Fi
na

lly
on

e
fin

ds
a

lo
w

er
bo

un
d

fo
rt

hi
s

qu
an

tit
y.

W
ith
θ∼
{θ

1
,θ

2
}m

ea
ni

ng
θ

is
dr

aw
n

un
if

or
m

ly
at

ra
nd

om
fr

om
th

e
se

t{
θ 1
,θ

2
},

w
e

ha
ve

,

su
p
θ

E
z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)
≥

su
p

{θ
1
,θ

2
}E

z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)

≥
E
θ
∼
{θ

1
,θ

2
}E

z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)

≥
δE

θ
∼
{θ

1
,θ

2
}E

z
∼
e(
θ
)E
a
∼
A

(z
)[[
L

(θ
,a

)
≥
δ]

].

R
ec

al
lt

he
se

pa
ra

tio
n
ρ

:
Θ
×

Θ
→

R
,ρ

(θ
1
,θ

2
)

=
in

f a
L

(θ
1
,a

)+
L

(θ
2
,a

).
T

he
se

pa
ra

tio
n

m
ea

su
re

s
ho

w
ha

rd
it

is
to

ac
tw

el
la

ga
in

st
bo

th
θ 1

an
d
θ 2

si
m

ul
ta

ne
ou

sl
y.

W
e

no
w

as
su

m
e
ρ
(θ

1
,θ

2
)
>

2δ
.

D
efi

ne
f

:
A
→
{θ

1
,θ

2
,e

rr
or
}w

he
re
f

(a
)

=
θ i

if
L

(θ
i,
a
)
<
δ

an
d

er
ro

ro
th

er
w

is
e.

T
hi

s
fu

nc
tio

n
is

w
el

ld
efi

ne
d

as
if

th
er

e
ex

is
ts

an
ac

tio
n
a

w
ith
L

(θ
1
,a

)
<
δ

an
d
L

(θ
2
,a

)
<
δ

th
en
ρ
(θ

1
,θ

2
)
<

2δ
,

a
co

nt
ra

di
ct

io
n.

L
et
Â

be
th

e
cl

as
si

fie
rt

ha
tfi

rs
td

ra
w

s
a
∼
A

(z
)

an
d

th
en

ou
tp

ut
s
f

(a
).

W
e

ha
ve

,

su
p
θ

E
z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)
≥
δE

θ
∼
{θ

1
,θ

2
}E

z
∼
e(
θ
)E
θ
′ ∼
Â

(z
)[[
θ
6=
θ′

]]

≥
δ

in
f

Â
∈T

(Z
,Θ

)
E
θ
∼
{θ

1
,θ

2
}E

z
∼
e(
θ
)E
θ
′ ∼
Â

(z
)[[
θ
6=
θ′

]]

=
δ

(
1 2
−

1 2
V

(e
(θ

1
),
e(
θ 2

))

)
,

w
he

re
th

e
fir

st
lin

e
is

a
re

w
ri

tin
g

of
of

th
e

pr
ev

io
us

in
te

rm
s

of
th

e
cl

as
si

fie
rÂ

,t
he

se
co

nd
ta

ke
s

an
in

fim
um

ov
er

al
lc

la
ss

ifi
er

s
an

d
th

e
fin

al
lin

e
is

a
st

an
da

rd
re

su
lt

in
th

eo
re

tic
al

st
at

is
tic

s
(s

ee
R

ei
d

an
d

W
ill

ia
m

so
n

(2
01

1)
fo

ra
m

od
er

n
tr

ea
tm

en
t)

.T
ak

in
g
δ

=
ρ
(θ

1
,θ

2
)

2
yi

el
ds

le
m

m
a

8.

B
.1

E
xt

en
si

on
of

L
e

C
am

’s
M

et
ho

d
to

B
ay

es
ia

n
R

is
k

R
at

he
r

th
an

lo
w

er
bo

un
di

ng
su

p
θ

E
z
∼
e(
θ
)L

(θ
,A

(z
))

,a
B

ay
es

ia
n

w
ith

so
m

e
kn

ow
le

dg
e

ab
ou

tt
he

un
kn

ow
n,

gi
ve

n
in

th
e

fo
rm

of
a

pr
io

rπ
∈

P
(Θ

),
w

is
he

s
to

lo
w

er
bo

un
d

th
e

B
ay

es
ia

n
ri

sk
,

R
is

k
π L

(e
)

:=
in

f A
E
θ
∼
π
E
z
∼
e(
θ
)L

(θ
,A

(z
))
.

Fo
llo

w
in

g
fr

om
th

e
se

co
nd

lin
e

of
th

e
de

riv
at

io
n

of
L

e
C

am
’s

m
et

ho
d,

w
e

ha
ve

a
lo

w
er

bo
un

d,

E
θ
∼
{θ

1
,θ

2
}E

z
∼
e(
θ
)E
a
∼
A

(z
)L

(θ
,a

)
=

1 2
R

is
k
L

(θ
1
,e
,A

)
+

1 2
R

is
k
L

(θ
2
,e
,A

)

≥
ρ
(θ

1
,θ

2
)

(
1 4
−

1 4
V

(e
(θ

1
),
e(
θ 2

))

)
.
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L
et
µ
∈

P
(Θ
×

Θ
)

be
any

distribution
w

ith
both

m
arginals

over
Θ

equalto
π

.
A

veraging
overthis

distribution
w

e
have,

E
θ ∼
π
R

isk
L

(θ,e,A
)≥

E
(θ

1
,θ

2
) ∼
µ
ρ
(θ

1 ,θ
2 ) (

14
−

14
V

(e(θ
1 ),e(θ

2 )) )
.

T
his

insightleads
to

a
B

ayesian
version

oflem
m

a
8.

L
em

m
a

36
Let

µ
∈

P
(Θ
×

Θ
)

be
any

distribution
w

ith
both

m
arginals

over
Θ

equalto
π

.Then
for

allexperim
ents

e
and

loss
functions

`,

R
isk

πL
(e)≥

E
(θ

1
,θ

2
) ∼
µ
ρ
(θ

1 ,θ
2 ) (

14
−

14
V

(e(θ
1 ),e(θ

2 )) )
.

U
sing

this
in

place
oflem

m
a

8
leads

to
B

ayesian
versions

oftheorem
s

15
and

16.

A
ppendix

C
.C

anonicalL
ossFunctionsand

their
C

onvexification

H
ere

w
e

develop
generalrepresentations

ofloss
functions

L
:

Θ
×
A
→

R
.W

e
assum

e
thatthe

set
Θ

is
finite.

In
m

any
statistical

problem
s,it

is
natural

for
the

space
of

actions
A

to
be

the
set

of
distributions

overunknow
ns

P
(Θ

).

D
efinition

37
A

loss
L

:
Θ
×

P
(Θ

)→
R

is
properiffor

alldistributions
P
∈

P
(Θ

),

P
∈

arg
m

in
Q
∈

P
(Θ

) 〈P
,L

(−
,Q

)〉
Θ
.

Itis
strictly

properif
P

is
the

unique
m

inim
izer.

A
properloss

takes
a

prediction
Q
∈

P
(Θ

),and
then

penalizes
the

decision
m

akeraccording
to

how
m

uch
w

eighttheir
prediction

assigned
to

the
unknow

n
θ.

Intuitively
properness

ensures
thatif

the
decision

m
akerknow

s
P

,then
they

m
inim

ize
theirexpected

loss
by

reporting
P

.Properlosses
con-

stitute
a

w
ellstudied

class
of

loss
functions,thatprovide

suitable
surrogates

for
decision

problem
s

(B
rier,1950;G

rünw
ald

and
D

aw
id,2004;Z

hang,2004;G
neiting

and
R

aftery,2007;D
aw

id,2007;
R

eid
and

W
illiam

son,2009a;D
aw

id,2007;Á
vila

Pires
etal.,2013).

A
s

w
illbe

show
n,all“sensible”

losses
are

essentially
re-param

etrized
properlosses.W

e
show

how
to

constructproperlossesfrom
theirentropies.Furtherm

ore,w
e

show
how

to
renderany

properloss
convex

through
a

canonicalre-param
etrization.

T
his

allow
s

the
use

of
tools

from
convex

analysis
(B

oyd
and

V
andenberghe,2004;L

ucchetti,2006)to
aid

in
calculating

optim
alactions.

C
.1

E
ntropy

from
L

oss

R
ather

than
w

orking
w

ith
probability

distributions,
w

e
take

the
route

of
W

illiam
son

(2014)
and

w
ork

w
ith

un-norm
alized

distributions.
D

enote
the

setof
allunnorm

alized
distributions

on
Θ

by
P

+
(Θ

).Forany
loss

function
L

,define
the

entropy
L

:P
+

(Θ
)→

R
,

L
(µ

)
=

m
in

a∈
A 〈µ

,L
(−
,a

)〉
Θ
.
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V
A

N
R

O
O

Y
E

N
,W

IL
L

IA
M

S
O

N

L
(P

)
m

easures
the

uncertainty
of

the
optim

al
action

for
the

distribution
P

.
T

he
entropy

is
also

called
an

uncertainty
function,

a
B

ayes
risk

or
a

support
function

(D
eG

root,
1962;

W
illiam

son,
2014).Itis

concave
and

1-hom
ogeneous.

D
efinition

38
A

function
f

:P
+

(Θ
)→

R
is1-hom

ogeneousifforallx
∈

P
+

(Θ
)and

forallλ
>

0,

f
(λ
x

)
=
λ
f

(x
).

C
.2

L
ossfrom

E
ntropy

A
llloss

functions
give

rise
to

an
entropy.

C
onversely,the

entropy
encodes

m
uch

inform
ation

ofits
associated

loss
through

its
super-gradients,w

hich
include

allthe
B

ayes
actions

for
the

underlying
loss.

C
.2.1

B
A

Y
E

S
A

C
T

IO
N

S
A

N
D

S
U

P
E

R-G
R

A
D

IE
N

T
S

Forany
distribution

P
,define

the
B

ayes
actions

for
P

as
the

setofm
inim

izers,

A
P

=
arg

m
in

a∈
A
〈P
,L

(−
,a

)〉
.

Forany
a
P
∈
A
P

w
e

have
L

(P
)

=
〈P
,L

(−
,a
P

)〉.

D
efinition

39
(Super-gradientofa

concave
function)

Letf
:P

+
(Θ

)→
R

be
a

concave
function.

v
∈

R
Θ

is
a

super-gradientof
f

atthe
point

x
iffor

all
y
∈

P
+

(Θ
),

〈y−
x
,v〉

+
f

(x
)≥

f
(y

).

D
enote

the
set

of
all

super-gradients
at

a
point

x
by

∂
f

(x
),

and
the

set
of

all
super-gradients

by
∂
f

=
∪
x ∂
f

(x
).

For
differentiable

concave
functions,

super-gradients
are

the
sam

e
as

regular
gradients

(L
ucchetti,2006).1-hom

ogeneous
functions

afford
a

very
sim

ple
representation

via
their

super-gradients.

T
heorem

40
(G

eneralized
E

uler’sH
om

ogeneousFunction
T

heorem
)

Let
f

:P
+

(Θ
)→

R
be

a
concave

1-hom
ogeneous

function.Then
for

all
x

and
for

all
v
∈
∂
f

(x
),

f
(x

)
=
〈x
,v〉.

F
urtherm

ore,v
∈
∂
f

(x
)

=⇒
v
∈
∂
f

(λ
x

)
for

all
λ
>

0.

W
e

include
a

sim
ple

proofofthis
theorem

forcom
pleteness.

Proof
Firstly,forall

x
and

all
λ
>

0,

〈λ
x
−
x
,v〉

+
f

(x
)≥

λ
f

(x
),

w
hich

follow
s

directly
from

the
definition

of
a

super-gradient
at
x

and
the

1-hom
ogeneity

of
f.

R
e-arranging

yields,
(1−

λ
)(f

(x
)−
〈x
,v〉)≥

0.L
etting

λ
→

0
+

yields
f

(x
)≥
〈x
,v〉.Sim

ilarly,
forall

x
and

all
λ
>

0,
〈x
−
λ
x
,v〉

+
λ
f

(x
)≥

f
(x

),
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w
hi

ch
fo

llo
w

s
di

re
ct

ly
fr

om
th

e
de

fin
iti

on
of

a
su

pe
r-

gr
ad

ie
nt

at
λ
x

an
d

th
e

1-
ho

m
og

en
ei

ty
of
f

.
R

e-
ar

ra
ng

in
g

yi
el

ds
,(

1
−
λ

)(
f

(x
)
−
〈x
,v
〉)
≤

0.
L

et
tin

g
λ
→

0
+

yi
el

ds
f

(x
)
≤
〈x
,v
〉,

th
er

ef
or

e
f

(x
)

=
〈x
,v
〉.

To
pr

ov
e

th
e

se
co

nd
cl

ai
m

,w
e

ha
ve

fo
ra

ll
y

an
d
λ
>

0
,

〈y
−
x
,v
〉+

f
(x

)
≥
f

(y
)

〈λ
y
−
λ
x
,v
〉+

f
(λ
x

)
≥
f

(λ
y
),

w
he

re
th

e
fir

st
lin

e
is

by
de

fin
iti

on
,a

nd
th

e
se

co
nd

is
by

1-
ho

m
og

en
ei

ty
.A

s
y

is
ar

bi
tr

ar
y,

th
e

cl
ai

m
is

pr
ov

ed
.

T
hi

st
he

or
em

pr
ov

id
es

a
co

ro
lla

ry
,t

ha
ts

ho
w

st
he

su
pe

r-
gr

ad
ie

nt
so

fa
1-

ho
m

og
en

eo
us

fu
nc

tio
n

ha
ve

a
pr

op
er

ty
si

m
ila

rt
o

pr
op

er
ne

ss
.

C
or

ol
la

ry
41

Le
t
f

:
P

+
(Θ

)
→

R
be

a
co

nc
av

e
1-

ho
m

og
en

eo
us

fu
nc

tio
n.

Th
en

fo
r

al
l
x
,y
∈

P
+

(Θ
)

an
d

fo
r

al
lv
x
∈
∂
f

(x
),
v y
∈
∂
f

(y
),

〈x
,v
y
〉≥
〈x
,v
x
〉.

W
e

no
w

sh
ow

th
at

th
e

pa
rt

ia
ll

os
s

of
a

B
ay

es
ac

tio
n

is
a

su
pe

r-
gr

ad
ie

nt
of
L

.

T
he

or
em

42
Fo

r
al

ll
os

s
fu

nc
tio

ns
L

an
d

di
st

ri
bu

tio
ns
P

,a
P
∈
A
P
⇔
L

(−
,a
P

)
∈
∂
L

(P
).

Pr
oo

f
Fo

ra
P
∈
A
P

w
e

ha
ve

fo
ra

ll
µ
∈

P
+

(Θ
),

〈µ
−
P
,L

(−
,a
P

)〉
+
L

(P
)

=
〈µ
,L

(−
,a
P

)〉
≥

m
in

a
∈A
〈µ
,L

(−
,a

)〉
=
L

(µ
).

H
en

ce
L

(−
,a
P

)
∈
∂
L

(P
).

Fo
rt

he
co

nv
er

se
,i

fL
(−
,a
P

)
∈
∂
L

(P
)

th
en

,

L
(P

)
=
〈P
,L

(−
,a
P

)〉
=

m
in

a
∈A
〈P
,L

(−
,a

)〉
,

m
ea

ni
ng
a

is
B

ay
es

.

T
he

re
fo

re
,o

nc
e

no
n-

B
ay

es
ac

tio
ns

ar
e

di
sc

ar
de

d,
w

e
ca

n
id

en
tif

y
a

lo
ss

w
ith

a
su

bs
et

of
∂
L

.R
at

he
r

th
an

w
or

ki
ng

w
ith

a
su

bs
et
∂
L

,i
ti

s
ad

va
nt

ag
eo

us
to

co
ns

id
er

al
lo

f∂
L

.

D
efi

ni
tio

n
43

(C
an

on
ic

al
L

os
s(

Pr
el

im
in

ar
y)

)
Le

tL
:
P

+
(Θ

)
→

R
be

a
co

nc
av

e,
1-

ho
m

og
en

eo
us

fu
nc

tio
n.

Th
en

its
ca

no
ni

ca
ll

os
s,
L

:
Θ
×
∂
L
→

R
is

gi
ve

n
by

,L
(θ
,ζ

)
=
ζ
(θ

).

A
s

w
ill

be
sh

ow
n,

ca
no

ni
ca

ll
os

se
s

ca
n

al
w

ay
s

be
co

nv
ex

ifi
ed

.F
ur

th
er

m
or

e,
th

ey
m

ai
nt

ai
n

al
lo

ft
he

pr
op

er
tie

s
of
L

ne
ed

ed
fo

ra
ss

es
si

ng
th

e
qu

al
ity

of
de

ci
si

on
s.
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E
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P
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R
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R
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IO
N

S
E

T

T
he

pr
oc

es
s

of
ca

no
ni

si
ng

a
lo

ss
,i

.e
.g

oi
ng

fr
om

,

L
→
L
→
L,

ca
n

cr
ea

te
ex

tr
a

pa
rt

ia
ll

os
se

s/
ac

tio
ns

th
at

w
er

e
no

to
ri

gi
na

lly
av

ai
la

bl
e

to
th

e
de

ci
si

on
m

ak
er

.H
ow

-
ev

er
,t

he
y

ga
in

no
be

ne
fit

fr
om

th
es

e
ex

tr
a

ac
tio

ns
.

Fr
om

an
y

en
tr

op
y

de
fin

e
th

e
B

ay
es

su
pe

r
pr

e-
di

ct
io

n
se

t,
S L

:=
{ ζ
∈

R
Θ

:
〈µ
,ζ
〉≥

L
(µ

),
∀µ
∈

R
Θ +

} .
B

y
th

e
de

fin
iti

on
,

m
in

a
∈A
〈P
,L

(−
,a

)〉
=

m
in

ζ
∈S

L

〈P
,ζ
〉,
∀P
∈

P
(Θ

).

T
he

B
ay

es
su

pe
rp

re
di

ct
io

n
se

ti
s

pr
ec

is
el

y
th

os
e

pa
rt

ia
ll

os
se

s
th

at
th

e
de

ci
si

on
m

ak
er

ne
ed

no
tu

se
ov

er
th

e
ac

tio
ns

av
ai

la
bl

e
to

th
em

,n
o

m
at

te
rt

he
di

st
ri

bu
tio

n
P

.T
he

su
pe

rp
re

di
ct

io
n

se
ti

s
co

nv
ex

.
Fu

rt
he

rm
or

e,
th

e
B

ay
es

ac
tio

ns
fo

rL
ar

e
th

e
lo

w
er

bo
un

da
ry

of
th

e
su

pe
rp

re
di

ct
io

n
se

t.

L
em

m
a

44
Le

tL
:

P
+

(Θ
)
→

R
be

a
co

nc
av

e,
1-

ho
m

og
en

eo
us

fu
nc

tio
n.

Th
en
ζ
∈
∂
L

if
an

d
on

ly
if,

〈µ
,ζ
〉≥

L
(µ

),
∀µ
∈

P
+

(Θ
),

w
ith

eq
ua

lit
y

ho
ld

in
g

fo
r

at
le

as
to

ne
µ

.

T
he

pr
oo

fi
s

a
st

ra
ig

ht
fo

rw
ar

d
ap

pl
ic

at
io

n
of

1-
ho

m
og

en
ei

ty
an

d
su

pe
r-

gr
ad

ie
nt

s.

C
an

on
ic

al
lo

ss
es

us
e

al
ls

up
er

gr
ad

ie
nt

s
of
L

.P
ro

pe
rl

os
se

s
us

e
so

m
e.

C
or

ol
la

ry
45

(L
os

sf
ro

m
E

nt
ro

py
)

Le
tL

:
P

+
(Θ

)
→

R
be

a
co

nc
av

e,
1-

ho
m

og
en

eo
us

fu
nc

tio
n

an
d

le
t∇

L
:
P

+
(Θ

)
→

R
Θ

be
a

su
pe

r-
gr

ad
ie

nt
fu

nc
tio

n,
∇
L

(µ
)
∈
∂
L

(µ
),
∀µ

.T
he

n,

L
(θ
,Q

)
=
L(
θ,
∇
L

(Q
))
,

is
a

pr
op

er
lo

ss
.F

ur
th

er
m

or
e

if
L

is
st

ri
ct

ly
co

nc
av

e
th

en
L

is
st

ri
ct

ly
pr

op
er

.

C
.3

C
on

ve
xi

fic
at

io
n

of
L

os
se

si
n

C
an

on
ic

al
Fo

rm

T
he

pr
ec

ed
in

g
sh

ow
s

ho
w

to
co

ns
tr

uc
t

lo
ss

es
,w

e
be

gi
n

w
ith

a
co

nc
av

e
1-

ho
m

og
en

eo
us

fu
nc

tio
n

an
d

ta
ke

su
pe

r-
gr

ad
ie

nt
s.

Fo
cu

s
no

w
tu

rn
s

to
th

ei
r

co
nv

ex
ifi

ca
tio

n.
O

nc
e

co
nv

ex
ifi

ed
,t

he
de

ci
si

on
m

ak
er

ga
in

s
ac

ce
ss

to
th

e
la

rg
e

an
d

ev
er

gr
ow

in
g

lit
er

at
ur

e
on

th
e

m
in

im
iz

at
io

n
of

co
nv

ex
fu

nc
tio

ns
to

ai
d

in
th

e
ca

lc
ul

at
io

n
of

op
tim

al
ac

tio
ns

.W
e

cl
os

el
y

fo
llo

w
D

aw
id

(2
00

7)
,w

ith
a

fo
cu

s
on

ca
no

n-
ic

al
lo

ss
es

.
T

hi
s

st
re

am
lin

es
th

e
de

ve
lo

pm
en

t.
Fo

re
xa

m
pl

e,
fo

rs
om

e
pr

op
er

lo
ss

es
le

m
m

a
47

fa
ils

to
ho

ld
.

Fu
rt

he
rm

or
e,

ou
r

re
su

lt
on

co
nv

ex
ifi

ca
tio

n
of

ca
no

ni
ca

ll
os

se
s

(t
he

or
em

49
),

is
to

th
e

be
st

of
ou

rk
no

w
le

dg
e

no
ve

l.

R
ec

al
l
1

Θ
∈

R
Θ

is
th

e
fu

nc
tio

n
th

at
al

w
ay

s
re

tu
rn

s
1

,
an

d
de

fin
e
1
⊥ Θ

to
be

its
or

th
og

on
al

co
m

-
pl

em
en

ti
n

R
Θ

,i
.e

.t
he

fu
nc

tio
ns
v
∈

R
Θ

w
ith

,

〈1
Θ
,v
〉=

∑ z
∈Θ
v
(z

)
=

0
.
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D
efine,

Γ
L

=
{
(γ
,v

)∈
R
×

1
⊥Θ

:
γ
1

Θ
+
v
∈
∂
L
}.

L
em

m
a

46
Let

(γ
,v

)∈
Γ
L .Then

γ
is

uniquely
determ

ined
by
v.

Proof
Fix

v
and

suppose
there

exists
γ

1
and

γ
2

w
ith

γ
1
<
γ

2
and

γ
1 1

Θ
+
v
,γ

2 1
Θ

+
v
∈
∂
L

.
B

y
assum

ption,γ
2 1

Θ
+
v

is
B

ayes
forsom

e
distribution

P
.B

ut,

〈P
,γ

1 1
Θ

+
v〉

=
γ

1
+
〈P
,v〉

<
γ

2
+
〈P
,v〉

=
〈P
,γ

2 1
Θ

+
v〉
,

a
contradiction.

T
hus

w
e

lose
nothing

by
w

orking
w

ith
projections

oflosses
onto

1
⊥Θ

.D
efine,

Γ̂
L

=
p
ro

j1
⊥Θ

(∂
L

)⊆
1
⊥Θ
.

B
y

lem
m

a
46

Γ̂
L

is
in

1-1
correspondence

w
ith

∂
L

.

L
em

m
a

47
Γ̂
L

is
a

convex
set.

Proof
To

show
Γ̂
L

is
convex,w

e
are

required
to

show
thatfor

all
ζ

1 ,ζ
2
∈
∂
L

and
all

λ
∈

[0,1]
there

is
a

constant
γ

such
that,

λ
ζ

1
+

(1−
λ

)ζ
2 −

γ
1

Θ
∈
∂
L
.

B
y

lem
m

a
44,this

is
equivalentto,

λ〈P
,ζ

1 〉
+

(1−
λ

)〈P
,ζ

2 〉−
L

(P
)

︸
︷︷

︸
γ

(P
)

−
γ

=
γ

(P
)−

γ
≥

0,∀
P
∈

P
(Θ

),

w
ith

equality
holding

for
one

P
.

L
et
γ
∗

=
m

in
P
γ

(P
),w

ith
P
∗

the
distribution

thatachieves
the

m
inim

um
.C

learly
γ

(P
)−

γ
∗≥

0.T
herefore,

λ〈P
,ζ

1 〉
+

(1−
λ

)〈P
,ζ

2 〉−
γ
∗≥

L
(P

),∀
P
∈

P
(Θ

),

w
ith

equality
for

P
∗.T

herefore
by

lem
m

a
44,λ

ζ
1

+
(1−

λ
)ζ

2 −
γ
∗1

Θ
∈
∂
L

.

D
efine

the
function

Ψ
:
Γ̂
L
→

R
such

that,

v
+

Ψ
(v

)1
Θ
∈
∂
L
.

B
y

lem
m

a
46,Ψ

is
w

elldefined.

L
em

m
a

48
Ψ

is
a

convex
function.
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Proof
L

et
v

1 ,v
2 ∈

Γ̂
L

w
ith

v
λ

=
λ
v

1
+

(1−
λ

)v
2 .L

ettheirpartiallosses
be,

ζ
1

=
v

1
+

Ψ
(v

1 )1
Θ

ζ
2

=
v

2
+

Ψ
(v

2 )1
Θ

ζ
λ

=
λ
v

1
+

(1−
λ

)v
2

+
Ψ

(λ
v

1
+

(1−
λ

)v
2 )1

Θ
,

respectively.B
y

assum
ption,forall

λ
∈

[0,1]there
exists

a
distribution

P
λ

such
that,

〈P
λ ,ζ

λ 〉≤
〈P

λ ,ζ〉
,∀
ζ
∈
∂
L
.

A
ssum

e
there

is
a
λ
∗

such
that,

λ
∗Ψ

(v
1 )

+
(1−

λ
∗)Ψ

(v
2 )
<

Ψ
(λ
∗v

1
+

(1−
λ
∗)v

2 ).

B
utthen,

〈P
λ
∗,λ
∗ζ

1
+

(1−
λ
∗)ζ

2 〉
<
〈P

λ
∗,ζ

λ
∗〉
,

a
contradiction.

T
his

gives
the

follow
ing

representation
theorem

forcanonicallosses.

T
heorem

49
(R

epresentation
ofC

anonicalL
osses)

LetL
:P

+
(Θ

)→
R

be
a

concave,1-hom
ogeneous

function.
Then

its
canonicallossL

can
be

represented
asL

:
Θ
×
C
→

R
,w

ith
C
⊆

1
⊥Θ

a
convex

setand,
L

(θ,v
)

=
−
〈δ
θ ,v〉

+
Ψ

(v
),

for
a

convex
function

Ψ
.

T
he

situation
is

particularly
sim

ple
forbinary

problem
s.

C
orollary

50
Let

Θ
=
{±

1}.Then
allcanonicallosses

can
be

w
ritten

asL
:{±

1}×
I
→

R
,

L
(θ,v

)
=
−
θv

+
Ψ

(v
),

w
here

I
is

a
convex

subsetofR
and

Ψ
:
I
→

R
a

convex
function.

T
he

proofcom
es

from
the

observation
that,

1
⊥Θ

=
S
p
an

((−
1
,1)).

C
.4

Illustrative
E

xam
ple:B

inary
D

ecisionsand
Square

L
oss

In
binary

problem
s,Θ

=
{±

1}.A
n

often
used

loss
is

the
square

orB
rierloss.

L
(θ,θ̂)

=
(
θ−

θ̂ )
2,

w
here

θ̂
∈

[−
1
,1].

W
e

plotthis
loss

in
figure

3.
T

he
partiallosses

are
given

by
the

red
curve,the

super
prediction

set
in

gray.
T

he
loss

on
negatives

is
plotted

on
the

x-axis.
In

figure
4

w
e

show
geom

etrically
how

to
produce

canonicalcoordinates.

W
e

seek
to

decom
pose,

L
(−
,θ̂)

=
(

(−
1−

θ̂)
2,(1−

θ̂)
2 )

=
α

(
1−
1

)
+
β

(
11

)
.
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So
lv

in
g

fo
rα

an
d
β

in
te

rm
s

of
θ̂

gi
ve

s, α
=

2θ̂
an

d
β

=
1

+
θ̂2
.

T
he

se
eq

ua
tio

ns
ca

n
be

ea
si

ly
so

lv
ed

fo
rθ̂

gi
vi

ng
,

β
=

Ψ
(α

)
=

1
+
α

2 4
.

T
he

re
fo

re
th

e
ca

no
ni

ca
lf

or
m

of
sq

ua
re

lo
ss

is
,

L(
θ,
α

)
=
−
θα

+
1

+
α

2 4
.

N
ot

ic
e

th
at

th
e

on
ly

de
pe

nd
en

ce
on
θ

is
vi

a
th

e
“l

in
ea

r”
te

rm
−
θα

.

L
os
s
w
he
n
θ
=
-
1

Losswhenθ=1

Fi
gu

re
3:

Pl
ot

of
su

pe
rp

re
di

ct
io

n
se

ta
nd

its
lo

w
er

bo
un

da
ry

fo
rs

qu
ar

e
lo

ss
,s

ee
te

xt
.

L
os
s
w
he
n
θ
=
-
1

Losswhenθ=1

L
(-
,1

/
2)

pr
oj
1 θ⟂

(L
(-
,1

/
2)
)

Fi
gu

re
4:

C
on

st
ru

ct
io

n
of

ca
no

ni
ca

lc
oo

rd
in

at
es

fo
rs

qu
ar

e
lo

ss
,s

ee
te

xt
.
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C
.5

Il
lu

st
ra

tiv
e

E
xa

m
pl

e:
H

in
ge

L
os

s

H
in

ge
lo

ss
L

:
{−

1,
1}
×

R
→

R
+

, L
(θ
,ν

)
=

m
ax

(0
,1
−
θν

),

is
an

of
te

n
us

ed
,n

on
-d

iff
er

en
tia

bl
e,

lo
ss

fu
nc

tio
n.

It
s

m
in

im
iz

at
io

n
fo

rm
s

th
e

ba
si

s
of

th
e

su
pp

or
t

ve
ct

or
m

ac
hi

ne
le

ar
ni

ng
al

go
ri

th
m

(C
or

te
sa

nd
V

ap
ni

k,
19

95
;S

ch
öl

ko
pf

an
d

Sm
ol

a,
20

02
;S

te
in

w
ar

t
an

d
C

hr
is

tm
an

n,
20

08
),

a
po

pu
la

rm
et

ho
d

fo
rl

ea
rn

in
g

cl
as

si
fie

rs
.H

er
e

w
e

sh
ow

th
at

th
e

ca
no

ni
ca

l
fo

rm
of

hi
ng

e
lo

ss
is

th
e

lin
ea

r
lo

ss
, L(
θ,
ν

)
=
−
θν
,
ν
∈

[−
1
,1

].

Fi
gu

re
5

is
a

pl
ot

of
hi

ng
e

lo
ss

an
d

its
su

pe
rp

re
di

ct
io

n
se

t.
Sh

ow
n

in
or

an
ge

ar
e

ac
tio

ns
w

ith
|ν
|≥

1
.

T
he

se
ac

tio
ns

ar
e

in
ad

m
is

si
bl

e
an

d
th

er
ef

or
e

no
tB

ay
es

fo
ra

ny
di

st
ri

bu
tio

n
ov

er
Θ

.F
ig

ur
e

6
sh

ow
s

th
e

pr
oj

ec
tio

n
of

th
e

B
ay

es
ac

tio
ns

fo
r

hi
ng

e
lo

ss
un

to
1
⊥ Θ

.
A

s
ca

n
be

se
en

fr
om

th
e

fig
ur

e,
lin

ea
r

lo
ss

is
th

e
re

su
lt

of
“c

an
on

iz
in

g”
hi

ng
e

lo
ss

.

Fi
gu

re
5:

Pl
ot

of
su

pe
rp

re
di

ct
io

n
se

ta
nd

its
lo

w
er

bo
un

da
ry

fo
rh

in
ge

lo
ss

,s
ee

te
xt

(b
es

tv
ie

w
ed

in
co

lo
r)

.
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Figure
6:C

onstruction
ofcanonicalcoordinates

forsquare
loss,see

text.

C
.6

ProofofT
heorem

29

Proof
A

sL
is

canonical,its
partialloss

function
is

given
byL

(−
,v

)
=
v

+
Ψ

(v
)1
Z

.B
y

definition,

L
R

(−
,v

)
=
R
∗(L

(−
,v

))
=
R
∗(v

)
+

Ψ
(v

)R
∗(1
Z

).

If|Z
|

=
|Z̃
|,then

T
is

reconstructible
ifand

only
if
T

is
invertible.A

s
T

is
colum

n
stochastic,

1
Z

=
T
∗(1
Z̃

).

T
his

yields,
R
∗(1
Z

)
=
R
∗T
∗(1
Z̃

)
=

1
Z̃
.

Forthe
m

ore
generalcase

w
here|Z

|
<
|Z̃
|,w

e
have

forall
T

and
all
v
∈
1
⊥Z

,
〈T

(v
),1
Z̃ 〉

=
〈v
,T
∗(1
Z̃

) 〉

=
〈v
,1
Z 〉

=
0.

T
herefore

T
(1
⊥Z

)
⊆

1
⊥Z̃

.
A

s
left

inverses
are

not
unique,w

e
can

further
restrict

R
to

those
w

ith
R

(1
⊥Z̃

)⊆
1
⊥Z

,ordually
those

w
ith

R
∗(1
Z

)
=

1
Z̃

.
T

here
is

alw
ays

such
an
R

,as
the

restriction
of

T
to
1
⊥Z

is
also

leftinvertible.Furtherm
ore,T

(1
Z

)
/∈
1
⊥Z̃

,as
T

(1
Z

)
nonnegative

entries.T
herefore,

w
e

can
take

R
restricted

to
1
⊥Z̃

to
be

the
leftinverse

of
T

restricted
to

1
⊥Z

,w
ith

R
T

(1
Z

)
=

1
Z

.

Such
an
R

can
then

be
extended

to
allof

R
Z̃

.
Finally,by

definition,L
R

(z̃
,v

)
=
〈δ
z̃ ,L

R
(−
,v

)〉,
yielding,

L
R

(z̃
,v

)
=
〈δ
z̃ ,R

∗(v
)〉

+
〈δ
z̃ ,R

∗(1
Z

)〉
Ψ

(v
)

=
〈R

(δ
z̃ ),v〉

+
Ψ

(v
),

w
here

the
lastline

is
by

properties
ofadjoints.T

his
function

is
the

sum
oftw

o
functions,one

linear
in
v

the
otherconvex

and
is

therefore
convex

in
v.39
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Illustrative
E

xam
ple:M

ulti-classL
ogistic

L
ossand

itsC
orrections

H
ere

w
e

show
by

exam
ple

how
to

apply
theorem

29
to

construct
losses

for
m

ulticlass
corrupted

learning
problem

s.W
e

take
Θ

=
{
1,2,3},w

ith
L

the
log

loss,

L
(−
,P

)
=

(−
log

(P
1 ),−

log
(P

2 ),−
log

(P
3 ))

.

W
e

express
v
∈
1
⊥Θ

as,

v
=
v

1 
−

23
1313


+
v

2 
13

−
23

13


.

N
ote

thatthese
basis

vectors
are

the
projections

onto
id ⊥Θ

ofthe
partiallosses,


011


and


101


,

respectively.W
e

have,P
=

(
e
v
1

1
+
e
v
1

+
e
v
2
,

e
v
2

1
+
e
v
1

+
e
v
2
,

1

1
+
e
v
1

+
e
v
2 )

.

w
ith,

L
(−
,v

)
=


−
v

1
+

log
(1

+
e
v
1

+
e
v
2)

−
v

2
+

log
(1

+
e
v
1

+
e
v
2)

log
(1

+
e
v
1

+
e
v
2)


(1)

=
v

+

(−
13

(v
1

+
v
2)

+
log

(1
+
e
v
1

+
e
v
2) )

︸
︷︷

︸
Ψ

(v
)

1
Θ
.

(1)is
the

usualform
ofm

ulticlass
logistic

loss.Forthe
case

ofsym
m

etric
noise,

T
=


1−

σ
σ2

σ2
σ2

1−
σ

σ2
σ2

σ2
1−

σ


and

R
=


2−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

2−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

−
σ

2−
3
σ

2−
σ

2−
3
σ


,

respectively.A
ll
v
∈
1
⊥Θ

are
eigenvalues

of
R

,w
ith

eigenvalue
2

2−
3
σ ,giving

a
corruption

corrected
loss

of,

L
R

(−
,v

)
=

2

2−
3σ
v

+
Ψ

(v
)id

Θ
.

R
ecallforthe

problem
oflearning

partiallabels
Θ̃

=
{
0,1}

Θ
the

setofallpartiallabellings.U
nder

the
assum

ption
thatthe

partiallabelalw
ays

includes
the

correctunderlying
label,and

thatspurious
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la
be

ls
ar

e
ad

de
d

w
ith

pr
ob

ab
ili

ty
σ

,

T
=

            

(1
−
σ

)2
0

0

0
(1
−
σ

)2
0

0
0

(1
−
σ

)2

(1
−
σ

)σ
(1
−
σ

)σ
0

(1
−
σ

)σ
0

(1
−
σ

)σ

0
(1
−
σ

)σ
(1
−
σ

)σ

σ
2

σ
2

σ
2

            

.

Fo
rt

hi
s

pr
ob

le
m

,t
he

re
ar

e
se

ve
ra

ld
iff

er
en

ta
lte

rn
at

iv
es

fo
rR

.T
he

re
co

ns
tr

uc
tio

n,

R
=

   

1
0

0
3
−

2
σ

3
−

3
σ

3
−

2
σ

3
−

3
σ

σ
−

3
3
(1
−
σ

)
1 3

0
1

0
3
−

2
σ

3
−

3
σ

σ
−

3
3
(1
−
σ

)
3
−

2
σ

3
−

3
σ

1 3

0
0

1
σ
−

3
3
(1
−
σ

)
3
−

2
σ

3
−

3
σ

3
−

2
σ

3
−

3
σ

1 3

   
,
σ
6=

1,

is
a

le
ft

in
ve

rs
e

fo
rT

an
d

sa
tis

fie
s

th
e

re
qu

ir
em

en
ts

of
th

eo
re

m
29

.F
or

th
is

re
co

ns
tr

uc
tio

n
on

e
ha

s,

R
∗

  
−

2 3
1 3 1 3

  
=

             

−
2 3

1 3 1 3
σ
−

2
3
(1
−
σ

)
σ
−

2
3
(1
−
σ

)
2
(2
−
σ

)
3
(1
−
σ

)

0

             

an
d
R
∗

  
1 3 −
2 3

1 3

  
=

             

1 3 −
2 3

1 3
σ
−

2
3
(1
−
σ

)
2
(2
−
σ

)
3
(1
−
σ

)
σ
−

2
3
(1
−
σ

)

0

             

,

le
ad

in
g

to
th

e
lo

ss
, L R

(−
,v

)
=
v 1

             

−
2 3

1 3 1 3
σ
−

2
3
(1
−
σ

)
σ
−

2
3
(1
−
σ

)
2
(2
−
σ

)
3
(1
−
σ

)

0

             

+
v 2

             

1 3 −
2 3

1 3
σ
−

2
3
(1
−
σ

)
2
(2
−
σ

)
3
(1
−
σ

)
σ
−

2
3
(1
−
σ

)

0

             

+
Ψ

(v
)i

d
Θ̃
.

A
pp

en
di

x
D

.P
ro

of
so

fT
he

or
em

si
n

M
ai

n
Te

xt

D
.1

Pr
oo

fo
fT

he
or

em
7

W
e

ac
tu

al
ly

pr
ov

e
a

m
or

e
ge

ne
ra

lt
he

or
em

,t
ha

tw
or

ks
fo

ri
nfi

ni
te

ac
tio

n
se

ts
.
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T
he

or
em

51
Le

tT
i
∈

T
(Z
,Z̃

i)
be

a
co

lle
ct

io
n

of
k

re
co

ns
tr

uc
tib

le
co

rr
up

tio
ns

.L
et
P̃

=
⊗
k i=
iP̃

n
i

i
,

Z̃
=
×
k i=

1
Z̃
n
i

i
,n

=
∑

k i=
1
n
i

an
d
r i

=
n
i n
.T

he
n

fo
r

al
la

lg
or

ith
m

s
A
∈

T
(Z̃
,A

),
pr

io
rs
π
∈

P
(A

),
di

st
ri

bu
tio

ns
P
∈

P
(Z

)
an

d
bo

un
de

d
lo

ss
fu

nc
tio

ns
`,

E
S̃
∼
P̃
`(
P
,A

(S̃
))
≤

E
S̃
∼
P̃

k ∑ i=
1

r i
` R

i
(S̃
i,
A

(S̃
))

+
K

√
2
E
S
∼
P
n
D
K
L

(A
(S̃

),
π

)

n
.

w
he

re
K

=

√
k ∑ i=

1
r i
‖`
R
i
‖2 ∞

.

Pr
oo

f
D

efi
ne
L

(S̃
,a

)
=
∑

k i=
1

∑
z̃
∈S̃

i
` R

i
(z
i,
a
),

th
e

su
m

of
th

e
co

rr
up

te
d

lo
ss

es
on

th
e

sa
m

pl
e.

B
y

th
eo

re
m

2.
1

of
Z

ha
ng

(2
00

6)
fo

rβ
>

0
,

E
S̃
∼
Q

E
a
∼
A

(S̃
)
−

1 β
lo

g
(E
S̃
′ ∼
Q
e−

β
L

(S̃
′ ,
a
) )
≤

E
S̃
∼
Q

[ L
(S̃
,A

(S̃
))

+
D
K
L

(A
(S̃

),
π

)

β

]

k ∑ i=
1

n
iE
S̃
∼
Q

E
a
∼
A

(S̃
)
−

1 β
lo

g
(E
z̃
∼
P̃
i
e−

β
` R
i
(z̃
,a

) )
≤

E
S̃
∼
Q

[ L
(S̃
,A

(S̃
))

+
D
K
L

(A
(S̃

),
π

)

β

]

w
he

re
th

e
fir

st
lin

e
fo

llo
w

s
fr

om
th

e
th

eo
re

m
an

d
th

e
se

co
nd

fr
om

pr
op

er
tie

s
of

th
e

cu
m

ul
an

tg
en

er
-

at
in

g
fu

nc
tio

n.
In

vo
ki

ng
le

m
m

a
A

.1
of

C
es

a-
B

ia
nc

hi
an

d
L

ug
os

i(
20

06
)y

ie
ld

s,

k ∑ i=
1

n
i

( E
S̃
∼
Q
` R

i
(P̃

i,
A

(S̃
))
−
‖`
R
i
‖2 ∞

β

2

)
≤

E
S̃
∼
Q

[ L
(S̃
,A

(S̃
))

+
D
K
L

(A
(S̃

),
π

)

β

] .

A
s

th
e
T
i

ar
e

re
co

ns
tr

uc
tib

le
,

E
S̃
∼
Q
`(
P
,A

(S̃
))
≤

1 n
E
S̃
∼
Q

[ L
(S̃
,A

(S̃
))

+
D
K
L

(A
(S̃

),
π

)

β

]
+

(
k ∑ i=

1
r i
‖`
R
i
‖2 ∞
)
β

2
.

O
pt

im
iz

in
g

ov
er
β

yi
el

ds
th

e
de

si
re

d
re

su
lt.

T
he

or
em

7
is

re
co

ve
re

d
by

ta
ki

ng
A

fin
ite

,π
un

if
or

m
on
A

an
d

up
pe

rb
ou

nd
in

g
D
K
L

(A
(S

),
π

)
≤

lo
g
(|A
|).

D
.2

Pr
oo

fo
fL

em
m

a
10

Pr
oo

f
Fi

rs
tly

V
is

a
m

et
ri

c
on

P
(×

k n
=

1
Z i

)
(R

ei
d

an
d

W
ill

ia
m

so
n,

20
09

b)
.T

hu
s,

V
(⊗

k i=
1
P
i,
⊗
k i=

1
Q
i)

=
V

(P
1
⊗

(⊗
k i=

2
P
i)
,Q

1
⊗

(⊗
k i=

2
Q
i)

)

≤
V

(P
1
⊗

(⊗
k i=

2
P
i)
,Q

1
⊗

(⊗
k i=

2
P
i)

)
+
V

(Q
1
⊗

(⊗
k i=

2
P
i)
,Q

1
⊗

(⊗
k i=

2
Q
i)

)

=
V

(P
1
,Q

1
)

+
V

(⊗
k i=

2
P
i,
⊗
k i=

2
Q
i)
,

w
he

re
th

e
fir

st
lin

e
is

by
de

fin
iti

on
,t

he
se

co
nd

as
V

is
a

m
et

ri
c

an
d

th
e

th
ir

d
is

ea
si

ly
ve

ri
fie

d
fr

om
th

e
de

fin
iti

on
of
V

.T
o

co
m

pl
et

e
th

e
pr

oo
fp

ro
ce

ed
in

du
ct

iv
el

y.
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D
.3

ProofofT
heorem

16

Proof
L

et

T
=
⊗
ki=
i T

n
i

i
=
T

1 ⊗
···⊗

T
1

︸
︷︷

︸
n

1
tim

es

⊗
T

2 ⊗
···⊗

T
2

︸
︷︷

︸
n

2
tim

es

⊗
···⊗

T
k ⊗
···⊗

T
k

︸
︷︷

︸
n
k

tim
es

.

O
ne

has
T

(e
n
(θ))

=
T

1 (e(θ))
n

1⊗
T

2 (e(θ))
n

2⊗
···⊗

T
k (e(θ))

n
k.B

y
lem

m
a

10,

V
(T

(e
n
(θ

1 )),T
(e
n
(θ

2 ))≤
k
∑i=

1

n
i V

(T
i (e(θ

1 )),T
i (e(θ

2 )))

≤
(

k
∑i=

1

C
larity

(T
i )n

i )

︸
︷︷

︸
K

V
(e(θ

1 ),e(θ
2 )).

R
earranging

gives,

ρ
(θ

1 ,θ
2 )

(1−
γ
V

(T
(e
n
(θ

1 ),T
(e
n
(θ

2 )))≥
ρ
(θ

1 ,θ
2 )

(1−
K
γ
V

(T
(e(θ

1 ),T
(e(θ

2 )))
,∀
γ
>

0.

Taking
suprem

um
’s

over
θ

1 ,θ
2

yields,

L
e

C
am

L
(T
◦
e
n
,γ

)≥
L

e
C

am
L

(e,K
γ

)

A
pplying

lem
m

a
11

yields
the

result.

D
.4

ProofofL
em

m
a

13

ProofC
la

rity
(T

2 T
1 )

=
su

p
P
,Q
∈

P
(Z

) ‖T
2 ◦

T
1 (P

)−
T

2 ◦
T

1 (Q
)‖

1

‖
P
−
Q
‖

1

=
su

p
P
,Q
∈

P
(Z

) ‖T
2 ◦

T
1 (P

)−
T

2 ◦
T

1 (Q
)‖

1

‖
T

1 (P
)−

T
2 (Q

)‖
1

‖T
1 (P

)−
T

2 (Q
)‖

1

‖P
−
Q
‖

1

≤
su

p
P
,Q
∈

P
(Z

) ‖
T

2 ◦
T

1 (P
)−

T
2 ◦

T
1 (Q

)‖
1

‖
T

1 (P
)−

T
2 (Q

)‖
1

su
p

P
,Q
∈

P
(Z

) ‖
T

1 (P
)−

T
2 (Q

)‖
1

‖P
−
Q
‖

1

≤
su

p
P
,Q
∈

P
(Z̃

1
) ‖
T

2 (P
)−

T
2 (Q

)‖
1

‖
P
−
Q
‖

1
su

p
P
,Q
∈

P
(Z

) ‖
T

1 (P
)−

T
2 (Q

)‖
1

‖
P
−
Q
‖

1

=
C

larity
(T

2 )C
larity

(T
1 ),

w
here

the
firstline

follow
s

from
the

definitions,the
second

follow
s

if
T

1 (P
)6=

T
2 (Q

)
and

the
rest

are
sim

ple
rearrangem

ents.Forthe
finalinequality,rem

em
berthat

C
larity

(T
)≤

1.
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ProofofL
em

m
a

19

Proof
B

y
definition‖

˜̀‖∞
=

su
p
z
,a | ˜̀(z

,a
)|

=
su

p
a ‖

˜̀a ‖∞
.H

ence,

‖
˜̀‖∞

=
su

pa
‖

˜̀a ‖∞

≤
su

pa
‖
R
∗‖∞
‖
`
a ‖∞

=
‖R
∗‖∞
‖
`‖∞

,

w
here

the
second

line
follow

s
from

the
definition

ofthe
operatornorm

‖
R
∗‖∞

.

D
.6

ProofofL
em

m
a

20

Proof
Firstly‖

R‖
1

=
‖
R
∗‖∞

(B
ernstein,2009).From

the
definition

of‖R‖
1

w
e

have,

‖
R‖

1
=

su
p

v∈
R
Y

‖
R
v‖

1

‖
v‖

1

≥
su

p
u∈

R
X

‖
R
T
u‖

1

‖T
u‖

1

=
su

p
u∈

R
X

‖
u‖

1

‖
T
u‖

1

=
1/ (

in
f

u∈
R
X

‖T
u‖

1

‖u‖
1

)
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C

id-Sueiro,
D

arı́o
G

arcı́a-G
arcı́a,

and
R

aúl
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a
given

black-box
pool

algorithm
.

Such
an

exact
em

ulation
is

advantageous,
as

it
allow

s
direct

application
ofm

ethods
and

results
developed

forthe
pool-based

setting,in
the

stream
-based

setting.
E

specially,if
a

pool-based
algorithm

succeeds
in

practice,butits
analysis

is
unknow

n
or

lim
ited,

exactem
ulation

guarantees
thatthis

success
is

reproduced
in

the
stream

ing
setting

as
w

ell.
For

discrete
source

distributions,any
pool-based

algorithm
can

be
em

ulated
in

a
stream

-based
setting,sim

ply
by

w
aiting

long
enough,untilthe

desired
elem

entshow
s

up
again.T

he
challenge

for
stream

-based
interactive

algorithm
s

is
thus

to
achieve

the
sam

e
outputdistribution

as
a

pool-based
algorithm

,w
hile

observing
as

few
suggested

elem
ents

as
possible.C

learly,there
are

m
any

cases
in

w
hich

itis
desirable

to
require

less
suggested

elem
ents,as

this
could

save
resources

such
as

tim
e,

m
oney,and

com
m

unication.In
active

learning
as

w
ell,w

hile
exam

ples
are

usually
assum

ed
cheap,

they
are

notusually
com

pletely
free

in
allrespects.

W
e

study
em

ulation
ofpool-based

algorithm
s

in
tw

o
regim

es.
First,w

e
considerthe

fully
gen-

eralcase,of
em

ulating
som

e
unrestricted

poolalgorithm
.

W
e

provide
a

stream
algorithm

thatcan
em

ulate
any

given
black-box

pool
algorithm

,
and

uses
a

uniform
ly

bounded
expected

num
ber

of
observed

elem
ents.

T
he

bound
on

the
expected

num
ber

of
observed

elem
ents

is
exponentialin

the
num

berofselected
elem

ents.W
e

furtherprove
a

low
erbound

w
hich

indicates
thatthis

exponential
dependence

is
necessary.W

e
also

study
the

precognitive
stream

-based
setting

and
show

the
follow

-
ing:

O
n

the
one

hand,itcan
require

a
significantly

sm
aller

num
ber

of
observed

elem
ents

than
the

standard
stream

-based
setting.

O
n

the
other

hand,its
w

orst-case
perform

ance
is

also
exponential

in
the

num
ber

of
selected

elem
ents,sim

ilarly
to

the
stream

-based
setting.

W
e

conclude
thatw

hile
know

ing
the

sequence
in

advance
can

be
helpful,itdoes

notim
prove

the
generalperform

ance
of

stream
-based

em
ulation.

Second,w
e

considerutility-based
interactive

algorithm
forthe

poolsetting.W
e

provide
a

stream
algorithm

thatem
ulates

such
poolalgorithm

s,using
repeated

carefulapplications
ofsolutions

ofthe
w

ellknow
n

“Secretary
Problem

”
(D

ynkin,1963;G
ilbertand

M
osteller,1966;Ferguson,1989).T

he
expected

num
ber

of
observed

elem
ents

for
this

algorithm
is

only
linear

in
the

num
ber

of
selected

elem
ents.

In
this

case
too

w
e

prove
m

atching
low

er
bounds.

T
hese

results
hold

also
for

the
pre-

cognitive
stream

setting.
O

ur
analysis

show
s

a
tradeoff

betw
een

the
num

ber
of

observed
elem

ents
and

the
num

berofselected
elem

ents,in
cases

w
here

the
stream

algorithm
is

allow
ed

to
selectextra

elem
ents

overw
hatthe

pool-algorithm
selects.

Finally,w
e

considerthe
specialcase

ofactive
learning

forbinary
classification.W

e
give

nearly-
m

atching
upper

and
low

er
bounds

for
stream

em
ulation

in
this

setting.
From

the
low

er
bound,w

e
conclude

thateven
in

this
w

ell-studied
setting,there

are
cases

in
w

hich
there

exists
a

significantgap
betw

een
the

bestpool-based
algorithm

and
the

beststream
-based

algorithm
.T

his
resultgeneralizes

a
previous

observation
ofG

onen
etal.(2013)on

the
sub-optim

ality
ofC

A
L

(C
ohn

etal.,1994),the
classicalstream

-based
active

learning
algorithm

,com
pared

to
poolalgorithm

s.
T

his
paper

is
structured

as
follow

s:
In

Section
2

form
aldefinitions

and
notations

are
provided.

Section
3

discusses
naturalbutsuboptim

alsolutions.
Section

4
considers

em
ulating

generalpool
algorithm

s,and
Section

5
addresses

the
case

ofutility-based
poolalgorithm

s.In
Section

6
w

e
study

active
learning

forbinary
classification.W

e
conclude

in
Section

7.

2.D
efinitions

For
a

predicate
p,denote

by
I[p

]
the

indicator
function

w
hich

is
1

if
p

holds
and

zero
otherw

ise.
For

an
integer

k,denote
[k

]
:=
{
1,...,k}

and
[k

]0
=
{
0,...,k}.

For
a

sequence
S

,
S

(i)
is

the

3
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L
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S
A

B
A

T
O

A
N

D
H

E
S

S

i’th
m

em
ber

of
the

sequence.
D

enote
concatenation

of
sequences

by
◦.

D
enote

by
Π
k

the
setof

perm
utations

over
[k

].
For

A
,B

w
hich

are
both

sequences,or
one

is
a

setand
one

a
sequence,w

e
use

A
=
π
B

and
A
⊆
π
B

to
denote

equality
or

inclusion
on

the
unordered

sets
of

elem
ents

in
B

and
in
A

.
W

e
som

etim
es

om
itthe

π
w

hen
no

otherinterpretation
is

possible.
L

etX
be

a
m

easurable
dom

ain
ofelem

ents,and
letY

be
a

m
easurable

dom
ain

ofresponses.A
pool-based

(or
justpool)

interactive
algorithm

A
p

receives
as

inputan
integer

q
≤
m

,and
a

pool
of

elem
ents

(x
1 ,...,x

m
)∈
X
m

.
W

e
assum

e
thatfor

each
x
i there

is
a

response
y
i ∈
Y

,w
hich

is
initially

hidden
from

A
p .

D
enote

S
=

((x
i ,y

i ))
i∈

[m
] .

W
e

w
illassum

e
throughoutthis

w
ork

that
S

is
draw

n
i.i.d.from

a
distribution

overX
×
Y

.
For

a
given

S
,
S
X

denotes
the

pool
(x

1 ,...,x
m

).
A

t
each

round,A
p
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one

of
the

elem
ents

it
that

have
not

been
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yet,
and

receives
its

response
y
it .

A
fter

q
rounds,A

p
term

inates.
Its

output
is

the
set{(x

i1 ,y
i1 ),...,(x

iq ,y
iq )}.

For
a

pool
algorithm

A
p ,

denote
by

selp (S
,t)

the
elem

ent
thatA

p
selects

at
round

t,
if
S

is
the

poolitinteracts
w

ith.
selp (S

,t),w
hich

can
be

random
,can

depend
on

S
X

and
on

y
ik

for
k
<
t.

D
enote

by
selp (S

,[t])
the

sequence
ofelem

ents
selected

byA
p

in
the

first
trounds.

p
airs

p (S
,t)

and
p
airs

p (S
,[t])

sim
ilarly

denote
the

selected
elem

ents
along

w
ith

their
responses.

T
he

final
output

ofA
p

is
the

set
of

pairs
in

the
sequence

p
airs

p (S
,[q]).

W
e

assum
e

that
S
7→

p
airs

p (S
,[q])

is
m

easurable.
W

e
assum

e
for

sim
plicity

that
the

pool
algorithm

is
perm

utation
invariant.

T
hat

is,
for

any
S
,S
′⊆

(X
×
Y

)
m

,if
S
′is

a
perm

utation
of
S

then
selp (S

,[q])
=

selp (S
′,[q]),orifA

p
is

random
-

ized
then

the
outputdistributions

are
the

sam
e.

Since
the

pool
S

is
draw

n
i.i.d.this

does
notlose

generality.
A

stream
-based

(or
just

stream
)

interactive
algorithm

A
s

receives
as

input
an

integer
q.

W
e

assum
e

an
infinite

stream
S
⊆

(X
×
Y

) ∞
,w

here
S

(t)
=

(x
t ,y

t ).W
e

w
illassum

e
thatthis

stream
is

also
an

i.i.d.sam
ple

from
a

distribution
overX

×
Y

.
A

t
iteration

t,A
s

observes
x
t ,and

m
ay

selectone
ofthe

follow
ing

actions:

•
D

o
nothing

•
Select

x
t and

observe
y
t

•
Term

inate.

A
tterm

ination,the
algorithm

outputsa
subsetofsize

q
ofthe

setofpairs
(x
t ,y

t )itobserved.D
enote

by
sels (S

,t)
the

t’th
elem

entthatA
s

selects
and

is
also

in
the

outputset.D
enote

by
sels (S

,[t])
the

sequence
of

first
t

elem
ents

thatA
s

selects
and

are
also

in
the

output
set.

U
se

p
airs

s
to

denote
these

elem
ents

along
w

ith
their

responses.
T

he
output

ofA
s

w
hen

interacting
w

ith
S

is
the

set
of

the
pairs

in
the

sequence
p
airs

s (S
,[q]).

W
e

assum
e
S
7→

p
airs

s (S
,[q])

is
m

easurable.
T

he
totalnum

berofelem
ents

selected
byA

s
w

hen
interacting

w
ith

S
(including

discarded
elem

ents)is
denoted

N
sel (A

s ,S
,q).T

he
num

berofiterations(observed
elem

ents)untilA
s

term
inatesisdenoted

N
iter (A

s ,S
,q).

W
e

w
ould

like
to

have
stream

algorithm
s

thatem
ulate

poolalgorithm
s,under

the
assum

ption
thatboth

the
pooland

the
stream

are
draw

n
from

the
sam

e
distribution.

W
e

define
an

equivalence
betw

een
a

stream
algorithm

and
a

poolalgorithm
as

follow
s.

D
efinition

1
LetD

be
a

distribution
overX

×
Y

and
let
q

be
an

integer.Let
S
∼
D
m
,S
′∼
D
∞

.A
poolalgorithm

A
p

and
a

stream
algorithm

A
s

are
(q,D

)-equivalent,ifthe
total-variation

distance
betw

een
the

distributions
of

p
airs

p (S
,[q])

and
p
airs

s (S
′,[q])

is
zero.
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ca
nn

ot
be

si
gn

ifi
ca

nt
ly

im
pr

ov
ed

.
In

Se
ct

io
n

4.
3,

w
e

st
ud

y
th

e
pr

ec
og

ni
tiv

e
st

re
am

se
tti

ng
an

d
co

m
pa

re
its

gu
ar

an
te

es
to

th
e

st
an

da
rd

st
re

am
se

tti
ng

.

4.
1

St
re

am
E

m
ul

at
io

n
fo

r
G

en
er

al
Po

ol
A

lg
or

ith
m

s

T
he

st
re

am
al

go
ri

th
m
A

ge
n,

lis
te

d
in

A
lg

.
3,

em
ul

at
es

an
y

po
ol

ba
se

d
al

go
ri

th
m
A
p

us
in

g
on

ly
bl

ac
k-

bo
x

ac
ce

ss
to
A
p
.

T
he

al
go

ri
th

m
em

ul
at

es
a

ge
ne

ra
lp

oo
la

lg
or

ith
m

by
m

ak
in

g
su

re
th

at
in

ea
ch

ite
ra

tio
n,

its
pr

ob
ab

ili
ty

of
se

le
ct

in
g

an
el

em
en

ti
s

id
en

tic
al

to
th

e
co

nd
iti

on
al

pr
ob

ab
ili

ty
of

th
e

po
ol

al
go

ri
th

m
se

le
ct

in
g

th
e

sa
m

e
el

em
en

t,
co

nd
iti

on
ed

on
th

e
hi

st
or

y
of

el
em

en
ts

an
d

re
sp

on
se

s
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IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S:

P
O

O
L,S

T
R

E
A

M
A

N
D

P
R

E
C

O
G

N
IT

IV
E

S
T

R
E

A
M

selected
and

observed
so

far.T
his

is
achieved

by
repeatedly

draw
ing

the
rem

aining
partofthe

pool,
and

keeping
itonly

if
itis

consistentw
ith

the
elem

ents
thatw

ere
already

selected.
T

he
algorithm

furtheruses
the

partialpooldraw
only

ifthe
elem

entto
be

selected
happens

to
have

been
observed

last.

A
lgorithm

3
A

lgorithm
A

gen

input
O

riginalpoolsize
m

,budget
q
<
m

,black-box
poolalgorithm

A
p .

1:
S

0 ←
()

2:
for

i
=

1
:
q

do
3:

repeat
4:

D
raw

m
−
i

+
1

elem
ents,denote

them
x̄
i,i ,...,x̄

i,m
.

5:
S
′i ←

((x̄
i,i ,?),...,(x̄

i,m
,?)).

6:
until

p
airs

p (S
i−

1 ◦
S
′i ,[i−

1])
=
π
S
i−

1
and

selp (S
i−

1 ◦
S
′i ,i)

=
x̄
i,m

.
7:

Select
x̄
i,m

,getthe
response

ȳ
i,m

.
8:

S
i ←

S
i−

1 ◦
((x̄

i,m
,ȳ
i,m

)).
9:

end
for

10:
O

utput
S
q .

B
elow

w
e

show
thatA

gen
im

proves
over

the
tw

o
stream

algorithm
s

presented
above,in

thatit
selects

exactly
q

elem
ents,and

has
a

uniform
upperbound

on
the

expected
num

berofiterations,for
any

source
distribution.First,w

e
prove

thatA
gen

indeed
em

ulates
any

pool-based
algorithm

.

T
heorem

3
For

any
poolalgorithm

A
p ,any

distributionD
overX

×
Y

,any
integer

m
and

q≤
m

,
A
s

:=
A

gen (A
p )

is
(q,D

)-equivalenttoA
p .

Proof
For

sim
plicity

of
presentation,w

e
prove

the
resultfor

discrete
distributions.

T
he

proof
for

continuousdistribution
isanalogous.C

onsiderthe
probability

space
defined

by
the

infinite
sequence

S
′∼
D
∞

w
hich

generates
the

inputto
the

stream
algorithm

,and
an

independentsequence
S
∼
D
m

w
hich

is
the

inputto
the

poolalgorithm
.

For
z

1 ,...,z
q ∈
X
×
Y

,denote
Z
j

=
{
z

1 ,...,z
j }.

W
e

have,forevery
i∈

[q],

P
[p
airs

p (S
,[i])

=
π
Z
i ]

=
i
∑j=

1 P
[(p

airs
p (S

,i)
=
z
j )∧

(p
airs

p (S
,[i−

1])
=
π
Z
i \{

z
j })]

=
i
∑j=

1 P
[p
airs

p (S
,i)

=
z
j |

p
airs

p (S
,[i−

1])
=
π
Z
i \{

z
j }

]·P
[p
airs

p (S
,[i−

1])
=
π
Z
i \{

z
j }

].

T
he

sam
e

holds
for

p
airs

s (S
′,·).

To
show

the
equivalence

it
thus

suffices
to

show
that

for
all

z
1 ,...,z

q ∈
X
×
Y

,
i∈

[q],

P
[p
airs

s (S
′,i)

=
z
i |

p
airs

s (S
′,[i−

1])
=
π
Z
i−

1 ]
=

P
[p
airs

p (S
,i)

=
z
i |

p
airs

p (S
,[i−

1])
=
π
Z
i−

1 ].

From
the

definition
ofA

s
w

e
have

P
[p
airs

s (S
′,i)

=
z
i |

p
airs

s (S
′,[i−

1])
=
π
Z
i−

1 ]

=
P

[p
airs

p (S
i−

1 ◦
S
′i ,i)

=
z
i |
S
i−

1
=
π
Z
i−

1 ∧
p
airs

p (S
i−

1 ◦
S
′i ,[i−

1])
=
π
Z
i−

1 ]

=
P

[p
airs

p (S
,i)

=
z
i |

p
airs

p (S
,[i−

1])
=
π
Z
i−

1 ].
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S
A

B
A

T
O

A
N

D
H

E
S

S

T
he

lastequality
follow

s
sinceA

p
is

perm
utation

invariantand
neverselects

the
sam

e
index

tw
ice.

T
his

proves
the

equivalence.

T
he

next
theorem

provides
an

upper
bound

on
the

expected
num

ber
of

elem
ents

observed
by

A
gen .U

nlikeA
w

ait ,this
upperbound

holds
uniform

ly
forallsource

distributions.

T
heorem

4
For

any
poolalgorithm

A
p ,any

distributionD
overX

×
Y

,any
integer

m
and

q≤
m

,
ifA

s
:=
A

gen (A
p ),

N
sel (A

s ,S
,q)

=
q

for
any

S
∈

(X
×
Y

) ∞
,and

E
S∼
D
∞

[N
iter (A

s ,S
,q)]≤

m
2 (

em

q−
1 )

q−
1

.

Proof
First,

clearly
N

sel (A
s ,S

,q)
=
q

for
any

S
∼
D
∞

.
W

e
now

prove
the

upper
bound

on
the

expected
num

ber
of

iterations
ofA

s .
L

et
S
∼
D
m

.
For

i
≥

1,
z

1 ,...,z
i−

1
∈
X

,
denote

Z
j

=
{
z

1 ,...,z
j },and

let

p
i (z

1 ,...,z
i )

:=
P

[selp (S
,[i])

=
π
Z
i |
Z
i ⊆

π
S
X

].

Suppose
that

(S
i−

1 )
X

=
π
Z
i−

1 .
T

he
expected

num
ber

of
tim

es
thatsteps

3
to

6
are

repeated
for

index
iis

the
inverse

ofthe
probability

thatthe
condition

in
6

holds.T
his

condition,in
ournotation,

is
thatselp (S

i−
1 ◦
S
′i ,[i−

1])
=
π
Z
i−

1
and

selp (S
i−

1 ◦
S
′i ,i)

=
x̄
i,m

.W
e

have,from
the

perm
utation

invariance
ofA

p ,

P
[selp (S

i−
1 ◦

S
′i ,[i−

1])
=
π
Z
i−

1 |
(S
i−

1 )
X

=
π
Z
i−

1 ]
=
p
i−

1 (z
1 ,...,z

i−
1 ).

In
addition,forevery

draw
of
S
′i ,

P
[selp (S

i−
1 ◦

S
′i ,i)

=
x̄
i,m
|
selp (S

i−
1 ◦

S
′i ,[i−

1])
=
π
Z
i−

1 ∧
(S
i−

1 )
X

=
π
Z
i−

1 ]
=

1

m
−
i

+
1
.

T
his

is
since

under
the

conditional,one
of

the
elem

ents
in
S
′i m

ustbe
selected

by
A
p

in
round

i.
T

herefore,the
probability

thatthe
condition

in
step

6
holds

is
p
i−

1 (z
1 ,...,z

i−
1 )/

(m
−
i
+

1).T
he

expected
num

beroftim
es

thatsteps
3

to
6

are
repeated

forindex
iis

the
inverse

ofthat,and
in

each
round

m
−
i+

1
elem

entsare
observed.T

herefore
the

expected
num

berofelem
entsobserved

untilse-
lection

iis
m

ade
conditioned

on
z

1 ,...,z
i−

1
is

(m
−
i+

1)
2/p

i−
1 (z

1 ,...,z
i−

1 ).T
he

unconditional
expected

num
berofelem

ents
observed

untilselection
iis

(m
−
i+

1
)
2·E

[1/
p
i−

1 (sels (S
′,[i−

1]))].
For

a
setof

indices
J

,denote
S|J

=
{S

(j)|
j
∈
J}.

For
sim

plicity
of

presentation
w

e
give

the
follow

ing
derivation

fordiscrete
distributions,the

proofforcontinuous
distributions

is
analogous.

E
[1/p

i (sels (S
′,[i])]

=
E

[1/p
i (selp (S

,[i])]

=
∑

{
z
1
,...,z

i }⊆
X
×
Y
P

[selp (S
,[i])

=
π
Z
i ]·

1

p
i (z

1 ,...,z
i )

=
∑

{
z
1
,...,z

i }⊆
X
×
Y
P

[Z
i ⊆

π
S
X

].
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L

,S
T

R
E

A
M

A
N

D
P

R
E

C
O

G
N

IT
IV

E
S

T
R

E
A

M

H
en

ce

E[
1/
p
i(
se
l s

(S
′ ,

[i
])

]
≤

∑

{z
1
,.
..
,z
i
}⊆
X
×
Y

∑

J
⊆

[m
],
|J
|=
i

P[
(S
| J

) X
=
Z
i]

=
∑

J
⊆

[m
],
|J
|=
i

∑

{z
1
,.
..
,z
i
}⊆
X
×
Y
P[

(S
| J

) X
=
Z
i]

=
∑

J
⊆

[m
],
|J
|=
i

1
=

( m
i

) .

It
fo

llo
w

s
th

at
th

e
ex

pe
ct

ed
nu

m
be

r
of

el
em

en
ts

ob
se

rv
ed

af
te

r
th

e
i
−

1’
th

se
le

ct
io

n
an

d
un

til
se

le
ct

io
n
i

is
at

m
os

t(
m
−
i

+
1)

2
( m i−

1

) .W
e

co
nc

lu
de

th
at

E[
N

it
er

(A
s
,S
,q

)]
≤

q
−

1
∑ i=

0

(m
−
i)

2

( m
i

)
≤
m

2

(
em q
−

1

) q
−

1

.

T
hi

s
co

m
pl

et
es

th
e

pr
oo

f.

Fr
om

th
e

ex
is

te
nc

e
of
A

ge
n

w
e

ca
n

co
nc

lu
de

th
at

th
e

po
ol

-b
as

ed
an

d
th

e
st

re
am

-b
as

ed
se

tti
ng

ar
e

es
se

nt
ia

lly
eq

ui
va

le
nt

,u
p

to
th

e
nu

m
be

ro
fo

bs
er

ve
d

el
em

en
ts

.H
ow

ev
er

,t
he

ex
pe

ct
ed

nu
m

be
ro

f
ob

se
rv

ed
el

em
en

ts
is

ex
po

ne
nt

ia
li

n
q.

In
th

e
ne

xt
se

ct
io

ns
w

e
sh

ow
th

at
th

is
ex

po
ne

nt
ia

ld
ep

en
de

nc
e

ca
nn

ot
be

av
oi

de
d

w
he

n
em

ul
at

in
g

ge
ne

ra
lp

oo
la

lg
or

ith
m

s
in

a
st

re
am

se
tti

ng
.

4.
2

A
L

ow
er

B
ou

nd
fo

r
th

e
St

an
da

rd
St

re
am

Se
tt

in
g

T
he

up
pe

r
bo

un
d

in
T

he
or

em
4

is
ex

po
ne

nt
ia

li
n
q.

W
e

ne
xt

sh
ow

th
at

th
is

de
pe

nd
en

ce
ca

nn
ot

be
el

im
in

at
ed

in
th

e
ge

ne
ra

l
ca

se
fo

r
a

st
an

da
rd

st
re

am
al

go
ri

th
m

.
T

hi
s

re
su

lt
in

di
ca

te
s

th
at
A

ge
n

is
cl

os
e

to
op

tim
al

in
te

rm
s

of
ex

pe
ct

ed
nu

m
be

r
of

ite
ra

tio
ns

.
T

he
lo

w
er

bo
un

d
ho

ld
s

fo
r

a
st

an
da

rd
st

re
am

al
go

ri
th

m
,w

hi
ch

do
es

no
tk

no
w

th
e

id
en

tit
y

of
fu

tu
re

el
em

en
ts

in
th

e
st

re
am

.
W

e
co

ns
id

er
pr

ec
og

ni
tiv

e
st

re
am

al
go

ri
th

m
s

in
Se

ct
io

n
4.

3.
T

he
lo

w
er

bo
un

d
is

pr
ov

ed
us

in
g

a
co

ns
tr

uc
tio

n
in

w
hi

ch
so

m
e

of
th

e
el

em
en

ts
re

pr
es

en
tb

as
e

el
em

en
ts

,a
nd

so
m

e
re

pr
es

en
tp

er
m

ut
at

io
ns

ov
er

ba
se

el
em

en
ts

.T
he

po
ol

al
go

ri
th

m
se

le
ct

s
pe

rm
u-

ta
tio

n
el

em
en

ts
th

at
ar

e
co

ns
is

te
nt

w
ith

th
e

ba
se

el
em

en
ts

it
se

le
ct

ed
.S

in
ce

th
e

ra
nk

in
g

of
el

em
en

ts
de

pe
nd

s
on

th
e

el
em

en
ts

in
th

e
in

pu
tp

oo
l,

th
e

sa
m

e
pe

rm
ut

at
io

n
ca

n
be

co
ns

is
te

nt
w

ith
di

ff
er

en
t

se
le

ct
io

ns
in

di
ff

er
en

t
po

ol
s.

T
he

fo
llo

w
in

g
le

m
m

a,
w

hi
ch

is
us

ed
th

e
pr

oo
f

of
th

e
lo

w
er

bo
un

d,
sh

ow
s

th
at

no
ne

th
el

es
s,

on
ce

ce
rt

ai
n

ba
se

el
em

en
ts

ha
ve

be
en

se
le

ct
ed

,t
he

se
to

fp
er

m
ut

at
io

ns
th

at
ar

e
lik

el
y

co
ns

is
te

nt
w

ith
th

em
is

co
ns

id
er

ab
ly

lim
ite

d.
T

he
le

m
m

a
is

al
so

la
te

r
us

ed
in

a
lo

w
er

bo
un

d
fo

rt
he

pr
ec

og
ni

tiv
e

st
re

am
se

tti
ng

.

L
em

m
a

5
Le

t
t
≤
t′
≤
l

be
in

te
ge

rs
su

ch
th

at
l
≥

2t
.

Le
t
Z

=
z 1
,.
..
,z
t

a
se

t
of

va
lu

es
in

[0
,1

].
Le

t
X

be
l

ra
nd

om
va

lu
es

sa
m

pl
ed

i.i
.d

.
fr

om
th

e
un

ifo
rm

di
st

ri
bu

tio
n

on
[0
,1

].
D

en
ot

e
X

=
x

1
,.
..
,x

l
w

he
re
x

1
≤
x

2
≤
..
.x

l.
Le

tA
σ
(Z
,X

)
⊆

Π
l

be
th

e
se

to
fp

er
m

ut
at

io
ns
σ

su
ch

th
at
{x

σ
(1

),
..
.,
x
σ

(t
′ )
}
⊇
{z

1
,.
..
,z
t}

.
Fo

r
an

y
d
≤
l
−
t,

th
er

e
ex

is
ts

a
se

t
of

pe
rm

ut
at

io
ns

Φ
(Z

)
⊆

Π
l,

su
ch

th
at

|Φ
(Z

)|/
|Π

l|
≤

(4
d
t′
/l

)t
,
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8

S
A

B
A

T
O

A
N

D
H

E
S

S

an
d

P[
A
σ
(Z
,X

)
⊆

Φ
(Z

)
|Z
⊆
X

]
≥

1
−

2
t
ex

p
(−

2
d

2
/
(l
−
t)

),

W
he

re
th

e
pr

ob
ab

ili
ty

is
ov

er
th

e
ra

nd
om

ne
ss

of
X

.
M

or
eo

ve
r,

le
tL

(σ
)

:=
∪ Z

:σ
∈Φ

(Z
)Φ

(Z
),

th
en

fo
r

al
lσ
∈

Π
l,

|L
(σ

)|/
|Π

l|
≤

(8
d
t′
/l

)2
t .

Pr
oo

f
Fi

x
d
≤
l
−
t.

D
en

ot
e

th
e

ex
pe

ct
ed

nu
m

be
r

of
el

em
en

ts
th

at
ar

e
sm

al
le

r
th

an
z i

in
X

,
co

nd
iti

on
ed

on
Z
⊆
X

,b
y
n
i

:=
(l
−
t)
z i

+
∑

t j=
1
I[z

j
<
z i

],
an

d
le

t

Φ
(Z

)
:=
{σ
∈

Π
l
|∃
f

:
[t

]
→

[t
′ ]

s.
t.
f

is
on

e-
to

-o
ne

an
d
∀i
∈

[t
],
|σ

(f
(i

))
−
n
i|
<
d
}.

(1
)

T
he

se
ar

e
th

e
pe

rm
ut

at
io

ns
su

ch
th

at
th

e
fir

st
t

el
em

en
ts

ac
co

rd
in

g
to

th
e

pe
rm

ut
at

io
n

ar
e

m
ap

pe
d

fr
om

el
em

en
ts

w
ith

ra
nk

s
in

[n
i
−
d
,n

i
+
d
].

It
is

ea
sy

to
se

e
th

at

|Φ
(Z

)|/
|Π

l|
≤

(t
′ )
t

(2
d
)t

∏
t−

1
i=

0
(l
−
i)
≤
(

4
d
t′ l

) t
,

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

si
nc

e
l
≥

2
t.

T
hi

s
pr

ov
es

th
e

fir
st

pa
rt

of
th

e
le

m
m

a.
W

e
no

w
sh

ow
th

e
se

co
nd

pa
rt

of
th

e
le

m
m

a.
Fo

rx
∈
X

,l
et
r(
x

)
be

its
ra

nk
in
X

.
B

y
H

oe
ff

di
ng

’s
in

eq
ua

lit
y,

fo
r

an
y
i
≤
t,

P[
|r(
z i

)
−
n
i|
≥
d
|Z
⊆
X

]
≤

2
ex

p
(−

2
d

2
/(
l
−
t)

).

T
he

re
fo

re
,

P[
∀i
≤
t,
|r(
z i

)
−
n
i|
<
d
|Z
⊆
X

]
≥

1
−

2t
ex

p
(−

2d
2
/(
l
−
t)

).

Fo
r

an
y
σ
∈
A
σ

w
e

ha
ve

th
at

fo
r

ea
ch
i
≤
t,
z i

=
x
σ

(j
)

fo
r

so
m

e
j
≤
t′

,t
ha

ti
s
r(
z i

)
=
σ

(j
).

M
or

eo
ve

r,
di

ff
er

en
tv

al
ue

s
of
i

ar
e

m
ap

pe
d

to
di

ff
er

en
tv

al
ue

s
of
j.

T
he

re
fo

re
th

er
e

is
so

m
e

on
e-

to
-o

ne
fu

nc
tio

n
f

:
[t

]
→

[t
′ ]

su
ch

th
at

fo
r

al
l
i
≤
t,
z i

=
x
σ

(f
(i

))
.

C
on

di
tio

ne
d

on
th

e
ev

en
t

∀i
≤
t,
|r(
z i

)
−
n
i|
<
d

,i
tf

ol
lo

w
s

th
at
∀i
≤
t,
|σ

(f
(i

))
−
n
i|
<
d

.T
hu

s
σ
∈

Φ
(Z

),
w

hi
ch

pr
ov

es
th

e
se

co
nd

cl
ai

m
of

th
e

le
m

m
a.

To
se

e
th

e
la

st
cl

ai
m

,o
bs

er
ve

th
at

if
σ
,σ
′
∈
φ

(Z
)

fo
r

so
m

e
Z

,t
he

n
th

er
e

ar
e

fu
nc

tio
ns
f
,g

:
[t

]
→

[t
′ ]

su
ch

th
at

fo
ri
∈

[t
],
|σ

(f
(i

))
−
σ
′ (
g
(i

))
|<

2d
.T

he
re

fo
re

,

L
(σ

)
⊆
{σ
′ ∈

Π
l
|∃
f
,g

:
[t

]
→

[t
′ ],
∀i
∈

[t
],
|σ

(f
(i

))
−
σ
′ (
g
(i

))
|<

2
d
}.

T
he

bo
un

d
on

th
e

si
ze

of
L

(σ
)

in
th

e
cl

ai
m

di
re

ct
ly

fo
llo

w
s,

si
m

ila
rl

y
to

th
e

bo
un

d
on
|Φ

(Z
)|.

T
he

lo
w

er
bo

un
d

fo
rt

he
st

an
da

rd
st

re
am

se
tti

ng
is

pr
ov

id
ed

be
lo

w
.I

ts
ho

w
s

th
at

fo
rs

om
e

po
ol

al
go

ri
th

m
,

an
y

eq
ui

va
le

nt
st

re
am

al
go

ri
th

m
ha

s
an

ex
pe

ct
ed

nu
m

be
r

of
ob

se
rv

ed
el

em
en

ts
w

hi
ch

is
ex

po
ne

nt
ia

l
in
q.

T
he

lo
w

er
bo

un
d

is
w

or
st

-c
as

e
ov

er
al

l
so

ur
ce

di
st

ri
bu

tio
ns
D

ov
er
X
×
Y,

w
he

re
th

e
po

ol
an

d
th

e
st

re
am

,a
s

ab
ov

e,
ar

e
dr

aw
n

i.i
.d

.f
ro

m
th

e
di

st
ri

bu
tio

n.
T

he
pr

oo
f

in
vo

lv
es

co
ns

tr
uc

tin
g

a
po

ol
-b

as
ed

al
go

ri
th

m
in

w
hi

ch
th

e
la

st
se

le
ct

ed
el

em
en

ti
s

si
gn

ifi
ca

nt
ly

co
ns

tr
ai

ne
d

by
th

e
id

en
tit

y
of

th
e

pr
ev

io
us

ly
se

le
ct

ed
el

em
en

ts
,u

si
ng

th
e

pe
rm

ut
at

io
n

co
ns

tr
uc

tio
n.

T
hi

s
ty

pe
of

co
ns

tr
ai

nt
is

no
ta

n
is

su
e

in
a

po
ol

se
tti

ng
,s

in
ce

th
e

al
go

ri
th

m
ha

s
ad

va
nc

e
kn

ow
le

dg
e

of
al

lt
he

av
ai

la
bl

e
el

em
en

ts
.

In
a

st
re

am
in

g
se

tti
ng

,h
ow

ev
er

,t
hi

s
re

qu
ir

es
a

po
ss

ib
ly

lo
ng

w
ai

tt
o

ob
ta

in
th

e
m

at
ch

in
g

la
st

el
em

en
t.

B
ec

au
se

th
e

st
re

am
al

go
ri

th
m

is
al

lo
w

ed
to

se
le

ct
el

em
en

ts
in

a
di

ff
er

en
t

or
de

rt
ha

n
th

e
po

ol
al

go
ri

th
m

,a
dd

iti
on

al
ca

re
is

ta
ke

n
to

m
ak

e
su

re
th

at
in

th
is

co
ns

tr
uc

tio
n,

it
is

no
t

po
ss

ib
le

to
ci

rc
um

ve
nt

th
e

pr
ob

le
m

th
is

w
ay

.
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P
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P
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T
heorem

6
There

isan
integer

q
0 ,such

thatfor
q≥

q
0

and
m
≥

16
q

2
log

(4q)+
1,there

exista
pool

algorithm
A
p

and
a

m
arginalD

X
,such

thatany
stream

algorithm
A
s

w
hich

is
(q,D

)
equivalentto

A
p

for
allD

∈
D

S(D
X

),and
selects

only
q

elem
ents,has

∃D
∈

D
S(D

X
),E

S∼
D
∞

[N
iter (A

s ,S
,q)]≥

1

1
,000

(
m
−

1

8
q

2
log

(4q) )
q−

1
2

.

Proof
L

et
the

dom
ain

of
elem

ents
beX

=
[0,2)

and
assum

e
responses

in
Y

=
{
0,1}.

D
enote

b
a
s
e

:=
[0
,1]and

p
e
r
m

:=
(1
,2).

C
alla

pool
S
X

in
w

hich
exactly

one
elem

entin
the

poolis
in

p
e
r
m

and
the

restare
in
b
a
s
e

a
“good

pool”.
W

e
now

define
a

pool
algorithm

as
follow

s.
O

n
bad

pools,A
p

alw
ays

selects
only

elem
ents

in
b
a
s
e

or
only

elem
ents

in
p
e
r
m.

In
a

good
pool,denote

for
sim

plicity
the

single
elem

entfrom
p
e
r
m

by
z
m

,
and

the
elem

ents
from

b
a
s
e

by
z

1 ,...,z
m
−

1 ,
w

here
z
i−

1
<
z
i

for
i
∈

[m
−

1
].

D
efine

a
m

apping
ψ

:
p
e
r
m
→

Π
m
−

1 ,
such

that
if
z
m

is
uniform

over
p
e
r
m,

then
for

ψ
(z
m

)
allperm

utations
in

the
range

are
equally

likely.
L

et
σ

=
ψ

(z
m

).
O

n
a

good
pool,A

p
behaves

as
follow

s:
T

he
first

q−
1

elem
ents

thatA
p

selects
are

z
1
+
σ

(1
) ,...,z

1
+
σ

(q−
1
) .

T
he

lastelem
entthat

itselects
is
z
m

ifthe
response

forallprevious
elem

ents
w

as
0,and

z
1

otherw
ise.

D
efine

the
m

arginalD
X

overX
such

thatfor
X
∼
D
X

,P
[X
∈
b
a
s
e

]
=

1−
1/m

,P
[X
∈

p
e
r
m

]
=

1
/
m

,
and

in
each

range
b
a
s
e
,p
e
r
m,
X

is
uniform

.
T

he
probability

of
a

good
pool

underD
∈

D
S(D

X
)

is
(1−

1
/m

)
m
−

1≥
1
/e

2
=

:
c

1 .W
e

now
show

a
low

erbound
on

the
expected

num
berofiterations

ofa
stream

algorithm
w

hich
is

(q,D
)-equivalentto

anyD
∈

D
S(D

X
).L

etD
0

be
the

distribution
overX

×
Y

such
thatfor

(X
,Y

)∼
D

0 ,X
∼
D
X

and
Y

=
0

w
ith

probability
1.

L
et
S
∼
D
m0

be
the

inputtoA
p .

W
e

apply
L

em
m

a
5

w
ith
t

=
t ′

=
q−

1,l
=
m
−

1
,d

=
√

(m
−
q)

log
(4q)/2.B

y
this

lem
m

a,
for

any
set

Z
=
{
z

1 ,...,z
q−

1 }
⊆
b
a
s
e,there

exists
a

setof
perm

utations
Φ

(Z
)
⊆

Π
m
−

1
such

that

|Φ
(Z

)|/|Π
m
−

1 |≤
(

8q
2(m
−
q)

log
(4q)

(m
−

1)
2

)
(q−

1
)/

2≤
(

8
q

2
log

(4q)

m
−

1

)
q−

1
2

,
(2)

and
also

P
[ψ

(z
m

)∈
Φ

(Z
)|

selp (S
,[q−

1])
=
π
Z
∧
S

is
good]≥

1−
2(q−

1)
ex

p
(−

log
(4q))≥

12
.

(3)

T
he

theorem
follow

s
from

the
follow

ing
tw

o
claim

s:

1.
W

hen
A
s

em
ulates

a
good

pool,itselects
an

elem
entfrom

p
e
r
m

only
after

selecting
q−

1
elem

ents
from

b
a
s
e.

2.
T

herefore,w
hen
A
s

em
ulates

a
good

pool,the
expected

num
ber

of
observed

elem
ents

until
selecting

the
last

elem
ent

is
low

er
bounded,

and
so

the
overall

expected
num

ber
is

low
er

bounded.

W
e

firstprove
claim

1.
C

onsider
a

stream
algorithm

w
hich

is
(q,D

)-equivalentto
A
p

for
any

D
∈

D
S(D

X
).C

onsiderruns
ofA

s
w

ith
input

S
′∼
D
∞0

.D
enote

by
E
g

the
eventthatthe

outputof
A
s

is
equalto

a
possible

outputofA
p

on
a

good
poolw

ith
S
∼
D
m0

.T
hen

P
[E

g ]≥
c

1 .C
laim

1
is

that
P

[sels (S
′,[q−

1])⊆
π
b
a
s
e
|
E
g ]

=
1
.

(4)
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T
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A
N

D
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S

In
other

w
ords,

w
hen

sim
ulating

a
good

pool,
the

elem
ents

in
b
a
s
e

are
all

selected
before

the
elem

entin
p
e
r
m.

To
show

claim
1,note

thatby
the

definition
ofA

p ,forany
source

distribution
overX

×
Y

,ifA
p

outputs
a

setw
ith

elem
ents

both
in
b
a
s
e

and
in
p
e
r
m,then

there
is

exactly
one

elem
entin

p
e
r
m

in
the

output,and
allthe

responses
in

the
outputforelem

ents
in
b
a
s
e

are
0

w
ith

probability
1.

N
ow

,suppose
thatP

[sels (S
′,[q−

1])⊆
π
b
a
s
e
|
E
g ]
<

1.T
hen

P
[sels (S

′,q)∈
b
a
s
e
|
E
g ]
>

0,since
there

can
be

only
one

elem
entin

p
e
r
m

in
the

outputofa
good

pool.B
ut,considerrunning

A
s

w
ith

a
source

distribution
D
′∈

D
S(D

X
)

such
thatfor

(X
,Y

)∼
D
′,
X
∼
D
X

and
P
D
′[Y

=
0|X

=
x

]
=

12
for

all
x.

T
here

is
a

positive
probability

thatin
the

first
q−

1
selected

elem
ents

all
the

responses
are

0,justas
forD

0 .T
herefore,also

for
S
′′∼
D
′ ∞

,P
[sels (S

′′,q)∈
b
a
s
e
|
E
g ]
>

0.
B

utthen
there

is
a

positive
probability

thatthe
response

for
the

lastelem
ent,w

hich
is

in
b
a
s
e,is

1,contradicting
the

(q,D
′)-equivalence

ofthe
poolandA

s .T
his

proves
claim

1.
W

e
now

show
claim

2,w
hich

com
pletes

the
proof.

From
claim

1
in

E
q.(4),w

e
conclude

that
P

[sels (S
′,q)∈

p
e
r
m
|
E
g ]

=
1.T

herefore,from
E

q.(3),forany
Z
⊆
b
a
s
e

w
ith|Z|

=
q−

1,

P
[ψ

(sels (S
′,q))∈

Φ
(sels (S

′,[q−
1]))|

E
g ]≥

1/
2.

T
herefore

P
[ψ

(sels (S
′,q))∈

Φ
(sels (S

′,[q−
1]))]≥

P
[E

g ]/
2
≥
c

1 /
2.

N
ow

,let
X
i ∼
D
X

be
the

i’th
elem

entobserved
afterselecting

the
first

q−
1

elem
ents,and

let
B
i

=
I[ψ

(X
i )∈

Φ
(Z

)],w
here

Z
is

the
setof

q−
1

selected
elem

ents.
B
i are

independentB
ernoulli

random
variables,each

w
ith

a
probability

ofsuccess
atm

ost
p,w

here
by

E
q.(2)

p
≤
|Φ

(Z
)|

|Π
m
−

1 | ≤
(

8q
2

log
(4q)

m
−

1

)
q−

1
2

.

L
et
I

be
the

num
ber

of
elem

ents
thatA

s
observes

after
selecting

Z
,untilselecting

elem
ent

q.
W

e
have

P
[B

I
=

1]≥
c

1 /2.From
the

assum
ption

in
the

theorem
statem

entthat
m
≥

16
q

2
log

(4q)
+

1,
w

e
have

thatfor
sufficiently

large
q,
p
≤
c

41 /
32.

B
y

L
em

m
a

2,itfollow
s

thatE
[I

]≥
c

21 /
(16p

)≥
(1000

p
) −

1.H
ence

E
[I

]≥
1

1000

(
m
−

1

8
q

2
log

(4q) )
q−

1
2

.

Since
E

[N
iter (A

,S
,q)]≥

E
[I

],this
com

pletes
claim

2
and

finalizes
the

proof.

T
he

low
er

bound,as
w

ellas
the

upper
bound

in
T

heorem
4,both

show
an

exponentialdependence
on

q.
H

ow
ever,the

exponent
in

the
low

er
bound

is
about

half
that

of
the

upper
bound.

Som
e

of
this

gap
m

ightbe
an

artifactofthe
factthatin

the
low

erbound,only
a

fixed
m

arginaldistribution
is

considered.C
losing

this
gap

rem
ains

an
open

problem
,w

hich
w

e
leave

forfuture
w

ork.

4.3
E

m
ulation

w
ith

a
Precognitive

Stream
A

lgorithm

W
e

nextconsiderthe
precognitive

setting.
In

the
precognitive

setting,the
stream

algorithm
has

the
advantage

that
it

can
plan

ahead,
since

it
know

s
in

advance
the

identity
of

elem
ents

that
w

ill
be

available
forselection

from
the

entire
stream

.T
his

breaks
the

construction
used

in
the

low
erbound

of
T

heorem
6,thus

show
ing

thatin
som

e
cases

there
is

a
significantgap

betw
een

standard
stream

algorithm
s

and
precognitive

stream
algorithm

s.W
e

prove
this

in
the

follow
ing

theorem
.
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T
he

or
em

7
Th

er
e

is
an

in
te

ge
rq

0
,s

uc
h

th
at

fo
rq
≥
q 0

an
d
m
≥

16
q2

lo
g
(4
q)

+
1,

th
er

e
ex

is
ta

po
ol

al
go

ri
th

m
A
p

an
d

a
m

ar
gi

na
lD

X
,s

uc
h

th
at

an
y

st
re

am
al

go
ri

th
m
A
s

w
hi

ch
is

(q
,D

)
eq

ui
va

le
nt

to
A
p

fo
r

al
lD
∈

D
S(
D X

),
an

d
se

le
ct

s
on

ly
q

el
em

en
ts

,r
eq

ui
re

s
an

ex
pe

ct
ed

nu
m

be
r

of
ite

ra
tio

ns

of
Ω

( (
m

q
2

lo
g
(q

)

) q
/
2
) ,

w
hi

le
th

er
e

ex
is

ts
a

pr
ec

og
ni

tiv
e

st
re

am
al

go
ri

th
m

th
at

sa
tis

fie
s

th
e

sa
m

e

eq
ui

va
le

nc
e,

an
d

re
qu

ir
es

on
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ra
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ns
in
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at
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n.
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oo
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si

de
r

th
e

sa
m
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ns
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th

e
pr

oo
f

of
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sa
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th
e

sa
m
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th
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po
ol
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th
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ne
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in

th
at
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A

ss
um

e
fu
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he

r,
co

ns
is

-
te

nt
ly

w
ith

th
e

de
fin

iti
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of
A
p

in
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at
pr

oo
f,

th
at

on
ba

d
po

ol
s,

th
e

po
ol

al
go

ri
th

m
ch

ec
ks

if
th

er
e

ar
e

m
or

e
b
a
s
e

el
em

en
to

rm
or

e
p
e
r
m

el
em

en
ts

in
th

e
po

ol
,a

nd
th

en
se

le
ct

s
th

e
fir

st
q

el
em

en
ts

in
th

e
po

ol
th

at
be

lo
ng

to
th

e
se

tw
ith

th
e

la
rg

er
nu

m
be

r
(i

n
ca

se
of

a
tie

,b
a
s
e

is
se

le
ct

ed
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D
en

ot
e

b
a
s
e
,p
e
r
m
,ψ

as
in

th
e

pr
oo

fo
fT

he
or

em
6.

Fr
om

T
he

or
em

6
w

e
ha

ve
th

at
th

e
ex

pe
ct

ed
nu

m
be

ro
fi

te
ra

tio
ns

of
a

st
an

da
rd

st
re

am
al

go
ri

th
m

on
th

is
pr

ob
le

m
is

Ω

( (
m

q
2

lo
g
(q

)

) q
/
2
) .

N
ow

,c
on

si
de

r
th

e
fo

llo
w

in
g

pr
ec

og
ni

tiv
e

st
re

am
al

go
ri

th
m

:
T

he
al

go
ri

th
m

ch
ec

ks
,b

ef
or

e
th

e
st

ar
to

f
th

e
ite

ra
tio

ns
,w

he
th

er
th

e
fir

st
m

st
re

am
el

em
en

ts
co

ns
tit

ut
e

a
go

od
po

ol
.

If
th

ey
do

no
t,

it
ch

ec
ks

w
he

th
er

th
er

e
ar

e
m

or
e
b
a
s
e

or
m

or
e
p
e
r
m

el
em

en
ts

in
th

e
fir

st
m

el
em

en
ts

.
T

he
n

it
se

le
ct

s
th

e
fir

st
q

el
em

en
ts

in
th

e
st

re
am

th
at

be
lo

ng
to

th
e

m
aj

or
ity

se
t(

tie
-b

re
ak

in
g

w
ith

pr
ef

er
en

ce
to
b
a
s
e

as
in

th
e

po
ol

al
go

ri
th

m
).

T
hu

s,
fo

r
ba

d
po

ol
s,

th
e

ex
pe

ct
ed

nu
m

be
r

of
ite

ra
tio

ns
by

th
e

pr
ec

og
ni

tiv
e

st
re

am
al

go
ri

th
m

is
at

m
os

tm
.

N
ow

,i
f

th
e

fir
st
m

el
em

en
ts

in
th

e
st

re
am

co
ns

tit
ut

e
a

go
od

po
ol

,t
he

n
th

e
pr

ec
og

ni
tiv

e
st

re
am

al
go

ri
th

m
fin

ds
an

in
te

ge
r
t

su
ch

th
at
x
t

is
th

e
sm

al
le

st
el

em
en

t
fr

om
b
a
s
e

am
on

g
th

e
pr

ev
io

us
m
−

1
b
a
s
e

el
em

en
ts

,u
si

ng
th

e
fo

llo
w

in
g

pr
oc

ed
ur

e:

1.
L

et
t 0
←

1
;t

1
←
m

.

2.
L

et
A

be
th

e
se

to
fm
−

1
el

em
en

ts
fr

om
b
a
s
e

in
x
t 0
,.
..
,x

t 1
.

3.
If
x
t 1

is
th

e
m

in
im

um
of
A

,s
et
t
←
t 1

an
d

te
rm

in
at

e.

4.
O

th
er

w
is

e,
se

tt
0
←

t 1
+

1,
an

d
t 1
←

th
e

sm
al

le
st

in
te

ge
r

su
ch

th
at
x
t 0
,.
..
,x

t 1
ha

s
ex

ac
tly

m
−

1
el

em
en

ts
fr

om
b
a
s
e

.G
o

to
2

A
ft

er
se

tti
ng
t,

th
e

al
go

ri
th

m
id

en
tifi

es
th

e
ea

rl
ie

st
ite

ra
tio

n
t′
>
t

su
ch

th
at
x
t′
∈
p
e
r
m

.
T

he
al

go
ri

th
m

th
en

ra
nk

s
th

e
m
−

1
el

em
en

ts
fr

om
b
a
s
e

th
at

im
m

ed
ia

te
ly

pr
ec

ed
e
x
t,

de
no

tin
g

th
em

z 2
<
..
.
<
z m
−

1
,a

nd
de

no
te

s
z 1

:=
x
t.

T
he

al
go

ri
th

m
th

en
se

le
ct

s
z 1

+
σ

(1
),
..
.,
z 1

+
σ

(q
−

1
)

in
th

e
or

de
ro

ft
he

ir
ap

pe
ar

an
ce

in
th

e
st

re
am

,
w

he
re
σ

:=
ψ

(x
t′

).
T

he
n,

if
al

lo
ft

he
re

sp
on

se
s

to
th

es
e

el
em

en
ts

w
er

e
0

,i
ts

el
ec

ts
x
t′

.O
th

er
w

is
e,

it
se

le
ct

s
z 1

.
It

is
ea

sy
to

se
e

th
at

th
is

al
go

ri
th

m
is

eq
ui

va
le

nt
to

th
e

po
ol

al
go

ri
th

m
de

fin
ed

ab
ov

e.
A

ls
o,

th
e

ex
pe

ct
ed

nu
m

be
ro

fi
te

ra
tio

ns
of

th
is

al
go

ri
th

m
is

E[
t′

]
=

E[
t′
−
t]

+
E[
t]
.

N
ow

,E
[t
′ −
t]

is
th

e
ex

pe
ct

ed
w

ai
tt

im
e

un
til

ob
se

rv
in

g
an

el
em

en
tf

ro
m
p
e
r
m

.S
in

ce
fo

rX
∼
D X

,
P[
X
∈
p
e
r
m

]
=

1
/m

,w
e

ha
ve

E[
t′
−
t]

=
m

.I
n

ad
di

tio
n,

by
W

al
d’

si
de

nt
ity

,E
[t

]i
se

qu
al

to
th

e
ex

-
pe

ct
ed

nu
m

be
ro

fr
ou

nd
so

ft
he

pr
oc

ed
ur

e
fo

rs
et

tin
g
t

ab
ov

e,
w

hi
ch

is
m
−

1
,t

im
es

th
e

ex
pe

ct
ed

si
ze
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S
A

B
A

T
O

A
N

D
H

E
S

S

of
t 1
−
t 0

+
1

in
ea

ch
ro

un
d,

w
hi

ch
is
P[
X
∈
b
a
s
e

]·(
m
−

1)
.T

hu
s,
E[
t]

=
(m
−

1)
3
/
m
≤

(m
−

1
)m

.
It

fo
llo

w
s

th
at

th
e

ex
pe

ct
ed

nu
m

be
ro

fi
te

ra
tio

ns
of

th
e

pr
ec

og
ni

tiv
e

st
re

am
al

go
ri

th
m

is
E[
t′

]
≤
m

2
.

T
hi

sr
es

ul
ts

ho
w

st
ha

tt
he

pr
ec

og
ni

tiv
e

se
tti

ng
ha

sa
si

gn
ifi

ca
nt

ad
va

nt
ag

e
in

so
m

e
ca

se
s.

N
on

et
he

-
le
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e
sh

ow
a

lo
w

er
bo

un
d,

in
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ca
tin

g
th

at
its

w
or

st
-c

as
e

pe
rf

or
m

an
ce

ca
nn

ot
be

m
uc

h
be

tte
rt

ha
n

th
e

w
or

st
-c

as
e

pe
rf

or
m

an
ce

of
a

st
an

da
rd

st
re

am
al

go
ri

th
m

.
T

he
pr

oo
f
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th

e
lo

w
er

bo
un

d
sh

ar
es

so
m

e
te

ch
ni

qu
es

w
ith

th
e

pr
oo

f
of

T
he

or
em

6,
es

pe
ci

al
ly

th
e

us
e

of
pe

rm
ut

at
io

ns
.

It
ad

di
tio

na
lly

re
lie

s
on

th
e

ob
se

rv
at

io
n

th
at

w
hi

le
th

e
st

re
am

al
go

ri
th

m
kn

ow
s

in
ad

va
nc

e
w

ha
te

le
m

en
ts

w
ill

be
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e

fo
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tio
n

an
d

w
he
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it

is
st

ill
co
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tr

ai
ne

d
to

se
le

ct
in

g
th

e
el

em
en
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in

th
e

or
de
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ha

tt
he

y
ar

e
pr

ov
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ed
by

th
e

st
re

am
.

It
al

so
m
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tk

ee
p

to
a
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rt

ai
n

or
de

r
of

se
le

ct
io

ns
to

em
ul

at
e

th
e

po
ol

al
go

ri
th

m
,s

in
ce

th
e

po
ol

al
go

ri
th

m
m

ak
es

de
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si
on

s
ba

se
d

on
pr

ev
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us
ly

ob
se

rv
ed

re
sp

on
se

s.
T

hu
s,

in
th

e
pr

oo
f

of
th

e
lo

w
er

bo
un

d,
w

e
co

ns
tr

uc
ta

po
ol

al
go

ri
th

m
th

at
m

ig
ht

se
le

ct
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o
pe

rm
ut

at
io

n
el

em
en
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ut
th

e
or

de
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w
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th
ey

w
ou
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se
le
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ed

de
pe
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s

on
th

e
re

sp
on

se
s

to
se

le
ct

ed
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se
el

em
en

ts
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su
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th
e

pr
ec

og
ni

tiv
e

al
go

ri
th

m
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ot

te
ll

in
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va
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e
in

w
hi

ch
or

de
r

th
e

tw
o

el
em

en
ts

m
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tb
e

se
le

ct
ed

.
T

he
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ob
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ty

of
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th
or
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pe

ar
in

g
ea

rl
y

en
ou

gh
in

th
e

st
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is

lo
w
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th
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ev
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e
w
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is
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ke
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ot
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av
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d,
th

ou
gh

th
is

de
pe
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en
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is

w
ea
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rt

ha
n

th
e

on
e

sh
ow

n
in

T
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or
em

6
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ar

d
st

re
am

al
go

ri
th

m
s.

T
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oo

f
of

th
e
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w

er
bo

un
d

em
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oy
s

th
e

fo
llo

w
in

g
le

m
m

a,
w

hi
ch

st
at

es
th

at
af

te
r

pa
rt

ia
lly

ob
se

rv
in

g
tw

o
se

qu
en

ce
s

of
fa

ir
co

in
to

ss
es

,t
he

re
is

a
po

si
tiv

e
pr

ob
ab

ili
ty

th
at

bo
th

se
qu

en
ce

s
sh

ar
e

th
e

m
aj

or
ity

ou
tc

om
e,

as
w

el
la

s
a

po
si

tiv
e

pr
ob

ab
ili

ty
th

at
th

ei
r

m
aj

or
ity

ou
tc

om
e

is
di

ff
er

en
t.

In
th

e
lo

w
er

bo
un

d
be

lo
w

,t
hi

s
le

m
m

a
is

us
ed

to
sh

ow
th

at
th

e
pr

ec
og

ni
tiv

e
al

go
ri

th
m

m
us

tc
om

m
it

to
a

sm
al

ls
et

of
pe

rm
ut

at
io

ns
be

fo
re

fin
di

ng
ou

ti
n

w
hi

ch
or

de
rt

he
y

m
us

tb
e

se
le

ct
ed

.

L
em

m
a

8
C

on
si

de
r
n

i.i
.d

.t
os

se
s

of
tw

o
fa

ir
co

in
s,

w
he

re
n

is
an

od
d

nu
m

be
r.

D
en

ot
e

th
e

to
ss

es
of

th
e

fir
st

co
in

by
A

1
,.
..
,A

n
∈
{0
,1
},

an
d

th
e

se
co

nd
by

B
1
,.
..
,B

n
∈
{0
,1
}.

Le
t
K
∈

{n
/2
,.
..
,n
}

be
a

st
op

pi
ng

tim
e

fo
r

th
e

se
qu

en
ce
B

1
,.
..
,B

n
,

w
hi

ch
ca

n
de

pe
nd

al
so

on
Ā

:=
(A

1
,.
..
,A

n
/
2
).

D
en

ot
e
B̄

(K
)

:=
(B

1
,.
..
,B

K
).

Th
er

e
ex

is
ts

so
m

e
in

te
ge

r
n

0
an

d
co

ns
ta

nt
s
c

=
0
.6

8,
c′

=
0
.1

5
su

ch
th

at
fo

r
al

lo
dd
n
>
n

0
,

w
ith

a
pr

ob
ab

ili
ty

at
le

as
tc

ov
er

th
e

va
lu

es
of
Ā
,K

,B̄
(K

),

P[
I[

n ∑ i=
1

A
i
>
n
/2

]
=

I[
n ∑ i=

1

B
i
>
n
/2

]∣ ∣ ∣Ā
,K

,B̄
(K

)] ∈
[c
′ ,

1
−
c′

]

Pr
oo

f
D

en
ot

e
fo

rb
re

vi
ty
A
l j

:=
∑

l i=
j
A
i

an
d

si
m

ila
rl

y
fo

rB
l j
.F

ir
st

no
te

th
at

P
[ I[A

n 1
>
n
/2

]
=

I[B
n 1
>
n
/2

]∣ ∣ ∣K
,Ā
,B̄

(K
)]

=
P[
B
n 1
>
n
/2
|K

,B̄
(K

)]
·P

[A
n 1
>
n
/2
|Ā

]+
P[
B
n 1
≤
n
/
2
|K

,B̄
(K

)]
·P

[A
n 1
≤
n
/2
|Ā

]

T
hu

s
it

su
ffi

ce
s

to
pr

ov
e

th
at

w
ith

a
pr

ob
ab

ili
ty

at
le

as
tc

ov
er

th
e

va
lu

es
of
Ā

,P
[A

n 1
>
n
/2
|Ā

]
∈

[c
′ ,

1
−
c′

],
w

hi
ch

im
pl

ie
s

th
e

sa
m

e
fo

rP
[A

n 1
≤
n
/
2
|Ā

],
le

ad
in

g
to

th
e

cl
ai

m
of

th
e

le
m

m
a.

W
e

fir
st

co
ns

id
er

th
e

lim
it

ca
se
n
→
∞

.
In

th
is

ca
se
A
n
/
2

1
∼
N

(n
/4
,√

n
/
8)

.
T

hu
s,

w
ith

a
pr

ob
ab

ili
ty

of
er

f(
1/
√

2)
>

0
.6

8
=

:
c,

A
n
/
2

1
∈

[n
/
4
−
√
n
/
8,
n
/4

+
√
n
/
8]
.
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IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S:

P
O

O
L,S

T
R

E
A

M
A

N
D

P
R

E
C

O
G

N
IT

IV
E

S
T

R
E

A
M

Ifthis
is

the
case,then

A
nn
/
2
+

1
<
n
/4−

√
n
/
8

=⇒
A
n1
<
n
/2,

and

A
nn
/
2
+

1
>
n
/4

+
√
n
/
8

=⇒
A
n1
>
n
/2.

Since
A
nn
/
2
+

1
∼
N

(n
/
4, √

n
/8),each

of
the

above
events

occurs
w

ith
a

probability
atleast

12 −
erf(1/ √

2
)/

2
>

0
.15

=
:
c ′.T

hus,w
ith

a
probability

atleast
c

overthe
values

of
Ā

,

P
[A

n1
>
n
/2
|
Ā

],P
[A

n1
≤
n
/2
|
Ā

]∈
[c ′,1−

c ′].

T
he

sam
e

holds
forany

large
enough

finite
value

of
n.T

he
statem

entofthe
lem

m
a

directly
follow

s.

T
he

low
erbound

forthe
precognitive

setting
is

given
below

.Itis
exponentialin

q,like
the

low
er

bound
forthe

standard
stream

setting
in

T
heorem

6,how
everthe

dependence
is

slightly
w

eaker.

T
heorem

9
There

is
an

integer
q

0
such

that
for

any
q
≥
q

0
and

m
≥

2
q

+
1

there
exist

a
pool

algorithm
A
p

and
a

distributionD
,such

thatany
precognitive

stream
algorithm

A
s

w
hich

is
(q,D

)
equivalenttoA

p
and

selects
only

q
elem

ents,has

E
S∼
D
∞

[N
iter (A

s ,S
,q)]≥

1600

(
m

8q
2

log
(2q) )

q
/
8

.

Proof
A

ssum
e

forsim
plicity

that4
divides

q
and

m
.L

etthe
dom

ain
ofelem

entsbeX
=

[0,4)∪{?}
and

assum
e

responses
inY

=
{
0,1}.

D
enote

b
a
s
e

1
:=

[0
,1],

b
a
s
e

2
:=

[2
,3],

p
e
r
m

1
:=

(1
,2)

and
p
e
r
m

2
:=

(3
,4).D

enote
b
a
s
e

=
b
a
s
e

1∪
b
a
s
e

2
and

p
e
r
m

=
p
e
r
m

1∪
p
e
r
m

2.
W

e
define

the
pool

algorithm
A
p

as
follow

s.
C

all
a

pool
S
X

a
“good

pool”
if

it
includes

at
least

m
/4

elem
ents

from
each

of
b
a
s
e

1
and

b
a
s
e

2,
and

at
least

one
elem

ent
from

each
of

p
e
r
m

1,p
e
r
m

2,?.
In

a
good

pool
S
X

,the
poolalgorithm

A
p

behaves
as

follow
s.

For
i∈
{1,2},

let
X
i ⊆

S
X
∩
b
a
s
e

(i)
be

a
subsetofsize

m
/
4,selected

uniform
ly

atrandom
from

S
X
∩
b
a
s
e

(i).
L

et
x
p
(i) be

a
random

elem
entfrom

S
X
∩
p
e
r
m

(i).L
et
σ

1
=
ψ

(x
p
(1

) −
1),σ

2
=
ψ

(x
p
(2

) −
3).For

j∈
[m
/4

],let
x
ij

be
the

j-th
largestvalue

in
X
i .D

efine
a

m
apping

ψ
:

(0,1)→
Π
m
/
4 ,such

thatif
Z

is
uniform

over
(0,1),then

for
ψ

(Z
)

allperm
utations

in
the

range
are

equally
likely.

T
he

first
q−

2
elem

ents
thatA

p
selects

are
X̄
i

:=
x
iσ
i (1

) ,...,x
iσ
i (q
/
2−

1
) ,foreach

of
i∈
{1,2}.

T
he

last
2

elem
ents

thatA
p

selects
are

determ
ined

as
follow

s:
L

et
r
i ∈
{0,1}

be
the

value
of

the
m

ajority
ofresponsesreceived

forthe
elem

entsin
X̄
i .D

enote
s

=
1

+
I[r

1
=
r

2 ]and
s̄

=
1

+
I[r

1 6=
r

2 ].
T

he
second-to-lastelem

entthatA
p

selects
is
x
p
(s) .

T
he

lastelem
entthatA

p
selects

is
x
p
(s̄)

if
the

response
for

x
p
(s) is

0,and
?

otherw
ise.See

illustration
in

Figure
1.

D
efine

the
distribution

D
such

that
its

m
arginalD

X
overX

satisfies,
for

X
∼
D
X

,P
[X
∈

b
a
s
e

1
]

=
P

[X
∈
b
a
s
e

2]
=

1/
3,P

[X
∈
p
e
r
m

1]
=

P
[X
∈
p
e
r
m

2]
=

P
[X

=
?]

=
1/9,

and
in

each
range

b
a
s
e

1,b
a
s
e

2,p
e
r
m

1
,p
e
r
m

2,
X

is
conditionally

uniform
.

In
addition,

for
(X
,Y

)
∼
D

,P
[Y

=
0|X

=
x

]
=

12
for

all
x
∈
X

.
A

ssum
e

a
large

enough
m

such
that

the
probability

of
a

good
poolunderD

X
is

atleast
1
−
ε

for
som

e
very

sm
all

ε
>

0.
W

e
set

ε
=

0
below

forsim
plicity,noting

thatany
sm

allenough
choice

w
illlead

to
the

sam
e

low
erbound

due
to

rounding
dow

n
ofconstants.T

hus
w

e
assum

e
allpools

are
good

pools.
C

onsiderrunning
the

(q,D
)-equivalentalgorithm

A
s

w
ith

the
source

distributionD
.W

e
derive

a
low

erbound
on

E
S∼
D
∞

[N
iter (A

s ,S
,q)]via

the
follow

ing
sequence

ofargum
ents.
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S
A

B
A

T
O

A
N

D
H

E
S

S

x
1σ
1
(1

) ,...,x
1σ
1
(q
/
2−

1
) ,x

2σ
2
(1

) ,...,x
2σ
2
(q
/
2−

1
)

x
p
(2

)

x
p
(1

)
?

x
p
(1

)

x
p
(2

)
?

Figure
1:

A
tree

describing
the

possible
selections

m
ade

by
the

poolalgorithm
on

a
good

poolin
the

proofofT
heorem

9.

1.
W

e
show

thatA
s

selects
atleast

q/4
elem

ents
from

each
of
b
a
s
e

1
and

b
a
s
e

2
before

it
selects

any
elem

entfrom
p
e
r
m.

2.
U

sing
the

previous
claim

,w
e

show
thatthere

is
a

positive
probability

overruns
ofA

s
on

S
∼
D
∞

thatthere
is

an
iteration

in
the

run
such

thatthe
follow

ing
hold:

•
B

efore
this

iteration
at

least
q/4

elem
ents

from
each

of
b
a
s
e1

and
b
a
s
e2

have
been

selected.

•
C

onditioned
on

the
run

untilthis
iteration,and

on
the

entire
S
X

,the
probability

that
atsom

e
tim

e
afterthis

iteration
an

elem
entfrom

p
e
r
m1

is
selected,and

an
elem

ent
from

p
e
r
m2

is
selected

atsom
e

tim
e

afterthat,is
largerthan

a
constant.

•
T

he
sam

e
property

holds
for

the
reverse

order:
selecting

first
an

elem
ent

from
p
e
r
m2

and
then

an
elem

entfrom
p
e
r
m1.

3.
W

e
conclude

thatthe
expected

num
ber

of
iterations

ofA
s

depends
on

the
probability

to
have,in

a
single

stream
S
X

,tw
o

elem
entsthatare

both
m

apped
to

perm
utationsin

a
single

sm
allsubset.W

e
then

show
thatthis

im
plies

a
low

erbound
on

the
num

berofiterations
of

A
s .

W
e

startby
show

ing
the

claim
in

item
1.

C
onsider

a
run

ofA
s

w
ith

input
S
∼
D
∞

.
Since

the
outputm

ustbe
equivalentto

an
outputofA

p
on

a
good

pool,this
im

plies
thatfor

i∈
{1
,2},an

elem
entfrom

p
e
r
m

(i)
is

selected
if

and
only

if
s

=
i

(w
here

s
is

defined
as

done
above

for
the

poolalgorithm
)orthe

response
foran

elem
entselected

from
p
e
r
m

(s̄)
is

0.
D

enote
the

iteration
in

w
hich

an
elem

entfrom
p
e
r
m

is
firstselected

by
I.

Suppose
for

contradiction
thatbefore

iteration
I,less

than
q/4

elem
ents

from
either

b
a
s
e1

or
b
a
s
e2

have
been

selected.T
hus,foratleastone

of
b
a
s
e

1,b
a
s
e

2,lessthan
halfofthe

elem
entsto

be
selected

from
thissetduring

thisrun
are

selected
untiliteration

I.
Itfollow

s
thatatiteration

I
the

m
ajority

of
the

responses
for

atleastone
of

the
sets

X̄
i is

yetunknow
n.T

herefore
the

value
of
s

is
also

unknow
n

and
there

is
a

positive
probability

thatitw
illbe

each
of

1,2.
T

here
is

also
a

positive
probability

that,if
an

additionalelem
entfrom

p
e
r
m

is
selected

later,its
response

w
illbe

1.T
hus,there

is
a

positive
probability

thatthe
outputof

this
run

does
notcorrespond

to
any

outputofA
p ,contradicting

the
equivalence

ofA
s

andA
p .T

his
proves

the
claim

in
item

1.
W

e
now

prove
the

claim
in

item
2.

L
et
T

be
the

sm
allest

integer
such

that
until

iteration
T

(non-inclusive),atleast
q/4

elem
ents

from
each

of
b
a
s
e

1
and

b
a
s
e

2
have

been
selected,and

no
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R
E
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M

A
N
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P

R
E

C
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G
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IT
IV

E
S

T
R

E
A

M

el
em

en
tf

ro
m
p
e
r
m

ha
s

be
en

se
le

ct
ed

ye
t.
T

ex
is

ts
by

ite
m

1
ab

ov
e.

A
n

el
em

en
tf

ro
m
p
e
r
m

(s
),

w
he

re
s

de
pe

nd
s

on
th

e
m

aj
or

ity
of

re
sp

on
se

s
in

ea
ch

of
X̄
i,

m
us

tb
e

se
le

ct
ed

be
fo

re
an

el
em

en
t

fr
om

p
e
r
m

(s̄
)

is
se

le
ct

ed
(i

f
at

al
l)

.
C

on
si

de
r

th
e

di
st

ri
bu

tio
n

of
s,

co
nd

iti
on

ed
on

th
e

ru
n

of
A
s

un
til

ite
ra

tio
n
T

an
d

on
S
X

.
W

e
ha

ve
s

=
2

if
th

e
m

aj
or

ity
of

re
sp

on
se

s
on

X̄
1

is
eq

ua
l

to
th

e
m

aj
or

ity
of

re
sp

on
se

s
on
X̄

2
.O

ut
of

th
es

e
re

sp
on

se
s,

at
le

as
tq
/4
−

1
of

at
le

as
to

ne
of
X̄

1
,X̄

2
,a

re
ye

tu
nk

no
w

n
at

ite
ra

tio
n
T

.T
hu

s,
by

L
em

m
a

8,
fo

ra
la

rg
e

en
ou

gh
q

w
e

ha
ve

th
at

fo
ra

ny
S
X

,t
he

re
is

a
pr

ob
ab

ili
ty

of
at

le
as

tc
=

0.
68

ov
er

th
e

re
sp

on
se

s
un

til
ite

ra
tio

n
T

th
at

P[
s

=
2
|t

he
re

sp
on

se
s

un
til

ite
ra

tio
n
T
,S

X
]
∈

[c
′ ,

1
−
c′

],

w
he

re
c′

=
0.

15
.T

he
sa

m
e

ho
ld

s
fo

rs
=

1.
To

fin
al

iz
e

th
e

pr
oo

fo
ft

he
cl

ai
m

in
ite

m
2,

ob
se

rv
e

th
at

if
th

e
re

sp
on

se
fo

rt
he

el
em

en
ts

el
ec

te
d

fr
om

p
e
r
m

(s
)

is
0

,t
he

n
an

el
em

en
tf

ro
m
p
e
r
m

(s̄
)

w
ill

al
so

be
se

le
ct

ed
la

te
r.

T
hi

s
oc

cu
rs

w
ith

a
pr

ob
ab

ili
ty

of
1 2
.C

on
si

de
rt

he
ev

en
tB

1
:=

“a
n

el
em

en
tf

ro
m
p
e
r
m

(1
)

is
se

le
ct

ed
at

so
m

e
po

in
ti

n
th

e
ru

n
an

d
an

el
em

en
tf

ro
m
p
e
r
m

(2
)

is
se

le
ct

ed
so

m
e

tim
e

la
te

r”
.L

et
B

2
be

th
e

sy
m

m
et

ri
c

ev
en

t.
W

e
co

nc
lu

de
th

at
w

ith
a

pr
ob

ab
ili

ty
of

at
le

as
tc

,

∀i
∈
{1
,2
},

P[
B
i
|t

he
re

sp
on

se
s

un
til

ite
ra

tio
n
T
,S

X
]
≥
c′
/2
.

(5
)

T
hi

s
pr

ov
es

th
e

cl
ai

m
in

ite
m

2.
D

en
ot

e
th

e
ev

en
tt

ha
tE

q.
(5

)h
ol

ds
by
E
p
.

W
e

no
w

tu
rn

to
th

e
th

ir
d

an
d

la
st

pa
rt

of
th

e
pr

oo
f.

D
en

ot
e

by
Z
i,

fo
r
i
∈
{1
,2
},

th
e

fir
st
q/

4
el

em
en

ts
se

le
ct

ed
by
A
s

fr
om

b
a
s
e

(i
).

W
e

ap
pl

y
L

em
m

a
5

w
ith

t
=
q/

4
,t
′

=
q/

2
−

1,
l

=
m
/
4,
d

=
√
m

lo
g
(q
/c

)/
8,

to
ob

ta
in

th
at

if
th

e
po

ol
al

go
ri

th
m

ha
s
Z
i
⊆
X̄
i

fo
r
i
∈
{1
,2
},

th
en

th
er

e
is

a
pr

ob
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of
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le
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−
q 2

ex
p
(−

8
d

2
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−
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2
th

at
th

e
el
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tt
ha
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le

ct
s

fr
om

p
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r
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(i
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∈
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if
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ex
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s
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a
gi
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n
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m
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at
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Φ
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at

sa
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fie
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|Φ
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|

|Π
m
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4
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8d
q

m

) q
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4
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T
hu

s,
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ld
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fo
r
A
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Si
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is
ho

ld
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re
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e

ev
en

tG
1

:=
“a

n
el

em
en

tf
ro

m
φ

(Z
1
)

is
se

le
ct

ed
at

so
m

e
po

in
ti

n
th
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w
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1
,Z

2
)

be
th

e
sm

al
le

st
in

te
ge

r
su

ch
th

at
x
T
,.
..
,x

T
+
N
′

in
cl

ud
es

at
le

as
to

ne
of

th
e

tw
o

op
tio

ns
.T

he
n
N
′ ≤

N
,a

nd
so

E[
N

it
er
|S

X
,E

G
]
≥
c′
/2

m
in

Z
1
,Z

2

(N
′ (
S
X
,Z

1
,Z

2
))
.

Ta
ki

ng
ex

pe
ct

at
io

n
ov

er
S
X

co
nd

iti
on

ed
on
E
G

,i
tf

ol
lo

w
s

th
at

E[
N

it
er
|E

G
]
≥
c′
/2
·E

S
X

[m
in

Z
1
,Z

2

(N
′ (
S
X
,Z

1
,Z

2
))
|E

G
].

th
er

ef
or

e,
si

nc
e
P[
E
G

]
≥
c/

2
,

E[
N

it
er

]
≥
c′
·c
/4
·E

S
X

[m
in

Z
1
,Z

2

(N
′ (
S
X
,Z

1
,Z

2
))
|E

G
].

(6
)

W
e

no
w

lo
w

er
-b

ou
nd

th
e

R
H

S
of

th
is

in
eq

ua
lit

y.
L

et
K

be
an

in
te

ge
r.

W
e

ha
ve

E S
X

[m
in

Z
1
,Z

2

N
′ |

E G
]
≥
K

(P
[m

in
Z
1
,Z

2

N
′ ≥

K
]
−

(1
−

P[
E
G

])
)
≥
K

(c
/2
−

P[
m

in
Z
1
,Z

2

N
′ <

K
])
.

(7
)

W
e

ha
ve

le
ft

to
up

pe
r-

bo
un

d
P[

m
in
Z
1
,Z

2
N
′
<

K
]

fo
r

a
no

n-
tr

iv
ia

l
va

lu
e

of
K

.
D

en
ot

in
g

S
X

=
x

1
,x

2
,.
..

,w
e

ha
ve

P[
m

in
Z
1
,Z

2

N
′ <

K
]

=
P[
∃i
∈
{1
,2
},
Z
i
⊆
b
a
s
e

(i
),
j
<
j′
<
K
,

s.
t.
|Z
i|

=
q/

4,
x
j
,x

j′
∈

Φ
(Z

i)
]

≤
2
P[
∃Z

1
⊆
b
a
s
e

1,
j
<
j′
<
K
,

s.
t.
|Z

1
|=

q/
4
,x

j
,x

j′
∈

Φ
(Z

1
)]
.

T
he

la
st

in
eq

ua
lit

y
fo

llo
w

s
fr

om
a

un
io

n
bo

un
d

an
d

th
e

sy
m

m
et

ry
be

tw
ee

n
th

e
ca

se
s
i

=
1

,i
=

2
.

Fo
r
x
∈
p
e
r
m

1
,d

en
ot

e
L

(x
)

:=
∪ Z
⊆
b
a
s
e

1
:|Z
|=
q
/
4
,x
∈Φ

(Z
))

Φ
(Z

).
Fo

r
x
/∈
p
e
r
m

1,
le

tL
(x

)
:=
∅.

W
e

ha
ve

P[
Z

1
⊆
b
a
s
e

1
,j
<
j′
<
K
,

s.
t.
|Z
i|

=
q/

4,
x
j
,x

j′
∈

Φ
(Z

1
)]

≤
P[
∃j
<
j′
<
K

s.
t.
x
j′
∈
L

(x
j
)]

≤
K

2
m

ax
x
∈p

e
r
m

1
P X
∼
D
X

[X
∈
L

(x
)]

≤
K

2
m

ax
x
∈p

e
r
m

1
|L

(x
)|/
|Π

m
/
4
|

≤
K

2
(8
d
q/
m

)q
/
2
,

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

la
st

pa
rt

of
L

em
m

a
5.

Su
bs

tit
ut

in
g

fo
r

th
e

va
lu

e
of
d

,i
t

fo
llo

w
s

th
at

P[
N
<
K

]
≤
K

2
( 8
q2

lo
g
(q
/c

)/
m
) q
/
4
.
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IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S:

P
O

O
L,S

T
R

E
A

M
A

N
D

P
R

E
C

O
G

N
IT

IV
E

S
T

R
E

A
M

Setting
K

=
√
c/2
· (

m
8
q
2

lo
g
(q
/
c) )

q
/
8,

w
e

get
thatP

[N
<
K

]≤
c/4,

therefore
by

E
q.

(6)
and

E
q.(7),

E
[N

iter ]≥
c ′·c/4·K

(c/4)≥
c ′·

c
5
/
2/

32· (
m

8
q

2
log

(q/c) )
q
/
8

.

Substituting
c ′

=
0.15,

c
=

0.68
and

rounding
dow

nw
ard,w

e
getthe

statem
entofthe

lem
m

a.

T
he

low
er

bounds
above

indicate
that

to
im

prove
the

dependence
on

q,
one

m
ust

consider
a

m
ore

restricted
class

ofpoolalgorithm
s.T

his
is

the
topic

ofthe
nextsection.

5.U
tility-B

ased
PoolA

lgorithm
s

In
Section

4
w

e
provided

an
algorithm

w
ith

a
uniform

guarantee
on

the
expected

num
ber

of
itera-

tions.
H

ow
ever,this

guarantee
w

as
exponential

q,and
as

our
low

er
bounds

show
,this

dependence
cannotbe

rem
oved

for
a

generalpoolalgorithm
.

W
e

now
consider

a
m

ore
restricted

class
of

pool
algorithm

s,
w

hich
w

e
term

utility-based
pool

algorithm
s,

and
show

that
it

allow
s

stream
em

ula-
tion

w
ith

an
expected

num
ber

of
iterations

linear
in
q.

U
tility-based

poolalgorithm
s

are
defined

in
Section

5.1.
In

Section
5.2

an
algorithm

thatem
ulates

utility-based
poolalgorithm

s
in

a
stream

ing
setting

is
proposed,and

itis
show

n
thatfor

this
algorithm

,the
expected

num
ber

of
iterations

is
at

m
ostlinear

in
q,in

contrastto
the

exponentialdependence
required

in
the

generalcase.
In

Section
5.3

tw
o

low
erboundsare

proved,show
ing

thata
quasi-lineardependence

ofthe
num

berofiterations
on
q

cannotbe
avoided

w
hen

em
ulating

utility-based
poolalgorithm

s.

5.1
D

efining
U

tility-B
ased

A
lgorithm

s

A
com

m
on

approach
for

designing
pool-based

interactive
algorithm

s
is

to
define

a
utility

function
thatscores

each
elem

entdepending
on

the
history

of
selected

elem
ents

and
their

responses
so

far
(e.g.,Seung

et
al.,1992;

L
ew

is
and

G
ale,1994;

Tong
and

K
oller,2002;

G
uo

and
G

reiner,2007;
G

olovin
etal.,2010b;G

uillory
and

B
ilm

es,2010;G
olovin

and
K

rause,2011;G
onen

etal.,2013;
C

uong
et

al.,2014).
In

each
round,the

algorithm
selects

the
elem

ent
that

m
axim

izes
the

current
utility

function.
For

exam
ple,the

score
can

estim
ate

the
m

arginalbenefitof
selecting

an
elem

ent
based

on
the

currentinform
ation

on
the

source
distribution,as

gleaned
from

the
previous

elem
ents

and
theirresponses.W

e
considerblack-box

em
ulation

forthis
class

ofpool-based
algorithm

s.
Form

ally,a
utility-based

interactive
poolalgorithm

isdefined
by

a
utility

functionU
,ofthe

form
U

:∪
∞n

=
0 X
×

(X
×
Y

)
n
→

R
>

0 .T
he

value
ofU

(x
,S

t−
1 )

represents
the

score
of

elem
ent

x
given

history
S
t−

1 .
T

he
poolalgorithm

selects,in
each

round,the
elem

entthatis
assigned

the
m

axim
al

score
by

the
utility

function
given

the
history.

W
e

assum
e

for
sim

plicity
thatthere

are
no

ties
in
U

and
thatallits

outputs
are

positive.
T

he
generalform

of
a

utility-based
interactive

poolalgorithm
forU

,denotedA
Up

,is
given

in
A

lg.4.
O

ur
goalw

hen
em

ulating
a

poolalgorithm
is

notto
m

axim
izeU

on
the

selected
elem

ents,but
to

exactly
em

ulate
the

behavior
of

the
poolalgorithm

A
Up

.
T

his
is

because
w

e
do

notassum
e

any
specific

relationship
betw

een
the

value
of

the
utility

function
and

the
rew

ard
of

the
algorithm

.
For

instance,the
utility-based

poolalgorithm
m

ightbe
em

pirically
successful,w

hile
its

analysis
is

not
fully

understood
(e.g.Tong

and
K

oller,2002).
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S
A

B
A

T
O

A
N

D
H

E
S

S

A
lgorithm

4A
Up

input
E

lem
ents

x
1 ,...,x

m
,budget

q
<
m

.
1:
S

0 ←
()

2:
M

0 ←
[m

]
3:

for
t

=
1

:
q

do
4:

it ←
argm

ax
j∈
M
t−

1 U
(x
j ,S

t−
1 ).

5:
Select

x
it ,get

y
it .

6:
S
t ←

S
t−

1 ◦
(x
it ,y

it ).
7:

M
t ←

M
t−

1 \{
it }.

8:
end

for
9:

O
utputthe

setofallpairs
in
S
q .

5.2
Stream

E
m

ulation
for

U
tility-B

ased
PoolA

lgorithm
s

W
e

propose
a

stream
algorithm

thatem
ulates

a
utility-based

poolalgorithm
using

a
black-box

so-
lution

to
the

w
ell-know

n
secretary

problem
(D

ynkin,1963;G
ilbertand

M
osteller,1966;Ferguson,

1989).
W

e
firstpresentthis

classicalriddle
and

discuss
its

possible
solutions

in
Section

5.2.1.
T

he
stream

algorithm
and

its
analysis

are
presented

in
Section

5.2.2.

5.2.1
T

H
E

S
E

C
R

E
TA

R
Y

P
R

O
B

L
E

M
W

IT
H

A
B

I-C
R

IT
E

R
IO

N

In
the

classicalform
ulation

of
the

secretary
problem

,an
algorithm

sequentially
observes

a
stream

of
n

differentrealnum
bers,and

selects
a

single
num

ber.
T

he
goalof

the
algorithm

is
to

selectthe
unique

m
axim

alnum
beroutofthe

n
num

bers,butitcan
only

selecta
num

berim
m

ediately
afterit

is
observed,before

observing
the

restofthe
num

bers.Itis
assum

ed
thatthe

n
num

bers
in

the
stream

are
unknow

n
and

selected
by

an
adversary,buttheirorderofappearance

is
uniform

ly
random

.
T

he
classicalgoalisto

selectthe
m

axim
alnum

berw
ith

a
m

axim
alprobability,w

here
n

isknow
n

to
the

algorithm
.

T
his

task
can

be
optim

ally
solved

by
a

sim
ple

determ
inistic

algorithm
,achieving

a
success

probability
w

hich
approaches

1/e
in

the
lim

it
of
n
→
∞

(D
ynkin,

1963;
G

ilbert
and

M
osteller,1966;Ferguson,1989).T

he
optim

alalgorithm
observes

the
first

t(n
)

num
bers,and

then
selects

the
nextobserved

num
berw

hich
is

atleastas
large

as
the

m
axim

alin
the

first
t(n

).T
he

lim
it

of
t(n

)/n
for

n
→
∞

is
1
/e.

In
the

nextsection
w

e
show

how
any

secretary
problem

strategy
can

be
used

to
em

ulate
a

utility-
based

poolalgorithm
in

a
stream

ing
setting.H

ow
ever,w

hile
the

classicalform
ulation

ofthe
secre-

tary
problem

is
concerned

only
w

ith
the

probability
ofsuccess,in

ourcontextan
additionalcriterion

is
im

portant.T
hus

fora
given

strategy,w
e

considerthe
follow

ing
tw

o
criteria:

1.
T

he
probability

ofsuccess—
the

probability
thatthe

strategy
selects

the
m

axim
alelem

entout
of
n,assum

ing
a

random
ordering

of
the

inputsequence.
T

his
is

the
single

criterion
of

the
classicalsecretary

problem
.

2.
T

he
success/selectratio—

the
conditionalprobability

thata
num

beris
m

axim
al,given

thatthe
strategy

selected
it.

Forthe
second

criterion
to

be
m

eaningful,w
e

allow
the

strategy
to

decide
notto

selectany
num

ber.
Forinstance,in

the
classicaloptim

alsolution
to

the
secretary

problem
,the

strategy
should

notselect
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IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S
:

P
O

O
L

,S
T

R
E

A
M

A
N

D
P

R
E

C
O

G
N

IT
IV

E
S

T
R

E
A

M

an
y

nu
m

be
r

if
af

te
r

th
e

fir
st
t(
n

)
nu

m
be

rs
,a

ll
th

e
ot

he
r

nu
m

be
rs

ar
e

sm
al

le
r

th
an

th
e

m
ax

im
al

in
th

e
fir

st
t(
n

).
A

s
w

e
se

e
in

Se
ct

io
n

5.
2.

2,
w

e
w

ou
ld

op
tim

al
ly

lik
e

th
e

st
ra

te
gy

to
ha

ve
bo

th
a

hi
gh

su
cc

es
s

pr
ob

ab
ili

ty
an

d
a

hi
gh

su
cc

es
s/

se
le

ct
ra

tio
.

T
hi

s
is

be
ca

us
e

a
hi

gh
su

cc
es

s
pr

ob
ab

ili
ty

le
ad

s
to

a
lo

w
er

nu
m

be
ro

fo
bs

er
ve

d
el

em
en

ts
N

it
er

re
qu

ir
ed

by
th

e
st

re
am

al
go

ri
th

m
,w

hi
le

a
hi

gh
su

cc
es

s/
se

le
ct

ra
tio

le
ad

s
to

a
lo

w
er

nu
m

be
ro

fs
el

ec
tio

ns
of

el
em

en
ts
N

se
l.

T
he

cl
as

si
ca

l
so

lu
tio

n
m

ax
im

iz
es

th
e

su
cc

es
s

pr
ob

ab
ili

ty
,

bu
t

do
es

no
t

op
tim

iz
e

fo
r

th
e

su
c-

ce
ss

/s
el

ec
t

ra
tio

.
A

no
th

er
ex

tr
em

e
ca

n
be

fo
un

d
in

th
e

fo
llo

w
in

g
st

ra
te

gy
,

w
hi

ch
se

ts
th

e
su

c-
ce

ss
/s

el
ec

t
ra

tio
at

on
e,

at
th

e
ex

pe
ns

e
of

th
e

su
cc

es
s

pr
ob

ab
ili

ty
:

W
ai

t
fo

r
th

e
la

st
nu

m
be

r,
an

d
th

en
se

le
ct

it
on

ly
if

it
is

th
e

m
ax

im
al

ou
to

f
al

lt
he

ob
se

rv
ed

ite
m

s.
T

hi
s

st
ra

te
gy

ne
ve

r
se

le
ct

s
a

no
n-

m
ax

im
al

nu
m

be
r,

he
nc

e
its

su
cc

es
s/

se
le

ct
ra

tio
is

on
e,

ho
w

ev
er

its
su

cc
es

s
pr

ob
ab

ili
ty

is
on

ly
1/
n

.D
en

ot
e

th
is

st
ra

te
gy

Se
cP

r[
la

st
].

In
ge

ne
ra

l,
co

ns
id

er
st

ra
te

gi
es

of
th

e
fo

llo
w

in
g

fo
rm

:F
or

a
gi

ve
n
M
≥

1
,o

bs
er

ve
th

e
fir

st
M
−

1
nu

m
be

rs
.T

he
n

se
le

ct
th

e
fir

st
nu

m
be

rw
hi

ch
is

la
rg

er
th

an
th

e
m

ax
im

al
in

th
e

fir
st
M
−

1
nu

m
be

rs
.

If
no

su
ch

nu
m

be
ri

s
ob

se
rv

ed
,a

vo
id

se
le

ct
in

g
a

nu
m

be
r.

D
en

ot
e

th
is

st
ra

te
gy

Se
cP

r[
M

].
D

en
ot

e
by

p
s
(M

)
th

e
su

cc
es

s
pr

ob
ab

ili
ty

of
th

is
st

ra
te

gy
,a

nd
by

sr
(M

)
its

su
cc

es
s/

se
le

ct
ra

tio
.

T
he

an
al

ys
is

of
p
s
(M

)
(s

ee
Fe

rg
us

on
,1

98
9)

gi
ve

s
p
s
(1

)
=

1/
n

,a
nd

fo
rM

>
1

,

p
s
(M

)
=
M
−

1

n
(H

n
−

1
−
H
M
−

1
),

w
he

re
H
i

is
th

e
i’

th
ha

rm
on

ic
nu

m
be

rH
i

:=
∑

i j=
1

1 i
.

To
ca

lc
ul

at
e

sr
(M

),
no

te
th

at
th

e
ev

en
tt

ha
ts

om
e

nu
m

be
r

is
se

le
ct

ed
oc

cu
rs

ex
ac

tly
w

he
n

th
e

m
ax

im
al

nu
m

be
ri

s
in

th
e

la
st
n
−

(M
−

1)
ob

se
rv

ed
nu

m
be

rs
.T

he
re

fo
re

th
e

pr
ob

ab
ili

ty
of

se
le

ct
in

g
a

nu
m

be
ri

s
1
−

M
−

1
n

,a
nd

so

sr
(M

)
=

p
s
(M

)

1
−

M
−

1
n

.

Se
tti

ng
α

:=
M
−

1
n

an
d

co
ns

id
er

in
g

la
rg

e
n

,w
e

ha
ve
H
n
−

1
−
H
M
−

1
≈

ln
(
n
−

1
M
−

1
)
≈

ln
(1
/α

).
T

he
re

fo
re

p
s
(M

)
≈
α

lo
g
(1
/α

),
an

d
sr

(M
)
≈
α

lo
g
(1
/α

)

1
−
α

.

Fo
r
α
∈

(0
,1

),
p
s
(M

)
is

co
nc

av
e

w
ith

a
si

ng
le

m
ax

im
um

at
α

=
1
/e

,w
hi

le
sr

(M
)

is
m

on
ot

on
ic

in
cr

ea
si

ng
.

Si
nc

e
w

e
w

is
h

fo
r

bo
th

cr
ite

ri
a

to
be

la
rg

e,
th

e
Pa

re
to

fr
on

tie
r

in
cl

ud
es

on
ly

an
d

al
lt

he
so

lu
tio

ns
w

ith
α
≥

1
/e

.
Se

e
Fi

gu
re

2
an

d
Fi

gu
re

3
fo

r
th

e
tr

ad
e-

of
f

be
tw

ee
n
p
s
(M

)
an

d
sr

(M
)

as
α

ch
an

ge
s

be
tw

ee
n

1
/e

an
d

1
.

In
th

e
im

pl
em

en
ta

tio
n

of
th

e
st

re
am

al
go

ri
th

m
sh

ow
n

in
th

e
fo

llo
w

in
g

se
ct

io
n,

th
e

se
cr

et
ar

y
pr

ob
le

m
st

ra
te

gy
is

ex
ec

ut
ed

m
ul

tip
le

tim
es

,f
or

se
qu

en
ce

s
of

di
ff

er
en

tl
en

gt
hs

.G
iv

en
an

y
se

cr
et

ar
y

pr
ob

le
m

st
ra

te
gy

fo
rl

en
gt

h
m

,w
e

ap
pl

y
it

fo
ra

ny
le

ng
th

up
to
m

,u
si

ng
th

e
pr

oc
ed

ur
e

in
A

lg
.5

.
W

he
n

ru
nn

in
g

Se
cP

rV
ar

,t
he

su
bs

et
I

sh
ou

ld
be

dr
aw

n
un

if
or

m
ly

at
ra

nd
om

fr
om

al
lp

os
si

bl
e

su
bs

et
s.

T
hi

s
w

ay
,c

le
ar

ly
th

e
su

cc
es

s
pr

ob
ab

ili
ty

an
d

th
e

su
cc

es
s/

se
le

ct
ra

tio
fo

rS
ec

Pr
V

ar
,f

or
an

y
se

qu
en

ce
of

po
si

tiv
e

nu
m

be
rs

of
le

ng
th
m
′
≤
m

,
ar

e
at

le
as

t
as

hi
gh

as
th

os
e

fo
r

Se
cP

r
w

ith
a

se
qu

en
ce

of
le

ng
th
m

.
W

e
al

so
co

ns
id

er
st

re
am

em
ul

at
io

n
us

in
g

pr
ec

og
ni

tiv
e

st
re

am
al

go
ri

th
m

s.
In

th
is

ca
se

,t
he

se
cr

e-
ta

ry
pr

ob
le

m
ca

n
ea

si
ly

be
pe

rf
ec

tly
so

lv
ed

:i
tm

ay
be

as
su

m
ed

th
at

th
e

al
go

ri
th

m
kn

ow
s

in
ad

va
nc

e
al

lt
he

nu
m

be
rs

in
th

e
se

qu
en

ce
an

d
th

us
it

ca
n

se
le

ct
th

e
m

ax
im

al
nu

m
be

r
w

ith
pr

ob
ab

ili
ty

1
.

W
e
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S
A

B
A

T
O

A
N

D
H

E
S

S

 0

 0
.1

 0
.2

 0
.3

 0
.4

 0
.5

 0
.6

 0
.7

 0
.8

 0
.9 1

 0
 0

.2
 0

.4
 0

.6
 0

.8
 1

(1
/e

,1
/e

)

α

su
cc

es
s p

ro
ba

bi
lit

y
su

cc
es

s/s
el

ec
t r

at
io

Fi
gu

re
2:

T
he

su
cc

es
s

pr
ob

ab
ili

ty
an

d
th

e
su

cc
es

s/
se

le
ct

ra
tio

fo
rl

ar
ge
n

,a
s

a
fu

nc
tio

n
of
α

.

 0
.6

5

 0
.7

 0
.7

5

 0
.8

 0
.8

5

 0
.9

 0
.9

5 1

 0
 0

.0
5

 0
.1

 0
.1

5
 0

.2
 0

.2
5

 0
.3

 0
.3

5

α

0.
45

0.
50

0.
55

0.
60

0.
65

0.
70

0.
75

0.
80

0.
85

0.
90

0.
95

0.
99

Fi
gu

re
3:

T
he

tr
ad

e-
of

f
be

tw
ee

n
th

e
su

cc
es

s
pr

ob
ab

ili
ty

an
d

th
e

su
cc

es
s/

se
le

ct
ra

tio
fo

r
la

rg
e
n

,i
n

th
e

Pa
re

to
fr

on
tie

ro
fα

va
lu

es
,f

or
st

ra
te

gi
es

of
th

e
fo

rm
Se

cP
r[
α
n

].
O

n
th

e
Pa

re
to

fr
on

tie
r

α
ra

ng
es

be
tw

ee
n

1/
e

(l
ar

ge
st

su
cc

es
s

pr
ob

ab
ili

ty
)

an
d

1
(s

m
al

le
st

su
cc

es
s

pr
ob

ab
ili

ty
).

T
he

la
be

ls
on

th
e

po
in

ts
in

di
ca

te
th

e
va

lu
e

of
α

.
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P
O

O
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T
R

E
A

M
A

N
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P
R

E
C

O
G

N
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IV
E

S
T

R
E

A
M

A
lgorithm

5
SecPrV

ar(m
,m
′,I
,SecPr):Secretary

problem
forsequences

ofvariable
length

input
Integers

m
,m
′≤

m
,
I
⊆

[m
],a

secretary
problem

strategy
SecPrforsequence

length
m

.
1:
R
←

()
2:

for
i

=
1

:
m

do
3:

if
i
/∈
I

then
4:

R
←
R
◦

(0)
#

A
dd

a
dum

m
y

zero
to

sequence
5:

else
6:

G
etnextnum

ber
r

from
input

7:
R
←
R
◦

(r)
8:

if
r

should
be

selected
according

to
SecPron

R
then

9:
Select

r
and

term
inate.

10:
end

if
11:

end
if

12:
end

for

w
ill

denote
this

strategy
S
ecP

r[precog].
It

has
success

probability
and

success/select
ratio

both
equalto

1.
W

e
nextpresentand

analyze
the

stream
em

ulation
algorithm

for
utility-based

poolalgorithm
s,

w
hich

uses
a

secretary
problem

strategy
via

SecPrV
ar.

5.2.2
T

H
E

S
T

R
E

A
M

E
M

U
L

A
T

IO
N

A
L

G
O

R
IT

H
M

W
e

propose
the

stream
em

ulation
algorithm

A
Us

,listed
in

A
lg.6.T

his
algorithm

repeatedly
applies

a
secretary

problem
strategy

to
decide

w
hich

elem
ents

to
select.

B
ecause

the
secretary

problem
strategy

m
ightfailto

selectthe
m

axim
alnum

ber,repeated
applications

ofthe
strategy

m
ightbe

nec-
essary.

T
his

trial-and-error
approach

m
eans

thatA
Us

m
ightselectm

ore
than

q
elem

ents.
H

ow
ever,

the
expected

num
ber

of
selected

elem
ents

is
a

constant
factor

over
q.

T
he

trade-off
betw

een
the

num
ber

of
iterations

and
num

ber
of

selected
elem

ents
is

controlled
by

the
probability

of
success

and
the

success/selectratio
ofthe

selected
strategy

SecPr,w
hich

is
provided

toA
Us

as
input.

A
Us

is
equivalentto

A
Up

,as
T

heorem
10

below
show

s.
In

order
to

guarantee
this

equivalence,
A
Us

never
selects

an
elem

ent
that

could
not

have
been

in
a

pool
in

w
hich

the
previous

elem
ents

w
ere

selected.
T

his
is

achieved
by

discarding
such

elem
ents

in
each

round:
T

he
setX

i
is

the
set

ofelem
ents

thatare
allow

ed
in

round
i,and

is
defined

to
include

only
elem

ents
thatcould

nothave
been

selected
by

the
poolalgorithm

before
round

i.To
bound

the
expected

num
berofiterations,w

e
show

in
T

heorem
11

thatthe
probability

m
ass

ofX
i can

be
controlled

in
expectation,w

hich
leads

to
a

bound
on

the
expected

num
berofdiscarded

elem
ents.

T
heorem

10
For

any
utility

functionU
,any

distributionD
overX

×
Y

,any
integer

m
and

q≤
m

,
A
Us

is
(q,D

)-equivalenttoA
Up

.

Proof
C

onsiderthe
probability

space
defined

by
S
∼
D
m

and
S
′∼
D
∞

,w
here

S
,S
′are

indepen-
dent.

W
e

prove
the

equivalence
by

show
ing

thatfor
any

j
∈

[q]and
L
j

=
((x

i,k
i ,y

i,k
i ))

i∈
[j] that

could
have

been
selected

by
the

poolalgorithm
,

dP
[p
airs

p (S
,j

+
1)|

p
airs

p (S
,[j])

=
L
j ]

=
dP

[p
airs

s (S
′,j

+
1)|

p
airs

s (S
′,[j])

=
L
j ].
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S
A

B
A

T
O

A
N

D
H

E
S

S

A
lgorithm

6A
Us

Stream
-em

ulation
forutility-based

poolalgorithm
s

input
Integers

m
,q≤

m
,a

secretary
problem

strategy
SecPrforsequences

oflength
m

.
1:
L

0 ←
()

2:X
1

=
X

3:
for

i
=

1
:
q

do
4:

repeat
5:

D
raw

a
random

subset
I
⊆

[m
]ofsize

m
′

6:
for

j
=

1
:
m
−
i

+
1

do
7:

R
epeatedly

draw
elem

ents
from

D
X

,untildraw
ing

an
elem

entinX
i .

D
enote

it
x
i,j ,and

let
r
i,j ←

U
(x
i,j ,L

i−
1 ).

8:
ifSecPrV

ar(m
,m
−
i
+

1
,I
,SecPr)

w
ould

selectthe
lastelem

entin
the

sequence
prefix

r
i,1 ,...,r

i,j
then

9:
k
←
j

10:
Select

x
i,k ,getits

response
y
i,k .

11:
end

if
12:

end
for

13:
until

r
i,k

=
m

ax{r
i,1 ,...,r

i,m
−
i+

1 }.
14:

k
i ←

k
15:

L
i ←

L
i−

1 ◦
(x
i,k
i ,y

i,k
i ).

16:
X
i+

1 ←
{x
∈
X
i |U

(x
,L

i−
1 )
<
U

(x
i,k
i ,L

i−
1 )}

17:
end

for
18:

O
utputthe

setofpairs
in
L
q .

Fora
given

L
j ,denote

byD
j+

1
the

distribution
generated

by
draw

ing
(X
,Y

)∼
D

conditioned
on

X
∈
X
j+

1 ,w
hereX

j+
1

depends
on
L
j .D

enote
byG

allthe
finite

sequences
ofpairs

such
thatw

hen
the

optim
alsecretary

problem
solution

is
applied

to
the

sequence,itsucceeds.
T

hatis,the
optim

al
value

underthe
score

(x
,y

)→
U

(x
,L

j )
is

indeed
selected.From

the
definition

ofA
sU

,w
e

have

dP
[p
airs

s (S
′,j

+
1)|

p
airs

s (S
′,[j])

=
L
j ]

=
dP

S̄∼
D
m
−
j

j
+
1

[argm
ax

(x
,y

)∈
S̄

U
(x
,L

j )|
S̄
∈
G

].

For
a

given
sequence

S̄
=

((x̄
i ,y

i ))
i∈

[m
−
j] ,let

σ
(S̄

)
:

[m
−
j]→

[m
−
j]be

a
perm

utation
such

thatfor
all

i≤
m
−
j,
x̄
σ

(i) ≤
x̄
σ

(i+
1
) .

T
he

success
of

the
optim

alsecretary
problem

algorithm
depends

only
on

the
ordering

of
ranks

in
its

input
sequence,hence

there
is

a
set

of
perm

utations
G
′such

that
S̄
∈
G

if
and

only
if
σ

(S̄
)∈
G
′.

N
ow

,
argm

ax
(x
,y

)∈
S̄ U

(x
,L

j )
depends

only
on

the
identity

of
pairs

in
S̄

,w
hile

σ
(S̄

)
depends

only
on

their
order.

Since
the

elem
ents

in
S̄

are
i.i.d.,

these
tw

o
properties

are
independent.T

herefore

dP
S̄∼
D
m
−
j

j
+
1

[argm
ax

(x
,y

)∈
S̄

U
(x
,L

j )|
S̄
∈
G

]
=
dP

S̄∼
D
m
−
j

j
+
1

[argm
ax

(x
,y

)∈
S̄

U
(x
,L

j )].
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P
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O
L
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R
E

A
M

A
N

D
P

R
E

C
O

G
N

IT
IV

E
S

T
R

E
A

M

T
he

re
fo

re

d
P[
p
ai
rs
s
(S
′ ,
j

+
1)
|p

ai
rs
s
(S
′ ,

[j
])

=
L
j
]

=
d
P S̄
∼
D
m
−
j

j
+
1

[a
rg

m
ax

(x
,y

)∈
S̄

U(
x
,L

j
)]

=
d
P Ŝ
∼
D
m
−
j
[a

rg
m

ax
(x
,y

)∈
Ŝ

U(
x
,L

j
)
|Ŝ
⊆

(X
j+

1
×
Y)

m
−
j
]

=
d
P Ŝ
∼
D
m
−
j
[a

rg
m

ax
(x
,y

)∈
Ŝ

U(
x
,L

j
)
|∀

(x
,y

)
∈
Ŝ
,i
∈

[j
],
U(
x
,L

i−
1
)
<
U(
x
i,
k
i
,L

i−
1
)]

=
d
P Ŝ
∼
D
m
−
j
[a

rg
m

ax
(x
,y

)∈
Ŝ

U(
x
,L

j
)
|p

ai
rs
p
(L

j
◦Ŝ

,[
j]

)
=
L
j
]

=
d
P S
∼
D
m

[
ar

gm
ax

(x
,y

)∈
S
\L

j

U(
x
,L

j
)
|p

ai
rs
p
(S
,[
j]

)
=
L
j
]

=
d
P S
∼
D
m

[p
ai
rs
p
(S

)(
j

+
1)
|p

ai
rs
p
(S
,[
j]

)
=
L
j
].

H
er

e
L
i
is

th
e

pr
efi

x
of

le
ng

th
i

of
L
j
.S

in
ce

th
is

eq
ua

lit
y

ho
ld

sf
or

al
lj
∈

[q
−

1]
,d
P[
p
ai
rs
s
(S
′ ,

[q
])

]
=

d
P[
p
ai
rs
p
(S
,[
q]

)]
.

T
he

fo
llo

w
in

g
th

eo
re

m
gi

ve
st

he
ex

pe
ct

ed
nu

m
be

ro
fs

el
ec

te
d

el
em

en
ts

an
d

th
e

ex
pe

ct
ed

nu
m

be
r

of
ob

se
rv

ed
el

em
en

ts
us

ed
by
A
U s

.
B

ot
h

of
th

es
e

va
lu

es
de

pe
nd

on
th

e
pr

op
er

tie
s

of
th

e
se

cr
et

ar
y

pr
ob

le
m

st
ra

te
gy

Se
cP

rt
ha

tA
U s

re
ce

iv
es

as
in

pu
t.

T
he

or
em

11
Su

pp
os

e
th

at
A
U s

is
ru

n
w

ith
m
,q
≤
m

an
d

a
se

cr
et

ar
y

pr
ob

le
m

st
ra

te
gy

Se
cP

r
fo

r
se

qu
en

ce
s

of
si

ze
m

w
ith

su
cc

es
s

pr
ob

ab
ili

ty
p
s

an
d

su
cc

es
s/

se
le

ct
ra

tio
sr

.
Th

en
,f

or
an

y
ut

ili
ty

fu
nc

tio
n
U

an
d

an
y

di
st

ri
bu

tio
n
D

ov
er
X
×
Y

E S
∼
D
∞

[N
se
l(
A
U s
,S
,q

)]
=
q/

sr

an
d

E S
∼
D
∞

[N
it
er

(A
U s
,S
,q

)]
=
m
q/
p
s
.

To
ob

se
rv

e
th

e
im

pl
ic

at
io

ns
of

th
es

e
up

pe
r

bo
un

ds
,

co
ns

id
er

fo
r

in
st

an
ce

th
e

cl
as

si
ca

l
se

cr
et

ar
y

pr
ob

le
m

st
ra

te
gy

Se
cP

r[
t(
n

)]
,a

s
de

fin
ed

in
Se

ct
io

n
5.

2.
1,

w
hi

ch
ha

s
p
s
≈

1
/e

an
d

sr
≈

1
e(

1
−

1
/
e)

fo
rl

ar
ge
m

.I
tf

ol
lo

w
s

th
at

fo
rm
→
∞

,t
he

ex
pe

ct
ed

nu
m

be
ro

fs
el

ec
te

d
el

em
en

ts
by
A
U s

is
eq

,a
nd

th
e

ex
pe

ct
ed

nu
m

be
r

of
ob

se
rv

ed
el

em
en

ts
is
eq
m

.
O

th
er

ch
oi

ce
s

of
pa

ra
m

et
er

s
fo

r
th

e
se

cr
et

ar
y

pr
ob

le
m

le
ad

to
ot

he
rp

oi
nt

s
on

th
e

Pa
re

to
fr

on
tie

ri
n

Fi
gu

re
3.

A
ll

th
e

po
in

ts
on

th
e

Pa
re

to
fr

on
tie

r
gi

ve
a

co
ns

ta
nt

fa
ct

or
ov

er
q

fo
r

th
e

ex
pe

ct
ed

nu
m

be
r

of
se

le
ct

ed
el

em
en

ts
,a

nd
a

fa
ct

or
lin

ea
r

in
q

ov
er
m

fo
r

th
e

ex
pe

ct
ed

nu
m

be
r

of
ite

ra
tio

ns
.

To
ge

ta
n

al
go

ri
th

m
th

at
se

le
ct

s
ex

ac
tly

q
el

em
en

ts
,

on
e

ca
n

us
e

th
e

st
ra

te
gy

Se
cP

r[
la

st
],

w
hi

ch
gi

ve
s
p
s

=
1
/m

an
d

sr
=

1,
le

ad
in

g
to

an
ex

pe
ct

ed
nu

m
be

r
of

ite
ra

tio
ns

of
qm

2
.

In
th

e
pr

ec
og

ni
tiv

e
se

tti
ng

,o
ne

ca
n

us
e
S
ec
P
r[

pr
ec

og
],

w
hi

ch
gi

ve
s

an
ex

pe
ct

ed
nu

m
be

ro
fs

el
ec

tio
ns

ex
ac

tly
q,

an
d

an
ex

pe
ct

ed
nu

m
be

ro
fi

te
ra

tio
ns
m
q.

Pr
oo

f[
of

T
he

or
em

11
]C

al
la

fu
ll

ru
n

of
th

e
lo

op
st

ar
tin

g
at

st
ep

6
an

at
te

m
pt

fo
rt

he
i’

th
el

em
en

t.
In

ea
ch

at
te

m
pt

fo
rt

he
i’

th
el

em
en

t,
m
−
i

+
1

el
em

en
ts

fr
om
X i

ar
e

ob
se

rv
ed

.T
he

ex
pe

ct
ed

nu
m

be
r

of
el

em
en

ts
el

ec
tio

n
at

te
m

pt
s

fo
re

ac
h

su
cc

es
sf

ul
el

em
en

ts
el

ec
tio

n
is

1 sr
.T

hu
s,

E S
∼
D
∞

[N
se
l(
A
U s
,S
,q

)]
=

1 sr
·q
.
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S
A

B
A

T
O

A
N

D
H

E
S

S

Fo
rt

he
se

co
nd

pa
rt

of
th

e
st

at
em

en
t,

w
e

ne
ed

to
bo

un
d
E S
∼
D
∞

[N
it
er

(A
U s
,S
,q

)]
.T

he
to

ta
le

xp
ec

te
d

nu
m

be
ro

fa
tte

m
pt

s
of

ru
nn

in
g

th
e

se
cr

et
ar

y
pr

ob
le

m
fo

re
ac

h
su

cc
es

sf
ul

se
le

ct
io

n
of

an
el

em
en

ti
s

1 p
s
,a

nd
th

e
ex

pe
ct

ed
nu

m
be

ro
fe

le
m

en
ts

fr
om
X i

ob
se

rv
ed

in
ea

ch
at

te
m

pt
is
m
−
i

+
1.

T
hu

s
th

e
ex

pe
ct

ed
nu

m
be

r
of

el
em

en
ts

fr
om
X i

ob
se

rv
ed

un
til
x
i

is
se

le
ct

ed
is

1 p
s
·(
m
−
i

+
1
).

H
ow

ev
er

,
dr

aw
in

g
a

si
ng

le
el

em
en

tf
ro

m
X i

m
ig

ht
re

qu
ir

e
se

ve
ra

ld
ra

w
s

fr
om
X

.T
o

bo
un

d
th

e
to

ta
le

xp
ec

te
d

nu
m

be
ro

fo
bs

er
ve

d
el

em
en

ts
,w

e
no

w
co

ns
id

er
th

e
de

fin
iti

on
of
X i

.
D

en
ot

e
by
f i

th
e

ut
ili

ty
fu

nc
tio

n
U(
·,L

i−
1
).

L
et
x
i

:=
x
i,
k
i
,b

e
th

e
i’

th
el

em
en

ta
dd

ed
to
L
i.

T
he

n
X i

=
{x
∈
X i
−

1
|f

i−
1
(x

)
≤
f i
−

1
(x
i−

1
)}

.
C

on
si

de
r

th
e

pr
ob

ab
ili

ty
sp

ac
e

de
fin

ed
by

th
e

in
pu

tt
o

th
e

st
re

am
al

go
ri

th
m
S
∼
D
∞

,a
nd

le
tZ

i,
Z
′ i
∼
D X

fo
r
i
∈

[q
]

su
ch

th
at

th
es

e
ra

nd
om

va
ri

ab
le

s
an

d
S

ar
e

al
li

nd
ep

en
de

nt
.D

en
ot

e

p
(α
,i

)
:=

P[
f i

(Z
i)
≤
α
|Z

i
∈
X i

].

p
(α
,i

)
is

a
ra

nd
om

va
ri

ab
le

si
nc

e
X i

de
pe

nd
s

on
S

.
L

et
U
i

:=
p
(f
i(
Z
′ i)
,i

).
Si

nc
e

w
e

as
su

m
e

no
tie

s
in
U,

an
d

no
si

ng
le
x

ha
s

a
po

si
tiv

e
pr

ob
ab

ili
ty

in
D X

,t
he

n
co

nd
iti

on
ed

on
X i

,U
i

is
di

st
ri

bu
te

d
un

if
or

m
ly

in
[0
,1

].
H

en
ce
U

1
,.
..
,U

q
ar

e
st

at
is

tic
al

ly
in

de
pe

nd
en

t.
Fo

ri
>

1
,d

efi
ne

th
e

ra
nd

om
va

ri
ab

le
M
i

:=
p
(f
i−

1
(x
i−

1
),
i
−

1)
.T

he
n
M
i

=
P[
X i

]/
P[
X i
−

1
].

T
he

ex
pe

ct
ed

nu
m

be
ro

fe
le

m
en

ts
th

at
ne

ed
to

be
dr

aw
n

fr
om
D

to
ge

ta
si

ng
le

el
em

en
tf

ro
m
X i

is
1
/P

[X
i]

=
(∏

i j=
1
M
j
)−

1
.T

he
re

fo
re

,

E[
N

it
er

(A
U s
,S
,q

)
|M

2
,.
..
,M

q
]

=

q ∑ i=
1

p
−

1
s
·(
m
−
i

+
1)

∏
i j=

1
M
j

.

T
he

el
em

en
tx

i
m

ax
im

iz
es

th
e

fu
nc

tio
n
x
7→
f i

(x
)

ov
er
m
−
i+

1
in

de
pe

nd
en

td
ra

w
so

fe
le

m
en

ts
x

fr
om
D X

co
nd

iti
on

ed
on
x
∈
X i

,h
en

ce
it

al
so

m
ax

im
iz

es
x
7→
p
(f
i(
x

),
i)

.T
he

re
fo

re
,f

or
i
>

1
,

M
i

is
th

e
m

ax
im

um
of
m
−
i

+
2

in
de

pe
nd

en
tc

op
ie

s
of
U
i,

he
nc

e
P[
M
i
≤
p
]

=
p
m
−
i+

2
.H

en
ce

d
P[
M

2
,.
..
,M

q
](
p

2
,.
..
,p
q
)/
d
p

2
·.
..
·d
p
q

=

q ∏ i=
2

d
P[
M
i
≤
p
i]
/d
p
i

=

q ∏ i=
2

(m
−
i

+
2
)p
m
−
i+

1
i

.

W
e

ha
ve

E[
N

it
er

(A
U s
,S
,q

)]
=

∫
1

M
2
=

0
..
.∫

1

M
q
=

0
E[
N

it
er

(A
U s
,S
,q

)
|M

1
,.
..
,M

q
]d
P[
M

1
,.
..
,M

q
]

=
p
−

1
s

∫
1

M
2
=

0
..
.∫

1

M
q
=

0

q ∑ i=
1

m
−
i

+
1

∏
i j=

1
M
j

q ∏ l=
2

(m
−
l
+

2)
M

m
−
l+

1
l

d
M
l

=
p
−

1
s

q ∑ i=
1

(m
−
i

+
1)

∫
1

M
2
=

0
..
.∫

1

M
q
=

0

i ∏ l=
2

(m
−
l
+

2)
M

m
−
l

l
d
M
l

·
q ∏

l=
i+

1

(m
−
l
+

2)
M

m
−
l+

1
l

d
M
l,
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T
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E
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M
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N
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P
R

E
C

O
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N
IT

IV
E

S
T

R
E

A
M

T
herefore

E
[N

iter (A
Us
,S
,q)]

=
p −

1
s

q
∑i=

1 (m
−
i

+
1)

i
∏l=

2

m
−
l
+

2

m
−
l
+

1

=
p −

1
s

q
∑i=

1 (m
−
i

+
1)·

m

m
−
i

+
1

=
m
q/p

s .

T
his

concludes
the

proof.

5.3
L

ow
er

B
ounds

T
he

follow
ing

low
er

bounds
show

that
the

num
ber

of
iterations

required
by

any
stream

em
ulator

for
utility-based

algorithm
s

m
ust

be
at

least
quasi-linear

in
q.

W
e

provide
tw

o
results.

T
he

first
resultconsiders

a
stream

algorithm
thatselects

exactly
q

elem
ents,and

itallow
s
q

to
be

large
w

ith
respectto

m
.

T
he

second
resultconsiders

stream
algorithm

s
thatare

allow
ed

to
selectm

ore
than

q
elem

ents.
In

this
case,the

low
er

bound
is

sm
aller,butitis

reduced
only

linearly
in

the
num

ber
of

selections.
Itfollow

s
thata

constantfactor
increase

in
the

num
ber

of
selections

cannotovercom
e

the
quasi-linear

dependence
on

q
in

the
num

ber
of

iterations.
T

he
proofs

of
the

low
er

bounds
are

based
on

constructing
a

utility
function

w
hich

in
effectallow

s
only

one
setofselected

elem
ents

for
a

given
distribution,and

forces
the

stream
algorithm

to
selectthem

in
the

sam
e

order
as

the
pool

algorithm
.

T
he

firstlow
er

bound
considers

stream
em

ulation
w

ith
exactly

q
selections.

T
he

bound
holds

forboth
standard

stream
ing

algorithm
s

and
precognitive

stream
ing

algorithm
s.

T
heorem

12
For

any
integer

m
,
q
≤

m
/
2,

there
exists

a
utility-based

pool
algorithm

,
and

a
m

arginalD
X

,such
thatany

stream
algorithm

A
s

w
hich

is
(q,D

)
equivalentto

the
poolalgorithm

for
allD

∈
D

S(D
X

),and
selects

only
q

elem
ents,has

∃D
∈

D
S(D

X
),E

S∼
D
∞

[N
iter (A

s ,S
,q)]≥

q32

⌊
m

2
log

(4q) ⌋
.

The
resultholds

even
ifA

s
is

a
precognitive

stream
algorithm

.

Proof
L

et
n

=
⌊

m
2

lo
g
(4
q
) ⌋,and

letD
X

be
a

uniform
distribution

overX
=
{
a
i |
i∈

[n
]}.A

ssum
e

Y
=
{
0,1}.

A
pool

of
size

m
then

includes
all

elem
ents

in
A

:=
{
a
i
|
i
∈

[2q
−

1]}
w

ith
a

probability
ofatleast

α
≥

1−
(2q−

1)
ex

p
(−
m
/n

)≥
1−

14
q .

C
onsider

a
utility

function
U

such
that

given
a

history
of

the
form

((a
1 ,y

1 ),...,(a
t ,y

t ))
for

t∈
[q−

1
],assigns

a
m

axim
alscore

inX
to
a
t+

1
if∀

i≤
t,y

i
=

0,and
a

m
axim

alscore
to
a
q
+
t if

∃
i≤

t,y
i

=
1.

In
addition,if

the
history

is
((a

1 ,y
1 ),...,(a

t ,y
t ),(a

q
+
t ,y

t+
1 ),...,(a

q
+
t ′,y

t ′+
1 ))

for
som

e
t∈

[q−
1],t ′∈

[q−
2],thenU

assigns
a

m
axim

alscore
to
a
q
+
t ′+

1 .
T

hen,in
a

poolthat
includes

all
elem

ents
a

1 ,...,a
2
q−

1 ,the
pool

algorithm
based

on
U

behaves
as

follow
s:

In
every

round,if
allselected

elem
ents

so
far

received
the

response
0,itselects

atround
t

the
elem

ent
a
t .

O
therw

ise,itselects
the

elem
ent

a
q
+
t and

then
continues

to
select

a
q
+
t+

1 ,...,a
2
q−

1 .
L

etD
0

be
a

distribution
in

w
hich

the
response

is
determ

inistically
zero.

If
the

distribution
is

D
0 ,A

s
selects

Z
0

=
{
a

1 ,...,a
q }

w
ith

a
probability

atleast
α

.D
enoteD

t for
t∈

[q],in
w

hich
the
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S
A

B
A

T
O

A
N

D
H

E
S

S

response
is

determ
inistically

zero
for

X
∈
{a

1 ,...,a
q }\{a

t }
and

1
for

a
t .

For
this

distribution,
the

algorithm
m

ustselectthe
elem

ents
in
Z
t

=
{a

1 ,...,a
t ,a

q
+
t ,...,a

2
q−

1 }
w

ith
a

probability
at

least
α

.
C

onsider
the

probability
space

defined
by

the
inputsequence

S
∼
D
∞0

and
the

random
ness

of
A
s .

L
et
E

0
be

the
eventin

this
space

thatA
s

selects{
a

1 ,...,a
q },and

let
Ē

0
be

the
eventin

this
space

thatA
s

selects
(a

1
...,a

q )
in

order.
W

e
have

P
[E

0 ]≥
α

.
D

enote
β

=
P

[Ē
0 ].

W
e

show
a

low
erbound

on
β

.
L

et
T

be
a

random
variable

in
the

sam
e

probability
space,

such
that

T
=

0
if
E

0
does

not
hold.

If
E

0
does

hold,
then

T
is

the
sm

allest
round

in
w

hich
the

algorithm
selects

som
e
a
t ′,

for
t ′
>
T

,or
T

=
0

ifno
such

round
exists.IfA

s
selects{

a
1 ,...,a

q }
butnotin

order,then
T
∈

[q].
T

herefore,P
[T
∈

[q]]≥
α
−
β

,hence
there

exists
som

e
t ∗∈

[q]such
thatP

[T
=
t ∗]≥

(α
−
β

)/q.
N

ow
,considerthe

distributionD
t ∗.D

efine
a

sequence
ofpairs

γ
(S

)
such

that
S

and
γ

(S
)

have
the

sam
e

elem
ents

in
the

sam
e

order,and
the

responses
in
γ

(S
)

are
determ

ined
by
D
t ∗

instead
of

by
D

0 .
C

learly,
γ

(S
)

is
distributed

according
to
D
∞t ∗ .

C
onsider

a
run

of
the

algorithm
on
S

in
w

hich
E

0
holds,and

a
parallelrun

(w
ith

the
sam

e
random

bits)
on
γ

(S
).

T
he

algorithm
selects

the
sam

e
elem

ents
for

both
sequences

until
the

T
’th

selection,
inclusive.

B
y

the
definition

of
T

,
the

T
’th

selection
is

som
e

elem
ent

in
{
a
T

+
1 ,...,a

q }.
If
T

=
t ∗,

then
an

elem
ent

not
in
Z
t ∗

is
selected

in
round

T
.

B
ut

this
sam

e
elem

ent
w

ould
be

selected
by
A
s

in
the

parallel
run

on
γ

(S
).

Since
under

γ
(S

)∼
D
∞t ∗ ,A

s
selects

exactly
the

set
Z
t ∗

w
ith

a
probability

of
atleast

α
,and

so
w

e
have

P
[T

=
t ∗]≤

1−
α

.T
his

holds
also

forthe
precognitive

stream
algorithm

since
itis

required
from

the
em

ulation
ofthe

poolalgorithm
.Itfollow

s
that

(α
−
β

)/q≤
P

[T
=
t ∗]≤

1−
α

.H
ence

β
≥

12 .
L

etW
i be

the
num

berofelem
ents

thatA
s

observes
afterselecting

elem
enti−

1,untilobserving
the

nextelem
ent.L

et
X

1 ,X
2 ,...be

the
sequence

ofelem
ents

observed
afterselecting

the
first

i−
1

elem
ents,and

for
integers

j,let
B
j

=
I[X

j
=
a
i ].
B

1 ,B
2 ,...are

independentB
ernoullirandom

variables
w

ith
P

[B
j

=
1]

=
1/n,and

P
[B

W
i

=
1]≥

P
[Ē

0 ]
=
β
≥

12 .
B

y
L

em
m

a
2,if

1n
≤

13
2 ,

E
[W

i ]≥
n1
6 .

Itfollow
s

thatthe
expected

num
ber

of
iterations

for
m

aking
q

selections
is

atleast
q
n1
6

if
n
≥

32.
Since

itis
also

atleast
q,a

low
er

bound
of

q
n3
2

=
q3
2 ⌊

m
2

lo
g
(4
q
) ⌋

holds
for

all
n.

T
his

analysis
holds

also
for

the
precognitive

stream
algorithm

,since
italso

m
ustselectthe

sam
e

setof
elem

ents
in

the
given

order.

T
he

second
low

erbound
considers

stream
em

ulation
w

ith
possibly

m
ore

than
q

selections.T
his

low
erbound

also
holds

forboth
standard

and
precognitive

stream
algorithm

s.

T
heorem

13
For

any
integers

m
,q

such
that

m
≥

2
q
+

1
log

(2q)
there

exists
a

utility-based
pool

algorithm
,and

a
m

arginalD
X

,such
thatfor

any
β
≥

1,any
stream

algorithm
A
s

w
hich

is
(q,D

)
equivalentto

the
poolalgorithm

for
allD

∈
D

S(D
X

),and
selects

atm
ost

β
q

elem
ents,has

∃D
∈

D
S(D

X
),E

S∼
D
∞

[N
iter (A

s ,S
,q)]≥

q

256
β
· ⌊

m

log
(2q) ⌋

.

This
resultholds

also
for

precognitive
stream

algorithm
s.

Proof
L

et
n

=
⌊

m
lo

g
(2
q
) ⌋,and

letD
X

be
a

uniform
distribution

overX
=
{
a
v
|
v
∈
{
0
,1}

t,t∈
[q−

1]0 }∪X
′,w

hereX
′includesarbitrary

elem
entsso

that|X
|

=
n.N

ote
thatX

includes
a

() ,w
hich

stands
for

a
zero-length

vector.
A

ssum
eY

=
{
0,1}.

L
et
v
∈
{
0,1}

q
be

a
binary

vector
of

length
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P
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n

po
ol

-b
as

ed
an

d
st

re
am

ba
se

d
ac

tiv
e

le
ar

ni
ng

?
W

e
st

ud
y

th
is

qu
es

tio
n

in
th

e
re

al
iz

ab
le

se
tti

ng
,

w
he

re
th

e
di

st
ri

bu
tio

n
is

co
ns

is
te

nt
w

ith
so

m
e

hy
po

th
es

is
in

a
gi

ve
n

fin
ite

hy
po

th
es

is
cl

as
s
H
⊆
YX

.
W

e
gi

ve
an

up
pe

r
bo

un
d

an
d

a
lo

w
er

bo
un

d
on

th
is

ga
p,

w
hi

ch
ho

ld
fo

ra
la

rg
e

cl
as

s
of

po
ol

-b
as

ed
al

go
ri

th
m

s.
Fi

rs
t,

w
e

sh
ow

th
e

up
pe

r
bo

un
d.

T
hi

s
up

pe
r

bo
un

d
is

de
riv

ed
by

sh
ow

in
g

th
at

an
y

po
ol

-b
as

ed
ac

tiv
e

le
ar

ne
r

fo
r

th
e

re
al

iz
ab

le
se

tti
ng

w
ith

a
fin

ite
hy

po
th

es
is

cl
as

s
ca

n
be

ap
pr

ox
im

at
ed

by
a

ut
ili

ty
-b

as
ed

po
ol

al
go

ri
th

m
.

T
hi

s
in

tu
rn

im
pl

ie
s,

us
in

g
T

he
or

em
11

,t
ha

ta
st

re
am

al
go

ri
th

m
w

ith

30
JM

L
R

 1
8(

22
9)

:1
-3

9,
 2

01
8



IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S:

P
O

O
L,S

T
R

E
A

M
A

N
D

P
R

E
C

O
G

N
IT

IV
E

S
T

R
E

A
M

sim
ilar

guarantees
can

em
ulate

the
pool-based

algorithm
w

ith
a

bounded
approxim

ation
factor

on
the

num
berofiterations

and
queries.

To
show

that
any

pool-based
active

learner
can

be
approxim

ated
by

a
utility-based

pool
al-

gorithm
,

w
e

use
the

m
achinery

of
subm

odular
function

m
axim

ization
for

active
learning.

T
he

challenge
is

that
a

successful
pool-based

active
learner

m
ight

not
fully

identify
the

true
hypothe-

sis
consistentw

ith
the

distribution,since
itsuffices

thatitidentifies
a

hypothesis
w

hich
is
ε-close

to
the

true
one.

T
hus,w

e
define

a
subm

odular
function

thatallow
s

taking
this

into
account.

O
ur

construction
com

bines
ideas

from
G

uillory
and

B
ilm

es
(2010);

G
olovin

et
al.(2010b);

D
asgupta

(2006).
L

et
f

:∪
∞i=

0 (X
×
Y

)
n
→

N
be

an
objective

function
w

hich
m

aps
any

setof
labeled

exam
ples

to
a

non-negative
value.

For
a

given
poolof

exam
ples,let

O
P

T
be

the
sm

allestnum
ber

of
queries

thatare
required

(in
the

w
orst-case

overallpossible
labelings

ofthe
poolthatare

consistentw
ithH

)
to

obtain
an
S

such
that

f
(S

)
=
Q

forsom
e

fixed
integer

Q
.G

uillory
and

B
ilm

es
(2010)show

that
if
f

is
m

onotone
non-decreasing

and
subm

odular,then
there

exists
a

utility-based
active

learning
algorithm

w
hich

requires
atm

ostO
(log

(Q
|H
|))·O

P
T

queries
in

the
w

orstcase
to

obtain
an
S

such
that

f
(S

)
=
Q

.
W

e
define

a
function

f
w

hich
w

ill
allow

proving
the

existence
of

a
utility-based

pool
active

learner
in

our
setting.

For
a

given
setof

labeled
exam

ples
S
⊆
X
×
Y

,the
version

space
induced

by
S

onH
is

defined
by

V
S
(S

)
:=
{
h
∈
H
|∀

(x
,y

)∈
S
,h

(x
)

=
y}.D

efine
a

fixed
setofpairs

of
hypotheses

E
⊆
H
×
H

.L
et
E

(S
)

:=
(V

S
(S

)×
V

S
(S

))∩
E

.T
his

is
the

setofpairs
from

E
such

thatnone
ofthe

hypotheses
in

the
pairare

disqualified
by

the
labels

in
S

.
G

iven
E

,define
the

objective
function

f
by

f
(S

)
:=
|E
|−
|E

(S
)|.

L
et
Q

=
|E
|.

T
he

follow
ing

lem
m

a
show

s
thatthe

objective-function
requirem

ents
above

hold
for

this
definition

of
f.

L
em

m
a

14
For

any
E
⊆
H
×
H

,f
as

defined
above

is
m

onotone
and

subm
odular.

Proof
M

onotonicity
is

trivialhere
since

if
S
⊆
S
′then

|E
(S

)|≤
|E

(S
′)|.

f
is

subm
odular

(see
e.g.,Fujishige

2005)ifand
only

ifforany
S
,S
′such

that
S
⊆
S
′,and

any
(x
,y

)
/∈
S
′,

f
(S
∪
{
(x
,y

)})−
f

(S
)≥

f
(S
′∪
{
(x
,y

)}
)−

f
(S
′).

(8)

D
enote

S
+

:=
S
∪
{(x

,y
)}

forbrevity,and
sim

ilarly
for

S
′+

.Itis
easy

to
see

thatV
S
(S

)⊇
V

S
(S
′).

In
addition,

V
S
(S

)\
V

S
(S

+
)⊇

V
S
(S
′)\

V
S
(S
′+

),since
any

h
∈

V
S
(S
′)\

V
S
(S
′+

)
is

consistent
w

ith
allthe

pairs
in
S
′butnotw

ith
(x
,y

),im
plying

that
h
∈

V
S
(S

)\
V

S
(S

+
).

Itfollow
s

that

V
S
(S

)×
V

S
(S

)\
(V

S
(S

+
)×

V
S
(S

+
))⊇

V
S
(S
′)×

V
S
(S
′)\

(V
S
(S
′+

)×
V

S
(S
′+

)).

T
herefore,

(V
S
(S

)×
V

S
(S

)∩
E

)\
((V

S
(S

+
)×

V
S
(S

+
))∩

E
)⊇

(V
S
(S
′)×

V
S
(S
′)∩

E
)\

((V
S
(S
′+

)×
V

S
(S
′+

))∩
E

).

Itfollow
s

that|E
(S

)|−
|E

(S
+

)|≥
|E

(S
′)|−

|E
(S
′+

)|,w
hich

im
plies

E
q.(8).
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S
A

B
A

T
O

A
N

D
H

E
S

S

W
e

use
this

construction
in

the
proofofthe

upperbound
on

the
gap

betw
een

pool-based
and

stream
-

based
active

learning,w
hich

w
e

presently
state

and
prove.

A
som

ew
hattechnicalissue

is
thatthe

results
of

G
uillory

and
B

ilm
es

(2010)
hold

only
under

the
assum

ption
thatw

henever
the

optim
alpool-based

algorithm
succeeds,itknow

s
thatithas

suc-
ceeded.

In
other

w
ords,ithas

“proof”
thatits

answ
er

is
ε-good.

T
his

is
know

n
as

a
self-certifying

algorithm
G

olovin
etal.(2010b).O

urresults
thus

apply
to

pool-based
active

learning
algorithm

that
have

this
property

as
w

ell.T
his

property
is

related,though
notcom

pletely
equivalent,to

the
concept

of
“verifiable

active
learning

algorithm
s”

studied
in

B
alcan

etal.(2010).
In

thatw
ork

itis
show

n
thatnon-verifiable

active
learning

algorithm
s

som
etim

e
require

few
er

labels
than

verifiable
active

learning
algorithm

s.
C

haracterizing
the

gap
betw

een
pool-based

and
stream

-based
algorithm

s
for

non-verifiable
active

learning
algorithm

s
is

an
open

question
w

hich
w

e
leave

forfuture
w

ork.
Fora

fixed
distributionD

X
overX

,denote
∆

(h
,h
′)

:=
P

[h
(X

)6=
h
′(X

)].

T
heorem

15
LetX

be
a

finite
instance

dom
ain

and
letY

be
a

finite
labeldom

ain.
LetD

X
be

a
m

arginaldistribution
overX

.
LetH

⊆
Y
X

be
a

hypothesis
class.

Suppose
thatthere

is
a

pool-
based

active
learning

algorithm
such

that
for

any
D
∈

D
S(D

X
)

w
hich

is
consistent

w
ith

som
e

h
∗
∈
H

,w
ith

a
probability

at
least

1−
δ

over
i.i.d.pools

of
size

m
,it

outputs
ĥ
∈
H

such
that

∆
(ĥ
,h
∗)
<
ε

for
(X
,Y

)∼
D

,using
q

labelqueries.W
e

also
assum

e
thatthe

poolalgorithm
is

self-
certifying:

the
algorithm

also
outputs

an
indicator

I
∈
{
0
,1}

w
here

P
[∆

(ĥ
,h
∗)
<
ε|
I

=
1]

=
1,

and
P

[I
=

1]≥
1−

δ.
U

nder
these

assum
ptions,there

exists
a

stream
-based

active
learner

thatw
ith

a
probability

of
atleast

1−
|H
|δ

outputs
a

hypothesis
ĥ

such
that

∆
(ĥ
,h
∗)≤

2ε.The
expected

num
ber

ofqueries
requested

by
the

stream
-based

active
learner

is
atm

ost
O

(log
(|H
|))·q,and

its
expected

num
ber

of
iterations

is
atm

ost
O

(log
(|H
|))·m

q.

Proof
D

efine
E

:=
{
(h
,h
′)|

∆
(h
,h
′)≥

2
ε}.D

enote
an
ε-ballaround

a
hypothesis

h
∈
H

by

B
(h
,ε)

:=
{h
′∈
H
|

∆
(h
,h
′)
<
ε].

Fix
a
D
∈

D
S(D

X
)

w
hich

is
consistent

w
ith

som
e
h
∗
∈
H

.
A

ny
pool

algorithm
w

ith
the

guarantees
assum

ed
by

the
theorem

statem
ent,outputs

an
I

=
1

w
ith

a
probability

atleast
1−

δ,
and

has
P

[ĥ
∈
B

(h
∗,ε)

|
I

=
1]

=
1.

T
hus,for

any
poolw

ith
I

=
1,
h
∗
∈
B

(ĥ
,ε).

L
et
S

be
the

setof
labeled

exam
ples

thatthe
poolalgorithm

obtained
during

its
entire

run.
Since

any
of

the
hypotheses

in
V

S
(S

)
could

be
the

true
h
∗,itfollow

s
thatfor

any
h
∈

V
S
(S

),
∆

(ĥ
,h

)
<
ε,hence

forany
h
,h
′∈

V
S
(S

),∆
(h
,h
′)≤

2ε.T
herefore,(h

,h
′)
/∈
E

.Itfollow
s

that
E

(S
)

=
∅.

T
here

are|H
|possible

distributionsD
∈

D
S(D

X
)

w
hich

are
consistentw

ith
som

e
h
∗
∈
H

.
It

follow
s

thatw
ith

a
probability

of
1−
|H
|δ

overpools,atthe
end

ofthe
run

E
(S

)
=
∅.Forany

such
pool,w

e
have

that
q

queries
suffice

to
certifiably

obtain
f

(S
)

=
Q

,thus
O

P
T
≤
q.

W
e

now
apply

the
results

cited
above

from
G

uillory
and

B
ilm

es
(2010),w

hich
im

ply
thatthere

exists
a

utility-based
poolalgorithm

thatobtains
f

(S
)

=
Q

w
ith

atm
ost

O
(log

(|H
|)q)

queries.B
y

T
heorem

11,w
e

conclude
thatthere

existsa
stream

algorithm
w

hich
requiresatm

ostO
(log

(|H
|))·q

queries
and

O
(log

(|H
|))·

m
q

iterations
to

obtain
f

(S
)

=
Q

.
Since

f
(S

)
=
Q

atthe
end

of
the

run
of

the
stream

algorithm
,then

E
(S

)
=
∅,w

hich
im

plies
thatfor

any
(h
,h
′)

such
that

∆
(h
,h
′)
≥

2
ε,atleastone

of
h
,h
′is

notin
V

S
(S

).
T

herefore,the
diam

eterof
V

S
(S

)
is

atm
ost

2ε.T
he

stream
algorithm

m
ay

therefore
return

any
ĥ
∈

V
S
(S

),and
it

holds
that

∆
(ĥ
,h
∗)≤

2
ε.
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A
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A
N

D
P

R
E

C
O

G
N

IT
IV

E
S

T
R

E
A

M

N
ex

t,
w

e
pr

ov
id

e
a

lo
w

er
bo

un
d,

sh
ow

in
g

th
at

in
th

e
ge

ne
ra

lc
as

e
Ω̃

(m
q)

ite
ra

tio
ns

ar
e

re
qu

ir
ed

fo
re

m
ul

at
in

g
po

ol
-b

as
ed

ac
tiv

e
le

ar
ni

ng
in

a
st

re
am

se
tti

ng
.T

he
lo

w
er

bo
un

d,
w

hi
ch

ho
ld

s
al

so
fo

r
th

e
pr

ec
og

ni
tiv

e
se

tti
ng

,e
m

pl
oy

s
th

e
fo

llo
w

in
g

ex
am

pl
e

an
d

is
pr

es
en

te
d

in
T

he
or

em
16

.

E
xa

m
pl

e
1

Fo
r

gi
ve

n
in

te
ge

rs
m

an
d
q
≤
m

,
an

d
T
≤
q,

de
fin

e
X

=
{a

k
,j
|
k
∈

[q
],
j
∈

{0
,.
..
,2

m
in

(k
,T

)−
1
−

1
}}
∪
X
′ ,

w
he

re
X
′ i

nc
lu

de
s

ar
bi

tr
ar

y
el

em
en

ts
so

th
at
|X
|=

n
,f

or
so

m
e

n
≥
q2
T
/2

.D
efi

ne
th

e
fo

llo
w

in
g

hy
po

th
es

is
cl

as
s
H
⊆
YX

.

H
:=
{h

i
|i
∈
{0
,.
..
,2
q
−

1
}}

,w
he

re
h
i(
a
k
,j

)
=

{
I[i

m
o
d

2k
=
j]

k
≤
T
,

I[
bi
/
2
T
−
k
cm

o
d

2T
=
j]
.
k
>
T
.

(9
)

E
ss

en
tia

lly
,f

or
k
≤
T

,h
i(
a
k
,j

)
=

1
if

th
e
k

le
as

ts
ig

ni
fic

an
tb

its
in

th
e

bi
na

ry
ex

pa
ns

io
n

of
i

ar
e

eq
ua

lt
o

th
e

bi
na

ry
ex

pa
ns

io
n

of
j

to
T

bi
ts

.
Fo

r
k
≥
T

,h
i(
a
k
,j

)
=

1
if
T

co
ns

ec
ut

iv
e

bi
ts

in
i,

st
ar

tin
g

fr
om

bi
tT
−
k

,a
re

eq
ua

lt
o

th
e

bi
na

ry
ex

pa
ns

io
n

of
j.

T
he

or
em

16
Le

tq
≥

22
an

d
m
≥

8
lo

g
(2
q)
q2

be
in

te
ge

rs
.

C
on

si
de

r
E

xa
m

pl
e

1
w

ith
m
,q

,s
et

tin
g

T
=
dlo

g
2
(q

)e
an

d
n

=
bm

/
7

lo
g
(2
q)
c.

C
on

si
de

r
H

as
de

fin
ed

in
E

q.
(9

).
Th

er
e

ex
is

tδ
,ε
∈

(0
,1

)
su

ch
th

at
th

er
e

is
a

po
ol

-b
as

ed
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
th

at
us

es
a

po
ol

of
m

un
la

be
le

d
ex

am
pl

es
an

d
q

la
be

ls
,

su
ch

th
at

fo
r

an
y

di
st

ri
bu

tio
n
D

w
hi

ch
is

co
ns

is
te

nt
w

ith
so

m
e
h
∗
∈
H

an
d

ha
s

a
un

ifo
rm

m
ar

gi
na

lo
ve

r
X

,w
ith

a
pr

ob
ab

ili
ty

of
at

le
as

t1
−
δ,
P[
ĥ

(X
)
6=
h
∗ (
X

)]
≤
ε.

O
n

th
e

ot
he

r
ha

nd
,f

or
q
>

22
,a

ny
st

re
am

-b
as

ed
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
w

ith
th

e
sa

m
e

gu
ar

an
te

e,
in

cl
ud

in
g

a
pr

ec
og

ni
tiv

e
st

re
am

al
go

ri
th

m
,r

eq
ui

re
s

at
le

as
t

q
5
1
2

⌊
m

7
lo

g
(2
q
)

⌋
un

la
be

le
d

ex
am

pl
es

in
ex

pe
ct

at
io

n.

Pr
oo

f
L

et
D X

be
un

if
or

m
ov

er
X

.L
et
E

be
th

e
ev

en
tt

ha
tX

*
π
S
X

,a
nd

de
fin

e
δ

:=
P S
∼
D
m X

[E
].

D
efi

ne
ε

=
1/
n

,s
o

th
at
P[
ĥ

(X
)
6=
h
∗ (
X

)]
<
ε

if
an

d
on

ly
if
ĥ

=
h
∗ .

L
et
i∗

su
ch

th
at
h
∗

=
h
i∗

.
Fi

rs
t,

a
po

ol
-b

as
ed

al
go

ri
th

m
ca

n
ac

hi
ev

e
th

e
re

qu
ir

ed
ac

cu
ra

cy
as

fo
llo

w
s:

L
et
j t

:=
i∗

m
o
d

2t

fo
r
t
≤
T

,a
nd
j t

:=
bi
∗ /

2
T
−
t c

m
o
d

2T
fo

r
t
≥
T

.
If
E

ho
ld

s,
th

en
t’

th
el

em
en

ts
el

ec
te

d
by

th
e

po
ol

al
go

ri
th

m
is
a
t,
j
,w

he
re
j

is
ob

ta
in

ed
as

fo
llo

w
s:

If
t
≤
T

,j
=
j t
−

1
.

If
t
>
T

,j
=
bj
t−

1
/
2c

.
In

ro
un

d
1

,j
=

0
an

d
th

e
se

le
ct

ed
el

em
en

ti
s
a

1
,0

.
In

du
ct

iv
el

y,
in

th
is

st
ra

te
gy

th
e

al
go

ri
th

m
fin

ds
th

e
t’

th
le

as
ts

ig
ni

fic
an

tb
it

in
th

e
bi

na
ry

ex
pa

ns
io

n
of
i∗

in
ro

un
d
t,

th
us

it
ca

n
us

e
j t
−

1
to

se
tj

fo
r

ro
un

d
t.

U
nd

er
E

,a
ft

er
q

la
be

ls
i∗

is
id

en
tifi

ed
ex

ac
tly

.T
hi

s
ha

pp
en

s
w

ith
a

pr
ob

ab
ili

ty
of

1
−
δ

fo
r

an
y
D

w
ith

th
e

un
if

or
m

m
ar

gi
na

lD
X

.
N

ow
,l

et
D h

be
a

di
st

ri
bu

tio
n

w
ith

a
un

if
or

m
m

ar
gi

na
lo

ve
rX

w
ith

la
be

ls
co

ns
is

te
nt

w
ith
h
∈
H

.
C

on
si

de
ra

st
re

am
-b

as
ed

al
go

ri
th

m
A
s

w
hi

ch
is

eq
ui

va
le

nt
to

th
e

po
ol

al
go

ri
th

m
.D

en
ot

e
its

ou
tp

ut
by

h̄
an

d
its

in
pu

t
by

S
∼
D
∞ h∗

.
L

et
I

be
a

ra
nd

om
va

ri
ab

le
dr

aw
n

un
if

or
m

ly
at

ra
nd

om
fr

om
{0
,.
..
,2
q
−

1
}.

L
et
H

=
h
I

be
a

hy
po

th
es

is
ch

os
en

un
if

or
m

ly
at

ra
nd

om
fr

om
H

.
C

on
si

de
r

th
e

pr
ob

ab
ili

ty
sp

ac
e

de
fin

ed
by
I
,S
∼
D
∞ H

,a
nd

th
e

ru
n

of
A
s

on
S

.L
et

(Z
1
,Y

1
),
..
.,

(Z
q
,Y

q
)

be
th

e
ex

am
pl

es
th

at
A
s

re
ce

iv
es

an
d

th
e

la
be

ls
it

ge
ts

,i
n

or
de

r.
L

et
Y

=
(Y

1
,.
..
,Y

q
).

L
et
α

=
P[
Z

1
=

a
1
,0
|S

X
].

If
Z

1
=
a

1
,0

,t
he

n
P[
Y

1
=

0
|S

X
]

=
1 2
.I

fZ
1
6=
a

1
,0

,t
he

n
P[
Y

1
=

0
|S

X
]
≥

3/
4

.L
et

H
be

th
e

ba
se

-2
en

tr
op

y,
an

d
H
b

be
th

e
bi

na
ry

en
tr

op
y.

T
he

n
H
b
(Y

1
|S

X
)

=
H
b
((
α

+
1)
/
4)

,a
nd

so

H
(H
|Y
,S

X
)

=
H

(H
,Y
|S

X
)
−

H
(Y

1
|S

X
)
−

H
(Y

1
,.
..
,Y

q
|Y

1
,S

X
)

≥
q
−

H
b
((
α

+
1)
/4

)
−

(q
−

1)

=
1
−

H
b
((
α

+
1)
/4
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S
A

B
A

T
O

A
N

D
H

E
S

S

Fr
om

th
e

Ta
yl

or
ex

pa
ns

io
n

of
th

e
bi

na
ry

en
tr

op
y

ar
ou

nd
1
/2

,H
b
(p

)
≤

1
−

(1
−

2p
)2
/2

,t
he

re
fo

re
H

(H
|Y

,S
X

)
≥

(1
−
α

)2
/
8.

Si
nc

e
A
s

is
eq

ui
va

le
nt

to
A
U p

,
w

e
ha

ve
P[
h̄
6=
H

]
≤
δ,

he
nc

e
P S

X
[P

[h̄
6=
H
|S

X
]
≤

2δ
]
≥

1 2
.B

y
Fa

no
’s

in
eq

ua
lit

y,
fo

ra
ny
S
X

su
ch

th
at
P[
h̄
6=
H
|S

X
]
≤

2
δ,

(1
−
α

)2
/
8
≤

H
(H
|Y
,S

X
)
≤

H
b
(2
δ)

+
2
δq
≤

2
δ(

lo
g

2
(

1 2δ
)

+
2

+
q)
.

W
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

H
b
(p

)
≤
p

lo
g

2
(1
/p

)
+

2
p

.
Fr

om
th

e
de

fin
iti

on
of
δ,

w
e

ha
ve
δ
≤
|X
|e

x
p
(−
m
/n

).
Se

tti
ng

T
=
dlo

g
2
(q

)e
,

an
d

no
tin

g
th

at
|X
|≤

q2
T
/2
≤
q2

an
d

so
m
≥
n

lo
g
(1

28
q3
|X
|),

w
e

ha
ve
δ
≤

1
1
2
8
q
3
.

T
he

re
fo

re
,f

or
q
≥

22
,1
−
α
≤

1 2
q
.

It
fo

llo
w

s
th

at
P S

X
[P

[Z
1
6=
a

1
,0
|S

X
]
≤

1 2
q
]
≥

1/
2

.
N

ow
,

th
e

sa
m

e
ar

gu
m

en
t

ho
ld

s
fo

r
an

y
ro

un
d
t

co
nd

iti
on

ed
on

I
m

o
d

2t
=

0
an

d
Z

1
=

a
1
,0
,.
..
,Z

t
=
a
t,

0
,s

in
ce

in
th

is
ca

se
af

te
r
t

la
be

ls
,t

he
al

go
ri

th
m

ha
s
q
−
t

qu
er

ie
s

le
ft

,a
nd

ne
ed

s
to

se
le

ct
fr

om
H
′ ,

w
hi

ch
is

eq
ui

va
le

nt
to
H

,
w

ith
q
−
t

in
st

ea
d

of
q.

M
or

eo
ve

r,
P[
h̄

=
H
|I

m
o
d

2
t

=
0]
≤

1
−
δ

as
w

el
l,

si
nc

e
th

is
ho

ld
s

fo
re

ve
ry
H

in
di

vi
du

al
ly

.W
e

co
nc

lu
de

th
at

fo
re

ve
ry

t
≤
q,

w
ith

a
pr

ob
ab

ili
ty

at
le

as
t

1 2
ov

er
S
X

,

P[
Z
t
6=
a
t,

0
|S

X
,H

=
h

0
]
≤

1 2q
.

It
fo

llo
w

s
th

at
w

ith
a

pr
ob

ab
ili

ty
at

le
as

t
1 2

ov
er
S
X

,P
[Z

1
=
a

1
,0
,.
..
,Z

q
=
a
q
,0
|S

X
,H

=
h

0
]
≥

1
/2

.H
en

ce
P[
Z

1
=
a

1
,0
,.
..
,Z

q
=
a
q
,0
|H

=
h

0
]
≥

1/
4.

Fi
na

lly
,s

up
po

se
H

=
h

0
.

L
et
W
t

be
th

e
nu

m
be

r
of

el
em

en
ts

th
at
A
s

ob
se

rv
es

af
te

r
se

le
ct

in
g

el
em

en
tt
−

1
,u

nt
il

ob
se

rv
in

g
th

e
ne

xt
el

em
en

t.
L

et
X
j
∼
D X

be
th

e
j’

th
el

em
en

to
bs

er
ve

d
af

te
r

se
le

ct
in

g
th

e
fir

st
t
−

1
el

em
en

ts
,a

nd
le

tB
j

=
I[X

j
=
a
t,

0
].
B
j

ar
e

in
de

pe
nd

en
tB

er
no

ul
li

ra
nd

om
va

ri
ab

le
s

w
ith

P[
B
j

=
1]

=
1
/n

,a
nd

P[
B
W
t

=
1
]
≥

P[
E

]
=
β
≥

1 4
.

B
y

L
em

m
a

2,
if

1 n
≤

1
5
1
2
,

th
en

E[
W
t]
≥

n 6
4
.I

tf
ol

lo
w

s
th

at
th

e
ex

pe
ct

ed
nu

m
be

ro
fi

te
ra

tio
ns

ov
er
q

se
le

ct
io

ns
is

at
le

as
t
q
n 6
4

if
n
≥

51
2

.S
in

ce
it

is
al

so
at

le
as

tq
,a

lo
w

er
bo

un
d

of
q
n

5
1
2

ho
ld

s
fo

ra
ll
n

.

T
hi

s
lo

w
er

bo
un

d
sh

ow
s

th
at

a
ga

p
be

tw
ee

n
th

e
st

re
am

-b
as

ed
an

d
th

e
po

ol
-b

as
ed

se
tti

ng
s

ex
-

is
ts

no
to

nl
y

fo
r

ge
ne

ra
li

nt
er

ac
tiv

e
al

go
ri

th
m

s,
bu

ta
ls

o
sp

ec
ifi

ca
lly

fo
r

ac
tiv

e
le

ar
ni

ng
fo

r
bi

na
ry

cl
as

si
fic

at
io

n.
T

he
ga

p
is

th
e

m
os

ts
ig

ni
fic

an
tw

he
n
q

=
Θ̃

(√
m

),
in

w
hi

ch
ca

se
th

e
st

re
am

al
go

-
ri

th
m

re
qu

ir
es

Ω̃
(m

3
/
2
)

un
la

be
le

d
ex

am
pl

es
,

co
m

pa
re

d
to

on
ly
m

fo
r

th
e

po
ol

al
go

ri
th

m
.

It
ha

s
be

en
pr

ev
io

us
ly

ob
se

rv
ed

(G
on

en
et

al
.,

20
13

)
th

at
in

so
m

e
ca

se
s,

th
e

A
L

uM
A

al
go

ri
th

m
,w

hi
ch

is
a

po
ol

-b
as

ed
ac

tiv
e

le
ar

ni
ng

al
go

ri
th

m
fo

r
ha

lf
sp

ac
es

,
is

su
pe

ri
or

to
th

e
cl

as
si

ca
l

st
re

am
-b

as
ed

al
go

ri
th

m
C

A
L

(C
oh

n
et

al
.,

19
94

).
T

he
or

em
16

sh
ow

s
th

at
th

is
is

no
ta

lim
ita

tio
n

sp
ec

ifi
ca

lly
of

C
A

L
,b

ut
of

an
y

st
re

am
-b

as
ed

ac
tiv

e
le

ar
ni

ng
al

go
ri

th
m

.O
n

th
e

ot
he

rh
an

d,
T

he
or

em
15

sh
ow

s
th

at
th

is
ga

p
ca

nn
ot

be
ve

ry
la

rg
e,

at
le

as
tf

or
se

lf
-c

er
tif

yi
ng

ac
tiv

e
le

ar
ni

ng
al

go
ri

th
m

s.

7.
C

on
cl

us
io

ns

In
th

is
w

or
k

w
e

st
ud

ie
d

th
e

re
la

tio
ns

hi
p

be
tw

ee
n

th
e

st
re

am
-b

as
ed

an
d

th
e

po
ol

-b
as

ed
in

te
ra

ct
iv

e
se

tti
ng

s,
by

de
si

gn
in

g
al

go
ri

th
m

s
th

at
em

ul
at

e
po

ol
-b

as
ed

be
ha

vi
or

in
a

st
re

am
-b

as
ed

se
tti

ng
,a

nd
pr

ov
in

g
up

pe
r

an
d

lo
w

er
bo

un
ds

on
th

e
st

re
am

si
ze

s
re

qu
ir

ed
fo

r
su

ch
em

ul
at

io
n.

O
ur

re
su

lts
co

n-
ce

rn
m

os
tly

th
e

ca
se

w
he

re
th

e
bu

dg
et

of
th

e
st

re
am

al
go

ri
th

m
is

si
m

ila
r

or
id

en
tic

al
to

th
at

of
th

e
po

ol
al

go
ri

th
m

.
W

e
ex

pe
ct

th
at

as
th

e
bu

dg
et

gr
ow

s,
th

er
e

sh
ou

ld
be

a
sm

oo
th

im
pr

ov
em

en
t

in
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IN
T

E
R

A
C

T
IV

E
A

L
G

O
R

IT
H

M
S:

P
O

O
L,S

T
R

E
A

M
A

N
D

P
R

E
C

O
G

N
IT

IV
E

S
T

R
E

A
M

the
expected

stream
length,w

hich
should

approach
m

as
the

budgetapproaches
m

.
Itis

an
open

problem
to

quantify
this

tradeoffin
the

various
settings

w
e

considered.

A
cknow

ledgm
ents

T
his

w
ork

w
as

supported
by

the
IsraelScience

Foundation
(grantN

o.555/15).

A
ppendix

A
.ProofofL

em
m

a
2

T
he

proofofL
em

m
a

2,defined
in

Section
2,is

provided
below

.
Proof

[of
L

em
m

a
2]

E
[I

]
is

m
inim

ized
under

the
constraint

w
hen

P
[X

i
=

1]
=
p.

T
herefore

assum
e

this
equality

holds.L
et
W

be
the

random
variable

w
hose

value
is

the
sm

allestintegersuch
that

X
W

=
1.L

et
T

be
the

largestintegersuch
thatP

[W
≤
T

]≤
α

.
T

he
expectation

of
I

is
subjectto

P
[X

I
=

1]≥
α

is
sm

allestif
I

is
defined

as
follow

s:P
[I

=
W
|
W
≤
T

]
=

1,P
[I

=
W
|
W

=
T

+
1]

=
α
−

P
[W
≤
T

],and
in

allother
cases,

I
=

0.
T

herefore,
E

[I
]≥

E
[W
·I[W

≤
T

]].

W
e

have

1p
=

E
[W

]
=

E
[W
·I[W

≤
T

]]+
E

[W
·I[W

>
T

]]

=
E

[W
·I[W

≤
T

]]+
(
1p

+
T

)(1−
p
)
T
.

T
herefore

E
[I

]≥
E

[W
·I[W

≤
T

]]
=

1p
−

(
1p

+
T

)(1−
p
)
T
.

From
the

definition
of
T

,
T

is
the

largest
integer

such
that

1
−

(1
−
p
)
T
≤
α

.
H

ence
1
−
α
≤

ex
p
(−
p
T

),
so
T
≤

lo
g
(1
/
(1−

α
))

p
.

In
addition,

since
1
−

(1
−
p
)
T

+
1
≥
α

,
w

e
have

(1
−
p
)
T
≤

(1−
α

)/(1−
p
).T

herefore

E
[I

]≥
1p
−
(

1p
+

log
(1/(1−

α
))

p

)
1−

α

1−
p

=
1p

(
1−

(1−
α

)(1
+

log
(1
/(1−

α
)))

1−
p

)
.

To
show

thatE
[I

]≥
α

2/
(4p

),for
p
≤
α

4/2
and

α
∈

(0,1),w
e

show
that

1−
(1−

α
)(1

+
log

(1
/
(1−

α
)))

1−
p

≥
α

2/
4
.

(10)

Itsuffices
to

show
that

1−
α

2/
4−

(1−
α

)(1
+

log
(1
/(1−

α
)))

1−
α

4/2
≥

0.

M
ultiplying

the
L

H
S

by
1−

α
4/2,w

e
have

A
(α

)
:=

(1−
α

2/
4)(1−

α
4/

2)−
(1−

α
)(1

+
lo

g
(1
/(1−

α
)))

=
α
−
α

2/4−
α

4/
2

+
α

6/8−
(1−

α
)

lo
g
(1/(1−

α
)).
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S
A

B
A

T
O

A
N

D
H

E
S

S

B
y

the
Taylorexpansion

ofthe
naturallogarithm

around
1−

α
,

(1−
α

)
log

(1/
(1−

α
))

=
∞∑n
=

1

α
nn
−
∞∑n
=

1

α
n

+
1

n
=
α

+
∞∑n
=

2

α
n
(
1n
−

1

n
−

1
).

T
herefore

A
(α

)
=
α
−
α

2/
4−

α
4/2

+
α

6/
8−

α
+
∞∑n
=

2

α
n
(

1

n
−

1
−

1n
)

=
∞∑n
=

2

α
n
(

1

n
−

1
−

1n
)−

α
2/4−

α
4/

2
+
α

6/8

=
∞∑n
=

3

α
n
(

1

n
−

1
−

1n
)

+
(α

2/
4−

α
4/2)

+
α

6/4
≥

0
.

Itfollow
s

that
A

(α
)/

(1−
α

4/
2)≥

0,im
plying

E
q.(10),and

concluding
thatE

[I
]≥

α
2/(4p

).
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plications.

F
lexib

le
com

m
u
n
ication

an
d
localsolvers.

T
w
o
key

advantagesofthe
proposed

fram
e-

w
ork

are
its

com
m
unication

effi
ciency

and
ability

to
em

ploy
off-the-shelf

single-m
achine

solvers
internally.

O
n
real-w

orld
system

s,
the

cost
of

com
m
unication

versus
com

putation
can

vary
w
idely,and

it
is

thus
advantageous

to
perm

it
a
flexible

am
ount

of
com

m
unication

depending
on

the
setting

at
hand.

O
ur

fram
ew

ork
provides

exactly
such

control.
M
oreover,

w
e
allow

arbitrary
solvers

to
be

used
on

each
m
achine,

w
hich

perm
its

the
reuse

of
existing

code
and

the
benefits

from
m
ulti-core

or
other

optim
izations

therein.
W
e
note

that
beyond

the
selection

of
the

local
solver

and
com

m
unication

vs.
com

putation
profile,

there
are

no
required

hyperparam
eters

to
tune;the

provided
default

param
eters

ensure
convergence

and
are

used
throughout

our
experim

ents
to

achieve
state-of-the-art

perform
ance.

C
onvergen

ce
gu

arantees.
W
e
derive

convergence
rates

for
the

fram
ew

ork,guaranteeing,
e.g.,

a
O

(1/
t)

rate
of

convergence
in

term
s
of

com
m
unication

rounds
for

convex
objectives

w
ith

Lipschitz
continuous

losses,and
a
faster

linear
rate

for
strongly

convex
losses.

Im
por-

tantly,
our

convergence
guarantees

do
not

degrade
w
ith

the
num

ber
of

m
achines,

K
,
and

allow
for

subproblem
s
to

be
solved

to
arbitrary

accuracies,
w
hich

allow
s
for

highly
flexi-

ble
com

putation
vs.com

m
unication

profiles.
A
dditionally,w

e
leverage

a
novelapproach

in
the

analysis
of

prim
al-dual

rates
for

non-strongly-convex
regularizers.

T
he

proposed
tech-

nique
is

an
im

provem
ent

over
sim

ple
sm

oothing
techniques

used
in,

e.g.,
N
esterov

(2005),
Shalev-Shw

artz
and

Zhang
(2014)

and
Zhang

and
Lin

(2015)
that

enforce
strong

convex-
ity

by
adding

a
sm

all
L

2
term

to
the

objective.
O
ur

results
include

prim
al-dual

rates
and

certificates
for

the
general

class
of

linear
regularized

loss
m
inim

ization,
and

w
e
show

how
earlier

w
ork

can
be

derived
as

a
specialcase

of
our

m
ore

generalapproach.

E
xp

erim
entalcom

p
arison

.
T
he

proposed
fram

ew
ork

yieldsorder-of-m
agnitude

speedups
(as

m
uch

as
50×

faster)
com

pared
to

state-of-the-art
m
ethods

for
large-scale

m
achine

learn-
ing.

W
e
dem

onstrate
these

gains
w
ith

an
extensive

experim
entalcom

parison
on

real-w
orld

distributed
datasets.

W
e
additionally

explore
properties

of
the

fram
ew

ork
itself,

including
the

effect
ofrunning

the
fram

ew
ork

in
the

prim
alor

the
dual,and

the
im

pact
ofsubproblem

accuracy
on

convergence.
A
ll
algorithm

s
for

com
parison

are
im

plem
ented

in
A

pache
Spark

and
run

on
A
m
azon

E
C
2
clusters.

O
ur

code
is
available

at:
gingsmith.github.io/cocoa/.
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

2.
B

ackgrou
n
d

an
d

S
etu

p

In
this

paper
w
e
develop

a
generalfram

ew
ork

for
m
inim

izing
problem

s
ofthe

follow
ing

form
:

`(u
)

+
r(u

)
,

(I)

for
convex

functions
`
and

r.
Frequently

the
term

`
is

a
loss

function,
taking

the
form

∑
i `
i (u

),
and

the
term

r
is

a
regularizer,

e.g.,
r(u

)
=
λ‖u‖

p .
T
his

form
ulation

includes
m
any

popular
m
ethods

in
m
achine

learning
and

signal
processing,

such
as

support
vector

m
achines,linearand

logistic
regression,lasso

and
sparse

logistic
regression,and

m
any

others.

2.1
D
efi

n
ition

s

T
he

follow
ing

standard
definitions

w
illbe

used
throughout

the
paper.

D
efi

n
ition

1
(L

-Lipschitz
C
ontinuity).

A
function

h
:R

m
→

R
is
L
-Lipschitz

continuous
if∀

u
,v
∈
R
m
,
w
e
have

|h
(u

)−
h

(v
)|≤

L‖u
−

v‖
.

(1)

D
efi

n
ition

2
(L

-B
ounded

Support).
A

function
h

:
R
m
→

R
∪
{+
∞
}
has

L
-bounded

support
if
its

effective
dom

ain
is

bounded
by
L
,
i.e.,

h
(u

)
<

+
∞
⇒
‖u‖
≤
L
.

(2)

D
efi

n
ition

3
((1/µ

)-Sm
oothness).

A
function

h
:R

m
→

R
is

(1/
µ

)-sm
ooth

if
it
is

differ-
entiable

and
its

derivative
is

(1/µ
)-Lipschitz

continuous,
or

equivalently

h
(u

)≤
h

(v
)

+
〈∇
h

(v
),u
−

v〉
+

12µ ‖
u
−

v‖
2

∀
u
,v
∈
R
m
.

(3)

D
efi

n
ition

4
(µ-Strong

C
onvexity).

A
function

h
:R

m
→

R
is
µ-strongly

convex
for

µ
≥

0
if

h
(u

)≥
h

(v
)

+
〈s,u

−
v〉

+
µ2 ‖

u
−

v‖
2

∀
u
,v
∈
R
m
,

(4)

for
any

s∈
∂
h

(v
),

w
here

∂
h

(v
)
denotes

the
subdifferentialof

h
at

v.

2.2
P
rim

al-D
u
al

S
ettin

g

N
um

erous
m
ethods

have
been

proposed
to

solve
(I),

and
these

m
ethods

generally
fall

into
tw

o
categories:

prim
alm

ethods,w
hich

run
directly

on
the

prim
alobjective,and

dualm
eth-

ods,
w
hich

instead
run

on
the

dual
form

ulation
of

the
prim

al
objective.

In
developing

our
fram

ew
ork,w

e
present

an
abstraction

that
allow

s
for

either
a
prim

alor
a
dualvariant

ofour
fram

ew
ork

to
be

run.
In

particular,to
solve

the
input

problem
(I),w

e
consider

m
apping

the
problem

to
one

of
the

follow
ing

tw
o
generalproblem

s:

m
in

α
∈
R
n

[
O
A

(α
)

:=
f

(A
α

)
+

g
(α

)
]

(A
)

m
in

w
∈
R
m

[
O
B

(w
)

:=
f
∗(w

)
+

g ∗(−
A
>
w

)
]
.

(B
)

In
general,

our
aim

w
ill

be
to

com
pute

a
m
inim

izer
of

the
problem

(A
)
in

a
distributed

fashion;the
m
ain

difference
w
illbe

w
hether

w
e
initially

m
ap

the
prim

al(I)
to

(A
)
or

(B
).
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

H
er
e
α
∈

R
n
an

d
w
∈

R
m

ar
e
pa

ra
m
et
er

ve
ct
or
s,
A

:=
[x

1
;.
..

;x
n
]
∈

R
m
×
n
is

a
da

ta
m
at
ri
x
w
it
h
co
lu
m
n
ve
ct
or
s
x
i
∈

R
m
,
i
∈
{1
,.
..
,n
},

an
d
th
e
fu
nc

ti
on

s
f
∗
an

d
g
∗ i
ar
e
th
e

co
nv
ex

co
nj
ug
at
es

of
f
an

d
g i
,r

es
pe

ct
iv
el
y.

T
he

du
al

re
la
ti
on

sh
ip

be
tw

ee
n
pr
ob

le
m
s
(A

)
an

d
(B

)
is

kn
ow

n
as

Fe
nc
he

l-R
oc
ka
fe
lla

r
du

al
it
y
(B

or
w
ei
n
an

d
Zh

u,
20

05
,
T
he

or
em

4.
4.
2)
.
W
e
pr
ov

id
e
a
se
lf-
co
nt
ai
ne

d
de

ri
va
ti
on

of
th
e
du

al
it
y
in

A
pp

en
di
x
B
.
N
ot
e
th
at

w
hi
le

du
al

pr
ob

le
m
s
ar
e
ty
pi
ca
lly

pr
es
en
te
d
as

a
pa

ir
of

(m
in
,
m
ax

)
pr
ob

le
m
s,

w
e
ha

ve
eq
ui
va
le
nt
ly

re
fo
rm

ul
at
ed

(A
)
an

d
(B

)
to

bo
th

be
m
in
im

iz
at
io
n
pr
ob

le
m
s
in

ac
co
rd
an

ce
w
it
h
th
ei
r
ro
le
s
in

ou
r
fr
am

ew
or
k.

G
iv
en
α
∈
R
n
in

th
e
co
nt
ex
t
of

(A
),
a
co
rr
es
po

nd
in
g
ve
ct
or

w
∈
R
m

fo
r
pr
ob

le
m

(B
)
is

ob
ta
in
ed

by
:

w
=

w
(α

)
:=
∇
f

(A
α

)
.

(5
)

T
hi
s
m
ap

pi
ng

ar
is
es

fr
om

fir
st
-o
rd
er

op
ti
m
al
it
y
co
nd

it
io
ns

on
th
e
f
-p
ar
t
of

th
e
ob

je
ct
iv
e.

T
he

du
al
it
y
ga

p,
gi
ve
n
by

:

G
(α

)
:=
O A

(α
)
−

[−
O B

(w
(α

))
],

(6
)

is
al
w
ay

s
no

n-
ne

ga
ti
ve
,a

nd
un

de
r
st
ro
ng

du
al
it
y,

th
e
ga

p
w
ill

re
ac
h
ze
ro

on
ly

fo
r
an

op
ti
m
al

pa
ir

(α
?
,w

?
).

T
he

du
al
it
y
ga
p
at

an
y
po

in
t
pr
ov
id
es

a
pr
ac
ti
ca
lly

co
m
pu

ta
bl
e
up

pe
r
bo

un
d

on
th
e
un

kn
ow

n
pr
im

al
as

w
el
la

s
du

al
op

ti
m
iz
at
io
n
er
ro
r
(s
ub

op
ti
m
al
it
y)
,s

in
ce

O A
(α

)
≥
O A

(α
?
)
≥
−
O B

(w
?
)
≥
−
O B

(w
(α

))
.

In
de

ve
lo
pi
ng

th
e
pr
op

os
ed

fr
am

ew
or
k,

no
ti
ng

th
e
du

al
it
y
be

tw
ee
n
(A

)
an

d
(B

)
ha

s
m
an

y
be

ne
fit
s,

in
cl
ud

in
g
th
e
ab

ili
ty

to
co
m
pu

te
th
e
du

al
it
y
ga
p,

w
hi
ch

ac
ts

as
a
ce
rt
ifi
ca
te

of
th
e

ap
pr
ox
im

at
io
n
qu

al
it
y.

It
is

al
so

us
ef
ul

as
an

an
al
ys
is

to
ol
,h

el
pi
ng

us
to

pr
es
en
t
a
co
he

si
ve

fr
am

ew
or
k
an

d
re
la
te

th
is
w
or
k
to

th
e
pr
io
r
w
or
k
of

Y
an

g
(2
01

3)
,J

ag
gi

et
al
.(
20

14
)
an

d
M
a

et
al
.(
20

15
a,

20
17

b)
.
A
s
a
w
or
d
of

ca
ut
io
n,

no
te

th
at

w
e
av
oi
d
pr
es
cr
ib
in
g
th
e
na

m
e
“p
ri
m
al
”

or
“d
ua

l”
di
re
ct
ly

to
ei
th
er

of
th
e
pr
ob

le
m
s
(A

)
or

(B
),

as
w
e
de

m
on

st
ra
te

be
lo
w

th
at

th
ei
r

ro
le

as
pr
im

al
or

du
al

ca
n
ch
an

ge
de

pe
nd

in
g
on

th
e
ap

pl
ic
at
io
n
pr
ob

le
m

of
in
te
re
st
.

2.
3
A
ss
u
m
p
ti
on

s
an

d
P
ro
b
le
m

C
as
es

A
ss
u
m
p
ti
on

s.
O
ur

m
ai
n
as
su
m
pt
io
ns

on
pr
ob

le
m

(A
)
ar
e
th
at
f

is
(1
/
τ
)-
sm

oo
th
,
an

d
th
e
fu
nc

ti
on

g
is

se
pa

ra
bl
e,

i.e
.,
g
(α

)
=
∑

i
g i

(α
i)
,w

it
h
ea
ch
g i

ha
vi
ng

L
-b
ou

nd
ed

su
pp

or
t.

G
iv
en

th
e
du

al
it
y
be

tw
ee
n
th
e
pr
ob

le
m
s
(A

)
an

d
(B

),
th
is

ca
n
be

eq
ui
va
le
nt
ly

st
at
ed

as
as
su
m
in
g
th
at

in
pr
ob

le
m

(B
),
f
∗
is
τ
-s
tr
on

gl
y

co
nv

ex
,
an

d
th
e
fu
nc

ti
on

g
∗ (
−
A
>
w

)
=

∑
i
g
∗ i(
−
x
> i
w

)
is

se
pa

ra
bl
e
w
it
h
ea
ch
g
∗ i
be

in
g
L
-L
ip
sc
hi
tz
.

P
ro
b
le
m

ca
se
s.

Su
pp

os
e,

as
in

eq
ua

ti
on

(I
),

w
e
w
ou

ld
lik

e
to

fin
d
a
m
in
im

iz
er

of
th
e

ge
ne

ra
l
ob

je
ct
iv
e
`(
u

)
+
r(
u

).
D
ep

en
di
ng

on
th
e
sm

oo
th
ne

ss
of

th
e
fu
nc

ti
on

`
an

d
th
e

st
ro
ng

co
nv

ex
it
y
of

th
e
fu
nc

ti
on

r,
w
e
w
ill

be
ab

le
to

m
ap

th
e
in
pu

t
fu
nc

ti
on

(I
)
to

on
e
(o
r

bo
th
)
of

th
e
ob

je
ct
iv
es

(A
)
an

d
(B

)
ba

se
d
on

ou
r
as
su
m
pt
io
ns
.
In

pa
rt
ic
ul
ar
,
w
e
ou

tl
in
e

th
re
e
se
pa

ra
te

ca
se
s:

C
as
e
I,
in

w
hi
ch

th
e
fu
nc

ti
on

`
is
sm

oo
th

an
d
th
e
fu
nc

ti
on

r
is
st
ro
ng

ly
co
nv

ex
;
ca
se

II
,
in

w
hi
ch

`
is

sm
oo

th
,
an

d
r
is

no
n-
st
ro
ng

ly
co
nv

ex
an

d
se
pa

ra
bl
e;

an
d

ca
se

II
I,
in

w
hi
ch
`
is

no
n-
sm

oo
th

an
d
se
pa

ra
bl
e,

an
d
r
is

st
ro
ng

ly
co
nv

ex
.
T
he

se
ca
se
s
ar
e

su
m
m
ar
iz
ed

in
T
ab

le
1.

N
ot
e
th
at

th
e
un

io
n
of

th
es
e
ca
se
s
ca
pt
ur
es

m
os
t
co
m
m
on

ly
-u
se
d

ap
pl
ic
at
io
ns

of
lin

ea
r
re
gu

la
ri
ze
d
lo
ss

m
in
im

iz
at
io
n
pr
ob

le
m
s.

5
JM

L
R

 1
8(

23
0)

:1
-4

9,
 2

01
8

S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

In
Se

ct
io
n
3,

w
e
w
ill

se
e
th
at

di
ffe

re
nt

va
ri
an

ts
of

th
e
fr
am

ew
or
k
m
ay

be
re
al
iz
ed

de
-

pe
nd

in
g
on

w
hi
ch

of
th
es
e
th
re
e
ca
se
s
w
e
co
ns
id
er

w
he

n
so
lv
in
g
th
e
in
pu

t
pr
ob

le
m

(I
).

T
ab

le
1:

C
ri
te
ri
a
fo
r
O
bj
ec
ti
ve
s
(A

)
an

d
(B

).

Sm
oo

th
`

N
on

-s
m
oo

th
,s

ep
ar
ab

le
`

St
ro
ng

ly
co
nv

ex
r

C
as
e
I:
O
bj

(A
)
or

(B
)

C
as
e
II
I:
O
bj

(B
)

N
on

-s
tr
on

gl
y
co
nv

ex
,s

ep
ar
ab

le
r

C
as
e
II
:
O
bj

(A
)

–

2.
4
R
u
n
n
in
g
E
xa

m
p
le
s

T
o
ill
us
tr
at
e
th
e
ca
se
s
in

T
ab

le
1,

w
e
co
ns
id
er

se
ve
ra
le

xa
m
pl
es

be
lo
w
.
T
ho
se

in
te
re
st
ed

in
de
ta
ils

of
th
e
fr
am

ew
or
k
it
se
lf
m
ay

sk
ip

to
Se
ct
io
n
3.

T
he

se
ap

pl
ic
at
io
ns

w
ill

se
rv
e
as

ru
nn

in
g

ex
am

pl
es

th
ro
ug

ho
ut

th
e
pa

pe
r,

an
d
w
e
w
ill

re
vi
si
t
th
em

in
ou

r
ex
pe

ri
m
en
ts

(S
ec
ti
on

6)
.

Fo
r
fu
rt
he
r
ap

pl
ic
at
io
ns

an
d
de
ta
ils
,s

ee
Se

ct
io
n
5.

1.
E
la
st
ic

N
et

R
eg
re
ss
io
n
(C

as
e
I:

m
ap

to
ei
th
er

(A
)
or

(B
))
.
W
e
ca
n
m
ap

el
as
ti
c-
ne

t
re
gu

la
ri
ze
d
le
as
t
sq
ua

re
s
re
gr
es
si
on

,

m
in

u
∈R

p

1 2
‖A

u
−

b
‖2 2

+
η
λ
‖u
‖ 1

+
(1
−
η
)λ

2
‖u
‖2 2
,

(7
)

to
ei
th
er

ob
je
ct
iv
e
(A

)
or

(B
).

T
o
m
ap

to
ob

je
ct
iv
e
(A

),
w
e
le
t:
f

(A
α

)
=

1 2
‖A
α
−
b
‖2 2

an
d
g
(α

)
=
∑

i
g i

(α
i)

=
∑

i
η
λ
|α
i|

+
(1
−
η
)λ

2
α

2 i
,
se
tt
in
g
n

to
be

th
e
nu

m
be

r
of

fe
at
ur
es

an
d
m

th
e
nu

m
be

r
of

tr
ai
ni
ng

po
in
ts
.
T
o
m
ap

to
(B

),
w
e
le
t:
g
(−
A
>
w

)
=

∑
i
g
∗ i(
−
x
> i
w

)
=
∑

i
1 2
(x
> i
w
−
b i

)2
an

d
f
∗ (
w

)
=
η
λ
‖w
‖ 1

+
(1
−
η
)λ

2
‖w
‖2 2
,
se
tt
in
g
m

to
be

th
e
nu

m
be

r
of

fe
at
ur
es

an
d
n

th
e
nu

m
be

r
of

tr
ai
ni
ng

po
in
ts
.

W
e
di
sc
us
s
in

Se
ct
io
n
3
ho

w
th
e
ch
oi
ce

of
m
ap

pi
ng

to
ei
th
er

(A
)
or

to
(B

)
ca
n
ha

ve
im

pl
ic
at
io
ns

on
th
e
di
st
ri
bu

ti
on

sc
he

m
e
an

d
ov
er
al
lp

er
fo
rm

an
ce

of
th
e
fr
am

ew
or
k.

2.
La

ss
o
(C

as
e
II
:
m
ap

to
(A

))
.W

e
ca
n
re
pr
es
en
t
L

1
-r
eg
ul
ar
iz
ed

le
as
t
sq
ua

re
s
re
gr
es
si
on

by
m
ap

pi
ng

th
e
m
od

el
:

m
in

u
∈R

p

1 2
‖A

u
−

b
‖2 2

+
λ
‖u
‖ 1

(8
)

to
ob

je
ct
iv
e
(A

),
le
tt
in
g
f

(A
α

)
=

1 2
‖A
α
−

b
‖2 2

an
d
g
(α

)
=
∑

i
g i

(α
i)

=
∑

i
λ
|α
i|.

In
th
is

m
ap

pi
ng

,
n
re
pr
es
en
ts

th
e
nu

m
be

r
of

fe
at
ur
es
,
an

d
m

th
e
nu

m
be

r
of

tr
ai
ni
ng

po
in
ts
.
N
ot
e
th
at

w
e
ca
nn

ot
m
ap

th
e
la
ss
o
ob

je
ct
iv
e
to

(B
)
di
re
ct
ly
,
as
f
∗
m
us
t
be

τ
-s
tr
on

gl
y
co
nv

ex
an

d
th
e
L

1
-n
or
m

is
no

n-
st
ro
ng

ly
co
nv

ex
.

3.
Su

pp
or
tV

ec
to
r
M
ac
hi
ne

(C
as
e
II
I:
m
ap

to
(B

))
.W

e
ca
n
re
pr
es
en
t
a
hi
ng

e
lo
ss

su
pp

or
t

ve
ct
or

m
ac
hi
ne

(S
V
M
)
by

m
ap

pi
ng

th
e
m
od

el
:

m
in

u
∈R

p

1 m

m ∑ i=
1

m
ax
{ 0
,1
−
y i

(x
> i
u

)}
+

λ 2
‖u
‖2 2
,

(9
)

to
ob

je
ct
iv
e
(B

),
le
tt
in
g
g
∗ (
−
A
>
w

)
=
∑

i
g
∗ i(
−
x
> i
w

)
=
∑

i
1 n

m
ax
{0
,1
−
y i
x
> i
w
}
an

d
f
∗ (
w

)
=

λ 2
‖w
‖2 2
.
In

th
is

m
ap

pi
ng

,
m

re
pr
es
en
ts

th
e
nu

m
be

r
of

fe
at
ur
es
,
an

d
n

th
e

nu
m
be

r
of

tr
ai
ni
ng

po
in
ts
.
N
ot
e
th
at

w
e
ca
nn

ot
m
ap

th
e
hi
ng

e
lo
ss

SV
M

pr
im

al
to

ob
je
ct
iv
e
(A

)
di
re
ct
ly
,a

s
f
m
us
t
be

(1
/τ

)-
sm

oo
th

an
d
th
e
hi
ng

e
lo
ss

is
no

n-
sm

oo
th
.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

2.5
D
ata

P
artition

in
g

In
this

w
ork,w

e
are

interested
in

the
setting

w
here

the
dataset

at
hand

is
distributed

across
m
ultiple

m
achines.

W
e
assum

e
that

the
dataset

A
is
distributed

over
K

m
achines

according
to

a
partition

{P
k }
Kk
=

1
ofthe

colum
ns

of
A
∈
R
m
×
n.

W
e
denote

the
size

ofthe
partition

on
m
achine

k
by

n
k

=
|P
k |.

For
m
achine

k
∈
{1,...,K

}
and

w
eight

vector
α
∈
R
n,w

e
define

α
[k

] ∈
R
n
as

the
n-vector

w
ith

elem
ents

(α
[k

] )
i

:=
α
i
if
i∈
P
k
and

(α
[k

] )
i

:=
0
otherw

ise.
A
nalogously,w

e
w
rite

A
[k

] for
the

corresponding
group

ofcolum
ns

of
A
,and

zeros
elsew

here
(note

that
colum

ns
can

correspond
to

either
training

exam
ples

or
features,

depending
on

the
application).

W
e
discuss

these
distribution

schem
es

in
greater

detailin
Section

3.

3.
T

h
e

C
o
C

o
A

M
eth

od

In
the

follow
ing

sections,w
e
describe

the
proposed

fram
ew

ork,C
o
C

o
A
,at

a
high

level,and
then

discuss
tw

o
approaches

for
using

the
fram

ew
ork

in
practice:

C
o
C

o
A

in
the

prim
al,

w
here

w
e
consider

(A
)
to

be
the

prim
al

objective
and

run
the

fram
ew

ork
on

this
problem

directly,and
C

o
C

o
A

in
the

dual,w
here

w
e
instead

consider
(B

)
to

be
the

prim
alobjective,

and
then

run
the

fram
ew

ork
on

the
dual(A

).
N
ote

that
in

both
approaches,the

aim
w
illbe

to
com

pute
a
m
inim

izer
ofthe

problem
(A

)
in

a
distributed

fashion;
the

m
ain

difference
w
ill

be
w
hether

w
e
view

(A
)
as

the
prim

al
objective

or
as

the
dualobjective.

3.1
T
h
e
G
en

eralized
F
ram

ew
ork

T
he

goalofthe
C

o
C

o
A

fram
ew

ork
is
to

find
a
globalm

inim
izer

ofthe
objective

(A
),w

hile
distributing

com
putation

based
on

the
partitioning

of
the

dataset
A

across
m
achines

(Sec-
tion

2.5).
A
s
a
first

step,note
that

distributing
the

update
to

the
function

g
in

objective
(A

)
is

straightforw
ard,

as
w
e
have

required
that

this
term

is
separable

according
to

the
parti-

tioning
of

our
data,

i.e.,
g
(α

)
=
∑

ni=
1
g
i (α

i ).
H
ow

ever,
the

sam
e
does

not
hold

for
the

term
f

(A
α

).
T
o
m
inim

ize
this

part
of

the
objective

in
a
distributed

fashion,
w
e
propose

m
inim

izing
a
quadratic

approxim
ation

of
the

function,
w
hich

allow
s
the

m
inim

ization
to

separate
across

m
achines.

W
e
m
ake

this
approxim

ation
precise

in
the

follow
ing

subsection.

D
ata-local

qu
ad

ratic
su
b
p
rob

lem
s.

In
the

generalC
o
C

o
A

fram
ew

ork
(A

lgorithm
1),

w
e
distribute

com
putation

by
defining

a
data-local

subproblem
of

the
optim

ization
prob-

lem
(A

)
for

each
m
achine.

T
his

sim
pler

problem
can

be
solved

on
m
achine

k
and

only
requires

accessing
data

w
hich

is
already

available
locally,

i.e.,
the

colum
ns

A
[k

] .
M
ore

for-
m
ally,

each
m
achine

k
is

assigned
the

follow
ing

local
subproblem

,
w
hich

depends
only

on
the

previous
shared

vector
v

:=
A
α
∈
R
m
,and

the
localdata

A
[k

] :

m
in

∆
α

[k
] ∈

R
n
G
σ
′

k
(∆
α

[k
] ;v

,α
[k

] )
,

(10)

w
here

G
σ
′

k
(∆
α

[k
] ;v

,α
[k

] )
:=

1K
f

(v
)

+
w
>
A

[k
] ∆
α

[k
] +

σ
′

2
τ ∥∥∥
A

[k
] ∆
α

[k
] ∥∥∥

2
+
∑i∈P

k

g
i (α

i
+

∆
α

[k
]i ),
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

A
lgorith

m
1
G
eneralized

C
o
C

o
A

D
istributed

Fram
ew

ork

1:
In
p
u
t:

D
ata

m
atrix

A
distributed

colum
n-w

ise
according

to
partition

{P
k }
Kk
=

1 ,aggrega-
tion

param
eter

γ∈
(0,1],and

param
eter

σ
′for

the
localsubproblem

sG
σ
′

k
(∆
α

[k
] ;v

,α
[k

] ).
Starting

point
α

(0
)

:=
0
∈
R
n,

v
(0

)
:=

0
∈
R
m
.

2:
for

t
=

0,1,2,...
d
o

3:
for

k
∈
{1
,2
,...,K

}
in

p
arallel

over
com

p
u
ters

d
o

4:
call

local
solver,

returning
a

Θ
-approxim

ate
solution

∆
α

[k
]
of

the
local

subprob-
lem

(10)
5:

update
localvariables

α
(t+

1
)

[k
]

:=
α

(t)
[k

]
+
γ

∆
α

[k
]

6:
return

updates
to

shared
state

∆
v
k

:=
A

[k
] ∆
α

[k
]

7:
en

d
for

8:
reduce

v
(t+

1
)

:=
v

(t)
+
γ ∑

Kk
=

1
∆
v
k

9:
en

d
for

and
w

:=
∇
f

(v
).

H
ere

w
e
let

∆
α

[k
] denote

the
change

oflocalvariables
α
i forindices

i∈
P
k ,

and
w
e
set

(∆
α

[k
] )
i

:=
0
for

all
i
/∈
P
k .

It
is

im
portant

to
note

that
the

subproblem
(10)

is
sim

ple
in

the
sense

that
it

is
alw

ays
a
quadratic

objective
(apart

from
the

g
i
term

).
T
he

subproblem
does

not
depend

on
the

function
f
itself,but

only
its

linearization
at

the
fixed

shared
vector

v.
T
his

property
additionally

sim
plifies

the
task

ofthe
localsolver,especially

for
cases

of
com

plex
functions

f.

Fram
ew

ork
p
aram

eters
γ
an

d
σ
′.

T
here

are
tw

o
param

eters
that

m
ust

be
set

in
the

fram
ew

ork:
γ,the

aggregation
param

eter,w
hich

controlshow
the

updatesfrom
each

m
achine

are
com

bined,and
σ
′,the

subproblem
param

eter,w
hich

is
a
data-dependent

term
m
easuring

the
diffi

culty
of

the
data

partitioning
{P

k }
Kk
=

1 .
T
hese

term
s
play

a
crucial

role
in

the
convergence

ofthe
m
ethod,as

w
e
dem

onstrate
in

Section
4.

In
practice,w

e
provide

a
sim

ple
and

robust
w
ay

to
set

these
param

eters:
For

a
given

aggregation
param

eter
γ
∈

(0,1],
the

subproblem
param

eter
σ
′
w
ill

be
set

as
σ
′

:=
γ
K
,
but

can
also

be
im

proved
in

a
data-

dependent
w
ay

as
w
e
discuss

below
.
In

general,
as

w
e
show

in
Section

4,
setting

γ
:=

1
and

σ
′
:=

K
w
illguarantee

convergence
w
hile

delivering
our

fastest
convergence

rates.

D
efi

n
ition

5
(D

ata-dependent
aggregation

param
eter).

In
A
lgorithm

1,
the

aggregation
param

eter
γ
controls

the
level

of
adding

(γ
:=

1)
versus

averaging
(γ

:=
1K
)
of

the
partial

solutions
from

allm
achines.

For
our

convergence
results

(Section
4)

to
hold,the

subproblem
param

eter
σ
′m

ust
be

chosen
not

sm
aller

than

σ
′≥

σ
′m
in

:=
γ

m
ax

α
∈
R
n

‖
A
α‖

2

∑
Kk
=

1 ‖A
[k

] α
[k

] ‖
2
.

(11)

T
he

sim
ple

choice
of
σ
′
:=

γ
K

is
valid

for
(11),i.e.,

γ
K
≥
σ
′m
in
.

In
som

e
cases,

it
w
ill

be
possible

to
give

a
better

(data-dependent)
choice

for
σ
′,
closer

to
the

actualbound
given

in
σ
′m
in .
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

S
u
b
p
ro
b
le
m

in
te
rp
re
ta
ti
on

.
H
er
e
w
e
pr
ov

id
e
fu
rt
he

r
in
tu
it
io
n

be
hi
nd

th
e
da

ta
-lo

ca
l

su
bp

ro
bl
em

s
(1
0)
.
T
he

lo
ca
lo

bj
ec
ti
ve

fu
nc

ti
on

s
Gσ
′

k
ar
e
de

fin
ed

to
cl
os
el
y
ap

pr
ox

im
at
e
th
e

gl
ob

al
ob

je
ct
iv
e
in

(A
)
as

th
e
“lo

ca
l”

va
ri
ab

le
∆
α

[k
]
va
ri
es
,w

hi
ch

w
e
w
ill

se
e
in

th
e
an

al
ys
is

(A
pp

en
di
x
D
,
Le

m
m
a
1)
.

In
fa
ct
,
if

th
e
su
bp

ro
bl
em

w
er
e
so
lv
ed

ex
ac
tl
y,

th
is

co
ul
d

be
in
te
rp
re
te
d
as

a
da

ta
-d
ep

en
de

nt
,b

lo
ck
-s
ep

ar
ab

le
pr
ox
im

al
st
ep

,a
pp

lie
d
to

th
e
f
pa

rt
of

th
e

ob
je
ct
iv
e
(A

)
as

fo
llo

w
s:

K ∑ k
=

1

Gσ
′

k
(∆
α

[k
];
v
,α

[k
])

=
R

+
f

(v
)+
∇
f

(v
)>
A

∆
α

+
σ
′

2
τ

∆
α
>

  A
> [1

]A
[1

]
0

. .
.

0
A
> [K

]A
[K

]  
∆
α
,
(1
2)

w
he

re
R

=
∑

i∈
[n

]
g i

(−
α
i
−

∆
α
i)
.

H
ow

ev
er
,
no

te
th
at

in
co
nt
ra
st

to
tr
ad

it
io
na

l
pr
ox

im
al

m
et
ho

ds
,
C

o
C

o
A

do
es

no
t
as
-

su
m
e
th
at

th
is

su
bp

ro
bl
em

is
so
lv
ed

to
hi
gh

ac
cu
ra
cy
,
as

w
e
in
st
ea
d
al
lo
w

th
e
us
e
of

lo
ca
l

so
lv
er
s
of

an
y
ap

pr
ox
im

at
io
n
qu

al
it
y

Θ
.

R
eu

sa
b
il
it
y
of

ex
is
ti
n
g
si
n
gl
e-
m
ac
h
in
e
so
lv
er
s.

T
he

lo
ca
ls
ub

pr
ob

le
m
s
(1
0)

ha
ve

th
e

ap
pe

al
in
g
pr
op

er
ty

of
be

in
g
ve
ry

si
m
ila

r
in

st
ru
ct
ur
e
to

th
e
gl
ob

al
pr
ob

le
m

(A
),

w
it
h
th
e

m
ai
n

di
ffe

re
nc
e
be

in
g
th
at

th
ey

ar
e
de
fin

ed
on

a
sm

al
le
r
(l
oc
al
)
su
bs
et

of
th
e
da

ta
,
an

d
ar
e
si
m
pl
er

be
ca
us
e
th
ey

ar
e
no

t
de

pe
nd

en
t
on

th
e
sh
ap

e
of
f
.
Fo

r
a
us
er

of
C

o
C

o
A
,t

hi
s

pr
es
en
ts

a
si
gn

ifi
ca
nt

ad
va
nt
ag

e
in

th
at

ex
is
ti
ng

si
ng

le
m
ac
hi
ne

-s
ol
ve
rs

ca
n
be

di
re
ct
ly

re
-u
se
d

in
ou

r
di
st
ri
bu

te
d
fr
am

ew
or
k
(A

lg
or
it
hm

1)
by

em
pl
oy
in
g
th
em

on
th
e
su
bp

ro
bl
em

s
Gσ
′

k
.

T
he

re
fo
re
,p

ro
bl
em

-s
pe

ci
fic

tu
ne

d
so
lv
er
s
w
hi
ch

ha
ve

al
re
ad

y
be

en
de

ve
lo
pe

d,
al
on

g
w
it
h

as
so
ci
at
ed

sp
ee
d
im

pr
ov
em

en
ts

(s
uc
h
as

m
ul
ti
-c
or
e
im

pl
em

en
ta
ti
on

s)
,c
an

be
ea
si
ly

le
ve
ra
ge
d

in
th
e
di
st
ri
bu

te
d
se
tt
in
g.

W
e
qu

an
ti
fy

th
e
de

pe
nd

en
ce

on
lo
ca
l
so
lv
er

pe
rf
or
m
an

ce
w
it
h

th
e
fo
llo

w
in
g
as
su
m
pt
io
n
an

d
re
m
ar
k,

an
d
re
la
te

th
is
pe

rf
or
m
an

ce
to

ou
r
gl
ob

al
co
nv

er
ge
nc

e
ra
te
s
in

Se
ct
io
n
4.

A
ss
u
m
p
ti
on

1
(Θ

-a
pp

ro
xi
m
at
e
so
lu
ti
on

).
W
e
as
su
m
e
th
at

th
er
e
ex
is
ts

Θ
∈

[0
,1

)
su
ch

th
at
∀k
∈

[K
],

th
e
lo
ca
l
so
lv
er

at
an

y
ou

te
r
it
er
at
io
n
t
pr
od
uc
es

a
(p
os
si
bl
y)

ra
nd

om
iz
ed

ap
pr
ox
im

at
e
so
lu
ti
on

∆
α

[k
],
w
hi
ch

sa
ti
sfi
es

E[
Gσ
′

k
(∆
α

[k
];
v
,α

[k
])
−
Gσ
′

k
(∆
α
? [k

];
v
,α

[k
])
]

Gσ
′

k
(
0

;v
,α

[k
])
−
Gσ
′

k
(∆
α
? [k

];
v
,α

[k
])
≤

Θ
,

(1
3)

w
he
re

∆
α
? [k

]
∈

ar
g

m
in

∆
α
∈R

n
Gσ
′

k
(∆
α

[k
];
v
,α

[k
])
,
∀k
∈

[K
].

(1
4)

R
em

ar
k
1.

In
pr
ac
ti
ce
,
th
e
ti
m
e
sp
en
t
so
lv
in
g
th
e
lo
ca
l
su
bp
ro
bl
em

s
in

pa
ra
lle

l
sh
ou

ld
be

ch
os
en

co
m
pa
ra
bl
e
to

th
e
ti
m
e
of

a
co
m
m
un

ic
at
io
n
ro
un

d,
fo
r
be
st

ov
er
al
l
effi

ci
en
cy

on
a

gi
ve
n
sy
st
em

.
W
e
st
ud

y
th
is

tr
ad
e-
off

in
th
eo
ry

(S
ec
ti
on

4)
an

d
ex
pe
ri
m
en
ts

(S
ec
ti
on

6)
.

R
em

ar
k
2.

N
ot
e
th
at

th
e
ac
cu
ra
cy

pa
ra
m
et
er

Θ
do
es

no
t
ha
ve

to
be

ch
os
en

a
pr
io
ri
:
O
ur

co
nv
er
ge
nc
e
re
su
lts

(S
ec
ti
on

4)
ar
e
va
lid

if
Θ

is
an

up
pe
r
bo
un

d
on

th
e
ac
tu
al

em
pi
ri
ca
l

va
lu
es

Θ
in

A
lg
or
it
hm

1.
T
hi
s
al
lo
w
s
fo
r
so
m
e
of

th
e
K

m
ac
hi
ne
s
to

at
ti
m
es

de
liv

er
be
tt
er

or
w
or
se

ac
cu
ra
cy

Θ
(e
.g
.,
th
is

w
ou

ld
al
lo
w

a
sl
ow

lo
ca
lm

ac
hi
ne

to
be

st
op
pe
d
ea
rl
y
du

ri
ng

a
sp
ec
ifi
c
ro
un

d
in

or
de
r
to

av
oi
d
st
ra
gg
le
rs
).

Se
e
(S
m
it
h
et

al
.,
20
17
)
fo
r
m
or
e
de
ta
ils
.
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S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

R
em

ar
k
3.

Fr
om

a
th
eo
re
ti
ca
l
pe
rs
pe
ct
iv
e,

th
e
m
ul
ti
pl
ic
at
iv
e
no

ti
on

of
ac
cu
ra
cy

is
ad
va
n-

ta
ge
ou

s
ov
er

cl
as
si
ca
la

dd
it
iv
e
ac
cu
ra
cy

as
ex
is
ti
ng

co
nv
er
ge
nc
e
re
su
lts

fo
r
fir
st
-
an

d
se
co
nd

-
or
de
r
op
ti
m
iz
at
io
n
m
et
ho
ds

ty
pi
ca
lly

ap
pe
ar

in
m
ul
ti
pl
ic
at
iv
e
fo
rm

,
i.e

.,
re
la
ti
ve

to
th
e
er
ro
r

at
th
e
in
it
ia
liz
at
io
n
po
in
t
(h
er
e

∆
α

[k
]

=
0
).

T
hi
s
ac
cu
ra
cy

no
ti
on

Θ
is

al
so

us
ef
ul

be
yo
nd

th
e
di
st
ri
bu
te
d
se
tt
in
g
(s
ee
,
e.
g.
,
K
ar
im

ir
ed
dy

et
al
.,
20
18
a,
b)
.
W
e
di
sc
us
s
lo
ca
ls
ol
ve
rs

an
d

as
so
ci
at
ed

ra
te
s
to

ac
hi
ev
e
ac
cu
ra
cy

Θ
fo
r
pa
rt
ic
ul
ar

ap
pl
ic
at
io
ns

in
Se
ct
io
n
5.

W
it
h
th
is

ge
ne

ra
l
fr
am

ew
or
k
in

pl
ac
e,

w
e
ne

xt
di
sc
us
s
tw

o
va
ri
an

ts
of

ou
r
fr
am

ew
or
k,

C
o
C

o
A
-P

ri
m
al

an
d

C
o
C

o
A
-D

ua
l.

In
ru
nn

in
g
ei
th
er

th
e
pr
im

al
or

du
al

va
ri
an

t
of

th
e

fr
am

ew
or
k,

th
e
go

al
w
ill

al
w
ay
s
be

to
so
lv
e
ob

je
ct
iv
e
(A

)
in

a
di
st
ri
bu

te
d

fa
sh
io
n.

T
he

m
ai
n
di
ffe

re
nc

e
w
ill

be
w
he

th
er

th
is

ob
je
ct
iv
e
is

vi
ew

ed
as

th
e
pr
im

al
or

du
al

of
th
e
in
pu

t
pr
ob

le
m

(I
).

W
e
m
ak
e
th
is

m
ap

pi
ng

te
ch
ni
qu

e
pr
ec
is
e
an

d
di
sc
us
s
it
s
im

pl
ic
at
io
ns

in
th
e

fo
llo

w
in
g
su
bs
ec
ti
on

s
(S
ec
ti
on

s
3.
2–

3.
4)
.

3.
2
P
ri
m
al

D
is
tr
ib
u
te
d
O
p
ti
m
iz
at
io
n

In
th
e
pr
im

al
di
st
ri
bu

te
d
ve
rs
io
n
of

th
e
fr
am

ew
or
k
(A

lg
or
it
hm

2)
,t

he
fr
am

ew
or
k
is

ru
n
by

m
ap

pi
ng

th
e
in
it
ia
lp

ro
bl
em

(I
)
di
re
ct
ly

to
ob

je
ct
iv
e
(A

)
an

d
th
en

ap
pl
yi
ng

th
e
ge
ne

ra
liz

ed
C

o
C

o
A

fr
am

ew
or
k
de
sc
ri
be

d
in

A
lg
or
it
hm

1.
In

ot
he

r
w
or
ds
,w

e
vi
ew

pr
ob

le
m

(A
)
as

th
e

pr
im

al
ob

je
ct
iv
e,

an
d
so
lv
e
th
is

pr
ob

le
m

di
re
ct
ly
.

Fr
om

a
th
eo
re
ti
ca
lp

er
sp
ec
ti
ve
,v

ie
w
in
g
(A

)
as

th
e
pr
im

al
w
ill

al
lo
w

us
to

co
ns
id
er

no
n-

st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
rs
,
si
nc

e
w
e
al
lo
w

th
e
te
rm

s
g i

to
be

no
n-
st
ro
ng

ly
co
nv

ex
.
T
hi
s

se
tt
in
g
w
as

no
t
co
ve
re
d
in

ea
rl
ie
r
w
or
k
of

Y
an

g
(2
01

3)
;J

ag
gi

et
al
.(
20

14
);
M
a
et

al
.(
20

15
a)
;

an
d
M
a
et

al
.(
20

17
b)
,a

nd
w
e
di
sc
us
s
it
in

de
ta
il
in

Se
ct
io
n
4,

as
ad

di
ti
on

al
m
ac
hi
ne
ry

m
us
t

be
in
tr
od

uc
ed

to
de

ve
lo
p
pr
im

al
-d
ua

lr
at
es

fo
r
th
is

se
tt
in
g.

R
un

ni
ng

th
e
pr
im

al
ve
rs
io
n
of

th
e
fr
am

ew
or
k
ha

s
im

po
rt
an

t
pr
ac
ti
ca
li
m
pl
ic
at
io
ns

in
th
e

di
st
ri
bu

te
d
se
tt
in
g,

as
it
ty
pi
ca
lly

im
pl
ie
s
th
at

th
e
da

ta
is
di
st
ri
bu

te
d
by

fe
at
ur
e
ra
th
er

th
an

by
tr
ai
ni
ng

po
in
t.

In
th
is
se
tt
in
g,

th
e
am

ou
nt

of
co
m
m
un

ic
at
io
n
at

ev
er
y
ou

te
r
it
er
at
io
n
w
ill

be
O

(#
of

tr
ai
ni
ng

po
in
ts

).
W

he
n
th
e
nu

m
be

r
of

fe
at
ur
es

is
hi
gh

(a
s
is
co
m
m
on

w
he
n
us
in
g

sp
ar
si
ty
-in

du
ci
ng

re
gu

la
ri
ze
rs
)
th
is

ca
n
he

lp
to

re
du

ce
co
m
m
un

ic
at
io
n
an

d
im

pr
ov
e
ov
er
al
l

pe
rf
or
m
an

ce
,a

s
w
e
de

m
on

st
ra
te

in
Se

ct
io
n
6.

A
lg
or
it
h
m

2
C

o
C

o
A
-P

ri
m
al

(M
ap

pi
ng

P
ro
bl
em

(I
)
to

(A
))

1:
M
ap

:
In
pu

t
pr
ob

le
m

(I
)
to

ob
je
ct
iv
e
(A

)
2:

D
is
tr
ib
u
te
:
D
at
as
et
A

by
co
lu
m
ns

(h
er
e
ty
pi
ca
lly

fe
at
ur
es
)
ac
co
rd
in
g
to

pa
r-

ti
ti
on
{P

k
}K k

=
1

3:
R
u
n
:
A
lg
or
it
hm

1
w
it
h
ag

gr
eg
at
io
n
pa

ra
m
et
er
γ
an

d
su
bp

ro
bl
em

pa
ra
m
et
er
σ
′

3.
3
D
u
al

D
is
tr
ib
u
te
d
O
p
ti
m
iz
at
io
n

In
th
e
du

al
di
st
ri
bu

te
d
ve
rs
io
n
of

th
e
fr
am

ew
or
k
(A

lg
or
it
hm

3)
,
w
e
ru
n
th
e
fr
am

ew
or
k
by

m
ap

pi
ng

th
e
or
ig
in
al

pr
ob

le
m

(I
)
to

ob
je
ct
iv
e
(B

),
an

d
th
en

so
lv
e
th
e
pr
ob

le
m

by
ru
nn

in
g

A
lg
or
it
hm

1
on

th
e
du

al
(A

).
In

ot
he

r
w
or
ds
,w

e
vi
ew

pr
ob

le
m

(B
)
as

th
e
pr
im

al
,a

nd
so
lv
e

th
is

pr
ob

le
m

vi
a
th
e
du

al
(A

).
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

T
his

version
of

the
fram

ew
ork

w
ill

allow
us

to
consider

non-sm
ooth

losses,
such

as
the

hinge
loss

or
absolute

deviation
loss,since

the
term

s
g ∗i

can
be

non-sm
ooth.

From
a
practical

perspective,
this

version
of

the
fram

ew
ork

w
ill

typically
im

ply
that

the
data

is
distributed

by
training

point,
and

for
a
vector

O
(#

of
features)

to
be

com
m
unicated

at
every

outer
iteration.

T
his

variant
m
ay

therefore
be

preferable
w
hen

the
num

ber
of

training
points

exceeds
the

num
ber

of
features.

A
lgorith

m
3

C
o
C

o
A
-D

ual(M
apping

P
roblem

(I)
to

(B
))

1:
M
ap

:
Input

problem
(I)

to
objective

(B
)

2:
D
istrib

u
te:

D
ataset

A
by

colum
ns

(here
typically

training
points)

according
to

partition
{P

k }
Kk
=

1

3:
R
u
n
:
A
lgorithm

1
w
ith

aggregation
param

eter
γ
and

subproblem
param

eter
σ
′

3.4
P
rim

al
vs.

D
u
al

In
T
able

2,
w
e
revisit

the
three

cases
from

Section
2,

show
ing

how
the

prim
al

and
dual

variants
of

C
o
C

o
A

can
be

applied
to

various
input

problem
s
`(u

)
+
r(u

),
depending

on
properties

of
the

functions
`
and

r.
In

particular,
in

the
setting

w
here

`
is

sm
ooth

and
r

is
strongly

convex,the
user

m
ay

choose
w
hether

to
run

the
fram

ew
ork

in
the

prim
al(A

lgo-
rithm

2),or
in

the
dual(A

lgorithm
3).

Intuitively,
A
lgorithm

2
w
ill

be
preferable

as
r
loses

strong
convexity,

and
A
lgorithm

3
w
illbe

preferable
as
`
loses

sm
oothness.

H
ow

ever,there
are

also
system

s-related
aspects

to
consider.

In
A
lgorithm

2,
w
e
typically

distribute
the

data
by

feature,
and

in
A
lgorithm

3,
by

training
point

(this
distribution

depends
on

how
the

term
s
n
and

m
are

defined
in

our
m
apping;see

Section
5).

D
epending

on
w
hetherthe

num
beroffeaturesornum

beroftraining
points

is
the

dom
inating

term
,w

e
m
ay

chose
to

run
A
lgorithm

2
or

A
lgorithm

3,respectively,
in

order
to

reduce
com

m
unication

costs.
W
e
validate

these
ideas

em
pirically

in
Section

6
by

com
paring

the
perform

ance
of

each
variant

(prim
alvs.

dual)
on

realdistributed
datasets.

T
able

2:
C
riteria

for
R
unning

A
lgorithm

s
2
vs.3.

Sm
ooth

`
N
on-sm

ooth
and

separable
`

Strongly
convex

r
C
ase

I:A
lg.2

or
3

C
ase

III:A
lg.3

N
on-strongly

convex
and

separable
r

C
ase

II:
A
lg.2

–

In
the

follow
ing

subsection,w
e
provide

greater
insight

into
the

C
o
C

o
A

fram
ew

ork
and

its
relation

to
prior

w
ork.

A
n
extended

discussion
on

related
w
ork

is
available

in
Section

7.

3.5
Interp

retation
s
of

C
o
C

o
A

T
here

are
num

erous
m
ethods

that
have

been
developed

to
solve

(A
)
and

(B
)
in

paralleland
distributed

environm
ents.

W
e
describe

related
w
ork

in
detailin

Section
7,and

here
briefly

position
C

o
C

o
A

and
in

relation
to

other
w
idely-used

paralleland
distributed

m
ethods.
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

C
o
C

o
A

in
th
e
context

of
classical

p
arallelization

sch
em

es.
W
e
first

contrast
C

o
-

C
o
A

w
ith

com
m
on

distributed
m
ini-batch

and
batch

m
ethods,such

as
m
ini-batch

stochastic
gradient

descent
or

coordinate
descent,gradient

descent,and
quasi-N

ew
ton

m
ethods.

C
o
C

o
A

is
sim

ilar
to

these
m
ethods

in
that

they
are

alliterative,i.e.,they
m
ake

progress
tow

ards
the

optim
alsolution

by
updating

the
param

eter
vector

α
according

to
som

e
func-

tion
h:

R
n→

R
n
at

each
iteration

t:
α

(t+
1
)=
h

(α
(t)),

t=
0,1,...,untilconvergence

is
reached.

From
a
coordinate-w

ise
perspective,tw

o
approaches

to
update

α
iteratively

include
the

Ja-
cobi“all-at-once”

and
G
auss-Seidel“one-at-a-tim

e”
m
ethods

(B
ersekas

and
T
sitsiklis,1989):

Jacobi:
α

(t+
1
)

i
=
h
i (α

(t)
1
,...,α

(t)
n

),
i

=
1,...,n

,

G
auss-Seidel:

α
(t+

1
)

i
=
h
i (α

(t+
1
)

1
,...,α

(t+
1
)

i−
1
,α

(t)
i
,...,α

(t)
n

),
i

=
1,...,n

.

T
he

Jacobi
m
ethod

does
not

require
inform

ation
from

the
other

coordinates
to

update
coordinate

i,w
hich

m
akes

this
style

ofm
ethod

w
ell-suited

for
parallelization.

H
ow

ever,the
sequentialG

auss-Seidel-style
m
ethod

tends
to

converge
faster

in
term

s
ofiterations,as

it
is

able
to

incorporate
inform

ation
from

the
updates

of
other

coordinates
m
ore

quickly.
T
his

difference
is

w
ell-know

n
and

evident
in

single
m
achine

solvers,
w
here

stochastic
m
ethods

(benefiting
from

fresh
updates)

tend
to

outperform
their

batch
counterparts.

T
ypicalm

ini-batch
m
ethods,e.g.,m

ini-batch
coordinate

descent,perform
a
Jacobi-style

update
on

a
subset

ofthe
coordinates

at
each

iteration.
T
his

m
akes

these
m
ethods

am
enable

to
high

levels
of

parallelization.
H
ow

ever,
they

are
unable

to
incorporate

inform
ation

as
quickly

as
their

serialcounterparts
in

term
s
of

num
ber

of
data

points
accessed,as

synchro-
nization

is
required

before
updating

the
coordinates.

A
s
the

size
of

the
m
ini-batch

grow
s,

this
can

increase
the

runtim
e
and

even
lead

to
divergence

(R
ichtárik

and
T
akáč,2016).

C
o
C

o
A

instead
aim

sto
com

bine
attractive

propertiesofboth
ofthese

update
paradigm

s.
In

C
o
C

o
A
,Jacobi-style

updates
are

applied
in

parallelto
blocks

ofthe
coordinates

of
α

to
distribute

the
m
ethod,

w
hile

allow
ing

for
(though

not
necessarily

requiring)
faster

G
auss-

Seidel-style
updates

on
each

m
achine.

T
his

change
in

parallelization
schem

e
is

one
of

the
key

reasons
for

im
proved

perform
ance

over
sim

pler
m
ini-batch

or
batch

style
m
ethods.

T
w
o
extrem

es:
from

d
istrib

u
ted

C
D

to
on

e-sh
ot

com
m
u
n
ication

.
In

addition
to

the
parallel

block-Jacobi
updating

schem
e
described

above,
C

o
C

o
A

incorporates
an

ad-
ditional

level
of

flexibility
by

allow
ing

for
an

arbitrary
num

ber
of

sequential
G
auss-Seidel

iterations
(or

any
local

solver
for

that
m
atter)

to
be

perform
ed

locally
on

each
m
achine.

T
his

flexibility
is

critical
in

the
distributed

setting,
as

one
of

the
key

indicators
of

parallel
effi

ciency
is

the
tim

e
spent

on
local

com
putation

vs.
com

m
unication.

In
particular,

the
flexibility

to
solve

each
subproblem

to
arbitrary

accuracy,
Θ
,
allow

s
C

o
C

o
A

to
scale

from
low

-com
m
unication

environm
ents,

w
here

m
ore

iterations
can

be
perform

ed
before

com
m
u-

nicating,to
high

com
m
unication

environm
ents,w

here
few

er
localiterations

are
necessary.

In
com

parison
w
ith

other
distributed

m
ethods,this

flexibility
also

affords
an

explanation
of

C
o
C

o
A

as
a
m
ethod

that
can

freely
m
ove

betw
een

tw
o
extrem

es.
O
n
one

extrem
e,

if
the

subproblem
s
(10)

are
solved

exactly,
C

o
C

o
A

recovers
block

coordinate
descent,w

here
the

coordinate
updates

are
applied

as
part

of
a
block-separable

proxim
al

step
(12).

If
only

one
outer

round
of

com
m
unication

is
perform

ed,
this

is
sim

ilar
in

spirit
to

one-shot
com

m
unication

schem
es,

w
hich

attem
pt

to
com

pletely
solve

for
and

then
com

bine
locally-

com
puted

m
odels

(see,e.g.,M
ann

et
al.,2009;Zhang

et
al.,2013;H

einze
et

al.,2016).
W

hile
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

th
es
e
on

e-
sh
ot

co
m
m
un

ic
at
io
n
sc
he

m
es

ar
e
id
ea
li
n
te
rm

s
of

re
du

ci
ng

co
m
m
un

ic
at
io
n,

th
ey

ar
e,

in
co
nt
ra
st

to
C

o
C

o
A
,g

en
er
al
ly

no
t
gu

ar
an

te
ed

to
co
nv

er
ge

to
th
e
op

ti
m
al

so
lu
ti
on

.
O
n
th
e
ot
he

r
ex
tr
em

e,
if
ju
st

a
si
ng

le
up

da
te

(i
.e
.,
w
it
h
re
sp
ec
t
to

on
e
co
or
di
na

te
α
i)

is
pe

rf
or
m
ed

at
ea
ch

co
m
m
un

ic
at
io
n
ro
un

d,
th
is

re
co
ve
rs

tr
ad

it
io
na

ld
is
tr
ib
ut
ed

co
or
di
na

te
de

sc
en
t.

In
co
m
pa

ri
so
n
to

C
o
C

o
A
,
va
ni
lla

di
st
ri
bu

te
d
co
or
di
na

te
de

sc
en
t
ca
n
su
ffe

r
fr
om

a
hi
gh

co
m
m
un

ic
at
io
n

bo
tt
le
ne

ck
du

e
to

th
e
lo
w

re
la
ti
ve

am
ou

nt
of

lo
ca
l
co
m
pu

ta
ti
on

.
E
ve
n
in

th
e
ca
se

of
m
in
i-b

at
ch

co
or
di
na

te
de

sc
en
t,

th
e
m
os
t
am

ou
nt

of
w
or
k
th
at

ca
n
be

pe
rf
or
m
ed

lo
ca
lly

at
ea
ch

ro
un

d
in
cl
ud

es
a
si
ng

le
pa

ss
th
ro
ug

h
th
e
da

ta
,
w
he

re
as

C
o
C

o
A

ha
s
th
e
fle

xi
bi
lit
y
to

ta
ke

m
ul
ti
pl
e
pa

ss
es
.
W
e
em

pi
ri
ca
lly

co
m
pa

re
to

m
in
i-b

at
ch

di
st
ri
bu

te
d

co
or
di
na

te
de

sc
en
t
in

Se
ct
io
n
6
to

de
m
on

st
ra
te

th
e
eff

ec
t
of

th
is

is
su
e
in

pr
ac
ti
ce
.

C
om

p
ar
is
on

to
A
D
M
M
.

F
in
al
ly
,w

e
pr
ov

id
e
a
di
re
ct

co
m
pa

ri
so
n
be

tw
ee
n

C
o
C

o
A

an
d

th
e
al
te
rn
at
in
g
di
re
ct
io
n
m
et
ho

d
of

m
ul
ti
pl
ie
rs

(A
D
M
M
),

a
w
el
l-e

st
ab

lis
he

d
fr
am

ew
or
k
fo
r

di
st
ri
bu

te
d
op

ti
m
iz
at
io
n
(B

oy
d
et

al
.,
20

10
).

Si
m
ila

r
to

C
o
C

o
A
,
A
D
M
M

de
fin

es
a
su
b-

pr
ob

le
m

fo
r
ea
ch

m
ac
hi
ne

to
so
lv
e
in

pa
ra
lle
l,
ra
th
er

th
an

pa
ra
lle

liz
in
g
a
m
in
i-b

at
ch

up
da

te
.

A
D
M
M

al
so

le
ve
ra
ge
s
du

al
it
y
st
ru
ct
ur
e,
si
m
ila

rt
o
th
at

pr
es
en
te
d
in

Se
ct
io
n
2.

Fo
rc

on
se
ns
us

A
D
M
M

(M
ot
a
et

al
.,
20

13
),
(B

)
is

de
co
m
po

se
d
w
it
h
a
re
-p
ar
am

et
er
iz
at
io
n:

m
ax

w
1
,.
..
w
K
,w

K ∑ k
=

1

∑ i∈
P k
g
∗ (
−
x
> i
w
k
)

+
f
∗ (
w

)
s.
t.
w
k

=
w
,
k

=
1,
..
.,
K
.

T
hi
s
pr
ob

le
m

is
th
en

so
lv
ed

by
co
ns
tr
uc

ti
ng

th
e
au

gm
en
te
d
La

gr
an

gi
an

,
w
hi
ch

yi
el
ds

th
e

fo
llo

w
in
g
de

co
m
po

sa
bl
e
up

da
te
s:

w
(t

+
1
)

k
=

ar
g

m
in

w
k

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
ρ
u

(t
)

k

>
(w

k
−

w
(t

) )
+
ρ 2
‖w

k
−

w
(t

) ‖
2
,

w
(t

+
1
)

=
ar

g
m

in
w

f
∗ (
w

)
+
ρ
K 2
‖w
−

(w̄
(t

+
1
)

k
+

ū
(t

)
k

)‖
2
,

u
(t

+
1
)

k
=

u
(t

)
k

+
w

(t
+

1
)

k
−

w
(t

+
1
) ,

w
he

re
ρ
is

a
pe

na
lt
y
pa

ra
m
et
er

th
at

m
us
t
be

tu
ne

d
fo
r
be

st
pe

rf
or
m
an

ce
.
It

ca
n
be

sh
ow

n
th
at

th
e
up

da
te

to
w
k
ca
n
be

re
fo
rm

ul
at
ed

in
te
rm

s
of

th
e
co
nj
ug

at
e
fu
nc

ti
on

s
g i

as
:

ar
g

m
in

α
[k

]

∑ i∈
P k
g i

(α
[k

] i
)

+
(w

(t
)
−

u
(t

)
k

)>
A

[k
]α

[k
]
+

1 2ρ
‖A

[k
]α

[k
]‖2

.
(1
5)

T
hu

s,
w
e
se
e
th
at

th
e
up

da
te

to
w
k
cl
os
el
y
m
at
ch
es

th
e

C
o
C

o
A

su
bp

ro
bl
em

(1
0)
,
w
he

re
ρ

:=
τ σ
′.

T
hi
s
is
in
tu
it
iv
e
as

bo
th

m
et
ho

ds
us
e
pr
ox
im

al
st
ep

s
to

de
ri
ve

th
e
su
bp

ro
bl
em

,a
nd

a
si
m
ila

r
re
su
lt

ca
n
be

sh
ow

n
w
he
n
ap

pl
yi
ng

A
D
M
M

to
th
e
(A

)
fo
rm

ul
at
io
n,

w
hi
ch

ca
n
be

se
en

as
an

in
st
an

ti
at
io
n
of

th
e
sh
ar
in
g
va
ri
an

t
of

A
D
M
M

(B
oy
d
et

al
.,
20

10
,S

ec
ti
on

7.
3)
.

H
ow

ev
er
,
th
er
e
re
m
ai
n
m
aj
or

di
ffe

re
nc

es
be

tw
ee
n
th
e
m
et
ho

ds
de

sp
it
e
th
is

co
nn

ec
ti
on

.
F
ir
st
,

C
o
C

o
A

ha
s
a
m
or
e
di
re
ct

an
d

si
m
pl
ifi
ed

sc
he

m
e
fo
r
up

da
ti
ng

th
e
gl
ob

al
w
ei
gh

t
ve
ct
or

w
,
as

th
e
ad

di
ti
on

al
pr
ox
im

al
st
ep

is
no

t
re
qu

ir
ed

.
Se

co
nd

,
in

C
o
C

o
A
,
th
er
e
is

no
ne

ed
to

tu
ne

an
y
pa

ra
m
et
er
s
su
ch

as
ρ
,
as

th
e
m
et
ho

d
ca
n
be

ru
n
si
m
pl
y
us
in
g
σ
′ =
K
.

F
in
al
ly
,
in

th
e

C
o
C

o
A

m
et
ho

d
an

d
th
eo
ry
,
th
e
su
bp

ro
bl
em

ca
n
be

so
lv
ed

ap
pr
ox

im
at
el
y

to
an

y
ac
cu

ra
cy

Θ
,
ra
th
er

th
an

re
qu

ir
in
g
a
fu
ll
ba

tc
h
up

da
te

as
in

A
D
M
M
.
W
e
w
ill

se
e
in

ou
r
ex
pe

ri
m
en
ts

th
at

th
es
e
di
ffe

re
nc

es
ha

ve
a
su
bs
ta
nt
ia
li
m
pa

ct
in

pr
ac
ti
ce

(S
ec
ti
on

6)
.
W
e

pr
ov
id
e
a
fu
ll
de

ri
va
ti
on

of
th
e
co
m
pa

ri
so
n
to

A
D
M
M

fo
r
re
fe
re
nc

e
in

A
pp

en
di
x
C
.
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S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

4.
C

on
ve

rg
en

ce
A

n
al

ys
is

In
th
is

se
ct
io
n,

w
e
pr
ov
id
e
co
nv

er
ge
nc

e
ra
te
s
fo
r
th
e
pr
op

os
ed

fr
am

ew
or
k
an

d
in
tr
od

uc
e
a

ke
y
th
eo
re
ti
ca
lt
ec
hn

iq
ue

in
an

al
yz
in
g
no

n-
st
ro
ng

ly
co
nv

ex
te
rm

s
in

th
e
pr
im

al
-d
ua

ls
et
ti
ng

.
Fo

r
si
m
pl
ic
it
y
of

pr
es
en
ta
ti
on

,
w
e
as
su
m
e
in

th
e
an

al
ys
is

th
at

th
e
da

ta
pa

rt
it
io
ni
ng

is
ba

la
nc

ed
,
i.e

.,
n
k

=
n
/K

fo
r
al
l
k
.
Fu

rt
he

rm
or
e,

w
e
as
su
m
e
th
at

th
e
co
lu
m
ns

of
A

sa
ti
sf
y

‖x
i‖
≤

1
fo
r
al
l
i
∈

[n
],
an

d
O B

co
nt
ai
ns

th
e
av
er
ag

e
te
rm

1 n

∑
n i=

1
g
∗ i(
·),

as
is

co
m
m
on

in
E
R
M
-t
yp

e
pr
ob

le
m
s.

W
e
pr
es
en
t
ra
te
s
fo
r
th
e
ca
se

w
he

re
γ

:=
1
in

A
lg
or
it
hm

1,
an

d
w
he

re
th
e
su
bp

ro
bl
em

s
(1
0)

ar
e
de

fin
ed

us
in
g
th
e
co
rr
es
po

nd
in
g
sa
fe

bo
un

d
σ
′

:=
K
.
T
hi
s
ca
se

w
ill

gu
ar
an

te
e
co
nv

er
ge
nc

e
w
hi
le
de

liv
er
in
g
ou

r
fa
st
es
t
ra
te
s
in

th
e
di
st
ri
bu

te
d
se
tt
in
g,

w
hi
ch

in
pa

rt
ic
ul
ar

do
no

t
de

gr
ad

e
as

th
e
nu

m
be

r
of

m
ac
hi
ne
s
K

in
cr
ea
se
s
an

d
n
re
m
ai
ns

fix
ed
.

M
or
e
ge
ne

ra
lr

at
es

an
d
al
lp

ro
of

de
ta
ils

ca
n
be

fo
un

d
in

th
e
ap

pe
nd

ix
.

4.
1
P
ro
of

S
tr
at
eg
y:

R
el
at
in
g
S
u
b
p
ro
b
le
m

A
p
p
ro
xi
m
at
io
n
to

G
lo
b
al

P
ro
gr
es
s

T
o
gu

ar
an

te
e
co
nv

er
ge
nc

e,
it

is
cr
it
ic
al

to
sh
ow

ho
w

pr
og

re
ss

m
ad

e
on

th
e
lo
ca
l
su
bp

ro
b-

le
m
s
(1
0)

re
la
te
s
to

th
e
gl
ob

al
ob

je
ct
iv
e
O A

.
O
ur

fir
st

le
m
m
a
pr
ov
id
es

ex
ac
tl
y
th
is
in
fo
rm

a-
ti
on

.
In

pa
rt
ic
ul
ar
,
w
e
se
e
th
at

if
th
e
ag

gr
eg
at
io
n
an

d
su
bp

ro
bl
em

pa
ra
m
et
er
s
ar
e
se
le
ct
ed

ac
co
rd
in
g
to

D
efi

ni
ti
on

5,
th
e
su
m

of
th
e
su
bp

ro
bl
em

ob
je
ct
iv
es
,
∑

K k
=

1
Gσ
′

k
,
w
ill

fo
rm

a
bl
oc
k-
se
pa

ra
bl
e
up

pe
r
bo

un
d
on

th
e
gl
ob

al
ob

je
ct
iv
e
O A

.

L
em

m
a
1.

Fo
r
an

y
w
ei
gh
t
ve
ct
or
α
,∆
α
∈

R
n
,
v

=
v

(α
)

:=
A
α
,
an

d
re
al

va
lu
es

γ
,σ
′

sa
ti
sf
yi
ng

(1
1)
,
it
ho
ld
s
th
at

O A
( α

+
γ

K ∑ k
=

1

∆
α

[k
])
≤

(1
−
γ

)O
A

(α
)

+
γ

K ∑ k
=

1

Gσ
′

k
(∆
α

[k
];
v
,α

[k
])
.

(1
6)

A
pr
oo

fo
fL

em
m
a
1
is
pr
ov

id
ed

in
A
pp

en
di
x
D
.W

e
us
e
th
is
m
ai
n
le
m
m
a,

in
co
m
bi
na

ti
on

w
it
h
ou

r
m
ea
su
re

of
qu

al
it
y
of

th
e
su
bp

ro
bl
em

ap
pr
ox
im

at
io
ns

(A
ss
um

pt
io
n
1)
,
to

de
liv

er
gl
ob

al
co
nv

er
ge
nc

e
ra
te
s.

4.
2
R
at
es

fo
r
G
en

er
al

C
on

ve
x
g i
,
L
-L
ip
sc
h
it
z
g
∗ i

O
ur

fir
st

m
ai
n
th
eo
re
m

pr
ov

id
es

co
nv

er
ge
nc

e
gu

ar
an

te
es

fo
ro

bj
ec
ti
ve
s
w
it
h
ge
ne
ra
lc
on

ve
x
g i

(o
r,

eq
ui
va
le
nt
ly
,
L
-L
ip
sc
hi
tz
g
∗ i)
,
in
cl
ud

in
g
m
od

el
s
w
it
h
no

n-
st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
rs

su
ch

as
la
ss
o
an

d
sp
ar
se

lo
gi
st
ic

re
gr
es
si
on

,
or

m
od

el
s
w
it
h
no

n-
sm

oo
th

lo
ss
es
,
su
ch

as
th
e

hi
ng

e
lo
ss

su
pp

or
t
ve
ct
or

m
ac
hi
ne

.

T
h
eo
re
m

2.
C
on

si
de
r
A
lg
or
it
hm

1
w
it
h
γ

:=
1,

an
d
le
t

Θ
be

th
e
qu
al
it
y
of

th
e
lo
ca
ls

ol
ve
r

as
in

A
ss
um

pt
io
n
1.

Le
tg

i
ha
ve
L
-b
ou

nd
ed

su
pp
or
t,
an

d
le
tf

be
(1
/τ

)-
sm

oo
th
.
T
he
n
af
te
r
T

it
er
at
io
ns
,
w
he
re

T
≥
T

0
+

m
ax
{⌈

1

1
−

Θ

⌉ ,
4
L

2

τ
ε G

(1
−

Θ
)}
,

(1
7)

T
0
≥
t 0

+
[

2

1
−

Θ

(
8L

2

τ
ε G
−

1)
] +
,

t 0
≥

m
ax

(0
,⌈

1
(1
−

Θ
)

lo
g
( τ

n
(O
A

(α
(0

)
)−
O A

(α
?
))

2
L
2
K

)⌉
)
,
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

w
e
have

that
the

expected
duality

gap
satisfies

E [O
A

(α
)−

(−
O
B

(w
(α

))) ]≤
ε
G
,

w
here

α
is

the
averaged

iterate:
1

T−
T
0 ∑

T−
1

t=
T
0
+

1
α

(t).

P
roviding

prim
al-dual

rates
and

globally
defined

prim
al-dual

accuracy
certificates

for
these

objectives
m
ay

require
a
theoretical

technique
that

w
e
introduce

below
,
in

w
hich

w
e

show
how

to
satisfy

the
notion

of
L
-bounded

support
for

g
i ,as

stated
in

D
efinition

2.

4.2.1
B

o
u
n
d
ed

su
ppo

rt
m

o
d
ific

at
io

n

A
dditionalw

ork
isnecessary

ifT
heorem

2
isto

be
applied

to
non-strongly

convex
regularizers

such
as

the
L

1
norm

,w
hich

do
not

have
L
-bounded

support
for

each
g
i ,and

thus
violate

the
m
ain

assum
ptions.

N
ote

for
exam

ple
that

the
conjugate

function
of
g
i

=
|·|,

w
hich

is
the

indicator
function

of
an

interval,
is

not
defined

globally
over

R
,
and

thus
(w

ithout
further

m
odification)

the
duality

gap
G

(α
):=O

A
(α

)-(-O
B

(w
(α

)))
is

not
defined

at
allpoints

α
.

S
m
ooth

in
g.

T
o
address

this
problem

,existing
approaches

typically
use

a
sim

ple
sm

ooth-
ing

technique
(e.g.,

N
esterov,

2005;
Shalev-Shw

artz
and

Zhang,
2014):

by
adding

a
sm

all
am

ountof
L

2
regularization,the

functions
g
i becom

e
strongly

convex.
Follow

ing
this

change,
the

m
ethods

are
run

on
the

dualinstead
ofthe

originalprim
alproblem

.
W

hile
this

m
odifi-

cation
satisfies

the
necessary

assum
ptions

for
convergence,this

sm
oothing

technique
is
often

undesirable
in

practice,as
it

changes
the

iterates,the
algorithm

s
at

hand,the
convergence

rate,and
the

tightness
ofthe

resulting
duality

gap
com

pared
to

the
originalobjective.

Fur-
ther,the

am
ount

of
sm

oothing
can

be
diffi

cult
to

tune
and

has
a
large

im
pact

on
em

pirical
perform

ance.
W
e
perform

experim
ents

to
highlight

these
issues

in
practice

in
Section

6.

B
ou

n
d
ed

su
p
p
ort

m
od

ifi
cation

.
In

contrast
to

sm
oothing,

our
approach

preserves
all

solutions
of

the
original

objective,
leaves

the
iterate

sequence
unchanged,

and
allow

s
for

direct
reusability

of
existing

solvers
for

the
original

g
i
objectives

(such
as
L

1
solvers).

It
also

rem
oves

the
need

for
tuning

a
sm

oothing
param

eter.
T
o
achieve

this,
w
e
m
odify

the
function

g
i
by

im
posing

an
additional

w
eak

constraint
that

is
inactive

in
our

region
of

interest.
Form

ally,w
e
replace

g
i (α

i )
by

the
follow

ing
m
odified

function:

ḡ
i (α

i )
:=

{
g
i (α

i )
:
α
i ∈

[−
B
,B

]

+
∞

:otherw
ise.

(18)

For
large

enough
B
,
this

problem
yields

the
sam

e
solution

as
the

original
objective.

N
ote

also
that

this
only

affects
convergence

theory,in
that

it
allow

s
us

to
present

a
strong

prim
al-

dual
rate

(T
heorem

2
for

L
=
B
).

T
he

m
odification

of
g
i
does

not
affect

the
algorithm

s
for

the
originalproblem

s.
W

henever
a
m
onotone

optim
izer

is
used,w

e
w
illnever

leave
the

level
set

defined
by

the
objective

at
the

starting
point.

U
sing

the
resulting

m
odified

function
w
ill

allow
us

to
apply

the
results

of
T
heorem

2
for

general
convex

functions
g
i .

T
his

technique
can

also
be

thought
of

as
“Lipschitzing”

the
dual

g ∗i ,
because

of
the

general
result

that
g ∗i

is
L
-Lipschitz

if
and

only
if
g
i
has

L
-

bounded
support

(R
ockafellar,1997,C

orollary
13.3.3).

W
e
derive

the
conjugate

function
ḡ ∗i

for
com

pleteness
in

A
ppendix

B
(Lem

m
a
6).

In
Section

5,
w
e
show

how
to

leverage
this
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

technique
for

a
variety

of
application

input
problem

s.
See

also
D
ünner

et
al.

(2016)
for

a
follow

-up
discussion

of
this

technique
in

the
non-distributed

case.

4.3
R
ates

for
S
tron

gly
C
onvex

g
i ,
S
m
ooth

g ∗i

For
the

case
ofobjectives

w
ith

strongly
convex

g
i
(or,equivalently,sm

ooth
g ∗i ),e.g.,elastic

net
regression

or
logistic

regression,w
e
obtain

the
follow

ing
faster

linear
convergence

rate.

T
h
eorem

3.
C
onsider

A
lgorithm

1
w
ith

γ
:=

1,
and

let
Θ

be
the

quality
of

the
localsolver

as
in

A
ssum

ption
1.

Let
g
i
be
µ-strongly

convex
∀
i∈

[n
],
and

let
f
be

(1/τ
)-sm

ooth.
T
hen

after
T

iterations
w
here

T
≥

1
(1−

Θ
)
µ
τ
+

1
µ
τ

log
1
εO
A
,

(19)

it
holds

that
E [O

A
(α

(T
))−
O
A

(α
?) ]≤

εO
A
.

Furtherm
ore,

after
T

iterations
w
ith

T
≥

1
(1−

Θ
)
µ
τ
+

1
µ
τ

log (
1

(1−
Θ

)
µ
τ
+

1
µ
τ

1ε
G )

,

w
e
have

the
expected

duality
gap

E [O
A

(α
(T

))−
(−
O
B

(w
(α

(T
))) ]≤

ε
G
.

W
e
provide

proofs
of

both
T
heorem

2
and

T
heorem

3
in

A
ppendix

D
.

4.4
C
onvergen

ce
C
ases

R
evisiting

T
able

1
from

Section
2,

w
e
sum

m
arize

our
convergence

guarantees
for

the
three

cases
ofinput

problem
s
(I)

in
the

follow
ing

table.
In

particular,w
e
see

that
for

cases
II

and
III,w

e
obtain

a
sublinear

convergence
rate,w

hereas
for

case
I
w
e
can

obtain
a
faster

linear
rate,as

provided
in

T
heorem

3.

T
able

3:
A
pplications

of
C
onvergence

R
ates.

Sm
ooth

`
N
on-sm

ooth,separable
`

Strongly
convex

r
C
ase

I:T
heorem

3
C
ase

III:T
heorem

2

N
on-strongly

convex,separable
r

C
ase

II:
T
heorem

2
–

4.5
R
ecoverin

g
E
arlier

W
ork

as
a
S
p
ecial

C
ase

A
s
a
special

case,
the

proposed
fram

ew
ork

and
rates

directly
apply

to
L

2 -regularized
loss-

m
inim

ization
problem

s,
including

those
presented

in
the

earlier
w
ork

of
Jaggiet

al.(2014)
and

M
a
et

al.(2015a).

R
em

ark
4.

Ifw
e
run

A
lgorithm

3
(m

apping
(I)

to
(B

))
and

restrict
f
∗(·)

:=
λ2 ‖·‖

2
(so

that
τ

=
λ),

T
heorem

2
recovers

as
a
specialcase

the
C

o
C

o
A
+

rates
for

general
L
-Lipschitz

` ∗i
losses

(see
M
a
et

al.,
2015a,

C
orollary

9).
T
he

earlier
w
ork

of
C

o
C

o
A
-v1

(Jaggi
et

al.,
2014)

did
not

provide
rates

for
L
-Lipschitz

` ∗i
losses.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

R
em

ar
k
5.

If
w
e
ru
n
A
lg
or
it
hm

3
(m

ap
pi
ng

(I
)
to

(B
))

an
d
re
st
ri
ct
f
∗ (
·)

:=
λ 2
‖·
‖2

(s
o
th
at

τ
=
λ
),

T
he
or
em

3
re
co
ve
rs

as
a
sp
ec
ia
l
ca
se

th
e

C
o
C

o
A
+

ra
te
s
fo
r

(1
/`
∗ i)
-s
m
oo
th

lo
ss
es

(s
ee

M
a
et

al
.,

20
15
a,

C
or
ol
la
ry

11
).

T
he

ea
rl
ie
r
ra
te
s
of

C
o
C

o
A
-v
1
ca
n
be

ob
ta
in
ed

by
se
tt
in
g
γ
:=

1 K
an

d
σ
′ =

1
in

A
lg
or
it
hm

1
(J
ag
gi

et
al
.,
20
14
,
T
he
or
em

2)
.

T
he

se
ca
se
s
fo
llo

w
si
nc
e
g
∗ i
is
L
-L
ip
sc
hi
tz

if
an

d
on

ly
if
g i

ha
s
L
-b
ou

nd
ed

su
pp

or
t
(R

oc
k-

af
el
la
r,
19

97
,C

or
ol
la
ry

13
.3
.3
),
an

d
g
∗ i
is
µ
-s
tr
on

gl
y
co
nv

ex
if
an

d
on

ly
if
g i

is
(1
/µ

)-
sm

oo
th

(H
ir
ia
rt
-U

rr
ut
y
an

d
Le

m
ar
éc
ha

l,
20

01
,T

he
or
em

4.
2.
2)
.

5.
A

p
p
li
ca

ti
on

s

In
th
is

se
ct
io
n
w
e
de

ta
il
ex
am

pl
e
ap

pl
ic
at
io
ns

th
at

ca
n
be

ca
st

w
it
hi
n
th
e
ge
ne

ra
lC

o
C

o
A

fr
am

ew
or
k.

Fo
r
ea
ch

ex
am

pl
e,

w
e
de

sc
ri
be

th
e
pr
im

al
-d
ua

l
se
tu
p
an

d
al
go

ri
th
m
ic

de
ta
ils
,

di
sc
us
s
th
e
co
nv

er
ge
nc

e
pr
op

er
ti
es

ou
r
fr
am

ew
or
k
fo
r
th
e
ap

pl
ic
at
io
n,

an
d
in
cl
ud

e
pr
ac
ti
ca
l

co
nc

er
ns

su
ch

as
in
fo
rm

at
io
n
on

st
at
e-
of
-t
he

-a
rt

lo
ca
ls
ol
ve
rs
.
W
e
di
sc
us
se

xa
m
pl
es

ac
co
rd
in
g

to
th
e
th
re
e
ca
se
s
de

fin
ed

in
T
ab

le
1
of

Se
ct
io
n
2
fo
r
fin

di
ng

a
m
in
im

iz
er

of
th
e
ge
ne

ra
l

ob
je
ct
iv
e
`(
u

)
+
r(
u

),
an

d
pr
ov
id
e
a
su
m
m
ar
y
of

th
es
e
co
m
m
on

ex
am

pl
es

in
T
ab

le
4.

T
ab

le
4:

C
om

m
on

Lo
ss
es

an
d
R
eg
ul
ar
iz
er
s.

(i
)
Lo

ss
es

L
os

s
O

bj
f

/
g
∗

L
ea

st
Sq

ua
re

s
(A

)
f
=

1 2
‖A

α
−

b
‖2 2

(B
)

g
∗ =

1 2
‖A
>
w
−

b
‖2 2

L
og

is
ti

c
R

eg
.

(A
)

f
=

1 m

∑
j
lo
g
(1
+
ex
p
(b
j
x
> j
α
))

(B
)

g
∗ =

1 n

∑
i
lo
g
(1
+
ex
p
(b
i
x
> i
w
))

SV
M

(B
)

g
∗ =

1 n

∑
i
m
a
x
(0
,1
−
y
i
x
> i
w
)

A
bs

ol
ut

e
D

ev
.

(B
)

g
∗
=

1 n

∑
i
|x
> i
w
−
y
i
|

(i
i)
R
eg
ul
ar
iz
er
s

R
eg

ul
ar

iz
er

O
bj

g
/
f
∗

E
la

st
ic

N
et

(A
)

g
=
λ
(η
‖α
‖ 1

+
1
−
η

2
‖α
‖2 2
)

(B
)

f
∗ =
λ
(η
‖w
‖ 1

+
1
−
η

2
‖w
‖2 2
)

L
2

(A
)

g
=
λ 2
‖α
‖2 2

(B
)

f
∗ =

λ 2
‖w
‖2 2

L
1

(A
)

g
=
λ
‖α
‖ 1

G
ro

up
L
as

so
(A

)
g
=
λ
∑
p
‖α
I p
‖ 2

,I
p
⊆

[n
]

5.
1
C
as
e
I:
S
m
oo

th
`,
S
tr
on

gl
y
co
nv

ex
r

Fo
r
in
pu

t
pr
ob

le
m
s
(I
)
w
it
h
sm

oo
th
`
an

d
st
ro
ng

ly
co
nv

ex
r,

T
he

or
em

3
fr
om

Se
ct
io
n
4
gi
ve
s

a
gl
ob

al
lin

ea
r
(g
eo
m
et
ri
c)

co
nv

er
ge
nc

e
ra
te
.
Sm

oo
th

lo
ss

fu
nc

ti
on

s
ca
n
be

m
ap

pe
d
ei
th
er

to
th
e
fu
nc

ti
on

f
in

ob
je
ct
iv
e
(A

),
or
g
∗
in

(B
).

Si
m
ila

rl
y,

st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
rs

ca
n

be
m
ap

pe
d
ei
th
er

to
fu
nc

ti
on

g
in

ob
je
ct
iv
e
(A

),
or
f
∗
in

(B
).

T
o
ill
us
tr
at
e
th
e
ro
le

of
f
as

a
sm

oo
th

lo
ss

fu
nc

ti
on

an
d
g
as

a
st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
r
in

ob
je
ct
iv
e
(A

),
co
nt
ra
st
in
g

w
it
h
th
ei
r
tr
ad

it
io
na

l
ro
le
s
in

pr
io
r
w
or
k
(Y

an
g,

20
13

;
Ja

gg
i
et

al
.,
20

14
;
M
a
et

al
.,
20

15
a,

20
17

b)
,
w
e
co
ns
id
er

th
e
fo
llo

w
in
g
ex
am

pl
es
.
N
ot
e
th
at

m
ap

pi
ng

to
ob

je
ct
iv
e
(B

)
in
st
ea
d

w
ill

fo
llo

w
tr
iv
ia
lly

as
su
m
in
g
th
at

th
e
lo
ss

is
se
pa

ra
bl
e
ac
ro
ss

tr
ai
ni
ng

po
in
ts

(s
ee

T
ab

le
4)
.

Fo
r
th
e
ex
am

pl
es

in
th
is
su
bs
ec
ti
on

,w
e
us
e
m

to
re
pr
es
en
t
th
e
nu

m
be

r
of

tr
ai
ni
ng

po
in
ts

an
d
n
th
e
nu

m
be

r
of

fe
at
ur
es
.
N
ot
e
th
at

th
es
e
de

fin
it
io
ns

m
ay

ch
an

ge
in

th
e
fo
llo

w
in
g
su
b-

se
ct
io
ns
:
th
is
fle

xi
bi
lit
y
is
us
ef
ul

so
th
at

w
e
ca
n
pr
es
en
t
bo

th
th
e
pr
im

al
an

d
du

al
va
ri
at
io
ns

of
ou

r
fr
am

ew
or
k
(A

lg
or
it
hm

s
2
an

d
3)

vi
a
a
si
ng

le
ab

st
ra
ct

m
et
ho

d
(A

lg
or
it
hm

1)
.
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23
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:1
-4

9,
 2

01
8

S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

S
m
oo

th
`:

le
as
t
sq
u
ar
es

lo
ss
.

Le
t
b
∈

R
m

be
la
be

ls
or

re
sp
on

se
va
lu
es
,
an

d
co
ns
id
er

th
e
le
as
t
sq
ua

re
s
ob

je
ct
iv
e,
f

(v
)

:=
1 2
‖v
−

b
‖2 2
,
w
hi
ch

is
1-
sm

oo
th
.
W
e
ob

ta
in

th
e
fa
m
ili
ar

le
as
t-
sq
ua

re
s
re
gr
es
si
on

ob
je
ct
iv
e
in

ou
r
op

ti
m
iz
at
io
n
pr
ob

le
m

(A
),

us
in
g

f
(A
α

)
:=

1 2
‖A
α
−

b
‖2 2
.

(2
0)

O
bs
er
vi
ng

th
at

th
e
gr
ad

ie
nt

of
f

is
∇
f

(v
)

=
v
−
b
,
th
e
pr
im

al
-d
ua

l
m
ap

pi
ng

is
gi
ve
n
by

:
w

(α
)

:=
A
α
−
b
,w

hi
ch

is
w
el
lk

no
w
n
as

th
e
re
si
du

al
ve
ct
or

in
le
as
t-
sq
ua

re
s
re
gr
es
si
on

.

S
m
oo

th
`:

lo
gi
st
ic

re
gr
es
si
on

lo
ss
.

Fo
r
cl
as
si
fic

at
io
n,

w
e
co
ns
id
er

a
lo
gi
st
ic

re
gr
es
si
on

m
od

el
w
it
h
m

tr
ai
ni
ng

ex
am

pl
es
,
y
j
∈

R
n
fo
r
j
∈

[m
],
co
lle

ct
ed

as
th
e
ro
w
s
of

th
e
da

ta
m
at
ri
x
A
.
Fo

r
ea
ch

tr
ai
ni
ng

ex
am

pl
e,
w
e
ar
e
gi
ve
n
a
bi
na

ry
la
be

l,
w
hi
ch

w
e
co
lle

ct
in

th
e
ve
c-

to
r
b
∈
{−

1,
1}
m
.
Fo

rm
al
ly
,t

he
ob

je
ct
iv
e
is

de
fin

ed
as
f

(v
)

:=
∑

m j=
1

lo
g

(1
+

ex
p

(−
b j
v j

))
,

w
hi
ch

is
ag

ai
n
a
se
pa

ra
bl
e
fu
nc

ti
on

.
T
he

cl
as
si
fie

r
lo
ss

is
gi
ve
n
by

f
(A
α

)
:=

m ∑ j=
1

lo
g

(1
+

ex
p

(−
b j
y
> j
α

))
,

(2
1)

w
he

re
α
∈

R
n
is

th
e
pa

ra
m
et
er

ve
ct
or
.
It

is
no

t
ha

rd
to

sh
ow

th
at
f

is
1
-s
m
oo

th
if
th
e

la
be

ls
sa
ti
sf
y
b j
∈

[−
1
,1

].
T
he

pr
im

al
-d
ua

lm
ap

pi
ng

is
gi
ve
n
by

w
j
(α

)
:=

−
b j

1
+

ex
p

(b
j
y
> j
α

)
.

S
tr
on

gl
y

co
nv

ex
r:

el
as
ti
c
n
et

re
gu

la
ri
ze
r.

A
n

ap
pl
ic
at
io
n

w
e
ca
n

co
ns
id
er

fo
r
a

st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
r,
g
in

(A
)
or
f
∗
in

(B
),

is
el
as
ti
c
ne

t
re
gu

la
ri
za
ti
on

,
η
λ
‖u
‖ 1

+
(1
−
η
)λ

2
‖u
‖2 2
,f
or

fix
ed

pa
ra
m
et
er
η
∈

(0
,1

].
T
hi
s
ca
n
be

ob
ta
in
ed

in
(A

)
by

se
tt
in
g

g
(α

)
=

n ∑ i=
1

g i
(α

i)
:=

n ∑ i=
1

η
λ
|α
i|

+
(1
−
η
)λ

2
α

2 i
.

(2
2)

Fo
r
th
e
sp
ec
ia
lc

as
e
η

=
1
,
w
e
ob

ta
in

th
e
L

1
-n
or
m
,
an

d
fo
r
η

=
0
,
w
e
ob

ta
in

th
e
L

2
-n
or
m
.

T
he

co
nj
ug

at
e
of
g i

is
gi
ve
n
by

:
g
∗ i(
x

)
:=

1
2
(1
−
η
)

([
|x
|−

η
] +

) 2
,w

he
re

[.
] +

is
th
e
po

si
ti
ve

pa
rt

op
er
at
or
,[
s]

+
=
s
fo
r
s
>

0,
an

d
ze
ro

ot
he
rw

is
e.

5.
2
C
as
e
II
:
S
m
oo

th
`,
N
on

-S
tr
on

gl
y
C
on

ve
x
S
ep

ar
ab

le
r

In
ca
se

II
,w

e
co
ns
id
er

m
ap

pi
ng

th
e
in
pu

t
pr
ob

le
m

(I
)
to

ob
je
ct
iv
e
(A

),
w
he

re
`
is

as
su
m
ed

to
be

sm
oo

th
,
an

d
r
no

n-
st
ro
ng

ly
co
nv

ex
an

d
se
pa

ra
bl
e.

Fo
r
sm

oo
th

lo
ss
es

in
(A

),
w
e
ca
n

co
ns
id
er

as
ex
am

pl
es

th
os
e
pr
ov
id
ed

in
Su

bs
ec
ti
on

5.
1,

e.
g.
,t
he

le
as
t
sq
ua

re
s
lo
ss

or
lo
gi
st
ic

lo
ss
.
Fo

r
an

ex
am

pl
e
of

a
no

n-
st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
r,

w
e
co
ns
id
er

th
e
im

po
rt
an

t
ca
se

of
L

1
re
gu

la
ri
za
ti
on

be
lo
w
.

A
ga

in
,
w
e
no

te
th
at

th
is

ap
pl
ic
at
io
n

ca
nn

ot
be

re
al
iz
ed

by
ob

je
ct
iv
e
(B

),
w
he

re
it
is

as
su
m
ed

th
at

th
e
re
gu

la
ri
za
ti
on

te
rm

f
∗
is

st
ro
ng

ly
co
nv

ex
.

N
on

-s
tr
on

gl
y
co
nv

ex
r:
L

1
re
gu

la
ri
ze
r.

L
1
re
gu

la
ri
za
ti
on

is
ob

ta
in
ed

in
ob

je
ct
iv
e
(A

)
by

le
tt
in
g
g i

(·)
:=

λ
|·
|.

H
ow

ev
er
,a

n
ad

di
ti
on

al
m
od

ifi
ca
ti
on

is
ne

ce
ss
ar
y
to

ob
ta
in

pr
im

al
-

du
al

co
nv

er
ge
nc

e
an

d
ce
rt
ifi
ca
te
s
fo
r
th
is
se
tt
in
g.

In
pa

rt
ic
ul
ar
,w

e
em

pl
oy

th
e
m
od

ifi
ca
ti
on

in
tr
od

uc
ed

in
Se

ct
io
n

4,
w
hi
ch

w
ill

gu
ar
an

te
e
L
-b
ou

nd
ed

su
pp

or
t.

Fo
rm

al
ly
,
w
e
re
pl
ac
e

g i
(·)

=
|·
|b

y

ḡ
(α

)
:=

{
|α
|

:
α
∈

[−
B
,B

],

+
∞

:
ot
he

rw
is
e.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

For
large

enough
B
,
this

problem
yields

the
sam

e
solution

as
the

original
L

1 -regularized
objective.

N
ote

that
this

only
affects

convergence
theory,

in
that

it
allow

s
us

to
present

a
strong

prim
al-dual

rate
(T

heorem
2
for

L
=
B
).

W
ith

this
m
odified

L
1
regularizer,

the
optim

ization
problem

(A
)
w
ith

regularization
param

eter
λ
becom

es

m
in

α
∈
R
n
f

(A
α

)
+
λ

n
∑i=

1

ḡ
(α

i )
.

(23)

For
large

enough
choice

ofthe
value

B
,this

problem
s
yields

the
sam

e
solution

as
the

original
objective:

f
(A
α

)
+
λ ∑

ni=
1 |α

i |.
T
he

m
odified

ḡ
is

sim
ply

a
constrained

version
of

the
absolute

value
to

the
interval

[−
B
,B

].
T
herefore

by
setting

B
to

a
large

enough
value

that
the

values
of
α
i
w
ill

never
reach

it,
ḡ ∗

w
ill

be
continuous

and
at

the
sam

e
tim

e
m
ake

(23)
equivalent

to
the

originalobjective.
Form

ally,
a
sim

ple
w
ay

to
obtain

a
large

enough
value

of
B
,
so

that
all

solutions
are

unaffected,is
the

follow
ing:

Ifw
e
start

the
algorithm

at
α

=
0,for

every
point

encountered
during

execution
of

a
m
onotone

optim
izer,

the
objective

values
w
ill

never
becom

e
w
orse

than
O
A

(0
).

Form
ally,under

the
assum

ption
that

f
is

non-negative,w
e
w
illhave

that
(for

each
i):

λ|α
i |≤

f
(0

)
=
O
A

(0
)

=⇒
|α
i |≤

f
(0

)

λ
.

W
e
can

therefore
safely

set
the

value
of
B

as
f

(0
)

λ
.
For

the
m
odified

ḡ
i ,the

conjugate
ḡ ∗i

is
given

by:

ḡ ∗i (x
)

:=

{
0

:
x
∈

[−
1,1],

B
(|x|−

1)
:otherw

ise.

W
e
provide

a
proof

of
this

in
A
ppendix

B
(Lem

m
a
6).

N
on

-stron
gly

convex
r:

grou
p

lasso.
T
he

group
lasso

penalty
can

be
m
apped

to
objective

(A
),w

ith:

g
(α

)
:=

λ
P
∑p
=

1 ‖α
I
p ‖

2
w
ith

P⋃p
=

1 I
p

=
{1
,...,n}

,
(24)

w
here

the
disjoint

setsI
p ⊆
{1,...,n}

represent
a
partitioning

of
the

totalset
of

variables.
T
his

penalty
can

be
view

ed
as

an
interm

ediate
betw

een
a
pure

L
1
or
L

2
penalty,perform

ing
variable

selection
only

at
the

group
level.

T
he

term
α
I
p ∈

R
|I
p |denotes

part
ofthe

vector
α

w
ith

indicesI
p .

T
he

conjugate
is

given
by:

g ∗(w
)

=
I{

w
|m

a
xI
p ∈

[n
] ‖
α
I
p ‖

2 ≤
λ} (w

).

For
details,see,e.g.,D

ünner
et

al.(2016)
or

B
oyd

and
V
andenberghe

(2004,E
xam

ple
3.26).

5.3
C
ase

III:
N
on

-S
m
ooth

S
ep

arab
le
`,
S
tron

gly
C
onvex

r

F
inally,in

case
III,w

e
consider

m
apping

the
input

problem
(I)

to
objective

(B
),w

here
`
is

assum
ed

to
be

non-sm
ooth

and
separable,and

r
strongly

convex.
W
e
discuss

tw
o
com

m
on

cases
of

general
non-sm

ooth
losses

`,
including

the
the

hinge
loss

for
classification

and
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

absolute
deviation

loss
for

regression.
W

hen
paired

w
ith

a
strongly

convex
regularizer,the

regularizer
via

f
gives

rise
to

the
prim

al-dualm
apping,and

T
heorem

2
provides

a
sublinear

convergence
rate

for
objectives

of
this

form
.
W
e
note

that
these

losses
cannot

be
realized

directly
by

objective
(A

),w
here

it
is

assum
ed

that
the

loss
term

f
is

sm
ooth.

N
on

-sm
ooth

`:
h
in
ge

loss.
For

classification
problem

s,
w
e
can

consider
a
hinge

loss
support

vector
m
achine

m
odel,on

n
training

points
in

R
m
,given

w
ith

the
loss:

g ∗(−
A
>
w

)
=

n
∑i=

1

g ∗i (−
x
>i
w

)
:=

1n

n
∑i=

1

m
ax{0

,1−
y
i x
>i
w
}.

(25)

T
he

conjugate
function

of
the

hinge
loss

φ
(a

)
=

m
ax{

0,1
−
b}

is
given

by
φ
∗(b)

=
{b

if
b∈

[−
1
,0],else

∞
}.

W
hen

using
the

L
2
norm

for
regularization

in
this

problem
:
f
∗(w

)
:=

λ‖w
‖

22 ,a
prim

al-dualm
apping

is
given

by:
w

(α
)

:=
1λ
n
A
α
.

N
on

-sm
ooth

`:
ab

solu
te

d
eviation

loss.
T
he

absolute
deviation

loss,
used,

e.g.,
in

quantile
regression

or
least

absolute
deviation

regression,can
be

realized
in

objective
(B

)
by

setting:

g ∗(−
A
>
w

)
=

n
∑i=

1

g ∗i (−
x
>i
w

)
:=

1n

n
∑i=

1 ∣∣∣ x
>i
w
−
y
i ∣∣∣
.

(26)

T
he

conjugate
function

of
the

absolute
deviation

loss
φ

(a
)

=
|a−

y
i |
is

given
by

φ
∗(−

b)
=

−
by
i ,w

ith
b∈

[−
1,1].

5.4
L
ocal

S
olvers

A
sdiscussed

in
Section

3,the
subproblem

ssolved
on

each
m
achine

in
the

C
o
C

o
A

fram
ew

ork
are

appealing
in

that
they

are
very

sim
ilar

in
structure

to
the

globalproblem
(A

),w
ith

the
m
ain

difference
being

that
they

are
defined

on
a
sm

aller
(local)

subset
of

the
data,

and
have

a
sim

pler
dependence

on
the

term
f.

T
herefore,

solvers
w
hich

have
already

proven
their

value
in

the
single

m
achine

or
m
ulticore

setting
can

be
easily

leveraged
w
ithin

the
fram

ew
ork.

W
e
discuss

som
e
specific

exam
ples

of
localsolvers

below
,
and

point
the

reader
to

M
a
et

al.(2017b)
for

an
em

piricalexploration
of

these
choices.

L
ocal

solvers
for

A
lgorith

m
2.

In
the

prim
al

setting
(A

lgorithm
2),

the
local

sub-
problem

(10)
becom

es
a
sim

ple
quadratic

problem
on

the
local

data,
w
ith

regularization
applied

only
to

localvariables
α

[k
] .
For

the
L

1 -regularized
exam

ples
discussed,existing

fast
L

1 -solvers
for

the
single-m

achine
case,

such
as

g
lm

n
et

variants
(Friedm

an
et

al.,
2010)

or
blit

z
(Johnson

and
G
uestrin,

2015)
can

be
directly

applied
to

each
local

subproblem
G
σ
′

k
(·;v

,α
[k

] )
w
ithin

A
lgorithm

1.
T
he

sparsity
induced

on
the

subproblem
solutions

of
each

m
achine

naturally
translates

into
the

sparsity
of

the
global

solution,
since

the
local

variables
α

[k
] w

illbe
concatenated.

In
term

s
of

the
approxim

ation
quality

param
eter

Θ
for

the
local

problem
s
(A

ssum
p-

tion
1),w

e
can

apply
existing

recent
convergence

results
from

the
single

m
achine

case.
For

exam
ple,for

random
ized

coordinate
descent

(as
part

of
g
lm

n
et),Lu

and
X
iao

(2013,T
he-

orem
1)

gives
a
O

(1/t)
approxim

ation
quality

for
any

separable
regularizer,

including
L

1

and
elastic

net;see
also

T
appenden

et
al.(2015)

and
Shalev-Shw

artz
and

T
ew

ari(2011).
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C
o
C

o
A

:A
G

en
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a
l

F
r
a
m
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o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

L
oc
al

so
lv
er
s
fo
r
A
lg
or
it
h
m

3.
In

th
e
du

al
se
tt
in
g
(A

lg
or
it
hm

3)
fo
r
th
e
di
sc
us
se
d

ex
am

pl
es
,
th
e
lo
ss
es

ar
e
ap

pl
ie
d
on

ly
to

lo
ca
l
va
ri
ab

le
s
α

[k
],
an

d
th
e
re
gu

la
ri
ze
r
is

ap
pr
ox
-

im
at
ed

vi
a
a
qu

ad
ra
ti
c
te
rm

.
C
ur
re
nt

st
at
e
of

th
e
ar
t
fo
r
th
e
pr
ob

le
m
s
of

th
e
fo
rm

in
(B

)
ar
e
va
ri
an

ts
of

ra
nd

om
iz
ed

co
or
di
na

te
as
ce
nt
—
St
oc
ha

st
ic

D
ua

lC
oo

rd
in
at
e
A
sc
en
t
(S
D
C
A
)

(S
ha

le
v-
Sh

w
ar
tz

an
d
Zh

an
g,

20
13

a)
.
T
hi
s
al
go
ri
th
m

an
d
it
s
va
ri
an

ts
ar
e
in
cr
ea
si
ng

ly
us
ed

in
pr
ac
ti
ce

(W
ri
gh

t,
20

15
),
an

d
ex
te
ns
io
ns

su
ch

as
ac
ce
le
ra
te
d
an

d
pa

ra
lle

lv
er
si
on

s
ca
n
di
re
ct
ly

be
ap

pl
ie
d
(S
ha

le
v-
Sh

w
ar
tz

an
d
Zh

an
g,

20
14
;F

an
et

al
.,
20

08
)
in

ou
r
fr
am

ew
or
k.

Fo
r
no

n-
sm

oo
th

lo
ss
es

su
ch

as
SV

M
s,

th
e
an

al
ys
is

of
Sh

al
ev
-S
hw

ar
tz

an
d
Zh

an
g
(2
01

3a
)
pr
ov

id
es

a
O

(1
/t

)
ra
te
,a

nd
fo
r
sm

oo
th

lo
ss
es
,a

fa
st
er

lin
ea
r
ra
te
.
T
he

re
ha

ve
al
so

be
en

re
ce
nt

eff
or
ts

to
de

ri
ve

a
lin

ea
r
co
nv

er
ge
nc

e
ra
te

fo
r
pr
ob

le
m
s
lik

e
th
e
hi
ng

e-
lo
ss

su
pp

or
t
ve
ct
or

m
ac
hi
ne

th
at

co
ul
d
be

ap
pl
ie
d,

e.
g.
,
by

us
in
g
er
ro
r
bo

un
d
co
nd

it
io
ns

(N
ec
oa

ra
an

d
N
ed

el
cu
,
20

14
;

W
an

g
an

d
Li
n,

20
14

),
w
ea
k
st
ro
ng

co
nv

ex
it
y
co
nd

it
io
ns

(M
a
et

al
.,
20

15
b;

N
ec
oa

ra
,
20

15
)

or
by

co
ns
id
er
in
g
P
ol
ya
k-
Ło

ja
si
ew

ic
z
co
nd

it
io
ns

(K
ar
im

ie
t
al
.,
20

16
).

6.
E
xp

er
im

en
ts

In
th
is

se
ct
io
n

w
e
de

m
on

st
ra
te

th
e
em

pi
ri
ca
l
pe

rf
or
m
an

ce
of

C
o
C

o
A

in
th
e
di
st
ri
bu

te
d

se
tt
in
g.

W
e
fir
st

co
m
pa

re
C

o
C

o
A

to
co
m
pe

ti
ng

m
et
ho

ds
fo
r
tw

o
co
m
m
on

m
ac
hi
ne

le
ar
ni
ng

ap
pl
ic
at
io
ns
:
la
ss
o
re
gr
es
si
on

(S
ec
ti
on

6.
1)

an
d
su
pp

or
t
ve
ct
or

m
ac
hi
ne

(S
V
M
)
cl
as
si
fic

at
io
n

(S
ec
ti
on

6.
2)
.
W
e
th
en

ex
pl
or
e
th
e
pe

rf
or
m
an

ce
of

C
o
C

o
A

in
th
e
pr
im

al
ve
rs
us

th
e
du

al
di
re
ct
ly

by
so
lv
in
g
an

el
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ti
c
ne

t
re
gr
es
si
on

m
od

el
w
it
h
bo

th
va
ri
an

ts
(S
ec
ti
on

6.
3)
.
F
in
al
ly
,

w
e
ill
us
tr
at
e
ge
ne

ra
lp

ro
pe

rt
ie
s
of

th
e

C
o
C

o
A

m
et
ho

d
em

pi
ri
ca
lly

in
Se
ct
io
n
6.
4.

E
xp

er
im

en
ta
ls
et
u
p
.

W
e
co
m
pa

re
C

o
C

o
A

to
nu

m
er
ou

s
st
at
e-
of
-t
he

-a
rt

ge
ne

ra
l-p

ur
po

se
m
et
ho

ds
fo
r
la
rg
e-
sc
al
e
op

ti
m
iz
at
io
n,

in
cl
ud

in
g:

•
M

b-
S
G

D
:M

in
i-b

at
ch

st
oc
ha

st
ic

gr
ad

ie
nt
.
Fo

r
ou

r
ex
pe

ri
m
en
ts

w
it
h
la
ss
o,

w
e
co
m
pa

re
ag

ai
ns
t
M

b-
S
G

D
w
it
h
an

L
1
-p
ro
x.

•
G

D
:F

ul
lg

ra
di
en
t
de

sc
en
t.

Fo
r
la
ss
o
w
e
us
e
th
e
pr
ox
im

al
ve
rs
io
n,

P
ro

x
-G

D
.

•
L
-B

F
G

S
:L

im
it
ed

-m
em

or
y
qu

as
i-N

ew
to
n
m
et
ho

d.
Fo

r
la
ss
o,

w
e
us
e
O
W

L-
Q
N

(o
rt
ha

nt
-

w
is
e
lim

it
ed

qu
as
i-N

ew
to
n)
.

•
A

D
M

M
:A

lt
er
na

ti
ng

di
re
ct
io
n
m
et
ho

d
of

m
ul
ti
pl
ie
rs
.
W
e
us
e
co
nj
ug

at
e
gr
ad

ie
nt

in
te
r-

na
lly

fo
r
th
e
la
ss
o
ex
pe

ri
m
en
ts
,a

nd
SD

C
A

fo
r
SV

M
ex
pe

ri
m
en
ts
.

•
M

b-
C

D
:
M
in
i-b

at
ch

pa
ra
lle

l
co
or
di
na

te
de

sc
en
t.

Fo
r
SV

M
ex
pe

ri
m
en
ts
,
w
e
im

pl
em

en
t

M
b-

S
D

C
A

(m
in
i-b

at
ch

st
oc
ha

st
ic

du
al

co
or
di
na

te
as
ce
nt
).

T
he

fir
st

th
re
e
m
et
ho

ds
ar
e
op

ti
m
iz
ed

an
d
im

pl
em

en
te
d
in

A
pa

ch
e
Sp

ar
k’
sM

Ll
ib

(v
1.
5.
0)

(M
en

g
et

al
.,
20
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pe
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M
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e
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ds
,w

e
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ot
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e
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an

ce
to

th
e
op

ti
m
al

pr
im

al
so
lu
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on
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hi
s
op

ti
m
al
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lu
e
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ca
lc
ul
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ed

by
ru
nn
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g
al
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et
ho

ds
fo
r
a
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rg
e
nu

m
be

r
of

it
er
at
io
ns
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nt
il
pr
og

re
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ha
s

st
al
le
d)
,a

nd
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se
le
ct
in
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th
e
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al
le
st

pr
im
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va
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am
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th
e
re
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s.
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ll
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is
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en

in
A

pa
ch

e
Sp

ar
k
an

d
ex
pe

ri
m
en
ts

ar
e
ru
n
on

pu
bl
ic
-c
lo
ud

A
m
az
on

E
C
2
m
3.
xl
ar
ge

m
ac
hi
ne

s
w
it
h
on

e
co
re

pe
r
m
ac
hi
ne

.
O
ur

co
de
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pu

bl
ic
ly

av
ai
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bl
e
at

gi
ng

sm
it

h.
gi

th
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.i
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co

a/
.
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D
at
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E
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T
ra
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in

g
S
iz
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Fe
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S
iz
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S
p
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ty

ur
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M
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40
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M
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9.
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eb
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am

35
0
K
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M
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pe
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d
in

ou
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ri
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pe

rf
or
m
an
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D

M
M
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qu

ir
es
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tu
ni
ng
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in
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ct
in
g
th
e
pe

na
lt
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pa

ra
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er
ρ
an

d
in

so
lv
in
g

th
e
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em

s.
So

lv
in
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th
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su
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em

s
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co
m
pl
et
io
n
fo
r
A
D
M
M
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y
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ow
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er
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d
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pr
ov
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e
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so

us
e
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g
pe

na
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y
pa

ra
m
et
er
ρ
—

pr
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s
de

sc
ri
be

d
in

B
oy
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.

(2
01

0,
Se

ct
io
ns

4.
3,

8.
2.
3,

3.
4.
1)
.
Fo

r
M

b-
S
G

D
,
w
e
tu
ne

th
e
st
ep

si
ze

an
d
m
in
i-b

at
ch

si
ze
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ra
m
et
er
s.

Fo
r
M

b-
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D
an

d
M

b-
S
D

C
A
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b
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∈

[1
,b

],
an

d
tu
ne

bo
th

pa
ra
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Fu
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e
gi
ve
n
in

Se
ct
io
n
6.
5.

Fo
r
si
m
pl
ic
it
y
of

pr
es
en
ta
ti
on

an
d
co
m
pa

ri
so
n,

in
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w
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at
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ra
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-
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at
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Θ
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w
it
h
be

st
pe

rf
or
m
an

ce
.

W
e
co
m
pa

re
C

o
C

o
A

to
th
e
ge
ne

ra
l
m
et
ho

ds
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te
d
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ov
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g

M
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D
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1
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W
L
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N
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D
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M
,
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d
M
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C

D
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W
e
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e
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m
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w
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S
h
o
t
g
u
n
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et
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r
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g
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m
s
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e
m
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en
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an
ex
tr
em

e
ca
se

to
hi
gh

lig
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th
e
de

tr
im

en
ta
le
ffe

ct
s
of

fr
eq
ue
nt

co
m
m
un

ic
at
io
n
in

th
e
di
st
ri
bu

te
d
en
vi
ro
nm

en
t.

Fo
r
M

b-
C

D
,S

h
o
t
g
u
n
,a

nd
C

o
C

o
A

in
th
e

pr
im

al
,
da

ta
se
ts

ar
e
di
st
ri
bu

te
d
by

fe
at
ur
e,

w
he

re
as

fo
r

M
b-

S
G

D
,
P
ro

x
-G

D
,
O

W
L
-Q

N
an

d
A

D
M

M
th
ey

ar
e
di
st
ri
bu

te
d
by

tr
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ng

po
in
t.

In
an

al
yz
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g
th
e
pe

rf
or
m
an

ce
of

ea
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th
m

(F
ig
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e
1)
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e
m
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re
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e
im
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en
t
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e
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ob
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ct
iv
e
gi
ve
n
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(A
)

(O
A

(α
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te
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s
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w
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l-c
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m
e
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W
e
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e
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M
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S
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D
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C

D
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e
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,
an

d
co
m
e
w
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h
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e
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on

al
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ra
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M
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ai
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S
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t
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n
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e
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up

da
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s
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r
m
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)
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w
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d
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g
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.
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C
o
C

o
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e
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w
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se
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m
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W
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u

b
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p
tim

ality vs. T
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C
oC

oA
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S
hotgun

M
b-C

D
M

b-S
G

D
P

rox-G
D

O
W

L-Q
N

A
D

M
M

F
igure

1:
Suboptim

ality
in

term
s
of
O
A

(α
)
for

fitting
a
lasso

regression
m
odel

to
four

datasets:
url

(K
=
4,
λ=

1e-4),
kddb

(K
=
4,
λ=

1e-6),
epsilon

(K
=
8,
λ=

1e-5),
and

w
eb-

spam
(K

=
16,

λ=
1e-5)

datasets.
C

o
C

o
A

applied
to

the
prim

alform
ulation

converges
m
ore

quickly
than

allother
com

pared
m
ethods

in
term

s
of

the
tim

e
in

seconds.

w
ith

large
num

bers
of

features
(e.g.,

url,
kddb,

w
ebspam

),
w
hich

are
exactly

the
datasets

w
here

L
1
regularization

w
ould

m
ost

typically
be

applied.
R
esults

are
show

n
for

regularization
param

eters
λ
such

that
the

resulting
w
eight

vector
α

is
sparse.

H
ow

ever,our
results

are
robust

to
varying

values
of
λ
as

w
ellas

to
various

problem
settings,as

w
e
illustrate

in
F
igure

2.

A
case

again
st

sm
ooth

in
g.

W
e
additionally

m
otivate

the
use

of
C

o
C

o
A

in
the

prim
al

by
show

ing
how

it
im

proves
upon

C
o
C

o
A

in
the

dual
(Y

ang,
2013;

Jaggi
et

al.,
2014;

M
a

et
al.,2015a,2017b)

for
non-strongly

convex
regularizers.

F
irst,C

o
C

o
A

in
the

dualcannot
be

included
in

the
set

of
experim

ents
in

F
igure

1
because

it
cannot

be
directly

applied
to

the
lasso

objective
(recallthat

A
lgorithm

3
only

allow
s
for

strongly
convex

regularizers).
T
o
get

around
this

requirem
ent,previous

w
ork

has
suggested

im
plem

enting
the

sm
ooth-

ing
technique

used
in,

e.g.,
Shalev-Shw

artz
and

Zhang
(2014);

Zhang
and

Lin
(2015)

—
adding

a
sm

all
am

ount
of

strong
convexity

δ‖α‖
22
to

the
objective

for
lasso

regression.
In

F
igure

3
w
e
dem

onstrate
the

issues
w
ith

this
approach,

com
paring

C
o
C

o
A

in
the

prim
al
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O
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U
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o
n
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C
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.25
O

W
L-Q

N
 2=

.25
C

oC
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-P
rim

al 2=
.5

O
W

L-Q
N

 2=
.5

C
oC

oA
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rim
al 2=

.75
O

W
L-Q

N
 2=

.75

F
igure

2:
Suboptim

ality
in

term
s
ofO

A
(α

)
for

solving
lasso

for
the

epsilon
dataset

(left,
K
=
8)

and
elastic

net
for

the
urldataset,(right,

K
=
4,
λ=

1e-4).
Speedups

are
robust

over
different

regularizers
λ
(left),

and
across

problem
settings,

including
varying

η
param

eters
of

elastic
net

regularization
(right).

S
econds

0
500

1000
1500

Primal Suboptimality10
-3

10
-2

10
-1

10
0

E
p

silo
n

 - L
asso

: E
ffect o

f S
m

o
o

th
in

g
 C

o
C

o
A

-D
u

al

C
oC

oA
-P

rim
al

C
oC

oA
-D

ual /=
.0001

C
oC

oA
-D

ual /=
.001

C
oC

oA
-D

ual /=
.01

T
able

6:
Sparsity

of
F
inalIterates.

M
eth

od
S
p
arsity

C
o
C

o
A
-P

rim
al

0.6030
C

o
C

o
A
-D

ual:
δ

=
0.0

001
0.6035

C
o
C

o
A
-D

ual:
δ

=
0.0

01
0.6240

C
o
C

o
A
-D

ual:
δ

=
0.0

1
0.6465

F
igure

3
&

T
able

6:
For

pure
L

1
regularization,

sm
oothing

is
not

an
effective

option
for

C
o
C

o
A

in
the

dual.
It

either
m
odifies

the
solution

(F
igure

3)
or

slow
s
convergence

(T
able

6).
T
his

m
otivates

running
C

o
C

o
A

instead
on

the
prim

alfor
these

problem
s.

on
a
pure

L
1 -regularized

regression
problem

to
C

o
C

o
A

in
the

dualfor
decreasing

levels
of

δ.
T
he

sm
aller

w
e
set

δ,
the

less
sm

ooth
the

problem
becom

es.
A
s
δ
decreases,

the
final

sparsity
of

running
C

o
C

o
A

in
the

dualstarts
to

m
atch

that
of

running
pure

L
1
(T

able
6),

but
the

perform
ance

also
degrades

(F
igure

3).
W
e
note

that
by

using
C

o
C

o
A

in
the

prim
al

w
ith

the
m
odification

presented
in

Section
4,w

e
can

deliver
strong

rates
w
ithout

having
to

m
ake

any
com

prom
ises

in
term

s
of

the
training

speed
or

accuracy.

6.2
C

o
C

o
A

in
th
e
D
u
al:

A
n
A
p
p
lication

to
S
V
M

C
lassifi

cation

N
ext

w
e
present

results
on

C
o
C

o
A

in
the

dual
against

com
peting

m
ethods,

for
a
hinge

loss
support

vector
m
achine

m
odel

(9)
on

the
datasets

in
T
able

5.
W
e
use

stochastic
dual
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re
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e
E
ps
ilo

n
da

ta
se
t,
w
he

re
th
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6:
Suboptim

ality
in

term
s
ofO

A
(α

)
for

solving
lasso

for
the

w
ebspam

dataset
(K

=
16,

λ=
1e-5).

H
ere

w
e
illustrate

how
the

w
ork

spent
in

the
localsubproblem

(given
by

H
)
affects

the
totalperform

ance
of

C
o
C

o
A

in
term

s
of

num
ber

of
rounds

as
w
ellas

w
alltim

e.

6.5
E
xp

erim
ent

D
etails

In
this

subsection
w
e
provide

thorough
details

on
the

experim
entalsetup

and
m
ethods

used
in

our
com

parison.
A
llexperim

ents
are

run
on

A
m
azon

E
C
2
clusters

ofm
3.xlarge

m
achines,

w
ith

one
core

per
m
achine.

T
he

code
for

each
m
ethod

is
w
ritten

in
A

pache
Spark,

v1.5.0.
O
ur

code
is

open
source

and
publicly

available
at

gingsmith.github.io/cocoa/.

A
D
M
M
.

A
D
M
M

(B
oyd

et
al.,

2010)
is

a
popular

m
ethod

that
lends

itself
naturally

to
the

distributed
environm

ent.
For

lasso
regression,

im
plem

enting
A
D
M
M

for
the

problem
s

ofinterest
requires

solving
a
large

linear
system

C
x

=
d
on

each
m
achine,w

here
C
∈
R
n×

n

w
ith

n
scaling

beyond
10

7
for

the
datasets

in
T
able

5,and
w
ith

C
being

possibly
dense.

It
is

prohibitively
slow

to
solve

this
directly

on
each

m
achine,and

w
e
therefore

em
ploy

conjugate
gradientw

ith
early

stopping
(see,e.g.,B

oyd
etal.,2010,Section

4.3).
ForSV

M
classification,

w
e
use

stochastic
dualcoordinate

ascent
as

an
internaloptim

izer,w
hich

is
show

n
in

Zhang
et

al.(2012)
to

have
superior

perform
ance.

W
e
further

im
prove

perform
ance

w
ith

a
varying

rather
than

constant
penalty

param
eter,as

suggested
in

B
oyd

et
al.,2010,Section

3.4.1.

M
in
i-b

atch
S
G
D

an
d
p
roxim

al
G
D
.

M
ini-batch

SG
D

is
a
standard

and
w
idely

used
m
ethod

for
parallel

and
distributed

optim
ization.

W
e
use

the
optim

ized
code

provided
in

Spark’s
m
achine

learning
library,M

Llib,v1.5.0
(M

eng
et

al.,2016).
W
e
tune

both
the

size
of

the
m
ini-batch

and
SG

D
step

size
using

grid
search.

For
lasso,w

e
use

the
proxim

alversion
of

the
m
ethod.

Full
gradient

descent
can

be
seen

as
a
specific

setting
of

m
ini-batch

SG
D
,

w
here

the
m
ini-batch

size
is

equalto
the

totalnum
ber

of
training

points.
W
e
thus

also
use

the
im

plem
entation

in
M
Llib

for
fullG

D
,and

tune
the

step
size

param
eter

using
grid

search.

M
in
i-b

atch
C
D

an
d

S
D
C
A
.

M
ini-batch

C
D

(for
lasso)

and
SD

C
A

(for
SV

M
)
aim

to
im

prove
m
ini-batch

SG
D

by
em

ploying
coordinate

descent,
w
hich

has
theoretical

and
practical

justifications
(Shalev-Shw

artz
and

T
ew

ari,
2011;

T
akáč

et
al.,

2013;
Fercoq

and
R
ichtárik,2015).

W
e
im

plem
ent

m
ini-batch

C
D

and
SD

C
A

in
Spark

and
scale

the
updates

m
ade

at
each

round
by

βb
for

m
ini-batch

size
b
and

β
∈

[1,b],tuning
both

param
eters

b
and
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

β
via

grid
search.

For
the

case
of

lasso
regression,

w
e
im

plem
ent

Shotgun
(B

radley
et

al.,
2011),w

hich
is
a
popular

m
ethod

for
paralleloptim

ization.
Shotgun

can
be

seen
an

extrem
e

case
of

m
ini-batch

C
D

w
here

the
m
ini-batch

is
set

to
K
,i.e.,there

is
a
single

update
m
ade

by
each

m
achine

per
round.

W
e
see

in
the

experim
ents

that
com

m
unicating

this
frequently

becom
es

prohibitively
slow

in
the

distributed
environm

ent.

O
W

L
-Q

N
.

O
W

N
-Q

N
(Y

u
et

al.,
2010)

is
a
quasi-N

ew
ton

m
ethod

optim
ized

in
Spark’s

spark.m
lpackage

(M
eng

etal.,2016).
O
uteriterationsofO

W
L-Q

N
m
ake

significantprogress
tow

ards
convergence,

but
the

iterations
them

selves
can

be
slow

as
they

require
processing

the
entire

dataset.
C

o
C

o
A
,
the

m
ini-batch

m
ethods,

and
A
D
M
M

w
ith

early
stopping

all
im

prove
on

this
by

allow
ing

the
flexibility

to
process

only
a
subset

of
the

dataset
at

each
iteration.

C
o
C

o
A

and
A
D
M
M

have
even

greater
flexibility

by
allow

ing
internal

m
ethods

to
process

the
dataset

m
ore

than
once.

C
o
C

o
A

m
akes

this
approxim

ation
quality

explicit,
both

in
theoreticalconvergence

rates
and

via
guidelines

for
setting

the
param

eter.

C
o
C

o
A
.

W
e
im

plem
ent

C
o
C

o
A

w
ith

coordinate
descent

as
the

local
solver.

W
e
note

that
since

the
fram

ew
ork

and
theory

allow
any

internal
solver

to
be

used,
C

o
C

o
A

could
benefit

even
beyond

the
results

show
n,e.g.,by

using
existing

fast
L

1 -solvers
for

the
single-

m
achine

case,
such

as
g
lm

n
et

variants
(Friedm

an
et

al.,
2010)

or
blit

z
(Johnson

and
G
uestrin,

2015)
or

SV
M

solvers
like

liblin
ea

r
(Fan

et
al.,

2008).
T
he

only
param

eter
influencing

the
overallperform

ance
of

C
o
C

o
A

is
the

levelof
approxim

ation
quality,w

hich
w
e
param

eterize
in

the
experim

ents
through

H
,the

num
ber

oflocaliterations
ofthe

iterative
m
ethod

run
locally.

O
ur

theory
relates

local
approxim

ation
quality

to
global

convergence
(Section

4),
and

w
e
provide

a
guideline

for
how

to
choose

this
value

in
practice

that
links

the
param

eter
to

the
system

s
environm

ent
at

hand
(R

em
ark

1).

7.
R

elated
W

ork

T
here

exist
m
yriad

optim
ization

m
ethods

for
the

distributed
setting;

the
follow

ing
section

is
not

m
eant

to
be

w
holly

com
prehensive,but

to
provide

an
overview

ofthe
m
ost

prevalent
and

related
approaches.

W
e
additionally

note
that

m
any

new
m
ethods

have
been

proposed
since

the
tim

e
of

subm
ission

of
this

m
anuscript

in
O
ctober

2016,
including

several
exten-

sions
ofthe

presented
C

o
C

o
A

fram
ew

ork—
e.g.,for

federated
learning

(Sm
ith

et
al.,2017),

com
puting

over
heterogeneous

system
s
(D

ünner
et

al.,
2017),

second-order
algorithm

ex-
tensions

(G
argiani,

2017;
Lee

and
C
hang,

2017;
D
ünner

et
al.,

2018;
Lee

et
al.,

2018),
and

accelerated
m
ethods

(M
a
et

al.,
2017a;

Zheng
et

al.,
2017).

W
e
defer

the
readers

to
these

follow
-up

w
orks

for
the

m
ost

current
literature

review
.

S
in
gle-m

ach
in
e
coord

in
ate

solvers.
For

strongly
convex

regularizers,
state-of-the-art

forem
piricallossm

inim
ization

israndom
ized

coordinate
ascenton

the
dual(SD

C
A
)(Shalev-

Shw
artz

and
Zhang,2013a)

and
accelerated

variants
(e.g.,Shalev-Shw

artz
and

Zhang,2014).
In

contrast
to

prim
alstochastic

gradient
descent

(SG
D
)
m
ethods,the

SD
C
A

fam
ily

is
often

preferred
as

it
is

free
of

learning
rate

param
eters

and
has

faster
(geom

etric)
convergence

guarantees.
Interestingly,

a
sim

ilar
trend

in
coordinate

solvers
exists

in
recent

lasso
liter-

ature,
but

w
ith

the
roles

of
prim

al
and

dual
reversed.

For
those

problem
s,

prim
al-based

coordinate
descent

m
ethods

are
state-of-the-art,as

in
g
lm

n
et

(Friedm
an

et
al.,2010)

and
extensions

(Y
uan

et
al.,2012);see,e.g.,the

overview
in

Y
uan

et
al.(2010).

H
ow

ever,prim
al-
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n

em
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ra
ti
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th
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pa
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op
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of
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re
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M

(B
oy
d
et

al
.,
20

10
),
gr
ad

ie
nt

de
sc
en
t,
an

d
qu

as
i-N

ew
to
n
m
et
ho

ds
su
ch

as
L-
B
FG

S
an

d
ar
e
al
so

of
te
n
us
ed

in
di
st
ri
bu

te
d
se
tt
in
gs

be
ca
us
e
of

th
ei
r
re
la
ti
ve
ly

lo
w

co
m
m
un

ic
at
io
n
re
qu

ir
em

en
ts
.
H
ow

ev
er
,
th
ey

re
qu

ir
e
at

le
as
t
a
fu
ll
(d
is
tr
ib
ut
ed
)
ba

tc
h

gr
ad

ie
nt

co
m
pu

ta
ti
on

at
ea
ch

ro
un

d,
an

d
th
er
ef
or
e
do

no
ta

llo
w
th
e
gr
ad

ua
lt
ra
de

-o
ff
be

tw
ee
n

co
m
m
un

ic
at
io
n
an

d
co
m
pu

ta
ti
on

pr
ov
id
ed

by
C

o
C

o
A
.I
n
Se
ct
io
n
6,

w
e
in
cl
ud

e
ex
pe

ri
m
en
ta
l

co
m
pa

ri
so
ns

w
it
h
A
D
M
M
,
gr
ad

ie
nt

de
sc
en
t,

an
d
L-
B
FG

S
va
ri
an

ts
,
in
cl
ud

in
g
or
th
an

t-
w
is
e

lim
it
ed

m
em

or
y
qu

as
i-N

ew
to
n
(O

W
L-
Q
N
)
fo
r
th
e
L

1
se
tt
in
g
(A

nd
re
w

an
d
G
ao

,2
00
7)
.

F
in
al
ly
,w

e
no

te
th
at

w
hi
le

th
e
co
nv

er
ge
nc

e
ra
te
s
pr
ov
id
ed

fo
r
C

o
C

o
A

m
ir
ro
r
th
e
co
n-

ve
rg
en

ce
cl
as
s
of

cl
as
si
ca
lb

at
ch

gr
ad

ie
nt

m
et
ho

ds
in

te
rm

s
of

th
e
nu

m
be

r
of

ou
te
r
ro
un

ds
,

ex
is
ti
ng

ba
tc
h
gr
ad

ie
nt

m
et
ho

ds
co
m
e
w
it
h
a
w
ea
ke
r
th
eo
ry
,
as

th
ey

do
no

t
al
lo
w

ge
ne
ra
l

in
ex
ac
tn
es
s

Θ
fo
r
th
e
lo
ca
ls
ub

pr
ob

le
m

(1
0)
.
In

co
nt
ra
st
,o

ur
co
nv

er
ge
nc
e
ra
te
s
in
co
rp
or
at
e

th
is
ap

pr
ox
im

at
io
n
di
re
ct
ly
,a

nd
,m

or
eo
ve
r,
ho

ld
fo
r
ar
bi
tr
ar
y
lo
ca
ls
ol
ve
rs

of
m
uc
h
ch
ea
pe

r
co
st

th
an

ba
tc
h
m
et
ho

ds
(w

he
re

in
ea
ch

ro
un

d,
ev
er
y
m
ac
hi
ne

ha
s
to

pr
oc
es
s
ex
ac
tl
y
a
fu
ll

pa
ss

th
ro
ug

h
th
e
lo
ca
ld

at
a)
.
T
hi
s
m
ak
es

C
o
C

o
A

m
or
e
fle

xi
bl
e
in

th
e
di
st
ri
bu

te
d
se
tt
in
g,

as
it

ca
n
ad

ap
t
to

va
ri
ed

co
m
m
un

ic
at
io
n
co
st
s
on

re
al

sy
st
em

s.
W
e
ha

ve
se
en

in
Se

ct
io
n
6

th
at

th
is

fle
xi
bi
lit
y
re
su
lt
s
in

si
gn

ifi
ca
nt

pe
rf
or
m
an

ce
ga

in
s
ov
er

th
e
co
m
pe

ti
ng

m
et
ho

ds
.

D
is
tr
ib
u
te
d

so
lv
er
s.

B
y
m
ak

in
g
us
e
of

th
e
pr
im

al
-d
ua

l
st
ru
ct
ur
e
in

th
e
lin

e
of

w
or
k

of
Y
u
et

al
.
(2
01

2)
;
P
ec
hy

on
y
et

al
.
(2
01

1)
;
Y
an

g
(2
01

3)
;
Y
an

g
et

al
.
(2
01

3)
an

d
Le

e
an

d
R
ot
h

(2
01

5)
,
th
e

C
o
C

o
A
-v
1
an

d
C

o
C

o
A
+

fr
am

ew
or
ks

(w
hi
ch

ar
e
sp
ec
ia
l
ca
se
s
of

th
e

pr
es
en
te
d
fr
am

ew
or
k,

C
o
C

o
A
)
ar
e
th
e
fir
st

to
al
lo
w

th
e
us
e
of

an
y
lo
ca
l
so
lv
er
—
of

w
ea
k

lo
ca
la

pp
ro
xi
m
at
io
n
qu

al
it
y—

in
ea
ch

ro
un

d
in

th
e
di
st
ri
bu

te
d
se
tt
in
g.

T
he

pr
ac
ti
ca
lv

ar
ia
nt

of
th
e
D
is
D
C
A

(Y
an

g,
20

13
),

ca
lle

d
D
is
D
C
A
-p
,
al
lo
w
s
fo
r
ad

di
ti
ve

up
da

te
s
in

a
si
m
ila

r
m
an

ne
r
to

C
o
C

o
A
,
bu

t
is

re
st
ri
ct
ed

to
co
or
di
na

te
de

ce
nt

(C
D
)
be

in
g
th
e
lo
ca
l
so
lv
er
,

an
d
w
as

in
it
ia
lly

pr
op

os
ed

w
it
ho

ut
co
nv

er
ge
nc

e
gu

ar
an

te
es
.
D
is
D
C
A
-p
,
C

o
C

o
A
-v
1,

an
d

C
o
C

o
A
+

ar
e
al
ll
im

it
ed

to
st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
rs
,a

nd
th
er
ef
or
e
ar
e
no

t
as

ge
ne

ra
la

s
th
e

C
o
C

o
A

fr
am

ew
or
k
di
sc
us
se
d
in

th
is

w
or
k.

In
th
e
L

1
-r
eg
ul
ar
iz
ed

se
tt
in
g,

an
ap

pr
oa

ch
re
la
te
d
to

ou
r
fr
am

ew
or
k
in
cl
ud

es
di
st
ri
bu

te
d

va
ri
an

ts
of

g
lm

n
et

as
in

M
ah

aj
an

et
al
.
(2
01
7)
.

In
sp
ir
ed

by
g
lm

n
et

an
d

Y
ua

n
et

al
.

(2
01

2)
,
th
e
w
or
ks

of
B
ia
n
et

al
.(

20
13

)
an

d
M
ah

aj
an

et
al
.(

20
17

)
in
tr
od

uc
ed

th
e
id
ea

of
a

bl
oc
k-
di
ag

on
al

H
es
si
an

up
pe

r
ap

pr
ox
im

at
io
n
in

th
e
di
st
ri
bu

te
d
L

1
co
nt
ex
t.

T
he

la
te
r
w
or
k

of
T
ro
fim

ov
an

d
G
en

ki
n
(2
01
4,

20
16

)
sp
ec
ia
liz

ed
th
is
ap

pr
oa

ch
to

sp
ar
se

lo
gi
st
ic

re
gr
es
si
on

.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

If
hypothetically

each
of

our
quadratic

subproblem
sG

σ
′

k
(∆
α

[k
] )

as
defined

in
(10)

w
ere

to
be

m
inim

ized
exactly,the

resulting
steps

could
be

interpreted
as

block-w
ise

N
ew

ton-type
steps

on
each

coordinate
block

k,w
here

the
N
ew

ton-subproblem
is
m
odified

to
also

contain
the

L
1 -regularizer

(M
ahajan

et
al.,2017;Y

uan
et

al.,2012;Q
u
et

al.,2016).
W

hile
M
ahajan

et
al.(2017)

allow
s
a
fixed

accuracy
for

these
subproblem

s,but
not

arbitrary
approxim

ation
quality

Θ
as

in
our

fram
ew

ork,the
w
orks

ofT
rofim

ov
and

G
enkin

(2016);Y
uan

et
al.(2012);

and
Y
en

et
al.(2015)

assum
e
that

the
quadratic

subproblem
s
are

solved
exactly.

T
herefore,

these
m
ethods

are
not

able
to

freely
trade

off
com

m
unication

and
com

putation.
A
lso,they

do
not

allow
the

re-use
of

arbitrary
local

solvers.
O
n
the

theoretical
side,

the
convergence

rate
results

provided
by

M
ahajan

et
al.

(2017);
T
rofim

ov
and

G
enkin

(2016);
and

Y
uan

et
al.(2012)

are
not

explicit
convergence

rates
but

only
asym

ptotic,as
the

quadratic
upper

bounds
are

not
explicitly

controlled
for

safety
as

w
ith

our
σ
′.

8.
D

iscu
ssion

T
o
enable

large-scale
m
achine

learning
and

signalprocessing,w
e
have

developed,analyzed,
and

evaluated
a
general-purpose

fram
ew

ork
for

com
m
unication-effi

cient
prim

al-dual
opti-

m
ization

in
the

distributed
environm

ent.
O
ur

fram
ew

ork,
C

o
C

o
A
,
takes

a
unique

ap-
proach

by
using

duality
to

derive
subproblem

s
for

each
m
achine

to
solve

in
parallel.

T
hese

subproblem
s
closely

m
atch

the
global

problem
of

interest,
w
hich

allow
s
for

state-of-the-art
single-m

achine
solvers

to
easily

be
re-used

in
the

distributed
setting.

Further,
by

allow
ing

the
local

solvers
to

find
solutions

of
arbitrary

approxim
ation

quality
to

the
subproblem

s
on

each
m
achine,

our
fram

ew
ork

perm
its

a
highly

flexible
com

m
unication

schem
e.

In
par-

ticular,
as

the
local

solvers
m
ake

updates
directly

to
their

local
param

eters,
the

need
to

com
m
unicate

reduces
and

can
be

adapted
to

the
system

at
hand,

w
hich

helps
to

m
anage

the
com

m
unication

bottleneck
in

the
distributed

setting.
W
e
analyzed

the
im

pact
of

the
local

solver
approxim

ation
quality

and
derived

global
prim

al-dual
convergence

rates
for

our
fram

ew
ork

that
are

agnostic
to

the
specifics

of
the

localsolvers.
W
e
have

taken
particular

care
in

extending
our

fram
ew

ork
to

the
case

ofnon-
strongly

convex
regularizers,w

here
w
e
introduced

a
bounded-supportm

odification
technique

to
provide

robust
convergence

guarantees.
F
inally,

w
e
dem

onstrated
the

effi
ciency

of
our

fram
ew

ork
in

an
extensive

experim
entalcom

parison
w
ith

state-of-the-art
distributed

solvers.
O
ur

fram
ew

ork
achieves

up
to

a
50×

speedup
over

other
w
idely-used

m
ethods

on
real-w

orld
distributed

datasets.
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

A
p
p
en

d
ix

A
.

C
onvex

C
on

ju
gates

T
he

convex
conjugate

of
a
function

f
:R

m
→

R
is

defined
as

f
∗(v

)
:=

m
ax

u∈
R
m
v
>
u
−
f

(u
)
.

(27)

B
elow

w
e
list

several
useful

properties
of

conjugates
(see,

e.g.,
B
oyd

and
V
andenberghe,

2004,Section
3.3.2):

•
D
ouble

conjugate:
(f
∗) ∗

=
f
if
f
is

closed
and

convex.

•
V
alue

Scaling:
(for

α
>

0)
f

(v
)

=
α
g
(v

)
⇒

f
∗(w

)
=
α
g ∗(w

/α
)
.

•
A
rgum

ent
Scaling:

(for
α
6=

0)
f

(v
)

=
g
(α

v
)

⇒
f
∗(w

)
=
g ∗(w

/α
)
.

•
C
onjugate

of
a
separable

sum
:

f
(v

)
=
∑

i φ
i (v

i )
⇒

f
∗(w

)
=
∑

i φ
∗i (w

i )
.

L
em

m
a
4

(D
uality

betw
een

Lipschitzness
and

L-B
ounded

Support,
(R

ockafellar,
1997,

C
orollary

13.3.3)).
G
iven

a
proper

convex
function

f,
it

holds
that

f
is
L
-Lipschitz

if
and

only
if
f
∗
has

L
-bounded

support.

L
em

m
a
5
(D

uality
betw

een
Sm

oothnessand
Strong

C
onvexity,(H

iriart-U
rruty

and
Lem

aréchal,
2001,T

heorem
4.2.2)).

G
iven

a
closed

convex
function

f,it
holds

that
f
is
µ
strongly

convex
w
.r.t.

the
norm

‖·‖
if
and

only
if
f
∗
is

(1/
µ

)-sm
ooth

w
.r.t.

the
dualnorm

‖·‖∗ .

A
p
p
en

d
ix

B
.

P
roofs

of
P

rim
al-D

u
al

R
elation

sh
ip

s

In
the

follow
ing

subsections
w
e
provide

derivations
of

the
prim

al-dual
relationship

of
the

generalobjectives
(A

)
and

(B
),and

then
show

how
to

derive
the

conjugate
of

the
m
odified

L
1 -norm

,as
an

exam
ple

of
the

bounded-support
m
odification

introduced
in

Section
4.

B
.1

P
rim

al-D
u
al

R
elation

sh
ip

T
he

relation
ofthe

originalform
ulation

(A
)
to

its
dualform

ulation
(B

)
is
standard

in
convex

analysis.
U
sing

the
linear

m
ap

A
as

in
our

case,the
relationship

is
an

instance
of

Fenchel-
R
ockafellar

D
uality,

see
e.g.

B
orw

ein
and

Zhu
(2005,

T
heorem

4.4.2)
or

B
auschke

and
C
om

bettes
(2011,

P
roposition

15.18).
For

com
pleteness,

w
e
illustrate

this
correspondence

w
ith

a
self-contained

derivation
of

the
duality.

Starting
w
ith

the
original

form
ulation

(A
),

w
e
introduce

an
auxiliary

vector
v
∈

R
m

representing
v

=
A
α
.
T
hen

optim
ization

problem
(A

)
becom

es:

m
in

α
,v

f
(v

)
+
g
(α

)
such

that
v

=
A
α
.

(28)

Introducing
Lagrange

m
ultipliers

w
∈
R
m
,the

Lagrangian
is

given
by:

L
(α
,v

;w
)

:=
f

(v
)

+
g
(α

)
+

w
>

(A
α
−

v
)
.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

T
he

du
al

pr
ob

le
m

of
(A

)
fo
llo

w
s
by

ta
ki
ng

th
e
in
fim

um
w
it
h
re
sp
ec
t
to

bo
th
α

an
d
v
:

in
f

α
,v
L

(w
,α
,v

)
=

in
f

v

{ f
(v

)
−

w
>
v
}

+
in

f
α

{ g
(α

)
+

w
>
A
α
}

=
−

su
p

v

{ w
>
v
−
f

(v
)}
−

su
p
α

{ (−
w
>
A

)α
−
g
(α

)}

=
−
f
∗ (
w

)
−
g
∗ (
−
A
>
w

)
.

(2
9)

W
e
ch
an

ge
si
gn

s
an

d
tu
rn

th
e
m
ax

im
iz
at
io
n
of

th
e
du

al
pr
ob

le
m

(2
9)

in
to

a
m
in
im

iz
at
io
n,

th
er
eb
y
ar
ri
vi
ng

at
th
e
du

al
fo
rm

ul
at
io
n
(B

)
as

cl
ai
m
ed

:

m
in

w
∈R

m

[
O B

(w
)

:=
f
∗ (
w

)
+
g
∗ (
−
A
>
w

)
] .

B
.2

C
on

ti
nu

ou
s
C
on

ju
ga
te

M
od

ifi
ca
ti
on

fo
r
In
d
ic
at
or

Fu
n
ct
io
n
s

L
em

m
a
6

(C
on

ju
ga

te
of

th
e
m
od

ifi
ed

L
1
-n
or
m
).

T
he

co
nv
ex

co
nj
ug
at
e
of

th
e
bo
un

de
d

su
pp
or
t
m
od
ifi
ca
ti
on

of
th
e
L

1
-n
or
m
,
as

de
fin

ed
in

(1
8)
,
is
:

ḡ
∗ i(
x

)
:=

{
0

:
x
∈

[−
1,

1]
,

B
(|x
|−

1)
:
ot
he
rw

is
e,

an
d
is
B
-L
ip
sc
hi
tz
.

P
ro
of
.
W
e
st
ar
t
by

ap
pl
yi
ng

th
e
de

fin
it
io
n
of

co
nv

ex
co
nj
ug

at
e:

ḡ i
(α

)
=

su
p

x
∈R

[α
x
−
ḡ
∗ i(
x

)]
.

W
e
be

gi
n
by

lo
ok

in
g
at

th
e
ca
se

in
w
hi
ch

α
≥
B
;
in

th
is

ca
se

it
’s

ea
sy

to
se
e
th
at

w
he

n
x
→

+
∞

,w
e
ha

ve
:

α
x
−
B

(|x
|−

1)
=

(α
−
B

)x
−
B
→

+
∞
,

as
α
−
B
≥

0
.
T
he

ca
se
α
≤
−
B

ho
ld
s
an

al
og

ou
sl
y.

W
e’
ll
no

w
lo
ok

at
th
e
ca
se
α
∈

[0
,B

];
in

th
is

ca
se

it
is

cl
ea
r
w
e
m
us
t
ha

ve
x
?
≥

0
.
It

al
so

m
us
t
ho

ld
th
at
x
?
≤

1
,s

in
ce

α
x
−
B

(x
−

1)
<
α
x
,

fo
r
ev
er
y
x
>

1
.
T
he

re
fo
re

th
e
m
ax

im
iz
at
io
n
be

co
m
es

ḡ i
(α

)
=

su
p

x
∈[

0
,1

]
α
x
,

w
hi
ch

ha
s
m
ax

im
um

α
at
x

=
1.

T
he

re
m
ai
ni
ng

α
∈

[−
B
,0

]
ca
se

fo
llo

w
s
in

si
m
ila

r
fa
sh
io
n.

Li
ps
ch
it
z
co
nt
in
ui
ty

of
ḡ
∗ i
fo
llo

w
s
di
re
ct
ly
,
or

al
te
rn
at
iv
el
y
al
so

fr
om

th
e
ge
ne

ra
l
re
su
lt

th
at
g
∗ i
is
L
-L
ip
sc
hi
tz

if
an

d
on

ly
if
g i

ha
s
L
-b
ou

nd
ed

su
pp

or
t
(R

oc
ka
fe
lla

r,
19

97
,C

or
ol
la
ry

13
.3
.3
)
or

(D
ün

ne
r
et

al
.,
20

16
,L

em
m
a
5)
.
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S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

A
p
p
en

d
ix

C
.

C
om

p
ar

is
on

to
A

D
M

M

C
.1

A
D
M
M

A
p
p
li
ed

to
th
e
O B

(·)
Fo

rm
u
la
ti
on

H
er
e
w
e
co
m
pa

re
co
ns
en
su
s
A
D
M
M

(M
ot
a
et

al
.,
20

13
)
ap

pl
ie
d
to

th
e
pr
ob

le
m

(B
)
to

th
e

C
o
C

o
A

fr
am

ew
or
k,

as
di
sc
us
se
d
in

Se
ct
io
n
3.
5.

Fo
r
co
ns
en

su
s
A
D
M
M
,t
he

ob
je
ct
iv
e
O B

(·)
ca
n
be

de
co
m
po

se
d
us
in
g
th
e
fo
llo

w
in
g
re
-p
ar
am

et
er
iz
at
io
n:

m
in

w
1
,.
..
w
K
,w

K ∑ k
=

1

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
f
∗ (
w

)

s.
t.

w
k

=
w
,
k

=
1,
..
.,
K
.

T
o
so
lv
e
th
is

pr
ob

le
m
,w

e
co
ns
tr
uc

t
th
e
au

gm
en
te
d
La

gr
an

gi
an

:

L
ρ
(w

1
,.
..
,w

k
,w
,u

1
,.
..
,u

k
)

:=

K ∑ k
=

1

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
f
∗ (
w

)
+

K ∑ k
=

1

u
> k

(w
k
−

w
)

+
ρ 2

K ∑ k
=

1

‖w
k
−

w
‖2
,

w
hi
ch

yi
el
ds

th
e
fo
llo

w
in
g
de

co
m
po

sa
bl
e
up

da
te
s:

w
(t

+
1
)

k
=

ar
g

m
in

w
k

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
u

(t
)

k

>
(w

k
−

w
(t

) )
+
ρ 2
‖w

k
−

w
(t

) ‖
2
,

w
(t

+
1
)

=
ar

g
m

in
w

f
∗ (
w

)
+

K ∑ k
=

1

u
(t

)
k

>
(w

(t
+

1
)

k
−

w
)

+
ρ 2

K ∑ k
=

1

‖w
(t

+
1
)

k
−

w
‖2
,

u
(t

+
1
)

k
=

u
(t

)
k

+
ρ
(w

(t
+

1
)

k
−

w
(t

+
1
) ).

T
he

se
up

da
te
s
ca
n
be

fu
rt
he

r
si
m
pl
ifi
ed

by
us
in
g
th
e
sc
al
ed

fo
rm

of
u
k
an

d
co
m
bi
ni
ng

te
rm

s
fo
r
w

us
in
g
th
e
av
er
ag
es

w̄
k
an

d
ū
k
:

w
(t

+
1
)

k
=

ar
g

m
in

w
k

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
ρ
u

(t
)

k

>
(w

k
−

w
(t

) )
+
ρ 2
‖w

k
−

w
(t

) ‖
2
,

w
(t

+
1
)

=
ar

g
m

in
w

f
∗ (
w

)
+
ρ
K 2
‖w
−

(w̄
(t

+
1
)

k
+

ū
(t

)
k

)‖
2
,

u
(t

+
1
)

k
=

u
(t

)
k

+
w

(t
+

1
)

k
−

w
(t

+
1
) .

T
o
co
m
pa

re
th
is
to

th
e
C

o
C

o
A

su
bp

ro
bl
em

s
(1
0)
,w

e
w
ill

de
ri
ve

th
e
du

al
fo
rm

of
th
e
up

da
te

to
w
k
.
Su

pp
re
ss
in
g
th
e
it
er
at
io
n
co
un

te
r
fo
r
si
m
pl
ic
it
y,

th
e
m
in
im

iz
at
io
n
is

of
th
e
fo
rm

:

m
in

w
k

∑ i∈
P k
g
∗ i(
−
x
> i
w
k
)

+
ρ
u
k
>

(w
k
−

w
)

+
ρ 2
‖w

k
−

w
‖2

=
m

in
w
k

∑ i∈
P k

m
ax α i
−
x
> i
w
k
α
i
−
g i

(α
i)

+
ρ
u
k
>

(w
k
−

w
)

+
ρ 2
‖w

k
−

w
‖2

=
m

ax
α

[k
]

m
in

w
k

−
w
> k
A

[k
]α

[k
]
−
∑ i∈
P k
g i

(α
[k

] i
)

+
ρ
u
k
>

(w
k
−

w
)

+
ρ 2
‖w

k
−

w
‖2
.
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

Solving
the

m
inim

ization
yields:

w
k

=
1ρ
A

[k
] α

[k
] −

u
k

+
w
.
P
lugging

this
back

in,w
e
have:

m
a
x

α
[k

]

∑i∈P
k −

g
i (α

[k
]i )−

(
1ρ
A

[k
] α

[k
] −

u
k

+
w

) >
A

[k
] α

[k
] +

ρ
u
k >

(
1ρ
A

[k
] α

[k
] −

u
k )

+
ρ2 ‖

1ρ
A

[k
] α

[k
] −

u
k ‖

2

=
m

a
x

α
[k

]

∑i∈P
k −

g
i (α

[k
]i )

+
u
>k
A

[k
] α

[k
] −

w
>
A

[k
] α

[k
] −

12ρ ‖A
[k

] α
[k

] ‖
2

=
m

in
α

[k
] ∑i∈P

k

g
i (α

[k
]i )

+
(w
−

u
k ) >

A
[k

] α
[k

] +
12ρ ‖

A
[k

] α
[k

] ‖
2
.

W
e
therefore

see
that

the
update

to
w
k
has

a
sim

ilar
form

to
the

C
o
C

o
A

subproblem
(10),

w
here

ρ
:=

τσ ′ .

C
.2

A
D
M
M

A
p
p
lied

to
th
e
O
A

(·)
F
orm

u
lation

W
e
can

also
com

pare
C

o
C

o
A

to
A
D
M
M

as
applied

to
the

(A
)
problem

.
For

consensus
A
D
M
M
,
the

objective
O
A

(·)
can

be
decom

posed
using

the
follow

ing
re-param

etrization,
w
hich

introduces
localcopies

α
k
ofthe

globalvariable
α
,and

a
set

ofconsensus
constraints

to
achieve

the
equality

betw
een

them
:

m
in

α
,α

1
,...α

K

f
(A
α

)
+

K
∑k

=
1 ∑i∈P

k

g
i (α

k
,i )

s.t.
A

[k
] α

=
A

[k
] α

k ,
k

=
1,...,K

.

T
o
solve

this
problem

,w
e
construct

the
augm

ented
Lagrangian

w
ith

a
penalty

param
eter

ρ:

L
ρ (α̃

,α
1 ,...,α

K
,w

1 ,...,w
k )

:=
f

(A
α̃

)+

K
∑k

=
1 
∑i∈P

k

g
i (α

k
,i )

+
w
>k
A

[k
] (α

k −
α

)
+
ρ2 ‖A

[k
] (α

k −
α

)‖
22 

w
hich

yields
to

the
follow

ing
decom

posable
updates:

α
(t)
k

=
a
rg

m
in

α
k

∑i∈P
k

g
i (α

k
,i )

+
w

(t−
1
)

k

>
A

[k
] (α

k −
α

(t−
1
))

+
ρ2 ‖
A

[k
] (α

k −
α

(t−
1
))‖

22 ,

α
(t)

=
a
rg

m
in

α
f

(A
α

)
+

K
∑k

=
1 [w

(t−
1
)>

k
A

[k
] (α

(t)
k
−
α

)
+
ρ2 ‖A

[k
] (α

(t)
k
−
α

)‖
22 ]
,

w
(t)
k

=
w

(t−
1
)

k
+
ρ
A

[k
] (α

(t)
k
−
α

(t)).

T
he

first
m
inim

ization
is

solved
locally

in
a
distributed

m
anner

by
the

K
partitions.

B
y

setting
ρ

:=
σ
′τ
and

applying
the

change
of

variables
∆
α

[k
]

=
(α

k −
α

(t−
1
)),w

e
can

obtain
the

C
o
C

o
A

localsubproblem
s
(10):

∆
α

[k
] (t)

=
arg

m
in

∆
α

[k
]

∑i∈P
k

g
(α

(t−
1
)

i
+

∆
α

[k
]i )

+
w

(t−
1
) >
A

[k
] ∆
α

[k
] +

σ
′

2
τ ‖
A

[k
] ∆
α

[k
] ‖

2
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

N
ote

that
the

update
to
α

in
its

current
form

is
not

separable
and

m
ust

be
solved

via
som

e
distributed

optim
ization

procedure.
T
he

com
parison

to
theO

B
(·)

form
ulation

is
m
ore

naturalin
this

sense,as
it

captures
a
setting

and
form

ulation
in

w
hich

distributed
A
D
M
M

w
ould

m
ore

com
m
only

be
applied.

H
ow

ever,
the

above
form

ulation
is

closely
related

to
the

sharing
variant

of
A
D
M
M

(B
oyd

et
al.,

2010,
Section

7.3),
w
here

data
for

canonical
regularized

loss
m
inim

ization
problem

s
is

assum
ed

to
be

distributed
via

features
(see,

e.g.,
B
oyd

et
al.,2010,Section

8.3).

A
p
p
en

d
ix

D
.

C
onvergen

ce
P

roofs

In
this

section
w
e
provide

proofs
ofour

m
ain

convergence
results.

T
he

argum
ents

follow
the

reasoning
in

M
a
et

al.(2015a,2017b),but
w
here

w
e
have

generalized
them

to
be

applicable
directly

to
(A

).
W
e
provide

fulldetails
of

Lem
m
a
1
as

a
proof

of
concept,but

om
it

details
in

later
proofs

that
can

be
derived

using
the

argum
ents

in
M
a
et

al.(2015a)
or

earlier
w
ork

of
Shalev-Shw

artz
and

Zhang
(2013a),and

instead
outline

the
proof

strategy
and

highlight
sections

w
here

the
theory

deviates.

D
.1

A
p
p
roxim

ation
ofO

A
(·)

by
th
e
L
ocal

S
u
b
p
rob

lem
s
G
σ
′

k
(·)

O
ur

first
lem

m
a
in

the
overall

proof
of

convergence
helps

to
relate

progress
on

the
local

subproblem
s
to

the
globalobjectiveO

A
(·).

L
em

m
a’

1.
For

any
dual

variables
α
,∆
α
∈

R
n,

v
=

v
(α

)
:=

A
α
,
and

real
values

γ
,σ
′

satisfying
(11),

it
holds

that

O
A (
α

+
γ

K
∑k

=
1

∆
α

[k
] )
≤

(1−
γ

)O
A

(α
)

+
γ

K
∑k

=
1 G

σ
′

k
(∆
α

[k
] ;v

,α
[k

] )
.

(30)

P
roof.

In
this

proof
w
e
follow

the
line

of
reasoning

in
M
a
et

al.
(2015a,

Lem
m
a
4)

w
ith

a
m
ore

general
(1/τ

)
sm

oothness
assum

ption
on

f
(·).

A
n
outer

iteration
of

C
o
C

o
A

perform
s

the
follow

ing
update:

O
A

(α
+
γ

K
∑k

=
1

∆
α

[k
] )

=
f

(v
(α

+
γ

K
∑k

=
1

∆
α

[k
] ))

︸
︷︷

︸
A

+
n
∑i=

1

g
i (α

i
+
γ

(
K
∑k

=
1

∆
α

[k
] )
i )

︸
︷︷

︸
B

.
(31)

W
e
bound

A
and

B
separately.

F
irst

w
e
bound

A
using

(1/τ
)-sm

oothness
of
f:

A
=
f (

v
(α

+
γ

K
∑k

=
1

∆
α

[k
] ) )

=
f (

v
(α

)
+
γ

K
∑k

=
1

v
(∆
α

[k
] ) )

sm
oothness

of
f
as

in
(3)

≤
f

(v
(α

))
+

K
∑k

=
1

γ∇
f

(v
(α

)) >
v

(∆
α

[k
] )

+
γ

2

2
τ ‖

K
∑k

=
1

v
(∆
α

[k
] )‖

2

definition
of

w
as

in
(5)

=
f

(v
(α

))
+

K
∑k

=
1

γ
v

(∆
α

[k
] ) >

w
(α

)
+
γ

2

2τ ‖
K
∑k

=
1

v
(∆
α

[k
] )‖

2
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

sa
fe

ch
oi
ce

of
σ
′
as

in
(1
1)

≤
f

(v
(α

))
+

K ∑ k
=

1

γ
v

(∆
α

[k
])
>
w

(α
)

+
1 2
τ
γ
σ
′
K ∑ k
=

1

‖v
(∆
α

[k
])
‖2
.

N
ex
t
w
e
us
e
Je
ns
en

’s
in
eq
ua

lit
y
to

bo
un

d
B
:

B
=

K ∑ k
=

1

 
∑ i∈
P k
g i

(α
i
+
γ

(∆
α

[k
])
i)

 
=

K ∑ k
=

1

 
∑ i∈
P k
g i

((
1
−
γ

)α
i
+
γ

(α
i
+

(∆
α

[k
])
i)

) 

≤
K ∑ k
=

1

 
∑ i∈
P k

(1
−
γ

)g
i(
α
i)

+
γ
g i

(α
i
+

(∆
α

[k
])
i)

 
.

P
lu
gg

in
g
A

an
d
B

ba
ck

in
to

(3
1)

yi
el
ds
:

O A
( α

+
γ

K ∑ k
=

1

∆
α

[k
])
≤

f
(v

(α
))
±
γ
f

(v
(α

))
+

K ∑ k
=

1

γ
v

(∆
α

[k
])
>
w

(α
)

+
1 2
τ
γ
σ
′
K ∑ k
=

1

‖v
(∆
α

[k
])
‖2

+
K ∑ k
=

1

∑ i∈
P k

(1
−
γ

)g
i(
α
i)

+
γ
g i

(α
i
+

(∆
α

[k
])
i)

=
(1
−
γ

)f
(v

(α
))

+
K ∑ k
=

1

 
∑ i∈
P k

(1
−
γ

)g
i(
α
i)

 

︸
︷︷

︸
(1
−
γ

)O
A

(α
)

+
γ

K ∑ k
=

1

 
1 K
f

(v
(α

))
+

v
(∆
α

[k
])
>
w

(α
)

+
σ
′

2
τ
‖v

(∆
α

[k
])
‖2

+
∑ i∈
P k
g i

(α
i
+

(∆
α

[k
])
i)

 

(1
0) =

(1
−
γ

)O
A

(α
)

+
γ

K ∑ k
=

1

Gσ
′

k
(∆
α

[k
];
v
,α

[k
])
,

w
he

re
th
e
la
st

eq
ua

lit
y
is
by

th
e
de

fin
it
io
n
of

th
e
su
bp

ro
bl
em

ob
je
ct
iv
e
Gσ
′

k
(.

)
as

in
(1
0)
.

D
.2

P
ro
of

of
M
ai
n
C
on

ve
rg
en

ce
R
es
u
lt

(T
h
eo
re
m

2)

B
ef
or
e
pr
ov

in
g
th
e
m
ai
n

co
nv

er
ge
nc

e
re
su
lt
s,

w
e
in
tr
od

uc
e
se
ve
ra
l
us
ef
ul

qu
an

ti
ti
es
,
an

d
es
ta
bl
is
h
th
e
fo
llo

w
in
g
le
m
m
a,

w
hi
ch

ch
ar
ac
te
ri
ze
s
th
e
eff

ec
t
of

it
er
at
io
ns

of
A
lg
or
it
hm

1
on

th
e
du

al
it
y
ga

p
fo
r
an

y
ch
os
en

lo
ca
ls

ol
ve
r
of

ap
pr
ox
im

at
io
n
qu

al
it
y

Θ
.

L
em

m
a
7.

Le
t
g i

be
st
ro
ng
ly

co
nv
ex

2
w
it
h
co
nv
ex
it
y
pa
ra
m
et
er
µ
≥

0
w
it
h
re
sp
ec
t
to

th
e

no
rm
‖·
‖,
∀i
∈

[n
].

T
he
n
at

ea
ch

it
er
at
io
n
of

A
lg
or
it
hm

1
un

de
r
A
ss
um

pt
io
n
1,

an
d
an

y
s
∈

[0
,1

],
it
ho
ld
s
th
at

E[
O A

(α
(t

) )
−
O A

(α
(t

+
1
) )]
≥
γ

(1
−

Θ
)( sG

(α
(t

) )
−
σ
′ s

2

2τ
R

(t
))
,

(3
2)

2.
N

ot
e

th
at

th
e

ca
se

of
w

ea
kl

y
co

nv
ex

g i
(.
)

is
ex

pl
ic

it
ly

al
lo

w
ed

he
re

as
w

el
l,

as
th

e
L
em

m
a

ho
ld

s
fo

r
th

e
ca

se
µ
=

0
.
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S
m
it

h
,
F
o
rt

e,
M

a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Ja
g
g
i

w
he
re

R
(t

)
:=
−
τ
µ

(1
−
s)

σ
′ s
‖u

(t
)
−
α

(t
) ‖

2
+
∑

K k
=

1
‖A

[k
](
u

(t
)
−
α

(t
) )

[k
]‖2

,
(3
3)

fo
r
u

(t
)
∈
R
n
w
it
h

u
(t

)
i
∈
∂
g
∗ i(
−
x
> i
w

(α
(t

) ))
.

(3
4)

P
ro
of
.
T
hi
s
pr
oo

f
is

m
ot
iv
at
ed

by
Sh

al
ev
-S
hw

ar
tz

an
d
Zh

an
g
(2
01

3a
,
Le

m
m
a
19

)
an

d
fo
l-

lo
w
s
M
a
et

al
.
(2
01

5a
,
Le

m
m
a
5)
,
w
it
h
a
di
ffe

re
nc

e
be

in
g
th
e
ex
te
ns
io
n
to

ou
r
ge
ne

ra
liz

ed
su
bp

ro
bl
em

s
Gσ
′

k
(·;

v
,α

[k
])
al
on

g
w
it
h
th
e
m
ap

pi
ng

s
w

(α
)

:=
∇
f

(v
(α

))
w
it
h
v

(α
)

:=
A
α
.

Fo
r
si
m
pl
ic
it
y,

w
e
w
ri
te
α

in
st
ea
d
of
α

(t
) ,
v
in
st
ea
d
of

v
(α

(t
) )
,w

in
st
ea
d
of

w
(α

(t
) )

an
d

u
in
st
ea
d
of

u
(t

) .
W
e
ca
n
es
ti
m
at
e
th
e
ex
pe

ct
ed

ch
an

ge
of

th
e
ob

je
ct
iv
e
O A

(α
)
as

fo
llo

w
s.

St
ar
ti
ng

fr
om

th
e
de

fin
it
io
n
of

th
e
up

da
te
α

(t
+

1
)

:=
α

(t
)

+
γ
∑

k
∆
α

[k
]
fr
om

A
lg
or
it
hm

1,
w
e
ap

pl
y
Le

m
m
a
1,

w
hi
ch

re
la
te
s
th
e
lo
ca
l
ap

pr
ox
im

at
io
n
Gσ
′

k
(α

;v
,α

[k
])

to
th
e
gl
ob

al
ob

-
je
ct
iv
e
O A

(α
),
an

d
th
en

bo
un

d
th
is
us
in
g
th
e
no

ti
on

of
qu

al
it
y
of

th
e
lo
ca
ls
ol
ve
r
(Θ

),
as

in
A
ss
um

pt
io
n
1.

T
hi
s
gi
ve
s
us
:

E[
O A

(α
(t

) )
−
O A

(α
(t

+
1
) )]

=
E[
O A

(α
)
−
O A
( α

+
γ

K ∑ k
=

1

∆
α

[k
])]

≥
γ

(1
−

Θ
)

     
O A

(α
)
−

K ∑ k
=

1

Gσ
′

k
(∆
α
? [k

];
v
,α

[k
])

︸
︷︷

︸
C

     
.

(3
5)

W
e
ne

xt
up

pe
r
bo

un
d
th
e
C

te
rm

,
de

no
ti
ng

∆
α
?

=
∑

K k
=

1
∆
α
? [k

].
W
e
fir
st

pl
ug

in
th
e

de
fin

it
io
n
of

th
e
ob

je
ct
iv
e
O A

in
(A

)
an

d
th
e
lo
ca
l
su
bp

ro
bl
em

s
(1
0)
,
an

d
th
en

su
bs
ti
tu
te

s(
u
i
−
α
i)

fo
r

∆
α
? i
an

d
ap

pl
y
th
e
µ
-s
tr
on

g
co
nv

ex
it
y
of

th
e
g i

te
rm

s.
T
hi
s
gi
ve
s
us
:

C
=

n ∑ i=
1

(g
i(
α
i)
−
g i

(α
i
+

∆
α
? i
))
−

(A
∆
α
?
)>

w
(α

)
−

K ∑ k
=

1

σ
′

2
τ

∥ ∥ ∥A
[k

]∆
α
? [k

]∥ ∥ ∥2

=
n ∑ i=

1

(g
i(
α
i)
−
g i

(s
u
i
+

(1
−
s)
α
i)

)
−
A

(s
(u
−
α

))
>
w

(α
)
−

K ∑ k
=

1

σ
′

2τ

∥ ∥ ∥A
[k

]s
(u
−
α

) [
k
]∥ ∥ ∥2

≥
n ∑ i=

1

( sg
i(
α
i)
−
sg
i(
u
i)

+
µ 2

(1
−
s)
s(
u
i
−
α
i)

2
)

−
A

(s
(u
−
α

))
>
w

(α
)
−

K ∑ k
=

1

σ
′

2τ

∥ ∥ ∥A
[k

](
s(
u
−
α

) [
k
])
∥ ∥ ∥2
.

(3
6)
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

From
the

definition
of

the
optim

ization
problem

s
(A

)
and

(B
),and

definition
of

convex
conjugates,w

e
can

w
rite

the
duality

gap
as:

G
(α

)
:=
O
A

(α
)−

(−
O
B

(w
(α

))
(A

),(B
)

=
n
∑i=

1 (
g ∗i (−

x
>i
w

(α
))

+
g
i (α

i ) )
+
f
∗(w

(α
))

+
f

(A
α

))

=
n
∑i=

1 (
g ∗i (−

x
>i
w

(α
))

+
g
i (α

i ) )
+

(A
α

) >
w

(α
)

=
n
∑i=

1 (
g ∗i (−

x
>i
w

(α
))

+
g
i (α

i )
+
α
i x
>i
w

(α
) )

.
(37)

T
he

convex
conjugate

m
axim

alproperty
from

(34)
im

plies
that

g
i (u

i )
=
u
i (−

x
>i
w

(α
))−

g ∗i (−
x
>i
w

(α
))
.

(38)

U
sing

(38)
and

(37),w
e
therefore

have:

C
(38)
≥

n
∑i=

1 (
sg
i (α

i )−
su

i (−
x
>i
w

(α
))

+
sg ∗i (−

x
>i
w

(α
))

+
µ2

(1−
s)s(u

i −
α
i )

2 )

−
A

(s(u
−
α

)) >
w

(α
)−

K
∑k

=
1

σ
′

2τ ∥∥∥
A

[k
] (s(u

−
α

)
[k

] ) ∥∥∥
2

=
n
∑i=

1 [sg
i (α

i )
+
sg ∗i (−

x
>i
w

(α
))

+
sx
>i
w

(α
)α

i ]−
n
∑i=

1 [sx
>i
w

(α
)(α

i −
u
i )−

µ2
(1−

s)s(u
i −

α
i )

2 ]

−
A

(s(u
−
α

)) >
w

(α
)−

K
∑k

=
1

σ
′

2τ ∥∥∥
A

[k
] (s(u

−
α

)
[k

] ) ∥∥∥
2

(37)
=

sG
(α

)
+
µ2

(1−
s)s‖u

−
α‖

2−
σ
′s

2

2τ

K
∑k

=
1 ‖
A

[k
] (u
−
α

)
[k

] ‖
2
.

(39)

T
he

claim
ed

im
provem

ent
bound

(32)
then

follow
s
by

plugging
(39)

into
(35).

T
he

follow
ing

Lem
m
a
provides

a
uniform

bound
on

R
(t).

L
em

m
a
8.

If
g ∗i

are
L
-Lipschitz

continuous
for

all
i∈

[n
],
then

∀
t

:
R

(t)≤
4L

2
K
∑k

=
1

σ
k n

k

︸
︷︷

︸
=

:σ

,
(40)

w
here

σ
k

:=
m

ax
α

[k
] ∈

R
n ‖A

[k
] α

[k
] ‖

2

‖
α

[k
] ‖

2
.

(41)
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

P
roof.

(M
a
et

al.,
2015a,

Lem
m
a
6).

For
general

convex
functions,

the
strong

convexity
param

eter
is
µ

=
0,and

hence
the

definition
(33)

of
the

com
plexity

constant
R

(t)
becom

es

R
(t)

=
K
∑k

=
1 ‖
A

[k
] (u

(t)−
α

(t))
[k

] ‖
2
(41)
≤

K
∑k

=
1

σ
k ‖(u

(t)−
α

(t))
[k

] ‖
2≤

K
∑k

=
1

σ
k |P

k |4
L

2
.

H
ere

the
last

inequality
follow

s
from

(Shalev-Shw
artz

and
Zhang,2013a,Lem

m
a
21),w

hich
show

s
that

for
g ∗i

:R
→

R
being

L
-Lipschitz,it

holds
that

for
any

realvalue
a
w
ith
|a|

>
L

one
has

that
g
i (a

)
=

+
∞

.

R
em

ark
6.

(M
a
et

al.,
2015a,

R
em

ark
7)

If
the

data
points

x
i
are

norm
alized

such
that

‖
x
i ‖
≤

1,∀
i∈

[n
],
then

σ
k ≤
|P
k |

=
n
k .

Furtherm
ore,

if
w
e
assum

e
that

the
data

partition
is

balanced,
i.e.,

that
n
k

=
n
/K

for
all

k,
then

σ
≤
n

2/K
.
T
his

can
be

used
to

bound
the

constants
R

(t),
above,

as
R

(t)≤
4
L
2
n
2

K
.

T
h
eorem

9.
C
onsider

A
lgorithm

1,
using

a
local

solver
of

quality
Θ

(See
A
ssum

ption
1).

Let
g ∗i (·)

be
L
-Lipschitz

continuous,
and

ε
G
>

0
be

the
desired

duality
gap

(and
hence

an
upper-bound

on
suboptim

ality
εO

A ).
T
hen

after
T

iterations,
w
here

T
≥
T

0
+

m
ax{ ⌈

1

γ
(1−

Θ
) ⌉
, ⌈

4
L

2σ
σ
′

τ
ε
G
γ

(1−
Θ

) ⌉}
,

(42)

T
0 ≥

t0
+
[

2

γ
(1−

Θ
) (

8
L

2σ
σ
′

τ
ε
G
−

1 )
]

+
,
t0 ≥

m
ax

(0, ⌈
1

γ
(1−

Θ
)

log (
τ
(O
A

(α
(0

))−
O
A

(α
?
))

2
L
2
σ
σ
′

)⌉
)
,

w
e
have

that
the

expected
duality

gap
satisfies

E
[O
A

( α
)−

(−
O
B

(w
(α

)))]≤
ε
G

at
the

averaged
iterate

α
:=

1
T−

T
0 ∑

T−
1

t=
T
0 α

(t)
.

(43)

P
roof.

W
e
begin

by
estim

ating
the

expected
change

offeasibility
forO

A .
W
e
can

bound
this

above
by

using
Lem

m
a
7
and

the
fact

that
the
O
B

(·)
is

alw
ays

a
low

er
bound

for−
O
A

(·),
and

then
applying

(40)
to

find:

E
[O
A

(α
(t+

1
))−
O
A

(α
?)]

=
E

[−
O
A

(α
?)

+
O
A

(α
(t+

1
))−
O
A

(α
(t))

+
O
A

(α
(t))]

≤
(1−

γ
(1−

Θ
)s)

(O
A

(α
(t))−

O
A

(α
?))

+
γ

(1−
Θ

)
σ
′s

2

2
τ

4
L

2σ
.(44)

U
sing

(44)
recursively

w
e
have

E
[O
A

(α
(t))−

O
A

(α
?)]≤

(1−
γ

(1−
Θ

)s)
t(O

A
(α

(0
))−
O
A

(α
?))

+
s

4
L

2σ
σ
′

2τ
.

(45)

C
hoosing

s
=

1
and

t
=
t0

:=
m

ax{
0,d

1
γ

(1−
Θ

)
log

(2(O
A

(α
(0

))−
O
A

(α
?))/(4L

2σ
σ
′))e}

leads
to

E
[O
A

(α
(t))−

O
A

(α
?)]≤

(1−
γ

(1−
Θ

))
t
0

(O
A

(α
(0

))−
O
A

(α
?))

+
4L

2σ
σ
′

2τ
≤

4L
2σ
σ
′

τ
.(46)
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ic

at
io

n
-E

ff
ic

ie
n
t

D
is

tr
ib

u
te

d
O

pt
im

iz
at

io
n

N
ex
t,
w
e
sh
ow

in
du

ct
iv
el
y
th
at

∀t
≥
t 0

:
E[
O A

(α
(t

) )
−
O A

(α
?
)]
≤

4L
2
σ
σ
′

τ
(1

+
1 2
γ

(1
−

Θ
)(
t
−
t 0

))
.

(4
7)

C
le
ar
ly
,
(4
6)

im
pl
ie
s
th
at

(4
7)

ho
ld
s
fo
r
t

=
t 0
.
A
ss
um

in
g
th
at

it
ho

ld
s
fo
r
an

y
t
≥
t 0
,
w
e

sh
ow

th
at

it
m
us
t
al
so

ho
ld

fo
r
t

+
1
.
In
de

ed
,u

si
ng

s
=

1

1
+

1 2
γ

(1
−

Θ
)(
t
−
t 0

)
∈

[0
,1

],
(4
8)

w
e
ob

ta
in E[
O A

(α
(t

+
1
) )
−
O A

(α
?
)]
≤

4
L

2
σ
σ
′

τ

(
1

+
1 2
γ

(1
−

Θ
)(
t
−
t 0

)
−

1 2
γ

(1
−

Θ
)

(1
+

1 2
γ

(1
−

Θ
)(
t
−
t 0

))
2

)

︸
︷︷

︸
D

,

by
ap

pl
yi
ng

th
e
bo

un
ds

(4
4)

an
d
(4
7)
,p

lu
gg

in
g
in

th
e
de

fin
it
io
n
of
s
(4
8)
,a

nd
si
m
pl
ify

in
g.

W
e
up

pe
r
bo

un
d
th
e
te
rm

D
us
in
g
th
e
fa
ct

th
at

ge
om

et
ri
c
m
ea
n
is
le
ss

or
eq
ua

lt
o
ar
it
hm

et
ic

m
ea
n:

D
=

1

1
+

1 2
γ

(1
−

Θ
)(
t

+
1
−
t 0

)

(1
+

1 2
γ

(1
−

Θ
)(
t

+
1
−
t 0

))
(1

+
1 2
γ

(1
−

Θ
)(
t
−

1
−
t 0

))

(1
+

1 2
γ

(1
−

Θ
)(
t
−
t 0

))
2

︸
︷︷

︸
≤

1

≤
1

1
+

1 2
γ

(1
−

Θ
)(
t

+
1
−
t 0

).

If
α

is
de

fin
ed

as
(4
3)
,w

e
ap

pl
y
th
e
re
su
lt
s
of

Le
m
m
a
7
an

d
Le

m
m
a
8
to

ob
ta
in

E[
G

(α
)]

=
E

  G

 
T
−

1
∑ t=
T
0

1
T
−
T
0
α

(t
) 
 
≤

1
T
−
T
0
E

 T
−

1
∑ t=
T
0

G
( α

(t
))
 

≤
1

γ
(1
−

Θ
)s

1

T
−
T

0
E
[ O

A
(α

(T
0
) )
−
O A

(α
?
)] +

4
L
2
σ
σ
′ s

2
τ

.
(4
9)

If
T
≥
d

1
γ

(1
−

Θ
)
e+

T
0
su
ch

th
at
T

0
≥
t 0

w
e
ha

ve

E[
G

(α
)]

(4
9)
,(
47
)

≤
1

γ
(1
−

Θ
)s

1

T
−
T

0

(
4
L

2
σ
σ
′

τ
(1

+
1 2
γ

(1
−

Θ
)(
T

0
−
t 0

))

)
+

4
L

2
σ
σ
′ s

2τ

=
4L

2
σ
σ
′

τ

(
1

γ
(1
−

Θ
)s

1

T
−
T

0

1

1
+

1 2
γ

(1
−

Θ
)(
T

0
−
t 0

)
+
s 2

)
.

(5
0)

C
ho

os
in
g

s
=

1

(T
−
T

0
)γ

(1
−

Θ
)
∈

[0
,1

]
(5
1)
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č,

Jo
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n
,
a
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d

Ja
g
g
i

gi
ve
s
us E[
G

(α
)]

(5
0)
,(
51
)

≤
4
L

2
σ
σ
′

τ

(
1

1
+

1 2
γ

(1
−

Θ
)(
T

0
−
t 0

)
+

1

(T
−
T

0
)γ

(1
−

Θ
)

1 2

)
.

(5
2)

T
o
ha

ve
ri
gh

t
ha

nd
si
de

of
(5
2)

sm
al
le
r
th
en

ε G
it
is
su
ffi
ci
en
t
to

ch
oo

se
T

0
an

d
T

su
ch

th
at

4
L

2
σ
σ
′

τ

(
1

1
+

1 2
γ

(1
−

Θ
)(
T

0
−
t 0

))
≤

1 2
ε G
,

(5
3)

4L
2
σ
σ
′

τ

(
1

(T
−
T

0
)γ

(1
−

Θ
)

1 2

)
≤

1 2
ε G
.

(5
4)

H
en

ce
if
T

0
≥
t 0

+
2

γ
(1
−

Θ
)

( 8
L
2
σ
σ
′

τ
ε G
−

1)
an

d
T
≥
T

0
+

4
L
2
σ
σ
′

τ
ε G
γ

(1
−

Θ
)
th
en

(5
3)

an
d
(5
4)

ar
e

sa
ti
sfi
ed

.

T
he

fo
llo

w
in
g
m
ai
n
th
eo
re
m

si
m
pl
ifi
es

th
e
re
su
lt
s
of

T
he
or
em

9
an

d
is

a
ge
ne

ra
liz

at
io
n

of
M
a
et

al
.(

20
15

a,
C
or
ol
la
ry

9)
fo
r
ge
ne

ra
lf
∗ (
·)

fu
nc

ti
on

s:

T
h
eo
re
m
’
2.

C
on

si
de
r
A
lg
or
it
hm

1
w
it
h
γ

:=
1
,
us
in
g
a
lo
ca
l
so
lv
er

of
qu
al
it
y

Θ
(s
ee

A
ss
um

pt
io
n

1)
.

Le
t
g
∗ i(
·)

be
L
-L
ip
sc
hi
tz

co
nt
in
uo

us
,
an

d
as
su
m
e
th
at

th
e
co
lu
m
ns

of
A

sa
ti
sf
y
‖x

i‖
≤

1
,
∀i
∈

[n
]
an

d
g
∗ i
is

of
th
e
fo
rm

1 n
g
∗ i,

as
is

co
m
m
on

in
E
R
M
-t
yp
e
pr
ob
le
m
s.

Le
t
ε G

>
0
be

th
e
de
si
re
d
du

al
it
y
ga
p
(a
nd

he
nc
e
an

up
pe
r-
bo
un

d
on

pr
im

al
su
b-
op
ti
m
al
it
y)
.

T
he
n
af
te
r
T

it
er
at
io
ns
,
w
he
re

T
≥
T

0
+

m
ax
{⌈

1

1
−

Θ

⌉ ,
4
L

2

τ
ε G

(1
−

Θ
)}
,

(5
5)

T
0
≥
t 0

+
[

2

1
−

Θ

(
8
L

2

τ
ε G
−

1)
] +
,

t 0
≥

m
ax

(0
,⌈

1
(1
−

Θ
)

lo
g
( τ

n
(O
A

(α
(0

)
)−
O A

(α
?
))

2
L
2
K

)⌉
)
,

w
e
ha
ve

th
at

th
e
ex
pe
ct
ed

du
al
it
y
ga
p
sa
ti
sfi
es

E[
O A

(α
)
−

(−
O B

(w
(α

))
)]
≤
ε G
,

w
he
re
α

is
th
e
av
er
ag
ed

it
er
at
e
re
tu
rn
ed

by
A
lg
or
it
hm

1.

P
ro
of
.
P
lu
g
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pa
ra
m
et
er
s
γ

:=
1,
σ
′ :

=
γ
K

=
K
,L̃

:=
1 n
L

to
th
e
re
su
lt
s
of

T
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em

9,
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d
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at
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r
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la
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ed
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se
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w
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h
g
∗ i
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1 n
g
∗ i
w
e
ha
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σ
≤

n K
(s
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R
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k
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.
W
e
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n
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r
si
m
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th
e
ra
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=
1
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th
e
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d
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)
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n
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C
o
C

o
A

:A
G

en
er

a
l

F
r
a
m
ew

o
r
k

fo
r

C
o
m
m
u
n
icatio

n
-E

fficien
t

D
istr

ibu
ted

O
ptim

izatio
n

L
em

m
a
10.

A
ssum

e
that

g
i (0)∈

[0,1]
for

all
i∈

[n
],
then

for
the

zero
vector

α
(0

)
:=

0
∈

R
n,

w
e
have

O
A

(α
(0

))−
O
A

(α
?)

=
O
A

(0
)−
O
A

(α
?)≤

n
.

(56)

P
roof.

Since
−
O
A

(·)
is

alw
ays

a
low

er
bound

on
O
B

(·),
and

by
definition

of
the

objectives
O
A
and
O
B

given
in

(A
)
and

(B
)
respectively,for

α
:=

0
∈
R
n,

0
≤
O
A

(α
)−
O
A

(α
?)≤

O
A

(0
)−

(−
O
B

(w
(0

)))
(A

),(B
)

=

(A
),(B

)
=

f
(0

)
+

f
∗(w

(0
))

+
g
(0

)
+

g ∗(−
A
>
w

(0
))
.

Since
f
∗(w

(0
))

=
f
∗(∇

f
(0

))
=

0
>∇

f
(0

)−
f

(0
)

=
−
f

(0
),and

given
our

initialassum
ption

on
g
(0

),the
duality

gap
reduces

to:

0
≤

g
(0

)
+

g ∗(−
A
>
w

(0
))≤

n
.

T
h
eorem

11.
A
ssum

e
that

g
i are

µ-strongly
convex∀

i∈
[n

].
W
e
define

σ
m

a
x

=
m

ax
k∈

[K
] σ
k .

T
hen

after
T

iterations
of

A
lgorithm

1,
w
ith

T
≥

1
γ

(1−
Θ

)
µ
τ
+
σ
m
a
x
σ
′

µ
τ

log
n
εO
A
,

it
holds

that
E

[O
A

(α
(T

))−
O
A

(α
?)]≤

εO
A
.

Furtherm
ore,

after
T

iterations
w
ith

T
≥

1
γ

(1−
Θ

)
µ
τ
+
σ
m
a
x
σ
′

µ
τ

log (
1

γ
(1−

Θ
)
µ
τ
+
σ
m
a
x
σ
′

µ
τ

nεG )
,

w
e
have

the
expected

duality
gap

E
[O
A

(α
(T

))−
(−
O
B

(w
(α

(T
))))]≤

ε
G
.

P
roof.

G
iven

that
g
i (.)

is
µ-strongly

convex,
w
e
can

apply
(33)

and
the

definition
of
σ
k
to

find:

R
(t)≤

−
τ
µ

(1−
s)

σ
′s
‖u

(t)−
α

(t)‖
2

+
∑

Kk
=

1 σ
k ‖u

(t)−
α

(t)
[k

] ‖
2

≤
(−

τ
µ

(1−
s)

σ
′s

+
σ

m
a
x )‖u

(t)−
α

(t)‖
2
,

(57)

w
here

σ
m

a
x

=
m

ax
k∈

[K
] σ
k .

If
w
e
plug

the
follow

ing
value

of
s

s
=

τ
µ

τ
µ

+
σ

m
a
x σ
′ ∈

[0,1]
(58)

into
(57)

w
e
obtain

that∀
t

:
R

(t)≤
0.

P
utting

the
sam

e
s
into

(32)
w
illgive

us

E
[O
A

(α
(t))−

O
A

(α
(t+

1
))]

(32),(58)
≥

γ
(1−

Θ
)

τ
µ

τ
µ

+
σ

m
a
x σ
′ G

(α
(t))

≥
γ

(1−
Θ

)
τ
µ

τ
µ

+
σ

m
a
x σ
′ (O

A
(α

(t))−
O
A

(α
?))

.
(59)
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S
m
ith

,
F
o
rte,

M
a
,
T
a
k
á
č,

Jo
r
d
a
n
,
a
n
d

Jag
g
i

U
sing

the
fact

thatE
[O
A

(α
(t))−

O
A

(α
(t+

1
))]

=
E

[O
A

(α
?)−
O
A

(α
(t+

1
))]+
O
A

(α
(t))−

O
A

(α
?)

w
e
have

E
[O
A

(α
?)−

O
A

(α
(t+

1
))]+

O
A

(α
(t))−

O
A

(α
?)

(59)
≥

γ
(1−

Θ
)

τ
µ

τ
µ

+
σ

m
a
x σ
′ (O

A
(α

(t))−
O
A

(α
?))

,

w
hich

is
equivalent

to

E
[O
A

(α
(t+

1
))−
O
A

(α
?)]≤

(
1−

γ
(1−

Θ
)

τ
µ

τ
µ

+
σ

m
a
x σ
′ )

(O
A

(α
(t))−

O
A

(α
?))

.
(60)

T
herefore

if
w
e
denote

ε
(t)
O
A

=
O
A

(α
(t))−

O
A

(α
?)

w
e
have

recursively
that

E
[ε

(t)
O
A

]
(60)
≤
(

1−
γ

(1−
Θ

)
τ
µ

τ
µ

+
σ

m
a
x σ
′ )

tε
(0

)
O
A

(56)
≤
(

1−
γ

(1−
Θ

)
τ
µ

τ
µ

+
σ

m
a
x σ
′ )

tn

≤
ex

p (−
tγ

(1−
Θ

)
τ
µ

τ
µ

+
σ

m
a
x σ
′ )
n
.

T
he

right
hand

side
w
illbe

sm
aller

than
som

e
εO

A
if

t≥
1

γ
(1−

Θ
)

τ
µ

+
σ

m
a
x σ
′

τ
µ

log
nεO
A

.

M
oreover,to

bound
the

duality
gap,w

e
have

γ
(1−

Θ
)

τ
µ

τ
µ

+
σ

m
a
x σ
′ G

(α
(t))

(59)
≤

E
[O
A

(α
(t))−

O
A

(α
(t+

1
))]≤

E
[O
A

(α
(t))−

O
A

(α
?)].

T
hus,

G
(α

(t))≤
1

γ
(1−

Θ
)
τ
µ

+
σ
m
a
x
σ
′

τ
µ

ε
(t)
O
A .

H
ence

if
εO

A
≤
γ

(1−
Θ

)
τ
µ

τ
µ

+
σ
m
a
x
σ
′ ε
G

then
G

(α
(t))≤

ε
G
.
T
herefore

after

t≥
1

γ
(1−

Θ
)

τ
µ

+
σ

m
a
x σ
′

τ
µ

log (
1

γ
(1−

Θ
)

τ
µ

+
σ

m
a
x σ
′

τ
µ

nε
G )

iterations
w
e
have

obtained
a
duality

gap
less

than
ε
G
.

T
h
eorem

’
3.

C
onsider

A
lgorithm

1
w
ith

γ
:=

1,
using

a
local

solver
of

quality
Θ

(see
A
ssum

ption
1).

Let
g
i (·)

be
µ-strongly

convex,∀
i∈

[n
],

and
assum

e
that

the
colum

ns
of

A
satisfy

‖
x
i ‖
≤

1
∀
i
∈

[n
]
and

and
g ∗i

is
of

the
form

1n
g ∗i ,

as
is

com
m
on

in
E
R
M
-type

problem
s.

T
hen

w
e
have

that
T

iterations
are

suffi
cient

for
suboptim

ality
εO

A ,
w
ith

T
≥

1
(1−

Θ
)
τ
µ

+
1

τ
µ

log
1
εO
A
.

Furtherm
ore,

after
T

iterations
w
ith

T
≥

1
(1−

Θ
)
τ
µ

+
1

τ
µ

log (
1

(1−
Θ

)
τ
µ

+
1

τ
µ

1ε
G )

,

w
e
have

the
expected

duality
gap

E
[O
A

(α
(T

))−
(−
O
B

(w
(α

(T
))))]≤

ε
G
.

P
roof.

P
lug

in
param

eters
γ

:=
1,
σ
′
:=

γ
K

=
K
,µ̃

=
n
µ
to

the
results

of
T
heorem

11
and

note
that

for
balanced

datasets
w
ith

g ∗i
:=

1n
g ∗i

w
e
have

σ
m

a
x ≤

nK
(see

R
em

ark
6).

W
e
can

further
sim

plify
the

rate
by

noting
that

τ
=

1
for

the
1-sm

ooth
losses

(least
squares

and
logistic)

given
as

exam
ples

in
this

w
ork.
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≥

2
an

d
1
/2

<
β
<

1,
th

en
th

e
au

to
-c

ov
ar

ia
n
ce

s
of

th
e

p
ro

ce
ss

(X
i)

m
ay

n
o
t

b
e

su
m

m
ab

le
,

su
gg

es
ti

n
g

th
at

th
e

p
ro

ce
ss

is
lo

n
g
-m

em
or

y
or

lo
n
g-

ra
n
ge

d
ep

en
d
en

t
(L

R
D

).
W

h
en

β
>

1,
th

e
p
ro

ce
ss

is
sh

or
t-

ra
n
ge

d
ep

en
d
en

t
(S

R
D

).
T

h
e

li
n
ea

r
or

M
A

(∞
)

p
ro

ce
ss

(3
)

is
ve

ry
w

id
el

y
u
se

d
in

p
ra

ct
ic

e
an

d
it

in
cl

u
d
es

m
an

y
im

p
or

ta
n
t

ti
m

e
se

ri
es

m
o
d
el

s
su

ch
as

th
e

au
to

re
gr

es
si

ve
m

ov
in

g
av

er
ag

e
(A

R
M

A
)

p
ro

ce
ss

(1
−

p ∑ j=
1

θ j
B
j
)X

i
=
X
i
−

p ∑ j=
1

θ j
X
i−
j

=

q ∑ k
=

0

φ
k
ε i
−
k
,

(4
)

w
h
er

e
θ j

an
d
φ
k

ar
e

re
al

co
effi

ci
en

ts
su

ch
th

at
th

e
ro

ot
s

to
th

e
eq

u
at

io
n

1
−
∑

p j=
1
θ j
u
j

=
0

ar
e

al
l
ou

ts
id

e
th

e
u
n
it

d
is

k
an

d
B

is
th

e
b
ac

k
sh

if
t

op
er

at
or

,
an

d
th

e
fr

ac
ti

on
al

a
u
to

re
g
re

ss
iv

e
in

te
gr

at
ed

m
ov

in
g

av
er

ag
e

(F
A

R
IM

A
)

(c
f.

G
ra

n
g
er

an
d

J
oy

eu
x

(1
98

0)
;

H
os

k
in

g
(1

9
8
1
))

(1
−
B

)d
(X

i
−

p ∑ j=
1

θ j
X
i−
j
)

=

q ∑ k
=

0

φ
k
ε i
−
k
,

(5
)

w
h
er

e
th

e
fr

ac
ti

on
al

in
te

gr
at

io
n

in
d
ex

d
∈

(0
,1
/
2)

.
F

or
(4

),
th

e
co

rr
es

p
on

d
in

g
co

effi
ci

en
ts

|a
i|

=
O

(ρ
i )

fo
r

so
m

e
ρ
∈

(0
,1

).
W

h
il
e

fo
r

(5
)

u
n
d
er

su
it

ab
le

ca
u
sa

li
ty

an
d

in
ve

rt
ib

il
it

y
co

n
d
it

io
n
s

th
e

li
m

it
li
m
i→
∞
i1
−
d
a
i

=
c
6=

0
ex

is
ts

(G
ra

n
ge

r
an

d
J
oy

eu
x

(1
9
8
0
);

H
o
sk

in
g

(1
98

1)
).

H
en

ce
a
i
∼
ci
−
β

w
it

h
β

=
1
−
d
.

T
h
e

p
ri

m
ar

y
g
oa

l
of

th
e

p
ap

er
is

to
es

ta
b
li
sh

a
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
y

fo
r
T

(z
)

in
(1

)
fo

r
th

e
li
n
ea

r
p
ro

ce
ss

(3
).

O
u
r

th
eo

ry
al

lo
w

s
b

o
th

sh
or

t-
an

d
lo

n
g-

ra
n
ge

d
ep

en
d
en

ce
a
n
d
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C
o
n
c
e
n
t
r
a
t
io
n
in
e
q
u
a
l
it
ie
s
u
n
d
e
r
d
e
p
e
n
d
e
n
c
e

h
eav

y
-ta

iled
in

n
ovation

s.
H

eav
y
-tailed

d
istrib

u
tion

s
h
av

e
b

een
su

b
stan

tia
lly

stu
d
ied

in
th

e
litera

tu
re.

F
o
r

in
stan

ce,
M

an
d
elb

rot
(19

63)
d
o
cu

m
en

ted
ev

id
en

ce
of

p
ow

er-law
b

eh
av

ior
in

a
sset

p
rices.

R
ach

ev
an

d
M

ittn
ik

(2000)
sh

ow
ed

lon
g

m
em

ory
an

d
h
eav

y
tails

in
th

e
h
igh

freq
u
en

cy
a
sset

retu
rn

d
ata.

R
ecen

tly
research

ers
ex

ten
d
ed

tail
p
rob

ab
ility

in
eq

u
alities

to
in

d
ep

en
d
en

t
h
eav

y
-tailed

ran
d
om

variab
les.

L
ed

erer
an

d
van

d
e

G
eer

(2014)
ap

p
lied

th
e

tru
n
ca

tio
n

m
eth

o
d

to
d
evelop

b
ou

n
d
s

for
a
n

en
velop

e
of

fu
n
ction

s
w

ith
fi
n
ite

m
om

en
t

a
ssu

m
p
tio

n
s

o
n

th
e

en
velop

e.
B

ased
on

th
e

rob
u
st

M
-estim

a
tor

in
tro

d
u
ced

in
C

aton
i
(2012),

B
row

n
lees

et
a
l.

(2015)
p
rop

osed
a

risk
m

in
im

ization
p
ro

ced
u
re

u
sin

g
th

e
gen

eric
ch

ain
in

g
m

eth
o
d
.

T
h
e

case
w

ith
b

oth
d
ep

en
d
en

ce
an

d
h
eav

y
tails

is
m

ore
ch

allen
gin

g.
J
ian

g
(2009)

in
tro

d
u
ced

a
trip

lex
in

eq
u
ality

to
h
an

d
le

u
n
b

ou
n
d
ed

an
d

d
ep

en
d
en

t
situ

ation
s.

M
oh

ri
an

d
R

o
sta

m
iza

d
eh

(2010)
con

sid
ered

ϕ
-m

ix
in

g
an

d
β

-m
ix

in
g

p
ro

cesses.
It

is
gen

erally
n
ot

easy
to

verify
th

a
t

a
p
ro

cess
is

stron
g

m
ix

in
g

an
d

com
p
u
tation

of
m

ix
in

g
co

effi
cien

ts
can

b
e

very
d
iffi

cu
lt.

S
om

e
sim

p
le

an
d

w
id

ely
u
sed

A
R

p
ro

cesses
are

n
ot

stron
g

m
ix

in
g

(A
n
d
rew

s
(1

9
8
4
)).

In
th

e
p
resen

t
p
ap

er,
w

e
p
rop

ose
a

m
artin

gale
ap

p
rox

im
ation

b
ased

m
eth

o
d
.

A
n

in
-

tu
itive

illu
stra

tion
is

giv
en

in
S
ection

6.2.
O

u
r

tail
p
rob

ab
ility

b
ou

n
d

is
a

com
b
in

ation
of

a
n

ex
p

o
n
en

tia
l

term
an

d
a

p
oly

n
om

ial
term

(cf.
T

h
eorem

s
4

an
d

8),
w

h
ose

ord
er

d
ep

en
d
s

o
n

b
o
th

β
an

d
q,

w
h
ich

q
u
an

tify
th

e
d
ep

en
d
en

ce
an

d
th

e
m

om
en

t
con

d
ition

,
resp

ectively.
L

a
rg

er
β

o
r
q

im
p
lies

th
in

n
er

tails.
O

u
r

tail
in

eq
u
ality

a
llow

s
b

oth
sh

ort-
an

d
lon

g-
ran

ge
d
ep

en
d
en

t
p
ro

cesses
an

d
can

also
b

e
ad

ap
ted

to
d
iscon

tin
u
ou

s
fu

n
ction

classes
in

clu
d
in

g
em

p
irica

l
d
istrib

u
tion

fu
n
ction

s,
w

h
ich

is
fu

n
d
am

en
tal

an
d

is
of

in
d
ep

en
d
en

t
in

terest.
O

u
r

th
eo

rem
im

p
lies

th
at,

if
th

e
in

n
ovation

ε
0

h
as

tail

P
(|ε

0 |≥
x

)
=
O

(log −
r
0(x

)x
−
q),

as
x
→
∞
,

(6)

w
h
ere

r
0
>

1
a
n
d
q
>

1
sign

ifi
es

h
eav

in
ess

of
th

e
tail,

n
am

ely
th

ere
ex

ists
a

co
n
stan

t
C
>

0
su

ch
th

a
t
P

(|ε
0 |≥

x
)≤

C
log −

r
0(x

)x
−
q

h
old

s
for

all
large

x
,

an
d

th
e

co
effi

cien
ts

a
k

=
O

(k −
β
),
β
>

1
an

d
qβ
≥

2
,

(7)

w
h
ere

β
q
u
an

tifi
es

th
e

d
ep

en
d
en

ce
w

ith
larger

β
im

p
ly

in
g

w
eaker

d
ep

en
d
en

ce,
th

en
for

z
≥
√
n

lo
g
(n

),
th

e
tail

p
rob

ab
ility

P (
su

p
t∈

R

∣∣∣
n
∑i=

1 [1
X
i ≤
t −

F
(t)] ∣∣∣

>
z )
.

n

z
q
β
lo

g
r
0(z

) ,
(8)

w
h
ere

th
e

co
n
stan

t
in
.

is
in

d
ep

en
d
en

t
of
n

an
d
z
,
F

(t)
=

P
(X

i ≤
t)

is
th

e
cu

m
u
lativ

e
d
istrib

u
tion

fu
n
ction

(c.d
.f.)

for
X
i .

N
o
te

th
at

th
e

b
ou

n
d

(8)
in

volves
b

oth
th

e
d
ep

en
d
en

ce
p
a
ra

m
eter

β
a
n
d

th
e

tail
h
eav

in
ess

p
aram

eter
q.

In
com

p
arison

w
ith

th
e

su
b
-G

au
ssian

b
o
u
n
d
e −

2
z
2
/
n

in
(2),

th
e

p
oly

n
om

ial
b

ou
n
d

(8)
is

m
u
ch

larger.
O

n
th

e
oth

er
h
an

d
,
h
ow

ever,
it

tu
rn

s
o
u
t

th
a
t

th
e

p
oly

n
om

ial
b

ou
n
d

(8)
is

sh
a
rp

an
d

it
is

essen
tia

lly
n
ot

im
p
rovab

le.
F

or
ex

a
m

p
le,

let
F
ε (t)

=
P

(ε
0 ≤

t)
b

e
th

e
c.d

.f.
of
ε
0 ,

an
d

assu
m

e
th

at
th

e
in

n
ovation

ε
i

h
as

a
sy

m
m

etric
reg

u
larly

vary
in

g
tail:

for
som

e
r

0
>

1,

F
ε (−

x
)

=
1−

F
ε (x

)∼
log −

r
0(x

)x
−
q

as
x
→
∞
,

(9)

n
a
m

ely
lim

x→
∞

(1−
F
ε (x

))log
r
0(x

)x
q

=
1,

a
n
d

th
at

th
e

co
effi

cien
ts

a
k

=
(k∨

1) −
β
,
β
>

1
.

(10)
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C
h
e
n
a
n
d

W
u

T
h
en

b
y

T
h
eorem

14,
w

h
en

n
/log

α
0(n

)≥
z
≥
√
n

log
(n

)
for

som
e
α

0
>

0,
w

e
can

h
ave

th
e

p
recise

ord
er

of
th

e
tail

p
rob

ab
ility

P (
n
∑i=

1 [1
X
i ≤
t −

F
(t)]

>
z )

=
C

1
n

z
q
β
log

r
0(z

) (1
+
o(1)),

n
→
∞
,

an
d

P (
n
∑i=

1 [1
X
i ≤
t −

F
(t)]

<
−
z )

=
C

2
n

z
q
β
log

r
0(z

) (1
+
o(1)),

n
→
∞
,

w
h
ere

th
e

con
stan

ts
C

1 ,C
2

are
in

d
ep

en
d
en

t
of
z

an
d
n

.
H

en
ce

th
e

b
ou

n
d

in
(8)

is
sh

arp
u
p

to
a

m
u
ltip

licative
con

stan
t.

O
n

th
e

tech
n
ical

sid
e,

to
estab

lish
in

eq
u
ality

(8)
an

d
m

ore
gen

erally,
a

tail
p
rob

ab
il-

ity
in

eq
u
ality

for
em

p
irical

p
ro

cesses
in

d
ex

ed
b
y

fu
n
ction

classes,
w

e
n
eed

to
d
evelop

n
ew

ap
p
roach

es
so

th
at

th
e

tw
o

m
ain

ch
allen

ges
p

osed
b
y

d
ep

en
d
en

ce
an

d
h
eav

y
tails

can
b

e
d
ealt

w
ith

.
T

ech
n
iq

u
es

d
evelop

ed
for

em
p
irical

p
ro

cesses
w

ith
in

d
ep

en
d
en

t
ran

d
om

vari-
ab

les
are

n
ot

d
irectly

ap
p
licab

le.
H

ere,
w

e
ap

p
ly

th
e

m
artin

gale
ap

p
rox

im
ation

m
eth

o
d
,

togeth
er

w
ith

th
e

F
u
k
-N

agaev
in

eq
u
alities

for
h
igh

-d
im

en
sion

al
vectors

recen
tly

ob
tain

ed
b
y

C
h
ern

ozh
u
kov

et
al.

(2017),
p
ro

jection
tech

n
iq

u
es

an
d

m
artin

gale
in

eq
u
alities,

so
th

at
an

op
tim

al
b

ou
n
d

can
b

e
d
erived

.
In

tu
ition

s
are

given
in

th
e

p
ro

of
of

T
h
eorem

4
in

S
ection

6.2.
A

s
a

resu
lt,

w
e

can
allow

sh
ort-

an
d

lon
g-ran

ge
d
ep

en
d
en

t,
an

d
ligh

t-
an

d
h
eav

y
-tailed

lin
ear

p
ro

cesses.
T

h
e

rem
ain

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
states

th
e

th
eoretical

resu
lts:

S
u
b
section

s
2.1

an
d

2.2
sh

ow
th

e
tail

p
rob

ab
ilities

for
sh

ort-
an

d
lon

g-
ran

ge
d
e-

p
en

d
en

ce
situ

ation
s

resp
ectiv

ely
w

ith
h
eav

y
tailn

ess,
S
u
b
section

2.3
p
resen

ts
resu

lts
for

ligh
t

tailed
in

n
ovation

s.
In

S
ection

3,
w

e
ap

p
ly

th
e

con
cen

tration
in

eq
u
ality

to
em

p
irical

d
istri-

b
u
tion

fu
n
ction

s
as

an
im

p
ortan

t
sp

ecial
case.

W
e

also
d
erive

an
ex

act
ord

er
of

d
ecay

sp
eed

u
n
d
er

certain
settin

gs,
w

h
ich

d
em

on
strates

th
e

sh
arp

n
ess

of
ou

r
u
p
p

er
b

ou
n
d
.

S
ection

s
4

an
d

5
p
resen

t
ap

p
lication

s
in

kern
el

d
en

sity
estim

ation
an

d
em

p
irical

risk
m

in
im

ization
,

resp
ectively.

D
etailed

p
ro

ofs
are

p
rov

id
ed

in
S
ection

6.
W

e
n
ow

in
tro

d
u
ce

som
e

n
otation

.
F

or
a

ran
d
om

variab
le
X

an
d
q
>

0
,

w
e

w
rite

X
∈
L
q

if‖
X
‖
q

:=
E

(|X
| q)

1
/
q
<
∞

.
W

rite‖·‖
=
‖·‖

2 .
F

or
a

fu
n
ction

g
,

d
efi

n
e|g|∞

:=
su

p
x |g

(x
)|.

L
et
x
∨
y

=
m

ax{
x
,y}

an
d
x
∧
y

=
m

in{x
,y}.

F
or

tw
o

seq
u
en

ces
of

p
ositive

n
u
m

b
ers

(a
n
)

an
d

(b
n
),

w
rite

a
n
.
b
n

(resp
.
a
n
�
b
n
,
a
n
�
b
n
,
a
n
∼
b
n
)

if
th

ere
ex

ists
a

p
ositive

con
stan

t
C

su
ch

th
at
a
n
/b
n
≤
C

for
all

large
n

(resp
.

lim
n→
∞
a
n
/b
n

=
0,

1
/C
≤
a
n
/b
n
≤
C

for
all

large
n
,

lim
n→
∞
a
n
/b
n

=
1).

D
en

ote
b
y
F
ε

(resp
.
F

)
th

e
c.d

.f.
of

th
e

in
n
ovation

ε
i

(resp
.

X
i )

an
d

b
y
f
ε

=
F
′ε

(resp
.
f

=
F
′)

th
e

p
rob

ab
ility

d
en

sity
fu

n
ction

(p
.d

.f.)
of
ε
i

(resp
.
X
i ).

2
.
M

a
in

re
su

lts

R
ecall

(3)
for

th
e

M
A

(∞
)

p
ro

cess
(X

i ),
w

h
ere

ε
j ∈
L
q,
j∈

Z
,

are
i.i.d

.
w

ith
c.d

.f.
F
ε

an
d

p
.d

.f.
f
ε .

A
ssu

m
e
a

0 6=
0

an
d

w
ith

ou
t

loss
of

gen
erality,

let
a

0
=

1.
F

or
a

fu
n
ction

classA
of

b
ou

n
d
ed

fu
n
ction

s,
d
efi

n
e

th
e

cov
erin

g
n
u
m

b
er

N
A

(δ)
:=

m
in {

m
:

th
ere

ex
ist

g
1 ,...,g

m
∈
A

su
ch

th
at

su
p

g∈A
m

in
1≤
j≤
m
|g−

g
j |∞
≤
δ }
.

(11)

4
JM

L
R

 18(231):1-46, 2018



C
o
n
c
e
n
t
r
a
t
io
n
in
e
q
u
a
l
it
ie
s
u
n
d
e
r
d
e
p
e
n
d
e
n
c
e

L
et
H
A

(δ
)

:=
lo

g
(N
A

(δ
))

b
e

th
e

m
et

ri
c

en
tr

op
y.

B
ef

or
e

st
at

in
g

th
e

m
ai

n
th

eo
re

m
s,

w
e

sh
al

l
in

tr
o
d
u
ce

so
m

e
as

su
m

p
ti

on
s.

(A
)

(S
m

o
ot

h
n
es

s)
F

or
an

y
g
∈
A
,
g
′ ,
g
′′

ex
is

t
a
n
d
|g
|,|
g
′ |,
|g
′′ |

ar
e

u
n
if

or
m

ly
b

o
u
n
d
ed

,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
se

t
th

e
b

ou
n
d

to
b

e
1.

(A
′ )

F
u
n
ct

io
n
s

in
A

ar
e

u
n
if

or
m

ly
b

ou
n
d
ed

in
|·
| ∞

w
it

h
su

p
g
∈A
|g
| ∞
≤

1.
A

ss
u
m

e
th

at
f
′ ε,
f
′′ ε

ex
is

t
an

d
th

e
in

te
gr

al
s
∫ ∞ −
∞
|f
′ ε(
x

)|d
x
,∫
∞ −
∞
|f
′′ ε
(x

)|d
x

ar
e

b
ou

n
d
ed

b
y

1.

(B
)

(A
lg

eb
ra

ic
al

ly
D

ec
ay

in
g

C
o
effi

ci
en

ts
)

F
or

so
m

e
γ
,β

>
0
,
|a
k
|≤

γ
k
−
β

h
ol

d
s

fo
r

al
l

k
≥

1.

(B
′ )

(E
x
p

on
en

ti
al

ly
D

ec
ay

in
g

C
o
effi

ci
en

ts
)

F
or

so
m

e
γ
>

0,
0
<
ρ
<

1
,
|a
k
|≤

γ
ρ
k

h
ol

d
s

fo
r

al
l
k
≥

1.

(D
)

(E
x
p

on
en

ti
al

C
la

ss
)

F
or

so
m

e
co

n
st

an
ts
N
,C
,θ

>
0
,

th
e

co
ve

ri
n
g

n
u
m

b
er
N
A

(δ
)
≤

N
ex

p
(C
δ−

θ
)

h
ol

d
s

fo
r

al
l

0
<
δ
≤

1.

(D
′ )

(A
lg

eb
ra

ic
al

C
la

ss
)

F
or

so
m

e
co

n
st

an
ts
N
,θ
>

0,
th

e
co

ve
ri

n
g

n
u
m

b
er
N
A

(δ
)
≤
N
δ−

θ

h
ol

d
s

fo
r

al
l

0
<
δ
≤

1.

R
e
m

a
rk

1
A

ss
u

m
p
ti

o
n

(A
)

re
qu

ir
es

th
a
t

fu
n

ct
io

n
s

in
A

h
a
ve

u
p

to
se

co
n

d
o
rd

er
d
er

iv
a
-

ti
ve

s.
T

h
is

is
re

la
xe

d
in

(A
′ )

,
w

h
er

e
a
n

ex
tr

a
d
iff

er
en

ti
a
bi

li
ty

co
n

d
it

io
n

o
f
f ε

is
im

po
se

d
.

It
h
o
ld

s
fo

r
m

a
n

y
co

m
m

o
n

ly
u

se
d

d
is

tr
ib

u
ti

o
n

s
su

ch
a
s

G
a
u

ss
ia

n
a
n

d
t

d
is

tr
ib

u
ti

o
n

s.

R
e
m

a
rk

2
A

ss
u

m
p
ti

o
n

(B
)

sp
ec

ifi
es

th
e

d
ec

a
y

ra
te

o
f

th
e

M
A

(∞
)

co
effi

ci
en

ts
to

be
a
t

m
o
st

po
ly

n
o
m

ia
l.

T
h
e

pa
ra

m
et

er
β

co
n

tr
o
ls

th
e

d
ep

en
d
en

ce
st

re
n

gt
h
,

w
it

h
la

rg
er
β

im
p
ly

in
g

w
ea

ke
r

d
ep

en
d
en

ce
.

B
y

T
h
eo

re
m

4
(v

)
in

C
h
en

a
n

d
W

u
(2

0
1
6
),

th
e

A
R

(∞
)

p
ro

ce
ss

X
t

=
∑ i≥

1

b i
X
t−
i
+
ε t

(1
2)

w
it

h
co

effi
ci

en
ts
|b i
|=

O
(i
−
β
),
β
>

1,
a
n

d
∑

i≥
1
|b i
|<

1
,

ca
n

a
ls

o
be

re
w

ri
tt

en
a
s

a
n

M
A

(∞
)

p
ro

ce
ss

w
it

h
co

effi
ci

en
ts

(a
i)

d
ec

a
yi

n
g

a
t

th
e

sa
m

e
po

ly
n

o
m

ia
l

ra
te

.
A

ss
u

m
p
ti

o
n

(B
′ )

a
ll

o
w

s
A

R
M

A
p
ro

ce
ss

es
(4

).

R
e
m

a
rk

3
A

ss
u

m
p
ti

o
n

s
(D

)
a
n

d
(D
′ )

qu
a
n

ti
fy

th
e

m
a
gn

it
u

d
es

o
f

th
e

cl
a
ss
A

.
T

h
ey

a
re

sa
ti

sfi
ed

fo
r

m
a
n

y
fu

n
ct

io
n

cl
a
ss

es
;

se
e

va
n

d
er

V
a
a
rt

a
n

d
W

el
ln

er
(1

9
9
6
)

a
n

d
K

o
so

ro
k

(2
0
0
8
).

F
o
r

ex
a
m

p
le

,
th

e
fo

rm
er

h
o
ld

s
fo

r
H

ö
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d

on
β
,q
,γ

an
d
C
′ 2

on
ly

d
ep

en
d
s

o
n
β
,γ
,

th
ei

r
sp

ec
ifi

c
va

lu
es

ca
n

b
e

fo
u
n
d

in
R

em
ar

k
31

(S
ec

ti
o
n

6.
6)

.
U

n
d
er

ce
rt

ai
n

fo
rm

s
of

ta
il

p
ro

b
ab

il
it

y
of

th
e

in
n
ov

at
io

n
s,

w
e

ca
n

h
av

e
a

m
o
re

re
fi
n
ed

re
su

lt
.

P
ro

p
o
si

ti
o
n

1
3

A
ss

u
m

e
(A

1
),

(B
),
β
>

1
a
n

d
q
>

2.
A

ss
u

m
e

fo
r

a
n

y
x
>

1
,
P(
|ε 0
|>

x
)
≤
L

lo
g
−
r 0

(x
)x
−
q
,

w
it

h
so

m
e

co
n

st
a
n

ts
r 0
>

1
,L

>
0.

If
z
≥
c√
n

lo
g
α
(n

),
α
>

1/
2,

th
en

P
( su

p
t∈

R
|S
n
(t

)|/
f ∗
>
z

)
.

µ
q q
n

z
q
β
lo

g
r 0

(z
),

w
h
er

e
th

e
co

n
st

a
n

t
in
.

o
n

ly
d
ep

en
d
s

o
n
β
,q
,γ
,r

0
,L
,c

a
n

d
α
.

T
o

ap
p
re

ci
at

e
th

e
sh

ar
p
n
es

s
of

th
e

u
p
p

er
b

ou
n
d

in
P

ro
p

os
it

io
n

1
3,

w
e

d
er

iv
e

a
n

ex
a
ct

d
ec

ay
ra

te
w

h
en

a
k

=
(k
∨

1)
−
β

an
d
ε 0

is
sy

m
m

et
ri

c
w

it
h

a
re

gu
la

rl
y

va
ry

in
g

ta
il
.

T
h

e
o
re

m
1
4

A
ss

u
m

e
(A

1
),

(B
)

w
it

h
co

effi
ci

en
ts
a
k

=
(k
∨

1)
−
β
,
k
≥

0
,

a
n

d
th

a
t
ε 0

is
sy

m
m

et
ri

c
w

it
h

ta
il

d
is

tr
ib

u
ti

o
n

P(
ε 0
≥
x

)
∼

lo
g
−
r 0

(x
)x
−
q
,

a
s
x
→
∞
,

(2
2
)

w
h
er

e
r 0
>

1
is

a
co

n
st

a
n

t.
L

et
β
>

1,
q
>

2
a
n

d
α
>

1/
2
.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
Γ
>

0
su

ch
th

a
t

fo
r

a
ll
z

w
it

h
√
n

lo
g
α
(n

)
≤
z
≤
n
/l

og
Γ
(n

),

P
(S
n
(t

)
>
z
)

=
(1

+
o(

1)
)C

1
n

lo
g
r 0

(z
)z
q
β
,

(2
3
)

a
n

d

P
(S
n
(t

)
<
−
z
)

=
(1

+
o(

1)
)C

2
n

lo
g
r 0

(z
)z
q
β
,

(2
4
)

w
h
er

e
th

e
co

n
st

a
n

ts
C

1
,
C

2
o
n

ly
d
ep

en
d

o
n
q,
β
,r

0
,t

a
n

d
F
.

V
al

u
es

of
C

1
an

d
C

2
ar

e
gi

ve
n

in
L

em
m

a
34

,
an

d
th

e
co

n
st

an
t

Γ
ca

n
b

e
fo

u
n
d

in
R

em
a
rk

35
(S

ec
ti

on
6.

7)
.

T
h
e

as
y
m

p
to

ti
c

ex
p
re

ss
io

n
s

(2
3)

an
d

(2
4)

in
T

h
eo

re
m

14
p
re

ci
se

ly
d
ep

ic
t

th
e

m
ag

n
it

u
d
e

of
th

e
ta

il
p
ro

b
ab

il
it

y
P

(S
n
(t

)
>
z
)

an
d

P
(S
n
(t

)
<
−
z
).

It
a
ss

er
ts

th
at

th
e

u
p
p

er
b

ou
n
d

or
d
er

in
P

ro
p

os
it

io
n

13
is

op
ti

m
al

w
it

h
in

th
e

ra
n
ge
√
n

lo
g
α
(n

)
≤
z
≤

n
/
lo

g
Γ
(n

).
T

h
u
s

th
e

p
ol

y
n
om

ia
l
n
/z
q
β

in
T

h
eo

re
m

s
4

an
d

12
is

sh
ar

p
u
p

to
a

m
u
lt

ip
li
ca

ti
ve

lo
ga

ri
th

m
ic

te
rm

.
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C
o
n
c
e
n
t
r
a
t
io
n
in
e
q
u
a
l
it
ie
s
u
n
d
e
r
d
e
p
e
n
d
e
n
c
e

4
.
K
e
rn

e
l
d
e
n
sity

e
stim

a
tio

n

L
et

(X
i )

b
e

a
station

ary
seq

u
en

ce
satisfy

in
g

(3)
w

ith
th

e
m

argin
al

p
.d

.f.
f

.
G

iven
th

e
o
b
serva

tio
n
s
X

1 ,...,X
n
,

th
e

kern
el

d
en

sity
estim

a
tor

of
f

is

f̂
n
(x

)
=

1n

n
∑j=

1

K
b (x
−
X
j ),

K
b (·)

=
b −

1K
(·/b),

w
h
ere

th
e

b
an

d
w

id
th
b

=
b
n

satisfi
es

th
e

n
atu

ral
con

d
ition

b
n
→

0
an

d
n
b
n
→
∞

.
W

u
an

d
M

ieln
iczu

k
(2

0
0
2)

estab
lish

ed
an

asy
m

p
totic

d
istrib

u
tion

th
eory

for
A
n
(f̂
n
(x

)−
E
f̂
n
(x

))
for

b
o
th

sh
o
rt-

a
n
d

lon
g-ran

ge
d
ep

en
d
en

t
p
ro

cesses,
w

h
ere

A
n

is
a

p
rop

er
n
orm

in
g

seq
u
en

ce.
In

th
is

sectio
n

w
e

sh
all

d
erive

a
b

ou
n
d

for
th

e
tail

p
rob

ab
ility

P (
su

p
x∈

R
n|f̂

n
(x

)−
E
f̂
n
(x

)|≥
z )
.

S
u
ch

a
b

o
u
n
d

is
u
sefu

l
for

con
stru

ctin
g

n
on

-asy
m

p
totic

con
fi
d
en

ce
b

ou
n
d
s.

G
in

é
an

d
G

u
illou

(2
0
0
2
)

a
n
d

G
in

é
an

d
N

ick
l

(2010)
con

sid
ered

th
e

latter
p
rob

lem
for

i.i.d
.

d
ata.

E
in

m
ah

l
a
n
d

M
a
so

n
(2

0
0
5)

d
erived

u
n
iform

in
b
an

d
w

id
th

con
sisten

cy
resu

lt
for

k
ern

el-ty
p

e
fu

n
ction

estim
a
to

rs.
H

a
n
g

et
al.

(2016)
stu

d
ied

con
sisten

cy
p
rop

erties
for

ob
servation

s
gen

erated
b
y

certa
in

d
y
n
a
m

ical
sy

stem
s

u
n
d
er

m
ix

in
g

con
d
ition

s.
R

in
ald

o
et

al.
(2012),

C
h
en

et
al.

(2
0
1
6
)

a
n
d

A
ria

s-C
astro

et
al.

(2016)
ap

p
lied

su
ch

b
ou

n
d
s

in
clu

sterin
g

p
rob

lem
.

L
iu

et
al.

(2
0
1
1
)

a
n
d

L
a
ff

erty
et

al.
(2012)

u
sed

it
in

forest
d
en

sity
estim

ation
.

H
ere,

w
e

sh
all

p
rov

id
e

a
p

o
ly

n
o
m

ia
l

d
ecay

b
ou

n
d

for
lin

ear
tim

e
series.

C
o
ro

lla
ry

1
5

A
ssu

m
e

(B
),

th
e

kern
el
K

is
sym

m
etric

w
ith

su
p
po

rt
[−

1
,1],

m
ax

(|K
|∞
,|K

′|∞
)≤

K
∗

a
n

d
m

a
x
(1,|f

ε |∞
,|f
′ε |∞

,|f
′′ε |∞

)≤
f∗

fo
r

so
m

e
co

n
sta

n
ts
K
∗ ,f∗

>
0
.

(a
)

In
th

e
S

R
D

ca
se

w
ith

β
>

1
,q
>

1
,qβ
≥

2
,

if
z
≥
c(n

/b
n
)
1
/
2log

1
/
2(n

)
fo

r
a

su
ffi

cien
tly

la
rge

c,
th

en

P (
su

p
x∈

R
n|f̂

n
(x

)−
E
f̂
n
(x

)|≥
m

ax
(f∗ ,K

∗ )z )
.
µ
qq n
/
z
q
β
,

(25)

w
h
ere

th
e

co
n

sta
n

t
in
.

o
n

ly
d
epen

d
s

o
n
β
,q,γ

a
n

d
c.

(b)
In

th
e

L
R

D
ca

se
w

ith
1
/2

<
β
<

1
,q
>

2
,

if
z
≥
c

m
ax{

n
3
/
2−
β
,(n

/b
n
)
1
/
2}log

1
/
2(n

)
h
o
ld

s
fo

r
a

su
ffi

cien
tly

la
rge

c,
th

en

P (
su

p
x∈

R
n|f̂

n
(x

)−
E
f̂
n
(x

)|≥
m

ax
(f∗ ,K

∗ )z )
.

(µ
2
q
q
∨
µ
qq ) n

1
+

(1−
β

)q

z
q

,
(26)

w
h
ere

th
e

co
n

sta
n

t
in
.

o
n

ly
d
epen

d
s

o
n
β
,q,γ

a
n

d
c.

5
.
E
m
p
irica

l
risk

m
in
im

iza
tio

n

E
m

p
irica

l
risk

m
in

im
ization

is
of

fu
n
d
am

en
tal

im
p

ortan
ce

in
th

e
statistical

learn
in

g
th

eory
a
n
d

it
is

stu
d
ied

in
variou

s
con

tex
ts

in
clu

d
in

g
classifi

cation
,
regression

an
d

clu
sterin

g
am

on
g

o
th

ers.
T

o
fi
x

th
e

n
otation

,
let

(X
,Y

)
b

e
a

ran
d
om

vector
tak

in
g

valu
es

in
th

e
sp

aceX
×
Y
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C
h
e
n
a
n
d

W
u

an
d
H

b
e

a
class

of
m

easu
rab

le
fu

n
ction

s
h

:X
→
Y

.
F

or
a

fu
n
ction

h
∈
H
,

d
efi

n
e

th
e

risk
R

(h
)

=
E

[L
(X
,Y
,h

(X
))],

w
h
ere

L
is

a
loss

fu
n
ction

.
L

et
h
∗

=
argm

in
h∈H

R
(h

).
B

ased
on

th
e

ob
servation

s
(X

1 ,Y
1 ),...,(X

n
,Y

n
)

w
h
ich

are
id

en
tically

d
istrib

u
ted

as
(X
,Y

),
con

sid
er

th
e

em
p
irical

risk
m

in
im

izer

ĥ
=

argm
in
h∈H

R
n
(h

),
w

h
ere

R
n
(h

)
=
n
−

1
n
∑i=

1

L
(X

i ,Y
i ,h

(X
i ))

(27)

is
th

e
em

p
irical

risk
.

S
in

ce
R
n
(h
∗)≥

R
n
(ĥ

),
it

follow
s

(cf.
D

ev
roye

et
al.

(1996))
th

at

0
≤
R

(ĥ
)−

R
(h
∗)≤

2Ψ
n
,

w
h
ere

Ψ
n

=
su

p
h∈H
|R

n
(h

)−
R

(h
)|.

(28)

A
p
rim

ary
goal

in
statistical

learn
in

g
th

eory
is

to
b

ou
n
d

th
e

u
n
iform

d
ev

iation
Ψ
n
.

T
h
e

lat-
ter

p
rob

lem
h
as

b
een

w
id

ely
stu

d
ied

w
h
en

(X
i ,Y

i )
are

assu
m

ed
to

b
e

i.i.d
.;

see,
for

ex
am

p
le,

C
ap

on
n
etto

an
d

R
ak

h
lin

(2006),
V

ap
n
ik

(1
998,

2000)
an

d
G

ottlieb
et

al.
(2

017).
In

recen
t

years
variou

s
d
ep

en
d
en

t
p
ro

cesses
h
ave

b
een

con
sid

ered
;

see
M

o
d
h
a

a
n
d

M
asry

(1996),
G

u
o

an
d

S
h
i

(2011),
Z

ou
an

d
L

i
(2007),

Z
ou

et
al.

(2
009),

A
lq

u
ier

an
d

W
in

ten
b

erger
(2012

),
M

oh
ri

an
d

R
ostam

izad
eh

(2010),
S
tein

w
art

an
d

C
h
ristm

an
n

(2009),
H

an
g

an
d

S
tein

w
art

(2014,
2016),

S
h
alizi

an
d

K
on

torov
ich

(2013)
am

on
g

oth
ers.

H
ere

w
e

sh
all

p
rov

id
e

an
u
p
p

er
b

ou
n
d

for
Ψ
n

w
ith

(X
i )

b
ein

g
th

e
M

A
(∞

)
p
ro

cess
(3)

an
d

th
e

regression
m

o
d
el

Y
i

=
H

0 (X
i ,η

i ),

w
h
ere

η
i ,i∈

Z
,

are
i.i.d

.
ran

d
om

errors
in

d
ep

en
d
en

t
of

(ε
i )

an
d
H

0
is

an
u
n
k
n
ow

n
m

easu
r-

ab
le

fu
n
ction

.
D

en
ote
A

=
{g

(x
,y

)
=
L

(x
,y
,h

(x
)),h

∈
H
}

an
d

N
A

(δ)
=

m
in{m

:
th

ere
ex

ist
g

1 ,...,g
m
∈
A
,su

ch
th

a
t

su
p

g∈A
m

in
1≤
j≤
m
|g−

g
j |∞
≤
δ}
,

w
h
ere|g|∞

=
su

p
x
,y |g

(x
,y

)|.
A

ssu
m

e
th

at
th

e
loss

fu
n
ction

L
take

valu
es

in
[0
,1].

H
ere

for
th

e
sak

e
of

p
resen

tation
al

clarity
w

e
d
o

n
ot

seek
th

e
fu

llest
gen

erality
b
u
t

a
s

an
illu

stration
on

h
ow

to
ap

p
ly

ou
r

m
ain

resu
lts.

R
ecall

th
at
f
ε

is
th

e
d
en

sity
fu

n
ction

of
ε
i .

C
o
ro

lla
ry

1
6

A
ssu

m
e

(B
),

th
e

d
en

sity
f
ε ∈
C

2(R
)

w
ith

f∗
:=

m
ax

( ∫
∞−∞
|f
′ε (x

)|d
x
, ∫
∞−∞
|f
′′ε (x

)|d
x
,1).

U
n

d
er

co
n

d
itio

n
s

(i)
o
r

(ii)
in

C
o
ro

lla
ry

6
o
n

th
e

fu
n

ctio
n

cla
ss
H
,
q,β

>
1

a
n

d
qβ
≥

2
(resp

.
co

n
d
itio

n
s

(i)
o
r

(ii)
in

C
o
ro

lla
ry

1
0

o
n
H
,
q
>

2
a
n

d
1
/2

<
β
<

1),
w

e
h
a
ve

(16)
(resp

.
(20))

h
o
ld

s
w

ith
∆
n

th
erein

rep
la

ced
by

n
Ψ
n
/f∗ .

R
e
m

a
rk

1
7

In
literatu

re,
m

an
y

con
cen

tration
in

eq
u
alities

for
tim

e
series

are
d
erived

u
n
d
er

variou
s

m
ix

in
g

con
d
ition

s
(see,

for
ex

am
p
le,

M
oh

ri
a
n
d

R
ostam

izad
eh

(20
10)).

S
in

ce
m

ix
in

g
an

d
ou

r
m

o
d
el

(3)
cover

d
iff

eren
t

ran
g
es

of
p
ro

cesses,
ou

r
resu

lts
are

n
ot

d
irectly

com
p
arab

le
w

ith
th

eirs.
H

ere
w

e
con

sid
er

an
ex

a
m

p
le

in
w

h
ich

ou
r

resu
lt

an
d

C
orollary

21
in

M
oh

ri
an

d
R

ostam
izad

eh
(2010)

can
b

e
com

p
ared

.
L

et
X
i

=
∑

k≥
0
a
k ε
i−
k ,

w
h
ere

ε
t

are
i.i.d

.
w

ith
fi
n
ite

qth
m

om
en

t,
q
>

2
an

d
a

0
=

1
,
a
k
�
k −

α
,
α
>

2
+

1/q.
A

ssu
m

e
th

e
p
.d

.f.
of
ε
i

satisfi
es ∫

x∈
R |f

′ε (x
)|d
x
<
∞

an
d
∫
x∈

R |f
′′ε (x

)|d
x
<
∞
.

B
y

T
h
eorem

2.1
in

P
h
am

an
d

T
ran

(1985),
X
i

is
β

-m
ix

in
g

an
d

its
β

-m
ix

in
g

co
effi

cien
t
β

(k
)

=
O

(k
1−

(α−
1
)q
/
(1

+
q
)).
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C
o
n
c
e
n
t
r
a
t
io
n
in
e
q
u
a
l
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s
u
n
d
e
r
d
e
p
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n
(g

)
an

d
T
n
(g

).
S
im
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argu

m
en

ts
are
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p
lied
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e
p
ro

o
fs

o
f

oth
er

th
eorem

s
in

th
e

p
ap

er.
P

ro
o
f

W
e

n
ow

p
ro

ceed
w

ith
th

e
form

al
argu

m
en

t.
B

y
(11),

th
ere

ex
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a
set

A
n

su
ch

th
at

fo
r

a
n
y
g
∈
A
,

m
in
h∈
A
n |h
−
g|∞
≤
z
/
(4n

)
an

d
|A

n |
=
N
A

(z
/
(4n

)).
T

h
en

su
p

g∈A

∣∣∣
n
∑i=

1 [(g−
τ
n
(g

))(X
i )−

E
(g−

τ
n
(g

))(X
i ) ] ∣∣∣ ≤

z
/
2
,

w
h
ere

τ
n
(g

)
:=

argm
in
h∈
A
n |h
−
g|∞

.
H

en
ce

∆
n
≤
z
/2

+
m

ax
g∈
A
n |S

n
(g

)−
E
S
n
(g

)|
an

d

∆
n
≤
z2

+
m

ax
g∈
A
n |S

n
(g

)−
E
S
n
(g

)−
T
n
(g

)|+
m

ax
g∈
A
n |T

n
(g

)|
=

:
z2

+
Ω
n

+
U
n
.

(36)

F
o
r
U
n

=
m

a
x
g∈
A
n |T

n
(g

)|,
b
y

L
em

m
a

23,
w

e
h
av

e

P (
U
n
≥
C
q a∗ µ

q c(n
,q)

+
z4 )
≤

ex
p (
−

z
2

C
β
,γ µ

q ′q ′ n )
+
C
β
,q
,γ
,1 µ

qq

nz
q
β
.

(37)
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C
h
e
n
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d
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u
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or
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e
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term
Ω
n

=
m

ax
g∈
A
n |S

n
(g

)−
E
S
n
(g
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n
(g

)|,
b
y

L
em

m
a

24,

P
(Ω

n
≥
z4

)≤
C
β
,q
,γ
,2 µ

qq

nz
q
β

+
2|A

n |ex
p (
−

z
2

C
β
,γ µ

q ′q ′ n )
+

2|A
n |ex

p (
−

z
v

8
µ
v ′q )

,
(38)

w
h
ere

C
β
,q
,γ
,1
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d
C
β
,q
,γ
,2
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d
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en
d
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g
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d
C
β
,q
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=
C
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,γ
,1

+
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,γ
,2 .

C
om

b
in
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(36),
(37)

an
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(38),
w

e
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p
lete
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e
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of.

L
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m

m
a

2
3

R
eca

ll
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e
d
efi

n
itio

n
s

o
f
φ̃
j (g

)
a
n

d
T
n
(g

)
in

(32)
a
n

d
(35)

respectively.
U

n
d
er

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
4
,

w
e

h
a
ve

(37).

P
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o
f

R
ecall

U
n

=
m

ax
g∈
A
n |T

n
(g

)|.
T

h
e

p
ro

of
con

tain
s

tw
o

p
arts:

(i).
A

p
p
ly

th
e

F
u
k
-N

agaev
ty

p
e

in
eq

u
ality

(L
em

m
a

20)
to

b
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n
d
P

(U
n −

2E
U
n
≥
z
/
4).

(ii).
S
h
ow

th
at

2E
U
n
≤
C
q a∗ µ

q c(n
,q).

P
art

(i):
F

or
g
∈
A
n
,

sin
ce
|g|,|g ′|

are
b

ou
n
d
ed

b
y

1
,

b
y

L
em

m
a

21,|g∞
|

an
d
|g ′∞
|

are
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b
ou

n
d
ed

b
y

1
.

T
h
en

|φ̃
j (g

)|
=
∣∣∣

n
∑i=

1∨
j E ( ∫

a
i−
j ε
j

a
i−
j ε ′j

g ′∞
(x

)d
x|F

j ) ∣∣∣ ≤
n
∑i=

1∨
j

m
in {|a

i−
j |(|ε

j |+
µ

),
2 }
.

(39)

T
h
erefore

for
j
<
−
n

an
d

an
y
g
∈
A
n
,

b
y

(39),

|φ̃
j (g

)|≤
m

in{
γ
n

(−
j) −

β
(|ε

j |
+
µ

),2n}
,

(40)

for−
n
≤
j≤

n
an

d
an

y
g
∈
A
n
,

b
y

L
em

m
a

22
an

d
(39),

|φ̃
j (g

)|≤
γ
K
β
,2
/
γ (|ε

j |
+
µ

)
1
/
β
.

(41)

D
en

ote
V

=
m

ax
g∈
A
n ∑

j≤
n
E
φ̃

2j (g
).

H
en

ce
b
y

(40)
an

d
(41),

V
≤
∑j<
−
n (γ

n
(−
j) −

β
)
q ′E

(|ε
0 |+

µ
)
q ′(2n

)
2−
q ′

+
(γ
K
β
,2
/
γ )

2
∑

−
n≤

j≤
n E

[(|ε
j |+

µ
)
2
/
β
]

≤
(

4
γ

2

β
−

1
+

2
1
+

2
/
β
(γ
K
β
,2
/
γ )

2 )
n
µ
q ′q ′ .

(42)

B
y

(40),

∑j<
−
n E (

m
ax

g∈
A
n |φ̃

j | q
β )≤

∑j<
−
n (2n

)
q
β−

q(γ
n

(−
j) −

β
)
qE

[(|ε
j |+

µ
)
q]≤

2
q
β
γ
q

qβ
−

1
n
µ
qq .

(43)

B
y

(41),∑

−
n≤

j≤
n E (

m
ax

g∈
A
n |φ̃

j | q
β )≤

2
n

(γ
K
β
,2
/
γ )
q
βE

[(|ε
j |

+
µ

)
q]≤

2
q
+

1(γ
K
β
,2
/
γ )
q
β
n
µ
qq .

(44)
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s
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,
(4

3)
an
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(4

4)
in
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a
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,
w

e
ob

ta
in

P(
U
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−

2E
U
n
≥
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/
4)
≤
e−

z
2
/
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8
V

)
+

4
q
β
K
q
β

z
q
β

∑ j≤
n

E(
m

ax
g
∈A

n

|φ̃
j
|qβ
)

≤
ex

p
(
−

z
2

C
β
,γ
µ
q
′
q
′n

)
+
C
β
,q
,γ
,1
µ
q q

n z
q
β
,

(4
5)

w
h
er

e
C
β
,γ

=
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(4
γ

2
/
(β
−

1)
+

21
+

2
/
β
(γ
K
β
,2
/
γ
)2

)
an

d
C
β
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,γ
,1

=
4q
β
K
q
β
(2
q
β
γ
q
/(
qβ
−

1)
+

2q
+

1
(γ
K
β
,2
/
γ
)q
β
).

P
ar

t
(i

i)
:

R
ec

al
l
a
∗

=
∑
∞ k=

0
|a
k
|.

N
ot

e
th

at
T
n
(g

)
ca

n
b

e
re

w
ri

tt
en
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T
n
(g

)
=
∑ j≤
n

φ̃
j
(g

)
=
∑ k
≥

0

n ∑ i=
1

{g
∞

(a
k
ε i
−
k
)
−

Eg
∞

(a
k
ε i
−
k
)}

=
∑ k
≥

0

∫
∞ −
∞

n ∑ i=
1

( 1
a
k
ε i
−
k
≥
x
−

P(
a
k
ε i
−
k
≥
x

))
g
′ ∞

(x
)d
x
.

L
et
W
n
(x

)
=
∑

n i=
1

( 1
ε i
≥
x
−

P(
ε i
≥
x

))
.

B
y

L
em

m
a

21
,
|g
′ ∞

(x
)|
≤

1.
T

h
en

E[
m

ax
g
∈A

n

∣ ∣ T
n
(g

)∣ ∣]
≤
∑ k
≥

0

∫
∞ −
∞
E|

n ∑ i=
1

( 1
a
k
ε i
−
k
≥
x
−

P(
a
k
ε i
−
k
≥
x

))
|d
x

=
∑ k
≥

0

∫
∞ −
∞
E|
W
n
(x
/a

k
)|d
x

=
a
∗

∫
∞ −
∞
E|
W
n
(y

)|d
y
,

(4
6)

w
h
er

e
th

e
la

st
eq

u
al

it
y

is
ob

ta
in

ed
b
y

ch
an

ge
of

va
ri

ab
le

s
y

=
x
/a

k
an

d
a
∗

=
∑
∞ k=

0
|a
k
|.

L
et
T
F

(x
)

=
P(
|ε 0
|≥
|x
|).

N
ot

e
th

at
E|

1
ε i
≥
x
−

P(
ε i
≥
x

)|
=

2F
ε(
x

)(
1
−
F
ε(
x

))
≤

2
T
F

(x
),

an
d
E(

1
ε i
≥
x
−

P(
ε i
≥
x

))
2

=
F
ε(
x

)(
1
−
F
ε(
x

))
≤
T
F

(x
).

H
en

ce

E|
W
n
(x

)|
≤

m
in
{‖
W
n
(x

)‖
,

2
n
T
F

(x
)}
≤

m
in
{√

n
T
F

(x
)1
/
2
,

2
n
T
F

(x
)}
.

(4
7)

W
e

h
av

e
d
iff

er
en

t
b

ou
n
d
s

fo
r

(4
6)

w
h
en
q
>

2
,
1
<
q
<

2
an

d
q

=
2.

B
y

M
ar

k
ov

’s
in

eq
u
al

it
y,

T
F

(x
)
≤

m
in
{|
x
|−
q
µ
q q
,1
}.

(4
8)

W
h
en

q
>

2,
w

e
h
av

e

∫
∞ −
∞
T
F

(x
)1
/
2
d
y
≤

2
(∫

µ
q

0
1d
x

+

∫
∞

µ
q

|x
|−
q
/
2
µ
q
/
2

q
d
x
)

=
q/

(q
/2
−

1)
µ
q
.

In
se

rt
in

g
ab

ov
e

in
to

(4
6)

an
d

(4
7)

,
w

e
ob

ta
in

EU
n
≤
a
∗

∫
∞ −
∞
E|
W
n
(x

)|d
x
≤
q/

(q
/2
−

1)
a
∗µ

q

√
n
.

(4
9)
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C
h
e
n
a
n
d

W
u

W
h
en

1
<
q
<

2,
b
y

(4
7)

an
d

(4
8)

,

∫
∞ −
∞
E|
W
n
(x

)|d
x
≤

2
(∫

n
1
/
q
µ
q

0

√
n
x
−
q
/
2
µ
q
/
2

q
d
x

+

∫
∞

n
1
/
q
µ
q2
n
x
−
q
µ
q q
d
x
)

≤
4(

1
/(

2
−
q)

+
1
/
(q
−

1)
)µ
q
n

1
/
q
.

W
h
en

q
=

2 ,
I 1

:=
∫ |x
|≤
µ
2

√
n
T
F

(x
)1
/
2
d
x
≤

2µ
2
√
n

.
B

y
(4

8)
,

I 2
:=
∫ |x
|>
n
µ
2

2n
T
F

(x
)d
x
≤

4
∫ ∞ n
µ
2
n
µ

2 2
x
−

2
d
x

=
4µ

2
.

B
y

th
e

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y,

I2 3
:=

[ ∫

µ
2
<
|x
|≤
n
µ
2

√
n
T
F

(x
)1
/
2
d
x

] 2
≤

4
n

∫
n
µ
2

µ
2

x
T
F

(x
)d
x

∫
n
µ
2

µ
2

x
−

1
d
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≤
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∫
∞

0
x
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|≥

x
)d
x

(l
og
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=
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2 0
)n
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2 2
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g
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).

T
h
en

b
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W
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≤
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I 2
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≤
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2
√
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2
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µ
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<
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<

2
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q
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e
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=
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−
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√
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φ
j
(g

),
φ̃
j
(g

)
a
n

d
T
n
(g

)
in
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er
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w
e
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o
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S
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−
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n
(g

)
−
T
n
(g

)
is

th
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w
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p
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e
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il
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en

d
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:
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D
er

iv
e

th
e

u
p
p

er
b

ou
n
d
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r
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=
∑

j≤
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m
ax

g
∈A

n
|φ
j
(g

)
−
φ̃
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≥
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.
B

ou
n
d

th
e
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I 2
=

m
ax

g
∈A

n

∑
j≤
n
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(φ
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(g

)
−
φ̃
j
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))
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1
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F
ir

st
w

e
d
er

iv
e

so
m

e
in

eq
u
al

it
ie

s
th

at
w

il
l

b
e

u
se

d
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r
I 1
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.

L
et
ε i
,ε
′ j,
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j,
k
∈
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b
e

i.
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d
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=
∑
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φ
j
(g

)
−
φ̃
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)
=
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d
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d
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j
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g ∞
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∞
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∫
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−
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∣ ∣ F
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∫
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∣ ∣ F

j

]
(D

3
)

=
E[
∫
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∫
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∣ ∣ F
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m
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∑
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‖
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g∈
A
n |φ

j (g
)−

φ̃
j (g

)|‖
q
(β

+
r
)

≤
n
∑i=
j∨

1 ∥∥
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+
r
) (E

(|X
i,j−

1 |
+
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+
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q ′−

1)
1
/
q ′ )n

(−
j) −

2
β
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∑
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∑

−
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p
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1),4(1/
(2−
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+
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−
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+
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+
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p
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e
fu

n
ction

g
k .
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=
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(|∆

n |≥
a

+
z
)≤

P (
m

ax
g∈
A
n |S

n
(g

)−
E
S
n
(g

)|≥
a

+
z
/
2 )

≤
P (

m
ax

g∈
A
n ∣∣∣
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µ
),

2
}.

(5
8)

P
ar

t
(i

) :
S
in

ce
D
k

ar
e

m
ar

ti
n
ga

le
d
iff

er
en

ce
s,

b
y

L
em

m
a

19
,

I 1
≤

(z
/2

)−
q
‖
∑ k
≤
−
n

D
k
‖q q
≤
K
q q
(z
/
2)
−
q
(
∑ k
≤
−
n

‖D
k
‖q
′
q

) q
/
q
′ .

(5
9)

S
in

ce
(5

8)
im

p
li
es
|D

k
|≤

γ
ρ
−
k
(1
−
ρ
)−

1
(|ε

k
|+

µ
)

fo
r

an
y
k
≤
−
n
,

w
e

fu
rt

h
er

ob
ta

in
fr

om
(5

9)
an

d
th

e
el

em
en

ta
ry

in
eq

u
al

it
y

lo
g
(ρ
−

1
)
≥

1
−
ρ

th
at

I 1
≤

(4
K
q
γ

)q
ρ
n
q
µ
q q

z
q
(1
−
ρ
)q

(1
−
ρ
q
′ )
q
/
q
′
≤

(4
K
q
γ

)q
e−

n
q
(1
−
ρ
) µ
q q

z
q
(1
−
ρ
)q

+
q
/
q
′.

(6
0)

21
JM

L
R

 1
8(

23
1)

:1
-4

6,
 2

01
8

C
h
e
n
a
n
d

W
u

P
ar

t
(i

i)
:

N
ot

e
fo

r
an

y
y
≥
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∑
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+
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p
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∑
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m
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+
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c ′1
=

4(2β
−

1) −
1
/
2γ

2K
q ,
h

(n
,β

)
=
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4;
h

(n
,β

)
=
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−
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−
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=
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−
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+
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.
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−
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q c(n
,q)

an
d
a

=
C
′β
,q
,γ µ

q n
3
/
2−
β

for
P

rop
osition

s
5

an
d
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≤
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−
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∗ ,

E(
eD

k
h
|F
k
−

1
)
≤
ec

5
h
2
,

(8
5
)

w
h
er

e
c 5

=
c 1
c2 4
/
(2
c2 0

).
S
im

il
ar
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to

P
ar

t
(a

.i
),

b
y

M
ar

k
ov

’s
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q
u
al
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y

an
d

re
cu
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el
y
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p
p
ly

-
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g
(8
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h
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2
E(
e∑
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n
D
k
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)
≤

ex
p
(
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z
h
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2
c 5
c 6
n
h

2
) ,

w
h
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e
c 6

=
m

ax
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4
/
(8
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c 5
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1
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L
et
h

=
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c 5
c 6
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.
T

h
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h
≤
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∗
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d

w
e

h
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e
I 2
≤
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2
2
z
2
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e
C
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2
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P
ar
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.i
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B
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(1
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)−
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γ
n

1
−
β
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k
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)

L
et
c 7

=
(1
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β

)−
1
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=
c 0
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1
7
n
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an
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c 8
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m
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−

2
β
h

2
) .

T
ak

e
h

=
(4
c 8

)−
1
z
n
−
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−
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.i
ii
)

an
d

(b
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p

=
0,
k

=
1

a
n
d
γ

=
2

th
er

ei
n
,

w
e

h
av

e
E(

∆
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∆
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e
th
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.
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e

p
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=
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=

m
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−
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=
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=
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=
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−
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=
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=
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m
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.
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p
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d
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=
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=
F
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h
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=
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d
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z
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p
t∈

R |R
n
(t)|/f∗ ≥

C
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q c(n
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z
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S
R
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P
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p
t∈
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C
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3
/
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β

+
z
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p
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th
e

su
m

of
m

artin
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d
iff

eren
ces.

F
or

R
n
(t),

sin
ce
F
ε

is
sm
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p
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T
h
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s
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d
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R
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P
a
rt
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L
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=
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β
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H

(t)
=
∑
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∑
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F
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n
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n
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z
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≤
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+
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w

h
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I1
=
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p
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R
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H̃

(t)|/f∗ ≥
z
/
2,

m
a
x

i≤
n
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i,i−
1 |≤

M
)
,

I2
=

n
∑i=

1 P (|X
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1 |≥
M
)
.

F
o
r

I1 ,
let

tk
=
−

2M
+
δk
,
k

=
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M
/δe,

w
h
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δ
=
z
/
(4n

).
S
in

ce|F
′ε |≤

f∗ ,
u
n
d
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n
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H̃
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+
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z
/
4.

M
o
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M
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2
q
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z
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(t0 )
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(td4

M
/
δe )

are
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z
/
4

o
n
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e
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m
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i≤
n |X

i,i−
1 |≤

M
}
.

S
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H

(t)
an

d
H̃

(t)
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b
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n
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g,
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s
1 ≤

s
2
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d
t∈
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1 ,s

2 ],
w

e
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H̃
(t)|≤

|H̃
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1 )−
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m
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1 )−
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1 )|,|H
(s

2 )−
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2 )| }

.

C
o
n
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u
en

tly,

I1 ≤
d4
M
/
δe

∑k
=

0

P
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(tk )−
H̃

(tk )|/f∗
>
z
/4 )

.
(88)

F
o
r

a
n
y
t
∈

R
,

sin
ce

th
e

m
artin

gale
d
iff

eren
ces

1
X
i ≤
t −

E
(1
X
i ≤
t |F

i−
1 ),i

=
1
,...,n

,
are

b
o
u
n
d
ed

in
a
b
solu

te
valu

e
b
y

1,
b
y

A
zu

m
a’s

in
eq

u
ality,

P
(|H

(t)−
H̃

(t)|
>
z )
≤

2ex
p
(−
z

2/
2n

).
(89)

W
ith

(8
8
)

a
n
d

(89),
w

e
ob

tain

I1 ≤
(64

µ
q )z −

1n
2
β

+
1ex

p
(−
z

2/(32
n

)).

F
o
r

I2 ,
b
y

(51)
an

d
M

arkov
’s

in
eq

u
ality,

I2 ≤
M
−
q

n
∑i=

1 ‖X
i,i−

1 ‖
qq ≤

c
1 n

1−
2
q
β
,

(90)

w
h
ere

c
1

=
(K

q γ
/2)

q(β
q ′−

1) −
q
/
q ′.

C
om

b
in

in
g

I1
an

d
I2

w
e

com
p
lete

th
e

p
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th
is

p
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C
h
e
n
a
n
d

W
u

P
art

(ii) :
L

et
M

=
c

2 µ
q n

2
β
,

w
h
ere

c
2

=
2K

q γ
q ′β

,
th

en
for

an
y
τ
>

0,

P
(su

p
t∈

R
|R

n
(t)|/f∗ ≥

z
/2

+
τ
)

≤
P (

su
p

|t|≤
2
M
|R

n
(t)|/f∗ ≥

z
/
4

+
τ )

+
n
∑i=

1 P (|X
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1 |≥
M
)

+
P (
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p

|t|≥
2
M
|R

n
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z
/
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m
ax

i≤
n
|X

i,i−
1 |≤

M
)

=
:

I ′1
+

I ′2
+
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(91)

F
or

I ′1 ,
let

A
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=
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2M
+
δk|δ

=
z
/
(8n

),k
=

0,1,...,d4
M
/δe}

.
(92)

T
h
en
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2
M

m
in
s∈
A
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(|F

ε (t−
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F
ε (s−

·)|∞
+
|F
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F
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z
/
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),
an

d
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e
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in
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n
u
m

b
er|A

n |≤
(32

c
2 µ

q )n
2
β

+
1/z

.
H

en
ce

u
n
d
er
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ort-
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.
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g-)

ran
ge

d
ep

en
d
en

ce,
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τ
=
C
q a∗ µ

q c(n
,q)
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.
τ

=
C
′β
,q
γ µ

q n
3
/
2−
β
),

th
en

I ′1
ca

n
b

e
b

ou
n
d
ed

b
y

T
h
eo

rem
4
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.

T
h
eorem

8),
th

at
is,

for
S
R

D
case,

I ′1 ≤
2

2
q
β
C
β
,q
,γ µ

qq

nz
q
β

+
3ex

p (
−

z
2

16C
β
,γ µ

q ′q ′ n
+

log
(|A

n |) )
+

2ex
p (
−

z
v

2
3
+

2
vµ

v ′q
+

log
(|A

n |) )
,

an
d

for
L

R
D

case,

I ′1 ≤
2

2
qC

β
,q
,γ (µ

2
q
q
∨
µ
qq ) n

1
+

(1−
β

)q

z
q

(
1+

[log
(|A

n |)
+

lo
g
(n

)] q

c̃
q(n

,β
)

)
+

3ex
p (−

z
2

16C
β
,γ n

3−
2
β
µ

22

+
log

(|A
n |) )

,

w
h
ere

C
β
,q
,γ

an
d
C
β
,γ

take
th

e
sam

e
valu

es
as

in
T

h
eorem

s
4

an
d

8,
resp

ectively.

F
or

I ′2 ,
b
y

(90)
w

e
h
av

e
I ′2 ≤

n
1−

2
q
β
.

F
or

I ′3 ,
if|X

i,i−
1 |≤

M
an

d
t≤
−

2M
,

th
en

F
ε (t−

X
i,i−

1 )
≤
F
ε (−

M
)
≤
M
−
qµ

qq
an

d
F

(t)
≤

(2M
) −
qE|X

0 | q.
B

y
a

sim
ilar

argu
m

en
t

for
t
≥

2
M
,

w
e

ob
tain

R
n
(x

)
<
z
/
4

for
|X

i,i−
1 |≤

M
an

d
|t|≥

2M
,

th
at

is
I ′3

=
0.

R
e
m

a
rk

3
1

R
eca

ll
L

em
m

a
1
9

fo
r
K
q .

W
e

ca
n

ch
oo

se
co

n
sta

n
ts

in
T

h
eo

rem
1
2

a
s

fo
llo

w
s:

S
R

D
C

0
=
C
q ,
C

1
=

(K
q γ
/2)

q(β
q ′−

1) −
q
/
q ′

+
1

+
2
q
β
C
β
,q
,γ ,

C
2

=
(16C

β
,γ ∨

32) −
1,
C

3
=

64K
q γ
q ′β

(2β
+

1),
w

h
ere

C
β
,q
,γ ,

C
β
,γ

a
n

d
C
q

ta
ke

sa
m

e
va

lu
es

a
s

th
o
se

in
T

h
eo

rem
4
.

L
R

D
C
′0

=
C
′β
,q
,γ ,
C
′1

=
(K

q γ
/2)

q(β
q ′−

1) −
q
/
q ′+

1
+

2
2
qC

β
,q
,γ c

0 ,
C
′2

=
(16C

β
,γ ∨

32) −
1,
C
′3

=
64K

q γ
q ′β

(2β
+

1),
w

h
ere

C
′β
,q
,γ ,

C
β
,q
,γ ,

C
β
,γ

ta
ke

sa
m

e
va

lu
es

a
s

th
o
se

in
T

h
eo

rem

8
,
c

0
=

1
+

m
ax

n≥
1

log
q(c ′0 n

2
β

+
1)c̃ −

q(n
,β

),
w
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c ′0

=
64
K
q γ
q ′β

.
S

in
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c̃(n
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=
n
α

so
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e
α
>
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n
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g
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u
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b
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∈
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∑
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m
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∑
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m
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e
C

1
,C

2
a
re

po
si

ti
ve

co
n

st
a
n

ts
th

a
t

o
n

ly
d
ep

en
d

o
n
c,
c′
,s

a
n

d
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p
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∞
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.
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m

3.
1

of
E

in
m

ah
l

an
d

L
i

(2
00

8)
is

b
ou

n
d
ed

b
y
σ

2
in

ou
r

se
tt

in
gs

(c
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ro

o
f

S
in

ce
f ε
≤

1,
b
y

L
em

m
a

21
,
f

is
b

ou
n
d
ed

b
y

1.
L

et

ϕ̃
0
(t

)
=

∫
∞

0

[ F
(t
−
s−

β
ε 0

)
−
F

(t
)]

d
s.

(1
02

)

S
in

ce
|F

(t
−
s−

β
ε 0

)
−
F

(t
)|
≤

m
in
{1
,s
−
β
|ε 0
|}

,
w

e
h
av

e

|ϕ̃
0
(t

)|
≤

1
+

∫
∞

1
s−

β
|ε 0
|d
s
≤

1
+

(β
−

1)
−

1
|ε 0
|.

T
h
u
s
ϕ̃

0
(t

)
is

w
el

l
d
efi

n
ed

.
N

ot
e

th
at

th
e

le
m

m
a

fo
ll
ow

s
fr

om
th

e
fo

ll
ow

in
g

tw
o

cl
ai

m
s:

(i
).
|ϕ

0
(t

)
−
ϕ̃

0
(t

)|
≤
f ∗
µ
β
/(
β
−

1)
+

1,
w

h
ic

h
is

b
ou

n
d
ed

.

(i
i)

.
P(
ϕ̃

0
(t

)
>
z
)
∼
C

1
lo

g
−
r 0

(z
)z
−
q
β

an
d
P(
ϕ̃

0
(t

)
<
−
z
)
∼
C

2
lo

g
−
r 0

(z
)z
−
q
β

as
z
→
∞

.

P
ar

t
(i

):
S
in

ce
F

is
n
on

-d
ec

re
as

in
g,

fo
r

an
y
s
∈

[k
−

1
,k

],

|F
(t
−
s−

β
ε 0

)
−
F

(t
−
k
−
β
ε 0

)|
≤

si
gn

(ε
0
){ F

(t
−
k
−
β
ε 0

)
−
F

(t
−

(k
−

1)
−
β
ε 0

)} .

S
in

ce
F

(−
∞

)
=

0
an

d
F

(∞
)

=
1,

I 1
:=

∞ ∑ k
=

1

∫
k

k
−

1
|F

(t
−
s−

β
ε 0

)
−
F

(t
−
k
−
β
ε 0

)|d
s
≤

1.

S
in

ce
f

is
b

ou
n
d
ed

,
w

e
h
av

e

I 2
:=

∞ ∑ k
=

1

|F
(t

)
−

EF
(t
−
k
−
β
ε 0

)|
≤
f ∗
∞ ∑ k
=

1

k
−
β
µ
≤
f ∗
µ
β
/(
β
−

1)
.
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C
h
e
n
a
n
d

W
u

T
h
u
s
|ϕ

0
(t

)
−
ϕ̃

0
(t

)|
≤

I 1
+

I 2
≤
f ∗
µ
β
/(
β
−

1)
+

1
,

a
fi
n
it

e
co

n
st

an
t.

P
ar

t
(i

i)
:

L
et
u
>

0.
T

h
en

0
≤
F

(t
+
u

)
−
F

(t
)
≤

m
in
{f
∗u
,1
}.

H
en

ce
L

1
(t

)
is

b
o
u
n
d
ed

b
y

∫ ∞ 0
m

in
{f
∗u
,1
}/

(β
u

1
+

1
/
β
)d
u
≤
f ∗
β
/(
β
−

1)
.

S
im

il
ar

ly
L

2
(t

)
≤
f ∗
β
/(
β
−

1)
.

N
o
te

th
a
t

∫
∞

0

[ F
(t
−
s−

β
y
)
−
F

(t
)]

d
s

=

{
L

1
(t

)|y
|1/

β
,

if
y
<

0
,

−
L

2
(t

)|y
|1/

β
,

if
y
>

0
.

S
in

ce
ε 0

is
sy

m
m

et
ri

c,
b
y

(2
2)

an
d

th
e

d
efi

n
it

io
n

of
ϕ̃

0
(t

)
in

(1
02

),
(i

i)
fo

ll
ow

s.

R
e
m

a
rk

3
5

V
a
lu

es
o
f
C

1
a
n

d
C

2
a
re

gi
ve

n
in

L
em

m
a

3
4
.

A
ca

re
fu

l
ch

ec
k

o
f

th
e

p
ro

o
f

o
f

T
h
eo

re
m

1
4

su
gg

es
ts

th
a
t

th
e

co
n

st
a
n

t
Γ

ca
n

be
ch

o
se

n
a
s

Γ
=

[θ
0
q
+
r 0

+
(q
β
−

1
)Γ
′ ]/

(q
β
−
q)
,

w
h
er

e
θ 0

=
(2
α
−

1)
/4

a
n

d
Γ
′ =

r 0
+
θ 0
qβ

+
1
.

6
.8

P
ro

o
f

o
f

C
o
ro

ll
a
ri

e
s

1
5

a
n

d
1
6

P
ro

o
f

[P
ro

of
of

C
or

ol
la

ry
15

]W
e

sh
al

lfi
rs

t
d
ea

lw
it

h
th

e
S
R

D
ca

se
.

R
ec

al
lF

j
=

(ε
j
,ε
j−

1
,.
..

).
W

ri
te M
n
(x

)
=

n ∑ j=
1

( K
b
(x
−
X
j
)
−

E[
K
b
(x
−
X
j
)|F

j−
1
]) ,

R
n
(x

)
=

n ∑ j=
1

( E[
K
b
(x
−
X
j
)|F

j−
1
]−

E[
K
b
(x
−
X
j
)]
)

=
n

(f̂
n
(x

)
−

Ef̂
n
(x

))
−
M
n
(x

).

N
ot

e
th

at
M
n
(x

)
is

a
m

ar
ti

n
ga

le
w

.r
.t

.
fi
lt

er
σ

(F
n
).

L
et
τ n

=
n
β

an
d
l ∗

=
K
∗
∨
f ∗

.
T

h
en

I
:

=
P(

su
p

x
∈R

n
|f̂ n

(x
)
−

Ef̂
n
(x

)|
≥
l ∗
z
)

≤
n ∑ j=

1

P(
|X

j
|≥

τ n
)

+
P(

su
p

x
∈R

n
|f̂ n

(x
)
−

Ef̂
n
(x

)|
≥
l ∗
z
,

m
ax

1
≤
j≤
n
|X

j
|<

τ n

)

=
:

I 1
+

I′ 1
.

(1
0
3)

S
in

ce
K

h
as

su
p
p

or
t

[−
1,

1]
,
K
b
(x
−
X
j
)

=
0

w
h
en
|X

j
|<

τ n
an

d
|x
|>

τ n
+
b n

.
H

en
ce

if

m
ax

j≤
n
|X

j
|<

τ n
an

d
|x
|>

τ n
+
b n

,
w

e
h
av

e
f̂ n

(x
)

=
0.

N
ot

e
th

at
su

p
|x
|≤
τ n

+
b n
|M

n
(x

)|
+

su
p
|x
|≤
τ n

+
b n
|R

n
(x

)|
≥

su
p
|x
|≤
τ n

+
b n
n
|f̂ n

(x
)
−

Ef̂
n
(x

)|,
w

e
h
av

e

I′ 1
≤
P(

su
p

|x
|>
τ n

+
b n

n
|E
K
b
(x
−
X

1
)|
≥
l ∗
z
/
4
)

+
P(

su
p

|x
|≤
τ n

+
b n

|M
n
(x

)|
≥
l ∗
z
/
2)

+
P(

su
p

|x
|≤
τ n

+
b n

|R
n
(x

)|
≥
l ∗
z
/
4)

=
:

I 2
+

I 3
+

I 4
.

(1
04

)

H
en

ce
b
y

(1
03

)
an

d
(1

04
),

w
e

h
av

e
I
≤

I 1
+

I 2
+

I 3
+

I 4
.

F
or

I 1
-I

3
w

e
sh

a
ll

b
o
u
n
d

th
em

th
ro

u
gh

so
m

e
b
as

ic
in

eq
u
al

it
ie

s,
fo

r
I 4
,

w
e

w
il
l

ap
p
ly

C
or

ol
la

ry
6.
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C
o
n
c
e
n
t
r
a
t
io
n
in
e
q
u
a
l
it
ie
s
u
n
d
e
r
d
e
p
e
n
d
e
n
c
e

F
o
r

I1 :
B

y
L

em
m

a
19,E

(|X
0 | q)≤

K
qq ( ∑

j≥
0 |a

j | q ′)
q
/
q ′µ

qq .
H

en
ce

b
y

M
arkov

’s
in

eq
u
ality

I1 ≤
n
τ −

q
n

E
(|X

0 | q).
n
z −

q
β
µ
qq ,

w
h
ere

th
e

con
sta

n
t

in
.

on
ly

d
ep

en
d
s

on
q,β

an
d
γ
.

F
o
r

I2 :
S
in

ce
|K
|∞

is
b

ou
n
d
ed

b
y
K
∗

w
ith

su
p
p

ort
[−

1
,1],

w
e

h
av

e
|E
K
b (x
−
X

1 )|≤
K
∗ b −

1
n

P
(|X

1 −
x|≤

b
n
).

W
h
en
|x|

>
τ
n

+
b
n
,P

(|X
1 −

x|≤
b
n
)≤

P
(|X

1 |≥
τ
n
).

H
en

ce

n|E
K
b (x
−
X

1 )|≤
n
K
∗ b −

1
n

P
(|X

1 |≥
τ
n
)≤

K
∗ b −

1
n
n

1−
q
βE|X

0 | q
=
o(K

∗ z
),

in
v
iew

o
f
z
≥
c(n

/b
n
)
1
/
2log

1
/
2(n

)
an

d
n
b
n
→
∞
.

T
h
u
s

I2
=

0
for

all
large

n
.

F
o
r

I3 :
L

et
A
n

=
{−

(τ
n

+
b
n
)

+
δ
n
k
,k

=
0
,1,...,b2(τ

n
+
b
n
)/δ

n
+

1c}
,

w
h
ere

δ
n

=
z
b
2n
/
(8n

).
T

h
en

su
p

|x|≤
τ
n

+
b
n

m
in

y∈
A
n |M

n
(x

)−
M
n
(y

)|≤
K
∗ z
/
4,

a
n
d

I3
≤
∑

x∈
A
n
P

(|M
n
(x

)|
≥
l∗ z
/
4).

S
in

ce
|K
|∞
≤
K
∗

an
d
|f
ε |∞
≤
f∗ ,

for
X
j,j−

1
=

∑
k≥

1
a
k ε
j−
k ,

E
[K

2b (x
−
X
j )|F

j−
1 ]|

=

∫
∞−
∞
b −

2
n
K

2( x
−
X
j,j−

1 −
u

b
n

)f
ε (u

)d
u

=

∫
∞−
∞
b −

1
n
K

2(y
)f
ε (x
−
b
n
y−

X
j,j−

1 )d
y

≤
K
∗ f∗ b −

1
n

∫
∞−
∞
K

(y
)d
y

=
K
∗ f∗ b −

1
n
.

T
h
erefo

re
for

ξ
j (x

)
=
K
b (x
−
X
j )−

E
[K

b (x
−
X
j )|F

j−
1 ],

V
(x

)
:=

n
∑j=

1 E
(ξ
j (x

)
2|F

j−
1 )≤

n
K
∗ f∗ b −

1
n
.

N
o
te
|K

b |≤
K
∗ /b

n
,

th
erefore

b
y

F
reed

m
an

’s
in

eq
u
ality

(L
em

m
a

18),
w

e
h
ave

I3
≤

∑x∈
A
n P (|M

n
(x

)|≥
l∗ z
/
4 )≤

2
∑x∈
A
n

ex
p
(−

z
2

2z
b −

1
n

+
2
n
b −

1
n

)

≤
32n

(τ
n

+
b
n
)

z
b
2n

ex
p
(−
z

2b
n

4
n

).

S
in

ce
z
≥
c(n

/
b
n
)
1
/
2log

1
/
2(n

),
for

c
su

ffi
cien

tly
large

I3
=
o(n

/z
q
β
).

F
o
r

I4 :
S
in

ce
E

[K
b
n
(x
−
X
j )|F

j−
1 ]

=
∫R
K

(u
)f
ε (x
−
b
n
u
−
X
j,j−

1 )d
u

,
w

e
h
ave

R
n
(x

)
=

∑
nj=

1
N
n
(x
,X

j,j−
1 ),

w
h
ere

N
n
(x
,y

)
=

∫
∞−
∞
K

(u
)[f

ε (x
−
b
n
u
−
y
)−

f
(x
−
b
n
u

) ]d
u
.

(105)

L
et

fu
n
ctio

n
class

A
n

=
{N

n
(x
,·),|x|≤

τ
n

+
b
n }
,

th
en

for
an

y
fu

n
ction

in
A
n
,

its
u
p

to
seco

n
d

o
rd

er
d
erivativ

es
are

b
ou

n
d
ed

b
y
f∗

an
d
N
A
n
(f∗ z

/n
)≤

4
n

(τ
n

+
b
n
)/z

.
T

h
erefore

b
y

C
o
ro

lla
ry

6
,

w
e

h
av

e
I4
.
µ
qq n
z −

q
β
,

w
h
ere

th
e

con
stan

t
in
.

on
ly

d
ep

en
d
s

on
β
,q

a
n
d
γ

.
T

h
u
s

(2
5)

fo
llow

s
from

I1 -I4 .
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C
h
e
n
a
n
d

W
u

F
or

th
e

L
R

D
case,

d
efi

n
e
M
n
(x

)
an

d
R
n
(x

)
as

in
th

e
S
R

D
case

an
d

let
τ
n

=
z
.

A
gain

w
e

h
ave

P (
su

p
x∈

R
n|f̂

n
(x

)−
E
f̂
n
(x

)|≥
l∗ z )

≤
n
∑j=

1 P
(|X

j |≥
z
)

+
P (

su
p

|x|>
z
+
b
n

n|E
K
b (x
−
X

1 )|≥
l∗ z
/4 )

+
P (

su
p

|x|≤
z
+
b
n |M

n
(x

)|≥
l∗ z
/
2 )

+
P (

su
p

|x|≤
z
+
b
n |R

n
(x

)|≥
l∗ z
/
4 )

=
:

I1
+

I2
+

I3
+

I4 .

U
sin

g
sam

e
argu

m
en

t
as

for
S
R

D
case

w
ith

τ
n

rep
la

ced
b
y
z
,

w
e

ob
tain

I1 ,I2 ,I3 .
n
z −

qµ
qq ,

w
h
ere

th
e

con
stan

ts
in
.

on
ly

d
ep

en
d

on
q,β

an
d
γ
.

F
or

I4 ,
w

e
still

h
av

e
(105).

L
et

A
n

=
{
N
n
(x
,·),|x|≤

z
+
b
n }

.
T

h
en
N
A
n
(f∗ z

/n
)≤

4
n

(z
+
b
n
)/z

.
T

h
erefore

b
y

C
orollary

10,
w

e
h
ave

I3 .
(µ

2
q
q
∨
µ
qq )n

3
/
2−
β
z −

q,
w

h
ere

th
e

con
stan

t
in
.

on
ly

d
ep

en
d
s

on
β
,q

an
d
γ

.

P
ro

o
f

[P
ro

of
of

C
orollary

16]
L

etG
i

=
(ε
i ,ε

i−
1 ,...;η

i ,η
i−

1 ,...)
a
n
d
X
i,i−

1
=
∑
∞j=

1
a
j ε
i−
j .

T
h
en

w
e

h
ave

E
[L

(X
i ,Y

i ,h
(X

i ))|G
i−

1 ]
=
Q
h (X

i,i−
1 ),

w
h
ere

Q
h (w

)
=

∫
∞−
∞
E

[L
(u
,H

0 (u
,η
i ),h

(u
))]f

ε (u
−
w

)d
u
.

(106)

L
et
J
h (x

)
=
Q
h (x

)−
E

[L
(X

i ,Y
i ,h

(X
i ))].

W
rite

n
(R

n
(h

)−
R

(h
))

=
n
∑i=

1 [L
(X

i ,Y
i ,h

(X
i ))−

Q
h (X

i,i−
1 ) ]

+
n
∑i=

1

J
h (X

i,i−
1 )

=
:

I1 (h
)

+
I2 (h

).

F
or
h
,g
∈
H
,

let
D

(h
,g

)
=

su
p
x
,y∈

R |L
(x
,y
,h

(x
))−

L
(x
,y
,g

(x
))|.

L
etH

n
b

e
th

e
su

b
set

of
H

su
ch

th
at

su
p
h
1 ∈H

in
f
h
2 ∈H

n
D

(h
1 ,h

2 )≤
z
/
(4n

)
an

d
|H

n |≤
N
A

(z
/
(4n

)).
T

h
en

for
τ
>

0
,

P
(n

Ψ
n
/f∗ ≥

z
+
τ
)≤

P (
m

ax
h∈H

n

n|R
n
(h

)−
R

(h
)|/f∗ ≥

z
/
2

+
τ )

≤
∑h∈H

n P
(|I1 (h

)|/f
∗≥

z
/
4)

+
P (

m
ax

h∈H
n |I2 (h

)|/f∗ ≥
z
/
4

+
τ )
.

S
in

ce
0
≤
L
≤

1
,
f
∗
≥

1
an

d
th

e
su

m
m

an
d
s

of
I1 (h

)
are

b
ou

n
d
ed

m
a
rtin

gale
d
iff

eren
ces

w
ith

resp
ect

to
G
i ,

b
y

A
zu

m
a’s

in
eq

u
ality,

w
e

h
av

e ∑
h∈H

n
P

(|I1 (h
)|≥

z
)≤

2|H
n |e −

z
2
/
(3

2
n

).
S
in

ce
b

oth
∫
∞−∞
|f
′ε (x

)|d
x

an
d
∫
∞−∞
|f
′′ε (x

)|d
x

are
b

ou
n
d
ed

b
y
f∗ ,

b
y

(106),
fo

r
h
∈
H
,
Q
h ,Q

′h
an

d
Q
′′h

ex
ist

an
d

are
u
n
iform

ly
b

ou
n
d
ed

b
y
f∗

in
ab

solu
te

valu
e.

T
h
u
s

(16)
(resp

.
(20))

follow
s

from
ap

p
ly

in
g

C
orollary

6
to
Q
h /f∗

w
ith

τ
=
C
q a∗ µ

q c(n
,q)

(resp
.

C
orollary
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a

ge
n
er

al
fr

am
ew

or
k

fo
r

ex
te

n
d
in

g
th

e
m

et
h
o
d

to
ot

h
er

G
L

M
or

M
-e

st
im

at
or

se
tt

in
gs

.
O

u
r

w
or

k
h
as

b
ee

n
in

fl
u
en

ce
d

b
y

p
re

v
io

u
s

w
or

k
in

es
ti

m
at

in
g

h
ig

h
d
im

en
si

o
n
a
l

m
o
d
el

s.
W

h
en

1 n
X
′ X

=
I p

th
e

p
en

al
ty

fu
n
ct

io
n

is
eq

u
iv

al
en

t
to

a
ri

d
ge

p
en

al
ty

(H
o
er

l
a
n
d

K
en

-
n
ar

d
,

19
70

)
on

th
e

d
iff

er
en

ce
of

th
e

co
effi

ci
en

t
v
ec

to
rs

fo
r

th
e

tw
o

re
sp

on
se

s.
W

e
a
d
d

th
e
L

1

p
en

al
ty

as
p
ro

p
os

ed
in

T
ib

sh
ir

an
i

(1
99

6)
to

d
o

si
m

u
lt

an
eo

u
s

va
ri

ab
le

se
le

ct
io

n
a
n
d

es
ti

m
a
-

ti
on

.
S
im

il
ar

to
th

e
w

or
k

of
Z

ou
an

d
H

as
ti

e
(2

00
5)

w
e

co
m

b
in

e
th

e
ri

d
ge

an
d
L

1
p

en
a
lt

ie
s.

T
h
e

p
ro

p
os

ed
es

ti
m

at
or

si
m

u
lt

an
eo

u
sl

y
es

ti
m

at
es

cl
u
st

er
s

of
th

e
re

sp
on

se
an

d
fu

se
s

th
e

fi
t-

te
d

va
lu

es
of

th
e

cl
u
st

er
ed

re
sp

on
se

s.
P

re
v
io

u
s

w
or

k
h
as

b
ee

n
d
on

e
on

cl
u
st

er
in

g
co

va
ri

a
te

s
fo

r
h
ig

h
d
im

en
si

on
al

re
gr

es
si

on
w

it
h

a
u
n
iv

ar
ia

te
re

sp
on

se
.

T
h
is

w
o
rk

is
m

os
t

si
m

il
a
r

to
th

e
w

or
k

of
W

it
te

n
et

al
.
(2

01
4)

w
h
o

p
ro

p
os

ed
th

e
cl

u
st

er
el

as
ti

c
n
et

(C
E

N
)

th
at

si
m

u
lt

a
n
eo

u
sl

y
es

ti
m

at
es

cl
u
st

er
s

of
co

va
ri

at
es

an
d

fu
se

s
th

e
eff

ec
ts

of
co

va
ri

at
es

w
it

h
in

th
e

sa
m

e
cl

u
st

er
.

O
u
r

p
ro

p
os

ed
m

et
h
o
d

is
al

so
si

m
il
ar

to
G

ra
ce

es
ti

m
at

or
s

p
ro

p
os

ed
in

L
i

an
d

L
i

(2
0
0
8
)

a
n
d

L
i

an
d

L
i

(2
01

0)
,

w
h
ic

h
u
se

re
gu

la
ri

za
ti

on
b
as

ed
on

ex
te

rn
al

n
et

w
or

k
in

fo
rm

a
ti

o
n

to
m

in
i-

m
iz

e
th

e
d
iff

er
en

ce
of

co
effi

ci
en

ts
fo

r
re

la
te

d
p
re

d
ic

to
rs

an
d

u
se

a
la

ss
o

p
en

al
ty

fo
r

sp
a
rs

it
y.

H
u
an

g
et

al
.

(2
01

1)
p
ro

p
os

ed
th

e
sp

ar
se

L
ap

la
ci

an
sh

ri
n
ka

ge
m

et
h
o
d
,

w
h
ic

h
p
re

fo
rm

s
va

ri
-

ab
le

se
le

ct
io

n
an

d
p
ro

m
ot

es
si

m
il
a
ri

ti
es

am
on

g
co

effi
ci

en
ts

of
co

rr
el

at
ed

co
va

ri
a
te

s.
Z

h
a
o

an
d

S
h
o

ja
ie

(2
01

6)
p
ro

p
os

ed
th

e
G

ra
ce

T
es

t,
a

te
st

in
g

fr
am

ew
o
rk

fo
r

G
ra

ce
es

ti
m

a
to

rs
,

th
a
t

2
JM

L
R

 1
8(

23
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A
C
l
u
st

e
r
E
l
a
st

ic
N
e
t
f
o
r
M
u
lt

iv
a
r
ia
t
e
R
e
g
r
e
ssio

n

a
llow

s
fo

r
so

m
e

u
n
certain

ty
in

th
e

grap
h

an
d

sh
ow

ed
th

at
if

th
e

ex
tern

al
grap

h
is

in
form

a-
tive

it
in

crea
ses

th
e

p
ow

er
of

th
e

G
race

test.
B

ü
h
lm

an
n

et
al.

(2013
)

p
rop

osed
tw

o
d
iff

eren
t

p
en

a
lized

m
eth

o
d
s

for
clu

stered
covariates

in
h
igh

-d
im

en
sion

al
regression

:
clu

ster
rep

re-
sen

ta
tive

la
sso

(C
R

L
)

an
d

clu
ster

grou
p

lasso
(C

G
L

).
In

C
R

L
th

e
covaria

tes
are

clu
stered

,
d
im

en
sio

n
red

u
ction

is
d
on

e
b
y

rep
lacin

g
th

e
origin

al
covariates

w
ith

th
e

clu
ster

cen
ters

a
n
d

a
la

sso
m

o
d
el

is
fi
t

u
sin

g
th

e
clu

ster
cen

ters
as

cova
riates.

In
C

G
L

th
e

grou
p

p
en

alty
o
f

Y
u
a
n

a
n
d

L
in

(2005)
is

ap
p
lied

u
sin

g
th

e
p
rev

iou
sly

fou
n
d

clu
sters

as
th

e
grou

p
s.

Z
h
ou

et
a
l.

(20
1
7
)

d
em

on
strated

th
at

averagin
g

over
m

o
d
els

u
sin

g
d
iff

eren
t

clu
ster

cen
ters

for
b

o
th

resp
o
n
ses

an
d

p
red

ictors
can

im
p
rove

p
red

iction
accu

racy
of

D
N

ase
I

h
y
p

ersen
sitiv

ity
u
sin

g
g
en

e
ex

p
ression

d
ata.

K
im

et
al.

(2009)
p
rop

osed
grap

h
-gu

id
ed

fu
sed

lasso
(G

G
F

L
)

to
th

e
sp

ecifi
c

p
ro

b
lem

of
asso

ciation
an

aly
sis

to
q
u
an

titative
trait

n
etw

ork
s.

G
G

F
L

p
resen

ts
a

fu
sed

la
sso

fram
ew

ork
in

m
u
ltivariate

regressio
n

th
at

leverages
correlated

traits
b
ased

on
a

n
etw

ork
stru

ctu
re.

O
u
r

w
ork

is
related

to
th

e
fu

sed
lasso

literatu
re

as
w

ell,
th

ou
gh

w
e

d
o

n
o
t

a
ch

ieve
ex

a
ct

fu
sion

(T
ib

sh
iran

i
et

al.,
2005;

R
in

ald
o,

2009
;

H
o
efl

in
g,

2
010;

T
ib

sh
iran

i,
2
0
1
4
).

T
h
e

p
ro

p
osed

m
eth

o
d

d
iff

ers
fro

m
th

e
w

ork
s

m
en

tion
ed

in
th

is
settin

g
b

eca
u
se

it
fo

cu
ses

o
n

u
sin

g
correlation

b
etw

een
th

e
resp

on
se

variab
les

to
im

p
rove

estim
ation

,
h
ow

ever
a
ll

of
th

e
w

o
rk

s
m

en
tion

ed
w

ere
in

stru
m

en
tal

in
h
elp

in
g

u
s

d
erive

ou
r

fi
n
a
l

estim
ato

r.

T
h
e

id
ea

o
f

u
sin

g
in

form
ation

from
d
iff

eren
t

resp
on

ses
to

im
p
rove

estim
ation

in
m

u
lti-

va
ria

te
regressio

n
is

n
ot

n
ew

an
d

ou
r

w
ork

b
u
ild

s
u
p

on
p
rev

iou
s

w
ork

s
in

th
is

area.
B

reim
an

a
n
d

F
ried

m
an

(1997)
in

tro
d
u
ced

th
e

C
u
rd

s
an

d
W

h
ey

m
eth

o
d

w
h
ose

p
red

iction
s

are
an

op
-

tim
al

lin
ea

r
co

m
b
in

ation
of

least
sq

u
ares

p
red

iction
s.

R
oth

m
an

et
al.

(2010)
p
ro

p
osed

m
u
ltiva

ria
te

reg
ression

w
ith

covarian
ce

estim
ation

(M
R

C
E

),
w

h
ich

is
a

p
en

alized
likelih

o
o
d

a
p
p
ro

a
ch

to
sim

u
ltan

eou
sly

estim
ate

th
e

regression
co

effi
cien

ts
an

d
th

e
in

verse
covarian

ce
m

a
trix

o
f

th
e

errors.
M

R
C

E
leverages

correlation
in

u
n
ex

p
lain

ed
variation

to
im

p
rove

esti-
m

a
tio

n
,

w
h
ile

o
u
r

p
rop

osed
m

eth
o
d

lev
erages

correlation
in

ex
p
lain

ed
varia

tion
to

im
p
rov

e
estim

a
tio

n
.

O
th

er
estim

ators
assu

m
e

b
oth

th
e

resp
on

se
an

d
covariates

are
m

u
ltivariate

n
o
rm

al
a
n
d

ex
p
loit

th
is

stru
ctu

re
to

d
erive

estim
ators

(L
ee

an
d

L
iu

,
2012;

M
olstad

an
d

R
o
th

m
a
n
,

2
0
16

).
R

ai
et

al.
(2012)

p
rop

o
sed

a
p

en
alized

likelih
o
o
d

m
eth

o
d

for
m

u
ltivariate

reg
ressio

n
th

a
t

sim
u
ltan

eou
sly

estim
ates

regression
co

effi
cien

ts,
th

e
in

verse
covaria

n
ce

m
a-

trix
o
f

th
e

erro
rs,

an
d

th
e

covarian
ce

m
atrix

of
th

e
regression

co
effi

cien
ts

across
resp

on
ses

u
sin

g
la

sso
ty

p
e

p
en

alties.
P

en
g

et
al.

(2010)
in

tro
d
u
ced

regu
larized

m
u
ltivariate

regres-
sio

n
fo

r
id

en
tify

in
g

m
aster

p
red

ictors
(rem

M
ap

),
w

h
ich

relies
o
n

a
p
rio

ri
in

form
a
tion

ab
ou

t
va

lu
a
b
le

p
red

ictors
an

d
im

p
oses

a
grou

p
L

1
an

d
L

2
n
orm

,
across

resp
on

ses,
on

all
covari-

a
tes

n
o
t

p
resp

ecifi
ed

as
b

ein
g

u
sefu

l
p
red

ictors.
K

im
an

d
X

in
g

(2012)
p
ro

p
osed

th
e

tree
g
u
id

ed
g
ro

u
p

la
sso,

w
h
ich

u
ses

an
a

p
rio

ri
h
ierarch

ical
clu

sterin
g

of
th

e
resp

on
ses

to
d
efi

n
e

overla
p
p
in

g
g
ro

u
p

lasso
p

en
alties

for
th

e
m

u
ltivariate

regressio
n

m
o
d
el.

T
h
ey

p
rop

o
se

a
w

eig
h
tin

g
m

eth
o
d

th
at

en
su

res
all

co
effi

cien
ts

are
p

en
alized

eq
u
ally,

w
h
ile

u
sin

g
th

e
h
ierar-

ch
ica

l
stru

ctu
re

to
im

p
ose

a
sim

ilar
sp

arsity
stru

ctu
re

across
h
igh

ly
correla

ted
resp

on
ses.

A
n
o
th

er
a
p
p
roach

to
im

p
rov

in
g

effi
cien

cy
is

b
y

d
oin

g
d
im

en
sion

red
u
ction

on
Y

to
fi
n
d

a
sm

a
ller

su
b
sp

ace
th

at
retain

s
th

e
m

aterial
in

form
ation

n
eed

ed
for

estim
ation

o
f

th
e

re-
g
ressio

n
co

effi
cien

ts
(C

o
ok

et
al.,

2010;
C

o
ok

an
d

Z
h
an

g,
2015;

S
u
n

et
al.,

201
5).

C
o
ok

et
al.

(2
0
1
0
)

in
tro

d
u
ced

th
e

en
v
elop

e
estim

ator
for

th
e

m
u
ltivaria

te
lin

ear
m

o
d
el,

w
h
ich

p
ro

jects
th

e
m

a
x
im

u
m

lik
elih

o
o
d

estim
ator

on
to

th
e

estim
ated

su
b
sp

ace
w

ith
th

e
m

aterial
in

for-
m

a
tio

n
.

C
o
o
k

an
d

Z
h
an

g
(2015)

p
rov

id
ed

en
velop

e
m

o
d
els

for
G

L
M

s
an

d
w

eigh
ted

lea
st

sq
u
a
res.

S
u
n

et
al.

(2015)
p
rop

osed
a

sp
arse

regression
m

o
d
el

(S
P

R
eM

)
for

estim
atin

g
m

o
d
-

3
JM

L
R

 18(232):1-39, 2018

P
r
ic
e
a
n
d

S
h
e
r
w
o
o
d

els
w

h
ere

r
is

very
large.

S
P

R
eM

p
ro

jects
th

e
resp

on
se

variab
les

in
to

a
low

er-d
im

en
sion

al
sp

ace
w

h
ile

m
ain

tain
in

g
th

e
stru

ctu
re

n
eed

ed
for

a
sp

ecifi
c

h
y
p

oth
esis

test.
T

h
e

key
d
if-

feren
ce

b
etw

een
ou

r
p
rop

osed
m

eth
o
d

an
d

th
ese

ap
p
roach

es
is

th
at

w
e

are
in

terested
in

sim
u
ltan

eou
sly

estim
atin

g
clu

sterin
g

of
th

e
resp

on
se

variab
les

an
d

fu
sin

g
th

e
fi
tted

valu
es

from
resp

on
ses

w
ith

in
th

e
sam

e
clu

ster.

T
h
e

p
rop

osed
m

eth
o
d

sim
u
ltan

eou
sly

estim
ates

clu
sters

of
th

e
resp

on
se

an
d

co
effi

cien
ts.

C
h
an

ges
in

clu
ster

grou
p
s

are
d
iscrete

ch
an

ges
an

d
as

a
resu

lt
ou

r
o
b

jective
fu

n
ction

is
d
is-

con
tin

u
ou

s,
sim

ilar
to

k
-m

ean
s

clu
sterin

g,
th

u
s

m
ak

in
g

it
d
iffi

cu
lt

to
d
erive

an
effi

cien
t

algorith
m

th
at

w
ill

fi
n
d

th
e

op
tim

al
estim

ates
for

co
effi

cien
ts

an
d

grou
p
s.

W
itten

et
al.

(2014)
d
ealt

w
ith

a
sim

ilar
d
iffi

cu
lty

for
th

e
C

E
N

estim
ator,

b
u
t

n
oticed

th
at

if
th

e
grou

p
s

are
fi
x
ed

th
en

th
e

p
rob

lem
is

con
vex

,
w

h
ile

if
th

e
regression

co
effi

cien
ts

are
fi
x
ed

th
e

p
rob

-
lem

b
ecom

es
a

k
-m

ean
s

clu
sterin

g
p
rob

lem
.

W
e

m
o
d
ify

th
e

ap
p
roach

p
rop

osed
in

W
itten

et
al.

(2014)
to

ou
r

p
rob

lem
of

grou
p
in

g
resp

on
ses

an
d

ex
ten

d
th

e
ap

p
roach

to
th

e
case

of
gen

eralized
lin

ear
m

o
d
els,

sp
ecifi

cally
th

e
b
in

om
ial

logistic
m

o
d
el.

In
ou

r
th

eoretical
resu

lts
w

e
assu

m
e

th
e

clu
sterin

g
grou

p
s

are
k
n
ow

n
,

b
u
t

th
e

p
rob

lem
rem

ain
s

ch
allen

gin
g

as
w

e
are

d
ealin

g
w

ith
m

u
ltip

le
resp

on
ses,

allow
for

p
�
n

an
d

for
p

to
in

crease
w

ith
n

.

In
S
ection

2
w

e
p
resen

t
ou

r
m

eth
o
d

for
th

e
m

u
ltivariate

lin
ea

r
regression

m
o
d
el

an
d

p
rov

id
e

th
eoretical

resu
lts,

in
clu

d
in

g
con

sisten
cy

of
ou

r
estim

ato
r,

to
b

etter
u
n
d
erstan

d
th

e
b
asic

p
rop

erties
of

th
e

p
en

alized
likelih

o
o
d

solu
tion

.
In

S
ection

3
w

e
p
rov

id
e

d
etails

on
th

e
tw

o-step
iterative

algorith
m

an
d

sh
ow

estim
atin

g
th

e
regression

co
effi

cien
ts

for
th

e
d
iff

eren
t

clu
sters

is
an

em
b
arrassin

gly
p
arallel

p
rob

lem
,

w
h
ich

is
a

p
rop

erty
of

ou
r

clu
ster

fu
sion

p
en

alty
th

at
fu

ses
w

ith
in

grou
p

fi
tted

valu
es.

T
h
is

avoid
s

issu
es

th
at

w
ou

ld
arise

in
fu

sin
g

all
p

ossib
le

com
b
in

ation
s

of
regression

co
effi

cien
ts,

or
h
av

in
g

to
sp

ecify
a

fu
sion

set
a

p
rio

ri.
E

x
am

p
les

of
th

e
issu

es
th

at
can

arise
can

b
e

fou
n
d

in
P

rice
et

al.
(2017),

w
h
o

d
iscu

ssed
th

e
im

p
ortan

ce
of

ch
o
osin

g
th

e
fu

sion
set,

an
d

th
e

origin
a
l

fu
sed

lasso
p
ap

er
w

h
ich

fu
sed

on
ly

con
secu

tive
co

effi
cien

ts
(T

ib
sh

iran
i

et
al.,

2005).
In

S
ection

4
w

e
p
resen

t
th

e
m

o
d
el

for
b
in

om
ial

resp
on

ses
alon

g
w

ith
an

algorith
m

,
d
em

on
stratin

g
h
ow

th
e

u
se

of
th

e
clu

ster
fu

sion
p

en
alty

can
ex

p
loit

relation
sh

ip
s

of
resp

on
se

variab
les

b
eyon

d
th

e
trad

ition
al

G
au

ssian
p
rob

lem
.

S
im

u
la

tion
s

for
b

oth
con

d
ition

al
G

au
ssian

an
d

b
in

om
ial

resp
on

ses
are

p
resen

ted
in

S
ection

5.
T

h
e

least
sq

u
ares

versio
n

of
ou

r
m

eth
o
d

is
a
p
p
lied

to
m

o
d
el

b
ab

y
b
irth

w
eigh

t,
p
lacen

tal
w

eigh
t

an
d

cotin
in

e
levels

given
m

atern
al

gen
e

ex
p
ression

an
d

d
em

ograp
h
ic

in
form

ation
.

T
h
e

b
in

om
ial

case
is

ap
p
lied

to
m

o
d
el

con
cession

stan
d

p
u
rch

ases
u
sin

g
cu

stom
er

in
form

ation
a
s

covariates.
B

oth
ap

p
lied

an
aly

sis
are

p
resen

ted
in

S
ection

6.
W

e
con

clu
d
e

w
ith

a
su

m
m

a
ry

in
S
ectio

n
7.

2
.
L
e
a
st

S
q
u
a
re
s
M

o
d
e
l

2
.1

M
e
th

o
d

F
irst,

w
e

con
sid

er
estim

atin
g

(1)
w

h
en

th
ere

are
Q

u
n
k
n
ow

n
clu

sters
of

th
e
r

resp
on

ses.
W

e
fu

rth
er

assu
m

e
th

at ∑
ni=

1
y
ik

=
0

for
all

k
=

1
,...,r, ∑

ni=
1
x
ij

=
0

an
d
∑

ni=
1
x

2ij ≤
n

for
all

j
=

1
...,p

.
T

h
e

m
o
d
el

req
u
ires

rp
p
aram

eters
to

b
e

estim
ated

for
p
red

iction
,

w
h
ich

is
p
rob

lem
atic

w
h
en
r

or
p

are
large.

L
et
D

=
(D

1 ,...,D
Q

)
b

e
a

p
artition

of
th

e
set{

1,...,r}
.

F
or

a
set

A
d
efi

n
e
|A|

as
th

e
card

in
ality

of
th

at
set.

W
e

p
ro

p
ose

th
e

m
u
ltivariate

clu
ster
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A
C
l
u
st

e
r
E
l
a
st

ic
N
e
t
f
o
r
M
u
lt

iv
a
r
ia
t
e
R
e
g
r
e
ss
io
n

el
as

ti
c

n
et

(M
C

E
N

)
es

ti
m

at
or

as

(B̂
,D̂

)
=

ar
g

m
in

B
∈R

p
×
r
,D

1
,.
..
,D
Q

1 2n

n ∑ i=
1

r ∑ c=
1

(y
ic
−

x
T i
β
c
)2

+
δ||
B
|| 1

+
γ 2
n

Q ∑ q
=

1

1 |D
q
|
∑

l,
m
∈D

q

||X
(β

l
−
β
m

)||
2 2
,

(3
)

w
h
er

e
Q

is
th

e
n
u
m

b
er

of
cl

u
st

er
s

an
d
γ

an
d
δ

ar
e

n
on

-n
eg

at
iv

e
u
se

r
sp

ec
ifi

ed
tu

n
in

g
p
ar

am
-

et
er

s.
In

ad
d
it

io
n
Q

,
th

e
to

ta
l

n
u
m

b
er

of
cl

u
st

er
s,

ca
n

b
e

co
n
si

d
er

ed
a

tu
n
in

g
p
ar

am
et

er
.

T
h
e

cl
u
st

er
fu

si
on

p
en

al
ty

,
as

so
ci

at
ed

w
it

h
tu

n
in

g
p
ar

am
et

er
γ

,
is

u
se

d
to

ex
p
lo

it
si

m
il
ar

-
it

ie
s

in
th

e
fi
tt

ed
va

lu
es

.
T

h
e

la
ss

o
p

en
al

ty
,

w
it

h
tu

n
in

g
p
ar

am
et

er
δ,

is
u
se

d
to

p
er

fo
rm

si
m

u
lt

an
eo

u
s

es
ti

m
at

io
n

an
d

va
ri

ab
le

se
le

ct
io

n
.

W
h
en

γ
=

0
or
Q

=
r,

th
e

op
ti

m
iz

at
io

n
in

(3
)

re
d
u
ce

s
to
r

in
d
ep

en
d
en

t
la

ss
o

p
en

al
iz

ed
le

a
st

sq
u
ar

es
p
ro

b
le

m
s

w
it

h
tu

n
in

g
p
ar

am
et

er
δ.

If
D̂

is
k
n
ow

n
th

en
th

e
op

ti
m

iz
at

io
n

in
(3

)
ca

n
b

e
sp

li
t

in
to
Q

in
d
ep

en
d
en

t
op

ti
m

iz
at

io
n
s

th
at

ar
e

si
m

il
ar

to
th

e
op

ti
m

iz
at

io
n
s

p
re

se
n
te

d
in

L
i

an
d

L
i

(2
00

8)
,

L
i

an
d

L
i

(2
01

0)
,

an
d

W
it

te
n

et
al

.
(2

01
4)

an
d

ca
n

b
e

so
lv

ed
in

p
ar

al
le

l.
W

e
ex

p
lo

it
th

is
co

m
p
u
ta

ti
on

al
fe

at
u
re

in
ou

r
al

go
ri

th
m

,
w

h
ic

h
is

a
re

su
lt

of
u
si

n
g

th
e

cl
u
st

er
fu

si
on

p
en

al
ty

.

T
h
e

p
ro

p
os

ed
m

et
h
o
d

u
se

s
a

co
m

b
in

at
io

n
of
L

1
an

d
L

2
p

en
al

ti
es

as
p
ro

p
o
se

d
b
y

Z
ou

an
d

H
as

ti
e

(2
00

5)
.

S
im

il
ar

m
et

h
o
d
s

h
av

e
b

ee
n

p
ro

p
os

ed
fo

r
gr

ou
p
in

g
th

e
eff

ec
ts

of
p
re

d
ic

to
rs

w
it

h
a

u
n
iv

ar
ia

te
re

sp
on

se
su

ch
as

C
E

N
(W

it
te

n
et

al
.,

20
14

)
an

d
G

ra
ce

es
ti

m
at

or
s

(L
i

an
d

L
i,

20
08

,
20

10
;
Z

h
ao

an
d

S
h
o

ja
ie

,
20

16
).

K
im

an
d

X
in

g
(2

01
2)

p
ro

p
os

ed
a

m
et

h
o
d

th
at

u
se

s
a

p
re

d
et

er
m

in
ed

h
ie

ra
rc

h
ic

al
cl

u
st

er
in

g
of

th
e

re
sp

on
se

s
th

at
p
ro

v
id

es
an

L
1

p
en

al
ty

fo
r

al
l

co
effi

ci
en

ts
an

d
a

gr
ou

p
L

2
p

en
al

ty
fo

r
re

sp
on

se
s

th
at

ar
e

gr
ou

p
ed

to
g
et

h
er

.
C

h
en

et
al

.
(2

01
6)

p
ro

p
os

ed
a

m
et

h
o
d

u
si

n
g

co
n
jo

in
t

cl
u
st

er
in

g
to

in
co

rp
or

at
e

si
m

il
a
ri

ti
es

in
p
re

fe
re

n
ce

s
b

et
w

ee
n

in
d
iv

id
u
al

s
in

co
n
jo

in
t

an
al

y
si

s.
T

h
is

m
et

h
o
d

d
o
es

n
ot

si
m

u
lt

an
eo

u
sl

y
es

ti
m

at
e

co
effi

ci
en

ts
an

d
gr

ou
p
in

gs
.

It
re

q
u
ir

es
a

tw
o-

st
ep

al
go

ri
th

m
to

es
ti

m
a
te

th
e

n
u
m

b
er

of
cl

u
st

er
s,

an
d

th
en

es
ti

m
at

es
co

effi
ci

en
ts

u
si

n
g

re
gu

la
ri

za
ti

on
b
as

ed
on

th
e

es
ti

m
at

ed
cl

u
st

er
.

T
h
e

p
ro

p
os

ed
ap

p
ro

ac
h

u
se

s
n
on

-h
ie

ra
rc

h
ic

al
cl

u
st

er
s,

al
lo

w
s

fo
r

th
e

cl
u
st

er
in

g
st

ru
ct

u
re

to
b

e
u
n
k
n
ow

n
b

ef
or

e
es

ti
m

at
io

n
of

th
e

co
effi

ci
en

ts
an

d
fo

cu
se

s
m

or
e

on
im

p
os

in
g

si
m

il
ar

fi
tt

ed
va

lu
es

fo
r

gr
ou

p
ed

re
sp

on
se

s,
co

m
p
ar

ed
to

d
ir

ec
tl

y
im

p
os

in
g

a
si

m
il
ar

sp
a
rs

it
y

st
ru

ct
u
re

.

S
el

ec
ti

n
g

th
e

tr
ip

le
t,

(Q
,γ
,δ

),
of

tu
n
in

g
p
ar

am
et

er
s

ca
n

b
e

d
on

e
b
y

K
-f

ol
d

cr
os

s
va

li
d
a-

ti
on

m
in

im
iz

in
g

th
e

sq
u
ar

ed
p
re

d
ic

ti
on

er
ro

r.
L

et
F k

b
e

th
e

se
t

of
in

d
ic

es
in

th
e
k
th

fo
ld

,

k
∈
{1
,.
..
,K
},

an
d
β̂

(−
F k

)

c
(Q
,γ
,δ

)
b

e
th

e
es

ti
m

at
ed

re
gr

es
si

on
co

effi
ci

en
t

v
ec

to
r

u
si

n
g
Q

,
γ

an
d
δ

fo
r

re
sp

on
se
c

p
ro

d
u
ce

d
fr

om
th

e
tr

ai
n
in

g
se

t
w

it
h
F k

re
m

ov
ed

.
T

h
en

se
le

ct
th

e
tr

ip
le

t,
(Q̂
,γ̂
,δ̂

),
th

at
m

in
im

iz
es

V
(Q
,δ
,γ

)
=

K ∑ k
=

1

r ∑ c=
1

∑ i∈
F k

{ y i
c
−
x
T i
β̂

(−
F k

)

c
(Q
,γ
,δ

)} 2
.

(4
)

2
.2

T
h

e
o
re

ti
c
a
l

R
e
su

lt
s

F
or

th
eo

re
ti

ca
l

d
is

cu
ss

io
n
s

w
e

as
su

m
e

th
at
D

is
k
n
ow

n
fo

r
so

m
e

fi
x
ed

va
lu

e
of
Q

.
T

h
is

is
b

ec
au

se
fo

r
D

u
n
k
n
ow

n
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

in
(3

)
is

d
is

co
n
ti

n
u
ou

s
b

ec
au

se
of

th
e

d
is

cr
et

e
ch

an
ge

s
in

gr
ou

p
s,

h
ow

ev
er

if
D

is
k
n
ow

n
(3

)
is

a
co

n
ve

x
fu

n
ct

io
n
.

In
th

is
se

ct
io

n
w

e
w

il
l
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:1
-3

9,
 2

01
8

P
r
ic
e
a
n
d

S
h
e
r
w
o
o
d

lo
ok

at
p
ro

p
er

ti
es

of
th

e
M

C
E

N
es

ti
m

at
or

fo
r

th
e

sp
ec

ia
l
ca

se
of

fi
x
ed
n

an
d
p

w
it

h
δ

=
0
.

In
ad

d
it

io
n
,

w
e

p
re

se
n
t

a
co

n
si

st
en

cy
re

su
lt

th
at

al
lo

w
s

fo
r
p
�
n

w
h
en
δ

=
o(

1
)

a
n
d
γ

=
o(

1
).

T
h
u
s,

th
e

fi
rs

t
tw

o
th

eo
re

m
s

re
fe

r
to

th
e

fo
ll
ow

in
g

es
ti

m
at

or

B̄
=

ar
g

m
in

B
∈R

p
×
r

1 2
n

n ∑ i=
1

r ∑ c=
1

(y
ic
−

x
T i
β
c
)2

+
δ||
B
|| 1

+
γ 2
n

Q ∑ q
=

1

1 |D
q
|
∑

l,
m
∈D

q

||X
(β

l
−
β
m

)||
2 2
.

(5
)

T
h
e

es
ti

m
at

or
B̄

d
o
es

n
ot

si
m

u
lt

an
eo

u
sl

y
es

ti
m

at
e

th
e

gr
ou

p
s,

it
as

su
m

es
th

ey
a
re

k
n
ow

n
a

p
ri

o
ri

,
an

d
th

u
s

is
d
iff

er
en

t
th

an
B̂

.
T

h
er

e
ar

e
in

st
an

ce
s

w
h
er

e
th

e
gr

ou
p
in

g
st

ru
ct

u
re

is
k
n
ow

n
b

ef
or

e
d
at

a
an

al
y
si

s
an

d
th

u
s

u
si

n
g
B̄

w
ou

ld
b

e
p
re

fe
ra

b
le

in
p
ra

ct
ic

e.
In

a
d
d
it

io
n

B̄
is

a
ke

y
co

m
p

o
n
en

t
to

th
e

al
go

ri
th

m
d
is

cu
ss

ed
in

S
ec

ti
on

3.
W

e
b

eg
in

b
y

re
la

ti
n
g

th
e

es
ti

m
at

or
in

(5
)

to
or

d
in

ar
y

le
as

t
sq

u
ar

es
(O

L
S
),

fo
r

th
e

sp
ec

ia
l

ca
se

of
δ

=
0
.

R
em

ov
in

g
th

e
L

1
p

en
al

ty
al

lo
w

s
u
s

to
d
er

iv
e

a
cl

os
ed

fo
rm

fo
r

th
e

es
ti

m
at

or
.

T
h

e
o
re

m
1

A
ss

u
m

e
n
>
p
,
δ

=
0,

a
n

d
Q

a
n

d
γ

a
re

fi
xe

d
va

lu
es

.
D

efi
n

e
Ḃ

=
(β̇

1
,.
..
,β̇

r
)

to
be

th
e

O
L

S
es

ti
m

a
te

s
fo

r
th

e
r

re
sp

o
n

se
va

ri
a
bl

es
a
n

d
B̄

=
(β̄

1
,.
..
,β̄

r
)

be
th

e
so

lu
ti

o
n

to
(5

)
w

it
h

tu
n

in
g

pa
ra

m
et

er
γ

.
G

iv
en

l
∈
D
q

th
en
β̄
l

h
a
s

th
e

cl
o
se

d
fo

rm
so

lu
ti

o
n

o
f

β̄
l

=
β̇
l
+

2
γ

(1
+

2
γ

)|D
q
|
∑

c∈
D
q
c6=
l(β̇

c
−
β̇
l)
.

(6
)

T
h
eo

re
m

1
p
ro

v
id

es
so

m
e

in
tu

it
io

n
ab

ou
t

th
e

M
C

E
N

es
ti

m
at

or
.

A
s
γ

in
cr

ea
se

s
th

e
M

C
E

N
es

ti
m

at
or

ap
p
ro

ac
h
es

a
w

ei
gh

te
d

av
er

ag
e

of
th

e
O

L
S

co
effi

ci
en

ts
w

it
h
in

a
cl

u
st

er
.

In
ad

d
it

io
n

th
e

re
su

lt
s

fr
om

T
h
eo

re
m

1
ca

n
b

e
u
se

d
to

ca
lc

u
la

te
th

e
b
ia

s
a
n
d

va
ri

a
n
ce

of
B̄

,
w

h
ic

h
ar

e
n
ee

d
ed

fo
r

p
ro

v
in

g
T

h
eo

re
m

2.
T

h
e

p
ro

of
of

T
h
eo

re
m

1
an

d
th

e
fo

ll
ow

in
g

T
h
eo

re
m

s
ca

n
b

e
fo

u
n
d

in
th

e
ap

p
en

d
ix

.

T
h

e
o
re

m
2

A
ss

u
m

e
E

(ε
2 ic

)
=

1
fo

r
a
ll
i
∈
{1
,.
..
,n
}

a
n

d
c
∈
{1
,.
..
,r
}

a
n

d
E

(ε
ic
ε i
k
)

=
ρ

fo
r
c
6=
k

,
w

h
er

e
ρ
∈

(0
,1

).
S

et
δ

=
0
,

th
en

fo
r

a
fi

xe
d
n

a
n

d
p

w
h
er

e
n
>
p

th
er

e
ex

is
ts

a
po

si
ti

ve
γ

su
ch

th
a
t

E
( ∣ ∣
∣ ∣ B̄
−
B
∗∣ ∣∣ ∣

2 2

)
<
E

( ∣ ∣ ∣
∣ ∣ ∣Ḃ
−
B
∗∣ ∣ ∣∣ ∣ ∣2 2

)
,

(7
)

w
h
er

e
B
∗

a
re

th
e

tr
u

e
re

gr
es

si
o
n

co
effi

ci
en

ts
,
Ḃ

is
a
s

d
efi

n
ed

in
T

h
eo

re
m

1
a
n

d
B̄

is
a
s

d
efi

n
ed

in
(5

).

S
im

il
ar

to
ri

d
ge

re
gr

es
si

on
T

h
eo

re
m

2
sh

ow
s

th
at

fo
r

so
m

e
p

os
it

iv
e
γ

th
e

es
ti

m
a
to

r
fr

om
(5

)
h
as

a
sm

al
le

r
m

ea
n

sq
u
ar

ed
er

ro
r

th
a
n

O
L

S
.

N
ot

e,
w

e
ar

e
n
ot

as
su

m
in

g
th

a
t

fo
r

l,
s
∈
D
m

th
at
β
∗ l

=
β
∗ m

an
d

u
n
le

ss
th

is
co

n
d
it

io
n

h
ol

d
s

th
e

es
ti

m
at

or
B̄

is
b
ia

se
d
.

T
h
u
s,

th
er

e
ex

is
ts

a
va

lu
e

of
γ

fo
r

w
h
ic

h
th

er
e

is
a

fa
vo

ra
b
le

b
ia

s-
va

ri
an

ce
tr

ad
e

off
.

N
ex

t
w

e
ex

am
in

e
th

e
as

y
m

p
to

ti
c

p
er

fo
rm

an
ce

of
th

e
es

ti
m

at
or

w
it

h
th

e
L

1
p

en
a
lt

y.
A

t
ti

m
es

it
w

il
l

b
e

ea
si

er
to

re
fe

r
to

a
v
ec

to
ri

ze
d

ve
rs

io
n

of
a

m
at

ri
x

an
d

fo
r

a
n
y

m
a
tr

ix
A
∈
R
a
×
b
,

v
ec

(A
)
∈
R
a
b
.

W
h
er

e
v
ec

(A
)

is
th

e
ve

ct
o
r

fo
rm

ed
b
y

st
ac

k
in

g
th

e
co

lu
m

n
s

o
f
A

.
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A
C
l
u
st

e
r
E
l
a
st

ic
N
e
t
f
o
r
M
u
lt

iv
a
r
ia
t
e
R
e
g
r
e
ssio

n

D
efi

n
e
S

a
s

th
e

set
of

active
p
red

ictors.
T

h
at

is,
S

is
a

su
b
set

of{1
,...,rp}

w
h
ere

m
∈
S

if
vec(B

∗)
m
6=

0
.

T
h
e

su
b
sp

ace
for

th
e

activ
e

p
red

ictors
is

M
(S

)≡
{θ
∈
R
p
r|θ

j
=

0
if
j
/∈
S}
.

T
h
e

p
a
ra

m
eter

sp
ace

w
ill

b
e

sep
arated

u
sin

g
p
ro

jection
s

of
vectors

in
to

orth
ogon

al
com

p
le-

m
en

ts.
W

e
d
efi

n
e

a
p
ro

jection
of

a
vector

u
in

to
sp

ace
M

(S
)

as

u
M

(S
) ≡

arg
m

in
v∈M

(S
) ||u
−

v||2 .

T
h
e

o
rth

o
g
on

a
l

com
p
lem

en
t

of
sp

ace
M

(S
)⊆
R
p

is

M
⊥

(S
)≡
{v
∈
R
p
r|〈u

,v〉
=

0
for

all
u
∈
M

(S
)}.

T
h
e

fo
llow

in
g

set
is

cen
tral

to
ou

r
p
ro

of
of

con
sisten

cy,

C
≡
{θ
∈
R
p
r|||θ

M
⊥

(S
) ||1 ≤

||θ
M
||1 }.

F
o
r

o
u
r

p
ro

of
of

th
e

con
sisten

cy
of
B̄

w
e

m
ake

th
e

follow
in

g
six

assu
m

p
tion

s:

A
1

D
efi

n
e

X
j

to
b

e
th

e
jth

colu
m

n
vector

of
X

,
th

en
X
j
∈
R
p

h
as

th
e

con
d
ition

th
at

||X
j || 22
n
≤

1
.

A
2

D
efi

n
e
ε
c

=
(ε

1
c ,...,ε

n
c )
T
∈
R
n

as
th

e
error

v
ector

for
resp

on
se
c.

T
h
e

error
vector

ε
c

h
a
s

a
m

ean
of

zero
an

d
su

b
-G

au
ssian

tails
for

all
c
∈
{1
,...,r}

.
T

h
at

is,
th

ere
ex

ists
a

con
stan

t
σ
c

su
ch

th
at

for
an

y
a
∈
R
n
,

w
ith
||a||2

=
1,

P
(|〈ε

c ,a〉|
>
t)≤

2ex
p (−

t 2

2σ
2c )

.

D
efi

n
e
σ

=
m

ax
c
σ
c .

A
3

D
efi

n
e
X̃

=
I
r ⊗

X
∈
R
r
n×

r
p,

w
h
ere
⊗

is
th

e
sta

n
d
ard

K
ron

ecker
p
ro

d
u
ct.

T
h
ere

ex
ists

a
p

ositiv
e

con
stan

t
κ

su
ch

th
at

κ||θ|| 22 ≤
m

in
θ
∈C
n
−

1||X̃
θ|| 22 .

A
4

T
h
ere

ex
ists

a
p

ositive
con

stan
t
b́

su
ch

th
at

m
ax

q
=

1
,...,Q

m
ax

(l,k
)∈
D
q ||β

∗l −
β
k ||2 ≤

b́.

A
5

G
iven

l,k
∈
D
q ,

if
β
∗lj

=
0

th
en

β
∗k
j

=
0,

for
a
ll
j∈
{1,...,p}

an
d
q∈
{1,...,Q

}.

A
6

D
efi

n
e
ρ

m
a
x (A

)
as

th
e

m
ax

im
u
m

eigen
valu

e
of

sq
u
are

m
atrix

A
an

d
X
S
D
q

as
th

e
m

atrix
o
f

tru
e

p
red

ictors
for

clu
ster

q,
w

h
ere

th
e
jth

p
red

ictor
is

a
tru

e
p
red

ictor
if
β
∗lj 6=

0
fo

r
a
n
y
l∈

D
q .

T
h
ere

ex
ists

a
p

ositive
con

stan
t
ρ

m
a
x

su
ch

th
at

m
ax

q
=

1
,...,q

ρ
m

a
x (

1n
X
TS
D
q X

S
D
q )
≤
ρ

m
a
x .
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P
r
ic
e
a
n
d

S
h
e
r
w
o
o
d

A
ssu

m
p
tion

A
1

is
a

stan
d
ard

assu
m

p
tion

for
lasso-ty

p
e

p
en

alties
an

d
can

b
e

ach
ieved

b
y

ap
p
rop

riately
scalin

g
th

e
covariates,

w
h
ich

is
com

m
on

ly
d
on

e
in

p
en

alized
reg

ression
.

A
ssu

m
p
tion

A
2

is
a

gen
eralization

of
th

e
su

b
-G

au
ssian

error
assu

m
p
tion

for
p

en
a
lized

re-
gression

for
a

u
n
ivariate

resp
on

se.
A

ssu
m

p
tion

A
1

cou
ld

b
e

relax
ed

to
allow

for
certain

u
n
b

ou
n
d
ed

covariates,
b
u
t

th
en

A
2

w
ou

ld
b

e
rep

la
ced

b
y

assu
m

in
g

th
e

errors
are

n
orm

ally
d
istrib

u
ted

(C
an

d
es

an
d

T
ao,

2007;
M

ein
sh

au
sen

an
d

Y
u
,

2009).
A

ssu
m

p
tion

A
3

is
a

gen
-

eralization
of

th
e

com
m

on
restricted

eigen
valu

e
assu

m
p
tion

.
M

otivatio
n

for
assu

m
p
tion

A
3

is
d
iscu

ssed
in

great
d
etail

b
y

N
egah

b
an

et
al.

(2012)
an

d
a

v
ersion

for
r

=
1

h
as

b
een

u
sed

in
several

w
ork

s
an

aly
zin

g
asy

m
p
totic

b
eh

av
iors

of
th

e
lasso

estim
ator

(B
ickel

et
al.,

2009;
van

d
e

G
eer

an
d

B
ü
h
lm

an
n
,

2009;
M

ein
sh

au
sen

an
d

Y
u
,

2009).
A

ssu
m

p
tion

s
A

4
an

d
A

5
p
rov

id
e

th
at

th
e

tru
e

co
effi

cien
ts

are
sim

ilar
for

resp
on

ses
in

th
e

sam
e

g
rou

p
.

A
ssu

m
p
tion

A
5

p
rov

id
es

th
at

th
ey

h
av

e
th

e
sam

e
sp

arsity
stru

ctu
re.

W
h
ile,

assu
m

p
tion

A
4

en
su

res
th

at
th

e
d
iff

eren
ce

in
th

e
n
on

-zero
elem

en
ts

can
b

e
b

o
u
n
d
ed

b
y

a
fi
n
ite

con
stan

t,
even

if
th

e
n
u
m

b
er

of
p
red

ictors
in

creases
w

ith
n

.
A

ssu
m

p
tion

A
6

assu
m

es
th

e
m

ax
im

u
m

eigen
-

valu
es

of
th

e
sam

p
le

covarian
ce

of
th

e
tru

e
p
red

ictors
a
re

b
ou

n
d
ed

,
a

com
m

on
assu

m
p
tion

in
h
igh

-d
im

en
sion

al
w

ork
.

A
ssu

m
p
tio

n
s

A
4-A

6
can

b
e

rep
laced

b
y

an
a
ssu

m
p
tion

sim
i-

lar
to

assu
m

p
tion

A
2

from
W

itten
et

al.
(2014)

th
at

if
b,c
∈
D
m

th
en
β
∗b

=
β
∗c

,
for

all
m
∈
{1
,...,Q

}
,

th
u
s

th
e

b
ias

of
th

e
M

C
E

N
estim

ator
on

ly
com

es
from

th
e
L

1
p

en
a
lty.

U
sin

g
assu

m
p
tion

s
A

3
an

d
A

5
w

e
ca

n
p
rov

id
e

a
closed

form
d
efi

n
ition

of
th

e
asy

m
p
totic

b
ias

w
h
en

δ
=

0.
T

h
is

relation
sh

ip
w

ill
b

e
cen

tral
to

ou
r

p
ro

of
of

con
sisten

cy
of
B̄

.

C
o
ro

lla
ry

3
L

et
B
∗

be
a
n

s-spa
rse

m
a
trix,

w
h
o
se

co
lu

m
n

vecto
rs

a
re

a
ll

spa
rse

a
n

d
E

[X
T
X
/n

]∈
R
p×
p

to
be

a
po

sitive
d
efi

n
ite

m
a
trix.

A
ssu

m
e
Q

a
n

d
γ

a
re

fi
xed

va
lu

es.
D

efi
n

e,

B́
=
(
β́

1 ,...β́
r )

=
arg

m
in

β
1
,...,β

r ∈R
p
E


12
n

n
∑i=

1

r
∑c=

1 (y
ic −

x
Ti
β
c )

2
+

γ2
n

Q
∑q
=

1

1

|D
q |

∑l,m
∈
D
q ||X

(β
l −
β
m

)|| 22 
,

A
ssu

m
e
l∈

D
q

th
en

β́
l

h
a
s

clo
sed

fo
rm

so
lu

tio
n

,

β́
l

=
β
∗l

+
2
γ

(1
+

2
γ

)|D
q |)

∑

c∈
D
q
,c6=

l (β
∗c −

β
∗l ).

C
orollary

3
p
rov

id
es

in
sigh

t
in

to
w

h
at
B̄

w
ou

ld
con

verge
to

for
a

fi
x
ed

γ
.

K
n
ow

in
g

th
is

ex
act

relation
sh

ip
is

u
sed

in
ou

r
con

sisten
cy

p
ro

of
b

eca
u
se

it
a
llow

s
u
s

to
u
n
d
ersta

n
d

th
e

ex
act

n
atu

re
of

th
e

b
ias

cau
sed

b
y

th
e
L

2
p

en
alty

an
d

for
γ

goin
g

to
zero

at
a

given
rate

w
e

can
sh

ow
th

at
th

e
b
ias

is
asy

m
p
totically

n
egligib

le.

T
h

e
o
re

m
4

L
et
B
∗

be
a
n

s-spa
rse

m
a
trix,

w
h
o
se

co
lu

m
n

vecto
rs

a
re

a
ll

spa
rse

a
n

d
E

[X
T
X
/n

]∈
R
p×
p

to
be

a
po

sitive
d
efi

n
ite

m
a
trix.

G
iven

δ
=

16σ √
lo

g
(r
p
)

n
,
γ
≤

5
4
ρ
m
a
x
b́ σ √

lo
g
(r
p
)

n
a
n

d
a
s-

su
m

p
tio

n
s

A
1
-A

6
h
o
ld

th
en

th
ere

exist
co

n
sta

n
ts
c

1 ,
c

2 ,
c

3
a
n

d
c

4
su

ch
th

a
t

∣∣ ∣∣vec (B̄
−
B
∗ ) ∣∣ ∣∣2 ≤

σ √
s

log
(rp

)

n

(
c

3κ
+

c
4

ρ
m

a
x )

,
(8)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1
ex

p
(−
c

2 n
δ

2).
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A
C
l
u
st

e
r
E
l
a
st

ic
N
e
t
f
o
r
M
u
lt

iv
a
r
ia
t
e
R
e
g
r
e
ss
io
n

T
h
e

co
n
ve

rg
en

ce
ra

te
d
er

iv
ed

is
si

m
il
ar

to
ra

te
s

fo
u
n
d

in
la

ss
o-

ty
p

e
es

ti
m

at
or

s
w

it
h

a
u
n
i-

va
ri

at
e

re
sp

on
se

,
w

it
h

lo
g
(r
p
)

re
p
la

ci
n
g

lo
g
(p

)
to

ac
co

m
m

o
d
at

e
fo

r
th

e
m

u
lt

ip
le

re
sp

on
se

s
(B

ic
ke

l
et

al
.,

20
09

;
C

an
d
es

an
d

T
ao

,
20

07
;

M
ei

n
sh

au
se

n
an

d
Y

u
,

20
09

;
N

eg
ah

b
an

et
al

.,
20

12
).

T
h
u
s,

u
n
d
er

th
e

co
n
d
it

io
n
s

of
T

h
eo

re
m

4
if
p
r
→
∞

th
en
||v

ec
(B̄
−
B
∗ )
|| 2

=

O
p

{ √
s

lo
g
(r
p
)

n

} .
O

u
r

re
su

lt
s

p
ro

ve
co

n
si

st
en

cy
of

ou
r

es
ti

m
at

or
w

h
en

th
e

g
ro

u
p

st
ru

ct
u
re

is
k
n
ow

n
.

Z
h
ao

an
d

S
h
o

ja
ie

(2
01

6)
p
ro

p
os

e
th

e
G

ra
ce

te
st

fo
r

an
es

ti
m

at
or

w
it

h
a

si
m

il
ar

p
en

al
ty

fo
r

gr
ou

p
in

g
p
re

d
ic

to
rs

w
it

h
a

u
n
iv

ar
ia

te
re

sp
on

se
an

d
es

ta
b
li
sh

as
y
m

p
to

ti
c

re
su

lt
s

th
at

al
lo

w
fo

r
in

fe
re

n
ce

ev
en

if
th

er
e

is
so

m
e

u
n
ce

rt
ai

n
ty

to
th

e
gr

ou
p
in

g
st

ru
ct

u
re

.

3
.
A
lg
o
ri
th

m

T
h
e

op
ti

m
iz

at
io

n
in

(3
)

is
d
is

co
n
ti

n
u
ou

s
b

ec
au

se
of

th
e

es
ti

m
at

io
n

of
cl

u
st

er
as

si
gn

m
en

ts
.

T
o

si
m

p
li
fy

th
e

op
ti

m
iz

at
io

n
w

e
p
ro

p
os

e
a
n

it
er

at
iv

e
al

go
ri

th
m

th
at

a
lt

er
n
at

es
b

et
w

ee
n

es
ti

m
at

in
g

th
e

gr
ou

p
s

w
it

h
th

e
re

gr
es

si
on

co
effi

ci
en

ts
fi
x
ed

,
an

d
es

ti
m

at
in

g
th

e
re

gr
es

si
on

co
effi

ci
en

ts
w

it
h

th
e

gr
ou

p
s

fi
x
ed

.
If

th
e

cl
u
st

er
s

ar
e

k
n
ow

n
(5

)
th

en
it

is
a

co
n
ve

x
op

ti
m

iz
a-

ti
on

p
ro

b
le

m
th

at
ca

n
b

e
so

lv
ed

b
y

a
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
.

L
et
R

=
1 n
X
T
X

,
d
efi

n
e

R
j

as
th

e
jt

h
co

lu
m

n
of
R

.
T

h
e

su
p

er
sc

ri
p
t

(−
h

)
d
en

ot
es

th
e
h

th
el

em
en

t
of

th
e

ve
ct

o
r

h
as

b
ee

n
re

m
ov

ed
,

an
d
r j
j

is
jt

h
d
ia

go
n
al

el
em

en
t

of
R

.
D

efi
n
e
S

(a
,b

)
=

si
gn

(a
)

m
a
x
(0
,|a
|−

b)
.

T
o

so
lv

e
(5

),
w

e
u
se

a
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
w

h
er

e
ea

ch
u
p

d
at

e
is

p
re

fo
rm

ed
b
y

β̄
jk
←

S
[ 1 n
y
T k
X
j
−
{ 1

+
γ

(|D
q
|−

1
)

|D
q
|

}
R

(−
j)
T

j
β

(−
j)

k
+

γ |D
q
|∑

s∈
D
q
,s
6=
k
R
T j
β
s
,δ
/2
]

r j
j

( 1
+
γ
|D
q
|−

1
|D
q
|

)
.

(9
)

T
h
u
s,

(5
)

is
so

lv
ed

b
y

it
er

at
in

g
th

ro
u
gh

j
∈
{1
,.
..
,p
}

an
d
k
∈
{1
,.
..
,r
}

u
n
ti

l
th

e
so

lu
ti

on
co

n
ve

rg
es

,
si

m
il
ar

to
ot

h
er

co
or

d
in

at
e

d
es

ce
n
t

so
lu

ti
on

s
(W

it
te

n
et

al
.,

20
14

;
L

i
an

d
L

i,
20

10
,

20
08

;
F

ri
ed

m
an

et
al

.,
20

08
).

If
B

is
k
n
ow

n
th

en
th

e
so

lu
ti

on
to

(3
)

re
d
u
ce

s
to

th
e

w
el

l
st

u
d
ie

d
k
-m

ea
n
s

cl
u
st

er
in

g
p
ro

b
le

m
.

R
ec

og
n
iz

in
g

th
is

,
w

e
p
ro

p
o
se

a
tw

o-
st

ep
it

er
at

iv
e

p
ro

ce
d
u
re

to
ob

ta
in

a
lo

ca
l

m
in

im
u
m

.
T

o
st

ar
t

th
e

al
go

ri
th

m
an

in
it

ia
l

es
ti

m
at

e
of
D

or
B

is
n
ee

d
ed

.
W

e
p
ro

p
os

e
in

it
ia

li
zi

n
g

th
e

re
gr

es
si

on
co

effi
ci

en
ts

fo
r

th
e

d
iff

er
en

t
re

sp
on

se
s

se
p
ar

at
el

y
w

it
h

th
e

el
as

ti
c

n
et

es
ti

m
at

or
of

re
sp

on
se
c

of

β̂
1 c

=
ar

g
m

in
β
c
∈R

p

1 2n

n ∑ i=
1

(y
ic
−

x
T i
β
c
)2

+
δ||
β
c
|| 1

+
γ
||β

c
||2 2
,

(1
0)

w
h
er

e
B̂
w

=
( β̂

w 1
,.
..
,β̂

w r

)
re

p
re

se
n
ts

th
e
w

th
it

er
at

iv
e

es
ti

m
at

e
of
B
∗ .

G
iv

en
a

fi
x
ed

(Q
,γ
,δ

)
w

e
p
ro

p
os

e
th

e
fo

ll
ow

in
g

al
go

ri
th

m
.

1.
B

eg
in

w
it

h
in

it
ia

l
es

ti
m

at
es

,
β̂

1 1
,.
..
,β̂

1 r
.

2.
F

or
th

e
w

th
st

ep
,

w
h
er

e
w
>

1,
re

p
ea

t
th

e
st

ep
s

b
el

ow
u
n
ti

l
th

e
gr

ou
p

es
ti

m
at

es
d
o

n
ot

ch
an

ge
:

(a
)

H
ol

d
B̂
w
−

1
fi
x
ed

an
d

m
in

im
iz

e,

( D̂
w 1
,.
..
,D̂

w Q

)
=

m
in

im
iz

e
D

1
,.
..
,D
Q

  

Q ∑ q
=

1

1 |D
q
|
∑

l,
m
∈D

q

∣ ∣ ∣∣ ∣ ∣X
( β̂

w
−

1

l
−
β̂
w
−

1

m

)∣ ∣ ∣
∣ ∣ ∣2 2

  
.

(1
1)
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P
r
ic
e
a
n
d

S
h
e
r
w
o
o
d

T
h
e

ab
ov

e
ca

n
b

e
so

lv
ed

b
y

p
er

fo
rm

in
g
K

-m
ea

n
s

cl
u
st

er
in

g
on

th
e
r
n
−

d
im

en
si

o
n
a
l

ve
ct

or
s
X
β̂
w
−

1

1
,.
..
,X
β̂
w
−

1

r
.

(b
)

H
ol

d
in

g
D̂
w 1
,.
..
,D̂

w Q
fi
x
ed

th
e
w

th
es

ti
m

at
e

of
B
∗

is

B̂
w

=
ar

g
m

in
B
∈R

p
×
r

1 2n

n ∑ i=
1

r ∑ c=
1

(y
ic
−

x
T i
β
c
)2

+
δ||
B
|| 1

+
γ 2
n

Q ∑ q
=

1

1 |D̂
w q
|
∑

l,
m
∈D̂

w q

||X
(β

l
−
β
m

)||
2 2
.

(1
2
)

N
ot

e
th

at
fo

r
th

e
gr

ou
p
s

k
n
ow

n
,

in
st

ea
d

of
es

ti
m

at
ed

,
B̂
w

is
eq

u
iv

a
le

n
t

to
B̄

.
T

h
u
s

(1
2)

ca
n

b
e

so
lv

ed
u
si

n
g

th
e

co
or

d
in

at
e

d
es

ce
n
t

so
lu

ti
on

fr
o
m

(9
)

u
si

n
g

B̂
w
−

1
as

th
e

in
it

ia
l

es
ti

m
at

es
fo

r
th

e
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
.

C
on

ve
rg

en
ce

is
re

ac
h
ed

on
ce

th
e

gr
ou

p
s

at
th

e
w

th
an

d
(w
−

1)
th

it
er

a
ti

o
n

a
re

th
e

sa
m

e.
T

h
e

op
ti

m
iz

at
io

n
in

(5
)

is
se

p
ar

ab
le

w
it

h
re

sp
ec

t
to
D̂

,
an

d
re

su
lt

s
in
Q

in
d
ep

en
d
en

t
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

th
at

ca
n

b
e

so
lv

ed
in

p
ar

al
le

l.
T

h
e

al
go

ri
th

m
fo

r
(5

)
ca

n
b

e
so

lv
ed

in
so

lu
ti

on
p
at

h
ty

p
e

fo
rm

w
h
er

e
w

e
it

er
at

e
ac

ro
ss

d
iff

er
en

t
va

lu
es

of
δ

in
a

si
m

il
a
r

fa
sh

io
n

as
p
ro

p
os

ed
in

th
e

gl
m

n
et

al
go

ri
th

m
(F

ri
ed

m
an

et
al

.,
20

08
).

If
al

l
of

th
e

in
it

ia
l

el
a
st

ic
n
et

es
ti

m
at

or
s

ar
e

fu
ll
y

sp
ar

se
,

w
e

se
t

th
e

so
lu

ti
on

to
b

e
a

ze
ro

m
at

ri
x

an
d

th
u
s

fo
ll
ow

in
g

F
ri

ed
m

an
et

al
.

(2
00

8)
,

in
it

ia
li
ze

th
e

al
go

ri
th

m
b
y

b
eg

in
n
in

g
th

e
se

q
u
en

ce
w

it
h
δ m

a
x

a
t

δ m
a
x

=
2

m
a
x

j,
k

∣ ∣ ∣ ∣∑
n i=

1
y i
k
x
ij

n

∣ ∣ ∣ ∣.

O
u
r

tw
o-

st
ep

ap
p
ro

ac
h

is
cl

os
el

y
re

la
te

d
to

th
e

C
E

N
al

go
ri

th
m

p
ro

p
os

ed
b
y

W
it

te
n

et
a
l.

(2
01

4)
,

w
h
o

p
ro

p
os

ed
a

tw
o-

st
ep

al
go

ri
th

m
w

h
er

e
th

e
tw

o
st

ep
s

ar
e

so
lv

ed
b
y

co
o
rd

in
a
te

d
es

ce
n
t

an
d

k
-m

ea
n
s

al
go

ri
th

m
s.

T
h
e

m
a

jo
r

d
iff

er
en

ce
in

ou
r

p
ro

p
os

al
is

th
a
t

w
e

cl
u
st

er
th

e
re

sp
on

se
s

ra
th

er
th

an
th

e
p
re

d
ic

to
rs

,
an

d
h
av

e
th

e
ab

il
it

y
to

so
lv

e
th

e
o
p
ti

m
iz

a
ti

o
n

in
p
ar

al
le

l
d
u
e

to
th

e
n
at

u
re

of
ou

r
re

gu
la

ri
za

ti
on

in
a

m
u
lt

ip
le

re
sp

on
se

se
tt

in
g
.

4
.
B
in
o
m
ia
l
M

o
d
e
l

4
.1

M
e
th

o
d

N
ex

t
w

e
ex

te
n
d

th
e

m
u
lt

iv
ar

ia
te

cl
u
st

er
el

as
ti

c
n
et

to
g
en

er
al

iz
ed

li
n
ea

r
m

o
d
el

s.
W

e
fo

-
cu

s
sp

ec
ifi

ca
ll
y

on
th

e
b
in

om
ia

l
re

sp
on

se
ca

se
,

b
u
t

ou
r

d
is

cu
ss

io
n

h
er

e
w

il
l

sc
a
le

to
o
th

er
ex

p
on

en
ti

al
fa

m
il
ie

s.
A

fu
si

on
p

en
al

ty
h
as

b
ee

n
p
ro

p
os

ed
fo

r
m

er
gi

n
g

gr
ou

p
s

fr
o
m

a
m

u
lt

i-
n
om

ia
l
re

sp
on

se
(P

ri
ce

et
al

.,
20

17
),

b
u
t

ou
r

m
et

h
o
d

d
iff

er
s

as
it

ai
m

s
to

le
ve

ra
g
e

a
ss

o
ci

a
ti

o
n

b
et

w
ee

n
m

u
lt

ip
le

b
in

om
ia

l
re

sp
on

se
s.

K
as

ap
et

al
.

(2
01

6)
p
ro

p
o
se

d
an

en
se

m
b
le

m
et

h
o
d

th
at

co
m

b
in

es
as

so
ci

at
io

n
ru

le
m

in
in

g
an

d
b
in

om
ia

l
lo

gi
st

ic
re

gr
es

si
on

v
ia

a
m

u
lt

ip
le

li
n
ea

r
re

gr
es

si
on

m
o
d
el

.
O

u
r

m
et

h
o
d

d
iff

er
s

fr
om

th
is

b
y

si
m

u
lt

an
eo

u
sl

y
es

ti
m

at
in

g
th

e
cl

u
st

er
s

of
th

e
re

sp
on

se
va

ri
ab

le
s

an
d

es
ti

m
at

in
g

th
e

re
gr

es
si

on
co

effi
ci

en
ts

.
A

n
ex

a
m

p
le

is
n

cu
s-

to
m

er
s,

w
it

h
p

co
va

ri
at

es
,

su
ch

as
d
em

og
ra

p
h
ic

an
d

h
is

to
ri

c
p
u
rc

h
a
si

n
g

va
ri

a
b
le

s,
a
n
d
r

in
d
ic

at
or

s
of

p
ro

d
u
ct

p
u
rc

h
as

in
g

st
at

u
se

s
fo

r
ea

ch
cu

st
om

er
.

Y
ou

co
u
ld

ru
n
r

in
d
ep

en
d
en

t
m

o
d
el

s,
b
u
t

th
is

w
ou

ld
n
ot

al
lo

w
fo

r
m

o
d
el

in
g

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
d
iff

er
en

t
p
ro

d
-

u
ct

s.
E

x
te

n
d
in

g
th

e
m

u
lt

iv
ar

ia
te

cl
u
st

er
el

as
ti

c
n
et

to
m

u
lt

ip
le

b
in

om
ia

l
re

sp
o
n
se

s
w

o
u
ld
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A
C
l
u
st

e
r
E
l
a
st

ic
N
e
t
f
o
r
M
u
lt

iv
a
r
ia
t
e
R
e
g
r
e
ssio

n

a
llow

u
s

to
g
ro

u
p

p
ro

d
u
cts

b
y

p
u
rch

ase
p
ro

b
ab

ilities
to

id
en

tify
an

d
u
se

relation
sh

ip
s

b
e-

tw
een

p
ro

d
u
cts.

T
h
is

cou
ld

also
b

e
u
sed

to
create

a
p
rob

ab
ilistic

m
o
d
el

for
d
iseases

b
ased

o
n

p
a
tien

t
d
em

ograp
h
ic

an
d

m
ed

ical
in

form
ation

.
F

o
r

th
e

lin
ear

m
o
d
el

w
e

ign
ore

th
e

in
tercep

t
term

as
it

can
b

e
rem

ov
ed

b
y

ap
p
ro

p
riately

sca
lin

g
Y

a
n
d
X

.
T

h
is

is
n
ot

p
ossib

le
in

logistic
regression

,
th

erefore
th

e
m

o
d
el

n
eed

s
a
n

in
tercep

t
term

.
W

e
d
efi

n
e

u
i

=
(1
,x

Ti
)
T
∈
R
p
+

1,
U

=
(u

T1
,...,u

n
)
T
∈
R
n×

p
+

1,
U
k
∈
R
n

a
s

th
e

k
th

co
lu

m
n

vector
of
U

an
d
R̃

=
U
T
U

.
T

h
e

tru
e

co
effi

cien
ts

for
resp

o
n
se
k

is
d
efi

n
ed

a
s
θ
∗k
∈
R
p
+

1,
Θ
∗

=
(θ
∗1 ,...,θ

∗r )∈
R
p
+

1×
r,

Θ
∗−

1
∈
R
p×
r

is
th

e
m

atrix
w

ith
th

e
fi
rst

row
,

th
e

row
o
f

in
tercep

t
co

effi
cien

ts,
of

Θ
∗

rem
ov

ed
an

d
θ
∗(−

1
)k
∈
R
p

is
th

e
k
th

co
lu

m
n

v
ector

o
f

Θ
∗−

1 .
In

th
is

m
o
d
el
y
ik

is
an

in
d
ep

en
d
en

t
d
raw

from

B
in

(1,π
∗ik )
,

(13)

w
h
ere

π
∗ik

=
ex

p
(u

Ti
θ
∗k )

1
+

ex
p
(u

Ti
θ
∗k ) .

(14)

T
h
e

p
en

a
lized

n
egativ

e
log-likelih

o
o
d

fu
n
ction

is
r
∑k

=
1

n
∑i=

1

y
ik u

Ti
θ
k −

log {
1

+
ex

p
(u

Ti
θ
k ) }

+
γ2n

q
∑q
=

1

1

|D
q |

∑l,m
∈
D
q ||U

(θ
l −
θ
m

)|| 22
+
δ||Θ

−
1 ||1 .

(15)

4
.2

A
lg

o
rith

m

W
e

p
ro

p
o
se

so
lv

in
g

(15)
b
y

ap
p
rox

im
atin

g
it

w
ith

a
p

en
alized

q
u
ad

ratic
fu

n
ction

sim
ilar

to
th

e
g
lm

n
et

a
lg

orith
m

p
rop

osed
b
y

F
ried

m
an

et
al.

(2008).
D

efi
n
e,

g
(π
ik )

=
log (

π
ik

1−
π
ik )

=
u
Ti
θ
k .

(16)

T
o

im
p
lem

en
t

th
is

ap
p
rox

im
ation

w
e

d
efi

n
e

z
ik

=
g
(y
ik )

=
g
(π
ik )

+
y
ik −

π
ik

π
ik (1−

π
ik ) ,

(17)

w
ik

=
π
ik (1−

π
ik ),

(18)

−
lA
k (θ

k )
=

n
∑i=

1

w
ik (z

ik −
u
Ti
θ
k )

2.
(19)

N
o
te

th
a
t
z
ik

is
ju

st
th

e
fi
rst

ord
er

T
ay

lor
ap

p
rox

im
ation

of
g
(y
ik ),

an
d

th
a
t
w
ik

is
th

e
co

n
d
i-

tio
n
a
lva

ria
n
ce

of
z
ik

given
u
i .

D
efi

n
e

Z
k

=
(z

1
k ,...,z

n
k )
T
∈
R
n

an
d

W
=

(w
1
k ,...,w

n
k )
T
∈

R
n
.T

h
e

M
C

E
N

estim
ator

for
th

e
b
in

om
ial

m
o
d
el

is

(Θ̂
,D̂

)
=

arg
m

in
Θ
∈R

p
+
1×
r
,D

1
,...,D

Q

r
∑k

=
1 −

lA
k (θ

k )
+
δ||Θ

−
1 ||1

+
γ2
n

q
∑q
=

1

1

|D
q |

∑l,m
∈
D
q ||U

(θ
r −

θ
s )|| 22 .

(20)
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P
r
ic
e
a
n
d

S
h
e
r
w
o
o
d

If
th

e
grou

p
s

are
k
n
ow

n
a

p
rio

ri
th

e
solu

tion
is

Θ̄
=

arg
m

in
Θ
∈R

p
+
1×
r

r
∑k

=
1 −

lA
k (θ

k )
+
δ||Θ

(−
1
) ||1

+
γ2
n

q
∑q
=

1

1

|D
q |

∑l,m
∈
D
q ||U

(θ
r −

θ
s )|| 22 .

(21)

F
or

sam
e

len
gth

vectors
a

an
d

b
let

a
◦

b
rep

resen
t

th
e

com
p

on
en

t
w

ise
m

u
ltip

lication
of

th
e

tw
o

vectors.
T

o
solve

(21),
w

e
u
se

a
p
rox

im
al

co
ord

in
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β̇
l
+

2γ
(|D

q |−
1)

|D
q |

β̄
l
+
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P
ro

o
f
o
f
T
h
e
o
re
m

2

P
ro

o
f

It
is

a
ssu

m
ed

th
at
E

(ε
2ic )

=
1

an
d

for
c6=
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∈
{1
,...,r}

V
a
r (β̄

v )
=
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+
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+
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+
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+
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+
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+
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+
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Ẽ

=
vec(E

).
D

efi
n
e

A
m
,s
∈
R
r,

w
h
ere

(m
,s)
∈
D
q ,

w
ith

√
1
|D
q |

in
th

e
m

th
elem

en
t,−

√
1
|D
q |

in
th

e
sth

elem
en

t
an

d
0

in
all

oth
er

elem
en

ts,

A
D
q ∈
R
|D
q |(|D

q |−
1
)×
r

as
th

e
m

atrix
w

ith
row

vectors
A
m
,s

w
h
ere

(m
,s)∈

D
q ,

an
d
A
D
≡

(
A
TD

1 ,...,A
TD
Q )

T
∈
R

∑
Qq
=
1 |D

q |(|D
q |−

1
)×
r.

T
h
en

th
e

ob
jective

fu
n
ction

from
(5)

can
b

e
restated

as

12n

[β̃
T
{
X̃
T
X̃

+
γ

(A
D
⊗
X

)
T

(A
D
⊗
X

) }
β̃
−

2Ỹ
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p
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th
en

th
er

e

ex
is

ts
a

po
si

ti
ve

co
n

st
a
n

t
c 3

su
ch

th
a
t

∣ ∣ ∣∣ ∣ ∣v
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.,

20
1
6
;

L
iu

et
a
l.
,

20
16

;
J
it

k
ri

tt
u
m

et
al

.,
20

17
b
;

B
al

as
u
b
ra

m
an

ia
n

et
al

.,
20

17
),

d
om

ai
n

ad
ap

ta
ti

o
n

(Z
h
a
n
g

et
al

.,
20

13
)

an
d

ge
n
er

al
iz

at
io

n
(B

la
n
ch

ar
d

et
al

.,
20

17
),

ke
rn

el
b

el
ie

f
p
ro

p
a
g
a
ti

o
n

(S
o
n
g

et
al

.,
20

11
),

ke
rn

el
B

ay
es

’
ru

le
(F

u
k
u
m

iz
u

et
al

.,
20

13
),

m
o
d
el

cr
it

ic
is

m
(L

lo
y
d

et
a
l.
,

2
0
1
4
;

K
im

et
al

.,
20

16
),

ap
p
ro

x
im

at
e

B
ay

es
ia

n
co

m
p
u
ta

ti
on

(P
ar

k
et

al
.,

20
16

),
p
ro

b
a
b
il
is

ti
c

p
ro

-
gr

am
m

in
g

(S
ch

öl
ko

p
f

et
al

.,
20

15
),

d
is

tr
ib

u
ti

on
cl

as
si

fi
ca

ti
on

(M
u
an

d
et

et
al

.,
2
0
1
1
;

Z
a
h
ee

r
et

al
.,

20
17

),
d
is

tr
ib

u
ti

on
re

gr
es

si
on

(S
za

b
ó

et
al

.,
20

16
;

L
aw

et
al

.,
20

18
)

a
n
d

to
p

o
lo

g
ic

a
l

d
at

a
an

al
y
si

s
(K

u
sa

n
o

et
al

.,
20

16
).

A
re

ce
n
t

su
rv

ey
on

th
e

to
p
ic

is
p
ro

v
id

ed
b
y

M
u
a
n
d
et

et
al

.
(2

01
7)

.
C

ru
ci

al
to

th
e

su
cc

es
s

of
th

e
m

ea
n

em
b

ed
d
in

g
b
as

ed
re

p
re

se
n
ta

ti
on

is
w

h
et

h
er

it
en

-
co

d
es

al
l

th
e

in
fo

rm
at

io
n

ab
ou

t
th

e
d
is

tr
ib

u
ti

on
,

in
ot

h
er

w
or

d
s

w
h
et

h
er

th
e

m
a
p

in
(1

)
is

in
je

ct
iv

e
in

w
h
ic

h
ca

se
th

e
ke

rn
el

is
re

fe
rr

ed
to

as
ch

a
ra

ct
er

is
ti

c
(F

u
k
u
m

iz
u

et
a
l.
,

2
0
0
8
;

S
ri

p
er

u
m

b
u
d
u
r

et
al

.,
20

10
).

V
ar

io
u
s

ch
ar

ac
te

ri
za

ti
on

s
fo

r
th

e
ch

ar
ac

te
ri

st
ic

p
ro

p
er

ty
o
f
k

is
k
n
ow

n
in

th
e

li
te

ra
tu

re
(F

u
k
u
m

iz
u

et
al

.,
20

08
,
20

09
;
S
ri

p
er

u
m

b
u
d
u
r

et
al

.,
2
0
1
0
;
G

re
tt

o
n

et
al

.,
20

12
)

u
si

n
g

w
h
ic

h
th

e
p

op
u
la

r
ke

rn
el

s
on

R
d

su
ch

as
G

au
ss

ia
n
,

L
ap

la
ci

a
n
,

B
-s

p
li
n
e,

in
ve

rs
e

m
u
lt

iq
u
ad

ri
cs

,
an

d
th

e
M

at
ér

n
cl

as
s

ar
e

sh
ow

n
to

b
e

ch
ar

ac
te

ri
st

ic
.

T
h
e

ch
a
ra

c-
te

ri
st

ic
p
ro

p
er

ty
is

cl
os

el
y

re
la

te
d

to
th

e
n
ot

io
n

of
u

n
iv

er
sa

li
ty

(S
te

in
w

a
rt

,
2
0
0
1
;

M
ic

ch
el

li
et

al
.,

20
06

;
C

ar
m

el
i

et
al

.,
20

10
;

S
ri

p
er

u
m

b
u
d
u
r

et
al

.,
20

11
)—

k
is

sa
id

to
b

e
u
n
iv

er
sa

l
if

th
e

co
rr

es
p

on
d
in

g
R

K
H

S
H
k

is
d
en

se
in

a
ce

rt
ai

n
ta

rg
et

fu
n
ct

io
n

cl
as

s,
fo

r
ex

a
m

p
le

,
th

e
cl

as
s

of
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

on
co

m
p
ac

t
d
om

ai
n
s—

a
n
d

th
e

re
la

ti
on

b
et

w
ee

n
th

es
e

n
o
ti

o
n
s

h
as

re
ce

n
tl

y
b

ee
n

ex
p
lo

re
d

b
y

S
ri

p
er

u
m

b
u
d
u
r

et
al

.
(2

01
1)

;
S
im

on
-G

ab
ri

el
a
n
d

S
ch

ö
lk

o
p
f

(2
01

6)
.

B
as

ed
on

th
e

m
ea

n
em

b
ed

d
in

g
in

(1
),

S
m

ol
a

et
al

.
(2

00
7)

an
d

G
re

tt
o
n

et
a
l.

(2
0
1
2)

d
efi

n
ed

a
se

m
i-

m
et

ri
c,

ca
ll
ed

th
e

m
ax

im
u
m

m
ea

n
d
is

cr
ep

an
cy

(M
M

D
)

on
th

e
sp

a
ce

o
f

p
ro

b
ab

il
it

y
m

ea
su

re
s:

M
M

D
k
(P
,Q

)
:=
‖µ

k
(P

)
−
µ
k
(Q

)‖
H
k
,

w
h
ic

h
is

a
m

et
ri

c
iff

k
is

ch
ar

ac
te

ri
st

ic
.

A
fu

n
d
am

en
ta

l
ap

p
li
ca

ti
on

of
M

M
D

is
in

n
on

-
p
ar

am
et

ri
c

h
y
p

ot
h
es

is
te

st
in

g
th

at
in

cl
u
d
es

tw
o-

sa
m

p
le

(G
re

tt
on

et
al

.,
20

1
2
)

a
n
d

in
d
e-

p
en

d
en

ce
te

st
s

(G
re

tt
on

et
al

.,
20

08
).

P
ar

ti
cu

la
rl

y
in

in
d
ep

en
d
en

ce
te

st
in

g
,

a
s

a
m

ea
su

re
of

in
d
ep

en
d
en

ce
,

M
M

D
m

ea
su

re
s

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

e
jo

in
t

d
is

tr
ib

u
ti

on
P X

Y
a
n
d

th
e

p
ro

d
u
ct

of
m

ar
gi

n
al

s
P X
⊗

P Y
of

tw
o

ra
n
d
om

va
ri

ab
le

s
X

an
d
Y

w
h
ic

h
a
re

re
sp

ec
ti

ve
ly

d
efi

n
ed

on
m

ea
su

ra
b
le

sp
ac

es
X

an
d
Y

,
w

it
h

th
e

ke
rn

el
k

b
ei

n
g

d
efi

n
ed

on
X
×
Y

.
A

s
a
fo

re
-

m
en

ti
on

ed
,

if
k

is
ch

ar
ac

te
ri

st
ic

,
th

en
M

M
D
k
(P
X
Y
,P

X
⊗
P Y

)
=

0
im

p
li
es

P X
Y

=
P X
⊗
P Y

,
i.
e.

,
X

an
d
Y

ar
e

in
d
ep

en
d
en

t.
A

si
m

p
le

w
ay

to
d
efi

n
e

a
ke

rn
el

on
X
×

Y
is

th
ro

u
g
h

th
e

te
n
so

r
p
ro

d
u
ct

of
ke

rn
el

s
k
X

an
d
k
Y

d
efi

n
ed

on
X

an
d
Y

re
sp

ec
ti

ve
ly

:
k

=
k
X
⊗
k
Y

,
i.
e.

,
k

((
x
,y

)
,(
x
′ ,
y
′ )

)
=
k
X

(x
,x
′ )
k
Y

(y
,y
′ )
,
x
,x
′
∈

X
,
y
,y
′
∈

Y
,

w
it

h
th

e
co

rr
es

p
o
n
d
in

g
R

K
H

S
H
k

=
H
k
X
⊗
H
k
Y

b
ei

n
g

th
e

te
n
so

r
p
ro

d
u
ct

sp
a
ce

ge
n
er

at
ed

b
y
H
k
X

an
d
H
k
Y

.
T

h
is

m
ea

n
s,

w
h
en

k
=
k
X
⊗
k
Y

,

M
M

D
k
(P
X
Y
,P

X
⊗

P Y
)

=
‖µ

k
X
⊗
k
Y

(P
X
Y

)
−
µ
k
X
⊗
k
Y

(P
X
⊗

P Y
)‖

H
k
X
⊗
H
k
Y
.

(2
)

In
ad

d
it

io
n

to
th

e
si

m
p
li
ci

ty
of

d
efi

n
in

g
a

jo
in

t
ke

rn
el
k

on
X
×
Y

,
th

e
te

n
so

r
p
ro

d
u
ct

ke
rn

el
off

er
s

a
p
ri

n
ci

p
le

d
w

ay
of

co
m

b
in

in
g

in
n
er

p
ro

d
u
ct

s
(k
X

an
d
k
Y

)
on

d
om

a
in

s
th

a
t

ca
n

2
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L
R

 1
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C
h
a
r
a
c
t
e
r
ist

ic
a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

co
rresp

o
n
d

to
d
iff

eren
t

m
o
d
alities

(say
im

ages,
tex

ts,
au

d
io).

B
y

ex
p
loitin

g
th

e
iso

m
o
rp

h
ism

b
etw

een
ten

sor
p
ro

d
u
ct

H
ilb

ert
sp

aces
an

d
th

e
sp

ace
of

H
ilb

ert-S
ch

m
id

t
op

erators
1,

it
fo

llow
s

fro
m

(2
)

th
atM

M
D
k (P

X
Y
,P

X
⊗

P
Y

)
=
‖C

X
Y ‖

H
S

=
:

H
S
IC

k (P
X
Y

),
(3)

w
h
ich

is
th

e
H

ilb
ert-S

ch
m

id
t

n
orm

of
th

e
cross-covarian

ce
op

erator
C
X
Y

:=
µ
k
X
⊗
k
Y

(P
X
Y

)−
µ
k
X

(P
X

)⊗
µ
k
Y

(P
Y

)
an

d
is

k
n
ow

n
as

th
e

H
ilbert-S

ch
m

id
t

in
d
epen

d
en

ce
criterio

n
(H

S
IC

)
(G

retto
n

et
a
l.,

2005a).
H

S
IC

h
as

en
joy

ed
trem

en
d
ou

s
su

ccess
in

a
variety

of
ap

p
lication

s
su

ch
a
s

in
d
ep

en
d
en

t
com

p
on

en
t

an
aly

sis
(G

retton
et

al.,
2005a),

featu
re

selection
(S

on
g

et
a
l.,

2
0
1
2
),

in
d
ep

en
d
en

ce
testin

g
(G

retton
et

a
l.,

2
008

;
J
itk

rittu
m

et
al.,

2017a),
p

o
st

selection
in

feren
ce

(Y
am

ad
a

et
al.,

20
18)

an
d

cau
sal

d
etection

(M
o
oij

et
al.,

2016;
P

fi
ster

et
a
l.,

2
01

7
;

S
trob

l
et

al.,
2017).

R
ecen

tly,
M

M
D

an
d

H
S
IC

(as
d
efi

n
ed

in
(3)

for
tw

o
co

m
p

o
n
en

ts)
h
ave

b
een

sh
ow

n
b
y

S
ejd

in
ov

ic
et

al.
(2013b

)
to

b
e

eq
u
ivalen

t
to

oth
er

p
op

u
lar

sta
tistical

m
ea

su
res

su
ch

as
th

e
en

ergy
d
istan

ce
(B

arin
gh

au
s

an
d

F
ran

z,
2
004;

S
zékely

an
d

R
izzo

,
2
0
04

,
2
0
05)—

also
k
n
ow

n
as

N
-d

istan
ce

(Z
in

ger
et

al.,
1992;

K
leb

an
ov

,
2005)—

a
n
d

d
ista

n
ce

cova
rian

ce
(S

zékely
et

al.,
2007;

S
zék

ely
an

d
R

izzo,
2009;

L
y
on

s,
2013)

resp
ectively.

H
S
IC

h
a
s

b
een

gen
eralized

to
M
≥

2
com

p
on

en
ts

(Q
u
ad

rian
to

et
al.,

2009
;
S
ejd

in
ov

ic
et

al.,
2
0
1
3
a
)

to
m

ea
su

re
th

e
join

t
in

d
ep

en
d
en

ce
of
M

ran
d
o
m

varia
b
les

H
S
IC

k
(P

)
=
∥∥∥
µ
⊗
Mm

=
1
k
m

(P
)−
⊗
Mm

=
1 µ

k
m

(P
m

) ∥∥∥⊗
Mm

=
1
H
k
m

,
(4)

w
h
ere

P
is

a
join

t
m

easu
re

on
th

e
p
ro

d
u
ct

sp
ace

X
:=
×
Mm

=
1 X

m
an

d
(P
m

)
Mm

=
1

are
th

e
m

a
rg

in
a
l

m
ea

su
res

of
P

d
efi

n
ed

on
(X

m
)
Mm

=
1

resp
ectively.

T
h
e

ex
ten

d
ed

H
S
IC

m
easu

re
h
a
s

recen
tly

b
een

an
aly

zed
in

th
e

con
tex

t
of

in
d
ep

en
d
en

ce
testin

g
(P

fi
ster

et
al.,

2017).
In

a
d
d
itio

n
to

testin
g,

th
e

ex
ten

d
ed

H
S
IC

m
easu

re
is

also
u
sefu

l
in

th
e

p
rob

lem
of

in
d
e-

p
en

d
en

t
su

b
sp

ace
an

aly
sis

(IS
A

;
C

ard
oso,

1998),
w

h
erein

th
e

laten
t

sou
rces

are
sep

a
rated

b
y

m
a
x
im

izin
g

th
e

d
egree

of
in

d
ep

en
d
en

ce
am

on
g

th
em

.
In

all
th

e
ap

p
lication

s
of

H
S
IC

,
th

e
key

req
u
irem

en
t

is
th

at
k

=
⊗
Mm

=
1 k
m

cap
tu

res
th

e
join

t
in

d
ep

en
d
en

ce
of
M

ran
d
om

va
ria

b
les

(w
ith

join
t

d
istrib

u
tion

P
)—

w
e

call
th

is
p
rop

erty
asI

-ch
aracteristic—

,
w

h
ich

is
g
u
a
ra

n
teed

if
k

is
ch

aracteristic.
S
in

ce
k

is
d
efi

n
ed

in
term

s
of

(k
m

)
Mm

=
1 ,

it
is

of
fu

n
d
am

en
tal

im
p

o
rta

n
ce

to
u
n
d
erstan

d
th

e
ch

aracteristic
an

d
I

-ch
aracteristic

p
rop

erties
of
k

in
term

s
o
f

th
e

ch
a
ra

cteristic
p
rop

erty
of

(k
m

)
Mm

=
1 ,

w
h
ich

is
on

e
of

th
e

m
ain

go
als

of
th

is
w

ork
.

F
o
r
M

=
2
,

th
e

ch
aracterization

o
f

in
d
ep

en
d
en

ce,
i.e.,

th
e
I

-ch
aracteristic

p
rop

erty
of

k
,

is
stu

d
ied

b
y

B
lan

ch
ard

et
al.

(2011)
an

d
G

retton
(2015)

w
h
ere

it
h
as

b
een

sh
ow

n
th

at
if

k
1

a
n
d
k

2
are

u
n
iversal,

th
en

k
is

u
n
iversal 2

an
d

th
erefore

H
S
IC

cap
tu

res
in

d
ep

en
d
en

ce.
A

stro
n
g
er

versio
n

of
th

is
resu

lt
can

b
e

ob
tain

ed
b
y

com
b
in

in
g

(L
y
on

s,
2013,

T
h
eorem

3.11)
a
n
d

(S
ejd

in
ov

ic
et

al.,
2013b

,
P

rop
osition

29):
if
k

1
an

d
k

2
are

ch
aracteristic,

th
en

th
e

H
S
IC

a
sso

cia
ted

w
ith

k
=
k

1 ⊗
k

2
ch

aracterizes
in

d
ep

en
d
en

ce.
A

p
art

from
th

ese
resu

lts,
n
ot

m
u
ch

is
k
n
ow

n
ab

ou
t

th
e

ch
aracteristic/I

-ch
aracteristic/u

n
iversality

p
rop

erties
of
k

in

1
.

In
th

e
eq

u
iva

len
ce

o
n

e
a
ssu

m
es

th
a
t
H
k
X

,
H
k
Y

a
re

sep
a
ra

b
le;

th
is

h
o
ld

s
u

n
d

er
m

ild
co

n
d

itio
n

s,
fo

r
ex

a
m

-
p

le
if
X

a
n

d
Y

a
re

sep
a
ra

b
le

to
p

o
lo

g
ica

l
d

o
m

a
in

s
a
n

d
k
X

,
k
Y

a
re

co
n
tin

u
o
u

s
(S

tein
w

a
rt

a
n

d
C

h
ristm

a
n

n
,

2
0
0
8
,

L
em

m
a

4
.3

3
).

2
.

B
la

n
ch

a
rd

et
a
l.

(2
0
1
1
)

d
ea

l
w

ith
c-u

n
iv

ersa
l
k
ern

els
w

h
ile

G
retto

n
(2

0
1
5
)

d
ea

ls
w

ith
c
0 -u

n
iv

ersa
l
k
ern

els.
A

b
rief

d
escrip

tio
n

o
f

th
ese

n
o
tio

n
s

a
re

g
iv

en
in

S
ectio

n
3
.

C
a
rm

eli
et

a
l.

(2
0
1
0
);

S
rip

eru
m

b
u

d
u

r
et

a
l.

(2
0
1
0
)

p
rov

id
e

fu
rth

er
d

eta
ils

o
n

th
ese

n
o
tio

n
s

o
f

u
n

iv
ersa

lity.
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

term
s

of
th

e
in

d
iv

id
u
al

kern
els.

O
u
r

g
o
a
l

is
to

resolv
e

th
is

q
u
estion

an
d

u
n
d
erstan

d
th

e
ch

aracteristic,I
-ch

aracteristic
an

d
u
n
iv

ersal
p
rop

erty
of

th
e

p
ro

d
u
ct

kern
el

(⊗
Mm

=
1 k
m

)
in

term
s

of
th

e
kern

el
com

p
on

en
ts

((k
m

)
Mm

=
1 )

for
M
≥

2.
B

ecau
se

of
th

e
related

n
ess

of
M

M
D

an
d

H
S
IC

to
en

ergy
d
istan

ce
an

d
d
istan

ce
covarian

ce,
ou

r
resu

lts
a
lso

con
trib

u
te

to
th

e
b

etter
u
n
d
erstan

d
in

g
of

th
ese

oth
er

m
easu

res
th

at
are

p
op

u
lar

in
th

e
statistical

literatu
re.

S
p

ecifi
cally,

ou
r

resu
lts

sh
ed

ligh
t

on
th

e
follow

in
g

su
rp

risin
g

p
h

e
n

o
m

e
n

a
of

th
e
I

-
ch

aracteristic
p
rop

erty
of⊗

Mm
=

1 k
m

for
M
≥

3:

1.
ch

aracteristic
p
rop

erty
of

(k
m

)
Mm

=
1

is
n
ot

su
ffi

cien
t

b
u
t

n
ecessary

for⊗
Mm

=
1 k
m

to
b

e
I

-ch
aracteristic;

2.
u
n
iversality

of
(k
m

)
Mm

=
1

is
su

ffi
cien

t
for⊗

Mm
=

1 k
m

to
b

e
I

-ch
aracteristic,

an
d

3.
if

at
least

on
e

of
(k
m

)
Mm

=
1

is
on

ly
ch

aracteristic
an

d
n
ot

u
n
iversal,

th
en
⊗
Mm

=
1 k
m

n
eed

n
ot

b
e
I

-ch
aracteristic.

T
h
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

3,
w

e
con

d
u
ct

a
com

p
reh

en
sive

an
aly

sis
ab

ou
t

th
e

ab
ov

e
m

en
tion

ed
p
rop

erties
of
k

an
d

(k
m

)
Mm

=
1

for
an

y
p

ositive
in

teger
M

.
T

o
th

is
en

d
,

w
e

d
efi

n
e

variou
s

n
otion

s
of

ch
aracteristic

p
rop

erty
o
n

th
e

p
ro

d
u
ct

sp
ace

X
(see

D
efi

n
i-

tion
1

an
d

F
igu

re
2(a)

in
S
ection

3)
an

d
ex

p
lore

th
e

relation
b

etw
een

th
em

.
In

ord
er

to
k
eep

ou
r

p
resen

tation
in

th
is

section
to

b
e

n
on

-tech
n
ical,

w
e

relegate
th

e
p
rob

lem
form

u
lation

to
S
ection

3,
w

ith
th

e
m

ain
resu

lts
of

th
e

p
ap

er
b

ein
g

p
resen

ted
in

S
ection

4.
A

su
m

m
ary

of
th

e
resu

lts
is

cap
tu

red
in

F
igu

re
1

w
h
ile

th
e

p
ro

ofs
are

p
rov

id
ed

in
S
ection

5.
V

ariou
s

d
efi

n
ition

s
an

d
n
otation

th
at

are
u
sed

th
rou

gh
ou

t
th

e
p
a
p

er
are

collected
in

S
ection

2.

2
.

D
e
fi
n
itio

n
s

a
n
d

N
o
ta

tio
n

N
:=
{
1
,2
,...}

an
d
R

d
en

otes
th

e
set

of
n
atu

ral
n
u
m

b
ers

an
d

real
n
u
m

b
ers

resp
ectively.

F
or

M
∈
N

,
[M

]
:=
{1
,...,M

}.
1
d

:=
(1,1,...,1)∈

R
d

an
d

0
d
en

otes
th

e
m

atrix
of

zeros.
F

or
a

:=
(a

1 ,...,a
d )∈

R
d

an
d
b

:=
(b

1 ,...,b
d )∈

R
d,〈a

,b〉
=
∑

di=
1
a
i b
i

is
th

e
E

u
clid

ean
in

n
er

p
ro

d
u
ct.

F
or

sets
A

an
d
B

,
A\
B

=
{
a
∈
A

:
a
/∈
B
}

is
th

eir
d
iff

eren
ce,|A|

is
th

e
card

in
ality

of
A

an
d
×
Mm

=
1 A

m
=
{(a

1 ,...,a
M

)
:
a
m
∈
A
m
m
∈

[M
]}

is
th

e
D

escartes
p
ro

d
u
ct

of
sets

(A
m

)
Mm

=
1 .

P
(X

)
d
en

otes
th

e
p

ow
er

set
of

a
set

X
,

i.e.,
all

su
b
sets

of
X

(in
clu

d
in

g
th

e
em

p
ty

set
an

d
X

).
T

h
e

K
ron

ecker
d
elta

is
d
efi

n
ed

as
δ
a
,b

=
1

if
a

=
b,

an
d

zero
oth

erw
ise.

χ
A

is
th

e
in

d
icator

fu
n
ction

of
set

A
:
χ
A

(x
)

=
1

if
x
∈
A

an
d
χ
A

(x
)

=
0

oth
erw

ise.
R
d
1 ×
...×

d
M

is
th

e
set

of
d

1 ×
...×

d
M

-sized
ten

sors.

F
or

a
top

ological
sp

ace
(X
,τ

X
),
B

(X
)

:=
B

(τ
X

)
is

th
e

B
orel

sigm
a-algeb

ra
on

X
in

d
u
ced

b
y

th
e

top
ology

τ
X

.
P

rob
ab

ility
an

d
fi
n
ite

sign
ed

m
easu

res
in

th
e

p
ap

er
are

m
ean

t
w

.r.t.
th

e
m

easu
rab

le
sp

ace
(X
,B

(X
)).

G
iven

{
(X

i ,τ
i )}

i∈
I

top
ological

sp
aces,

th
eir

p
ro

d
u
ct
×
i∈
I X

i

is
en

rich
ed

w
ith

th
e

p
ro

d
u
ct

top
ology

;
it

is
th

e
coarsest

top
ology

for
w

h
ich

th
e

can
on

ical
p
ro

jection
s
π
i

:×
i∈
I X

i →
(X

i ,τ
i )

are
con

tin
u
ou

s
for

all
i∈

I
.

A
top

ological
sp

ace
(X
,τ

X
)

is
called

secon
d
-cou

n
tab

le
if
τ
X

h
as

a
cou

n
tab

le
b
asis. 3

C
(X

)
d
en

otes
th

e
sp

ace
of

con
tin

u
ou

s
fu

n
ction

s
on

X
.
C

0 (X
)

d
en

otes
th

e
class

of
real-valu

ed
fu

n
ction

s
van

ish
in

g
at

in
fi
n
ity

on
a

lo
cally

com
p
act

H
au

sd
orff

(L
C

H
)

sp
ace

4
X

,
i.e.,

for
an

y
ε
>

0,
th

e
set{

x
∈
X

:|f
(x

)|≥
ε}

3
.

S
eco

n
d

-co
u

n
ta

b
ility

im
p

lies
sep

a
ra

b
ility

;
in

m
etric

sp
a
ces

th
e

tw
o

n
o
tio

n
s

co
in

cid
e

(D
u

d
ley

,
2
0
0
4
,

P
ro

p
o
-

sitio
n

2
.1

.4
).

B
y

th
e

U
ry

so
h

n
’s

th
eo

rem
,

a
to

p
o
lo

g
ica

l
sp

a
ce

is
sep

a
ra

b
le

a
n

d
m

etriza
b

le
if

a
n

d
o
n

ly
if

it
is

reg
u

la
r,

H
a
u

sd
o
rff

a
n

d
seco

n
d

-co
u

n
ta

b
le.

A
n
y

u
n

co
u

n
ta

b
le

d
iscrete

sp
a
ce

is
n
o
t

seco
n

d
-co

u
n
ta

b
le.

4
.

L
C

H
sp

a
ces

in
clu

d
e
R
d,

d
iscrete

sp
a
ces,

a
n

d
to

p
o
lo

g
ica

l
m

a
n

ifo
ld

s.
O

p
en

o
r

clo
sed

su
b

sets,
fi

n
ite

p
ro

d
-

u
cts

o
f

L
C

H
sp

a
ces

a
re

L
C

H
.

In
fi

n
ite-d

im
en

sio
n

a
l

H
ilb

ert
sp

a
ces

a
re

n
o
t

L
C

H
.
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C
h
a
r
a
c
t
e
r
is

t
ic

a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

⊗
0
-c

h
ar

⊗
-c

h
ar

ch
ar

c 0
-u

n
iv

er
sa

l

I-
ch

ar

(k
m

)M m
=

1
ch

ar
(k
m

)M m
=

1
c 0

-u
n
iv

er
sa

l

(8
)

Remark2(iii)
(8

)

R
em

a
rk

7

(8
)

(8
)

/

E
x
a
m

p
le

1

Theorem 5

/

Example
1

/

E
xa

m
pl

e
1

T
h
eo

re
m

3
(M

=
2
)

/

E
x
am

p
le

2
(M
≥3

)

/
S

ri
p

er
u

m
b

u
d

u
r

et
a
l.

(2
0
1
1
)

T
h
eo

re
m

3

S
ri

p
er

u
m

b
u

d
u

r
et

a
l.

(2
0
1
1
)

F
ig

u
re

1:
S
u
m

m
ar

y
of

re
su

lt
s:

“c
h
ar

”
d
en

ot
es

ch
ar

ac
te

ri
st

ic
.

In
ad

d
it

io
n

to
th

e
u
su

al
ch

ar
ac

te
ri

st
ic

p
ro

p
er

ty
,

th
re

e
n
ew

n
ot

io
n
s
⊗

0
-c

h
ar

ac
te

ri
st

ic
,
⊗

-c
h
a
ra

ct
er

is
ti

c
an

d
I-

ch
ar

ac
te

ri
st

ic
ar

e
in

tr
o
d
u
ce

d
in

D
efi

n
it

io
n

1
w

h
ic

h
al

on
g

w
it

h
c 0

-u
n
iv

er
sa

l
(i

n
th

e
to

p
ri

gh
t

co
rn

er
)

co
rr

es
p

on
d

to
th

e
p
ro

p
er

ty
of

th
e

te
n
so

r
p
ro

d
u
ct

k
er

n
el

⊗
M m

=
1
k
m

,
w

h
il
e

th
e

b
ot

to
m

p
ar

t
of

th
e

p
ic

tu
re

co
rr

es
p

on
d
s

to
th

e
in

d
iv

id
u
al

ke
rn

el
s

(k
m

)M m
=

1
b

ei
n
g

ch
ar

ac
te

ri
st

ic
or
c 0

-u
n
iv

er
sa

l.
If

(k
m

)M m
=

1
-s

ar
e

co
n
ti

n
u
ou

s,
b

ou
n
d
ed

an
d

tr
an

sl
at

io
n

in
va

ri
an

t
ke

rn
el

s
o
n
R
d
m
,
m
∈

[M
],

al
l

th
e

n
ot

io
n
s

ar
e

eq
u
iv

al
en

t
(s

ee
T

h
eo

re
m

4)
.

is
co

m
p
ac

t.
C

0
(X

)
is

en
d
ow

ed
w

it
h

th
e

u
n
if

or
m

n
or

m
‖f
‖ ∞

=
su

p
x
∈X
|f

(x
)|.

M
b
(X

)
an

d
M

+ 1
(X

)
ar

e
th

e
sp

ac
e

of
fi
n
it

e
si

gn
ed

m
ea

su
re

s
an

d
p
ro

b
ab

il
it

y
m

ea
su

re
s

on
X

,
re

sp
ec

ti
ve

ly
.

F
or

P m
∈
M

+ 1
(X

m
),
⊗
M m

=
1
P m

d
en

ot
es

th
e

p
ro

d
u
ct

p
ro

b
ab

il
it

y
m

ea
su

re
on

th
e

p
ro

d
u
ct

sp
ac

e
×
M m

=
1
X
m

,
i.
e.

,
⊗
M m

=
1
P m
∈

M
+ 1

(×
M m

=
1
X
m

).
δ x

is
th

e
D

ir
ac

m
ea

su
re

su
p
p

or
te

d
on

x
∈

X
.

F
or

F
∈

M
b

( ×
M m

=
1
X
m

) ,
th

e
fi
n
it

e
si

gn
ed

m
ea

su
re

F m
d
en

ot
es

it
s

m
ar

gi
n
al

on
X
m

.
H
k
m

is
th

e
re

p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
)

as
so

ci
at

ed
w

it
h

th
e

re
p
ro

d
u
ci

n
g

ke
rn

el
k
m

:
X
m
×

X
m
→

R
,

w
h
ic

h
in

th
is

p
ap

er
is

as
su

m
ed

to
b

e
m

ea
su

ra
b
le

an
d

b
ou

n
d
ed

.
T

h
e

te
n
so

r
p
ro

d
u
ct

of
(k
m

)M m
=

1
is

a
ke

rn
el

,
d
efi

n
ed

as

⊗
M m

=
1
k
m

( (x
1
,.
..
,x

M
)
,(
x
′ 1
,.
..
,x
′ M
))

=
M ∏ m
=

1

k
m

( x
m
,x
′ m
) ,

x
m
,x
′ m
∈
X
m
,

w
h
os

e
as

so
ci

at
ed

R
K

H
S

is
d
en

ot
ed

as
H
⊗
M m

=
1
k
m

=
⊗
M m

=
1
H
k
m

(B
er

li
n
et

an
d

T
h
om

as
-A

gn
an

,

20
04

,
T

h
eo

re
m

13
),

w
h
er

e
th

e
r.

h
.s

.
is

th
e

te
n
so

r
p
ro

d
u
ct

o
f

R
K

H
S
s

(H
k
m

)M m
=

1
.

F
or
h
m
∈

H
m

,
m
∈

[M
],

th
e

m
u
lt

i-
li
n
ea

r
op

er
at

or
⊗
M m

=
1
h
m
∈
⊗
M m

=
1
H
m

is
d
efi

n
ed

as

( ⊗
M m

=
1
h
m

) (v
1
,.
..
,v
M

)
=

M ∏ m
=

1

〈h
m
,v
m
〉 H

m
,

v m
∈
H
m
.
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23
3)

:1
-2

9,
 2

01
8

S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

A
ke

rn
el
k

:
X
×

X
→

R
d
efi

n
ed

on
a

L
C

H
sp

ac
e
X

is
ca

ll
ed

a
c 0

-k
er

n
el

if
k
(·,
x

)
∈
C

0
(X

)
fo

r
al

l
x
∈

X
.
k

:
R
d
×

R
d
→

R
is

sa
id

to
b

e
a

tr
a
n
sl

at
io

n
in

va
ri

an
t

ke
rn

el
o
n

R
d

if
k
(x
,y

)
=
ψ

(x
−
y
),
x
,y
∈
R
d

fo
r

a
p

o
si

ti
v
e

d
efi

n
it

e
fu

n
ct

io
n
ψ

:
R
d
→

R
.
µ
k
(F

)
d
en

o
te

s
th

e
ke

rn
el

m
ea

n
em

b
ed

d
in

g
of

F
∈

M
b
(X

)
to

H
k

w
h
ic

h
is

d
efi

n
ed

as
µ
k
(F

)
=
∫ X
k
(·,
x

)
d
F(
x

),
w

h
er

e
th

e
in

te
gr

al
is

m
ea

n
t

in
th

e
B

o
ch

n
er

se
n
se

.

3
.

P
ro

b
le

m
F
o
rm

u
la

ti
o
n

In
th

is
se

ct
io

n
,

w
e

fo
rm

al
ly

in
tr

o
d
u
ce

th
e

go
al

of
th

e
p
ap

er
.

T
o

th
is

en
d
,

w
e

st
a
rt

w
it

h
a

d
efi

n
it

io
n
.

F
or

si
m

p
li
ci

ty
,

th
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

as
su

m
e

th
at

al
l

k
er

n
el

s
a
re

b
o
u
n
d
ed

.
T

h
e

d
efi

n
it

io
n

is
b
as

ed
on

th
e

ob
se

rv
at

io
n

(S
ri

p
er

u
m

b
u
d
u
r

et
al

.,
20

10
,

L
em

m
a

8
)

th
a
t

a
b

ou
n
d
ed

ke
rn

el
k

on
a

to
p

ol
og

ic
al

sp
ac

e
(X
,τ

X
)

is
ch

ar
ac

te
ri

st
ic

if
an

d
on

ly
if

∫ X

∫ X

k
(x
,x
′ )

d
F(
x

)
d
F(
x
′ )
>

0,
∀F
∈
M
b
(X

)\
{0
}

su
ch

th
at

F(
X

)
=

0.

In
ot

h
er

w
or

d
s,

ch
ar

ac
te

ri
st

ic
ke

rn
el

s
ar

e
in

te
gr

al
ly

st
ri

ct
ly

p
os

it
iv

e
d
efi

n
it

e
(i

sp
d
;

se
e

S
ri

p
e-

ru
m

b
u
d
u
r

et
al

.,
20

10
,

p
.

15
23

)
w

.r
.t

.
th

e
cl

as
s

of
fi
n
it

e
si

gn
ed

m
ea

su
re

s
th

a
t

a
ss

ig
n

ze
ro

m
ea

su
re

to
X

.
T

h
e

fo
ll
ow

in
g

d
efi

n
it

io
n

ex
te

n
d
s

th
is

ob
se

rv
at

io
n

to
te

n
so

r
p
ro

d
u
ct

ke
rn

el
s

on
p
ro

d
u
ct

sp
ac

es
.

D
e
fi

n
it

io
n

1
(F

-i
sp

d
te

n
so

r
p

ro
d

u
c
t

k
e
rn

e
l)

S
u

p
po

se
k
m

:
X
m
×
X
m
→

R
is

a
bo

u
n

d
ed

ke
rn

el
o
n

a
to

po
lo

gi
ca

l
sp

a
ce

(X
m
,τ

X
m

)
,
m
∈

[M
].

L
et

F
⊆

M
b
(X

)
be

su
ch

th
a
t

0
∈
F

w
h
er

e
X

:=
×
M m

=
1
X
m

.
k

:=
⊗
M m

=
1
k
m

is
sa

id
to

be
F

-i
sp

d
if

µ
k
(F

)
=

0
⇒

F
=

0
(F
∈
F

),
o
r

eq
u

iv
a
le

n
tl

y

‖µ
k
(F

)‖
2 H
k

=

∫ ×
M m

=
1
X
m

∫ ×
M m

=
1
X
m

( ⊗
M m

=
1
k
m

)(
x
,x
′)

d
F(
x

)
d
F(
x
′ )
>

0
,
∀F
∈
F
\{

0
}.

(5
)

S
pe

ci
fi

ca
ll

y,

•
if
k
m

-s
a
re
c 0

-k
er

n
el

s
o
n

lo
ca

ll
y

co
m

pa
ct

P
o
li

sh
(L

C
P

)
5

sp
a
ce

s
X
m

-s
a
n

d
F

=
M
b
(X

),
th

en
k

is
ca

ll
ed
c 0

-u
n

iv
er

sa
l.

•
if F

=
[M

b
(X

)]
0

:=
{F
∈
M
b
(X

)
:
F(

X
)

=
0}
,

F
=
[ ⊗

M m
=

1
M
b
(X

m
)]

0
:=
{ F
∈
⊗
M m

=
1
M
b
(X

m
)
,F

(X
)

=
0}
,

F
=
I

:=
{ P
−
⊗
M m

=
1
P m

:
P
∈
M

+ 1

( ×
M m

=
1
X
m

)}
,

(M
≥

2
)

F
=
⊗
M m

=
1
M

0 b
(X

m
)

:=
{ F

=
⊗
M m

=
1
F m

:
F m
∈
M
b
(X

m
)
,
F m

(X
m

)
=

0,
∀m
∈

[M
]}
,

th
en
k

is
ca

ll
ed

ch
ar

ac
te

ri
st

ic
,
⊗

-c
h
ar

ac
te

ri
st

ic
,
I-

ch
ar

ac
te

ri
st

ic
a
n

d
⊗

0
-c

h
a
ra

ct
er

is
ti

c,
re

sp
ec

ti
ve

ly
.

5
.

A
to

p
o
lo

g
ic

a
l

sp
a
ce

is
ca

ll
ed

P
o
li

sh
if

it
is

co
m

p
le

te
,

se
p
a
ra

b
le

a
n

d
m

et
ri

za
b

le
.

F
o
r

ex
a
m

p
le

,
R
d

a
n

d
co

u
n
ta

b
le

d
is

cr
et

e
sp

a
ce

s
a
re

P
o
li

sh
.

O
p

en
a
n

d
cl

o
se

d
su

b
se

ts
,

p
ro

d
u

ct
s

a
n

d
d

is
jo

in
t

u
n

io
n

s
o
f

co
u

n
ta

b
ly

m
a
n
y

P
o
li

sh
sp

a
ce

s
a
re

P
o
li

sh
.

E
v
er

y
se

co
n

d
-c

o
u

n
ta

b
le

L
C

H
sp

a
ce

is
P

o
li

sh
.
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C
h
a
r
a
c
t
e
r
ist

ic
a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

In
D

efi
n
itio

n
1
,
k

b
ein

g
ch

aracteristic
m

atch
es

th
e

u
su

al
n
otion

of
ch

aracteristic
k
ern

els
o
n

a
p
ro

d
u
ct

sp
ace,

i.e.,
th

ere
are

n
o

tw
o

d
istin

ct
p
rob

ab
ility

m
ea

su
res

on
X

=
×
Mm

=
1 X

m

su
ch

th
a
t

th
e

M
M

D
b

etw
een

th
em

is
zero.

T
h
e

oth
er

n
otion

s
su

ch
as
⊗

-ch
ara

cteristic,
I

-ch
a
ra

cteristic
an

d
⊗

0 -ch
aracteristic

are
ty

p
ically

w
eaker

th
an

th
e

u
su

a
l

ch
aracteristic

p
ro

p
erty

sin
ce

⊗
Mm

=
1 M

0b (X
m

)
⊆
[⊗

Mm
=

1 M
b (X

m
) ]

0
⊆
[M

b (×
Mm

=
1 X

m )]
0
⊆

M
b (×

Mm
=

1 X
m )

I ⊆

.
(6)

B
elow

w
e

p
rov

id
e

fu
rth

er
in

tu
ition

on
th

e
F

m
easu

re
classes

en
listed

in
D

efi
n
ition

1.

R
e
m

a
rk

2
(i)

F
=

M
b (X

)
:

If
k
m

-s
a
re
c

0 -kern
els

o
n

L
C

H
spa

ces
X
m

fo
r

a
ll
m
∈

[M
],

th
en

k
is

a
lso

a
c

0 -kern
el

o
n

L
C

H
spa

ce
X

im
p
lyin

g
th

a
t

if
k

sa
tisfi

es
(5),

th
en

k
is
c

0 -
u

n
iversa

l
(S

riperu
m

bu
d
u

r
et

a
l.,

2
0
1
0
,

P
ro

po
sitio

n
2
).

It
is

w
ell

kn
o
w

n
(S

riperu
m

bu
d
u

r
et

a
l.,

2
0
1
0
)

th
a
t
c

0 -u
n

iversa
lity

red
u

ces
to
c-u

n
iversa

lity
(i.e.,

th
e

n
o
tio

n
o
f

u
n

iversa
lity

p
ro

po
sed

by
S

tein
w

a
rt,

2
0
0
1
)

if
X

is
co

m
pa

ct
w

h
ich

is
gu

a
ra

n
teed

if
a
n

d
o
n

ly
if

ea
ch

X
m
,
m
∈

[M
]

is
co

m
pa

ct.

(ii)
F

=
I

:
T

h
is

fa
m

ily
is

u
sefu

l
to

d
escribe

th
e

jo
in

t
in

d
ep

en
d
en

ce
o
f
M

ra
n

d
o
m

va
ria

bles—
h
en

ce
th

e
n

a
m

e
I

-ch
a
ra

cteristic—
d
efi

n
ed

o
n

kern
el-en

d
o
w

ed
d
o
m

a
in

s
(X

m
)
Mm

=
1 :

If
P

d
en

o
tes

th
e

jo
in

t
d
istribu

tio
n

o
f

ra
n

d
o
m

va
ria

bles
(X

m
)
Mm

=
1

a
n

d
(P
m

)
Mm

=
1

a
re

th
e

a
sso

-
cia

ted
m

a
rgin

a
ls

o
n

(X
m

)
Mm

=
1 ,

th
en

by
d
efi

n
itio

n
k

=
⊗
Mm

=
1 k
m

isI
-ch

a
ra

cteristic
iff

H
S
IC

k (P
)

=
0
⇐
⇒

P
=
⊗
Mm

=
1 P

m
.

In
o
th

er
w

o
rd

s,
H

S
IC

ca
p
tu

res
jo

in
t

in
d
epen

d
en

ce
exa

ctly
w

ith
I

-ch
a
ra

cteristic
kern

els.
S

im
ila

rly,
th

e
I

-ch
a
ra

cteristic
p
ro

perty
en

su
res

th
a

t
C

O
C

O
(co

n
stra

in
ed

co
va

ria
n

ce;
G

retto
n

et
a
l.,

2
0
0
5
b)

is
a

jo
in

t
in

d
epen

d
en

ce
m

ea
su

re
a
s

C
O

C
O

is
d
efi

n
ed

by
rep

la
cin

g
th

e
H

ilbert-S
ch

m
id

t
n

o
rm

o
f

th
e

cro
ss-co

va
ria

n
ce

o
pera

to
r

(see
(3)

a
n

d
(4))

w
ith

its
spectra

l
n

o
rm

.

(iii)
F

=
⊗
Mm

=
1
M

0b (X
m

)
:

In
th

is
ca

se
F

is
ch

o
sen

to
be

th
e

p
rod

u
ct

o
f

fi
n

ite
sign

ed
m

ea
su

res
o
n

X
su

ch
th

a
t

ea
ch

m
a
rgin

a
l

m
ea

su
re

F
m

a
ssign

s
zero

to
th

e
co

rrespo
n

d
-

in
g

spa
ce

X
m

.
T

h
is

ch
o
ice

is
releva

n
t

a
s

th
e

ch
a
ra

cteristic
p
ro

perty
o
f

in
d
ivid

u
a
l

ker-
n

els
(k
m

)
Mm

=
1

n
eed

n
ot

im
p
ly

th
e

ch
a
ra

cteristic
p
ro

perty
o
f
⊗
Mm

=
1 k
m

,
bu

t
is

equ
iva

-
len

t
to

th
e
⊗

0 -ch
a
ra

cteristic
p
ro

perty
o
f⊗

Mm
=

1 k
m

.
T

h
e

equ
iva

len
ce

h
o
ld

s
fo

r
bo

u
n

d
ed

kern
els

k
m

:
X
m
×

X
m
→

R
o
n

to
po

logica
l

spa
ces

X
m

(m
∈

[M
])

sin
ce

fo
r

a
n

y
F

=
⊗
Mm

=
1 F

m
∈
⊗
Mm

=
1 M

b
(X

m
),F

m
(X

m
)

=
0

(∀
m
∈

[M
])

‖
µ
k (F

)‖
2H
⊗
Mm

=
1
k
m

=
M∏m
=

1 ‖
µ
k
m

(F
m

)‖
2H
k
m
,

(7)

a
n

d
th

e
l.h

.s.
is

po
sitive

iff
ea

ch
term

o
n

th
e

r.h
.s.

is
po

sitive.

(iv)
F

=
[⊗

Mm
=
1
M
b (X

m
) ]

0
:

T
h
is

cla
ss

is
sim

ila
r

to
th

e
o
n

e
d
iscu

ssed
in

(iii)
a
bo

ve—
i.e.,

cla
ss

o
f

p
rod

u
ct

m
ea

su
res—

w
ith

th
e

sligh
t

d
iff

eren
ce

th
a
t

th
e

jo
in

t
m

ea
su

re
F

is
restricted

to
a
ssign

zero
m

ea
su

re
to

X
w

ith
o
u

t
requ

irin
g

a
ll

th
e

m
a
rgin

a
l

m
ea

su
res

F
m
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

c
0 -u

n
iv

.

ch
aracteristic

I
-ch

ar.
⊗

-ch
ar.

⊗
0 -ch

ar.

(a)

E
x
a
m

p
le

1

M
b (X

)

[M
b (X

)] 0

I
⊗
m
M

0b (X
m

)

[⊗
m
M
b (X

m
)] 0(b

)

F
igu

re
2:

(a)
F

-isp
d
⊗
Mm

=
1 k
m

kern
els

(see
(8));

(b
)
F
⊆

M
b (X

),
X

=
×
Mm

=
1 X

m
.

E
x
am

-
p
le

1:
⊗
Mm

=
1 k
m

is
⊗

0 -ch
aracteristic

b
u
t

n
ot
⊗

-ch
aracteristic

an
d

th
erefore

n
ot

ch
aracteristic.

to
a
ssign

zero
m

ea
su

re
to

th
e

co
rrespo

n
d
in

g
spa

ce
X
m

.
W

h
ile

th
e

n
eed

fo
r

co
n

sid
erin

g
su

ch
a

m
ea

su
re

cla
ss

m
a
y

n
o
t

be
clea

r
a
t

th
is

ju
n

ctu
re,

h
o
w

ever,
ba

sed
o
n

(7),
it

tu
rn

s
o
u

t
th

a
t

th
is

ch
o
ice

o
f
F

h
a
s

qu
ite

su
rp

risin
g

co
n

n
ectio

n
s

to
th

e
ch

a
ra

cteristic
p
ro

perty
a
n

d
c

0 -u
n

iversa
lity

o
f

th
e

p
rod

u
ct

kern
el;

fo
r

d
eta

ils
see

R
em

a
rk

7
.

(v)
F
-isp

d
re
la
tio

n
s:

G
iven

th
e

rela
tio

n
s

in
(6),

it
im

m
ed

ia
tely

fo
llo

w
s

th
a
t
k

=
⊗
Mm

=
1 k
m

sa
tisfi

es

⊗
0 -ch

a
ra

cteristic
⊗

-ch
a
ra

cteristic
⇐

=
ch

a
ra

cteristic
⇐

=

⇐

c
0 -u

n
iversa

l
⇐

=

I
-ch

a
ra

cteristic

(8)

w
h
en

X
m

fo
r

a
ll
m
∈

[M
]

a
re

L
C

P
.

A
visu

a
l

illu
stra

tio
n

o
f

(6)
a
n

d
(8)

is
p
ro

vid
ed

in
F

igu
re

2
.

(vi)
[⊗

Mm
=
1
M
b (X

m
) ]

0∩I
=
{
0}

:
W

h
ile

it
is

clea
r

th
a
t [⊗

Mm
=

1 M
b (X

m
) ]

0
a
n

d
I

a
re

su
bsets

o
f [M

b (×
Mm

=
1 X

m
) ]

0,
it

is
in

terestin
g

to
n

o
te

th
a
t [⊗

Mm
=

1 M
b (X

m
) ]

0
a
n

d
I

h
a
ve

a
trivia

l
in

tersectio
n

w
ith

0
bein

g
th

e
m

ea
su

re
co

m
m

o
n

to
ea

ch
o
f

th
em

,
a
ssu

m
in

g
th

a
t
X
m

-s
a
re

seco
n

d
-co

u
n

ta
ble

fo
r

a
ll
m
∈

[M
];

see
S

ectio
n

5
.1

.

H
av

in
g

d
efi

n
ed

th
e
F

-isp
d

p
rop

erty,
ou

r
g
o
a
l

is
to

in
vestigate

w
h
eth

er
th

e
ch

a
racteristic

or
c

0 -u
n
iversal

p
rop

erty
of
k
m

-s
(m
∈

[M
])

im
p
ly

d
iff

eren
t
F

-isp
d

p
rop

erties
of⊗

Mm
=

1 k
m

,
an

d
v
ice

v
ersa.

4
.

M
a
in

R
e
su

lts

In
th

is
section

,
w

e
p
resen

t
ou

r
m

ain
resu

lts
related

to
th

e
F

-isp
d

p
rop

erty
of

ten
sor

p
ro

d
u
ct

kern
els,

w
h
ich

are
su

m
m

arized
in

F
igu

re
1.

T
h
e

resu
lts

in
th

is
section

w
ill

d
eal

w
ith

vari-
ou

s
assu

m
p
tion

s
o
n
X
m

,
su

ch
as

seco
n
d
-cou

n
tab

ility,
H

au
sd

orff
,

lo
cally

com
p
act

H
au

sd
orff
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C
h
a
r
a
c
t
e
r
is

t
ic

a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

(L
C

H
)

an
d

lo
ca

ll
y

co
m

p
ac

t
P

ol
is

h
(L

C
P

),
so

th
at

th
ey

ar
e

p
re

se
n
te

d
in

m
or

e
ge

n
er

al
it

y.
H

ow
ev

er
,

fo
r

si
m

p
li
ci

ty
,

al
l

th
es

e
as

su
m

p
ti

o
n
s

ca
n

b
e

u
n
ifi

ed
b
y

si
m

p
ly

as
su

m
in

g
a

st
ro

n
ge

r
co

n
d
it

io
n

th
at

X
m

’s
ar

e
L

C
P

.
O

u
r

fi
rs

t
ex

am
p
le

il
lu

st
ra

te
s

th
at

th
e

ch
ar

ac
te

ri
st

ic
p
ro

p
er

ty
of
k
m

-s
d
o
es

n
ot

im
p
ly

th
e

ch
ar

ac
te

ri
st

ic
p
ro

p
er

ty
of

th
e

te
n
so

r
p
ro

d
u
ct

k
er

n
el

.
In

li
gh

t
of

R
em

ar
k

2(
iv

)
of

S
ec

ti
on

3,
it

fo
ll
ow

s
th

at
th

e
cl

as
s

of
⊗

0
-c

h
ar

ac
te

ri
st

ic
te

n
so

r
p
ro

d
u
ct

ke
rn

el
s

fo
rm

a
st

ri
ct

ly
la

rg
er

cl
as

s
th

an
ch

ar
ac

te
ri

st
ic

te
n
so

r
p
ro

d
u
ct

ke
rn

el
s;

se
e

al
so

F
ig

u
re

2.

E
x
a
m

p
le

1
L

et
X

1
=

X
2

=
{1
,2
},
τ X

1
=
τ X

2
=

P
({

1,
2}

),
k

1
(x
,x
′ )

=
k

2
(x
,x
′ )

=
2δ
x
,x
′
−

1.
It

is
ea

sy
to

ve
ri

fy
th

a
t
k

1
a
n

d
k

2
a
re

ch
a
ra

ct
er

is
ti

c.
H

o
w

ev
er

,
it

ca
n

be
p
ro

ve
d

th
a
t
k

1
⊗
k

2

is
n
ot
⊗

-c
h
a
ra

ct
er

is
ti

c
a
n

d
th

er
ef

o
re

n
o
t

ch
a
ra

ct
er

is
ti

c.
O

n
th

e
h
a
n

d
,

in
te

re
st

in
gl

y,
k

1
⊗
k

2

is
I-

ch
a
ra

ct
er

is
ti

c.
W

e
re

fe
r

th
e

re
a
d
er

to
S

ec
ti

o
n

5
.2

fo
r

d
et

a
il

s.

In
th

e
ab

ov
e

ex
am

p
le

,
w

e
sh

ow
ed

th
at

th
e

te
n
so

r
p
ro

d
u
ct

of
k

1
an

d
k

2
(w

h
ic

h
ar

e
ch

ar
ac

te
ri

st
ic

ke
rn

el
s)

is
I-

ch
ar

ac
te

ri
st

ic
.

T
h
e

fo
ll
ow

in
g

re
su

lt
ge

n
er

a
li
ze

s
th

is
b

eh
av

io
r

fo
r

an
y

b
ou

n
d
ed

ch
ar

ac
te

ri
st

ic
k
er

n
el

s.
In

ad
d
it

io
n
,

u
n
d
er

a
m

il
d

as
su

m
p
ti

on
,

it
sh

ow
s

th
e

co
n
ve

rs
e

to
b

e
tr

u
e

fo
r

an
y
M

.

T
h

e
o
re

m
3

L
et
k
m

:
X
m
×

X
m
→

R
be

bo
u

n
d
ed

ke
rn

el
s

o
n

to
po

lo
gi

ca
l

sp
a
ce

s
X
m

fo
r

a
ll

m
∈

[M
],
M
≥

2
.

T
h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s.

(i
)

S
u

p
po

se
X
m

is
se

co
n

d
-c

o
u

n
ta

bl
e

fo
r

a
ll
m
∈

[M
]

w
it

h
M

=
2
.

If
k

1
a
n

d
k

2
a
re

ch
a
ra

ct
er

is
ti

c,
th

en
k

1
⊗
k

2
is
I-

ch
a
ra

ct
er

is
ti

c.

(i
i)

S
u

p
po

se
X
m

is
H

a
u

sd
o
rff

a
n

d
|X
m
|≥

2
fo

r
a
ll
m
∈

[M
].

If
⊗
M m

=
1
k
m

is
I-

ch
a
ra

ct
er

is
ti

c,
th

en
k

1
,.
..
,k
M

a
re

ch
a
ra

ct
er

is
ti

c.

L
yo

n
s

(2
01

3)
h
as

sh
ow

ed
an

an
al

og
ou

s
re

su
lt

to
T

h
eo

re
m

3(
i)

fo
r

d
is

ta
n
ce

co
va

ri
an

ce
s

(M
=

2)
on

m
et

ri
c

sp
ac

es
of

n
eg

at
iv

e
ty

p
e

(L
yo

n
s,

20
13

,
T

h
eo

re
m

3.
11

),
w

h
ic

h
b
y

S
ej

d
in

ov
ic

et
al

.
(2

01
3b

,
P

ro
p

os
it

io
n

29
)

h
ol

d
s

fo
r

H
S
IC

y
ie

ld
in

g
th

e
I-

ch
ar

ac
te

ri
st

ic
p
ro

p
er

ty
o
f
k

1
⊗
k

2
.

R
ec

en
tl

y,
G

re
tt

on
(2

01
5)

p
re

se
n
te

d
a

d
ir

ec
t

p
ro

of
sh

ow
in

g
th

a
t

H
S
IC

co
rr

es
p

on
d
in

g
to

k
1
⊗
k

2
ca

p
tu

re
s

in
d
ep

en
d
en

ce
if
k

1
an

d
k

2
ar

e
tr

an
sl

at
io

n
in

va
ri

an
t

ch
ar

ac
te

ri
st

ic
k
er

n
el

s
on

R
d

(w
h
ic

h
is

eq
u
iv

al
en

t
to

c 0
-u

n
iv

er
sa

li
ty

).
B

la
n
ch

ar
d

et
al

.
(2

01
1)

p
ro

ve
d

a
re

su
lt

si
m

il
ar

to
T

h
eo

re
m

3(
i)

as
su

m
in

g
th

at
X
m

’s
ar

e
co

m
p
ac

t
an

d
k

1
,
k

2
b

ei
n
g
c-

u
n
iv

er
sa

l.
In

co
n
tr

as
t,

T
h
eo

re
m

3(
i)

es
ta

b
li
sh

es
th

e
re

su
lt

fo
r

b
ou

n
d
ed

ke
rn

el
s

on
ge

n
er

al
se

co
n
d
-

co
u
n
ta

b
le

to
p

ol
og

ic
al

sp
ac

es
.

In
fa

ct
,

th
e

re
su

lt
s

of
G

re
tt

on
(2

01
5)

;
B

la
n
ch

ar
d

et
al

.
(2

01
1)

ar
e

sp
ec

ia
l

ca
se

s
of

T
h
eo

re
m

s
4

an
d

5
b

el
ow

.
T

h
eo

re
m

3(
i)

ra
is

es
a

p
er

ti
n
en

t
q
u
es

ti
on

:
w

h
et

h
er
⊗
M m

=
1
k
m

is
I-

ch
ar

ac
te

ri
st

ic
if
k
m

-s
ar

e
ch

ar
ac

te
ri

st
ic

fo
r

al
l
m
∈

[M
]

w
h
er

e
M

>
2?

T
h
e

fo
ll
ow

in
g

ex
am

p
le

p
ro

v
id

es
a

n
eg

at
iv

e
an

sw
er

to
th

is
q
u
es

ti
on

.
O

n
a

p
os

it
iv

e
si

d
e,

h
ow

ev
er

,
w

e
w

il
l

se
e

in
T

h
eo

re
m

5
th

at
th

e
I-

ch
a
ra

ct
er

is
ti

c
p
ro

p
er

ty
of
⊗
M m

=
1
k
m

ca
n

b
e

gu
ar

an
te

ed
fo

r
an

y
M
≥

2
if

a
st

ro
n
ge

r
co

n
d
it

io
n

is
im

p
os

ed
on

k
m

-s
(a

n
d
X
m

-s
).

T
h
eo

re
m

3(
ii
)

ge
n
er

al
iz

es
P

ro
p

os
it

io
n

3.
15

of
L

y
on

s
(2

01
3)

fo
r

an
y
M

>
2,

w
h
ic

h
st

at
es

th
at

ev
er

y
k
er

n
el
k
m
,
m
∈

[M
]

b
ei

n
g

ch
ar

ac
te

ri
st

ic
is

n
ec

es
sa

ry
fo

r
th

e
te

n
so

r
ke

rn
el
⊗
M m

=
1
k
m

to
b

e
I-

ch
ar

ac
te

ri
st

ic
.

E
x
a
m

p
le

2
L

et
M

=
3

a
n

d
X
m

:=
{1
,2
},
τ X

m
=

P
(X

m
),
k
m

(x
,x
′ )

=
2δ
x
,x
′
−

1
(m

=
1
,2
,3

).
A

s
m

en
ti

o
n

ed
in

E
xa

m
p
le

1
,

(k
m

)3 m
=

1
a
re

ch
a
ra

ct
er

is
ti

c.
H

o
w

ev
er

,
it

ca
n

be
sh

o
w

n
th

a
t
⊗

3 m
=

1
k
m

is
n

o
t
I-

ch
a
ra

ct
er

is
ti

c.
S

ee
S

ec
ti

o
n

5
.4

fo
r

d
et

a
il

s.

9
JM

L
R

 1
8(

23
3)

:1
-2

9,
 2

01
8

S
z
a
b
ó
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iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

⊗
-ch

a
r.

=
ch

aracteristic

=
c

0 -u
n
iversal

I
-ch

ar.
⊗

0 -ch
ar.

F
ig

u
re

3:
S
im

p
lifi

cation
of

th
e
F

-isp
d

p
rop

erty
of

ten
sor

p
ro

d
u
ct

kern
els;

see
R

em
ark

7.

w
h
ich

is
strictly

po
sitive

d
efi

n
ite

(m
=

2,3).
H

o
w

ever,⊗
3m

=
1 k
m

is
n
otI

-ch
a
ra

cteristic.
S

ee
S

ectio
n

5
.7

fo
r

d
eta

ils.

R
e
m

a
rk

7
N

o
te

th
a
t

th
e

l.h
.s.

in
(7)

is
po

sitive
if

a
n

d
o
n

ly
if

ea
ch

term
o
n

th
e

r.h
.s.

is
po

sitive,
i.e.,

if
k

=
⊗
Mm

=
1 k
m

is
⊗

-ch
a
ra

cteristic
w

ith
k
m

-s
bein

g
c

0 -kern
els

o
n

L
C

P
X
m

-s,
th

en
a
ll
k
m

-s
a
re
c

0 -u
n

iversa
l.

A
sim

ila
r

resu
lt

w
a
s

a
lso

p
ro

ved
by

S
tein

w
a
rt

a
n

d
Z

iegel
(2

0
1
7
,

L
em

m
a

3
.4

).
C

o
m

bin
in

g
th

is
w

ith
T

h
eo

rem
5

yield
s

th
a
t

fo
r

ten
so

r
p
rod

u
ct
c

0 -
kern

els,
th

e
n

o
tio

n
s

o
f⊗

-ch
a
ra

cteristic,
ch

a
ra

cteristic
a
n

d
c

0 -u
n

iversa
lity

a
re

equ
iva

len
t,

w
h
ich

is
qu

ite
su

rp
risin

g
a
s

fo
r

a
jo

in
t

kern
el
k

(th
a
t

is
n

o
t

o
f

p
rod

u
ct

type),
th

ese
n

o
tio

n
s

n
eed

n
o
t

n
ecessa

rily
co

in
cid

e.
In

ligh
t

o
f

th
is

d
iscu

ssio
n

,
F

igu
re

2
(a

)
ca

n
be

sim
p
lifi

ed
to

F
igu

re
3
.

5
.

P
ro

o
fs

In
th

is
sectio

n
,

w
e

p
rov

id
e

th
e

p
ro

ofs
of

ou
r

resu
lts

p
resen

ted
in

S
ection

4.

5
.1

P
ro

o
f

o
f

R
e
m

a
rk

2
(iv

)

B
y

th
e

seco
n
d
-cou

n
tab

ility
of

X
m

-s,
B
(×

Mm
=

1 X
m )

=
⊗
Mm

=
1 B

(X
m

),
w

h
ere

th
e

r.h
.s.

is
d
efi

n
ed

a
s

th
e
σ

-fi
eld

gen
erated

b
y

th
e

cy
lin

d
er

sets
A
m
×
n6=

m
X
n

w
h
ere

m
∈

[M
]

an
d
A
m
∈

B
(X

m
).

S
u
p
p

o
se

th
ere

ex
ists

F
∈
[⊗

Mm
=

1 M
b (X

m
) ]

0∩
I

su
ch

th
at

F
6=

0.
T

h
is

m
ean

s
th

ere
ex

ists
P
∈

M
+1

(×
Mm

=
1 X

m )
w

ith
(P
m

)
Mm

=
1

b
ein

g
th

e
m

argin
als

of
P

su
ch

th
at

F
=

⊗
Mm

=
1 F

m
=

P
−
⊗
Mm

=
1 P

m
.

S
in

ce
F
6=

0
th

ere
ex

ists
A
m
×
n6=

m
X
n

for
so

m
e
m
∈

[M
]

an
d

A
m
∈
B

(X
m

)
su

ch
th

at
0
6=

F
(A

m
×
n6=

m
X
n
)

=
F
m

(A
m

) ∏
n6=

m
F
n
(X

n
)

=
P

(A
m
×
n6=

m
X
n
)−

P
m

(A
m

) ∏
n6=

m
P
n
(X

n
)

=
P
m

(A
m

)−
P
m

(A
m

)
=

0,
lead

in
g

to
a

con
trad

ictio
n
.

5
.2

P
ro

o
f

o
f

E
x
a
m

p
le

1

T
h
e

p
ro

o
f

is
stru

ctu
red

as
follow

s.

1
.

F
irst

w
e

sh
ow

th
at
k

:=
k

1
=
k

2
is

a
kern

el
an

d
it

is
ch

aracteristic.
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

2.
N

ex
t

it
is

p
rov

ed
th

at
k

1 ⊗
k

2
is

n
ot
⊗

-ch
aracteristic,

w
h
ich

im
p
lies

k
1 ⊗

k
2

is
n
ot

ch
aracteristic.

3.
F

in
ally,

th
e
I

-ch
aracteristic

p
rop

erty
of
k

1 ⊗
k

2
is

estab
lish

ed
.

T
h
e

in
d
iv

id
u
al

step
s

are
as

follow
s:

k
is

a
k
e
rn

e
l.

A
ssu

m
e

w
.l.o.g.

th
at
x

1
=
...

=
x
N

=
1,
x
N

+
1

=
...

=
x
n

=
2.

T
h
en

it
is

easy
to

verify
th

at
th

e
G

ram
m

atrix
G

=
[k

(x
i ,x

j )] ni,j=
1

=
a
a >

w
h
ere

a
:=
(1
>N
,−

1
>n−

N )>

an
d

a >
is

th
e

tran
sp

ose
of

a
.

C
learly

G
is

p
ositive

sem
id

efi
n
ite

an
d

so
k

is
a

kern
el.

k
is

ch
a
ra

c
te

ristic
.

W
e

w
ill

sh
ow

th
at

k
satisfi

es
(5).

O
n

X
=
{
1
,2}

a
fi
n
ite

sign
ed

m
easu

re
F

takes
th

e
form

F
=
a

1 δ
1

+
a

2 δ
2

for
som

e
a

1 ,a
2 ∈

R
.

T
h
u
s,

F
∈
M
b (X

)\{0}
⇔

(a
1 ,a

2 )6=
0

an
d

F
(X

)
=

0
⇔
a

1
+
a

2
=

0.
(9)

C
on

sid
er

∫

X ∫

X

k
(x
,x
′)

dF
(x

)
dF

(x
′)

=
a

21 k
(1,1)

+
a

22 k
(2,2)

+
2
a

1 a
2 k

(1,2)

=
a

21
+
a

22 −
2
a

1 a
2

=
(a

1 −
a

2 )
2

=
4a

21
>

0,
(10)

w
h
ere

w
e

u
sed

(9)
an

d
th

e
facts

th
at
k
(1,1)

=
k
(2,2)

=
1,
k
(1,2)

=
−

1.

k
1 ⊗

k
2

is
n

o
t
⊗

-ch
a
ra

c
te

ristic
.

W
e

con
stru

ct
a

w
itn

ess
F

=
F

1 ⊗
F

2 ∈
⊗

2m
=

1 M
b (X

m
)\{0}

su
ch

th
at

F
(X

1 ×
X

2 )
=

F
1 (X

1 )F
2 (X

2 )
=

0,
(11)

an
d

0
=

∫

X
1 ×

X
2 ∫

X
1 ×

X
2

(k
1 ⊗

k
2 )((i1 ,i2 ),(i ′1 ,i ′2 ))

︸
︷︷

︸
k
1
(i1
,i ′1

)k
2
(i2
,i ′2

)

dF
(i1 ,i2 )

dF
(i ′1 ,i ′2 )

=
2
∏m

=
1 ∫

X
m

∫

X
m

k
m

(im
,i ′m

)
dF

m
(im

)
dF

m
(i ′m

).
(12)

F
in

ite
sign

ed
m

easu
res

on
{
1,2}

take
th

e
form

F
1

=
F

1 (a
)

=
a

1 δ
1

+
a

2 δ
2 ,

F
2

=
F

2 (b
)

=
b
1 δ

1
+
b
2 δ

2
form

,
w

h
ere

a
=

(a
1 ,a

2 )∈
R

2,b
=

(b
1 ,b

2 )∈
R

2.
W

ith
th

ese
n
otation

s,
(11)

an
d

(12)
can

b
e

rew
ritten

as

0
=

(a
1

+
a

2 )(b
1

+
b
2 ),

0
=


2
∑i,i ′=

1

k
1 (i,i ′)a

i a
i ′ 


2
∑j,j ′=

1

k
2 (j,j ′)b

j b
j ′ 

=
(a

1 −
a

2 )
2(b

1 −
b
2 )

2.

K
eep

in
g

th
e

solu
tion

s
w

h
ere

n
eith

er
a

n
or

b
is

th
e

zero
vector,

th
ere

are
2

(sy
m

m
etric)

p
ossib

ilities:
(i)

a
1

+
a

2
=

0,
b
1

=
b
2

an
d

(ii)
a

1
=
a

2 ,
b
1

+
b
2

=
0.

In
oth

er
w

o
rd

s,
fo

r
an

y
a
,b6=

0,
th

e
p

ossib
ilities

are
(i)

a
=

(a
,−
a
),

b
=

(b,b)
an

d
(ii)

a
=

(a
,a

),
b

=
(b,−

b).
T

h
is

estab
lish

es
th

e
n
on

- [⊗
2m

=
1 M

b (X
m

) ]
0-isp

d
p
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k

1 ⊗
k
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r
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U
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l
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e
n
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r
P

r
o
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u
c
t

K
e
r
n
e
l
s

k
1
⊗
k

2
is
I-

ch
a
ra

c
te

ri
st
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.

O
u
r

g
oa

l
is

to
sh

ow
th

a
t
k

1
⊗
k

2
is
I-

ch
ar

ac
te

ri
st

ic
,

i.
e.

,
fo

r
an

y
P
∈
M

+ 1
(X

1
×
X

2
),
µ
k
1
⊗
k
2
(F

)
=

0
im

p
li
es

F
=

0,
w

h
er

e
F

=
P
−
P 1
⊗
P 2

.
W

e
d
iv

id
e

th
e

p
ro

of
in

to
tw

o
p
ar

ts
:

1.
F

ir
st

w
e

d
er

iv
e

th
e

eq
u
at

io
n
s

o
f

F(
X

1
×

X
2
)

=
0

an
d

∫
∫ (X

1
×
X
2
)2

(k
1
⊗
k

2
)

((
i,
j)
,(
r,
s)

)
d
F(
i,
j)

d
F(
r,
s)

=
0

(1
3)

fo
r

ge
n
er

al
fi
n
it

e
si

gn
ed

m
ea

su
re

s
F

=
∑

2 i,
j=

1
a
ij
δ (
i,
j)

on
X

1
×

X
2
.

2.
T

h
en

,
w

e
ap

p
ly

th
e
F

=
P
−
P 1
⊗
P 2

p
ar

am
et

er
iz

at
io

n
an

d
so

lv
e

fo
r
P

th
at

sa
ti

sfi
es

(1
3)

to
co

n
cl

u
d
e

th
at

P
=

P 1
⊗
P 2

,
i.
e.

,
F

=
0.

N
ot

e
th

at
in

th
e

ch
os

en
p
ar

am
et

ri
za

ti
on

fo
r

F,
F(

X
1
×

X
2
)

=
0

h
ol

d
s

au
to

m
at

ic
al

ly
.

T
h
e

d
et

ai
ls

ar
e

as
fo

ll
ow

s.

S
te

p
1

.

0
=

F(
X

1
×

X
2
)
⇔

0
=
a

1
1

+
a

1
2

+
a

2
1

+
a

2
2
,

(1
4)

0
=

∫ X
1
×
X
2

∫ X
1
×
X
2

(k
1
⊗
k

2
)

((
i,
j)
,(
r,
s)

)
︸

︷︷
︸

k
1
(i
,r

)k
2
(j
,s

)

d
F(
i,
j)

d
F

(r
,s

)

=
2 ∑ i,
j=

1

2 ∑ r,
s=

1

k
1
(i
,r

)k
2
(j
,s

)a
ij
a
r
s

=
2 ∑ i,
r
=

1

k
1
(i
,r

)
2 ∑ j,
s=

1

k
2
(j
,s

)a
ij
a
r
s

=
k

1
(1
,1

)
[k

2
(1
,1

)a
1
1
a

1
1

+
k

2
(1
,2

)a
1
1
a

1
2

+
k

2
(2
,1

)a
1
2
a

1
1

+
k

2
(2
,2

)a
1
2
a

1
2
]

+
k

1
(1
,2

)
[k

2
(1
,1

)a
1
1
a

2
1

+
k

2
(1
,2

)a
1
1
a

2
2

+
k

2
(2
,1

)a
1
2
a

2
1

+
k

2
(2
,2

)a
1
2
a

2
2
]

+
k

1
(2
,1

)
[k

2
(1
,1

)a
2
1
a

1
1

+
k

2
(1
,2

)a
2
1
a

1
2

+
k

2
(2
,1

)a
2
2
a

1
1

+
k

2
(2
,2

)a
2
2
a

1
2
]

+
k

1
(2
,2

)
[k

2
(1
,1

)a
2
1
a

2
1

+
k

2
(1
,2

)a
2
1
a

2
2

+
k

2
(2
,1

)a
2
2
a

2
1

+
k

2
(2
,2

)a
2
2
a

2
2
]

=
( a

2 1
1
−

2
a

1
1
a

1
2

+
a

2 1
2

)
︸

︷︷
︸

(a
1
1
−
a
1
2
)2

+
( a

2 2
1
−

2a
2
1
a

2
2

+
a

2 2
2

)
︸

︷︷
︸

(a
2
1
−
a
2
2
)2

−
2

(a
1
1
a

2
1
−
a

1
1
a

2
2
−
a

1
2
a

2
1

+
a

1
2
a

2
2
)

︸
︷︷

︸
(a

1
1
−
a
1
2
)(
a
2
1
−
a
2
2
)

=
(a

1
1
−
a

1
2
−
a

2
1

+
a

2
2
)2
.

(1
5)

S
ol

v
in

g
(1

4)
an

d
(1

5)
y
ie

ld
s a

1
1

+
a

2
2

=
0

an
d

a
1
2

+
a

2
1

=
0.

(1
6)

S
te

p
2

.
A

n
y
P
∈
M

+ 1
(X

1
×

X
2
)

ca
n

b
e

p
ar

am
et

ri
ze

d
as

P
=

2 ∑ i,
j=

1

p
ij
δ (
i,
j)
,

p
ij
≥

0
,
∀(
i,
j)

an
d

2 ∑ i,
j=

1

p
ij

=
1.

(1
7)

L
et

F
=

P
−
P 1
⊗
P 2

=
∑

2 i,
j=

1
a
ij
δ (
i,
j)

;
fo

r
il
lu

st
ra

ti
o
n

se
e

T
a
b
le

1.
It

fo
ll
ow

s
fr

om
st

ep
1

th
at

F
sa

ti
sf

y
in

g
(1

6)
is

eq
u
iv

al
en

t
to

sa
ti

sf
y
in

g
(1

3)
.

T
h
er

ef
or

e,
fo

r
th

e
ch

oi
ce

of
F

:=
P−

P 1
⊗
P 2

,
w

e
ob

ta
in

p
1
1
−

(p
1
1

+
p

1
2
)(
p

1
1

+
p

2
1
)

+
p

2
2
−

(p
2
1

+
p

2
2
)(
p

1
2

+
p

2
2
)

=
0,

(1
8)
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P:
y
\x

1
2

P 2
1

p
1
1

p
2
1

q 1
=
p

1
1

+
p

2
1

2
p

1
2

p
2
2

q 2
=
p

1
2

+
p

2
2

P 1
p

1
=
p

1
1

+
p

1
2

p
2

=
p

2
1

+
p

2
2

⇒

F
:=

P
−

P 1
⊗

P 2
1

2

1
a

1
1

=
p

1
1
−

(p
1
1

+
p

1
2
)(
p

1
1

+
p

2
1
)

a
2
1

=
p

2
1
−

(p
2
1

+
p

2
2
)(
p

1
1

+
p

2
1
)

2
a

1
2

=
p

1
2
−

(p
1
1

+
p

1
2
)(
p

1
2

+
p

2
2
)

a
2
2

=
p

2
2
−

(p
2
1

+
p

2
2
)(
p

1
2

+
p

2
2
)

T
ab

le
1:

J
oi

n
t

(P
),

jo
in

t
m

in
u
s

p
ro

d
u
ct

of
th

e
m

ar
g
in

al
s

(P
−

P 1
⊗

P 2
).

P:
y
\x

1
2

P 2

1
p

1
1

=
a
[1
−

(a
+
b)

]
a
+
b

p
2
1

=
a

q 1
=

a
a
+
b

2
p

1
2

=
b[

1
−

(a
+
b)

]
a
+
b

p
2
2

=
b

q 2
=

b
a
+
b

P 1
p

1
=

1
−

(a
+
b)

p
2

=
a

+
b

T
ab

le
2:

F
am

il
y

of
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

so
lv

in
g

(1
7)

–
(1

9)
.

p
1
2
−

(p
1
1

+
p

1
2
)(
p

1
2

+
p

2
2
)

+
p

2
1
−

(p
2
1

+
p

2
2
)(
p

1
1

+
p

2
1
)

=
0,

(1
9
)

w
h
er

e
(p
ij

) i
,j
∈[

2
]

sa
ti

sf
y

(1
7)

.
S
ol

v
in

g
(1

7)
–(

19
),

w
e

ob
ta

in

p
1
1

=
a
[1
−

(a
+
b)

]

a
+
b

,
p

1
2

=
b[

1
−

(a
+
b)

]

a
+
b

,
p

2
1

=
a

an
d

p
2
2

=
b,

w
it

h
0
≤
a
,b
≤

1,
a

+
b
≤

1
an

d
(a
,b

)
6=

0
.

T
h
e

re
su

lt
in

g
d
is

tr
ib

u
ti

on
fa

m
il
y

w
it

h
it

s
m

ar
gi

n
al

s
is

su
m

m
ar

iz
ed

in
T

ab
le

2.
It

ca
n

b
e

se
en

th
at

ea
ch

m
em

b
er

of
th

is
fa

m
il
y

(a
n
y

a
,
b

in
th

e
co

n
st

ra
in

t
se

t)
fa

ct
or

iz
es

:
P

=
P 1
⊗

P 2
.

In
ot

h
er

w
or

d
s,

F
=

P
−

P 1
⊗

P 2
=

0;
h
en

ce
k

1
⊗
k

2
is
I-

ch
ar

ac
te

ri
st

ic
.

R
e
m

a
rk

.
W

e
w

ou
ld

li
ke

to
m

en
ti

on
th

at
w

h
il
e
k

1
an

d
k

2
ar

e
ch

ar
ac

te
ri

st
ic

,
th

ey
a
re

n
ot

u
n
iv

er
sa

l.
S
in

ce
X

is
fi
n
it

e,
th

e
u
su

al
n
ot

io
n

of
u
n
iv

er
sa

li
ty

(a
ls

o
ca

ll
ed

c-
u
n
iv

er
sa

li
ty

)
m

at
ch

es
w

it
h
c 0

-u
n
iv

er
sa

li
ty

.
T

h
er

ef
or

e,
fr

om
(1

0
),

w
e

h
av

e
∫ X

∫ X
k
(x
,x
′ )

d
F(
x

)
d
F(
x

)
=

(a
1
−
a

2
)2

w
h
er

e
F

=
a

1
δ 1

+
a

2
δ 2

fo
r

so
m

e
a

1
,a

2
∈

R
\{

0
}.

C
le

ar
ly

,
th

e
ch

o
ic

e
o
f
a

1
=
a

2

es
ta

b
li
sh

es
th

at
th

er
e

ex
is

ts
F
∈
M
b
(X

)\
{0
}s

u
ch

th
at
∫ X

∫ X
k
(x
,x
′ )

d
F(
x

)
d
F(
x

)
=

0
.

H
en

ce
k

is
n
ot

u
n
iv

er
sa

l.
N

ot
e

th
at

th
e

co
n
st

ra
in

t
in

(9
),

w
h
ic

h
is

n
ee

d
ed

to
ve

ri
fy

th
e

ch
a
ra

ct
er

is
ti

c
p
ro

p
er

ty
of
k

is
n
ot

n
ee

d
ed

to
v
er

if
y

it
s

u
n
iv

er
sa

li
ty

.
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h
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m
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D
efi

n
e
H
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.
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C
h
a
r
a
c
t
e
r
ist

ic
a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

(i)
S
u
p
p

o
se
k

1
an

d
k

2
are

ch
aracteristic

an
d

th
at

for
som

e
F

=
P
−

P
1 ⊗

P
2 ∈
I

,

H
1 ⊗

H
2 3

∫

X
1 ×

X
2

(k
1 ⊗

k
2 )

(·,x
)

dF
(x

)
=

∫

X
1 ×

X
2

k
1 (·,x

1 )⊗
k

2 (·,x
2 )

dF
(x

)
=

0,
(20)

w
h
ere

x
=

(x
1 ,x

2 ).
W

e
w

an
t

to
sh

ow
th

at
F

=
0.

B
y

th
e

secon
d
-cou

n
tab

ility
of

X
m

-s,
th

e
p
ro

d
u
ct
σ

-fi
eld

,
i.e.,⊗

2m
=

1 B
(X

m
)

gen
erated

b
y

th
e

cy
lin

d
er

sets
B

1 ×
X

2
an

d
X

1 ×
B

2

(B
m
∈
B

(X
m

),m
=

1,2),
coin

cid
es

w
ith

th
e

B
orel

σ
-fi

eld
B

(X
1 ×

X
2 )

on
th

e
p
ro

d
u
ct

sp
ace

(D
u
d
ley

,
2
0
0
4,

L
em

m
a

4.1.7):⊗
2m

=
1 B

(X
m

)
=

B
(X

1 ×
X

2 )
.

H
en

ce,
it

is
su

ffi
cien

t
to

p
rov

e
th

at
F

(B
1 ×

B
2 )

=
0,∀

B
m
∈
B

(X
m

),
m

=
1,2.

T
o

th
is

en
d
,

it
fo

llow
s

fro
m

(20)
th

at
for

all
h

2 ∈
H

2 ,

H
1 3
∫

X
1 ×

X
2

k
1 (·,x

1 )h
2 (x

2 )
dF

(x
)

=

∫

X
1

k
1 (·,x

1 )
d
ν

(x
1 )

=
0,

(21)

w
h
ere

ν
(B

1 )
:=

ν
h
2 (B

1 )
=

∫

X
1 ×

X
2

χ
B

1 (x
1 )h

2 (x
2 )

dF
(x

),
B

1 ∈
B

(X
1 ).

S
in

ce
k

1
is

ch
a
racteristic,

(21)
im

p
lies

ν
=

0,
p
rov

id
ed

th
at
|ν|(X

1 )
<
∞

an
d
ν

(X
1 )

=
0.

T
h
ese

tw
o

req
u
irem

en
ts

h
old

:

ν
(X

1 )
=

∫

X
1 ×

X
2

h
2 (x

2 )
dF

(x
)

=

∫

X
2

h
2 (x

2 )
d
[P

2 −
P

2 ](x
2 )

=
0,

|ν|(X
1 )≤

∫

X
1 ×

X
2

|h
2 (x

2 )|
︸
︷︷

︸
∣∣〈h

2
,k

2
(·,x

2
)〉

H
2 ∣∣ d

[P
+

P
1 ⊗

P
2 ](x

1 ,x
2 )

≤
‖h

2 ‖
H

2 ∫

X
1 ×

X
2 √

k
2 (x

2 ,x
2 )

d
[P

+
P

1 ⊗
P

2 ](x
1 ,x

2 )

≤
2‖
h

2 ‖
H

2 ∫

X
2 √

k
2 (x

2 ,x
2 )

dP
2 (x

2 )
<
∞
,

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
th

e
b

ou
n
d
ed

n
ess

of
k

2 .
T

h
e

estab
lish

ed
ν

=
0

im
p
lies

th
a
t

fo
r∀

B
1 ∈

B
(X

1 )
an

d
∀
h

2 ∈
H

2 ,

0
=
ν

(B
1 )

=

〈
h

2 , ∫

X
1 ×

X
2

χ
B

1 (x
1 )k

2 (·,x
2 )

dF
(x

) 〉

H
2

,

a
n
d

h
en

ce

0
=

∫

X
1 ×

X
2

χ
B

1 (x
1 )k

2 (·,x
2 )

dF
(x

)
=

∫

X
2

k
2 (·,x

2 )
d
θ
B

1 (x
2 ),

(22)

w
h
ere

θ
B

1 (B
2 )

=

∫

X
1 ×

X
2

χ
B

1 (x
1 )χ

B
2 (x

2 )
dF

(x
),

B
2 ∈

B
(X

2 ).
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

U
sin

g
th

e
ch

aracteristic
p
rop

erty
of
k

2 ,
it

fo
llow

s
from

(2
2)

th
at
θ
B

1
=

0
for∀

B
1 ∈

B
(X

1 ),
i.e.,

0
=
θ
B

1 (B
2 )

=
F

(B
1 ×

B
2 ),

∀
B

1 ∈
B

(X
1 ),∀

B
2 ∈

B
(X

2 )

p
rov

id
ed

th
at
θ
B

1 (X
2 )

=
0

an
d
|θ
B

1 |(X
2 )
<
∞

.
In

d
eed

,
b

oth
th

ese
con

d
ition

s
h
old

:

θ
B

1 (X
2 )

=

∫

X
1 ×

X
2

χ
B

1 (x
1 )

dF
(x

)
=

∫

X
1

χ
B

1 (x
1 )

d
[P

1 −
P

1 ](x
1 )

=
0,

|θ
B

1 |(X
2 )≤

∫

X
1 ×

X
2

d
[P

+
P

1 ⊗
P

2 ](x
)

=
2.

(ii)
A

ssu
m

e
w

.l.o.g.
th

at
k

1
is

n
ot

ch
aracteristic.

T
h
is

m
ean

s
th

ere
ex

istsP
1 6=

P
′1 ∈

M
+1

(X
1 )

su
ch

th
at
µ
k
1 (P

1 )
=
µ
k
1

(P
′1 ).

O
u
r

goal
is

to
con

stru
ct

an
F
∈
M

+1

(×
Mm

=
1 X

m )
su

ch
th

at

µ
⊗
Mm

=
1
k
m

(F
−
⊗
Mm

=
1 F

m )
=

∫×
Mm

=
1 ⊗

Mm
=

1 k
m

(·,x
m

)
d [F
−
⊗
Mm

=
1 F

m ]
=

0,
b
u
t
F
6=
⊗
Mm

=
1 F

m
.

D
efi

n
e
I

:=
F
−
⊗
Mm

=
1 F

m
∈
I

.
In

oth
er

w
ord

s
w

e
w

an
t

to
get

a
w

itn
ess

I∈
I

p
rov

in
g

th
at

⊗
Mm

=
1 k
m

is
n
otI

-ch
aracteristic.

L
et

u
s

take
z
6=
z ′∈

X
2 ,

w
h
ich

is
p

ossib
le

sin
ce
|X

2 |≥
2.

L
et

u
s

d
efi

n
e
F

as
6

F
=

P
1 ⊗

δ
z ⊗

(⊗
Mm

=
3 Q

m
)

+
P
′1 ⊗

δ
z ′⊗

(⊗
Mm

=
3 Q

m
)

2
∈
M

+1

(×
Mm

=
1 X

m )
.

It
is

easy
to

v
erify

th
at

F
1

=
P

1
+

P
′1

2
,F

2
=
δ
z

+
δ
z ′

2
an

d
F
m

=
Q
m

(m
=

3,...,M
),

w
h
ere

Q
3 ,...,Q

M
are

arb
itrary

p
rob

ab
ility

m
easu

res
on

X
3 ,...,X

M
,

resp
ectively.

F
irst

w
e

ch
eck

th
at

I6=
0.

In
d
eed

it
is

th
e

case
sin

ce

•
z
6=
z ′

an
d
X

2
is

a
H

au
sd

orff
sp

ace,
th

ere
ex

ists
B

2 ∈
B

(X
2 )

su
ch

th
at
z
∈
B

2 ,
z ′6∈

B
2 .

•
P

1 6=
P
′1 ,P

1 (B
1 )6=

P
′1 (B

1 )
for

som
e
B

1 ∈
B

(X
1 ).

L
et
S

=
B

1 ×
B

2 ×
(×

Mm
=

3 X
m ),

an
d

com
p
are

its
m

easu
re

u
n
d
er

F
an

d
⊗
Mm

=
1 F

m
:

F
(S

)
=

P
1 (B

1 )

=
1

(z∈
B

2
)

︷
︸︸
︷

δ
z (B

2 )
∏
Mm

=
3

=
1

︷
︸︸

︷
Q
m

(X
m

)
+
P
′1 (B

1 )

=
0

(z ′6∈
B

2
)

︷
︸︸
︷

δ
z ′(B

2 )
∏
Mm

=
3

=
1

︷
︸︸

︷
Q
m

(X
m

)

2

=
P

1 (B
1 )

2
,

(⊗
Mm

=
1 F

m )
(S

)
=

M∏m
=

1 F
m

(B
m

)
=

P
1 (B

1 )
+

P
′1 (B

1 )

2

=
1

︷
︸︸
︷

δ
z (B

2 )
+

=
0

︷
︸︸
︷

δ
z ′(B

2 )

2

M∏m
=

3

=
1

︷
︸︸

︷
Q
m

(X
m

)

6
.

T
h

e
F

co
n

stru
ctio

n
sp

ecia
lizes

to
th

a
t

o
f

L
y
o
n

s
(2

0
1
3
,

P
ro

p
o
sitio

n
3
.1

5
)

in
th

e
M

=
2

ca
se;

L
y
o
n

s
u

sed
it

fo
r

d
ista

n
ce

cova
ria

n
ces,

w
h

ich
is

k
n

ow
n

to
b

e
eq

u
iva

len
t

to
H

S
IC

(S
ejd

in
ov

ic
et

a
l.,

2
0
1
3
b

).
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C
h
a
r
a
c
t
e
r
is

t
ic

a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

=
P 1

(B
1
)

+
P′ 1

(B
1
)

4
6=

P 1
(B

1
)

2
,

w
h
er

e
th

e
la

st
eq

u
al

it
y

h
ol

d
s

si
n
ce

P 1
(B

1
)
6=

P′ 1
(B

1
).

T
h
is

sh
ow

s
th

at
I=

F
−
⊗
M m

=
1
F m
6=

0
si

n
ce

I(
S

)
6=

0.

N
ex

t
w

e
p
ro

ve
th

at
µ
⊗
M m

=
1
k
m

( F
−
⊗
M m

=
1
F m
) =

0.
In

d
ee

d
,

µ
⊗
M m

=
1
k
m

(I
)

=

∫ ×
M m

=
1
X
m

⊗
M m

=
1
k
m

(·,
x
m

)
d
[ F
−
⊗
M m

=
1
F m
] (x

1
,.
..
,x

M
)

=

∫ ×
M m

=
1
X
m

⊗
M m

=
1
k
m

(·,
x
m

)
d

([
P 1
⊗
δ z

+
P′ 1
⊗
δ z
′

2
−

P 1
+

P′ 1

2
⊗
δ z

+
δ z
′

2

]

⊗
( ⊗

M m
=

3
Q
m

))
(x

1
,.
..
,x

M
)

=

∫ ×
M m

=
1
X
m

⊗
M m

=
1
k
m

(·,
x
m

)
d

([
P 1

(x
1
)
⊗
δ z

(x
2
)

+
P′ 1

(x
1
)
⊗
δ z
′ (
x

2
)

2

−
P 1

(x
1
)
⊗
δ z

(x
2
)

+
P 1

(x
1
)
⊗
δ z
′ (
x

2
)

4

−
P′ 1

(x
1
)
⊗
δ z

(x
2
)

+
P′ 1

(x
1
)
⊗
δ z
′ (
x

2
)

4

] ⊗
(⊗

M m
=

3
Q
m

(x
m

))

)

(∗
)

=

[ µ
k
1
(P

1
)
⊗
k

2
(·,
z
)

+
µ
k
1
(P
′ 1
)
⊗
k

2
(·,
z
′ )

2

−
µ
k
1
(P

1
)
⊗
k

2
(·,
z
)

+
µ
k
1
(P

1
)
⊗
k

2
(·,
z
′ )

4

−
µ
k
1
(P
′ 1
)
⊗
k

2
(·,
z
)

+
µ
k
1
(P
′ 1
)
⊗
k

2
(·,
z
′ )

4

] ⊗
[ ⊗

M m
=

3
µ
k
m

(Q
m

)]

=
0 ︸︷
︷︸

∈
H
k
1
⊗
k
2

⊗
[ ⊗

M m
=

3
µ
k
m

(Q
m

)]
=

0,

w
h
er

e
w

e
u
se

d
µ
k
1
(P

1
)

=
µ
k
1

(P
′ 1
)

in
(∗

).

5
.4

P
ro

o
f

o
f

E
x
a
m

p
le

2

L
et
M

=
3,
×
M m

=
1
X
m

=
{(
i 1
,i

2
,i

3
)

:
i m
∈
{1
,2
},
m
∈

[3
]}

,
k
m

(x
,x
′ )

=
2
δ x
,x
′
−

1.
O

u
r

go
al

is
to

sh
ow

th
at
⊗

3 m
=

1
k
m

is
n

o
t
I-

ch
ar

ac
te

ri
st

ic
.

T
h
e

st
ru

ct
u
re

of
th

e
p
ro

of
is

as
fo

ll
ow

s:

1.
F

ir
st

w
e

d
es

cr
ib

e
th

e
eq

u
at

io
n
s

of
th

e
n
on

-c
h
ar

ac
te

ri
st

ic
p
ro

p
er

ty
of
⊗

3 m
=

1
k
m

w
it

h
a

ge
n
er

al
fi
n
it

e
si

gn
ed

m
ea

su
re

F
=
∑

2 i 1
,i
2
,i
3
=

1
a
i 1
,i
2
,i
3
δ (
i 1
,i
2
,i
3
)

on
×

3 m
=

1
X
m

w
h
er

e
a
i 1
,i
2
,i
3
∈
R

(∀
i 1
,i

2
,i

3
).

2.
N

ex
t,

w
e

ap
p
ly

th
e
F

=
P
−
⊗

3 m
=

1
P m

p
ar

am
et

er
iz

at
io

n
an

d
sh

ow
th

at
th

er
e

ex
is

ts
P

th
at

sa
ti

sfi
es

th
e

eq
u
at

io
n
s

of
st

ep
1

to
co

n
cl

u
d
e

th
at
⊗

3 m
=

1
k
m

is
n
ot
I-

ch
ar

ac
te

ri
st

ic
.

T
h
e

d
et

ai
ls

ar
e

as
fo

ll
ow

s.

S
te

p
1

.
T

h
e

eq
u
at

io
n
s

of
n
on

-c
h
ar

ac
te

ri
st

ic
p
ro

p
er

ty
in

te
rm

s
of

A
=

[a
i 1
,i
2
,i
3
] (
i m

)3 m
=
1
∈[

2
]3
∈

R
2
×

2
×

2
ar

e

F
∈
M
b

( ×
3 m

=
1
X
m

) \
{0
}
⇔

A
6=

0
,
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

0
=

F(
×

3 m
=

1
X
m

)
⇔

0
=

2 ∑

i 1
,i
2
,i
3
=

1

a
i 1
,i
2
,i
3
,

(2
3
)

0
=

∫ ×
3 m

=
1
X
m

∫ ×
3 m

=
1
X
m

(⊗
3 m

=
1
k
m

)
( (i

1
,i

2
,i

3
),

(i
′ 1
,i
′ 2
,i
′ 3
))

︸
︷︷

︸
∏

3 m
=
1
k
m

(i
m
,i
′ m

)

d
F(
i 1
,i

2
,i

3
)

d
F(
i′ 1
,i
′ 2
,i
′ 3
)

=
2 ∑

i 1
,i
2
,i
3
=

1

2 ∑

i′ 1
,i
′ 2,
i′ 3

=
1

3 ∏ m
=

1

k
m

(i
m
,i
′ m

)a
i 1
,i
2
,i
3
a
i′ 1
,i
′ 2,
i′ 3
.

(2
4)

S
ol

v
in

g
(2

3)
an

d
(2

4)
y
ie

ld
s

a
1
,1
,1

+
a

1
,2
,2

+
a

2
,1
,2

+
a

2
,2
,1

=
0

an
d

a
1
,1
,2

+
a

1
,2
,1

+
a

2
,1
,1

+
a

2
,2
,2

=
0.

S
te

p
2

.
T

h
e

eq
u
at

io
n
s

of
n
on
I-

ch
ar

ac
te

ri
st

ic
p
ro

p
er

ty
ca

n
b

e
ob

ta
in

ed
fr

o
m

st
ep

1
b
y

ch
o
os

in
g
F

=
P
−
⊗
M m

=
1
P m

,
w

h
er

e

P
=

2 ∑

i 1
,i
2
,i
3
=

1

p
i 1
,i
2
,i
3
δ (
i 1
,i
2
,i
3
)

an
d

P
=

[p
i 1
,i
2
,i
3
] (
i m

)3 m
=
1
∈[

2
]3
∈
R

2
×

2
×

2
.

In
ot

h
er

w
or

d
s,

it
is

su
ffi

ci
en

t
to

ob
ta

in
a

P
th

at
so

lv
es

th
e

fo
ll
ow

in
g

sy
st

em
o
f

eq
u
a
ti

o
n
s

fo
r

w
h
ic

h
A

=
A

(P
)
6=

0
:

2 ∑

i 1
,i
2
,i
3
=

1

p
i 1
,i
2
,i
3

=
1,

(2
5)

p
i 1
,i
2
,i
3
≥

0,
∀(
i 1
,i

2
,i

3
)
∈

[2
]3
,

(2
6)

a
1
,1
,1

+
a

1
,2
,2

+
a

2
,1
,2

+
a

2
,2
,1

=
0,

(2
7)

a
1
,1
,2

+
a

1
,2
,1

+
a

2
,1
,1

+
a

2
,2
,2

=
0,

(2
8
)

w
h
er

e

a
i 1
,i
2
,i
3

=
p
i 1
,i
2
,i
3
−
p

1
,i
1
p

2
,i
2
p

3
,i
3
,

(2
9
)

an
d

p
1
,i
1

=
2 ∑

i 2
,i
3
=

1

p
i 1
,i
2
,i
3
,

p
2
,i
2

=
2 ∑

i 1
,i
3
=

1

p
i 1
,i
2
,i
3
,

p
3
,i
3

=
2 ∑

i 1
,i
2
=

1

p
i 1
,i
2
,i
3
.

(3
0)

O
n
e

ca
n

ge
t

an
an

al
y
ti

ca
l

d
es

cr
ip

ti
on

fo
r

th
e

so
lu

ti
on

of
(2

5)
–(

30
),

w
h
er

e
th

e
so

lu
ti

o
n

P
(z

)
is

p
ar

am
et

er
iz

ed
b
y

z
=

(z
0
,.
..
,z

5
)
∈

R
6
.

F
or

ex
p
li
ci

t
ex

p
re

ss
io

n
s,

w
e

re
fe

r
th

e
re

a
d
er

to
A

p
p

en
d
ix

A
.

In
th

e
fo

ll
ow

in
g,

w
e

p
re

se
n
t

tw
o

ex
am

p
le

s
of

P
th

at
sa

ti
sf

y
(2

5
)–

(3
0
)

su
ch

th
at

A
6=

0
,

th
er

eb
y

es
ta

b
li
sh

in
g

th
e

n
o
n
I-

ch
ar

ac
te

ri
st

ic
p
ro

p
er

ty
of
⊗

3 m
=

1
k
m

.

1.
P

:

p
1
,1
,1

=
1 5
,

p
1
,1
,2

=
1 10
,

p
1
,2
,1

=
1 1
0
,

p
1
,2
,2

=
1 1
0
,

p
2
,1
,1

=
1 5
,

p
2
,1
,2

=
1 10
,

p
2
,2
,1

=
1 1
0
,

p
2
,2
,2

=
1 1
0
,
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C
h
a
r
a
c
t
e
r
ist

ic
a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
s

a
n
d

A
:a

1
,1
,1

=
150
,

a
1
,1
,2

=
−

150
,

a
1
,2
,1

=
−

150
,

a
1
,2
,2

=
150
,

(31)

a
2
,1
,1

=
150
,

a
2
,1
,2

=
−

150
,

a
2
,2
,1

=
−

150
,

a
2
,2
,2

=
150
.

(32)

2
.

P
:

p
1
,1
,1

=
0,

p
1
,1
,2

=
11
0
,

p
1
,2
,1

=
110
,

p
1
,2
,2

=
110
,

p
2
,1
,1

=
110
,

p
2
,1
,2

=
11
0
,

p
2
,2
,1

=
310
,

p
2
,2
,2

=
15
,

a
n
d

A
:a
1
,1
,1

=
−

9

200
,

a
1
,1
,2

=
11

200
,

a
1
,2
,1

=
−

1200
,

a
1
,2
,2

=
−

1200
,

a
2
,1
,1

=
−

1

200
,

a
2
,1
,2

=
−

1

200
,

a
2
,2
,1

=
11

200
,

a
2
,2
,2

=
−

9200
.

In
fa

ct
th

ese
ex

am
p
les

are
ob

tain
ed

w
ith

th
e

ch
oices

z
=

(
11
0 ,

11
0 ,

11
0 ,

11
0 ,

11
0 ,

11
0 )

an
d

z
=

(
31
0 ,

11
0 ,

11
0 ,

11
0 ,

11
0 ,

21
0 )

resp
ectively.

S
ee

A
p
p

en
d
ix

A
for

d
eta

ils.

5
.5

P
ro

o
f

o
f

T
h

e
o
re

m
4

It
fo

llow
s

fro
m

(8)
an

d
R

em
ark

2(iii)
th

at
(v

)⇒
(iii)⇒

(ii)⇔
(i).

It
also

follow
s

from
(8)

a
n
d

T
h
eo

rem
3
(ii)

th
at

(v
)⇒

(iv
)⇒

(i).
W

e
n
ow

sh
ow

th
at

(i)⇒
(v

)
w

h
ich

estab
lish

es
th

e
eq

u
ivalen

ce
of

(i)–(v
).

S
u
p
p

ose
(i)

h
old

s.
T

h
en

b
y

B
o
ch

n
er’s

th
eorem

(W
en

d
lan

d
,
2005,

T
h
eo

rem
6
.6

),
w

e
h
av

e
th

at
for

all
m
∈

[M
],

k
m

(x
m
,y
m

)
=

∫

R
d
m

e −
√
−

1〈ω
m
,x
m
−
y
m
〉
d
Λ
m

(ω
m

),
x
m
,y
m
∈
R
d
m
,

w
h
ere

(Λ
m

)
Mm

=
1

are
fi
n
ite

n
on

-n
egative

B
orel

m
easu

res
on

(R
d
m

)
Mm

=
1

resp
ectively.

T
h
is

im
p
lies

⊗
Mm

=
1 k
m

(x
m
,y
m

)
=
⊗
Mm

=
1 ∫

R
d
m

e −
√
−

1〈ω
m
,x
m
−
y
m
〉
d
Λ
m

(ω
m

)
=

∫

R
d

e −
√
−

1〈ω
,x−

y〉
d
Λ

(ω
),

w
h
ere

x
=

(x
1 ,...,x

M
)
∈

R
d,
y

=
(y

1 ,...,y
M

)
∈

R
d,
ω

=
(ω

1 ,...,ω
M

)
∈

R
d,
d

=
∑

Mm
=

1
d
m

a
n
d

Λ
:=
⊗
Mm

=
1 Λ

m
.

S
rip

eru
m

b
u
d
u
r

et
al.

(2010,
T

h
eorem

9)
sh

ow
ed

th
at

k
m

is
ch

a
ra

cteristic
iff

su
p
p

(Λ
m

)
=

R
d
m

,
w

h
ere

su
p
p
(·)

d
en

otes
th

e
su

p
p

ort
of

its
argu

m
en

t.
S
in

ce
su

p
p
(Λ

)
=

su
p
p (⊗

Mm
=

1 Λ
m )

=
×
Mm

=
1 su

p
p

(Λ
m

)
=
×
Mm

=
1 R

d
m

=
R
d,

it
follow

s
th

at
⊗
Mm

=
1 k
m

is
ch

a
racteristic.

5
.6

P
ro

o
f

o
f

T
h

e
o
re

m
5

T
h
e
c

0 -kern
el

p
rop

erty
of
k
m

-s
(m

=
1,...,M

)
im

p
lies

th
at

of⊗
Mm

=
1 k
m

.
M

oreover,
X
m

-s
a
re

L
C

P
sp

a
ces,

h
en
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×
Mm

=
1 X

m
is

also
L

C
P
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S
z
a
b
ó

a
n
d

S
r
ip

e
r
u
m

b
u
d
u
r

(⇐
)

A
ssu

m
e

th
at⊗

Mm
=

1 k
m

is
c

0 -u
n
iversal.

S
in

ce
⊗
Mm

=
1 M

b
(X

m
)⊆

M
b (×

Mm
=

1 X
m ),

w
e

h
av

e
th

at
for

allF
=
⊗
Mm

=
1 F

m
∈
⊗
Mm

=
1 M

b (X
m

)\{0}
,

0
<

∫×
Mm

=
1
X
m

∫×
Mm

=
1
X
m

(⊗
Mm

=
1 k
m )

(x
,x
′)

︸
︷︷

︸
∏
Mm

=
1
k
m

(x
m
,x
′m

)

dF
(x

)
dF

(x
′)

=
M∏m
=

1 ∫

X
m
×
X
m

k
m

(x
m
,x
′m

)
dF

m
(x
m

)
dF

m

(x
′m )

,

w
h
ere

x
=

(x
1 ,...,x

M
)

an
d
x
′
=

(x
′1 ,...,x

′M
).

T
h
e

ab
ove

in
eq

u
ality

im
p
lies

∫

X
m
×
X
m

k
m

(x
m
,x
′m

)
dF

m
(x
m

)
dF

m

(x
′m )

>
0,
∀
m
∈

[M
].

S
in

ce
F
∈
⊗
Mm

=
1 M

b
(X

m
)\{0}

iff
F
m
∈
M
b (X

m
)\{0}

for
all

m
∈

[M
],

th
e

resu
lt

follow
s.

(⇒
)

A
ssu

m
e

th
at

k
m

-s
are

c
0 -u

n
iversal.

B
y

th
e

n
ote

ab
ove
⊗
Mm

=
1 k
m

is
c

0 -kern
el;

its
c

0 -
u
n
iversality

is
eq

u
ivalen

t
to

th
e

in
jectiv

ity
of
µ

=
µ
⊗
Mm

=
1
k
m

on
M
b (×

Mm
=

1 X
m ).

In
oth

er

w
ord

s,
w

e
w

an
t

to
p
rove

th
at
µ

(F
)

=
0

im
p
lies

F
=

0,
w

h
ere

F
∈
M
b (×

Mm
=

1 X
m ).

W
e

w
ill

u
se

th
e

sh
orth

an
d
H
m

=
H
k
m

b
elow

.
S
u
p
p

ose
th

ere
ex

ists
F
∈
M
b (×

Mm
=

1 X
m )

su
ch

th
at

µ
F

=

∫×
Mm

=
1
X
m

(⊗
Mm

=
1 k
m )

(·,x
)

︸
︷︷

︸
⊗
Mm

=
1
k
m

(·,x
m

)

dF
(x

)
=

0
(∈
⊗
Mm

=
1 H

m
).

(33)

S
in

ce
X
m

-s
are

L
C

P
,
⊗
Mm

=
1 B

(X
m

)
=

B
(×

Mm
=

1 X
m )

(S
tein

w
art

an
d

C
h
ristm

a
n
n
,

2008,
p
age

480).
H

en
ce,

in
ord

er
to

get
F

=
0

it
is

su
ffi

cien
t

to
p
rove

th
at

F
(×

Mm
=

1 B
m )

=
0,
∀
B
m
∈
B

(X
m

),m
∈

[M
].

W
e

w
ill

p
rov

e
b
y

in
d
u
ction

th
at

for
m

=
0,...,M

(⊗
Mj=
m

+
1 H

j 3 )
0

=

∫×
Mj
=
1
X
j

m∏j=
1

χ
B
j (x

j )⊗
Mj=
m

+
1
k
j (·,x

j )
dF

(x
)

=
:
o(B

1 ,...,B
m
,k
m

+
1 ,...,k

M
),∀

B
j ∈

B
(X

j ),
j∈

[m
],

(34)

w
h
ich

(∗
)

red
u
ces

to
(33)

w
h
en

m
=

0
b
y

d
efi

n
in

g
∏

0j=
1
χ
B
j (x

j )
:=

1;

(†)
for

m
=
M

,⊗
Mm

=
M

+
1 H

m
is

d
efi

n
ed

to
b

e
eq

u
al

to
R

an
d
⊗
Mm

=
M

+
1 k
m

(·,x
m

)
:=

1,
in

w
h
ich

case
o(B

1 ,...,B
M

)
=

F
(×

Mj=
1 B

j )
=

0
⇒

F
=

0,
th

e
resu

lt
w

e
w

an
t

to
p
rove.

F
rom

th
e

ab
ove,

it
is

clear
th

at
(34)

h
old

s
for

m
=

0.
A

ssu
m

in
g

(34)
h
old

s
for

som
e
m

,
w

e
n
ow

p
rove

th
at

it
h
old

s
for

m
+

1.
T

o
th

is
en

d
,

it
follow

s
from

(34)
th

at
∀
h
m

+
2
∈

H
m

+
2 ,...,∀

h
M
∈
H
M

,

(H
m

+
1 3

)
0

=
o(B

1 ,...,B
m
,k
m

+
1 ,...,k

M
)

(h
m

+
2 ,...,h

M
)

20
JM

L
R

 18(233):1-29, 2018



C
h
a
r
a
c
t
e
r
is

t
ic

a
n
d

U
n
iv

e
r
sa

l
T

e
n
so

r
P

r
o
d
u
c
t

K
e
r
n
e
l
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=
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×
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=
1
X
j

 
m ∏ j=

1

χ
B
j
(x
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) 
⊗
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1
k
j
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x
j
)

d
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m

+
2
,.
..
,h

M
)

=

∫ ×
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1
X
j

k
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1
(·,
x
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+
1
)
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1

χ
B
j
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j
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+
2

h
j
(x
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)

d
F(
x

)

=

∫ X
m

+
1

k
m

+
1
(·,
x
m

+
1
)

d
ν

(x
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+
1
),

w
h
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e

ν
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ν B
1
,.
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,B
m
,h
m

+
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,h
M
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)

=

∫ ×
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=
1
X
j
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1

χ
B
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χ
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+
1
)

 
M ∏
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+
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h
j
(x
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) 

d
F(
x
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B
∈
B
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+
1
).

B
y

th
e
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-u
n
iv

er
sa
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k
m

+
1
,

ν
=

0
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r
∀h

m
+

2
∈
H
m

+
2
,.
..
,∀
h
M
∈
H
M

(3
5)

p
ro

v
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ed
th

at
ν
∈
M
b
(X

m
+

1
),
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h
er

w
or

d
s

if
|ν
|(X

m
+

1
)
<
∞

.
T

h
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n
d
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n

is
m
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:

|ν
|(X

m
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gs
.

F
or

re
al

is
ti

c
ca

se
s,

it
is

p
o
ss

ib
le

to
so

lv
e

fa
ir

ly
la

rg
e

ca
se

s
of

th
is

p
ro

b
le

m
to

op
ti

m
al

it
y,

w
it

h
th

e
ca

re
fu

l
u
se

o
f

a
lg

o
ri

th
m

s,
d
at

a
st

ru
ct

u
re

s,
an

d
im

p
le

m
en

ta
ti

on
te

ch
n
iq

u
es

.

W
e

d
ev

el
op

sp
ec

ia
li
ze

d
to

ol
s

fr
om

th
e

fi
el

d
s

of
d
is

cr
et

e
op

ti
m

iz
at

io
n

an
d

a
rt

ifi
ci

a
l

in
te

l-
li
ge

n
ce

.
S
p

ec
ifi

ca
ll
y,

w
e

in
tr

o
d
u
ce

a
sp

ec
ia

l
b
ra

n
ch

-a
n
d

b
ou

n
d

al
go

ri
th

m
,

ca
ll
ed

C
er

ti
fi
a
b
ly

O
p
ti

m
al

R
u
lE

L
is

tS
(C

O
R

E
L

S
),

th
at

p
ro

v
id

es
th

e
op

ti
m

al
so

lu
ti

on
ac

co
rd

in
g

to
th

e
tr

a
in

-
in

g
ob

je
ct

iv
e,

al
on

g
w

it
h

a
ce

rt
ifi

ca
te

of
op

ti
m

al
it

y.
T

h
e

ce
rt

ifi
ca

te
of

op
ti

m
al

it
y

m
ea

n
s

th
a
t

w
e

ca
n

in
ve

st
ig

at
e

h
ow

cl
os

e
ot

h
er

m
o
d
el

s
(e

.g
.,

m
o
d
el

s
p
ro

v
id

ed
b
y

gr
ee

d
y

a
lg

o
ri

th
m

s)
a
re

to
op

ti
m

al
.
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

W
ith

in
its

b
ran

ch
-an

d
-b

ou
n
d

p
ro

ced
u
re,

C
O

R
E

L
S

m
ain

tain
s

a
low

er
b

ou
n
d

on
th

e
m

in
im

u
m

va
lu

e
of
R

th
at

each
in

com
p
lete

ru
le

list
can

ach
ieve.

T
h
is

allow
s

C
O

R
E

L
S

to
p
ru

n
e

a
n

in
co

m
p
lete

ru
le

list
(an

d
every

p
ossib

le
ex

ten
sion

)
if

th
e

b
ou

n
d

is
la

rger
th

an
th

e
erro

r
o
f

th
e

b
est

ru
le

list
th

at
it

h
as

alread
y

evalu
ated

.
T

h
e

u
se

of
carefu

l
b

ou
n
d
in

g
tech

n
iq

u
es

lea
d
s

to
m

assive
p
ru

n
in

g
of

th
e

sea
rch

sp
ace

of
p

oten
tial

ru
le

lists.
T

h
e

algorith
m

co
n
tin

u
es

to
co

n
sid

er
in

com
p
lete

an
d

com
p
lete

ru
le

lists
u
n
til

it
h
as

eith
er

ex
am

in
ed

or
elim

in
a
ted

every
ru

le
list

from
con

sid
era

tion
.

T
h
u
s,

C
O

R
E

L
S

term
in

ates
w

ith
th

e
op

tim
al

ru
le

list
a
n
d

a
certifi

cate
of

op
tim

ality.

T
h
e

effi
cien

cy
of

C
O

R
E

L
S

d
ep

en
d
s

on
h
ow

m
u
ch

of
th

e
search

sp
ace

ou
r

b
ou

n
d
s

allow
u
s

to
p
ru

n
e;

w
e

seek
a

tigh
t

low
er

b
ou

n
d

on
R

.
T

h
e

b
ou

n
d

w
e

m
ain

tain
th

rou
gh

ou
t

ex
ecu

tion
is

a
m

a
x
im

u
m

o
f
several

b
ou

n
d
s

th
at

com
e

in
th

ree
categories.

T
h
e

fi
rst

categ
ory

of
b

ou
n
d
s

are
th

o
se

in
trin

sic
to

th
e

ru
les

th
em

selves.
T

h
is

category
in

clu
d
es

b
ou

n
d
s

statin
g

th
at

each
ru

le
m

u
st

ca
p
tu

re
su

ffi
cien

t
d
ata;

if
n
ot,

th
e

ru
le

list
is

p
rovab

ly
n
on

-op
tim

al.
T

h
e

seco
n
d

ty
p

e
of

b
o
u
n
d

co
m

p
ares

a
low

er
b

ou
n
d

on
th

e
valu

e
of
R

to
th

at
of

th
e

cu
rren

t
b

est
so

lu
tion

.
T

h
is

a
llow

s
u
s

to
ex

clu
d
e

p
arts

of
th

e
search

sp
ace

th
at

cou
ld

n
ever

b
e

b
etter

th
an

o
u
r

cu
rren

t
so

lu
tio

n
.

F
in

a
lly,

ou
r

last
ty

p
e

of
b

ou
n
d

is
b
ased

on
com

p
arin

g
in

co
m

p
lete

ru
le

lists
th

at
ca

p
tu

re
th

e
sa

m
e

d
ata

an
d

allow
s

u
s

to
p
u
rsu

e
on

ly
th

e
m

ost
accu

rate
op

tion
.

T
h
is

last
cla

ss
o
f

b
o
u
n
d
s

is
esp

ecially
im

p
ortan

t—
w

ith
ou

t
ou

r
u
se

of
a

n
ovel

sym
m

etry-a
w

a
re

m
a
p
,

w
e

a
re

u
n
a
b
le

to
solve

m
ost

p
rob

lem
s

of
reason

a
b
le

scale.
T

h
is

sy
m

m
etry

-aw
are

m
ap

k
eep

s
tra

ck
of

th
e

b
est

accu
racy

over
all

ob
served

p
erm

u
tation

s
of

a
given

in
com

p
lete

ru
le

list.

W
e

k
eep

tra
ck

of
th

ese
b

ou
n
d
s

u
sin

g
a

m
o
d
ifi

ed
p
refi

x
tree,

a
d
ata

stru
ctu

re
also

k
n
ow

n
a
s

a
trie.

E
a
ch

n
o
d
e

in
th

e
p
refi

x
tree

rep
resen

ts
an

in
d
iv

id
u
al

ru
le;

th
u
s,

each
p
ath

in
th

e
tree

rep
resen

ts
a

ru
le

list
su

ch
th

at
th

e
fi
n
al

n
o
d
e

in
th

e
p
ath

con
tain

s
m

etrics
ab

ou
t

th
at

ru
le

list.
T

h
is

tree
stru

ctu
re,

togeth
er

w
ith

a
search

p
olicy

an
d

som
etim

es
a

q
u
eu

e,
en

ab
les

a
variety

of
stra

tegies,
in

clu
d
in

g
b
read

th
-fi

rst,
b

est-fi
rst,

a
n
d

sto
ch

astic
search

.
In

p
articu

lar,
w

e
ca

n
d
esign

d
iff

eren
t

b
est-fi

rst
strategies

b
y

cu
stom

izin
g

h
ow

w
e

ord
er

elem
en

ts
in

a
p
rio

rity
q
u
eu

e.
In

ad
d
ition

,
w

e
are

a
b
le

to
lim

it
th

e
n
u
m

b
er

o
f

n
o
d
es

in
th

e
trie

an
d

th
ereb

y
en

a
b
le

tu
n
in

g
o
f

sp
ace-tim

e
trad

eoff
s

in
a

rob
u
st

m
an

n
er.

T
h
is

trie
stru

ctu
re

is
a

u
sefu

l
w

ay
o
f

o
rg

a
n
izin

g
th

e
gen

eration
an

d
evalu

ation
of

ru
le

lists.

W
e

eva
lu

a
ted

C
O

R
E

L
S

on
a

n
u
m

b
er

of
p
u
b
licly

availab
le

d
ata

sets.
O

u
r

m
etric

of
su

ccess
w

a
s

1
0
-fold

cross-valid
ated

p
red

iction
accu

racy
on

a
su

b
set

of
th

e
d
ata.

T
h
ese

d
ata

sets
in

vo
lv

e
h
u
n
d
red

s
of

ru
les

an
d

th
ou

san
d
s

of
ob

servation
s.

C
O

R
E

L
S

is
gen

erally
ab

le
to

fi
n
d

a
n

o
p
tim

a
l

ru
le

list
in

a
m

atter
of

secon
d
s

an
d

certify
its

op
tim

ality
w

ith
in

ab
ou

t
10

m
in

u
tes.

W
e

sh
ow

th
at

w
e

are
ab

le
to

ach
ieve

b
etter

or
sim

ilar
ou

t-of-sam
p
le

accu
racy

on
th

ese
d
ata

sets
com

p
ared

to
th

e
p

op
u
lar

greed
y

algorith
m

s,
C

A
R

T
an

d
C

4.5.

C
O

R
E

L
S

targets
large

(n
ot

m
assive)

p
rob

lem
s,

w
h
ere

in
terp

reta
b
ility

an
d

certifi
ab

le
o
p
tim

a
lity

a
re

im
p

ortan
t.

W
e

illu
strate

th
e

effi
cacy

of
ou

r
ap

p
roa

ch
u
sin

g
(1)

th
e

P
roP

u
b
lica

C
O

M
P

A
S

d
a
ta

set
(L

arson
et

al.,
2016),

for
th

e
p
rob

lem
of

tw
o-year

recid
iv

ism
p
red

iction
,

a
n
d

(2
)

sto
p
-a

n
d
-frisk

d
ata

sets
from

th
e

N
Y

P
D

(N
ew

Y
ork

P
olice

D
ep

artm
en

t,
20

16)
an

d
th

e
N

Y
C

L
U

(N
ew

Y
ork

C
iv

il
L

ib
erties

U
n
ion

,
201

4),
to

p
red

ict
w

h
eth

er
a

w
eap

on
w

ill
b

e
fo

u
n
d

o
n

a
stop

p
ed

in
d
iv

id
u
al

w
h
o

is
frisk

ed
or

search
ed

.
O

n
th

ese
d
ata,

w
e

p
ro

d
u
ce

certifi
a
b
ly

o
p
tim

al,
in

terp
retab

le
ru

le
lists

th
a
t

ach
ieve

th
e

sam
e

accu
racy

as
ap

p
roach

es
su

ch
a
s

ra
n
d
o
m

forests.
T

h
is

calls
in

to
q
u
estion

th
e

n
eed

for
u
se

o
f

a
p
rop

rieta
ry,

b
lack

b
ox

a
lg

o
rith

m
fo

r
recid

iv
ism

p
red

iction
.
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

O
u
r

w
ork

overlap
s

w
ith

th
e

th
esis

of
L

aru
s-S

ton
e

(2017).
W

e
h
ave

also
w

ritten
a

p
re-

lim
in

ary
con

feren
ce

version
of

th
is

article
(A

n
gelin

o
et

al.,
2017),

an
d

a
rep

ort
h
igh

ligh
tin

g
sy

stem
s

op
tim

ization
s

of
ou

r
im

p
lem

en
tation

(L
aru

s-S
ton

e
et

al.,
2018);

th
e

latter
in

clu
d
es

ad
d
ition

al
em

p
irical

m
easu

rem
en

ts
n
ot

p
resen

ted
h
ere.

O
u
r

co
d
e

is
at

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
n
l
a
r
u
s
s
t
o
n
e
/
c
o
r
e
l
s
,

w
h
ere

w
e

p
rov

id
e

th
e

C
+

+
im

p
lem

en
tation

w
e

u
sed

in
ou

r
ex

p
erim

en
ts

(§6).
K

ax
iras

an
d

S
aligram

a
(2018)

h
ave

also
created

an
in

teractiv
e

w
eb

in
terface

at
h
t
t
p
s
:
/
/
c
o
r
e
l
s
.
e
e
c
s
.
h
a
r
v
a
r
d
.
e
d
u
,

w
h
ere

a
u
ser

can
u
p
load

d
ata

an
d

ru
n

C
O

R
E

L
S

from
a

b
row

ser.

2
.

R
e
la

te
d

W
o
rk

S
in

ce
every

ru
le

list
is

a
d
ecision

tree
an

d
every

d
ecisio

n
tree

can
b

e
ex

p
ressed

as
an

eq
u
ivalen

t
ru

le
list,

th
e

p
rob

lem
w

e
are

solv
in

g
is

a
versio

n
of

th
e

“op
tim

al
d
ecision

tree”
p
rob

lem
,

th
ou

gh
regu

larization
ch

an
ges

th
e

n
atu

re
of

th
e

p
rob

lem
(as

sh
ow

n
th

rou
gh

ou
r

b
ou

n
d
s).

T
h
e

op
tim

al
d
ecision

tree
p
ro

b
lem

is
com

p
u
tation

ally
h
ard

,
th

ou
gh

sin
ce

th
e

late
1990’s,

th
ere

h
as

b
een

research
on

b
u
ild

in
g

op
tim

al
d
ecision

trees
u
sin

g
o
p
tim

ization
tech

-
n
iq

u
es

(B
en

n
ett

an
d

B
lu

e,
1996;

D
ob

k
in

et
al.,

19
96;

F
arh

an
gfar

et
al.,

2008).
A

p
articu

larly
in

terestin
g

p
ap

er
alon

g
th

ese
lin

es
is

th
at

o
f

N
ijssen

an
d

F
rom

on
t

(2010),
w

h
o

crea
ted

a
“b

ottom
-u

p
”

w
ay

to
form

op
tim

al
d
ecision

trees.
T

h
eir

m
eth

o
d

p
erform

s
an

ex
p

en
sive

sea
rch

step
,
m

in
in

g
all

p
o
ssib

le
leaves

(rath
er

th
an

all
p

ossib
le

ru
les),

an
d

u
ses

th
ose

leaves
to

form
trees.

T
h
eir

m
eth

o
d

can
lead

to
m

em
ory

p
rob

lem
s,

b
u
t

it
is

p
ossib

le
th

at
th

ese
m

em
ory

issu
es

can
b

e
m

itigated
u
sin

g
th

e
th

eorem
s

in
th

is
p
ap

er. 1
N

on
e

of
th

ese
m

eth
o
d
s

u
sed

th
e

tigh
t

b
ou

n
d
s

an
d

d
ata

stru
ctu

res
of

C
O

R
E

L
S
.

B
ecau

se
th

e
op

tim
al

d
ecision

tree
p
rob

lem
is

h
ard

,
th

ere
are

a
h
u
ge

n
u
m

b
er

of
algo-

rith
m

s
su

ch
as

C
A

R
T

(B
reim

an
et

al.,
1984)

an
d

C
4.5

(Q
u
in

lan
,

1993)
th

at
d
o

n
ot

p
erform

ex
p
loration

of
th

e
search

sp
ace

b
eyon

d
greed

y
sp

littin
g.

S
im

ilarly,
th

ere
are

d
ecision

list
an

d
asso

ciative
classifi

cation
m

eth
o
d
s

th
at

con
stru

ct
ru

le
lists

iteratively
in

a
greed

y
w

ay
(R

ivest,
1987;

L
iu

et
al.,

1998;
L

i
et

al.,
20

01;
Y

in
an

d
H

a
n
,

2003;
S
okolova

et
al.,

2003;
M

arch
an

d
an

d
S
okolova,

2005;
V

an
h
o
of

an
d

D
ep

aire,
2010;

R
u
d
in

et
al.,

2
013).

S
om

e
ex

-
p
loration

of
th

e
search

sp
ace

is
d
on

e
b
y

B
ayesian

d
ecision

tree
m

eth
o
d
s

(D
en

sion
et

al.,
1998;

C
h
ip

m
an

et
al.,

2002,
2010)

an
d

B
ayesian

ru
le-b

ased
m

eth
o
d
s

(L
eth

am
et

al.,
2015;

Y
an

g
et

al.,
2017).

T
h
e

sp
ace

of
trees

of
a

given
d
ep

th
is

m
u
ch

larger
th

an
th

e
sp

ace
of

ru
le

lists
of

th
at

sam
e

d
ep

th
,

an
d

th
e

trees
w

ith
in

th
e

B
ayesian

tree
algorith

m
s

are
grow

n
in

a
top

-d
ow

n
greed

y
w

ay.
B

ecau
se

of
th

is,
au

th
ors

of
B

ayesian
tree

algorith
m

s
h
ave

n
oted

th
at

th
eir

M
C

M
C

ch
ain

s
ten

d
to

reach
on

ly
lo

ca
lly

op
tim

al
solu

tion
s.

T
h
e

R
IP

P
E

R
alg

orith
m

(C
oh

en
,

1995)
is

sim
ilar

to
th

e
B

ayesian
tree

m
eth

o
d
s

in
th

at
it

grow
s,

p
ru

n
es,

an
d

th
en

lo
cally

op
tim

izes.
T

h
e

sp
ace

of
ru

le
lists

is
sm

aller
th

an
th

at
of

trees,
an

d
h
as

sim
p
ler

stru
c-

tu
re.

C
on

seq
u
en

tly,
B

ayesian
ru

le
list

algorith
m

s
ten

d
to

b
e

m
ore

su
ccessfu

l
at

escap
in

g
lo

cal
m

in
im

a
an

d
can

in
tro

d
u
ce

m
eth

o
d
s

of
ex

p
lorin

g
th

e
search

sp
ace

th
at

ex
p
loit

th
is

stru
ctu

re—
th

ese
p
rop

erties
m

otivate
ou

r
fo

cu
s

on
lists.

T
h
at

said
,

th
e

tigh
test

b
ou

n
d
s

for
th

e
B

ayesian
lists

(n
am

ely,
th

ose
of

Y
an

g
et

al.,
2017,

u
p

on
w

h
ose

w
ork

w
e

b
u
ild

),
are

n
ot

n
early

as
tigh

t
as

th
ose

of
C

O
R

E
L

S
.

1
.

T
h
ere

is
n

o
p

u
b

lic
v
ersio

n
o
f

th
eir

co
d

e
fo

r
d

istrib
u

tio
n

a
s

o
f

th
is

w
ritin

g
.

4
JM

L
R

 18(234):1-78, 2018



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

T
ig

h
t

b
ou

n
d
s,

on
th

e
ot

h
er

h
an

d
,

h
av

e
b

ee
n

d
ev

el
op

ed
fo

r
th

e
(i

m
m

en
se

)
li
te

ra
tu

re
on

b
u
il
d
in

g
d
is

ju
n
ct

iv
e

n
or

m
al

fo
rm

(D
N

F
)

m
o
d
el

s;
a

g
o
o
d

ex
am

p
le

of
th

is
is

th
e

w
or

k
o
f

R
ij

n
-

b
ee

k
an

d
K

or
s

(2
01

0)
.

F
or

m
o
d
el

s
of

a
gi

ve
n

si
ze

,
si

n
ce

th
e

cl
as

s
of

D
N

F
’s

is
a

p
ro

p
er

su
b
se

t
of

d
ec

is
io

n
li
st

s,
ou

r
fr

am
ew

or
k

ca
n

b
e

re
st

ri
ct

ed
to

le
ar

n
op

ti
m

al
D

N
F

’s
.

T
h
e

fi
el

d
of

D
N

F
le

ar
n
in

g
in

cl
u
d
es

w
or

k
fr

om
th

e
fi
el

d
s

of
ru

le
le

ar
n
in

g/
in

d
u
ct

io
n

(e
.g

.,
ea

rl
y

al
go

ri
th

m
s

b
y

M
ic

h
al

sk
i,

19
69

;
C

la
rk

an
d

N
ib

le
tt

,
19

8
9;

F
ra

n
k

an
d

W
it

te
n
,

19
98

)
a
n
d

as
so

ci
a
ti

ve
cl

as
si

fi
-

ca
ti

on
(V

an
h
o
of

an
d

D
ep

ai
re

,
20

10
).

M
os

t
p
ap

er
s

in
th

es
e

fi
el

d
s

ai
m

to
ca

re
fu

ll
y

gu
id

e
th

e
se

ar
ch

th
ro

u
gh

th
e

sp
ac

e
of

m
o
d
el

s.
If

w
e

w
er

e
to

p
la

ce
a

re
st

ri
ct

io
n

on
ou

r
co

d
e

to
le

ar
n

D
N

F
’s

,
w

h
ic

h
w

ou
ld

re
q
u
ir

e
re

st
ri

ct
in

g
p
re

d
ic

ti
on

s
w

it
h
in

th
e

li
st

to
th

e
p

os
it

iv
e

cl
as

s
on

ly
,

w
e

co
u
ld

p
ot

en
ti

al
ly

u
se

m
et

h
o
d
s

fr
om

ru
le

le
ar

n
in

g
an

d
as

so
ci

at
iv

e
cl

as
si

fi
ca

ti
on

to
h
el

p
or

d
er

C
O

R
E

L
S
’

q
u
eu

e,
w

h
ic

h
w

ou
ld

in
tu

rn
h
el

p
u
s

el
im

in
at

e
p
ar

ts
of

th
e

se
ar

ch
sp

ac
e

m
or

e
q
u
ic

k
ly

.

S
om

e
of

ou
r

b
ou

n
d
s,

in
cl

u
d
in

g
th

e
m

in
im

u
m

su
p
p

or
t

b
ou

n
d

(§
3.

7,
T

h
eo

re
m

10
),

co
m

e
fr

om
R

u
d
in

an
d

E
rt

ek
in

(2
01

6)
,

w
h
o

p
ro

v
id

e
fl
ex

ib
le

m
ix

ed
-i

n
te

ge
r

p
ro

gr
a
m

m
in

g
(M

IP
)

fo
rm

u
la

ti
on

s
u
si

n
g

th
e

sa
m

e
ob

je
ct

iv
e

as
w

e
u
se

h
er

e;
M

IP
so

lv
er

s
in

ge
n
er

a
l
ca

n
n
ot

co
m

p
et

e
w

it
h

th
e

sp
ee

d
of

C
O

R
E

L
S
.

C
O

R
E

L
S

d
ep

en
d
s

on
p
re

-m
in

ed
ru

le
s,

w
h
ic

h
w

e
ob

ta
in

h
er

e
v
ia

en
u
m

er
at

io
n
.
T

h
e

li
te

ra
-

tu
re

on
as

so
ci

at
io

n
ru

le
m

in
in

g
is

h
u
ge

,
an

d
an

y
m

et
h
o
d

fo
r

ru
le

m
in

in
g

co
u
ld

b
e

re
as

on
ab

ly
su

b
st

it
u
te

d
.

C
O

R
E

L
S
’

m
ai

n
u
se

is
fo

r
p
ro

d
u
ci

n
g

in
te

rp
re

ta
b
le

p
re

d
ic

ti
ve

m
o
d
el

s.
T

h
er

e
is

a
gr

ow
-

in
g

in
te

re
st

in
in

te
rp

re
ta

b
le

(t
ra

n
sp

ar
en

t,
co

m
p
re

h
en

si
b
le

)
m

o
d
el

s
b

ec
au

se
of

th
ei

r
so

ci
et

al
im

p
or

ta
n
ce

(s
ee

R
ü
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=
p
→
q

is
an

im
p
li
ca

ti
on

co
rr

es
p

on
d
in

g
to

th
e

co
n
d
it

io
n
a
l

st
at

em
en

t,
“i

f
p
,
th

en
q.

”
In

ou
r

se
tt

in
g,

an
an

te
ce

d
en

t
p

is
a

B
o
ol

ea
n

as
se

rt
io

n
th

a
t

ev
a
lu

a
te

s
to

ei
th

er
tr

u
e

or
fa

ls
e

fo
r

ea
ch

d
at

u
m
x
n
,

an
d

a
co

n
se

q
u
en

t
q

is
a

la
b

el
p
re

d
ic

ti
o
n
.

F
o
r

ex
am

p
le

,
(x
n
,1

=
0)
∧

(x
n
,3

=
1)
→

(y
n

=
1)

is
an

as
so

ci
at

io
n

ru
le

.
T

h
e

fi
n
al

d
ef

a
u
lt

ru
le
r 0

in
a

ru
le

li
st

ca
n

b
e

th
ou

gh
t

of
as

a
sp

ec
ia

l
as

so
ci

at
io

n
ru

le
p

0
→
q 0

w
h
os

e
a
n
te

ce
d
en

t
p

0

si
m

p
ly

as
se

rt
s

tr
u
e.

L
et
d

=
(r

1
,r

2
,.
..
,r
K
,r

0
)

b
e

a
K

-r
u
le

li
st

,
w

h
er

e
r k

=
p
k
→
q k

fo
r

ea
ch

k
=

0,
..
.,
K

.
W

e
in

tr
o
d
u
ce

a
u
se

fu
l

al
te

rn
at

e
ru

le
li
st

re
p
re

se
n
ta

ti
on

:
d

=
(d
p
,δ
p
,q

0
,K

),
w

h
er

e
w

e
d
efi

n
e

d
p

=
(p

1
,.
..
,p
K

)
to

b
e
d
’s

p
re

fi
x
,
δ p

=
(q

1
,.
..
,q
K

)
∈
{0
,1
}K

gi
ve

s
th

e
la

b
el

p
re

d
ic

ti
o
n
s

as
so

ci
at

ed
w

it
h
d
p
,

an
d
q 0
∈
{0
,1
}

is
th

e
d
ef

au
lt

la
b

el
p
re

d
ic

ti
on

.
F

or
ex

a
m

p
le

,
fo

r
th

e
ru

le
li
st

in
F

ig
u
re

1,
w

e
w

ou
ld

w
ri

te
d

=
(d
p
,δ
p
,q

0
,K

),
w

h
er

e
d
p

=
(p

1
,p

2
,p

3
),
δ p

=
(1
,1
,1

),
q 0

=
0,

an
d
K

=
3.

N
ot

e
th

at
((

),
()
,q

0
,0

)
is

a
w

el
l-

d
efi

n
ed

ru
le

li
st

w
it

h
an

em
p
ty

p
re

fi
x
;

it
is

co
m

p
le

te
ly

d
efi

n
ed

b
y

a
si

n
gl

e
d
ef

au
lt

ru
le

.

L
et
d
p

=
(p

1
,.
..
,p
k
,.
..
,p
K

)
b

e
an

an
te

ce
d
en

t
li
st

,
th

en
fo

r
an

y
k
≤
K

,
w

e
d
efi

n
e
d
k p

=

(p
1
,.
..
,p
k
)

to
b

e
th

e
k
-p

re
fi
x

of
d
p
.

F
or

an
y

su
ch
k
-p

re
fi
x
d
k p
,

w
e

sa
y

th
at
d
p

st
a
rt

s
w

it
h
d
k p
.
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

F
o
r

a
n
y

g
iv

en
sp

ace
of

ru
le

lists,
w

e
d
efi

n
e
σ

(d
p )

to
b

e
th

e
set

of
all

ru
le

lists
w

h
ose

p
refi

x
es

sta
rt

w
ith

d
p :

σ
(d
p )

=
{(d ′p ,δ ′p ,q ′0 ,K

′)
:
d ′p

starts
w

ith
d
p }.

(1)

If
d
p

=
(p

1 ,...,p
K

)
an

d
d ′p

=
(p

1 ,...,p
K
,p
K

+
1 )

are
tw

o
p
refi

x
es

su
ch

th
at
d ′p

starts
w

ith
d
p

a
n
d

ex
ten

d
s

it
b
y

a
sin

gle
an

teced
en

t,
w

e
say

th
at
d
p

is
th

e
p
aren

t
of
d ′p

an
d

th
at
d ′p

is
a

ch
ild

o
f
d
p .

A
ru

le
list

d
classifi

es
d
atu

m
x
n

b
y

p
rov

id
in

g
th

e
lab

el
p
red

iction
q
k

o
f

th
e

fi
rst

ru
le
r
k

w
h
o
se

an
teced

en
t
p
k

is
tru

e
for

x
n
.

W
e

say
th

at
an

an
teced

en
t
p
k

of
an

teced
en

t
list

d
p

ca
p
tu

res
x
n

in
th

e
con

tex
t

of
d
p

if
p
k

is
th

e
fi
rst

an
teced

en
t

in
d
p

th
at

evalu
ates

to
tru

e
fo

r
x
n
.

W
e

a
lso

say
th

at
a

p
refi

x
cap

tu
res

th
o
se

d
ata

cap
tu

red
b
y

its
an

teced
en

ts;
for

a
ru

le
list

d
=

(d
p ,δ

p ,q
0 ,K

),
d
ata

n
ot

cap
tu

red
b
y

th
e

p
refi

x
d
p

are
classifi

ed
acco

rd
in

g
to

th
e

d
efa

u
lt

la
b

el
p
red

iction
q

0 .
L

et
β

b
e

a
set

of
an

teced
en

ts.
W

e
d
efi

n
e

cap
(x
n
,β

)
=

1
if

an
an

teced
en

t
in
β

cap
tu

res
d
a
tu

m
x
n
,

a
n
d

0
oth

erw
ise.

F
or

ex
am

p
le,

let
d
p

an
d
d ′p

b
e

p
refi

x
es

su
ch

th
at

d ′p
starts

w
ith

d
p ,

th
en

d ′p
cap

tu
res

all
th

e
d
ata

th
at
d
p

cap
tu

res:

{
x
n

:
cap

(x
n
,d
p )}
⊆
{x

n
:

cap
(x
n
,d ′p )}

.

N
ow

let
d
p

b
e

an
ord

ered
list

of
an

teced
en

ts,
an

d
let

β
b

e
a

su
b
set

of
an

teced
en

ts
in
d
p .

L
et

u
s

d
efi

n
e

ca
p
(x
n
,β
|d
p )

=
1

if
β

cap
tu

res
d
atu

m
x
n

in
th

e
con

tex
t

o
f
d
p ,

i.e.,
if

th
e

fi
rst

a
n
teced

en
t

in
d
p

th
at

evalu
ates

to
tru

e
for

x
n

is
an

an
teced

en
t

in
β

,
an

d
0

oth
erw

ise.
T

h
u
s,

ca
p
(x
n
,β
|d
p )

=
1

on
ly

if
cap

(x
n
,β

)
=

1;
cap

(x
n
,β
|d
p )

=
0

eith
er

if
cap

(x
n
,β

)
=

0,
or

if
ca

p
(x
n
,β

)
=

1
b
u
t

th
ere

is
an

an
teced

en
t
α

in
d
p ,

p
reced

in
g

all
an

teced
en

ts
in
β

,
su

ch
th

at
ca

p
(x
n
,α

)
=

1.
F

or
ex

am
p
le,

if
d
p

=
(p

1 ,...,p
k ,...,p

K
)

is
a

p
refi

x
,

th
en

cap
(x
n
,p
k |d

p )
=

(
k−

1
∧k ′=

1 ¬
cap

(x
n
,p
k ′) )

∧
cap

(x
n
,p
k )

in
d
ica

tes
w

h
eth

er
an

teced
en

t
p
k

cap
tu

res
d
atu

m
x
n

in
th

e
con

tex
t

of
d
p .

N
ow

,
d
efi

n
e

su
p
p
(β
,x

)
to

b
e

th
e

n
orm

alized
su

p
p

ort
of
β

,

su
p
p
(β
,x

)
=

1N

N
∑n

=
1

cap
(x
n
,β

),
(2)

a
n
d

sim
ila

rly
d
efi

n
e

su
p
p
(β
,x|d

p )
to

b
e

th
e

n
orm

alized
su

p
p

ort
of
β

in
th

e
co

n
tex

t
of
d
p ,

su
p
p
(β
,x|d

p )
=

1N

N
∑n

=
1

cap
(x
n
,β
|d
p ),

(3)

N
ex

t,
w

e
a
d
d
ress

h
ow

em
p
irical

d
ata

con
strain

s
ru

le
lists.

G
iven

train
in

g
d
ata

(x
,y

),
an

a
n
teced

en
t

list
d
p

=
(p

1 ,...,p
K

)
im

p
lies

a
ru

le
list

d
=

(d
p ,δ

p ,q
0 ,K

)
w

ith
p
refi

x
d
p ,

w
h
ere

th
e

la
b

el
p
red

iction
s
δ
p

=
(q

1 ,...,q
K

)
an

d
q

0
are

em
p
irically

set
to

m
in

im
ize

th
e

n
u
m

b
er

o
f

m
iscla

ssifi
cation

errors
m

ad
e

b
y

th
e

ru
le

list
on

th
e

train
in

g
d
ata.

T
h
u
s

fo
r

1
≤
k
≤
K

,
la

b
el

p
red

ictio
n
q
k

corresp
on

d
s

to
th

e
m

a
jority

lab
el

of
d
ata

cap
tu

red
b
y

an
teced

en
t
p
k

in
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

th
e

con
tex

t
of
d
p ,

an
d

th
e

d
efau

lt
q

0
corresp

on
d
s

to
th

e
m

a
jority

lab
el

of
d
ata

n
ot

cap
tu

red
b
y
d
p .

In
th

e
rem

ain
d
er

of
ou

r
p
resen

tation
,
w

h
en

ever
w

e
refer

to
a

ru
le

list
w

ith
a

p
articu

lar
p
refi

x
,

w
e

im
p
licitly

assu
m

e
th

ese
em

p
irically

d
eterm

in
ed

lab
el

p
red

iction
s.

O
u
r

m
eth

o
d

is
tech

n
ically

an
asso

ciative
cla

ssifi
cation

m
eth

o
d

sin
ce

it
leverages

p
re-

m
in

ed
ru

les.

3
.2

O
b

je
c
tiv

e
F
u
n

c
tio

n

W
e

d
efi

n
e

a
sim

p
le

ob
jective

fu
n
ction

for
a

ru
le

list
d

=
(d
p ,δ

p ,q
0 ,K

):

R
(d
,x
,y

)
=
`(d

,x
,y

)
+
λ
K
.

(4)

T
h
is

ob
jective

fu
n
ction

is
a

regu
larized

em
p
irical

risk
;

it
con

sists
of

a
loss

`(d
,x
,y

),
m

ea-
su

rin
g

m
isclassifi

cation
error,

an
d

a
regu

larization
term

th
at

p
en

alizes
lo

n
ger

ru
le

lists.
`(d

,x
,y

)
is

th
e

fraction
of

train
in

g
d
ata

w
h
ose

lab
els

are
in

correctly
p
red

icted
b
y
d
.

In
ou

r
settin

g,
th

e
regu

larization
p
aram

eter
λ
≥

0
is

a
sm

all
con

stan
t;

e.g.,
λ

=
0.01

can
b

e
th

ou
gh

t
of

as
ad

d
in

g
a

p
en

alty
eq

u
ivalen

t
to

m
isclassify

in
g

1%
of

d
ata

w
h
en

in
creasin

g
a

ru
le

list’s
len

gth
b
y

on
e

asso
ciation

ru
le.

3
.3

O
p

tim
iz

a
tio

n
F
ra

m
e
w

o
rk

O
u
r

ob
jective

h
as

stru
ctu

re
am

en
ab

le
to

glob
al

op
tim

ization
v
ia

a
b
ran

ch
-an

d
-b

ou
n
d

fra
m

e-
w

ork
.

In
p
articu

lar,
w

e
m

ake
a

series
of

im
p

ortan
t

ob
servation

s,
each

of
w

h
ich

tran
slates

in
to

a
u
sefu

l
b

ou
n
d
,

an
d

th
at

togeth
er

in
teract

to
elim

in
ate

larg
e

p
arts

of
th

e
search

sp
ace.

W
e

d
iscu

ss
th

ese
in

d
ep

th
in

w
h
at

follow
s:

•
L

ow
er

b
ou

n
d
s

on
a

p
refi

x
also

h
old

for
every

ex
ten

sion
of

th
at

p
refi

x
.
(§3.4,

T
h
eorem

1)

•
If

a
ru

le
list

is
n
ot

accu
rate

en
ou

gh
w

ith
resp

ect
to

its
len

gth
,

w
e

can
p
ru

n
e

all
ex

ten
sion

s
of

it.
(§3.4,

L
em

m
a

2)

•
W

e
can

calcu
late

a
p
rio

ri
an

u
p
p

er
b

ou
n
d

on
th

e
m

ax
im

u
m

len
gth

of
an

op
tim

al
ru

le
list.

(§3.5,
T

h
eorem

6)

•
E

ach
ru

le
in

an
op

tim
al

ru
le

list
m

u
st

h
ave

su
p
p

ort
th

at
is

su
ffi

cien
tly

large.
T

h
is

allow
s

u
s

to
con

stru
ct

ru
le

lists
from

freq
u
en

t
item

sets,
w

h
ile

p
reserv

in
g

th
e

gu
aran

tee
th

at
w

e
can

fi
n
d

a
glob

ally
op

tim
al

ru
le

list
from

p
re-m

in
ed

ru
les.

(§3.7,
T

h
eorem

10)

•
E

ach
ru

le
in

an
op

tim
al

ru
le

list
m

u
st

p
red

ict
accu

rately.
In

p
articu

lar,
th

e
n
u
m

b
er

of
ob

servation
s

p
red

icted
correctly

b
y

each
ru

le
in

an
o
p
tim

al
ru

le
list

m
u
st

b
e

ab
ove

a
th

resh
old

.
(§3.7,

T
h
eorem

11)

•
W

e
n
eed

on
ly

con
sid

er
th

e
op

tim
al

p
erm

u
tation

of
an

teced
en

ts
in

a
p
refi

x
;

w
e

can
om

it
all

oth
er

p
erm

u
tation

s.
(§3.10,

T
h
eorem

15
an

d
C

orollary
16)

•
If

m
u
ltip

le
ob

servation
s

h
av

e
id

en
tical

featu
res

an
d

op
p

osite
lab

els,
w

e
k
n
ow

th
at

an
y

m
o
d
el

w
ill

m
ak

e
m

istakes.
In

p
articu

lar,
th

e
n
u
m

b
er

of
m

istakes
on

th
ese

ob
servation

s
w

ill
b

e
at

least
th

e
n
u
m

b
er

of
ob

servation
s

w
ith

th
e

m
in

ority
lab

el.
(§3.14,

T
h
eorem

20)
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

3
.4

H
ie

ra
rc

h
ic

a
l

O
b

je
c
ti

v
e

L
o
w

e
r

B
o
u

n
d

W
e

ca
n

d
ec

om
p

os
e

th
e

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
in

(4
)

in
to

tw
o

co
n
tr

ib
u
ti

o
n
s

co
rr

es
p

on
d
in

g
to

th
e

p
re

fi
x

an
d

th
e

d
ef

au
lt

ru
le

:

`(
d
,x
,y

)
≡
` p

(d
p
,δ
p
,x
,y

)
+
` 0

(d
p
,q

0
,x
,y

),

w
h
er

e
d
p

=
(p

1
,.
..
,p
K

)
an

d
δ p

=
(q

1
,.
..
,q
K

);

` p
(d
p
,δ
p
,x
,y

)
=

1 N

N ∑ n
=

1

K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
)
∧
1

[q
k
6=
y n

]

is
th

e
fr

ac
ti

on
of

d
at

a
ca

p
tu

re
d

an
d

m
is

cl
as

si
fi
ed

b
y

th
e

p
re

fi
x
,

an
d

` 0
(d
p
,q

0
,x
,y

)
=

1 N

N ∑ n
=

1

¬
ca

p
(x
n
,d
p
)
∧
1

[q
0
6=
y n

]

is
th

e
fr

ac
ti

on
of

d
at

a
n
ot

ca
p
tu

re
d

b
y

th
e

p
re

fi
x

an
d

m
is

cl
a
ss

ifi
ed

b
y

th
e

d
ef

au
lt

ru
le

.
E

li
m

in
at

in
g

th
e

la
tt

er
er

ro
r

te
rm

gi
v
es

a
lo

w
er

b
o
u
n
d
b(
d
p
,x
,y

)
on

th
e

ob
je

ct
iv

e,

b(
d
p
,x
,y

)
≡
` p

(d
p
,δ
p
,x
,y

)
+
λ
K
≤
R

(d
,x
,y

),
(5

)

w
h
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

lo
w

er
b

ou
n
d
’s

d
ep

en
d
en

ce
on

la
b

el
p
re

d
ic

ti
on

s
δ p

b
ec

au
se

th
ey

ar
e

fu
ll
y

d
et

er
m

in
ed

,
gi

ve
n

(d
p
,x
,y

).
F

u
rt

h
er

m
or

e,
as

w
e

st
at

e
n
ex

t
in

T
h
eo

re
m

1,
b(
d
p
,x
,y

)
gi

ve
s

a
lo

w
er

b
ou

n
d

on
th

e
ob

je
ct

iv
e

of
a
n

y
ru

le
li
st

w
h
os

e
p
re

fi
x

st
ar

ts
w

it
h
d
p
.

T
h

e
o
re

m
1

(H
ie

ra
rc

h
ic

a
l

o
b

je
c
ti

v
e

lo
w

e
r

b
o
u

n
d

)
D

efi
n

e
b(
d
p
,x
,y

)
a
s

in
(5

).
A

ls
o
,

d
efi

n
e
σ

(d
p
)

to
be

th
e

se
t

o
f

a
ll

ru
le

li
st

s
w

h
o
se

p
re

fi
xe

s
st

a
rt

s
w

it
h
d
p
,

a
s

in
(1

).
L

et
d

=
(d
p
,δ
p
,q

0
,K

)
be

a
ru

le
li

st
w

it
h

p
re

fi
x
d
p
,

a
n

d
le

t
d
′ =

(d
′ p,
δ′ p
,q
′ 0
,K
′ )
∈
σ

(d
p
)

be
a
n

y
ru

le
li

st
su

ch
th

a
t

it
s

p
re

fi
x
d
′ p

st
a
rt

s
w

it
h
d
p

a
n

d
K
′ ≥

K
,

th
en

b(
d
p
,x
,y

)
≤
R

(d
′ ,

x
,y

).

P
ro

o
f

L
et
d
p

=
(p

1
,.
..
,p
K

)
an

d
δ p

=
(q

1
,.
..
,q
K

);
le

t
d
′ p

=
(p

1
,.
..
,p
K
,p
K

+
1
,.
..
,p
K
′ )

an
d

δ′ p
=

(q
1
,.
..
,q
K
,q
K

+
1
,.
..
,q
K
′ )

.
N

ot
ic

e
th

at
d
′ p

y
ie

ld
s

th
e

sa
m

e
m

is
ta

ke
s

a
s
d
p
,

a
n
d

p
os

si
b
ly

ad
d
it

io
n
al

m
is

ta
ke

s:

` p
(d
′ p,
δ′ p
,x
,y

)
=

1 N

N ∑ n
=

1

K
′

∑ k
=

1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]

=
1 N

N ∑ n
=

1

(
K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
)
∧
1

[q
k
6=
y n

]+
K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

])

=
` p

(d
p
,δ
p
,x
,y

)
+

1 N

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]
≥
` p

(d
p
,δ
p
,x
,y

),
(6

)

w
h
er

e
in

th
e

se
co

n
d

eq
u
al

it
y

w
e

h
av

e
u
se

d
th

e
fa

ct
th

at
ca

p
(x
n
,p
k
|d
′ p)

=
ca

p
(x
n
,p
k
|d
p
)

fo
r

1
≤
k
≤
K

.
It

fo
ll
ow

s
th

at

b(
d
p
,x
,y

)
=
` p

(d
p
,δ
p
,x
,y

)
+
λ
K

≤
` p

(d
′ p,
δ′ p
,x
,y

)
+
λ
K
′ =

b(
d
′ p,

x
,y

)
≤
R

(d
′ ,

x
,y

).
(7

)

9
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8

A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

A
lg

o
ri

th
m

1
B

ra
n
ch

-a
n
d
-b

ou
n
d

fo
r

le
ar

n
in

g
ru

le
li
st

s.

In
p

u
t:

O
b

je
ct

iv
e

fu
n
ct

io
n
R

(d
,x
,y

),
ob

je
ct

iv
e

lo
w

er
b

ou
n
d
b(
d
p
,x
,y

),
se

t
o
f

a
n
te

ce
d
en

ts
S

=
{s
m
}M m

=
1
,

tr
ai

n
in

g
d
at

a
(x
,y

)
=
{(
x
n
,y
n
)}
N n

=
1
,

in
it

ia
l

b
es

t
k
n
ow

n
ru

le
li
st
d

0
w

it
h

ob
je

ct
iv

e
R

0
=
R

(d
0
,x
,y

);
d

0
co

u
ld

b
e

ob
ta

in
ed

as
ou

tp
u
t

fr
om

an
ot

h
er

(a
p
p
ro

x
im

a
te

)
al

go
ri

th
m

,
ot

h
er

w
is

e,
(d

0
,R

0
)

=
(n

u
ll
,1

)
p
ro

v
id

e
re

as
on

ab
le

d
ef

au
lt

va
lu

es
O

u
tp

u
t:

P
ro

va
b
ly

op
ti

m
al

ru
le

li
st
d
∗

w
it

h
m

in
im

u
m

ob
je

ct
iv

e
R
∗

(d
c
,R

c
)
←

(d
0
,R

0
)

.
In

it
ia

li
ze

b
es

t
ru

le
li
st

a
n
d

o
b

je
ct

iv
e

Q
←

q
u
eu

e(
[(

)
])

.
In

it
ia

li
ze

q
u
eu

e
w

it
h

em
p
ty

p
re

fi
x

w
h

il
e
Q

n
ot

em
p
ty

d
o

.
S
to

p
w

h
en

q
u
eu

e
is

em
p
ty

d
p
←
Q

.p
op

(
)

.
R

em
ov

e
p
re

fi
x
d
p

fr
o
m

th
e

q
u
eu

e
d
←

(d
p
,δ
p
,q

0
,K

)
.

S
et

la
b

el
p
re

d
ic

ti
on

s
δ p

a
n
d
q 0

to
m

in
im

iz
e

tr
a
in

in
g

er
ro

r
if
b(
d
p
,x
,y

)
<
R
c

th
e
n

.
B

o
u

n
d

:
A

p
p
ly

T
h
eo

re
m

1
R
←
R

(d
,x
,y

)
.

C
om

p
u
te

ob
je

ct
iv

e
of
d
p
’s

ru
le

li
st
d

if
R
<
R
c

th
e
n

.
U

p
d
at

e
b

es
t

ru
le

li
st

a
n
d

o
b

je
ct

iv
e

(d
c
,R

c
)
←

(d
,R

)
e
n

d
if

fo
r
s

in
S

d
o

.
B

ra
n

ch
:

E
n
q
u
eu

e
d
p
’s

ch
il
d
re

n
if
s

n
ot

in
d
p

th
e
n

Q
.p

u
sh

(
(d
p
,s

)
)

e
n

d
if

e
n

d
fo

r
e
n

d
if

e
n

d
w

h
il
e

(d
∗ ,
R
∗ )
←

(d
c
,R

c
)

.
Id

en
ti

fy
p
ro

va
b
ly

op
ti

m
a
l

so
lu

ti
o
n

T
o

ge
n
er

al
iz

e,
co

n
si

d
er

a
se

q
u
en

ce
of

p
re

fi
x
es

su
ch

th
at

ea
ch

p
re

fi
x

st
ar

ts
w

it
h

a
ll

p
re

v
i-

ou
s

p
re

fi
x
es

in
th

e
se

q
u
en

ce
.

It
fo

ll
ow

s
th

at
th

e
co

rr
es

p
on

d
in

g
se

q
u
en

ce
of

o
b

je
ct

iv
e

lo
w

er
b

ou
n
d
s

in
cr

ea
se

s
m

on
ot

on
ic

al
ly

.
T

h
is

is
p
re

ci
se

ly
th

e
st

ru
ct

u
re

re
q
u
ir

ed
an

d
ex

p
lo

it
ed

b
y

b
ra

n
ch

-a
n
d
-b

ou
n
d
,

il
lu

st
ra

te
d

in
A

lg
or

it
h
m

1
.

S
p

ec
ifi

ca
ll
y,

th
e

ob
je

ct
iv

e
lo

w
er

b
ou

n
d

in
T

h
eo

re
m

1
en

ab
le

s
u
s

to
p
ru

n
e

th
e

st
a
te

sp
ac

e
h
ie

ra
rc

h
ic

al
ly

.
W

h
il
e

ex
ec

u
ti

n
g

b
ra

n
ch

-a
n
d
-b

ou
n
d
,

w
e

ke
ep

tr
ac

k
of

th
e

cu
rr

en
t

b
es

t
(s

m
al

le
st

)
ob

je
ct

iv
e
R
c
,

th
u
s

it
is

a
d
y
n
am

ic
,

m
on

ot
on

ic
al

ly
d
ec

re
as

in
g

q
u
a
n
ti

ty
.

If
w

e
en

co
u
n
te

r
a

p
re

fi
x
d
p

w
it

h
lo

w
er

b
ou

n
d
b(
d
p
,x
,y

)
≥
R
c
,
th

en
b
y

T
h
eo

re
m

1,
w

e
d
o

n
o
t

n
ee

d
to

co
n
si

d
er

a
n

y
ru

le
li
st
d
′ ∈

σ
(d
p
)

w
h
os

e
p
re

fi
x
d
′ p

st
ar

ts
w

it
h
d
p
.

F
or

th
e

ob
je

ct
iv

e
o
f

su
ch

a
ru

le
li
st

,
th

e
cu

rr
en

t
b

es
t

ob
je

ct
iv

e
p
ro

v
id

es
a

lo
w

er
b

ou
n
d
,

i.
e.

,
R

(d
′ ,

x
,y

)
≥
b(
d
′ p,

x
,y

)
≥

b(
d
p
,x
,y

)
≥
R
c
,

an
d

th
u
s
d
′

ca
n
n
ot

b
e

op
ti

m
a
l.

N
ex

t,
w

e
st

at
e

an
im

m
ed

ia
te

co
n
se

q
u
en

ce
of

T
h
eo

re
m

1.

L
e
m

m
a

2
(O

b
je

c
ti

v
e

lo
w

e
r

b
o
u

n
d

w
it

h
o
n

e
-s

te
p

lo
o
k
a
h

e
a
d

)
L

et
d
p

be
a
K

-p
re

fi
x

a
n

d
le

t
R
c

be
th

e
cu

rr
en

t
be

st
o
bj

ec
ti

ve
.

If
b(
d
p
,x
,y

)
+
λ
≥
R
c
,

th
en

fo
r

a
n

y
K
′ -

ru
le

li
st

d
′ ∈

σ
(d
p
)

w
h
o
se

p
re

fi
x
d
′ p

st
a
rt

s
w

it
h
d
p

a
n

d
K
′ >

K
,

it
fo

ll
o

w
s

th
a
t
R

(d
′ ,

x
,y

)
≥
R
c
.
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

P
ro

o
f

B
y

th
e

d
efi

n
ition

of
th

e
low

er
b

ou
n
d

(5),
w

h
ich

in
clu

d
es

th
e

p
en

alty
for

lo
n
ger

p
refi

x
es,

R
(d ′p ,x

,y
)≥

b(d ′p ,x
,y

)
=
`
p (d ′p ,δ ′p ,x

,y
)

+
λ
K
′

=
`
p (d ′p ,δ ′p ,x

,y
)

+
λ
K

+
λ

(K
′−

K
)

=
b(d

p ,x
,y

)
+
λ

(K
′−

K
)≥

b(d
p ,x

,y
)

+
λ
≥
R
c.

(8)

T
h
erefo

re,
even

if
w

e
en

cou
n
ter

a
p
refi

x
d
p

w
ith

low
er

b
ou

n
d
b(d

p ,x
,y

)≤
R
c,

a
s

lon
g

a
s
b(d

p ,x
,y

)
+
λ
≥
R
c,

th
en

w
e

can
p
ru

n
e

all
p
refi

x
es
d ′p

th
at

start
w

ith
an

d
are

lon
ger

th
a
n
d
p .

3
.5

U
p

p
e
r

B
o
u

n
d

s
o
n

P
re

fi
x

L
e
n

g
th

In
th

is
sectio

n
,

w
e

d
erive

several
u
p
p

er
b

ou
n
d
s

on
p
refi

x
len

gth
:

•
T

h
e

sim
p
lest

u
p
p

er
b

ou
n
d

on
p
refi

x
len

gth
is

g
iven

b
y

th
e

total
n
u
m

b
er

of
availa

b
le

a
n
teced

en
ts.

(P
rop

osition
3)

•
T

h
e

cu
rren

t
b

est
ob

jectiv
e
R
c

im
p
lies

an
u
p
p

er
b

ou
n
d

on
p
refi

x
len

gth
.

(T
h
eorem

4)

•
F

o
r

in
tu

ition
,

w
e

state
a

version
of

th
e

ab
ove

b
ou

n
d

th
at

is
valid

at
th

e
start

of
ex

ecu
tio

n
.

(C
orollary

5)

•
B

y
co

n
sid

erin
g

sp
ecifi

c
fam

ilies
of

p
refi

x
es,

w
e

can
ob

tain
tigh

ter
b

ou
n
d
s

on
p
refi

x
len

g
th

.
(T

h
eorem

6)

In
th

e
n
ex

t
section

(§3.6),
w

e
u
se

th
ese

resu
lts

to
d
erive

corresp
on

d
in

g
u
p
p

er
b

o
u
n
d
s

on
th

e
n
u
m

b
er

of
p
refi

x
evalu

ation
s

m
ad

e
b
y

A
lgorith

m
1.

P
ro

p
o
sitio

n
3

(T
riv

ia
l

u
p

p
e
r

b
o
u

n
d

o
n

p
re

fi
x

le
n
g
th

)
C

o
n

sid
er

a
sta

te
spa

ce
o
f

a
ll

ru
le

lists
fo

rm
ed

fro
m

a
set

o
f
M

a
n

teced
en

ts,
a
n

d
let

L
(d

)
be

th
e

len
gth

o
f

ru
le

list
d

.
M

p
ro

vid
es

a
n

u
p
per

bo
u

n
d

o
n

th
e

len
gth

o
f

a
n

y
o
p
tim

a
l

ru
le

list
d ∗∈

argm
in
d
R

(d
,x
,y

),
i.e.,

L
(d

)≤
M

.

P
ro

o
f

R
u
le

lists
con

sist
of

d
istin

ct
ru

les
b
y

d
efi

n
ition

.

A
t

a
n
y

p
o
in

t
d
u
rin

g
b
ran

ch
-an

d
-b

ou
n
d

ex
ecu

tion
,

th
e

cu
rren

t
b

est
ob

jective
R
c

im
p
lies

a
n

u
p
p

er
b

o
u
n
d

on
th

e
m

ax
im

u
m

p
refi

x
len

gth
w

e
m

igh
t

still
h
ave

to
co

n
sid

er.

T
h

e
o
re

m
4

(U
p

p
e
r

b
o
u

n
d

o
n

p
re

fi
x

le
n

g
th

)
C

o
n

sid
er

a
sta

te
spa

ce
o
f

a
ll

ru
le

lists
fo

rm
ed

fro
m

a
set

o
f
M

a
n

teced
en

ts.
L

et
L

(d
)

be
th

e
len

gth
o
f

ru
le

list
d

a
n

d
let

R
c

be
th

e
cu

rren
t

best
o
bjective.

F
o
r

a
ll

o
p
tim

a
l

ru
le

lists
d ∗∈

argm
in
d
R

(d
,x
,y

)

L
(d ∗)≤

m
in (⌊

R
c

λ

⌋
,M

)
,

(9)
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

w
h
ere

λ
is

th
e

regu
la

riza
tio

n
pa

ra
m

eter.
F

u
rth

erm
o
re,

if
d
c

is
a

ru
le

list
w

ith
o
bjective

R
(d
c,x

,y
)

=
R
c,

len
gth

K
,

a
n

d
zero

m
iscla

ssifi
ca

tio
n

erro
r,

th
en

fo
r

every
o
p
tim

a
l

ru
le

list
d ∗∈

argm
in
d
R

(d
,x
,y

),
if
d
c∈

argm
in
d
R

(d
,x
,y

),
th

en
L

(d ∗)≤
K

,
o
r

o
th

erw
ise

if
d
c
/∈

argm
in
d
R

(d
,x
,y

),
th

en
L

(d ∗)≤
K
−

1.

P
ro

o
f

F
or

an
op

tim
al

ru
le

list
d ∗

w
ith

ob
jective

R
∗,

λ
L

(d ∗)≤
R
∗

=
R

(d ∗,x
,y

)
=
`(d ∗,x
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h
eo

-
re

m
7,

it
u
se

s
th

e
cu

rr
en

t
b

es
t

ob
je

ct
iv

e
an

d
in

fo
rm

at
io

n
ab

ou
t

th
e

le
n
gt

h
s

of
p
re

fi
x
es

in
th

e
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

q
u
eu

e
to

con
strain

th
e

len
gth

s
of

p
refi

x
es

in
th

e
rem

ain
in

g
sea

rch
sp

ace.
H

ow
ever,

P
rop

osi-
tio

n
9

is
w

ea
ker

th
an

T
h
eorem

7
b

ecau
se

it
leverages

on
ly

coarse-gra
in

ed
in

form
ation

from
th

e
q
u
eu

e.
S
p

ecifi
cally,

T
h
eorem

7
is

strictly
tigh

ter
b

ecau
se

it
ad

d
ition

ally
in

corp
orates

p
refi

x
-sp

ecifi
c

o
b

jective
low

er
b

ou
n
d

in
form

atio
n

from
p
refi

x
es

in
th

e
q
u
eu

e,
w

h
ich

fu
rth

er
co

n
stra

in
s

th
e

len
gth

s
of

p
refi

x
es

in
th

e
rem

ain
in

g
search

sp
ace.

P
ro

p
o
sitio

n
9

(C
o
a
rse

-g
ra

in
e
d

u
p

p
e
r

b
o
u

n
d

o
n

re
m

a
in

in
g

p
re

fi
x

e
v
a
lu

a
tio

n
s)

C
o
n

sid
er

a
sta

te
spa

ce
o
f

a
ll

ru
le

lists
fo

rm
ed

fro
m

a
set

o
f
M

a
n

teced
en

ts,
a
n

d
co

n
sid

er
A

lgo
rith

m
1

a
t

a
pa

rticu
la

r
in

sta
n

t
d
u

rin
g

execu
tio

n
.

L
et
R
c

be
th

e
cu

rren
t

best
o
bjective,

let
Q

be
th

e
qu

eu
e,

a
n

d
let

L
(d
p )

be
th

e
len

gth
o
f

p
refi

x
d
p .

L
et
Q
j

be
th

e
n

u
m

ber
o
f

p
refi

xes
o
f

len
gth

j
in
Q

,

Q
j

=
∣∣{d

p
:
L

(d
p )

=
j,d

p ∈
Q
} ∣∣

a
n

d
let

J
=

a
rg

m
ax

d
p ∈
Q
L

(d
p )

be
th

e
len

gth
o
f

th
e

lo
n

gest
p
refi

x
in
Q

.
D

efi
n

e
Γ

(R
c,Q

)
to

be
th

e
n

u
m

ber
o
f

rem
a
in

in
g

p
refi

x
eva

lu
a
tio

n
s,

th
en

Γ
(R

c,Q
)≤

J
∑j=

1

Q
j (

K
−
j

∑k
=

0

(M
−
j)!

(M
−
j−

k
)! )

,

w
h
ere

K
=

m
in

(bR
c/λc,M

).

P
ro

o
f

T
h
e

n
u
m

b
er

of
rem

ain
in

g
p
refi

x
evalu

ation
s

is
eq

u
al

to
th

e
n
u
m

b
er

of
p
refi

x
es

th
at

a
re

cu
rren

tly
in

or
w

ill
b

e
in

serted
in

to
q
u
eu

e
Q

.
F

or
an

y
su

ch
rem

ain
in

g
p
refi

x
d
p ,

T
h
eo

rem
4

g
ives

a
n

u
p
p

er
b

ou
n
d

on
its

len
gth

;d
efi

n
e
K

to
b

e
th

is
b

ou
n
d
:
L

(d
p )≤

m
in

(bR
c/λc,M

)≡
K

.
F

or
a
n
y

p
refi

x
d
p

in
q
u
eu

e
Q

w
ith

len
gth

L
(d
p )

=
j,

th
e

m
ax

im
u
m

n
u
m

b
er

of
p
refi

x
es

th
at

sta
rt

w
ith

d
p

a
n
d

rem
ain

to
b

e
evalu

ated
is:

K
−
j

∑k
=

0

P
(M
−
j,k

)
=

K
−
j

∑k
=

0

(M
−
j)!

(M
−
j−

k
)! ,

w
h
ere

P
(T
,k

)
d
en

otes
th

e
n
u
m

b
er

of
k
-p

erm
u
tation

s
of
T

.
T

h
is

gives
an

u
p
p

er
b

ou
n
d

on
th

e
n
u
m

b
er

o
f

rem
ain

in
g

p
refi

x
evalu

ation
s:

Γ
(R

c,Q
)≤

J
∑j=

0

Q
j (

K
−
j

∑k
=

0

P
(M
−
j,k

) )
=

J
∑j=

0

Q
j (

K
−
j

∑k
=

0

(M
−
j)!

(M
−
j−

k
)! )

.

3
.7

L
o
w

e
r

B
o
u

n
d

s
o
n

A
n
te

c
e
d

e
n
t

S
u

p
p

o
rt

In
th

is
sectio

n
,

w
e

give
tw

o
low

er
b

ou
n
d
s

on
th

e
n
orm

alized
su

p
p

ort
of

each
an

teced
en

t
in

a
n
y

op
tim

a
l

ru
le

list;
b

oth
are

related
to

th
e

regu
larization

p
aram

eter
λ

.
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

T
h

e
o
re

m
1
0

(L
o
w

e
r

b
o
u

n
d

o
n

a
n
te

c
e
d

e
n
t

su
p

p
o
rt)

L
et
d ∗

=
(d
p ,δ

p ,q
0 ,K

)
be

a
n

y
o
p
tim

a
l

ru
le

list
w

ith
o
bjective

R
∗,

i.e.,
d ∗∈

argm
in
d
R

(d
,x
,y

).
F

o
r

ea
ch

a
n

teced
en

t
p
k

in
p
refi

x
d
p

=
(p

1 ,...,p
K

),
th

e
regu

la
riza

tio
n

pa
ra

m
eter

λ
p
ro

vid
es

a
lo

w
er

bo
u

n
d

o
n

th
e

n
o
rm

a
lized

su
p
po

rt
o
f
p
k ,

λ
≤

su
p
p
(p
k ,x|d

p ).
(14)

P
ro

o
f

L
et
d ∗

=
(d
p ,δ

p ,q
0 ,K

)
b

e
an

op
tim

al
ru

le
list

w
ith

p
refi

x
d
p

=
(p

1 ,...,p
K

)
an

d
lab

els
δ
p

=
(q

1 ,...,q
K

).
C

on
sid

er
th

e
ru

le
list

d
=

(d ′p ,δ ′p ,q ′0 ,K
−

1)
d
erived

from
d ∗

b
y

d
eletin

g
a

ru
le
p
i →

q
i ,

th
erefore

d ′p
=

(p
1 ,...,p

i−
1 ,p

i+
1 ,...,p

K
)

an
d
δ ′p

=
(q

1 ,...,q
i−

1 ,
q ′i+

1 ,...,q ′K
),

w
h
ere

q ′k
n
eed

n
ot

b
e

th
e

sam
e

as
q
k ,

for
k
>
i

an
d
k

=
0.

T
h
e

largest
p

ossib
le

d
iscrep

an
cy

b
etw

een
d ∗

an
d
d

w
ou

ld
o
ccu

r
if
d ∗

correctly
classifi

ed
all

th
e

d
ata

cap
tu

red
b
y
p
i ,

w
h
ile

d
m

isclassifi
ed

th
ese

d
ata.

T
h
is

giv
es

an
u
p
p

er
b

ou
n
d
:

R
(d
,x
,y

)
=
`(d

,x
,y

)
+
λ

(K
−

1)≤
`(d ∗,x

,y
)

+
su

p
p
(p
i ,x|d

p )
+
λ

(K
−

1)

=
R

(d ∗,x
,y

)
+

su
p
p
(p
i ,x|d

p )−
λ

=
R
∗

+
su

p
p
(p
i ,x|d

p )−
λ

(15)

w
h
ere

su
p
p
(p
i ,x|d

p )
is

th
e

n
orm

alized
su

p
p

ort
of
p
i

in
th

e
co

n
tex

t
of
d
p ,

d
efi

n
ed

in
(3),

an
d

th
e

regu
larization

‘b
on

u
s’

com
es

from
th

e
fact

th
at
d

is
on

e
ru

le
sh

orter
th

an
d ∗.

A
t

th
e

sam
e

tim
e,

w
e

m
u
st

h
ave

R
∗≤

R
(d
,x
,y

)
for

d ∗
to

b
e

op
tim

al.
C

om
b
in

in
g

th
is

w
ith

(15)
an

d
rearran

gin
g

gives
(14),

th
erefore

th
e

reg
u
larization

p
aram

eter
λ

p
rov

id
es

a
low

er
b

ou
n
d

on
th

e
su

p
p

ort
of

an
an

teced
en

t
p
i

in
an

op
tim

al
ru

le
list

d ∗.

T
h
u
s,

w
e

can
p
ru

n
e

a
p
refi

x
d
p

if
an

y
of

its
an

teced
en

ts
cap

tu
res

less
th

an
a

fra
ction

λ
of

d
ata,

even
if
b(d

p ,x
,y

)
<
R
∗.

N
otice

th
at

th
e

b
ou

n
d

in
T

h
eorem

10
d
ep

en
d
s

on
th

e
an

teced
en

ts,
b
u
t

n
ot

th
e

lab
el

p
red

iction
s,

an
d

th
u
s

d
o
es

n
ot

acco
u
n
t

for
m

isclassifi
cation

error.
T

h
eorem

11
giv

es
a

tigh
ter

b
ou

n
d

b
y

leveragin
g

th
is

ad
d
ition

al
in

form
ation

,
w

h
ich

sp
ecifi

cally
tigh

ten
s

th
e

u
p
p

er
b

ou
n
d

on
R

(d
,x
,y

)
in

(1
5).

T
h

e
o
re

m
1
1

(L
o
w

e
r

b
o
u

n
d

o
n

a
c
c
u

ra
te

a
n
te

c
e
d

e
n
t

su
p

p
o
rt)

L
et

d ∗
be

a
n

y
o
p
ti-

m
a
l

ru
le

list
w

ith
o
bjective

R
∗,

i.e.,
d ∗

=
(d
p ,δ

p ,q
0 ,K

)∈
argm

in
d
R

(d
,x
,y

).
L

et
d ∗

h
a
ve

p
refi

x
d
p

=
(p

1 ,...,p
K

)
a
n

d
la

bels
δ
p

=
(q

1 ,...,q
K

).
F

o
r

ea
ch

ru
le
p
k →

q
k

in
d ∗,

d
efi

n
e
a
k

to
be

th
e

fra
ctio

n
o
f

d
a
ta

th
a
t

a
re

ca
p
tu

red
by

p
k

a
n

d
co

rrectly
cla

ssifi
ed

:

a
k ≡

1N

N
∑n

=
1

cap
(x
n
,p
k |d

p )∧
1

[q
k

=
y
n
].

(16)

T
h
e

regu
la

riza
tio

n
pa

ra
m

eter
λ

p
ro

vid
es

a
lo

w
er

bo
u

n
d

o
n
a
k :

λ
≤
a
k .

(17)

P
ro

o
f

A
s

in
T

h
eorem

10,
let

d
=

(d ′p ,δ ′p ,q ′0 ,K
−

1)
b

e
th

e
ru

le
list

d
erived

from
d ∗

b
y

d
eletin

g
a

ru
le
p
i →

q
i .

N
ow

,
let

u
s

d
efi

n
e
`
i

to
b

e
th

e
p

ortion
of
R
∗

d
u
e

to
th

is
ru

le’s
m

isclassifi
cation

error,

`
i ≡

1N

N
∑n

=
1

cap
(x
n
,p
i |d

p )∧
1

[q
i 6=

y
n
].
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

T
h
e

la
rg

es
t

d
is

cr
ep

an
cy

b
et

w
ee

n
d
∗

an
d
d

w
ou

ld
o
cc

u
r

if
d

m
is

cl
as

si
fi
ed

al
l
th

e
d
a
ta

ca
p
tu

re
d

b
y
p
i.

T
h
is

gi
ve

s
an

u
p
p

er
b

ou
n
d

on
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
of
d

an
d
d
∗ : `(
d
,x
,y

)
−
`(
d
∗ ,

x
,y

)
≤

su
p
p
(p
i,

x
|d
p
)
−
` i

=
1 N

N ∑ n
=

1

ca
p
(x
n
,p
i
|d
p
)
−

1 N

N ∑ n
=

1

ca
p
(x
n
,p
i
|d
p
)
∧
1

[q
i
6=
y n

]

=
1 N

N ∑ n
=

1

ca
p
(x
n
,p
i
|d
p
)
∧
1

[q
i

=
y n

]
=
a
i,

w
h
er

e
w

e
d
efi

n
ed

a
i

in
(1

6)
.

R
el

at
in

g
th

is
b

ou
n
d

to
th

e
ob

je
ct

iv
es

of
d

an
d
d
∗

gi
ve

s

R
(d
,x
,y

)
=
`(
d
,x
,y

)
+
λ

(K
−

1)
≤
`(
d
∗ ,

x
,y

)
+
a
i
+
λ

(K
−

1)

=
R

(d
∗ ,

x
,y

)
+
a
i
−
λ

=
R
∗

+
a
i
−
λ
.

(1
8)

C
om

b
in

in
g

(1
8)

w
it

h
th

e
re

q
u
ir

em
en

t
R
∗
≤
R

(d
,x
,y

)
gi

v
es

th
e

b
ou

n
d
λ
≤
a
i.

T
h
u
s,

w
e

ca
n

p
ru

n
e

a
p
re

fi
x

if
an

y
of

it
s

ru
le

s
co

rr
ec

tl
y

cl
as

si
fi
es

le
ss

th
an

a
fr

ac
ti

on
λ

of
d
at

a.
W

h
il
e

th
e

lo
w

er
b

ou
n
d

in
T

h
eo

re
m

10
is

a
su

b
-c

on
d
it

io
n

of
th

e
lo

w
er

b
ou

n
d

in
T

h
eo

re
m

11
,

w
e

ca
n

st
il
l

le
ve

ra
ge

b
ot

h
—

si
n
ce

th
e

su
b
-c

on
d
it

io
n

is
ea

si
er

to
ch

ec
k
,

ch
ec

k
-

in
g

it
fi
rs

t
ca

n
ac

ce
le

ra
te

p
ru

n
in

g.
In

ad
d
it

io
n

to
ap

p
ly

in
g

T
h
eo

re
m

10
in

th
e

co
n
te

x
t

of
co

n
st

ru
ct

in
g

ru
le

li
st

s,
w

e
ca

n
fu

rt
h
er

m
or

e
ap

p
ly

it
in

th
e

co
n
te

x
t

of
ru

le
m

in
in

g
(§

3.
1)

.
S
p

ec
ifi

ca
ll
y,

it
im

p
li
es

th
at

w
e

sh
ou

ld
on

ly
m

in
e

ru
le

s
w

it
h

n
or

m
al

iz
ed

su
p
p

or
t

of
at

le
as

t
λ

;
w

e
n
ee

d
n
ot

m
in

e
ru

le
s

w
it

h
a

sm
al

le
r

fr
ac

ti
on

of
ob

se
rv

at
io

n
s.

2
In

co
n
tr

as
t,

w
e

ca
n

on
ly

ap
p
ly

T
h
eo

re
m

11
in

th
e

co
n
te

x
t

of
co

n
st

ru
ct

in
g

ru
le

li
st

s;
it

d
ep

en
d
s

on
th

e
m

is
cl

as
si

fi
-

ca
ti

on
er

ro
r

as
so

ci
at

ed
w

it
h

ea
ch

ru
le

in
a

ru
le

li
st

,
th

u
s

it
p
ro

v
id

es
a

lo
w

er
b

ou
n
d

on
th

e
n
u
m

b
er

of
ob

se
rv

at
io

n
s

th
at

ea
ch

su
ch

ru
le

m
u
st

co
rr

ec
tl

y
cl

as
si

fy
.

3
.8

U
p

p
e
r

B
o
u

n
d

o
n

A
n
te

c
e
d

e
n
t

S
u

p
p

o
rt

In
th

e
p
re

v
io

u
s

se
ct

io
n

(§
3.

7)
,

w
e

p
ro

v
ed

lo
w

er
b

ou
n
d
s

on
an

te
ce

d
en

t
su

p
p

or
t;

in
A

p
-

p
en

d
ix

A
,

w
e

gi
ve

an
u
p
p

er
b

ou
n
d

on
an

te
ce

d
en

t
su

p
p

or
t.

S
p

ec
ifi

ca
ll
y,

T
h
eo

re
m

21
sh

ow
s

th
at

an
an

te
ce

d
en

t’
s

su
p
p

or
t

in
a

ru
le

li
st

ca
n
n
ot

b
e

to
o

si
m

il
ar

to
th

e
se

t
of

d
at

a
n
ot

ca
p
tu

re
d

b
y

p
re

ce
d
in

g
an

te
ce

d
en

ts
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e

ru
le

li
st
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p
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ti
cu

la
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T
h
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m
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p
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at

w
e
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ou
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on

ly
m
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e

ru
le

s
w

it
h

n
or

m
al

iz
ed

su
p
p

or
t

le
ss

th
an
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eq

u
al

to
1
−
λ

;
w

e
n
ee

d
n
ot

m
in

e
ru

le
s

w
it

h
a
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er
fr
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ti
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of

ob
se
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at

io
n
s.

N
ot

e
th
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w

e
d
o

n
ot

ot
h
er

w
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e
u
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b
ou

n
d
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ou

r
im

p
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m
en

ta
ti
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,

b
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se

w
e

d
id

n
ot

ob
se
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e

a
m

ea
n
in

gf
u
l

b
en

efi
t

in
p
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m
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ar

y
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p
er

im
en

ts
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3
.9

A
n
te

c
e
d

e
n
t

R
e
je

c
ti
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n

a
n

d
it

s
P

ro
p

a
g
a
ti

o
n

In
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se
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io

n
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w
e

d
em

on
st

ra
te
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er
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n
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q
u
en
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s

of
ou

r
lo

w
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3.

7)
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d
u
p
p

er
b

ou
n
d
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3.

8)
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an
te
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d
en

t
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p
p
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u
n
d
er

a
u
n
ifi

ed
fr
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or
k

w
e

re
fe

r
to
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an
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ce

d
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ti
on

.
L

et
d
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=
(p

1
,.
..
,p
K

)
b

e
a

p
re

fi
x
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d

le
t
p
k

b
e

an
an

te
ce

d
en

t
in
d
p
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D
efi

n
e
p
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h
av

e

2
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W
e

d
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e
o
u

r
a
p

p
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ca
ti
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p
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d
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,
w

h
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e
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e
p
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p
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g
.
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b
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b
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h
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D
efi

n
e
p
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h
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e
in

su
ffi
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en
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te
su

p
p

or
t

in
d
p
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it
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ot

ob
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th
e

b
ou

n
d
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(1

7
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f
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h
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re
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D

efi
n
e
p
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to
h
av

e
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ce
ss

iv
e

su
p
p

o
rt
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d
p

if
it
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n
ot

ob
ey

th
e
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o
u
n
d

in
(3

7
)

o
f

T
h
eo

re
m

21
(A

p
p

en
d
ix

A
).

If
p
k

in
th

e
co

n
te

x
t

of
d
p

h
as

in
su

ffi
ci

en
t

su
p
p

o
rt

,
in

su
ffi

ci
en

t
ac

cu
ra

te
su

p
p

or
t,

or
ex

ce
ss

iv
e

su
p
p

or
t,

le
t

u
s

sa
y

th
at

p
re

fi
x
d
p

re
je

ct
s

an
te

ce
d
en

t
p
K

.
N

ex
t,

in
T

h
eo

re
m

12
,

w
e

d
es

cr
ib

e
la

rg
e

cl
as

se
s

o
f

re
la

te
d

ru
le

li
st

s
w

h
os

e
p
re

fi
x
es

a
ll

re
je

ct
th

e
sa

m
e

an
te

ce
d
en

t.

T
h

e
o
re

m
1
2

(A
n
te

c
e
d

e
n
t

re
je

c
ti

o
n

p
ro

p
a
g
a
te

s)
F

o
r

a
n

y
p
re

fi
x
d
p

=
(p

1
,.
..
,p
K

),
le

t
φ

(d
p
)

d
en

o
te

th
e

se
t

o
f

a
ll

p
re

fi
xe

s
d
′ p

su
ch

th
a
t

th
e

se
t

o
f

a
ll

a
n

te
ce

d
en

ts
in
d
p

is
a

su
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et
o
f
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e

se
t

o
f

a
ll

a
n

te
ce

d
en

ts
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d
′ p,

i.
e.

,

φ
(d
p
)

=
{d
′ p

=
(p
′ 1
,.
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,p
′ K
′)
s.
t.
{p
k

:
p
k
∈
d
p
}
⊆
{p
′ κ

:
p
′ κ
∈
d
′ p}
,K
′ ≥

K
}.

(1
9
)

L
et
d

=
(d
p
,δ
p
,q

0
,K

)
be

a
ru

le
li

st
w

it
h

p
re

fi
x
d
p

=
(p

1
,.
..
,p
K
−

1
,p
K

),
su

ch
th

a
t
d
p
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je

ct
s

it
s

la
st

a
n

te
ce

d
en

t
p
K

,
ei

th
er
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u
se
p
K

in
th

e
co

n
te
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o
f
d
p

h
a
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su

ffi
ci

en
t

su
p
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su
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u
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te
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e
su

p
po
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.

L
et
d
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−

1
p

=
(p

1
,.
..
,p
K
−

1
)
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th

e
fi
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t
K
−

1
a
n

te
ce

d
en
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o
f
d
p
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L
et
D

=
(D

p
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p
,Q

0
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)
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le
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st
w
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p
re
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x
D
p

=
(P

1
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,P

K
′ −
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P
K
′ ,
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.,
P
κ
)
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th
a
t
D
p

st
a
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w

it
h
D
K
′ −

1
p

=
(P

1
,.
..
,P

K
′ −

1
)
∈
φ
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K
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1
p

)
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n

d
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te
ce

d
en

t
P
K
′

=
p
K
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fo
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s
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a
t

p
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fi
x
D
p
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s
P
K
′
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r
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e
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n
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a
t
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p
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n
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D
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b
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P
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b
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p
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p
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h
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b
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er
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p
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d
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t
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,
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en
w

e
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n
p
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e
d
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.

B
y
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h
e-
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em
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,

w
e
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so

p
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n
e

a
n

y
p
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fi
x
d
′ p

w
h
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e
an

te
ce

d
en
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n
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in
s
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e

se
t

o
f

a
n
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d
en
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d
p
,

in
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m
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t
an

y
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d
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,
w
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h
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e
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n
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ra
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t
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at
al

l
an

te
ce

d
en
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p
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e
p
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T

h
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e
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d
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ts
ar

e
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ed
d
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ec
tl

y
b
y
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e

b
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n
d
s
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T

h
eo
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m

s
1
0
,

11
,

an
d

21
;

th
is
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h
ow

ou
r

im
p
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m
en

ta
ti

on
w

or
k
s
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p
ra
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e.
In

a
p
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m

in
a
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p
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m
en

-
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(n
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n
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w
e

m
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d
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n
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d
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u
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p
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e

d
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u
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h
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W
e

le
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e
th

e
d
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n
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effi
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en

t
d
at

a
st

ru
ct

u
re

s
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r
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fu
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w

o
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P
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p
o
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1
3
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n
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c
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n
t

a
n
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c
e
d

e
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p

p
o
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p
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p
a
g
a
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s)
F
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st

d
efi

n
e
φ
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(1
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a
n

d
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t
d
p
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−
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)
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p
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,
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o
p
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n
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p
p
(p
K
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|d
p
)
<
λ

.
L
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d
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−

1
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=
(p

1
,.
..
,p
K
−

1
),

a
n

d
le

t
D

=
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p
,∆

p
,Q

0
,κ

)
be

a
n

y
ru

le
li

st
w

it
h

p
re
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x
D
p

=
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1
,.
..
,P

K
′ −

1
,

P
K
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..
.,
P
κ
),

su
ch

th
a
t
D
p

st
a
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s
w

it
h
D
K
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1
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=
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1
,.
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′ −

1
)
∈
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−

1
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)
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d
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K
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p
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p
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P
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T
h
e
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p
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d
p

d
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e
set
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n
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n
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1
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n
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N
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1
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n
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∧
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n
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a
n
d
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e
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p
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D
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=
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K
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p
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=
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N
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=
1

cap
(x
n
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K
′|D
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=

1N

N
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=
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K
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1
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=

1

¬
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n
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∧
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n
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N
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K
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1
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=
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n
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∧
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n
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=
1N

N
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K
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1
∧k
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n
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∧
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K
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=
su

p
p
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K
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<
λ
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e

con
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D
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1
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∈
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1
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w
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e

set
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n
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con
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in
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−

1
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d
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e
n
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t
eq

u
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refl
ects
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e

fact
th
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P
K
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=
p
K

.
T

h
u
s,
P
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h
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in
su

ffi
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t
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p
p
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p
refi

x
D
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T
h
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D
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d
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su
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n
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c
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ra
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c
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d
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∈
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∧
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ow

ed
b
y
M

p
re

fi
x
es

of
le

n
gt

h
k

=
1,

th
en
P

(M
,2

)
p
re

fi
x
es

of
le

n
gt

h
k

=
2
,
w

h
er

e
P

(M
,2

)
is

th
e

n
u
m

b
er

o
f

si
ze

-2
su

b
se

ts
of
{1
,.
..
,M
}.

B
ef

or
e

p
ro

ce
ed

in
g

to
le

n
gt

h
k

=
3,

w
e

ke
ep

on
ly
C

(M
,2

)
p
re

fi
x
es

o
f

le
n
gt

h
k

=
2,

w
h
er

e
C

(M
,k

)
d
en

ot
es

th
e

n
u
m

b
er

of
k
-c

om
b
in

at
io

n
s

of
M

.
N

ow
,
th

e
n
u
m

b
er

of
le

n
gt

h
k

=
3

p
re

fi
x
es

w
e

ev
al

u
at

e
is
C

(M
,2

)(
M
−

2)
.

P
ro

p
ag

at
in

g
th

is
fo

rw
a
rd

g
iv

es

Γ
to

t(
S

)
≤

1
+

K ∑ k
=

1

C
(M

,k
−

1)
(M
−
k

+
1)

=
1

+
K ∑ k
=

1

1

(k
−

1)
!
·

M
!

(M
−
k
)!
.

P
ru

n
in

g
b
as

ed
on

p
er

m
u
ta

ti
on

sy
m

m
et

ri
es

th
u
s

y
ie

ld
s

si
gn

ifi
ca

n
t

co
m

p
u
ta

ti
o
n
a
l
sa

v
in

g
s.

L
et

u
s

co
m

p
ar

e,
fo

r
ex

am
p
le

,
to

th
e

n
äı

ve
n
u
m

b
er

of
p
re

fi
x

ev
al

u
at

io
n
s

gi
ve

n
b
y

th
e

u
p
p

er
b

ou
n
d

in
P

ro
p

os
it

io
n

8.
If
M

=
10

0
an

d
K

=
5,

th
en

th
e

n
äı

ve
n
u
m

b
er

is
ab

o
u
t

9.
1
×

1
09

,
w

h
il
e

th
e

re
d
u
ce

d
n
u
m

b
er

d
u
e

to
sy

m
m

et
ry

-a
w

ar
e

p
ru

n
in

g
is

ab
ou

t
3
.9
×

1
08

,
w

h
ic

h
is

sm
al

le
r

b
y

a
fa

ct
or

of
ab

ou
t

23
.

If
M

=
10

00
an

d
K

=
1
0,

th
e

n
u
m

b
er

of
ev

a
lu

a
ti

o
n
s

fa
ll
s

fr
om

ab
ou

t
9
.6
×

10
2
9

to
ab

ou
t

2
.7
×

10
2
4
,

w
h
ic

h
is

sm
al

le
r

b
y

a
fa

ct
or

of
ab

o
u
t

3
6
0
,0

0
0
.

W
h
il
e

10
2
4

se
em

s
in

fe
as

ib
ly

en
or

m
ou

s,
it

d
o
es

n
ot

re
p
re

se
n
t

th
e

n
u
m

b
er

o
f

ru
le

li
st

s
w

e
ev

al
u
at

e.
A

s
w

e
sh

ow
in

ou
r

ex
p

er
im

en
ts

(§
6)

,
ou

r
p

er
m

u
ta

ti
on

b
ou

n
d

in
C

o
ro

ll
a
ry

1
6

a
n
d
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

o
u
r

o
th

er
b

o
u
n
d
s

togeth
er

con
sp

ire
to

red
u
ce

th
e

search
sp

ace
to

a
size

m
an

a
geab

le
on

a
sin

g
le

co
m

p
u
ter.

T
h
e

ch
oice

of
M

=
1000

an
d
K

=
10

in
ou

r
ex

am
p
le

ab
ove

co
rresp

o
n
d
s

to
th

e
sta

te
sp

a
ce

size
ou

r
eff

orts
target.

K
=

10
ru

les
rep

resen
ts

a
(h

eu
ristic)

u
p
p

er
lim

it
on

th
e

size
of

a
n

in
terp

retab
le

ru
le

list,
a
n
d
M

=
1000

rep
resen

ts
th

e
ap

p
rox

im
ate

n
u
m

b
er

of
ru

les
w

ith
su

ffi
cien

tly
h
igh

su
p
p

ort
(T

h
eorem

10)
w

e
ex

p
ect

to
ob

tain
v
ia

ru
le

m
in

in
g

(§3.1).

3
.1

3
S

im
ila

r
S

u
p

p
o
rt

B
o
u

n
d

W
e

n
ow

p
resen

t
a

relax
ation

of
T

h
eorem

15,
ou

r
eq

u
ivalen

t
su

p
p

ort
b

ou
n
d
.

T
h
eorem

18
im

p
lies

th
a
t

if
w

e
k
n
ow

th
at

n
o

ex
ten

sion
s

of
a

p
refi

x
d
p

are
b

etter
th

an
th

e
cu

rren
t

b
est

o
b

jective,
th

en
w

e
can

p
ru

n
e

all
p
refi

x
es

w
ith

su
p
p

ort
sim

ilar
to
d
p ’s

su
p
p

ort.
U

n
d
erstan

d
in

g
h
ow

to
ex

p
loit

th
is

resu
lt

in
p
ractice

rep
resen

ts
an

ex
citin

g
d
irection

for
fu

tu
re

w
ork

;
ou

r
im

p
lem

en
ta

tio
n

(§5)
d
o
es

n
ot

cu
rren

tly
leverage

th
e

b
ou

n
d

in
T

h
eorem

1
8.

T
h

e
o
re

m
1
8

(S
im

ila
r

su
p

p
o
rt

b
o
u

n
d

)
D

efi
n

e
σ

(d
p )

to
be

th
e

set
o
f

a
ll

ru
le

lists
w

h
o
se

p
refi

xes
sta

rt
w

ith
d
p ,

a
s

in
(1).

L
et
d
p

=
(p

1 ,...,p
K

)
a
n

d
D
p

=
(P

1 ,...,P
κ )

be
p
refi

xes
th

a
t

ca
p
tu

re
n

ea
rly

th
e

sa
m

e
d
a
ta

.
S

pecifi
ca

lly,
d
efi

n
e
ω

to
be

th
e

n
o
rm

a
lized

su
p
po

rt
o
f

d
a
ta

ca
p
tu

red
by

d
p

a
n

d
n

o
t

ca
p
tu

red
by

D
p ,

i.e.,

ω
≡

1N

N
∑n

=
1 ¬

cap
(x
n
,D

p )∧
cap

(x
n
,d
p ).

(2
2)

S
im

ila
rly,

d
efi

n
e

Ω
to

be
th

e
n

o
rm

a
lized

su
p
po

rt
o
f

d
a
ta

ca
p
tu

red
by

D
p

a
n

d
n

o
t

ca
p
tu

red
by

d
p ,

i.e.,

Ω
≡

1N

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

cap
(x
n
,D

p ).
(23)

W
e

ca
n

bo
u

n
d

th
e

d
iff

eren
ce

betw
een

th
e

o
bjectives

o
f

th
e

o
p
tim

a
l

ru
le

lists
in
σ

(d
p )

a
n

d
σ

(D
p )

a
s

fo
llo

w
s:

m
in

D
†∈
σ

(D
p
) R

(D
†,x

,y
)−

m
in

d †∈
σ

(d
p
) R

(d †,x
,y

)≥
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
ω
−

Ω
,

(24)

w
h
ere

b(d
p ,x

,y
)

a
n

d
b(D

p ,x
,y

)
a
re

th
e

o
bjective

lo
w

er
bo

u
n

d
s

o
f
d

a
n

d
D

,
respectively.

P
ro

o
f

S
ee

A
p
p

en
d
ix

C
for

th
e

p
ro

of
of

T
h
eorem

18.

T
h
eo

rem
1
8

im
p
lies

th
at

if
p
refi

x
es
d
p

an
d
D
p

are
sim

ila
r,

a
n
d

w
e

k
n
ow

th
e

op
tim

al
o
b

jective
o
f

ru
le

lists
startin

g
w

ith
d
p ,

th
en

m
in

D
′∈
σ

(D
p
) R

(D
′,x

,y
)≥

m
in

d ′∈
σ

(d
p
) R

(d ′,x
,y

)
+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
χ

≥
R
c

+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
χ
,

w
h
ere

R
c

is
th

e
cu

rren
t

b
est

ob
jective,

an
d
χ

is
th

e
n
orm

a
lized

su
p
p

ort
of

th
e

set
of

d
ata

ca
p
tu

red
eith

er
ex

clu
sively

b
y
d
p

or
ex

clu
siv

ely
b
y
D
p .

It
follow

s
th

at

m
in

D
′∈
σ

(D
p
) R

(D
′,x

,y
)≥

R
c

+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
χ
≥
R
c

23
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

if
b(D

p ,x
,y

)−
b(d

p ,x
,y

)≥
χ

.
T

o
con

clu
d
e,

w
e

su
m

m
arize

th
is

resu
lt

an
d

com
b
in

e
it

w
ith

ou
r

n
otion

of
lo

okah
ead

from
L

em
m

a
2.

D
u
rin

g
b
ran

ch
-a

n
d
-b

ou
n
d

ex
ecu

tion
,

if
w

e
d
em

on
-

strate
th

at
m

in
d ′∈

σ
(d
p
)
R

(d ′,x
,y

)≥
R
c,

th
en

w
e

can
p
ru

n
e

all
p
refi

x
es

th
at

start
w

ith
an

y
p
refi

x
D
′p

in
th

e
follow

in
g

set:

{
D
′p

:
b(D

′p ,x
,y

)
+
λ
−
b(d

p ,x
,y

)≥
1N

N
∑n

=
1

cap
(x
n
,d
p )⊕

cap
(x
n
,D
′p ) }

,

w
h
ere

th
e

sy
m

b
ol⊕

d
en

otes
th

e
logical

op
eration

,
ex

clu
sive

or
(X

O
R

).

3
.1

4
E

q
u

iv
a
le

n
t

P
o
in

ts
B

o
u

n
d

T
h
e

b
ou

n
d
s

in
th

is
section

q
u
an

tify
th

e
follow

in
g:

If
m

u
ltip

le
ob

servation
s

th
at

are
n
ot

cap
tu

red
b
y

a
p
refi

x
d
p

h
ave

id
en

tica
l

featu
res

an
d

op
p

osite
lab

els,
th

en
n
o

ru
le

list
th

at
starts

w
ith

d
p

can
correctly

classify
all

th
ese

ob
servation

s.
F

o
r

each
set

of
su

ch
ob

servation
s,

th
e

n
u
m

b
er

of
m

istakes
is

at
least

th
e

n
u
m

b
er

of
ob

servation
s

w
ith

th
e

m
in

ority
lab

el
w

ith
in

th
e

set.
C

on
sid

er
a

d
ata

set
{
(x
n
,y
n
)}
Nn

=
1

an
d

also
a

set
of

an
teced

en
ts
{s
m }

Mm
=

1 .
D

efi
n
e

d
is-

tin
ct

ob
servation

s
to

b
e

eq
u
ivalen

t
if

th
ey

a
re

cap
tu

red
b
y

ex
actly

th
e

sam
e

an
teced

en
ts,

i.e.,
x
i 6=

x
j

are
eq

u
ivalen

t
if

1M

M∑m
=

1

1
[cap

(x
i ,s

m
)

=
cap

(x
j ,s

m
)]

=
1
.

N
otice

th
at

w
e

can
p
artition

a
d
ata

set
in

to
sets

of
eq

u
ivalen

t
p

oin
ts;

let{e
u }
Uu

=
1

en
u
m

erate
th

ese
sets.

L
et
e
u

b
e

th
e

eq
u
ivalen

t
p

oin
ts

set
th

at
con

tain
s

ob
servatio

n
x
i .

N
ow

d
efi

n
e
θ(e

u )
to

b
e

th
e

n
orm

alized
su

p
p

ort
of

th
e

m
in

ority
class

lab
el

w
ith

resp
ect

to
set

e
u ,

e.g.,
let

e
u

=
{
x
n

:∀
m
∈

[M
],
1

[cap
(x
n
,s
m

)
=

cap
(x
i ,s

m
)]}
,

an
d

let
q
u

b
e

th
e

m
in

ority
class

lab
el

am
on

g
p

oin
ts

in
e
u ,

th
en

θ(e
u )

=
1N

N
∑n

=
1

1
[x
n
∈
e
u ]1

[y
n

=
q
u ].

(25)

T
h
e

ex
isten

ce
of

eq
u
ivalen

t
p

oin
ts

sets
w

ith
n
on

-sin
gleton

su
p
p

ort
y
ield

s
a

tigh
ter

ob
-

jective
low

er
b

ou
n
d

th
at

w
e

can
com

b
in

e
w

ith
ou

r
oth

er
b

ou
n
d
s;

as
ou

r
ex

p
erim

en
ts

d
em

o
n
-

strate
(§6),

th
e

p
ractical

con
seq

u
en

ces
can

b
e

d
ram

atic.
F

irst,
for

in
tu

ition
,

w
e

p
resen

t
a

gen
eral

b
ou

n
d

in
P

rop
osition

19;
n
ex

t,
w

e
ex

p
licitly

in
tegrate

th
is

b
ou

n
d

in
to

ou
r

fram
ew

ork
in

T
h
eorem

20.

P
ro

p
o
sitio

n
1
9

(G
e
n

e
ra

l
e
q
u

iv
a
le

n
t

p
o
in

ts
b

o
u

n
d

)
L

et
d

=
(d
p ,δ

p ,q
0 ,K

)
be

a
ru

le
list,

th
en

R
(d
,x
,y

)≥
U
∑u

=
1

θ(e
u )

+
λ
K
.

2
4
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

P
ro

o
f

R
ec

al
l

th
at

th
e

ob
je

ct
iv

e
is
R

(d
,x
,y

)
=
`(
d
,x
,y

)
+
λ
K

,
w

h
er

e
th

e
m

is
cl

as
si

fi
ca

ti
on

er
ro

r
`(
d
,x
,y

)
is

gi
ve

n
b
y

`(
d
,x
,y

)
=
` 0

(d
p
,q

0
,x
,y

)
+
` p

(d
p
,δ
p
,x
,y

)

=
1 N

N ∑ n
=

1

(
¬

ca
p
(x
n
,d
p
)
∧
1

[q
0
6=
y n

]+
K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
)
∧
1

[q
k
6=
y n

])
.

A
n
y

p
ar

ti
cu

la
r

ru
le

li
st

u
se

s
a

sp
ec

ifi
c

ru
le

,
an

d
th

er
ef

or
e

a
si

n
gl

e
cl

as
s

la
b

el
,

to
cl

as
si

fy
al

l
p

oi
n
ts

w
it

h
in

a
se

t
of

eq
u
iv

al
en

t
p

oi
n
ts

.
T

h
u
s,

fo
r

a
se

t
of

eq
u
iv

al
en

t
p

oi
n
ts
u

,
th

e
ru

le
li
st
d

co
rr

ec
tl

y
cl

as
si

fi
es

ei
th

er
p

oi
n
ts

th
a
t

h
av

e
th

e
m

a
jo

ri
ty

cl
as

s
la

b
el

,
or

p
oi

n
ts

th
at

h
av

e
th

e
m

in
or

it
y

cl
as

s
la

b
el

.
It

fo
ll
ow

s
th

at
d

m
is

cl
as

si
fi
es

a
n
u
m

b
er

of
p

oi
n
ts

in
u

a
t

le
as

t
as

gr
ea

t
as

th
e

n
u
m

b
er

of
p

oi
n
ts

w
it

h
th

e
m

in
or

it
y

cl
as

s
la

b
el

.
T

o
tr

an
sl

at
e

th
is

in
to

a
lo

w
er

b
ou

n
d

on
`(
d
,x
,y

),
w

e
fi
rs

t
su

m
ov

er
al

l
se

ts
of

eq
u
iv

al
en

t
p

oi
n
ts

,
an

d
th

en
fo

r
ea

ch
su

ch
se

t,
co

u
n
t

d
iff

er
en

ce
s

b
et

w
ee

n
cl

as
s

la
b

el
s

an
d

th
e

m
in

or
it

y
cl

as
s

la
b

el
of

th
e

se
t,

in
st

ea
d

of
co

u
n
ti

n
g

m
is

ta
k
es

:

`(
d
,x
,y

)

=
1 N

U ∑ u
=

1

N ∑ n
=

1

(
¬

ca
p
(x
n
,d
p
)
∧
1

[q
0
6=
y n

]+
K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
)
∧
1

[q
k
6=
y n

])
1

[x
n
∈
e u

]

≥
1 N

U ∑ u
=

1

N ∑ n
=

1

(
¬

ca
p
(x
n
,d
p
)
∧
1

[y
n

=
q u

]+
K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
)
∧
1

[y
n

=
q u

])
1

[x
n
∈
e u

].

(2
6)

N
ex

t,
w

e
fa

ct
or

ou
t

th
e

in
d
ic

at
or

fo
r

eq
u
iv

al
en

t
p

oi
n
t

se
t

m
em

b
er

sh
ip

,
w

h
ic

h
y
ie

ld
s

a
te

rm
th

at
su

m
s

to
on

e,
b

ec
au

se
ev

er
y

d
a
tu

m
is

ei
th

er
ca

p
tu

re
d

or
n
ot

ca
p
tu

re
d

b
y

p
re

fi
x
d
p
.

`(
d
,x
,y

)
=

1 N

U ∑ u
=

1

N ∑ n
=

1

(
¬

ca
p
(x
n
,d
p
)

+
K ∑ k
=

1

ca
p
(x
n
,p
k
|d
p
))
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

]

=
1 N

U ∑ u
=

1

N ∑ n
=

1

(¬
ca

p
(x
n
,d
p
)

+
ca

p
(x
n
,d
p
))
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

]

=
1 N

U ∑ u
=

1

N ∑ n
=

1

1
[x
n
∈
e u

]1
[y
n

=
q u

]
=

U ∑ u
=

1

θ(
e u

),

w
h
er

e
th

e
fi
n
al

eq
u
al

it
y

ap
p
li
es

th
e

d
efi

n
it

io
n

of
θ(
e u

)
in

(2
5)

.
T

h
er

ef
or

e,
R

(d
,x
,y

)
=

`(
d
,x
,y

)
+
λ
K
≥
∑

U u
=

1
θ(
e u

)
+
λ
K

.

N
ow

,
re

ca
ll

th
at

to
ob

ta
in

ou
r

lo
w

er
b

ou
n
d
b(
d
p
,x
,y

)
in

(5
),

w
e

si
m

p
ly

d
el

et
ed

th
e

d
ef

au
lt

ru
le

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
` 0

(d
p
,q

0
,x
,y

)
fr

om
th

e
ob

je
ct

iv
e
R

(d
,x
,y

).
T

h
eo

re
m

20
ob

ta
in

s
a

ti
gh

te
r

ob
je

ct
iv

e
lo

w
er

b
ou

n
d

v
ia

a
ti

gh
te

r
lo

w
er

b
ou

n
d

o
n

th
e

d
ef

au
lt

ru
le

m
is

-
cl

as
si

fi
ca

ti
on

er
ro

r,
0
≤
b 0

(d
p
,x
,y

)
≤
` 0

(d
p
,q

0
,x
,y

).
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A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

T
h

e
o
re

m
2
0

(E
q
u

iv
a
le

n
t

p
o
in

ts
b

o
u

n
d

)
L

et
d

be
a

ru
le

li
st

w
it

h
p
re

fi
x
d
p

a
n

d
lo

w
er

bo
u

n
d
b(
d
p
,x
,y

),
th

en
fo

r
a
n

y
ru

le
li

st
d
′ ∈

σ
(d

)
w

h
o
se

p
re

fi
x
d
′ p

st
a
rt

s
w

it
h
d
p
,

R
(d
′ ,

x
,y

)
≥
b(
d
p
,x
,y

)
+
b 0

(d
p
,x
,y

),
(2

7
)

w
h
er

e

b 0
(d
p
,x
,y

)
=

1 N

U ∑ u
=

1

N ∑ n
=

1

¬
ca

p
(x
n
,d
p
)
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

].
(2

8
)

P
ro

o
f

S
ee

A
p
p

en
d
ix

D
fo

r
th

e
p
ro

of
of

T
h
eo

re
m

20
.

4
.

In
cr

e
m

e
n
ta

l
C

o
m

p
u
ta

ti
o
n

F
or

ev
er

y
p
re

fi
x
d
p

ev
al

u
at

ed
d
u
ri

n
g

A
lg

or
it

h
m

1’
s

ex
ec

u
ti

o
n
,

w
e

co
m

p
u
te

th
e

o
b

je
ct

iv
e

lo
w

er
b

ou
n
d
b(
d
p
,x
,y

)
an

d
so

m
et

im
es

th
e

ob
je

ct
iv

e
R

(d
,x
,y

)
of

th
e

co
rr

es
p

o
n
d
in

g
ru

le
li
st
d
.

T
h
es

e
ca

lc
u
la

ti
on

s
ar

e
th

e
d
om

in
an

t
co

m
p
u
ta

ti
on

s
w

it
h

re
sp

ec
t

to
ex

ec
u
ti

o
n

ti
m

e.
T

h
is

m
ot

iv
at

es
ou

r
u
se

of
a

h
ig

h
ly

op
ti

m
iz

ed
li
b
ra

ry
,

d
es

ig
n
ed

b
y

Y
an

g
et

a
l.

(2
0
1
7
),

fo
r

re
p
re

se
n
ti

n
g

ru
le

li
st

s
an

d
p

er
fo

rm
in

g
op

er
at

io
n
s

en
co

u
n
te

re
d

in
ev

al
u
at

in
g

fu
n
ct

io
n
s

o
f

ru
le

li
st

s.
F

u
rt

h
er

m
or

e,
w

e
ex

p
lo

it
th

e
h
ie

ra
rc

h
ic

al
n
at

u
re

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

a
n
d

it
s

lo
w

er
b

ou
n
d

to
co

m
p
u
te

th
es

e
q
u
an

ti
ti

es
in

cr
em

en
ta

ll
y

th
ro

u
gh

ou
t

b
ra

n
ch

-a
n
d
-b

o
u
n
d

ex
ec

u
ti

o
n
.

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
ex

p
li
ci

t
ex

p
re

ss
io

n
s

fo
r

th
e

in
cr

em
en

ta
l

co
m

p
u
ta

ti
o
n
s

th
a
t

a
re

ce
n
tr

al
to

ou
r

ap
p
ro

ac
h
.

L
at

er
,

in
§5

,
w

e
d
es

cr
ib

e
a

ca
ch

e
d
at

a
st

ru
ct

u
re

fo
r

su
p
p

o
rt

in
g

o
u
r

in
cr

em
en

ta
l

fr
am

ew
or

k
in

p
ra

ct
ic

e.

F
or

co
m

p
le

te
n
es

s,
b

ef
or

e
p
re

se
n
ti

n
g

ou
r

in
cr

em
en

ta
l

ex
p
re

ss
io

n
s,

le
t

u
s

b
eg

in
b
y

w
ri

ti
n
g

d
ow

n
th

e
ob

je
ct

iv
e

lo
w

er
b

ou
n
d

an
d

ob
je

ct
iv

e
of

th
e

em
p
ty

ru
le

li
st

,
d

=
((

),
()
,q

0
,0

),
th

e
fi
rs

t
ru

le
li
st

ev
al

u
at

ed
in

A
lg

or
it

h
m

1.
S
in

ce
it

s
p
re

fi
x

co
n
ta

in
s

ze
ro

ru
le

s,
it

h
a
s

ze
ro

p
re

fi
x

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
an

d
al

so
h
as

le
n
gt

h
ze

ro
.

T
h
u
s,

th
e

em
p
ty

ru
le

li
st

’s
o
b

je
ct

iv
e

lo
w

er
b

ou
n
d

is
ze

ro
,

i.
e.

,
b(

()
,x
,y

)
=

0.
S
in

ce
n
on

e
of

th
e

d
at

a
ar

e
ca

p
tu

re
d

b
y

th
e

em
p
ty

p
re

fi
x
,

th
e

d
ef

au
lt

ru
le

co
rr

es
p

on
d
s

to
th

e
m

a
jo

ri
ty

cl
as

s,
an

d
th

e
ob

je
ct

iv
e

co
rr

es
p

o
n
d
s

to
th

e
d
ef

au
lt

ru
le

m
is

cl
as

si
fi
ca

ti
on

er
ro

r,
i.

e.
,
R

(d
,x
,y

)
=
` 0

((
),
q 0
,x
,y

).

N
ow

,
w

e
d
er

iv
e

ou
r

in
cr

em
en

ta
l

ex
p
re

ss
io

n
s

fo
r

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

a
n
d

it
s

lo
w

er
b

ou
n
d
.

L
et
d

=
(d
p
,δ
p
,q

0
,K

)
an

d
d
′ =

(d
′ p,
δ′ p
,q
′ 0
,K

+
1)

b
e

ru
le

li
st

s
su

ch
th

a
t

p
re

fi
x
d
p

=
(p

1
,.
..
,p
K

)
is

th
e

p
ar

en
t

of
d
′ p

=
(p

1
,.
..
,p
K
,p
K

+
1
).

L
et
δ p

=
(q

1
,.
..
,q
K

)
an

d
δ′ p

=
(q

1
,.
..
,

q K
,q
K

+
1
)

b
e

th
e

co
rr

es
p

on
d
in

g
la

b
el

s.
T

h
e

h
ie

ra
rc

h
ic

al
st

ru
ct

u
re

of
A

lg
or

it
h
m

1
en

fo
rc

es
th

at
if

w
e

ev
er

ev
al

u
at

e
d
′ ,

th
en

w
e

w
il
l

h
av

e
al

re
ad

y
ev

al
u
at

ed
b

ot
h

th
e

ob
je

ct
iv

e
a
n
d

o
b
-

je
ct

iv
e

lo
w

er
b

ou
n
d

of
it

s
p
ar

en
t,
d
.
W

e
w

ou
ld

li
k
e

to
re

u
se

as
m

u
ch

of
th

es
e

co
m

p
u
ta

ti
o
n
s

a
s

p
os

si
b
le

in
ou

r
ev

al
u
at

io
n

of
d
′ .

W
e

ca
n

w
ri

te
th

e
ob

je
ct

iv
e

lo
w

er
b

ou
n
d

of
d
′ i

n
cr

em
en

ta
ll
y,
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

w
ith

resp
ect

to
th

e
ob

jective
low

er
b

ou
n
d

of
d
:

b(d ′p ,x
,y

)
=
`
p (d ′p ,δ ′p ,x

,y
)

+
λ

(K
+

1)

=
1N

N
∑n

=
1

K
+

1
∑k

=
1

cap
(x
n
,p
k |d ′p )∧

1
[q
k 6=

y
n
]+

λ
(K

+
1)

(29)

=
`
p (d

p ,δ
p ,x

,y
)

+
λ
K

+
λ

+
1N

N
∑n

=
1

cap
(x
n
,p
K

+
1 |d ′p )∧

1
[q
K

+
1 6=

y
n
]

=
b(d

p ,x
,y

)
+
λ

+
1N

N
∑n

=
1

cap
(x
n
,p
K

+
1 |d ′p )∧

1
[q
K

+
1 6=

y
n
]

=
b(d

p ,x
,y

)
+
λ

+
1N

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

cap
(x
n
,p
K

+
1 )∧

1
[q
K

+
1 6=

y
n
].

(30)

T
h
u
s,

if
w

e
sto

re
b(d

p ,x
,y

),
th

en
w

e
can

reu
se

th
is

q
u
an

tity
w

h
en

com
p
u
tin

g
b(d ′p ,x

,y
).

T
ra

n
sfo

rm
in

g
(29)

in
to

(30)
y
ield

s
a

sign
ifi

can
tly

sim
p
ler

ex
p
ression

th
at

is
a

fu
n
ction

of
th

e
sto

red
q
u
a
n
tity

b(d
p ,x

,y
).

F
or

th
e

ob
jective

o
f
d ′,

fi
rst

let
u
s

w
rite

a
n
äıve

ex
p
ression

:

R
(d ′,x

,y
)

=
`(d ′,x

,y
)

+
λ

(K
+

1)
=
`
p (d ′p ,δ ′p ,x

,y
)

+
`
0 (d ′p ,q ′0 ,x

,y
)

+
λ

(K
+

1)

=
1N

N
∑n

=
1

K
+

1
∑k

=
1

cap
(x
n
,p
k |d ′p )∧

1
[q
k 6=

y
n
]+

1N

N
∑n

=
1 ¬

cap
(x
n
,d ′p )∧

1
[q ′0 6=

y
n
]+

λ
(K

+
1).

(31)

In
stea

d
,
w

e
ca

n
com

p
u
te

th
e

ob
jectiv

e
of
d ′

in
crem

en
tally

w
ith

resp
ect

to
its

ob
jective

low
er

b
o
u
n
d
:

R
(d ′,x

,y
)

=
`
p (d ′p ,δ ′p ,x

,y
)

+
`
0 (d ′p ,q ′0 ,x

,y
)

+
λ

(K
+

1)

=
b(d ′p ,x

,y
)

+
`
0 (d ′p ,q ′0 ,x

,y
)

=
b(d ′p ,x

,y
)

+
1N

N
∑n

=
1 ¬

cap
(x
n
,d ′p )∧

1
[q ′0 6=

y
n
]

=
b(d ′p ,x

,y
)

+
1N

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

(¬
cap

(x
n
,p
K

+
1 ))∧

1
[q ′0 6=

y
n
].

(32)

T
h
e

ex
p
ressio

n
in

(32)
is

sim
p
ler

to
com

p
u
te

th
an

th
at

in
(31),

b
ecau

se
th

e
form

er
reu

ses
b(d ′p ,x

,y
),

w
h
ich

w
e

alread
y

com
p
u
ted

in
(3

0).
N

ote
th

at
in

stead
of

com
p
u
tin

g
R

(d ′,x
,y

)
in

crem
en

tally
from

b(d ′p ,x
,y

)
as

in
(32),

w
e

cou
ld

h
ave

com
p
u
ted

it
in

crem
en

tally
from

R
(d
,x
,y

).
H

ow
ev

er,
d
oin

g
so

w
ou

ld
in

p
ractice

req
u
ire

th
at

w
e

store
R

(d
,x
,y

)
in

ad
d
ition

to
b(d

p ,x
,y

),
w

h
ich

w
e

alread
y

m
u
st

store
to

su
p
p

ort
(30

).
W

e
p
refer

th
e

in
crem

en
tal

a
p
p
ro

a
ch

su
gg

ested
b
y

(32)
sin

ce
it

av
oid

s
th

is
ad

d
itio

n
al

storage
overh

ead
.

W
e

p
resen

t
an

in
crem

en
tal

b
ran

ch
-an

d
-b

ou
n
d

p
ro

ced
u
re

in
A

lgo
rith

m
2
,

an
d

sh
ow

th
e

in
crem

en
ta

l
co

m
p
u
tation

s
of

th
e

ob
jective

low
er

b
ou

n
d

(30)
an

d
ob

jective
(32)

as
tw

o
sep

a
ra

te
fu

n
ction

s
in

A
lgorith

m
s

3
an

d
4,

resp
ectively.

In
A

lgorith
m

2,
w

e
u
se

a
cach

e
to
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

A
lg

o
rith

m
2

In
crem

en
tal

b
ran

ch
-an

d
-b

ou
n
d

for
learn

in
g

ru
le

lists,
for

sim
p
licity,

from
a

cold
start.

W
e

ex
p
licitly

sh
ow

th
e

in
crem

en
tal

ob
jective

low
er

b
ou

n
d

a
n
d

o
b

jective
fu

n
ction

s
in

A
lgorith

m
s

3
an

d
4,

resp
ectively.

In
p

u
t:

O
b

jectiv
e

fu
n
ction

R
(d
,x
,y

),
ob

jectiv
e

low
er

b
ou

n
d
b(d

p ,x
,y

),
set

of
an

teced
en

ts
S

=
{s
m }

Mm
=

1 ,
train

in
g

d
ata

(x
,y

)
=
{
(x
n
,y
n
)}
Nn

=
1 ,

regu
larization

p
aram

eter
λ

O
u

tp
u

t:
P

rovab
ly

op
tim

al
ru

le
list

d ∗
w

ith
m

in
im

u
m

ob
jectiv

e
R
∗

d
c←

((),(),q
0 ,0)

.
In

itialize
cu

rren
t

b
est

ru
le

list
w

ith
em

p
ty

ru
le

list
R
c←

R
(d
c,x

,y
)

.
In

itialize
cu

rren
t

b
est

ob
jectiv

e
Q
←

q
u
eu

e(
[(

)
])

.
In

itialize
q
u
eu

e
w

ith
em

p
ty

p
refi

x
C
←

cach
e(

[(
(

)
,0

)
])
.

In
itialize

cach
e

w
ith

em
p
ty

p
refi

x
an

d
its

ob
jectiv

e
low

er
b

o
u
n
d

w
h

ile
Q

n
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in
(3

4)
.

•
T

h
e

ob
je

ct
iv

e
va

lu
e
R

(d
,x
,y

),
d
efi

n
ed

in
(4

).

F
in

al
ly

,
w

e
n
ot

e
th

at
w

e
im

p
le

m
en

t
th

e
p
re

fi
x

tr
ee

as
a

cu
st

om
C

+
+

cl
as

s.

3
0
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

5
.2

Q
u

e
u

e

T
h
e

q
u
eu

e
is

a
w

ork
list

th
at

ord
ers

ex
p
loration

ov
er

th
e

search
sp

ace
of

p
o
ssib

le
ru

le
lists;

every
q
u
eu

e
elem

en
t

corresp
on

d
s

to
a

leaf
in

th
e

p
refi

x
tree,

an
d

v
ice

versa.
In

ou
r

im
p
le-

m
en

ta
tio

n
,

ea
ch

q
u
eu

e
elem

en
t

p
oin

ts
to

a
leaf;

w
h
en

w
e

p
op

an
elem

en
t

off
th

e
q
u
eu

e,
w

e
u
se

th
e

lea
f’s

m
etad

ata
to

in
crem

en
tally

evalu
ate

th
e

corresp
on

d
in

g
p
refi

x
’s

ch
ild

ren
.

W
e

ord
er

en
tries

in
th

e
q
u
eu

e
to

im
p
lem

en
t

several
d
iff

eren
t

search
p

olicies.
F

or
ex

am
-

p
le,

a
fi
rst-in

-fi
rst-ou

t
(F

IF
O

)
q
u
eu

e
im

p
lem

en
ts

b
read

th
-fi

rst
sea

rch
(B

F
S
),

an
d

a
p
riority

q
u
eu

e
im

p
lem

en
ts

b
est-fi

rst
search

.
In

ou
r

ex
p

erim
en

ts
(§6),

w
e

u
se

th
e

C
+

+
S
tan

d
ard

T
em

p
la

te
L

ib
ra

ry
(S

T
L

)
q
u
eu

e
an

d
p
riority

q
u
eu

e
to

im
p
lem

en
t

B
F

S
an

d
b

est-fi
rst

search
,

resp
ectively.

F
o
r

C
O

R
E

L
S
,

p
riority

q
u
eu

e
p

olicies
of

in
terest

in
clu

d
e

ord
erin

g
b
y

th
e

low
er

b
o
u
n
d
,

th
e

o
b

jectiv
e,

or
m

ore
gen

erally,
a
n
y

fu
n
ction

th
at

m
ap

s
p
refi

x
es

to
real

valu
es;

sta
b
ly

o
rd

erin
g

b
y

p
refi

x
len

gth
an

d
in

verse
p
refi

x
len

gth
im

p
lem

en
t

B
F

S
a
n
d

d
ep

th
-fi

rst
sea

rch
(D

F
S
),

resp
ectiv

ely.
In

ou
r

released
co

d
e,

w
e

p
resen

t
a

u
n
ifi

ed
im

p
lem

en
tation

,
w

h
ere

w
e

u
se

th
e

S
T

L
p
riority

q
u
eu

e
to

su
p
p

ort
B

F
S
,

D
F

S
,

an
d

several
b

est-fi
rst

search
p

olicies.
A

s
w

e
d
em

on
strate

in
ou

r
ex

p
erim

en
ts

(§6.8),
w

e
fi
n
d

th
at

u
sin

g
a

cu
stom

search
stra

teg
y,

su
ch

a
s

o
rd

erin
g

b
y

th
e

low
er

b
ou

n
d
,

u
su

ally
lead

s
to

a
faster

ru
n
tim

e
th

an
B

F
S
.

W
e

m
o
tiva

te
th

e
d
esign

of
ad

d
ition

al
cu

stom
search

stra
tegies

in
§5.6.

In
p
relim

in
ary

w
o
rk

(n
o
t

sh
ow

n
),

w
e

also
ex

p
erim

en
ted

w
ith

sto
ch

astic
ex

p
loratio

n
p
ro

cesses
th

at
b
y
p
ass

th
e

n
eed

fo
r

a
q
u
eu

e
b
y

in
stead

follow
in

g
ran

d
om

p
ath

s
from

th
e

ro
ot

to
leaves;

d
evelop

in
g

su
ch

m
eth

o
d
s

cou
ld

b
e

an
in

terestin
g

d
irection

for
fu

tu
re

w
ork

.
W

e
n
o
te

th
at

th
ese

search
p

o
licies

a
re

referred
to

as
n
o
d
e

selection
strategies

in
th

e
M

IP
literatu

re.
S
trategies

su
ch

as
b

est-fi
rst

(b
est-b

ou
n
d
)

search
an

d
D

F
S

are
k
n
ow

n
as

static
m

eth
o
d
s,

an
d

th
e

fram
ew

ork
w

e
p
resen

t
in
§5.6

h
as

th
e

sp
irit

of
estim

ate-b
ased

m
eth

o
d
s

(L
in

d
eroth

an
d

S
avelsb

ergh
,

1
9
9
9
).

5
.3

S
y
m

m
e
try

-a
w

a
re

M
a
p

T
h
e

sy
m

m
etry

-aw
are

m
ap

su
p
p

orts
th

e
sy

m
m

etry
-aw

are
p
ru

n
in

g
ju

stifi
ed

in
§3.10.

In
ou

r
im

p
lem

en
ta

tio
n
,
w

e
sp

ecifi
cally

leverage
ou

r
p

erm
u
tation

b
ou

n
d

(C
orollary

16),
th

ou
gh

it
is

a
lso

p
o
ssib

le
to

d
irectly

ex
p
loit

th
e

m
ore

gen
eral

eq
u
ivalen

t
su

p
p

ort
b

ou
n
d

(T
h
eorem

15).
W

e
u
se

th
e

C
+

+
S
T

L
u
n
ord

ered
m

ap
to

k
eep

track
of

th
e

b
est

k
n
ow

n
ord

erin
g

of
each

eva
lu

a
ted

set
o
f

an
teced

en
ts.

T
h
e

k
ey

s
of

ou
r

sy
m

m
etry

-aw
are

m
a
p

en
co

d
e

a
n
teced

en
ts

in
ca

n
o
n
ica

l
ord

er,
i.e.,

an
teced

en
t

in
d
ices

in
n
u
m

erically
so

rted
ord

er,
an

d
w

e
asso

ciate
a
ll

p
erm

u
ta

tio
n
s

o
f

a
set

of
an

teced
en

ts
w

ith
a

sin
gle

key.
E

ach
key

m
ap

s
to

a
valu

e
th

at
en

co
d
es

th
e

b
est

k
n
ow

n
p
refi

x
in

th
e

p
erm

u
tation

grou
p

of
th

e
k
ey

’s
an

teced
en

ts,
as

w
ell

a
s

th
e

o
b

jective
low

er
b

ou
n
d

of
th

at
p
refi

x
.

B
efo

re
w

e
con

sid
er

ad
d
in

g
a

p
refi

x
d
p

to
th

e
trie

an
d

q
u
eu

e,
w

e
ch

eck
w

h
eth

er
th

e
m

ap
a
lrea

d
y

co
n
ta

in
s

a
p

erm
u
tation

π
(d
p )

of
th

at
p
refi

x
.

If
n
o

su
ch

p
erm

u
ta

tion
ex

ists,
th

en
w

e
in

sert
d
p

in
to

th
e

m
ap

,
trie,

an
d

q
u
eu

e.
O

th
erw

ise,
if

a
p

erm
u
tation

π
(d
p )

ex
ists

an
d

th
e

low
er

b
o
u
n
d

of
d
p

is
b

etter
th

an
th

at
of
π

(d
p ),

i.e.,
b(d

p ,x
,y

)
<
b(π

(d
p ),x

,y
),

th
en

w
e

u
p

d
a
te

th
e

m
a
p

an
d

rem
ove

π
(d
p )

an
d

its
en

tire
su

b
tree

from
th

e
trie;

w
e

also
in

sert
d
p

in
to

th
e

trie
a
n
d

q
u
eu

e.
O

th
erw

ise,
if

th
ere

ex
ists

a
p

erm
u
tation

π
(d
p )

su
ch

th
a
t
b(π

(d
p ),x

,y
)≤

b(d
p ,x

,y
),

th
en

w
e

d
o

n
oth

in
g,

i.e.,
w

e
d
o

n
ot

in
sert

d
p

in
to

an
y

d
ata

stru
ctu

res.
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

5
.4

In
c
re

m
e
n
ta

l
E

x
e
c
u

tio
n

M
ap

p
in

g
ou

r
algorith

m
to

ou
r

d
ata

stru
ctu

res
p
ro

d
u
ces

th
e

follow
in

g
ex

ecu
tion

strategy,
w

h
ich

w
e

also
illu

strate
in

A
lgorith

m
s

5
an

d
6.

W
e

in
itialize

th
e

cu
rren

t
b

est
ob

jectiv
e
R
c

an
d

ru
le

list
d
c.

W
h
ile

th
e

trie
con

tain
s

u
n
ex

p
lored

leav
es,

a
sch

ed
u
lin

g
p

olicy
selects

th
e

n
ex

t
p
refi

x
d
p

to
ex

ten
d
;

in
ou

r
im

p
lem

en
tation

,
w

e
p

op
elem

en
ts

from
a

(p
riority

)
q
u
eu

e,
u
n
til

th
e

q
u
eu

e
is

em
p
ty.

T
h
en

,
for

every
an

teced
en

t
s

th
at

is
n
ot

in
d
p ,

w
e

co
n
stru

ct
a

n
ew

p
refi

x
D
p

b
y

ap
p

en
d
in

g
s

to
d
p ;

w
e

in
crem

en
tally

calcu
late

th
e

low
er

b
ou

n
d
b(D

p ,x
,y

),
th

e
ob

jective
R

(D
,x
,y

),
of

th
e

asso
ciated

ru
le

list
D

,
an

d
oth

er
q
u
an

tities
u
sed

b
y

ou
r

algorith
m

,
su

m
m

arized
b
y

th
e

m
etad

ata
fi
eld

s
of

th
e

(p
oten

tial)
p
refi

x
tree

n
o
d
e
ϕ

(D
p ).

If
th

e
ob

jective
R

(D
,x
,y

)
is

less
th

an
th

e
cu

rren
t

b
est

ob
jectiv

e
R
c,

th
en

w
e

u
p

d
ate

R
c

an
d
d
c.

If
th

e
low

er
b

ou
n
d

of
th

e
n
ew

p
refi

x
D
p

is
less

th
an

th
e

cu
rren

t
b

est
ob

jectiv
e,

th
en

as
d
escrib

ed
in
§5.3,

w
e

q
u
ery

th
e

sy
m

m
etry

-aw
are

m
ap

for
D
p ;

if
w

e
in

sert
d ′p

in
to

th
e

sy
m

m
etry

-aw
are

m
ap

,
th

en
w

e
also

in
sert

it
in

to
th

e
trie

an
d

q
u
eu

e.
O

th
erw

ise,
th

en
b
y

ou
r

h
ierarch

ical
low

er
b

ou
n
d

(T
h
eorem

1),
n
o

ex
ten

sion
of
D
p

cou
ld

p
ossib

ly
lead

to
a

ru
le

list
w

ith
ob

jective
b

etter
th

an
R
c,

th
u
s

w
e

d
o

n
ot

in
sert

D
p

in
to

th
e

tree
or

q
u
eu

e.
W

e
also

leverage
ou

r
oth

er
b

ou
n
d
s

from
§3

to
aggressively

p
ru

n
e

th
e

sea
rch

sp
ace;

w
e

h
igh

ligh
t

each
of

th
ese

b
ou

n
d
s

in
A

lgorith
m

s
5

an
d

6,
w

h
ich

su
m

m
arize

th
e

com
p
u
tation

s
an

d
d
ata

stru
ctu

re
op

eration
s

p
erform

ed
in

C
O

R
E

L
S
’

in
n
er

lo
op

.
W

h
en

th
ere

are
n
o

m
ore

leav
es

to
ex

p
lore,

i.e.,
th

e
q
u
eu

e
is

em
p
ty,

w
e

ou
tp

u
t

th
e

op
tim

al
ru

le
list.

W
e

can
op

tion
ally

term
in

ate
early

accord
in

g
to

som
e

altern
ate

con
d
ition

,
e.g.,

w
h
en

th
e

size
of

th
e

p
refi

x
tree

ex
ceed

s
som

e
th

resh
old

.

5
.5

G
a
rb

a
g
e

C
o
lle

c
tio

n

D
u
rin

g
ex

ecu
tion

,
w

e
garb

age
collect

th
e

trie.
E

ach
tim

e
w

e
u
p

d
ate

th
e

m
in

im
u
m

ob
jective,

w
e

traverse
th

e
trie

in
a

d
ep

th
-fi

rst
m

an
n
er,

d
eletin

g
all

su
b
trees

of
an

y
n
o
d
e

w
ith

low
er

b
ou

n
d

larger
th

an
th

e
cu

rren
t

m
in

im
u
m

o
b

jective.
A

t
oth

er
tim

es,
w

h
en

w
e

en
cou

n
ter

a
n
o
d
e

w
ith

n
o

ch
ild

ren
,

w
e

p
ru

n
e

u
p
w

ard
s,

d
eletin

g
th

at
n
o
d
e

an
d

recu
rsiv

ely
traversin

g
th

e
tree

tow
ard

s
th

e
ro

ot,
d
eletin

g
an

y
ch

ild
less

n
o
d
es.

T
h
is

garb
age

collection
allow

s
u
s

to
con

strain
th

e
trie’s

m
em

ory
con

su
m

p
tion

,
th

ou
gh

in
ou

r
ex

p
erim

en
ts

w
e

ob
serve

th
e

m
in

im
u
m

ob
jective

to
d
ecrease

on
ly

a
sm

all
n
u
m

b
er

of
tim

es.

In
ou

r
im

p
lem

en
tation

,
w

e
can

n
ot

im
m

ed
iately

d
elete

p
refi

x
tree

leaves
b

ecau
se

each
corresp

on
d
s

to
a

q
u
eu

e
elem

en
t

th
at

p
oin

ts
to

it.
T

h
e

C
+

+
S
T

L
p
riority

q
u
eu

e
is

a
w

rap
p

er
con

tain
er

th
at

p
reven

ts
access

to
th

e
u
n
d
erly

in
g

d
ata

stru
ctu

re,
an

d
th

u
s

w
e

can
n
ot

access
elem

en
ts

in
th

e
m

id
d
le

of
th

e
q
u
eu

e,
even

if
w

e
k
n
ow

th
e

relevan
t

id
en

tify
in

g
in

form
ation

.
W

e
th

erefore
h
ave

n
o

w
ay

to
u
p

d
ate

th
e

q
u
eu

e
w

ith
ou

t
iteratin

g
over

ev
ery

elem
en

t.
W

e
ad

d
ress

th
is

b
y

m
ark

in
g

p
refi

x
tree

leaves
th

at
w

e
w

ish
to

d
elete

(see
§5.1),

d
eletin

g
th

e
p
h
y
sical

n
o
d
es

lazily,
after

th
ey

are
p

op
p

ed
fro

m
th

e
q
u
eu

e.
L

ater,
in

ou
r

section
on

ex
p

erim
en

ts
(§6),

w
e

refer
to

tw
o

d
iff

eren
t

q
u
eu

es
th

at
w

e
d
efi

n
e

h
ere:

th
e

p
h
y
sical

q
u
eu

e
corresp

on
d
s

to
th

e
C

+
+

q
u
eu

e,
an

d
th

u
s

all
p
refi

x
tree

leaves,
an

d
th

e
logical

q
u
eu

e
corresp

on
d
s

on
ly

to
th

ose
p
refi

x
tree

leaves
th

at
h
ave

n
ot

b
een

m
arked

for
d
eletion

.
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

A
lg

o
ri

th
m

5
T

h
e

in
n
er

lo
op

of
C

O
R

E
L

S
,

w
h
ic

h
ev

al
u
at

es
al

l
ch

il
d
re

n
of

a
p
re

fi
x
d
p
.

D
efi

n
e

z
∈
{0
,1
}N

,
s.

t.
z n

=
∑

U u
=
1
1

[x
n
∈
e u

][
y n

=
q u

]
.
e u

is
th

e
eq

u
iv

al
en

t
p

oi
n
ts

se
t

co
n
ta

in
in

g
x
n

an
d
q u

is
th

e
m

in
or

it
y

cl
as

s
la

b
el

of
e u

(§
3.

14
)

D
efi

n
e
b(
d
p
,x
,y

)
a
n
d

u
=
¬

ca
p
(x
,d

p
)

.
u

is
a

b
it

ve
ct

o
r

in
d
ic

at
in

g
d
at

a
n
ot

ca
p
tu

re
d

b
y
d
p

fo
r
s

in
S

if
s

n
ot

in
d
p

th
e
n

d
o

.
E

va
lu

at
e

al
l

of
d
p
’s

ch
il
d
re

n
D

p
←

(d
p
,s

)
.

B
ra

n
ch

:
G

en
er

at
e

ch
il
d
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c
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←
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.
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b
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c
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b
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≥
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←
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d
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←
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d
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←
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∆
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c
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←
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c
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b
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∧
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b
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←
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d
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c
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n
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b
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c
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p
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b
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c
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c
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←
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←
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p
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,
in

te
rm

s
of

b
ai

l
an

d
p
a
ro

le
d
ec

is
io

n
s;

effi
ci

en
cy

in
th

is
ca

se
m

ea
n
s

th
at

d
a
n
ge

ro
u
s

in
d
iv

id
u
al

s
ar

e
n
ot

re
le

as
ed

,
w

h
er

ea
s

n
o
n
-

d
an

ge
ro

u
s

in
d
iv

id
u
al

s
ar

e
gr

an
te

d
b
ai

l
or

p
ar

ol
e.

H
ig

h
st

a
ke

s
d
ec

is
io

n
s,

su
ch

a
s

th
es

e,
a
re

id
ea

l
ap

p
li
ca

ti
on

s
fo

r
m

ac
h
in

e
le

ar
n
in

g
al

go
ri

th
m

s
th

at
p
ro

d
u
ce

tr
an

sp
ar

en
t

m
o
d
el

s
fr

o
m

h
ig

h
d
im

en
si

on
al

d
at

a.

C
u
rr

en
tl

y,
ju

st
ic

e
sy

st
em

d
at

a
d
o
es

n
ot

su
p
p

or
t

h
ig

h
ly

a
cc

u
ra

te
ri

sk
p
re

d
ic

ti
o
n
s,

b
u
t

cu
rr

en
t

ri
sk

m
o
d
el

s
ar

e
u
se

fu
l

in
p
ra

ct
ic

e,
an

d
th

es
e

ri
sk

p
re

d
ic

ti
on

s
w

il
l

b
ec

o
m

e
m

o
re

ac
cu

ra
te

as
m

or
e

an
d

h
ig

h
er

q
u
al

it
y

d
at

a
ar

e
m

ad
e

av
ai

la
b
le

.

6
.5

C
o
m

p
a
ri

so
n

o
f
C

O
R

E
L

S
to

a
H

e
u

ri
st

ic
M

o
d

e
l
fo

r
W

e
a
p

o
n

P
re

d
ic

ti
o
n

C
O

R
E

L
S

ge
n
er

at
es

si
m

p
le

,
ac

cu
ra

te
m

o
d
el

s
fo

r
th

e
ta

sk
of

w
ea

p
on

p
re

d
ic

ti
o
n
,

u
si

n
g

th
e

N
Y

P
D

st
op

-a
n
d
-f

ri
sk

d
at

a
se

t.
O

u
r

ap
p
ro

ac
h

off
er

s
a

p
ri

n
ci

p
le

d
al

te
rn

at
iv

e
to

h
eu

ri
st

ic
m

o
d
el

s
p
ro

p
os

ed
b
y

G
o
el

et
al

.
(2

01
6)

,
w

h
o

d
ev

el
op

a
se

ri
es

of
re

gr
es

si
on

m
o
d
el

s
to

a
n
a
ly

ze
ra

ci
al

d
is

p
ar

it
ie

s
in

N
ew

Y
or

k
C

it
y
’s

st
op

-a
n
d
-f

ri
sk

p
ol

ic
y

fo
r

a
re

la
te

d
,

la
rg

er
d
a
ta

se
t.

In
p
ar

ti
cu

la
r,

th
e

au
th

or
s

ar
ri

ve
at

a
h
eu

ri
st

ic
th

at
th

ey
su

gg
es

t
co

u
ld

p
ot

en
ti

a
ll
y

h
el

p
p

o
li
ce

offi
ce

rs
m

or
e

eff
ec

ti
v
el

y
d
ec

id
e

w
h
en

to
fr

is
k

an
d
/o

r
se

ar
ch

st
op

p
ed

in
d
iv

id
u
a
ls

,
i.

e.
,

w
h
en

su
ch

in
te

rv
en

ti
on

s
ar

e
li
ke

ly
to

d
is

co
ve

r
cr

im
in

al
p

os
se

ss
io

n
o
f

a
w

ea
p

on
(C

P
W

).
S
ta

rt
in

g
fr

om
a

fu
ll

re
gr

es
si

on
m

o
d
el

w
it

h
7,

70
5

va
ri

ab
le

s,
th

e
au

th
or

s
re

d
u
ce

th
is

to
a

sm
a
ll
er

m
o
d
el

w
it

h
98

va
ri

ab
le

s;
fr

om
th

is
,
th

ey
ke

ep
th

re
e

va
ri

ab
le

s
w

it
h

th
e

la
rg

es
t

co
effi

ci
en

ts
.
T

h
is

g
iv

es
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

a
h
eu

ristic
m

o
d
el

of
th

e
form

a
x

+
by

+
cz
≥
T

,
w

h
ere

x
=
1

[stop
rea

son
=
su
sp
iciou

s
object]

y
=
1

[stop
rea

son
=
su
sp
iciou

s
bu
lg
e]

z
=
1

[a
d
d
ition

a
l
circu

m
sta

n
ces

=
sig

h
ts
a
n
d
sou

n
d
s
of

crim
in
a
l
a
ctiv

ity
],

a
n
d
T

is
a

th
resh

old
,

su
ch

th
at

th
e

m
o
d
el

p
red

icts
C

P
W

w
h
en

th
e

th
resh

old
is

m
et

or
ex

ceed
ed

.
W

e
fo

cu
s

on
th

eir
ap

p
roach

th
at

u
ses

a
sin

gle
th

resh
old

,
rath

er
th

an
p
recin

ct-
sp

ecifi
c

th
resh

o
ld

s.
T

o
in

crease
ease-of-u

se,
th

e
au

th
ors

rou
n
d

th
e

co
effi

cien
ts

to
th

e
n
earest

in
teg

ers,
w

h
ich

gives
(a
,b,c)

=
(3,1

,1);
th

is
con

strain
s

th
e

th
resh

old
to

take
on

e
of

six
valu

es,
T
∈
{0,1,2,3,4,5}

.
T

o
em

p
loy

th
is

h
eu

ristic
m

o
d
el

in
th

e
fi
eld

,
“...offi

cers
sim

p
ly

n
eed

to
a
d
d

a
t

m
ost

th
ree

sm
all,

p
ositive

in
tegers

...an
d

ch
eck

w
h
eth

er
th

e
su

m
ex

ceed
s

a
fi
x
ed

th
resh

o
ld

...”
(G

o
el

et
al.,

2016).

F
ig

u
re

8
d
irectly

com
p
ares

variou
s

m
o
d
els

learn
ed

b
y

C
O

R
E

L
S

to
th

e
h
eu

ristic
m

o
d
els,

u
sin

g
th

e
sa

m
e

d
ata

set
as

G
o
el

et
al.

(2016)
an

d
10-fold

cross-valid
atio

n
.

R
eca

ll
th

at
w

e
tra

in
o
n

resa
m

p
led

d
ata

to
correct

for
class

im
b
alan

ce;
w

e
evalu

ate
w

ith
resp

ect
to

test
sets

th
a
t

h
ave

b
een

form
ed

w
ith

ou
t

resam
p
lin

g.
F

or
C

O
R

E
L

S
,

th
e

m
o
d
els

corresp
on

d
to

th
e

ru
le

lists
illu

strated
in

F
igu

re
6

from
S
ection

6.3,
an

d
F

igu
res

2
1

an
d

22
in

A
p
p

en
d
ix

F
,

w
e

co
n
sid

er
b

oth
F

eatu
re

S
ets

C
an

d
D

an
d

b
oth

regu
larization

p
aram

eters
λ

=
0.00

5
an

d
0.0

1.
T

h
e

top
p
a
n
el

p
lots

th
e

fraction
of

w
eap

on
s

recov
ered

as
a

fu
n
ction

of
th

e
fra

ction
of

stop
s

w
h
ere

th
e

in
d
iv

id
u
al

w
as

frisked
an

d
/or

search
ed

.
G

o
el

et
al.

(2016)
target

m
o
d
els

th
at

effi
cien

tly
recover

a
m

a
jority

of
w

eap
on

s
(w

h
ile

also
m

in
im

izin
g

racial
d
isp

arities,
w

h
ich

w
e

d
o

n
o
t

ad
d
ress

h
ere).

In
terestin

gly,
th

e
m

o
d
els

learn
ed

b
y

C
O

R
E

L
S

sp
an

a
sign

ifi
can

t
reg

io
n

th
a
t

is
n
ot

availab
le

to
th

e
h
eu

ristic
m

o
d
el,

w
h
ich

w
ou

ld
req

u
ire

larger
or

n
on

-in
teger

p
a
ra

m
eters

to
access

th
e

region
.

T
h
e

region
is

p
ossib

ly
d
esirab

le,
sin

ce
it

in
clu

d
es

m
o
d
els

(λ
=

0.0
0
5
,

b
rig

h
t

red
)

th
at

recover
a

m
a

jority
(≥

50%
)

of
w

eap
on

s
(th

at
a
re

k
n
ow

n
in

th
e

d
a
ta

set).
M

o
re

gen
erally,

C
O

R
E

L
S
’

m
o
d
els

all
recover

at
least

40%
of

w
eap

on
s

o
n

averag
e,

i.e.,
m

o
re

w
eap

on
s

th
an

an
y

of
th

e
h
eu

ristic
m

o
d
els

w
ith

T
≥

2,
w

h
ich

recover
less

th
an

2
5%

o
f

w
ea

p
on

s
on

average.
A

t
th

e
sam

e
tim

e,
C

O
R

E
L

S
’

m
o
d
els

all
req

u
ire

w
ell

u
n
d
er

25%
o
f

sto
p
s—

sign
ifi

can
tly

less
th

an
th

e
h
eu

ristic
m

o
d
el

w
ith

T
=

1,
w

h
ich

req
u
ires

over
30%

of
stop

s
to

recover
a

fraction
of

w
eap

on
s

com
p
arab

le
to

th
e

C
O

R
E

L
S

m
o
d
el

th
at

recov
ers

th
e

m
o
st

w
ea

p
o
n
s.

T
h
e

b
o
tto

m
p
an

el
in

F
igu

re
8

p
lots

b
oth

T
P

R
an

d
F

P
R

an
d

lab
els

m
o
d
el

size,
for

each
o
f

th
e

m
o
d
els

in
th

e
top

p
an

el.
F

or
th

e
h
eu

ristic,
w

e
d
efi

n
e

m
o
d
el

size
as

th
e

n
u
m

b
er

of
m

o
d
el

p
a
ra

m
eters;

for
C

O
R

E
L

S
,

w
e

u
se

th
e

n
u
m

b
er

of
ru

les
in

th
e

ru
le

list,
w

h
ich

is
eq

u
al

to
th

e
n
u
m

b
er

of
leaves

w
h
en

w
e

v
iew

a
ru

le
list

as
a

d
ecision

tree.
T

h
e

h
eu

ristic
m

o
d
els

all
h
ave

4
p
a
ra

m
eters,

w
h
ile

th
e

d
iff

eren
t

C
O

R
E

L
S

m
o
d
els

h
ave

eith
er

3
or

a
p
p
rox

im
ately

5
ru

les.
C

O
R

E
L

S
’

m
o
d
els

are
th

u
s

ap
p
rox

im
a
tely

a
s

sm
all,

in
terp

retab
le,

a
n
d

tran
sp

aren
t

as
th

e
h
eu

ristic
m

o
d
els;

fu
rth

erm
ore,

th
eir

p
red

iction
s

are
straigh

tforw
ard

to
com

p
u
te,

w
ith

ou
t

even
req

u
irin

g
arith

m
etic.

6
.6

P
re

d
ic

tiv
e

P
e
rfo

rm
a
n

c
e

a
n

d
M

o
d

e
l
S

iz
e

fo
r

C
O

R
E

L
S

a
n

d
O

th
e
r

A
lg

o
rith

m
s

W
e

ra
n

a
10

-fo
ld

cross
valid

ation
ex

p
erim

en
t

u
sin

g
C

O
R

E
L

S
an

d
eigh

t
oth

er
algorith

m
s:

lo
g
istic

regression
,

su
p
p

ort
vector

m
ach

in
es

(S
V

M
),

A
d
aB

o
ost,

C
A

R
T

,
C

4.5,
ran

d
om

for-
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

0.00
0.05

0.10
0.15

0.20
0.25

0.30
0.35

Fraction of stops

0.0

0.2

0.4

0.6

Fraction recovered

Fraction of weapons recovered (NYPD dataset)

CORELS (
=

.005, Feature Set C)
CORELS (

=
.005, Feature Set D)

CORELS (
=

.01, Feature Set C)
CORELS (

=
.01, Feature Set D)

Heuristic (T = 1)
Heuristic (T = 2)
Heuristic (T = 3)
Heuristic (T = 4)

Heuristic
(T = 4)

Heuristic
(T = 3)

Heuristic
(T = 2)

CORELS
(.01, C)

CORELS
(.01, D)

CORELS
(.005, C)

CORELS
(.005, D)

Heuristic
(T = 1)

0.0

0.2

0.4

0.6

True or false positive rate

5
5

3
3

4

4
4

4

Com
parison of CORELS and heuristic m

odels (NYPD dataset)
TPR (open)
FPR (solid)

F
igu

re
8:

W
eap

on
p
red

iction
w

ith
th

e
N

Y
P

D
stop

-an
d
-frisk

d
ata

set,
for

variou
s

m
o
d
els

learn
ed

b
y

C
O

R
E

L
S

an
d

th
e

h
eu

ristic
m

o
d
el

b
y

G
o
el

et
al.

(2016),
across

10
cross-valid

ation
fold

s.
N

ote
th

at
th

e
fraction

of
w

eap
on

s
recovered

(to
p
)

is
eq

u
al

to
th

e
T

P
R

(b
ottom

,
op

en
m

arkers).
M

arkers
ab

ove
th

e
d
otted

h
orizo

n
tal

lin
es

at
th

e
valu

e
0.5

corresp
on

d
to

m
o
d
els

th
at

recover
a

m
a

jority
of

w
eap

on
s

(th
at

are
k
n
ow

n
in

th
e

d
ata

set).
T

op
:

F
raction

of
w

eap
o
n
s

recovered
as

a
fu

n
ction

of
th

e
fraction

of
stop

s
w

h
ere

th
e

in
d
iv

id
u
al

w
as

frisked
an

d
/or

search
ed

.
In

th
e

legen
d
,

en
tries

for
C

O
R

E
L

S
(red

m
ark

ers)
in

d
icate

th
e

regu
larization

p
aram

eter
(λ

)
an

d
w

h
eth

er
or

n
ot

ex
tra

lo
cation

featu
res

w
ere

u
sed

(“lo
cation

”);
en

tries
for

th
e

h
eu

ristic
m

o
d
el

(b
lu

e
m

arkers)
in

d
icate

th
e

th
resh

old
va

lu
e

(T
).

T
h
e

resu
lts

w
e

rep
ort

for
th

e
h
eu

ristic
m

o
d
el

are
ou

r
rep

ro
d
u
ction

of
th

e
resu

lts
rep

orted
in

F
igu

re
9

b
y

G
o
el

et
al.

(2016)
(fi

rst
fou

r
op

en
circles

in
th

at
fi
gu

re,
from

left
to

righ
t;

w
e

ex
clu

d
e

th
e

triv
ial

op
en

circle
sh

ow
in

g
100%

of
w

eap
on

s
recov

ered
at

100%
of

stop
s,

ob
tain

ed
b
y

settin
g

th
e

th
resh

old
at

0).
B

ottom
:
C

om
p
a
rison

of
T

P
R

(op
en

m
arkers)

an
d

F
P

R
(solid

m
a
rkers)

fo
r

variou
s

C
O

R
E

L
S

an
d

h
eu

ristic
m

o
d
els.

M
o
d
els

are
sorted

left-to-righ
t

b
y

T
P

R
.

M
arkers

a
n
d

ab
b
rev

iated
h
orizon

tal
tick

lab
els

corresp
on

d
to

th
e

legen
d

in
th

e
top

fi
gu

re.
N

u
m

b
ers

in
th

e
p
lot

lab
el

m
o
d
el

size;
th

ere
w

as
n
o

variation
in

m
o
d
el

size
across

fold
s,

ex
cep

t
for

a
sin

gle
fold

for
C

O
R

E
L

S
(λ

=
0.005,

F
eatu

re
S
et

C
),

w
h
ich

fou
n
d

a
m

o
d
el

of
size

6.
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W
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F
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u
re

9:
T

w
o-

ye
ar

re
ci

d
iv

is
m

p
re

d
ic

ti
on

fo
r

th
e

P
ro

P
u
b
li
ca

C
O

M
P

A
S

d
at

a
se

t.
C

om
p
ar

i-
so

n
of

C
O

R
E

L
S

an
d

a
p
an

el
of

n
in

e
o
th

er
al

go
ri

th
m

s:
lo

gi
st

ic
re

gr
es

si
on
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w
h
en

th
e

low
er

b
ou

n
d

m
atch

es
th

e
ob

jective
valu

e.
O

n
th

e
left,

a
sep

arate
a
n
d

sign
ifi

can
tly

lo
n
ger

ex
ecu

tion
of

C
O

R
E

L
S

w
ith

ou
t

th
e

eq
u
ivalen

t
p

oin
ts

(T
h
eorem

20)
b

ou
n
d

rem
ain

s
far

from
co

m
p
lete,

an
d

its
low

er
b

ou
n
d

(th
ick

solid
lin

e)
far

from
th

e
o
p
tim

u
m

.
O

n
th

e
rig

h
t,

a
sep

arate
ex

ecu
tion

of
C

O
R

E
L

S
w

ith
o
u
t

th
e

p
erm

u
tation

b
ou

n
d

(C
orol-

la
ry

16),
an

d
th

u
s

th
e

sy
m

m
etry

-aw
are

m
ap

,
req

u
ires

ord
ers

of
m

agn
itu

d
e

m
ore

tim
e

to
com

p
lete.

B
ottom

:blog
1
0

Γ
(R

c,Q
)c,

as
a

fu
n
ction

of
w

all
clo

ck
tim

e
(log

sca
le),

w
h
ere

Γ
(R

c,Q
)

is
th

e
u
p
p

er
b

ou
n
d

(13)
on

rem
ain

in
g

sea
rch

sp
ace

size
(T

h
eorem

7).
F

or
th

ese
p
rob

lem
s,

th
e

eq
u
ivalen

t
p

oin
ts

(left)
an

d
p

erm
u
tation

(righ
t)

b
ou

n
d
s

are
resp

on
sib

le
for

th
e

ab
ility

of
C

O
R

E
L

S
to

q
u
ick

ly
elim

in
ate

m
o
st

of
th

e
search

sp
ace

(th
in

solid
lin

es);
th

e
rem

ain
in

g
sea

rch
sp

ace
d
ecay

s
m

u
ch

m
ore

slow
ly

w
ith

ou
t

th
ese

b
ou

n
d
s

(th
ick

solid
lin

es).

a
n
d

1
0

w
o
u
ld

take
9

h
ou

rs
an

d
21

m
illio

n
years,

resp
ectively.

It
is

clear
th

at
b
ru

te
force

w
o
u
ld

n
ot

sca
le

to
larger

p
rob

lem
s.

W
e

co
m

p
a
re

ou
r

cu
rren

t
com

p
u
tin

g
circu

m
stan

ces
to

th
ose

of
1984,

th
e

year
w

h
en

C
A

R
T

w
a
s

p
u
b
lish

ed
.
M

o
ore’s

law
h
old

s
th

at
com

p
u
tin

g
p

ow
er

d
o
u
b
led

every
18

m
on

th
s

from
1984

to
2
0
0
6
.

T
h
is

is
a

p
erio

d
of

264
m

on
th

s,
w

h
ich

m
ean

s
co

m
p
u
tin

g
p

ow
er

h
as

go
n
e

u
p

b
y

at
lea

st
a

fa
cto

r
o
f

32,000
sin

ce
1984.

T
h
u
s,

even
w

ith
o
u
r

algorith
m

ic
an

d
d
ata

stru
ctu

ral
im

p
rovem

en
ts,

C
O

R
E

L
S

w
ou

ld
h
ave

req
u
ired

ab
ou

t
13.5

d
ay

s
in

19
84—

an
u
n
reason

ab
le

a
m

o
u
n
t

o
f

tim
e.

O
u
r

ad
van

ces
are

m
ean

in
gfu

l
on

ly
b

ecau
se

w
e

can
ru

n
th

em
on

a
m

o
d
ern

5
5
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

sy
stem

.
C

om
b
in

in
g

ou
r

algorith
m

ic
im

p
rovem

en
ts

w
ith

th
e

in
crease

in
m

o
d
ern

p
ro

cessor
sp

eed
s,

ou
r

algorith
m

ru
n
s

m
ore

th
an

10
1
3

tim
es

faster
th

an
a

n
äıve

im
p
lem

en
tation

w
ou

ld
h
ave

in
1984.

T
h
is

h
elp

s
ex

p
lain

w
h
y

n
eith

er
ou

r
algorith

m
,

n
or

oth
er

b
ran

ch
-an

d
-b

o
u
n
d

varian
ts,

h
ad

b
een

d
evelop

ed
b

efore
n
ow

.

7
.

S
u
m

m
a
ry

a
n
d

F
u
tu

re
W

o
rk

o
n

B
o
u
n
d
s

H
ere,

w
e

h
igh

ligh
t

ou
r

m
ost

sign
ifi

can
t

b
ou

n
d
s,

as
w

ell
as

d
irectio

n
s

for
fu

tu
re

w
ork

b
ased

on
b

ou
n
d
s

th
at

w
e

h
av

e
yet

to
leverage

in
p
ractice.

In
em

p
irical

stu
d
ies,

w
e

fou
n
d

ou
r

eq
u
ivalen

t
su

p
p

ort
(§3.10,

T
h
eorem

15)
an

d
eq

u
iv

-
alen

t
p

oin
ts

(§3.14,
T

h
eorem

20)
b

ou
n
d
s

to
y
ield

th
e

m
o
st

sign
ifi

can
t

im
p
rovem

en
ts

in
algorith

m
p

erform
an

ce.
In

fact,
th

ey
som

etim
es

p
roved

critical
for

fi
n
d
in

g
solu

tion
s

an
d

p
rov

in
g

op
tim

ality,
even

on
sm

all
p
rob

lem
s.

A
ccord

in
gly,

w
e

w
ou

ld
h
op

e
th

at
ou

r
sim

ilar
su

p
p

ort
b

ou
n
d

(§3.13,
T

h
eorem

18)
co

u
ld

b
e

u
sefu

l;
u
n
d
erstan

d
in

g
h
ow

to
effi

cien
tly

ex
p
loit

th
is

resu
lt

in
p
ractice

rep
resen

ts
an

im
p

ortan
t

d
irection

for
fu

tu
re

w
ork

.
In

p
articu

lar,
th

is
ty

p
e

of
b

ou
n
d

m
ay

lead
to

p
rin

cip
led

ap
p
rox

im
ate

varian
ts

of
ou

r
ap

p
roach

.

W
e

p
resen

ted
sev

eral
sets

of
b

ou
n
d
s

in
w

h
ich

at
least

on
e

b
ou

n
d

w
as

strictly
tig

h
ter

th
an

th
e

oth
er(s).

F
or

ex
am

p
le,

th
e

low
er

b
o
u
n
d

on
accu

rate
an

teced
en

t
su

p
p

ort
(T

h
eorem

11)
is

strictly
tigh

ter
th

an
th

e
low

er
b

ou
n
d

on
accu

rate
su

p
p

ort
(T

h
eorem

10).
It

m
igh

t
seem

th
at

w
e

sh
ou

ld
on

ly
u
se

th
is

tigh
ter

b
ou

n
d
,

b
u
t

in
p
ractice,

w
e

can
u
se

b
oth

—
th

e
lo

oser
b

ou
n
d

can
b

e
ch

ecked
b

efore
com

p
letin

g
th

e
calcu

lation
req

u
ired

to
ch

eck
th

e
tigh

ter
b

ou
n
d
.

S
im

ilarly,
th

e
eq

u
ivalen

t
su

p
p

ort
b

ou
n
d

(T
h
eorem

15)
is

m
ore

gen
eral

th
an

th
e

sp
ecial

case
of

th
e

p
erm

u
tation

b
ou

n
d

(C
orollary

16).
W

e
h
ave

im
p
lem

en
ted

d
ata

stru
ctu

res,
w

h
ich

w
e

call
sy

m
m

etry
-aw

are
m

ap
s,

to
su

p
p

ort
b

oth
of

th
ese

b
ou

n
d
s,

b
u
t

h
ave

n
ot

yet
id

en
tifi

ed
an

effi
cien

t
ap

p
roach

for
su

p
p

ortin
g

th
e

m
ore

gen
eral

eq
u
ivalen

t
p

oin
ts

b
ou

n
d
.
A

go
o
d

solu
tion

m
ay

b
e

related
to

th
e

ch
allen

ge
of

d
esign

in
g

an
effi

cien
t

d
ata

stru
ctu

re
to

su
p
p

ort
th

e
sim

ilar
su

p
p

ort
b

ou
n
d
.

W
e

also
p
resen

ted
resu

lts
on

an
teced

en
t

rejection
th

at
u
n
ify

ou
r

u
n
d
erstan

d
in

g
of

ou
r

low
er

(§3.7)
an

d
u
p
p

er
b

ou
n
d
s

(§3.8)
on

an
teced

en
t

su
p
p

o
rt.

In
a

p
relim

in
ary

im
p
lem

en
-

tation
(n

ot
d
escrib

ed
h
ere),

w
e

ex
p

erim
en

ted
w

ith
sp

ecial
d
ata

stru
ctu

res
to

su
p
p

ort
th

e
d
irect

u
se

of
ou

r
ob

servation
th

at
an

teced
en

t
rejection

p
rop

agates
(§3.9,

T
h
eorem

12).
W

e
leave

th
e

d
esign

of
effi

cien
t

d
ata

stru
ctu

res
for

th
is

task
as

fu
tu

re
w

ork
.

D
u
rin

g
ex

ecu
tion

,
w

e
fi
n
d

it
u
sefu

l
to

calcu
late

an
u
p
p

er
b

ou
n
d

on
th

e
size

of
th

e
rem

ain
in

g
search

sp
ace—

e.g.,
v
ia

T
h
eorem

7,
or

th
e

lo
oser

P
rop

osition
9,

w
h
ich

in
cu

rs
less

com
p
u
tation

a
l

overh
ead

—
sin

ce
th

ese
p
rov

id
e

m
ean

in
gfu

l
in

form
ation

ab
ou

t
algorith

m
p
rogress

an
d

allow
u
s

to
estim

ate
th

e
rem

ain
in

g
ex

ecu
tion

tim
e.

A
s

w
e

illu
strated

in
S
ec-

tion
6.8,

th
ese

calcu
lation

s
also

h
elp

u
s

q
u
alify

th
e

im
p
act

of
d
iff

eren
t

algorith
m

ic
b

ou
n
d
s,

e.g.,
b
y

com
p
arin

g
ex

ecu
tion

s
th

at
keep

or
rem

ove
b

ou
n
d
s.

W
h
en

ou
r

algorith
m

term
in

ates,
it

ou
tp

u
ts

a
n

op
tim

al
solu

tion
of

th
e

train
in

g
op

tim
iza-

tion
p
rob

lem
,

w
ith

a
certifi

cate
of

op
tim

ality.
O

n
a

p
ra

ctical
n
ote,

ou
r

ap
p
roach

can
also

p
rov

id
e

u
sefu

l
resu

lts
even

for
in

com
p
lete

ex
ecu

tio
n
s.

A
s

sh
ow

n
ea

rlier,
w

e
h
ave

em
p
irically

ob
served

th
at

ou
r

algorith
m

often
id

en
tifi

es
th

e
op

tim
al

ru
le

list
v
ery

q
u
ick

ly,
com

p
ared

to
th

e
total

tim
e

req
u
ired

to
p
rove

op
tim

ality,
e.g.,

in
secon

d
s,

v
ersu

s
m

in
u
tes,

resp
ectively.

F
u
rth

erm
ore,

ou
r

ob
jective’s

low
er

b
ou

n
d
s

allow
u
s

to
p
lace

an
u
p
p

er
b

ou
n
d

on
th

e
size

of
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

th
e

re
m

ai
n
in

g
se

ar
ch

sp
ac

e,
an

d
p
ro

v
id

es
gu

ar
an

te
es

on
th

e
q
u
al

it
y

of
a

so
lu

ti
on

ou
tp

u
t

b
y

an
in

co
m

p
le

te
ex

ec
u
ti

on
.

T
h
e

or
d
er

in
w

h
ic

h
w

e
ev

al
u
at

e
p
re

fi
x
es

ca
n

im
p
ac

t
th

e
ra

te
at

w
h
ic

h
w

e
p
ru

n
e

th
e

se
ar

ch
sp

ac
e,

an
d

th
u
s

th
e

to
ta

l
ru

n
ti

m
e.

W
e

th
in

k
th

at
it

is
p

os
si

b
le

to
d
es

ig
n

se
ar

ch
p

ol
ic

ie
s

th
at

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
p

er
fo

rm
an

ce
.

8
.

C
o
n
cl

u
si

o
n

a
n
d

M
o
re

P
o
ss

ib
le

D
ir

e
ct

io
n
s

fo
r

F
u
tu

re
W

o
rk

F
in

al
ly

,
w

e
w

ou
ld

li
ke

to
cl

ar
if

y
so

m
e

li
m

it
at

io
n
s

of
C

O
R

E
L

S
.
A

s
fa

r
as

w
e

ca
n

te
ll
,
C

O
R

E
L

S
is

th
e

cu
rr

en
t

b
es

t
al

go
ri

th
m

fo
r

so
lv

in
g

a
sp

ec
ia

li
ze

d
op

ti
m

al
d
ec

is
io

n
tr

ee
p
ro

b
le

m
.

W
h
il
e

ou
r

ap
p
ro

ac
h

sc
al

es
w

el
l

to
la

rg
e

n
u
m

b
er

s
of

ob
se

rv
at

io
n
s,

it
co

u
ld

h
av

e
d
iffi

cu
lt

y
p
ro

v
in

g
op

ti
m

al
it

y
fo

r
p
ro

b
le

m
s

w
it

h
m

an
y

p
os

si
b
ly

re
le

va
n
t

fe
at

u
re

s
th

at
ar

e
h
ig

h
ly

co
rr

el
at

ed
,

w
h
en

la
rg

e
re

gi
on

s
of

th
e

se
ar

ch
sp

ac
e

m
ig

h
t

b
e

ch
al

le
n
gi

n
g

to
ex

cl
u
d
e.

C
O

R
E

L
S

is
n
ot

d
es

ig
n
ed

fo
r

ra
w

im
ag

e
p
ro

ce
ss

in
g

or
ot

h
er

p
ro

b
le

m
s

w
h
er

e
th

e
fe

at
u
re

s
th

em
se

lv
es

ar
e

n
ot

in
te

rp
re

ta
b
le

.
It

co
u
ld

in
st

ea
d

b
e

u
se

d
as

a
fi
n
al

cl
as

si
fi
er

fo
r

im
ag

e
p
ro

ce
ss

in
g

p
ro

b
le

m
s

w
h
er

e
th

e
fe

at
u
re

s
w

er
e

cr
ea

te
d

b
ef

or
eh

an
d
;

fo
r

in
st

an
ce

,
on

e
co

u
ld

cr
ea

te
cl

as
si

fi
er

s
fo

r
ea

ch
p
ar

t
of

an
im

ag
e,

an
d

u
se

C
O

R
E

L
S

to
cr

ea
te

a
fi
n
a
l

co
m

b
in

ed
cl

as
si

fi
er

.
T

h
e

n
ot

io
n
s

of
in

te
rp

re
ta

b
il
it

y
u
se

d
in

im
ag

e
cl

as
si

fi
ca

ti
on

te
n
d

to
b

e
co

m
p
le

te
ly

d
iff

er
en

t
fr

om
th

os
e

fo
r

st
ru

ct
u
re

d
d
at

a
w

h
er

e
ea

ch
fe

at
u
re

is
se

p
ar

at
el

y
m

ea
n
in

gf
u
l

(e
.g

.,
se

e
L

i
et

al
.,

20
18

).
F

or
st

ru
ct

u
re

d
d
at

a,
d
ec

is
io

n
tr

ee
s,

al
on

g
w

it
h

sc
or

in
g

sy
st

em
s,

te
n
d

to
b

e
p

op
u
la

r
fo

rm
s

of
tr

an
sp

ar
en

t
m

o
d
el

s.
S
co

ri
n
g

sy
st

em
s

ar
e

sp
ar

se
li
n
ea

r
m

o
d
el

s
w

it
h

in
te

ge
r

co
effi

ci
en

ts
,

an
d

th
ey

ca
n

al
so

b
e

cr
ea

te
d

fr
om

d
at

a
(U

st
u
n

an
d

R
u
d
in

,
20

1
7,

20
16

).

In
so

m
e

of
ou

r
ex

p
er

im
en

ts
,

C
O

R
E

L
S

p
ro

d
u
ce

s
a

D
N

F
fo

rm
u
la

b
y

co
in

ci
d
en

ce
,

b
u
t

it
m

ig
h
t

b
e

p
os

si
b
le

to
cr

ea
te

a
m

u
ch

si
m

p
le

r
ve

rs
io

n
of

C
O

R
E

L
S

th
at

on
ly

p
ro

d
u
ce

s
D

N
F

fo
rm

u
la

e.
T

h
is

co
u
ld

b
u
il
d

off
p
re

v
io

u
s

al
g
or

it
h
m

s
fo

r
cr

ea
ti

n
g

an
op

ti
m

al
D

N
F

fo
rm

u
la

(R
ij

n
b

ee
k

an
d

K
or

s,
20

10
;

W
an

g
et

al
.,

20
16

,
20

17
).

C
O

R
E

L
S

d
o
es

n
ot

au
to

m
at

ic
al

ly
ra

n
k

th
e

su
b
gr

ou
p
s

in
or

d
er

of
th

e
li
ke

li
h
o
o
d

of
a

p
os

it
iv

e
ou

tc
om

e;
d
oi

n
g

so
w

ou
ld

re
q
u
ir

e
an

al
go

ri
th

m
su

ch
as

F
al

li
n
g

R
u
le

L
is

ts
(W

an
g

an
d

R
u
d
in

,
20

15
a;

C
h
en

an
d

R
u
d
in

,
20

18
),

w
h
ic

h
fo

rc
es

th
e

es
ti

m
at

ed
p
ro

b
ab

il
it

ie
s

to
d
e-

cr
ea

se
al

on
g

th
e

li
st

.
F

u
rt

h
er

m
or

e,
w

h
il
e

C
O

R
E

L
S

d
o
es

n
ot

te
ch

n
ic

al
ly

p
ro

d
u
ce

es
ti

m
at

es
of

P(
Y

=
1
|x

),
on

e
co

u
ld

fo
rm

su
ch

an
es

ti
m

at
e

b
y

co
m

p
u
ti

n
g

th
e

em
p
ir

ic
al

p
ro

p
or

ti
on

P̂(
Y

=
1
|x

ob
ey

s
p
k
)

fo
r

ea
ch

an
te

ce
d
en

t
p
k
.

C
O

R
E

L
S

is
al

so
n
ot

d
es

ig
n
ed

to
a
ss

is
t

w
it

h
ca

u
sa

l
in

fe
re

n
ce

ap
p
li
ca

ti
on

s,
si

n
ce

it
d
o
es

n
o
t

es
ti

m
at

e
th

e
eff

ec
t

of
a

tr
ea

tm
en

t
v
ia

th
e

co
n
-

d
it

io
n
al

d
iff

er
en

ce
P(
Y

=
1
|t

re
at

m
en

t
=

T
ru

e,
x

)
−

P(
Y

=
1
|t

re
a
tm

en
t

=
F

al
se
,x

).
A

lt
er

-
n
at

iv
e

al
go

ri
th

m
s

th
at

es
ti

m
at

e
co

n
d
it

io
n
al

d
iff

er
en

ce
s

w
it

h
in

te
rp

re
ta

b
le

ru
le

li
st

s
in

cl
u
d
e

C
au

sa
l
F

al
li
n
g

R
u
le

L
is

ts
(W

an
g

an
d

R
u
d
in

,
20

15
b
),

C
os

t-
E

ff
ec

ti
ve

In
te

rp
re

ta
b
le

T
re

a
tm

en
t

R
eg

im
es

(C
IT

R
)

(L
ak

ka
ra

ju
an

d
R

u
d
in

,
20

17
),

an
d

an
ap

p
ro

ac
h

b
y

Z
h
an

g
et

al
.

(2
0
15

)
fo

r
co

n
st

ru
ct

in
g

in
te

rp
re

ta
b
le

an
d

p
ar

si
m

on
io

u
s

tr
ea

tm
en

t
re

gi
m

es
.

A
lt

er
n
at

iv
el

y,
on

e
co

u
ld

u
se

a
co

m
p
le

x
m

ac
h
in

e
le

ar
n
in

g
m

o
d
el

to
p
re

d
ic

t
ou

tc
om

es
fo

r
th

e
tr

ea
tm

en
t

gr
ou

p
an

d
a

se
p
ar

at
e

co
m

p
le

x
m

o
d
el

fo
r

th
e

co
n
tr

ol
g
ro

u
p

th
at

w
ou

ld
al

lo
w

co
u
n
te

rf
a
ct

u
al

s
to

b
e

es
ti

-
m

at
ed

fo
r

ea
ch

ob
se

rv
at

io
n
;
fr

om
th

er
e,

C
O

R
E

L
S

co
u
ld

b
e

ap
p
li
ed

to
p
ro

d
u
ce

a
tr

an
sp

ar
en

t
m

o
d
el

fo
r

p
er

so
n
al

iz
ed

tr
ea

tm
en

t
eff

ec
ts

.
A

si
m

il
ar

a
p
p
ro

ac
h

to
th

is
w

as
ta

ke
n

b
y

G
oh

an
d

R
u
d
in

(2
01

8)
,

w
h
o

u
se

C
O

R
E

L
S

to
u
n
d
er

st
an

d
a

b
la

ck
b

ox
ca

u
sa

l
m

o
d
el

.
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A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

C
O

R
E

L
S

co
u
ld

b
e

ad
ap

te
d

to
h
an

d
le

co
st

-s
en

si
ti

v
e

le
ar

n
in

g
or

w
ei

gh
te

d
re

g
u
la

ri
za

ti
o
n
.

T
h
is

w
ou

ld
re

q
u
ir

e
cr

ea
ti

n
g

m
or

e
ge

n
er

al
ve

rs
io

n
s

of
ou

r
th

eo
re

m
s,

w
h
ic

h
w

o
u
ld

b
e

an
ex

te
n
si

on
of

th
is

w
or

k
.

W
h
il
e

C
O

R
E

L
S

d
o
es

n
ot

d
ir

ec
tl

y
h
an

d
le

co
n
ti

n
u
ou

s
va

ri
ab

le
s,

w
e

h
av

e
fo

u
n
d

th
a
t

it
is

n
ot

d
iffi

cu
lt

in
p
ra

ct
ic

e
to

co
n
st

ru
ct

a
ru

le
se

t
th

at
is

su
ffi

ci
en

t
fo

r
cr

ea
ti

n
g

a
u
se

fu
l

m
o
d
el

.
It

m
ay

b
e

p
os

si
b
le

to
u
se

te
ch

n
iq

u
es

su
ch

as
F

as
t

B
ox

es
(G

oh
an

d
R

u
d
in

,
20

1
4
)

to
d
is

co
ve

r
u
se

fu
l

an
d

in
te

rp
re

ta
b
le

ru
le

s
fo

r
co

n
ti

n
u
ou

s
d
at

a
th

at
ca

n
b

e
u
se

d
w

it
h
in

C
O

R
E

L
S
.

A
n

in
te

re
st

in
g

d
ir

ec
ti

on
fo

r
fu

tu
re

re
se

ar
ch

w
ou

ld
b

e
to

cr
ea

te
a

h
y
b
ri

d
in

te
rp

re
ta

b
le

/
b
la

ck
b

ox
m

o
d
el

in
th

e
st

y
le

of
W

an
g

(2
01

8)
,

w
h
er

e
th

e
ru

le
li
st

w
ou

ld
el

im
in

a
te

la
rg

e
p
ar

ts
of

th
e

sp
ac

e
aw

ay
fr

om
th

e
d
ec

is
io

n
b

ou
n
d
ar

y,
an

d
th

e
ob

se
rv

at
io

n
s

th
a
t

re
m

a
in

a
re

ev
al

u
at

ed
b
y

a
b
la

ck
b

ox
m

o
d
el

ra
th

er
th

an
a

d
ef

au
lt

ru
le

.
L

as
tl

y,
C

O
R

E
L

S
d
o
es

n
ot

cr
ea

te
ge

n
er

ic
si

n
gl

e-
va

ri
ab

le
-s

p
li
t

d
ec

is
io

n
tr

ee
s.

C
O

R
E

L
S

op
ti

m
iz

es
ov

er
ru

le
li
st

s,
w

h
ic

h
ar

e
on

e-
si

d
ed

d
ec

is
io

n
tr

ee
s;

in
ou

r
se

tt
in

g
,

th
e

le
av

es
o
f

th
es

e
‘t

re
es

’
ar

e
co

n
ju

n
ct

io
n
s.

It
m

ay
b

e
p

os
si

b
le

to
ge

n
er

al
iz

e
id

ea
s

fr
o
m

ou
r

a
p
p
ro

a
ch

to
h
an

d
le

ge
n
er

ic
d
ec

is
io

n
tr

ee
s,

w
h
ic

h
co

u
ld

b
e

an
in

te
re

st
in

g
p
ro

je
ct

fo
r

fu
tu

re
w

o
rk

.
T

h
er

e
ar

e
m

or
e

sy
m

m
et

ri
es

to
h
an

d
le

in
th

at
ca

se
,

si
n
ce

th
er

e
w

ou
ld

b
e

m
an

y
eq

u
iv

a
le

n
t

d
ec

is
io

n
tr

ee
s,

le
ad

in
g

to
ch

al
le

n
ge

s
in

d
ev

el
op

in
g

sy
m

m
et

ry
-a

w
ar

e
d
at

a
st

ru
ct

u
re

s.

A
ck

n
o
w

le
d
g
m

e
n
ts

E
.A

.
co

n
d
u
ct

ed
m

os
t

of
th

is
w

or
k

w
h
il
e

su
p
p

or
te

d
b
y

th
e

M
il
le

r
In

st
it

u
te

fo
r

B
a
si

c
R

es
ea

rc
h

in
S
ci

en
ce

,
U

n
iv

er
si

ty
of

C
al

if
or

n
ia

,
B

er
ke

le
y,

an
d

h
o
st

ed
b
y

P
ro

f.
M

.I
.

J
or

d
a
n

a
t

R
IS

E
L

a
b
.

C
.D

.R
.

is
su

p
p

or
te

d
in

p
ar

t
b
y

M
IT

-L
in

co
ln

L
ab

s
an

d
th

e
N

at
io

n
al

S
ci

en
ce

F
o
u
n
d
a
ti

on
u
n
d
er

II
S
-1

05
34

07
.

E
.A

.
w

ou
ld

li
ke

to
th

an
k

E
.

J
on

as
,

E
.

K
oh

le
r,

an
d

S
.

T
u

fo
r

ea
rl

y
im

p
le

m
en

ta
ti

on
gu

id
an

ce
,

A
.

D
’A

m
ou

r
fo

r
p

oi
n
ti

n
g

ou
t

th
e

w
o
rk

b
y

G
o
el

et
a
l.

(2
0
1
6
),

V
.

K
an

ad
e,

S
.

M
cC

u
rd

y,
J
.

S
ch

le
ie

r-
S
m

it
h

an
d

E
.

T
h
ew

al
t

fo
r

h
el

p
fu

l
co

n
ve

rs
a
ti

o
n
s,

a
n
d

m
em

b
er

s
of

R
IS

E
L

ab
,

S
A

IL
,

an
d

th
e

U
C

B
er

ke
le

y
D

at
ab

as
e

G
ro

u
p

fo
r

th
ei

r
su

p
p

o
rt

a
n
d

fe
ed

b
ac

k
.
W

e
th

an
k

H
.
Y

an
g

an
d

B
.
L

et
h
am

fo
r

sh
ar

in
g

ad
v
ic

e
an

d
co

d
e

fo
r

p
ro

ce
ss

in
g

d
a
ta

an
d

m
in

in
g

ru
le

s,
B

.
C

ok
er

fo
r

h
is

cr
it

ic
al

ad
v
ic

e
on

u
si

n
g

th
e

P
ro

P
u
b
li
ca

C
O

M
P

A
S

d
a
ta

se
t,

as
w

el
l

as
V

.
K

ax
ir

as
an

d
A

.
S
al

ig
ra

m
a

fo
r

th
ei

r
re

ce
n
t

co
n
tr

ib
u
ti

o
n
s

to
ou

r
im

p
le

m
en

ta
ti

o
n

an
d

fo
r

cr
ea

ti
n
g

th
e

C
O

R
E

L
S

w
eb

si
te

.
W

e
ar

e
ve

ry
gr

at
ef

u
l

to
ou

r
ed

it
or

a
n
d

a
n
o
n
y
m

o
u
s

re
v
ie

w
er

s.

A
p
p

e
n
d
ix

A
.

E
x
ce

ss
iv

e
A

n
te

ce
d
e
n
t

S
u
p
p

o
rt

T
h

e
o
re

m
2
1

(U
p

p
e
r

b
o
u

n
d

o
n

a
n
te

c
e
d

e
n
t

su
p

p
o
rt

)
L

et
d
∗

=
(d
p
,δ
p
,q

0
,K

)
be

a
n

y
o
p
-

ti
m

a
l

ru
le

li
st

w
it

h
o
bj

ec
ti

ve
R
∗ ,

i.
e.

,
d
∗
∈

a
rg

m
in
d
R

(d
,x
,y

),
a
n

d
le

t
d
p

=
(p

1
,.
..
,p
k
−

1
,

p
k
,.
..
,p
K

)
be

it
s

p
re

fi
x.

F
o
r

ea
ch
k
≤
K

,
a
n

te
ce

d
en

t
p
k

in
d
p

h
a
s

su
p
po

rt
le

ss
th

a
n

o
r

eq
u

a
l

to
th

e
fr

a
ct

io
n

o
f

a
ll

d
a
ta

n
o
t

ca
p
tu

re
d

by
p
re

ce
d
in

g
a
n

te
ce

d
en

ts
,

by
a
n

a
m

o
u

n
t

gr
ea

te
r

th
a
n

th
e

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
λ

:

su
p
p
(p
k
,x
|d
p
)
≤

1
−

su
p
p
(d
k
−

1
p

,x
)
−
λ
,

(3
7
)

w
h
er

e
d
k
−

1
p

=
(p

1
,.
..
,p
k
−

1
).

F
o
r

th
e

la
st

a
n

te
ce

d
en

t,
i.

e.
,

w
h
en

p
k

=
p
K

,
eq

u
a
li

ty
im

p
li

es

th
a
t

th
er

e
a
ls

o
ex

is
ts

a
sh

o
rt

er
o
p
ti

m
a
l

ru
le

li
st
d
′ =

(d
K
−

1
p

,δ
′ p,
q′ 0
,K
−

1)
∈

ar
g
m

in
d
R

(d
,x
,y

).
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

P
ro

o
f

F
irst,

w
e

fo
cu

s
on

th
e

last
an

teced
en

t
p
K

+
1

in
a

ru
le

list
d ′.

L
et
d

=
(d
p ,δ

p ,q
0 ,K

)
b

e
a

ru
le

list
w

ith
p
refi

x
d
p

=
(p

1 ,...,p
K

)
an

d
ob

jective
R

(d
,x
,y

)≥
R
∗,

w
h
ere

R
∗≡

m
in
D
R

(D
,x
,y

)
is

th
e

op
tim

al
ob

jective.
L

et
d ′

=
(d ′p ,δ ′p ,q ′0 ,K

+
1)

b
e

a
ru

le
list

w
h
ose

p
refi

x
d ′p

=
(p

1 ,...,p
K
,p
K

+
1 )

starts
w

ith
d
p

an
d

en
d
s

w
ith

a
n
ew

an
teced

en
t
p
K

+
1 .

S
u
p
-

p
o
se
p
K

+
1

in
th

e
con

tex
t

of
d ′p

cap
tu

res
n
early

all
d
ata

n
ot

cap
tu

red
b
y
d
p ,

ex
cep

t
for

a
fra

ctio
n
ε

u
p
p

er
b

ou
n
d
ed

b
y

th
e

regu
larization

p
aram

eter
λ

:

1−
su

p
p
(d
p ,x

)−
su

p
p
(p
K

+
1 ,x|d ′p )≡

ε≤
λ
.

S
in

ce
d ′p

sta
rts

w
ith

d
p ,

its
p
refi

x
m

isclassifi
ca

tion
error

is
at

least
as

great;
th

e
on

ly
d
iscrep

-
a
n
cy

b
etw

een
th

e
m

isclassifi
cation

erro
rs

of
d

an
d
d ′

can
com

e
from

th
e

d
iff

eren
ce

b
etw

een
th

e
su

p
p

o
rt

o
f

th
e

set
of

d
ata

n
ot

cap
tu

red
b
y
d
p

an
d

th
e

su
p
p

ort
of
p
K

+
1 :

|`(d ′,x
,y

)−
`(d

,x
,y

)|≤
1−

su
p
p
(d
p ,x

)−
su

p
p
(p
K

+
1 ,x|d ′p )

=
ε.

T
h
e

b
est

o
u
tco

m
e

for
d ′

w
ou

ld
o
ccu

r
if

its
m

isclassifi
cation

error
w

ere
sm

aller
th

an
th

at
o
f
d

b
y
ε,

th
erefore

R
(d ′,x

,y
)

=
`(d ′,x

,y
)

+
λ

(K
+

1)

≥
`(d

,x
,y

)−
ε

+
λ

(K
+

1)
=
R

(d
,x
,y

)−
ε

+
λ
≥
R

(d
,x
,y

)≥
R
∗.

d ′is
an

o
p
tim

a
l
ru

le
list,i.e.,

d ′∈
argm

in
D
R

(D
,x
,y

),if
an

d
on

ly
if
R

(d ′,x
,y

)
=
R

(d
,x
,y

)
=

R
∗,

w
h
ich

req
u
ires

ε
=
λ

.
O

th
erw

ise,
ε
<
λ

,
in

w
h
ich

ca
se

R
(d ′,x

,y
)≥

R
(d
,x
,y

)−
ε

+
λ
>
R

(d
,x
,y

)≥
R
∗,

th
erefo

re
d ′

is
n
ot

op
tim

al,
i.e.,

d ′
/∈

argm
in
D
R

(D
,x
,y

).
T

h
is

d
em

on
strates

th
e

d
esired

resu
lt

fo
r
k

=
K

.
In

th
e

rem
a
in

d
er,

w
e

p
rove

th
e

b
ou

n
d

in
(37)

b
y

con
trad

ictio
n
,

in
th

e
con

tex
t

o
f

a
ru

le
list

d ′′.
L

et
d

an
d
d ′

retain
th

eir
d
efi

n
ition

s
fro

m
ab

ove,
th

u
s

as
b

efore,
th

at
th

e
d
a
ta

n
ot

ca
p
tu

red
b
y
d ′p

h
as

n
orm

alized
su

p
p

ort
ε≤

λ
,

i.e.,

1−
su

p
p
(d ′p ,x

)
=

1−
su

p
p
(d
p ,x

)−
su

p
p
(p
K

+
1 ,x|d ′p )

=
ε≤

λ
.

T
h
u
s

fo
r

a
n
y

ru
le

list
d ′′

w
h
ose

p
refi

x
d ′′p

=
(p

1 ,...,p
K

+
1 ,...,p

K
′)

starts
w

ith
d ′p

an
d

en
d
s

w
ith

o
n
e

or
m

ore
ad

d
ition

al
ru

les,
each

ad
d
ition

al
ru

le
p
k

h
as

su
p
p

ort
su

p
p
(p
k ,x|d ′′p )≤

ε≤
λ

,
fo

r
a
ll
k
>
K

+
1.

B
y

T
h
eorem

10,
all

of
th

e
ad

d
ition

al
ru

les
h
ave

in
su

ffi
cien

t
su

p
-

p
o
rt,

th
erefo

re
d ′′p

can
n
ot

b
e

op
tim

al,
i.e.,

d ′′
/∈

argm
in
D
R

(D
,x
,y

).

S
im

ila
r

to
T

h
eorem

10,
ou

r
low

er
b

ou
n
d

on
an

teced
en

t
su

p
p

ort,
w

e
can

ap
p
ly

T
h
eo-

rem
2
1

in
th

e
con

tex
ts

of
b

oth
con

stru
ctin

g
ru

le
lists

an
d

ru
le

m
in

in
g

(§3.1).
T

h
eorem

21
im

p
lies

th
a
t

if
w

e
on

ly
seek

a
sin

gle
op

tim
al

ru
le

list,
th

en
d
u
rin

g
b
ran

ch
-an

d
-b

ou
n
d

ex
-

ecu
tio

n
,

w
e

ca
n

p
ru

n
e

a
p
refi

x
if

w
e

ever
ad

d
an

an
teced

en
t

w
ith

su
p
p

ort
to

o
sim

ilar
to

th
e

su
p
p

ort
of

th
e

set
of

d
ata

n
ot

cap
tu

red
b
y

th
e

p
reced

in
g

an
teced

en
ts.

O
n
e

w
ay

to
v
iew

th
is

resu
lt

is
th

at
if
d

=
(d
p ,δ

p ,q
0 ,K

)
an

d
d ′

=
(d ′p ,δ ′p ,q ′0 ,K

+
1)

are
ru

le
lists

su
ch

th
at
d ′p

starts
w

ith
d
p

a
n
d

en
d
s

w
ith

an
an

teced
en

t
th

at
ca

p
tu

res
all

or
n
early

all
d
ata

n
o
t

cap
tu

red
b
y
d
p ,

th
en

th
e

n
ew

ru
le

in
d ′

b
eh

aves
sim

ilar
to

th
e

d
efau

lt
ru

le
o
f
d
.

A
s

a
resu

lt,
th

e
m

iscla
ssifi

ca
tio

n
error

of
d ′

m
u
st

b
e

sim
ilar

to
th

at
of
d
,

an
d

an
y

red
u
ction

m
ay

n
ot

b
e

su
ffi

cien
t

to
o
ff

set
th

e
p

en
alty

for
lon

ger
p
refi

x
es.
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

P
ro

p
o
sitio

n
2
2

(E
x
c
e
ssiv

e
a
n
te

c
e
d

e
n
t

su
p

p
o
rt

p
ro

p
a
g
a
te

s)
D

efi
n

e
φ

(d
p )

a
s

in
(19),

a
n

d
let

d
p

=
(p

1 ,...,p
K

)
be

a
p
refi

x,
su

ch
th

a
t

its
la

st
a
n

teced
en

t
p
K

h
a
s

excessive
su

p
po

rt,
i.e.,

th
e

o
p
po

site
o
f

th
e

bo
u

n
d

in
(37):

su
p
p
(p
K
,x|d

p )
>

1−
su

p
p
(d
K
−

1
p

,x
)−

λ
,

w
h
ere

d
K
−

1
p

=
(p

1 ,...,p
K
−

1 ).
L

et
D

=
(D

p ,∆
p ,Q

0 ,κ
)

be
a
n

y
ru

le
list

w
ith

p
refi

x
D
p

=

(P
1 ,...,P

κ )
su

ch
th

a
t
D
p

sta
rts

w
ith

D
K
′−

1
p

=
(P

1 ,...,P
K
′−

1 )∈
φ

(d
K
−

1
p

)
a
n

d
P
K
′

=
p
K

.
It

fo
llo

w
s

th
a
t
P
K
′

h
a
s

excessive
su

p
po

rt
in

p
refi

x
D
p ,

a
n

d
fu

rth
erm

o
re,

D
/∈

argm
in
d
R

(d
,x
,y

).

P
ro

o
f

S
in

ce
D
K
′

p
=

(P
1 ,...,P

K
′)

con
tain

s
all

th
e

an
teced

en
ts

in
d
p ,

w
e

h
ave

th
at

su
p
p
(D

K
′

p
,x

)≥
su

p
p
(d
p ,x

).

E
x
p
an

d
in

g
th

ese
tw

o
term

s
gives

su
p
p
(D

K
′

p
,x

)
=

su
p
p
(D

K
′−

1
p

,x
)

+
su

p
p
(P

K
′,x|D

p )

≥
su

p
p
(d
p ,x

)
=

su
p
p
(d
K
−

1
p

,x
)

+
su

p
p
(p
K
,x|d

p )
>

1−
λ
.

R
earran

gin
g

gives

su
p
p
(P

K
′,x|D

p )
>

1−
su

p
p
(D

K
′−

1
p

,x
)−

λ
,

th
u
s
P
K
′

h
as

ex
cessive

su
p
p

ort
in
D
p .

B
y

T
h
eorem

2
1,
D
/∈

argm
in
d
R

(d
,x
,y

).

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
5

(E
q
u
iv

a
le

n
t

S
u
p
p

o
rt

B
o
u
n
d
)

W
e

b
egin

b
y

d
efi

n
in

g
fou

r
related

ru
le

lists.
F

irst,
let

d
=

(d
p ,δ

p ,q
0 ,K

)
b

e
a

ru
le

list
w

ith
p
refi

x
d
p

=
(p

1 ,...,p
K

)
an

d
lab

els
δ
p

=
(q

1 ,...,q
K

).
S
econ

d
,

let
D

=
(D

p ,∆
p ,Q

0 ,κ
)

b
e

a
ru

le
list

w
ith

p
refi

x
D
p

=
(P

1 ,...,P
κ )

th
at

cap
tu

res
th

e
sam

e
d
ata

as
d
p ,

an
d

lab
els

∆
p

=
(Q

1 ,...,Q
κ ).

T
h
ird

,
let

d ′
=

(d ′p ,δ ′p ,q ′0 ,K
′)∈

σ
(d
p )

b
e

an
y

ru
le

list
w

h
ose

p
refi

x
starts

w
ith

d
p ,

su
ch

th
at
K
′≥

K
.

D
en

ote
th

e
p
refi

x
an

d
lab

els
of
d ′

b
y
d ′p

=
(p

1 ,...,p
K
,

p
K

+
1 ,...,p

K
′)

an
d
δ
p

=
(q

1 ,...,q
K
′),

resp
ectively.

F
in

ally,
d
efi

n
e
D
′
=

(D
′p ,∆

′p ,Q
′0 ,κ
′)∈

σ
(D

p )
to

b
e

th
e

‘an
alogou

s’
ru

le
list,

i.e.,
w

h
ose

p
refi

x
D
′p

=
(P

1 ,...,P
κ ,P

κ
+

1 ,...,P
κ
′)

=
(P

1 ,...,P
κ ,p

K
+

1 ,...,p
K
′)

starts
w

ith
D
p

an
d

en
d
s

w
ith

th
e

sam
e
K
′−

K
an

teced
en

ts
as
d ′p .

L
et

∆
′p

=
(Q

1 ,...,Q
κ
′)

d
en

ote
th

e
lab

els
of
D
′.

N
ex

t,
w

e
claim

th
at

th
e

d
iff

eren
ce

in
th

e
ob

jectives
of

ru
le

lists
d ′

an
d
d

is
th

e
sa

m
e

as
th

e
d
iff

eren
ce

in
th

e
ob

jectives
of

ru
le

lists
D
′

an
d
D

.
L

et
u
s

ex
p
an

d
th

e
fi
rst

d
iff

eren
ce

as

R
(d ′,x

,y
)−

R
(d
,x
,y

)
=
`(d ′,x

,y
)

+
λ
K
′−

`(d
,x
,y

)−
λ
K

=
`
p (d ′p ,δ ′p ,x

,y
)

+
`
0 (d ′p ,q ′0 ,x

,y
)−

`
p (d

p ,δ
p ,x

,y
)−

`
0 (d

p ,q
0 ,x

,y
)

+
λ

(K
′−

K
).

S
im

ilarly,
let

u
s

ex
p
an

d
th

e
secon

d
d
iff

eren
ce

as

R
(D
′,x

,y
)−

R
(D
,x
,y

)
=
`(D

′,x
,y

)
+
λ
κ
′−

`(D
,x
,y

)−
λ
κ

=
`
p (D

′p ,∆
′p ,x

,y
)

+
`
0 (D

′p ,Q
′0 ,x

,y
)−

`
p (D

p ,∆
p ,x

,y
)−

`
0 (D

p ,Q
0 ,x

,y
)

+
λ

(K
′−

K
),
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

w
h
er

e
w

e
h
av

e
u
se

d
th

e
fa

ct
th

at
κ
′ −

κ
=
K
′ −

K
.

T
h
e

p
re

fi
x
es
d
p

an
d
D
p

ca
p
tu

re
th

e
sa

m
e

d
at

a.
E

q
u
iv

al
en

tl
y,

th
e

se
t

of
d
at

a
th

at
is

n
ot

ca
p
tu

re
d

b
y
d
p

is
th

e
sa

m
e

as
th

e
se

t
of

d
at

a
th

at
is

n
ot

ca
p
tu

re
d

b
y
D
p
,

i.
e.

,

{x
n

:
¬

ca
p
(x
n
,d
p
)}

=
{x

n
:
¬

ca
p
(x
n
,D

p
)}
.

T
h
u
s,

th
e

co
rr

es
p

on
d
in

g
ru

le
li
st

s
d

an
d
D

sh
ar

e
th

e
sa

m
e

d
ef

au
lt

ru
le

,
i.

e.
,
q 0

=
Q

0
,
y
ie

ld
in

g
th

e
sa

m
e

d
ef

au
lt

ru
le

m
is

cl
as

si
fi
ca

ti
on

er
ro

r:

` 0
(d
p
,q

0
,x
,y

)
=
` 0

(D
p
,Q

0
,x
,y

).

S
im

il
ar

ly
,

p
re

fi
x
es
d
′ p

an
d
D
′ p

ca
p
tu

re
th

e
sa

m
e

d
at

a,
an

d
th

u
s

ru
le

li
st

s
d
′

an
d
D
′

h
av

e
th

e
sa

m
e

d
ef

au
lt

ru
le

m
is

cl
as

si
fi
ca

ti
on

er
ro

r:

` 0
(d
p
,q

0
,x
,y

)
=
` 0

(D
p
,Q

0
,x
,y

).

A
t

th
is

p
oi

n
t,

to
d
em

on
st

ra
te

ou
r

cl
ai

m
re

la
ti

n
g

th
e

ob
je

ct
iv

es
of
d
,
d
′ ,
D

,
an

d
D
′ ,

w
h
at

re
m

ai
n
s

is
to

sh
ow

th
at

th
e

d
iff

er
en

ce
in

th
e

m
is

cl
as

si
fi
ca

ti
on

er
ro

rs
of

p
re

fi
x
es
d
′ p

an
d
d
p

is
th

e
sa

m
e

as
th

at
b

et
w

ee
n
D
′ p

an
d
D
p
.

W
e

ca
n

ex
p
an

d
th

e
fi
rs

t
d
iff

er
en

ce
as

` p
(d
′ p,
δ′ p
,x
,y

)
−
` p

(d
p
,δ
p
,x
,y

)
=

1 N

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

],

w
h
er

e
w

e
h
av

e
u
se

d
th

e
fa

ct
th

at
si

n
ce
d
′ p

st
ar

ts
w

it
h
d
p
,

th
e

fi
rs

t
K

ru
le

s
in
d
′ p

m
ak

e
th

e
sa

m
e

m
is

ta
ke

s
as

th
os

e
in
d
p
.

S
im

il
ar

ly
,

w
e

ca
n

ex
p
a
n
d

th
e

se
co

n
d

d
iff

er
en

ce
as

` p
(D
′ p,

∆
′ p,

x
,y

)
−
` p

(D
p
,∆

p
,x
,y

)
=

1 N

N ∑ n
=

1

κ
′

∑

k
=
κ

+
1

ca
p
(x
n
,P

k
|D
′ p)
∧
1

[Q
k
6=
y n

]

=
1 N

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|D
′ p)
∧
1

[Q
k
6=
y n

]

=
1 N

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]
(3

8)

=
` p

(d
′ p,
δ′ p
,x
,y

)
−
` p

(d
p
,δ
p
,x
,y

).

T
o

ju
st

if
y

th
e

eq
u
al

it
y

in
(3

8)
,

w
e

ob
se

rv
e

fi
rs

t
th

at
p
re

fi
x
es
D
′ p

an
d
d
′ p

st
ar

t
w

it
h
κ

an
d
K

an
te

ce
d
en

ts
,

re
sp

ec
ti

v
el

y,
th

at
ca

p
tu

re
th

e
sa

m
e

d
at

a.
S
ec

on
d
,

p
re

fi
x
es
D
′ p

an
d
d
′ p

en
d

w
it

h
ex

ac
tl

y
th

e
sa

m
e

or
d
er

ed
li
st

of
K
′ −

K
an

te
ce

d
en

ts
,

th
er

ef
or

e
fo

r
a
n
y
k

=
1,
..
.,
K
′ −

K
,

an
te

ce
d
en

t
P
κ

+
k

=
p
K

+
k

in
D
′ p

ca
p
tu

re
s

th
e

sa
m

e
d
at

a
as
p
K

+
k

ca
p
tu

re
s

in
d
′ p.

It
fo

ll
ow

s
th

at
th

e
co

rr
es

p
on

d
in

g
la

b
el

s
ar

e
al

l
eq

u
iv

al
en

t,
i.

e.
,
Q
κ

+
k

=
q K

+
k
,
fo

r
al

l
k

=
1,
..
.,
K
′ −

K
,
an

d
co

n
se

q
u
en

tl
y,

th
e

p
re

fi
x

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
as

so
ci

at
ed

w
it

h
th

e
la

st
K
′ −

K
an

te
ce

d
en

ts
of
d
′ p

is
th

e
sa

m
e

as
th

at
of
D
′ p.

W
e

h
av

e
th

er
ef

or
e

sh
ow

n
th

at
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

ob
je

ct
iv

es
of
d
′

an
d
d

is
th

e
sa

m
e

a
s

th
at

b
et

w
ee

n
D
′

an
d
D

,
i.

e.
,

R
(d
′ ,

x
,y

)
−
R

(d
,x
,y

)
=
R

(D
′ ,

x
,y

)
−
R

(D
,x
,y

).
(3

9)
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:1
-7

8,
 2

01
8

A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

N
ex

t,
su

p
p

os
e

th
at

th
e

ob
je

ct
iv

e
lo

w
er

b
ou

n
d
s

of
d

an
d
D

ob
ey
b(
d
p
,x
,y

)
≤
b(
D
p
,x
,y

),
th

er
ef

or
e

R
(d
,x
,y

)
=
` p

(d
p
,δ
p
,x
,y

)
+
` 0

(d
p
,q

0
,x
,y

)
+
λ
K

=
b(
d
p
,x
,y

)
+
` 0

(d
p
,q

0
,x
,y

)

≤
b(
D
p
,x
,y

)
+
` 0

(d
p
,q

0
,x
,y

)
=
b(
D
p
,x
,y

)
+
` 0

(D
p
,Q

0
,x
,y

)
=
R

(D
,x
,y

). (4
0
)

N
ow

le
t
d
∗

b
e

an
op

ti
m

al
ru

le
li
st

w
it

h
p
re

fi
x

co
n
st

ra
in

ed
to

st
ar

t
w

it
h
d
p
,

d
∗
∈

ar
gm

in
d
† ∈
σ

(d
p
)

R
(d
† ,

x
,y

),

an
d

le
t
K
∗

b
e

th
e

le
n
gt

h
of
d
∗ .

L
et
D
∗

b
e

th
e

an
al

og
ou

s
κ
∗ -

ru
le

li
st

w
h
os

e
p
re

fi
x

st
a
rt

s
w

it
h
D
p

an
d

en
d
s

w
it

h
th

e
sa

m
e
K
∗
−
K

a
n
te

ce
d
en

ts
as

d
∗ ,

w
h
er

e
κ
∗

=
κ

+
K
∗
−
K

.
B

y
(3

9)
,

R
(d
∗ ,

x
,y

)
−
R

(d
,x
,y

)
=
R

(D
∗ ,

x
,y

)
−
R

(D
,x
,y

).
(4

1
)

F
u
rt

h
er

m
or

e,
w

e
cl

ai
m

th
at

D
∗

is
an

op
ti

m
al

ru
le

li
st

w
it

h
p
re

fi
x

co
n
st

ra
in

ed
to

st
a
rt

w
it

h
D
p
,

D
∗
∈

ar
gm

in
D
† ∈
σ

(D
p
)

R
(D
† ,

x
,y

).
(4

2
)

T
o

d
em

on
st

ra
te

(4
2)

,
w

e
co

n
si

d
er

tw
o

se
p
ar

at
e

sc
en

ar
io

s.
In

th
e

fi
rs

t
sc

en
a
ri

o
,
p
re

fi
x
es
d
p

an
d
D
p

ar
e

co
m

p
os

ed
of

th
e

sa
m

e
an

te
ce

d
en

ts
,

i.
e.

,
th

e
tw

o
p
re

fi
x
es

ar
e

eq
u
iv

a
le

n
t

u
p

to
a

p
er

m
u
ta

ti
on

of
th

ei
r

an
te

ce
d
en

ts
,

an
d

as
a

co
n
se

q
u
en

ce
,
κ

=
K

an
d
κ
∗

=
K
∗ .

H
er

e,
ev

er
y

ru
le

li
st
d
′′
∈
σ

(d
p
)

th
at

st
ar

ts
w

it
h
d
p

h
as

an
an

al
og

u
e
D
′′
∈
σ

(D
p
)

th
at

st
a
rt

s
w

it
h
D
p
,

su
ch

th
at
d
′′

an
d
D
′′

ob
ey

(3
9)

,
an

d
v
ic

e
ve

rs
a,

an
d

th
u
s

(4
2)

is
a

d
ir

ec
t

co
n
se

q
u
en

ce
o
f

(4
1
).

In
th

e
se

co
n
d

sc
en

ar
io

,
p
re

fi
x
es
d
p

an
d
D
p

ar
e

n
ot

co
m

p
os

ed
of

th
e

sa
m

e
a
n
te

ce
d
en

ts
.

D
efi

n
e
φ

=
{p
k

:
(p
k
∈
d
p
)
∧

(p
k
/∈
D
p
)}

to
b

e
th

e
se

t
of

an
te

ce
d
en

ts
in
d
p

th
at

a
re

n
o
t

in
D
p
,

an
d

d
efi

n
e

Φ
=
{P

k
:

(P
k
∈
D
p
)
∧

(P
k
/∈
d
p
)}

to
b

e
th

e
se

t
o
f

an
te

ce
d
en

ts
in
D
p

th
a
t

a
re

n
o
t

in
d
p
;

ei
th

er
φ
6=
∅,

or
Φ
6=
∅,

or
b

ot
h
.

S
u
p
p

os
e
φ
6=
∅,

an
d

le
t
p
∈
φ

b
e

an
an

te
ce

d
en

t
in
φ

.
It

fo
ll
ow

s
th

at
th

er
e

ex
is

ts
a

su
b
se

t
of

ru
le

li
st

s
in
σ

(D
p
)

th
at

d
o

n
ot

h
av

e
an

al
og

u
es

in
σ

(d
p
).

L
et
D
′′
∈
σ

(D
p
)

b
e

su
ch

a
ru

le
li
st

,
su

ch
th

at
it

s
p
re

fi
x
D
′′ p

=
(P

1
,.
..
,P

κ
,.
..
,p
,.
..

)
st

ar
ts

w
it

h
D
p

an
d

co
n
ta

in
s
p

a
m

o
n
g

it
s

re
m

ai
n
in

g
an

te
ce

d
en

ts
.

S
in

ce
p

ca
p
tu

re
s

a
su

b
se

t
of

th
e

d
at

a
th

at
d
p

ca
p
tu

re
s,

a
n
d
D
p

ca
p
tu

re
s

th
e

sa
m

e
d
at

a
as
d
p
,

it
fo

ll
ow

s
th

at
p

d
o
es

n
ot

ca
p
tu

re
an

y
d
at

a
in
D
′′ p,

i.
e.

,

1 N

N ∑ n
=

1

ca
p
(x
n
,p
|D
′′ p)

=
0
≤
λ
.

B
y

T
h
eo

re
m

10
,

an
te

ce
d
en

t
p

h
as

in
su

ffi
ci

en
t

su
p
p

or
t

in
D
′′ ,

an
d

th
u
s
D
′′

ca
n
n
o
t

b
e

o
p
-

ti
m

al
,

i.
e.

,
D
′′
/∈

ar
gm

in
D
† ∈
σ

(D
p
)
R

(D
† ,

x
,y

).
B

y
a

si
m

il
ar

a
rg

u
m

en
t,

if
Φ
6=
∅

a
n
d
P
∈

Φ
,

an
d
d
′′
∈
σ

(d
p
)

is
an

y
ru

le
li
st

w
h
os

e
p
re

fi
x

st
ar

ts
w

it
h
d
p

an
d

co
n
ta

in
s

an
te

ce
d
en

t
P

,
th

en
d
′′

ca
n
n
ot

b
e

op
ti

m
al

,
i.

e.
,
d
′′
/∈

ar
gm

in
d
† ∈
σ

(d
p
)
R

(d
† ,

x
,y

).
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

T
o

fi
n
ish

ju
stify

in
g

claim
(42)

for
th

e
secon

d
scen

ario,
fi
rst

d
efi

n
e

τ
(d
p ,Φ

)≡
{d ′′

=
(d ′′p ,δ ′′p ,q ′′0

,K
′′)

:
d ′′∈

σ
(d
p )

an
d
p
k
/∈

Φ
,∀
p
k ∈

d ′′p }
⊂
σ

(d
p )

to
b

e
th

e
set

o
f

all
ru

le
lists

w
h
ose

p
refi

x
es

start
w

ith
d
p

an
d

d
o

n
ot

con
tain

an
y

an
teced

en
ts

in
Φ

.
N

ow
,

recogn
ize

th
at

th
e

op
tim

al
p
refi

x
es

in
τ
(d
p ,Φ

)
an

d
σ

(d
p )

are
th

e
sam

e,
i.e.,

argm
in

d †∈
τ
(d
p
,Φ

) R
(d †,x

,y
)

=
argm

in
d †∈

σ
(d
p
) R

(d †,x
,y

),

a
n
d

sim
ila

rly,
th

e
op

tim
al

p
refi

x
es

in
τ
(D

p ,φ
)

an
d
σ

(D
p )

are
th

e
sam

e,
i.e.,

argm
in

D
†∈
τ
(D

p
,φ

) R
(D
†,x

,y
)

=
argm

in
D
†∈
σ

(D
p
) R

(D
†,x

,y
).

S
in

ce
w

e
h
ave

sh
ow

n
th

at
every

d ′′∈
τ
(d
p ,Φ

)
h
as

a
d
irect

an
alogu

e
D
′′∈

τ
(D

p ,φ
),

su
ch

th
a
t
d ′′

an
d
D
′′

ob
ey

(39),
an

d
v
ice

versa,
w

e
again

h
ave

(42)
as

a
con

seq
u
en

ce
of

(41).

W
e

ca
n

n
ow

fi
n
ally

com
b
in

e
(40)

an
d

(42)
to

ob
tain

th
e

d
esired

in
eq

u
ality

in
(21):

m
in

d ′∈
σ

(d
p
) R

(d ′,x
,y

)
=
R

(d ∗,x
,y

)≤
R

(D
∗,x

,y
)

=
m

in
D
′∈
σ

(D
p
) R

(D
′,x

,y
).

A
p
p

e
n
d
ix

C
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
8

(S
im

ila
r

S
u
p
p

o
rt

B
o
u
n
d
)

W
e

b
eg

in
b
y

d
efi

n
in

g
fou

r
related

ru
le

lists.
F

irst,
let

d
=

(d
p ,δ

p ,q
0 ,K

)
b

e
a

ru
le

list
w

ith
p
refi

x
d
p

=
(p

1 ,...,p
K

)
an

d
lab

els
δ
p

=
(q

1 ,...,q
K

).
S
econ

d
,

let
D

=
(D

p ,∆
p ,Q

0 ,κ
)

b
e

a
ru

le
list

w
ith

p
refi

x
D
p

=
(P

1 ,...,P
κ )

an
d

lab
els

∆
p

=
(Q

1 ,...,Q
κ ).

D
efi

n
e
ω

as
in

(2
2)

a
n
d

Ω
as

in
(23),

an
d

req
u
ire

th
at

ω
,Ω
≤
λ

.
T

h
ird

,
let

d ′
=

(d ′p ,δ ′p ,q ′0 ,K
′)∈

σ
(d
p )

b
e

a
n
y

ru
le

list
w

h
ose

p
refi

x
starts

w
ith

d
p ,

su
ch

th
at

K
′≥

K
.

D
en

ote
th

e
p
refi

x
an

d
la-

b
els

o
f
d ′

b
y
d ′p

=
(p

1 ,...,p
K
,p
K

+
1 ,...,p

K
′)

an
d
δ
p

=
(q

1 ,...,q
K
′),

resp
ectively.

F
in

ally,
d
efi

n
e
D
′
=

(D
′p ,∆

′p ,Q
′0 ,κ
′)∈

σ
(D

p )
to

b
e

th
e

‘an
alogo

u
s’

ru
le

list,
i.e.,

w
h
ose

p
refi

x
D
′p

=
(P

1 ,...,P
κ ,P

κ
+

1 ,...,P
κ
′)

=
(P

1 ,...,P
κ ,p

K
+

1 ,...,p
K
′)

starts
w

ith
D
p

a
n
d

en
d
s

w
ith

th
e

sa
m

e
K
′−

K
a
n
teced

en
ts

as
d ′p .

L
et

∆
′p

=
(Q

1 ,...,Q
κ
′)

d
en

ote
th

e
lab

els
of
D
′.

T
h
e

sm
a
llest

p
ossib

le
ob

jectiv
e

for
D
′,

in
relation

to
th

e
ob

jective
of
d ′,

refl
ects

b
oth

th
e

d
iff

eren
ce

b
etw

een
th

e
ob

jective
low

er
b

ou
n
d
s

of
D

an
d
d

an
d

th
e

largest
p

ossib
le

d
iscrep

a
n
cy

b
etw

een
th

e
ob

jectiv
es

of
d ′

an
d
D
′.

T
h
e

latter
w

ou
ld

o
ccu

r
if
d ′

m
isclassifi

ed
a
ll

th
e

d
a
ta

corresp
on

d
in

g
to

b
oth

ω
an

d
Ω

w
h
ile

D
′

correctly
classifi

ed
th

is
sam

e
d
ata,

th
u
s

R
(D
′,x

,y
)≥

R
(d ′,x

,y
)

+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
ω
−

Ω
.

(43)

N
ow

let
D
∗

b
e

an
op

tim
al

ru
le

list
w

ith
p
refi

x
con

strain
ed

to
start

w
ith

D
p ,

D
∗∈

argm
in

D
†∈
σ

(D
p
) R

(D
†,x

,y
),

a
n
d

let
κ
∗

b
e

th
e

len
gth

of
D
∗.

A
lso

let
d ∗

b
e

th
e

a
n
alog

ou
s
K
∗-ru

le
list

w
h
ose

p
refi

x
sta

rts
w

ith
d
p

a
n
d

en
d
s

w
ith

th
e

sam
e
κ
∗−

κ
an

teced
en

ts
as
D
∗,

w
h
ere

K
∗

=
K

+
κ
∗−

κ
.
B

y
(43),
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A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

w
e

ob
tain

th
e

d
esired

in
eq

u
ality

in
(24):

m
in

D
†∈
σ

(D
p
) R

(D
†,x

,y
)

=
R

(D
∗,x

,y
)

≥
R

(d ∗,x
,y

)
+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
ω
−

Ω

≥
m

in
d †∈

σ
(d
p
) R

(d †,x
,y

)
+
b(D

p ,x
,y

)−
b(d

p ,x
,y

)−
ω
−

Ω
.

A
p
p

e
n
d
ix

D
.

P
ro

o
f

o
f

T
h
e
o
re

m
2
0

(E
q
u
iv

a
le

n
t

P
o
in

ts
B

o
u
n
d
)

W
e

d
erive

a
low

er
b

ou
n
d

on
th

e
d
efau

lt
ru

le
m

isclassifi
cation

error
`
0 (d

p ,q
0 ,x

,y
),

an
alogou

s
to

th
e

low
er

b
ou

n
d

(26)
on

th
e

m
isclassifi

cation
error

`(d
,x
,y

)
in

th
e

p
ro

of
of

P
rop

osition
19.

A
s

b
efore,

w
e

su
m

over
all

sets
of

eq
u
iva

len
t

p
oin

ts,
an

d
th

en
for

each
su

ch
set,

w
e

cou
n
t

d
iff

eren
ces

b
etw

een
class

lab
els

an
d

th
e

m
in

ority
class

lab
el

of
th

e
set,

in
stead

of
cou

n
tin

g
m

istakes
m

ad
e

b
y

th
e

d
efau

lt
ru

le:

`
0 (d

p ,q
0 ,x

,y
)

=
1N

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

1
[q

0 6=
y
n
]

=
1N

U
∑u

=
1

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

1
[q

0 6=
y
n
]1

[x
n
∈
e
u ]

≥
1N

U
∑u

=
1

N
∑n

=
1 ¬

cap
(x
n
,d
p )∧

1
[y
n

=
q
u ]1

[x
n
∈
e
u ]

=
b
0 (d

p ,x
,y

),
(44)

w
h
ere

th
e

fi
n
al

eq
u
ality

com
es

from
th

e
d
efi

n
ition

of
b
0 (d

p ,x
,y

)
in

(28).
S
in

ce
w

e
can

w
rite

th
e

ob
jectiv

e
R

(d
,x
,y

)
as

th
e

su
m

of
th

e
ob

jective
low

er
b

ou
n
d
b(d

p ,x
,y

)
an

d
d
efau

lt
ru

le
m

isclassifi
cation

error
`
0 (d

p ,q
0 ,x

,y
),

ap
p
ly

in
g

(44)
gives

a
low

er
b

ou
n
d

on
R

(d
,x
,y

):

R
(d
,x
,y

)
=
`
p (d

p ,δ
p ,x

,y
)

+
`
0 (d

p ,q
0 ,x

,y
)

+
λ
K

=
b(d

p ,x
,y

)
+
`
0 (d

p ,q
0 ,x

,y
)

≥
b(d

p ,x
,y

)
+
b
0 (d

p ,x
,y

).
(45)

It
follow

s
th

at
for

an
y

ru
le

list
d ′∈

σ
(d

)
w

h
o
se

p
refi

x
d ′p

starts
w

ith
d
p ,

w
e

h
ave

R
(d ′,x

,y
)≥

b(d ′p ,x
,y

)
+
b
0 (d ′p ,x

,y
).

(46)

F
in

ally,
w

e
sh

ow
th

at
th

e
low

er
b

ou
n
d

on
R

(d
,x
,y

)
in

(45)
is

n
ot

greater
th

an
th

e
low

er
b

ou
n
d

on
R

(d ′,x
,y

)
in

(46).
F

irst,
let

u
s

d
efi

n
e

Υ
(d ′p ,K

,x
,y

)≡
1N

U
∑u

=
1

N
∑n

=
1

K
′

∑k
=
K

+
1

cap
(x
n
,p
k |d ′p )∧

1
[x
n
∈
e
u ]1

[y
n

=
q
u ].

(47)
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L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

N
ow

,
w

e
w

ri
te

a
lo

w
er

b
ou

n
d

on
b(
d
′ p,

x
,y

)
w

it
h

re
sp

ec
t

to
b(
d
p
,x
,y

):

b(
d
′ p,

x
,y

)
=
` p

(d
′ p,
δ p
,x
,y

)
+
λ
K
′ =

1 N

N ∑ n
=

1

K
′

∑ k
=

1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]+
λ
K
′

=
` p

(d
p
,δ
p
,x
,y

)
+
λ
K

+
1 N

N ∑ n
=

1

K
′

∑ k
=
K

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]+
λ

(K
′ −

K
)

=
b(
d
p
,x
,y

)
+

1 N

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]+
λ

(K
′ −

K
)

=
b(
d
p
,x
,y

)
+

1 N

U ∑ u
=

1

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[q
k
6=
y n

]1
[x
n
∈
e u

]+
λ

(K
′ −

K
)

≥
b(
d
p
,x
,y

)
+

1 N

U ∑ u
=

1

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[y
n

=
q u

]1
[x
n
∈
e u

]+
λ

(K
′ −

K
)

=
b(
d
p
,x
,y

)
+

Υ
(d
′ p,
K
,x
,y

)
+
λ

(K
′ −

K
),

(4
8)

w
h
er

e
th

e
la

st
eq

u
al

it
y

u
se

s
(4

7)
.

N
ex

t,
w

e
w

ri
te
b 0

(d
p
,x
,y

)
w

it
h

re
sp

ec
t

to
b 0

(d
′ p,

x
,y

),

b 0
(d
p
,x
,y

)
=

1 N

U ∑ u
=

1

N ∑ n
=

1

¬
ca

p
(x
n
,d
p
)
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

]

=
1 N

U ∑ u
=

1

N ∑ n
=

1

(
¬

ca
p
(x
n
,d
′ p)

+
K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)

)
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

]

=
b 0

(d
′ p,

x
,y

)
+

1 N

U ∑ u
=

1

N ∑ n
=

1

K
′

∑

k
=
K

+
1

ca
p
(x
n
,p
k
|d
′ p)
∧
1

[x
n
∈
e u

]1
[y
n

=
q u

].
(4

9)

R
ea

rr
an

gi
n
g

(4
9)

gi
v
es

b 0
(d
′ p,

x
,y

)
=
b 0

(d
p
,x
,y

)
−

Υ
(d
′ p,
K
,x
,y

).
(5

0)

C
om

b
in

in
g

(4
6)

w
it

h
fi
rs

t
(5

0)
an

d
th

en
(4

8)
gi

v
es

th
e

d
es

ir
ed

in
eq

u
al

it
y

in
(2

7)
:

R
(d
′ ,

x
,y

)
≥
b(
d
′ p,

x
,y

)
+
b 0

(d
′ p,

x
,y

)

=
b(
d
′ p,

x
,y

)
+
b 0

(d
p
,x
,y

)
−

Υ
(d
′ p,
K
,x
,y

)

≥
b(
d
p
,x
,y

)
+

Υ
(d
′ p,
K
,x
,y

)
+
λ

(K
′ −

K
)

+
b 0

(d
p
,x
,y

)
−

Υ
(d
′ p,
K
,x
,y

)

=
b(
d
p
,x
,y

)
+
b 0

(d
p
,x
,y

)
+
λ

(K
′ −

K
)
≥
b(
d
p
,x
,y

)
+
b 0

(d
p
,x
,y

).

A
p
p

e
n
d
ix

E
.

D
a
ta

P
ro

ce
ss

in
g

D
e
ta

il
s

a
n
d

A
n
te

ce
d
e
n
t

M
in

in
g

In
th

is
ap

p
en

d
ix

,
w

e
p
ro

v
id

e
d
et

ai
ls

re
ga

rd
in

g
d
at

as
et

s
u
se

d
in

ou
r

ex
p

er
im

en
ts

(S
ec

ti
on

6)
.

65
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8

A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

E
.1

P
ro

P
u

b
li
c
a

R
e
c
id

iv
is

m
D

a
ta

S
e
t

T
ab

le
7

sh
ow

s
th

e
6

at
tr

ib
u
te

s
an

d
co

rr
es

p
on

d
in

g
17

ca
te

g
or

ic
al

va
lu

es
th

at
w

e
u
se

fo
r

th
e

P
ro

P
u
b
li
ca

d
at

a
se

t.
F

ro
m

th
es

e,
w

e
co

n
st

ru
ct

17
si

n
gl

e-
cl

au
se

an
te

ce
d
en

ts
,

fo
r

ex
a
m

p
le

,
(a
g
e

=
23
−

25
).

W
e

th
en

co
m

b
in

e
p
ai

rs
of

th
es

e
an

te
ce

d
en

ts
as

co
n
ju

n
ct

io
n
s

to
fo

rm
tw

o
-

cl
au

se
an

te
ce

d
en

ts
,

e.
g.

,
(a
g
e

=
23
−

25
)
∧

(p
ri
or
s

=
2
−

3)
.

B
y

v
ir

tu
e

of
ou

r
lo

w
er

b
o
u
n
d

on
an

te
ce

d
en

t
su

p
p

or
t,

(T
h
eo

re
m

10
,
§3

.7
),

w
e

el
im

in
at

e
an

te
ce

d
en

ts
w

it
h

su
p
p

o
rt

le
ss

th
an

0.
00

5
or

gr
ea

te
r

th
an

0.
99

5,
si

n
ce
λ

=
0.

00
5

is
th

e
sm

al
le

st
re

gu
la

ri
za

ti
o
n

p
a
ra

m
et

er
va

lu
e

w
e

st
u
d
y

fo
r

th
is

p
ro

b
le

m
.

W
it

h
th

is
fi
lt

er
in

g
st

ep
,

w
e

ge
n
er

at
e

b
et

w
ee

n
1
2
1

a
n
d

1
2
3

an
te

ce
d
en

ts
fo

r
ea

ch
fo

ld
;

w
it

h
ou

t
it

,
w

e
w

ou
ld

in
st

ea
d

ge
n
er

at
e

ab
o
u
t

13
0

a
n
te

ce
d
en

ts
a
s

in
p
u
t

to
ou

r
al

go
ri

th
m

.

N
ot

e
th

at
w

e
ex

cl
u
d
e

th
e

‘c
u
rr

en
t

ch
ar

ge
’

at
tr

ib
u
te

(w
h
ic

h
h
as

tw
o

ca
te

g
o
ri

ca
l

va
lu

es
,

‘m
is

d
em

ea
n
or

’
an

d
‘f

el
on

y
’)

;
fo

r
in

d
iv

id
u
al

s
in

th
e

d
a
ta

se
t

b
o
ok

ed
on

m
u
lt

ip
le

ch
a
rg

es
,

th
is

at
tr

ib
u
te

d
o
es

n
ot

ap
p

ea
r

to
co

n
si

st
en

tl
y

re
fl
ec

t
th

e
m

os
t

se
ri

ou
s

ch
ar

ge
.

F
ea

tu
re

V
al

u
e

ra
n
g
e

C
at

eg
or

ic
al

va
lu

es
C

o
u
n
t

se
x

—
m

al
e,

fe
m

al
e

2
ag

e
18

-9
6

1
8-

20
,

21
-2

2,
23

-2
5,

26
-4

5,
>

45
5

ju
ve

n
il
e

fe
lo

n
ie

s
0-

20
0,
>

0
2

ju
ve

n
il
e

m
is

d
em

ea
n
or

s
0-

13
0,
>

0
2

ju
ve

n
il
e

cr
im

es
0-

21
0,
>

0
2

p
ri

or
s

0-
38

0,
1,

2-
3,
>

3
4

T
ab

le
7:

C
at

eg
or

ic
al

fe
at

u
re

s
(6

at
tr

ib
u
te

s,
17

va
lu

es
)

fr
om

th
e

P
ro

P
u
b
li
ca

d
a
ta

se
t.

W
e

co
n
st

ru
ct

th
e

fe
at

u
re

ju
ve

n
il

e
cr

im
es

fr
om

th
e

su
m

of
ju

ve
n

il
e

fe
lo

n
ie

s,
ju

ve
n

il
e

m
is

d
em

ea
n

o
rs

,
an

d
th

e
n
u
m

b
er

o
f

ju
ve

n
il
e

cr
im

es
th

at
w

er
e

n
ei

th
er

fe
lo

n
ie

s
n
o
r

m
is

d
em

ea
n
or

s
(n

ot
sh

ow
n
).

E
.2

N
Y

P
D

S
to

p
-a

n
d

-f
ri

sk
D

a
ta

S
e
t

T
h
is

d
at

a
se

t
is

la
rg

er
th

an
,

b
u
t

si
m

il
ar

to
th

e
N

Y
C

L
U

st
op

-a
n
d
-f

ri
sk

d
at

a
se

t,
d
es

cr
ib

ed
n
ex

t.

E
.3

N
Y

C
L

U
S

to
p

-a
n

d
-f

ri
sk

D
a
ta

S
e
t

T
h
e

or
ig

in
al

d
at

a
se

t
co

n
ta

in
s

45
,7

87
re

co
rd

s,
ea

ch
d
es

cr
ib

in
g

an
in

ci
d
en

t
in

vo
lv

in
g

a
st

o
p
p

ed
p

er
so

n
;

th
e

in
d
iv

id
u
al

w
as

fr
is

k
ed

in
30

,3
45

(6
6.

3%
)

of
re

co
rd

s
an

d
an

d
se

a
rc

h
ed

in
7
,2

8
3

(1
5.

9%
).

In
30

,9
61

re
co

rd
s,

th
e

in
d
iv

id
u
al

w
as

fr
is

k
ed

an
d
/o

r
se

ar
ch

ed
(6

7
.6

%
);

o
f

th
o
se

,
a

cr
im

in
al

p
os

se
ss

io
n

of
a

w
ea

p
on

w
as

id
en

ti
fi
ed

1,
44

5
ti

m
es

(4
.7

%
of

th
es

e
re

co
rd

s)
.

W
e

re
m

ov
e

1,
92

9
re

co
rd

s
w

it
h

m
is

si
n
g

d
at

a,
as

w
el

l
as

a
sm

al
l

n
u
m

b
er

w
it

h
ex

tr
em

e
va

lu
es

fo
r

th
e

in
d
iv

id
u
al

’s
ag

e—
w

e
el

im
in

at
e

th
os

e
w

it
h

a
ge

<
12

or
>

89
.

T
h
is

y
ie

ld
s

a
se

t
of

29
,5

95
re

co
rd

s
in

w
h
ic

h
th

e
in

d
iv

id
u
al

w
as

fr
is

ke
d

an
d
/o

r
se

ar
ch

ed
.

T
o

ad
d
re

ss
th

e
cl

a
ss

im
b
al

an
ce

fo
r

th
is

p
ro

b
le

m
,

w
e

sa
m

p
le

re
co

rd
s

fr
om

th
e

sm
al

le
r

cl
as

s
w

it
h

re
p
la

ce
m

en
t.

W
e

ge
n
er

at
e

cr
os

s-
va

li
d
at

io
n

fo
ld

s
fi
rs

t,
an

d
th

en
re

sa
m

p
le

w
it

h
in

ea
ch

fo
ld

.
In

ou
r

1
0
-f

o
ld

cr
o
ss

-
va

li
d
at

io
n

ex
p

er
im

en
ts

,
ea

ch
tr

ai
n
in

g
se

t
co

n
ta

in
s

50
,7

43
ob

se
rv

at
io

n
s.

T
ab

le
8

sh
ow

s
th

e
5

66
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

ca
teg

o
rica

l
a
ttrib

u
tes

th
at

w
e

u
se,

corresp
on

d
in

g
to

a
total

of
28

valu
es.

O
u
r

ex
p

erim
en

ts
u
se

th
ese

a
n
teced

en
ts,

as
w

ell
as

n
egation

s
of

th
e

18
an

teced
en

ts
corresp

on
d
in

g
to

th
e

tw
o

fea
tu

res
sto

p
rea

so
n

an
d

a
d
d
itio

n
a
l

circu
m

sta
n

ces,
w

h
ich

gives
a

total
of

46
an

teced
en

ts.

F
ea

tu
re

V
alu

es
C

ou
n
t

sto
p

rea
son

su
sp

iciou
s

ob
ject,

fi
ts

d
escrip

tion
,

casin
g,

9
actin

g
as

lo
ok

ou
t,

su
sp

iciou
s

cloth
in

g,
d
ru

g
tran

saction
,

fu
rtive

m
ovem

en
ts,

action
s

of
v
iolen

t
crim

e,
su

sp
iciou

s
b
u
lge

a
d
d
itio

n
a
l

p
rox

im
ity

to
crim

e
scen

e,
evasiv

e
resp

on
se,

9
circu

m
stan

ces
asso

ciatin
g

w
ith

crim
in

als,
ch

an
ged

d
irectio

n
,

h
igh

crim
e

area,
tim

e
o
f

d
ay,

sigh
ts

an
d

sou
n
d
s

of
crim

in
al

activ
ity,

w
itn

ess
rep

ort,
on

goin
g

in
vestigation

city
Q

u
een

s,
M

an
h
attan

,
B

ro
ok

ly
n
,

S
ta

ten
Islan

d
,

B
ron

x
5

lo
ca

tion
h
ou

sin
g

au
th

ority,
tran

sit
au

th
ority,

3
n
eith

er
h
ou

sin
g

n
or

tran
sit

au
th

ority

in
sid

e
o
r

o
u
tsid

e
in

sid
e,

ou
tsid

e
2

T
a
b
le

8
:

C
ategorical

featu
res

(5
attrib

u
tes,

28
valu

es)
from

th
e

N
Y

C
L

U
d
ata

set.

A
p
p

e
n
d
ix

F
.

E
x
a
m

p
le

O
p
tim

a
l

R
u
le

L
ists,

fo
r

D
iff

e
re

n
t

V
a
lu

e
s

o
f
λ

F
o
r

ea
ch

o
f

o
u
r

p
red

iction
p
rob

lem
s,

w
e

p
rov

id
e

listin
gs

of
op

tim
al

ru
le

lists
fo

u
n
d

b
y

C
O

R
E

L
S
,

a
cro

ss
10

cross-valid
ation

fold
s,

for
d
iff

eren
t

valu
es

of
th

e
regu

la
rization

p
aram

-
eter

λ
.

T
h
ese

ru
le

lists
corresp

on
d

to
th

e
resu

lts
for

C
O

R
E

L
S

su
m

m
arized

in
F

igu
res

11
a
n
d

1
2

(§6
.6

).
R

ecall
th

at
as
λ

d
ecreases,

op
tim

al
ru

le
lists

ten
d

to
grow

in
len

gth
.

F
.1

P
ro

P
u

b
lic

a
R

e
c
id

iv
ism

D
a
ta

S
e
t

W
e

sh
ow

ex
a
m

p
le

op
tim

al
ru

le
lists

th
at

p
red

ict
tw

o-y
ear

recid
iv

ism
.
F

igu
re

19
sh

ow
s

ex
am

-
p
les

fo
r

reg
u
la

rization
p
aram

eters
λ

=
0.02

an
d

0.01.
F

igu
re

20
sh

ow
s

ex
am

p
les

for
λ

=
0.005;

F
ig

u
re

4
(§6

.3)
sh

ow
ed

tw
o

rep
resen

tative
ex

am
p
les.

F
o
r

th
e

la
rg

est
regu

larization
p
aram

eter
λ

=
0.02

(F
igu

re
19),

w
e

o
b
serve

th
at

all
fold

s
id

en
tify

th
e

sa
m

e
len

gth
-1

ru
le

list.
F

or
th

e
in

term
ed

iate
valu

e
λ

=
0.01

(F
igu

re
19),

th
e

fo
ld

s
id

en
tify

o
p
tim

al
2-ru

le
or

3-ru
le

lists
th

at
con

tain
th

e
n
early

sam
e

p
refi

x
ru

les,
u
p

to
p

erm
u
ta

tio
n
s.

F
or

th
e

sm
allest

valu
e
λ

=
0.005

(F
igu

re
20

),
th

e
fold

s
id

en
tify

op
tim

al
3-ru

le
o
r

4-ru
le

lists
th

at
con

tain
th

e
n
early

sam
e

p
refi

x
ru

les,
u
p

to
p

erm
u
tation

s.
A

cross
a
ll

th
ree

reg
u
la

riza
tio

n
p
aram

eter
valu

es
an

d
all

fold
s,

th
e

p
refi

x
ru

les
alw

ay
s

p
red

ict
th

e
p

ositive
cla

ss
la

b
el,

a
n
d

th
e

d
efau

lt
ru

le
alw

ay
s

p
red

icts
th

e
n
egative

class
lab

el.
W

e
n
ote

th
at

ou
r

o
b

jective
is

n
o
t

d
esign

ed
to

en
force

an
y

of
th

ese
p
rop

erties.

6
7

JM
L

R
 18(234):1-78, 2018

A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

T
w

o
-y

e
a
r

re
c
id

iv
ism

p
re

d
ic

tio
n

(λ
=

0.02)

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

a
ll

1
0

fo
ld

s
e
lse

p
re

d
ic

t
n
o

T
w

o
-y

e
a
r

re
c
id

iv
ism

p
re

d
ic

tio
n

(λ
=

0.01)

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

3
fo

ld
s

e
lse

if
(sex

=
m
a
le)

a
n

d
(ju

v
en
ile

crim
es
>

0)
th

e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(sex

=
m
a
le)

a
n

d
(ju

v
en
ile

crim
es
>

0)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(a
g
e

=
21−

22)
a
n

d
(p
riors

=
2−

3)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

e
lse

if
(a
g
e

=
18−

20)
a
n

d
(sex

=
m
a
le)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(a
g
e

=
18−

20)
a
n

d
(sex

=
m
a
le)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(p
riors

>
3)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
lse

if
(a
g
e

=
18−

20)
a
n

d
(sex

=
m
a
le)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

F
igu

re
19:

E
x
am

p
le

op
tim

al
ru

le
lists

for
th

e
P

roP
u
b
lica

d
ata

set,
fou

n
d

b
y

C
O

R
E

L
S

w
ith

regu
larization

p
aram

eters
λ

=
0.02

(to
p
),

an
d

0.01
(b

ottom
)

across
10

cross-
valid

ation
fold

s.

68
JM

L
R

 18(234):1-78, 2018



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

T
w

o
-y

e
a
r

re
c
id

iv
is

m
p

re
d

ic
ti

o
n

(λ
=

0.
00

5)

if
(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

4
fo

ld
s

e
ls

e
if

(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(a
g
e

=
23
−

25
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(a
g
e

=
23
−

25
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(a
g
e

=
21
−

22
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(a
g
e

=
23
−

25
)

a
n

d
(p
ri
or
s

=
2
−

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(p
ri
or
s
>

3)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(a
g
e

=
18
−

20
)

a
n

d
(s
ex

=
m
a
le

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

F
ig

u
re

20
:

E
x
am

p
le

op
ti

m
al

ru
le

li
st

s
fo

r
th

e
P

ro
P

u
b
li
ca

d
at

a
se

t,
fo

u
n
d

b
y

C
O

R
E

L
S

w
it

h
re

gu
la

ri
za

ti
on

p
ar

am
et

er
s
λ

=
0.

00
5,

ac
ro

ss
10

cr
os

s-
va

li
d
at

io
n

fo
ld

s.

69
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8

A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

F
.2

N
Y

P
D

S
to

p
-a

n
d

-f
ri

sk
D

a
ta

S
e
t

W
e

sh
ow

ex
am

p
le

op
ti

m
al

ru
le

li
st

s
th

at
p
re

d
ic

t
w

h
et

h
er

a
w

ea
p

on
w

il
l

b
e

fo
u
n
d

o
n

a
st

op
p

ed
in

d
iv

id
u
al

w
h
o

is
fr

is
ke

d
or

se
ar

ch
ed

,
le

ar
n
ed

fr
om

th
e

N
Y

P
D

d
at

a
se

t.

W
e
a
p

o
n

p
re

d
ic

ti
o
n

(λ
=

0.
01
,F

e
a
tu

re
S

e
t

C
)

if
(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

8
fo

ld
s

e
ls

e
if

(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
ls

e
if

(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

W
e
a
p

o
n

p
re

d
ic

ti
o
n

(λ
=

0.
00

5
,F

e
a
tu

re
S

e
t

C
)

if
(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

7
fo

ld
s

e
ls

e
if

(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

e
ls

e
if

(l
oc
a
ti
on

=
h
ou
si
n
g
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
n
o

e
ls

e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(l
oc
a
ti
on

=
h
ou
si
n
g
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
n
o

e
ls

e
if

(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

e
ls

e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(l
oc
a
ti
on

=
h
ou
si
n
g
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
n
o

e
ls

e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
re

d
ic

t
y
es

e
ls

e
if

(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

e
ls

e
p

re
d

ic
t
n
o

if
(s
to
p
re
a
so
n

=
su
sp
ic
io
u
s
ob
je
ct

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
ls

e
if

(l
oc
a
ti
on

=
tr
a
n
si
t
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
y
es

e
ls

e
if

(c
it
y

=
B
ro
n
x

)
th

e
n

p
re

d
ic

t
n
o

e
ls

e
if

(l
oc
a
ti
on

=
h
ou
si
n
g
a
u
th
or
it
y
)

th
e
n

p
re

d
ic

t
n
o

e
ls

e
if

(s
to
p
re
a
so
n

=
f
u
rt
iv
e
m
ov
em

en
ts

)
th

e
n

p
re

d
ic

t
n
o

e
ls

e
p

re
d

ic
t
y
es

F
ig

u
re

21
:

E
x
am

p
le

op
ti

m
al

ru
le

li
st

s
fo

r
th

e
N

Y
P

D
st

op
-a

n
d
-f

ri
sk

d
at

a
se

t,
fo

u
n
d

b
y

C
O

R
E

L
S

w
it

h
re

gu
la

ri
za

ti
on

p
ar

a
m

et
er

s
λ

=
0.

01
(t

op
)

an
d

0.
0
0
5

(b
o
tt

o
m

),
ac

ro
ss

10
cr

os
s-

va
li
d
at

io
n

fo
ld

s.

70
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

W
e
a
p

o
n

p
re

d
ic

tio
n

(λ
=

0.01,F
e
a
tu

re
S

e
t

D
)

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

7
fo

ld
s

e
lse

if
(in

sid
e
or
ou
tsid

e
=
ou
tsid

e)
th

e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

3
fo

ld
s

e
lse

if
(in

sid
e
or
ou
tsid

e
=
in
sid

e)
th

e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

W
e
a
p

o
n

p
re

d
ic

tio
n

(λ
=

0.005
,F

e
a
tu

re
S

e
t

D
)

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(stop

rea
son

=
a
ctin

g
a
s
look

ou
t)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
its

d
escrip

tion
)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
u
rtiv

e
m
ov
em

en
ts)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(stop

rea
son

=
f
u
rtiv

e
m
ov
em

en
ts)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
a
ctin

g
a
s
look

ou
t)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
its

d
escrip

tion
)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
lse

if
(stop

rea
son

=
a
ctin

g
a
s
look

ou
t)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
u
rtiv

e
m
ov
em

en
ts)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
its

d
escrip

tion
)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
lse

if
(stop

rea
son

=
f
its

d
escrip

tion
)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
a
ctin

g
a
s
look

ou
t)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
u
rtiv

e
m
ov
em

en
ts)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
lse

if
(stop

rea
son

=
f
u
rtiv

e
m
ov
em

en
ts)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
f
its

d
escrip

tion
)

th
e
n

p
re

d
ic

t
n
o

e
lse

if
(stop

rea
son

=
a
ctin

g
a
s
look

ou
t)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

F
ig

u
re

2
2
:

E
x
a
m

p
le

op
tim

al
ru

le
lists

for
th

e
N

Y
P

D
stop

-an
d
-frisk

d
ata

set
(F

eatu
re

S
et

D
)

fo
u
n
d

b
y

C
O

R
E

L
S

w
ith

regu
larization

p
aram

eters
λ

=
0.01

(top
)

an
d

0.005
(b

ot-
to

m
),

across
10

cross-valid
ation

fold
s.

F
or
λ

=
0.005,

w
e

sh
ow

resu
lts

from
7

fold
s;

th
e

rem
ain

in
g

3
fold

s
w

ere
eq

u
ivalen

t,
u
p

to
a

p
erm

u
tation

of
th

e
p
refi

x
ru

les,
a
n
d

started
w

ith
th

e
sam

e
fi
rst

p
refi

x
ru

le.

7
1

JM
L

R
 18(234):1-78, 2018

A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

F
.3

N
Y

C
L

U
S

to
p

-a
n

d
-frisk

D
a
ta

S
e
t

W
e

sh
ow

ex
am

p
le

op
tim

al
ru

le
lists

th
at

p
red

ict
w

h
eth

er
a

w
eap

on
w

ill
b

e
fou

n
d

on
a

stop
p

ed
in

d
iv

id
u
al

w
h
o

is
frisked

or
search

ed
,

learn
ed

from
th

e
N

Y
C

L
U

d
ata

set.
F

igu
re

23
sh

ow
s

regu
larization

p
aram

eters
λ

=
0.04

an
d

0.01,
an

d
F

igu
re

24
sh

ow
s
λ

=
0.0025.

W
e

sh
ow

ed
a

rep
resen

tativ
e

solu
tion

for
λ

=
0.0

1
in

F
igu

re
5

(§6.3).
F

or
each

of
th

e
tw

o
larger

regu
larization

p
aram

eters
in

F
igu

re
23,

λ
=

0.04
(top

)
an

d
0.01

(b
ottom

),
w

e
ob

serve
th

at
across

th
e

fold
s,

all
th

e
op

tim
a
l
ru

le
lists

con
tain

th
e

sam
e

or
eq

u
ivalen

t
ru

les,
u
p

to
a

p
erm

u
tation

.
W

ith
th

e
sm

aller
regu

larization
p
aram

eter
λ

=
0.0025

(F
igu

re
24),

w
e

ob
serve

a
greater

d
iversity

of
lon

ger
o
p
tim

al
ru

le
lists,

th
ou

gh
th

ey
sh

are
sim

ilar
stru

ctu
re.

W
e
a
p

o
n

p
re

d
ic

tio
n

(λ
=

0.04)

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

7
fo

ld
s

e
lse

if
(stop

rea
son
6=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(stop

rea
son

=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

3
fo

ld
s

e
lse

if
(stop

rea
son
6=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

W
e
a
p

o
n

p
re

d
ic

tio
n

(λ
=

0.01)

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

4
fo

ld
s

e
lse

if
(loca

tion
=
tra

n
sit

a
u
th
ority

)
th

e
n

p
re

d
ic

t
y
es

e
lse

if
(stop

rea
son
6=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

if
(loca

tion
=
tra

n
sit

a
u
th
ority

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

3
fo

ld
s

e
lse

if
(stop

rea
son

=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
y
es

e
lse

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(loca

tion
=
tra

n
sit

a
u
th
ority

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

2
fo

ld
s

e
lse

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

e
lse

if
(stop

rea
son

=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
y
es

e
lse

p
re

d
ic

t
n
o

if
(loca

tion
=
tra

n
sit

a
u
th
ority

)
th

e
n

p
re

d
ic

t
y
es

.
F
o
u

n
d

b
y

1
fo

ld
e
lse

if
(stop

rea
son

=
su
sp
iciou

s
object)

th
e
n

p
re

d
ic

t
y
es

e
lse

if
(stop

rea
son
6=
su
sp
iciou

s
bu
lg
e)

th
e
n

p
re

d
ic

t
n
o

e
lse

p
re

d
ic

t
y
es

F
igu

re
23:

E
x
am

p
le

op
tim

al
ru

le
lists

for
th

e
N

Y
C

L
U

stop
-an

d
-frisk

d
ata

set,
fou

n
d

b
y

C
O

R
E

L
S

w
ith

regu
larizatio

n
p
aram

eters
λ

=
0.04

(top
)

an
d

0.01
(b

ottom
),

across
10

cross-valid
atio

n
fold

s.

72
JM

L
R

 18(234):1-78, 2018



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

W
e
a
p

o
n

p
re

d
ic

ti
o
n

(λ
=

0.
00

25
)

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

4
fo
ld

s
(K

=
7
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(l
o
ca
ti
o
n

=
tr
a
n
si
t
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(i
n
si
d
e
o
r
o
u
ts
id
e

=
in
si
d
e)

th
e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

6
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(l
o
ca
ti
o
n

=
h
o
u
si
n
g
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

6
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(l
o
ca
ti
o
n

=
h
o
u
si
n
g
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

6
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(l
o
ca
ti
o
n

=
h
o
u
si
n
g
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
d
r
u
g
tr
a
n
sa
ct
io
n

)
th

e
n

p
r
e
d
ic
t
n
o

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

8
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(l
o
ca
ti
o
n

=
h
o
u
si
n
g
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(c
it
y

=
B
r
o
n
x

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

9
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(l
o
ca
ti
o
n

=
tr
a
n
si
t
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(i
n
si
d
e
o
r
o
u
ts
id
e

=
in
si
d
e)

th
e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(a
d
d
it
io
n
a
l
ci
r
cu
m
st
a
n
ce
s

=
ch
a
n
g
ed

d
ir
ec
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
B
r
o
n
x

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

if
(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
o
bj
ec
t)

th
e
n

p
r
e
d
ic
t
y
es

.
F
o
u
n
d

b
y

1
fo
ld

(K
=

1
0
)

e
ls
e
if

(s
to
p
r
ea
so
n

=
ca
si
n
g
)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
su
sp
ic
io
u
s
bu
lg
e)

th
e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(s
to
p
r
ea
so
n

=
a
ct
io
n
s
o
f
v
io
le
n
t
cr
im
e)

th
e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(s
to
p
r
ea
so
n

=
f
it
s
d
es
cr
ip
ti
o
n

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(l
o
ca
ti
o
n

=
tr
a
n
si
t
a
u
th
o
r
it
y
)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(i
n
si
d
e
o
r
o
u
ts
id
e

=
in
si
d
e)

th
e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
M
a
n
h
a
tt
a
n

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
if

(a
d
d
it
io
n
a
l
ci
r
cu
m
st
a
n
ce
s

=
ev
a
si
v
e
r
es
p
o
n
se

)
th

e
n

p
r
e
d
ic
t
n
o

e
ls
e
if

(c
it
y

=
B
r
o
n
x

)
th

e
n

p
r
e
d
ic
t
y
es

e
ls
e
p
r
e
d
ic
t
n
o

F
ig

u
re

24
:

E
x
am

p
le

op
ti

m
al

ru
le

li
st

s
fo

r
th

e
N

Y
C

L
U

st
op

-a
n
d
-f

ri
sk

d
at

a
se

t
λ

=
0.

00
25

.

7
3

JM
L

R
 1

8(
23

4)
:1

-7
8,

 2
01

8

A
n
g
e
l
in
o
,
L
a
r
u
s-
S
t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

A
p
p

e
n
d
ix

G
.

A
d
d
it

io
n
a
l

R
e
su

lt
s

o
n

P
re

d
ic

ti
v
e

P
e
rf

o
rm

a
n
ce

a
n
d

M
o
d
e
l

S
iz

e
fo

r
C

O
R

E
L

S
a
n
d

O
th

e
r

A
lg

o
ri

th
m

s

In
th

is
ap

p
en

d
ix

,
w

e
p
lo

t
T

P
R

,
F

P
R

,
an

d
m

o
d
el

si
ze

fo
r

C
O

R
E

L
S

an
d

th
re

e
o
th

er
a
lg

o
-

ri
th

m
s,

u
si

n
g

th
e

N
Y

P
D

d
at

a
se

t
(F

ea
tu

re
S
et

D
).

0
5

10
15

20
M

od
el

 si
ze

0.
4

0.
5

0.
6

True positive rate (TPR)

CO
RE

LS
 (.

00
5)

CO
RE

LS
 (.

01
)

SB
RL

 (3
, 9

, 1
00

0)
SB

RL
 (5

00
, 5

, 1
00

00
)

CA
RT

 (.
00

1)
CA

RT
 (.

00
3)

CA
RT

 (.
01

, .
03

)
CA

RT
 (.

1)

70
0

10
00

13
00

C4
.5

 (.
00

00
1)

C4
.5

 (.
00

01
)

C4
.5

 (.
00

1)

W
ea

po
n 

pr
ed

ict
io

n 
(N

YP
D 

st
op

-a
nd

-fr
isk

 d
at

as
et

)

0
5

10
15

20
M

od
el

 si
ze

0.
05

0.
15

0.
25

False positive rate (FPR)

CO
RE

LS
 (.

00
5)

CO
RE

LS
 (.

01
)

SB
RL

 (3
, 9

, 1
00

0)
SB

RL
 (5

00
, 5

, 1
00

00
)

CA
RT

 (.
00

1)
CA

RT
 (.

00
3)

CA
RT

 (.
01

, .
03

)
CA

RT
 (.

1)

70
0

10
00

13
00

C4
.5

 (.
00

00
1)

C4
.5

 (.
00

01
)

C4
.5

 (.
00

1)

F
ig

u
re

25
:

T
P

R
(t

op
)

an
d

F
P

R
(b

ot
to

m
)

fo
r

th
e

te
st

se
t,

as
a

fu
n
ct

io
n

o
f

m
o
d
el

si
ze

,
ac

ro
ss

d
iff

er
en

t
m

et
h
o
d
s,

fo
r

w
ea

p
on

p
re

d
ic

ti
on

w
it

h
th

e
N

Y
P

D
st

o
p
-a

n
d
-f

ri
sk

d
at

a
se

t
(F

ea
tu

re
S
et

D
).

In
th

e
le

ge
n
d
,

n
u
m

b
er

s
in

p
ar

en
th

es
es

a
re

a
lg

o
ri

th
m

p
ar

am
et

er
s,

as
in

F
ig

u
re

12
.

L
eg

en
d

m
ar

ke
rs

an
d

er
ro

r
b
ar

s
in

d
ic

a
te

m
ea

n
s

a
n
d

st
an

d
ar

d
d
ev

ia
ti

on
s,

re
sp

ec
ti

ve
ly

,
ac

ro
ss

cr
os

s-
va

li
d
at

io
n

fo
ld

s.
C

4
.5

fi
n
d
s

la
rg

e
m

o
d
el

s
fo

r
al

l
te

st
ed

p
ar

am
et

er
s.

R
e
fe

re
n
ce

s

E
.

A
n
ge

li
n
o,

N
.

L
ar

u
s-

S
to

n
e,

D
.

A
la

b
i,

M
.

S
el

tz
er

,
an

d
C

.
R

u
d
in

.
L

ea
rn

in
g

ce
rt

ifi
a
b
ly

op
ti

m
al

ru
le

li
st

s
fo

r
ca

te
go

ri
ca

l
d
at

a.
In

A
C

M
S

IG
K

D
D

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

K
n

o
w

le
d
ge

D
is

co
ve

ry
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

20
17

.

K
.

P
.

B
en

n
et

t
an

d
J
.

A
.

B
lu

e.
O

p
ti

m
al

d
ec

is
io

n
tr

ee
s.

T
ec

h
n
ic

al
re

p
or

t,
R

.P
.I

.
M

a
th

R
ep

o
rt

N
o.

21
4,

R
en

ss
el

ae
r

P
ol

y
te

ch
n
ic

In
st

it
u
te

,
19

96
.

I.
B

ra
tk

o.
M

ac
h
in

e
le

ar
n
in

g:
B

et
w

ee
n

ac
cu

ra
cy

an
d

in
te

rp
re

ta
b
il
it

y.
In

L
ea

rn
in

g,
N

et
w

o
rk

s
a
n

d
S

ta
ti

st
ic

s,
v
ol

u
m

e
38

2
of

In
te

rn
a
ti

o
n

a
l

C
en

tr
e

fo
r

M
ec

h
a
n

ic
a
l

S
ci

en
ce

s,
p
a
g
es

1
6
3
–

74
JM

L
R

 1
8(

23
4)

:1
-7

8,
 2

01
8



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
ist

s

1
7
7
.

S
p
rin

g
er

V
ien

n
a,

1997.

L
.

B
reim

a
n
,

J
.

H
.

F
ried

m
an

,
R

.
A

.
O

lsh
en

,
a
n
d

C
.

J
.

S
ton

e.
C

la
ssifi

ca
tio

n
a
n

d
R

egressio
n

T
rees.

W
ad

sw
orth

,
1984.

S
.

B
u
sh

w
ay.

Is
th

ere
an

y
logic

to
u
sin

g
logit.

C
rim

in
o
logy

&
P

u
blic

P
o
licy,

12(3):563–567,
2
0
1
3
.

C
.

C
h
en

a
n
d

C
.

R
u
d
in

.
A

n
op

tim
iza

tion
ap

p
roach

to
learn

in
g

fallin
g

ru
le

lists.
In

In
tern

a
-

tio
n

a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2018.

H
.

A
.

C
h
ip

m
a
n
,

E
.

I.
G

eorge,
an

d
R

.
E

.
M

cC
u
llo

ch
.

B
ayesian

C
A

R
T

m
o
d
el

search
.

J
o
u

rn
a
l

o
f

th
e

A
m

erica
n

S
ta

tistica
l

A
ssocia

tio
n

,
93(443):935–948,

1998
.

H
.

A
.

C
h
ip

m
a
n
,

E
.

I.
G

eorge,
an

d
R

.
E

.
M

cC
u
llo

ch
.

B
ay

esian
treed

m
o
d
els.

M
a
ch

in
e

L
ea

rn
in

g,
4
8(1):299–320,

2002.

H
.

A
.

C
h
ip

m
an

,
E

.
I.

G
eorge,

an
d

R
.

E
.

M
cC

u
llo

ch
.

B
A

R
T

:
B

ay
esian

ad
d
itive

regression
trees.

T
h
e

A
n

n
a
ls

o
f

A
p
p
lied

S
ta

tistics,
4(1):266–

298,
2010.

P
.
C

la
rk

a
n
d

T
.
N

ib
lett.

T
h
e

C
N

2
in

d
u
ction

algorith
m

.
M

a
ch

in
e

L
ea

rn
in

g,
3:261–283

,
1
989.

W
.

W
.

C
o
h
en

.
F

ast
eff

ective
ru

le
in

d
u
ction

.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

115–123,
1
995.

R
.

M
.

D
aw

es.
T

h
e

rob
u
st

b
eau

ty
of

im
p
rop

er
lin

ear
m

o
d
els

in
d
ecision

m
ak

in
g.

A
m

erica
n

P
sych

o
logist,

34(7):571–582,
1979

.

D
.

D
en

sio
n
,

B
.

M
allick

,
an

d
A

.F
.M

.
S
m

ith
.

A
B

ay
esian

C
A

R
T

algorith
m

.
B

io
m

etrika
,

85
(2

):3
6
3
–
3
77

,
1998.

D
.
D

o
b
k
in

,
T

.
F

u
lton

,
D

.
G

u
n
op

u
los,

S
.
K

asif,
an

d
S
.
S
alzb

erg.
In

d
u
ction

of
sh

allow
d
ecision

trees,
1
9
9
6
.

J
.

D
ressel

a
n
d

H
.

F
arid

.
T

h
e

accu
racy,

fairn
ess,

an
d

lim
its

of
p
red

ictin
g

recid
iv

ism
.

S
cien

ce
A

d
va

n
ces,

4
(1),

2018.

A
.

F
a
rh

a
n
g
fa

r,
R

.
G

rein
er,

an
d

M
.

Z
in

kev
ich

.
A

fast
w

ay
to

p
ro

d
u
ce

op
tim

al
fi
x
ed

-d
ep

th
d
ecisio

n
trees.

In
In

tern
a
tio

n
a
l

S
ym

po
siu

m
o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
M

a
th

em
a
tics

(IS
A

IM
),

2
00

8.

E
.

F
ra

n
k

a
n
d

I.
H

.
W

itten
.

G
en

eratin
g

accu
rate

ru
le

sets
w

ith
ou

t
glob

al
op

tim
ization

.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

144–151,
1998.

A
.

A
.

F
reita

s.
C

om
p
reh

en
sib

le
classifi

cation
m

o
d
els:

A
p

osition
p
ap

er.
A

C
M

S
IG

K
D

D
E

xp
lo

ra
tio

n
s

N
ew

sletter,
15(1):1–10,

2014.

M
.

G
a
ro

fa
la

k
is,

D
.

H
y
u
n
,

R
.

R
astog

i,
an

d
K

.
S
h
im

.
E

ffi
cien

t
algorith

m
s

for
con

stru
ctin

g
d
ecisio

n
trees

w
ith

con
strain

ts.
In

A
C

M
S

IG
K

D
D

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

p
ages

335
–339,

2000.

75
JM

L
R

 18(234):1-78, 2018

A
n
g
e
l
in
o
,
L
a
r
u
s-S

t
o
n
e
,
A
l
a
b
i,
S
e
lt

z
e
r
,
a
n
d

R
u
d
in

C
.

G
irau

d
-C

arrier.
B

ey
on

d
p
red

ictiv
e

accu
racy

:
W

h
at?

In
E

C
M

L
-9

8
W

o
rksh

o
p

o
n

U
p
-

gra
d
in

g
L

ea
rn

in
g

to
M

eta
-L

evel:
M

od
el

S
electio

n
a
n

d
D

a
ta

T
ra

n
sfo

rm
a
tio

n
,

p
ages

78–85,
1998.

S
.
G

o
el,

J
.
M

.
R

ao,
an

d
R

.
S
h
roff

.
P

recin
ct

or
p
reju

d
ice?

U
n
d
erstan

d
in

g
racial

d
isp

arities
in

N
ew

Y
ork

C
ity

’s
stop

-an
d
-frisk

p
olicy.

T
h
e

A
n

n
a
ls

o
f

A
p
p
lied

S
ta

tistics,
10(1):365–394,

03
2016.

S
.
T

.
G

oh
an

d
C

.
R

u
d
in

.
B

ox
d
raw

in
gs

fo
r

learn
in

g
w

ith
im

b
alan

ced
d
ata.

In
A

C
M

S
IG

K
D

D
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

2014.

S
.

T
.

G
oh

an
d

C
.

R
u
d
in

.
A

m
in

im
ax

su
rrogate

loss
a
p
p
roach

to
con

d
ition

al
d
iff

eren
ce

estim
ation

.
C

o
R

R
,

ab
s/1803.03769,

2018.
U

R
L
h
t
t
p
s
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
1
8
0
3
.
0
3
7
6
9
.

B
.

G
o
o
d
m

an
an

d
S
.

F
lax

m
an

.
E

u
rop

ean
U

n
ion

regu
lation

s
on

alg
orith

m
ic

d
ecision

-m
ak

in
g

an
d

a
“righ

t
to

ex
p
lan

ation
”.

In
IC

M
L

W
o
rksh

o
p

o
n

H
u

m
a
n

In
terp

reta
bility

in
M

a
ch

in
e

L
ea

rn
in

g
(W

H
I),

2016.

R
.

C
.

H
olte.

V
ery

sim
p
le

classifi
cation

ru
les

p
erform

w
ell

on
m

ost
com

m
on

ly
u
sed

d
atasets.

M
a
ch

in
e

L
ea

rn
in

g,
11(1):63–91,

199
3.

J
.
H

u
y
sm

an
s,

K
.
D

ejaeger,
C

.
M

u
es,

J
.
V

an
th

ien
en

,
an

d
B

.
B

aesen
s.

A
n

em
p
irical

evalu
ation

of
th

e
com

p
reh

en
sib

ility
of

d
ecision

tab
le,

tree
an

d
ru

le
b
ased

p
red

ictive
m

o
d
els.

D
ecisio

n
S

u
p
po

rt
S

ystem
s,

51(1):141–154,
201

1.

V
.

K
ax

iras
an

d
A

.
S
aligram

a.
B

u
ild

in
g

p
red

ictiv
e

m
o
d
els

w
ith

ru
le

lists,
2018.

U
R

L
h
t
t
p
s
:

/
/
c
o
r
e
l
s
.
e
e
c
s
.
h
a
r
v
a
r
d
.
e
d
u
.

H
.

L
ak

kara
ju

an
d

C
.

R
u
d
in

.
C

ost-sen
sitive

an
d

in
terp

retab
le

d
y
n
am

ic
treatm

en
t

regim
es

b
ased

on
ru

le
lists.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2017.

J
.
L

arson
,
S
.
M

attu
,
L

.
K

irch
n
er,

an
d

J
.
A

n
gw

in
.

H
ow

w
e

an
aly

zed
th

e
C

O
M

P
A

S
recid

iv
ism

algorith
m

.
P

ro
P

u
blica

,
2016.

N
.

L
aru

s-S
ton

e,
E

.
A

n
gelin

o,
D

.
A

lab
i,

M
.

S
eltzer,

V
.

K
ax

iras,
A

.
S
aligram

a,
an

d
C

.
R

u
d
in

.
S
y
stem

s
op

tim
ization

s
for

learn
in

g
certifi

ab
ly

op
tim

al
ru

le
lists.

In
S

ysM
L

C
o
n

feren
ce,

2018.

N
.

L
.

L
aru

s-S
ton

e.
L

ea
rn

in
g

C
ertifi

a
bly

O
p
tim

a
l

R
u

le
L

ists:
A

C
a
se

F
o

r
D

iscrete
O

p
tim

iza
-

tio
n

in
th

e
2
1
st

C
en

tu
ry.

2017.
U

n
d
ergrad

u
ate

th
esis,

H
arvard

C
ollege.

B
.

L
eth

am
,

C
.

R
u
d
in

,
T

.
H

.
M

cC
orm

ick
,

an
d

D
.

M
ad

igan
.

In
terp

retab
le

classifi
ers

u
sin

g
ru

les
an

d
B

ayesian
an

aly
sis:

B
u
ild

in
g

a
b

etter
stroke

p
red

iction
m

o
d
el.

T
h
e

A
n

n
a
ls

o
f

A
p
p
lied

S
ta

tistics,
9(3):1350–1371,

2015.

O
.

L
i,

H
.

L
iu

,
C

.
C

h
en

,
an

d
C

.
R

u
d
in

.
D

eep
lea

rn
in

g
for

case-b
ased

reason
in

g
th

rou
gh

p
ro-

toty
p

es:
A

n
eu

ral
n
etw

ork
th

at
ex

p
lain

s
its

p
red

iction
s.

In
P

roceed
in

gs
o
f

th
e

A
ssocia

tio
n

fo
r

th
e

A
d
va

n
cem

en
t

o
f

A
rtifi

cia
l

In
telligen

ce
(A

A
A

I),
2018.

7
6

JM
L

R
 18(234):1-78, 2018



L
e
a
r
n
in
g

C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
R
u
l
e
L
is
t
s

W
.

L
i,

J
.

H
an

,
an

d
J
.

P
ei

.
C

M
A

R
:

A
cc

u
ra

te
an

d
effi

ci
en

t
cl

as
si

fi
ca

ti
on

b
as

ed
on

m
u
lt

ip
le

cl
as

s-
as

so
ci

at
io

n
ru

le
s.

IE
E

E
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

D
a
ta

M
in

in
g

(I
C

D
M

),
p
ag

es
36

9–
37

6,
20

01
.

J
.

T
.

L
in

d
er

ot
h

an
d

M
.

W
.

P
.

S
av

el
sb

er
gh

.
A

co
m

p
u
ta

ti
on

al
st

u
d
y

of
se

a
rc

h
st

ra
te

gi
es

fo
r

m
ix

ed
in

te
ge

r
p
ro

gr
am

m
in

g.
IN

F
O

R
M

S
J

o
u

rn
a
l

o
n

C
o
m

p
u

ti
n

g,
11

(2
):

17
3–

18
7,

19
99

.

B
.

L
iu

,
W

.
H

su
,

an
d

Y
.

M
a.

In
te

gr
at

in
g

cl
as

si
fi
ca

ti
on

an
d

as
so

ci
at

io
n

ru
le

m
in

in
g.

In
A

C
M

S
IG

K
D

D
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

K
n

o
w

le
d
ge

D
is

co
ve

ry
a
n

d
D

a
ta

M
in

in
g

(K
D

D
),

p
ag

es
80

–9
6,

19
98

.

M
.

M
ar

ch
an

d
an

d
M

.
S
ok

ol
ov

a.
L

ea
rn

in
g

w
it

h
d
ec

is
io

n
li
st

s
of

d
at

a-
d
ep

en
d
en

t
fe

at
u
re

s.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

6
:4

27
–4

51
,

20
05

.

R
.

S
.

M
ic

h
al

sk
i.

O
n

th
e

q
u
as

i-
m

in
im

al
so

lu
ti

on
of

th
e

ge
n
er

al
co

ve
ri

n
g

p
ro

b
le

m
.

In
In

te
r-

n
a
ti

o
n

a
l

S
ym

po
si

u
m

o
n

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g,

p
ag

es
12

5–
12

8,
19

69
.

N
ew

Y
or

k
C

iv
il

L
ib

er
ti

es
U

n
io

n
.

S
to

p
-a

n
d
-f

ri
sk

d
at

a,
20

14
.

U
R

L
h
t
t
p
:
/
/
w
w
w
.
n
y
c
l
u
.
o
r
g
/

c
o
n
t
e
n
t
/
s
t
o
p
-
a
n
d
-
f
r
i
s
k
-
d
a
t
a
.

N
ew

Y
or

k
P

ol
ic

e
D

ep
ar

tm
en

t.
S
to

p
,

q
u
es

ti
on

an
d

fr
is

k
d
at

a,
20

16
.

U
R

L
h
t
t
p
:
/
/
w
w
w
1
.

n
y
c
.
g
o
v
/
s
i
t
e
/
n
y
p
d
/
s
t
a
t
s
/
r
e
p
o
r
t
s
-
a
n
a
l
y
s
i
s
/
s
t
o
p
f
r
i
s
k
.
p
a
g
e
.

S
.

N
ij

ss
en

an
d

E
.

F
ro

m
on

t.
O

p
ti

m
al

co
n
st

ra
in

t-
b
as

ed
d
ec

is
io

n
tr

ee
in

d
u
ct

io
n

fr
om

it
em

se
t

la
tt

ic
es

.
D

a
ta

M
in

in
g

a
n

d
K

n
o
w

le
d
ge

D
is

co
ve

ry
,

21
(1

):
9–

51
,

20
10

.

J
.

R
.

Q
u
in

la
n
.

C
4
.5

:
P

ro
gr

a
m

s
fo

r
M

a
ch

in
e

L
ea

rn
in

g.
M

or
ga

n
K

au
fm

an
n
,

19
93

.

P
.

R
.

R
ij

n
b

ee
k

an
d

J
.

A
.

K
or

s.
F

in
d
in

g
a

sh
or

t
an

d
ac

cu
ra

te
d
ec

is
io

n
ru

le
in

d
is

ju
n
ct

iv
e

n
or

m
al

fo
rm

b
y

ex
h
au

st
iv

e
se

ar
ch

.
M

a
ch

in
e

L
ea

rn
in

g,
80

(1
):

33
–
62

,
J
u
ly

20
10

.

R
.

L
.

R
iv

es
t.

L
ea

rn
in

g
d
ec

is
io

n
li
st

s.
M

a
ch

in
e

L
ea

rn
in

g,
2(

3)
:2

29
–2

46
,

N
ov

em
b

er
19

8
7.

U
.

R
ü
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